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Etude des modéles stochastique et déterministe de
Keller-Segel

Résumé

Dans cette thése, nous étudions le modeéle de Keller-Segel : a la fois 'EDP et le systéme
de particules. Ce modéle a attiré beaucoup d’attention a cause du phénoméne de compétition
étroite entre diffusion et concentration qu’il modélise. Nous nous intéressons plus particuliérement
au comportement de ces modéles autour de U'instant de formation d’une masse de Dirac (ou de
I'instant d’apparition d’un cluster dont la masse représente une proportion positive du nombre
total de particules). Ce travail est divisé en cing parties.

Dans une premiére partie, nous étudions finement le comportement des collisions pour le systéme
de particules. Plus précisément ce systéme de particules consiste en N mouvements browniens dans
le plan intéragissant en champ moyen via une intéraction de type Coulomb en 8/(Nr) ou r est la
distance entre deux particules et 6§ un paramétre positif tel que N > 360. Selon les valeurs de 6 et
N il y a deux scénarios possibles, en voici un : le systéme de particules explose en temps fini en
faisant émerger un cluster de kg particules, ou kg est un entier déterministe dépendant de N et
0. Juste avant l’explosion, il y a une infinité de collisions impliquant ky — 1 particules parmi les
ko impliquées dans le cluster de ’explosion. Puis avant chaque collision entre kg — 1 particules, il
y a une infinité de collisions entre ky — 2 particules parmi les ky — 1 impliquées dans la collision
a ko — 1 particules. De plus, avant chaque collision entre ky — 2 particules, il y a une infinité de
collision de pair de particules impliquées dans la collision entre kg — 2 particules. Enfin, il n’y a
aucune collision entre exactement k particules pour k € {3,..., ko — 2}.

Dans une deuxiéme partie, nous nous intéresserons a une preuve simplifiée de non explosion,
i.e. d’existence globale, pour 'EDP de Keller-Segel, pour toute donnée initiale measure fj tel que
fo(R?) < 8. La preuve repose sur un calcul de moment @ deuz particules.

Dans une troisiéme partie, nous prouverons la convergence de la mesure empirique du sytéme
de particules de Keller-Segel le long d’une sous suite dans les cas sous-critique et critique vers la
solution faible de 'EDP de Keller-Segel. On s’inspire dans cette partie du travail de la seconde et
on utilise le méme argument de moment a deuz particules.

Dans une quatriéme partie, nous présenterons un projet en cours mais bien engagé. Il s’agit
d’introduire une extension possible du systéme de particules au dela du temps d’explosion. Plus
précisément, il s’agit du méme systéme de particules pour tout les temps antérieurs au temps de
formation du premier cluster, puis aprés ce temps, ce cluster est remplacé par une particule de
masse équivalente & la somme des masses des particules impliquées dans ce cluster et on applique
les lois d’intéraction entre les particules en tenant compte de la masse de chacune. On réitére ce
procédé a chaque formation de cluster jusqu’a obtenir & la fin une seule particule équivalente de
masse égale a la somme des masses de toute les particules, i.e égale & N. Nous montrerons en quoi
cette extension peut étre considérée comme naturelle.

Enfin, dans une cinquiéme partie, nous présenterons des simulations qui illustrent les résultats
de la premiére partie.
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Chapitre 1

Introduction

1.1 Introduction aux équations de McKean-Vlasov dans le
cas Lipschitz

Soit d > 1. Nous nous munissons de b : R? x P(R?) — R? et o : RYx P(R?) — M,4(R) Lipschitz
dans le sens oii il existe C' > 0 tel que pour tout z, y € R%, tout p, v € 73(IR‘1)7 on a

[b(x; 1) = by, )| + [o(z, p) — oy, V)| < Clz = y[ + Walp, v)),

ot Wa(p,v) = infxou(E[|X — Y|?])'/2 est la 2-distance de Wasserstein. On pose, pour tout
z € R pe PRY, a(x, ) = oz, p)o(z, 1), On peut écrire a(z, u) = (a; ;(z, 1)) 1<i,j,<a- Nous
considérons 'EDP

O ft = % Z azq;azj [ai,j(%ft)ft] = V- [b(z, fi) ftl, (1.1)

1<i,j<d

ot f: Ry x R? — R, est I'inconnue. On écrit abusivement f; pour la mesure sur R? de densité
/. Nous admettrons que grace aux hypothéses faites sur b et o, (1.1]) a une unique solution faible.

Il s’agit d’une équation de Fokker-Planck non linéaire, qui peut étre pensée comme modélisant
le comportement de particules diffusant selon la diffusivité o et intéragissant entre elles et avec
I’environnement selon le drift b. Le point de vue utilisé est le point de vue eulérien : on s’intéresse
a P’évolution de la densité de particules fi(z) au temps ¢ et & la position z. Un autre point de
vue est toutefois possible : on s’intéresse plutdét au comportement d’une particule typique plongée
dans la masse totale de ses semblables, on parle du point de vue lagrangien. L’un des buts de ce
paragraphe est de montrer dans le cas simple de coefficients Lipschitz le lien entre ces deux points
de vue.

L’équation du point de vue lagrangien est la suivante
dXt = O'(Xt,ft)dBt +b(Xf7ft)dt, (12)
ou pour ¢t > 0, f; est la loi de Xy et (By)¢>0 est un mouvement brownien de dimension d. Montrons

13
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que f; est solution faible de . Soit ¢ € C°(R?). Par la formule d’It6, on a
Elp(X,)] = +B[ [ Vel 005 1]

/ s, 0 Zazkxs,fga,uxé,fs)ds]

= / V(X X&fs)dS}

l\J\»—t

l\J\»—t

/ axzax] az J(Xéafs)ds}
Utilisant le théoréme de Fubini, on obtient,

E[p(X,)] = Elp(Xo)] + / E[V(X.) -b(Xo f)lds + 5 3 / (00,00, 0(X)as j (Xo, £3)]ds,

1<’L ,7<d
d’otu, en dérivant par rapport au temps et en se rappellant la définition de f,

G Loeti= [ Ve fa@de g 3 [ o0 el (e s i)

1<z J<d

ce qui est le résultat désiré.

On a donc un point de vue probabiliste pour étudier les phénoménes modélisés par les EDP du
type de . Il faut comprendre que dans le cas de cette équation, nous faisons I'approximation
qu’il y a un nombre infini de particules, mais il est plus naturel de considérer qu’il n’y en a qu’un
nombre fini. Prenons N > 1 et étudions

pour tout i € [1,N], dX/ N =o(XPN, uN)AB! + b(X]N, plV)dt, (1.3)

ot (By)i>0 = (B}, ..., B{¥)i>0 est un mouvement brownien de dimension dN et pour tout ¢ > 0,
Y =+ Zf\il 0y~ est la mesure empirique du systéme de particule XY XNY Y 0.
i >

Nous nous intéressons au cas particulier ol
pour z € R, i€ P(RY)  b(xz, p) = bz, K1+ p(x)) et o(z, 1) = (z, Ky * p(z)),

ol b et & sont Lipschitz et pour tout noyau K : (R?)? — R? mesurable, z € R? et u € P(RY),
on note K % u(x fRd w1(dy). De plus K7 et K5 sont des noyaux Lipschitz, i.e pour tout
ie{1,2}, il ex1ste | K ||sz > 0 tel que pour tout z, 2, y, ¥’ € R, || K;(z,y) — K;(2',9)|| <
||| Lip (|2 — 2'|| + [ly — ¥'||)- On suppose de plus que K7 et Ky sont bornés.

L’enjeu ici est de montrer que ’approximation de par est pertinente. Il y a plusieurs
méthodes possibles, ici nous choisissons de présenter la méthode par couplage synchrone. Il s’agit
de prendre un couplage particulier du systéme de N particules et de N copies indépendantes de
. On essaie de controler la distance de Wasserstein entre ces systémes de particules et on
montre qu’elle tend vers 0 lorsque N tend vers 'infini.
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Théoréme 1.1. Pour tout T > 0, en posant pour tout i € [1, N],
XN =XxgN + / o(XIN, ) )dBL + / b(XIN, ul)ds,
0 0
et
—i,N  —i,N G ; b
X=X [ o+ [ fds
0 0

ot (By)i>0 := (B}, ..., BN)i>0 est un mouvement brownien de dimension dN, il existe c1, ca > 0
tels que pour tout N > 1,

N
S oy 2 X4 < L
P t<T N

Démonstration. On a pour T' > 0, ¢t € [0,T], et 7 € [1, N], par I'inégalité de Cauchy-Schwartz,

sup X" — X2 <3I%" - XGNP+ sup | / XV g — o B[ ()
t€[0,T) t€[0,T]
+3 Sup ”/ s 7fs 7b(X’LN7:u£;V)dSH .
t€[0,T]

En utilisant 'inégalité de Burkholder-Davis-Gundy, on obtient l'existence d’une constante C' > 0
telle que

07 H/ (X7 ) o (X, )b ]<CE[/OT(U(XZ’NJS)—o(X;‘>N,uiV>>2ds,

te[o T)

On en déduit

sup H/ 7fS —a(XzN,,us )de }§51+Sg+53.

tEOT
ou
T -, N ;
51 =3l el B [ XY X2 Pas)
T
~ —1i,N N ~uULN
52 = 30161, B] [ (o fu(X") - Ry w i (F2Y)205],
0
T
So =30l B [ (K () = Ky w ) (2720,
0

avec Y = NN i~ . En effet, pour s € [0,7T], comme (U(Y;’N,fs) — o (XEN ulN))? vaut

le

z N _ —i,N _ —i,N —i,N i 2
(( s af‘?)*o—( s 7’[L£v)+O'(Xg ,‘ui\]),o—(Xs 7,LL£V)+J(X9 5”5)70()(3’]\’3”‘]9\’))7



16 CHAPITRE 1. INTRODUCTION

par Pinégalité de Cauchy-Schwartz on majore (o(X. ,fé) —o(XEN N2 par

3(a(X,™, fo)— oK 1)) +3(0 (X“V,ﬁf)—o(Yi’N,u§>>2+3<a<f’i’N,u§V>—o(X;*N,u;V»?

On conclut car
N N iN o Ny 2 ~ 12 1 al ~ 4N i\ N i,N Ny 2
(i) = o)) < 6 (5 Do XIY) - KXY, X))
=1
. —i,N i
<Gl Zap 12|75 I X — X0V

Par définition de 7Y,
T N
5 1 —i,N =j,N.\2
Sy = 30||a||2LipE[/ (NZ Ko f(X0N) - KXY, X )) ds},
0
j=1
donc en développant le carré,

3C||e
52 || ||L2p

Z / Aijk(s)

1<j,k<N

ou pour tout i, j, k € [1, N], tout s > 0,
—i,N —i,N —j,N —i,N —i,N —k,N
Ai7j,k(s):E[(K2*fS(Xs )_K2(XS 7Xi ))((KQ*fS(Xs )_KQ(XS 7Xs ))]

Puis on obtient

36C|5 12,1 K203.T  3ClI5l1Z, g
2 < K} T E Z / A; jk(s)ds.

7.k tels que i,5,k distincts 0
En effet |{(j, k) € [1,N]?>:j =k oui=j ou k =i}| est majoré par

{0, k) € [L,N]? - j =k} + 2[{(j, k) € [1,N]* : j = i}| < 3N.

—i,N 4N
Or pour tout 4, j,k € [1, N] distincts on a A; ;1 = 0. En effet, comme XZ’ L X0

mutuellement indépendants, on obient en conditionnant par X Ls ,

kN
, X, sont

S

(Bl « £, — 10 XX ELK « £ — k(X XX

Aijr(s)=E
]E[(KQ * f (Y:N) — Ky fs (YZ’N)F]
0,

e . . oL <k, N 1, N .
ot l'on a utilisé que pour k # ¢ la loi conditionnelle de X, sachant X Z est fs. Finalement,

_ 36C15 113, |1 Ka 2T
- N
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Enfin, en utilisant une inégalité de convexité on obtient

T N
_ 1 i, N i
5 <3011kl el | 5 30T - XiVPas.
i=1

On obtient des estimées similaires pour la partie de droite de (1.4) faisant intervenir le drift, puis
on conclut avec le Lemme de Gronwall. O

La méthode par couplage, reposant sur des arguments trajectoriels, s’avére inefficace dans des
cas ou les noyaux d’intéractions sont trop singuliers comme dans le cas de I’équation de Keller-Segel,
et il faut alors se rabattre sur d’autres méthodes comme par exemple la méthode par compacité
qui sera introduite dans le Chapitre [2]

1.2 Le modéle de Keller-Segel

Durant cette thése, nous nous intéressons & un modéle précis, le modéle de Keller-Segel. Le
modéle de Keller-Segel parabolique-parabolique modélise le mouvement de bactéries diffusant dans
le plan, libérant un chemoattractant diffusant lui aussi, et qui attire ces mémes bactéries :

Oft = Afe =V - [fiVei] (1.5)
ey = Acy + fi, (1.6)

ou pour t > 0 et € R2, fi(x) et c;(x) représentent respectivement la densité de bactéries et
la concentration de chemoattractant au temps ¢ et & la position x, et € > 0 est un parameétre
modélisant I'inverse de la vitesse de diffusion du chemoattractant. Ce qui rend ce modéle difficile
a étudier, outre les singularités qui apparaitront aussi dans le cas parabolique-elliptique, est le
fait que les bactéries ne s’attirent pas directement entre elles mais passent par un intermédiaire
dont la concentration est ¢; bouge aussi & son rythme. Cela dit en pratique, le chemoattractant
bouge beaucoup plus vite que les bactéries, ce qui nous améne a considérer 'approximation € = 0
ou l'on suppose que le chemoattractant a le temps & chaque instant ¢ > 0 d’atteindre son état
stationnaire avant que les bactéries n’aient eu le temps de bouger. C’est ce que 'on appelle le
modeéle parabolique-elliptique :

Oft = Afy =V - [fiVey] (1.7)
Acy = —fr. (1.8)

Dans ce modéle, cela revient a ce que les bactéries soient attirées par elles méme car la concentration
du chemoattractant au temps ¢ ne dépend plus que de la position des bactéries au temps t. De
maniére plus précise, on peut exprimer ¢; en fonction de f; et donc on obtient une équation fermée
sur (ft)¢>0. Plus précisément 1’équation donne :

1
o= =57 [ Togle —sl i) (19)

et donc Vey = (2) LK x f; ol x désigne la convolution et pour x € R\ {0}, K(x) = —||z| 2z et
K(0) =0. Ainsi (1.7)) devient

Ofe = Afy — (2m) IV - [ fi]. (1.10)
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Remarquons d’abord que la partie droite de se met sous la forme divergence, ce qui implique
la conservation de la masse totale au fil du temps. On peut donc poser M = fo(R?) et on a ainsi
pour tout t > 0, M = f;(R?). De plus, en notant x = (z!,2?) pour x € R?, on remarque en
utilisant plusieurs intégrations par parties que pour i € {1,2},

d .
G L@ =g [ ] K@= yhe iy,

ot K = (K, K?). Etant donné que pour x € R?, K(—z) = —K(z), on déduit que la quantité
fR2 xfi(x)dx est constante au fil du temps. Le barycentre des bactéries restant immobiles et le
probleme des collisions étant invariant par translation de toute les bactéries par un méme vecteur,
on peut se ramener au cas ot [, zf(x)dz = [, 2 fo(dz) = 0 pour tout ¢ > 0.

Cette équation est tout d’abord intéressante car le noyau de convolution K est trés singulier,
les questions d’existence et unicité sont encore ouvertes dans certains cas. Ce qui est spécifique-
ment intéressant dans cette équation est la compétition entre deux phénoménes opposés. La partie
laplacien de implique une diffusion des bactéries qui les fait tendre & s’étaler dans I’espace,
donc a globalement faire s’éloigner les bactéries entre elles, mais la deuxiéme partie du membre de
droite décrit I’attraction des bactéries les unes vers les autres & cause du chemoattractant. Ainsi, le
fait de savoir si les bactéries ont tendance a se rapprocher ou a s’éloigner n’est pas clair étant donné
que ces deux phénomeénes contradictoires sont de nature différente. Savoir qui de la diffusion ou
de la concentration 'emporte en définitive est une question importante dans la visée de démontrer
I'existence d’une solution & cette équation, en effet si la concentration ’emporte, la singularité de
I’équation va étre massivement visitée et alors ’équation sera "vraiment" singuliére. Dans le cas
ou la diffusion 'emporte, on peut espérer qu’alors les bactéries ne visitent pas vraiment le lieu de
la singularité et alors la singularité serait "fausse" en un sens, ce qui permettrait de définir une
solution.

Néanmois, un simple calcul informel nous permet d’anticiper quel phénoméne devrait ’emporter
sur Pautre. Considérons d; =[5 ||2|* f¢(2)dz la dispersion des bactéries au temps ¢. On a

&= [ NelPousio)e = [ lalPAfieyts = 5o [ oY (5K« fl(o)da

Dans la premiére intégrale du membre de droite, deux intégration par parties successives donnent
Sz |z]*A fe(z)dz = 4M. Dans la deuxiéme intégrale, une intégration par parties donne

[ elPw i laae =2 [ oo ks pioptea=2 [ SO f) o

Or, en symétrisant, on obtient

2
JelPw s flwiae = [ I s aedy = 0%

o=y’

On conclut que
dy = do + (27) "' M (87 — M)t  pour tout t > 0, (1.11)

cela fait supposer qu’il y a trois cas :
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e le cas sous-critique : M < 8. Alors, d; — oo quand t — o0, cela laisse penser que la diffusion
I’emporte sur la concentration, ’équation devrait en principe admettre une solution en un
sens relativement classique pour tout temps.

e le cas sur-critique : M > 8m. Dans ce cas la concentration semble 'emporter. En effet, comme
8t — M < 0, on remarque que d; — —oo quand t — oco. Cela est absurde car d; > 0 pour
tout t > 0, cela donc suggére qu’a un moment toute les bactéries se rassemblent en un point,
donnant une dispersion totale nulle, et le systéme n’est plus défini & partir de ce moment.

e le cas critique : M = 8r. Dans ce cas (d;);>0 est constant au fil du temps, ce qui suggére
un équilibre entre la diffusion et la concentration. On pense qu’il y a ici aussi création d’un
amas comme dans le cas sur-critique, mais qui se produit en un temps infini. Des solutions
dans un sens relativement classique devraient exister mais ce cas semble plus délicat que le
premier.

1.2.1 Le cas sous-critique

Le cas sous-critique est un cas qui a déja largement été analysé. S’il semble clair grace aux
calculs précédents que dans le cas sur-critique il n’y a pas de solution globale au sens classique,
il n’est pas clair qu’il y a existence de solutions dans le cas o M < 8w. Nous allons décrire
informellement la preuve de Blanchet-Dolbeault-Perthame [9] de ce fait.

On veut montrer qu’a priori, ng fi(x)|log fi(x)| < oo pour tout ¢ > 0, car alors cela voudra
dire que f; sera une "vraie" fonction et pas une masse de Dirac par exemple. Nous ne montrerons
que la partie de la preuve qui explique pourquoi fR2 fi(x)log fi(x) est majorée par une quantité
finie. En effet cela est I’élément crucial de la preuve car la minoration est en principe simple a
montrer via I'inégalité de Jensen en utilisant la concavité de = — xlog(x) et parce que la masse
totale de f; est constante, méme si il faut écrire plus de détails pour montrer proprement pourquoi
cela permet de conclure.

L’idée est de regarder I’énergie libre du systéme :
Bl = [ fla)log fie)da =5 [ fulwe(a)da.
En la dérivant on obtient
%E[ft] = /R2 Oufr(z)(1 +log fi(x))dx — /]R2 Oy f1(z)ce(z)dz. (1.12)

En effet, d’apres (1.9), on a [o, fe(@)ci(x)de = —(2n) 1 [L, [g. log |z —y| fe(2) fi(y)dady, et comme
cette expression est quadratique en f; on obtient le résultat voulu.

Ainsi, en injectant (1.7) dans (1.12)), on obtient

GBI == [ [94:0) = fi@)Vela)] - [V Iog( (o)) - Ver(o)lda
= — X Vft(:r) — Ce(T . (6] X — C¢\ X x
[ ) [ - vew)] - 1V 10a((a) - Vaaa
= | #@)IV 08 f() = Vo) Pda
<0.
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Ainsi, pour tout t > 0, E[f:] < E[fy]. D’autre part, nous allons utiliser I'inégalité logarithmique
de Hardy-Littlewood-Sobolev :

Lemme 1.2. Pour tout g € L'(R?) positive tel que glogg et glog(l + ||z||?) € LY(R?), si
Jgz g(x)dz = M on a

9
/ g(x)log g(zx)dx + M/ / g(x)g(y)log |z — y|dzdy > —Ch,
R2 R2 JR2

ot Cpr := M(1+logm —log M).

Notons que les constantes dans cette inégalité sont optimales. Rappellons ([1.9)). Soit 6 € (0, 1).
Pour tout ¢t > 0, E[fy] majore

(1-0) [ fioos fiade+6( [ flalogsiiin+ 15 [ fiarsito)togle — yidady).

On choisit @ de tel sorte que (4m)~1 = 2M !, ce qui est possible car M/(87) € (0,1). Ainsi, en
utilisant le Lemme on obtient (1 —0) [p. fi(x)log fi(x)dz — 0Cy < E[fo] et ainsi,

/'ﬁwmgﬂumxgﬁﬂﬂiﬂﬁf<m
R2 1—-0

1.2.2 Le cas critique

Comme suggéré précédemment, on peut montrer ’existence dans un sens relativement classique
de I’équation — dans le cas M = 8. Cela a été aussi largement analysé, notamment par
Bedrossian-Masmoudi [2], Biler-Karch-Laurengot-Nadzieja [4]-[5], Wei [51]. En s’intéressant au cas
critique on se rend compte que contrairement au cas sous-critique, si I’on part d’une condition
initiale qui est une masse de Dirac alors on n’arrive pas a définir le systéme. En effet si I'on
considére moralement qu’on a formation d’un amas en temps infini dans le cas général, si I’on part
directement de 'amas alors les bactéries sont déja dans leur état stationnaire et donc y restent. I1
semble que la condition a respecter pour une condition initiale fy pour avoir une solution globale
est max gz fo({}) < 87 ol fy est une mesure de masse totale égale & 8r. On verra que c’est
encore cette condition qu’il faudra respecter dans le cas sur-critique pour avoir une solution locale
en temps. Le Chapitre |3| est assez proche des travaux de [4]-[5], & la différence qu’ils considérent
des solutions radiales ce qui leur permet de considérer une équation plus simple en changeant de
variable.

1.2.3 Le cas sur-critique

Le cas ot M > 8 est le cas le plus singulier et le plus intéressant de ce probléme, en effet
suggére qu’un amas se forme en temps fini, ne laissant aucun espoir a ’existence d’une solution
dans un sens classique car la solution serait une solution a valeurs dans l’espace des mesures et
des masses de Dirac se formeraient en temps fini. Néanmoins des résultats sur 'existence locale
en temps de solutions tempérées ont été démontrés, notamment par Bedrossian Masmoudi [2] sous
la condition max,cg2 fo({}) < 8. Cela dit, il n’a pas été démontré que le temps de vie de la
solution ainsi construite coincide avec le temps de formation d’une masse de Dirac. Suzuki [48] a
démontré Iapparition d’une masse de Dirac de masse 87 au temps d’explosion, dans le cas ot R?
est remplacé par un domaine borné & bords lisses.
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Plus généralement, une question qui semble intéressante et qui est encore ouverte est la descrip-
ton du comportement d’une solution dans le cas sur-critique aprés formation d’une masse de Dirac.
Velazquez [49]-[50] étudia ce cas de maniére informelle en considérant que la solution se décompose
en une partie absolument continue par rapport a la mesure de Lebesgue et en plusieurs masses de
Dirac qui intéragissent entre elles. Dolbeault-Schmeiser [16] ont apporté une justification partielle
aux propositions de Velazquez en arrivant & définir un modéle entre deux instant de formation de
masse de Dirac, mais ils n’arrivent pas a construire une solution qui décrit tout le processus et en
particulier la formation d’une ou plusieurs masses de Dirac qui seront ensuites amenées a intéragir
entre elles et avec la partie absolument continue.

1.2.4 Un pas vers les probabilités

Comme étudié dans la sous-section il y a une version probabiliste de I’équation ([1.10).
Quitte & faire certains changements de variables, il est équivalent de considérer ’équation

Oufi = SAfi— 0V - Sl « £,

partant d’une condition initiale fy telle que [y, fo(z)dz = 1. On vient de normaliser la masse
totale de bactéries a 1 et la discussion sur la masse devient alors une discussion sur la sensitivité au
chemoattractant 6 > 0. Le phénoméne de transition & M = 87 du probléme précédent devient un
phénomeéne de transition & € = 2 ici : on observe des amas si les bactéries se sentent assez attirées
par le chemoattractant. En suivant les idées présentées dans la sous-section [I.I] on considére
I’équivalent lagrangien de ce probléme eulérien :

dXt = dBt + 0K % ft(Xt)dt,

ou f; = L(X}). Ici on suit le mouvement d’une particule typique immergée parmi une infinité
de ses semblables. Toujours en suivant les idées de la sous-section [I.1] on considére le systéme de
particules correspondant au méme point de vue centré sur les individus ot ’on considére que 'on
a uniquement N > 2 bactéries :

i,N 3N
Xy =Xy

_—— A T AT . 1-1
e e (113)

, 9
pour i € [1,N], dX;N =dBi - ~ >
J#i

C’est cette équation que nous appellons le systéme de particules de Keller-Segel.

1.3 Familiarisation informelle avec les formes de Dirichlet

Un outil indispensable a la rédaction du chapitre 2] est la théorie des formes de Dirichlet. Cette
théorie est particuliérement délicate & manipuler ¢’est pourquoi une partie entiére de 'introduction
lui est consacrée. Une présentation plus rigoureuse et agrémentée de références précises sera faite
en Appendix [2.13] ici nous en resterons a une présentation plus informelle et intuitive qui semble
nécessaire étant donné le haut niveau technique de cette théorie.

L’idée générale de cette théorie est de fournir une description plus analytique de processus
stochastiques comme les processus de diffusions. Dans un souci de clarté nous nous restreindrons
au cas de ces processus a valeurs dans un ouvert de R?, la généralisation a d’autres espaces d’état
étant bien str disponible dans le livre de Fukushima [24].
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Soit d > 1 et O un ouvert de R%. On définit la topologie de la compactification & un point sur
Oa = OU{A}. Plus précisément c’est la topologie engendrée par les ouverts de la topologie trace
sur O et par les ensembles de la forme K¢ U {A} ou K est un compact de O pour la topologie
trace. On dit qu’une suite (2,,),>0 d’éléments de O converge dans cette topologie vers z € Oa
si et seulement si

e z €O et x, - x quand n — oo dans le sens usuel,

e ou z = A et pour tout K compact de O il exists nx > 0 tel que pour tout n > nk, =, ¢ K.
Une application de R vers O est continue au sens ot elle 'est pour la topologie de la compac-
tification & un point sur Oa.

Soit Y = (QY, M, (Y)i>0, (Py)ycr,) un processus de Markov a valeurs dans O, continu, tel
que P, (Yo = y) = 1 pour tout y € Oa et avec A un état absorbant, i.e Y; = A pour tout ¢ > 0
sous PA. Le temps de vie de Y est défini par (¥ =inf{t > 0:Y; = A}.

On définit les noyaux de transition de Y pour tout ¢t > 0, y € Ea par
PY(y,dz) =P} (t < ¢¥,Y; € dz).

Soit a une mesure Radon sur O. On dit que Y est a-symétrique si pour tout ¢ > 0, toutes fonctions
mesurables ¢, ¢ : O = Ry, [ (PY¢)pda = [, (P ¢)da. Remarquons que dans le cas ou Y est
un processus réversible et récurrent positif de probabilité invariante «, alors Y est a-symétrique.
Si on regarde ce méme processus mais tué quand il touche un sous ensemble O’ de O alors il n’est
en général plus récurrent positif mais on peut facilement montrer qu’il est a|o/-symétrique.

Fixons a une mesure Radon sur O et supposons que Y soit a-symétrique. On peut alors définir
I'espace de Dirichlet (€Y, FY) associé & Y dans L?(0O, a) de la maniére suivante :

_ pY
FY = {gp € L?(0,0a) : lim ugpdoz existe }
t—=0 Jo t
_ pY
EY (p,v) = lim uwdoz pour tout ¢, € FY.
=0 Jo t

On définit le générateur (AY,D4v) de Y de la maniére suivante
Dy = {go € FY :3h e L*(0,0a) tel que Voo € FY, on a EY (p, 1)) = 7/ hq/zda}
o

et dans ce cas AY ¢ = h. On remarque que expression de la forme de Dirichlet £¥ devient pour
pEDar, P €FY, EV () = — [, v A  pda.
On dit que la forme de Dirichlet (€Y, FY) est réguliére si il existe un noyau C C C°(0) N FY

tel que C est dense dans FY pour la norme || - || = EY(-,) + || - [[22(0,a) €t dans CZ°(O) pour la
norme uniforme.

Deux formes de Dirichlet réguliéres (£, F) et (£/, F') qui ont un noyau commun C tel que pour
tout ¢ € C, E(p, p) = E'(p, ) sont nécessairement égales, i.e £ =& et F = F'.

Prenons le cas du mouvement brownien sur R. On peut montrer que ce processus a une forme
de Dirichlet associée (€, F) sur L?(R, /) avec ¢ la mesure de Lebesgue et que son générateur est la
moitié de la dérivée seconde. Alors informellement, pour ¢ € F, il faut penser

1 1
EY (¢, ) =—§/Rw”d€= §/R|</J’I2d€7
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ou l'on a utilisé une intégration par parties a la derniére égalité. On interpréte la forme de Dirichlet
comme une énergie.

La forme de Dirichlet d’un processus le caractérise en un sens que nous ne préciserons pas.
Pour le comprendre informellement, remarquons que si 'on prend ¢ € C$°(0O) alors par la formule
d’Tto,

E[p(Y))] = Ef[p(¥o)] + / E/[AY o(Ya)]ds,

ot f € L*(0,a) est la densité de la loi de Yp. Si 'on note T, f la loi de Xy, on a

/O@th:/o¢f+/(Jt/O(Ay<p)ji‘fdads
=/ @fda—/tEY(cp,a_lTsf)ds.
O 0

Ainsi en un sens, la donnée de Y caractérise les lois finies dimensionnelles.

L’intérét de cette théorie est quelle permet de donner un sens & des processus qui n’en ont pas
au sens classique. On considére informellement le processus (Y;):>o tué en sortant de O et vérifiant
IEDS :

dY; = V2dB; — VU (Y;)dt,

ott (B;)>o0 est un mouvement brownien de dimension d et U : R? — R une application mesurable
sur O telle que e~V dl soit une mesure Radon sur O oti £ est la mesure de Lebesue sur R?. Dans
le cas général on ne sait bien str pas construire un tel processus, U n’étant pas nécessairement
dérivable et pouvant étre singulier au bord de O (comme ce sera le cas dans le cas du systéme
de particules de Keller-Segel, voir Chapitre . Néanmoins, formellement (Y;);>0 a pour mesure
invariante o := e~Yd¢ Radon par hypothése. Si I'on note T f la loi de Y; ott (Y;)¢>0 part de Yy ot
Yy a une loi de densité f, alors (T} f)>o vérifie 'EDP suivante :

OT.f =V - (aV(%f)).

En effet, comme dY; = v/2dB;+V log a(Y;)dt, par la formule d’It6 on obtient pour tout ¢ € C°(0),
t
Byle(Y)] = Byl 00)] + | Byl o(Yolds,

ou AYp=a"1V. (ach). Ainsi, on obtient,

/O T f = /O of + /O t /O (AY )T, fds,

ce qui nous donne le résultat grace a deux intégration par parties.

Ainsi, on remarque que

i, (&

7)2@ - 2/0@th(th071)

«
-2 |7 e
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En intégrant, on obtient

[2f o) s [ (£)a

Si 'on suppose au départ que f/a € L?(0, ), alors on a informellement T} f /o € H(O, «) pour
presque tout t > 0, on a donc une majoration & priori de la solution ce qui laisse entrevoir la
possibilité d’une preuve de l'existence de T} f, et donc avec plus de travail de I'existence de (¥;)¢>o.

Pour creuser l'analogie avec I’énergie, nous définissons la capacité relative a (€Y, FY) d’un
ensemble. On note U 'ensemble des ouverts de O et, pour A € U, on définit

Li={ueFY :u>1a—ppsur A},
Cap(A) = 1En£f EV(u,u)si Loa#D et Cap(A) =oosi Ly =0,
uEL A

ou pour u € F¥, &) (u,u) = &Y (u,u) + [, u?de. Finalement on définit pour tout A C O,

Cap(A) = Bel}{rbf‘cBCap(B).
De maniére totalement heuristique, la capacité doit étre pensée comme une capacité électrique et
elle est obtenue en minimisant une fonctionnelle d’énergie a la maniére du principe de moindre
action. En un sens, la capacité doit étre pensée comme l'inverse de la résistance et les probabilités
de présence du processus comme le courant électrique. Si la capacité est nulle, alors la résistance
est infinie et le courant de probabilité ne passe pas : un ensemble de capacité nulle n’est jamais
visité par le processus.

De 14 émerge la notion de propriété vérifiée quasi-partout. Il s’agit d’une propriété vérifiée pour
tout point excepté un ensemble de capacité nulle. Encore une fois, intuitivement une propriété
vérifiée presque partout est une propriété vérifiée de partout du point de vue du processus. Par
exemple pour un mouvement brownien sur R, il n’existe pas d’ensemble de capacité nulle étant
donné que ce processus visite tout R presque slirement, par contre en dimension 2, les singletons
sont de capacité nulle car jamais visités par le brownien, mais les droites ne sont pas de capacité
nulle.

La notion de capacité est cruciale pour faire le lien entre le processus Y et son espace de Dirichlet
(€Y, FY), nous allons tenter d’illustrer cette importance via un exemple.

Prenons I'exemple de M = (QM, MM (M;);>0, (P )mer) un mouvement brownien de dimen-
sion 1. Si I'on suppose que 1’on connait AM ¢ comme élément de L?(R, /) pour ¢ dans une classe
suffisamment large de fonctions, alors cela ne suffit pas a caractériser le mouvement brownien. En
effet si 'on prend l'application A : ¢ — Apl,.o alors pour tout ¢ on aura AM¢p = Ap dans
L?(R,¢). Or la dynamique induite par A est celle d’un mouvement brownien qui s’arréte en 0 dés
lors qu’il atteint 0. Ce qui bloque dans cet exemple est le fait que CapM({O}) # 0, ainsi 0 est un
point potentiellement visité par le processus et ainsi il nous faut connaitre I’action du générateur en
ce point. De maniére plus générale, la notion d’ensemble négligable semble inadaptée pour décrire
un processus via sa forme de Dirichlet, et la notion d’ensembles de capacité nulle semble étre la
bonne notion.

Le reste de cette section est consacré a la présentation de résultats expliquant comment certaines
opérations effectuées sur une diffusion Y sont traduites dans le monde des formes Dirichlet.
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1.3.1 Transience et Récurrence

On dit quun borélien A de O est (P} );>o-invariant si pour tout ¢ € L?(O,a), tout t > 0,
on a PY (Tap) = TaPY ¢ a-p.p. On dit que (£Y,FY) est irréductible si pour tout A ensemble
(PY)i>o-invariant, a(A) = 0 ou a(O/A) = 0.

On dit que (£, FY) est récurrent si pour tout p € L*(O, a) positif, pour a-presque tout y € O,
on a Ey[[; ¢(Ys)ds] € {0, 00}

On dit que (Y, FY) est transient si pour tout ¢ € L'(O, a) positif, pour a-presque tout y € O,
on a Ey[ [, ¢(Ys)ds] < oo avec la convention p(A) = 0.

Enfin, si (£, F) est un espace de Dirichlet régulier alors il est soit récurrent, soit transient.

1.3.2 Unicité

Deux processus de diffusion sur un ouvert de R? qui ont le méme espace de Dirichlet partagent
aussi la méme notion de quasi-partout, a condition que la capacité de chaque compact soit finie (ce
qui sera toujours le cas dans ce manuscrit). De plus, les fonctions de transition des deux processus
coincident en dehors d’un ensemble de capacité nulle.

1.3.3 Martingales

Si I'on suppose que Supp(a) = O, alors si ¢ : O — R appartient & D 4v tel que ¢ et AY ¢ soient
bornés, alors si ’on définit

MY = o(¥,) — (Vo) - /O A p(Y)ds,

avec la convention o(A) = AYp(A) =0, on a (M{)¢>o est une P} -martingale dans la filtration
canonique de (Y3):>0 quasi-partout. C’est par cette formule que I'on retrouve la formule d’It6 a
condition de l'appliquer & des ¢ adaptés, les conditions & vérifier étant restrictives. Par exemple
comme D4y C L?(0, ), une contrainte d’intégrabilité apparait alors qu’elle ne semble pas néces-
saire pour appliquer It6 au processus de départ. Il faut dont approcher les fonctions ¢ d’intérét
par des fonctions adaptées.

1.3.4 Changement de temps

On suppose Supp(a) = O et g : O — (0,00) continue tel que g(A) = 0 et on pose A; =
fot g(Ys)ds et son inverse généralisé p, = inf{s > 0: A; > t}. On pose finalement X; =Y, 1,, <o +
ATy, —oc)- Alors il est bien connu que (X;);>0 est aussi une diffusion sur O. Si (Y;);>0 était une
diffusion sur O alors on peut écrire pour ¢ € C?(0),

t
o(V2) = p(Yo) + MF + / A p(Y,)ds,
0

et ainsi en changeant le temps on obtient

t
o)) = (Vo) + NF + / (Y, ) A (Y, )ds,
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ou (Nf)i>0 = (M;i)tzo est une martingale pour la filtration (M};)tzo puisque la suite (p;);>0 est
une suite de temps d’arréts. Cela est une preuve informelle du fait que le générateur de (Y,,):>0
est g~ 1 AY. Enfin pour trouver la probabilité invariante de (Y, ):>o il suffit de trouver la mesure
1 telle que pour tout ¢ € C°(0), [, g~ A ¢dp = 0. Mais on voit qu’il suffit de prendre p = gov.
Ainsi cela suggére que (X;);>0 a un espace de Dirichlet (€%, FX) associé¢ sur L?(0, ga) tel que
pour tout ¢ € FX,

EX(p,0) = —/Osog‘lAYsogdoz= —/OsoAysoda-

1.3.5 Concaténation

Prenons deux processus de diffusion & valeurs dans deux ouverts O;, Oy de respectivement R%,
R? indépendants (Y))i>0 et (Y?)i>0 qui sont respectivement oj-symétrique et as-symétrique.
Alors le processus (X;)i>0 = (Y3}, Y;?)i>0 est aussi un processus de Markov de générateur AX tel
que pour tout ¢ assez réguliére, pour tout y; € Oq, tout y» € Os,

AXo(y1,y2) = A (00 y2)) (1) + AT (91, ))-(32)-

Comme précédemment, il suffit pour obtenir la mesure invariante de trouver une mesure p telle
que pour tout ¢ assez réguliére, f01><02 AXpdp = 0. Or, on a pour tout y; € Oy, tout ys € Oa,

A (o(y))dar = [ A (o, ))dag =0,
Ol O2

et donc f01X02 AXpda; ® as = 0, ce qui impose que (X;)i>0 soit a1 ® az-symétrique. Ainsi, on
s’attend & ce que le processus (Xt);>0 ait un espace de Dirichlet sur L?(O; x Oz, a1 ® a2) et que
pour tout ¢ € FX,

X = — ! . a1\Y1)da2 (Y2
EX (o) = /O | /O ol 1) A ol )] 1) (1))

_/ / o1, y2) A [p(y1, )] (y2)das (ya)da (1)
Os JOq

Prenons l'exemple de (B;):>0 = (B}, B?)i>0, mouvement brownien de dimension 2. Pour chaque
i € [1,2] la forme de Dirichlet £ de (B});>0 est défini par £'(p, @) = [, [¢'[*dl avec £ la mesure
de Lebesque sur R. Ainsi par le résultat précédent, si I'on note & la forme de Dirichlet de (B)¢>0,
pour tout ¢ € F on a

1 1 1
sl =3 [ [loplatoces [ [ioplacei=3 [ 1velPan

avec f5 la mesure de Lebesgue sur R2.

1.3.6 Tuage

Prenons encore un processus de diffusion (X;);>o & valeurs dans O et tuons le lorsqu'’il sort
d’un ouvert U de O. On pose 7y = inf{t > 0: X; ¢ Ul et pourt >0, V; = Xy sit <7ty et Y, =A
un état cimetiére dans lautre cas. Alors (Y;);>0 est un processus de diffusion et a un espace de
Dirichlet associé sur L2(U, ais) tel que pour tout ¢ € FY,

E¥ (. ) = —/U@Axcpda-
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1.3.7 Girsanov

Nous illustrons le théoréme de Girsanov dans le monde des formes de Dirichlet par un exemple.
Considérons (X;);>0 le processus & valeurs dans R¢ vérifiant

Vi(Xy)
w(Xe)
tué lorsqu'il sort de O un ouvert de R?, avec p : R? — R. Soit ¢ : R — R. On s’intéresse a trouver,

a partir de I'espace de Dirichlet (€%, FX) de (X;)¢>0, 'espace de Dirichlet (€Y, FY) du processus
(Y2)i>0 vérifiant

dX, = V2dB; + dt,

Y; Vo(Y;
Vu(Y:) dt + (V)
(Ye) o(Y2)
tué lorsqu’il sort de O, ce qui revient en un sens & comprendre quelle est ’action de ’application

du théoréme de Girsanov dans le monde des formes de Dirichlet.

On remarque que le générateur de (X;);>o est
v 1
A=A+ v =2V v,
1 u

et ainsi on cherche une mesure v tel que [ AXpdv = 0 pour tout ¢. Si v a une densité que 1’on
note abusivement v, il suffit que
v
v (%)) =0
1

On remarque que v = p convient, ainsi (X¢)¢>0 est p-symétrique. On obtient alors pour ¢ € F X

1
EX(py ) = — / oLV uVldu = / IVelPds,
o M o

ou l'on a effectué une intégration par parties a la derniére égalité.

De la méme maniére, comme
Vi, V6 _ V(o)
w9 po

en appliquant les calculs précédents, on obtient que le processus (Y;);>0 est un processus pep-
symétrique vérifiant pour ¢ € FY,

£ (prp) = / IVl b
O

On fixe T > 0 et on pose dQ = E(L)rdP ou pour t > 0,
' Vo(X,)
L, = —2—1/2/ — 8 4B,
! 0 ¢(Xs)

On admet que les hypothéses nécessaires a 'application du théoréme de Girsanov sont réunis,
alors la loi du processus (X;):>o sous Q est égal & la loi du processus (Y;);>¢. Ainsi, I'application
du théoréme de Girsanov pour faire apparaitre le terme ¢~ 'V¢ dans 'EDS de départ semble
correspondre a la multiplication par ¢ de la mesure invariante et & l'introduction d’un terme
multiplicatif ¢ dans I'intégrale de Dirichlet. Cela est généralisé plus bas, voir Chapitre [2| et encore
plus dans Fukushima [24].
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1.4 Vue d’ensemble des chapitres

1.4.1 Chapitre 2

Suzuki [48] a prouvé que pour 'EDP de Keller-Segel dans le cas sur-critique dans un domaine
borné, les solutions doivent exploser en temps fini et la solution mesure converge quand le temps
converge vers le temps d’explosion vers une mesure qui se décompose en la somme d’une mesure
absolument continue par rapport a la mesure de Lebesgue et une somme de mesure de Dirac
de masse égale a 8m. De plus, les points ou ’aggrégation a lieu n’appartiennent pas au bord du
domaine. Ce travail est en lien avec celui de Herrero et Velazquez [28] ou ils ont prouvé lexistence
d’une solution radiale vérifiant les mémes propriétés dans le cas ou le domaine est une boule. A
notre connaissance, il n’existe pas de résultats analogues pour le systéme de particules. En outre, le
résultat que nous prouvons ici présente une description trés précise du comportement des particules
juste avant ’explosion.

Nous rappellons I’équation (1.13)) :

X’LN _ X_] N
dXZ N = dBl E —dt
zN N 4

ol 0 > 0 est la sensitivité chimique des bactéries au chemoattractant. On éssaie ici de décrire pré-
cisément le comportement du processus proche du temps d’explosion, en particulier on se demande
comment intéragissent les deux phénomeénes opposés qui sont la diffusion et la concentration & cet
instant. Par exemple, prenons N = 3 et supposons qu’on ait choisi les paramétres de telle sorte
qu’une collision entre 3 bactéries arrive. Le drift est-il plus fort que la diffusion dans la mesure ou
la collision a trois particules a lieu sans qu’il ne puisse y avoir de collisions entre 2 particules juste
avant ou au contraire est-ce que la diffusion 'emporte sur le drift dans le sens o juste avant la
collision & trois particules, les bactéries vibrent tellement qu’elles entrent en collision deux & deux ?

Une premiére difficulté que 'on rencontre en étudiant cette équation est qu’elle n’admet pas de
solution au sens classique, étant donné que le drift est trop singulier. Il est alors nécessaire d’utiliser
une autre théorie comme la la théorie des formes de Dirichlet pour donner un sens & cette équation.
Nous ne rentrons pas dans le détail de 1'utilisation de cette théorie dans cette introduction et nous
ferons comme si le processus était bien défini au sens classique, tout en se rappelant que 1'utilisation
de la formule d’It6 ou du théoréme de Girsanov, par exemple, n’est licite qu’au sens de la théorie
des formes de Dirichlet, ce qui cache beaucoup de détails techniques.

On pose pour z € (R?)Y, pour K C [1,N],
(2) K Z ¥ et Z l|lz* — z)||?.
| | ke K keK
On appelle une solution de (1.13) (au sens de Dirichlet) un processus KS(6, N) et on pose
C=inf{t >0: X; ¢ Ey,} ou kg = [2N/0] et pour k > 0,
E, = {1’ € (R*)Y : pour tout K C [1, N] tel que |K| =k, on a R (x) > 0}.

1l s’agit de I’ensemble des configurations ou il n’y a jamais k particules (ou plus) au méme endroit.

Ainsi, en appliquant informellement la formule d’It6 on obtient :

dRk (X:) = 2/ Rk (Xo)dAWE + dp N (|K|)dt + Int(K, K€),dt,
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ott (W);>0 est un mouvement brownien de dimension 1, dg n (k) = (k — 1)(2 — k8/N) pour tout
k>0, et Int(K, K°); est un terme d’intéraction en les particules indexées par K et celles indexées
par K°.

Si l’on néglige le terme d’intéraction, alors (Rx (X;));>0 vérifie 'équation d’un carré de Bessel
de dimension dy n(] K1), out l'on rappelle quun carré de Bessel de dimension § :

e ne touche jamais 0 si 6 > 2,

e touche 0 et est réfléchi une infinité de fois si § € (0, 2),

e touche 0 puis reste collé & 0 pour toujours si 6 < 0.

Ainsi, en comparant la valeure de dg n(|K|) avec 0 et 2, cela nous donne intuitivement quelles
collisions sont susceptibles d’arriver. C’est ce qui est fait dans le lemme suivant :

Lemma 1.3. Fizons 6 >0 et N > 2 tel que N > 0. Pour ko = [2Y] >3, on a
don(k)>0 if ke[2,ko—1] and don(k) <0 if k> ko. (1.14)
On définit aussi k1 = ko — 1, et

I ko — 2 St dO,N(kO — 2) < 2,
T ko—1  si don(ko—2)>2.

Si6>2et N> 30, alors kg € [7,N] et on a

* dyn(2) €(0,2);
Odg)N(k)>2SZk'€[[3 ko — H
° ngv(k) c (0 2) si k€ {kg,kl},
0d97N(k) <0sik>kp.
FIGURE 1.1 — Plot of dg,n (k) as a function of k € [2, N] with N = 9 and with 6 = 2.35 (left)
and 6 = 2.42 (right).
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Pour K C [1,N], et x € (R*)¥, on dit qu’il y a une K-collision dans la configuration x si
Rk (z) = 0 et pour tout i ¢ K, Rgygy(r) > 0. On déduit du lemme précédent les résultats
suivant :

Proposition 1.4. Fizons 0 € (0,2) et N > 2. Considérons (X;)i>o un processus KS(0, N) intro-
duit ci-haut. Pour tout x € E3, on a P, (¢ = c0) = 1.
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Ce résultat vient du fait que si 6 € (0,2), alors dg y(k) > 2 pour tout k£ > 3 et il n’y a alors
aucune collision trop "singuliére" pour empécher la bonne définition du processus. Le résultat
principal est le suivant.

Théoréme 1.5. Supposons que 0 > 2, que N > 30 et rappellons (voir Lemme que ko € [7, NJ,
ki1 =ko—1 et ko € {ko—1,ko—2}. Considérons (X;)i>0 un processus KS(6, N) introduit ci-haut.
Pour tout x € Es, on a Py-p.s. les propriétés suivantes :

(i) ¢ est fini et Xo— = limy_,c— X, existe pour la topologie usuelle de (R*)N ;

(1) il existe Ko C [1, N] de cardinal | Ko| = kg tel qu’il y a une Ko-collision dans la configuration
Xc—, et pour tout K C [1,N] tel que |K| > ko, il n’y a pas de K -collision dans la configuration
Xg_ 5

(#1i) pour tout t € [0,() et tout K C Ky de cardinal |K| = k1, il y a une infinité de K -collisions
durant (t,() et aucun de ces instants de K-collision n’est isolé;

(iv) si ke = ko — 2, alors pour tout L C K C Ky tel que |L| = k2 et |K| = k1, pour tout instant
t € (0,Q) de K-collision et tout s € [0,t), il y a une infinité de L-collisions durant (s,t) et aucun
de ces instants de L-collision n’est isolé;

(v) pour tout K C [1, N] de cardinal |K| € [3,ke — 1], il n’y a pas de K-collision durant [0,() ;

(vi) pour tout L C K C Ky tel que |L| = 2 et |K| = ka2, pour tout instant t € (0,¢) de K-
collision et tout s € [0,t), il y a une infinité de L-collisions durant (s,t) et aucun de ces instants
de L-collision n’est isolé.

Ce résultat explique par exemple qu'un des scénarios possible est le suivant : & un instant fini
zeta, un amas de kg particules se forme, ces particules restent collées les unes aux autres, et on ne
peut plus définir le systéme au dela de ce temps. Juste avant cette collision, il y a une infinité de
collisions & kp particules (pour tout sous-ensemble de cardinal k; des ko particules impliquées dans
la collision collante). De plus, avant chaque collision a k; particules, il y a une infinité de collisions
a ko particules (pour tout sous-ensemble de cardinal ks des ki particules qui collisionnent). Avant
chaque collision & k5 particules, il y a une infinité de collisions binaires. Mais durant tout ce temps,
il n’y a jamais de collisions a k particules, pour k € [3, ks — 1].

Une approximation forte qui a été faite dans I’analyse informelle ci-dessus est la négligeance
du terme d’intéraction Int(K, Ky) qui n’est absolument pas simple. En effet, dés qu’une particule
indexée par K se rapproche d’une particule indexée par K¢, ce qui est censé arriver souvent d’aprés
notre analyse, ce terme devient trés singulier. Nous allons éssayer d’expliquer briévement comment
oublier ce terme. Nous allons nous mettre dans le cas simplifié ot les paramétres sont tels que
k1 = N et 'on veut montrer que ’on a des collisions a ks = N — 1 particules avant toute collision
a k1 = N particules.

Une remarque fondamentale que I’on fait sur ce processus est qu’il se décompose en trois parties :
un "milieu" My = Sp vj(X{Y), un "rayon" Dy = Ry nj(X7Y) et un "angle"

. Xi — M,
(U)ienny = (—2=="

\/Dipt )ie[[l,N]}’

ol p est I'inverse généralisé de A; = fot (D)~ tds. Ce qui est remarquable est que le triplet (M, D, U)
est composé de trois processus indépendants. De plus, si I'on note b = (b',...,b") avec pour
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€ [1,N], = € (RHN
bt — ol
N Z |2i — 272
alors U vérifie une EDS autonome :

3
U,dt,

2N —
dUt = 7TH7TUtJ_ (dBt + b(Ut))dt +

ol (By)e>0 est un mouvement brownien de dimension 2N, 7y est la projection orthonormale sur
H={a € RV : Sy nj(x) = 0}, et pour @ € (RN, y € (RN, 7,0 (y) = y — 2] ~*(x - y)a. On
remarque que U vérifie I’équation du systéme de particules de Keller-Segel mais sur la sphére de
H. Etant donné qu’essentiellement la méme équation est satisfaite, on retrouve environ les mémes
équations pour les processus de variance empirique, en effet on a

dRk (U;) = 2/Rx (U)(1 — Ry (Uy))dW[E + dg n(|K|)dt + TInt, (K, K)dt + Norm,dt,

ot 'on a en plus des termes de normalisation Norm; étant donné qu’on contraint le processus a
rester sur la sphére unité de H que nous notons S. Tout d’abord, les termes de normalisations sont
facilement négligeables. On se retrouve alors dans le méme cas que précédemment avec une équation
qui ressemble & celle de I’équation d’un carré de Bessel mais avec un terme d’intéraction singulier.
La différence ici est qu’il y a des contraintes géométriques qui permettent de controler le terme
d’intéraction. En effet comme pour tout ¢ > 0, Uy est dans la sphére de H, alors Sy n7(Uz) = 0
et Zfil |U{|? = 1. Ainsi, si Pon prend K = [1, N — 1], alors si Ry y_1j(Uy) est trés petit, alors
Ui, .. .,Uthl sont tous environ égaux & un certain v € S. Or, comme Sp; n7(U;) = 0, si 'on
imagine N grand, on a

N-1 UN

N YT

Donc U},...UN ™! sont trés proches de 0. Or, 2% ||Uf]|2 = 1, donc

0 = Sp,ny(Us) =

N

1= IIU:1* = I

i=1

Dans ce cas les particules indexées par [1, N —1] et la particule indexée par N sont éloignées d’une
distance environ 1, donc le terme d’intéraction est négligeable et donc Ry ny_17(U) se comporte
localement comme un carré de Bessel de dimension dg (/N — 1). On conclut qu’a chaque fois que
Rp1 w7 (U) est assez petit, il y a une probabilité (uniformémement) positive que ce processus touche
0. Par Borel-Cantelli, il suffit de montrer que cela se produit infiniment souvent pour conclure. Il
suffit alors de montrer que le processus Ry (U) est trés proche de 0 réguliérement. Mais c’est le
cas car U satisfait une équation autonome. Il est donc Markov, de plus & valeurs dans un compact,
donc est récurrent positif. Cet argument est en fait faux en toute généralité car nous traiterons des
jeux de paramétre ott U explose et est donc transient, mais il se trouve que la transience implique
aussi la visite réguliére de cette partie de I'espace.

1.4.2 Chapitre 3

L’existence d’une solution de type énergie libre globale dans le cas sous-critique a été démontré
par Blanchet-Dolbeault-Perthame [9] dans le cas de conditions initiales fo € L} (R?), d’entropie et
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de second moment finis. Au méme moment, Biler-Karch-Laurencot-Nadzieja [4], [5] ont démontré
Pexistence d’une solution de type énergie libre faible globale dans le cas radial pour toute mesure
initiale telle que fo(R?) < 87 et fo({0}) = 0.

Bedrossian-Masmoudi [2] ont prouvé sous la condition max,cgr2 fo({2}) < 87 l'existence d’une
solution tempérée méme dans le cas sur-critique, mais locale en temps. De plus Wei [51] a construit
une solution tempérée globale dans les cas sous-critique et critique pour toute condition initiale f, €
L'(R?). En combinant ces résultats, on obtient I'existence de solutions globales pour toute condition
initiale mesure fj tel que fo(R?) < 87 et max, gz fo({z}) < 8.

Le résultat que nous prouvons dans ce chapitre n’est pas nouveau et en combinant les résultats
de [2] et [5I] on obtient un résultat encore plus fort. Néanmoins, la preuve de non-explosion que
nous présentons est robuste, et sensiblement plus courte et simple. De plus, les arguments proposés
ici, poussés un peu plus loin, permettraient de traiter aussi le cas critique, mais cela sera fait sous
une autre forme dans le Chapitre [4]

L’idée est de trouver une estimation & priori de la solution & 'EDP qui justifie qu’il ne peut y
avoir de formation de masse de Dirac. Plus précisemment, on montre le théoréme suivant

Théoréme 1.6. Fizons M € (0,87) et supposons que fo soit une mesure sur R? de masse totale
M. Il existe une solution globale faible f a (1.10)) avec condition initiale fo. De plus, pour tout
v € (M/(4r),2), il existe une constante Apr, > 0 dépendant uniquement de M et «y telle que pour
tout T > 0,

Lo @ s < w147, (115
0 R2 JRR?

L’idée ici est de dériver la quantité

5.= [, [ (sl A1 fildo s

Les parties du calcul relatives a la diffusion et & 'effet de concentration donnent chacune un terme
proportionnel & oo [go lz—y[|7 72 fi(dz) fi(dy). La partie difficile consiste & s’assurer que ces termes
ne se compensent pas tout a fait de sorte qu’il existe une constante ¢ > 0 tel que

52 So+e [ [ o=yl ld) i)

L’argument consiste en des calculs élémentaires qui symétrisent correctement les quantités d’intérét,
mais nous n’utilisons aucune inégalité fonctionnelle. Ainsi, comme S; est borné pour tout ¢ > 0,
on a le résultat.

1.4.3 Chapitre 4

Il y a déja quelques résultats connus sur la propagation du chaos dans le contexte du systéme
de particules de Keller-Segel, i.e. sur la justification rigoureuse de ’approximation de la solution
de (1.10) par la mesure empirique de la solution de (|1.13) quand N tend vers infini.

Godinho-Quininao [25] ont prouvé la propagation du chaos sans utiliser de sous-suite en suivant
les idées de Fournier-Hauray-Mischler [19] dans le cas o le noyau d’intéraction K est remplacé
par noyau moins singulier —z/(27||z||1T) avec a € (0, 2).
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Olivera-Richard-Tomasevic [41], en utilisant une méthode s’appuyant sur les semigroupes dé-
veloppé par Flandoli [24], ont montré la convergence d’un systéme de particules ou informellement
K est remplacé par —z/(ey + ||z]|?) avec ey trés grand devant N—1/¢,

La convergence du systéme de particules avec le noyau d’intéraction K a été démontré par
Fournier-Jourdain [20] dans le cas (trés) sous-critique § < 1/2. On souligne le fait que ce résultat
est le méme que celui que nous démontrons mais dans le cas ot 6 < 1/2 et ot une hypothése
supplémentaire sur le moment est faite.

Enfin, des estimées sur la vitesse de convergence de la mesure empirique dans le cas § < 2 ont été
démontrés par Bresch-Jabin-Wang [I1] en utilisant une méthode par énergie libre. La convergence
obtenue est dans un sense fort quand R? est remplacé par le tore pour des conditions initiales
fo € W2 sur le tore.

Bien que la convergence que nous démontrons soit dans un sens plus faible que dans [I1] et
uniquement le long d’une sous-suite, la preuve semble bien plus simple et nous traitons le cas
de I'espace entier et pas simplement du tore. De plus nous ne supposons pas de régularité sur la
condition initiale fo qui peut étre une masse de Dirac. Enfin, nous traitons le cas critique 6 = 2
qui semble n’avoir jamais été traité auparavant.

Dans ce chapitre, on montre la propagation du chaos dans le cas ou 0 < 2. Le cas sous-critique
0 < 2 est plus simple que le cas § = 2, car dans ce cas il n’y a que des collisions doubles qui
interviennent, et ces collisions sont plus faciles & gérer car a ce moment le processus visite un peu
moins la singularité en un sens.

*

On note PZ,,, ; ((R?)") I'ensemble des mesures de probabilité échangeables sur (R?*)Y avec un
moment d’ordre 1 fini tel que pour tout Fg' € Pr,,, ; ((R*)V),

FY ({There exists i # j € [1, N] such that 2 = 27}) = 0.

Théoréme 1.7. Soit 0 € (0,2) et fo € P(R?). Pour chaque N > Ny := (1 + [2/(2 —0)]) V5,
considérons F§\ € P, 1 (R*)N) et (Xti’N)tzo,ie[[l,N]] un processus K.S(0, N) (i.e. une solution de
) de loi initiale FY¥, ainsi que le processus empirique pour toutt > 0, u¥ := N1 Zivzl 5Xti,N,
qui p.s. appartient @ P(R?). On suppose que plY converge faiblement vers fo en probabilité lorsque
N — 0.

(i) La suite ((ul)i>0)N>n, est tendue dans C([0, 00), P(R?)).

(ii) Pour toute suite (Ny)x>o telle que (% )i>o converge en loi dans C([0,00), P(R?)) lorsque
k — oo vers un certain (f)i>0, cette limite (p)i>0 est p.s une solution faible de (1.10)) partant de
o = fo. De plus, pour tout T > 0, tout v € (0,2).

5l | ' L L =l @] < .

On note que les idées de la preuve sont assez similaires aux calculs du Chapitre[3] Le cas critique
est plus difficile. On pose pour tout N > 2,

pour tout £ >0, 73" =inf{t >0: il existe K C [1, N] avec |K| =3: Rg(X}N) = (71},
3 = lim Tév’e.
£—00
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Théoréme 1.8. Supposons § = 2. Soit fo € P(R?) vérifiant max,cp fo({z}) < 1. Pour chaque
N > Ny =5, considérons F¥ € Pt .. 1 (R)N) et (XZ’N)te[o,r?{V),ie[[l,N]] un processus KS(2,N)

sym,1
sur [0,748) de loi initiale FY. On pose ul = N~} Zf\;l dyin et on suppose que ud’ converge
t
faiblement vers fo en probabilité lorsque N — oo.

Il existe une suite d’entiers strictement croissante ({n)n>n, telle qu’en posant Sy = TéV’EN,

on ait imy_,o By = 00 en probabilité et
(i) la suite ((“%BN)QO)Nﬁ est tendue dans C([0, ), P(R?)) ;

(i1) pour toute suite (Ni)k>o tel que (,ui\i’“ﬁN )e>o converge en loi, lorsque k — oo, dans
> Lt
C([0,00), P(R?)), vers un certain (ut)i>0, alors p; est p.s une solution faible de (1.10) partant

de po = fo. De plus,
E[ / / / n{xzy}m(dx)ut(dy)dt} = 0. (1.16)
0 R2 JR2

Il s’agit d’un cas ou il y a explosion en temps fini du systéme de particules. Cela peut paraitre
étrange étant donné qu’on a déja vu qu’il n’y a pas d’émergence de cluster dans le cas critique
pour 'EDP, du moins pas en temps fini. C’est une des clés pour comprendre le cas critique. Si
on regarde 7y = inf{t > 0 : Ry nj(X}Y) = 0}, i.e. Vinstant ou les N particules sont au méme
endroit, alors 7y est p.s. fini pour chaque N, mais 7y — oo quand N — 0o en probabilité. Cela
se comprend heuristiquement car le temps de la premiére collision entre au moins 3 particules est
le temps de la premiére collision entre k; = N — 2 particules d’aprés le Chapitre [2| Or il suffit que
quelques particules aient un comportement atypique et s’éloignent un peu trop des autres pour que
cette collision n’arrive pas, et comme on fait tendre N vers l'infini il y aura toujours au moins 3
particules parmis les N qui auront une trajectoire assez originale pour ne pas participer & une telle
collision. Ceci rejoint 'idée que dans le cas critique, il y a formation d’un amas en temps infini.

Plus précisément, on va montrer informellement que la mesure empirique arrétée a 'instant de
la premiére collision entre 3 particules converge vers une solution faible de 'EDP. Comme ce temps
diverge vers l'infini quand N tend vers l'infini, alors on peut utiliser des estimées dans le méme
esprit que celles du Chapitre [3] étant donné que les collisions impliquées ne sont que des collisions
entre 2 particules comme dans le cas sous-critique.

1.4.4 Chapitre 5

Velazquez [50] décrit de maniére informelle le comportement des solutions de 'EDP de Keller-
Segel apres I'explosion, dans le cas sur-critique. Il y est décrit une solution mesure qui se décompose
en une somme d’une partie absolument continue et d’'une somme de mesure Dirac dont chacune
aurait une masse total suppérieure & 8m. Les masses de Dirac correspondraient aux différentes
formations de clusters, et il y est décrit les intéractions entre ces différents composants. Dolbeault-
Schmeiser [16] ont démontré la convergence de 'EDP régularisée avec le noyau —z/(c? + ||z||?)
quand e tend vers 0 vers le modéle prescrit par [50] strictement entre les temps de formation de
cluster. Prouver la convergence en incluant ces temps est une question encore ouverte a laquelle
nous éssayons de donner une réponse au moins dans le cadre stochastique du systéme de particules.
Néanmoins dans ce chapitre nous ne ferons qu’une présentation informelle d’un projet bien engagé
dans cette direction mais inachevé pour le moment. Plus précisément, il s’agit de prolonger le
systéme de particules au dela du temps d’explosion et de décrire les interactions entre les particules
et les amas formés par les collisions collantes.
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1.4.5 Chapitre 6

Dans ce chapitre nous présenterons quelques simulations illustrant les résultats du Chapitre [2}
Notamment, dans le cas surcritique, nous mettrons en évidence la formation d’un cluster et le fait
que seulement un certain type de collisions se produisent.
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Chapitre 2

Collisions of the supercritical
Keller-Segel particle system

Abstract. We study a particle system naturally associated to the 2-dimensional Keller-Segel
equation. It consists of N Brownian particles in the plane, interacting through a binary attraction
in 0/(Nr), where r stands for the distance between two particles. When the intensity 6 of this
attraction is greater than 2, this particle system explodes in finite time. We assume that N > 36 and
study in details what happens near explosion. There are two slightly different scenarios, depending
on the values of N and 6, here is one : at explosion, a cluster consisting of precisely kg particles
emerges, for some deterministic kg > 7 depending on N and 6. Just before explosion, there are
infinitely many (kg — 1)-ary collisions. There are also infinitely many (ko — 2)-ary collisions before
each (ko — 1)-ary collision. And there are infinitely many binary collisions before each (ko — 2)-ary
collision. Finally, collisions of subsets of 3, ..., ky — 3 particles never occur. The other scenario is
similar except that there are no (kg — 2)-ary collisions.

2.1 Introduction and main results

2.1.1 Informal definition of the model

We consider some scalar parameter § > 0 and a number N > 2 of particles with positions
X; = (X}, ..., X)) € (RHYN at time ¢ > 0. Informally, we assume that the dynamics of these
particles are given by the system of S.D.E.s

X - X]

)

: 0
dX} =dBj - = >
L L N

J#i

where the 2-dimensional Brownian motions ((Bj)¢>0)icp1,n] are independent. In other words, we
have N Brownian particles in the plane interacting through an attraction in 1/r, which is Coulom-
bian in dimension 2. Actually, this S.D.E. does not clearly make sense, due to the singularity of
the drift, and we will use, as suggested by Cattiaux-Pédéches [I3], the theory of Dirichlet spaces,
see Fukushima-Oshima-Takeda [24].

37
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2.1.2 Brief motivation and informal presentation of the main results

This particle system is very natural from a physical point of view, because, as we will see, there
is a tight competition between the Brownian excitation and the Coulombian attraction. It can also
be seen as an approximation of the famous Keller-Segel equation [35], see also Patlak [43]. This
nonlinear P.D.E. has been introduced to model the collective motion of cells, which are attracted
by a chemical substance that they emit. It is well-known that a phase transition occurs : if the
intensity of the attraction is small, then there exist global solutions, while if the attraction is large,
the solution explodes in finite time.

We will show that this phase transition already occurs at the level of the particle system (2.1)) :
there exist global (very weak) solutions if # € (0,2) (subcritical case, see Proposition below),
but solutions must explode in finite time if # > 2 (supercritical case).

To our knowledge, the supercritical case has not been studied in details, and we aim to describe
precisely the explosion phenomenon. Informally, we will show the following (see Theorem be-
low). We assume that § > 2 and N > 30, we set kg = [2N /6] € [7, N]. There exists a (very weak)
solution (Xy);ej0,¢) to (2.1), with ¢ < oo a.s. and such that X, = limy_,— X; exists. Moreover,
there is a cluster containing precisely kg particles in the configuration X._, and no cluster contai-
ning strictly more than kg particles. Such a cluster containing kg particles is inseparable, so that
is meaningless (even in a very weak sense) after (. Just before explosion, there are infinitely
many kij-ary collisions, where k1 = ko — 1. If (kg — 3)(2 — (ko — 2)0/N) < 2, we set ko = k1 — 2
and just before each ki-ary collision, there are infinitely many ko-collisions. Else, we set ko = k.
In any case, there are infinitely many binary collisions just before each ks-ary collision. During the
whole time interval [0, (), there are no k-ary collisions, for any k € [3, ko — 1].

This phenomenon seems surprising and original, in particular because of the gap between binary
and kq-ary collisions.
2.1.3 Sets of configurations
We introduce, for all K C [1, N] and all z = (z*,...,2V) € (R})V,
1 : . 1 ) .
Sk(z) = Il Zml €R? and Rg(z)= Z 2" — Sk (x)|]? = K] Z [t —a7|* > 0.
ieK ieK i,jEK

Here | K| is the cardinal of K and ||-|| stands for the Euclidean norm in R2. Observe that Ry (x) = 0
if and only if all the particles indexed in K are at the same place. We also set, for k > 2,

B = {:c e (R%)N : VK C [1,N] with cardinal |K| = k, Ry (z) > 0},

which represents the set of configurations with no cluster of & (or more) particles. Observe that
E = (R*)N for all k > N.

2.1.4 Bessel processes

We recall that a squared Bessel process (Z;)¢>o of dimension ¢ € R is a nonnegative solution,
killed when it reaches 0 if § < 0, of the equation

t
Zy = Zo+ 2/ VZdW, + 6t,
0
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where (W});>0 is a 1-dimensional Brownian motion. We then say that (v/Z;);>0 is a Bessel process
of dimension §. This process has the following property, see Revuz-Yor [44, Chapter XI] :

e if 0 > 2 then a.s., forallt >0, Z; > 0;
e if § € (0,2), then a.s., Z is reflected infinitely often at 0;
e if 6 <0, then Z a.s. hits 0 and is then killed.
Applying informally the Itd formula, one finds that Y; = \/Z; should solve

§—1 [tds
Y, =Y, 1% —_— —
t o+ Wi+ 5 OY;,

which resembles (2.1]) in that we have a Brownian excitation in competition with an attraction by
0, or a repulsion by 0, depending on the value of §, proportional to 1/r. This formula rigorously
holds true only when 6 > 1, see [44, Chapter XIJ.

2.1.5 Some important quantities

Consider a (possibly very weak) solution (X;);>o to (2.I). As we will see, when fixing a subset
K C [1, N] and when neglecting the interactions between the particles indexed in K and the other
ones, one finds that the process (Rx (X¢))¢>0 behaves like a squared Bessel process with dimension
dg N (| K]), where

do.n (k) = (k—1)(2 - %) (2.2)

Similar computations already appear in Hagkovec-Schmeiser [26], see also [20]. A little study,
see Appendix see also Figure and Subsection for numerical examples, shows the
following facts. For r € R, we set [r] = min{n e N:n > r}.

Lemma 2.1. Fiz 6 >0 and N > 2 such that N > 6. For ko = [%Y] > 3, we have
don(k)>0 if ke[2,ko—1] and don(k) <0 if k> ko (2.3)
We also define k1 = kg — 1, and

by — { ko —2 if don(ko—2) <2,
ko—1 if don(ko—2)>2.
If0 > 2 and N > 30, then ko € [7,N] and it holds that
e don(2) €(0,2);
e don(k)>2ifke[3,ka—1];
o don(k) € (0,2) if k € {ka,k1};
o don(k) <0 ifk>ko.

We thus expect that there may be some non sticky k-ary collisions for k € {2, ko, k1 }, some
sticky k-ary collisions when k > kg, but no k-ary collision for k € [3, k2 — 1].
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FIGURE 2.1 — Plot of dg,n(k) as a function of k € [2, N] with N = 9 and with 6 = 2.35 (left)
and 0 = 2.42 (right).
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2.1.6 Generator and invariant measure

As we will see in Subsection [2.3.13] the S.D.E. (2.1) cannot have a solution in the classical
sense, at least when dg v (k1) € (0,1), because the drift term cannot be integrable in time. We will
thus define a solution through the theory of the Dirichlet spaces.

For z = (z%,...,2") € (R?)N and for dz the Lebesgue measure on (R?)V, we set
m(z) =[] " =277 and p(dz)=m(z)dz, (2.4)
1<i#j<N

where {1 < # j < N} stands for the set {(i,;) € [1,N]? : i # j}. Informally, the generator of
the solution to (2.1)) is given by £X, where for ¢ € C?((R?)Y),

X ;v:l x—ﬁ M i x:#ivmm T
L¥p(x) = 5 Ap(2) N1<;<N o Ve P = g divim@) Vel (29)

see (2.11) for the last equality. It is well-defined for all € F5 and p-symmetric. Indeed, an
integration by parts shows that

1
VouweCiE), | wﬁxwdu=—2/()vso-v¢du=/ GLXpdu. (26)
RQN

(R2)N (R2)N
As we will see in Proposition the measure u is Radon on (R?)¥ in the subcritical case
0 € (0,2), while it is Radon on Ej, (and not on Fj,41) in the supercritical case § > 2. This will

allow us to use some results found in Fukushima-Oshima-Takeda [24] and to obtain the following
existence result.

Proposition 2.2. We fixt N > 2 and 0 > 0 such that N > 0 and recall that ko = [2N/6].
We set X = Ej, and Xp = X U{A}, where A is a cemetery point. There exists a diffusion
X = (X, MX (X})i>0, (PX) e, ) with values in X, which is p-symmetric, with reqular Dirichlet
space (EX, FX) on L2((R*)N, p) with core C°(X) defined by

1
forall ¢ € CE(X), EX(p,p) = 5/ IVe|?du = */ LYo dp
(R2)N (R2)N
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and such that for all x € Es, all t > 0, the law of Xy under P, has a density with respect
to the Lebesgue measure on (R?)N. We call such a process a KS(6,N)-process and denote by
¢=inf{t > 0: X; = A} its life-time.

We refer to Subsection for a quick summary about the notions used in this proposition :
diffusion (i.e. continuous Hunt process), link between its generator, semi-group and Dirichlet space,
definition of the one-point compactification topology endowing Xa, etc. Let us mention that by
definition, A is absorbing, i.e. X; = A for all t > (. Also, t — X} is a priori continuous on [0, o)
only for the one-point compactification topology on X', which precisely means that it is continuous
for the usual topology of (R?)Y during [0,¢), and it holds that ¢ = lim, o inf{t > 0: X; ¢ K.}
for any increasing sequence of compact subsets (KCp,)p>1 of Ej, such that U,>1K,, = Eg,.

As we will see in Remark for all z € Ey, under PX, X; solves (2.1]) during [0, ), where
o =inf{t > 0: X; ¢ Ey}. By the Markov property, this implies X; solves (2.1) during any open
time-interval on which it does not visit X'\ Es.

When 6 < 2, we have kg > N and thus Ey, = (R?)Y. We will easily prove the following non-

explosion result, which is almost contained in Cattiaux-Pédeéches [I3], who treat the case where
0 € (0,2(N —2)/(N —1)).

Proposition 2.3. Fiz 0 € (0,2) and N > 2. Consider the KS(0, N)-process X introduced in
Proposition [2.9 For all x € Es, we have P,({ = o0) = 1.

When 6 > 2, we will see that there is explosion. Note that any collision of a set of & > kg
particles makes the process leave Ej, and thus explode. However, it is not clear at all at this point
that explosion is due to a precise collision : the process could explode because it tends to infinity
(which is not hard to exclude) or to the boundary of Ej, with possibly many oscillations.

2.1.7 Main result

To avoid any confusion, let us define precisely what we call a collision.
Definition 2.4. (i) For K C [1,N], we say that there is a K-collision in the configuration
z € (RN if Rg(z) = 0 and if Rycuqiy(x) >0 for alli € [1,N]\ K.

(it) For a (R*)N -valued process (X;)ie(0,c), we say that there is a K-collision at time s € [0,()
if there is a K-collision in the configuration Xs.

The main result of this paper is the following description of the explosion phenomenon.

Theorem 2.5. Assume that 0 > 2, that N > 30 and recall that ko € [T,N], k1 = ko — 1 and
ko € {ko — 1,ko — 2} were defined in Lemma . Consider the KS(6, N)-process X introduced in
Proposition[2-9. For all x € Es, we Py-a.s. have the following properties :

(i) ¢ is finite and X¢— = limy_,c— X, ewists for the usual topology of (R?)V ;

(ii) there is Ko C [1,N] with cardinal |Ko| = ko such that there is a Kg-collision in the
configuration X¢_, and for all K C [1,N] such that |K| > ko, there is no K-collision in the
configuration X¢_ ;

(iii) for all t € [0,¢) and all K C Ky with cardinal |K| = ky, there is an infinite number of
K -collisions during (t,() and none of these instants of K -collision is isolated ;
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() if ke = ko — 2, then for all L C K C Ky such that |L| = ke and |K| = k1, for all instant
t € (0,¢) of K-collision and all s € [0,t), there is an infinite number of L-collisions during (s,t)
and none of these instants of L-collision is isolated ;

(v) for all K C [1, N] with cardinal |K| € [3, ko — 1], there is no K-collision during [0,() ;

(vi) for all L C K C Ky such that |L| = 2 and |K| = ke, for all instant t € (0,¢) of K -collision
and all s € [0,t), there is an infinite number of L-collisions during (s,t) and none of these instants
of L-collision is isolated.

The condition 6 > 2 is crucial to guarantee that kg < N. On the contrary, we impose N > 30
for simplicity, because Lemma does not hold true without this assumption. The other cases
may also be studied, but we believe this is not very restrictive : IV is thought as very large when
compared to 6, at least as far as the approximation of the Keller-Segel equation is concerned.

2.1.8 Comments
Let us mention that the very precise values of NV and 6 influence the value k.
(a) If N =200 and 6 = 4.04, we have ko = 100, k3 = 99 and ky = 98.
(b) If N =200 and 6 = 4.015, we have ko = 100 and k; = kg = 99.

Let us describe informally, in the chronological order, what happens e.g. in case (b) above. We
start with 200 particles at 200 different places. During the whole story, there is no k-ary collision
for £ = 3,...,98. Here and there, two particles meet, they collide an infinite number of times, but
manage to separate. Then at some times, we have 98 particles close to each other and there are many
binary collisions. Then, if a 99-th particle arrives in the same zone (and this eventually occurs),
there are infinitely many 99-ary collisions, with infinitely many binary collisions of all possible pairs
before each. These 99 particles may manage to separate forever, or for a large time, but if a 100-th
particle arrives in the zone (and this situation eventually occurs), then there are infinitely many
99-ary collisions of all the possible subsets and, finally, a 100-ary collision producing explosion, and
the story is finished. Informally, the resulting cluster is not able to separate, because the attraction
dominates the Brownian excitation, since a Bessel process of dimension dg n(100) < 0 is absorbed
when it reaches 0. We hope to be able, in a future work, to propose and justify a model describing
what happens after explosion.

2.1.9 References

In many papers about the Keller-Segel equation, the parameter y = 476 is used, so that the
transition at @ = 2 corresponds to the transition at y = 87. As already mentioned, this nonlinear
P.D.E. has been introduced to model the collective motion of cells, which are attracted by a
chemical substance that they emit. It describes the density fi(z) of particles (cells) with position
2 € R? at time ¢t > 0 and writes, in the so-called parabolic-elliptic case,

Oy fi () + 0dive (K % fi)(2) fi(x)) = 1Assft(x)7 where K(z) = _h:%.

2.7
- (27)
Informally, this solution should be the mean-field limit of the particle system (2.1) as N — oc.

We refer to the recent review paper on (2.7) by Arumugam-Tyagi [I]. The best existence of
a global solution to (2.7), including all the subcritical parameters 6 € (0,2), is due to Blanchet-
Dolbeault-Perthame [9]. The blow-up of solutions to (2.7)), in the supercritical case § > 2, has
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been studied e.g. by Fatkullin [I7] and Velasquez [49] [50]. More close to our study, Suzuki [4§]
has shown, still in the supercritical case, the appearance of a Dirac mass with a precise (critical)
weight, at explosion. This is the equivalent, in the limit NV — oo, to the fact that lim;_,._ X exists
and corresponds to a K-collision, for some K C [1, N] with precise cardinal ko. Let us finally
mention Dolbeault-Schmeiser [16], who propose a post-explosion model in the supercritical case.

Concerning particle systems associated with (2.7)), let us mention Stevens [47], who studies a
physically more complete particle system with two types of particles, for cells and chemo-attractant
particles, with a regularized attraction kernel. Haskovec and Schmeiser [26], 27] study a particle
system closer to 7 but with, again, a regularized attraction kernel.

Cattiaux-Pédeches [I3], as well as [20], study the system without regularization in the
subcritical case : existence of a global solution to has been shown in [20] when 6 € (0,2(N —
2)/(N — 1)), and uniqueness of this solution has been established in [I3]. Also, the theory of
Dirichlet spaces has been used in [13] to build a solution to . Finally, the limit as N — oo to a
solution of is proved in [20] in the very subcritical case where 6 € (0,1/2), up to extraction of
a subsequence. This last result has been improved by Bresch-Jabin-Wang [I1], [12], who remove the
necessity of extracting a subsequence and consider the (still very subcritical) case where 6 € (0, 1).
Olivera-Richard-Tomasevic [41] have recently established the N — oo convergence of a smoothed
version of 7 for all the subcritical cases 8 € (0,2). Informally, in view of the mean distance
between particles, the regularization used in [41] is not far from being physically reasonable. There
is also a related paper of Jabir-Talay-Tomasevic [30] about a one-dimensional but more complicated
parabolic-parabolic model.

Let us finally mention the seminal paper of Osada [42], see also [19] for a more recent study,
which concerns the vortex model : this is very close to (2.1]), but the attraction —z/|x|? is replaced
by a rotating interaction 2 /|z|?, so that particles never encounter.

2.1.10 Originality and difficulties

To our knowledge, this is the first study of the supercritical Keller-Segel particle system near
explosion. We hope that this model, which makes compete diffusion and Coulomb interactions, is
very natural from a physical point of view, beyond the Keller-Segel community. The phenomenon
we discovered seems surprising and original, in particular because of the gap between binary and
ko-ary collisions. We are not aware of other works, possibly dealing with other models, showing
such a behavior.

In Section we give the main arguments of the proofs, with quite a high level of precision,
but ignoring the technical issues. While it is rather clear, intuitively, that the process explodes in
finite time when 6 > 2 and that no K-collisions may occur for |K| € [3, k2 — 1], the continuity at
explosion is delicate, and some rather deep arguments are required to show that that each ko-ary
collision is preceded by many binary collisions, that each ki-ary collision is preceded by many
ks-ary collisions, that explosion is preceded by many ki-ary collisions, and that explosion is due to
the emergence of a cluster with precise size ko (which more or less says that a possible (ko + 1)-ary
collision would necessarily be preceded by a ko-collision).

Actually, the rigorous proofs are made technically much more involved than those presented in
Section because we have to use the theory of Dirichlet spaces. Due to the singularity of the
interactions and to the occurrence of many collisions near explosion, we can unfortunately not,
as already mentioned, deal at the rigorous level directly with the S.D.E. (2.1). We thus have to
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use some suitable heavy versions of some usual tools such as It6’s formula, Girsanov’s theorem,
time-change, etc.

2.1.11 Plan of the paper

In Section we introduce some notation of constant use. In Section we explain the
main ideas of the proofs, with quite a high level of precision, but without speaking of the heavy
technical issues related to the use of the theory of Dirichlet spaces. Section [2:4] is devoted to the
existence of a first version of the Keller-Segel process, namely without the property that PX o X, !
has a density, and we introduce a spherical Keller-Segel process. In Section [2.5] we show that the
Keller-Segel process enjoys a crucial and noticeable decomposition in terms of a 2-dimensional
Brownian motion, a squared Bessel process and a spherical process. Section consists in building
some smooth approximations of some indicator functions that behave well under the action of the
generator £X. In Section we make use of the Girsanov theorem to prove that when two sets
of particles of a K S-process are not too close from each other, they behave as two independent
smaller K S-processes. In Section we study explosion and continuity (in the usual sense) at the
explosion time. Section is devoted to establish some parts of Theorem for some particular
ranges of values of N and 6. Using the results of Section 2.7 we reduce the general study to the
special cases of Section [2.9] and we prove, in Section [2:10] that the conclusions of Theorem [2.5]
hold true quasi-everywhere. Finally, in Section [2.11] we remove the restriction quasi-everywhere
and conclude the proofs of Propositions and and of Theorem

Appendix 2.12] contains a few elementary computations : proof of Lemma [2.I] proof that fx is
Radon on Ej,, and study of a similar measure on a sphere. We end the paper with Appendix @
that summarizes all the notions and results about Dirichlet spaces and Hunt processes we shall
use.

2.2 Notation

We introduce the spaces
N .
H= {x € (RN : Spy w(2) = o}, S = {a: e ®)N: S|l = 1} and S=HNS.
i=1
For u € S, we have Sp; n7(u) = 0 and Ry nj(u) = 1. We consider the (unnormalized) Lebesgue
measure o on S, as well as, recall ,
B(du) = m(u)o(du). (2.8)
We define v : R? — (R?*)YN by v(2) = (2,...,2) and ¥ : R? x R} x S — Ey C (R?)V by
U(z,ru) =~v(2) + V7 u, ie. (U(z,7,u)) =2z —ru' for i€ [l,N]. (2.9)

We have S[[LN]](\II(Z,T, u)) = z and R[[LN]](\II(Z,?”, u)) = r.

The orthogonal projection 7y : (R?)Y — H is given by

mu(r) = x —y(Sp,Np(2)), ie. (mu(x))" = 2" — Spap(x) for i€ [1,N]
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and we introduce ®s : Eny — S defined by

) i_ g
Bg(z) = 2 e (Bg(x)) = = — Sp.m (@)
szl Rp1np(2)

for i€ [1,N]. (2.10)
For z € (R?)N \ {0}, the projections 7,1 : (R*)Y — z1 and 7, : (R?)"Y — span(z) are given by
-y -y
Tor(Y) =y — 7 and  m(y) = —= 7,
el Il
where z -y = vazl xt gyt
We denote by b : Ey — (R2)Y the drift coefficient of (2.1)) : for x = (z!,...,2") € By,

Vm(zr) Vlegm(z) NN . xt — 2l 9
b(z) = = R €. = eR 2.11
()= o] DE e ®)Y, e D =i 22 (2.11)
J#i
for i € [1, N]. Indeed, since logm(z) = —5% D o1<izj<n 108 ||[z¢ — 27||2, we e.g. have
N N
V1 logm(z) 4 i_ 102 1 112 2
—a = —Mvwl[;logu —z| —|—jz:;10g|\m — || ] = ——Vxl Zlong —zl?,
whence
Vi logm(x R
2 Z [T — o

Finally, we introduce the natural operators defined for ¢ € C1(S) and u € S by
Vso(u) = V[po ®g(u) € (R?)Y  and Agp(u) = Alp o &g)(u) € R, (2.12)

where V and A stand for the usual gradient and Laplacian in (R?)V. Since S C Ey C (R?)Y, with
En open, and since ®g is smooth on Ey, we can indeed define V]p o ®s](u) and Ay o Ds(u) for
all u € S. Similarly, for p € C1(S, (R*)) and u € S, we set

divgp(u) = div[p o Ps](u) € R. (2.13)

To conclude this subsection, we note that for all o € C>°((R?)Y), for all u € S,

Vs(pls)(u) = 7a (7 (Vip(u))- (2.14)
Indeed, it suffices to observe that setting G(x) = x/||z|| for all z € (R?)V\ {0}, we have &5 = Gomyy,
d,G = 7,1 /||z|| and dywy = 7y and that for u € S, we have 7y (u) = v and ||7g (u)|| = 1.

2.3 Main ideas of the proofs

Here we explain the main ideas of the proofs of Proposition[2.3]and Theorem[2.5] The arguments
below are completely informal. In particular, we do as if our KS(6, N)-process (X¢)ic[o,c) Was a
true solution to until explosion and we apply Itd’s formula without care. We always assume
at least that N > 2, 6 > 0 and N > 0, which implies that kg = [2N/0] > 3.
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2.3.1 Existence

The existence of the K.S(6, N)-process (X¢)ic[o,¢), With values in Ey,, is an easy application of
Fukushima-Oshima-Takeda [24] Theorem 7.2.1]. The only difficulty is to show that the invariant
measure u is a Radon on Fj,, see Proposition The process may explode, i.e. get out of any
compact subset of I, in finite time. Observe that a typical compact subset of Ey, is of the form,
for e > 0,

K. ={z € (R*)V : ||z|| < 1/¢ and for all K C [1, N] such that |K| = ko, Rx(x) > €}

2.3.2 Center of mass and dispersion process

One can verify, using It6’s formula, that the center of mass Sy n7(X) is a 2-dimensional Brow-

nian motion with diffusion constant N—1/2, that the dispersion process Ry np(X) is a squared
Bessel process with dimension dg y(N), recall (2.2), and that these two processes are independent.

Consequently, if ¢ < oo, the limits lim; ¢ Sy np(X¢) and limy ¢ Rpp np(X¢) a.s. exist, and
this implies that lim sup,_,._ || X;|| < oo : the process cannot explode to infinity, it can only explode
because it tends to the boundary of Ey,. If moreover kg > N (i.e. if § < 2), this is sufficient to
show that ¢ = oo, since then Ej, = (R?)V.

2.3.3 Behavior of distant subsets of particles

Consider a partition Kj, ..., K, of [1, N]. If we neglect interactions between particles of which
the indexes are not in the same subset, we have, for each ¢ € [1, p], setting 6, = 0| K,|/N,

: .0 X} - X}
dX} =dB} — ————dt, i€ Ky
e e I1XE = X2

and we recognize a K S(6, | Ky|)-process.

During time intervals where particles indexed in different subsets are far enough from each
other, we can indeed bound the interaction between those particles, so that the Girsanov theorem

tells us that (X})ick,, .., (X})ick, behave similarly, in the sense of trajectories, as independent
KS(0y,|K1]), ..., KS(8,, |K,|)-processes.

2.3.4 Brownian and Bessel behaviors of isolated subsets of particles

Consider K C [1, N]. As seen just above, during time intervals where the particles indexed in
K are far from all the other ones, the system (X} );ex behaves, in the sense of trajectories, like a
KS(0|K|/N,|K|)-process. Hence, as seen in Subsection[2.3.2] Sk (X;) behaves like a 2-dimensional
Brownian motion with diffusion constant |K|~'/? and Ry (X;) behaves like a squared Bessel process
of dimension dg| |/, x|(|K|), which equals dp n(|K]), recall (2.2).

2.3.5 Continuity at explosion

Here we assume that N > 6 > 2, so that ky € [2, N] and we explain why a.s., { < oo and
X =limy, ¢ X; exists, in the usual sense of (R?)V.
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(a) We first show that ¢ < oo a.s. On the event where ( = oo, the squared Bessel process
Rpi np(X) is defined for all times. Recall that dg,n(N) < 0 (because 6 > 2) and that a squared
Bessel process with negative dimension can be defined on the whole time half-line and a.s. becomes
negative in finite time. Since Ry nj(X) > 0 by definition, this contradicts the fact that ¢ = oco.

Similarly, one can show that a K.S(0, N)-process has no chance to be defined after the first
hitting time 7x of 0 by Rx(X:), where |K| = ko : this makes the choice of the space Fy, very
natural. Indeed, assume that X is defined during [0,¢’) with ¢’ > 7x. Consider the maximal
subset L of [1, N] containing K and such that R;(X;,) = 0. Then there is ¢ > 0 such that
during [7x,7x + €] C [0,¢’), the particles labeled in L are far from the ones labeled outside
L. By Subsection m (RL(X7k1t))telo,] Dehaves like a squared Bessel process with dimension
dg n(]L|) issued from 0. But such a process is instantaneously negative, because dg v (|L|) < 0
(since |L| > ko). Since R (X) > 0, this contradicts the fact that 75 € [0,¢’).

(b) We next show by reverse induction that a.s. for all K C [1, N] with |K| > 2, we have

either lim Rg(X:) =0 or liminfRg(X;) > 0. (2.15)
t—(— t—(—

If K =[1,N], limy_,¢— Rg(X;) exists by continuity of the (true) squared Bessel process R (X})
and this implies the result. We now fix n € [3, N] and assume that holds true for all K
such that |K| > n. We consider K C [1, N] with |K| = n — 1 : by induction assumption, either
there is ¢ ¢ K such that lim; ¢ Rgug3(X¢) = 0 and then lim; ,.— Rg(X;) = 0, or for all
i € [1,N]\ K, liminf; ¢ Rgygi)(Xe) > 0. In this last case, and when limsup, . Rx(X;) > 0
and liminf, ¢~ Rg(X;) = 0 (which is the negation of (2.17))), there are a > 0 and ¢ > 0 such that
(i) Rk (X}) upcrosses [e/2, ] infinitely often during [¢ —a, ) and (ii) for all ¢ € [( — «, {) such that
Ry (X:) < g, the particles indexed in K are far from all the other ones (because then Ry (X;) is
small and Ry (X¢) is large for all « ¢ K'), so that R (X;) behaves like a squared Bessel process
with dimension dg n(|K]|), see Subsection [2.3.4] Points (i) and (ii) are in contradiction, since a
squared Bessel process is continuous and thus cannot upcross [¢/2, ] infinitely often during a finite
time interval.

(c) We now show that lim;,c— X; exists. Using (b) and the (random) equivalence relation
on [1, N] defined by i ~ j if and only if lim; ¢ Ry; j3(X;) = 0, one can build a (random)
partition K = (Kj)peqi,q of [1,N] such that for all p € [1,£], lim;¢c— Rk, (X¢) = 0 and
liminf, ¢ minjgr, R0y (Xe) > 0. Hence, there is o € [0,¢) such that for all p # ¢, the
particles labeled in K, are far from the ones labeled in K, during [c, (). As seen in Subsection
we conclude that for all p € [1,/], Sk,(X;) behaves like a Brownian motion during e, (),
and thus M, = lim; ¢ Sk, (X;) exists. Since moreover lim; ¢ Rg,(X;) = 0, we deduce that for
all i € K, limy_,._ X; = M,. As a conclusion lim,_,,_ X} exists for all ¢ € [1, N].

2.3.6 A spherical process

We recall that S, mg, 7,1 and b were introduced in Section and introduce the possibly
exploding (with life-time &) process (Uy)¢cjo,e) With values in S N Ej,, informally solving (we will
also use here the theory of Dirichlet spaces), for some given Uy € SN Ej, and some (R?)Y-valued
Brownian motion (By);>o,

¢ ¢ 2N -3 [*
U, =Uy+ / myrmpdBs + / TrUSMer(Us)ds - / U,ds.
0 0 0
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We call such a process a SKS(6, N)-process.

One can check that this process is S-symmetric, where § is defined in (2.8)), and that § is Radon
on SN Ey,, see Proposition And we will see that if kg > N, then B(S) < oo, so that the
process (U;)¢>o is non-exploding and positive recurrent.

2.3.7 Decomposition of the process

We assume that N > 2 and 6 > 0 are such dp y(N) < 2 and, as usual, N > 6. We consi-
der a 2-dimensional Brownian (M,;);>o with diffusion constant N —1/2 4 squared Bessel process
(Dt)tefo,rp) With dimension dg n (V) killed when it hits 0, with life-time 7p, and a SKS(6, N)-
process (Uy)eo,¢), these three processes being independent. We introduce the time-change

¢
ds

At: A E, te [O,TD).

Since 7p < oo (because dg y(N) < 2), since D,,, = 0 and since, roughly, the paths of (v Dy)iejo,7p)

are 1/2-Holder continuous, it holds that A,, = oo a.s. We introduce the inverse function p :

[0,00) = [0,7p) of A:[0,7p) — [0, 00).
We also set ¢’ = pe and observe that (' < 7p, since p is [0, 7p)-valued, and that {’ < 7p if and
only if £ < co. A fastidious but straightforward computation shows that, recalling (2.9)),
X; =W (My, Dy, Ug,), le. X; =M+ DU}, i€ [1,N],

which is well-defined during [0, ('), solves (2.1]).

This decomposition of the KS(0, N)-process, which is noticeable in that U satisfies an autono-
mous S.D.E. and thus is Markov, is at the basis of our analysis.

In other words, (X;);c[o,¢) is the restriction to the time interval [0,¢’) of a KS(6, N)-process
(Xt)tepo,¢)- Moreover, we have (" = ( A 7p : if £ is finite, then U gets out of SN Ey, at time &, so
that X gets out of Ey, at time ¢’ = p¢ < 7p, whence ( = ¢’ = (A7p; if next { = oo, then ¢’ = 7p
and U remains in Ej, for all times, so that X remains in Ej, during [0,7p), whence ¢ > 7p.

We have Sy ny(X:) = M; and Ry nyj(X¢) = Dy for all t € [0, A 7p), because U is S-valued.
By definition of S, the process U cannot have any [1, N]-collision. But for any K C [1, N] with
cardinal at most N — 1,

U has a K-collision at ¢ € [0,¢) if and only if X has a K-collision at p; € [0, ATp).  (2.16)

Moreover, as seen a few lines above, £ < oo is equivalent to ( < 7p. In other words, since
Ry np(Xt) = Dy for all t € [0, A7p) and since 7p = inf{t > 0: D; = 0}, we have

< if and only if inf R X¢) > 0. 2.17
£ <0 if and only 1 tel[%,C) .87 (Xe) ( )

2.3.8 Some special cases

Using the Girsanov theorem, see Subsection we will manage to reduce a large part of the
study to the special cases that we examine in the present subsection. Here we explain the following
facts, for N > 2 and 8 > 0 with NV > 6 :
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(a) if dg v (N — 1) € (0,2), then a.s., 7p = inf{t > 0: Ry n7(X;) = 0} < ¢ and for all r € [0,7p),
all K C [1, N] with [K| = N — 1, (X¢)se[0,¢) has infinitely many K-collisions during [r, 7p);

(b) if dg, N (N — 1) <0 (whence kg < N — 1), then a.s., inf,cjo,¢) Rp1 np(Xe) > 0.
We keep the same notation as in the previous subsection.

(i) We first verify that in (a), 7p < ¢. Since dg, v (N — 1) € (0,2), it holds that ky > N. If first
ko > N, then ¢ = oo by Subsection [2.3.2] and we are done. If next ko = N, then { < oo and X¢_
exists by Subsection Moreover X¢_ cannot belong to Ey, = En by definition of ¢ and thus
has its NV particles at the same place, i.e. R[; n] (X¢—) =0 : we have ( = 7p.

(ii) In (b), ¢ < co by Subsection because dg, (N — 1) < 0 implies that § > 2.

(iii) We consider, in any case, the spherical process (Ut);e[o,¢) and assume that § = oo. An Ito
computation shows that for K C [1, N], for some 1-dimensional Brownian motion (W;)¢>o,

AR (U) =2v/Rk (U)(1 — R (Uy))dW; + dg n (| K |)dt — dg n (N) Ry (Uy)dt

20 Ui —U? ,
-= Y — - (U} — Sk (Uy))dt.
i€EK,jEK ||Ut - Ut ||

We fix & > 0 to be chosen later. During time intervals where min;ck j¢x [|Uf — Ul|| > e, we thus
have, for some constant C.,

ARk (Uy) <2/ R (Uy)(1 — R (U2))AW; + don (| K|)dt + Con/Rrc (Ur)dt, (2.18)

where we used the Cauchy-Schwarz inequality and that Ry (U;) is uniformly bounded (because U
is S-valued). Hence, still during time intervals where min;e g jex ||Uf — U}|| > ¢, by comparison,
Ry (Uy) is smaller than Sy, the solution to

S, = 2¢/S,(1 — S)dW, + dgy (| K|)dt + Cor/Sydt. (2.19)

And alittle study involving scale functions/speed measures shows that this process hits zero in finite
time if and only if dg N (|K|) < 2, exactly as a squared Bessel process with dimension dg n (| K|).

(iv) We end the proof of (a). In this case, kg > N, so that U is non-exploding, as seen in Sub-
sectionm Hence £ = 0o and we can use (iii). Moreover, U is recurrent, still by Subsectionm
We fix K with |K| = N — 1 and we choose £ > 0 small enough so that we have

B({u esS: 16?1;:;1(”“1 —Uj” > E}) > 0,

where (3 is the invariant measure of U. Hence the process min;c g j¢x ||Uf — U} || visits the
zone (g,00) infinitely often and each time, Rx (U) has a (uniformly) positive probability to hit 0
by (iii) and since dg (| K|) = dg,n(N — 1) < 2. Consequently, for any s > 0, (U;);>0 has infinitely
many K-collisions during [s, 00). Recalling and that ¢ A 7p = 7p by (i), we conclude that
for any r € [0,7p), (Xt):e[o,¢) has infinitely many K-collisions during [r,7p).

(v) We finally complete the proof of (b). By (2.17)), it is sufficient to show that £ < oo a.s.

Assume that U is recurrent (and thus non-exploding). Then we take K = [2, N] and apply the
same reasoning as in (iv) : since dg n(]K|) < 0 < 2, Rk (U) hits zero in finite time and this makes
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U get out of Ex_; and thus explode, since U is (Ey, N S)-valued and since kg < N — 1. We thus
have a contradiction.

Hence U is transient and it eventually gets out of the compact of Ex, NS
K ={ueS:VK C[1,N] such that |K| = kg, we have Rx(u) > €},

for any fixed € > 0. Hence on the event where { = oo, lim; oo min| gy, Rx (Us) = 0 a.s. Recalling
now that kg < N — 1 and that U is S-valued (whence Rp; n7(U;) = 1) we can a.s. find K with
|K| € [ko, N — 1] such that liminf; . Rx(U;) = 0 but liminf; . mingx Rrgugiy(Ur) > 0. It is
then not too hard to find @ > 0 and ¢ > 0 such that each time Ry (U;) < « (which often happens),
all the particles indexed in K are far from all the other ones with a distance greater than ¢ > 0.
We conclude from (iii), since dg v (| K|) < 0 (because |K| > ko) that each time Rg (U;) < a, it has
a (uniformly) positive probability to hit zero. On the event £ = oo, this will eventually happen,
so that the process U will have a K-collision and thus will leave Ej, in finite time. Hence U will
explode, so that £ < co.

2.3.9 Size of the cluster

We assume that N > 36 > 6. Hence ( < oo and X,_ exists, by Subsection Moreover,
by definition of ¢, we know that X._ ¢ Ej,. We want now to show that X._ € Ejy 41, i.e. that
the cluster causing explosion is precisely composed of ky particles. If kg = N, there is nothing
to do, since then Ej, 41 = (R%H)N. Now if kg < N — 1, we assume by contradiction, that there
is K C [1,N] with |K| > ko + 1 such that Rg(X¢-) = 0 and min;¢x Rgugip(X¢e—) > 0. Then
there is & > 0 such that during [( — «, (), the particles indexed in K are far from the other ones,
so that (X{)eqo,¢),iex behaves like a KS(|K|/N, |K|)-process by Subsection Observe now
that dgx|/n, |k |(|K] — 1) = dg,N(]K| — 1) < 0 because |K| — 1 > ko and |K| > 0[K|/N because
N > 6. We thus know from the special case (b) of Subsection m that inf,cpe_q,c) Rr(Xt) > 0,
which contradicts the fact that Ry (X¢—) =0.

2.3.10 Collisions before explosion

We fix again N > 360 > 6. We recall that k; = ky — 1 and we show that there are infinitely
many kij-ary collisions just before explosion. We know from the previous subsection that there
exists Ko C [1, N] such that |Ko| = ko and Rg,(X¢-) = 0 and min;¢ g, Riouqi}(X¢—) > 0. Then
there is @ > 0 such that during [( — «, (), the particles indexed in K are far from the other
ones, so that (X});ex, behaves like a KS(6ko/N, ko)-process by Subsection Observe now
that dop,/n,k, (ko — 1) = dg,n (ko — 1) € (0,2) thanks to Lemmand that ko > 0ko/N because
N > 0. We thus know from the special case (a) of Subsection that (X})ick, has infinitely
many (K \ {i})-collisions just before ¢, for all i € Kj.

When ko = k1 — 1, one can show in the very same way that for all K with |K| = &y, for all
i € K, there are infinitely many (K \ {i})-collisions just before each K-collision. We may also use

Subsection W(a), since dgg, )Nk, (k1 — 1) = do n(k2) € (0,2), see Lemma

2.3.11 Absence of other collisions

We want to show that when N > 30 > 6, for K C [1, N] with |K| € [3, k2 — 1], there is no
K-collision during (0, ). Suppose by contradiction that there is K C [1, N] with | K| € [3, k2 — 1]
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and t € (0,¢) such that Rg(X;) = 0 and for all i ¢ K, Rgyg(X:) > 0. Then there is a@ > 0
such that during [t — «, t], the particles indexed in K are far from the other ones, so that R (X:)
behaves like a squared Bessel process with dimension dg| x|/~ k| (|K]), see Subsection Since
do\k|/n, k| (IK|) = do,n(|K]) > 2 because |K| € [3, ko — 1], see Lemma such a Bessel process
cannot hit zero, whence a contradiction.

2.3.12 Binary collisions

We still assume that N > 30 > 6, we suppose that there is a K-collision for some K C [1, N]
such that |K| = k2 at some time ¢ € (0,¢) and we want to show that there are infinitely many
binary collisions just before t. There is o > 0 such that the particles indexed in K are far from
all the other ones during [t — a,t], so that Subsection m tells us that (X});cx behaves like a
K S(0ky/N, ko)-process. We observe that ky > 5, that dgy, Nk, (ke — 1) = dg,n(k2 — 1) > 2 and
that dez/Nch (k2) = do,n(k2) € (0,2) by Lemma

We are reduced to show that a K.S(0, N)-process, that we still denote by (Xf)ie[[l,NMZO, such
that N > 5, dp n(N —1) > 2 and dg n(N) € (0,2), a.s. has infinitely many binary collisions before
the first instant 7p of [1, N]-collision. Such a process does not explode, because kg > N (since
dg,n(N) > 0), see Subsection [2.3.2] Hence using (2.16) (which is licit since dg n(N) < 2), we only
have to show that e.g. U! collides infinitely often with U? during [0, c0).

First, one easily gets convinced that the probability that e.g. X' collides with X2 before mp
is positive, because the probability that all the particles are pairwise far from each other, except
X! and X2, during the time interval [0, 1], is positive. On this kind of event, by Subsection
R{1,23(X¢) behaves like a squared Bessel process with dimension dp n(2) € (0,2) and thus hits zero
during [0, 1] (and thus before 7p) with positive probability.

Using again (2.16]), we conclude that the probability that U! collides with U? in finite time
is positive. Since now U is positive recurrent, recall Subsection and that kg > N (because
dp,n(N) > 0), we conclude that U collides infinitely often with U? during [0, 00) as desired.

2.3.13 Non-integrability of the drift term

Here we check that when dp n(k1) € (0,1), the S.D.E. cannot have a solution in the
classical sense, because the drift term is not integrable in time. More precisely, recall that there is
some K-collision at some time 7 strictly before explosion, for some K C [1, N] with cardinal k.
We now show that a.s., for a > 0,

T4+a N Xz’ _Xj
| oYl e ==
T-a ;-1 j#i HXs - XSH

which indeed shows the non-integrability of the drift term. Since 7 is an instant of K-collision,
there exists a > 0 small enough so that during [r —a, 7+ a] C [0, (), the particles labeled in K are
far from the particles labeled in K°. It clearly suffices to show that Z = oo a.s., where

/ >l > HX’ XﬂH?HdS

€K jeEK,j#i
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But

where Vi = (Vi)iex is defined by Vi= =%

(V2)
Z :/ 7(:18) s s — = I
T—a 1/ RK(XS) RK(XS)
so that V; a.s. belongs to Sk = {(v))icx € (R?)IK1: 37, vt =0, 3, |[v7]|> = 1}, and where
vt — ol
=] ¥ ol
Sl o= ot =]
€K jEK,j#i

for each v € Sk. Since the invariant measure m of X satisfies m(ES) = 0, it a.s. holds true that
X € Es for a.e. s € [0,() (at least for a.e. initial condition), so that a.s., f(Vs) is well-defined for
a.e. s € [0,¢). We now show that f is bounded from below on Si. We have

vt — vl 1 —vd
2| 3 ENP P> I
el 2 el 2\ 2] ||w—w\|2
ieEK
Using now the Cauchy-Schwarz inequality and the fact that >, |[v*||* = 1, we find that

vt — ol vt — ; ; |K|(|K]-1)
) i iy = IR T
Z Z vt = vi| |2 v’ ~ 5 /7|K Z [lvt = vi| |2 (0" =) 2 /K]

zGK]GK jF£i i,jEK,j#1

To conclude that Z = oo a.s., it remains to verify that fT+a [Ri(X,)]"'/2ds = oo a.s. By Subsec-
tlon- 2.3.4] Rk (X) behaves hke a squared Bessel process with dimension dg (k1) during [7—a, T7+a].

Since dg n (k1) € (0, 1) and Rk (X,) = 0, we conclude that indeed, fT+a [Ri(X,)]"1/2ds = o0 as. :
this can be shown by comparison with the 1-dimensional Brownian motion.

2.4 Construction of the Keller-Segel particle system

The aim of this section is to build a first version of the Keller-Segel particle system using the
book of Fukushima-Oshima-Takeda [24]. We also build a S-valued process for later use.

Proposition 2.6. We fixt N > 2 and 6 > 0 such that N > 0, recall that ko = [2N/0] and that u
and B were defined in (2.4) and (2.8). We set X = Ej, and Xp = XU{A}, as well asU = SN E},
and Up =U U {A}, where A is a cemetery point.

(i) There exists a unique diffusion X = (%, MX,(X1)i>0, (PY )zexn ) with values in Xa, which
is p-symmetric, with reqular Dirichlet space (EX,FX) on L2((R?)N,u) with core C°(X) defined by

1
Jorall e CX(X), EX(p,¢) = 5/ IVl dp.
(R2)N

We call such a process a QK S(0, N)-process and denote by ¢ = inf{t > 0: X; = A} its life-time.

(ii) There exists a unique diffusion U = (QV, MY (U;)i>0, (BY )uecu, ) with values in Un , which
is B-symmetric, with reqular Dirichlet space (€Y, FY) on L2(S, B) with core C°(U) defined by

1
forall peCWU), EY(p, )= 3 /S [ Vsel*ds.

We call such a process a QSKS(0, N) -process and denote by & = inf{t > 0: U, = A} its life-time.
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The proof that we can build a K.S(6, N)-process, i.e. a QK S(6, N)-process such that PX o X,
has density for all z € Ey and all ¢ > 0 will be handled in Section 2:11}

We refer to Subsection [2.13.1] for some explanations about the notions used in this proposition :
link between a diffusion (i.e. a continuous Hunt process), its generator, semi-group and its Dirichlet
space, definition of the one-point compactification topology, i.e. the topology endowing X'a and
U, and about the quasi-everywhere notion. The state A is absorbing, i.e. Xy = A for all ¢t > (
and Uy = A for all t > €.

Remark 2.7. By definition of the one-point compactification topology, for any increasing sequence
of compact subsets (Kp)n>1 of X such that Up>1K, = X, ¢ =lim,, o inf{t > 0: X, ¢ K,,}.

Similarly, for any increasing sequence of compact subsets (Ly)n>1 of U such that Up>1L, =U,
E=lim, oo inf{t>0:U; ¢ L,}.

The uniqueness stated e.g. in Proposition(i) has to be understood in the following sense, see
[24) Theorem 4.2.8 p 167| : if we have another diffusion Y = (QY, MY (Y})i>0, (PY )zex) enjoying
the same properties, then quasi-everywhere, the law of (¥;);>0 under IP’}: equals the law of (X});>0
under PX. The quasi-everywhere notion depends on the Hunt process under consideration but, as
recalled in Subsection two Hunt processes with the same Dirichlet space share the same
quasi-everywhere notion.

Proof of Proposition[2.6, We start with (i). We consider the bilinear form £X on C2°(X) defined by
EX(pp)=1% f(Rz)NHV@H?d,u. It is well-defined, since p is Radon on X = Ej,, by Proposition

We first show that it is closable, see [24, page 2|, i.e. that if (¢,)n>1 C C°(X) is such that
lim,, ¢,, = 0 in L2((R?)Y, 1) and limy, EX(Yn — ©m,Pn — ©m) = 0, then lim,, EX (o, 0n) = 0 :
since Vi, is a Cauchy sequence in L?((R?)™, ), it converges to a limit g and it suffices to prove
that g = 0 a.e. For ¢ € C°(Ey, (R?)Y), we have f(RQ)Ng capdp = lim, f(Rg)N Vo - pdu. But,

recalling (2.4)),
[ Tewvtu= [ Vouw) doma)ds = [ pu(e)divim))ds
(RN (R2)N (R2)N
Thus by the Cauchy-Schwarz inequality,

| /() Ve vl < ( /() czan) " ( /() 'div(mrfljy@)'zdx)l”,

which tends to 0 since lim, ¢, = 0 in L2((R?)Y, 1), since ¢ € C°(FEy, (R?)Y) and since m is
smooth and positive on Es. Thus f(RZ)N g-Ydu =0 for all ¢ € C°(Es, (R?)V), so that g = 0 a.e.

—__&X
We can thus consider the extension of £X to FX = C(X) " , where we have set 7% (¢, ¢) =

Sy (2 + HIVl2)dp for € C22().

Next, (X, FX) is obviously regular with core C°(X), see [24, page 6], because C°(X) is dense
in 7X for the norm associated to £ by definition of FX and C2°(X) is dense, for the uniform
norm, in C.(X). It is also strongly local, see [24, page 6], i.e. £X(p, ) = %f(RQ)N Ve -Vipdu =0
if o, € C°(X) and if ¢ is constant on a neighborhood of Supp ).

Then [24, Theorems 7.2.2 page 380 and 4.2.8 page 167] imply the existence and uniqueness of
a Hunt process X = (%, MX | (X})i>0, (PX)zex, ) with values in Xa, which is py-symmetric, of
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which the Dirichlet space is (€%, FX), and such that ¢ — X; is PX-a.s. continuous on [0, ) for all
x € X, where ( =inf{t > 0: X, = A}.

Furthermore, since £X is strongly local, we know from [24, Theorem 4.5.3 page 186] that we can
choose X (modifying PX only on a properly exceptional set) such that P, ({ < 0o, X¢— = A) =1
for all z € X. This implies that for all x € X, P,-a.s., the map t — X, is continuous from [0, o) to
XA, endowed with the one-point compactification topology on XA recalled in Subsection
Hence X is a diffusion.

For (ii), the very same strategy applies. The only difference is the integration by parts to be
used for the closability : for ¢ € C}(U) and ¢ € CH(SN Ea, (R?)Y), it classically holds that

/ (Vsp) - B = / (Vsp(w) - $(w)m(w)o(du) = - / () divs(m(u)p(w)o(du).  (2.20)
S S

S

This can be shown naively using Lemma [2.31] O

We now make explicit the generators of X and U when applied to some functions enjoying a
few properties. See Subsection for a precise definition of the generator of a Hunt process.
We have to introduce a few notation.

For ¢ € C®°((R*)N), a € (0,1] and z € (R?)"V, we set

LXola) = 2p0) — g 3 T (Vple)) = ol divima (@) V(o) (221)

mo(z) = [ (" =2+ a)~%CY.
1<i#j<N
This is in accordance with , in the sense that mg = m. The formula makes sense
for # € By when a = 0 (with m,, replaced by m) and we recall that for ¢ € C*((R?)"Y) and
x € By, LXp(x) was defined in by LXp(x) = L p(z). We will often use that for all o, €
C®((R2)N), all x € (R*)N, all a € (0,1],

L3 () (@) = p(2) L3 (x) + (@) L3 (x) + Vip(x) - Vip(x). (2.22)
For ¢ € C*(S), o € (0,1] and u € S, we set

CUp() = hsplu) — 3 D T (Vaplw) v e (1) Voo (1))

1<i#j<N [t = wI[|? + o  2m,(u)

(2.23)
This formula makes sense for u € SN Ey when a = 0 (with m,, replaced by m) and we set, for
0 € C®(S) and u € SN Ey, LY p(u) = LY o(u).

Remark 2.8. (i) Denote by (AX,Dx) the generator of the process X of Proposition @(@) If
@ € C(X) satisfies SUPye (1] SUPe(r2)~ |£5 p(x)| < 00, then ¢ € Dax and AX @ = L% p.

(i3) Denote by (AY,Dv) the generator of the process U of Proposition (m) If p € C°(U)
salisfies SUPqe(0,1] SUPyes |LY p(u)| < o0, then ¢ € Dyv and AVp = LV .
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Démonstration. To check (i), it suffices by (2.70)) to verify that (a) ¢ € FX, (b) LX¢p € L2(X, u)
and (c) for all ¢ € F¥, we have £X (¢, ¢) = — [ (LXp)vdp.

Point (a) is clear, since ¢ € C°(X). Point (b) follows from the facts that p is Radon on X,
that ¢ is compactly supported in X and that £X¢p € L>®((R?)V,dx), because for all x € Es,
LXp(x) = lim,_,0 LX p(x). Concerning (c) it suffices, by definition of (X, F¥) and since LX ¢ €
L?(X, ), to show that for all 1) € C2°(X), we have %f(RQ)N Vo -Vipdu = — f(RQ)N(EXgo)wdu. But
for o € (0,1], by a standard integration by parts, since ¢, and m,, are smooth,

1 1

3 /(RQ)N Vo(z) - Vip(z)mg (x)de = — 3 /(W)N div(m, (z)Vi(z))(z)dz

— / 1£X ()] (@) m () d.
(RZ)N

We conclude letting o — 0 by dominated convergence, since m, — m and £X¢ — LX¢ a.e., since
by assumption, |Ve(z) - Vip(z)me (z)| + |[L5 ¢(2)]¢(z)me (x)| < Clizexcym(z) for some constant
C and for K =Supp % which is compact in X, and since p(K) = f,c m(z)dz < oco.

The proof of (ii) is exactly the same, using that if ¢, € C°°(S), it holds that

1 1
3 [ Voo Vev mado = = [ dive(maVaphudo = [ [clplumado,
S S S

which can be shown naively using the projection ®@s, see (2.10), and Lemma O

We end the section with a quick irreducibility /recurrence/transience study of the spherical
process, see Subsection [2.13.1] again for definitions.

Lemma 2.9. We fit N > 2 and 6 > 0 such that N > 0 and consider the process U and its Dirichlet
space (EY, FY) as in Proposition @(u}

(i) (EY, FY) is irreducible and we have the alternative :

o cither (€Y, FY) is recurrent and in particular it is non-exploding and for all measurable A C U
such that B(A) > 0, PU(limsup,_, . {U; € A}) = 1 quasi-everywhere ;

e or (EY, FY) is transient and in particular for all compact set K of U, we have quasi-everywhere
PY (liminf; .. {U; € K}) = 0.

(ii) If dg (N — 1) > 0, then (EV, FY) is recurrent.

In the transient case, one might also prove that PY(limsup,_,..{U; € K}) = 0, but this would
be useless for our purpose.

Démonstration. We start with (i). We first show that in any case, (€Y, FY) is irreducible. By [24}
Corollary 4.6.4 page 195] and since £ (¢, ¢) = 3 [; [|Vsp||>mdo with m bounded from below by
a constant (on S), it suffices to prove that the o-symmetric Hunt process with regular Dirichlet
space (£,F) on L*(U, o) with core C2°(U) such that for all ¢ € C°(U), E(p, @) = 5 [ Vsp|*do
is irreducible. But this Hunt process is nothing but a S-valued Brownian motion. This Brownian
motion is a priori killed when it gets out of U/, but this does a.s. never occur since such a Brownian
motion never has two (bi-dimensional) coordinates equal. This S-valued Brownian motion is of
course irreducible. We conclude from [24) Lemma 1.6.4 page 55| that (EY, FY) is either recurrent
or transient.
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e When (Y, FUY) is recurrent, [24, Theorem 4.7.1-(iii) page 202| gives us the result.

e When (Y, FY) is transient, we fix a compact set K of I/ and we know from Lemma that
B(K) < oo, so that by definition of transience, for f-a.e u € U, Eg[fooo Tx (Us)ds] < co. Setting
e = inf{t > 0: Uy ¢ K}, we get in particular that for S-a.e u € U, PY (1 < 0o) = 1. But, by
[24, (4.1.9) page 155], u + PY(7xcc < 00) is finely continuous. Using [24, Lemma 4.1.5 page 155],
we deduce that PY(7xc < co) = 1 quasi-everywhere. The Markov property allows us to conclude.

Concerning (ii), we recall from Proposition that B(S) < oo, because dg n(N — 1) > 0
implies that kg > N, see Lemma Moreover, kg > N implies that Ey, D Ex D S, whence
U = Ex, NS =S is compact : the process cannot explode, i.e. £ = co. Consequently, (€Y, FY) is
recurrent, since ¢ = 1 belongs to L*(U, 3) and since EY[[;° ¢(Us)ds] = EY[¢] = oo. Indeed, as
recalled Subsection if (€Y, FY) was transient, we would have EY [ [~ ¢(U,)ds] < oo for all
¢ € LU, B), with the convention that ¢(A) = 0. O

2.5 Decomposition

The goal of this section is to prove the following decomposition of the Keller-Segel particle
system defined in Proposition (1) This decomposition is noticeable and crucial for our purpose.

Proposition 2.10. We fixt N > 2 and 6 > 0 such that N > 0, and we recall that ko = [2N/0],
that X = Ey, and that U = SN Ey,.

For x € En, we set v = Ry yj(2) >0, z = Spy np(2) € R? and u = (z —4(2))/y/T €S and we
consider three independent processes :

1/2

o (M;)i>0, a 2-dimensional Brownian motion with diffusion constant N~'/% starting from z,

o (Dy)i>0 a squared Bessel process with dimension dg n(N) starting from r and killed when it gets
out of (0,00), with life-time Tp = inf{t > 0: D, = A},

o (Up)i>0, a QSKS(0,N) -process starting from u, with life-time £ = inf{t > 0: U, = A}.

We introduce Ay = fOtATD D;tds, and its generalized inverse p; = inf{s > 0 : Ay > t}. We
define Yy = U(My, Dy, Uy, ), where we recall from that ¥ (z,r,u) = v(2) + /ru € Ex when
(z,7,u) € R? x (0,00) x S and where we set W(z,r,u) = A when r = A or u = /. Observe that
the life-time of Y equals (' = pe A 7p.

Consider also a QK S(0, N)-process X = (X, MX (X;)i>0, (PX) e, ), with life-time ¢, and
X* = (%, MX, (X[ )i>o0, (]P’f)we(XQEN)U{A}), where X = X4l 7y + Allyy>r-y and where 7 =
inf{t > 0: Ry ny(X¢) € (0,00)}. In other words, X* is the version of X killed when it gets out of
En. The life-time of X* is 7.

The law of (Y3)i>o is the same as that of (X} )i>o0 under PX, quasi-everywhere in X N Ex.

We take the convention that Ry nj(A) = 0, so that 7 € [0,¢]. Since Ry np(Y:) = D; and
SNy (Yy) = My for all ¢ € [0,¢’), Proposition in particular implies that (Rp,nj(X¢))i>0 and
(Sq1,n57(X¢t))e>0 are some independent squared Bessel process and Brownian motion until the first
time (Rpy n7(X¢))e>0 vanishes. This actually holds true until explosion, as shown in Lemma
below. The quasi-everywhere notion refers to the Hunt process X. Observe that when 6 > 2, we
have kg < N, so that X N Exy = X and X = X*.
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Démonstration. We slice the proof in several steps. The two first steps are more or less classical,
even if we give all the details : we determine the Dirichlet spaces of the three processes (M;);>0,
(Dy)i>0 and (U;)¢>o involved in the construction of (¥3)i>o; then we compute the Dirichlet space
of (D,,)t>0; we next identify the Dirichlet space of (D,,,U;)t>0, which allows us to find the
one of (Dy,Ug,)i>0 by a second time-change ; by concatenation, we deduce the Dirichlet space of
(M, Dy, Uy, )1>0- The main computations are handled in Steps 3 and 4, where we find the Dirichlet
space of (Y;)¢>0, which allows us to conclude in Step 5 by uniqueness.

Step 1. First, take U = (QY, MY, (U})i>0, (PY)ueu,. ) as in Proposition (ii).

Second, consider a 2-dimensional Brownian motion M = (QM, MM (M,);>0, (PM),cr2) with
diffusion constant N /2. We know from [24, Example 4.2.1 page 167| that M is a dz-symmetric
(here dz is the Lebesgue measure on R?) diffusion with regular Dirichlet space (£, FM) on
L?(R?% dz) with core C°(R?) and for all ¢ € C°(R?),

(o0 = 57 [ Vo)l (2.21)

Finally, let D = (QP, MP (D;);>o0, (PrD)reRiu{A}) be a squared Bessel process of dimension
dg,n(N) killed when it gets out of R% = (0,00) and set v = dg,n(N)/2 — 1, see Revuz-Yor [44]
page 443]. Fukushima [23] Theorem 3.3| tells us that D is a rdr-symmetric diffusion (here dr is
the Lebesgue measure on R% ) with regular Dirichlet space (£, FP) on L?(Ry,r”dr) with core
C*(R?%) where for all ¢ € C(R?Y),

ED(pr ) = 2 / /()2 dr. (2.25)
+

Together with [23] Theorem 3.3], this uses that the scale function and the speed measure of (D;);>0
are respectively r — r~% and —[r”/(2v)]dr. Actually, we don’t take the speed measure as reference
measure but r”dr which is the same up to a constant.

Step 2. We apply Lemma to D with g(r) = 1/r, i.e. with A; = fot D;l'ds = fOtATD D;tds
thanks to the convention A~1 = 0 and recall that p is its generalized inverse : we find that setting
Dp, = Dy, Mp,<oc} + Algp—ocy,

Dp = (QDyMDv (Dﬂt)t207 (]P)TD)TER:_)

is a r’~dr-symmetric (R} U {A})-valued diffusion with regular Dirichlet space (€27, FPr) on
L*(Ry,r”~'dr) with core CS°(IR% ) such that for all ¢ € C°(R%),

EP+ (. 0) = EP(p, ) = 2 /

I’ (r)[PrY T dr = 2/ lro’ ()| 2rv~tdr. (2.26)
R

Ry
We use Lemma and the notation therein : recalling that M(PV) = o((D,,,U;) : t > 0),
with the convention that (r,A) = (A,u) = (A, A) = A, and that PE?&[)]) = PP @ PU if (r,u) €

R x U and PO7Y) = PR @ PY, it holds that

DU
(Dpa U) = (QD X QU? M(D’U)v (Dptv Ut)t207 (Pgr,u) ))(7',u)E(R1 XU)U{A})
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is a v~ 'drB(du)-symmetric (R%. x U)U{A}-valued diffusion with regular Dirichlet space given by
(L) FPpU)) on L2(Ry xS, 7 ~*drB(du)) with core C2°(R* xU), and for all ¢ € O (R} xU),

eP(p.) = [ 8 plr)plr D+ [ EP ol ) ol ) B,
+
We now apply Lemmato (D,,U) with g(r,u) = r for all 7 € R% and all u € U. We consider

the time-change a; = fgg(Dps, Us)ds, with the convention that g(r,u) = 0 as soon as (r,u) = A.
We also set By = inf{s > 0: ays > t}. As we will see in a few lines, it holds that

(Dpp,,Up,) = (D, Ua,) for all ¢t > 0. (2.27)
Hence Lemma [2.35] tells us that

(D,U4) = (QD x QU MPY) (D, Ua,)iso0, (PETD,J;))(r,u)e(R:xu)U{A})

is a rVdrp(du)-symmetric (R% x 1) U{A}-valued diffusion with Dirichlet space (£(P-Ua), F(P.Ua))
on L*(Ry x S,rdrpB(du)), regular with core C2°(R%. x U) and for all ¢ € C2°(R% x U),

EPUD (g, ) = £PD (g, p) = i 5U(sﬁ(7’7~)7cp(r,~))7"”’1d7"+/SEDPGP(»U%w(~,U))B(dU)-
(2.28)

We now check the claim (2.27). Recall that D explodes at time 7p, that A; = f; ATD D;tds
and that p is the generalized inverse of A. Hence (p;):cio, A,,) is the true inverse of (At)ef0,m)
and we have p; = D,,, whence p; = fot D, ds for t € [0, A;,). We also have p; = oo for t > A, .
Next, a; = fg D, ds = p; for t € [0, A7, ANE), because g(D, ,Us) = D, if (D, ,Us) # A, ie. if
s < A;, NE. Hence B, the generalized inverse of «, equals A during [0, 7p A pe), thus in particular
pp, =tforte[0,A,, AE). As conclusion, ([2.27)) holds true for ¢ € [0, A., AE). If now t > 7p A pe,
then B; = oo, because B is the generalized inverse of « and because for all ¢ > 0,

Qp S 0A, A= PA AE = TD N Pe.

Hence, still if ¢ > 7p A pg, we have (D, ,Up,) = A, while (Dy,Ua,) = A because either t > 7p
and thus D, = A or t > pe and thus A; > & so that Uy, = A. We have proved (2.27)).

We finally conclude, thanks to Lemma again, setting MM-PV) = o((M;, Dy, Ua,) : t > 0)
with the convention that (z,A) = A and setting IP’E%DU;U) =PY g ]P)Ef);[)])

(z,r,u) € R x R% x U and IF’(AM’D’U) =P IP(AD’U), that

in the case where

(M, D, U,) = (QM x QP x QU MDY (M, Dy, Ua, )eso, (ng,:z;U))(z,r,u)e(R%GRi XL{)U{A})

is a dzr”drf(du)-symmetric (R? x R% x U) U {A}-valued diffusion with regular Dirichlet space
(EMDUA) F(M.DUA)) on L2(R? x Ry x S, dzrvdrB(du)), with core C2°(R? x R, x U). Moreover,
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for all p € C(R? x R% x U),

EMDUL () = / EM(p(-,r,u), o, rw))rrdrB(du) + [ EP VD (p(z,, 1), o2, -, -))dz
R+><S RZ

= SM((p(~,r, U)»SO(W?U u))r”drﬁ(du) +/ gDp(QD(Zv'7u)7@(2"’u))dzﬂ(du)
R4 xS R2 xS

+/ 5U(()0(Z,7“,'),@(Z,T,'))dZTV_ldT
R2xR4

1 1
-/ 5 V=0 w2 + 2rforp(z,ryw) 2+ o[ Vao(z, )] 2| dardr B(du).
RQXR+><S 2N QT
(2.29)

For the second line, we used ([2.28)). For the last line, we used (2.24]), (2.26) and the expression of
EY, see Proposition (ii).

Step 3. We recall that Y; = ¥(My, Dy, Us,), where U(z,r,u) = v(2) + ru for (z,r,u) €
R? x R% x U and U(z,7,u) = A for (z,r,u) = A. One easily checks that ¥ is a bijection from
(R? x R% xU)U{A} to (X N En)U{A}, recall that X = Ej, and U = Ej, NS.

We now study
Y = (7, MY, (Yo)iz0, (P} )ye(xnEn)u{a});

where ¥ = QM x QP x QU, MY = MMDU) and PY = PN DD for (2 u) = 01 (y).

(z,r,u)

First, Y is a (XY NEy)U{A}-valued diffusion, because the bijection ¥ from (R? x R* xU)U{A}
to (X N En) U{A} is continuous, both sets being endowed with the one-point compactification
topology, see Subsection

Next, we prove that Y is g-symmetric : if ¢, 1 are nonnegative measurable functions on X N Ey
and t > 0, we have, thanks to Lemma (recall that v = dg n(N)/2 — 1),

[ B el =5 [ (o n ) rn) dadrs(du).
(R2)N R2XR4 XS

But (PY ¢)(¥(z2,7,1)) = E (s .o [p(¥(My, Dy, Ua,))] = PPV (00 W) (2, 7, w), so that

/(R2)N[Ptys0(y)]w(y):u(dy) :% /RQXR XS[Pt(M,D,UA)(SD o ) (2, 7, w)][(1 0 U) (2, r,u)]r’dzdrB(du).

Using that (M, D, Uy) is dzr”drf(du)-symmetric and then the same computation in reverse order,
one concludes that f(RQ)N [PY lwdu = Jioyw o[PY v]du as desired.
Thus Y has a Dirichlet space (£Y,FY) on L?((R?)",u) that we now determine. For ¢ €
L?((R%)N, 1), using as above Lemma and that (PY ¢)(¥(z,7,u)) = Pt(M’D’UA)(cp o W) (z,r,u),
1
;/ (P ¢ — @)pdp
(R2)N
1

=i [ BP0 w) e ) — (o ) (el o (e )] dedr(dn)
X iX
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Since VU is bijective, we deduce, see [24, Lemma 1.3.4 page 23|, that

F = {o e AR, p): pow e FODUNY (2.30)
1
and for p € FY, &Y (p,p) = ig(M’D’UA)((p oW, poW). (2.31)

Step 4. We now compute EY (p, ¢) for ¢ € C(X N Ey), so that po U € C°(R? x R% x U).
Thanks to (2.29) and (2.31)), we have

1

EY (p,0) = 5/ I(z,r,u)dzr’drp(du), (2.32)
R2xR4 XS

where
1 1
I(z,r,u) = ﬁ”vz(‘:" oU)(z,r, u)H2 + 270 (p o U)(z,, u)|2 + ﬂHVS(W o W) (z,r, u)HQ.

We recall that for ¢ : (R2)N — R, we call Vo(z) = (Ve(x),..., (Vo)) € (RN the
total gradient of ¢ at # € (R?)", and we have (Vi(z))® € R? for each i € [1,N]. And for
¢ : O — RP  where O is open in R™, we denote by d,¢ the differential of ¢ at z € O.

We start with the study of W(z,r,u) = v(z) + \/ru, where we recall that v was introduced in
Section and that ®g(x) = myx/||mgz|| is defined on a neighborhood of S in (R?)¥, see (2.10).
It holds that for all (z,r,u) € R? x R% xS and all h € R?, k € R and ¢ € (R*)",

k.
SN

For the first equality, it suffices to use that + is linear, so that d,U(-,r,u)(h) = d,y(h) = v(h).
The second equality is obvious. For the third equality, which is the differential at © € S of the
function F(z) = v(z) 4+ v/r®s(x) defined for x € Ex (which is open in (R?)" and contains S),
we write d, F' = /rd,®s. But &5 = G o g, where G(z) = z/||z||, and we have d, 7y = 7y and
dﬂ'H(u)G =d,G=m,. forueS. Allin all, d,F = \/;'/Tul oTH.

dz\Ij('>r7 u)(h) = V(h)? dr\II(Z’ ’u)(k) = du[\Ij(Z7T7 Q)S())](E) = \ﬁﬂ'uL (WH(E)%

First, we have V,(p o ¥)(z,r,u) = ZfiﬂV@(\I/(z,r, u))]®. Indeed, for all h € R?, it holds that
dz(SO o \Il('a r, u))(h) = (d\I/(z,r,u)SO)[(dZ\Il('a T, u))(h)] = (d\I/(z,r,u)QP)(’Y(h)) = Vgﬁ(\I/(ZQ T, u)) ’ ’y(h)a
which, by definition of v, equals h - Zfil[Vgo(\Il(z7 r,u))]t

This implies that

- %””HL(W(‘I’(Z% uw))? (2.33)

1 S T )
s IV= (0 0 Wz rw) |2 = mH;[v@(\wz,r,um

Indeed, recalling the expression of my, see Section it suffices to note that for all z € (R?)¥,
I (@)I2 = 17(Spv@)II? = NlISpap(@)]? = N7 L, 272
Next, 0, (¢ o U)(z,7,u) = (Vo) (¥ (z,7,u)) - u/(24/7). Indeed, for k € R,

dr(poW(z, - u))(k) = (dy(zrnP) (AU (z, -, u) (k)] = (dw(z,rup)(u) X N
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which is nothing but (V)(U(z,r,u)) - u x k/(2/7).
This implies, recalling that 7, is the orthogonal projection on Span(u) C (R?)V, that

20[0, (0 W) (2, ) ? = & [mu((Vo) (U2, )| = 3 e (ma (V) (W, mu) DI (2:34)

since u € S, so that ||u|| =1 and u € H.
Finally, Vs(p o ¥)(z,7,u) = /7 (7,1 (Vp(¥(z,7,u)))). Indeed, for all £ € (R2)N

du((p o W) (2,7, ®s(-)))(€) =(dw(zru)P) (du¥(z, 7, Ps(-)](£))
=V (dy(z,ru) ) (Tur (T (0)))
=VrVe(¥(z,r,u)) w7 (0)
=Vrrp(m, (Ve((z,r,u)))) -

and we conclude since Vs(poW)(z,r,u) = V4 ((@oU)(z,r, ®s(-)))(u) by definition of Vg, see ([2.12]).
This implies that

)
Ev

S 195(60 W), ) [2 = Sl (s (Vo0 2, w) P (235)

2Gj\zfxthering [2:33), (2:34) and (2.35)), we see that I(z,r,u) = 3||Ve(¥(z,r,u))|?, since for x €
(R,

7 (@)I* + 7 (@)1 + 7w (e ()12 = 2]
because u € S C H.
Injecting the value of T in (2.32)) and using Lemma [2.31] we obtain

1 1
=g [ IV w)Pdarasn) = 5 [ [Tl
R2xR* xS (R2)N

Step 5. As a last technical step, we verify that (€Y, FY) is a regular Dirichlet space on
L2((R?)N | u) with core C®°(X N Ey), i.e. that for all ¢ € FY, there is ¢, € CX(X N Ey)
such that limy, ||¢n — || r2(@2)y ) + EY (Pn — @, 0n — @) = 0.

Recalling (2.30) and using that (£M-P:Ua) FMLDUA)) on [2(R? x Ry x S,dzrVdrB(du)) is
regular with core C2°(R? x R%. x U), there is g,, € C°(R? x R% x U) such that

g(M,D,UA)(

llgn — © © V|| L2(R2 xRy xS,dzrvdra(du)) T Ggn— 9oV, g —poW)—0.

Setting ¢, = g, o ¥71, it holds that ¢, € C°(X N Ex) and we have, by (2.31)),

lg(M,D,UA)(

5 gn —@o ¥, g, —poW) =0

E (on = @rpn — ) =
as well as, by Lemma

1
llon — @llL2(@2yn 0y = §|\9n — @ o V|22 xR, xS,dzrvdra(du)) — 0-
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Step 6. By Steps 3, 4 and 5, we know that Y is a p-symmetric (X N Ey) U {A}-valued
diffusion with regular Dirichlet space (£Y,FY) with core C®(X N Ey) and with &Y (¢, ) =
3 Jimeyn |IVel[dp for ¢ € (X N Ey).

Now, applying Lemma to X defined in Proposition (1) with the open set X N Ey,
we see that X*, i.e. X killed when getting outside X N Ey, is a p-symmetric (X N Ex) U {A}-
valued diffusion process with regular Dirichlet space (£X°, FX") with core C>°(X N Ey) and with
ex (0, ) = %f(mz)N HV(pHZd,u for v € CSO(X NEN).

This implies, as recalled in Subsection [2.13.1) that (X", FX") = (€Y, FY). The conclusion
follows by uniqueness, see |24, Theorem 4.2.8 p 167]. O

Actually, (Rp,n7(X¢t))e>0 and (Spi np(Xt))e>0 are some independent squared Bessel process
and Brownian motion until explosion (and not only until the first time where Ry n7(X:) = 0, as
shown in Proposition [2.10]), a fact that we shall often use.

Lemma 2.11. We fix N > 2 and 6 > 0 such that N > 0 and we consider a QK S(6, N)-process
X = (%, M* (Xt)i>0, (PX)zex, ). Quasi-everywhere, there are a 2D-Brownian motion (My)i>o
with diffusion constant N—'/2 issued from Sy nj(z) and a squared Bessel process (Dy)i>o with
dimension dp n(N) issued from Ry ny(z) (killed when it gets out of (0,00) if dg, y(N) < 0) inde-

pendent of (My)i>o such that Py -a.s., Spi Ny (Xy) = My and Ry ny(Xy) = Dy for all t € [0,().

Démonstration. If 6 > 2, this follows from Proposition s setting 7 = inf{t > 0 : Ry np(Xy) ¢
(0,00)}, we have 7 = (. Indeed, on {7 < (}, we have X, ¢ Ex, whence X, ¢ X since X = Fj,
with kg < N (because 6 > 2), which contradicts the fact that 7 < .

We now suppose that 6 < 2, so that kg > N and thus X = (R?)". We introduce the shortened
notation R(z) = R ny(7), S(x) = Spi,np(x) and split the proof in three parts.

Step 1. First, one can show similarly (but much more easily) as in the proof of Propositionm
that there exists a 2D-Brownian motion (M;):>o independent of (X; — v(S(X¢)))t>0, such that
S(Xy) = M, for all t € [0,¢). This moreover shows that (M;);>¢ is independent of (R(X})):>o0,
because R(X;) = || X; — v(S(Xy))?.

Step 2. We consider some function g,, € C®°((R?)Y) such that g,, = 1 on B(0,m) and
SUPq e (0,1] SUPge (R2)N |LX gm(x)] < 0o. Such a function exists by Remark For ¢ € C*(Ry),
we set ¥(x) = p(R(z)) and show that g, € D4x and that for all z € B(0,m),

A (Vgim)(x) =2R(2)¢" (R()) + do,n (N )¢/ (R()). (2.36)

To this end, we apply Remark Since g, € C((R*)N) and since X = (R?)Y, we have
to show that sup,e g 1 SUP,ee)~ |La (¥gm) ()] < oo, and we will deduce that AX(¢g,) =
LX(gm). By ([2.22), we have LX (Vgm) = gmLXh + VLY gm + Vb - Vg, The only difficulty
consists in showing thafc SUP 4 (0,1] SUPge(R2)N |LX4p(x)| < co. Using that Vi R(x) = 2(z* — S(x)),
we find Vp(z) = 2(z* — S(z))¢’(R(x)). Hence by symmetry,

0 i 0 i g )
~ 3 T V) Z%@'(R(x)) 3 _ e

<D lat — 29| + « < T |2t — 292 + «

0 , |zt — 29|
=— R E _— 2.
N ¥ (R(x)) £ |zt — 23 |2 + « (2.37)
1<i#j<N
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Besides, A,:¢)(z) = 4(1 — 1/N)¢'(R(x)) + 4|2 — S(2)]|?>¢" (R(x)), whence
Ap(z) =4(N — 1)¢'(R(x)) + 4R(x)¢" (R(z))- (2.38)

We conclude by combining (2.37)) and (| - ) that

X _ 7z _ o ﬂ ”xl — l'j”z /
£X(2) =2R(2) <R<x>)+(2<N D-v Y i )¢ (R@).

<en |zt — 272 + «

We immediately deduce, since ¢ is compactly supported, that sup,¢(o,1] SUPge (r2)~ |LX 4 (x)| < oo,
whence sup e (o,1] SUPze g2y~ [LX (Ygm) ()| < 00. Hence 1hgm € Dyx and AX (gm) = L™ (Ygm).
Moreover, recalling that £X¢ = £X1 with a = 0 and that g,, = 1 on B(0,m), we conclude that
AX (Ygm)(z) = LY (x) for € B(0,m), whence (2.36), because 2(N — 1) — (N — 1) = dg 5 (N).

Step 3. We define (,, = inf{t > 0 : X; ¢ B(0,m)}. By Lemma and Step 1, for all
¢ € C(R4), quasi-everywhere in B(0,m), p(R(Xinc,,)) — fmc’" LXp(R(X,))ds is a
PX-martingale. Recalling , we classically conclude that there is a Brownian motlon W such

that R(X;:) = R(x) + 2]3 VR(Xs)dW + dg, v (N)t during [0, (,,]. We recognize the S.D.E. of a
squared Bessel process with dimension dg v (N), see Revuz-Yor [44, Chapter XI]. Since we know
from Remark [2.7] that ¢ = lim,, {,,, the proof is complete. O

2.6 Some cutoff functions

We will need several times to approximate some indicator functions by some smooth functions,
on which the generator £LX (or £Y) is bounded. This does not seem obvious, due to the singularity
of £X. We recall that £X and LY were defined in and -

Lemma 2.12. Fiz N > 2, § > 0, recall that ko = [2N/01 and that X = Ey,. Consider a partition
K = (Kp)pep,q and define, for e € [0,1], (with the convention that B(0,1/0) = (R*)N),

: . ; ; 1
GK,g:{me?{: min min ||xl—xj|\2>5}ﬂB(O,f>.
1<p£q<t i€Kp.jeK, €

(i) For all € € (0,1], there is a family of open relatively compact subsets Gk of Gk o such that

U Gk .2 Gk, andforeachn>1, Gk . C G"KT;,

n>1

and some of [0, 1]-valued functions I'g . € C°(Gx,0) such that for some n € (0,1], for alln > 1,

Supp 'k, C Gk, T'k.=1 on Gx,. and sup sup ‘EfF"KE(x)‘ < 00.
’ ' ' @€(0,1] z€(R2)N ’

(ii) With the same sets G . as in (i), there is a family of functions FK e € C*(SNGk,) with
values in [0, 1] such that for alln>1,

I‘i’z =1 on SNGk,. and

£uryn ‘ < 0.
a€(0,1] ues Ks( )
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The section is devoted to the proof of this lemma. We start with the following technical result.

Lemma 2.13. We define the family (ce)eepi, Ny by co = 1 and for all € € [1, N—1], cy1 = (2+4€)cy.
For all K C [1,N], all € € (0,1], all z € (R%)N such that

RK(I) S QC‘K‘{:‘ and H%III{IRKU{]}(I) Z C|K|+1€,
J

it holds that ||x" — 27||* > ¢/ for alli € K, all j ¢ K.

Démonstration. We fix K C [1,N], € € (0,1] and z € (R?)" as in the statement and assume by
contradiction that there are ig € K, jo ¢ K such that ||z’ — 27°||? < ¢k |e. Then for all i € K,

27 — 2'|* < 2[]a® — 2| + 2l|a" — &||* < 2|2 — 27|* + 2| K|Ri (x) < (2 + 4|K])exe.

This implies that

Rt (2) = gy (IR (@) +2 3 19 = 2¥I) < Rica) + gy 3 o =2
eK €K
whence
Riugjoy () <20k + 1K| JL 1‘ |Kleirje < (2 + 4|K|)eikie = k4165
which is a contradiction. O

We are now ready to give the

Proof of Lemma[2.14 We introduce some nondecreasing C* function ¢ : Ry — [0, 1] such that
0=0o0n[0,1/2] and p =1 on [1,00). We divide the proof in three steps.

Step 1. We fix n > 1 and define, for K C [1, N], using the family (c¢)¢epi,np of Lemma [2.13]

Exn = {:c e RHN :VLDOK, Ry(x) > %} and Cxp(z) = H Q(M)

LoK €Izl
where {L D K} ={L C [1,N] : K C L}. We have
Tin € CO(RY)N), Supp Fxn C Exan and Tip=1 on Egn. (2.39)
Since Ry (x) > 0 implies that R (x) > 0 for all L D K, we also have
Un>1 Exn = Ex, where Ex ={z € (R*)™ : Rg(z) > 0}. (2.40)

We now show, and this is the main difficulty of the step, that for all A > 0, all K C [1, N] with
|K| > 2, we have sup,,¢o,1) SUPzep(0,4) [£a Tr.n ()| < 00. Since sup,cp(o,4) [AT ke n(7)| < 00, we
only have to verify that sup,c(o,1) SUPep(0,4) K ,n,a ()| < 00, where

IK7’I’L,()((x) = Z M : :c‘LFKn Z fKL n Z u : szRL(-'L'),

e at =2 |? ezt — 2|
1<i#j<N LOK 1<i#j<N
with Ry (2) Ras ()
n niiy(x niip (T
frpa(z) = *9/(7 e 7)
ClL| ClL| Cim|

M>K,M#L
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Using that Vi Ry (z) = 2(a" — Sp(2))Iery, we now write

Ikna(®) =2 frnn(@)(ALa(z) + Bra(z)),

LDOK

where,

_ (2" —a7) - (a' — Sp(z)) _ (z' —a7) - (¢* — Si(x))
Ane@) = D T ara M B = D Ty
i,jEL,i#] ieL,jeLe

We have sup,c(o,1) SUPse (0, 4) | f&,2,n(2)ALa(2)| < 00 because fk 1 is bounded and because

(' —al)-a" 1 T B ILI(1L] - 1)
AL a(.’IJ) = T 715 —= - - S |:0, .
) § : i pd||2 2 L |2 2
T |z — 23 ||? + « DT |z — 2 ||? + «

Next, we assume that L C [1, N] (else By, o(x) = 0) and observe that fx r »(z) # 0 implies that
Rp(x) < ¢p)/n (because ¢’ = 0on [1,00)) and that min;g;, Ry () > ¢jnj41/(2n) (because o = 0
on [0,1/2]). By Lemma this implies that min;ep jere ||2° —27]|* > ¢1)/(2n). We immediately
conclude that sup,e(o,1] SUPzeB(0,4) | fre,L.n(2)Br,o(x)] < co.

Step 2. We can now prove (i). We fix € € (0,1] and a partition K = (K}),eq1,¢ of [1, N]. For
some m > 1 to be chosen later (as a function of ¢), for each n > 1, we set

K. =B(0,m)N ( ﬂ EK,n) N ( ﬂ ﬂ E{i,j},m)v

KC[1,N]:|K|=ko 1<p#q<t €K, jeK,
k@ =gm@( I Txa@)( II I Fepm@)
KC[1,N]:|K|=ko 1<p#q<t 1€Kp,jeK,

where g, () = o(m/||z]|) with the extension g,,(0) = 1.
First, G . is clearly included in G’IL;r1 and relatively compact in Gk o. We deduce from (2.40)

,€

that, setting HK,m = B(O,m) n (ﬂlgp;éqgg ﬂigijqu E{i,j},m)a
U G”IL<75 = ( m EK) ﬂHKm = Eko mHK,m =N HKm
n>1 KC[1,N]:|K|=ko

By (2.40) again, we can choose m large enough so that Hk ., contains Gk .. Next, by (2.39)), it
holds that Ty . € C*°((R?)V), that T' . = 1 on Gi . and that

Supp I'k . € B(0,2m) N ( m EK,2n) N ( ﬂ m E{i,j},Qm)a
KC[1,N]:|K|=ko 1<p#q<l i€K,,jeK,

which is compact in Gk,9. Moreover, Supp ' . C Hxk 2, Since there exists 7 € (0,1] such that
Hxk 2m C Gk, we conclude that Supp I'k:.C Gk, -

It remains to show that sup,e(g,1] SUP,e(r2)y |LXT ()| < oo. Introducing

ve@=( I Twa@)( I II Trsm@),

KC[1,N]:|K|=ko 1<p#q<t i€K,jeK,
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which belongs to C>°((R?)N) by Step 1, we have I' . = gm X}k .(2) (with the chosen value of m)

and thus by
LTk (2) = gm (@)L Xk o (@) + Xk cLE g (2) + Vg (2) - VXK -(2).

The first term is uniformly bounded because g, is bounded and supported in B(0, 2m) and because
SUPae(0,1) SUPze B(0,2m) |£Xxﬁ7€(x)| < oo by Step 1 and (2.22). The third term is also uniformly
bounded, since xj . € C>((R%)N) and since Vg,, is bounded and supported in B(0,2m). Finally,
the middle term is bounded because xj . is bounded by 1 and because LX g, is uniformly bounded,
as we now show : Ag,, is obviously bounded since g, € C((R*)V) and, since V igm(z) =
—mg'(m/|lz||)=" /|,

' — mo'(m/||z e .
> W'Vzigm(x):fw Yoo
(i 17 = 2P+ a (] ey Izt =272+ a
_ mg'(m/]|zl]) ) l=* — 22

|

ZIETERP N Frr] Ery

This last quantity is uniformly bounded, since ¢’ is bounded and vanishes on [1, 00).

Step 3. We now prove (ii), by showing that the restriction I‘f{; = F"K75|g satisfies the required
conditions. We obviously have I‘fgfg € CX(SNGk ) and Fi"s =1on SNGk .. It remains to show

that sup,e(o,1) SUPyues |£g1"§<’7fe| < 00, recall (2.23). Since I‘i’rfs € C™(S), Agf‘i”; is bounded. We
thus only have to verify that sup,e(g,1) SuPyes [Ta(u)| < 0o, where

Taw) = —0 Y T (Vari ()

Wi lud —uwi||? + «

Setting b}, (u) = — % Z] 1 ”ufiuj‘ﬁ;_m and using (2.14]),
T (1) = bo(u) - VaT'R™ () = ba (u) - 7wy (m, 0 (VIR (u))).
Since now b(u) € H and since 7y and 7,1 are self-adjoint, as every orthogonal projection, we get
To(u) = s (ba(w)) - VIR (u) = ba(u) - VIR (u) — (ba(u) - u)(u - VO™ ().

But bg(u) - VF%’T‘;(u) = Cfffi’?s(u) — %AF%’;(U) is uniformly bounded by point (i) and since
AF%’Z(U) is bounded on S. Next, u - VF%’Z(U) is smooth and thus bounded on S. Finally,

0 (ut —u?) - u [lut — ||
bo(t) - U = —— A B |
W5 2 fewlFie W, el
1<i,j<N 1<i,5<N

is also uniformly bounded. O

Remark 2.14. We have proved in Step 2 that for each m > 0, g,, € C°((R*)N) satisfies g, = 1
on B(0,1m) and sup,e(o.1) SUP,er2)y [LX gm ()] < 00.
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2.7 A Girsanov theorem for the Keller-Segel particle system.

In this section, we prove a rigorous version of the intuitive argument presented in Subsec-
tion 234

For z € (R?)Y, all K C [1, N], we denote by z|x = (2%);ck. For K = (K,)pe[1,¢q @ partition
of [1,N], for y; € (R)IE1l ..y, € (R?)IK¢l| we abusively denote by (Yp)pef,¢ the element y of
(R2)N such that for all i € [1,4], y|x, = vi-

We adopt the convention that for any 6 > 0, a QK .S(6, 1)-process is a 2-dimensional Brownian
motion. This is natural in view of (2.1]).

Proposition 2.15. Let N > 2, 8 > 0 such that N > 6 and set ko = [2N/0]. Fix some partition
K = (Kp)pen,q of [1, N] with £ > 2. Consider the state spaces X = Ey, and, for each p € [1,£],

| Kpl
Y, = {y e @5 K C [ with [K] > ko, Y Iy = /I* > 0}

ij=1

Consider

o X = (O, MX (Xt)i>0, (PX)zex,) a QKS(6, N)-process,

e Forallp e [1,4], YP = (P, MP,(Yp,1)i>0, (P})yeyr ) a QKS(0|Kp|/N, |Kp|)-process.

We set QY = Hf):1 O and Yy = (Yp.t)peqr,gq, with the convention that Y; = A as soon as
Yy = A for some p € [1,4]. We also introduce MY = o (Y; : t > 0), as well as P} = ®f,:1]P’§p for
ally = (yp)pe[[l,f]] € (R2)N'

We fiz € € (0,1], recall that

) , 1
GK,EZ{meX: ||acz—xJH2>5}ﬂB(0,f),

min min
1<p#q<l 1€Kp,jEK, €
and set
TK,e = {t >0: X, ¢ Gk} and Tke = {t >0:Y;, ¢ Gk}

Fiz T > 0. Quasi-everywhere in Gk ., there is a probability measure QL=K on (QX, MX),
X

equivalent to Pz, such that the law of the process (Xiararg . )i>0 under QE*E’K is the same as that
of Yinrnmc . )t>0 on (@Y, MY) under PY.

T,e, K
Furthermore, the Radon-Nikodym density d%il,x is M ., -measurable, where as usual M;* =

0(Xs,s <t), and there is a deterministic constant Cr .k > 0 such that quasi-everywhere in Gk,

dQT,E,K
-1
CT,E,K = d]}chi{ < CT,E,K-

The quasi-everywhere notion refers to the process X. Let us mention that for ¢ the life-time of
X, we have 7k . € [0,¢] when ¢ < co because A ¢ Gk . Although this is not clear at this point of
the paper, the event {7k . = (} has a positive probability if max,=1, ¢ |K,| > ko.
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Démonstration. We only consider the case where £ = 2. The general case is heavier in terms of
notation but contains no additional difficulty. We fix K = (K7, K2) a non-trivial partition of [1, NJ.
The main idea is to apply Lemma [2.39 to X with the function

o(xz) = exp(u(z)), where wu(x)= % Z log(||lz® — 7). (2.41)
i€K1,jEK,

Unfortunately, this is not licit because u ¢ FX.

Step 1. Set Y = (QY, MY, (Yy)i20, (P} )ye vy xys)uia}) and fix e € (0,1] and n > 1. We first
compute the Dirichlet space of Y killed when it gets outside of G ., recall Lemma Consider
the measures

my) = I Iy =9 I17Nay and ma(dy)= I Iy’ =9/ II7"Vdy
1,J€K1,i#] 1,J €K i#]

on (R?)IE1l and (R?)1%2! with p;(dy) = dy if |K;| = 1. Recall that u(dz) = m(x)dz, see ([2.4) and
that by definition, see (2.41), o(z) = [[;ck, jex, |lz® — 27]|%/N : we deduce that

p1 ® piz = 0*pu.

By Proposition for p = 1,2, Y? is a Y} -valued p,-symmetric (since (0|K,|/N)/|K,| = 6/N)
diffusion with regular Dirichlet space (&,, F,) with core C2°(Y),) and, for ¢ € C°(V,), Ex(p, @) =
%f(u@)l%\ ||[V||2dp,. This also holds true if e.g. |K1| = 1, see [24, Example 4.2.1 page 167], since
then p; is nothing but the Lebesgue measure on R2. Since now 1, ® o = 0%, by Lemma Y is
a o?p-symmetric Xa-valued diffusion with regular Dirichlet space (€Y, FY) on L?()) x Vs, 0?dp)
with core C° ()1 x Vs) and, for p € C° (Y1 X Ys),

0= [ 8ot ) e man + [ o) oDt = 5 [ |9eltean

R2)IK1] 2)IK2|

Finally, we apply Lemma @ to Y with the open set G . C X C V1 x )», to find that the
resulting killed process

Yye = (QY, MY (Y], (Pz};)yeGﬁ,aU{A})

is a 0% Gy, _-Symmetric GTIL{’E U {A}-valued diffusion with regular Dirichlet space (£Y:"¢ FYme)
with core C2°(G ) such that for all € C°(G ),

1
(o) =5 [ IVelPean

K,e

Step 2. We now fix ¢ € (0, 1] and introduce, for each n > 1, uy (z) = u(z)'k . (v), recall (2.41)
and Lemma and o, . = exp(uy ). We check here that the functions u, . and g,  satisfy the
assumptions of Lemma (to be applied to X), that AX[g, . — 1] = LX 0, . and that

Sup sup |tp ()| < 00 and sup sup [L¥pn.(z)| < oo (2.42)
n>lxeX n>1 ZL’GG;L(,E
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First, u, . € FX because u, . € C°(X), and |u, | is bounded, uniformly in n > 1, because '

is bounded by 1 and vanishes outside Gk, (see Lemma, while v is smooth on GK - To show
that AX[0,,- — 1] = LX g, it suffices by Remark [2.8 . to verify that g, . —1 € C°(X), which is
clear, and that sup,e(o,1) SUP,e ey~ [LX 0n.e(x)| < co. We have

1
£ 0nel@) = <) L (0) 4 56" |V (0)] 2
Since u,, . € C°((R?)N), the only difficulty is to check that SUP e (0,1] SUPge (R2)N v [ LX Uy o (2)] < 0.

By 222)

EXun e(r) =Tk E(I)L’Xu(a:) + u(x)EXF” () + VIk (%) - Vu(z).

Again, the only difficulty consists of the first term, because L£XT}%  1s uniformly bounded by
Lemma @ and vanishes outside Gk ,, while u is smooth on Gk ;. Since Supp k. C Gk, we

are reduced to show that sup,e(o,1) SUPLeqy , |LXu(x)] < co. But

1 0 xt— 2l
b's
- 7A - SR h o = —_— e 2t 5
L3 u 5 Au S, where S, () 1<Z§j<N = E+a Viu(x)

and we only have to verify that sup,e(o,1) SUPseqy ., [Sa(®)] < 00
For k € K, and £ € K5, we have

Hence S, = S1,a + 52,0 + 53,0 + S4,a, Where

9 b — ol bt — gk
S1a(r) =1 i 2
La(2) =+ > 27 — 272 + [ — 2|27

i,j€EK1 keKs
0 ot — zt— ok
S - T T
)=y 2 oo ra 2 =T
1€K2,jE K keK1

and S, (resp. Si,q) is defined as S1,o (resp. S2,4) exchanging the roles of K; and Ks. First, S2 o
(and Sy o) is obviously uniformly bounded on Gk ,. Next, by symmetry,

0 ) Tt — gk ol — gk
s T ( . _ T )
W@ =55 D rmwEra 2 o —af P o =P

i,7€K1 keK,

Moreover, there is C), > 0 such that for all € Gk 5, all 4,j € K; such that i # j, all k € K»,

H b — xk ad — xk
|

_ <C _
zi— 2F|2 2l — kazH ollzt — a7,

so that Sy o (and S5 4) is bounded on Gk ,, uniformly in « € (0, 1], as desired.

Finally, the above computations, together with the facts that I'x . =1 on G ., also show that
for x € G .
0

1 1
X — pul@) (= _ = u(x) 2
L ope(x)=¢ (2Au(x) NSa(x)) + 5¢ [|Vu(z)|)%,
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which is bounded on Gk . Since G . C Gk, this implies that sup,,~, SUP ey |LX 0, (7)| and
completes the step.

Step 3. We apply Lemma to the process X with u,, . and g, . defined in Step 2. Recalling
that AX [0, — 1] = LX 9, - and using the conventions g, -(A) =1 and LX g, .(A) = 0, we set

n,e On E(Xt) /t ‘CXQn E(XS)
Ly = —/——%ex — ————2ds). 2.43
K Qn,e(XO) p( 0 Qn,E(XS) ) ( )

Set MX = o({X,,s < t}). By Lemma there is a family of probability measures (Q}°),cxu{a}
such that
Qe =LY -PX on MF

for all t > 0 and quasi-everywhere in X U {A}, and such that
XmE = (QX7 MX7 (Xt)tZOa (Q;7E)I€XA>

is a g7 _p-symmetric X U {A}-valued diffusion with regular Dirichlet space (€™¢, F™*¢) with core
C°(X) such that for all p € CX(X),

n,e 1
e (ee) =5 [ IIVelPeh dn
(R2)N
Next, we apply Lemma [2.38[ to X"™¢ with the open set G} _ : the resulting killed process
K.

X*me = (QX, MF (X )iz, (Q?‘S)IGG;{EU{A})

is a 07, p|ay -symmetric G . U {A}-valued diffusion with regular Dirichlet space (£%7¢, F*™)
with core C2°(G ) such that for all ¢ € CX (G ),

3l
2 Jon

EVME (p, ) = 5 IVl 0p, -dp.
K,e

Comparing this Dirichlet space with the one found in Step 1, using that ¢, . = 0 on G . and a
uniqueness argument, see [24, Theorem 4.2.8 p 167], we conclude that quasi-everywhere in GK e
the law of X*™¢ under Q¢ equals the law of Y™¢ under PY .

Step 4. We fix T > 0 and ¢ € (0,1] and complete the proof. Since Q¢ = L° - PX on M7,
we know from Step 3 that for all n > 1, quasi-everywhere in Gk _, for all continuous bounded
®:C([0,T],Xa) = R, (observe that G . C X C Xa)

EX[®(X arge,n nT) L] = By [B(Y A, a1,

T

where T n e = inf{t > 0: X; ¢ Gk} ATk e and Tk ne = inf{t > 0:Y; ¢ Gk _} A Tk e. Since
(Ly%)i>0 is a PX-martingale by Lemma we deduce that quasi-everywhere in G _,

Ey (®(X Arge . onT)L70E |=E) [@(Y Atk oAT)]- (2.44)

TK,n,s/\T

Recall that Gk C UnzlG?{,E, see Lemma, Hence limy, Tk n.c = TK ¢, limy, TK ne = TK,e, and
for each = € Gk ¢, there is n, > 1 such that z € G . for all n > n,. We deduce from (2.44) that
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quasi-everywhere in Gk , the process (L7251 )p>p, isa (MZX . 7)n>n,-martingale under Py
Moreover, recalling the expression (2.43)) of L™*, that 0, . = exp(un,) and the bound (2.42)), we
conclude that there is a constant C'r . k > 0 such that quasi-everywhere in Gk,

X —1 n,e
PY-as., foralln >n,, COp g <L 5 <Crcx.

\n,e

. n,e . . .
Hence the martingale (LTK’M ar)n>n, is closed by some M, r-measurable random variable

Jrcx that satisfies Cp.L x < Jrek < Crek, and (2.44) implies that for all n > n,,

EX [®(Xar . AT) I K] = B [@(Yopzie, AT)]

Letting n — oo, we find that quasi-everywhere in Gk ¢, for ® € C,(C([0,T], Xa), R),

EX [®(Xare A7) ITe ] = EY [®(Ynie  aT)]-

Setting Q1=K = Jr .k - PX completes the proof. O

2.8 Explosion and continuity at explosion

In this section we consider a QK S(6, N)-process X with life-time (. We show that ¢ = oo when
6 € (0,2) and that ¢ < oo when 6 > 2. In the latter case, we also prove that lim;_,._ X a.s. exists,
for the usual topology of (R?)Y : the Keller-Segel process is continuous at explosion. This is not
clear at all at first sight : we know that lim, ,.— X; = A a.s. for the one-point compactification
topology, which means that the process escapes from every compact of X', but it could either go to
infinity, which is not difficult to exclude, or it could tend to the boundary of X without converging,
e.g. because it could alternate very fast between having its particles labeled in [1, ko] very close
and having its particles labeled in [2, ko + 1] very close. The goal of the section is to prove the
following result.

Proposition 2.16. Fiz 6 > 0 and N > 2 such that N > 0, set ko = [2N/0] and X = Ej, and
consider a QK S(0,N)-process X = (X, MX, (Xy)i>0, (PX )zexuiay) with life-time ¢.

(i) If 0 < 2, then quasi-everywhere, PX ({ = 00) = 1.

(ii) If 0 > 2, then quasi-everywhere, P -a.s., ( < oo and X¢— = limy_,¢ X; exists for the usual
topology of (R*)N and does not belong to E, .

We first show that the process does not explode in the subcritical case and cannot go to infinity
at explosion in the supercritical case.

Lemma 2.17. (i) If 0 < 2 and N > 2, then quasi-everywhere, PX (¢ = oco) = 1.
(ii) If 6 > 2 and N > 0, then quasi-everywhere,

PX (( < oo and sup ||X¢| < oo) =1.
t€[0,¢)
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Démonstration. The arguments below only apply quasi-everywhere, since we use Proposition [2.10)
In both cases, we have for all ¢ € [1, N] and all ¢ € [0, (),

N
1X? <2 (1X7 = Spng (Xl + 1Sp, vy (X I?) = 2Rp, vy (Xe) + 2N Spr v (X0 |
=1

By Lemma [2.11] there are a Brownian motion (M;);>o and a squared Bessel process (Dy);>¢ with
dimension dp x(N) (killed when it gets out of (0, 00) if dg,n(IN) < 0), such that Sy np(Xe) = M,
and Ry np(X¢) = Dy for all ¢ € [0, (). These processes being locally bounded, we conclude that

a.s., for all T > 0, sup || Xy < oo. (2.45)
t€[0,CAT)

(i) When 6 < 2 and N > 2, we have ko = [2N/6] > N, so that X = (R?)". Hence on the event
{¢ < oo}, we necessarily have limsup,_,._ ||X¢|| = oo, and this is incompatible with (2.45) with
T=c.

(ii) When N > 6 > 2, we have dp y(N) < 0, so that (D;);>¢ is killed at some finite time 7. It
holds that ¢ < 7. Indeed, on the event where 7 < (, we have Ry nj(X;) = limy - Ry np(X¢) =
limy,,_ Dy = 0, so that X, ¢ Ej, (since kg < N), which is not possible since 7 < (. Hence ( is
also a.s. finite and it holds that sup,c ¢ | X:]] < o0 a.s. by with the choice T = (. O

To show the continuity at explosion in the supercritical case, we need to prove the following
delicate lemma.

Lemma 2.18. Assume that N > 0 > 2. Quasi-everywhere, for all K C [1, N] with |K| > 2,

PX.

x

a.s., lim Rg(Xy) =0 or lithinRK(Xt) > 0.
o

t—(—

Démonstration. We proceed by reverse induction on the cardinal of K. If first K = [1, N], the
result is clear because (R n7(X¢))iepo,¢) is a (killed) squared Bessel process on [0,¢) by Lemma
(and since ¢ < 7 exactly as in the proof of Lemma (ii)), hence it has a limit in Ry as ¢ — (.
Then, we assume that the property is proved if |K| > n where n € [3, N], we take K C [1,N]
such that |K| = n — 1 and we show in several steps that a.s., either lim;,._ Rx(X;) = 0 or
lim lnftﬁcf RK(Xt) > 0.

Step 1. We fix € € (0, 1] and introduce 6§ = 0 and, for k > 1,
o =inf{t € (65_1,0) : Rx(Xy) <e} and &} =inf{t € (0},() : Rx(X}) > 2},

with the convention that inf() = . We show in this step that for all deterministic A > 0, there
exists a constant p4 . > 0 such that for all k > 1, quasi-everywhere, on {o{ < ¢},

PX ({5 2 (0 + A) A CHU Bre

Mf ) Z pA,67

k
where My = 0(X, : s € [0,t]), and where, setting a. = ¢|x|+16/c|k| (recall Lemma ,

Bio={ swp [IXi[>1/z or _inf minRug(Xo) <a ).

te[os,55) telof,67) i
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By the strong Markov property of X, on {of < (},

PY ({55 2 (05 + A) ACHU By

M) = g(Xo),
where
9(y) = Py ({05 = (0T + A) ACHU B ) = BY ({65 2 AAGYU )

and

C z{ su X¢| >1/e or inf min R (X <a}.
1,e te[ogf) [[ Xl > 1/ rel0ge) ig i KU{ }( t) < ae
We used that Ry (X,:) < e on {0, < (} by definition of o, so that of = 0 under P§”i' Using
again that Rx(Xo:) < e on {of < (}, it suffices to show that there is a constant ps . > 0 such
that g(y) > pa . quasi-everywhere in {y € X : Rx(y) < ¢e}.

If first [|y|| > 1/€ or min;¢x Rxugiy(y) < ae, then clearly, g(y) = 1.

Otherwise, y € Gk ¢, where
G.={recX: forallic K, all j ¢ K, ||z" —27||*> > e} N B(0,1/¢)

as in Proposition with K = (K, K°), because ||y|| < 1/¢ and because Rk (y) < € < 2¢
and mingg g Rrugiy(y) > ae = ¢xj+16/c| k| imply that |[z* — 2F||? > eforalli € K, j ¢ K by
Lemma For the very same reasons and by definition of &§, it holds that

Ci. C{forallte€[0,67), X € Gke}- (2.46)

We now apply Proposition With T = A (and €) and we find that quasi-everywhere in Gk .,
9(y) >CL Q= ({65 > ANCHUCL)

=Caex Q@ ({61 2 AN N CT) + O L@y ™ (Cre). (2.47)

But we know from Proposition and Lemma that under Q;;"E’K, (Rr(Xt))te(o,ri..nA] 18
a squared Bessel process with dimension dg x|/~ x| (|K|) = do,n(]K]), issued from Rk (y) < e,
stopped at time 7k . A A, where 7x . = inf{t > 0 : X; ¢ Gk,.}. Hence there exists, under
@‘;’E’K, a squared Bessel process (S;);>0 with dimension dy n(|K]) such that S; = R (X) for all
t € 10,7k, A A]. We introduce k. = inf{t > 0: S; > 2¢} and we observe that

{ke = ANCEN Cis ={51 > AN Clc,s'

from which we conclude that k. > A A ¢ if and only 6§ > A A ¢. Coming back to (2.47), we get

9(y) ZOZ}E,KQ?’E’K({RE > ANCGEN Clc,e) + 02715,K@;4’6’K(0176) = C:x,lg,KQ?’E’K(’ia > ANQ).

Indeed, we used that on Cf ., we have 7 . > &1 by (2.46) so that Rx (X;) = 5; for allt € [0,57AA),

The step is complete, since Q;"E’K (ke > A) is the probability that a squared Bessel process with
dimension dg n(|K|) issued from Rk (y) < e remains below 2¢ during [0, A] and is thus strictly
positive, uniformly in y (such that y € Gk . and Rk (y) < ¢).

Step 2. We prove here that for all € € (0, 1], all A > 0, quasi-everywhere,

}P’f(limsupHXtH >1/e or liminfmin Rgygy(Xe) <ae or 3k >1, of > C/\A) =1
t—C— t—=(— i¢K
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All the arguments below only hold quasi-everywhere, even if we do not mention it explicitly during
this step. For £ > 1, we introduce, with By, . defined in Step 1,

Qi = {05 < CAA}N B
and we first show that ]P’f (liminfy Q) = 0. To this end, it suffices to check that for all £ > 1,
PX (N2 ,£2) = 0. Since Uy, is Me-measurable, for all m > £ > 1,

P (N7 ) = EY [Tnp 0, P (st [ Mo )]
Since moreover N8, C {0}, < ¢} and since o7, > 75, > 77, — 05, we deduce that on ML, Q,
Pg)c{(Qm+1|Maf,L) =1- Pf({afn_H >(NAU Bm,8|M<T$,L)

<1 =Py ({35, > (o5, + A) A} U B e[ Moz ),

so that ]Pff(QmHL/\/lgfn) <1—pa. by Step 1. Hence we conclude that
Py (Mi2 Q) < (1= pae )P (MR Q)
for all m > £ > 1, so that PX (N2,€2) = 0 as desired.
Hence P2 (liminfy, ) = 0, so that a.s., an infinite number of Qf are realized. Recalling that

Qg = {UZ—H >(NA or inf mlnRKU{ 1 (X¢) <a. or sup 12X = 1/5}’
telo§,6%) i¢K telos,5%)

we find the following alternative :
o cither there is k > 1 such that of > (A A;

e or for all k > 1, of < ¢ and infie e 5e) Ming e Ry (Xt) < ac for infinitely many &’s, which
implies that liminf; ¢ min;¢x Ry (Xt) < ac because necessarily, limy, oj, = ¢ by definition
of the sequence (0f)r>1 and by continuity of t = Rx(Xy) on [0,();

e or for all k > 1, o}, || > 1/e and

this implies that limsup, . ||X¢[| > 1/¢, because lim, of = ¢ as previously

Step 3. We conclude. Applying Step 2, we find that quasi-everywhere, PX-a.s., for all A € N
and all e € QN (0, 1],

limsup || X¢|| > 1/ or llmlnfr{élll(lRKU{ 3 (Xe) <a. or Fk>1, 0 2 (NA.
t—C—

By Lemma (ii), we know that ¢ < oo, so that choosing A = [(], we conclude that quasi-
everywhere, P=X-a.s., for all ¢ € QN (0, 1]

limsup [|X¢[| > 1/e or liminfmin Rgygy(Xe) <a. or Ik>1, of =(. (2.48)
P t—(— igK

And by Lemma m-(u) again, limsup,_,._ |[X[| < 1/g¢ for some (random) &y € (0, 1].

On the event where liminf; . min;g g Rpygiy(X:) = 0, there exists some (random) ig ¢ K
such that liminf; o Rgygi)(X¢) = 0, whence limg ¢~ Rgg,1(Xt) = 0 by induction assump-
tion, and this obviously implies that lim;_,._ R (X;) = 0.
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On the complementary event, we fix £, € (0, go] such that liminf; ,— min;g x Rgugiy (Xe) > ae,
and we conclude from and the fact that limsup,_,_ [[X¢|| < 1/go that for all e € QN (0, 4],
there exists k. > 1 such that o} = (. Recalling the definition of (0f)x>1, we deduce that for all
e € QN (0,e1], Ri(X:) upcrosses the segment [e, 2¢] a finite number of times during [0, ¢). Hence
for all € € (0,e1] N Q, there exists ¢t € [0,¢) such that either Rx(X;) > ¢ for all ¢t € [t.,() or
Ry (X;) < 2e for all ¢ € [te, (). If there is ¢ € QN (0,e1] such that Ry (X;) > ¢ for all ¢ € [t., (),
then liminf, ..~ R (X;) > ¢ > 0. If next for all ¢ € QN (0,e1], we have R (X;) < 2¢ for all
te [tE,C), then limt_><_ RK(Xt) = 0.

Hence in any case, we have either lim; ,.— Rx(X;) =0 or liminf; ,.— R (X;) > 0. O
We finally give the

Proof of Proposition[2.16 Point (i), which concerns the subcritical case, has already been checked
in Lemma [2.17}(i). Concerning point (i), which concerns the supercritical case 6 > 2, we already
know that quasi-everywhere, PX (¢ < c0) = 1 by Lemma (ii), and it remains to prove that
PX-as., lim;,¢— X, exists and does not belong to E},. We divide the proof in four steps.

Step 1. For K = (K} )peq1,¢ @ partition of [1, N] and € € (0, 1], we consider as in Proposition |2.15|

) . 1
Gke= {a: €eX: min min 2" — 27|* > 5} N B(O, 7)
1<p#q<t i€Ky,jeK, €

and 7k . = inf{t > 0: X; ¢ Gk} € [0,(]. We show here for each T' > 0, quasi-everywhere in
Gk, PY-as., forall T > 0, all p € [1,4], Sk, (X;) has a limit in R? as t — (1xc A T)—.

If £ = 1, the result is obvious since Sy n7(X¢) is a Brownian motion during [0, ¢) by Lemmam
If next ¢ > 2, Proposition and Lemma tell us that under Q¥ which is equivalent to
P2, the processes Sk, (X;) are some Brownian motions on [0, 7k - AT), and thus have some limits
ast — (tke NT)—.

Step 2. For € € (0,1] and K = (K},)pe[1,¢) & partition of [1, N, we set oo = 0 and, for k > 0,
7715.81 = inf{t > ﬁ,If’E : Xy € Gk e} and ﬁi{fl = inf{t > 77,[;51 : Xy ¢ Gk e},

with the convention that inf() = ¢. Using Step 1 and the strong Markov property, we conclude
that quasi-everywhere, PX-a.s., for all e € (0,1]NQ, all k > 1, all T € Ny, on {r],I:’E < (}, for all
p € [1,4], Sk,(X;) admits a limit in R? as ¢ goes to (ﬁffa AT)—. Choosing T' = [(], we conclude
that quasi-everywhere, PX-a.s., on {r],If’E <(},foralle € (0,1]NQ, all k > 1, all p € [1, 7],
Sk, (X;) admits a limit in R? as ¢ goes to 77,}:’5 —
Step 3. We now check that quasi-everywhere, PX-a.s., there is a partition K = (Kp)peq,q of

[1, N], some ¢ € (0,1] N Q and some &k > 1 such that (i) 7,-° < ¢ and 7;°° = ¢ and (i) for all
p e [1, 0, limye_ Ry, (X,) =0.

By Lemma we know that for all K C [1, N], we have the alternative lim; ,c_ R (X;) =0
or liminf; ¢~ Rg(X;) > 0. Hence the partition K = (K),eq1,¢ of [1, N] consisting of the classes
of the equivalence relation defined by i ~ j if and only if lim;_,¢ Ry; j1(X:) = 0 satisfies that for
all pE [[1,6]], limt_)g_ RKP (Xt) =0 and lim inft_><_ mining RKPU{i}(Xt) > 0.
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Using moreover that limsup,_,._ [|X¢|| < oo according to Lemma we deduce that there is
a € (0,¢) and € € (0,1] N Q such that for all ¢ € [, (), X; belongs to Gk 2.. Finally, we consider
k = max{m > 1: 1K < a}, which is finite by continuity of ¢+ — X; on [0,a], and it holds that
N < a < ¢ and that 7, = C.

Step 4. We consider the (random) partition K = (K} )peq,¢q introduced in Step 3. By Step
2 and since 77,15"E < (¢ and 7"7'2(’E = (, we know that quasi-everywhere, PX-a.s., for all p € [1,/],
M, = limy_,¢_ Sk, (X;) exists in R%. By Step 3, we know that for all p € [1,/], lim;_,¢ R, (X;) = 0.
We easily conclude that quasi-everywhere, PX-a.s., for all p € [1,£], all i € K, lim;_,¢— X} = M,,.
This shows that quasi-everywhere, PX-a.s., Xe— = limy,¢c— X, exists in (R%)N. Moreover, Xeo
cannot belong to X = Ej,, because lim; ,c— X; = A when Ey, U {A} is endowed with the one-
point compactification topology, see Subsection O

2.9 Some special cases

During a K-collision, the particles labeled in K are isolated from the other ones. Thanks to
Proposition [2.15] it will thus be possible to describe what happens in a neighborhood of the instant
of this K-collision, by studying a QK S(0|K|/N, |K|)-process. In other words, we may assume that
|K| = N, so that the following special cases, which are the purpose of this section, will be crucial.

Proposition 2.19. Let N > 4 and 6 > 0 such that N > 0. Consider a QK S(0, N)-process X as in
Proposition . Recall that ¢ = inf{t > 0: X; = A} and set 7 = inf{t > 0: Ry n7(X¢) ¢ (0,00)}
with the convention that R (A) =0, so that T € [0,(].

(1) If dg. n(N — 1) <0 and dg n(N) < 2, then quasi-everywhere,

PX( inf R X;)>0) =1
gty B30 > 0)

(ii) If dg N (N —1) € (0,2) and dg n(N) < 2, then quasi-everywhere, PX -a.s, for all K C [1, N]
with cardinal | K| = N — 1, there ist € [0,7) such that Rk (X;) = 0.

(iii) If 0 < dg n(N) < 2 < dg n(N — 1), then quasi-everywhere, PX -a.s, for all K C [1, N] with
cardinal |K| = 2, there is t € [0,7) such that Ry (X;) = 0.

The proof of this proposition is very long. First, we recall some notation about the decompo-
sition of X obtained in Proposition and we study the involved time-change. We then derive
a formula describing Rx (Uy), valid on certain time intervals, for any K C [1, N]. This formula is
of course not closed, but it allows us to compare Rg (U;), when it is close to 0, to some process
resembling a squared Bessel process, of which one easily studies the behavior near 0. Finally, we
prove Proposition unifying a little points (i) and (ii) and treating separately point (iii).

2.9.1 Notation and preliminaries

We recall the decomposition of Proposition which holds true quasi-everywhere in X N Ey .
Consider a Brownian motion (M;);>o with diffusion coefficient N~/ starting from Sy ny(z), a
squared Bessel process (Dy);>o starting from Ry np(x) > 0 killed when leaving (0, 00) with life-
time 7p = inf{t > 0: D; = A} and a QSKS(0, N) -process (Up);>o starting from ®g(x) with
life-time ¢ = inf{t > 0 : U; = A}, all these processes being independent. For ¢ € [0,7p), we put

Ay = Ot g—‘z. We also consider the inverse p: [0, A;,) — [0,7p) of A.
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Lemma 2.20. If dg n(N) < 2, then 7p < 00 and A,, = o0 a.s.

Démonstration. Since (Dy);>¢ is a (killed) squared Bessel process with dimension dg n(N) < 2, we
have 7p < oo a.s according to Revuz-Yor [44] Chapter XI]. Moreover, there is a Brownian motion
(Bt)i>0 such that Dy = r+2fg VDydBs+dg n(N)t for all t € [0,7p), where r = Ry ny(z) > 0. A
simple computation shows the existence of a Brownian motion (W;);>o such that for all t € [0, A, ),

t t
D,, :7~+2/ Dpdes—Fdo,N(N)/ D, ds.
0 0

Hence for all t € [0, A;,), D,, = rexp(2W; + (dg,n(N) — 2)t). On the event where A, < oo, we
have 0 = D, =limya, D), =exp(2Wa,  + (do,n(N) —2)A;,) > 0. Hence A;, = oo as. [

From now on, we assume that dg y(N) < 2. Hence A : [0,7p) — [0,00) is an increasing
bijection, as well as p : [0,00) — [0,7p). By Proposition quasi-everywhere in X N Ey , we
can find a triple (M, Dy, Uy)i>0 as above such that for X our QK S (6, N) process starting from z,
for all t € [0,7p A pe), and actually for all t € [0, p¢) because pg < 7p since p is [0, 7p)-valued,

Xt = \P(Mt, Dt7 UAt), ie. Mt = Sﬂl,N]] (Xt)7 Dt = RHLN]] (Xt) and UAt = @S(Xt)
We recall that ¥(m,r,u) = v(m) + ru if (m,r,u) € R? x (0,00) x U and ¥(m,r,u) = A if
(m,r,u) = A. Observe that 7 = 7p A pg = pe, where 7 = inf{t > 0: Ry nj(X:) ¢ (0,00)} € [0,¢].

We note that if £ < oo, then p¢ < 7p, because p is an increasing bijection from [0, 00) into
[0,7p). Hence, still if £ < oo, then X explodes at time pg strictly before 7, whence

{{ <0} C { Ry vy (Xe) > 0}. (2.49)

inf
t€[0,¢)
Finally note that since U is S-valued, it cannot have a [1, N]-collision. But for any K C [1, N]
with cardinal |[K| < N — 1, it holds that
U has a K-collision at ¢ € [0,£) if and only if X has a K-collision at p; € [0,7), (2.50)

which follows from the facts that
e for all (m,r,u) € R? x (0,00) X U, Rk (¥(m,r,u)) =0 if and only if Rr(u) =0;
e p is an increasing bijection from [0, €) into [0, 7), because pg = 7.
We conclude this subsection with a remark about the quasi-everywhere notions of X and U, in

the case where they are related as above. See Subsection for a short reminder on this notion.

Remark 2.21. Fiz B € MY such that PU(B) = 1 quasi-everywhere (here quasi-everywhere refers
to the Hunt process U). Then ]P’gg(m)(B) = 1 quasi-everywhere (here quasi-everywhere refers to the

Hunt process X*, which is X killed when it gets outside Ey ).

Démonstration. By definition, there exists NV a properly exceptional set relative to U such that
for all uw € U\ NV, P (B) = 1. Thus for all z € &5 U\ NY), P§  (B) = 1.

By Proposition there exists N'X a properly exceptional set relative to X*, such that for all
r € (XNEN)\NZ, the law of (X;);>0 under PX is equal to the the law of (Y; = (M, Dy, Ua,))i>0

under Q;/ = P%{L(x) ® P\?m;(w)l? ® ]P’gs(w), with some obvious notation.
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Hence we only have to prove that A" = &5 (NVY) UNX is properly exceptional for X*.

e First, we have PX (X; ¢ N for all t > 0) =1 for all z € X \ NV. Indeed, since x € X \ N, the
law of (X} )0 under PX equals the law of (Y;);>o under QY. Since PY(U; ¢ NV for all t > 0) =1
for all w € U \ NV and since ®5(Y;) = Ug,, we have QY (Y; ¢ &' (NY) for all t > 0) = 1 for all
e X\ O (NWY). Hence PX (X, ¢ &5 (NY) for all t > 0) =1 for all z € X\ (&5 (NY) UNY).
Finally, PX (X} ¢ &' (WY)UNX for all t > 0) =1 for all z € X'\ (&5 (NY) UNY) because N X
is properly exceptional for X*.

e We have u(N) = 0. Indeed, u(N*X) = 0 by definition and, using Lemma

1 1

u(¢g_l(NU)) = 5/ ]I{\Il(z,r,u)G'i)S_l(_/\[U)}TVdZdT/B(du) — 7/ /B(NU)rVdZdT _ 0,
R"’ij_ xS RQX]R:

because B(NV) = 0. We used that ¥(z,7,u) € &5 (NV) & u € NV, since Os5(¥(z,7,u)) =u. O

2.9.2 An expression of dispersion processes on the sphere

We now study the dispersion process (Rx (Ut))i>0 , for K C [1, N]. The equation below can be
informally established if assuming that (2.1 rigorously holds true, after a time-change and several
It6 computations.

Lemma 2.22. Fiz N > 2 and 6 > 0 such that N > 6 and recall that ko = [2N/6]. Consider a
QSKS(0,N) -process U with life-time &, fix K C [1, N] such that |K| > 2, and set K = (K, K¢).
Recall that Gk . was introduced in Lemma[2.13, and observe that

GK7ODS:{UEU: min ||ui—uj|\>0}.
i€K,j¢K

Quasi-everywhere in Gk, NS, enlarging the filtered probability space (QV, MY, (MY )y>0,PY) if
necessary, there exists a 1-dimensional (MY);>o-Brownian motion (Wy;);>0 under PY such that

R (Up) =Rk (u) + 2/0 VR (Us)(1 = R (Us))AW + do,n (| K )t (2.51)

20 tul-ul

t
—d N/R Us)ds — = ——s =5 (U= Sk (Us))ds
o,.N (V) | x(Us) N N TTIE ( K (Us))

€K, jgK
for allt € [0,kK), where kg =inf{t > 0:U; ¢ Gk o}

As usual, kg < € because A ¢ Gk . Note also that if K = [1, N], then Rx(U;) = 1 for all
t €10,&), and that the constant process 1 indeed solves (2.51)).

Démonstration. We divide the proof in several steps. The main idea is to compute LY Rx and
LY (Rg)? and to use that Ry (U;) = R (u) + fot LY Ry (Ug)ds + My, for some martingale (M;);>0
of which we can compute the bracket. However, we need to regularize Rx and to localize space in
a zone where the last term of is bounded.

Step 1. We fix n > 1 and ¢ € (0, 1] and recall I‘i”fs € C(S), compactly supported in Gk ¢ NS,
was defined in Lemma ?El We want to apply Remark to RKI‘%’; and (RKI‘%’Z)?‘ We thus
have to show that RKI‘I%’TLE and (RKFi){”fE)2 belong to C°(U) for all n > 1, which is clear, and that

sup sup (|5 [RiT5L) ()| + |£5 (xR (w)]) < o
a€(0,1] ues
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for all n > 1. Since
LI(fg) = FLLg+ gL f+ Vsf - Vsg (2.52)

for all f,g € C°°(S) and recalling that sup,¢(g,1) SUPyes |£gF§{"E(u)| < oo by Lemma and
that Ff(’z is compactly supported in Gk o NS, the only issue is to verify that, for A compact in
GK70 ns,

sup sup |LY Ry (u)| < oo. (2.53)
a€e(0,1]ucA

Step 2. Here we prove that

[u® — u?|?

—— 2.54
[ —wlF+a 220

£ Riclu) =2(|K| 1) ~ 2N — DRye(u) + v Ric(u) 3

1<ij<N

0 ut —ul|? 20 ut —ul :
Sy el B s (- Skw)

i 02 i 02 ’
iergex W — W2 +a ieiger W — W * +a
and this will imply (2.53)) : the first four terms are obviously uniformly bounded on S, and the last

one is uniformly bounded on A (because A is compact in Gk o NS).

This will also imply, taking o = 0 and observing that 2(|K| —1) — %|K|(|K\ —1)=dgn(K]|)
and 2(N — 1) — £N(N — 1) = dg,n(N), that for all u € SN Es,

26 ut — ;
U = —_ _— —_— —_— . g j—
L7 Ric(w) = do.n (1K) = dox(NRic(w) = 5 > s - (@ = Sk(w)- - (2:55)
i€K,jEK
Step 2.1. We first verify that for all u € S,
(VsRi ()" =2(u’ — Sk (w) e ry — 2Rk (w)u’, i€ [1,N], (2.56)
AsRi(u) = 4(|K| — 1) — 4(N — 1) Rk (u). (2.57)
First, a simple computation shows that for z € (R?)V, for i € [1, N],

) 4(|K| -1

ViiRi(x) = 2(" — Sk () Miexy and  AyiRp(x) = (||K|)]I{ieK}, (2.58)

so that in particular VRk (z) € H and
VRi(z) 2=2) (¢ —Sk(x)) 2" =2 (2 - Sk()) - (2" — Sk (v)) = 2Rk (x).  (2.59)
1EK ieK
Next, proceeding as in ([2.14), we get V[Rx 0 @s](z) = ||ma (2)|| ' 7 a1 (T(r s (2))+ (VEK (Ps(2))))
for all x € E, so that
mh (2)-V Ric (s (2) p(z
T (VRK(%(&:)) - Wm(w)) _ VRk(r) - 2Ry (v) 2
[l ()] |l ()12

We used that VR (Ps(z)) = VR (x)/||7m ()| thanks to ([2.58), that VRk (z) € H by and
that 7y (z) - VRi(x) = - VRi () = 2Rk (x) by (2.59).

V(R o ®s)(z) =
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We first conclude that for u € S, since 7y (u) = v and ||u|| = 1,
VsRk(u) = V[Rk o ®g](u) = VRi (u) — 2Rk (u)u, (2.60)
which implies by .
Second, we deduce that for z € Ey,

1 _mh(T)

1 2 — . divry () 4R ()
Al o @sl(a) = (ARk (@) = 2V Ric(o) G = 2Rac(@) i + (o)
B 27 () ’ 2 ()
TrnGo  (VRs(@ = 2Re(e) ot ).

Using that divrg(z) = 2(N — 1), we conclude that for v € S, since 7y (u) = u, ||Ju|| = 1 and

u- VRK(’U,) = QRK(U) by ,
AsRgk(u) = ARk o ®s](u) = ARk (u) — 4Rk (u) — 4(N — 1)Rg (u) + 4Rk (u).

Since finally ARk (u) = 4(|K| — 1) by (2.58), this leads to (2.57).
Step 2.2. We fix u € S and show that setting I,(u) = — % doi<ij<N m - (VsRi (u))?,
it holds that S
0 [[u® — u?|? 4 [[u® — u?|?
(u) N Z ||uz,ug||2+a+N K (1) Z [ui — ]2 + o ( )
ieK,jeK 1<i,j<N

- QN& 3 _wmw (u' — S (w)).

2
- luf — uwi||? + «

By (2.56)), we may write I, = Iy o + I2,o, Where

26 u' —ul :
I - = —— T T e )
1,a(u) N Z [ —wl|? +a (u' — Sk (u))
ZGKJGHLN]]
20 u' —ul i
lalu) = FRe() > mimmig v

1<4,j<N

First, by symmetry,

Lol = -2 ¥ M-(ui—sK(u))—%) 3 “L;.uj-(ui—b}((u))

[ — W + i — WP Fa

i€eK,jeK 1€EK,jEK
26 wt — uf .20 ut — ul .
__ }: - = E ———— (u' — Sk (u))
i 7112 _ 2
N e i =i +a N = =P +a
__9 3 w20 u — W (u' — Sk (u))
- i g2 Nari — 312 — o - :
€K, jEK Hu v ” ta N ieK,j¢g K Hu “ H o

Second, by symmetry,
4 lu® — w2
holu) = GRe(w) > i umra
1<ij<N
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Step 2.3. Since LY Ryc(u) = AsRi (u u), ([2.54) follows from (2.57) and (2.61).

Step 3. By Steps 1 and 2, we can apply Remark [2.8 and Lemma [2.34] : quasi-everywhere, for
all n > 1, there exist two (MY );>o-martingales (M;"™);>0 and (ME’"’E)QO under PV, such that

t
(RiTS) (U) = (RicT%) () + MM + / £V (R T (U,)ds,
0

(BTS00 = (R0 M2+ [ 29 (il 2 (U
0
for all £ > 0. We recall that rx = inf{t > 0: U; ¢ Gk o} and introduce
KKne=1nf{t >0:U; & Gk .} N kK.
Since U, >1Gk . O Gk and since Gk - increases to Gk, as € = 0, see Lemma we conclude

that lime_o limy, o0 KK n,e = Ki. Next, since ngfg =1 on G NS, we have, for all € 0, KK nel,

Ric(U,) = Ry (u) + M}™ + / t LU Ry (U,)ds, (2.62)
0
(Ric(U)? = (R (u)? + M2™ + / £V (R3,)(Us)ds. (2.63)

Applying the It6 formula to compute (Rx (Uy))? from (2.62), recalling from (2.52) that £V (R%,) =
2Rk LY Rk + ||VsRi||? and comparing to (2.63)), we obtain that for ¢ € [0, kx ],

t
<M1’n’6>t:/0 ||VSRK(U9)H2dS

Hence, enlarging the probability space if necessary, we can find a Brownian motion (W});>0, which
is defined by W; = fot VsRi (Us)||~tdM LI for t € [0, Kk nc] and which is then extended to R,
such that M;"™* = fg |VsRk (Us)||dWs during [0, Kk n ). Hence, still for t € [0, Kk n.e),

Ric(U)) = Ric(u / IVsRi (U)W, + / LV Ry (U)ds (2.64)

But VR (u) = VR (u) — 2Ry (u)u by (2-60), whence
|VsRx ()| = 1V Rac (u) |2 — 4R (w)V R (u) -+ 4(Rc ().
Since ||[VRx (u)||? = 4Rk (u) by [@58) and VR (u) - u = 2Rk (u) by 259),
|VsRic (w)||? = 4Rsc () — 4(Ric (u))* = 4Rsc (u) (1 — Ric (u)).

Inserting this, as well as the expression (2.55) of LY Ry, in (2.64)), shows that Ry (U;) satisfies the
desired equation on [0, Kx p ). Since lim._,olim, o KK ne = KK a.s., the proof is complete. [
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2.9.3 A squared Bessel-like process

The equation obtained in the previous lemma will be studied by comparison with the process
we now introduce. This process behaves, near 0, like a squared Bessel processes.

Lemma 2.23. Fizd € R, a > 0 and b > 0 such that § + av/b < 2. For (Wi)i>0 a 1-dimensional
Brownian motion and for x € [0,1), consider the unique solution (S¢)i>o of

t t
Sy :a:+/ 2\/|SS(1755)|dW5+5t+a/ Vb +[Ss|ds. (2.65)
0 0

For z € R, set 7, =inf{t > 0: S, = z}. For ally € (z,1), it holds that P(ry < 1,) > 0.

Démonstration. This equation is classically well-posed, since the diffusion coefficient is 1/2-Holder
continuous and the drift coefficient is Lipschitz continuous, see Revuz-Yor [44, Theorem 3.5 page
390]. As in Karatzas-Shreve [34] (5.42) page 339], we introduce the scale function

: Y 0+ayb+ v
f(z):/l/zexp<—/1/2 2+|Ua(1 it)v dv)du.

This function is obviously continuous on (0,1) and one gets convinced, for example approximating
(+a/b+ [v])/(2lv(1—v)|) by (6+av)/(2|v]), that it is also continuous at 0 because § +av/b < 2.
By [34} (5.61) page 344|, we have

fly) = f=z)
P(rp < 1y) = . 2.66
7o <) = ) = 10) (200
for all y € (x,1). This last quantity is nonzero (which would not be the case if § + av/b > 2, since
then f(0) = —o0). O

2.9.4 Collisions of large clusters

We are now ready to give the

Proof of Proposition (z)—(u) We fix N > 4, 0 > 0 such that N > 0. We always assume that
dg,n(N) < 2 and we use the notation of Subsection m

Step 1. We consider € € (0,1] and K C [1, N] such that |K| € [2, N — 1] and dp, ~(|K]) < 2.
We introduce the constant ax = ¢|x|+1/(2¢|x|) With (ce)e, Ny defined in Lemma We prove
in this step that there are some constants pg . > 0 and Tx . > 0 such that, setting

55 —inf {t >0:Rg(U) > ¢ or I‘Eéi]I(IRKU{i}(Ut) < aKa} ANTg e,
7
with the convention that inf ) = ¢, it holds that quasi-everywhere on {u € U : Rk (u) < &/2},

pY (51‘5 =Cor it min R (U) < 2axce or Rye(U) = 0 for some € [0,5“)) > prce.

We introduce Z . = inficpsx.e) minggg Rgugiy(Us). We note that for all ¢ € [0,559),
Rk (Uy) < e and Zk . > age so that min;ex je¢x |Uf — U}|| > /2 thanks to the definition of ax
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and to Lemma This implies that 55¢ < kg, where we recall that kx = inf{t > 0: U, ¢ Gk}
was defined in Lemma [2.22] and that Gk,0 NS = {u € U : min;e g jex ||u’ — u/|| > 0}.

By the Cauchy-Schwarz inequality, and since Ry is bounded on U, there is a deterministic
constant C'k . > 0, allowed to change from line to line, such that for all ¢ € [0, %¢), we have

—do,N(N)Rk(Ur) — % Z UiZUL (U = Sk (Uy))

ieK,j¢K ”Utl - Utj||2
) 1/2
<CreeVRic(U) + Crce (3107 = (U
€K

<Ck .V Rr(Ut)
SCK,E b + RK(Ut)

where b > 0 is chosen small enough so that dg (|K|) +Ck Vb < 2. Actually, b is only introduced
to make the drift coefficient of Lipschitz continuous.

Recalling that Ry (Up) < £/2, the formula describing Ry (U;) € [0,1] for ¢ € [0, kx) D [0,55),
see Lemma considering the process (S;);>o solution to with x = €/2, § = dy N (|K]),
a = Ck . and with b introduced a few lines above, driven by the same Brownian motion (W;);>o,
and using the comparison theorem, we conclude that Ry (U;) < S, for all t € [0,5%°).

Setting 7, = inf{t > 0 : S; = z} for 2 € R and recalling the definition of 5%:¢, we conclude
that {Zx.c > 2axe} C {65 > 7. ATk c}. Indeed, on {inf,c(g 5.y minggx Ricugiy (Ur) > 2axe},
either 65 = Tk ., or (Rx(Uy))i>0 reaches € at time 6%¢ and we then have 7. < 5%, In both
cases, 75¢ > 7. A Tk .. Hence, using again that R (U;) < S; for all t € [0,5%),

{&K’E < ¢ and Zg . >2age and Sy =0 for some t € [0, 7. A TKJ]}
c{&K’E <¢ and Zg. > 2axe and Ry (Up) = 0 for some t € [0,&“)}.

But AN B’ C A°N B gives P(AUB) =P(A) +P(A°NB) > P(A) + P(A°NB’') =P(AU B').
Hence

PY (&K’E =€ or Zx.<2axe or Ri(Uy) =0 for some t € [0,&K’€))

u

>pY (&K’E =& or Zg. <2age or Sy =0 for somet € [0,7: A TK’E))

>PY (St = 0 for some ¢ € [0, 7. A TK1€)>.

This last quantity equals P(1y < 7. ATk ) and does not depend on u such that Rx (u) < &/2. But

P(1y < 7.) > 0 by Lemma and since dg n (|K|) + Ck Vb < 2. Hence there exists Tk . > 0 so
that P(19 < 7. ATk ) > 0 and this completes the step.

Step 2. We prove (ii), i.e. that when dg x(N — 1) € (0,2), for any K C [1, N] with cardinal
|K| = N —1, quasi-everywhere, PX-a.s., Rx(X;) vanishes during [0, (). By and Remark
and since PY(¢ = co) = 1 quasi-everywhere by Lemma (ii)7 it suffices to check that quasi-
everywhere, PU-a.s., (R (U;))i>0 vanishes at least once during [0, o0).
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We fix K C [1, N] with |K| = N —1, set g = 1/(4ax) and introduce 7 = 0 and for all k£ > 0,
T = inf{t > 75 R (Uy) < e0/2},
FE L =inf{t > 7l Re(Up) > eo} A (T8 + Teeo)-

with Tk, defined in Step 1. All these stopping times are finite since (€Y, FV) is recurrent by
Lemma (ii). We also put, for k& > 1,

QF = {Rk(U;) = 0 for some ¢ € [7f<, 7X]}.

We now prove that PY (Ng>1(Q25)¢) = 0 quasi-everywhere, and this will complete the proof of (ii).

For ¢ > 1, since Oiz (Q e s MU -measurable, the strong Markov property tells us that
Tet

1

PY (it (@F)) =E [(HLQK PG (@),

i1

We now prove that PY(QF) > pg ., quasi-everywhere on {u € U RK( ) < 50/2}. For such

a u, we have 7 = 0. Moreover, for all i ¢ K, we have Riugiy(u }gl =1 > 2akep

thanks to our choice of ¢. Hence TlK = 5520 recall Step 1. Since ﬁnally g0 < oo = ¢ and since

Riugiy(Ur) = Rpnp(Ur) = 1 > 2akeg for all t>0andalli¢ K,
of :{RK(Ut) =0 for some t € [O,&K’EO]}

:{&K’EO =¢ or inf min Ry (Us) < 2ageq or Rk (Uy) = 0 for some t € [0,5™ 80]}
te[0,65:20) i¢g K

Hence Step 1 tells us that PY(QF) > px ., quasi-everywhere on {u € U : R (u) < g¢/2}.
Since RK(UT[Ijrl) < &0/2, we have proved that for all £ > 1,

PY (L (f)) < (1= pree)BY (0 (F)°).

This allows us to conclude that indeed, PY (N2, (25)¢) = 0.

Step 3. We prove (i), i.e. that if dg (N — 1) < 0, then Py (infjg¢) Ry, v7(X:) > 0) = 1 quaSk
everywhere. By Remarku and -7 it suffices to show that quasi-everywhere, PV (¢ < o0) =

For all K C [1,N], all € € (0, 1], we introduce &, K& — 0 and for all k > 0,
K,e ~ K. | .
Uk+l =inf 4t > Oy : RK(Ut) < 6/2 and IQIII(IRKU{Z}(UO > 2(1}(8 y
affl inf {t > U]ﬁgl :Ri(Up) > € or Iéll}f{l Riupy(Up) < aKE} A (UkJr1 +Tk.),

with Tk . defined in Step 1 and with the convention that inf () = &.

Step 3.1. We fix € € (0,1] and assume that |K| > ko, so that dg v (| K|) < 0 by Lemma. 2.1} We
prove here that qua51 everywhere PU-a.s., either there is ¢ € [0,&) such that Ry (U;) = 0 or there
is k > 1 such that Jk+1 = £ or there is k 2 1 such that 1nft€[gi<,a %) min;¢ x Riugiy (Ur) < 2ake.
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It suffices to prove that P (Ngs1 (24 )¢) = 0, where

Qe = { f a(U) <2
g Pk =€ o ot T ot (U] < 2arce

or Ry (U;) = 0 for some ¢ € [0, Ke 5£(E>}_

But for all £ > 1, N¢_ 1(QK )¢ is MYy .-measurable, whence, by the strong Markov property,

Z+1

B (2 0) = B8 (1T R ot (97)) 0 B s 7).

Z+1

We used Step 1, that RK(UU;«E) < £/2 on the event (Qf’g) C {O'£+1 < &}, as well as the inclusion
+1
=&} C {0k+1 = ¢}. One easily concludes.

Step 3.2. For all K C [1, N] such that |K| > ko, quasi-everywhere, PU-a.s., there is no ¢ € [0, €)
such that Rx (U;) = 0. Indeed, on the contrary event, there is ¢ € [0, &) such that U; ¢ Ej,, whence
U ¢ U, which contradicts the fact that ¢ € [0, §).

Step 3.3. We show by decreasing induction that
P(n) : quasi-everywhere, PY-a.s. on the event {¢ = oo}, b, = ming|x|=p} inf;>0 Rx (U;) > 0

holds true for every n € [ko, N]J.
The result is clear when n = N, because for all ¢ € [0,€), Ry ny(Us) = 1.

We next assume P(n) for some n € [ko + 1, N] and we show that P(n — 1) is true. We fix
K C [1, N] with cardinal | K| = n—1 and we apply Step 3.1 with K and with some € € (0, b,,/(4ax))
(b, is random but we may apply Step 3.1 simultaneously for all ¢ € Q+ (0,1]) and Step 3.2, we
ﬁnd that on the event { = oo}, there either exists & > 1 such that UkH = o0 or k > 1 such that

te[a,ﬁ‘ < 5% min;¢ x Riugiy (Ur) < 2axe. This second choice is not possible, since by induction

assumption, Rx (3 (Us) > by, for all t > 0 and all i ¢ K. Hence there is & > 1 such that a,fjfl = o0.

By definition of o’,i( fl, this implies that, still on the event where £ = oo, there exists ¢y > 0 such
that for all £ > to, either Ri(Ut) > /2 or min;ex Riugiy (Ur) < 2axe. Using again the induction
assumption, we get that the second choice is never possible, so that actually, Rk (U;) > £/2 for all
t > tp. Since (R (Uy))i>0 is continuous and positive on [0, tg] according to Step 3.2, this completes
the step.

Step 3.4. We conclude from Step 3.3 that quasi-everywhere, PU-a.s. on the event {¢ = oo},
U; € K for all t > 0, where
K={uel:forallne [ko,N], all K C [1,N] with |K| =n, Rx(u) > by,}.

This (random) set is compact in I/, so that Lemma (1) tells us, both in the case where (€U, FY)
is recurrent and in the case where (€Y, FU) is transient, that this happens with probability 0. Hence
quasi-everywhere, PV (¢ = oo) = 0 as desired. O
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2.9.5 Binary collisions

We finally give the

Proof of Proposition [2.19(iii). We assume that N > 4, that 0 < dg n(N) < 2 < dp (N — 1)
and observe that § < 2 and kg > N, so that X = (R2)N and &/ = S. The QK S(#, N)-process X
is non-exploding by Proposition [2.16}(i), and the QSKS(6, N)-process U is irreducible recurrent
by Lemma (ii). In particular, { = & = oo a.s. We divide the proof in 4 steps. First, we prove
that X may have some binary collisions with positive probability. Then we check that this implies
that U also may have some binary collisions with positive probability. Since U is recurrent, it will
then necessarily be a.s. subjected to (infinitely many) binary collisions. Finally, we conclude using
(12.50)).

Step 1. We set K = ({1,2},{3},...,{N}) and

K = {x € B(0,C): |2 — 2% <1 and min o — 27|| > 10},
i€[1,N].j€[3,N],i#j

with C large enough so that u(K) > 0. We show in this step that PX (A) > 0 quasi-everywhere in
K, where

A= {th = X7 for some ¢ € [0,1] and H%(I)Ii] Ry np(Xt) > O}.
telo,

To this end, we fix x € K and introduce the set

1 2 1 2
O:{yE(R2)2:R{1,2}(y)<2, Hy ;—y _z —;—CL' H<l}7

and B; = {y € R? : ||y — 2%||? < 1} for i € [3, N]. Clearly, there is some ¢ € (0,1] such that
L= {y € (RN : (y',y*) €O and y' € B; for all i € [[3,N]]} C GKpes

where as usual Gk . = {y € B(0,1/e) : Vi € [1,N], Vj € [3,N]\ {i}, ||y’ — v?||* > &}, recall
that X = (R?)Y because kg > N.

Since Gk - is obviously included in {y € (R?)Y : Ry n7(y) > 0}, we conclude that

PX(4) >PX (Xg = X2 for some ¢ € [0,1] and X; € L for all £ € [0, 1])

ZCI_};’KQ;’E’K (th = X? for some t € [0,1] and X; € L for all t € [0, 1])

by Proposition with T' = 1. We now set 7x . = inf{¢t > 0 : X; ¢ Gk }. Proposition m
tells us that, quasi-everywhere in K C Gk, the law of (Xt)te[O,rK,E} under Q1=K equals the law
of Vi = (Y1, ..., YN )i,k .] Where (Y1, Y2)>0 is a QKS(20/N, 2)-process issued from (z',2?),
where for all i € [3, N], (Y')i>0 is a QK S(6/N, 1)-process, i.e. a 2-dimensional Brownian motion,
issued from z°, and where all these processes are independent. We have set 7x . = inf{t > 0:Y; ¢
Gx e }. This implies, together with the fact that {X; € L for all ¢ € [0,1]} C {rx . > 1}, that

N
PY(A) > Cf;K PH qi
=3
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quasi-everywhere in K, where
p= IP’( min Ry (V) ¥2) =0 and (), ¥7) €0 for all 1 € [0, 1]),
sg|0,

and where ¢; = P(Y; € B; for all t € [0,1]). Of course, g; > 0 for all i € [3, N], since (Y}});>0 is a
Brownian motion issued from z*. Moreover, we know from Lemma that (M; = (Y,'+Y?)/2)i>0
is a 2-dimensional Brownian motion with diffusion coefficient 271/% issued from m = (z! + 22)/2,
that (R; = Rpi23 (Y, Y?)))i>0 is a squared Bessel process of dimension dag/n2(2) = do,n(2)
issued from r = ||zt —22||?/2 € (0,1/2), and that these processes are independent. Hence, recalling
the definition of O,

p= IP’( min Ry, =0 and max R, < 2)[?’( max ||M; —m]|| < 1).
s€[0,1] s€[0,1] s€[0,1]

This last quantity is clearly positive, because a squared Bessel process with dimension dg n(2) €
(0,2), see Lemma does hit zero, see Revuz-Yor [44, Chapter XI].

Step 2. We now deduce from Step 1 that the set F' = {u € U : u* = u?} is not exceptional for
U. Indeed, if it was exceptional, we would have PY(3 ¢ > 0 : U; € F) = 0 quasi-everywhere. By
and Remark this would imply that quasi-everywhere, PX (3t € [0,7) : X; € G) = 0,
where G = {z € X : 2! = z?} and 7 = inf{t > 0 : Ry nj(X;) = 0}. But on the event A
defined in Step 1, there is ¢ € [0,1] such that X; € G and it holds that 7 > 1. As a conclusion,
PX(3t€[0,7): X; € G) > 0 quasi-everywhere in K, whence a contradiction, since p(K) > 0.

Step 3. Since (€Y, FY) is irreducible-recurrent and since F' is not exceptional, we know from
Fukushima-Oshima-Takeda [24, Theorem 4.7.1-(iii) page 202] that quasi-everywhere,

PU(Yr>03t>r : U, €F)=1.

Step 4. Using again and Remark and recalling that £ = oo and that p is an increasing
bijection from [0, 00) to [0, 7), we conclude that quasi-everywhere, PX-a.s., X; visits ' (an infinite
number of times) during [0, 7). Of course, the same arguments apply when replacing {1, 2} by any
subset of [1, N] with cardinal 2, and the proof is complete. O

2.10 Quasi-everywhere conclusion
Here we prove that the conclusions of Theorem [2.5 hold quasi-everywhere.

Partial proof of Theorem[2.5, We assume that > 2 and N > 36, so that kg = [2N/0] € [7, N],
and consider a Xa-valued QKS(0, N)-process X with life-time ¢ as in Proposition where
X = Ey,.

Preliminaries. For K C [1, N] and € € (0,1], we write 7 = inf{t > 0: X; ¢ Gk} € [0,(]
and G = {zr € X : mineg ¢k ||2" — 27||> > €} N B(0,1/¢) instead of 7k . and Gk . with
K = (K, K°) as in Proposition We also write Q15K instead of Q7K and recall that it is
equivalent to PX on M7 = o(X, : s € [0,T)).

Setting X/ = (X})iex and XX = (X})ic k<, we know that quasi-everywhere in Gx ., the law
of (XX, XtKC)te[o,TK,EAT] under Q2-5¥ is the same as the law of (Y3, Z)sc[0,7,c . a1)> Where (Y)s>0 is
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a QKS(]K|0/N,|K]|)-process issued from x|k and (Z;);>0 is a QK S(|K°|0/N, |K¢|)-process issued
from x|, these two processes being independent, and where 7 = inf{t > 0: (Y}, Z;) ¢ Gk}
We denote by ¢¥ and (Z the life-times of (Y;);>0 and (Z;)¢>0. The life-time of (Y, Z;);>0 is given
by ¢/ = ¢¥ A ¢Z and it holds that 7. € [0,(’].

No isolated points. Here we prove that for all K C [1,N] with dg n(|K]|) € (0,2), quasi-
everywhere, we have PX (Ax) = 0, where Ax = {Zx has an isolated point} and

Zx ={t € (0,¢) : there is a K-collision in the configuration X,}.

On Ag, we can find u,v € Q4 such that u < v < ¢ and such that there is a unique t € (u,v)
with Ry (X;) = 0 and min;¢ g Rgugi3(X¢) > 0. By continuity, we deduce that on A, there exist
r,s € Qp and ¢ € QN (0,1] such that r < s < (, X; € Gk, for all t € [r,s] and such that
{t € (r,s) : Rkg(X:) = 0} has an isolated point. It thus suffices that for all r < s and all € € (0, 1],
that we all fix from now on, quasi-everywhere, PX (Ag ;. s..) = 0, where

Ak rse = {Xt € Gg forallt € (r,s) and {t € (r,s) : Rx(X;) = 0} has an isolated point}.

By the Markov property, it suffices that PX (A o s.c) = 0 quasi-everywhere in G . and, by equi-
valence, that Q5% (A K.,0,s,c) = 0 quasi-everywhere in G .. We write, recalling the preliminaries,

Q;}E’K(AK,O,S,E) :Q;,E,K <7‘K,s > s and {t c ((], 5) : RK(Xt) = O} has an isolated pOiIlt)
:]P’(i—K,E > s and {t € (0,s) : Rx(Y;) = 0} has an isolated point)

S]P’( {t € (0,s) : Rx(Y;) = 0} has an isolated point).

But (Y7)i>0 is a QKS(|K|0/N, | K]|)-process, so that we know from Lemma that (Ri (Y1))i>o0
is a squared Bessel process with dimension d|xg/n, x|(|K]) = dg,n(|K]) € (0,2). Such a process
has no isolated zero, see Revuz-Yor [44] Chapter XI].

Point (i). We have already seen in Proposition M(u) that quasi-everywhere, PX-a.s., < oo
and X = limy . X, exists in (R?)Y and does not belong to Ej,.

Point (ii). We want to show that quasi-everywhere, PX-a.s., there is Ko C [1, N] with |Kq| = ko
such that there is a Ko-collision and no K-collision with |[K| > ko in the configuration X._. We
already know that X._ ¢ Ej, so that there is K C [1, N] with |K| > ko such that there is a

K-collision in the configuration X._. Hence the goal is to verify that quasi-everywhere, for all
K C [1,N] with |K| > ko, PX(Bg) = 0, where

Bg = {There is a K-collision in the configuration X._}.

On By, there is ¢ € QN (0, 1] such that X € Gk 2.. By continuity, there also exists, still on By,
some r € Q4 N0, ) such that X; € Gk . for all ¢ € [r, (). Hence we only have to prove that for all
e€Qn(0,1], all t € Q, all T € Q4 such that T > r, quasi-everywhere, PX (B . 1.) = 0, where

Birre=1{C€ (rnT], X, € Gg forall t € [r,{) and Rg(X.—) = 0}.

By the Markov property, it suffices that IP’f (Brk,o,1,e) = 0 quasi-everywhere in Gk, for all € €
QnN(0,1] and all T € Q%. We now fix e € QN (0,1] and T' € Q. By equivalence, it suffices to



2.10. QUASI-EVERYWHERE CONCLUSION 89

prove that QZ’E’K (Bk,0,1,e) = 0. Using the notation introduced in the preliminaries, we write

Qz’E’K(BK’O’T’E) :QE,E,K (C S T, TK,e = < and RK(XC—) — [))
:P(C/ <T, 7x.=¢ and Rg(Yer—) = 0)

gP( inf Ry (Y) = 0).
t€[0,¢Y)

But (Y;)i>0 is a QKS(|K|0/N, |K|)-process with |K| > ko > 7 and with d|xo/n, |k |(|K] — 1) =
dg n(JK|—1) <0 by Lemmabecause |K|—1 > ko. We also have d|xo/n, k| (| K|) = do,n (| K]) <
0. Hence Proposition [2.19}(i) tells us that P(inf,cjo,cv) R (Y;) = 0) = 0.

Point (iii). We recall that k1 = kg — 1 and we fix L C K C [1, N] with | K| = ko and |L| = k;.
We want to prove that quasi-everywhere, PX-a.s., if Ry (X¢_) = 0, then for all ¢ € [0, (), the set
Zp, N (t,¢) is infinite and has no isolated point. But since dg n(k1) € (0,2), see Lemma [2.1} we
already know that Z; has no isolated point. It thus suffices to check that quasi-everywhere, for all
r € Qy, we have PX (Ck 1) = 0, where

Ck,pr={¢>r Rx(X,_)=0, and Rp(X;) >0 for all ¢t € (r,()}.
We used that since |L| = k1 = ko —1, for all x € X = Ej,, there is a L collision in the configuration
x if and only if Ry (x) = 0.

On Ck, r, thanks to point (ii) , there are e € QN (0,1], T € Q4 and s € Q% N [r,() such
that ¢ € (s,T] and X; € Gk for all t € [s,(). Thus it suffices to prove that for all s < T and all
e € (0,1], that we now fix, quasi-everywhere, PX (Ck 1. s.7.) = 0, where

OK,L,s,T,s = {C S (S,T], RK(XC—) =0, Xy € GK,s and RL(Xt) >0 forallte [S,C)}

By the Markov property, it suffices that PX(Ck 1 or1.) = 0 quasi-everywhere in G . and, by
equivalence, that Q1¢¥ (Ck 1 o.7.c) = 0. Recalling the preliminaries, we write

@z’g’K(CK,L,O,T,s) :Qz,s,K (C <T, RK(XC—) =0, TK,e = ¢ and RL(Xt) >0 forallte [0, C))

:]P’((’ <T, Rg(Yer) =0, 7. = ¢" and Ry (Y;) > 0 for all t € [0, g’)).

Setting ox = inf{t > 0 : Rx(Y;) = 0}, we observe that o = ¢¥. Indeed, |K| = ko and (Y;)i>0
is a QKS(|K|0/N,|K]|)-process, of which the state space is given by YA = Y U {A}, where Y =
{y € RY)IEI: Ryr(y) > 0 for all M C [1, N] such that [M| > ko}, because [2|K|/(|K|0/N)] =
[2N/0] = ko. Hence {Rk (Yer—) = 0} C {{’ = ok}, so that

Qz’E’K(CK,L,O,T,e) <P(RL(Y:) >0 forallt € [0,0k)).

This last quantity equals zero by Proposition (ii), since d|gjg/n, k| (| K| = 1) = do, n (| K| —1)
dg n(ko — 1) € (0,2) by Lemma and since [L| = k; = |K| — 1 and since d|x|o/n, k|| K]) =
dQ,N(IKD = ngv(k‘o) <0<2.

Point (iv). We assume that ko = ko — 2, i.e. that dg (ko — 2) € (0,2). We fix L C K C [1,N]
with |K| = k; and |L| = ko. We want to prove that quasi-everywhere, PX-a.s., for all ¢ € [0, (), if
there is a K-collision in the configuration X, then for all r € [0,¢), the set Zr N (r,t) is infinite
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and has no isolated point. We already know that Z;, has no isolated point. It thus suffices to check
that quasi-everywhere, for all r € Q. , we have PX (Dk,1.r) =0, where
Dk 1» = {¢ > r and there is t € (r, () such that there is a K-collision at time ¢
but no L-collision during (r,¢)}.

We set ok, = inf{t > r : there is a K-collision in the configuration X;}. It holds that
Dk rr={¢>r ok, <( and there is no L-collision during v € [r,ox ) }.

On Dk 1, there exists ¢ € QN (0, 1] such that X,, =€ Gk 2., so that by continuity, there exists
v € QyN[r,ok,) such that X,, € Gk for all u € [v, 0k ,]. Observe that ok, = ok, and that for
all t € [v,0K,y), there is a L-collision at time ¢ if and only if Ry (X;) = 0, by definition of ok, and
since Xy € G . All in all, it suffices to prove that for all v € Q, alle € QN (0,1}, all T € Q7 ,
PX(Dk,10,1,:) = 0 quasi-everywhere, where

Di.rpvre=1{C€ (v,T), 0k <(, Xy € Gg,e and R (X,) >0 for all u € [v,0x,)}

By the Markov property, it suffices to prove that Pf (Dk,L01,e) = 0 quasi-everywhere in Gg .
and, by equivalence, we may use Q1*¥ instead of PX. But recalling the preliminaries,

Qg’E’K(DK,L,O,T,s) :QE,E,K (C <T, oko<C, Tke > 0kpo and Rp(X;) >0 for all ¢ € [0, U[go))

:}P’(g‘/ <T, G50 <C, Frce>bx0 and Ry(Y;) > 0 forall t € [0,5,(70))
S]P’(RL(Yt) >0 forall t € [0,&K,0)),

where we have set 6k o = inf{t > 0: Rg(Yz) = 0}. Finally, P(R.(Y;) > 0 for all ¢ € [0,5k,0)) =0
by Proposition 2.19}(ii), because (Y;)¢>0 is a QK S(|K|0/N, |K|)-process, because |L| = ky = |K|—
1, because d|xg/n, x| (| K| —1) = dg N (| K| —1) = dp n(k2) € (0,2) and because d|xo/n, x| (| K|) =
do,N(|K|) = do,n (k1) € (0,2).

Point (v). We fix K C [1, N] with cardinal |K| € [3, k2 — 1], so that dg v (] K]) > 2. We want to
prove that quasi-everywhere, PX-a.s., for all ¢ € [0, (), there is no K-collision in the configuration
X;. We introduce oxg = inf{t > 0 : there is a K-collision in the configuration X;}, with the
convention that inf ) = ¢, and we have to verify that quasi-everywhere, PX (o5 < ¢) = 0.

On the event {ox < (}, there exist e € QN (0,1] and 7 € Q% N[0, 0x) such that X; € Gk . for
all t € [r, ok]. Hence it suffices to check that for alle € QN(0,1], all» € Q% and all T' € Q% N(r, c0),
which we now fix, quasi-everywhere, PX (F 1) = 0, where

Frrre={0kx € (r,( NT) and X; € Gk, for all ¢t € [r,ox]}.

By the Markov property, it suffices that PX (Fxor.) = 0 quasi-everywhere in G . and, by
equivalence, that Q1'¢¥ (Fr 1) = 0. Recalling the preliminaries, we write

QLK (Fr o 1) =QLK (UK € (0,(AT) and T > UK)
:IP’<&K € (0, AT) and 7x. > &K)

<P{ inf Y,) =
<F( daty T 0 = 0).
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where we have set 6x = inf{t > 0 : there is a K-collision in the configuration (Y, Z;)}. Since
(Y2)i>0 is a QK S(|K|6/N, | K|)-process, we know from Lemma that (R (Y;))i>0 is a squared
Bessel process with dimension d|xg/n,x|(|K|) = dg,n(]K|) > 2. Such a process does a.s. never
reach 0.

Point (vi). The proof is exactly the same as that of (iv), replacing everywhere k; by ko and
ks by 2, and using Proposition M(iii) instead of Proposition M(ii), which is licit because

0 < diyo/N ko (F2) < 2 < dpyg Ny (k2 — 1), since di,o/n 1, (k2) = do,n(k2) and dy,o/n k, (k2 — 1) =
dg n(ke — 1) and by Lemma O

2.11 Extension to all initial conditions in Es

We first prove Proposition : we can build a KS(6, N)-process, i.e. a QKS(6, N)-process
such that PX o X; ! is absolutely continuous for all z € E and all + > 0. We next conclude the
proofs of Proposition 2.3] and of Theorem [2.5]

2.11.1 Construction of a KS(f, N)-process
We fix 6 > 0 and N > 2 such that N > 6 during the whole subsection. For each n € N*| we
introduce ¢, € C*°(Ry,R%) such that ¢, (r) = r for all r > 1/n and we set, for z € (R?*)V,
m,(z) = [ [Bullz' =27P)7Y  and  pa(dz) = my(2)de.
1<i#j<N

We then consider the (R?)V-valued S.D.E

t

X'=xz+ B+ / ds, (2.67)
0

which is strongly well-posed, for every initial condition, since the drift coefficient is smooth and

bounded. We denote by X" = (", M", (X{")t>0, (P})ze®2)~) the corresponding Markov process.

Lemma 2.24. For alln > 1, X" is a p,-symmetric (R?)N -valued diffusion with regular Dirichlet
space (E™, F™) with core C°((R%)N) such that for all p € C((R?)N),

1
E(p.p) = & / IV lPdpn.
2 (RQ)N

Moreover P? o (X))~ has a density with respect to the Lebesque measure on (R*)N for allt > 0
and all v € (R?)N.

Démonstration. Classically, X" is a u,-symmetric diffusion and its (strong) generator £" satisfies

that for all ¢ € C2°((R*)N), all z € (R?)N, L7p(x) = $Ap(z)+ Z:::((;)) -V(z). Hence, see Subsec-

tion[2.13.1} one easily shows that for (€™, F™) the Dirichlet space of X", we have C>°((R?)Y) c F»
and, for p € C((R?)N), E"(p,¢) = %f(Rg)N |Vel|2dp,. Since (E™, F™) is closed, we deduce that

n
&

Ce(RH)N) - c F,



92 CHAPITRE 2. COLLISIONS
where E(-,-) = (-, ) + || - ||2L2((R2)N i) But thanks to [24, Lemma 3.3.5 page 130],

Fr c{p € L(R)Y, un) : Voo € L2((R*)™, pn) },

where V is understood in the sense of distributions. Since finally

CE(RDN) = {p € LARY)Y, ) : Vi € LA((RHY, i)},

X" has the announced Dirichlet space. Finally, the absolute continuity of P?o(X*)~1, for ¢ > 0 and
r € (R%)N, immediately follows from the (standard) Girsanov theorem, since the drift coefficient
is bounded. O

For all z € Fy we set d, = min;»; [|z* — 27]|2. For n > 1, we introduce the open set
n 2\N 1
E} :{xe(R) :dy >~ and ||$H<n}. (2.68)

We also fix a QKS(6, N)-process X = (%X, MX, (X;)i>0, (PX)sex, ) for the whole subsection.

Lemma 2.25. There exists an exceptional set Ny C Eo with respect to X such that for allm > 1,
for all x € EY \ Ny, the law of (X7}, )i>o0 under P} equals the law of (Xiae, )i>0 under PX where

T, =inf{t >0: X' ¢ E}} and o, =inf{t >0: X, ¢ E}}.

Démonstration. We fix n > 1. Applying Lemma [2.38] to X" and X with the open set EF, using
that m,, = m on E¥ and Lemma 2.24] we find that the processes X" and X killed when leaving
EY% have the same Dirichlet space. By uniqueness, see |24, Theorem 4.2.8 page 167|, there exists
an exceptional set N, such that for all x € EJ \ N, the law of (X}");>¢ killed when leaving
E» under P? equals the law of (X;)¢>o killed when leaving E} under PX. We conclude setting
Ny = Un21./\/n. O

Lemma 2.26. For all exceptional set N with respect to X, all n > 1 and all z € EY, we have
P2(X? ¢ N)=1.

Tn
Démonstration. We fix N an exceptional set with respect to X, n > 1 and = € EZ. For ¢ € (0,1],
we write

PU(XD € N) S PHry <€)+ P(7n > €, X2 € N) = Pl(7, <€)+ E[Igy, 5y Pn (X2 € N

by the Markov property. But by Lemma for all y € E3 \ No, the law of (X7, )i>0 under
Py is equal to the law of (Xino, )t>0 under IP’;(. Since Ny U N is exceptional for X, we can find
N’ D NgUN properly exceptional for X (see Subsection [2.13.1]). Hence for all y € B3 \ N7,

n n n n _ pX _
Py (X} e N) <Py(XZ e N') =P (X,, e N')=0.
Since P? o (X2)~! has a density by Lemma [2.25, we conclude that P? (X" € N”) = 0 and thus that

P2-a.s., we have P4, (X7 € N) = 0. All in all, we have proved that P} (X" € N) < P (7, < ¢),
and it suffices to let € — 0, since P? (7, > 0) = 1 by continuity and since z € EJ. O
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Using Lemmas and [2.26} it is slightly technical but not difficult to build from X and the
family (X"),>1 a Xa-valued diffusion X = (Q%, MX | (X})i>0, (PX)zecx, ) such that

x

o for all z € Xa \ Ny, the law of (X;);>o under PX equals the law of (X;);>o under PX,

o for all € N, setting n = 1+ |max(1/d,, ||z||)] (so that 2 € EY), the law of (X;rs, )¢>0 under
PX is the same as that of (X{hr, )e>0 under P7 and the law of (X5, 1¢)s>0 under PX conditionally on
/\;lg(n equals the law of (X});>o under ]P’§ . We have used the notation &, = inf{t > 0: X, ¢ E}}

and M¥ = o(X,:s€0,]).
Remark 2.27. For all © € Ey, setting n = 1+ |max(1/d,, ||z||)], the law of (Xirs, )i>0 under

PX is the same as that of (Xthr, )0 under P7.

Démonstration. This follows from Lemma when z € Ey \ Ny and from the definition of X
otherwise. O

We can finally give the

Proof of Proposition[2.4 We fix N > 2 and 6 > 0 such that N > 6 and we prove that X defined
above is a K S(#, N)-process. First, it is clear that X is a QK .S (6, N)-process because X is a Xa-
valued diffusion and since for all z € XA \ Np, the law of ()N(t)tzo under I@f equals the law of
(X1)i>0 under PX, with Aj exceptional for X. It remains to prove that for all z € Es, all t > 0
and all Lebesgue-null A ¢ (R?)N, we have PX (X, € A) = 0. We set n = 1+ [max(1/d,, ||z||)] and
write, for any € € (0,t),

PX(X, € A) <PX(6n>e,Xi € A)+ P (6, <€) =B [I(5,5P% (Xi—c € A +PY (6, < 2).

Since X is p-symmetric (because it is a QK S(6, N)-process), since P,_.1 < 1, where P, is the
semi-group of X and since A is Lebesgue-null,

/ Py(Xi—c € A)p(dy) < p(A) =0.
(R2)N
Hence there is a Lebesgue-null subset B of (R?)N (depending on ¢t —¢) such that B, (X, . € A) =0
for every y € (R?)" \ B. We conclude that

PX(X, € A) <PX(6, >¢,X. € B)+PX(6, <¢e) =P, >¢,X" € B) + PX(5, <e),
where we finally used Remark [2.27 Since B is Lebesgue-null, we deduce from Lemma [2.24] that

P2 (1, > &, X € B) = 0. Thus PX(X; € A) < PX(5, < ¢), which tends to 0 as ¢ — 0 because
PX (5, > 0) = 1 by continuity. O

2.11.2 Final proofs

We fix § > 0, N > 2 such that N > 6 and a KS(0, N)-process X, which exists thanks to
Subsection [2.11.1} We recall that EJ was introduced in (2.68) and define, for all n > 1, 0, =
inf{t >0: X, ¢ E7}, as well as the o-field

G =Nyp>10(Xo, +1,t > 0).
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Lemma 2.28. Fiz A € G. If PX(A) = 0 quasi-everywhere, then PX(A) =0 for all x € Es.

Démonstration. We fix A € G such that P=X(A) = 0 quasi-everywhere. There is an exceptional set
N such that for all x € Ey \ N, PX(A) = 0. We now fix z € Ey and set n = 1+ |max(1/d,, ||z|])].
For any ¢ € (0,1],

PY(A) SPY (0 <€)+ PY [0y > €, Al.

By the Markov property and since A € G C 0(X,, 4++,t > 0), we get
Pa)a( [Uﬂ > €, A] = Eg)c([]l{an>s}P))§E (A)]

But the law of X, under P}’ has a density, so that PX (X. € V) = 0, whence P)Y (Py_(4) = 0) =1
Hence PX[o,, > ¢,A] = 0 and we end with PX(A4) < PX(7, < ¢). As usual, we conclude that
PX(A) = 0 by letting € — 0. O

We are now ready to give the

Proof of Proposition[2.3 Let 6 € (0,2) and N > 2. Since our K.S(6, N)-process X is a QK S(0, N)-
process, we know from Proposition M( ) that PX(¢ = o0) = 1 quasi-everywhere. We want to
prove that PX({ = 00) = 1 for all x € Fy. By Lemma E it thus suffices to check that {¢ = co}
belongs to G, which is not hard since for each n > 1,

{{=}={XeXforallt >0} ={X; € X forallt > o0,} € 0(Xy,+t,t > 0).

For the second equality, we used that X, € E C X for all ¢ € [0,0,] by definition. O

Proof of Theorem[2.5 Let § > 2 and N > 36. Since our KS(6, N)-process X is a QKS(0, N)-
process, we know from Section that all the conclusions of Theorem hold quasi-everywhere.
In other words, PX(A) = 1 quasi-everywhere, where A is the event on which we have ¢ < oo,
Xeo = limyye- Xy € (RN there is K € [1, N] with cardinal |Ky| = ko such that there is a
Ko-collision in the configuration X._, etc. We want to prove that P (A4) = 1 for all € E>. By
Lemma, it thus suffices to check that A belongs to G. But for each n > 1, A indeed belongs
to 0(Xs, ++,t > 0), because no collision (nor explosion) may happen before getting out of EY. O

We end this section with the following remark (that we will not use anywhere).

Remark 2.29. Fiz 6 > 0 and N > 2 such that N > 0. Consider a KS(0,N) process X and
define o = inf{t > 0 : X, ¢ Ex}. For all x € Es, there is some (M{X);>o-Brownian motion
((Bf)t>0)icp,ny (of dimension 2N ) under Py such that for all t € [0,0), all i € [1,N],

7/
Xi=a2"4+ Bl — — / ds. (2.69)
N2 )y iixi- T

Démonstration. It of course suffices to prove the result during [0, o), Where op = inf {t >0: X, ¢
E}}. For any x € ET and for a given Brownian motion, the solutions to (2.69) and (2.67)) classically
coincide while they remain E¥, because their drift coeflicients coincide and are smooth inside E7.
Hence, recalling the notation of Subsection it suffices to prove that the semi-groups P;(z, -)
and P/*(z,-) of the Markov processes X and X" killed when getting out of E¥ coincide for all
x c Ey.
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By Lemma [2.25] there is an exceptional set Ny such that Py(z,-) = P/*(,-) for all z € E5 \ N.
We next fix x € EZ. For any € € (0,t), using that P.(z,-) has a density and that Aj is Lebesgue-
null, we easily deduce that Pi(z, ) = (P-Pi—c)(x,-) = (P-P.)(z,-). It is then not difficult, using
that P is Feller, to let ¢ — 0 and conclude that indeed, P;(x,-) = P*(x, ). O

2.12 Appendix : A few elementary computations

We recall that dg v (k) = (k — 1)(2 — 0k/N) for k > 2 and give the

Proof of Lemma[2] First, , which says that dg y(k) > 0 if and only if k < kg = [2N/6], is
clear. We next fix N > 30 > 6, so that ko € [7, N] and dg n(2) =2—260/N € (4/3,2). By concavity
of x — (z—1)(2 — 0x/N), it only remains to check that (i) do n(3) > 2, (ii) do N (ko —3) > 2, and
(iii) dg v (ko — 1) < 2. We introduce a = 2N/ > 6 and observe that dg y (k) = 2a"(k — 1)(a — k)
and that ko = [a].

For (i), we write dgp n(3) =4a *(a —3) =4 —12a~! > 2 since a > 6.

For (ii), we have dg n (ko —3) = 2a=1([a] —4)(a— [a] +3) and we need ([a] —4)(a—[a] +3) > a.
Writing a = n + « with an integer n > 6 and « € (0, 1], we need that (n —3)(2+ «) > n+ «a, and
this holds true because 2(n — 3) > n and (n — 3)a > a.

For (iii), we write dg v (ko — 1) = 2a7'([a] — 2)(a — [a] + 1) < 2a7!([a] —2) < 2. O
We next study the reference measure of the Keller-Segel particle system.

Proposition 2.30. Let N > 2 and 6 > 0 be such that N > 0. Recall that ko = [2N/0] and the
definition (2.4) of u(dx) = m(x)dzx.

(i) The measure p is Radon on Ej,.

(1) If ko < N, then p is not Radon on Ejy1.
Démonstration. (i) To show that j is radon on Ej,, we have to check that for all z = (z!,...,zV) €
Ey,, which we now fix, there is an open set O, C FEj, such that x € O, and p(0,) < co. We
choose O, = vazl B(x%,d,), where the balls are subsets of R? and where

|2 — ]

da;:l/\min{ 3

:4,j € [1, N] such that z* # xj} > 0.

We consider the partition K, ..., K, of [1, N] such that for all p # ¢ in [1,], for all i,j € K,

and all k € Kg, o' = 27 and z' # 2. Since © € Ej,, it holds that max,e ¢ |K,| < ko — 1. By

definition of O, and d,, we see that for all y € O, for all p # ¢ in [1, /], for all i € K, all j € K,
ly" =47l = ll2" = 27| = 2" = ¢l = ll2? — 7 || > [l2* = 27| - 2d; 2 d.

This implies that for some finite constant C' depending on z, for all y € O,,

4
m(y) =[] IIyi—yjI\‘(’/NSCH( I1 ||yi—yj|\—9/N).
p=1

1<i#j<N 1,JEKp,iF]
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Recall now that p(dy) = m(y)dy and that we want to show that 1(O,) < oo. Since z* = 27 for
all 4,5 € K, and all p € [1,/], since |K,| < ko — 1, d;, < 1 and by a translation argument, we are
reduced to show that for any n € [2, ko — 1], (when ko > N, one could study only n € [2, N])

In=/ (I Iy =91 )ay' .. dy" < oc,
(BO™ Y1<itj<n

We fix n € [2,ko — 1] and show that I,, < oo. Since ||ul|? > |ujuz| for all u = (u1,u2) € R?, we
have I,, < Jfl, where

= i 1j|—0/(2N) 1 n
Jn /[1,1]n( I -+ )dt LAt

1<i#j<n

But for all ¢!,...,t" € R,

n n n n
H [t — 49| 70/2N) = H ( H |t — 49|70/ ) < 1 H |t — 3] ~0n/(2N)
1<i#j<n i=1  j=1,j#i =t Jj=1j#1

by the inequality of arithmetic and geometric means. Thus by symmetry,

1 1 n—1
< U yd=0n/@N) gt dn:/ / 1 _ g2)-6n/(2N) g2 att.
J</[11]n(’|||t — ] )t 1( 1\t t?| t) t

1 2 n—1
J, < / (/ |S|—6n/(2N)ds) det.
—1 —2

Since n < kg — 1 =[2N/0] — 1 < 2N/0, we have 6n/(2N) < 1, so that J,, < oo, whence I,, < oo.

Consequently,

(ii) We next assume that kg € [2, N]. To prove that u is not radon on Ej, 11, we show that
w(K) = oo for the compact subset

N

K= HBOl H ((2k,0),1/2)

k=ko+

of Ej,+1. All the balls in the previous formula are balls of R2. For z = (z!,...,2") € K, it holds

that zfot1 ... 2N are far from each other and far from z',...,z"°, which explains that K is

indeed compact in Ej, 1. There is a positive constant ¢ > 0 such that for all z € K,

m()= [[ I =N =c [ Il =277,

1<i#j<N 1<i#j<ko
whence, the value of ¢ > 0 being allowed to vary,
M(K)ZC/ ( H ||:Ui—xj||_9/N)dx1...dxk°.
(BO,1)*0 *jciticho
We now observe that

A={x=(z',... 2%) 2 2? € B(0,1/3), Vi ¢ {1,2}, ' € B(z",||z' — 22|)} C (B(0,1))*
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and that for z € A, we have ||z° —27|| < ||2* —2t|| +||27 — 2t|| < 2||#t —2?|| for all 4,5 = 1,..., ko,
from which
H ||1,z _ xjH70/N > CH.Tl _ $2||7k0(k071)0/N'
1<ij<ko
As a conclusion,
w(K) Zc/ |t — 22| ~Foko—10/N gzl 42 / da? ... daho
(B(0,1/3))? (B(z1, ||zt —=z2|)))*0 2

ZC/ ”xl _ x2”—Ico(ko—l)G/N+2(ko—2)dxldx2
(B(0,1/3))2

ZC/ Hu”7]60(’6071)9/N+2(k072)du,
B(0,1/3)

where we finally used the change of variables u = x' — 22 and v = 2! + 22. This last integral

diverges, because —ko(ko — 1)0/N + 2(ko — 2) = dp,n(ko) — 2 < —2, recall that do n(ko) =
(ko — 1)(2 — ko8/N) < 0 by definition of ko. 0

We need a similar result on the sphere S defined in Section where v : R? — (R*)N and
U R? x R%Y xS = En C (R2)N were also introduced. First, we show an explicit link between
u(dz) = m(z)dz and B(du) = m(u)o(du) defined in (2.4 and (2.8)), that we use several times.

Lemma 2.31. We fir N > 2, 0 >0 and set v =dg n(N)/2 — 1. For all Borel ¢ : (R?)Y — Ry,

1 Ydzdrp(du
[ ewmtan =g [ ewernmyazrs,

Démonstration. Since H = {y = (y,...,y") € (RHV : Ziv y® = 0} and since m is translation

invariant,
/( - p(z)pu(dr) = /( o ¢(z)m(z)dz = /R - ¢(7(2) + y)m(y)dzdy.

We next note that S is the (true) unit sphere of the (2N — 2)-dimensional Euclidean space H and
proceed to the substitution (¢,u) = (||yll,y/|lyl|) :

/ p(z)p(dx) = / o(7(2) + tu)ym(fu)*N 3dzdlo (du).
R2)N

R2xR4 XS

We finally substitute £ = /r and obtain

/ o(z)pu(dr) = ! / o(v(2) + Vru)ym(v/ru)rN “2dzdro(du).
( R2xR4 xS

R2)N N 5

But m(y/7ru)rN =2 = pN=2=0WN=1/2m(y) by (2.4) and B(du) = m(u)o(du), whence

1 _o_g(N—
[ e =5 [ o ().
(R2)N R2XRy xS

Since finally v = dp n(N)/2—1= N —2—6(N — 1)/2, the conclusion follows. O
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We can now study the measure S on S.
Proposition 2.32. Let N > 2 and 6 > 0 such that N > 0. Recall that ko = [2N/0].
(i) The measure 5 is Radon on SN Ej, .
(i) If ko > N, then B(S) < oo .
Démonstration. We start with (i). For € € (0, 1], we introduce
K. = {z € (R*)" : VK C [1, N] such that |K| > ko, we have Rg(z) >¢} and L.=K.NS.

Since K. N B(O 1) is compact in Ej,, with here B(0,1) the unit ball of (R?)", we know from
Proposition 2.30}(i) that p(K. N B(0,1)) < co. Now by Lemma[2.31]

1 1%
(KN B(0,1)) = */ Tey )t yruek.nB(o,1)yr” dzdrB(du).
R2xR4 XS

But for (z,7,u) € R? x Ry xS,

v(z) +rue K.NB(0,1) ifandonlyif we L., and N|z||*+r <1

Indeed, Ry (y(2) + /Tu) = rRi(u) for all K C [1,N] and ||y(2) + /ru||? = Ziv |z + ru'||? =
N||z||? + r because Ei\[ u? =0 and Zf, [|u?||?> = 1. Thus

w(:NB(0,1)) = / ]I{N"Z‘|2+r<1}7’yﬂ(£€/r)dzd7".
R2xR4

All this implies that for all € € (0,1], for almost all » € (0,1), 3(L./,) < oco. Since ¢ — L. is
monotone, we conclude that 3(L.) < oo for all € € (0,1]. Since finally U.¢(o,11£: = SN E, and
since L. is compact in SN Ey, for each € € (0, 1], we conclude as desired that 8 is Radon on SN Ey,,.

We next prove (ii). It holds that S C E, because for u € S, we have Ry yj(u) = 1. Hence if
ko > N, then S C Ex C Ey, , whence S = SN Ej, and thus § is Radon on S by point (i). Since
finally S is compact, we conclude that 3(S) < co. O

2.13 Appendix : Markov processes and Dirichlet spaces

In a first subsection, we recall some classical definitions and results about Hunt processes,
diffusions and Dirichlet spaces found in Fukushima-Oshima-Takeda [24]. In a second subsection,
we mention a few results about martingales, times-changes, concatenation, killing and Girsanov
transformation of Hunt processes found in [24] and elsewhere.

2.13.1 Main definitions and properties

Let E be a locally compact separable metrizable space endowed with a Radon measure a such
that Supp a = E. We set Ea = EU{A}, where A is a cemetery point. See [24, Section A2| for
the definition of a Hunt process Y = (Q, M, (Y})>0, (Py)yer,) : it is a strong Markov process in
its canonical filtration, Py (Yy = y) = 1 for all y € Ea, A is an absorbing state, i.e. Y; = A for all
t > 0 under PA, and a few more technical properties are satisfied. The life-time of Y is defined by

=inf{t >0:Y; = A}.



2.13. APPENDIX : MARKOV PROCESSES AND DIRICHLET SPACES 99

Let us denote by P;(y,dz) its transition kernel. Our Hunt process is said to be a-symmetric if
fE pPpda = fE Y Prpda for all measurable ¢, : F — Ry and all ¢ > 0, see [24, page 30]. The
Dirichlet space (€, F) of our Hunt process on L?(E, «) is then defined, see [24) page 23], by

1
F = {gp € L*(E,a) : lim 7/ (P — ¢)da exists},
t=0t Jp

!
Elp, ) = — lim — Es@(th—w)da for all p,9 € F.

The generator (A, Dy4) of Y is defined as follows :

1
= (Pyp — @) exists in LQ(E,OC>}7

Dy = {cpELQ(E,a):}i_mt

and for ¢ € Dy, we denote by Ap € L?(E, ) this limit. By [24, Pages 20-21], it holds that
Da= {<p € F:3he L*E,a) such that V¢ € F, we have &(p,1) = —/ hqua} (2.70)
E

and in such a case Ay = h.

The one-point compactification Ea = EU {A} of E is endowed with the topology consisting
of all the open sets of F and of all the sets of the form K°¢U {A} with K compact in E, see page
[24, page 69]. Observe that for a Ea-valued sequence (,)n>0, we have lim,, ,, = x if and only if

e cither x € E, xz,, € F for all n large enough, and lim,, z,, = = € F in the usual sense;
e or z = A and for all compact subset K of E, there is nx € N such that for all n > ng, =, ¢ K.

We say that our Hunt process is continuous if ¢ — Y; is continuous from R, into Fa, where
Ex is endowed with the one-point compactification topology. A continuous Hunt process is called
a diffusion.

A Dirichlet space (£, F) on L?(E, ) is said to be regular if it has a core, see [24] page 6], i.e. a
subset C C C¢(E) N F which is dense in F for the norm ||¢|| = [ [, ¢?da + E(p, ¢)]'/? and dense
in C.(E) for the uniform norm.

Observe two regular Dirichlet spaces (£, F) and (€', F") such that (¢, ) = &' (@, ) for all ¢
in a common core C are necessarily equal, i.e. 7 = F’' and £ = £’. This follows from the fact that
by definition, see [24], page 5|, a Dirichlet space is closed.

We say that a Borel set A of E is (P;)¢>o-invariant if for all ¢ € L*(E,a), all t > 0 we
have P,(T4¢) = L4 Pp a-a.e, see [24, page 53]. According to [24, page 55|, we say that (£, F) is
irreducible if for all (P;);>o-invariant set A, we have either a(A) =0 or a(E\ A) = 0.

We say that (£, F) is recurrent if for all nonnegative ¢ € L'(E, ), for a-a.e. y € E, we have
Eylfy° ¢(Ys)ds] € {0, 00}, see [24] page 55].

We finally say that (£, F) is transient if for all nonnegative p € L'(E, ), for a-a.e. y € E, we
have E, [ [~ ¢(Y;)ds] < 0o, with the convention that ¢(A) = 0, see [24] page 55].

By [24, Lemma 1.6.4 page 55|, if (€, F) is irreducible, then it is either recurrent or transient.

A Borel set N' C E is properly exceptional if a(N) = 0 and Py (3t > 0:Y; € N) = 0 for all
y € E\ N, see |24, page 153|. A property is said to hold true quasi-everywhere if it holds true
outside a properly exceptional set.
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Remark 2.33. Two Hunt processes with the same Dirichlet space share the same quasi-everywhere
notion, up to the restriction that the capacity of every compact set is finite, which is always the
case in the present work.

Démonstration. We fix a Hunt process Y and explain why its quasi-everywhere notion depends
only on its Dirichlet space. A set N’ C F is exceptional, see [24] page 152], if there exists a Borel
set NV such that N C N and P,(3t>0:Y; € /\7) =0 for a-a.e. y € E. A properly exceptional set
is clearly exceptional and [24, Theorem 4.1.1 page 155] tells us that any exceptional set is included
in a properly exceptional set. Thus, a property is true quasi-everywhere if and only if it holds
true outside an exceptional set. Next, [24] Theorem 4.2.1-(ii) page 161] tells us that a set N is
exceptional if and only if its capacity is 0, where the capacity of N' C E is entirely defined from
the Dirichlet space. And for |24, Theorem 4.2.1-(ii) page 161] to apply, one needs that the capacity
of all compact sets is finite. O

2.13.2 Toolbox

We start with martingales.

Lemma 2.34. Let E be a locally compact separable metrizable space endowed with a Radon measure
a such that Supp o = E, and (Q, M, (Z;)i>0, (P2)zer,) a a-symmetric Ea-valued diffusion with
regular Dirichlet space (€, F) on L?*(E, ) and generator (A, D4). Assume that ¢ : E — R belongs
to D4 and that both ¢ and Ap are bounded. Define

MF = o(Z,) — o(Z0) - /0 Ap(Z,)ds,

with the convention that o(A) = Ap(A) = 0. Quasi-everywhere, (MY )i>o is a P,-martingale in
the canonical filtration of (Z;)i>o.

This can be found in [24], page 332]. There the assumption on ¢ is that there is f bounded and
measurable such that ¢ = Ry f, i.e. ¢ = (I — A)~!f, which simply means that ¢ — Ay is bounded.
Also, the conclusion is that (M,;”);>0 is a MAF, which indeed implies that (M;");>¢ is a martingale,
see |24l page 243|.

Next, we deal with time-changes.

Lemma 2.35. Let E be a C*-manifold, @ a Radon measure on E such that Supp(«) = E, and
(Q,M, (Zt)e>0, (P2)2eEn) @ a-symmetric Ea-valued diffusion with regular Dirichlet space (€, F)
on L?(E,«) with core C>®°(E). We also fit g : E — (0,00) continuous and take the convention
that g(A\) = 0. We consider the time-change Ay = fot 9(Zs)ds and its generalized inverse p =
inf{s > 0: A, >t}. We introduce Yy = Z, I, <oy + Al —ocy. Then (2, M, (Yi)is0, (Py)yern)
is a ga-symmetric Ex-valued diffusion with reqular Dirichlet space (£, F') on L*(E, ga) with core
CX(E), i.e. F' is the closure of C2°(E) with respect to the norm [, ¢>gda + E(p, ¢)]/2.

Remark 2.36. If we apply the preceding result to the simple case where E is an open subset of R%
and where E(, @) = [pa |[Vell?da for all o € C°(E), then when € is seen as the Dirichlet form

of a ga-symmetric process, it may be better understood as (¢, @) = [pa llg~ 2V y||?gda.
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This lemma is nothing but a particular case of [24, Theorem 6.2.1 page 316], see also the few
pages before. We only have to check that the Revuz measure in our case is ga, i.e., see |24}, (5.1.13)
page 229], that for all bounded nonnegative measurable functions ¢, on E, for all ¢t > 0,

[ ] [ czpnzialswatn = [ [ oo,

where PZ is the semi-group of Z. The left hand side equals fot [ PZ(¢g)¢da, so that the claim
is obvious since Z is a-symmetric.

The following concatenation result can be found in Li-Ying [37, Proposition 3.2].

Lemma 2.37. Let Ev, Ew be two C°°-manifolds, oy, aw be some Radon measures on Ey and
Ew such that Supp(ay) = Ey and Supp(aw) = Ew. Let (¥, MY, (Vi)i>o0, (Pg)veEvu{A}) be a
ay -symmetric (Ey U {A})-valued diffusion with regular Dirichlet space (€Y, F") on L*(Ev,ay)
with core C°(Ey ). Consider (QY, MY, (Wy)i>0, (P )webwuia}), @ aw-symmetric (Ew U{A})-
valued diffusion with reqular Dirichlet space (€Y, FW') on L*(Ew, aw) with core C°(Ew ). Intro-
duce the measure o = ay @ aw on E = Ey x Eyw . We take the convention that (v, A) = (A, w) =
(A, A) = A for allv € By, all w € Ey. Moreover, we set MV'W) = o({(V;, W) : t > 0}) and
we define PEX’W) =PV @ PV if (v,w) € Ey x Eyw and IP’(AV’W) =PY @ PV. The process

w) T

(QV x QW MYW) (V, W)iso, (PEX’E;))(u,w)e(EV wa)u{A})

is a En-valued a-symmetric diffusion , with regular Dirichlet space (€,F) on L?(E, ) with core
C*(E) and, for ¢ € C(E),

E(p,p) = i EW(p(v, ), o (v, ))av(dv) + i EV (o w), o, w))aw (dw).

Observe that M(V"W) may be strictly smaller than M"Y @ M" due to the identification of all
the cemetery points. Also, it actually holds true that PX @ P = PY @ PV = PX @ P on M(V:W)

so that the choice PV = PY @ PW is arbitrary but legitimate.

The following killing result is a summary, adapted to our context, of Theorems 4.4.2 page 173
and 4.4.3-(i) page 174 in [24], Section 4.4].

Lemma 2.38. Let E be a C*™°-manifold, let o be a Radon measure on E such that Supp(a) = E,
and let (UM, (Z)1>0, (P2)zer,) be a a-symmetric Ea-valued diffusion with regular Dirichlet
space (€, F) on L*(E,«) with core C°(E). Let O be an open subset of E and consider 1o =
inf{t > 0: X; ¢ O}, with the convention that inf ) = co. Then, setting

Zto = Zt]I{t<To} + A]I{tZTo}7
(M, (Z2)i>0, (P.).couiay) is a alo-symmetric O U{A}-valued diffusion with reqular Dirichlet
space (Eo, Fo) on L*(0,alo) with core C2°(0) and for ¢ € Fo,

Note that since O is an open subset of the manifold £ and since the Hunt process is continuous,
the regularity condition (4.4.6) of [24, Theorem 4.4.2 page 173] is obviously satisfied.

We finally give an adaptation of the Girsanov theorem in the context of Dirichlet spaces, which
is a particular case of Chen-Zhang [I5] Theorem 3.4].
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Lemma 2.39. Let E be an open subset of R, with d > 1, o be a Radon measure on E such that
Supp(a) = E and (Q, M, (Z;)i>0, (P2)zer,) be a a-symmetric Ea-valued diffusion with regular
Dirichlet space (€,F) on L*(E,«) with core C°(E) such that for all ¢ € C°(E),

ewawziéJV¢de

Let (A, D y) stand for its generator. Let u € F be bounded, such that for 9 = e*, we have p—1 € Dy
with Alp — 1] is bounded. Set
(Z) /t Alo —1](Zs)
exp | — ——————2ds},
(ZO) ( 0 Q(Zs) )

with the conventions that o(A) =1 and Alo — 1](A) = 0.

L¢ =

Assume that o is continuous on Ea. Then quasi- everywhere, (L))o is a bounded (My)i>o-
martingale under P, where we have set My = o({Zs : s € [0,t]}), and there exists a probability
measure P, on (Q, M), such that for all t >0, P, = L? IP on M,.

Moreover (UM ,(Z1)1>0,(P.)zcp,) is a o’a-symmetric Ex-valued diffusion with regular Diri-
chlet space (€, F) on L*(E, 0*a) such that for all ¢ € F,

1
o) =3 [ IvelPeda.
E

Actually, they speak of right processes in [15], but this is not an issue since we only consider
continuous Hunt processes. Also, they assume that L¢ is bounded from above and from below
by some deterministic constants, on each compact time interval, but this is obvious under our
assumptions on u and Ap. Finally, their expression of L2 is different, see [15], pages 485-486] : first,
they define M as the martingale part of o(X;). By Lemma (applied to o — 1), we see that

M¢ = o(Z;) — o(Zo) — /0 Alo —1)(Z,)ds.

Then they put M; = fo ]7tdM¢ and define L? as
1
o _ i
Li = exp (Mt 2<M>t)~
But by ItA o’s formula, logo(Z;) = logo(Zy) + fo 1dM9 + fo "t Ao — 1)(Zs)ds —
o %Aﬂuwmmm%m&)l%maﬂwﬂ+k e ]()®—%MMw

that Lf = exp(M; — £(M),) = [0(Zo)] " 0(Z¢) exp(— fo 1.A [0 — 1](Zs)ds) as desired.



Chapitre 3

A simple proof of non-explosion for
measure solutions of the Keller-Segel
equation

Abstract. We give a simple proof, relying on a two-particles moment computation, that there
exists a global weak solution to the 2-dimensional parabolic-elliptic Keller-Segel equation when
starting from any initial measure fy such that fo(R?) < 8.

3.1 Introduction

3.1.1 The model

We consider the classical parabolic-elliptic Keller-Segel model, also called Patlak-Keller-Segel,
of chemotaxis in R?, which writes

hf+V-(fVe)=Af and Ac+ f=0. (3.1)

The unknown (f, ¢) is composed of two nonnegative functions f;(x) and c;(z) of t > 0 and = € R?,
and the initial condition fy is given.

This equation models the collective motion of a population of bacteria which emit a chemical
substance that attracts them. The quantity f;(x) represents the density of bacteria at position
x € R? at time ¢ > 0, while ¢;(x) represents the concentration of chemical substance at position
2z € R? at time ¢t > 0. Note that in this model, the speed of diffusion of the chemo-attractant is
supposed to be infinite. This equation has been introduced by Keller and Segel [35], see also Patlak
[43]. We refer to the recent book of Biler [3] and to the review paper of Arumugam and Tyagi [I]
for some complete descriptions of what is known about this model.

We classically observe, see e.g. Blanchet-Dolbeault-Perthame [9, Page 4], that necessarily Ve, =
K x f; for each t > 0, where

X 2 . .
K(z) = ~onlal? for x € R%\ {0} and (arbitrarily) K(0)=0.

103
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Hence (3.1) may be rewritten as

Wf+V-[f (Kxf)l=Af. (3.2)

3.1.2 Weak solutions

We will deal with weak measure solutions. For each M > 0, we set
My(R?) = {u nonnegative measure on R? such that u(R?) = M}

and we endow M ;(R?) with the weak convergence topology, i.e. taking Cy(R?), the set of conti-
nuous and bounded functions, as set of test functions. We also denote by CZ(R?) the set of C2-
functions, bounded together with all their derivatives. The following notion of weak solutions is
classical, see e.g. Blanchet-Dolbeault-Perthame [9, Page 5.

Definition 3.1. Fiz M > 0. We say that f € C([0,00), My (R?)) is a weak solution of (3.2)) if
for all o € CE(R?), all t >0,

[ ewiian = [ ewntan+ [ [ @i

- % /0 /R2 22 K(z —y)- (Vo(z) — Vo(y)) fs(dz) fs(dy)ds.

All the terms in this equality are well-defined. In particular concerning the last term, it holds
that |K (z — y) - (Ve(x) — V()| < [|V2¢llo/27. However, K (z — y) - (Vip(x) — Vip(y)), which
equals 0 when o = y because we (arbitrarily) imposed that K (0) = 0, is not continuous near x = y.
Hence a good weak solution has to verify that [z [eo Tjz—yyfs(dz)fs(dy) = 0 for a.e. s > 0.

3.1.3 Main result

Our goal is to give a simple proof of the following global existence result.

Theorem 3.2. Fizx M € (0,87) and assume that fo € Mp(R?). There exists a global weak
solution f to (3.2)) with initial condition fo. Moreover, for all v € (M/(4r),2), there is a constant
A~ > 0 depending only on M and vy such that for all T > 0,

T
[ [ [l = o2 fldyds < vy 04D (33)
o JrzJr2
These solutions indeed satisfy that [po [po Tizeyy fs(da) fs(dy) = 0 for a.e. s > 0.

3.1.4 References

Actually, a stronger result is already known : gathering the results of Bedrossian-Masmoudi [2]
and Wei [51], there exists a global mild solution for any f, € Mj;(R?) with M < 87. But the
proof in [2, [51] is long and complicate, and the goal of the present paper is to provide a simple and
robust non explosion proof, even if the solution we build is weaker. Actually, a global solution is
also built in [2, [51] when fy € Mg, (R?) satisfies max,cge fo({z}) < 8, a case we could also treat
with a little more work.
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This model was first introduced by Patlak [43] and Keller-Segel [35], as a model for chemotaxis.
For an exhaustive summary of the knowledge about this equation and related models, we refer the
reader to the review paper Arumugam-Tyagi [1] and to the book of Biler [3]. The main difficulty of
this model lies in the tight competition between diffusion and attraction. Therefore it is not clear
that a solution exists because a blow-up could occur due to the emergence of a cluster, i.e. a Dirac
mass. Thus, the whole problem is about determining if the solution ends-up by being concentrated
in finite time or not.

As shown in Jiger-Luckhaus [31], this depends on the initial mass of the solution M =
fR2 fo(dx), the solution globally exists if M is small enough and explodes in the other case. The
fact that solutions must explode in finite time if M > 8r is rather easy to show. But the fact that
87 is indeed the correct threshold was much more difficult.

Biler-Karch-Laurengot-Nadzieja [4, [5] proved the global existence of a weak solution in the
subcritical case for every initial data which is a radially symmetric measure such that fo({0}) =0
and fo(R?) = M < 8, with a few other anodyne technical conditions.

At the same time, Blanchet-Dolbeault-Perthame [9] proved the existence of a global weak free
energy solution for initial data fy € L}r(R2) with mass M < 87, a finite moment of order 2 and a
finite entropy. The core of the argument lies in the use of the logarithmic Hardy-Littlewood-Sobolev
inequality applied on a well chosen free-energy quantity. Something noticeable is that the authors
use this inequality with its optimal constant to get the correct threshold 8.

In Bedrossian-Masmoudi [2], it is proven that one can build mild solutions even in the super-
critical case under the condition that max,cgz fo({z}) < 8w, which are stronger solutions than
weak solutions, but these solutions are local in time. Wei [51] built global mild solutions in the
subcritical and critical cases and local mild solutions in the supercritical case for every initial data
fo € L*(R?), without any other condition. And these two last papers can be put together to build
global mild solutions as soon as fo(R?) < 87 and max,eg: fo({z}) < 8.

Let us finally mention [20], where global weak solutions were built for any measure initial
condition fy such that fy(R?) < 2, with a light additional moment condition. This work was
inspired by the work of Osada [42] on vortices. The present paper consists in refining this approach,
and surprisingly, this allows us to treat the whole subcritical case.

3.1.5 Motivation

Our main goal is to present a simple proof of non explosion. This proof relies on a two-particles
moment computation : roughly, we show that for v € (0,2) and for (f;):>0 a solution to (3.2)), it a
priori holds that

d
S L L (e =i a1) o) faw)
R2 JR?
> e [l =0l T ) ),
r2 JR2
with ¢y p > 0 as soon as v € (4M/7,2). By integration, this implies (3.3) and such an a prior:
estimate is sufficient to build a global solution.

This computation seems simple and robust. Although they build a more regular weak solution,
Blanchet-Dolbeault-Perthame [9] use some optimal Hardy-Littlewood-Sobolev inequality. Moreo-
ver, they have some little restrictions on the initial conditions (finite entropy and moment of order



106 CHAPITRE 3. NON-EXPLOSION

2). The proof of Bedrossian-Masmoudi [2] and Wei [51] is much longer and relies on a fine study
of what happens near each possible atom of the initial condition. Let us say again that they build
a much stronger solution.

In particular, due to its robusteness, we hope to be able to apply such a method to study the
convergence of the empirical measure of some stochastic particle system, as the number of particles
tends to infinity, to the solution of . To establish such a convergence, one needs to show the
non explosion of the particle system, uniformly in N in some sense. It seems that the present
method works very well and we hope to be able to treat the whole subcritical case M € (0, 8)
and even the critical case M = 8r. To our knowledge, only the case where M € (0,4w) has been
studied, by an entropy method, see Bresch-Jabin-Wang [1T], [12].

We do not treat the criticial case M = 87 in the present paper for the sake of conciseness.

3.2 Proof
We fix M > 0 and fo € My (R?). For € € (0,1], we introduce the following regularized versions
T 1 2
K - - d fé(z) = — =llz=yll*/(2) £_(da)).
5($) 27T(HZL'||2+E) an f()(l') Ime /Rze fo( y)

of K and fy. Since K. and f§ are smooth, the equation
OfE+ V- [ff(Ko* f)]=Af (3.4)

starting from f§ has a unique classical solution (f;(x))¢>0.zer2. This solution preserves mass, i.e
fi(dz) = / f5(dx) = fo(dz) =M for all t > 0, (3.5)
R2 R2 R2

where we write ff(dz) = ff(z)dz. Multiplying (3.4) by ¢ € CZ(R?), integrating on [0,¢] x R?
proceeding to some integrations by parts and using a symmetry argument, we classically find that

/}R L e(@)fi(de) = /R L e@)f5(dz) + /0 t /R D) f(dr)ds (3.6)

1/t ] )
+ 5/0 /}R2 - K.(z —y) - [Vo(z) — Ve(y)] f<(dz) £ (dy)ds.

We now prove some compactness result.

Proposition 3.3. Fiz M > 0, fo € My (R?) and consider the corresponding family (f)ec01]-
The family (f€)-c(0,1) is relatively compact in C([0,00), M (R?)), endowed with the uniform
convergence on compact time intervals, Mpr(R?) being endowed with the weak convergence to-
pology.

Démonstration. We first prove that for each ¢ > 0, the family (ff).c(o,1) is tight in P(R?). Since
the family (f§)z (0,1 is clearly tight, by the de la Vallée Poussin theorem, there exists ¢ : R? - R,
such that A = sup.¢ (g, Jgz ¥(2) f§(dz) < oo and lim|y|_,« 1 (x) = co. Moreover, we can choose v
smooth and such that ||[V2¢|| is bounded by some constant C. It then immediately follows from
(3-6), since ||z|| || K-(2)|| < 1/(27), that for all € € (0,1], all ¢ > 0,

2 2

[l ) < /R (@) f5(dw) + C (M + %)t <A+o(M+ %)t
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As lim|;| 00 ¥(2) = 00, we conclude that indeed, (ff)-c(o0,1) is tight for each ¢ > 0.

By the Arzela-Ascoli theorem, it is enough to prove that f¢ is uniformly Lipschitz continuous
in time, in that there exists a constant C' > 0 such that for all e € (0,1], all t > s > 0, 6(fF, f5) <
C|t — s|, where § metrizes the weak convergence topology on My, (R?). As is well-known, we may
find a family (¢, )n>0 of elements of CZ(R?) satisfying

Ienllco + IVenlloo + [ Vonlleo < 1 for all n. >0
and such that the distance § on M (R?) defined through

=2 2

n>0

[ en@rtan) = [ en@rgtan

is suitable. But using (3.6|), for all n > 0,

‘/RQ en(2) ff (dz) — /}R2 gon(x)fsa(dm)’
:‘/t/ Ay () fr(dz)du

//RQ RQK z —y) - [Ven(z) = Voo (y) fi(dr) fi (dy)du
<(M + M?/(47))(t = s),

by (3.5)), since [|[V2¢, |l < 1 and since ||z|| || K-(2)|| < 1/(27). We conclude that

S(fF f2) < Y27 (M + MP/(4m))(t — 5) = 2(M + M?/(47))(t - s)

n>0
as desired. 0
The following simple geometrical observation is crucial for our purpose.

Lemma 3.4. For all pair of nonincreasing functions ¢, : (0,00) — (0,00), for all X,Y,Z € R?
such that X +Y + Z = 0, we have

A= [e(IXINX + (Y DY + (121D 2] - [ IXIDX + (Y IDY +¢((12]) 2] = 0
Démonstration. We may study only the case where || X|| < ||Y|| < || Z]|. Since Y = —-X — Z,

e(IXINX + (Y IDY + (1212 = AX — pZ,
S(IXIDX +2(YINY +9(121)Z2 = NX — 4’2,

where A = o([[ X)) — o(IY]]) = 0, u = o(IY]]) = ¢(1Z]]) = 0, X' = ([ X]]) = ¢(]Y]]) = 0 and
=9(|Y|) — (]| Z||) = 0. Therefore,

A= WX+ pi || Z))? = ' + N )X - Z 20

as desired, because X-Z < 0. Indeed, if X-Z > 0, then |[Y||2 = |Z+X|? = | Z|*+ || X||?+2X - Z >
|Z||? > ||Y||?, which is absurd. .



108 CHAPITRE 3. NON-EXPLOSION

The following computation is the core of the paper.

Proposition 3.5. Recall that M € (0,87) and fo € My (R?). For all v€ (M/(47),2), there is a
constant Anr > 0 depending only on M and v such that for all € € (0,1], all T > 0,

T
/ / / e — gl £5(de) £ (dy)ds < Angn(1+T).
0 R2 JR2

Démonstration. For any smooth 1 : (R?)? — R such that 1 (z,y) = ¥(y, ), it holds that

G L[ vtensi s - //wy AS7 ()

(@) (Ko f7)) ()] f; (y)dedy

—2/RQ/R2 Agip(,y)

(Ke* f7) (@) - Vot (z, y)] /7 (2) f7 (y)dady.

We fix v € (M/(4r),2), introduce @(r) = r7/2/(1417/2), and set 9 (x,y) = o(||z — y||?). We have

rv/2-1 /22 /2
0= yaemy M PO =35 )
and
x -yl
Vable.s) =26/l = olP)e - ) = v e A ),
A, y) =40 (llz ~ yI1?) + 4z — %"l — o1
el emul
T+ - P2\ Tl —ylP
Hence d
G L L etlle =P e ) ) = 7 + ¢ (37)
where

—ylP Iz — gl
JE =92 2/ ||$ yH 1o 7Y = () £ dzd 7
! 7 r2 Jrz (14 ||z — y||7)? ( 1+||x_y||y>ft( )t (y) Y

e _ |£U — y||’Y § € € €
st [ [ [ e =) Kela = 20 () ) (o,

First, we have

x —yl||7 2
stz s [ I e sty - 3P Cor (58)

where Cr, > 0 is a constant such that for all @ > 0, recall that v > M/(4r),

y—2 2
2 a

a” v+ M/(4r)\ oV~
2 1-2 > 2 — .
7 (1+a7)2< 1+m> = 7( 2 )(1+m)2 Cnar
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Next, by symmetrization, we have

eyt
e = / / / 3.9
7 o o T+ — gl (3.9)

K (v —2) — K.(y — 2)) f{ (x) ff () fi (2)dadydz
/ / / (w,y, 2) fr (x) fi (y) fr (2)dzdydz,
R2 JR2 JRR2

where
Fu(e,.) =K. (@ = 2)  Koly = )] (o =) o0
L+ lz—yl)?
V[K.(y — o) — K, (Z_x)].(y_z)M
: : (L+ly = =2[[7)?
||z —z]|"2
+ [Ke(z —y) — Ke(z —y)] - (2 — x)m-
Introducing X =x —y, Y =y — z and Z = z —  and recalling that K. (X) = W)H(’M-e)’ we find
Z Y 112
2nF.(x,y, 2) :[ + ] .
: 1ZI2+e  IIVIP+el = Q+[IX]P)?
X 4 Y2
+ [ 2 + 2 ] ' 2
1X[1>+e 2>+l (X+]]Y][)
Y X 1Z||—?
+ { 2 + 2 } ' 2"
Y2 +e X112+l A+]12]7)
We now introduce
X2 Y2 1z||—?
G(z,y,2) = + +
A+ IX[)? - A+ Yl)? - A+z])?
X X2 Y Y| 2
xo XMy e
X2+ (1+1X]7) Y2+ L+ [Y]7)
7 Z||"2
A S il
1Z]I> +e (1 +1Z]")
Hence G(z,y, z) + 2w F.(x,y, ) is larger than
X Y Z X2 Y||7—2 Z||2
(X Y 2y X Pt )
[X[I2+e Y2+ 2]+ (L +[]X]]7) L+ [Y) L+ 1)

which is nonnegative according to Lemma since r — 1/(r?+¢) and r — r7=2/(14r7)? are both
nonincreasing on (0,00) and since X +Y + Z = 0. Thus F.(z,y,2) > —G(x,y, z)/(27). Recalling
(3.9), we conclude that

Sy >— — /]R?/R?/ x,y, 2) fi (dz) ff (dy) i (dz) (3.10)

_ 2
/R2 /]Rz 1|f||xy|;|| )2 fi (d=) f; (dy)
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by symmetry again.
Gathering (3.7)-(3.8)-(3.10), we find
S Lot apransian= (- 15) [ [ G5 o @)
r2Jr2(1 + [lz —y7)
— MQCMW.

Integrating on [0, T, using that v > M/(4x) and and that ¢ is [0, 1]-valued, we end with

o — 2 ) M2 + M2Cay T
/ // Tt Tl - ge ¢ i)t < =y

One easily completes the proof, using that there is D., > 0 such that a7=2 < 2a7~2/(1+a")? + D,
foralla >0 O

We finally give the

Proof of Theorem [3.3 Recall that M € (0,87), that fo € My (R?), and that (f€).c(,1) is the
corresponding family of regularized solutions. By Proposition we can find (ex)r>0 and f €
C([0,00), Mpr(R?)) such that limep = 0 and limy f* = f in C([0,00), M (R?)), endowed
with the uniform convergence on compact time intervals, M;(R?) being endowed with the weak
convergence topology. By definition of f§, we obviously have f|;—¢o = fo. By Proposition and
the Fatou lemma, for all v € (M/(4r),2), we have

T
L L =i s ds < s, (14, (3.11)
0 R2 JR2

It only remains to check that f is a weak solution to (3.2). We fix ¢ € C#(R?) and use (3.6) to
write [o, o(x) f{*(dx) = Ii(t) + Ji(t), where

1) = [ et + / [ Apta)f3t (aoas

/ /Rz /RQ Koy (z —y) - [Vo(z) = Ve(y)] £ (d) £+ (dy)ds

Since ¢ and Ay are continuous and bounded, we immediately conclude that

liin RQQO(:L’) *(da) :/Rz@(x)ft(dx)y

lin 1y (1) = / zw(w)fo(dw) + [ [ Avt@raas

and it only remains to check that for J(t) = 5 fo Jae Jpe K ) [Veo(z) —Vo(y)lfs(dz) fs(dy)ds
we have limy, Jy(¢t) = J(¢). To this end, we write Jy(t) = Jk( )+ JZ(t), where

. t €k £k
- 5/0 / [ K@= y) - [Vipla) = Viply))£2* (o) [ (dy)ds
1 t €k €k
- 5/0 / Az[ka(x‘y>—K<x—y>l-[Veo(x)—vm)]fs (dz) £ (dy)ds
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Recalling the expression of K and that ¢ € CZ(R?), we see that g(z,y) = K(z—y)-[Ve(z)—Ve(y)]
is bounded and continuous on the set R?\ D, where D = {(z,y) € R?xR? : x = y}. Since f+ @ f5*
goes weakly to fs ® fs for each s > 0 and since (fs ® fs)(D) = 0 for a.e. s > 0 by (3.11)), 1,
we conclude that limy [p, [5o 9(z,y) fS5(dz) f(dy) = [p Jge 9(@,y) fs(dz) fo(dy) for a.e. s > 0,
whence limy, J} (t) = Ji(t) by dominated convergence.

We finally have to verify that limy, J2(t) = 0. We fix v € (M/(4r),2) and write

o 3
2m(e+ 12012

< min(L el|2]| %) < (ellz]| 7)1 /2 = 1222

I2[ 1K (2) = K- (2)]]

Thus
t
TR0 IVl [ [ [ e a7 e sz (s,
0 JR2 JR2

which tends to 0 as desired since sup.¢ g 1) fot Jzz Jge 1z =yl 2 fex (da) f£+ (dy)ds < oo by Propo-
sition O
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Chapitre 4

Convergence of the empirical
measure for the Keller-Segel model
in both subcritical and critical cases

Abstract. We show the weak convergence, up to extraction of a subsequence, of the empirical
measure for the Keller-Segel system of particles in both subcritical and critical cases. We use a
simple two particles moment argument in order to show that the particle system does not explodes
in finite time, uniformly in the number of particles in some sense.

4.1 Introduction and results

4.1.1 The model

We consider the classical Keller-Segel model of chemotaxis (or Patlak-Keller-Segel model) in
the parabolic-elliptic case, which writes

O, f :%Af — 210V - (fVe), (4.1)
0=Ac+ f, (4.2)

with initial condition fo € P(R?), where P(R?) denotes the set of probability measures on R,
where (f, c) is the unknown of the equation and f;(x) and c¢;(x) respectively stand for the density
of particles and chemoattractant at position z € R? and time t > 0. The scalar # > 0 describes the
intensity of the attraction of the chemoattractant.

Remark 4.1. In the litterature, (4.1)) is written
Of =Af=xV-(fVe),
0=Af+ec,

and fo is assumed to have a finite mass M > 0. One can easily convince oneself that setting

fi(z) = Jey2(x)/M and cyjo(x)/M = é(x), (f,&) solves [@1)-([@.2) with 6 = xM/(4x). Observe
that if x =1, one recovers that the classical threshold M = 8w of (4.1)-(4.2) corresponds to 6 = 2

mn our case.

113
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Since c is the solution of the Poisson equation on R? with f as source term, the equation (4.1))
can we rewritten

1
Ouf =5 A =05 - (F(K * ), (4.3)
with
K(z) = —a/||z]® ifx#0 and K(0)=0
and x stands for the convolution product. One can understand this equation as the modeling

of an infinite number of particles moving as Brownian motions which attract each other with a
Coulombian force.

The main interest of this equation is the tight competition between the diffusion and the concen-
tration of particles. As it is presented in Blanchet-Dolbeaut-Perthame [9], setting the variance of
the problem Vi = [go [|# — [go 2 fe(dz)||?d fi(2), we informally have, using multiple integration by
parts, that < 4 Ve = (2 — 0). This highlights that there are informally three cases :

e the subcrltlcal case which correspond to the case where § < 2 : V; tends to infinty as time
goes to infinity which suggests that the diffusion is dominant over the concentration,

e the critical case where 6 = 2,

e the supercritical case where § > 2 : V; ends up by being non positive, which suggests that a
blow up occurs.

4.1.2 Weak solutions

In this paper, we will deal with a very weak type of solutions that we define here, see e.g.
Blanchet-Dolbeault-Perthame [9].

Definition 4.2. We say that f € C([0,0), P(R?)) is a weak solution of (A.1)-(4.2) with initial
condition fo € P(R?) if for all p € CZ(R?),

[ ewiian = [ ewntan g [ [ s

/ /R RzK z—y) - [Ve(r) = Vo(y)l fs(dz) fo(dy)ds

Observe that since K(0) = 0 and ¢ € C?, the last integral is well defined. Since (z,y) —
K(z —y)-[Ve(z) — Vo(y)] equals 0 (arbitrilarly) on the set {(z,y) € R? : 2 = y}, we expect that
a satisfactory solution must verify fot Tyzy fs(de) fs(dy)ds = 0.

4.1.3 The associated trajectories

The equation (4.3) comes from an Eulerian point of view. The following SDE models the same
problem with a Lagrangian point of view : we consider the behaviour of one typical particle among
the other.

Definition 4.3. We say that (X¢)i>0 s a solution of the nonlinear SDE (4.4)) with initial condition
Xo if

t
forallt >0, X, =Xo+ By + 9/ K * f5(Xs)ds, (4.4)
0

where (By)i>0 s a 2-dimensional Brownian motion and fs is the law of X.
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The idea is to follow the motion of one specific particle instead of considering the proportion
of particles at a precise place and a precise time. One easily checks from the [t6 formula that if
(Xt)1>0 is a solution of the nonlinear SDE (4.4), then (f;)¢>0 is a weak solution to (4.1)-(4.2]).

We consider for N > 2 and 6 > 0 a natural discretization introduced by Keller-Segel [36] of

the nonlinear SDE (|4.4)) : we consider N > 2 particles with positions (XZ’N)ie[[LN]], solving (recall
that K(0) = 0)

XN = X5N+Bl+—/ZKX”V X7N)ds. (4.5)

where ((Bj);eqi,n])¢>0 is a familly of N independant 2-dimensional Brownian motion independant
from (XS’N)Z»E[[LN]]. We call such a process a KS(6, N)-process, § < 2(N —2)/(N — 1) and its
existence is guaranteed by [20, Theorem 7] for any initial datum (XS’N)z'e[[l, ~] with its law Y
in Psym L (R%)N), where PZ,,, 1 ((R?)V) denotes the set of exchangeable probability measures on
(R2)N with a finite 1-order moment and such that

FY ({There exists i # j € [1, N] such that 2* = 27}) = 0.

Moreover, (XZ’N)Z-G[[LN]] is exchangeable and we have, for all ¢t > 0,

/ ZHK XLV - X2N)|ds < oo.

4.1.4 The subcritical case

Our goal is to prove the following result. We endow the space C'([0, 00), P(R?)) with the topology
of the uniform convergence on the compact sets, where P(R?) is endowed with the topology of the
weak convergence.

Theorem 4.4. Let § € (0,2) and fo € P(R?). For each N > No := (1+[2/(2—0)]) V5, consider
Y € Py 1 (R*)N) and a KS(0, N)-process (XZ’N)tzo,z‘e[[l,N]] with initial law FY , as well as the
empirical measure for all t > 0, u = N~! vazl (SX:,N, which a.s. belongs to P(R?). We assume

that ul’ goes weakly to fo in probability as N — oo.
(i) The sequence (1 )i>0)N>n, 48 tight in C([0,00), P(R?)).

(i) For any sequence (Ny)r>o such that (u*)i>o goes in law in C([0,00), P(R?)) as k — oo

to some (w)i>0, this limit (p)i>0 is a.s a weak solution to (A.1)-(4.2) starting from po = fo.
Moreover, for all T > 0, all v € (6,2).

E| / ' / L e =l dg)a] < .

Observe that the condition N > N, implies that the particle system exists thanks to [20]
Theorem 7|. There is no condition at all on fy : it can be a Dirac mass, it does not need to have
finite moments.

However, we impose some conditions on Fi¥. These conditions are not necessary for our proof,
but only to apply the existence result of [20].
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For any given fy, we can easily build FJ¥ satisfying all the assumptions : take for example
FyY the law of (xn (X§) 4 (1/N)G)sep,ng where (X{)i>1 are iid fo-distributed random variables,
where (G*);>1 are i.1.d standard bidimensional Gaussian random variables and where xn (21, z2) =
(x1 ANV (=N),zo ANV (=N)).

We highlight that this result has to be linked with Fournier-Tardy [21], where the critical case
was not treated for the sake of conciseness (although it was treated in an unpublished preprint
version).

4.1.5 The critical and supercritical particle system

In the case where 6 > 2(N — 2)/(N — 1), the existence of a process solving for all time is
not guaranteed, so that we need to precise our definition of a solution. If 7 is a stopping time for a
filtration (F;)¢>0, a continuous (R?)¥-valued process (XZ’N)te[O,T)inHLN]] is a KS(0, N)-process on
[0, 7) if for all sequences of increasing stopping times (7,,)nen With respect to the filtration (F;);>0

such that lim,_,. 7, = 7 a.s. and for all n > 1, (XZ}\IXn)tZO,iE[[l,N]] is (Fi)t>o0-adapted and (4.5
holds true on [0, 7).

For the whole paper, we define for all N > 2 alll > 1, all £ > 2,

1
T}iv’l = inf{t >0:3K C[1,N]:|K|=kand Rg(X}) < 7} and 7N =suprt,
1>1

where for all K C [1,N], all z = (2!, --- ,2V) € (R?)?,

Spc(x) = % > and  Rg(x) =) _[a'— Sk(z)|*.

€K €K

One can find the following existence theorem in Fournier-Jourdain [20, Theorem 7 and Lemma 14],
recall that our 6 corresponds to x/(4x) in [20].

Theorem 4.5. If N > 5, 0 > 0 and Fy' € P%,,.1(R?), then there exists a KS(6, N)-process

(XE’N)tG[07T§)7i€H17NH to ([4.5) with initial law FYN. The family ((Xti7N)t€[O,T3N)7i € [1,N]) is ex-
changeable and for any £ > 1 we have

t/\T;V‘e
E(/ X! — X§||—1ds) < .
0
Moreover &' < 00 a.s. if 0 > 2(N —2)/(N — 1), and 7&¥ = 00 a.s. if 6 € (0,2(N —2)/(N —1)].

The idea is that collisions between 2 particles do not prevent the well definition of the K .S-
process for a selection of generic parameters 6 and NV, but the existence in the classical sense of such
a process beyond a collision between 3 or more particles is more tricky if not impossible depending
of the size of the cluster involved in the collision.

4.1.6 The critical case

Our second main result is the following.
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Theorem 4.6. Assume 6 = 2. Let fo € P(R?) checking max,cp> fo({zr}) < 1. For each N >
Ny := 5, consider F¥ € P, 1(R*)N) and (XZ’N)te[O,TE{V),ie[[l,N]] a KS(2,N)-process on [0,7d")

sym,1
with initial law FN. We set pl¥ := N~1 Ziil dyin and we assume that pd goes weakly to fo in
t
probability as N — oo.

There exists ({n)n>n, an increasing sequence of integers such that, setting fn = T?fV’EN, it

holds that limpy_, o By = 00 in probability and
(i) the sequence ((Mi\/l\gN)tzo)NES is tight in C ([0, 00), P(R?)) ;

(ii) for any sequence (Ni)p>o such that (ui\/f\kBNk )i>0 goes in law, as k — oo, in C([0, 00), P(R?)),
to some ()0, it holds that p is a.s a weak solution to (4.1) starting from po = fo. Moreover,

E[ /0 h /R 2 /R 2 ]I{x:y}ut(dx)ut(dy)dt} = 0. (4.6)

The only condition on fj is that it is not a full Dirac mass, it can have any atoms as it wants
provided none of these atoms have mass 1.

Actually, it can be shown that with 8 = 2, the particle system explodes in finite time for each
fixed N, see [2]] in a slightly different context. However, we will show the explosion time tends to
infinity as N — oo, which explains that at the limit, the solution is global.

Roughly speaking, since Sy — 0o, the above theorem implies that if we fix 7' > 0, (u¥ )telo,1]
is well-defined with high probability (as N — o0), is tight in some sense, and the accumulation
points of this sequence are almost surely weak solutions of (4.1)-(4.2)) on [0, T.

4.1.7 References

The Keller-Segel equation (4.1)-(4.2)) was first introduced by Patlak [43] and Keller and Segel
[35] as a model for chemotaxis. One can find an exhaustive content on what is understood about
this model in the recent book of Biler [3] and a review of Arumugan-Tyagi [1].

The notion of propagation of chaos was introduced by Kac [33], the idea was to make a step to
the rigourous justification of the Boltzmann equation. The idea is to approximate the solution of
a mesoscopic PDE by solutions of the associated microscopic problem, which involve interacting
particles. The case of Lipschitz continuous interaction kernels is now well understood, we mention
for example McKean [38], Sznitman [45], Méléard [39] and Mischler-Mouhot [40] for significant
contributions to the theory. The case of singular kernels is much more complicated and has been
studied for different kind of kernels as the kernel of the viscous Burgers equation by Bossy-Talay
[10] and Jourdain [32], the one of the Dyson model by Cépa-Lépingle [14], etc...

A model relatively close to our subject is the 2d-Navier-Stokes particle system studied by
Osada [42] where the kernel K is replaced by z/||x||? which is as singular as the kernel of Keller-
Segel but with rotation instead of attraction. This implies that collisions do not occur so that
the singularity is not visited. Osada [42] obtained the convergence of the corresponding stochastic
particle system under a large viscosity assumption. This condition has been removed by Fournier-
Hauray-Mischler [T9] thanks to a compactness-uniqueness method, and then, more recently, Jabin-
Wang [29] obtained a quantitative convergence result, using a modulated free entropy method. We
mention Serfaty [46] who introduced the modulated energy method in the deterministic case.
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Let us mention Stevens [47], who studied the case where the chemoattractant is not in the
stationnary regime (parabolic-parabolic Keller-Segel equation), by considering a particle system
with two types of particles, representing bacteria and chemoattractant.

This paper has been written in the same spirit as Fournier-Tardy [21] where we gave a simple
proof of nonexplosion of the weak solution to — in the subcritical case. We used a two-
particles moment method that allowed us to extend to the general case the simple non-explosion
of Biler-Karch-Laurengot-Nadzieja [4] [B] concerning the radial case. The method in [21] is simple
enough so that we are able to adapt it to show that the particle system does not explode, uniformly
in N in some sense, and even to include the critical case. Let us mention however that the existence
result included in Theoremsand under the weak conditions that fo € P(R?) if § € (0,2) and
fo € P(R?) and max{fo({z}) : * € R?} < 1if § = 2, are actually already known : some stronger
(mild) global solutions do exist under the same conditions, combining the results of Bedrossian-
Masmoudi [2] and Wei [51].

Concerning the Keller-Segel particle system, there are four main available results :

(a) Godinho-Quininao [25] proved the convergence of the particle system without using a sub-
sequence, following the ideas of Fournier-Hauray-Mischler [19] with K replaced by —z /(2| z|*+)
with « € (0,1). This kernel is strictly less singular, this prevents from any explosion issue.

(b) Olivera-Richard-Tomasevic [4I] have shown the convergence of a smoothed particle system
where K is replaced, roughly, by —z /(e +||||?) with e very large in front of N~'/¢. The method
is based on a semigroup approach developped by Flandoli [18].

(¢) In Fournier-Jourdain [20], the convergence of the empirical measure is shown up to an
extraction and for 6 < 1/2. We highlight that this is exactly the same result as Theorem but
with 8 < 1/2, with a slight additional moment condition. Cattiaux-Pedéches [13] give another proof
of the existence without the assumption of exchangeability on the initial conditions and establish
the (weak) uniqueness of the Keller-Segel particle system.

(d) Finally, Bresch-Jabin-Wang [111 [12] studied the convergence of the empirical measure with
quantitative estimates in the case where § < 2 by using a modulated free entropy method in
the same spirit as [29]. They do not really deal with — but rather with a weak solution
to the associated Fokker-Planck P.D.E. They obtain a full convergence result (not only along a
subsequence), when replacing R? by a torus, and for regular initial conditions, namely at least fo
of class W2 on the torus.

In the subcritical case, our method seems much simpler than that of [111 [12], we work in the
whole space instead of the torus and we do not have any requirement on the initial condition fj,
we e.g. allow for Dirac masses. But of course, one drawback is of that we prove convergence only
up to extraction of a subsequence. At least, its seems that nothing was known about the critical
case.

4.1.8 Main a priori estimate in the subcritical case

The subcritical case (which means the case where 6 € (0,2)) is the easiest to handle and here
we briefly present the main computation. The idea is to find an a priori estimate which testifies
to the fact that particles don’t have the tendency to aggregate. We fix v € (6,2). Informally using
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the It6 formula and taking the expectation we find

t 0
Sy = So +/ ]E|:]IHX;’N7X§’NH<1 (Isl + NISQ)}dS, (47)
o <
where,
Sy =E[|X; N = X2V a1,

2~6
Ih = (77 = S5 XY - X2V,

N
D=7 (KXY = XPN) + K(XPN = X2V)) - (XN = X2N)|X PN - X2V |2
k=3

Using exchangeability we get that E[][\IXi’Nfo‘NHglIE] equals
V(N - Q)E[]IHXlxN—X?'N\|<1(K(X§’N - XPMHK (XN - X2N)
(XN - XENXEY - X2V |2

so that using exchangeability again,

o [ 2 YO(N — 2) ! 1,N v2,N ¥3,N
N/O E{]qu;”vfx,’:‘wng—rs]dszT/O EIF (X, X900, X90)]ds, (4.8)
where
Y A
F(‘T7yaz): 5 T o3 XHX||’Y_2]I X<
<\|Y||2 ||Z||2) i<t

7z X
+ (o + Tz ) Y IV Ly
Rk it

X Y
+ ( + ) AIVA RS (PP
PA{ERNEE 17l

where we have set X =z —y, Y =y — z and Z = z — z. By furthermore setting G(z,y,2) =
X1 xy<1 + Y7 Ty <1 + 1Z]77 202 <1, We get that G(z,y, 2) + F(z,y, 2) equals

X Y A
(x|Ix |21 Y|y|—21 AR )
which is positive according to Lemma Injecting in (4.8]), we get

0 [ 2 YO(N —2) ‘ 1,N v2,N vy3,N
N/o E[]I”X;,N_st,zvllglls}dsz—T/O E[G(XY, X2V, X3N] ds

YO(N —2) [* _
== T ) Bl e XY - X3V

Gathering this and (4.7) we get

t
Sp > So+~(v— 9)/ E[]I|\X§’N—X3'N\|<1||XSLN — X272 ds.
o <
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Since v € (6,2), S; is bounded by 1 and Sy is nonnegative, we get that

1
Yy —0)

This provides some bound saying that uniformly in NV, the particles do not spend too much time
close to each other. As we will see, this is sufficient to conclude in the subcritical case. The critical
case is of course more complicated.

t
B [ a1V = X3V 2] <

4.1.9 Plan of the paper

In Section [4:2] we show some basic formulas verified by a K S-process. In Section [£.3] we will
prove Theorem [4.4}(i) and Theorem {.6}(i) and we give the complete proof of Theorem [4.4}(ii) in
Section Finally, in Section [4.5] we show some probabilistic results on the behaviour of collisions
in the critical case which is crucial for the proof of Theorem |4.6}(ii) in the critical case that is
presented in Section

4.2 The particle system and some basic properties
This section is devoted to prove the following preliminary results about K S-processes.

Lemma 4.7. Let N > 2, 0 > 0 and (F)i>0 be a filtration. If T is a stopping time for the filtration
(Ft)e>0, then for all KS(0, N)-process (Xf’N)tE[OJ),,»e[[LN]] on [0,7), for all sequence of increasing
(Fi)e>o-stopping times (Tn)nen such that im, o7y, = 7 a.s., all t > 0, all n € N, we have the
following identities.

(i) For alli € [1,N], all ¢ € C*(Ry),

tATn

PURCEY, 1) =™ )+ 2 [ (N 2) X3 - a:
tATh 0
2 [+ X (X s
20 tAT, N ) ) ) )
)RR XN s
2

(ii) For all i,j € [1, N] such thati # j, all ¢ € C*(R,),

iN PN iN PN No o N o 20 Nn
o Xinr, — X 1?) =e(1Xg™ = XV 1P + M + 1" + NJt )
where
t/\T/’L . . . . . .
MY =2 [ - XN - X3) - a(B) - B
0

tATR
Y= [ [ = XV X - XV XY - XV Jas,
0
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and

t/\'rnN )
N / SO (XN = XEN )L (RN - X3N))
0 k=1
LN XN (XN XN 2)ds

i) Setting pN = N—1 J\; Syin for allt € [0,T), we have all ¢ € C?(R?),
t i=1"X;

1 tAr, N ) )
e @) = [ el an +5 [ 3 vex) .- b
i=1

+31 / " RET N (dz)ds

/ ’ /R RQK z—y)- [Ve(r) = Vo(y)lu) (dz)pl (dy)ds.

Démonstration. First, (i) follows directly from the It6 formula, knowing that setting ¢ : = —
(|lz1?), we have Vip(z) = 22¢'(||z]|*) and Av(z) = 4(@’(H3«“Il2) + ||93||2<P”(||1?H2))- Moreover (ii)
is true for the same reason so that it only remains to show (iii).

We fix p € C%(R?). Applying the Ito6 formula to <p(XZ}\]Xn) and summig over i € [1, N], we get

1 - 1
t/\Tn :NZ;QD(X(Z)’N)*‘NZ

=1

1 N tATh N
L Ap(XE)ds

g [hmn X , , ,
+ — / > KXY = XIN) - Vp(XPN)ds.
0

tATH ) )
[ et as; (4.9)
0

HMZ

N2

4,J=1

By symmetrizing, we get that for all s € [0, A 7],

N N
O KOG = X) - Vi) = 5 3 KXY = X2 [Tl = V)

N)\»—l

which together with (4.9)) implies the result. O

4.3 Compactness

In this section, and only in this section, we allow for any value of § > 0. We consider fy €
P(R?). We consider also for all N > 5, I € P, 1 ((R*)N) with associated random variable
(XS’N,...,XéV’N) such that ul goes weakly to fp in probability as N — oo where plf =

N1 Zf\;l 5X§’N' Applying Theorem there exists a KS(6, N)-process on [0,74") with initial



122 CHAPITRE 4. CONVERGENCE OF THE EMPIRICAL MEASURE

law F which is denoted (XZ7N)t€[O,TéV),iE|I1,N]]' We recall that Ny = (1+[2/(2—6)])Vv5if 6 € (0,2)
and Ng = 5 if 8 > 2. We define the empirical measure for all N > Ny and all t > 0

1
NN _ N  _
pe N = Hingy = N E 6X:XJZN’
i=1

where we set

By =0 if 0€(0,2) and ,BN:T?fVKN if 0> 2,
with (£x)n>5 some increasing sequence of integers. It is clear that (" ﬁN)tZO € C([0,00), P(R?))
a.s. because (X; 7N)t€[O,BN),z€[[1, is a.s. continuous. This section is devoted to show the following
Theorem (1) and Theorem (1) To this end, we need to prove some preliminary estimates.

Proposition 4.8. (i) There exists some nondecreasing ¢ € C(Ry) such that ¢(0) = 1, (2r) <
C(r) for some constant C > 0, lim,_,o (1) = 0o and

for all T 20, Mr := sup E[ sup — ¥ P([|X ]<oo
N>No Leeo,r) N Z | t/\BN” )

(i) For all T > 0, € > 0, there exists K. 1 a compact set of P(R?) such that,
for all N > Ny, PVt e [0,T],u) "N € Kop) >1—e.
Démonstration. We first prove (i).

Step 1. We first show that (|| X" [)nsn, is tight. Since pd goes to fo in probability, we
conclude that limsupy_, . E[ud ({z € R? : ||z|| > K}] < fo{z € R? : ||z|]| > K}) for all
K > 1. Since it holds that E[u) ({z € R? : ||z|| > K}] = P(||X;™|| > K), we conclude that

msupyc o, limsupy o0 (| X > K) = 0.

Step 2. We conclude the proof of (i). Since (Xé’N)NZNO is tight, by the de la Vallée Poussin
theorem there exists some non decreasing 1 € C(Ry) such that lim, . () = co and

sup E[v([ Xy |?)] < oc. (4.10)
N>N,

Moreover, this is tedious but not so difficult to show that one can choose ¢ € C*(R,) such that
1(0) = 1, such that ¢(2r) < Ci(r) for some constant C' > 0 and (1 + )¢/ (r)| +r[¢v"(r)] < 1. We
fix T > 0. Applying Lemma (iii) and taking the supremum we get,

N
7 1 7
w % D& (1) <5 S 0XENIP) + I+ B+ I, (4.11)
te ;i
where

TABN

Iy = NZ/ (9 (XM I+ IX Y I (X M1))Ids,

tABN
B3 =2 sup Z / Y(XEN )XY - dBY)),
t€[0,T

0 thBy N , , , . , .
Iy = N2 Sup / S RXEN = XPN) - [XENG (XN )P = XN (| XN )1?)]ds
tel0,7]Jo

4,J=1
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where I3, was obtained thanks to a symmetrization argument. Thanks to the hypothesis we made
on 1, we have I+ < 2(T A By) a.s. Moreover, since ||K(z)|| < ||z||~!, and since g : € R?
2’ (||z]|?) is differentiable with a bounded differential according to the properties of 1, we get that
I3 < 0||Vg|leo(T A Bn) a.s. Finally, using the Cauchy-Schwarz and the Doob inequalities, we find
that there exists a constant C' > 0 such that

2 1 & o / 5N 12Y)21] yis NV (2 1/2 1/2
B < O(m B[ [ ORI ) < o,
i=1
where we used the properties of . This implies, by taking the expectation in (4.11)) that

= 1,N 1/2
LSEPT NZw 15500 12 }<E[ sup (X" )] + @+ 61Vgll)T + CTV.

Combining with (4.10)), we get the result.

We now prove (ii). We fix T > 0 and € > 0 and, for some positive sequences (A%)x>o and
(n%)k>0 such that limg oo A5 = oo and limg_,. 715 = 0, to be chosen later, we introduce the
compact

Ker = () {1 € PR : w(BO, 4)%) < i }

E>0
of P(R?). Now for N > Ny,

Pt € 0.7]: i ¢ Ker) < ST P(30 < T (B0, 47)) < 1 )
k>0

£
Lixiny jsae 2 ”k>

tABN

N
( >
1 & _
Z: (3 NZ:]I BAUXEY L 12)>6((49)2) 2 "k)
N
( >

\vtg

(X505, 1) = mi((45)9))

&

Z (SupteOT sz 1w(||XMﬁN|| ))
>0 ne((47)?)

by (i). We now choose Aj such that 3>, -, 1/\/¥((A})?) < e/Mr and g = 1//¢((A7)?). We find
that P(3t € [0,T] : p ﬁ” ¢ K. 1) < ¢ as desired.
O

Proof of Theorem [{.4}(i) and Theorem[{.6(i). We recall that one can find a sequence (¢,,)nen of
elements of C?(R?) such that

H‘F’nHOO"'Hv‘Pnl|oo+||v2<Pn||oo <1 foralln>0,



124 CHAPITRE 4. CONVERGENCE OF THE EMPIRICAL MEASURE

and such that the distance & defined for all f, g € P(R?) by

1.9)= 27| [ eate)r(@) - [ gul@lgtan

n>0

)

metrizes the weak convergence topology in P(R?). Since C([0,00), P(R?)) is endowed with the
topology of the uniform convergence on compact sets, it is sufficient to prove the tightness of
(1N)i>0)N>n, on C([0,T],P(R?)) for every T > 0. We fix T > 0 and set the following compact
set of C([0,T], P(R?)),

S g

ICA,K = {(ft)tZO € C([OaT]aP(Rz)) S [OvT]vft € K and sup |t _ 8|1/4

s,t€[0,T]
s#t

for all A > 0 and for all K compact set of P(R?). It suffices to show

5 N,BN | N,Bn
sup E[ sup (Mt—’/f;él)} < 00. (4.12)
N>No Ls,t€[0,T] [t — s
s#£t

Indeed, if it is the case, thanks to the Markov inequality, for all € > 0, there exists A. > 0 such
that
( N.n N8N

O(ps ™, phs

for all N > Ny, IP’( sup 7 oz )SAe)Zl—E,
-5

s,t€[0,T
sF#t

and using (K. r)e>o defined in Proposition (ii), we have for all N > Np,
P((s " )iz0 € Kaokor) 2 2(1 =) =1 = 1= 2¢,

which ends the proof. Let us show (4.12). Using Lemma (iii) and the fact that | K (x)|| < ||z|~*
for © # 0, we have for all n > 0, all T > 0, all s,¢ € [0,T] such that s # ¢,

N

1 7 %

S| DX, — en(XEN )| < 51+ 52
=1

where
11 Y, [iew i\N ;
St — 7’ / Voo (X:N)dBL |,
N ; B T
N tABN N tABN i\N i N
1 1 , 0 [Ven(X5™) = Voo (X5M)||
52 =— / — A, (XN | du 4= / * : 2 du.
N; SABN 2 2N iJzzl SABN HXIZL’N*X&’NH
J#i

Since V2¢,, is bounded, S? is bounded by C(t A By — s A Bx) < C(t — s) with C > 0 a constant.
Moreover, by the Dubins-Schwarz theorem, even if it means to enlarge the probability space, there
exists a Brownian motion (By);>o such that

N o tABN A , -
> / Ve (XiN)dB, = B

=1

tAB i, .
SN N IVen (X ™) 2du
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Recalling that |[Vp,[|lc < 1 and setting Cz := sup, ,¢o,1), u¢v( B,)/|u — v|'/4, this implies
that

tABN

1/4
IVn(X2™) 2du)

L<N7l0p (Z/MBN

< CpNT34t A By — s A Bn)Y*
< CaN73/4(t — s)V4,

But E[Cj] < oo thanks to the Kolmogorov criterion, so that recalling the definition of 6,

Oy "N, )

n i, N N
I e e e B R \zson (%) = (X )
s7t€67[£t17T] n>0

E[2(CT3/* + N=3/4Cp)].

This proves (4.12]). O

4.4 The subcritical case
In this section we prove Theorem (ii). We recall that in this case 6 € (0,2). We begin with
a simple geometrical result which is crucial for our purpose, that we proved in [2I] but that we

recall for completeness.

Lemma 4.9. For all pair of nonincreasing functions p,1 : (0,00) — R, for all X,Y, Z € R?\ {0}
such that X +Y + Z = 0, we have

A=lp(IXIDX + (Y DY +e(ZID2] - (IXINX + (Y INY + (21 2] = 0
More precisely, if e.g. | X|| < ||V < ||Z]|, we have
A= [p(IX1) = eUY I AXID = (Y DX
Démonstration. We may study only the case where || X|| < ||Y|| < ||Z]|. Since Y = -X — Z,

eI XINX + (Y IDY + (121D 2 = AX - pZ,
SIXIDX + (Y INY +9(121) 2 = NX — 4’2,

where A = o([[X]) — ¢(IY]]) = 0, p = @([Y]]) = ¢(IZ]}) = 0, A" = ¢([[X][) = &([Y]]) = 0 and
= ¢(IY[) = ¢ 2]]) = 0. Therefore,

A= WX+ pd | Z))* = W + N )X - Z = M| X2

as desired, because X -Z < 0. Indeed, if X-Z > 0, then ||Y |2 = | Z+X |2 = | Z||>+|| X ||?+2X - Z >
IZ||? > ||Y||?, which is absurd. -

The next result follows the proof of [2I], Proposition 5].



126 CHAPITRE 4. CONVERGENCE OF THE EMPIRICAL MEASURE

Proposition 4.10. For all vy € (0,2), there exists a constant Cy ., > 0 such that for all t > 0,

t
sup E[/ | XN —Xf’NH7_2ds] < Coqy(1+1).
N2>No 0

Démonstration. We fix a > 0 and set ¢, (r) = (r +a)?/2/(1 + (r + a)?/?) whence

oy (rta)/??
D)

7 (rt+ap? (7
(1+ (r +a)1/2)2 2

(r +a)/?
(14 (r+a)1/?)? PR )’

/ 1/
©(r) and g (r) T (rtay?

2

which implies since a > (v/2)a,

/ 17" o §T+a _ 7«(7«_|_a)’Y/2—1
L)OOL(T)—"_,mpa(’r) _@a(r)( r+a 71-}-(7’-’-@)7/2)

r(r+a)?/?-1

> %%(7’)(1— W)
r+a)/?

> S (12 ).

Let ¢ = (1+6/7)/2 € (8/7,1) and u = (r +a)"/2. For 0 < u < (1 —¢)/(3 + ¢) it holds
(I-¢)—2u/(14+u) > (1—c)/2so that in this case

1-c c
@) +li(r) 2 2e(r) (e + =5~ ) = Feh(r):

Otherwise if u > (1 —¢)/(3+¢) ie. (r+a)>v=((1-¢)/(3+¢c)?*,

loc—2-"

chf]-a
14+u

since u/(1 4+ u) <1 so that

Pulr) + 1) = Teu(r) = (14020, (v).

We conclude the existence of C7 > 0 only depending on 6 and ~ such that

@) +rei(r) 2 e ei(r) = Cu. (4.13)

Thus, applying Lemma (i) to @a (|| XN — X2N||?), using [@.13) and taking the expectation,
we find

46 20
E(pa (12N = XPV2) > Elpa(1X0™ = X3VI2) + (207 = 57 ) St = TSE—4Cut, (4.19)

where

t
5t =E[ [ eu1x - X2V
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and

t
57 = B[ [(IXY - X3V - X3

N

( XLN XN XEN XN ) }

: + : ds
ST XGNR peY —X
i£1,2

By exchangeability, we get that S?/(N — 2) equals

) < XSI,N _ XS,N | XE,N 7XS2,N ) ]

t
B[ [0 = XEN Y - XN (e e e Y ds
A s B SRl

so that by exchangeability again,

S752 1 ' 1,N 2,N 3,N
N_2 —gE[/O Fo(Xo™, X3, X0 )dS], (4.15)
where
4 Y
Fo(e.y.2) =2, (IX|")X - (”Z”; + ”WZ)
+ VY - (e + 12m)
+ (122 (157 + 1)

with X =2 —y, Y =y—2zand Z = z — 2. We now introduce G,(z,y,2) = ¢, (| X|*) + ¢, (Y ?) +
¢! (]1Z]|?) and note that for all X, Y, Z € R?\ {0},

Z

Galz,y,2) = ¢, (I1X %)X R

)Y +¢.(1211)2

+@a (1Y

X
X1 ]2

Hence for all X, Y, Z € R?\ {0}, Gu(z,y, 2) + Fu(z,y, 2) equals

X Y z
(PLPIPIX + Y IP)Y + 2u1219)2) - (5 + e + )

which is nonnegative according to Lemma since 7 — r=2 and r — ¢/, (r) are both nonnegative
and nonincreasing on (0,00) and X +Y + Z = 0. Thus F,(z,y, 2) > —G.(z,y, ), which injected

in (4.15) gives

ngN

—_9 t
B [ Gu(x2N X2 x5 V)]
5oL

= v - 2] [ Y - xR (116)
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since f(f I y1~v_y2n~yds = 0 as. according to Theorem Gathering (4.14) and (4.16)), the fact
that ¢, is nonnegative and bounded by 1 and recalling the definition of ¢/, we get the existence

of a positive constant C' such that

Xl,N_XQ,N 2 v/2—1
X XV o

t
1 t>2 —0E
+ C = (C’Y ) [A (1 + HXSLN B XSQ,N||2+),Y/2)2

Recalling that ¢ = (1 + 6/7)/2 we get that ¢y — 0 = (v — 6)/2 > 0, so that

[/t (X" = X2N|? + )12 ) < L+Ct.
o (14 [[Xa™ = X3N|24)/2)2 1=y =0

Recalling that v/2 —1 < 0, we know that there exists A, > 0 only depending on « such that
27271 < 227/271 /(1 + 27/2)2 4+ A, this implies

t
2(1+Ct
E[/ (XL = x2N|2 +a)7/2_1ds} < 21+ 01 + At
0 y—40
so that the monotone convergence theorem completes the proof. O

Proof of Theorem[{.4-(ii). Recall that 6 € (0,2), fo € P(R?) and that (uf)¢>0 is the empirical
process associated to a solution (XZ’N)tzo,ie[[l,N]] to , for each N > Ny. By Theorem(i)7 we
know that the family ((u);>0, N > Np) is tight in C([0, o), P(R?)). We now consider a sequence
(Ni)r>o0 and a random variable (11)i>0 € C([0,00), P(R?)) such that limj, Ny = oo and (uf'*)i>0
goes to (f1¢)i>0 in law as k — oo. We have ug = fo since by hypothesis, u2’ goes weakly to fy in
probability as N — oc.

Step 1. We prove that E[f(f |z — y||"~2us(dz)ps(dy)ds] < oo First, by exchangeability, we get
that for all M > 0,

E(/Ot/W/RE(III —yl"? AM)ug\’k(da:)M;Vk(dy)d5> < Nﬁk

Ny, —

1 t
v E(/O ||X51’N’“—X32’NkH7_2ds).

According to Proposition since (,uiv’“)tzo goes to (u¢)e>0 in law as k — oo there exists C' > 0
such that

B( [ [, [ (== A 3s(anyin(dn)as) < Coyl1 4 7).

Since this holds true for every M > 0, the monotone convergence theorem gives us the result by
letting M — oo.

Step 2. It only remains to check that p is a.s. a weak solution to (4.1]). We apply Lemma(iii)
to p € CZ(R?) and get I (u™r) — Iy(uN*) = My (t), where

1 t Nk N )
Mkm:ﬁk/o S V(XM - dB,

i=1
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and for all v € C([0, ), P(R?)),

1) = [ e@man - [ c@un =3 [ [ Acwmdnas,
B =g [ [ [ Ko=) Vo) - Tetle. o dn)ds.

Since ¢ and Ay are continuous and bounded, I}(v) is clearly continuous with respect to v and
bounded. Since g : (z,y) € (R?)? — K(z —y) - [Vo(z) — Vio(y)] 1,2, is continuous and bounded
on (R?)2\ D where D = {(z,y) € (R*)? : z = y}, I?(v) is also continuous £((u)r>0)-a.e, where
L((pt)e>0) is the law of (u¢)¢>0. Indeed, Step 1 implies that for all ¢t > 0, fot(us ® ps)(D)ds =0
a.s. Thus, I} (pu™Ne) — I2(u™VF) goes in law to I} (u) — I2(u) as k — oo.

Moreover, limy_, oo E[(I} (%) — I2(u™V*))?] = limy o E[M(t)?] = 0, which implies I} (u™*) —
I2(uN*) goes to 0 in probability as k — oo. We conclude that for each ¢t > 0,

I () = I} (n)  as.

This implies the result, i.e. that a.s., for all ¢ > 0, I} (n) = I?(n) by continuity, since (u:)i>0 €
C([0,00), P(R?)), since ¢ € C? and since g is bounded and for all s > 0, us € P(R?). O

4.5 Estimation of the first triple collision time

Since the existence of the particle system is not guaranteed after the time of the first triple
collision, meaning the first collision between three particles (which occurs a.s. in the case where
9 > 2(N —2)/(N — 1) according to Theorem [{.5)), we need to show that this time goes to the
infinite as the number of particle increases to the infinite. This work has been more or less done
in Fournier-Tardy [22] but since the interest in [22] was to study the K.S-process near the blow-up
instant and that there is no solution to in the classical sense in this particular region of the
time, the Dirichlet forms theory is used to provide a sense to such a process, which makes the
proofs much more complicated.

We define for all 6 > 0, all N > 2,

kO
do.n (k) = (k — 1)(2 - ﬁ) forall k € [2,N] and ks = min{k > 3 : da.n (k) < 2}.
This section is devoted to prove the following result. Recall the definitions of T}iv and T]iv * for
N>2 ke[2,N] and £ > 1, see Subsectionm

Proposition 4.11. If § = 2, we consider for all N > Ny, FY €

process (XZ7N)tE[O,TéV),iE[[1,N]] on [0, 7)) with initial law FY, then

R?) and a KS(0,N)-

:ym,l(

(i) 3 =7l a.s.

(i1) There exists an increasing sequence of deterministic integers ({n)n>5 such that setting
BN = TéV’ZN, then for all t > 0, P(By <1t) 2> N—oo 0.
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Point (i) explains that the first collision involving strictly more than two particles is a collision
between at least ko particles. Moreover, point (ii) means that the instant of this collision tends to
infinity in probability as the number of particles of the system tends to infinity.

We begin with some preliminary results about the behaviour of the empirical variance of subsets
of the particles. The following has been essentially treated in Fournier-Jourdain [20]. Recall the
definition of R nj, see Subsection @ and the definition of a squared Bessel process, see Revuz-
Yor [44, Chapter XI].

Lemma 4.12. Let (F;)i>0 be a filtration, T a (F;)i>0-stopping time such that 7 < 78 a.s. and
(Tn)n>0 @ sequence of increasing (Fi)i>o0-stopping times such thatlim, oo 7, = 7. If§ > 0 and N >
5, then for all KS(0, N)-process (XZ’N)te[o,r),z‘e[[l,N]] on [0,7), (Rp,n1(X))iejo,r) is a (Fi)iso-
mesurable squared Bessel process with dimension dg n(IN) restricted to [0,7).

Démonstration. We apply Lemma (ii) with ¢ = I; and we get for all i # j € [1, N], all n > 0,

tATn ) ) ) .
120N — XEN 12 =) xg™N - XN+ 2 / (XPN — XIN) . d(B! - BI)

20

+4(1—£)(t/\7'n)— ~

¥ g, (4.17)

where

N - ptnr i,N k,N kN i, N
n XuiN X XN X, . .
g = Z / ( N N 5t N N 2) (XN — X7M)ds.
= Jo [ X = X712 IXsT = X7
koki,
Using ([4.17) together with the fact that Ry nj(z) = (2N) ™' 22 ;2o n l2° = 27||* imply by sum-
ming the last equality over i # j € [1, N], and dividing by 2N,
1

AR . . . .
Ruw(X0e) =Rus (842 [ gm0 (XY - X (B - B)
1<i#j<N

+(V=1)(2- %)(t ATy) — % /Own S(XN)ds,

where for all z = (z1,...,2V) € (R?)Y,
i ok E_ .
t—x ¥ —x , ;
S(z) = ( ~ + » )'(m’—xj).
2 =P =
_di;t%nZts
By oddness, we have for all z € (R?)"V,
xt — P ; ;
S@)=2 Y, @ =)
1<i,j, k<N [J* — 2]
_di;t%nas
=2 L4 2T k) CaN(N - 1) (N —2) - §
1<i,j,k<N

distincts
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so that S(xz) = N(N —1)(N —2). Since (N—1)(2—20/N)—6(N—-1)(N—-2)/N = (N-1)(2—-6),
we deduce that we can write for all n > 0,

tATn
Ry ny(X7%s,) =Bp,n(Xo') + 2/0 Ry ny(XN)V2AW] + (N =12 = 0)(t A7), (4.18)

with

1 tATh XzN XJN ) )
(W) ez0 = 7 > / —-d(B;—Bg))

1<iZ <N Ry, N]] XN)1/2 150’

which is well defined because Ry nj(X2Y) > 0 for all s € [0, A 7,] since 7, < 7 a.s.,

According to (4.18)), the definition of a squared Bessel process (see Revuz-Yor [44], Chapter XI|)
and since dgp y(N) = (N —1)(2 — 0), it only remains to show that for all n > 0, (W/")ic(0,5,) is a
1-dimensional Brownian motion restricted to [0, 7,,) which we now do. For all n > 0, (W"); equals

XlN X]’ ) . . : (Xk,N _XE,N) . ,
- B, [ ) sk - B
4N21<Z§]:<N / Ry np (X2 o Ry np(XN)/2 >

1<kA<N

tATH

so that

1 tATh Xi’N _Xj,N . Xk’N _ XE,N
W™y =— Z (0 — ie — 05 + 5‘,@)/ (X ) - (X s )ds.
0

AN 1<i#j<N R[[l,N]] (X)
1<k#ISN

By distinguishing cases according to whether one or two of the Kronecker symbols in the sum
equals 1, we get

tATR o“wN _ yi,N|2 1 tATn Q XN
<Wn>t :L Z / ”Xs XsN H ds + 72/ S( s )N ds,
N 0 Ry vy (XE) N Ry vy (XE)

where

S(z) = Z (zf — 29) - (z* — 2F).
1<i,j,k<N
distincts

By oddness we get

S@= 3 (o' =22+ (@ —ad)- (0 — b))
1<i,j,k<N
distincts

= 2N(N = 2) Ry i (x) — S(x),

so that S(z) = N(N — 2)Rp1,np (%) which implies that

2 N -2
(W™= —=@{EAT) + (EATR) =t ATh.

N

The conclusion easily follows thanks to the Lévy characterisation. O
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In the following Lemma, we show that if particles indexed by K C [1, N] are far enough away
from the other, then (Rx (X}))i>0 behaves like a squared Bessel process with dimension dg y (|K]).
Indeed, we will explain in which sense we can neglect the interactions between particles indexed
by K and particles indexed by K°.

Lemma 4.13. For allT >0, « > 0,0 >0, N >3 and K C [1,N] with |[K| € [2,N = 1], if 7
is a stopping time for a filtration (Fy)i>0 and (Xf’N)tE[OJ),iG[[LN]] is a KS(0, N)-process on [0,7),

then the family ((RK (ng(/\Tth))t€[0,5f§)K/\T—<T§‘K/\T) . is a family of squared Bessel process with

dimension dg N (|K|) restricted to [0,G% ;o AT — ol A T) driven by independant Brownian motion
under QuT == E(LYT) - P where

XiN _ xiN 4
Ly = / B!
K ] s ’
;{ s€EUk>0[0 0%, K) K HX;,N _ Xg,N”z s
with (o* o x)k>1 and (O'Z;,K)kzo defined by induction by setting 52,}( =0 and for all k > 1,
ok N N
o = nf{t > 58 o 1X5Y = XM > o}

&Q’K = inf{t > JQ’K : ieml%K ||Xf’N — th’NH < a/2},

with the convention inf ) = 7.

Démonstration. We fix T >0, a > 0, N > 3 and K C [1, N] with |K| € [1, N — 1]. We compute

XiN Xj’N H2
s - —‘? ds
K )T = N2 Z/ EUixolok k. QK)H |XLN Xg,NHQ

40| K<|? 4

< 2 N2 Z/O ]I‘?EUk>o[ kT K)ds
1€EK

492|Kc|2|K\T

§7Q2N2 )

so that the Novikov condition is satisfied and applying the Girsanov’s theorem we get that under
, there exists a 2N-dimensional Brownian motion (B )e>0.ic[1.n] Such that for all k > 1, all
K >0,i€[1,N]
te|o DLK/\T,U&K/\T) all i € [1, N],

0| K|/N XN _ X3V
XpN = X5 Bl Bl > / TN N2
T WK e ok o [ XN - XN 2

so that for any k£ > 1, (XlN /\T+t)t€[0‘7 KAT—0k (AT)iEK isa K S(|K]|,|K|0/N)-process restricted

to [0, &§ k NT — O’Z K N T). We used the fact that the sequence of processes ((B,x AT

B, ko AT)te[0,65  AT—ok /\T)))k21 is a family of independant restricted 2 N-dimensional Brownian

motlon under ?(T.
Lemma concludes the proof. O

The following Proposition shows regularity in some sense of the process at 74".



4.5. ESTIMATION OF THE FIRST TRIPLE COLLISION TIME 133

Proposition 4.14. If6 =2, N > 2, and ((X?N)te[o,rév))iG[[l,N]] is a KS(6, N)-process on [0,73),
then for all K C [1, N] such that |K| > 2, we have a.s. the alternative

lim Rg(X¥)=0 or liminf Rg(XN) >0
t—>7’év t—>7'§v

Démonstration. We proceed by reverse induction on |K|. First, if |[K| = N, then the stochastic
process (R nj (thv))te[oﬂ_é\l) is a squared Bessel process with dimension dgp n(IN) restricted to

[0, 7V) according to Lemma so that lim,_, .~ Rp1, N (X]N) exists a.s.

We fix k € [3, N] and suppose that we proved the result for all subset of [1, N] with cardinal
k, we fix K C [1, N] such that |[K| = k — 1 and we prove that the result is true for K. If there
exists i ¢ K such that Ry (x) = 0 then it is clear that R (x) = 0. This, continuity of Rx for

all K C [1, N] and the induction hypothesis gives us that it suffices to handle the study on the
event {liminf, , ~ min;g e Riugiy(X; N) > 0}. We set

A= {hmlnfRK( Ny =0, hmsupRK(XN) > 0, hmmfmmRKU{ y(XY) > 0}

t~>7'3 t~>'r t~>7’

and assume by contradiction that P(A) > 0. Since 7' < oo a.s., there exists T > 0 such that

P(AN{rY <T}) > 0.

Step 1. There exists € € Q% , n € Q} small enough and ¢ € Q%, o € Q% , T > 0 such that with
positive probability liminf, , ~ min;g Riuiy (X)) = 2¢, R (X)) crosses the interval [e, 2] an
infinite amount of time during [0,72"), 7&¥ < T and if Rk (z) < 2¢ and ming g Riugy () > ¢,
then ||2' — 27| >aforallie K, j ¢ K.

Step 2. We build in this step a sequence of i.i.d squared Bessel processes from the empirical
dispersions (Rx (X}))i>0- Take T, a, ¢ and € defined in Step 1 and we define the sequences of
stopping times (cr’C Jk>1 and (6% )>0 by induction by setting 0 =0 and for all k > 1,

ak = inf{t > crk V'Rr(XY)<e  and I{élnRKu{ A (X)) > 2c}
&26 =inf{t > of : Re(X]N) >2¢ or I{él]l(lRKu{ A (X)) <},

with the convention inf () = 72V.

According to Lemma there exists a probability Q%T absolutely continuous with respect to
P such that ((RK( ok /\T+t))t€[0 5k NT—ak AT) ) is a familly of squared Bessel processes with
We,e c,e >1

dimension dg n(|K|) driven by independant Brownian motion Indeed, one has to observe that a.s.,

for all k > 1, there exists ko > 1 such that [of A T,5%_A T] (o, ko /\ T, &ff’K AT), where afij
and akoK have been defined in Lemma because ift e fof_ A T, 5% A T], then Ry (X}N) < 2e

and min;g g Ry (X2Y) > ¢, so that mine g jex | X Xg’ |2 > a according to Step 1.

) C y€
We consider (W} )t>0)k>1,ic1,2] @ sequence of independant 1-dimensional Q?(’T—Brownian
motions independant of all other variable we have considered and we define for all £ > 0,
k k,1 N
Zi =Ly 2 + Lepr itk -0k AT RE(XGE ppypea)

k2
+ ]Ite[nk»l+&’g_’€/\Tfa§5/\T,nW] Z
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if of’s AT < 73V where
o (ZPY)s0is a Q?(’T— squared Bessel process with dimension dy n (| K|) starting at ¢ driven by
(W ez,
o Pl =inf{t >0: 27" > Rie(X2 1)},

. (Zf ’Q)tzo is a Q?(’T—squared Bessel process with dimension dg n (] K|) driven by the Brownian

motion (Wtk’Q)tZO starting at Ry (XD, \p
since a squared Bessel process is contiiluous),
o nF? =inf{t > P +GE AT — ok AT : 2% > 2},

and Zf = Tyo 02207 it oF AT =70V,

), (observe that if 55,5 AT = 7V, this has a sense

Under Q%" ((ZF)i>0)k>0 is a family of i.i.d squared Bessel processes with dimension dg y (| K1)
starting at € and killed when reaching 2e.

Step 3. We conclude. According to Step 2, (7¥2);> is a i.i.d family of random variable under
Q%" such that Ege.r (n¥2) > 0, which together with the Borel-Cantelli Lemma imply
K

an’2 = 00 a.s. (4.19)

k>0

However, we deduce from Step 1 that with positive probability, (Rx (X ))telo,7vy upcrosses [e, 2¢]

an infinite number of time and there exists ¢ty € [0, 74" ) such that for all ¢ > to, min;¢x Rx (X{¥) >
2¢, so that for all n > 0, 026 ANT < Tév and there exists ng > 1 such that for all n > ng,

Rg(X), )=c¢ and Ry (X2, ) = 2.

Thus, with positive probability, there exists ng > 0 such that for all n > ny,
(Zgl)te[o,nnvz) = (RK(XtN))te[a;{Eﬁ&E%

so that >,o, nF? < (ZIZ(’:EI n*?) + 7V < oo. Indeed, T8V < oo according to Theorem and

ZIZ":? n*? < 0o a.s. because dg y(|K|) > 0 (see Revuz-Yor [44, Chapter XI]), since |K| < N and
6 = 2. This is contradictory with (4.19).
O

The following Lemma will be helpful to determined which kind of collision occurs. In particular
this gives us information on the dimension of the squared Bessel processes linked with the empirical
variances.

Lemma 4.15. If N > 5, then ko € {N —2, N —1}.

Démonstration. We first have do (N — 1) = 2(N —2)/N < 2, so that ks < N — 1. Thus it suffices
to show that ko > N — 2.

We can restrict our study to the case where N > 6 since the result is clear if N = 5. It suffices
to show that 2 < min(da n(3),de, N (N — 3)) since da (k) is increasing on (—oo, (N + 1)/2] and
decreasing on [(N + 1)/2,00). Indeed, do n(k) = 2(k — 1)(N — k)/N is a polynomial expression
with roots 1 and NV.
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Moreover, since da n(3) < do n(N — 3) because |(N +1)/2 —3| > |(N +1)/2 — (N — 3)|,
da n (k) is symmetric with respect to the line of equation y = (N + 1)/2 and ds n is increasing on
(—o0, (N+1)/2), it suffices to show that do n(3) > 2, but this is clear since dg v (3) = 2(2—6/N) >
2. O

We are now ready to give the

Proof of Proposition [4.11}(i). Let (X?N)te[O,TéV),ie[[l,N]] be the KS(#, N)-process on [0,74) built
in Theorem It suffices to show that 7' = T]g a.s. We reason by the absurd and suppose that
with positive probability, T,i\; > 7V, which implies that with positive probability there exists ¢ > 1
such that Té\;e > V. Indeed, if for all £ > 1, Tli\;e < 7V, then 7',?27 = limy_yoo TéN’é < V. We
conclude that under this assumption, there exists T' > 0 such that

with positive probability, T?fv < T and there exists £ > 1 such that Tg < > T?fv . (4.20)

Observe that on the event {Tlg’e > 7V}, for all K C [1,N] with |K| = ky, we have that
minte[o,rg_N) R (X{Y) > 1/¢.

Step 1. We show that there exists o > 0 and K C [1, N] with | K| € [3, k2 — 1] such that with
positive probability,

lim RK(XgV) =0 and liminf min ||XZ’N — Xg’NH > a.
t—H’éV t—>7'év i€K,j¢K

According to Proposition 4.14] the definition of 7' and (4.20)), we have with positive probability,

Si={KCILNI:|Kl€[3k-1] and lim Re(X))=0}#0,

t—73
so that according to Proposition and (4.20) again, with positive probability there exists K C
[1, N] with | K| € [3, ke — 1] (which is for example a set of S which is maximal for the inclusion)
and ¢ > 0 such that

lim Rg(XN)=0 and liminfmin Ry (XY) > c.

ares Y K( t ) N igk Ku{}( t ),
We conclude observing that for any fixed ¢ > 0, there exists ¢ > 0 and « > 0 such that if
Rk (z) < e and min;g x Ry (z) > ¢, then mine g jor |2 — 27]] > o

Step 2. We conclude. We apply Lemma [4£.13] with o, T and K defined in Step 1, so that under
Q}"(’T with positive probability, a squared Bessel process with dimension dg n(|K|) > 2 (because
|K| € [3, ke — 1] and by definition of k3) tends to 0 in finite time, which is absurd.

O
The issue now is to prove Proposition (ii). According to Proposition (i), for all N > 5
we have Tév o T,g 4 5 0in probability as ¢ — oo, so that we can find a deterministic increasing

sequence ({n)n>5 such that

. NN NN
VN > ) = 0. :
i P(|7 T 1 =1)=0 (4.21)

Until now we set for all N > 5, ky := T,iZ’ZN and By = Tév’eN. We need to prove first a technical
lemma.
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Lemma 4.16. Ifsupy>s E[|| X3 N |6] < oo, then

for all N > 5, allt >0 [||X,51A1:NH | < (;i%E[HXéNHG] + 18t)618t

Let us point out that the power 6 in this result is arbitrary and does not play any specific role.

Démonstration. We fix M > 0 and set the stopping time o) = inf{t > > 0: El 1 HXtMN |6 < M}
with the convention inf ) = k. We apply Lemma( ) with p(z) = 2% and taking the expectation
so that we get

UNO N

tAo M
ElIX 2%, 1] =1X3™ | + 18E | / X2 s
69 N tAo M )
+RE[Y [ RN - XN XX )

Using exchangeability of the family {(XY />0, € [1, N]} which is given by Theorem and

tAo M
the fact that oy is invariant by permutation of the family ((XZ’N)te[o,rgV))ie[[l,N]]» we get

tAo M
1,N
B[, 1% =Ef) X} ||]+18E[ | i

tAo N
Z / KXZN XjN) ||X2N||4X1Nds
1<i#j<N

tAo M
Bl + 185 [ 1 as),
since by oddness of K and convexity of z + ||z]|®, and recalling the definition of K,
> K@ o)) el =5 > K —a)) [l ~ 7] <0
1<i#j<N 1<i#j<N

Since u < 1+ u3/2 for all u > 0 and t A oy < t, we get
t
1,N
E[|| X155, 11°] = sup B[J| X ™ %] + 18t + 18/ E[[| X ixy,, [1°ds,
N>5 0

which implies the result thanks to the Gronwall’s Lemma and the Fatou’s Lemma because o, goes
to ky a.s. as M — oo.

O
We can finally give the
Proof of Proposition (ii). Step 1. We first show that it is sufficient to consider F¥ such that

sup 5 E[|[ X LN16] < oo. Indeed, suppose that we have shown the result for these initial condi-
tions and take some Fi¥ € Piym1 and the associated random variable (Xé’N)ie[[1,N]~ We set the
o(X2N, N >5,i € [1, N])-mesurable random variable A = 1 + max;[1,n] | X3 and define
Xy
A

for all i € [1,N], XoV =
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We denote by EY the law of (X3, , X"") and we clearly have SUpP N> 5 E(|| X5 ||®) <1 and
EN e Piym1- We set XN = 2, /A and we see thanks to a change of variable and thanks to the
scaling property of the Brownian motion that (X/¥);>o is a KS(2, N)-process with inital law Fi.

N, LN

By hypothesis, we have that 7; — N—oo 00 in probability with obvious notations. But since a.s.

A > 1, we have a.s.

for N large enough, [y = TN v > A2% N [A%en ] > 7 ~N€N

which proves the result.

Step 2. We are reduced to show the result when supy5 E[)| X3 N |6] < oc.

Step 2.1. We set py = inf{t > 0: Ry nj(X7") < N'/2} and show P(py <t) = 0as N — oo
for all ¢ > 0. Considering (Y3) (o, -y = (Bp1,n] (ng)l/z)te[o,fg), Lemma and the Itd’s formula
imply that for all ¢ > 0,

Ny1/2 1 [N ds
Yirpn = Bpny(Xo') 2+ Winpy — 5/ v
0 S

—1/4

—— (A pN),

> Ry vy (Xo )l/ + Winpy — B

where (W});>0 is a 1-dimensional Brownian motion. For N large enough, we get

P(on < 1) <P(Rpw(X3)/2 4 inf (W, = s/(2N'/4) < N'/4)

s€[0,t]
( sup ( Ws+s/(2N1/ )) > Ry ny(Xp )1/2 N1/4>
s€[0,t]
N\1/2  arl/4 1/4
]P( sup —W, > Ry np(X)Y2 = NY4 — /(2N ))
s€[0,t]
IP’( sup —W, > CtNl/B) +IP(R[[1 M(XY) < N2/3),

s€[0,t]

where C; is a constant only depending on ¢. Since (—W};);>¢ is a 1-dimensional Brownian motion,
it suffices to show that the second term of the RHS goes to 0 as N — oco. Since fy is not a Dirac
mass, we can fix A > 0 such that

/ Va@)fo(dz) > 0
]RZ

where ¥(y) = [|pa(y) — [z ©a(2) fo(dz)||? with 4 € C.(R?,R?) is a 1-Lipschitz bounded fonction
such that p4(x) == for every z € B(0, A). Since 4 is 1-Lipschitz, we have

N ; 1 N NIE: 1 . -
;H‘PA(x)_N;@A(J? )H =N Z loa(z') — oa(e))]

1<i#j<N

1 . o
<on 2 et =4I = Rpw(@),

1<i#j<N
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so that
RIS, » INIRES Stees o
i=1 1
<P + Py,
where

:IP’ H/ pa(x) fo(dr) — /]R2 @A(x)uév(dx)H > g>’
<Jff§: HQPA x5™) _/ @A(l")fo(dx)HQ — 2% < N‘1/3)7
i=1 R2

because [5, pa(z)pd (dz) = N1 Eszl ea(XeN), with e€ (@ (1/2) Jrota (@) fo(dz)]H/2]. By hypo-
thesis on ,uév, we get that limy_,o, P} = 0, whence it suffices to show that limy o, P = 0. It
follows

Py =p(2 /R balyub (dy) - 252 < N71%)
<p(| /R baly)ud (dy) - /R VAW fody)] > )
+ IP’<2 /R Ya(y)fo(dy) —4e? < N71/3>’

and these both quantity tends to 0 as N tends to oo because 2 [o, ¥(y) fo(dy) — 4e* > 0, by
definition of u{’ and since 14 is continous and bounded.
Step 2.2. We show that k goes to infinity in probability as N — co. We fix t > 0 and we have
P(KN < t) < P(pN < t) +P(pN >ty < t).

According to Step 2, it is sufficient to show that the last term of the previous inequality tends to
0. On the event {py > rn}, there exists K C [1, N] with |K| = ky such that Ry (XY ) < 1/0y
and by definition of px we have

1 . .
1/2 N N N2
NVE< B (X)) =5 Do IX - XY

1<i#j<N
—@R XN 1 X6N _ XL 24 XlN XJ, 2
= RN )+ S 45 3 2
i€K,jEK i“jEgK

Fixing i9 = min K, using that ||z +y||? < 2(||z[*+||y[|?) in the two last sums and that Rx (X2) <
1/¢y since ky > py, we get

\K| 2|K| i 2IK|+2 i :
N'? < D OIXEN — X0 N2+ S oIXEN = XN
€K jEK
K 4|K||K*° 2|K|+ 2 . .
< ‘ | + | || | | |+ Z ||X;O’N o ;?;’N”Q'
Nl Nl N N

JEK
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Using again that ||z + y||* < 2(||z||* + ||y||?), we deduce

K| | AK||K°] | 8( K|+ 1)K ,
N1/2 < | Xz,N )
“~New TN T N e X

which implies,

N2< 2 116 max | XEN)12,
2% i€K°U{io}

since |K| = kg € [N — 2, N — 1] according to Lemma Since £ > N — 4 by construction, and
by exchangeability, this gives that there exists C' > 0 such that for N large enough

Plon > tory <) <P {J {IXG0, 7 = ON2Y)
i€[1,N]

< NP(| Xy I = CN'/2).

tARN

Using the Markov inequality, this leads us to

E[]l X i ]

tAK
Plon >t 6y <) < — 75—
which tends to 0 as N — oo thanks to Lemma [£.16]
Step 2.3. Here we conclude, but we clearly have 8y — oo in probability as N goes to infinity
because recalling (4.21)) and Step 2.2, for each ¢t > 0 we get

P(By <t) <P(jhy — Bn| < 1) + Py <t+1) SN0 0.

4.6 The critical case

Here we prove Theorem (ii). We recall that § = 2, the process (XZ’N)te[o,r?f\’),ie[[l,N]] is
a KS(0, N)-process issued from Theorem and Sy has been defined in Proposition We
introduce G : (R?)? + R defined as follows. For z,y,z € (R?)3, weset X =2 —y, Y =y — 2 and
Z =z — x and put

Gla..2) = (LUXIDX + LAY IDY + LUZ1)Z) - (17 + T3 * T

it0 ¢ {X,Y, Z}, where L(r) = log(1+1/r)—1/(1+r). Ifnow 0 € {X,Y, Z} and (X,Y, Z) # (0,0,0),
we put G(z,y,z) = oo. If finally X =Y = Z =0, then G(z,y,z) = 0.

The following result and its proof are highly linked with Proposition .10} replacing ¢, by
L(-+a).

Proposition 4.17. If fy € P(R?) then for all t > 0,

tABN
sup E[/ G(X;’N,XSZ’N,XS’N)ds] < o0,
N>5 0



140 CHAPITRE 4. CONVERGENCE OF THE EMPIRICAL MEASURE

Démonstration. We fix n € (0 1] and we introduce L, (r) = L(n+1) for all » > 0. We apply the Ito
formula to <p77(||Xt1AlgN t/\BN %) with ¢, (r) = (r 4 n)log(1 4+ 1/(n + 7)) whence @} (r) = Ly (r)
and @)'(r) = —[(n +7)(1 4+ n+7)?*]~'. Taking the expectation, we find that

! 20
S = Bl (IX03Y, — Xe5, P = S5+ [ (a4 FBI)as, a22)
where, setting h,(r) = —r/[(n+r)(1 +n+r)?],
0
AN =B Lo (1= 5 ) La(IXEY = XEN2) 4 by (|X2N = X2V |
4 1L,N 2,N |2
>4(1 - 5 )E| Loy Ly (1 X2 = X2N|2)] - 4

because h,, is bounded by 1, and where BN equals

N
> E Loy (K (0N = XIN) 4 K (00— XEN))(X0N= X2 Ly (X2 X2V

so that by exchangeability, BN:" /(N — 2) equals
E[Tocpy (K(XIV= X3N) 4 K(X3N= X2V)) ) (XEN= X2N) L, (| XY= X2N)2)|.

Symmetrizing by exchangeability and since 8 = 2, we get

26 A(N —2)

AN NBN" > = E[ly<py Fn (XY, X2V X3N)] — 4, (4.23)
where
Fyo(,y,2) =Ly(|z = ylIP) 1+ (z —y) - (K(z — 2) + K(z — y))]
Ly(lly = 21+ (y — 2) - (K(y —2) + K (2 - 2))]
+ Ly(lz =)+ (2 — 2) - (K(z — y) + K(y — 2))].
Setting X =z —y, Y =y — 2z, Z = z — z and recalling that K(X) = —H)ffHQ
z distincts,
Z Y
Fn, X121+ X -
X Z
L(|Y|2)[1+Y -
Y[+ (e + )
Y X
L(ZH1+Z (5 + ——
X Y Z
=L,(1X]*)X - + +
! (||X||2 1Y]2 ||Z||2)
X Y Z
Ly(IY]*)Y - + +
! (HXIIQ 1Y]2 ||Z||2>

X Y A
2 .
L1212 - (e + e + 727)

::G”](‘xay) Z)a

+
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where we have put

X Y Z)

Inserting this into (4.22]) and (4.23)), we find

A(N - 2)

S 28 — A+ =

tABN
E[/ Gy (XN X2V X;’%N)ds]
0

Observing that ¢, is bounded, we deduce that supy>s ,c(0,1) SN < 0. Since moreover S > 0,
we conclude that

tABN
sup E[/ Gn(Xsl’N,Xf’N,Xf’N)ds} < . (4.24)
N>5,1€(0,1] 0
Recall that G, is nonnegative thanks to Lemma because L, is nonincreasing and positive.

Finally, one easily shows, using Lemma and that r — L,(r) — L,/(r) is nonincreasing and
nonnegative if 0 < n < »’, that n — G, (z,y, z) increases to G(z,y, z) as n decreases to 0 for every
z, y, z € R? distincts. We thus also deduce ([#.17) from (#.24) by monotone convergence because
as. XPN, X2N and X3V are distincts for a.e s € [0, Bx] according to Theorem [4.5 O

By Theorem 4.6} (i), we can find (Ny)r>0 and (u¢)i>0 € C ([0, 00), P(R?)) such that limg Ny, = oo

and (uivk’ﬁN’“)tzo goes to ()0 in law as k — oo, where C([0,00), P(R?)) is endowed with the
uniform convergence on compact time intervals, P(R?) being endowed with the weak convergence
topology. We obviously have g = fo.

The following Lemma shows that the dispersion of (;);>0 increases with time, which implies
that if fy is not equal to a Dirac mass, then for any ¢ > 0, u; is not equal to a Dirac.

Lemma 4.18. [t holds that
a.s. for all t >0, all xg € R?, / |2 — 2o ||2pe (dz) > / llz — zo||® fo(dz).
R2 R2

If the RHS is infinite, this result implies that the LHS is also infinite.

Démonstration. By the Skorokhod representation, we can find a probabilistic space (Q, F, I@’) and

some random variables ((ﬂivk)tzo)kzo and (fi;)¢>0 such that the law of (ﬂivk)tzo equals the law of
(,uivk’ﬁNk )eo for all k > 0, the law of (fi;)i>0 equals the law of (11;)¢>0 and (fif'* );>0 converges a.s.
to (fi)e>0 as k — oo. Since (ug)i>0 and (fit)i>o0 have the same law, it suffices to show (i) and (ii)

with (fi;);>0 instead of (p);>0. To this end we divide the proof in several steps.

Step 1. We show that for all B € F, all 2o € R? and all A > 0, we have

B1s [ ealle—aolP)in(do)] = BB) [ oale —anl) o)

o (zsadoa X Sy Elw(1X; Y i)
P((A/2 = [|zol[?) v 0) ’
where pa(r) = x(r/A)r with x € C°(R4) such that x(r) € [0,1] for all » > 0, x(r) = 1 for all

r € [0,1], and x(r) = 0 for all » > 2 and where we recall that ¢ is a nondecreasing fonction such
that lim, o, 1 (r) = oo defined in Proposition

(4.25)
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We next introduce ¥4 (x) = pa(||z — z0]|?) and observe that ¥4, Vio4 and V214 are bounded
(uniformly in A) and that Vipa(x) = 2(x — z0)¢'s (|lx — x0]|?) and Ava(z) = 4(¢'4(|z — z0||*) +
(| — w020’ (|| — 20]|?)). We now apply Lemma (4.7)-(iii) with 14, we multiply by Iz with B € F
and we take the expectation in order to get,

t
St = Sk + Bl M) + 2 [ 15 / (1245 4 248 as), (4.26)
0
where
S =B[Ls | eallle - aol)a(do)]
R2
a1 A [
MY — )(i,l\/')C B’i
t Nk;/o va( s )d s
Ik = 2/11«2 [ealle = @ol®) + |z = zol*Pa (|2 — zo]|*)]fis" (dx),
and I24F* equals
o], K (2 =) [(x = z0)Pa(lx — zol|*) = (y — w0)Pa(lly — wol*)) ™ (dar) 3™ (dy).

Since pa(r) = r for all r € [0, a] and since @4 (|| — z0||?) + ||z — z0||*¢’4 (|2 — z0|?) is bounded,

prsa [ pkan o i )
la—2ol|2<A la—2ol|2>A

—2i ({a o — o> < A}) — Cide ({a : [l — o )? > A}). (4.27)

Using again that ¢4 (r) = r for all » € [0,a], that K(z) = —z/||2]|*I{,0} and that the Jacobian
of z = (z — z0) @4 (||lz — x0]|?) = $Vepa(z) is uniformly bounded,

Ak > — 9/ / Ly 0™ (da) i (dy)
le—aol2<A Jlly—aol?<A

_C/R2/R2 ]I{Hoc—mol\zzA}u{||y,IOHQZA}ﬂéVk (dx)/]é\’k (dy)
> =05 @ i ({a : o — woll” < A} @ {y: [ly — ol < A})
— 20N ({z : ||z — xo]]® > A})

where we used in the last inequality that Toup < I + Ip. We easily conclude that
12 Ak > 0~N’“({x lx — a:0|\2 < A}) - 2C’~N’V({:z: e — xOHQ > A}). (4.28)

Putting (4.26)), (4.27) and (4.28) together, recalling that # = 2 and using the Cauchy-Schwarz
inequality, we find

S 5 — /B(B)\E[(M{)2) - 3CE[ 15 / (e~ ol® > APds|. (429)
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Finally, observing that
- A
Y ({lle = aol? = ) <E({ el 2 (5 ~ llwoll?) v 0} )

= ({wtlal?) > w( (5 = lleol?) v0) }).

since ¢ is nondecreasing, applying the Markov inequality, using exchangeability of the family
((Xt/\ﬁN)t>0,Z € [1,N]) for all N > 5 and injecting in (£.29), we get

S 25 = BBV B (4.30)
(PPN s e & i ERUIXIS, PN -
or(( ¥((4/2 = Jlzo?) v 0) ) NEB). (4:31)

We easily check that M;** —;_,. 0in L2. Moreover, since F : v € C([0, 00), P(R2)) — Jrz ea(llz—
20||?)v¢(dx) is continuous and bounded, it holds that

lim 57 = B[ 1 /Otw(|x—x0||2)ﬁt(dx)]

Hence letting k& — oo in and using that o = fo, we find -

Step 2. We conclude. We let A going to infinity in , the monotone convergence theorem
gives us that for all B € F, all zy € R2,

E[1 / i — o] ?fe(d)] > / I — 2o|1? fo(d).

Choosing B = By oy = { [gs |z — 20| fe(dz) < [gs 2 —20||? fo(dz)}, we conclude that P(B; ,) = 0
(else we would have a contradiction). We conclude by continuity. that a.s., for all t > 0, all zo € RY,
Jez 7 = 2ol fue(dz) < [go |2 — @0l fo(dw). B

Proposition 4.19. If max,cr2 fo({z}) <1 i.e. if fo is not a Dirac mass, then a.s., for a.e. every
t >0, py is a diffuse measure, i.e.

E[/Ooo /}R /R ]I{xzy}ut(dx)ut(dy)dt} = 0.

Démonstration. Step 1. We first show that

¢
E[/ / / G(x,y,z)ﬂs(dm)us(dy)us(dz)ds} < 00.
o Jr2 Jr2 JR2
According to Proposition there exists C' > 0 such that for all k¥ > 0, all M > 0, all £ > 0,

tABN,
E[/ Xe (@9, 2) (GXENs, X2Ne X3N) A M)ds| < €,
0

where . (v, 2) is a smooth approximation of 1p, with D, = {(z,y, 2) : | X|?+[|Y|*+|Z]|*> < &}
such that x2. < Ip_ < x.. We recall that we have set X =2 —y, Y =y — 2z and Z = z — 2. This
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implies by exchangeability

[ ]] QXE(x,y,Z)(G(%y, ) A (¥ g ()]

tABN
<]E/ / / / X (@, 2) (G, 2) A M) (da)ud 7 (ay) ™ (dz)as|
R2JR2JR2

+ ME[t — t A B,]

_ (N = (Vi — 2) 3Ny, — 2
< C+ME_=
N? N?

+ME[t—t/\ﬁNk].

Since (z,y, z) — x:(z,y, 2)(G(z,y, z) A M) is continuous and bounded, sending k to infinity gives

B[ [ [ [ xelo 200 2) n a0t (aeias] < €.

indeed, E[t — t A Bn,] < tP(Bn, < t) = koo 0 according to Proposition (ii). We conclude
using the monotone convergence theorem twice with ¢ — 0 and M — oo.

Step 2. We show that a.s., for almost every s > 0, all x € R?, us({z}) € {0,1}. If it was not
the case, it would exist with positive probability a bounded set A € B(R) with positive Lebesgue
measure such that for all s € A there exists a; € (0,1), zs € R? and a measure g such that
ts = asdz, + gs and gs({xs}) = 0. On this event, we would have for all s € A,

// G(z,y, 2)ps(dx) s (dy) ps(dz) > a? | G, 5, 2)gs(d2) =
Rz JR2 JR2 R2

Indeed, recall that G(x,x,z) = co if z # x. We get a contradiction with Step 1 by integrating in
time and taking the expectation. Notice that the measurability of s — as, s = x5 and s — g5 are
not required to justify this computation.

Step 3. By Lemmawe see that a.s., for all ¢ > 0, u; is not a (full) Dirac measure. Indeed, if
with positive probability there exists ¢ > 0 such that y; is a Dirac measure, say d,, with zo € R?
then we have 0 = [, |z — zo||?fi(dz) > [oo |z — 20l]* fo(dz) which implies fo = 8, and this is
forbiden since max gz fo({2}) < 1 by assumption.

Step 4. Gathering Steps 2 and 3, we conclude that a.s., for a.e. t > 0, sup,cp> e({2}) = 0,
whence the result. O

We finally give the

Proof of Theorem [4.6 (ii). Recall that 6 = 2, fo € P(R?) and that (u#~)y>5 is the correspon-
ding family of empirical processes. We know by Theorem (i), that the family {(,uiV’ﬁN)tZO, N >
5} is tight, so we can consider (Nj)x>0 and a random variable (1t ):>0 belonging to C ([0, 00), P(R?))

such that limg Ny = oo and (uivk’ﬂN"’ )e>0 goes to (u¢)i>o in law as k — oco. Moreover we have
po = fo since by hypothesis, uj) goes weakly to fo in probability as N — oco. It suffices to prove
that (p)¢>0 satisfies (4.6, which we have already seen in Proposition and is a weak solution

to (4.1)-(4.2), which we now do.

We apply Lemma (iii) to ¢ € CZ(R?) and get

IHpNe PNy — T2 (uNe PN ) = Mi(t) + Ry(t),
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where

1t , ,
M0 = 5 [ 30 VelxiM)-aB,
i=1

for all v € C([0, ), P(R?)),
1) = [ e@mnan - [ c@un =3 [ [ Apwmndsas
B =5 [ [ [ K@) 196 - Votmlv. oy (@nas,
and
Ri(t) =— ;/t/\ﬁ /R2 Ago(x)uévkﬁ]v’“ (dz)ds,
* 2/5 L, [ Ko=) [Fele) = Vel ™ @yl ™ dg)as.

Using that || K (z)|| < [|z]|” ' T{420} and that D% is bounded, one easily checks that
E[[Re(t)] < CE[t — t A B, ] < CtP(B, < 1),

which tends to 0 as k — co by Proposition

Hence we conclude exactly as in Step 2 of the proof of Theorem (ii) that a.s., for each t > 0,
I} (p) = I?(n), which precisely means that u is a weak solution to (4.1)-(4.2)). Observe that we
may also use here that a.s., ps ® ps(D) = 0 for a.e. s > 0, where D = {(z,y) € (R?)? : x =y}, by

Proposition [£.19] O
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Chapitre 5

A post-explosion model for the
supercritical Keller-Segel particle
system

We present here informal ideas of a well-engaged project. Let N > 2 and 6 > 2, we set
ko = [2N/6].

Definition 5.1. We say that a continuous stochastic process (XN )10 == (XN, ... XN )i>0 with
values in (R2)N is an extended KS(6, N)-process if a.s. for all starting point x € (R?)V :

e for all K C [1, N] with |K| > ko, if it exists to > 0 such that Rg(X7Y) =0, then for t > to,
Rr(XN)=0.
o We set for allt >0,
Ke={KC[L,N]:|K|>ky and Rg(X})=0 and foralli¢ K, Rk, (X{) > 0},

K=K U U it}

i€[L,NN\Ukeg,
We define (ok)r>0 by induction by setting oo = 0 and for all k > 0,
Ok+1 = lnf{t > O - ’Ct 7é ]Co-k}.

We set for all k > 0, K*¥ = K,,. Then for all k > 0, all t € [ok,044+1), writting K* =
(Kl’k, el K"Ck|’k), we get, at least in the theory of Dirichlet forms sense,

| AV 0 Sier(XD) — S (X
for all i € [1,|K¥|], dSgin (X)) = L — =) |K7 dt,
el KR N ; 185w (XN) = Srean (X2

where ((Wti’k)tzo)ie[[u)cku] is a family of independant 2-dimensional Brownian motion.
We set

S={zeH:|z|*=1} where H = {ze RN :5yn(z)=0}

147



148 CHAPITRE 5. POST-EXPLOSION MODEL

We observe that the particle system defined on [0y, 0r41) is a version of the Keller-Segel particle
system where we allow particle to have masses and we apply the interaction law by taking in
account the masses. This model was already proposed by Fournier-Jourdain [20]. The idea is that,
following the intuition presented in Chapter 2 when particles collide, if the sum of the masses of
the particles involved in the collision exceed kg, then the particles stay stick together forever. If
the sum of the masses is strictly less than kg, then particles separate instantaneously.

We also introduce the extended spherical Keller-Segel process which will be crucial for our
purpose. As in Chapter [2] Proposition [2.10] one has to understand this as the normalization of the
extended K S(0, N)-process, and the masses of the particles is taking in account in the geometry
we use to describe the problem. Since we did not investigate a lot yet in the study of this process,
there could be some errors in the conjecture of its expression.

Definition 5.2. We say that a continuous stochastic process (UN);>o :== (UPN, ... UM™Y 50 with
values in S is an extended SKS(0, N)-process if a.s. for all starting point u €S :

o for all K C [1,N] with |K| > ko, if it exists to > 0 such that RK(UtZX) =0, then fort > tg,
Ry (UN) = 0.

o We set for allt >0,
KY ={K c[1,N]:|K|>ko and Rg(UY)=0 and for alli¢ K, Rk, (UY) > 0},
Ky =K{ v U
i€[LNN\U ey
We define (of k>0 by induction by setting o§' =0 and for all k > 0,

Ry = inf{t > of K # K0}

We set for all k > 0, KU* = ICgU. Then for all k > 0, all t € [U,g,ag+l), setting KKUF =
k
(KVE . KKK and (Sxcv (U ))iz0 = ((Sgi(UN))iep,jcvr)ez0, we get, at least in

the theory of Dirichlet forms sense,

2N —
3S,CU,k(UtN)dt7

A8 (UN) =l oy (ArdWE 4 by (Sices (UN)) )t —

where Ay is a diagonal 2N x 2N matriz such that for all i € [1,N], (Ak)2i—1,2i-1 =
(Ag)2i2i = |KPF|712, (WF)i0 is a 2N -dimensional Brownian motion, for the scalar product

I
()i = () € @) @) 37 Ry
i=1
7wk, is the orthogonnal projection on H = wvect(1,...,1)*, for all z, y € (R®)N, 7% (y) =
k
y = llzll; %@ - y)wx with || - |2 = (- )k, and for all w € (RN, b(z) = (b} (2),..., b (2))
where

SKi,k (x) - SKj,l«(.fC)
1Skin(x) = Sgcan ()2

0 .
for alli € [1, |ICk|]], bp(z) = — Z |ng|
J#i
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We want to show that the extended K.S(6, N)-process is unique and a natural extension of the
particle system after the explosion time. To this end, we define for all € > 0 the regularized process
(XN )s0 = (XUNe, L XNE),50 checking the classically well-posed SDE :

N ) 0 Z Xi,Nﬁ _ Xj’N’E
for all i € [1,N], dX;"°=dB;— — = —L ,
N i ”Xt’ ' _th’ ’ ||2Jf_€2
where (B}, ..., BY)¢>0 is a 2N-dimensional Brownian motion. We call such a process a KS. (0, N)-
t t )t>

process. We want to show the following :
Theorem 5.3. The sequence (X, '%);>0 converges in law to an extended KS(6, N)-process.

What motivates this approximation is the fact that it informally corresponds to give to particles
a thickness of size €.

5.1 Regularized clusters

A usefull tool to prove this result is a well notion of cluster for the K.S. (6, N)-process. Indeed,
the definition of (KC¢);>0 is not suitable to this case since the interaction is bounded for ¢ being
fixed : according to the Girsanov’s theorem, trajectories of this process are the same as those of a
2N-dimensional Brownian motion for fixed horizon of time, which prevents particles from colliding.
However, we expect to observe emergence of clusters of particle with dispersion of the order of ¢,
which would be the analogous of collisions in the regularized case. We define for all v > 0, all
K C[1,N] and all z = (z%,...,2") € C(R4, (R?)Y) the sequences of stopping time (T’f(’y(l'))kzo
and (7 (2))x>0 by induction by setting 75" (x) = 0 and for all k > 0,

Tlﬁi(:];) = inf {t > 7Y Ry (a(t)) < vIFYIEL and I,Eéi;(lRKU{i}(x(tD > 2V1+1/(|K|+1)},

%,fi'f(x) = inf {t > T,ﬁ_l{(m) : Ric(x(t)) > 2 HHVIKL o gfuir{l Riugiy(z()) < 1/1+1/(|K|+1)}.

Observe that if there exists £ > 0 such that t € [TkK’V(LL')7 %,f,(’l'(x)), then if v is small enough, there

exists a constant ¢ > 0 such that for all i € K, all j ¢ K, ||2°(t) — 27 (¢)]|?> > cv! TV UK+ Indeed,
if particles indexed by K are close to each other, and when any particle indexed by K€ is added,
the total dispersion is bigger, then it means that particles indexed by K are far away from particles
indexed by K°.

Finally, we set for all t > 0,
v K,v ~K,v
KY(t,z) = {K C[LN] : t € Upso[r5" (2), 7 (x))},
which is a regularized verion of (K;);>o. We say that /C(¢, x) is the configuration according to v of
x at time t. Moreover, we define the sequence (o7 (x))x>0 by induction by setting oj(zx) = 0 and
for all £ > 0,
opp1(x) =inf{t > 0: K"(t,x) # K" (o} (x),2)}.

Finally, we set for all k > 0, 0% = o%(X™¢) and K° = KV (o), X V#).
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5.2 Tightness

Here we explain informally the reasons why the sequence ((XtN “)i>0)e>0 should be tight in
P(C(R4, (R*)N)). We proceed by induction on N, the case N = 1 being clear since for all € > 0,
(XV),50 is a 2-dimensional Brownian motion.

Let N > 1. We assume we showed the tightness for all £ € [1, N] and we explain why the
sequence (X} 71%),50)z>0 should be tight.

The first idea is that for any fixed 7' > 0, v > 0, limsup,,P(oyy <T) — 0 as M — oo, which
means that there is not too much change of configuration. Indeed there are two kind of change of
configuration :

e (a) either |7, | < [K°].

e (b) or [C;7F;] > [K;°] and in this case, there must have a cluster in K,>° that separate in
many pieces.

Since (|K}°|)k>0 can only take a finite number of value because it belongs to [1, N], the number
of change of configuration of type (a) and (b) should offset each other. In particular this means
that on the event {0}y < T} with M large enough, we will observe a lot of change of configuration
of type (b). What makes this event unlikely is the fact that it takes time for a cluster separated
from the other to split in several pieces. To be more precise, once a cluster is far from the other,
the dispersion of this cluster behaves like a squared Bessel process, see Chapter [2] Thus, the time
for the dispersion for being large enough is the time spent by a squared Bessel process for being
large enough. Since this should occur a lot of independant times, the large law of numbers make
it difficult to happen during the finite time interval [0, T'.

Once we know that with high probability there exists M > 0 such that oy > T, it is informally
sufficient to look at the tightness on the time intervals [0}, O’Z’_il) for all & > 0.

o If C° # {[1, N + 1]}, then there are several clusters far from each other, and so particles
in different clusters see their interactions between each other being bounded. According to
the Girsanov’s theorem, even if it means to change the probability by an absolutely conti-
nuous one with uniform lower and upper bound on the density, this process behaves like
several independant regularized Keller-Segel particle system, and this is tight according to
the induction hypothesis since these particles system are composed of less than N particles
each.

o If K = {[1,N + 1]}, then during this time intervals, (R n41] (X))o is small, so in a
sense, since all the particle are at the same position, it suffices to know (S, x4 (XtN’E))tZO

in order to understand the behaviour of (XtN "“)t>0. However since the drift is odd, we have
that for all € > 0, (Sp,n41] (XtN’E))tzo is a Brownian motion and so is clearly tight.

5.3 Unicity of the extended KS(, N)-process.

We give an informal proof to explain why there exists a unique extended K.S(6, N)-process and
a unique SKS(6, N)-process for all N > 1 by induction. The case where N = 1 is clear since a
K S(6, N)-process is a 2-dimensional Brownian motion. We assume that we proved the result for
k € [1,N] with N > 1 and we explain why there must exist a unique KS(f, N + 1)-process in
three steps.
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Step 1 Fix v > 0. We explain why there exists a unique extended K S(6, N 4+ 1) process until
™ =inf{t > 0: Ry vy (X)) < v

We proceed as follow :
o If Ko = {[1, N + 1]}, then it is over since 7% = 0 a.s.
e Otherwise, we can define ((XQK‘)tzo)KeICO a family of independant extended K.S(0|K|/(N +

1), | K|)-processes starting at (z*);cx, and we kill the whole process when there is a change
of configuration according to v.

e we define a measure Q which intuitively correspond to the measure of the change of pro-
bability given by the Girsanov’s theorem in order to add the interactions missing between
particles which are in different subsets of g, we just built the process under Q until the time
of the first change of configuration according to v.

e It suffices to iterate the idea until the new configuration acording to v equals {[1, N + 1]}.
According to the induction hypothesis, we get in addition the unicity of the process until 7.

Step 2 We explain why there exists a unique extended SKS(6, N 4 1) process. Roughly we use
the ideas of the decomposition of Chapter from Proposition Since the extended SKS(6, N +
1)-process can be expressed thanks to the KS(6, N + 1)-process until its first collision between the
N particles, Step 1.1 allows us to conclude.

Step 3 Since the Step 2 is sufficient to show that there exists a unique K S(6, N + 1)-process in
the case where ky < N, it is sufficient to conclude the Step 1 in the case where ky > N. According
to the idea of Chapter [2[ Proposition (xy +1)t20 can be viewed as a decomposition of three
processes, see Proposition We can define (My);>0 a 2-dimensional Brownian motion with
diffusion coefficient (IV+1)~"/“ starting at Sp; y417(2) and (Dy)¢>0 an independant squared Bessel
process with dimension dp x(N) starting at Rj; y41)(z). Then conditionnally on (D;)¢>o, for each
excursion open interval (a,b) of (Dy)¢>0, we fix tg € (a,b) and set for all t € (a,b), Ay = f; D;lds
and (p;)¢>o its generalized inverse. Then we set for all t € (a,b), UN ™! = Uin‘H with (UM )50 an
eternal extended SKS(6, N + 1)-process starting from —oo with the invariant distribution of the
process, which exists since it is an ergodic process because kg > N, see Chapter [2] It is worthy to
emphase that roughly this is necessary for this process to be stationnary during excursions except
the first one since it is an eternal process, the law of (UtN +1)t20 is thus entirely determined. Finally,
setting for all ¢ > 0, XtN‘”'1 = M;+ \/DitﬁtN‘H, we built an extended K S(6, N)-process and its law
is entirely determined.

5.4 Characterization of the limit process

We show by induction on N that for all N > 1, (XtN’a)tZO converges in law to the extended

KS(6, N)-process as ¢ — 0. If N = 1, then the result is clear since for all & > 0, (X}%);> is
a 2-dimensional Brownian motion. We assume that the result has been proven for all & € [1, N]

for some N > 1 and we prove that (X} ™);5¢ converges in law to (X¥™1);50 as e — 0 where
(X150 is the extended KS(0, N + 1)-process.

According to the previous section, it should exists a continuous stochastic process (ZtN +1)t20
with values in (R2)¥+! and a subsequence (£,),>0 such that &, — 0 as p — oo and (X;' )50 —
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(ZNT1) 50 as p — oco. Tt is sufficent to show that (Z;' t1);>¢ and (X' )50 has the same law.
We split the explanation in several steps.

Step 1. We explain that for all v > 0, all K > 0, x € C(R4, (R?)Y) — o¥(z) is continuous
L((ZN11)>0)-a.e. This is informally true because o/ is continuous on the elements of C'(R ., (R?)™)
such that for all K C [1,N + 1], Rk o = does not have a local extremum equal to v!*/IXl or
20 YIKD while mingg g Riugiy © @ is larger than v+ (KIFD If we assume that (Z¥™');>0 is
an extended KS(, N + 1)-process and if Rx(Z)™'));>0 has a local extremum at ¢t > 0 equal
to v HVIKD or 2p1HV/IKI while mingg RKU{,-}(ZtNH) > 1/ UK+ | then locally in time, par-
ticles indexed by K are far away from the other particles. Thus it means that the trajectories of
(Rx(ZN"1))i>0 locally in time look like the trajectories of a squared Bessel process (see Chapter
2)), which conclude the argumentation since a squared Bessel process a.s does not have local extre-
mum equal to a precise positive value. Of course this is irrelevant since we assume what we want
to show, but using the Portmanteau Theorem, we can estimate the probability that (ZtN +1)t20
belongs to some sets by being led by this idea and make it rigorous.

Step 2. Informally, we show that for all k& > 0, conditionally to the event {K} # [1, N + 1]}, we
have

the law of (ZtNH)te[a,g,a;H)iS equal to the law of (XN )50 starting at Zé\/’;rl. (5.1)
From Step 1, we deduce that for all &£ > 0, (XtNJrl’Ep)te[JZ,ap)ngf) converges in law to (ZtNH)te[ag,a,gH)

as p — oo, where for all k > 0, of = o} (ZN*+1).

Fix k > 0. We do the assumption that on the event {K¥ # [1, N + 1]}, for all p large enough

we have ICZ’E’” = K, which will not happen but this makes the reasonning clearer. We write K} =
(K*',...,K™) and on the time interval [UZ’Ep,aZf’{), for all 4 € [1,m], particles indexed by K* are

far away from the other. Since the interactions between particles in different sets of K} are bounded,
one can use again the Girsanov’s theorem to obtain the existence of a probability measure Q*P-*

1 m
such that (ng’sp)te[gz,ipwgz,ip) under Q“P* has the law of ((Ytl’lK I’E")tzo, cey (th’lK "Ep)tzo)

where for all i € [1,m], ("' 7),50 is a KS., (0]K?|/N, |K'|)-process starting at (ng,ifp)jew

1 m
and, recalling the definition of of, killed at Uf(((Ytl’lK |’5")t20, e (th’lK v"sp)tzo)). However,
by induction hypothesis we get that for all ¢ € [1,m], the law of (Yti"KL"E”)tZO starting at

(Xi’xfp)jeKi converges in law to (Xlel)tZO starting at (Z2;"
k

o )jeKi as p — oco. We assume that

Q¥P* converges in a nice sense to Q% as p — oo, with Q“* being the probability measure obtai-
ned by the Girsanov’s theorem applied to (XtN ‘H)te[gg,gz ) in order to suppress the interactions
between particles which are not in a same set in Ky. By this way, we obtain the desired result.

We now split the proof in two parts

Step 3. If kg > N + 1. Recall the definition of (T,El’NHH’V)kzl and (?,El’N+1H’V)kZO. Thanks to
(5.1), we get that for all & > 0, the law of (R n 41 (thv+1))t€[‘l:,:77'ky+l) is equal to the law of a squar-
red Bessel process with dimension dg y41(N+1) > 0 starting at Rpy y413 (Z7_1_\£/+1) and stopped when
it reaches v/ N+ However, the law of Z)' ™' is known and for all k > 1, R[[I,N+1]](Z%+1) =

2011/ (NF1) Al in all, sending v — 0 we get that (Rp1,n+1 (ZNT1Y)) > is distributed as a squared
Bessel process with dimension dp y41(N 4+ 1) > 0 starting at R[[LNH]](Z(])VH). Moreover, since
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for all € > 0, (Spi,n41] (XtNH’E))tZO is a Brownian motion with a diffusion coefficient equal to
(N +1)~1/2 we get that this is the same for (S[[LNH]](Z{V“))QO. Thus, it suffices to characterize
the law of (Up)>0 == (U}, ..., UtN“)tZO knowing (S[[LNH]](ZtN“), R[[LNH]](ZtNH))tzo where for
alli e [1, N + 1],

i ZZ’N“ - S[[I,N+1]](Z15N+1)

U; =
R[[l,N+1]](ZtIV+1)

Since O = {t > 0 : R[[LNH]](ZtN“) > 0} is an open set of Ry, we get that there exists two
sequences (a;);>0 and (b;);>0 such that O is a disjoint union of the intervals (a;, b;). Let i > 0 such
that a; # 0, we fix to € (a;,b;) and consider for all ¢ € (a;,b;), Ay = ftto(R[[LN_H]](ZéV“‘l))_lds
and (p;)er its generalized inverse. Indeed, according to Chapter [2, (A¢):>0 is a bijection between
(a;, b;) and R. We define

(Ut)te]R = (ﬁpt)tER'

According to and Chapter Proposition we know that for all s, t € R, (Uy)icsy is
an extended SKS(0, N + 1)-process starting at Us and stopped at t — s. This process is recurrent
positive and eternal, and we assume that this is sufficient to imply that this is a stationnary process.
(In fact, we wonder if we need here to have some uniformity with respect to the initial condition
to have rigourously this result. It may be necessary to prove that the process is Feller in some
sense.) It implies that the law of (U;)¢>0 is known. In the case of the excursion interval contaning
0 which is written [0,b) with b > 0, we define the same kind of process but with A4, = fo D;lds,
this implies that p is a bijection between R and [0,b) and we know the law of Uj in this case. All
in all, the law of (ﬁt)tZO is entirely characterized.

Step 2.4. If kg < N + 1. Recalling the definition of T{D’NH]]’”, thanks to (5.1) we know the
law of (ZtN"’l)tE[O’Tl[[l,NH]].U]. Letting v going to 0, we get that (Z;" t1);50 and (XY "');>0 have the
same law until the first time of [1, N 4 1]-collision. It suffices to show that setting 7 = inf{t > 0:

Ry n41)(Z) 1Y) = 0}, then for all t > 0, Ry ny1)(ZN11) = 0.

To this end, since we already know that the process is regular in the sense that ((XtNH’E)tZo)5>o
is tight, it is sufficient to prove that for all a > 0, all ¢ > 0,
t
/0 ]IR[[l,NH]](XTNEffDadS =0 ase—0, (5.2)

with 7. = inf{t > 0: R vy (X,T°) <e}.

We observe that setting for all t > 0, ¥; = e~ V/2X " The = (V1,... ¥}V);0, the process (¥;):>0
satisfies the SDE :

S,

forallie [1,N +1], Y} XN+18+B1——/
[[ H ZIIW Y]H2+1

J#

where (By)is0 = (B},..., B} "1)>0 is a 2(N + 1)-dimensional Brownian motion. Thanks to a
change of variable in (5.2]) we are reduced to show that

-1

e 't
s/ TRy nyap(va)>ac—1ds = 0 as e — 0.
0
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Consider (V;)i>0 = (mu(Y2))i>0 where 7y is the orthgonnal projection on
H = {z e (RH)NT: SpN41p(x) = 0}

One can show that (V;);>¢ is a positive recurrent process with an invariant probability measure v.
The initial condition Vo = e~ /2my (XN +1:¢) depends on € but is tight since

571||TI,H(X7]_\E/'+1,6)”2 _ 571R[1,N+1]] (X7J_\Ef+1,a) — 17

so we can hope that we can adapt in a way or in an other the following intuition which work for a
fixed initiale condition x € H :

We fix A > 0. For € > 0 small enough

e 1t et
limsups/ ]IR[[LNH]](YS)>QE—1dS < limsupa/ Iy, 2> ads.
e—0 0 £—00 0
We conclude thanks to the ergodic theorem that for all A > 0,
e 1t
lim supe/ TRy, nyn(Va)>ac—1ds < v(Bg (0, A)°).
0

e—0

Letting A — oo gives us the result by the monotone convergence theorem.



Chapitre 6

Numerical Simulations

Abstract. We present here some numerical simulation in link with Chapter

6.1 The supercritical particle system near explosion

We show some simulations of the particle system studied in Chapter [2l This particle system
consists of IV point particles in the plane, subjected to Brownian excitation and binary attraction
in 0x/(N||x||?), where z stands for the (vectorial) relative position between two particles and where
0 is a scalar parameter. This system is critical in that

e if 6 < 2, the system is subcritical and no cluster does emerge ;
e if § > 2, the system is supercritical and a macroscopic cluster does emerge.

In Chapter [2| we describe the intricate behavior of the particle system, in the supercritical case,
before explosion, and in particular which kinds of point collisions occur. According to the precise
values of N and 6, there may be either two or three possible kinds of non-sticky collisions.

In all the simulations below, we use an Euler scheme with time step d¢ and a smoothed inter-
action, replacing 0z /(N||z||?) by 8z/(N(||z||* + £2)).

In the supercritical case, we carry on the simulation after the macroscopic cluster has emerged,
which makes sense thanks to the smoothing parameter ¢, even if this is not covered by the theory.

We take N = 23 particles and 6 = 2.7. The theory says that there are binary, 16-ary and 17-ary
non-sticky point collisions, and that the emergence of a cluster containing precisely 18 particles
makes explode the system. There are no 3-ary, ..., 15-ary collisions.

The c++ code, using the time step dt = 10™° and the regularization parameter ¢ = 1078,
writes, every 10 time steps,

current time log,4(Z[2]), log1o(Z[3]),..., logio(Z[N]),

where Z[i] is defined from the particle configuration (X[1], ..., X[N]) € (R?)" (at some given time)
as follows.

e For k=1,...,N,and i = 2,...,N, let R[k,i] be the square of the distance between X|[k]

and its (i — 1)-th nearest neighbor. If e.g. N = 4 and || X[2] — X[3]|| < ||X[2] — X[1]]| <

1 X[2] = X[4]]], then Ry » = || X[2] - X[3][|?, Ro,3 = [|X[2] = X[1]||* and Ry 4 = [|X[2] - X[4]|.
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e Put Z[i] = min{R[1,¢],..., R[N,i]} for each i =2,..., N.
Observe that Z[i] = 0 if and only if there are i particles at the same place.

On Figure we show the result of a particurarly favorable simulation. We start with i.i.d.
N(0,0.215) positions. We plot 2i + log,o(Z[i]) as a function of time, for ¢ = 2,...,23. We add 2:
only to separate the curves.

e It seems that there are many binary collisions : the purple curve (the lowest one) dips very
often.

e It seems that there are a few 3-ary and 4-ary collisions : the green and blue curves have a
few dives. This must be numerical.

e It seems that there are no 5-ary to 15-ary collisions : the corresponding curves all dip (for
the first time) simpultaneously, and the red curve (labeled 16) also dips at the same time.
Since at this time the red curve dips and the black one (labeled 17) does not, this seems to
really correspond to a 16-ary collision.

e A few later, we observe a few non-sticky 17-ary collisions (the black curve labeled 17 dips
but the purple curve labeled 18 does not).

e A few time later, it seems that some 18-cluster appears forever (the purple curve dips and
remains low forever). This is not completely clear, but clearly once the 19-cluster (green
curve) has dipped, it remains low forever.

e Finally, the remaining particles join this cluster, one by one.

Figure [6.2]is a zoom of Figure [6.1] around the explosion time.

We next show on Figure a less favorable simulation (with the same parameters and initial
conditions). Figure is a zoom of Figure around the explosion time. Here there are some
defaults : it seems there is no 16-ary collision (but rather something like a 15-ary one) and the
18-cluster (see the purple curve) manages to separate for a short but clearly positive time. Since
such a singular particle system is difficult to simulate, it is not surprising to observe such defaults.

6.2 Subcritical and supercritical illustrations

Next, we show some animations, produced by a R code. We consider N = 100 particles and
start with four clouds of particles, we take the time step df = 0.00001 and the regularization
parameter ¢ = 0.0001. We use different values for 6.

In Figure [6.5] we consider the subcritical case § = 1.5 at time ¢ = 0. The theory predicts that
there are only binary non-sticky point collisions. We indeed observe that the particles are rather
well spread.

In Figure we consider the supercritical case § = 2.898, the theory predicts that there
are only binary, 68 and 69-ary non-sticky point collisions, and that the emergence of a cluster
containing precisely 70 particles makes explode the system. We observe that the particles begin by
spreading out, and then they indeed collapse.
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6.2. SUBCRITICAL AND SUPERCRITICAL ILLUSTRATIONS

FIGURE 6.1 — A favorable simulation
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FIGURE 6.2 — Zoom of Figure [6.1]
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FIGURE 6.3 — A less favorable simulation
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FIGURE 6.4 — Zoom of Figure [6.3]
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FIGURE 6.5 — Subcritical case
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CHAPITRE 6. SIMULATIONS

FIGURE 6.6 — Supercritical case

N= 100, theta= 2.898,time = 0
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