
HAL Id: tel-04406036
https://theses.hal.science/tel-04406036v1

Submitted on 19 Jan 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Understanding the galactic polarized signal in the quest
for new fundamental physics in the cosmic microwave

background
Leo Vacher

To cite this version:
Leo Vacher. Understanding the galactic polarized signal in the quest for new fundamental physics
in the cosmic microwave background. Earth Sciences. Université Paul Sabatier - Toulouse III, 2023.
English. �NNT : 2023TOU30162�. �tel-04406036�

https://theses.hal.science/tel-04406036v1
https://hal.archives-ouvertes.fr


THÈSETHÈSE

En vue de l’obtention du

DOCTORAT DE L’UNIVERSITÉ DE
TOULOUSE

Délivré par : l’Université Toulouse 3 Paul Sabatier (UT3 Paul Sabatier)

Présentée et soutenue le 18/09/2023 par :

Léo Vacher

Vers une meilleure compréhension du signal Galactique
polarisé en quête de nouvelle physique fondamentale dans le

fond diffus cosmologique.
-

Understanding the Galactic polarized signal in the quest for new

fundamental physics in the Cosmic Microwave Background

JURY
Alain Blanchard Président du jury Professeur
Marc-Antoine

Miville-Deschênes

Rapporteur Directeur de recherche

Jean-Philippe Uzan Rapporteur Directeur de recherche
Carlo Baccigalupi Examinateur Professor
Nicoletta Krachmalnicoff Examinatrice Assistant professor
Jonathan Aumont Directeur de thèse Chargé de recherche
Ludovic Montier Co-directeur de thèse Ingénieur de recherche

École doctorale et spécialité :
SDU2E : Astrophysique, Sciences de l’Espace, Planétologie

Unité de Recherche :
Institut de Recherche en Astrophysique et Planétologie (UMR 5277)

Directeur(s) de Thèse :
Jonathan Aumont et Ludovic Montier

Rapporteurs :
Marc-Antoine Miville-Deschênes et Jean-Philippe Uzan





Supposons que nous nous perdions à contempler l’infinité du monde
dans le temps et dans l’espace, soit que nous réfléchissions à la
multitude des siècles passés et futurs, soit que pendant la nuit le
ciel nous révèle dans leur réalité des mondes sans nombre, ou que
l’immensité de l’univers comprime pour ainsi dire notre conscience
: dans ce cas nous nous sentons amoindris jusqu’au néant ; comme
individu, comme corps animé, comme phénomène passager de la
volonté, nous avons la conscience de n’être plus qu’une goutte dans
l’Océan, c’est-à-dire de nous évanouir et de nous écouler dans le
néant. Mais en même temps, contre l’illusion de notre néant, con-
tre ce mensonge impossible, s’élève en nous la conscience immédi-
ate qui nous révèle que tous ces mondes n’existent que dans notre
représentation ; ils ne sont que des modifications du sujet éternel de
la pure connaissance ; ils ne sont que ce que nous sentons en nous-
mêmes, dès que nous oublions l’individualité ; bref, c’est en nous
que réside ce qui constitue le support nécessaire et indispensable de
tous les mondes et de tous les temps. La grandeur du monde tout
à l’heure nous épouvantait, maintenant elle réside sereine en nous-
mêmes : notre dépendance à son égard est désormais supprimée ;
car c’est elle à présent qui dépend de nous. – Cependant nous ne
faisons point effectivement toutes ces réflexions ; nous nous bornons
à sentir, d’une manière tout irréfléchie, que, dans un certain sens
(la philosophie seule peut le préciser), nous ne faisons qu’un avec le
monde, et que par suite son infinité nous relève, bien loin de nous
écraser. C’est cette conscience encore toute sentimentale que les
Oupanischads des Védas répètent sous tant de formes variées, et
surtout dans cette sentence que nous avons citée plus haut : « Hæ
omnes creaturæ in totum ego sum, et prætev me aliud ens non est.
» [C’est moi qui suis toutes ces créatures dans leur totalité, et il n’y
a pas d’autre être en dehors de moi.] (Oupnek’hat, vol. I, p. 122.)
Il y a là un ravissement qui dépasse notre propre individualité ;
c’est le sentiment du sublime.

ARTHUR SCHOPENHAUER - Le monde comme volonté et
comme représentation (p.313).
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Abstract

This thesis covers instrumental to theoretical considerations through data analysis revolving
around the cosmic microwave background (CMB), on which our current understanding of
modern cosmology is largely built. Contemporary challenges focus on its polarization sig-
nal, containing precious information about the very early phases of our Universe’s history.
However, the detection of this extremely faint signal requires the building of highly sensi-
tive instruments as well as an unprecedented characterization of the polarized foreground
signal from our Galaxy. In this direction, I contributed to the design optimisation of the
future LiteBIRD satellite mission targeting the primordial B-modes, putatively induced by
gravitational waves in the primordial plasma, signature of an inflationary phase in the first
fractions of second after the birth of our Universe. As an active member of this collabora-
tion, I contributed to the production and test of instrumental simulations and I investigated
the optimization of its scanning strategy in order to mitigate the impact of far side lobe
asymmetry on the science goal. Based on the challenge represented by such a sensitive mis-
sion, I strongly committed to the problem of component separation, investigating how to
distinguish the CMB signal from the Galactic foregrounds. I investigated in great detail the
moment expansion method, which allows to grasp the spectral complexity arising from the
spatial variation of the physical conditions of emission within our Galaxy. I applied this
method to the LiteBIRD mission, proving that moments provide a viable path in order to
recover an unbiased value for the amplitude of the primordial B-modes, facing the challenge
represented by the high sensitivity of the experiment. Furthermore, I developed the first
formal generalization of the moment expansion to polarized signal: the spin-moment expan-
sion, allowing for a novel and proper treatment of the geometrical properties of polarization.
This new development is rich in physical insights and allows to connect the distribution
of spectral parameters and magnetic field orientations to the consequences of averaging, as
the spectral rotation of the total polarization angle. Following this direction at the E- and
B-modes level, I further showed that new observable consequences can be derived and mod-
eled by the spin-moment expansion as the frequency dependence of the foreground E/B

ratio and distortions of the EB signal. These effects – signature of the variation of the
physical conditions throughout our Galaxy – will have to be properly modeled in the quest
for inflation or a non zero primordial EB correlation, induced by the presence of parity
violating mechanism in the early Universe, known as cosmic birefringence. In addition to
this main contribution, I also briefly explored the possibility to use scattering transform to
grasp together the spatial and the spectral statistical properties of polarized dust emission
and produce multi-frequency synthesis and denoising. In parallel, I led other significant de-
velopments related to the most fundamental aspects of our physical theories which can be
probed using cosmological observables such as the CMB. By investigating the stability of our
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fundamental constants on cosmological time scales, I provided the latest to date constraints
on the phenomenological Bekenstein models and the string inspired runaway dilaton models
in which the fine structure constant – quantifying the strength of the electromagnetic inter-
action – varies through cosmic history. In both models, the constraints are so tight that the
expected values for the parameters are excluded. Any theory beyond our standard model of
particle physics will have to account for the observed stability of the fundamental constants.
These works led to the development of a version of the CLASS Boltzmann solver publicly
available which allows for time variations of the fine structure constant.
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Résumé

Cette thèse couvre des aspects instrumentaux et théoriques en passant par l’analyse de don-
nées, tous liés au fond diffus cosmologique (CMB), sur lequel notre compréhension moderne
de la cosmologie est largement fondée. Les défis contemporains se concentrent sur son si-
gnal polarisé, contenant des informations précieuses sur les premières phases de l’histoire de
notre Univers. Cependant, la détection de ce signal de faible intensité demande la construc-
tion d’instruments extrêmement sensibles ainsi qu’une caractérisation sans précédent des
émissions polarisées d’avant-plans de notre Galaxie. J’ai ainsi contribué à l’optimisation de
la future mission satellite LiteBIRD ciblant les modes-B primordiaux, signature de la pré-
sence d’ondes gravitationnelles dans le plasma primordial laissées par une phase d’inflation
dans les premières fractions de seconde suivant la naissance de notre Univers. En tant que
membre actif de la collaboration, j’ai contribué à la production et au test de simulations
instrumentales ainsi qu’à l’optimisation de la scanning strategy afin de mitiger l’impact de
l’asymétrie des far side lobes sur les objectifs scientifiques.

Basé sur le défi représenté par une mission si sensible, je me suis fortement investi sur la
problématique visant à séparer le signal du CMB de celui de notre Galaxie. J’ai exploré en
grand détail l’expansion en moments, une méthode permettant de modéliser la complexité
spectrale émergeant de la variation spatiale des propriétés physiques à l’origine de l’émission
du signal émis par notre Galaxie. J’ai appliqué cette méthode à LiteBIRD, prouvant que
l’expansion en moments fournit une direction viable pour retrouver une valeur non biaisée de
l’amplitude des modes-B primordiaux. J’ai ensuite développé la première généralisation for-
melle de cette méthode pour le signal polarisé : l’expansion en spin-moments, permettant un
traitement des propriétés géométriques uniques à la polarisation. Ce nouveau développement
est riche en interprétations physiques et relie les distributions des paramètres spectraux et
des orientations du champ magnétique avec les conséquences obtenues lorsqu’on les moyenne
telle que la dépendance spectrale de l’angle total de polarisation. Poursuivant cette direction
au niveau des modes-E et -B, je montre que de nouvelles conséquences observables peuvent
être prédites et modélisées par l’expansion en spin-moments, telles que la dépendance en
fréquence du rapport E/B et les distorsions du signal EB des avant-plans Galactiques. Ces
effets devront être proprement traités en quête des signaux laissés par l’inflation ou par la
biréfringence cosmique, induite par la présence de mécanisme violant la parité dans l’Uni-
vers primordial. En plus de cette contribution principale, j’explore brièvement la possibilité
d’utiliser le scattering transform pour modéliser conjointement la complexité statistique fré-
quentielle et spatiale de l’émission polarisée de la poussière pour produire des synthèses et
des débruitages multifréquences.

En parallèle, j’ai mené d’autres développements concernant les aspects les plus fondamentaux
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de nos théories physiques pouvant être sondés par les observables cosmologiques telles que
le CMB. En investiguant la stabilité des constantes fondamentales sur les échelles de temps
cosmologiques, je dérive les dernières contraintes en date sur les modèles de Bekenstein et
du runaway dilaton dans lesquels la constante de structure fine – quantifiant la force de
l’interaction électromagnétique – peut varier au cours de l’évolution cosmique. Pour les deux
modèles, les contraintes sont si resserrées que les valeurs attendues pour les paramètres sont
exclues. Toute théorie au-delà du modèle standard de la physique des particules devra alors
pouvoir rendre compte de la stabilité observée des constantes fondamentales. Ces travaux
ont conduit au développement d’une version publique du Boltzmann solver code CLASS
incluant la variation temporelle de la constante de structure fine.
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Avant-propos (Français)

La présente thèse reflète le travail que j’ai réalisé ces trois dernières années. J’ai eu la
chance de couvrir une variété de sujets allant de la physique des particules à la science
Galactique, faisant appel à des considérations théoriques et observationnelles demandant
une large gamme d’expertises. Tous ces sujets orbitent autour d’une observable commune
: le fond diffus cosmologique (ou cosmic microwave background (CMB)), qui représente la
plus ancienne lumière observable dans notre Univers, fenêtre ouverte sur l’ensemble du ciel
donnant sur nos origines cosmiques. Cette lumière primordiale n’est pas uniquement car-
actérisée par une intensité en chaque point de la sphère céleste, mais également par une
direction d’oscillation privilégiée : sa polarisation. Alors que les propriétés statistiques du
CMB ont désormais été cartographiées en intensité avec une grande précision, la majorité de
l’information cachée dans sa polarisation – plus délicate à mesurer – représente aujourd’hui
un territoire inconnu. Les enjeux d’une telle mesure sont élevés, car une caractérisation
fine de ce signal polarisé pourrait permettre de mieux comprendre les premières fractions
de seconde suivant la naissance de notre Univers ainsi que la physique des particules im-
pliquée dans les conditions d’énergies extrêmes en jeu à cette époque, bien au-delà de la
portée de nos meilleurs accélérateurs de particules. En particulier, la détection d’un mo-
tif spécifique dans la polarisation du CMB, connu sous le nom de modes-B primordiaux,
indiquerait la présence d’un fond d’ondes gravitationnelles baignant l’entièreté du plasma
primordial lors de l’émission du CMB. De telles ondes gravitationnelles pourraient être le
reliquat d’une phase d’expansion extrêmement violente, l’inflation cosmique, induite par un
nouveau champ fondamental à l’origine de toutes les particules présentes dans notre Univers.
De plus, la détection du signal connu sous le nom de corrélation EB dans le CMB serait la
signature directe de l’existence d’un mécanisme brisant la symétrie de parité dans l’Univers
jeune : la biréfringence cosmique. Comme l’inflation, ce mécanisme pourrait être induit
par un nouveau champ fondamental, l’axion, apparaissant naturellement des propriétés de
l’interaction nucléaire forte et/ou en tant que membre des théories alternatives au-delà de
notre modèle standard, comme la théorie des cordes.

Cependant, cartographier la polarisation du CMB sur l’ensemble du ciel s’accompagne de
défis techniques et instrumentaux majeurs et sans précédent. LiteBIRD est une mission
satellite japonaise ambitieuse pensée pour faire face à ces défis. Pour cet instrument, chaque
aspect technique doit être contrôlé et optimisé pour maximiser la précision à laquelle les
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modes-B primordiaux peuvent être mesurés. Comme les télescopes seront embarqués dans
un satellite, il ne sera plus possible d’interagir avec eux après le début de la mission, rendant
cette tâche particulièrement délicate. En tant que membre de la collaboration LiteBIRD,
j’ai contribué à la production et au test de simulations pour l’instrument. Je me suis de plus
concentré sur l’optimisation de la scanning strategy, choisissant l’ordre et le rythme auxquels
les différents télescopes observeront différentes régions du ciel. Ce travail est crucial, car un
choix optimal de la scanning strategy apporte la redondance et la symétrie nécessaire à la
réduction majeure de certains effets systématiques tout en augmentant le temps accordé à
la calibration instrumentale.

Néanmoins, une mission sensible et optimisée pour détecter le signal du CMB sera également
sensible à la complexité des autres signaux micro-ondes du ciel. A cause de la position inex-
tricable de notre système solaire dans un bras spiral de la Voie Lactée, toute observation du
CMB contiendra inévitablement le signal astrophysique produit par notre propre Galaxie,
surimposé à celui-ci. Ainsi, il ne sera pas possible d’extraire les précieuses informations cos-
mologiques du CMB sans une compréhension fine des émissions d’avant-plans Galactiques.
L’émission polarisée complexe du milieu interstellaire (interstellar medium (ISM)) de notre
propre Galaxie est largement dominante sur le faible signal du CMB et elle possède un
comportement complexe émergeant de la riche intrication de nombreux processus physiques
sous-jacents. Le couplage entre turbulence et champs magnétiques donne une dynamique
très complexe aux fluides astrophysiques, conduisant à la formation des étoiles et permet-
tant une chimie complexe, probablement nécessaire à l’émergence de la vie organique. Des
particules chargées légères et de grains de poussière dans l’ISM influencent cette dynamique
tout en étant entraînés par celle-ci et émettent de la lumière hautement polarisée dans le
domaine micro-onde. Comprendre ce signal et fournir des moyens pour le modéliser est ainsi
conjointement crucial pour la cosmologie et la science Galactique, représentant l’enjeu prin-
cipal de la présente thèse. En particulier, je me concentrerai sur la complexité émergente
de l’inévitable effet de moyenne sur différentes conditions d’émissions. En effet, de part la
physique complexe de l’ISM, les propriétés locales comme la composition, la température ou
l’orientation des champs magnétiques changent en 3 dimension à travers la Galaxie. Toute
observation astrophysique se présentera alors comme un mélange complexe de signaux venant
de régions différentes, associés à des propriétés différentes, phénomène que j’appelle le mix-
ing. J’explorerai en grand détails la méthode de l’expansion en moments, qui permet de
capturer minimalement et efficacement les effets du mixing. J’appliquerai cette méthode au
satellite LiteBIRD ciblant les modes-B primordiaux et je démontrerai que les moments four-
nissent une direction viable pour affronter le défi représenté par les avant-plans Galactiques.
Je présenterai ensuite la première généralisation formelle de l’expansion en moment à la po-
larisation. Ce nouveau formalisme, que j’ai appelé l’expansion en spin-moments, se révèlera
puissante, permettant de connecter les propriétés de la poussière (paramètres spectraux et
champs magnétiques) aux conséquences du mixing, comme la dépendance en fréquence de
l’angle de polarisation. Propageant cette expansion au niveau des modes-E et -B, j’utiliserai
l’expansion en spin-moments pour inférer et modéliser de nouvelles conséquences du mixing
comme la dépendance en fréquence du ratio E/B des avant-plans et les différents comporte-
ments spectraux des spectres en puissance angulaire EE, BB et EB. Ces conséquences
auront des implications lourdes pour l’observation du CMB en quête des modes-B primor-
diaux ou de la biréfringence cosmique. Cependant, la complexité des avant-plans n’est pas
seulement spectrale, mais présente aussi des caractéristiques spatiales complexes émergeant
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de la turbulence, comme les filaments. Pour capturer ces propriétés statistiques, je vais
présenter le scattering transform, une nouvelle approche prometteuse inspirée de l’analyse
de données, qui permet de prendre une description puissante de la complexité spatiale des
signaux d’avant-plans. Pendant cette thèse, j’ai contribué aux extensions pionnières de ce
formalisme aux observations multifréquences. Ce développement ambitieux pourrait perme-
ttre de capturer simultanément la complexité spectrale et spatiale des avant-plans dans un
cadre unifié. Dans le futur, une synergie de ce formalisme avec les spin-moments pourrait
certainement être profitable.

Il est ainsi urgent de faire face aux défis représentés par les instruments et les avant-plans afin
de pouvoir lever le voile sur nos origines cosmiques. Cependant, les enjeux d’une telle enquête
vont bien au-delà de l’Univers primordial et rayonnent sur la cosmologie et la physique
fondamentale dans son ensemble. Aujourd’hui, le CMB représente la plus précieuse source
d’information sur la dynamique de notre Univers. Aussi loin que nous le sachions, cette
dynamique est directement dictée par le contenu en particules de l’Univers et les interactions
entre ces particules. Le CMB fournit alors une rare sonde de la physique fondamentale et
de ses limites. En conjonction avec d’autres sondes, il peut être utilisé pour contraindre
une variété de modèles physiques au-delà de nos modèles canoniques de la gravité et de la
physique des particules. Dans cette thèse, je vais remettre en question ces modèles au plus
près de leurs fondations, en étudiant si la valeur des constantes fondamentales de la nature
telle qu’elles sont mesurées sur Terre reste la même dans les régions les plus distantes de
l’espace et dans les époques les plus jeunes de l’histoire de notre Univers. Alors que nos
théories contemporaines ne peuvent pas expliquer la valeur de ces constantes, détecter leurs
variations serait une signature directe de nouvelle physique à l’origine de ces variations,
ouvrant une porte vers une possible explication. Je me concerterai sur la constante de
structure fine, quantifiant la force de l’interaction électromagnétique. J’explorerai deux
modèles de champ scalaires dans lesquels cette constante devient une entité dynamique :
un modèle phénoménologique construit à partir de considérations de symétries, le modèle
de Bekenstein et un modèle émergent de la théorie des cordes, le runaway dilaton. En
confrontant ces modèles avec une grande diversité de données indépendantes, je dériverai
les dernières contraintes en date sur leurs espaces de paramètres, excluant leurs valeurs
naturelles. D’après ces résultats, il apparait que n’importe quel modèle cherchant à unifier
la physique, comme la théorie des cordes, devra pouvoir justifier comment la constante de
structure fine peut rester si stable à travers l’histoire cosmique.

L’ensemble de ces sujets seront abordés dans l’ordre suivant : la partie I donne une in-
troduction générale aux sujets principaux de cette thèse. Je les présenterais en cherchant
à mettre en avant le contexte sous-jacent à mes intérêts de recherche, les incroyables ac-
complissements déjà effectués ainsi que les nombreux défis devant encore être surmontés.
Dans le chapitre 3, je donnerai une revue brève de notre compréhension des lois les plus
fondamentales de la physique. Je présenterai ensuite comment inférer l’histoire de notre
Univers avec une précision saisissante à partir de ces lois. Dans le chapitre 4, je discuterai
certains des puzzles et problèmes observationnels et théoriques contemporains de nos mod-
èles standards. Cette présentation soulignera le besoin de nouveaux phénomènes physiques
et/ou de nouvelles entités, encore non découvertes, afin de construire une image cohérente
des observations cosmologiques. Dans le chapitre 5, je présenterai le CMB, ses propriétés
et la possibilité d’en extraire des informations sur la cosmologique et la nouvelle physique.
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Dans le chapitre 6, j’introduirai la physique complexe et riche des avant-plans Galactiques
polarisés et les procédures standards pour les modeler et les retirer du CMB.

La partie II sera dédiée à mes contributions à ces sujets variés. Partant de ce qui a était
achevé en partie I, j’irai de l’instrument jusqu’aux théories qu’il permet de tester, à travers
l’émission complexe de notre Galaxie. M’appuyant sur les informations présentées dans
l’introduction générale, chaque chapitre est auto-suffisant et largement indépendant des
autres. Dans le chapitre 7, je présenterai la mission satellite LiteBIRD, offrant l’opportunité
pour discuter les défis instrumentaux auquel elle doit faire face afin de cartographier les
anisotropies polarisées les plus fines du CMB. Je présenterai ma contribution à la collab-
oration durant ces trois dernières années, avec un accent particulier sur l’optimisation de
la scanning strategy. Dans le chapitre 8, j’introduirai la modélisation de la dépendance en
fréquence des avant-plans Galactiques polarisés donnée par l’expansion en moments. Cette
méthode apparaissant souvent comme technique et difficile d’approche, j’apporterai une in-
térêt tout particulier à sa démystification à l’aide d’exemples pédagogiques. Je présenterai
ensuite son application réussie pour la séparation de composante paramétrique avec le satel-
lite LiteBIRD, discutant ses forces et ses faiblesses. De plus, je présenterai l’expansion en
spin-moments. Pour cela, je bâtirai sur notre compréhension de l’expansion en moments en
intensité, donnant à nouveau la priorité à la pédagogie. A la suite de cette présentation,
je propagerai cette expansion aux modes-E et -B et en discuterai les conséquences. Pour
conclure ce chapitre, je présenterai brièvement ma contribution à l’extension du scattering
transform aux observations multifréquences. Dans le chapitre 9, je montrerai que les valeurs
des constantes fondamentales de nos modèles standards représentent les "maillons faibles"
de nos théories physiques et fournissent ainsi des observables favorables à la recherche de
nouvelle physique. Après une revue de l’origine théorique, de l’impact et des conséquences ob-
servationnelles de la constante de structure fine, je présenterai mes contributions fournissant
les dernières contraintes en date sur les modèles de Bekenstein et du runaway dilaton. Je
conclurai par une présentation de mes autres contributions liées à ces sujets, principalement
en lien avec l’énergie noire.

Enfin, je présenterai un résumé et mes conclusions dans le chapitre 10. Les perspectives
ouvertes pour de futures recherches y seront également discutées.

En compléments, une brève présentation technique de la relativité générale et de notre modèle
de la physique des particules est donnée en Appendice A, désirable afin de mieux comprendre
les conséquences d’une variation des constantes fondamentales. Une présentation des outils
mathématiques permettant la description de la lumière polarisée est donnée en Appendice B,
détaillant les fondations théoriques et les interprétations physiques des paramètres de Stokes,
de la décomposition en modes-E et -B et de la décomposition en harmoniques sphériques.
Enfin, un complément présentant certains outils utilisés pour optimiser la scanning strategy
de l’instrument LiteBIRD est donné en Appendice C. Ces annexes sont suivies d’une liste
des figures, tables et abréviations. Les papiers écrits en premier auteur durant cette thèse
ont été reproduits à la toute fin du manuscrit, en Appendice D.
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Foreword

The present thesis reflects my work during the past three years. I had the chance to cover
a variety of topics ranging from particle physics to Galactic science, involving theoretical
to observational considerations and requiring different expertise. These topics are revolving
around a common observable given by the cosmic microwave background (CMB), which
represents the oldest observable light in our Universe and is thus an open window on our
cosmic origins over the entire sky. This primordial light is not only characterized by an
intensity given at every point of the celestial sphere, but also by a preferred direction of
oscillation: a polarization. While the statistical properties of the CMB have now been
mapped in intensity with great accuracy, most of the information hidden in its polarization
– more delicate to measure – remains today an uncharted territory. The stakes of such a
measurement are high, as an accurate characterization of this polarized signal would shed
some light on the very first fractions of second after the birth of our Universe and the particle
physics involved in the extreme energy conditions at play during this epoch, far beyond the
reach of our best particle accelerators. In particular, the detection of a specific polarization
pattern in the CMB, the primordial B-modes, would indicate the presence of a significant
gravitational wave background bathing the entire primeval plasma at the time of the CMB
emission. Such gravitational waves would be the leftover of an extreme phase of primordial
expansion, cosmic inflation, induced by a new fundamental field at the origin of all the
particles present in our Universe. Additionally, the detection of a so-called EB correlation
in the CMB signal would be the direct signature of a mechanism breaking parity symmetry in
the early Universe: cosmic birefringence. As inflation, this mechanism could also be induced
by a new fundamental field, the axion, naturally arising from properties of the strong nuclear
force or as members of alternative theories beyond our standard models, as string theory.

However mapping the CMB polarization over the whole sky comes with major and unprece-
dented technical and instrumental challenges. LiteBIRD is an ambitious Japanese satellite
mission designed to overcome these challenges. For this instrument, every single technical
aspect must be controlled and optimized in order to maximize the accuracy at which the
primordial B-mode signal can be recovered. As the telescopes will be boarded on a satellite,
it will not be possible to interact with them anymore after the start of the mission, making
this task especially delicate. As a member of the LiteBIRD collaboration, I contributed to
the production and test of simulations for the instrument. I further focused on the optimiza-
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tion of the scanning strategy, choosing in which order and at which pace the telescopes will
observe the different regions of the sky. This work is crucial, as an optimal choice of scanning
strategy can bring redundancy and symmetry which greatly suppress some systematic effects
and increase the time allowed for instrumental calibration.

Nevertheless, the more sensitive and optimized a mission will be to detect the CMB signal,
the more it will also be sensitive to the complexity of the other microwave signals in the sky.
Due to the inextricable location of our solar system within the spiral arm of the Milky way,
any CMB observation will also unavoidably contain the superimposed astrophysical signal
produced by our own Galaxy. As such, it is simply not possible to extract the precious
cosmological information from the CMB signal without a fine understanding of this Galac-
tic foreground emission. Indeed, the complex polarized emission of the interstellar medium
(ISM) of our Galaxy is largely dominant over the faint CMB and it possesses a rich behav-
ior emerging from an intricate underlying physics. The coupling between turbulence and
magnetic fields within our Galaxy indeed induces a very complex dynamics, giving birth to
stars and allowing for complex chemistry, most certainly at the origin of organic life. Light
charged particles and dust grains drive and are carried by this dynamics and emit strongly
polarized light in the microwave domain. Understanding this signal and providing ways to
model it is hence crucial both for cosmology and for Galactic science and it will represent the
main development of this thesis. In particular, I will focus on the complexity arising from
the unavoidable averaging over different physical conditions of emission. Indeed, from the
complex physics of the ISM, local properties as composition, temperature or magnetic field
orientations are expected to change across the 3D Galaxy. Any astrophysical observation
will hence present itself as a complex mixture of signals coming from different regions and
associated with different properties. I refer to this phenomenon as mixing. I will explore in
great details the moment expansion method, which allows to grasp minimally and powerfully
the effects of mixing. I will apply this method to the incoming LiteBIRD satellite mission,
designed to target the primordial B-modes, showing that the moments provide a viable path
to face the foregrounds challenge. I will then present the first formal generalization of the
moment expansion formalism to polarization. This new formalism, which I named the spin-
moment expansion, will reveal itself to be powerful as it allows to connect the dust properties
(spectral parameters and magnetic fields) to the consequences of the mixing, as the frequency
dependence of the polarization angle. Propagating this expansion at the E- and B-modes
level, I will use the spin-moment expansion to infer and model new consequences of mixing as
the frequency dependence of the foreground E/B ratio and the different behavior of the EE,
BB and EB angular power-spectra. These consequences will have heavy implications for
CMB observation in the quest for primordial B-modes and cosmic birefringence. However,
the complexity of foregrounds is not only spectral, but also presents complicated spatial fea-
tures emerging from turbulence, as filaments. In order to grasp these statistical properties, I
will present the scattering transform, a promising new approach inspired from data analysis,
which can powerfully tackle the spatial complexity of the foreground signal. During this
thesis, I contributed to the pioneering extensions of this formalism in order to deal with
multi-frequency observations. This ambitious development could make it possible to tackle
both spectral and spatial complexity of the foregrounds within the same framework. In the
future, a synergy of this formalism with the spin-moments might very well be profitable.

Facing the instrumental and the foreground challenges are thus urgent matters to be tackled
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in order to investigate our cosmic origins. However, the stakes of such an inquiry goes
way beyond the primordial Universe and radiate on cosmology and fundamental physics as
a whole. Today, the CMB represents the most precious source of information about our
Universe’s dynamics. As far as we know, this dynamics is directly dictated by the Universe’s
particle content and the interaction between these particles, such that the CMB also provides
a rare probe of this fundamental physics and its limits. In conjunction with other probes,
it can be used to constrain a variety of physical models beyond our canonical models of
gravity and particle physics. In this thesis, I will question these models at their very basis,
by investigating whether the values of the fundamental constants of nature as we measure
them on Earth remain unchanged in the most distant regions of space and in the earliest
epochs of our Universe’s history. While our current theories can not explain the values of
these constants, detecting their variation would be a direct signature for new physics driving
their dynamics and a door open towards a possible explanation of their values. I will focus
on the fine structure constant, quantifying the strength of the electromagnetic force and
promote it to a dynamical entity in two models of scalar fields: a phenomenological model
built from symmetry considerations, the Bekenstein model and a model emerging from string
theory, the runaway dilaton model. By confronting them with a large variety of independent
datasets, I will derive the latest to date constraints on the parameter spaces of these models,
excluding their natural values. From these results, it appears that any model attempting a
unification of physics, as string theory, will have to justify how the fine structure constant
can remain so stable throughout cosmic history.

All these topics will be discussed as follows: Part. I provides a general introduction of the
main topics covered in this thesis. I will present them with a particular care on providing
the big picture lying behind my research interests, the incredible accomplishments already
achieved as well as the numerous challenges remaining to be faced. In Chap. 3, I will briefly
review our current understanding of the most fundamental laws of physics. I will further
present how to infer our Universe’s history with an outstanding accuracy from these laws.
In Chap. 4, I will highlight some of the contemporary observational and theoretical puzzles
of our standard models. They will stress the need for new physical phenomena and/or
new entities, undiscovered yet, in order to build a consistent picture of the cosmological
observations. In Chap. 5, I will present the CMB radiation, its properties and the possibilities
to extract cosmological information and new physics from it. In Chap. 6, I will introduce
the complex and rich physics of the Galactic polarized foregrounds to the CMB and the
standard procedures in order to model and remove them.

Part II will be dedicated to my contributions on these various topics. Starting from what
has been achieved in Part I, I will then go from the instrument back to the theories that
can be tested with it, observed through our complex Galaxy. Relying on the information
presented in the general introduction, all the chapters are self-contained and largely inde-
pendent from one another. In Chap. 7, I will present the LiteBIRD satellite mission. This
will be the opportunity to discuss the instrumental challenges it has to face in order to map
the faintest anisotropies of the polarized CMB signal. I will present my contribution to the
collaboration in this regard in the past three years, with a focus on the optimization of the
scanning strategy. In Chap. 8, I introduce the modeling of the frequency dependence of the
Galactic polarized foregrounds given by the moment expansion. As this method often ap-
pears as technical and difficult to approach, I will give a special care to demystify it through
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pedagogical examples. I will then present the successful application of this formalism for
parametric component separation with the LiteBIRD satellite, as well as its strength and
drawbacks. Furthermore I will introduce the spin-moment expansion. To do so, I will built
from our understanding of the intensity moment expansion and special care will again be
given to pedagogy. Following this presentation, I will propagate this expansion at the E-
and B-modes level and further discuss its consequences. To conclude this chapter, I will
present briefly my contribution to the extension of scattering transform to multi-frequency
observations. In Chap. 9, I will show that the values of the fundamental constants of our
standard models represent some "weak links" of our physical theories and as such are favored
observables in order to seek for this new physics. After reviewing the theoretical origin,
impact and observables consequences of a varying fine structure constant, I will present my
contributions giving the latest to date constraints on the Bekenstein and the runaway dilaton
models. I will conclude with a presentation of my other contribution on this topics, mainly
related to dark energy.

Finally, I will present a summary and the conclusions of this thesis in Chap. 10. Perspective
for future research will also be discussed.

As complements, a brief technical presentation of general relativity and our standard model
of particle physics will be given in Appendix A, desirable for a better understanding of the
problematic underlying the variation of the fundamental constants. A presentation of the
required mathematical tools for the description of polarized light is given in Appendix B,
giving the theoretical foundations and physical interpretation of the Stokes parameters, the
E- and B-mode splitting and the spherical harmonics decomposition. A brief presentation
of the scanning strategy optimization tools is given in Appendix C, followed by lists of the
figures, tables and abbreviations. All the papers wrote in first author during this thesis can
be found at the very end of the manuscript, in Appendix D.
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Part I

General introduction

From the theoretical building blocks to the CMB and its foregrounds
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3

Modern cosmology: the Standard
models

Les choses tombent à cause qu’elles recèlent en elles une humeur maligne, une
propension intime, intrinsèque et première, en un mot un principe tombant et qui
les fait tomber: La Tombomanie. Or ne croyez pas que cette tombomanie soit l’effet
d’une soit-disant loi Universelle; non ! C’est le fruit de la coupable industrie d’un
microbe ou virus appelé Le Tombovirus, vous l’aurez deviné. Alors voyez, mordus
par le tombovirus, l’objet contaminé est pris au cerveau et saisi de l’envie irrésistible
de se précipiter par terre. Il tombe, et, de préférence, là où il faudrait pas. Selon
que la chose est plus ou moins contaminée, elle est douée d’une force tombique plus
ou moins contondante. Ca dépend de la gravité. De la gravité de la maladie, je
veux dire.

– Professeur Shadoko

Contents
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3.5 A brief history of the Universe as we know it . . . . . . . . . . 31

3.1 Introduction

Cosmology is the branch of modern physics having the Universe as a whole for object of study.
Its acceptation as part of natural sciences was triggered by groundbreaking experimental
discoveries in the XXth century – the so-called observational pillars of the hot Big-Bang
model – setting the stage for theoretical constructions in which the geometry and the matter
content of the Universe are thought as interconnected dynamical entities, the behavior of
which can be postdicted and predicted.
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3. MODERN COSMOLOGY: THE STANDARD MODELS

Past 1926, Edwin Hubble and Milton Humason put forward the increasing radial velocity
v of observed nearby galaxies with distance d from spectroscopic observations at Mount
Palomar (Hubble, 1926; Hubble & Humason, 1931), modeled by the Hubble-Lemaître law
v = H0d (with proportionality factor H0 called the "Hubble constant"). After decades of
debates, this discovery was later understood as resulting from the expansion of the Universe
(Lemaître, 1927; Hubble & Tolman, 1935). The further accidental discovery of the cosmic
microwave background (CMB) in 1964 by the two radio-astronomers Penzias and Wilson –
already anticipated by Gamow (1948); Alpher et al. (1948) – allowed to understand that our
Universe had emerged from a hot and dense phase at thermodynamic equilibrium (Penzias &
Wilson, 1965), providing a strong argument in favor of the "Hot big bang" model1, defended
notably by Friedmann (1922) and Lemaître (1927), who found dynamical solutions to the
Einstein equations applied at a spatially homogeneous and isotropic space-time, thought
to be a good approximation of the Universe smoothed on large scales. Going in the same
direction, some physicists, as George Gamow, figured that primordial nucleosynthesis in a
hot early Universe could explain the present Helium and Lithium fraction – considering
that the contribution of stellar nucleosynthesis alone is not enough to explain the observed
abundances (Alpher et al., 1948). Almost 60 years after the discovery of the CMB, our
modern picture now builds on these observational pillars to provide a minimal and consistent
theory of cosmology in which the dynamics of the Universe can be interpreted in term of the
physical entities it contains and of the properties of the interactions between them within
general relativity. We can only be astonished by the consistency of such an edifice, in which
some connections can be established between the subatomic and the cosmic realms. As such,
cosmology now provides a bridge at the interface between particle physics and astrophysics,
using the empirical methods of the second discipline in order to tests theories from the first
as quantum field theories.

3.2 Building our standard models from Geometry and
symmetries

As mentioned above, our understanding of the cosmic evolution heavily relies on the theories
used to model it. We will hence first introduce the theoretical frameworks from which our
standard model of cosmology can be constructed: general relativity (GR), describing the
gravitational field as geometry of space-time and purely gravitational motion as geodesics on
this curved space-time and the standard model of particle physics described in the language
of gauge theories2 . GR will be necessary in order to model the behavior of the Universe
as a whole while the content and nature of our theories of particle physics can be hoped to
be probed with cosmological observations. The framework of GR and particle physics will
also provide a powerful guide in order to investigate the possible extensions of our current
models which will be discussed in Chap. 4. This discussion will be at the interface between

1The name, was coined by Fred Hoyle in 1949 to describe the idea that the Universe could have originated
in an explosion. He was himself in favor of the concurring "steady state model" combining expansion of the
Universe and continuous matter creation in order to interpret the Hubble law (for further discussion, see
Sec. 5.1.1).

2Note here that GR is also described using the geometrical tools of gauge theories. However, some subtle
differences exist and it remains unclear in what exact sense one could claim that GR is indeed a gauge theory.
For a discussion see Appendix A and the references therein.
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particle physics and gravity, and hence requires a proper understanding of both theories. This
understanding will also be indispensable in order to investigate the possible variations of the
fundamental constants of nature, which will be the primary concern of Chap. 9. Indeed,
in order to consistently implement such variations, it is crucial to properly understand how
these various constants appear within the intricate theoretical architectures of our standard
models and the role they have to play in them.

GR and particle physics can both be understood in geometrical terms in the language of
differential geometry3. While this formulation is not systematically used, I spent a conse-
quent amount of my time to study it, and I personally believe that it provides a richer and
more complete picture of the state of the art in cosmology and fundamental physics. With
differential geometry, both GR and particle physics become somehow unified within the same
language, in which the concepts of symmetry and invariance are central, and curvature drives
the forces and motions shaping the Universe on all scales. As detailed in Appendix B, these
tools also reveal themselves to be powerful in order to develop the language used to describe
the polarized light of astrophysical and cosmological origin. We will only briefly review the
key concepts in the following sections, leaving a more detailed discussion in Appendix A. For
accessible introductions, I refer the reader to Baez & Muniain (1994), Coquereaux (2002)
and Faure (2021a).

3.2.1 Gravitation and general relativity

Modern cosmology models the evolution of a dynamical Universe and thus a dynamical space-
time. Let us first clarify how this notion is made possible, in the context of a geometrical
understanding of gravity given by GR.

Special relativity and Poincaré covariance

The principle of relativity – already proposed by Galileo (Galileo Galilei, 1632) – can be
stated as follows: No physical experiment can distinguish immobility from uniform linear
motion. As such, the laws of physics must be expressed in the same way in all frames
related to one another by a constant velocity shift (called a boost). The class of such frames
are called inertial. The theory of special relativity generalizes this principle of relativity,
in order to include Maxwell equations, leading to the straightforward consequence that the
speed of light c must be invariant for all inertial observers4. A surprising outcome of this
exercise is that space and time are better treated together, as the dimensions of a single
4-dimensional space-time in which all free particles are moving on Euclidian straight lines5.
Formally, space-time can be modeled by a manifold equipped with a flat metric, called the
Minkowski metric ¸, which can be understood as a 4-dimensional surface on which it is

3Disregarding the quantization of the particle fields which involves specific mathematics. We will note
cover these details here.

4Note that we are reasoning backward from the historical reasoning. Experiments as the interferometric
one of Michelson & Morley (1887) forced physicists to conclude that the speed of light must be invariant
in all inertial frames, such that the transformation group (Lorentz transformation) must be the one leaving
Maxwell equations invariant (Lorentz, 1895). These transformations were further extensively studied by
Poincaré (1901, 1905) and interpreted by Einstein (1905).

5In the sense of Euclidian geometry, that is, in a chart (x0 = t,xi) defined by 4D orthonormal frames
with respect to ¸ (Minkowski frames), the curve x(Ä ) satisfies d2xµ/ dÄ2 = 0.

13



3. MODERN COSMOLOGY: THE STANDARD MODELS

possible to compute lengths. For a detailed explanation of these notions, see Appendix A.
In this framework, boosts can be understood as (hyperbolic) rotations in space-time planes
relating inertial frames to one another. Overall, the laws of physics must remain covariant
(keeping the same expressions) under rotations and boosts (forming the Lorentz group) as
well as space-time translations. The Lorentz group and space-time translations form together
the Poincaré group, containing all the transformations relating inertial frames.

In the absence of gravity, the Minkowski metric ¸ fixes the geometry of space-time and allows
one to define an invariant scalar product between two 4-dimensional vectors everywhere in
space-time, from which one can build a notion of length and angles. Considering an two
events A and B labelled by space-time coordinates (tA,xA, yA, zA) and (tB,xB, yB, zB) in
an inertial orthonormal frame, a generalization of the Pythagorean theorem in 4 dimensions
allows to define the space-time interval6 ∆s2 = −c2∆t2 + ∆d2 with ∆t2 = (tA − tA)

2 and
∆d2 = (xB − xA)

2 + (yB − yA)
2 + (zB − zA)

2. This quantity is invariant for all inertial
observers i.e. under transformations of the Poincaré group, while the notion of simultaneity
as well as the values of space and time intervals are relative to the choice of inertial frames.

The principle of general covariance: equivalence of all frames

In order to include gravity and accelerated motion7, the principle of relativity must be
generalized to any possible frames beyond the inertial ones with orthonormal coordinates,
asking that "all systems of reference are equivalent with respect to the formulation of the
fundamental laws of physics" (in Møller 1960, p. 220).

To proceed in that direction, the fundamental entities of physical theories must be geomet-
rical objects living in space-time, as vectors, which coordinates transform in a way that keep
their geometrical properties invariant. Indeed, a vector seen as an arrow remains the same
no matter what frame is chosen to express its components. The formal way to proceed is to
ask for general covariance i.e. that the equations must be written in terms of geometrical
objects8, ensuring the invariance of their structure under any choice of frames and coordinate
transformations, even non-linear (all diffeomorphisms)9.

However, our daily experience is enough to convince us that it is possible to distinguish
accelerated motion or gravity from immobility and uniform linear motion. It will thus not
be possible to ask for the strict equivalence of all frames. Another type of equivalence
however, the one between gravity and acceleration or equivalently between free-fall and
inertial motion, allows one to treat all the observers within a unique framework, in which
the geometry of space-time becomes dynamical.

6In this work, we choose the signature (-,+,+,+), more often used in Gravity theory.
7For a treatment of accelerated frames in Minkowski space-time using the framework of differential ge-

ometry, see Chap. 5 of (Nathalie Deruelle, 2018).
8As vectors, tensors or spinors as well as p-forms (see Appendix A) which can alternatively be understood

as multi-vectors of the space-time algebra (for a pedagogical introduction see e.g. Chris Doran (2003)).
9In principle, one should distinguish active and passive diffeomorphisms (Rovelli & Gaul, 2000; Norton,

2022). Whether or not general covariance is one of the fundamental principles of general relativity, as thought
by Einstein himself, is still debated today. On this subject, see e.g. Norton (1993). While general covariance
might not be a necessary building principle ("axiom") of GR, there is however no doubt that it played a
great role in the history of the ideas leading to it.
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Einstein equivalence principle

Consider the following assertion:

• Universality of free fall (UFF): In the presence of no other force, all point-like
bodies fall identically independently of their mass and composition. Or in Newtonian
terms: the inertial mass of point like bodies is exactly equal to their gravitational mass.

UFF is an empirical statement, which validity can be tested experimentally. As we will
further discuss quantitatively in Sec. 9.1.5, satellites experiments as MICROSCOPE can
provide extremely low bounds on the possible violations of the UFF (Touboul et al., 2022).

The Einstein equivalence principle (EEP) is built from the following consequence of this
empirical fact: if the UFF is valid, all objects must fall in the same way (independently
of their mass and composition) such that frames in free fall within a gravitational field are
indistinguishable from the inertial frames of special relativity. On the other hand, a frame
at rest experiencing Earth’s gravity is equivalent to a frame in vacuum, in which the ground
is linearly accelerated upward with respect to the inertial free falling frames. In other words:
gravity and acceleration are (locally10) equivalent.

As discussed in Di Casola et al. (2015), equivalence principles provide powerful tools to
probe the nature of gravity (and fundamental physics in general) and they can be defined in
multiple ways. Following Will (2014, 2018), we define the EEP formally by the fulfillment
of the three following conditions:

• Local Lorentz invariance (LLI): the outcome of any local non-gravitational experi-
ment (i.e. any "small scale" experiment in an inertial/free falling frame) is independent
of the velocity of the reference frame in which it is performed. Thus, inertial frames
are all equivalent.

• Local position invariance (LPI): the outcome of any local non-gravitational exper-
iment is independent of where and when in the Universe it is performed i.e. there is
no "preferred" place in the Universe in which laws of physics would be different.

• Weak equivalence principle (WEP)11: UFF is exactly valid i.e. the trajectory of a
freely falling “test”12 body is independent of its internal structure and composition. In
the simplest case of dropping two different bodies in a gravitational field (in vacuum),
WEP states that they should experience the same acceleration.

These three points are not independent according to the so called Schiff’s conjecture stating
that "any complete, self-consistent theory of gravity that embodies WEP necessarily embod-
ies EEP" (Will, 2014). While proven in many simple cases, the validity of Schiff’s conjecture
is still debated today (Ni, 1977, 2011; Tino et al., 2020)13. Note also that a stronger version
of the EEP, the strong equivalence principle (SEP) exists. It can be stated identically to

10When tidal forces can be neglected.
11UFF and WEP are generally used interchangeably. For clarity, we distinguish the empirical statement

of the UFF, from the WEP as a theoretical foundation of GR.
12With size and mass small enough that tidal forces and self-gravitational effects can be neglected.
13In fact, Ni (1977) showed that Schiff’s conjecture was not verified in the case of a pseudo-scalar field

coupled to electromagnetism presented in Sec. 4.3.2, unless a broader definition is used for WEP.
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the EEP but including gravitational interactions in its definition (and hence embodies the
EEP). SEP might only be satisfied within GR (Bertotti & Grishchuk, 1990).

As we will further see, a theory embodying the EEP allows one to interpret gravity as a
geometrical consequence of space-time. It is referred to as metric theory of gravity.

The validity of the EEP and the SEP can tested experimentally using a variety of independent
measurements, local (e.g. in orbit or laboratory) or astrophysical. To do so, one can assert
the validity of each of the principle sub-parts:

• LLI can be tested locally using numerous experiments, as descendants of the Michelson-
Morley interferometer like cavity experiments using rotating oscillators (Stanwix et al.,
2005) or spectroscopy on laser-cooled trapped atoms and ions Prestage et al. (1985);
Lamoreaux et al. (1986); Chupp et al. (1989); Dreissen et al. (2022), which provides
the tightest bounds on the LLI to date. Novel methods using entangled pairs of atoms
can also provide independent constraints on LLI (Megidish et al., 2019). Astrophysical
observations, as the independence of the speed of light with the source (Brecher, 1977)
or quest for birefringence using the polarized light of distant Galaxies (Carroll et al.,
1990) or within the CMB (see Sec. 4.3.2 and Sec. 5.3.2) can be used to test special rel-
ativity as well as the dispersion relation of high energy cosmic rays using experiments
as the Pierre Auger observatory (The Pierre Auger Collaboration et al., 2021) . More
recently, the validity of the LLI was constrained using gravitational waves (Kostelecký
& Mewes, 2016).For a review of the modern tests of LLI see e.g. Mattingly (2005).

• LPI can be mainly tested using gravitational redshift. This is done through spectro-
scopic measurements of the solar spectra (Lopresto et al., 1991) and using clocks as
maser clocks onboard spacecrafts like Gravity probe A (Vessot et al., 1980) or foun-
tain atomic clocks in laboratory which provide the sharpest to date constraints on LPI
Lange et al. (2021). Conjointly, tests of the stability of fundamental constants can
be used to test the LPI on cosmological space and time scales. This last point will
represent the main topic of Chap. 9.

• WEP can be tested using torsion balances measurements (Wagner et al., 2012) or
lunar laser ranging measurement testing the validity of the UFF between the Earth
and the moon (Williams et al., 2009). As stated above, the latest to date constraint
is given by direct comparison of the trajectory of test bodies in orbit as done by the
MICROSCOPE mission (Touboul et al., 2022).

• SEP can be tested by looking at perturbations in the Earth-Moon orbit as the Nordtvedt
effect using Lunar ranging experiments (Williams et al., 2009), looking at the behavior
of self-gravitating bodies as binary pulsars (Stairs et al., 2005). The SEP has also been
constrained using gravitational waves (Unnikrishnan & Gillies, 2020).

The above list is far from exhaustive and simply present a brief overview of the experimental
landscape. For a complete review on the experimental tests of gravity theories see Will
(2018). Despite the ever increasing accuracy of the proposed tests, none of these principles
has yet been jeopardize.
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The geometrization of gravity

Let us now investigate the consequences of the EEP thus defined. Strikingly, most of the
astonishing predictions of GR, as gravitational redshift/time dilatation and deviation of light
rays can be derived solely from the EEP i.e. from the local identification of gravity with
an upward acceleration. Formally, LLI implies that there must exist inertial frames at each
point of space-time, thus related to one another by transformations of the Poincaré group.
In these frames the structure of space-time must be given locally by the Minkowski metric
¸ and the laws of physics must be those of special relativity as described in Sec. 3.2.1. From
the EEP, we know that the free falling frames provide realizations of such inertial frames.
However, the theory must be able to describe more general frames related by general non-
linear transformation laws in order to deal with acceleration and gravity (as well as non-
orthonormal frames) . In these frames, the invariant scalar product g(v,w) between two
4-dimensional vectors v and w, and hence the geometry of space-time must take a more
general form than ¸(v,w) and is expressed by a space-time dependent metric tensor g(x),
where x labels the points of space-time14. Moreover, in these frames15, the 4-dimensional
trajectories of free bodies which were straight in orthonormal inertial frames can not be
straight lines anymore and similar conclusions can be reached for light rays16. However,
in order for WEP to remain valid, these trajectories must be the same for all the free test
massive particles, independently of their mass or composition. This is made possible if all
the test particles follow the same geodesics of the possibly curved space-time: lines relating
two events such that the space-time interval is minimal17.

In order to encode the geometrical properties of space-time and define the notion of space-
time derivation of geometrical objects within it, one further introduces the covariant deriva-
tive ∇wv which encodes how a vector v can be parallel transported in the direction w that
is, how v transforms when it is transported as "rigidly" as possible across space-time18.
Let us now pick a frame eµ(x) at each space-time point19 in which to express vectors as
v = vµeµ. Greek indices range from 0 to 4 over the space-time dimensions and we as-
sume Einstein’s summation convention over repeated indices. We further use the shorthand

14Due to LLI, at each point x, it is hence possible to find a transformation towards an inertial frame, that
is g → ¸. But if space-time is curved, it is impossible to find a single frame transformation such that g = ¸

everywhere simultaneously.
15i.e. non orthonormal, accelerated or frames at rest within gravitational fields.
16Here we mean the following: Let xµ(Ä ) be the trajectory of a free test particle measured in an orthonormal

inertial frame parametrized by its proper time Ä . Then, we expect d2xµ/ dÄ2 = 0 ("straight" trajectory
from an Euclidian perspective). Under a non-linear frame transformation xµ → Xµ, we must conclude that
d2Xµ/ dÄ2 ̸= 0 (= Γ

µ
λρ∂τX

λ∂τX
ρ). This point is interesting as it allows for a reinterpretation of Newton’s

principle of inertia. Gravity should not be understood anymore as a force, such that when no forces are
present, particles follow straight trajectories, but on a curved space-time: in a way, gravitational motion
defines the notion of straight trajectories through the geodesic equation (see also the discussion in lecture 9
of Schuller (2015)).

17Interestingly, such an interpretation (geodesic motion in a curved space-time) is already possible in
Newtonian mechanics encompassing the WEP. See e.g. Havas (1964), lecture 9 of Schuller (2015) or
Nathalie Deruelle (2018). In this case there is no local Poincaré symmetry and there is thus a preferred
time direction.

18More rigorously, establishing ∇v on a manifold defines the notion of parallelism.
19In practice, it is not possible to find such a single choice of frame (called a "global trivialization") over

the whole curved space-time. We will neglect this subtlety here.
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notation ∇µ = ∇eµ
. The covariant derivative can then be explicited as

∇µv = (∂µv
¿ + v¼Γ

¿
µ¼)e¿ . (3.1)

While the first term corresponds to the standard derivative in the direction given by eµ, the
second term introduces Γ, called the connection, which describes how the basis vector e¿ is
parallel transported with ∇ in the eµ direction, and ensures the invariance of the covariant
derivative ∇wv under any arbitrary frame transformation, called a gauge transformation.
It thus allows one to "connect" the vectors from a point of space-time to another. As
discussed in Weinberg (1972), the EEP is satisfied if Γ is given by the unique Levi-Civita
connection20, preserving the length of the vectors (metric preserving ∇vg = 0, ∀v) and
satisfying Γµ¿ = −Γ¿µ (torsionless21). Γ

¼
µ¿ can be expressed solely from first order derivatives

of g, linking it directly with the geometry of space-time. It is common to interpret Γ as the
gravitational field22, while g would be the gravitational potential.

A particle is said to follow a geodesic motion if its 4-velocity u obeys the equation

∇uu = 0, (3.2)

meaning that u follows the "shape"23 of the possibly curved space-time when the body
moves24.

∇ can be curved, translating directly the existence of a curvature of space-time, sourcing
gravity. A connection is said to be curved if a vector parallel transported with ∇ around
a loop back to the same point acquires a rotation (called holonomy). Curvature can be
quantified by the Riemann tensor R, which is expressed solely from Γ and its first order
derivatives. As such, if Γ is identified with the gravitational field, R quantifies the tidal
forces. Knowing R, it is possible to compute the local holonomy acquired by a vector
parallel transported around a point, or the gravitational deviation of two nearby geodesics.

The second direction we should follow is to ask for the matter content to also influence
the geometry of space-time described above, or as Wheeler famously put it "Spacetime tells
matter how to move and matter tells spacetime how to curve" (in Wheeler & Ford 2000 p.

20Allowing for particles to follow geodesics of other connections than the Levi-Civita connection can lead
to extensions of GR such as the Einstein-Cartan(-Sciama–Kibble) theory in which particles with intrinsic
angular momentum naturally couple through their spin to a connection with non vanishing torsion (Cartan,
1922). Today, no experiment is able to distinguish between the two theories.

21Torsion is the anti-symmetric part of Γ and does not impact the geodesic equation. Asking for a vanishing
torsion is hence a "minimal assumption".

22This interpretation is not always correct as Γ is not vanishing when using curved coordinates on a flat
space (without gravity). It can thus also translate the presence of acceleration or a choice of non linear
coordinates.

23Considering the special case of a two dimensional surface embedded in R
3 (which is convinient for

picturing but not faithfully representative of space-time), ∇uu = 0 would state that u(Ä + dÄ ) is the
orthogonal projection of u(Ä ) ∈ R

3 to a plane tangent to the surface at µ(Ä + dÄ ) (that is u(Ä + dÄ ) =
Pγ(τ+ dτ )uτ ) with the orthogonal projector Px : R

3 → TxM). Understand here that u is transported "as
parallel as possible" over the surface without adding any extra rotations. For an illustration and applications
in physics see Faure (2021a).

24In order to preserve the local structure of the theory, it is also required that g(u,u) > 0 at every point
of the curve µ, preventing massive particles to move faster than c and ensuring that the proper time is real
and positive.
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3.2. BUILDING OUR STANDARD MODELS FROM GEOMETRY AND SYMMETRIES

593, adapted from Misner et al. 1973 p.130). Doing so will allow massive objects to source
the gravitational field and influence the motion of nearby test particles. To every matter
present in space-time, one can associate a stress-energy tensor T quantifying its momentum
and energy density. The local conservation of energy-impulsion is ensured by the continuity
equation25, which components in a given frame are given by26

∇µT
µ¿ = 0. (3.3)

Following the principle of general covariance, the simplest expression one can derive relating
the geometry of space-time (i.e. R) and its content (T ) that allows for the continuity equation
to be satisfied and giving back Poisson equation in the non-relativistic limit, is given by the
Einstein equations

G = 8ÃGT − Λg, (3.4)

with the Einstein tensor defined as

G = R̂− 1

2
gR. (3.5)

where R̂ is the Ricci tensor R̂µ¿ = R¶
µ¶¿ and R is the scalar curvature R = gµ¿R̂µ¿ . Λ is the

cosmological constant, which can be interpreted as a vacuum energy term allowed in Einstein
equations. Here and for the remainder of this work we will use natural units c = –h = 1 unless
otherwise stated. The numerical factor of 8ÃG ensures that the theory gives back Newton’s
law of gravity in the low energy limit. While special relativity asked for a generalization
of the principle of relativity to include classical electrodynamics, the fundamental building
blocks of GR27 are given by the EEP and the Einstein equations, which allow to interpret
the gravitational field as the geometry of a curved space-time and the gravitional motion of
particles as geodesic motion 28. As all the known fundamental laws of physics, the whole
theory can be derived from the extremalization of an action29, which calls for simplicity
and makes generalization easier30. The action is a functional written as an integral of a

25Which is the curved space-time generalization of the familiar continuity (mass/energy conservation)

equation of fluid dynamics ∂ρ
∂t = −∇j.

26For test particles Tµν = muµuν and the continuity equation gives back the geodesic equation.
27One could argue that the so called "Mach principle" must be considered as a fundamental building block

of GR. It can also be phrased in multiple ways but states that inertia depends on the matter content of
the Universe. GR however, is not fully Machian as space-time and inertia can exist (in some solutions of
Einstein equations) independently of any matter content (Sciama, 1953; Brans & Dicke, 1961). Additionally,
the requirement for a causal and local description of gravity were arguably another strong requirement in
the building of GR.

28Possible equivalent rewriting of the theory in terms of torsion or non-metricity instead of curvature are
also possible as telleparallel and symmetric telleparallel gravity (Beltrán Jiménez et al., 2019; Bahamonde
et al., 2021).

29There exist also canonical (Hamiltonian) formulations of GR and more powerful formalism using tetrads
fields instead of g, allowing to introduce spinors on curved space-time and opening the road for a quantum
theory of gravity. Note that multiple different actions than SEH allow to recover Einstein equations and it is
straightforward to provide possible extension of GR by adding terms to Eq.(3.6) (or its teleparallel versions)
as done in f(R), f(T ) and f(Q) theories of gravity, in which T is the torsion and Q the non-metricity (see
(Sotiriou & Faraoni, 2010)).

30Our above discussion is somewhat simplified and the only way to properly justify the use of Einstein
equations to relate energy distribution and geometry of space-time is to derive it from an action (See also
Sec. 4.2.1 for a discussion on alternative formulations of gravity theories).
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3. MODERN COSMOLOGY: THE STANDARD MODELS

Lagrangian density L over space-time. L must be a scalar, e.g. an invariant quantity under
all the symmetries of the theory, i.e. general frame transformations (diffeomorphisms) in the
case of GR. Einstein’s equation can hence be derived from the Einstein-Hilbert action

SEH = M2
Pl

∫

√

−|g|
(

R

2
− Λ

)

d4x+
∫

√

−|g|Lmat d4x, (3.6)

where |g| is the determinant of the metric31, MPl = (
√

8ÃG)−1 is the reduced Planck mass
and Lmat is the matter Lagrangian. On the other hand, the geodesic curve µ of free falling
massive bodies as well as the Levi-Civita connection Γ are recovered by extremalization of
the space-time interval/distance between two events given by

Sp =
∫

m ds =
∫

m
√

g(uµ(Ä ),uµ(Ä )) dÄ . (3.7)

where m is the particle mass, Ä is a real parametrization of µ, typically given by the proper
time of the particle, and uµ(Ä ) is the 4-velocity of the particle at the point µ(Ä ). The mass
factor m has no impact on the recovered trajectories, in agreement with the WEP, but is
needed to provide inertia when other forces are present.

A large portion of modern cosmology relies on the formalism of GR as introduced above.
Firstly, all the known fundamental forces of nature but gravity can form neutral elements
which suppresses strongly their effect on large distances, leaving the gravitational force alone
to act on galaxies and shape the largest structures of our Universe. Secondly, GR gives
a framework in which the Universe can be described entirely as a single geometrical and
dynamical space-time. Its observed expansion can thus be interpreted as a "stretching" or
"dilution" of this space-time as a whole. Finally, the existence of Λ – naturally present within
GR – allows one to explain the late accelerated phase of expansion witnessed in modern
cosmological data. For more on GR the technical aspects of GR, we refer to Appendix A
and the associated bibliography.

3.2.2 Gauge theories: the geometrization of particle physics

While gravity is thought to be the only fundamental interaction shaping the Universe on
large scales, the exact particle content of the Universe and their local interactions still have
a strong impact on the cosmic dynamics and history. The standard model of particle physics
describes elementary particles as quantized excitation of fields over space-time. These fields
associate elements of abstract vector spaces at each point of space-time. These vectors
can transform differently than standard vectors under space-time transformations (i.e. with
different representations of the Poincaré group), and transform as well through various groups
that relates to their internal structure called the gauge groups. To all the fields one can
associate charges, which translate how and if they transform under the action of these gauge
groups. One could argue that the gauge group of gravity is thus the group of general frame
transformations or the Poincaré group and it is believed that this must be true at some
level. However, some fundamental differences must still be considered between GR and
gauge theories (for a discussion see Appendix A and the associated references).

31The
√

−|g| factor is here to ensure the invariance of the action integral regardless of the choice of
curvilinear coordinates.
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The matter fields È are described by the value of a complex vector at each point of space-
time. Similarly to vectors in GR, the fields can be parallel transported over space-time,
using covariant derivatives DvÈ. As GR, these covariant derivatives are associated with con-
nections A32, ensuring the parallel transport of frames and the invariance of their equations
motion under any change of frames, that is any gauge transformations, whether these frames
are space-time (eµ) or internal abstract frames. The connections A can be identified with the
gauge boson fields interacting with È to transmit the fundamental forces. As in GR again,
the connections can be curved, with curvature tensor F , which should not be understood as
space-time curvatures (as R) but rather as curvatures of the field space in which È lives on
space-time. The forces/interactions at play between the particles can be expressed by the
dynamics of the fields È on these curved abstract spaces. We will discuss again these notions
in Sec. 9.1.3 and a review of this formalism and its similarities and differences with gravity
can be found in Appendix A.

The matter fields È are fermions and can be either quarks or leptons (electron/neutrino
pairs). Each of them come in three generations. From space-time symmetries, it is possible
to associate a mass m and an intrinsic angular momentum, the spin s, to all the fields, which
translate how they transform under the Poincaré group from one inertial frame to another
(they are Poincaré charges). From the spin s, one can further associate a chirality to each
particle, which can be either left or right33.

Besides gravity, two other fundamental forces are known that can act on È: the strong and
the electroweak force. At low energy, the electroweak force is split in the electromagnetic
force and the weak force through the Higgs boson h, which gives masses to the matter fields
È. To each of the fundamental forces, one can associate a connection A and a corresponding
curvature F . For the strong force, A are the gluons and the gauge group is SU(3), for
weak force it is the W± and the Z0 bosons while for electromagnetism it is the photon A,
associated with gauge groups SU(2) and U(1) respectively. The weak force is only sensitive
to the fields with a left chirality. Quarks interact through electroweak and strong forces,
electrons with electroweak force and neutrinos only through weak force.

All the equations of motions of the standard model can be recovered from minimization
principles. When including gravity, the full standard model action takes the form34

SSM =
∫

M2
Pl

(

R

2
− Λ

)

+
∑

È,A
È̄( /D+

/É

4
)È

−
∑

F

1

4
ïF , Fð + 1

2
|Dh|2 − V (h) −

∑

È

¼ÈÈ̄hÈ dµ. (3.8)

The first term of this action is SEH (Eq. 9.28), giving back Einstein equations. The second

32While in GR, ∇v and Γ translate how the vectors transform when transported over space-time, the more
general Dv are associated with different connections A translating how È transforms in different abstract
spaces when transported over space-time. Contrarily to Γ, A can not be expressed from the metric g and is
not uniquely defined. Depending on the exact particle field described by È, it can be sensitive or not to a
specific A and transform differently with it (with different representations associated with different charges
of the gauge group). This translates why some particles are charged or not and interact or not through
fundamental forces. A more detailed explanation is given in Sec. 9.1.3.

33Chirality is associated to the exact representation of the Lorentz group under which the field transforms.
34For a similar discussion, see also "Experimental Tests of Gravitational Theory" in Zyla et al. (2020).
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term is the Dirac action stating how the matter fields È move over space-time. È̄, associated
with anti-particle creation, is the dual of È = µ0È∗, where µµ are the Dirac matrices35. The
contracted covariant derivative /D = µµDµ contains all the possible interactions of the fields
with the gauge bosons A. We will come back to it in details in Sec. 9.1.3 (see Eq. 9.3). This
derivative further contains a term /É = µµÉµ, translating the interaction with É, which is
the spin-connection, generalizing how the Levi-Civita connection Γ of GR can act on the È
space. The curvature term ïF , Fð = Tr(Fµ¿Fµ¿) quantifies the dynamics of A, and can
be understood as the kinetic energy of the gauge bosons. This term will for example give
back Maxwell equations in vacuum for the photon. Finally h is the Higgs boson, with its
associated potential V (h). The interaction term between È and h can be understood as a
mass term for the matter fields through the Yukawa couplings ¼È. dµ =

√

−|g| d4x is the
invariant infinitesimal space-time volume element one is integrating over. In this thesis, I
will use alternatively the actions or the Lagrangian densities L which should be integrated
over space-time S =

∫ L dµ to recover the action. While not necessary for the present
thesis, I give a detailed presentation of these terms and the resulting equations of motions
in Appendix A.

Once this action established, the fields can be promoted to particle creation operators on
space-time within the framework of quantum field theory (QFT), allowing for the existence
of multiple particles in interaction (see the discussion at the end of Appendix. A). The metric
g, can not easily be treated as a quantum field, and the construction of a quantum theory
of gravity requires to go beyond the standard model of particle physics.

Our understanding of the standard model (SM) of particle physics and fundamental interac-
tion is crucial to understand all the phases of the cosmic history (see sec. 3.5). Additionally,
the mechanisms at play in numerous of the cosmological probes –presented in Sec. 3.4.1 –
involve this physics at some level (light, the messenger of astrophysics, is after all described
by electromagnetism, which is a gauge theory). On the other hand, observational cosmology
also allows one to test the robustness of our SM on the largest possible scales of space and
time as well as in the most extreme conditions witnessed within our Universe. For example,
a lot of questions remain about the physics of the very early Universe, in which the mean
energy conditions were way beyond the reach of our best particle accelerators. Additionally,
the exact nature of dark matter remains unknown while the nature of dark energy given by
Λ is vividly questioned. As we will further discuss in Chap. 4, it will however be crucial to
understand how and where both can fit within our SM and its extensions.

3.3 The Λ-CDM model

The equations of the standard model presented above are highly non linear and generally non
trivial to solve. In order to get a consistent but tractable model to predict the evolution of
the Universe, one needs simplifying assumptions, usually based on symmetry considerations.
Since the 1990s, the highly successful Λ-cold dark matter (Λ-CDM) model is considered as
the canonical model of cosmology. It is built on the three following assumptions:

35Which can be themselves understood as basis vector of the space-time Clifford algebra, providing deep
connections between space-time and space of the spinors. On this topic see (Dressel et al., 2015).
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• i) cosmological principle: on large scale the Universe is isotropic (i.e. invariant
under rotations) and homogeneous (i.e. invariant under spatial translations). This
principle seems to be largely verified by observation but is still questioned today (see
the discussion in Sec. 5.2.1). It strongly constrains the overall shape that the Universe
can have, but allows for the existence of a constant spatial curvature.

• ii) content: the Universe contains the matter and gauge fields of the standard model
of particle physics (Sec. 3.2.2). They can be divided in two broad categories according
to their collective behavior on large scales: matter (massive particles) and radiation
(relativistic light species). To account for the observations, one has to add an extra
source of matter called cold dark matter (CDM), which can not be accounted for by
the SM fields introduced before.

• iii) gravity and dynamics: The theory of gravity, acting on the largest scales is
given by GR (Sec.3.2.1) with a non vanishing cosmological constant Λ, responsible for
a late time accelerated expansion phase.

Each of these assumptions can be questioned, and extensively testing their domain of validity
represents one of the major challenges of modern cosmology. As we will see, Λ-CDM allows
one to make very accurate predictions about the Universe’s history while remaining easily
interpretable and provides an extremely powerful framework in this regard36.

3.3.1 Cosmological principle and the FLRW metric (i)

Asking for i) strongly constrains the overall possible geometry of the Universe and hence the
possible expressions of its metric.

Figure 3.1: Two-dimensional illustration of a comoving frame (black grid) stretching with the comoving
time t, as a consequence of the expansion. The scale factor a(t) quantifies the amplitude of this stretch.
Picture taken from Errard (2012).

Considering a comoving frame, that is a frame carried with the expansion of the Universe
(i.e. galaxies always have the same coordinates through cosmic evolution, but the coordinate
frame can expand or shrink as illustrated on Fig. 3.1). These frames are preferred by the
cosmological principle, in which all observers could hypothetically measure isotropy and

36For complete discussions on the foundations of modern cosmology, see e.g. Chamcham et al. (2017) and
Smeenk & Ellis (2017). For complete introduction to modern physical cosmology see e.g. Peter & Uzan
(2009) and Dodelson (2003).
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homogeneity. The time t is called the comoving time and can be interpreted as the physical
time measured by an observer dragged by the expansion and free from local gravitational
effects. We note t0 the comoving age of the Universe, i.e. today’s value of t.

The scale factor a(t) is a dimensionless quantity quantifying the expansion/contraction of
the comoving frame. In Cartesian comoving coordinates (x, y, z) and in the case of an
Euclidian Universe, the physical distance d between two objects is related to the (constant)
comoving distance r =

√

x2 + y2 + z2 by d(t) = a(t)r. Today, a(t = t0) = a0 := 1, by
definition. In practice, it is impossible to measure the physical distance d and one uses the
so-called angular diameter or luminosity distances instead, which reduce to d only for nearby
objects.

Introducing the Hubble parameter

H :=
ȧ

a
, (3.9)

where dotted quantities represent derivatives with respect to t, we find back the Hubble law
by taking the derivative of the physical distance37 v = ḋ = ȧr = H(t)ar = H(t)d, such that
for nearby galaxies H(t) ≃ H0 and hence vt ∼ t0∼ H0d.

Considering a spherical comoving chart centered at a given point of space-time (t, r, ¹,φ),
the most general metric satisfying the cosmological principle is the Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric, expressed as38

g = − dt¹ dt+ a2(t)
(

1

1 − »r2
dr¹ dr+ r2 d¹¹ d¹+ r2 sin2(¹) dφ¹ dφ

)

. (3.10)

» quantifies the spatial Gauss curvature of the Universe39: » > 0 corresponds to a spherical
geometry, » < 0 an hyperbolical one and » = 0 an Euclidian one.

To a given value of a, one can associate the redshift

z =
1

a
− 1, (3.11)

which can be interpreted as the Doppler shift experienced by light from a galaxy carried by
the expansion and received by a comoving observer as

z =
¿e − ¿r

¿r
, (3.12)

where ¿e is the original frequency emitted by the source and ¿r is the received redshifted
frequency40

37We neglect here the proper motions.
38The tensor product ¹ allows one to define the basis in which to decompose tensors as defined in Ap-

pendix A. The component of the metric are more classically given with the differential space-time interval
squared ds2 = gµν dxµ dxν , which would correspond to the application of g to general tangent vectors
associated to an infinitesimal displacement as in Eq. 3.7.

39» = 1/R2
0

with R0 the curvature radius of the Universe at t0.
40To find back this result, set g(uγ ,uγ) = 0 in Eq. 3.10 to obtain a massless geodesic, and integrate

between the emitter and the receiver.
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3.3.2 The components of the Universe (ii)

We will now further discuss the assumption ii). For the cosmological principle i) to hold,
the fluids contained in the Universe should not have any significant flux on large scales since
it would select a preferred direction and break isotropy. As such, the fluids can be modeled
as perfect fluids41 filling the Universe uniformly. A perfect fluid has an isotropic pressure,
no shear, no viscosity, and do not conduct heat. Those consequences of the cosmological
principle imply that we neglect the interactions between the constituents (e.g. the galaxies)
on the largest scales. The stress energy tensor of a perfect fluid is diagonal and given by42

Tµ¿ = (Ä+ p)uµu¿ + pgµ¿ = diag(−Ä, p, p, p), (3.13)

where u = (1, 0, 0, 0) is the 4-velocity of the fluid at rest in the comoving frame. Ä and P

are respectively the (constant) energy density and pressure of the fluid. Additionally, we
assume that the fluid obeys an equation of state of the form

p = wÄ. (3.14)

A classical example being given by the ideal gas for which interactions between molecules
are neglected, leading to w = RT with R the ideal gas constant and T the gas’ temperature.

The continuity equation is given by Eq. 3.3 and is expected to hold for every species in-
dependently if we neglect their interactions on large scales (which is not expected to be
true locally on small scales or in the very early Universe). Evaluating the component ∇¿T

¿
0

coupled with the equation of state given in Eq. 3.14, we obtain

∂Ä

∂t
+ 3H(1 +w)Ä = 0, (3.15)

which can be integrated to obtain

Ä(a) = Ä0a
−3(1+w). (3.16)

To determine the w of a given species, one has to use some considerations of thermodynam-
ics/statistical physics. Usually, one splits the content in the two broad categories of "matter"
and "radiation":

• Matter: baryons and dark-matter.

By definition, the energy density of matter is dominated by its mass Ämc2 k pm ∝
v2
m. Baryonic and dark matter are thus assumed to be pressureless, that is wm = 0.

This leads to Äm ∝ a−3, matching the intuition of how the energy of some particle
distribution would be diluted within an expanding cube of length a.

41Let us mention her that the perfect fluid model can be questioned. It is possible to allow for the presence
of inhomogeneities by favoring the weaker Copernican principle over the Cosmological principle stating that
"we do not lie in a special place (the center) of the Universe" (Peter & Uzan (2009) p.130). Allowing for
inhomogeneities can impact the measurement of the cosmological parameters and lead to reinterpretations
of the Hubble diagrams Fleury et al. (2013).

42Eq. 3.13 is the only rank-2 tensor one can build out of the metric and the fluid’s parameters (uµ(x), p
and Ä) that gives back the continuity equation and the Navier-Stokes equations for a perfect fluid (Xylyxylyx,
2020; Misner et al., 1973).
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Several astrophysical observations from different probes are indicating that standard
baryonic matter of density Äb (standard model fermion and boson fields introduced
above, which largest mass/energy fraction is made of baryons i.e. triplet of quarks) is
expected to represent only ∼ 20% of the matter content of the Universe. The largest
amount of the matter mass is hence given by dark matter which true nature remains
unknown. Phenomenologically, its behavior is well accounted for by cold dark matter
(CDM) models, that is a massive, cold and weakly interactive fluid. The total matter
density can hence be split as Äm = Äb + ÄCDM.

• Radiation: photons and neutrinos

Since their pressure is significant compared to their density of energy, massless and
light particles as photons and neutrinos have a different equation of state than matter
fluids. Statistical physics considerations for a massless relativistic gas give wr = 1/3.
This leads to Är ∝ a−4, indicating the presence an additional source of energy dilution
in a−1 compared to the matter case of a constant number of particles in an increasing
volume. This factor comes from the stretching of the photons’ wavelength ¼ with the
expansion as E ∝ hc/¼, where h is Planck’s constant. This energy shift is the origin
of the observed cosmological redshift (Eq. 3.12)43.

In addition to matter and radiation, one must consider two geometrical terms coming from
GR: curvature and the cosmological constant. While in Λ-CDM those terms are not to
be understood as additional matter content, they can be identified as such for all practical
purposes.

• Dark energy and Λ

Since the observation of the accelerated expansion of the Universe by Riess et al.
(1998) and Perlmutter et al. (1999), it is clear that some mechanism or entity should
be responsible for it. Such a component is called with the general name dark energy.
The equations of evolution of the Universe that we will soon derive (see Eq. 3.17)
will impose that wDE < −1/3 in order to allow for ä > 0. The cosmological constant
appearing in the Einstein equations provides the simplest and perhaps the most natural
candidate for dark energy.

Indeed, looking at Einstein equations (Eq. 3.4), one can interpret the Λ term as a
contribution to T by defining TΛ

µ¿ = −ΛM2
Plgµ¿ , with associated density ÄΛ = ΛM2

Pl.

From Eq. 3.13 and due to the metric signature, we derive wΛ = −1, leading to ÄΛ(a) =
cst, which is exactly the behavior that one would expect from a vacuum energy which
can not be diluted by the expansion.

• Curvature

As we saw above, the FLRW metric allows for a uniform spatial curvature ». Analo-
gously to what was done for Λ, when inserting 3.10 in Einstein equations, it is possible
to introduce a curvature density that mimics the behavior of an additional fluid with
Ä» = −3»M2

Pl and w» = −1
3
, such that Ä» ∝ a−2.

43The notion of energy conservation for photons and for the Universe as a whole is thorny and is, most
generally, not well defined. See e.g. the proposed definitions in Katz (2005); Lynden-Bell et al. (2007) and
the discussion in Weiss & Baez. (2017).
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3.3.3 Fundamental equations of cosmology (iii)

Friedmann-Lemaître equations

Let us now put all the pieces of the puzzle together. Inserting the expression for the stress-
energy tensor (ii)) given in Eq. 3.13 inside the Einstein equations (Eq. 3.4) describing gravity
in virtue of iii) and assuming a FLRW metric for g, (Eq. 3.10) to ensure i), one can derive
the Friedmann-Lemaitre equations

H2 =
(

ȧ

a

)2

=
8ÃG

3
Ä+

Λ

3
− »

a2
,

ä

a
= H2 + Ḣ = −4ÃG

3
(Ä+ 3p) +

Λ

3
, (3.17)

where Ä = Äm + Är and p = pm + pr = pr are the standard matter density and pressure.
Those are the fundamental equations of standard Cosmology, that can be solved in specific
scenarios to obtain the background evolution of the Universe a(t). These equations can be
further simplified by introducing densities and pressure for the geometrical components (Λ

and ») as discussed in the previous section.

Introducing the critical density Äc := 3H2
0M

2
Pl, we can associate a so called density parameter

to each component as

Ωi :=
Äi0
Äc

i ∈ {m, r, Λ,»}. (3.18)

Combined with Eq 3.16, the fundamental equations of cosmology take the compact form

(

H

H0

)2

=
∑

i

Ωia
−3(1+wi),

ä

aH2
0

= −1

2

∑

i̸=»

Ωi(1 + 3wi). (3.19)

Evaluating the first equation today (a0 = 1, H = H0), we obtain
∑

i Ωi = 1, known as the
the closure equation, allowing to interpret the Ωi as fractions of the various components in
today’s Universe. If there is a single component of density Ωi and equation of state w with
w ̸= −1, one can integrate Eq. 3.17 to get the time between today and a given scale factor
value a
(

da

dt

)2

= H2
0 Ωia

−3(1+w)+2 ⇒ t =
1√

ΩiH0

∫ a

0
a

3

2
(1+w)−1 da =

2a
3

2
(1+w)

3(1 +w)
√

ΩiH0

, (3.20)

from which we can derive the rate of evolution of the scale factor with time

a(t) ∝ t
2

3(1+w) , (3.21)

which is expected to model correctly the evolution of the scale factor whenever the contri-
bution to the Universe’s dynamic of a single component is dominant over the others.

3.3.4 Perturbation theory in a nutshell

Friedmann equations only describe the so-called background evolution, assuming only homo-
geneous fluids and no coupling between the various sectors of the Universe. On small scales
however, it is clear that such assumptions must break, as the Universe appears to have
local inhomogeneities with the presence of clusters of galaxies and large scale filamentary
structures.
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These inhomogeneties will be modeled as perturbations of the various cosmological quantities
around the homogeneous background. They will evolve first linearly with the expansion and
non linearly with gravity to give birth to structure. At the perturbation level, one must also
allow for particles of various species to interact, such that they do not satisfy the continuity
equation anymore. For a complete introduction see e.g. Ma & Bertschinger (1995) and
Lesgourgues (2001, 2013).

To do so, we decompose locally any quantity X (e.g. gµ¿ or Tµ¿) as X(xµ) = X̄ + ¶X(xµ)
with the perturbation ¶X(xµ) j X̄ and X̄ describes the background mean quantity which
evolution is given by the Friedmann equations introduced above.

As discussed earlier, there are strong similarities between gauge theories and GR in the way
they treat frame transformations. In principle one can always choose a convenient frame i.e.
a gauge in which the calculations are easier. From the 10 perturbations present in cosmology,
only 6 combinations can not be cancelled using a convenient frame transformation, such that
fixing a gauge can drastically reduce the number of degrees of freedoms. The Newtonian
gauge or longitudinal gauge is such a choice in which the perturbed metric tensor can be
decomposed as44

g+ ¶g = −(1 + 2Ψ) dt¹ dt+ a(t)2
[

(1 − 2Φ)¶ij + ĥij
]

dxi ¹ dxj . (3.22)

Φ can be interpreted as local variations of the scale factor and Ψ, called the "lapse function"
can be interpreted as local fluctuations in the gravitational potential, satisfying itself the
Poisson equation ∇

2
Ψ/a2 = 4ÃG¶Ä. ĥij is a tensor term describing perturbations due to

gravitational waves.

From this perturbed metric and the perturbations of density, one can create the gauge
invariant combination

R = Φ − 1

3

¶Ä

Ǟ+ p̄
, (3.23)

which can be interpreted as a spatial curvature perturbation.

Being mainly interested in the statistical properties of the perturbations one can Fourier-
transform any gauge invariant quantity X in the flat 3D space with associated wavevector
k as

X(k) =
∫

X(x)eik·x d3
x. (3.24)

If one assumes that the perturbations are Gaussian – which is strongly supported at first
order by observations of the CMB as we will detail in 5 – the Fourier modes fully describe
their statistical properties. The modes evolve independently under their equation of motion
extracted from the Einstein equations, that we will not further detail here. From this Fourier
expansion one can define the power-spectrum as

ïX(k)X(k′∗)ð = (2Ã)3¶3(k + k
′)PX(k), (3.25)

with k = |k| and ¶3 the three dimensional Dirac distribution. From PX(k), one usually
introduces the rescaled power spectra

∆
2
X(k) :=

k3

2Ã2
PX(k), (3.26)

44Where we neglected vector perturbations, expected to be small and quickly diluted in standard cosmol-
ogy.
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which quantifies deviations from an homogeneous and scale invariant spectra (PX(k) ∝ k−3).
As such, one can introduce the power spectrum of scalar perturbations, which is given by
the power spectrum of the curvature perturbation

∆
2
s (k) := ∆

2
R(k) =

k3

2Ã2
PR(k). (3.27)

Measuring the shape of ∆
2
s (k) represents a major challenge of modern cosmology. We define

the scalar spectral index ns and the scalar curvature ³s as

ns − 1 :=
d ln ∆

2
s

d ln k
, ³s :=

dns

d ln k
. (3.28)

ns = 1 and ³s = 0 would thus correspond to the scale invariance of scalar perturbations.
The tensor perturbations quantified by h̃ are also gauge invariant at linear order. As such we
introduce the power spectrum of tensor perturbations and its corresponding spectral index

∆
2
t (k)

∼= 2∆
2
h(k), nt :=

d ln ∆
2
h

d ln k
. (3.29)

Note that nt is defined differently than ns, as the first one is expected to be close to zero
while the first is expected to be close to unity. If the perturbations are nearly scale invariant,
one can assume that the spectra are well modeled by power-laws like

∆
2
s (k) ≃ As

(

k

k0

)ns−1+0.5³s ln(k/k0)

, ∆
2
t (k) ≃ At

(

k

k0

)nt

. (3.30)

The tensor-to-scalar ratio rk0
is defined to be the ratio of the amplitudes

rk0
:=

At

As
. (3.31)

It is common to evaluate r ≡ r0.05 around k0 = 0.05 Mpc−1. Unless some mechanism as in-
flation is invoked (see Sec. 4.1.2), one expects the tensor perturbations (i.e. the gravitational
waves)45 to be extremely small such that At ≃ 0 and rk0

≃ 0, ∀k0.

3.4 6 parameters to describe the Universe.

3.4.1 Cosmological probes

Modern cosmology is based on a multitude of independent experiments that are agreeing with
high accuracy with the Λ-CDM model introduced above, justifying its name of concordance
model. Combining multiple probes, probing the Universe at very different temporal and
spatial scales allows one to break significant degeneracies between parameters of the model.

An inquiry of first cosmological importance is to refine the characterization of the expansion
in the local Universe. This goes along the line set by Hubble’s measurement and aims to get

45Significant gravitational waves can only be generated by matter distribution with a quadrupolar asym-
metry.
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a fine estimate of H0. To do so, one relies heavily on the existence of astrophysical phenom-
ena with invariant intrinsic luminosity, known as standard candles. The transformation of
degenerated stellar cores, the white dwarves, into neutron stars are expected to provide such
standard candles as bright as their host galaxies. This transformation occurs commonly in
Supernovae of Type Ia (SNIa) through stellar cannibalism of a nearby companion (typically
a red giant) or by the merger of two white dwarves (leaving no compact remnant (Alsabti &
Murdin, 2017)). The invariance of their luminosity is due to the quantum threshold of the
electron degeneracy pressure set by the Chandrasekhar mass of ∼ 1.4M». A recent SNIa
catalogue is given by the Pantheon dataset, and its recent update Pantheon+ (Scolnic et al.,
2022). To recover H0, SNIa luminosity must be calibrated with other distance estimators.
For example, the SH0ES experiment provides an estimation of H0 from SNIa measure-
ments calibrated with Cepheids46 measurements using both the Hubble space telescope and
the Gaia data (Riess et al., 2022). The Rubin Legacy Survey of Space and Time (Rubin
LSST ) survey, will be able to map the light curve of numerous transient objects and widely
extend the known SNIa measurements (from ∼1500 today to ∼100 000) (Hambleton et al.,
2022). Complementary experiments as ZTF will also significantly constrain observables as
the growth rate using SNIa (Howlett et al., 2017; Carreres et al., 2023).

The cartography of the galaxy distribution on very large scales allows one to access the
shape of ∆

2
s at different epochs. The study of large scale structures of the Universe can

be accessed through several observables: galaxy clustering which consists of mapping the
galaxy distribution in redshift space, or weak lensing survey which maps the mass in the
Universe depending on how strongly deflected is the light of background galaxies. Large
photometric and spectroscopic galaxy surveys are able to map these distribution in 3D both
in space and time (i.e. redshift). They are able to detect the primordial baryon acoustic
oscillations (BAO) patterns in the matter distribution on large scales (and are hence referred
to as "BAO" measurements). The five Sloan Digital Sky Surveys (SDSS) (Almeida et al.,
2023) of which the BOSS survey was part of, and the Dark Energy Spectroscopic Instrument
(DESI, Levi et al., 2019) are major major missions designed for this purpose. This year
(2023), the Euclid satellite was launched to provide a large galaxy survey from space and
investigate the nature of dark energy (Amendola et al., 2018). I have a major interest in the
Euclid mission – in which IRAP is strongly involved – as I will further discuss in Sec. 9.7.
Since 2020, I am an active member of the consortium.

The cosmic microwave background (CMB) radiation is the oldest observable light in the
Universe. It was emitted around 380 000 years after the primordial singularity (t = 0),
when the Universe became neutral due to the formation of the first hydrogen atoms. As a
main topic of this thesis, we will review in detail the CMB physics and the CMB missions
in Chap. 5. Accurate mapping of the CMB signal and its anisotropies provides a major
probe of the cosmological parameters. As a related probe, Big Bang Nucleosynthesis (BBN)
infer the primordial abundances created in the early Universe, which constrains cosmology
at early times.

Additionally, several emerging independent cosmological probes complete this picture, even
though they provide less competitive constraints. For example observation of the 21 cm and
Lymann-³ lines in the early Universe allow to probe the earliest epochs of the Universe. On

46Pulsating stars satisfying a period/intensity relation, making them standard candles.
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the other hand, the development of multi-messenger astronomy, which combines light emis-
sion with neutrinos and gravitational waves, is gradually entering the field of cosmology, and
opens new windows on the cosmological physics at all scales. Additionally, the mapping of
cosmic voids, cosmic chronometers, the quest for the redshift drift, etc. . . are or contributing
to our modern understanding of the Universe. For a review see e.g. Moresco et al. (2022).

3.4.2 The picture so far

ln(1010As) ns H0 zreio Ωb ΩCDM

3.047 ± 0.014 0.966 ± 0.004 67.7 ± 0.4 7.64 ± 0.74 0.0331 ± 0.0002 0.2762 ± 0.0013

Table 3.1: Best-fit values of the Λ-CDM parameters with associated 68% confidence level combining data
from the Planck spectra and lensing combined with BAO measurements (Planck Collaboration et al., 2020a).

Combining the latest measurements of the CMB by the Planck mission with BAO, one
obtains the values displayed in Tab. 3.1 (Planck Collaboration et al., 2020a). Other probes
presented in Sec. 3.4.1 are in agreement with these values but do not have enough statistical
power to improve these results. We introduce here the redshift at which reionization ended
zreio, which quantifies the time at which the ionization of the Universe by the first stars was
complete. All other Λ-CDM parameters discussed above but not displayed in the table are
either compatible with zero or can be derived from the ones given here. As such, and being
conservative, only 6 parameters are required to describe completely the concordance model
and obtain the best possible fit of the current available data.

Ω» = 0.0007 ± 0.0037 is compatible with zero, in agreement with a flat Universe. Similarly
At and r are both compatible with zero. From WMAP data, Ωr ≃ 1.67219 × 10−05, domi-
nated by the CMB radiation (Bennett et al., 2013). From the closure relation, one can get
ΩΛ = 0.689 ± 0.006 and Ωm = Ωb + ΩCDM = 0.311 ± 0.004, depicting a present Universe
mostly dominated by dark matter and dark energy.

3.5 A brief history of the Universe as we know it

The general solutions of the Friedmann equations can be computed numerically, as I did in
Fig. 3.2 for the best fit values of the Λ-CDM model. For a detailed discussion see for example
my contribution in collaboration with my intern Jehanne Delhomelle on this website47. In
agreement with Eq. 3.17, one can witness on Fig. 3.2 that the scale factor has a first brutal
increase, due to a first phase of radiation domination a(t− t0) ∝ √

t− t0, then matter starts
dominating and the expansion is significantly slowed down as a(t− t0) ∝ (t− t0)2/3. Finally,
matter gets diluted enough for Λ to dominate. A brutal acceleration phase thus starts as
a(t− t0) ∝ eH0

√
ΩΛ(t−t0). From the graph, one can evaluate the age of the Universe to be

∼ 14 Gyr. As a(t) increases, the density of particles and the effective temperature (assuming
thermal equilibrium) decreases. This allows for a hierarchy of new phenomenon as phase
transitions to occur gradually as follows48:

47https://yolonomy.github.io/codes/cosmo/friedmann/
48Associated comoving times t are given as indicative values, and redshift z are also given when observation

start being possible. Educational softwares as https://github.com/anisotropela/Universe-timeline
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Figure 3.2: Left: evolution of a(t− t0) in Λ-CDM, with the values given in Tab. 3.1 for the densities Ωi.
Codes can be found on this page. Right: Schematic representation of the cosmic history, green: radiation
domination, yellow: matter domination, orange: Λ domination. Taken from Cicoli et al. (2023).

• Primordial singularity (t < 10−14 s): Extremely early times can not be described
by the standard models as presented above. Frameworks beyond SM are required to
provide hypothesis on the physical phenomena involved here. We will further discuss
them in Chap. 4.

• Electroweak transition (10−14 s < t < 10−10 s): Fundamental physics that can be
probed in particle accelerators starts acting. At high energy, electromagnetism and the
weak force are unified within a single gauge group SU(2)× U(1)Y , mediated by three
Wi and a B bosons. All particles are massless. For an effective temperature lower than
∼ 160 GeV, the Higgs boson’s potential acquires a "Mexican hat" shape, allowing the
scalar field to vacuum decay and roll down spontaneously to a new vacuum, breaking
the gauge group to U(1)em and SU(2)L, leading to the apparition of two charged
massive bosons W± and two neutral bosons: the Z0 and the photon. The particles of
the standard model, can now acquire a mass through their interaction with the Higgs
boson h via the Yukawa couplings. As such, an electroweak phase transition occurs
in the whole Universe and h transmits its vaccum value to neighboring points at the
speed of light. The sphere of space which will be stretched by expansion to become
the observable Universe is about 300 light-seconds in radius at that time.

• Hadron formation (t ∼ 10−5 s): After electroweak transition, the primordial fluid is
in the state of a quark-gluon plasma. When the Universe cools down, quarks are able
to bound and form the first hadrons (baryons and mesons), hence leading to another
phase transition in the primordial Universe.

• Neutrino decoupling (t ∼ 0.2 s): The density becomes low enough for neutrinos to
stop interacting significantly with the other matter fields. As such, the neutron to
proton ratio is fixed at around 1/6, since the weak force stops being able to transform
one into the other (this value can be explained by the higher mass of the neutron).
The sphere of space which will be stretched by expansion to become the observable
Universe is about 10 light-years in radius at that time.

allows one to compute the values of the comoving time, temperature, redshift, densities and size of the
observable Universe associated with the different epochs.
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• BBN (t ∼ 200s → 300 s): The energy range allows for protons and neutrons to
fuse into heavier elements as D (2H), 3He, 4He and 7Li, abundances of which can be
predicted with high accuracy, in agreement with standard model predictions (excepted
some discrepancy on the lithium which will be discussed in Sec. 9.2). For a review,
see Pitrou et al. (2018). The sphere of space which will be stretched by expansion to
become the observable Universe is about 300 light-years in radius at the end of BBN.

• Recombination (t ∼ 18 kyr → 380 kyr, z ∼ 6000 → 1100): Matter-radiation equality
is reached in that period, for t ∼ 50 kyr, ending the radiation dominated era and
starting the matter dominated one. Gradually, the energy becomes low enough for the
first atoms to form without being ionized. Photons thus stop interacting significantly
with the other matter fields and decouple. The CMB radiation is emitted.

• Dark ages (t ∼ 380 kyr → 150 Myr, z ∼ 1100 → 60): After recombination, all the
matter is expected to be in the form of a gas of atoms, interacting solely through
gravity. No photon is produced (except from the hydrogen lines in radio bands) and
the Universe is hence deprived of visible light.

• Cosmic Dawn (t ∼ 150 Myr → 200 Myr, z ∼ 60 − 20): Over-passing Jeans’ mass,
clumps of matters start to form and spontaneously collapse around over-densities of
dark matter. This lead to the formation of the first stars (so called population III
stars) and galaxies.

• Reionization (t ∼ 200 Myr → 1 Gyr, z = 20 − 6): The birth of the first stars triggers
the last phase transition of the Universe. Because of the great amount of energy radi-
ated by population III stars in the UV, the interstellar and intergalactic medium (ISM
and IGM) will progressively get ionized again (see e.g. Wise, 2019). After reionization,
the ISM and IGM are almost completely ionized again, in a very hot and highly diffuse
state (∼ 1 atom per m3).

• Large scale structure formation (t ∼ 1 Gyr → 5 Gyr, z ∼ 6 → 1): The non-linear
evolution of gravity shapes the structure on all scales. Stars organize in galaxies, and
galaxy clusters start to form around 3 Gyr (z ∼ 2). These clusters arrange themselves
gradually into super-clusters (around 5 Gyr, and z ∼ 1) forming a cosmic web structure
on the largest scales. For a recent review on structure formation see e.g. Huterer (2022).

• Late Universe (t g 5 Gyr, z > 1): Sun and the Solar system form within the Milky
Way at t ∼ 8.8 Gyr. The first forms of life are expected to appear very quickly on
Earth, for t ∼ 9.3 Gyr. They will witness the beginning of the accelerated expansion
phase which starts at t ∼ 10.2 Gyr (z ∼ 0.3).

• Present times (t0 ∼ 13.8 Gyr, z = 0): Humans start doing cosmology while the
observable Universe reaches a size of ∼ 46 billion light-years of radius.

• Near and far future: Within standard Λ-CDM model, nothing can stop the present
phase of Λ domination. The Universe is hence expected to keep on expanding. When
the entropy will be maximal, thermal equilibrium will be reached. In the meanwhile,
galaxies will progressively stop forming new stars (quenching), while older stars will
gradually die in supernovae and planetary nebulae. Matter is expected to transform
into black holes, which will progressively radiate away due to Hawking radiation, when
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the CMB signal will no longer be hot enough to prevent their evaporation. The exact
evolution on the long term is extremely dependent on the possibilities offered by the-
ories beyond our standard model (as e.g. proton decay in grand unification theories
– GUT – or existence of new fields impacting the cosmic dynamics). For an overview
see e.g. Riazuelo (2011).

The Λ-CDM model is hence a very powerful framework based on our current understanding
of fundamental physics, which allows us to understand most of our cosmic history with only
6 parameters. However, beside its success, this model presents some conceptual limitations
and observational puzzles which will be the focus of the next chapter. The challenge to go
beyond these limitations and tensions is of first interest as it would refine our understanding
of the Universe and allow us to shed some light on new physics.
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Puzzles and missing pieces of our
standard models

Je ne suis pas de ces brutes malavisée qui soulèvent les problèmes et les laissent
retomber sauvagement sur la gueule de leur prochain

– Boris Vian. Propos

Contents
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4.2 Are there new entities awaiting out there to be discovered? . . 40

4.3 A scalar field for each puzzle . . . . . . . . . . . . . . . . . . . . 44

As we discussed in the previous chapter, the Universe’s dynamics is fully determined by its
geometry and content. As such, observational cosmology provides a probe of fundamental
physics. For example, it is astonishing that subtle parameters, as the number of lepton gen-
erations of the standard model and the total mass of neutrinos can be precisely constrained
by the statistics of the matter distribution on cosmological scales (the matter power-spectra).
As such, any puzzle and tension between cosmological theory and observation can become
a challenge for our standard models and hints for new physics. In such a situation, if we
assume the symmetries imposed by the cosmological principle, we are forced to conclude
that a modification of either the particle content of our high energy physics or the theory of
gravity is needed.

4.1 Late and early tensions

4.1.1 Puzzles in the late universe: the dark sides

Dark energy

In the Λ-CDM model, the accelerated expansion of the Universe can be fully explained by the
presence of a non vanishing cosmological constant Λ in the Einstein-Hilbert action (Eq. 3.6),
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which can be interpreted as a constant vacuum energy which repulsive pressure balances
gravitational attraction. While this description fits elegantly within GR1, it is not presently
reconcilable with quantum field theory (QFT). Indeed, renormalization allows to estimate
the vacuum energy contribution of the SM fields and can not be made compatible with the
cosmological value of Λ (with a discrepancy of ∼ 10120! Weinberg, 1989). This discrepancy
is however subject to discussion as we might not fully understand how to compute the zero
point energy of quantum fields in a curved space-time (Moreno-Pulido & SolàÂ Peracaula,
2020). Another potential puzzle is given by the "coincidence problem", stating that it would
require some extreme fine tuning to allow for the matter/dark-energy transition to happen
in the present cosmological era. For a discussion, see e.g. Velten et al. (2014). However, the
coincidence problem reduces to the more general problem of the fine tuning applied to Λ,
which arguably applies to all of the fundamental constants (see Chap. 9).

Moreover, some tensions come from the observational side, as estimations from the early
Universe (i.e. CMB) seems in significant conflict (> 4Ã) with the local measured value of H0

estimated using standard candles. If not coming from statistical/methodological errors, this
would hence provide a tempting hint that there is more to dark energy than Λ. For a review,
see e.g. Di Valentino et al. (2021). Despite the always increasing interest of the cosmological
community for the H0 tension as a probe of new physics, Λ still provides a highly robust
explanation for dark energy and systematic errors or methodological flaws – as astrophysical
processes rendering the candles non standards e.g. a redshift dependence of the calibration
relation of cepheids (see Sec. 7 of Riess et al. (2022) ) or the eventual impossibility to apply
the FLRW metric at all scales (Fleury et al., 2013) – might be preferable. The increasing
sensitivity of cosmological surveys as well as the use of new standard sirens (as Gravitational
waves (Holz & Hughes, 2005)) will undoubtedly shed some light on this tension in the coming
decades.

Dark matter

While Λ-CDM requires "CDM" to be in agreement with cosmological observations , it re-
mains agnostic on its nature, and our standard model of particle physics does not seem to
provide any candidate that would have the desired properties (see Bertone et al. (2005) and
references therein). However, numerous candidates for CDM are provided by theories be-
yond the standard model, gathered under the name of weakly interactive massive particles
(WIMP). Promising WIMP candidates are given by the lightest supersymmetric partners
of supersymmetric theories as the neutralinos in the minimal supersymmetric model. CDM
could also be explained by baryonic objects as primordial black holes, produced by fluctua-
tions in the plasma of the early Universe (Frampton et al., 2010). Beyond CDM, some hot
dark matter models still remain competitive. For example, the existence of right handed

1It is however often argued that such a small observed value of Λ is "unnatural" within GR. The question
of naturalness in physics (very close to the notion of "fine tuning") is omnipresent in high energy physics and
cosmology. It states roughly that the free parameters of our models (and more meaningfully dimensionless
ratios) should not have incredibly large or small values, or in other words that they should be of order unity.
This relates strongly with the discussions we will have in Chap. 9. This principle can be questioned as the
Standard Model already is unnatural since most of its dimensionless parameters are much smaller than unity
(see the list given in Tab. 9.1). Whether naturalness is a meaningful physical argument or not is still open
to debate. Several refined definitions have emerged, supplementing the debate (see e.g. ’t Hooft, 1980). For
a discussion, see also e.g. Wallace (2019).
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sterile neutrinos could explain dark matter with a very minimal and motivated extension of
our SM2 (For a review see e.g. Boyarsky et al., 2019). Dark matter could also be explained
by a modification of the behavior of gravity on large scales, as originally suggested by the
"MOND theories" (see e.g. Famaey & McGaugh (2012))3. So far, the true nature of dark
matter remains frustratingly elusive and the increasing accuracy of laboratory experiments
and cosmological surveys do not yet allow to pinpoint a preferable candidate, making it one
of the most thorny and exciting problem of contemporary physics.

4.1.2 Puzzles in the early Universe

The Primordial singularity

As one can already see at the level of Friedmann equations (Eq. 3.17), the Big-Bang cosmol-
ogy becomes mathematically singular when a → 0 for the measured cosmological parameters.
Formally, singularities in GR are hyper-surfaces of space-time where all geodesics converge4.
Perhaps their most known realization can be found at the center of black holes. They appear
to be consequences of Einstein equations themselves (Eq. 3.4) and not only properties of its
idealized solutions (Hawking, 1966). This is a clear indication of the limits of GR as a theory
of gravitation in the very strong field limit and the consequences of the existence of singular-
ities has been discussed in great length in the past decades. In conditions of extreme density
and energy, gravitation is expected to have a strength comparable to the other forces, requir-
ing a quantum treatment of gravity or at least a classical but quantum-compatible treatment
of it. For a review see e.g. Vasconcellos (2020).

The existence of primordial singularity towards t → 0 actually translates our ignorance on
the exact "birth" of our Universe. Several solutions are proposed by quantum gravity models
as string theory or loop quantum gravity that we will not further present here.

Initial condition problems and the need for inflation

Regarding the early Universe, puzzles are of various types: either some observables appear to
have incredibly specific values (fine tuning), some observables are predicted but not observed
(missing observable) and some observables are observed but not explained (unexplained
observable).

• Flatness problem (fine tuning): Introducing the total density parameter as a
function of the scale factor

Ω̃(a) =
∑

i̸=»

8ÃGÄi(a)

3H(a)
, (4.1)

one can simply rewrite the Friedmann equation (Eq. 3.17) as

1 − Ω̃(a) = − »

ȧ2
. (4.2)

2Remembering here that only left chiral spinors are sensitive to weak interaction, such that an hypothetical
right chiral sterile neutrino would only interact through gravity.

3For a review of the dark matter candidates, see the review "Dark Matter" by L. Baudis and S. Profumo
in Zyla et al. (2020).

4In a broader sense, a singularity is just an indication of the limit of application of a theory, often
translating by the apparition of infinities. For example, consider what happens at r = 0 for the gravitational
force in Newtonian gravity (GM/r2).
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This rewriting renders explicit that, at any time, the difference between Ω̃(a) and 1

quantifies deviation to flatness. Derivating Eq. 4.2 with respect to time gives

d

dt
(1 − Ω̃) = −2

ä

ȧ
(1 − Ω̃). (4.3)

As we discussed in Sec. 3.5, until very recent times, the universe only knew phases of
decelerated (ä < 0) expansion (ȧ > 0)5. In this context, the point 1 − Ω̃ = 0 is an
unstable point and any small deviation from zero would be exponentially amplified. In
this regard, observational constrains of |1 − Ω̃(a0)| < 5 × 10−3 (Planck Collaboration,
2016a), suggest that our Universe is spatially flat as already mentionned in Sec. 3.4.2.
We can see that having such a flat Universe » ∼ 0 today requires an incredible fine
tuning of the early Universe. More precisely, it would require |1 − Ω̃| f 10−5 at
recombination, |1 − Ω̃| f 10−16 during BBN and |1 − Ω̃| f 10−61 at the Planck scale.
Indeed, any small deviation from flatness greater than this in the past would have been
strongly amplified and would be observable today. One can argue that the Universe
is simply flat (» = 0 exactly) and hence there should not be any problem of the sort.
Note however, that nothing in our building blocks of cosmology (as the cosmological
principle), justifies that this value of » should be preferred over any other.

• Horizon problem (fine tuning): As we will discuss in greater details in Chap. 5,
the CMB depicts an extremely homogeneous primordial Universe with deviations to
the mean temperature of ∆T/T ∼ 1 × 10−5 K. However, the CMB signal can be split
in ∼ 104 causally independent regions of emission over the celestial sphere. In order
to explain how causally disconnected regions can be at the same temperature, they
should have been in causal contact in the past to allow for their thermalization. The
radius of the region at which points can be in causal contact is typically given by the
Hubble horizon (aH)−1. From Eq. 3.20, we can show that

d

dt

(

(aH)−1
)

=
d

dt

(

1

ȧ

)

∝ 1 + 3w. (4.4)

For all standard fluids dominating the cosmological evolution until now, 1 + 3É g 0

(except dark energy that strikes only at very late times). Thus the (aH)−1, can only
increase with time, such that it was smaller in the past, before the CMB emission. As
such, Λ-CDM can not allow for a previous causal contact and thermalization of the
disconnected but homogeneous regions observed in the primordial Universe.

• Low entropy (fine tuning): To allow for the present structured and dynamical state,
the Universe must have started in a state of extremely low entropy (otherwise it would
have already reached its maximum)6. This low entropy is not justified by any mean
within our standard models.

5To obtain ȧ > 0 and ä < 0, consider Eq. 3.19 with wr = 1/3 and wm = 0 for radiation domination and
matter domination respectivly.

6This seems to be in contradiction with observations as the CMB radiation displays an early Universe
in thermal equilibrium (because of the blackbody radiation see Chap. 5), which corresponds to a state of
maximal entropy. However, today’s Universe is clearly not in thermal equilibrium as its content appears
as structured and dynamical. The (non trivial) solution to this problem is to also consider the entropy
associated with the gravitational degree of freedom of the denser early Universe (Penrose, 1979, 2009). This
argument can however be misleading and should be taken with care. For clarifications on this point see
Wallace (2010) and Rovelli (2019).
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• Cosmological topological defects (missing observable): Statistical physics tells
that highly energetic systems tend to be symmetric and loose spontaneously these
symmetries in phase transitions by cooling down7. Such a behavior is also expected
at the Universe’s scale with e.g. gauge symmetries and the energy decreasing due to
expansion.

A spontaneous gauge symmetry breaking is already required within the standard model
of particle physics in the framework of Weinberg-Glashow-Salam electroweak unifica-
tion and breaking (Weinberg, 1967; Salam, 1969; Glashow, 1961). It must occur in the
early Universe as described in Sec. 3.5. There are strong indications that the strong
force could also be unified to the other two forces at higher energy within a larger gauge
group (de Boer, 1994; Croon et al., 2019). For example, all the coupling constants seem
to run with energy towards a similar value (see Chap. 9). A theory unifying the three
forces is called a grand unification theory (GUT). SU(5) was favored as a gauge uni-
fying group but was excluded by proton decay experiments8. Other groups as SO(10)
are still under investigation. Full unification model including gravity seems to require
larger gauge groups as e.g. SO(32) or E8× E8 for superstring theory.

When a gauge group is spontaneously broken, the breaking is expected to be different
at different points of space-time from which it will propagate at the speed of light.
When these regions with different breaking points encounter, the so called "topological
defects" form on their point of contact. They can be of different types:

– Domain walls are two-dimensional objects which form from a phase transition
breaking a discrete symmetry.

– Cosmic strings are one-dimensional or line-like objects forming when a phase
transition breaks an axial or cylindrical symmetry as U(1). They are thus ex-
pected after electroweak symmetry breaking as very dense and thin objects in
fast rotation. They must form loops and spontaneously decay. While they have
no gravitational pull they must be sources of gravitational waves and lensing.

– Monopoles are zero-dimensional point-like objects which form when a phase
transition breaks a spherical symmetry (very massive magnetic monopoles are
expected in GUT).

These topological defects can then interact together and with the rest of the SM in a
rather rich fashion. They are unavoidable and must have strong observational conse-
quences (e.g. in the CMB). It is then a major challenge to justify why they are yet
undetectable. For reviews and discussions see (Gangui, 2001; Martins, 2020; Peter &
Uzan, 2009).

• The primordial seed problem (unexplained observable): while the early Uni-
verse looks very homogeneous, some inhomogeneities are still observed, and they are
in fact necessary, as they will give rise to all the structure observed today through
gravitational interaction. It can be shown that thermal fluctuations (always present

7One can think of magnetic moments in ferromagnetic materials lining up with the Earth magnetic field
when cooling down.

8GUT predict a limited lifetime for the proton. Constraining its stability is thus a powerful probe of
unification theories.
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in a gas) could not be large enough to explain the deviations to the mean observed in
the CMB (Smoot et al., 1992; Liddle, 1995). As such, what could have sourced these
anisotropies and why do they have this amplitude?

Note that it could be (and is) argued that the fine tuning problems should not be considered
as relevant. Things could just be "the way they are". The Universe could simply have been
born in very specific conditions. However, (almost) all of the above puzzles can be solved
elegantly by the introduction of an acceleration phase in the early Universe (ä/a > 0 and
hence w f −1/3) named "inflation" (for complete reviews see e.g. Baumann, 2009; Zyla
et al., 2020). Such a phase of inflation would indeed:

• solve the flatness problem. In Eq. 4.3 the right hand side would be negative during
inflation, making the flat universe 1 − Ω̃ = 0 an attractor point, thus pushing any
initial condition exponentially towards extreme flatness.

• create a shrinking of the Hubble radius in Eq. 4.4, such that causally disjoint regions
could have been in causal contact before inflation, allowing the fluid to thermalize at
very early times.

• dilute the topological defects such that they become extremely spread apart and un-
observable (yet?).

The duration of inflation is measured in number of "e-folds", that is the logarithm of the
ratio of the scale factors between the end (te) and the start (ti) of the inflationnary phase:
N∗ = ln (a(te)/a(ti)). It can be shown that one must have N∗ ∼ 50/60 in order to
consistently solve the horizon problem (Liddle & Lyth, 2000). Such a phase of accelerated
expansion can not be introduced by the/a cosmological constant as its value would have
to cancel in late times, requiring this constant to be a dynamical entity and hence a field.
This additional condition might solve the primordial seed problem by introducing primordial
quantum fluctuations if the field is itself a quantum field. These quantum perturbations will
then be stretched to macroscopic scales by inflation itself (Starobinsky, 1982)9. We will
further discuss how to generate inflation from a new field in Sec. 4.3.3. However, inflation is
far from an ideal solution as its possible physical origins are highly uncertain and it does not
systematically provide an efficient way to homogenize the primordial perturbations (Pitrou
et al., 2008).

4.2 Are there new entities awaiting out there to be
discovered?

4.2.1 Going beyond GR and Λ-CDM

Finding solutions to the cosmological puzzles described above calls for an extension of Λ-
CDM. Following a minimal approach, and accepting the cosmological principle, we are left
with only few options, as to either add new particle/field to the Universe’s content, possibly
motivated from particle physics or modify GR as a theory of gravity. More specifically, if

9The singularity problem remains when including inflation, as discussed in e.g. (Fernández-Jambrina,
2021). As far as I know, it is also yet unclear how to relate inflation and the entropy problem. For a
discussion, see Albrecht (2002).
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one examines how to modify GR, it turns out that the options are rather limited and call
for the existence of new fields. Indeed, the Lovelock "no-go" theorem states that all classical
actions encompassing the EEP and invoking second order derivatives of g in 4 dimensions,
give back a theory equivalent to GR (Lovelock, 1972). As discussed in Shankaranarayanan
& Johnson (2022), in order to modify GR non trivially, one has to either:

(L1) Add new entities/fields coupled to gravity (through e.g. a term like Rϕ in LEH in
Eq. 9.28). Such terms can appear in frameworks beyond the SM (as string theory with
the dilaton field which will be discussed in Chap. 9) or when quantifying matter fields
over a curved space time. Phenomenologically, these terms are added in the so called
scalar-tensor(-vector) theories. For reviews see e.g. Esposito-Farèse (2004); Quiros
(2019).

(L2) Add higher order derivatives of g in the Einstein-Hilbert Lagrangian (as f(R), f(T ) or
f(Q) theories discussed in Sotiriou & Faraoni (2010); Beltrán Jiménez et al. (2019)).
The presence of these higher order terms often appear as unavoidable loop corrections
in high-curvature regimes of quantized theories of gravity or QFT in curved space-time.

(L3) Increase the number of dimensions of the space-time manifold10, which is a natural path
taken by Kaluza-Klein and string theory. For a review, see e.g. "Extra-dimensions" by
Y. Gershtein and A. Pomarol in Zyla et al. (2020).

(L4) Violate EEP and/or propose a new coupling of matter with gravity beyond standard
minimal coupling. This can be done by the addition of torsion to the connection
(Watanabe & Hayashi, 2004; Delhom, 2020), which could moreover produce a source
for dark energy and inflation (Boehmer, 2005; Benisty et al., 2022)) and solve the
primordial singularity problem (Kuchowicz, 1978).

(L5) Allow for non local interactions as reviewed in Capozziello & Bajardi (2022).

(L6) Build a theory of gravity that is not derived from an action principle. This exciting
route lead to the possibility to find back Einstein equations from basic principles of
thermodynamics (Jacobson, 1995). As such space-time and its geometry could simply
be emergent from an underlying microscopic dynamics, allowing to understand gravity
as an entropic force (Verlinde, 2012, 2017).

For a review of these points see also Tino et al. (2020). Some of these modifications, as (L1),
(L3) and (L6) also imply, or are equivalent to a modification of the standard model of particle
physics through the addition of new fields. As such, most of the extensions of Λ-CDM use
one or several of the routes given above11. For example we will discuss in Sec. 4.3.3 that
models of inflation can be generated by coupling the Higgs field to gravity through (L1) or
by extending GR through (L2). In this thesis, I will discuss the runaway dilaton model in
Sec. 9.6, inspired from string theory, which goes beyond canonical GR through (L1), (L3)
and (L4).

10Note however that the 1/r2 decreasing of the gravitational (and EM) force, is a strong constraint on
the fact that we are living in 3 extended spatial dimension (gravity dilutes on a expanding 2-sphere from a
point source). Adding extra special dimensions have then to be compactified or some other "holographic"
mechansim have to be invoked. They will be further introduced in Chap. 9

11Note that most of the proposed alternatives witness a high level of fine tuning in order to match cosmo-
logical data and remain effectively close to Λ-CDM.
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4.2.2 Scalar fields

Scalar field models propose to add one or several new dynamical entities given by a frame
independent value of a real or complex number at every point of space-time. They are very
common in the cosmological literature and are so often invoked because:

• They are easy to implement consistently without breaking the general covariance of
the theory (Sec. 3.2.1). As such, they allow to build phenomenological "toy models"
providing simple solutions to most of the cosmological puzzles introduced above. From
the point of view of effective field theory (EFT), they can also reproduce the effective
behavior of a more complicated underlying dynamics. They thus provides both simple
and consistent modeling in order to seek for effects going beyond the SM, as possible
variations of the fundamental constants of nature that we will investigate in Chap. 9.

• Due to Lovelock theorem, we know adding new fields represent one of our only options
to go beyond GR (L1). Moreover, multiple higher order terms modifications of the
action of gravity (L2) can be shown to be equivalent to the addition of one or several
scalar fields coupled to gravity (Capozziello & de Laurentis, 2011). Furthermore, the
addition of new compact dimensions to space-time gives rise to scalar degrees of free-
dom in the higher dimensional metric (L3). Overall, multiple phenomenological routes
beyond GR thus lead to scalar fields.

• Furthermore, scalar fields appear as theoretical necessities in plethora of high energy
physics models beyond the SM as Kaluza-Klein or string theory. They indeed appear
in dimensional compactification as stated before12 but also as fundamental fields like
members of the string spectra (as the string dilaton discussed in Chap. 9). As such,
fundamental routes from deeper principles tend also to lead to the existence of scalar
fields.

• We know for a fact that they can be part of nature’s building blocks as proved by the
discovery of the Higgs boson h (CMS Collaboration, 2012; Atlas Collaboration, 2012),
which is itself a complex scalar field.

However, if the presence of such a field were ever detected on cosmological scales, a change
of high energy physics paradigm would have to be considered, in order to understand where
this new entity could fit in the realm of gauge theories over curved space-time13.

Formally, a scalar field ϕ returns a value of R or C at every point of space-time. This
value remains the same independently of the choice of space-time frame i.e. it is invariant
under transformations of the Poincaré group. The evolution of the field is given by the
Klein-Gordon equation of motion which is the simplest possible relativistic generalization of
the Schrödinger equation14 Ĥ = −i∂t with the Hamiltonian Ĥ given by the correspondence
principle using the relativistic expression for the energy of a point particle in a given frame
Ĥ2 = p̂2 +m2Î, in which p̂ is the spatial linear momentum and m the mass of the particle
(Î is the identity operator). This Schrödinger equation yields to the Klein-Gordon equation

12Scalar degrees of freedom appearing in dimensional reduction are called the radions and moduli fields
in Kaluza-Klein and string theory respectively (Coquereaux & Jadcyzk, 1988).

13As well as how this new field can remain yet undetected in local/particle physics experiments.
14The Schrödinger equation simply states that Ĥ is the generator of the time translation in the sense of

Lie Groups presented in Appendix A.
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of motion (∂µ∂µ +m2)ϕ = 0 (in a flat Minkowski space-time). Note that the Schrödinger
equation is generally used to describe the evolution of a particle’s wavefunction which is a
special type of complex scalar field representing the probability density of presence of the
particle at a point x. The field ϕ appearing in the above Klein-Gordon equation can not be
interpreted as such, as it would require the existence of a negative probability distribution.
This problem was one of the original motivations for the development of quantum field
theory. As such, cosmological scalar fields should not be interpreted as wavefunctions but as
general classical relativistic fields or as quantum scalar fields if associated to a fundamental
particle (i.e. creation/annihilation operators over space-time, see Appendix A). The Klein-
Gordon equation can also be derived for a classical scalar field from the Lagrangian density
Lϕ = ¸µ¿∂µ∂¿ϕ/2 −m2ϕ2/2 or from the continuous limit of the space-time displacement of
a set of coupled harmonic oscillators, which make it a natural relativistic wave equation15.

Let us now consider the cosmological evolution of such a scalar field in an expanding Universe.
To do so, we pursue the above considerations on the FLRW curved space-time, where, in full
generality, the scalar field can be self-coupled through some potential V (ϕ). The Lagrangian
density for ϕ becomes

Lϕ =
1

2
|Dϕ|2 − V (ϕ) =

1

2
gµ¿∂µϕ∂¿ϕ− V (ϕ), (4.5)

where in the last equality, we supposed that ϕ is real and has thus no direct coupling
with the standard model through D16. The full cosmological Lagrangian hence becomes
Ltot = LSM + Lϕ. From which one can derive17

Tϕµ¿ =
∂Lϕ
∂(∂µϕ)

∂¿ϕ− gµ¿Lϕ = ∂µϕ∂¿ϕ− 1

2
gµ¿∂Äϕ∂

Äϕ− gµ¿V (ϕ). (4.6)

Neglecting the spatial variations to get an homogeneous scalar field, ϕ acts as a perfect fluid
filling the Universe. From the definition of the stress energy tensor (Eq. 3.13)

Äϕ =
1

2
ϕ̇2 + V (ϕ), Pϕ =

1

2
ϕ̇2 − V (ϕ). (4.7)

Inserting these expressions in Eq. 3.15, leads to the Klein-Gordon equation of motion in an
homogeneous expanding space-time

ϕ̈+ 3Hϕ̇ = −∂V

∂ϕ
. (4.8)

Solving this equation hence allow to compute the value of the field ϕ at any point of the
cosmic history, from which one can infer it’s possible impact on cosmological observations.
Moreover, the existence of the scalar field will provide an additional term in the density sum
of the Friedmann equations (Eq. 3.17), such that it will impact the Universe dynamics on
an equal footing with the other matter fields.

15The Dirac equation describing the space-time evolution of matter fields È (see Appendix A) can be
thought of four coupled Klein-Gordon equations coupled through the mass. It was found by Dirac as a first
order linear generalization of Klein-Gordon equation.

16The existence of gauge charge requires a multicomponent object which can transform under a frame
transformation. Hence a real scalar field can not have charges (it is a singlet of the Lorentz group and all
the gauge group, transforming under their trivial representation).

17Tµν is expressed from L as the conserved quantity through invariance under space-time translations.
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4.3 A scalar field for each puzzle

4.3.1 Quintessence and dynamical dark energy

If not given by Λ, dark energy must behave as a dynamical fluid (hence called "dynamical
dark energy"). A simple candidate for this fluid is given by a scalar field. In its simplest form,
such a field is referred to as "quintessence" (Caldwell et al., 1998; Tsujikawa, 2013). Under a
suitable choice of potential V (ϕ), a late time acceleration of the field is possible, which allows
it to contribute significantly to the energy budget, such that it could also provide a solution
to the H0 tension. Some models propose that wϕ < 1, and are dubbed as "phantom fields"
(Caldwell, 2002). While such models violate the energy conditions expected for physical
fields as we know them18, they allow to produce very unique predictions (Singh et al., 2003).
For example, regarding the fate of the Universe, the presence of a phantom field would lead
to the so called "big-rip", where the expansion would end up tearing apart every atoms19.

Let me stress here that the introduction of such a dynamical dark energy can potentially
solve the H0 tension but does not address directly the problem of the vacuum energy value
for Λ (Sec. 4.1.1). As such the hardest problem for Λ remains open with quintessence field
with the hope that the vacuum energy can behave more properly than in standard QFT if
ϕ appears as a member of a larger quantum gravity theory beyond the standard model (as
e.g. string theory).

4.3.2 Parity violating scalar field, axions and the dark side

Scalar field similarly behave in ways that can mimic a dark-matter fluid (or modify gravity
accordingly). A particularly interesting special case of this is given by the axion (and axion
like particles – ALP), which will further be relevant for our discussions in Sec. 9.7 and
Sec. 5.3.2. Weak interaction violates the charge-parity (CP) symmetry by interacting only
with left chiral particles and not with right ones. The existence of this CP asymmetric
interaction is necessary to partly explain the matter/anti-matter asymmetry of our universe,
but the weak one seems not to be enough to fully match the observations (Hambye, 2012).
A similar asymmetry could be found for the strong interaction since there is no known
group-theoretical reason for quantum chromodynamics (QCD) to be symmetric under CP20.
¹QCD is the QCD vacuum phase, quantifying the possible amplitude of such a strong CP
violating term. It is experimentally constrained to be extremely small (¹QCD < 10−10, see
also Tab. 9.1). To explain such a small value, it is common to introduce a coupling with
a light pseudo-scalar field: the axion ϕax. Doing so is motivated as a commonly accepted
solution to the strong CP problem and provide a compelling light dark matter candidate
(Marsh, 2016b). ϕax can be possibly coupled similarly to the electromagnetic curvature F
through the Lagrangian density

Lµϕax = −1

2
∂µϕ

ax∂µϕax − V (ϕax) − 1

4
ïF ,F ð − 1

4
gµϕaxϕaxïF , ⋆F ð, (4.9)

18Several other problems are raised by phantom fields (as e.g. singularities at t → ∞), and diverse solutions
are proposed.

19While Λ alone would not be able to split gravitationally bounded objects as Galaxies, leading to thermal
death.

20A parity violating term ∝ ¹QCDïG, ⋆Gð in the QCD Lagrangian would still be SU(3) gauge invariant (G
being the gluon curvature and ⋆ the Hodge dual, defined in Appendix A).
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where (⋆F )µ¿ = 1
2
ϵµ¿ÄÃFÄÃ is the Hodge dual of F (see Appendix A). For ALP, one expects

a potential of the form

V (ϕax) = (mafa)
2

[

1 − cos

(

ϕax

fa

)]

. (4.10)

The Chern-Simons coupling gµϕax quantifies the interaction between ϕax and the photons,
which can have a different impact on the phase velocity of the photons depending on their
helicity. This would be a violation of the local Lorentz invariance and thus a violation
of the Einstein equivalence principle (Carroll et al., 1990) and could have observational
consequences in the CMB as further detailed in Sec. 5.3.2.

Pseudo-scalar21 as axions are also predicted in high energy theories as e.g. string theory.
Already motivated from the SM, the existence of such a field could provide a candidate for
dark matter, and also some form of early dark energy i.e. a form of dynamical dark energy
striking at early times to solve the Hubble tension. For an up to date review, see Poulin
et al. (2023).

4.3.3 The inflaton

A source for the inflation solving the early Universe puzzles mentioned above is provided
by introducing one or several scalar fields ϕinf called the inflaton(s), dominant at very early
times, such that wϕinf < −1/3, triggering an early phase of accelerated expansion. All
the degrees of freedom of the model come from the shape of its potential V (ϕinf). As the
field falls down its potential, it releases a lot of kinetic energy. SM particles (È) could be
generated from this energy through couplings ¼̃È with ϕinf similar to the Yukawa couplings
as LÈϕ ∝ −È̄ϕinf ¼̃ÈÈ. As such it could have sourced all the particles of the standard model
in a process called reheating.

In order for the inflation to happen and last long enough (large enough value of N∗ defined
in Sec. 4.1.2), the field must be slow-rolling. To do so, its potential energy must dominate
(ϕ̇2 << V ) and it must accelerate slowly i.e. ϕ̈ << 3Hϕ̇ during inflation. These conditions
ensure that the energy density of the Universe is almost constant with Äϕinf ≃ V during
inflation, leading to an exponential growth of the scale factor (as the Λ dominated case).
The balance between kinetic and potential energy has however to change and whenever
ϕ̇2 ∼ V , inflation stops and reheating starts.

Treating the inflaton as a quantum field, it is possible to predict the perturbations produced
by its quantum fluctuations. Hence, the primordial quantum fluctuations are stretched at
macroscopic scales by the expansion, and provide the primordial seed for the formation
of large scale structures. A perturbative approach allows to predict the evolution of the
deviations ¶ϕ of the field around homogeneity22. One can show that they evolve as an
harmonic oscillator with a time varying mass, allowing for a quantum treatment close to
the quantum oscillator. For introductions and complete treatments see e.g. Liddle & Lyth
(2000); Baumann & Peiris (2008); Baumann (2009).

21Under a parity transformation, ϕ transforms as −ϕ
22For simplicity, we focus now only on single field models in slow-roll. A generalization to multiple fields

along these lines is similar.
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From these considerations, one can link the scalar and tensor perturbations power spectra
presented in Sec. 3.3.4 with the field’s potential as

∆
2
S(k) ≃ 1

12Ã2M6
pl

V 3

(∂ϕV )2

∣

∣

∣

∣

∣

∣

k=aH

, ∆
2
T (k) ≃ 2V

3M4
plÃ

2

∣

∣

∣

∣

∣

∣

k=aH

, (4.11)

where the values of the Fourier transforms of V and ∂ϕV are calculated when a mode of
wavevector k exits the causal Horizon, i.e. when k = aH (¼ ∝ (aH)−1), after which the
perturbation can evolve causally. Scales exit the horizon at different times, associated with
different values of V , allowing for the spectra to be scale dependent. From the spectra, one
can then express the tensor-to-scalar ratio as

r =
∆

2
T (k)

∆2
S(k)

≃ 8M2
Pl

(

∂ϕV

V

)2

. (4.12)

Similarly, one can derive predictions for the indices

ns − 1 ≃ M2
Pl



2
∂2
ϕV

V
− 3

(

∂ϕV

V

)2


 , nt ≃ −M2
Pl

(

∂ϕV

V

)2

= −r/8. (4.13)

Thus the choice of potential V for the field drives all the observable predictions (at least
for single field models). For a large class of models ns ≃ 1 − 2/N∗ and r ≃ 12/N∗. As
such, for N∗ ≳ 50, inflation should produce a small but non zero deviation from 1 of ns
as-well as a small value of r. As such, the existence of inflation can be associated with some
observational predictions as:

• Nearly scale-invariant primordial power-spectra (ns ∼ 1). This is in agreement with
the measurement of ns given in Sec. 3.4.2 and the statistical properties of the CMB
radiation discussed in Chap. 5.

• A non-vanishing tensor spectrum due to the presence of a gravitational wave back-
ground, observable as primordial B-modes in the CMB. Such tensor modes have not
been detected yet and will be one of the main topic of the part II of this thesis.

• Gaussian primordial perturbations are also expected, in agreement with the CMB
observation so far. Small deviations from primordial Gaussianity in the perturbation
statistics are also predicted in some inflationary models (Bartolo et al., 2004). These
are not detected yet and can also be investigated using the CMB.

However, inflation postpones some of the fine tuning problems as numerous questions remain
unanswered: where does the inflation belong in the standard model picture, why did the
Universe start in such a high energy state? On the other hand, beyond-the-standard-model
theories as string theory propose some candidate mechanisms to explain such a phase of
early accelerated expansion, which would benefit greatly both theories in case of a detection
of r (Baumann & McAllister, 2015).

Some inflationary models

There exists an extremely wide variety of inflation models, all having different motivations
and experimental predictions (for a review, see e.g. Martin et al. (2014) referencing more
than 70 different models!). Trying to review them all here would be of course impossible.
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Figure 4.1: Constraints on various inflation models in the (ns − r) plane using various combination of
Planck, BAO and BICEP-Keck (BK) data. Taken from Planck Collaboration et al. (2020b)

A model of inflation can be linked to observable predictions in the plane of ns and r. It
depends on several free parameters of the model as well as the duration in number of e-folds
N∗. The best-fit constraints in the (ns-r) plane from the Planck mission can be found in
Fig. 4.1 and is compared to some model predictions. Anticipating further discussions (see
Sec. 7.1.1 and Fig. 7.2), let us here mention quickly some simple-single field models that are
extremely common in the literature:

• Phenomenological models: A plethora of V (ϕinf) can be associated with ϕinf to
produce phenomenologically the required phase of inflation (without having to further
justify the physical origin of ϕinf). Let us quickly cite some of them here in order to
better understand Fig. 4.1. "Natural inflation" considers a potential form similar to
the one of an axion like particle:

Vnat(ϕ
inf) = Λ

4

[

1 + cos

(

ϕ

f

)]

. (4.14)

It can be shown to be "natural" in the sense of footnote 1. "Hilltop models" consider
instead

VHT(ϕ
inf) = Λ

4

[

1 − cos

(

ϕ

µ

)p

+ · · ·
]

. (4.15)

Numerous "Power-law" potentials, also called "chaotic" are associated with a potential
of the form

VPL(ϕ
inf) ∝ µ4−³ϕ³ (4.16)
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which leads to simple predictions as

r ≃ 4³

N∗
ns − 1 ≃ −³+ 2

2N∗
(4.17)

• Higgs inflation: As our standard model already contains a scalar field h, it is natural
to investigate its possible link with inflation. The Yukawa couplings could also provide
a way to generate the SM particles during reheating. To do so, a minimal approach is
to couple the Higgs field with gravity by adding a coupling of the form LRh = ·Rh/2

to the SM Lagrangian (Eq. 3.8, Bezrukov & Shaposhnikov, 2008). In the Einstein
frame (see e.g. Sec. 9.5.2), the total Lagrangian takes the form of a scalar field ϕinf in
GR with the potential

VHiggs(ϕ
inf) =

¼

4·2



1 + e
−2φinf
√

6MPl





−2

(4.18)

where ¼ is the quartic term of V (h).

• Modified gravity: As discussed above, a possible generalization of GR is to add
higher order terms in the Einstein-Hilbert action. One of the simplest possibility one
can think about is to add a quadratic term as Lgrav = LEH +R2/(6M2). Such a term
could emerge from quantum effects in a quantum theory of gravity. Under certain
conditions, this theory is formally equivalent to GR with a scalar field of mass M able
to produce inflation in the early Universe, with a potential of the form

VR2(ϕinf) =
3

2
M2

(

1 − e−
√

2/3ϕinf
)2

. (4.19)

This is the so-called R2 or Starobinski inflation.

• Beyond standard models: Numerous inflationnary models can now be built from
theories beyond the standard models as supersymmetry, supergravity and string theory.
This is especially relevant, as it allows these models to provide observational predic-
tions. Some common supergravity-inspired models are dubbed "Poincaré disks" and
"³ attractors" (Ferrara et al., 2013; Kallosh et al., 2017). As supergravity is expected
to be the low energy limit of a unifying string theory (called M -theory), these models
are deeply linked to quantum strings. For a focused discussion of string inflation see
the review in e.g. Baumann & McAllister (2015).

We should balance this presentation by mentioning that, while generally invoked, scalar fields
as inflatons are not the only option to produce inflation (Watson et al., 2007). Additionally,
there exist alternatives to inflation in order to solve the puzzles of the early Universe (for a
review see e.g. Brandenberger, 2011). Several of them, known as Ekpyrotic models, involve
bouncing cosmologies in which our Universe started from the collapse of a previous one.
They are able to solve all the puzzles introduced before, and can also rely on high energy
(e.g. string and M -theory) models (Khoury et al., 2001; Steinhardt & Turok, 2002). While
appealing, these models also have to face several challenges to present robust alternatives
to the inflationary paradigm (see the review in Battefeld & Peter (2015)). Other cyclic cos-
mologies, as conformal cyclic cosmology (CCC) have been proposed (Penrose, 2006; Stevens
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& Markwell, 2022). CCC builds on the fact that a diluted Universe where all matter decayed
to radiation23 is conformally equivalent to the initial conditions of a new warm Universe.
Such theories have unique predictions, as the presence of "Hawking rings" in the CMB, which
would be the signature of the Hawking decay of the last supermassive black holes in the pre-
vious Universe (An et al., 2018). However, further work remains to be done to propose a
dynamical alternative to inflation based on this theory.

A fundamental question also remains to be adressed: what will cosmologists do of the infla-
tionnary paradigm if r happens to be too small to ever be detected by CMB experiments
(i.e. lower than the cosmic variance (see Chap. 5 and Appendix B))? Indeed, it is possible
to build a model in which inflation occured with an extremely low value for the tensor-to-
scalar ratio. If so, it might very well remain out of reach of any experimental verification (or
falsification), leaving the cosmologists in a bad place! In such a case, we can only hope that
new theoretical or experimental frameworks will emerge allowing to circumvent this pitfall.

23GUT are thus required to allow for proton decay.
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5.1 The CMB radiation

As mentioned in the previous chapters, the cosmic microwave background (CMB) radiation
provides a rich source of information for contemporary cosmology. As an open window on
the early Universe, the CMB allows to validate the concordance Λ-CDM model presented in
Chap. 3 and look for signature of new physics beyond it, as discussed in Chap. 4. We will also
discuss in Chap. 9 that the CMB can be used to measure the values of fundamental constants
and their variations at very early times. More significantly, the CMB radiation is extensively
probed today in order to investigate the existence of a cosmic inflation phase allowing to
solve the early time puzzles of the Big bang model presented in Sec. 4.1.2. A signature of
inflation would be brought by a significant measurement of a non-zero tensor-to-scalar ratio
r (introduced in Sec. 3.3.4). Such a discovery would represent a major breakthrough in our
understanding of the birth of the Universe and the fundamental interactions.
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5.1.1 Historical context of discovery

The major problem of cosmology in the ∼ 1950 was to understand how to think the evolution
and origin of the Universe after the discovery of its expansion by Edwin Hubble (Hubble,
1926). The framework of general relativity was already understood to allow for a dynam-
ical cosmological space-time (Lemaître, 1927; Friedmann, 1922). Two major theories were
competing at the time: the steady-state and the big-bang models. The steady states model
proposed that matter could be constantly created as the Universe expands, such that it
remains in an overall invariant state. The big bang model, on the other hand, proposed
that matter was indeed diluted with the expansion, such that the Universe was in a state
of extreme density, or "primordial atom", at early times (Lemaitre, 1949). The framework
of the Big bang model allowed for the computation of primordial abundances through a
phase of primordial nucleosynthesis (Alpher et al., 1948), and predicted the existence of an
astrophysical background radiation, the temperature of which was strongly debated among
the supporters of the the big-bang theory (Gamow, 1948; Kragh, 1996).

In 1941, A. McKellar and W. S. Adams realized the first indirect detection of the CMB
radiation, by using the molecular emission lines from the interstellar medium, and concluded
that the "effective temperature of space" was ∼ 2.3 K (McKellar, 1941). This CMB radiation
was accidentally (re)discovered in 1965 by two radio-astronomers, Arno Penzias and Robert
Woodrow Wilson. While using a Dicke radiometer at the Bell Telephone Laboratory (New
Jersey) for radio-astronomy and satellite communication purposes, they noticed the presence
of an unexplained excess noise of ∼ 3.5 K across the whole sky (Penzias & Wilson, 1965).
Robert Dicke, who was himself looking for the presence of such a radiation, was able to
interpret this new discovery as the CMB cosmological signal (Dicke et al., 1965), followed
by around one decade of intense debates1. In 1978, Penzias and Wilson were awarded the
Nobel prize as a recognition for this discovery.

5.1.2 Recombination and the last scattering surface

Figure 5.1: Illustration of the formation of the last scattering surface. Taken from Yacine Ali-Haïmoud.

As the expansion goes on, the background energy density gets progressively diluted. As

1For a detailed presentation of the historical context, see e.g. Peebles et al. (2009); Jones (2017).
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already discussed in Chap. 3, this dilution allows for phase transitions to occur across the
Universe. Jointly, under very specific thresholds, the probability of interaction between
certain particles becomes negligible. If a particle type stops interacting significantly with
the rest of the standard model because the background energy density is too low, it is said
to be decoupled2.

As illustrated on the left panel of Fig. 5.1, when the mean energy density of the photon
bath becomes so low that atoms can form without being ionized, electrons are able to bind
with hadrons in a stable way. Atoms being neutral, the absorption rate of photons falls
down, as they stop being continuously scattered with the free electrons of the plasma. This
phase transition called recombination witnesses the decoupling of the photons3, which will
then be able to propagate freely for billions of years. In other words: the Universe becomes
transparent.

As looking further away implies looking in the past due to the finiteness of the speed of light,
the signal from this decoupling can be received today from every direction on the celestial
sphere (right panel of Fig. 5.1). The origin of this signal is called the last scattering surface
(LSS), defined as the region of space-time where the photons last scattered on free electrons
in the primordial plasma.

Recombination is not instantaneous but is expected to occur progressively around 380 000

years after the primordial singularity (z ∼ 1100). Hence it is more properly understood as a
"shell" than a sphere, with a width of few tenth of thousand of years. The radius of this shell
corresponds to the size of the observable Universe, that is ∼ 46 Glyr (see Sec. 3.5), as the
points where recombination occurred 13 Gyr ago have been carried away by the expansion.

5.1.3 The CMB: Overview of spectral and statistical properties

As displayed in Fig. 5.2, the signal emitted from the LSS which can be observed today peaks
in microwave frequencies, hence the name CMB. Today, the value of the radiation density
Ωr is largely dominated by this CMB radiation, bathing the whole observable Universe.

As further detailed? in Appendix. B, the intensity of an electromagnetic signal is char-
acterized by its spectral energy distribution (SED), quantifying how much energy can be
associated to each electromagnetic frequency ¿. The SED of a signal gives crucial informa-
tions about the physical mechanisms at play during the light emission process. The SED of
the CMB signal is extremely close to a blackbody radiation, characteristic of thermal emis-
sion of a photon gas which was in thermal equilibrium. It can be expressed by the Planck
law as

BPl
¿ (T ) =

2h¿3

c2

(

e
hv

kBT − 1

)−1

. (5.1)

This SED allows to associate a temperature to the CMB signal, with a measured average
of T = 2.7255 ± 0.0006 K (Fixsen, 2009). Deviations away from this blackbody arising from

2Formally, a particle type is said to be decoupled if its mean free path in the cosmological fluid becomes
bigger than the Hubble horizon (c/(aH)).

3similarly neutrinos and gravitational waves decoupled before. There must hence exist a cosmic neutrino
(CνB) and a (primordial) cosmic gravitational wave background radiation hiding a tremendous amount of
cosmological information in them. Unfortunately however, these backgrounds are too faint to be mapped
today (Bauer & Shergold, 2023; Christensen, 2019).
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Figure 5.2: Left: spectral energy distribution of the CMB radiation, in perfect agreement with a blackbody
spectrum. The error bars are multiplied by 400 to be visible. From Fixsen & Mather (2002). Right: CMB
temperature anisotropies over a small patch of the sky distributed as a Gaussian random field. From (Planck
Collaboration et al., 2020c).

local deviations to thermal equilibrium are expected to exist, with a very faint amplitude.
These deviations are called spectral distortions and remain undetected today. Their mapping
would however provide a large amount of information on primordial physics (see e.g. Chluba
et al., 2019).

Moreover, the temperature of the CMB is extremely homogeneous over the whole celestial
sphere with deviations of the mean temperature across the sky lower than 1 part in 10 000.
This extreme isotropy provides a strong support for the cosmological principle and was at the
origin of the horizon puzzle discussed in Sec. 4.1.2. As shown on the right panel of Fig. 5.2,
the faint anisotropies over the LSS are spatially distributed very accurately as a Gaussian
random field (which would be in agreement with a previous inflationnary period, see. Sec.
4.1.2). Mapping the distribution of these anisotropies, both in intensity and polarization
over the whole sky is a major challenge for modern cosmology. The maps obtained by the
Planck mission (Planck Collaboration et al., 2020c) are displayed in Fig. 5.3. They represent
the measured anisotropies over the whole celestial sphere, mapped on an ellipsoid using the
Mollweide projection. The mean value of the map (and the dipole due to Earth motion
discussed in Sec. 5.2.1) have been subtracted to display only the deviations to the mean
signal. The units are µKCMB (often abbreviated µK in our community), which are rescaled
by BPl

¿ (T ). In this choice of units, the CMB signal is then independent of frequency.

The LSS must be thought as a dynamical entity. The mean value over the sky and the
pattern of anisotropies will themselves evolve with time as the LSS is pushed further and
further away in the past (Lange & Page, 2007). As such, the measured temperature of
the CMB will evolve with redshift, and measuring its value in previous epochs in cluster of
galaxies provides an additional probe of fundamental physics (Luzzi et al., 2009). This can
be done using the SZ effect defined in Sec. 5.2.4.
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Figure 5.3: Mollweide projetion of the CMB anisotropies in intensity (top) and polarization (bottom) as
measured by the Planck satellite. The values are expressed in µKCMB. The bottom map has been filtered
to keep only the largest scales. Taken from Planck Collaboration et al. (2020c)

.
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5.2 The physical origin of the CMB anisotropies

5.2.1 The Dipole: an open window on our location in the local
Universe

The largest anisotropy in the CMB signal does not come from the LSS but is imprinted by
the motion of the Solar system with respect to the CMB rest frame i.e. the equivalence
class of comomoving frames. This motion, understood as a boost, will induce the relativistic
Doppler shift of the CMB photons, creating a dipole across the sphere with an amplitude
of 3.3621 ± 0.0010 mK in our direction of motion (Planck Collaboration et al., 2020c). This
dipole allows to better understand the motion of the Solar system and our Galaxy with
respect to the structure of clusters and superclusters that surrounds it. It allows to infer
a motion of the Solar system barycenter at 369.82 ± 0.11 km.s−1 in the (l, b) = (264.021 ±
0.011◦, 48.253 ± 0.005◦) direction (Planck Collaboration et al., 2020c). Removing the motion
of the Sun in the local group4, one finds a velocity of 620 ± 15 km.s−1 towards of towards
(l, b) = (271.9 ± 2.0◦, 29.6 ± 1.4◦) (Planck Collaboration et al., 2020c). This organized
motion (or local flow), shared with all the nearby galaxies is understood as resulting from
the complex interplay between various gravitational sources, as the dipole repeller and the
Shapley attractor (Hoffman et al., 2017). These two entities being most probably a dense
galaxy supercluster and a cosmic void respectively. This dipole is also observed independently
on the Doppler shift of the signals of nearby galaxies. A possible tension (> 4Ã) between
the recovered amplitudes of the CMB dipole and the one recovered from surveys of quasars
and radio galaxies could be a hint for a possible violation of the cosmological principle see
e.g. Secrest et al. (2022). When targeting primordial anisotropies however, the dipole signal
must be removed (it can also be used for the calibration of instruments).

5.2.2 Primordial temperature anisotropies

We will now review the possible mechanisms in the primordial plasma that could source
part of the anisotropies displayed on the top panel of Fig. 5.3 (referred to as primordial
anisotropies). The fluctuations of the signal observed on the last scattering surface are
inherited by the photons which were previously strongly coupled to the fermions. As such,
the LSS can be thought as a "snapshot" of the plasma at it was at the moment of decoupling,
inheriting the physical anisotropies present in the cosmic fluid. Deviations to the mean
temperature ∆T = T (n)− T are expected to be generated in the plasma in one of the three
following ways:

• Density perturbations (Adiabatic or intrinsic): Over-densities in the primordial
plasma are expected to be warmer while under-densities are colder. Over- and under-
densities ¶Ä inherited from inflation will evolve through the perturbation equation as

4The local group is composed by the several dozens of our nearest Galatic neighbours contained within a
sphere of radius of ∼ 1.2 Mpc (centered on its barycenter van den Bergh, 1999). The three largest members
being Andromeda (M31), the Milky-Way and the triangulum (M33) galaxies (ranked by mass). It is located
in a filament connecting the Virgo and the Fornax galaxy clusters, themselves being member of the Laniakea
galactic super-cluster (Tully et al., 2014).
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discussed in Chap. 3, until decoupling, leaving an imprint of

∆T

T
≃ ¶Ä

3Ǟ
(5.2)

in the CMB.

• Velocity perturbations (Doppler): Similarly, local flows of velocity v in the pri-
mordial plasma will induce a Doppler shift of the emitted photons, resulting in a
different observed temperature, such that

∆T

T
∝ |v| (5.3)

• Gravitational perturbations (Sachs-Wolfe effect): Finally, regions associated
with a higher density will be also associated with a stronger gravitational field (that
we already encountered and noted ¶Ψ in Sec. 3.22). Photons traveling in this perturbed
gravitational field will experience a gravitational redshift (Sachs & Wolfe, 1967), re-
sulting in a difference of temperature of

∆T

T
≃ ¶Ψ

3
. (5.4)

Contrary to adiabatic perturbations, this effect is expected to produce colder overden-
sities and warmer underdensities.

5.2.3 Polarization anisotropies

Thomson scattering as a source of linear polarization

Figure 5.4: Illustration of the Thomson scattering of a photon beam in a direction θ by a motionless
electron e−. Adapted from Melchiorri & Vittorio (1997).
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Light is not fully described by an intensity, but also by a direction of oscillation: its po-
larization. The CMB signal is known to be significantly polarized5 and this polarization,
only partially mapped today, is expected to hide a lot of physics within and beyond the
standard models. A detailled description of the specificities of polarized light can be found
in Appendix B.

Before being decoupled, photons interact continuously with the free electrons through elec-
tron/photon scattering e− + µ → e− + µ. At the energy scales of the CMB, one can consider
that this scattering is Thomson scattering i.e. "elastic", meaning that the frequency of the
photon is unchanged by the interaction (which is the low energy limit of the Compton scat-
tering).

Consider an electron of charge e and mass m, at rest, interacting with an incoming photon
of polarization εµ 6 or, equivalently but more simply for our discussion, an electromagnetic
wave with the electric field oscillating along the unit vector ε. After interaction, the outgo-
ing photon will have an associated polarization vector ε′. From considerations of classical
electromagnetism and/or QED (see e.g. Jackson, 1998), one can infer the differential cross
section of Thomson scattering to be

dÃ

dΩ
=

3ÃT

8Ã
|ε · ε′|2, (5.5)

with ÃT = 8Ã(e2/mc2)2/3. As illustrated on the left pannel of Fig. 5.4, consider the received
signal (red) in a direction ¹ with respect to the incident photon trajectory. Evaluating the
dot product |ε · ε′| will always give 1 in the y direction and will give cos(¹) in the direction
x. As such, for an observer located perpendicularly to the incident photon direction, that is
¹ = Ã/2, the x component of the signal, εx, will be completely absorbed.

Figure 5.5: Generation of significant linear polarization in the perpendicular directions from Thomson
scattering.

As on Fig. 5.5, consider an unpolarized beam of photons i.e. a superposition of plane waves
with polarization directions that cancel each others. When this beam of photons interacts
with an electron, it scatters in every direction. Overall, for the scattered signal (in red),

5i.e. the polarization orientation is not fully random such that it does not cancel on average.
6In quantum electrodynamics (QED), one expands the connection A in Fourier modes as Aµ =

εµak,¼e−ikx + (εµ)∗a
†
k,¼e−ikx. The canonical quantification consisting at treating the coefficients ak,¼ as pho-

ton creation/annihilation operators. The polarization vector ε is orthogonal to the wavevector as εµkµ = 0.
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the polarization component which is parallel to the direction of propagation of the original
signal will always be suppressed, such that a net linear polarization will be observed for the
observers located away from the original direction of propagation (¹ ̸= 0), with a maximum
at ¹ = Ã/2.

Figure 5.6: Comparaison between monopole, dipole and quadrupole anisotropies in order to generate linear
polarization.

In the primordial plasma, unpolarized light is expected to reach electrons from every direc-
tions. As illustrated in Fig. 5.6, due to the behavior of the Thomson scattering presented
above, if radiation in the primordial plasma is uniform, no significant linear polarization
can be produced (monopole case). Similarly, no significant linear polarization can emerge
from a dipolar asymmetry. Local quadrupolar anisotropies, however, are able to produce
significant linear polarization, as they allow for the combination of two different orthogonal
components.

As discussed extensively in Appendix. B, the polarization of an electromagnetic signal can
be characterized by the three Stokes parameters Q, U and V . While Q and U quantify the
linear polarization, V quantifies circular polarization.

Thomson scattering, as described above, can not produce significantly circularly polarized
light. As such, we expect VCMB ≃ 0. We note however that, here again, any significant
detection of primordial circular polarization would have to be explained and could be a
direct hint for new physics as the presence of primordial magnetic fields (Zarei et al., 2010)
or new interactions in the electromagnetic sector e.g. photon/photon interactions coming
from Euler-Heisenberg-like extensions of the QED Lagrangian (Hoseinpour et al., 2020).

The linear polarization given by Q and U thus allows to fully describe the polarized signal
coming from the LSS. As presented in Appendix B, alternative mathematical tools allow to
characterize the linear polarization as the spin-2 complex field P = Q+ iU or the polariza-
tion tensor Π. Overall, the linear polarized signal can be understood as a "headless" vector
associated to each point of the sky7. This explains the representation of the CMB polariza-

7As for fundamental particles (see Chap. 3 and Appendix. A), the spin of a general quantity represents
how much this quantity transforms under a spatial rotation of 2π. Under such a rotation, linear polarization
(i.e. a headless vectors) rotates such that it comes back to itself two times. This is why it is often referred
to as a "spin-2" quantity.
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Figure 5.7: Illustration of E-modes and B-modes fields on a flat sky patch (Kamionkowski & Kovetz,
2016).

tion on the bottom panel of Fig. 5.3: additionally to the orientation, the length of the lines
represent the amplitude of the polarized signal (and the color represent the temperature
anisotropies for comparison).

Equivalently, all the information of linear polarization can be characterized using the so-
called E- and B-modes. For a formal introduction see Appendix B and the associated
references. These quantities have a powerful geometrical interpretation illustrated in Fig. 5.7.
Around each point of the sky, E-modes quantifies the contribution of the polarized signal
made of headless vectors distributed with a radial symmetry (parity even), while the B-
modes represent the contribution of the headless vectors distributed with a "vortex shape"
(parity odd). Such a geometrical split of the signal allows to separate the different physical
mechanisms at play when the light was emitted. This is mostly relevant for the CMB signal
as we will see in the next section and in Sec. 5.3.

Quadrupolar asymmetries in the primordial plasma from density fluctuations

As free electrons fall in or out of over- and under-densities of the primordial plasma, they will
experience a quadrupolar asymmetric interaction with light, thus generating linear polariza-
tion. As illustrated on the left panel of Fig. 5.8, consider an electron falling in a gravitational
well generated by an overdensity. Due to the increasing acceleration of gravity (∝ r−2) to-
wards the center of the overdensity, in its own reference frame, the electron sees the other
electrons in front and behind it moving away (it goes slower than the one in front of it, and
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Figure 5.8: Generation of quadrupolar anisotropies from over or under densities in the primordial plasma.
From Mousset (2021).

faster than the one behind it). Hence it receives their light as red-shifted. However, due
to the radial nature of gravity, the electron sees its right and left neighbors getting closer
and closer to it. Hence it receives their light as blue-shifted. This is a quadrupolar asym-
metry, thus generating linear polarization through Thomson scattering. Similar reasoning
applies for underdensities, from which electrons are moving away in a decelerated way. As
described on the bottom panel of Fig. 5.8, the resulting polarization will appear as radial or
concentric headless vectors surrounding the over/under-densities. This pattern corresponds
to a pure E-mode signal as defined in Appendix. B (see also Fig. 5.7). As such, density
fluctuations will significantly polarize the signal emitted by the surrounding moving fluid
and only E-modes can be produced this way.

Quadrupolar asymetries in the primordial plasma from gravitational waves

Figure 5.9: Generation of quadrupolar anisotropies (and hence linear polarization) from the propagation
of a gravitational wave. From Mousset (2021).
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Another physical phenomenon is expected to produce quadrupolar asymmetries in the pri-
mordial plasma, responsible for CMB polarization: the propagation of gravitational waves.
A gravitational wave is a perturbation h of the metric around Minkowski geometry g = ¸+h,
which propagates at the speed of light in the primordial plasma. As illustrated on Fig. 5.9, a
gravitational wave propagating along the z axis can have two possible helicity in the (x-y)-
plane labelled h+ and h×. In the rest frame of an electron, the passage of a gravitational wave
will manifest itself as an oscillating deformation of the spatial regions around it, such that a
circular ring of particles would transform periodically into ellipses, driving closer and away
the surrounding fluid and doing so, generating a time dependent quadrupolar anisotropy
by Doppler effect. As no obvious symmetry is present in this context, the propagation of
gravitational waves in the plasma is expected to generate both E- and B-modes.

5.2.4 Secondary anisotropies

Even though they are decoupled, photons are still expected to interact (rarely) with the
matter in the Universe on their way from the LSS. These interactions will change slightly the
primordial pattern of primordial anisotropies, leading to the so-called secondary anisotropies.
Understanding them accurately is necessary to recover the primordial signal, while they also
contain a very large amount of information about fundamental physics, cosmic history and
structure that have been probed by the CMB photons in their journey across the Universe.
They are mainly produced through the following mechanisms:

• Integrated Sachs-Wolfe effect (ISW): we saw in Sec. 5.2.2, that the local presence
of gravitational fluctuations could shift the photon’s frequency through the Sachs-Wolfe
effect. A similar effect will happen on large scales when the photons travels trough the
large scales structures, leading to a total shift in the photon’s frequency resulting from
the sum of the mass it encountered.

• Gravitational lensing: the trajectories of the photons (null geodesics) will be de-
flected by the presence of large scale structures, shifting the position of the observed
anisotropies on the LSS.

• Sunyaev-Zel’dovich effect (SZ): photons might scatter again on electrons at late
time in the hot ionized gas of galaxies or galaxy clusters. In this process, they might
gain energy/temperature through inverse Compton scattering. This is the Thermal SZ
effect. An additional Doppler shift can also be transmitted to the photons due to the
motion of the galaxy clusters relatively to the CMB. We refer to this phenomenon as
Kinetic SZ effect.

• Reionization: As discussed in greater details in Sec. 3.5, the last phase transition in
the Universe witnesses the birth of the first stars and leaves the cosmic fluid in a highly
ionized state, which is comparable to how it was before recombination, but in a more
diffuse and structured form. As such, photons will interact again with free electrons
through Compton and Thomson scattering, impacting the distribution of anisotropies
at large scales.
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Figure 5.10: Comparaison of the CMB power spectra TT , EE, BB, TE and ΦΦ (here noted Cϕϕ
ℓ ) as

measured by different experiments (colored points) and the best-fit prediction from the Λ-CDM model
(dashed line). From Planck Collaboration et al. (2020c).
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5.3 Statistical properties of the CMB anisotropies

While studying anomalous deterministic patterns in the LSS remains a matter of first im-
portance8, one needs to confront the predicted and the observed statistical properties of the
CMB signal in order to properly test the predictions from the Λ-CDM model.

The statistical properties of a field on a flat patch is commonly characterized by its Fourier
transform, associated with an oriented scale k. For the sphere, an analogous decomposition
is given by the "spherical harmonic expansion", decomposing the signal of a field X on
the surface of the sphere in its spherical harmonics coefficients aXℓm characterized by two
integers ℓ and m. The multipole ℓ can be associated to the inverse of an angular scale on
the sphere, while m can be associated with an orientation. The mathematical properties of
such an expansion is presented in great details in Appendix B. From the Fourier transform
coefficients, one can average over the possible orientations to build the power-spectrum
PX(k) and its rescaled version ∆

2
X(k), as detailed in Sec. 3.3.4. A similar approach can be

used on the sphere to build the angular power spectra CXX
′

ℓ between two fields X and X ′

on the sphere from their spherical harmonic coefficients. One often uses instead the rescaled
spectra DXX ′

ℓ = ℓ(ℓ+ 1)CXX
′

ℓ /(2Ã). For short, they are usually noted XX ′. For a linearly
polarized signal on the sphere, given by the triplet (I,Q,U), X ∈ {T ,E,B}. For a detailed
presentation of these quantities, we refer again to Appendix B.

The distribution of the primordial anisotropies is highly homogeneous (and hence does not
depend on the orientation m but only on the scale ℓ of the spherical harmonics) and behaves
very closely to a Gaussian random field. In such a case, the angular power spectra contain
all the statistical information of the field. Note however that faint non-Gaussianities are still
expected at some level in the CMB signal in some inflationary models, as briefly discussed
in Sec. 4.3.3.

From a signal given over the whole sphere by the triplet of fields (I,Q,U), one can build
the three auto-spectra TT , EE, BB and the cross-spectra TE, TB and EB9. Each of
them is probing different physical processes of emission and display unique features. From
the evolution of the 3D distribution of the scalar10 perturbations ∆

2
s until the emission of

the LSS, one can predict the scale dependence of the primordial spectra from our standard
models (in order to match observations, one also has to account for secondary anisotropies).
This method is so robust that these statistics where already predicted even before being
observed (Bond & Efstathiou, 1987). In 5.10, the best-fit spectra agreeing with Λ-CDM
are displayed in grey dashed lines and compared with data points of multiple experiments
that will be further described in Sec. 5.4. Astonishing agreement can be witnessed between
predictions and data points. The intensity signal (TT spectrum) has been very accurately
mapped across all the scales up to ℓ ∼ 4000, such that most of the possible cosmological
information has already been extracted from it. The polarization signal is several order of
magnitudes below, emphasizing the challenge represented by its accurate characterization.
While all the polarized spectra have been detected and measured, a lot of room remains for

8As the "cold spot", for a review see e.g. Schwarz et al. (2016).
9As discussed in Appendix B, the fields ET , BT and BE are given by the complex conjugates of TE,

TB and EB and do not contain additional information.
10Keeping in mind that the tensor modes ∆

2
t are expected to be negligible in Λ − CDM without inflation,

while vectorial perturbations are also very faint and get quickly diluted.
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Figure 5.11: Angular power spectra of the dominant contributions from the various temperature anisotropy
sources to DT T

ℓ : total (black), adiabatic and Sachs-Wolf (pink), Doppler (blue) and ISW (green) . Adapted
from Ma (2011).

sensitivity improvements. This is especially true for B-modes, which represent the largest
uncharted territory of modern CMB science. We will now give a focused presentation of the
temperature power-spectrum in Sec. 5.3.1 and of the polarization power-spectra in 5.3.2.

5.3.1 TT spectrum

Considered as a field on the celestial sphere, the temperature anisotropies of the CMB can
be expanded in spherical harmonics as

∆T

T
(n) =

∞∑

ℓ=1

ℓ∑

m=−ℓ
aTℓmYℓm(n), (5.6)

from which one can compute the angular power spectrum11

DTT
ℓ =

ℓ(ℓ+ 1)

2Ã
CTTℓ =

ℓ(ℓ+ 1)

2Ã

〈
aTℓm(a

T
ℓm)

∗
〉

m
, (5.7)

often referred to as the "TT " spectrum. The highest amplitudes of the spectrum are given
by the ℓ = 0 component, corresponding to the monopole (mean value of the blackbody
signal) and the ℓ = 1, being the dipole described in Sec. 5.2.1. The predicted and observed
higher modes (ℓ g 2), are displayed in the top row of Fig. 5.10, presenting a characteristic

11This expression should involve the measured estimator ĈT T
ℓ of the theoretical angular power-spectrum

Cℓ =
〈

aT
ℓ m(aT

ℓ m)∗

〉
on the sky; where ï. . . ðm is the mean over all the values of m (orientations) while ï. . . ð

is the stochastic/statistical average of the theoretical model (for more details on this point see Appendix B).
To simplify the discussion in this section, we will not make this distinction and talk only about the measured
angular power-spectra.
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oscillatory behavior. This spectra is further decomposed in Fig. 5.11, showing the various
contribution of the main anisotropies sources introduced in Sec. 5.2.2. The scale dependent
behavior of the spectrum can be understood as follows:

• For ℓ < 100, lays the Sachs-Wolf plateau. This range of angular scales are greater
than the size of the causal horizon at the LSS. As such, points separated by these
scales can not have interacted nor co-evolved significantly (since the end of inflation).
This plateau thus quantifies the pristine primordial perturbations, caused solely by
the mechanisms detailed in Sec. 5.2.2 and mostly the Sachs-Wolf effect. These pertur-
bations display clearly a scale invariant behavior (which translate in a flat DTT

ℓ ), in
agreement with the predictions of inflation.

• The 100 f ℓ f 1000 region, is the regime of the acoustic peaks. Scales smaller than the
horizon at LSS grasp the causal interactions in the primordial plasma before decoupling.
This rich wiggly structure results from the oscillation of the coupled photon/baryon
fluid, in the underlying gravitational field. This gravitational field being mostly shaped
by the heavy and uncoupled dark matter12. The pull of gravity competes against the
fluid motion, driven by the photon radiation pressure. The acoustic peaks have a
maximum at ℓ ≃ 200, followed by 2 smaller bumps. These visible perturbations in the
plasma are analogous to sound waves, hence justifying the name "acoustic".

• The ℓ g 1000 region is the damping tail. The spectrum oscillates quickly with a
continuously decreasing amplitude. Due to the thickness of the LSS, averaging is done
on multiple small scale behaviors that compensate one another, erasing progressively
the structures for scales smaller than this thickness.

5.3.2 Polarization spectra

The EE and TE spectra

Around two orders of magnitude below TT , the EE power spectrum displays – for the
same physical reasons as TT – an oscillatory behavior (see Fig. 5.10). These oscillations are
however out of phase with the temperature ones, as they are not created by the overdensities
themselves (as the adiabatic and Sachs-Wolf mechanisms which are the main contributions
to TT ) but come uniquely from the Doppler shift in the dynamical fluid (see Sec. 5.2.3).
The correlation between T and E (TE spectrum) quantifies their inter-relation. It can take
both positive and negative values depending on the correlation/anti-correlation of intensity
and linear polarization. Being more intense than EE, TE has been mapped with a greater
accuracy. It provides complementary information to EE and TT alone.

Some excess signal can be clearly identified at very small scales (ℓ < 10) in both the EE and
TE spectra and behaves exactly as expected from an energy injection to the CMB photons
coming from reionization at z ∼ 8 (hence named the reionization bump(s)). For an analysis
exploring the history of reionization from the Planck CMB spectra, see Planck Collaboration
et al. (2016a).

12As such, CMB provides a striking hint for the need for dark matter in the early Universe. Indeed,
without it, it would be extremely difficult to explain the presence of such acoustic peaks. See for example
the analysis in Komatsu et al. (2009).
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The BB spectrum and the primordial tensor modes

As discussed in Sec. 5.2.3, density fluctuations can only produce E-mode signal. While B-
modes can be produced by the passage of gravitational waves, as described in Sec. 5.2.3,
they are expected to be extremely faint without any mechanism in the primordial plasma to
significantly source them.

All the B-modes detected on Fig. 5.10 can hence be explained as secondary anisotropies.
Indeed, when the trajectory of CMB photons are curved by the presence of foreground
mass, the position of the anisotropies get shifted by gravitational lensing, reshuffling the
balance between E- and B-modes. This spectrum is hence created by lensing which converts
primordial E-modes into secondary B-modes. Its effect gets gradually larger on smaller
scales as large scale structures are correlated only at a the characteristic scale on which they
can interact. As such, lensing is also impacting similarly the E power spectra by decreasing
their amplitude. As primordial EE is however several order of magnitudes more intense
than any hypothetical primordial BB, the impact is less noticeable.

No primordial B-mode signal has been detected yet, and its existence is actively searched,
as it would be the direct signature of new physics in the early Universe. First and foremost,
inflation could produce a gravitational wave background in the primordial plasma that might
lead to a significant primordial B-mode signal. Indeed, if inflation occurred, it must have
produced tensor modes at some level (∆

2
h ̸= 0), which amplitude is quantified by the tensor-

to-scalar r introduced in Sec. 3.3.4. The presence of some tensor modes should impact all
the angular power spectra of the CMB presented above. However, this contribution would
be drown in the cosmic variance13 of TT and while the EE spectrum can be used to give
upper bounds on the value of r, the precision of such measurements is intrinsically limited,
as EE is largely dominated by scalar perturbations. Overall, a tensor contribution would
thus be only undoubtedly noticeable in the primordial BB spectrum, which must be zero
otherwise. In fact, the amplitude of the primordial BB spectrum is directly set by the value
of r.

The precise shape of the angular power spectrum expected from inflation can be inferred
from perturbation theory (for an example see Fig. 7.1). As the other spectra, it presents
oscillations and a major peak around ℓ = 100, called the recombination bump. If such a
primordial spectrum exists, it will also be amplified on the lowest multipoles by reionization
as EE and TE, leading to a reionization bump around ℓ = 10. Moreover, the impact of
lensing becomes negligible on the largest scales. As such, exploring the lowest range of ℓ of
the BB spectrum is crucial when looking for the faint primordial B-modes.

At the time of this thesis writing, the lowest bound on r is given by a combination of the
Planck fourth data release (PR4) and BICEP/Keck Array 2018 measurements (Tristram
et al., 2022) (see Sec. 5.4 for a presentation of the missions). It is given by

r < 0.032 (95%CL). (5.8)

Besides CMB, other cosmological probes can be used to constraint the presence of tensor
modes. While they are not yet competitive with CMB, they could reveal themselves as
complementary in the near future. This is the case of direct and indirect observations of the

13For a definition of the cosmic variance, see Appendix B, Eq. B.11.
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gravitational wave background in the near Universe, using respectively laser interferometers
as LISA and pulsar timing arrays (PTA) (Campeti et al., 2021).

As discussed in Baumann & Peiris (2008), r can be directly related to properties of the
inflaton field presented in Sec. 4.3.3, as its potential through

V 1/4 = 1.06 × 1016GeV

(
r

0.01

)1/4

. (5.9)

V can be interpreted as the energy scale at which inflation occurred, information which is
crucial in order to investigate its possible relationship with GUTs or high energy physics
theories. Furthermore, one can derive

∆ϕinf

MPl

≳
(
r

8

)1/2

N∗, (5.10)

where ∆ϕinf is the inflaton displacement during inflation and N∗ is the number of e-folds,
quantifying the duration of inflation (see again (Baumann & Peiris, 2008)). The field dis-
placement is itself directly related to high energy properties of the field (Baumann & Green,
2012). Among other things, measuring or constraining r thus allows to explore the energy
scale of inflation and how much the field evolved during this period. For a review on the
information on the nature of inflation that can be extracted from a B-mode observation, see
Baumann et al. (2015).

ΦΦ spectrum

Let us briefly mention here the last spectrum of Fig. 5.10 which was not discussed above.
Weak lensing has multiple effect on the CMB power spectra: it tends to smooths the acoustic
peaks, introduce non-Gaussianities, add power on small scales and transform E-modes into
B-modes. From the CMB power spectra it is hence possible to recover the information about
the lensing power spectrum CΦΦ

ℓ , which actually corresponds to the effect of the gravitational
potential (noted Ψ above) of large scale structures on the CMB photons (Okamoto & Hu,
2003; Planck Collaboration et al., 2014). As such, recovering the lensing spectrum from
CMB, and studying its cross-correlation with other probes of mass is an active and fruitful
branch of research of contemporary cosmology (for a review see e.g. Kitching et al. (2015)).
CΦΦ
ℓ is a sensitive probe of structure formation in the late Universe, neutrino masses and

dark energy. A seen on Fig. 5.10, a lot of room is left for improvement coming from new
sensitive datasets.

EB, TB and cosmic birefrigence

As detailed in Appendix. B.6, the EB spectrum must change sign under a parity transfor-
mation, and as such, a signal with no preferred orientation must satisfy EB = −EB = 0.
Similar considerations also apply for the TB spectrum. The detection of a significant pri-
mordial EB or TB signal will hence be a direct evidence for a parity violating signal i.e.
polarized pattern with a preferred direction or handedness. No such thing is expected in the
CMB as it would violate the isotropy of the cosmological principle and none of the interaction
of the standard model are expected to break the parity symmetry in such a way.
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As such, the presence of a non zero EB or TB primordial signal would be the direct signature
of a violation of the fundamental space-time symmetries on which our standard model is built,
as Lorentz invariance or charge-parity-time reversal (CPT) (Carroll et al., 1990; Feng et al.,
2006). This could be generated by the presence of primordial magnetic fields (Shiraishi,
2012; Planck Collaboration et al., 2016b), non chiral gravitational waves, signature of parity
symmetry breaking in the inflationnary or gravitational sector (Lue et al., 1999), or the
presence of an axion like particle (ALP), presented in Sec. 4.3.2.

A rotation of the polarization plane, transforming E and B modes into one another, would
indicate the presence of such a parity breaking. This phenomenon, known as cosmic bire-
fringence, would generate non zero EB and TB spectra. More precisely, one expect to
observe

DEB
ℓ =

sin(4∆´)

2

(
DEE
ℓ − DBB

ℓ

)
, (5.11)

where ∆´ quantifies the angle of rotation of E-modes into B-modes.

For example, such a rotation would be characteristic of the presence of an axion field coupled
to electromagnetism, impacting the phase velocities of the photons with different helicities
on their way from the LSS to us, as mentioned in Sec. 4.3.2. More precisely, for an homo-
geneous axion field filling the Universe and evolving with the Klein-Gordon equation, ∆´ is
proportional to the field difference (Marsh, 2016b)

∆´ =
gµϕax

2
(ϕax

0 − ϕax
cmb). (5.12)

where gµϕax is the Chern-Simons coupling (see Sec. 4.3.2), and ϕax
0 and ϕax

cmb are respectively
the values of the field today and at the emission of the CMB.

Recent claim of a ∼ 3Ã detection in Planck data of ∆´ = (0.30 ± 0.11)◦ has revived the in-
terest for axions and ALP (Minami & Komatsu, 2020; Diego-Palazuelos et al., 2022, 2023) as
this detection seems to favor them as source of the parity breaking over primordial magnetic
fields14 (Eskilt, 2022) or chiral gravitational waves (Fujita et al., 2022). Further investigation
and new data will shed the light on the significance of this detection.

Investigating the presence of cosmic birefringence is a particularly thorny problem as it is
strongly degenerated with the way the polarization angle of the CMB experiment is cali-
brated, which often requires the vanishing of the EB signal (for a discussion see (Pagano
et al., 2009)). Additionally, the signal coming from our Galaxy can generate non trivial TB
and EB signal, as we will further discuss in Sec. 6.3.3. As we will see in Sec. 8.5, part of my
work during this thesis was to understand how to properly model the frequency dependence
of the Galactic parity violating signals, keeping in mind that they could have a big impact
on cosmic birefringence study and the detection of ∆´.
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Figure 5.12: Sensitivity improvement between COBE, WMAP and Planck (Gold et al., 2011; Planck
Collaboration et al., 2020a).

5.4 Measuring the CMB

5.4.1 CMB science so far: the era of precision cosmology

After the discovery of the CMB discussed in Sec. 5.1.1, it was quickly understood that
mapping accurately its signal over the whole celestial sphere would represent a breakthrough
for our understanding of the Universe. The COBE satellite, launched in 1989, provided
the best measurement so far of the CMB blackbody spectra with the FIRAS instrument
(Fig. 5.2 Fixsen & Mather, 2002) and the first observation of temperature anisotropies with
its differential radiometer DMR (Smoot et al., 1992). Later, the WMAP satellite, launched
in 2001, provided the first fine characterization of the anisotropies allowing to constraint
significantly the cosmological parameters and the nature of the Galactic foreground signal
(Bennett et al., 2013, and references therein), these later will be discussed in Chap. 6.
Finally, the era of high precision cosmology was opened by the Planck satellite, launched
in 2009, and ground experiments as the Atacama Cosmology Telescope (ACT) observing
since 2007 (Thornton et al., 2016), the South Pole Telescope (SPT) (Austermann et al.,
2012), observing since 2008, and the BICEP2/Keck array operating since 2010 (BICEP2
Collaboration et al., 2014a). These complementary experiments provided measurements of
the anisotropies allowing to provide a characterization of the TT spectra with a cosmic
variance limited precision at almost all scales, along with a fine characterization of EE and
TE, as displayed on Fig. 5.10. In order to grasp the considerable progress achieved in CMB
science within a few decades, a comparison of the characterization of the LSS (in intensity)
for the COBE, WMAP and Planck satellites can be found in Fig. 5.12.

5.4.2 Contemporary and future missions

As we discussed in Sec. 5.3, cosmological information still awaits to be extracted from the
LSS. Numerous missions and collaborations targeting the CMB are active today. Most of
them aim for a better characterization of the polarization signal and the detection of r. CMB

14The presence of ALP can be distinguished from the one of primordial magnetic fields, as the E − B

rotation generated by the latter is expected to be frequency dependent as it is sourced by the Faraday
rotation, presented in Sec. 6.3.2.
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missions can be of three complementary types, each with their advantages and drawbacks:

• Ground-based telescopes are mostly based in Chile and on the south pole, which
provide the best observational conditions for CMB science. From the ground, it is
possible to build large telescopes, which can easily calibrated, updated and modified
during the mission duration. The instrument allow to perform extremely long ob-
servations, leading to sensitivity improvement. They are often observing the CMB
over a small sky region, relatively clean of Galactic foregrounds. Using large aper-
ture telescopes (LAT) it is hence possible to access the statistics of the highest ℓ of
the CMB spectra, but ground experiments are intrinsically blind to the largest scales
as they can not cover the whole celestial sphere. Measuring from the ground also
presents unique complications as the atmosphere who prevent high frequency obser-
vations (≳ 220 GHz), contamination from ground signals (ground pick-up), and the
day/night alternation. From the Atacama plateau in Chile, the ACT instrument, tar-
geting the largest scales (ℓ ∈ [225 − 8725]), received two major sensitivity upgrades,
allowing for polarization observations at 97, 148 and 220 GHz: ACTPol (2013-2016)
and Advanced ACT (2017-2022) (Thornton et al., 2016; Henderson et al., 2016). On
the same location, the POLARBEAR mission observes since 2012 in polarization at
150 GHz (Kermish et al., 2012). POLARBEAR has been upgraded to POLARBEAR2
and is part of the Simons Array (SA) project observing additionally at 95 and 220 GHz
(Inoue et al., 2016). The combination of POLARBEAR2 and SA targets Ã(r) ∼ 0.006.
ACT and SA are now extended and combined within the Simons Observatory (SO),
expected to take its first light in 2023. SO will observe at 27, 39, 90, 150, 220 and 270
GHz, covering a range of scales ℓ ∈ [30 − 8000]. It targets Ã(r) ∼ 0.003 (Galitzki et al.,
2018). On the south pole, SPT was updated to allow for polarization observation of
the smallest scales (ℓ ∈ [50 − 2300]) at 95, 150, and 220 GHz with SPTPol (2012-2016)
and received a major sensitivity upgrade in 2017 (SPT-3G) (Austermann et al., 2012;
Sobrin et al., 2022). The smallest scales (ℓ ∈ [35 − 300]) are covered by BICEP3, the
extension of BICEP2/Keck observing at 95, 150 and 220 GHz. It will soon be extended
to become the BICEP/Keck-Array and target Ã(r) ∼ 3 × 10−3 (BICEP2 Collabora-
tion et al., 2014a, 2016; Ade et al., 2022). In Argentina, the QUBIC mission was
installed in 2022. It is a bolometric interferometer observing at bands centered at 150
and 220 GHz (Hamilton et al., 2022). QUBIC is proposing a new instrumental design
allowing to split its frequency bands in multiple ways, providing a trade-off between
interferometry and bolometric measurements. Finally the CMB-S4 project aims for
the combination and extension of the SO, SPT-3G and BICEP array instruments, in
order to use the combination of 21 ground telescopes based in Chile and Antarctica by
2030 (Abazajian et al., 2019). Doing so will allow to observe the CMB in 11 frequency
bands from 20 to 270 GHz and targets a value of Ã(r) ∼ 5 × 10−4 (j’ai vérifié la valeur
dans la référence: Ils veulent montrer r < 0.001 à 95% CL i.e. 2Ã.).

• Balloon-borne telescopes can observe for a short period of time above the atmo-
sphere. As such, they can access large sky fractions and witness less contamination
than ground based instruments. They present the advantage that they can be rede-
ployed for several launches. As they represent a significantly lower budget than satellite
mission, they are often used to test instrumental concepts before their spatial launch.
As an example, the Archeops balloon was used to test a prototype of the high frequency
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instrument (HFI) of Planck. In the winter of 2022, the SPIDER experiment flight for
the second time over Antartica, observing large scales (ℓ ∼ [10 − 300]) at 90 and 150
GHz 280 GHz (Crill et al., 2008; Shaw et al., 2020). While numerous balloon born
projects have been proposed for the CMB in the recent years, as Ä -surveyor (Errard
et al., 2022), most of them are being rejected, such that the future of CMB science
with balloons remains uncertain today.

• Satellite telescopes are able to provide full-sky measurements and map the CMB
anisotropies on all scales. The size of the instruments are however tightly constrained
by the weight limits of spaceship’s cargo and satellite missions represent major invest-
ments and risks. There success is delicate as for example, they can not be updated,
modified or calibrated after the launch. After the success of Planck, the japanese space
agency (JAXA) proposed the LiteBIRD mission planned for ∼ 2030. LiteBIRD should
observe the largest scales of the sky (ℓ ∈ [2 − 200]) in 15 different frequency bands, in
order to target the primordial B-modes with Ã(r) ∼ 1 × 10−3 (LiteBIRD Collabora-
tion et al., 2023). The characteristic of the instrument as well as my contribution to
the collaboration will be presented in Chap. 7. In the long term, a NASA "probe" class
mission named PICO, was proposed to investigate the concept design of a satellite able
to detect r = 5 × 10−4 with a 5Ã confidence level. To achieve this goal, the instrument
would observe the largest scales with 21 frequency bands centered between 21 and 799
GHz (Hanany et al., 2019).

All the above missions are equipped with bolometric detectors, mapping the anisotropies
of the LSS in specific frequency bands, and are hence unable to provide an accurate char-
acterization of the spectral properties of the CMB. We should note that no spectroscopic
survey has yet been undertaken in order to characterize the SED of the CMB beyond FI-
RAS measurement, allowing to seek for the spectral distortions. Doing so would nonetheless
allow for the investigation of a large class of primordial physical phenomenon allowing for
deviation of the blackbody spectrum. Numerous proposals have been recently been rejected
as PIXIE (Kogut et al., 2011), PRISTINE and FOSSIL (see Chluba et al. (2021) and refer-
ence therein), while the BISOU balloon is in Phase-A (Maffei et al., 2021). High precision
spectroscopy of the CMB is however part of the ESA schedule Voyage 2050 (Chluba et al.,
2021).

5.5 CMB and the cosmological parameters

5.5.1 Probing Λ-CDM on the last scattering surface

The value of the Λ-CDM parameters have an impact on the CMB spectra, both in intensity
and polarization. This impact can be witnessed at different scales and the effects of the
parameters can be degenerated. Using the Planck 2018 likelihood15 constructed from the
TT , TE and EE spectra16, I was able to derive the red contours displayed in Fig. 5.13 for the

15http://pla.esac.esa.int/
16These likelihoods allow to extract the primordial spectra using instrumental simulations for systematic

control as well as foreground models for component separation using Commander (see Sec. 6.4). The
methodology for their construction is detailed in (Planck Collaboration, 2020).
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Figure 5.13: Contours on the Λ-CDM model parameter posteriors obtained using the Planck 2018 TT -
TE-EE likelihood (red) and adding the Planck lensing data and BAO data from Beutler et al. (2011); Ross
et al. (2015); Alam et al. (2017)) (blue).

6 Λ-CDM parameters, using the public version of Montepython17 coupled to the public
CLASS version (see Chap. 9 for a detailled presentation of these softwares). As expected,
some degeneracies can be witnessed between H0 and the densities Ωb and ΩCDM, as they
both appear identically in the Friedmann equation (Eq. 3.19). The amplitude of the scalar
power-spectra ln(1010As) also shows some degeneracy with the redshift or reionization zreio.
Adding Planck lensing and BAO data (BOSS DR12, 6dF and SSDS DR7 (Beutler et al.,
2011; Ross et al., 2015; Alam et al., 2017)), we get the blue contours, displaying results

17I considered the chains as converged when the Gellman-Rubin convergence criterion satisfied |R − 1| <

0.01 for all the parameters.
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comparable to the one derived in Tab. 3.1. The improvement brought by the BAO and
lensing measurement is rather mild, showing that almost all we know about cosmology so
far can be extracted from the CMB spectra presented in the previous section, making CMB
an extremely powerful probe. BAO data and other probe can however significantly break
specific degeneracies when adding some Λ-CDM parameters to this fit, as further detailed
in Planck Collaboration et al. (2020a).
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Polarized light from the interstellar
medium

Sur cette terre, comme l’ombre nous passons. Sortis de la poussière, nous y re-
tournerons.

– Palais idéal du facteur cheval
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6.1 Impact of polarized foregounds on CMB studies

Figure 6.1: Left: Illustration of the component separtion problem. Credit: ESA, Planck, Canopée.
Right: Magnetic field lines traced by dust polarized emission at 353 GHz by the Planck mission. Credit:
ESA,Planck.
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6. POLARIZED LIGHT FROM THE INTERSTELLAR MEDIUM

The CMB is not the only signal one can observe in the microwave sky. In turn, any microwave
observation will present itself as a mixture of multiple signals having different physical origins.
The signals, if not coming from the CMB monopole, primordial and secondary anisotropies
(see Chap. 5) or the instrument itself, are called foregrounds to the CMB.

The CMB is the furthest possible light source which can be observed in the Universe. As
such, it will be observed through all the possible visible astrophysical objects bright in the
microwave. As our solar system is located in the spiral arm of our Galaxy, any observation
will contain the Galactic signal across the whole celestial sphere. As illustrated on Fig. 6.1,
the signal is mostly bright in the center which should be understood as a slice of the Galactic
disk. This disk is visible with the naked eye in the right conditions as a band of stars
stretching across the sky and emitting a pale, white glow. Besides the various diffuse and
localized Galactic sources coming, additional contributions comes from the other galaxies
and galaxy-clusters present between us and the CMB. Overall, the possible contributions to
the astrophysical foregrounds are:

• Synchrotron emission is generated by the electrons accelerated by the Galactic
magnetic field (GMF) in the ionized interstellar medium (ISM). We will cover it in
detail in Sec. 6.3.2.

• Thermal dust emission is due to dust grain present in our Galaxy which are ther-
mally re-emitting starlight. Sec. 6.3.3 will be devoted to its description.

• Free-free emission, or Brehmstrahlung, is generated by electrons being deflected by
positive ions in the hot ionized ISM. For a review see e.g. Dickinson et al. (2003).

• Anomalous microwave emission (AME) is a signal of which the exact nature
is still debated (Dickinson, 2018). A favored explanation is given by the emission of
the smallest dust grains in rapid rotation (spinning dust) (Draine & Lazarian, 1998;
Ali-Haïmoud, 2013).

• Spectral lines can also be observed, which are the emission lines of atoms and
molecules in the microwave domain, as carbon monoxide (CO) present within our
Galaxy and other galaxies. For a review, see (Maniyar et al., 2023).

• Zodiacal light is due to the reflection and re-emission of Solar radiation by dust grains
in the Solar system. It is mostly visible as a diffuse and poorly polarized signal in the
ecliptic plane. For recent reviews, see e.g. (Lasue et al., 2020; Ganga et al., 2021).

• Cosmic infrared background (CIB) presents itself as a diffuse background radia-
tion due to the combined infrared emission of multiple extra-Galactic sources, mostly
coming from unresolved dusty galaxies, see e.g. Lenz et al. (2019).

• Bright point sources are visible in the radio, microwave and infrared frequencies at
which CMB missions are sensitive. They can be extra-Galactic as quasars and radio
galaxies (introduced in Sec. 9.2), or Galactic as stellar compact leftovers1 like pulsars
within supernovae remnants as the Crab nebula (discussed in Sec. 6.2).

The contribution of these different sources to the total spectral energy distribution (SED)
as seen by Planck are displayed on Fig. 6.2. Only synchrotron and thermal dust appear to

1Galactic stars are not in that list as they do not emit significant amount of radio and microwave radiation.
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6.1. IMPACT OF POLARIZED FOREGOUNDS ON CMB STUDIES

Figure 6.2: Estimated SED for different Galactic foregrounds components from the Planck data (Planck

Collaboration et al., 2020c). Left: Intensity Iν Right: Estimated |Pν | =
√

Q2 + U2. The vertical gray
bands represent the Planck frequency channels. The thickness of the curves represent the difference of
amplitude between two different to fractions from fsky = 0.81 and fsky = 0.93 for intensity and fsky = 0.73

to fsky = 0.93for polarization.

be significantly polarized. Note that, contrarily to CMB, the amplitude of the foreground
signal is highly variable on the sky such that it is brighter near the Galactic plane (see
also Fig. 6.3). Fig. 6.2 represents this amplitude between two different sky fractions of
fsky = 0.81 and fsky = 0.93 for intensity and fsky = 0.73 to fsky = 0.93 for polarization,
larger sky fractions including larger portions of the Galactic plane.

In order to extract cosmological information from the early Universe, one should hence char-
acterize and remove these various components. This is the so-called problem of component
separation. This exercise is delicate, as the foreground signal can mimic primordial signa-
ture of new physics. As an example, the BICEP-2 mission claimed a ∼ 7Ã detection of the
primordial B-modes in 2014 (BICEP2 Collaboration et al., 2014b) which revealed itself to
be originated by Galactic dust (BICEP2/Keck Collaboration et al., 2015).

Contrary to the CMB signal, Galactic foregrounds have complex and inhomogeneous spatial
distributions, as well as a non trivial frequency dependence. The challenge is hence double:
both a spectral and a spatial understanding of the foreground properties is required with
high accuracy. The stakes are themselves double: while component separation is of first
importance to recover an unbiased CMB signal and unveil cosmology, it opens a window
on the astrophysics of the sources themselves. From several aspects, diffuse regions are
more challenging to model, as they can not simply be masked and their impact can be
witnessed at all scales. They are thus unavoidably entangled with the cosmological signal.
In the present work, we will focus on the two main sources of Galactic diffuse polarized
foregrounds: synchrotron and thermal dust. We will see that they can both be linked to the
structure and properties of the interstellar medium.
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6. POLARIZED LIGHT FROM THE INTERSTELLAR MEDIUM

6.2 The interstellar medium

The interstellar medium (ISM) refers to all the baryonic content of our Galaxy2 which is not
in the form of stars. It is mostly made of ionized, atomic or molecular gas (∼ 99%3), cosmic
rays and heavier dust grains (∼ 1%). Regarding its atomic content, the gas itself contains
∼ 70% hydrogen (∼ 60% of which is in the form of H-atom, ∼ 20% of H+ ion and ∼ 20%

of H2 molecule), 28% helium and ∼ 2% of heavier elements (the so called "metals", Draine,
2011; Ward-Thompson & Whitworth, 2011). On larger scales, the ISM becomes the inter
galactic medium (IGM) separating the galaxies, while on smaller scales surounding stars it
becomes the inter planetary medium (IPM) separating the planets.

While representing only a small fraction (∼ 10%) of the Galactic mass, the ISM has a strong
impact on the shape and processes of the Galaxy. The ISM fluid must indeed be understood
as a dynamical entity, involving a great range of complex physical processes. Non-linear
physics creates turbulent motion, mostly driven by the interplay between gravitational4 and
magnetic fields acting on and shaping the ISM at different scales. Additionally, electromag-
netic starlight radiation fields and fast impact of cosmic rays play major roles in the gas
dynamic. Turbulence can lead to the formation of (supersonic) shock fronts and complex
instabilities displaying fractal pattern. Additionally, structures as filaments, cores, clumps,
proto-stars and stars are able to form within its coldest regions (molecular clouds). In re-
turn, stars shape back the ISM with their radiation (pressure and ionization) and with stellar
winds. When they die, they return to the ISM in the form of planetary nebulae and su-
pernovae remnants which enrich the ISM back with heavier elements. The shock produced
by their explosion can trigger dynamical processes, source turbulence and potentially give
birth to new stars. In the meanwhile, the ISM hosts rich chemical processes allowing for the
emergence of molecular complexity.

For all these reasons, the gas in the ISM is not in thermal equilibrium and can be found
transiting between many different states. In order to simplify the discussions, it is convenient
to classify the different phases as follows (inspired from Draine, 2003):

• Coronal gas or hot ionized medium: regions of hot, diffuse and ionized gas (con-
ditions similar to the corona of the Sun: T g 105.5 K. Ionization is due to collisions).
Made from gas shock-heated by supernovae blastwaves, these regions form a network
of interconnecting bubbles with a characteristic size of ∼ 20pc, filling ∼ half of the
volume of the Galactic disk. It cools on time scales of ∼ Myr. Additionally, coro-
nal gas might compose much of the volume above and below the disk, and must be
representative of the conditions of the gas filling the space between the galaxies: the
inter-galactic medium (IGM). See e.g. Ehle (2005).

• Warm neutral and ionized media: Most of the volume of the disk which is not
made of coronal gas is made of warm neutral gas (T ≃ 5 × 103 K), also called H I

regions (Wolfire et al., 1995). Some of the warm regions are however completely ionized
(T ≃ 104 K) (Hoyle & Ellis, 1963). This is the case of "H II regions", ionized by UV

2Note that this definition can (and is often) extended to include dark matter and to study other galaxies
than the Milky-Way. We will however not need such a broad definition in the present thesis.

3All the percentages given in this paragraph are in term of the total mass of the ISM.
4From both baryonic and dark matter.
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photons coming from the most massive members of clusters of newborn stars (e.g. type
O) which live for ∼ 10 Myr. A good example of a H II region is given by the Orion
nebula (M42). Warm ionized gas can also be found in planetary nebulae (as e.g. M27)
which gets diluted in ∼ 104 years, and within massive stellar outflows built from stellar
winds.

• Cold neutral medium: A very small fraction of the ISM volume5 (∼ 1%) is made of
cool clouds of atomic gas (T ∼ 100 K), presenting themselves as cold H I regions. Some
molecular gas can also be found in the cold diffuse regions (Faison & Goss, 2001).

• Molecular clouds: Molecular gas can also be found in large self-gravitating clouds
mostly located within the Galactic plane. These clouds are dense6 and cold (10 f
T f 50 K). Moreover, they are opaque and can be seen in absorption in front of
brighter backgrounds, as the pillars of creation or the horsehead nebula (hence some-
times sometimes named "dark clouds"). Giants clouds can reach a size of ∼ 100 pc, for
a mass of ∼ 105M». When over-passing Jean’s mass, molecular clouds spontaneously
collapse under self-gravity. The induced shrinking of their size will be followed by a
corresponding increase of angular momentum. Centrifugal force leads to the gradual
fragmentation of the cloud in denser and denser subparts, until the formation of new-
born star clusters (with associated H II regions). In an ideal case, clouds should collapse
spontaneously in a free fall timescale of ∼ 3 × 105 years. However, observations show
that their lifetime is an order of magnitude larger. This is due to complex dynamics
of magnetized turbulence which delays the collapse and allows for a wide variety of in-
termediate structures as filaments to form within the collapsing cloud (Williams et al.,
2000).

Figure 6.3: Intensity map of the full sky at 408 MHz. Taken from Dickinson (2018) and built from data
of Remazeilles et al. (2015); Haslam et al. (1981). The observed signal is mostly due to synchrotron and
free-free radiations.

5As the cold neutral medium is denser than the other phases, it is subdominant in term of volume but
dominant in terms of total mass.

6Of order nH ∼ 10
2 − 10

3
cm

−3, which is dense relatively to the other ISM phases: ∼ 0.004 cm
−3 for

cornonal gas, or 0.6 cm
−3 for the warm H I regions Draine (2011). Of course this is still extremely diffuse

compared to human standards (nmol ∼ 2 × 10
19

cm
−3).
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6. POLARIZED LIGHT FROM THE INTERSTELLAR MEDIUM

As the ISM evolves typically on the scale of Myrs, it appears as almost static on human
timescales. As displayed in Fig. 6.3, deterministic structures can clearly be identified on
the celestial sphere. We focus here on structures visible in microwaves, as they are the
primary concern of this thesis. The first striking pattern is the Galactic center and the disk,
covering all the equator of the celestial sphere. This is a direct signature that we are living
on the edge of the disk of a spiral galaxy, as mentioned already in Sec. 6.1. The brightest
regions of the sky are given by the Galactic buldge and the inner Galaxy, constituted of
the spiral arms. Other remarkable bright regions can be identified in the equator. On the
West, newborn stars in the Orion molecular cloud complex lighted the H II region known
as the M42 nebula. Multiple regions of coronal gas built from supernovae remnants (SNR)
as Vela, M1 (Crab nebula, or Tau-A), Cassiopae A or the Cygnus loop are also clearly
visible. Additional features out of the plane can be seen, called the radio loops, the largest
one being known as the North polar spur. The origin of this large loop structure is still
strongly debated today (Lallement, 2022). It can be either understood as an expanding
shell of a nearby supernova or as part of the Fermi bubbles of our Galaxy. In the last
case, it would be part of a gigantic bubble structure expelled by the Galactic center in a
past active phase, with a size comparable to the Milky way itself7. We also know that
our Solar system is currently crossing an asymmetric hot plasma bubble surrounded by a
shell of cold dusty gas, known as the local bubble, most certainly expelled by a succession of
several supernovae (see e.g.(Zaninetti, 2020; Pelgrims et al., 2020)). As such, all observations
of distant astrophysical regions have the signal of this bubble as a foreground (Skalidis &
Pelgrims, 2019). Extra-galactic point sources are also visible as our two satellite galaxies,
the large and small Magellanic clouds or the radiogalaxy Centaurus A. Looking at Fig. 6.1
and Fig. 6.3, it is now clear that the spatial distribution of the ISM signal is extremely
complex, displaying features characteristic of its complex dynamics such as spur, filaments,
loops ... From the point of view of spatial distribution, it is hence extremely different from
(and richer than) the CMB signal as displayed in Fig. 5.3. We will further investigate how
to model this complexity in Sec. 8.6.

6.3 The polarized signals of the ISM in Microwave

6.3.1 Tools to describe the polarized light of the ISM

As we did for the CMB in Sec. 5.2.3 and Sec. 5.3, the polarized Galactic signals can also
be described using the Stokes parameters Q, U and V as well as the E- and B-modes
decomposition and their corresponding angular power spectra expansion, all introduced in
detail in Appendix B.

Additionally, we will here make an extensive use of the polarization spinor8

P¿ = Q¿ + iU¿ = P¿e
2iÈ, (6.1)

7The origin of the Fermi bubbles is also still elusive and debated. It could be originated by a past active
phase from our Galaxy’s central supermassive black hole, Sgr A∗ (Yang et al., 2022).

8In full rigor, Pν represents a spin-2 complex field on the sphere and not a formal spinor as defined in
Appendix A (see also the discussion in Appendix B). As no ambiguity is possible here, we will however use
this name regardless of this consideration.
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where the dependence in frequency is made explicit by the indices ¿. The modulus of
this complex field, P¿ =

√

Q2
¿ + U2

¿ is the polarized intensity, quantifying the SED of the
polarized signal, while it’s argument È = 0.5 arctan(U/Q), quantifies the orientation of
the polarization headless vector on the sky and is called the polarization angle. The factor
of 2 in the phase quantifies the spin-2 nature of the polarization field, meaning that, as a
headless vector, the polarized signal come backs identical to itself after half a rotation (see
Appendix. B). This object provides thus a very natural way to contain both the information
about the frequency dependent amplitude (SED) and the orientation of the polarized signal,
as well as its transformation properties. We will further see that, for the main astrophysical
foreground emission, the orientation given by È is induced by the structure of the magnetic
field within our Galaxy.

6.3.2 Synchrotron emission

The synchrotron emission and the Galactic magnetic field

Free light charged particles as electrons are omnipresent in the ISM, mostly coming from
ionized regions and SNR. Accelerated by shockfronts in supernovae explosions and pulsar
winds, they reach relativistic speeds v and become part of the cosmic rays. In the presence
of a strong coherent magnetic field B, these free charges q will spiral around the magnetic
field direction due to Lorentz force9 q(E + v × B). In that case, the electron will emit a
focalized beam of highly polarized light tangential to its trajectory, as sketched on Fig. 6.4.
The polarization direction will be orthogonal to the local direction of the magnetic field.
As such, synchrotron polarized emission provides a powerful tracer of the Galactic magnetic
field (GMF). Additionally, the polarization direction will rotate when propagating through
the magnetized ISM and in the presence of thermal electrons (Faraday rotation, inversely
proportional to the square of the frequency), allowing to probe the 3D structure of the GMF
through the so called process of "Faraday tomography" (for a pedagogical introduction, see
Takahashi (2023)).

For lack of a better model, the GMF is usually described as a superposition of an average
component B0 and a fluctuating turbulent component BÄ as B = B0 + BÄ (Chandrasekhar
& Fermi, 1953). Both components have comparable amplitude, as the ratio fM = |BÄ |/|B0|
is measured to be ∼ 0.9, signature of trans-Alfvenic turbulence (Planck Collaboration et al.,
2016c). Several models are proposed for B0, which have to take into account the shape of the
spiral arms. For a recent review see e.g. Pelgrims et al. (2018). Over the celestial sphere,
the GMF appears as displayed on the right panel of Fig. 6.1, an example of a 3D model
explaining this structure, proposed by Jansson & Farrar (2012) and pictured in Farrar et al.
(2015), is represented in the right panel of Fig. 6.4.

The synchrotron SED

As depicted in Fig. 6.2, synchrotron emission is the dominant source of polarized emission
for 10 < ¿ < 100 GHz. Both in intensity and polarization, the synchrotron SED behaves as
a straight line in the loglog plane, which can hence be modeled by a power-law in frequency.

9Or in the language of part I, m duµ/ dτ = qFµνuν , with u the 4-velocity and F the electromagnetic
curvature tensor (see Chap. 3).
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Figure 6.4: Left: Illustration of the synchrotron polarized emission by an accelerated charge. From Emma
Alexander. Right: 3D representation of the model of the GMF (B0) proposed by Jansson & Farrar (2012)
in Farrar et al. (2015).

As such, one expects that, for every line of sight n, the synchrotron polarization spinor Ps

¿

can be expressed as

Ps
¿(n) = As(n)

(

¿

¿s
0

)´s(n)

e2iÈs(n), (6.2)

where ¿s
0 is a reference frequency used for normalization (typically, in synchrotron models

built from the WMAP data, one uses ¿s
0 = 23 GHz Bennett et al., 2013). A value of ´s ≃ −3

allows to reproduce the behavior of the polarized synchrotron signal (Martire et al., 2022)
(see also Fig. 6.5). As already mentioned in the previous section, in the presence of the
GMF and thermal electrons along the line of sight, this spinor is expected to experience a
frequency dependent rotation such that Ès(¿) ∝ ¿2 known as Faraday rotation.

The power-law behavior of the SED can be shown to be inherited from the shape of the
energy distribution of the cosmic rays (Padovani et al., 2021). This distribution appears in
fact not to be a perfect power law, such that the power law SED of the synchrotron is to be
understood as an approximation mostly valid in the CMB frequency interval. In particular
it breaks at frequencies close to 100 GHz where higher energy cosmic rays are no longer
present in the ISM. At such frequencies the synchrotron SED is expected to turn over.

The synchrotron statistics and power-spectra

Synchrotron radiation requires both sources of free accelerated electrons (cosmic rays) and
intense magnetic fields. SNR and star forming regions sourcing will thus appear as brighter
in synchrotron, corresponding to the point sources observed in Fig. 6.3. The distribution
of this signal is expected to be highly non homogeneous and non Gaussian over the sky.
Moreover, the parameters of the synchrotron SED ((6.2)) must be varying across the sky
depending on the physical conditions of the region of emission. An extracted map of ´s

from the S-PASS data (Krachmalnicoff et al., 2018) can be found on Fig. 6.5, providing an
indicative representation of the variability of the spectral index of synchrotron allowed by
data.

On the largest scales, the angular power spectra of the polarized synchrotron signal can be
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6.3. THE POLARIZED SIGNALS OF THE ISM IN MICROWAVE

Figure 6.5: ´s estimated on 50% of the sky from the S-PASS mission data (Krachmalnicoff
et al., 2018).

well modeled by a power-law of ℓ as

DXX,s
ℓ (¿) = AXX,s

¿ (¿)

(

ℓ

ℓ0

)³XX
s

, (6.3)

with XX ∈ EE,BB, when point sources and the Galactic plane are masked (fsky = 0.5).
From Planck and WMAP data ³EEs = −2.95 ± 0.04 and ³BBs = −2.85 ± 0.14 (Martire
et al., 2022). This power-law behavior in ℓ traces the GMF structure encountered by cosmic
rays and the exact value for the slope represents a complex mixture of Galactic structure
(a disk seen edge-on), GMF shape, spatial and energy distributions of cosmic rays, and to
some extent, the spatial distribution of thermal electrons responsible for Faraday rotation
(expected to be negligible in the CMB frequency range)10.At ℓ = 80, DBB,s

ℓ /DEE,s
ℓ =

0.22 ± 0.02. The synchrotron EB correlation DEB,s
ℓ is compatible with zero at 1Ã (Martire

et al., 2022).

6.3.3 Cosmic dust

A key astrophysical element

The cosmic dust is composed of small solid grains (ranging from the size of a molecule
to a fraction of µm). Their chemical composition is varied and can include carbon, silica,
silicates, metal oxides, pure metals (iron, magnesium, silicon), metal sulfides, carbides and
some other components that remains to be confirmed, see e.g. Molster et al. (2010). The
emission properties of the diffuse dust signal can be explained by the existence of two main

10Thanks to Marc-Antoine Miville-Deschênes for raising this point and stressing the role of thermal elec-
trons in the Faraday rotation process.
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distinct populations of silicate and carbonaceous grains (see e.g.Guillet et al. (2018)) or by
a single population of large composite grains, named "astrodust" (Hensley & Draine, 2023).

As discussed in Sec.6.2, dust represents a relatively small fraction of the mass in the ISM
(∼ 1%) but it plays a critical role in the dynamics of all the astrophysical media (IPM, ISM
and IGM) as in planetary, stellar and Galactic formation and evolution.

The dust grains formation requires high densities and moderately high temperatures of ∼
1000 − 2000 K. As detailed in e.g. Sarangi et al. (2018), it occurs in two steps: the nucleation
and the condensation. The conditions allowing this process can be mainly found in the cool
and oxygen rich atmospheres of the post main sequence stars of low mass (< 8M») evolving
in the asymptotic giant branch (AGB) of the Hertzprung-Russel (HR) diagram (Höfner,
2009; Höfner & Olofsson, 2018). While the effective temperature of the AGB stars are low
by stellar standards (∼ 3000 K), they remain too warm to allow the condensation of solids in
their external layers. However, these dying stars are affected by strong convective motions
and regular pulsations, inducing significant mass loss. Those violent events propagate shock
waves in the gas, expelling material out of the star and inducing the periodic formation of
a dense, cool layer above the stellar surface where solid dust grains can form. The grains
thus formed are carried away from the star by its radiation pressure and tend to drag along
a large amount of gas. As such, cosmic dust represents a key component of stellar evolution
and drives the mass loss of dying stars. An example of such a dust formation outburst could
be responsible for the brutal decrease in the luminosity of the red giant Betelgeuse observed
in 2020 (Montargès et al., 2021). To a lower extent, other pulsating stars of higher mass can
also be responsible for dust grain formation in the same way, as the Luminous Blue Variables
(LBV) or the Wolf-Rayet stars (WR) (Harries et al., 2004) 11.

A second phenomenon providing optimal conditions of temperature and density allowing
dust production is provided by explosive events like novae, supernovae (SNe) and supernovae
remnants (SNR) (Matsuura, 2017; Sarangi et al., 2018; Sugerman et al., 2006). Core collapse
supernovae (CCSNe: Type Ib, Ic and II) represent the fate of all stars massive enough to
reach the fusion of iron in their core. After the external layers of the star bounced back on
the newly formed neutron core12, the expelled matter keeps expanding in space for thousands
of years. Dust formation requires specific conditions present in the SN ejecta only for a very
short time (of around a decade) around a year after the explosion. In the end, dust represents
however 3 − 10% of the mass of the SNR and understanding its formation and impact on
the fluid dynamics and luminosity is then critical for supernovae physics. While AGB stars
are the main dust producer of our galaxy, CCSNe are expected to be the biggest source of
dust grains for high z galaxies containing stars of populations II and III and having a high
rate of star formation (Dwek & Cherchneff, 2011).

After their birth, dust grains evolve in and with the ISM. Complex processes can lead to
their destruction, rebuilding, reconfiguration and size increase with aggregation. They will
remain stable inside the cold molecular clouds, and have a strong impact on their dynamics

11WR stars represent the post main sequence stage of the most massive stars of population I (type O and
B). Their radiative pressure is strong enough to expel their outside layers (Eddington limit). Some of the
most massive and large stars known as η Carinae-A or R136a1 are WR stars.

12This "bouncing back" picture is of course overly simplistic, as SN-II are very complex phenomena, in
which neutrino play a major role in matter expulsion. For a review see e.g. Burrows & Vartanyan (2021).
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while they collapse and fragment. Even if gas phase chemistry can take place with the help
of cosmic radiation, dust grains play a unique key role by allowing some chemical reactions
on their surface, playing the role of kinetic energy sinks (Potapov & McCoustra, 2021). This
is the case for example of the catalysis of H2. Helped by dust, the chemistry taking place
in the molecular clouds allows for the formation of complex elements in dust, like organic
compounds (see e.g. Jin & Garrod (2020)). All this molecular richness will then be inherited
by the newborn stellar systems and must play a central role in the emergence of life.

The grains themselves will remain in the planetary system after its formation, as in the Solar
system, becoming part of the planets and satellites themselves, forming the rings of gaseous
giants and being contained and expelled by comets and asteroids. The free grains remaining
in the IPM will produce the so-called zodiacal light, bright in the ecliptic plane. As such,
analyzing dust grains in the Solar system allows us to probe its history.

Besides pure kinematics, it is the thermodynamical properties of the dust grains that cause
it to play such an important role in the dynamics of the astrophysical media. By re-radiating
heat and coupling to the magnetic field, the grains provide cooling mechanisms in IR regions
or heating mechanisms in UV regions (Draine, 1978). They have thus an important impact
on the Galactic fluid dynamics itself by transferring radiation pressure from stars or coupling
the Galactic magnetic field to the neutral gas (which otherwise would significantly happen
only if ionized).

Dust grains are often considered as a nuisance for astrophysical observations, both because
of its absorption properties at short wavelengths and also because of its emission properties
in the millimeter/radio domains (Draine, 2003). This is typically the case for the CMB
foregrounds presented in Sec. 6.1. However, cosmic dust represent a major subject of study by
itself both because of the critical role it plays in our understanding of numerous astrophysical
phenomenons but also as a tracer of the astrophysical conditions (temperature, magnetic
field, stellar populations). The microscopic nature of dust grains coupled to their impact
on astronomical scales make their study interdisciplinary by nature and is of interest far
beyond the scope of astrophysics and cosmology (quantum, statistical or solid state physics
and chemistry).

The thermal dust SED

The first historical evidence for the existence of interstellar dust was due to absorption, as
dust clouds appear in visible light as dark regions over a brighter background (Barnard,
1919; Trumpler, 1930). Dust grains absorb stellar light which they re- emit in the IR and
microwave. With this mechanism, dust grains can be responsible for ∼ 50% of the radiation
of some galaxies and in the Universe, at least 30% of the light emitted by stars is re-radiated
by dust in the infrared (Stein, 1966; Bernstein et al., 2002). As such, dust shapes both the
galaxies and the way they are perceived.

As illustrated on Fig. 6.2, thermal dust represents the major source of polarized signal, for
¿ g 100 GHz. Both from astrophysical observations and lab experiments, it appears that
the local SED of a dust grain in the microwave domain is very close to a modified blackbody
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(MBB), that is the product of a power-law and a blackbody

Id
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0
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= Ä¿d

0

(n)
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I¿d
0
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. (6.4)

For dust models built from the Planck data, we choose typically ¿d
0 = 353 GHz. The ampli-

tude of this signal is given by the optical depth at the reference frequency Ä¿d
0

which is given
by Ä¿d

0

= µ»¿d
0

rdNH where µ is the mean molecular weight, »¿d
0

is the dust emissivity cross
section, rd is the dust-to-gas ratio and NH the gas column density. Under the hypothesis of a
constant dust-to-gas-ratio and a constant dust emissivity, the thermal dust signal becomes a
tracer of the column density of the interstellar gas in the diffuse ISM (Planck Collaboration,
2014). The blackbody contribution is characteristic of a signal near thermal equilibrium,
and allows to associate locally a temperature to the ISM. The modulation by the power-law
term with spectral index ´d, is more characteristic of the dust grain properties (e.g. shape
and composition). It seems that an anti-correlation exists between ´d and Td, and it is still
debated whether this correlation is physical or a byproduct of the data analysis techniques
(Ysard et al., 2015; Shetty et al., 2009; Liu et al., 2017). We note here that the MBB is an
empirical model and it is hence natural to expect deviations from it (Liu et al., 2017). The
observation of such a SED can however be justified from underlying physical principles as
follows: the blackbody term is the signature of a photon gas at thermal equilibrium, which
is expected to be valid to model the ambient radiation field emitted by a micro-metric dust
grain. The power law emissivity factor can be motivated as reproducing asymptotically some
simple semi-classical solid state physics models (for the value of ´d = 2), as the Lorentz os-
cillator or the Debye model (Craig F. Bohren, 1983; Henning & Mutschke, 1997). An even
deeper motivation comes from the fact that a MBB SED can be recovered from interstellar
dust grain analogues in laboratory (Agladze et al., 1996; Mennella et al., 1998), at least for
the frequency range of interest for CMB experiments. Some laboratory measurements tend
however to suggest the existence of more complex behaviors, as the frequency dependence
of ´d (Demyk et al., 2017). Note also that the existence of different co-existing dust grain
populations with varying compositions and sizes would be associated with different spectral
indices and equilibrium temperatures, resulting in a complex SED produced by a sum of
MBB, even in a small volume element of the Galaxy. We postpone the discussion of such a
complication and its consequences as the main topic of Chap. 8.

Dust grains tend to have asymmetrical and elongated shapes. If they are free, they will
naturally rotate such that their angular momentum is aligned with their axis of maximal
moment of inertia, i.e. orthogonal to their longer axis (e.g. the semi-minor axis for an
ellipsoid). As dust grains are not in thermal equilibrium with the surrounding gas, the
grains can have a rotation significantly higher than the random one which would be induced
solely by Brownian shocks with the gas particles (they are then in so-called "suprathermal
rotation" Draine, 2011). Suprathermal rotation of grains can be induced by 1) formation and
ejection of H2 molecules on the surface of the grains (Purcell, 1979) 2) photo-electric effect
if dust is exposed to UV starlight (Purcell, 1979) 3) Gazeous shocks on a irregular grain
surface (Purcell, 1979) 4) radiative torques (RAT) induced by absorption and scattering of
anisotropic starlight on irregular grains (Draine & Weingartner, 1996). This last phenomenon
appears to be preferred as the only mechanism able to produce suprathermal rotation stable
over long time periods (Hoang & Lazarian, 2016) and which is compatible with dust emission

86



6.3. THE POLARIZED SIGNALS OF THE ISM IN MICROWAVE

observed in Planck data (Reissl et al., 2020). The resulting rotation period of the grains
range from milliseconds to less than a nanosecond (Draine, 2011).

Most dust grains are paramagnetic, i.e. they tend to possess an intrinsic magnetic moment
which aligns itself with the presence of an exterior magnetic field. This moment will addi-
tionally be increased by the electron spins through the so called "Barnett effect" (Dolginov
& Mitrofanov, 1976). The existence of a non-vanishing magnetic moment associated with
the grain rotation will induce its precession around the GMF.

Additionally, paramagnetic dust grains in suprathermal rotation will gradually orient them-
selves such that their angular momentum will be aligned with the GMF direction within a
few Myr (Davis & Greenstein, 1951; Andersson et al., 2015)13. Indeed, in the frame of the
grain, the GMF is rotating and the magnetic moment tries to align with it. This varying
magnetization leads to energy dissipation, dissipating the rotational energy. This dissipa-
tion will progressively reduce the component of the angular momentum perpendicular to the
GMF while leaving the component align with it unchanged. The dust grains in the ISM
will thus tend to rotate in a plane perpendicular to the GMF. As a consequence, the grain
emits light which will be significantly linearly polarized perpendicularly to the GMF along
the preferred direction given by the shape of the asymmetric dust grain.

As for synchrotron, the linear polarization of the dust signal will hence be perpendicular to
the GMF, and will provide a very powerful tracer of the GMF structure. On this regard, see
e.g. Planck Collaboration (2015a, 2016b).

Figure 6.6: 3D representation of a dust grain which momentum is aligned with the GMF B, and its
polarized emission – parallel to the grain big axis – is orthonormal to the GMF projection B⊥ in the (x, y)
plane of the sky.

13This phenomenon is dependent on the size a of the dust grains. Grains with a ≳ 0.1µm are significantly
aligned, while the ones with a < 0.05µm can not be significantly impacted by radiative torques to be in
suprathermal rotation, and are rapidly misaligned by chocs with the gas. As such, spinning dust (that could
be responsible for the AME) might come from grains in Brownian rotation. Composition of the dust grains
might also play a significant role in the alignment process.
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As in Fig. 6.6, consider an orthonormal frame (O,x, y, z) centered on a radiating dust grain.
It is oriented such that the line of sight (LOS) n is along the z axis. The plane of the sky
(POS) is then given by the (x, y)-plane in which Q and U will be defined. Let B be the
local value of the GMF. If we denote by µ the angle between B and the (x, y)-plane, we
have the projection B§ = |B| cos(µ). Locally, the dust polarization spinor Pd

¿ is related to
the intensity by

Pd
¿ = p0 cos2(µ)Id

¿ e
2iÈd

. (6.5)

p0 is called the intrinsic polarization fraction, quantifying how much of the intensity signal
is transformed into polarization. It is expressed as p0 = pmaxRF where R is the Rayleigh
reduction factor quantifying the efficiency of grain alignment, and F is the depolarization
factor related to the change of the GMF orientation within the beam. It is common to
consider the observed polarization fraction p = p0 cos2(µ), which have values comprised
between 0% and 20% according to Planck data (Planck Collaboration, 2016b). Due to the
dependence in cos2(µ), the dust polarization signal can be null if the GMF is along the line
of sight.

Thermal dust statistics and power-spectra

The best fit of the thermal dust SED parameters (Eq. (6.4)) on intensity data from Planck
(at 353, 545 et 857 GHz) and IRAS (100 µm) can be found in Fig. 6.7. The values are
given over the whole sky, illustrating their possible range of variation (Planck Collaboration,
2014). Denser regions near the Galactic plane are colder, while diffuse regions near the poles
are hotter. The spectral index follows the opposite pattern, characteristic of the ´d − T d

anti-correlation discussed in the previous section. These maps present an unprecedented
characterization of the thermal dust signal up to a scale of 5′ and a validation of the MBB
model. Several alternatives exist in order to derive maps of the spectral properties of the fore-
ground signal across the sky. They can be recovered as byproducts of component separation
methods (see Sec. 6.4) or inferred from dedicated studies as Planck Collaboration (2014),
Krachmalnicoff et al. (2016). However one should keep in mind that all these methods are
unperfect and include possible bias as (depending on the mission and frequency bands under
consideration): 1) the maps can contain a significant amount of instrumental noise which
could produce some spurious variability of the spectral parameters 2) other signals could be
only partially substracted from dust as CIB and CMB at high frequencies but also free-free
and AME at lower frequency 3) bias can occur due to the fitting method from correlations
present in the model itself, not the data (as the ´d-T d correlation). As such, surprises are
to be expected for more sensitive missions.

The spectral parameter distribution, presented here for intensity only, is expected to be
similar for polarisation, such that the difference between the full sky mean spectral indices
between polarization and intensity was estimated to be ´Pd − ´Id = 0.05 ± 0.03 in (Planck
Collaboration et al., 2020d). However, the spectral properties of the polarized foreground
signal remains a significantly uncharted territory.

Alike all the distributions of the ISM properties, the dust signal present highly non homoge-
neous and highly non-Gaussian features due to the existence of several processes depending
on the environment under consideration. Such behavior is caused in general by MHD tur-
bulent coupling between scales, but also by gas condensation through thermal instability in
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Figure 6.7: All-sky maps of the parameters of a MBB fit on intensity data from Planck at 353, 545 et 857
GHz and IRAS 100 µm. Taken from (Planck Collaboration, 2014)

the diffuse ISM, self-gravity in molecular clouds, and stellar feedback in star forming regions
(Draine, 2011). Such non-linear behavior can be clearly seen on the map af the thermal
dust opacity (Ä353) – tracer of the gas density and structure – which presents volutes and
characteristics structures of complex fluid instabilities (as e.g. clouds).
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As for synchrotron, the angular power-spectra of polarized dust signal are following a power-
law behavior with a gentler slope of ³XXd = −2.42 ± 0.02 (Planck Collaboration, 2016c). As
for synchrotron, the polarized dust signal traces the GMF structure as well as the statistics
of the gas column density NH (while synchrotron was linked to cosmic ray distribution).
From Planck data, the dust E/B ratio has a surprisingly high value of DEE,d

ℓ /DBB,d
ℓ ∼ 2

Planck Collaboration (2016c). Additionally, a positive DTE,d
ℓ spectrum has been detected,

indicating a correlation between the thermal dust intensity and its linear polarization. The
dust EB signal remains compatible with zero in Planck data (Planck Collaboration et al.,
2020d).

All the above behaviors can be well explained from the geometry of the matter/dust dis-
tribution in the ISM, showing linear filamentary structures aligned with the local GMF,
also seen in H I (Clark & Hensley, 2019). Moreover, numerical models of dust spheroidal
filaments reproduce the desired power spectra properties discussed above (Vansyngel et al.,
2017; Huffenberger et al., 2020).

However, these models do not predict accurately the observed DTE,d
ℓ spectrum (Huffenberger

et al., 2020). Moreover, a non zero dust parity violating DTB,d
ℓ spectrum has been observed

in Planck data and is equally difficult to retrieve with simple filamentary models.

Supposing some Magnetic misalignment, that is a different direction between the GMF and
the dust filaments, allows to recover the observed shape of DTE,d

ℓ and predicts the existence
of non-zero DTB,d

ℓ and DEB,d
ℓ spectra (Clark et al., 2021; Cukierman et al., 2023). The latter

has never been detected, and understanding it is crucial for component separation in the
quest of cosmic birefringence (Diego-Palazuelos et al., 2023).

6.4 Component separation methods

Now that we are familiar with the physics associated with the various component of the
CMB foreground emission, let us review how this emission can be disentangled from the
primordial signal. Component separation methods are numerical tools used in order to
isolate the CMB signal from the foregrounds using different hypothesis. Different component
separation techniques are commonly used, and they are often complementary. They can be
roughly divided in the following way:

• Parametric methods: Assuming that the spectral dependence of the foreground
signals is known, it is possible to model it using parametric models. The parameters
can then be fitted in order to capture the foregrounds and remove them from the
CMB. To do so, it is common to simply seek for the maximum likelihood of the model.
The model building can be done either in the pixels at the map level or in harmonic
space on the Dℓ, each of them presenting their own advantages and drawbacks. For
example, the Commander method uses a Bayesian approach to model the dust signal
as a MBB signal and the synchrotron as a power-law at the pixel level using Gibbs
sampling (Eriksen et al., 2008). Similarly fgbuster implements a similar modeling in
map space, with the possibility to recover the spectral parameters maps of the different
components with different resolutions, allowing to minimize the variance of the method
(Stompor et al., 2009; Errard et al., 2011). Along this line, the clustering methods try
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to regroup the foreground signal with regions having similar emission properties, in
order to ease the component separation (Puglisi et al., 2022). These methods allow
to recover astrophysical information about the Galaxy, but the use of too simplistic
modeling can have dramatic consequences (while too complex modelings would degrade
the accuracy). In this thesis, I will present a new parametric method in harmonic space
using the moment expansion for the LiteBIRD instrument in Sec. 8.3 and I will further
present in Sec. 8.4 a new model of the polarized SED that could be used for parametric
methods.

• Internal linear combinations (ILC) do not assume a model for the foreground
signal. For example the linear combinations focuses only on the knowledge that the
CMB signal must be a blackbody in order to subtract all components having a different
behavior by minimizing the variance of the recovered CMB. As such, in KCMB units,
s¿ = c+ f¿ + n¿ where s¿ is the total signal, c the CMB, f¿ the foreground signals
and n¿ the instrumental noise. In its simplest form, it consists in finding the weights
w¿ in the equation ĉ = c+

∑
¿ w¿f¿ +

∑
¿ w¿n¿ and

∑
¿ wi = 1, such that the variance

of the recovered CMB estimator Ã2(ĉ) is minimal. This ILC can be done in real space
as proposed by the SEVEM method (Fernández-Cobos et al., 2012). Alternatively,
one can decompose the signal in the basis of needled space, as proposed by the NILC
and GNILC (Remazeilles et al., 2011). Multiple variants of ILC exist, using priors on
the dust spectral or spatial complexity in order to optimize the minimization, see e.g.
(Rotti & Chluba, 2021).

• Blind methods isolate the various component without any model, by assuming that
they are statistically independent. This is for example the case of the SMICA method
(Cardoso et al., 2008).

As the different approaches are complementary, the Planck mission considered four differ-
ent methods on an equal footing: Commander, NILC, SEVEM, and SMICA (Planck
Collaboration et al., 2020e). It is as such very important to encourage the multiplicity of
approaches to the component separation problem.

6.5 The PySM models

In order to simulate the foreground emissions on the largest scales, it is common to use the
PySM software14. This software allows to create maps containing the different foreground
components over the whole celestial sphere using the HEALPix software (Górski et al.,
2005). These maps represent our best knowledge of the CMB foregrounds over the whole
sky after the Planck mission. The intensity and polarization models are built at a given
resolution and frequency from a reference map, generally built from Planck or WMAP data,
and are extrapolated at any other frequencies using different models of SED. Different models
are built from different hypothesis and inject different levels of complexity in order to create
optimistic or pessimistic scenarios of the unknown Galactic complexity laying below Planck’s
sensitivity. Moreover, new models are continuously added to the library, and these models
can be used to simulate different CMB missions and confront them to the various component
separation methods. We will extensively use this software when we will present new methods

14https://github.com/galsci/pysm
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to model the foreground signal in Chap. 8, as a major challenge is to be able to grasp the
complexity contained within these models. Let us introduce here some of the foreground
templates that were used in the present thesis:

• d0 is a model of the (I,Q,U) maps of the thermal dust signal over the whole sky.
The I map is built from the Planck 2015 data at 545 GHz while the (Q,U) maps are
built from the same data at 353 GHz (Planck Collaboration et al., 2016d). Maps at
other frequencies are recovered by extrapolating with a single MBB law with constant
´d0 = 1.54 and Td0 = 20 K over the whole sky.

• d1 is built similarly to d0, but the extrapolation in frequency is done with a single
MBB with a different spectral index and temperature in each pixel (varying spatially).
The ´d1 and Td1 maps are the ones recovered on Planck data using the Commander

code (Planck Collaboration et al., 2016e).

• d10 is a refined version of d1, in which the templates of ´d10 and Td10 are based on the
GNILC analysis of Planck data. Some additional small-scale fluctuations of amplitude,
index and temperature have also been introduced.

• d12 or "MKD" model, is introducing some 3D complexity of the emission by considering
the dust signal as composed of 6 layers of modified black body signal having different
amplitude, index and temperature templates (Martínez-Solaeche et al., 2018).

• s1 is a synchrotron template at 408 MHz built from the Remazeilles et al. (2015)
reprocessed map of Haslam et al. (1981) (presented in Fig. 6.3), as well as the WMAP
final results at 23 GHz (Bennett et al., 2013). From it, Miville-Deschênes et al. (2008)
extracted a map of spatially varying spectral indices ´s1. The template at 23 GHz is
thus extrapolated at every frequency with a power-law signal.
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In Chap. 5, we discussed the importance of the CMB observation for modern cosmology. I
will now present the instrumental characteristics of the LiteBIRD mission dedicated to this
observation, as well as my contribution to the collaboration. In particular, I will investigate
how to optimize the scanning strategy of the instrument such that it supresses maximally
the systematic effects.

7.1 The LiteBIRD satellite

The Lite (Light) satellite for the study of B-mode polarization and Inflation from cosmic
background Radiation Detection (LiteBIRD) is an international project proposed by the
Japanese spatial agency (JAXA), that it selected in May 2019 as a strategic large class
mission. The launch is planned for the 2030 decade, for a minimal mission duration of 3
years (LiteBIRD Collaboration et al., 2023).

LiteBIRD is designed to realize a full sky survey of the CMB at large angular scales in
order to look for the reionization bump of the primordial B-modes and explore the scalar-to-
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tensor ratio (r) parameter space with a total uncertainty ¶r below 10−3, including foreground
cleaning and systematic errors. The instrument is composed of three telescopes observing
in different frequency intervals: the low-, medium- and high-frequency telescopes (LFT,
MFT and HFT). Each of the telescopes illuminates a focal plane composed of hundreds of
polarimetric detectors. The whole instrument will be cooled down to 5 K (LiteBIRD Collab-
oration, 2020) while the focal planes of MFT/HFT will be cooled down to 100 mK (Suzuki
et al., 2018). In order to mitigate the instrumental systematic effects, the polarization is
modulated by a continuously rotating half-wave plate (HWP). LiteBIRD will observe the sky
in 15 frequency bands from 40 to 402 GHz. Component separation and systematic control
represent the two biggest challenges. While the first point will be discussed in Chap. 8, we
will now introduce the second one.

7.1.1 Scientific objectives

2 10 30 80 200 500 1000 2000

Multipole `

10−5

10−3

10−1

101

103

`(
`
+
1)
C
`/
2π

[µ
K
2
]

CMB- TT

CMB- EE

CMB- BB

Primordial
r=0.004

Lensing

WMAP
Planck
ACT
SPTpol
POLARBEAR
BICEP/Keck

LiteBIRD

90◦ 18◦ 3◦ 1◦ 0.2◦ 0.1◦
Angular scale

Figure 7.1: Estimation of the measurements of the CMB primordial angular power spectra by LiteBIRD,
in comparison with other CMB surveys. From LiteBIRD Collaboration et al. (2023).
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Figure 7.2: Forecasts on the constraining power of LiteBIRD on some inflation models in the (r,ns) space.
Left: no detection, Right: Example of a detection of r = .6 × 10−3, taking R2-inflation with N∗ = 51 as a
fiducial model. From LiteBIRD Collaboration et al. (2023).

The LiteBIRD instrument is designed to measure the CMB polarization on the largest scales
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(ℓ < 200) with an unprecedented accuracy. The largest scales can indeed only be reached
by a satellite experiment which can cover the full sky. Indeed, as depicted on Fig. 7.1,
LiteBIRD will map the low ℓ primordial angular power spectra in polarization of the CMB,
which have only been seen by WMAP and Planck, but with a sensitivity improved by several
orders of magnitudes. From a cosmological point of view, and in regards of our discussion
in Chap. 5, two major targets can thus clearly be identified in the low-ℓ polarized spectra:
the reionization history and inflation.

LiteBIRD will be able to probe simultaneously the two regions where bumps are expected
in the primordial B-modes spectrum: the recombination (ℓ ∼ 80) and reionization (ℓ f 10)
bumps, the latter coinciding with the scales for which the lensing signal is minimal. Such
a fine characterization of the B-modes, coupled to the E-modes, will then give very strong
constraints on the possible amplitude of tensor modes ∆

2
h, and hence r (see Sec. 5.3.2). As

displayed on Fig. 7.2, LiteBIRD data, combined with Planck data, would drastically reduce
the confidence levels in the (r,ns) parameter space, and thus exclude (or confirm) a large
number of inflationnary models. The left panel provide the illustration of a detection by
LiteBIRD for the prediction of R2-inflation with N∗ = 51 (see Sec. 4.3.3). In fact, the
LiteBIRD collaboration would be able to claim a 5Ã detection for r ≃ 0.01, while as seen
on the right pannel, it would set the upper limit of r < 0.002 (95% CL) in the absence of
primordial B-modes (that is Ã(r) = 1 × 10−3 including both systematics and component
separation).

Moreover, by providing a cosmic-variance-limited measurement of the low ℓ E-mode spectra,
LiteBIRD would allow to give unprecedented constraints on the reionization history, and
hence on zreio (or equivalently, the reionization optical depth Äreio), which is currently the
least well constraint parameter of Λ-CDM. Improving our knowledge on reionization would
allow to strongly constrain models of the formation of population III stars, and the emergence
of the first structures. Combined with ground telescope measurements, the LiteBIRD data
would provide an almost complete characterization of the polarization information of the
CMB, allowing to constrain sharply the 6 Λ-CDM parameters, and fundamental physics
parameters as the sum of neutrino masses.

LiteBIRD would also access the EB-correlation signal, and look for the existence of cos-
mic birefringence in the early Universe, possible signature of the presence of axions (see
Sec. 5.3.2). Numerous other cosmological objectives can be thought of, as a refined in-
vestigation of the significance of the CMB spatial anomalies, primordial magnetic fields,
anisotropic spectral distortions and SZ mapping on large scales. For a complete review, see
the discussion in LiteBIRD Collaboration et al. (2023).

Finally, LiteBIRD will also map all the other signals in the microwave, and allow a precise
characterization of the polarized Galactic emission on large scales. Having 15 frequency
bands, LiteBIRD will be able to precisely characterize the SED of the foregrounds, which
is absolutely critical for component separation, and is also precious for Galactic physics to
constrain e.g. dust grain models (see Chap. 6). Furthermore, by accessing polarization,
LiteBIRD will be able to map the Galactic magnetic field on the largest scales, which repre-
sent a first-importance astrophysical information with regard to Galactic dynamics and star
formation.
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7.1.2 The instrumental design

Figure 7.3: Left: Overview of the LiteBIRD instrumental design Right: close up view on the PLM. From
LiteBIRD Collaboration et al. (2023).

Figure 7.4: Detector positions on the focal planes (LiteBIRD Collaboration et al., 2023). LFT: red: 40,
60, 78 GHz, orange: 50, 68, 89 GHz, green: 68, 89, 119, blue: 78, 100, 140 GHz. MFT: red: 100, 140, 195
GHz, orange: 119, 166 GHz. HFT: purple: 195, 280 GHz, green: 235, 337 GHz, blue: 402 GHz.

As depicted on the left panel of Fig. 7.3, the LiteBIRD satellite is designed with an axisym-
metric shape (reducing its moment of inertia). On the top of the spacecraft is located the
payload module (PLM) containing the three telescopes: LFT, MFT and HFT. The PLM is
itself protected by a Sun-shield blocking Solar radiation coming from the back. On the back
of the satellite are some solar panels, powering the spacecraft, and a high gain antenna trans-
mitting data to Earth (for a total of 17.9 Gb per day). The right panel of Fig. 7.3 presents
a close-up view of the PLM. The three telescopes are embedded in a structure of V-grooves
designed to further cool down and protect the instruments from the Solar radiation. The
MFT and the HFT are grouped together (sometimes referred together as the MHFT) while
the LFT is pointing towards the opposite direction. The three telescopes are equipped with
a rotating HWP modulating the polarization signal and mitigating the systematic effects.
A closer view of each focal plane unit (FPU) of the telescopes is given in Fig. 7.4. All of
them are populated with hundreds of multichroic polarized transition-edge sensor (TES)
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Telescope
Frequency Sensitivity Ãnoise

Q,U (¿) ¹FWHM

[GHz] [µK·arcmin] arcmin
LFT 40.0 37.42 70.5
LFT 50.0 33.46 58.5
LFT 60.0 21.31 51.1
LFT 68.0 19.91/31.77 41.6/47.1
LFT 78.0 15.55/19.13 36.9/43.8
LFT 89.0 12.28/28.77 33.0/41.5

LFT/MFT 100.0 10.34/8.48 30.2/37.8
LFT/MFT 119.0 7.69/5.70 26.3/33.6
LFT/MFT 140.0 7.25/6.38 23.7/30.8

MFT 166.0 5.57 28.9
MFT/HFT 195.0 7.05/10.50 28.0/28.6

HFT 235.0 10.79 24.7
HFT 280.0 13.8 22.5
HFT 337.0 21.95 20.9
HFT 402.0 47.45 17.9

Table 7.1: Instrumental characteristics of LiteBIRD (LiteBIRD Collaboration et al., 2023). Some fre-
quency bands are shared by two different telescopes or detector arrays. If so, the two values of polarization
sensitivities Ãnoise

Q,U (¿) and instrumental beam full width at half maximum ¹FWHM are displayed on the same
line.

detectors, able to observe from one to three bands per pixel (Hubmayr et al., 2022). All
the detectors are expected to collect data with a sampling rate of fs = 19 Hz. The LFT is
a reflective telescope with a large field of view of 18◦ × 9◦. All its detectors are observing
in three frequency bands and are arranged in a rectangular configuration, itself composed
of multiple rectangular wafers (colored on the figure) observing at different frequency trios.
On the other hand, the MHFT instruments are refractive telescopes with a circular field of
view of 28◦ diameter. Both FPUs are composed of hexagonal wafers. The MFT is made of
7 wafers, organized in an overall hexagonal shape and sharing two different frequency con-
figurations. It is sharing its lower and higher frequency bands with the LFT and the HFT
respectively. The HFT is built of 3 wafers, organized in a triangular shape, each observing
in a unique frequency configuration.

The frequency bands of the whole instrument, with associated polarization sensitivities
Ãnoise
Q,U (¿), and full width at half maximum ¹FWHM, can be found in Tab. 7.1. If two fre-

quency bands are overlapping, I have computed the effective sensitivity, by taking the average
weighted by the FWHM as

Ãnoise
Q,U (¿overlapping) =

√

√

√

√

√

1
(

¹min

¹max
Ãnoise
Q,U (¿¹min

)
)−2

+
(

Ãnoise
Q,U (¿¹max

)
)−2 , (7.1)

with ¹min and ¹max respectively the minimal and maximal FWHM observing in the overlap-
ping frequency band.
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7.2 The Scanning strategy

Figure 7.5: Left: Definition of scanning strategy parameters for the LiteBIRD mission (LiteBIRD Col-
laboration et al., 2023). Right: Definition of a general scanning strategy located around L2 (Wallis et al.,
2017).

Figure 7.6: Left: scanning of the LiteBIRD LFT (blue) and MHFT (yellow) boresights projected on
the Mollweide view in ecliptic coordinates, for a duration of 10 hours. Center and Right: mean µ(È) and
standard deviation Ã(È) of the crossing-angle È, in radian, evaluated in every pixel for a mission duration
of 1 year, in ecliptic coordinates.

The LiteBIRD satellite will be orbiting around the L2 Lagrange point of the Sun-Earth grav-
itational system1, located behind Earth, on the Sun-Earth axis. As illustrated on Fig. 7.5,
while orbiting around L2, the satellite will also rotate on himself over two different axis.
First, it will spontaneously rotate around its axis of maximal inertia or spin axis. The angle
between this axis and the center of the boresight(s) is called ´. Additionally, the spin axis is
precessing around the Earth-Sun axis. The angle between the spin and the precession axis
is called ³. To avoid Solar radiation and allow for a scanning of the whole sky during the
mission duration, the sum of the angles must satisfy ³+ ´ > 90◦. In the case of LiteBIRD,
³ = 45◦ and ´ = 50◦. The associated period of rotation around the spin-axis and precessions
are noted T´ and T³. For LiteBIRD, T³ = 3.2058 hours and T´ = 20 minutes. It is possible
to simulate the scanning strategy associated to each detectors using either the toast2 or
litebird-sim3 softwares. As an illustration, on the left side of Fig. 7.6, I have computed
the scanning strategy of the center of the boresight of the LFT (blue) and MHFT (yellow)
for a 10 hours using litebird-sim. The Mollweide view is centered on the starting point

1Equilibrium point where the gravitational fields of the Earth and the Sun are compensating each other.
2https://github.com/hpc4cmb/toast
3https://github.com/litebird/litebird_sim
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of the scanning in the ecliptic plane (and thus using ecliptic coordinates). The scanning
thus describes characteristic "flower-like" patterns. When time passes this pattern is shifted
gradually until the whole sphere is covered. Let us now introduce the crossing angle or
impacting angle È in every pixel, as the angle made between the meridian of the celestial
sphere and the scanning direction. Because of the characteristic pattern of the scanning
strategy, the sky will not be uniformly scanned and the ecliptic equator and poles will be
visited more regularly and with a more homogeneous È distribution than the intermediate
(ecliptic) latitudes. This is further illustrated on the center and right panels of Fig. 7.6, on
which I plotted the mean and standard deviation of È in every pixels (respectively µ(È) and
Ã(È)) for one year of scanning by the LiteBIRD instrument. While the scanning is highly
symmetric with respect to the ecliptic longitude, It changes widely depending on the ecliptic
latitude. A natural question thus arises: does this È distribution have a significant impact
on the B-mode measurements by LiteBIRD and how to quantify it?

7.3 From side lobe asymmetry to scanning optimiza-

tion

Figure 7.7: Left: Instrumental beam Bor on the half sphere for a detector at 100 GHz, located on the
edge of the MFT. Right: Effective beam Beff computed from Bor with the scanning strategy for one year in
a pixel associated to the ecliptic latitude ¹lat = 40◦.

A uniform a scanning can be associated with the suppression of numerous systematic effects.
For example, as we will discuss, the distribution of the crossing angles can compensate
for intrinsic asymmetries of the so-called instrumental beam. On the other hand, if the
scanning is not perfectly homogeneous, it will be critical to evaluate the impact of the
leftover asymmetries on the measurement of r.

One can associate an instrumental beam to each pixel present on the FPU. This beam quan-
tifies the instrumental response of the detector depending on the direction of the incoming
signal on the sky. While detectors are associated with one or several centered frequency
bands ¿0, the beam shape can also depend of the exact frequency ¿ of the signal around ¿0,
which is called the bandpass effect. Additional subtleties exist for polarization, which I will
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not discuss here, assuming an identical beam for Q and U . The central and most sensitive
part of the beam is called main beam (and is often modeled as a Gaussian for simplification).
The outer part of the beam are called the near and far side lobes. The beam shape can be
asymmetric. This is even more true for detectors located on the edge of the FPU wafers.
On the left panel of Fig. 7.7, I have plotted the projection on the half sphere of the beam
associated to a detector on the edge of the MFT observing at 100 GHz and used in LiteBIRD
Collaboration et al. (2023). Roughly speaking, the main beam is in red, while the side lobes
represent the remaining large scale regions in orange, green and blue. One can see, that
for this detector, the beam is intrinsically asymmetric and displays complex patterns at all
scales. While the instrument is scanning the sky, the beam of each pixel will be dragged
along the trajectories depicted in Fig. 7.6. Over the three years of observation planned for
the LiteBIRD mission, one has to consider the so-called effective beam in every pixel Beff ,
defined as Beff =

∑

i R(Èi)Bor where Bor is the original beam, R is a rotation matrix and
i ranges over all the hits, i.e. the occurrence of the scanning in the pixel. The asymmetry
of the original beam will hence be smoothed and symmetrized by the scanning strategy.
The more homogeneous is the È distribution in each pixel, the better is this symmetrization
process. On the right panel of Fig. 7.7, I computed the effective beam resulting from the
original beam on the left, for a pixel located at the ecliptic latitude of ¹lat = 40◦. While this
smoothing is imperfect, one can witness that the beam has been strongly symmetrized.

A major question remaining to be answered regarding the LiteBIRD instrument, is whether
or not the residual asymmetry of the effective beams will impact the B-modes measurement,
and what requirements can be set on on the scanning strategy and the instrumental beams in
order to minimize this impact. For the past three years, I tried to address this question within
the "LiteBIRD asymmetry working group" in tight collaboration with Yusuke Takase, Yuya
Nagano and Hirokazu Ishino (Okayama University), Guillaume Patanchon (APC), Ludovic
Montier and Jonathan Aumont.

From our previous discussion, one expects that this symmetrization will differ depending
on the ecliptic latitude considered. To further illustrate this, I have created an artificial
Gaussian elliptic beam4 with an eccentricity of a/b = 2 and an orientation of ·0 = 45◦

with respect to the scanning direction, displayed on the left side of Fig. 7.8. Considering
the effective beam at the ecliptic pole (¹ = 90◦), one obtains a very symmetric result (up
right of Fig. 7.8). Looking at the È distribution in this pixel using a "peacock" diagram,
it can be seen that this distribution, while having some gaps, is very symmetric, such that
every crossing of the pixel with an angle È can be compensated by another one with −È.
Doing the same procedure at intermediate latitude (¹ = 30◦), one finds that the effective
beam remains significantly elliptical. Looking at the È distribution, one can witness a gap
on the bottom that is not compensated, such that the asymmetry of the beam can not be
smoothed.

A direct assessment of the impact of r of this asymmetry is very difficult. Firstly, one needs
to develop the appropriate conceptual tools to quantify simply the level of asymmetry of the
original and the symmetrized far side lobes. After a significant amount of trial and errors,
Ludovic Montier and I suggested to use a decomposition in spherical harmonics (See Ap-
pendix B), in order to add large scale perturbations to a Gaussian main beam. As such, it

4Simply given by a python array representing a 2 dimensional Gaussian curve normalized to 1.
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Figure 7.8: Symmetrization of an elliptic Gaussian beam Bor (left) by the scanning strategy of LiteBIRD at
two different ecliptic latitudes: Beff at ¹ = 90◦ (up-right) and Beff at ¹ = 30◦ (bottom-right). The grey lines
circular histograms associated to each symmetrized beam ("peacock" diagrams) represent the distribution of
the crossing angles È in each pixel. ·, a, b are respectively the orientation, semi-major and semi-minor axis
of the beams.

becomes possible to isolate the impact of e.g. dipolar and quadrupolar asymmetries associ-
ated with different amplitudes and orientations. As this decomposition and the convolution
process are linear, one would simply require to perform the convolution of the whole sky
once for perturbations associated with each (ℓ,m) pair and perform linear combinations to
study general cases (which still represent a significant amount of parameters to optimize).
However, applying these considerations required two tools that were not available at the
time of my thesis: polarization beam for the LiteBIRD instrument and a software allowing
to convolve the sky for polarization signal. Such a tool would moreover have to be able to do
so in a minimal time duration, as the tests have to be repeated a significant amount of times
in order to explore the consequences on r associated with different amount of asymmetry.
So far, doing so even in intensity would be extremely demanding in term of computational
hours5.

To simplify the analysis, we wondered if the scanning strategy itself could be optimized
in order to maximally symmetrize the beams across the whole sky. In collaboration with
Ludovic Montier, I implemented several tests in order to quantify this symmetrization power
as the Kolmogor-Smirnov test on the È-distribution, the harmonic beam smoothing power
and the hit-matrix determinant. A brief presentation of these tools is given in Appendix C.

5So far, beams for the LiteBIRD instrument are created using the ray-tracing GRASP software (https:

//www.ticra.com/software/grasp/). A unique 4Ã beam can then be associated with every single detector
of the instrument. Then convolution is made in each pixel visited by the scanning strategy using the
libconviqt software (Prézeau & Reinecke, 2010).

103

https://www.ticra.com/software/grasp/
https://www.ticra.com/software/grasp/


7. OPTIMIZING THE DESIGN OF THE LITEBIRD SATELLITE

I also studied extensively how these different indicators could change depending on the
mission duration, the scale on the sky considered and the values of ³ and ´. I supervised the
internship of Neven Gentil, who helped me running and writing some heavy convolution and
scanning codes for these preliminary studies. In the meanwhile, I found that, in the standard
configuration of LiteBIRD, part of a wafer of the HFT could not reach the ecliptic poles,
which could have dramatic consequences as this wafer was associated to a pair of unique
frequency band (235 and 337 GHz) for the HFT (See the example of a HFT detector’s
hitmap on Fig. 7.9 and the discussion in Appendix C.2). A similar problem also exists for
the MFT but its impact on data analysis is expected to be smaller as the distribution of the
frequency bands of the MFT display more redundancy among its detectors (see an example
on Fig. 7.4). I proposed to mitigate this impact by changing the orientation of the focal
planes with respect to the direction of scanning. These orientations were never optimized
before and chosen arbitrarily. Yusuke provided an analytical estimator of the induced biased
¶r such that we could properly optimize together the orientation of the focal planes of the
MFT and the HFT using several considerations. The optimized choice is presented on the
right panel of Fig. 7.9. The black dashed line represents the limit above which the detectors
will be penalized by not reaching the ecliptic poles with the canonical choice of scanning
parameters (³ = 45◦ and ´ = 50◦ ). Besides ∆r, this choice can be justified partly from
symmetry considerations: all the frequency bands are minimally impacted and the highest
frequency band of the HFT (402 GHz) – crucial for component separation and carried by a
single wafer – is set to cover the whole sky. The MFT is oriented such that the frequency
coverage is as homogeneous as possible in each pixel6. This new configuration we proposed
was taken into account and implemented in the latest version of the instrument model (IMO).
I also runned a study for LiteBIRD Collaboration et al. (2023), in which I checked that the
latitude dependence of the effective beam could be neglected under the assumptions made
for this analysis.

Figure 7.9: Left: Hitmap in ecliptic coordinates of a detector located on the edge of the HFT wafer #1
(235,337 GHz) before optimizing the focal plane orientations. Right: Optimized orientation of the focal
planes of the MHFT. Courtesy of Yusuke Takase.

Finally, I was invited by Hirokazu Ishino to visit Okayama University for one month, funded

6For example, consider rotating the whole MFT by 90◦ compared to the choice proposed in Fig. 7.9. In
this situation, the red wafers will always scan the center of the pixels, while the yellow ones would only scan
the edges of the pixel.
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by the H2020-RISE grant. We took this opportunity to further develop and test their
independent scanning and convolution codes in Julia, respectively Falcons7 and Condor8.
We decided to use these codes in order to provide an extensive study and justification of
the LiteBIRD scanning strategy, and a future study of the impact of asymmetric polarized
convolution. In our work on the scanning strategy, of which I am the co-leader, we are using
different observable to fully explore the scanning parameter space, including the HWP effect
(Takase et al., 2023). Considering that the HWP is modulating the polarized signal with an
angle ϕ and a period Tϕ, the full parameter space is given by {³, ´,T³,T´,Tϕ, fs}, where ³, ´
T³ and T´ are defined in Sec. 7.1.2 and the sampling rate fs was introduced in Sec. 7.2. The
dimensionality of this parameter space can be drastically reduced using constraint equations,
such that it depends only on the pair (³,T³). Inspired by Wallis et al. (2017), we choose
to consider the mean value of the so called cross-links as an indicator of the symmetrizing
power of the scanning strategy. Including the effect of the HWP, the cross-links hn,m can be
defined in each pixel as

hn,m =

∣

∣

∣

∣

∣

∣

1

Nhits

Nhits
∑

i

e−i(nÈi+mϕi)

∣

∣

∣

∣

∣

∣

, (7.2)

where m and n are spin integer numbers associated respectively to the impact of the HWP
and the crossing angles. From Eq. 7.2, one can understand how cross-links provide a good
indicator of the smoothing power. Indeed, for (n,m) = (1, 0), two È oriented in opposite
directions the sum of complex phases e−iÈ will tend to cancel each others, such that h0,1 → 0

for the top right peacock diagram of Fig. 7.8, and not for the bottom one. As such, they allow
to condense the information on the homegeneity of the È distribution in the h0,1 coefficient.
Moreover, it can be shown that multiple systematic effects can be related to specific values
of (n,m). For example, the intensity signal is characterized by n = 1, while polarized signal
is associated with n = 2. On the other hand m = 0 evaluates all systematics without the
HWP’s impact, while the dominant contribution of the HWP modulation is associated with
m = ±4. The intensity of the pointing offset systematic is proportional to the odd spin-
(n,m), with (±1, 0) being the dominant one, followed by (±1, ±4), (±3, ±4). On the other
hand, the effect of temperature to polarization leakage can be modeled solely in term of
(±2, ±4) and (±4, ±8). Finally, a smaller value of hn,m will ease the map-making procedure
by making the hit-matrix easily invertible (See Appendix C.2). Finding a configuration
minimizing the hn,m for the most relevant (n,m) pairs hence provides an optimization of
the scanning strategy. As an example, the mean cross-link maps are displayed on Fig. 7.10
in the (T³,³) space for specific (n,m) values. The standard LiteBIRD configuration (black
dot) provides a reasonable trade-off between all the panels, while lower values of T³ and larger
values of ³ (bottom right) seems to be favored. Other criteria also have to be taken into
account, especially regarding null-tests, as visit and revisit time of each pixels, allowing to
split the datasets in multiple independent sub-datasets, as half-missions, in order to identify
and remove systematic effects and observational time for in-flight calibration9 on planets,
compact sources and the CMB dipole. As an example, the total visible time on planets and
the Crab Nebula (all located in the ecliptic plane) is represented on Fig. 7.11 in the (T³,³)
space for the 3 year of the mission duration. This quantity peaks around ³ ∼ 47.5◦, favoring

7https://github.com/yusuke-takase/Falcons.jl
8https://github.com/yusuke-takase/Condor.jl
9In-flight calibration is required to estimate the absolute gain, pointing, beam shape, and polarization

angle during the mission duration.
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Figure 7.10: Mean value of the cross-link module squared ï|hn,m|2ð in the (Tα,³) space for specific values
of n and m. The black point represent the standard LiteBIRD configuration. Preliminary results from
Takase et al. (2023).

a value of 45◦ f ³ f 50◦. While multiple trade-off have to be considered, the standard
LiteBIRD configuration choice (³ = 45◦) can be justified considering heat input, solar panel
efficiency, moon shadow effects and volume allowed for the telescopes. Similar consideration
have to be taken into account jointly with the crosslink maps in order to fully optimize the
periods T³ and T´. For example, if the periods are too small (fast rotations), the satellite’s
angular momentum becomes to high and impact the altitude control and the scanning occurs
too quickly in each pixel to let enough time for the HWP to modulate properly the polarized
signal. On the other hand, larger periods tend to degrade the cross-links and the calibration
time on the CMB dipole. Considering the synergy of multiple observable, as well as technical
constraints from instrumental considerations, we thus managed to justify the choice of the
current LiteBIRD configuration and propose other relevant alternatives in Takase et al.
(2023).

7.4 Additional personal contribution to the LiteBIRD

collaboration

As a member of the systematic joint study group of LiteBIRD, I was involved in multiple
collaborative discussions and could provide help on studies independent from my main focus.
For example, as a daily user of the instrumental configuration files and beam models, I could
provide feedback to the modeling and simulation teams. With Yusuke Takase, we found an
error in the implementation of the detector position. A factor of two was present in their
coordinates, such that the focal planes and the field of views were twice as large as intended.
Giuseppe Puglisi (Catania University) corrected this error in the configuration files, such that
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COLLABORATION

Figure 7.11: Integrated visible time for the 3 year mission on compact sources in the (Tα,³) space. The
black point represent the standard LiteBIRD configuration. Preliminary results from Takase et al. (2023).

Yusuke Takase, Wang Wang (APC) and myself could re-runned the Toast convolution codes
on the NERSC cluster to produce the final outputs maps that were presented in LiteBIRD
Collaboration et al. (2023). These maps were re-used in several studies that I co-authored
as Vielva et al. (2022) and Krachmalnicoff et al. (2022).

I also had the chance to participate to some discussions about the influence of Solar and
Lunar radiations on the satellite’s observation, originally driven by the IRAP team made of
Ludovic Montier, Baptiste Mot, Jonathan Aumont and Louise Mousset.

Additionally, I was strongly involved in the foreground joint study group and the Galactic
science project study, as I will further discuss in the dedicated Chap. 8.

The LiteBIRD mission is an ambitious project supported by a large collaboration. As a
junior member of this group, I had the chance to contribute on different aspect of the mission,
providing feedback and cross-checks for the key LiteBIRD Collaboration et al. (2023) paper,
on which numerous studies rely today. Additionally, I was strongly focused on studying the
impact of an inhomogeneous scanning strategy. Thanks to our work, the orientation of the
focal planes, which were never considered before, have been fixed and optimized and the
current configuration for the scanning strategy used by the collaboration has been properly
investigated and justified.
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Towards an accurate modeling of the
spectral and spatial properties of
complex polarized light

A moment
I don’t know if this is true to you but for me

sometimes it gets so bad

that anything else

say like

looking at a bird on an overhead

power line

seems as great as a Beethoven

symphony.

then you forget it and you’re back

again.

– Charles Bukowski
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In Chap. 6, we discussed the rich physics at the origin of the interstellar medium (ISM)
signal and its strong impact on the CMB science. In this chapter, I will detail the origin of

109



8. TOWARDS AN ACCURATE MODELING OF THE SPECTRAL AND SPATIAL
PROPERTIES OF COMPLEX POLARIZED LIGHT

the spectral and spatial complexity of this signal and the progress made during this thesis to
better understand and model this complexity. In particular, I will develop a new parametric
component separation method using the so-called moment expansion at the cross-frequency
angular power spectra level and apply it to LiteBIRD in Sec. 8.3. I will then present the first
generalization of the moment expansion at the (Q,U) level in Sec. 8.4 and propagate it to the
E- and B-modes in Sec. 8.5. These last developments will allow me to derive and quantify
new consequences of the spatial variation of the foreground properties in polarization.

8.1 Spatially varying spectral parameters and the prob-

lem of SED distortions

The local physical conditions and the orientation of the galactic magnetic field (GMF) are
changing in 3D within the ISM across the Galaxy. This fact is supported both from theoret-
ical considerations and observations. It can be verified locally at the scale of filaments (see
e.g. Ysard et al. (2013)) and globally at the scale of the whole Milky-way (see e.g. Ysard
et al. (2015); Planck Collaboration (2017); Jaffe et al. (2013); Ferrière (2001); Schlafly et al.
(2016); Planck Collaboration (2018)). Such variations can also be witnessed in other galaxies
as M82 (see e.g. Hutton et al. (2015)).

The physical conditions witnessed by free charged particles or dust grains will hence de-
pend on their location within our Galaxy. As a consequence, the spectral parameters and
polarization angles that can be associated with their polarized signal will accordingly vary
from one emission point to another, in 3D. From this fact, one is forced to conclude that
every astrophysical observation will have to be understood as resulting of the sum/average
of different emission points associated with different emission properties. I will now refer
to this averaging process as mixing (or polarized mixing for the specific case of polarized
signal). Mixing can occur:

• Along the line of sight (LOS) in the third dimension/depth of the sky. Even in the
case of an ideal "pencil beam" associated to the instrument, this averaging is absolutely
unavoidable.

• Inside the instrumental beam or a sky-pixel, both understood as bundles of LOS
over the plane of the sky (POS). From an instrumental and data analysis perspective,
it is indeed impossible to work with maps having an infinite resolution, this average
will hence always be present at some level, being entangled with averages along the
LOS.

• Over large sky regions of the celestial sphere, when the analysis is done in harmonic
space using aℓm and Dℓ. The smaller ℓ is, the larger the sky regions one averages over,
and the stronger the consequences of mixing are expected to be1.

Let us now refer to the local SED of the ISM signal (e.g. MBB for dust and power law for
synchrotron) as the canonical SED. The spatial variation of the spectral parameters will have

1This would also be true in the map domain if the analysis is done over large pixels. Fitting a modified
blackbody in each pixels of the sky at high resolution would significantly reduce the impact of mixing but
would not be a viable option for component separation, as it would degrade too strongly the accuracy at
which the CMB signal can be recovered due to the tremendous number of free parameters required.
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several consequences, that must imperatively be modeled in order to understand properly
the foreground signals. We will explore each of them in great depth in the present chapter.
They are all interdependent and can be listed as follows:

• SED distortions: Because SEDs are nonlinear, the I,Q,U ,E and B signals coming
from a sky region do not behave as the canonical SED anymore, as resulting unavoid-
ably from the mixing of different (non-linear) SEDs (Chluba et al., 2017; Vacher et al.,
2023b). The total SED is thus said to be distorted2. For example, even if the dust was
perfectly described in every point of 3D galaxy by a MBB, the average signal will not
be a MBB anymore as e.g. the temperature changes from hotter to colder regions. As
mentioned in Chap. 6, SED distortions can also arise from the coexistence of different
grain population distributions e.g. with different size or composition. Each grain size
would then have a different equilibrium temperature and/or spectral index which will
cause distortions locally, even for an infinitesimal element of volume3.

• Frequency decorrelation: Because of the spatial variations of the SED, it is not
possible anymore to infer the signal of a map M¿2

at a frequency ¿2 from the signal
of a map M¿1

at frequency ¿1 by using a constant scaling k (M¿1
̸= kM¿2

4). Two
frequency bands loose their correlation as the frequency difference increases and the
cross-frequency power spectra Dℓ(M¿1

× M¿2
) := Dℓ(¿1 × ¿2) will consequently loose

its power (Planck Collaboration, 2016c).

• Polarization angle rotation: If (and only if) the GMF orientation is varying along
with the values of the spectral parameters, U and Q will not only have distorted
SEDs but their SEDs will be different. In this case, the polarization angle È ∝ U/Q

(Eq. B.15) becomes a frequency dependent quantity, and P¿ rotates in the complex
plane with frequency (Tassis & Pavlidou, 2015; Planck Collaboration, 2017; Pelgrims
et al., 2021; Vacher et al., 2023b).

• E-B rotation: Similarly, if (and only if) the GMF orientation is varying along with
the values of the spectral parameters, E and B will have different SEDs, such that,
at the power spectra level EE¿ ̸= BB¿ ̸= EB¿ . Thus, the E to B ratio EE/BB

becomes a frequency dependent quantity (Vacher et al., 2023a).

From an astrophysical perspective, these consequences are welcome, as looking for them
could allow to probe variations of the physical properties across the Galaxy. From a CMB
foreground perspective, they are a nuisance, and miss-modeling them could have dramatic
consequences for cosmological data analysis.

The Planck Collaboration (2017) analysis found some evidence for a suppression of the
cross-frequency power-spectra due to spatial variations of the SED. Subsequent analyses by
(Sheehy & Slosar, 2018; Planck Collaboration, 2018) found no such detection. In order to

2This notion is very similar to the spectral distortions of the CMB mentionned in Sec. 5.1.3. They can
be sourced by deviations from thermal equilibrium or as SED distortions induced from mixing of blackbody
spectra in the depth of the primordial plasma, if significant energy injection occurs in the early Universe
(from standard or non standard physics (Zeldovich & Sunyaev, 1969)). In order to avoid confusion, we
distinguish "spectral distortions" (of the CMB) from "SED distortions" (of foregrounds).

3Thanks to Marc-Antoine Miville-Deschênes for pointing this.
4While for example, if the signal of the two maps is given in each pixel by a powerlaw with fixed amplitude

and spectral index ´, then Mν1
= kMν2

with k = (¿1/¿2)β
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tackle possible effects of decorrelation on the B-modes analysis level, BICEP2 Collaboration
et al. (2018); Ade et al. (2021) used the decorrelation parameter, introduced in Planck
Collaboration (2016c) (Appendix E), defined as

∆d =
Dℓ=80(217 × 353)

√

Dℓ=80(217 × 217)Dℓ=80(353 × 353)
. (8.1)

This parameter was added in the analysis when looking at the cross frequency angular power
spectra D¿1×¿2

ℓ = Dℓ(¿1 × ¿2) with an associated spectral dependence of the form

ln (¿1/¿2)
2

ln (217/353)2 , (8.2)

and a suitable flat ℓ dependence (all being inspired from Planck Collaboration (2017)).
Results tend to show that such a term is not favored in the data analysis, traducing that the
effect of decorrelation is lower than the noise level. The question of the sensitivity required
to get a sensible impact of the spatial variation effects on cosmological analysis is thus still
subject to debate, but there is no doubt that all these effect must be present at some level
as they can be detected in the Planck data using refined analysis methods (Pelgrims et al.,
2021; Ritacco et al., 2023). As such, there is no doubt that next generation missions, as
Simons observatory will be sensitive to the consequences of SED variation and mixing, even
in the more optimistic scenarios (Azzoni et al., 2021; Wolz et al., 2023). This will be even
more dramatic for satellite experiments like LiteBIRD, scanning large sky fractions with an
unprecedented sensitivity (LiteBIRD Collaboration et al., 2023; Vacher et al., 2022a). It is
hence critical to find a robust method to be able to tackle these effects.

8.2 Beyond canonical SEDs: Moment expansion for

intensity signal

Before treating the consequences of mixing and the solution proposed by moment expansion
in full generality, we will focus for now on the intensity signal. We start by the pedagogical
example of the sum of two power laws in order to highlight the problematic in the most
simple case.

8.2.1 A pedagogical introduction: summing two power laws

Consider two power-law SEDs in intensity given by I1
¿ = A1

(

¿
¿0

)´1

and I2
¿ = A2

(

¿
¿0

)´2

.
One could for example think about the intensity signal coming from two synchrotron regions
with different physical conditions. Let us further assume that these two regions are located
one in front of the other along a single LOS as depicted on the right panel of Fig. 8.1. As
discussed in Appendix B, Stokes parameters are additive, such that the total observed signal
I¿ will simply be given by

I¿ = I1
¿ + I2

¿ = A1

(

¿

¿0

)´1

+A2

(

¿

¿0

)´2

̸= Ã

(

¿

¿0

) ˜́

. (8.3)
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Because power-laws are not linear in ´i, it is impossible to find Ã and ˜́ such that I¿ can be
rewritten as another power-law. This can be clearly seen on Fig. 8.1 as a power-law would
be a straight line in the log-log plane, while the total signal is not a straight line anymore.
In this example, I have chosen ¿ ∈ [1, 1000]GHz, ¿0 = 30 GHz, A1 = 1,A2 = 1.2 (arbitrary
units), ´1 = −3 and ´2 = −1.3. At ¿ = ¿0 the two SED cross each others and one becomes
dominant over the other, thus flipping the behavior of I¿ . This is exactly the phenomenon
of SED distortion mentioned in the previous section. As a solution, consider now making a

100 101 102 103
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100
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104

I
ν

Figure 8.1: Left: sum of two power-law SEDs. Total signal (orange), I1
ν (blue dashed) and I1

ν (green
dashed). Right: sketch of the position of the two regions responsible for I1

ν and I2
ν along the line of sight.

Taylor expansion of each SED Ii¿ , i ∈ {1, 2} with respect to the spectral parameter ´ around
a common pivot ¯́ (which can be arbitrary for now). This can in principle always be done
and is exact as long as the SEDs are continuous and smooth. The Taylor expansion of each
SED can be written as

Ii¿(´) = Ii¿( ¯́) + (´ − ¯́)
∂Ii¿
∂´

∣

∣

∣

∣

∣

∣

´= ¯́

+
1

2
(´ − ¯́)2∂

2Ii¿
∂´2

∣

∣

∣

∣

∣

∣

´= ¯́

+ O(´3)

= Ai

(

¿

¿0

) ¯́ (

1 + (´ − ¯́) ln

(

¿

¿0

)

+
1

2
(´ − ¯́)2 ln

(

¿

¿0

)2

+ O(´3)

)

= Ai

(

¿

¿0

) ¯́ (

1 +
∑

n

∆´n

n!
ln

(

¿

¿0

)n
)

.
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Introducing the notation ∆´ = ´ − ¯́. Performing now the expansion independently for the
two intensities with respect to ´1 and ´2, the total SED now reads

I¿ = A1

(

¿

¿0

)´1

+A2

(

¿

¿0

)´2

= A1

(

¿

¿0

) ¯́ (

1 + ∆´1 ln

(

¿

¿0

)

+
1

2
(∆´1)

2 ln

(

¿

¿0

)2

+ O
(

(∆´1)
3
)

)

+A2

(

¿

¿0

) ¯́ (

1 + ∆´2 ln

(

¿

¿0

)

+
1

2
(∆´2)

2 ln

(

¿

¿0

)2

+ O
(

(∆´2)
3
)

)

=
(

¿

¿0

) ¯́ (

[A1 +A2] + [A1∆´1 +A2∆´2] ln
(

¿

¿0

)

+
1

2
[A1(∆´1)

2 +A2(∆´2)
2] ln

(

¿

¿0

)2
)

+ O
(

(∆´i)
3
)

= Ā

(

¿

¿0

) ¯́ (

1 + É
´
1 ln

(

¿

¿0

)

+ É
´
2 ln

(

¿

¿0

)2

+ O
(

(∆´i)
3
)

)

, (8.4)

with ∆´i = ´i − ¯́ and where we defined

Ā = A1 +A2, Éni =
A1(∆´1)n +A2(∆´2)n

Ā
. (8.5)

The coefficients Éni are called the moments as they can be identified with the statistical
moments of order n of the ∆´-distribution, if the amplitudes Ai are interpreted as normal-
ization of the probability distribution5. The final expansion of the total SED in Eq. 8.4 is
hence called a moment expansion. Note that the moments can be defined without the Ā
normalization depending on the context (and one has to be careful about it!). As statistical
moments, it is possible to interpret É´1 as a correction to the mean pivot ¯́. The corrected
value ¯́corr will be the choice of spectral index pivot corresponding to a vanishing of the first
order as

É
´
1 = 0 (8.6)

⇒A1(´1 − ¯́corr) +A2(´2 − ¯́corr) = 0 (8.7)

⇒ ¯́corr =
A1´1 +A2´2

Ā
(8.8)

As such, the expansion Eq. 8.4 rewritten around ¯́corr instead of ¯́ will have no first order,
and will be associated with the smallest values for the higher order moments. In practice,
this can be done by evaluating or fitting É´1 and replacing

¯́ → ¯́ + É
´
1 (8.9)

=
¯́(A1 +A2)

A1 +A2
+
A1´1 −A1

¯́ +A2´2 −A2
¯́

A1 +A2
(8.10)

=
A1´1 +A2´2

A1 +A2
= ¯́corr. (8.11)

5The statistical moment Mk of order k associated to a variable x with probability P(x) are given by
Mk =

∫

xk
P(x) dx. Here the variable is x = ´ − ¯́ and P(x) =

∑

i Ai¶(x − xi) (with ¶ the Dirac
distribution). The moments are normalized by the total probability

∫

P(x) dx = Ā.
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Figure 8.2: Modeling the SED distortions of the total signal (orange) with moment expansion at different
orders (colored dashed lines: order 1 with pivot correction (blue), order 2 (light blue), order 3 (grey). The
higher orders are changing color towards the red and merge gradually with the total signal.

The moment expansion is giving a well motivated modeling of the SED distortions. Let
us motivate this ascertainment in the extreme case illustrated in Fig. 8.1. In Fig. 8.2, I
plotted the canonical SED evaluated at ¯́ ≃ −2.07 and Ā = 2.2 (in dashed blue). As
expected, it is not able to bend in the log-log plane and can not reproduce the total signal
(orange). Computing É´1 , I find ∼ 1 × 10−16, symptomatic of choosing the right pivot values
around which we can make the expansion. I further obtain É

´
2 = 0.716, the addition of

which significantly pushes the signal towards the desired curve (dashed light blue). The
addition of the other orders further help (colored dashed lines), until the moment expansion
is completely merged with the signal. As such, the moment expansion provides a well
motivated and minimal modeling of the SED distortions.

8.2.2 Moments expansion in intensity in their full glory

The original introduction of the moment expansion for CMB foreground modeling was given
in Chluba et al. (2017). Following this paper, let us now extend the simple example of the
sum of power-laws to a general case. To do so, consider that every point of the 3D Galaxy
(every "voxel") is emitting with a canonical SED I¿(p) where p = (p1, p2 . . . pN ) is a vector
containing N spectral parameters. As a matter of terminology, we define the weight (noted
A) as the factors in the SED which are not dependent of the frequency (e.g. the amplitudes
of power-laws/MBB). On the other hand, the frequency dependent part of the SED, in which
the spectral parameters appear, is called the emissivity (noted ε¿ in the following). As such,
the local SED in every point can be re-expressed as I¿ = Aε¿ .

The total SED ïI¿(p)ð, resulting from the mixing inside a beam and/or along the line of
sight is then given by

ïI¿(p)ð =
∫

A(s)ε¿(p(s)) ds =
∫

P(p)ε¿(p) dNp (8.12)

where s is a continuous dimensionless parametrization labeling the various emission points
over which the summation is done (typically a parametrization of the line of sight or the
coordinates x of the points in 3D). The second expression makes explicit the link between
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the moment expansion and the statistical distributions of the spectral parameters. P(p)
represents the statistical probability distribution of the spectral parameters p over which one
is averaging over. As a convenient trick, we absorbed the weights A in the probability density.
The probability distribution is then normalized by the weights as

∫

P(p) dNp =
∫

A(s) ds :=
Ā. As such, the two last expressions are complementary and give a different intuition on
the problem: one is a deterministic sum over all the emission points and the second one is a
statistical average over the spectral parameters in the region under consideration.

In both expressions of Eq. 8.12, it is possible to Taylor expand the canonical SED I¿(p)
with respect to the each spectral parameter pi around a constant pivot p̄i. Regrouping the
terms as we did in Sec. 8.2.1, the moment expansion takes the general form

ïI¿(p)ð = I¿(p̄) +
∑

i

É
pi
1 ∂pi

I¿(p)|p=p̄

+
1

2

∑

i,j

É
pipj

2 ∂pi
∂pj

I¿(p)|p=p̄

+ . . .

+
1

µ!

∑

i,...,k

Épi...pk
µ ∂pi

. . . ∂pk
I¿(p)|p=p̄, (8.13)

where the moments are defined as

Épi...pk
µ =

ï(pi − p̄i) . . . (pk − p̄k)ð
Ā

(8.14)

and ïXð = ∫

A(s)X(s) ds =
∫

P(p)X dNp is the integral/sum over all the emission points,
weighted by the amplitudes A(s).

For the sake of completeness, let me mention that in order to obtain Eq. 8.13, we made the
assumption that the spectral derivatives ï∂pi

. . . ∂pk
I¿(p)ð where constants ∂pi

. . . ∂pk
I¿(p)

and could be factorized out of the integrals. Some processes, as bandpass integration makes
this simplification impossible, as the integral ïX¿ð =

∫

X¿P(p)W (¿) dNp d¿ must contain
a frequency dependent beam window function W (¿). The moment expression must then
take the form given in Chluba et al. (2017) as

ïI¿(p)ð = I¿(p̄) +
∑

i

É
pi
1 ï∂pi

I¿(p)ðp=p̄

+
1

2

∑

i,j

É
pipj

2 ï∂pi
∂pj

I¿(p)ðp=p̄

+ . . .

+
1

µ!

∑

i,...,k

Épi...pk
µ ï∂pi

. . . ∂pk
I¿(p)ðp=p̄, (8.15)

with

Épi...pk
µ =

ï(pi − p̄) . . . (pk − p̄)∂pi
. . . ∂pk

I¿(p)ð
ï∂pi

. . . ∂pk
I¿(p)ð

. (8.16)

A preliminary version of the moment expansion was introduced to deal with the SZ effect
and separate the spectral and spatial information of the signal (Chluba et al., 2013). As
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8.3. APPLYING MOMENT FOR COMPONENT SEPARATION: APPLICATION TO
LITEBIRD

CMB spectral distortions (discussed in Chap. 5) can be produced by some mixing in the
depth of the LSS, moments can naturally be invoked to model them and their foregrounds
(Abitbol et al., 2017). However, modern applications of the moment expansion can be mostly
found in order to model and separate CMB foregrounds. As discussed already in Chap. 6,
the dust signal has already been confused with the primordial signature of the inflaton field
BICEP2/Keck Collaboration et al. (2015). Moment expansion provides a careful modeling
of the dust signal that could help avoiding this confusion through a justified modeling of the
expected consequences of mixing introduced in Sec. 8.1.

As such, foreground moments have been included in ILC methods in order to orient the
optimization in component separation. This is the proposal of the MILC method (Rotti &
Chluba, 2021; Remazeilles et al., 2021). On the other hand, in pixel space, it was suggested
to fit the moment coefficients in large pixels to provide a parametric component separation
method named the ∆-map method (Ichiki et al., 2019; Minami & Ichiki, 2023).

In this thesis, I will propose in Sec. 8.3 a new parametric component separation method in
which this moment expansion is used at the angular power spectra level. This method is ap-
plied on simulations for the LiteBIRD mission and proves to be able to separate efficiently the
foreground signal from the primordial B-modes. Furthermore, in Sec. 8.4, I will derive the
first generalization of this formalism to polarization, introducing the "spin-moment" expan-
sion. This framework will allow to understand and model properly the unique consequences
of the mixing of polarized signals. Finally, in Sec. 8.5, I will further use the spin-moment
expansion to explore the consequences of mixing at the E- and B-modes level. We will then
discuss how and why the spin-moments are powerful tools for dust modeling and Galactic
science.

8.3 Applying moment for component separation: ap-

plication to LiteBIRD

8.3.1 Context: The challenge of component separation with Lite-

BIRD

As discussed in Sec. 8.1, it is known that the spectral parameters are varying across the
3D Galaxy, and that these variations will have consequences for future CMB missions. In
order to recover an unbiased value of the tensor-to-scalar ratio r, it is critical to find a
way to model these consequences. However, a trade-off must be found and choosing a
very complex modeling of the foregrounds including a large number of parameters is not
desirable, as it would degrade the sensitivity at which r can be recovered. As discussed in
the previous section, the moment expansion provides a minimal and well motivated modeling
of the distorted foreground SED. Depending on the complexity of the component separation
problem – set both by the sensitivity of the instrument and the complexity of the Galactic
signal – the expansion can be cropped to keep only the minimal number of moments required
for a careful modeling of the SED, with a minimal degrading of the sensitivity. Additionally,
the amplitude of the recovered moment coefficients allows to properly quantify the foreground
complexity under consideration, and infer statistical properties of the ISM.

In the analysis of Mangilli et al. (2021), the moment coefficients were fitted over simulations
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and Planck data at the cross-frequency power spectra level in intensity Dℓ(¿i × ¿j). It was
found that moment were needed in order to account for the sky complexity and recover a
good fit, as well as an unbiased spectral index in simulations. This work provided a strong
indication that moments could be a powerful tool to apply directly at the angular power
spectrum level on the B-modes data in order to recover an unbiased value of the tensor to
scalar ratio for a mission as LiteBIRD.

Component separation can be put forward as one of the biggest challenge that must be
overcome for the success of the LiteBIRD mission6(LiteBIRD Collaboration et al., 2023).
This task is especially challenging as the instrument is designed to probe the largest scales
of the sky with an unprecedented sensitivity, and will hence be extremely exposed to the
consequences of mixing, excluding all the simple methods which were efficient at lower sen-
sitivities. As over-viewed in Fuskeland et al. (2023), several methods have been proposed
to deal with this complexity, each with their advantages and drawbacks. As mentioned in
Sec. 6.4, this plurality is a strength, and the complementary of the methods will certainly
be put forward in front of real sky data. No matter the choice of the method however, re-
covering an unbiased value of r with a minimal standard deviation at LiteBIRD’s sensitivity
appears to be a highly non trivial task, even in the simplest foreground scenarios.

In this thesis, I explore the promising direction opened by the moment expansion at the level
of the cross-frequency angular power spectra for LiteBIRD. We demonstrate its viability and
explore its limits.

8.3.2 The paper: Objectives and results

Following the analysis of Mangilli et al. (2021), I was tasked by Jonathan Aumont to explore
the possibility to use the moment expansion for B-mode component separation during my
master’s thesis. Fitting the moment coefficients over the cross-frequency angular power-
spectra of LiteBIRD simulations, I demonstrated the possibility to recover an unbiased
value of r for simple dust models, with a standard deviation compatible with the mission’s
objectives. Our results were published more than one year later Vacher et al. (2022a) and
the complete paper can be found in Appendix D.1.

To perform the analysis, I generated several sets of 500 maps of simulated LiteBIRD data
on the sphere using the Healpy software. These simulations were built for the 9 highest
frequencies of the instrument, where the dust signal is expected to be dominant (g 100 GHz).
They include Gaussian white noise realizations with the LiteBIRD sensitivity7. All of the
set contains Gaussian realizations of BB lensing. While the default case has no primordial
B-modes (rsim = 0), a set was built containing some primordial signal with rsim = 1 × 10−2

in order to explore the possible degeneracies between r and the moments8. Finally, some
foregrounds were added using the PySM models. We explored d0, d1, d1T (a self-made
version of d1 without temperature variation) and in some case we added some synchrotron
s1. All these foreground models are described in Sec. 6.5. A significant amount of the

6The scientific objectives and characteristics of the LiteBIRD instrument are detailed in Chap. 7
7In order to simulate the use of half-missions, I generated two independent set of noise with an amplitude

greater by
√

2 for the computation of auto-frequency angular power-spectra.
8I generated the primordial B-modes and lensing spectra with CAMB (https://github.com/cmbant/

CAMB) using the Λ-CDM best-fit parameters.
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Figure 8.3: (Left): Median and median absolute deviations of the best fit values of ¯́(ℓ) in d0 (orange),
d1T (green), and d1 (blue) for the MBB (circles). For completeness, I also added the correction brought by
the other orders: ´-1 (crosses), ´-2 (triangles), and ´-T (diamonds). ´d0 is marked by the dashed black line.
(Right): Same as above but with T (ℓ), the black dashed-lines being Td0 = 20 K and Td1T = 21.9 K.

.

work consisted to test these simulations build by hand, in order to make sure that every
component was correctly implemented. The maps were then masked using different sky
fractions of fsky = 70%, fsky = 60% and fsky = 50%. From two maps at two-map M¿i

and
M¿j

at different frequencies ¿i and ¿j , one can compute the cross-frequency angular power
spectra Dℓ(¿i × ¿j) = Dℓ(M¿i

× M¿j
). For a formal definition of the angular power spectra,

we refer to Appendix B. In these analysis, we considered only the BB cross-frequency angular
power spectra. From 9 original frequencies, 45 BB cross-spectra can be extracted over which
to perform our analysis. In order to extract the cross-frequency angular power-spectra from
the maps, I first used the Xpol (Tristram et al., 2005) software, which revealed itself to
be too inaccurate for LiteBIRD’s sensitivity. I then used the namaster software9, with
B-mode purification of the ambiguous modes, allowing to significantly increase the accuracy
of the spectra extraction. The spectra where then binned 10 by 10 in the range ℓ ∈ {2, 200}.

Once the 45 power-spectra of 20 bins extracted from each of the 500 simulations, it is possible
to model their spectral behavior as

Dmodel
ℓ (¿i × ¿j) = Ddust

ℓ (¿i × ¿j) + Dlensing
ℓ + r̂ · Dtensor

ℓ , (8.17)

where Dlensing
ℓ and Dtensor

ℓ are respectively the input lensing and tensor power-spectra (in-
dependent of frequency in (µKCMB)

2) and r̂ is the model’s tensor-to-scalar ratio.

Regarding the dust model, Mangilli et al. (2021) showed how to generalize the moment
expansion introduced in Sec. 8.2.2 at the cross-frequency angular power spectrum level.
Assuming that the dust SED is given by a distorted MBB, Ddust

ℓ (¿i × ¿j) can be expressed

9https://github.com/LSSTDESC/NaMaster
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with a moment expansion with respect to ´ and T 10 as11

Ddust
ℓ (¿i × ¿j) =

I¿i
( ¯́(ℓ),T (ℓ))I¿j

( ¯́(ℓ),T (ℓ))

I¿0
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, (8.18)

where Θi are the first order derivative of the blackbody with respect to the temperature
evaluated at a frequency ¿i

Θi =
xi

T

exi

exi − 1
, with xi =

h¿i

kBT
. (8.19)

We made the hypothesis that this formalism – built for the intensity signal – could be
identically applied to the thermal dust BB signal when considering the B-modes indepen-
dently from the other polarization angular power spectra (EE and EB). This hypothesis
was proven to be valid a posteriori in Vacher et al. (2023b,a). We also added for the first
time the moments in temperature, which were disregarded in Mangilli et al. (2021), as an
expansion in ´ only was enough to recover accurately the dust signal at Planck’s sensitivity,
which is not possible anymore for LiteBIRD.

The moment coefficients and r̂ can then be recovered with a fit of Eq. 8.17 on the simulation
spectra using a Ç2 minimization with Mpfit12.

The covariance matrix of all the simulation was used to compute the value of the Ç2, but
appeared to be impossible to invert accurately in general. A way around this issue was found
by considering a truncated version of the matrix keeping only the strongest correlation values.

For each simulation, we fit a value for the MBB amplitude, moment coefficients and pivot
spectral parameters in every bin of ℓ and a single value of r̂. All the best-fit spectra can be

10Here and in the remainder of this chapter, we drop the upper labels d for the dust spectral parameters
and reference frequency used in Chap. 6, allowing us to make the notations significantly less cluttered.

11A frequency dependent factor must be added to this expression to correctly express this expansion in
(µKCMB)

2.
12https://github.com/segasai/astrolibpy/blob/master/mpfit/mpfit.py
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Figure 8.4: Recovered posterior for the tensor to scalar ratio at fsky = 70% with the three different kind
of dust models; d0 (left), d1T (center) and d1 (right) with different fitting schemes: MBB (blue), first order
in ´ (red), first order in ´ and T (green) and second order in ´ (yellow). The black dashed line indicates
rsim = 0.

found in the paper (Fig. 4 to 8), as well as their interpretation in term of the dust complexity
contained within the simulations. The recovered value of the reduced Ç2 are considered to
evaluate the goodness of the fit, and validate our interpretations (see Fig. 3 of the paper).

We used an iterative process to fit the moments: we first fit a MBB (0th order) with ℓ-
dependent spectral parameters (see Fig. 8.3), then we fit the moment expansion at order n,
keeping fixed the spectral parameters obtain with the MBB, and finally we iterate the fit of
all the moment until convergence by correcting the spectral parameter spectra with the first
order moments spectra in order to fix the best pivot spectral parameters until convergence is
reached when all the first order moment spectral are compatible with zero13 (See of Sec.4.2 of
the paper in Appendix D.1 for a detailed description). Finally, we decided to fit a Gaussian
posterior on the r̂ distribution, in order to estimate a final value of r̂± Ã(r̂). The recovered
Gaussian posteriors for the special case of rsim = 0 and fsky = 70% can be found in Fig. 8.4.
The results depend strongly on the choice of the fitting scheme as follows:

• MBB: Fitting a MBB with ℓ-dependent spectral parameters (blue curves) always lead
to a biased value of the r̂ posterior except for the d0 dust model, which is exactly
a MBB on the sky. As an illustration, the recovered ℓ-dependence of the spectral
parameters for the different dust models is given on Fig. 8.3, depicting a consistent
story with the different foreground scenarios. After the MBB fit (circles), the values of
the spectral parameters are fixed and corrected by iteration when moments are added
to the model (other shapes).

• Expansion in ´ at first order (´-1): Fitting only the first order in ´ drastically
reduce the bias but is still not enough to completely suppress it for d1T and d1, in-
dicating that this model is not satisfactory. The reduced Ç2 values are significantly
shifted away from unity.

• Expansion in ´ at second order (´-2): As expected, using the moment expansion

13A subtle point must be stressed here: contrarily to the expansion in map space (Eq. 8.13), correcting the
pivot p̄ in harmonic space (Eq. 8.18) suppresses only the term in A×É

p
1 but can not cancel the moment term

in É
p
1 × É

p
1 , such that the first order can not be reduced to a simple correction of the pivot. This translate

the fact that it is impossible to find a common pivot correction for Eq. 8.13 suppressing simultaneously the
first order in every pixel of the map when spatial variations are present.
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up to second order in ´ only allows to suppress the bias for d1T, which contains only
variations of ´. However it leads to a significant increase in the width of the posterior
as well as a surprising negative bias in r̂ for d1. While it took a significant amount
of time for us to properly understand the origin of this behavior, our interpretation is
the following: significant degeneracies exist between the É´2 × É

´
2 and r̂, leading to an

unwanted increase in the standard deviation (compared to the (´-T ) model which has
exactly the same number of free parameters). Moreover, when temperature distortions
are present, the second order moment try to account for them with the wrong spectral
shape and, due to the correlation mentioned before, É´2 ×É

´
2 tends to leaks into r̂ when

it is added to the fit (See Fig. A.2 of the paper and the discussion in Sec. 6.5), leading
to the observed bias on the measured tensor-to-scalar ratio.

• Expansion in ´ and T at first order (´-T ). The expansion of first order in both ´
and T allows to recover an unbiased value of r̂ in all scenario with a minimal standard
deviation close to LiteBIRD objectives Ãr̂ ∼ 10−3. We further showed that reducing
the number of fitted moments – by setting a threshold in multipole under which they
are considered – allowed to significantly reduce this value without introducing bias,
such that a careful optimization of the method could drastically improve this result.

The other scenarios I explored, including different fsky, rsim ̸= 0 and synchrotron are all
detailed in the paper. Overall, the conclusions of our work are the following:

• The moment coefficients are undoubtedly needed to recover a unbiased value of the
tensor to scalar ratio for a mission as sensitive as LiteBIRD. Without taking them into
account, the value of the recovered posterior for r̂ is significantly biased (∼ 61Ã for d1

and fsky = 70%). When the moments are added to the fit, they are all significantly
detected, mostly at the largest scales, were the consequences of mixing are stronger
(see Fig.6 to 8 of the paper).

• Larger sky fractions are favored for this method, as they provide more statistics in order
to recover a small value of Ã(r̂), while stronger distortions can be easily overcomed
with the moments.

• Moments expansion up to order 1 in the cross-power spectra domain allows to reach
LiteBIRD objectives for the simple d1 model. After optimization, we are able to
recover an unbiased value of the tensor-to-scalar ratio with associated Ã(r̂) ∼ 9 × 10−4

for a sky fraction of fsky = 70%. This result is robust under the addition of a non-zero
rsim, change of the sky fraction fsky or addition of synchrotron s1 (with corresponding
increases in Ã(r̂)).

• Taking into account the temperature moments is crucial when reaching sensitivity level
of LiteBIRD. A modeling using ´ moments only, as previously done in harmonic space,
or as done for less sensitive missions, now leads to biased results. As the moments are
correlated mildly with r̂ and between each others, going to higher orders in ´ without
considering the lower terms in T will lead the fit to interpret first order dust complexity
as second order index complexity, leading to a miss-modeling of the dust signal.

• Moment expansion allows to recover the spectra of the moment amplitude, and char-
acterizes the dust complexity under consideration as done in (Mangilli et al., 2021).
This interpretative power is one of the greatest strength of the method, as it allows to
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explain the possible biases and miss-modeling.

8.3.3 Impact, limits and outlooks

This work provides a first proof of concept for the use of moments in harmonic space in the
case of the LiteBIRD high sensitivity mission. We stressed the power of the method, as it
provides a highly interpretable framework, which is mostly justified when considering large
sky fractions.

Our analysis could have been done by considering all the frequency bands, but this would
be very demanding in term of computational time, and further optimization of the codes
would be required in order to properly do so. Lot of room is also left for optimization in
order to select the correct moments and reduce the recovered Ã(r̂) value. To do so, one could
simply remove the moments coefficients as free parameters when they are not significantly
detected in the fit (in the spirit of what we proposed here). Possible combination with other
methods as e.g. clustering should also be considered, in order to select the minimal number
of free parameters required (Puglisi et al., 2022). Additionally it will be necessary to test our
implementation on more complicated dust models than the ones investigated in this analysis.
The moments will undoubtedly be able to face the challenge, but the recovered value of Ã(r̂)
might be too large for a mission as LiteBIRD, which further justifies why an optimization is
required. Larger sky fraction could also be considered, under which the method is expected
to provide its best performances

We also showed that a careful modeling of the temperature14 was crucial at high sensitivity
and high frequencies. This conclusion about temperature naturally leads us to wonder if
the addition of bands at high frequencies could help breaking the degeneracy between the ´
and T moments in order to ease the component separation. By shifting the frequency bands
of the HFT towards high frequencies, I found that one could reduce the value of Ã(r̂) by
∼ 65% using the exact same method. My results were published in the collaborative paper
Fuskeland et al. (2023), in which multiple component separation methods reached the same
conclusions in the framework of the LiteBIRD foreground joint study group.

Within the collaboration, I am also a member of the LiteBIRD Galactic project study group
in which we investigate how the moments could be used for component separation and
foreground modeling. I am now collaborating with Eirik Gjerløw of Oslo University in order
to implement the moment coefficients in the Commander framework.

A similar approach than the one I introduced, but using less free parameters, was taken in
Azzoni et al. (2021) for the Simons Observatory (SO), published while we were writing the
draft of our analysis. This work demonstrates that the moments can also be successfully
applied to recover an unbiased value of r for ground experiments with lower sensitivity as
SO. Azzoni et al. (2023) further proposed a hybrid method mixing moment expansion and
internal linear combination to benefit from both approaches. In this form, moment expansion
is now part of the standard procedures used for component separation in the SO collaboration
(Wolz et al., 2023). All these works further make the moment expansion approach essential
for contemporary and future component separation.

14Similar conclusions about the effect of temperature were reached in the subsequent analysis of Sponseller
& Kogut (2022).
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8.4 Generalization to polarization: Spin-moments ex-

pansion

Following this first work on component separation, it seemed critical to me that a proper
generalization of the moment framework to polarization was required. While using a Taylor
expansion approach to the BB signal is justified and had proven functional, I could not help
feeling that some links were missing and providing these links would strengthen the method
itself.

While it is possible to apply the intensity expansion to Q and U independently, treating them
as intensities, we will see that doing so misses the geometrical nature of the polarization
field. The preferred treatment of polarization as a complex number allows to generalize
the moment expansion to derive and model unique consequences of the averaging polarized
signals (polarized mixing). Proposing this generalization and understanding its consequences
is one of the major achievements of the present thesis. As such, I would like to give a
first pedagogical introduction to this formalism, along the lines of Sec. 8.2.1, attempting a
"demystification" of the mathematical formalism that I will propose. This introduction will
be followed by a presentation of the original paper introducing the complex moments or
spin-moments, which treats the formalism in full generality and with greater details.

8.4.1 Context: A second pedagogical introduction: summing two
power laws, again

Figure 8.5: Sketch of the position of the two regions responsible for P1
¿ and P2

¿ along the line of sight.

As I discussed in Sec. 6.3.1 and further explained in Appendix B, the polarized signal is not
described by a real number, but by a complex number P = Q+ iU = P¿e

2iÈ, giving a faithful
representation of a "headless vector" with frequency dependent length P¿ and orientation È

on the sky. Consider now two polarized power-law SEDs given by P1
¿ = A1

(

¿
¿0

)´1

e2iÈ1

and P2
¿ = A1

(

¿
¿0

)´2

e2iÈ2 along a single line of sight. As sketched on Fig. 8.5, one could
for example think about the polarized signal coming from two synchrotron regions with
different physical conditions and magnetic field orientations, following the emission process
discussed in Sec. 6.3.2. As Stokes parameters are additive (Appendix B), so are the spinors
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Figure 8.6: Sum of two power-laws in polarization. Total signal (orange), P1
¿ (blue dashed) and P2

¿ (green
dashed). Left: phases È(¿). Right: modulus |P¿ |.

P = Q+ iU , such that the total signal P¿ is given by

P¿ = P1
¿ + P2

¿ = A1

(

¿

¿0

)´1

e2iÈ1 +A2

(

¿

¿0

)´2

e2iÈ2 ̸= Ã

(

¿

¿0

) ˜́

e2iÈ̃. (8.20)

Exactly as for intensity in Sec. 8.2.1, the SED is not a power-law anymore, and as a new
consequence, the total phase can not simply be the geometrical sum of the individual phases
e2iÈ ̸= e2iÈ1 + e2iÈ2 as each phase is weighted by a frequency dependent term. In Fig. 8.6, I
plotted the same example given in Sec. 8.2.1, with two phases È1 = 20◦ and È2 = 25◦. The
modulus of the signal |P¿ | inherits SED distortions exactly as it was the case for I¿ . The
total phase È(¿) becomes a frequency dependent quantity i.e., the total spinor rotates in
the complex space with frequency, as we were mentioning in Sec. 8.1. Just like the polarized
intensity, the phase makes a transition between the constant values of the dominant power-
law at low frequency to the dominant power-law at high frequencies. Note that this would
not be the case if È1 = È2, as the phases in Eq. 8.20 could then be factorized such that the
signal has a single constant phase. Similarly if ´1 = ´2, where the constant phase would be
given by arg(A1e

i2È1 +A2e
i2È2). As such, variation of both the polarization angles and the

spectral parameters is required to obtain this spectral dependence.

While this was far from obvious when we first thought about the problem, a careful under-
standing of the intensity moment expansion introduced in Sec. 8.2.1 gives us a clear picture
on how to proceed to derive a moment expansion from Eq. 8.20. The solution, here again,
is to perform a Taylor expansion of the two polarized intensities with respect to ´ indepen-
dently and around a common pivot – as we did in intensity – and leave the angles untouched,
treating them as part of the weight coefficients Ai. Indeed, in nature, there is absolutely no
reason to expect the polarization angles to be small and a perturbative approach would not
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be fruitful. One then gets

P¿ = A1e
2iÈ1

(

¿

¿0

)´1

+A2e
2iÈ2

(

¿

¿0

)´2

= A1e
2iÈ1

(

¿

¿0

) ¯́ (

1 + ∆´1 ln

(

¿

¿0

)

+
1

2
(∆´1)

2 ln

(

¿

¿0

)2

+ O
(

(∆´1)
3
)

)

+A2e
2iÈ2

(

¿

¿0

) ¯́ (

1 + ∆´2 ln

(

¿

¿0

)

+
1

2
(∆´2)

2 ln

(

¿

¿0

)2

+ O
(

(∆´2)
3
)

)

=
(

¿

¿0

) ¯́ (

[A1e
2iÈ1 +A2e

2iÈ2 ] + [A1e
2iÈ1∆´1 +A2e

2iÈ2∆´2] ln
(

¿

¿0

)

(8.21)

+
1

2
[A1e

2iÈ1(∆´1)
2 +A2e

2iÈ2(∆´2)
2] ln

(

¿

¿0

)2
)

+ O
(

(∆´i)
3
)

=
(

¿

¿0

) ¯́ (

W0 + W´
1 ln

(

¿

¿0

)

+
1

2
W´

2 ln

(

¿

¿0

)2

+ O
(

(∆´i)
3
)

)

. (8.22)

Defining

W0 =
2
∑

i=1

Aie
2iÈi W´

n =
2
∑

i=1

Aie
2iÈi(∆´i)

n. (8.23)

We should be careful if we want to factorize everything by W0, as we did for intensity,
because a new phenomenon exists – unique to polarization – known as depolarization. The
phases e2Èi can cancel each others, such that they can greatly reduce the value of W0. We
can even think about the extreme situation where

W0 = A1e
iÃ +A2e

−iÃ ≃ 0, (8.24)

if A1 ≃ A2. The signal would then just be given by its moments, without any leading order.
In such case, dividing the whole expression by W0 would lead to a divergent expression. We
define the perturbative regime, as the region in which doing so is possible, that is W0 k W´

n̸=0.
Due to depolarization, the hierarchy between the moment terms is broken and, out of the
perturbative regime, it is impossible to assess that the contribution to the signal of a term
in W´

i will be greater than the one in W´
j solely because m > n.

Another new unique consequence appears for polarization: the corrected pivot spectral pa-
rameter value is a complex number. Indeed, asking for the cancellation of the first order as
we did in intensity, one gets15

W´
1 = 0 (8.25)

⇒ ¯́corr =
[A1e

2iÈ1´1 +A2e
2iÈ2´2]

[A1e2iÈ1 +A2e2iÈ2 ]
∈ C. (8.26)

Which, as for intensity (Sec. 8.2.1), is equivalent to ask for the replacement ¯́corr = ¯́ +

(W´
1 /W0). But how can we make sense of a complex spectral index or a complex tempera-

ture? Writing ¯́corr = Re( ¯́corr) + iIm( ¯́corr) = ¯́
R + i ¯́

I , the corrected complex power-law
SED becomes

(

¿

¿0

) ¯́corr

=
(

¿

¿0

) ¯́
R+i ¯́

I

=
(

¿

¿0

) ¯́
R

e
i ¯́

I ln

(

ν
ν0

)

. (8.27)

15Note that – again – this computation is valid only in the perturbative regime.
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Figure 8.7: Modeling the SED distortions (left) and polarization angle spectral rotation (right) of the
total signal of the two power-law model (orange) with the spin-moment expansion at different orders using
the complex pivot correction (colored dashed lines from blue at order 1 to red at order 10). The dark blue
dashed line represents the phase of W0.

We can thus see that, while the real part of ¯́corr can be interpreted as a real correction to
the spectral index, the imaginary part of ¯́corr can be interpreted as a first order frequency
dependent correction to the polarization angle, such that one is now able to predict that

È(¿) ≃ È(¿0) +
¯́
I

2
ln

(

¿

¿0

)

, (8.28)

where È(¿0) is the phase of W0, i.e. the geometrical mean of the polarization angles
arg(e2iÈ1 + e2iÈ2). As such, the complex spectral parameter corrections naturally take place
in the framework of polarization. Note that, for more complex SEDs, the impact of a com-
plex parameter can be more complicated than a frequency dependent phase correction, and
can also include some correction to the SED itself (e.g. this would be the case for a complex
temperature correction in B¿(T ) as treated below).

As displayed on Fig. 8.7, the spin-moment expansion allows to model both the SED disortions
of the modulus |P¿ |, as for intensity, as well as the spectral rotation of the polarization
angle. As I already discussed the SED distortions in Sec. 8.2.1, let us now focus on È(¿).
I have plotted here the canonical SED with the intensity spectral index pivot ¯́ and an
amplitude given by W0 in dashed dark blue. As expected, it simply gives a constant value
for È, which is the geometrical mean È̃ = 22.5◦. Replacing now the spectral index by
¯́corr = ¯́ + W´

1 ≃ −2.07+ 0.07i. This allows for a first order correction of È(¿) (in dashed
light blue), which is now a straight line tangent to the signal at ¿0 in the lin-log plane. The
addition of the higher-order moments allows to bend gradually the expansion until it overlaps
with the total signal. Note that, in this extreme case for which È(¿) shifts brutally from
one value to another, the expansion requires a relatively large number of terms to accurately
model the signal across the whole frequency range.

As a conclusion, let me stress here that these examples are "extreme" for the sake of providing
a clear illustration of the problematic. The two power-laws have widely different angles,
and considering only two layers makes the distortions conspicuous. Motivated astrophysical
examples are expected to have milder distortions that can be treated with the few first terms
of the moment expansion.
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8.4.2 The paper: Objectives and results (in their full glory)

In the paper available in Appendix D.2, we introduce for the first time the spin-moment
expansion in full generality, providing a consistent generalization of the moment expansion
to polarization16. Illustrative examples are given as well as discussions of special cases.

Since I started working on the topic of moment expansion, I was curious on the possible
generalization to polarization and its consequences. Such a generalization appeared as a
necessity after our first work on component separation. The idea to use complex numbers and
complex moments arised from discussions between Jens Chluba, Aditya Rotti and myself at
the Moriond conference. After this meeting, I provided quickly some preliminary numerical
and analytical applications which supported and guided our ideas, while many details were
still missing. The final solution of the problem was found by Jens Chluba, who gave me
the extremely highlighting example of the two power law case. He thus understood the
consequences of the complex pivot correction as a phase correction. Starting from this more
complete picture, I was responsible for the writing of the full draft, under the close supervision
of Jens Chluba and Jonathan Aumont. I also provided all the numerical illustrations.

As we discussed in the previous section for two power-laws, the natural way to proceed is
to treat linear polarization as a complex number. Taylor expansion should be performed on
the modulus of the field, as in intensity, without treating the angles perturbatively. This
way of thinking Q and U together as a complex number allows to understand properly how
the coupled local variation of spectral parameters and polarization angles induces a spectral
rotation of the total spinor in the complex plane, i.e. how the polarization angle can become
frequency dependent as anticipated by Tassis & Pavlidou (2015) and observed in Planck

data by e.g. Pelgrims et al. (2021) and Ritacco et al. (2023). Additionally, the common
treatment of Q and U preserves the information about the correlation between the Stokes
parameter in data analysis, providing a more complete description of the signal.

Following, the exact same logic as Sec. 8.2.2, the total polarized SED ïP¿(p)ð, resulting
from the mixing inside a beam and/or along the line of sight is given by

ïP¿(p)ð =
∫

A(s)ε¿(p(s))e
2iÈ(s) ds =

∫

P(p,È)ε¿(p)e
2iÈ dNp dÈ (8.29)

where we added the polarization angles È in the probability distribution. We kept the
normalization

∫

P(p,È) dNp dÈ = Ā for the probability distribution. It is then possible to
Taylor expand the emissivity ε¿(p) with respect to the each spectral parameter pi around
a constant pivot p̄i in Eq. 8.29. Regrouping the terms again, the spin-moment expansion

16In this work, the polarization angle È, is noted µ. The emissivity ε¿ is noted P̂¿ and the frequency
dependent angle È(¿) is noted È¿ .
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takes the general form

ïP¿(p)ð = W0ε¿(p̄) +
∑

i

Wpi
1 ∂pi

ε¿(p)|p=p̄

+
1

2

∑

i,j

Wpipj

2 ∂pi
∂pj

ε¿(p)|p=p̄

+ . . .

+
1

µ!

∑

i,...,k

Wpi...pk
µ ∂pi

. . . ∂pk
ε¿(p)|p=p̄, (8.30)

where the spin-moments are the complex numbers17

Wpi...pk
µ = ï(pi − p̄i) . . . (pk − p̄k)e

2iÈð (8.31)

and the complex amplitude
W0 = ïe2iÈð (8.32)

keeping the same definition for the averages

ïXð =
∫

A(s)X(s,È) ds dÈ =
∫

P(p,È)X dNp dÈ, (8.33)

with the possible dependence of X in the polarization angles. As such, the formalism is the
same as for intensity, with the additional subtlety that the weights are complex numbers,
allowing for the rotation of ïP¿(p)ð in the complex plane. The interpretation of moments as
statistical moments is further blurred by the factors of e2iÈ, but a comparative analysis of
the intensity and the polarization moments must be able to shed some light on the structure
of the magnetic field.

The pivot correction of the spin-moment expansion is a complex number, which imaginary
part can be understood as a first order correction to the polarization angle and contains
additional SED distortions in the case of temperature. As such, the first order can not
trivially be cancelled as in the case of intensity, or at the price of spectral parameters that
must become complex numbers. Using this fact, we are able to provide simple expressions
of È(¿), valid only in the perturbative regime (W0 k Wp

n). These expressions represent the
first general modeling of the spectral dependence of the phase of the astrophysical signal.
Extra care should be taken when depolarization is too strong, as expressions can become
divergent.

The effect of a complex spectral index in a power-law simply gives a rotation of the spinor
in the complex plane proportional to ln(¿), as given by Eq. 8.28. The effect of a complex
temperature in the Planck law (Eq. 5.1) gives rise to richer and more complex physics.
Let me however stress that, while the power-law dependence of the SED is an empirical
model, the blackbody law is derived from first principles for a body radiating at thermal

17As in the paper (Appendix D.2), the spin-moments can be defined alternatively with a normalization by
Ā, allowing to express Eq. 8.30 in term of P¿ instead of ε¿ , highlighting the similarities with the intensity
moment expansion. To my opinion however, this choice is slightly less intuitive and harder to use in practice.
Another relevant normalization is to normalize all the spin-moments by W0. However, as we stressed already
in Sec. 8.4.1, doing so is viable only in the perturbative regime.
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Figure 8.8: Application of the spin-moment expansion for a sum of two modified-blackbodies. The total
signal is in black dashed line, while the best fit for the moment expansion is displayed at order zero (a single
MBB) in blue, at order one in orange, order two in green and order three in red. The spinor P¿ is showed in
the complex plane (Q,U ) (Upper panel). Black crosses mark the steps of 100 GHz on the signal. The values
of frequencies are indicated above the crosses in GHz. The corresponding polarized intensity P¿ (Bottom

left) and polarization angle È¿ (Bottom right).

equilibrium. As such, this component is expected to manifest itself at some level in all
astrophysical phenomenon with a thermal radiation counterpart, from the SED distortions
of dust to the spectral distortions of the CMB. Considering then that some mixing leads to
the replacement T → T

corr
= TR + iT I , the blackbody SED becomes18

B¿(T
corr

) =
2h¿3

c2
1

exR+ixI − 1
, (8.34)

18This replacement is only possible in the perturbative regime as T
corr

is extracted from the moment
expansion as TR + iT I = T + WT

1 /W0.
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with19

xR =
h¿

kB

TR

T
2
R + T

2
I

≃ h¿

kBTR
, xI = −h¿

kB

T I

T
2
R + T

2
I

≃ − h¿T I

kBT
2
R

, (8.35)

from which one can derive20

B¿(T
corr

) =
2h¿3

c2
e2i∆Èν

√

(exR − 1)2 + 2exR [1 − cos(xI)]
. (8.36)

The spectral dependent correction to the polarization angle is given by ∆È¿ = xI/2 ∝ ¿ at
high frequencies (For a discussion see Sec. 4.4 of the paper in Appendix D.2). The modulus
of Eq. 8.36 is a classical blackbody with an extra correction at the denominator accounting
for SED distortions (which is ≃ exRx2

I if T I j TR). As such, while in intensity the correc-
tion brought by the first order moment could simply be interpreted as a correction to the
mean temperature, in polarization the first order temperature distortions are generating a
linear rotation of the complex modified blackbody with frequency, as well as some spectral
distortions of the black-body.

As illustrations, the three following SEDs are studied in great detail in the paper: power-law,
gray-body and modified blackbody. For each case, simple numerical examples are given. In
these examples, I fitted the moment coefficients over the signal using the Lmfit21 software,
and verified that the best fit were matching with the analytical predictions of our formalism.
For example, on Fig. 8.8, the spin-moment expansion has been fitted over the sum of two
modified blackbodies with parameters A1 = A2 = 1 (arbitrary units), ´1 = 2, ´2 = 1,
T1 = 5 K, T2 = 70 K, 2È1 = 72◦, 2È2 = −90◦. In the complex (Q,U) plane, the effect of the
distortions appears as a rotation and stretching of P¿ with frequency (black dashed), while
the canonical SED of the MBB can only make a straight line (blue). This example is extreme
to say the least, and is nonetheless very well modeled by the spin-moment expansion in few
terms.

Finally we conclude the paper by presenting natural generalizations of the formalism in
the spherical harmonics domain and when beam and bandpass effects are included. As a
conclusion, voxel-level SED variations are proven to leave the formalism unchanged, while
Faraday rotation presents a trickier challenge that can be dealt with only when doing drastic
simplifying assumptions.

8.4.3 Impact, limits and and outlooks

In the above work, we propose a new modeling of the polarized signal that can readily be used
for Galactic physics, foreground modeling and component separation. I have worked and I
am still working on possible applications within this new framework. While the formalism
might seems difficult to apprehend mathematically, it gives a deep understanding of the
consequences of mixing.

19Keeping in mind that 1/(TR + iT I ) = (TR − iT I )/(T
2
R + T

2
I )

20To do so, compute the modulus of Eq. 8.34 as |B¿ | =
√

B∗
¿B¿ and the argument as 2∆È¿ =

arctan(Im(B¿)/Re(B¿)) with Re(B¿) = (B¿ + B∗
¿)/2 and Im(B¿) = (B¿ −B∗

¿)/(2i), leading precisely
to 2∆È¿ = arctan(exR sin xI /(exR cos(xI ) − 1)).

21https://github.com/lmfit/lmfit-py/
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Additionally, I believe that this work brings further clarification on the proper use of moment
expansion for polarized signal, giving a robust theoretical framework ready to be used, in
which the spin-moments can be directly related to the statistics of the spectral parameters
and polarization angles. Previously, the intensity moment expansion was applied directly on
real quantities describing polarization. For example, Ichiki et al. (2019) proposed to use a
first order moments for Q and U in temperature. In the meanwhile, other works – including
mine – were using the intensity moment expansion directly on the polarized power-spectra
(e.g. on BB in Azzoni et al. (2021); Vacher et al. (2022a)), before the polarized formalism
was formally settled. Doing so forgets about the geometrical nature of polarization and its
relation with the ISM physics at its origin. The goal of this paper (and the next one) was
thus to justify this choice and clarify its limits while putting forward all the new features
unique to the polarized signal.

One other question remains: how much information can be recovered about the ISM physics
from the moment coefficients. Moments undoubtedly "compress" the information of the
underlying foreground complexity, but in principle it should be possible to infer statistical
properties relevant for Galactic physics from it, as the 3D distribution of spectral parameters
and magnetic field orientations, and this point must be further addressed (along that question
see e.g. McBride et al. (2023)). I am currently co-leading a study with Vincent Guillet
(LUPM) in which the spin-moments are used in map space to recover the dust statistical
properties in Planck data. We try to address how beneficial is the complex number approach
on that regard. The results, to be published soon, are encouraging this approach, showing
that using a MBB with complex spectral parameters reproduces the dust behaviour at the
residual level (Guillet et al., 2023). Along that line, I am also using the spin-moments to
create some foreground template models with extra 3D complexity. In the long term, we
intend to propose these models to the PySM team such that they can be used by the CMB
community for component separation.

8.5 Applying the spin-moments at the E- and B-modes

level

8.5.1 Context: The indispensable E- and B-modes and their dis-
tortions

The previous work focused mainly on Q and U and the E- and B-modes are only briefly
mentioned in harmonic space (in Sec. 5.1 of the paper). However, the introduction of the
spin-moments raised the question of our real understanding of the moment expansion at the
E- and B-modes level and my feeling was that we were still missing some pieces in order
to clearly see the full picture. Providing a clear understanding of the moment expansion
for E- and B-modes in real and harmonic space is however a most important matter, as
most of the contemporary cosmological analysis are done at the polarization power-spectra
level: the tensor-to-scalar ratio r is measured with BB (and EE), while signatures of cosmic
birefringence are investigated in EB (See Chap. 5). In the meanwhile, some apparently
unexplainable spectral behavior of the dust E- and B-modes was found in Planck data in
Ritacco et al. (2023), which required an interpretative framework. Indeed, I had the chance
to collaborate on this work, where I could provide some expertise on the moment expansion
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and some feedback on the corresponding section of the draft. This analysis witnessed the
discovery of different spectral behavior for the dust residual E- and B-modes in Planck

data. While such a fact did not appear as problematic, we had no way to properly interpret
and understand it. Debates at APC and LPENS between François Boulanger, Jonathan
Aumont and myself, involving filamentary gedankenexperiment, could not clearly settle the
argument.

We should hence try to answer the following questions: Does the mixing simply distort the
EE, BB and EB spectra as intensities or is there more to it and how can we relate the
distortions occurring in the E- and B-space with the ones of P¿?

8.5.2 The paper: Objectives and results

To clarify the situation, we will have to start from the spin-moment expansion in map space
and propagate it to the E- and B-modes and their angular power spectra in the clearest
possible way. Let me sketch here our main results, while the whole paper can be found in
Appendix D.3. We learnt from the spin-moment expansion that complex numbers provided
a very powerful tool in order to understand the polarization signal and its distortions, as
well as the inter-relation between the different observable quantities. Can we use the same
trick for E- and B-modes? Thankfully the answer is yes. After numerous trial and errors, I
figured that the way out is provided by the relation22

E + iB = −ð̄
2(Q+ iU), (8.37)

where ð̄, defined formally in Appendix B, is an operator acting like a spatial derivative
on the sky, mixing derivatives of Q and U to obtain E and B (Goldberg et al., 1967)23.
This relation is remarkable as it provide a new complex number S = E + iB, which can
be directly extracted from P = Q+ iU . It is hence now straightforward to propagate our
spin-moment expansion, simply by inserting Eq. 8.30 in the right hand side of Eq. 8.37, and
let ð̄ act two time on it. ð̄ will leave the frequency dependent functions untouched, such
that the moment keep the same structure, but it will mix and transform the spin-moments
in a non trivial way, such that the complex moments of S will be composed of a mixture
of the spatial derivatives of the real and imaginary part of the spin-moments. Having an
expansion in E + iB, similar to the one we had for Q+ iU , we are lead to reach the same
conclusion: while the mixing of both different spectral parameters and spectral parameters
(named "polarized mixing") induces a frequency rotation of P¿ = Q+ iU in the complex
plane, predictable by the spin-moments, it must also induce a rotation of E + iB in the
complex plane, predictable by the spin-moments: from mixing of polarized signals, E-modes
transform into B-modes and vice-versa.

A clearer intuition of this can be found by considering an infinite filament in front of a
background as depicted on the left panel of Fig. 8.10. At a given frequency (orange), the
polarization angles of the filaments and the background can be perpendicular, which is known
to be a pure E case (Zaldarriaga, 2001). However, if the filament and the background have

22E and B here are the same as the E- and B-modes used in cosmology up to a rescaling factor in harmonic
space. To simplify the discussion we will not make the distinction here. For clarifications, see Appendix B.

23ð further acts as a spin ladder operator, transforming the spin-2 field Q+ iU into a complex scalar field
E + iB. For more, see again Appendix B.
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different spectral parameter, we know that some spectral rotation of the polarization angle
must occur in the filament, such that, at another frequency (blue), the pattern will change.
At this second frequency, the signal can not be pure E and must also have a B-mode
component, and as such, the E/B ratio must change with frequency.

Another way to understand this phenomenon, is that, as for Q and U , polarized mixing
should produce different SED (i.e. different values for the moments) for the E- and B-
modes expansions, such that, in map space E¿ ̸= B¿ and E¿/B¿ must become a frequency
dependent quantity. At the power spectra level, this implies that EE, EB and BB have
different spectral behaviors, such that EE/BB should be a frequency dependent quantity.
Additionally, the polarized mixing can produce and deform the EB signal, thus threatening
the claims for the detection of the cosmic birefringence. Indeed, one should be extremely
careful when trying to infer the (yet unknown) spectral behavior of dust EB, as it can not
be recovered from the properties of the other spectra.

Following the spin-moment direction all the way to the Dℓ space, we were able to recover
formally expressions similar to the ones introduced in intensity by Mangilli et al. (2021)
(See Eq. 8.18) and already used on BB in Azzoni et al. (2021); Vacher et al. (2022a). The
pivot spectral parameter, which is a real number, naturally becomes a ℓ-dependent quantity
after correction of the first order term, which was an "ad-hock" assumption of Mangilli et al.
(2021)24. We thus provide the missing link with the map space, such that E- and B-moment
amplitudes can be recovered from the values of the spin moments in every pixel of a map.
The spin moment themselves can be derived from the spectral parameters and polarization
angles distributions.

We further illustrate the existence of these effects and the possibility to model them with a
spin moment expansion in a numerical toy model of filament in front of a background, and
in the PySM models.

The toy model filament is illustrated on the left panel of Fig. 8.10. Both the background (bg)
and the filament (fl) are emitting with a MBB with ´fl = 1.8, ´bg = 1.5, T = T fl = T bg =
20 K, and Afl = Abg = 1. As a first sanity check, I confirmed in Fig. 8.9 that the analytical
predictions given by the spin-moment expansion were able to model the distorted signal at
100 GHz in one pixel of the filament. This example further validate and illustrate the results
given in Sec. 8.4.1: on the left panel, the total polarized intensity is distorted from 100 to
400 GHz for different values of the polarization angle of the filament Èfl, and the distortions
are well modeled by the spin-moment expansion up to order 2. The hierarchy between the
contribution of the spin-moments is broken due to depolarization (See Sec. 8.4.1 and 8.4),
which drastically reduces the value of W0 when Èfl takes large values compared to the one
of the background Èbg = 0◦. On the right panel, the polarization angle difference between
100 and 400 GHz also appears to be well modeled for every value of Èfl by the spin-moment
expansion at order 2, while the correction brought by the complex ´ (Eq. 8.28) is valid only
in the perturbative regime.

Turning to the polarized angular power-spectra on the right panel of Fig. 8.10, we can see

24Note however that, as the value of Wp
1 is changing from pixel to pixel, it is not possible to find a pivot

value that would cancel the first order everywhere, thus DW
p

1
×W

p

1

ℓ
does not vanish. We already mentioned

this point in Sec. 8.3.
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Figure 8.9: Left: Diagram of the toy model composed of an infinite filament (grey) over a background
(white). The orientation of the È(¿) field is represented with color bars at two different frequencies: ¿1

(orange) and ¿2 (blue). Right: Spectral dependence of the toy model filament polarized power spectra. Left:
Polarized power spectra divided by the pivot-modified blackbody squared for the special case of Èfil = 30◦.
All spectra are normalized with respect to their value at ¿0. The signals are shown in color: EE/BB (red),
EE (blue), BB (green), and EB (orange). The black dashed lines were recovered by deriving the moment
power spectra from the spin-moment maps.
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Figure 8.10: Total polarization spinor in a single pixel of the filament of the toy model for Èbg = 0◦

and various values of the filament polarization angle Èfl. Left: Modulus of the total signal at 100 GHz
normalized by the pivot MBB (red) and modulus of the analytical derivation from the spin-moment expansion
up to second order (black dashed line). The modulus of each term is displayed: order 0: |W0| (blue),

order 1: |W´
1 ln (100/400) | (orange), and order 2: |0.5W´

2 ln (100/400)2 | (green). Right: Difference of the
polarization angles between the two frequencies. Signal (red), prediction from the complex ∆´ correction

0.5 Im(W´
1 /W0) ln (100/400) (blue) and from the spin-moment expansion up to second order (black dashed

line).

from the colored scatter points that all the measured spectra are distorted away from the
pivot MBB (these spectra were extracted using Namaster on a flat patch). As we antic-
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ipated, the EE/BB ratio has become a frequency dependent quantity. Furthermore, from
the value of È, ´, A and T in every pixel, I computed the spin-moment map (analytically)
and derived from it the prediction for the amplitude of moment angular power-spectra.
These predictions (in black), matches perfectly the measured spectra, validating our deriva-
tion and the predictive power of the moment expansion in harmonic space to account for the
consequences of polarized mixing.
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Figure 8.11: Graph of rE/B
ℓ,¿ , rE×B

ℓ,¿ and r̃E×B
ℓ,¿ in a single bin of ℓ and normalized at ¿0 = 353 GHz

for different PySM dust models. The shapes are defined as follows: d0 (blue circles), d1 (orange reversed
triangles), d10 (green diamonds), and d12 (red triangles).

We now want to show that the predicted consequences of polarized mixing are also present
in the PySM dust models, ensuring that our considerations go beyond abstract and simple
theoretical examples. These models have been introduced in Sec. 6.5. To do so, we define
the three ratios:

rE/B
ℓ,¿ =

DEE
ℓ

DBB
ℓ

, rE×B
ℓ,¿ =

DEB
ℓ

ϵ2( ¯́,T )
, (8.38)

and

r̃E×B
ℓ,¿ =

D̃EB
ℓ

DEB
ℓ

with D̃ℓ =
DEE
ℓ DTB

ℓ

DTE
ℓ

. (8.39)

The first one, rE/B
ℓ,¿ simply quantifies the spectral dependence of the E/B ratio. The second

one rE×B
ℓ,¿ quantifies distortions of the EB signal compared to the emissivity of a modified

blackbody squared with spectral parameters ¯́ and T . Finally r̃E×B
ℓ,¿ quantifies the deviation
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of the EB spectra compared the commonly used approximation of D̃ℓ introduced in Clark
et al. (2021) and expected to be valid at a given frequency.

In Fig. 8.11, I computed the values of these three quantities for different PySM models.
Power spectra were computed again using Namaster in a single multipole bin from ℓ0 = 2

to ℓmax = 200 at a healpy resolution of Nside = 128. In order to observe a large patch of
the sky while still avoiding the central Galactic region, we used the Planck GAL080 raw
mask with fsky = 0.8 available on the Planck Legacy Archive. We subsequently performed
a Namaster C2 apodization with a scale of 2◦. Both the E- and B-modes were purified
during the spectra computations. Overall:

• rE/B
ℓ,¿ is represented on the top left panel of Fig. 8.11. We see that, despite for d0 which

has constant spectral parameters, this ratio is changing with frequency by few percents.
Observing this ratio hence provide a model independent (no assumption is made on the
SED) probe of the existence of polarized mixing. Seeing its variation with frequency
is the direct signature that averages are made over regions with different polarization
angles and spectral parameters. From the moment expansions of E and B in ´, it is
possible to infer the simple three parameters modeling as

rE/B
ℓ,¿ ≃ AE/B

ℓ

(
¿

¿0

)∆´EB

ℓ

(
1 + ¶ℓ ln

(
¿

¿0

)2
)

. (8.40)

AE/B
ℓ is the amplitude of the variation of E/B, ∆´EBℓ is the difference of corrected

spectral index pivot between E and B and ¶ℓ represents the remaining moment con-
tribution of the E- and B-modes. This model has been fited on the curves in black
dashed lines and reproduces properly the trend of the variations.

• rE×B
ℓ,¿ is represented on the top right panel of Fig. 8.11. To compute it, I took the best

fit of ¯́ and T over the computed EB spectra. Deviations of few % from the MBB
are witnessed, which do not appear as dramatic for birefringence analysis. However,
in practice, one do not have enough sensitivity to directly fit the spectral parameters
on the dust EB spectrum and a proxy must be found to estimate it. On the bottom
left panel of Fig. 8.11, I did the same computation but fitting the spectral parameters
of the MBB on the EE spectra. rE×B

ℓ,¿ now vary strongly, by ∼ 40% for the d10 model
and more than a factor of 2 for the d12 model. As such, the spectral properties of
the other dust spectra, as EE, can not be used safely as proxies to characterize the
spectral dependence of EB.

• r̃E×B
ℓ,¿ is displayed on the bottom right panel of Fig. 8.11. Here again, large variations

are witnessed with frequency, signature that the spectral behavior of EB can not be
inferred from the ones of EE, TB and TE.

Let me however stress here that these examples are illustrative and the results are expected
to change drastically depending on the sky fraction and the multipole range considered.

Even though their impact on cosmological analysis is yet unclear, the consequences of polar-
ized mixing are thus present at the E- and B-mode level in all the realistic dust models used
by the CMB community. The spin-moment expansion allows to have a rich understanding
on these consequences and provide a minimal approach to model them.
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8.5.3 Impact, limits and outlooks

In this work and the previous one, we demonstrated the need for a clear formalization
of moment expansion to polarization. Going beyond a dry mathematical tool, the spin-
moments allows to explain and model previously known consequences of polarized mixing,
and to discover new ones as the E-B spectral rotation. In two papers, we have thus been
able to connect all the dots between the spectral parameters and angle distributions in the
sky to the amplitude of the moments in Dℓ space.

While Ritacco et al. (2023), provided the first experimental hint of the consequences of the
polarized mixing that we are highlighting, further work need to be done to quantify how other
instruments as LiteBIRD, with greater sensitivities would be able to detect such effects.
In the end, the EE/BB spectral dependence should not have any impact on component
separation when EE and BB are treated independently. However, it should be carefully
modeled when both are treated together (e.g. when exploring correlations between the
optical depth of reionization Ä and r). A deeper investigation is required to see if and how
this would be impacting (e.g. for the LiteBIRD instrument).

Finally, we showed in this work that the dust EB signal can be distorted away from the local
SED by polarized mixing, and perhaps more critically that the resulting EB will not behave
as EE or BB (or TB × EE/TE). This could have dramatic consequences when looking
for the presence of cosmic birefringence in the CMB. However, our paper simply gives a
word of caution on that regard, but do not quantify the potential impact on contemporary
cosmic birefringence studies. A detailed study on that matter still need to be performed.
On this regard, and in collaboration with Susan Clark and Ari Cukierman (KIPAC), we are
investigating if and how the parity violating spectra of the dust signal could be related to
the polarized mixing.

8.6 Beyond Gaussianity: The Wavelets

8.6.1 Coupling between scales and the problem of non gaussiani-
ties

Figure 8.12: BICEP field (in dashed line) viewed by the Planck satellite ESA/Planck collaboration.
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In Fig. 8.12, the surrounding region of the BICEP field is displayed, as seen by Planck. One
can witness the very characteristic drapery and filamentary pattern inherited from the GMF
structure and the omnipresence of structures as clouds and clumps. As stressed already in
Chap. 6, this spatial distribution is very different from a Gaussian random field as the CMB
(Fig. 5.2). The turbulent and magnetized ISM fluid introduces coupling between scales and
non-linear behaviors. On a flat patch, the Fourier transform is not able to properly account
for all the statistical properties of the signal anymore, and new tools must be developed
to characterize the complexity witnessed on the plane of the sky. Indeed, the plane waves
decomposition of the Fourier transform loose the information about the spatial localization
of the structure and possible information on the coupling between the modes k, which are
treated independently. While both are strongly intertwined, the problem of the spatial
modeling of dust complexity is by nature very different from the spectral modeling. Indeed,
when aiming to model the SED of the foreground signal, one usually have a few number of
points, given by the number of bands of the instruments (e.g. 15 for LiteBIRD). As such, a
minimal approach as the moments expansion is welcome. For the spatial distribution, one
needs to model the distribution of dust across a large number of pixels making the map, and
a lot more degrees of freedom are required and allowed.

One promising way to model the spatial complexity of foregrounds is given by machine
learning models, often based on neural networks (Krachmalnicoff & Puglisi, 2021). The
downside of this approach is that the models need to be trained, while there exists only
few high resolutions observations of the ISM. Another major problem is that such models
are rarely interpretable, and it is impossible to recover physical information from them.
Another approach is to use alternative statistical tools to decompose the signal, as chosen
by the wavelet scattering transform (WST) (Mallat, 2011). Doing so generalizes and expands
the toolbox of the power-spectra introduced in Chap. B. It does not need any training phase
and is highly interpretable.

8.6.2 The scattering transform and non-Gaussian signals

The proposal of the WST framework is to build new statistics from a map by convolution with
directional wavelets (Mallat, 2011). The signal can be decomposed in scattering coefficients,
which give a low-variance and low-dimensional description of non-Gaussian processes.

Consider an image x defined on a grid of pixels of size M ×N . x can be real or complex
valued, and thus describes the intensity or polarized signal on a patch of the sky. A wavelet
È is a localized waveform with zero mean, used as a bandpass filter. An original or mother

wavelet must first be introduced. Depending on the problem under consideration, different
type of mother wavelet can be considered. For its generality, the Morlet wavelet, given by a
plane wave modulated by a Gaussian envelope is often considered

È(r) = ³(eik0·r − ´)e−|r|2/2Ã2

, (8.41)

where ³ and ´ are adjusted such that the spatial integral of È(r) vanishes over the map
and k0 and Ã are respectively the wave-vector and the standard deviations associated to the
plane wave and the Gaussian envelope. From this mother wavelet, it is possible to build a
set of daughter wavelets using dilations and rotations . The set of daughter wavelets Èj¹ is
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thus constructed from È(r) as

Èj¹(r) = 2−2jÈ(2−jR(¹)−1r), (8.42)

where j is the index quantifying the dilation and R is the rotation matrix by an angle ¹.

One can now use this set of wavelets to convolve the original map x under consideration.
This way, it is possible to construct the so-called scattering coefficients:

S0 = ïxð if x ∈ R
M×N (8.43)

S0 = ï|x|ð if x ∈ C
M×N (8.44)

S1(j1, ¹1) = ï|x ⋆ Èj1,¹1
|ð, (8.45)

S2(j1, ¹1, j2, ¹2) = ï||x ⋆ Èj1,¹1
| ⋆ Èj2,¹2

ð, (8.46)

· · ·

Here, ⋆ represents the convolution and ï· · · ð the average over the map. All scattering coef-
ficients are real numbers, capturing statistical properties of the whole map. They can also
be computed locally using an extra convolution with a bandpass filter, allowing to select
specific regions. From these scattering coefficients, it is possible to defined the normalized
coefficients, easier to interpret and use in practice:

S̄0 = S0 (8.47)

S̄1(j1, ¹1) =
ï|x ⋆ Èj1,¹1

|ð
S0

, (8.48)

S̄2(j1, ¹1, j2, ¹2) =
ï||x ⋆ Èj1,¹1

| ⋆ Èj2,¹2
ð

S1(j1, ¹1)
, (8.49)

· · ·

S̄0 is simply the mean value of the map (or the mean of the modulus for complex fields).
S̄1(j1, ¹1) quantifies the amplitude of the normalized field x/ïxð in the oriented scale (j1, ¹1).
While it is similar to the power spectra it can not be identified with it in general. S̄2(j1, ¹1, j2, ¹2),
measures the coupling between the two oriented scales (j1, ¹1) and (j2, ¹2) (for a complete
and pedagogical introduction see Régaldo-Saint Blancard, 2021).

Finally, using symmetries and regularities in the properties of the scattering coefficients,
it is possible to introduce the reduced wavelet scattering transform (RWST Allys et al.,
2019). Without further justification, we define them as the coefficients in the following
decomposition

log2(S̄1(j1, ¹1)) = Ŝiso
1 (j1) + Ŝaniso

1 (j1, ¹1) cos
(
2
[
¹1 − ¹ref,1(j1)

])
, (8.50)

log2(S̄2(j1, ¹1, j2, ¹2)) = Ŝ
iso,1
2 (j1, j2) + Ŝ

iso,2
2 (j1, j2) cos (2 [¹1 − ¹2])

+ Ŝ
aniso,1
2 (j1, j2) cos

(
2
[
¹1 − ¹ref,2(j1, j2)

])

+ Ŝ
aniso,2
2 (j1, j2) cos

(
2
[
¹2 − ¹ref,2(j1, j2)

])
(8.51)

where the "iso" coefficients are independent of the orientation, while the "aniso" are not.
¹ref,1 and ¹ref,2 are reference angles used to parametrize the model. As such, the S̄1 and S̄2

140



8.6. BEYOND GAUSSIANITY: THE WAVELETS

coefficient can be decomposed in sets of Ŝ1 and Ŝ2 coefficients which are easier to interpret.
Given a map x these coefficients can be immediately computed using the Pywst python
package25.

The RWST were introduced in Allys et al. (2019), and demonstrated to provide a very
powerful and interpretable framework in order to characterize the non Gaussian emission
of the complex ISM signal. As an illustration we displayed in Fig. 8.13 the Ŝiso

2 (j1, j2)

1 2 3 4 5

6.5

6.0

5.5

5.0

4.5

4.0

3.5

Ŝi
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Figure 8.13: Ŝ
iso,1
2 (j1, j2) and Ŝ

iso,2
2 (j1, j2) coefficients evaluated on a Brownian random field (fBm), a

MHD simulation of the ISM, and observational data of the Polaris region. From Allys et al. (2019).

coefficients from Allys et al. (2019), in three different cases: a Brownian random field (fBm),
expected to be Gaussian and scale invariant, a MHD simulation, expected to reproduce the
turbulent structure of the ISM, and some astrophysical observations of the Polaris region.
The x-axis represents the different values of j2 while the different colored curves represent
the different values of j1. Contrarily to the power-spectra, the smaller values of ji represent
the smallest scales, while the greater values represent the largest scales. By exploiting their
differences, the WST and the RWST coefficients can characterize and identify the presence
of non-Gaussianities in a field. Some hints that can be followed are:

• With identical power-spectra, a non-Gaussian field is expected to display stronger
values for the S̄2 and Ŝ2 coefficients than a Gaussian one. As the power-spectra can
be expressed as a quadratic sum of the S̄1 and S̄2 coefficients, a non-Gaussian field is
thus also expected to have lower values for the S̄1 and Ŝ1 coefficients than a Gaussian
one.

• Additionally, as seen for the fBm, the Ŝ2 coefficients are expected to decrease brutally

25https://github.com/bregaldo/pywst
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with the scale j2, such that no correlation between scales exist on large scales. A very
typical feature of Gaussian field is also that Ŝiso,1

2 and Ŝiso,2
2 can be recovered one from

the other using a dilation. For MHD and Polaris, the damping of the Ŝ2(j2) curves is
less strong. Additional Ŝiso,1

2 for the MHD case is displaying a bump, before decreasing,
signature of non Gaussianity and correlation between intermediate scales.

• The Ŝiso,2
2 coefficient is expected to probe the presence of filamentary structure. It is

hence very rapidly decreasing with j2 in the case of fBm, while it decreases slowly
and/or reaches a plateau in the case of MHD and Polaris.

• The fact that the Ŝ2(j2) curves repeat themselves identically for every value of j1, as
it is the case for fBm, translates a scale invariant behavior. For MHD and Polaris, the
curves intersect or deviate from each others, displaying a behavior different from scale
invariance.

8.6.3 Synthesis, denoising and wavelet phase harmonics

Beside being able to characterize and interpret the complexity of the signal, this new for-
malism can be used to build synthesis i.e. synthetic ISM maps sharing the same statistical
properties as the original signal. It can also be used for component separation, by isolat-
ing the components having different statistical properties. The easiest and most promising
application of this is given by denoising, in which the noise can be removed to recover as
accurately as possible the statistics of the signal, assuming that the statistics of the instru-
mental noise can be well characterized by instrumental simulations. Typically, it consists of
generating a map y minimizing the difference of statistics with x. In other words, one must
find the minimum of the loss function

Lφ = ||φ(y) − φ(x)||2, (8.52)

where the statistics φ can be given by the set of the scattering coefficients. For synthesis
y needs to be generated from the original map x, while in order to realize a denoising of
the map d = s+ n, one would typically ask to recover the map u which minimizes the loss
function

Lφ =
∑

i

||φ(u+ ni) − φ(d)||2, (8.53)

where i ranges over a set of simulation at hands. Of course, there are several different
ways to write the loss, and thus to think the optimization problem, each of them with their
upsides and drawbacks. To solve this high-dimensional optimization problem, one can use
microcanonical gradient descent models (Bruna & Mallat, 2018).

A RWST approach using gradient descent models to produce synthesis of the polarized
ISM in intensity and polarization have been proposed in Allys et al. (2019) and Regaldo-
Saint Blancard et al. (2020). However, it seems that the RWST statistics approach are less
appropriate in order to tackle denoising problems. Beside RWST, another type of advanced
statistics is given by the Wavelet Phase harmonics (WPH). These statistics have properties
inspired from the convolutionnal neural networks and present numerous advantages, similar
to the RWST. They have been applied by Allys et al. (2020) for the analysis and generation
of large scale structure models and in Regaldo-Saint Blancard et al. (2021) for the denoising
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of MHD simulations and noisy Planck data. For this purpose, the authors developed the
Pywph26 python package. For a pedagogical and complete introduction to this formalism,
we refer again to Régaldo-Saint Blancard (2021).

In order to define the WPH statistics, one uses a bump-steerable mother wavelet instead of
the Morlet wavelet (Mallat et al., 2018). The daughter wavelet is still generated by dilutions
and rotations associated to Ài = (ji, ¹i). Let X be a random field, of which the map x is a
realization. The WPH moments of X are defined as the covariance of the phase harmonics
of the wavelet transform of X that is

CÀi,pi,Àj ,pj
(ÄÄÄ ) = Cov

(
[X ⋆ ÈÀi

(r)]pi , [X ⋆ ÈÀj
(r + Ä )Ä )Ä )]pj

)
. (8.54)

The phase harmonic operator z → [z]p of a complex field z is defined as [z]p = ei·p·arg(z).
The WPH moments also provide interpretable sets of coefficients. Optimization can be done
considering only a subset of them. Usually one introduces the 5 following sets:

• S(0,0): The set of WPH moments with pi = pj = 0 and Ài = Àj = À. They capture
information about the sparsity of the data in the À bandpass.

• S(1,1): The set of WPH moments with pi = pj = 1 and Ài = Àj = À. They capture the
power spectrum information in the À bandpass.

• S(0,1): The set of WPH moments with pi = 0, pj = 1 and Ài = Àj = À, the moments
capture information about the coupling between scales in a single À bandpass.

• C(0,1): The set of WPH moments with pi = 0, pj = 1 and Ài ̸= xij . They quantify
correlation between local oscillations for the scales associated with Ài and Àj .

• Cphase: The set of WPH moments with p1 = 1 Ài ̸= Àj and p2 = À1/À2. They capture
informations about the statistical phase alignment of oscillations between the scales
associated with Ài and Àj .

Additionally, one also add to these statistics the scaling moments defined as

Lj,0 = Cov [|X ⋆ φj |, |X ⋆ φ̃j |] , (8.55)

Lj,p = Cov [(X ⋆ φj)
p, (X ⋆ φ̃j)

p] (p > 0). (8.56)

Here, φ̃i are isotropic Gaussian filters. They allow to probe the largest scales which are
poorly captured by the WPH moments.

Overall, WST, RWST and WPH are three different sets of statistics based on wavelets that
can be used to characterize a complex signal on a flat patch. They are easily interpretable
and can grasp non-Gaussian features. The original WST are probably the simplest form of
statistics built from a set of wavelets, while the RWST propose a decomposition which allow
to obtain coefficients having a direct interpretation. On the other hand, models built on the
more complex WPH statistics share properties with convolutional neural networks and tend
to perform better on denoising problems.
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Figure 8.14: Upper pannel, from left to right: original opacity log10(Ä ), temperature T and spectral index
´ from the MHD simulations. Intermediate, from left to right: similar figures obtained from the synthetic
map. Bottom pannel: 1D distributions of the same quantities for the original (blue) and the synthetic
(orange) maps. From Régaldo-Saint Blancard et al. (2023).

8.6.4 Personal contribution

During this thesis, I tried to investigate how the spectral dimension could be explored with
the framework of the wavelet scattering transform. As such, it might be possible to tackle
both the spatial and the spectral complexity of the foreground signal with the same tool. To
do so, I collaborated with Bruno Regaldo-Saint Blancard (Flatiron institute), Erwan Allys
(LPENS) and Constant Auclair (LPENS) in order to become familiar with the Pywph

software. The first idea was to see if the addition of cross-moments between two maps could
help the optimization, i.e. using new statistic defined by

CÀi,pi,Àj ,pj
(ÄÄÄ ) = Cov

(
[X ⋆ ÈÀi

(r)]pi , [Y ⋆ ÈÀj
(r + ÄÄÄ )]pj

)
. (8.57)

where X and Y could be the random field associated with two different frequency maps.

26https://github.com/bregaldo/pywph
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These cross-spectra were used in the analysis of Régaldo-Saint Blancard et al. (2023), on
which I had the chance to collaborate. It was shown that adding these cross-statistics allowed
to produce synthesis that capture the spectral dust properties without setting any prior on
it. To do so, Bruno Regaldo-Saint Blancard realized MHD simulations on patches that he
extrapolated at different frequencies using a modified black body. ´ and T were randomly
generated in the third dimension using two correlated Gaussian distribution for each spectral
parameter. The top rows of Fig. 8.14 represent the maps of the opacity log10(Ä ), and the
spectral parameters T and ´ of the original MHD simulation. The intermediate rows show
the same maps extracted in every pixel of a synthesis generated using Pywph. A first
visual assessment allows to evaluate the success of the synthesis, as it seems very difficult
to distinguish the synthetic map from the original simulation. The non linear patterns and
filamentary structures of the original MHD simulation have been inherited in the synthetic
map as well as the spatial distribution of the spectral properties: denser regions are colder
while diffuse regions are hotter and ´ and T are anti-correlated as in the simulation. This
result is especially impressive as no information on the SED were given directly to the
optimizer, except the original set of MHD simulations at different frequencies. The code
thus inherits these constraints from the spatial distribution of the intensity in each frequency
band. The recovered 1D distributions of the spectral parameters, displayed on the bottom
panel of Fig. 8.14 seems in agreement between each other. Similar considerations were used
in this work to reproduce the statistical properties of the I, E and B fields together. I
had the chance to participate to the discussions and to the writing of the draft, helping the
author with regarding the understanding of the spectral properties of the dust signal.

The remaining open question is how can the additional information given by the cross-
frequencies can be used for denoising. Our main goal was to provide a denoising of the
BICEP field using Planck data, such that the dust component could be recovered in this
region with an unprecedented accuracy. However, this task is far from easy and multiple
elementary steps have to be undertaken before. I first tried to see if the addition of a cross-
term between two half-mission maps27 in the loss could help the denoising, using Planck

noises on MHD simulations. As the noise of the half-mission maps is largely decorrelated,
it must be possible to use this information at some level. Unfortunately, this did not lead
to any significant improvement. This investigation forced us to reconsider the standard
normalization of the coefficients used in Pywph, which were further optimized by Bruno
Regaldo-Saint Blancard. The same application using different frequency bands instead of
half-mission maps lead to a minimal improvement in the denoising, but a unbiased recovery
of the cross-angular power spectra between the two maps, ensuring that the deterministic
patterns of dust are better retrieved from one frequency to another. This work is still in
progress, and is followed by significant optimization of the Pywph software itself by Bruno
Regaldo-Saint Blancard, considering the feedback given by the users.

Finally, in order to apply it on the largest scales of the sky, it will be necessary to develop
the formalism such that it can be used on the clestial sphere. While a lot remains to be done,
this direction has been already explored by Delouis et al. (2022) and is currently investigated
at IRAP under the direction of Louise Mousset.

27The full data from an experiment as Planck can be divided in two set containing the data of half of the
mission duration. Doing so allow to have two dataset in which the noise realizations are widely independent.
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While the polarized foregrounds to the CMB remains a significant challenge, major break-
throughs have been done in the past years. The new frameworks we discussed in this thesis
are not only powerful but they are also interpretable and allows to do both component
separation and Galactic science conjointly. A large amount of exploratory work remains to
be undertaken in order to develop a robust multi-frequency component separation method
based on WPH, but the result promise to be outstanding. On the other hand, the simpler
moment expansion framework is now very robust and I am glad to have contributed signif-
icantly to this developments, which represented without any doubt the main achievement
of this thesis. It has now to be extensively applied in order to assess properly its strength
and limits. In there very core, scattering transform methods and moment expansion share
deep similarities as they use compressed statistical information to characterize the signal.
The first one focusing on spatial information while the second tackle the spectral statistics.
On the long term, I would like to investigate if the use of the (spin)-moments could be
of any help for multi-frequency synthesis and denoising with the WPH, in order to orient
the spectral optimization in the most complex cases, and reduce the number of degrees of
freedom. I strongly believe that the conjunction of these two approach would represent a
groundbreaking benefit both for CMB and Galactic science.
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Explaining the values of our standard
models’ fundamental constants

La constance d’une habitude est d’ordinaire en rapport avec son absurdité.

– Marcel Proust, La prisonnière

Contents
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In Chap. 3, we reviewed the theoretical foundations underlying our current cosmological
model: Λ-CDM. In this chapter, we will question these very foundations by allowing the
fundamental constants of nature to become variable. As in Chap. 4, such a change of
paradigm beyond Λ-CDM will see the introduction of new entities, as dynamical scalar
fields. Using CMB data from Planck introduced in Chap. 5 jointly with a multitude of other
experimental probes, I will provide the latest to date constraints on two scalar fields models
inducing variations of the fine structure constant: the Bekenstein and the runaway dilaton
models.
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9. EXPLAINING THE VALUES OF OUR STANDARD MODELS’ FUNDAMENTAL
CONSTANTS

9.1 The fundamental constants and their possible vari-

ations

9.1.1 What is a fundamental constant?

As Uzan (2011) puts it, fundamental constants of a given theory are "parameters that cannot

be explained by this theory" (p.5). They are omnipresent and maybe unavoidable when
building a model aiming at describing physical phenomena. For example, consider modeling
the universal force of gravitation between two point masses m1 and m2, separated by a
distance d, in the framework of Newton mechanics. To account for observations, it must
increase as the product of the masses and decrease as the square of their distance. However
one can not simply write |FG| = m1m2/d2, as the units would be inconsistent (and the
magnitude of the effect largely over estimated in S.I. units). One is hence forced to introduce
a factor G, the value of which can not be predicted within Newtonian mechanics and can
only be measured. Similar considerations are reached in all the known theories of physics.
In that sense, fundamental constants allow us to draw the limits of the explanatory power
of a given theory. The number of fundamental constants also depends on the theory under
consideration. From an unifying and reductionist perspective, one would want to find a
model able to explain as many phenomenon as possible with less fundamental constants as
possible.

At the time being, general relativity and the standard model of particle physics, presented
in Chap. 3, provide the most fundamental and empirically validated theories of nature for
gravitation and the three other known fundamental interactions, respectively. A list of
all the constants required in these models is given in Tab. 9.1. One can find the three
dimensional fundamental constants: c, –h and G, along with nineteen other coefficients:
9 Yukawa couplings fixing the masses of the quarks and leptons, 2 parameters defining the
shape of the Higgs potential V (h) = µ2

2
|h|2 −¼|h|4, 4 parameters for the Cabibbo-Kobayashi-

Maskawa (CKM) matrix (1 phase ¶CKM and 3 mixing angles ¹ij) quantifying the weak force
induced flavor changing of quarks and the amplitude of the weak CP symmetry violation,
2 couplings constants quantifying the strength of the two fundamental forces (strong and
electroweak), the Weinberg angle quantifying the symmetry breaking of the electroweak force
and a phase for the QCD vacuum. Finally, the cosmological constant Λ can be added to
this list, as part of our theory of gravity (see Chap. 3).

The status of the 6 cosmological parameters of Λ-CDM presented in Sec. 3.4.2 is more
ambiguous. While we have no way to predict their values within our cosmological theory,
they do not appear at the Lagrangian level and are better understood as initial conditions
associated to solutions of the theory. Another interesting question would be whether or not
the null parameters (i.e. compatible with zero) can be considered as fundamental constants if
our standard models can not justify their cancellation from fundamental principles. Overall,
we reach a somewhat consensual number of 23 constants in Tab. 9.1, which is arguably a large
number of values that can not be explained within our most fundamental models of physics.
Moreover, we know for sure that this picture given by the standard models is incomplete.
Indeed, some of the theoretical puzzles discussed in Chap. 4 and others observational facts as
the masses of neutrinos (Allanchach, 2019), the anomaly of the g− 2 factor for the muon (Di
Luzio et al., 2022) and the matter/antimatter asymmetry (Hambye, 2012) suggest that new
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Constant Symbol Value

Speed of light c 299792458 m · s−1

Planck constant (reduced) –h = h/(2Ã) 6.62607015 × 10−34/(2Ã) J · s

Newton constant G 6.67430(15) × 10−11 m2 · kg−1 · s−2

Weak coupling constant (at mZ) g2(mZ) 0.6520 ± 0.0001

Strong coupling constant (at mZ) g3(mZ) 1.221 ± 0.022

Weinberg angle sin2 ¹
W
(91.2GEV)

M̄S
0.23121 ± 0.00004

Electron Yukawa coupling ¼e 2.94 × 10−6

Muon Yukawa coupling ¼µ 0.000607

Tauon Yukawa coupling ¼τ 0.0102156

Up Yukawa coupling ¼u 0.000016 ± 0.000007

Down Yukawa coupling ¼d 0.00003 ± 0.00002

Charm Yukawa coupling ¼c 0.0072 ± 0.0006

Strange Yukawa coupling ¼s 0.0006 ± 0.0002

Top Yukawa coupling ¼t 1.002 ± 0.029

Bottom Yukawa coupling ¼b 0.026 ± 0.003

Quark CKM matrix angles sin ¹12 0.22650 ± 0.00048

sin ¹23 0.04053+0.00083
−0.00061

sin ¹13 0.00361+0.00011
−0.00009

Quark CKM matrix phase ¶
CKM

1.196+0.045
−0.043

Higss potential quadratic coefficient |µ| ≃ 88.4 GeV

Higss potential quartic coefficient ¼ ≃ 0.13

QCD vacuum phase ¹QCD f 10−10

Cosmological constant Λ ≃ 1.1056 × 10−52 m−2

Table 9.1: List of the fundamental constants of the standard models introduced in Chap. 3. Adapted from
Uzan (2011) with updated values from Zyla et al. (2020).

parameters and perhaps new fields will have to be introduced, bringing their free parameters
with them (masses, coupling constants, coefficients associated with potentials ...).

Theories beyond our standard models can however propose unifying pictures in which the
number goes down. For example, string theorists claim to require only two dimensional
constants: the string length ℓs and the speed of light c (Veneziano, 1986)1. Indeed, as
discussed further in Sec. 9.5, even the number of dimensions of space-time can be predicted
in this framework (unfortunately, the answer is 11. . . ). It is yet unclear if a fundamental
theory of physics could have no free parameter and whether this even makes sense, as it
would represent the ultimate predictive theory2.

In any case, wanting some justifications regarding the values of the fundamental constants of
our standard models appears as a legitimate inquiry. First, they represent a major fine tuning

1This picture is however by many ways idealistic, as the number of degrees of freedoms arising from the
choice of compactification (the string landscape) is absolutely gigantic (see Sec. 9.5).

2This statement needs to be tempered as such a theory would certainly not be able to predict the initial
conditions for the evolution of its field (see the discussion above about the cosmological parameters), initial
conditions which are subject to a large amount of fine tuning and are expected to witness a significantly non-
linear (chaotic) evolution. As such, a theory for all the interactions of nature without free parameter would
doubtly predict specifics events as e.g. the emergence of life. Thanks to Jean-Philippe Uzan for suggesting
this correction and asking for a clear distinction between fundamental constants and initial conditions.
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problem as their values seem incredibly well adjusted: indeed, as we will further discuss in
Sec. 9.1.3, changing the values in Tab. 9.1 by a few percent would drastically transform
the structure of the Universe as we know it, making structure formation, chemistry and
life impossible. As we know for a fact that life is possible, we would like to explain how
come the parameters have such specific values to allow it. This is the so called "anthropic
principle", consequences of which were strongly debated in modern literature (see e.g. Carter,
1974; Smolin, 2004). A way to justify such a fine tuning of the constants is to imagine that
a multitude of universes/spatial regions exist, in which the constants can take different
values. Doing so could solve the problem by suggesting that we happen to be in a statistical
realization allowing for our existence (Agrawal et al., 1998). For example, eternal inflation,
in which reheating happens only locally in separated independent bubbles, could provide
such a scenario (Linde, 1986; Guth, 2007). The value of the fundamental constants in
each bubble Universe could then be different with the help of string theory landscape (see
e.g. Susskind, 2003). Similarly, cyclic cosmologies can provide an identical solution with a
temporal alternation of universes (see e.g. Penrose, 2006). This suggestion is tempting and
avoid to invoke some kind of "divine intervention" or "strike of luck". However, such theories
are yet extremely far from the reach of empirical verification and a way to derive the exact
values of the constants from deeper principles (as e.g. symmetries) appears to me as more
satisfying. However, as far as I am aware, no such framework has yet been proposed in a
way that could both be consistent and consensual3.

Additionally, any detection of the variation of a fundamental constant would be, by very
definition, in direct contradiction with our standard models. As such, testing experimen-
tally their constancy allows to quantify the robustness of our standard models and provides
a powerful and model-independent probe for new physics. If a coupling appeared to be
dynamical, the challenge would be to predict and interpret its behavior. This can only be
done by extending our theories within a larger framework that can explain their dynamics
(i.e. which have hence an higher explanatory power).

I will refer to the possible variation of the fundamental constants of our standard models
with the oxymoron varying constants. Several mechanisms can be invoked to explain such
variations within a larger framework while explaining how the constant’s values can appear
so stable in our measurements. It is sensible to think that the observed constants could be
slowly varying compared to the physical scales we are probing, as the Earth gravitational
field would appear as a constant |g| = GM⊕/(R⊕ + h)2 for small altitude h << R⊕. Some
underlying dynamics could also have been attracted towards the fixed point of a dynamical
system, such that they appear stable. Their values could also emerge from a yet unknown
underlying behavior as the thermodynamical constants (e.g. heat capacities) emerge from the
statistical behavior of microscopic particles. One could also realize that what are considered
today as fundamental constants can be computed as derived numbers from a smaller set of
fundamental constants.

Constants can play different roles within a theory. While G, our introduction example,
quantifies the strength of the gravitational coupling between two masses, the speed of light
c sets a fundamental limit for the speed of propagation of information in special relativity.

3For a recent example of an attempt to derive the fine structure constant value from deeper principle, see
e.g. Singh (2021). I am unfortunately not qualified enough yet to judge the credibility of such a proposal.
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There are numerous ways to classify the zoology of fundamental constants depending on how
they appear in a theoretical structure (for a discussion, see e.g. Lévy-Leblond, 1977; Lévy-
Leblond & Sandoval, 2013). It is interesting to see that these roles can change as theories
evolve. Following Duff (2015), we will argue that a necessary distinction, going beyond mere
zoology, is to wonder whether the constants have dimensions (units) or not.

9.1.2 Dimensional and dimensionless constants

Dimensional: fundamental constants

Dimensional constants are by nature deeply linked to unit choices and metrology. While
a detailed presentation of this topic goes far beyond the scope of this thesis4, let us here
mention a few points necessary for our discussion.

Dimensional constants often (if not always) appear as relating different concepts, providing a
connection/identification between seemingly unrelated notions. Consider the example given
by energy: energy can be understood as the Noether charge associated to time translations
of a system. Depending of the system under consideration, it can be related to a photon’s
pulsations EÉ = –hÉ, the rest energy of a massive body E0 = mc2 or the temperature of a
thermodynamical system ET ∝ kBT

5. In these equations, the constants –h, kB and c could all
be interpreted as conversion factors between measurable quantities É,m,T and the abstract
concept of the energy of a system. More radically, equations as ∆x = c∆t for the path of
a photon could be interpreted as an identification between space and time as dimensions
through c. Choosing the right ("natural") unit choice, it is thus possible to identify the
related quantity e.g. the energy of a photon can be identified with its pulsation. From these
examples, one can consider the drastic view that all the dimensional constants are conversion
factors, e.g. quoting Duff (2015): "[c] merely tells us how to convert one human construct,
the meter, into another, the second." (p.2).

It is clear that dimensional constants are intrinsically intertwined with unit systems. As
stated in the first paragraph, the introduction of a constant G in the Newtonian force of
gravitation ensures the unit consistency of the equation. As such, it requires the definition
of units of length, time and mass in which it can be expressed and measured. It is commonly
accepted that a minimum of three dimensions are required to build a physical theory: length,
time and mass, along with a choice of units to express them. All the other ones, as energy,
temperature and charge, can in principle be expressed from them. The S.I. system however,
is built on 7 such fundamental units, as this is after all a matter of practical conventions.
Setting a unit system requires the choice of a reference quantity that can be considered
as a constant unity for the associated dimension. As such, dimensional constants allow us
to define unit systems and are widely used to build the S.I. system (note that in the S.I.
system, the speed of light c is now defined as a constant number allowing to define the meter
(Conférence générale des poids et mesures, 1983)). Another common choice that was ours

4For a very complete pedagogical and historical introduction on fundamental constants and their variation,
we refer to Uzan & Leclercq (2008).

5kB also relates the entropy ST and the number of configurations ΩT as ST = kB ln(ΩT ). However,
the presence of kB in this equation is today considered as an historical artifact in the definition of the
thermodynamical entropy by Boltzmann, which is absolutely not required if one build statistical physics on
Shannon’s entropy instead (see Chap I and II of Landau (1969))

151



9. EXPLAINING THE VALUES OF OUR STANDARD MODELS’ FUNDAMENTAL
CONSTANTS

in the first section, is the "natural unit system" or "Planck units" in which the numerical
values of c, –h and G are set to unity, meaning that all speed will be counted in units of c,
all actions in units of –h ... allowing to set the three minimally required dimensions. In order
to do so, this system builds mass length and time units from the three constants G, c and –h
as6

mPl =

√

–hc
G

, ℓPl =

√

–hG
c3

, tPl =

√

–hG
c5

, TPl =

√

–hc5

GkB

. (9.1)

The hope being that these units are more fundamentally meaningful, as they are built only
from fundamental constants and they allow for the identification between physical concepts
and measurable quantities as discussed above. Historically, Max Planck considered also
the need for temperature as a fourth required unit, and kB as a fundamental dimensional
constant. The minimal number of required units and dimensional constants in physics is still
debated. While "Planck school" would argue for four, modern metrology has chosen three.
A string theoretical standpoint would argue for two while the "conversion factor" point of
view would defend that dimensional constants are not needed at all from a "fundamental"
perspective. These three points of view are discussed extensively in Duff et al. (2002).

However, without falling into the pit of numerology, it is clear that dimensional constants
have played and play a greater role than conversion factors in the history of physical theories.
They can be considered to set universal limits as c is the maximal speed of a massive
object, –h gives minimal quantum of action/phase space volume of a system, and G allows
to build the Chandrasekhar mass, setting the maximal amount of mass (and entropy) that
can be associated with a space-time region. As such, they are "signatures" of the domain
of application of a given theory (–h for quantum mechanics, G for gravity and c for special
relativity) which allow us to study their asymptotical limits (as the semi-classical limit of
quantum mechanics E∆t k –h, or non relativistic-limit v j c). Following this idea, one can
build the "Bronshtein-Zelmanov-Okun" (BZO) cube, with axis c,G, –h, to shed some light
on the nature of quantum gravity and its domain of validity. For a discussion, see e.g.
Martins & Molaro (2011). Similarly, Planck units can be understood as domains of mass,
energy, length ... in which the quantum nature of gravity can not be neglected. They are
thus associated with regions to investigate, in which our standard models stop being valid,
especially in the very early Universe.

Perhaps more strikingly, QFT in curved space-time (and multiple other derivations) allows
to compute that the quantum entropy associated to a black hole SBH (Bekenstein entropy,
Bekenstein, 1981; Casini, 2008) must be proportional to its area A as

SBH =
kBc

3A

4G–h
. (9.2)

The fact that this formula invoke G, c and –h (and kB) is considered as an unambiguous
signature of a quantum theory gravity, even though no such theory was needed to derive
it. As such, its demonstration has become an unmissable target for string theories, loop
quantum gravity and all quantum theories of gravity.

6The Planck mass mPl and the reduced Planck mass MPl used in the previous chapters are different by
a factor of

√
8Ã.
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Dimensionless: fundamental parameters

Unitless fundamental constants are often referred to as "fundamental parameters". They can
be build from dimensionless ratio of dimensional quantities as e.g. the proton to electron
mass ratio µ = mp/me ∼ 1840. In the standard models introduced in Chap. 3, dimensionless
parameters are either gauge couplings quantifying strength of interactions as g2 and g3, mass
ratios µi or equivalently values of the Yukawa couplings ¼i, and mixing angles associated to
symmetry breaking as ¹W, ¹ij and ¹QCD.

Dimensionless parameters are arguably more fundamental than dimensional constants, for
the following related reasons:

• Their value do not depend on any unit choice. Whether masses are expressed in kg,
keV or any other mass unit, µ will always return the same value.

• As such, fundamental parameters can never be reinterpreted as conversion factors and
reabsorbed within a choice of natural units. Setting the electron mass me = 1 would
simply mean that we are in a system of unit in which all the masses are expressed
in term of me. On the other hand, setting the dimensionless ratio µ = mp/me to
1 would have unrealistic consequences, as it would mean that the proton and the
electron physically have the same mass. This would of course be highly incompatible
with the physics at work in our Universe. Similar conclusions are reached for e.g. gauge
couplings, encoding the relative strength between fundamental forces.

• Finally, even more radically, we can conclude that the values of dimensional parameters
have no impact on the physics, as long as all the dimensionless ratios remain unchanged.
Indeed, imagine doubling the values of all the masses me → 2me and mp → 2mp, such
that µ remains invariant. While this might look like a considerable change, doing so
would have absolutely no observational consequences, as would the redefinition of the
kg by half its actual value. Similar argument applies to other fundamental couplings
as e.g. changing the charge of the electron and the speed of light such that the fine
structure constant remains invariant (see Sec. 9.2). In a sense, this is very similar
to the case of gauge invariance in the very first sense of the meaning of "Gauge" as
choice of scale on a measurement apparatus. In other words: there is no way to
distinguish a physical change of quantities with a trivial change of units, as long as all
the dimensionless ratios are preserved.

Seeking for variations

Many studies are dedicated to the search for space-time variations of dimensional constants
as G or the speed of light (so called "VSL theories", which could provide an alternative for
inflation (Moffat, 2002; Magueijo, 2003)). However, as pointed by Ellis & Uzan (2005); Duff
(2002, 2015), such inquiries are at best less relevant than looking at dimensionless parameters,
and at worse are not even meaningful physically, as they have no real operational meaning.
Indeed, as argued in the previous section, dimensionless parameters encode unambiguously
physically relevant relationships, while dimensional quantities are always "relative" to some
unit choice. As such, any variation of a dimensional constant could also be understood as a
change of unit or a variation in the way these units are defined or measured. Dimensionless
parameters, however, are invariant quantities, which have the same values independently of
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Structure constant Symbol Value
Fine structure constant ³EM 1/137.035999084(21)
Fine structure constant at mZ ³EM(mZ) 1/(127.952 ± 0.009)
Weak structure constant at mZ ³W(mZ) 0.03383 ± 0.00001

Strong structure constant at mZ ³S(mZ) 0.1185 ± 0.0016

Gravitational structure constant ³G ∼ 5.905 × 10−39

Table 9.2: List of gauge coupling values, adapted from Uzan (2011) with values of Zyla et al. (2020).

a unit choice.

Furthermore, as the dimensionless ratios are the physically relevant quantities, any theory in-
cluding variations of a dimensional constant could always be rephrased in a purely equivalent
way such that it is another dimensional constant that is variable. As long as the dimen-
sionless ratios are changing in the same way, both theories will have the same observable
consequences, such that it is impossible to really identify which of the dimensional constant
is varying Duff (2002). To come back to our simple example, if µ changes across space-time,
it would be impossible to say whether it is me or mp that is changing, as it is ultimately
a choice of unit to decide which mass should be considered as fixed, i.e. in term of which
"unit mass" the other are counted. In other words: a change of unit could always allow us to
either set me = 1 or mp = 1 such that the other one is considered as variable. Any choice
of unit for mass decides to fix arbitrarily some reference mass. Note however that this last
point is very subtle and source a fair amount of discussion and confusion through a large
part of the literature in cosmology (see the debates in e.g. Duff et al. (2002); Duff (2002) or
the complementary discussion of Grozier (2020)).

For all the above reasons, one should prefer the investigation of the stability of the dimen-
sionless parameters since only dimensionless quantities can unambiguously be measured and
promoted as variable.

9.1.3 Gauge couplings and structure constants

In this thesis, I will give constraints on motivated models allowing for a variation of the
dimensionless fine structure constant ³EM. These models will both be phenomenological in
Sec. 9.4 and inspired from string theory in Sec. 9.6. ³EM is the so-called gauge structure
constant associated to the electromagnetic force, quantifying the strength of this interaction.
In this section, I will formally define the notion of structure constant for fundamental forces
and its relation with gauge couplings, stressing the importance of this parameters and better
understand how and why they appear in our theories. This understanding will further allow
us to identify and build models in which the value of ³EM can change with space and time
in the next section.

An important example of dimensionless fundamental constants within the standard model
of particle physics is given by the gauge couplings gA. These numbers quantify the strength
of the fundamental interactions of the matter fields with the gauge bosons and are thus
setting the intensity of all the fundamental interactions shaping our Universe. From gA, one
can also define the gauge structure constants ³gA

which are easier to measure. While these
parameters are characteristic of gauge theories, they can also be defined for gravity as we
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will further see.

As we did in Chap. 3, consider a matter field È. Using a choice of basis ei(x) for the
field space over each space-time point, È can be expressed as È = Èiei. As an illustration,
for electromagnetism È is a standard wave-function and there exist a single basis vector r̂
defining the orientation of the complex plane everywhere over space-time. For weak force,
Èi is a left chiral lepton doublet on the weak flavor basis e.g. a left electron/neutrino or a
left up/down quark pair. For strong force Èi would be a color triplet (green, red, blue) while
ei would be the color basis. Forces are nothing less than transformations or rotations of the
components of È induced by gauge bosons A. For a detailed discussion, see Appendix A.

The covariant derivative of the field DµÈ, in the space-time direction given by the basis
4-vector eµ7 can be written as8

DµÈ =
(

∂µÈ
i + gA(Aµ)a(X

i
j)
aÈj

)

ei, (9.3)

here Xa are the generators of the gauge algebra of the gauge group (which can be understood
as matrices for all practical purpose), each associated with a gauge boson (Aµ)a. DµÈ is
quantifying the variation of the field È over space-time compared to its parallel transported
version in the direction eµ. It is ensuring the invariance of the theory under a space-time
change of the field space frame ei (a gauge transformation) and sources forces through the
curvature F associated to A. Diagonal generators create neutral currents as they can not
rotate È, while non diagonal generators are associated to charged currents. We refer again
to Appendix A for clarifications on these last points.

The coefficient gA, called the gauge coupling, quantifies the strength of the force mediated
by A on È9. For the strong force, the coupling is written gS, while for electroweak force
one has two couplings gW an gY associated respectively to the three W i and the B boson.
After symmetry breaking, one can use the so called Weinberg angle to associate the coupling
constant to electromagnetism e = gW sin(¹W ) = gY cos(¹W ), identified with the electron
charge. Similarly one can express the couplings of the Z0 and W± in term of gW and ¹W .

Under a redefinition of the connections as Ã = gAA, the coupling strength can be absorbed
such that they do not appear anymore in the covariant derivatives Dµ = ∂µ + Ã (as this is
the case for gravity, in the Levi-Civita/spin connections). To be self consistent, one must
then consider the curvature associated to this new connection in the Lagrangian which is
simply F̃ = gAF10. The curvature term becomes

LF = −1

4
ïF , Fð = − 1

4g2
A

ïF̃ , F̃ð = − 1

16Ã³gA

ïF̃ , F̃ð (9.4)

7As discussed in Appendix A, the basis eµ is given by the differential operators ∂µ. We choose to avoid
this notation in the thesis to simplify the reading.

8This equation is equivalent to the covariant derivative of a vector ∇µv given in Eq. 3.1, but for the
derivation of È in the field space over space-time instead of a space-time 4-vector v. To consider how
gravity acts on È, the Levi-Civita connection Γ acting on vectors has to be replaced by the Levi-Civita spin
connection É acting on spinors as written in Eq. 3.8.

9Note that, for a given force, gA is a single number for all the possible fermion fields È, and should not
be confused with the charges of the fermions. The differences of charge values comes from the fact that
different fields live in different representations of the gauge group.

10From the definition of the curvature given in Appendix A: F̃ = dÃ + 1
2 [Ã, Ã]g = FgA
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where we introduced the gauge structure constant ³gA
= (gA)2/4Ã. Building a QFT from

there, ³gA
quantifies the probability of interaction associated to a Feynmann diagram (ver-

tex) involving two fermion lines È and a gauge boson line A (e.g. the probability for an
electron to emit a photon).

Even if the Lagrangian and equations of motion of gravity and Yang-Mills fields are different,
one can identify G with the gravitational structure constant in LEH = R/(16ÃG). Theories
with dimensional coupling can be showed not to be renormalizable and thus can not easily
be quantified (see Zee (2003), Sec. III.2). This is thus a direct signature that GR can not
be transformed straightforwardly in a QFT, as the other gauge interactions (this would also
be the case for the dimensional Fermi constant GF in Fermi theory of weak force).

As [G] = [mass]−2 in natural units, one needs to multiply by a mass squared to get a
comparable dimensionless number for gravity. Generally, one introduce ³G = Gm2

p, or in
S.I. units

³G =
Gm2

p

–hc
, (9.5)

where mp is the proton mass (Silk, 1977). It is arguable, for the reasons discussed in the
previous sections, that cosmologists should seek for variations of ³G instead of G (contrarily
to what is done in almost all of the cosmological literature today). This point has already
been advocated in works as e.g. Narimani et al. (2012).

Figure 9.1: Energy running of the gauge structure constants in the SM (left) and minimal supersymmetric
model (MSSM) (right). ³1 and ³2 are the electroweak coupling constants while ³3 ≡ ³S. Taken from "Grand
Unified Theories" in Zyla et al. (2020) (Figure 93.1).

Using the perturbative framework of QFT, the values of the gauge couplings must be running
with the energy scale at which they are measured. As displayed in Fig. 9.1, the values of
the three structure constants are getting closer at high energies. While they do not converge
at a single value within the standard model (left panel of Fig. 9.1), this is lighting the hope
to find a theory unifying the three gauge forces at high energy (i.e. a GUT as inspired
by supersymmetry (right panel of Fig. 9.1)). As it requires an extremely high energy scale
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to make this running significant, it is expected to be extremely small in all the observable
Universe. However, in full rigor, when looking for variations of a gauge coupling constant,
one should mention that this investigation is done regardless of this running.

By convention, it is usual to compute the values of the ³i at mZ , the rest mass energy of
the W boson. Values of couplings at mZ can be found in table. 9.2. From this list, one can
see that ³G is standing out by its incredibly small value compared to the other couplings.
This is the so called hierarchy problem, directly connected to the questions of fine tuning
and anthropic principles we addressed in Sec. 9.1.1.

Let us briefly follow Martins (2020) (chap. 8.2) and highlight how strongly the values of
the ³gA

shape our Universe. An increase of ³EM by a few percents would make chemistry
impossible, as atoms would not be able to share electrons anymore. A few percent decrease
however, would prevent nuclei to bound with electrons, such that atoms could not form and
charged particles would be mostly free, and matter in the form of a plasma. On the other
hand, the value of ³W has a strong impact on the structure of the nuclei. An increase in ³W

would increase the nuclear decay rate, such that heavy atoms can not be stable anymore. A
lower value would lead to the quick conversion of all the hydrogen atoms into Helium. ³S

plays a crucial role on stellar nucleosynthesis. Increasing its value would make nuclear fusion
easier and allow all stars to reach the fusion of iron in their core, depleting the Universe from
light elements as hydrogen. A weaker ³S on the other hand, would make the formation of
heavier elements harder to reach in stars, reducing the chemical complexity of the Universe.
Finally, among other things, ³G directly impacts the behavior of a(t) in Friedmann equation,
such that a greater value could lead the Universe to re-collapse, while a smaller value could
accelerate the expansion, preventing the formation of large scale structures. In all the cases
discussed here, a few percent change in the coupling’s values, or even a fraction of percent
of change, would have a most significant impact. As such, the fine tuning problem becomes
explicit, and it appears that only very specific values of the ³gA

can allow for the Universe
as we are experiencing it.

9.1.4 Phenomenology of varying gauge couplings

We stressed that detecting a variation of the fundamental constants, typically the gauge
couplings or equivalently the gauge structure constants, would be a major breakthrough in
our understanding of fundamental physics. Let us now explore how such a variation could
be consistently implemented as an extension of our standard models. If a gauge coupling
g becomes a space-time dependent quantity, it is not a constant anymore, but must be
promoted as a real (scalar) field g(xµ). In order to preserve all the invariances and associated
conservation laws of the standard model (gauge and charges, spacetime translations and
energy-momentum ...) as well as the general consistency of the theory, the safest (and
perhaps the only) way to proceed is to add this variation carefully at the Lagrangian level.
The simplest possible option would be to promote g itself as a new fundamental scalar field
and add a term LgA

= ∂µgA∂
µgA/2 −V (gA) to LSM, as discussed in Sec. 4.2.2. It is however

much more general to assume the existence of another fundamental field ϕ coupled to the
SM, such that the gauge coupling g (or equivalently ³gA

) are evolving as a function of ϕ,
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gA(ϕ) such that its value today is gives back the measured value in laboratory gA,0
11. If for

simplicity one assumes that ϕ is a scalar field, one must then add Lϕ = ∂µϕ∂
µϕ/2 − V (ϕ)

to LSM. This will not be enough however, as the field would have an impact at the level of
the covariant derivative of the theory (Eq. 9.3) which will break the gauge invariance of the
newly formed Lagrangian.

In order to preserve this gauge invariance, a function of the field BF (ϕ) must be appear in
LF as

LF = −1

4
BF (ϕ)ïF , Fð. (9.6)

Turning the problem the other way around, one would legitimately be able to consider that
the gauge structure constants of a theory are varying if such a BF(ϕ) appears within its
framework12. In Sec. 9.5.2, we will see that this is for example the case for string theory, in
which such a coupling between a scalar field, the dilaton, and the curvature terms appears,
without being originally asked for.

The corresponding ϕ-dependent structure constants can be defined as ³gA
(ϕ) = gA(ϕ)2/4Ã.

Knowing BF(ϕ), this relative variation of the structure constant can be expressed as

∆³gA

³gA,0

(ϕ) = BF(ϕ)
−1 − 1, (9.7)

with ∆³gA
= ³gA

(ϕ) − ³g,0 and ³gA,0
= g2

A,0/4Ã. This very important equation will be at
the starting point of all our models, as it relates a theoretical framework with a given BF(ϕ)
to the measurable values of the gauge structure constants.

Let me review briefly here why the curvature Lagrangian must be modified as Eq. 9.6 in
order to preserve gauge invariance and why this modification implies Eq. 9.7, as this is rarely
discussed in detail in the literature. For simplicity, let us consider the case of the electromag-
netic Lagrangian, knowing that a generalization to other forces could be done following the
same lines. We recall that gauge invariance can be seen as the invariance of the geometrical
objects under the choice of an arbitrary frame in which to express these quantities. It is thus
fundamental and must be enforced. Considering only the electromagnetic interaction, the
matter fields È = Èaea are given by a set of four complex number values (a spinor) at every
point of space-time, where a ranges from 0 to 413. While this is rarely explicited, each of the
Èa are themselves components of 1-dimensional complex vectors written as Èar̂ where r̂ is a
choice of the orientation of the real axis associated to every point of space-time in which to

11Possibilities that a gauge coupling could be evolving not only as function of the field, but also as function
of its speed (kinetically coupled) are explored in Barros & da Fonseca (2023).

12In the same spirit, a term as BR(ϕ)R in LEH would imply a varying G. This is the idea behind the so
called Scalar tensor (e.g. Brans-Dicke) theories. For a recent review see e.g. Quiros (2019). These theories
were originally motivated in order to create a fully Machian version of GR in which inertia can really be
defined with respect to the surrounding matter through the scalar field (i.e. the value of ³G) (Brans & Dicke,
1961). This opens the exciting perspective that, in such a theory: the amount of matter in the Universe can
be estimated from a knowledge of G or ³G and the WEP/EEP would be a consequence of the theory, not
an initial axiom (Sciama, 1953).

13which are the components of a Dirac spinor. As such the basis vector ea and the quadruplet Èa are
transforming under representations of the Poincaré group as detailed in Appendix A. Note also that express-
ing the field in a basis as we did is only possible locally in a given trivialization (we will leave aside this
subtle point here).
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express the complex number Èa (on this see Sec. 1.5.3 of the introductory lecture of Faure
(2021a)). A gauge transformation consists of changing arbitrarily this choice of complex
frames by a rotation r̂ → ei¼r̂ where ¼(x) is an arbitrary function of the space-time point
x. Such a frame transformation must leave the physics unchanged. To preserve Èar̂ and
its physical content under the gauge transformation, the component must then transform
correspondingly as Èa → e−i¼Èa. It can be showed that A must also transform in this
process as A → A + 1

gA(ϕ) d¼14, which allows to preserve the covariant derivative (Eq. 9.3)

appearing in the Dirac Lagrangian È̄( /D−m2)È. We introduced here the exterior derivative
d which should be understood as a derivation of general objects, identical to the differential
when applied to a function and satisfying the property of d2X = 0, no matter what object
X it acts on. For more on this operator, we refer to Appendix A. For electromagnetism,
the curvature F can be computed immediately from A with this new operator as F = dA.
Due to the field dependence of gA, F is not gauge invariant anymore under the gauge trans-
formation of A as F = dA → F = dA + d( d¼

gA(ϕ) ) ̸= dA. Gauge invariance can however
be preserved if, as in the previous section, one considers instead the rescaled connection
Ã = gA(ϕ)A. To leave the covariant derivative invariant under gauge transformation, this
new connection must transform as Ã → Ã + d¼, leaving also its curvature invariant as
F̃ = dÃ → dÃ + d2¼ = dÃ. From Eq. 9.4, the gauge invariant Lagrangian for the
curvature term can thus be written as

LF = − 1

4gA(ϕ)2
ïF̃ , F̃ð = −1

4
BF(ϕ)ïF , Fð, (9.8)

where we redefined F = F̃/gA,0, equal to the standard electromagnetic curvature if gA

is constant and the gauge coupling term BF(ϕ) = (gA,0/gA(ϕ))
2, equal to 1 if gA is a

constant. We thus recovered Eq. 9.6. From the definitions of BF and ³gA
, one finds that

³gA
(ϕ) = ³gA,0

/BF(ϕ) allowing to rederive the expression of Eq. 9.7.

9.1.5 Varying couplings and gravity

If the subatomic constants were to change across space and time, the outcome of a non
gravitational experiment would not be invariant through (space or time) translation, in clear
violation of the LPI defined in Chap. 3. However one can also see that varying fundamental
constants would lead to violations of the WEP and as such lead to violation of the whole
EEP by Schiff’s conjecture defined in Sec. 3.2.1. The reason is related to the nature of mass
itself, which is nothing else but interaction energy bounded in the size of the bodies (between
the microscopic constituent themselves and ultimately with the Higgs boson). If the various
fundamental constants, as the structure constants ³gA

were to change in space and time, the
mass of a given body would also be space-time dependent m → m [³gA

(xµ)] as stated by the
Bethe-Weizäcker formula linking the binding energy of a nucleus to its number of nucleons.
This dependence of the mass with the couplings must be dependent of the composition of
the object that is how and how many of its sub-parts are in interaction. A mass variation

14For electromagnetism with gauge group U(1), there is only one generator X = qi, with q being the
electric charge (associated to the representation of U (1) that can act on È), such that in the covariant
derivative (Eq. 9.3), gA(Aµ)a(Xi

j)
a = iqeAµ with gA = e being the electron charge. In the above example,

we chose the simplest example of q = 1.
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hence will induce a WEP violation that can be clearly explicited in the framework of GR
(see e.g. Uzan, 2011; Damour, 2012), in which the free particle Lagrangian (Eq. 3.7)

Sp =
∫

m[³gA
(xµ)]

√

g(uµ(Ä ),uµ(Ä )) dÄ , (9.9)

does not lead to geodesic equation (Eq. 3.2) but instead yields to

∇uu =

(

∂ lnm

∂³gA

∂³gA

∂x´

)

(g´µ + u´uµ)eµ ̸= 0. (9.10)

This phenomenon can also be explicited more simply at the level of Newtonian’s gravitation.
Indeed, consider the standard Lagrangian of a particle in a gravitational field

L = T − V =
m

2
ẋkẋ

k − Vg(m,xi) (9.11)

where the latin indices are used for spatial coordinates (x, y, z). Let m → m [³gA
(xµ)].

Minimizing the action gives back the fundamental principle of Newtonian dynamics

dpi

dt
= −∇iVg, (9.12)

with the linear momentum defined as

pi :=
∂L

∂ẋi
= m [³gA

(xµ)] ẋi. (9.13)

Assuming for simplicity a vertically oriented gravitational potential along x3 = z, we write
locally Vg ≃ m [³gA

(xµ)] gz. Eq. 9.12 becomes:

∂m [³gA
(xµ)]

∂³gA

∂³gA

∂t
ż +m [³gA

(xµ)] z̈ = m [³gA
(xµ)] g+

∂m [³gA
(xµ)]

∂³gA

∂³gA

∂z
gz. (9.14)

One can not simplify anymore the inertial and the gravitational masses to get a = g as
usual. Generalizing this example or using the Newtonian limit of Eq. 9.10, one can conclude
that a new term should be added to the Newtonian acceleration for particles in free-fall due
to variation of fundamental couplings:

a = g + ¶a, (9.15)

with

¶a =
∑

gA

∂ lnm

∂³gA

(∇³gA
− ³̇gA

v) . (9.16)

The index gA ranges over the various varying structure constants ³gA
. This ¶a will unavoid-

ably depend on the composition of the falling material bodies through ∂ lnm/∂³gA
. It is

now clear to see why this is a direct violation of the WEP and EEP: two different bodies
will not fall identically in the same gravitational field. Deviation to universality of free fall
(UFF) is quantified by the value of the Eötvos parameter ¸, comparing the gravitational
acceleration of two bodies A and B with different compositions:

¸ = 2
(mg/mi)A − (mg/mi)B
(mg/mi)A + (mg/mi)B

= 2
|aA − aB|
|aA + aB| . (9.17)
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If couplings are dynamical, one thus expects to find ¸ ̸= 0 at some level15. As such, the
energy running of the coupling seems to be another signature (with the fact that G has
dimensions), that GR is only true at low energy and can not be a high energy quantum
theory, as it must be able to induce some small deviations from ¸ = 0. However, the
answer might be subtler and as far as I am aware, this point is not explicitly discussed in
the literature. Treating this question might require a proper definition of the EEP at the
quantum level as suggested in Zych & Brukner (2018).

The varying coupling field act as a "fifth force" and is sometimes referred to by this name.
Indeed, imagine that electromagnetism is an unknown force. Letting a plastic ball and
magnet falling freely in a magnetic field, one would conclude that the WEP is violated as
they don’t fall the same way. While one could conclude that the gravity is non-metric (do
not encompass the EEP), this phenomenon is better understood as the fact that the two
objects couple differently to the new magnetic force field. Depending on a deeper physical
motivation emerging from a model, any violation of EEP induced by varying constants can
thus be either interpreted as the need for a non-metric theory of gravity or as the existence of
a new fundamental force acting on the fermions. On this topic, see e.g. Dvali & Zaldarriaga
(2002); Bergé et al. (2022).

There are multiple ways to tests the EEP in the Solar system and beyond with a very high
accuracy (for a review see e.g. Will, 2014). The most competitive bound to date on ¸,
is by far given by the MICROSCOPE experiment (Touboul et al., 2022). Using orbiting
masses in free fall around the Earth inside a satellite experiment, the final results of the
MICROSCOPE mission give a constraint on ¸ for a pair of titanium and platinum of

¸ = (−1.5 ± 2.7) × 10−15. (9.18)

For all the reasons discussed above, this tight limit is not only a direct constraint on the
metric nature of gravity, but also an indirect probe of the stability of the fundamental
constants. This value was made public during my PHD thesis, improving by one order of
magnitude the previous bound of ¸ = (−0.1 ± 1.3) × 10−14 (Touboul et al., 2017). The
anticipation of this update justified a significant amount of the work done during the first
two years of my PHD in order to prepare for this data release.

9.2 The fine structure constant, its astrophysical im-

pacts and the corresponding observables

The fine structure constant ³EM ≡ ³ is the gauge structure constant associated with the
electromagnetic force. According to our previous definitions, it is given in natural units by
³ = e2

4Ã , where e is the electron charge. In S.I. units, ge = e/
√

–hcϵ0, such that

³ =
e2

4Ãϵ0–hc
. (9.19)

15This point is a bit subtler in the case of a varying G or ³gA
as the WEP excludes gravitational interaction

(as all the points of the EEP, contrarily to the strong equivalence principle (SEP) defined in Sec. 3.2.1). As
such, theories with varying G as the one of Brans & Dicke (1961), still embody the WEP (and are hence
metric according to Shiff’s conjecture) while G is varying through the existence of a scalar field (and hence
gravity is not uniquely a geometrical effect). The SEP however, would not be satisfied and can be used to
probe theories with varying G.
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As stated in Tab. 9.1, ³ ≃ 1/137. In regard with our previous discussion, note that while
the vacuum permittivity ϵ0 plays a central role in electromagnetism, it is never considered
as a fundamental constant. This can be confusing as it is introduced in the theory just
as G. Indeed, it is required in order to quantify the strength of the electrostatic force
between two charges in the framework of Newtonian mechanics: |Fq| = kcq1q2/d2 with
kc = 1/(4Ãϵ0). However, choosing natural units with c = –h = 1, and counting charges in
multiples of the electron charge (i.e. e = 1), we obtain |Fq| = ³q1q2/d2. This last point
shows that it is, in turn, ³ and not ϵ0 which plays a role similar to G in electromagnetism.
Similarly, as we argued already above, one should prefer the use of ³G instead of G, such
that |FG| = ³Gm1m2/d2 in a system of natural units with mp = 1.

In the quest of varying couplings, the observation of ³ should be favored over most of the
other constants as

• It is dimensionless, and hence favorable over dimensional constants as explained in
length in Sec. 9.1.2.

• Its impact on observables is very well understood, controlled and linear, which would
not be the case e.g. for QCD constants associated to highly non-linear and non-classical
physics. It is hence possible to measure it very precisely using primarily quantum
atomic and nuclear transitions.

• As ³ quantifies the strength of the EM coupling between electrons, photons and
hadrons, it is omnipresent in atomic physics and optics. As such, it will play a huge
role in the dynamics and observables of astrophysical systems, based on the emission
and observation of light. This impact is stronger and more direct than the weaker
non-linear effect of gravity through ³G. When seeking for variations on extremely
large spatio-temporal scales, astrophysical and cosmological observables are absolutely
necessary and ³ will moreover impact phenomena at every possible scales and times
in the cosmic history.

Considering here only the possible time variation of ³ in an homogeneous universe, we can
consider a large panel of measurements spanning the whole redshift range, given in Tab. 9.3.
The idea is to find a way to measure how ³(z) at a given redshift z, can be compared with
the measured value in laboratory today ³0 by considering the quantity

∆³

³0
:=

³(z) − ³0

³0
=
³(z)

³0
− 1. (9.20)

While this value quantify the deviation of ³ to its value measured on Earth, it is also possible
to measure its drift, ³̇/³0 with a very high accuracy in laboratory. This last quantity put
constraints on the possible rate of change of the fine structure constant with time. When
investigating the possible variation of the fine structure constant with time, it is not only
necessary to have accurate measurements of ³, but it is also desirable to have as many
measurement points as possible associated to different times of the cosmic history i.e. at
many different redshifts z. Combining all these measurements, it becomes possible to use
the fine structure constant values to do some "³-cosmography" as in Martins et al. (2022a).

• Atomic clocks: The finer way to measure ³ is through its impact on atomic lines.
Indeed, the fine and hyperfine structure of the atomic spectra are directly proportional
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Observable Redshift Order of magnitude Indicative references
Atomic clocks z = 0 ³̇/³0 ∼ 10−18 yr−1 Lange et al. (2021)
Oklo reactor z = 0.14 ∆³/³0 ∼ 10−8 Gould et al. (2006)
QSO 0.2 < z ≲ 5 ∆³/³0 ∼ 10−6 Martins (2017)
CMB z ∼ 1100 ∆³/³0 ∼ 10−3 Hart & Chluba (2018)
BBN z ∼ 108

∆³/³0 ∼ 10−6 Fields et al. (2014)

Table 9.3: Major probes of the value of the fine structure constants ³ at different redshifts.

to ³2 (hence their name). These lines are due to the splitting of degenerated energy
states in the atomic Hamiltonian due to relativistic corrections, spin-orbit and spin-
spin couplings. The quantum nature of the transitions makes the value of their position
exact. Atomic clocks measurements exploit this dependence of the line in ³ to seek
for time variations of the electromagnetic coupling. In this thesis, we considered the
constraint obtained by Lange et al. (2021) of ³̇/³0 = 1.0 ± 1.1 × 10−18yr−1. This
result, outstanding with regard to human timescales, is obtained by comparison of two
atomic clocks based on different atomic transitions of the ion 171Yb+. The stability of
the ratio of the transition lines is re-measured and compared over several years. For
the sake of completeness, let us mention that improved constraints based on similar
measurements where released after the submission of the results I will present in Sec. 9.4
and Sec. 9.6, pushing the constraints one order of magnitude lower: ³̇/³0 = 1.8 ±
2.5 × 10−19yr−1 (Filzinger et al., 2023). The project of building nuclear clocks based
on quantum transition in the nuclei opens the horizon for an improvement on these
constraints by several order of magnitudes (Fadeev et al., 2020).

• Oklo reactor: The Oklo mine is located in the Gabon Republic. Rich in Uranium, it
behaved spontaneously as a natural nuclear reactor for a few million years around 1.8

billion years ago (Damour & Dyson, 1996), which correspond to a redshift of z ≃ 0.14.
Nuclear physics gives the second major impact of the value of ³ on physics. A different
value of the fine structure constant would impact the interaction cross-sections and thus
the interaction rates of nuclear reactions. As such, it is possible to recover the value of
³ with high precision from the observed abundances of the various isotopes in the Oklo
mine. The constraint thus obtained is ∆³/³0(z = 0.14) = 0.5 ± 6.1 × 10−8 (Gould
et al., 2006; Onegin et al., 2012).

• QSO spectroscopy:. Quasars or quasi stellar objects (QSO) are extremely bright
active galactic nuclei (AGN) sourced by the accretion of a central supermassive back
hole. As such, they are among the most energetic light sources that can be found in the
Universe. As proposed by the unified AGN models, QSO are distinct from other AGN
types (as blazars or radio-galaxies) because the AGN is seen with an intermediate angle
such that the black hole jet is partially oriented towards the line of sight (Barthel, 1989;
Antonucci, 1993). Since they represent early active phases of a galaxy life, they can be
mostly found in the early Universe (even though the central black hole can be ignited in
late times by galaxy mergers) 16. Hundreds of thousands of QSO are known, spanning a
redshift range between 0.056 and 7.64. Low density clouds are present around the AGN

16The Milky Way most probably knew such an active phase and could know a new one with its merging
with M31 Cox & Loeb (2008).
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such that the spectra of QSO contain absorption lines. While redshift changes linearly
the position of all the absorption lines, the value of the fine structure constant have a
non-linear impact on them. It is hence possible to constrain ³ by looking at the relative
positions of different lines within a single QSO spectra. Spectroscopic measurements
allow us to obtain very competitive constraints of ∆³/³0 f 1 × 10−6 this way. The
dataset from Webb et al. (2011) contains 293 measurements of ∆³/³0 obtained by
the VLT-UVES and Keck-HIRES instruments for 0.22 f z f 4.18. A dipole of the
³ spatial distribution has been detected within this dataset with a 4.2Ã significance.
Such a detection would represent a major breakthrough as well as a violation of the
cosmological principle. However, further analysis with a larger dataset lowered this
significance at 3.7Ã, which could favor the presence of a systematic effect (Wilczynska
et al., 2020). Recent measurement points from other spectrometers can be added to
this list. Data points from the Subaru telescope and the HARPS spectrograph can be
found in Martins (2017), as well as a very recent ESPRESSO data point in Murphy
et al. (2022). Further improvement of one order of magnitude are expected with the
construction of the ANDES high resolution spectrograph on the ELT, which should
also be able to clarify the situation regarding the observed dipole tension (Marques
et al., 2023).

• CMB: As discussed in Galli et al. (2011); Planck Collaboration (2015b), a different
value of the fine structure constant during recombination (and in a minor fashion
during reionization) would impact the statistical distribution of the CMB anisotropies.
In the end, it would impact their shape of the resulting angular power spectra as we
will further discuss in Sec. 9.3.2. Assuming simply a constant shift of the value of ³
through the whole cosmic history, one can derive from Planck Planck data ∆³/³0(z =
1100) = −0.7 ± 2.5 × 10−3 Hart & Chluba (2018). This constraint could be optimized
by one order of magnitude if extracting all the information in the CMB (variance
limited), including E-modes polarization data (Hart & Chluba, 2022). Additionally,
it seems that a varying fine structure constant could help relieving the H0 tension by
shifting the redshift at which recombination occurs (Hart & Chluba, 2022; Lee et al.,
2023). Spectral distortions could also provide an independent probe of the value of ³
in the CMB, with a similar constraining power as ansiotropies (Hart & Chluba, 2023).

• BBN: As the value of ³ impacts the outcome abundances of nuclear reactions, it should
also impact the proportions of light elements recovered after BBN. This allows to infer
very strong constraints as ∆³/³0 = 2.1+2.7

−0.9 × 10−6 at z ∼ 4 × 108 (Deal & Martins,
2021). This result shows a ∼ 2Ã tension which can be related with the so called Lithium
problem. Indeed, while BBN allows to predict successfully the observed abundances of
light elements in the primordial Universe, a significant discrepancy (∼ 5Ã) is observed
for 7Li (Fields, 2011). A primordial variation of the fine structure constant could thus
solve this tension. However a destruction of the lithium atoms in stellar atmospheres
(depletion factor) is still statistically preferred (Deal & Martins, 2021). The derived
bound on ³ is highly model-dependent and requires the variation of all the couplings
together to be consistent. A minimal modeling of the BBN impact is to assume that a
varying ³ changes only the Helium-4 abundances (expected to be the most impacted
one) as 4YHe = »BBN∆³/³0, where the value of »BBN depends on the model under
consideration (Clara & Martins, 2020).
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• Complementary probes: Other independent but less competitive methods exist
to constrain variations of the fine structure constant. For example, using abundance-
based dating methods on meteorites, one can derive constraints of order ∆³/³0 ∼ 10−5

using the long ³ and ´ radioactive decay rates (with a mean redshift z ∼ 0.43 Fujii &
Iwamoto, 2005). Stars also gives a probe of varying ³. Nucleosynthesis in their core
is affected by the value of ³ (Uzan, 2011), as well as the position of the absorption
lines of their photosphere (Murphy et al., 2022). However stellar structure involve
very complex and turbulent physics, which is hard to control in practice. Finally, the
absorption of the CMB radiation by the 21 cm hydrogen line during dark ages can also
be used to probe the value of ³ at early time (Khatri & Wandelt, 2007). Similarly to the
CMB, it is able to provide constraints of order 10−3 at very high redshift 3 < z < 30.
Instruments as SKA will be able to derive competitive bounds which will have to be
used to complete the canonical dataset given in Tab. 9.3, allowing to cover almost all
possible z values (Lopez-Honorez et al., 2020).

For electromagnetism, we write F = F and A = A. A variation of the fine structure
constant induced by a scalar field would hence translate in the existence of a term BF (ϕ) in
the Maxwell Lagrangian as LF = −BF (ϕ)ïF ,F ð/4, leading to ∆³/³0 = BF (ϕ)

−1 − 1 (see
Sec. 9.1.4). Such a term would be equivalent to a space-time dependent value of vacuum
permeability and would lead to a violation of the EEP as explained in Sec. 9.1.5. Choosing
a given space and time frame and writing the electric and magnetic fields respectively E

and B, this term also induces a field dependent variation of the total electromagnetic energy
density BF (ϕ)(E

2 − B
2) and a modification of Gauss law as ∇ · E = BF (ϕ)

−1Äe, where Äe
is the electric charge density.

All of the above bounds are extremely sharp and thus give very strong constraints on the
existence of scalar field model with varying ³, as we will further investigate explicitly. Note
that the possibility of so called "screening mechanisms" are often invoked (for a review see e.g.
Brax (2013)). This is the case of the so-called chameleon mechanism, which would explain
why a scalar field could have less impact on observables (as ³ and ¸) near compact objects as
the Earth (Khoury & Weltman, 2004), and remain hidden below the current observational
bounds.

Let us temperate this picture by insisting on this very important fact: while we will now
focus on the time variation of ³, spatial variations are still expected at the perturbation level
in an homogeneous universe satisfying the cosmological principle. Additionally, we should
keep in mind that in every consistent high energy physics theory, coupled variations of all
the constants together are expected, unless some specific mechanism prevent it (this will be
further explained in Sec. 9.5). However, ³ is expected to provide the tightest constraints
and is by far the best observable in order to investigate the stability of the fundamental
constants.
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9.3 Building a modified Boltzmann solver to quantify

the impact of varying ³ cosmology

9.3.1 The need and the development of a new tool

I am working on varying fine structure constant models since my first year of master’s degree.
This work lead to my first publication, Martins & Vacher (2019), under the supervision of
Carlos Martins (CAUP, Porto) at the University of Porto, in which we used low redshift
data to constrain a model of varying ³ inspired from string theory: the runaway dilaton

model. I will come back to this model in Sec. 9.6. In order to extend this study to other
models, include high redshift data as the CMB and simulate with a high precision the impact
of the fine structure on cosmological observables, I chose to build a robust computational
framework which would be able to keep track self-consistently of this impact, along with the
rest of the standard cosmology.

It appeared that the proper way to do so was to create a modified version of a so-called
Boltzmann solver allowing for a variation of the fundamental constants. Boltzmann solvers
are intricate codes computing consistently the evolution of all the cosmological quantities
through the Universe history.

We choose to modify the cosmic linear anisotropy solving system (CLASS17, Lesgourgues,
2011), which is a software (mostly coded in C) allowing to compute perturbation equation
and cosmological outputs from the cosmological parameters. In order to derive constraints
on specific models, it can be coupled to a Monte Carlo Markov chain (MCMC) sampler as
Montepython (Brinckmann & Lesgourgues, 2018; Audren et al., 2013)18. Finally, contour
plots can be made thanks to the Getdist software19.

Applying significant modification to the CLASS software is a difficult task without the
proper expertise. In order to implement the variations of the fundamental constants, I
asked for the help of Nils Schöneberg (ICC, Barcelona University), who is himself a key
member of the software development team. Our fortunate encounter was made possible
through discussions with Julien Lesgrourgues (RWTH Aachen University), Brahim Lamine
(IRAP) and Alain Blanchard (IRAP). Answering my request, Nils implemented the impact
of a variation of ³ within the thermodynamics module and in the Hyrec and Recfast

recombination codes (Ali-Haïmoud & Hirata, 2011). After discussion, we decided to account
minimally for the impact on BBN, writing the impact on the helium fraction through »BBN

without having to modify the PArthENoPE code in details (yet) (Consiglio et al., 2018).
During the implementation, I helped extensively as a user and tester, making sure the
impacts were all accounted for, and were the expected one. This experience was a major
opportunity to become familiar with the use and modification of the CLASS code. Our final
version was made public and was re-used in several subsequent works with the additional
implementation of a varying electon mass (Schöneberg et al., 2022; Barros & da Fonseca,
2023; da Fonseca et al., 2022; Lee et al., 2023). Starting from this code, and always under
the kind supervision of Nils, I implemented my own models in which the variation of ³ is

17https://github.com/lesgourg/class_public
18https://github.com/brinckmann/montepython_public
19https://github.com/cmbant/getdist
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driven by a scalar field ϕ, which cosmic evolution are given by modified versions of the Klein-
Gordon equations (see Sec. 4.2.2). The modified CLASS software is then able to integrate
these equations to compute ϕ(z) and ³(z), such that I could confront these predictions with
data.

9.3.2 An illustration: the impact of varying constants on recom-
bination and the CMB
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Figure 9.2: Ionization fraction Xe and visibility function g for different values of ¶α = ³/³0 during
recombination.

As discussed in Sec. 9.2, the CMB allows to probe the value of the fundamental constants at
z ≃ 1100. As an illustration, I detail here how the value of ³ can impact the recombination
process and how this can be witnessed in the CMB angular power spectra presented in
Chap. 5. By comparing with previous literature, this investigation additionally provides an
illustration as well as a test for the validity of our implementation within CLASS.

In Fig. 9.2 and 9.3, I produced plots the recombination history and the CMB angular power
spectra respectively, using our modified CLASS version. The derived results are very simi-
lar to the ones obtained in previous works as e.g. Galli et al. (2011); Planck Collaboration
(2015b). One can witness that a different value of the fine structure constant at the re-
combination epoch would either intensify or weaken the strength of the interaction between
electrons and hadrons, changing the time at which recombination happens (here ¶³ = ³/³0,
where ³ is here assumed to be constant for z g 5020). This effect can be observed through
the redshift dependence of the ionization/free electron fraction Xe = ne/nH and the visibil-
ity function g, quantifying the probability distribution that a photon last scatters at a given
redshift z. A stronger value of ³ makes the recombination happen quicker and at earlier
time. Indeed, for ¶³ > 1, the free electron fraction decreases more brutally and reaches
zero earlier i.e. at higher z, while the curve of g(z) is way steeper and also shifted towards
higher z. On the other hand, a lower value of ³ leads to a longer and later recombination
time (i.e. at lower z). As such, ¶³ is by essence strongly degenerated with the value of H0

20In this version of the CLASS implementation ³ is constant for z g 50 and then suddenly take the values
³ = ³0. Of course, such "treshold" variation of the constant is not physically motivated and used here only
for an illustrative purpose. This version is now publicly available on the class_public repository (commit
#aa92943) with the use of the keyword ’varying_fundamental_constants’:’instantaneous’.
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(Hart & Chluba, 2018, 2022). Overall, the value of ¶³ impacts the angular power spectra
by shifting the position and amplitudes of the acoustic peaks. The effect is dominant at
large ℓ. A surprisingly strong and linear impact on the BB lensing can be witnessed, which
was never discussed in detailed in previous literature as far as I am aware. Incoming CMB
experiment targeting polarization on the smallest scales might be able to use this effect to
provide competitive constraints on the stability of the fine structure constant. As this topic
is at the interface between all my research interests, I am envisioning to further work on it
in the future.
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Figure 9.3: CMB power spectra for the best fit values of Λ-CDM with r = 0.001 for different values of
¶α = ³/³0.

Due to the high-ℓ impact of a time varying ³, the LiteBIRD mission presented in Chap. 7
would not be the best suited mission to investigate this physics, or only as a complementary
probe breaking degeneracies as it is targeting only the largest scales (ℓ ∈ [2, 200]). Spatial
variations of ³ on the LSS could however be probed by such a CMB mission (Smith et al.,
2019). For example, the presence of a large-scale spatial variation of ³, as the dipole detection
claim by Webb et al. (2011), which could only be verified in the CMB with an experiment
as LiteBIRD. Unfortunately, I did not further investigate this point in the present thesis,
as it would require to set a new complex formalization going beyond the simple use of our
modified CLASS version. Still, further exploring the connections between CMB and varying
constants remains one of my primary objective for future research.
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9.4 Constraining the Bekenstein model(s)

I will now introduce the latest to date observational constraints on three versions of the
Bekenstein model, in which a scalar field coupled to electromagnetism induces a time varia-
tion of ³. The full paper is available in Appendix D.4. The idea of this work emerged from
discussions between Carlos Martins, João Dias (CAUP, Porto) and myself at the Azores sum-
mer school in 2021. Strong of our new implementation of the varying constants in CLASS –
introduced in Sec. 9.3 – it appeared that updating the constraint on Bekenstein models was
a timely exercise, with the incoming update of the MICROSCOPE bound (See Sec. 9.1.5).
By providing this update, I was also willing to investigate the different ways these models
could be implemented and had been constrained in the past. Bekenstein models are both
simple and extremely general, such that they represented a natural starting point to explore
the stability of ³ on cosmic time scales.

9.4.1 Context: Zoology of the Bekenstein model(s)

Bekenstein proposes the simplest possible phenomenological model of a general scalar field
introducing variations of the fine structure constant, that remains self consistent from the
point of view of high energy. In its simplest form, the model assumes a variation of the
electromagnetic coupling ge = e/

√
–hcϵ0 which is given by a scalar field ϵ as ge = ge,0ϵ(xµ)

(Bekenstein, 1982, 2002). As such, considering the rescaled connection Ã = ϵA, one must
add the factor BF (ϵ) = ϵ−2 to the curvature Lagrangian in order to preserve gauge invariance
as discussed in Sec. 9.1.4. Usually, a redefinition of the field is done as ϕ = ln(ϵ), such that
BF (ϕ) = e−2ϕ and thus ∆³/³0 = e2(ϕ−ϕ0) − 1 (see again Sec. 9.1.4). Note that despite the
initial conditions for the field (which have a poor impact on cosmology due to the existence
of attractor mechanism during radiation domination), this model does not contain any free
parameters. Sandvik et al. (2002) further suggested the addition of a degree of freedom, ·,
quantifying violations of the EEP as ¸ ∼ 3 × 10−9·. Assuming that the field couples also to
dark matter, · appears in the modified Klein-Gordon equation of motion for the field as

ϕ̈+ 3Hϕ̇ = − 2

M2
Pl

e−2ϕ·Äm. (9.21)

The value of · hence depends strongly on the nature of dark matter. This "vanilla + ·"
model is referred to as the "Bekenstein-Sandvik-Barrow-Magueijo" (BSBM) model.

Going further in generality, Olive & Pospelov (2002) proposed a version of the Bekenstein
model in which the field can be coupled to electromagnetism with a general function BF (ϕ).
Furthermore, in a high energy theory, if no symmetry principle excludes it, the field is also
expected to be similarly coupled to the other sectors of the standard model through func-
tions BÈ(ϕ),BΛ(ϕ),BÇ(ϕ) where È, Λ and Ç are respectively the standard model fermions
(hadronic matter), the cosmological constant, and dark matter. This fully coupled model is
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called the "Olive & Pospelov" (O&P) model and can be described by the action21

S =
∫

d4x
√

−|g|
[

M2
Pl

(

R

2
−BΛ (ϕ)Λ

)

− 1

4
BF (ϕ) ïF ,F ð

(9.22)

+ È̄ ( /D−mÈBÈ (ϕ))È+ Ç̄ ( /D−mÇBÇ (ϕ))Ç

+
1

2
M2

Pl∂µϕ∂
µϕ− V (ϕ) + ...

]

,

which is a generalization of the SM action (Eq. 3.8) including a coupled scalar field ϕ, and
a fermionic dark matter particle Ç (which could be the neutralino discussed in Sec. 4.1.1).
As such, it is expected to reproduce the low energy limit of multiple varying ³ models
beyond SM with the presence of BF (ϕ). Arguing that observation constrains the field to be
weakly varying, this scenario is treated by a first order Taylor expansion of the couplings
around today’s value as Bi(ϕ) ≃ 1 + ·i(ϕ− ϕ0). As such BF (ϕ) = 1 + ·F (ϕ− ϕ0) and
∆³/³0 ≃ −·F (ϕ− ϕ0). Taking the derivative of this expression, one finds that the atomic
clocks, presented in Sec. 9.2, will be sensitive to ³̇/³0 = −·F ϕ̇. The values of (ϕ− ϕ0) and
ϕ̇ are given by the modified Klein-Gordon evolution for the field

ϕ̈+ 3Hϕ̇ = − 1

M2
Pl

∑

i

Äi·i − ∂V

∂ϕ
{i ∈ Ç, b, Λ}, (9.23)

and are thus directly related to the other values of the coupling ·i. Furthermore, using
simplifying assumptions, one can approximate that the fully coupled field is related to the
Eötvos parameter introduced in Sec. 9.1.5 as

¸ ≃ 2.9 × 10−2·b·F . (9.24)

This expression, adapted from Olive & Pospelov (2002), assumes an identical coupling of
the field with all the baryonic matter (e.g. neutrons and protons) and is actually expected
to change slightly depending on the composition of the falling element under consideration.
While a more accurate derivation would have been desirable, we expect this expression to
give us the correct order of magnitude from the constraining power of the UFF tests between
a light and an heavy elements on Bekenstein models, which is our main concern here22.

From the above discussion, we can see that cosmological observables can only be sensitive
the products ¸i = ·F ·i

23 which are the real degrees of freedom that can be constrained. The
coupling to dark matter ¸Ç and dark energy ¸Λ impact the cosmological evolution of the
field and can be constrained by cosmological probes and varying ³ data, while the coupling
to hadrons ¸b = ·b·F is driving violations of the EEP in Eq. 9.24.

21Note that in the paper, the opposite sign convention (+, −, −, −) was used for the metric, explaining
why the expressions of the Lagrangian are different from the one presented in the thesis. We further assume
that the mass scale of the theory is given by the Planck mass MPl.

22Considering Eq. (3.5) of Olive & Pospelov (2002) and assuming that the mass scale of the theory M∗

is the Planck mass MPl (É = 1/2) as well as that the field couples identically to protons and neutrons

(·p = ·n ≡ ·b), one obtains ¸ = 1.4 × 10−3·b·F

(

Z2
2 −Z2

1

)

/A4/3
2 (neglecting the second order term in ·2

F ).
For the the two elements used in the MICROSCOPE experiment: platinium (Z1 = 78, A1 = 195) and
titanium (Z2 = 22, A2 = 48) one obtains ¸ = 4.49 × 10−2·b·F . Justifying a posteriori the use of Eq. 9.24.
Using the exact expression derived here would have however been preferable but would not have impacted
significantly our results and conclusions.

23The parameters ¸i should not be confused with the Eötvos parameter ¸. This choice of notation has
been maintained to stick with previous literature on the topic.

170



9.4. CONSTRAINING THE BEKENSTEIN MODEL(S)

9.4.2 The paper: Objectives and results

Figure 9.4: Constraints on the O&P model universally coupled to matter with an older version of the
atomic-clock constraints (Rosenband et al., 2008) and without the MICROSCOPE bound (grey), with the
Eöt-Wash bound (Wagner et al., 2012) on the UFF (red) and with our full dataset (blue). Couplings are
expressed in part per millions (10−6).

In the paper (Appendix D.4), we used the latest available data in order to constrain various
implementations of the Bekenstein models using the coupling of our CLASS implementation
with montepython. Data are made of a combination of cosmological likelihoods, intro-
duced in Chap. 3, constraints on the time variation of ³, introduced in Sec. 9.2, and the
MICROSCOPE bound given in Sec. 9.1.5. As the first author of the paper, I was responsible
for the implementation and test of the Bekenstein scalar field in the three different CLASS

versions used for this project under the close supervision and help of Nils Schöneberg. This
exercise was far from straightforward, as it requires to keep track of the units and face numer-
ous technical issues unique to the intricate and opaque code of CLASS. A easier way would
have been to find an analytical expression for ϕ(z) by integrating Eq. 9.21 and Eq. 9.23 un-
der simplifying assumptions and implement this expression directly in the software, as done
in all the previous studies of this model. Instead, I decided to integrate numerically the full
equation of motion within CLASS in order to account for all the cosmological evolution of
the field without any assumptions breaking at high redshift. This requirement certainly had
a negligible impact on our results, but I wanted to pave the way towards the implementation
of more complicated models. Indeed, developing and presenting a robust framework – easy
to use and to modify for model specific considerations – was also one of the primary target
of this work.

I further implemented all the relevant likelihoods in montepython, from which I derived
all the constraints and contours plots on the three models by running chains. I also had
to modify significantly the Montepython code for our specific use. João Dias, who came
visiting me for one week in Toulouse to focus on this project, provided cross-checks of the
results and the last versions of the figures using Getdist. Finally, I was responsible for the
writing of the whole paper, and the corresponding literature survey. I was also in charge of my
ex-student and intern Samy Vinzl (undergaduate), who helped testing the implementations
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of the CLASS versions by comparing their outputs with our self-made python codes, in
collaboration with João Dias.

Our work presents an overview of the different phenomenological implementations of the
Bekenstein model as well as a comparative analysis between them. For all the models, we
set V (ϕ) = 0 for simplicity. We provide the latest constraints to date on such models, with
the first time introduction of the stringent MICROSCOPE bound. Our conclusions are the
following:

• For the BSBM model, we find identical constraints as the one derived in the work of
Martins et al. (2022b). To match the unit conventions used in this work, we define
·̃ = 8Ã·. We derive ·̃ = −0.093+0.10

−0.13 ppm (68% C.L.), comparable to the preceding
result of ·̃ = −0.10 ± 0.12. Doing so, we validate our implementation and conclude that
this model is mostly constrained by the atomic-clocks, through the equation of motion
(Eq. 9.21). The addition of an updated version of the MICROSCOPE bound had no
impact on the result, and a back to the envelope calculation shows that its impact on
the confidence levels of ·̃ would be one order of magnitude above the current constraint.

• O&P universally coupled to matter: As Alves et al. (2018), we explored the con-
straints on a possible version of the O&P model coupled only to matter and dark energy.
Furthermore, we assumed the model to be coupled identically to baryonic and dark
matter, that is ¸m := ¸b = ¸Ç. On Fig. 9.4, we displayed the constraint on this model
in three different scenarios: in grey, without using any bound on ¸ and with an older
version of the atomic clocks from Rosenband et al. (2008), getting results comparable
to Alves et al. (2018), showing a strong degeneracy between the two parameters. In
red, with our dataset but replacing the MICROSCOPE bound by the older "Eöt-Wash"
bound on ¸ (Wagner et al., 2012), depicting how strongly the parameter’s degeneracy
can be broken using UFF data. In blue, our current constraints using all the datasets
and the latest MICROSCOPE bound, putting forward the significant improvement
brought by this experiment. The addition of the MICROSCOPE prior with an update
of the atomic-clock likelihood hence strongly restricts the previous constraints on this
model, improving the bounds on ¸Λ by a factor of ∼ 100 and on ¸m by ∼ 107.

• Full O&P: For the first time, we also considered the full O&P model, letting all the
coupling being free. As displayed on Fig. 9.5, all the couplings greater than 10−6

are excluded at 1Ã. ¸Λ and ¸Ç are strongly degenerated as they both have a similar
impact on the equation of motion (Eq. 9.23), while ¸b is too strongly constrained by
the MICROSCOPE bound (Eq. 9.24) to have any cosmological impact.

For all models, constraints appear to be so tight that no significant degeneracy can appear
with the cosmological parameters. Overall, all the parameters · and ¸i greater than part
per million (×10−6) are excluded for all the models. This strong shrinking of the parameter
space leaves very few room for simple varying ³ models and exclude the natural and expected
values of many models beyond the standard models presented in Olive & Pospelov (2002).
As mentioned above, our work also propose a new powerful framework to implement any
varying-³ model, which we was used again in Sec. 9.6 for the runaway dilaton model.

Additionally, for low redshift studies, it is usual to ask for the vanishing of the field value
at t = t0 and for the cancellation of its speed during radiation domination. In CLASS it is
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Figure 9.5: Constraints on the full O&P model with all our datasets. All the parameters are expressed in
ppm.

only possible to set the initial conditions at z ∼ 1014 and let the field evolve from here. As
such, for all the models we were able to derive constraints on the possible values of ϕ0 and
ϕ′

0 (related to the field’s density) after the full cosmological evolution and quantify how the
field dynamics can be impacted by the model’s parameters.

Impact, limits and outlooks

While setting very strong restrictions on the parameter space of varying ³ models, this
work highlights the power of local data as atomic clocks and MICROSCOPE on them.
As such, I am happy that our work was recognized – together with our previous one on the
dilaton field (Martins & Vacher, 2019) – in the MICROSCOPE review paper of Bergé (2023).
New datasets are expected to further tighten our constraints, as the latest bound given by
Filzinger et al. (2023), which was not available at the time of our publication. As detailed in
footnote 22, we could also have chosen a more accurate description of the MICROSCOPE
likelihood. We plan on updating our results in future related works, but so far these updates
would not change our general conclusions regarding these models. This work also gives a
"proof of concept" for the implementation of varying ³ models in our CLASS version, which
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allows to keep track consistently of all the cosmological impact of the field up to z ∼ 1014.

An intrinsic limitation of all the Bekenstein models however, is that they introduce only
(time) variation of ³, keeping fixed the other fundamental constants. It is of course way
harder to propose a self consistent model considering the co-variation of multiple constants
on cosmological scales and it would be a real puzzle to implement it in CLASS. However,
from a high-energy physics point of view, this choice is preferable (even though the strongest
observable impact is expected to come from ³). Our preliminary CLASS public implemen-
tation allows for variation of me and G, such that it should be possible to consider scalar
field induced variations of the mass ratio µ and ³G in future works. This is the reason why
the BBN bound was not used in this work as it is highly model-dependent and requires
variations of all the constants within a single framework in order to be consistent. While
it is still unclear if this constraint would add any improvement to the strong constraining
power of the MICROSCOPE and atomic clocks combination, we chose to not consider it.

Additionally, for the sake of simplicity, we choose V (ϕ) = 0 in this work. As Bekenstein
models are purely phenomenological, the potential associated to the field could virtually
take any form, and it was safer to leave this question behind in this first work. A first
exponential potential implementation for a varying ³ model will be considered in our next
work in Sec. 9.6. I am currently exploring gradually other choices of V (ϕ) through models
with increasing complexity, where the shape of the potential can be assumed from high
energy considerations. Note that a "fine tuned" potential can be a real game changer and
add strong correlations of the varying-³ model with cosmological parameters, as H0. For
a version of a simple Bekenstein-like model considering decaying exponential potentials, see
e.g. da Fonseca et al. (2022).

9.5 String theories and varying coupling

9.5.1 Overview of string theory

String theory is a theoretical framework providing strong hints towards an unification be-
tween particle physics and gravity. More precisely, string theories try to interpret all the
particles of the standard model, and the gravitational field as vibrational modes of relativistic
quantized strings. Those strings can be open or closed and interact between each others by
merging or splitting. A major appeal of this formalism is the appearance of an excitation of
the closed quantum string behaving as the mediator of gravitational interactions and called
the graviton. The graviton always come along with another excitation behaving as a scalar
field: the dilaton. As the Bekenstein field, the dilaton couples to the other particles of the
standard model and induces a variation of the gauge couplings. While it is possible to build
a string theory with closed strings only, it is impossible to have open strings without closed
strings, making the appearance of gravity – and the dilaton – unavoidable in string theory.
For a comprehensive and complete introduction to the topic see e.g. Szabo (2002); Zwiebach
(2009).

The quantum strings were historically invoked to model the gluon lines linking pairs of quarks
in the mesons. With such a model, one was able to reproduce the measured relation J = ³′m2

relating the rest mass m of the mesons with their angular momentum J (Chew & Frautschi,

174



9.5. STRING THEORIES AND VARYING COUPLING

1961; Nambu, 1970; Susskind, 1970). ³′ is called the slope parameter. The quantum nature
of the string also allowed to explain why mesons come in discrete numbers with specific
values of J and m . It was later found that relativistic quantum string were necessarily
producing vibrationnal modes which could be identified as the mediators of gravitational
interaction, making this model better suited in the quest of a quantum theory of gravity
(Yoneya, 1974; Scherk & Schwarz, 1974). Following the path opened by the mesons, all the
seemingly different particles of the SM, having different spin and masses, could be explained
as different quantized levels of excitation of a single type of relativistic string in rotation. As
such, string theory propose an attempt of unification of all known particles and interactions
within the same framework.

The slope parameter ³′ remains present in modern versions of string theory, and can be
directly related to what could be interpreted as a physical tension of the strings by T0 = 1

2Ã³′ .
From ³′ it is possible to introduce the string length as ℓS = –hc

√
³′, such that, overall, only

two dimensional constants c and ℓs are required in string theory as argued by Veneziano
(1986) (see Sec. 9.1.1). Furthermore, within string theory, all the known gauge couplings
can vary and are defined from the vibrating modes of the strings, as the dilaton. More
specifically, the vacuum expectation value of the dilaton field Φ is setting the intensity of
the so called string coupling

gs = eΦ/2, (9.25)

which is the only gauge coupling of string theory, quantifying the strength of the interaction
between the strings (Maeda, 1988). As such, it sets the value of all the gauge coupling and
structure constants of the SM given in Tab. 9.3, when gauge forces are understood as string
interactions.

Even the number of dimensions of space-time D –arguably a fundamental constant in the
SM as it can not be recovered from fundamental principles–, can be obtained from string
theory when asking for the Lorentz invariance of the theory (defined in 3.2.1). However, one
obtain D = 26 for the simplest possible string model. It is possible to reduce this number
to D = 10 when including supersymmetry to the theory. Supersymmetry is one of the
only possible extension of space-time transformations, containing the Poincaré group as a
subgroup (Coleman & Mandula, 1967) (see Sec. 3.2.1). These new transformations act as
raising and lowering operators for the spin s of the particle fields by ±1/2. As such, it is
able to transform fermion fields into boson fields and vice-versa (for more on bosons and
fermions see Appendix A). Adding supersymmetry to a theory thus consequently increase
its number of existing particle/fields. String theory with supersymmetry, named superstring

theory allow for the existence of fermions fields (with half integers spins) and is free of
tachyon modes. Tachyons are hypothetical particles traveling faster than the speed of light,
and are undesirable as they break causality and conservation laws. They are thus considered
as a signature of an unstable theory. As we know that the matter fields È of nature are
fermions and we would like to avoid tachyons, the viability of string theory today strongly
rely on supersymmetry.

We are strongly lead by experiment to believe that the dimension of space-time is D = 4

and not D = 10. The solution commonly invoked in string theory is to compactify the
6 extra spatial dimensions i.e. making them compact (closed) and infinitesimal in size,
explaining why we could be perpetually going through them without even noticing it. One
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can think of "wrapping up" or "curling up" these extra dimensions on themselves such that
they become very small. Historically, the idea of compactification is inherited from the so
called Kaluza-Klein theories who demonstrated the possibility to recover both classical GR
and electromagnetism by the addition a 5th compact dimension to space-time (Kaluza, 1921;
Klein, 1926)24. In string theory, the compact dimensions are compactified into very specific
shapes, called "Calabi-Yau" manifold. This can be done in multiple different ways, leading
to a gigantic (≳ 10755 Halverson et al. (2017)) number of different possible solutions for
the theory. The choice of the compactification scheme will give rise to new fields, emerging
from the compact metric, called the moduli, and will impact heavily the behavior of the
theory, as the strings can "wind" around the compact dimensions, strongly impacting their
effective behavior in 4D. Compactification also gives rise to powerful new symmetries (named
dualities). Not all of the compactifications are expected to be physically meaningful and
conjectures and consistency criteria can be found in order to distinguish between the viable
ones (called the landscape) and the non-physical ones (swampland) (for a review see e.g. Palti
(2019)). Such a large set of solutions can provide be used to provide the statistical pool of
Universe realizations needed to solve the anthropic principle (Susskind, 2003) discussed in
Sec. 9.1.1. However, the standard model as we know it as not yet been proven to be part of
the landscape.

Today, five consistent D = 10 superstring theories are established, based on different gauge
groups25. A ground breaking discovery was that these theories can be proved to be related to
one another through duality transformations (Duff, 1996; Schwarz, 1997). Finally, exploring
the limits of these theories26, it was possible to find a new one, the so-called "M-theory".
This theory is not about strings but about 2-branes and 5-branes in D = 11 dimensions.
p-branes are generalization of p dimensional surfaces on which the endpoint of strings can
be attached. They are extremely important in string theories, for multiple reasons, as they
can notably behave as particles with associated mass or a charge. The low energy limit
of M-theory can be showed to be equivalent to supergavity, that is a supersymetric field
theory on a curved space-time (Cremmer et al., 1978). Because they all appear as limits
from one another, it is now clear that all these theories are different aspects of a single one
and that there must exist a unique theory of nature (not necessarily about strings), of which
all these theories are perturbative expansions (Schwarz, 1997). While the formulation of this
unique theory of nature remains to be found, the discovery of the inter-relation between all
superstring theories (D = 10), supergravity (D = 4) and M-theory (D = 11), is a major
success of the recent development in string theory.

Another considerable achievement of quantum strings is the ability to recover the correct
expressions for the Hawking radiation and the black hole entropy (Eq. 9.2 Callan & Malda-
cena, 1996; Strominger & Vafa, 1996), as expected from a viable quantum theory of gravity.

24In Kaluza-Klein theories, the quantization of electric charges comes elegantly from quantization of the
momentum in the 5th compact dimension and both the Einstein and Maxwell equations can be recovered
from a single 5D action ∝ 5R d5x generalizing LEH in 5D (Eq. 3.6).

25These five theories are called Type I (with gauge group SO(32)), Type IIA, Type IIB (both with gauge
group U(1)), SO(32) heterotic, and E8× E8 heterotic. Heterotic string theories consider both bosonic strings
(D = 26) and superstrings (D = 10). Heterotic string theories consider differently the direction of the modes
on the strings: left moving modes are associated with bosonic strings and right moving modes associated
with superstrings.

26The strong string coupling limit (gs → ∞) of the type IIA and the E8× E8 theories
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Furthermore, string theory lead to the recent discovery of the AdS-CFT or gauge/gravity
correspondence which can be considered as one of the greatest breakthrough of modern
theoretical physics (Maldacena, 1999). In a very few words (and as a special case), the
AdS-CFT correspondence demonstrate that a four dimensional supersymmetric gauge the-
ory on a flat space (a super SU(N) Yang–Mills theory) is equivalent to a 5D string theory
in an anti-de Sitter space (with gravity)27. This link provides a new strong mathematical
connection between gauge QFT and gravity. Additionally, it provides a realization of the
so called "holographic principle", stating that an observed theory/behavior in D dimension
could be emergent as resulting from the projection of a theory in D ± 1 dimension. This
principle gives great promises for modern theoretical physics and was used as arguments
to solve the black hole information paradox in the context of string theory, stating that
all the information of the 3D black hole is contained within its surface (Susskind, 2006)
(explaining why the entropy is proportional to the area in Eq. 9.2). More drastically, the
revolution open by the AdS-CFT correspondence lead some string theorists to believe that
all the known laws of physics we are experiencing daily could be resulting as a projection
of information encoded on the surface of the observable Universe (Susskind, 1995), or to
quote Susskind himself "The three-dimensional world of ordinary experience––the universe
filled with galaxies, stars, planets, houses, boulders, and people––is a hologram, an image
of reality coded on a distant two-dimensional surface" (Susskind (2008), p. 298). All these
developments are extremely fruitful as they provide new unexpected directions to explore
the quantum nature of gravity, and lead to a recent revival of interest for string theory.

String theory hence provides today the most compelling direction to follow in order to build
a theory unifying quantum gravity and gauge field theory within the framework. It seems
difficult to believe that all the recent results obtained in string theory in which standard
model fields and gravity can emerge from strings are a pure mathematical coincidences.
Additionally, recent development in string theory along with its mathematical developments
are benefiting fundamental mathematics and all branches of physics from QCD to condensed
matter. However, let us stress here again that there is no unified framework for string theory
yet, and it is unclear how to recover the standard model from the string landscape. Moreover,
while they were strongly expected, no supersymmetric particles have yet been detected at
the LHC, and the last development of string theory strongly relies on the existence of a
broken supersymmetry (for a review of the current status, see "supersymmetry part I and
II" in Zyla et al., 2020).

9.5.2 Dilaton field, coupling to gravity and varying couplings

Let us now mention how the dilaton field arise in string theory, and why it lead to the
variation of the gauge couplings. The starting point of string theory, is to generalize the
relativistic action of a free massive particle to a string-like object. For a relativistic particle,
the action is proportional to the space-time interval on its trajectory (Eq. 3.7). Strings
however are one-dimensional spatial objects. For them, the concept of world line is replaced
by a 2D surface in space-time called the world-sheet. For example, a static closed string
would trace a cylinder in space-time. The relativistic action of a string is thus given by the

275 dimensions of the string theory are in AdS5 while the 5 others are compactified to form a sphere S5.
The Minkowski space-time on which the Yang-Mills theory lives can be understood as the boundary of the
AdS5 space.
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area of its world-sheet (the so called Nambu-Goto action). Supersymmetric fields degrees of
freedom can be added directly to the surface of the world sheet. After several rewriting, the
action can be quantized by promoting classical variables as operators on which canonical
commutation relation are imposed. As for quantum fields, the coefficients of the mode
expansion in Fourier space behave like creation and annihilation operators. The states are
then the quantized modes of the string, interpreted as particles.

For the open strings, the first excited states behave as a photon while for closed strings,
unavoidable in a string theory, the first excited states behaves as a spin-2 tensor: the graviton,
which is why string theory is said to predict gravity. This first mode comes along with an
anti-symmetric tensor behaving as a generalized electromagnetic field (the Kalb-Ramond
field), and a first importance scalar field: the dilaton. The first states are followed by
a spectrum of massive modes, which exact content depends on the formulation of string
theory and the boundary conditions imposed to the endpoints of the strings. As such, string
theory reproduces GR and gauge fields in the low energy limit, and could provide particles
behaving as the standard models ones in its higher excited modes, providing a bridge between
quantum mechanics and gravity as well as a possible unification road for all particles and
interactions.

The role played by the dilaton becomes more obvious when treating all the fields of the
string spectrum as quantum field appearing in an action, which is the approach given by
string field theory. Starting from the string action and its supersymmetric generalizations,
it is indeed possible to derive the effective low energy limit of the action, letting explicitly
the various excited modes appear as fields. The exact field content of the resulting D = 26

or D = 10 action depends on the type of (super)string theory under consideration (Callan
et al., 1986). Finally, it is possible to compactify the additional dimensions to obtain an
effective 4D action, and the compactifying scheme will also change the exact field content
of the theory. However, whatever the scenario, one should find that the dilaton field Φ,
is coupled to gravity, and also sets the value of all the gauge couplings, and their possible
variations.

Explicitly, the low energy effective action of the massless modes of the string can be written
as

S ˆSM+Φ
=
∫

√

−|ĝ| d4x





1

³′

[

BR̂(Φ)R̂+BΦ(Φ)
(

2□̂Φ − (∇̂Φ)2
)]

− V (Φ)

− 1

4

∑

F̂

B
F̂
(Φ)ïF̂ , F̂ð −

∑

È,Â

BÈ(Φ) ˆ̄È /̂DÈ+ ...



, (9.26)

assuming a spherical topology for the compactified dimensions (Damour & Polyakov, 1994;
Damour & Polyakov, 1994; Damour & Nordtvedt, 1993). For a pedagogical derivation of
Eq. 9.26 see e.g. chapter 7 of Tong (2009). F̂ and È̂ are respectively the SM gauge and
matter fields as appearing in Eq. 3.8 and expected to arise from the vibration of the string.
ĝ is the "string metric", with associated curvature scalar R̂ taking into account the effect of
gravitons as gravitational fields. "..." contains all the other fields of the model.

The dilaton Φ is coupled to all the other fields through the functions Bi(Φ). One can see
from Eq. 9.26 that the presence of Φ will lead to a variation of all the gauge couplings,
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due to the terms BF (Φ)ïF̂ , F̂ð as explained in details in Sec. 9.1.4 (³G will also vary due
to the presence of BR̂(Φ)R̂). Eq. 9.26 is expressed in the so-called string frame or Jordan

frame. Any such action can be rewritten equivalently in the so-called Einstein frame, in
which the gravity Lagrangian is LEH . In this new frame, the impact of the dilaton will
be easier to express, and we will not have to consider the variation of ³G. Whether this
transformation is physically significant or not is discussed in Faraoni & Nadeau (2007). In
general, any theory with a scalar field coupled to R̂ can be re-expressed as a theory in which
the other gauge couplings are varying. To do so, one have to consider the new variables
gµ¿ = C−1

g BR̂(Φ)ĝµ¿ , È = (CgBR̂)
−3/4BÈÈ and

ϕ =
∫

dΦ





3

4

(

∂ΦBR̂
BR̂

)2

+
B′

Φ

BR̂
+

1

2

BΦ

BR̂





1/2

, (9.27)

where Cg is a numerical constant. Doing so, the action becomes, in the Einstein frame28

SSM+ϕ =
∫

d4x
√

−|g|




M2
Pl

2
R+

M2
Pl

2
∂µϕ∂

µϕ− V (ϕ)

− 1

4

∑

F

BF (ϕ)ïF , Fð +
∑

È,A

È̄ /DÈ+ ...



. (9.28)

Surprisingly, the Planck mass itself can be recovered from the slope parameter as M2
Pl =

2/(Cg³′). This action is extremely similar to the Bekenstein one (Eq. 9.22), but is orig-
inating from string theory considerations. Here however, instead of Taylor expanding the
electromagnetic (F = F ) coupling function BF (ϕ), we will try to find some expressions
linking the field to the observables that are also rooted in string theory.

Additionally, dark energy can be added to this action. In principle, under a suitable choice of
its potential V (ϕ), the dilaton field can act as a quintessence field and can be itself the source
of dark energy (Gasperini et al., 2001). Otherwise, one can add a cosmological constant Λ or
another field behaving like it, to which the dilaton can in principle be coupled with another
function as L ∝ BΛ(ϕ)Λ.

9.6 Constraining the runaway dilaton model

In this section, I will present the latest to date constraints on a model in which the string
dilaton field can be responsible for violation of the EEP and variation of the fine structure
constant: the runaway dilaton model. The full paper can be found in Appendix D.5. As we
will see, this model allows to reconcile the existence of a massless dilaton with observables,
allowing to derive predictions from a well motivated string theory model, and confront it with
experiments. I originally required the implementation of a varying fine structure constant
in CLASS in order to explore this model, as a natural follow-up of the previous study that
I co-lead, Martins & Vacher (2019). As for the Bekenstein models, I intended to provide
here an overview of the model as well as an update of the constraints, considering the full
parameter space without previously made assumptions.

28Note that, in agreement with previous literature on the runaway dilaton, field units are defined in units
of MPl/(

√
4Ã) in the paper (Appendix D.5), instead of the choice of MPl used in this thesis.
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9.6.1 Context: The runaway dilaton model(s)

Let us now look for possible expressions for the dilaton coupling Bi(Φ), allowing us to derive
the observational predictions of our model, in order to constrain it. Standard predictions
from string theory indicate that the massless dilaton field must be coupled universally to
all the fields through Bi(Φ) = e−Φ. This is a coupling to the inverse of the string struc-
ture constant ∝ g−2

S (see Eq. 9.25), just as the curvature terms are coupled to the gauge
structure constants ³gA

∝ g−2
A

(see Eq. 9.4), as we discussed in Sec. 9.1.3. However, as
detailed in Damour (2003), such coupling would be in violent conflict with experiments, as
it predicts violations of the EEP with associated ¸ ∼ 10−5, already excluded by MICRO-
SCOPE (Eq. 9.18). To save string theory, a mechanism must thus be invoked to explain
this contradiction. For example, if a large enough mass is acquired for the dilaton, through
e.g. supersymmetry breaking, the force mediated by the field will exponentially decrease
with distance29, such that no significant cosmological variation of the constants would be
expected30. This solution, however, drives string theory further away from experimental pre-
dictions. Another option however, allows to reconciles a massless dilaton with data, while
preserving some observable consequences as small violations of the EEP and variations of
the gauge structure constants. This is the so-called "runaway dilaton" models, in which the
dilaton field naturally decouples from the other standard model fields in late-time cosmology
(Damour & Nordtvedt, 1993; Damour & Polyakov, 1994; Damour et al., 2002a,b). Due to
the existence of an attractor mechanism in the dilaton-matter system, the couplings could
be naturally attracted towards smooth finite limit in the gs → ∞ regime. One would then
expect

Bi(Φ) = Ci + O(e−Φ), (9.29)

where Ci is a constant (Veneziano, 2002). As such, the couplings are the one of the standard
model with small additional corrections ∝ e−Φ. As detailed in Damour et al. (2002a), the
residual dilaton couplings at the present epoch can be related to the amplitude of density
fluctuations generated during inflation. The late-time cosmology impact of the field ϕ in the
Einstein frame can be quantified by the coupling functions

³i(ϕ) =
∂ ln(mi)

∂ϕ
=
∂ ln(mi)

∂³gA

∂³gA

∂ϕ
(9.30)

where i labels different types of matter field coupled to the dilaton. A word of caution is
needed here: while previous literature used this notation for the couplings, they are not the
same quantities as the structure constants ³gA

discussed in Sec. 9.1.3. As they make the
mass changes with ϕ, the ³i(ϕ) will lead to deviation of the UFF Eq. 9.16. Writing ³h the
coupling to hadronic matter, one can indeed find that

¸(ϕ) ≃ 5.2 × 10−5³h(ϕ)
2, (9.31)

which should be slightly dependent on the compositions of the masses under consideration
as Eq. 9.24, but that we will again assume to be valid for the case of MICROSCOPE.

29This is for example why the weak force has such a small range of interaction: the gauge bosons are
massive and thus unstable, and they tend to disintegrate quickly.

30One should not confuse the dilaton with moduli fields arising from compactification (sometimes called
dilatons!). The behavior of the moudli also sets the values of the fundamental constants and their massless-
ness is also in strong contradiction with experiment. It is now commonly accepted that it is possible to give
them masses through the process called moduli stabilization (DeWolfe et al., 2005).
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Furthermore, one can model the impact of the dilaton on matter fields by replacing the
Dirac term in the action by the matter geodesic action Sp =

∑

imi(ϕ)
√

g(uµ ,uµ) dÄ . Doing
so, the Klein-Gordon equation for the dilaton field is given by

ϕ̈+ 3Hϕ̇ =
1

M2
Pl

∑

i

³i(3Pi − Äi). (9.32)

As such, ϕ does not interact with radiation for which 3Pr − Är = 0. As explained in (Damour
et al., 2002c; Damour, 2003; Martins et al., 2015), the runaway dilaton hypothesis (Eq. 9.29)
allows to express all the coupling Bi and ³i of the ϕ with the SM particles. Making minimal
assumptions, that we will not detail here, the couplings can all be expressed as

B−1
F (ϕ) ∝ (1 + bF e

−c̃ϕ), (9.33)

³h(ϕ) ≃ 40bF c̃e
−c̃ϕ, ³m(ϕ) ≃ −bmce−c̃ϕ, (9.34)

³Λ(ϕ) ≃ cst, ³V (ϕ) =
M2

Pl

4

∂ ln(V (ϕ))

∂ϕ
. (9.35)

In which c̃ is a constant expected to be of order unity and is usually fixed to 1. bi are constant
numbers while the indices m, h, Λ and V designate respectively hadronic and dark matter,
dark energy and a contribution from the dilaton potential V (ϕ). The last coupling ³V , is
simply a rewriting of the potential term of the Klein-Gordon equation (Eq. 4.8) such that it
appears on the same footing as the other components in the equation of motion (Eq. 9.32)31.

The couplings can all be normalized by their value today ³i,0 = ³i(ϕ0) in order to express
their variations in term of field displacements ϕ− ϕ0. Doing so, the variation of the fine
structure constant becomes

∆³

³0
=
³h,0

40

[

1 − e−(ϕ−ϕ0)
]

, (9.36)

such that atomic-clocks are sensitive to ³̇/³0 = ³h,0ϕ̇/40. The runaway dilaton model thus
provides a natural explanation for the small observed values of ¸ and the stability of the fine
structure constant through the smallness of ³h,0. The value of ³h,0 strongly depends on the
relation between the dilaton and the inflaton. Predictions given in Damour et al. (2002a)
expect ³h,0 ≃ 1.6 × 10−4 or ³h,0 ≃ 4.2 × 10−3. The expected values of ³m,0, ³V and ³Λ

depend on the assumptions made and their possible links with BF , but could theoretically
be of order unity (Martins et al., 2015; Martins & Vacher, 2019). ³Λ is an hypothetical
coupling of the dilaton field with another source of dark energy behaving as a cosmological
constant Λ. It is often assumed to be independent of ϕ (Martinelli et al., 2015; Martins et al.,
2015) and misleading written ³V 32. Degeneracies between parameters in the observable are
significantly broken in this parameter space compared to the case of the Bekenstein models,
as the coupling to hadron ³h is alone responsible for both the varying fine structure constant
and the violation of the UFF.

31M−2
Pl ³V (3PV − ÄV ) = −4M−2

Pl ³V V = −∂V /∂ϕ
32Equivalently, one could imagine that there is no cosmological constant at all and that the dilaton instead

has a potential of the form V (ϕ) = ³ΛM
2
PlΛϕ, impacting the equation of motion for ϕ and it’s density and

pressure (hence behaving like dynamical dark energy). However, this is not how ³Λ is generally introduced
and implemented, but instead as a coupling to Λ, as for the Bekenstein model. On the other hand, a constant
term V (ϕ) = M2

PlΛ in the dilaton potential would be purely equivalent to a cosmological constant and will
not impact the equation of motion of the field.
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9.6.2 The paper: Objectives and results

In this work, available in Appendix D.5, we built from our previously modified version of the
CLASS software to create a consistent implementation of the runaway dilaton model. Here
again, we intended to present an overview and update of the various ways this model has
been studied in the past. We also provide for the first time a constraint of its whole param-
eter space, freeing ourselves from several simplifying assumptions. This work thus built over
precedent phenomenological studies as e.g. Martins & Vacher (2019), with updated datasets
(presented above) and larger parameter spaces. For the first time within our CLASS imple-
mentation of the varying constants, we study a case with a potential V (ϕ) ̸= 0, assuming an
exponential shape V (ϕ) = V0 + V1e

ϕ, motivated from string theory (Damour et al., 2002c).
Adding a potential in CLASS comes with numerous technical complications that we had
to face, delaying the publication of our results. Originally, the draft was containing many
more cases with different potentials, but they turned out to be cumbersome, and we decided
to keep them for further studies focused on this matter. As first author of this paper, I
was responsible for the implementation and testing of the dilaton scalar field in CLASS.
This time, as I was just starting my PHD, Nils Shöneberg provided the first preliminary
implementation in order to help me understand the structure of the code, and I refined it
until its final form. Under my co-supervision, Francisco Pimenta (CAUP, Porto), Carlos
Martins’ intern, provided an easier way to obtain the redshift evolution of the fine structure
constant ³(z) from CLASS, and helped me with the testing. I runned all the chains and
derived all the corresponding contours and constraints. Finally, I was responsible for the
figures using Getdist, paper writing and literature survey (of course, with the help of the
other authors).

The most commonly considered scenario for the runaway dilaton, as in Martinelli et al.
(2015); Martins et al. (2015); Martins & Vacher (2019), consider V (ϕ) = 0 and the three
couplings ³Λ, ³m,0 and ³h,0, with further assumptions to express ³Λ in term of the other
parameters, allowing to reduce the dimension of the parameter space. In this work, for the
first time, we let bot ³Λ and ³m,0 free. Additionally, in Martins & Vacher (2019), a prior was
used on the field speed ϕ′

0, derived from back to the envelope considerations from cosmological
datasets. As our CLASS implementation allows to use directly the cosmological likelihoods,
we could free ourselves from this prior, which turned out to over-estimate their constraining
power. Results for this scenario are displayed in Fig. 9.6. We can see that, freeing ourselves
from the overoptimistic prior on ϕ′

0, the field’s speed can take larger values and degeneracies
between parameters can appear. ³Λ, responsible for the late time acceleration of the field,
is strongly degenerated with ϕ′

0, while ³m,0, driving the subsequent field evolution during
matter evolution, is strongly degenerated with ϕ0. Without the prior, the (³h,0,ϕ′

0) contour
displays a very characteristic shape induced by the atomic-clock likelihood constraining
directly the product ³h,0ϕ

′
0, forcing both ³h,0 and ϕ′

0 to have the same sign.

As displayed on the bottom panel of Fig. 9.6 – contrarily to Bekenstein – degeneracies can
appear with the cosmological parameters, as H0. Freeing ourselves from the prior on ϕ′

0

let the field explore regions with higher speed, and hence with larger energy density today
(∝ (ϕ′

0)
2), driving the late time cosmic acceleration and letting the dilaton play the role of

a quintessence dark energy field (see Sec. 4.1.1). These possibilities are however strongly
limited and only possible – mildly – in the case where a coupling ³Λ exists with another
source of dark energy as a cosmological constant, allowing to significantly accelerate the
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Figure 9.6: Top: Constraints on the full runaway dilaton parameter space with V (ϕ) = 0. As in Martins
& Vacher (2019), a prior can be used on the field speed ϕ′

0 = 0 ± 0.1 (blue contours) but appears to be too
restrictive (red contours). Bottom: Contour plots showing the degeneracies between the dilaton parameters
and H0 in different scenarios.

field. The bounds provided on the variations of the fine structure constant and violations
of the EEP today are however extremely stringent, such that this behavior would be only
possible if the coupling ³h,0 has a very small value (∼ 10−7), discouraging the choice of this
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model as we implemented it as a source for dark energy. As we will discuss again in Sec. 9.7,
an early time impact of such a field would be preferable to ease the tensions, as late time
constraints are too restrictive.

We further obtained the constraints on the exponential potential scenario, getting compa-
rable results as the previous case with prior (see black line contours on the bottom panel of
Fig. 9.6). This scenario appears to be disfavored as a source of dynamical dark energy, as
larger values for the slope ³V tends to lower the value of H0.

Overall, the expected natural values33 for the couplings as well as their predictions detailed
in the previous section are all excluded, and the addition of the recent MICROSCOPE bound
lowers the constraints on ³h,0 by one order of magnitude.

9.6.3 Impact, limits and outlooks

In a sense, the runaway dilaton model provides a "concrete" realization of the Bekenstein
model, where the shape of the coupling functions can be motivated from string theory. Just
as Bekenstein, this model is strongly constrained by data, such that all the natural and
expected values for its parameters are excluded. The consequences are however clearer: the
runaway dilaton model is disfavored and was proposed to reconcile the uncircumventable
existence of a the dilaton field with experiments. As for Bekenstein, new data will sharpen
our results, but will doubtfully change our conclusions. Whatever the final form string theory
will take, it will have to justify why dimensionless couplings, such as ³, are so stable. The
simple way out is to invoke a supersymmetry breaking, or some interactions of the dilaton
field allowing it to acquire a significant mass (Seo, 2021). In any way, such an unmovable
stability of the constants is not benefiting string theory, as the stability of the couplings
provides one of the only open experimental windows on these models (with inflation and black
holes). Furthermore, as correctly stated later in (McGuigan, 2023), our analysis disfavors
the runaway dilaton model as a source of quintessence field with an exponential potential,
as the combination of atomic clocks and the MICROSCOPE bound strongly constraint the
possible value of the field speed ϕ′

0 today, and thus its possible energy density.

Most of the discussion of the Bekenstein paper still applies here. Ideally, one should consider
the co-variation of constants and the BBN bound, which are better defined within the dilaton
model. Here again, ³ was the only constant considered and is expected to provide the
most sensible probe on cosmological scales. Originally this draft was intended to explore a
plethora of shapes for V (ϕ), but it turned out to be cumbersome and lacking deep scientific
motivation. An extensive study of possible V (ϕ) for varying ³ models is undergoing with
the same author team, allowing to identify the phenomenologically relevant cases. As I
am developing more and more CLASS versions containing different varying-³ models, I
would like to explore the similarities between them through a focused comparative study
and investigate the possibility to distinguish them experimentally. As a natural follow up of
this work, I am now working actively on other string inspired models as the so-called DBI
Rolling tachyon (Tavares & Martins, 2021), project which is lead by João Dias, and requiring
the development of a new version of CLASS.

Additionally, I investigated, in collaboration with the same authors as the present paper

33Which are not all of order unity, contrary to what has been stated in the paper.
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and using similar frameworks, how the string inspired Swampland conjectures (see Sec. 9.5)
can be applied on scalar field models with a varying fine structure constant. Doing so, we
updated the previous constraints on the Swampland parameters to a multitude of single
field quintessence models and we stressed the tremendous fine tuning argument imposed by
measurements of the fine structure constant on quintessence models coupled to electromag-
netism. This work, which I co-lead, has been submitted and the preprint is available at
Schöneberg et al. (2023).

9.7 Varying alpha, late and early dark energy

9.7.1 Is dark energy related to varying ³?

While this discussion was opened with the dilaton paper, it is possible to discuss more
extensively the possible links between varying couplings and dark energy. In Martins (2017),
it was suggested to make the distinction between:

• Class I fields for which dark energy and varying constants are commonly sourced by
the same field. This would be the case of the quintessence-like runaway dilaton model
with a specific potential.

• Class II fields for which dark energy and varying constants are two different (and
eventually independent) behaviors. This is the case in the Bekenstein model without
potential, where Λ was fully responsible for dark energy.

In the case of a general Type I field ϕ, coupled to electromagnetism with a Bekenstein-like
coupling (see Sec. 9.4) such that ∆³/³0 ∼ ·∆ϕ, it is possible to show that the variation of
the fine structure constant can be expressed as

∆³

³
(z) = ±·

∫ z

0

√

3Ωϕ(z′)
∣

∣

∣1 +wϕ(z′)
∣

∣

∣

dz′

1 + z′
. (9.37)

where Ωϕ(z) is the field density and wϕ(z) = Pϕ/Äϕ (Calabrese et al., 2014). The sign ±
is positive for a canonical scalar field and negative for a phantom field (Vielzeuf & Martins,
2014). This formulation is very powerful, as numerous models of scalar fields provide ana-
lytical solutions for Ωϕ and wϕ and additionally, some phenomenological parameterizations
of dark energy exist as the Chevallier Polarski Linder (CPL) parametrization, which is very
commonly used as a simple extension beyond a cosmological constant (Chevallier & Polarski,
2001; Linder, 2003). It assumes

wCPL(z) = w0 +wa
z

1 + z
, (9.38)

and

ΩCPL(z) =
1 − Ωm

1 − Ωm + Ωm(1 + z)−3(w0+wa)e3waz/(1+z)
. (9.39)

This analytical parametrization is very common and rather easy to implement, and as such
provide a easy way to model the behavior of a scalar field sourcing both dark energy and
a variation of the fine structure constant without having to integrate an intricate modified
Klein-Gordon equation of motion as we did for the Bekenstein or the dilaton.
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9.7.2 Personal contributions on this topic
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Figure 9.7: Left: Value of the sound horizon at decoupling rs(d) for different values of ¶³ = ³/³0. Right:
Matter power spectrum Pm(k) for different values of ¶³.

During this thesis, I was a member of the Euclid collaboration, mostly active in the work
package WP10 of the theory working group on "new observational probes" lead by Carlos
Martins. I was in charge of studying the possibility to quantify the impact of a time de-
pendence of ³ on cosmology with the Euclid satellite (as a natural follow-up of Martinelli
et al., 2021). To do so, I investigated, mostly in collaboration with Savvas Nesseris (IFT,
Madrid), how the fine structure constant value can impact large scale structure observables
such as the matter distribution power-spectum Pm(k)34 and the sound horizon at decoupling
rs(d)35. As an example, I computed in Fig. 9.7 the values of these observables for different
values of ¶³ = ³/³0 at decoupling. While rs(d) changes linearly with ¶³, it has a very non
linear and rich effect on Pm(k). Using these observables alone, I figured that Euclid will be
able to provide independent constraints on ³ at high redshift with a sensitivity comparable
to Planck (∼ 10−3) (Planck Collaboration, 2015b; Hart & Chluba, 2018). Additionally, I
implemented and tested a version of CLASS including a varying ³ with the integral depen-
dence given by Eq. 9.37, in the case of a CPL dependence of Ωϕ and wϕ, in order to explore
the constraining power of Euclid on this model and its capability to distinguish between the
presence of a Class I or Class II field. Results including the above work are not published
yet and the collaboration paper is still being redacted.

Furthermore, I personally implemented alternative versions of the CLASS code in order to
further explore the link between varying fine structure constant and dark energy outside of
Euclid. I am now leading an analysis exploring how Early dark energy, sourced by an axion-
like particle presented in Sec. 4.3.2, could be coupled to varying fine structure constant,
along the lines of Calabrese et al. (2011). A surprising outcome appears to be that local
bounds as atomic clocks are still able to give sharp constraints on models like ALP acting at
very early times. The results of this analysis are already available and should be published

34Let ϵ = ¶Ä/Ǟ be the relative deviation of the mean density observed in the distribution of galaxies on
the large scale structures. The matter power spectrum is defined as the other power-spectrum introduced
above (Eq. 3.25): ïϵ(k)(ϵ(k′))∗ð = (2Ã)3Pm(k)¶3(k − k

′).
35d here stands for decoupling
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soon. Through the presence of both scalar and pseudo-scalar coupling to the EM sector,
as mentionned in Flambaum et al. (2009), I am also investigating if such a field could be
related to the presence of cosmic birefringence that we will introduce in Sec. 5.3.2. Finally,
both axions and dilaton fields are expected in string theory. As discussed in Alexander
& McDonough (2019), I would further like to explore the possibility of a standard ALP
particle coupled with the runaway dilaton introduced in Sec. 9.6, and its possible cosmological
implications.

More generally, as a member of the Φ-in-the-sky grant based in Porto and lead by Carlos
Martins, I also had the chance to help, discuss and collaborate with multiple students on the
topic of varying constants. Since I started working on this topic, I felt that it significantly
regained some interest from the cosmological community, with the study of its link in regards
of the cosmological tensions as well as the update of the stringent MICROSCOPE bound.
My understanding of the subtleties lying under this rich field grew with it and I am thrilled
to have contributed ever so slightly to this research area by providing new bounds on well
motivated models and developing new tools to do so.
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Conclusion and perspectives

In this thesis, I worked on major problems on a great variety of thematics, from experiment to
theory in cosmology, through data analysis. In the past three years, significant and exciting
developments have been undertaken on all these sides. These developments opened doors for
future thrilling research, and I deeply wish to keep playing a major role in it. In particular,
I introduced new tools which will now have to be applied on more general problematics, in
order to better appreciate their power and draw their limits. I will now summarize point by
point the results I have already discussed and the perspective they open.

10.1 Systematic effects for the LiteBIRD mission

The LiteBIRD satellite will probe the largest scales of the CMB with an unprecedented
accuracy. Doing so, it might unveil signatures of high energy physics beyond our standard
models in the primeval Universe, as primordial inflation or cosmic birefringence induced by
axion like particles. For this challenge to be feasible, it is crucial to find new methods to allow
an accurate control of systematic effects and removal of foregrounds. During this thesis, I was
strongly involved in these two topics. I provided cross-checks and feedbacks for the major
publication (LiteBIRD Collaboration et al., 2023), on which numerous follow-up studies rely
today. In parallel, I investigated the impact of an homogeneous scanning strategy. My study
in collaboration with Yusuke Takase allowed to explore and justify rigorously the current
configuration of the scanning used by the collaboration. Additionally, we found critical
parameters never considered before: the orientations of the focal planes, which we optimized.
Given this configuration, requirements still need to be set on the tolerated asymmetry of
the beams, especially on the large scale far side lobes, which could induce bias on the
measurement of the tensor-to-scalar ratio r. I already started to significantly explore this
point but could not yet conclude the analysis. Answering precisely this question is far from
trivial and requires the development of new conceptual and numerical tools in order to
quantify appropriately and simply the asymmetry and treat efficiently the sky convolution
by polarized beams with a minimal computational cost. In order to conclude the assessment
of this point and investigate many others, I intent to keep a strong implication within the
collaboration in the future.
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10.2 Polarized foregrounds

10.2.1 The moment expansion

The race for more and more sensitive CMB missions probing fainter and fainter signals com-
ing from the last scattering surface renders explicit the need for an accurate characterization
of the Galactic foregrounds. It is my personal belief that the success of this characterization
must go way beyond foreground cleaning by providing methods rooted in the physics of the
ISM itself. Doing so would allow us to obtain interpretable component separation models,
which would allow to recover the CMB along with some crucial information for Galactic
science. As I detailed in Chap. 8, the moment expansion provides a well motivated solution
to tackle the complexity of the signal arising from mixing of different signals. In this thesis,
I showed that it could successfully be used to allow the component separation for large sky
covering and high sensitivity missions as the LiteBIRD satellite, providing also a high degree
of interpretability. This first work was a proof of concept and further developments remain
to be undertaken in order to test and optimize the method, apply it on larger sky fractions,
and with more complicated dust models. Doing so would rank the parametric moment ex-
pansion among the standard component separation methods, ready to be confronted to real
datasets.

I further showed that it was possible to provide a consistent extension of the moment expan-
sion to polarization: the spin-moment expansion. This development fills the gap between
intensity and polarized distortions and connects the statistical properties of the foreground
to the consequences of mixing. In this new paradigm, the moments become complex num-
bers and the pivot correction has an imaginary part, from which I could derive analytical
expressions giving the frequency rotation of the polarization angle of the total signal. This
new framework is robust and needs to be further applied for component separation and
dust modeling. After this development, it is also clear that the moments can be used to
infer statistical informations about the foreground signal. A lot of work, already ongoing,
has to be done in order to evaluate how far one can go in that direction. Additionally, the
spin-moments can be used to create and characterize new relatable simulations of the fore-
grounds that could be used by the CMB community. I am currently exploring this promising
direction and I hope to soon release some models readily to be used.

Furthermore, I gave a first application of the spin-moments to the E- and B-modes. In this
application, demonstrating the robustness of the spin-moments, I showed how to connect
the complexity in pixel space to the observed amplitude of moments in the harmonic space.
I also showed that one would expect EE, BB and EB to have different spectral behavior
in the presence of polarized mixing, behaviors which can be predicted by the spin-moments.
This could have strong consequences for dust modeling, component separation and the quest
of cosmic birefringence. The real impact of these effects remain to be properly estimated for
ongoing and future CMB missions. Additionally, I showed that the variation of the E/B

ratio with frequency provided a model independent probe of polarised mixing. It would be
interesting to estimate the sensitivity required to detect such a variation, especially in the
case of LiteBIRD.
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10.2.2 Wavelets Scattering transform

We saw that the scattering transform provides new interpretable statistics in order to tackle
the spatial complexity of the Galactic signal. First promising steps have been undertaken
in order to understand both the spatial and the spectral complexity of foreground signal
using this approach. In this thesis, I used the WPH formalism in order to explore the
benefit of using cross-frequency statistics. Promising results were found for synthesis while
the applications to denoising are still under investigation. Major steps remain to be taken in
order to assess the robustness of this method and being able to use it for proper component
separation on the celestial sphere. On the long term, I would like to investigate the possibility
to couple the moment expansion and the WPH, in order to tackle both spatial and spectral
complexity together using an interpretable, minimal and well motivated approach.

10.3 Varying constants

Investigating the question of the stability of the fundamental constants of our standard model
is a first importance matter. First, as I intended to show in Chap. 9, listing the fundamental
constants of our models and understanding the role they play within them brings with it a lot
of non trivial questions. The answers to these questions – at the interface with philosophy of
science – give deep insights on the subtle theoretical constructions of general relativity and
quantum field theories which reflect our best understanding of fundamental physics so far,
both regarding gravitation and the other fundamental forces. As such, seeking for variations
of these constants opens a direct window on new physics and allows to constrain directly
some ambitious models trying to unify quantum theory and gravity as string theory. In
order to implement consistently the variation of fundamental constants as the fine-structure
constant ³ on cosmological scales, I contributed to the development of a new version of the
CLASS software which was made publicly available. This code, which now includes the
electron mass and Newton’s constant has been and will be further used by myself and others
to investigate a broad range of questions and models related to the varying constants. As I
originally intended to, I further implemented scalar field models within this code, in order to
derive the latest to date constraints on different versions of the Bekenstein phenomenological
model, and on the string inspired runaway dilaton model. The parameter spaces of these
models are now extremely narrow, excluding couplings to hadronic matter larger than a part
per million and rejecting the natural values expected for large classes of models beyond our
standard models. Following this line, I am now investigating other well motivated models in
the regard of the Swampland conjecture or the cosmological puzzles as the Lithium problem
and the H0 tension. Regarding this last point, it is indeed known that a varying ³ in the
early Universe would impact the BBN and the recombination history, allowing to significantly
relieve the observational tensions. It remains however to see if any well motivated model,
free of fine tuning, could both allow to relieve these tensions and survive the confrontation
with data. Furthermore, I would like to investigate the co-variation of the fundamental
constants, expected in the most general case, as gauge couplings and mass ratio together.
Tackling consistently this co-variation within our new numerical framework will be a major
challenge but might bring with it a fair amount of surprising results.

Next generation of cosmological missions will further and further narrow the possible range
of variation for the fundamental constants. As an example, I showed that the Euclid satellite
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would provide an independent measurement of ³ at the redshift of decoupling. Additionally,
CMB missions succeeding to Planck as SO, LiteBIRD or CMB-S4 will also have their word
to say regarding the space and time variations of the constants during recombination. While
I could not derive precise forecasts of such measurements in this thesis, I intend to further
explore these questions in the coming years. Finally, I showed extensively that the local
bounds as atomic clocks and the upcoming nuclear clocks as well as tests of the universality
of free fall give the most striking constraints on varying constant models. Improvement in
the next decades are awaited and might significantly change our understanding of physics.
However, if deviations to the current paradigm remain undetected, it will become a urgent
matter to be able to explain how our fundamental constants can be so stable within the
framework of theories beyond the standard model as quantum gravity.

10.4 A final word

Cosmological inquiries can have major impacts on how we picture ourselves in the Universe.
We can only be marveled by our current understanding of the cosmic history and the re-
markable agreement between our observations of the cosmos and the theories used to model
it, built from first principles rooted in particle physics and general relativity. However, while
subtle, some observational and theoretical puzzles remain to be put together and it is the
role of the researcher to focus on what we don’t know. We don’t know why the fundamental
constants have their current values and why these values seem to allow so precisely for the
existence of chemistry and life in an oddly structured Universe. We also ignore the exact
conditions in which our Universe was born some 13.8 billions years ago. Here again, we can
only be astonished that these questions have now entered the realm of empirical science. As
we have discussed, it will however be impossible to answer these questions without a refined
modeling of the signals coming from our instruments and from our own Galaxy, to a level of
precision never reached before. The understanding of the Galactic signal will also come with
a better comprehension of the interplay between turbulent fluids and magnetic fields in the
ISM, giving birth to stars and life in our Universe. Major developments are now undertaken
to face these challenges through ambitious experimental projects as LiteBIRD and Euclid,
resulting from large international collaborations, as well as numerous theoretical and com-
putational developments at the edge of our current capacities. It is thus fair to bet that time
will provide us with some answers, bringing along them new questions in our never ending
quest for understanding.
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Conclusion et perspectives (Français)

Au cours de cette thèse, j’ai pu travailler sur des problèmes majeurs touchant à une grande
variété de thématiques, de l’expérience à la théorie en cosmologie, à travers l’analyse de
données. Ces trois dernières années, des développements significatifs et stimulants ont été
entrepris sur tous les fronts. Ces développements ouvrent la porte à de futures recherches
qui promettent d’être exaltantes et j’espère profondément pouvoir continuer à y contribuer
significativement. En particulier, j’ai pu introduire de nouveaux outils qui devront être
appliqués à des problématiques plus générales, afin d’en apprécier leur puissance et leurs
limites. Je vais maintenant résumer point par point les résultats discutés plus haut et les
perspectives qu’ils ouvrent.

11.1 Effets systématiques pour la mission LiteBIRD

La mission satellite LiteBIRD sondera les plus grandes échelles du CMB avec une précision
sans précédent. Ce faisant, elle pourra révéler les empreintes laissées dans l’Univers primor-
dial par de la nouvelle physique des hautes énergies au-delà de nos modèles standards, telle
que l’inflation primordiale ou la biréfringence cosmique. Pour que ce défi soit réalisable, il
est crucial de trouver de nouvelles méthodes permettant le contrôle des effets systématiques
et la soustraction des avant-plans. Pendant cette thèse, j’ai été grandement impliqué dans
ces deux sujets. J’ai fourni des vérifications et des retours pour la publication majeure (Lite-
BIRD Collaboration et al., 2023), sur laquelle de nombreuses études subséquentes reposent
aujourd’hui. En parallèle, j’ai étudié l’impact d’une scanning strategy homogène. Mes études
en collaboration avec Yusuke Takase ont permis d’explorer et de justifier rigoureusement la
configuration de scan actuelle. De plus, nous avons identifié des paramètres critiques qui
n’avaient jamais été considérés auparavant, l’orientation des plans focaux, que nous avons
optimisé. Dans cette configuration, des critères doivent encore être établis sur les degrés
d’asymétries des beams qui peuvent être permis, particulièrement sur les far side lobes, qui
pourraient induire un biais dans la mesure du rapport tenseur sur scalaire r. J’ai déjà com-
mencé à explorer significativement ce point, mais n’ai pas pu conclure l’analyse. Répondre
précisément à cette question représente une tâche complexe et exige le développement de
nouveaux outils conceptuels et numériques afin de pouvoir quantifier le degré d’asymétrie de
manière approprié et simple et de pouvoir traiter efficacement la convolution du ciel par les
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beams polarisés en un temps de calcul minimal. Afin de pouvoir réaliser cette étude et de
nombreuses autres, je souhaite garder une implication future majeure dans la collaboration.

11.2 Avant-plans polarisés

11.2.1 L’expansion en moments

La course pour des missions CMB de plus en plus sensibles, sondant des signaux de plus
en plus faibles provenant de la surface de dernière diffusion, rend explicite le besoin d’une
caractérisation fine des signaux polarisés d’avant-plans de notre propre Galaxie. Je crois per-
sonnellement que le succès d’une telle caractérisation doit aller bien au-delà d’une suppression
aveugle des avant-plans en fournissant des méthodes ancrées dans et motivées par la physique
du milieu interstellaire. Faire ceci demande d’obtenir des méthodes de séparation de com-
posante interprétables, permettant de retrouver le CMB ainsi que des informations cruciales
pour la science Galactique. Comme je l’ai détaillé dans le chapitre 8, l’expansion en moments
fournit une solution motivée pour caractériser la complexité émergente des effets de mélange
de différents signaux. Dans cette thèse, j’ai montré qu’elle pouvait être utilisée avec succès
pour la séparation de composante dans des missions ayant une haute sensibilité et une large
couverture du ciel tel que LiteBIRD, tout en donnant un grand niveau d’interprétabilité.
Ce premier travail est une preuve de concept et des développements subséquents doivent
être entrepris afin de pouvoir tester et optimiser cette méthode, en l’appliquant à de plus
grandes fractions du ciel et avec des modèles d’avant-plans plus complexes. De telles études
pourraient ranger l’expansion en moments paramétriques parmi les méthodes de séparation
de composante classiques, prête à être confrontée à de vrai données.

J’ai de plus montré qu’il était possible de fournir une extension cohérente de l’expansion
en moments à la polarisation : l’expansion en spin-moments. Ce développement comble le
vide entre les distorsions de SED en intensité et en polarisation et connecte les propriétés
statistiques des avant-plans aux conséquences du mélange. Dans ce nouveau paradigme, les
moments deviennent des nombres complexes et la correction du pivot a une contrepartie
imaginaire, à partir de laquelle il est possible de dériver des expressions analytiques donnant
la dépendance en fréquence de la rotation de l’angle de polarisation du signal total. Ce
nouveau cadre est robuste et demande à être appliqué plus avant pour la séparation de
composante et les modèles de poussière. Suite à ce travail, il est aussi clair que les moments
peuvent être utilisés pour inférer les informations statistiques des signaux d’avant-plans.
Beaucoup de travail, déjà en cours, doit être effectué pour évaluer à quel point cette direction
est fructueuse. De plus, les spin-moments peuvent être utilisés pour créer et caractériser de
nouvelles simulations d’avant-plans qui soient robustes et utilisable par la communauté CMB.
J’explore actuellement cette direction prometteuse et espère pouvoir prochainement publier
des modèles prêts à l’emploi.

Enfin, j’ai donné une première application des spin-moments aux modes-E et B. Dans cette
application, démontrant la robustesse des spin-moments, j’ai montré comment connecter la
complexité du signal dans un pixel à l’amplitude observée des moments dans l’espace des
harmoniques sphériques. J’ai aussi montré qu’il fallait attendre des comportements spectraux
différents pour les trois spectres polarisés EE, EB et BB en présence de mélange polarisé.
Ces comportements peuvent être modélisés par les spin-moments. Cela pourrait avoir des
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conséquences fortes pour la modélisation de la poussière, la séparation de composantes et la
quête de biréfringence cosmique. L’impact réel de ces effets doit encore être clairement évalué
pour les missions CMB contemporaines et futures. De plus, j’ai montré que la variation du
rapport E/B avec la fréquence fournissait une sonde du mélange polarisé, indépendante de
tout modèle pour la SED. Il serait alors pertinent d’estimer la sensibilité à laquelle une telle
variation pourrait être détectée, en particulier dans le cas de LiteBIRD.

11.2.2 Wavelets Scattering transform

Nous avons vu que le scattering transform fournit de nouveaux outils statistiques inter-
prétables pour modéliser la complexité spatiale du signal Galactique. Des premières étapes
prometteuses ont été entreprises afin de comprendre comment les complexités spatiales
et spectrales pouvaient être conjointement traités avec cette approche. Dans cette thèse,
j’ai utilisé le formalisme WPH afin d’explorer le bénéfice d’utiliser des statistiques cross-
fréquences. De premiers résultats prometteurs ont été obtenus pour les synthèses alors
que les applications au débruitage sont encore en train d’être étudiés. Des développements
majeurs doivent encore être effectués afin d’évaluer la robustesse de cette méthode et être
capable de l’utiliser pour la séparation de composantes sur la sphère céleste. Sur le long
terme, j’aimerais pouvoir étudier la possibilité de coupler l’expansion en spin-moments et les
WPH, afin de modéliser ensemble complexité spectrale et spatiale au sein d’une approche
interprétable, minimale et motivée.

11.3 Variation des constantes

Enquêter sur la stabilité des constantes fondamentales de notre modèle standard est une
tâche de première importance. Premièrement, comme j’ai voulu le montrer dans le chapitre 9,
établir une liste des constantes fondamentales de nos modèles et comprendre leur rôle apporte
un nombre significatif de questions complexes. Les réponses à ces questions – à l’interface
avec la philosophie des sciences – sont éclairantes sur les subtiles constructions théoriques
de la relativité générale et de la théorie quantique des champs, qui reflètent à ce jour notre
meilleure compréhension de la physique fondamentale au sujet de la gravitation et des autres
forces fondamentales. Ainsi, chercher les variations de ces constantes ouvre une fenêtre sur
la nouvelle physique et permet de contraindre directement certains modèles ambitieux visant
à unifier physique quantique et gravité telle que la théorie des cordes. Afin d’implémenter
de manière consistante la variation des constantes fondamentales – telle que la constante
de structure fine ³ – sur des échelles cosmologiques, j’ai contribué au développement d’une
nouvelle version du logiciel CLASS qui a été rendue publiquement disponible. Ce code, qui
inclut désormais la masse de l’électron et la constante de Newton a été et sera encore utilisé
par moi-même et d’autres afin d’étudier un grand nombre de questions et de modèles liés
aux constantes fondamentales. Comme je le souhaitais originellement, j’ai implémenté des
modèles de champ scalaires dans ce code, afin de dériver les dernières contraintes en date sur
différentes versions du modèle phénoménologique de Bekenstein et sur le modèle du runaway
dilaton inspiré de la théorie des cordes. Les espaces de paramètres permis pour ces modèles
sont désormais extrêmement restreints, excluant les couplages à la matière hadronique plus
grands qu’une part par million et rejetant les valeurs naturelles attendues pour de grandes
classes de modèles au-delà de notre modèle standard. Suivant cette direction, j’étudie désor-
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mais d’autres modèles motivés en lien avec les conjectures du Swampland ou avec les puzzles
cosmologiques comme le problème du Lithium ou la tension de H0. Sur ce dernier point, il
est connu qu’une variation de ³ dans l’Univers jeune impacterait la BBN et l’histoire de la re-
combinaison, permettant de soulager significativement les tensions observationnelles. Il reste
cependant nécessaire d’étudier si certains modèles bien motivés, sans fine tuning, pourraient
permettre de soulager ces tensions tout en survivant à la confrontation aux données. Addi-
tionnellement, j’aimerais étudier la co-variation des constantes fondamentales, attendue dans
le cas le plus général, comme celui où les couplages de jauge et les ratio de masses ensembles.
Prendre en compte cette co-variation de manière cohérente dans nos outils numérique sera
un défi majeur qui devrait apporter avec lui son lot de résultats surprenants.

Les missions cosmologiques de prochaine génération vont resserrer de plus en plus le do-
maine permis pour les variations cosmologique des constantes fondamentales. Par exemple,
j’ai montré que le satellite Euclid fournirait une mesure indépendante de ³ au redshift
du découplage. De plus, les missions CMB succédant à Planck, comme SO, LiteBIRD ou
CMB-S4 vont aussi avoir leur mot à dire concernant les variations spatio-temporelles des
constantes durant la recombinaison. Alors que je n’ai pas pu établir de prédiction précise
sur ces mesures dans la présente thèse, j’espère pouvoir explorer ces questions plus avant
dans les années à venir. Enfin, j’ai montré que les contraintes locales comme les horloges
atomiques et les futures horloges nucléaires ainsi que les tests de l’universalité de la chute
libre, fournissent les contraintes les plus frappantes sur les modèles de variation des con-
stantes. L’amélioration de ces expériences dans les prochaines décennies est attendue et
pourrait significativement transformer notre compréhension de la physique. Cependant, si
les déviations aux paradigmes contemporains restent non détectées, il deviendra urgent de
chercher à expliquer comment les constantes fondamentales peuvent rester aussi stables au
sein des modèles au-delà de nos modèles standards, comme ceux de gravité quantique.

11.4 Le mot de la fin

L’impact des questionnements cosmologiques sur la manière dont nous nous percevons dans
l’Univers peut être majeur. Nous ne pouvons qu’être émerveillés par notre compréhension
moderne de l’histoire cosmique et l’accord remarquable entre nos observations du cosmos et
les théories utilisées pour le modéliser, fondées sur des principes élémentaires ancrés dans
la physique des particules et la relativité générale. Cependant, il nous reste encore indu-
bitablement de nombreuses zones d’ombres à éclaircir et c’est le rôle du chercheur que de se
concentrer sur ce que nous ignorons. Nous ignorons pourquoi les constantes fondamentales
ont les valeurs que nous mesurons et pourquoi ces valeurs semblent si précisément ajustées
pour permettre l’existence de la chimie et de la vie dans un Univers étrangement struc-
turé. Nous ignorons aussi les conditions exactes dans lesquelles notre Univers est né, il y
a quelque 13.8 milliards d’années. Ici encore, nous ne pouvons qu’être ébahi que de telles
questions soient désormais entrées dans le domaine des sciences empiriques. Comme nous
l’avons discuté, il sera cependant impossible d’apporter des réponses à ces questions sans
une modélisation fine des signaux venant de nos instruments et de notre propre Galaxie et
ce, à un niveau de précision jamais encore atteint. La compréhension du signal Galactique
viendra aussi avec une meilleure compréhension de la relation entre les fluides turbulents
et les champs magnétiques dans le milieu interstellaire, donnant naissance aux étoiles et
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à la vie dans notre Univers. Des développements majeurs sont désormais entrepris pour
faire face à ces défis à travers des projets expérimentaux ambitieux comme LiteBIRD ou
Euclid, résultant de large collaborations internationale ainsi que de nombreux développe-
ments théoriques et conceptuels aux limites de nos capacités actuelles. Il est ainsi honnête
de parier que le temps apportera quelques réponses à notre curiosité, amenant avec elles de
nouvelles questions dans notre quête sans fin de compréhension.
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Appendix A

A differential geometric overview of
the standard models

A gentleman only chooses a basis if he must, and the stronger widow principle: a

lady must never go to the cemetery.

– Prof. F. P. Schuller
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As we discussed in Chap. 3, our current understanding of cosmology relies on general rela-
tivity describing the gravitational force and particle physics, describing the content of the
Universe and their interactions. I mentioned several times that these two theoretical struc-
tures were both rooted in geometry, allowing to establish strong connections between them.
In this chapter, I will briefly justify this ascertainment within the framework of differential
geometry. To my opinion, this understanding allows for a better grasp of the fundamental
routes undertaken to go beyond our standard models, at the heart of theoretical cosmology
and of some core aspects of this thesis discussed in Chap. 4 and Chap. 9. Moreover, they
provide new insights on the tools used to describe the polarized light, use in the other half
of this work in Chap. 5, 6, 7 and 8. These aspects will be further detailed in Appendix B.
This brief overview is of course extremely superficial, and for introductions assuming no
prerequisite, I refer to Baez & Muniain (1994), Coquereaux (2002) and Faure (2021a).

A.1 General relativity

A.1.1 Preliminary definitions and motivation

A (smooth) manifold M can be understood as the mathematical construction generalizing
the notion of a surface in d dimension. It provides the natural starting point to describe
curved space-time which will be used to describe the Universe on cosmological scales. The
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sphere S2 is a typical example of a 2 dimensional manifold (i.e. a surface). A function
f on M associates a real number to each point of the manifold f : M → R. One could
think of a "colormap" on the sphere. It is then possible to map M by defining locally some
coordinates charts xµ, which are functions on open sets1 U ¢ M . For example, one could
use the spherical coordinates xµ = {r, ¹,ϕ} on the sphere2. On every point of this "surface",
a tangent (Rd-vector) space can be defined in which vectors can live. One could think of
"arrows" defined in little planes locally on every point of the sphere. The set of all tangent
spaces is called the tangent bundle TM . A vector field is a section of TM , that is a choice
of a vector in every tangent space over M . Vector fields can be represented as differential
operators acting on functions such that, in a chart xµ, v(f) = vµ∂µf . vµ are the components
of v in the frame ∂µ. v(f) quantifies the derivative/variation of the function f along the
arrows defined by v. Vectors are geometrical objects in the sense that they are "arrows" which
remain the same no matter what the choice of frame and coordinates chosen to express them.

A curve is a map R → M , Ä → µ(Ä ) which correspond to the intuitive definition of a curved
line over the manifold. At every point of µ one can define a tangent vector µ′ to the curve
by its action on a function as µ′(f) = ∂Äf . Hence, in a chart µ′ = ∂Äx

µ∂µ.

Less intuitive objects can be defined to generalize the notion of vectors, defining other "exotic"
and geometric objects which remain invariant under coordinate changes at every points of
the manifold. They are defined on every tangent space by what object they can act on, and
what they give in return.

A 1-form or co-vector É is an operator taking a vector to return a number É(v) ∈ R. The
space of all the 1-form is called the cotangent bundle TM∗. A 1-form field is a section of the
cotangent bundle, it acts on vector fields to give a function on M . 1-form can be represented
as sets of parallel line over each tangent bundles. The exterior derivative df of a function f
is the 1-form field defined as df(v) = v(f), ∀v ∈ TM . By defining derivative of geometrical
objects in each tangent space, d allows to generalizes the notion of gradient, curls and
divergence. In a chart, a basis of TM∗ is given by the exterior derivative of the coordinates
chart dxµ. A 1-form field acts on a vector field as É(v) = Éµ dxµ(v¿∂¿) = Éµv

µ. Éµ are
the component of the 1-form. Similarly, vectors can act on 1-form to give a number, such
that v(É) = É(v).

A rank (m,n) tensor field T is a map taking m vectors and n 1-form to give a function.
Tensors generalize the notion of vectors to higher dimensions. A (m,n) tensor can be built
from the tensor product of m vectors and n 1-forms T = É1 ¹ ... ¹ Én ¹ v1 ¹ · · · ¹ vm.
It’s action on a set of vectors vi and forms Éi is thus defined as T (va, ...vc,Éd, · · · ,Ée) =
É1(va)...É1(vc)v1(Éd) · · · vm(Ée)). In a given chart T = T

µ···¿
Ä···Ã dxÄ ¹ dxÃ · · · ∂µ · · · ¹ ∂¿ .

A metric g is the definition of an inner product between vectors in each of the tangent spaces
g(u, v) ∈ R. It is as such a rank (2, 0) tensor field g = gµ¿ dxµ ¹ dx¿ . It thus allows to
define the notion of orthonormality, length and angles of the vectors on the manifold. A
(real and smooth) manifold equipped with a metric in every tangent space is a Riemannian

manifold. If this scalar product is not positive definite, we talk about semi-Riemannian
manifolds. It also allows to associate a 1-form field to every vector field as É = g(v, ·).

1In the sense of topology, as explained in Schuller (2016). For all practical purposes, understand here "a
portion of M".

2which is not defined on the poles. As such, a minimal of two charts is required to map S2.
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A p-form ³ is a anti-symmetric rank (p, 0) tensor field, meaning that the result of ³(v,w, · · · )
changes sign under the permutation of two of its entries ³(v,w, · · · ) = −³(w, v, · · · ). A p-
form generalizes the notion of vector fields in k-dimensions: 2-forms are oriented surfaces,
3-forms are oriented volumes ... As such, on a d dimensional space, the highest possible form
is a d-form. All of these geometrical figures are defined at each point of the manifold and
are invariant under coordinate change. A p-form can be built from the exterior product of
1-forms, defined for two 1-forms ³ and ´ as ³ ' ´ = ³¹ ´ − ´ ¹ ³. d can be generalized
to act on p-forms, such that it gives a p+ 1 form. By construction, it satisfies d2 = 0.

For an introduction to the framework of differential geometry in physics see e.g. Coquereaux
(2002); Baez & Muniain (1994); Frankel (1998).

A.1.2 The geometrization of gravity II

Following the EEP will lead to the deep conclusion that space-time itself is a dynamical
entity, and gravitation is the byproduct of its geometrical properties. For a complete review
of GR, see e.g. Wald (1984); Reula (2010); Misner et al. (1973); Marsh (2014).

From a theoretical perspective, the EEP and especially the LLI implies that space-time can
be modeled by a 4D semi-Riemannian manifold M . In order to capture gravity and deal with
accelerated frames, the tangent spaces must be equipped with a general metric tensor field g
of signature -1. This manifold is locally Lorentzian, that is, at every point of space-time, it
must be possible to find a frame transformation to an inertial (free falling) frame, allowing
to rewrite g as the Minkowski metric ¸ and the laws of physics as those of special relativity.
The presence of curvature makes it impossible to find a global transformation in which g = ¸

everywhere. A local frame transformation e transforming g → ¸ is called a "tetrad". As it
allows to define length and angles, the overall choice of g will define the shape of space-time.
Tangent spaces associated to different points of space-time are different vector spaces, and
in principle there is no immediate way to compare two vectors coming from such different
space. As such, the notion of "differentiation" of vectors is not defined on a semi-Riemannian
manifold. To do so, one must introduce a "connection", which defines the notion of "parallel
transport" of vectors i.e. defines how vectors from different tangent spaces can be compared.

Following the WEP implies that the velocity of free falling bodies must all be parallel trans-
ported by the same connection, ensuring that their velocity vector follow the same trajectories
for identical initial conditions, independently of their mass and composition. The simplest
connection choice – leading trajectories to be paths of shortest space-time intervals on the
curved space-time – is given by the only torsionless (∀u, v ∈ TM : [u, v] = ∇vu− ∇uv)3 and
metric preserving (∀u, v,w ∈ TM : ug(v,w) = g(∇uv,w) + g(v, ∇wv))4 affine connection
∇v on the tangent bundle called the Levi-Civita connection, with associated vector potential
Γ (and v ∈ TM). This vector potential is a GL(4) valued 1-form, where GL(4) is the group
of general linear transformation in 4D. As such, it takes a vector field v and returns a 4
dimensional matrix which can act on other vector fields to transform them. Intuitively Γ

connects the different tangent spaces to one another and allows to define the notion of differ-

3Adding torsion does not change the geodesic equation for free falling particles. As such, asking for Γ to
be torsionless can be considered as a "parsimony" hypothesis.

4Roughly speaking, this last condition ensures the invariance of vector length through parallel transport.
It can equivalently be written as ∇ug = 0
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entiation (using ∇v) and parallel transport of vectors and tensors between different points
of M in the direction v. Γ additionally ensures the invariance of the derivative ∇v under the
arbitrary choice of frames over the manifold.

In a given frame, one can express the components of Γ only with the first order partial
space-time derivatives of the metric g components (as such the metric can be identified with
the gravitational potential and Γ the gravitational field. This choice of Γ hence makes GR
entierly determined by a single free field being the metric tensor field g, directly defining to
the geometry of space-time. Consider now a given chart x¿ and associated natural frame ∂¿ .
∇v can be explicited as

∇v(w
µ∂µ) = [ d(wµ)(v) +w¿{Γ(v)}µ¿ ] ∂µ (A.1)

The connexion 1-form Γ hence quantifies the covariant derivative of the basis vectors ∇∂µ
∂¿ =

Γ(∂µ)∂¿ = Γ
¼
µ¿∂¼, with Γ

¼
µ¿ = 1

2
g¼Ä (∂µgÄ¿ + ∂¿gÄµ − ∂¼gµ¿), that is how the frames are

parallel transported.

The trajectories of any free massive particle on the manifold are curves µ ∈ M , parametrized
by Ä ∈ R (typically the proper time). They are geodesics of ∇, meaning that their 4-velocity
obeys parallel transport with respect to ∇u, written as

∇uu = 0, (A.2)

where u := µ′ = d
dÄ = (∂xµ/∂Ä )∂µ ∈ TM is the 4-velocity vector of the particle tangent to

µ(Ä ). Eq. A.2 translates that a free particle must move such that it’s velocity u is transported
as rigidly as possible over space-time. Again, the choice of Γ as the Levi-Civita connection
implies that µ will correspond to the shortest space-time path between two events, or the
one minimizing the proper-time. Additionally, u should always remain in the positive light
cone associated to each tangent space, that is g(uµ(Ä ),uµ(Ä )) > 0 (which is equivalent to the
choice of a time orientation).

One can compute the curvature GL(4)-valued 2-form associated to the Levi-Civita connection
as

R = dΓ + [Γ ' Γ], (A.3)

with dΓ the exterior derivative of Γ and [A 'B](v,w) := [A(v),B(w)] for A,B ∈ GL(4)
and v,w ∈ TM . R quantifies the holonomy of a small closed path, which is the rotation
induced to a vector that is parallel transported back to the same point with Γ along that
loop. From its definition, one sees that R can be expressed with second and first order
derivatives of g.

A.2 High energies: particle physics and gauge theories

A.2.1 Preliminary definitions and motivation

The notion of bundle generalizes the notion of the tangent bundle, by setting a new space,
called a fiber, over each point of the manifold5. As such, one can introduce new "spaces"

5Formally, a bundle is a pair of smooth manifolds E (the total space) and M the base space, with a map
called the projection Ã : E → M . The fiber over a point p ∈ M is Ã−1(p).
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over each point of space-time. If all the fibers are the same, we talk about a fiber bundle
and if they are vector spaces we talk about vector bundles. For example, adding a line fiber
to every point of a circle, one obtains a cylinder, which can also be understood as a fiber
bundle. TM is thus a vector bundle with Rd-vector spaces as fibers.

Gauge theories associate complex vector spaces to every point of space-time, in which the
fields of the standard models can live, which en up describing the fundamental entities of our
standard models. Fields are sections of these bundles i.e. a choice of a vector in every fiber
over each point of space-time. For short, to every point of space-time p one associate a pair
(v, e), where v is a complex vector and e is a frame6. The group G of frame transformations
acting on e is called the structure group, or gauge group. Groups are abstract entities, which
can find concrete representations as matrix groups acting on vector spaces. Transformations
on a d dimensional complex vector space which preserve the hermitian product are given
by the so called fundamental representations of the special unitary groups SU(d). They are
used in quantum physics as they preserve the probablity densities and hence the information,
which is believed to be one of the most fundamental principle of modern physics. Under
a transformation of the frame by eg with g ∈ G, the value of v changes accordingly as
Ä(g−1)v where Ä is the representation of the group. As such, v and e are related such that
they describe the same invariant geometrical object È = viei in a given chart. In physics,
both the vector and the field are generally identified such that we note vi = Èi. This thus
naturally generalizes, in an abstract way, the notion of vectors v = vµ∂µ in TM , invariant
under any transformation of the local frame e = ∂µ under the group preserving the metric
product G=SO(d).

General transformations in physics are described by Lie groups, which elements are defined by
a continuous parameter. For example, the rotations around an axis with an associated angle
parameter ¹ (forming the group SO(2)). Lie groups can also be understood as manifolds,
entirely generated their tangent spaces around the unity transformation, which is named
the Lie algebra, noted g. The vectors of the basis of the tangent space of G are called the
generators of the group, noted Xa. For a matrix Lie group G, any member g ∈ G can be
created from the generators using the exponential map as g =

∑

a e
Xa¹a , with ¹a ∈ R. The

number of generators is called the dimension of the group. SU(d) groups have a dimension
of d2 − 1. A vector which commutes with all the generators is called a Casimir operator, and
is associated with conserved quantities under the group transformations. SU(d) groups are
Lie groups.

As for the tangent bundle, covariant derivatives Dv can be defined on the associated bundles,
introducing how È is parallel transported in the direction given by the vector v. They are
associated with connection g valued 1-forms A = Aa

µXa ¹ dxµ expressing how the frame e
transforms from point to point and making DvÈ invariant under any local arbitrary choice
of e over M . As such, the generators of g are defining the different types of entities that
can act on the field. Each generator can be associated to a new particle called a gauge

bosons A mediating the interactions. To propagate the conservation of probabilities across
space-time, these connexions will be metric preserving for the hermitian metric, as the Levi-

6Formally these are sections associated vector bundles E = P × F/ ∼, where P is a principal G-bundle,
F is a manifold or a vector space, and ∼ is the equivalence relation (e,È) ∼ (eg, Ä(g−1)È), where È ∈ F ,
e ∈ P and Ä(g) is the representation of g ∈ G on F . See e.g. Coquereaux (2002) and Marsh (2016a) for
more.
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Civita connexion Γ is metric preserving for g. However, the notion of torsion is unique to the
tangent bundle and does not exists on more general complex bundles. To each connection
on can associate a curvature F . When the connections are curved, translating non trivial
geometrical properties of the bundles which translates into fundamental forces.

A.2.2 Gauge theories

In the standard model of particle physics, particles are understood as quantized excitations
of fields over space-time. These fields are described as sections of different associated fiber
bundles (Marsh, 2016a). As such, over each space-time points, the field values are elements
of vector spaces on which the unitary7 irreducible representations of various groups can act.
Some connection fields will have to be specified to relate these vector spaces from one another
across space-time and, just as in GR, these connections can be curved, giving rise to the
other fundamental forces of nature.

Regarding their properties under space-time transformations (e.g. rotations or boosts), the
fields are constrained by LLI to live in vector spaces on which unitary irreducible represen-
tations of the Poincaré group can act (see e.g. Schwichtenberg 2018)8. This group has two
Casimir operators leading to two conserved quantities labeling the representations: the spin
s9 and the mass m. Roughly speaking, a field of spin s "rotates" by an angle s¹ under a
spatial rotation by an angle ¹. Fields represented by half-integer spins (1/2, 3/2, . . . ) are
called fermions and integer spins (0, 1, . . . ) are called bosons. The spin value has strong im-
plications on the behavior of multiple-particle systems through the spin-statistics theorem
(Pauli, 1940)10. Today, only scalar (s = 0), spinors (s = 1/2) and vector (s = 1) fields are
known to be part of the building blocks of nature. An hypothetical graviton field, associated
to the metric g, would be a boson of spin 2.

The matter fermion fields are sections of spinor bundles associated to the principal frame
bundle of space-time. As such, a rotation of the frame of the tangent bundles will corre-
spondingly change the value of their components. They exist in two different chiralities: left
ÈL and right ÈR transforming respectively with the (1/2, 0) and (0, 1/2) representations of
SO(1,3). They are usually packed in a single Dirac bispinor È, such that both chiralities
are coupled through the mass m in the Dirac equation (see Eq.(A.7)). The dual of the
field È = µ0È∗ - where ∗ is the complex conjugaison and µ0 the 0-th Dirac matrix - can
be identified as the "creator" of anti-matter particles, arising as a necessity from space-time
symmetries (Feynman et al., 1987; Dressel et al., 2015)11.

7Wigner theorem asks for the unitarity (or anti unitarity) of all the transformation operators U act-
ing on wave-vectors |È′ð = U |Èð of Hilbert spaces in order to preserve the hermitian product ïÈ′|È′ð =
ïÈ|U  U |Èð = ïÈ|Èð (or equivalently on operators in Heisenberg’s picture È′ = U−1ÈU , after second quan-
tization È being promoted to an operator on Fock space).

8Even deeper insights can come when thinking in terms of Clifford algebra (space-time geometric algebra)
and Clifford bundles, see e.g. Benn 1987.

9The irreducible representations of the Lorentz group SO(1,3) are labelled by two numbers s1 and s2.
Scalars transform under the (0, 0) representation, spinors under (1/2, 0) or (0, 1/2) and vectors under
(1/2, 1/2). Higher representations are associated with tensors. The spin associated to the Poincaré group
is related by s = s1 + s2.

10Boson creation operators commute while fermions’ anti-commute. This implies that one can put an
infinity of bosons in the same quantum state while this is impossible for fermions (Pauli exclusion principle).

11Explaining why Hermitian metric preserving connection fields, as the photon, are "their own antiparticle".
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Two fundamental forces acting on the matter fields È are currently known beside gravity: the
electroweak and strong forces associated respectively with the Lie groups SU(2)× U(1) and
SU(3). They can both be understood as curvature effects of the vector bundles on which
the fermions fields È are defined (see e.g. Derdzinski 1992)12. The invariance of physics
under local coordinate transformations with the structure Lie groups G (with respective Lie
algebra g) are called gauge invariances13, The gauge fields A, associated to the vector bosons
transmitting forces14) are the g values 1-form connection fields living in the adjoint bundles
of the structure group. As such, the framework of gauge theories is very similar to the one
of GR, for which G=SO(1,3) with the tangent bundle as associated bundle. However as the
equations of motions are different and due to some specificities of the tangent/spinor bundles
for gravity (as the existence of the solder form Healey 2007), the proper way to think gravity
as a gauge theory is still debated15.

Regarding the gauge groups, all fundamental matter fields known are living either in the
trivial or in the fundamental representations of the gauge groups16, while bosons are living
in the adjoint representations. Casimir operators are associated to the various conserved
charges as isospins. For electro-weak interaction, È are left chiral weak isospin doublets (of
U(1) singlets) as e.g. the lepton pair (¿L, eL) or the quark pair (uL, dL) , A are the three
W bosons and the B boson fields and the gauge group is given by G = SU(2) × U(1). The
rank of group is the number of diagonal generators. Each diagonal generator is associated
with a neutral interaction and thus a neutral gauge boson, while non-diagonal generators
are associated to charged interactions and charged bosons. As SU(2) is a group of rank 1,
there exist two non-diagonal generators associated to charged (flavor changing) currents and
a diagonal generator associated to a neutral current. For strong force, È is a color triplet
(of quarks being themselves SU(2) doublets or singlets of U(1) singlets) and G =SU(3). A
are the 8 colored gluon fields. Interaction of quarks with gluons can then be interpreted as
rotations of the triplet È in the color space. As for fermions, the standard model contains
three generations of quark doublets and three generations of lepton doublets (electrons and

12Formally È = ϕ¹ È̃ is the tensor product of a spinor field È̃ on the spinor bundle and a Yang-Mills field
ϕ on the gauge vector bundle. To simplify the notation we use È both for generic Dirac spinors and their
gauged version.

13For electromagnetism, the vector bundle is the one of wavefunctions as a bundle of fiber C. A change
of gauge corresponds to a different choice of "real axis" for the complex plane over space-time and A allows
physics to be invariant under such a redefinition. For a pedagogical introduction see Faure (2021a,b).

14The fact that they are connections g valued 1-form implies that all gauge bosons must have s = 1 and
that there should then be as many gauge bosons as there are generators of the gauge group: 1 for U(1),
three for SU(2) and 8 for SU(3).

15For a discussion of the similarities between GR and gauge theories rooted in differential geometry see
e.g. Weatherall (2014). Besides the difference in the equation of motion, the core difference between GR and
gauge theories is that GR considers section of the special case of the tangent bundle (see Healey (2007)).
Both theories however shares strong geometrical similarities, and the defenders of Einstein-Cartan theory
and its generalization as Weyl-Cartan-Yang-Mills theory argue that these theories should be understood as
gauge theories of the Poincaré group (Kibble, 1961; Sciama, 1964; Blagojević & Hehl, 2012), which must
however already be true of canonical GR written in the tetrad formalism with a Levi-Civita spin connection
(with an additional special constraint relating g and Γ) with the extra requirement that torsion seems to
be required for spinor fields (Weyl, 1950). On the other hand, some authors defend more exotic positions,
arguing that in order to identify GR as a gauge theory, the metric field g should be understood as a Higgs
field breaking the gauge group GL(d) → SO(d) (Ivanenko & Sardanashvily, 1983; Sardanashvily, 2011).

16Excepted for the Abelian group U(1) for which the representation is given by the hypercharge or electric
charge.
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neutrons) of increasing masses. Explaining these three generations and the existence of
the three gauge groups from higher unifying symmetries is one of the biggest challenges of
modern physics.

In contradiction with observations, the theory can not allow for the gauge bosons of elec-
troweak interaction to be massive and the members of the weak doublets to have different
masses without breaking gauge invariance. In order to allow this, one has to introduce a new
doublet of complex scalar fields, the Higgs field h, spontaneously breaking the SU(2)× U(1)
symmetry with its ground state. The breaking gives rise to the photon A, and the three
massive Z (neutral) and W± (flavor changing) bosons from the massless B and the three
W bosons respectively. In the presence of h, all fermions of the standard model also acquire
masses through the Yukawa couplings with h.

The field sections are constrained to follow equations of motion, obtained from least action
principles. Each corresponding Lagrangian densities can be fully determined from symmetry
considerations, asking for the action to be a singlet of all the symmetries of the theory and
equation of motion to be at most second order (see e.g. Allys 2017; Schwichtenberg 2018).
The coupled Yang-Mills equation of a fermion field È interacting with a gauge field A in flat
space-time is given by 17

SYM =
∫

È( /D−m)È dµ− 1

2

∫

Trg(F ' ⋆F), (A.4)

where we introduced the volume form dµ =
√

| − g| d4x. The covariant derivative /D =

µµ(∂µ +
∑

A gAAµ)18 describes the motion of the fermion field in the curved fiber bundle
with the gauge fields A = Aa

µXa ¹ dxµ appearing as connections g valued 1-form (Xa

being the generators of g) and µµ being the Dirac matrices (generators of the space-time
Clifford Algebra). gA are the gauge couplings quantifying the intensity of the interaction
between the Dirac fields and the gauge fields A. m is the mass of È, corresponding to a
zero point energy. F is the curvature algebra valued 2-form associated to the connection D:
F = dA + [A ' A]g. ⋆ is the Hodge duality, connecting forms of different dimensions and
requiring the existence of a metric on space-time19 The second term in the Lagrangian can
be interpreted as a kinetic term for the gauge bosons. It can be equivalently rewritten as

1

2
Trg(F ' ⋆F) =

1

4
Trg(Fµ¿Fµ¿) dµ :=

1

4
ïF , Fð dµ. (A.5)

The equation of motion resulting from the above Lagrangian are the following

( /D−m)È = 0, (A.6)

⋆ d ⋆F = J . (A.7)

The first one is Dirac equation and the second one describes the coupling between the spinor
field and the gauge field, with the current-vector J = qÈµµÈ∂µ. This second equation is

17For an introduction to geometrical approaches of the standard model see e.g. Coquereaux (2002); Schuller
(2016); Baez & Muniain (1994) and for a more complete review in Nakahara (2003); Bleeker (1981)

18Aµ = A(∂µ)
19Defined as ³ ' ⋆´ := (³,´) dµ, where (³,´) ∝ ³i...j´

i...j is the scalar product (full contraction) of the
forms with the metric g).
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equivalent to the charged Maxwell equations if G = U(1). Another important equation is
given by the Bianchi identity for curvature dF = F ' A − A ' F . For electromagnetism
(and Abelian gauge theories), it gives back dF = d2A = 0 (from the definition of exterior
derivative d2 = 0), encompassing the deep geometrical fact that "the boundary of a boundary
is zero". In a given choice of frame it gives the two charge free Maxwell’s equations. For non-
Abelian gauge groups, this equation encompasses possible interactions between the gauge
bosons.

In curved space-time, the full Lagrangian density (S =
∫ L dµ) of the standard model of

particle physics and gravity (SM) is given by

LSM =M2
Pl

(

R

2
− Λ

)

+
∑

È,A

È( /D+
/É

4
)È

−
∑

F

1

4
ïF , Fð + 1

2
|Dh|2 − V (h) −

∑

È

¼ÈhÈ. (A.8)

The first term is LEH and the sum over F ranges over the curvatures of all the fundamental
interactions (electroweak and strong). D contains all the gauge connections fields Aj that
each È are interacting with, and É is the spin-connection20. The mass term is given by
the Higgs boson h through Yukawa couplings ¼. The existence of Λ is naturally predicted
by GR. From a quantum perspective, it could emerge directly from vacuum energy of the
various fields but it is yet unclear how. All matter fields are universally coupled i.e. they
are minimally coupled with the same and only metric g appearing in the Lagrangian. This
embodies the Einstein equivalence principle and the geometric interpretation of gravitation.
A direct consequences is that all massless fields should propagate with the same velocity c.
The Yang-Mills equation of motion for fermions and gauge fields extracted from Eq. 3.8 are
the same as the ones in Eq. A.7, replacing d by the covariant exterior derivative d∇È(v) =
∇vÈ (or equivalently replace the metric ¸ → g and derivatives ∂ → ∇). This procedure is
commonly known as minimal coupling.

The fields introduced so far can be understood as classical fields or multi-component rela-
tivistic wavefunctions Èi(xµ) = ïxµ|Èið. To allow for multiple particles, one must quantify
the fields and build a quantum field theory (QFT) through second quantization such that È,
A and h are promoted to creation/annihilation operators on Fock space over every space-time
point. The associated quantum states on which these operators act are the occupation num-
ber states of these Fock spaces which are tensor products of single particle Hilbert spaces.
The probability amplitudes of interaction between particles are calculated in a perturbative
fashion using Feynman graphs. For more on QFT, see e.g. Ryder (1996). So far, this pro-
cedure can be done consistently for all the fields but É, and it is yet unclear how to proceed
in order to build a quantum theory of gravity21.

20Which is here the generalization of the Levi-Civita connection on the spinor bundle. On this, see e.g.
Chap. 19 of Frankel (1998) or Chap. 9 and 10 of Benn (1987) for an approach based on Clifford algebras.

21The most advanced quantum treatment of gravity to date is certainly given by covariant loop quantum
gravity, which proposes a canonical quantification of GR Rovelli & Vidotto (2014). It should not be confused
with e.g. string theory, which attempts an unification of all the particle fields (including gravity) as energy
levels of quantum strings.
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The mathematical description of
polarized light

I think that when you have audacity, you will get polarization.

– Lee Daniels
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B.1 The challenge of polarized light

For astrophysicists, light represents the main source of information on the very distant
objects they aim to study. As a vibration of the electromagnetic field, light is not only
described by an intensity, but also by a direction of oscillation i.e. a polarization. While
faint and challenging to measure, the polarization of astrophysical sources contains precious
and unique information about the physics and geometry associated to the phenomenon that
sourced it. A fine understanding of the polarized light will be necessary in order to extract
cosmological information out of the CMB radiation. It will also be needed in order to
understand and remove the spurious Galactic signal.

Several equivalent mathematical formulations exist to describe polarized light using complex
numbers or tensor fields on the sphere. These approaches are complementary and each of
them provide special insights on the geometrical nature of polarization. We will present
them in great detail in this chapter.
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B.2 The local description of polarized light

B.2.1 The power of the Helmotz decomposition

The Helmotz-Hodge theorem states that any continuous vector field F on R3 with continuous
partial derivatives can be uniquely expressed in two orthogonal components as the sum of
the gradient1 of a continuous function ¼ and the curl2 of a vector field A

F = E + B = −∇¼+ ∇ × A. (B.1)

Due to the properties of ∇, E and B must satisfy

∇ × E = 0, (B.2a)

∇ · B = 0. (B.2b)

This splitting has a deep geometrical meaning, as it allows to split contributions to a vectors
fields which have a "curl-free"3 pattern (E) and which have a "divergence-free"4 pattern
(B). For example, this splitting is hence of first importance for electromagnetism of fluid
mechanics. As we will see, this decomposition allows to isolate the components with different
physical origins of numerous objects, beyond 3-vector fields. It will reveal especially useful
to describe and characterize the phenomenological and statistical properties of light5. As
illustrated in Fig. B.2, this splitting conserve a geometrical interpretation. Around each
point, E will obey a radial symmetry at every point of space while B has "vortex" shapes.

B.2.2 The light wave

As discussed in Chap. 3 and Appendix A, light can be understood as the quantum excitation
(photon) associated to the U(1) connection A and its corresponding curvature F . In a given
inertial frame (t,x, y, z), a generalization of the Helmotz theorem (stated in Hodge theory
see Sattinger (2013)), allows to split the Maxwell 2-form field F in to a space 1-form field E
and a space two-form field B as6

F = E ' dt+ B, (B.3)

that can both be identified to the electric field vector E and magnetic field pseudo-vector
B using respectively the metric and the Hodge duality on the Euclidian space embedded in

1To connect with the notations introduced in the previous chapter: ∇f = ( df)q, introducing Éq :=
g−1(É, ·) with É ∈ T ∗M and Éq ∈ TM .

2∇ × X = [⋆−1 d(Xo)]q introducing X
o := g(X, ·) with X ∈ TM and X

o ∈ TM∗.
3Understand that if the E was the velocity field of a fluid, it would not be able to rotate a stick floating

within it.
4Understand that if B has no point sources or sink: every vector "going in a point" must also go out of

this point with the same length.
5This decomposition can be generalized to any tensor field. It can also be used on the metric tensor to

highlight analogies between electromagnetism and gravity in the framework of Gravitoelectromagnetism. In
linearized gravity, Einstein equations have an identical form to Maxwell equations (see e.g. Clark & Tucker
(2000); Mashhoon et al. (2001)).

6The Clifford Algebra structure of spacetime allows to identify the electromagnetic 2-form with the
Riemann-Silberstein complex vector F̃ = Ẽ + iB̃ where the complex unit can be identified with the 4-volume
form Dressel et al. (2015). Beside giving deep insights on classical electromagnetism, this quantity is crucial
to describe the (first quantization) wavefunction of a single photon as it can be interpreted as a probability
amplitude for its energy density see Bialynicki-Birula & Bialynicka-Birula (2013).
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Minkowski space-time. The existence and gauge invariance of the electromagnetic potential
fields (¼,A) appear as another consequence of the Hodge decomposition of E and B.

The Maxwell equations in vacuum (J = 0), can be combined to give rise to wave equations
for both the electric field E(r, t) and the magnetic field B(r, t). Focusing only on the electric-
field, one gets

□E − 1

c2
∂2E

∂t2
= 0. (B.4)

Monochromatic plane waves (and their sums) are solutions, and for convenience they can be
written in complex form as

E = |E(t)|ei(−Ét+k·r), (B.5)

with É the pulsation and k the wavevector of the plane wave7, both being related through
Eq. B.4 by É = |k|c. The free Maxwell-Gauss equation (∇ · E = 0) immediately gives

k · E = 0 (B.6)

and similarly for the magnetic field. Electromagnetic fields of the plane waves are then
transverse to their direction of motion. Using the Maxwell–Faraday equation, E and B can
be further related by

E × B = kc (B.7a)

with × the standard 3-vector cross-product on R3. As such, E and B are not independent
and knowing the behavior of one allows to infer the other.

B.2.3 The Stokes parameters, polarization spinor and polarization
tensor

Choosing a suitable orthonormal frame (O, ex, ey, ez) such that the EM wave is propagating
in the z direction (k = kez), the notion of polarization is related to the behavior of E and B
in the x− y plane. Looking at the value of the electric field at the origin O while the wave
is passing, we can write

E = Ex(t)ex + Ey(t)ey. (B.8)

The Stokes parameters I,Q,U and V are defined as

I = ï|Ex|2ð + ï|Ey|2ð, (B.9a)

Q = ï|Ex|2ð − ï|Ey|2ð, (B.9b)

U = 2Re(ïExEy∗ð), (B.9c)

V = −2Im(ïExEy∗ð). (B.9d)

where z∗ is the complex conjugate, |z|2 = z∗z and ï.ð is the time average. I corresponds to
the energy density of the electric field and can be understood as the total intensity of the

7They can actually naturally be merged in a 4-vector (É/c, k), signature of the Lorentz invariance already
present in classical electrodynamics.
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signal. To give a clearer interpretation of the other parameters, we can introduce two new
basis. The first one, (ex

′, ey
′) is simply (ex, ey) rotated by 45◦

e
′
y =

1√
2
(ex + ey), e

′
y =

1√
2
(ey − ex). (B.10)

The second (er, eø) is a polar basis in the complex plane

er =
1√
2
(ex − iey), eÄ =

1√
2
(ex + iey). (B.11)

One can now rewrite:

U = ï|Ex′ |2ð − ï|Ey‘|2ð (B.12a)

V = ï|Er|2ð − ï|EÄ |2ð (B.12b)

As illustrated on Fig.B.1, Q and U represent the linear polarization in frames rotated from

Figure B.1: Geometrical interpretation of the Q, U and V Stokes parameters in a given frame (O,x, y).
From Régaldo-Saint Blancard (2021).

one another by 45◦ while V describes circular polarization. The Stokes parameters as defined
above are intensive quantities: if two different electric-fields are overlapping E = E1 + E2,
their coordinates can simply be added as Ei = Ei,1 + Ei,2 (i ∈ {x, y}), such that one gets
I = I1 + I2 and similarly for Q,U and V . By construction

P 2 := U2 +Q2 + V 2 g I2, (B.13)
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where we introduced the polarized intensity P . The ratio p = P/I is called the polarization

fraction. In the case of a monochromatic coherent radiation, P = I. Let us introduce now
the linear polarization spinor

P := Q+ iU . (B.14)

Then |P| =
√

Q2 + U2 =
√
P 2 − V 2. its complex conjugate is P∗ = Q− iU . The phase of

the polarization spinor is the polarization angle8

È :=
1

2
arctan2 (U ,Q) , (B.15)

where arctan2(x, y) is a variant of the hyperbolic tangent taking values only in the intervall
]−Ã, Ã], giving correctly back the argument of the complex number z = x+ iy. The complex
number P thus becomes in polar form

P = |P|e2iÈ. (B.16)

In the case where no circular polarization is present (V = 0), we have |P| = P = pI. The
Stokes parameters are then recovered from the spinor by

Q = Re(P) = pI cos(2È), (B.17a)

U = Im(P) = pI sin(2È). (B.17b)

Our above definition of the Stokes parameters is dependent of a choice of frame and coordi-
nate system. It can be shown that under a right handed basis rotation of an angle ¹ around
ez, the Stokes parameters transform as

I ′ = I, (B.18a)

P ′ = e−2i¹P , (B.18b)

V ′ = V . (B.18c)

While I and V appears to be scalar quantities, P behaves as the coordinate of a field of
spin-2 as defined in Appendix A. Hence it remains unchanged after a rotation by Ã and can
be represented by a headless vector (i.e. a segment) which is invariant under a half-turn.
Note that we use the name spinor to describe P in a rather general way, as P really is
a spin-2 field (section of the spin-2 bundle associated to the frame bundle) defined on S2,
i.e. a field in the s = 2 representation of U(1) (or SO(2)) but not a member of the SPIN
group associated to the orthogonal Lie group of the metric vector space (or the irreducible
representation of the Clifford algebra9). Following this nomenclature, an ordinary vector
would be a spinor of spin 1.

As the spin-2 graviton can be described by the symmetric metric tensor g, we can describe
P equivalently by the symmetric trace-free 2 × 2 polarization tensor Π, which coordinates
are expressed in a given frame by

Π :=

(

Q U

U −Q

)

= QÃz + UÃx, (B.19)

8Using the so called "Healpy convention" one defines È with −U instead of U in Eq. B.15.
9That is multivectors members of the minimal left ideals of space-time geometric algebra or members of

the even-graded sub-algebra of the space-time geometric algebra (, auth.).
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where Ãi are the Pauli matrices (forming a complete basis for the 2 × 2 complex matrices
when including Ã0 = ¶). Π is build to have the norm Π

ab
Πab = Q2 + U2 = |P|2 (for a

pedagogical introduction see e.g. Kamionkowski & Kovetz (2016)).

For a continuous spectra of light (i.e. an infinite superposition of plane waves), the value of
the intensities I and P will be dependent on the value of É/k. More commonly one introduces
the electromagnetic frequency ¿ = É/(2Ã) = |k|c/(2Ã). The frequency dependence I(¿) or
P (¿), (commonly written respectively I¿ and P¿), is called the spectral energy distribution

(SED) of the signal.

B.3 The polarized signal over the flat sky

Let’s now consider the value of the polarization emission at every point of the sky. For now,
we consider the flat sky approximation, in which a portion of the sky can be identified with
a region of R2 with a metric given by the Kroenecker delta ¶. Lines of sights are labeled in
a given chart by n = (x, y). The polarization tensor/spinor are not defined only at a given
point O anymore, but must be treated as fields on the sky manifold.

The Helmotz decomposition can be generalized and used again with the tensor field Π

describing linear polarization and taking a value at every point of the sky. Π can thus be
expressed as the sum of two components corresponding to a parity symmetric and a parity
odd quantity that are called respectively E-modes and B-modes fields. Since Π is symmetric
and trace-free (STF), this gives two constraints on its 4 components and 2 real quantities
(as Q and U) are enough to fully describe it. Every STF tensor can be decomposed as

Πab = Eab +Bab , (B.20)

with

Eab = ∂a∂bE − 1

2
¶ab∂c∂

cE , (B.21a)

Bab = ϵcb∂a∂cB + ϵca∂b∂cB . (B.21b)

E and B must satisfy

∂d∂dE = ∂a∂bΠab , (B.22a)

∂d∂dB = ϵac∂
b∂cΠac , (B.22b)

and ϵ is the anti-symetric levi-civita tensor of dimension 2. Contrary to Q and U , E and B
can be proved to be scalar fields and thus coordinate invariant quantities.

As we will further see, just as one gets deeper insights by merging the quantities Q and U

in the complex number P , E and B can be united to form a complex number S = E + iB.
The general solution to Eq. B.22 is given in e.g. Zaldarriaga (2001). The value of the fields
at a position n of the sky, is given by the integral around the point of

S(n) =
∫

É(n′)(Qr + iUr)(n + n
′) d2

n
′, (B.23)

with Qr and Ur being the Stokes parameters evaluated in a polar frame (er, e·) having
its origin on the point n. As expected, they are related by (Qr + iUr) = e−2i·(Q+ iU) =
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e−2i·P with · the angle of rotation to go from the original (x, y) frame to the polar one. The
transformation kernel É(n′) is chosen to be the inverse distance between n and n

′, É(n′) ≡
−1/n

′2. Taking the real and imaginary parts of Eq. B.23 leads to intuition illustrated in
Fig. B.2: at a given point n, E-modes are given by sums of all the polarized patterns along
er and e· surrounding n (showed at every points of a given radius n

′ by Qr in orange) and
B-modes are sums of patterns rotated by 45◦ (showed at every points of a given radius n

′

by Ur in blue). The linear part of any polarized signal can then be decomposed into two

Figure B.2: Illustration of the geometrical nature of E- and B-mode signals associated with a polarization
tensor Π around point of the sky.

orthogonal fields with very different geometrical properties as further illustrated in Fig. 5.7.
This can allow to split different physical sources for a given polarized signal.

As they result of a spatial integration around all points of the sky, the E- and B-modes fields
are by very nature non local: the value of the fields at a point describe the behavior of the
polarization field around that point. As such, they are formally equivalent to convolutions
and can be defined easily as products in Fourier space

S(k) = P(k)e−2i·k , (B.24)

where ·k is the angle the mode k = kxex + kyey makes with ex in every tangent bundle on
the sky. The P field has been decomposed here on the sky in Fourier space as

P(n) =
∫

P(k)e−ik·n d2
k. (B.25)

A parity transformation P̂ is a reflexion of the signal around one or several axis of all the
local frames in which the Stokes parameters are defined e.g. P̂ : (ex, ey) → (−ex, −ey).
Under P̂ , the value of E is invariant while B changes sign. By definition E is then a scalar
field while B is a pseudo-scalar field.

B.4 The polarized signal over the curved sky

B.4.1 The spherical harmonics

While the flat sky approximation can hold on reasonably small patches of the sky, the
celestial sphere is better modeled by a unit sphere S2. Let f : S2 → R be a function on the
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2−sphere. It can be decomposed on the orthonormal basis of the spherical harmonics Yℓm
as

f(n) =
∞
∑

ℓ=1

ℓ
∑

m=−ℓ

a
f
ℓmYℓm(n), (B.26)

with a
f
ℓm ∈ C and Yℓm : S2 → C. Points on S2 are now labelled locally in a chart by

n = (¹,φ). The spherical harmonics functions are defined as

Yℓm(¹,φ) =

√

√

√

√

2ℓ+ 1

4Ã

(ℓ−m)!

(ℓ+m)!
Pℓm(cos ¹)e−imφ, (B.27)

where the Pℓ,m are the Legendre polynomials. As the plane waves in flat space, the spherical
harmonics thus provide a (orthonormal) functional basis to Fourier decompose any function
on the sphere. Also as the plane waves are eigenvectors of the derivative function and hence
of the linear momentum in quantum mechanics, the Yℓm are joint eigenvectors of the angular
momentum operator Jz (generator of rotations around z), and the Casimir operator J2 of
SO(3). ℓ is called the multipole, associated to the inverse of an angular scale (as k for plane
waves). ℓ = 0 is the monopole and covers the whole sphere, ℓ = 1 are dipoles that cut the
sphere in half, ℓ = 2 are quadrupoles · · · . ℓ = 100 describe features of ≃ 1◦ squared on the
celestial sphere (aproximately the size of the full moon). The m label describes the possible
orientations on the sphere of a given multipole. For every ℓ, m can take entire values from
−ℓ to ℓ. Counting m = 0, there is then 2ℓ+ 1 modes m for a given ℓ. By integrating by
parts, one can get the spherical harmonic coefficients a

f
ℓm associated with f as

a
f
ℓm =

∫

f(n)Yℓm(n)
∗ dn. (B.28)

A Gaussian random field will have a Gaussian distribution for its afℓm.

B.4.2 E- and B-modes on curved sky

Generalizing the tools derived to describe the polarized signal on flat sky on a curved sky is
straightforward. One must operate the following replacements:

• The flat metric ¶ = diag(1, 1) is replaced by the metric on the unit sphere g =
diag(1, sin2(¹)) and the local coordinates in which it is expressed from Cartesian n =
(x, y) to spherical coordinates chart n = (¹,φ).

• The partial derivatives ∂ are replaced by covariant derivatives ∇ = ∂+ Γ associated to
the Levi-Civita connection Γ

i
jk = 1

2
gim (∂kgmj + ∂jgmk − ∂mgjk) on the sphere. The

only non vanishing components being Γ
¹
φφ = cos(¹) sin(¹), Γ

φ
¹φ = Γ

φ
φ¹ = − tan(¹).

• The basis in which to decompose every function on the sky must be replaced from the
plane waves of wavevector k to the spherical harmonics coefficients of multipoles ℓ and
modes m.

For detailed pedagogical derivations, we refer to Hu & White (1997) and Kamionkowski
et al. (1997). Still asking for the tracelessness of Π

Π
a
a = gabΠab = 0 (B.29)
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and symetry under permutation Πab = Πba. These conditions for Π in a chart impose that

Π(n) =
1√
2

(

Q(n) U(n) sin(¹)
U(n) sin(¹) −Q(n) sin2(¹)

)

. (B.30)

One can then expand Π on the following spherical harmonic basis

Πab(n) =
∞
∑

ℓ=2

ℓ
∑

m=−ℓ

(

aE(ℓm)Y
E
(ℓm)ab(n) + aB(ℓm)Y

B
(ℓm)ab(n)

)

. (B.31)

Where, following from Eq.B.21b, the E and B tensor generalization of spherical harmonics
are

Y E(ℓm)ab =
√

2Nℓ

(

∇a∇bYℓm − 1

2
gab∇c∇cYℓm

)

, (B.32a)

Y B(ℓm)ab =
Nℓ√

2
(ϵcb∇a∇cYℓm − ϵca∇b∇cYℓm) . (B.32b)

They thus form a complete orthogonal basis on which to decompose any STF tensor field of
rank 2. Nℓ is a normalization coefficient defined as

Nℓ =

√

√

√

√

(ℓ− 2)!

(ℓ+ 2)!
. (B.33)

From this expansion, one can calculate the coefficients aE/B
ℓm by integrating by parts

aEℓm =
√

2Nℓ

∫

∇a∇b
ΠabY

∗
ℓm(n)dn, (B.34a)

aBℓm =
√

2Nℓ

∫

ϵ bc ∇a∇c
ΠabY

∗
ℓm(n)dn. (B.34b)

The E- and B-modes are recovered as the scalar fields that can be built from these new set
of harmonic coefficients

E(n) =
∞
∑

ℓ=2

ℓ
∑

m=−ℓ

aEℓmYℓm(n), (B.35a)

B(n) =
∞
∑

ℓ=2

ℓ
∑

m=−ℓ

aBℓmYℓm(n). (B.35b)

It can further be shown that, due to the parity properties of the E- and B-modes, under the
transformation P̂, aEℓm → (−1)ℓaEℓm while aBℓm → (−1)ℓ+1aBℓm.

B.5 E- and B- modes from ladder operators

Another approach to get scalar fields from a spin-2 field is to use spin lowering operators
ð (Goldberg et al., 1967; Newman & Penrose, 1966). Let È be a field of spin s that is an
object transforming as

È′ = e−is¹È, (B.36)
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under a tangent bundle frame rotation by an angle ¹. As such, for P , s = 2 and for P∗,
s = −2. The spin raising operator ð transforms a field È of spin s to a field ðÈ of spin s+ 1.
Similarly, one can define the complementary spin lowering operator ð = ð∗ transforming a
spin s field to a spin s− 1 field. That is

(ðÈ)′ = e−i(s+1)¹(ðÈ), (B.37a)

(ðÈ)′ = e−i(s−1)¹(ðÈ), (B.37b)

where ′ denotes the frame rotated field. These operators share numerous similarities with the
ladder operators for the angular momentum in quantum mechanics J± := Jx ± iJy allowing
to go from an eigenstate of the diagonal operator Jz to another i.e. |ℓ,mð to |ℓ,m± 1ð.
Here however, the eigenvalue that is raised is the spin, associated to the representation of
the rotation group. As such ð provides a powerful tool to study the representations of the
Lorentz group (Held et al., 1970). In close similarity to the momentum ladder operator, on a
flat sky, we can express ð = ∂x − i∂y and ð = ∂x + i∂y. This expression can be generalized
to the spherical coordinates on the curved sphere ¹,φ as

ðÈ = −(sin ¹)s
[

∂¹ + i sin(¹)−1∂φ
]

{(sin(¹))−sÈ}, (B.38a)

ðÈ = −(sin ¹)s
[

∂¹ − i sin(¹)−1∂φ
]

{(sin(¹))−sÈ}. (B.38b)

We can thus immediately define the spin weighted spherical harmonics as

Y sℓm(n) :=

√

√

√

√

(ℓ− s)!

(ℓ+ s)!
ð
sYℓm(n) 0 f s f ℓ, (B.39a)

:=

√

√

√

√

(ℓ+ s)!

(ℓ− s)!
ð

−s
Yℓm(n) − ℓ f s f 0. (B.39b)

These new spin weighted spherical harmonics also form an orthonormal basis on which to
expand any spin s field on the sphere. Note that they are not defined for ℓ < |s|. We can
now then expand the polarization spin 2 and spin -2 fields P and P∗ as

P(n) =
∞
∑

ℓ=2

ℓ
∑

m=−ℓ

aP
ℓmY

2
ℓm(n), (B.40a)

P(n)∗ =
∞
∑

ℓ=2

ℓ
∑

m=−ℓ

aP
∗

ℓmY
−2
ℓm (n). (B.40b)

The spin ladder operators share identical normalization properties when acting on the spin
weighted spherical harmonics than the quantum mechanics latter operators on the eigenvec-
tors of the angular momentum

ðY sℓm(n) =
√

(ℓ− s)(ℓ+ s+ 1)Y s+1
ℓm (n), (B.41a)

ðY sℓm(n) = −
√

(ℓ+ s)(ℓ− s+ 1)Y s−1
ℓm (n). (B.41b)

One can then define the scalar fields E and B fields from the spin-2 linear polarization field
by lowering two time its spin as

E(n) + iB(n) := −ð
2P(n), (B.42)
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that is

E(n) = −Re(ð
2P) = −1

2

[

ð
2P(n) + ð

2P(n)∗

]

, (B.43a)

B(n) = −Im(ð
2P) = − 1

2i

[

ð
2P(n) − ð

2P(n)∗

]

. (B.43b)

For a pedagogical introduction see e.g. (Rotti & Huffenberger, 2019). Knowing the action of
ð on the spin weighted harmonics given in Eq.B.41, we can connect the spherical harmonic
expansion of E and B with the one of P as

E(n) =
∞∑

ℓ=2

ℓ∑

m=−ℓ

−1

2Nℓ

[
aP
ℓm + aP

∗

ℓm

]
Yℓm(n), (B.43ca)

B(n) =
∞∑

ℓ=2

ℓ∑

m=−ℓ

−1

2iNℓ

[
aP
ℓm − aP

∗

ℓm

]
Yℓm(n). (B.43cb)

The direct connection with the previously defined E- and B-modes can be made by the
identification

aEℓm = −1

2

[
aP
ℓm + aP

∗

ℓm

]
= Nℓa

E
ℓm, (B.43da)

aBℓm = − 1

2i

[
aP
ℓm − aP

∗

ℓm

]
= Nℓa

B
ℓm. (B.43db)

E and B have the same geometrical intepretations as E and B, their harmonic power being
simply rescaled by the normalization factor Nℓ.

B.6 The Power spectra

We define the power-spectra Cf×g
ℓ between two fields f and g on the sphere as

Cf×g
ℓ =

〈
a
f
ℓm(a

g
ℓm)

∗

〉
. (B.5)

Cf×f
ℓ is called the auto-spectra of f while for f ̸= g we talk about cross-spectra. Eq. B.5

defines some kind of Hermitian metric product between the harmonic coefficient, such that
Cf×g
ℓ = (Cg×f

ℓ )∗. As such, Cf×g
ℓ and Cg×f

ℓ contains identical informations and only one of the
pair is considered when analysing a signal. In cosmology, it is often more useful to consider
the rescaled quantity

Df×g
ℓ :=

ℓ(ℓ+ 1)

2Ã
Cf×g
ℓ . (B.6)

These two quantities are the equivalent on the sphere to the quantities defined respectively
by P(k) and ∆

2 introduced in Chap. 3 for a 3D flat space. It is actually possible to relate
both, in order to compute the statistics of the projection on a sphere of a 3D distribution,
which is a very common procedure in cosmology.

From E- and B-modes spherical harmonic coefficients, it is hence possible to compute the
three polarization power spectra DEE

ℓ , DEB
ℓ , and DBB

ℓ , respectively called EE, EB, and
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BB10. Under a parity transformation P̂, the full EE and BB spectra remain unchanged
for every ℓ, as they will get a factor of (−1)2ℓ = 1 and (−1)2ℓ+2 = 1 respectively. The
EB spectrum however, will get a factor of (−1)2ℓ+1 = −1 and will change sign under the
transformation P̂. As such, a signal which has no prefered handedness/orientation will have
EB = P̂EB → EB = −EB and so EB = 0.

As for the power spectra on flat space, the Cf×f
ℓ allow to grasp all the statistical properties

of a Gaussian random field on the sphere with the additional consideration that the field
must be isotropic and hence has no prefered orientation (m). As such, averaging over m
does not degrade the information. It can be showed that the aℓm coefficient of a Gaussian
field will themselves follow a Gaussian distribution, such that for centered Gaussian fields
(as the CMB perturbations), the angular power spectra correspond to the variance11 of the
aℓm and contain all the statistical informations of the field:

〈
a
f
ℓm

〉
= 0 (B.7)

〈
a
f
ℓm(a

f
ℓm)

∗

〉
= Cf×g

ℓ (B.8)

(B.9)

As there is only one realisation of the astrophysical sky, the stochastic/statistical mean ï· · · ð
of the spherical harmonics coefficients can not be computed in practice as there exists only
one observable set of afℓm coefficients. At a given scale (ℓ), all the available statistics is then
contained within the 2ℓ+ 1 possible orientations (m). From data, one thus can build the
unbiased12 estimator of the angular power-spectra given by

Ĉf×g
ℓ := ï(afℓm)

∗ · agℓmðm =
1

2ℓ+ 1

ℓ∑

m=−ℓ

(afℓm)
∗ · agℓm. (B.10)

in which the statistics are derived by averging over all the orientations (m).

Also due to the single realisation of the sky, the power spectra are associated with an intrinsic
variance that can not be reduced, called the cosmic variance. In practice one look only at
a given sky fraction fsky and average over bins of multipoles of size ∆ℓ (process called
binning), impacting the uncertainty of the cosmic variance, which now becomes called the
sample variance. In this context, the sample variance (Ãvar

ℓ )2 associated to a power spectrum
Cf×g
ℓ can be expressed as

(Ãvar
ℓ )2

(
Cf×g
ℓ

)
=

2

∆ℓfsky(2ℓ+ 1)

(
Cf×g
ℓ

)2
. (B.11)

Logically, one will find that (Ãvar
ℓ )2 will be larger at low ℓ, and hence at larger scales, as

less statistical sets can be built from larger sky patches. The cosmic variance is obtained by
taking fsky = ∆ℓ = 1 in the above expression.

10and BE = (EB)∗.
11Recalling that Var(x) = Ã2(x) =< x2 > −(< x >)2.
12Instrumental noise, systematic effects and foregrounds will however bias this estimator.
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Appendix C

Quantifying the asymmetry of the
scanning strategy: first attempts

Strategy without tactics is the slowest route to victory. Tactics without strategy is

the noise before defeat.

– Sun Tzu
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In order to optimize the scanning strategy of the LiteBIRD mission (Chap. 7), I investigated
several quantifiers of the homogeneity of the È-distribution before deciding on the cross-links
(Eq. 7.2). Some of them will be briefly introduced in what follows, as well as the conclusion
they allow to reach on the properties of the standard LiteBIRD scanning strategy.

C.1 Kolmogorov-Smirnov (KS) test

In a given pixel (associated to a resolution nside of the map), one can build the histogram
of the È-distribution for a given duration of the scanning (unless specified, the choice used
for the figures in this section is 1 year). From this histogram, the KS test quantifying the
homogeneity of the scanning strategy presents itself as illustrated on Fig. C.1. Ordering the
values of È obtained during the scanning by increasing values (in radian), one obtains the
blue curve. If the scanning is perfectly homogeneous, this curve should follow a straight line
joining 0 and 2Ã, translating the fact that each value of È has been "encountered" in the pixel
during the mission duration. We note ∆È (in radian) the largest deviation between the blue
curve and the black dashed one. The larger ∆È, the less homogeneous the scanning strategy
is. However, contrarily to the cross-links, ∆È do not account for the fact that some angles
can "compensate" one another. However, as I will illustrate through various examples, ∆È is
a powerful tool to infer some properties of the scanning strategy.
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STRATEGY: FIRST ATTEMPTS

Figure C.1: Illustration of the KS test principle. y-axis: values of È in the pixel, x-axis: arbitrary labelling
of the value of the hits. The crossing angles È are all expressed in radians.

Figure C.2: Examples of È-distributions sensitive to the KS tests.

As I illustrated on Fig. C.2, several È-distributions can explain a large value of ∆È. A "jump"
can be present, translating the fact that a whole range of the È values is not explored (e.g.
the bottom panel of Fig. 7.8). A "belly" can be seen, illustrating that some range in the
values of È is less populated than others. A small ∆È will mean that the distribution is
"flat", sticking closely to the homogeneous distribution.

As I further illustrated on Fig. C.3, ∆È can be used to quantify simply the impact of some
parameters as the ecliptic latitude ¹lat, and the map resolution nside. As expected and in
agreement with other quantifiers (see Chap. 7) , the scanning is more homogeneous near the
ecliptic poles (¹lat = 0◦) and equator (¹lat = 90◦), which are more regularly visited through
different angles (see Fig. 7.6). The parameter nside can be understood as the inverse size
of the pixel (the larger nside, the smaller the pixel). nside = 32 is associated to a pixel size
of 109.9 arcminutes, while nside = 1024 has a resolution of 3.43 arcminutes. The smaller
the pixel, the less the scanning is homogeneous because the smaller is the probability for
the scanning strategy to visit it. This will however not be problematic for LiteBIRD which
targets the largest scales of the sky (the smallest beam FWHM in Tab. 7.1 being of 17.9

arcminutes, corresponding to 128 < nside < 254.

On Fig. C.4 I computed ∆È for different values of the mission duration. The scanning is
getting more homogeneous at every scale if the mission last two years instead of one. We
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C.1. KOLMOGOROV-SMIRNOV (KS) TEST

Figure C.3: Values of ∆È for different values of the ecliptic latitude ¹lat, and the map resolution nside.

Figure C.4: Mean value of ∆È over all the pixels of the maps for different values of nside and different
values of the mission duration: 1 year (orange) and 2 years (blue).

can hence conclude that the scanning strategy is not synchronous with solar revolution i.e.
it does not repeat itself identically every year. However, for three years, the results overlap
with two years, symptomatic that the smoothing power reached its plateau. I computed
all the above results for a detector located at the center of the MHFT boresight. However
as displayed on Fig. C.5, it can be instructive to investigate how these results change for
other detectors located differently on the focal planes. While the trends are similar from
one detector to another, the results can change drastically, highlighting than optimizing the
scanning strategy for one detector does not necessarily optimize it for the whole instrument.
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Figure C.5: KS test results for different detectors marked by red crosses for the MFT (top) and HFT
(bottom).

C.2 Hit-matrix

An similar (and related) observable to the cross-link is given by the hit-matrix (McCallum
et al., 2022)

M =




1 ïcos(2Èj)ð ïsin(2Èj)ð
ïcos(2Èj)ð ïcos2(2Èj)ð ïcos(2Èj) sin(2Èj)ð
ïsin(2Èj)ð ïsin(2Èj) cos(2Èj)ð ïsin2(2Èj)ð


 , (C.1)

where ï.ð is the average over the hits in a pixel. M plays a crucial role for map-making – i.e.
building a final map of the sky’s signal (I,Q,U) from the detector’s signal d – as it appears
in the equation 


I

Q

U


 = M−1




ïdjð
ïdj cos(2Èj)ð
ïdj sin(2Èj)ð


 , (C.2)

in which it must be inverted. In the case of a perfectly homogeneous scanning strategy:

M =




1 0 0

0 1
2

0

0 0 1
2


 , (C.3)
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such that det(M) = 0.25 and cond(M) = 2. One can then look at departures from these
values as indicators of the inhomogeneity of the scanning strategy. In Fig. C.6, I computed

Figure C.6: Values of cond(M ) and det(M ) as a function of ¹lat for multiple detectors of the HFT.

the dependence of these values in ¹lat for different detectors covering the HFT focal-plane.
This result confirm what we already saw with ∆È: the scanning strategy is more homogeneous
at the equator and at the poles (and is symmetric over the two hemispheres). This figure
was among the first which made me realize that some detectors could not reach the poles
(the green/yellow ones), for which the values of det(M) go toward 0 for ¹lat < 150◦ and
¹lat > 25◦).

C.3 Beam smoothing power

Figure C.7: Bor and Beff for LiteBIRD GRASP beam over the whole sphere.
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As we discussed already in Chap. 7, the homogeneity of the scanning strategy plays a crucial
role in order to suppress the asymmetry of the instrumental beams. In Fig. C.7, I computed
the original and effective beams associated to a LiteBIRD GRASP beam on the whole sphere
(4Ã). While some spurious features from Bor remain in Beff , we see that numerous small
scales features, presenting themselves as "filamentary" patterns, have been suppressed. From
these results, I wanted to further quantify this symmetrizing power of the scanning strategy
on the beams, in order to evaluate the potential impact of residual asymmetry. Most of all,
I wanted to assess if the large scales asymmetries (of the far side lobes) were sufficiently
damped, as they could induce significant bias on the measurement of the tensor-to-scalar
ratio r.

My idea was to compute the values of the spherical harmonic coefficients aℓm for the original
and the effective beams such that they can be compared. To do so, I introduced the so call
smoothing power Σℓ which quantifies how much the spurious features of a beam at a given
scale ℓ are smoothed by the scanning strategy.

Σℓ =

〈
|aor
ℓm|

|aeff
ℓm|

〉

m

, (C.4)

where |.| is the complex modulus and ï.ðm is the average over m. The larger is Σℓ, the more
the Beff is smoothed compared to Bor at a given angular scale ℓ.

Figure C.8: Mean (orange) and median (blue) values of Σℓ over all the values of ¹lat.

On Fig. C.8, I computed this quantity in a pixel associated to each ecliptic latitude from
which I derived a median and a mean spectrum. One can see that the largest scales ℓ < 10

have a smaller value of Σℓ and are hence less symmetrized by the scanning strategy. This
point could be critical, as large asymmetries of the far side lobes could remain preserved in
the effective beam and induce spurious measurement of tensor-to-scalar ratio. At larger scales
ℓ ∼ 50, the spectrum reaches a plateau in which all scales seem to be symmetrized identically.
I witnessed similar patterns for the Σℓ function using different types of instrumental and
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artificial beams. Further studies need to be done in order to precisely quantify this impact
and find how to mitigate it if necessary.
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Main abbreviations and mathematical
notations

Abbreviations

BAO Baryon Acoustic Oscillation
CDM Cold Dark Matter
CMB Cosmic Microwave Background
EEP Einstein Equivalence Principle
GMF Galactic Magnetic Field
GUT Grand Unified Theories
ISM Inter-Stellar Medium
LOS Line of Sight
LSS Last Scattering Surface
MBB Modified Black Body
MHD Magneto Hydro Dynamics
GR General Relativity
POS Plane of the Sky
QFT Quantum Field Theory
(R)WST (Reduced) Wavelet Scattering Transform
SED Spectral Energy Distribution
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SN(R) Super Nova (Remnant)
WPH Wavelet Phase Harmonics

Notations

• v: 3-D vector

• ïxð: mean value of the random variable x

• p̄: pivot value for a Taylor expansion in p.

• i: imaginary unit

• z∗: complex conjugate of z ∈ C

• |z| = z∗z: complex number modulus of z

• |M |: determinant of the matrix M
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Appendix D

Papers

This section contains all the papers accepted and published as a first author during this thesis.
They are displayed in the following pages in the order in which they are discussed within the
main text. Our work on the application of the moment expansion for component separation
with LiteBIRD is available in Appendix D.1, followed by our work on the definition on the
spin-moment expansion in Appendix D.2 and our application of the spin-moments to the E-
and B-modes signal in Appendix D.3. Finally, the paper on the Bekenstein model can be
found in Appendix D.4, followed by the paper on the runaway dilaton in Appendix D.5.
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ABSTRACT

Accurate characterization of the polarized dust emission from our Galaxy will be decisive in the quest for the cosmic microwave
background (CMB) primordial B-modes. An incomplete modeling of its potentially complex spectral properties could lead to biases
in the CMB polarization analyses and to a spurious measurement of the tensor-to-scalar ratio r. It is particularly crucial for future
surveys like the LiteBIRD satellite, the goal of which is to constrain the faint primordial signal leftover by inflation with an accuracy on
the tensor-to-scalar ratio r of the order of 10−3. Variations of the dust properties along and between lines of sight lead to unavoidable
distortions of the spectral energy distribution (SED) that cannot be easily anticipated by standard component-separation methods. This
issue can be tackled using a moment expansion of the dust SED, an innovative parametrization method imposing minimal assumptions
on the sky complexity. In the present paper, we apply this formalism to the B-mode cross-angular power spectra computed from
simulated LiteBIRD polarization data at frequencies between 100 and 402 GHz that contain CMB, dust, and instrumental noise. The
spatial variation of the dust spectral parameters (spectral index β and temperature T ) in our simulations lead to significant biases on r
(∼21σr) if not properly taken into account. Performing the moment expansion in β, as in previous studies, reduces the bias but does
not lead to sufficiently reliable estimates of r. We introduce, for the first time, the expansion of the cross-angular power spectra SED
in both β and T , showing that, at the sensitivity of LiteBIRD, the SED complexity due to temperature variations needs to be taken into
account in order to prevent analysis biases on r. Thanks to this expansion, and despite the existing correlations between some of the
dust moments and the CMB signal responsible for a rise in the error on r, we can measure an unbiased value of the tensor-to-scalar
ratio with a dispersion as low as σr = 8.8 × 10−4.

Key words. Cosmology, CMB, Foregrounds

1. Introduction

Our present understanding of the primordial Universe relies on
the paradigm of inflation (Brout et al. 1978; Starobinsky 1980;
Guth 1981), introducing a phase of accelerated expansion in the
first fractions of a second after the primordial singularity. Such a
phenomenon is expected to leave a background of gravitational
waves propagating in the primordial plasma during recombina-
tion, leaving a permanent mark imprinted in the polarization
anisotropies of the cosmic microwave background (CMB): the
primordial B-modes (Polnarev 1985; Kamionkowski et al. 1997;
Seljak & Zaldarriaga 1997). The amplitude of the angular power
spectrum of those primordial B-modes is characterized by the
tensor-to-scalar ratio r, which is proportional to the energy scale
at which inflation occurred (Lyth 1997). Hence, looking for this
smoking gun of inflation allows us to test our best theories of
fundamental physics in the primordial Universe at energy scales
far beyond the reach of particle accelerators. In this scope, it is

Send offprint requests to: leo.vacher@irap.omp.eu

one of the biggest challenges of cosmology set out for the next
decades. The best experimental upper limit on the r parameter
so far is r < 0.032 (95 % C.L., Tristram et al. 2021; Bicep/Keck
Collaboration et al. 2021; BICEP2/Keck and Planck Collabora-
tions 2015).

The JAXA Lite (Light) satellite, used for the B-mode polar-
ization and Inflation from cosmic background Radiation Detec-
tion (LiteBIRD) mission, is designed to observe the sky at large
angular scales in order to constrain this parameter r down to
δr = 10−3, including all sources of uncertainty (Hazumi 2018;
LiteBIRD Collaboration 2020). Exploring this region of the pa-
rameter space is critical, because this order of magnitude for the
tensor-to-scalar ratio is predicted by numerous physically moti-
vated inflation models (for a review see e.g., Martin et al. (2014))

However, the success of this mission relies on our ability
to treat polarized foreground signals. Indeed various diffuse as-
trophysical sources emit polarized B-mode signals above the
primordial ones, the strongest being due to the diffuse polar-
ized emission of our own Galaxy (Planck Collaboration 2020b).

Article number, page 1 of 23
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Even in a diffuse region like the BICEP/Keck field, the Galac-
tic B-modes are at least ten times stronger at 150 GHz than
the r = 0.01 tensor B-modes targeted by the current CMB ex-
periments (BICEP2 Collaboration & Keck Array Collaboration
2018).

The true complexity of polarized foreground emission that
the next generation of CMB experiments will face is still mostly
unknown today. Underestimation of this complexity can lead to
the estimation of a spurious nonzero value of r (see e.g., Planck
Collaboration 2017; Remazeilles et al. 2016).

At high frequencies (> 100 GHz), the thermal emission of
interstellar dust grains is the main source of Galactic foreground
contaminating the CMB (Krachmalnicoff et al. 2016; Planck
Collaboration 2020c). The canonical model of the spectral en-
ergy distribution (SED) of this thermal emission for intensity
and polarization is given by the modified black body (MBB)
law (Desert et al. 1990). This model provides a good fit to the
dust polarization SED at the sensitivity of the Planck satellite
(Planck Collaboration 2020c) but it may not fully account for it
at the sensitivity of future experiments (Hensley & Bull 2018).
Furthermore, due to changes of physical conditions across the
galaxy, spatial variations of the SEDs are present between and
along the lines of sight. The former leads to what is known as
frequency decorrelation in the CMB community (see e.g. Tas-
sis & Pavlidou 2015; Planck Collaboration 2017; Pelgrims et al.
2021). Moreover, both effects lead to averaging MBBs when ob-
serving the sky (unavoidable line-of-sight or beam-integration
effects). Because of the nonlinearity of the MBB law, those av-
eraging effects will distort the SED, leading to deviations from
this canonical model (Chluba et al. 2017).

Chluba et al. (2017) proposed a general framework called
“moment expansion” of the SED to take into account those dis-
tortions, using a Taylor expansion around the MBB with re-
spect to its spectral parameters (Taylor expansion of foreground
SEDs was discussed in previous studies; see e.g., Stolyarov et al.
2005). This method is agnostic: it does not require any assump-
tion on the real complexity of the polarized dust emission. The
moment expansion approach thus provides a promising tool with
which to model the unanticipatable complexity of the dust emis-
sion in real data.

Mangilli et al. (2021) generalized this formalism for the sake
of CMB data analysis in harmonic space and for cross-angular
power spectra and applied it successfully to complex simula-
tions and Planck High-Frequency Instrument (HFI) intensity
data. This latter work shows that the real complexity of Galac-
tic foregrounds could be higher than expected, encouraging us to
follow the path opened by the moment expansion formalism.

In the present work, we apply the moment expansion in har-
monic space to characterize and treat the dust foreground po-
larized emission of LiteBIRD high-frequency simulations, using
dust-emission models of increasing complexity. We discuss the
ability of this method to recover an unbiased value for the r pa-
rameter, with enough accuracy to achievethe scientific objectives
of the LiteBIRD mission.

In Sect. 2, we first review the formalism of moment expan-
sion in map and harmonic domains. We then describe in Sect. 3
how we realize several sets of simulations of the sky as seen by
the LiteBIRD instrument with varying dust complexity and how
we estimate the angular power spectra. In Sect. 4, we describe
how we estimate the moment parameters and the tensor-to-scalar
ratio r in those simulations. The results are then presented in
Sect. 5. Finally, we discuss those results and the future work that
has to be done in the direction opened by moment expansion in
Sect. 6.

2. Formalism

2.1. Characterizing the dust SED in real space

2.1.1. Modified black body model

The canonical way to characterize astrophysical dust-grain emis-
sion in every volume element of the Galaxy is given by the mod-
ified black body (MBB) function, consisting of multiplying a
standard black body SED Bν(T ) at a given temperature T0 by a
power-law of the frequency ν with a spectral index β0. The dust
intensity map ID(ν, n) observed at a frequency ν in every direc-
tion with respect to the unit vector n, can then be written as:

I(ν, n) =

(

ν

ν0

)β0 Bν(T0)

Bν0 (T0)
A(n) =

Iν(β0,T0)

Iν0 (β0,T0)
A(n), (1)

where A(n) is the dust intensity template at a reference frequency
ν0

1. We know that the physical conditions (thermodynamic and
dust grain properties) change through the interstellar medium
across the Galaxy, depending, in an intricate fashion, on the gas
velocity and density, the interstellar radiation field, the distance
to the Galactic center (see e.g., Paradis et al. 2009; Ysard et al.
2015; Planck Collaboration 2014a, 2020b; Hutton et al. 2015;
Fanciullo et al. 2015). This change of physical conditions leads
to variations in β and T depending on the direction of observa-
tion n:

I(ν, n) =
Iν(β(n),T (n))

Iν0 (β(n),T (n))
A(n). (2)

The SED amplitude and parameters (temperature and spec-
tral index) are then different for every line of sight. It is therefore
clear that, in order to provide a realistic model of the dust emis-
sion, the frequency and spatial dependencies may not be trivially
separated.

2.1.2. Limits of the modified black body

The dust SED model given by the MBB has proven to be highly
accurate (Planck Collaboration 2014b, 2015). However, it must
be kept in mind that this model is empirical and is therefore not
expected to give a perfect description of the dust SED in the gen-
eral case. Indeed, physically motivated dust grain emission mod-
els predict deviations from it (e.g., Draine & Hensley 2013). Sur-
veys tend to show that the dust-emission properties vary across
the observed 2D sky and the 3D Galaxy (Planck Collaboration
2020c). Furthermore, in true experimental conditions, one can
never directly access the pure SED of a single volume element
with specific emission properties and unique spectral parame-
ters. Averages are therefore made over different SEDs emitted
from distinct regions with different physical emission properties,
in a way that may not be avoided: along the line of sight; be-
tween different lines of sight, inside the beam of the instrument
or; when doing a spherical harmonic decomposition to calculate
the angular power spectra over large regions of the sky.

The MBB function is nonlinear, and therefore summing
MBBs with different spectral parameters does not return another
MBB function and produces SED distortions. For all these rea-
sons, modeling the dust emission with a MBB is intrinsically
limited, even when doing so with spatially varying spectral pa-
rameters. As a consequence, inaccuracies might appear when
modeling the dust contribution to CMB data that will unavoid-
ably impact the final estimation of the cosmological parameters.

1 Throughout this work, we use ν0 = 353 GHz.
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2.1.3. Moment expansion in pixel space

A way to address the limitation of the MBB model in accurately
describing the dust emission is given by the moment expansion
formalism proposed by Chluba et al. (2017). This formalism is
designed to take into account the SED distortions due to aver-
aging effects by considering a multidimensional Taylor expan-
sion of the distorted SED I(ν, p) around the mean values p0 of
its spectral parameters p = {pi}. This is the so-called moment
expansion of the SED, which can be written as

I(ν, p) = I(ν, p0) +
∑

i

ω
pi

1
〈∂pi

I(ν, p)〉p=p0

+
1

2

∑

i, j

ω
pi p j

2
〈∂pi
∂p j

I(ν, p)〉p=p0

+ . . .

+
1

α!

∑

i,...,k

ω
pi...pk

α 〈∂pi
. . . ∂pk

I(ν, p)〉p=p0
, (3)

where the first term on the right-hand side is the SED without
distortion I(ν, p0) evaluated at p = p0, and the other terms are the
so-called moments of order α, quantified by the moment param-
eters ω

pi...pk

α for the expansion with respect to any parameter of
p. Performing the expansion to increasing order adds increasing
complexity to the SED I(ν, p0).

For the MBB presented in Sect. 2.1.1, there are two parame-
ters so that p = {β,T }. Thus the dust moment expansion reads

I(ν, n) =
Iν(β0,T0)

Iν0 (β0,T0)

{

A(n) + ω
β

1
(n) ln

(

ν

ν0

)

+
1

2
ω
β

2
(n) ln2

(

ν

ν0

)

+ ωT
1 (n)

(

Θ(ν,T0) − Θ(ν0,T0)
)

+ . . .

}

, (4)

where the expansion has been written up to order two in β (with

moment expansion parameters ω
β

1
at order one and ω

β

2
at order

two) and to order one in T (with a moment expansion parameter
ωT

1
at order one). The following expression has been introduced

to simplify the black body derivative with respect to T :

Θ(ν,T ) =
x

T

ex

ex − 1
, with x =

hν

kT
. (5)

The moment expansion in pixel space can be used for com-
ponent separation and possibly crossed with other methods (see
e.g., Remazeilles et al. 2021; Adak 2021). However, in the
present work, we are interested in the modeling of the dust at
the B-mode angular power spectrum level. Performing the mo-
ment expansion at the angular power spectrum level adds some
complexity to the SEDs due to the additional averaging occur-
ring when dealing with spherical harmonic coefficients. Indeed,
these coefficients are estimated on potentially large fractions of
the sky and probe regions with various physical conditions. On
the other hand, the expansion at the power spectrum level possi-
bly drastically reduces the parameter space with respect to per-
forming the expansion in every sky pixel.

2.2. Characterizing the dust SED in harmonic space

2.2.1. Dust SED in spherical harmonic space

The expansion presented in Sect. 2.1.3 can be applied in spheri-
cal harmonic space using the same logic. The sky emission pro-
jection then reads

I(ν, n) =

∞
∑

`=0

∑̀

m=−`
Iν`mY`m(n). (6)

Applying the moment expansion to the spherical harmonics
coefficients, with respect to β and T , as in Eq. 4, leads to

Iν`m =
Iν(β0(`),T0(`))

Iν0 (β0(`),T0(`))

{

A`m + ω
β

1,`m
ln

(

ν

ν0

)

+
1

2
ω
β

2,`m
ln2

(

ν

ν0

)

+ ωT
1,`m

(

Θ(ν,T0(`)) − Θ(ν0,T0(`))
)

+ . . .

}

, (7)

where this time β0(`) and T0(`) are the averages of β and T at
a given multipole ` over the sky fraction we are looking at. We
note that the moment parameters ω

pi

α,`m
involved here are differ-

ent from the ω
pi

i
(n) appearing in Eq. 4 in the map space because

they involve different averaging. In principle, the moment expan-
sion in harmonic space can take into account the three kinds of
spatial averages presented in Sect. 2.1.2.

As the dust spectral index and temperature are difficult to
separate in the frequency range considered for CMB studies (i.e.,
Rayleigh-Jeans domain, see e.g. Juvela & Ysard 2012), the mo-
ment expansion in harmonic space has only been applied in the
past with respect to β, with the temperature being fixed to a ref-
erence value T = T0 (Mangilli et al. 2021; Azzoni et al. 2020).
In the present paper, for the first time, the moment expansion in
harmonic space is instead performed with respect to both β and
T , as it was in real space in Remazeilles et al. (2021).

2.2.2. Cross-power spectra

Relying on the derivation made by Mangilli et al. (2021) and
Eq. 7, we can explicitly write the cross-spectra between two
maps Mνi and Mν j

at frequencies νi and ν j, using the moment
expansion in β and T as follows:

D`(νi × ν j) =
Iνi (β0(`),T0(`))Iν j

(β0(`),T0(`))

Iν0 (β0(`),T0(`))2
·
{

0th order
{

DA×A
`

1st order β



















+DA×ωβ
1

`

[

ln
(

νi
ν0

)

+ ln
(

ν j

ν0

)]

+Dω
β

1
×ωβ

1

`

[

ln
(

νi
ν0

)

ln
(

ν j

ν0

)]

1st order T



















+DA×ωT
1

`

(

Θi + Θ j − 2Θ0

)

+Dω
T
1
×ωT

1

`

(

Θi − Θ0

) (

Θ j − Θ0

)

1st order Tβ

{

+Dω
β

1
×ωT

1

`

[

ln
(

ν j

ν0

) (

Θi − Θ0

)

+ ln
(

νi
ν0

) (

Θ j − Θ0

)]

2nd order β































+ 1
2
DA×ωβ

2

`

[

ln2
(

νi
ν0

)

+ ln2
(

ν j

ν0

)]

+ 1
2
Dω

β

1
×ωβ

2

`

[

ln
(

νi
ν0

)

ln2
(

ν j

ν0

)

+ ln
(

ν j

ν0

)

ln2
(

νi
ν0

) ]

+ 1
4
Dω

β

2
×ωβ

2

`

[

ln2
(

νi
ν0

)

ln2
(

ν j

ν0

)]

+ . . .

}

, (8)
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where we use the following abbreviation: Θ(νk,T0(`)) ≡ Θk, so
that Θ0 = Θ(ν0,T0(`)), and we defined the moment expansion
cross-power spectra between two momentsM and N as

CM×N
`

=
∑̀

m,m′=−`
M`mN`m′ , with (M,N) ∈

{

A, ω
β

1
, ωT

1 , ω
β

2
, . . .

}

.

(9)

In the remainder of this article, we use theD` quantity, which
is a scaling of the angular power spectra, and is defined as

D` ≡
`(` + 1)

2π
C`. (10)

Equation 8 has been written using the expansion with respect
to β at order two and T at order one, as in Eq. 7. Nevertheless,
the terms involving power spectra between order two in β and
order one in T have been neglected so as to match the needs of
the implementation of our method in the following.

Hereafter, when we refer to "order k" at the angular power
spectrum level, we are referring to moment expansion terms in-
volving the pixel space moment up to order k. For example,

DA×ωT
1

`
and Dω

β

1
×ωT

1

`
are order one, while DA×ωβ

2

`
, Dω

β

1
×ωβ

2

`
and

Dω
β

2
×ωβ

2

`
are order two. At order zero, one retrieves the MBB de-

scription of the cross-angular power spectra SED D`(νi × ν j) as
a function of the frequencies νi and ν j.

This formalism was originally introduced to analyze the
complexity of intensity data in Mangilli et al. (2021). In the
present work, we focus on B-mode polarization power spectra.
This was put forward after analyzing the Planck and balloon-
borne Large Aperture Submillimeter Telescope for Polarime-
try (BLASTPol) data and finding that the polarization fraction
appears to be constant in the far-infrared-to-millimetre wave-
lengths (Gandilo et al. 2016; Ashton et al. 2018). This allows
us to assume that the same grain population is responsible for
the total and polarized foreground emission (Guillet et al. 2018).
As a result, intensity and polarization SED complexity may be
similar. Nevertheless, Q and U can have a different SED because
of the polarization angle frequency dependence (see e.g., Tassis
& Pavlidou 2015; Ichiki et al. 2019) and so can E and B. This
could be a limitation when analyzing the dust E and B with a
single moment expansion, especially when SED variations oc-
cur along the line of sight. Even when trying to model a single
polarization component —as we do in the present work, dealing
only with B modes— it is not clear whether the distorted SED
can be modeled in terms of β and T moments only. Further work
needs to be done to assess this question. However, they should
not impact the present study in which variations along the line
of sight are not simulated.

Modeling the complexity of the foreground signals by means
of the moment expansion of the B-mode angular power spec-
trum has already been successfully applied to Simons Obser-
vatory (The Simons Observatory collaboration 2019) simulated
data (Azzoni et al. 2020). However, the approach taken by these
latter authors is different from the one presented above. They ap-
ply a minimal moment expansion: assumptions are made to keep

only theDω
β

1
×ωβ

1

`
andDA×ωβ

2

`
parameters, which are modeled with

a power-law scale dependence. These assumptions may not hold
for experiments with higher sensitivity and observing wider sky
patches. Furthermore, they assume a scale-invariant dust spectral
index. In this work, on the other hand, we relax these assump-
tions in order to characterize the required spectral complexity of
the dust emission for LiteBIRD.

Telescope
Frequency Sensitivity σnoise

Q,U
(ν) θFWHM

[GHz] [µK·arcmin] arcmin

LFT 40.0 37.42 70.5
LFT 50.0 33.46 58.5
LFT 60.0 21.31 51.1
LFT 68.0 19.91/31.77 41.6/47.1
LFT 78.0 15.55/19.13 36.9/43.8
LFT 89.0 12.28/28.77 33.0/41.5

LFT/MFT 100.0 10.34/8.48 30.2/37.8
LFT/MFT 119.0 7.69/5.70 26.3/33.6
LFT/MFT 140.0 7.25/6.38 23.7/30.8

MFT 166.0 5.57 28.9
MFT/HFT 195.0 7.05/10.50 28.0/28.6

HFT 235.0 10.79 24.7
HFT 280.0 13.8 22.5
HFT 337.0 21.95 20.9
HFT 402.0 47.45 17.9

Table 1: Instrumental characteristics of LiteBIRD used in this study
(adapted from Hazumi et al 2020, see Sect. 3.2.3). Some frequency
bands are shared by two different telescopes or detector arrays. If so, the
two values of polarization sensitivities σnoise

Q,U
(ν) and instrumental beam

full width at half maximum θFWHM are displayed on the same line.

3. Simulations and cross-spectra estimation

3.1. LiteBIRD

LiteBIRD is an international project proposed by the Japanese
spatial agency (JAXA), which selected it in May 2019 as a strate-
gic large class mission. The launch is planned for 2029 for a min-
imal mission duration of 3 years (Hazumi et al 2020; LiteBIRD
Collaboration in prep.).

LiteBIRD is designed to realize a full sky survey of the CMB
at large angular scales in order to look for the reionization bump
of primordial B-modes and explore the scalar-to-tensor ratio
(r) parameter space with a total uncertainty δr below 10−3, in-
cluding foreground cleaning and systematic errors. LiteBIRD is
composed of three telescopes observing in different frequency
intervals: the Low-, Medium- and High-Frequency Telescopes
(LFT, MFT and HFT). Each of the telescopes illuminates a fo-
cal plane composed of hundreds of polarimetric detectors. The
whole instrument will be cooled down to 5 K (LiteBIRD Col-
laboration 2020) while the focal plane will be cooled down to
100 mK (Suzuki et al. 2018). In order to mitigate the instrumen-
tal systematic effects, the polarization is modulated by a contin-
uously rotating half-wave plate. LiteBIRD will observe the sky
in 15 frequency bands from 40 to 402 GHz. Table 1 gives the de-
tails of the frequency bands and their sensitivities in polarization
(adapted from Hazumi et al 2020, see Sect. 3.2.3).

3.2. Components of the simulations

We build several sets of LiteBIRD sky simulations. These multi-
frequency sets of polarized sky maps are a mixture of CMB,
dust, and instrumental noise. The simulations are made at the
nine highest frequencies accessible by the instrument (≥ 100
GHz), where dust is the predominant source of foreground con-
tamination. For every studied scenario, we built Nsim = 500
simulations, each composed of a set of Nfreq = 9 pairs of sky
maps (Q,U) built using the HEALPix package, with Nside = 256
(Górski et al. 2005). All the signals will be expressed in µKCMB

units.
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3.2.1. Cosmic microwave background signal

To generate the CMB signal, we use the Code for Anisotropies
in the Microwave Background (CAMB, Lewis et al. 2000) to
create a fiducial angular power spectrum from the best-fit values
of cosmological parameters estimated by the recent Planck data
analysis (Planck Collaboration 2020a).

For the B-modes, we consider the two different components
of the spectrum: lensing-induced and primordial (tensor), so that

DBB
`
= Dlensing

`
+ rsim · Dtensor

`
, where Dtensor

`
refers to the ten-

sor B-modes for r = 1 and rsim labels the input values of the
tensor-to-scalar ratio r contained in the simulation. We use two
different values throughout this work: rsim = 0, which is used in
the present work as the reference simulations and rsim = 10−2

used for consistency checks when the CMB primordial signal is
present.

For all simulations, we then generate the Stokes Q and U
CMB polarization Gaussian realization maps S CMB

ν,rsim
from the an-

gular power spectra using the synfast function of HEALPix.

3.2.2. Foregrounds: dust

Our study focuses on high frequencies (≥ 100 GHz) only, where
thermal dust emission is the main source of polarized foreground
as mentioned in Sect. 1. We make use of two different scenarios
of increasing complexity included in the PySM (Thorne et al.
2017) and one of intermediate complexity not included in the
PySM:

– d0, included in the PySM: the dust polarization Q and
U maps are taken from S Planck

ν=353
, the Planck 2015 data at

353 GHz (Planck Collaboration 2016a), extrapolated to a fre-
quency ν using the MBB given in Eq. 1 with a temperature
T0 = Td0 = 20 K and spectral index β0 = βd0 = 1.54 constant
over the sky:

S dust
ν = S d0ν =

Iν(βd0,Td0)

Iν0 (βd0,Td0)
· S Planck

353 , (11)

– d1T, introduced here: the dust polarization Q and U maps
are also taken from Planck Collaboration (2016a) but they
are extrapolated to a frequency ν using the MBB given in
Eq. 2, with spatially varying spectral index β(n), as in d1
and a fixed temperature T0 = Td1T = 21.9 K, obtained as
the mean of the Planck Commander dust temperature map
(Planck Collaboration 2016b) on our fsky = 0.7 sky mask:

S dust
ν = S d1Tν =

Iν(β(n),Td1T)

Iν0 (β(n),Td1T)
· S Planck

353 . (12)

– d1, included in the PySM: similar to d1Twith both a spatially
varying temperature T (n) and spectral index β(n) obtained
from the Planck data using the Commander code (Planck
Collaboration 2016b):

S dust
ν = S d1ν =

Iν(β(n),T (n))

Iν0 (β(n),T (n))
· S Planck

353 . (13)

3.2.3. Instrumental noise

The band polarization sensitivities σnoise
Q,U

(ν) are derived from

the noise equivalent temperature (NET) values converted into
µK·arcmin for each telescope (LFT, MFT and HFT). As seen

S CMB
ν,rsim

S d0ν S d1Tν S d1ν Nν

c × × ×
d0 × × ×
d1T × × ×
d1 × × ×
d0c × ×
d1Tc × ×
d1c × ×

Table 2: Summary of the different components present in the simulated
maps Mν in Eq. 15, for every simulation type. A tick on a green back-
ground signifies that the component is present in the simulations, red
with a cross symbol shows that it is absent.

in Table 1, some frequency bands are overlapping between two
telescopes. In this situation, we take the mean value of the
two NETs, weighted by the beam full width at half maximum
(FWHM) θ as:

σnoise
Q,U (νoverlapping) =

√

√

1
(

θmin

θmax
σnoise

Q,U
(νθmin

)
)−2
+

(

σnoise
Q,U

(νθmax
)
)−2
,

(14)

where θmin is the smallest FWHM among the two and θmax the
largest. The band polarization sensitivities are displayed in Ta-
ble 1. For every simulation, the noise component Nν is generated
in every pixel of the maps with a Gaussian distribution centered
on zero, with standard deviation σnoise

Q,U
(ν) weighted by the pixel

size (and
√

2 · σnoise
Q,U

(ν) for the maps used to compute the auto-

power spectra, see Sect. 3.4.2).

For simplicity, we choose to ignore beam effects in our simu-
lations, assuming they can be taken into account perfectly. Simu-
lations are thus produced at infinite (0 arcmin) resolution and no
beam effect is corrected for when estimating the angular power
spectrum. This is equivalent to convolving the maps by Gaus-
sian beams of finite resolution and correcting the power spectra
for the associated Gaussian beam window functions.

3.3. Combining signals and building the simulated maps

The simulated (Q,U) maps Mν, for a given simulation, can be
expressed as the sum:

Mν = S CMB
ν,rsim
+ S dust

ν + Nν. (15)

Cosmic microwave background and noise are simulated
stochastically: for each simulation, we generate a new realiza-
tion of the CMB maps S CMB

ν,rsim
and the noise maps Nν. The dust

map S dust
ν is the same for each simulation, at a given frequency.

Hereafter, we use the notation d0, d1T, and d1 to refer
to simulations containing only dust and LiteBIRD noise, d0c,
d1Tc, and d1c for simulations including CMB, dust, and Lite-
BIRD noise and, finally, and c for the simulation containing only
CMB and LiteBIRD noise. The different components present in
these different simulation types are summarized in Table 2.
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Fig. 1: Mean value over the Nsim simulations of the B-mode angular power spectra D`(νi × ν j) for the d1c simulation type, with rsim = 0. The
color bar spans all the Ncross spectra D`(νi × ν j), associated to their reduced cross-frequency νred. =

√
νiν j, from 100 GHz (dark red) to 402 GHz

(dark blue). The input CMB lensing power spectrum is shown as a black dashed line.

3.4. Angular power spectra of the simulations

3.4.1. Mask

A mask is applied on the simulated maps presented in Sect. 3.3
in order to exclude the Galactic plane from the power-spectrum
estimation. The mask is created by setting a threshold on the po-

larized intensity (P =
√

Q2 + U2) of the Planck 353 GHz map
(Planck Collaboration 2020a) 2, smoothed with a 10◦ beam. In
order to keep fsky = 0.7, fsky = 0.6, and fsky = 0.5, the cut is
applied at 121 µK, 80 µK, and 53 µK, respectively. We then real-
ize a C2 apodization of the binary mask with a scale of 5◦ using
Namaster (Alonso et al. 2019). The resulting Galactic masks are
displayed in Fig. A.1. These masks are similar to those used in
Planck Collaboration (2020c).

3.4.2. Estimation of the angular power spectra

We use the Namaster3 software (Alonso et al. 2019) to com-
pute the angular power spectra of each simulation. Namaster
allows us to correct for the E to B leakage bias due to the
incomplete sky coverage. Therein we use a purification pro-
cess to suppress the effect of the E to B leakage in the vari-
ance. For every simulation, from the set of maps Mνi , we com-
pute all the possible auto-frequency and cross-frequency spectra
D`(νi × ν j) ≡ D`(Mνi × Mν j

) with

2 http://pla.esac.esa.int/pla/
3 https://github.com/LSSTDESC/NaMaster

νi × ν j ∈ {100 × 100, 100 × 119, 100 × 140, . . . , 100 × 402,

119 × 140, . . . , 119 × 402,
...

337 × 337, 337 × 402,

402 × 402} , (16)

leading to Ncross = Nfreq · (Nfreq + 1)/2 = 45 cross-frequency
spectra. These spectra are displayed in Fig. 1 for the case of the
d1c simulation type.

In order to avoid noise auto-correlation in the auto-spectra
(i.e.,D`(νi×ν j) when i = j), the latter are estimated in a way that
differs slightly from what is presented in Sect. 3.2.3. We simulate
two noise-independent data subsets at an observing frequency

νi, with a noise amplitude
√

2 higher than that of the frequency
band, and compute the cross-angular power spectrum between
those. Thus,D`(νi×νi) is free from noise auto-correlation bias at
the expense of multiplying the noise amplitude in the spectrum
by a factor of two. This approach is similar to that commonly
used by the Planck Collaboration (see e.g., Planck Collaboration
2016c, 2020c; Tristram et al. 2021).

The spectra are evaluated in the multipole interval ` ∈
[1, 200] in order to be able to focus on the reionization and
recombination bumps of the primordial B-modes spectra. The
spectra are binned in N` = 20 bins of size ∆` = 10 using Na-
master. The same binning is applied throughout this article such
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Fig. 2: Correlation matrix (Corr``′ ≡ C``′/
√
C``C`′`′ ) for the Nsim sim-

ulations in d1c. Every block represents a value of ` and contains the
ordered Ncross = 45 cross-spectra. The red squares represent the trunca-
tion of the full covariance matrix applied in the analysis (kept entries in
red, other entries set to zero).

that, in the following, the multipole ` denotes the multipole bin
of size ∆` = 10 centered on `4.

From the sets of (Q,U) maps, Namaster computes theDEE
`

,

DBB
`

, andDEB
`

angular power spectra; for the sake of the present

analysis, we keep only DBB
`

. Hence, when we discuss or ana-
lyze power spectra, we are referring to the B-mode power spectra
DBB
`

. All spectra are expressed in (µKCMB)2.

4. Best-fit implementation

In order to characterize the complexity of the dust SED that will
be measured by LiteBIRD, we modeled the angular power spec-
tra of our simulations described in Sect. 3 over the whole fre-
quency and multipole ranges with the moment expansion for-
malism introduced in Sect. 2.

4.1. General implementation

For each multipole `, we ordered the angular power spectra
DBB
`

(νi × ν j) as in Eq. 16 in order to build a SED that is a
function of both νi and ν j. We fit this SED with models, as

in Eq. 8 for example, using a Levenberg-Marquardt χ2 mini-
mization with mpfit (Markwardt 2009)5. All the fits performed
with mpfit were also realized with more computationally heavy
Monte Carlo Markov Chains (MCMC) with emcee (Foreman-
Mackey et al. 2013), giving compatible results, well within the
error bars.

The reduced χ2 minimization is given by

χ2 =
1

Nd.o.f.

RT
C
−1R, (17)

4 The N` multipole bins are centered on the following ` values:
[6.5, 16.5, 26.5, 36.5, 46.5, 56.5, 66.5, 76.5, 86.5, 96.5, 106.5,
116.5, 126.5, 136.5, 146.5, 156.5, 166.5, 176.5, 186.5, 196.5]
5 https://github.com/segasai/astrolibpy/tree/master/

mpfit

where Nd.o.f. is the number of degrees of freedom and C is the
covariance matrix of our Nsim simulations, represented in Fig. 2,
of dimension (N` · Ncross)

2:

C
i× j,k×l

`,`′ = cov
(

Dsim
` (νi × ν j),Dsim

`′ (νk × νl)
)

. (18)

The entire covariance matrix C is, in general, not invertible.
To avoid this, we kept only the ` = `′ block-diagonal of C with
the strongest correlation values6, as well as the (` = 6.5, `′ =
16.5) off-diagonal blocks showing a significant anti-correlation,
as illustrated in Fig. 2. It was then possible to invert the thus-
defined truncated correlation matrix with the required precision
most of the time.

In the case of the d1 simulation type, we experienced a fit
convergence issue for ∼ 20 % of the simulations, leading to a
very large χ2. In order to overcome this problem, two options
lead to identical results: throwing away the outliers from the
analysis or fitting using only the block-diagonal matrix (i.e., the
` = 6.5, `′ = 16.5 block is set to zero). This last option solves the
conversion issue while providing sufficient precision. The results
presented in the following are using the block-diagonal matrix
when the simulation type is d1.

Finally, in Eq. 17, R is the residual vector associated with
every simulation of size N` × Ncross:

R =

























































R`=6.5(100 × 100)
R`=6.5(100 × 119)

...
R`=16.5(100 × 100)

...
R`=196.5(402 × 402)

























































, (19)

with R`(νi × ν j) = Dsim
`

(νi × ν j) −Dmodel
`

(νi × ν j).
The expression used for the model to fit is given by:

Dmodel
` (νi × ν j) = Ddust

`

(

β0(`),T0(`),DM×N
`

(νi × ν j)
)

+ Alens · Dlensing

`
+ r · Dtensor

` , (20)

where Alens is not a free parameter and will remain fixed to zero
(when there is no CMB, simulation types d0, d1T, and d1) or
one (when the CMB is included, simulation types d0c, d1Tc and
d1c). We leave the question of the impact of dust modeling with
moments on the lensing measurement for future work. In Eq. 20,
the free parameters can thus be β0(`), T0(`), and DM×N

`
(νi × ν j)

and the tensor-to-scalar ratio r. The estimated value of r is re-
ferred to as r̂

No priors on the parameters are used in order to ex-
plore the parameter space with minimal assumptions. Finally,
a frequency-dependent conversion factor is included in Ddust

`
–

from (MJy·sr−1)2 to (µKCMB)2 – to express the dust spectra in

(µKCMB)2 units. In those units,Dlensing

`
andDtensor

`
are frequency-

independent.
To mitigate the impact of outliers in our simulations, all the

final values of the best-fit parameters and χ2 distributions are
represented by their median and median absolute deviations over
Nsim values. For the tensor-to-scalar ratio r̂, we chose to repre-
sent all the best-fit values from the Nsim simulations in a his-
togram and we assume its distribution is normal. Fitting a Gaus-
sian curve on this histogram and getting the mean and standard
deviation gives us the final values of r̂ and σr̂ presented in the
paper.

6 Corr``′ ≡ C``′/
√
C``C`′`′
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4.2. Implementation for the dust component

For the dust component, we consider four different fitting
schemes, corresponding to four expressions for the dust model
Ddust
`

in Eq. 20, which are referred to as "MBB", "β-1", "β-T",
and "β-2". Each of them corresponds to a truncation of Eq. 8,
keeping only some selected terms of the moment expansion:
MBB stands for those of the modified black body, β-1 for those
of the expansion in β at first order, β-2 for the expansion in β at
second order, and β-T for the expansion in both β and T at first
order. We chose the β-1 and β-2 truncations based on the stud-
ies of Mangilli et al. (2021) and Azzoni et al. (2020), where the
dust SED moment expansion is performed only with respect to
β. The β-T fitting scheme is instead the first-order truncation in
both β and T , introduced here for the first time at the power spec-
trum level. The parameters fitted in each of these fitting schemes
are summarized in Table 3. We note that the β-2 and β-T fit-
ting schemes share the same number of free parameters. Finally,
when we fit r̂ at the same time as the dust parameters, the fitting
schemes will be referred to as rMBB, rβ-1, rβ-T, and rβ-2.

Different physical processes are expected to occur at differ-
ent angular scales, leading to different SED properties. Thus, we
estimate the dust-related parameters with one parameter per mul-
tipole bin. As an example, we estimate β0 = β0(`) and T0 = T0(`)
to be able to take into account their scale dependence, at the cost
of increasing the number of free parameters in our model. This
is also true for the higher order moments. On the other hand, r̂
is not scale dependent and, when it is fitted, we add one single
parameter over the whole multipole range.

In Mangilli et al. (2021), the first-order moment expansion

parameterDA×ωβ
1

`
is considered to be the leading order correction

to the MBB spectral index. We applied a similar approach in
the present work, extending it to the dust temperature when it is
fitted. In our pipeline, we proceed iteratively:

1. (i) we fit β0(`) and T0(`) at order zero (MBB), for each `,
2. (ii) we fix β0(`) and T0(`) and fit the higher order parameters,

as in Eq. 8, (iii) we update the β0(`) to βcorr(`) (and T0(`) to
Tcorr(`) in the case of β-T ) as:

βcorr(`) = β0(`) +
DA×ωβ

1

`

DA×A
`

, Tcorr(`) = T0(`) +
DA×ωT

1

`

DA×A
`

, (21)

iv) and we iterate from (ii) fixing β0(`) = βcorr(`), until DA×ωβ
1

`
converges to be compatible with zero (and T0(`) = Tcorr(`),

untilDA×ωT
1

`
converges to zero in the case of β-T ).

We used three such iterations, which we found to be sufficient
to guarantee the convergence. As the moment expansion is a
nonorthogonal and incomplete basis (Chluba et al. 2017), this
iterative process is performed to ensure that the expansions up to

different orders share the same β0(`) and T0(`) with DA×ωβ
1

`
= 0

andDA×ωT
1

`
= 0.

5. Results

In this section, we present our evaluation of the best-fit parame-
ters for the different fitting schemes presented in Sect. 4.1 on the
B-mode cross-angular power spectra computed from the differ-
ent simulation types presented in Sect. 3.3 and on the Galactic
mask keeping fsky = 0.7, which is defined in Sect. 3.4.1. We first

MBB β-1 β-T β-2

Nparam. 3N` 2N` 5N` 5N`
β0(`) ◦ ◦ ◦
T0(`) × ◦ ×
DA×A
`

× × ×
DA×ωβ

1

`
×

Dω
β

1
×ωβ

1

`
×

DA×ωT
1

`
× × ×

Dω
T
1
×ωT

1

`
× × ×

Dω
β

1
×ωT

1

`
× × ×

DA×ωβ
2

`
× × ×

Dω
β

1
×ωβ

2

`
× × ×

Dω
β

2
×ωβ

2

`
× × ×

Table 3: Summary of the fitted parameters in the four dust moment
expansion fitting schemes we consider (MBB, β-1, β-T, and β-2), in
Eq. 8. A tick on a green background signifies that the parameter is fitted,
red with a cross symbol shows that the parameter is not fitted, and a
circle symbol on yellow means that the parameter is fixed and corrected
through an iterative process as presented in Sect. 4.2. DA×A

`
is fixed to

the MBB best-fit value in the case of β-1, β-T, and β-2 and all the other
moments are set to zero when they are not fitted. When r̂ is fitted at
the same time, the fitting schemes are denoted rMBB, rβ-1, rβ-T, and
rβ-2, and they have one more parameter than the number of parameters
reported in the first line.

tested the simulation types containing only dust and noise in or-
der to calibrate the dust complexity of our data sets in Sect. 5.1.
We then used CMB only plus noise simulations to assess the
minimal error on r̂ in Sect. 5.2 and, finally, we explored the dust,
CMB, and noise simulation types to assess the impact of the dust
complexity on r̂ in Sect. 5.3.

5.1. Dust only

To evaluate the amplitude of the dust moment parameters con-
tained in the dust simulations in the absence of CMB, we ran
the fitting schemes presented in Sect. 4.1 in the three simulation
types d0, d1T, and d1 presented in Sect. 3.3. In these cases, Alens

and r in Eq. 20 are both fixed to zero and the fitted parameters
are given in Table 3 for every fitting scheme.

5.1.1. d0

The d0 dust maps presented in Sect. 3.2 extrapolate between fre-
quency bands with a MBB SED with constant parameters over
the sky: βd0 = 1.54 and Td0 = 20 K. We performed the fit with
the four fitting schemes presented in Sect. 4.1.

In Fig. 3 the values of the reduced χ2(`) for each fitting
scheme are displayed. For every fitting scheme (MBB, β-1, β-T
and β-2), the reduced χ2 are close to 1 over the whole multipole
range (slightly below 1 for the β-1, β-T and β-2 fitting scheme).
This indicates that the MBB is a good fit to the cross-angular
power spectra computed from the d0 maps with a spatially in-
variant MBB SED, as expected. Adding additional (higher or-
der) parameters, such as with β-1, β-T and β-2, has no significant
effect on the χ2.
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Fig. 3: Median of the reduced χ2 in every multipole bin `, for all the
Nsim simulations of d0 (top, orange), d1T (middle, green) and d1 (bot-
tom, blue), on fsky = 0.7. The reduced χ2 values are reported for the
four different fitting schemes: MBB (circles), β-1 (crosses), β-T (dia-
monds) and β-2 (triangles). The values for the four fitting schemes are
shifted from each others by ` = 2, in order to distinguish them. The
black dashed line represents χ2

red
= 1.

In Fig. 4 we can see that the best-fit values of β0(`) and T0(`)
are compatible with constant values β0(`) = βd0 and T0(`) = Td0,
as expected for this simulated data set.

The best-fit values of the dust amplitude and the moment-
expansion parameters are presented in Figs. 5, 6, 7, and 8, re-
spectively. The amplitude power spectrum is compatible with
that of the dust template map used to build d0 and the moment-
xpansion parameters are compatible with zero for every fitting
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Fig. 4: (Top): Median of the best fit values of β0(`) in d0 (orange),
d1T (green), and d1 (blue) for the MBB (circles). βd0 is marked by the
dashed black line. (Bottom): Same as above but with T0(`), the black
dashed-lines being Td0 = 20 K and Td1T = 21.9 K.

scheme, as expected with no spatial variation of the SED. There-
fore, the moment expansion method presented in Sect. 2 passes
the null test in the absence of SED distortions, with the d0 sim-
ulated data set.

5.1.2. d1T

We now introduce, as a first layer of complexity, the spatial vari-
ations of the spectral index associated to a fixed temperature over
the sky with the d1T simulation type. The dust temperature was
fixed to Td1T = 21.9 K while the spectral index β(n) was allowed
to vary between lines of sight. The four different fitting schemes
presented in Sect. 4.1 are fitted over the cross-spectra of our sim-
ulations as in Sect. 5.1.1.

The reduced χ2(`) values for each fitting scheme can be
found in Fig. 3. It can be seen that the MBB no longer provides
a good fit for the dust SED, especially at low multipoles. Aver-
aging effects of spatially varying SEDs are more important over
large angular scales and thus SED distortions and moments are
expected to be more significant at low multipoles. Indeed, the
moments added to the fit in β-1 are enough to lower the reduced
χ2 such that it becomes compatible with 1 over almost all of
the multipole range. The fitting schemes β-T and β-2, includ-
ing more parameters than β-1, provide a fit of similar goodness,
except in the multipole bin ` = 66.5 where they are closer to 1.
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Fig. 5: Median of the best-fit values of DA×A
`

for d0 (orange), d1T
(green), and d1 (blue) using the MBB fitting scheme. The values for
the three simulation types are shifted with respect to one another by
` = 2 in order to distinguish them. The black dashed line is the ampli-
tude power spectrum of the dust template map used to build the three
simulation sets d0, d1T, and d1.
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Fig. 6: Best-fit values of the first-order momentD
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for d0 (orange),

d1T (green), and d1 (blue), fitting with β-1 (crosses), β-2 (triangles), and
β-T (diamonds).

Figure 4 presents the best-fit values of β0(`) in the case of
the MBB fit. For the sake of clarity, the values after iteration (see
Sect. 4.1) for β-1, β-T, and β-2 are not shown, but they present
comparable trends. We can see that the best-fit values of β0(`)
for this d1T simulation type are no longer compatible with a
constant. β0(`) fitted values show a significant increase at low
(<100) multipoles, up to β0(` = 16.5) = 1.65. For ` > 100, β0(`)
is close to a constant of value ∼ 1.53. This increase towards the
low ` is correlated to the increase of the MBB χ2 discussed in the
previous paragraph. However, we note that in the lowest `-bin,
the β0(`) value is close to 1.53 and that the χ2 of the MBB fit is
close to unity.

The best-fit values of T0(`) are also presented in Fig. 4 in
the case of the MBB fit. Here again, the values after iteration
for the other fitting schemes are not presented, but are similar.
The d1T T0(`) best-fit values oscillate around Td1T = 21.9 K,
without being strictly compatible with a constant value, as would
be expected for this simulation type. This tends to indicate that
the SED distortions due to the spectral index spatial variations
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Fig. 7: Best-fit values of the second-order D
A×ω

β

2

`
, D

ω
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2

`
and D

ω
β

2
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β

2

`

moment parameters in d0 (orange), d1T (green), and d1 (blue) for β-2
(triangles).

are affecting the accuracy at which we can recover the correct
angular dependence of the sky temperature.

The amplitude power spectrum is displayed in Fig. 5 for the
MBB fitting scheme. The other fitting scheme results are not pre-
sented for clarity and would not be distinguishable from those of
the MBB. The fittedDA×A

`
is compatible with the one of the dust

template map used to build the simulations.

All the parameters of the moment expansion with respect to β
can be found in Figs. 6 and 7, and are now significantly detected,

except forD
ω
β

2
×ω
β

2

`
. In Fig. 8, we can observe that the parameters

of the moment expansion with respect to the temperature (only
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present in the β-T fit) remain undetected. The SED distortions
due to the spatial variations of β are well detected, while no SED
distortion linked to the temperature is seen, as expected for the
d1T simulation type.

5.1.3. d1

We now discuss the d1 simulations, with the highest complexity
in the polarized dust SED. In this more physically relevant sim-
ulation type, the dust emission is given by a MBB with variable
index β(n) and temperature T (n) over the sky. We ran the four
different fitting schemes on the d1 simulation type, as we did in
Sect. 5.1.1 and 5.1.2.

The values of the reduced χ2(`) are displayed in Fig. 3. For
the MBB and β-1, the reduced χ2 are not compatible with unity,
especially at low multipole. This indicates that none of them are
a good fit anymore for the spatially varying SED with β(n) and
T (n). With β-2 and β-T , the χ2(`) values become compatible
with unity, except for the ` = 26.5 bin. We note that β-T provides
a slightly better fit than β-2 in this bin.

Looking at the medians of the best-fit values of β0(`) for d1
in Fig. 4, we can see that the spectral index is changing with
respect to `, as discussed in Sect. 5.1.2, in a similar manner as
for the d1T simulation type. The fitted temperature T0(`) values
for d1 show an increasing trend from ∼ 17 to ∼ 20.5 K and from
` = 16.5 to ` ∼ 100. At higher multipoles, T0(`) is close to a
constant temperature of 20.5 K. In d1, as for d1T, the angular
scales at which we observe strong variations of β0(`) and T0(`)

are the ones for which we observe a poor χ2 for some fitting
schemes. Also, as for d1T, the largest angular scale `-bin, at ` =
6.5, shows β and T values close to the constant value at high `,
which are associated with χ2 values closer to unity. The best-
fit values of the amplitude DA×A

`
are shown in Fig. 5. These are

similar to those of the other simulation types.

The moment-expansion parameters fitted on d1 are shown in
Figs. 6, 7, and 8. For this simulation type, the moment param-
eters are all significantly detected with respect to both β and T .
This was already the case with the Planck intensity simulations,
produced in a similar way, as discussed in Mangilli et al. (2021).
Their detections quantify the complexity of dust emission and
SED distortions from the MBB present in the d1 simulation type,
due to the spatial variations of β(n) and T (n).

5.2. CMB only

In order to calibrate the accuracy at which the r parameter can be
constrained with the LiteBIRD simulated data sets presented in
Sect. 3.3, we tested the simulation type with no dust component,
Mcν , and with no tensor modes (rsim = 0, only CMB lensing
and noise). We fit the expression in Eq. 20 with Ddust

`
fixed to

zero and Alens fixed to one (i.e., r is the only parameter we fit
in this case). Doing so over the Nsim simulations, we obtain r̂ =
(0.7 ± 3.5) × 10−4. This sets the minimal value we can expect
to retrieve for r̂ with our assumptions if the dust component is
perfectly taken into account.

5.3. Dust and CMB

We now present our analysis of the simulations including dust,
CMB (lensing), and noise (d0c, d1Tc and d1c) with no primor-
dial tensor modes (rsim = 0). As described above, we applied the
four fitting schemes for the dust on the three simulation types,
fitting r̂ and fixing Alens to one (namely rMBB, rβ-1, rβ-T and
rβ-2) simultaneously.

The best-fit values of β0(`), T0(`) and the moment expansion
parametersDM×N

`
derived with the simulation types d0c, d1Tc,

and d1c are not discussed further when they are compatible with
the ones obtained for the d0, d1T, and d1 simulation types and
presented in Sect. 5.1.

5.3.1. d0c

For d0c, as for d0, we recover the input constant spectral index
and temperature βd0 and Td0 at all angular scales for every fitting
scheme. Furthermore, we do not detect any moment, when fitting
rβ-1, rβ-T, and rβ-2. This simulation type therefore constitutes
our null-test when r̂ and the dust parameters are fitted at the same
time. The addition of the CMB lensing in the simulations and the
addition of r to the fits thus does not lead to the detection of the
moment parameters nor biases the recovery of the spectral index
and the temperature.

The posterior distributions of the estimated tensor-to-scalar
ratio r̂ are displayed in Fig. 9 and their mean and standard de-
viations are summarized in Table 4. We note that r̂ is compat-
ible with the input value (rsim = 0) for all the fitting schemes.
For rMBB and rβ-1, the dispersion σr̂ is comparable with the
CMB-only scenario discussed in Sect. 5.2. For rβ-T and rβ-2,
the width of the distribution increases by a factor of ∼ 2 and ∼ 4,
respectively.
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Fig. 9: (Top panel): Posterior on r̂ in the d0c simulation type for the dif-
ferent fitting schemes: rMBB (blue, dotted line), rβ-1 (red, dashed line),
rβ-T (green, solid line), and rβ-2 (yellow, dash-dotted line). The vertical
black dashed line marks the value of rsim = 0. (Central panel): Same,
but in the case of the d1Tc simulation type. (Bottom panel): Same, but
in the case of the d1c simulation type.

5.3.2. d1Tc

The posterior distribution of r̂ in the case of the d1Tc simula-
tion type is displayed in Fig. 9 for the four fitting schemes and
the mean value and standard deviation of these distributions are
summarized in Table 4. We can see that in the case of rMBB, we
fit r̂ ± σr̂ = (99.7 ± 6.2) × 10−4. In that case, the input tensor-

(r̂ ± σr̂) × 104 d0c d1Tc d1c

rMBB 0.3 ± 3.9 99.7 ± 6.2 125.1 ± 5.9
rβ-1 0.5 ± 4.5 −8.0 ± 6.4 32.9 ± 6.5
rβ-T 0.3 ± 9.5 −3.6 ± 13.0 −3.3 ± 11.7
rβ-2 0.7 ± 16.4 0.7 ± 20.9 −37.4 ± 19.4

Table 4: Best-fit values of r̂ in units of 10−4 on fsky = 0.7. The green
values are compatible with rsim = 0 at 1σr̂, the yellow values are com-
patible with rsim = 0 at 2σr̂ and the red values are incompatible with
rsim = 0 at more than 2σr̂.

to-scalar ratio rsim = 0 is not recovered and we obtain a bias on
the central value of r̂ of ∼ 16σr̂. As discussed in Sect. 2.1.2, this
is expected because we know that the MBB is not a good dust
model for a SED with spatially varying spectral index, as we also
verify in Sect. 5.1.2 looking at the χ2 values.

Using the rβ-1 fitting scheme allows us to recover r̂ =
(−8.0 ± 6.4) × 10−4, where rsim is recovered within ∼ 2σr̂,
while rβ-2 and rβ-T recover the input value within 1σr̂ (with
r̂ = (−3.6 ± 13.0) × 10−4 and r̂ = (0.7 ± 20.9) × 10−4, respec-
tively). As in Sect 5.3.1, the deviation remains similar between
rMBB and rβ-1 and increases by a factor of ∼ 2 and ∼ 4 from
rβ-1 to rβ-T and rβ-2, respectively.

5.3.3. d1c

In the case of the d1c simulation type, as in d0c and d1Tc, we
fit r̂ in addition to the dust-related parameters. In that case, dust
moment parameters are recovered as for d1 (see Sect. 5.1.3),
except for the rβ-2 fitting scheme.

Figure A.2 compares the moment parameters between β-2 on
the d1c simulations type, fitting only the dust-related parameters
and rβ-2 on d1c when jointly fitting the dust parameters and

r̂. We observe that D
ω
β

2
×ω
β

2

`
is not consistently recovered when

fitting r̂ in addition to the dust parameters.

A similar comparison can be found in Fig. A.3 for the mo-
ment parameters between β-T and rβ-T on the d1c simulation
type. Using this fitting scheme, we can see that all the moments
are correctly recovered when adding r̂ to the fit.

The r̂ posterior distributions in the case of d1c are displayed
in Fig. 9 and summarized in Table 4. As discussed in Sect. 2.1.2
and observed in Sect. 5.3.3, the rMBB fit is highly biased, with
r̂ = (125.1±5.9)×10−4 (by more than 21σr̂). When fitting the rβ-
1, this bias is significantly reduced (r̂ = (32.9±6.5)×10−4, 5σr̂

away from rsim = 0), illustrating the ability of the first-moment
parameters to correctly capture part of the SED complexity.
However, performing the expansion in both β and T with rβ-T
allows us to recover rsim without bias (r̂ = (−3.3± 11.7)× 10−4),
highlighting the need for the description of the SED complexity
in terms of dust temperature for this simulated data set where
both β and T vary spatially. On the other hand, for rβ-2, a nega-
tive tension (1.9σr̂) can be observed: r̂ = (−37.4± 19.4)× 10−4.
This tension is discussed in Sect. 6.5.

For d1c, the r̂ distribution widths roughly meet the fore-
ground cleaning requirements of LiteBIRD presented in Sect. 3.1
for rMBB and rβ-1 but are higher for rβ-T and rβ-2. We also
note that, with the same number of free parameters, all the stan-
dard deviations σr̂ slightly increase compared to the d0c simula-
tion type. This is expected due to the increasing dust complexity.
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6. Discussion

6.1. Lessons learnt

In Sect. 5, we apply the fitting pipeline introduced in Sect. 4 on
LiteBIRD simulated data sets on fsky = 0.7 and for rsim = 0,
including the various dust simulation types defined in Sect. 3.2.
We fitted the estimated B-mode power-spectra with the four dif-
ferent fitting schemes summarized in Table 3. Our main results
can be summarized as follows:

– The MBB fitting scheme provides a good fit for the dust com-
ponent in the d0 and d0c simulation types. However, when
the spectral index changes with the angular scale, such as in
the d1T, d1Tc, d1, and d1c simulations, this approach no
longer provides a good fit because of the complexity of the
dust SED. As a consequence, in the rMBB case, rsim cannot
be recovered without a significant bias.

– The β-1 fitting scheme allows us to perform a good fit for the
dust complexity using the d0 and d1T simulations but not for
d1, while the rβ-1 fitting scheme yields estimates of r̂ close
to rsim within 1σr̂ for d0c, and within 2σr̂ for d1Tc, but
presenting a bias of ∼ 6σr̂ for d1c.

– The β-T fitting scheme provides a good fit for every dust
model, while using the rβ-T fitting scheme allows us to re-
cover r̂ values consistent with rsim within 1σr̂ for all the sim-
ulation types, but is associated with an increase of σr̂ by a
factor ∼ 2 compared to the rβ-1 case.

– The β-2 fitting scheme also provides a good fit for each dust
model, and the rβ-2 fitting scheme leads to values of r̂ com-
patible with rsim within 1σr̂ for all the simulation types but
d1c. In this last case, there is a negative tension of ∼ 2σr̂.
For all the simulation types, there is an increase of σr̂ by a
factor of ∼ 4 compared to the rβ-1 case.

The present analysis shows that the temperature could be a
critical parameter for the moment expansion in the context of
LiteBIRD.

Indeed, for simulations including a dust component with a
spectral index and a temperature that both vary spatially, as in d1,
the only fitting scheme allowing us to recover rsim within 1σr̂ is
rβ-T , the expansion to first order in both β and T . This shows that
expanding in β only, without treating T , is not satisfactory when
looking at such large fractions of the sky. Indeed, when applying

the β-2 fitting scheme, theD
ω
β

2
×ω
β

2

`
parameter remains undetected

for the d1T simulation type (Sect 5.1.2), while it is significantly
detected using the d1 simulation type (Sect 5.1.3). Nevertheless,
d1T and d1share the same template of β(n) (Sect. 3.2) and they
only differ by the sky temperature (constant for d1T and varying

for d1). This suggests that the observedD
ω
β

2
×ω
β

2

`
with the d1 sim-

ulations originates from the temperature variations and not those
in the spectral index. This observation shows that it is less con-
venient to use the β-2 fitting scheme than the β-T one in order to
correctly recover the moment-expansion parameters and r̂ when
temperature varies spatially.

Moreover, we saw that σr̂ is lower when using the fitting
scheme rβ-T instead of rβ-2 for every simulation type, even if
both have the same number of free parameters. This second ob-
servation additionally encourages an approach where the SED is
expanded with respect to both β and T . Nevertheless, the uncer-
tainty on r̂ we obtain in this case (σr̂ = 1.17 × 10−3) is larger
than the LiteBIRD requirements.

`cut (r̂ ± σr̂) × 104

50 12.0 ± 7.3
60 7.3 ± 7.9
70 4.9 ± 8.1
80 −0.9 ± 8.8
90 −2.1 ± 9.9

Table 5: Best-fit values of r̂ ± σr̂ in units of 10−4 for different values
of `cut for the d1c simulations with fsky = 0.7, when applying the rβ-T
fitting scheme. The green values are compatible with rsim = 0 at 1σr̂.

(r̂ ± σr̂) × 104 rsim = 0.01 fsky = 0.5 fsky = 0.6

rMBB 204.8 ± 7.7 47.3 ± 5.6 59.2 ± 5.4
rβ-1 129.0 ± 8.3 −8.4 ± 6.7 1.8 ± 6.2
rβ-T 94.6 ± 15.1 0.02 ± 13.4 −1.1 ± 12.0
rβ-2 62.5 ± 25.0 4.3 ± 24.2 −3.2 ± 22.4

Table 6: Best-fit values of r̂ in units of 10−4 for an alternative d1c
simulation with rsim = 0.01 on fsky = 0.7, and with rsim = 0 but on
fsky = 0.5 and fsky = 0.6. The green values are compatible with rsim

at 1σr̂, the yellow values are compatible with rsim at 2σr̂ , and the red
values are incompatible with rsim at more than 2σr̂.

6.2. Increasing the accuracy on the tensor-to-scalar ratio

In Sect. 5.1.3 and Fig. 3, we see that the MBB and β-1 fitting
schemes do not provide good fits for the d1 dust simulations,
especially at low multipoles (` . 100). Conjointly, in Fig. 8,
we can see that the β-T moment parameters are significantly de-
tected for ` . 100 and compatible with zero above that threshold,
suggesting that their corrections to the SED are predominantly
required at large angular scales.

This implies that we can improve the pipeline presented in
Sect. 4 to keep only the required parameters in order to recover
r̂ compatible with rsim with a minimal σr̂. It can be achieved
by applying the rβ-1 fitting sheme over the whole multipole

range, while restricting the rβ-T -specific (D
ω
β

1
×ωT

1

`
and D

ωT
1
×ωT

1

`
)

moment-expansion parameters fit to the low multipoles range.
We note that in order to correct the bias, it is still necessary
to keep the rβ-1 moment parameters even at high multipoles,
because the MBB does not provide a good fit even for ` ∈
[100, 200], as we can see in Fig. 3. We define `cut as the mul-
tipole bin under which we keep all the rβ-T moment parameters
and above which we use the rβ-1 scheme.

The best-fit values and standard deviations of r̂ for different
values of `cut are displayed in Table 5. We can see that a trade-
off has to be found: the smaller the `cut , the bigger the shift from
rsim, and the bigger the `cut, the higher the value of σr̂. The trade-
off point seems to be found for `cut ∼ 80, allowing us to recover
r̂ without tension, with σr̂ = 8.8 × 10−4. The error on r is thus
reduced by more than ∼ 30 % with respect to the nonoptimized
fit and meets the LiteBIRD requirements.

6.3. Tests with smaller sky fractions

In all the results presented in Sect. 5, we were considering a
sky fraction of fsky = 0.7. This sky mask keeps a considerable
fraction of the brightest Galactic dust emission. To quantify the
impact of the sky fraction on our analysis, we ran the pipeline as
in Sect. 5.3.3 with the different masks introduced in Sect. 3.4.1
( fsky = 0.5 and fsky = 0.6). This was done with the d1c simula-
tion type.
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The posteriors on r̂ for the different fitting schemes are dis-
played in Fig. 10 and Table 6. We can see that, while the rMBB
fiting scheme always leads to biased estimates, the rβ-1 case al-
lows us to recover r̂ at 1.25σr̂ for fsky = 0.5 and within 1σr̂ for
fsky = 0.6. In the two situations, the results using the rβ-T and
β-2 fitting schemes are both unbiased with estimates of r̂ compat-
ible with rsim within 1σr̂. The σr̂ hierarchy between the rMBB,
rβ-1, rβ-T, and rβ-2 fitting schemes is the same as for fsky = 0.7
(see Sect. 5.3.3). Nevertheless, we observe that σr̂ increases as
the sky fraction decreases, as does the statistical error (cosmic
variance of the lensing and noise). The bias, on the other hand,
decreases for all the fitting schemes with the sky fraction, which
is expected because less dust emission contributes to the angular
power spectra. The negative tension observed on the r̂ posterior
in Sect. 5.3.3 for the rβ-2 case is not present when using smaller
sky fractions. In Fig. A.5, the rβ-2 moment parameters are dis-
played. We can see that they are not significantly detected for the
fsky = 0.5 and 0.6, unlike for fsky = 0.7. As we have seen that
some of the moments in the β-2 fitting scheme failed to model
SED distortions coming from temperature, we can suppose that,
in our simulations, the temperature variations play a less signif-
icant role in the dust SED on the fsky = 0.5 and 0.6 masks than
they play in the fsky = 0.7 one. As a consequence, they have a
smaller impact on r when not properly taken into account.

6.4. Tests with nonzero input tensor modes

We show in Sect. 5.3.3 that the rβ-T fitting scheme allows us to
retrieve r̂ compatible with zero when rsim = 0. We now want to
assess the potential leakage of r̂ in the moment expansion param-
eters if rsim , 0. In this case, primordial tensor signals would be
incorrectly interpreted as dust complexity. We run the pipeline as
described in Sect. 5.3.3 with rsim = 0.01, in the d1c simulation
type. This value of rsim = 0.01 is larger than the value targeted
by LiteBIRD, but given the order of magnitude of the error on r̂
observed in the previous sections, a potential leakage could be
left unnoticed using a smaller rsim.

Looking at the final posterior on r̂ (Fig. 11 and Table 6),
we can see that the results are comparable with the rsim = 0
case, but centered on the new input value rsim = 0.01. The
rMBB fitting scheme gives a highly biased posterior of r̂ =
(2.048 ± 0.077) × 10−2 ; the bias is reduced but still significant
when using the rβ-1 scheme (r̂ = 129.0±8.3×10−4) ; in the β-T
case we get an estimate of r̂ = 94.6±15.1×10−4 compatible with
the input value of rsim = 100 × 10−4 ; and finally, the β-2 fitting
scheme leads to a negative 2σr̂ tension (r̂ = 62.5± 25.0× 10−4).
This demonstrates the robustness of our method and its potential
application to component separation. We note that the negative
bias at second order is still present in the rsim = 0.01 case, illus-
trating that setting a positive prior on r̂ would not have been a
satisfying solution when rsim = 0.

6.5. Exploring the correlations between the parameters

We now examine the substantial increase in the dispersion on
the r̂ posteriors between the rβ-1 fitting scheme on the one hand
and the rβ-T and rβ-2 ones on the other. Indeed, in Sect. 5.3.3,
we show that σr̂ is about two times greater when using the rβ-T
scheme than the rβ-1 one, and about four times larger in the case
of rβ-2, while the rβ-T and rβ-2 schemes share the same number
of free parameters. Some other points to clarify are the shift on r̂
appearing for rβ-2 in the d1c scenario, discussed in Sect. 5.3.3,
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Fig. 10: (Top panel): Posterior on r̂ in the d1c simulation type on
fsky = 0.5 for the different fitting schemes: rMBB (blue, dotted line),
rβ-1 (red, dashed line), rβ-T (green, solid line), and rβ-2 (yellow,
dash-dotted line). The vertical black dashed line marks the value of
rsim = 0.(Bottom panel): Same, in the case of the d1c simulation type
on fsky = 0.6.

and the inability to correctly recover D
ω
β

2
×ω
β

2

`
when r̂ is added to

the fit illustrated in Fig. A.2.

The 2D-SED shapes of the parametersDN×M
`

(νi × ν j) in the

(νi, ν j) space7 are displayed in Fig. A.4. We used the nine fre-
quencies of LiteBIRD presented in Sect. 3.2.3 and fixed β0 =

1.54 and T0 = 20 K. We also introduce the CMB 2D-SED shape
with the black body function:

BCMB(νi × ν j) =
Bνi (TCMB)Bν j

(TCMB)

Bν0 (TCMB)2
, (22)

where TCMB = 2.726 K.

The 2D correlation coefficients between these 2D-SED
shapes are displayed in Fig. 12. We present the correlations be-
tween the shapes of the parameters in the case of the rβ-T and
rβ-2 fitting schemes. We can see that all the moment parameters

in ω
β

2
are strongly correlated with the CMB SED signal, while

the ones in ωT
1

are not.

7 For example, S(νi, ν j) =
Iνi (β0 ,T0)Iν j

(β0 ,T0)

Iν0 (β0 ,T0)2 ·
[

ln
(

νi
ν0

)

ln
(

ν j

ν0

)]

is associated

to theD
ω1×ω1

`
parameter (see Eq. 8).
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Fig. 11: Posterior on r̂ in the d1c simulation type with rsim = 0.01 and
fsky = 0.7 for the different fitting schemes: rMBB (blue, dotted line),
rβ-1 (red, dashed line), rβ-T (green, solid line), and rβ-2 (yellow, dash-
dotted line). The vertical black dashed line marks the value of rsim.

We showed that, when fitting β-2 on d1c, the SED distor-
tions due to spatial variations of T are incorrectly detected by
the second-order moment parameters with respect to the spectral
index β. Due to the correlations highlighted above, those spuri-
ous moment parameters could then leak into r̂ when adding it
to the fit in rβ-2. This explains both the negative shift on the r̂
posterior using β-2 in the d1c simulation type with fsky = 0.7
presented in Sect. 5.3.3 and 6.4, and the inability to correctly re-

cover the ω
β

2
×ω

β

2
dust moment parameter presented in Fig. A.2.

In addition, it gives a natural reason for the surge of σr̂ when the
second-order moments in β are added to the fit.

On the other hand, the moment parameters inωT
1

are strongly

correlated with the moments in ω
β

1
. This behavior is expected

due to the strong correlation between β and T (see e.g., Juvela
& Ysard 2012). However those moment parameters are less cor-
related with the CMB signal than the second-order parameters
of β-2. This points out that the factor of ∼ 2 on σr̂ between β-T
and β-2 is due to this correlation of the 2D-SED shapes. As the
parameters in ωT

1
are highly correlated with one another, we ex-

pect them to be highly redundant in the fit. However, repeating

the process described in Sect. 5.3.3 using only D
A×ωT

1

`
for β-T

—which is equivalent to applying the β-1 fitting scheme with an
iterative correction to the temperature T0(`)— gives a r̂ poste-
rior similar to the one obtained for β-1 alone. Taking the other
ωT

1
terms into account appears to be necessary in order to recover

an unbiased distribution of r̂.

6.6. Adding synchrotron to the simulations

Thermal dust is not the only source of polarized foreground that
must be considered for CMB studies. Although subdominant at
high frequencies (≥ 100 GHz), the synchrotron emission due to
accelerated electrons in the interstellar medium is still expected
to represent a significant fraction of the total polarized signal.

In order to take one more step towards realistic forecasts for
the LiteBIRD instrument, we add a synchrotron contribution to
the d1c simulations presented in 3.3 using the s1 template in-
cluded in the PySM. In this scenario, the synchrotron SED for

BCMB A× 1 1 × 1 A× 2 1 × 2 2 × 2

BCMB

A× 1

1 × 1

A× 2

1 × 2

2 × 2
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Fig. 12: Correlation matrices of the 2D-SED shapes of the CMB
(BCMB(νi × ν j) and dust moments DN×M

`
(νi × ν j) in the (νi, ν j) space).

Each element represents the Pearson correlation coefficient between any
2 of these 2D-SED shapes. The correlation matrices are displayed in
the case of the β-2 fitting scheme (top panel) and the β-T one (bottom
panel).

each line of sight is given by a power law of the form (in antenna
temperature units)

S s1ν = As1(n)













ν

νs1
0













βs1(n)

, (23)

where the amplitude As1(n) and the spectral index βs1(n) maps
are derived from the combination of the WMAP mission 23 GHz
map Bennett et al (2013) and Haslam 408 GHz map Haslam et al.
(1981). νs1

0
is defined as 23 GHz. The simulations containing

synchrotron are referred to as d1s1c below.
If not treated in the fit, the presence of synchrotron is ex-

pected to induce a bias on the r̂ posterior distribution. Regarding
the dust MBB discussed in Sect. 2.1.2, the synchrotron SED is
expected to have distortions. However, as the synchrotron po-
larized emission is significantly lower than that of dust, in the
frequency range considered in the present work, we expect the
distortions to be small compared to the ones induced by dust and
we leave their modeling to a further study.

In order to minimize the number of free parameters used for
fitting the synchrotron emission, we model its power spectrum
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Fig. 13: Posterior on r̂ in the d1s1c simulation type with rsim = 0 and
fsky = 0.7 for the different fitting schemes: rβ-T (green, solid line) and
srβ-T (orange, dash-dotted line). The vertical black dashed line marks
the value rsim = 0.

as a power law of the multipole ` (Krachmalnicoff et al. 2018).
Therefore, combining with the synchrotron SED in Eq. 23, the
synchrotron component of the cross-angular power spectra reads

D
sync

`
(νi × ν j) = As

(

νiν j

ν0

)βs

`αs , (24)

where the amplitude coefficient As is treated as a free param-
eter while we fix βs = −3 (median value of the s1 βs map on our
fsky = 0.7 mask) and αs = −1 (Krachmalnicoff et al. 2018).

When fitting the d1s1c simulations, we either use the rβ-T
fitting scheme, neglecting the synchrotron component, or we add
the synchrotron component in Eq. 24 to the model in Eq. 20. We
refer to this latter case as the srβ-T fitting scheme. In Fig. 13, the
r̂ posteriors derived from the d1s1c simulations are displayed
with rsim = 0 and fsky = 0.7.

Using the rβ-T fitting scheme, we find r̂ = (143.1 ± 13.5) ×
10−4. As expected, even at high frequencies, modeling the syn-
chrotron component is critical and cannot be neglected in order
to recover an unbiased value of r̂. On the other hand, using srβ-
T fitting scheme, we recover r̂ = (−5.4 ± 13.2) × 10−4. This
result is comparable with the one obtained for the d1c simula-
tions in Sect. 5.3.3, with a minor increase in σr̂. We can there-
fore conclude that a model as simple as that of Eq. 24 is suf-
ficient to take into account the s1 component at ν > 100 GHz
and the corresponding SED distortions can be neglected in or-
der to recover an unbiased value of r̂. In principle, as we know
that the dust-synchrotron spatial correlation is significant at large
scales (Planck Collaboration 2020c), Eq. 20 should include a
dust-synchrotron term (see e.g., Hensley et al. 2021). In our
study, where we consider cross-spectra from 100 to 402 GHz,
this dust-synchrotron term is subdominant, but it could be sig-
nificant when considering cross-spectra between LiteBIRD’s ex-
treme frequency bands (e.g., the 40×402 cross-spectrum). The
moment expansion might be more complicated as well in this
case, as we could expect some correlation between the dust and
synchrotron moment-terms.

This result shows that a full polarized foreground content can
be treated at high frequencies when using a power law SED for
the synchrotron coupled with the moment expansion of the MBB
up to first order in both β and T for the dust SED. A full study

remains to be done in that direction using all the frequency bands
of the LiteBIRD instrument. Eventually, Eq. 24 will also have to
be expanded in moments with respect to its parameters. Doing
so, one can expect to recover an unbiased value of r̂ associated
with a decrease in σr̂ down to a value compatible with the full
success criterion of the mission.

6.7. Limitations of this work and caveats

As discussed in Sect. 2.2.1, we neglected polarization effects
through this work by treating the BB signal as an intensity sig-
nal. This is not problematic in the present work, because no vari-
ations along the lines of sight were present in the simulations.
However, this point has to be addressed using complex simula-
tions or real sky data.

The choice of reference frequency ν0 used for the normaliza-
tion of the MBB in Eq. 1, which is not discussed in this study,
can potentially have a significant impact on the moment expan-
sion and, in turn, on the measurement of r̂. Indeed, ν0 is the pivot
frequency of the moment expansion (moments are equal to zero
at ν0) and will determine the shape of the SED distortion around
it. A poor choice for this reference frequency can have disastrous
consequences for the moment fit: for example, if it is chosen
far away from the observed bands, all the moments will become
degenerated. In our case, the reference frequency (353 GHz) is
within the observed frequency range (100 to 402 GHz), but we
have not tried to optimize its position. In addition, the ν0 pivot
of our moment expansion coincides with the one used to extrap-
olate the dust template map in the PySM and we have not quan-
tified how much this impacts our results.

Finally, as pointed out several times in this work, the quan-
titative results depend strongly on the sky model of our simu-
lations. Moreover, we lack dedicated sky models where we can
control the complexity of the dust SED, either by directly includ-
ing moments or by averaging the emission from the 3D structure
of the Galaxy. However, both methods are beyond the scope of
the present work.

7. Conclusion

Being able to precisely characterize the complexity of the Galac-
tic thermal dust polarized SED has become critical for the mea-
surement of the faint primordial B-mode signal of the CMB, es-
pecially at the sensitivity targeted by future CMB experiments
such as the LiteBIRD satellite mission.

In this work, we applied the moment expansion formal-
ism to the dust emission SED as a component-separation tool
to recover the tensor-to-scalar ratio parameter r in LiteBIRD-
simulated data. This formalism, proposed by Chluba et al. (2017)
and implemented in harmonic space by Mangilli et al. (2021),
allows us to deal with the spectral complexity of the Galactic
dust signal by modeling its deviations from the canonical MBB
model at the cross-angular power spectrum level. In the case
of the data-driven realistic dust emission model —we explore
(PySM d1) here—, suitably taking into account the dust SED
distortions prevents the spurious detection of the primordial B-
mode signal.

We show that the dust spectral index β and dust tempera-
ture T spatial variations significantly distort the dust cross-power
spectrum SED. The MBB is not a good model to describe the
data in that case and the estimation of r is dramatically affected.
In the case where no primordial signal is included in the simu-
lated data sets, not taking into account the dust SED complexity
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leads to a highly significant spurious detection of r with Lite-
BIRD (from r̂ ' 5 × 10−3 to 1.25 × 10−2, with a 8.4 to 21.2σ
significance, from 50 to 70 % of the sky, respectively).

To overcome this obstacle, we applied the moment expan-
sion formalism in order to model these SED distortions. We
demonstrate that, at LiteBIRD sensitivity, the previously stud-
ied moment expansion with respect to the dust spectral index β
(Mangilli et al. 2021; Azzoni et al. 2020) does not give satis-
factory results. Indeed, expanding in β to first order (following
the angular power spectrum definition of the order) leads to a
significant bias on 70 % of the sky (r̂ = (3.29 ± 0.65) × 10−3

when rsim = 0 and r̂ = (1.29 ± 0.08) × 10−2, when rsim = 10−2).
At second order in β, we observe a ∼2σ negative tension (r̂ =
(−3.7 ± 1.9) × 10−3 when rsim = 0 and r̂ = (6.25 ± 2.50) × 10−3,
when rsim = 10−2).

We introduce for the first time in this work the expansion of
the dust angular cross-power spectra with respect to both β and
T . We show that by using this expansion up to first order, we cor-
rectly model the dust SED distortions due to spatial variations of
both β and T at the map level. This allows us to recover r param-
eter without bias, with r̂ = (−3.3 ± 11.7) × 10−4 if rsim = 0 and
r̂ = (0.95 ± 0.15) × 10−2 if rsim = 10−2. Thus, despite the known
degeneracy between the dust spectral index and its temperature
in the Rayleigh-Jeans domain, it is important to correctly model
the latter in order to accurately retrieve the tensor-to-scalar ratio
r at the unprecedented precision reached by experiments such as
LiteBIRD.

Adding parameters to tackle the dust SED complexity means
an increase in the error budget. Given the LiteBIRD bands and
sensitivities we consider in this work (frequency bands above
100 GHz), the ideal sensitivity on r without delensing is σr̂ =

3.4 × 10−4. In the ideal case, where the dust β and T are con-
stant over the sky (PySM d0), separating the CMB from dust
leads to σr̂ = 3.9 × 10−4 on 70 % of the sky. Adding the expan-
sion to first order in β does not significantly increase the error
(σr̂ = 4.5 × 10−4), but expanding to first order in both β and T
multiplies it by a factor of ∼ 2 (σr̂ = 9.5 × 10−4) and to second
order in β by a factor of ∼ 4 (σr̂ = 16.4×10−3). We show that the
surge of σr̂ between the two latter cases, sharing the same num-
ber of free parameters, is due to strong correlations between the
SED of the second-order moments in β and the CMB. This is an
important point, as it could lead to some intrinsic limitation for
component-separation algorithms based exclusively on the mod-
eling of the SED. Furthermore, when dealing with real data, if
the dust SED is complex enough to have significant second-order
distortions with respect to β, CMB experiments might reach a
dilemma: either include the second order in the modeling at the
cost of losing sensitivity on r, or neglect it at the cost of a poten-
tial spurious detection. Coupling the SED-based separation with
methods exploiting the diversity of spatial distribution between
components (e.g., Regaldo-Saint Blancard et al. 2021) seems a
natural way to overcome this issue.

Nevertheless, moment expansion at the cross-angular power
spectrum level provides a powerful and agnostic tool, allow-
ing us to analytically recover the actual dust complexity without
making any further assumptions. We additionally show that this
method is robust, in the sense that it can effectively distinguish
the primordial tensor signal from dust when rsim , 0, as in the
case of LiteBIRD simulations. The dust moments in β and T at
first order are needed in order to retrieve a reliable measure of
r; they are significantly detected for ` . 100. We can therefore
define a cut in ` above which we do not fit for the whole com-
plexity of the dust (we fit only the expansion up to first order in β
and not in β and T ). Doing so, we can reduce the error on r̂ while

keeping the bias negligible (r̂ = (−0.9 ± 8.8) × 10−4). We could
imagine other ways to reduce the number of free parameters in
our model (e.g., assuming a power-law of ` behavior for the mo-
ments, as in Azzoni et al. 2020) and hence reduce the error on r.
However, this optimization really depends on the simulated sky
complexity and has not been comprehensively explored in the
present work.

The PySM d1 sky simulations, being data-driven, are widely
used by the CMB community as they contain some of the real
sky complexity. Nevertheless, at high-Galactic latitudes, the dust
spectral index and temperature templates from Planck are dom-
inated by systematic errors (uncertainty on the assumed zero-
level of the Planck intensity maps, residual cosmic infrared
background (CIB), anisotropies, instrumental noise, etc.). There-
fore, some of the complexity we observe far from the Galac-
tic plane in this sky model is not real. On the other hand, the
modeled SED of the dust is exactly a MBB in each pixel, and
line-of-sight averages or more complex dust models are ignored.
As a consequence, our method and CMB B-mode component-
separation algorithms in general need to be confronted with more
complex models in order to really assess their performances in a
quantitative manner.

Finally, although we demonstrate that the synchrotron com-
ponent can be tackled at frequencies above 100 GHz with a min-
imal model under our assumptions, a study over the full Lite-
BIRD frequency bands, including synchrotron and the potential
moment expansion of its SED, will be considered as a natural
next step for a further application.
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Appendix A: Complementary figures

Fig. A.1: Raw masks used in the simulations: fsky = 0.7 (dark blue),
fsky = 0.6 (light blue) and fsky = 0.5 (green).
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Fig. A.4: Two-dimensional SED shapes of the moment expansion parameters and the CMB in the (νi, ν j) space for the nine LiteBIRD frequencies
used throughout this work. The intensities are all expressed in MJy2 normalized by the squared SED at ν0 = 353 GHz.
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ABSTRACT

The modeling and removal of foregrounds poses a major challenge to searches for signals from inflation using the cosmic microwave
background (CMB). In particular, the modeling of CMB foregrounds including various spatial averaging effects introduces multiple
complications that will have to be accounted for in upcoming analyses. In this work, we introduce the generalization of the intensity
moment expansion to the spin-2 field of linear polarization: the spin-moment expansion. Within this framework, moments become
spin-2 objects that are directly related to the underlying spectral parameters and polarization angle distribution functions. In obtaining
the required expressions for the polarization modeling, we highlight the similarities and differences with the intensity moment meth-
ods. A spinor rotation in the complex plane with frequency naturally arises from the first order moment when the signal contains both
spectral parameters and polarization angle variations. Additional dependencies are introduced at higher order, and we demonstrate
how these can be accounted with several illustrative examples. Our new modeling of the polarized signals reveals to be a powerful
tool to model the frequency dependence of the polarization angle. As such, it can be immediately applied to numerous astrophysical
situations.

Key words. Cosmology, CMB, Foregrounds, Interstellar medium

1. Introduction

A significant international effort has been undertaken to de-
ploy large-scale surveys of the comsic microwave background
(CMB) signal in the present, near, and far future. Multiple tele-
scopes, such as ACT (Aiola et al. 2020), SPT (Sayre et al. 2020),
The Simons Observatory (The Simons Observatory collabora-
tion 2019), and CMB-S4 (CMB-S4 Collaboration 2019), are or
will be observing large portions of the sky from the ground. Sim-
ilarly, from space we are eagerly awaiting LiteBIRD (LiteBIRD
Collaboration 2022), and in the future possibly even more am-
bitious CMB imagers (PICO Collaboration 2019; Delabrouille
et al. 2021). In addition, we can hope for a CMB spectrometer
such as PIXIE (Kogut et al. 2011) to target CMB spectral dis-
tortions (Chluba et al. 2021). The scientific targets are manyfold
and of prime importance to cosmology, astrophysics, and high-
energy physics.

Ever-increasing instrumental sensitivities imply that one also
becomes sensitive to faint and complex effects that need to be
properly modeled. The fine characterization of polarized as-
trophysical signals thus becomes an increasingly complicated
and important challenge to cosmological analyses. The stakes
are twofold: first, we wish to reach a better understanding of
the sources themselves and the complex physics at play in the
emission. This is of importance for Galactic physics, physics
of recombination at the last scattering surface with the primor-
dial anisotropies of the cosmic microwave background (CMB)
and their secondary sources from the physics of galaxy clus-
ters with the Sunyaev-Zeldovich (SZ) effect (Carlstrom et al.
2002; Mroczkowski et al. 2019), or lensing (Stompor & Efs-

Send offprint requests to: leo.vacher@irap.omp.eu

tathiou 1999). Secondly, high-precision component separation is
required to remove the diffuse foregrounds and access the faint
perturbations of the CMB polarized signal. Finding how to deal
with them is an unavoidable step in addressing questions that
concern the cosmic history and high-energy physics through in-
ferring key cosmological parameters as the reionization depth τ
(Wise 2019) or the scalar-to-tensor ratio r, which probes inflation
(Brout et al. 1978; Starobinsky 1980; Guth 1981). The philoso-
phy of the present work is that one cannot properly deal with the
second point without a detailed understanding of the polarized
Galactic emission, deeply rooted in the physics.

It is known that the emission properties of the diffuse inter-
stellar medium (ISM) change across the Galaxy on small and
large scales. This assertion is well motivated from the Galactic
magnetic field physics and the distribution of dust grain shapes
and composition (Ferrière 2001; Jaffe et al. 2013), which is sup-
ported by numerous observations (Ysard et al. 2013; Hutton et al.
2015; Schlafly et al. 2016; Planck Collaboration 2017, 2020b;
Pelgrims et al. 2021). In observational conditions, averages over
Galactic voxels with different spectral parameters are then un-
avoidable. They occur in several situations: along the line of
sight inside the Galaxy, which cannot be reduced or avoided
with instrumental considerations; between lines of sight inside
the instrumental beam; and over patches of the sky when doing
a spherical harmonic decomposition of the signal or averaging
the data otherwise. Two related consequences follow immedi-
ately for the signal in intensity: if the fundamental spectral en-
ergy distributions (SEDs) are nonlinear, the average SED of the
total signal differs from the canonical SED of the voxel. We re-
fer to this phenomenon as SED distortions. The SED is distorted
differently from one point of the sky to another, breaking the
correlation between the maps at different frequency bands, lead-
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ing to inaccurate extrapolations from one to another: we refer
to this phenomenon as frequency decorrelation (see e.g., Tas-
sis & Pavlidou 2015; Planck Collaboration 2017; Pelgrims et al.
2021).

To treat these averages in connection with CMB fore-
grounds, the (Taylor) moment expansion formalism was pro-
posed (Chluba et al. 2017). A similar idea had been applied to the
modeling of Sunyaev-Zeldovich signals, showing how spatial
and frequency information can be nicely separated (Chluba et al.
2013). The moment formalism has proven to be very powerful
when applied to component separation at the map level (Rotti &
Chluba 2021; Remazeilles et al. 2016, 2021). A straightforward
generalization to harmonic space and cross-frequency power-
spectra domain has also proven to be useful (Mangilli et al. 2021;
Azzoni et al. 2021; Vacher et al. 2022).

While the original formulation of the moment method was
focused on the intensity, it was stressed that an extension to po-
larization can be readily obtained (Chluba et al. 2017), which is
what we intend to do in the present work. Indeed, several ap-
plications already used the moment expansion method for po-
larized signals, treating the B-mode signal as an intensity (e.g.,
Remazeilles et al. 2021; Azzoni et al. 2021; Vacher et al. 2022).
One can also find a similar approach in the Delta-map method
(Ichiki et al. 2019), which used first order terms of the Q/U-
intensity moments and already suggested a common treatment
for the pair (Q,U).

In this work, we plan to rigorously derive and extend the mo-
ment expansion method to polarized signals. To do so, the Stokes
parameters must be treated together, as the components of a sin-
gle complex object. In the most general cases, extra subtleties
come into play, which were not captured or discussed before.
There are numerous advantages from thinking of linear polar-
ization as a spin-2 quantity. As such they are not only described
by a scalar quantity but also by an angle: the polarization an-
gle. The averaging processes listed above will have one extra
consequence for polarized signal: additionally to the spectral pa-
rameters, multiple angles will be mixed along and between lines
of sight. We refer to this phenomenon as polarized mixing. In
the presence of polarized mixing, the total signal will exhibit
a frequency-dependent polarization angle. Being able to accu-
rately model this frequency-dependent rotation from physically-
motivated considerations represents a thorny challenge. In this
work, we attempt to provide this extension to linearly polarized
signal in a formal, natural, complete and self-consistent way. We
pay particular attention to the formulation in terms of SED pa-
rameter distribution functions, which really is the origin of the
name "moment expansion". We subsequently see that this rewrit-
ing offers a powerful framework to grasp polarized mixing and
its consequences.

After a review of the intensity moment formalism in Sec. 2,
we discuss the nature of linear polarization and introduce the
spin-moment formalism in a single line of sight in Sec. 3. In
Sec. 4, we explore different example of sums of canonical SEDs
along a line of sight, that are of astrophysical relevance. We
study them both analytically and through a fitting procedure,
demonstrating the ability of the spin-moment formalism to grasp
distortions of the polarized SED. In Sec. 5, we generalize the
formalism to deal with other kind of averaging effects: spherical
harmonic transforms and instrumental effects. In Sec. 6, we dis-
cuss cases with extra complexity as Faraday rotation and more
general voxel SEDs. Finally, we conclude in Sec. 7.

2. Intensity moment expansion

Before we discuss the generalization of the moment expansion
for polarized light, we briefly recall the logical steps followed in
Chluba et al. (2017) to obtain the moment expansion in intensity.
For now, we neglect beam averaging effects or expansions into
spherical harmonic, but we cover these in Sec. 5.

We start by considering various voxels along a line of sight
in the direction n̂, which is described by an affine parameter s.
Every voxel emits with an SED1:

Iν(A(s), p(s)) = A(s) Îν(p(s)), (1)

where Îν is referred to as the fundamental SED with N spec-
tral parameters, p(s) = {p1(s), p2(s), . . . , pN(s)}. The amplitude
or weight parameter, A(s), determines the relative contribution
of each voxel to the total intensity.2 The resulting total SED is
given by an average along the line of sight, which we shall de-
note by 〈. . . 〉. This average can be explicitly written in terms
of an integral over the affine parameters, s, or, alternatively, as
an integral of the intensity over the spectral parameter distribu-
tion function in the direction n̂ (e.g., Chluba et al. 2017; Rotti &
Chluba 2021):

〈Iν(A , p)〉 =
∫

dA(s)

ds
Îν(p(s)) ds ≡

∫

P(p, n̂) Îν(p) dN p. (2)

In the second definition, we introduced the distribution P(p, n̂) of
the spectral parameters, p, along the fixed line of sight n̂, with the
relative weights absorbed into the distribution itself. We note that
the distribution P(p, n̂) is not necessarily normalized to unity, as
it determines the relative weight of each SED shape to the total.
For convenience we shall define the average amplitude parame-

ter as Ā = 〈A〉 =
∫

[dA(s)/ds] ds =
∫

P(p, n̂) dN p.
In order to provide a perturbative model of the average SED,

the spectral dependence Îν in Eq. (2) can be expanded into a
Taylor series with respect to p around the pivot p̄ as:

Îν(p) = Îν( p̄) +
∑

j

(p j − p̄ j) ∂p̄ j
Îν( p̄)

+
1

2

∑

j,k

(p j − p̄ j)(pk − p̄k) ∂p̄ j
∂p̄k

Îν( p̄) (3)

+
1

3!

∑

j,k,l

(p j − p̄ j)(pk − p̄k)(pl − p̄l) ∂p̄ j
∂ p̄k
∂ p̄l

Îν( p̄)

+ . . . .

Here, we used the shorthand notation ∂ p̄ j
X( p̄) ≡ ∂X( p̄)/∂ p̄ j. The

pivot value p̄ around which the series is carried out can be fixed
by asking for the first term of the expansion to vanish upon av-
eraging: 〈A∑ j(p j − p̄ j)〉 = 0. This minimizes the required terms
in the Taylor series and leads to:

p̄ =
〈Ap〉

Ā
=

∫

P(p, n̂) pdN p
∫

P(p, n̂) dN p
. (4)

1 Hereafter, we use the shorthand notation for frequency dependent
quantities Xν ≡ X(ν).
2 One simple example is the power law: Iν(A, β) = A (ν/ν0)β where
p = {β} has dimension one (N = 1) and Îν(β) = (ν/ν0)β. In this, ν0 is
arbitrarily defined, but in practical applications the choice is normally
data-driven (e.g. motivated by the location of sensitive bands in exper-
iments such as for Planck or WMAP) and A is the overall weight, with
dimension that depends on the situation (see Appendix B).

Article number, page 2 of 16



Vacher et al.: High precision modeling of polarized signals

Next we introduce the moment coefficients of order α

ω
p j...pl

α =
〈A (p j − p̄ j) . . . (pl − p̄l)〉

Ā

=

∫

P(p, n̂) (p j − p̄ j) . . . (pl − p̄l) dN p
∫

P(p, n̂) dN p
, (5)

with α being the number of parameters over which the average
is done and the maximal order of the derivative associated with
the moment coefficient. One can then write the total intensity as
an expansion in terms of these moments:

〈Iν(A, p)〉 = Iν(Ā, p̄) +

N
∑

j

ω
p j

1
∂ p̄ j

Iν(Ā, p̄)

+
1

2

N
∑

j,k

ω
p j pk

2
∂ p̄ j
∂ p̄k

Iν(Ā, p̄)

+
1

3!

N
∑

j,k,l

ω
p j pk pl

3
∂p̄ j
∂p̄k
∂ p̄l

Iν(Ā, p̄) + . . . . (6)

Here, all the ω
pi

1
are zero when using the value for p̄ as given

by Eq. (4), while higher order moments capture the complexi-
ties added by line-of-sight averaging effects. In applications, the
pivot value can be obtained using an iterative process by starting
with a reasonable guess for p̄ and then correcting the solution
by the values of ω

pi

1
≡ ∆pi using p̄ j → p̄′

j
= p̄ j + ∆p j. This

iterative process assumes that the moments are perturbative and
convergence can be obtained with a finite number of terms.

3. Moment expansion of polarized signals

In this section, we generalize the intensity moment expansion
to polarization. We start by summarizing a few general aspects
about how to describe polarized light and then highlight some of
the important differences between intensity and polarization.

3.1. General introduction to polarized SED

A polarized signal is fully described by the four real Stokes pa-
rameters Iν,Qν,Uν,Vν, all of them being frequency dependent
quantities. As before, Iν describes the total (i.e., unpolarized +
polarized) intensity, while the pair (Qν,Uν) and Vν respectively
quantify the linearly and the circularly polarized part of the pho-
ton field. Both Iν and Vν are scalar fields meaning that they are
invariant quantities under transformations of the frame in which
they are evaluated. As such, they can be described using the in-
tensity moment expansion of Sec. 2. However a general treat-
ment of polarized light including Vν with the moment expansion
could introduce extra subtleties which go beyond the scope of
this work. Henceforth, we assume Vν = 0.3

On the other hand, the Qν and Uν are coordinate-dependent
quantities transforming under frame rotations as the components
of a spin-2 object. Therefore, they can be more naturally com-
bined into a single spinor field Pν:

Pν = Qν + iUν = Pνe
2iγν , with i =

√
−1. (7)

3 This is justified for CMB signals and component separation since
classical physics in the primordial plasma is not expected to be source of
any significant circular polarization (Montero-Camacho & Hirata 2018;
Inomata & Kamionkowski 2019). Note however that a faint primordial
V signal is expected in some models, see e.g. Hoseinpour et al. (2020).

The spinor’s modulus, Pν, is a real positive function called the
linear polarization intensity and its argument defines the polar-
ization angle γν:

|Pν| = Pν =

√

Q2
ν + U2

ν (8a)

arg(Pν) = 2γν = tan−1 (Uν/Qν) . (8b)

As a spin-2 quantity, when the frame in which Qν and Uν are
defined (e.g., by modifying the directions of the polarizers) is
rotated by a right handed rotation around the n̂ direction by an
angle θ, Pν transforms as Zaldarriaga & Seljak (1997):

(Pν)′ = e−2iθ Pν. (9)

Note that, unless stated otherwise, henceforth we use calli-
graphic variables for complex quantities (e.g., Pν,W, . . . ) and
italic font for real quantities (e.g., Pν, A,Qν,Uν, ω, . . . ).

3.2. Origin of frequency-dependent polarization angle from
polarized mixing

The canonical SEDs usually considered in astrophysics (e.g.
power laws, blackbodies, gray-bodies, modified blackbodies)
generally assume a constant value for γ, independent of the fre-
quency. This behavior is motivated by the existence of a pre-
ferred direction in the physical mechanisms at the origin of po-
larized emission such as magnetic fields and dust grain shape. A
single emitting voxel in the Galaxy is thus expected to emit with
a constant polarization angle as a function of frequency.

Adding voxels with the same polarization angle but vary-
ing spectral parameters simply leads to spectral complexity, very
much like for intensity. Mixing varying polarization states with
the same SED simply leads to a change in the direction of the
total polarization, but no extra spectral complexity. However, if
one mixes various SEDs with different polarization angles and
various spectral parameters, the resulting polarized signal will
inherit a distorted SED P′ν , Pν and a frequency dependent γν.

Pν(A1, p1) e2iγ1 + Pν(A2, p2) e2iγ2 + · · · = P′ν e2iγν . (10)

This consequence of polarized mixing is illustrated in Fig. 1 for a
sum of two power laws Ai(ν/ν0)βi e2iγi with ν0 = 300 GHz, A1 =

2 Jy/sr, A2 = 1 Jy/sr, β1 = 1.8, β2 = 1.2, 2γ1 = 10◦ and 2γ2 =

80◦. One clearly sees that the resulting spinor Pν rotates in the
complex plane with frequency. Modeling both the distorted SED
P′ and the frequency dependence of γν in a physically-motivated
fashion is nontrivial, but can be achieved when generalizing the
moment expansion to polarization.

3.3. Understanding the link to intensity moment expansion

To generalize the intensity moment expansion to polarization,
we have to discuss how Qν and Uν are obtained, and linked to in-
tensity. To characterize the polarization state of the photon field,
we measure the intensity with linear polarizers in four directions,
Iν,‖ and Iν,⊥, which are orthogonal to each other, and Iν,× and Iν,⊗,
which are also orthogonal to each other but rotated by 45◦ rel-
ative to the previous system. The total intensity Iν (polarized +
unpolarized), and Stokes Qν and Uν are then given by

(Itot
ν )2 = (I

unpol
ν )2 + Q2

ν + U2
ν (11a)

Qν =
Iν,‖ − Iν,⊥

2
, Uν =

Iν,× − Iν,⊗

2
. (11b)
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This shows that both Qν and Uν describe differences between
intensities and as such can have positive and negative contribu-
tions, depending on which polarizer response dominates. Think-
ing of each of the intensities Iν,‖, Iν,⊥, Iν,× and Iν,⊗ as the cum-
mulative signal from various emitters, means that one can create
net polarization by i) varying the number of emitters, that is to
say the weight parameter A, and ii) changing the spectra of the
emitters in the different directions.
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Fig. 1: Illustration of the polarization angle spectral dependence from
polarized mixing. Upper panel: Polarization angle γν as a function of
frequency (in GHz) for the sum of two power laws with parameters A1 =

2 Jy/sr, A2 = 1 Jy/sr, β1 = 1.8, β2 = 1.2, 2γ1 = 10◦ and 2γ2 = 80◦. The
color labels the frequency between 1 GHz (dark red) and 500 GHz (dark
blue). Lower panel: Polarization spinor Pν (in Jy/sr) in the complex
(Q,U)-plane, in the same configuration and with the same color coding.
The phase of the spinor is 2γν. The length of the colored bars and the
lines of constant radius represent values of log10(Pν). The two black
lines represent the two power laws A1(ν/ν0)β1 e2iγ1 and A2(ν/ν0)β2 e2iγ2

at 500 GHz.

To give an example, let us assume that in all directions we
have a simple gray-body SED, IGB

ν = A Bν(T ), where Bν(T ) is a
blackbody spectrum. The linearly polarized radiation of a single
voxel is then given by

PGB
ν =

A‖ Bν(T‖) − A⊥ Bν(T⊥)

2
+ i

A× Bν(T×) − A⊗ Bν(T⊗)

2
. (12)

Starting with this voxel SED renders the problem quite compli-
cated. For example, just considering the SED of Qν, we can write

A‖ Bν(T‖) − A⊥ Bν(T⊥)

2
=

(A‖ − A⊥)

2

Bν(T‖) + Bν(T⊥)

2

+
A‖ + A⊥

2

Bν(T‖) − Bν(T⊥)

2
. (13)

This means that two fundamental SED shapes are required: the
sum and difference of two blackbody spectra. These are gen-
erally not blackbody spectra again (Chluba & Sunyaev 2004)
and the moment expansion requires two series. If the number of
spectral parameters is extended (here it was only T ), then the
number of fundamental voxel spectra increases rapidly, which
can quickly make the situation quite complicated.

In astrophysical applications, it is commonly assumed that
the only source of polarization is through variations of the num-
ber of emitters (i.e., the weight parameter A) at fixed SED pa-
rameters. In our example, this means T‖ ≈ T⊥ ≈ T× ≈ T⊗ = T ,

such that Qν ≈ (A‖−A⊥)

2
Bν(T ). In this case, the fundamental voxel

SED is given by P̂GB
ν ≈ Bν(T ), such that the single polarization

state can be characterized by PGB
ν ≈ A e2iγBν(T ). For the fore-

ground examples treated below, we similarly assume that inside
a given voxel the spectral parameters remain constants. We fur-
ther discuss how to go beyond this assumption in Sec. 6.1.

3.4. Spin moments: Moment expansion for spin-2 quantities

We now generalize the moment expansion for intensity pre-
sented in Sec. 2 to polarized signals. We discuss how this new
framework arises naturally from the previous one and provides a
powerful tool allowing us to model the frequency dependence of
γν in the presence of polarized mixing.

The generalization is indeed quite straightforward. For the
intensity moment expansion, we performed a Taylor series in the
spectral parameters for each emitting volume element, in Eq. (3).
The line-of-sight average in one direction, n̂, is then given by
Eq. (2). For polarization, this is equivalent to performing a Tay-
lor expansion of the spinor’s modulus4 Pν = |Pν| with respect to
the spectral parameters at each fixed polarization angle γ. How-
ever, we cannot use a perturbative approach to average over the
polarization angles γ since, in physical situations, one expects
them to vary widely in a nontrivial way, such that the situation
would quickly become mathematically inconsistent. This means
that the line-of-sight average has to be generalized to include the
polarization state in the parameter distribution function

〈Pν〉 =
〈

Pν(A, p) e2iγ
〉

≡
∫

P(p, γ, n̂) P̂ν(p) e2iγ dN p dγ. (14)

Here, we again used Pν(A, p) = A P̂ν(p), as for intensity. In anal-
ogy to the intensity moment expansion, one then finds

〈Pν(A, p, γ)〉 = P̂ν( p̄)
〈

A e2iγ
〉

+

N
∑

j

〈

A e2iγ(p j − p̄ j)
〉

∂p̄ j
P̂ν( p̄)

+
1

2

N
∑

j,k

〈

A e2iγ(p j − p̄ j)(pk − p̄k)
〉

∂ p̄ j
∂ p̄k

P̂ν( p̄) + . . . ,

which depends on the pivot p̄, as we specify in Sect. 3.4.2. Since
〈

A e2iγ
〉

can vanish, we cannot simply factor it out of the expres-

sions. Instead, like for the intensity moments, we will again use

4 Here we make the assumptions discussed in Sec. 3.3.
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Ā = 〈|A e2iγ|〉 ≡ 〈A〉 as a way to normalize the distributions. This
allows us to define the spin moments

W
p j...pl

α =

〈

A e2iγ(p j − p̄ j) . . . (pl − p̄l)
〉

Ā
≡ Ω

p j...pl

α e2iγ
p j ...pl
α (15)

very much like for intensity but with an extra spinor weight. The
moments are now complex-valued and in the second step we ex-
pressed them in terms of the real numbers, Ω

p j...pl

α and γ
p j...pl

α .
The latter defines average directions of polarization states asso-
ciated with each of the moments of the SED. While considering
the pair (Ωα, γα) or the real and imaginary parts of Wα give
perfectly equivalent descriptions, one could be favored over the
other for parameters estimation or physical interpretation. From
a numerical perspective, considering the pair (Q,U) as the com-
ponents of a single object instead of two independent intensities
will add correlations between their moments, which is expected
to improve the accuracy of the parameter inference. The final
polarization moment expansion then takes the form:

〈Pν(A, p, γ)〉 =W0 Pν(Ā, p̄) +
∑

j

W
p j

1
∂p̄ j

Pν(Ā, p̄)

+
1

2

∑

j,k

W
p j pk

2
∂ p̄ j
∂p̄k

Pν(Ā, p̄) + . . . (16)

+
1

α!

∑

j,...,l

W
p j...pl

α ∂ p̄ j
. . . ∂p̄l

Pν(Ā, p̄) + . . . ,

which in this form can be interpreted as the sum of multiple
SEDs with well-defined polarization states. It is this sum of well-
defined single polarization states (i.e., defined by the complex-
valued moments) with varying SEDs (i.e., the derivative spectra)
that leads to rotation of polarization planes.

We comment that the number of parameters in Eq. (16) de-
pends on the moment order that is used in the modeling. For each
moment, two degrees of freedom are added (i.e., the real and
imaginary parts). In addition, one has to determine the spectral
parameter pivot, p̄. However, the overall normalization Ā does
not independently contribute, but was merely chosen to scale the
moments. As such, it cannot be independently estimated, and
only the values of ĀWα actually matter.

3.4.1. Average polarization angle

SinceW0 = Ω0e2iγ0 =
〈

A e2iγ
〉

/Ā can generally vanish, there is

no longer a trivially defined average polarization angle. In par-
ticular whenW0 ≈ 0, the average polarization angle can be fully
determined by the higher order terms in Eq. (16) and also gener-
ally becomes frequency-dependent.

To illustrate this aspect, let us consider the simple example
of two power law spectra with equal weights A along the ±Q
direction (γ1 = 0 and γ2 = π/2). For these we have e2iγ1 = 1 and
e2iγ2 = −1 implying 〈Pν〉 = A(ν/ν0)β1 − A(ν/ν0)β2 . For β1 , β2,
we find Pν , 0 unless ν ≡ ν0, which is reflected by the fact

that W0 =
〈

A e2iγ
〉

/Ā ≡ (A − A)/[2A] = 0, implying that the

leading order term in Eq. (16) vanishes. Also, no matter what the
frequency, in our example the polarization state will remain Qν,
with a change of sign at ν = ν0 and hence flip of 0↔ π/2. In this
situation, all higher order moments remain real and γν is highly
non perturbative (i.e., not differentiable) at ν = ν0.

There must be a way to define a meaningful average polar-
ization angle for each of the moment terms. Indeed, if we simply
think of the average of γ along the line of sight in terms of the

distribution, P(p, γ, n̂). This then results in

γ̄ =
〈Aγ〉

〈A〉
=

∫

P(p, γ, n̂) γ dN p dγ
∫

P(p, γ, n̂) dN p dγ
(17)

as the average polarization angle. This angle can also be used as
a pivot when expanding the polarization state:

e2iγ = e2iγ̄















1 +

∞
∑

k=1

(2i)k

k!
(γ − γ̄)k















. (18)

Using this in Eq. (15), have

W
p j...pl

α = e2iγ̄

∞
∑

k=0

(2i)k

k!

〈

A(γ − γ̄)k(p j − p̄ j) . . . (pl − p̄l)
〉

Ā
. (19)

The first term in the sum (i.e., k = 0), is the only non vanishing
contribution if the distributions of γ and p factorize (i.e., the two
are uncorrelated variables), as we discuss in Sect. 3.4.3. Adding
term by term in the series of Eq. (19) allows us to include in-
formation from higher order correlations of γ and p. However,
in terms of distinguishable parameters, only the total moments,
W

p j...pl

α , can really be constrained.

3.4.2. Definition of the pivot

How do we determine the spectral parameter pivot? In the inten-
sity case, we simply demanded the first moments to vanish to fix
the pivot. For polarization, this naively yields the condition

〈A e2iγ〉 p̄ = 〈A e2iγ
p〉. (20)

However, since 〈A e2iγ〉 can vanish, in general this cannot be a
meaningful choice.

Above, we already defined Ā = 〈|A e2iγ|〉. In a similar man-
ner, we can introduce the SED pivots as

p̄ =

〈

|A e2iγ|p
〉

〈

|A e2iγ|
〉 ≡

〈Ap〉

〈A〉
=

∫

P(p, γ, n̂) pdN p dγ
∫

P(p, γ, n̂) dN p dγ
, (21)

which is equivalent to the definition for the intensity moments.
Physically, this means that we disregard the geometrical prop-
erties of Pν and simply treat its modulus as an intensity. For
our power-law example in Sect. 3.4.1, this means β̄ = (A1β1 +

A2β2)/(A1+A2), which is fully analogous to the result of a simple
intensity moment expansion. As we shall see below, this choice
is well motivated and leads to a well-behaved polarization mo-
ment formalism.

In the perturbative regime however, Ω0 = |〈Ae2iγ〉| � 0, one
can safely choose the complex pivot

p̄ =

〈

A e2iγ
p

〉

〈

A e2iγ
〉 ⇒ ∆p̄ j =

〈

A e2iγ(p j − p̄ j)
〉

〈

A e2iγ
〉 =

W
p j

1

W0

(22)

While the spectral parameters p are real quantities, correcting
by a complex number might seem incoherent. However, as we
will discuss with examples, doing so is deeply relevant. While
the real part of p̄ can be interpreted as real correction of p, its
complex part gives rise to the first order frequency dependence of
the polarization angle γν and can add some spectral modulation
to the polarized intensity.
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3.4.3. Independent angle distribution and de-polarization

In the definition of the line-of-sight average and spin moments,
Eq. (14) and (15), we kept the parameter distribution function
general. The discussion is greatly simplified if the probability
distributions for the spectral parameters and the polarization an-
gles can be considered as independent. In this case, one has5

P(p, γ, n̂) ≈ P(p, n̂)P(γ, n̂), such that

〈Pν〉 =

∫

P(p, n̂) P̂ν(p) dN p

∫

P(γ, n̂) e2iγ dγ. (23)

As this expression shows, spectral mixing and polarization an-
gle averaging become completely independent, such that no
frequency-dependent polarization angle can be expected. How-
ever, when summing over different physical conditions along the
line of sight, the probability distribution becomes

P(p, γ, n̂) =

∫

A(s)δ(γ − γ(s))δN(p− p(s))ds

,

∫

δ(γ − γ(s))ds

∫

A(s)δN(p− p(s))ds, (24)

introducing an unavoidable dependence between the angles and
the spectral parameters. This dependence disappears if either the
polarization angle or the spectral parameters are constant in the
line of sight, highlighting that a variation of both γ and p is re-
quired to have a spectral dependence of the polarization angle.

If the angle distribution is Gaussian with average angle γ̄(n̂)
and width σγ(n̂), then one finds

∫

P(γ, n̂) e2iγ dγ = e2iγ̄(n̂) e−2σ2
γ(n̂). (25)

This expression highlights that the dispersion of the angles leads
to damping of the net polarization amplitude and ultimately com-
plete depolarization if the distribution becomes too wide. In this
case, a general perturbative expansion in ∆γ = γ − γ̄, [see e.g.
Eq. (18)] is unlikely to converge, but, as stressed already, does
not add any new insight anyways.

4. Canonical SEDs

In this section, we illustrate the spin-moment framework on
some detailed analytical and numerical examples relevant to as-
trophysical applications. We consider discrete sums of polarized
SEDs along a given line of sight, often focusing on very few
contributions. For the moment formalism, this can lead to non-
perturbative cases, since in the limit of many emitters, the mo-
ments are expected to become more Gaussian due to the central
limit theorem. Still, in most cases only a few moments are re-
quired to capture the dominant effects.

To highlight the performance of the moment formalism, we
treat the sum of SEDs with noise as data and then use the mo-
ment representations to finite order as model. We perform a
parameter estimation by means of curve fitting with χ2 mini-
mization in complex-variables using the LMFIT python library
(Newville et al. 2016). Hereafter, the model of linear polarization
given by the spin-moment expansion is PM

ν and the simulated
data signal is noted PS

ν . We add Gaussian noise Nν to the simu-
lation, with zero mean and standard deviationσ = σQ+iσU . The

values of σ is chosen such that the signal to noise ratios QS
ν/Q

M
ν

5 In doing so, we can use the normalizations
∫

P(p, n̂)dN p = Ā and
∫

P(γ, n̂)d γ = 1.

and US
ν /U

M
ν are constants over the whole frequency range (cho-

sen arbitrarily to be 1 × 10−5). 6

The χ2 to minimize is given by χ2 = 1
2
|PM
ν − P

S
ν |

2/|σ|2. The
signal is considered over a frequency range going from 1 GHz
to νmax in intervals of 1 GHz. The choice of νmax will depend
on the example considered. We introduce the shorthand notation
’O(α)’ to refer to the fit of the spin-moment expansion including
all the terms up to order α. ’O(0)’ is the leading order/canonical
SED. Two distinct routines are developed, fitting either the pair
(Re(W

p

α), Im(W
p

α)) or the pair (Ω
p

α, γ
p

α). In all the examples con-
sidered, both lead to identical results and we leave a further com-
parison between the two implementations for future work. We
are interested in the SED distortions and their behavior in the
complex plane, which are only driven by the relative contribu-
tions of the different emission points. As such, we use natural
units of Jy/sr, for all the SEDs. A more detailed discussion on
the relevance of weights, normalization and change of units can
be found in Appendices A and B.

4.1. General discrete sums of canonical SEDs

For a discrete sum of M SEDs along a line of sight one can
trivially write the distribution function as

P(p, γ, n̂) =

M
∑

k

Ak δ(γ − γk) δN(p− pk), (26)

where δ(x− x0) denotes Dirac’s distribution and the sum extends
over the discrete emission points along the line of sight with SED
vectors pk and polarization angles γk. Inserting this into the def-
initions of the moments and pivots given in the previous section
we trivially find the exact average

〈Pν〉 =

M
∑

k

Ak

∫

δ(γ − γk) δN(p− pk) P̂ν(p) e2iγ dN p dγ

=

M
∑

k

Ake2iγk P̂ν(pk). (27)

Using the polarization moment expansion, we automatically
have the normalization, pivot and complex-valued moments as

Ā =

M
∑

k

Ak

∫

δ(γ − γ j) δ
N(p− pj) dN p dγ =

M
∑

k

Ak (28a)

p̄ =

M
∑

k

(Ak/Ā) pk, γ̄ =

M
∑

k

(Ak/Ā) γk (28b)

W0 =

M
∑

k

(Ak/Ā) e2iγk (28c)

W
p j...pl

α =

M
∑

k

(Ak/Ā) e2iγk (pk, j − p̄k, j) . . . (pk,l − p̄k,l), (28d)

where the ratios Ak/Ā determine the probabilities to find pk and
γk. These expressions can then be inserted into Eq. (16) to obtain
the polarization moment expansion. The derivatives of the spec-
tra have to be computed individually, but generally the moment
expansion is expected to converge with only a few terms.

6 The error bars used in all the figures are respectively given by σ2
Q,

σ2
U , σ2

P = (Q2σ2
Q + U2σ2

U )/P2 and σ2
γ = 0.5(U2σ2

Q + Q2σ2
U )/P4.
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4.2. Power laws

As a first example of astrophysical relevance, we consider the
simple case of power-law SEDs:

P̂ PL
ν (β) =

(

ν

ν0

)β

. (29)

The polarization state can then be characterized by PPL
ν ≈

Ae2iγP̂ PL
ν . The only spectral parameter relevant for the moment

expansion is the spectral index p = (β), normalized at a reference
frequency ν0. This SED plays a crucial role in the foreground
modeling of synchrotron on large scales (Planck Collabora-
tion 2020a). In the following numerical applications, we choose
νmax = 150 GHz below which the synchrotron emission is dom-
inant and ν0 = 23 GHz as the WMAP frequency band (Bennett
et al 2013). Using ∂k

β
P̂PL
ν = ∂

k
β
(ν/ν0)β = (ν/ν0)β ln(ν/ν0)k, the

spin-moment expansion in Eq. (16) can then be expressed as

〈P PL
ν 〉 = P PL

ν (Ā, β̄) ×

{

W0 +W
β

1
ln

(

ν

ν0

)

+
W
β2

2

2
ln

(

ν

ν0

)2

+
W
β3

3

6
ln

(

ν

ν0

)3

+ · · ·

}

. (30)

The choice of the reference frequency ν0, around which to make
the expansion, can have an impact on the convergence rate of
model, but otherwise leaves the moment expansion unchanged.
One choice is to pick a local extremum where the SED changes
shape: ∂νP

S
ν = 0 or ∂νγ

S
ν = 0 depending on the distortion type.

In front of real data the choice has to be made also from in-
strumental considerations. As an example, we now consider the
superposition of two power laws in more detail.

4.2.1. Hands-on example: two power laws

Consider two power laws (M = 2) with different spectral indices
(β1, β2) and polarization angle (γ1, γ2) along the same line of
sight. The exact solution then reads

Pν = A1

(

ν

ν0

)β1

e2iγ1 + A2

(

ν

ν0

)β2

e2iγ2 . (31)

Carrying out the intensity moment expansion of the two individ-
ual power laws with respect to their spectral indices, we obtain

Ā = A1 + A2 (32a)

β̄ =
A1

Ā
β1 +

A2

Ā
β2, γ̄ =

A1

Ā
γ1 +

A2

Ā
γ2 (32b)

W0 =
A1

Ā
e2iγ1 +

A2

Ā
e2iγ2 (32c)

W
βα

α =
A1

Ā
e2iγ1 (β1 − β̄)

α +
A2

Ā
e2iγ2 (β2 − β̄)

α. (32d)

These expressions can be trivially extended to M power laws
after extending the sums to M parameters Ak, γk and βk to find the
values of the pivot and spin moments (see Sect. 4.1). However,
for illustrations the two power-law case is more intuitive.

If γ1 = γ2 = γ̄ and β1 , β2, we naturally find that all spin
moments are aligned in the same directions of the complex-plane
and hence no change in the polarization direction can occur as
a function of frequency. In this case, 〈PPL

ν 〉 = e2iγ〈PPL
ν (A, β)〉,

trivially describing the effect of spectral mixing only. If on the

other hand β1 = β2 = β̄ and γ1 , γ2, we naturally haveW
βα

α = 0
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Fig. 2: Illustration of the spinor Pν in the complex plane (Q,U) for a
sum of two power laws (upper panel). Black crosses mark the steps of
50 GHz on the signal. The values of frequencies are indicated above
the crosses in GHz. The corresponding polarized intensity Pν (central
panel) and polarization angle γν (lower panel). The exact result with as-
sociated (invisible) error bars (black) is compared to the best-fit moment
representation at various orders.

and everything is described byW0 with a fixed SED. To obtain
nontrivial consequences of polarized mixing, both γk and βk need
to vary.

As an illustration, let us consider the highly non-perturbative
example, with synchrotron-like behavior: A1 = 2 Jy/sr, A2 =
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1 Jy/sr, β1 = −2.8, β2 = −3.6, 2γ1 = 10◦ and 2γ2 = 80◦, imply-
ing Ā = 3 Jy/sr, β̄ ≈ −3.06 and γ̄ ≈ 16.6◦. In Fig. 2, the modulus
Pν and the argument γν of the signal together with the recovered
spinor representation are displayed for various orders of the ex-
pansion going from O(0) to O(3). For such strong deviations of
spectral parameters, one cannot expect to find β̄ ≈ −3.06 for the
expansion at leading order, and it has to be treated as a free pa-
rameter of the model. This is particularly important when only a
few moment terms are included. The expansion at higher orders
then allows us to gradually recover the nontrivial polarization
signal over the frequency range. In all cases but O(0), the best fit

values for Ā, β̄ andW
β
α are all compatible within one standard

deviation with those given by Eq. (32). While, by definition, the
leading order cannot encompass any rotation of the spinor with
frequency, we can see that the moment expansion allows us to
correctly model the frequency dependence of γν.

4.2.2. Extreme cases and perturbative regime

To gain further insight, let us just consider the first order terms
of the expansion:

〈PPL
ν 〉 ≈ P̂ PL

ν (Ā, β̄) ×

{

W0 +W
β

1
ln

(

ν

ν0

) }

. (33)

IfW0 ≈ 0, we indeed find the situation where we have a polar-

ization angle fully determined byW
β

1
, with a sign-flip at ν = ν0.

The polarization SED is then determined by the first β deriva-
tive of the power law, and polarization rotation would stem from
higher order moments which are not included here. In this situ-
ation, we are dealing with two dominant (and near degenerate)
contributions to the polarization state that are rotated by 90◦ to
each other (e.g., +Qν and −Qν). The moment expansion then de-
scribes how much these two power-law terms differ.

This situation is illustrated in Fig. 3 by a sum of two power
laws with parameters A1 = A2 = 2 Jy/sr, β1 = 1, β2 = 2,
2γ1 = 180◦ and 2γ2 = 0.1◦. One can see that both γν and Pν
do not behave as smooth functions at the breaking point ν ' ν0,
where one power law abruptly takes over the other one. Here,
γν changes very rapidly from γ1 to γ2. This is, however, not
a problem for the spin-moment expansion, which allows us to
recover Pν correctly. As mentioned above, one recovers a very

small best-fit value forW0 andW
β

1
, 0 is the dominant term of

the expansion, and polarization rotation mainly stems from the
second and higher order moments.

If on the other hand we are in the perturbative regime where

|W0| � |W
β

1
| > 0, we can correct for the first order term of

the expansion as in intensity, interpreting it as a correction to
the spectral parameters with this correction now being complex-
valued. let us split its real and imaginary parts as

∆β̄ =
W
β

1

W0

= a∆β̄ + ib∆β̄. (34)

With 7 W0 = Ω0 e2iγ0 , we can then write the expansion as

〈PPL
ν 〉 ≈ W0 P̂ PL

ν (Ā, β̄) ×

{

1 + ∆β̄ ln

(

ν

ν0

) }

≈ ĀW0

(

ν

ν0

)β̄+a∆β̄+i b∆β̄

≡ ĀΩ0 exp

(

2i

[

γ0 +
b∆β̄

2
ln

(

ν

ν0

)]) (

ν

ν0

)β̄+a∆β̄

. (35)

7 In general Ω0 is expected to depart from unity.
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Fig. 3: Illustration of the spinor Pν in the complex plane (Q,U) for a
sum of two almost anti aligned power laws, with a close-up view around
ν = ν0 (Upper panel). Black crosses mark the steps of 10 GHz on the
signal.The values of frequencies are indicated above the crosses in GHz.
The corresponding polarized intensity Pν (Central panel) and polariza-
tion angle γν (Lower panel). We choose logarithmic representations to
emphasize the focus on the ν ∼ ν0 point.

In the perturbative regime, we thus find a polarization SED
that is again a power law with a spectral index and frequency-
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dependent polarization angle given by

β̄PL ≈ β̄ + Re















W
β

1

W0















(36a)

γPL
ν ≈ γ0 +

1

2
Im















W
β

1

W0















ln

(

ν

ν0

)

. (36b)

This result clearly shows that even at the lowest order, the super-
position of linearly polarized power-law SEDs generally leads
to a frequency-dependent rotation of the polarization angle. The
rotation is purely driven by the imaginary part of the pivot value
in the power-law index. At lowest order, no spectral curvature is
added, even if the spectral index departs from that of the simple
intensity superposition, β̄, by a∆β̄. At higher order, the complex-
valued moments given in Eq. (32) lead to additional spectral
complexity, which in most relevant situations can be captured
in a perturbative manner.

Just as for intensity, in the perturbative regime one can can-

celW
β

1
and correct the leading order according to Eq. (35). Pro-

ceeding iteratively on numerical examples, one can witness the
quick convergence of the first order moment toward zero. Doing
so allows us to find the right pivot for the expansion while still
keeping the pivot β̄ fixed. As such, one breaks unwanted degen-
eracies and recovers a physically relevant value for the spectral
parameters with a minimal dispersion.

4.3. Blackbodies

As the second example, we briefly consider the superposition
of blackbody spectra, a case that is directly relevant to primor-
dial CMB polarization. The only free parameter is the blackbody
temperature, and a temperature difference in two orthogonal di-
rections is required to obtain a net polarization. This is an ex-
ample where the origin of the polarization is due to the spectral
parameters only. The SED for polarized light, at leading order
in the temperature perturbation around the average, is then given
by the first temperature derivative of a blackbody:

Bν(T̄ ) =
2h

c2

ν3

ehν/kT̄ − 1
, Gν(T̄ ) =

∂Bν(T̄ )

∂ ln T̄
=

2hν3

c2

x ex

(ex − 1)2
,

PBB
ν ≈ Gν(T̄ )

[

ΘQ + iΘU

]

(37)

with x = hν/kT̄ and the usual natural constants. We also in-
troduced the two temperature perturbations ΘQ = ∆TQ/T̄ and
ΘU = ∆TU/T̄ , which are respectively defined for a coordinate
system that is rotated by 45◦. At fixed ΘQ and ΘU , this means
that (at lowest order in the temperature fluctuations) no spectral
mixing happens, and hence γ remains frequency-independent.

However, if we include terms at second order in Θ, one finds
an additional frequency dependence that is characterized by a
y-type distortion (e.g., see Appendix A of Chluba et al. 2015):

Yν(T̄ ) =
2hν3

c2

x ex

(ex − 1)2

[

x
ex + 1

ex − 1
− 4

]

,

PBB
ν = Gν(T̄ )

[

ΘQ + 2ΘIΘQ + i (ΘU + 2ΘIΘU)
]

+ Yν(T̄ )
[

ΘIΘQ + iΘIΘU

]

. (38)

Here, we introduced the total intensity temperature perturbation
ΘI = ∆TI/T̄ , which generally includes both polarized and unpo-
larized contributions. Depending on the ratio of ΘQ to ΘU , this
will cause a small frequency-dependent rotation of the polariza-
tion planes. However, since this effect is at second order in the
(small) CMB temperature differences, we leave a more detailed
discussion to future work.

4.4. Gray-body spectra

In contrast to the blackbody, a gray-body (GB) spectrum also
has a free normalization, caused by imperfect reflectivity of the
material. As discussed in Sec. 3.3, we only allow variations of
A to create polarization. The fundamental SED is thus given by
P̂GB
ν ≡ Bν(T ), such that the single polarization state can be char-

acterized by PGB
ν ≈ A e2iγBν(T ).

We can then consider general GB superpositions. Following
Chluba et al. (2017), we shall use βGB = 1/T as the spectral
parameter. The SED derivatives then have a closed form using
Eulerian numbers (Chluba et al. 2013), with the first few terms
given by (see Eq. (38) of Chluba et al. 2017):

βGB∂βGB
P̂GB
ν = −P̂GB

ν

xex

(ex − 1)
(39a)

β2
GB∂

2
βGB

P̂GB
ν = +P̂GB

ν

xex

(ex − 1)
x coth(x/2) (39b)

β3
GB∂

3
βGB

P̂GB
ν = −P̂GB

ν

xex

(ex − 1)
x2 cosh(x) + 2

cosh(x) − 1
(39c)

β4
GB∂

4
βGB

P̂GB
ν = +P̂GB

ν

xex

(ex − 1)

x3

2

cosh(x) + 5

sinh2(x/2)
coth(x/2). (39d)

with the frequency variable x = hν
k
β̄GB ≡

hν
kT̄

.

The final GB moment expansion then takes the form:

〈PGB
ν 〉 = PGB

ν (Ā, T̄ ) ×

{

W0 +W
βGB

1
YGB

1 (x) +
1

2
W
β2

GB

2
YGB

2 (x)

+
1

6
W
β3

GB

3
YGB

3 (x) + · · ·

}

(40a)

Ā = 〈A〉, W0 =
〈A e2iγ〉

Ā
, β̄GB ≡

1

T̄
=
〈A βGB〉

Ā
(40b)

W
βα

GB
α =

〈A e2iγ (βGB − β̄GB)α〉

Ā
, YGB

k (x) =
1

P̂GB
ν

∂kP̂GB
ν

∂β̄k
GB

. (40c)

The functions YGB
k

(x) will also be relevant to the discussion of
modified blackbody spectra in Sect. 4.5.

In Fig. 4, we fit the above model on a sum of two gray-bodies
with parameters A1 = A2 = 106, β1 = 1/20 K−1, β2 = 1/13 K−1,
2γ1 = 72◦, 2γ2 = −90◦. To catch the domain on which βGB

has a maximal impact, we choose νmax = 5000 GHz. We note
the "loop" trajectory of Pν in the complex plane (Q,U) inherited
from the combination of the shape of the black-body SED and
the frequency rotation. By definition again, O(0) can only be a
straight line and fail to grasp this complexity. Even if this case
again is non-perturbative, we see that the moment expansion up
to third order allows us to gradually account for the SED dis-
tortions and recover Pν, the polarized mixing inducing a highly
nontrivial rotation of the polarization angle.

Like in the power-law example, in the perturbative regime
we can obtain a more general expression for the leading order

terms. Assuming that |W0| � |W
βGB

1
|, we can again use the split

∆β̄GB = W
βGB

1
/W0 = a∆β̄GB

+ ib∆β̄GB
into real and imaginary

parts. With this, we can then write

〈PGB
ν 〉 ≈ ĀW0 P̂GB

ν (T̄ ) ×

{

1 + ∆β̄GB YGB
1 (x)

}

≈ ĀW0 P̂GB
ν (T̃ ) (41)

with T̃ = 1/(β̄GB +∆β̄GB). The leading order SED term, P̂GB
ν (T̃ ),

then depends on the function
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Fig. 4: Illustration of Pν in the complex plane (Q,U) for a sum of two
gray-bodies (Upper panel). Black crosses mark the steps of 1000 GHz
on the signal. The values of frequencies are indicated above the crosses
in GHz. The corresponding polarized intensity Pν (Central panel) and
polarization angle γν (Lower panel).

1

e
hν

kT̃ − 1
=

1

exR+ixI − 1
=

e2i∆γGB
ν

√

(exR − 1)2 + 2exR [1 − cos(xI)]
(42a)

∆γGB
ν =

1

2
tan−1

(

exR sin(xI)

exR cos(xI) − 1

)

(42b)

with xR = hν (β̄GB + a∆β̄GB
)/k and xI = hν b∆β̄GB

/k. One can see
that polarized mixing leads to an imaginary photon chemical po-
tential, µ = ixI. This causes a frequency-dependent rotation of
the polarization plane and also modifications to the SED. At high
frequencies, one finds ∆γν ≈ xI/2, while at low frequencies, one
has the constant ∆γν ≈

1
2

tan−1(b∆β̄GB
/a∆β̄GB

).

4.5. Modified blackbodies

Another highly relevant SED is given by the modified black-
body spectrum. It is expected to provide a good model for
the thermal dust intensity and polarized signal (Planck Collab-
oration 2014b, 2015). In principle, one should allow for am-
plitude, temperature and spectral index variations inside each
voxel. This provides multiple ways of creating polarization (see
Sec. 3.3 for discussion). However, we assume that the voxel
polarization is again only given by amplitude variations in the
four emission directions. The fundamental voxel SED then reads
P̂mBB
ν ≡ (ν/ν0)βd Bν(T ), such that the single polarization state can

be characterized by PmBB
ν ≈ A e2iγ(ν/ν0)βd Bν(T )8. Using the re-

sults for the power law and gray-body spectra of the previous
sections, we then have

〈PmBB
ν 〉 = PmBB

ν (Ā, T̄ , β̄d) ×

{

W0 +W
βd

1
ln(ν/ν0) +W

βGB

1
YGB

1 (x)

+
1

2
W
β2

d

2
ln2(ν/ν0) +W

βGBβd

2
ln(ν/ν0) YGB

1 (x) +
1

2
W
β2

GB

2
YGB

2 (x)

+
1

6
W
β3

d

3
ln3(ν/ν0) +

1

2
W
βGBβ

2
d

3
ln2(ν/ν0) YGB

1 (x) (43a)

+
1

2
W
β2

GB
βd

3
ln(ν/ν0) YGB

2 (x) +
1

6
W
β3

GB

3
YGB

3 (x) + · · ·

}

Ā = 〈A〉, W0 =
〈A e2iγ〉

Ā
, (43b)

β̄GB ≡
1

T̄
=
〈A βGB〉

Ā
, β̄d =

〈A βd〉

Ā
(43c)

W
βα

GB
βδ

d

α+δ
=
〈A e2iγ (βGB − β̄GB)α (βd − β̄d)δ〉

Ā
(43d)

up to third order. Due to the dimensionality of the problem, the
moment representation quickly becomes cumbersome, but can
be easily handled using modern computers.

In Fig. 5, we applied this expansion on the sum of two nor-
malized9 modified blackbodies of parameters A1 = A2 = 1,
β1 = 2, β2 = 1, T1 = 5 K, T2 = 70 K, 2γ1 = 72◦, 2γ2 = −90◦.
To simulate the thermal dust signal over the CMB missions fre-
quency ranges and in order to witness the transition between the
effect of the power-law factor at low frequencies and the gray-
body factor at high frequencies, we choose νmax = 800 GHz.
Accordingly to the Planck high frequency bands, we choose
ν0 = 353 GHz (Planck Collaboration 2016). One can see that the
different power laws induce strong distortions at low frequencies
≤ 100 GHz while the temperature induces an additional bending
at high frequencies. In this very extreme case, all the moments
up to order 3 are required to correctly model the signal. However,
even in this nontrivial situation the moment expansion performs

8 This is the standard way to model polarized dust emission locally,
with A = πdustτdust cos2(Γdust), πdust being the polarization fraction, τdust

the opacity and Γdust the angle between the Galactic magnetic field and
the plane of the sky (Draine & Fraisse 2009). In practice one would
have to consider a correlation between Γdust and γ.
9 The two modified blackbodies are here normalized by a reference
blackbody at ν = ν0, as further discussed in Appendix A. As such, Q, U
and Pν are unitless.
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Fig. 5: Illustration of the spinor Pν in the complex plane (Q,U) for a
sum of two modified-blackbodies (Upper panel). Black crosses mark
the steps of 100 GHz on the signal. The values of frequencies are indi-
cated above the crosses in GHz. The corresponding polarized intensity
Pν (Central panel) and polarization angle γν (Lower panel).

extremely well. The leading order fit O(0) interprets a local max-
imum of the polarized intensity and as the peak of the gray-body
spectra, leading to a wrongly small value for the recovered tem-
perature. In astrophysical situations one expects the central limit
theorem to render the examples more moderate, with fewer mo-
ments required at a given precision.

In the perturbative regime, using the results from the previ-
ous sections, the leading order moment description then is

〈PmBB
ν 〉 ≈

2hν3

c2

ĀΩ0 (ν/ν0)β̄d+a∆β̄d e2iγν

√

(exR − 1)2 + 2exR [1 − cos(xI)]
(44a)

γν = γ0 +
1

2
b∆β̄d

ln(ν/ν0) + ∆γGB
ν , (44b)

with definitions as in the previous section. This expression
demonstrates that the rotation of the polarization plane now has
two contributions, one from the power-law modulation, one from
the temperature terms. The rotation caused by temperature terms
is particularly important at high frequencies and can become
rapid due to a near linear scaling with ν.

5. Generalizations of the formalism

In this section, we discuss additional averaging processes, cov-
ering the spherical harmonic decomposition and beam averag-
ing effects. These cases all naturally lead to a redefinition of the
meaning and values of the moments and spectral pivot, but they
do not actually change the structure of the moment representa-
tion. For each case, we briefly recap how the problem is treated
in intensity before generalizing to spin moments.

5.1. Generalization to spherical harmonics

As it was done for intensity in Chluba et al. (2017), one can
immediately generalize the spin-moment expansion in harmonic
space. For that we have to leave the above restriction of consid-
ering a single line of sight n̂ and consider the intensities as fields
over the celestial sphere. Using the moment expansion formal-
ism at the power spectra level is especially useful for component
separation on large sky fractions as it has been already shown
for Planck data (Mangilli et al. 2021), The Simons Observatory
telescope (Azzoni et al. 2021) and LiteBIRD (Remazeilles et al.
2021; Vacher et al. 2022).

5.1.1. In intensity

While in the above, we described the signal along a given line
of sight n̂, we now turn ourselves to averages between different
lines-of-sights across sky patches. The average intensity, 〈Iν〉,
which generally depends on the line-of-sight moments and piv-
ots of the SED expansion in the direction n̂, is a scalar field on
the S 2-manifold. As such, it can be expanded on the orthogo-
nal basis of the spherical harmonic functions Y`m(n̂). We shall
denote the spherical harmonic coefficients of a quantity X as

(X)`m =

∫

Y∗`m(n̂) X(n̂) d2
n̂. (45)

The spherical harmonic coefficients of the average intensity SED
can then be expressed as:

〈Iν〉`m ≡ 〈(Iν)`m〉 =

∫

Y∗`m(n̂)P(p, n̂) Îν(p) dN p d2
n̂

=

∫

P`m(p) Îν(p) dN p, (46)

where P`m(p) is the harmonic coefficient of the parameter distri-
bution, P(p, n̂). Just as the single line-of-sight average, this su-
perposition will introduce some additional mixing between in-
tensities with different spectral parameters p(n̂) and introduces
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extra distortions. The spherical harmonic functions introduce a
reweighting of the parameter distribution, which essentially im-
plies that all moments can be directly computed using the har-
monic coefficients of the parameter distribution, (P)`m(p).

Expanding Îν(p) in Eq. (46) and following the same steps
introduced in Sec. 2, one can derive the moment expansion in
harmonic space having the exact same structure as Eq. (6):

〈Iν〉`m = δ`0 Iν(Ā, p̄) +
∑

j

(ω1)
p j

`m
∂p̄ j

Iν(Ā, p̄)

+
1

2

∑

j,k

(ω2)
p j pk

`m
∂ p̄ j
∂p̄k

Iν(Ā, p̄)

+
1

3!

∑

j,k,l

(ω3)
p j pk pl

`m
∂p̄ j
∂ p̄k
∂ p̄l

Iν(Ā, p̄) + . . . , (47)

where δi j is the Kronecker-δ and we introduced the (complex-
valued) moment multipoles

(ωα)
p j...pl

`m
=
〈A(p j − p̄ j) . . . (pl − p̄l)〉`m

Ā
. (48)

In Eq. (47), we used the average of all the parameters across the
sky to define the average SED amplitude and pivot10

Ā =

∫

P(p, n̂) dN p
d2

n̂

4π
and p̄ =

∫

P(p, n̂) pdN p d2
n̂

4π
∫

P(p, n̂) dN p d2 n̂

4π

. (49)

This choice might be best suited for convergence (canceling the
first order moment of the intensity expansion over the whole sky)
when done in real space. This expansion is straightforward to
generalize to angular power-spectra and cross-frequency power
spectra (Mangilli et al. 2021) and is what has so far been used to
describe B-modes signal.

5.1.2. In Polarization

The averaged polarized signal 〈Pν(p(n̂))〉 = 〈Pν(n̂)〉 is now a
section of the spin-2 bundle on the S 2-manifold. It can be ex-
panded on the orthogonal basis of the spin-2 weighted spheri-
cal harmonics ±2Y`m (Newman & Penrose 1966; Goldberg et al.
1967). One can evaluate the spherical-harmonic coefficients of a
general frequency dependent spinor field ±2Xν for ` ≥ 2 as11

±2(Xν)`m =

∫

±2Y∗`m(n̂)Xν(n̂) d2
n̂ (50)

For convenience, we then also define the harmonic expansion of
the line-of-sight average of the polarization field as

±2〈Pν〉`m =

∫

±2Y∗`m(n̂)P(p, γ, n̂)Pν(p, γ) dN p dγ d2
n̂

=

∫

±2P`m(p, γ)Pν(p, γ) dN p dγ, (51)

where we define the harmonic coefficient of the parameter dis-
tribution function, P(p, γ, n̂), as ±2P`m(p, γ). When applied to the

10 Note that in Mangilli et al. (2021) and its follow-up papers (e.g.
Vacher et al. (2022)), the existence of a scale dependent pivot p̄(`) in
the harmonic space level has been assumed. Proving or discussing for-
mally this assumption is left for future work.
11 The spin-weighted harmonics function sY`m are defined for ` ≥ |s|.

spin-moment expansion of the polarization field, we then obtain

±2〈Pν〉`m =
∑

j

±2(W
p j

1
)`m ∂p̄ j

Pν(Ā, p̄)

+
1

2

∑

j,k

±2(W
p j pk

2
)`m ∂p̄ j

∂ p̄k
Pν(Ā, p̄) (52)

+
1

3!

∑

j,k,l

±2(W
p j pk pl

3
)`m ∂p̄ j

∂p̄k
∂ p̄l

Pν(Ā, p̄) + . . . ,

with the spin-moment multipoles

±2(W
p j...pl

α )`,m =
±2〈Ae2iγ(p j − p̄ j) . . . (pl − p̄l)〉`m

Ā
. (53)

Since this expansion is not defined for ` ≤ 2, one does not have
any leading order (monopole) term. Nevertheless, the spectral
pivot is again defined by the average over the full sky,

Ā =

∫

P(p, γ, n̂) dN p dγ
d2

n̂

4π
(54a)

p̄ =

∫

P(p, γ, n̂) pdN p dγ d2
n̂

4π
∫

P(p, γ, n̂) dN p d2 n̂

4π

(54b)

which is the only physically motivated choice. It now has to in-
clude the average over γ.

5.1.3. E- and B-modes

From the harmonic coefficients of the polarized spinor, one can
then obtain the E- and B-mode coefficients of the polarized SED
as (Zaldarriaga & Seljak 1997; Kamionkowski et al. 1997):

〈Pν〉
E
`m = −

1

2

[

+2〈Pν〉`m + −2〈P
∗
ν〉`m

]

(55a)

〈Pν〉
B
`m = −

1

2i

[

+2〈Pν〉`m − −2〈P
∗
ν〉`m

]

. (55b)

One can then expand both Pν and its complex conjugate using
Eq. (52) and insert them into Eq. (55). Going from the expansion
of the previous section to the E- and B-modes adds no extra av-
eraging effect. For each mode, we get a moment expansion with
the same structure as Eq. (52) with spin moments:

(W
p j...pl

α )E
`m = −

1

2

[

+2(W
p j...pl

α )`m + −2(W
p j...pl

α
∗
)`m

]

, (56a)

(W
p j...pl

α )B
`m = −

1

2i

[

+2(W
p j...pl

α )`m − −2(W
p j...pl

α
∗
)`m

]

. (56b)

Since this new expansion is simply derived from the one of Pν, it
inherits its amplitude and pivot defined with the γ-weighted full
sky averages. This justifies the approximation used in previous
studies where the B-mode signal was treated as an intensity at the
map (e.g., Remazeilles et al. 2021) or power-spectra level (e.g.,
Azzoni et al. 2021; Vacher et al. 2022) We leave a detailed dis-
cussion on the subtleties of E- and B- modes and power-spectra
generalizations for future work.

5.2. Averages inside the beam and bandpass effects

Introducing the general instrumental transfer function W(ν, γ, n̂)
will add additional mixing between the lines of sight but also
new nontrivial spectral dependencies from the mixing in fre-
quency. In practice, this very general W function could also ac-
count for some effects due to intensity to polarization leakage.
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The total polarized signal in a frequency band of width ∆ν at
average frequency νc and within the spatial support of the beam,
Ω, centered in an average line of sight n̂c then becomes:

〈Pν〉W =

∫

Ω

P(p, γ, n̂) W(ν, γ, n̂) P̂ν(p) e2iγ dN p dγ d2
n̂dν. (57)

Here, 〈Pν〉W is now a function of νc and the corresponding mo-
ments and pivots in the average direction n̂c.

Due to the ν integration in the above expression, it is not pos-
sible to simply factor the spectral shapes in the Taylor expansion
of P̂ν out of the integral as we did before (Chluba et al. 2017).
The band-pass function of the instrument therefore couples dif-
ferent spatial regions with different spectral forms. One can still
generalize the spin-moment expansion to account for this extra
averaging. The new expansion becomes:

〈Pν〉W =W0 〈P̂ν(Ā, p̄)〉W +
∑

j

W
p j

1
〈∂ p̄ j

P̂ν(Ā, p̄)〉W

+
1

2

∑

j,k

W
p j pk

2
〈∂ p̄ j
∂p̄k

P̂ν(Ā, p̄)〉W (58)

+
1

α!

∑

j,...,l

W
p j...pl

α 〈∂ p̄ j
. . . ∂p̄l

P̂ν(Ā, p̄)〉W + . . . ,

with the new averages defined as

〈X〉W =

∫

P(p, γ, n̂) W(ν, γ, n̂)X dN p dγ d2
n̂dν. (59)

The pivot is chosen to be the same as in intensity:

p̄ j =
〈Ap j∂ p̄ j

Pν( p̄)〉W

〈A∂ p̄ j
Pν( p̄)〉W

(60)

and the spin moments become:

W
p j...pl

α =

〈

A e2iγ(p j − p̄ j) . . . (pl − p̄l)∂p̄ j... p̄l
P̂ν(p)

〉

W
〈

A∂ p̄ j... p̄l
P̂ν(p)

〉

W

. (61)

These expressions assume that the various SED derivative aver-
ages do not vanish, however, the conclusions are not affected.

Generally, one cannot disentangle the mixing due to the
physics of the source and the one due to the instrumental re-
sponse, and in practice this moment expansion can become aw-
fully complicated. A frequent assumption is to introduce a fac-
torization of W as a band-pass term F times a spatial polarized
beam shape B as W(ν, n̂) = B(γ, n̂)F(ν) see e.g. Planck Collab-
oration (2014a). In this case, it is possible to split the integral
of Eq. (57) to factorize the frequency dependent terms, allowing
the vanishing of the spectral averages such that the expressions
for the pivot and the spin moments are similar to the ones de-
rived for the single line-of-sight case, extending only the aver-
ages to the multiple lines of sight included in B. The result re-
mains nontrivial since the spectral dependence of the moments
need to be computed through the potentially complicated inte-
gral of F(ν)∂p j...pk

P̂ν over ∆ν. The expansion can also be differ-
ent in each band of the instrument, since they can have a different
instrumental response W. Treating these cases in more detail is
beyond the scope of this work.

6. Additional aspects

6.1. Effect of voxel-level SED variations

As stressed in Sect. 3.3, in most of this work we considered that
inside each voxel, the net linear polarization have a single SED
of which Q and U are the projections. The average signal then in-
herits a frequency-dependent polarization angle solely from po-
larized mixing across voxels. Among our examples in Sect. 4, the
only exception was the mixing of blackbody spectra, where the
polarization degree was caused by variations of the main spectral
parameter, the blackbody temperature.

Can we extend the moment formalism to include voxel-level
SED mixing caused by variations of the spectral parameters?
Let us use the power-law SED as the example. In addition to the
weight parameter variations in the different directions, we now
also have variations of the spectral index, β. Considering only
Qν, from the discussion in Sect. 3.3 we then have

Qν =
A‖ P̂PL

ν (β‖) − A⊥ P̂PL
ν (β⊥)

2
=

(A‖ − A⊥)

2

P̂PL
ν (β‖) + P̂PL

ν (β⊥)

2

+
A‖ + A⊥

2

P̂PL
ν (β‖) − P̂PL

ν (β⊥)

2
. (62)

A similar expression follows for Uν, with the relevant parame-
ters A×, β×, A⊗, β⊗. Let us again expand the fundamental SEDs
around some average index β̄ inside each voxel.12 This then
yields

Qν =
(A‖ − A⊥)

2
P̂PL
ν (β̄)















1 +

∞
∑

k=1

∆βk
‖
+ ∆βk

⊥

2k!
lnk(ν/ν0)















(63)

+
A‖ + A⊥

2
P̂PL
ν (β̄)















∞
∑

k=1

∆βk
‖
− ∆βk

⊥

2k!
lnk(ν/ν0)















= P̂PL
ν (β̄)















(A‖ − A⊥)

2
+

∞
∑

k=1

A‖∆β
k
‖
− A⊥∆β

k
⊥

2k!
lnk

(

ν

ν0

)















with ∆βk = βk−β̄. We already considered the first term for which
spectral index variations between voxels lead to the moment ex-
pansion. In addition to these voxel-to-voxel variations one now
obtains additional terms that are related to variations within the
voxel. All these will cause a redefinition of the SED parame-
ter distribution, however, no new spectral shapes are introduced
and hence the moment method equally describes both averag-
ing processes, after the moments are reinterpreted. However, to
explicitly make the link to the underlying spectral parameter dis-
tributions along the line of sight and within each voxel involves
a more complicated description, which we do not provide here.

We close by remarking that, if even the fundamental SEDs in
each of the directions differ, then one should simply perform two
independent moment expansions accounting for the independent
types of SEDS individually. This will quickly increase the num-
ber of moments that are required to describe the complexity of
the polarized field, but it should nevertheless work even if the
physical properties are not independent. The main hope then is
that line-of-sight averaging effects reduce the dimensionality of
the problem to a manageable level. A more detailed discussion
is, however, beyond the scope of this work.

12 This in fact is β̄v = (A‖β‖+A⊥β⊥+A×β×+A⊗β⊗)/(A‖+A⊥+A×+A⊗).

Article number, page 13 of 16



A&A proofs: manuscript no. output

6.2. Frequency dependence of the polarization angle without
mixing: the case of Faraday rotation

In the presence of magnetic fields, photons experience Faraday
rotation while they propagate through the interstellar medium
(e.g., Heald 2015). The polarization angle for one voxel at affine
parameter s then changes as

γν ≈ γ + Γ fν, (64)

where fν = ν
−2 and Γ(s) ∝

∫ s

0
ne(s′)B(s′) ds′ is an integral along

the line of sight, with the electron density ne(s) and the compo-
nent of the magnetic field in the direction of propagation, B(s).
Averaging over various emission points experiencing Faraday
rotation adds some extra complications to the moment expansion
in a way that is truly unique to polarization. For simplification let
us consider the average over a single line of sight. The averaged
spinor now becomes:

〈Pν〉FR =

∫

P(p, γ,Γ, n̂) P̂ν(p) e2iγ e2iΓ fν dN p dγ dΓ, (65)

where we added the level of Faraday rotation as another param-
eter to the distribution. Taylor expanding the polarized intensity,
one can define the spin-moment expansion using the moments

W
p j...pl

α,FR
=
〈A e2iγ e2iΓ fν (p j − p̄ j) . . . (pl − p̄l)〉FR

ĀFR

. (66)

with ĀFR = 〈A〉FR. The spin moments now become highly non-
trivial and generally frequency dependent.

As discussed in Sec. 3.4.3, under simplifying assumptions
one can assume that the emission processes themselves (quan-
tified by the spectral parameters p) are de-correlated from the
Faraday rotation experienced by light on its way along the
line of sight. This would allow us to write P(p, γ,Γ, n̂) ≈
P(p, γ, n̂)P(Γ, n̂). Physically, this is indeed well-motivated un-
less the emission process in one voxel knows about the struc-
ture of the magnetic field in another (more distant) voxel. The
Faraday rotation and the SED averaging in the moments then
becomes separable:

W
p j...pl

α,FR
≈

∫

P(p, γ, n̂) P̂ν(p) e2iγ dN p dγ
∫

P(p, γ, n̂) dN p dγ

∫

P(Γ, n̂) e2iΓ fν dΓ
∫

P(Γ, n̂) dΓ

=W
p j...pl

α

∫

P(Γ, n̂) e2iΓ fν dΓ
∫

P(Γ, n̂) dΓ
. (67)

This expression shows that no new spectral mixing occurs in
this case, as all moments are multiplied by the same frequency-
dependent factor. The average Faraday rotation coefficient is
simply given by

Γ̄(n̂) =
〈AΓ〉FR

〈A〉FR

≈

∫

P(Γ, n̂)Γ dΓ
∫

P(Γ, n̂) dΓ
. (68)

Using this as a pivot, we can then write series

〈

Ae2iΓ fν
〉

FR

ĀFR

= e2iΓ̄ fν
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
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k!

〈
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〉

FR

ĀFR



















, (69)

illustrating how a complicated frequency structure can be created
from higher order moments of Γ− Γ̄. Given that these depend on

powers of fν, one can in principle determine these moments ob-
servationally. Finally, if the simple factorization of the parameter
distribution function is not possible, one can write

W
p j...pl

α,FR
= e2iΓ̄ fν

[

W
p j...pl

α (70)

+

∞
∑

k=1

(2i fν)
k

k!

〈

A e2iγ (p j − p̄ j) . . . (pl − p̄l) (Γ − Γ̄)k
〉

FR

ĀFR



















.

This generally introduces a complicated voxel SED reweighting
by factors of ( fν)

k and hence new SED shapes that in principle
can all be separately accounted for. As is understood, the number
of variables quickly becomes unmanagable unless highly pertur-
bative situations are encountered. A more detailed discussion is,
however, beyond the scope of this work.

7. Conclusion

In the present work, we introduced the spin moments, the natu-
ral generalization of the intensity moment expansion introduced
in Chluba et al. (2017) to polarized signals. We developed the
formalism from basic principles, showing that the moments are
promoted to spin-2 complex coefficients that can be expressed in
term of the SEDs parameter distribution [see e.g. Eq. (15)].

Thinking about the spin moments in the form of spinors al-
lows us to treat several subtleties due to the geometrical nature of
polarization. A clear interpretation of the polarized mixing dis-
tortions arises, as we show that a rotation of the spinor with fre-
quency is naturally induced from the distribution of spectral pa-
rameters and polarization angles. We demonstrate that, no gen-
eral pivot can be defined ensuring the vanishing of the first order
in the non-perturbative regime. In the perturbative regime, how-
ever, such a pivot can be found and hides interesting physics.
Correcting for this pivot naturally gives rise, in addition to a shift
of the spectral parameters, to a frequency-dependent rotation of
the polarization angle of predictable spectral dependence. It can
also bring extra modulations to the polarized intensity, for exam-
ple in the case of gray-bodies.

We explored scenarios of increasing complexity, considering
several canonical SEDs examples of first importance for astro-
physics. Even when dealing with highly complex signals along
the line of sight, we showed that the use of spin moments allows
us to model the distorted polarized intensity and the frequency
dependent rotation of the polarization angle, including only a
few terms in the expansion.

We also discussed the effect of more complex averaging
processes such as spherical harmonics mixing and instrumen-
tal mixing as well as non trivial polarization specific situations
like SED variations at the voxel-level and Faraday rotation effect.
The spin-moment formalism still applies in all these scenarios.
In these increasingly complex cases, however, the interpretation
of the moment coefficients becomes blurry and the various mix-
ing processes cannot be expected to be properly disentangled.
Doing so, we also rederived formally the expressions used in pre-
vious works, treating B-mode signal as an intensity at the map
(Remazeilles et al. 2016) and power-spectra levels (Azzoni et al.
2021; Vacher et al. 2022).

This work opens the door to several follow-up applications.
On the theoretical side, several discussions remain open on the
details of the generalization of the formalism at the power-
spectrum level, especially for E- and B-mode applications. One
could also think of links with cosmic birefringence, which re-
cently received increased attention (see e.g. Diego-Palazuelos
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et al. 2022). More broadly, a lot of room is left for application
of the spin moments as we defined them. One can think first
to component separation where the spin moments could be com-
petitive to model foreground distortions at the map level on large
scales where a lot of averaging is done, calling for a comparative
study with other pixel-based methods of component separation.
Interesting questions related to Galactic physics have also to be
addressed with the spin moments, such as the possibility to dis-
entangle dust composition and Galactic magnetic field effects or
tackle the Faraday rotation. One can also think of applications to
SZ effect or spectral distortions, all topics that are left for future
explorations.
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Appendix A: Alternative approaches

For astrophysical applications, it is common to normalize the
modified blackbody SED in every pixel as in Thorne et al. (2017)

P̂mBB
ν (n̂) =

P̂mBB
ν (T (n̂), β(n̂))

P̂mBB
ν0

(T (n̂), β(n̂))
. (A.1)

Since here both β and T are treated as spatially varying parame-
ters, this is no longer a constant SED renormalization once line-
of-sight effects are included. This choice therefore complicated
the expansion, leading to rescaling of the moments (e.g., see
Eq.(4) of Vacher et al. 2022), without any physical meaning or
insight being added. At the pixel level, this complication can be
avoided by setting

P̂mBB∗
ν (n̂) =

P̂mBB
ν (T (n̂), β(n̂))

P̂mBB
ν0

(T̄ (n̂), β̄(n̂))
, (A.2)

which simply takes out the leading order term in the expansion
in Eq. (43). However, when extending to applications on the full
sky (or when averaging pixels), pixel to pixel variations of β̄ and
T̄ will come into play. In this case, one should better normalize
using one constant β̄ and T̄ across the sky to avoid additional
complications from the variation of the normalization.

Appendix B: Choice of weights

As discussed already in Chluba et al. (2017), when deriving the
moment expansion, one can always reexpress the SEDs with an-
other choice of units13 or with respect to an alternative choice
of spectral variables. Such a choice should be motivated by the
physics and the numerical behavior of the problem considered.
Ultimately, doing so will simply be equivalent to a re-scaling of
the weight coefficients appearing in the moment expansion. Such
a change can have a significant impact on the convergence rate of
the expansion and the interpretations of the moments coefficients
but is mathematically equivalent.

For example, in the case of the gray-body, one could equiv-
alently define the new weights A′(T ) = AT 3 and expand around
T instead of βGB. The fundamental SED then reads

P̂GB
ν = A′

(

T̄

T

)3
x3

e
xT̄
T − 1

. (B.1)

The moment expansion will change accordingly as displayed in
Eq. (43) of Chluba et al. (2017). This allows us to interpret the
spin moments and pivot directly in term of temperatures:

Ā′ = 〈A′〉 = 〈AT 3〉 (B.2a)

T̄ =
〈A′T 〉

Ā′
=
〈AT 4〉

〈AT 3〉
(B.2b)

WT
α =
〈A′ (T − T̄ )αe2iγ〉

Ā′
=
〈AT 3 (T − T̄ )αe2iγ〉

〈AT 3〉
. (B.2c)

The exact same reasoning applies to a change of the power law’s
reference frequency ν0 → ν

′
0

with the simple reweighting A′ =

A
(

ν′
0
/ν0

)β
. However, in this case, no new SED derivatives are

created, so the two expansions are identical.

13 Some changes of units as e.g. Jy.sr−1 → µKCMB are slightly subtler
and introduce new frequency-dependent terms.
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ABSTRACT

The change of physical conditions across the turbulent and magnetized interstellar medium induces a 3D spatial variation of the
properties of Galactic polarized emission. The observed signal results from the averaging of different spectral energy distributions
(SEDs) and polarization angles along and between lines of sight. As a consequence, the total Stokes parameters Q and U will have
different frequency dependencies, both departing from the canonical emission law, so that the polarization angle becomes frequency
dependent. In the present work, we show how this phenomenon similarly induces a different, distorted SED for the three polarized
angular power spectra DEE

`
, DBB

`
, and DEB

`
, implying a variation of the DEE

`
/DBB

`
ratio with frequency. We demonstrate how the

previously introduced "spin-moment" formalism provides a natural framework to grasp these effects and enables us to derive analytical
predictions for the spectral behaviors of the polarized spectra, focusing here on the example of thermal dust polarized emission.
After a quantitative discussion based on a model combining emission from a filament with its background, we further reveal that
the spectral complexity implemented in the dust models commonly used by the cosmic microwave background (CMB) community
includes different distortions for the three polarized power-spectra. This new understanding is crucial for CMB component separation,
in which extreme accuracy is required for the modeling of the dust signal to allow for the search of the primordial imprints of inflation
or cosmic birefringence. For the latter, as long as the dust EB signal is not measured accurately, great caution is required regarding
the assumptions made to model its spectral behavior, as it may not be inferred from the other dust angular power spectra.

Key words. Cosmology, CMB, Foregrounds, Interstellar medium

1. Introduction

Understanding Galactic foregrounds is a critical challenge for
the success of cosmic microwave background (CMB) experi-
ments searching for primordial B-modes leftover by inflation-
ary gravitational waves (see e.g., Kamionkowski & Kovetz 2016)
and signatures of cosmic birefringence (see e.g., Planck Collab-
oration 2016b; Diego-Palazuelos et al. 2022). In these quests,
both the structure on the sky and the frequency-dependence of
the foreground signal need to be modeled.

The two-point statistical properties of a polarized signal are
described by angular auto- and cross-power spectra, hereafter
simply written as XY , where X and Y refer to E− and B−mode
polarization or the total intensity T . Thermal dust polarization
is the main polarized foreground at frequencies above approxi-
mately 70 GHz (Krachmalnicoff et al. 2016). Based on observa-
tions of the Planck satellite at 353 GHz, dust power spectra in po-
larization have been found to be well fitted by power laws in ` of
similar indices with an EE/BB power ratio of about two. A pos-
itive T E and a weaker parity violating T B signal have been sig-

Send offprint requests to: leo.vacher@irap.omp.eu

nificantly detected using the same dataset (Weiland et al. 2020;
Planck Collaboration 2016c, 2020a). The dust EB signal, how-
ever, remains compatible with zero at Planck sensitivity (Planck
Collaboration 2020a).

The EE/BB asymmetry and T E correlation relate to the
anisotropic structure of the magnetized interstellar medium with
filamentary structures in total intensity preferentially aligned
with the Galactic magnetic field (Clark et al. 2015; Planck Col-
laboration 2016e). Statistical properties of dust polarization
have been discussed on theoretical grounds as signatures of mag-
netized interstellar turbulence (Caldwell et al. 2017; Kandel et al.
2018; Bracco et al. 2019). Various empirical and phenomeno-
logical models have been proposed (Ghosh et al. 2017; Clark
& Hensley 2019; Huffenberger et al. 2020; Hervías-Caimapo
& Huffenberger 2022; Konstantinou et al. 2022). Within a phe-
nomenological framework, a coherent misalignment between fil-
amentary dust structures and the magnetic field can account for
the dust T B signal and should also imply a positive EB (Clark
et al. 2021; Cukierman et al. 2022). The possibility of a nonzero
dust EB signal is at the heart of recent analyses of Planck data
that seek to detect cosmic birefringence because it complicates
attempts to measure a CMB-EB correlation (Minami et al. 2019;
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Fig. 1. Diagram of the toy model composed of an infinite filament
(grey) over a background (white). The orientation of the ψ(ν) field is
represented with color bars at two different frequencies: ν1 (orange) and
ν2 (blue).

Diego-Palazuelos et al. 2022; Eskilt & Komatsu 2022; Diego-
Palazuelos et al. 2023).

While evaluating the amplitudes of the foreground EE/BB
ratio and EB correlation are central subjects in the literature,
their frequency dependence is rarely discussed. In the present
work, we intend to open this discussion. Given the level of accu-
racy targeted by future experiments (e.g., LiteBIRD Collabora-
tion 2022; CMB-S4 Collaboration 2019), the frequency depen-
dence of dust polarization is a critical issue for CMB component
separation, which relates CMB experiments to the modeling of
dust emission (Guillet et al. 2018; Hensley & Draine 2022). The
Planck data have also been crucial in building our current un-
derstanding of this topic (Planck Collaboration 2015b, 2016c).
The mean spectral energy distribution (SED), derived from EE
and BB power spectra, is found to be well fitted by a single mod-
ified blackbody (MBB) law (Planck Collaboration 2020a), but
this empirical law does not fully characterize the frequency de-
pendence of dust polarization. Indeed, integration along the line
of sight and within the beam of multiple polarized signals with
different spectral parameters and polarization angles must induce
departures from the MBB coupled to variations of the total po-
larization angle with frequency (Tassis & Pavlidou 2015; Planck
Collaboration 2017; Vacher et al. 2023).1This effect has been de-
tected in Planck data by Pelgrims et al. (2021) for a discrete set
of lines of sight selected based on H I data. From a power spec-
tra analysis of Planck polarization maps, Ritacco et al. (2022)
revealed an unanticipated impact of the polarization angles’ fre-
quency dependence on the decomposition of the dust polarized
emission into E- and B-modes. Their result emphasizes the need
to account for variations of polarization angles in order to model
the dust foreground to the CMB.

The moments expansion formalism, introduced in intensity
by Chluba et al. (2017), proposes to treat the distortions from
averaging over different emission points by Taylor expanding
the canonical SED – the MBB for dust polarization – with re-

1 These behaviors are sometimes referred to as "frequency decorrela-
tion" (see e.g., Pelgrims et al. (2021)).

spect to its spectral parameters. This framework has proven to be
a powerful tool for component separation and Galactic physics
(Remazeilles et al. 2016, 2021; Rotti & Chluba 2021; Sponseller
& Kogut 2022). When carried out at the power-spectrum level,
as in Mangilli et al. (2021), the expansion can be applied di-
rectly to the B-mode signal as an intensity (Azzoni et al. 2021;
Vacher et al. 2022; Ritacco et al. 2022). A recent generalization
of this formalism to polarization in Vacher et al. (2023), that is,
the "spin-moment" expansion, provides a natural framework to
treat for the spectral dependence of the polarization angle. In the
present paper, we provide the missing links between the spin-
moments maps and the treatment of E- and B-modes. We hence
connect the statistical studies of the sky maps with the modeling
of the frequency dependence of dust polarization angular power
spectra, enabling the prediction of new consequences unique to
polarization. In particular, we discuss how and when the assump-
tion of a common SED for EE and BB (and EB) stops being
valid.

This article is organized as follows. In Sec. 2, we introduce
the specificity of the polarized signal and explain qualitatively
why we expect the frequency dependence of EE, BB, and EB
to differ. In Sec. 3, we establish how the formalism of the spin-
moments can naturally describe these effects and give an ana-
lytical expression for their frequency dependence. In Sec. 4, we
illustrate the derived formalism on a filament model. Then, in
Sec. 5, we show that the frequency dependence of the EE/BB
ratio and the nontrivial dependence of EB are already present
in dust models extensively used by the CMB community, which
brings us to stress the need for caution when inferring the spec-
tral properties of the dust EB signal from other angular power
spectra. Finally, we present our conclusions in Sec. 6.

2. Combination of polarized signals

2.1. Mixing of polarized signals in the Q-U plane

The frequency-dependent linear polarization2 of a signal is de-
scribed by a "polarization spinor" Pν. 3. It is a complex-valued
object that can be expressed both in Cartesian and exponential
form as

Pν ≡ Qν + iUν = Pνe
2iψ(ν), (1)

where i
2 = −1 is the imaginary unit. The spinor components

(Qν,Uν) are two of the Stokes parameters, and they are propor-
tional to the difference of intensities in two orthogonal directions
rotated from one another by an angle of 45◦. Reportedly, Pν is
a spin-2 object due to its transformation properties under rota-
tions. It rotates in the complex plane by an angle −2θ under a
right-handed rotation around the line of sight by an angle θ of
the coordinates in which the Stokes parameters are defined.

The modulus of the spinor in Eq. (1) is the linear "polarized
intensity"

Pν =

√

Q2
ν + U2

ν , (2)

encoding the SED of the total polarized signal. Depending on
the physics of the emission, Pν can be a function of various pa-
rameters, p, called the "spectral parameters."

2 We do not discuss the circular polarization quantified by Vν in this
work.
3 Note that here, as in Vacher et al. (2023), we use the word "spinor"
in a general sense which must be understood as "spin-s field on the
sphere".
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Both the total intensity and the polarized intensity of the ther-
mal dust grains at a given point of the Galaxy are expected to
follow an MBB law (see e.g., Planck Collaboration 2015a)

PMBB
ν = A

(

ν

ν0

)β

BPl
ν (T ) = AεP

ν (β,T ), (3)

with the corresponding spectral parameters being p = {β,T },
where β is the spectral index, related to dust grain properties, and
T is the temperature associated to the blackbody law BPl

ν . The ar-
bitrary reference frequency ν0 is used for normalization, and the
dust polarization amplitude A = p0τ cos2(γ) can be expressed
in terms of the intrinsic degree of polarization p0, the dust opti-
cal depth τ evaluated at ν0, and the angle between the Galactic
magnetic field and the plane of the sky γ (see e.g., Planck Col-
laboration (2015a)). The polarized emissivity function εP

ν (β,T )
encodes all the spectral dependence of the MBB law.4

The spinor phase in Eq. (1) is the so-called polarization an-
gle5

ψ =
1

2
arctan

(

Uν

Qν

)

. (4)

This definition explicitly shows that if Qν and Uν have the same
SED, ψ is a constant number defining a single orientation at all
frequencies. This assumption is usually made when locally mod-
eling the dust signal, as ψ is orthogonal to the local orientation
of the Galactic magnetic field,6 which is well motivated by the
behavior of the elongated dust grains. If however Qν and Uν be-
have differently, the polarization orientation defined by ψ will
change with frequency so that ψ→ ψ(ν).

In observational conditions, the mixing of multiple signals
coming from emission points with different physical conditions
are unavoidable along the line of sight n, between the lines of
sight, inside the instrumental beam, or over patches of the sky
when using spherical harmonic transformations. As discussed in
Chluba et al. (2017), this mixing will induce departures from
the canonical SED of the total intensity, known as "SED distor-
tions," that can be properly modeled using a Taylor expansion
of the signal with respect to the spectral parameters themselves.
This expansion is known as "moment expansion". The mixing
also has unique consequences in polarization. In the rest of this
work, we refer to the combination of individual polarized signals
with different spectral parameters and polarization angles as the
"polarized mixing." The resulting spinor obtained through polar-
ized mixing will inherit both the SED distortions and a spectral
dependence of the polarization angle, which can be modeled us-
ing a complex moment expansion of Pν (Vacher et al. 2023). In
principle, it is even possible to predict the value of ψ(ν) from the
distribution of polarization angles and spectral parameters. For
example, considering a sum of MBBs with different polarization

4 For comparison, in Vacher et al. (2023), εP
ν was as written P̂mbb

ν and
ψ(ν) was as written γν.
5 The polarization angle is defined here in the IAU convention (counted
positively from Galactic north toward Galactic east), provided that both
Q and U also respect this convention. If, however, the healpix conven-
tion is used (as is the case for Planck data, for example), U must be
replaced by −U to recover the IAU defined convention for ψ. (See e.g.,
Planck Collaboration (2020b)).
6 The two angles ψ and γ together quantify the 3D orientation of the
Galactic magnetic field and as such are not independent quantities. In
the remainder of this work, however, we consider the case of a constant
γ, and we do not further discuss the statistical dependence of the two
angles.

angles and spectral indices, one expects at first order that

ψ(ν) ' ψ(ν0) +
Im(∆β)

2
ln

(

ν

ν0

)

, (5)

with ∆β ∈ C as the complex spectral index correction,

∆β =
〈Ae2iψ(β − β̄)〉
〈Ae2iψ〉 , (6)

and 〈. . . 〉 indicating sums or integrals along the line of sight or in
the beam of the A, β, and ψ distributions. The value represented
by β̄ is the pivot spectral index around which the expansion is
performed.

2.2. Mixing of polarized signals in the E-B plane

In analogy with electromagnetism, the E− and B−modes are
scalar and pseudo-scalar fields respectively quantifying the ex-
istence of curl-free and divergence-free patterns of the ψ field
over the sky. As such, the E and B fields are nonlocal quantities
equivalent to convolutions of the Q and U fields around each
point of the sky. From a generalization of the Helmholtz decom-
position theorem, a linearly polarized signal can be fully split
into E and B components. The E- and B-modes of the polarized
dust emission are frequency dependent quantities. When all the
emission points share the same spectral parameters, Eν and Bν
will have the same SED. In this case, the EE/BB ratio is con-
stant with frequency, and the EB correlation has the same SED
as EE and BB. As we show, polarized mixing imposes a different
SED for Eν and Bν (as Qν and Uν), and in such cases, the three
angular power spectra should inherit a different distorted SED,
while the EE/BB ratio becomes frequency dependent.

To illustrate this effect, we start with a very simple exam-
ple inspired from Zaldarriaga (2001) and Planck Collaboration
(2016e,d). As in Fig. 1, we consider an infinite filament7 in front
of a polarized background. If the background and the filament
have different polarization angles and spectral parameters, polar-
ized mixing will unavoidably occur from their superposition, and
the resulting ψ field over the filament will rotate with frequency.
As sketched out with Fig. 1, one would imagine that at a given
frequency, ν1, the configuration is such that ψ(ν1) in the filament
is perpendicular to ψ(ν1) in the background. Similar to the case
of Zaldarriaga (2001), such a pattern is curl-free, and one ex-
pects to find Bν1

= 0 and that the signal can be purely described
by E-modes. Due to the spectral rotation, at any other frequency
(ν2), ψ(ν2) will be rotated uniformly over the filament, necessar-
ily leading to a different configuration in which Bν2

, 0. It is then
clear that the signal’s EE/BB ratio must be a frequency depen-
dent quantity. For this to be possible, one would hence conclude
that Eν and Bν do not share the same SED anymore and neither
do EE, BB, and EB.

3. Insights from the spin-moments

In this section, we explore how to quantify and model the fre-
quency dependence of the EE/BB ratio and the distortions of
the EB correlation predicted in Sec. 2.2. As we reveal, the spin-
moment expansion formalism provides a natural framework to
do so. To keep our discussion as simple as possible, we consider
only the case of averaging MBB with different values of A, β, and

7 The situation would be different for a finite filament. On this point,
see the discussions in Rotti & Huffenberger (2019).
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ψ and we display expansions only up to first order. All the fol-
lowing derivations can however be straightforwardly generalized
at any order and used to consider variations of temperatures. All
our conclusions about the behavior of the spectra would remain
true for any choice of SED (e.g., for the synchrotron signal).

3.1. Q/U spin-moment expansion

As presented in Sec. 2.1, we consider that the dust grain polar-
ized signal is given locally by the spinor Pν in every point of the
Galaxy, with Pν = |Pν| as an MBB and ψ as a frequency indepen-
dent quantity. The average spinor over different emission points
centered on a given line of sight n is given by the spin-moment
expansion around an arbitrary pivot value β̄8 for the spectral in-
dex as

〈Pν(n)〉 = εP
ν (β̄, T̄ )

(

W0 +Wβ

1
ln

(

ν

ν0

)

+ . . .

)

. (7)

The spin-momentsWβ

k
of order k associated to the spectral index

can be estimated directly from the distribution of ψ, A, and β as9

Wβ

k
=

〈

A e2iψ(β − β̄)i
〉

, (8)

where W0 = 〈Ae2iψ〉 plays the role of a total complex ampli-
tude that satisfies |W0| ≤ 〈A〉. Purely geometrical phenomenon
can greatly decrease the value ofW0. For example, the cancel-
lation of the phases known as "depolarization" (〈e2iψ〉 ' 0), or
a significant inclination of the Galactic magnetic field toward
the plane of the sky (cos(γ) ' 0), would both lead toW0 ' 0.

The condition |W0| � |Wβ

k
| defines the "perturbative regime"

such that one can consider the total signal as a perturbed MBB.
However, as discussed in Vacher et al. (2023), one would expect
the existence of configurations where the canceling effects are
strong enough such that the total signal is mostly or fully given
by its moments and thus looses its MBB behavior. In general,
the phase weighting10 in Eq. (8), which is unique to polariza-
tion, breaks the expected hierarchy between the moments, and

one would not be able to ascertain that Wβ

k
> Wβ

m solely be-
cause k > m.

The expansion can equivalently be split into Q and U coor-
dinates as 11

Wβ

k,Q
= Re(Wβ

k
), (9)

Wβ

k,U
= Im(Wβ

k
). (10)

Different moments in Q and U, expected in the general case,
will necessarily imply a frequency dependence of the polariza-
tion angle ψ → ψ(ν) from the definition given in Eq. (4). In the

8 The choice of the weighted average β̄ = 〈Aβ〉/〈A〉, which cancels
the first order moment in intensity, is expected to be best suited for
convergence.
9 For simplicity, we chose a different choice of normalization for the
spin-moments than Vacher et al. (2023), simplifying the Ā of the deriva-
tives with the ones in the original definition of the spin-moments.
10 While the two angles ψ and γ have a common geometrical origin
in the Galactic magnetic field, they play a very different role here. The
angle ψ is a complex phase allowing for "interference"-type cancellation
of the moment terms, while cos2(γ) (as p0) plays the role of a real and
positive weight.
11 By treating the expansions of Q and U independently (instead of
considering them together in Pν), one would loose the information on
their correlation.

perturbative regime, the first order Wβ

1
/W0 can be interpreted

as a complex correction to the pivot spectral index, leading to

ψ(ν) ' ψ(ν0) +
1

2
Im















Wβ

1

W0















ln

(

ν

ν0

)

, (11)

and giving back the result mentioned in Eq. (5). We note again
that both variations of the polarization angles and the spectral
indices are required for the second term to be nonzero.

3.2. Eν and Bν in map space

As for Q and U in Eq. (1), the E and B fields can be grouped in
a single complex scalar field (Zaldarriaga & Seljak 1997):

Sν ≡ Eν + iBν = S νe
iϑ(ν), (12)

of modulus and phase (which we refer to as the E-B angle)

S ν =

√

E2
ν + B2

ν , (13)

ϑ = arctan

(

Bν

Eν

)

. (14)

The frequency dependence of the EE/BB ratio discussed in
Sec. 2.2 would then translate itself into the rotation of Sν in the
complex plane, and the E-B angle would become frequency de-
pendent, that is, ϑ→ ϑ(ν).

A straightforward way to obtain the Sν field from the previ-
ously introduced polarization spinor field Pν is to use the spin-
raising operator ð̄ – the conjugate of the spin-lowering operator
ð – as

Sν(n) = −ð̄2Pν(n), (15)

where ð is acting both as an angular momentum ladder opera-
tor and as a covariant derivative on the sphere (see, e.g., Gold-
berg et al. (1967); Rotti & Huffenberger (2019)). As such, it con-
tains derivatives with respect to the spherical coordinates θ and
ϕ. More technically, for a spin-s field η on the sphere,

ð̄η = −(sin θ)s
[

∂θ − i sin(θ)−1∂ϕ
]

[

sin(θ)−sη
]

. (16)

This operator mixes the real and imaginary parts of η in a non-
trivial way. It is however linear and does not act on the spectral
dependence, and as a result, the moment expansion will keep the
same structure

〈Sν(n)〉 = εP
ν (β̄, T̄ )

(

W0 +W
β

1
ln

(

ν

ν0

)

+ . . .

)

, (17)

where the scalar moment maps are extracted from the spin-
moments as

W
β

k
= −ð̄2(Wβ

k
). (18)

As in Remazeilles et al. (2016, 2021), one can split the E and
B expansions in order to treat them as two scalar spin-0 fields12

(and thus they loose their correlation)

W
β

k,E
= Re(W

β

k
) = −Re(ð̄2(Wβ

k
)), (19)

W
β

k,B
= Im(W

β

k
) = −Im(ð̄2(Wβ

k
)), (20)

12 The (Q,U) and (E, B) expansions still differ from two independent
intensity expansions, as they can take negative values.
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where ð induces a mixing of the Q and U moments into E and
B such that different moments for Q and U necessarily imply
different moments for E and B.

A clear way to make the action of ð̄ explicit is to consider
the flat sky approximation, for which ð̄ = ∂x + i∂y, allowing the
expression of the E and B moments map in terms of the two Q
and U spin-moment maps as













W
β

k,E

W
β

k,B













flat

=

(

∂2
y − ∂2

x 2∂x∂y

−2∂x∂y ∂2
y − ∂2

x

)















Wβ

k,Q

Wβ

k,U















flat

. (21)

E and B moments are thus expressed as different linear combi-
nations of second order spatial derivatives of the Q and U spin-
moments.

Whenever a spectral rotation, ψ→ ψ(ν), is induced by polar-
ized mixing, an equivalent rotation, ϑ→ ϑ(ν), must occur in the
E/B plane, introducing the EE/BB frequency dependence dis-
cussed in Sec. 2.2. This rotation can be similarly modeled at first
order as

ϑ(ν) ' ϑ(ν0) + Im















W
β

1

W0















ln

(

ν

ν0

)

. (22)

3.3. Eν and Bν in harmonic space

The spherical harmonic transformation of a spin s field X,13 that
is,

(X)`m ≡
∫

X(n)sY
∗
`m(n)d2n, (23)

creates additional mixing over angular scales `. As such, it is
expected to increase the moment amplitudes. Consequently, av-
eraging over patches of the sky with a different β in each pixel
but with no variation along the line of sight is still expected to
create SED distortions (see e.g., Vacher et al. (2022)), and it is
expected to make the EE/BB ratio frequency dependent and dis-
tort the EB correlation. Since the transformation is linear, one
can simply derive for ` ≥ 214

(Sν)`m = (Eν)`m + i(Bν)`m. (24)

With Eq. (17), the expansion becomes

(Sν)`m = εP
ν (β̄, T̄ )

(

(W0)`m + (W
β

1
)`m ln

(

ν

ν0

)

+ . . .

)

. (25)

We note, however, that the pivot β̄ maximizing the convergence
of the expansion in harmonic space might be different than in
real space. Hence, one can split the expansion of E and B sepa-
rately as

(W
β

k
)E
`m = Re

(

(W
β

k
)`m

)

=
(W

β

k
)`m + (W

β

k
)∗
`m

2
, (26)

(W
β

k
)B
`m = Im

(

(W
β

k
)`m

)

=
(W

β

k
)`m − (W

β

k
)∗
`m

2i
. (27)

13
sY`m ∝ (ð)sY`m (s > 0) and ∝ (ð̄)sY`m (s < 0) are the spin-weighted

spherical harmonics, defined only for ` ≥ |s|.
14 In order to recover the standard (E)`,m and (B)`,m as usually defined
in cosmology, an extra normalization factor of [(`−2)!/(`+2)!]1/2 must
be added when applying the transformation given by Eq. 23, leaving our
discussion unchanged.

3.4. Power spectra

3.4.1. The EE and BB power spectra

When carrying the moment expansion at the power-spectrum
level, we found expressions comparable to the ones introduced
in intensity by Mangilli et al. (2021) and applied to B-modes
in Azzoni et al. (2021); Vacher et al. (2022). The cross angular
power spectraDXX′

`
of two fields X and X′ are defined as

DXX′

` =
`(` + 1)

2π

∑̀

m=−`
X`m(X′`m)∗, (28)

with X, X′ ∈ {E, B,W0,E ,W0,B,W
β

k,E
,W

β

k,B
}. For the EE and BB

power spectra, when replacing E and B by the moment expan-
sion of the real or imaginary parts of Sν, one obtains

DXX
` (ν) =

(

εP
ν (β̄, T̄ )

)2
[

DW0,XW0,X

`
+ 2DW0,XW

β

1,X

`
ln

(

ν

ν0

)

+DW
β

1,X
W

β

1,X

`
ln

(

ν

ν0

)2

. . .

]

, (29)

with XX ∈ {EE, BB}. Hence, by knowing the spin-moment maps

Wβ

k
, one can in principle derive their E and B spectra to obtain

the DW
β

k,X
W

β

m,X

`
appearing in Eq. 29. Just as with Q and U, the E

and B expansions are not expected to be independent, as they
are the expressions of the real and imaginary parts of the same
complex number Sν.15 While the analysis of Planck Collabora-
tion (2016c) found no significant difference between the EE(ν)
and BB(ν) SEDs, a recent analysis by Ritacco et al. (2022) did
detect a significant difference between these SEDs in the Planck
data. As discussed, this detection would be a direct indication of
the existence of polarized mixing, which would lead to a spectral

phase rotation ϑ(ν), that is, (W
β

k
)E
, (W

β

k
)B, and one would then

expect to find a frequency dependence of the EE/BB ratio in sky
observations. The EE/BB ratio can be expressed at first order as

(rE/B
ν )`≡

DEE
`

(ν)

DBB
`

(ν)

=
DW0,EW0,E

`
+ 2DW0,EW

β

1,E

`
ln

(

ν
ν0

)

+DW
β

1,E
W

β

1,E

`
ln

(

ν
ν0

)2

DW0,BW0,B

`
+ 2DW0,BW

β

1,B

`
ln

(

ν
ν0

)

+DW
β

1,B
W

β

1,B

`
ln

(

ν
ν0

)2
. (30)

We note that this expression does not depend on the modified
blackbody and gives a pure ratio of moments. Therefore, looking
for the EE/BB ratio will probe the existence of differences be-
tween the SEDs of E and B due to polarized mixing independent
of any choice of canonical SED for modeling dust at the voxel
level. Variations of spectral parameters alone would identically
distort E and B, leading to the same moments and leaving the

EE/BB ratio constant. Therefore, (r
E/B
ν )` provides, at the power-

spectra level, an observable equivalent to tan(ψ(ν)) or tan(ϑ(ν))
at the map level.

As in Mangilli et al. (2021) and Vacher et al. (2022), one
can consider Eq. (29) as two independent moment expansions
for EE and BB and interpret the order one term as a leading-
order correction to the spectral index. A scale-dependent pivot
can be obtained by canceling the first order term and inserting
the replacement

β̄→ β̄XX′

` = β̄ + 2DW0,XW
β

1,X

`
/DW0,XW0,X

`
. (31)

15 To keep this link explicit, one could considerDSS
`
= DEE

`
+DBB

`
.
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Hence, in the presence of polarized mixing, the moments are dif-
ferent in EE and BB, and it is impossible to find a common pivot
simultaneously canceling the first order for EE and BB (i.e.,

β̄EE
`
, β̄BB

`
). In the perturbative regime, DW0,XW0,X

`
� DW

β

1,X
W

β

1,X

`
,

one can approximate Eq. (30) as

(rE/B
ν )` ' A

E/B

`

(

ν

ν0

)2∆β̄
E/B

`















1 + δ11
` ln

(

ν

ν0

)2














. (32)

As such, while the amplitude of the power-law term A
E/B

`
=

DW0,EW0,E

`
/DW0,BW0,B

`
indicates the value of the EE/BB ratio at

ν = ν0, its exponent 2∆β̄
E/B

`
= 2β̄EE

`
− 2β̄BB

`
provides an indica-

tion of how the pivot spectral indices of EE and BB are expected
to differ. The moment term, that is,

δ11
` =

DW
β

1,E
W

β

1,E

`

DW0,EW0,E

`

−
DW

β

1,B
W

β

1,B

`

DW0,BW0,B

`

, (33)

quantifies the difference between the auto-correlation of the or-
der one spin-moments in EE and BB and cannot be strictly equal
to zero if the EE/BB ratio is spectral dependent.

3.4.2. The EB power spectrum

A similar calculation can be done for the cross EB spectra, lead-
ing to

DEB
` (ν) =

(

εP
ν (β̄, T̄ )

)2
[

DW0,EW0,B

`

+

(

DW0,EW
β

1,B

`
+DW0,BW

β

1,E

`

)

ln

(

ν

ν0

)

+DW
β

1,E
W

β

1,B

`
ln

(

ν

ν0

)2

. . .

]

. (34)

The zeroth order term solely quantifies the structure of the mag-
netized interstellar medium, as it depends only on the maps of
W0 and hence on the distribution of the matter density and mag-
netic field orientations. From parity considerations, this term is
expected to be very small (Planck Collaboration 2020a; Clark
et al. 2021). Even if the leading term in Eq (34) is null, a nonzero
frequency dependent DEB

`
can be generated by the two other

terms, which follow from variations of dust emission properties.

Isolating the EB moments is not a trivial task, as, for exam-
ple, the EB/EE quantity could be dominated by the EE distor-
tions. The favorable option would be to analytically correct for
the scale dependent pivot as

β̄→ β̄EB
` = β̄ +

(

DW0,EW
β

1,B

`
+DW0,BW

β

1,E

`

)

/DW0,XW0,X

`
, (35)

assuming that the first term is the dominant order, which should
always be true if the mean signal is in the perturbative regime.
Here again, in the presence of polarized mixing, we observe that
β̄EB
, β̄EE

, β̄BB such that the three polarized spectra will have a
different effective SED. This highlights that observing a spectral
dependence of the EE/BB ratio guarantees the existence of EB
distortions at some level.

However, in observational conditions, we cannot analytically
compute the pivot defined in Eq. (35), as we do not have access

to the 3D distribution of spectral parameters and polarization an-
gles. Therefore, in order to highlight the EB SED distortions, one
can choose any β̄EB and consider the ratio

(rE×B
ν )`≡

DEB
`

(

εP
ν (β̄EB

`
, T̄ )

)2
. (36)

The amplitude of the variations of (rE×B
ν )` will depend strongly

on the choice of β̄EB
`

. Thus, one could imagine fitting β̄EB
`

di-
rectly onto the EB data and minimizing the amplitude of the
distortions. But as the EB Galactic signal is very low, this fit
might dramatically increase the Galactic modeling uncertainty.
One could also use a proxy for β̄EB

`
(for example, from the high

signal-to-noise β̄EE
`

), but this will result in enhancing the EB dis-

tortions if |β̄EB
`
− β̄EE

`
| � 0. Still, since EE, BB, and EB have a

common physical origin, they should be treated together with a
shared β̄ in the spin-moment formalism.

4. The toy model filament

In order to refine the toy model of the infinite filament pre-
sented in Sec. 2.2, we consider again an infinite filament in front
of a polarized background having both an MBB emission law
with different spectral indices and polarization angles. The fre-
quency dependence of the polarization angle ψ field in the fila-
ment would arise naturally from the polarized mixing described
in Sec. 2.1 (see Fig. 1). We chose ψbg = 0◦ and considered vari-
ous cases for ψfl (where the superscripts bg and fl stand for back-
ground and filament, respectively). From astrophysical consid-
erations, one might expect filaments to be colder than the dif-
fuse background, that is ,T fl < T bg. Here again, for the sake
of simplicity, we do not consider temperature variations, fixing
βfl = 1.8, βbg = 1.5, and T̄ = T fl = T bg = 20 K. We also used
Afl = Abg = 1, assuming that the background and the filament
share the same optical depth and the same inclination with re-
spect to the Galactic magnetic field. In order to keep the analysis
easy to interpret, we also ignored the impact of the size and ori-
entation of the filament. Changing these parameters is expected
to change the relative amplitudes of the spectra (Huffenberger
et al. 2020), but our conclusions should not be impacted regard-
ing the moment expansion formalism and the impact of polarized
mixing on the angular power spectra.

The toy model map is a 32 × 32 flat pixel grid on which the
filament represents a 11 × 32 vertical rectangle (see Fig. 1). The
filament is still assumed to be infinite, as the power spectra com-
putation assumes periodic boundary conditions. We treated this
example numerically using the Namaster library (Alonso et al.
2019) in order to evaluate the polarized power spectra DXX′

`
of

the flat sky maps in a single multipole bin containing the 15 first
values of `. The frequency range was chosen to be an array from
100 to 400 GHz with intervals of 10 GHz and spanning a fre-
quency interval relevant for CMB missions, under which the ef-
fect of the spectral index variations is expected to be dominant
over possible temperature variations (LiteBIRD Collaboration
2022). The reference frequency was chosen to be ν0 = 400 GHz.

4.1. Single pixel analysis

In this section, we attempt to evaluate how the geometrical and
spectral aspects of the signal are intertwined to produce the re-
sulting angular power spectra. As a first step, we focus on the
benefits of the spin-moment approach in a single filament pixel.
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SED distortions: βfl = 1.8 and βbg = 1.5.

We first considered only the two frequencies ν1 = 100 GHz
and ν2 = 400 GHz and tested how the results changed under
a variation of ψfl in the range [−90◦, 90◦]. The modulus |Pν|
and phase ψ(ν) of the total polarization spinor in the filament
are displayed in Fig. 2. In the left panel, we display the de-
partures from the pivot modified blackbody of the total signal
modulus in the filament at 100 GHz, |P100|/|εP

100
(β̄pix, T̄ )| with

β̄pix = (βfl + βbg)/2 = 1.65. These departures were well modeled
by the spin-moment expansion up to order two, which one can
derive analytically using Equations (7) and (8), for every value of
ψfl. The modulus of the signal appears to become smaller when
ψfl goes away from 0◦. This is due to a corresponding vanish-

ing of the amplitude ofW0 = Afle2iψfl

+ Abge2iψbg

, which is due

to progressive depolarization. Indeed at ψfl = 0◦, the phases are
aligned, and the complex amplitude reaches its maximal value:

W0 = Abg + Afl = 2. Moving away from ψfl = 0◦, the phases

cancel each other down to W0 = Abge2i0 + Afle±2iπ/2 = 0. We
note that this is a pure geometrical "spin-2" effect independent of
the values of the spectral parameters. In contrast, the first order
moment increases when going away from ψfl = 0◦, producing an
increase of the distortion amplitudes and a change of polariza-
tion angle with frequency ∆ψ = ψ(400) − ψ(100), as shown in
the right panel of Fig. 2. The behavior of ∆ψwith ψfl is well mod-
eled by the complex pivot correction (Eq. (5) and (11)), except in

the nonperturbative regime whenWβ

1
becomes large compared

to W0, as discussed in Vacher et al. (2023). In this regime, a
pivot correction is impossible, and all the terms of the expansion

must be kept. We note that the second moment Wβ

2
is still re-

quired to obtain a good model for |Pν| around ψfl = 0◦ when it is

greater than the first order (Wβ

2
>Wβ

1
' 0). Indeed, as already
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discussed in Sec. 2.1, it is impossible to always guarantee the
hierarchy between the moments due to the complex nature of
the expansion and its nonperturbative treatment of polarization
angles. Overall, both the modulus and the phase of the complex
signal in the pixel are fully predicted by the spin-moment expan-
sion.

4.2. Power spectra analysis

As a second step, we studied the behavior of the power spec-
tra, displayed in Fig. 3, for the same filament model. In order
to compare the frequencies, which have orders of magnitudes
of differences, we normalized all the spectra by the maximal

value of

((
DEE
`

)2
(ν) +

(
DBB
`

)2
(ν)

)1/2
at each frequency. In the

case without distortions, when βfl = βbg = 1.5, all the polarized
angular power spectra displayed an identical behavior between
the two frequencies, as the E- and B-modes shared the same
SED. Hence, no moments were expected in either Pν or in Sν.
The overall behavior of the angular power spectra with respect
to the filament’s angle displayed in Fig. 3 is very similar to the
magnetic misalignment phenomenon (see Fig. 2 of Clark et al.
(2021)), considering the extra depolarization effect. At ψfl = 0◦,
the sum of the MBBs in the filament is aligned with the MBB
in the background. The E-modes are hence maximal, and there
is no B-mode or EB correlation. For ψfl = ±45◦, B-modes are
maximal but lower than the maximum of the E-modes due to
the progressive depolarization and corresponding amplitude loss
discussed above. At ψfl = ±90◦, the E-modes are expected to
peak again, but they did not due to depolarization that makes
the signal minimal, and B-modes returned to zero. The absolute

value of EB is maximal when
√

EE2 + BB2 is maximal.
When considering our example with βfl

, βbg, distortions
appeared, as indicated by the rotation of ψ between 100 and
400 GHz in Fig. 2. No matter what the value of ψfl was, ψ drifted
away from alignment between the two frequencies (according
to Fig. 2, with a positive angle for ψfl > 0 and negative for
ψfl < 0), leading to an increase of the E-modes and a correspond-
ing decrease of the B-modes from 100 to 400 GHz such that one

would expect r
E/B
ν to decrease with frequency. The distortion was

greater as ψfl went away from 0◦, which is in agreement with the

values ofWβ

1
in Fig. 2. Distortions were also witnessed for the

EB spectra, illustrating how the mixing of polarized signals can
increase the amplitude of this parity, thus violating spectra from
one frequency to another. Changing the value of ψbg would not
change the above conclusions but would change the relative am-
plitudes of the EE, BB, and EB angular power spectra. In order
to remain concise, other cases with ψbg = 45◦ (B-modes max-
imum) and ψbg = 22.5◦ (equipartition of E- and B-modes) are
displayed in Appendix A.

4.3. Predicting the spectral dependence of the power
spectra.

The spectral behavior of the angular power spectra discussed
above can be predicted by the spin-moment expansion. From
Eq. (8), one can build maps of the spin-moments by knowing
the ψ and β distributions in each pixel and using, as a com-
mon pivot, the mean spectral parameter over the whole map
β̄ = 〈Aβ〉/〈A〉 ∼ 1.55. It is then straightforward to compute

the corresponding D
Wk,XWk,X′

`
for each pair of moments. To do

this, we again used Namaster on the flat sky moment maps. We
then obtained the frequency dependent power spectra by insert-

ing the D
Wk,XWk,X′

`
in Eqs. (29) and (34). Figure 4 shows a com-

parison between the spin-moment prediction up to order three
and the signal over the whole frequency range for the special
case ψbg = 30◦. These examples demonstrate that the expansion
we derived is correct, and that it is possible to infer the polar-
ized power spectra from the spin-moment maps, which them-
selves are derived from the spectral parameter and polarization
angle distributions. In experimental conditions, however, one
cannot directly access the distributions of spectral parameters
and polarization angles, making this derivation impossible. We
show, however, that the spin-moments and their expansion at the
power-spectra level provide robust models for an accurate char-
acterization of the polarized signal regardless of the distributions
of β and ψ. A detailed study of how far one can go by inferring
the dust properties from the power spectra and/or spin-moment
maps is left for future work. First steps toward that direction can
be found in recent works such as Sponseller & Kogut (2022)
and McBride et al. (2022), which are aimed at quantifying the
resulting biases obtained on the recovered CMB and dust pa-
rameters, depending on the underlying probability distributions
of the spectral parameters integrated into the signal.

In order to assess the validity of the EE/BB ratio approxima-
tion in Eq. (32), we fit the EE/BB ratio with a weighting propor-
tional to the signal itself using the lmfit software (Newville et al.
2016). In Fig. 4, good agreement between the fit and the data

points can be observed. The best-fit values of A
E/B

`
, 2∆β̄

E/B

`
and

δ11
`

can be found in Tab. 1. We compared the values to the ones
predicted using the moment maps and from computing the pivots
β̄EE
`

. The values are close but not equal because Eq. (32) stops at
order one and the fit compensates for the higher-order moments.
Still, the expression provides a simple and interpretable model
to characterize the spectral dependence of the EE/BB ratio.

Finally, as discussed in Sec. 3.4.2, we used a pivot β̄EB in
order to evaluate rE×B

ν . Both fitting and analytical derivations al-
lowed us to find β̄EB

`
∼ 1.69 , β̄. The ratio rE×B

ν is displayed
in Fig. 5, quantifying the amplitude of the residual distortions of
higher orders. The variations are at the percent level. Once again,
the prediction from moment expansion overlaps with the signal,
validating our methodology.

5. PySM 3 models

In this section, we illustrate the previously discussed phe-
nomenon on the PySM 3 models16 (Thorne et al. 2017; Zonca
et al. 2021). Computations are made on the sphere using the
healpy package (Górski et al. 2005). We considered the four fol-
lowing models:

– d0: This model was built with polarization Q and U map
templates from the Planck 2015 data at 353 GHz (Planck
Collaboration 2016a) and extrapolated at all frequencies us-
ing a single MBB with a fixed β = 1.54 and T = 20 K over
the sky.

– d1: This model uses the same Q and U map templates as
d0 and was extrapolated to other frequencies using an MBB
with a varying β and T between pixels across the sky.

– d10: This model is a refined version of d1. The extrapo-
lation was performed using an MBB with spectral param-
eters in each pixel coming from templates of the General-
ized Needlet Internal Linear Combination (GNILC) needlet-
based analysis of Planck data (Remazeilles et al. 2011) and
includes a color correction and random fluctuations of β and
T on small scales.

16 The version 3.4.0b4 of the PySM 3 was used in this work.
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Table 1. Best-fit and predicted values for the parameters entering in the perturbative expression of
(
r

E/B
ν

)
`
. (See Eq. (32) for the case of the toy

model filament.)

A
E/B

`
2∆β̄

E/B

`
δ11
`

Prediction 6.818 −0.4977 0.00178

Best fit 6.818 ± 0.0001 −0.4986 ± 0.0001 0.01251 ± 0.00006
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Fig. 5. Graph of rE×B
ν normalized at ν0 for the toy model filament. The

black curve represents the analytical prediction from the spin-moment
maps.

– d12: This model was built out of six overlapping MBBs, as
detailed in Martínez-Solaeche et al. (2018). This is the only
model that has variations of the spectral parameters and po-
larization angles along the line of sight, which is the same as
in the toy model filament presented in Sec. 4.

We again chose the frequency interval ν ∈ {100, 400}GHz,
with steps of 50 GHz replacing the value at 350 GHz by the ref-
erence frequency of the models ν0 = 353 GHz. Power spectra
were computed again using Namaster in a single multipole bin

from `0 = 2 to `max = 200 at a healpy resolution of Nside = 128.
In order to observe a large patch of the sky while still avoid-
ing the central Galactic region, we used the Planck GAL080 raw
mask with fsky = 0.8 available on the Planck Legacy Archive.
We subsequently performed a Namaster C2 apodization with a
scale of 2◦. Both the E- and B-modes were purified during the
spectra computations.

In principle, by knowing the A, ψ, β, and T templates of the
PySM maps, it is possible to analytically compute the spectra ex-
pansion as we did in Sec. 4.3. This would however require con-
sideration of the temperature effects and the β − T correlations,
which are expected to have a significant impact on the model-
ing, as discussed in Vacher et al. (2022) and Sponseller & Kogut
(2022).

5.1. The EE/BB ratio

In this section, we first focus on the EE/BB ratio. The ratio r
E/B
ν

is displayed in the left panel of Fig. 6. As expected, no depar-
ture from constancy is observed for the EE/BB ratio in the case
of d0. We note that this result would remain valid even if the
canonical SED was not given by an MBB, as long as the associ-
ated spectral parameters remained constant over the sky.17 A fre-
quency dependent EE/BB ratio is expected only in the presence
of polarized mixing, that is, between or along the lines of sight.
As previously stressed, this makes the EE/BB ratio a power-
ful probe of these variations independent of the SED effectively
used to locally describe the signal.

17 An example would be given by the d8 model where SED is given by
an adjusted version of the model proposed in Hensley & Draine (2017)
with constant spectral parameters across the sky.
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Fig. 6. Graph of r
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ν for different PySM dust models. The shapes are defined as follows: d0 (blue circles), d1 (orange reversed triangles),
d10 (green diamonds), and d12 (red triangles).

For d1 and d10, we found variations on the order of a few
percentage points. Even if the SEDs in each pixel are nondis-
torted MBBs, variations between lines of sight are enough to
produce a frequency dependence of the EE/BB power spec-
tra. The d12 model, which contains both variations of the spec-
tral properties along and between the lines of sight, displayed
stronger variations of up to 15%.

A fit of Eq. (32) for each model is also displayed in Fig. 6.
The resulting curve from the fit appeared to be in good agree-
ment with the signal in all cases, ensuring that the perturbative
expression proposed in Sec. 3.4 remains a good way to quan-
tify the departures from constancy of EE/BB on realistic dust
templates.

In all cases, the observed amplitudes of variations were ex-
pected to change widely depending on the sky fraction and the
range of multipoles considered, as averages were made over dif-
ferent Galactic regions. As spectral parameters and magnetic
field orientations are expected to have distinct scale dependen-
cies, averaging over different multipoles when binning spectra
represents an additional source of distortions. The impact of such
variations of the EE/BB ratio on cosmological analysis is left
for future work, but we expect it to be substantial for CMB B-
mode analyses, as mismodeling of the dust component by a few
percentage points will have a significant impact when trying to
reach a measurement, for example, of r = 0.001 (Planck Collab-
oration 2020a).

5.2. The EB spectra and cosmic birefringence

As discussed in Sec. 3.4.2, highlighting the EB distortions is not
trivial. In order to do so, we first performed a fit of β̄EB and T̄ EB

directly on the signal and considered rE×B
ν . The results are dis-

played in the right panel of Fig. 6. The changes with frequency
at the percent level for all but the d0 model are clear, indicating
the presence of distortions at a level that could be neglected for
these sky models in contemporary birefringence analysis.

As discussed in Sec. 3.4.2, however, because the dust EB
signal is currently very small compared to the measurement er-
rors in real observational conditions (and will probably remain
modest in the future), it is impossible to access these quantities
as directly as we did here, and one would instead be tempted to
use the high signal-to-noise β̄EE and T̄ EE as proxys for the EB
spectra. In the left panel of Fig. 7, we show rE×B

ν using the best

fits of the EE spectral parameters as a pivot. The figure shows
the existence of spectral variations from a few percentage points
for the d1 model to approximately 40% for the d10 model and
up to a factor of two for the d12 model. As such, the choice of
spectral parameters used to highlight the EB SED is extremely
important and requires particular attention.

It is also relevant to consider the quantity

D̃EB
` ' AE×B

`

DEE
`
DT B
`

DT E
`

, (37)

which can provide a higher signal-to-noise estimator of the fore-
ground EB signal (Clark et al. 2021; Diego-Palazuelos et al.
2022). As a scale dependent amplitude, AE×B

`
is frequency in-

dependent by construction. In order to quantify the deviations to
this approximation, we considered the ratio

(r̃E×B
ν )` =

DEB
`

D̃EB
`

. (38)

Results are presented in Fig. 7. Large departures from Eq. 37 can
be observed away from ν0 for all the models but the d0 model.
According to the moment formalism presented above, the SEDs
of EE, T B, and T E present distinct distortions in the presence
of polarized mixing and are in turn different from that of EB,
thus explaining why this approximation becomes invalid when
at different frequencies. For an accurate modeling of the parity
violating foreground signal and in order to probe the existence
of cosmic birefringence, great care must therefore be taken with
spectral distortions that may be induced by polarized mixing.

6. Conclusion

In the present work, we discuss how the combination of multiple
polarized signals with different spectral parameters and polariza-
tion angles (referred to as polarized mixing) unavoidably leads
to a different spectral behavior for the polarized angular spec-
tra EE, BB, and EB, thus implying spectral dependence of the
EE/BB ratio and nontrivial distortions of the EB correlation. We
show how this phenomenon can be understood and tackled using
the spin-moment expansion, formally deriving all the analytical
expressions at order one in the case of Galactic dust modified
black bodies with varying spectral indices while keeping in mind
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that this would be straightforward when generalizing for any po-
larized SED (e.g., synchrotron) and at any order.

We thoroughly discuss the toy model example of a dust-
emitting filament in front of a background. A careful understand-
ing of the geometrical and spectral properties of the signal in the
filament itself in pixel space allowed us to explain the shape of
the total polarization angular power spectra when changing the
value of the polarization angle of the filament, ψfl, as well as the
amplitude of the observed distortions between 100 and 400 GHz.
Moreover, we show how one could accurately recover the spec-
tral dependence of the polarization angular power spectra from
the spin-moment maps, validating our previous theoretical con-
siderations. Finally, we considered some of the PySM models
on the sphere. We show that these models intrinsically contain
variations of the EE/BB ratio through the frequency and distor-
tions of the EB correlation, whose amplitudes are expected to
strongly depend on the sky fraction and multipole range consid-
ered. This allowed us to stress that seeking a spectral dependence
of EE/BB provides a way to explore the existence of polarized
mixing and thus independently of the canonical SED used to
model the signal. In these PySM models, simple assumptions
about the frequency dependence of the dust EB signal used in
CMB cosmic birefringence analysis become invalid due to the
polarized mixing.

Further studies need to be done in order to precisely assess
the expected amplitude of both these effects on real sky data.
Meanwhile, it will be necessary to quantify the impact of the
assumptions made on the dust EE/BB ratio and EB SEDs on
cosmology. Map-based component separation is sensitive to the
variation of the foreground’s polarization angle with frequency,
source of the power-spectrum effects discussed in the present
work. However, current B-mode only analyses at the power spec-
trum level are, in principle, immune to the potential variation of
the dust EE/BB, as they model the BB SED independently of the
EE SED. Still, next-generation experiments probing the CMB
reionization bump (as e.g., the LiteBIRD mission LiteBIRD Col-
laboration (2022)) might consider simultaneously EE and BB in
order to tackle the correlations between the tensor-to-scalar ratio
r and the re-ionization optical depth τ. These experiments would
therefore be sensitive to the assumptions made about the dust
EE/BB ratio frequency dependence. Regarding the dust EB cor-
relation, as already stressed in Diego-Palazuelos et al. (2023),
distortions of the MBB SED could impact cosmic birefringence

studies to some degree, but as long as this signal remains unde-
tected, using higher signal-to-noise spectra as proxies to EB has
to be done with even more caution. In any case, the 3D variation
of the dust composition, physical conditions, and the orientation
of the Galactic magnetic field produce complex polarization ef-
fects in map space and at the angular power-spectrum level, and
their impact have to either be ruled out or taken into account for
precise B-mode and birefringence measurements.
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Appendix A: Impact of the background polarization

angle

We present the dependence in ψfl of the polarization power spec-
tra of the toy model filament. We consider two different values
for the background angle, ψbg = 22.5◦ and ψbg = 45◦.
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Fig. A.1. Total polarization spinor in the filament of the toy model
for ψbg = 22.5◦ and various values of the filament polarization an-
gle ψfl. Left: Modulus of the total signal at 100 GHz normalized by
the pivot MBB (red) and modulus of the analytical derivation from
the spin-moment expansion up to second order (black dashed line).
The modulus of each term is displayed: order 0: |W0| (blue), or-

der 1: |W
β

1
ln (100/400) | (orange), and order 2: |0.5W

β

2
ln (100/400)2 |

(green). Right: Difference of the polarization angles between the
two frequencies (red), prediction from the complex ∆β correction

0.5 Im(W
β

1
/W0) ln (100/400) (blue) and from the spin-moment expan-

sion up to second order (black dashed line).
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Fig. A.2. Mean polarized power spectra for the toy model filament
with ψbg = 22.5◦ and various values of the filament polarization an-
gle ψfl. The EE (blue), BB (green), and EB (orange) angular power
spectra are given at two different frequencies: 100 (continuous) and 400
GHz (dashed). Each spectra is normalized by the maximum value of((
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. Left: No SED distortions: βfl = βbg = 1.5.

Right: with SED distortions: βfl = 1.8 and βbg = 1.5.
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Fig. A.3. Same as Fig. A.1 but for ψbg = 45◦.
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Fig. A.4. Same as Fig. A.2 but for ψbg = 45◦.
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Searching for variations of nature’s fundamental constants is a crucial step in our quest to go
beyond our current standard model of fundamental physics. If they exist, such variations will be
very likely driven by the existence of a new fundamental field. The Bekenstein model and its
extensions introduce such a scalar field in a purely phenomenological way, inducing a variation of
the fine-structure constant on cosmological scales. This theoretical framework is as simple and
general as possible while still preserving all the symmetries of standard quantum electrodynamics.
When allowing for couplings to the other sectors of the Universe, such as baryons, dark matter,
and the cosmological constant, the Bekenstein model is expected to reproduce the low energy limits
of several grand unification, quantum gravity, and higher dimensional theories. In this work, we
constrain different versions of the Bekenstein model by confronting the full cosmological evolution of
the field with an extensive set of astrophysical, cosmological, and local measurements. We show that
couplings of the order of parts per million (ppm) are excluded for all the cases considered, imposing
strong restrictions on theoretical frameworks aiming to deal with variations of the fine-structure
constant.

I. INTRODUCTION

The fundamental constants of a given theory are quan-
tities that can be measured but not derived within it. As
such, they set the intrinsic boundaries of what a given
model can explain. The contemporary standard model
of particle physics contains at least 19 such parameters
(a complete list can be found in [1]). The detection of a
space-time variation of one of them would be a ground-
breaking discovery as it would indicate that an under-
lying dynamical mechanism must exist to explain their
values, proving that new physics is yet to be discovered.
Moreover, such a variation would be in direct violation
with the universality of free fall1 (in other words, the

7 leo.vacher@irap.omp.eu
 nils.science@gmail.com
! Carlos.Martins@astro.up.pt
1 A variation of any of the fundamental constants would make
binding energies, and thus masses of elements, space-time depen-
dent quantities. As discussed in [1] this implies a non-geodesic
motion (regarding the Levi-Civita connexion) depending on the
composition of the element.

weak equivalence principle) and the local position invari-
ance.

According to Schiff’s conjecture, this would mean a
violation of the broader Einstein equivalence principle,
one of the cornerstones of the general theory of relativity
and, more broadly, of all metric theories of gravity (see
e.g. [2–4]).

If so, gravity could no longer be described as a geo-
metrical phenomenon of space-time alone and/or the ex-
istence of a fifth force would be required (see e.g. [5]).
As such, testing the stability of fundamental constants
on local and cosmological scales provides a powerful test
of fundamental physics beyond the reach of particle ac-
celerators (see e.g. [1, 6, 7]).

Since fundamental constants appear as theoretical
foundations of a theory, the variations of the free param-
eters of our standard model are expected in most of the
theoretical frameworks aiming to extend it, such as quan-
tum gravity, grand unification and/or theories involving
extra dimensions. One such example is the dilaton field
in string theories [8].

The fine-structure constant ³EM c ³ = e2/(4Ã÷0/c)
is the dimensionless gauge coupling quantifying the
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strength of the electromagnetic interaction between
charged particles. As such it can be measured very accu-
rately using various local and astrophysical phenomena
involving light.

Using a great variety of independent datasets, one can
then accurately map the value of ³ across space and time
(see e.g. [9]).

While the values of fundamental constants with dimen-
sions (e.g. c, / or G) are dependent of the choice of
a unit system, dimensionless ratios (as gauge couplings,
mass ratios, and symmetry breaking angles) will always
have the same values in any units. One can indeed safely
choose the natural units / = c = G = 1 while instead
setting ³ = 1 would deeply change all the physics of the
Universe. Therefore, looking for variations of dimension-
less constants is the only fully consistent approach, since
their values are universal. Moreover, the dimensionless
constants deeply quantify the behavior of physical phe-
nomena.

However, from a theoretical point of view, the fine-
structure constant cannot vary arbitrarily through cos-
mic history. Indeed, one would like to preserve funda-
mental symmetries of physics and their associated con-
servation laws such as local stress-energy conservation
or gauge invariance. A safe way to do so is to imple-
ment the variation of ³ from an action principle. As
originally proposed in [10, 11], one can promote the
electric charge of the electron itself to a scalar field.
This model, called the Bekenstein model, has been fur-
ther generalized accounting for interactions with matter
into the Bekenstein-Sandvik-Barrow-Magueijo (BSBM)
model [12–15] and finally by allowing for different cou-
plings of the field with baryons, dark matter and dark
energy by Olive and Pospolov (O&P) in [16, 17]. In the
later form, the model provides a very general framework
to constrain variations of ³ induced by a scalar field that
could be motivated by a high energy physics theory.

In the present work, we provide updated constraints
on the BSBM and O&P models, treating for the first
time their full cosmological evolution by doing a full
Bayesian Statistical analysis that combines a modified
version of the CLASS Boltzmann-solver [18] and Monte-
Carlo Markov Chains (MCMC) using Montepython

[19, 20].
We start by introducing the notation and theory un-

derlying the BSBM and O&P models in Sec. II, we then
introduce the data in Sec. III, which is later used in
Sec. IV to constrain these models. Finally, we conclude
by summarizing our most important results in Sec. V.

II. THEORETICAL BACKGROUND

A. Bekenstein’s model and the

Bekenstein-Sandvik-Barrow-Magueijo extension

The original Bekenstein model introduced in [10] and
discussed more extensively in [11] seeks a purely phe-
nomenological minimalist implementation of a varying

fine-structure constant ³, that remains theoretically self-
consistent with standard quantum electrodynamics (for
a discussion on self-consistency of varying ³ models see
e.g. [1] and [11]).

To do so, one assumes that a variation of the elec-
tron charge2 e is induced by a free scalar field ÷ as
e(xµ) ? ÷(xµ). The fine-structure constant will then
change according to ³ ? ÷2. At the action level, ÷ must
have a kinetic term. Its presence will also change the
couplings (charges) appearing in the electromagnetic co-
variant derivatives, leading to a necessary redefinition of
the connection coefficients A ³ ÷A and its associated
2-form curvature/field strength F (A) ³ F (÷A). In or-
der to preserve the gauge invariance of the theory under
the unitary group U(1), an extra factor of ÷22 ? ³21 is
required in the kinetic Lagrangian density of the photon
field. Such a term is formally equivalent to a space- and
time-dependent change in the vacuum’s permeability.

With the additional change of variable × c ln(÷), the
variation of the fine-structure constant with redshift is
then given by

∆³

³0
(z) =

³2 ³0

³0
=

(

÷

÷0

)2

2 1 = e2(φ2φ0) 2 1 , (1)

with the index 0 labelling values of objects at z = 0 and
³0 > 1/137 being the value of the fine-structure constant
as measured locally in the laboratory [21]. From Eq. 1,
one can derive the expected rate of variation of the fine-
structure constant today as

1

H0

(

³̇

³0

)

z=0

= 2×20 . (2)

Hereafter primes denote derivatives with respect to ln(a)
and dotted quantities refer to derivatives with respect to
the cosmic time t. In this basis of the field ×, the full
U(1) invariant action for the cosmological model is given
by

S =

∫

d4x
:2g

[

M2
7

2
"µ×"

µ×2 1

4
FµνF

µνe22φ

2 1

2
M2

PlR+ Lm + · · · ] , (3)

where R is the Ricci scalar, MPl = (8ÃG)
21/2

the re-
duced Planck mass and we set c = / = 1. M7 is a mass
scale associated to the × sector, and Fµν is the electro-
magnetic field tensor associated to the connection ÷Aµ .
In the present work, we will assume that M7 = MPl ,
meaning that the energy scale of the varying constant
theory is close to the one of quantum gravity as one would
expect from a great unification theory. Varying funda-
mental constants would also imply direct violations of

2 We are already here implicitly in natural units, and considering
the QED unitless gauge coupling e/

√

/c÷0 (here in S.I. units).
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the Einstein equivalence principle and/or the existence
of a fifth force mediated by × (see e.g. [1, 3, 4]). As
in [12, 14, 15] we introduce an additional free parameter
quantifying this effect, · c LEM/Ä, where Ä is the energy
density, assessing the change of electromagnetic binding
energies of matter (and thus masses) in the presence of
×. This · can be connected to the Eötvos parameter ¸,
quantifying the violation of universality of free fall as

¸ > 3 · 1029· . (4)

As discussed in [12], the value and sign of · strongly
depend on the nature of dark matter and its ability to
interact with ×. Extremizing the action given by Eq. (3)
with respect to × and including this extra coupling to
matter, one obtains the equation of motion for the field

×̈+ 3H×̇ = 2 2

M2
7

e22φ·Äm . (5)

When extremizing the action with respect to the metric
gµν , one can derive a modified version of the Friedmann
equation as

H2 =
8ÃG

3

[

Äm(1 + ·e22φ) + Äre
22φ + Äφ + ÄΛ

]

, (6)

where the field density and pressure can be deduced from
the action Eq. (3) as

Äφ =
M2

7 ×̇
2

2
, Pφ =

M2
7 ×̇

2

2
. (7)

From previous constraints on its coupling (e.g. [15]), we
expect the contribution of the energy density of the ×-
field to be subdominant. As such, also its linear theory
perturbations do not contribute meaningfully to the grav-
itational potential and can be neglected. Hence, we only
show the unperturbed Friedmann equation. The same
reasoning is applied to all the models considered in the
present work.

B. The Olive & Pospelov extension

The Bekenstein model can be generalized in a straight-
forward way, by letting × be a scalar field inducing any
possible variations of the fine-structure constant through
a general function ³ ? BF (×)

21. Here again, in order to
preserve gauge invariance, the field has to couple to the
electromagnetic Lagrangian as

LEM = 21

4
BF (×)FµνF

µν . (8)

A simple extension to this model is to assume that × can
have analogous couplings with all the fermion fields of
the standard model È, the dark energy assumed to be a
cosmological constant Λ, and a dark matter particle3 Ç.

3 The model was originally conceived with the light supersymmet-
ric neutralino forming the WIMP.

We will refer to this version of the model, proposed in
[16], as O&P. The cosmological action becomes

S =

∫

d4x
:2g

[

2 1

2
M2

PlR+
1

2
M2

7"µ×"
µ×2M2

PlΛ0BΛ (×)

2 1

4
BF (×)FµνF

µν + È̄ (iµµDµ 2mψBψ (×))È

+ Ç̄ (iµµDµ 2MχBχ (×))Ç2 V (×)
]

. (9)

We will consider for this work that V (×) = 0 and leave
the discussion of cases with nonzero potentials for future
work. As justified above, the field will be considered
as homogeneous and we will not solve its perturbations
equations. The Bi(×), i * [È, F, Ç,Λ] are the coupling
functions of the field with the different sectors. Their
deviation from 1 encodes the strength of the scalar field
coupling. Assuming that the field value remains small on
cosmological time scales, one can expand the couplings
up to first order as

Bi(×) = 1 + ·i(×2 ×0) , (10)

around today’s value ∆× = ×2 ×0 j 1. This expansion
is expected to be a very good approximation as the Bi are
already constrained to be very close to unity by observa-
tions [16, 17]. Given the already relatively wide allowed
parameter space of the model, including the second order
or higher order terms in this expansion is not necessary
as their contribution to the field evolution is subdomi-
nant. Using this expansion for BF (×), one immediately
obtains the first order evolution of the fine-structure con-
stant with the field

∆³

³0
=
³ (×)

³0
2 1 = B21

F (×)2 1 = 2·F∆× , (11)

where we again Taylor expanded in ∆× and stopped at
first order. From this expression, one can derive today’s
time derivative of ³ as

1

H0

(

³̇

³0

)

z=0

= 2·F×20 . (12)

As in [16, 17], we will also further assume that the
background cosmology evolution in the O&P model re-
mains given by the canonical Friedmann-Lemâıtre equa-
tion

(

H

H0

)2

=
8ÃG

3

∑

i

Äi , (13)

where the sum extends to the field’s density that remains
given by Eq. (7). This assumption is reasonable since,
as we will show, those corrections are expected to be
extremely small. Minimizing the action with respect to
× gives the coupled Klein-Gordon equation of motion

×̈+ 3H×̇ = 2 1

M2
7

∑

i

Äi·i , (14)
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where ·i = (·χ, ·Λ, ·b). Note that ·F does not appear in
equation of motion due to a null averaging of the photon
fields ïF 2ð.

For a system of two masses of Aluminium and Plat-
inum, the Eötvos parameter ¸, quantifying deviations
from the weak equivalence principle can be expressed
as [16]

¸ c ·p
(

·n 2 ·p + 2.9 · 1022·F
)

, (15)

where ·p and ·n are respectively the coupling constants
of the field to protons and neutrons. To simplify the
parameter space, in the following we will assume that
there exists a single coupling to baryons ·b such that ·p c
·n c ·b, allowing us to write the simple expression for the
Eötvos parameter ¸ in term of the couplings constants as

¸ c 2.9 · 1022·b·F . (16)

Due to the degeneracies of the parameter space appearing
in the observables, one can only constrain their product.
As such, we introduce the new product parameters ¸i
defined as

¸χ = ·F ·χ, (17)

¸b = ·F ·b, (18)

¸Λ = ·F ·Λ. (19)

Since we are constraining these new product parameters
instead of the ·, we will only be able to recover properly
the product quantities ·F×0 and ·F×

2
0 instead of the raw

field parameters themselves.

III. DATASETS AND LIKELIHOODS

We exploit the synergy of multiple datasets and their
corresponding likelihoods in order to constrain the mod-
els. All these measurements are independent and probe
fundamental physics at a great variety of space-time
scales. The Cosmology data sets are already imple-
mented in the Montepython code, while the fine-
structure constant and Einstein equivalence principle
likelihoods are implemented as gaussian priors.

A. Cosmological datasets

In order to constrain the background cosmology, we
use the likelihood based on the Pantheon Type Ia Super-
novae sample [22]. We also include large scale structures
and baryon acoustic oscillation data from the BOSS DR-
12 galaxy survey [23] as well as cosmic clocks measure-
ments from [24]. All of these give sharp constraints on
the possible evolution of the Hubble parameter H(z).

We also include the cosmic microwave background
(CMB) intensity, polarization and lensing power spec-
tra likelihoods from the latest Planck 2018 data release

[25, 26]4. This likelihood is giving a unique lever arm
at z > 1100, further constraining the cosmology and the
scalar field evolution at very high redshift.

B. Fine-structure constant and Einstein

equivalence principle

Using high-resolution spectroscopy, one can obtain
very accurate measurements of ³ from astrophysical
sources. Doing so is possible from the position of ab-
sorption lines of the gas along the line of sight of quasi-
stellar objects (QSO or quasars) at high redshifts. The
positions of the lines are expected to change with ³ in a
transition-specific fashion (quantified by a so-called sensi-
tivity coefficient) that can be disentangled from the linear
effect of redshift. We use a collection of measurements
of the fine-structure constant from [27] and [28] as well
as a recent precise and accurate measurement from the
ESPRESSO spectrograph [29].

The value of ³ at z = 0.14 can also be inferred from
abundances in the Oklo natural reactor on Earth [30].

∆³

³0
(z = 0.14) = (0.005± 0.061) ppm . (20)

Laboratory atomic clock experiments can use optics to
constrain the current rate of change of ³ [31], which can
be expressed in a dimensionless form as

1

H0

(

³̇

³0

)

z=0

= (0.014± 0.015) ppm . (21)

Finally, sharp constraints can be added to the models
considering limits on the violation of the weak equiva-
lence principle by the MICROSCOPE satellite testing
the universality of free fall with two test bodies orbiting
earth [32]

¸ = (21.5± 2.7) · 1029 ppm . (22)

IV. RESULTS

We constrain the models by sampling over their param-
eters using MCMC chains with montepython [19, 20]
combined with a modified Class version [18]. A dis-
cussion of the impact of a varying ³ on cosmology can
be found in [33, 34]. The contour plots are made us-
ing the Getdist python package [35]. Computations are
made on the cluster of the Marseille dark energy center
(mardec).

The cosmological parameters we are sampling over are
the reduced baryon and cold dark matter densities Éb =
Ωbh

2 and Écdm = Ωcdmh
2, the reionization redshift zreio ,

4 Likelihoods can be found on the Planck legacy archive.
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FIG. 1. Contour plots for the single rescaled BSBM parameter
ζ̃ and the two derived parameters φ0 and φ2

0, expressed in
ppm. The contours lines are representing the 68 and 95 %
confidence levels.

the Hubble constant H0 , the amplitude and tilt of the
primordial power spectrum ns and ln(1010As), and the
couplings · or ¸i of the Bekenstein models. We adopt flat
and unbounded priors for all of these parameters. We are
additionally sampling over the 21 nuisance parameters of
the Planck likelihood and the absolute magnitude M of
the reduced Pantheon likelihood. The |R21| convergence
values, further chain information, and full corner plots
can be found in appendix A.

We fix the values of the initial field value and speed
to zero when z ³ >, since one can show that these
parameter choices in the radiation era do not impact the
late time evolution of the field, due to the existence of
attractor behaviors. The actual value of the field ×0 (or
·F×0) and its speed ×20 (or ·F×

2
0) are derived but not

sampled over.

A. BSBM model

Originally, the BSBMmodel has been introduced using
a length scale É to define the field units in the action
(Eq. 3) instead of the mass scaleM7 [12]. The parameter
É is then assumed to be close to the Planck length É > G
[14, 15]. In our notation this would correspond to M7 =
1, but we choose to instead absorb this different choice
in a redefinition of the coupling constant, with ·̃ = 8Ã·
in order to allow for a direct comparison with previous
literature. In Fig. 1, the derived contours of ·̃, ×0 and
×20 are displayed using all the likelihoods introduced in

TABLE I. Best-fit values of the BSBM parameters with asso-
ciated 68% confidence levels (C.L.) in ppm.

Parameter 68% C.L.

ζ̃ −0.09+0.11
20.13

φ0 0.11+0.16
20.12

φ
2

0 0.0066+0.0093
20.0073

Sec. III. The corresponding best-fit values and their Ã
values can be found in Tab. I. We derive

·̃ = 20.09+0.11
20.13 ppm . (23)

This result coincides with the one obtained in [15], pro-
viding a validation of our methodology. Note that adding
the recent update of the MICROSCOPE bound in the
present work does not change this result. Indeed, a back
to the envelope calculation combining (22) and (4) allows
us to evaluate the width of the Gaussian prior expected
from the MICROSCOPE likelihood on ·̃ to be > 22 ppm,
which is one order of magnitude larger than the one we
obtained. We can hence conclude that atomic clocks
measurements provide most of the constraining power
on the BSBM model. For the first time however, the full
model has been constrained together with the cosmolog-
ical parameters and full evolution of the field right after
inflation (the full plot can be found in appendix A 2, in
Fig. 4).

The only parameter ·̃ appears however to be largely
uncorrelated with cosmological parameters, explaining
why the two analyses lead to identical results. The field
speed is constrained at one sigma as ×20 = (6.6+9.3

27.3) ·
1023 ppm while the field itself is constrained as ×0 =
0.11+0.16

20.12 ppm. As expected, ·̃ and the field parame-
ters are highly correlated since they are directly related
through the equation of motion (Eq. 5).

B. O&P model: Universal coupling to gravity

Before constraining the full parameter space of the
O&P model, we first assume that the field couples identi-
cally to baryons and dark matter through a single param-
eter ·m c ·b = ·χ. As in Sec. II B, one can then introduce
the corresponding product parameter ¸m c ·F ·m. This
reduction of the parameter space allows a direct compar-
ison with previous works, such as [17]. We ran a first set
of chains with all the likelihoods introduced in Sec. III
(hereafter noted ’Current’) and a second one removing
the MICROSCOPE prior and replacing our atomic-clock
likelihood by the one used in [17] and originally obtained
in [36] (hereafter noted ‘Alves’). We also consider a third
situation replacing the MICROSCOPE likelihood by the
earlier measurement of ¸ from torsion balance by the Eöt-
Wash group [37] (hereafter noted ‘Eöt-Wash’). This last
test allows us to assess the impact of WEP tests on the
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FIG. 2. Left: Contour plots for the O&P model under the universal matter coupling assumption with three different likelihood
sets: ’Alves’ (Gray), ’Eöt-Wash’ (Red) and ‘Current’ (Blue). Right: Close-up view on the O&P parameter space using the
‘Current’ likelihood set. For both plots all parameters are expressed in ppm.

parameter space and quantify the improvement brought
by the recent MICROSCOPE results.

A contour plot comparison of the O&P parameters in
the three scenarios can be found in Fig.2 and the cor-
responding best-fits and confidence interval values are
displayed in Tab. II. As expected, the ‘Alves’ case gives
results comparable with the ones of [17], constraining the
two parameters ¸m and ¸Λ at the ppm level, displaying a
strong degeneracy between the two parameters, as they
both appear on the same footing in the equation of mo-
tion (Eq. 14). Adding a prior coming from experiments
searching for violations of the WEP allows us to strongly
break degeneracies as it directly constrains the coupling
to matter ¸m. Indeed, as shown in Fig. 2, adding ei-
ther the MICROSCOPE or Eöt-Wash likelihood severely
restricts the otherwise very degenerate combination of
¸m and ¸Λ. MICROSCOPE provides however sharper
constraints on the matter coupling by two orders of mag-
nitudes. By setting the constraint

¸m =
(

20.54+0.86
20.90

)

· 1027 ppm , (24)

this parameter relaxes its correlation with ·F×0 and ·F×
2
0

and cannot significantly impact the field equation of mo-
tion anymore.

Comparing the ‘Current’ and ‘Eöt-Wash’ cases clearly
shows that an improvement of the accuracy of WEP mea-
surements does not further sharpen the posterior distri-
bution of the coupling to dark energy, which is mainly
set by the atomic-clock likelihood, constraining ¸Λ at one

sigma to

¸Λ = (0.025± 0.027) ppm . (25)

Here again, as shown in Fig. 5 of the appendix, the con-
straints on the parameters of the Bekenstein field are
strong enough to largely break all possible degeneracies
with cosmological parameters, leaving both mostly in-
dependently constrained. Overall, this leads to an im-
provement of the previous constraints of a factor of > 108

for ¸m and > 100 for ¸Λ, considering this time the full
cosmological evolution of the field with minimal assump-
tions. Couplings of order ppm are now excluded for this
model.

C. Full O&P model

We now turn to the full O&P model. We propose here
for the first time a constraint of its full parameter space
as no previous such studies can be found in the literature.
The contour plots for the field parameters can be found
in Fig. 3 and the associated best-fits with confidence lev-
els are displayed in Tab. III. The MICROSCOPE prior is
acting here directly on ¸b , analogously to what occurred
for ¸m in the previous subsection, leaving the strong de-
generacy between ¸χ and ¸Λ. The atomic-clock likelihood
indeed, is sharp enough to break the degeneracies be-
tween ·F×

2 and (¸χ , ¸Λ), by constraining the field speed
to be so small that the impact of both couplings on the
speed is indistinguishable. Nevertheless, here again we
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TABLE II. Best-fit values of the parameters for the O&P model universally coupled to matter with associated 68% confidence
levels (C.L.) in ppm, from the combination of currently available data. For comparison, the analogous constraints for two
earlier sets ’Alves’ and ’Eöt-Wash’ (see the main text) are also shown.

Parameter 68% C.L. Current 68% C.L. Eöt-Wash 68% C.L. Alves

ηm

(

−0.54+0.86
20.90

)

· 1027
(

−0.25+0.45
20.44

)

· 1025 0.05+0.60
20.67

ηΛ 0.025± 0.027 0.024+0.03
20.027 −0.4± 1.1

ζFφ0 −0.0073+0.0081
20.0076 −0.007+0.0077

20.0086 −0.7+9.6
28.5

ζFφ
2

0 −0.0014+0.0016
20.0015 −0.015+0.015

20.017 0.17± 0.27

FIG. 3. Contour plots of the Bekenstein parameters in the full O&P model in ppm.

see that order ppm parameters are excluded by our com-
bination of datasets.

As shown in Fig. 6, even this full model with a wide
parameter space shows few degeneracies with the cosmo-

logical parameters, and as such it is constrained to have
a minimal impact on the standard expansion history of
the universe.

As shown in Tab. 1 of [16], several models beyond the
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TABLE III. Best-fit values of the parameters for the full O&P
model with associated 68% confidence levels (C.L.) in ppm.

Param 68% C.L.

ηχ −0.24+0.63
20.66

ηb

(

−0.54+0.93
20.94

)

· 1027

ηΛ 0.34+0.88
20.85

ζFφ0 2.87+8.0
27.7

ζFφ
2

0 −0.015+0.016
20.015

standard model of cosmology and particle physics such as
Brans-Dicke, Supersymmetry, or String Theory inspired
models are supposed to be contained within the frame-
work of this extended parameter space. By excluding
couplings greater than fractions of ppm, our constraints
exclude their naturally expected values for most of these
models.

V. DISCUSSION AND CONCLUSION

Bekenstein models offer a very general and consistent
framework for tests for variations of the fine-structure
constant on cosmic scales. Even though it is expected
to describe the low energy limit of several models be-
yond the standard models of cosmology and particle
physics, it is tightly constrained by contemporary data,
and expected to behave very close to the standard model.
Specifically, we found that in all the generalizations con-
sidered, couplings of order of parts per million are ex-
cluded. The synergy of local, astrophysical and cosmo-
logical measurements of high precision applies an increas-
ingly strong pressure on the credible models encompass-
ing variations of the fundamental constants.

In this work, we constrained three implementations
of the Bekenstein model. First, for the BSBM model,
we have recovered, with a wider parameter space and
a different methodology, the constrains derived in [15].
This also provides a validation of our numerical analy-
sis pipeline. Then, we constrained a variation of O&P
having a common coupling for baryonic and dark mat-
ter as in [17]. We improve previous constraints on this
model by a factor of > 100 for ¸Λ and > 108 for ¸m.
This large improvement is mainly due to the addition of
very accurate local data as the MICROSCOPE prior on
the universality of free fall and an improvement of the
atomic-clock constrain on the time variation of the fine
structure constant by an order of magnitude.

Finally, we provided a constraint of the full O&P model
for the first time, allowing us to exclude natural values
for the couplings for almost all the high energy physics
theories encompassing a varying ³ proposed in the origi-
nal paper of [16], excluding a large part of the parameter
space of the models.

In all these analyses, we saw that parameters are too

sharply constrained by fine structure constant and Ein-
stein Equivalence Principle measurements to have a sig-
nificant impact on cosmological evolution, as the param-
eters of the Bekenstein field become mostly decorrelated
from cosmological ones. As it quantifies the interaction
between photons and matter, it is however known that a
varying ³ could have a strong impact on the physics of re-
combination, changing its overall duration and the width
of the last scattering surface. As such, some models in-
spired by the Bekenstein one could significantly impact
the recovered value of H0 and provide ways to relax the
Hubble tension (see [34, 38], or [39] for a similar idea
with the electron mass). One way to do so could be to
introduce a more complex parameter space, with a dif-
ferent × dependence of the couplings, the possibility of a
decay of × at intermediate times, or a non-zero potential
V (×). We note that the latter option might be subject
to fine-tuning issues. As such, this kind of investigation
is left for future works.

In this quest for high precision tests of fundamen-
tal physics, further progress is to be foreseen. In the
long term, new experiments, under construction or be-
ing planned, will enable direct tests of the stability of
fundamental constants with an accuracy never reached
before. In particular the high-resolution spectrograph
for the Extremely Large Telescope, formerly called ELT-
HIRES and now known as ANDES [40] (whose Phase
B of construction is starting, and expected to be oper-
ational in about 8 years) should improve the sensitivity
of astrophysical measurements of ³ by at least one order
of magnitude, while also extending the range of redshifts
that ESPRESSO can probe. Moreover, recent theoreti-
cal and experimental developments open the possibility
of improving the sensitivity of local atomic clock tests on
the current drift rate of ³ by several orders of magnitude,
by relying on Thorium-229 based nuclear clocks [41].

Constrains on the stability of fundamental constants
on very large scales are also expected from wide cosmo-
logical surveys. Synergies between ground and space ob-
servations are expected from galaxy surveys performed
from space with Euclid and from the ground with DESI
[42, 43]. Similarly, recent or incoming observations of the
CMB from the ground with telescopes such as ACT [44],
SPT [45] and the Simons Observatory [46] could surpass
the last bounds set by Planck in [33] on the value of the
fine structure constant at z > 1100. Further high preci-
sions improvements from the CMB polarization are also
to be expected in the next decades from ground with the
CMB Stage-4 telescope and from space with the Lite-
BIRD satellite [47, 48].

The pipeline developed in the present work can eas-
ily be generalized to constrain all possible variations of
the fine-structure constant driven by a scalar field and
could be extended to other fundamental constants. In-
stead of constraining the field parameters alone, it allows
to evaluate its impact in relation with all the cosmologi-
cal parameters.
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Appendix A: MCMC chain plots and tables

We display here information about the chains and their
convergence derived using montepython in subsection
A1. Full plots using getdist and including the cosmo-
logical parameters are also displayed in subsection A2.

1. Convergence information

Tables IV, V, and VI list the convergence of the chain
specified through the Gelman-Rubin criterion |R 2 1|.
Values much smaller than 0.1 typically indicate well con-
verged chains, which is the case for all parameters across
all chains. We further show for reproducibility the initial
guesses for mean and standard deviation (µ0 and Ã0 , re-
spectively) to reduce the burn in of the MCMC chains.
We stress that these are not Gaussian priors imposed on
our parameters.
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TABLE IV. Complementary information for the free parame-
ters of the BSBM model (not including nuisance parameters).
In the first column we show the parameter name, in the sec-
ond column the |R− 1| Gelman-Rubin convergence criterion,
and in the third and fourth column the mean and standard
deviation to initialize the chains with (these are not priors).
Total number of accepted steps: 3736795 for 16 chains.

Parameter R-1 µ0 σ0

100ωb 0.005936 2.2377 0.015

ωcdm 0.003368 0.12010 0.0013

H0 0.002793 67.8 0.5

ln1010As 0.005616 3.0447 0.015

ns 0.005490 0.9659 0.0042

zreio 0.006086 8 0.5

ζ (ppm) 0.002793 0 0.1

− lnLmin = 2047.22,

TABLE V. Same as table IV, but for the O&P model uni-
versally coupled to matter. Total number of accepted steps:
1174065 for 14 chains.

Parameter R-1 µ0 σ0

100ωb 0.013401 2.2377 0.015

ωcdm 0.018249 0.12010 0.0013

H0 0.020532 67.8 0.5

ln1010As 0.013956 3.0447 0.015

ns 0.033703 0.9659 0.0042

zreio 0.010774 8 0.5

ηm (ppm) 0.020532 0 1026

ηΛ (ppm) 0.017963 0 0.01

− lnLmin = 2048.09

TABLE VI. Same as table IV, but for the full O&P model.
Total number of accepted steps: 1143660 for 28 chains.

Parameter R-1 µ0 σ0

100ωb 0.007294 2.2377 0.015

ωcdm 0.005807 0.12010 0.0013

H0 0.005984 67.8 0.5

ln1010As 0.006341 3.0447 0.015

ns 0.005657 0.9659 0.0042

zreio 0.005787 8 0.5

ηχ (ppm) 0.005984 0 0.01

ηb (ppm) 0.005984 0 1026

ηΛ (ppm) 0.037416 0 0.01

− lnLmin = 2047.41

2. Full corner plots

In this section we display the full corner plots for the
three models analyzed in section IV. The very good con-
vergence is immediately apparent in the figures, as well
as the lack of any significant degeneracy with the param-
eters of the given model. A very attentive reader might
notice that the correlations of the Bekenstein and cosmo-
logical parameters are not always prefect ellipses, hence
indicating the non-triviality of such a study.
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FIG. 4. Contour plots for the full parameter space (Bekenstein + cosmology) in the case of the BSBM model. Note that ζ̃ is
presented in ppm.
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FIG. 5. Contour plots for the full parameter space (Bekenstein + cosmology) in the case of the O&P model universally coupled
to gravity. Note that ηm and ηΛ are presented in ppm (and for ηm there is an additional scaling of 1026).
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FIG. 6. Contour plots for the full parameter space (Bekenstein + cosmology) in the case of the full O&P model. Note that ηχ,
ηb and ηΛ are presented in ppm (and for ηb there is an additional scaling of 1026).
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One of the few firm predictions of string theory is the existence of a massless scalar field coupled
to gravity, the dilaton. In its presence, the value of the fundamental constants of the universe,
such as the fine-structure constant, will vary with the time-dependent vacuum expectation value of
this field, in direct violation of the Einstein equivalence principle. The runaway dilaton proposed
by Damour, Piazza, and Veneziano provides a physically motivated cosmological scenario which
reconciles the existence of a massless dilaton with observations, while still providing nonstandard
and testable predictions. Furthermore, the field can provide a natural candidate for dynamical dark
energy. While this model has been previously constrained from local laboratory experiments and
low-redshift observations, we provide here the first full self-consistent constraints, also including high
redshift data, in particular from the cosmic microwave background. We consider various possible
scenarios in which the field could act as quintessence. Despite the wider parameter space, we make
use of recent observational progress to significantly improve constraints on the model, showing that
order unity couplings (which would be natural in string theory) are ruled out.

Keywords: Cosmology, varying constants, dark energy, string theory, scalar fields, modified gravity

I. INTRODUCTION

The discovery of the Higgs boson at the LHC [1, 2],
confirmed that spin-0 scalar fields are part of the build-
ing blocks of nature. As they are easy to couple to
gravity without breaking covariance, they are now com-
monly invoked as a powerful tool to model cosmological
paradigms, including quintessence, early dark energy, in-
flation, symmetry breaking phase transitions (with their
associated topological defects), and—last but not least—
dynamical varying couplings [3].

Moreover, they appear as a theoretical necessity in
most of grand unification scenarios and attempts of build-
ing a quantum theory of gravity. This is the case of string
theory, one of the most promising paths connecting quan-
tum field theories and gravity (for a review see e.g. [4]).
Indeed, many bridges have already been built between
gravity and quantum fields thanks to quantum strings,
such as the recent AdS2CFT correspondence and simi-
lar applications of the holographic principle (see e.g. [5]).
Even though it is still impossible to tell what the final
form of the theory should be, one of its uncircumventable
predictions seems to be the existence of a scalar partner
to the graviton field, called the dilaton. Its dynamics sets
the intensity of the various interactions between strings
through the string coupling, and therefore that of the

7 leo.vacher@irap.omp.eu
 nils.science@gmail.com
! Carlos.Martins@astro.up.pt

fundamental forces of the standard model. Among other
things, the evolution of the dilaton field implies a varia-
tion of all the fundamental dimensionless couplings, such
as the fine-structure constant. In turn, this implies a
violation of the Einstein equivalence principle [6, 7]).

Theory suggests that the dilaton should be massless,
which would be in violent contradiction with observa-
tions. To overcome such an issue in a physically mo-
tivated manner, it has been proposed that the dilaton
coupling to other matter fields is attracted toward finite
smooth limits [8–10]. This model is called the runaway

dilaton and has the advantage of providing clear predic-
tions, that can be confronted with observations. As such,
it can be used as a very compelling testbed model to im-
plement and study variations of fundamental constants
on cosmological scales. Moreover, with a suitable choice
of potential V (×) or extra couplings, the dilaton field can
provide a physically motivated source of dynamical dark
energy [11].

The present work builds upon several previous phe-
nomenological studies [11–14] while aiming to be more
accurate and more general. This is achieved by con-
fronting the full cosmological field evolution with the
latest datasets, as done in [15] for Bekenstein models,
while freeing ourselves from assumptions made in pre-
vious studies. In section II we introduce the evolution
equations of the coupled dilaton field, as well as their
impact on various observables. In section III we present
the datasets we use in order to obtain the constraints dis-
cussed in section IV. Finally, we present our conclusions
in section V.

APPENDIX D. PAPERS
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II. PHENOMENOLOGY OF THE COUPLED
RUNAWAY DILATON

The dilaton field Φ appears in every string and su-
perstring theory as a massless scalar excitation of the
bosonic string. It comes as a massless scalar mode on the
first exited state of the closed string along with two rank-
2 tensor fields: the symmetric metric tensor g̃µν and the
antisymmetric Neveu-Schwarz B-field Bµν , which plays
a role comparable to an electromagnetic gauge field for
extended objects. As such, Φ is a partner of the gravi-
ton and contributes to the behavior of gravity itself (for
an elementary introduction see e.g. [16]). At tree level,
it is expected to be coupled to the various sectors in
the string-frame Lagrangian through coupling functions
Bi(Φ) with i = g̃, F, È,Φ... While string theory cannot
predict the exact form of these coupling functions, the as-
sumption underlying the runaway dilaton model is that
they can naturally be attracted toward a finite smooth
limit [9] as

Bi(Φ) = Ci +O(e2Φ) , (1)

this can reconcile a massless dilaton with experimental
observations while still providing many nonstandard but
observable predictions.

The direct coupling of Φ to gravity is reabsorbed in
a conformal transformation of the metric g̃ ³ g and a
redefinition of the field Φ ³ × [8], leading to an effective
low energy Lagrangian density in the Einstein frame

L =
R

16ÃG
+

1

8ÃG
(gµν"µ×"ν×2 V (×))

2 1

4
BF (×)F

a
µνF

aµν 2Bψ(×)È̄ /DÈ + . . . , (2)

where R is the Ricci scalar and F and È are respectively
the various gauge field strengths and fermion fields. D
are the covariant derivatives including the coupling be-
tween fermions and gauge fields. In principle the sum ex-
tends infinitely over all the massive modes of the string,
and they can potentially be coupled. Note that we adopt
the notation of previous literature, in which × is mea-
sured in units of

√

/ · c/(4ÃG) = mpl/
:
4Ã with the

Planck mass mpl j 2.176 ·1028kg. In particular, the nor-

malization is not the usual mpl/
:
8Ã used in many other

contexts in cosmology, leading to slightly unconventional
kinetic energy terms in the Lagrangian of equation (2) as
well as in equations (3) and (4) below. We set / = c = 1.

The field’s density and pressure are

Äφ = ÄT + ÄV =
1

8ÃG

[

×̇2 + V (×)
]

, (3)

Pφ = PT + PV =
1

8ÃG

[

×̇2 2 V (×)
]

, (4)

where T and V denote the kinetic and potential contribu-
tions respectively. To these densities, one can associate
their corresponding energy density parameters, and their

sum Ωφ = ΩT + ΩV . The dotted quantities are deriva-

tives with respect to the cosmic time t, while ×2 = dφ
d ln a

denotes derivatives with respect to the logarithm of the
scale factor, and "τ× = (aH)×2 for derivatives with re-
spect to conformal time Ä .
The model’s Friedmann and Klein-Gordon equations

are

H2 =
8ÃG

3
Ä , (5a)

×̈+ 3H×̇ = 4ÃGÃ , (5b)

where the Ä is the total density of all components of the
universe (including the dilaton) and H = ȧ/a is the usual
Hubble parameter. Furthermore, the interaction of the
field is described by

Ã = ÃV + Ãm = 2 1

8ÃG

"V (×)

"×
+

∑

i

³i(×) (3Pi 2 Äi) ,

(6)
whose first term describes the self-interactions of the dila-
ton from the potential, while the second term describes
the dilaton couplings to the other components of the uni-
verse.1 The index i spans all components (hadrons, dark
matter, radiation ...) with corresponding densities Äi and
pressures Pi . The coupling strengths are quantified by
coefficients2 ³i given by the logarithmic gradients of their
masses

³i(×) =
" lnmi(×)

"×
. (7)

This field induced mass variation is a direct signature of
the theory of gravity being non-metric.

As discussed in [10], one can model the × dependence
of the hadron coupling ³h and dark matter coupling ³m
using

³h(×) = ³h,0e
2(φ2φ0) , (8a)

³m(×) = ³m,0e
2(φ2φ0) , (8b)

where we introduced the notations ³i,0 = ³i(×0) and
×0 = ×(z = 0). Doing so, the Klein-Gordon equation can
be entirely described in terms of the difference × 2 ×0.
The couplings to hadrons/leptons/dark matter are driv-
ing most of the late time cosmological evolution of the
field. Another important interaction, albeit more specu-
lative, is that to a model of dark energy (if not generated
through the dilaton itself), through a coupling term ³DE .
If this component behaves as a cosmological constant, we

1 Note the perhaps surprising extra factor of 1/2 in front of the
potential derivative in the source term of the Klein-Gordon equa-
tion (5b). This is due to the definition we choose for the action
of the field’s potential in equation (2) with an unconventional
(8πG)21 factor.

2 Not to be confused with the fine-structure constant α and its
value at redshift zero α(z = 0) = α0.
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have ÃDE = ³DE(3PDE 2 ÄDE) > 24³ΛÄΛ . We will only
consider the case where ³Λ is a constant, which was as-
sumed in most of the previous phenomenological studies
[12–14] where ³Λ was denoted ³V . Note however that
this notation was misleading, as this behavior cannot be
simply created by some fine tuned potential of ×, but
requires some interaction between the dilaton and dark-
energy.

The coupling to radiation is always irrelevant, since in
that case Är = 3Pr and the term of equation (6) always
vanishes. The only other interaction of cosmological in-
terest might be that with massive neutrinos, which is left
for future work.

It is convenient to treat the contribution from the dila-
ton potential simply as another species in the Ã sum,
with coupling3 ³V = 1

4
∂ lnV
∂φ

. Note that any constant in

the potential V (×) = Λ adds a term to the Lagrangian
equation (2) that is effectively equivalent to a cosmolog-
ical constant. As such, while being conceptually differ-
ent, the situation in which the runaway dilaton provides
the source for dark energy with a constant potential is
phenomenologically equivalent to a runaway dilaton field
completely decoupled from dark energy (V = 0 , ³Λ = 0)
plus a cosmological constant. However, for ³Λ to be
non-zero requires that V = 0 and Λ to be a different
source of dark energy. In addition to these two sim-
ple scenarios, we will consider the exponential poten-
tial V (×) = Axe

cx(φ2φ0), leading to ³V = cx/4 which
represents a well motivated potential from string theory
[10, 11].

The field equations with the couplings as presented
thus far display an attractor behavior, shown in fig. 1.
First, the initial value of the field is irrelevant in the
overall evolution. This is naturally expected from the
equations (5b) and (8b) (which only depend on field dif-
ferences, not the overall value). Second, there could be,
in principle, a dependence on the initial velocity. We ob-
serve in fig. 1 that due to Hubble friction the field velocity
quickly decays from whatever velocity is chosen at the be-
ginning of the evolution to the value that is forced by its
interaction with massive species (the “attractor”). This
causes the field × to eventually reach a plateau. The over-
all displacement of the field from its initial value (×2×>)
can take on different values at the plateau, depending on
the precise initial condition. However, for a large range
of initial velocities the late time field velocity (and thus
also the overall displacement) is most significant around
matter domination, where the acceleration from the cou-
pling is strongest compared to the Hubble friction. In
this range the initial velocity is irrelevant. The starting
redshift (here 1014) is of course set arbitrarily, but this
choice does not significantly impact our results.

3 The normalization is set to ensure consistency with the defini-
tions in the literature [10]
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FIG. 1: Evolution of the dilaton field and its speed with respect
to the scale factor for different values of its initial speed. Here

V (φ) = 0, αm,0 = −1× 1022 , and αh,0 = −1× 1025.

A. Impact on observations

All the dimensionless coupling coefficients quantifying
fundamental interactions of the standard model are ex-
pected to be dynamical quantities evolving with the dila-
ton field itself. The fine-structure constant ³, quantify-
ing the strength of the electromagnetic interaction, is for
this reason expected to exhibit a dynamical behavior and
will be directly proportional to the field’s coupling to the
kinetic term of the Maxwell field strength F , BF (×) in
the Lagrangian (equation (2)). This is particularly rel-
evant due to the extensive astrophysical and laboratory
measurements of ³.
One can show that the time evolution of ³ can be

linked to the dilaton coupling and field speed as [10, 12]:

1

H

³̇

³0
j ³h(×)

40
×2 , (9)

where ³0 is today’s value of the fine-structure constant.
This leads to the following redshift dependence

∆³

³0
(z) :=

³(z)2 ³0

³0
=
³h,0
40

[

12 e2(φ(z)2φ0)
]

. (10)

An example of this evolution for various dilaton coupling
values to hadrons is given in fig. 2.

A different value of ³ during big bang nucleosynthesis
(BBN) also impacts the values of primordial abundances.
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as a function of z and a for different values of αh,0.

The dark matter coupling is fixed to αm,0 = 1023 and
φini = φ2

ini
= V = 0.

The most significant of these is the Helium-4 fraction.
One can simply model that the induced variation of Y4He

as

∆Y4He

Y4He
= »BBN

∆³

³0
. (11)

For the runaway dilaton, the sensitivity coefficient »BBN

is expected to be of order unity [17]. We will hence set
»BBN = 1 for the remainder of this work. However, we
stress that the impact of this parameter on the analysis
is negligibly small.

Furthermore, as discussed in [18, 19], ³ appears
in various expressions quantifying the interactions be-
tween baryons/leptons with the photons at recombina-
tion epoch.

Ultimately, the atomic energy levels of the Hydrogen
atoms are shifted, leading to a delay or advance of re-
combination. This will impact all the interaction rates
and thus, the behavior of the visibility function leading
ultimately to a shift of the sound horizon at the last
scattering surface, impacting the large 3 values of the
angular power spectrum of the cosmic microwave back-
ground [18, 20] and the value of the Hubble parameter at
high redshift [19, 21, 22]. We self-consistently model this
variation of the ³ fine-structure parameter using equa-
tion (10).

A minor influence on the redshift of reionization is also
expected to be induced by a varying ³. However, the
dynamics of reionization is much less known, and the
impact would be far less constrained by current data.
For this reason, we will ignore it in the present study.

Last but not least, string theory is not a metric the-
ory of gravity, implying that a violation of the Einstein
equivalence principle is not only expected but indeed un-
avoidable at some level [6]. It can be shown that the
Eötvos parameter ¸, quantifying deviations from the uni-
versality of free fall (UFF) and the Eddington parameter

µ (related to light deviation by massive objects, and con-
strained by the Cassini bound) are directly proportional
to the square of the dilaton coupling to hadrons [10, 23].
At z = 0, one can derive bounds from general nuclear
binding energy formulas

¸ c 5.2× 1025³2
h,0 , (12a)

µ 2 1 c 22³2
h,0 . (12b)

III. DATASETS

The runaway dilaton model can be constrained
throughout the cosmic evolution using a wide range of
local, astrophysical, and cosmological datasets, which we
now enumerate.

Local constraints come from experiments on Earth lab-
oratories or in low Earth orbit. Specifically, MICRO-
SCOPE [24] provides constraints4 on ¸ at z = 0

¸ = (21.5± 2.7)× 10215 . (13)

Furthermore, [25] provides laboratory constraints on
the drift rate ³̇/(³0H) at z = 0 using experiments based
on atomic clocks, constraining a variation of the fine-
structure constant at current times as

1

H0

(

³̇

³0

)

z=0

= (0.014± 0.015)× 1026. (14)

Finally, the Oklo natural nuclear reactor [26] provides a
geophysical constraint on ∆³/³

∆³

³0
(z = 0.14) = (0.005± 0.061)× 1026 . (15)

Astrophysical constraints on ³ are provided by high-
resolution spectroscopy of low-density absorption clouds
along the line of sight of bright quasars, at low to inter-
mediate redshifts (z < 5). We used the measurement de-
scribed in [3] combined with recent measurements. All of
them can be found in [27, 28] with an extra point coming
from the recent ESPRESSO spectrograph measurement
[29].

Finally, our cosmological data includes Planck con-
straints on CMB power-spectra, lensing [30, 31], large
scale structures and baryon acoustic oscillation from the
BOSS DR-12 galaxy survey [32]. In order to constrain
the cosmological background evolution, we will also use
the supernovae of type Ia (SNIa) likelihood associated to
the Pantheon dataset [33]. Finally, we also use H(z)
measurements coming from recent cosmic-clocks mea-
surements [34].

4 The standard deviation value is obtained by adding quadratically
the statistical and systematic errors of [24].
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IV. RESULTS

We aim to obtain constraints on the runaway dilaton
model free parameters over the whole cosmic history us-
ing the datasets presented in section III.

We use a modified version of the CLASS software [35]
including the runaway dilaton field. The scalar field im-
pact on background cosmology is computed by integrat-
ing the model equations to obtain ×(z). The code is also
modified to consider the various impacts of a redshift de-
pendent value of the fine-structure constant through the
cosmic history. In particular, the computed ∆³(z)/³0 is
given by equation (10).

In this work, we derive the constraints on the dila-
ton field simply for the case where the field is spatially
homogeneous. However, we have also checked that for
cases where the overall energy fraction of the dilaton is
subdominant during most of the cosmic evolution, one
does not obtain a significant impact of the dilaton field
perturbations (when implementing the usual perturbed
Klein Gordon equation, for example). As such, in these
cases our results should generalize. Still, we leave a more
detailed investigation of the dilaton perturbations for fu-
ture work.

The likelihood analysis is done by sampling Monte
Carlo Markov Chains (MCMC) with MontePython

[36, 37] directly coupled to the modified CLASS code.
We consider the chains to be converged if, for all param-
eters, the Gelman-Rubin criterion satisfies |R21| < 0.05.
Plotting is done using the Getdist software [38].

For every run, we sample over the standard cosmolog-
ical parameters {Éb, lnAs, ns, zreio, H0}, the dilaton pa-
rameters, and the nuisance parameters of the various like-
lihoods. The priors in all of these parameters are flat and
unbounded. In order to remain concise, we will only dis-
play the contours for the dilaton parameters most of the
time. Note that the values of ×0 and ×20 are derived pa-
rameters and not sampled over. While not specified on
the figures, their values are always expressed in units of
mpl/

:
4Ã .

A. Runaway dilaton and a cosmological constant

In this section we consider the cosmic evolution of a
runaway dilaton model decoupled from the cosmological
constant, which in this case is the only form of dark en-
ergy (V = 0). This is equivalent to a runaway dilaton
with a constant potential V = Λ and no cosmological
constant. As such, only the dilaton couplings to baryons
and/or dark matter are relevant here.

We display the 68% and 95% CL contours of the 2D
marginalized posteriors for all combinations of param-
eters in fig. 3 and the corresponding 68% CL are de-
tailed in Tab. I. One can witness a very strong correla-
tion between ³m,0 and today’s value of the field ×0 and its
derivative ×20 , while such a correlation is mostly absent
with ³h,0 . This is expected as the coupling to hadrons is

TABLE I: Best-fit values of the runaway dilaton
parameters with associated 68% confidence levels (CL)

in the case V = 0 (or V = Λ) and ³Λ = 0.

Parameter 68% CL

αh,0 (0.24+4.77
24.57)× 1026

αm,0 (−1.33+1.92
26.09)× 1022

φ0 (1.5+4.0
22.4)× 1021

φ2

0 (5.49+22.9
27.82)× 1023

highly constrained by local data as MICROSCOPE while
the dark matter coupling, more loosely constrained by
the cosmological dataset, has more freedom to accelerate
the field toward late times. Compared to previous stud-
ies as [14] (which also include ³Λ ;= 0), the field speed ×20
appears however to be more sharply constrained by one
order of magnitude, indicating that ³m,0 does not have
an impact on the field evolution as strong as ³Λ (which
here is fixed to 0).
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FIG. 3: Posteriors of the dilaton parameters with
³Λ = 0 and a constant/zero potential.

B. Runaway dilaton and a constant coupling to
dark energy

The latest results found in the literature (see e.g. [14])
consider the scenario in which × can be coupled to Λ with
a constant coupling. In low redshift studies, an extra
prior on today’s field speed was given by |×20| = 0.0±0.1,
obtained from separate constraints in [39, 40]. This prior
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FIG. 4: Posteriors of the dilaton parameters with a constant coupling to dark energy ³Λ with an extra prior on ×20
(blue) and without it (red).

enables the simplification of the constraints coming from
the probes of the cosmological background expansion and
therefore provides the main (and effectively the only)
constraint on today’s field speed ×20. However, using such
a prior on today’s field speed is in principle unjustified
for a full cosmological study since it is derived from rough
assumptions (such as matter domination in the current
cosmological era), which can be superseded with our like-
lihood sets.

We show the results without this prior as the red con-
tours in fig. 4, and the results with the prior on ×20 as
blue contours. We further quantify the results in ta-
ble II. These results provide for the first time a study of
the full model including ³m,0 without making any sim-
plifying assumptions (which were called dark, field and
matter coupling in the previous studies [12–14]). We find
an improvement of the constraints on ³h,0 by one order of
magnitude compared to [14], solely due to the latest MI-
CROSCOPE constraint. The constrains on the coupling
to dark energy ³Λ are identical when using the prior, as
they are an indirect consequence of this restriction set
on the field speed, due to the strong degeneracy one can
witness between the two parameters.

While ³m guides the field evolution in matter domina-
tion (and thus has a strong impact on the overall field
offset ×0) the impact of the dark energy coupling ³Λ is
much stronger at late times (around dark energy domi-
nation), leading to a very tight degeneracy between ³Λ

and the current field speed ×20 .

When leaving the prior, the contours are even more
non-Gaussian, allowing for large values of ³Λ and hence
of the field speed. Surprisingly, the coupling ³h,0 ap-

TABLE II: Best-fit values of the runaway dilaton
parameters with associated 68% confidence levels (CL)

in the case V = 0 and ³Λ ;= 0.

Parameter Prior on φ2
0 No prior on φ2

0

αh,0 (−1.63+4.33
24.71)× 1026 (0.21+2.97

22.80)× 1026

αm,0 (−1.70+2.08
25.71)× 1022 (−1.39+2.65

26.03)× 1022

αΛ (0.50+8.94
29.39)× 1022 (−0.16+2.34

23.65)× 1021

φ0 (16.7+3.68
22.43)× 1021 (17.5+4.25

23.23)× 1021

φ2

0 (0.20+9.97
29.98)× 1022 (3.7+38.4

231.0)× 1022
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FIG. 5: Contour plots of H0 and the dilaton parameters in the cases of an exponential potential (black) and a
constant coupling to dark energy ³Λ with an extra prior on ×20 (blue) and without it (red).

pears to be> 2 times more constrained without providing
any prior on ×20, below what the MICROSCOPE bound
(equation (13)) can constrain. This is a result from a
Bayesian projection effect: The larger space of ×20 al-
lowed also allows for a greater amount of models close to
³h,0 > 0 to be viable (due to the atomic clock likelihood
constraining only the product ³h,0×

2
0, see equations (9)

and (14)). This, in turn, explains the specific shape of
the contour in the (×20, ³h,0) space asking for the two pa-
rameters to have the same sign for their product to be
positive, and tightens the posterior around ³h,0 from the
Bayesian marginalization.

66 67 68 69
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0.67

0.68

0.69

0.70

Ω
φ

0.68 0.70

Ωφ

FIG. 6: Contour plot of Ωφ and H0 for the exponential
potential scenario.

Since we do not have any potential in this case, the
overall energy density of the field (equation (3)) is solely
given by the kinetic energy of the field (Ωφ = ΩT ). Given
that a large coupling to Λ is allowed (|³Λ| k 0), we find
that the field strongly accelerates at late times, leading
to dÄφ/d ln a > 0 (and large |×20|). This naturally allows
for a higher H0 due to the geometrical degeneracies in
the CMB (compare e.g. with a model of dark energy
equation of state with w < 21).5 The contour plots re-
lating the dilaton parameters and H0 are displayed in

5 The equation of state of the dilaton naturally always obeys
wφ > −1 since 1 + wφ = 2φ̇2/[φ̇2 + V (φ)] > 0. However, since
we have dρ/d ln a > 0 this is effectively equivalent to a decou-

fig. 5. We can observe that today’s value of the Hubble
parameter H0, is impacted quite strongly by high val-
ues of ×20 . Releasing the prior on ×20 naturally allows for
higher H0 values: H0 = 68.2+0.51

20.65 km/s/Mpc instead of
H0 = 67.8 ± 0.43 km/s/Mpc with the prior. These con-
clusions could be relevant in the context of the > 4-5Ã
observational tension on the value of H0 and the theo-
retical limitations of Λ as the standard source of dark
energy (see e.g.,[41]). We observe, however, that (due to
the atomic clock bound) this quintessence-like behavior
of the dilaton field in this configuration is only allowed
for smaller values of ³h,0 and hence smaller violations of
general relativity. A targeted and complete study on the
role of the dilaton field in this regard remains for future
work.

C. Exponential potential

We will now consider the case of an exponential shape
for V (×). In this case the runaway dilaton potential can
explain all of the dark energy in the universe, provid-
ing that we add a constant term to V . The contours are
shown in fig. 7, and the corresponding constraints are dis-
played in table III. As expected, we obtain a high value
for Ωφ = 0.688±0.006, showing a strong degeneracy with
H0 in fig. 6. This is expected from the measurement of
the CMB sound horizon angle, which tightly constrains
Ωmh

3 j (12Ωφ)h
3. We also observe that this additional

degree of freedom does not significantly impact the con-
straints on ³h,0 or ³m,0 . In this scenario we find that H0

cannot be increased, only decreased. Since the total field
energy in this case is dominated by the potential, and
one naturally finds dV/d ln a < 0 (as long as |³V | k 0)6.

pled species with w < −1 since for such a species dρ/d ln a =
−3(ρ + P ) = −3ρ(1 + w) > 0. The point why such a behavior
is preferable can be explained by looking at how late-time solu-
tions to the Hubble tension manage to keep the angular diame-
ter distance (and thus the sound horizon angle) constant. Since
we can write DA(z7) ≈

1

H0

∫ z∗
0

dz/
√

Ωφ(z) + ΩΛ +Ωm(1 + z)3,

if we increase H0 it is important to decrease the integrand
and thus Ωφ(z) in order to keep DA(z7) constant. Since
Ωφ(z = 0) = 1 − Ωm − ΩΛ is fixed, this can only happen if
dΩφ(z)/dz ∝ dρφ(z)/dz ∝ −dρφ(z)/d ln a < 0.

6 For a field rolling down its potential one naturally expects
dV/d ln a < 0, but this can also be confirmed by noticing that
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FIG. 7: Contour plots for the dilaton parameters in the exponential potential scenario.

Including both a coupling to a non-negligible cosmo-
logical constant and a runaway dilaton potential at the
same time causes the parameter space to become ex-
tremely hard to sample efficiently. This is because the
limit of Λ ³ 0 (with the dilaton potential playing the
role of dark energy) naturally allows ³Λ to diverge. At
the same time, the limit of small Ωφ and correspondingly
small V (×) also allows the dilaton potential parameters
to diverge arbitrarily. As such, instead of imposing ar-
bitrary priors on either the coupling parameters or the
cosmological densities, we do not treat this case.

dV/d ln a = dV/dφ · φ2 and noticing that due to equation (5b)
the field speed φ2 naturally evolves in the opposite direction of
dV/dφ, i.e. (φ2)2 ∝ −dV/dφ as long as the Hubble drag and the
other coupling terms are comparatively negligible, we also find
in this case dρ/d ln a < 0 which (comparably to a dark energy
model with w > −1) results in lower values of H0 .

TABLE III: Best-fit values of the runaway dilaton
parameters with associated 68% confidence levels (CL)

for the exponential potential case.

Parameter 68 % CL

αh,0 (0.01+4.22
24.17)× 1026

αm,0 (−1.68+2.24
25.78)× 1022

αV (0.04+1.12
21.27)× 1021

φ0 (1.64+3.82
22.53)× 1021

φ2

0 (0.02+1.36
21.26)× 1021

V. DISCUSSION AND CONCLUSION

The runaway dilaton model provides a general and self-
consistent framework to study the stability of fundamen-
tal constants, and the cosmological impact of their space-
time variations. It also allows to probe credible models
of string theories with existing data-sets. In this work,
we obtained the first constraints on the complete param-
eter space of this model, considering its full cosmologi-
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cal evolution with minimal assumptions on its couplings,
updating and refining previous studies. To do so, we
benefit from the synergy of multiple independent probes
as cosmological, astrophysical, and laboratory datasets.
In particular, a major lever arm is provided by the final
data release of the MICROSCOPE experiment [24]. We
explored three scenarios of increasing complexity, show-
ing that order unity couplings (which would be natural
in string theory) are ruled out in all cases.

While the possible field evolution is expected to be
further constrained by the data of incoming wide cosmo-
logical surveys as Euclid [42], DESI [43], CMB Stage24
[44] or LiteBIRD [45], major restriction of its parameter
space are expected to be provided by future experiments
allowing to directly measure the value of the fine struc-
ture constant with an extreme precision, either in lab-
oratory with nuclear clocks [46], in the nearby universe
using spectroscopy [47], or in the primeval universe with
spectral distortions of the CMB [48].

Runaway dilaton models (and, more widely, all scalar
field induced varying constant models) can additionally
play an important role in contemporary debates triggered
by the recent discovery of the accelerated expansion of
the universe [49, 50] and the nature of dark energy. As
shown in [19, 21, 22, 51], a redshift dependence of ³ – or
possibly of the electron mass me – can have a significant
impact on recombination processes that could partially
ease or solve the Hubble tension. Providing a suitable
choice of couplings or potential, we discussed how the
runaway dilaton field can act as dynamical dark energy
and significantly impact the value of H0 . Future studies
will reveal if possible extensions of this model can fur-

ther ease cosmological tensions or if the framework is too
restrictive to feasibly do so.
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tins, S. Vinzl, S. Nesseris, G. Cañas-Herrera, and M. Mar-
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D. Boulanger, S. Bremer, P. Carle, R. Chhun,
B. Christophe, V. Cipolla, T. Damour, P. Danto, L. De-
mange, H. Dittus, O. Dhuicque, P. Fayet, B. Foulon,
P.-Y. Guidotti, D. Hagedorn, E. Hardy, P.-A. Huynh,
P. Kayser, S. Lala, C. Lämmerzahl, V. Lebat, F. m. c.
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