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Cette thése s’intéresse aux problémes d’exploration pure dans les Processus de Décision
Markoviens (PDM) et les Bandits Multi-Bras. Ces problémes ont surtout été étudiés dans
une optique "pire-des-cas". L’objet de cette thése est d’aller au-dela de ce cadre pessimiste
en approfondissant notre compréhension de la complexité "spécifique & I'instance", ¢’est-a-
dire du nombre d’observations dont un algorithme adaptatif aurait besoin pour accomplir
une tache d’exploration pure dans un PDM qui n’est pas nécessairement difficile.

Premiérement, nous étudions le probléme d’identification de la meilleure politique (en
anglais "Best Policy Identification" ou BPI) dans un PDM. En s’inspirant de travaux
existants dans le cas particulier des bandits, nous démontrons une borne inférieure sur
la complexité des algorithmes de BPI dans un PDM escompté. Ensuite nous proposons
un algorithme inspiré par cette borne et qui explore les paires d’état-action du PDM
proportionellement aux fréquences optimales dictées par la borne. Nous démontrons que
cet algorithme est, & un facteur 2 prés, asymptotiquement optimal.

Dans un deuxiéme temps, nous développons une approche d’exploration plus directe
qui permet de collecter n’importe quel nombre souhaité d’observations depuis n’importe
quelles paires d’état-action dans un PDM épisodique, tout en utilisant un nombre minimal
d’épisodes. Nous verrons que pour un bon choix du nombre d’observations, une telle stratégie
peut étre employée pour résoudre le probléme de BPI mais aussi celui de ’exploration sans
récompense ("Reward-Free Exploration" en anglais). Ceci donne lieu a des algorithmes
admettant des bornes plus fines sur leur complexité, qui dépendent notamment du PDM
que l’on souhaite résoudre.

Finalement, & travers le probléme d’identification de I’ensemble des bras e-optimaux
dans un bandit multi-bras, nous explorons une méthode alternative pour prouver des bornes
inférieures dans les problémes d’exploration pure. Nous illustrons certains cas ou les bornes
obtenues ainsi sont plus fines que celles prouvées via la méthode classique.

Mots Clés. Processus de Décision Markoviens - Identification de la meilleure politique - Ex-
ploration sans récompense - Apprentissage par Renforcement - Exploration pure






This thesis studies pure exploration problems in Markov Decision Processes (MDP) and
Multi-Armed Bandits. These problems have mainly been studied in a “worst-case” perspec-
tive. Our aim is to go beyond this pessimistic framework by deepening our understanding
of the “problem-dependent” sample complexity, i.e., of the number of observations that an
adaptive algorithm would need to accomplish a pure exploration task in an MDP that is
not necessarily difficult.

First, we study the problem of “Best Policy Identification” (BPI) in a infinite-horizon
discounted MDP. Drawing inspiration from existing work in the particular case of bandits,
we derive a lower bound on the sample complexity of fixed-confidence BPI algorithms.
Then we propose Navigate-and-Stop, an algorithm that explores the state-action pairs of
the MDP proportionally to the optimal frequencies dictated by the bound. We prove that
this algorithm is, within a factor of 2, asymptotically optimal.

In a second part, we develop a more direct exploration approach which allows to collect
any desired number of observations from any state-action pairs in an episodic MDP, while
using a minimal number of episodes. We will see that for a good choice of the number
of observations, such a strategy can be used to solve the problem of BPI but also that of
Reward-Free Exploration (RFE). This leads to algorithms that enjoy tighter bounds on
their sample complexity, which depend in particular on the MDP that the algorithm is
facing.

Finally, through the problem of All-e-Best-Arms-Identification in a multi-armed bandit,
we explore an alternative method to prove lower bounds on the sample complexity for pure
exploration problems. Notably, we illustrate certain cases where the bounds obtained in
this way are tighter than those proven via the classical method.

Keywords. Reinforcement Learning - Markov Decision Processes - Best Policy Identifica-
tion - Reward-Free Exploration - Pure Exploration
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Preamble

“Human life is one long decision tree.” (Sterelny, 2007). Based on the previous truism, one
could argue that Humankind’s eternal tragedy lies in the fact that we are forever doomed to
learn the best decisions again, in nodes of this tree that our ancestors already encountered.
From walking to writing a thesis on to playing chess, there are numerous tasks that no
amount of transmitted knowledge alone can help us master. Instead, we must learn those
through practice, by trial-and-error.

Reinforcement Learning (RL) (Sutton & Barto, 2018) offers a paradigm for learning a
task by framing it as a sequence of state-dependent decisions that maximizes some notion
of long-term utility. For the toddler learning to walk, RL reduces the task to answering
the question: "Which muscle should I move next and in which direction when my body
is in its current position?". The utility would then be maintaining equilibrium through
several steps. Alternatively, for the Ph.D. student trying to write a thesis, the question is
rather: "Which idea should I present next and to which level of detail must I do so, given
the current state of my manuscript?". Here, a possible definition of the utility would be
receiving the least amount of corrections to make from your supervisors.

The underlying mathematical model for studying RL is the framework of Markov
Decision Processes (MDPs) (Puterman, 1994). Formally, an agent interacts sequentially
with some unknown environment starting from an initial state. At every time step, the
agent must select an action to play among a set of available actions. She then receives
a reward and the new state of the environment, both of which depend on the previous
state and the action that she played. Agents can act in various ways, characterized by
their policy, i.e. the function that determines which action the agent would play given her
current state and the information that she collected from the past rounds of interaction.
The quality of an agent’s policy is measured through the expected sum of rewards received
across a given time horizon, which can eventually be infinite. For example, the toddler
would obtain a reward for each step made without falling and the horizon would be infinite.
In the chess apprentice’s case, a reward could be given when she wins the game, but also
when she captures an adversary’s piece or traps her in a fork situation. The horizon can
then be set as the largest number of moves ever recorded in a chess game.

(The Need for) Pure Exploration in RL

RL algorithms start with zero knowledge of the environment and aim to learn a near-optimal
policy through repeated interactions with it. A central question that arises then is:

How to evaluate the learning trajectory of a given algorithm?

The most common approach in theoretical RL literature is to compare the rewards
gathered by the algorithm with those of a mighty agent who knew an optimal policy from
the very beginning. This leads to two distinct but similar performance criteria: regret
minimization (Lai & Robbins, 1985) and PAC-MDP (Kakade, 2003). As its name indicates,
regret minimization penalizes the amount of mistakes, represented by the rewards that the
algorithm missed during the learning process when it acts in a sub-optimal way. On the
other hand, the PAC-MDP criterion counts the number of time steps where the algorithm
plays according to an e-sub-optimal policy, for some € > 0. Both regret minimization and
PAC-MDP algorithms face an exploration-exploitation dilemma. Indeed, they must balance
the need to explore the environment to learn more about how it behaves with the need to
exploit the knowledge gained so far and act following the policy that appears to be optimal
given this knowledge.
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However, the exploration-exploitation paradigm does not capture all the possible situ-
ations that one might encounter in the real world. Indeed, in many applications, we are
interested in learning some property of the unknown environment using the least amount
of interactions with it, regardless of the rewards missed while learning. We refer to this
learning framework as pure exploration. The following examples illustrate some use cases
where we might instead want to perform pure exploration:

e A /B tests: Consider an E-business company running an A /B test experiment in
order to decide which among several possible versions of their website generates more
revenue or increases their user-engagement metrics. A/B tests are often modeled
through the framework of sequential hypothesis tests: The practitioner performs a
statistical test where they split the incoming traffic between a control version and
one or more treatment versions. Whenever the p-values of the collected data are
conclusive about the identity of the best version, the practitioner may decide to stop
the experiment (Johari et al., 2022). In addition, as explained in (Kohavi et al.,
2013), A/B test practitioners also need to be able to quickly detect whether some
treatment version performs very badly and abort the experiment. If they fail to
do so, their website might witness "user abandonment", i.e., frustrated users will
lose interest and never return back, and the company will incur costs in millions of
dollars. This "early stopping" component is typical in pure exploration algorithms,
where a stopping rule decides whether we have collected enough evidence to cease
exploration and return a good answer, see Section 1.4.4. In contrast, algorithms
for regret minimization or PAC-MDP either (i) assume a fixed time-bugdet for the
experiment and quantify the losses made by the algorithm during that time period or
(ii) prove theoretical upper bounds on the number of mistakes made by the algorithm
but without providing a method to know when the policies played by the algorithm
have become good enough. A/B tests pose an exploration challenge as well since
practitioners continuously monitor the experiment data to adjust the proportion of
traffic allocated to each version (Johari et al., 2022; Russac et al., 2021)

e Iterative environment design: A crucial problem for economists is that of market
design, i.e. which rules and incentives should we implement in order to get a certain
desired behavior by economic agents (companies and households). For instance, what
is the best way to reduce airlines carbon emissions? Is it through a direct carbon
tax? If so, should we tax flight tickets or the plane constructors? Or should we
perhaps subsidize other means of transportation to shift the collective behavior of
consumers? Recent works use an RL approach to answer this question (Zheng et al.,
2020; Johanson et al., 2022). Imagine that you are tasked with building a simulator
where a legislator could input their guess for an adequate reward function and get
to observe how the market would evolve in such conditions. The agents within the
simulator may need to relearn a near-optimal policy several times, as many as it takes
for the legislator to ensure that the proposed reward will induce the desired behavior.
Now since the reward that we seek to maximize at each round is only temporary, the
mistakes made by the RL agent while learning are not relevant per se. What matters
most to the simulator’s user is the ability to identify the optimal policies for a given
reward as fast as possible.

A similar problem also arises in video game design, where designers need to ensure
that pathological strategies, for instance running straight to the opponent’s goalkeeper
in a soccer game, can not win. Here it is rather the environment’s dynamics (i.e.
what is the game’s next state when the player chooses to play a certain action in
the current situation) that need to be tuned carefully to deliver a good gameplay
experience. For a given choice of game dynamics and a set of undesirable policies,
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we need a RL agent that can check with high confidence whether some undesirable
policy is near-optimal. Again, the emphasis in this case is on the speed by which one
can implement this iterative design strategy. In other words, we want to minimize
the number of games that the RL agent needs to complete this task with enough
certainty about its final answer. Notably, the losses incurred by our RL agent in
its training phase hold no particular interest to the game designer. All of these are
pure exploration problems, where we want to gather some information about the
environment with high confidence.

Markov Decision Processes

In order to formalize the different pure exploration problems studied in this thesis, we
first need to define Markov Decision Processes (MDPs) and recall some classical results in
Dynamic Programming (Puterman, 1994).

Infinite horizon MDPs with discount

To define an MDP, one needs a set of states S, a set of actions A, a collection of reward
distributions q : S x A — P([0, 1]) and a Markov transition kernel p : S x A — P(S), where
P(X) denotes the set of probability distributions over the set X'. An infinite horizon MDP is
then defined as the tuple M := (S, A, p, ¢). The interaction of an agent with M takes place
at discrete time steps, t € N>. First, an initial state of the environment s; € S is drawn
from some initial distribution p € P(S). At every time step ¢, the agent observes the state
of the environment s; and plays an action a; € A of her choice. She then observes a reward
Ry(st,ar) and the new state of the environment s;41 respectively drawn from ¢(.|s;, a;) and
p(.|s¢, ar). This interaction carries on indefinitely, yielding a trajectory (st, at, Re(st, at)) 1
Except when we derive information-theoretic lower bounds, we will most often forget about
the reward distribution and use only its mean 7(s,a) := Eg(|sq)[R(s,a)]. The mapping
(s,a) — r(s,a) is called the reward function.

Assumption 1.1 Throughout this thesis, we always assume that S and A are finite. We
use S and A to denote their respective cardinals. We say then that the MDP is tabular.

We define the history of observations up to time ¢ as H; := (s1,a1, R1, ..., Ri—1,s) and
denote by B; the set of all possible histories at that time. Further, we let B := U;>18; be
the set of all possible histories. Then we can characterize any agent by her policy, denoted
by 7, which is a mapping from B to P(A) that determines which action the agent will play
based on the history of her previous observations. Two special classes of policies are the
set of stationary Markovian policies IIg = {7 : S — P(A) }' and stationary deterministic
Markovian policies IIp = {7 : § — A }. Markovian policies only look at the current
state to compute a distribution over actions, from which the next action will be sampled.
Deterministic Markovian policies have the additional property that they output a single
action instead of a distribution.

The RL objective As explained before, RL tries to solve tasks by reducing them to finding
policies that maximize some long-term utility. In the case of infinite horizon discounted
MDPs, the utility of a policy 7 is defined as

U™ = Z’)/t_lRt(St;at) ;
=1

where v € [0,1) is a pre-specified discount factor. Larger values of 7 indicate that we value
future rewards (almost) as much as the immediate reward of step ¢ = 1, while smaller values

'The g in Ils stands for "stochastic".
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indicate a strong preference for the present. Note that U™ is a random variable whose value
depends on the stochastic trajectory. Therefore, to optimize the utility one needs a metric
that summarizes its distribution when the agent executes some policy . In this thesis, we
focus on the classical RL setting where the objective is set as the expectation of the utility,

81:8],

51 = 3] . (1.1)

V™(s) :=Epmx [Z Y Ry(s¢, ar)

t=1
§ fy T sta at

The expectation above is taken over the randomness of the trajectory” (st,a;);>1 that
results from the interaction of the policy © with the MDP M, i.e, when a; ~ 7(s;) and
St+1 ~ p(.|st,a) for all ¢ > 1. The mapping s — V7 (s) is called the value function of
policy w. A policy 7* is said to be optimal if it maximizes the value function at every state

_EMTI'

VseS8, V™(s)= max V(s 1.2
( ) m:B—P(A) ( ) ( )
Theorem 5.5.3 in (Puterman, 1994) proves that for every history-dependent policy 7 there
exists a Markovian policy 7 such that V™ (s) = V7 (s) for all states s. Therefore, if there
exists an optimal policy in M, it is sufficient to search for it among Markovian policies.

Bellman equations and value gaps A central object in the analysis of policy values is
the action-value function

Q7 (s,a) = Eprx [Z Y Ry (51, ar)

s1=s8,a1 = a] , (1.3)
t=1

which quantifies, for every state-action pair (s,a) and policy 7, the total reward that the
agent would receive when she starts in state s, plays action a, then commits to playing
actions a; ~ m(.[H;) in later time steps ¢ > 2. The optimal action-value function is simply
defined as

V(s,a) e S x A, Q% (s,a):= W:Brgeg%A) Q" (s,a). (1.4)

Both the action-value function Q™ of a deterministic Markovian policy 7w and the optimal
action-value function Q* satisfy the Bellman equations

Q" (s,a) =r(s,a) —I—fyz s'1s,a)Q™ (s, m(s)), (1.5)
s'eS

Q*(5,) = r(s,@) +7 3 pls'ls, @) max Q' (< o), (1.6)
s'eS

for all (s,a) € S x A. One way to measure how suboptimal it is to play action a at state s
is through its value gap

V(s,a) € S x A, A(s,a) :=V*(s) — Q*(s,a). (1.7)

Indeed, actions with A(s,a) = 0 are optimal, while a large value gap indicates that the
agent loses considerable reward when she plays action a at state s even if she commits to
executing an optimal policy later.

2For a rigorous construction of the underlying probability space and stochastic process, see Chapter 2 in
(Puterman, 1994).
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Non-stationary finite-horizon MDPs

In this thesis, we also study pure exploration within the framework of episodic MDPs.
Similar to its infinite-horizon counterpart, a non-stationary episodic MDP is a tuple
M= (S, A, H,{pn}he|r—1]s {qn}he|m)» 51)- Here H denotes the horizon while the transition
kernel pp, and the reward distributions g may now also depend on the step h € [H|. The
interaction of an RL agent with a finite-horizon MDP is structured through episodes
t € N>, where each episode consists of H steps. At the beginning of every episode ¢, the
environment is at the initial state s{ := s1. At each step h € [H — 1], the agent observes
the current state s, and plays an action a}. She then observes an immediate reward
R} (s, a},) and a next state s}, ; respectively drawn from gy(.|s},,a}) and pp(.|s}, a},).
In the last step h = H, after playing an action a';, the agent only observes a reward
Rt (sY;, aly) before the current episode terminates and a new one begins. As with discounted
MDPs, we will often make use of the reward function r : (h,s,a) — r,(s,a) where

rh(s, a) = IE’qh(.|s,a) [Rh(87 a)]

Remark 1.1 The assumption of a fixed initial state s; is without loss of generality.
Indeed, suppose that the initial state of M was drawn from some distribution p € P(S).
Then any RL problem on M can be solved on an "augmented" MDP M’ where we add
a step h = 0 and a fictional initial state sy such that”

vsl € Sa Va € A7 p()(Sl‘SO?a) = M(Sl) and C_[(-’SO,CL) = 60

We leave the transition kernels and reward distributions at steps h > 1 unchanged. The
new MDP M’ now has a fixed intial state and the total reward collected by any policy
is the same in M and M’. Only the horizon has changed, as H' = H + 1. "

%00 denotes the dirac distribution located at 0

The history of past observations is now defined for every episode as H; = (s1) and
He = (st,ad, RY,. .. ,s’}jl, R’;l) for ¢ > 2. Similar to the infinite-horizon case, we let B;
and B := U;>1B; respectively denote the set of possible histories at the beginning of episode
t and the set of all possible histories. Markovian policies become mappings from a state-step
pair to action distributions Ilg := {7 : [H] x & — P(A)}. For a Markovian policy ,
we denote by 7p(al|s) the probability that an agent executing 7 plays action a when the
environment state is s at step h. Finally, a Markovian policy is deterministic if outputs a
Dirac distribution over a single action. We let IIp = {7 : [H] x § — A } denote the set of
deterministic Markovian policies.

The RL objective In the episodic setting, the goal is to maximize the expected sum of
rewards over an episode’

81] . (1.8)

3When it is clear from context, we drop the dependence on the initial state from the value function since
the latter is fixed.
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V™ is called the value function at the root. For analysis purposes, it is convenient to define
the step-wise value function and the step-wise action-value function

Sh:S’],

sy = s] . (1.9)

H

> " Ry(s, a)

l=h

Y(h,s) € [H] xS, Vi (s) = Epir

TZ 50, aé

M:n

{=h

H
> Ri(se, ar)
=h

H
Z re(se, ae)
t=h

V(h,s,a) € [H xS x A, QFf(s,a) :=FEpnr

sh:s,ah:a],

- ﬂ'

Sp=8,ap = a] . (1.10)

A policy 7 is Bellman optimal if

V(h,s) € [H xS, V7 (s)= max V(s). 1.11
(hs) €[] xS, V' (9) = _max ViT(s) (1.11)
In this thesis, we will mainly investigate a more relaxed notion of optimality. Namely, we
say that a policy 7* is optimal if

V= V. 1.12
! ﬂ:BIgai;((A) ! ( )

In other words, a policy is optimal if it yields the best value at the initial state si.

Backward Induction For episodic MDPs, Proposition 4.4.3 together with Theorem 4.5.1
in (Puterman, 1994) guarantee that
@ There always exists a deterministic Markovian policy 7#* € Ilp that is optimal,
e 7 can be computed by the backward induction algorithm, also referred to as dynamic
programming. Its pseudo-code is presented below.

Algorithm 1 Backward Induction

Input: Transition kernel p, reward function r.
Initialize optimal action-value function Q7 (s,a) < 0 for all (s,a) € S x A
Initialize "artificial" transitions pg(s’|s,a) « 1(s' = s) for all (s, a)
for h=H,H—-1,...,1do
Compute action-value of step h:

\V/(S,CL) SEURS A’ Q;(L(S’a) A T‘h(S,Cl) + Z ph(5,|57a) ra{lezti{Qz—i—l(S/aa/) (113)
s'eS

6:  Compute optimal policy at step h:

Vs €S, mj(s) < argmax Qj (s, a) (1.14)
acA

7. end for

Finite-armed bandits

In Chapter 5, we will study a particular case of tabular MDPs, namely the multi-armed
bandit (MAB) model (Lattimore & Szepesvari, 2019). A finite MAB is defined by collection
of reward distributions v := (v4).¢[k] called arms, where K € N>;. The agent interacts
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with the bandit at discrete time steps ¢t € N>1. At every time step ¢, the agent pulls an arm
A; € [K] and observes a reward R; ~ v4,. The samples from different arms at different

time steps are independent. In other words, for any sequence of time steps (¢1,...,tn)
and sequence of actions (ai,...,an), the reward vector (Ry,, ..., Ry ) is a sample from
Vg, @ ... R vg, conditionally on the event (A:, = a1,..., Aty = an). At any time step

t > 1, the history of observation is defined by H; := (Ay, Ru)1<u<t-

We will be interested in the mean-rewards of the arms, denoted by (1a)ac[x]- We denote
by a* € arg mMaX,c (] Ha an arm with the largest mean, with ties broken arbitrarily. Finally,
W= g

Remark 1.2 The finite-armed bandit is a special case of tabular episodic MDPs, where
S=1H=1,A=K and q(.|s1,a) := v,. "

Sampling models and sampling rules

There exist mainly two sampling models that define how RL algorithms can collect observa-
tions in some MDP M.

Online model In general, RL algorithms must interact with M according to the same
protocol that deployed RL agents follow, see Sections 1.3.1 and 1.3.2. Given a history
of observations H;, the sampling rule of an algorithm A determines which policy A will
execute in the next step to explore M. Formally, in the discounted setting the sampling
rule is the mapping

SMP: B —Ilg
(Sl,al,Rl,...,Rt,8t+1)’—>7Tt+1 (1.15)

where 7t*1 is the policy used to select an action in the (¢ + 1)-th time step. Similarly, in
the episodic framework, it is defined as

SMP: B —TIlg

((527“27}32)%[1{])19@ S (1.16)

where 7t is the policy executed by A in episode ¢ + 1.

Generative model In some cases, the algorithms that we design to learn good policies
may have more degrees of freedom in the training phase than when they are finally deployed.
For instance, we might have access to a simulator, often called a generative model, that
enables us to query observations from any state-action pair (s,a) even if s is not the current
state of the environment (Chapter 2 in Kakade, 2003). More precisely, we think of a
generative model as a random sampler that takes as input a pair (s,a) and returns an
independent sample (R, s") ~ ¢(.|s,a) @ p(.|s,a). We denote by

(R, s') < GenerativeModel(s, a) (1.17)

the act of sampling a reward and a transition from the state-action pair (s, a) using the
generative model. Under this model, the sampling rule of an algorithm is a mapping from
histories to distributions over states and actions, that determines which state-action pair
we will query next

SMP: B—P(S x A)

(Su7au7Ru)1§u§t = (St+17at+1) (118)



1.4

1.4.1

1.4.2

1.4 Pure Exploration Problems 15

Pure Exploration Problems

Now we present the pure exploration problems studied in this thesis.

Best Policy Identification

Exact Best Policy Identification A special problem of particular interest is that of exact
Best Policy Identification (BPI), where we want to find an optimal policy as fast as possible.
Assuming that there is a unique optimal policy 7*, we wish to design an algorithm that
will interact with M until it has gathered enough observations to return an estimate 7 that
is certified to be correct with high probability. We investigate this problem in the setting of
discounted MDPs.

Assumption 1.2 Let 9, 1 be the class of infinite-horizon discounted MDPs with a unique
optimal policy. We assume that M € 9, ; and we denote its optimal policy by 7*(M).
In other words,

{7‘(‘ €llg:VseS, V(s; M) = max V™ (s; M) } = {m*(M) }, (1.19)

/' ellg

where we indexed the value functions by M to emphasize their dependency on the MDP.

Definition 1.1 An algorithm A for exact Best Policy Identification interacts with the
MDP for a possibly random number of steps 7 and returns an estimate of the best policy
7 € IIp. Given a risk § € (0,1), we say that A is 6-PAC (or d-correct) for BPI on the
class M, 1 if

YMeMo1, Paa(r <400, =7"(M)) >1-4, (1.20)
where P4 s denotes the distribution of observations when A interacts with M.

c-Best Policy Identification (¢-BPI) In the e-BPI problem we require the algorithm to
find a policy whose value is, with high probability, within a range of € from the optimal
value. We will present results for approximate BPI in the setting of episodic MDPs.

Definition 1.2 An algorithm A for e-Best Policy Identification interacts with the MDP
for a possibly random number of steps 7 and returns an estimated policy 7 € IIp. Given
a precision € > 0 and a risk § € (0,1), we say that A is (¢,6)-PAC (or (e, d)-correct) for
e-BPI on some class of MDPs 9 if

YMeM, Pua(r < +oo, Vi > Vi —e) >1-4. (1.21)

Reward-Free Exploration (RFE)

Imagine that you have access to some dynamical system, represented by a transition kernel
p:[H] xS x A— P(S), where you can play actions and observe the (possibly stochastic)
evolution of the system’s state following each action. You are tasked with learning the
dynamics and delivering an estimate p. This estimate will then be used by a planning
agent to maximize some utility given by their own mean-reward function, which is yet
undisclosed to you at present. Naturally, the planner expects your estimate to be sufficiently
accurate so that they never lose more than ¢ in value when they plan using p instead of the
correct model p. How would you explore this system and how would you decide if you have
gathered enough data to satisfy the previous requirement? This is the topic of reward-free
exploration, which we will study in the setting of episodic MDPs.

We denote by 7, an optimal policy in the MDP whose transition kernel is p and the
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mean-reward function is r. We also let V" (s1;7) be the value function of policy 7 under
the true transition model p when the mean reward function is r.

Definition 1.3 An algorithm A for reward-free exploration interacts with a dynamical
system (S, A, H, {pn} he|m), s1) for a possibly random number of steps 7 and returns an
estimate of the transition kernel p. Given a precision € > 0 and a risk § € (0,1), we say
that A is (¢,0)-PAC (or (e, d)-correct) for RFE on some class of transitions kernels 3 if
for all p € B,

Ppa (T < 400, Vr € [0, 19448 Vfr(sl;r) > Vi(s1;7) —€) > 1 -4, (1.22)

where P, 4 denotes the distribution of observations when A interacts with p. In this
case, we say that p is an e-good transition kernel.

1.4.3 All e-best arms Identification (All-=-BAl)

Last but not least, we will also investigate the problem of All e-best arms Identification
(All-e-BAI) in a multi-armed bandit. We consider Gaussian MABs with unit variance of
the form v = (N (pa, 1))116[1(}’ where N(,02) denotes the Gaussian distribution of mean
0 and standard-deviation o. For simplicity, we abuse notation and refer to a MAB v by
its vector of mean-rewards p1 = (f1a)ac(k]- The goal in All-e-BAI is to identify the set of
"good" arms G.(u) := {a € [K]: po > p* — e} with high probability, where ¢ > 0 is a

pre-determined precision parameter and p* := m[ax} -
belK

Definition 1.4 An algorithm A for All e-Best Arms Identification interacts with a MAB
u for a possibly random number of steps 7 and returns an estimated set G. Given a
risk § € (0,1) and a precision £ > 0, we say that A is (g,0)-PAC (or (g, d)-correct) for
All-e-BAI if

Vi € R, Py (T < +o0, G= Ge(p)) > 1-4. (1.23)

Assumption 1.3 For the All-e-BAI problem to be solvable with finite sample complexity,
we assume that there is no arm a such that p, = p* —e.

All-e-BAT was initially proposed by (Mason et al., 2020) as an alternative objective to two
other pure-exploration problems in the multi-armed bandit literature, namely the TOP—k
arms selection (Kalyanakrishnan & Stone, 2010) and the THRESHOLD bandits (Locatelli
et al., 2016). The former aims to find the k£ arms with the highest means, while the latter
seeks to identify all arms with means larger than a given threshold s. As argued by (Mason
et al., 2020), finding all the e-optimal arms is a more robust objective than the TOP-K
and THRESHOLD problems, which require some prior knowledge of the distributions in
order to return a relevant set of solutions. Take for example drug discovery applications,
where the goal is to perform an initial selection of potential drugs through in vitro essays
before conducting more expensive clinical trials: setting the number of arms &k too high or
the threshold s too low may result into poorly performing solutions. Conversely, if we set
k to a small number or the threshold s too high we might miss promising drugs that will
prove to be more efficient under careful examination. The All-e-BAI objective circumvents
these issues by requiring to return all the drugs whose efficiency lies within a certain range
from the best.
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1.4.4 General structure of pure exploration algorithms

Besides the sampling rule described in Section 1.3.4, pure exploration algorithms have two
additional components:

e Stopping rule: The stopping rule determines when an algorithm has gathered
enough observations to return a good answer, either an (e-)optimal policy for BPI or
an e-good transition kernel for RFE, with the desired level of confidence. Concretely,
the stopping rule is a sequence of random variables, denoted (STP;);>1, with values
in the set {True, False}. This sequence is measurable with respect to the filtration
generated by the sigma algebras of histories (o(H¢))e>1.

e Recommendation rule: The recommendation rule determines the final answer of
the algorithm. It is a sequence of random variables, denoted (REC;);>1, measurable
with respect to the filtration generated by the sigma algebras of histories (o(H¢))i>1.
For BPI (resp. RFE), REC; takes values in the set of deterministic Markovian policies
Ip (resp. the set of all probability kernels P(S)¥4H). For All-e-BAI it is with values
in 2I%], the power set of [K].

Below are general templates for pure exploration algorithms in an episodic MDP in the
online setting and in a multi-armed bandit.’

Algorithm 2 Pure exploration protocol in episodic MDPs

1: Input: precision ¢, risk § € (0, 1).

2: Initialize history Ho < (s1)

3: fort=1,2,...do

4: 7wt SMP(Hi-1) // SAMPLING RULE

5. for h=1,2,...,H do
6: Play a' ~ 7} (s},) and observe reward R}, (only for BPI) and next state s}, ,

7. end for
8:  Update history with the last trajectory Hy <— He—1 U {(s}, al, R} ) hi<n<n-

9: if STPy: // STOPPING RULE
10: Stop and return REC; // RECOMMENDATION RULE
11:  end if
12: end for

Algorithm 3 Pure exploration protocol in bandits

1: Input: precision ¢, risk 6 € (0, 1).

2: Initialize history Ho < ()

3: fort=1,2,...do

40 ay < SMP(H;—1) // SAMPLING RULE

5. Play a' and observe reward R;

6:  Update history with the last observation H; < H;—1 U {(at, R¢)}.

7. if STPy: // STOPPING RULE
8 Stop and return REC; // RECOMMENDATION RULE
9: end if

10: end for

1.5 The Sample Complexity of Pure Exploration

Notation For a pair of functions with real values f and g, we shall use f = O(g) (resp.
f = Q(g)) if there exists a universal constant ¢ > 0 such that f < c-g (resp. f > c-g).

4By convention, we set sfg_‘_l 1= S1.
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The expression poly(Xi,...,X;,) will refer to any polynomial function in the variales

X1, Xop. We write f = O(g) if f < poly(log(Y1),...,log(Ym)) - g, where Y1,...,Y,, are

other parameters that we shall specify after every O statement. We denote the infinity
norm of f by || f[lo, = subzepom(s) |f(x)| where Dom(f) is the domain of f.

Performance criteria When we design a pure exploration algorithm, we try to achieve
sample efficiency by minimizing the number of observations needed from the environment
to complete the pure exploration task. Concretely, we seek to minimize the stopping time
of our algorithm,

7:=inf {¢t > 1: STP; = True}. (1.24)

We note that 7 is a random variable whose value depends on the stochastic process resulting
from the interaction of an algorithm A with the MDP M. Therefore, bounds on 7 in the
literature feature either an expectation or a (1 — §)-quantile, both of which we refer to as
the sample complexity. Indeed for infinite horizon MDPs and episodic MDPs, 7 respectively
corresponds to the number of collected samples and the number of played episodes before
the algorithm stops. In the latter case, since each episode consists of H samples of the

form (Rp, sp11), T can be easily linked to the number of samples N through the equation
N=r1H.

Remark 1.3 There is a ubiquitous discrepancy in theoretical RL literature between lower
and upper bounds on the stopping time. To the best of our knowledge, all the existing
lower bound results feature an expectation, i.e., they state that E[r] is always larger than
some quantity LB that depends on the problem being considered. On the other hand,
with a few exceptions, most upper bounds feature a (1 — d)-quantile, i.e., they state that
with probability at least 1 — é we must have 7 < UB for some quantity UB. For this
reason, we allow the sample complexity definition above to refer to both measures. This
mismatch between lower and upper bounds is also reflected in the definition of minimax
optimality below. m

Minimax complexity and optimality

An interesting quantity in any statistical learning problem is the minimax rate which
quantifies the performance of algorithms in the worst-case (Tsybakov, 2008). In pure
exploration problems, it has the following definition.

Definition 1.5 For some class of MDPs of interest 9, we define the minimax rate as

Minimax () := inf sup Ex pm[7], s.t:Ais (g,6) — PAC. (1.25)
A Mem

We will say that an (e, d)-PAC algorithm A is minimaz optimal on O if
VM e M, Py m (T = 6(Minimax(zm))> >1-4, (1.26)

where O hides poly-logarithmic factors in S, 4, (1 —~), 1/¢,log(1/d).

Since its introduction by (Fiechter, 1994), BPI has mostly been investigated from a
minimax perspective. For infinite-horizon MDPs with a discount factor -, (Azar et al.,

2013) showed that Q(%&@) samples are necessary to produce an estimate @ of the

action-value function such that Pa (H@ — QH < 5) > 1 — ¢ using a generative model.
oo
Although this lower bound is for algorithms with a different objective (approximating the
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optimal @-function up to €), there seems to be a consensus in theoretical RL literature
that it should also be a valid lower bound for e-BPI. Hence, a wide variety of works have
proposed e-BPI algorithms that seek to match this bound (Even-Dar et al., 2006; Azar et al.,
2013; Sidford et al., 2018a; Agarwal et al., 2020; Li et al., 2020; Kozuno et al., 2022) when
a generative model is available. Perhaps the confusion about the lower bound originates
from Lemma D.1 in (Sidford et al., 2018a), which states that Q(%&@) samples are
also necessary to identify an e-optimal policy. However, we believe that their proof is false.’
Therefore, we formulate the following question.

Open question 1.1 Prove that any algorithm that outputs an e-optimal policy in

discounted MDPs with probability larger than 1 — § needs at least Q(%&@) samples.

The picture is more clear for e-BPI in finite-horizon MDPS. (Dann & Brunskill, 2015)
proved that any PAC RL agent must play at least Q(SAH?log(1/6)/e?) episodes to identify
an e-optimal policy in the worst-case. Their lower bound was derived under the assumption
of time-homogeneous rewards and transitions, i.e. py(.|s,a) = p(.|s,a) and r4(s,a) = r(s,a)
for all h € [H], while a lower bound of Q(SAH?log(1/5)/e?) episodes was later derived by
(Domingues et al., 2021) for the time-inhomogeneous case. BPI in the episodic setting was
investigated by several works (Dann & Brunskill, 2015; Dann et al., 2019; Kaufmann et al.,
2021; Ménard et al., 2021), all of which managed to propose algorithms with polynomial
sample complexity. Notably, (Ménard et al., 2021) managed to match the minimax bound
for all regimes of € and §.

The case for instance-dependent pure exploration

BPI and =-BPIl In order to derive the minimax lower bounds of the previous section, one
needs to design very specific hard MDPs. For instance, Figure 1.1 shows the hard MDP
class used in (Domingues et al., 2021) to prove the Q(SAH?log(1/§)/e?) bound. In this
example, the agent starts at state s,, and can only collect non-zero reward if it reaches the
goal state s, at some step h > H + 2, where H is a parameter of the MDP. To do that,
she has to keep playing the same action a,, exactly H times then play a different action at
step h = H + 1 to reach an intermediate state s;. From there, she has to carefully pick
the action that has 1/2 4 &’ probability of making her reach sq, where ¢’ > ¢. Playing any
other action only yields a chance of 1/2 to reach s, and the corresponding policy would not
be e-optimal in that case. A few comments are in order about this construction. First of
all, real-world problems are rarely this difficult. In particular, the fact that all actions in s
have zero reward and are only different by ¢’ in their transition probabilities makes the
problem somewhat hopeless, specifically designed to mislead the learning algorithm. Second,
establishing that some algorithm A is minimax optimal only reveals that A performs well for
this class of worst-case MDPs. However, it does not indicate whether the algorithm adapts
to the hardness of the MDP that it faces, i.e., whether the optimal policy of a very easy
MDP would be learned very quickly. Indeed, the minimax bounds do not make a distinction
between episodic (resp. discounted) MDPs of the same size (S, A, H) (resp. (S,4,7)).
Finally, in some settings the focus on minimaz optimality leads to naive exploration strategies.
For instance, it is known that sampling state-action pairs uniformly is enough to achieve
minimax optimality for BPI with a generative model in discounted MDPs (Azar et al., 2013;
Sidford et al., 2018a; Agarwal et al., 2020). This uniform sampling is the opposite of what
one might expect from any reasonable learning algorithm, that is, gradually focusing its
exploration efforts on regions where the reward is higher. This has motivated a recent line

®Indeed, their proof makes use of the High-Precision-MDP-Solver from (Sidford et al., 2018b). But they

mistakenly state that the sample complexity of that algorithm is (5(#) instead of 6(%)
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action = aw

action # ay

Figure 1.1: class of hard MDPs

of works that focused on designing adaptive algorithms with instance-dependent guarantees,
i.e., a sample complexity based on properties of the MDP such as sub-optimality gaps.
The first algorithm of this kind is BESPOKE (Zanette et al., 2019), which was proposed
for discounted MDPs with a generative model. Notably, BESPOKE can adapt to the
MDP through a more intelligent sampling scheme than that of minimax algorithms. It
solves an optimization problem to compute an optimal vector of samples (7s,)ses,ac4 such
that querying ng, samples from each (s,a) will halve the uncertainty only on the value
of policies whose current empirical value is above a certain threshold. By progressively
focusing exploration on state-action pairs visited by high-value policies, BESPOKE finds
an e-optimal policy using at most (3. s.aC(8;a,€)log(1/0)) samples where"
1 Var[R(s, a)] +7*Varyy(jsa) [V*(5)] 1
0= max(A(s,a), (1 - 7))’ (1 =) max(A(s, a), (1 —7)6)>’

C(s,a,€) := min (

A(s,a) = V*(s) — Q*(s,a) is the value gap of state-action pair (s,a), and Var denotes
the variance operator. Two notable features of this result are that the sample complexity of
BESPOKE (i) scales as O(SAlog(1/8)/(1—7)3e?) in the worst-case, which is the conjectured
minimax lower bound for this setting (Azar et al., 2013); (ii) it can be significantly smaller
than minimax whenever the MDP is such that playing different actions yields very different
total rewards, i.e., when the value gaps (A(s, a))ses,ac4 are large compared to ¢. Taking
inspiration from BESPOKE, we will present in Chapter 2 MDP-NaS, an algorithm for exact
BPI in the online setting that builds upon this idea of adapting the sampling strategy to
the MDP. We sketch some ideas and results that led to the design of MDP-Nas in Section
1.6.1.

The problem of achieving instance-dependent complexity for e-BPI in episodic MDPs
also attracted some recent attention from the theoretical RL community. The first algorithm
with such guarantees is MOCA (Wagenmaker et al., 2022a). Its sample complexity is upper
bounded by C(M,¢e)log(1/d), where C(M,¢) is a functional of the MDP that depends on
the gaps (Ap(s,a))sq. (Wagenmaker et al., 2022a) show that their complexity is never
worse than the minimax lower bound by more than an extra H? and log?(1/d) factors.
Therefore, in MDPs where H < SA and regimes where § is not too small, MOCA can
improve upon the worst-case lower bound. MOCA is based on coupling a clever exploration
strategy with state-action eliminations, i.e. using confidence intervals on Q7 (s,a) to detect

6O hides logarithmic factors in S, A,1/(1 — ), 1/e and the gaps (A(s, a))s.a.



1.5 The Sample Complexity of Pure Exploration 21

whether a # 7} (s) and discarding (h, s,a) in that case. In Chapter 4, we will present
PRINCIPLE, an algorithm for e-BPI with instance-dependent guarantees based on an
alternative technique of policy eliminations. Instead of looking at state-action pairs, policy
eliminations use confidence bounds on the values of policies (V{")rerg to detect if 7 is
suboptimal. When that is the case, we adjust the sampling rule to cease exploration of the
regions visited by 7.

RFE Beyond BPI, one may wonder whether it is possible to design adaptive algorithms
for RFE and what an instance-dependent complexity might look like for this problem.
RFE was introduced by (Jin et al., 2020) who proved that at least Q(S 2‘542H 3) episodes are
necessary to solve the problem in a minimax sense. Later on, (Kaufmann et al., 2021)
noted that any (e,d)-PAC algorithm for RFE is also (g,9)-PAC for BPI, since it can
plan e-optimally for any reward function. This implies that the minimax lower bound

of Q(SAH?1og(1/5)/e?) episodes holds also for RFE. Together, these two results yield a
0 ( H3SAlog(1/6)+S?AH® )
2

minimax rate of -
2021) and (Zhang et al., 2021b).

(Wu et al., 2022) showed that there is hope for improving upon this worst-case bound,
provided that one introduces additional assumptions about the reward functions used with
p for planning at test time. Assuming that there exists a parameter p > 0 such that the
test reward functions induce a minimum value gap Apin(M) larger than p, they designed
an RFE algorithm with a sample complexity of

episodes. This rate was matched by (Ménard et al.,

~ <H3SA H452A>
O +
pPE €

episodes. Therefore, if we choose € to be small enough w.r.t p and 1/H, the bound of
(Wu et al., 2022) will be smaller than the minimax rate. Beyond such a restricted setting,
adaptivity to the MDP in the vanilla version of RFE seems to be a hopeless problem at first
glance. Indeed, without further assumptions, the test reward can be chosen adversarially
and so one might think that vanilla RFE is a worst-case problem by definition. One of the
major contributions of this thesis, which the author of these lines is most proud of, is to
show that one can still adapt to the transition kernel of the MDP and achieve a complexity
that is smaller than the minimax rate in some regimes.

Contribution 1.1 In Chapter 3, we will present an RFE algorithm named Proportional
Coverage Exploration (PCE). With probability 1 — 4, the sample complexity of PCE is
upper bounded by

6(0(/\4, £,8) + pOIy(S&j A, H) )

where the functional C(M, ¢, d) satisfies the following properties

1. For all MDPs,
SAH*1og(1/8) + S?AH®
2 )

C(M,e,0) <

€
2. For a class of "ergodic”" MDPs

S“AH*log(1/8) + S**T*AH®
2 9

C(M,¢,9) <

€

where « is a parameter in (0, 1),
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3. If the MDP is a "hidden" contextual bandits, i.e., when py(.|s,a) = pn(.|s) for all
(h,s,a),
AH31og(1/6) + SAH®
€2 '

C(M,e,0) <

We see that up to an additional H? factor, the sample complexity of PCE is never worse
than the minimax rate in the small € regime. Furthermore, it has a reduced dependence
on the number of states in benign cases such as 2. and 3.

Overview of Contributions

This section contains some selected contributions from this thesis. We start by deriving a
lower bound which we will later use to design an algorithm a la Track-and-Stop for the
BPI problem in discounted MDPs, see Section 1.6.1. Then we discuss in Section 1.6.2
some limitations of the lower bounds derived using the KL-contraction (also known as the
data-processing inequality). We further show through the example of All-e-BAI how the
simulator technique can be leveraged to prove tighter bounds in some regimes. Lastly, we
present some coverage methods that seek to collect observations from an episodic MDP in
an efficient manner.

Lower-bound-inspired algorithm for BPI
A recipe for optimality from the bandit literature

To study the problem of BPI, we draw inspiration from related work on the special case of
Best Arm Identification (BAI) in a multi-armed bandit. Assuming that there is a unique
optimal arm a*, the goal in BAI is to identify a* with a probability of error smaller than
0, where § € (0,1) is a pre-specified risk. When the arms distributions come from a
single-parameter exponential family” (SPEF), (Garivier & Kaufmann, 2016) propose an
instance-dependent lower bound on the sample complexity of any d-correct BAI algorithm,
along with a strategy that matches it. A few notations are due before introducing their
results.

Notation The Kullback-Leibler divergence between two distributions P and Q is defined as

KL(P, Q) = {EXNP[log(c%(g))] if P<Q
400 Otherwise

where % denotes the Radon-Nikodym derivative of P with respect to Q. Distributions
belonging to the same SPEF can be fully characterized by their means. Therefore, we
simply refer to a bandit (v4).c[x] by its vector of means p := (p1a)qc(x]- We use d(x,y) as
a shorthand for the Kullback-Leibler divergence between the distributions, belonging to the
SPEF we consider, whose means are x and y respectively. We refer to the set of possible
means of a bandit model by ©, where © C R¥. Alt(u) := {A € © : a*(\) # a*(u)}
is the set of alternative bandit models, i.e., bandits with a different optimal arm. For
a € [K], Nu(t) := 3 _, 1 (a, = a) will denote the number of pulls of arm a after ¢ steps of
interaction between the algorithm and p. Finally, we let S = {w € RE, 3° e[k Wa =1}
denote the simplex of dimension (K — 1).

Proposition 1.1 (Theorem 1, (Garivier & Kaufmann, 2016)) The stopping time of any

“e.g. Bernoulli, Exponential or Gaussians with a known variance.
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0-correct BAT algorithm A interacting with the bandit p is lower bounded as

-1
E, a[r] > T*(u)log(1/2.45), where T*(u) := ( sup inf wad(tha, Aa ) :
alr) > T () log(1/2.49) 0= 3 T endli A

(1.27)

We briefly recall their proof here, as it will be useful to contrast with another proof method
that will be presented in Section 1.6.2.

Proof. We consider an alternative bandit A € Alt (u) and let kl(p, ¢) denote the Kullback-
Leibler divergence between Bernoulli distributions of respective means p and ¢q. Thanks to
Lemma 1 from (Kaufmann et al., 2016), we have that

Z E,a[Na(7)]d(Va, Aa) = KI(P, 4(E),Pra(E)) , (1.28)
a€[K]

for any event £ that is measurable w.r.t the filtration generated by the observations of
the algorithm until it stops (a1, R1,...,ar, R;). The idea is to come up with an event
&€ whose probability varies significantly between the two bandit problems. We choose
& = (Zi = a*(u)), where @ is the arm answered by the algorithm. Since A is §-correct,
it holds that P, 4(£) > 1 — 6 while Py 4(£) < §. Using the monotonicity properties of
(z,y) — kl(z,y), we get that

kI(Pya(E),Pra(€)) > KkI(1 —0,6). (1.29)
Therefore, since (1.28) and (1.29) hold for any alternative model A, we have that

KI(1—6,8) < inf KI(P,a(E),Pralf))

AEATt (1)
f E A
)\eg{t 2 By alNa(mld(va Aa)
a€[K]
E, o,
=Eyalr] inf 7M’A[ a(T)]d(ua,/\a)
AEALt (1) wel] E,alT]
<E_,al7r] sup inf wWad(tha, Aa), 1.30
y ]wEEK AEATE () a;q ad(ta, Aa) ( )
where we used that the vector of proportions w := (W)a €[K] belongs to the simplex
W,
Y k. The proof is concluded by noting that log(1/2.46) < kl(1 — 4, 9). |
Observe that the bound of Proposition 1.1 is problem-specific, since it depends on

the bandit p that the algorithm is facing. The authors then propose the Track-and-Stop
algorithm which is asymptotically optimal, i.e., it satisfies

lim sup LEVA 7]
§—0 log(l/ 5)

The intuition behind Track-and-Stop is that the solution to the optimization program in
(1.27) defines a vector of "ideal" frequencies w* () = (w;(1))ae[x] according to which
every arm must be pulled. This can be seen directly in the last part of the proof above.
However, this vector is initially unknown to the algorithm, so the sampling rule of Track-
and-Stop is based on tracking the optimal vector computed for the empirical bandit
(w*(ﬁa(t)))a cli]’ The tracking is coupled with a forced exploration component, e.g. pulling

< T"(p).-
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any under-sampled arm a such that N,(¢) < v/t, which ensures consistency of the mean
estimator (fi4(t))qe(k]- Since Track-and-Stop, several asymptotically optimal algorithms
with improved computational cost were later proposed (Degenne et al., 2019a; Jedra &
Proutiere, 2020; Wang et al., 2021). These algorithms remove the need to solve (1.27) at
every iteration either by using lazy updates (Jedra & Proutiere, 2020), sub-gradient ascent
methods (Wang et al., 2021) or online learning algorithms (Degenne et al., 2019a). However,
a common property of these algorithms is that they all seek, one way or another, to achieve
the following "golden" property

Nalt) asy ey (1.31)

Va € [K], T o
We shall now detail another contribution which consists of deriving an analogue of the
lower bound in (1.27) for the BPI problem, then designing a sampling rule which satisfies
the counterpart of the optimality recipe (1.31) in MDPs.

A problem-dependent lower bound for BPI

Notation We consider the setting of infinite-horizon discounted MDPs, see Section 1.3.1.
The set of alternative MDPs is Alt (M) :={M" € M, 1 : (M) # 7*(M)}. Let us define
the Kullback-Leibler divergence between MDPs M and M’ at some state-action pair (s, a)
by KL (s,a) := KL(gm([s, a), are(-s, a)) + KL(pm(-|s; @), par (|5, a)) where KL was
defined above. We use ¥ = {w € RiA : Zfﬁ w; =1 } to denote the simplex of dimension
SA-1. QM) =={w eX: Vs €S8, Y caWsa = D gesaeal(sls’;a)wsa} refers to
the set of weight vectors that satisfy the navigation constraints, otherwise knwon as the
mass-balance equations. Lastly, N (t) := S0 2 1 (s; = s,a; = a) denotes the number of

u=1

visits to state-action pair (s, a) up to the t-th step of interaction with the MDP.

Contribution 1.2 Our second contribution is an asymptotic lower bound on the sample
complexity of BPI algorithms. We actually derive a lower bound that holds for all § > 0
in the proof. However, the limit bound when 0 goes to zero is more interesting as it
suggests ideas for designing asymptotically efficient algorithms.

Theorem 1.1 — (Proposition 2, Al-Marjani et al., 2021). The sample complexity of any
0-PAC BPI algorithm A satisfies,

% g EAM[T] *
—AMUL
VM e M, 1, h%gl(r)lflog(l/& > T*(M),

=i
* L .
where T*(M) := <w€s$1(1:/)w) Mleljill{(M)SZ;‘wSQKLM|M/(s,a)> . (1.32)

Theorem 1.1 gives a fundamental limit to the sample complexity of any BPI algorithm
A that is d-correct. To better understand the expression of T*(M), imagine a zero-
sum two-player game between A and nature. A plays an allocation vector in the set
Q(M) which defines the proportion of time wg, that A wants to spend exploring each
state-action pair (s,a). Nature then chooses an alternative MDP M’ such that A will
have a hard time distinguishing M from M’ while using w as an exploration strategy.
In information-theoretic terms, Nature achieves this goal by minimizing the Kullback-
Leibler divergence between the distribution of observations under M and its counterpart
under M’. We will prove in (1.39) that this KL divergence is exactly the objective of
the optimization program in (1.32). Now, in order to figure out which policy among
(M) and 7*(M’) is the correct answer, A has to distinguish which MDP is actually
generating the observations, i.e. it has to maximize this KL divergence. The value of
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the resulting max-min optimization program defines the easiness of learning the optimal
policy in M: the larger the optimal KL divergence is, the easier it is for A to separate
M from all M’ € Alt (M). It is only natural then that taking the inverse of this value
gives a lower bound on the sample complexity of BPI.

Remark 1.4 In contrast with the BAI lower bound (1.27) where the allocation vector
could take any value within the simplex, here the algorithm can only play a vector that
satisfies the navigation constraints. To see why, suppose that there exists a state s
that can only be accessed from another state s~ € S, i.e V(s',a') € S x A, p(s|s’,ad’) =
1(s"=s7)p(s|s™,a’). In that case, we expect, for any algorithm, a positive correlation
between the number of visits to s and to s~. The navigation constraints capture these
dependencies that arise between the number of visits to different states because of the
structure of the transition kernel p. ]

The proof of Theorem 1.1 can be decomposed into three steps:

1. First, we show that the vector of expected visits at the stopping time (E[Nsq(7)])ses,acA
satisfies an information-theoretic constraint, see Lemma 1.1. It captures the fact
that there is a minimal number of samples that any BPI algorithm must collect to
distinguish M from alternative MDPs M’ € Alt (M).

2. Second, in Lemma 1.2 we prove the navigation constraints described above.

3. Finally, using the fact that E[r] = > . E[Ny(7)], we write the corresponding
optimization program that bounds the safnple complexity.

Lemma 1.1 For all M’ € Alt (M), it holds that

> Em[Nea (™)KL g pe(s,a) > k(5,1 — 6);
s€S,ac A

Proof. To simplify the analysis, we will abuse the notation of section 1.4 and write
SMP(a;|s1,...,Ri—1,s:) for the probability that the sampling rule of A plays action
a; after observing the history (si,...,Ri—1,8¢). Similarly STP(s1,..., Ri—1,8¢) (resp.
REC(7|s1,...,Ri—1,s:)) will denote the probability that A decides to stop exploration
(resp. recommends the policy m) after observing ((su, Ay, Ry )1<u<t—1, st). We recall that
i denotes the distribution of the initial state. Let Py denote the distributions of the
stopping time, trajectories and recommendation when A interacts with M. Exq 4 will refer
to the corresponding expectation operator. Concretely, for any integer ¢ > 1, sequence
((Su» @us Tu)1<u<t—1,5¢) € (S x A% [0,1])"! x S and policy 7 € Ilp,

Paa <7' =1, (Sus Au, Ru)1<u<t—1 = (Su, Qus Tu)1<u<i—1,5t = 8¢ T = 7T> = p(s1)

t—1
9 [H SMP (aus1, - 5.4 (ulu 3)p (5011500 30) (1 — STP((84: 01 24)1 k<t sun]

u=1

x STP((sk, ar, Tx)1<k<t—1, 5t REC(7|(Su, G, Ru)1<u<t—1, 5t), (1.33)

is the probability that the algorithm starts at si, plays a sequence of actions that generates
the trajectory (Su,au,Ty)i<u<t, Stops at the ¢-th step and returns the policy m. We
use F to denote the filtration generated by the sigma-algebra of the trajectory until A
stops O’((Su, Ay, Toy)1<u<r—1s S+ 7?) Finally, kl(z, y) denotes the Kullback-Leibler divergence
between Bernoulli distributions of parameters z and y.

The proof starts by fixing an alternative MDP M’ € Alt (M). By the KL-contraction
(Lemma 1 from (Garivier et al., 2019)), for any F-measurable variable Z with values in
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[0,1] it holds that
KL(Ppgs, Para) > K(EnalZ], ExvalZ]). (1.34)

We take Z :=1 (7 = 7*(M)). By d-correctness of A, we have that Exqa[Z] = Papa(T =
TF*(M)) > 1- 0 while EM’A[Z] = PM’,A(% = W*(M)) < PM’,A(% 75 F*(M,)) < d.
Therefore, using the monotonicity properties of (x,y) — kl(z,y) we have that

K(Enm,a[Z], Epv,alZ]) = KI(1 —6,6). (1.35)
On the other hand, by definition of the KL divergence we have that
dPaa(O7)
KL(P Pyra)=E 1 — 1.36
(PatPar ) = Baa | log (22050 )| (1.36)
where O, = (t, (Su, Qu, Tu)1<u<r—1, 87—,7'(') is a stream of possible observations. Now we
study the log-likelihood ratio of observations under M and M’. For any
dP A(OT)
L(O;) =1 — =
©n)=ox (Gt 5

<H qm xu|3uaau)p/\/l(5u|5u,au) )

=1 aqm’ xu|5m au)p/\/{’ (Su|5ua au)

LY St san—a) (log(qwu\s a>> T log (zw(HH))

s€S,acAu=1 QM/(xU|S CL) pM’(3u+1|37a)

:=Lgq(T)
(1.37)

where in (a) we simplified by the probabilities of sampling, stopping and recommendation
rules in (1.33) which do not depend on the MDP as they are a property of the algorithm.
Next we study Ls,(7) for a given pair (s,a). We introduce the random variables Yj and Zj
as the next state and the collected reward after the k-th time (s,a) has been visited. We
can re-write Lgo(7) as:

Nsa(T)
Z (10 pm(Yils, a) +log QM(Zk|57a)>
— P (Yls, a) am (Z|s, a)
R pM(Yk|s7a) qM(Zk‘sza) 3
Observe that & := log VAL + log dnw Znlsa) and 1y, (r)>k—1) are independent,

because under the event { Ny (7) < k — 1}, Y, and Zj have not been observed yet. Further
notice that E[€r] = KL e (s, a). We deduce that

Em[Lsa(T)] = Epm Z §kL (N, (r)>k—1}

k=1

_ZPM sa(T) >k — 1JKL pq 00 (5, @)

B ¥ KLy (5. 0). (1.38)

Summing over all pairs (s,a) and plugging this back into (1.30) yields that

KL(Pura,Pava) = Y Em[Nea(r)KLpgpe(s, a). (1.39)
s€8S,acA

Combining (1.34) and (1.39) completes the proof. [
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The second ingredient in proving the lower bound is the navigation constraints, which
are specific to the MDP setting and are otherwise absent in BAI.

Lemma 1.2 For any algorithm A, and for all states s € S, we have

> EmalNea(T)] =Y pam(sls’, a)Epga[Nyw (T)]| < 1. (1.40)

acA s'a’

Proof. For convenience we define for all states s, Ny(t) := > . 4 Nsa(t). For any s € S, by
looking at the last state-action that was played before each visit to s, we have that

N-_1(s',a’)
Nor)=1(si=s)+> > 1 Wea(u)=s),
s’,a’ u=1

where Wy, (u) denotes the next state observed after the u-th time (s',a’) has been visited.
Now fix (s,a’) and let us introduce Gy (t) = Zﬁi‘ll(s ) 1(Wyq (u) = s). Observe that

the events (Wyq (u) = s) and (N;—1(s',a’) > u — 1) are independent. Furthermore, for any
u, Eaqa []l (Ws/a/ (u) = s)] = pm(s|s’,a’). Hence, by Wald’s lemma
EpmalGya ()] = pam(sls’, @) Eapa[Nr-1(s', a')].
By plugging this in the first equality and taking the expectation we get
Ert,a[N-(s)] = Pam[L (s1 = )] + Y ppa(sls’, ) EapgalNra(s', )], (1.41)
s',a!

From the above equality, the lemma is proved by just observing that Pa[1 (s; = s)] < 1,
Ema[Nr—1(s',a")] S Epmal[N7(s',a’)] for any (s, a), and Eaq a[Ns(7)] < Eaq,a[Nr—1(s)]+1
for any s. |

In the final step in the proof of Theorem 1.1, we wrap-up the constraints from Lemmas
[.2 and 1.1 to get that

Emalr] > inf Z Nsq.-

(Nsa)ses,aca st

<1

Vs€ES, ‘ D aMsa—2 ot qr P(s]8",a ) g
We define mgq := nsq/log(1/6). Dividing by log(1/0) and taking the lim inf when § — 0

we get

.. EamalT] .
1 f———= > f E sa
B50 log(1/6) = o m

(mSa)SES,aEA s.t:
VMIEAIM), 3, MsaKL s nq(s,0) 21, SESIEA

VSES, 3o, Msa=2 4 o P(sls’sa )myr o
where we used that kl(1 — 0, 0) Kot log(1/6). Next, we define the vector w € R4 such that
—
Wsa = Msa/ Dy o Msar- One can check that w € (M) and that

Z S m KLM/M(S,G> -1
Z msa_< s€S,ac A’ sa | ) Z msaKLM/‘M(S,CL)

s€8,a€A ZSES,aeA Msa s€8S,a€A
—1
> < Z wsaKLM/|M(s,a)) .
s€S,acA

From here, one can easily show that the value of the optimization program above is
larger than the characteristic time 7% (M) defined in (1.32).
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Converging to a target allocation vector: From tracking to navigation

In this section, we will assume that there is a unique optimal solution w*(M) to (1.32) ®.
The question that naturally arises then is how to achieve the counterpart of the optimality
recipe from section 1.6.1.1 in MDPs. In other words, given a mapping M — w*(M), we
want to design a sampling rule that satisfies

V(s,a) € S x A, Ns;(t) o2 Wiy (M). (1.42)

We recall that for MAB problems, the C-tracking rule from (Garivier & Kaufmann, 2016)
is enough for this purpose. Concretely, given a sequence of optimal allocations for empirical
bandits (w*(fi(u)))1<u<t, C-tracking pulls the arm defined by

- arg minge(g) No(t) if mingepp) Na(t) < vVt — K/2,
- arg min,e(x) Na(t) — S wr(fi(u))  otherwise.

u=1

(1.43)

The first case above corresponds to the forced exploration component, which guarantees that
(t) oM (and by continuity w*(zi(t)) P w*(p)) almost surely. The second case is the
— 00 — 00

tracking component that enables finite-time control of the difference | Ny (£)—3"! _; w* (fi(u))].
To our knowledge, (Degenne et al., 2020) proved the tightest upper bound on this quantity,
of order O(log(K)) at every time step ¢ > 1. Still in the MAB framework, a remarkably
simpler solution in terms of analysis consists in sampling the (¢ + 1)-th arm according
to w*(fi(t)), i.e. ap1 ~ Multinomial (w*(i(t))). Indeed, (Tirinzoni et al., 2020) showed
that this is sufficient to achieve asymptotic optimality in a regret minimization prob-
lem. The idea is that under this sampling rule, for every arm a € [K], the sequence
(Mq(t) :== Na(t) — St w;(ﬂ(u)))t>1 becomes a martingale of bounded differences w.r.t
the filtration generated by the history of observations. Standard martingale concentration
results then guarantee that each term M; is upper bounded by O (v/t) with high probability.

Unfortunately, none of the approaches mentioned above can be transferred straightfor-
wardly to the MDP setting. This is because the convergence (1.42) that we seek must hold
over both states and actions. Alas, the algorithms can only choose actions to play and
observe the next state s;41, which is the outcome of sampling from the transition kernel
pm(.|se, ar). In other words, we seek to enforce the proportion of time spent exploring
sate-action pairs but we do not have direct control over the state of the environment. This
is the challenge of navigation and our third contribution will be to propose a sampling rule,
named C-Navigation’ that solves it.

The idea behind C-Navigation is to use the mixing properties of Markov chains to
achieve (1.42). Observe that each Markovian policy 7 € IIg induces a Markov chain on the
set of state-action pairs S x A whose transition kernel is given by

Pr(s',d |s,a) = w(ad'|spr(s']s, a).
Furthermore, under mild conditions on the MDP, it can be shown (for instance Theorem
8.8.2 in (Puterman, 1994)) that any vector w € (M) is the unique stationary distribution
of the Markov chain induced by the policy m,,, where
w
Y we >0,

i
Z Wsb beA
V(s,a) € 8 x A, mo(als) = ¥4 (1.44)

1/A  otherwise.

8While this may not hold in general, we have derived in (Al-Marjani & Proutiere, 2021) a proxy objective
which admits a unique maximizer. We elaborate more on this in Chapter 2.
9C-Navigation stands for cumulative navigation.
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Now imagine that we have access to an oracle that gives the value of w*(M). In this
case, we can simply compute the corresponding policy 7+ through (1.44) and use it as a
sampling rule, i.e., play a; ~ 7« (.|s;) at every step t > 1. Indeed, the Ergodic theorem
(see for example Theorem 4.16 in (Levin et al., 2006)) would then guarantee that

t—1 _ _
V(s,a) €S x A, Nga(2) _ Zu:l 1 (s, = s,a, = a) — Wi (M), (1.45)

t t t—o00

almost surely. We refer to this procedure as the mizing of the Markov chain Py .. However,
since the algorithm does not know w*(M), we will apply the mixing procedure to w*(f/l\t),
where M, is the empirical MDP built using the maximum-likelihood estimates of (pag, 1)
As in C-tracking, we add a forced exploration component to ensure the consistency of our
estimates.

Contribution 1.3 In Chapter 2 we will present Navigate-and-Stop, a BPI algorithm based
on the C-Navigation sampling rule and prove that it is asymptotically optimal up to a
multiplicative factor of 2.

Letting m+ (M) denote the policy extracted from w*(M) through (1.41), C-Navigation
plays an action a; ~ m(.|s;) where
Dy i () ek) L

mi(als) = 5 + (1 — <)

and (g¢);>1 is a decreasing sequence of mizture parameters that converges to zero. In

particular, we shall discuss how (e¢);>1 must be tuned as a function of the underlying

MDP in order to ensure that M, t—> M almost surely. Intuitively, this guarantees that
—00

¢ & 7« (M) for t large enough. Hence, we can use an ergodic theorem, albeit for a
non-homogeneous Markov Chain in this case, to prove that C-Navigation satisfies (1.42).

Bandit lower bounds beyond the KL contraction: The simulator technique
Limits of the classical KL-contraction-based lower bounds

The standard method to derive problem-dependent lower bounds for pure exploration
problems follows the proof schemes of Proposition 1.1 and Lemma 1.1'. Lower bounds
of this style are tight at least in the asymptotic regime § — 0, where a wide variety of
algorithms are able to match them (Garivier & Kaufmann, 2016; Degenne et al., 2019a;
Jedra & Proutiere, 2020; Wang et al., 2021). However, as explained in (Simchowitz et al.,
2017), there are scenarios where this result becomes loose in the moderate § regime. The
example given in that paper is for the BAI problem when the class of possible models is
restricted to Gaussian bandits with means in the simplex, i.e. v = (./\/ (L, 1))a €[K] such
that p € {u € Rgo, > ac[k] Ma = 1}. If the ground truth bandit 4 is such that py = 0.9
then arm 1 is the best arm. In this case, one can show that the characteristic time 7™ ()
defined in (1.27) is less than one. Indeed, one can show that there exists an algorithm such
that E, 4[] = Os_o(log(1/6)). Hence, (1.27) becomes

g, [7] > clog(1/2.45), (1.47)

where ¢ € (0,1]. Intuitively, since arms are constrained in the simplex, any alternative
- 2
instance A must have A; < 0.5 so that by Pinsker’s inequality d(pi, A1) > w > Q(1).

10This method is efficient only for pure exploration problems with a single correct answer. Problems with
multiple correct answers require a more involved analysis, see (Degenne & Koolen, 2019) and (Garivier &
Kaufmann, 2021)
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s
is able to distinguish between p and any A € Alt (x). But the bound in (1.47) exhibits
no dependence at all on the number of arms K! This is at odds with what one might
expect from any d-correct BAI algorithm, that is to sample each arm a few number of times,
which would result into 7 = Q(K). So why is this linear dependency on K absent from
Proposition 1.1 in this setting?

The answer is that there is oracle knowledge embedded in the proof above. More
precisely, the proof takes the point of view of an oracle that already knows the correct
answer for p and its set of alternative instances and only seeks to confirm its beliefs. In
contrast, any algorithm starts with zero prior knowledge on the ground truth model which
generates the observations, so there must be some sample complexity cost associated with
learning that Alt (1) only contains instances such that d(uq, A1) = (1). This cost is not
captured by the KL-contraction proof scheme, hence we need new methods to derive a
more refined lower bound. One such method is the simulator technique which was proposed
in (Simchowitz et al., 2017) for BAIL. Below, we illustrate their proof method for the BAI
problem.

Therefore, an algorithm that focuses its sampling effort on arm 1, meaning that t—> 1,
— 00

lllustrating the simulator technique for Best Arm Identification

Notation: Before stating their result, let us introduce some notations. We denote by Sy
the group of permutations over [K|. For a bandit instance v = (v1, ..., vk ) we define the
permuted instance ©(v) = (Vz(1);- - -, Vr(k))- Sk(v) = {m(v), m € Sk} refers to the set
of all permuted instances of v. We will write m# ~ Sk to indicate that a permutation is
drawn uniformly at random from Sg. Finally, for two probability distributions P and Q
defined over the same probability space (2, F), TV(P, Q) := supgq |[P(E) — Q(€)] is the
total-variation distance between P and Q.

Definition 1.6 An algorithm A is said to be symmetric if it satisfies for any permutation
m, any integer n > 1 and any sequence of actions Ay, ..., Ay,

Pas((ar,...,an) = (41,..., Ap)) = Pp ey ((a1,. .. an) = (7(A1),...,7(An))).

In other words, A is symmetric if it is indifferent to the order of the arms and acts only based
on the underlying distributions. (Simchowitz et al., 2017) showed that for any algorithm
A, one can easily build a symmetrized version Ay, such that for any bandit instance v,
Er~syEaru)[75] = EaLy[7s]. This will be important for the proofs to come, as we only
need to consider symmetric algorithms.

Proposition 1.2 — (Theorem 3, Simchowitz et al., 2017). Fix § < 1/4. Any BAI algorithm
A that is d-correct over the class of Gaussian bandits with means in the simplex satisfies

1—46

EWNSKEA,W(Z/) [7—5] > Z m.

a€[K]\{a}

Thus, for the price of weaker dependence on the risk (1 — 40 instead of log(1/6)), the
simulator method manages to prove that BAI algorithms must pay a linear cost in terms of
the number of arms, even when their means are constrained to be within the simplex.

Proof. We restrict our attention to symmetric algorithms. Throughout the proof it will be
useful to represent bandit instances using the random table model (Lattimore & Szepesvari,
2019): v can be defined as a collection of random variables (Xot)ac[k]s>1 Where X,
represents the reward received when playing arm a for the ¢-th time. Therefore it is enough
to specify the law of each X, ; to define v.
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The first step of the proof is to consider permutations where we only swap the best
arm with another suboptimal arm: 7(a*) = a,7(a) = a*,7(b) = b Vb € [K]\ {a*,a}, where
a # a*. We define the non-stationary bandit instances v and 7 such that

Arm H First n rewards ‘ Next rewards ‘

> a* NN(MG*71) NN(MG71)
v a N e ) | ~ N 1) |

€ [K]\ {a*,a} ~ N(ur, 1) ~ N, 1)

Arm H First n rewards ‘ Next rewards ‘
T a* NN(IU’(I?l) NN(IU’(I*v]-)
a NN(:U’a*vl) NN(:U’(Ml)
€ [K]\ {a*,a} ~ N (pg, 1) ~ N (pg, 1)

v and 7 will only serve as intermediate steps in our change-of-measure argument. In
particular, we do not require that the algorithm return a good answer on any of them. Let
Py denote the law of all relevant random variables (rewards, actions played, stopping times..)
when running algorithm A on instance A and define the event £ = (N, (7) < n). Observe
that P, (EN.) =P;(£N.), since under £ algorithm A observes the same distribution of
rewards. Thus using Bayes’ Theorem one can write

TV(Py,P,) = TV(P5(E) x P5(.|€) + P(E) x Pr([E°), Pu(€) x Py ([E) +Pu(E) x Pu(|E7))
(@)

2B, (E)TV(Br(.16), Pu(IE)) + By(EYTV(Po(IE%), B, (IEY))

(C)
<P, (E°) =P, (No(7) >n), (1.48)
where (a) is because P, (£) = P3(&) hence P, (£°) = P5(€°) also, (b) is by the joint convexity
of the TV distance and (c) is because P, (E'N.) = Py (E N .) implies that P, (.|€) = P (.|€).
Similarly, by considering event &' = (Ng+(7) < n) one can show that

TV(PW(V), ]P)%) < Pﬂ.(y) (Na* (T) > n) . (149)

Using the above, one can write

(a)
1-25 < P, (@ =a") — Py (@=a*)

(b)
< TV(PV7P7T(V))
< TV(Pr), Pz) + TV(Pz,P5) + TV(Py, Py)

© KL(P5, P,

< Prg)(Nax (1) > n) + Py (No(7) > n) + (27“)

(d) 5

< 9P, (Na(r) > n) + m@;mpy)j (1.50)

where (a) uses the d-correctness of A, (b) uses the definition of the total-variation distance,
(c) comes from combining (1.48) and (1.19) and using Pinsker’s inequality and (d) is because
the symmetry of the algorithm implies that Pr,)(Na+(7) > n) = Py (No(7) > n). Now
denote by 7;(t) (resp. 7;(t)) the distribution of the ¢-th column corresponding to arm i

= TV(P,(E) x P5(.|€) + Py (E°) x P5(€°), Pu(E) x Py (-|€) + Py (E) x P, (|€°))
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within the table of 7 (resp. V). Observe that by an analogue of (1.39) for non-stationary
bandits, we can write

L(Pz Pp) = > E%A{le (A = i) KL(7;(t), 75 (t ))]

1€[K]

S EM[ZH i) KL(7i(t), At))]

i€{a*,a}
(KL 1) 1)) + KL G 1N 1) )

= n(/'L* - Ua)z

2)
<

where (1) is because v and 7 only differ in the distributions of arms a and a*, (2) is
because this difference only holds for the distributions of the first n rewards. Therefore,
the inequality above simplifies to

1—-26—(p" — Na)m < 2Py a(No(T) > n).

By setting n = 1/2(p* — p14)?, we get that P, a (Na(7) > 1/2(p0* — p1a)?) > 1/4—4. Applying
Markov’s inequality implies that

1—49
7z < EvalNa(7)].
8(/'5 - Ma)
The proof is concluded by summing over all sub-optimal arms. |

The simulator technique was used by (Mason et al., 2020) for the problem of All e-Best
Arms Identification (All-e-BAI) in multi-armed bandits, by leveraging a reduction from
All-e-BAI to BAI In our fourth contribution, we generalize the lower bound of (Mason
et al., 2020) and simplify its proof. Notably, our proof demonstrates how the simulator
technique can be used in MAB pure exploration problems without the need to perform a
reduction to BAIL.

Basic analysis of All-c-BAl

One can not fully grasp the added value of the simulator technique without a brief overview
of what the KL-contraction method can achieve for the All-e-BAI problem. For this purpose,
we define the set of alternative bandits Alt (1) = {\ € R¥ : G.()\) # G.(n)}. Further,
define the upper and lower margins

— * o : *

e 1= aerglg(lu) e — W~ +¢ and B := bqé%l?u)u € — [p. (1.51)
For the simplicity of the presentation, we assume that the arms are ordered decreasingly
pr=p1 = pg > .. pg. We let m = argmin,cq,_ () fta — #* + € with ties broken in favor
of the largest index. Arm m is the arm with the lowest mean among good arms. Since
the arms are in decreasing order, arm m + 1 is necessarily the arm with the largest mean
among bad arms and we have m + 1 = argminygq,_(,) #* — € — pp with ties broken in favor
of the smallest index. Let us explore ways to construct alternative instances A by starting

from p and changing the mean reward of a single arm:
1. switching the status of an arm: Fix n > 0. For any good arm a € G¢(u) \ a*, we
can lower its mean reward by defining A such that A\, = y* —e —n and Ay = p; for all
b # a, see Figure 1.2a. Note that the new instance satisfies a ¢ G-(\). Alternatively,
for a bad arm a ¢ G(u) we increase its mean reward by letting A\, = p* — ¢ + n and
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an arm

Figure 1.2: Possible changes-of-measure

Ay = pp for all b # a. One can check that a € G.(\). In both cases, we have come up
with an instance A such that G¢(\) # G<(u) and

> B alNi(7)KL (i, Ai) = By [Na (7)]KL(p1a, Ad)

1€[K]
a )\a 2
= Eu,A[Na(T)](MQ)
o — *+€ + 2
= 0 [Ny () Ut S

where we have used the identity KL(N (z, 02), N (y,0?)) = (v—y)?/20%. Now applying
Lemma 1 from (Kaufmann et al., 2016), we have that

(Jtta — p* + €| +n)?
2

> KI(Papu(G = Ge(p)), Pan (G = Ge(n)))
> kl(1 —4,0) > log(1/2.49),

Epa[Na(7)]

where in the second inequality we used the 5—correctn§\ss of A to establish that
Pau(G=Ge(p)) >1—6 and Py (G = Go(p)) < Pyx(G # Ge(X)) < 6. Since the
inequality above holds for all n > 0, we take the limit 7 — 0 we get that

2log(1/2.49)

Va € [’2, KH, ]E;L,A[Na(T)] (Ma _ ,LL* + 6)2 :

v

(1.52)

2. Making arm m bad: Another way to build alternative instances is by increasing
the maximum mean reward so that arm m is no longer within the set of good arms.
Concretely, we fix n > 0, a % m then define A\, = p* + ac + 1 and A\, = py for all
b # a, see Figure 1.2b. We now have

Ao = p" + o+ 1
= p* + (pm — p* +¢) +n
=lUmte+N=An+e+n> Ay +e¢,

where the second equality is by definition or m. Thus m ¢ G.(\). Proceeding as
above, we get that

2log(1/2.49)
(Ha — p* — ac)

Va € [K]\'m, E,a[Na(7)] > (1.53)

R
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3. Making arm m + 1 good: Finally, we can also decrease the maximum mean reward
so that arm m 4+ 1 becomes a good arm. While increasing the value of y* can be done
by focusing on the mean reward of a single arm, decreasing p* might require changing
the mean reward of more than one arm. Concretely, for all arms a in Gg_(p) \ {m+1}
we define A, = p* — B: — n for some fixed n > 0. We leave the mean rewards of other
arms unchanged, see Figure 1.2c. We thus have for all a € Gg_(i) \ {m + 1}

)\m—&-l:,um—f—l
:N*_E_ﬁa
=Xg—E+N> A — ¢, (1.54)

where the second inequality is because arm m+ 1 achieves the argmin in the definition
of .. On the other hand, for arms in [K]\ (Ga.(p) U{m + 1}) we have

)\m+1:,UI**5*/85
> Hg — €
=), — €.

Therefore m + 1 € G.(\). Applying Lemma 1 from (Kaufmann et al., 2016) and
letting n go to zero we get that

a ~ * + I3 2
> E,a[Na(7)] e “2 Be) > log(1/2.46).
a€Gp_ (p)\{m+1}

Since p* — B < pg < p* for all a € G, (), (fta — p* + B:)? < 42 and the inequality
becomes

21log(1/2.49)

2 (1.55)

> EualNu(r)] >

a€lGp_ (p)\{m+1}

The lower bounds in (1.52) and (1.53) reveal that (g,6)-PAC algorithms must pay a
minimum cost, in terms of samples, for every arm but one. However, (1.55) only establishes
a sample complexity cost for a special subset of arms, namely those that are within [
margin from the optimal mean reward. (1.55) reflects the requirement that we should
estimate the mean reward of at least one arm in Ga_(u) up to B precision. If we fail to do
so, we might severely underestimate the value of u* and wrongfully declare that m + 1 is a
good arm. While this cost is specific to Gg_(p) (underestimating arms outside of this set
does not change our answer about arm m + 1), the proof above does not take into account
the fact that algorithms have to sample all arms a certain amount of time before learning
which belong to G_(1t). Here is yet another example of "oracle knowledge" within the proof,
which affects the tightness of the resulting lower bound. This is where our contribution
comes into the picture.

The simulator technique for bandit problems with many “special" arms
Here we use the same notation as Section 1.6.2.2.

Contribution 1.4 Our fourth contribution is a problem-dependent lower bound, averaged
over all the possible permutations of the bandit v.
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Theorem 1.2 — (Theorem 3, Al Marjani et al., 2022). Fix 6 < 1/10and & > 0. Consider
an instance v such that there exists at least one bad arm: G.(u) # [K]. Then any
(e,9)-PAC All-e-BAI algorithm has an average sample complexity over all permuted
instances satisfying

2log(1/2.45) 1 1
B2 - 12|Gg, (W)]3 2 (w* — po + Be)?’

While we have previously assumed that the mean-rewards of arms are ordered
decreasingly w.r.t their index, this is only done for the purpose of the analysis. In
practice, the arms of a bandit may come in any arbitrary order. The averaging over
permutations eliminates any artificial "luck" that an algorithm might have on v just
because it assumes a particular order of arms.

Eﬂ'NSK ET((V) JA [7—] >
beE[K\Gp, (1)

Remark 1.5 In the special case where |Gap, (pt)| = 1, then |Gg_ (p)] = 1 also (since
{1} C Ga.(p) C Gap. (1)) and we recover the result of Theorem 4.1 of (Mason et al.,
2020). The lower bound above informs us that we must pay a linear cost in K, even
when there are several arms close to the best arm, provided that their cardinal does not
scale with the total number of arms, i.e. |G | = O(1).

Furthermore, we shall present in Chapter 5 a bandit instance where the lower bound
obtained through KL-contraction can be arbitrarily smaller than the lower bound of
Theorem 1.2. m

Proof of Theorem 1.2

We restrict our attention to symmetric algorithms and use the random table model from
Section 1.6.2.2 to represent bandits. The first step of the proof is to show that no arm
can be played significantly less than the arms in G_(x). This is the purpose of the lemma
below, which helps us avoid algorithmic reductions of the All-e-BAI problem to BAI or
B-isolated tests as was done in (Mason et al., 2020).

Lemma 1.3 For all arms b € [K] \ G, (1) and all integers n > 1,

Z Pya (N, n) — (u* — pp)v/n/2 < 3P, 4(Ny(7) > n).

| GBE aGGgE )

Proof. Fix a € Gg_(p) and n > 1. Let 7 be the permutation that swaps arms a and b, i.e.
m(a) = b,7(b) = a and 7(k) = k for k € [K]\ {a,b}. We define the non-stationary bandit
instances v and 7 such that

Arm H First n rewards ‘ Next rewards ‘
> a NN(Ma’l) NN(Ma’l)
v b ~ N ) | ~ N D |
€ [K]\ {a, b} ~ N (1) ~ N (., 1)
Arm H First n rewards ‘ Next rewards ‘
T a NN(Mbvl) NN(Mavl)
b N D) |~ Nt 1)
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Again, 7 and 7 will only serve as intermediate steps in our change-of-measure argument. In
particular, we do not require that the algorithm return a good answer on any of them. Let
Py denote the law of all relevant random variables (rewards, actions played, stopping times..)
when running algorithm A on instance A and define the event E = (Np(7) < n). Observe
that P, (EN.) =Py (EN.), since under E algorithm A observes the same distribution of
rewards. Following the same steps that lead to (1.48) we have that

TV(P;, P,)<P,(E) = P, (Ny(7) > n), (1.56)
Similarly, by considering event E’' = (N,(7) < n) it holds that
TV(P, ) P ) <P () (No(T) >n). (1.57)

Using the above, one can write

(a)
P, (Na(T) > n) — Pw(y) (Na(’r) > TL) < TV(PV,PW(V))
< TV(PW(V)a ]P)%) + TV(P%’ ]P)ﬁ) + TV(]P)ﬁa PV)

(%) KL(Px, Py
< ]P)W(V)(NG(T) > n) + IP)]/(Nb(T) > n) + (2)

(¢) KL(Px, P
< 2P, (Ny(1) > n) + <2””)

(1.58)
where (a) is thanks to the definition of the total variation, (b) comes from combining (1.56)
and (1.57) and using Pinsker’s inequality and (c) is because the symmetry of the algorithm
implies that P, (Na(7) > n) = P,(Ny(7) > n). Now denote by 7;(t) (resp. v;(t)) the
distribution of the ¢-th column corresponding to arm 4 within the table of 7 (resp. 7). By
an analogue of (1.39) for non-stationary instances, we can write

L(PzP;) = ) E%A[Z]l i) KL(7(t), ﬁi(t))]

i€[K]
DS B[ o1 (A= KL, 50
i€{a,b} =1

2

2 n(Kmea, 1), N ap, 1)) + KL G 1), N (s 1)))

,®
= n(ug — p)* < n(u* — m)?

—~
-

where (1) is because v and 7 only differ in the distributions of arms a and b, (2) is because
this difference only holds for the distributions of the first n rewards and (3) is because
py < fiq since b ¢ Gp_(p). Therefore, the inequality above is simplified to

Pya (Na(T) > n) = (1" = ) v/n/2 < 3Py a(Ny(7) > n).

Note that the inequality above holds trivially when a = b. Now, for a fixed b, by summing
the inequality over all arms a € G_(1) we get

D B (Na(r) >n) = [Ga (W)(1* = 1) v/n/2 < 3|G. (1) [P, (Ny(7) > ).
a€Gp, (1)

Hence the statement of the lemma. [ |
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Remark 1.6 In the proof above, we built the non-stationary instance v (resp. 7) so that
it "simulates" the multi-armed bandit v (resp. 7(v)), i.e., it generates rewards from the
same distributions for the first n pulls of arms b (resp. arm a). Hence no algorithm can
distinguish between v and v (resp. m(v) and 7) unless it has a non-zero probability of
pulling arm b (resp. arm a) more than n times. Unlike the KL-contraction proof where

we did a single change-of-measure v — A, the simulator technique relies on perfoming 3

changes-of-measure: v O Y m(v) (see the inequalities leading to (1.58)). The

underlying intuition is that the sampling behaviour of A, represented by the probabilities
of the event (N, (7) > n), will not differ much between v and 7(v) if:

1. 7 is almost indistinguishable from v

2. n is small enough that KL(Px, P) is negligible

3. 7 is almost indistinguishable from 7(v).
The right choice of n will be dictated by the next Lemma. n

The second step in proving Theorem 1.2 is to show that arms in Gg_(¢) must be pulled
Q(1/42%) times because underestimating their means by 3. may cause the algorithm to
declare arm m + 1 as e-optimal.

Lemma 1.4 For all integers n > 1,

1= 95— |Go(IBvA/2< S Pua(Nalr) > n).

a€Gp, (1)

Proof. Let 7 > 0. We define the instances A and v such that

Arm H All rewards ‘
A For a € Gg_(u) ~N(p*—p.—n,1) | and
For k€ [K]\ G, () | ~NGu 1
Arm H First n rewards ‘ Next rewards ‘
v: For a € G_(n) ~ N (g, 1) ~N(p* =B —n,1)
For k € [K|\ Gp. () ||~ N, 1) ~ N (e, 1)

By considering the event £ = (Va € Gg_(1), No(7) < n), one can show in a similar fashion
to the proof of Lemma 1.3 that

TV(P;,P,) <Py(3a € Gp. (1), Na(m) >n) < > P, (Na(r) >n). (1.59)
a€Gpa, (1)

Recall that m+1 € argminggq_(,) #* — € — p1 and observe that m+1 becomes an e-optimal
arm under A (see (1.54)). Thus we have Py(m +1 ¢ G ¢) <0 whileP,(m+1¢ CAJS) >1-46.



38 Chapter 1. Infroduction

Therefore
1-20<P,(m+1¢G.)—Pax(m+1¢GaG.)
< TV(PWPA)
< TV(]P)V, P’g) + TV(P;;, IP))\)
(a) KL(P;, P
< > B(Na(r)>n)+ (2””
a€Gp, (1)
ny . fa — X+ Be +1)?/2
. py(Na(T)>n)+\/ 2 acGs. () R )/
acGpg, (1)
G 2
@ Z IFDV (Na('r) > n) + \/n‘ Be (M)Jl(ﬁa + 77)
a€Gp, (1)
(9
= > Py (Na(7) > n) + |G (W) (Be +m)vn/2
a€Gg, (1)

where (a) comes from (1.59) and Pinsker’s inequality, (b) is because all arms in Gg_ (1)

satisfy p* — B < pg < p* and (c) comes from the fact that \/|Ga_(p)| < |Ga.(1)|. Note
that the inequality above holds for all n > 0. We get the final result by taking the limit

n — 0. |

In the final step of the proof, we combine the results of Lemmas 1.3 and 1.4 to get for
all b e [K]\ Gy ()

1—2§
— (" =y + B)Vn/6 < P, (Ny(T) > n).
_ 2
Thus by choosing n = L Gﬁg(ﬂ)(‘; (;5_)% T ,85)2-| we get
1—26 (1 —20)? )
R E— < ]P)l/ N T > n S ]P)y N T Z M
G ] = P () >m) < ) 2 1 R — T o)

which implies by Markov’s inequality that for all b € [K]\ Ga_ (1),
(1-26)3
< EL[Ny(7)].
61Go, (P — o+ 7 = A7)

The final result is obtained by summing the inequality over arms in [K]\ Gg_(p), adding
(1.55) and noting that for § < 1/10, (1 — 26)% > 1/2.

Open question 1.2 At a high level, the simulator technique relies on the fact that
all instances in {7(v)}res, are somewhat equivalent, since only the indexing of arms
changes from one permutation to another. Therefore, a lower bound averaged over all
instances in that set still reflects the hardness of the bandit that our algorithm is facing.
However, this property no longer holds when we consider other bandit settings with
structure, e.g. Lipschitz bandits (Magureanu et al., 2014) or Linear bandits (Soare
et al., 2014). For instance in Lipschitz bandits, given arms (z4)qe(x] € [0,1] the mean
rewards of arms must satisfy V(¢,7), | — pj| < L|z; — x| for some constant L > 0.
Hence, permutating the arms may break the Lipschitz property. This raises the following
question: How to generalize the simulator technique to other bandit settings where some
structure is embedded into the arms distributions? In particular, what is a possible class
of "equivalent" bandits that one can use to prove a refined problem-dependent lower
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I bound in such settings?

Covering an MDP: minimum flows in graphs, submodular optimization and
zero-sum games

So far we have seen in Section 1.6.1 how to derive an instance-dependent lower bound
for BPI in discounted MDPs using the KL contraction method. We also briefly sketched
an exploration strategy that leads to an asymptotically optimal algorithm by solving the
max-min program of this bound and following the resulting allocation vector w*(M). In
Section 1.6.2, we explained in a MAB setting why the KL contraction lower bounds can be
loose in the moderate d-regime. In addition, we showed through the example of All-e-BAI
how to derive tighter bounds for pure exploration using the simulator technique. This
motivates us to look for algorithmic guarantees beyond the asymptotic § — 0 regime,
by seeking to design algorithms with sample complexity upper bounds that hold for all
d e (0,1).

To that end, we developed an efficient method to cover an MDP, i.e., a sampling rule
that collects observations from any desired subset of state-action pairs using a minimal
number of episodes. We refer to this task as coverage of an MDP and we shall see in
Chapters 3 and 4 how efficient coverage is a powerful tool for designing pure exploration
algorithms. Notably, Contribution 1.1 would not have been possible without the study and
use of a near-optimal coverage algorithm.

In this section, we will present some results established in this thesis for coverage in the
case of deterministic transitions. As it turns out, there are some interesting connections
between the coverage of an MDP, solving flow problems on a graph and submodular
optimization. We will also briefly sketch some results for the general case of stochastic
MDPs, which will be further improved in Chapter 3. The contents are extracted from
appendices B and D of the conference paper:

Andrea Tirinzoni, Aymen Al Marjani, and Emilie Kaufmann. Near instance-optimal
PAC reinforcement learning for deterministic MDPs. In Advances in Neural Infor-
mation Processing Systems (NeurIPS), 2022.

Deterministic MDPs as directed acyclic graphs

We consider the setting of episodic MDPs (Section 1.3.2). We are interested in the case
where transition kernels are deterministic, i.e., when for all (h,s,a) € [H] x § x A, there
exists a unique state s’ such that py(s’|s,a) = 1. Under this property, we can equivalently
represent the transitions by a sequence of deterministic functions {f, : S x A — S }he[H]
such that f;(s,a) is the unique s’ defined earlier. A deterministic MDP then becomes the

tuple M := (S, A, H, {fn}ne(m), {an}ne(m: 51)-

Assumption 1.4 We assume that the transitions {f,},e[g) are knwon to the learner.

Assumption 1.4 is without loss of generality. Indeed if the transitions are unknown,
Proposition 2 in (Ortner, 2010) shows how we can recover them using no more than SAH
episodes. A procedure that achieves this is as follows: At the beginning of any episode
t, given the “known part” of the transitions, we find the closest state with an unexplored
action. We reach this state and play the action in question. Since there are altogether
SAH triplets (h,s,a) to explore, the total number of episodes needed is at most SAH.

Our second observation is that, if we ignore the reward distributions, M can be
represented as a layered directed acyclic graph (DAG) G(M) := (N, &, s1, Sg+1) with nodes
N :={(s,h): h € [H],s € S8}, arcs £ := {(s,a,h) : h € [H],s € S,a € A}, a unique source
node (s1,1), and a fictitious sink node (sgy1, H + 1) which is the endpoint of every arc
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(s,a,H) € €. In particular, for node (s,h) € N, there is one arc for each a € A which
connects the node to (fr(s,a),h+ 1). The graph is layered, in the sense that the set of
nodes can be partitioned into H subsets ({(s,h) : s € S})ue[p), one for each stage, and
transitions are possible only between adjacent stages. Let Zp(s) := {(s/,d') e S x A | §' €
Sh-1,d" € Ap_1(8), frn-1(s',a’) = s} be the set of incoming arcs into (s, h).

The minimum flow problem and its properties

We define a flow as any non-negative function 7 : £ — [0, 00) that satisfies the navigation
constraints

Z mh_1(s’,a") = Z nu(s,a) Vh>1,s€S. (1.60)

(s',a')ELR(s) acA

We let Q be the set of all flows. The value of a flow 7 is given by (1) := >, 4 m(s1,a).
Let ¢: & — [0,00) be a non-negative target function. We say that a flow 7 is feasible if

77h(57a) > Ch(Sva’) \V/(Saa’ h) €.

That is, c,(s,a) acts as a lower bound on the flow we require through arc (s,a,h). The
minimum flow for the target function c is the solution to the linear program,

= min Z n(s1,a) st. np(s,a) > cp(s,a) V(s,a,h) € €. (1.61)

eN
K acA

Intuitively, the goal is to minimize the amount of flow leaving the initial state while
satisfying the navigation and demand constraints. From the MDP perspective, if n,(s, a)
is the number of times our algorithm A visited a triplet (h,s,a) then ) . 1 n1(s1,a) is
the total number of episodes played by A (since each episode starts by playing an action
at the initial state s1). Therefore, computing a minimum flow corresponds to minimizing
the number of episodes that are required to visit each triplet at least the amount of times
prescribed by the target function c.

We now state some simple properties of flows which will be useful later on. The first
two lemmas below can be immediately derived from the LP formulation.

Lemma 1.5 — Monotonicity. Let ¢!, c? : € — [0,00) be such that c}(s,a) < c3(s,a) for
all (s,a,h) € €. Then
p*(ch) < ().

Lemma 1.6 Let ¢!, ¢? be two non-negative lower bound functions and « > 0. Then,

p*(ac + ) < ap*(c') + ¥ ().

Lemma 1.7 — Flow bounds. For any lower bound function c,

}{Ielﬁx]ZZchsa <g0 ZZZchsa

s€SacA he[H] s€S acA

Proof. Both inequalities are easy to see from the navigation constraints and the definition
of the value of a minimum flow. First, note that the navigation constraints imply that for
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flow vector n and any h € [H],

= Zm(sl,a

acA

© Z nh(s,a)

s€S,ac A

(id)
> Z Z Ch(57 a)a

s€S aeA

—

where (i) is thanks to the navigation constraints (1.60) and (ii) is because the flow is feasible.
Taking the maximum over h, we get the lower bound on ¢*(¢). The upper bound is trivial
since we can construct a feasible flow in the following fashion. For each (h,s,a), we define
a flow vector n"*® € Q by starting with 7*%(s,a) = cu(s,a) and 7**(5,@) = 0 elsewhere.
Then we propagate the flow into the adjacent layers. In other words, for the successor

state s’ = fr(s,a) we choose one action a’ and set nﬁi“l(s a') = cp(s,a). Similarly, we
choose one predecessor state-action pair (s~,a~) € Z,(s) and set 7% (s, a~) = cp(s, a).

By doing this recursively, we build a flow vector n"5¢ that satisfies nhsa(s, a) > cp(s,a) and
whose value is exactly cp(s,a). Then a feasible flow is given by the sum vector

n= Z nhsa.

h,s,a

By Lemma 1.6, ¢(n) = 3=, ; , (0 hsa) — > h.s.a Ch(8;a). Therefore the value of the minimum
flow is at most this quantlty |

Minimum policy covers and minimum flows

A crucial problem that arises when trying to solve e-BPI in a deterministic MDP is the
problem of computing a minimum policy cover. Imagine that we have run our e-BPI
algorithm for ¢ > 1 episodes and collected n} (s, a) observations from each triplet (h, s, a).
Using these, we built high- probability confidence intervals on the optimal action-values

Q;;(S,CL) € [Qh(s’a)7@h(sva)] V(h,s,a).

Based on the confidence intervals we can already establish that for every (h,s) € [H] x S,
actions a such that Q(s,a) < maxpe4 @, (s,b) are sub-optimal. Such triplets (h, s, a) no
longer need to be explored since we know that no optimal policy plays a at (h,s). We say
that they are eliminated. Therefore, we only want to collect observations from a subset of
triplets (h,s,a) € {[H] x S x A: Q(s,a) > maxpe 4 Q, (s,0)}. This motivates us to study
the minimum policy cover problem.

Formally, given a subset £ C & of the arcs (i.e., of the state-action-stage triplets), the
goal is to find a set of policies Ilcover € II of minimum size such that

V(s,a,h) € g/, dm € Teover (S}w ah) (s, a).

That is, Icover is the smallest set of policies that, played together, visit all arcs in £’. This
problem can be easily reduced to a minimum flow problem with target function

cn(s,a) :==1((s,a,h) € ),

which intuitively demands at least one visit to all (s,a, h) € £, and zero visits from the
other triplets. Moreover, since c is integer-valued, an integer minimum flow exists which
can be computed by existing algorithms (e.g., Brandizi et al., 2012). Suppose that n* is one
such integer minimum flow. A policy cover can be easily extracted from it by the procedure
shown in Algorithm 4, which is similar to the method proposed by (Brandizi et al., 2012)
to obtain a minimum path cover in a layered DAG.



1.6.3.4

42 Chapter 1. Infroduction

Algorithm 4 Static Maximum Coverage

Input: deterministic MDP (without reward) M := (S, A, { fn}nhefm)» 51, H)
Solve LP (1.61) with targets cp(s,a) =1 ((s,a,h) € &) to get n*
Set n + n*
Initialize Heoyer — 0
while ¢(n) > 0 do
Initialize a policy m with arbitrary actions
for h=1,...,H do
Th(8h) < arg maX,e 4, (s,) (s, @)
N (Shs Th(Sn)) <= nn(Shs Th(sn)) — 1
Sha1 < fu(sn, mh(sn))
end for
Meover ¢ Meover U {77}
end while

Lemma 1.8 — size of policy cover. Let Il o be the size of the policy cover returned by
Algorithm 4. Then

|Hcover| = 90*(]18’)-

Proof. Note that at every iteration of Algorithm 4, the value of the flow 7 is decreased by one
while the cardinal of Il.oyver is increased by the same amount. Since Algorithm 4 only stops
when the value of the update flow is zero, this means that |Ileover| = @(7*) = ¢*(1g). A

Dynamic Maximum Coverage and submodular maximization

While Static Maximum Coverage solves the minimum policy cover problem with optimal
sample complexity, it is not the most intuitive strategy one would think of to explore an
MDP. We would like to analyze a simpler strategy, named Dynamic Maximum Coverage
and hopefully prove some sample complexity guarantees for it too. At every iteration,
Dynamic Maximum Coverage solves a Dynamic Program for some reward 7 and plays the
resulting policy. The exploration reward 7 is initialized as an indicator reward over all
triplets in & 7,,(s,a) :== 1 ((s,a,h) € &), then updated each time by setting zero reward
for the triplets that were visited. The pseudo-code of Dynamic Maximum Coverage is
reported in Algorithm 5.

Algorithm 5 Dynamic Maximum Coverage

Input: deterministic MDP (without reward) M := (S, A, { fn}ne[m), 51, H)
Initialize number of visits ny(s,a) < O for all (h, s, a)

while min, ; o)cer n4(s,a) < 1 do

Compute " — arg max, . Zthl 1((h,s,a) €&, ny(s},af) <1)
for h=1,...,H do
Play action 7 (sp)
nh(sh,wh(s)) — nh(sh,wh(s)) +1
Sht1 < fn(Sh, Th(sn))
end for
end while

—_
e
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Reduction to submodular maximization Let us define the set function C : 21> — [0, 00)
as

H
oIy = ZZ Z 1((h,s,a) €&, I ell': (sj,af) = (s,a)) VII' CIp.
h=1s€SacA

Moreover, let II; be the set containing the first i policies played by Dynamic Maximum
Coverage. We note that the policy selection strategy of Dynamic Maximum Coverage (Line
4 of Algorithm 5) is essentially a greedy algorithm approximating the maximization of C.
In fact, maximizing C corresponds to finding a set of policies that visit all triplets in &’.
Instead of directly maximizing the set function C, Dynamic Maximum Coverage greedily
builds the set II; by adding, at each round where it is used, the policy visiting most of
these unvisited triplets. Let us prove some of the important properties of C.

First, we relate the maximization of C' to the computation of a minimum flow with
target function cp(s,a) < 1 ((h,s,a) € £'), i.e., the same one used by Static Maximum
Coverage.

Proposition 1.3 — Maximization vs minimum flow. For cach v > ¢*(1¢/),

max  C(II') = max C(IT') = |&'|.
I/ CTIp: [T |[<v ' CIy,

Proof. Clearly, C(I") < |&'| for all II' C IIp, which is attained when all state-action-stage
triplets in £’ are visited at least once. When the cardinality of II' can be at least ¢*(1¢g/),
we can choose IT' to include a set of p*(1¢/) policies realizing a minimum 1-flow (i.e., a
minimum policy cover as the one computed by Static Maximum Coverage). These, by
definition, cover all under-visited triplets and thus attain the maximal value |£’|. |

Observe that if II' C II” then IT” must visit at least all the triplets visited by II’. Therefore,
the following proposition holds.

Proposition 1.4 — Monotonicity. For each IT' C I1” C IIp, C(IT") < C(I1").

Proposition 1.5 — Sub-modularity. Function C' is sub-modular, i.e., for every II' C I1” C
IIp and 7 € Ilp \H//,

c(r’'u{r}) — o) >cm’ u{r}) —cm”).

Proof. Note that
C(u{z}) — C(IT')

= Z 1 ((sp,ap) = (s,a),~3Imr € II': (s, af) = (s,a))
(h,s,a)€€’
H

= 1 (~Ir €I : (s}, af) = (s},a}))
h=1

M=

1 (—-3r e 1" : (sj,af) = (s}, a}))

>
Il

1
= o' U {7}) — C(I"),

where the inequality holds since II' C IT”. [
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Proposition 1.6 — Greedy maximization. Let II; be the set containing the first ¢ > 0
policies computed by Dynamic Maximum Coverage. Then, for any positive integer v,

Cl;)>(1-e )H,gﬂﬁﬁ,lng( )

Proof. This is a simple consequence of Theorem 1.5 of (Krause & Golovin, 2014) on greedy
maximization of submodular functions. We just need to show that Dynamic Maximum
Coverage is greedily maximizing the function C. To that end, observe that at iteration ¢ + 1
of Dynamic Maximum Coverage, we can rewrite the objective in Line 4 if Algorithm 5 as

H
f(m) = Z]l ((h,s,a) € E, np(sf,af) < 1)
h=1
= Z 1 (—EI7_r €ll;: (s7,af) = (sﬁ,a}j))
(h,s,a)€E’

= Z 1 ((h, s,a) €&, (sz,a;—;) = (s,a),- 37 €1l; : (sz,azr) = (s,a))
h€e[H],s€S,aeA
= C(IL; U {r}) - C(IL).

Contribution 1.5 We now state the main theorem of this section.

Theorem 1.3 — (Theorem 10, Tirinzoni et al., 2022). The number of episodes played
by Dynamic Maximum Coverage is upper-bounded

d < ¢*(le)(log(H) +1).
Thus we see that the sample complexity of Dynamic Maximum Coverage is nearly
optimal, as we lose at most a logarithmic factor in the horizon compared to solving the
minimum flow LP.

Proof. Let i := sup;en{i : C(IL;) < || — ¢*(1g/)} be the last iteration at which at least
©*(1gr) triplets still need to be visited by the algorithm. Then, by Proposition 1.6 combined
with Proposition 1.3,

€] — " (1gr) > C(T1y)

> (- ) O
'CII: /790* &

= (1 — e~ ED/e"Mey ).
Thus,
(i+1) < o*(Le) log(|€]/¢*(Ler)) < ¢*(1er) log(H),
where the second inequality holds since p*(1g/) > maxpe(p) D ses 2 gea L (7 8,a) € E')
by Lemma 1.7 and |£'| < Hmaxpeg] Y ses 2aea L ((hys,a) € E'). This implies that

i < ¢*(1gr)log(H) — 1. Finally, note that d < i+ ¢*(1¢/) since at iteration ¢ + 1 less than
©*(1¢r) triplets are missing and the algorithm visits at least a new one every episode. W



1.6.3.5

1.6 Overview of Confributions 45

Two-player zero-sum games for efficient coverage in the stochastic case

In this section, we go back to the general case of coverage, i.e. when the target function ¢
is not necessarily the indicator over some subset of triplets and the transition kernel of M
is no longer assumed to be deterministic.

Definition 1.7 — Active coverage algorithms. Given a failure probability ¢ € (0, 1), we
want an algorithm that explores the MDP and with probability at least 1 — ¢ collects
a cp(s,a) observations from every triplet (h,s,a). We say that such an algorithm is
(0, ¢)-correct for coverage.

Motivation We shall see that a (4, c)-correct coverage algorithm, named COVGAME, is
the backbone of an RFE algorithm and an e-BPI algorithm respectively presented in
Chapters 3 and 4. In fact, we will show that one can use COvGAME in a plug-and-
play fashion to solve the RFE problem, simply by setting an appropriate target function
cn(s,a) X sup e, Ph(8,a). On the other hand, for e-BPI we combine COvGAME with a
new technique that we call "Implicit policy eliminations” to get an algorithm that enjoys
instance-dependent sample complexity, see Section 1.6.4. Here we present a simplified
version of COVGAME, as it conveys the main ideas behind solving coverage while still being
quite simple to analyze.

Intuition Let X := {(h,s,a) : c¢p(s,a) > 0} be the set of triplets to be covered and define
pr " (s,a) := Prggean (sp, = 8, a5, = s). We will prove in Theorem 3.1 that any (6, ¢)-correct
coverage algorithm needs roughly more than

Ch(37 a)

*(c) := inf max —espr—— , 1.62
90 ( ) ﬂ.eIPEHS (57a’7h)eX p;Lr p(s7a) ( )

episodes (in expectation) to complete the coverage task. Now, observe that

r . pr (s, q)
- = sup min -t 7
©*(c)  geareng (sah)ex  cu(s,a)

pzew(s’ a))‘h(s> a)
Ch(57 CL)

= sup inf
7rempEHS /\GZX h757a
1(sp = s,ap = a)Ap(s,a)

ch(s,a)

)

= sup lIlf EM,We:cp |: Z

reepelly A —

where Yy :={w € R'f' : >.;w; = 1} is the simplex with support over X'. We see that the
inverse of the lower bound above is the value of a two-player zero-sum game between a first
player that plays a policy 7% to explore the MDP and a second player that plays a weight
vector A in the simplex ¥ y. Moreover, the objective of the max-min program above is the
value function of 7P for a particular reward 7 (s, a) := Ap(s,a)/cp(s,a). The previous
observations suggest to use a gaming approach that shares some similarities with Dynamic
Maximum Coverage. Specifically, we use the same idea of designing a suitable exploration
reward which we will try to maximize by running an algorithm for regret minimization
as a subroutine. However, instead of handcrafting the reward ourselves, we let another
competing algorithm design it for us. This gives rise to the meta-algorithm described in
Algorithm 6, which employs a regret minimizer A™ and an online learner A* as a subroutine.
The idea is that A is penalized whenever is outputs large weights for some triplets (h, s, a)
that were easily visited by A", By doing so, we make A* challenge Al more by putting
higher rewards in triplets that are hard to reach, thereby making the exploration process
efficient.
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Remark 1.7 We shall prove in Lemma 3.1 that the quantity ¢*(c) defined in (1.62) boils
down to the minimum flow defined in (1.61) whenever M has deterministic transitions.
|

Algorithm 6 Simplified CovGame

Input: target function ¢, regret minimization algorithm A™, online learner A*, risk 4.
Initialize dataset of episodes Dy «
Set target set X' < {(s,a,h) € [H] x S x A: cp(s,a) >0}
Normalize targets cp(s,a) <= cp(s,a)/Cmin  (Cmin = ming, 5 ,yex cn(s, a))
Initialize challenger weights A} (s,a) < 1((h,s,a) € X)/|X| for all h, s, a
fort=1,2,...do
Define reward R}, (s,a) = 1((h, s,a) € X)X} (s,a)/cx(s,a) for all h,s,a
Feed A" with R!, confidence §/2 and get exploration policy 7!
Play 7! and observe trajectory H; := {(5’;1, aﬁl, 52+1)}1§h§H—1
Update dataset Dy < Dy U Hs.
Feed A* with loss

— =
= o

1 (,,t — 3. t
> (s =)

(hys,a)€X cn(s,a)

and get new weight vector \!*1
12: IfVY(h,s,a), ny(s,a; D) > cp(s,a):  Stop and return Dy
13: end for

Assumption 1.5 There exists a sublinear fonction 7'+ R*(T') that bounds the regret of
AN anytime, i.e.

T

T
VT €N, > () - Jmin t(A) < RMT) aus. . (1.63)
t=1 t=1

Furthermore, there exists a sublinear fonction 7'+ RY(T,§) that upper bounds the
dynamic regret of A with high-probability, i.e., for any sequence of reward functions
(RN)i>1 € (Za)N,

P g gm <VTGN* Zsule s1; R Zvl s1; RY) < R™(T, 5)> >1-6. (1.64)

Now we state the main result of this section, which is adapted from Theorem 3.2.

Theorem 1.4 Under the previous assumption, with probability at least 1 — §, for all
T>1,

T >

. ny (s,a) T 1 N - 4
m > i RMT R 9 1 7’1
(h,s,(glex cn(s,a) ~ @*(¢)  Cmin (T) (T,6/2) + /T log ;

The theorem above shows that the number of observations collected by Simplified Covgame
grows at a nearly optimal rate. Indeed, T'/¢*(c) is the rate at which the expectation of the
ratio n} (s,a)/cn(s, a) would increase after T episodes if we had an oracle that provides the

optimal 7P solution to the lower bound (1.62) and played such policy. However, since we
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do not have access to such an oracle, the observations increase at the optimal rate minus a
o(T) term, which represents the cost of learning how to explore the MDP.

Corollary 1.1 Using A = UCBVI(Azar et al., 2017) “ and A* = HEDGE (Freund
& Schapire, 1997), we have R™(T, §) < 32log(T + 1)/SAH2T (log(2SAH/$) + S) and
RMNT) < /2T log(SAH) + \/log(SAH)/8.

ThlS yields that with probability at least 1 — §, Simplified CovGame instantiated
with the algorithms above has sample complexity

©*(c)

Cmin

r<200+6( ( ) SH2A(0g(1/8) + 5) ),

where O hides logarithmic factors in S, A, H, 1/cmin and ¢*(c).

?A modified version of UCBVI to handle changing rewards, see appendix C of (Al-Marjani et al.,
2023).

Proof sketch of Theorem 1.4

We denote by n?' = [nf(s,a)]psq the vector of the number of visits to all the triplets. For
two vectors x = [x;); and y = [yi]i, x/y := [x;/y:]i is the entry-wise division of x by y. The
first is structured in three steps. First, we relate the counts to the loss of the A*:

nt (s, a) T _
Cmin (h,glg)ne)( CZ(S’ ) = )\ienzfx A (n” /¢) (definitions of ¢ and X y)

1 <9§z =s,al, = (1)

T
:)\leanx Z )\h(s’a)z /Eh(z‘%a)l

(h,s,0)eX t=1
T
. t oy
= AleanX ; '(N) (definition of £;(X))
T
> Zﬁt()\t) — RMT). (regret bound of A*)
t=1

Second, we go from the loss of A* to the optimal value function of A™:

T
D SO h”em( D (1 (4, = .} = a) £ p]' (5,0))
t=1

C S,a
t=1 h,s,a h )

(definition of £;(\"))

T T

Z Z pf(s, a)R} (s,a) + Z Z Rl (s,a) (]1 (sp, =s,a}, =a) — pgt(s, a))
t=1 h,s,a t=1 h,s,a

T

v (s1;R") + Mp (definition of V"(s1; R) + martingale)

d s t II 412
ZSUPZVl (s1;R") = R™(T,6/2) — | Tlog - )
T ot=1

(Regret of A + Azuma-Hoeffding’s inequality)
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Finally, we move from the optimal value function of A" to the lower bound (1.62).

T T :
SUPZVF (s1;R') = supz sz(s,a)]l((h,s,a) € X)X\ (s,a)

t=1 h,s,a cn(s,a)
~Tow 3 (pg(s, SLULEL »c)) <2t21 e a>>

T
, T
> Tsup min ]M = Cmin 37~ -
. (hsa)ex Cp(s,a) p*(c)

Wrapping up everything, we get

i 2
. ny, (s, a) T \ . AT
i m - 2> . _ fR o -
Cmin (h,s,al)neX cn(s,a) — Cmin ©*(c) (T) =R (T,4/2) T'log 5
i 2
. ny, (s, a) T 1 \ I AT
= > - RMNT) + R™MT, /2 Tlog [ — ) |.
(h,s,cglex cn(s,a) = ©*(€)  Cmin (T)+R(T,6/2) + o8| —5

Remark 1.8 When the target function c is uniform: ¢;(s,a) = N1 ((h,s,a) € X), the
sample complexity showcased in Corollary 1.1 is nearly optimal. By "near-optimal", we
mean that when N — oo the dominating term is 2¢*(c). Hence, in this regime, we are
able to match the lower bound up to a factor of 2. However, if the target function is
unbalanced, meaning that the ratio ¢pqz/Cmin is large, the second term in the bound
above is no longer negligible and we can not claim to be near-optimal. We will explain
in Chapter 3 how to improve Algorithm 6 in order to solve this issue. ]

Implicit policy eliminations for computationally-efficient approximate BPI

In Chapter 4, we will derive a problem-dependent lower bound for e-BPI. We will also see
that PEDEL, an e-BPI algorithm proposed by (Wagenmaker & Jamieson, 2022) for the
general case of linear MDPs, nearly matches our lower bound when we instantiate it for the
tabular MDP setting. However, PEDEL has exponential time and memory complexities as it
needs to enumerate the set of deterministic policies IIp in order to eliminate the suboptimal
ones. The structure of PEDEL is briefly sketched in Algorithm 7. Notation: We let
pr(s,a) :=Pprx(sn = s,a, = a) and ﬁfl’k(s,a) = Pﬂk (8h = s,a = a) where M\k is the
empirical MDP constructed after k iterations of PEDEL. QM) = {[ph (5, @)]ne(H),se8,ae4
7 € IIg} denotes the set of all valid state-action distributions.
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Algorithm 7 General structure of PEDEL

1: Input: precision &, risk 4.

2: Initialize set of candidate policies Iy < IIp

3: for k=0,1,... do

4 Run exploration procedure to collect ni(s,a) observations from each (h,s,a) €
[H] x § x A such that

P~ 2

b (s, a)
Vh € [H], E o <. 1.65
[H] reliy nk(s,a) =k (1.65)

5.  Update the set of candidate policies

My < IO\ {7r eM: Vi < max Vi — 2”}
! €1y

6: If |Hk+1| =1or27F <e:

7 Stop and return any 7 € Iy
8: end if

9: end for

At every iteration k, PEDEL keeps a set of candidate policies 11 which is initialized
as Il := IIp. The exploration procedure aims to collect observations that will reduce the
size of a confidence interval over the values of policies in IT* below a certain threshold
er'". Then at the end of iteration k, the algorithm updates the set of candidate policies
by removing those that are provably suboptimal. PEDEL stops when there remains only
a single policy in the candidate set or it has reached a precision that is below €. Hence,
we see that needs Q((S H )A) operations and memory space in its exploration procedure to
check whether the condition (1.65) holds and to eliminate suboptimal policies (line 5 of
Algorithm 7). So how can we eliminate policies while keeping a polynomial time-memory
complexity?

This is where our technique of implicit policy eliminations comes into the picture. We
exploit two basic properties of MDPs. The first is that the value of any Markovian policy 7
is linear in its state-action distribution [p} (s, a)]ne(m), ses,acA:

Vi = Zpg(s,a)rh(s,a). (1.66)

h,s,a

The second property is the fact that the set of state-action distributions Q(M) is a polytope
defined by linear constraints. Precisely, we know that (e.g., Puterman, 1994) that

QM) = {p CRIV: T pln0) =1, T on(os0) = T puoa (8 poa (ol,) () }
ac ac s',a’

Therefore, instead of performing operations over sets of policies we define sets of candidate
state-action distributions (€)r>1. The general idea is that to eliminate suboptimal policies,

we take the set Q(ﬂk) and add to it a linear constraint of the shape

Z pn(s,a)rp(s,a) > sup Z nu(s,a)ry(s,a) — 247F, (1.67)

h,s,a nE h,s,a

See (Wagenmaker & Jamieson, 2022) for the precise tuning of the sequence (g )
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This defines the set ;. The advantages over line of Algorithm 7 are that: (1) computing
the supremum in (1.67) can be done by solving a Linear Program (LP) for which there
are several algorithms that run in polynomial time; (2) storing the constraint above only
requires a memory space that is linear in SAH. As for the exploration procedure, observe
that if we run COvGAME with target function cx(s,a) = sup,cq, pn(s,a)/ex, then with
probability at least 1 — § we would collect (nf(s,a))p.sq observations such that

pu(s, a)?
Vh € [H], sup — v < &g sup th(s,a) = gg.
PEQ 5,0 nh(s,a) PEQ s.a

Thus, we have achieved a sufficient condition for (1.65) by reducing the size of the confidence
interval over the values of policies that satisfy [ﬁ;’k(s, a)] € Q. Observe that such an
operation can still be done in polynomial time since computing the targets amounts to
solving another LP. In conclusion, we have implicitly eliminated the suboptimal policies
such that []’fhr’k(s, a)] does not satisfy (1.67) using polynomial time and memory!

We give more details on the resulting e-BPI algorithm in Chapter 4.



In this chapter, we present Navigate-and-Stop, an algorithm for exact Best Policy Identi-
fication (Section 1.4.1) that uses mixing properties of Markov Chains to converge to any
allocation vector w*(M). The contents of this chapter are based on the conference paper:

Aymen Al-Marjani, Aurélien Garivier, and Alexandre Proutiere. Navigating to the
Best Policy in Markov Decision Processes. In Advances in Neural Information
Processing Systems (NeurIPS), 34, 2021.
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On the Optimization Objective and the Optimal Allocation

In Chapter 1, we assumed that the solution to the optimization problem in (1.32) is unique.
In reality, we do not know whether this is truly the case. Indeed, let us define the quantity

-1
T(Mjw) = <M/€1£1£(M) SZCL:WS@KLM|M/<S,(I)> . (21)

Recall that we proved in Theorem 1.1 a lower bound on the sample complexity of BPI,
which is written as

lim inf =M S M) = inf T(M,w), (2.2)
5—0 log(1/9) weQ(M)

where the equality can be checked easily from the definitions of T'(M, w) and T*(M). Then
we showed in (Al-Marjani & Proutiere, 2021) that even for a "toy" MDP of 2 states and 2
actions, the minimization problem in (2.1) is not convex. As such, it is difficult to obtain
theoretical guarantees on the uniqueness of its solution, let alone come up with a tractable
method to compute it. In the same paper, we also provided the following tractable upper
bound on T(M,w). Some notations are due before stating the result.

Notation We recall that ¥ := {w € R$4 : S 94 wi =1 } refers to the simplex of dimension
SA — 1, while

QM) ={weX: VseS, Zwsa = Z p(sls’, a' Ywsrar}

acA s'eS,a’'e A

denotes the set of allocation vectors that satisfy the navigation constraints. 9, 1 denotes
the class of discounted MDPs with a unique optimal policy. A(s,a) := V*(s) — Q*(s,a) is
the suboptimality gap of state-action pair (s,a). We use the shorthand 7* to denote the
unique optimal policy of M. Apin(M) := ming,q«(s) A(s, a) denotes the minimum positive
suboptimality gap. For a real-valued function f : X — R, sp(f) := sup, yex [f(z') — f(2)]
denotes the span of f.

Lemma 2.1 — Theorem 1, (Al-Marjani & Proutiere, 2021). For all vectors w € ¥ and
MDPs M € 9, 1, it holds that T'(M,w) < U(M,w), where”

Hg, H*
UM,w) = max + = , (2.3)
(s,a):a#m*(s) Wsq SIIlslIl Wg 7 (s)

16Vary (s q V* (s * \4/3
Hsa = 2 2 UL ( e )[2 M(S )]’ GSP(VMz/fﬂ )7
and A(s,a) . A(s,a) 5 A(s,a) (2.4)
H* .= +0
[Amin(M)(1 —7)]? Amin(M)?(1 —7)?

%The exact definition of H* is given in Section 2.6.

Using U(M, w), we obtain the following upper bound on the characteristic time in (2.2):

THM) S U M) i= it U(M,w) (2.5)

The advantages of this upper bound U*(M) are that:
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1. U*(M) is still a problem-specific quantity as it depends on the gaps and variances of
the value function in M.

2. The function w — U(M,w) is strictly convex and the feasible set in (2.5) is also
convex. Therefore there is a unique allocation vector that solves (2.5).

3. Since the optimization problem in (2.5) has a convex objective and convex constraints,
we can easily compute its solution using either the Franke-Wolfe method or the
projected subgradient-descent algorithm.

Definition 2.1 For the rest of this chapter, we shall define the optimal allocation vector
as the one that solves (2.5),

w*(M) := arg min U(M,w). (2.6)
weQ(M)

Remark 2.1 One can easily check that w?,(M) > 0 for all state-action pairs (s,a).
Indeed, from the definition of U(M,w), the objective function of an allocation vector w
that has a null component is infinite. Therefore, such an allocation cannot be optimal. =

Remark 2.2 While our algorithm’s design implements this particular choice of an alloca-
tion vector, the results that we will present can be applied in a straightforward fashion
if (i) the solution to (2.2) is unique; (ii) one assumes access to an optimization oracle
that solves that problem. m

C-Navigation: A Sampling Rule for Asymptotic Optimality

We introduce a few notations to simplify the presentation. Any stationary Markov pol-
icy m induces a finite Markov chain on & x A whose transition matrix is defined by
Pr((s,a), (s,d)) :== pm(s'|s,a)m(a’|s"). It also induces a Markov chain on the state space
S whose transition matrix is given by Pr(s,s') := Y acam(als)prm(s']s,a). With some
abuse of notation, we will use P, to refer to both Markov chains. P! denotes the n-th
power of Pr. A standard result in Markov chain theory states that P is the transition
matrix corresponding to n-th step Markov chain. We denote by m, the uniform policy,
i.e., my(a|s) = 1/A for all pairs (s,a). For a pair of policies w1 and g, the mizture policy
with parameter ¢ is defined through 7(als) := emi(als) + (1 — )ma(als) for all (s,a). In
that case, we will simply write T := em + (1 — €)me. Finally, we define the vector of

visitation-frequencies at time ¢, N(t)/t := (Ngq(t)/t) (s.0)eSx A

Before we proceed, we need to make the following assumptions.

Assumption 2.1 We assume that M is communicating, i.e., we can reach any state s’
starting from any other state s. This means that for all (s,s’) € S, there exists a
deterministic Markovian policy m € IIp and an integer ¢ > 1 such that

P'(s,8') = Ppn(sy = s'|s1 = 5) >0, (2.7)

where P - is the probability distribution of trajectories induced by playing 7 in M.

We restrict our attention to the case where M is communicating, for otherwise, there
would be a non-zero probability that the algorithm enters a set of states from which
there is no possible comeback. In this case, it becomes impossible to identify the optimal
policy.
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Assumption 2.2 P, is aperiodic.

This assumption is mild as it is enough to have only one state s and one action a such that
Py(8]8,a) > 0 for it to be satisfied. Furthermore, Assumptions 2.1 and 2.2 combined imply
that Py, is ergodic (because it is irreducible and aperiodic). This is still less restrictive than
the "M is ergodic" assumption which is ubiquitous in RL literature (Burnetas & Katehakis,
1997; Tarbouriech & Lazaric, 2019; Pesquerel & Maillard, 2022). Indeed, assuming that the
MDP is ergodic means that the Markov chains of all policies are ergodic.

Building-up the intuition

In contrast with the settings of MABs and MDPs with a generative model where one could
converge to any allocation vector in ¥ through C-tracking, see (Garivier & Kaufmann, 2016;
Al-Marjani & Proutiere, 2021), here we face the challenge of navigation. Namely, the agent
can only choose a sequence of actions (a;);>1 and follow the resulting trajectory whose law
is determined by the transition kernel: s;y1 ~ paq(.|st, ar). Therefore, one might wonder
whether the convergence to the optimal allocation can be achieved by following a simple
policy. A natural candidate is the oracle policy defined by

V(s,a) €S x A, mur(M)(als) := Wia(M) (2.8)

C Dheawh(M)
We will use 7« (M) to denote the oracle policy of M and 7, whenever the MDP under
consideration is clear from the context. The oracle policy satisfies the following prop-
erty.

Proposition 2.1 w*(M) is the unique stationary distribution of the Markov chain whose
transition matrix is Py ..

Proof. It is immediate to check that Py ,w*(M) = w*(M) using the fact that w*(M) €
Q(M). Hence w*(M) is a stationary distribution of Py .. The uniqueness is guaranteed by
the irreducibility of Py _,, see Proposition 1.7 in (Levin et al., 2006) for instance. Indeed,
a direct consequence of Assumption 2.1 is that for every couple of state-action pairs
((s,a),(s',a")) € (S x A)?, there exists 7 € IIp and ¢ > 1 such that PL((s,a), (s',d')) =

Pumr(se = ¢',ac = alsy = s,ap = a) > 0. By taking n = min m,+(als), we have that
s€S,acA

n > 0 (see Remark 2.1) and for all ((s,a), (s',d’)) € (S x A)?,

Pr. ((s,a), (5',a")) = paa(s'ls, a)mr (d|s) = npa(s']s, a)m(a'|s') = nPr((s,a), (s',d)).

Therefore it also holds that P.  ((s,a), (s',a’)) > 0, which mean that Py, is irreducible.
|

7w+ (M) is the "target" policy that we would like to play since, by the Ergodic theorem
(Theorem 4.16 in (Levin et al., 2006)), executing it guarantees convergence of the visitation-
frequencies N(t)/t to the stationary distribution w*(M). However, because the rewards
and transitions of M are unknown to the algorithm, so is m,«(M). We circumvent this
issue by using the oracle policy for the empirical MDP M\t whose reward function and
transition kernel are the Maximum Likelihood Estimate (MLE) of rx( and paq. Provided
that the MLEs are consistent M; —» M, we can hope that using m,+ (M) for exploration

t—o00
will lead to the same asymptotic results than if we had used 7, (M) instead. To achieve

the previous requirement, we force exploration by playing a mixture with the uniform
policy. This ensures that all actions in all states are played sufficiently enough so that
Nia(t) 20 for all (s,a).

—00
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Definition 2.2 — C-Navigation. Given a decreasing sequence of mixture parameters
(e¢)¢>1 and a sequence of empirical estimates (/\/lt) >1» the C-Navigation sampling rule
plays an action a; ~ m(.|s;) where -
t—1 v
> j=0 Tw* (M;)

. . V> 1. (2.9)

Tp = E¢Ty + (1 — Et)

Observe that we explore using a Cesaro-mean of oracle policies instead of the current
estimate of the oracle policy. This ensures the stability of the non-homogeneous Markov
chain, a property that will be crucial for our convergence guarantees.

Tuning the mixture parameters

We begin by defining an important parameter that describes how well-connected are the
states through the transition kernel of M.

Definition 2.3 We define the communication parameter m as the maximum number of
transitions that are needed to travel between any pair of states in M with positive
probability:

m:= max min{n>1: Ir:S — A, Pl(s,s) > 0}.
(s,8")€S?

Remark 2.3 Note that if it takes m steps to move between any pair of states (s, s’) with
non-zero probability, then we can move between any pair of state-actions ((s,a), (s, a’))
in at most m + 1 steps. Indeed, by playing action a at s, we move to some intermediate
state 5. From there, we have at most m steps to reach s’ and play a’. m

If m is small, e.g. m = 1, then all states are reachable from any other state within a
one-step transition. As a result, it takes only a small effort to explore all states and actions.
On the other hand, m can be as large as S — 1 in the worst case'. In such a scenario, the
navigation challenge becomes harder since the agent may need to go through several "lucky"
transitions to cover all the states in a short time. Given these observations, it is only
natural that m quantifies how much forced-exploration the algorithm must perform. Our
next result is a lemma showing a sufficient condition on the sequence (g¢)¢>1 to guarantee
forced exploration with high probability.

Sufficient conditions

Lemma 2.2 — High probability forced exploration. Denote by 7%(s, a) the k-th time that
the algorithm visits the state-action pair (s,a). Suppose that the exploration rate of
1

C-Navigation satisfies e; >t 20n+1) for all t > 1. Then there exists a parameter n > 0
that only depends on M such that

Vo € (0,1), P<V(s,a) €S A VE>1, 1i(s,a) < /\ak4> >1—aq,

where \, = (m;;UQ log?(1 + 24).

By inverting the inequality on the hitting times above, we immediately get the following
Corollary.

1§ — 1 corresponds to the length of the shortest path between any pair of nodes in a graph whose nodes
are the states of M and where all edges have weight one.
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Corollary 2.1 Denote by Ny, (t) the number of times the agent visits state-action (s, a)
up to and including time step t. Then under the same condition of the lemma above we
have

1/4
Va € (0,1), P(V(s,a) €S XA, Vt>1, Ngl(t) > <)\t> — 1) >1—a.

Remark 2.4 When the communication parameter m is unknown to the learner, one
can always replace it with its worst-case value mmpax = S — 1. However when prlor

knowledge is available, using a faster-decreasing sequence e, =t D) instead of ¢~ 25
can be useful to accelerate convergence, especially when the states of M are "densely
connected", i.e., m < S — 1. m

Proof. For the sake of simplicity, we let P := Py, be the transition matrix induced by the
policy that C-Navigation plays at time step t. We also denote a state-action pair by z
instead of (s,a). Let f be some increasing function such that f(N) C N and f(0) = 0 and
define the event £ := (Vz € S x A, Vk > 1, 7,(2) < f(k)). We will prove the following

more general result:

G UV E

m+1 m—+1
P(E°) < SAY 11 [1 -n]] 5f(k—1)+(m+1)j+l] : (2.10)
k=1 =0 =1

where 7 is a constant depending on M. Then we will tune f(k) and ; so that the right-hand
side is less than «. First, observe that

U U (a(z) > J(k) and Vj <k — 1, 75(2) < f(j)> |
2€SxA k=1

Using the decomposition above, we upper bound the probability of £¢ by the sum of
probabilities for k > 1 that the k-th excursion from and back to z takes too long:

PEY < Y [Bn(z) > £ + ZIP’<%(Z) S J(k) and Vj <k~ 1, 75(2) < f(j)ﬂ
2€SxA * k=2
< Z P(mi(z) > f(1)) + ZP(Tk<Z) > f(k) and 1,_1(2) < f(k — 1))]
2€SXA - k=2
< Y B> 700+ LB (me) - msla) > 1) - Fh = 1), mea(2) < £ - )
2ESxXA : k=2
< ) |P(n(z) > f(1)
zeSxA -
oo f(k—1)
£ S Prk(a) = mer(2) > FR) — Flk— Dl (2) = n) Blro(2) =n>}
k= n=1
i oo f(k—1)
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where
a1(z) == P(ri(z) > f(1)) ,
Vk>2Vne[|l, f(k—-1)|], arn(z) = P(Tk(z) —1p—1(2) > f(k) — f(k — 1)|Tk,1(z) = n) .
We will now prove an upper bound on aj ,(z) for a fixed z € S x A and k > 1.
1) Upper bounding the probability that an excursion takes too long: Let us rewrite

P; as
P = Qt(Z) [Pt(zla Z)]Z’;éz
t — )
\[P(z 2L, | Pilzz2) ]
so that state-action z corresponds to the last row and last column and Q;(2) := [Pi(2', 2”)]./ 27 esx A\ {2}-
Further let py(2/, —z) := [Pi(#/, 2”)] 7. denote the vector of probabilities of transitions at

time ¢ from 2’ to states 2” different from z. Using a simple recurrence on N, one can prove
that for all £, N,;n > 1 we have:

Tk_l(z):n>—pnz—|z (n+ﬁle ) . (212)

P(Tk(z) —Tp—1(2) > N
j=n+1

Observe that the matrices (Q;); are sub-stochastic, i.e, they each have at least one line
whose sum is strictly smaller than 1 (the line corresponds to the state-action pair from
which one can move to z within one transition using the uniform policy). Using Lemma
2.7, there exists 7 > 0 (that only depends on M) such that for all n > 1 and all sequences
(7¢)¢>1 that satisfy m > ey, we have

n+m-+1 n+m+1
H Qiz)|]| <1-n H el . (2.13)
l=n+1 l=n+1

Therefore using (2.12) for N = f(k) — f(k — 1) and breaking the matrix product into
smaller product terms of (m + 1) matrices, we get for k > 2

ain(2) = P(wz) Ci(2) > £ — (k= 1) Ty (2) = n)

—

a

= E[P<Tk(5) —1k—1(8) > f(k) — f(k—1)

~

Th-1(2) = n, (Wt)t>1>]

n+f(k)—f(k—1)—1
=E[pn(zﬁzf< 11 %(z))ﬂ]

j=n—+1
n+f(k’)—f(k‘—1)—1

I en

l=n+1 s

fk)—f(k=1)~1 [fE=fonot

< H Qn—i—l (Z) X H

m+1

H Qn(ma1)j+1(2)

=1

(o) L%J L. m+1
= H 1=n H 6n+(m+1)j+z]
J=0 - =1
W [L=fon= ) g .
= 1 L-n]] 6f(’<r—1>+<m+1)j+z] = br, (2.14)

§=0 L =1
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where (a) uses the law of total expectation, (b) uses that ||p,(z,—2)[|; < 1, (c) uses the
fact that the matrices @) are substochastic while (d) is due to the facts that n < f(k — 1)
and t — ¢y is decreasing. Similarly, one can prove that

PSS

TmF1 m—+1
a(z) < ] [1 -0 ]I 5(m+1)j+l}
j=0 =1
LLQ%%égiiJ—l m+1
= H |:1 - H 8f(0)+(m+1)j+l:| = bl N (215)
=0 I=1

where we used the fact that f(0) = 0. Now we only have to tune f(k) and &; so that
> heq be < % and conclude using (2.11), (2.14) and (2.15).
2) Tuning f and the exploration rate: Since the sequence (g¢):>1 is decreasing we have:

Lf(k)7£$;1)71J*1

r m+1
br = H 1—n H 5f(k:—1)+(m+1)j+l:|
j=0 L =1
Lf(k)_f(fl_l)_lJ_l )
+1
< H 1- 77(6f(k—1)+(m+1)j+s)m }
=0 -

Lf(k)—f(k—l)—lJ
m41 m+1

< 1= nlesw)

For f(k) = A\.k* where A € N* and ¢, = £ 70 we have: Lf(k)_jl(fl_l)_lj > (72{“:1) and
m—+1 1

(ef(k)) = e implying:

kS
b < [1 R ] oy < ex (—/\l<:37]> =ex (— )\1/2k77>
b= VK2 =P+ )vow? P\ 1)

Summing the last inequality, along with (2.11), (2.14) and (2.15) we get:

NP2hy\ _ SAew (55
(_m—i—l) gy = IR
m+1

P(E) < SAY by < SA) exp
k=1 k=1

a 1 —exp ( —
For A\, := ("1:721)2 log?(1 + %), we have g(A\q) = a, which gives the desired result. [

We complement the previous result with another lemma which shows that we can
use a slightly smaller rate of exploration if we only want to establish almost-sure forced
exploration.

Lemma 2.3 C-Navigation with any decreasing sequence (e¢)¢>1 such that V¢t > 1, ¢ >

t mirl satisfies
Paa(V(s,a) €S x A, lim Nyo(t) =00) =1.
t—o0

Proof. Consider the event & := (Elz €SxA IM >0, Vt>1, N,(t) < M) Observe that

E= U €&, whereforze Sx A, E, = (EIM >0, VE>1, N(t) < M) We will prove
z€SXA
that P(E,/) = 0 for all 2/, which implies the desired result. From Remark 2.3, we have

V(z,2)) € (S x A)?, Irc[|l,m+1|], In € Ip, P(z,2) >0, (2.16)



2.2 C-Navigation: A Sampling Rule for Asymptotic Optimality 59

where P is the r-th power of the transition matrix induced by policy 7. Therefore,

:= mi P !
g r?gl 1<rEmt n(27)
wellp

is positive. Fix z € § x A and let 7,7 be a policy and an integer satisfying the property
(2.16) above for the pair (z,2’). Observe that

&t
A
where the matrix inequality is entry-wise. Now define the stopping times (74 (2))r>1 where
the agent reaches state-action z for the k-th time’. Also, denote by X; the state-action
pair at the t-th step of the Markov Chain. Then

P(Ex| (m)iz1, (h(2)kz1) SP(AN > 1L,VE > N, X, )4r # 2 | (m)iz1, (T6(2))k>1)

) o0 o0

P > e Pr, > — P,

—
S

< Z H P(Xr )r # 2 1 Th(2)s (W) telim(2)41,m0(2) 1))
Ne=1 k=N
oo o0 T (2)+T

= 1- ( H Pm>(z,z’)]
N—1k=N L t=7r (2)+1
o oo - T (2)+r -

S I[-( T 2e)e)]
N=1k=N L t=7p (2)+1
oo oo - TR (2)+T

ST -4 1T
N—1k=N L t—rp (2)+1

(b) co o0 n Tk (2)+m+1

ST 11 ]
N=1k=N t=71(2)+1

where (a) comes from a union bound and the strong Markov property” and (b) comes from
the fact that r < m + 1 and &; < 1. Now observe that the inequality above holds for all
realizations of the sequences (m¢)¢>1. Therefore, integrating that inequality over all possible
sequences of policies yields:

Tk (2)+m+1

vieSx A BEd @) < 3T 1= g T &l
N=1k=N

=1 t=7p,(2)+1

We can already see that if state-action z is visited "frequently enough" (74(z) ~ c.k for
some constant ¢) then the right-hand side above will be zero. Since we know that a least
one state-action z is visited frequently enough, we consider the product over all state-action
pairs z of the probabilities above:

T (2)+m+1

11 P(@mwkzl)s 2 1 11 {“mzﬂ 11 }

z€SXA (N1,...,Ns4)E(N*)SA 2eSxAk=N, t=71(2)+1

(2.17)
= Z Q(Ny,...,Nsa) *
(Nl,...,NSA)

2We restrict our attention to departure state-action pairs z that are visited infinitely often. Such pairs
always exist, therefore 74 (z) is well defined.
3This property is sometimes referred to as: "Markov Chains start afresh after stopping times."
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We will now show that a(y, .. ng,) = 0 for all tuples (Ni,..., Nsa):
) - 0 T(2)+m+1 -
(Ny,...,Nsa) < H H 1= Am+1 H €t
zESX.Ak:mZaxNZ - t=7(2)+1 -
0o - 0 T(2)+m+1 -
=10 Ip-5= 1 =
k:mzaxNz z€SXA - t=(z)+1 -

Now by the pigeon-hole principle, for all k& > 1 there exists z € S X A such that 7 (zx) <
SAE, i.e., at least one state-action has been visited k times before time step SAk. For that
particular choice of zj and since (&¢)>1 is decreasing, we get

oo 0 & (2)+m+1
A(Ny,...,Nga) < H [1 T Amtl H et}

k:mZaXNZ t=7y (z1)+1
0o n SA.k+m+1

< I [-ak I1 e
k=max N, t=SA.k+1
z

1
For the choice of ¢, =t m+T the right-hand side above is zero. To sum up, for all realizations
of (Tk(2))ze5xAk>1:

11 P<52,| (Tk(Z))k:zl> =0.

zESXA
Therefore, for all 2/, IP(EZ/) = 0 and consequently P(€) = 0. |

A necessary condition

When1 m is unknown, replacing it by its worst-case value gives the forced exploration rates
of t75 in Lemma 2.3 (resp. ¢~ 25 in Lemma 2.2). These rates vanish quite slowly when the

number of states is large. Therefore we ask the question:

Are these rates really necessary to guarantee sufficient exploration in communicating
MDPs?

We give a partially positive answer to this question, by showing that a rate of at least
t_ﬁ is necessary in the worst case. Specifically, we show that if the sequence of policies
(m¢)¢>1 s such that ming o m¢(als) = t~* decays polynomially, then we need o < 1/(S — 1)
in order to visit all states infinitely often.

To that end, consider a variant of the classical RiverSwim MDP (Strehl & Littman,
2008) with state (resp. action) space S = [|1, S]], (resp. A = {LEFT, RIGHT}). After
playing RIGHT the agent makes a transition of one step to the right while playing LEFT
moves the agent all the way back to state 1. Now suppose that the agent starts at s =1
and allocates a sequence of probabilities (g¢);>1" to explore the states to the right:

Vs € 8,Vt > 1, m(RIGHT|s) = ¢ =t~

This induces the non-homogeneous Markov Chain depicted in Figure 2.1.

4For simplicity, we assume that this probability is the same for all states.
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1—€t

1
Figure 2.1: Non-homogeneous Markov Chain. An exploration rate of at least ¢t~ 5-1 is
needed.

Lemma 2.4 If the agent uses any o > ﬁ, with non-zero probability she will visit state
S only a finite number of times.

Proof. Indeed if the agent visits state S at time k, then the last S—1 transitions before k must
have been to the right, i.e., P(sx = S) < H;‘:,LSH gj < (ex—s5+1)°~L. Therefore E[Ng(t)] <
S _g(k—S+1)~2(5=D_ In particular this implies that for v > <4, limsup,_, . E[Ng(t)] =
M < oco. Therefore, using the reverse Fatou lemma and Markov’s inequality we get

t
P(vt > 1, Ns(t) <2M) = E[limsup [ [ 1 (Ns(k) < 2M) |
k=1

t—o00

> limsupE[ [ ] 1 (Ng(k) < 2M)]

t—o00 k=1

= limsup E[1 (Ng(t) < 2M) |

t—o00

= limsup P(Ng(t) < 2M) >

t—o00

N |

This proves that, in a worst-case instance like the one above, the probabilities of playing
any action must decay at a rate larger than ¢t=1/(5=1) Otherwise, the algorithm only visits
some state a finite number of times. This would be problematic since we want to establish
the convergence (1.12).

Case of Ergodic MDPs: An MDP is ergodic if the agent can reach any state from any
other state using any policy. In other words, for any Markovian policy 7 € Ilg, Py is ergodic.
For such MDPs, we can select ¢, = 1/t* where o < 1 without compromising the conclusion
of Lemma 2.3. The proof is deferred to Appendix 2.8.

Convergence of visitation frequencies to the optimal allocation

To establish the convergence of N(t)/t to w*(M), we make use of an Ergodic Theorem for
non-homogeneous Markov Chains derived by (Fort et al., 2011) which we state below. Its
proof can be found in Appendix D of (Al-Marjani et al., 2021).

Notation: For a probability measure x4 and a function f, u(f) = Ex~,[f(X)] denotes the
mean of f w.r.t. p. Finally, for two policies m and 7’ we define D(w,7’) := ||Pr — Pr/|| o, =
max,esx A || Pr(2,.) — Pr(2,.)||;. We define the (S x .A) xIIg-valued process {(z, m¢),t > 1}
where z; 1= (s¢, at) is the t-th state-action pair on the trajectory of the algorithm. Observe
that (2, m¢) is Fr-adapted and that for any bounded measurable function f, E[f(z¢41)|F:] =
> vesxa Pr(2,2') f(2). We recall the simplified notation P; := Pr,.
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Proposition 2.2 (Corollary 2.9, (Fort et al., 2011)) Assume that:

(C1) Vt > 1, P, is ergodic. We denote by wy its stationary distribution.
(C2) There exists an ergodic kernel P such that |P; — P|| b 0 almost surely.
—00

where W, is a rank-one matrix whose rows are equal to w; .

(C4) Denote by L; := Cy(1 — p;)~*. Then limsup L; < oo almost surely.

t—00

(C5) D(m¢41,m) — 0 almost surely.
t—o0
Finally, denote by w* the stationary distribution of P. Then for any bounded non-negative
function f: S x A — RT, it holds that, almost surely,

t

> f(zk)

t t—s00

(C3) There exists two constants C; and p; such that for all n > 1, |P" — Wil < Cypy,

Theorem 2.1 Using C-Navigation as a sampling rule, it holds that 1tlim N(t)/t = w*(M)

— 00
almost surely.

Proof. We will show that C-Navigation satisfies the conditions of Proposition 2.2 for
P = P, (m) and w* = w*(M). The statement of the Theorem follows immediately by
applying the Proposition for the functions f(Z) = 1{Z = z}, where z is any fixed state-action
pair.

(C1): This is a direct consequence of the fact that Py, is ergodic (due to Assumptions 2.1
and 2.2) which implies by construction that P; is also ergodic. (C2): By Lemma 2.3 we have
Nqo(t) =5 oo for all (s,a). Hence (7i(s,a),pe(-]s,a)) => (ram(s,a),pa(.]s,a)). Berge’s
Maximum theorem (e.g. Theorem 17.31 in Aliprantis & Border, 2006) guarantees that
w*(./T/l\t) 2% w*(M) and by continuity of the mapping w + 7, (see (2.8)), T (M\t) 5
T+ (M). This implies that

t—1
k=0 7 »(My) &P (M)- (218)

t T w*

P =¢ePr, + (1 — &)

(C5): Since (Piy1 — Pr)((s,a), (s, a)) = [mer1(d'|s) — me(a’|s) | pam(s]s, a), it holds that
|Pir1 — Pl oo < 1741 — || o, Where g and 7, are viewed as vectors of RS54, Next we

1 =
introduce the notation 7', := Sk=0—e""E Wf*( k)

for the Cesaro-mean of oracle policies and
write

T4l — Mg = (Et — 5t+1)(ﬁfj;1 — ﬂ'u) + (1 — Et)(ﬁw* — T

= (5t_5t+1)(ﬁi}t1 —7Tu)+(1—8t)( — T

T (M) — 7L,

= (&t — 1) (T — ) + (1 — &)
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Therefore

D(mi1,m) = || Pv1 — Pl

< 7e1 = 7l o

o0

1
< — _
< (€t 5t+1> + PR 0

(C3): By Lemma 2.9, P, satisfies (('3) for Cy = 20(gy, 7, wy) "L and p; = G(Et,ﬁfu*,wt)lﬁ
where (g, m,w) — 0(e, m,w) was defined in Appendix 2.5.
(C4): By definition, we have

0 (et Tope, wr) = (s; +[(1-e)A rgi(lnﬁtw*(a\s)]r> 0u<min wu(z)>

wu(z) . *

= o*, (2.19)

a.s . .
= (A min ﬂw*(a\s))au min o (2)

where the convergence was established in the proof of (C1). Note that ¢* > 0 since
wy > 0 (ergodicity of Pr,), w* < 1 and m,« > 0 entry-wise. Similarly, it is trivial that

o* < 1 since Aminm,«(a|s) < 1, min :‘jﬁtgzg < 1 and o, < 1. Therefore 0(et, 7, wi) =
s,a z

1—o(et, 7oy wi) 51— 0% :=60* €(0,1) and

limsup L; = limsup Cy(1 — p;)~*

t—ro0 t—o0
li 2
= 111m su
t—)oop 9(&,?}2*,%) [1 — 9(5t,ﬁi*,wt)l/r}
2
- < (2.20)

6 [1— (6%)7]

Navigate-and-Stop

Navigate-and-Stop (NaS) is a model-based algorithm inspired by the lower bound. The
lower bound suggests that to identify the best policy in a sample-efficient manner, an
algorithm must collect samples from state-action pair (s, a) proportionally to w},(M). For
that, we use C-Navigation which satisfies (1.12). C-Navigation is then combined with a
Generalized Likelihood Ratio Test (GLRT)". If we denote by 7} the optimal policy in
the empirical MDP M\t, the GLRT stops as soon as we are confident that 77 = 7* with
probability at least 1 — §. The pseudo-code for Na$ is given in Algorithm 8.

Pseudo-code

NaS$S starts by drawing a random MDP with a unique optimal policy (for example, it can
select Bernoulli rewards with means drawn from the uniform distribution on [0, 1] and
transitions from a Dirichlet distribution D(1,...,1)) that will serve as an initial estimate
M\o of M. The algorithm maintains, after ¢ time steps, an empirical estimate M\t of the
true MDP. Based on this estimate, NaS computes the empirical oracle policy m,» (.//\/l\t)
defined in (2.8), and selects the action to play depending on the current state a; ~ m(.|s:),
where 7; is given by either of our sampling rules. After each observation, M\t is updated.
Finally, the algorithm checks if the stopping condition in (2.23) is satisfied, in which case

®Rather a proxy of the GLRT, see Section 2.3.2 for details
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Algorithm 8 Navigate-and-Stop (NaS)

1: Input: risk 6 € (0,1), ERGODIC boolean variable, communication parameter m or
an upper bound.
if ERGODIC = True :

Set (et)i>1 = (1/Vt)i>1
else: )

Set (e)iz1 = (£ ™1 )ez1
Set t <— 0 and Nyq(t) < 0, for all (s,a)
Initialize empirical estimate M\o by drawing an arbitrary MDP from 9, ;
fort=1,2,...do

Compute w*(ﬂt_l) by solving (2.6) and the corresponding policy m,, (M\t_l) by
normalization (2.8)

t.:l wx M\
10:  Set m; + egmy + (1 — a)M

11:  Play a; ~ m(.]s¢) and observe reward R; and next state sy.
12:  Update empirical estimates (7¢(s,a), py(s, a))s , and counts (Nsa(t))sa
13 if t- UM, N(t)/t) " > B(t,6) :

o~

14: Stop and return 7} := 7% (M)
15:  end if
16: end for

it stops and returns the empirical optimal policy 7. The exploration rate used by NaS
depends on a boolean variable that indicates whether we have prior knowledge that M is
ergodic or not.

Stopping rule

Assumption 2.3 We assume that the reward distributions gay (s, a) for MDPs in 9, 3
come from a single-parameter exponential family (SPEF) and can therefore be parametrized
by their respective means rp (s, a).

Under the previous assumption, we can easily build MLE estimates of the reward distribu-
tions by computing the empirical mean. For any (s,a) and ¢t > 1 such that Ng,(¢) > 0, we

let G54 (t) denote the distribution belonging to the SPEF of our model, whose mean is the
zt: Ri1(st=s,at=a)

empirical average T¢(s,a) = =L Nsa(t)

Some Intuition on the GLRT

To implement a Generalized Likelihood Ratio Test (GLRT), we define £ (t), the likelihood
of the observations under some MDP M’ € 9, ; by

t—1

Lo (t) = [ ] o (41158, ar)aar (Ricl sk, ax),
k=1

where at step k the algorithm is in state s, plays action ag and observes the reward Ry,
and sgi1 (the next state). Performing a GLRT at step t consists in (1) computing the
optimal policy 7y for the estimated MDP My; (2) comparing the likelihood of observations
under the most likely model where 7} is optimal to the likelihood under the most likely
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model where 7} is sub-optimal. To that end, we define the ratio

sup Car ()
—~ M EM, 1:m* (M)=TF
GLR(t; 7)) :=log lsup tEM/ ol

M EMy 1:m* (M) £}

Intuitively, if GLR(¢;77) is large, then the evidence in favor of (7} = 7*) is stronger than
the evidence for (7} # 7*). Therefore, we reject the hypothesis (7} # 7*) as soon as this
ratio of likelihoods becomes greater than some threshold 5(¢,0), properly tuned to ensure
that the algorithm is §-PAC.

Tuning the threshold of the stopping time

Notation: To simplify the presentation, we write gs o(t) := Gi(.|s, @) and ps o (t) := Di(.]s, a)
for the empirical reward and transition distributions at step ¢. Similarly, we denote
armr (s, a) = g (.]s,a) and pay (s, a) == par(.]s; a).

The next Lemma gives a simplified expression of the GLR that will be useful in the
design of our stopping rule. Its proof is deferred to Appendix 2.11.

Lemma 2.5 It holds that

GLR(t;7}) = t T(My, N(t) /1), (2.21)
= inf 3" Nea(t) KL(@sa(t), a0 (s, @) + KLBaa(t), Par(5,0))|,
MEAL (M) s
(2.22)

where (M,w) — T(M,w) was defined in (2.1).

(2.22) suggests that we need concentration inequalities on the Kullback-Leibler diver-
gence of transitions and reward distributions to set a proper threshold 3(t,d). This is the
purpose of the next Lemma, whose proof can be found in Appendix E of (Al-Marjani et al.,
2021).

Lemma 2.6 Define the thresholds for the transitions and rewards respectively,

Bp(t,8) :=1log(1/8) + (S — 1) _log (e[1 + Nua(t)/(S — 1)]),
(s.0)

Br(t,6) == SA p(log(1/8)/SA) + 3 log (1 + log(Nua(t))),

s,a

where z — p(z) is defined in the Appendix E of (Al-Marjani et al., 2021) and satisfies
@(x) ~ x. Then for the threshold §(t,9) := 3,(t,0/2) + Bp(t,/2) we have that
[e.e]

Pt,a <3t > 1, Noa(t) [KL(Gsa(t), gr(s, @) + KL(Psa(t), pra(s, a))] > Bt 5)) < 6.

s,a

Remark 2.5 Observe that 5(t,J) o 2log(1/6). This will be crucial when analyzing the
—
sample complexity of NaS. m
Computing the likelihood ratio GLR(¢; 77) can be difficult, since that is equivalent to

solving (2.1), see Section2.1. We circumvent this issue by using a lower bound on the GLR,
which leads to the following Theorem.
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Theorem 2.2 Combining C-Navigation with the stopping rule

s :—inf{t >1: tU(M;,N(t)/t)~ "> B¢, 5)} (2.23)

yields a 6-PAC algorithm for BPI, i.e., Paqa(7s < 00, 7, = 7*) > 1 4.

Proof. Observe that 3(t,6) = Ot00(log(t)). On the other hand, by Theorem 2.1 we have
that t U (M, N(t)/t)_1 W U(M,w*(M)) -t almost surely. Therefore 75 is finite almost
—00

surely. Now assume that the algorithm stops at time step ¢ while 7} # 7*. This means
that M € Alt(M,). Hence,

P(7* 41,75 < 00) = ]P’(Ht >1: t UM, N@t)/t) " > B(t,0), 77 # 7r*>

(%) }P’(Elt >1: ¢t (M, N(t)/t) " > B(t,8), M e Alt(ﬂ,ﬁ)

g P(at >1:  inf Y Noo(t) [KL(Gs.a(t), are (s, @) + KL(Bsa(t), pav(s, a))]
MEALL(M:) o5

> B(t,8), M € Alt(/ﬂﬂ)
< P(Ht >1: Z Nio(t) [KL(Gs,a(t), ar(s, @) +KL(Psa(t), nra (s, a))]

> B(t, 5))

where (a), (b) and (c) use Lemmas 2.1, 2.5 and 2.6 respectively. [

2.4 Sample Complexity of Navigate-and-Stop

2.4.1 Main Theorem

Now we present the main guarantees on the sample complexity of NaS. We will only prove
the first statement of the next Theorem. For the second statement, we just give a proof
sketch as the full proof is somewhat involved.

Theorem 2.3 (i) NaS stops almost surely and its stopping time satisfies

IP’M’A<limsup < 2U*(M)> =1,

_ T
50 log(1/0)

where U*(M) was defined in (2.5);
(ii) The stopping time of NaS has a finite expectation for all § € (0,1) and
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Proof of the almost-sure asymptotic complexity

Consider the event & = (V(s,a) € S x A, limy o0 N%(t) = w},(M) and M, I M).
—00

By Lemma 2.3 and Theorem 2.1, we have Py (€) = 1. We will prove that under &,
limsuplogz% < 2U,(M). Fix n > 0. Under £ and using the continuity of (M,w)
0

d—

U(M,w). There exits t, such that for all t > ¢,
UM, N(t)/t) " > (1= n)U(M,w*) ", (2.24)
B(t,8) < log(1/8) + SA ¢(log(1/6)/SA) + nU (M,w*) 't (2.25)

where the last inequality comes from the fact that the threshold satisfies 3(t, ) = log(1/§) +
SA ¢(log(1/8)/SA) + Ote0 (log(t)). Combining the inequalities above with the definition
of 75, we get

75 < inf {t >ty (1— 277)1€U(./\/l,w*)71 >log(1/0) + SA Lp(log(l/é)/SA)}

. <t,,, [log(1/5) + SA gp(iog(;jé)/SA)] U(M,w*) >

Since () ~ then the last inequality implies that lir? jélp bg(Tf 75) < 2U§g’;’*).

Taking

the limit when 7 goes to zero finishes the proof.

Proof sketch for the expected sample complexity

The starting point of our proof is a concentration event of the empirical estimates ./T/I\t
around M. For ¢ > 0 and T > 1, we define

cio= () (7 -a<e

t=T"1/4

Moo (M) — e (M)HOO < 5>,

where |M' — M| = maxsq [rar(s,a) — ram(s,a)| + lpamr (s, a) — pam(]s, a)||; is a semi-
distance on MDPs in 9, ;. Thanks to Lemma 2.2, we show in Lemma 18 of (Al-Marjani
et al., 2021) that CL(€) holds with high probability in the sense that

VT > 1, Paa (Cr(6) > 1 - Orsoo(1/T7). (2.26)

In a second step, we adapt the proof of (Fort et al., 2011) to derive a finite-time version of
Theorem 2.1 which results into the following proposition.

Proposition 2.3 — Proposition 19, (Al-Marjani et al., 2021). Under C-Navigation, for all
§ > 0, there exists a time T such that for all ' > T¢, all t > T3/* and all functions
f:8xA— R, we have

MMQZZ{@ﬂH

> Ke | flloo €

ey (5, )] @@Qszmm—%%

where § — K¢ is a mapping with values in (1, 00) such that lim sup,_,q K¢ < oo.

Let us define
T

Cr(&) = [ (IN@®)/t—w (M) < Ke ).

t=T3/4
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Proposition 2.3 and Eq. (2.26) combined imply that for 7" large enough, the event CH(€) N
C2(€) holds with high probability. From this, we conclude that the expected stopping time

is finite on the complementary event, . a [7s1(CH(€) UCZ(£))] < oo. On the other hand,
given the asymptotic shape of the threshold S(t, d) Kol 21og(1/0), we may informally write
_>

E[rs1 (Cr(€) NCT(©) ] = 2log(1/9) WS U (M),
— /7w/ s

where By = {(M',w) : [M' = M| <&, ||w' —w(M)| < K¢ &} Dividing by log(1/9)

and taking the limits when § and £ go to zero respectively concludes the proof.

Discussion

We have designed a sampling rule that overcomes the navigation challenge and achieves the
optimality recipe (1.42) for any mapping of allocation vectors M — w*(M). Such sampling
rule can lead to many different algorithms that enjoy instance-dependent guarantees, simply
by changing the definition of the objective in (2.3) to another problem-dependent quantity.
One limitation of our results is that they only cover the asymptotic regime § — 0. In
the future, it would be interesting to derive instance-dependent bounds that hold for any
d € (0,1). We note that such finite-time bounds have been obtained only recently for the
simpler setting of finite-armed bandits, see (Barrier et al., 2022) for instance.



2.6 Definition of H*

2.7

Let Vary,..[Vi] = maxses Varg ., (s, (s)[Var(s')] denote the maximum variance of the
value function on the trajectory of the optimal policy. Further let sp(f) := sup, e |f(2')—
f(x)| denote the span of a function real-valued f. Then (Al-Marjani & Proutiere, 2021)
define:

H* := S(T5(M) + Ty(M))

2
M=o a e
' 27 16Vars, . [Vi] 6sp(Vi)*?
- - 22z maxl¥ M M .
) =i (A?nm(l oy ( Arin (=) AYS (1 — )1/

Note that H* = O(Km)

Upper Bound on the Norm of Products of Substochastic Matri-
ces

Before we proceed with the lemma, we lay out some definitions. 71 := min { Py, (2, 2) ‘(z, 2N e
(S x A)? Py, (2,2') > 0} denotes the minimum positive probability of transition in M.
Similarly define s := min { P2, (z,2) [(2,2) € S x A, n € [|[1,m + 1|}, P! (z,2') > 0} the
minimal probability of reaching some state-action pair 2z’ from any other state-action z
after n < m + 1° transitions in the Markov chain induced by the uniform random policy.
Finally, n := mino.

Lemma 2.7 Fix some state-action z and let P; be the transition matrix under some policy
m satisfying mi(als) > eymy(als) for all (s,a) € S x A. Define the substochastic matrix

SRefer to Remark 2.3 for more detail.
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Q) obtained by removing from P; the row and the column corresponding to z:
Pt _ Qt [B(zlv Z)]z’yéz
\[P(2, 2 0s. | Pilz,2) )

Then we have:

n+m+1 n+m+1

wm>1 | ] @ <t-9 ] =
l=n+1 e l=n+1

SA—-1 no
Proof. Define r(n1,n2) = > < II Ql> the sum of the k-th row in the product
kj

j=1 \li=n1+1
of matrices Q; for | € [|n1 + 1,n2|]. We will prove that or all i € [|1,SA — 1|]: ri(n,n +
n+m-+1 n+m-+1
m+1)<1—n ][ . The result follows immediately by noting that || [[ Q|| =
I=n+1 I=n+1 0o
max ri(n,n+m+1).
i€[|1,5A—1]]

Consider 2’ such that Py, (z/,z) > n; (such 2’ always exists since M is communicating) and
let k* be the index of the row corresponding to 2z’ in Q. Then for all ny > 1:

SA-1

rk*(nl,l =ny+ 1) = Z (Qn1+1)k*j

j=1
=1- Pn1+1(zl7 z)
§ 1-— Men+1- (2.27)

Now for n1,n9 > 1 we have:

SA—1 ni+no
e+ = Y- (1] @)
ji=1 Nl=ni+1 k*j1
SA—-1SA-1 ni+ngo—1
-Y Y (I @) @iy
j1=1 ja2=1 I=n1+1 k*j2
SA—1 ni+ng—1 SA-1
= Z < H Ql> A [ Z (Qn1+n2)j2j1:|
jo=1  l=ni+1 kg2 b ji1=1
SA—-1 ni+ng—1
= Z < H Ql> 7"]'2(711—‘1-”2—1,711—1—712)
j2=1  l=nj+1 k> g2
< rpx(ng,ng +ng — 1)

re«(ni,ng + 1)

<
<1 —men; 41, (2.28)

where in the fifth line we use the fact that for all ja, a, b: 7;,(a,b) < 1 since the matrices @
are substochastic. The last line comes from (2.27). Now for all other indexes i € [|1,SA—1]]
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we have:

SA-1 n—+ni n+m+1
Vni € [|1,m]], ri(n,n+m+1) Z ( H Qr % H Ql>

J1=1 l=n+1 l=n+ni1+1
SA—-1S5A-1 n+ni n+m-+1
-X 3y (Ila) (1 a
71=1 jo=1 l=n+1 j2 l=n+ni1+1 J2J1
SA-1 n—+ni SA-1 n+m+1
- (o) (I @
ja=1 “l=n+1 ij2 j1=1 “l=ntni+1 J251
SA—-1 n+ni
= Z ( H Ql> rj,(n+mni,n+m+1)
jo=1 “l=n+1 152
n4+niy n+ni
<t-mene( IT @) + % (11 QZ)
I=n+1 ik Gakr N=n+l ij
n+ni n+ni
< (1_n15n+n1+1 ( H Ql) +1_( H Ql)
l=n+1 ik l=n+1 ik*
n+ni
=1 _7715n+n1+1< H Ql> ) (2'29)
l=n+1 ik*
n+ni
where we used (2.28) and the fact that the matrix [] @ is substochastic. Now since M is

l=n+1
communicating then we can reach state-action 2’ from any other state-action z; € [|1, SA—1|],

after some n; < m + 1 steps in the Markov chain corresponding to the random uniform
policy. In other words, if 7 is the index corresponding to z; then there exists n; <m + 1,
such that (P7i)jx+ > 12 > 0. Therefore

n+n; n+mn;
(T a) (i ar)
ik* ik*

l=n+1 l=n-+1

n+n;
:( 11 51)(3?5)%*
l=n+1
n+n;
> 12 H €. (2.30)

l=n+1
Thus, combining (2.29) for n; = n; and (2.30) we get:

n+n;
Vie[|[1,SA—-1]], ri(n,n+m+1) <1—mnn H 1
l=n+1
n+m-+1
<1—mn H €l
l=n+1
n+m-+1

=1—n H €.

I=n+1
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Minimal Exploration Rate for Ergodic MDPs

This is a consequence of Proposition 2 (Burnetas & Katehakis, 1997), stating that there
exist ¢y, c2,C > 0 such that for all s and ¢ large enough, Py a[Ns(t) > c1t] > 1 — Ce 2,
A union bound yields: Ppqa[Vs, Ns(t) > c1t] > 1 — CSe~'. To extend this result to the
numbers of visits at the various state-action pairs, we can derive a lower bound on Ny, (t)
given that Ng(t) > c1t by observing that a worst scenario (by monotonicity of €,) occurs
when s is visited only in the ¢t rounds before t. We get [Ny, (t)|Ns(t) > c1t] > ezt =),
Remarking that Ng,(t+1) — Ns(t)e; is a sub-martingale with bounded increments, standard
concentration arguments then imply that P a[Vs,a, Nea(t) > $t07%] > (t), where
¢(t) — 1. Next, define the random variable Z; = [], , 1{Nsa(t) > @ +(1-2)} Applying the
reverse Fatou lemma, we get 1 = limsup, E[Z;] < E[limsup, Z;]. From there, we directly
deduce (by monotonicity of ¢ — Ng4(t)) that a.s. limy_oo Ngq(t) = 0.

Geometric Convergence of Iterates of an Ergodic Chain

The following lemma is adapted from the proof of the Convergence theorem (Theorem 4.9,
(Levin et al., 2006)).

Lemma 2.8 Let P be a stochastic matrix with stationary distribution vector w. Suppose
that there exist ¢ > 0 and an integer 7 such that P"(s,s’) > ow(s') for all (s,s’). Let W
be a rank-one matrix whose rows are equal to w'. Then:

Vn>1, |P" = W|, <20r1

where 0 :=1 — 0.

Proof. We write P = (1—60)W +60Q where Q is a stochastic matrix. Note that W P* = W
for all £k > 0 since w' = w'P. Furthermore MW = W for all stochastic matrices
M since all rows of W are equal. Using these properties, we will show by induction
that P™* = (1 — 0*)W + #*Q*. For k = 1 the result is trivial. Now suppose that

Pk = (1 —60F)W + 6*Q*. Then
prk+1) _ prkpr

= [(1 -0 YW + 6kQM P

= (1- WP + (1 - 0)0" Q"W + 61 Q!

= (1 - "W + (1 - 0)0"W + g+ Qr+!

— (1 — @YW 4 gFH1 QR+,
Therefore the result holds for all & > 1. Therefore P/ — W = 6*(Q*PJ — W) which
implies that

Vn=rk+j>1, |[P"—W|_ <06 HQkPj - WH
<20k =20l7) < 220%*1.

Geometric Ergodicity of C-Navigation

Since Py, is ergodic, there exists r > 0 such that P} (z,2') > 0 for all 2,2’ (Proposition
1.7, (Levin et al., 2006)). For a stationary distribution vector w and a state-action pair z,
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we denote by w(z) the component of w corresponding to z. Moreover, we define

re=min{l > 1: V(z,2) € (S x A)?, Pfu(z,z/) > 0}, (2.31)
Pr (z,2)

i u a 2.32
(e A2 wa(?) (232

where w;, is the stationary distribution of P, .

Lemma 2.9 Let 7P := m = (M\t) (resp. 7. = Ej’:l T (M\])/t) denote the oracle policy

of M\t (resp. the Cesaro-mean of oracle policies up to time ¢). Further define the functions

I

otem) = au(<+ [0 - Aminr(al]”) i, 23

O, mw):=1—o0(e,mw),
2

L(e,m,w) = 0(c, m,w) [1 — H(a,w,W)l/T} '

Then for C-Navigation it holds that
Vn =1, |B' = Wil < Cip

where Cy := 20(e, T, wi) ! and p; := 0(5,5,?3*,%)1/’". In particular Cy(1 — p;)~' =
ﬁ(Et,fZ)*,wt).

Proof. Recall that: P; = &¢Pyr, + (1 — €t) P . Therefore for all (z,2") € (S x A)?,

P{(z,7) 2 [ef Py, + (1 — &) PL 1(2,2)

,\
Ve

<e§ +[(1—e)A nsl’ian i (als)] > Pl (2,7)

,\
Ve

(4 [0 = epamin . als)] Josan(s)

<g§ + [ - e)Amin7, (a|s)]’”> 7 < min Z:éj;) wi(2)

z

=0t

= 0'(6,5, ffu* 5 wt)wt(z’).

where (a) comes from the fact that P« > Amin7 . (a|s)Pyr, entry-wise and (b) is due to
w s,a

(2.32). Using Lemma 2.8 we conclude that or all n > 1

HPtn - Wt”oo < 29(&7?2)*7“75)%717

where (g4, 7w, wi) = 1 — o(e4, 7w, wy). Therefore Py satisfies |[P* — Wy, < Cipft for
Cy = 20(es, 7, wy) L and py = 0(5,5,?3*,%)1/”. [ |
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Simplifed Expression of the Generalized Likelihood Ratio

Proof. Observe that by definition M\t is the MDP that maximizes the likelihood of obser-
vations. Hence, we have

sup Car(t)
N MeM, 1 st w* (M=}
LR(t; 7)) =1 ’
G R( ’ﬂ-t) 8 sup EM/(t)
MeM, 1 st (M!)#£T}
_ log 57, (1)
sup ()
M’EA]t(/T/(\t)
= (T
= inf _ log 4, >. (2.33)
mean(M;) v (t)
Now we simplify the expression of the likelihhod ratio,
_tz_i[ 457, (Blsk, ar) pﬂt(sk—&-l‘sk?akq
ﬁM' t) = & o (Rilsk, ar) P (Sk+1sk, ak)
t—1 /
q+v (Rg|sk,a i, (S']s,a
~ S g Mt(Rk| k» Q) Y Y Nl log (/| )
o aw(Bilswar) S0 P (8']s; a)
t—1 /
a 57, (Rilsk, ar) Pyz, (5']s,a)
(@) log Mf(R ysia ) + Z [ZpM 'Is,a)log Mf(s’|s 3
=1 IMRISE Ok (s,a)GSXA s'€S P ’
t—1
qq, (Bklsk, ax) -
=) log % + Z Nia(t)KL (Ps,a(t), prtr (5, @)
k=1 IMURISE QK)o A
() ~ -
- Z Nsa(t) [KL (QS,a<t)7 QM’(Sv CL)) + KL( s,a(t)apM’(Sy a))]
(s,a)ESXA
(2.34)

where Nyuq(t) := 32k 1 (sx = s,a1 = a, 81,11 = §') is the number of times we observed
the transition (s,a) — s’ up to time step ¢, (a) uses that Prg, (s "Is,a) = Ngqo (t )/Nsa( ) and
(b) uses Lemma A.2 from (Degenne et al., 2020). Therfore, comblmng (2.33) and (2.31) we
get that

GLR(t:7) =  inf > Nua(t)[KL(Goa(t), are (s, @) + KL(Psa(t), par (s, a))]
M’eAlt(Mt)(s’a)esxA

=t T(M, N(t)/t) "

where the last inequality uses the definition of (M, w) — T'(M,w). [ ]



In this chapter, we present and study the problem of active coverage. In particular, we
design an algorithm, COvGAME, that efficiently solves this problem. Then, we will show
how an almost plug-and-play version of COVGAME solves RFE with an instance-dependent
complexity. The contents of this chapter are based on the conference paper:

Aymen Al Marjani, Andrea Tirinzoni, and Emilie Kaufmann. Active Coverage for
PAC Reinforcement Learning. In Proceedings of the 36th Conference On Learning
Theory (COLT), 2023.
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Background on Coverage and RFE

The quality of the available data, whether it is actively gathered through online interactions
with the environment or provided as a fixed offline dataset, plays a fundamental role in
characterizing the performance of any reinforcement learning (RL, Sutton & Barto, 2018)
agent. An important concept to quantify such quality is coverage, a property measuring the
extent to which data spreads across the state-action space. The notion of coverage, through
the so-called concentrability coefficients, is ubiquitous in the vast literature on offline RL
(e.g., Munos, 2003; Munos & Szepesvari, 2008; Farahmand et al., 2009; Farahmand et al.,
2010; Chen & Jiang, 2019; Xie & Jiang, 2020; Xie & Jiang, 2021; Jin et al., 2021; Foster
et al., 2022). Intuitively, the better data covers the state space, the better performance
one can expect from an offline RL method. Recently, (Xie et al., 2022) showed that a
similar phenomenon also occurs in online RL: the sole existence of a good covering data
distribution implies sample-efficient online RL with non-linear function approximation, even
if such a distribution is unknown and inaccessible by the agent.

While these works treat coverage as a property of some given data or environment, a
large body of literature focuses on actively collecting good covering data. This falls under
the umbrella of reward-free exploration (RFE, Jin et al., 2020), a setting where the agent
interacts with an unknown environment without any reward feedback. The objective is to
collect sufficient data to enable the computation of a near-optimal policy for any reward
function provided at downstream, e.g., by planning on top of an estimated model of the
environment. Many provably-efficient algorithms exist for this problem that mostly differ
in their exploration strategy. Some try to gather a minimum number of samples from each
reachable state (Jin et al., 2020; Zhang et al., 2021c), while others adaptively optimize a
reward function proportional to their uncertainty over the environment (Kaufmann et al.,
2021; Ménard et al., 2021) or more simply a zero reward (Chen et al., 2022). All these
approaches provably guarantee that the collected data is sufficient to learn any reward
function provided at test time. Another popular technique is to seek data distributions
that maximize the entropy over the state-space (Hazan et al., 2019; Cheung, 2019; Zahavy
et al., 2021; Mutti et al., 2022). Finally, there is a long recent line of empirical works
focusing on RFE, where the problem is often called unsupervised RL (e.g., Laskin et al.,
2021; Eysenbach et al., 2019; Burda et al., 2019; Yarats et al., 2021).

The RFE literature mostly focuses on collecting data with the specific properties needed
for the task under consideration (e.g., achieving zero-shot RL at test time). Motivated by
the crucial role of coverage in RL, in this chapter we treat the problem at a higher level
of generality. We formulate and study the problem of active coverage in episodic MDPs,
where the goal is to interact online with the environment so as to collect data that satisfies
some given coverage constraints. Following (Tarbouriech et al., 2021) who considered a
similar problem in reset-free MDPs, we formalize such constraints as a set of sampling
requirements that the learner must fulfill during learning. This gives our framework a high
flexibility, as one can require different notions of coverage simply by changing the sampling
requirements. Moreover, the applications are numerous, as any active coverage algorithm
yields an exploration strategy that can be readily plugged in to tackle different problems.
In our specific case, we shall see in this chapter how to apply it to design an algorithm for
RFE. Then, in Chapter 4, we will present an algorithm for e-BPI based on our solution to
the coverage problem.
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3.2 Definition of Active Coverage

3.2.1 Preliminaries

We consider the setting of Episodic MDPs, see Section 1.3.2. Denoting by P™ (resp. E™)
the probability (resp. expectation) operator induced by the execution of a policy 7 € IIg
for an episode on M, we define, for each (h,s,a), p}(s,a) := P"(s), = s,ap, = a) and
ph(s) =P (s, = 5). We let QM) := {[p] (s, a)|ne(m]ses,0e4 : T € Ils} denote the set of
all valid state-action distributions. It is well known (e.g., Puterman, 1994) that Q(M) is
convex and that

QM) = {p eRYM D " pi(s,a) =1, pu(s,a) = > puoi(s a)proa(sls’, ') V(h, 5) }

aEA (8/ 70’/)

We also recall that from every vector p € €2 we can extract the corresponding policy 7 by

normalization:
s,a .
i T >0
V(h,s,a) € [H] x S x A, nl(a]s) := { beA ved (3.1)

1/A otherwise.

Throughout the paper, we use 1 to denote an indicator function over some set X, i.e.,
1x(h,s,a) == 1{(h,s,a) € X} for all h,s,a. We shall hide X whenever X = [H] X
S x A. We make the following assumption to ensure that the whole state-space can be
navigated.

Assumption 3.1 — Reachability. Each state s € S is reachable at any stage h € {2,..., H}
by some policy, i.e., maxremg pj;(s) > 0.

Reachability conditions like Assumption 3.1 are standard in prior work. In non-episodic
reset-free MDPs (e.g., Jaksch et al., 2010), the MDP is often required to be communicating
to ensure learnability, i.e., any two states are reachable from each other by some policy.
Assumption 3.1 is the analogue for episodic MDPs, where we only need reachability from
the initial state. In episodic MDPs, reachability conditions have been used in different
settings, including model-free learning (Modi et al., 2021) and reward-free exploration
(Zanette et al., 2020).

3.2.2 Learning problem

The learner interacts with an MDP M with unknown transition probabilities in order
to fulfill some given sampling requirements. In particular, it is given a target function
c:[H] xS x A— R, where ¢,(s,a) denotes the minimum number of samples that must
be gathered from (s,a) at stage h. In each episode of interaction ¢ € N*, the learner
plays a policy ¢ € IIg and observes a corresponding trajectory {(s%,a%)}he[m. Let
nt (s,a) == 2211 1(s; = s,a; = a) denote the number of times (s, a) has been visited at
stage h up to episode t.

Definition 3.1 — (5-correct c-coverage algorithm). Fix ¢ € (0,1) and a target function

c. An algorithm is called d-correct c-coverage if, with probability at least 1 — §, it stops

after interacting with M for a (possibly random) number of episodes 7 and returns a
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dataset of transitions with visitation counts guaranteeing

V(h,s,a), n}rz($7a) > Ch<37a)'

The goal in active coverage is to minimize the number of episodes required to collect at
least cp,(s,a) samples from each h, s, a with high probability.

Examples While the definition of the active coverage problem gives complete freedom in
choosing the target function ¢, for our applications we shall mostly be interested in two spe-
cific instances. In uniform coverage, we have cp(s,a) = N1 ((h, s,a) € X) for some given set
X and N € N. Intuitively, this requires collecting at least N samples from each state-action-
stage triplet in X', and the name suggests that the learner should explore X as uniformly
as possible. Possible applications include estimating the transition model uniformly well
across the state-action space (Tarbouriech et al., 2020) and discovering sparse rewards. In
our applications to PAC RL, we will further explore the benefits of performing proportional
coverage, which corresponds to setting ¢, (s,a) = N max, p7(s,a)L ((h,s,a) € X) '. This
requires collecting a number of samples from each (h, s,a) € X’ that scales proportionally
to its reachability.

Lower Bound on the Complexity of Active Coverage

Minimizing the sample complexity needed to solve the active coverage problem requires
the learner to properly plan how to distribute its exploration throughout the state-action
space, hence accounting for the complex interplay between the MDP dynamics p and the
target function c. The following theorem gives a precise characterization of the complexity
of this problem. Its proof is deferred to Section 3.3.2

Theorem 3.1 For any target function ¢ and 6 € (0, 1), the stopping time 7 of any d-correct
c-coverage algorithm satisfies E[7] > (1 — §)¢*(c), where

¢*(c) = inf  max h(s,0)

pEQ(M) (s,a,h)eX pr(s,a)’

with X := {(h, s,a) : cp(s,a) > 0}.

The quantity ¢*(c¢) of Theorem 3.1 provides an instance-dependent complexity measure
for the active coverage problem. In particular, it depends on both the MDP M through
the set of valid state-action distributions (M) and on the target function c. It can be
interpreted as follows. Imagine that a learner repeatedly plays a policy that induces a
state-action distribution p € Q(M). Then, for any (h, s,a), the quantity 1/pp(s,a) is the

expected number of episodes the learner takes to collect a single sample from (h,s,a).
Ch(S,(l)
ph(S,a)
to satisfy the sampling requirements across all (h, s,a) when playing distribution p. Then,

the complexity measure is intuitively the minimum of this quantity across all possible
state-action distributions. In other words, any distribution p* attaining the minimum in
©*(c) denotes an optimal c-coverage distribution, i.e., generating data from p* provably
minimizes the time to satisfy all sampling requirements, in expectation.

This implies that max  n)ex is roughly the expected number of episodes needed

Remark 3.1 Observe that the lower bound of Theorem 3.1 holds for any d-correct
algorithm, even for an oracle that knows the transition probabilities. In general, we do
not believe it to be exactly matchable since (i) any algorithm must work with sample

'To cope with unknown transitions, we will use an upper bound of p7 (s, a) in the definition of proportional
coverage.
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counts rather the expectations, (ii) the transition probabilities are unknown. However,
©*(c) will appear as the leading order terms in the sample complexity of our algorithm,
while these learning costs will be absorbed into lower order terms. ]

Links to other measures of coverage
Stochastic minimum flows

We begin by presenting an equivalent linear programming formulation of the optimal coverage
problem of Theorem 3.1 that we call stochastic minimum flow. It is a direct extension
to stochastic MDPs of the minimum flows for directed acyclic graphs in deterministic
MDPs, which we presented in Section 1.6.3. We define a flow as a non-negative function
n:S x Ax[H] — [0,00) such that

Z nh(s,a) = Z Z ph1(sls’,a)np_1(s’,d") Vs e S,h>1, (3.2)

acA s'eSa’eA
m(s,a) =0 VseS\{s1},a € A (3.3)

That is, a flow 7 is a vector of visits to each state-action-stage triplet which satisfies the
navigation constraints of the MDP. Note that the second constraint ensures that flow can
only be created in the initial state s;. The value of 7 is the total amount of flow leaving
the initial state, i.e.,

p(n) =Y _mlsi,a).

acA

We say that a flow 7 is feasible for a target function c if
nn(s,a) > cp(s,a) Vh e [H|,s € S,a€ A

The stochastic minimum flow problem consists in finding a feasible flow of minimum value.
It can be clearly solved as a linear program,

minimize Z n(s1,a),

T]GRSAH oA
subject to
Z (s, a) = Z Z prho1(s|s’,a)np_1(s',a’) Vse S, h>1, (3.4)
acA s’'eSa’cA

n(s,a) =0 VseS\{s1},a €A,
n(s,a) > cp(s,a) Yhe[H],s€ S,a€ A

We now prove that the optimal value of (3.4) is equal to ¢*(c¢), the optimal coverage
complexity introduced in Section 3.3.

Lemma 3.1 If there exists a feasible flow for t(he )target function ¢, the optimal value of
Cp(S,a
pn(s,a)’

(3.4) is exactly ¢*(c) = min,co(rr) Maxp s

Proof. Let us start from the linear programming formulation (3.4) and perform the change
of variables pj(s,a) « Lzs’a) and Z <> cs D arean(s’,a’) for all h,s,a. Note that Z
is the value of the original flow n (and thus it does not depend on the stage), while pp(s, a)
is a probability distribution over the state-action space for each h € [H]. We obtain the
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following optimization problem (no longer a linear program due to the presence of a bilinear
constraint):

minimize Z,

Z>0,pERSAH

subject to
th(s,a) = Z Z pho1(sls’,a )pnp_1(s',a’) Vs € S, h>1,
acA s'eSaeA

pi1(s,a) =0 Vse S\ {s1},a € A,

S°S pulsa) =1 Vhe[H),

seSacA
pn(s,a) >0 Vhe[H],s€S,ac A,

7> a9y, o [H],s € S,a € A
pr(s,a)

The optimal solution for Z is clearly Z = maxy s 4 p’;((s Z;,

define exactly the set of valid state-action distributions ©(M). This proves the statement.
[ |

while the first four constraints

Proof of Theorem 3.1

Define the coverage event Ecoy = (V(h,s,a) € X, nj(s,a) > cx(s,a)). We have that for
any o-correct algorithm Ppy 4 (é'cov) > 1 — 4. Therefore, for any triplet (h,s,a) € X, we
have that

Ent,alny (s, a)] = Epg.alng (s, a) (Ecov)] = cnls, a)Para(Ecov) = (1= d)en(s, a). (3.5)

Now consider the function np(s,a) := En, a[nj(s,a)] for all h,s,a. It is known that 7
satisfies the navigation constraints (3.2)”. Hence 7 is a flow vector. Moreover, it satisfies
the constraint (3.5). By definition of stochastic minimum flow, this means that

Eum, .A Z E .4 nh(slﬂ )] - 90(77) > " <[(1 —d0)en(s, a)]h,s,a) = (1 - 5)()0*(6)7
acA

where in the last line we used that for any constant «, ¢*(ac) = ap*(c). [ |

Bounding the minimum flow

Lemma 3.2 Suppose there exists a feasible flow for the target function ¢. Then,

< f > <
e S en(5,0) <10 < 3 nf Zmaxwphm

s,a

(1] 2] 3}

Proof. The proof of the lower bound is trivial by noting that the value of any flow n can be
written as o(n) = > cs D qea (s, a) for all h € [H] and that any optimal flow satisfies
n(s,a) > cp(s,a) for all h,s,a. Let us prove the upper bound. Fix any h € [H] and let p”

ch(s,a)
pr(s.a)’
Further define the mixed distribution p := Z{i 1 % pl, where Z; := min, e max; 4

denote a solution to the optimization problem min,co max; ,

cn(s,a)
ph(sva)

and Z := 311, Z;. Then, p € Q(M) is a convex combination of state-action distributions.

2For instance, by following the same steps in our proof of (1.41) and adapting it to episodic MDPs
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Hence,

hosa pli(s,a)
= max — min max ——= ( ) =/ = min max M7
h 2y peQ sa ph( ) el sa Ph(S,a)

he[H]

where (a) uses that j > Z 22 ph entry-wise. For the second upper bound, we define wy,(s, a) :=
Ch(sva)

maXseIl pZ(S,CL) ’

of the denominator

with the convention that w(s,a) = 0 if ¢(s,a) = 0 regardless of the value
*. For any reachable (s,a,h), let w45 € argmax, cp, pj(s,a). For
any unreachable (s,a, h), let 745 be an arbitrary deterministic policy. Let us define the

following mixed state-action distribution:

B wp(s',a") 7
V(h787a) : ph(57a) = Z Z h(Z)ph ' ’l(s,a),

s'eSaeA
where Z), := 3" cs > weaw(s’,a’). Since this is a convex combination of state-action

distributions, p € Q(M). Then,

min maxM < maxM < Zp max on(s, a)h
peQ sa pp(s,a) 80 Pp(s,a s,a wp(s, a)phs “"(s,a)

= Zj max ch(s,)
sa wp(s,a) SupnenD Pp(s,a)

- Y LY el

max s, a
he[H] s€S acA i ph )

Interestingly, each of the terms in the lemma above relates to a complexity measure that
appeared in previous works. The term @ is the complexity for covering a tree-based
deterministic MDP (Tirinzoni et al., 2022), perhaps the easiest MDP topology to navigate.
As ¢*(c) reduces to the complexity of (Tirinzoni et al., 2022) in deterministic MDPs, we
attain the equality ¢*(c) = @ in this specific tree structure. For a specific choice of ¢, ® can
be shown to be exactly the “gap visitation” complexity measure introduced by (Wagenmaker
et al., 2022a) for e-BPI. As a component of their e-BPI algorithm MOCA, (Wagenmaker
et al., 2022a) introduced Learn2Explore, a strategy that learns policies to reach all states in
the MDP. While it may be possible to adapt Learn2Explore for our active coverage problem,
one limitation is that it learns how to reach each layer independently, and this is reflected
in the fact that @ is only a loose upper bound (up to a factor H larger) to the optimal
complexity ¢*(c). Finally, ® can be related to the sample complexity for active coverage
obtained by the GOSPRL algorithm of (Tarbouriech et al., 2021)". It can be interpreted as
the complexity for learning how to reach each h, s, a independently, which makes it an even
looser upper bound to ¢*(c).

3Note that, if max,ecn pj(s,a) = 0, then (s, a, h) is unreachable and it must be that ¢, (s,a) = 0 since
we assumed the minimum flow problem to be feasible.

4Since (Tarbouriech et al., 2021) consider reset-free MDPs, their complexity actually scales as
> uDsac(s,a), where Ds o is the minimum expected time to reach s,a from any state. In episodic
Mles, the minimum expected number of episodes to reach some (h, s, a) is exactly 1/ max p}, (s, a), hence
yielding ©.
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Concentrability and coverability

A definition of the concentrability coefficient for a distribution p € P(S x A x [H]) is
Ceonc(p) = maxgqp %jﬁf}s»a) This plays a fundamental role in characterizing the
efficiency of offline RL methods (see, e.g., (Chen & Jiang, 2019; Xie et al., 2022) and
references therein). It is easy to see that ¢*(c) = inf,cq Ceonc(p) for the target function ¢
of proportional coverage. That is, our coverage complexity is equivalent to the minimum
concentrability coefficient achievable by any distribution generated by some stochastic

policy. Under a similar perspective, (Xie et al., 2022) introduced the coverability coefficient

Ceov :=1nf,, o eP(XxA) MAXs 0 p %i()sa) to characterize to what extent the best data
distribution covers all policies. Noting that the infimum is taken across all probability
distributions rather than valid state-action distributions, the optimal data distribution in
Ceov may not be attained by the execution of any stochastic policy. This means that Ceoy
is not a valid complexity measure for active coverage in general, and it reduces exactly to

O for proportional coverage (see their Lemma 3), i.e., to a loose lower bound on ¢*(c).

Near-Optimal Active Coverage by Solving Games

Intuition and pseudo-code of COvGAME

We propose COVGAME (Algorithm 9), which adopts a game-based perspective inspired
by the bandit literature (Degenne et al., 2019b). We first observe that the complexity
©*(c) can be interpreted as a zero-sum game between a learner trying to produce the best
sampling distribution p € Q(M) and an adversary trying to challenge it with the tuple
(h, s,a) whose sampling requirement is the hardest to meet under p. COvGAME does not
directly solve the game in the definition of ¢*(c) but rather an equivalent formulation
that simplifies learning. Recall that P(X’) denotes the set of probability distributions with
support in ¢X. Thanks to the min-max theorem, we can write

1
—— = sup min pr(s, @) = sup 1nf Z An(s,a) ph(s,a)
©*(c)  peam) (sahex cp(s,a) pEQ(M JAEP(X) |, cn(s, a)
ph(S,CL)

= inf sup An(s,a)
AEP(X) peq (M) hg):e?f

= inf max Z pp(s,a)

AeP(X) well
() b (h,s,a)eX

cn(s,a)

An(s,a)

cn(s,a)’

where in the last equation we used that the inner maximization is a standard RL problem
with reward function given by % ((h,s,a) € X) and its optimum is known to be
attained by a deterministic policy (e.g., Puterman, 1994).

CovGAME solves a variant of this min-max game that does not involve the tar-
get function ¢ directly. The idea is to cluster the state-action pairs in X based on
their sampling requirement. To this end, we define the sequence of sets {Xk}keN as
Xy = X and & := {(h,s,a) : cuy(s,a) > ¢ 2%} for all k& € N*, where ¢, =
ming, g oyex cu(s,a) V 1. At each round ¢t € N*, COVGAME ftries to solve the game
infyep(x,,) MaXrelly D op s q Ph (S, @) An(s, a), where ky is the largest index such that all state-

action pairs in X\ Xy, = {(h,s,a) € X : ¢u(s,a) < ¢ 2%} have been already covered.
Intuitively, COVGAME progressively focuses on covering state-action pairs with larger
sampling requirements, while ignoring those that have already been covered. The main
advantage over solving the initial formulation of ¢*(c) is two-fold. First, the learner is

allowed to play only deterministic policies, each being the solution to an RL problem.



3.4.2

3.4 Near-Optimal Active Coverage by Solving Games 83

Algorithm 9 CovGAME

1: Input: Target function ¢, RL algorithm A" online learning algorithm A*, risk 6 € (0,1).

2: Let Xp:= & and &) := {(h,8,a) : cp(s,a) > ¢, 2%} for all k € N*

3:  Initialize counts ng(s, a) =0 for all h,s,a

4: Reset A* on P(X), set AL (s,a) < 1((h,s,a) € X)/|X]| for all h,s,a

5:  Initialize k1 < 0

6: fort=1,2,...do

7: Get 7 from A given reward function A* and confidence 1 — §/2

8: Generate a trajectory {(s}, GZ)}he[H] using policy 7! and update counts n!

9: if n!(s,a) > cp(s,a) for all h, s, a then

10: Stop and return all sampled trajectories

11: Update kiy1 + max{j € N:nl(s,a) > cp(s,a) V(h,s,a) € X \ X;}

12: if kt+1 7é k; then

13: Reset A* on P(Xy,,,), set Nt (s,a) + 1((h,s,a) € Xy )/ Xy | for all b, s,a
14: else

15: Feed A* with loss ££()\) = Z(h,s,a)Gth An(s,a)l(sh = s,al = a), get weight A+

Second, in the sequence of games that we consider, the objective function is independent of
the scale of ¢, which avoids undesired dependencies (e.g., on the inverse of the minimum
value of ¢) when the target function is unbalanced.

CovGAME approximately solves the sequence of games above by leveraging two online
learning algorithms, A* and A". The one for the adversary (A*) can be any method for
online convex optimization on the simplex with linear losses. The one for the learner (A™)
can be any regret minimizer for RL that handles reward functions changing at each round
(but observed at the beginning of the round). A simple approach like UCBVI (Azar et al.,
2017) can be adapted to this purpose.

The final intuition behind COVGAME is quite simple: at each round ¢, the adversary
produces a reward function A’ supported over Xj, (the current set to be covered) and the
learner tries to find a good policy for maximizing it. This encourages the learner to visit
uncovered state-action pairs, eventually meeting the sampling requirements.

Sample complexity of COvGAME

In order to analyze the sample complexity of CovGAME, we make the following assump-
tion on the adopted online learning algorithms, which will be satisfied by our specific
instance.

Assumption 3.2 — First-order regret. There exists a non-decreasing function R*(T’) such
that, if A* is instantiated on P(X}) for some k on a sequence of linear losses {£!};>1
bounded in [0, 1],

T

T T
VT € N*, > 4N - min D LN < 4| RMD) D () + RNT). (3.6)
t=1 Y y=1 t=1

There exists a non-decreasing function RY(T) such that, if A is run with confidence
1 — & on a sequence of rewards {\'};>1 with \! € P(X) for all ¢, with probability 1 — 4,
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for all T € N*,

T

DV (s13M) ZV’” (s1;A%) < Zv (s1; M) + RE(T), (3.7)

t=1

where V" (s1;A) 1= Y2, ¢ . P7 (S, a)An(s, a) and Vi*(s1; A) := max; V{7 (s15 ).

Theorem 3.2 — Sample complexity of CovGAME. Under Assumption 3.1 and 3.2, with
probability at least 1 — §, COVGAME satisfies nj(s,a) > cp(s,a) for all h,s,a and
its stopping time 7 satisfies 7 < 64my*(c) + T1, with m = [logy(cmax/ch: )] V 1,
Cmax := MaX}, s q Cp(S,a) and

2

Ty = inf {T e N*: L me* (1) (3735“/2(1’) + 12RMNT) + 24 1og(4T/5)) i 1} :

Remark 3.2 While we require both learners to have first-order regret bounds (i.e.,
depending on the sum of observed losses), standard O(v/T) bounds can also be used at
the cost of a larger second-order term 73 in Theorem 3.2, from 71 = O(¢*(1x)) as in our
instantiation to 71 = O(¢*(1x)?). The key step in our proof is to show that first-order
regret implies convergence to the value ¢*(c) of the game at a rate O(1/T) instead of
the slower O(1/+/T) achieved with O(v/T) regret. As ¢*(1x) depends on the inverse
visitation probabilities (see Theorem 3.1), this ©*(1x) versus ¢*(1 x)? improvement will
be crucial to avoid undesired scaling with these quantities in our applications to PAC
RL. ]

Our instanciation

For A we propose to use the weighted majority forecaster (WMF, Littlestone & Warmuth,
1994) with variance-dependent learning rate for which, for any sequence of losses bounded in
[0, 1], we have by Theorem 5 of (Cesa-Bianchi et al., 2005) that Assumption 3.2 is satisfied
with

RMNT) = 161og(SAH). (3.8)

For A" we propose to use a variant of UCBVI (Azar et al., 2017) that can cope with
varying reward functions. The idea is that since the reward function ! is revealed to AUl
at the beginning of round ¢, we can build an upper confidence bound @Z_l(s, a; \!) to the
optimal action-value function @ (s, a; A') by estimating the transition probabilities with the
data collected up to round ¢ — 1. Then, we play 7} (s) = arg max, @Z_l(s, a; '), the greedy
policy w.r.t. @Z_l. We build the UCBs by leveraging the “monotonic value propagation”
trick from (Zhang et al., 2021d) and prove that Assumption 3.2 is satisfied with

RI(T) = 655365 AH? (log(2SAH/5) + 6S) log(T + 1)°. (3.9)

See Appendix C of (Al-Marjani et al., 2023) for details. Notably, we managed to prove a
similar first-order regret bound as the one derived by (Jin et al., 2020) for EULER (Zanette
& Brunskill, 2019b) with a remarkably simple analysis, without using any correction factor
in the bonuses, and with improved dependences on H (from H* to H?) and § (from
log(1/6)? to log(1/9)).

As compared to the minimax regret rate (Azar et al., 2017), our resulting bound in
(3.7) features a dependence on S instead of 4/ in its leading-order term. This is the cost of
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handling changing rewards, which prevents us from building tight UCBs as commonly done
for a fixed reward function. Instead, we build UCBs that hold for all rewards simultaneously
using techniques from reward-free exploration (Ménard et al., 2021), a setting where an
extra dependence on S is unavoidable in the worst case (Jin et al., 2020). Time-varying
rewards, albeit under a weaker notion of regret, have also been studied in an adversarial
setting in which the reward A\’ is not revealed prior to round ¢ (Rosenberg & Mansour,
2019).

Corollary 3.1 — Sample complexity of CovGAME with WMF and UCBVI. With probabil-
ity at least 1 — 4, the stopping time of CovGAME with A* =WMF and AY =UCBVI
is bounded by

7 < 64mp*(c) + O(myp* (Lx)SAH?(log(1/5) + 5)),

where m := [logy (cmax/c;h; )]V1 and O hides poly-logarithmic factors in S, A, H, ¢* (1 1), log(1/4).

The second term in the bound above can be interpreted as the cost incurred for learning
the optimal coverage complexity ¢*(c¢) under unknown transition probabilities p. Still,
this learning cost depends at most logarithmically on the total sampling requirement
lellt = X5 64 cn(s,a). This implies that, for large ||c[|1, this cost becomes negligible as
compared to the first term and 7 < O(¢*(¢)), which matches the lower bound of Theorem
3.1 up to numerical constants and logarithmic terms.

Remark 3.3 If the transition kernel p is known, by replacing UCBVI with the computation
of the optimal policy w.r.t. to A\f, we have R?H(T) = 0. In this case, we get a smaller

additive cost O(me*(1y)log(SAH)log(1/8)) which is only due to the randomness in
the collection of trajectories. ]

Proof of Theorem 3.2

Note that, at the beginning of any round ¢ > 1, the learner A* works over the simplex
P(Xg,), hence A € P(Xy,). Let 79 := 1 and, for i € [m], let 7; be the round at the beginning
of which k; has changed for the i-th time (i.e., k;, # kr,_1). Note that, for any ¢ > 0 and
t {TZ', ey Tikl — 1}, ky = kTi'

Lemma 3.3 Under Assumption 3.1 and 3.2, with probability at least 1 — §, for any
i€{0,...,m—1},

. ie1—1 17 1— T; 3
min  n;"" (s,a) > ——1 "+ _ 2

3
(hom ek, Z 8o (lx ) 8R5H(7i+1) - iRA(TiH) — 3log(47i41/9).
1$,8)€ Xk, o,




86  Chapter 3. Active Coverage and Reward-Free Exploration in Episodic MDPs

Proof. Take any i € {0,...,m —1}. Note that

Ti+1—1
. Tip1—1 . t t ..
min n s,a) = min 1(s; =s,a; =a definition of counts
(hsa)eXy, (5,0) (h.s,a)€ X, ; (st = =a) ' )
i Ti+1—1
t
min st =sal =a
(h,s,a) GXkT E—:O tz; h Th )
J
(definition of {Tj }jZO)
Ti+1—1
> min 1(st =s,ab =
Z(h,s,a GXkT ; ( h Th CL)
-
(X, © A, forall j <)
i Ti+1—1
= min Z An(s, a) Z 1 (s}, = s,a}, = a)
=0 P ) s e, t=r;
7 Tj4+1— 1
= min ét definition of #;(\
AP ) Z ( t(A))
Ti+1—1
> min 120\
mm%&;§;<>

For each i, by the regret bound of the A player (Assumption 3.2),

Tig1—1 Ti+171 Tit1—1
gt Et )\t _ R)\ 2 -7 gt /\t _R)\ 5 -7
Bl & TNE 2 0 R ) 3 00 R
(@) 1 "L
215 0 - SR s — )
2 = 2
® 1 Wl_lgt Ay — S
> = _ —
=Tj

where in (a) we used the AM-GM inequality \/zy < %ﬁ for 2,y > 0 and in (b) we used that
R (7ip1—7i) < RM7i41) by monotonicity of T — RMT). Let us now bound S 74!~ #(A?).
Note that £/(\") = 37, _ , N, (s,a0)1 (sh =s,a}, =a) for all for all t € {rj,..., 7541 — 1}
since ! is equal to zero outside kaj. Then,

Tiy1—1 Tiy1—1
t
St = > Y M) (1(sh = s.af = a) £ (5,0)
t=1 t=1 h,s,a
Tip1—1 Ti+1—1
= Z Vf” 513 A + Z Z)\t sa( sh sa%za)—pzt(s,a)).
t=1 t=1 h,s,a

M1

Since both A\! and 7! are F;_1-measurable, M, +1-1 is a martingale with differences bounded
by 1 in absolute value. Therefore, by Freedman’s inequality (e.g., Lemma 26 of Papini
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et al., 2021), with probability at least 1 — §/2,

T
VT >1, |Mp|< V; x 410g(4T/5) + 41log(4T/5)
\ =

T
D VI (s1; A1) x 4log(4T/6) + 41og(4T/6),

<

\'=
where we defined V; := Var[3_, ., A}, (s,a)1 (sh =s,a}, = a) | F4—1] and used the simple
bound V; < E[}, . Ay, (s,a)1 (sh =s,al, =a) | Frm1] = V™ (s1;A"), which holds since
Y hsa M (s,a)1 (sh, = s,a}, = a) <1 almost surely by definition of A. Plugging this into

the initial decomposition of > ;'™ ! ¢H(\Y) and using the AM-GM inequality /zy < %
for xz,y > 0,

Tit1—1 Tit1—1 Tig1—1

DO = YT W (s ) — 4| D VT (s1; M) x 4log(47i41/6) — 4log(47iq1/0)
t=1 t=1
Tz+1 1

>f Z VI (515 M) — 6log(47i41/9).

We finally bound Zthl Vi (31; )\t) for any T. For all T' > 1, with probability at least
1 —6/2 from Assumption 3.2,

T T T
STV (5130 = DTV (s ) =\ [RID) YV (s1: A — RE(T).
t=1 t=1 t=1

Applying once again the AM-GM inequality yields

d 1 & 3
DV (s N) 2 5 D W (i) = SRIT)
t=1 t=1

T
1
=3 Zsupz,oh s,a)\ (s, a) — fRén(T).
t=1 pth s,a
Now note that, since ! is supported on Xij for any t € {rj,...,7j11 — 1},
7'7;+1 1 ) Tj+1 1

Zsupz,ohsa)\hsa ZZsuprhsa)\tsa)
=1 PS5 =0 t=r; PUhsa

Plugging everything together proves the statement.
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Let m denote the number of times k; changes value through the execution of the algorithm,
that is m = |{t < 7 : k¢ # kiy1}|. We provide a bound on m.

Lemma 3.4 It holds that m < [logs(cmax/cit; )]V 1. Moreover, for any i € {0,...,m—1},
we have min(hjsja)e;(k ny Y(s,a) < . 2krit2,

Proof. By definition of the update rule, we have that k;y1 > k; for all t > 1. Now take any
time ¢ in which k; has changed value m times. Since k; > 0, this means that k; > m. By
definition of k;, we know that nf;l(s, a) > cp(s,a) for all (h,s,a) € X\ & for some j > m.
However, if m > [logy(cmax/ci )] V 1, Xj = ) and thus the algorithm must have stopped.
This proves that m < [logs(cmax/c: )]V 1.

To prove the second statement, we note that for any ¢ < m, we have k;, 1 = kr,
and n,"*'" 2(5 a) > cp(s,a) for all (h,s,a) € X\ Xy, . Moreover, there must be some
(h,s,a) € X\ X, 41 such that n, *(s,a) < cu(s,a). Indeed, if this was not the case, we
would have an update of k at the end of round 7,41 —2 instead of 7,41 —1. Since all the triplets
in an have been covered, the uncovered triplet must be in an nx \kaﬂ = an \XkTi—i-l'
By definition, all (h,s,a) € X, \ X, 1 satisty cu(s,a) < ch. 2kt Hence,

min

. -1 . Tir1—2
min 1, (s,a) < omin np T (s,a) + 1< e 28T 41 < o oFnit2
(h,s,a)eXkTZ_ (h,s,a)EXsz_

+
where we use that ¢, > 1. [ |

We are now ready to prove Theorem 3.2

Proof of Theorem 3.2. Let m be the number of times k; has changed throughout the
execution of the algorithm. Note that, in the round 7 in which the algorithm stops the
last change must occur, thus 7, = 7 + 1, and k; 4 is set to any value such that Ay, , = 0.
Then,

m—1
E Tz—i—l — Tz .
1=0

By combining Lemma 3.4 with Lemma 3.3 and rearranging, with probability at least 1 — ¢,
for any i € {0,...,m — 1},

N N 3 3
Tip1 — 7 < 8¢" (L, Jehi 22 + 80" (L, ) <8R?(Ti+1) + iRA(Ti—H) + 310g(4ﬂ'+1/5)>

< 8¢ (L, )ein2 2 4 7 (1) (3RI(7m) + 12RN () + 2410g(4730/0) ),

min

where the second inequality is due to Xy C X for all kK € N and 741 < 73, for ¢ < m — 1.
Then,

P (L, )25+2 + mg* (1) (3R5H(Tm) +12RMN (1) + 24 10g(47'm/(5)> +1
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The first term can be bounded by

m—1
1((h,s,a) € Xx_ )
8 ]l 2k7'1+2 + 2’?7.1_),_2 i .
;0 c mgo Ko, Z Cmin %183}% pu(s,a)

1 —+ 2k7-1 <
<32 Z ¢ 9k min max L2 < Ch(s,))
i pEQ s,a,h Ph(S,CL)

= ch(s,a)

<32 min max
pEQ s,a,h ph( )

= 32mep*(c).

=0

Plugging this into the bound on 7,,, we obtain the inequality,
T < 32mp*(€) + Mg (1x) (BRI (Tn) + 12RA(7m) + 2410g(47 /) ) +1

Thus, for 7,,, > T7, we get that the sample complexity is bounded by 7 < 64me*(c). Thus,
we conclude that 7 < 7, < max{T1,64mp*(c)} < 64me*(c) + T1. The proof is concluded
by using Lemma 3.4 to bound m. |

Comparison with prior work

While inspired by an original game perspective which is crucial in our analysis, the actual
algorithmic approach of COVGAME has a similar flavor as existing algorithms for different
exploration tasks: it runs a regret minimizer on different reward functions enforcing the
visitation of uncovered states. Using WMF as the A-learner, the reward function in round ¢
is

exp <—§t—it (n%(s, a) — nﬁf (s, a))) 1((h,s,a) € Xy,)
00wy, @ (i (mhy(.00) = (1,01 ) )

where 4, is the last restart of WMF that happened before ¢ and &; is the variance-dependent
learning rate defined by (Cesa-Bianchi et al., 2005). Our reward function is related to
the number of prior visits and smoothly evolves over time, which is in contrast with most
prior approaches that rely on rewards of the form 7 (s,a) = 1((h,s,a) € ) for some
set )V, For example, GOSPRL translated to our episodic setting would use T’Z—H (s,a) =
1 (n}(s,a) < c}(s,a)). The Learn2Explore strategy (Wagenmaker et al., 2022a) uses a
subroutine to visit N times some of the state-action pairs in Y: it runs EULER (Zanette &
Brunskill, 2019a) on r¥ and restarts the algorithm with a reward function with reduced
support whenever some new state-action pair has reached N visits. Several algorithms for
RFE (Jin et al., 2020; Zhang et al., 2021a) also collect data using regret minimizers on top
of indicator-based rewards.

)

ANtl(s,a) =

Application to Reward-Free Exploration

A strategy for RFE should return an estimate of the transition kernel p from which a
planning agent can compute a near-optimal policy for any reward function. To be robust
to any possible reward in the test phase, we intuitively need to gather sufficient samples
everywhere in the MDP, which we propose to do explicitly by relying on CovGAME
with proportional coverage (Section 3.5.1). The resulting algorithm is called Proportional
Coverage Exploration (PCE). PCE takes as input two parameters ,0 and returns an
estimate of the transition probabilities p that, with probability 1 — 4, yields an e-optimal
policy for any reward function bounded in [0, 1].
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PCE: Intuition and pseudo-code

The first observation in the design of PCE is that, it does not really matter which action
the planner plays at the pairs (h,s) € [H] x S that are hard to reach. More precisely,
denoting by V" (s1;71) := Ehﬁ,a pr(s,a)rp(s, a) the expected return of 7 under the reward
function r, it holds that

Vr e lp, Z Zpﬁ(s, a)rp(s,a) <e/2.

(h,s): sup, p7(s)<e/2S5H acA

In other words, even if the planner selects sub-optimal actions in the step-state pairs (h, s)
such that sup, p} (s) < €/25H, she will at most incur a loss of £/2 in the value function.
Therefore, we do not need to explore states whose reacheability is low.

This leads us to the second ingredient which motivates the choice of proportional
coverage: a novel ellipsoid-shaped confidence region for the value functions of all policies
under any reward. Let p' denote the maximum likelihood estimator of p after observing ¢
episodes. Denote by Vlw’t(sl; r)i= Zh@aﬁ’t(s, a)ry(s,a) the expected return of 7 in the
empirical MDP with transitions p* and reward function . Theorem 3.4 in Appendix 3.9
gives that, with probability 1 — ¢, jointly over all episodes ¢,

~ us 2
Ve (0,154 W e TIP, [Vi(syr) — V(o] < | B0 0) 3T PRAE €
(h,s,a)EX: s
(3.10)

where SR (t,0) oc H?log(1/6) + SH31og(A(1 +t)) and X. is a subset of triplets that
are not too hard to reach: X C {(h,s,a) : max, p}(s,a) > ;5= ) Hence, if we gather
cn(s,a) = O(HBRY(t,8) sup,. p} (s, a)/e?) visits from every (h,s,a) € Xz, the confidence
interval above will satisfy

Py (s,a)? Pi(s,a)”
RE (1§ Phis @7 | grP(1, 5 .
’ ( (ZL 3%262\’5 TZZ(S, a) B g ( (ZL sg)e)(g ClHBRF(tﬂ 6) SUpy p;‘br(s’ CL)
T(s,a
< E\/Z(h,s,a)cel/";}ph( )SS/Cl,

for some constant ¢; > 0. The last inequality above is due to the fact that for each step h,
the probabilities (pf(s,a))s,. sum to one. Hence, for a good choice of ¢y, the estimation
error of V{™(s1;r) for any 7 and r will be below €/2, which was demonstrated to be sufficient
for solving RFE (Jin et al., 2020).

Yet as the visitation probabilities are unknown, neither X, nor ¢j(s,a) can actually
be computed. To solve this issue, we rely on an initialization phase based on the ESTI-
MATEREACHABILITY subroutine (line 2 of Algorithm 10), described in Appendix 3.10. This
procedure, which is similar to the initialization phase in MOCA (Wagenmaker et al., 2022a),
outputs for each (h, s) an interval [W,,(s), Wp(s)] to which max, p}(s) belongs with high
probability using a low-order number of episodes of 6(53AH 4/¢). The lower confidence
bound is then used to build a set X that satisfies the requirements for X, and the upper
bound is used to define the target function that is given as input to COvGAME in phase k of
the algorithm: ¢ (s, a) := 2"Wy(s)1((h,s,a) € /'?) The pseudo-code of PCE is presented
in Algorithm 10.
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Algorithm 10 PCE (Proportional Coverage Exploration)

1: Input: Precision ¢, Risk § € (0,1).
2: For each (h,s), run ESTIMATEREACHABILITY ((h, s); 4S€H2735LH) to get confidence
intervals [W(s), Wp(s)] on maxy p}(s) (see Appendix 3.10)
Define X := {(h,s,a) : Wy (s) > 55577}
Define target function ¢ (s,a) = ]1((h, s,a) € /\A,’) for all (h, s, a)
Execute COvGAME(c?, §/6) to get a dataset Dy of dy episodes // BURN-IN PHASE
Initialize episode count t < dp and statistics n{ (s, a), py(.|s, a) using Dy
fork=1,... do
// PROPORTIONAL COVERAGE
Compute targets cf ska) = 2KW ), ()1 ((h, s,a) € ??) for all (h,s,a)
Execute COVGAME%C , 0/6(k+ 1)2£ to get dataset Dy and number of episodes dj,
Update episode count ty < tx_1 + dj and statistics nﬁ(s, a),ﬁfl(.].s, a) using Dy
if \/HBRF (t;,0/3)24~F < ¢ then stop and return p*
: end for

— = =
N =

—_
w

Remark 3.4 We remark that PCE is computationally efficient as it inherits the complexity
of CovGAME and ESTIMATEREACHABILITY, both of which require solving one dynamic
program in every round to compute the optimistic policy used by UCBVI. We now
present its theoretical properties. m

Remark 3.5 — Reachability. Thanks to its initialization phase, PCE can be used even
when Assumption 3.1 is violated. All triplets that have zero probability to be reached
are filtered out from the set X (line 3 of Algorithm 10), and COVvGAME always targets
reachable states. m

3.5.2 Sample Complexity of PCE

Theorem 3.3 Let p be the estimate of the transition probabilities that PCE outputs. For
any reward function r, let 7, be an optimal policy in the MDP (p,r). Then,

P (¥r € [0, 11547, [V{" (s137) = Vi'(suim) | < ) 2 1=,

Furthermore, with probability at least 1 — ¢, the total sample complexity of PCE satisfies

sup, p, (s)1(sup, pj, (s) > z5577)
52 h,s,

T < 6((H3 log(1/8) + SH4)<p*({

N S3A2H5(105g(1/§) + S)>’

where O hides poly-logarithmic factors in S, A, H, 1/e and log(1/6).

Perhaps the most interesting feature of this bound is that thanks to Lemma 3.2, the ¢*
term is at most SAH /2. As a result, a worst-case bound can be directly extracted from
Theorem 3.3:

~ (SAH! S?AH®  SSA*HP
T=0 ( = log(1/6) + = + 8 (log(1/5)+S)) .

Given that the minimax rate of RFE is of order Q(SAH3 log(laéé)+52AH3) (Jin et al., 2020;
Kaufmann et al., 2021), we conclude that PCE is minimaz-optimal up to an H? factor
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and low-order terms scaling in 1/¢. More interestingly, the next Lemmas provide benign
MDP instances where the complexity of PCE can be much smaller than the minimax rate
in terms of the dependence on the number of states.

Adaptive reward-free exploration
We define the simplified complexity

PCE(M75) = SO*([SlippZ(sva)]h,s,a)/52a (3'11)

which is an upper bound on the ¢* term of Theorem 3.3. We start by considering the case
where the MDP is actually a contextual bandit, but this fact is unknown to the learner.

Lemma 3.5 — Disguised contextual bandits. Suppose that M is a "disguised" contextual
bandit, i.e.,

V(h,s,a,s), pu(s'|s,a) = pn(s']s).

Then PCE(M, ) = A/e2.

Plugging the Lemma above into Theorem 3.3, we get a reduced sample complexity for PCE
of order:

~ (AH? SAH* = S3A?HP
T:O< = log(1/6) + 2t (log(1/5)+5)> .

For & small enough, the term in 1/e becomes negligible and we save an S factor compared
to the minimax rate.

Proof. In this case for any (h,s) and any policy 7, p}(s) = pn(s) is independent of the
policy. Thanks to the one-to-one correspondence between vectors in (M) and Markovian
stochastic policies (see Section 3.2.1) we may write

* T _ s
P pi(s allnsa) = If e =t

= inf max Pa(s) Sul)egpﬂh(aB)
merpellS s,a.h - pp(s)m " (als)
nf 1
= inf max ————
rerpellS s,h ming m, ¢ (als)

= A,

where the last equality is because (min, 7" (als))™! > A and the infimum over IT¥ is
achieved by the uniform policy. |

Ergodic MDPs
Let o, 8 € (0,1) such that « > . Further, define the set of probability vectors such that

S < 1 1551
Pa7,3:{qER+;qz:1, m?XQzSSa_ ,HlllnquS_l}
Note that such set is never empty since the vector (Sﬁfl, 13‘9_B;1,..., 1_55_[3171) always

satisfies the inequalities in its definition. We define the class of MDPs 9M,,, such that their
transition kernel satisfies

V(h,s,a), pu(.]s,a) € Pagp-
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Lemma 3.6 Assume that M € M.y, then PCE(M, ¢) < S*AH /&>

Therefore when the MDP is ergodic, the sample complexity of PCE is at most

~ (5*AH* S*AH®  SPAZHP
T=0 < = log(1/6) + 2 + e (log(1/6) + S)) ,

where a € (0,1). In other words, we gain a S'~ factor and the dependence on S is

no longer quadratic despite the fact that we estimate a transition kernel p of dimension
S?AH.

Remark 3.6 Note that the "ergodicity" of MDPs in M., can be as small as one wishes:
1— S

by taking the limit 8 — 1, the constraint ming py(s'|s, a) > ~ becomes vacuous so
the MDP can be non-ergodic. In that regime, « = 1 and we recover the minimax rate
(up to an H factor) SAH?/e2. "

Proof. First of all, we note that

Vrellp Vs € S, pi(s thl (s)pn(s|s’, mh_1(s thl yge-t = go-t,
s'eS s'eS
(3.12)
Similarly
- 1— 881
Vrellp Vs €S, pr(s) > <1 (3.13)
Now using Lemma 3.2 we have that
([ ( )] < i f Supﬂp;zr(s (I)
su s,a inf max —;
PP Oltesa) = 2 s M G () al)
) v 1 sup,. pj (s, )
a
= inf max —r— X inf max — - hi =)
;wewens s p T (s) (mrrCls)ep) o m T (als)
0+
© + Asup pZ(S)
= Z inf max ——7
— merrellS s Py (s)
T
—AZ inf maxw (3.14)

ﬂexpens S p;;ezp (S) ’

:=Cp,

where (a) uses that for h € [H] and any policy 7P, (pI" " (s))s and (7} P(als))a,s are
independent”, (b) solves the right-hand side minimization problem in (7" (.|s)) for a fixed
state s and (c) uses that sup, pj (s, a) = sup, pj(s) (the equality is achieved by playing the
policy that maximizes pj (s) then playing action a at (h,s)). Now fix h € [H] and denote
by 7° any policy in arg max, ¢ pf;(s). Further define the stochastic policy 7 such that

p% — ZSGS pﬂ
S

5The actions that a policy 7 plays at step h have no impact on the probabilities of reaching states
P™(sp = s) at that step.
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Using (3.13) we have that for all s € S,

s T _qB—-1 _
7 > sesPh (8) _ SUPren pi(s) + (S — 1)1 ss_l SUprer Ph(s) +1 — SB-1
ph(s) = > = )
S S S
(3.15)
Therefore
T T (a) S T
Cp= inf max 78112:@5’1(8) < max 7sup7£ph(s) < max Sl7lrp7r Ph(s) -
reepcIIS s j8 (S) s p;:(s) s SUPrerrp ph(g) +1—-9
. S
=max ————
1-551
A )
(2) S
< WA g 5

S
= < S«
1+ §l-a — §f~a = 5%
where (a) uses (3.15) and (b) uses (3.12). Combining (3.14) with the previous inequality
yields that ¢*([sup, p} (s, a)|h,sa) < STAH. [ |

The examples above suggest that, while RFE is by essence a worst-case problem where
one has to be robust to any reward at test time, there is still hope to adapt to the
“explorability” of the MDP.

Analysis of PCE

In this final section, we provide the full analysis leading to the proof of Theorem 3.4. To
simplify the presentation of the algorithm and the analysis, we index the counts as well as
the empirical estimates of transitions and rewards by their phase number. Hence, for each
triplet (h, s,a), nf(s,a) and pF(.|s,a) will refer to the number of visits and the empirical
transition kernel respectively after ¢ episodes, i.e. at the end of the k-th phase. Finally, for
a dataset of episodes D, ny(s, a; D) denotes the number of visits of (h, s,a) in the episodes

stored in D.

Good event

We introduce the following events

Evis 1= <The set built using ESTIMATEREACHABILITY ((h, 8); o7 35%) for all (h, s)
satisfies {(h,s) s sup, ph(s) > ﬁ} cCXc {(las) s sup, ph(s) > ﬁ}
ond ¥(15) € &, supe (s) < Wi(s) < 36sup, 77(5))

ERF = (Vk € N*,vr € TP, vr € [0,1]544

AT T us s 2
| S (7 (5.0) = pi(s, @) (s, )| < \/BRF% 5/3) oyt Sateay + )

"h
Eeov = <Vk € N, CovGame run with inputs (c¥,5/6(k + 1)?) terminates after at most
64my* (cF) + (5(mk<p*(1)?)SAH2(log(6(k +1)%/8) + S)) episodes and returns a dataset Dy,

such that for all (h,s,a) € X,ny(s,a; Dy) > cﬁ(s,a)),
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MmaXs a,h Cﬁ(saa)

where my = log, (m) V1 and SR is defined in appendix 3.9.2. Then our good

event is defined as the intersection

ERE = Euis NEFF N Ecop.

Lemma 3.7 We have that Py (Sg%gd) >1-06.

Proof. Let € denote the complementary event of £. We start by the following decomposition

]P./\/l (5£,fd) < P./Vl (Svis) + PM (gcov) + PM (SpW N gvis N Scov)'

Now we bound each term separatell First observe that applying Theorem 3.6 with
parameter €9 = ¢/4SH? yields Paq(Eyis) < 6/3. Second, using Corollary 3.1 we have

WE

Pt (Ecov) < P (CovGame with inputs (c*,8/6(k + 1)?) fails)
k=0
= 0 o
< — = — < §/3.
_Zﬁ(k+1)2 36 — /

e
Il
o

Next, note that by design of PCE nf(s,a) = np(s,a; Do) and & = 15 so that .y C
(V(h,s,a) € X, ny(s,a) > 1). Therefore we have

PM(%%F N Evis N Eeon) < IP>/\/((5]§%F7 {(h, s) :suppp(s) > 4;?} - 2?, V(h,s,a) € X ng(s,a) > 1)

=Py <{(h, s) :suppp(s) > 45’%} C /’i’\, 3k >03r e P Ire|o, 1]SAH :

us 2
‘ Y (B (s.a) —pZ(S,a))rh(s,a)‘ > | BRE(t,6/3) Y phk(si’a) n 5)
%,0,h (s,a,h)eX

(a)

< Py ({(h, s) :suppp(s) = 4;?} C X, 3t>ty3ren? Irefo,1]54 .

2

> 67 s @)~ v, @)mnls,0)| > | BRF(6/3) Y W+€)

nt (s,a 4
s,a,h (S,a,h)e.)? h( ’ )

®)
< 4/3,

where in (a) we introduced ¢y = inf{t > 1: n} (s,a) > 1,VY(h,s,a) € 2?} and switched back
to indexing counts and estimates by the episode number (instead of the phase) in order to
apply Theorem 3.1 in (b) with Z = {(h,s,a) : (h,s) € X} and gy = £¢/4SH?. Combining
the four inequalities above yields the desired result. |

Low concentrability / Good coverage of all policies

The next lemma shows that PCE achieves proportional coverage.

Lemma 3.8 Under the good event, for all phases &£ > 0, we have that

nﬁ(s,a) > ok suppp(s,a) Y(h,s,a) € X.

™
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Proof. First of all, note that for any triplet (h, s, a) € X ,sup,. p (s, a) is always attained by
some deterministic policy. Therefore, it is sufficient to prove that, given a fixed deterministic
policy 7 € TIP,

VEk > 0,¥(h,s,a) € X, nl(s,a)>2"pi(s,a).

We do this by induction over k. For k£ = 0 the result is trivial since, under the good
event, we have that for all (h,s,a) € X, nl)(s,a) > c)(s,a) =1 > 27 (s,a). Now suppose
that the property holds for phase k. Then under the good event we know that for all
(h,s,a), nﬁ“(s, a) — nfL(s, a) = np(s,a,Dgi1) > ciﬂ(s, aA). Plugging the definition of ¢*+!
(Line 9 of Algorithm 10) we get that for any (h,s,a) € X,

it (s.a) > k¥ (5,0)
— 2k+1Wh<s>
> 2M sup pfi (s)
s

= 2L sup pl' (s, a), (3.16)
™
where the second inequality uses the event &,;s. [ |

Correctness

Lemma 3.9 Let p be the estimate of the transition probabilities that PCE outputs. For
any reward function r, let 7, be an optimal policy in the MDP (p,r). Then

P (VT € [0, 1]SAH,‘/17}T(81;T) > Vi (s1;7) — 5) >1—0.

In other words, PCE is (e, §)-PAC for reward-free exploration.

Proof. Assume that PCE stops as phase k and let p* denote the empirical transition
estimates that it returns. Fix any reward function r = [r4(s,a)]n.sa € [0, 11947 and let
7 € argmax, <o (p™F)Tr be the policy obtained when planning for reward function r
under the transition model p*. Further define 7* € argmax, .o (p™) 'r, Vi := (p™ )T,
and Vi := (p™)Tr. Note that both 7 and 7* are deterministic. Therefore under the good

event ER vod we have

Vi = (™) "r
(a)

O PUTRP T  S L i
ny(s,a) 4

(s,a,h)EX
® . €
JNT
> (e - | BRF(t,5/3) ) E i o) 1
(s,a,h)€X
© TN\ T RF p * $,a RF pﬁ(s,a)z
> (") Tr— | BRE(t,6/3) Y — | B, 8/3) D A
=~ TL S,a Anh(saa)
(s,a,h)eX (s,a,h)EX
(d) €
_ RF( <
> Vi - 2\ /HBRF (1,6/3)2 -2

e)
Z Vl* -5
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where (a) and (c) use the good event &I for policies 7 and 7 respectively, (b) uses the
definition of 7, (d) uses Lemma 3.8 and (e) uses the stopping condition of PCE (Line
10 in Algorithm 10). Note that the inequality above holds, under the good event &yp0q,
jointly for all reward functions r. Since Ppq(Egooq) > 1 — 0, we have just proved that PCE
is (g,0)-PAC for reward-free exploration. [ |

Upper bound on the number of phases

Lemma 3.10 Define the index of the final phase of PCE,

= inf {k € N : \/HBRE (t,,6/3)2 < c}.

Further let 7 denote the number of episodes played by the algorithm. Then under the
good event, it holds that x; < oo and

32H 3R (1,6/3)

281 <

Proof. First, we prove that x; is finite. Under the good event, we have

k
tk:Zdj

M?r

[64mjcp (07) + (5(mjg0*(ll)?)SAH2(log(6(j + 1)2/5) + S))],

[
Il
o

maXs q,h Ci(sva)
ming q c{z(s,a)vl
291((h,s,a) € X) for j > 0 we deduce that mg =1 and m; < j Vj > 1 so that

where we recall that m; = log, ( ) V 1. Now using the fact that C‘;L(S, a) <

k
< 80+ 1)27p*(15) + O((j + Dp*(Lg) SAH?(log(4(j + 1)%/8) + )]
7=0

= Oj—o0 (K727). (3.17)
Now recall that the threshold % was defined in Appendix 3.9 as
BRE(t,6) := 4H?log(1/5) + 24S H? log(A(1 + t)) (3.18)

Combining (3.17) and (3.18) gives that

BEE (1., 5/3) = 000 (2F).

Therefore ry = inf {k € N : \/HBRF(t;,5/3)24~F < e} is indeed finite. The proof of the
second statement is straightforward by noting that £y — 1 does not satisfy the stopping
condition (Line 12 in Algorithm 10) and using the (crude) upper bound t,;, 1 < 7. [

Upper bound on the phase length

Lemma 3.11 Let k£ > 1 be such that PCE did not stop before phase k. Under the good
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event, the number of episodes played by PCE during phase k satisfies

dy < e kHBE (7, 5/3)¢*<F“pﬂp2(8)1 (Sul;rp?i@) = 3251{2)} )
h,s,a

N 6<kS3A2H5(log(6(€k +1)2/8) + S))7

where ¢ = 73728. Furthermore, the duration of the initial phase is upper-bounded as

dy < 6<S3A2H5(lo€g(6/5) 4 S)>

Proof. Using the good event and the definition of c* we write

di, < 64mkcp*<[2kWh(s)]l ((h, s,a) € 5('\) } ) + (5(mkcp*(]lf)SAH2(log(6(k‘ +1)2/6) + 5))

h,s,a
(%) 64k;¢*< [QkWh(s)]l ((h, s,a) € 2?)] > + O (ke* (1 5)SAH? (log(6(k + 1)%/6) + 5)),

(3.19)

h,s,a

maXs q h CI}CL (Sua')

where (a) uses that my = logy (mms T (an

) V1 < k. Now by definition of the good
event we have that for any triplet (h, s,a) € X, Wp(s) < 36 sup., p7(s). Therefore

@*([QkWh(s)]l ((h, 5,0) € ;?) L) © (p*([36 x 2% sup pf (s)1 ((h, 5,0) € ;?) ]h)
®) <[1152H5RF(T, 5/3) sup, pr(s)1 ((h, 5,0) € ;?)} )
h,s,a

< *
> c2

(© (s)1 T(5) > wrirm
< 1152HBRF(T,5/3)()0*<|:Sup7rph(8) (SHZ’;ph(S)— 325H2)] ) (3.20)
h,s,a

where (a) uses that ¢*(c) < ¢*(¢) if V(h, s,a) cu(s,a) < ¢}, (s,a), (b) uses Lemma 3.10 and
the fact that & < ky since PCE did not stop before phase k and (c) uses Lemma 3.12 and

the fact that X' C {(h, s,a) :sup, pp(s) > ﬁ} on the good event. Using again this last
property yields

1 ((h,s,a) € z‘?)

" (15)< o
3 Q2
_ Z lw()§32HSA’ (3.21)
su S g
(h,s,a)e)? Pr Ph

where the first inequality uses Lemma 3.2. Combining (3.19), (3.20) and (3.21) proves the
statement for k > 1. Now it remains to upper bound the duration of the burn-in phase. To
that end, we write that by definition of the good event

do < G4mog* (Lg) + O (0" (1g)SAH? (l0g(6/3) + ).
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maxg q,h C?L(s,a)

where mg = log, ( ——2% 52—
0 82 (mlnsymh cg(s,a)vl

) V1 =1. Therefore

do < O(p*(15)SAH?(log(6/5) + S))
6<S3A2H5(10g(6/5) + S)))

£

IN

where the last inequality uses (3.21). |

Proof of Theorem 3.3

Proof. Denoting by T,;s the number of episodes used by the ESTIMATEREACHABILITY
sub-routine in line 2 of the algorithm, we write

Kf
T = Thyis + Z dy,
k=0

_/G3 A2
< Tvis+O<S A*H (log(6/(5)+S)>
€

.- T(s,a)l T(s) > &
+3 [clkHﬁRF(T, 5/3)@([“‘3“”(5 @) (S‘;I;wph(s) > 323H2)] >
k=1 h,s,a

. 6<kS3A2H5(log(6(€/€ +1)2/6) + S))}

sup, p7 ()1 (sup, p} (8) > w5672
< This +Cll€?cHﬁRF(T7($/3)<p*<|: pﬂ'ph( ) ( I;gph( ) = 32SH2):| >
h,s,a

~< 5 S3A2HO (log(6(rf + 1)%/8) + 5)> (3.22)

+0
fif c

where we used Lemma 3.11 to upper bound (d)x>0. From Theorem 3.6, we know that Ty
is deterministic and satisfies

o 6<S3AH4 (log (357) +S)> _ 6( » SPAZH (log(6(ki +1)2/0) + )

; K2 : ) (3.23)
Combining inequalities (3.22) and (3.23) with the definition of the threshold B (¢,§) =

4H?1og(1/6) + 24SH31og(A(1 +t)) we get

™ < ey HB (7,5/3)¢" ( [S“Pw PR(s)L (sur;r Pi(s) > 32§Hz)] >
h,s,a

N 6(@ 53A2H5(log(6(lzf +1)2/8) + 5))

T ﬂ TT > £ 5
< eo? <H3 log(1/6) + SH* log(A(1 +r))) w*([supﬂph(s) (Suigph(s) —2250 )} )
h,s,a

~< o S3A2HP (log(6(kf 4+ 1)2/8) + S)) (3.24)

O
+ Hf -

where cg = 24c¢; On the other hand, thanks to Lemma 3.10 and the definition of the
threshold S%F we have that

128 H3 log(1/6) + 7685 H* log(A(1 + T))>_ (3.25)

<1
K < og2< =2
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Combining (3.24) with (3.25) and solving for 7 we get that

sup,. pj(s)1 (supﬂ pr(s) > 3256H2):| ) N S3AZH®(log(1/6) + S))
52 h,s,a € ,

T < (5(([—[3 log(1/6) + SH4)<p*<[
where O hides poly-logarithmic factors in S, A, H, e and log(1/6). |

Conclusion

We proposed COVGAME, a simple algorithm that adaptively collects episodes in an MDP
to explicitly gather a required number of samples ¢y, (s, a) from each triplet (h,s,a). We
proved that its sample complexity scales with a new notion of optimal coverage ¢*(c), which
is an instance-dependent lower bound on the sample complexity of any adaptive coverage
algorithm. We then illustrated the use of COVGAME as a building block for reward-free
exploration. By relying on (an optimistic variant of) proportional coverage, we proposed
PCE, an algorithm for RFE with an instance-dependent sample complexity bound that
improves over the minimax rate in several classes of "easy-to-navigate" MDPs.



3.8

3.9

3.9.1

Properties of the Minimum Flow

Lemma 3.12 For any a, 8 > 0 and target functions ci, ca, p*(ac1 + fea) < ap*(c1) +

By*(c2)-

Proof. Clearly, ¢*(ac1) = ap*(c1) by definition for any a > 0, ¢;. From the LP formulation,
we note that if 97 (resp. 73) is an optimal flow for ¢; (resp. c2), then 1] + 15 is a feasible
flow for ¢; + co. This implies that ¢*(c1 + c2) < ¢*(c1) + ¢*(c2) for any ¢y, co, which proves
the statement. [}

Concentration of Value Functions

In this appendix, we derive the concentration bounds on value functions needed for our
PAC RL algorithms. We shall assume that rewards lie in [0, 1] almost surely.

General results

Lemma 3.13 [Concentration of p7 V| Let Z C [H] x S x A, Z := |Z|, and {V}, : S —
[0, H] }he[rr+1) be a collection of bounded functions. With probability at least 1 — 4, for
any t > to = inf{t : nf (s,a) > 1,V(h, s,a) € Z},

Z n'ib(s, a)‘(ﬁib(s, a) — pr(s, a))TVh_H‘2 < 4H? log(1/6) + 27 H? log(1 +t).
(h,s,0)€Z

Proof. We start by building a suitable stochastic process to apply Theorem 1 of Abbasi-
Yadkori et al., 2011. Let F;} denote the filtration up to stage h of round ¢. For any
h € [H],t > 1, the random variable n}, := Vi 41(sh ) — pa(s},, al,)" Vi1 is zero-mean and
H?-subgaussian conditionally on F3 ;, due to the boundedness of the functions {V},} nelH)- Let
X! be a Z-dimensional vector containing a value 1 at position (h, sk, al) if (h, s}, a}) € Z,
and zero at all other positions. Note that X}tL is JF3 p-measurable, while nz is Fiht1-
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measurable. Let Y; := Z;Zl ST Xtnt. For all (h,s,a) € Z, we have

t
[Yilhsa = Zn(sz—sah—a) (Vi1 (sha) = push al) Vi)
7j=1

= nj,(s,a) (B (s, @) — (s, a)) Vht1.
Let Dy := 22:1 ZhH:1 X} (XE)T = diag([n} (s,a)](h,s,a)ez)- Theorem 1 of Abbasi-Yadkori
et al., 2011 combined with Equation 20.9 from Lattimore and Szepesvari, 2019 yield that

P(ve2 1 Yy

< 2H?*log(1/8) + ZH?*log(1 + t/Z)) >1-09.

Since nf (s,a) > 1 for any t > ty and (h,s,a) € Z, following Corollary 3 in Réda et al.,
2021,

Dt = d1ag([n2(s, a)](h,s,a)GZ) = (I + Dt)/27

which implies HYt||2D;1 <2 HYtH?HDt)—

above and using that HYtH2D—1 is exactly the left-hand side of the statement concludes the
t

, for any t > ty. Plugging this into the probability

proof. |

Lemma 3.14 [Concentration of p?V for all V] Let Z C [H] x S x A, Z := |Z|, and
V:={V:8 — [0, H|} be the set of all bounded functions mapping S into [0, H]. With
probability at least 1 — 4, for any functions {V}, € V}H+1 and t > to := inf{t : n}(s,a) >
1,V(h,s,a) € Z},

Z ny, (s, a)| (P, (s,a) — ph(s,a))TVhH‘2 < 4H?log(1/6) + 12(SH + Z)H?log(1 + ).
(h,s,0)EZ

Proof. Let Yy(Va, ..., VE41) = X s a)ez nt (s, a)| ([}, (s,a) — ph(s,a))TVhH‘Q denote the
quantity to be bounded for fixed functions Vj, € V for all 2 < h < H 4+ 1. Let {&}+>1 be a
sequence of positive values to be specified later. For all ¢, let =; := {&;,2&, ... |H/& &}
Note that |=| = [H/& | and, for all z € [0, H], there exists y € Z; s.t. |z — y| < &. For all
t, we build a discrete cover V; of V as Vt = {V S — [0,H]|Vs:V(s) € E}. For any t,
(Vi e VY and {V), € Vi) using 2% — y? = (v +y)(z — y) and abbreviating p (s, a)
and P}, (s, a) respectively as pp, s o and ]/52,87(1,

Ye(Va, .o, Vi) = Ye(Va, oo, Virg)|

= ‘ Z n;z(‘% a) (ﬁz,s,a - ph,s,a)T(Vthl + vh+1)(ﬁz,s,a - ph,s,a)T(Vthl — Vthl)
(h,s,0)€Z

<2H Z nzl‘/z(& CL) ’ (ﬁz,s,a - ph,s,a)T(Vthl - vthl)
(h,s,0)EZ

< 4HtVii1 — Vigiloo-
Therefore,

v H}}H;HH Vi(Va, ..., Vi) = YVi(Va, ..., V)| < 4HGt. (3.26)
hEVt
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Now let oy := 4H?log(1/6;) + 2ZH? log(1 + t) + 4H&t for a sequence {&;}; of values in
(0,1) to be defined. We have

P(at > t0, (Vi € VYL Yi(Va, .. Vi) > at)

< P<3t > t0, Vi €V  Vi(Va, .o Vi) > cu — 4H§tt>

[ee]
<> ) P(Yt(vz,...,vHH)z4H210g(1/6t>+2ZH21og<1+t))

t=to (v, eV}
<S> a=Y alH/E,
t=to [V, EVt}hH:; t=to

where the first inequality uses (3.20), the second one uses a union bound and the definition
of a4, the third one uses Lemma 3.13, and the equality uses the sizes of the two sets in the
sums. Setting & = H/t and 6, = M%,

= 6= 1
SH
D 0LH/G ST <D 5 <0
t=to t=to
Finally, with these choices we have
oy = 4H%log(1/0) + 4H?log(2) + 4H?log(t"H+2) 4 2ZH? log(1 + t) + 4H>

< 4H?%log(1/6) + 4H?log(2) + 128 H?log(t) + 2ZH?log(1 + t) + 4H?
< 4H?1og(1/6) 4+ 128 H? log(t) + 12ZH?log(1 + t).

This implies the statement. |

Lemma 3.15 [Concentration of 7| Let Z C [H] x S x A and Z := |Z|. With probability
at least 1 — 4, for any t > to := inf{t : n},(s,a) > 1,V(h,s,a) € Z},

Z ny, (s, a) (77, (s,a) — rp(s, a))2 <4log(1/0) + 2Zlog(1 +t).
(h,s,0)EZ

Proof. Following the proof of Lemma 3.13, we build a suitable stochastic process to apply
Theorem 1 of Abbasi-Yadkori et al., 2011. We define F; 4, X}i, Y, D; exactly as in the proof
of Lemma 3.13, while we redefine 77;1 = r}; — rh(s’;l, afl), with r}; the random reward sample
observed at stage h of episode ¢. Since rewards lie in [0, 1] almost surely, nfl is zero-mean and
1-subgaussian conditionally on F; ;. Moreover, it is easy to see that, for all (h,s,a) € Z,

Yilhsa = ni(s,a) (T (s, a) = ru(s, a)).

Theorem 1 of Abbasi-Yadkori et al., 2011 combined with Equation 20.9 from Lattimore
and Szepesvari, 2019 yield that

IP’(W > 1, V() s < 2l0g(1/8) + Z log(1 +t/Z)> >1-4.

We can then conclude exactly as in Lemma 3.13 by showing that HYt Hz—l <2 HYt H?I"rDt)_l
t
|

for any t > ty, which implies the statement.
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3.9.2 Concentration results for RFE

For reward-free exploration, it is sufficient to concentrate the values of all deterministic
policies. Our concentration result stated below features the threshold function

BEE(t,8) == 4H?log(1/6) + 24SH3 log(A(1 + t)).

Theorem 3.4 Let Z2 C [H] x S x A and Z := |Z|. Suppose that, for some g > 0,
max, pj(s,a) < g for all (h,s,a) ¢ Z. With probability at least 1 — §, for any
t > to == inf{t : nl(s,a) > 1,Y(h,s,a) € Z}, = € IIp, and reward function r € [0,1]54H

o 2

‘ S (B (s, a) — f (s, @))rals, a)) < |BRE(5) Y pht(si’a) + (SH — Z,)Heo,
ny, (s, a)

h,s,a (h,s,0)EZ

where Z; := |ZN{(h,s,m(s)) : h € [H],s € S}|.

Proof. Fix any reward r and deterministic policy w. Let V;" and ‘7}? ' denote the value
functions of 7 under (p,7) and (p?,r), respectively. By Lemma 3.16 and the assumption on
the set Z,

> 07 s.a) ~ s @) rats,a)| < 3 pis, )| B, @) = pals. @) TV

h,s,a h,s,a

< S Hi(s,0)|(Bh(s,a) — pn(s @)V +
(h,s,a)EZ

+ (SH — Z)Hey.

By applying Lemma 3.14 on the set Z; = Z N {(h,s,m(s)) : h € [H|,s € S}, whose
cardinality is at most SH, and union bounding over all A9# deterministic policies, with
probability at least 1 — ¢, the following holds for all t > tg, m € IIp, and value functions
bounded in [0, H]:

o nhls ()| Bh(s, ma(s) = puls, ma(s)) Vi | < 87 (2, 0).

(h,s,mp(s))EZ

Thus, by Lemma 3.17,

> b a)|@h(sa) ~pa(s. ) TTA = Y0 BBl () — pns ()T
(h,s,0)€Z (s,mh(s),h)EZ

< sup. > PE(s)usp
u€eER s h ez
S ooy a2 <67 1.5) TN

= |prrsy 3 PR

(h,s,a)€EZ nh(s’ a)

3.9.3 Concentration results for BPI

For BPI, we need concentration bounds on ‘171” — Vﬂ that hold uniformly across all
time steps and stochastic policies. Here ‘Zﬂ’t = hsa pﬂh’t(s,a)ﬁl(s, a), where 77 (s, a) is
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the MLE of r4(s,a) and pA”h’t(s, a) is an estimator of pf(s,a) computed from the MLEs
{Pr(5'|s,a)}n.s.a,s Of the transition probabilities. To this end, we shall define the thresholds

B7(t,0) := 4log(2/0) + 2SAH log(1 + t),
BP(t,8) := 4H?log(2/0) + 24SAH? log(1 + t),
BEPi(t,8) := 16 H? log(2/6) + 96SAH3 log(1 + t).

Compared to SR (t,6), we note that 3%Pi(t,§) features larger multiplicative constants but
also a dependency in A instead of log(A) in its second term which comes from the need to
concentrate the values of all stochastic policies.

Theorem 3.5 With probability at least 1 — §, for any ¢ > ¢y := inf{t : nl(s,a) >
1,V(h,s,a)} and 7 € Ilg, the following holds:

V= vr| < | Bice, ) min (3 Ph(£,0)° o~ p”h’t(s,a)2>
1 1| = ) ) nz 7 0

h,s, nZ(Sa CL) hes (S CL)
Moreover, for any 7 € [0, 1]SAH7
| @7 (s,0) = pi(s, ) (s, 0)| < | B(E0) S AGL
! N nt (s, a)
G h,s,a

Proof. Fix any stochastic policy 7. By Lemma 3.16,

[V =V <> pis,a)[Fh(s.a) — rals,a)| + D pii(s.a)| (Bl (s, a) — pi(s,a) TV .

h,s,a h,s,a

By applying Lemma 3.15 and Lemma 3.14 for the set Z = {(h, s,a) : h € [H],s € S,a € A},
which is of cardinality SAH, with probability at least 1 — 4, the following hold for all ¢ > ¢
and for all value functions (V3 )pe(m) supported in [0, H]:

> nh(s.a)[Fh(s,0) = (s, a)[* < 87(2,0),

h,s,a

S 0k (s,0)| (B (s,a) — pals,a) Vi | < B7(t,6). (3.27)

h,s,a

Thus, by Lemma 3.17, optimizing over the deviations as in the proof of Lemma 3.4,

T PP gp AU PRI gf 1l

h,s,a nh(s’ a) h,s,a nh(s’ a)

Using that 37 (t,0) < BP(t,0) and noting that 5%(t,8) = 4P (t, §) proves the first statement
with the first term in the minimum only. To prove it with the second term as well, it is
enough to use Lemma 3.16 with the roles of the two value functions swapped and repeat
the same steps as above.
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To prove the second statement, we proceed as in the proof of Theorem 3.4 and write

> @ (s.0) — i, )n(s,a)| <Y pils,a)| B (s @) — pas, a) T,

h,s,a h,s,a

< sup > Ph(s,a)unsa
ueRSH

h,s,a
Zh,s,a n2(57a)ui,s,a§6p(t,6)

where we used Lemma 3.17 and together with inequality (3.27). |

3.9.4 Auxiliary results

Lemma 3.16 — (Lemma E.15 of Dann et al., 201 7). Consider two MDPs with transitions
p, D and rewards 7,7, respectively. Let V;", V;™ denote the value function of a (possibly
stochastic) policy 7 in these two MDPs. Then, for any s, h,

H
Vi (s) — Vir(s) =E" [Z (W(Se, ag) — Te(se, ae) + (pe(se, ar) — Pe(se, ae))TVg%) Sh = 8] :
=h

Lemma 3.17 Let n € N, p,b € R" with b having strictly positive entries, and ¢ € Rx>.
Then,

Proof. Let v be the value of the optimization program. Then we know that

n
o= it =S pa .
v Inf Zplxl (3.28)
Sy biai<e =1

The Lagrangian of the quadratic program above writes as

L(x,\) = —En:pixi —i—)\(ibix? — c>,
i=1 i=1

where A > 0. The KKT conditions then yield that the optimal solution satisfies that

_ b
2\b;

Vi € Hl,nH’ T; =

n

2
E bix; =c
i=1

Solving this system yields that the optimal Lagrange multiplier A = which implies

T3
Il
s
<2

iz

2
that the value of (3.28) is —y/e¢ >0, 2. [ ]

<
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Estimating State Reachability

Let A be a regret minimizer that has a small regret for a (fixed) reward function r. If
we set this reward function to r,(l]}”s)(s’,a’) = 1((s’ = s,/ = h)) for a target pair (h,s)
intuitively the regret minimizer will visit as much as possible state s in step A and the
total reward collected by the algorithm, n} (s) = > . 4 nl (s, a), will be close to t x W (s),
where the maximum visitation probability Wy (s) = max, p} (s) is actually the optimal
value function in the MDP with reward function r»*). The empirical number of visitations

can thus be used to estimate the unknown visitation probability.

This idea is already at the heart of the initialization phase of the MOCA algorithm
(Wagenmaker et al., 2022a), which relies on repeatedly running the Euler algorithm. We
propose a slightly simpler version below, that doesn’t need any restart and relies on a generic
algorithm A" satisfying some first-order regret bound scaling with a quantity Ri(T), as
specified in the following theorem. ESTIMATEREACHABILITY ((h,s);&0,d) outputs a valid
confidence interval [W,,(s), W(s)] on the value of W}, (s), which can be further used to
eliminate all (h, s) whose maximum visitation probability is smaller than a target .

Algorithm 11 ESTIMATEREACHABILITY ((h, s); &0, 0)

1: Input: Step h, state s, threshold ¢ > 0, failure probability 6 € (0,1), regret minimizer
.AH

2: Output: An interval [W,,(s), Wp(s)]

3 Compute T = T(o, 8) = inf {T € N: 4RY,(T) + 61og (1) < 3T}

4: Collect T episodes {(s!,al,..., sk, al;) }i<r using A with reward 7,/ (s',a’) = 1((s' =
s,h/ = h)) and confidence 1 — /2
5: Let nl(s) = Zthl 1(s! = s) be the number of visits of (h, s)

nf (s) 2n£ (s)

6: Deﬁnewh(s):< h —i—%)\/OandWMs)z( b —l—%’)/\l

Theorem 3.6 Assume that, for all (h, s), when A" is run for the reward function r = (%)

and confidence 1 — § up to some horizon T' € N, with probability larger than 1 — 9,

T

T
STV (siir) = YV (s157) < \/Rgl(T)TV*(sl; ) + RY(T). (3.29)
t=1 t=1

For all (h, ), let [W,,(s), W1(s)] be the output of ESTIMATEREACHABILITY (h, s; &9, 6/(SH
and define N c
= : > — 0.
X ={(hs): Wy () > 2}

With probability 1 — 4, the following holds:

e For all (h,s), Wi(s) € [W,(s), Wh(s)]

o {(h,s): Wh(s) > eo} C X C {(h,s): Wp(s) >}

e For all (h,s) € X, Wp(s) < 36Wy(s). R
Moreover, the (deterministic) sample complexity necessary to construct X is

4
T.,(8) :== SH X inf {T eN":TeN: 4R5H/(2SH)(T) + 6log <5> < TT} .

In particular, using UCBVI as the regret minimizer, we have T;,(6) = O =

5 <s2AH2<log<S/3H>+s>> |
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Proof. Let T' = T'(eq,d) be the (deterministic) number of episodes of ESTIMATEREACHA-
BILITY ((h,s);e0,9), which satisfies

4 1
AR)(T) + 6log (5> <agl for o= (3.30)

The analysis relies on the first-order bound on the regret of A" assumed in (3.29) and on a
tight control of the martingale

Sh - S p;;t (5)} 3

IIMﬂ

where p7(s) = pj(s,m(s)) is the probability to reach s under policy w. Observing that the
increment of this martingale is bounded in [—1, 1] and that its variance is upper bounded
by Wh(s), we can use Bernstein’s inequality to get that

e (s < [arscoos (1) + 21 (3 ) 21

Remarking that the regret of A for the reward function r = ("% can be written

\V)

T T
STVE(siir) = YV (s157) = TWi(s th = TWi(s) —ny, (s) + My

and that nl (s) < TW),(s) + My, we obtain that with probability larger than 1 — 4, the
following two inequalities hold:

Ra/alT)TWa(5) + Rpa(T) + \/2 g (3) T (5) + 3 og (ﬁ)]

TWi(s) > nf(s)— [\/2 log <§) TWh(s) + glog <§)]

Using the AM-GM inequality above, this first yields
nh (5)/2 = g(6) < TWi(s) < 2nj, (s) + f(T,9),

where f(T,8) 1= 4Rs/o(T) + §log (%) and g(0) := %log (%). Observing that g(0) <
1f(T,6) and f(T,8) < aeoT by inequality (3.30), we get

iy (s) > TWh(s) —

T T
ny (s)  aego 2n;, (s)
- <W <
or 1 = Whe) s —p— Fas,
which also implies
Wi(s) aeo _ nl(s) agq
——< < 2W —_—.
2 2 7 S+
As the output of ESTIMATEREACHABILITY ((h, s);€0,d) can be written

AR (”W ) Vo)

5T (271;‘7;(8) + a€o> A 1}

and we get that with probability larger than 1 — §:
1. For any value of Wp,(s),
Wi(s) aeo —

R < Wh(s) < Wh(s) < Wh(s) < AWh(s) + 2ago.
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2. If Wi(s) > eq, then Wy(s) € [Eh(s),zh(s)] € (22 W(s), (4 4 2a) Wi(s)].
3. If Wh(S) iﬁo, then Wh(S) € [Eh(s), Wh(S)] S [0, (4 + 204) 80].
Now if [W,,(s), W(s)] is the output of ESTIMATEREACHABILITY ((h, s);e,d/SH) and

~

B s w( = 152}

we deduce that, with probability 1 — §:

o (h,s) with Wj,(s) > &g are all in X.

e Since W (s) < Wi(s), any (h, s) with Wj,(s) < 3=2%¢; does not belong to X,
This proves that {(h,s) : Wy(s) > g0} € X C {(h,s) : Wi(s) > 152%}. To prove
the last statement we remark that for (h,s) € X, if Wy(s) > £o, we have by 2. that
Wh(s) < (4 + 2a) Wy(s) while if W,(s) € [1=2%e0,£9) we have by 3. that

4+ 2a
1 -2«

Whis) < (4+2a)eg <4 Wh(s)
Plugging the value a = 1/4 yields Wp,(s) < 36W},(s) in both cases.

To get an upper bound on the number of episodes used by an instance of ESTI-
MATEREACHABILITY, we need to find a T that satisfies

16 5 24 SAH
For UCBVI, Theorem 19 of (Al-Marjani et al., 2023) yields a regret bound with Rs(T) =
25625 AH (log (%) + 65) log?(T +1). Using the inequality log?(z) < 4/ we get a first
crude upper bound on T by solving a quadratic equation which gives the final scaling by
plugging back this crude bound in (3.31). |






4. Implicit Policy Eliminations for Efficient
e-BPl

In this chapter, we present an asymptotic instance-dependent lower bound for the sample
complexity of e-Best Policy Identification (e-BPI) in episodic MDPs, see Section 1.4.1.
Then we design PRINCIPLE, an algorithm for this problem based on the idea of implicit
policy eliminations. The lower bound is based on some (yet) unpublished results, while the
algorithm comes from Appendix F of the conference paper:

Aymen Al Marjani, Andrea Tirinzoni, and Emilie Kaufmann. Active Coverage for
PAC Reinforcement Learning. In Proceedings of the 36th Conference On Learning
Theory (COLT), 2023.
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Instance Dependent Lower Bounds

In this section we consider the class 9911 of stochastic MDPs with Gaussian rewards of unit
variance, in which v, (s,a) = N (r(s,a),1). While this setting differs from the standard
assumption that the rewards are almost surely in [0, 1], there are two reasons which, in our
opinion, justify its study. First, this setting has proved useful in previous works to derive
closed-form lower bounds that scale with intuitive quantities such as the return gaps, see
(Dann et al., 2021) and (Tirinzoni et al., 2022). Second, as we will see shortly, the resulting
lower bound is nearly matched by an algorithm that assumes that the reward distributions
are sub-gaussian.

Notation: II° := {7w € IIp : V{"(s1) > V*(s1) — €} refers to the set of all deterministic
e-optimal policies. Denoting by P™ (resp. E™) the probability (resp. expectation) operator
induced by the execution of a Markovian policy m € Ilg for an episode on M, we let
V= E“[Zthl Rh‘sl] be the value function of 7 at the initial state'. The policy gap
of 7 is then defined as A(m) := V| — V7, where V" := max e, V{" is the optimal value
function at s;. We further define the minimum policy gap Amin(IIp) := ming e\ (ry A7),
where 7* is an arbitrary optimal policy (i.e., V/7 = V}*). Note that Api(Ip) = 0
whenever multiple optimal policies exist. Moreover, we denote the visitation probability
of (h,s,a) under 7w as pj(s,a) := P"(s, = s,ap = a) and pj(s) := P"(s, = 5). We let
Q= {(p}(s, a))h@a :m € IIg} the set of state-action distributions generated by stochastic
policies. We recall that

*

Q(M) = {p € RiAH : ZaGA pl(sva‘) = 17Za ph(sva) = Z(s’,a’) ph_1(5/7a/)ph_1(8|8/,CL/) V(h,s) }

General lower bound for near-optimal policy identification

Our first result is a general bound that holds for any £ > 0 in the regime § — 0. Its proof,
which follows the same steps as the proof of the lower bound for e-Best Arm Identification
(and other pure exploration problems) of (Degenne & Koolen, 2019), is deferred to Appendix
4.6.

Theorem 4.1 Any e-BPI algorithm that is (e, 0)-PAC for all instances in 9%; satisfies, for
any M € My,

e Eml7]
11%[;15& Toe(1/5) > LB(M,e¢)

where

o (pF (s, a) = pf (s, 0))”
LB =2 .
(Mo2) 3= 2 B3 8800 885 2 (s ) (A(R) — A() + o7

Theorem 4.1 states that no matter how adaptive an e-BPI algorithm is, there is a minimal
cost in terms of episodes that it must pay in order to learn an e-optimal policy of M. This
cost is problem-dependent since it is a functional of M, the MDP to be learned. A more
detailed interpretation of the complexity LB(M,¢) is further provided in Section 4.1.3. We
note that one can get rid of the assumption of unit variance simply by multiplying each
term of the sum that appears in LB(M,¢) with a,%sa. This gives a lower bound for MDPs
with Gaussian rewards where the (known) variances may vary across triplets (h, s, a).

1Since we consider episodic MDPs where the initial state s; is fixed, we drop it from the notation of
value functions.
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Finite-risk bound for exact identification

In the case of exact identification (i.e. ¢ = 0), we derive a lower bound which is valid
for any 6 € (0,1) under the assumption that the optimal state-action distribution is
unique.

Assumption 4.1 We assume that there exists p* € Q(M) s.t. for any optimal policy 7*
(i.e., with Vfr* =S ‘/1*) we have pﬂ'* = p*.

Note that this is assumption was considered in (Tirinzoni et al., 2021). As shown in
that paper, it implies that there is a unique optimal action in states visited with positive
probability by some optimal policy, but there can be arbitrarily many optimal actions in
all other states.

Theorem 4.2 Fix any MDP M € 9M; s.t. the optimal state-action distribution p* is
unique. Then, for any (0, §)-correct e-BPI algorithm,

(pf (s, a) — pj(s,a))? log <2.tl5) .

Epm([7] > 2min max 5
peQ X(wa)lgo cah pn(s, a)A(r)

Remark 4.1 When S = H = 1 and the optimal action a* is unique, the bound above
reduces to 2 ZQE[K] Aigv where Ag« := ming4qx A, and A, := p* — p, for a # a*. This
is, up to a universal constant, equal to the lower bound for best-arm identification in
Gaussian multi-armed bandits, see Lemma (Garivier & Kaufmann, 2016). n

Proof. The idea is to compute, in closed form, the smallest KL divergence between the
distribution of the observation under the MDP M and under an alternative M that
has the same transitions but a different mean reward function r!. Let n](s,a) :=
Y i1 L(sp = s,ap = a) denote the number of visits to the triplet (h,s,a) until the last
episode. By an analogue of (1.39), the KL divergence between distributions of observations
under M and M takes the simple form

(r,/f”d(s,a)frﬁ’1 (s,a)) ?

KL(PMaPM’) = Z EM[”E(S?GH 2 )

h,s,a

where we used that within the class 9; reward distributions are GGaussian and the transition
kernel is the same as that of M. Note that, since p* is unique, any §-correct algorithm
satisfies Paoq(V = V}*) = Payq(p™ = p*) > 1 — 6. Now fix a sub-optimal policy 7 (i.e., with
A(m) > 0). The closest alternative M where 7 becomes better than any optimal policy of
M can be computed by solving the quadratic program

it Y B (s, ) O OE SO
T AN 2 2% (p5(5,0)—pj (5,0))*
s,a,h s,a,h E[n] (s,a)]

By d-correctness, in such closest alternative we have ]P’ﬂ(pﬁ = p*) < 4. Then, by an
analogue of Lemma 1.1, for any = with A(7) > 0,

A(m)?

1
> log () :
(p7 (s,a)—p? (s,a))? 2.4
2 Zs,a,h % ’
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The final lower bound is obtained by solving the optimization problem

minimize Z m(s1,a),
a

nERSAH
subject to
Znh(s,a) = Zph,1(5|s',a')nh,1(s',a') VseS,h>1,
a s’ a’

m(s,a) =0 VseS\{s1},a€ A,

T(s,a) — pr(s,a))?
2log (215) Z (i ( ’ﬁ)h(si}ll)( L) < A(m)? Vi A(n) >0,

s,a,h

where we performed the change of variable (s, a) = E[n] (s, a)] and used that 7 must satisfy the
navigation constraints. Note that the last constraint is equivalent to

L > o M1, @) (PE(s,a) — ph(s,a))?
2log <2,45> A (D50 % (5 a) h A(W)g < za:m(sl, a) (4.1)

Finally, we apply the change of variable

nh(saa)

Yam(si,a)

It is straightforward that p € Q(M) is a valid state-action distribution. Replacing by p in the
LHS of (4.1) and plugging back into the optimization program yields the stated lower bound. W

v(ha S, a)7 ph(sva) =

Interpreting the lower bound

While the expression of the lower bound might seem mysterious at first glance, we provide
below a possible interpretation in terms of the reduction of some confidence intervals, in the
simpler setting of known transitions and unknown reward distributions. Our explanation
hinges on the following concentration inequality, proved in Appendix 4.7.

Lemma 4.1 Assume that the rewards are in [0, 1] almost surely. For any policy 7 € Ilp,
define the estimator V™" := > hsaPh (S a)7} (s, a), where 77 (s, a) is the MLE of rj(s, a)
using samples gathered until episode ¢. Then the event

/ 2
£ = <Vt > ty, Vm, ' € Ip, |(V™ = V") — (V7 — Vi) < \/ﬂ’"(t,é) 5> 60 ot (o) )

nt S,a
hsa 1 (5,a)

holds with probability larger than 1 — 6, where to := inf{t : nl(s,a) > 1,V(h,s,a) €
[H] x S x A} and " (t,0) := 4log(1/0) + 4SH log(A(1 +t)).

Suppose that a learner explores the MDP M using a fixed (stochastic) policy 7P whose
state-action distribution is p. Then, after playing 7P for K > 1 episodes, E[n (s,a)] =
Kpn(s,a) so that the size of the confidence interval on Vi~ — V{* should roughly be

c 2
\/ﬁr(t,é) Yohsa (ph(s}(?p;?ga()s’a)) . Now, if the learner wishes to test whether 7° is e-

optimal it has to determine the sign of V" — Vi* + ¢ for all other policies 7. To do
that, it is sufficient to shrink the size of the confidence interval on Vi — V™ below
SV — VI +¢| = 3|A(r) — A(7°) + €| for all policies 7. Solving for the minimal K that
satisfies the previous conditions, we see that playing roughly

(Pi(s.0) = P (5:0))”
— pn(s,a)(A(m) — A(7f) 4 ¢)?

&y

K(m®P, 7%) o log(1/d) max

w€ellp
S
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episodes using the exploration policy 7**P is enough to determine whether 7¢ is e-optimal.
Since the learner has the liberty to return any e-optimal policy using any exploration policy,
the lower bound corresponds to the minimum of K (7P 7¢) w.r.t to these two variables.

Towards a Matching Upper Bound

In this section, we review the existing problem-dependent upper bounds for the e-BPI
problem (with £ > 0). As we will see, a recent algorithm proposed by (Wagenmaker &
Jamieson, 2022) nearly matches the lower bound of Theorem 4.1.

¢-BPl with a generative model (Zanette et al., 2019) were the first to propose an
instance-dependent e-BPI algorithm, called BESPOKE. In infinite-horizon tabular MDPs
with a discount factor v € [0,1) and when the algorithm has access to a generative model,
BESPOKE finds an e-optimal policy with a sample complexity of at most

~ . 1 Var[R(s,a)}Jr'szars/N Is.a [V*(s")] 1 1
O< |: 5,0 T <(1—7)362 ’ maX(A(s,a),(li('yl)e)% + (1—y) max(A(s,a),(l—'y)s)>:| log (3) > ’

where A(s,a) = Vi (s) — Q34(s,a) is the value gap of state-action pair (s,a) and Var
denotes the variance operator. This bound is always smaller than the conjectured minimax
rate for this setting (Azar et al., 2013). For the setting of episodic linear MDPs (Jin et al.,
2019), the GSS-E algorithm by (Taupin et al., 2022) solves a G-optimal design to determine
the sampling frequencies of each state-action pair. The sample complexity of GSS-E is

upper bounded by 5(%(10@1/5) + d)), where Aypin (M) = ming 427+ (5) A(S, @)

is the minimum value gap in M. Up to horizon factors, this result improves upon the
Q(d?H?/£?) minimax bound for this setting (Wagenmaker et al., 2022b) whenever the
minimum value gap in M is large.

Online =-BPI On top of the sub-optimality gaps which characterized the bounds when a
generative model is available, the problem-dependent complexities in online e-BPI feature
an additional component, namely visitation probabilities. These constitute the price
that online e-BPI algorithms pay in order to navigate the MDP and collect observations
from distant states. Most existing results on the sample complexity are of the form

P at,Alg <T =0 (CAlg(M, e) log (%))) > 1 — 0, where Calg(M, €) is a complexity measure
corresponding to a given algorithm Alg and the O notation is used to hide numerical

constants and logarithmic factors in S, A, H,1/¢ and log(1/d). For example, for the MOCA
algorithm (Wagenmaker et al., 2022a) obtain

1 1 Wh(s)2>+ H*|OPT(M,¢)|

o
_ 72 i i
Cvoca(M,e) = H hzl el e (s, a) i (Ah(saa)27 &2

wexPellg s,a ph 52

where Ay (s, a) := Vi (s) — Qj (s, a) is the value gap of triplet (h, s,a), Wj(s) = sup, pj (s) is
the maximum reachability of state s at step h € [H] and OPT(M, ¢) is a set of near-optimal
triplets (h,s,a). In the above bound, the contribution of a triplet (h,s,a) to the total
complexity will be small when either (i) its value gap Ay(s,a) is large or (ii) it is hard to
reach by any policy, that is Wj,(s) < e. This "local complexity" of (h, s, a) is weighted by
1/pT"" (s, a), which is the (expected) number of episodes that the algorithm needs to play
in order to reach (h, s,a) when using 7P as an exploration policy. Subsequent works have
proposed alternative local complexity measures featuring policy gaps instead of value gaps
(Tirinzoni et al., 2022; Wagenmaker & Jamieson, 2022). Policy gaps can be larger than
value gaps, notably in deterministic MDPs (Tirinzoni et al., 2022).
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PEDEL: A close to optimal algorithm

Among algorithms whose sample complexity is expressed with policy gaps, the PEDEL
algorithm proposed by (Wagenmaker & Jamieson, 2022) has the complexity term which
looks the most like the complexity measure in our lower bound. PEDEL can tackle the
more general setting of identifying a near-optimal policy in linear MDPs (Jin et al., 2019).
Its instantiation to the special case of tabular MDPs yields a sample complexity whose
leading term is

Coror (M.e) = H' s e

PEDEL ,E) = min max s

£ peQ) mellp £ pr(s,a)(A(m) VeV Apin(Ilp))?

ignoring some additive second-order term which is polynomial in S, A, H,log(1/4) and
log(1/€). The next proposition, proved in Appendix 4.8, compares this complexity measure
to the lower bound.

Proposition 4.1 For any MDP M, it holds that

4HS
(E V Amin(HD))T

CpeDEL(M, €) < 8H LB(M,¢) +

This result shows that for MDPs in which the minimum policy gap is a constant w.r.t other
problem parameters Ay (IIp) = Q(1), the complexity Cpgpgr (M, €) is only an H® factors
away from the instance-dependent lower bound. The same conclusion holds when we are
interested in the regime ¢ = Q(1).

Remark 4.2 Upon close inspection of its pseudocode, it seems that PEDEL was designed
with the implicit assumption that e = O(H/d%/?), where d is the dimension of the linear
MDP (d = SAH in our tabular setting). This results in cases, e.g. if ¢ = Q(1/d), where
the true sample complexity of PEDEL can be d times larger than Cpgpgr,(M,¢e). We
elaborate on this in Appendix 4.8.2. m

Proportional Coverage with Implicit PoLicy Elimination

Basic intuition

We now present PRINCIPLE, an algorithm for e-BPI, which uses COvGAME as a subroutine
for exploration. Recall that in the PCE algorithm of Chapter 3, we sought to achieve
good proportional coverage w.r.t. the set of all policies, i.e., by requiring that n’fb(s, a) >
2k SUD,err, Ph (8, a) for all h, s, a, k. This is due to the “worst-case" nature of RFE, where
any policy can be potentially optimal for some reward function at test time. On the contrary,
the mean-reward r is fixed in BPI, a property that we can leverage to perform more adaptive
exploration. A natural idea, which led to the tight theoretical guarantees on PEDEL that
we saw earlier, is to eliminate policies as soon as we are confident enough that they are
sub-optimal. This helps the algorithm adapt its exploration to focus on policies of higher
value. The same idea was also used by (Tirinzoni et al., 2022) to perform near-optimal
e-BPI in deterministic MDPs. Unfortunately, while (Tirinzoni et al., 2022) managed to
achieve so in a computationally efficient manner for deterministic MDPs, PEDEL needs
to enumerate all policies to do the same in stochastic environments, hence yielding an
exponential time-memory algorithm. Our strategy, PRINCIPLE, achieves a policy-gaps
dependent sample complexity while remaining computationally efficient. Its pseudo-code is
reported in Algorithm 12.
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Implicit policy eliminations The key idea is to replace the explicit policy eliminations of
PEDEL with sequential constraints on the set of state-action distributions corresponding
to high-reward policies. While PEDEL computes at each round k a set of policies IT* that
contains an optimal policy with high probability, PRINCIPLE computes a set of state-action
distributions Q¥ that w.h.p contains the distribution vector [ﬁz*’k(s, @)]h,s,q of some optimal
policy 7 under the empirical transition model 7*. In particular, PRINCIPLE maintains,
at each phase k, a high-probability lower bound K]f on the optimal value function V|*
computed as

vh = sup S puls, a)f(s,a) — /22 KHBWi(11,,5/3),
PEQ(DP™),
max pp (s,a) /nf (s,0) <27 e

where %(t,8) o« H?log(1/6) + SAH?loglog(t) and Q(p*) is the set of valid visitation

probabilities in the empirical MDP whose transition kernel is p*. As common, K’f is

computed by subtracting a confidence interval to the maximum expected return estimated

on the empirical MDP defined by (p*,7%). A notable exception is that we focus only

on state-action distributions that are well-covered by the current data, i.e., such that

max ph(s,a)/ni(s,a) < 27%. Then, PRINCIPLE defines a set of “active” state-action
a

i)

distributions as

o = {peat): ¥ pmls.arhlsna) 2V maxpn(sa)/nf(s.0) <27+

7s7a
h,s,a

Intuitively, p is active at phase k if (1) it is a valid state-action distribution in the
empirical MDP with transition probabilities p*, (2) it induces an estimated expected return
Zh@a pn(s, a)7¥(s, a) larger than V¥, and (3) it is well-covered by the current data. Then,
as compared to PCE, PRINCIPLE simply replaces the quantity sup, ¢, pf(s,a) in the
target function used for COVGAME at phase k with sup,cqr-1 pn(s, a), i.e., it restricts the
exploration to active state-action distributions. In our analysis, we show that with high
probability, state-action distributions corresponding to optimal policies are never eliminated
from QF and V¥ gradually approaches V}* from below. That is, Q¥ is dynamically pruned
to contain only distributions corresponding to higher returns, hence achieving implicit
eliminations of sub-optimal policies.

Computational complexity The computations of V¥ and Sup k-1 P8, a) amount to
solving standard constrained MDPs, which can be done by linear programming (e.g., Efroni
et al., 2020). Moreover, PRINCIPLE does not store the set QF but only its associated
constraints, whose number is linear in SAH. This implies that PRINCIPLE, unlike PEDEL,
requires polynomial (in SAH) time and memory.

4.3.2 Theoretical guarantees

Theorem 4.3 PRINCIPLE is (g,6)-PAC for e-BPI and, with probability 1 — 4, it has
sample complexity

T < 6((1{3 log(1/6) + SAH?) [w([ sup %] h> + @*{En) + cp*(]l)} )

rellg max(e, A(m

where 1 denotes a function equal to 1 for all &, s, a and O hides poly-logarithmic factors
in S, A, H,e,log(1/6) and ¢*(1).
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Pseudo-code

Notation: To simplify the presentation of the algorithm and the analysis, we index
the counts as well as the empirical estimates of transitions and rewards by their phase
number (instead of episode number). Hence, for each triplet (h, s, a), n¥(s,a),pF(.|s,a)
and ?’“h(s,a) will refer to the number of visits, the empirical transition kernel and the
empirical mean reward respectively after ¢, episodes, i.e. at the end of the k-th phase.
For a transition kernel p, we define the corresponding set of state-action distributions as
Q(p) == {[Pr(s,a)]nsa: ™€ Ilg}. Finally, for a dataset of episodes D, ny(s, a; D) denotes
the number of visits of (h, s, a) in the episodes stored in D.

Algorithm 12 PRINCIPLE (PRoportloNal Coverage with Implicit PoLicy Elimination)

Input: Precision ¢, Confidence §, set of reachable states S
Output: A policy 7 that is e-optimal w.p larger than 1 — ¢
Define target function ¢ (s,a) =1 for all (h, s, a)
Execute COVGAME(c?, §/4) to get dataset Dy and number of episodes dy // BURN-IN
PHASE
Initialize episode count ¢y ¢ do and statistics nl(s,a), 79 (s, a), p%(.|s, a) using Dy
Initialize the set of active distributions Q0 « Q(p)
for k=1,... do
// PROPORTIONAL COVERAGE

Compute cf(s,a) := 28 min ( sup pp(s,a) +2y/HB% (t)_1 + SAH2*, §/2)21-F 1)
peqk—t

for all (h,s,a) N
10:  Execute COvGAME(c®, 6/4(k +1)?) to get dataset Dy and number of episodes T},
11:  if T, > SAH2" then

12: Run PRUNEDATASET(YSk, c*) to get effective dataset Dy and effective phase length
dy,

13: else B

14: Set dj, + T} and Dy, + Dy,

15:  end if

16:  Update effective episode count ty < ti_1+dy and statistics nﬁ(s, a), f,’i(s, a),ﬁﬁ(.|s, a)
using Dy,

STATE-ACTION-DISTRIBUTION ELIMINATION
17: Compute the lower confidence bound

vhi— sup PR — \J22 R A1, 5/2)
pEQP™),
]Iinaxﬁh(s,a)/n’fb(s,a)§2’k

18:  Update the set of active state-action distributions

QF {ﬁe Q@) : p'P > VE and max py(s,a)/nk(s,a) < Zk}

h,s,a

19:  if \/22-FHBWi(1;,5/2) < ¢ then

20: Compute any p* € arg max;cqk p'7 and extract the corresponding policy 7
21: return 7
22:  end if

23: end for




4.3 Proportional Coverage with Implicit PolLicy Elimination 119

Algorithm 13 PruneDataset

1: Input: Target counts ¢, Dataset D such that nj(s,a; D) > cx(s,a) for all (h, s, a)

2: Output: A dataset D of d < SAH2F episodes satisfying ny,(s,a; D) > cp(s, a) for all
(h,s,a)

3: Initialize dataset D < (), episode number d < 0 and dataset-counts ny(s,a; D) + 0 for
all (h,s,a)

4: for episode e = (s7,af, Rj)i1<¢<y in D do

5. if 3¢ € [H] such that ny(s§, af; D) < ce(s§,af) then

6: Update dataset-counts ny (s, af; D) <= np(sf,, af; D) + 1 for all h € [H]
7: Update dataset D «<— D U {e} and episode number d <— d + 1

8: if np(s,a;D) > cp(s,a) for all (h,s,a) then

9: return (D, d)

10: end if

11:  end if

12: end for

Remark 4.3 — Reachability. While for the PCE algorithm we were able to reduce the
sample complexity by ignoring states that are hard to reach (which also allows using PCE
when Assumption 3.1 is violated), we did not manage to propose a similar improvement
for PRINCIPLE. This is because in reward-free exploration it is sufficient to guarantee
that the true confidence intervals that depend on the visitation probabilities under the

true MDP are small, i.e., \/BRF(tk,é) 2 PE(#0)° 9k This allows us to filter out

h,s,a) n¥(s,a)

all (h, s, a) for which sup, p7(s,a) < O(e/SH?), by arguing that their contribution to the
true confidence interval is negligible. In contrast, the analysis of PRINCIPLE crucially
relies on concentrating the values of policies by minimizing their empirical confidence

~,k
intervals, i.e., \/ﬁbpi(tk,(;) Z(h,s,a) Py " (s,0)?

k
ny(s,a)
We do not see a straightforward way to ignore the contribution of hard-to-reach states
to these empirical confidence intervals. [

< 2% (see (4.8) and the proof of Lemmas.7).

4.3.4 Comparison with other BPI-algorithms

43.4.1

In this section, we compare PRINCIPLE with other algorithms for Best-Policy Identification
algorithms that enjoy problem-dependent guarantees, namely PEDEL (Wagenmaker &
Jamieson, 2022) and MOCA (Wagenmaker et al., 2022a). Recalling that A(w) = Vj* — V[T
denotes the policy gap of m, we first note that by Theorem 4.3, the leading term in the
sample complexity of PRINCIPLE in the small (g, d) regime is PRINCIPLE(M, ¢) log(1/0)
where

PRINCIPLE(M, ¢) := H® *([Su P;’Z(Saa)] )
( ) 4 ﬂer?s max(e, A(m))? hosa

We will now compare this term with the leading terms in the sample complexities of PEDEL
and MOCA respectively, in the same asymptotic regime.

Comparison with PEDEL

The next lemma shows that (up to H factors) the rate of PEDEL is always better than
the complexity measure achieved by PRINCIPLE. Recall that this comes at the cost of an
intractable algorithm.
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Lemma 4.2 For any MDP M, it holds that PEDEL(M, e) < H?PRINCIPLE(M, ¢).

Proof. Fix any h € [H],p € Q, 7 € IIp. Then we have
s 2 T
ALy AL ) St —ACT)
2 puls,a) = B pus N (s a)

Therefore for all h € [H], using that IIp C IIg we have

T 2 T
; Pp(s,a)*/pn(s, a) . pr(s,a)/pn(s,a)
min max < min max max
pEQ mellp £~ max(e, A(7), Apin(IIp))2 ~ peQ nellp s,a,h max (e, A(7), Amin(IIp))?
p

= min max max

peQ s,a,h mellp max(e, A7), Apin(IIp))?
pp(s,a)
< min max su
pEQ s,a ﬁﬂerll)s pr(s, a) max(e, A(7))?

=o' (|2 e A, )

T 2
PEDEL(M, ¢) := HS " min max Ph(s:0)"/pn(s; a)
< peQ mellp = max(e, A(7), Amin(Ilp))?

< f° *<[ su ph(s a) ] >
- ’ TI'EI_I[)S ma‘X<6 A( ))2 h,s,a
= H?PRINCIPLE(M,¢).

Therefore

4.3.4.2 Comparison with MOCA

Let us define the complexity functional,

2
MOCA(M,¢) = H? Zmln max 1 min <~ 1 Wa(s) >

peQ s.a pp(s,a) Ap(s,a)?’ €2
N H4‘ h,s,a : ﬁh(s,a) < 3e/Wi(s)|
g2 ’

where W, (s) := sup, pf (s) is the reachability of (h,s) and

mingz, V7 (s) — Q7 (s,b) if a is the unique optimal action at (h, s),
Vi (s) — Qp(s,a) otherwise

Ap(s,a) := {

is the value gap of (h, s, a). Theorem 1 together with Proposition 2 of (Wagenmaker et al.,
2022a) yield that the stopping time of MOCA satisfies

poly (SAH, log(1/¢),log(1/6)) ) .
5

T < 5<MOCA(M,5) log(1/68) +

Therefore we see that MOCA (M, ¢) log(1/) is the dominating term in the sample complex-
ity of MOCA in the regime of small € and small 6. On the other hand, as stated earlier, the
leading term in PRINCIPLE’s complexity in that regime is PRINCIPLE(M, ¢) log(1/9).
Therefore we compare MOCA(M, ¢) with PRINCIPLE(M, ¢) to assess which algorithm is

better in this regime.
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Lemma 4.3 Fix any A € (0, 1]. There exists an MDP M where

H°SA
2

eA g2

MOCA(M,¢) = Q(

4 4
) while PRINCIPLE(M, &) = O(H 54 H'log(S5) 10g(f4)>‘

Proof. Consider the MDP in Figure 4.1 which consists of an initial state s; and two
sub-MDPs depending on the action taken at step h = 1. If the learner takes action
ap it receives a reward A > 0 and makes a transition to a sub-MDP M for which
|S1| = log(S), | A1| = log(A), Hi = H — 1 and where the rewards can be anything. On the
other hand, if it takes action as the learner will receive zero reward and make a transition
to a sub-MDP My for which |Sa| = S —log(95),|As| = A, Hy = H — 1, the rewards are
equal to zero everywhere and the transitions are deterministic, i.e. p(s'|s,a) € {0,1} for all
(s,a) € Sy x Ay. Note that in this example Ap(s,a) = 0 for all (h, s,a) € Ms. Therefore

sub— MDP M, with log(S) states,
@ log(A) actions per state, horizon H—1.
y

1 -
p (S2|51/ ”1) =1 Rewards can be anything.

ri(si,a1) =A

\ sub— MDP M, with S —log(S) states,
p(s3ls1, ) =1 @ 2 8

A actions per state, horizon H—-1
and r(s, a) =0 forall (h,s,a)

ri(s1,a2) =0

Figure 4.1: MDP instance with large policy gaps and small value gaps.

H*|(h,s,a) : Ap(s,a) < 3e/Wh(s)|

MOCA(M, e) >

2 )
€
HY(H —1)(S -1 A
 HH - 1)(S ~log($)A o)
€
On the other hand for all triplets (h, s, a) in the sub-MDP My we have
T
4
sup ph(s,a) < sup m1(az|s1) (4.3)

retls max(e, A(m))? ~ rerg (€ + A(7))?

where we used that pj (s,a) < mi(az|s1) (since the only path to reach (h,s,a) is by playing
action ag at s1) and that max(a,b) > (a+b)/2. Now, by the performance-difference lemma
((e.g. Lemma 5.2.1 in Kakade, 2003)) we have

A(r) = pi(s,a)[Vi(s) = Qi (s, a)]

h,s,a

> pi(s1,02)[Vi*(s1) — Q1 (s1,a2)] = mi(az|s1)A.



122 Chapter 4. Implicit Policy Eliminations for Efficient =-BPI

Plugging this back into (4.3), we get

sup pr(s,a) < sup 471 (ag|s1)
rells max(e, A(7))? ~ reng (€ + mi(az]s1)A)?
4x 1

= Su

xE[OF,)l] (e +zA)? T A

For triplets (h, s, a) outside of My (i.e. either at s; or in the sub-MDP M; ) we use the
crude bound

o PR0) _ swren, (5,0)
b AP ST 2

Therefore

PRINCIPLE(M, ) = H® *<[Su p;’i(&a)] )
( ) ’ “EFE)S maX(E7A(7T))2 h,s,a

_ ngq sup M(n ((h,5,0) € M3) + 1 ((h,s,a) ¢ M2>>LM)

rells max(e, A(m))

@ H%*([:;&m ((hs,a) € Mz)]hs)
e (| CHES T s )] )

< o ([MS M) ) g [EL000) £ ) e ) )

(0) 1 1
<H > . +H Y S
(h,s,a)eEM2 €A SUPrellg ph(s’ a) (h,s,a)gMa ¢
(0 H3(H —1)(S —1og(S))A =~ H3(H — 1)log(S) log(A)
= A + = (4.4)

where (a) uses the sub-linearity of the flow from Lemma 3.12; (b) uses the bound on ¢* from

Lemma 3.2 and (c) uses that the sub-MDP Ms has deterministic transitions. Combining
(4.2) and (4.1) finishes the proof. |

4.4 Analysis of PRINCIPLE
4.4.1 Good event

We introduce the following events

- T 2 ~r.k 2
Eopi = (Vk e N*,vr e Tls, |[VF — V7| < \lﬁbpi(tk,5/2) min ( 3 phk(si’a), 3 W)

s,a,h nh(s,a) s,a,h nh(s’a)

k . boi Ph(s,a)? ~ SAH
and ‘ Z — pr(s, a))rh(s,a)‘ < | BPPi(tg,0/2) Z - for all ¥ € [0, 1] ,

Eeov 1= (Vk‘ € N, CovGame run with inputs (c*¥,5/4(k 4 1)?) terminates after at most

64mp™(c¥) + (5(mk<p*(]l)SAH2(log(4(k‘ +1)%/6) + S)) episodes and returns a dataset Dy,
such that for all (h,s,a),nh(s,a;ﬁk) > cﬁ(s,a)),
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k .
where my, = log, (w) V 1 and B%i(t,8) = 16H? log(2/0) + 96SAH3 log(1 + t)

ming 4 p cf (s,a)V1
is defined in Appendix 3.9. Then our good event is defined as the intersection

ggood = gbpi N Ecov-

Lemma 4.4 We have that Pag(Egooq) = 1 — 9.

Proof. Let € denote the complementary event of £. We start by the following decomposition

IP>/\/l (ggood> < ]P)M (%) + IPJ/\/l (?pz N gcov)-

Now we bound each term separately. First observe that using Corollary 3.1 we have
oo
Pt (Econ) < ZPM(COVGame with inputs (¢*,8/4(k + 1)?) fails)

> 0 o2
—_—— = — < /2.
4k+1)2 24 — o/

b
o

<

B
Il
o

Next, note that by design of PRINCIPLE n{(s,a) = np(s,q; Do) and ® = 1 so that
Ecov C (V(h,s,a), nf)(s,a) > 1). Therefore we have

PM(ﬁpiﬁ Eeov) < Py (% and Y(h, s, a) n%(s, a) > 1)
<5/2,

where we applied Theorem 3.5 and used the fact that gP(t,8) < B%(t,§). Combining the
two inequalities above yields the desired result. |

Low Concentrability / Good coverage of optimal policies

Lemma 4.5 Under the good event, for all £ > 1 such that PRINCIPLE did not stop
before phase k, it holds that ny(s,a, Dy) > cﬁ(s, a) for all (h,s,a) and dp < SAH2F.

Proof. Fix k > 1 such that PRINCIPLE did not stop before phase k. By definition of the
good event, we know that at the end of CovGame, ny(s, a; ZSk) > ci(s, a) for all (h,s,a).
Now we distinguish two cases.

If T}, < SAH2F: then the result follows immediately since in this case, by design of
PRINCIPLE (line 14 in Algorithm 12), Dy = Dy, and dy, = Tj.

If T}, > SAH2F: the first statement is a direct consequence of the stopping condition
of PRUNEDATASET run with parameters (Dy,c*) (lines 7-8 in Algorithm 13). Now for
the second statement, observe that each new episode e added by PRUNEDATASET to Dy
increments the dataset-count of at least one triplet (h,s,a) that is not yet covered, i.e.
np(s,a; Dy) < cﬁ(s, a). By the pigeon-hole principle it takes at most Zh,s,a cﬁ(s, a) episodes
to ensure that ny(s,a, D) > ck(s,a) for all (h,s,a). Therefore

di < Z F(s,a) < SAH2F,

h,s,a
where we used that cZ(s, a) < 2F due to the clipping. |

The next lemma shows that the set of active state-action distributions always contains
the distributions induced by optimal policies.
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Lemma 4.6 Under the good event, for all optimal policies 7* € IT* and all phases k& > 0,
we have that

7k e QF and nk(s,a) > 27 (s,a) V(h,s,a).

Proof. We fix an optimal policy 7* and prove the statement by induction. For k = 0, the fact
that p7™ 0 € Q0 is trivial since Q° = Q(p%) consists of all possible state-action distributions
induced in the MDP whose transition kernel is p°. Furthermore, under the good event
we have that, for all (h, s,a), n)(s,a) > c)(s,a) = 1 > 20max (p} (s, a), D}, ph O(s, a)). Now

suppose that the property holds for phase k. Then we know that for any (h,s,a)

B " (s,0) = By M(sca)| < [BR T (s,0) = b (s,0)| + [pF (s,0) = By, (s,0)]
(a) . pT (s,a)? . T (s,a)?
< bpi(g, . 1.8/2 Ph 0 | gwi(y, 5/2 Pp \ %)
< || At/ >§lniﬂ(s,a) 8700/ 3 r
(®) , T (s,a)?
< 2 | BOPi(tgy1,6/2) Th A\
S%;} nk(s,a)

(c) )
< 2,/ B (141, 6/2) H2F
= 24/Bi(ty + dysr, 5/2) H2
(d) .

Bty + SAH2KL 5 /2) H27F, (4.5)

where (a) uses the event &, for the reward 7(s’, a’)
facts that t — [(t,0) is non-decreasing and nkH( s, ) h(s a), (c) uses the induction
hypothesis which yields that n¥(s,a) > 2¥pT" (s, a) and (d) uses Lemma 4.5. Similarly, we
have that

(¢, s',a") = (h,s,a)), (b) uses the
n

P (5.0) — B *(s, )| < /Bty + SAH2EH, 6/2) 2 (4.6)

Now thanks to Lemma 1.5, we know that for all (h, s, a),n}™ (s, a)—nk (s, a) = np(s,a, Dpi1) >
fL'H( ,a). Plugging the definition of ¢**! (Line 9 of Algorithm 12) we get that,

z"'l(s a) > 2k+l min ( sup px(s, a) +2\/Hﬂb1” (ty + SAH2K+1 5/2)2-F, 1)
peNk

(a) * ;
> 2% min (5 *(s,a) + 2/ HAi (1, + SAH2+1,5/2)2-F, 1)
Q)

> 2kl max (ﬁf’kﬂ (s,a), pg*(s, a)), (4.7)

where (a) uses that, by the induction hypothesis, p™ ** € Q% and (b) uses (4.5) along with
(4.6). In particular we have proved that maxp s P, k“(s a)/nkﬂ( ,a) < 2=+ Now it

remains to show that (p™ F+1)T7k+1 > Kkﬂ

in the definition of Kk'H, ie.,

. Let us consider p achieving the supremum

pE arg max plktL

peQ(pttl),

max pi (s,a) /n,  (s,0) <27 (D
,8,a
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and let 7 be a policy corresponding to p°. Then we have that

. (@) . T (s,a)?
R T S v i, a) Y P

~ , pT(s,a)?
> VT — bpi t ,5 2 Fh \"> )
— V1 B ( k+1 / ) s§a ‘ n£+1(87 a)

(b) B - ~ (8 CL)2 _ p’]‘(‘*( CL)2
> | i, 02) S PRI i y2) S 22T
- 0 2y P ”s;niﬂs,a)
( ) )

S STk 2\/27(k+1)Hﬁbpz(tk+1, 5/2)
=it (4.8)

where (a) uses the event &, for policy 7*, (b) uses the same event combined with the fact
that 5 = p™*+1, and (c) uses (4.7) and the fact that by definition of 7, max on(s, a)/nkﬂ(s, a) <

19

2-(k+1) " Now combining (4.7) with (4.8) gives that p” Tkl e OF+L . This finishes the
proof. |

4.4.3 Correctness

Lemma 4.7 Under the good event, if PRINCIPLE stops then the recommended policy
satisfies V" > V" —e.

Proof. Suppose that PRINCIPLE 5t0ps at phase k > 1. Let #* be any optimal policy and
recall the definition p* = arg max;cqx p'7* with ties broken arbitrarily. We have that

Vi TR | e Y B

= nﬁ(s,a)
© . , pr(s,a)?
S (ke Tk bplt(;zzphv
_(p ) r /8 (k7 / )Sahni(s,a)
© A (s, a)? Py (s,a
> V- bpi(t,.85/2 Yh \™ _ bpi t 5 2 h
vt - Pt T Il o 3 B

. (©)
Vi 22k, 6/2) 2 W e,

where (a) uses the event &,; for policy 7 and the fact that p* = p™*, (b) uses the definition
of p* and the fact that, by Lemma 4.6, p™ * € QF, (c) uses the event Evpi for the policy 7*,
and (d) uses that for all p € QF, maxy, s 4 pr(s,a)/nf(s,a) < 27% and (e) uses the stopping
condition of PRINCIPLE (Line 19 of Algorithm 12). [ |

4.4.3.1 Upper bound on the number of phases

Lemma 4.8 Define the index of the final phase of PRINCIPLE, kf := inf {k e N;
\/22_’““Hﬂbpi(tk, 0/2) < 5}. Further, let 7 denote the number of episodes played by the

%j.e. 7 is the policy obtained by normalization of 7.
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algorithm. Then under the good event, it holds that x; < oo and

8H B (1,6/2)

28 < . .
Proof. To prove that xy is finite we write
k
it = Z d;
§=0
k .
<dy+ SAH Z 27
j=1
<0 <cp*(]l)SAH2(log(4/5) + S)) + SAH2M, (4.9)

where we have used the coverage event &0, and Lemma 4.5 to upper bound dy and (dj)1< ;<
respectively. This means that tp = O _ oo (2]“) Now recall that

BPi(t,8) = 16 H? log(1/6) + 96S AH? log(1 + t). (4.10)
Combining (4.9) and (4.10) gives that
Bbpi(tk7 5/2) = Ok—co (2k) .

Therefore rp = inf {k € N : /22-FH3%i(t;,5/2) < e} is indeed finite. The proof of the
second statement is straightforward by noting that xy — 1 does not satisfy the stopping
condition (Line 19 in Algorithm 12) and using the (crude) upper bound t,, 1 < 7. [

Lemma 4.9 (UPPER BOUND ON PHASES WHERE A SUBOPTIMAL POLICY IS ACTIVE)
Consider any suboptimal policy w € Ilg. Further let k£ such that PRINCIPLE did not
stop at phase k and p™* € QF. Further, let 7 denote the number of episodes played by
the algorithm. Then under the good event, we have the inequality

o 16H3i(r.5/2)
he max (g, A(7))?

where A(m) := V¥ — V]™ denotes the policy gap of 7.

Proof. Let 7* be any optimal policy. Then we have

ook 2 (a)
. D s,a x
Vi — | Bty 6/2) Z % < (" Jc)T?k

s,a,h nh(s’ a)
(b)
< sup pT?k
peQ(P®),
max Pn(s,a)/nf(s,a)<27F
,8,a

= ViE /2R H B (1, 6/2)

(o) )
< ()T 4 \J22kH B (14, 6/2)

.k 2
P, (s, a) B .

T[22 H B (4, 6/2),
nE (s, ) \/ B (tk,6/2)

(d) .
<V | B 8/2) Y

s,a,h
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where (a) uses the event &, for 7*, (b) uses the definition of Q* along with Lemma 4.6
which gives that ™% € QF, (¢) uses our assumption that 5™* € QF and (d) uses the event
Evpi for policy 7. Rewriting the inequality above we get that

A(ﬂ—) - V].* - Vlﬂ-

~r* k 2
< [ 3 Pl tk’5/2>zph ’a) "R o

s,a,h nh(s’ CL) s,a,h 55

< 2\/2 KHWi(ty,6/2) + /22 KH A1y, 6/2) = 4427 HBwi(1,6/2),  (4.11)

where the last inequality uses the fact that p™ ** € QF by Lemma 4.6 and that p™* € QF
by assumption. Therefore, using a crude bound ¢ < 7 we get that

o 16HA (7,5/2)
Y= T ARy

Combining the result above with Lemma 4.8 and the fact that k < x; yields the final
result. |

4.4.3.2 Upper bound on the phase length

Lemma 4.10 Let T}, denote the number of episodes played by PRINCIPLE during phase
k > 1. Then we have

bpi * pg(s,a)
Ty < 256 HB(r,5/2)kep <[f§£s maX(e,A(ﬁ))Q]hsa)

+ 481 [HB (151 + SAH21,6/2)206*(1)

+ 6(kap*(]l)SAH2(log(4(k: +1)2/6) + S)).

maXs a,h C;CL (Sva)

Proof. Define my, = log, ( ) V 1. Under the good event, we have

ming 4 cﬁ(s,a)vl
Ty < 64mpp*(cF) + (5<mkgo*(]l)SAH2(log(4(k: +1)%/6) + S)>
<64ke* (") + O <k:<p*(]l)SAH2(log(4(k +1)%/6) + S)) : (4.12)

where the last inequality uses the fact that for all (h, s, a), ci(s, a) < 2F. Now we simplify
the expression of ¢*(c*) as follows

O (F) = ([kaln( sgglph(s a —I—Q\/Hﬁbpl (tp_1 + SAH2F-1 §/2)21-k, 1)] >
pe h,s,a

< @*([ sup 2kﬁ2’k71(s,a) +2\/Hﬁbpi(tk_1 +SAH2’“_1,5/2)2’“+1} ),
h,s,a

mellg:
ﬁ'n‘ k—legk—l
(4.13)
where we have used that ¢*(c) < ¢*(¢) if Y(h, s,a) cp(s,a) < ¢),(s,a). Now fix a policy
7 in the set {7 € IlIg : p™*~! € QF~1}. Using the event &y for the rewards 7(s’,a’) =
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1((¢,s',a’') = (h,s,a)) we have that for all (h,s,a)

~r,k—1

2B (s, a) < 297 (s,a) + 2 | B (8h-1,6/2) Y 1%
gat M (s',a")

@ , v -

< 2%pp(s,a) +2 \/B Pi(ty_1,0/2)H21~

< 2%p] (s, ) + \/HBPi(t_1 + SAH2-1,5/2)2k+1

() 32HB%i(1,5/2)p} (s, a) ,
HBbi(t_ AH2E-1 §/2)2k+1
max(z, A(m))? VHBw (b + 5 ,0/2)25%,

INE

~r,k—1
where (a) uses that max =t Pe
s',a’,

i a;) < 217F since p™F~1 € O~ and (b) uses Lemma 4.9.

Plugging the inequality above into (4.13) we get that

32H " (1, 6/2)p} (s, a) :
w (kY < ] < ’ h\%> HBbi(t, AH?2k-1 §/2)2k+1
i (C ) =Y ([:51}[)5 max(s,A(ﬂ))Q " 3\/ ﬁ ( kot 5 ’ / ) h,s,a

<oy ([ S HOH ] )

rells max(e, A(m))?

k—1
ng (s

13 [HBWi (1, + SAH2,6/2)25+1* (1),

(4.14)
where we used Lemma 3.12 in the last step. Combining (4.12) and (4.14) finishes the
proof. |

4.4.3.3 Total sample complexity

Theorem 4.4 With probability at least 1 — 9, the total sample complexity of PRINCIPLE
satisfies

T < 6<(H3 log(1/6) + SAH?) [@*([ sup %]hs) + (p*g(]l) + cp*(]l)D,

rellg Max(e

where O hides poly-logarithmic factors in S, A, H,e,log(1/8) and ¢*(1) and A(r) :=
Vi* — V" denotes the policy gap of 7.

Proof. We write
Kf
T = ZTk
k=0
< 6<¢ (1)2SAH?(log(4/8) + S) ) +2Tk

< S0 BH (1,5 2k < [ Sup ph(sa)] o >

— rellg max(e, A(m))?

/

=A

+ Z 48k\/H5bpi(tk,1 + SAH2k=1§/2)2kp0* (1) + 6(2;‘_1 ko*(1)SAH?(log(4(k +1)2/6) + S))
k=1

—B =C
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where we have used Lemma 4.10. Now we bound each term separately. First note that

A< 956H bpi ,(52 *([su p;lr(s’a)] ),42
< BOHFE A0 | S (e, AR )

@ bpi . Ph(s,a) 2 bpi 2
< 256H ™ (1,0/2)¢ ([:élrlfs II%&X(&“,A(?T)V} h,s,a> log (8HB™'(1,6/2) /%)
(0)

< (’)([H3 log(1/6) + SAH*1og(1 + T)](p*<|::éll_ll) M}h ) log3 (8H B (r, 5/2)/52)>,

where (a) uses Lemma 4.8 and (b) uses the definition of %, Similarly

B < 48\ HBWi(r + SAH2"~1,5/2)2%5 * (1)K}

(@) [4H2Bwi(r + SAH2% L §/2)3%i(r,5/2)
< 48 =

©*(1) log3 (8HB™(1,5/2) /<)
48

H ., . A

< ?Bbpl(’f + SAH2M L, 5/2)*(1) log% (SHBbp’(T, 5/2)/62)
(b) * 2 nbpi

< O(gp Sl) [HB’ log(1/6) + SAH* log <1 + 7+ ASAH"F(7,0/2)

g2

)] os2 s r02)/6%) ).
where (a) and (b) use Lemma 4.8. Finally
C< 6(90*(]1)SAH2(10g(4(KJf +1)%/6) + S)/{?)

4log% (SHBbpi(T, 5/2)/62)
)

where we have used Lemma 4.8 again. Combining the three inequalities with the definition
of 3% we get that

T < (’)<(H3 log(1/8) + SAH") [(p* ( [:élrllos IM} h) + 90*5(]1) + so*(ll)]

<0 (cp*(]l)SAHQ [log ( ) + S| log3 (8HB"™(7,6/2) /52)),

% polylog(r, S, A, H, 5*(1), . 1og<1/5>>) -

Solving for 7 yields

T < 6<(H3 log(1/6) + SAH?) [90*([ sup M} hw) + (1) + go*(]l)D,

wellg InaX(E, A(ﬂ- €

where O hides poly-logarithmic factors in S, A, H, e, log(1/8) and ¢*(1). [

Conclusion and open question

We proposed the first general instance-dependent lower bound for online e-BPI and proved
that it is nearly matched by PEDEL. This however comes at the cost of enumerating and
storing the set of deterministic policies, which is of size A%, This is needed by PEDEL in
order to both eliminate suboptimal policies and solve an experimental design of the form

~r.0

ph (S,CL)2
peQ(M) melle £ py(s, a)

)

where II; C IIp is the set of active policies at iteration ¢ (initialized as IIy = IIp) and
]’)\Z’E(s, a) refers to the visitation probability under the empirical MDP M. Therefore, we
ask the following question
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Open question 4.1 Is there an e-BPI algorithm that can (nearly) match the lower bound
of Theorem 4.1 while maintaining a computational and memory complexity that are
polynomial in SAH?

We believe that answering this question would shed light on the (still elusive) question of
instance-optimality in e-BPI. Indeed, if the answer is negative then this would indicate a
clear separation between MDPs and Bandits where we know that computationally efficient
instance-optimality is possible (Garivier & Kaufmann, 2016; Jedra & Proutiere, 2020).

Finally, in an attempt to make policy eliminations tractable, we combined proportional
coverage in COVGAME with an implicit policy elimination scheme to design an e-BPI
algorithm. Thus we obtained PRINCIPLE, the first computationally efficient algorithm for
e-BPI in stochastic MDPs whose sample complexity scales with policy gaps.



Appendix of Chapter

4.6 Proof of Theorem 4.1

As mentioned before, our proof is inspired by the one from (Degenne & Koolen, 2019). The
key differences are in Lemma 4.11 which explicits the shape of the characteristic time for the
e-BPI problem and Lemma 4.13 which relies on a slightly different martingale construction
to concentrate the likelihood ratio. Indeed, our martingale involves the expected number of
visits to state-action pairs instead of the actual number of visits as in (Degenne & Koolen,
2019), which is crucial to obtain the navigation constraints p € (M) in the optimization
program of the lower bound.

Notation: For any 7€ € II¢, we define the set of alternative MDPs that have the same
transitions as M but in which 7° is no longer e-optimal:

Alt (7°) := {MVE My : V(h,s,a), pr(ls,a; M) = pp(|s,a; M)

and 3r € T, Vlﬂ’ﬂe < V{VTJr — 5}.

Finally, we define the characteristic time to learn that n° is e-optimal

Mv M 2\ -1
T(M,m¢) 12( sup _ inf th(s,a) (" (s, @) = 73" (s, a)) > '
pEQ(M) MEATt(r) 9

a

Further, for any set of MDPs E C 9, we let E denote the closure of E where the
convergence is defined w.r.t the distance d(M, M’) := maxy, ¢ o [r(s,a) — 1 (s,a)].

Proof. Let £ € (0,1) and define T := (1 — ¢) mingeepe T(M, 7, €) log(1/8)°. Thanks to
Markov’s inequality we have that

Emlr] > T(1 — Pag(r < T)). (4.15)

3For simplicity, we assume the latter is integer.
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We will now upper bound the probability on the right-hand side above. Since the algorithm
is (¢,0)-PAC We have that

Pu(r<T)=Pm(m ¢ 7<T) Z Pu(m=n°7<T)
meelle
<0+ Y PyFE=r7<T). (4.16)
meells

Now we fix 7€ € II¢ and apply Lemma 4.14 for the event C = (% =77 < T) € Fr, which
yields that there exists My, ..., Mgag+1 € Alt (7¢) such that for all y > 0

T
—_— P~ (7= T
T(M,7e, )) 1<iSSAH1 M (F=n%7<T)

SAH+1 y2
+ Z exp( J/\*) )

PM(ﬁ:W€,7'<T) §exp(y—|—

— 55 1
=4 exp(y) |lax Py (m=r"71< T)
SAH+1 y2
+ Z exp( (o) ) (4.17)

Now for any i € [|1, SAH + 1|] since M; € Alt (7%) there exists a sequence of MDPs
(M/)n>1 with values in Alt (7°) such that lim,_e M/, = M;".

By definition of Alt (7€), we have that Pagy (7 = 75,7 < T) < Pag (7 = 7€) < 6 for all
n > 1. Therefore

P~ (7=n° T<T)<IP’/%(§F:7TE)

(a)
n—00 n

w1, (T

where (a) uses Fatou’s lemma. Combining (1.17) with (1.18) for the value y = £log(1/4)/2
yields

SAH+1 9
IP’M(%\ =7n°,7< T) < 5gexp(y) + Z exp ( — 2(y>

g T(oiX})?
SAH+1
@ 562 4+ Z exp € log(1/0)
im1 A1 = Q) mingeen= T(M, 7%,2) (0:0])2 )

(4.19)

where (a) uses the definition of T. Therefore limgs_,oPaq (7? =77 < T) = (0. This,
combined with (4.16) gives that lims_,o Paq(7 < T') = 0. Plugging this back into (4.15) and
using the definition of yields

Epm (7]
i it i) = (&) min TM, ).

To finish the proof of Theorem 4.1, we simply take the limit when £ goes to zero and use
the simplified expression of the characteristic time given by Lemma 4.11. |

4.6.1 Simplifying the expression of the characteristic time

4Recall that the convergence was defined w.r.t the distance d(M, M’) := maxy, s.q |77 (s, a) — rﬁw(s, a)l
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Lemma 4.11 For any M € 9ty and 7° € II°* we have

e 2

. pi(s,a) = pf (s,a))
T(M,n%,e) =2 f ( .
M) =2 Bl 2= (s, a) (AT — A(re) + 22

Proof. Let us first solve the inner minimization program in the definition of T'(M, 7%, &)~!.
Using the definition of Alt (7€), we have that

(7";:\/1(s,a)—rh/\/l(s,a))2 r'a(s a)frhj}/l(s,a))2

inf Z pn(s,a)~—= 5 = min inf Z Ph(57a>( —

MeAlt(re) mello Gy Mo o

(4.20)

Now observe that we can rewrite VlM’7r < VlM”r — ¢ as linear constraint in the rewards of

M:
Z(p}{(s, a) —p} (s, a))rflq(s, a) > e,

h,s,a

= D h(s,a) =P (s,0)(r"(s,0) = 13" (5,0)) > VT = V[T +¢,
h,s,a

= Y (0h(s,a) = 9 (5,0)) (13" (s,0) =17 (s,0) > A7) = A(x®) + ¢
h,s,a

Therefore, letting up (s, a) = ’I“]'ZVT(S, a) — (s, a), the program in (4.20) is equivalent to
. . Uh(S, a)2
t it 2l ) =5 (421

h,s,a
> (o} (s,a)—p;{s (s,a))up(s,a)>A(m)—A(7¢)+e

3S,a

Solving the KKT conditions of the previous program, we get that

. up(s,a)? (pf(s,a) — pf (s,a))
int S5 = (5
= (0F (5:0)—pF" (5,0) )up (8,0)>A(m)—A(n)be v

Summing up all the inequalities, we conclude that

1 . (P (s,a) = pfy (s,a))? -
T(M,7%,e)" ' == sup min ( h h )
( ) 2 pGQ(I/)\,l) rellp h%;@ pn(s,a)(A(m) — A7) + ¢)2

A max-min game formulation

We define Agapi1 = {\ € RSAHTL Zf£H+1 Ai = 1} to be the simplex of dimension
SAH. Finally Conv(FE) refers to the convex hull of E.

Lemmma 4.12 Fix 7 € II° and define the set of KL-divergence vectors generated by
alternative instances in Alt (7¢),

D(r) = { [W(s,a) — rM(s,a))*

5 e R54H st M € Alt (n°) }

h,s,a

)

pr(s,a)(A(m) — A(ne) + ¢
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Then there exists p* € Q(M), \* € Agag+1 and Ml, . ,MSAHH € Alt (7¢) such
that

T(M,n%,e)” Z)\*

SAH+1 Th ‘(s,a) — r,/l\’l(s a))2
5 e G0~

h,s,a

Furthermore, for any p € (M) we have that

St R Msa—rMsa2
Z )\*[thsa (s, )2 v (5,9)) ]ST(M,wE,s)_l.

h,s,a

Proof. Observe that we can rewrite the expression of the characteristic time T'(M, 7%, ¢) as
follows,

M oM 2
T(M,Tre’g)—l = sup inf th(s’a) (""h (S,a) T, (S,a))
PEQUM) MEAIt(ne) =) 2
= sup _inf pTJ

pEQ(M) deD(r)

— sup _inf p'd
pEQ(M) deD(7%)

= sup _ inf pTJ, (4.22)
pEQ(M) deConv(D(w¢))

where Conv(D(7¢)) denotes the convex hull of D(7¢). Now let (p*,d*) be an optimal
solution to (4.22). Since D(n°) C RY4H by Carathéodory’s extension theorem we have
that there exists \* € Agapy1 and di, ..., dsam 1 € D(7°) such that d* = Y247 Axd;.
This means that there exists p* € Q(M) and My, ..., Mgsams1 € Alt (%) such that

T(M,7%,6) " = (p)Td"
SAH+1

> N

SAH+1 |:

TMSG TMSGZ
z:y:z%sa,l<>2h<>)

h,s,a

This proves the first statement. Now for the second statement, using Sion’s minimax
theorem ((Sion, 1958), Theorem 3.4) we know that

(p)Td* = sup inf p'd=  inf sup p'd,
pEQ(M) dGConv( (7)) deConv(D(n¢)) peQ(M)

ie., (p*,d*) is a saddle point of (4.22). This means that for all p € Q(M)
pld < (p")'d" =T(M,7% )",
Expanding the left-hand side proves the second statement. |

Log-likelihood ratio of MDPs with same transition kernel

In the following we fix an algorithm 2. For T" > 1 we define the history up to the end
of episode T as Hr := (s},a}, R}, ..., sy, aly, Ry, 1 (t < 75))1<i<r. For any MDP M, we
write Py to denote the probability distribution over possible histories when 2l interacts
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with M. Further (Fr)7>1 will denote the sigma algebra generated by (Hr)7r>1. Finally,

for a pair of MDPs M, M , we define the log-likelihood ratio of observations at the end of
any episode T°

T H
g <H e (= [RL — rM(sh, af)J2/2) P, (54 st . azl)>'
p

(= (B}, = ¥ (sho ) 2/2) 0 (shlsh, 1ol )

Lemma 4.13 For any pair of MDPs M, Me M, there exists a martingale (under E )
(MT(]P’/VI,IP’M))T>1 whose increments are (2d(M, M’)? + d(M, M’)*/2)-subGaussian
and such that the likelihood ratio at the end of episode T satisfies

Le(Pas P _ ro (M (s,0) = (s, )
Mo PEp) = Mr(Pag, Pip) + 3 Bl (5, 0)] 5 :

h,s,a

Proof. Using that the MDPs M and M share the same transition kernels and have Gausssian
reward distributions with unit variance, we can simplify their log-likelihood ratio as follows,

Lr(Pa,Prp) = ;ZZ[ =i (shah))? — (RY — (s%a%))ﬂ

T
= % Z Z]l(s’,; = s,az =a) [(RZ — r{b\/l(s,a))2 — (RZ — r,/l\/l(sja))ﬂ.

(4.23)

T sal —
Now for any fixed (h, s,a) we can define 7% (s, a) := L=t ﬂ(;’%:;;i—aﬂ% if nl'(s,a) >0 and

71 (s,a) := 0 otherwise. Then we can write that

T
ST u(sh = s,ah = a) (R, — i (sn, an))’

t=1 . 2
= Z 1(s} = s,al, = a) [(R}i — ?g(s,a)) + (?}1;(8, a) — rhM(s, a))}
t=1

T
= Z 1(s} = s,a}, = a) [(R;L — ?’\g(s,a))2 + (?g(s, a) —ri(s, a))Z]

T
+ 2(?,7;(3,(1) - r,Jl\/l(s, a)) Z 1(sh = s,al, = a) (Rz — ?g(s, a))

=0

T
Z 1(sh = s,al, = a) [(R}; - ?g(s,a)f + (?g(s, a) — (s, a))2 (4.24)
t=1

5Since we will be considering the same algorithm 2 interacting with different MDPs, we do not index
the probability distributions by 2.

SWith the convention that po(.|so,a0) = 1(s1 = .) for all (so,a0). Also note that we have simplified the
probabilities of choosing actions 7*(a}|s},, af_1, ..., si, Hi—1) and of stopping 7’ (75 = ¢|H:) as they only
depend on the history, therefore having the same value for M and M.
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Similarly, one can show that

Z Z = a)(R}, — (s}, a}))’

T
= Z 1(s =a) [(Rt — 7 (s, a))2 + (7} (s,a) — (s, a))2 . (4.25)

Combining equations (4.23), (4.24) and (4.25) we get that

Ly (P, Py Z Z 1(s =a) [(?f(s,a) — (s, a))2 — (7L (s,a) — (s, a))z}

hsat 1

_ ;};nf(s, a) <r,¢4(s, a) — M (s, a)) (2?,{’@, a) — M (s, a) — (s, a,)>.

(4.26)

Next we define the sequences

Mrp(h,s,a) := % [nz(s, a) (Tﬁ/l(s, a) — rhﬂ(s, a)) (2?}7;(8, a) — rﬁ/((s, a) — rhﬂ(s, a))

— B, (5, 0)] (r(s,0) = i} (5,0))°
M PM, Z MT h S, a
h,s,a

Using (4.26) one can check that

_ o o M (s,0) = (s, 0))°
Lr(Pum,Pip) = Mr(Ppg, Pip) + > Elnf (s, a)) 5 .

h,s,a

This proves the second statement. Now for the first statement we note that for T° > 2

Mrp(h,s,a) — Mp_i(h,s,a) = ;(ﬁfl(s, a) — (s, a)>]l(sz; = s,a) =a) <2R£ — (s, a) — r(s, a))

1 N 2
- 3Pulst = sl =) (1.0) — (5.0 )

Therefore, using that conditionally on the event (s} = s,al = a) the reward R} is
independent of the filtration generated past episodes Fr_1, we have that

]:T—l]

B, {MT(h, 5,0) — My_1(h, s, a)
_ 1(#(5, a) — (s, @)PM(s{ —s,af = a) <2rhM(s, a) = rM(s,a) — ri(s, a)>

1 N 2
— fIP’M(s?; = s,a{ =a) (r,fl‘/l(s, a) — rhM(s, a))
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Therefore (MT(h7$7a))T21’ and consequently (MT(IP’M,IP)M)) is a martingale.

Furthermore its increments can be decomposed as follows

T>1

Mr(Pam, Prg) — Mr—1(Pam, Py)

= % 3 (W(s, a) — (s, a)>11(s}f = s,a} = a) (2R£ =i (s,a) = (s, a))

h,s,a

2
Py (sT = 5,af = a) (#( a) — (s, a))

= (r}/:/l(s, a) — (s, a)) 1 (s} =s,af =a) (R} — (s, a))
=Ar
<rhM(s,a) — rﬁ(s,a))Q (1 (sf =s,af =a) —Pu (s}, = s,a}, =a)).

-~

Z:BT

N | =

_l’_

Now we prove that each term is sub-Gaussian under Py,. First, we have that
|Ap| < d(M, M) |1 (s{ = 5,0l = a) (RZ - rﬁ/l(s,a))‘ :

Since the reward ditribution of (h, s,a) under M is N'(rj!(s, a), 1), we conclude that Ar
is 04-sub-Gaussian where o4 := d(M, M'). Similarly, we have that

1
|Br| < §d(./\/l,./\/l')2 }ll (sf = s,a;{ = a) —Pup (s}z =s,al, = a)‘ < d(./\/l,/\/l')z/Q.
Therefore we conclude that By is 0%-sub-Gaussian where op = d(M, M’)?/2. Using

Lemma .15, we conclude that My (P, Piy) — Mr—1(Pa, Pry) is 2(c% + 0%)-subgaussian.
|

4.6.4 The change-of-measure argument

—~ ———SAH+1
Lemma 4.14 Consider (M;)i1<i<sam+1 € Alt (7€) * given by Lemma 4.12 and let

T > 1. Then for any event C € Fr and any y > 1 we have

< - - — R
Pam(C) < exp(y+ T(M, e, 5)) 1<iSSAH 1 P, (C) + ; L ( 2T(U@')\Z*)2>7

where o2 = 2d(M, M;)? + d(M, M;)* /2.

Proof. Consider the simplex vector A\* € Agapi1 given by Lemma 4.12. We define the

mixture distribution Q = Zf QH + AP 7, and the corresponding log-likelihood ratio

L1 (Pr, Q) := log

a0 (Hr).

Using Lemma 3.1 from (Garivier & Kaufmann, 2021) we have that for any event C' € Fr
and any = > 0,

Prm(C) < e*Q(C) + Pu(Lr(Pat, Q) > ). (4.27)
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We bound each term in the right-hand side separately. First note that, since \* € Agam+1,
for any event C

SAH+1

QC)= Y NPy (0)

=1

< P C 4.28
1<1g35%1)§1+1 Mz( ) ( )

On the other hand, we have that

a) SAH+1
Lt P./Vla Z )‘* <($§7a§7Rtla"'757}13(15{7RtH)1§t§T)
SAH+1
> NLr(Pam,Pyy)
=1
SAH+1 SAH+1 M, M 2
®) . . (rh “(s,a) — 17" (s, a))
= D NMr(PacPg)+ Y AT D Ewmlng(s,a)] 5
i=1 i=1 h,s,a
SAH+1 SAH+1 M; M 2
* * (Sva)] (Th (87a) —Th (870’))
> MrlEa P T 2 Y P i :
=1 h,s,a
< /\*M Py, P~ _——
; T( M M; ) T(M,ﬂ'a,z’;‘)’

where (a) uses the convexity of z — log(1/x) and Jensen’s inequality, (b) uses Lemma

4.13 and (c) uses the second statement of Lemma 1.12 and the fact that the vector

Eq[nE (5,a)]
[%] N

o , belongs to Q(M). Therefore for any y > 0, we have that

T SAH+1
Pa| L7 (P > - <P N Mp(Pp, P ) >
M( (P, Q) T(M,wf,s)+y> < M( ; i Mr(Pat, Prg) y>

SAH+1
< > Ba(Mra Py > k)
i=1
SAH+1 2
< Z exp( T (o /\*)> (4.29)

where in the last line we defined o2 := 2d(M, M;)? + d(M, M;)*/2 and used Azuma—
Hoeffding inequality along with Lemma 4.13. Combining (4.28) and (4.29) with (4.27) for
x = W + vy gives the result. |

Sum of subgaussian random variables

Lemma 4.15 Let X an Y be to random variables with values in R that are ag( and 052,

subGaussian respectively. Then X + Y is 2(0% + 0% )-subGaussian.

Proof. Using Cauchy-Schwartz’s inequality and the definition of sub-Gaussian variables, we
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write
Elexp (X +Y))] = E[exp(tX) exp(tY)]
< Elexp(2tX)]"Y?*Elexp(2tY)]*/?

4252 1/2 4252 1/2
<exp (=) " exp (=) /

t2(20% + 20%)

= exp (F22X 1200y,
|
4.7 Proof of Lemma 4.1
Proof. Fix any pair of policies 7, /. We write
(V= V) = (v = Vi) = 7 =) T =)
= > (p(s,a) = pf, (5,0))(F},(s, @) — (s, a))
h,s,a
= > 1(a e {mls), m(5)}) (7 (s, @) — pf, (5,0)) (7} (s, @) — ra(s,a)),
h,s,a
where we used vector notation p™ = [p}(s,a)lpsq. Now applying Lemma 3.15 with

§ =0/(A*H) and Z = {(h,s,a) : (h,s) € [H] xS,a € {m(s),m(s)} } we get that with
proability at least 1 — 6 /(A*H), for all t > to,

Z L(a € {mp(s), m(s)})np, (s, a) (7 (s,a) — ra(s, a))2 <4log(1/) +4SH log(A(1+1))

h,s,a

= /Br(t7 6)7

where we used that |Z| < 25H. Next we use Lemma 3.17 with p = p™ — p™ which yields
that

(s,a) — pr'(s,a))>
(T =T = (F = V)| < | 370.6) 3 A a € (me), (o)) B2 ()

<
\ o~ n%(s, a)

) (PR (s, a) = pf (5,0))”
\ B7(t,9) hZ e

with probability at least 1 — §/(A%H). We conclude the proof with a union bound over
pairs of policies (m, ') € IIp x IIp. [

<

4.8 PEDEL
4.8.1 Proof of Proposition 4.1

First, let us introduce the intermediate complexity measure

Py (s,a)?

peQ mellp L= pn(s,a)(A(m) VeV Apin(llp))?

Fhad)

We start by showing that H3C(M,e) < CpgprL(M,e) < H5C(M,e). For h € [H]
pﬂ(sva)Q
s,a ph(s,a)(A(7r}3\/5VAmin(HD))2

consider any p*" € arg min,co MaxXref, > . Now, letting p :=
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% Zthl p*", we see that since € is a convex set, p € 2. Furthermore,

C(M, ) = min max Ph(s,0)"
’ pEQ weHDsahph(s,a)(A(w) VeV Apin(llp))?
T 2
S max ph(87 a)

mellp h Ph(8;a@)(A(m) VeV Apin(IIp))?

)&y

(@) i 2
A N Ph(s,a)
F— mellp 4= pr(s,a)(A(m) VeV Apin(Ilp))?

H T
(2 H max ph(s, a)Z
- h=1 m€llp S,a p;;’h(sa a)(A(W) VeV An’lin(l_ID))2
pj (s, a)?

= H
Eé%l refty, 2~ o, (5, @)(A(m) V e V Apin(IIp))?

=H" CPEDEL(MaE)a

where (a) uses the fact that max, ), f(7,h) <>, maxyf(m, h) and (b) uses the crude
bound py(s,a) > p,*l’h(s, a)/H. On the other hand we have

CreppL (M, ) H4Z§£S§2%§ ph(S,a)(A(g; E}S ’gafAmm(nD))?
< H* Z%l ety 2= onls, a)(AJf gséav)gamin(nw)z
= HC(M, ).
Therefore, we just proved that
H3C(M,¢) < CpepeL(M, ) < HC(M,¢). (4.30)

Now we compare C(M,e) and LB(M,¢). Using that a? < 2(a — b)? + 2b%, we note that
for any p € Q and any #® € II¢,

s e
2, e 2(p] (s,0)—p]" (s,))? 2pf” (s,0)°
7{2%’; (A(W)Ve\/Amm(HD))2< 7?61%[’; za:h on (s a)(h (Tr)vahAmm(HD))2 T oGaG (W}SVEvAmm(HD)P

2(p7 (s,a)—p) (s a))? 2p;{6(s,a)2

) (Ve B M)+ X 2 5 A G VeV A min ()

< max ),
nellp s,a,h

2(p} (s,0)—pf (s,0))? ns 2p7 (s,0)?
pn(8,a) (A(T)VeVApin(Tlp))? s,a,h pp(s,0)(eVAmin(Ilp))? "

= max
wellp

(4.31)
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(pT (s,a) WE(S7a))2 o
p)}EA( )V];G/Amin(HD))z and p! =

Now let us define p° := arg Min e MAXrelly D g 4 e

(0] €
L +2p . Then we have that

C(M,e) = min max pZ(S,G)Q
pEQ mellp £ pr(s,a)(A(m) VeV Apin(llp))?
™ 2
< max ph(s,a)

mellp “— pr(s,a)(A(m) VeV Amin(HD))2

[aed]

(a) 2(pj(s,a) —pj, (s,a - Z 2ph (5,0)2
= wellp pr(s,a)(A(r) VeV Amm HD ph s,a)(e V Apin(Ilp))?

© A(pj(s,a) — pf (s,a))? 'y 4p} (s, a)?
= mellp P (s, a)(A(7) VeV Apin(lp))? ot P (s,a)(e V Apin(Ilp))?

(Pj(s,a) — p} (s,a))? AH

= 4 min max + )
2 (5 V Amin(HD))2

pEQ mellp £ pr(s,a)(A(m) VeV Anin(llp))

where (a) uses (4.31) and (b) uses that for all (h, s,a), pi(s,a) > max(p)(s,a),p} (s,a))/2.
Now taking the minimum over 7¢ € II¢ in both sides of the previous inequality proves that

N (PR (s, @) — pf (s.a))® 4H
c <4
(Moe) = 4 Tuip g T 2 (5, ) (A(T) VeV Ain (T10))? | (2 V Ay (112

. . (ph(s,a) —pgs (s,a))? 4H
<16
= 0Tt eh ety 2 p(s,a)(A(m) + &~ A)? | (2 V Agin(lIp))?

5,0,
4H

(e V Apin(TIp))2’

where in the second inequality we used that A(7) + ¢ — A(7%) < 2(A(7w) VeV Apin(IIp)).

Combining (4.30) and (4.32) proves the first inequality.

< 8LB(M,¢) + (4.32)

On the complexity of PEDEL in the moderate precision regime

PEDEL has a loop structure where at each iteration it seeks to halve the precision of
its estimate of the value for all the policies that are still active. Taking a closer look
into the demgn of PEDEL, we notice that it starts the first iteration with the parameter
o = [logy & H } and ends at [log 2]. From Theorem 7 in (Wagenmaker & Jamieson, 2022),
we get that the number of ep1bodes played during the initial iteration is

o <H4 Z infy,,,eq, Maxpeo ”SOHAM}Z,

52
h _ b
, where eegp 1= ==
g
h:1 EXTD

B’
4H2\H|£g)
5 :
As a consequence, running just the initial iteration of PEDEL requires the number of
episodes

.= 64H? log(

. ph S, a
Co = (9<d H*log(|11|/6) %17%%’; Z pn(s;a) ) '

When e = Q(1/d), we have that d? = Q((e\/A(W)\/A , (HD))Q) for all policies 7 so that

Z pz (Sva)Q )

) s,a,h (s,a)
Co = Q( dH?log(|11| /6 A
0 ( og(|11]/ )pgg%%%%’; (e VA(T) V Amin (D) )2
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Therefore when ¢ = Q(1/SAH), we get that the sample complexity of PEDEL for
tabular MDPs satisfies

7= (SAH X CPEDEL(M7 5) log (1/5)) ,

with high probabilty.



5. All-epsilon Best Arms Identificqtién

In this Chapter, we investigate the All-e-BAI problem (see Section 1.4.3). Firt, we derive
an instance-dependent lower bound using the KL contraction method. Then, we present
an efficient method to solve the the max-min program featured in this lower bound. This
leads us to the design of a Track-and-Stop algorithm, whose sample complexity matches
the lower bound when § tends to 0. Finally, we provide an example of a bandit instance
where the simulator lower bound of Theorem 1.2 can be tighter than the KL contraction
bound. The contents of this chapter are based on the conference paper:

Aymen Al Marjani, Tomas Kocéak, Aurélien Garivier. On the Complexity of All e-
Best Arms Identification. In European Conference on Machine Learning and Principles
and Practice of Knowledge Discovery in Databases (ECMLPKDD), 2022.
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Lower bound

Notation: We consider Gaussian bandits of the shape v = (N (pa, 1))(16[[(] which we
parametrize by their mean-reward vector p € RX. Go(u) := {a € [K]: pia > maxy pp — €}
will denote the set of "good arms". We use i = {w € RE : > aclk)Wa = 1} for
the simplex of dimension K — 1. The set of alternative bandit instances is defined as
Alt(p) = {X € RE : G.(1) # G-(\)}. By following the same steps in the proof of (1.27),
we derive the lower bound below.

Proposition 5.1 For any d-correct algorithm A and any bandit instance p, the expected
stopping time 75 can be lower-bounded as

E,. alrs] > T2 (1) log(1/2.49)

where
THp) ' = sup Te(pow)™d  and (5.1)
WEYX K
(ta = Xa)?
T. = f - 2
)™= dnf Z[;qw (5.2)

The characteristic time T (p) above is an instance-specific quantity that determines the
difficulty of our problem. The optimization program in the definition of T () can be seen
as a two-player game between an algorithm which samples each arm a proportionally to
w, and an adversary who chooses an alternative instance A that is difficult to distinguish
from p under the algorithm’s sampling scheme. This suggests that an optimal strategy
should play the optimal allocation w* that maximizes the optimization problem (5.1) and,
as a consequence, rules out all alternative instances as fast as possible. This motivates our
algorithm, presented in Section 5.2.

Proof. Let kl(p, q) be the KL-divergence between two Bernoulli distributions with parame-
ters p and q. We start by applying Lemma 1 from (Kaufmann et al., 2016) which states
that for any F,-measurable event £, and any pair of bandit problems p and A,

Z WEMA[NG(T5)] > kl(P, 4(E), Pra(£))
a€[K]

We let € := (é # G:(u)), where G is the set answered by A at the end of exploration. For
this choice of event and since A is -correct, we have P, 4(£) < 6. On the other hand, by
choosing A € Alt(p), we get Py o(€) > 1 — 6. Therefore, using the monotonicity properties
of (p,q) — Kkl(p,q) we have kI(IP, o(E), Py a(£)) > kI(6, 1 —§). Since this holds for any
alternative problem A € Alt(u), we get

KI(3,1-6) < inf KI(P,a(E), Pra(E))

AEAlt(p)
Ha )‘a)Q E A[Na(Té)]
f E 122
Ae{ﬁt Z ol T(S Eu,A [7'6]

)2
<E,al[rs] sup inf w ;
| ]wezK A€Alt(p) %] ¢

where we used that the vector Fraction (E, a[Na]/Eyal7s])ac(k) is in the simplex. We
conclude by noting that kl(d, 1 — 0) > log(1/2.46). [
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Track-and-Stop for All-c-BAl

We propose an adaptation of the Track-and-Stop strategy similar to the one proposed by
(Garivier & Kaufmann, 2016) for the problem of Best-Arm Identification. It starts by
sampling once from every arm a € [K] and constructs an initial estimate pix of the vector
of mean rewards p. After this burn-in phase, the algorithm enters a loop where at every
iteration it plays arms according to the estimated optimal sampling rule (5.3) and updates
its estimate f1; of the arms’ expectations. Finally, the algorithm checks if the stopping rule
(5.4) is satisfied, in which case it stops and returns the set of empirically e-good arms. The
full pseudo-code is provided in Algorithm 14.

Sampling rule

For our sampling rule we rely on C-tracking: first, we compute w(pi;), an allocation vector

which is --optimal in the lower-bounf problem (5.1) for the instance fi;. Then we project

Vit
@(fiy) on the set AT = A N[y, 1]%. Given the projected vector @™ (fi;), the next arm to

sample from is defined by:
t
at41 = argmin N (t) — Z&gt(ﬁs), (5.3)
e s=1

where N, () is the number of times arm a has been pulled up to time ¢. In other words, we
sample the arm whose number of visits is farther behind its corresponding sum of empirical
optimal allocations. In the long run, as our estimate fi; tends to the true value p, the
sampling frequency N, (t)/t of every arm a will converge to the oracle optimal allocation
N . e . . _ 1
w}(p). The projection on A} ensures exploration at a minimal rate of 1, = W a) SO

that no arm is left behind because of bad initial estimates.

Stopping rule

To be sample-efficient, the algorithm must stop as soon as the collected samples are
sufficiently informative to declare that G.(p;) = Ge(p) with probability larger than 1 — 6.
For this purpose we use the Generalized Likelihood Ratio (GLR) test (Chernoff, 1959). We

define the Z-statistic N()
~ t)\ -1
Z(t) ::tXTE(p’ta ¢ )

where N(t) = (Na(t))ae[K}‘ As shown in (Degenne et al., 2019a; Garivier & Kaufmann,
2021), the Z-statistic is equal to the ratio of the likelihood of observations under the most
likely model where G¢(p¢) is the correct answer, i.e. f;, to the likelihood of observations
under the most likely model where G.(gi;) is not the set of e-good arms. The algorithm
rejects the hypothesis G (11¢) # G<(pu) and stops as soon as this ratio of likelihoods becomes
larger than a certain threshold (0, t), properly tuned to ensure that the algorithm is §-PAC.

Following this intuition, we define the stopping rule as
Toi=inf {t €N : Z(t) > B(t,6)} (5.4)

One can find many suitable thresholds from the bandit literature (Garivier, 2013; Magureanu
et al., 2014; Kaufmann & Koolen, 2021), all of which are of the order 3(6,t) ~ log(1/§) +
% log(log(t/d)). Such B(t,§) is enough to ensure that Py, 4 (G (fir;) # G=(p)) < 6, i.e. that
the algorithm is d-correct.

Now we state our sample complexity result which we adapted from Theorem 14 in
(Garivier & Kaufmann, 2016). Notably, while their Track-and-Stop strategy relies on
tracking the exact optimal weights to prove that the expected stopping time matches the
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Algorithm 14 Track-and-Stop

Input: risk §, accuracy parameter ¢.

Pull each arm once and observe rewards (74)qc[k]-
)"

Set initial estimate i = (r1,...,7K
Set t + K and N4(t) < 1 for all arms a.
fort=1,2,... do:
Compute w(pit), a %-optimal vector for (5.1) using mirror-ascent.
Pull next arm a;+; given by (5.3) and observe reward ;.
Update p1; according to ;.
Set t <t + 1 and update (N‘Z(t))ae[K]'

if ¢ T (i, M) S 5(¢,6) then:
Stop and return Ge(fi-)
12:  end if

13: end for

—_ =
= O

lower bound when ¢ tends to zero, our proof shows that it is enough to track some slightly
sub-optimal weights with a decreasing optimality gap in the order of % to enjoy the same
sample complexity guarantees. The proof is deferred to Section 5.6.

Theorem 5.1 For all § € (0, 1), Track-and-Stop terminates almost-surely. Moreover, its
stopping time 75 satisfies

li —— < T .
MmSUP Je(1/8) = 1¢ )

Remark 5.1 Suppose that the arms are ordered decreasingly pi; > po > --- > ug.

(Mason et al., 2020) define the upper margin a, = i IglI(l )Hk — (g1 — €) and provide a
€Ge(p

lower bound of the form f(v)log(1/0) where

) ::2gmax< ! ! 2).

(:U’l — &= Ni)27 (Nl + o — Ma)

It can be seen directly (or deduced from Theorem 5.1) that f(r) < TZ(p). In a second
step, they proposed FAREAST, an algorithm whose sample complexity in the asymptotic
regime 6 — 0 matches their bound up to some universal constant ¢ that does not depend
on the instance v. From Proposition 5.1, we deduce that T} (u) < c¢f(v), which can
be seen directly from the particular changes of measure considered in that paper. The
sample complexity of our algorithm improves upon previous work by multiplicative
constants. [

Note that Algorithm 14 requires to solve the best response problem, i.e. the minimization
problem in (5.2), in order to be able to compute the Z-statistic of the stopping rule, and
also to solve the entire lower bound problem in (5.1) to compute the optimal weights for
the sampling rule. The rest of this chapter is dedicated to presenting the tools necessary to

solve these two problems.
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Solving the Min Problem: Best Response Oracle

For a given vector w, we want to compute the best response

(o = Aa)® (5.5)

Az p(w) == argmin Z Wa 5

AEAlL(p) ac[K]

To simplify the presentation, we assume that the arms are ordered decreasingly p; > o >
-+ > pg. We also denote by B:(p) := [K]\ Ge(p) the set of bad arms.

Since an alternative problem A € Alt(p) must have a different set of e-optimal arms
than the original problem g, we can obtain it from g by changing the expected reward of
some arms. We have two options to create an alternative problem A:

e Making one of the c-optimal arms bad. We can achieve it by decreasing the

expectation of some e-optimal arm k while increasing the expectation of some other
arm ¢ to the point where k is no more e-optimal. This is illustrated in Figure 5.1.

e Making one of the s-sub-optimal arms good. We can achieve it by increasing
the expectation of some sub-optimal arm k while decreasing the expectations of the
arms with the largest means -as many as it takes- to the point where k£ becomes
g-optimal. This is illustrated in Figure 5.1.
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Figure 5.1: Left: Making One of the e-Optimal Arms Bad. Right: Making One of the
g-Sub-Optimal Arms Good.
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In the following, we solve both cases separately.
Case 1: Making one of the c-optimal arms bad. Let k£ € G.(p) be one of the e-
optimal arms. In order to make arm k sub-optimal, we need to set the expectation of arm k
to some value A\ = ¢ and the maximum expectation over all arms to max Ao = t+ €. Note

that the index of the arm ¢ with maximum expectation can be chosen in G.(p). Indeed,
if we choose some arm from B:(u) to become the arm with maximum expectation in A
then we would make an e-suboptimal arm good which is covered in the other case below.
The expectations of all the other arms should stay the same as in the instance p, since
changing their values would only increase the value of the objective. Now given indices
k and ¢, computing the optimal value of ¢ is rather straightforward since the objective
function simplifies to

—t)? —t—g)?
wk(/uc2 ) +w£(/ﬁz ! )

for which the optimal value of ¢ is:

_ wr ik + we(pe — €)
t =mh (w) = )
Wi + wy
and the corresponding alternative bandit is:
A (w) = (. B (W), B (W) H ey k)T
N—— N——

index k index ¢
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The last step is taking the pair of indices (k,¢) € Go(p) x (Ge(p) \ {k}) with the minimal
value in the objective (5.2).

Case 2: Making one of the sub-optimal arms good. Let k € B.(u) be a sub-optimal
arm, if such arm exists, and denote by ¢ the value of its expectation in A. In order to make
this arm e-optimal, we need to decrease the expectations of all the arms that are above the
threshold ¢ 4+ . We pay a cost of fwy(t — pu,)? for moving arm k and of jw;(t + & — 1;)*
for every arm ¢ such that p; >t + . Consider the functions:

%wi(t +e—p)? fort < p;—e,

0 fort > p; —e. vi € (KA {k}

fr(t) == %wk(t —up)? and fi(t) := {

K
Each of these functions is convex. Therefore the function f(t) := >_ fi(t) is convex and has
=1

1=
a unique minimizer t*. One can easily check that f’(ur) <0 and f/(u1 —€) > 0, implying
that pp —e < ur < t* < py —e. Therefore

Ci=min{i >1 : t*">p;, —e}—1
is well defined and satisfies ¢ € [|1,k — 1|]. Note that by definition 1 —e < t* and
t* < p, — € for all @ < £, hence

l
0= f,(t*) = wi(t* — pg) + Zwa(t* +e— lq)-
a=1
This implies that'
¢
okt oy WEHE T+ D, Wa(la —€)
= He (w) T 7
(.Uk- + Za:]_ wa
and the alternative bandit in this case writes as:

Alg’g(w) = (ﬁ]‘;’e(w) + Ey o1y - - - aﬁ?g(w)v cee 7,uK)T-
——— ——
indices 1to £ index k

Observe that since £ depends on t*, we can’t directly compute t* from the expression above.
Instead, we use the fact that ¢ is unique by definition. Therefore, to determine t* one
can compute fr(w) for all values of £ € [|1,k — 1|] and search for the index ¢ satisfying
fo1 — & < ' (w) < pg — € and with minimum value in the objective (5.2).

As a summary, we have reduced the minimization problem over the infinite set Alt(p) to
a combinatorial search over a finite number of alternative bandit instances whose analytical
expression is given in the next definition.

Definition 5.1 Let )\Ig’g(w) be a vector created form p by replacing elements on positions
k and ¢ (resp. 1 to ¢), defined as

A (W) = (. B (W), B (W) Fey k)T
index k index ¢

for k € G.(p) and

A?Z(w) = (ﬁlg’é(w) +E 15 - - 7ﬁ§’e(w)’ S nuK)T
——— ——
indices 1to £ index k

for k € B.(pn) where ﬁlg’ﬁ(w) is a weighted average of elements on positions k and ¢ (resp.

1ﬁ§’z(w) has a different definition depending on k being a good or a bad arm.
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1 to /) defined as:
ey L Wtk + wie(pe — €)
e (w) T W +OJZ

for k € Go(p) and
V4
_ Wil + 31 Wa(la — €)
“Ig,é(w) = lg
wg + Zazl Wq

for k € B:().

The next lemma is a direct conclusion of the reasoning above.

Lemma 5.1 Using the previous definition, A7 ,(w) can be computed as

HEWAY
A u(w) = argmin Z waM

AeAcUAB ez 2

with ties broken arbitrarily and where
Ag = {A(w) - k € Ge(), £ € Ge(n)/{k}}

and

Ap = {AP(w) 1 ke Bo(p), £ € [[1,k — 1|] s.t. pe > T (w) + & > pesa }-

5.4 Solving the Max-Min Problem: Optimal Weights

1

First observe that we can rewrite T.(u,.)”" as a minimum of linear functions:

9 T
T:(p,w) ' = inf w'd where D, ,, = { <()\a_'ua)> ’ A€ Alt(u)} . (5.6)
deD;, 2 ac[K]

Note that by using D, ,, instead of Alt(p), the optimization function becomes simpler
for the price of more complex domain (see Figure 5.2 for an example). As a result, T-(p,.) "
is concave and we can compute its subgradients thanks to Danskin’s Theorem (Danskin,
1966) which we recall in the lemma below.

Alt(p) D

0.3 |

& 1

10|

07 02 f

0.4 F
01 F

01

0.0 £

0.0 0.3 0.6 0.9 0.0 01 0.3 0.4
A d

Figure 5.2: Comparison of Alt(p) with Simple Linear Boundaries (First Figure) and D, ,,
with Non-Linear Boundaries (Second Figure) for g = [0.9, 0.6] and ¢ = 0.05.
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Lemma 5.2 (Danskin’s Theorem) Let A*(w) be a best response to w and define d*(w) :=

(M)ZG[K}' Then d*(w) is a subgradient of T (p,.)"! at w.

Next we prove that T.(m,.)~! is Liptschiz.

Lemma 5.3 The function w +— T.(p,w) ™t is L-Lipschitz with respect to || - ||, for any

. 2
L> max Ha—Fte)
a,be[K] 2

Proof. As we showed in Lemma 5.1, the best response AI ,(w) to w is created from p by
replacing some of the elements by ﬁ?’e(w) or ng’é(w) + . We also know that ﬁf’é(w) is a
weighted average of an element of p with one or more elements of p decreased by e. This
means that

max > "¢(w) > min —€
i fa > e (w) > oK) Ha

and, as a consequence, we have

i = AL (w)i] < a{gea[%(ua — iy +€)

for any i € [K]. Let f(w) := T.(p,w)~ L. Using the last inequality and the definition of
d*(w), we can obtain for any w, w' € X,

flw) = f(W) < (w—w')Td" (W)
< lw = @[ ld" (@)oo

_ 2
< w - o'|1 max (o —py +€)
a,be[K] 2

As a summary T.(u,.)”! is concave, Lipschitz and we have a simple expression to

compute its subgradients through the best response oracle. Therefore we have all the
necessary ingredients to apply a gradient-based algorithm in order to find the optimal
weights and therefore, the value of T (). The algorithm of our choice is the mirror ascent
algorithm which enjoys the following guarantees.

Proposition 5.2 — (Bubeck, 2015). Let w; = (%, e %)T and define the learning rate

Qp = %\ / %. Then using mirror ascent algorithm to maximize a L-Lipschitz function

f, with respect to ||-||;, defined on Ax with generalized negative entropy ®(w) =
> ae[K] Wa log(w,) as the mirror map enjoys the following guarantees:

N
f(w*)—f(;fzwn> Syeas
n=1

Remark 5.2 — Computational complexity of our algorithm.. To simplify the presenta-
tion and analysis, we chose to focus on the vanilla version of Track-and-Stop. However,
in practice this requires solving the optimization program that appears in the lower
bound at every time step, which can result in large run times. Nonetheless, we note that
there are many possible adaptations of Track-and-Stop that reduce the computational
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complexity, while retaining the guarantees of asymptotic optimality in terms of the
sample complexity (and with a demonstrated small performance loss experimentally). A
first solution is to use Franke-Wolfe style algorithms (Ménard, 2019; Wang et al., 2021),
which only perform a gradient step of the optimization program at every step. Once can
also apply the Gaming approach initiated by (Degenne et al., 2019a) which only needs
to solve the best response problem, and runs a no-regret learner such as AdaHedge to
determine the weights to be tracked at each step. This approach was used for example
by (Jourdan et al., 2021) in a similar setting of pure exploration with semi-bandit
feedback. Another adaptation is the Lazy Track-and-Stop (Jedra & Proutiere, 2020),
which updates the weights that are tracked by the algorithms every once in a while. =

Comparing the Simulator Lower Bound to the Characteristic
Time

In this section, we show that the simulator bound of Theorem 1.2 can be arbitrarily large
compared to T (p)log(1/d). Fix § = 0.1 and let ¢, > 0 with 8 < € and consider the
instance such that uy = 8, ux = — and p, = —f for a € [|2, K — 1|]. Note that in this
case B = 3, where (. was defined in (1.51). By symmetry, w, = ws for all a € [|2, K — 1|].
In this case, using Lemma 5.1 we have

< wiwg B wiws(e —26)?  wowse? )
2(wi +wg)’ 2(wi +wa) T 2(we + ws)

—~

a

T*(u)™' = sup min

N

wEX K
— s min( wiwg P wiws(e — 26)? wz€2>
wWEX K 2(&11 "i_WK)7 2(0.)1 +w2) C 4

< wiwg B wiws(e — 2B)? wale — 26)2>
2(w1 —i—wK)’ 2(w1 + we) ’ 4 '

The first term of the min in (a) corresponds to the cost of making arm K a good arm by
simultaneously increasing its mean reward and decreasing the mean reward of the first arm,
the second term to that of making arm 2 a bad arm by simultaneously decreasing its mean
reward and increasing the mean reward of the first arm. The third term, corresponds to
the cost of making arm 2 a bad arm by simultaneously decreasing its mean reward and
increasing the mean reward of the arm 3 (which is the same cost if we replace arms 2 and
3 by any other pair of arms in [|2, K — 1[]). Now we look for w such that w; = wg > ws.
This means that the third term of the min in the last line is always smaller than the second
term. If we note S the set of such omegas then one can write

wlﬁQ CUQ(E — Qﬁ)Q
47 4 )

T*(u)™ ' > sup min< (5.7)

weEX KNS

Note that the right hand side is maximized when both terms of the min are equal. Let w
be the maximizer. Then

20+ (K —2)@z =1, and &% = ale — 26)°.

Solving for w and injecting in (5.7) we get

* -1 (6 — 25)252
W 2 e g T Ak )
or equivalently
N 8 4(K -2
TS 5
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When 8 < ¢ and § is fixed, this yields T*(u)log(1/8) = O(1/8% + K/<?). In contrast note
that for this particular instance |Gg(p)| = 1 so that the lower bound of Theorem 1.2 is at
least of order Q(K/B?). Therefore, we see that the simulator bound exhibits an improved
scaling w.r.t the number of arms K.

Proof of Theorem 5.1

We start with a few technical lemmas. The first two are adapted from (Garivier & Kaufmann,
2016):

Lemma 5.4 (LEMMA 7, (GARIVIER & KAUFMANN, 2016)) For all ¢ > 1, the C-Tracking
with weights (@(fs))sen+ ensures that N, (t) > vt + K? — 2K and that

Na(t) = @a(fis)| < K(1+ V1)
s=1

max
1<1<K

Lemma 5.5 (LEMMA 19, (GARIVIER & KAUFMANN, 2016)) For ¢ > 0, define Iz £ [ —
7
Epi+E) X [ux =&, ur +E&]. And for T' > 1, consider the event: Ep = () (ﬁt € Ig).

t=|T1/4]
Then there exists two constants B, C' that only depend on g and & such that

P, (E%) < BT exp(—CT"/®)

where €7 is the complementary event of .

The last lemma states that p + T.(u,w)”! is Lipschitz. Its proof is deferred to the
end.

Lemma 5.6 For all vectors w in the simplex, for all instances p, g’ in [tmin, ,umax]K we
have

ITe(p',w) ™" = Te(p,0) ™| < 4tmaz — Hmin + €) HH/ - HHOO

Now we are ready to prove the Theorem. We denote by L1 ([thmin, tmaz]™) 2 4(ftmaz — fmin+
€) the Lipschitz constant of the mapping g — T. (@, w) ™" in the domain [fmin, ftmaz]™ and

by La(p) £ max, pe(x] W the Lipschitz constant of the mapping w + T.(u,w) 1.

We will prove a lower bound on 7% (ﬂt, M)71 under & which will result into an upper

bound on the stopping time 75 = inf {t eN : (ut, N(t)) ! > B(0, t)} First observe that
under &7, the Ly constant is upper bounded: Lq(I¢) < Li maz £ 4(maxg g — ming pp + € +

2¢). Similarly, we have for all [TV4] <t < T, Lo(fi;) < Lomaz = (maxa jto — mmb iy +26+e)”
Now applying Lemma 5.4 and the Lipschitz property w.r.t the weights, we have for all
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T4 <t<T

~

T. (ﬁt, N(lt))‘1 ST (ﬁt, =1(“)> o Lmﬂw

M@#
2

t

— K(1 t
Z =1 - L2,maw ( i \[)
t t
t
~ o~ -1
Z Te(ﬂnw(ﬂs))
s=|T1/4] K(l—{—\/i)
> ; - LZ,mamfv

where we used the fact that the mapping w + T-(pu,w) ™! is concave (resp. non-negative) in
the second (resp. last) inequality. Now observe that for all s,¢ > |TY4|, || — fis|, < 2€.
Therefore the Lipschitz property w.r.t p implies that

S (e ()

. N(t)y—1 _ s=[TV4] 26 L1 max(t — |TY)) K(1+ 1)
Ts (Nt> t ) > 1 - t - 2,marf
i x(~ \~1 ! 1
Z:1/4 Ta( S) Z:1/4 Vs K(1 \/E
2 S:LT J t - S:LT n J - 2£L1,max - L2,max(j) (58)

where in the second inequality we used the fact that by definition w(ps) is at most ﬁ
sub-optimal. Now observe that

T (ﬁs)_l — T (u)_l almost surely (since N,(t) > V't + K? — 2K).
5—00
t
1 ¢ g
X
s=ITVE v ~ VE )
t t—o0 t

K(1 t

Therefore for n > 0, there exists ¢, such that for all ¢t > ¢,,

t t
> TE)TT Y &
s=|T1/4] s=|T1/4] Vs K(1++/1)
- - 2ma$7

t t ’

—— =T ()" =n (59

Summing up (5.8) and (5.9), we get for all ¢ > t,,,

. N(t)\ -1 « -1
T: (l"b t( )) > 17 (H) - 2£L1,max - 1.
Therefore for every 1" such that T > max (tm BET) ), we have Ep C (15 < T)

T2 (1) =2Lamas—n

thus P(r; > T) < P(E%) < BT exp(—CT'®). Hence for Ty() := inf {T >1: T >
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max (tn, - (u)?g{TL)l,maz—n)} it holds that

E[Tg] = Z P(Tg > T)

< Tp(6) + Y BT exp(—CT"/®).
T=1

Note that

max (t B0, T5(9))
" 1z (N)il — 26L1,maz — M

) < Ty(8) < max (tn, b, 10(9)) ?7) +1.

-1
Ta* (u) - 2€L1,max -

o BGY ' ity impli i (o) :
Since %12(1) Tog(1/) — L1, the last inequality implies that hr;lj(l)lp Tog(1/8) = o (M)fl_szl T

. We conclude by letting n and & go

E[7s] . 1
og(l/ls) - T ('u) B —26L1,maz—"
to zero. -

and consequently lim sup ;
6—0

Proof of Lemma 5.6

First case: arms in g and p’ have the same order

Without loss of generality, suppose that p; > po > ... > px and pf > ph > ... > plye.

Then we see that for all k # [ € [K], zt"(w) and p ]g’é(w) have the same formula and :
—k,l _kt . . . k0 k.0
W (w) — B (w)] < |1 — pll, which implies that [AZ(w) — A (w)] < b — pll .

Therefore, letting f denote the function f(u, ) £ ZGE[K] Wa (““_2/\“)2, we have

1F (!, A (@) = F, M) <2 S walpl = pta + APH(@)a — NEUW)a) (1l + 10 — A (W) — AP (w),)

IS
m
e

Wq X 2 H“/ — “Hoo X Q(Mma:r — Mmin + 5)
2

Q(Nmaz — Mmin + 5) HIJ/ - l'l'Hoo .

<

where in the second inequality we used the fact that A¥‘(w) (resp. A%*(w)) is a weighted
average of some arm in p(resp. p’) with one or more arms of p(resp. ') decreased by e
and therefore lies in [fmin — €, fmaz]™. Let (ko,lp) be such that A p(w) = Fo-lo () then

To(p,w) "~ T(p,w) ™ = Te(p,w) ™! = fw, A0 (w))
< fw, A0 (@) = f (w0 A0 (w)
< 2(fhmaz — Pmin + €) Hp’, B y’Hoo :

By symmetry we get for all instances g and p’ with the same arm ordering:

ITe(p,w) ™" = To(p, @) | < 2(tmaz — pmin +€) |10 — ]| -

Second case: arms in g and p’' have a different order
Then for n large enough we can find a sequence (u')p<ij<on of instances in the segment
[, 1'] such that p® = p, " = p' and:

i+l < HI’I’/_IJ’HOO.

Vi € [|0,2"—1]], ' and p't! have the same arm ordering and HM MZHOO =" gn-1
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We can construct such a sequence in the following way: Split [tmn, umax]K into K! regions
such that any two instances in the same region share the same arm ordering. The boundaries
between these regions correspond to instances where two or more arms are equal. Starting

from 1 £ p, span the segment [u, p'] and define pi*! to be the first instance where: either

. ’_ .
the L distance from u' is equal to %, or we cross a boundary between two regions.

Since there can be at most K! — 1 changes in the arm ordering, for n large enough such
sequence always exists. Now we have:

2" —1
‘TS(”’/aw)il - TE(IJ‘aw)il‘ S Z |T6(w7/‘1‘74+1)71 - T&‘(w?l‘l’z)71|
=0
2" —1
" — pll
< Z Q(I«Lmax — Wmin + 5)T
i=0

< 4(,Umam — Hmin +€) Hl’l'/ B “HOO'

where in the second inequality we use the first case and the fact that p¢ and p‘*! have the
same arm ordering. As a summary, we always have:

ITe(p,w) ™" = To(p, @) Y| < Atmaz — Hmin + €) HIL/ - IJJHOO .

Conclusion

We shed a new light on the sample complexity of finding all the e-good arms in a multi-armed
bandit with Gaussian rewards. We derived an instance-dependent lower bound, identifying
the characteristic time that reflects the true hardness of the problem in the asymptotic
regime. Then, capitalizing on an method to solve the optimization program that defines
the characteristic time, we proposed an efficient Track-and-Stop strategy whose sample
complexity matches the lower bound for small values of the risk level. Finally, we proved
that the simulator bound from Chapter | can have a better scaling in the number of arms
and can be arbitrarily larger than the first bound for moderate values of the risk.






Bibliography

Articles

Abbasi-Yadkori, Y., Pal, D., & Szepesvéari, C. (2011). Improved algorithms for linear
stochastic bandits. Advances in Neural Information Processing Systems (NeurIPS),
24 (cited on pages 101-103).

Agarwal, A., Kakade, S., & Yang, L. F. (2020). Model-based reinforcement learning with
a generative model is minimax optimal (J. Abernethy & S. Agarwal, Editors).
Proceedings of Thirty Third Conference on Learning Theory, 125, 67-83 (cited on
page 19).

Al Marjani, A., Kocak, T., & Garivier, A. (2022). On the complexity of all \epsilon-best
arms identification. Joint European Conference on Machine Learning and Knowledge
Discovery in Databases, 317-332 (cited on page 35).

Al-Marjani, A., Garivier, A., & Proutiere, A. (2021). Navigating to the best policy in
markov decision processes. Advances in Neural Information Processing Systems
(NeurIPS), 34 (cited on pages 24, 61, 65, (7).

Al-Marjani, A., & Proutiere, A. (2021). Adaptive sampling for best policy identification in
markov decision processes. International Conference on Machine Learning, 7459—
7468 (cited on pages 28, 52, 54, 69).

Al-Marjani, A., Tirinzoni, A., & Kaufmann, E. (2023). Active coverage for PAC reinforce-
ment learning. Proceedings of the 36th Conference On Learning Theory (COLT)
(cited on pages 47, 84, 109).

Azar, M. G., Munos, R., & Kappen, H. J. (2013). Minimax PAC bounds on the sample
complexity of reinforcement learning with a generative model. Machine Learning,
91(3), 325-349 (cited on pages 18-20, 115).

Azar, M. G., Osband, I., & Munos, R. (2017). Minimax regret bounds for reinforcement
learning. Proceedings of the 34th International Conference on Machine Learning,
(ICML) (cited on pages 47, 83, 81).

Barrier, A., Garivier, A., & Kocék, T. (2022). A non-asymptotic approach to best-arm
identification for gaussian bandits (G. Camps-Valls, F. J. R. Ruiz, & 1. Valera,
Editors). Proceedings of The 25th International Conference on Artificial Intelligence
and Statistics, 151, 1007810109 (cited on page 68).



168 Bibliography

Brandizi, M., Kurbatova, N., Sarkans, U., & Rocca-Serra, P. (2012). Graph2tab, a library to
convert experimental workflow graphs into tabular formats. Bioinformatics, 28(12),
1665-1667 (cited on page 41).

Bubeck, S. (2015). Convex optimization: Algorithms and complexity. Foundations and
Trends in Machine Learning (cited on page 150).

Burda, Y., Edwards, H., Storkey, A., & Klimov, O. (2019). Exploration by random net-
work distillation. International Conference on Learning Representations (cited on
page 76).

Burnetas, A. N., & Katehakis, M. N. (1997). Optimal adaptive policies for markov decision
processes. Mathematics of Operations Research, 22(1), 222-255 (cited on pages 54,
72).

Cesa-Bianchi, N., Mansour, Y., & Stoltz, G. (2005). Improved second-order bounds for
prediction with expert advice. Machine Learning, 66, 321-352 (cited on pages &1,
89).

Chen, J., & Jiang, N. (2019). Information-theoretic considerations in batch reinforce-
ment learning. International Conference on Machine Learning, 1042-1051 (cited on
pages 76, 82).

Chen, J., Modi, A., Krishnamurthy, A., Jiang, N., & Agarwal, A. (2022). On the statistical
efficiency of reward-free exploration in non-linear rl. Advances in Neural Information
Processing Systems (cited on page 70).

Chernoff, H. (1959). Sequential design of Experiments. The Annals of Mathematical Statistics,
30(3), 755-770 (cited on page 1415).

Cheung, W. C. (2019). Exploration-exploitation trade-off in reinforcement learning on
online markov decision processes with global concave rewards. arXiv preprint
arXiv:1905.06466 (cited on page 76).

Dann, C., & Brunskill, E. (2015). Sample complexity of episodic fixed-horizon reinforcement
learning. Advances in Neural Information Processing Systems (NeurIPS) (cited on
page 19).

Dann, C., Lattimore, T., & Brunskill, E. (2017). Unifying pac and regret: Uniform pac bounds
for episodic reinforcement learning. Advances in Neural Information Processing
Systems (NeurIPS), 5713-5723 (cited on page 106).

Dann, C., Li, L., Wei, W., & Brunskill, E. (2019). Policy certificates: Towards accountable
reinforcement learning. International Conference on Machine Learning (ICML)
(cited on page 19).

Dann, C., Marinov, T. V., Mohri, M., & Zimmert, J. (2021). Beyond value-function gaps:
Improved instance-dependent regret bounds for episodic reinforcement learning.
Advances in Neural Information Processing Systems (NeurIPS) (cited on page 112).

Danskin, J. M. (1966). The theory of max-min, with applications. Siam Journal on Applied
Mathematics, 14, 641-664 (cited on page 149).

Degenne, R., & Koolen, W. M. (2019). Pure exploration with multiple correct answers.
Advances in Neural Information Processing Systems (NeurIPS) (cited on pages 29,
112, 131).

Degenne, R., Koolen, W. M., & Ménard, P. (2019a). Non-asymptotic pure exploration by
solving games. Neural Information Processing Systems (cited on pages 24, 29, 145,
151).

Degenne, R., Koolen, W. M., & Ménard, P. (2019b). Non-asymptotic pure exploration
by solving games. Advances in Neural Information Processing Systems (NeurIPS),
14492-14501 (cited on page 82).



Bibliography 159

Degenne, R., Menard, P., Shang, X., & Valko, M. (2020). Gamification of pure exploration for
linear bandits (H. D. III & A. Singh, Editors). Proceedings of the 37th International
Conference on Machine Learning, 119, 24322442 (cited on pages 28, 74).

Domingues, O. D., Ménard, P., Kaufmann, E., & Valko, M. (2021). Episodic reinforcement
learning in finite mdps: Minimax lower bounds revisited. Algorithmic Learning
Theory, 578-598 (cited on page 19).

Efroni, Y., Mannor, S., & Pirotta, M. (2020). Exploration-exploitation in constrained mdps.
arXiv preprint arXiv:2003.02189 (cited on page 117).

Even-Dar, E., Mannor, S., & Mansour, Y. (2006). Action elimination and stopping conditions
for the multi-armed bandit and reinforcement learning problems. Journal of machine
learning research, 7(Jun), 1079-1105 (cited on page 19).

Eysenbach, B., Gupta, A., Ibarz, J., & Levine, S. (2019). Diversity is all you need: Learning
skills without a reward function. International Conference on Learning Representa-
tions (cited on page 70).

Farahmand, A.-m., Ghavamzadeh, M., Szepesvari, C., & Mannor, S. (2009). Regularized
fitted g-iteration for planning in continuous-space markovian decision problems.
2009 American Control Conference, 725-730 (cited on page 76).

Farahmand, A.-m., Szepesvari, C., & Munos, R. (2010). Error propagation for approximate
policy and value iteration. Advances in Neural Information Processing Systems
(NeurIPS), 23 (cited on page 70).

Fiechter, C.-N. (1994). Efficient reinforcement learning. Proceedings of the Seventh Confer-
ence on Computational Learning Theory (COLT) (cited on page 18).

Fort, G., Moulines, E., & Priouret, P. (2011). Convergence of adaptive and interacting
markov chain monte carlo algorithms. Annals of Statistics, 39, 3262-3289 (cited on
pages 61, 62, 67).

Foster, D. J., Krishnamurthy, A., Simchi-Levi, D., & Xu, Y. (2022). Offline reinforcement
learning: Fundamental barriers for value function approximation. Conference on
Learning Theory, 3489-3489 (cited on page 76).

Freund, Y., & Schapire, R. E. (1997). A decision-theoretic generalization of on-line learning
and an application to boosting. Journal of Computer and System Sciences, 55(1),
119-139 (cited on page 47).

Garivier, A. (2013). Informational confidence bounds for self-normalized averages and
applications. 2013 IEEE Information Theory Workshop (ITW) (cited on page 115).

Garivier, A., & Kaufmann, E. (2016). Optimal best arm identification with fixed confidence
(V. Feldman, A. Rakhlin, & O. Shamir, Editors). 29th Annual Conference on
Learning Theory, 49 (cited on pages 22, 28, 29, 54, 113, 130, 145, 152).

Garivier, A., & Kaufmann, E. (2021). Nonasymptotic sequential tests for overlapping
hypotheses applied to near-optimal arm identification in bandit models. Sequential
Analysis, 40(1), 61-96 (cited on pages 29, 137, 145).

Garivier, A., Ménard, P., & Stoltz, G. (2019). Explore first, exploit next: The true shape
of regret in bandit problems. Mathematics of Operations Research, 44(2), 377-399
(cited on page 25).

Hazan, E., Kakade, S. M., Singh, K., & Soest, A. V. (2019). Provably efficient maximum
entropy exploration. International Conference on Machine Learning (ICML) (cited
on page 70).

Jaksch, T., Ortner, R., & Auer, P. (2010). Near-optimal regret bounds for reinforcement
learning. Journal of Machine Learning Research, 11, 1563-1600 (cited on page 77).

Jedra, Y., & Proutiere, A. (2020). Optimal best-arm identification in linear bandits (H.
Larochelle, M. Ranzato, R. Hadsell, M. Balcan, & H. Lin, Editors). Advances in



160 Bibliography

Neural Information Processing Systems, 33, 10007-10017 (cited on pages 24, 29,
130, 151).

Jin, C., Krishnamurthy, A., Simchowitz, M., & Yu, T. (2020). Reward-free exploration
for reinforcement learning. International Conference on Machine Learning (ICML)
(cited on pages 21, 76, 84, 85, 89-91).

Jin, C., Yang, Z., Wang, Z., & Jordan, M. I. (2019). Provably efficient reinforcement learning
with linear function approximation. Annual Conference Computational Learning
Theory (cited on pages 115, 116).

Jin, Y., Yang, Z., & Wang, Z. (2021). Is pessimism provably efficient for offline rl? Interna-
tional Conference on Machine Learning, 5084-5096 (cited on page 70).

Johanson, M. B., Hughes, E., Timbers, F., & Leibo, J. Z. (2022). Emergent bartering
behaviour in multi-agent reinforcement learning. ArXiv, abs/2205.06760 (cited on
page 9).

Johari, R., Koomen, P., Pekelis, L., & Walsh, D. (2022). Always valid inference: Continuous
monitoring of a/b tests. Operations Research, 70(3), 1806-1821 (cited on page 9).

Jourdan, M., Mutny, M., Kirschner, J., & Krause, A. (2021). Efficient pure exploration
for combinatorial bandits with semi-bandit feedback (V. Feldman, K. Ligett, & S.
Sabato, Editors). Proceedings of the 32nd International Conference on Algorithmic
Learning Theory, 132, 805-849 (cited on page 151).

Kalyanakrishnan, S., & Stone, P. (2010). Efficient selection of multiple bandit arms: Theory
and practice. International Conference on Machine Learning (cited on page 16).

Kaufmann, E., Cappé, O., & Garivier, A. (2016). On the complexity of best-arm identifi-
cation in multi-armed bandit models. The Journal of Machine Learning Research,
17(1), 1-42 (cited on pages 23, 33, 34, 144).

Kaufmann, E., & Koolen, W. M. (2021). Mixture martingales revisited with applications to
sequential tests and confidence intervals. Journal of Machine Learning Research,
22(246), 1-44 (cited on page 115).

Kaufmann, E., Ménard, P., Domingues, O. D., Jonsson, A., Leurent, E., & Valko, M. (2021).
Adaptive reward-free exploration. Algorithmic Learning Theory (ALT) (cited on
pages 19, 21, 76, 91).

Kohavi, R., Deng, A., Frasca, B., Walker, T., Xu, Y., & Pohlmann, N. (2013). Online
controlled experiments at large scale. Proceedings of the 19th ACM SIGKDD Inter-
national Conference on Knowledge Discovery and Data Mining, 11681176 (cited
on page 9).

Kozuno, T., Yang, W., Vieillard, N., Kitamura, T., Tang, Y., Mei, J., M’enard, P., Azar,
M. G., Valko, M., Munos, R., Pietquin, O., Geist, M., & Szepesvari, C. (2022).
Kl-entropy-regularized rl with a generative model is minimax optimal. ArXiv,
abs/2205.14211 (cited on page 19).

Krause, A., & Golovin, D. (2014). Submodular function maximization. Tractability, 3,
71-104 (cited on page 41).

Lai, T., & Robbins, H. (1985). Asymptotically efficient adaptive allocation rules. Advances
in Applied Mathematics, 6(1), 4-22 (cited on page 8).

Laskin, M., Yarats, D., Liu, H., Lee, K., Zhan, A., Lu, K., Cang, C., Pinto, L., & Abbeel, P.
(2021). Urlb: Unsupervised reinforcement learning benchmark. Thirty-fifth Confer-
ence on Neural Information Processing Systems Datasets and Benchmarks Track
(Round 2) (cited on page 70).

Li, G., Wei, Y., Chi, Y., Gu, Y., & Chen, Y. (2020). Breaking the sample size barrier
in model-based reinforcement learning with a generative model (H. Larochelle, M.
Ranzato, R. Hadsell, M. Balcan, & H. Lin, Editors). Advances in Neural Information
Processing Systems, 33, 12861-12872 (cited on page 19).



Bibliography 161

Littlestone, N., & Warmuth, M. K. (1994). The weighted majority algorithm. Information
and computation, 108(2), 212-261 (cited on page 34).

Locatelli, A., Gutzeit, M., & Carpentier, A. (2016). An optimal algorithm for the thresholding
bandit problem (M. F. Balcan & K. Q. Weinberger, Editors). Proceedings of The 35rd
International Conference on Machine Learning, 48, 1690-1698 (cited on page 16).

Magureanu, S., Combes, R., & Proutiere, A. (2014). Lipschitz bandits: Regret lower bound
and optimal algorithms (M. F. Balcan, V. Feldman, & C. Szepesvari, Editors).
Proceedings of The 27th Conference on Learning Theory, 35, 975-999 (cited on
pages 38, 145).

Mason, B., Jain, L., Tripathy, A., & Nowak, R. (2020). Finding all \epsilon-good arms in
stochastic bandits (H. Larochelle, M. Ranzato, R. Hadsell, M. F. Balcan, & H. Lin,
Editors). Advances in Neural Information Processing Systems, 33, 2070720718
(cited on pages 16, 32, 35, 146).

Ménard, P. (2019). Gradient ascent for active exploration in bandit problems. arXiv e-
printsarXiv 1905.08165 (cited on page 151).

Ménard, P., Domingues, O. D., Jonsson, A., Kaufmann, E., Leurent, E., & Valko, M. (2021).
Fast active learning for pure exploration in reinforcement learning. International
Conference on Machine Learning (ICML) (cited on pages 19, 21, 76, 85).

Modi, A., Chen, J., Krishnamurthy, A., Jiang, N., & Agarwal, A. (2021). Model-free represen-
tation learning and exploration in low-rank mdps. arXiv preprint arXiv:2102.07035
(cited on page 77).

Munos, R. (2003). Error bounds for approximate policy iteration. International Conference
on Machine Learning (ICML) (cited on page 76).

Munos, R., & Szepesvari, C. (2008). Finite-time bounds for fitted value iteration. Journal
of Machine Learning Research, 9(5) (cited on page 70).

Mutti, M., De Santi, R., & Restelli, M. (2022). The importance of non-markovianity in
maximum state entropy exploration. International Conference on Machine Learning,
16223-16239 (cited on page 70).

Ortner, R. (2010). Online regret bounds for markov decision processes with determinis-
tic transitions [Algorithmic Learning Theory (ALT 2008)|. Theoretical Computer
Science, 411(29), 2684-2695 (cited on page 39).

Papini, M., Tirinzoni, A., Restelli, M., Lazaric, A., & Pirotta, M. (2021). Leveraging good
representations in linear contextual bandits. International Conference on Machine
Learning, 8371-8380 (cited on page &6).

Pesquerel, F., & Maillard, O.-A. (2022). Imed-rl: Regret optimal learning of ergodic markov
decision processes (S. Koyejo, S. Mohamed, A. Agarwal, D. Belgrave, K. Cho, & A.
Oh, Editors). Advances in Neural Information Processing Systems, 35, 26363-26374
(cited on page 541).

Reéda, C., Tirinzoni, A., & Degenne, R. (2021). Dealing with misspecification in fixed-
confidence linear top-m identification. Advances in Neural Information Processing
Systems (NeurIPS), 34 (cited on page 102).

Rosenberg, A., & Mansour, Y. (2019). Online convex optimization in adversarial markov
decision processes. International Conference on Machine Learning (cited on page 85).

Russac, Y., Katsimerou, C., Bohle, D., Cappé, O., Garivier, A., & Koolen, W. M. (2021).
A/b/n testing with control in the presence of subpopulations (M. Ranzato, A.
Beygelzimer, Y. Dauphin, P. Liang, & J. W. Vaughan, Editors). Advances in Neural
Information Processing Systems, 34, 25100-25110 (cited on page 9).

Sidford, A., Wang, M., Wu, X., Yang, L., & Ye, Y. (2018a). Near-optimal time and sample
complexities for solving markov decision processes with a generative model (S.



162 Bibliography

Bengio, H. Wallach, H. Larochelle, K. Grauman, N. Cesa-Bianchi, & R. Garnett,
Editors). Advances in Neural Information Processing Systems, 31 (cited on page 19).

Sidford, A., Wang, M., Wu, X., & Ye, Y. (2018b). Variance reduced value iteration and
faster algorithms for solving markov decision processes. Proceedings of the 2018
Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), 770787 (cited on
page 19).

Simchowitz, M., Jamieson, K., & Recht, B. (2017). The simulator: Understanding adap-
tive sampling in the moderate-confidence regime (S. Kale & O. Shamir, Editors).
Proceedings of the 2017 Conference on Learning Theory, 65, 1794-1834 (cited on
pages 29, 30).

Sion, M. (1958). On general minimax theorems. Pacific Journal of Mathematics, 8, 171-176
(cited on page 131).

Soare, M., Lazaric, A., & Munos, R. (2014). Best-arm identification in linear bandits
(Z. Ghahramani, M. Welling, C. Cortes, N. Lawrence, & K. Weinberger, Editors).
Advances in Neural Information Processing Systems, 27 (cited on page 38).

Strehl, A. L., & Littman, M. L. (2008). An analysis of model-based interval estimation
for markov decision processes [Learning Theory 2005|. Journal of Computer and
System Sciences, 7/(8), 1309-1331 (cited on page 60).

Tarbouriech, J., & Lazaric, A. (2019). Active exploration in markov decision processes (K.
Chaudhuri & M. Sugiyama, Editors). Proceedings of the Twenty-Second International
Conference on Artificial Intelligence and Statistics, 89, 974-982 (cited on page 51).

Tarbouriech, J., Pirotta, M., Valko, M., & Lazaric, A. (2021). A provably efficient sample
collection strategy for reinforcement learning. Advances in Neural Information
Processing Systems (NeurIPS), 34, 7611-7624 (cited on pages 76, 81).

Tarbouriech, J., Shekhar, S., Pirotta, M., Ghavamzadeh, M., & Lazaric, A. (2020). Active
model estimation in markov decision processes. Conference on Uncertainty in
Artificial Intelligence, 1019-1028 (cited on page 78).

Taupin, J., Jedra, Y., & Proutiére, A. (2022). Best policy identification in linear mdps.
ArXiv, abs/2208.05633 (cited on page 115).

Tirinzoni, A., Al-Marjani, A., & Kaufmann, E. (2022). Near instance-optimal PAC reinforce-
ment learning for deterministic MDPs. Advances in Neural Information Processing
Systems (NeurIPS) (cited on pages 44, 81, 112, 115, 116).

Tirinzoni, A., Pirotta, M., & Lazaric, A. (2021). A fully problem-dependent regret lower
bound for finite-horizon mdps. ArXiv, abs/2106.13013 (cited on page 113).
Tirinzoni, A., Pirotta, M., Restelli, M., & Lazaric, A. (2020). An asymptotically optimal
primal-dual incremental algorithm for contextual linear bandits (H. Larochelle, M.
Ranzato, R. Hadsell, M. Balcan, & H. Lin, Editors). Advances in Neural Information

Processing Systems, 33, 1417-1427 (cited on page 28).

Wagenmaker, A., & Jamieson, K. (2022). Instance-dependent near-optimal policy identifica-
tion in linear mdps via online experiment design. Advances in Neural Information
Processing Systems (NeurIPS) (cited on pages 48, 49, 115, 116, 119, 141).

Wagenmaker, A., Simchowitz, M., & Jamieson, K. G. (2022a). Beyond no regret: Instance-
dependent PAC reinforcement learning. Conference On Learning Theory (COLT)
(cited on pages 20, 81, 89, 90, 107, 115, 119, 120).

Wagenmaker, A. J., Chen, Y., Simchowitz, M., Du, S., & Jamieson, K. (2022b). Reward-
free RL is no harder than reward-aware RL in linear Markov decision processes.
Proceedings of the 39th International Conference on Machine Learning (ICML)
(cited on page 115).

Wang, P.-A., Tzeng, R.-C., & Proutiere, A. (2021). Fast pure exploration via frank-wolfe
(M. Ranzato, A. Beygelzimer, Y. Dauphin, P. Liang, & J. W. Vaughan, Editors). Ad-



Bibliography 163

vances in Neural Information Processing Systems, 34, 5810-5821 (cited on pages 24,
29, 151).

Wu, J., Braverman, V., & Yang, L. (2022). Gap-dependent unsupervised exploration
for reinforcement learning (G. Camps-Valls, F. J. R. Ruiz, & I. Valera, Editors).
Proceedings of The 25th International Conference on Artificial Intelligence and
Statistics, 151, 4109-4131 (cited on page 21).

Xie, T., Foster, D. J., Bai, Y., Jiang, N., & Kakade, S. M. (2022). The role of coverage in
online reinforcement learning. arXiv preprint arXiv:2210.04157 (cited on pages 70,
82).

Xie, T., & Jiang, N. (2020). Q* approximation schemes for batch reinforcement learning: A
theoretical comparison. Conference on Uncertainty in Artificial Intelligence, 550—559
(cited on page 76).

Xie, T., & Jiang, N. (2021). Batch value-function approximation with only realizability.
International Conference on Machine Learning, 11404-11413 (cited on page 70).

Yarats, D., Fergus, R., Lazaric, A., & Pinto, L. (2021). Reinforcement learning with
prototypical representations. International Conference on Machine Learning, 11920—
11931 (cited on page 70).

Zahavy, T., O’'Donoghue, B., Desjardins, G., & Singh, S. (2021). Reward is enough for
convex mdps. Neural Information Processing Systems (NeurIPS) (cited on page 76).

Zanette, A., & Brunskill, E. (2019a). Tighter problem-dependent regret bounds in reinforce-
ment learning without domain knowledge using value function bounds. Proceedings of
the 36th International Conference on Machine Learning, (ICML) (cited on page 89).

Zanette, A., & Brunskill, E. (2019b). Tighter problem-dependent regret bounds in rein-
forcement learning without domain knowledge using value function bounds. ICML,
97, 7304-7312 (cited on page 84).

Zanette, A., Kochenderfer, M. J., & Brunskill, E. (2019). Almost horizon-free structure-aware
best policy identification with a generative model. Advances in Neural Information
Processing Systems (NeurIPS), 5626-5635 (cited on pages 20, 115).

Zanette, A., Lazaric, A., Kochenderfer, M. J., & Brunskill, E. (2020). Provably efficient
reward-agnostic navigation with linear value iteration. Advances in Neural Informa-
tion Processing Systems (NeurIPS), 33, 11756-11766 (cited on page 77).

Zhang, Z., Du, S., & Ji, X. (2021a). Near optimal reward-free reinforcement learning.
International Conference on Machine Learning, (ICML) (cited on page 89).
Zhang, Z., Du, S., & Ji, X. (2021b). Near optimal reward-free reinforcement learning (M.
Meila & T. Zhang, Editors). Proceedings of the 38th International Conference on

Machine Learning, 139, 12402-12412 (cited on page 21).

Zhang, Z., Du, S., & Ji, X. (2021c). Near optimal reward-free reinforcement learning.
International Conference on Machine Learning, 12402-12412 (cited on page 70).

Zhang, Z., Ji, X., & Du, S. (2021d). Is reinforcement learning more difficult than bandits?
a near-optimal algorithm escaping the curse of horizon. Conference on Learning
Theory, 4528-4531 (cited on page 81).

Zheng, S., Trott, A. R., Srinivasa, S., Naik, N. V., Gruesbeck, M., Parkes, D. C., & Socher,
R. (2020). The ai economist: Improving equality and productivity with ai-driven
tax policies. ArXiv, abs/2004.13332 (cited on page 9).

Books

Aliprantis, C. D., & Border, K. C. (2006). Infinite dimensional analysis: A hitchhiker’s
guide. Berlin; London, Springer. (Cited on page (2).

Lattimore, T., & Szepesvari, C. (2019). Bandit Algorithms. Cambridge University Press.
(Cited on pages 13, 30, 102, 103).



Levin, D. A., Peres, Y., & Wilmer, E. L. (2006). Markov chains and mizing times. American
Mathematical Society. (Cited on pages 29, 54, 72).

Puterman, M. (1994). Markov Decision Processes. Discrete Stochastic. Dynamic Program-
ming. Wiley. (Cited on pages 8, 10, 11, 13, 28 49, 77, 82).

Sterelny, K. (2007). 21814 Cognitive Load and Human Decision, or, Three Ways of Rolling
the Rock Uphil. Oxford University Press. (Cited on page 8).

Sutton, R. S., & Barto, A. G. (2018). Reinforcement learning: An introduction. Cambridge,
MA, USA, A Bradford Book. (Cited on pages 8, 76).

Tsybakov, A. (2008). Introduction to nonparametric estimation. Springer Series in Statistics.
(Cited on page 18).



1.1 class of NArd MDPs . . . 20
1.2 Possible changes-0f-Measure . ... e i 33

2.1 Non-homogeneous Markov Chain. An exploration rate of at least t~51 is needed. 61
4.1 MDP instance with large policy gaps and small value gaps. .. ............. 121

5.1 Left: Making One of the e-Optimal Arms Bad. Right: Making One of the e-Sub-Optimal
N 15T T T 147
5.2 Comparison of Alt(p) with Simple Linear Boundaries (First Figure) and D, ,, with Non-
Linear Boundaries (Second Figure) for p = [0.9, 0.6 and e =0.05. . .............. 149






QU s W N =

0

10
11
12
13
14

Backward Induction . . . . . . . . .. 13

Pure exploration protocol in episodic MDPs . . . . . . ... ... ... ..... 17
Pure exploration protocol in bandits . . . . . ... ... ... 000 17
Static Maximum COVETrage . . . . .« . v v v v vt e e e e 42
Dynamic Maximum Coverage . . . . . . . . . . . v v v v i 42
Simplified CovGame . . . . . . . . . . e e e e e 46
General structure of PEDEL . . . . .. ... 0 o000 49
Navigate-and-Stop (NaS) . . . . . .. ... L 64
COVGAME . . o v oot e e e e 83
PCE (Proportional Coverage Exploration) . . . ... ... ... ... ..... 91
ESTIMATEREACHABILITY ((h,$);€0,0) « « v v v v v i i e e e e e e 107
PRINCIPLE (PRoportloNal Coverage with Implicit PoLicy Elimination) . . . 118
PruneDataset . . . . . . . . . L 119

Track-and-Stop . . . . . . . . L 146



	 Résumé
	 Abstract
	 List of Publications
	1 Introduction
	1.1 Preamble
	1.2 (The Need for) Pure Exploration in RL
	1.3 Markov Decision Processes
	1.3.1 Infinite horizon MDPs with discount
	1.3.2 Non-stationary finite-horizon MDPs
	1.3.3 Finite-armed bandits
	1.3.4 Sampling models and sampling rules

	1.4 Pure Exploration Problems
	1.4.1 Best Policy Identification
	1.4.2 Reward-Free Exploration (RFE)
	1.4.3 All -best arms Identification (All–BAI)
	1.4.4 General structure of pure exploration algorithms

	1.5 The Sample Complexity of Pure Exploration
	1.5.1 Minimax complexity and optimality
	1.5.2 The case for instance-dependent pure exploration

	1.6 Overview of Contributions
	1.6.1 Lower-bound-inspired algorithm for BPI
	1.6.2 Bandit lower bounds beyond the KL contraction: The simulator technique
	1.6.3 Covering an MDP: minimum flows in graphs, submodular optimization and zero-sum games
	1.6.4 Implicit policy eliminations for computationally-efficient approximate BPI


	2 Asymptotic Navigation for Problem- Dependent Best Policy Identification
	2.1 On the Optimization Objective and the Optimal Allocation
	2.2 C-Navigation: A Sampling Rule for Asymptotic Optimality
	2.2.1 Building-up the intuition
	2.2.2 Tuning the mixture parameters
	2.2.3 Convergence of visitation frequencies to the optimal allocation

	2.3 Navigate-and-Stop
	2.3.1 Pseudo-code
	2.3.2 Stopping rule

	2.4 Sample Complexity of Navigate-and-Stop
	2.4.1 Main Theorem
	2.4.2 Proof of the almost-sure asymptotic complexity
	2.4.3 Proof sketch for the expected sample complexity

	2.5 Discussion

	 Appendix of Chapter 2
	2.6 Definition of H
	2.7 Upper Bound on the Norm of Products of Substochastic Matrices
	2.8 Minimal Exploration Rate for Ergodic MDPs
	2.9 Geometric Convergence of Iterates of an Ergodic Chain
	2.10 Geometric Ergodicity of C-Navigation
	2.11 Simplifed Expression of the Generalized Likelihood Ratio

	3 Active Coverage and Reward-Free Exploration in Episodic MDPs
	3.1 Background on Coverage and RFE
	3.2 Definition of Active Coverage
	3.2.1 Preliminaries
	3.2.2 Learning problem

	3.3 Lower Bound on the Complexity of Active Coverage
	3.3.1 Links to other measures of coverage
	3.3.2 Proof of Theorem 3.1
	3.3.3 Bounding the minimum flow
	3.3.4 Concentrability and coverability

	3.4 Near-Optimal Active Coverage by Solving Games
	3.4.1 Intuition and pseudo-code of CovGame
	3.4.2 Sample complexity of CovGame
	3.4.3 Proof of Theorem 3.2
	3.4.4 Comparison with prior work

	3.5 Application to Reward-Free Exploration
	3.5.1 PCE: Intuition and pseudo-code
	3.5.2 Sample Complexity of PCE
	3.5.3 Adaptive reward-free exploration

	3.6 Analysis of PCE
	3.7 Conclusion

	 Appendix of Chapter 3
	3.8 Properties of the Minimum Flow
	3.9 Concentration of Value Functions
	3.9.1 General results
	3.9.2 Concentration results for RFE
	3.9.3 Concentration results for BPI
	3.9.4 Auxiliary results

	3.10 Estimating State Reachability

	4 Implicit Policy Eliminations for Efficient -BPI
	4.1 Instance Dependent Lower Bounds
	4.1.1 General lower bound for near-optimal policy identification
	4.1.2 Finite-risk bound for exact identification
	4.1.3 Interpreting the lower bound

	4.2 Towards a Matching Upper Bound
	4.2.1 PEDEL: A close to optimal algorithm

	4.3 Proportional Coverage with Implicit PoLicy Elimination
	4.3.1 Basic intuition
	4.3.2 Theoretical guarantees
	4.3.3 Pseudo-code
	4.3.4 Comparison with other BPI-algorithms

	4.4 Analysis of PRINCIPLE 
	4.4.1 Good event
	4.4.2 Low Concentrability / Good coverage of optimal policies
	4.4.3 Correctness

	4.5 Conclusion and open question

	 Appendix of Chapter 4
	4.6 Proof of Theorem 4.1
	4.6.1 Simplifying the expression of the characteristic time
	4.6.2 A max-min game formulation
	4.6.3 Log-likelihood ratio of MDPs with same transition kernel
	4.6.4 The change-of-measure argument
	4.6.5 Sum of subgaussian random variables

	4.7 Proof of Lemma 4.1
	4.8 PEDEL
	4.8.1 Proof of Proposition 4.1
	4.8.2 On the complexity of PEDEL in the moderate precision regime


	5 All-epsilon Best Arms Identification
	5.1 Lower bound
	5.2 Track-and-Stop for All–BAI
	5.2.1 Sampling rule
	5.2.2 Stopping rule

	5.3 Solving the Min Problem: Best Response Oracle
	5.4 Solving the Max-Min Problem: Optimal Weights
	5.5 Comparing the Simulator Lower Bound to the Characteristic Time
	5.6 Proof of Theorem 5.1
	5.6.1 Proof of Lemma 5.6

	5.7 Conclusion

	Bibliography
	Articles
	Books


