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Introduction

1.1 | Context

We are mainly interested in this thesis by the analysis of scattering and inverse scattering
problems for the time harmonic magnetic Schrodinger operator. Before addressing our inverse

problem, we would like to first discuss this question:

What is an inverse problem?

The problem that may be regarded as one of the earliest inverse problems pertains to the
computation of the earth’s diameter by Eratosthenes in 200 B.C. For centuries, individuals
have sought refuge by tapping the walls and analyzing echo, this is a distinct instance of an
inverse problem. Heisenberg proposed that quantum interactions were completely character-
ized by their scattering matrix, which collects information about the interaction at infinity.
The discovery of neutrinos by measuring the consequences of their existence is also in line
with inverse problems.

Inverse problem publications have seen a sharp increase in recent years. A good example

of the broad range of applications is provided by the list of inverse problems below:

B Acoustic scattering, scattering in quantum mechanics [24, 93].
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B The inverse problem of geomagnetic induction [91].

m Laser tomography, ultrasound tomography, X-ray tomography [3].
m Locating cracks or mines by electrical prospecting [81].

® Radio-astronomical imaging, image analysis [76].

B The use of electrocardiography and magneto-cardiography [34].

B Determining the volatility in models for financial markets [12].

Let’s assume we have a mathematical model for a physical process. This model is assumed
to provide a description of the system underlying the process and its operating conditions and

to explain the main quantities of the model: input, system parameters, output.

________________________________

! 1
! 1
! 1
! 1
! 1
1 . 1
: 1nput - system outlgutE :
1 (parameters) \
I :
! 1
1

! process :

Figure 1.1: The process [7]

The description of the system is typically provided in terms of a set of equations (ordinary
and/or partial differential equations, integral equations, etc.) with specific parameters. Three
different sorts of problems can be distinguished in the examination of the provided physical

process via the mathematical model (see Fig. 1.1).

(I) The direct problem: Given the input and the system parameter, the goal is to find out

the output of the model.

(I) The reconstruction problem: Given the system parameters and the output, the goal is

to find out which input has led to this output.

2
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(II) The identification problem: Given the input and the output, the goal is to determine the

system parameters which are in agreement with the relation between input and output.

A type (I) problem is referred to as a direct (or forward) problem because it is focused
on a cause-and-effect sequence. In this sense, type problems (II) and (III) are referred to
as "inverse problems" because they are problems of finding out unknown causes of known
consequences. It is immediately obvious that treating one of the aforementioned problems
necessitates dealing with the others as well. the main objective of inverse modeling is to solve
inverse problems in order to have a comprehensive discussion of the model (see [7]).

A well-posed mathematical model for a physical problem must have three properties:
uniqueness, existence, and stability. Accordingly, the identification of the direct and inverse
problem is based on Hadamard’s concept of the ill-posed problem [38]. The well-posed of
the two problems is known as the direct problem, and the ill-posed is known as the inverse
problem.

More precisely, we are interested in the scattering phenomena which represents the most
widely used mathematical model to recover unknown physical, geophysical, or medical ob-
jects from exterior observations [49, 45]. The direct scattering problem involves determining
the scattered field from the incident field and the differential equations governing the wave
motion; the inverse scattering problem involves determining the nature of the scatterer, such
as location, geometry, or material properties, from knowledge of the scattered field [24, 2, 41].
If the total field is viewed as the sum of an incident field and a scattered field, the scattered
field can be determined from the incident field and the differential equations governing the
wave motion.

Our interest is in the analysis of the inverse scattering problem for time-harmonic magnetic

Schrodinger operator H 4 4 where is given by
Haq:=—(V+iA)Y +gq (1.1)

where A represents the magnetic potential and g represents the electric potential. Due to

the Gauge invariance [46], the magnetic potential A cannot be uniquely determined from far

3
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field or near field measurements outside the scatterer. So, the best one could recover is the
magnetic field curlA. Let us mention that the first who studied this type of problem in the
mathematical community is Sun in his paper [85]. His result was improved by other authors
[11,90, 79].

Our research focuses specifically on the stability of reconstructing the magnetic field and
electric potential using measurements of the far field and near field maps. We derive loga-
rithmic stability estimates with explicit exponents, taking into account regularity assumptions
on the parameters. Prior to this analysis, we establish at first the well-posedness of the direct
problem using the Lippmann-Schwinger equation and a variational approach. Additionally,
we investigate sampling methods for reconstructing the geometric support of the magnetic po-
tential. Our work concludes with a study of the interior transmission problem for the magnetic
Schrodinger operator.

In the field of inverse problems, the stability estimate provides a measure of how small
changes or errors in the input data affect the errors in the solution. It quantifies the relationship
between the data perturbations and the resulting deviations in the solution, enabling us to
assess the robustness of the inverse problem solution.

In the absence of magnetic potential, a significant number of researchers addressed the
stability question, such as Hihner and Hohage in [40], who established logarithmic stabil-
ity estimates based on complete aperture measurements. Stefanov, in [84], gave an explicit
exponent in the logarithmic estimate and used the L2-weighted norm for far field patterns.
In [43], Isaev and Novikov demonstrated stability estimates with explicit dependence on the
wave number, and we refer to [68, 70, 71, 87] for pioneering uniqueness results under various
regularity assumptions. Lipschitz stability results were obtained for the time-domain acoustic
wave equation in [90, 19, 73,31, 11], which is "equivalent" to data available of all frequencies.

We are specifically interested in studying stability in the presence of a magnetic potential
A. Several works in the literature addressed this question for both full and partial measure-
ment settings. For full measurements, which corresponds with measuring the global Dirichlet

to Neumann map for bounded domains, we refer to [90, 79]. While in the context of partial
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measurements, we refer to [8, 9, 11, 79, 85, 90]. Recently, several studies were concerned with
stability estimates for the inverse scattering problems considering both far and near fields, see
[22, 40, 84, 48, 80].

To study the situation where one would like to simultaneously recover the magnetic field
and the electric potential from full aperture measurements, we shall make use of geometrical
optics solutions developed by Calderon, Sylvester, and Uhlmann in [11, 79, 85, 90] for various
context in relation to inverse problems. We adopt a similar methodology as in [40, 84]. Tzou
demonstrated in [90] a log-type stability estimate for the H ~Inorms of the coefficients using
DtN data and assuming that the magnetic potentials are in W>* and the electric potentials are
in L*. Here, we focus on stability with respect to the L® norm and make a clear connection
between the additional regularity that the coefficients must have and the logarithm exponent.
To achieve these results, we improved technical results concerning geometric optical type
solutions [87] and Helmholtz decompositions, which played an important role in obtaining
the results in [10].

In complement to these theoretical results we addressed the challenging task of recovering
the shape of a perturbation based on the measurements of scattered waves at a fixed frequency.
We extended the Linear Sampling Method (LSM) and the Factorization Method (FM) to the
case of magnetic Schrédinger operator.

These methods belong to the class of qualitative methods that aim to provide a rough esti-
mate of the scatterer’s geometry without precise quantitative information and without using a
forward solver, we refer to [21, 51, 29, 37, 42, 64, 75]. These techniques were first introduced
in 1996 [21]. One of these methods’ primary benefits is that they don’t depend on a forward
problem solver. They are fast at computation because of this. Moreover, certain among them
provide a proof of uniqueness for reconstructing the geometry with minimal assumptions on
the material properties. However, these methods also depend on what are referred to as mul-
tistatic data, which involve a substantial number of sources and receivers. These methods
exclusively furnish geometrical information about the target.

The principle of the sampling method consists in constructing an indicator function from a
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measurement operator and a well-chosen test function that reveals whether a point lies inside
the desired geometry. The difference between the sampling methods actually lies in the way
this indicator function is constructed. We will mainly consider the cases of linear sampling
method (LSM) [21, 27, 18, 14] and factorization method (FM) [53, 57, 58, 59, 60]. These
approaches are interrelated and each has its advantages and disadvantages.

The linear sampling method (LSM), proposed by Kirsh and Colton [21] has probably
the simplest formulation and wider range of applications (different wave models and more
flexible configuration of sources and receivers). The LSM indicator function also has a direct
interpretation with the so-called interior transmission problem, which plays an important role
in the analysis of the method. However, the mathematical justification does not provide a full
justification of the method as it does not explicitly indicate how the approximate solution can
be constructed.

The factorization method (FM) was originally proposed by Kirsh in 1998 [51], and more
robust from a mathematical background because the geometry is precisely characterized by
a constructed indicator function. However, the analysis of the factorization method relies
on a special factorization of the measurement operator, which usually corresponds to a full-
aperture measurement. Using the factorization approach, one loses however the connection
with the interior transmission problem.

In addition to the theoretical study of these methods in the context of magnetic Schrodinger
operator, we present several validating results in 2D for simple configurations. The theoreti-
cal part required the study of the interior transmission problem with contrast produced by the
refractive index and the magnetic potential. This is the objective of the last part of our work.
We prove the well-posedness of the Interior Transmission Problem (ITP) and the discreteness
of the set of transmission eigenvalues through the application of Fredholm theory and the up-
per triangular Fredholm theory. The interior transmission problem was first posed by Kirsch
in [55]. A few years later, Colton and Monk in [25] used the interior transmission problem
to solve the inverse scattering problem for acoustic waves in an inhomogeneous medium.

Since that time, the ITP has gained a large attention in inverse scattering community (see, for
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example, [13, 24, 14]).

1.2 | Overview and organization

The dissertation is structured as follows: After a general introduction, the manuscript is split

into four chapters as follows:

Chapter 2: This chapter is dedicated to establishing the well-posedness of the direct prob-
lem for the magnetic Schrodinger operator. The analysis is done using first the Lippmann-
Schwinger equation and then using a variational approach. We conclude the chapter with
numerical examples illustrating the scattering problem solutions, using the finite element li-

brary FreeFem++.

Chapter 3: The purpose of this Chapter is to provide stability estimates for inverse scat-
tering problems related to the time harmonic magnetic Schrodinger equation. Due to gauge
invariance, the magnetic potential A cannot be uniquely determined from far field or near
field measurements outside the scatterer. We prove logarithmic type estimates for retrieving
the magnetic fields curl(A) and electric potentials from near field or far field maps. Our ap-
proach combines techniques from similar results obtained in the literature for inhomogeneous

inverse scattering problems based on the use of geometrical optics solutions.

Chapter 4: In this chapter, we first focus on the use of sampling methods: Linear Sam-
pling Method (LSM) and Factorization Method (FM) to solve the inverse shape problem. We
provide theoretical justification of these two methods along with some numerical validating
examples. We present second a comprehensive analysis of the uniqueness of the reconstruc-

tion of the shape of the domain from far field pattern.

Chapter 5: This chapter presents a study of the interior transmission problem (ITP) fo-
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cusing on establishing the well-posedness of the (ITP), and the discreteness of the set of
transmission eigenvalues through the application of Fredholm theory and the upper triangular

Fredholm theory.



Scattering problem for the magnetic
Schrodinger operator

. Abstract:

This chapter is dedicated to establishing the well-posedness of the direct problem for the
magnetic Schrodinger operator. The analysis is done using first the Lippmann-Schwinger
equation and then using a variational approach but we present first the magnetic Schrodinger
model and the acoustic model. We conclude the chapter with numerical examples illustrating

the scattering problem solutions, using the finite element library FreeFem++.
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2.4 Analysis of the direct problem using the variational approach . . . . . .. 23

2.5 Numerical examples using FreeFem++ . . . . . ... .. ... ... ... 28

2.1 | Introduction

This chapter is organized as follows. In Section 2.2, we present the physical and mathematical
models of the scattering problem for the magnetic Schrédinger operator. We discuss, in Sec-
tions 2.3 and 2.4, the existence and uniqueness of solution for the direct problem using both
the variational approach and the Lippmann-Schwinger equation. In the last Section 2.5, we
end this chapter by giving numerical examples using the finite element program FreeFem-++.

This study will be useful for the other chapters.

2.2 | Physical and mathematical model

2.2.1 | Physical model

2.2.1.1 | The magnetic schrédinger model

The Schrédinger equation stands as one of the fundamental equations that govern the behav-
ior of the nanoscopic world. It represents a key milestone in the development of quantum
mechanics.

The time-dependent Schrodinger equation describing the dynamics of a quantum particle,
such as an electron, of mass m moving under the influence of a three-dimensional potential in

position X = (x, y,z) at time £, can be written as:

S . i
—EA‘I’(x,t) + VY(X,t) = zhg(x,t), (2.1

where

m ¥ (X, t) is the wave function,

10
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mH= —%A + V is the Hamiltonian operator,
B 7 is the reduced Planck constant,

m A is the Laplacian operator,

m V = gV is the potential energy function,

B g is the charge of particle,

m ) is the electric potential.

Let’s now take a closer look at the specific instance of time-independent potentials V (X, ) =
V (X). The wave function can be expressed as the product of spatial and temporal components

in this case, since the Hamiltonian operator is also time-independent,
Y (%, t) = p(x)e BT 2.2)

where {(X) is the solution of time-independent Schrodinger equation

oo . .
which is of the form Hiyp = Ei with E is the total energy of the particle. This particular
solution of the Schrodinger equation is called stationary state because the probability density

is stationary i.e., it does not depend on time
[¥(%, )17 = [p(t)e B2 = |p(2)]%

In the initial half of 1926, Erwin Schrodinger (1887—1961) presented the time-independent
wave equation (2.3), which was a pivotal contribution and established the groundwork for
wave mechanics. This significant discovery was made known in the first of his four monu-
mental papers. Moreover, in that first paper, Schrodinger promptly utilized the equation to

deduce the energy spectrum of the hydrogen atom.

11
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Now, with the presence of the magnetic potential .4, the magnetic Schrodinger equation

has the following form

1, . o= SN P
%(— WV — gAY (X, t) + VY (X, t) = zhg(x,t). (2.4)

The magnetic vector potential A and electric potential )V = %V mentioned in the equation
are integral components of the electromagnetic field. They are responsible for generating
the electromagnetic forces that affect the behavior of particles at the quantum level. The
electromagnetic field, described by the electric field V)V and magnetic field V x A.

In the case of time-independent potentials, the wave function ¥ (X, t) can be written as

(2.2) where 1(X) is the solution of time-independent magnetic Schrédinger equation

ﬁ(— nV — qA)*(X) + qVip(X) = Ep(%). (2.5)

For further readings about the Schrodinger model, we refer to [35, 78, 93].

2.2.1.2 | The acoustic model

In this subsection, we provide a quick presentation of the acoustic model. Let us consider
the propagation of a small amplitude acoustic wave produced by a small perturbation in a

homogeneous and isotropic fluid in IR3. The wave equation is then given by:
o7p(t,x) — c*Ap(t, x) =0, (2.6)
where

B c is the speed of sound in the medium,

m p represents the pressure field, where the velocity potential (according to the studied
model) is derived by linearizing the fluid motion equations (Euler equation, continuity

equation, and adiabatic hypothesis) [24].

12
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When trying to solve this equation in the spectral domain, one considers harmonic waves of

the form

plt,x) = Re(e"u(x)),

where

B w > 0 represents the frequency of the time variation,

B u represents the pressure field amplitude.
We then obtain that u, which takes complex values, satisfies the Helmholtz equation:

(A+K*n)u =0, 2.7)

where

mk= 2"—0 > 0 is the wave number,

B (g is the wave speed in the vacuum,

mn= %0 is the medium refractive index.

This equation bears the name of the physicist Hermann Ludwig Ferdinand von Helmbholtz
(1821-1894) for his significant contributions to mathematical acoustics and electromagnetics.
For more detailed information on the derivation of the model, we refer to Chapter 2 of

[24].

2.2.1.3 | Analogy between the Schrédinger model and acoustic model

The Schrodinger model or the acoustic model can be written in the following form:
—(V +iA)%u + qu = Ku. (2.8)

This corresponds to the Schrodinger model by taking:

13
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mg= zh—’qu.
m k= YAk

It represents also the acoustic model by taking :

mA=0.
k=g
mg=k((1-n)

2.2.2 | Mathematical model

Let D C IR3 be a bounded open set with smooth boundary such that R? \ D is connected
and B be a smooth bounded a simply connected domain (typically a ball) containing D with
outward normal denoted by v. Let A = (ay,a,a3) € WH®(IR?)? be a real valued vector
modeling the magnetic potential, the refractive index n € L*(R®,C) with non negative
imaginary, positive real and n = 1 outside the support D and g € L*®(IR3) be a complex
valued function with non negative imaginary part modeling the electric potential such that

Supp(A) C D and Supp(gq) C D.

__---__ B
Incident field u’ e AN
) Scattered field u®
\
4 \\

/ A(x) \\
i \
1
d R q9(x) \l
i s wom s e s s e i
l\ n(x) # 1 |
\\ II

\ 7 4

\ /
A\
nx) =1

Figure 2.1: The inhomogeneous direct scattering problem
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We consider the magnetic Schrodinger operator given by
Hay=—(V+iAY +q9=—-A—Qay,, (2.9)
where Q 4 4 is the first order operator given by
Qaqv:=idiv(Av) +iA-Vo— (A +q)v, ve HE (RY). (2.10)

The direct scattering problem is to determine the total field u knowing the incident wave u'
that satisfies the Helmholtz equation in IR3 which describes how waves propagate through
space, and knowing that the total field satisfies with the presence of the electric potential g

and magnetic potential A
Haqliag—kuag=0 inR% (2.11)
with k > 0 is the wave number. The total field is decomposed into
Upg=u'+uj, inR’ (2.12)

where the scattered field 15 g € H2 (R®) and satisfies the Sommerfeld radiation condition

loc

at infinity
lim r(a,us - ikus) =0, r=]|x| (2.13)

r—00

uniformly with respect to £ = ﬁ This condition was introduced by Sommerfeld in 1912 to

ensure uniqueness for the solutions to the scattering problems (see [83]).

Two important families of incident fields are given by

m Plane waves: u'(x) = u'(x,d) = e**9 where d € S?, called plane wave because
et (kxd—wt) ig constant on the planes kx - d — wt = cte where w is an angular frequency.

They propagate with the speed ¢ = ¢ in the direction d € 2,

B Spherical waves coming from a point source outside D. More precisely, let ® be the

Green function given by

1 gik|x_]/‘

d(x,y) : x#y (2.14)

= drlx

15
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which is the fundamental solution of the Helmholtz equation, i.e. satisfying AP (-, y) +
k*®(-,y) = —J, together with the Sommerfeld radiation condition. The spherical

incident wave created by a point source at v is u'(x,y) = ®(x,v).

In the next two section, we analyze the direct scattering problem using two distinct ap-

proaches: the Lippmann-Schwinger equation and the variational approach.

2.3 | Analysis of the direct problem using the

Lippmann-Schwinger equation

We here study the well-posedness of the direct scattering problem using the formulation of the
problem as a Lippmann-Schwinger equation (see, for instance, [82, 39]) and prove a uniform

bound with respect to the potentials.

Assumption 2.3.1. We assume that the magnetic potential A = (a1, az,a3) € WV (RR3,R3)
and the electric potential ¢ € L (]R3, C) with non negative imaginary part such that Supp(A)
D and Supp(q) C D. Moreover, A and q satisfies ||A||y10 < M and ||q||L» < M, respec-

tively, for some constant M > Q.

The function v will be referring in this section to the incident wave (i.e. P(-,y) or
u'(-,d)); the associated total field is denoted by u = u A,q and the scattered field u® = u’ .=
(R?)

3 ; ; 2
(IR”). Both scattering problems can then be stated as solving for u° € Hj..

U—0€ leOC

satisfying
—A* —KPu® = Qu (1’ +0) inR%, (2.15)

and the Sommerfeld radiation condition (2.13). For the study of this problem, we only require

that v € H! (D). Convolution properties imply in particular that #° can be represented as

u’(x) = /DCIJ(x,y)QA,qu(y) dy, x €R> withu =u°+ovinD. (2.16)

16
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Let us introduce the integral operator Ty , : H' (D) — H'(D) defined by

Taqw(x) := /DCID(x,y)QAIqw(y)dy, x € D. (2.17)

We remark that, since Q44 : HY(D) — L?(D) is continuous (by regularity assumptions on

A and g), and since the volume potential

w e [ o ywydy,

continuously maps L?(D) into HZ (IR®) (see [24]), we deduce that T 4 is compact. Equation
(2.16) implies in particular that the total field u € H' (D) and is a solution of the Lippmann-
Schwinger equation

u—Tau=0v inH (D). (2.18)

Conversely, if u € H'(D) satisfies (2.18), then one easily verifies using the properties of
volume potentials [24] that uZ’ g given by (2.16) is in H120 C(]R3) and is a solution of the scat-
tering problem (2.15)-(2.13). The well-posedness of the latter is then a consequence of the

following proposition.

Proposition 2.3.2. The operator I — Ty 4 : HY(D) — HY(D) with I denoting the identity

operator on H'(D) is continuously invertible.

Proof. The operator [ — Ty, is of Fredholm type with index 0. It is therefore sufficient to
prove the injectivity of this operator. If u — T4 ,u = 0, then, from the above equivalence, u°

given by (2.16) with v = 0 satisfies
—Au® — KPu® = Ququ° in R,

Multiplying by u° and integrating over a ball B containing D imply after applying the Green’s

theorem in both sides

/(;WS\Z —k2|us\2)dx—/ 9,5 s (x)
B oB

— /B (A (VisiE — View®) — (A2 + q)|u]?) dx.

17
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Taking the imaginary part of the previous equality implies that ([, 0r4° usds(x)) > 0
(since A is real valued and 3(q) > 0). The Rellich lemma then implies that u° = 0 in

IR3\ B. We now observe that

A (x)] < (K + llqlleo + [ANEG + 1V - Alleo) [1° ()] + 2] Alleo| Vi (x),

fora.e. x € R°.

The unique continuation theorem yields #° = 0 in R? and therefore # = 0 in D. This proves

the injectivity of I — T4 , and finishes the proof of the proposition. ]
It is also possible to prove the following uniform bound.

Proposition 2.3.3. The assumption 2.3.1 holds. Then there exists a constant C that only
depends on D, M and k such that ||(I — Tagz)"'|| < C. Here || - || denotes the norm in
L(H'(D)).

Proof. We prove the result using a contradiction argument. Let us assume that, for each

n € IN, there exists A, € WV (IR®)3 and g, € L®(IR?) as in the proposition such that

This implies in particular the existence of a non trivial function v, € H'(D) such that the
function 1, € H'(D) satisfying u, — Ta, q,Un = vy in H' (D) verifies
[un 12Dy = nl[onllen (p)-
This gives for the normalized sequence i, = H”—”
unHHl(D)

On

iy — Ta, g,0ln = =0, in H'(D), (2.19)

[l 1 ()

where [|Op|| 1 (py < 1. The associated scattered field if§, € H2 _(IR®) is defined by

5 (x) = /D O(x,y)Qug,in(y) dy, x € R, with i, = @+, inD.  (2.20)
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Since the sequence (i) is bounded in H!(D), the assumptions on A, and g, imply that the
sequence (Qa, 4, (1)) is also bounded in L?(D). It yields in particular, using (2.20), that the
sequence (i3) is bounded in H2(D). Using the Rellich-Kondrachov compactness Theorem
(see [1]), we infer that an extracted subsequence that we keep denoting (ii5,) is a Cauchy
sequence in H!(D). From i, = i, + 0, we deduce that (i) is also a Cauchy sequence in
H'(D) and therefore converges to some # in H'(D). Given the boundedness of the sequences
(Ay) and (gy), by changing the original sequence and without corrupting the contradiction
argument (i.e., the H' norm of il is equal to 1 and [0l g1 (py — 0 as m — +00), one can
assume that (A,) and (g,) weak-* converge to A and g, respectively, in WY (IR3)3 and
L®(IR?). One then easily verifies that Qa, o, (ix) weakly converges in L2(D) to Qa4 (u).
Consequently, from (2.17), we get that Ty, 4,9, strongly convergences to Ty 47 in HY(D).
Passing to the limit in (2.19) implies that u € H'(D) verifies u — Tpqu = 0. The limits
A and g obviously verify the hypothesis of Proposition 2.3.2 and therefore u = 0. This

contradicts ||| g1 (py = [l (py = 1- ]

Let us observe for later use that, thanks to (2.16), the far field associated with the scattered
wave verifying (2.15) can be expressed as

[ I 1 —ikX- ~
uj o (%) == E/IR36 iks YQaqu(y)dy, %€8S? (2.21)

where u is the solution of (2.18).
As a straightforward corollary of Proposition 2.3.3, the continuity properties of volume
potentials and (2.21), we have the following uniform estimates for #° solution of (2.15)-(2.13)

and associated far field.

Corollary 2.3.4. The assumption 2.3.1 holds. Then there exists a constant C that depends
only on M, D and k such that

1434 gl 20y < Cllvllgpy  and  [uZ gll12s2) < Clloligp)

for all v € HY(D), where uf‘l,q € H? (R3) and is a solution of the scattering problem

loc

(2.15)-(2.13). Moreover, for any compact K there exists a constant C that depends only on

19



Chapter 2. Scattering problem for the magnetic Schrédinger operator

M, D, K and k such that for allv € H'(D)

||”f4,q||H2(1<) < C||U||Hl(D)-

Armed with with above, let us define for later use the linear and continuous solution
operator M 4 , by

Mag - HY(D) — leoc(lR3), 222
0 — MA,qU = ufq,q/

where 1% q is the solution of (2.15)-(2.13).

We use this data to define the near field operator N , : L*(9B) — L?(9B), as

Noagh(x) := /a (e y)h(y) ds(y),  x € 9B (2.23)
where 15, (-, y) := Ma4®(,y), y € dB. We first remark that

||NA,q

< [t qll 1238 xaB)/

and therefore it is sufficient to study the stability of N, Ag (A, q) in order to infer stability
results in terms of near field measurements.

We second observe that, after introducing the single-layer operator S : Lz(aB) —
H'(D) defined by

Sh(x) := /BB ®(x,y)h(y)ds(y), x €D, (2.24)

one has by linearity and continuity properties of the mapping M 4 ;4 the following identity
Nagh = (Ma4Sh)op. (2.25)

This equality states that A,qh is nothing but the near field measurements on dB generated
by an incident field v := Sh.

From properties and jump relations for single-layer potential (see [24]) v = Sh with den-
sity h € L?(9B) is defined in R3 and satisfies the Helmholtz equation in R3 \ 8B, the Som-

merfeld radiation condition (2.13), and the following continuity and jump properties across
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0B:
v (x) = v (x) = v(x) on 9B,

(2.26)
9,0~ (x) — 9,0 (x) = h(x) on 9B,

where v+ and v~ respectively denote the restriction of v to R> \ B and B. In order to exploit
the information encoded into the identity (2.25), one can easily check the following lemma

by using (2.26).

Lemma 2.3.5. Assume that Assumption 2.3.1 holds and h € L?(9B). Set v = Sh and

u® = Mg 40. Then the total field u = v + u® is solution to the transmission problem

Hagu(x) = ku(x) in R®\0B,
ut(x) =u (x) on 0B, (2.27)
dyu~ (x) —oyut(x) = h(x), on dB

together with the Sommerfeld radiation condition (2.13).
We finally point out the following lemma that will be useful what follows.
Lemma 2.3.6. Assume that Assumption 2.3.1 holds. Then, we have
/a (M, f) gds(x / SgQay(MuySf+ Sf)dx (2.28)
forall f,g € L?>(3B).
Proof. Using the definition of N4 4, we have
| Naahgdste) = [ ] (o) f)g(x)ds(x)ds(y),

where 15, q(-,y) is the scattered field associated to ®(-,y), y € dB. Moreover, from (2.16),

we get

[ Waafigaso) = [ [ @110ttt () Fly)gx) ds(x)as().

According to Fubini’s Theorem, we find

/aB(NA,qf)gdS(x) :/D (/BBCD(x,t)g(x)ds(x)) /aB Quqt(t,y)f(y)ds(y).

21



Chapter 2. Scattering problem for the magnetic Schrédinger operator

Using the fact that 144 (-, y) = u3 ,(+,y) + P (-, y). y € 9B, we obtain

[ Waafogis() = [ SeQas ([ w0 0fwisty
+ [ elnrwisw) o

- /Dsg(t)QA,q (M SF+SF) (1) dt,

where the operators M 4 ; and S are given by (2.22) and (2.24) respectively.
The proof is completed. ]

We establish now the following result that proves that the transpose operator associated
with A, 18 equal to N_ A,- In order to ease the writing, we indicate two useful formulas
that we shall use a few times. The first one is a consequence of the Green’s theorem and states

that
/B (HA,qul Uy — u17-[_A,qu2) dx = /E)B (u10,1p — updruy) ds(x), (2.29)

for all u1, up € H?(B). The second one is a classical consequence of the Green’s theorem

and the Rellich lemma and states that [24]

/a (u10,1p — updrup) ds(x) =0, (2.30)
B

for all uy, up € H2 (R3\ B) satisfying the Helmholtz equation Au + k*u = 0 in R3\ B

loc

and the Sommerfeld radiation condition (2.13).
Lemma 2.3.7. Assume that Assumption 2.3.1 holds. Let y,z € R\ D and set
Uy (v y) = Mag®(y), and u? y (-,z) = M_4,P(,2).
Then we have the following reciprocity relation:
Uy q(z,y) =uZ 4 4(y,2).
This reciprocity implies in particular that (N, A,q)t =N_ Ag L€,
/an (N_a,48) ds(x) = /aB (NMagf) gds(x)  forall f,g € L*(9B). (2.31)
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Proof. From (2.16)
wig(2y) = [ @z 1)Qaq (6 4(ty) +D(ty)at.
On the other hand, applying (2.29) and (2.30) to uy = q(-, y)and uy = u’ A,q('/ z) implies
/B (”HA,qufw(t, y)ul 4 q(tz) — u;,q(t,y)H,AlquiAlq(t,z)) dt = 0.
Using (2.15) yields
/D (QA,qQD(t,y) U’ g0t z) — ufqlq(t,y)Q_Aqu)(t,z)) dt = 0.
Using the Green’s theorem we obtain (since i,z € IR® \ D and A has compact support in D)
L (@01) Quagti 4 4(6:2) = Qi (L) (1,2) ) dt = 0.
When then conclude, since ®(z,t) = (¢, z),

waqz) = [ (@) Q gt ay(t2) + B(t,2)Qug® ().

Applying the Green’s theorem to the second term in the integral finally shows that

gz ) = [ @(EY) Qung (% g(t,2) + Bt,2))dt = 1 (v,2).

Identity (2.31) is a direct consequence of the reciprocity relation and the Fubini theorem. [

2.4 | Analysis of the direct problem using the

variational approach

We now use a variational approach to prove the well-posedness of the direct scattering prob-
lem as in the previous section. The advantage of this approach is to weaken the needed

regularities for A and q.
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Assumption 2.4.1. Let A € L*(IR%)? be a real vector valued magnetic potential such that
div(A) € L®(IR3,R) and Supp(A) C D and the refractive index n € L*(R3,C) with non

negative imaginary part and positive real part such that n = 1 outside D.

Let B be a sufficiently large ball with radius R containing D. We now introduce the

Dirichlet to Neumann map A.

Definition 2.4.2. [/5] The Dirichlet-to-Neumann map /\ is defined by

A : H2(dB) —s H %(3B)
ou’
¢ WbBr (2.32)

where u® € H}, (R®\ B) is a solution to the following system

Aus +K*us =0 inR3\ B,

us = ¢ on 0B, (2.33)
. ou’ s\

fimy (% — k) =0,

and v is the outward normal.

We recall that (see[15]), A is a continuous map from H2 (3B) to H~2(dB) and verifies

the following properties
S ((Ag, @) >0, Ve e HI(IB), ¢ #0, (2.34)

and

R ((Ag,¢)) <0, Ve e H2(3B), (2.35)

where (-,-) denotes the duality product between H _%(aB) and H?2 (0B) that extends the
L?(9B) scalar product for regular functions.

Problem (2.11)-(2.13) can be equivalently formulated as a variational problem for u &
H'(B) satisfying, for all v € H'(B), the following equation
i

. - — i ou
/B(V—HA)u-(V—zA)v dx—kz/nuv dx — (Au,v) = —(A(u') — —

: 5/0)- (236)
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Let us introduce the sesquilinear form a(-,-) : H'(B) x H'(B) — C defined by

a(u,v) = /B(V +iA)u - (V —iA)odx — Kk /B nuv dx — (Au,v), (2.37)

and the linear form £(-) : H'(B) — C defined by

= —(g,0). (2.38)
Then, problem (2.36) can be rewritten in the following form

a(u,v) = £(v) Yove H(B). (2.39)

We establish now the following result that prove the well-posedness of the direct problem.

Theorem 2.4.3. Assume that Assumption 2.4.1 holds. Then, there exists a unique solution
u € H'(B) to (2.39). Moreover, there exists a constant C independent from g such that

[958y < Cllgl -3 240

Proof. Obviously, ¢ is a bounded anti-linear functional on H'(B). Let {; € H'(B) be such
that £(v) = ({g,0) 1 (p) forallv € H 1(B), which is uniquely provided by the Riesz repre-

sentation theorem and satisfies

<
legllmncay < Cllgl, 3 @4
Now, let us define the sequilinear form
ap(u,v) = / Vu-Vodx+ / uo dx — (Au,v), Yw,v € H'(B), (2.42)
B B
and
b(u,v) =a(u,v) —ag(u,v)
- / (A-Vou—A-Vuo) dx+/ |A* — K*n — 1)uT dx, (2.43)

25



Chapter 2. Scattering problem for the magnetic Schrédinger operator

for all w,v € H! (B) Moreover, using the Riesz representation theorem, we can define the
operators A, B : H'(B) — H'(B) by

(Au,v) gy = a0(u,0),
and

(B, o) ) = b1 0),

respectively. Then, problem (2.39) is equivalent to the following problem: Find u € H'(B)
such that
(A+ B)u = £, (2.44)

The invertability of the operator (.4 + B) is necessary to establish the existence and unique-

ness of (2.44). We have

Jaou )] > |R (Au,u) g g, |
>l gy — R ({Aw,u))

Using (2.35), we obtain
0(u,10)| = Cllull3u ), ¥u € H'(B),

which implies, using the Lax-Milgram theorem, that the operator .4 is an isomorphism.
Furthermore, to prove B is compact, let a sequence (u,)peNn € H 1(B) and assume that

there exist u € H'(B) such that
Up — u in H'(B).

Thanks to the compact embedding of H'(B) into L?(B), we obtain u, converges strongly
to u in L?(B). Let us set ep = up — u. We first observe that Be, weakly converges to 0 in
H'(B) and e, strongly converges to 0 in L?(D). Moreover, Be, strongly converges to 0 in
L?(B). From the definition of B, we have

||Bep||%il(3) = /Bi (A-VDBepe, — A-Ve,Be,) dx + /B(]A\z — k*n —1)e,Be, dx.
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Since A € L®(B) then ABe, and Ae,, strongly converge to 0 in L?(B). We then can take the
limit in the integrals as the product of weakly convergent sequences against strongly conver-

gent one and obtain

|1 Bepl| i1 gy p_>—+>oo 0,
which gives us the desired result. Thus, we conclude that the operator (.4 + B) is Fredholm
of index zero.
Finally, to prove that the operator (A + B) is invertible, we need to show that (A + B) is

injective. We assume that we have
(A+Bu=0, ucHY(B),
which implies
((A+B)u,v)pp =0, Vo€ H'(B).
Consequently, for v = u, we find
/B(V +iA)u(V —iA)i dx — Kk /B nlu|? dx — (Au,u) =0, VYu € H(B).
Thus, we obtain
& (/B (V +iA)ul? dx — k2/3n|u|2 dx — (Au,u)) = 0.
This yields
kZ/B%(n)W dx + S ((Au,u)) =0, Vue H'(B).
We know that (n) > 0. Therefore
S ((Aw,u)) =0, VYue HY(B).

Using the property (2.34), we get u = 0 on 9B and by the definition of the map A (Theorem
2.4.2), we find g—z = 0 on dB. By unique continuation theorems, we get # = 0 in B\ D. The

function u satisfies
Au + idiv(A)u + 2iA - Vu + (Kn — |A*)u =0 in B,
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Since A € L*®(B) and div(A) € L*®(B) one can apply unique continuation theorem to
deduce that u = 0 in B. Thus, we proved the existence of a unique solution to (2.39).
Moreover, using the invertibility of (A + B) and using (2.41), we get the inequality (2.40).

0

2.5 | Numerical examples using FreeFem++

In this section, we give some numerical illustrations of the solution to the scattering problem
using Lagrange finite elements. We apply classical finite elements discretization procedure

on the variational formulation u € H'(B) such that
a(u,v) = £(v) Yovec H(B), (2.45)
where
a(u,v) := — /B(V +iA)u- (V —iA)odx — k? /B nuv dx — (Au, ), (2.46)

for all w,v € H'(B) and

((v) == —(A(u') — %—Lj,v) = —(g,v), Vv HY(B). (2.47)

We modified an existing FreeFem++ program, originally designed for solving the direct
Helmbholtz problem for A = 0 to include the case A # 0.

The following are numerical results obtained corresponding to inhomogeneities, in a two-
dimensional setting, with index of refraction equal to n = 3 in D and n = 1 outside of D. We
illustrate the influence of various factors such as the presence of the magnetic potential A and

the frequency k. The numerical solutions are computed using P; Lagrange finite elements.

m Example 1: we taking the frequency k = 6. Set A = 27t/k as the wavelength. We
choose D is disc centered at (0,0) with radius » = 0.5 and B be a disc centered also in
(0,0) with radius rg = r + 71/3.

We here consider an incident plane wave given by u'(¥,d) = ek

and d = (cos(0),sin(0)) for 6 € (0,27m):

where ¥ = (x,y)
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N

Figure 2.2: Incident field u'.

— Influence of the presence of the magnetic potential A: for k = 6

%

Scattered field u° Total field u
Figure 2.3: The case for A = 0.

Scattered field u® Total field u

Figure 2.4: The case for A = 2.5(—sin(0),cos(f)) in D where 0 € (0,271) and A = 0
outside D (div(A) = 0 in R3).
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— Influence of the frequency k:

Scattered field u° Total field u

Figure 2.5: The case for k = 6 and A = 2.5(—sin(0),cos(6)) in D where 6 € (0,27r) and
A = 0 outside D

&

semmmmmmmgeana
b ot e

Scattered field u° Total field u

Figure 2.6: The case for k = 12 and A = 2.5(— sin(0), cos(8)) in D where 6 € (0,27) and
A = 0 outside D
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Chapter 2. Scattering problem for the magnetic Schrédinger operator

m Example 2: we change the shape of D to be a peanut as shown below.

— Influence of the presence of the magnetic potential A:

Scattered field u® Total field u
Figure 2.7: The case for A = 0 and k = 6.

Scattered field u® Total field u
Figure 2.8: The case for A = 2.5(xy,yy) in D where x4 = 0.8 cos(20) cos(0) — (1. +

0.4sin(26))sin(0), yo = 0.8cos(20) sin(6) + (1 + 0.4sin(26)) cos(f) and 6 € (0,2m)
and A = 0 outside D (div(A) = 0), and k = 6.

Lttt
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— Influence of the frequency k:

Scattered field u° Total field u

Figure 2.9: The case for k = 6 for A = 2.5(xy,yy) in D where xy = 0.8 cos(20) cos(6) —
(1. 4+ 0.4sin(20)) sin(0), ys = 0.8cos(20)sin(6) + (1 + 0.4sin(26)) cos(f) and 0 €

(0,27)

Scattered field u® Total field u

Figure 2.10: The case for k = 12 for A = 2.5(xg, y) in D where xg = 0.8 cos(26) cos(8) —
(1. 4+ 0.4sin(20)) sin(0), ys = 0.8cos(20)sin(6) + (1 + 0.4sin(26)) cos(f) and 0 €
(0,2m)

R
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Stability results

Abstract:

This chapter is mainly extracted from the published article [10]. We derive conditional
stability estimates for inverse scattering problems related to time harmonic magnetic
Schrodinger equation. We prove logarithmic type estimates for retrieving the magnetic and
electric potentials from near field or far field maps. Our approach combines techniques from
similar results obtained in the literature for inhomogeneous inverse scattering problems

based on the use of geometrical optics solutions.

Contents
3.1 Introduction . . . . . . ... 34
3.2 Gauge invariance with numerical results . . . . . . .. ... ... ... 35
32.1  GaugeinvarianCe . . . . . . . . . .ttt e 35
3.2.2  Numerical verification . . . .. ... ... ... .. ..., 38
3.3 Mainstabilityresults . . . . . . ... ... 40
3.4 Stability analysis for near fielddata . . . . ... ... ... ... ... 42
3.4.1 An orthogonality identity and a key integral inequality . . . . . . 43
3.4.2  Complex geometric optics solutions-CGO . . . . ... ... ... 46
3.4.3  Stability estimate for the magnetic potential . . . . . .. ... .. 48

33



Chapter 3. Stability results

3.44  Stability estimate for the electric potential . . . . . ... ... .. 54
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3.1 | Introduction

This chapter is concerned with the inverse scattering problem of recovering the magnetic and
electric potentials in the magnetic Schrodinger model from near field or far field measure-

ments at a fixed frequency. (see for instance [82, 61]).

In the absence of the magnetic potential A, the study of the identifiability of g from full
aperture measurements is one of the first foundational problems in inverse scattering theory
and we refer to [68, 70, 71, 87] for pioneering uniqueness results under various (regularity)
assumptions. In the presence of a magnetic potential A, we remind that there is an obstruction
to uniqueness for both near field and far field settings (as has been noted in [85] for instance).
In fact, the magnetic potential A cannot be uniquely determined from far field or near field
measurements outside B due the gauge transformation that we will explain it in the Section
3.2. Several studies have investigated about the presence of the magnetic potential, so we
refer to [8, 9, 69, 72, 90].

The outline of the chapter is as follows . We start, in Section 3.2, by presenting the Gauge
invariance with numerical results. In Section 3.4, we establish the stability result first for the
magnetic field in the case of near field data. We then employ a carefully designed Helmholtz
decomposition to infer the stability result for the electric potential. The derivation of the
results for far field data are obtained after establishing some key properties relating this data

to the near field data in Section 3.5.
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3.2 | Gauge invariance with numerical results

Gauge invariance is a concept that permeates every branch of mathematics, including differ-
ential geometry and mathematical analysis. This involves the idea that certain mathematical
objects, such as functions or vector fields, remain invariant under certain transformations, so-
called gauge transformations. Gauge invariance provides a powerful framework for studying
scattering phenomena, independent of the choice of measuring instrument (see, for instance,

[72, 32,45, 11]).

3.2.1 | Gauge invariance

We recall that A € WY*(R3,R3) and ¢ € L*(R3,C) with non negative imaginary part
such that Supp(A) C D and Supp(g) C D. For B be a ball containing D and let y € 0B be

the location of a point source. The total field u(+, ) generated by the point source satisfies

Hagu(,y) — Ku(-,y) =4, inR? (3.1

upg(-y) = @(,y) +us,(y) inR, (3.2)

lim r(&rus — ikus) =0, r=]|x| (3.3)
r—00

uniformly with respect to £ = ﬁ and where the scattered field u3, (-, y) € HZ (IR?) and

the incident field is given by (2.14).

The first inverse problem that we shall investigate is to recover A and g from the knowl-
edge u; q(x, y) forall (x,y) € 9B x 9B. Defining the near field operator Ny ; : L*(9B) —
L%(9B), as

Nopgh(x) = / Sy, (x,y)h(y) ds(y), x € 3B, (3.4)

0B
where ui‘, q(-,y) is given by (3.2) and satisfying (3.3), the inverse problem in the near field
setting can be equivalently stated as identifying A and g from the knowledge of V, Ag-

The direct scattering problem in the far field setting formally corresponds with letting

ly| — oo in the direction —d with d € S? (the unit sphere of IR%) and can be phrased as
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follows: Given an incident plane wave u'(x,d) = ¥, x € R3, seek a total field 14 4 (-, d)
that satisfies

Haqu(-,d) —kKu(-,d)=0 inTR? (3.5)
ag(-,d) = u'(,d)+uy,(,d) inR® (3.6)

where the scattered field u5 (-, d) € H?

2 (R3) and satisfies the Sommerfeld radiation con-

dition. The latter implies in particular that the scattered field has the following asymptotic

behavior as |x| — oo,
. Gkl 1
Uy q(x,d) = W(”A,q(x'd) +O<m>>, (3.7)
where uy q(-, d) is the so-called far field pattern. The second inverse problem that we shall
consider is the identification of A and q from the knowledge of u% q(J?, d) for all (%,d) €
§2 x 52,

We remind that there is an obstruction to uniqueness for both near field and far field
settings (as has been noted in [85] for instance). In fact, the scattered field outside a ball B
containing D is invariant under the gauge transformation of the magnetic potential. Namely,
given ¢ € W2®(IR?) with support compactly embedded in B and letting i = u(x)e~'?(¥)

one easily observes that
Harvgqil = —(V +i(A+ V)i +q(x)i = e My gu. (3.8)

Since ¢ = 0 outside B, 7 then satisfies the same equation as 1, namely (2.12) (respectively
(3.6)) in the near field setting (respectively in the far field setting) with H 4, replaced by
Harvg,q- Letus denote by ufy ¢ 0.1 the scattered field associated with the potentials A +
V¢ and g. From uniqueness of solutions to the above stated scattering problems one easily

deduces that forall y € 9B and d € g2
1y vgq(y) = (€790 — 1)@, y) + e *Wu, () in R,
1y 7y () = (€70 — Duy(-,d) + 7905y (,d) in RS,
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This clearly shows that ui\+v¢,q(~,y) = u;/q(~,y) and uf4+Vq),q(" d) = u%/q(', d) outside D
and therefore, the magnetic potential A cannot be uniquely determined from far field or near
field measurements outside B. It indicates that the best we can expect from the knowledge
of the near field operator N, Ay or the far field u;f”q is to identify (A, ) modulo a gauge
transformation of A. When Supp(A) C D is known, the problem may be equivalently
reformulated as whether the magnetic field defined by the 2-form associated with the vector
A,

1 3
curl A := 5 '21 <8xjai - axia]-> dxj A dx;, (3.9)
l,]:

and the electric potential g can be retrieved from far field or near field measurements. The
uniqueness for similarly stated inverse problems has been established in [62] for L* regularity
of the coefficients. It has been studied in earlier works under more regularity assumptions in
[69] and for small perturbations in [85, 82]. We also quote the recent uniqueness result in
[66] for measurements associated with finite number of incident waves but with full frequency
range.

We hereafter shall follow a similar approach as in [40, 84] to study the case when one
would like to simultaneously recover curl A and g from full aperture measurements in the light
of geometrical optics solutions developed in [11, 79, 85, 90] for various context in relation
with the inverse problem we are interested in.

For bounded domains, the inverse problem with full aperture measurements corresponds
with measuring the global Dirichlet to Neumann map. For this problem Tzou proved in [90]
log-type stability estimate for H ~1 norms of the coefficients, assuming that the magnetic
potentials are in W% and the electric potentials are in L. We here consider stability with
respect to the L® norm with explicit link between the additional needed regularity for the
coefficients and the logarithm exponent. Let us finally indicate that uniqueness and log-log
stability results with partial data have been also studied by many authors in the literature (see

for instance [90, 19, 73, 31, 11]) but are not addressed in the present work.
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3.2.2 | Numerical verification

In this subsection, we present the validation by numerical result pertaining to the gauge in-
variance by using FreeFem++ to solve the direct scattering problem with 1’ a plane wave.
The physical parameters are set as the frequency k = 6 and the refractive index n = 3 in D
and n = 0 outside D. Set A = 271/k as the wavelength. Let D is ball centered in (0,0) with
radius 7 = 0.5 and B be a ball centered also in (0,0) with radius rg = r + 7t/3.

Moreover, we consider the magnetic potential A = (A1, Ap) by A = 2.5(—sin(6), cos(0))
in D where 6 € (0,277) and A = (0,0) outside D

n

Figure 3.1: A; (the 1°f component of A) Figure 3.2: A; (the 2" component of A)

i

Let ¢ € W2 (]R3) with support compactly embedded in D. Numerically, we consider ¢

as a solution of

where f(x,y) = cos(37x).
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Figure 3.3: the function ¢

Now, we get the following results:

Sapeasilde's

120
ey
u

NN
Shua hhex siiibin iE

Figure 3.4: Scattered field ”il,q(" d) Figure 3.5: Scattered field v, , (qu(y d)

= We observe qualitatively the same solution outside D and that there is a perturbation
in D.

Even if, we change the geometry of D such that D C B, we also validate the coincidence

of the u* and u% Vg outside of D.
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L R

Figure 3.6: Scattered field 3 q(-, d) Figure 3.7: Scattered field u} | ¢, q(-, d)

3.3 | Main stability results

We here state the main results of this chapter concerning conditional log-stability reconstruc-
tion of the magnetic field curl A given by (3.9) and the electric potential 4 from knowledge
of the full aperture far field measurements, i.e., uf’ q(f, d) for any (%,d) € S? x S? or from

knowledge of the near field operator N 4.

Let us first indicate the required conditions for admissible compactly supported magnetic
potentials A and electric potentials g. Let M > 0 and ¢ > 0 be given. We define the class of
admissible magnetic potentials A, (M) by

As(M) := {A € W>*(R3,R®), Supp(A) C D,

1Al Wz < M, and [[curlAl|1 s < M}, (3.10)

where 7 denotes the Fourier transform of v and L1(IR?) is the weighted L!(IR%) space with

norm
ol ey = [, 1+ [P 2l0(@)lde.

Given M > 0 and y > 0, we define the class of admissible electric potentials Q. (M) by

Q,(M) := {g € L*(R’,C), 3(q) > 0, Supp(q) C D,
1]l 0y < Mand |71 sy < M}, GB.1D)
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The first main result is the following log-stability for the magnetic field curl A and the electric

potential g from the near field measurements.

Theorem 3.3.1. Let M > 0, o > 0 and v > 0. Then there exists a constant C > 0 such that
Jor any (Aj,q;) € Ae(M) x Qy(M), j = 1,2, we have

leurl(A1 — A2) 1o < C(IN,q, = Nayaal/2 + [108(I N, g, = Nty )] "),
1
qu - Q1||L°° < C(HNAl 7 NAz 92 |1/2+ | log |NA1 7 NAz 172”)‘ (7481 2%3))
Here C depends only on B, M, o and .

An exactly similar stability result can be deduced for far field measurements if one uses

the following very restrictive norm on the measurements. Let
[:={(¢,m), L e NU{0}, m € [-(, (]}, (3.12)

and denote by Y}", (¢,m) € T the complete system of special harmonics on S2. For a far field

pattern, u® we denote by p (¢, y,:0,my)» (¢i,m;) € I', i = 1,2 its Fourier coefficients given by

Mty = [, [ 0= @OV @YP@ ds(3) ds(d). (13

Leta > Osuchthat D C {x € R3;|x| < a}. Following [40], we then introduce the following
norm

2
(3.14)

H(0y,my;00,m3)

[u®|F:= Y y (251+1)2€1<2€2+1>2£2

(L m)eT (tmg)er © kA eka

In Lemma 3.5.1 below we prove that this norm is finite for all far fields u | with A € Ay (M)
and g € Q(M). Using Lemma 3.5.5 and Theorem 3.3.1, we immediately get the following

theorem.

Theorem 3.3.2. Let M > 0, 0 > 0 and v > 0. Then there exists a constant C > 0 such that
Jorany (Aj,q;) € Ag(M) X @, (M), j = 1,2, we have

1/2
leurl(Ay — Az) |z < C([[uF, 0, — U, | 7 2 | log (|45, g, — om0l F)| v+3>),
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and

1/2 S (A
”‘72 - QI”L” S C(Hufﬁ?l,ql - u?;z,&]z”]:/ + |log(||uif)1,q1 - u10§2/5]2||]:)‘ <‘7+3><2’Y+3))'

Here C depends only on D, a, M, o and .

One can also obtain a slightly modified stability result using the L? norm of the measure-

ments following the method in [40]. It is summarized in the following theorem.

Theorem 3.3.3. Let M > 0, 0 > 0, v > 0 and ¢ > 0. Then there exist two constants C > 0
and & > 0 such that for all (Aj,q;) € As(M) x Qy(M), j = 1,2 verifying |[u3, , —

(o]
" 4200 ||L2(S2 xs2) < 0 we have

leurl(Ay — A2)|[p=(p) < C(log (||“A1,q1 - qu,q2HL2(SZ><Sz)) e

7

(4

_ a4
92 — quLw(D) < C(log (||uf§’1,q1 - ui?zquHLz(Sszz))) )3 €

Here C depends only on D, a, M, o, €, 6 and .

From Theorems 3.3.1 and 3.3.2 (or 3.3.3) we immediately derive the uniqueness corollary.

Corollary 3.3.4. Let Ay and Ay € Ay(M) be two vector fields, g1 and g, € Q- (M) and
B D D. Then, we have

uf o (£,d) =u%, (%,d), V(%d)eS*xS?

or
ufql/ql (x,y) = u;z,qz(x/y)l v(x/y) € aB X aB,

implies q1 = g2 and curl A; = curl A in D.

3.4 | Stability analysis for near field data

The aim of this section is to prove the stability estimates given in Theorem 3.3.1. The first

step will be to use the properties of the near fields to prove an orthogonality identity, which
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relates the difference of potentials to the difference of near field operators. Then we will use a
special family of solutions called complex geometric optics solutions to estimate the Fourier

transform of the difference of the magnetic fields and the difference of the electric potentials.
Consider two pairs of potentials (Aj,q;) € W*(R% R?) x L*(R?,C), j = 1,2, satis-
fying the assumption 2.3.1. We set
Alx):=(A2— A1) (x), qx):=(g2—q1)(x), x¢€ R3, (3.15)
and introduce the first order operator P4, 4, ; defined by
Playang)? = idiv(Av) +iA - Vo+ (|[A2]* — [A1]* +q)o, ve H(R®), (3.16)

here we remark that the coefficients of the first order operator P4, 4, 4) are supported in D.

3.4.1 | Anorthogonality identity and a key integral inequal-
ity
First, we present an orthogonality identity, which relates the difference of potentials to the

difference of near field operators.

Lemma 3.4.1. Let f1, f» € L>(0B), and set
u§ i= M_a 0 Sfi, U= Ma,, S inR3, (3.17)
and forj =1,2,
vj:=8f; inD, and uj:=v;+ u? in D. (3.18)
Then the following identity holds true:

/GB (NAM]le - NAzm]sz) fi ds(x) = /D P(Al,Az,q)ul up dx. (3.19)
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Proof. Using (2.31) we first observe that

/BB (NAlﬂhfz _NAszZ) frds(x) = /BB (N—Althfl) f2— (NAszisz) f1ds(x).

We deduce from (2.28) that
/E)B (NA1,q1f2 - NAz,fhfZ) f1 ds(x) = /D(UZ Q_Al,qlul — 01 QAz,qzuz) dx. (3.20)
Applying the Green’s theorem and (2.30) to uj and u5 implies
/B (5 (— g —KPus$) — sy (— A — K2u) ) dx = 0,
which yields according to (2.15),
/D (ua (Q—Al,qlul) - (QAz,qzuZ)u?l) d‘x = O

Adding the left hand side of this equality to the right-hand side of (3.20) shows that

/88 (NAl,’hfZ - NAzfﬂisz) frds(x) = /D(”Z Q-Apqt1 — 1 QAz,qzuZ) dx.  (3.21)
The result of the lemma follows from (3.21) after integrating by parts in the right hand side
and observing that

Q_apqt1 — Q- gttt = Pray, arg) -
This completes the proof. []

We now prove the fundamental integral inequality, which relates the difference of two
magnetic potentials and electric potential in D to the difference between their corresponding

near pattern fields. This integral inequality will be the starting point in the proof of the stability

estimate for the corresponding inverse problem.

Lemma 3.4.2. There is a constant C > 0 that only depends on B and k such that

/B[ZA . (u1Vu2 — u2Vu1) — (|A2|2 — |A1|2 + E])Ll11xl2]dx

< ClNayg = Nagap L2y 2| oy (3:22)

for all uy € H?(B) satisfying H_a, 41 = k*uy in B and all uy € H?(B) satisfying

HAz,qz”Z = k2u2 in B.
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(R3\ B) be the outgoing

loc

Proof. Let uj, j = 1,2, be given as in the lemma. Let u;“ € Hl
solution to the following exterior Dirichlet problem (see for instance [24])

Auf + k2u].+ =0 inR3\B,

+ .
ul = u on 0B,

and u;L satisfies the Sommerfeld radiation condition (3.3). Elliptic regularity infers that u;r €

H2

loc

(R3\ B) and that in particular, by trace theorems [65, Theorem 2.1 in Chapter 4],
10vie] ]| 28y < Cllujll 2 sy, (3.23)

for some constant C that only depends on B and k. Let us extend the functions u j as follows

u; (x) = uj(x) ifx€B,
wj(x) =49 "’ _
u; (x) if x € R\ B,
and set
fj = 0yu; —dyuj” onoB. (3.24)

By trace theorems and (3.23) we have that f; € L?(9B) and

1fill720m) < Cllujlie s, (3.25)
(28) (B)

for some constant C that only depends on B and k. One can easily check that 17 and u, satisfy

the following transmission problems, respectively

H—AL% u = k2u1 in ]R?’\BB, HAMZuz = k2M2 in 1R3\8B,
uy =uf on 0B, U, =uy on 0B,
dyu; —oyu = fi ondB, dyiiy —dyuiy = fo ondB.

Moreover, u;r, j = 1,2, satisfy the Sommerfeld radiation condition (3.3). Consider now the

functions

v]-(x) =Sf; = /aB(ID(x,y)fj(y) ds(y) x¢9B, j=1,2.
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Therefore, u]S. = Uj —vj, j = 1,2, are the same as in Lemma 2.3.5 and then satisfies Lemma

2.3.7; i.e., it verifies (3.17)-(3.18). Consequently, identity (3.19) holds, namely,

/D P(ALAz/q)ul updx = /BB (NAlffhf? - NA2142f2) fi ds(x)'

In view of (3.16), we get
/B[iA (Vg — u Vi) — (|Ag|* = |A1]* + q)uqug)dx
= || Wayfo = Nayufo) frds(x). (326)

Consequently,

/B[iA (1 Vit — usVity) — ([As]? = |A1? + ) uquo]dx

< |Nayg = Naya, Il Aill 2o 12l 28y (3:27)

Identity (3.22) immediately follows from (3.27) and (3.25). [l

3.4.2 | Complex geometric optics solutions-CGO

The main strategy of the proof of stability estimate on determining the magnetic field and the
electric potential from the near field data is the use of complex geometrical optics solutions in
(3.22) to estimate the Fourier coefficients of the difference of two magnetic fields curl(A, —
A1) and the difference of two potential g, — ;. We therefore first outline some known results
about these special solutions extracted from the literature [11, 79, 85, 90]. Let w = wq + iw»
be a vector with wq,wy € S2 and w1 - wy = 0. We define the operator N, := w - V. Since
this operator can be interpreted as the 9 operator in the complex plane defined by wq and w

one can construct an inverse operator that can be formally defined by

_ 1 —ivg (8(8)

1 g

NGO = G fo (G54 (328)
for a compactly supported distribution ¢ (for instance). We remark that if p € C3 satisfies
p-p = 0, then p = sw with s = \‘% and w is as above. With this notation for p we
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have the following Lemma, where the proof can be found in [11] with the electric potential g
replaced by g + k?. Note that this lemma requires more regularity than W* for the magnetic

potentials.

Lemma 3.4.3. Let Ay € W>®(D) and g9 € L®(D) such that || Ag|ly2e < M,

qollL= <
M for some positive constant M, and Supp(Ao), Supp(go) C D. There exists so > 0 such
that, for any s > so, p = sw satisfying p - p = 0, there exist complex geometrical solutions

u(-,0) € H%(B) of the form
u(x,p) = FP (0 1 (x,p),
to the equation H p, g)1t = k*u in B, where ¢o(x,w) = Ny (—w - Ag) and
IrC o)y < Cs™7', 0<m <2 and |lu(,p)llep) < Cs’e™,
where C, A and sy depend only on B, k and M.

In the remainder of this section we consider two pairs of potentials (A}, q;) € W2 x [,

j = 1,2, with Supp(A4;), Supp(q;) C D, 3(q;) > 0 and satisfying
HA]'HWZ,OO <M, Hq]-HLoo <M, j=1,2, (3.29)
for some M > 0 fixed and set as previously

A(x) = (Ay— A (x), q(x):=(92—q1)(x), x€R. (3.30)

Let & € R3, wy, wy € S? be three mutually orthogonal vectors in R3. For each s >

p1 =5 | iws+ < —\/1——|§|2w = 5w (s) (3.31)
! 2 25 420 | 1= '
=5 —iwy + £ +4/1— I¢1% |2w := 55 (s) (3.32)
02 2 25 152 1 . 2 . .
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For s > sy > 0 for some sy sufficiently large (that only depends on B and k), Lemma
3.4.3 guarantees the existence of the geometrical optics solutions: uq € HZ(B) verifying
H_a,,g,u1 = k*uq in Band up € H?(B) verifying H 4, 4,42 = k?u5 in B and such that
u]-(x) — Pl (eigl’j(x,w;-“) + r],(x’ p])), (3.33)
where rj(-,pj),j = 1,2, satisfies
75 o) | mpy < Cs™ ™, 0<m <2, (3.34)
*

and where ¢1(x, wj) = Na_}i}(wi‘ - Aq) and @a(x,w3) = N;;(—wz

wi Vo1 =wi- A, w; -Vey=—w;-A. (3.33)

- Ap) are solutions of

Furthermore, according to (3.33), (3.31) and (3.32), there exist C and A > 0 such that

luguiall gy < C and  |[ujl| 2y < Cs*e™for j=1,2. (3.36)

3.4.3 | Stability estimate for the magnetic potential

We derive in this section a stability estimate for the magnetic fields. First, we will use
Lemma 3.4.1 and the complex geometric solutions constructed as above to estimate the
Fourier transform of the difference of the magnetic fields curl A. Second, we exploit the
condition H@ ||z, o > 0, which is a priori bounded to prove the stability estimate.

First , we recall the following three lemmas proved in [90] on the properties of the operator
N, 1 w € 8% 4 iS?, given by (3.28). The first Lemma, due to Salo [79] in the reconstruction
methods and similar to the one appearing in Eskin and Ralston [33] and Sun [85], shows that

a relation between a non-linear and linear Fourier transform of w - A for a vector field A.

Lemma 3.4.4. Let w = wq + iwy with wq,wy € S and ¢ € R3, such that &, wy and wy be
three mutually orthogonal vectors in R3. Let A € W»® (D)3 with Supp(A) C D. Then we
have the following equality

w~A(x)eix'geinl(_“"A)(x)dx:/ w - A(x)e™4dx, (3.37)
R3 R3

where A is extended by 0 outside D.

48



Chapter 3. Stability results

Lemma 3.4.5. Let ¢ € W"*(R3), n > 0, with Supp(g) C D. Then N,(g) € W (IR3?)

and satisfies
ING (@) lwnes w3y < Cligllwn (D)
where C depends only on D.

Finally, we have the following result which gives the dependence of N;'(—w - A) on the

parameter w.

Lemma 3.4.6. Let A € W>*®(D) with Supp(A) C D such that || A|ly2e < M and let
0,0 € S? 4 iS? such that |0 — 0’| < 1 such that R(6) - 3(0) = R(8') - I(0') = 0. Then,

we have the following inequality

INg (=6 A) = Np' (=6"- A) [ 1oy < C [0~ ¢

, (3.38)

where C depends only in D and M.

We have the following Lemma which is a straightforward extension and adaptation of a

similar lemma in [11].

Lemma 3.4.7. Let uj, j = 1,2, be the functions given by (3.33) and set w = w1 + iwy. Then

for any || <'s, we have the following identity
i/ A(x) - (uaVuy —uVup)dx = 25/ w- A(x)e™bdx + R(E,s), (3.39)
D D

with |R(E,s)| < C(&), where C is independent of s, { and M, with the short notation

(€)= VIgP+1.

Proof. By using (3.33), we have forj = 1,2
Vu; = e™Pi(i(p; + V,)e'? +ipjr; + Vr)), (3.40)
where @7 and ¢; are given by
p1(x,wy) = N;i}(wf -A1), @a(x,w]) = N;;(—wi‘ - Ap), (3.41)
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where A;, j = 1,2 are extended by 0 outside D. Therefore, direct calculation gives
Uy Vg — ug Vi = i(py — p2)e/(P1H92)e01502) L 9 (x, 01, 00) + ¥a(x, 01, 02), (3.42)
where Y1 and Y, are given by

Y1(x,01,02) = i(p1 — p2) [Vleiqu + et + rlrz] ex (p1tp2)
Yo (x, 01,02) = [i(V1 — Vp)e!P1792) 4 (Vr1elf2 — Urpel®)
+ (ierﬁoleiq)l - i7'1VCP2€i(P2) + (rVry — 1’1Vr2)]eix'(Pl+P2),

Using Lemma 3.4.5 and the fact that A;, j = 1,2, is compactly supported in IR3, we obtain
i (- W)= (D) < CllAjll L= (r3) < CM. (3.43)

This implies that
I1¥1(, p1,02) 1) < C. (3.44)

From (3.42), we obtain
i/]R3 A (uaVuy —uyVup) dx = /]R3 A- (o2 — 1) 01T 9)dy L R(E,5), (3.45)
where
Ri(Es) =i [ A-(¥i(xpn02) + Balxpn )iz, E=pritpn (346

Let now compute the first integral in the right hand side of (3.45). By using (3.31) and (3.34),

we have for w = wq + iwy

: _ ix-8 i (@1492) gy — T - A X Soi(e1t92)
/]RSA (p2 — p1)e'* e dx = 2s 2@ Ae'" e dx

+25(\/1— Y ) - wy - Ae*Eel Pt o) gy (3.47)

Let ¢ = Nw_l(w- Ap) and ¢, = Nw_l(—w- Aj), then we have

P1(x) + ¢2(x) = N5 (-@ - (A2 = A1) = N5 (~@ - A).

50



Chapter 3. Stability results

We insert e/(¥1192) in (3.47), then we have

/W A(x) - (o2 — p1)e™ Ce P19 dx = J(,5) + Ra(8,s) + Ra(E5),  (3.48)

where

J(Es)=2s | @ A(x)e™EelW1t92) gy
R

RZ(@/S) = 25/ w . A(x)eix'g (el(gol"_(PZ) — el(¢1+lp2)) dx/
‘: 2
3(&,8) = 25( ’45|2 -1 / wi - A(x)e*Cel(P1+92) gy
By using the Lemma 3.4.4, we obtain
T(Es)=2s | @-A(x)e™dx. (3.49)
On the other hand, we have

Ry(E,s) = —23/ e e A(e"”1 (%2 — e'¥2) — 2 ("1 — e“”l))dx. (3.50)
R

Using the dependence of N, 1 (—w - A) on the parameter w given in Lemma 3.4.6 and the

fact that SuppA C D, we get

¢i92 —¢i2| < C ‘N(;;(—wi‘ CAg) = N5'(~@ - Az)‘ < Clwi —a@|,
e —el?| < C ‘Ngl(w-Al) ~ N2 (—wi -A1)\ < Clw+wil, (3.51)

Taking into account (3.50), (3.51) and using that 1 — /1 — [¢[2/s2 < |&|?/4s?, for all

|&| < 2s, we conclude

2
|R2(E,5)| < CS|C| < ClZl. (3.52)
By the same way, we find |R3(&,s)| <
of ¢ and s. The proof is completed. ]

In what follows, for Aj and Ay € W (IR3) as above, we introduce the notation
aj(x) = (A2 — A1)(x) e =A(x)-¢, j=1,23 «x¢€ RR3, (3.53)
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where (eq, ey, e3) is the canonical basis of IR3 and set for j,¢=1,2,3,

o0y o0

b]'g(x) = a—

(%) - axgm’ x € R3, (3.54)
)

the components of curl A, and
b@) = [ @Sty (x)dx,

the associated Fourier coefficients. We then have the following estimate for the Fourier trans-

form of the difference of the magnetic fields.

Lemma 3.4.8. For any s > sy and & € R3 such that || < s the following estimate holds

true:
Bi0(@)] < C (&) (M IN Ay — Nl +571(2) ), (3.55)

forj, £ =1,2,3, where C and A are positive constants independent of s, ¢ and M.

Proof. Let ¢ € R® such that |¢| < s. Let w = wq + iwo, where wj, j = 1,2 are as above
and consider u;, j = 1,2 the solutions given by (3.33). By using (3.22) and (3.39), we get for
Gl <s

25‘/6-Aei"'5dx|
B
< C(WNtyg = Nagaall 11z 2l sy + sl oy + @) ). G50

Then, we obtain by (3.36)

| /B @ A(x)eEdx| < C (M Nayg — Nagall +571(0) (3.57)
The reasoning above remains valid if we change w; by —wq and therefore we also have
| /B—w A(x)e™tdx| < C (eASHNAl,,h — Nyl 4571 <C)> : (3.58)
Giee—Guej

Outside the plane ¢ ik — ¢ vej = 0, we choose wy which is indeed an orthogonal

BT
unitary direction to ¢. Multiplying both sides of (3.57) and (3.58) by |C]‘€g — Gre;

, adding

them together and using the triangular inequality to eliminate wq imply
[ [ e ) = y(x))dx| < C @) (MNayy = Naggel +57H@)), 3:59)
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for §jep — Gej # 0. The inequality extends to all |&| < s by regularity of both sides in terms
of ¢ and proves (3.55).
This end the proof. O]

We are now in position to prove the main stability result for the magnetic potential from
the near field data using (3.55) and regularity assumptions to estimate Fourier coefficients
. . 2, .
for large |¢|. More precisely, we assume now that for j = 1,2, A; € W>*(D) with
|Allw2eo(py < M, and

[, ()7 leurlZ;(¢) g < M (3.60)

for some o > 0, where curlAj denotes the Fourier transform of curlAj.

End of the proof of the stability for the magnetic field

We derive now the stability estimate for the magnetic fields in L norm. Let so > 1 be as in

Lemma 3.4.8 and s and R be two parameters satisfying s > R > sg. From (3.55) we get

/]R3|Bj€(§)|d§:/ 16je (¢ |dé+/ 1b;0(&)| dE

< CR? (eAS||/\/A1,q1 — Nayooll + 5_1R> +2MR.

Choosing R = s! /(@+3) we deduce that, for s sufficiently large (depending only on B, k, M
and 0),

1bjell = (re) < C' (eI NAyg = Nagaoll +577772), (3.61)

for some positive constants C’ and A" and all s > sg. Now if [N, 4, — Na, g < €0, for
) in

some g9 > 0, such that — log(eg) > 2A/sy, then taking s = 53 log ([N, g, — Ny, |
(3.61) implies

1Djell oo (w3

—0/c+3
< o (HNAL% _NAZ,QQHUZ + (ZA’ 10g(||NA1 7 NAzﬁhH)) > . (3.62)
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We also observe that this type of inequality holds true if | N4, 5, — N, 4| > €0 since in

that case we can simply write
1Bjell po(rsy < M < (M//€0)INay 9 — Nty oI (3.63)

The proof of the first estimate of Theorem 3.3.1 is then completed.

Using the above result, we are able to prove the second main result related to the stability

for the electric potential.

3.4.4 | Stability estimate for the electric potential

In this section, we are going to use the complex geometric optics solutions and the stability
estimate we already obtained for the magnetic field in order to retrieve a stability result for the
electric potential. There are, however, some difficulties with this. In fact, in order to isolate
the integral of the difference ¢ = g — g1 we would need to control the norm of the difference
A = Ay — Aq. Unfortunately, we can only estimate the difference of the magnetic fields
curl(A). To overcome this difficulty we will use the Helmholtz decomposition and write

A = H — V1, with the fact that div H = 0 and we are able to estimate the norm of V9.

Lemma 3.4.9. Let p > 3. There exist & € W>F(B) N H}(B) and a positive constant C such

that
181lwar sy < CllAllwzr(p), (3.64)

and

||A+Vl9|]w1,p(3) S CHCU.I'I(A)HL;J(D) (365)
Moreover, if B' is a ball containing D and such that B' C B, then
19l w2r(mpry < Cllcurl(A)Lr(p)- (3.66)
Proof. Let U solve the following elliptic boundary value problem in the ball B

—AY9 =div(A) inB,
4 =0 onoB.

(3.67)
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Since the source term div(A) belongs to W'?(B) by the elliptic regularity (see [36, Theorem
2.5.1.1 in Chapter 2]), we have ¢ € W3P(B) N H}(B). Moreover, there exist C > 0 such
that

18 llwar(p) < Clldiv(A)lwiep) < CllAlw2r(p), (3.68)

this ends the prove of (3.64). To prove (3.65), we consider the vector field H € szp(B )
defined by

H=A+V0d. (3.69)
By (3.67) and (3.69), H satisfies
div(H) =0, curl(H) =curl(A) inB, and HAv=0 ondB. (3.70)
By the LP-div-curl estimate, we get
|l gy < Clleurl(H) ). .7

and we conclude (3.65). Finally, to prove (3.66) we consider a cutoff function oy € C*(R")
such that xo = 1in B\ B’ and o = 0in D. Set 8 = xo9, we have by (3.67)

—Al90 = [A,Xo]ﬂ inB,

(3.72)
9 =0 ondB,
where we have used A = 0 outside D. Thus, we obtain

1ollwr(y < CIVOLr(p\D) (3.73)

since the first order operator [A, xo] is supported in B\ D. Then we deduce that
1B0llwr gy < CIIA + V8Lrs\p) < Cllcurl(A)]|Lr(p)- (3.74)
This ends the proof. O]

Applying now Morrey’s inequality, we obtain for some positive constant C

A+ V8 Le(p) < Clleurl(A) | 1= (p), (3.75)
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and
[®llwre(mpry < Cllcurl(A)]| L (p)- (3.76)

We now prove the following inequality which is a slight modification of the previous esti-
mate (3.22) given in Lemma 3.4.2. This inequality is based on the invariance of the near
field operator under gauge transformation for the magnetic potential that was explained in the

introduction.

Lemma 3.4.10. Let B denote an open ball containing D, and let 9 € W>*(B) with Supp (@) C

B. Then there exists a constant C that only depends on B and such that

/Be—irp [i(A+ V) (11 Vuy —uaViy) — ((A+ V) - (A1 + Az) + q)uqup)dx

< ClINayg = Naggo Il |z 42l 2(s), - (3.77)

for all uy € H?*(B) satisfying Hoa,pth = k?uq in B and all uy € H?(B) satisfying

H a,,q,42 = k*uy in the ball B.

Proof. Define A; = Ay — %Vq) and Ay = Ay + %Vgo. Consider 11, u, € H?(B) as in the

lemma. Let denote if; = e‘i(P/Zu]', then by (3.8) we get

H g, gyl = € *H g gy111 = iy, inB. (3.78)

Moreover, due the gauge invariance of the scattered field and since ¢ 3p = 0, we have from
(2.23) that
Ny

i

= NA],q]/ ] — 1, 2. (3'79)

With these solution at hand, we use the gauge invariance (3.79) and (3.22) with Aj and ﬁj

instead of A j and uj, respectively, to obtain

/B[iA (i Vily — Vi) — (A2 — | A1 + q)itaiia)dx
< ClINayg = Naga 1 || 2y 2] 25y (3.80)
From the identity (3.80), we get (3.77). This ends the proof. [l

56



Chapter 3. Stability results

Lemma 3.4.10 then allows us to obtain an estimate to A added with a gradient term. By
adding V9, we would thus get an estimate with controlled terms. Unfortunately, we cannot
directly add V¢ because of the requirement that Supp(¢) C B in Lemma 3.4.10. We can
solve this difficulty by using a cutoff argument.

Now, we will fix ¢ = x@, for x € C°(B) such that x = 1in B and ¢ € W2 (B) given
by Lemma 3.4.9 which satisfying (3.75) and (3.76).

Lemma 3.4.11. Let uj, j = 1,2 be the functions given by (3.33) for some so > 0. Then there

exist a positive constants C and A such that

/ e g (x)uyupdx
B

< Ce*™ [N ay g — Naga, | + sllcurl(A) || 1= (p) (3.81)
forall s > s.

Proof. Let uj, j = 1,2 be the functions given by (3.33) for some s9 > 0. Adding and

subtracting the same terms we get
/Be_i‘/’q(x)uluzdx :/e_i‘P(A + V) - (A1 + Ag)uquadx
+ /B ie (A +V0) - (uy Vg — upVuy)dx
+ /Beiq’(A + V9) - Voujupdx + R
=h+N"h+T3+R, (3.82)
where R denotes the integral
R—— /Be—i(P [i(A+V8) - (1 Vup — 1 Viuy)
+ ((A+V98) - (A1 4+ A2) =g+ (A+ V) - Vo )urus)] dx.
First, we have

| 2| < CIIA + V| 1oy (lur Viuz|[ 1y + [u2Vur || 11(p))- (3.83)
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Then, we deduce from (3.75) and (3.36) that

| 72| < Cs||curl(A) || (- (3.84)

Similarly, we have
|J1] < Cl|A+ VOl (p)lltatiall 15 (3.85)

and then, we have
| 71| < Clleurl(A)|| = (p)- (3.86)

Finally, by the same arguments, we have
| 5] < Clleurl(A)]| = (p)- (3.87)

Now recall that ¢ = x¢ and set § = (1 — x)9. Since V& = V¢ + V¢ we obtain, by
Lemma 3.4.10, that

R| < CllNayg = Nagao lluall 2wy 42l 128
+ ’/B ie_i(”V(p (U1 Vup —upVuy) + e_i(”(Vq) + A1+ Ap) - VPuqupdx|. (3.83)
By the same arguments used previously, we get
IR| < C™ | Naygy = Nagg, | + IV @l o) (3.89)
Since by (3.76) we have
V@l ropy < [IVO|o(pypry < Clleurl(A)lr(p), (3.90)
we conclude (3.81) from (3.83), (3.86), (3.87) and (3.90). Il

We now state the following integral identity for the electric potential which is proved in

the Appendix.

Lemma 3.4.12. Let uj, j = 1,2 be the functions given by (3.33) for some sy > 0. Then for
all & € R and s > max(sg, |¢|/2), we have the following identity

—i@ — ix-¢ /
/De q(x)uquy dx /Dq(x)e dx +R'(¢,s), (3.91)
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where R'(E,s), satisfy
IR'(&,5)| < C(llcurl(A) || popy +57 (&)). (3.92)
The constants C and sg depend only on B, M and k.
Proof. By a direct calculation, we have
Uiy = X Cel(Pre2) 4 pix:d (9271 + 911y + 1172). (3.93)
We use the identity (3.93) and we insert ¢’"¢g(x), we obtain
/D e”Pq(x)ujupdx = /D g(x) e*¢dx + RY(E,5) + RH(E,s), (3.94)
where
RI(E,s) = /D g(x) 6 el (ei(@_(”) — e_i(’”) dx,
Ry(E,s) = /D e 'Pq(x)e™ ¢ (e'2ry + 11y + 1112 dx.
Let 3 = N;El (—ws5 - A1). We insert ¢'¥3 in R/ and obtain from Lemmas 3.4.5 and 3.4.6
RYE,5)] < ) — ooy + e — e 1oy

< C(HN;;(—C*); (A2 + Vo)) — Na_;;l(—w§ - A1) |1 (B)

NG (~ewf - A1) = NZL (@F - A1) o)

< C (14 + Vgliee) + w3 +wil)

<C (||A + V8| (3 + 1Bl my ) + |5 + wﬂ) . (3.95)
Using (3.75) and (3.76), we obtain
IR1(E,5)] < C (||Cur1(A)||Loo(B) +5 <§>‘1> . (3.96)

Moreover from (3.34), we get |R5(&,s)| < Cs™L. Collecting this with (3.96) and (3.94) we

obtain the desired result. ]
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This identity allows to obtain the following estimates for the Fourier coefficients

(@)= [ e™qx)ax.

From Lemma 3.4.11 and Lemma 3.4.12 we deduce the following estimate.

-

Lemma 3.4.13. There exists so > 0 such that for all s > sy and ¢ € R3 with |&| < s the

following estimate holds true:
7(&)] < C(e™[INay gy — Naygoll +sllcurl(A) || ooy +57" (Z) ) (3.97)
The constants sy, C, and \ depend only on B, M and k.

With the help of the previous lemma, we are now in position to prove the stability result

for the electric potential under the assumption

/]RS (©)714;(0)|dg < M, (3.98)

for some y > 0.

End of the proof of the stability estimate for the electric potential

Let sp > 1 be as in Lemma 3.4.13 and s and R be two parameters satisfying s > R > s.
From (3.97) and (3.98) we get

foli@lae= [ a@lac+ [ @)l
<CR (eAS|yNA1,q1 — Noaga, || +sllcurl(A) | 1= + Rs*1> +2MR.

Choosing R = s!/ (7+2) we deduce that, for sg sufficiently large (depending only on B, k M
and ),

1]l Loy < €' (N IN gy = Ny | 45T [leurl(A) [ +577/F2)) (3.99)

for some positive constants C’ and A’ and all s > sy. Observe now that (3.61) implies in

particular (after eventually changing the constants C’, A" and s)
eurl Al| ooy < C' (e | Nay g — Naagyg, || +575/ ), (3.100)
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for all « > 1. Choosing x such that

Ko +’y+3:_ 0% @K:(27+3)(0+3)
c+3 y+2 v+2 o(y+2)

we obtain by substituting (3.100) in (3.99)

7

1q)l o (r3) < C (e [Naygy — Nagg, | +577/ %), (3.101)

with possibly different constants C’ and A’.
Now if H/\fA1 0 — Naygll < o, for some g > 0, such that —log(ep) > 2A’sf, then

taking s* = & 1og (|| N a;,0, — Nayq,|l) in (3.61) implies

—1 K
10g(|[Naygy — Nagas[) 772,

||q||L°°(]R3) < C/(HNAMM _NAz,thl/z (2/\’

(3.102)

We also observe that this type of inequality holds true if || N4, 4, — Na,4,|| > €o since in

that case we can simply write
191l e r3y < M < (M/V/€0) [ Nayq — Ny, I (3.103)

The proof of the second part of Theorem 3.3.2 is then completed.

3.5 | Stability analysis for far field data

The aim of this section is to prove the stability estimates with far field measurements given
in Theorems 3.3.2 and 3.3.3. First, we will introduce spherical harmonics to represent the far
field pattern as a Fourier series in terms of spherical harmonics. Then, we will exploit the

relation between the far field u3 (%,d), (%,d) € 8 x 52 and the operator N4 4.

3.5.1 | Spherical harmonics

Within this section, we delve into the essential properties of both spherical harmonics and

spherical Bessel functions.
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Spherical harmonics are the angular part of the solution to the Laplace equation, Au = 0,

in the spherical coordinate system. In this system, the Laplace equation is written as follows:

19 (,0u 1 o (. ,ou 1 Pu
M= aa ( a) 25620 (Sm%) Tasntgagr 0 G109

Forany ¢/ € N and m € {—/,...,(}, the spherical harmonics are given by:
Y0, ¢) = (—1)"a(t,m)P}*(cos0)e™?, 6 € [0,27], ¢ <€ [0,7], (3.105)

where P} is the associated Legendre polynomial of degree ¢ and order m:

-1 m
PP = St (2 -y, (3,106

3
QU
(Y
+
3

and « (¢, m) is the normalization function:

a(f,m) = (—1)7”\/2!;;1%;:2:;5. (3.107)

Spherical harmonics form an orthonormal basis in the Hilbert space L?(S?) where S is

the unit sphere in R3. In particular, we have:

27 7T —
/ / Y (6, 9) VI (6, ¢) Sin 0 d0dp = 6,06, - (3.108)
0 0

Given a spherical function ¢ : 5> — IR, ¢ can be expressed as a linear combination of

spherical harmonics as follows:

(9] 14
g0, 9) =Y. Y CuuY/(6,9), (3.109)
{=0m=—¢

where the coefficients Cy ,,, called harmonic coefficients of order (¢,m), are defined as fol-

lows:
2w 7T .
Com = a(l, m) / / (6, )P (cos )9 sin 6 d6d . (3.110)
0 0
For k > 0, we consider the Helmholtz equation in R3:
(A+K)u(x) =0, forallx € R
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We seek a solution u of the form:

u(x) = F(kIx))Y'(6, 9) = (k)Y (6,9), r=]al G111

where (60, @) denote the spherical angles of £ = ﬁ The function f is then a solution of the

spherical Bessel differential equation:
() + 2t () + (2 — (£ — 1)) f(t) = 0. (3.112)

This equation has two linearly independent solutions:

. 0 (—=1)7 (42
o (42 (3.113)
je(t) r;lzppll.3...(2£+2]0—1)
and
e (=1)P 2p—0—1
ve(t) =~ rgzpp!(_zg+1)(—2€+3)...(—2€+2P—1)t . (114

The spherical Hankel functions of the first and second kinds are defined as:

hﬁl)(f) = jo(t) +iye(t), (3.115)
and
B2 () = ju(t) — iy (b). (3.116)
Then, we have:
hn (1) = —#%(f_éhgk)(f))f k=12 (eN. (3.117)

For a more detailed analysis of spherical harmonics and spherical Bessel functions, we refer

to Lebedev [63] and to Colton and Kress [24].

3.5.2 | Far field pattern

We here assume that the Assumption 2.3.1 holds. Let B = {x € R?,|x| < a} for some

sufficiently large a > 0 so that D C B. We recall that the far field pattern can be expressed as
S I 1 —ik%-

uy o (2,d) = pp /D e " YQp gun gy, d)dy. (3.118)
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We denote by (g, im0, my)> (¢i,mi) € T', i = 1,2, the Fourier coefficients of uf , given by

K (ey,ma;00,my) /‘52 /82 qu b ml(f)ymz(d)ds( ) ds(d). (3.119)

For proving the first lemma we need the following well known results about the asymptotic

of spherical Bessel functions j, and spherical Hankel functions of the first kind h [84]

|
]jg(kr)\ga(zglil) 1 0STs<e ¢ e NuU{0}, (3.120)
and
14
}hf)(kr))ga(zi;l), 0<r<a (eNU{0}, (3.121)

where « is a constant that only depend on a and k. We also recall the following equality that

comes from the addition formula [24],
A A A .7 1 o
/S Y2 () (x,r2)ds(2) = ikjg, (kn)h{)) (K|x|)Y)2(2), |x] > 7, (3.122)
together with the Funk-Hecke formula
o ikx-2ym2 (2)d (2) — 4_7-[ (k|x|)Ym2 (J’C\) x € R? (3.123)
s2 b S\e) = it2 Jt, 6 ! ' '

For a more detailed study about the spherical harmonics, we refer to Lebedev [63] and to

Colton & Kress [24].

Lemma 3.5.1. The Assumption 2.3.1 holds. Let 1o ) denote the Fourier coefficients

Zl/ml ;ZZ/mZ

of the far field patterns uf;’,q as defined in (3.119). Then there exists a constant C > 0 that

only depends on D, a, k, and M such that

‘” (01,m562,m12) 2 <2£€1k4ar 1 ) o (2221{1 1 > " (3.124)
and - . 2
+ +
Z 2 <2€;k—1|1— 1) 1 (2%];_ 1) 2 ‘V(flfml;ﬂz,rnz) <C

(61 ml)er (52 mz eF

64



Chapter 3. Stability results

Proof. We only need to prove (3.124). According to (3.119) and (3.118), we obtain

1 N
]’l(él,ml;fz,mz) = E/I; ( S2 QA,qu(y,d)YZZ(d)dS(d)) (/

i e VY] (£)ds (%)) dy

1
= E /B wfz,mz (y)vf1,m1 (y>dy
(3.125)

With the help of the Funk-Hecke formula (3.123) we compute

e T A . 47 . i
O 0) = [, eI (R)As(8) = i (KIWDYT (), y€R. (3.126)

Then by (3.120), we get

eka 20143
103 1725 <C/ i, (k) |* 12d C<2€1+1> . (3.127)

Using again the Funk-Hecke formula, we obtain
L ww Y @ds(d) = Tay ([, u(r )VE@ES@) + (1) 000, (128
and we deduce that
Wy, (X) = (=1)2Qa ((1 —Ta,) o, mz) (x). (3.129)

Using the fact that Q 4 4 is a first order operator supported in D, then we obtain from Propo-
sition 2.3.3,

waz,mzHL2 < CH(I_ TA 6]) Ufz,THz”Hl < C||U€2,m2||H1 (3.130)
We note that there is a constant C > 0 such that the inequality
Hu||H1 ) < CHu||Lz (3.131)

holds true for all u € H} (IR®) satisfying the Helmholtz equation Au + k*u = 0 in R>. We

can then estimate

ka  \202+3
era ) o (3.132)

Hwéz m2HL2 < C”vfz mz”Hl < HU[Z"”Z”%%B) = C(Zfz +1
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we conclude, from (3.125), (3.127) and (3.132), that

“u(fl,ml;fz,mﬁ g CH Ufl,ml H%Z(B) ||w€2,m2 H%z(B)

§C< eka >zez+3< eka >2121+3' (3.133)

20, +1 201+ 1

This competes the proof. []

3.5.3 | Relation between u7  and Na,g

In this subsection, we will explore the connection between the far-field pattern u7 q(ﬁ, d),
(%,d) € 52 x S? and the near-field operator N, Aq given by (3.4) and derive the Theorem
3.3.2 . We establish the following duality result where the Assumption 2.3.1 holds.

Lemma 3.5.2. Letv; € H'(B), i = 1,2 such that Av; + k*v; = 0 in B. Then, the identity

/BQA,qUI(I —T_pq) 'vodx = /BQ—A,qUz(I — Ta,) '0rdx, (3.134)

holds where Q4 5 and Ta 4 are given by (2.10) and (2.17), respectively.

Proof. We associate to vy (respectively v,) a total field u Ag (respectively u_ Agq) and a scat-

tered field u° Aq (respectively, u® A,q)' Applying (2.33) to g = uf‘l, g and up = u® Aq implies

S S S S _
/B (HA,q”A,q U pg— uA,qH—A,qu—A,q> dx = 0.

Making use of 114 4 = ”f‘l,q torandu_p4 = u® Ag + vy, it follows by direct calculation

/B (Qaqviti_pg — Q_agv2) dx = /B (Qa,qv1v2 — Q_440201) dx.

Moreover, by integrating by parts, we get

/B (QA,qvlvz - Q,Alquvl) dx = 0.

Dueto gy = (I —Tag) toyandu_ag = (I = T_p,) 'y, we obtain the desired result,
[
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Proposition 3.5.3. For k > 0 fixed, we have

1 etklxl oiklyl 1 < 1 1 )
u%y (x, SoxX -+ —— (= +— | Alx,y), x#y, (3.135)
aqlxry) 0O ey (g +gr) A9 X7

where A(x,y) is uniformly bounded as |x| — oo and |y| — oo.

= —————1u
4t |x| Jyl 4

Proof. Using the asymptotics of ®(-,z) and V,P(-,z) for z € D, we get

U q(x,y) = /D Q 44P(x,2)us,(z,y)dz (3.136)
eik|x] R O(l)
- 4n|x|w(y,—x) t |x[2 luaq( )2y, x| — o0, (3.137)

uniformly with respect to y € R3 \ B, where

w(y,d) ::/DQ_A,qeikZ'duA,q(z,y)dz.

Using now Lemma 3.5.2 and integrating by parts, we get
w(y,d) = — /DdD(z,y)Q_A,qu_A,q(z,d)dz, (3.138)

b

and therefore w(-,d) = uS_A’q(-,d). Consequently, (3.137) and (3.118) imply that for |x

Yl = o0
1 eik|x| eik|y| O(l)
s — oo 7 —x Z .
MA,q(x'y) T 4 |x| |]/| U_pq (]// x)+ |x|2 HuA,q( /y)HLZ(D)
o(1) )
b g, —2 . (3.139)
‘x||y|2|| Aq( )||L2(D)

Let us observe that according to Corollary 2.3.4 (and the asymptotic behavior of ®(x,y) and
V®(x,y) with x € D and |y| — oo) we get that

o)
”uA,q('fy)HLZ(D) = |y—| as |y| — oo,
and [[u—4,4(+, —2) | 2(p) is uniformly bounded with respect to £. We finally obtain the de-
sired result by noticing the reciprocity relation 1% q(d, 0) = u® A q(—9, —d), where 0,d € S?

(which is also a consequence of Lemma 3.5.2) or using Lemma 2.3.7. ]
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Now, let us expand the scattering amplitude u;f’, q(d, 6) in spherical harmonics
up o (d,0) =) Y. Hemem Yy, (d)Y,2(6), (3.140)
(41,m1)€T (lp,mp)€eT
where g, 0,m, 18 given by (3.119).
The following lemma makes the link between u5, . (y)and ufy ] (+,d). The proof follows
similar ideas as in Stefanov [84] for A = 0 but uses different arguments since we do not rely
on the properties of the Green function for A # 0 when x ~ y. Our proof would apply to

more general contexts since we mainly rely on the reciprocity relation in Lemma 2.3.7.

Lemma 3.5.4. The scattered field associated with point sources can be expanded as

k2

0 1 1 s .
Wag(oy) = == X Tty (KX (R )Y] () Y72 (9),
(El,ml)el“
(by,mp)el
(3.141)
uniformly for |x|, |y| > a, with & = x/|x| and § = y/|y|.
Proof. Making use of the addition formula [24],
ZEgm Dkx)Y (R), x| > |2, (3.142)
V,®(x,z) Zegm YkxDYr @),  |x| > |z, (3.143)

where e/, (z) = ikj(k|z|)Y}" (2) and €], ,, = ikV (jo(k|z[)Y}" (Z)), it follows from (3.136)
that for y € R\ D and uniformly for |x| > a
1 ~
W )= Y apm R (K)Y (2).
(gllml)er
Similarly, for x € R3\ D and uniformly for |y| > a
1 ~
W agX) = Y Bram (¥ (Kl (7).
(ba,ma) €T

‘We observe that

ey () (k) = [ 10405, ) VT (3) ds(2)
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Using the reciprocity relation of Lemma 2.3.7 we then get uniformly for |y| > a

B ) = X Yememhly KDY ),

(Zz,]’l’lz)er
where
1 -
= az)Y"™ (%) ds(%).
Yeymybamy hél)(ka) 2 .Bﬁzmz( ) 0 ( ) ( )
1
This yields in particular that for |x| > a and |y| > a
1 ~ 4 (1 .
W y) = Y Yomemhy) XD)Y @) R (Kly)Y,2 (7). (G.144)
(El,ml)el"
(621m2)€r

Observe that from Proposition 3.5.3, we have in particular that ui‘/q € L%(Sg x Sg) for

R sufficiently large, with Sg = {|x| = R}. The orthonormality of products of spherical
harmonics in L?(S? x S?) implies in particular that the series (3.144) is convergent in L2(S? x
S2) and

L g (RE ROV, (2) Y2 (9) ds(2)d5(9) = Yeom ool (RO (KR).

We recall that ([24])

ir
() = (=)o (r?),

Proposition 3.5.3 and the identity YZ 2(—p) = (—1)€2YZ 2(7) then imply, by integrating on

Sr X Sg and letting R — oo that

2
_ A1+ 14
Yeymytomy = 477 rr(-1) 2 Wtymy bymy-

This yields the desired result. We remark that it also implies from (3.124) and (3.121) that
the series (3.144) is absolutely convergent together with its first and second derivatives with

respect to x or y. [

Then we have the following Lemma showing the Lipschitz continuity of the mapping

us g Na,q when u ; 1 endowed with the norm (3.14).
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Lemma 3.5.5. We assume that the Assumption 2.3.1 holds. Then

k2
||NA1/L]1 - NAzﬂizH S 0‘24_7T||u?:1,q1 - u?2,6]2||]:’ (3'145)

Proof. For j = 1,2, denote by y{
above. We get from (3.141)

) the Fourier coefficients associated with uf«f’, -as
£11m1/£21m2) ]/EI]

||NA1/Q1 - NA21q2 ||2

K ? (1) 217,(1) 20,1 2 2
< a4 ( Z ’hzl (ka)]| ‘h@ (ka)| |P‘(41,m1;42,m2) —P‘(zl,ml;ez,mzﬂ .

ly,mq ) el
(Lp,mp)€T

The estimate then follows using (3.121). [l

From (3.145) and Theorem 3.3.1 we easily derive Theorem 3.3.2. Following the same
arguments as in [40] one can obtain a stability result using only the L?> norm of the far field.
In fact, identity (3.141) and the uniform bound of Corollary 2.3.4 allows us to reproduce

exactly the same arguments as in [40, Section 4] to state the following continuity result.

Lemma 3.5.6. Let M > 0 and 0 < 0 < 1 be given. Assume that the assumption 2.3.1 holds.
Then there exists a constant 1§ > 0 that only depends on M, k, a and 8 and a constant w that

only depends on a and k such that

1450y = U0, llL2(s2x52
INayg = Nagall < 7 exp < —(—1In Avq 227;72 (82 ))9),

where N, Ay j = 1,2 denote here the near field operators associated with B = {x €
R3, |x| < 2a}.

3.5.4 | Proof of the Theorem 3.3.3

We now stand poised to finish this chapter by demonstrating the last main result. Using the

result of this lemma and Theorem 3.3.1 one can prove Theorem 3.3.3 as follows.

70



Chapter 3. Stability results

According to Lemma 3.5.6

”ufl,‘h o ufgz,qz HLZ ) 0
wi

—lﬂ (HNAl,ql _NAz,qZH) Z _ln(ﬂz) + <_ ln

v

1 1% 0, = Uy g, 1210
(—ln 141 292 )l

2 w1y

1
for sufficiently small [[ufy . —u% o |12 such that u% - —u% o ll2 < wipe~2n(7)?

Then, if we further suppose that ||uf§’1,l71 —UR, 0 ll;2 < e/(wn), then

c(1-6)

o)
_ o T o13
(=10 (N, = Naggall)) "7 <2058 (<in ((Ju,, — %, lliz))

[

Using the first inequality in Theorem 3.3.1 and choosing ¢ such that 6 ;25 = ﬁ — €, where

0 < € < ;3. yield the first inequality of Theorem 3.3.3 related to [|curlA; — curlAz || (p).

The estimate for ||g1 — g2(| .= (p) is derived analogously.
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Abstract:

Inverse geometric problem

We consider the inverse medium scattering problem and provide an overview of the sam-

pling techniques employed for deducing the shape of a perturbation using measurements of

scattered waves at a fixed frequency. Our primary focus is on the linear sampling method

(LSM) and the factorization method (FM). We present several validating results in both 2D.

Using synthetic data, we end the chapter with an alternative proof for the uniqueness of the

reconstruction of the shape from far-field patterns associated with all incident plane waves.
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443.1 ReconstructionusingLSM . . . ... ... ...... 90
4.4.3.2  Reconstruction using factorization method Fx . . . . . 93
4.5  Another approach for the uniqueness of the domain D . . . . ... .. .. 96

4.1 | Introduction

The sampling methods are one of well established inversion methods for inverse scattering
problems. The principle of sampling method is to define an indicator function that reveals
information about the position and shape of the unknown object. The sampling methods have
generated a lot of discussion in the literature because of their practical importance. Some ex-
amples include the linear sampling method [21], the factorization method [51], the General-
ized Linear Sampling Method (GLSM) which combines theoretical elements of both the LSM
and FM [5, 4], the MUSIC-type method [29, 37, 2], the point source and probe method [74],
the enclosure method [42], and the one-shot and orthogonality sampling methods [64, 75].
The main advantage of the sampling methods is that they don’t involve solving a sequence
of forward inverse problems like iterative methods do, and they can handle a wide range of
practical problems even when there is limited information about the scatterer. Actually, the
physical characteristics of the unknown object need not be known a priori using these meth-
ods. But generally speaking, the disadvantage of these approaches is that a lot of data is
required because one typically needs all measurements of the far field pattern for all observa-

tion points and all directions of incident plane waves.

The chapter is organized as follows. We recall the setting of the direct scattering problem
in Section 4.2, while in Section 4.3 we present the setting of the inverse problem and demon-
strate the uniqueness of the domain D from the far field pattern. Next, we introduce the near
field operator and its factorizations, which are necessary for the two sampling methods on

which we will concentrate: the linear sampling method (LSM) and the factorization method.
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Some key properties of these operators are then proved in section 4.4 as preparations for the

analysis of sampling methods.

4.2 | Setting of the direct scattering problem

In order to ease the reading of this chapter, we recall in this section the direct scattering
problem, which was introduced in Chapter 2, and give some properties that will be helpful
later.

We assume that A € L®(R?,IR?) such that div(A) € L*(R3 R) and Supp(A) C D
and n € L*(IR®,C) with non negative imaginary part and positive real part such that n = 1
outside D.

Our direct problem consists in finding the total field u € H'(D) and the scattered field
u® € H'(R3\ D) which verify the following system

(V +iA)u+Knu=0 in D, (4.1)
A’ + Kuf =0 in R®\ D, 4.2)
u—ut=u on 9D, (4.3)

?)_z — % = % on dD, (4.4)

rlgrglor <% — ikus) =0, 4.5)

where v denote the outward normal. We proved in chapter 2 that the direct scattering problem
has a unique solution u.

Now, we define the function w by

w(x) = u(x) —u'(x) ifx e D,
u(x) if x € R3\ D.

Then, w € H}

} -(IR?) is the unique solution of

(V +iA)?w+ Knw = Qu ,u in R3,
Limr (%—‘5 — ikw) =0.

r—o0

(4.6)
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where @ A,n 1s the first order operator given by
Qun(w) = —iA - Vo —idiv(Aw) + (A2 + (1 - n))w. @.7)

Theorem 4.2.1 ([24]). Let u° € H?

loc

(R3\ D) be an outgoing solution of the Helmholtz

equation in R3 \ D. Then we have the following formula

u'(x) = /E)D (us%(x, ) —D(x, )%) ds(y), Vx€R*\D (4.8)

where ®(-,-) is given by (2.14).

The following reciprocity lemma will be useful later.

Theorem 4.2.2 (Mixed reciprocity relation). Let u(-,z) be a solution generated by a point

source at z:
(V +iA)?u(-,z) + Knu(-,z) = —06,, inR5,

u=ul +us; ui(x)=®(,z), ze R®\ D,
, u’ .
Iimr | — —iku® ) =0,
r—00 or
and U(-,d) be a solution of the dual problem generated by the plane wave of direction d,

(V —iA)2i(-,d) + Knii(d) =0, inR?,

U =ub+u; ub(x) = ek, des?,
ou’ -
lim 7 (i - ikus> —0.
r—00 or
Then, we have the mixed reciprocity relation
4u®(—d,z) = (z,d), z€R3\D,decS?
where u® (%, z) is the far field pattern of the scattered field u°(x, z).

Proof. We have u;- a solution of (A + kz)u;. = 0in D for j = 1,2. Then, according to Green

second formula, we obtain

oub  oul
/E)D (ull 81/2 —i 81/1) ds(y) = 0. (4.9)
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In addition, we know that #°(-,d), u°(-,z) are solutions of the Helmholtz equation outside
of D. Then, for r > 0 large enough such that D C B(0,r) and according to Green second

formula, we have

L T o
[ (05 ) = 7)1 (0,2) ) ds(y) = fim (),
where the integral I,(z,d) is given by
L) = [ (w25 ) - 70,05 (1,2)) dsy).
7 Sr 7 a‘l/ 7 7 a‘l/ 7

Using the Cauchy-Schwartz inequality and the radiation condition, we get

1, (z,d)|* — 0.

r—00
This implies
ou’ ou’
S o T - —

[ (a5 ) - w05 2) ) dst) = @.10)

According to the definition of the far field pattern

(8 1 s d —ik2-yy _ ou’ —ik%-y s 2

u®(%) = i /8D (u 81/(6 ) 5 ds(y), V%eS, (4.11)

we obtain for z € R3\ D and d € S? that

sm(-d2) = [ (w,)%20) w2 5,2) | dsiw) @12
7 2D 7 81/ 2 81/ 7 7 .
furthermore, due to the Theorem 4.2.1, we have
w(ed) = [ (i D2 ) i ()2 () ) dsty), 2 e RO\D, de S
= b Y, av.’/ 1]/81/% Y) ’ .

(4.13)
In the other hand, by summing (4.9) and (4.12), we get

aué ou

5 (u(y,Z) 52 ) - ué(y)g(w)) ds(y), (414

dnu®(—d,z) = /

d
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and by subtracting (4.10) from (4.13), one obtains

) = [ ()G ) - F 00 ) ds), @19

Adding together (4.14) and (4.15), we have

ou

[ (500255 00 = 00, 0) 55 02) ) dsl) = (=, 2) ().

Finally, using Green’s formula twice and the equation satisfied by u and # in D, we obtain

the right hand side vanishes. ]

4.3 | Setting of the inverse problem

In this section, the inverse problem we are interested in is the reconstruction of the domain D

from the knowledge of u® (%, d) for all (£, d), (see, for instance, [13, 15, 51, 45]).

4.3.1 | Definition of the far field operator

The far field operator F : [2(S?) — L?(S?) is defined, as the integral operator with the far

field pattern as its kernel, as follows

- 0 (s - X
(Fg)(%) = /S WS @ds(d), &= (4.16)
where the far field pattern is given by
o 1 . .
wA,n(x) =~ /De ikx YQuan(u' +w)(y) dy, 4.17)

where w satisfies (4.6) with incident field 1. Now, let us consider the Herglotz operator

H: L*(S?) — L*(D),

87 Ygpr (4.18)
where v, is the Herglotz wave function defined by
ve(x) = /S g(d)ds(d),  xeR (4.19)
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The function g is called the Herglotz kernel of v;.

Moreover, let H* : L>(D) — L?(S?) the adjoint of the operator Herglotz H be defined

as follows
(H*p) (%) = / e Vy(y)dy, ¢ e L*(D), 2 €S~ (4.20)
D
Let us denote by H;,.(D) the closure of the range of # in L?(D). This estimate help us to
consider the compact operator G as follows
G: Hinc(D) — LZ(SZ)/
Uy —> Wy, (4.21)

where wxn is the far field pattern of w solution of (4.6) with incident field u' = upy. Then,

for all ¢ € L?(S?), we obtain

(GoH)(g) = /S2 G(e™)g(d)ds(d) = F(g).

This ensures the first factorization

F = GH. (4.22)

Next, using the definition of w% , and the adjoint of the Herglotz operator H*, we can

obtain that G = H*T where the operator T is defined by

T: L>(D) — L*(D)

1 ~ .
uy — —EQA,n(u’ +w), (4.23)

where w is the solution of (4.6) with incident field ul = ug. Thus, we get the second factor-

ization of the far field operator F : L2(S?) — L2(S?) in this form

(4.24)

Moreover, let

F = |R(F)| +|S(F)], (4.25)
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where

1 1
R(F) = S(F+F) , S(F):=:(F-F), (4.26)

with F* is the adjoint of the far field operator F.

The following interior transmission problem serves as a basis for the sampling techniques
that will be discussed later and is defined by: Given (f,h) € H? (oD) x H: (oD), find
(u,ug) € L?(D) x L?(D) such that u — ug € H*(D) and

(

(V+iA)Yu+knu=0 inD,
Aug + k*ug = 0, in D,
ITP(An){ ~ 0T H0 . 4.27)
u — uo = f on aD,
\ g—ﬁ — % =h ondD,

where v denotes the outward normal on 9D.
In the rest of this chapter, we need the following assumption that formulates the well-

posedness of ITP.

Assumption 4.3.1. The refractive index n, the magnetic potential A and the wave number k

are such that ITP(A, n) and ITP(— A, n) are well-posed problem.

The solvability of the interior transmission problem will be studied in Chapter 5.

4.3.2 | Some useful properties for sampling methods

We start now with the following Lemma which gives a characterization of the closure of the

range of .

Lemma 4.3.2 ([15]). The operator H defined by (4.18) is compact and injective. Let H;y,.(D)
be the closure of the range of H in L>(D). Then, we have

Hipo(D) = { v € L3(D) such that Av+k*v =0 in D}. (4.28)
The reciprocity lemma that follows will be helpful.
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Lemma 4.3.3. Let ug,u; € Hju(D) and let wy and wy € H} (R3) be the solutions of
(4.6) corresponding to (V +iA)?wy + k*nwy = QA/n(uO) and (V — iA)>w; + Knw, =

@_ An(U1) together with the sommerfield radiation condition. Then
/D QA,nuowl dx = /D Q_A,nulwo dx. (4.29)
Proof. We have that wg and wq satisfy
(V +iA) 2wy + KPnwy = Qaup  inR?, (4.30)

and

(V —iA)w; + Knw, = Q,A,nul in R, (4.31)

respectively. Assume that B is an open, D-containing ball with radius R. Multiplying (4.30)
by w1 and (4.31) by wq and integrating over B yields

/ Awgwy dx + i/ div (Awg) w1 + iA - Vwowq dx
B B
+ / (kK*n — ]A|2)w0w1 dx = / QA,nuowl dx,
B B
and
/ Awwy dx — i/ div (Awq) wo + 1A - Vwiwg dx
B B
+ / (K*n — |A|2)w0w1 dx = / Q_A,nulwo dx.
B B
Taking the difference
/ Awowy — Awiwg dx + i/ div (Awg) w1 + iA - Vwow, dx
B B
+ Z/ div (Awl) wo + 1A - Vwwy dx = / @Alnuowl — Q,A,nule dx. (4.32)
B B
By integrating by parts, we obtain

ow, ow ~ ~
/ “ Oy — —1w0ds(x) = / Qantows — Q_a nU1wp dx. (4.33)
|x|=R OF or B
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Due to the fact that wg and w, verify the Sommerfeld radiation and the following identity

. 2 '
lim w;|”ds(x :/ w7 ds(®), =1,2,
R=e0 |x|:R’ jI7dsx) g2 | AN ®).
we obtain
. aZUo 8w1
| — w1 — —wod =0.
Rglgo lx|=R OF w1 g o s(¥)
We finish the proof by letting R — oo in (4.33). [l

Now, we demonstrate the key element needed to justify the sampling Methods.

Theorem 4.3.4. Assume that assumption 4.3.1 holds. Then, The operator G : H;,.(D) —
Lz(Sz), defined by (4.21), is injective with dense range. Moreover

d°(-,z) € R(G) ifandonlyif z €D, (4.34)

where @ (-, z) is the far field pattern due to a point source located at the point z which is
given by
= —e Mz geg? (4.35)

Proof. We start by proving that G is injective with dense range. Let 1y and w satisfy (4.6).

Then, we have

SN 1 —ik%-y A N
wFa(%) = =5 [ Qa0 +w)(y) dy, e

Then, for g € L2(Sz), we get

1 ~ .
(G(uo), 8)12(2) = “in /D Qan(uo er)(x)/SZ e~ kdxo(d)ds dx
= —ﬁ /D Qan(tto +w)(x)Hg(x) dx. (4.36)

We assume that 1y = H¢ for some ¢ € L*(S?) and set w(¢) = w. The equality (4.36) can

be written as

(COHP), &) 1252y = K [ Qan(Fp)Tig dx+ K [ Qpalwo()) 75 dix.
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Using the Lemma 4.3.3, we obtain

| Qan(w(@)Hg dx = [ Q- an(w(s)Hg dx,

and by integrating by parts, we find

[ CanPp) g dx = [ Q-a(Fig) i d.

Therefore, we obtain the reciprocity relation

(G(H9), 8)12(s2) = (G(HS), 9)12(s2), (4.37)

where G : Hj,.(D) — L2(S2) is the operator defined the same as G replacing A by —A.
We assume (G(H¢), )2 ) =0,V € L%(S?). Using the previous reciprocity relation
(4.37), we find G(Hg) = 0. We get w(g) = 0inIR3\ D using Rellich’s Lemma and
the unique continuation principle where w(g) is solution to (4.6) with A replaced by —A.
Moreover, let u := w(g) + Hg, then, we obtain that (1, Hg) is a solution to ITP(—A,n)
with f = h = 0 which implies that Hg¢ = 0 in D. By the injectivity of H (Lemma 4.3.2), we
get ¢ = 0. This proves the denseness of the range of G.

(R%)
be associated field via (4.6) with u' = ug. Assume that G(uy) = 0. By Rellich’s Lemma

Next, we are going to prove the injectivity of G. Let ug € Hy;(D) and letw € H}
and the unique continuation principle, we obtain that w = 0 in IR3 \ D. Therefore, the pair
(u,up) is a solution to (4.27) with zero data. If we set u := w + u, then, the assumption of
the well-posedness of ITP(A, n) guarantees that w = 1y = 0, demonstrating the injectivity
of G.

We finish by proving the last part of the theorem. We note that ®*°(+, z) is the far field
pattern of 1, = ®(-,z) satisfying Au, + k’u, = —6, in R3 as well as the Sommerfeld
radiation condition. Let z € D. We take (u,uy) € L?(D) x L?(D) to be the solution to
(4.27) with

flx) = Ste(x,z) x € dD, 438)
h(x) = %) x € aD.
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We define

w(x) = u(x) — up(x) x €D, 4.39)
ue(x,z) x € R3\ D.

According to (4.38), we have that w € H?(IR®) and satisfies (4.6). Therefore G(ug) =
d°(-,z).

Next, let z € R3\ D. Suppose that there exists uy € H;,.(D) such that G(ug) =
®*(-,z). We determine that w = u,(-,z) in R®\ D, where w is the solution to the prob-
lem (4.6), via the Rellich’s Lemma and the unique continuation principle. Given that w &

HY(R3\ D) yet u,(-,z) ¢ H}_(R®\ D), this results in a contradiction. O
The following lemma that follows will be helpful.
Lemma 4.3.5. For all p € L?(D), we have the following identity
473 (T, ) 12y = k/D |wf§ln|2ds+k2/D S(n)|p + w|? dx. (4.40)

where w is the scattered field solution of (4.6) associated with the incident field u' = .

Proof. Multiplying the first equation of (4.6) by w and applying the Green Theorem, we

obtain
/B(V—HA)zww dx+k2/Bn|w|2 dx:/BQA,anWdXI
yields
—/ |Vwl|? dx—{—k2/ w|? dx—i—/iA-Vw%—i—idiv(Aw)wdx
B B B
+/ a—wms—/(|Ay2+k2(1—n))|w|2 dx
- B

= —/B(iA-V¢w+idiv(Azp)w) dx+/B(|A|2+k2(1 — n))yw dx,
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which implies
[AP+ R0 - m)(p+ w)mdr—i [ A-V(p+w)mdx
—i/div (A( ¢+w))wdx
/|Vw|2dx+k2/ |w|2dx+/| S

Taking the imaginary part, we find

S (/x|_R aa_zfms) ~g (/D(|A\2 IR — ) (¢ + w)@ dx)
~3 (i/BA V(4 + )T + div(A(p + w))@ dx),

using the fact that

ow__ o
/|x|_R EWdS) - k/sz ‘wA/”’ ds, 4.41)

we obtain

k/gz @, Pds = S (/D(|A|2+k2(1 — ) (¢ + )@ dx)
_3 <i/BA-V(¢+w)w+div(A(¢+w))wdx>.

Next, we have

17, _ 1 _
(T, ¥)12(p) = E/DZA'V@PJFW)W dx + E/Dlle(A(’!’+w))lP dx
; /kz(n—l)—|A|2)(¢+w)wdx.

Since (¢ +w)P = | + w|?> — (Y + w)w, we find

1 ) — 1 .o —
(T4, )20y = 1= [ iA-Vp+ @) dx+ o [ idiv(A(p+w) dx

— = [ 020 =)~ |AR) (g + ) dx
+ o [ 000 =1) = |AP)ly + wldx,
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therefore, we get
473 (Ty, Pzp)) = S (/DiA V(4 + )+ idiv(A( + )P dx)
+$ </D(|A|2 + k(1 —n)) (¢ +w)w dx)
+k2/D%(n)|¢+w|2dx
=9 (/DiA -V +w)(p+w)+idiv(A(y + w))p +w dx)
+k/52 |wf§/n|2ds—|—k2/D%(n)]1p+w|2 dx.

Knowing that

/D[iA V(4 +w) + idiv(A(p + w))]§ T dx
— 2% (/IJA-V(¢+w)(1,b—|——zt;)dx) €R,
gives us the desired result. ]
We have the following lemma.

Lemma 4.3.6. Let S(n) > 0and R(n — 1) > a > 0in D ( respectively R(1 —n) > a >0
in D). Then, the operator T satisfies

S ((T9,9)120)) 20, Vi € Hine(D). (4.42)

Moreover, (T) is injective on Hi,.(D) and we can decompose R(T) as R(T) = To+ C

where C is compact on Hy,,(D) and Ty satisfies

(To, ¥) 120y = Bl T2 ) (4.43)
forall Y € Hj,.(D) and for some B > 0.

Proof. We have
1 ~
T(y) = — 1= Qanlp +w(y)), (4.44)
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where w(1) is a solution of (4.6) with u! = . Let Ty : L*(D) — L?(D) the operator
defined by

2
To(y) = i‘—nafe(n — 1)y, (4.45)

For all ¢ € H;,.(D), we have

T, > B =D ax] > a2
(Toy. 9) 2| = 3 | [ ROr=DIgP x| = Lol ),

which implies Tj is coercive. Moreover, we define T; := R(T) — Tj as follows

T, : L>(D) — L*(D)
p— Tu(y) = (T + T1)(¥),

where

/

T(y) = ﬁ(iA - Vw(yp) + idiv(Aw(p))) + 1

i (FRO=1) AP w(y),

and
/! 1 . g
Ty (p) = (A~ Vo +idiv(Ap) — |[AP'g), ¢ € L*(D).

Let ¢; € Hiyc(D) such that p; — 0in L*(D) and w; = w(y;) € H*(D). Then, by th
continuous of the mapping ; — w(1p;) from L?(D) into H?(D), we have that w; — 0in
H?(D) and Vw; — 0in H'(D). Using the Rellich’s compact embedding Theorem, we find
w; — 0in L2(D) and Vw; — 0in L?(D). Then, wj — 0 in H'(D). Furthermore, we

obtain
Ty ()| < Cllwjl[gnpy Vi €N, (4.46)

which implies that T{ is compact. Moreover, we have ; € H;,,c(D) then by combining the
elliptic regularity with the knowledge that A has compact support in D, we get that ¢ —
— 2= |A[*¢ is compact and that div(A;), A - Vi; € L*(K), for all K compact of D which

means that there is a constant C(K) such that
A -Vl < CK)Wjll2py Vi €N, (4.47)
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which implies that Tf is compact. Therefore, we obtain T7 is compact. From (4.40), we have

3 <(T1P/¢)L2(D)) = 0.

To finish the proof, we only need to demonstrate that (T) is injective on Hj,.(D). We have

(S(MY, )2y =S ((T¢,¢)L2(D)> = 0, which implies

k/ |wf§n|zds+k2/ S(n)| 4+ w]? dx = 0.
D ! D

Since k is not a transmission eigenvalues and J(n) > 0, we find wy,=0andyp+w=0
in D, which implies with the help of Rellich’s Lemma that w = 0 in R3 \ D. Moreover,
the pair (w + ¢, w) is a solution to (4.27) with zero data. Then, by the assumption of the
well-posedness of ITP, we deduce that w = 1 = 0. O]

4.4 | Application to sampling methods

4.4.1 | The Linear Sampling Method (LSM)

Let’s now describe the Linear Sampling Method (LSM), which has been first introduced in
a paper by Kirsh and Colton in 1996 [21] and analyzed in a number of subsequent works,
[27, 18, 14]. The LSM allows the reconstruction of the shape of an obstacle (or a local
inhomogeneity) from multi-static data at a fixed frequency. This method has the simplest
formulation and can be easily adapted to different settings of the data (near field data, data
available on a limited aperture) and the scattering problem (inhomogeneous background). For
different applications of the LSM for obstacle detection with various boundary conditions in
the case of Helmholtz or Maxwell equation we refer to [13, 18, 23] and also for scattering by

a partially coated crack you can see [14, 59].

The argument for the Linear Sampling Method (LSM) is based on the following theorem.

Theorem 4.4.1. The operator F : L?(S?) — L?(S?) is injective with dense range. More-

over,
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(i) Ifz € D then there exists a sequence g € L*(S?) such that lin%HFgg —D°(+,2) || 12g2) =
x—r

(i) If z & D then for all ¢* € L?*(S?) such that lin})Hng‘ —®%(,2)[l12(g2) — 0 and
a—r
Dléig})HHggHLz(D) = 0.

Proof. Using the injectivity and the denseness of the range of the operators  and G, which
are provided by Lemma 4.3.2 and Theorem 4.3.4, we obtain the injectivity and the denseness
of the range of F.

If z € D, let ug € Hju(D) be such that G(uy) = D®(-,z), which is true according
to Theorem 4.3.4, exists. The first statement arises from the fact that F = G o ‘H, which is
shown by Lemma 4.3.2, that there exists a sequence g% € L?(S?) such that Hg* — ug as
x — 0.

Ifz ¢ D. Let g% € L*(S?) be such that ||F(g2) — ®°(-,2)||;22) — Oasa — 0. We
assume that ||HgZ || 2(p) is bounded as a — 0. We can assume that 7 g7 weakly converges to
some 1y € Hj,.(D) without suffering from generality loss. Theorem 4.3.4’s final statement is

in conflict with the limit G(up) = ®*(-, z), which results from the fact that F = Go H. [
The numerical implementation of the LSM consists of 3 main steps:

m Utilizing a priori data on the approximate size and location of the scatterer, the parame-
ter z is varied over a grid in the region where the scatterer D is to be located. To ensure
the effectiveness of this approach, the grid has to be "fine enough" and D needs to be

within the search domain.

m This step involves using each z in the grid to approximately solve the following equation

by finding ¢* € L?(D) such that
F(g7) ~ ®%(-,z), (4.48)

using Tikhonov regularization [88], which requires the solution g% € L?(S?) of the
equation

(o + FF*)gt = F*(Pwo(-,2)), (4.49)
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where & > 0 denotes the regularization parameter, and the Morozov discrepancy prin-
ciple [27]. Assuming that F? is the far field operator corresponding to noisy measure-
ments 1%, such that

1% — ool 12(2) x 12(s2) < . (4.50)

For each z, the parameter « is chosen in such away that
1F°8u (-1 2) = @ 2) [l 12(82) = 6118 (/D) 12(s2)- (4.51)

B The indicator function Z(z) = W
Z1IL=(D)

the scatterer as the location of z for which I(z) does not vanish.

is then plotted and enabling the extraction of

4.4.2 | The Factorization Method F

The Factorization method has been first introduced by A. Kirsh on 1998 [51]. It is inspired
from the Linear Sampling Method. Unlike LSM, which relies on an approximate solution, this
approach provides a exact characterisation of the scatterer in terms of the far field operator. In
[52], Kirsch studied the acoustic inhomogeneous medium case. In [54], he extended the the
Factorization method to include absorbing media or limited aperture. For a thorough analysis

of the Factorization method utilized to solve many inverse problems, see the monograph [56].

The following lemma gives the characterization of D in terms of the operator F*.

Lemma 4.4.2 ([15]). For z € R3, we have that z € D if and only if ®%(-,z) is in the range
of H*.

In view of the previous Lemma, Lemma 4.3.6 and Lemma 4.3.2, we can apply directly

the result of the factorization method Fx (see Theorem 2.31, [15]).

Theorem 4.4.3. Let S(n) > 0and R(n—1) > a > 0in D ( respectively R(1—n) > a >0
in D). Then, z € D if and only if ®*(-,z) as in the range of(F#)%.

The factorization method (FM) consists also of three main steps:
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m Utilizing a priori data on the approximate size and location of the scatterer, the parame-
ter z is varied over a grid in the region where the scatterer D is sought. For this approach
to be effective, the grid must to be sufficiently fine and D needs to be within the search

domain.

B The second step consists of using each z in the grid to approximately solve the following

equation by finding ¢, # € L?(D) such that
Fy(gz4) =~ ®%(-,2) (4.52)

and then computing g, # by using Tikhonov regularization [88] along with the Morozov

discrepancy principle [27].

m Finally, the indicator function Z(z) is plotted, and valuable information

- ”gz,#HLZ(D)
about the scatterer can be extracted.

4.4.3 | Validating Numerical Experiments

We conclude the study with numerical tests of the sampling methods presented earlier. Our

focus in this section is solely on two-dimensional models.

4.4.3.1 | Reconstruction using LSM

The frequency is k = 6 and N, equidistant incident directions and observation points have
been used. The data have been generated synthetically by solving the forward scattering
problem using a standard finite element method. Let g7 be the Tikhonov regularized solution
of (4.49), where the regularization parameter is computed using the Morozov discrepancy
principle.

In the following numerical examples, we show the reconstruction of domain D using the

indicator function
1

= (4.53)
18411 12(p)

Z(z)
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m For D is a ball domain:

LSM
2
04
1.5 0.35
1 03
05 <025
o {02
s 0.15
g 01
&k3 0.0
2
2 -15 Bl 05 0 05 1 1.5 2

Figure 4.1: Reconstruction of the domain D for A =

2

1

15
0.5

LSM
0.35
03
0.25
0.2
0.15
0.1
0.05
-2 -15 -1 -05 0 0.5 1 1.5 2

0 (on the left) and for A =

0

-05

-1

-15

2

2.5(—sin(f), cos(f)) in D where 6 € (0,271) and A = 0 outside D (on the right).

LSM
2
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1
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H0.15
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15 005
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2 -15 1 -05 0 05 1 15 2

the left) and N; = 60 (on the right).
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Figure 4.2: Reconstruction of the domain D with the presence of A, ie., A =
2.5(—sin(0),cos(0)) in D where 6 € (0,27r) and A = 0 outside D, for N; = 40 (on
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m For D is a different geometry:

03

0.25

0.05

-2 -15 -1 -05 0 0.5 1 15 2

Figure 4.3: Reconstruction of the domain D for A = 0 (on the left) and for A = 2.5(xy, yg)
in D where xg = 0.8 cos(26) cos(6) — (1. + 0.4 sin(26)) sin(8), yg = 0.8 cos(26) sin(6) +
(14 0.4sin(20)) cos(8) and 0 € (0,27r) and A = 0 outside D where div(A) = 0, (on the
right).

LSM

0.1

0.07

0.05

0.04

0.01

Figure 4.4: Reconstruction of the domain D with the presence of A where A = 2.5(xg, 1) in
D where xg = 0.8cos(26) cos(6) — (1. + 0.4sin(26)) sin(0), yg = 0.8 cos(26) sin(6) +
(14 0.4sin(26)) cos(f) and @ € (0,27) and A = 0 outside D (div(A) = 0) for N; = 40
(on the left) and N; = 60 (on the right).
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4.4.3.2 | Reconstruction using factorization method Fx

The frequency is k = 6 and N, equidistant incident directions and observation points have
been used. The data have been generated synthetically by solving the forward scattering
problem using a standard finite element method. Let g7 be the Tikhonov regularized solution,
where the regularization parameter is equal to zero.

In the following numerical examples, we show the reconstruction of domain D using the

indicator function
1

IT(z) = ——M.
®) = o

(4.54)
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m For D is a ball domain:

fac
2
035
15
03
1
05 q025
u Q B
-05 0.15
-1
01
-15
005
2
2 -1.5 -1 -0.5 0 0.5 1 15 2

Figure 4.5: Reconstruction of the domain D for A = 0 (on the left) and for A =
2.5(—sin(f), cos(f)) in D where 6 € (0,271) and A = 0 outside D (on the right).

fac
2
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0.12
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0.02

Figure 4.6: Reconstruction of the domain D with the presence of A, ie., A =
2.5(—sin(f),cos(0)) in D where 6 € (0,27r) and A = 0 outside D, for N; = 40 (on
the left) and N; = 60 (on the right).
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m For D is a different geometry:

fac fac
2 2
03
15 0.25 15
1 1 025
02
0.5 0.5
\ 02
0 | o015 0
015
-0.5 -05
0.
o1
-1 -1
-15 000 -1.5 0.05
2 2
2 -1.5 -1 -0.5 0 0.5 1 15 2 2 -15 -1 -05 0 0.5 1 15 2

Figure 4.7: Reconstruction of the domain D for A = 0 (on the left) and for A = 2.5(xy, yg)
in D where xg = 0.8 cos(26) cos(6) — (1. + 0.4 sin(26)) sin(8), yg = 0.8 cos(26) sin(6) +
(14 0.4sin(26)) cos(f) and 6 € (0,27) and A = 0 outside D where div(A) = 0 (on the
right).
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Figure 4.8: Reconstruction of the domain D with the presence of A where A = 2.5(xg, 1) in
D where xg = 0.8cos(26) cos(6) — (1. + 0.4sin(26)) sin(0), yg = 0.8 cos(26) sin(6) +
(14 0.4sin(26)) cos(f) and @ € (0,27) and A = 0 outside D (div(A) = 0) for N; = 40
(on the left) and N; = 60 (on the right).
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4.5 | Another approach for the uniqueness of

the domain D

The factorization method proves the unique reconstruction of D from far field data. Other
approach, we can demonstrate the uniqueness of the support without necessarily having the
uniqueness of A and g. The idea of demonstrating uniqueness in the inverse medium scatter-
ing problem dates back to [44, 45], where it is shown that the shape of a penetrable, inhomo-
geneous, isotropic medium is uniquely determined by its far field pattern u®(-,d), d € S? for
all incident plane waves 1! := e**?. Qur approach follows the one in [15] for A = 0. We
make the assumption that supp(A) C D.

Let f € H 2 (0D)andh € H - (dD). The interior transmission problem we are consid-

ering is
(V +iA)u+Kknu =0 in D, (4.55)
Av+Kv =0 in D, (4.56)
u—v=f on oD, (4.57)
Ju dv

We begin by making the following assumption, which formulates the well-posedness of a

modified interior transmission problem.

Assumption 4.5.1. A and n are such that the modified interior transmission problem: Given
f € H2(dD), h € H 2(dD), ¢, € L2(D) and {, € L2(D), find u € HY(D) and v €
HY(D) satisfying

(V 4+iA)u+ynu = £, in D, (4.59)
Ao+ yv =4, inD, (4.60)
u—v=f on oD, (4.61)

Ju dv
3 3 = h on dD, (4.62)
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for some constants 7y1 and 7y,, has a unique solution which satisfies

[l o) + 12l ) (||f||; il +||el||Lz<D>+||zz||Lz<D>).

The following lemma which will be used in the proof of the uniqueness Theorem.

“2(aD)

Lemma 4.5.2. assume that Assumption 4.5.1 holds, and let (v,, u,) € H' (D) x HY(D),
j € IN be a sequence of solutions to the interior transmission problem (4.55)-(4.58) with
boundary data f, € H: (oD), h, € H_%(aD). If the sequences (fy) and (hy,) converge
in H2 (0D) and H _%(aD) respectively, and if the sequence (v,) and (i) are bounded in

HY(D), then there exists a subsequence (vy, ) which converges in H' (D).
Proof. We have (u,,v,) a sequence of solutions to

(V +iA)?u, + knu, =0 in D,

Avy, + Ko, =0 in D,
Uy — Oy = fu on dD,
Ju, Jv,
= D.
5 5 hy, on d

Then, thanks to the compact embedding of H!(D) into L?(D), we select L?-convergent sub-

sequences (y, ) and (u,, ) which satisfies

(V + iA)Zuk,1 + Yiln, = (’Yl — kzn)ukn in D,

Avk + 72U, = (')’2 — k2)0kn in D,
Uk, — Uk, = fkn on 8D,
auk avk
ALY R TR oD
ov ov K on ot

or we know that the assumption 4.5.1 holds, we get

o = ollnqoy < € (1L = FlL3 5 Wik =l -3 o + i = w20

+ (o, — vHLz@))

Aol =l g

Ny — 00
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which completes the proof. [
Armed with above, we establish now the uniqueness result.

Theorem 4.5.3. Let the domains Dy et Dy and the couples (—Aq,n1) and (—Ay, ny) are
such that Assumption 4.5.1 holds. If the far field patterns u5°(%,d) and u3° (%,d) correspond-
ing to D1, A1, nq and Dy, Ay, ny, respectively, coincide for all # € S% and d € S?, then
D, = D,.

Proof. Let G be the unbounded connected component of R?\ (D7 U Dy) and define D¢ =

R3\ D; and D§ = R®\ D,. We denote u = 11 — i, then, we obtain
u®(%,d) = uP(%,d) —us(£,d) =0, V&,dcS?
therefore, according to Rellich’s Lemma , we get
ui(-,d) =u5(-,d) inG, VdcS?

where u?, j = 1,2 is a solution of the problem (4.1) — (4.4) with Dy, Ay, n1 and D5, Ay, ny,
respectively, and u'(x) = ¥4 d € S2,

For the incident field u' := ®(+,z), z € G, we denote 15 (-, z) and u5(+, z) the scattered fields
associated to D1, — A1, nq and Dy, —A», ny, respectively. Based on the mixed reciprocity

relation (Theorem 4.2.2), we have
4:77:1/1}?0(—[1,2) = u;(z/d), z € G, d c SZ/ ]: 1,2 )

where u®(-,z) = u*(-,z) — u3’(-,z) such that u$>(-, z) and u3°(-, z) are the far field pattern

corresponding to D1, — A1, nq and D,, — A», ny, respectively, which implies
u®(—d,z) = u§(z,d) —uj(z,d) =0, ¥d € S*, z € G.

Then, according to Rellich’s Lemma, we obtain
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Therefore, we get

wi(-,z) =wy(-,z), Vz € G,

where w;(+,z), j = 1,2 is a solution of (4.6).
Now, we assume that 51 A 52. From the fact that DS is connected, we can find a point

z € dDq and & > 0 with the following proprieties:
(i) B(z,8¢)ND, =0,
(ii) D1 N B(z,8¢) C C;(Dy), where C,(D1) connected component of z in Dy.
(iii) There exist points ay, - - -a, € C;(D;) such that ay, - - -ay ¢ Dy N B(z, 8¢),
(vi) the points z, = z + £v(z) € G, Vn € IN, where v(z) is the unit normal to 9D at z.
In the other hand, we have the singularity of ®(,z) i.e,

eiklx—z|

®(xz) = 47t|x — z| —

Or we have

1
O(-,z,)|)? < C/ ——dx
1P, z0) 72,y < D(znme) 1% — Zn]?

1 1
<C/ ——dx = C——=Vol(D(z,,xe)), Vn € IN,
=€ fotere) [aeP ™ = CTaepe V0P )

where D(z,, ae) represent the disk with center z,, and radius we with @« € IN, such that

D; C D(zy, ae), and we have

D (x,2,)|?
2 74N 2 2
IV (- 20) B2y = /Dl ] dx—/le 1D (x, 2,) [2dx
1 1
>C —4dx—c/ s dx
Dy [x — zy] Dy |x — zy]
>C —4dx—m,
Dy |x — 2z

or

1
/ 74 diverges.
Dy |x —zn|
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Then

IV, 20) B2,y —2 o,

which implies

19,20l 0y —, .

Now, we define v, by

1
oG za)llmn py)

v (%) ®(x,z,), x € D1UD,,

we obtain, for each n, that v, is a solution of the Helmholtz equation in D and D,.

Besides, we define
w;
w” J

7 @0 z0) [ oy

then w? is a solution of the equation

’ j:1/2/

(V+ iA)zw}1 + kznjw}1 = —Pav, + k(1 — n;)un in R,

(4.63)

Our goal is to prove that if D; ¢ D; then wy(-,z) = wy(+,z), z € G, which allows the

existence of a subsequence (v, ) from (v;,) that implies
oy, — 0 in H'(Dy).
Contradiction because |0y || 1 (p,) = 1. From the fact that
w(+,z) = wy(-,z), Vz € G,

we get

wi (-, z) =wjy(-,z), Vz € G.

In one way, we have ®(-,z,) with their derivatives are uniformly bounded in every compact

subset of R? \ B(z,2¢) and such that

19 20) 11D,y —— o0,
n

—00
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then

n
10" 11 (Dy) e 0.

In other ways, if R is large enough such that D1 U D, C B(0, R) and from (??) we have

||wg||H2(B(O,R)ﬂG) < CHUHHHl(DZ)

— 0,

n—oo

therefore
w3 [ k1Bo,R)nG) < Cllwa | p2eso,)nG) — O-

n—o00

Making use of w,l1 = w% in G, it follows

w3 | i (B(0,R)NG) e 0.

Now, let be x € C5°(B(z,8¢)) such that x(x) = 1in B(z,7¢). Or according to the trace

Theorem, we get

HXWT”H < Cllxwi [ 1 (8(o,r)\Dy)

}(aDy)
< Cllwi | g (B(0,8e)n(B(0,R)NG))
< Cllwy || g cso,r))

— 0,
n—oo

then
(xw") — 0 in H2(Dy). (4.64)

and the same way for d,wY, we obtain

a n
( ’gfl) — .0 inHI(Dy). (4.65)

It is enough that the condition (ii) and (vi) on z are verified to ensure B(z,8¢) N D =

B(z,8¢) N G. Moreover, we have in the outside of B(z, 2¢)

[onll 2 (B0, RN\B(z20)) < C, V€ N.
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and we have

||w?||HZ((B(O,R)ng)\B(zAs)) < C||Un||H2(D1UD2)

< Cllonllm2so,r)\B(z2¢)), V1 € N.

In the one hand, using the compact embedding of H?(B(0,R) N D¢) into HY(B(0,R) N

D%), then we can select a subsequence ((1 — x)w;*) of ((1— x)w}). Thus, ((1 — x)w(*)
'k

converges in H2 (D) and (%) converges in H~2 (0Dy).

n
ow]

In the other hand, from (4.64) and (4.65), we obtain (w?) and <W) converge in H 2 (0D1)
and H™2 (9D ) respectively. Since the functions w} + " and v, are solutions to the interior

transmission problem (4.55)-(4.58) with D = D1, f = w and h = %, we get
[0} + o || py) < Crand [|og llgp,y) < C2; VreN,

and according to the Lemma 4.5.2, we can extract a subsequence of (vnk), denoted again by
(U, ), which

Oy, — v in H(Dy),

with v € H'(Dy) is a weak solution of the Helmholtz equation.
Or due to the the uniform convergence of (vy,, ) towards 0 outside of B(z, 2¢), then v|p,\ p(z,2¢) =
0. Therefore, according to the Holmgren’s uniqueness Theorem, we get v(x) = 0, Vx € Ds.
Contradiction with the fact that ||y, || ;1(p,) = 1 which implies that the hypothesis of D ¢
D, is false.

We do the same work to mount the contradiction of the hypothesis D; ¢ D,. Then, we obtain
Dy = Ds.

This achieves the proof. [
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The study of interior transmission
problem for magnetic Schrodinger
operator

Abstract:

This chapter presents a study of the interior transmission problem (ITP) for the magnetic
Schrodinger operator focusing on establishing the well-posedness of the (ITP), and the
discreteness of the set of transmission eigenvalues through the application of Fredholm

theory and the upper triangular Fredholm theory.
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5.1 | Introduction

The interior transmission problem (ITP) is by now a well known problem in inverse scattering
theory that plays a fundamental role in the theoretical and numerical investigations of the
inverse medium problem (see, for example, [13, 24, 14]). The ITP was first posed by Kirsch
in [55]. A few years later, Colton and Monk in [25] used the interior transmission problem
to solve the inverse scattering problem for acoustic waves in an inhomogeneous medium. A
particular attention has been given in recent years to the study of the frequencies for which
this problem has non unique solutions : the so-called transmission eigenvalues. These values
can for instance be used to obtain bounds of the inclusion physical parameters [17, 26], or
more importantly in non destructive testing of complex materials [16].

This chapter is organized as follows. In Section 5.2, we start by presenting the Fredholm
theory in Subsection 5.2.1, which helps to study our interior transmission problem by estab-
lishing the existence and uniqueness of the solution in Subsection 5.2.2. We then explore the
behavior of transmission eigenvalues and derive conditions for their existence in subsection
5.2.3. Next, in Section 5.3, we drive the analysis of our ITP by applying the upper triangu-
lar Fredholm theory in Subsection 5.3.4 and the Born approximation in Subsection 5.3.3 to
demonstrate in other ways the existence and discreteness of the set of transmission eigenval-

ucs.
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5.2 | Study of ITP using Fredholm Theory

This section aims to investigate the solvability of the interior transmission problem. The
Fredholm property of this problem and the discreteness of transmission eigenvalues were
initially studied in [86]. However, our approach will align with the methodology presented
by Kirsch in [50]. Kirsch revisited the findings of [86] for a real-valued refractive index and
achieved identical results through a variational approach. Nevertheless, before proceeding,

we will review the fundamental properties of Fredholm theory.

5.2.1 | Fredholm Theory

We want to briefly review the proprieties of the Fredholm theory that we will use in what

follows for the discreteness of the set of transmission eigenvalues (see [28, 47, 86]).

Definition 5.2.1. Let H be a Hilbert space. An operator T : H — H is a Fredholm
operator, if Ker(T) and Coker(T) := H/Im(T) are finite-dimensional where Coker(T) is
the complement space of Ker(T).

Moreover, we define the index of T by
ind(T) := dim Ker(T) — dim Coker(T), (5.1
where the codimension of Im(T) is dim Coker(T).

The index indicates how many dimensions are missing for Ker(T) or Coker(T): if the
index is negative, then T is not surjective; if it is positive, then T is not injective.
We now state by the following theorem that compact perturbations do not change Fred-

holmness and do not change the index.

Theorem 5.2.2 (Alternative Fredholm [47]). Let T be Fredholm operator of index ind(T). If
K is a compact operator, then T + K is a Fredholm operator of index ind(T + K) = ind(T).

Using the definition of operator’s index (5.1), we get the following proposition.
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Lemma 5.2.3. Let T a Fredholm operator of index zero . If T is injective (Ker(T) = {0})
or T is surjective (Coker(T) = {0}), then T is invertible.

Remark 5.2.4. If T is invertible then T is Fredholm of index zero.

Lemma 5.2.5 (Analytic Fredholm Theorem). Suppose that R(A) is an analytic compact op-
erator valued function of A for A in an open connected set T. Then if | — R(Ag) is invertible
for one Ag € T, it is invertible for all but a discrete subset A of I. Moreover, for A € A,

I — R(A) is a Fredholm operator.

5.2.2 | Interior transmission problem

Here, we will delve into the process of establishing the well-posedness of our interior trans-

mission problem.

5.2.2.1 | Setting of the problem

Let D C IR3, be a bounded open set with smooth boundary such that (R3\ D) is connected.
We assume that there is a neighborhood of the boundary N, which is an open subdomain
N C D withdaD C N, where we impose conditions on the contrast # — 1. In D C A/, the
contrast n — 1 can take on any value.

Let us denote
L3(D) := {v € L*(D); Av € L*(D)}.

Furthermore, the Hilbert space H3(D) to be the completion of C{°(D) in the norm

”u”%i(p) = ||u||%2(D) + ||Au||%2(p)- (5.2)
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Figure 5.1: Sketch of geometry

In this section, we assume that Assumption 2.4.1 holds, i.e., letting the magnetic potential
A € L*(R3,R3) such that div(A) € L*(R3R) and Supp(A) C D and the refractive
index n € L®(IR3,C) with non negative imaginary, positive real and n = 1 outside the

support D. The interior transmission problem is to find (w,v) € L*(D) x L(D) such that
w—v € H?>(D) and

(((V+iA)2w+Knw=0 inD,
Av + kv =0, inD,
(5.3)
w—v=f onadD,
\ %—35 — g—z =h on oD,
for given (f, h) € H? (D) x H: (0D) where v denotes the outward normal on dD.
Definition 5.2.6. Values of k € C for which the interior transmission problem
(((V+iA2w+Knw=0 inD,
Av+k*v =0, in D,
5.4)
w—0v=0 ondD,
\ %—ﬁ’ — g—z =0 onaD,

has non-trivial solutions w and v, are called transmission eigenvalues.
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Let u = klz(w —v) and given f € H%(BD) and h € H%(BD), find u € H?(D) and
v € L% (D) such that and

;

(V +iA)u+kPnu=—%5Ppo—(n—1)o  inD,
Av+Kkv=0 in D,
(5.5)
u=f onaD,
\ g—z =h on dD.
where Py is the first order operator given by
Psv = iA- Vo +idiv(Av) — |A]*v, v € H}.(R). (5.6)

Moreover, let € H?(D) such that @ = f and 32 = h on 9D. Then, 0 satisfies

16110 < € (11,3, + 18113 ) 5.7

,_.

H2
It’s possible to transform (5.5) to the following problem: Given F € L?(D), find u € H3(D)
and v € L (D) such that

(

(V+iA)u+knu=—5Ppo—(n—1)v+F  inD,
Av+Kv=0 in D,
(5.8)
u=20 on oD,
\ g—z =0 on oD.

The above equations are assumed to be satisfied in the following weak sense
/ (AP +K*p)vdx =0,
/ {(V +iA)*u + K*nu + kzPAv+ (n—1)v ] @ dx = / Fo dx,
D

forall p € H3(D) and ¢ € L5(D).
Let us denote X(D) := H3(D) x L3(D). Then, the problem (5.8) can be written in the
following equivalent variant form: Find (1, v) € X(D) such that for all (¢, ¢) € X(D)

/ID(A¢+k2¢)U dx+/D(V+iA)2u¢+k2nua dx

1 _ _
+/D(k—2PAv(p—|—(n—1)v(p> dx:/DF(p dx. (5.9)
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For any k € C, we define the sequilinear form By : X(D) x X(D) — C by
Bk (u,v; 9, ¢) = / (A + K)o dx + / (V +iA)u +K*nu)g dx
D D
1 _ _
+ /D (FPAvgo + (n— 1)v(p) dx, (5.10)

forall (u,v) € X(D) and (¢, ¢) € X(D). Let define also the sequilinear form By : X(D) x
X(D) — Cby

Bi(u,v; ¢, 9) :/[)(A$+k2$)v dx—l—/D(Au—FkZu)adaﬂ—/D(n—1)v¢dx, (5.11)

forall (u,v) € X(D) and (¢, ¢) € X(D).

5.2.2.2 | Well-posedness of the problem

We will now determine that the interior transmission problem (5.3) is well-posed. The Riesz

representation Theorem yields the existence of bounded linear operators By, Ek : X(D) —

X(D) such that

Bi(u,v;9, ¢) =< B(u,0), (, ¢) >x(p), forall (u,v), (p,¢) € X(D),
and
Bi(u,0;,¢) =< Bi(1,0), (¥,9) >x(p), forall (u,0), (,¢) € X(D).
Hence, the interior transmission problem is equivalent to the following equation
Bi(u,v) =1, (u,v) € X(D), (5.12)

where I € X(D) is the Riesz representation Theorem of a bounded antilinear functional

L:(p,9)— [pFpdxie,L(p,9) =<4{, (¢, ) >x(p)» for all (, ) € X(D).

Theorem 5.2.7. For any two k1, ky € C, the difference By, — §k2 and By, — By, are compact.
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Proof. Let (uj,v;) € X(D) such that
(M]',U]') —0 in X(D)
Let (1, ¢) € X(D). Then, we have
(Bk, — Bkz)(u],v],gb ®) k2/ Ppvip dx+/ kln —kz)u@ dx
+ / Paujg dx + (k% - k%) / Uj¢ dx.
D D
Since uj — 0in H}(D) and Vu; — 0 in H'(D), Rellich’s compact embedding Theorem

implies that u; — 0 in L?(D) and Vuj — 0in L%(D), respectively. Then, uj — 0in

H'(D). Furthermore, we obtain

'/ (k3n —k3) Juj@ dx

< |lkfn — k ||L°°(D)HujHLZ(D)”(PHLi(D)' (5.13)
and

‘/D Pqujg dx| < max (2||A||L°°(D)r |div(A) || L= (p) + ||A||2°°(D)> 14l 11 oy | @1l 2 ()

(5.14)

We know that v; — 0in L3 (D). Let zj € H'(D) with Azj = vjin D and z; = 0 on 9D
implies that z; — 0 in H (D). According to Rellich’s compact embedding Theorem, we

find z; — 0 in L?(D) and the following estimates

‘/Dﬁvjdx :‘/DﬁAzjdx :‘/DAﬁzjdx

Moreover, we have A has compact support in D implies that P4 is continuous and has a

< lzjll 20y 1# | 2D (5.15)

compact support in L2(D). Thus, using the fact that vj € L3 (D) and the elliptic regularity,

we are able to prove that
IPavjll12(py < CUlvjllr2(p) + 1Al 12(p)) < Cllvjli2 () (5.16)
for K = supp(A) and which implies

1 _ 1 .
P/ PAU]'(p dx < k_2||pAv]'HL2(D)Hq0”Li(D) — 0 in LZ(D). (5.17)
17/DP 1
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Therefore, (5.13), (5.14), (5.15) and (5.17) imply

I (Be, = Be,) (91 x(0) = e (B = Biy) (09, 9)
(/f/ifqv)#o

J—o0

~

This prove the compactness of By, — By,. The proof for (B, — By,) proceeds in a similar

way where

1 _ _
(Bk1 — Bkz)(u]', vj; P, go) = (k_% — k—%> /D PAU]'QO dx + (k% — k%) /D nu;e dx
-1 / T dx,
+ (k1 7) b v ax
for (uj,vj), (¥, @) € X(D). O

Now, we need to prove the invertibility of Ek for some k € C. At this point, we need to

assume that R(n — 1) > a > 0 or R(1 —n) > a > 0 for almost points in D. We denote
ne =infR(n) and n* =supR(n).
N N

Lemma 5.2.8. Let n € L®(D) such that either n, > 10r0 < n, < 1and A € L*(D,R3)
with compact support such that div(A) € L®(R®). Then, there exist constant C; > 0,

Cp > 0and d > 0 such that for all k = ik, k > 0, the following estimates

/ 02 dx < Cle_ZdK/ R(n) — 1| [o]? dx, (5.18)
D\W N

and

lz iA- Voo dx < Cze_2dK/ IR(n) — 1] |v|? dx, (5.19)
k2 Jp\w N

hold, for all v € L?(D) solution of Av — x*v = 0 in D.

Proof. We pick a neighborhood A of the boundary @D such that d = dist(D \ N,N') > 0
and a function p € C®(D) with compact support in D such that p = 1in D\ N'. Then
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the Green’s formula is applied to pv and it is noted that pv = v in D \ N’, which means
Apv —x%0v = 0in D\ N, results
p(x)0(x) = — [ [(e0)(9) — o) 1)) o
D |x =yl
e Klx=yl

— /N/ 2Vpo(y) - Vo(y) + v(y)AP(y)]lx—_m dy

| S o—xl—y]
= /N' lzle (VP(}/)’x—_m> - AP(]/)w] o(y) dy.

For x € D\ NV, we conclude that

e~ _
o) < S [ 1)l dy < e [ o)l dy,

which implies

o) < e N [ Jo(y) P dy

NI
< ot g e [ IR — 11 o)

where 6 =n, —1ifn, >1ord =1—n*if n* < 1. Then, we find

Jo e PO < Coe [ R () 1] () dy.

Next, we have

/D\NiA - Voz dx < [|A- Vo 2oy 101l 2o\ -

Since v satisfies Av — K2

v = 0in D and A has a compact support, then, according to
the elliptic regularity, there exist C4 such that || A - V|| 12x) < Callo||r2(p\pr), for K =

Supp(A) CC D\ N which implies

1 . __ Ca 2
- . < —_—
2 Jown iA - Vv dx 2 Jowx lo(y)|~ dy

< Coe ™ [ [R(m) =1/ o(y)|* dy,

where we used the estimate (5.18). This completes the proof. ]
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Theorem 5.2.9. There exist positive constants kg > 0 and C > 0 such that for all x > xy,

such that
Bic(1,0; 9, )
sup > C||(u,v)||X(D), Y(u,v) € X(D). (5.20)
w20 (W @)lxD)
(p,9)€X(D)

You can obtain the proof in [15]. Using the previous Theorem 5.2.9 implies the invertibil-

ity of EA%Z'K.

Lemma 5.2.10. Let k > 0 be such that the condition (5.20) is valid. Then the operator
Bix : X(D) — X(D) is invertible with bounded inverse B;l

The following theorem claims the uniqueness of a solution to the interior transmission

problem (5.3).

Theorem 5.2.11. Let A € L®(IR3,IR3) such that div(A) € L®(IR3,R) and Supp(A) C D.

Let n € L®(R3,C) such that Supp(n) C D, (n) > 0 almost everywhere in D and

ijr\l/f%(n) > 1or0 < supR(n) < 1 for some neighborhood N of the boundary 0D. Further-
N

more, assume that k € C is not a transmission eigenvalue. Then, for any given f € H 2 (oD)
and h € Hz (0D), the interior transmission problem (5.3) has a unique solution w € L?(D)
and v € L% (D) withw — v € H*(D) and the following a priori estimates hold

Il o) + 121z o) < CUIFN 3 5p) + 173 55y (5.21)

lllezo) < CUS 3 op) + 173 ) (5.22)

with some positive constant C > 0.

Proof. For k € C, we can write By = (Bj — Bj,) + Bj, where x > 0 is sufficiently large.
Then, by using the Theorem 5.2.7 and the Lemma 5.2.10, we obtain that (Bk — BiK) 1s compact
and Bj, is invertible respectively. Thus, we can conclude that the operator By, is Fredholm of
index zero. Moreover, using the fact that k is not a transmission eigenvalue, we proved that

the operator By is invertible .
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To finish this proof, we need to demonstrate the estimates (5.21) and (5.22). Our problem
(5.3) is equivalent to the problem (5.8) where F = —(V +iA)%6 — k?nf for § € H?>(D) and
satisfies (5.7). Then, we get

1011y < /D [Fla| dx = |[L2]lr2(py [ Fllr2(py < Cll€lx(p) 161l 12(p)/

where ¢ = ({1, 0,) € X(D) satisfies (5.12). From (5.7), we have
Ielioy < Clolley <€ (Il + Wil ) - 529

Using the fact By is invertible such that B 1 is continuous, we find

[ (u,0)|x(py < Clllllx(py < C (Hf”H%(D) + ||h“H%(D)) ’

which implies the required estimates. This proof is completed. O]

5.2.3 | Existence and discreteness of the set of transmis-

sion eigenvalues

Our next task is to establish the necessary conditions for the transmission eigenvalues in set
C to be discrete (possibly empty), with only 400 as an accumulation point. To achieve this,
we will begin by demonstrating the existence of a wave number k that is not a transmission
eigenvalue.

The following theorem indicates that there may be only a finite number of transmission

eigenvalues on the imaginary axis.

Theorem 5.2.12. Let n € L®(R®) with R(n) > ng > 0, I(n) = 0 almost everywhere
in D and n, = supR(n) > 1 for some neighborhood N of the boundary dD. Then, for
N

sufficiently large k > 0, the operator By : X(D) — X(D) is invertible with bounded

inverse.

114



Chapter 5. The study of interior transmission problem for magnetic Schrédinger operator

Proof. Showing that B;, is injective for some value of k is enough, given that Ei;{ is in-
vertible and §1~K — Bj is compact. We prove it by the contradiction, we assume that there
exists a sequence x; — oo and functions (u;,v;) € X(D) with |[(u,v})||x(py = 1 and
Bix;(uj, v;) = 0. Therefore, u; € H3(D) and vj € L3 (D) satisfy

1
(V+ iA)Zuj - sznu]- = pPAvj —(n—=1)y; in D. (5.24)
j
and
Avj— Ko =0  inD, (5.25)

Multiplying the identity (5.24) by ©; and integrating over D, we have

1
Au'v-dx—l—/ P u'v'—KZnu-v‘dx:/ —Prv:o:— (n—1 z)-zdx,
/D jYj DA]] j Y DK]zAJJ ( )|]|

using Green’s second identity and the equation in (5.25) yields

1
/ Paujo; — sz(n —Duvj dx = / —Pavjvoj — (n — 1)\v]~]2 dx. (5.26)
D D

]

Multiplying (5.24) by #; and integrating over D, we find

) _ 1 _
(7 +i4)2u) T — il dx = [ = Paoje — (n =)oy a,
]

or we know that using Green’s first identity together
/D((v +iAY2u))T dx = — /D((v +iA)u) ((V — iA)T) dx
S /D((v +iA)u)(V +iA)wj) dx,
yields

. 2 2 2 1 — —
— V +iA)u; dx—;c-/nw dx:/ —Pjviu;: — (n—1)o;u; dx.
/D|( )]‘ ]D|J‘ DK]zA]J ( )]J

Moreover, Py is self-adjoint, we have

: 1 [ —— _
||(V+1A)u]~||%2(D)—i—/DK]zn|u].|2 dx = —F/DPAujv]- dx+/D(n—1)v]-uj dx, (5.27)
j
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from (5.26), we get
V +iA)ul|? i dx = —= [ Paow; dx + 1)|vj|* d
[(V +i )u]||L2(D)—i— DK]nlu]| X = T b AU[U; x‘f‘g D(”_ )|0]| X,
] ]
we have that the left side of (5.28) is positive since R(n) > 0.
||(v+iA)u,-||§2(D)+/DK]2n|u].|z dx

1 . _ . _ 1 1
= F/D(zA-Vu]-v]-—zA-Vv]-v]-) dx+p/D (n—1+p|A|2) |v]'|2 dx
j j j

1 . S A v—— 1 1
= F/D(ZA-VMJ'U]'—{—IA-VU]'U]') dx—{—P/D (n—l—l—P]A\z) |v]~\2 dx
j j j

2 . _ 1 1
= E% (/DzA-Vujvj dx) +E/D (n—1+E|A|2> |v]'|2 dx
j

] ]

:Egcg(/ iA-Vu_jvjdx)~|—l/ (n—1+l\A’2)\v]-’2dx
K;-L D\WN K]Z D\V K]Z
1 2
5 [ =Dy, (5.28)

where A = 0 on NV. Using Lemma 5.2.8 and the fact that sup¥(n) < 1, we obtain
N

[(V+ iA)”jH%z(D) + /DK]Zn’Mj‘Z dx = /N(%(n) — 1)|z}j|2 dx + O(e_ZdK) <0,

for x > 0 sufficiently large, which contradicts the fact that ||(u;, v;)||x(p) = 1. This com-

pletes the proof. O

Theorem 5.2.13. Assume that n € L®(D) with R(n) > ng > 0, I(n) = 0 almost ev-
erywhere in D and either i/r\lff%(n) > 1 or supR(n) < 1 for some neighborhood N of the
N

boundary 0D. Then the set of transmission eigenvalues is at most discrete with +oo as the

only accumulation point.

Proof. We know that transmission eigenvalues are the values of k € C for which the kernel

of By is non-trivial. Thanks to Theorem 5.2.12, we chose kg > 0 such that Bjy, is invertible
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and write the equation By (1, v) = 0 in the form
(#,0) + By} (B — Big ) (#,0) = 0. (5.29)

Using the fact that By — By, : X(D) — X(D) is compact, due to Theorem 5.2.7, we can

establish the result of the theorem by invoking the analytic Fredholm Theorem. [

5.3 | Study of ITP using upper triangular Fred-

holm theory

The objective of this section is to demonstrate the existence and discreteness of the set of
transmission eigenvalues with certain coercivity conditions on the contrast m = 1 — n through
the application of the upper triangular Fredholm theory. This work inspired by Sylvester’s
paper [86], and we aim to obtain the same results with the presence of the magnetic Laplace

operator.

5.3.1 | Setting of the problem with main results

Let D C IR3, be a bounded open set with smooth boundary such that (IR3\ D) is connected
and a > 0 such that D C B(0,a). The scattering of a time-harmonic wave in an inhomoge-
neous medium is modeled by the scattering problem for the magnetic Schrodinger equation.

The total wave satisfies
(V+iAu—A1+mu=0 in R3, (5.30)

where the contrast, m, denotes the deviation of the index of refraction from the constant
background, i.e, n = 1+ m, and A = (a1, a,a3) denotes the magnetic potential and A =

—k2.
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We consider the following interior transmission eigenvalues problem

(A+Q),,—MNv=0 inD,

(A—Nw =0, inD, (5.31)
vV=w; g—z = %—f on dD,

where Qﬁ n 18 a first order operator given by

Qﬁ/mv(x) = i[div(A(x)v(x)) + A(x) - Vo(x)] — |A(x)|zv(x) — Am(x)v(x) (5.32)
= Pyo(x) — Am(x)v(x).
Values of A for which the interior transmission problem (5.31) has non-trivial solutions v and
w, are called interior transmission eigenvalues.

Now, we set u = v — w. Then, the interior transmission eigenvalue problem (5.31) can

be rewritten as the following problem
(A+Q),,—MNu+Q),w=0 inD,
(A—Nw=0, in D, (5.33)
u € H3(D); w € L4(D),
Furthermore, let B be the unbounded operator represented by

B(A): H3(D) x LA(D) — L*(D) x L*(D),

A+ Qhw Qb
0 A

B(A) := (5.34)

Therefore, (1, w) is solution of the problem (5.33) if and only if (#,w) is solution of the

problem
(B(A) — AI)(u,w)" = 0. (5.35)
We assume that A # 0. Then, (u, w) is solution of (5.35) if and only if (u#, Aw) is solution of
the following problem
(A+Q), —Au+A"1Q% w=0 inD,
(A—AN)w =0, in D, (5.36)
(u,w) € H3(D) x L&(D).
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Definition 5.3.1. Let m € L®°(D) and A € WV (IR3,R®) such that supp(A) C D. The

interior transmission eigenvalues are the spectrum of the generalized eigenvalue problem

- A+Py AT1QA 1+m 0
B(A) — AL, := 4 Qam) _» . (5.37)
0 A 0 1

We now delve into the main result as follows.

Theorem 5.3.2. Let A € WV®(R?,R®) and m € L®(D,C) such that supp(A) C D
and supp(m) C D. Assume that there are real numbers m* > m, > 0 and a constant

0 €] — %, 5| such that

(i) Re(e®m(x)) > m, in some neighborhood N of 9D, or that m(x) is real in all of D,
and satisfies m(x) < —m, in some neighborhood N of oD.

(ii) |m(x)| < m*inall of D.
(iii) Re(1+m(x)) > & > 0in all of D.

Then, the N, set for which there exist functions v,w € L?(D) withv —w € H3(D)

solving the system (5.31), is a discrete subset of C*, and each A € A is of finite multiplicity.

This will be derived as a corollary of the next theorem.

Theorem 5.3.3. Let A € WV*(R3,IR3) and m € L*(D,C) such that supp(A) C D and
supp(m) C D. Suppose that there are real numbers my > mg > 0 and a unit complex

number €' in the open right half plane such that
(i) Re(e®m(x)) > moin N.
(ii) |m(x)| < mq for each x € D.

Then, the spectrum of B (A) consists of a (possibly empty) discrete set of eigenvalues with

finite dimensional generalized eigenspaces.
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5.3.2 | A priori estimates

We are going to prove a simple version of some a priori elliptic estimates for the resolvent of

B when A is large enough.

Proposition 5.3.4. Let A € WV®(IR3,R3) such that supp(A) C D. Suppose that p €
L*®(D), that X(p) > 6 > 0, and that ¢ € C§°(D) is real valued, with 0 < ¢ < 1 such that
¢(x) = 1 outside a neighborhood N of dD. If g € L*(D) and w satisfies

(A+Py—Ap)w=g inD, (5.38)

then there exists a constant C(¢, A, 5), such that, for sufficiently large positive A,

lpgl?
(H(l - (P)WH%Z(D) + #) ’ (5.39)

=10

”‘PWH%Z(D) <

o7
|22y < C <||<1 —$)ol2p) + ——5 2 | (5.40)
lpg2,
[V (ge0) 32 ) < C (kuiz@) + 2. (5.41)

Proof. We insert f D <p2wdx in (5.38) and we use the integration by parts, so we have
2— _ — 2 2 21012
/qu wgdx = /D (Aww<p + Pawd“w — Ao~ |w] )dx
= / [—V((])z@) Vw —iA -V (¢*W)w + iA - Vwwg?
D
—(JAP + Ap)lgwl?] dx
= — /quVw - V(¢pw)dx — /D(pr - Vpwdx — i/D A - V(¢pw)pwdx

—i/ A-V<pq>|w|2dx+i/ A-waq)zdx—/ (JA] + Ap) |gpw|?dx.
D D D
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Using pVw = V(¢pw) — wV¢ and ¢V = 1V (¢?), we find
/Dcpzw(gdx: —/D]V(¢w)\2dx+/DV(cp@)-ngwdx—/DV(p-V(gbw)wdx
+/D|V¢|Zyw|2dx—i/DA.v<¢w)¢wdx—i/DA.V¢¢|w|2dx
+z’/DA-V(¢w)w<pdx—i/ A-V<p4>|w|2dx—/ (JA]* + Ap)|pw|?dx
=~V (¢0) 2 ) + V0l ) + / V- (V(@)w— V (w)) dx
—21/ A- V(pcp\w\zdx—i—z/ A - (V(pw)w — V(pw)w)pdx
— [ (AP + Ap) oo e
=~V (gw) [0, + [ VgwliEop) =i [ A- V()P
+2i Im (/D V- V(wcp)wdx) —21Im (/DA : V(qbw)ﬁgbdx)
— [ (AP +Ap) [grofax.
Taking the real parts, so we get
Re (| ¢ ) =~ (gl o) + 99030, = [ (AP + A Re(p))gruPi
—21Im </D A- V(cpw)@gbdx) , (5.42)
rearranging yields
IV @)+ [ (AR + A Re(o)lgroPx = [ Vel o) ~ Re ([ ¢ )
—2Tm ( /D A-V(cpw)wcpdx). (5.43)
Using that Re(p)(x) > §, Vx € D, we have
IV (@) 172y + Adl1gwl|Z2 oy < IV P0l[T2 ) + 21 All o) IV (@20) [l 2y 20| 2y
+ ll9pwl| 20y |98l 12 (D)
A
<1991l o) + (814N + 5 ) It
1 5
+ EHV((PW)H%Z(D) + XH‘PgH%%D)
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which yields
IV (90)11F2(p) + Adli gl 2y < C(9, A) (\lwuizm) + W’g”TL@> G
We immediately find
vawﬁm»scOmﬁmn+Mﬂ¥QQ,
Also, we find
g0l < (” ol “‘PgHTm>

>»|r3 >|ﬁ

lpgll 2
(||¢w|| )11 = @)wlFz ) + @) ,

which implies that

lpwl2p)

>Iﬁ

gl
(H(l— O)ol3sp) + ).

Moreover, using (5.39), we obtain

2 19l
||w||L2(D) <C| (1~ 47)w||L2(D) + 2 |

O

Corollary 5.3.5. Let A € WY (R3,IR®) such that supp(A) C D. Let ¢ € CP(D) be real
valued, with 0 < ¢ < 1 and we suppose that Re(p) > 6 > 0 and |m(x)| < m* < oo,
Vx € D. Moreover, for some unit complex number ¢ and some neighborhood T of 9D,

Re(e®m(x)) > m., and that ¢(x) = 1in D\ N. Then, for sufficiently large positive A, we

lwll}2py < O/mex Mﬂ” >, (5.45)

have
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Proof. We have

HwHiz(D) < /13(1_¢2)yw’2dx +‘/ ¢%|w|*dx
60
< /DRe(emT) (1— ¢2)|w|2dx| + '/ o2 |w0Pdx
< |Re (%/Dm(l—<p2)|w|2) dx —|—’/Dq>2|w|2dx
< | [ m1— )P +\ | PP
< o [ x| + 2 g2,

Applying (5.39), we get

2
my, +m*C 2 qugHLZ(D)
MY (”w””@) )

which implies the desired estimate. []

1
2 2
HwHLz(D) < ’m—*/Dﬂﬂw’ dx

Next, let f € H'(D) and g € L2. Then, for A is large enough, we have the following

system
(A+Py—MNu=f inD, (5.46)
(A—MNw=g in D, (5.47)
ue H3(D) , we L&(D). (5.48)

Lemma 5.3.6. Let A € WY (IR?,R3) such that supp(A) C D. Let u be a solution of (5.46).
Then, for sufficiently large positive A, there is a constant C such that the following estimate

3
Y A2y py < CllAlT2(py (5.49)

j=0
holds.
Proof. We multiply (5.46) by u and integrate over D. Then, we find

M+ Pau— Awiidx = [ fiudx,
/D(u+ Al — Au)udx Dfux
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yields

/Auﬁdx—/\/ |u|2dx:/fﬂdx—/ Pautdx.
D D D D

Integrating by parts, we get
/ |Vu\2dx—|—/\/ |u|2dx:/ PAuﬁdx—/ fudx,
D D D D
which implies

IVullfz o)+ Mullizpy < Il lull 2oy + 1 Paull 2oy lll 2oy

| /\

B2 )+ Ml o) + 1 Pasl 2oyl 2
Choosing ¢ = %, we obtain
2 A 2 2= 2
194220y + 2220y < 21 IRago) + 51 PateBagpy + € 1l

2 :
—||A||200 ||V”||L2(D) + _,||d1V(A) ||2°°(D) ||u||%2(D)

I/\

—||f|| p) +€llull2(p)

By choosing ¢’ = 4||A||2°°(D)’ we find

A 2~
2 2 2
IVullz2 oy + 5 lllz2 o) < 12y + HVuIle )+ 0ulul|Z2 )

: 2
[[div(A)[|7eo

here 1 = - L%(D)
LT VY T

4HAH2oo . Then, we have

S T
which implies
MIVullZ2 ) + A2l 72y < ClIf I (5.50)
In the other side, we have
18u][72 py < I1Paull2(p) + AMlluellFa ) + 1122
< CH”HHl(D) + AH”HLZ(D) + H]?H%%D)
< ClIfIE2p)

Then, we get the desired result. ]
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Lemma 5.3.7. Let ¢ € Cy(D) be real valued, with 0 < ¢ < 1 and ¢ = 1 outside a

neighborhood N of 9D. Then, for sufficiently large positive A, there is a constant C such that

M¢VawllZz p) + A2 l¢wllzp) < C(I108 17210y + Mlwlizpy), (5.51)
" 93]
P8liT2(p
Il ) < C(——2 + o]z ) (5.52)
hold.
Proof. Multiplying (5.47) by 4>2w and integrating over D, we find
A= Aywg*mdx = [ goPwdx,
/D( Ywo“wdx Dg(p wdx
and integrating by parts, we get
/ —Vw- V(¢*w)d )\/ ¢ |w|2dx—/ g¢*wdx,
yields
— [ V- V(gRwdx — | gVeldx -2 [ ¢oPdx= [ ggPwdx,
[ V- V(gtmix - [ ¢ VoPdx - [ goldx = [ gg*wx
then, we get
2 2 2012 2 =
Vuw|2d /\/ d:—/ d—2/V-V dx.
| ¢Ivalax+a [ gPofax = - [ gp*wdx—2 [ @V0- Vg
Using Cauchy estimates, we obtain
v A 21108122 + Mgl +2 [ [@V0- Vopld
9V aolE o)+ Allgwl o) < 31681320, + IR ) +2 [ V- Voglax,
then, we have
Vo] 2 gwo)? 8||wV Lyova|?
lpVeolizip) + 5 9wtz p) _—||<Pg|| p) + 81wVl + 5 1¢VellLp

which implies

1 A
SN0Vl ) + 519012 ) < 319812 0) + 81V o) [0
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Therefore, we find
MeVwllZz py + A 9wtz py < CI1981I72(p) + AllwlT2p))-

In the other side, using (5.41) yields (5.52) which completes the proof. ]

Next, we derive some a priori estimates for the resolvent of B(A). Let f,g € L?(D) and

we suppose that f = f—i— A~1Q4 . w. Then, we have the following problem

(A+Py—ANu+A"'Q),,w=f inD, (5.53)
(A—MNw=g in D, (5.54)
uc H3(D) , we L&(D). (5.55)

Moreover, let ¢ = 1 in supp(A), supp(¢) C D. Then, using (5.51), for sufficiently large
positive A, the estimate (5.49) can be written as follows

2
Y ATl ) < € (171 + A28 32 ) + el (556
j=0

Lemma 5.3.8. Let A € WV (IR3,IR3) such that supp(A) C D and m € L®(D). Let (u, w)

a solution of (5.53)-(5.54). Then, there is a constant C such that the following estimates

leoli oy < € (I 1o) + A28 120 ) (5.57)

and
13 5y < € (AlF 2oy + gl ) (5.58)
hold.

Proof. We multiply (5.53) by w and integrate over D, then we have

Au + Pau — Au)wdx + )FlQ/\ wwdx = wdx. (5.59)
Am
D D ’ D

Multiplying the complex conjugate of (5.54) by u yields

5@~ Noyudx = [ Fudz,
/D(w w)udx | udx
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and integrating by parts,we get
/ w(Au — Au)dx = / Qudx. (5.60)
D D
Next, we differentiate between (5.59) and (5.60) then we find
/ (Pau@ + A" Py — m|w|*)dx = / (fw —gu)dx,
D D
or P4 is self-adjoint, then, we get
/ m|w|*dx :/ Paw(A 1w + u)dx—{—/ (qu — fw)dx. (5.61)
D D D
Using (5.51), we find

‘/ m|w|*dx
D

< )\_1||PAW||L2(D)||w||L2(D) + [ Paw|| 2 py 1l 20y + 18112y 141l 12Dy

+ 1 f 12y 1wl 2(p)

< Al oy lowll 2oy + el 2y 19wl oy + 181l 20y 1l 20
+ 1 f 2oy @l 2(p)

< CAT w13y, + CMullzz py + CeA 2l gwllZa ) + ellgwlln

+CeA I8 2y + Al Tz ) + Cell T2y + ellwlizz )
< (cat +8HMWMH1D)+(CA‘ +enhwhqp)+(CA—+avnuﬁ%D>
+Cel| flI72(py + CeA 2 I8 2
Choosing € small enough such that A~ < ¢, we obtain
[ miolas| < € (3 lgulfnp, + 2~ ol + Mo, + 1 B +4 2l
Using (5.52) and (5.56), we get
[ mloPax| < € (A211gli2 o) + I 12y + A Nz o))
From the Corollary 5.3.5, we find
2 2 2|1 5112
ol < € (| mlwlas] + 42Nl ) )

< C (A2 ) + I B2y + A 02 1) )
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which implies
l0l220) < € (If 2y + A28 2200 ) -
Next, we have
8w[22 ) < MlwlBay + 181220y < € (AlFIZp) + I8 1B2(y)
yields (5.58). The proof is completed. ]

Finally, using the last Lemma 5.3.8 and (5.56), we get the following estimate

2

YN ulldyp) < C [ Iap) + 22N 122 | - (562)
j=0

5.3.3 | Born approximation

Lemma 5.3.9. [11] Let T be a closed densely defined of a Hilbert space H. Then, the follow-

ing properties are equivalent
(i) Im(T) is closed in H.
(ii) Im(T*) is closed in H.
(iii) Im(T) = (Ker(T*))> .
(iv) Im(T*) = (Ker(T))> .
In particular, if Im(T) is closed and T* is injective then T is surjective.
Lemma 5.3.10. For A real, positive and large enough, (B(A) — AlI) is injective.

Proof. We need to prove that if (1, w) € H3(D) x L% (D) solve

(A+ Q) —Mu+A1Q) w=0 inD,
(A—ANw=0 in D,

(5.63)
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then, we have u = w = 0. We argue by contradiction and we assume that u # 0. We
normalize u with ||u||;2 = 1. Multiplying the complex conjugate of the first equation by u

and integrating over D yields

/D u(A— A)udx + A1 /D uQﬁlmwdx = — /D qu‘q,mudx,

which implies

/ |Vu|2dx+/\/ \u]2dx—)\1/ uPAwdx+/ umdx:/ uPAudx—/\/ 7i|u|*dx.
D D D D D D
(5.64)

We multiply the same equation by w and integrate over D, then we get
At / WPAwdx — / m|w|*dx = — / wPaudx + A/ mwudx, (5.65)
D D D D

where we have used [, W(A — A)udx = 0. According to P4 = P}, we obtain

/|Vu\2dx—|—/\/ |u|?dx — A1 {/ m|w|2dx—A_1/wPAwdx+A/ mwudx}
D D D D D

—{—/ mwudx = —/\/ m|u\2dx+/ UP udx. (5.66)
D D D
Therefore, we deduce that
)\_1/ m|w|2dx:/ |Vu|2dx+A/ |u|2dx—/ ﬁPAudx+/\_2/ WPAwdx
D D D D D
+/\/ m|u|2dx—2i/ Im(m)uwdx. (5.67)
D D
Let ¢ € C¥(D) such that ¢* = 1 in Supp(A) and Re(m) > —6 in Supp(1 — ¢?). Then, we
get
-1 2 270 -1 2 2 2 [z
A /D(l—cp ym|w|“dx = —A /ng m|w|“dx + |\Vu||L2(D) /DuPAudx
+A/ (1 +m)|u|2dx+/\_2/ wPAwdx—Zi/ Im(m)uwdx. (5.68)
D D D
Further, we have

_ 1
\ [ wPaudx| < llull 2oy IPanlz) < Clluliapy + 5 1Vl
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SO

IVull2(p) —/DﬁPAudx >, (5.69)

for some positive constant C with independent of A. Then, by taking the real part of (5.68),

we obtain

7&_1/1)(1—<P2)R6(m)|W|2dx > (6A = C) = CATHlgpwl T2y = A2 M0l 2y 19w 1)

= Clltm(m)|| .= p)llwllr2(p), (5.70)

where we have used Re(1 4 m) > ¢ in D. Moreover, applying Lemmas 5.3.7 and 5.3.8 with
f =Amand g = 0, we get

lwll 20y < CA, - llgwlli2p) < CVA, - [lgaollp) < CA, (5.71)

we deduce that

A / (m)|w|2dx > A6 —€) — C. (5.72)

Taking A large, € small, we obtain that the right-hand side of (5.72) is positive. Since Re(m) <
—& in Supp(1 — ¢?), we conclude that the left-hand side of (5.72) vanishes. That is w = 0 in
a neighborhood of the boundary dD. By the unique continuation principal, we get u = 0 in

D. This contradicts ||ul[2(py = 1. O

Lemma 5.3.11. We recall the Born approximation B(A) : H3(D) x L3 (D) — L?*(D) x
L%(D) given by
~ A+Py AT1Q4

B(A) := o (5.73)
0 A

Then, for A real, positive, and large enough, (B(A) — AI) is invertible.

Proof. First, we need to prove that (B(A) — AI) is injective. Let (B(A) — AI)(u, w)! = 0.
Since

||(§()\) - /\I)(u,w)tﬂiz(mez(D) = ||f||%2(p) + ||g||%2(D)/ (5.74)
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and using the estimates (5.58) and (5.62), we find

1
1Ay + 820y 2 = (Il + ol ) ) (5.75)

which implies

= 1
||(B()‘) - )‘I)(u/w)t”%Z(D)xLZ(D) > EH(u’w)H%—IZ(D)xLZA(D)' (5-76)

Then, we obtain u = w = 0 in D.

Next, by the Lemma 5.3.9, it’s enough to prove that Im(B(A) — AI) is closed and the ad-
joint of (B(A) — AI) is injective. Let (fy,, gn) € Im(B(A) — AI) such that (f,), and (gu)n
converge respectively in L2(D) for some f,g € L*(D). Let (uy, w,) € H3(D) x L3(D)
satisfying (B(A) — AD)! (1, wy) = (fu,gn) in D. Since (fy,gn) is Cauchy in L2(D) x
L?(D); the injectivity of (B(A) — AI) implies that the sequence (u,,w,) is Cauchy in
H3}(D) x L% (D) and therefore has a unique limit (1, w) € HZ(D) x L%(D); which sat-
isfies (B(A) — AI)!(u,w) = (f,g). Then Im(B(A) — AI) is closed.

Since, the adjoint of (B(A) — AI) is given

(B — Al = (B —an = (AT FPa=A 0} (5.77)
AQL, A—A

and let (B(A) — AI)*(w, u)! = 0. Then, we have
/ (Aw + Paw — Aw)wdx = 0,
D
which implies

A A

2 C
Mewl2apy + V012 0y < 510130y + 3 1P IRy < 51012y + S 0l p):

which, for A positive and large enough, implies that w = 0 in D. Moreover, (1, w) is also
solution of (5.53)-(5.54) where f = Pau and § = —P4w. Therefore, using the estimate
(5.62), we get

3 .
Y ATl < C (I1Paula ) + IPaw 225y ) < Cllulld ),
j=0
which implies # = 0 in D. This ends the proof. ]
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Lemma 5.3.12. Assume that we can write the resolvent (B(A) — AI) ™1 : L2(D) x L>(D) —»

L%(D) x L?(D) in block diagonal form

(B(A) =AD" = Ru(t) Riz(A)) (5.78)
Ry1(A) Rp(A)

Then, R11(A), Ri2(A) and Rpx(A) are compact, and Ryy is bounded, as operators from
LZ(D) to itself. If ¢ is a smooth function vanishing in neighborhood of dD and equal to 1 on
D C N, then the operator pRo1(A) is compact.

Moreover, there exist a constant C > 0 such that the following estimate

[R11]| + [|Raz| + l|¢Ra1 || + [|Ro2|| < (5.79)

C

7
holds.
Proof. We know that the operator R11(A) is the projection to the first component of the re-
striction of (B — AI)~! to the subspace L2(D) x {0} which means that for given f € L?(D),
there exist unique functions u € H(z)(D) and w € Li(D) solving the problem (5.53)-(5.55)
with ¢ = 0, and that Ry1(A) : L?(D) — L?(D) is the mapping f — u taking values in
HZ(D). Moreover, Ry1(A) is compact using the estimate (5.62) and the compact embedding
of H3(D) into L?(D). Similarly, we obtain that the operator R12(A), is the projection to the
first component of the restriction of (B — AI)~! to the subspace {0} x L?(D), is compact
where Ryp(A) : L2(D) — L2(D) is the mapping g — u taking values in H3(D).

Next, the operator Rp1(A) is the projection to the second component of the restriction
of (B — AI)~! to the subspace L2(D) x {0}, and that Ry;(A) : L?(D) — L?(D) is the
mapping ¢ —— v taking values in Li(D). Using the estimates (5.57) and (5.51), and the
compact embedding of L3 (D) into L?(D), ¢Ry;(A) is compact. Similarly, we obtain that
the operator ¢ Ry (A ) is compact where Ry (A) is the projection to the second component of
the restriction of (B — AI) ™! to the subspace {0} x L?(D), and Rpo(A) : L?(D) — L?(D)
is the mapping ¢ — u taking values in L3 (D).

Let prove the the compactness of Rp(A). We assume that we have a sequence (g )n C

L%(D) converges weakly to zero. Then, the sequences u, = Ri2g, and ¢w, = ¢Rargy
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converge strongly to zero. Using (5.61), we obtain

/ m]wn|2dx :A_l/ PAwn(pwndx—i—/ unPAwndx—l—/ Snlpdx
D D D D

— 0.
n—o00

Moreover, we find

/Dm(1—¢2)|wn|2dx:/Dgundx#—/\_l/DPAwnde—k/DunPAwndx
—/D<p2m|wn|2dx

— 0.

n—o00

Therefore, we have

|Reagallfp) = llwnllZapy < 1101 = @)wnllfap) + I$wnllfap) = 0.

Finally, according to (5.51), (5.57) and (5.62), we get the desired estimate (5.79). The proof

is complete. U

5.3.4 | The upper triangular Fredholm theory

In this subsection, we want to briefly review the proprieties of the upper triangular Fredholm
theory that we will use in what follows for the discreteness of the set of transmission eigen-
values (Section 5.3.5). [28, 47, 86].

We have constructed the resolvent (B(A) — AI)~? for large positive A and shown that it
is upper triangular compact. Moreover, let us introduce the resolvent identity which is given

as follows
R(u) = RA)(I = (= MR(u) ™, (5.80)
for all complex A and p.

Definition 5.3.13. [86] Suppose that R is a bounded operator mapping a Hilbert space H to

n
itself. If the Hilbert space has a decomposition into direct sum H = & Hj, we say R is upper
j=1
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triangular compact (UTC) (with respect to this decomposition if the upper triangular blocks

n
(including the diagonal) in the corresponding decomposition of R = Y, R are compact.
]
jk=1

We can easily check the following proposition.

Proposition 5.3.14. Let R, R be an upper triangular compact operators. Then R + R R-R
and R o R are still UTC operators. Moreover, for any B a bounded operator, Bo R and R o B
are an UTCs.

The following theorem claims that the analytic Fredholm theorem (see [77]) still holds for

the upper triangular Fredholm operators.

Lemma 5.3.15 (Upper triangular analytic Fredholm Theorem). Suppose that R(A) is an
analytic UTC operator valued function of A for A is an open connected set I. Then, if
Ker(I — R(Ag)) = {0} or Coker(I — R(A)) = {0} for one Ay, it is invertible for that
Ao and for all but a discrete set A\ of T. Moreover, for A € A\, (I — R) is a Fredholm.

Proof. Using the fact that R(A) is an analytic UTC operator, we have

1 0 R R
I—R(A) = (I-L(A)) —C(A) = — T,
—Ry; 1 0 Roxp

where C is compact and L is bounded and strictly lower triangular. Moreover, for all A,
(I — L(A)) is invertible with bounded inverse, and that inverse is an analytic function of A.

Therefore, we can write I — R(A) as follows
I—R(A) = (I- L)~ (I-L(A))"'C(A)).

Since (I — (I — L(A))~1C(A)) satisfies the hypothesis of the analytic Fredholm Theorem
5.2.5, and the fact that (I — L(A)) is invertible, we obtain the required result for I — R(A).
[]

The next result presents a special case of the previous theorem.
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Theorem 5.3.16. Let B (A) be a closed densely defined operator on an infinite dimensional
Hilbert space and suppose that for one complex number Ag, (B(Ag) — Agl) is invertible and
(B(Ag) — Agl) Y is UTC. Then the spectrum of B(A) consists of a (possibly empty) discrete

set of eigenvalues with finite dimensional generalized eigenspaces.

Proof. Using the resolvent identity (5.80), we find
(B(n) — uI) = (B(Ao) — AoD)(I — (B(A0) — Ao) "} (1 — Ao)), VpeC.

Moreover, according to the fact that (B(Ag) — AgI)~! is UTC, the UT analytic Fredholm
Theorem 5.3.15 implies that (I — (B(Ag) — AgI) ' (1 — Ag)) is invertible at all but a discrete

set of point y,, and the dimension of the kernel is finite at all such points. [

5.3.5 | Proof of main results

In this subsection, we show that the interior transmission eigenvalues are discrete by proving

the Theorems 5.3.2 and 5.3.3. [33, 86].

Proof of Theorem 5.3.2. We fix A real, positive and large enough such that (B(Ag) — Agl)

is invertible with bounded UTC inverse. Then, we can write (B(Ag) — AgLy) as follows

m 0

0 0

(B()to) — )\()Im) = (B(/\o) — )\()I) I— /\O(E()\O) — /\01)_1
= (B(Ao) — AoI)M(Ao).

Using Proposition 5.3.14 and (B(Ag) — Agl)~! is UTC, we obtain M(Ag) is an UTC and
M(Ag) = V(Ag) + K(Ag) where V(Ap) is invertible and K(Ag) is compact. Then, by the
Fredholm alternative 5.2.2 and Remark 5.2.4, M(/\o) is Fredholm of index zero. Moreover,
we find M(Ag) is injective. Indeed, we have M(Ag)(u, w)! = 0, for (u,w) € H3(D) x
L (D). Based on Lemma 5.3.10, we get that (B(Ag) — Agly) is injective for Ag sufficiently
large and since M(Ag) = (B(Ag) — AoI) Y (B(Ag) — AgLy) !, we find that u = w = 0 in
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D. Using Lemma 5.2.3, M(Ag) is invertible. Therefore, for Ag large enough, (B(Ag) — AgLy)
is invertible and we have
-1

m 0 (B(Ao) — AoD) L.

0 0

(E(/\()) — )\()Im)_l =|I- )\Q(E(/\o) — )\QI)_l

Since (B(Ag) — Agl)~!is UTC and M(Ag) ! is a bounded operator where

1 — AgmRi1(Ag)) ! 0
M(Ao) ™! = (1~ Ao 0))1 , (5.81)

/\om(l — )\Olel()\o))f Ry (/\0) 1
we obtain, by the Proposition 5.3.14, that (B(Ag) — AgL,) " is UTC and also (I,,"B(Ag) —
AoI) ™' = Lu(B(Ag) — AgLy) L is the UTC resolvent of I, B(Ag) at Ag. Using the Theorem
5.3.16 implies the desired result. ]

Proof of Theorem 5.3.3. Let B(A) be the operator defined in (5.73). Using the Lemma 5.3.11
and 5.3.12, if we take A real, positive and large enough, then (B(Ag) — Agl) is invertible and
(B(Ag) — AoI)~!is UTC. Therefore, according to the Lemma 5.3.16, the spectrum of B(A)

is discrete and of finite multiplicity. ]
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Conclusion and Perspectives

We presented in this thesis some mathematical and numerical developments for solutions to
direct and inverse scattering problem for the time harmonic magnetic Schrodinger operator.

Our primary aim was to look into the inverse problem of stable determining the magnetic
and electric potentials from near field and far field patterns. We first showed that the direct
scattering problem is well-posed, which was accomplished by two approaches: the first one
with the use of the Lippmann-Schwinger integral equation, which requires a stronger assump-
tion of regularity for the magnetic potential A (which is bounded in the W*°norm) and the
electric potential g (which is bounded in L*norm). The second approach is the variational
method, which requires less regularity on A and g (A, div(A) and g are bounded in L®norm).
We presented some numerical illustrations of the solutions to the scattering problem. Due to
gauge invariance, the magnetic potential A cannot be uniquely determined from far field or
near field measurements outside the scatterer. We proved logarithmic type estimates for re-
covering the magnetic fields curl(A) and electric potentials from near field or far field maps
based on the use of geometrical optics solutions. As a perspective of this part, we would like
to study the inverse problem in the case where A has an unbounded support. We are also
interested in investigating the optimality of our results.

Secondly, we addressed more specifically the inverse medium scattering problem for the
magnetic Schrodinger operator. We demonstrated that the measurements of scattered waves

at a fixed frequency can be used to recover the shape of an inhomogeneous scatterer. The
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Linear Sampling Method (LSM) and the Factorization Method (FM) are the main topics of
our review of the sampling methods used to numerically solve our problem. The LSM has the
simplest formulation and can be easily adapted to different settings of the data and the scat-
tering problem. On the other hand, the FM provides an exact characterization of the scatterer
in terms of the far field operator. We obtained our results by utilizing the well-posedness of
the interior transmission problem that we proved through the application of Fredholm and the
upper triangular Fredholm theories. We presented several numerical validating results con-
ducted in 2D. Throughout our studies, we assumed that the support of the magnetic potential
A 1is strictly contained within the support of the electric potential contrast. A challenging
perspective would be to remove this assumption and extend our results to the case where
the both supports coincide. Another perspective is to analyze a new structure of the interior
transmission problem when the electric potential contrast vanishes but A # 0.

Last but not least, concerning numerical aspects, we have obtained validating results in 2D

and simple configurations. Our plan to extend these numerical investigations to 3D problems.
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