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Abstract

In this thesis, we study some actions of the free group of rank two and of the fundamen-
tal group of the four-punctured sphere (which is isomorphic to the free group of rank three) on
Gromov-hyperbolic spaces. The aim is to investigate two subsets of representations: Bowditch rep-
resentations (introduced by Bowditch in 1998) and primitive-stable representations (introduced by
Minsky in 2010). These two spaces, already studied in the case of representations in PSL(2,C),
provide examples of open domains of discontinuity for the action of the mapping class group on
the character variety. Recently, Lee and Xu on the one hand, and Series on the other, proved that
these two classes of representations are equivalent in the case of the free group of rank two acting
in PSL(2,C). In this thesis, we examine the more general case where the action of the group is
on Gromov-hyperbolic spaces. We show the equivalence between Bowditch representations and
primitive-stable representations in this new context by an independent proof, and establish it in
the case of the free group of rank two and of the fundamental group of the four-punctured sphere.
This leads us to carry out a combinatorial study of the primitive elements of the free group of
rank two and of simple closed curves on the four-punctured sphere, and to show some redundancy
properties of these elements. We use these combinatorial arguments combined with large-scale
properties of hyperbolic spaces to show the equivalence. As a consequence, we obtain the openness
of the set of Bowditch representations in this context.






Résumé

Dans cette these, on s’intéresse a certaines actions du groupe libre de rang deux ainsi que du
groupe fondamental de la sphére a quatre trous (isomorphe au groupe libre de rang trois) sur
les espaces Gromov hyperboliques. L’objectif est d’étudier deux sous-ensembles de représenta-
tions : les représentations de Bowditch (introduites par Bowditch en 1998) ainsi que les représen-
tations primitives-stables (introduites par Minsky en 2010). Ces deux espaces, déja étudiés dans
le cas de représentations a valeurs dans PSL(2,C), fournissent des exemples d’ouverts de propre-
discontinuité pour 'action du groupe modulaire sur la variété des caracteres. Récemment, Lee
et Xu d'une part, et Series d’autre part, ont montré que ces deux classes de représentations sont
équivalentes dans le cas du groupe libre de rang deux agissant sur ’espace hyperbolique usuel
de dimension trois. On s’intéresse dans cette these au cas plus général ou 'action a lieu sur des
espaces hyperboliques au sens de Gromov. On démontre I’équivalence entre les représentations de
Bowditch et les représentations primitive-stable dans ce nouveau contexte par une preuve indépen-
dante, et on 'établie dans le cas du groupe libre de rang deux et du groupe fondamental de la
sphere a quatre trous. Cela nous conduit a mener une étude combinatoire des éléments primitifs du
groupe libre de rang deux ainsi que des courbes simples sur la sphére a quatre trous et a montrer
des propriétés de redondances de ces éléments. On utilise ces arguments combinatoires combinés
avec des propriétés de géométrie hyperbolique grossiere pour montrer I’équivalence désirée. Cela
établie en conséquence 'ouverture de I’ensemble des représentations de Bowditch dans ce contexte.
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Chapter 1

Introduction

1.1 Context and motivation - open domains of discontinuity

In the general setting of a finitely generated group I' and a topological group GG, we consider the
space Hom(I', G) of representations from I' to G endowed with the compact-open topology, which
is, since I is finitely generated, the same as the topology of pointwise convergence. This space, by
far too big from a geometric point of view, admits a quotient by the action of G by conjugation
which is called the character variety (in fact we make this quotient Hausdorff by considering its
Hausdorffization, that is the largest Hausdorff quotient of Hom(I',G)/G ; in particular orbits
whose closures intersect are identified). This space is denoted x(I',G) = Hom(I",G)//G. Note
that in the literature, GG is always taken to be a Lie group, which endows the character variety
with the structure of an algebraic variety and justifies the terminology. In this thesis, we will
be interested in some representations with value in G = Isom(X), where the space X will be a
d-hyperbolic space (geodesic and proper), which need not be a Lie group in general. However,
the precise structure of y(I',G) does not matter for this work and, in many interesting cases of
application, G' will be a (real rank one) Lie group : SOy(n,1),SU(n,1),Sp(n, 1) and Fy_s) which
are respectively the isometry group of the real hyperbolic n-space, the complex hyperbolic n-space,
the quaternionic hyperbolic n-space and the hyperbolic plane over the Cayley numbers (for details
on the classification of real Lie groups, see [Kna96]).

Let Out(I') = Aut(T")/Inn(I") be the outer automorphism group of I', that is the quotient of
the automorphism group of I' by the inner automorphisms. There is a natural action of Out(I")
on the character variety by precomposition :

Out(l') x x(I'G) — x(I',G)
([o].[p]) — [ollpl=[pod™']
Note that even if the element po@~! is not well-defined since ¢ is only defined up to inner automor-
phisms, its class [po ¢~!] is well-defined. Understanding the dynamics of this action and finding

subspaces of the character variety on which the group Out(I") acts geometrically "nicely" is a central
issue. Indeed, the character variety appears naturally to encode some geometric structures.

Example 1.1 (Teichmiiller space, I' = m1(S), G = PSL(2,R)). The starting example is the Teich-
miller space T(S). Let S be a closed oriented surface of negative Euler characteristic and m(S)

13



14 CHAPTER 1. INTRODUCTION

its fundamental group. The space T (.5) is defined as the space of hyperbolic metrics up to isotopy
on S. It is a well-known fact that the Teichmiiller space identifies as a connected component
of the character variety x(m1(5),PSL(2,R)) (see Goldman [Gol88], Farb-Margalit [FM12]). The
mapping class group MCG(S) of the surface S, which is the group of isotopy classes of orientation-
preserving homeomorphisms of S, may be identified with an index two subgroup of Out(m;(5))
and acts on the Teichmiiller space. Recall that the action of a group G on a topological space X
is said properly discontinuous if, for each compact K in X, the set {g e G | (¢K)n K # @} is finite.
The dynamics of the action of the mapping class group on the Teichmiiller space is given by the
Fricke’s Theorem :

Theorem 1.1 (Fricke). The action of MCG(S) on T(S) is properly discontinuous.

Example 1.2 (Convex-cocompact representations, I hyperbolic, G = SOg(n,1)). Another central
example of an open domain of discontinuity of the character variety is the set of convex-cocompact
representations : let I' be a hyperbolic group and G = SOgy(n,1) be the isometry group of the
hyperbolic n-space H", define CC(I',G) to be the subset of the character variety consisting of
representations which preserve a non-empty convex subspace of H" on which the action is proper
and cocompact. This is equivalent to asking that the orbit map is a quasi-isometric embedding. In
particular CC(I', G) consists only of discrete representations. The G-orbits of such representations
in Hom(I', G) under conjugation are closed. It can be shown that CC(I", @) is open and that the
outer automorphism group Out(I") acts properly discontinuously on it. Hence it is natural to ask
if this domain of discontinuity is maximal for the action of Out(I"). Are there other domains of
discontinuity ? Could they contain non-discrete representations ?

1.2 Bowditch representations

Let (X,d) be a d-hyperbolic space, geodesic and proper and Fsy be the free group of rank two.
We fix {a,b} a free generating set for Fy. In this thesis, we will in particular study some represen-
tations of 'y into the isometry group of X.

We denote by || the cyclically reduced word length of an element 7 in Fy, relatively to the set
of two generators {a,b}. Recall that the choice of the specific set of generators has no real impact
on the word length insofar as another choice of two generators would give a bi-Lipschitz equivalent
word length. When given an isometry A of the metric space X, we can consider its displacement
length, that is the non-negative real [(A) := ;El)f(’ d(Az,z). For a representation p : Fy - Isom(X),

we will denote by 1,(7) = I(p(7)) the displacement length of p(7v), for v € F5. We can always
compare, for any representation, the displacement length and the word length in the following
way :

VyeFy,  1,(v) <Cyl.

Here, C" is a constant that can be chosen to be the maximum C’ := max{d(p(a)o,0),d(p(b)o,0)}
with o being any basepoint of X. Indeed, for 7 cyclically reduced, {,(7) < d(p(v)o,0) < C'|v| by
the triangle inequality.
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One might ask about the other inequality, that is, does there exist two constants C' and D, such
that for any element ~ € Fy, we have :

Zll-Dsi()  ? (1)

Of course this is not true in general, and it gives rise to the notion of convex-cocompact represen-
tations already mentioned in the example 1.2 above.

In the free group Fy, we say that an element v € Fy is primitive if it is part of a free basis of
Fy. We denote by P(FFy) the set of primitive elements in F.
Following the work of Bowditch ([Bow98]), a broader class of representations can be obtained when
considering this last inequality (1.1) only for primitive elements in 5, and this leads to the notion
of what we call a Bowditch representation.

Definition 1.1 (Bowditch representations, I' = Fy). Let p: Fy — Isom(X) be a representation and
C' >1,D >0 two constants. We say that p is a Bowditch representation of constants (C, D) if :

VePE), - Dsh() (1.2

We say that p is a Bowditch representation if there exist two constants C'> 1 and D > 0 such that
p is a Bowditch representation of constants (C, D).

Denote by BO(FFy, X) the set of Bowditch representations from Fy to Isom(X).

The original definition by Bowditch ([Bow98]) was given for representations of Fy into PSL(2, C).
He defined these representations using the traces in PSL(2,C) of the image of primitive elements,
as follows :

1. Tr(p([a,b])) = -2, where [a,b] denotes the commutator of two generators a and b of .
2. For all v e P(Fy), Tr(p(7)) ¢ [-2,2]
3. The set {yeP(Fs) : [Tr(p(v))| <2} is finite.

Bowditch defines BQ to be the space of representations of Fy into PSL(2,C) (modulo conjugation)
satisfying the three previous conditions. Bowditch shows ([Bow98], Theorem 3.16), that BQ is open
in the character variety y(Fs, PSL(2,C)) and that the outer automorphism group of Fy, Out(Fs),
acts properly discontinuously on BQ. Hence BQ produces an open domain of discontinuity for the
action of Out(Fy) on x(Fy, PSL(2,C)). In addition, Bowditch shows that ([Bow98|, Theorem 2) :

for all pe BQ, there exists a constant C'> 0 such that for all v e P(F,), é”v” <l,(7). (1.3)

Note that in this inequality, ,(y) makes sense because p(7y) is an isometry of the usual hyperbolic
space of dimension 3 (recall that PSL(2,C) = Isom™ (H?)).
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The work of Bowditch was later on generalized by Tan, Wong and Zhang in [TWZ08] for repre-
sentations satisfying only conditions 2. and 3. (that is when Tr(p([a,b])) = 7, for any 7 € C).
They showed, as in the case of Bowditch where 1. also holds (Tr(p([a,b])) = —2), that these
representations form an open subspace of the character variety on which the outer automorphism
group acts properly discontinuously. They also showed that the inequality (1.3) holds. It is easy to
check that the converse is also true : when a representation satisfy (1.3), it automatically satisfy
conditions 2. and 3. Thus, the inequality (1.3), which does not make use anymore of the traces
of elements in PSL(2,C), can thus be generalised to Isom(X') as done in definition 1.1. Note that
the additive constant in definition 1.1 plays no major role.

1.3 Primitive-stable representations

Consider C the Cayley graph of the free group of rank two F, with respect to the free generating
set {a,b} chosen in previous section. This graph comes equipped with the word metric, that we
denote again d (in context, there should be no ambiguity with the metric d of the metric space X)
and which satisfies : d(u,v) = |u=tv|, where |-| is the word length. We will sometimes refer to the
vertices of C as the integer points of C. For 7 € Fy, we denote by L. the axis of v in the Cayley
graph C. Note that when 7 is cyclically reduced, L, = U [y, y**1]. We will refer to the geodesics

nez

L., with v € P(F3) as primitive-leaves.

Fix o0 a basepoint in X. For every representation p of Fy in Isom(X') we define the orbit map 7,
of p to be the unique p-equivariant map from the Cayley graph C of Fy into X such that 7,(1) =0
and each edge of C is mapped to a geodesic segment in X. Thus we have that 7, is continuous and
that for any vertex g € Fy, 7,(g9) = p(g)o. Moreover, 7, is Lipschitz, with Lipschitz constant C”,
where C" can be chosen to be the maximum C” := max{d(p(a)o,0),d(p(b)o,0)} (with {a,b} the
free generating set for Fy used to define the Cayley graph C). This is, as for the inequality (1.2),
a consequence of the triangle inequality.

Before stating the definition of primitive-stable representations, we recall the definition of a
quasi-isometric embedding :

Definition 1.2. Let (X,dx) and (), dy) be two metric spaces and C' >0, D >0 be two constants.
We say that a map f: X - YV is a (C, D)-quasi-isometric embedding if for all points x and 2/ in X,
we have :

édx(x,x’) _ D <dy(f(x), f(&')) < Cd(,2") + D (1.4)

We now give the definition of a primitive-stable representation, as introduced by Minsky in
[Min13].

Definition 1.3 (Primitive-stable representations, I' = Fy). Let p : Fo - Isom(X) be a represen-
tation. We say that p is primitive-stable if there exist two constants C' > 1 and D > 0 such that
for any primitive element v € Fy, the orbit map 7, restricted to L, is a (C, D)-quasi-isometric
embedding.
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Minsky defined primitive-stability for representations with values in PSL(2,C) = Isom" (H?),
but his definition generalizes directly to the more general d-hyperbolic case.
Note that since, as mentioned above, the orbit map 7, is always Lipschitz, showing that the orbit
map is a quasi-isometric embedding (either on the Cayley graph or on primitive-leaves) reduced

to showing the left inequality of (1.4) : éd(m,x') - D < d(7,(x),7,(2")). Also notice that the

primitive-stability condition only need to be verified on cyclically reduced primitive elements.

Remark that when primitive elements are sent to hyperbolic isometries via the representa-
tion, the orbit map restricted to any primitive leave L, is always a quasi-isometric embedding.
However, the constants may depend on the primitive element v. Hence Minsky’s definition of
primitive-stability is really about saying that all primitive-leaves are mapped to uniform quasi-
geodesics in X.

Minsky proved, in [Min13], that the set of primitive-stable representations is open in the char-
acter variety y(Fo, PSL(2,C)), that it is invariant under the action of the outer automorphism
group Out(Fs) and that this action is properly discontinuous. Hence primitive-stable representa-
tions provide an open domain of discontinuity for the action of Out(Fs) on the character variety
X (3, PSL(2,C")). Moreover, Minsky proved that the set of primitive-stable representations strictly
contains the set of discrete and faithful convex-cocompact representations, which is the interior of
the set of discrete representation. Thus there exist non-discrete primitive-stable representations.
Denote by PS(Fq, X) the set of primitive-stable representations from Fy to Isom(X).

1.4 Equivalence

Lee and Xu on one hand (in [LX19]), and Series independently (in [Ser19], [Ser20]), proved
that the set of Bowditch representations and primitive-stable representations of IF, with values in
PSL(2,C) are equal.

The aim of this thesis is to work on a generalisation of this result to the case of representations
in the isometry group of a d-hyperbolic space. Our proof and techniques are independent of those
of Lee-Xu and Series for the case PSL(2,C).

Theorem 1.2. Let X be a d-hyperbolic space, geodesic and proper.
Then the set of Bowditch representations and primitive-stable representations of Fy are equal.

BQ(]FQ,X) :,PS(]FQ,X)

It is not hard to prove that primitive-stable representations form an open subspace of x (s, Isom(X)).
We give a proof of this property in section 3.2. The action of the outer automorphism group
Out(IFy) is properly discontinuous on the set of Bowditch representation BQ(X) so we obtain the
following corollary :

Corollary 1.3. The set BO(Fq, X) is an open domain of discontinuity for the action of Out(IFy)
on x(Fq, Isom(X)).
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1.5 The case of the four-punctured sphere

We say that a closed curve 7 on a surface S is simple if there exists a representative of ~y in its
homotopy class which has no self-intersection and which does not bound a disk or a once-punctured
disk. Let us denote by S(.S) the set of free homotopy classes of (unoriented) simple closed curves
on S. Of course the set of simple closed curves is invariant under the action of the mapping group

of S.

Let us recall that the group Fs is the fundamental group of the once-punctured torus T.
Primitive conjugacy classes in [Fy = 71 (T) are in bijective correspondence with the oriented simple
closed curves on the torus. The mapping class group of the torus identifies with an index two
subgroup of the outer automorphism group Out(Fy). Thus this analogy between primitive elements
in [F, and simple closed curves on the torus suggests that we consider a natural generalisation of
Bowditch representations and primitive-stable representations to fundamental groups of surfaces,
possibly with boundary. Indeed, the definition of Bowditch representations given in Definition
1.1 still makes sense when replacing Fo with 71(S) and P(Fy) with S(S). In the same way,
Definition 1.3 of primitive-stable representations still makes sense when replacing Fy by 7 (S) and
primitive elements by simple closed curves on S, and in this context we will call them simple-
stable representations. For the sake of completeness, we write here the definitions of a Bowditch
representation and a simple-stable representation in the context of fundamental groups of surfaces :

Definition 1.4 (Bowditch representations, I' = m1(S)). Let p: m(S) - Isom(X) be a represen-
tation and C' > 1, D > 0 two constants. We say that p is a Bowditch representation of constants

(C,D) if :
v1€8(8),  Shl-D<i,() (L5)

We say that p is a Bowditch representation if there exist two constants C'> 1 and D > 0 such that
p is a Bowditch representation of constants (C, D).

We denote by BO(m1(.S), X) the set of Bowditch representations from 71 (.S) to Isom(X).

Definition 1.5 (Simple-stable representations, I' = m1(S)). Let p: m(S) — Isom(X) be a repre-
sentation. We say that p is simple-stable if there exist two constants C' > 1 and D > 0 such that
for any simple element v € S(.5), the orbit map 7, restricted to L, is a (C, D)-quasi-isometric
embedding.

We denote by PS(m1(S),X) the set of simple-stable representations from 7 (\5) to Isom(X).
Thus, in a second part of the thesis we will be interested in the case where the surface S is the

four-punctured sphere Sy 4. In this new setting, we prove the equivalence between Bowditch and
simple-stable representations :

Theorem 1.4. Let X be a d-hyperbolic space, geodesic and proper.
Then the sets of Bowditch representations and of simple-stable representations of w1 (So.4) are equall.

BQ(Wl(S()A),X) = PS(Wl(SOA),X)
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In a similar way to the case of Fy, this gives the following corollary :

Corollary 1.5. The set BO(m1(So4),X) is an open domain of discontinuity for the action of
MCG(’/Tl(S[)A)) on X(’/Tl(SoA),ISOm(X)).

The equivalence for more general surfaces Sy ,, of genus g with n punctures, remains open :
Question. Let S, ,, be a surface of genus g with n punctures.

Is BO(m1(Sgn), X) =PS(m1(Sgn), X) ?
Is BO(m1(Syn), X) open ?

Hence, theorem 1.2 and 1.4 provide a positive answer to the above question in the case where
Sy 1s the once-punctured torus (¢ = 1,n = 1) and in the case where S,,, is the four-punctured
sphere (g =0,n =4).

Remark 1.6. The SL(2,C)-character variety of the four-punctured sphere has been studied by
Maloni, Palesi and Tan (see [MPT15], see also Palesi [Pall4]). In particular, they proved that the
Bowditch set BQ(m1(Sp4),H?) is an open domain of discontinuity for the action of the mapping
class group. In addition, they provide a characterization similar to the Bowditch conditions 1., 2.
and 3. Maloni, Palesi and Yang also studied the PGL(2,R) and SL(2,C) character variety of the
three-holed projective plane in [MPY21] and [MP20].

Remark 1.7. We can draw an analogy between the two Theorems 1.2 and 1.4 and a result of
Delzant, Guichard, Labourie and Mozes (see [Del+11], see also a survey of Canary [Canl5]) which
says that for I' a hyperbolic group and X a metric space, a representation p : I' > Isom(X) is
displacing if and only if its orbit map is a quasi-isometric embedding. By displacing, the authors
mean that the displacement length ,(y) grows linearly with the cyclically reduced word length |7|.
The Bowditch condition (Definition 1.1) can be seen as a restriction of the displacing condition on
primitive elements (or simple closed curves), hence we could talk about primitive-displacing (or
about simple-displacing) representations. Primitive-stability (or simple-stability) is a restriction
of the condition of quasi-isometric embedding of the orbit map on primitive leaves (or simple
leaves). Therefore Theorem 1.2 and 1.4 can be reinterpreted by saying that a representation of [y
(resp. of m1(Sp4)) is primitive-displacing (resp. simple-displacing) if and only if its orbit map is a
quasi-isometric embedding on primitive leaves (resp. simple leaves).

1.6 Outline of the thesis and strategy of the proof

Let us detail the plan of the thesis. Chapter 2 is dedicated to some generalities on d-hyperbolic
spaces. In particular, in section 2.1 we establish a lower bound on the length of a path in a J-
hyperbolic space which stays "far away"' from a geodesic. The main result of this section is propo-
sition 2.11. In section 2.2 we gather together a few results about isometries and quasi-geodesics
in a d-hyperbolic space. Then follows a short chapter (Chapter 3) which aims to give some basic
properties about Bowditch and primitive-stable (or simple-stable) representations : first, in section
3.1, the inclusion PS(I', X) c BQ(T', X) for I' = Fy or m(Sp4) which poses no difficulty (notice
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that this inclusion was already proven by Minsky in [Min13]), then, in section 3.2, the openness of
the set of primitive-stable (or simple-stable) representations.

We then divide the dissertation, which aims at proving theorems 1.2 and 1.4, into two parts :
one on the case of the free group of rank two (Part I) and the other on the case of the fundamental
group of the four-punctured sphere (Part II). Even though the general strategy of the proof is the
same for theorems 1.2 and 1.4, it relies on combinatorial properties in Fy and in 7m1(Sg4) which are
not exactly the same and which we prove in totally different ways.

Thus, chapter 4 and chapter 8 will be respectively dedicated to studying the structure of prim-
itive words in Fy and the structure simple closed curves in m(Sp4). More specifically, one of the
goals is to understand the redundancy of primitive subwords within a primitive word in Fy (re-
spectively simple subwords in a simple word in m1(Sp4)). Precisely, in the case of F, in definition
4.1 and proposition 4.3, we explain how to decompose v (or maybe a cyclic permutation of ) as
a concatenation of primitive subwords for different scales, which will correspond to the successive
steps in the continued fraction expansion of the slope of v (for the reader unfamiliar with these
notions, they are recalled in the beginning of section 4). Then, in lemma 4.6, we prove that for
every primitive word v € [Fy, there exist some specific lengths, which we call "magic-lengths", such
that each subword of v of one of these lengths is "nearly" primitive, in the sense that it is so up
to changing its last letter. In the case of m(Sp4), we don’t find "magic-lengths" such that every
subwords of one of these lengths is "nearly" simple, but we find "magic-lengths" such that every
subword of one of these lengths can be found (together with its inverse) in many other places in
the word. This is Proposition 8.16.

Next comes Chapter 5 (in the case of Fy) and Chapter 9 (in the case of 71 (Sp.4)) which discuss
two important examples of a uniform quasi-geodesicity setting which will be reused later. They
also establish some useful Lemmas on Bowditch representations using some of the combinatorial
descriptions of primitive elements in Fy resp. simple elements in m1(Sp4) given in the previous
Chapters 4 resp. 8.

Finally we want to show, starting from a Bowditch representation, that it is primitive-stable
(or simple-stable), meaning that all the geodesics L., (for v primitive, or simple) are mapped by the
orbit map to uniform quasi-geodesics in X. It is almost immediate to see that under the Bowditch
hypothesis, the geodesic L. are mapped to quasi-geodesics, but the constants of quasi-geodesicity
might depend on . The main difficulty, and first step of the proof, will be to show that these
quasi-geodesics 7,(L,) stay in a uniform neighborhood of the axis of p(y). Namely, this means
that our family of quasi-geodesics 7,(L.) satisfies a Morse lemma. After this major step in the
proof, done in Chapter 6 (in the case of Fy) and in Chapter 10 (in the case of m;(So4)), there will
only be a little work left in order to show the primitive-stability of the representation p, and this
will be done in Chapter 7 (in the case of Fy) and in Chapter 11 (in the case of m(Sg4)).

Let us now explain what are the key ideas of the main step of the proof, which states (propo-
sition 6.3 and 10.1) that the quasi-geodesics 7,(L,) stay "close" to the axis of p(7).
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We will proceed by contradiction and suppose that we can find a primitive (or simple) element ~y
such that the associated quasi-geodesic 7,(L,) does not stay close to the axis of p(y). Then we can
find what we will call an excursion, that is a path extracted from the quasi-geodesic that remains
"far away' from the axis of p(y) (section 6.3 and 6.4 for Fy and section 10.3 for m(Sp4)). We
will next define the notion of a quasi-loop (section 6.5 for Fy and section 10.4 for m;(Sg4)), which
will be an element u of the group such that p(u) does not displace the basepoint much, and prove
in lemma 6.14 that every "big" excursion corresponds to a quasi-loop. This enables us to find a
subword of the element v which is a quasi-loop. The goal will be next to find as many disjoints
quasi-loops as possible in v and to do so, we will use the results of section 4 and 8. Indeed, our
quasi-loop is contained in a subword of v whose length is one of the "magic-lengths" defined in
Proposition 4.6 (case Fy) or Proposition 8.16 (case m1(Sp4)), and thus this subword can be found
everywhere in v, therefore with this process we will find our quasi-loop many times in . This will
ensure that some proportion of v does not displace the basepoint much (Lemma 6.17 and Lemma
10.6). Finally, using a recursive argument on the depth of the continued fraction expansion of the
slope of v (in Chapter 4 and 8, we will have seen how to associate a slope to a primitive element in
[Fy and to a simple closed curve in 7 (Sp 4)), we will be able to show that we can find an arbitrarily
big proportion of the word + that does not displace the basepoint much (Lemma 6.18 and Lemma
10.7), which will be in contradiction with the Bowditch hypothesis.
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Chapter 2

Some properties on o-hyperbolic spaces

2.1 Length of a path in a J-hyperbolic space

In this section, we will be interested in some properties of length of paths in hyperbolic space.
The goal is to prove the inequalities of Proposition 2.11. Part of the material of this section is
drawn from or inspired by [CDP90]. Let X be a Gromov-hyperbolic space, with hyperbolic con-
stant ¢, and suppose that X is geodesic. Denote by d the hyperbolic distance of X. We will write
[x,y] for some geodesic segment with endpoints z and y in X and T = [z,y, z] for a triangle with
vertices x,y and z. Recall that we say that a triangle is d-thin if each side of the triangle is included
in the d-neighborhood of the other two. A metric space is §-hyperbolic if every triangle is d-thin.

This first lemma, which is a classical result of hyperbolic geometry, gives the existence of three
"close" points in J-thin triangles.

Lemma 2.1. Let (X,d) be a metric space and T = [x,y,z] a 0-thin triangle of X. There exists
relz,yl,sely,z] andt e[z, z] such that d(r,s) <0 and d(r,t) <. (Hence in addition d(s,t) <26)

Proof. Consider :

L={relz,y]:3te[x,z],d(rt)<d}
R={relzx,y]:3s€[z,y],d(r,s) <d}

Then :
e R and L are non-empty because x € L and y € R.
e R and L are closed because [z,z] and [z,y] are compact.
e We have [x,y] = Ru L since the triangle [z, vy, z] is 0-thin.

We deduce that Rn L + @.
Indeed, if Rn L = @, we would obtain an open cover of [z,y] with two disjoint non-empty open
sets ([z,y]\L and [z,y]\R), which would contradict the connectedness of [z, y].

23
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Thus we deduce the existence of r € [x,y], s € [y,z] and t € [z, 2] such that d(r,s) < 0 and
d(r,t) <9.
[

The following lemma generalises the notion of d-thin triangle in é-hyperbolic spaces and is
taken from [CDP90].

Lemma 2.2. Let X be a -hyperbolic geodesic space and 'Y = [xg, 1] U [x1,22] U U [2, 1,2,] @
chain of n geodesic segments, with n < 28, where k is an integer such that k > 1. Then, for any
point x in a geodesic segment [xq,x,], we have d(x,Y") < kJ.

Proof. Let us proceed by induction on k > 1.

e If k=1, that is n = 2, it is the case of a triangle. Since X is §-hyperbolic, then the triangles
are 0-thin, so we have the requested inequality.

e Assume that the property is true for some k > 1 and let us consider n geodesic segments, with
n < 2k+1 - After possibly artificially adding points on Y, we can assume that n = 251, Let
x € [xg,2,]. The triangle with vertices To, T2 and z,, is 0-thin which ensures the existence
of m € [xg,xz] U [z2,7,] such that d(z,m) < §. Without loss of generality, suppose that
m € [zg,zx]. We have § < 2F so by induction we can find a point m’ € [xg, z1]U-U[22_1,2n]
such that d(m,m’) < kd. Thus, by the triangle inequality, we obtain : d(x,m’) < d(z,m) +
d(m,m’) <d+kd=(k+1)d.

]

In particular, by the lemma 2.2, if we consider a hyperbolic quadrilateral with vertices z,y, y1, 1
(in this order), then every point of [x,y] is at a distance at most 24 of a point of [x,x1]U[z1,y1]U
[y1,y]. Thus we have the following alternative :

o Vze[x,y],d(z, [x1,y1]) > 20 and in this case Vz € [z, y],d(z, [z, 21] U [y,y1]) <26
o Jz¢[x,y],d(z,[r1,y1]) < 20

Several of the following lemmas depend on this alternative. The following lemma finds three
"close" points in the quadrilateral in the first case of this alternative.

Lemma 2.3. Let X be a d-hyperbolic geodesic space, and x,x1,y1,y € X (in this order) be the
vertices of a hyperbolic quadrilateral of X. We further assume that for all z € [x,y],d(z, [z1,91]) >
2. Then there exists z € [x,y],r € [x,x1] and s € [y,y1] such that d(z,7) <2 and d(z,s) < 2§.

Proof. The proof is that same as the proof of the lemma 2.1.

By the lemma 2.2, every point z € [x,y] is at a distance at most 2§ of [z, x1]U[x1,y1]U [y1,y].
But, by hypothesis, for all z € [z,y],d(z,[x1,y1]) > 26, so for all z € [x,y], there exists 2z’ €
[x,21] U [y1,y] such that d(z,z") < 2.
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Consider :
L={ze€[x,y]:3re[x,x],d(z,1) <20}
R={ze[z,y]:3s ey, p1],d(z,s) <20}
Then :

e R and L are non-empty because x € L and y € R.
e R and L are closed because [z, ] and [y, y;] are compact.

e We have [x,y] = RuU L because, by the lemma 2.2, every point of [z,y] is at a distance at
most 20 of [z, z1]U[x1,y1] U [y1,y], and, by hypothesis, every point of [z,y] is at a distance
at least 29 of [x1, 4 ].

We deduce that Rn L # @.

Indeed, if Rn L = @, we would have an open cover of [z,y] in two disjoints non-empty open sets
([x,y]\L and [z,y]\R), which would contradict the connectedness of [z, y].

Thus we deduce the existence of z € [x,y], r € [x,21] and s € [y,y;] such that d(z,r) < 2§ and
d(z,s)<20. O

A quadrilateral [x,y, z1,y;1] has thus one of two typical general shapes : the one where a point
of [z,y] is close to a point of [z1,y;] and the one where all points of [z,y] are far from [z1,y1].
The following lemma clarifies this alternative in terms of comparing the lengths of the sides of the
quadrilateral, in the more specific case where x; and y; are projections of z and y on a geodesic.

Lemma 2.4. Let X be a d-hyperbolic geodesic space and | a bi-infinite geodesic of X. Let x and
y be two points in X. Let K, = d(z,l), K, = d(y,l) and d = d(z,y). Consider x; and y; two
projection of x and y on 1, that is two points x1,v1 €l satisfying d(z,x1) = K, and d(y,y1) = K.
We denote by [x1,y1] the geodesic segment included in | with endpoints x1 and y;.

o If3zefx,yl,d(z [x1,y1]) <26, then d> K, + K, - 46
o [fVze[z,yl,d(z,[z1,y1]) > 20, then d < K, + K, + 46

Proof. e Suppose that there exists z € [x,y] and z; € [x1,y;] such that d(z,z1) < 2§. By
definition, 21 minimizes the distance from z to [, and z; €[ so d(x,2,) > K,. Then :

d(z,z)>2d(x,21) - d(z,21) > K, — 26 (2.1)
Similarly, since y; minimizes the distance from y to [, we get :
d(z,y) 2d(y,z1) —d(z,21) > K, - 20 (2.2)
Thus, since z € [z, y], we obtain by combining (2.1) and (2.2) :
d=d(z,y) =d(z,z) +d(z,y) > K, + K, - 46
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e Suppose that for all z € [x,y],d(z,[z1,y1]) > 20. Then by the lemma 2.3, there exists
ze[x,y], r e[z, 2] and s € [y,y1] such that d(z,r) <26 and d(z,s) < 20. Hence we have on
one hand :

d(z,z) <d(z,r)+d(r, z)
=d(z,z1) - d(r,x1) +d(r, 2) because r € [z, 1]
<K,+26 since d(r,z) < 20.

On the other hand, we obtain in the same way :

d(z,y) <K, +2§
and then :
d=d(z,z)+d(zy) < K, + K, +46.
O]

The following lemma and corollary aim to bound, in the same context as in the previous lemma,
the distance between x; and y;.

Lemma 2.5. Let X be a §-hyperbolic geodesic space, and | a bi-infinite geodesic of X. Let x and
y be two points in X, denote K, = d(x,l) and K, =d(y,l). Consider z1 and y, two projections of
x and y on l, that is two points x1,y; € | satisfying d(z,z1) = K, and d(y,y1) = K,. We denote
by [x1,11] the geodesic segment included in | with endpoints x1 and y;. We let d = d(x,y) and
dy =d(x1,y1). Then we have the following alternative :

o I[fVzexy, 1], d(z [,y]) >25, then di < 86.
o If3z e[z, y1],d(z [x,y]) <20, then dy <d - K, - K, +120.
In particular, we always have the inequality di < d + 120.

Proof. e Suppose that for all z € [x1,y1] one has d(z, [z,y]) > 2. Denote [z, ] (respectively
[v,71]) a geodesic segment with endpoints x and x; (respectively y and y;), then, by the
lemma 2.3 the exists z € [z1,41], s € [z,21] and r € [y,y;] such that d(z,s) < 2§ and
d(z,1) <20. Therefore

d(zy,2) <d(zy,s) +d(s,2)
<d(xy,8)+26 because d(s,z) <24
=d(z,x1)—d(z,s)+2§ since s € [z, 1]
<d(z,xi)—d(z,z)+20+20 because d(x,z) < d(x,s) +d(s,z) <d(z,s) + 20.

But x; is a projection of z to [ and z €[, so d(x,z1) < d(x,z). Thus :

d(zy, z) < 40. (2.3)
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Similarly, we show that :
d(z,y;) < 40. (2.4)

Thus, by summing (2.3) and (2.4), we obtain :
dy < 84.

e Suppose that there exists z € [z,y] and z; € [x1,y1] such that d(z,2") <2§. Consider [z, 2] a
geodesic segment with endpoints x and z;. The triangle [x, 21, z1] is d-thin so, by the lemma
2.1 there exists r € [x,21], s € [x,21] and t € [xy, z1] such that d(¢,r) < and d(¢,s) < 6. In
particular, d(r,s) <20. Thus, we have :

d(zy,t) <d(xy,7) +d(r,t)
<d(xzy,7)+0 because d(r,t) <0
=d(z,z1)-d(z,r)+d because r € [z, 1]
<d(z,z)—d(z,t)+5+6 since d(x,t) <d(x,r) +d(r,t) <d(z,r)+0

But z; is a projection of z on [ and t €[ so d(z,z,) < d(x,t). Thus :
d(.ﬁEl,t) < 20. (25)
Furthermore :

d(t,z1) <d(t,s) +d(s,z1)
<d+d(s,z1) because d(t,s) <4
=d(x,z1)—d(z,s)+0 since s € [z, 2 ]
<d(z,z)+d(z,21) —d(x,t) +5+0 because d(z,t) <d(x,s) +d(s,t) <d(z,s)+¢
<d(x,z)+20 —d(z,t) +20 since d(z,21) <20

and d(x,t) >d(z,z1) = K, so

d(t,z) <d(x,z) - K, +49. (2.6)
Thus, combining (2.5) and (2.6), we get:
d(z1,21) =d(x1,t) +d(t, z1) <d(x,2) — K, + 60 (2.7)
By the same reasoning, considering the triangle [y, y1,21], we get :
d(z1,11) <d(z,y) - K, + 6§ (2.8)
We deduce, using (2.7) and (2.8) :

di = d(w1,21) +d(21,91)
<d(x,z) - K, +60 +d(z,y) - K, +66
=d(z,y) - K, - K, + 12§ car z € [z,y]
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Thus :
d1 Sd—Kx—Ky+125.

]

Thus, we deduce an upper bound on d; depending only on the hyperbolic constant ¢ in the case
when d < K, + K, + 6J. (The choice of this particular threshold on d comes from the disjunction
made in the proposition 2.11 at the end of this section.)

Corollary 2.6. Let X be a d-hyperbolic geodesic space, and | a bi-infinite geodesic of X. Let x
and y be two points in X, denote K, = d(z,l) and K, = d(y,l). Consider x1 and y, two projections
of x and y on l, that is two points x1,y; € | satisfying d(x,x1) = K, and d(y,y1) = K,. Denote
d=d(z,y) and dy = d(x1,y1). Then :

Ifd< K, + K, +60, then d; <180.

Proof. According to the lemma 2.5, we have d; < max(80,d—- K, - K, +120). But d < K, + K, + 66,
SO
dy < max(80,d - K, — K, +12§) < max(89,180) = 184.

]

The following lemmas, 2.7, 2.8 and 2.10, as well as the propositions 2.9 and 2.11, aim at bound-
ing from below the length of a path remaining at a distance at least K from a given geodesic. This
first lemma, which is a first step, minimizes this length using the distance of a point z on a geodesic
connecting the extremal points of the path and a point on the path.

Lemma 2.7. Let X be a d-hyperbolic geodesic space, | a bi-infinite geodesic of X and K > 0.
Consider [ :[a,b] - X a continuous rectifiable path such that :

Vtela,b], d(f(t),l)>K

Let x = f(a),y = f(b) and consider [x,y] a geodesic segment with endpoints x and y. Denote
L =length(f([a,b])) and suppose L > 2§.
Then, for all z € [x,y], there exists t € [a,b] such that :

d(= f(t))
Sl

L>(2 - 2)0.

Proof. Since the path f([a,b]) is rectifiable, there exists a subdivision of f([a,b]) in n arcs, each
of length 20 except possibly the last one of length smaller than 26 (then n = [£]). Denote by
Yo =T, Y1, Y = y the points of this subdivision and consider Y = [yo,y1] U [y1,%2] U+ U [Yn-1, Yn]
the chain of n geodesic segments connecting these points.

We can therefore bound the length of the path f([a,b]) from below by the length of the first n—1
paths of this subdivision:

L>(n-1)20 (2.9)
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The hypothesis L > 20 allows us to assert that n > 2. Then there exists k£ > 1 such that
2k=1 <n < 2k, We deduce :

L> (21 -1)26 = (28 -2)6 (2.10)

We can apply the lemma 2.2 to z € [yo,y,] and Y : there exists p € Y such that d(z,p) < kd.
Moreover, there exists ¢ € {0,n — 1} such that p € [y;,yi1], and d(y;,yis1) < 20 (because the
distance between y; and y;,1 is in particular smaller than 20) so, there exists j € {0,n} such that
d(p,y;) < 6.

Let z € [x,y]. Then, by the triangle inequality, we obtain the upper bound d(z,y;) < d(z,p) +
d(p,y;) <kd+6=(k+1)6 from which we deduce k > d(z,y;)/d — 1. Moreover, since y; € f([a,b]),
we deduce the existence of ¢ € [a, b] such that y; = f(¢). Thus from the inequality (2.10) we obtain

the desired inequality:
A1) )

L>(2 - 2)0.

]

Now, we try to give a lower bound on the term d(z, f(¢)) in the previous lemma 2.7. We give
two lower bounds according to the shape of the quadrilateral.

Lemma 2.8. Let X be a d-hyperbolic geodesic space, | a bi-infinite geodesic of X and K > 0.
Consider [ :[a,b] - X a continuous rectifiable path such that :

Vtel[a,b], d(f(t),])> K.

Denote x = f(a),y = f(b),d = d(z,y), K, = d(x,l), K, = d(y,l) and L =length(f([a,b])). Let z;
and vy, be two projections of x and y on L.

Consider [z,y]a geodesic segment with endpoints x and y and [x1,y1] the geodesic segment included
in [ with endpoints x1 and y;.

We can bound from below the distance from a point z of [x,y] to any point on the path f([a,b])
in the following two cases :

e Suppose that Vz € [x,y],d(z, [x1,y1]) > 20. Then :

3z [ y], Vi € [a,b], d(= (1)) > g K (K4 K) 40 (2.11)
In particular, if K, = K, = K, we have :
d
3z e [x,y],Vte[a,b],d(z, f(t)) > 5~ 49 (2.12)

e Suppose that 3z € [x,y],d(z,[x1,9y1]) < 20. Then :

Jz € [x,y],Vt e [a,b],d(z, f(t)) > K - 20 (2.13)
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Proof. e Suppose that Vz € [z,y],d(z, [x1,y1]) > 20. Then, considering a quadrilateral with
vertices z, 1,41,y (in this order), we deduce by the lemma 2.3 the existence of z € [z,y],r €
[z,21] and s € [y,y;1] such that d(z,7) <20 and d(z,s) <26. Let t € [a,b]. Then :

K <d(f(t),1) by hypothesis
<d(f(t),z1) because z €l
<d(f(t),z)+d(z,7)+d(r,x;) by the triangle inequality
<d(f(t),z)+25+d(r,xy) because d(z,7) <20
=d(f(t),z) +20 +d(x,zy) —d(x,7) because r € [z, x|
<d(f(t),z)+20+ K, —d(x,r) since x7 is a projection of x on [
<d(f(t),2z)+20+ K, —d(x,z)+d(z,1) by the triangle inequality
<d(f(t),2z) +20 + Ky —d(x,2) +26 because d(z,7) < 24.

We deduce :
d(z,z)+ K - K, —-46 <d(f(t),z). (2.14)

By analogous reasoning changing x to y, x1 to 1, r to s and K, to K, we also get :
d(z,y)+ K- K, -40 <d(f(t),=2). (2.15)

Thus, averaging the inequalities (2.14) and (2.15), and since d = d(z,y) = d(z, z) +d(z,y) we
obtain the desired inequality :

K - (Ko K,) - 45 <d(F (1), 2).

e Suppose that 3z € [z,y],d(z, [x1,y1] < 20. Then let 2’ € [xq,y1] such that d(z,2") < 2§. Let
t €[a,b]. We have :

K <d(f(t),z") because 2 €1
<d(f(t),z)+d(z,2") by the triangle inequality
<d(f(t),z)+20 because d(z,z") < 20

We have indeed shown that
d(f(t),z) > K - 20.

]

The following proposition is a direct consequence of the two previous lemmas. It gives a lower
bound on the length of a path remaining at a distance at least K from a geodesic as a function of
the distance between the extremal points of the path, the distances of the extremal points to the
geodesic and K.
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Proposition 2.9. Let X be a §-hyperbolic geodesic space, | a bi-infinite geodesic of X and K >
0.Consider f: [a,b] = X a continuous rectifiable path such that :

viela,b], d(f(t),])> K

Denote x = f(a),y = f(b),d = d(z,y),K, = d(z,1),K, = d(y,l) and L = length(f([a,b])) and
suppose that L > 26. Let x1 and y, be some projections of x and y on [.

Consider [x,y] a geodesic segment with endpoints x and y and [x1,y1] the geodesic segment in-
cluded in | with endpoints x1 and y;.

e Suppose that Vz € [x,y],d(z, [x1,y1]) > 20. Then :

d-Kp-Ky+2K

L>(27 =  °-2)§ (2.16)
In particular, if K, = K, = K, then :

L> (2575 -2)5 (2.17)

e Suppose that 3z € [x,y],d(z,[x1,y1]) < 20. Then :

L>(2573-2)6 (2.18)

Proof.

e Suppose that Vz € [x,y],d(z, [z1,11]) > 2.
According to the property (2.11) of the lemma 2.8 | there exists z € [z,y] such that for all
tela,b),d(z f(t)) > ¢+ K-1(K,+K,)-46. Then, by the lemma 2.7, we obtain the existence

of t € [a,b] such that

d(z,f(t))
“af) g

L>(2 -2)4.

Indeed we have :

LiK-L(Kp+Ky)-45 d-Kg—Ky+2K

L@ 251 9)5=2" 5 5 _2)s.

e Suppose that 3z € [z, y],d(z, [z1,y1]) < 26.
According to the property (2.13) of the lemma 2.8, there exists z € [z,y] such that for all
t € la,b],d(z f(t)) > K —25. Then, by the lemma 2.7, we obtain the existence of t € [a,b]

such that
dg ()

L>(2 -2)4.

Indeed we have :
K-26

L>(273

1 _9)§ = (253 -2)6.
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The following lemma gives a lower bound on the length of a path remaining at a distance at
least K from a geodesic in the specific case where the distance between the endpoints is known as
a function of the distances of the endpoints to the geodesic.

Lemma 2.10. Let X be a d-hyperbolic geodesic, | a bi-infinite geodesic of X and K >0. Consider
f:[a,b] = X a continuous rectifiable path such that :

Vtela,b], d(f(t),l)>K

Denote x = f(a),y = f(b),d = d(z,y),K, = d(z,l),K, = d(y,l) and L = length(f([a,b])) and
suppose that L > 20.
Assume that d = K, + K, + 60, then :

L>(253-2)

Proof. Let x; and y; be two projections of x and y on [.

Consider [z,y] a geodesic segment with endpoints x and y and [z7,y;] the geodesic segment
included in [ with endpoints x; and ;.

We distinguish two cases :

o If 3z € [,y],d(=, [x1,y1]) < 20, then the inequality (2.18) of the proposition 2.9 gives
L>(2573-2)4.

o If Vze[x,y],d(z, [x1,y1]) > 20, then the inequality (2.16) of the proposition 2.9 gives :

L 2 (2d—Kz;§y+2K75 B 2)6

60+2K

> (272 °-2)6 because d = K, + K, + 60
> (2573 - 2)6.

]

The following proposition is the most important one in this section. It gives a lower bound
on the length of a path remaining at a distance at least K from a geodesic and whose extremal
points are "approximately' at distance K from this geodesic. It distinguishes two regimes : one
when the distance to the geodesic is very large compared to the distance between the extremal
points and the other in the opposite case. In the first case, the path length grows exponentially
with the distance between the extremal points and in the second case, this growth is linear, but
with a large constant.

Proposition 2.11. Let X be a d-hyperbolic geodesic space, | a bi-infinite geodesic of X, K >0
and C' >0 two constants. Consider f:[a,b] = X a continuous rectifiable path such that :
Vte[a,b], d(f(t),l)>K
d(f(a), )< K+C
d(f(b),l) < K+C

Denote x = f(a),y = f(b),d =d(x,y) and L =length(f([a,b])).
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e Suppose that d < 2K +65. Then, after denoting D = max(C,J) :

L> (25575 -2)5 (2.19)

e Suppose that d > 2K +66. Then there exists an integer n > 2 such that :

L>(n-1)(253-2)5
{ d <1806 + 2K + 20 (2:20)
In particular, we deduce :
L> 1—18(d—2K—20—185)(2’§-3—2) (2.21)

Proof. Let us first treat separately the case where L <24. In this case, we also have d < 2. Then
d < 2K + 69 on one hand, and on the other hand (2%‘6 -2)6<(279-2)0 <0< L, so (2.19) holds.
Let us now suppose that L > 2. Denote K, = d(z,l) and K, = d(y,l). Then by hypothesis,
K,-K<Cand K,-K<C.

e Suppose that d < 2K + 60.

— Suppose that Vz € [x,y],d(z, [z1,91]) > 20. Then, according to the inequality (2.16) of
the lemma 2.9, we have :

d-Kg-Ky+2K d-2C

L>(27 = 5-2)§> (2% 5-2)§> (255 5°-2)§ > (2555 —2)4.

— Suppose that 3z € [z, y],d(z,[x1,y1]) < 20. Then, according to the inequality (2.18) of
the lemma 2.9, we have :

d
5-36

L>(253-2)6> (2% 3-2)0> (25 6-2)§ > (2555 - 2)0.

e Suppose that d > 2K + 66.
Let tg € [a,b] and xg = f(to). Let us consider :

9o (t) = d(o, £()) —d(20,1) — d(f(t),1) - 6.

The map gy, is continuous on [tg, b] and g4, (to) = d(xo, x0)—d(z0,1)—d(z0,1)—60 = =2d(z0,1)-
66 < 0. Then if g, (b) > 0, there exists, by the intermediate value theorem, t; € (o, b] such
that gy, (t1) = 0. Since ¢,(b) = d(x,y) —d(x,1) —d(y,l) -6 =d—2K -6 > 0 by hypothesis, we
can find a sequence of points tg, t1, -+, t, in [a,b] such that, denoting x; = f(¢;),d; = d(z;, Ti11)
and K; = d(x;,1) we have :

- t(]:a,tn:b
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— Vie {O,n - 2}7gti (ti+l) = O, namely dl = Kz + Ki+1 +60
— dn—l < Kn—l + Kn + 6.

Let L; = length(f([ti,tix1])), we can use lemma 2.10 between z; and z;,; to show that
K_3

L; > (2%57°—-2)d as soon as i € {0,n —2}. This justifies in particular that the number n of
points cutting the path f as above is indeed finite. Moreover, the hypothesis d > 2K + 60
implies that n > 2.

Thus we can lower bound the length of the path f on [a,b] by :

L=YL>YLi>(n-1)(253-2)
which indeed gives us the first inequality of (2.20).

Now consider for all i € {0,---,n}, p; a projection of z; on | (we choose in particular py = 1
and p, = y1). Denote dy; = d(pi,pi+1). Since d; < K; + K,y + 60, for all i € {0,---,n—1}, the
corollary 2.6 states that d;; < 186. Therefore :

n—1 n—1
dy = d(xhyl) = d(pmpn) < Z d(pmpm) = Z dl,z’ < 18nd.
i=0 i=0

Thus :

d =d(z,y) by definition
<d(x,x1)+d(zy,y1) +d(y1,y) by the triangle inequality
=d+2K +2C
< 18né + 2K +2C' by the inequality (2.1)

which indeed gives us the second inequality of (2.20).
The inequality (2.21) is immediate using the two inequalities of (2.20).

2.2 Isometries, stable length and local-global Lemma

In this short section, we gather together a few results about isometries and quasi-geodesics in

a 0-hyperbolic space.

The fundamental result is that isometries of a d-hyperbolic space can be classified as follows :

the elliptic ones, whose orbits are bounded, the parabolic ones, which admit a unique accumulation
point in the boundary 0.X, and the hyperbolic ones, for which, denoting A the isometry and o any
basepoint in X, the map from Z to X which send n to A0 is a quasi-isometry embedding. In
particular, when A is a hyperbolic isometry of X, it has exactly two fixed points in the boundary
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of X, one attracting and the other repelling, denoted by A* and A~ respectively.

When given any isometry A in the metric space X, we have already defined in the introduc-
tion its displacement length (see section 1.2), and this notion has been used to define Bowditch
representations (see definition 1.1). We can also consider its stable length, which is defined by

Is(A) = lim 2d( A", o). (2.22)
nﬁoon

It is not hard to check that the stable length is well-defined and invariant under the choice of the
basepoint o in X. The stable length is in general distinct from the displacement length, although
in the hyperbolic n-space H" these notions coincide. Moreover, it satisfies [g(A") = nlg(A),
whereas this equality is not true in general for the displacement length, unlike the case of H". The
stable length is the right notion to determine the hyperbolicity of an isometry : an isometry A is
hyperbolic if and only if Ig(A) > 0, whereas this equivalence is not true in general when considering
the displacement length. Finally, we can compare the displacement and the stable length, with
the following inequality ([CDP90], Chapter 10, §6, Proposition 6.4) :

ls(A) < l(A) < ls(A) + 166 (2.23)

The left inequality follows directly from the definitions, hence is true in any metric space, whereas
the right inequality is really a feature of d-hyperbolicity.

The proofs of all these facts about the isometries of X and the stable length can be found in
[CDP90], Chapter 9 and 10.6.

Recall we defined in the introduction quasi-isometric embeddings between metric spaces (see
Definition 1.2). We now define a quasi-geodesic of a metric space X to be a quasi-isometric
embedding of R endowed with its usual distance into X. More precisely, we say that f: R - X is
a (A, k)-quasi-geodesic, if, for any ¢,¢" in R, we have the inequality :

%ﬂ—ﬂ—ksdﬁ@%fw»gAﬁ—ﬂ+h (2.24)

There is also a notion of local-quasi-geodesics : we say that f: R - X is a (A k, L)-local-quasi-
geodesic if, for any ¢,t" in R, the above inequality (2.24) is satisfied whenever |t —¢'| < L.

Global-quasi-geodesics are trivially local-quasi-geodesic, for any L. The Local-Global Lemma
enables us to pass from local-quasi-geodesicity to global quasi-geodesicity, under the assumption
of hyperbolicity.

Lemma 2.12 (Local-Global, [CDP90], Chapter 3, Theorem 1.4). Let X be a geodesic d-hyperbolic
space. For all pairs (A k), with X\ > 1 and k > 0, there exists a real number L and a pair (N, k')
such that every (A, k, L)-local-quasi-geodesic is a (N, k")-quasi-geodesic (global). Moreover, N k'
and L only depend on 6, X and k.
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Chapter 3

Bowditch representations and
primitive-stable representations

In this section, we gather a few properties on Bowditch and primitive-stable representations.
Here we deal with Fy and 7(Sp4) at the same time. Hence let us denote I' = Fy or m;(Sp4) and
P(]FQ) If F = ]FQ
S = . .
( ) { 8(8074) ifI'= 7T1(SO74)

Let us make a brief comment on the definition of Bowditch representations (see 1.1). Since
l,(y) = in)g d(p(y)o,0), we immediately deduce that a Bowditch representation of constants (C, D)
o€

satisfies, for any basepoint 0 € X :

1
VVEP(FQ)a 5’|7H_ng(p(7)070>

The latter inequality will be particularly useful in the proofs. Moreover, recall we defined in
section 2.2 the stable length (2.22), and stated in the inequality (2.23) that it is comparable to the
displacement length, then we can deduce that a Bowditch representation of constants (C, D) also
satisfies :

1
Vy e P(FFy), EHVH—D—165S15(/J(7))-

Thus, in definition 1.1, we could also use the stable length instead of the displacement length.

3.1 The inclusion PS(I', X) c BO(I', X)

Recall that we defined in definitions 1.3 and 1.5 primitive-stability and simple-stability. We
prove in this section a first inclusion between primitive-stable (or simple-stable) representations
and Bowditch representations. It is quite easy to check that primitive-stable (or simple-stable)
representations are in particular Bowditch :

Lemma 3.1. Let p: ' - Isom(X) be a primitive-stable representation. Then p is a Bowditch
representation.

37
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Proof. Let 0 € X be a basepoint. Then, there exist two constants C' and D such that p is primitive-
stable with constants (C, D). Let v € S(I") cyclically reduced and n € N. The elements 1 and "
both belong to the geodesic L, in the Cayley graph of I', therefore, by primitive-stability :

1= D < dm,(07), 7)) = dp()"0,0).

D L itptyro.o).

1
then, dividing by n, —v-—=<=
C n-on

1
and taking the limit when n — oo, 5||fy|| <ls(p(7)).

1
Using the inequality (2.23), EH’yH <U(p(7)).

Hence p is a Bowditch representation. O

3.2 Openness of the set of primitive-stable representations

Here we prove that we can deform primitive-stable representations, in other words that the
set of primitive representations is open in the character variety. Recall that the primitive-stability
condition is invariant under conjugacy, then the notion of primitive-stability is well-defined in the
character variety.

Proposition 3.2. The set PS(I', X) is open in the character variety x (I, Isom(X)).

Proof. Let p:T' — Isom(X) be a primitive-stable representation. Denote by (C, D) the two con-
stants of primitive-stability of p. We want to find an open neighborhood of p in Hom(T', Isom(X))
consisting only of primitive-stable representations. Our open set will be of the following type :
For L >0 and ¢ > 0 two positive constants, define

Vo(Lye)={p":T > Isom(X) |Vuel |ul<L = d(p(u)o,p'(u)o)<ce}.

Recall that Hom(I',Isom(X)) is endowed with the compact-open topology, then V,(L,¢) is an
open subset of Hom(T", Isom(X)). In the following, we will use the local-global lemma, (which we
have recalled previously in Lemma 2.12).

Now let us fix € = 1 (we could have chosen any other value for ). The local-global lemma
gives the existence of three constants L, C’, D’ such that any (C, D + 1, L)-local-quasi-geodesic is
a (C', D'")-quasi-geodesic. Consider V,(L,1). It is an open neighborhood of p. We will now show
that V,(L,1) consists only of primitive-stable representations. Indeed, take p’ € V,(L,1), v e S(I")
and let v and v be two integer points on the geodesic L, of the Cayley graph of I' (recall that L.,
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is the axis of v in the Cayley graph). Then

1
Ed(u, v) - D <d(7,(u),7,(v)) because p is primitive-stable

<d(p(u)o, p(v)o) because u and v are integer points
<d(p(vtu)o,0) because p(v™') is an isometry

<d(p(vu)o, p'(v™'u)o) +d(p' (v™'u)o,0) by the triangle inequality
<1+d(p'(u)o, p'(v)o) because [v'u| = d(u,v) < L and p' € V,(L,1)

So we deduce the inequality :

%d(u,v) D -1<d(p(w)o, p'(v)o) (3.1)

which shows that p'(L,) is a (C,D + 1, L) local-quasi-geodesic, hence a (C’,D’) quasi-geodesic
by the local-global lemma. This shows that p’ is primitive-stable and thus that V,(L,1) is an
open-neighborhood of p consisting only of primitive-stable representations. Its image under the
projection to x(I',Isom(X)) is again an open neighborhood consisting of primitive-stable repre-
sentations and thus PS(I', X) is open. O
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Part 1

The free group of rank two

41






43

Outline of Part 1

The goal of this first part of the thesis is to prove Theorem 1.2. Notice that since we showed
in section 3.1 the inclusion PS(Fy, X) c BO(F3, X), we now need to prove the reverse inclusion,
which is the most difficult one.

In Chapter 4, we will develop the necessary material and some crucial lemmas about the struc-
ture of primitive elements in Fy. First, we will explain how to (bijectively) associate a rational
number with a primitive element v in Fy, which we will refer to as the slope of . The con-
tinued fraction expansion of the slope of ~ will then be particularly useful when studying the
combinatorial structure of 4. Indeed, if [ny,ng,--,n,.] denotes the continued fraction expansion
of the slope of 7, we will define for each level i (that is, each integer 0 < i < r) two primitive
words w;(7v) and w](vy), only depending on the integers ny,---,n;, such that (w;(7y),wi(v)) is a
basis of Fy and the word 7 is a positive word on w;(7y),w/(y). This will allow us to have an
understanding of the combinatorics of v at different "scales" (see Definition 4.1 and Proposition
4.3). Then, in Proposition 4.6, we will prove a result that will turn out to be a major tool for
our proof : a subword of v of length [;(v), where [;(vy) is defined as the length of the primitive
word w;(7), is, up to changing its last letter, always a cyclic-permutation of w; (), hence primitive.

In section 5.1 of Chapter 5, we will study a uniform quasi-geodesicity setting which will later
appear as a local uniform quasi-geodesicity property of Bowditch representations. In section 5.2,
we will show two properties on Bowditch representations. The first one will ensure that the images
of primitive elements under a Bowditch representation are always hyperbolic (Lemma 5.2). In
particular, denoting L., the axis of v in the Cayley graph of [F, and 7, the orbit map of a Bowditch
representation p, we can deduce that 7,(L,) is always a quasi-geodesic. The second property
(Lemma 5.3) will state that the image of a generator of Fy by a Bowditch representation do not
exchange the fixpoints of the image of the second generator.

Finally Chapters 6 and 7 will be dedicated to proving that a Bowditch representation of Fy is
primitive-stable. In Chapter 6, we will first prove a slightly weaker statement (Proposition 6.3),
which will be the main step for proving Theorem 1.2. It states that the images of the primitive
leaves L., by the orbit map stay in a uniformly bounded neighborhood of the axes of the primitive
elements . At last, Chapter 7 will conclude the proof by showing that a Bowditch representation
of Fy satisfying the conclusion of Proposition 6.3 is primitive-stable.

Let us now detail the strategy of the proof of Proposition 6.3. We fix a Bowditch represen-
tation p and we want to show that the image of the orbit map restricted to primitive leaves is
contained in a uniform tubular neighborhood of the axes of the images of the primitive elements.
We proceed by contradiction and to this purpose we introduce a sequence (7, )neny of primitive
elements in Fy such that the image of the orbit map on the primitive leave L., becomes further
and further away from the axis of p(~,) as n increases. We will now study the continued fraction
expansion of the slope of 7,, which we denote by [ N7, -, Nf(n)]. The uniform quasi-geodesicity set-

ting studied in Lemma 5.1 of Chapter 5, together with Lemma 5.3 and our hypothesis on (7, )nen,
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will enable us to deduce the behavior of the continued fraction expansion : the sequences (N7*),,
must be bounded for all ¢, and, as a consequence, the depth r(n) of the continued fraction expan-
sion will tend to infinity (Lemma 6.5). In particular, for all i, we will obtain a uniform control
on the lengths /;(,) previously defined in Chapter 4. We will next introduce the notion of a
K-ezcursion of the orbit map (section 6.3 and 6.4), which will be in particular a subpath of some
quasi-geodesic 7,(L,) associated to a primitive element v which will remain at distance at least
K of the axis of p(7y). We will show that we can extract from the sequence (7, ).y a sequence of
K ,-excursions as large as we want (K, - o0) in Lemma 6.13. We will also define the notion of an
e-quasi-loop, which will be a subword u of  such that p(u) does not displace the basepoint much
(Definition 6.4). Using the result on lengths of path in d-hyperbolic space proven in Proposition
2.11 of Chapter 2, we will show that large excursions correspond to quasi-loop (with € > 0 as small
as we want) in Lemma 6.14. As a consequence, we will find a quasi-loop in each =, (for large
n). Then we will be more precise and we will find a quasi-loop inside a cyclic-permutation of
w; (), for some 4, of length at least half of the length of w;(7,) (Lemma 6.15). This will rely on
Proposition 4.6 of Chapter 4 and on the fact that once found a quasi-loop, we can find many others
of smaller lengths "inside" (this idea is based on Lemma 6.11). Then, using our understanding of
the structure of the primitive element ~, at the level 7 studied in Chapter 4, we will deduce that
a uniformly bounded from bellow proportion of the word -, will consist of disjoint quasi-loops
(Lemma 6.17). We will repeat our argument for the remainders in 7, that do not yet consist of
disjoint quasi-loops in order to find an arbitrarily large proportion of the word ~, consisting of
disjoint quasi-loops (Lemma 6.18). To formalise this idea we will use a recursive argument in the
proof. This mean that we will find an arbitrarily large proportion of the word ~, which does not
displace the basepoint much, and this will be in contradiction with the Bowditch’s hypothesis.



Chapter 4

Structure of primitive elements in the
free group of rank two

4.1 Constructing primitive elements

In this section, we gather some results about primitive elements in 5. Nielsen studied primi-
tivity and automorphisms of free groups (in [Niel8], [Nie24]). The reader may also refer to [Ser85]
or [GK11]. First recall that a primitive element in [y is an element which is part of some basis of
F,. Fix once and for all {a, b} a free generating set of Fy (hence Fy = (a,b)). Then, obviously, a and
b are primitive elements and so are for example a1, b1, ab, ab™!, a~1b' and a™b, for all n € Z. Also
note that primitivity is invariant by conjugacy. We denote by P(IFy) the set of primitive elements
of Fy. We will also denote by P(Z?) the set of primitive elements of Z2, that is, again, the set of
elements of Z? which are part of a basis of Z? (or equivalently, the set of elements (p,q) € Z? such
that p and ¢ are relatively prime numbers). Consider the abelianisation map :

Ab:Fy — 72

It is a surjective morphism which sends any basis of Fy to a basis of Z?2 (hence primitive elements
of Fy to primitive elements of Z,). Moreover, since Z? is abelian, the values of Ab are constant on
conjugacy classes, thus we can consider the following map :

Ab:P(Fy)/ ~ — P(Z°)/+
where the quotient on the left hand side is taken up to conjugacy and inversion.
Proposition 4.1. The map Ab is a bijection. Equivalently, the map
Slope: P(Fy)/ ~— Quoo
] — g, with (p,q) = Ab(7)
where the quotient is taken up to conjugacy and inversion, is a bijection.

45
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Thus we have identified primitive elements (up to conjugacy and inversion) with rational num-
bers. Every rational number has a continued fraction expansion, meaning that it can be written
in the following way :

]—?=TL1+
q

Nng +

? 1

-t —

nT
with ny € Z,n; € N* for i > 2 and n, > 2. Denote this expansion by [n,ng,---,n,]. The continued
fraction expansion of the slope will play a central role when studying the general structure of

primitive elements. We will now give the general structure of a primitive element in Fs.

Consider w € Fy. If w is primitive, then, w is either a word on {a,b}, on {a™*,b7'}, on {a,b71},
or on {a!,b}. In the first two cases, the slope of w is positive and in the two last ones, negative.
Thus up to inversion, w can be written as a word on {a, b} (positive slope), or {a,b™'} (negative
slope). For simplicity, in the following we will only consider positive slope (for negative slope, just
change b to b71). We say that a letter s is isolated in a (cyclic) word w, if between two appearances
of s there is at least another letter. We say that a word w in {a,b}, seen as a cyclic word (not
necessarily primitive) is almost constant if the two following conditions are satisfied :

o FHither the letter a or b is isolated in w

e After possibly exchanging a and b, suppose that b is isolated in w. Then the powers of a
that arise in w can only be two consecutive integers.

In this case we say that the smallest integer that arises in w as a power of a is the value of w.

In other words, a word w in a and b is almost constant of value n € N if and only if there exists
s € N such that, after possibly exchanging a and b and up to conjugacy and inversion, w is of the
form :

a™ba™b---a"b, with n; e {n,n+1}, V1<i<s

If w is almost constant, we can consider its derived word by replacing the blocks a™b by b and
the blocks a™*'b by ab. The derived word is still a word on a and b and thus can be itself almost
constant or not.

We say that a word is characteristic if it can be derived arbitrarily many times, until a single letter
is obtained. The walues of a characteristic word is the sequence of values of the almost constant
derived words obtained at each step.

Proposition 4.2. Let v be an element of Fy. Then v is primitive if and only if it is characteristic.
Moreover, in this case, the values of the characteristic word y are ny,ng, -+, n,., where [ny,ng, -, n,|
is the continued fraction expansion of the slope of ~.

A proof of this fact is given by Series in [Ser85]. Using this fact, we give as explicit construction
of the (conjugacy class of) primitive elements, starting from their slope.



4.1.

CONSTRUCTING PRIMITIVE ELEMENTS 47

Definition 4.1. Let v be a primitive element in F,. Consider [ni(7y),n2(7), - nr1)(7)] the
continued fraction expansion of the slope of 7 and assume that n;(y) > 0 (that is Slope(y) > 0).
We define recursively, for 0 <i < r(7) the following elements in Fy :

wo(y) =a wo () = ab
wi() = wiaa (1) w1 (7) wi(7) = wia (1) Owi_y (7)

Denote by [;(7y) and I{(v) the word lengths of w;(v) and w}(~y) respectively.

As defined, the w;(y) are the building blocks of . In order to reduce the amount of notation,

and when there will be no ambiguity on 7, we will omit the dependence on v in the notation and
write 7, n;, w;, w;, l;, l},. We can check the following :

Proposition 4.3. The elements w; defined previously satisfy :

Proof.

. For all 0 <i <7, w; and w, are primitive and, for 1 > 1 their continued fraction expansions
are respectively [ny,---,n;] and [nq,---,n; + 1]

=7 (up to conjugacy and inversion). In particular, v (or its inverse) has a conjugate
which is a positive word in {w;,w!}.

. For all 0 <i<r, {w;,w!} is a free basis of Fs.

1. For i =0, wy = a and wy = ab are both trivially primitive.

e Fori=1, w; =a™band wj = a™*b are again both primitive and their continued fraction

expansions are respectively [n,] and [ng +1].

Suppose that both w;_; and w]_, are primitive and that their continued fraction ex-
pansion are respectively [nq,---,n,.1] and [nq,---,n,.1 + 1]. Then w;_; and w!_; can be
derived i — 1 times, to obtain the elements a and ab (or b and ba, depending on the
parity of 7). Thus, since w; and w! are positive words on {w;_;,w!_}, they can also be
derived 7 — 1 times, and the (i — 1) — st-derived elements we obtain are a™b and a™*'b
(or b"ia and b™i*ta). Those last ones can be derived one more time to obtain b and ba
(or @ and ab) and we have proved that w; and w] are primitive with continued fraction
expansion [ng,---,n;] and [nq, -, n; + 1].

. It follows directly from the previous point knowing that w, and + are both primitive with
the same slope.

. This is an induction on ¢ using the basic fact that if {a, b} is a basis of Fy, then so are {a, ab}

and {a,ba}.

e The previous argument immediately justifies that {wg, w(} is a basis of Fs.

e Suppose that {w¢-1,w§_1} is a basis of Fy, then, by the same argument as before, so

ng—

is {w;_1,w;_ 1wl 1} and also, by induction {w;_1,w." wz . }- Now, we deduce the same
way that {w]"["w/_,,w w!_} is a basis of Fy and thus that {w;,w!} is a basis of Fy.
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O

Remark 4.4. Using the recursive definitions of w; and wj, we draw the following equalities :
Forall 2<i<randfori=1ifn;>1, Li=(ni= Dl +1_; and ll=ni,1+1_; (4.1)
For ¢ =0 and for ¢ =1 with n; =0, li=1and [} =2 (4.2)
For all 1<i< T, lll = lz + li—l (43)
(4.4)

We deduce the following inequalities :

Forall 0<i<r, l; <l using (4.3) and [;_; >0  (4.5)
For all 1<i<randfori=0ifn;>1, l; <liyp  using (4.1),1l_; >,y and n; >1  (4.6)
Forall 2 <i<randfori=1ifn;>1, I} < 2l using (4.3) and l;.y <l;  (4.7)
For ¢ =0 and for i =1 with n; =0, li =2l using (4.2) (4.8)
Forall 0<i<r, 1<, by induction (4.9)

Then n;liy <1; < (n; + 1)1,y (using (4.1), (4.2) and ;-4 <1}, <2l;.1), thus :
Forall 1<i<r, ng< ——<n;+1|, (4.10)

i-1

We also have l; — ;1 > Il | = 1.1 =12, but L.y < (ni1 + 1)lia, s0 [; =11 > l;_1, and then

we deduce :

ni—1+1

N

Forall 2<i<r, 1+ (4.11)

ni-1+1 1

4.2 Some useful lemmas

Recall that the notation |u| stands for the word length of the element u € Fy. For u an element
in Fy and k an integer smaller that |u|, we will denote by U its k-th cyclic permutation, that is, if
u = 51-+8)|, the element Kﬁk = Sp+1-Su 5155 We will also denote by py(u) the prefix of length k&
of u and s(u) the suffix of length k of u. We have u = py(u)s}y-x(u) and o = Sjuj—k (u) pr(u).
Sometimes for the sake of simplicity we will no longer specify the integer k and write p(u),s(u), u.
Finally, we will write sw(u) to refer to a subword of w.

Lemma 4.5. Let v be a primitive element in Fy and 1 <i <r(vy). In particular, up to conjugacy,
the element y can be written on the alphabet {w;(v),w/(7)} (see Proposition 4.3).

Now take w;(y) any cyclic permutation of w;(7y). Then there exist wi(7y) a cyclic permutation

of wi(7) and 7 a cyclic permutation of v such that vy can be written on the alphabet {w; (), w!()}.
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Moreover, the element w;(y) is either a prefiz or a suffix of wi(y).

In this case we say that the cyclic permutation w!(y) is adapted to w;(7).

Proof. The case i =0 is trivial because wy = a and then wy has no non-trivial cyclic permutation.
Let W be an element of Fy that can be written on the alphabet {w;,w!}, with ¢ > 1. Then we can
write W = uy--u,, with u; € {w;,w]} for 1 < j <r. Consider the k-th cyclic permutation of w; :

~k
w; = s, (wi) pr(w;).
We make the proof by distinguishing two cases :

e Case 1 : Ifk<(n;—1)l;.
Recall that, because i > 0, we have the following recursive formulae :

_ nifl l4
w; =W, Wy

I N o _ o ni—1 !
W; = W; W1 = W;_1 Wi-1W;_q

Then in that case, we can say that py(w;) = pr(w}) and so V1< 7,5’ <7, pi(u;) = pr(uj).
Thus :

W = ULUY Uy

= Pre (1) Sjuy - (w1) Pr (U2) Sjug -1 (U2)~Prc (1) Spuy -1 ()

T = Syt (102) P (12) S (182) ()1, i (1) i (111)

= s|u1\fk(u1)pk(ul)s|u2|*k(u2)"'pk(ur—l)s|’ur\*k(u7“)pk(u7")

= ul .. '/U/T‘

Kk — —k
We have proved that in that case, W can be written on the alphabet {wlz, w}.

—k . k
Now let us show that wj; is a suffix of w]. We have :

~k

w; = Sli_k(wi)pk(wi)
wk
w] = sy (w))pr(wf) = sy (w))pr(w;)

Since w; is a suffix of wj and I -k > I; - k, it implies that s;, 1 (w;) is a suffix of sy _x(wj) and
~k . bk
then that w; is a suffix of w!.

e Case 2 : If k> (n; - 1)l;_1.
Let k' =k - (TLZ - 1)li—1-
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For all 1< j <7, there exists ¢; € {n; — 1,n;} such that u; = w}’ w!_,.
Then u; = wfﬁlpkf(wz’»_l)slgil,k/(wz’}_l) and so :

W = uiug -u,

= wi pr(wi_y)sy_ w(wi_y) w2 pr(wiy)sy  w(wiy) - wil pw(wi_y)sy  w(wiy)

Now let kj = c":‘jli,l + K.

_ k ifsj:ni—l _ k iijZUJZ'
Then kj B k + li—l ife= n; B { k+ li—l if Uu; = w;
Therefore sy (w]_ )w;? prr(wl_,) = u; . Finally :

L B SN N

= U2 Uy U

K\kl o~k w\k+li_1

We have proved that in that case, W can be written on the alphabet {w;, w!_; }.

w~k+1;_
wk . -1
Now let us show that w; is a prefix or a suffix of w] . We have :

~k

w; = Slgil_kr(wz{_l)w?_il_lpk:’(wz{—l)
w\k+li_1 X
wll = Sl;_l_k/(wl{_l)w?jlpk’(wz{—l)

We first handle the case ¢ = 1. In that case, wj = ab,lj = 2. There are three possibilities :
—~k K\k+li,1 —~k K\k+li,1
either k' = 0, and then w; is a prefix of w] , or k' =2, and then w; is a suffix of w. , or
~k w\k+li_1 —~k K\k+li_1
k" =1, and then w; = ba™ta and w, =ba"a so w; is a prefix of w]

For the case ¢ > 2, we can use the recursive formulae :

_ o ie1=1 7
Wi-1 = W;_g™ Wi

A _ MNi-1 !
Wi = W;_ 9 Wig

We distinguish two cases :

—~ wk+l; 1
— If K < (ni1 —1)li—o @ then py(w! ;) is a prefix of w;_; so w’,c- is a prefix of w]

— Itk > (ni_l - 1)li—2 : then lz{—l -k < l;_l - (ni_l - 1)[1'_2 = li_g + lz{—2' So sl;_l_kf(wg_l) is a
suffix of w;_ow!_,.

. . ~k .
* If i > 1, wow!_, is a suffix of w;_; so slgfl,kf(wg_l) is a suffix of w;_; and so w; is
wk+li_1
a suffix of W]
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* If nj.y = 1, we have w1 = w)_, and w, | = wiow! ,. If i > 2, we have w] | =
W;—oW;—3w;—o and so a suffix of w;_sw]_, is also a suffix of w,_jw;_1, so sy 1,k/(w§_1)
0

k41—
. —k . i—1 .
is a suffix of w_jw;_; and so w; is a suffix of w, . If =2, we have w;_; = ab and

wi_, = aab, so w;_jw;_; = aabab. Moreover w;_ow,_, = aab so

wk ni—
it = s, 1o (aab) (ab)" " py (aab)
k41—

w] = sy _w(aab)(ab)"py (aab)

wk+1;—
. .. k. -1
And we notice that again in that case, w; is either a prefix or a suffix of w]

]

The following Proposition is the most important of this Chapter. It says that subwords of some
specific lengths (I;()) of primitive elements are themselves primitive, after a possible change of
letter.

Proposition 4.6. Let v be a cyclically reduced primitive element of Fy and u any subword of ~
(or of a cyclic permutation of ) of length 1;(), for 0 <i<r(v). Then, after possibly changing its
last letter, u is in fact a cyclic permutation of w;(7y).

Proof. For the sake of simplicity, we omit the dependence on « in the notations in the proof.

First of all, we deal separately with the cases ¢ =0 and 7 = 1.
e If =0, then u=a or u="0, and thus it is trivial.

o If 1 =1, then u = a™*! or u = a*ba™ %, with 0 < k <ny. In the first case, after changing the
last letter a into b, we obtain u = a™b = w;. In the second case, no change is needed.

From now on, we suppose that i > 2. In that case, the recursive formulae w; = w."; 'w!_, and
w) = w" w!_, apply.
The word v can be written on the alphabet {w;,w!}, and I} > [; so the subword u of ~ shall take
one of the following forms : s(w;)p(w;),s(w;)p(w),s(w!)p(w;),s(w))p(w}) or sw(w}).
Furthermore, since w/ = w;_yw; and [s(w!)| < l;, we deduce that s(w]) = s(w;). Thus, u can actually
be reduced to one of the following three forms :

1. w=s(w;)p(w;)
2. u=sw(w))
3. u=s(w;)p(w;)

We deal with each case separately.



52

CHAPTER 4. STRUCTURE OF PRIMITIVE ELEMENTS

1. The case 1 is actually immediate because |s(w;)p(w;)| = I;, so |p(w;)s(w;)| = I;, which requires

p(w;)s(w;) = w; and then u =s(w;)p(w;) is a cyclic permutation of w;.

1

. Now let us deal with the case 2. Recall w} = w;",w!_; = w;.qw;"] w]_, (because n; > 1). Then a

subword of length [; of w! must be of the form : u = sw(w!) = s(w;_1)w.";'p(w!_,). Therefore,
up to cyclic permutation we have u = w("; ' p(w!_,)s(w;_1), with |p(w!_,)s(w;_1)| = I!_,. More-
over, for ¢ > 2, we have s(w;_1) = s(w/_;) and then p(w!_;)s(w;-1) = p(w]_;)s(w! ;) = wl_,
Thus u = w p(w!_,)s(wi_1) = wl w!_, = w;.

. For the case 3, we use a two-step induction on ¢ > 0. More precisely, we will show by induc-

tion on i > 0, that if u is a subword of v of the form w = s(w;)p(w!) with |u| = I;, then, after
possibly changing its last letter, that is after possibly changing the last letter of p(w!), we
obtain p(w!)s(w;) = w; or p(w')s(w,) w" w;_o (the latter case can only occur if ¢ > 2), with
p(w!) the word obtained from p(w}) after the change of letter. Thus, we deduce that after
possibly changing its last letter, u is actually a cyclic permutation of w;.

In the following, the notation p(w) stands for the word obtained from p(w) by changing its
last letter.

Initial cases :

The trivial case 7 = 0 has already been mentioned at the beginning of the proof.

Suppose ¢ = 1. Then s(w;) = s(a™b). If |s(wy)| > 1, then there exists an integer k such
that s(w;) = a¥b and p(w]) = a™* and so p(w])s(wy) = a™b = wy. If [s(wy)| = 0, then
p(wy)s(wy) = p(w)) = am*t. So after possibly changing the last letter of p(w}) into b, we
have p(wy)s(w;) = a™b=w;.

Induction step : We now fix ¢ > 2
Let k = |p(w])|. Let us distinguish two cases :

(a) If k < (n; = 1)l (= 1; = 1/_)) : then p(w!) = p(w;), so as before in the proof we have
p(w))s(w;) = p(w;)s(w;) = w; because |p(w;)s(w;)| =1;. Thus |p(w;)s(w;) = w;

(b) If k> (ni= 1)1 (= l;=1'_,), then p(w!) = w;'p(w;_yw!_,) on one hand and |s(w;)| < I/
so s(w;) =s(w/_,) on the other hand. Thus p(w))s(w;) = wi ' p(wwl_;)s(wl_;) |

We now need to understand the word p(w;_yw!_;)s(w!_,), with |p(w;_yw!_;)s(w_,)| =

/
li—l

nlll

i If [p(wiaw]_ )| < (niog = 1)l 2, then p(w;qwi_y) = p(w5' ) = p(w;_ 1) 80
p(wi—lwz{—l)s(wz{—l) = p(w i—l)s(wi—l) = w;_; because |P(wz—1wi—1) (w; w;_ 1)| =l ;. In
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this case we obtain | p(w;_yw]_;)s(w]_;) = wi_, |

nlll

il If (ni1 — 1)l < [p(wisqw! )| € ni1li—o, then p(wiqw! ;) = w5 p(w!_,) on one

hand, and I/, <|s(w]_))| <1, +1i_2 so s(w]_;) =s(w;_2)w!_, on the other hand.
Thus p(w;w!_,)s(w!_;) = w5 " p(w!_,)s(wio)w!_,, with |p(w!_y)s(w; 2)| = li_a.
Here we use our induction hypothesm

o If, after possibly changing the last letter of p(w!_,), we have p(w!_,)s(w;—2) =
w;_o, then, after possibly changing the last letter of p(w;_jw! ),

g 1—1

nl - lp(wz 2)S(Wi2)wj_o = W; o Wi oW;_o = Wj_y.

p(wZ 1wz l)s(wz 1) w;

. . ~ ’ ; o
Thus, as in the previous case, |p(w;_1w;_,)s(w;_) = w;_; |

o If, after possibly changing the last letter of p(w]_,), we have p(w!_,)s(w;—2) =
w;"3*w;_4 (recall that this case can only occur if 7 > 4, as stated at the beginning
of the induction), then, after possibly changing the last letter of p(w;_jw!_,),

nz11 ni-1-1, mn;_o

p(wl 111)2 l)s(wz 1) w;_ p(wz 2)5(’(1)1 2)'11};_2 =Wy W3t Wi- 4wz 2
n;—1—-1 n;_o ng1-1, mn; o

=W, 5 W, g " Wi—qW;i-3W;—2 = UJFé W, _g ’LUZ 3W;—2

Thus, in that case, we obtain | p(w;_yw;_,)s(w]_;) = w;_1w;_a |.

111. Ni—1li—o < [P(Wi—1wW;_; )| < , then p(w;_qw! =w," p(w:_,w;_o) on one han
ifi. If 7yl i)l th 1) = wis p(w), hand

and [s(w!_,)| <ll_, so s(w]_;) =s(w!_,) on the other hand.

p(wiswi-2)s(wi_y) | With |p(w]_ywi2)s(w;_,)| =
Il 5+li_o. We still need to understand p(w_yw;_2)s(w]_,) with |p(w]_yw;_o)s(w!_,)| =
lz,'—2 + li_g.

7’7,111

Thus | p(w;—1w;_)s(w;_;) = w"

o If |p(w]_yw;_2)| 2 1/_,, then p(w]_yw;_2) = w!_,p(w;_2) on one hand and

|s(w!_5)| < li—z so s(w!_y) = s(w;—2). Now we can compute p(w!_,w;_2)s(w!_,) =

w!_,p(wig)s(w;—2) = w]_yw;_o and the last equality stands because

Ip(wi—2)s(wi—2)| = li—2. Thus | p(w;_sw;—2)s(wj_y) = wi_yw;a|.
o If [p(wl_yw;—2)| <1!_,, then we have l;_ < |p(w]_w;_2)| <I!_, because

|s(w!_,)| <1!_,. We also deduce that ;_o <|s(w]_,)| < I_,.

If © =2, then l;o = lyp = 1,I[_, = I = 2,wywy = aba and w{ = ab. Then

p(wjwo)s(wy) = aab or p(wiwy)s(wy) = abb. So, after possibly changing the

last letter of p(wjwy), we have p(wjwy)s(wy) = aab = wowy.

If ¢ > 2, we can write w]_, = w;"3?w!_; and so p(w]_,w;_—2) = w;"3*p(w]_5) and

S(wz 2) = s(wi- 3)wl 2. Thus P(w _oW;— 2)5(111Z 5) = ’wm 2p(wZ 3) (wZ 3)W;_g with

lp(w!_5)s(w;-3)| = l!_;. But, as seen in the case 2, for i > 3,p(w!_3)s(wi—s) = w!_,.
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Then we compute p(w]_,w;—2)s(w]_y) = w;"3*p(w]_3)s(wi—3)w;—2 = w3 W!_sw;_o =

W) _yWi—a.

For i = 3, recall that w;_3 = wy = a and w!_; = w}) = ab. If |s(wp)| = 0,

then p(w!_y)s(wi s) = p(uwh)s(uwo) = pluh) = wh. Thus pluwl_ywi2)s(l,) -
w32 p(w)_g)s(wi—z)wi—e = wi"2wl_sw;—o = w]_yw;_o. However, if |s(wg)| = 1

then p(w]_5)s(wi-3) = p(w)s(woy) = p(wf)a = a?, and then, after changing the

last letter of p(w}) from a to b, we obtain p(w{)s(wy) = ba. Thus, let us now

compute p(w)_yw;_2)s(w!_,) :

p(w!_ywi—o)s(w_y) = w3?p(w!_3)s(w;—3)w;_e = w"3*baw;_s = a™baw, = wywy.

Thus, we conclude from those different cases that, after possibly changing the last
letter of p(w]_,w;_2), we have either p(w!_yw;_2)s(w!_,) = w!_yw;_o, or

p(w!_yw;—o)s(w!_,) = wisw!_,. We can now compute p(w;_jw,_)s(w!_,) :

o If p(w]_ywi_o)s(w]_y) = w]_yw;_o, then

p(wl 1wz l)s(wz 1) wnz v 1p(wz Wi 2)5( w;_ 2) wnz . 1wz oWi—2 = Wi W;i-2.
o If p(w!_ywi9)s(w!_y) = wi—sw!_,, then
p(wi1w;_y)s(wi_y) = w?—iil_lﬁ(wz’ 2Wi—2)s(W;_o) = w?IQI lwi—2wz{—2 = w?IQIU’ = Wj_g.

Thus, we showed that after possibly changing the last letter of p(w;_qw!_;), we have
p(w;qw!_y)s(wl_y) =w!_; or p(w;—yw!_)s(w!_;) = w;_qw;—2. We are now ready to com-
pute p(w;)s(w;) :

o If p(wiyw)_;)s(w]_;) =w]_;, then
p(w;)s(w;) = willy B (wigwi_y)s(wi) = wiy fwi_y = w.

o If p(wimiw!_{)s(w! ) = wi—1w;_o, then

p(w;)s(w;) = w?—il_lﬁ(wi—lwz{—l)s(wz{—l) = w?—il_lwi—lwi—Q = w?_ilwz‘—z

Thus, we have proven what we announced for the case 3.

Hence the lemma is proved. O]

We end this chapter with a short Lemma which "counts' the number of occurrences of w;(7y)
in a subword u of ~.
Lemma 4.7. Let a > 4. Let v be a primitive element of Fo and u any subword of v (or of a
cyclic permutation of v). Let i€ {1,---,r(v)} and suppose that |u| > al;(v). Let w;(7y) be any cyclic

permutation of w;(y) and wi(y) a cyclic permutation of wi(7y) adapted to w;(7y) (see lemma 4.5).
Then, there is at least %5* occurrences of w;(7y) and wi(7y) in u.
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Proof. Recall that [;(y) <Ii(7v) < 2l;(v). Then we have the inequality |u| > $Ii().
The element u is a subword of v and, by the lemme 4.5, v can be ertten on the alphabet

{wz(fy) ’(fy)} so u can be written in the following way : u = p(u)u---u,s(u), with uy € {wl( ), z’(’y)}
for 1 <k <r and p(u) and s(u) being respectively a prefix and a suffix of u such that |p(u)|, |s(u)| <
(M| =1(7). Thus ful - |p(w)] - [s(u)| > $1(v) - 21i(y) = %5 (7).

Furthermore |u| - [p(w)| = [s(w)| = Xj_1 [uk| < 7li(7) because |ug| < (7).

We deduce r > ‘%4, hence the lemma 4.7. O
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Chapter 5

Local uniform quasi-geodesicity

5.1 A first example of a uniform quasi-geodesicity setting

In this section, we are going to study a uniform quasi-geodesicity setting in the space X. The
space X is supposed to be d-hyperbolic, geodesic and proper (proper means that closed balls are
compact). When we are given two isometries A and B, we can consider the set W(A, B) of (finite)
words on A and B. For G €e W(A, B), we denote by |G| its word length, that is the minimal number
of letters (A and B) needed to write G. We also consider H(A, B) = { A, B}* the set of bi-infinite
words on A and B, that is, H = (H,)nez € H(A, B) if and only if for all n € Z, H,, € {A, B}. When
we have a bi-infinite word H = (H,, )nez € H(A, B), we associate to it a bi-infinite sequence of finite
words G = (G,,)nez in the following way :

HOHl"'Hn—l forn>0
G,=13 1 forn=0
H~--H! for n<0

Hence G,, e W(A, B) for all n >0 and G,, e W(A~!, B-1) for all n < 0. Moreover, the word length of
G is |G,| = |n| for all n € Z and the following recursive formula holds for all n € Z : G,,11 = G, H,.
We denote by G(A, B) the set of bi-infinite sequences of finite words associate to bi-infinite words
in H(A, B).

In this section, we want to study a particular class of bi-infinite words H = (H,, ),z and their
associate bi-infinite sequences of words G = (G, )nez. Let us fix an integer N > 1 and define
Hn(A, B) to be the subset of H(A, B) consisting of the bi-infinite words H = (H,,),ez which sat-
isfy the following condition :

If ny < ny are two integers in Z such that H,, = H,, = B and for all n; <n <ny, H, = A, then
No — N1 — 1>N.

Thus the bi-infinite words in H (A, B) are precisely those for which the appearances of B are iso-
lated and the powers of A are always greater than N. We denote by Gy (A, B) the set of bi-infinite
sequences G = (G )nez € G(A, B) associate to bi-infinite words in H (A, B).

27
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Fix o a basepoint in X. Starting from a bi-infinite word H = (H,)nez € H(A, B) and its
associate bi-infinite sequence G = (G, )nez € G(A, B), we define the sequence of points in X :
x, = Gh0,¥n € Z. The goal of this section is to study the uniform quasi-geodesicity of sequences of
points defined by the elements of Gy (A, B), that is the existence of two reals A > 0 and k > 0 such
that for all n,m € Z, we have : }|n—m|-k < d(z,,x,) < Ajn —m| + k. The sequence (z,)nez is a
(X, k, L)-local-quasi-geodesic if we have $|n—m|-k < d(2,, 2n) < Ajn—m|+k whenever [n—m| < L.
Precisely we prove the following lemma :

Lemma 5.1. Let X be a §-hyperbolic space, geodesic and proper, and o € X any basepoint. Pick A
and B two hyperbolic isometries of X and suppose that B(A*) + A~. Then, there exists A >0,k >0
and N € N*, such that VG = (Gp)nez € Gn (A, B), the sequence of points x,, = G,o0 is a (A, k)-quasi-
geodesic.

Proof. e Step 1 : Quasi-isometry on a period
The goal is at first to show that there exists two constants A > 0 and k£ > 0, only depending on
0, A, B and o, such that the following inequality is satisfied :

1
X|A”BAm| -k <d(A"BA™o,0) for all n,m >0 (5.1)

By hypothesis, the two points at infinity B(A*) and A~ are distinct, so we can consider a
geodesic, called A, with endpoints B(A*) and A~. Such a geodesic exists because the space X
is supposed to be proper. Now consider p a projection map on A, that is p : X — A satisfying
Ve e X, d(z,p(z)) =d(x,A) = ?1}61/{ d(z,y) (such a map exists but is not necessarily unique). Since

(A™0) ey 18 a (half) quasi-geodesic with endpoint A~ and A is a geodesic with A~ as one of
its endpoints, we have, by stability of quasi-geodesics in § hyperbolic spaces, the existence of a
constant K; > 0 (only depending on d, A, B and o) such that {A ™0}, and the half geodesic
[p(0), A”) remain in the Kj-neighborhood of each other. We deduce the following inequality :

d(A™0,p(A™0)) < Ky, forallneN (5.2)

With the same argument, namely that the (half) geodesic (BA™0),,.n and A share the same
endpoint B(A*), we deduce the existence of constant K5 > 0 (only depending on 4, A, B and o)
such that

d(BA™o,p(BA™0)) < K,, for all meN (5.3)

Then we can draw the following inequalities :

d(A"BA™0,0) =d(BA™o0, A™"0) because A" is an isometry
>d(p(BA™0),p(A™0)) —d(p(BA™0), BA™0) — d(p(A™"0), A™"0)
>d(p(BA™0),p(A™0)) — K; - Ky by inequalities 5.2 and 5.3

But since A0 — A, we also have p(A™0) — A~ and in the same way, since BA™o —
n—o0

n—oo m—00

B(A*), we deduce p(BA™0) —> B(A*). Then, for n and m sufficiently large, p(A="0) be-
longs to [p(0), A7) n[p(Bo), A~) and p(BA™0) belongs to [p(0), B(A*)) n[p(Bo), B(A*)). This
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shows that for n and m sufficiently large, the four points p(A="0), p(BA™0),p(Bo) and p(o0) are
aligned in one of the two following orders on the geodesic A : p(A"0),p(0),p(Bo),p(BA™0) or
p(A0),p(Bo),p(0),p(BA™0). In the first case

d(p(A™"0),p(BA™0)) = d(p(A™"0),p(0)) + d(p(0),p(Bo)) + d(p(Bo),p(BA™0))

and in the second one :

d(p(A™"0),p(BA™0)) = d(p(A™"0),p(0)) — d(p(0),p(Bo)) + d(p(Bo),p(BA™0))

S0, in every case, for n and m sufficiently large :

d(p(A™0),p(BA™0)) > d(p(A™"0),p(0)) - d(p(0),p(Bo)) +d(p(Bo),p(BA™0)).
On an other hand,

d(p(A™"0),p(0)) 2 d(A™0,0) — d(A™0,p(A™0)) - d(p(0),0)
> d(A™0,0) - K1 —d(p(0),0) by inequality 5.2

and similarly :
d(p(BA™0),p(Bo)) > d(BA™o, Bo) — Ky — d(p(Bo), Bo) by inequality 5.3.
We can now finish our sequence of inequalities :

d(A"BA™0,0) 2 d(p(BA™0),p(A™"0)) - K1 - K>
> d(p(A™0),p(0)) - d(p(0),p(Bo)) + d(p(Bo),p(BA™0)) - K1 - K>
>d(A™0,0) —d(p(0),0) + d(BA™o, Bo) — d(p(Bo), Bo) — d(p(o),p(Bo)) - 2K; - 2K5
=d(A"0,0) + d(A™0,0) - d(p(0),0) — d(p(Bo), Bo) — d(p(0),p(Bo)) - 2K; — 2K>
2 (n+m)ls(A) - d(p(0),0) - d(p(Bo), Bo) - d(p(0), p(Bo)) - 2K, - 2K,

In the last inequality, we used the basic fact that d(A"0,0) > nls(A), where [5(A) denotes the stable
length of the isometry A. Since (n+m)lg(A) = (n+m+1)ls(A)-1ls(A) = |A"BA™|ls(A)-1s(A), we
have proved the inequality 5.1 for n and m sufficiently large, prescribing A = m (recall [s(A) >0
when A is hyperbolic), and k = lg(A) +d(p(0),0) +d(p(Bo), Bo) +d(p(0),p(Bo))+2K; +2K,. But
there is only a finite number of value of A» BA™, for n and m smaller than a fixed constant, so the
inequality 5.1 is still true for all n,m € N, after possibly changing the value of A and k.

e Step 2 : From local to global quasi-isometry

We shall now conclude with the local-global lemma, given at the end of section 2.2 (Lemma
2.12).

Let L > 0 and (), k") such as in Lemma 2.12, with X\ and k defined in the first step. Fix
N =|L|+1. Then every interval of length smaller than L is of length smaller than N. Now choose
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G a sequence in Gy(A, B) which is associate to a bi-infinite words H = (H,)nez € Hy(A, B).
Thus, the subwords of H of length smaller than L are of the form A"BA™ or A", with n,m e N.
Therefore, by Step 1, the sequence of points (z,)nez is a (A, k, L)-local-quasi-geodesic. So, by
the local-global lemma 2.12, there exists A’ > 1,k > 0 (only depending on A\ and k, that is on
0, A, B and o), such that (x,)nez is a (N, k")-quasi-geodesic (global). Thus, the proposition 5.1 is
proved. O

5.2 Some properties of Bowditch representations of I

Let (X, d) be a d-hyperbolic space, geodesic and proper, and o € X a basepoint.
We establish the useful fact that the image of primitive elements by a Bowditch representation
are hyperbolic isometries.

Lemma 5.2. Let p be a Bowditch representation of constants (C, D). Then, for every primitive

element v in Fy, &[] <ls(p(7))-
In particular, for every primitive element ~y, p(~y) is hyperbolic and p is also a Bowditch represen-
tation of constant (C,0).

Proof. Suppose that v is cyclically reduced. The primitivity hypothesis on v gives the existence
of another primitive element, § € Fy, such that we have both {v,d} is a free basis of Fy and
|vd| = nlly|| +10]. Thus, for all n € N, the element 47§ is primitive. The Bowditch inequality
applied to ™9 gives :

1
5”7”5“ - D <1,(7"5) <d(p(7"0)o,0) by definition of the displacement length
<d(p(y™)o,0) +d(p(d)o,0) by the triangle inequality

Using that [y7d| = n|vy| + 0], and after dividing by n, we obtain :

9]

1 D 1 1
=+ =% - =< =d(p(7)"0,0) + =d(p(d)o,0)
C nC n n n

Now, let n tends to infinity and use the definition of the stable length :

2l <15(o(1))

which is indeed the desired inequality.
Thus, the stable length of p(+y) is positive, we deduce that p() is hyperbolic.
At last, since the stable length is always smaller than or equal to the displacement length (see

1
inequality (2.23)), we also deduce the inequality 6||”y|| <1,(7y), which finishes the proof. O

Now we establish the fact that the hypothesis required by Lemma 5.1 is satisfied when the
hyperbolic isometries A and B comes from a Bowditch representation.
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Lemma 5.3. Let X be a §-hyperbolic space, geodesic and proper, and p : Fy - Isom(X) a Bowditch
representation. Fiz {a,b} a free basis of Fy and denote by A = p(a),B = p(b) the images of the
generators by p.

Then B(A*) + A~ (where A* and A~ refer respectively to the attracting and repelling fixpoints of
A).

Proof. Before starting the proof, recall that we have shown that p(a) and p(b) are hyperbolic
isometries (because a and b are primitive elements, see lemma 5.2), therefore A* and A~ are well-
defined.

Let us chose some basepoint 0 € X. Then, because A is hyperbolic, the sequence (A"0),cz is
a quasi-isometry with repelling fixpoint A-. Furthermore, the sequence (BA™0),,z is again a
quasi-isometry, with attracting fixpoint B(A*). Now suppose by absurdity that B(A*) = A~. The
stability of quasi-geodesics in d-hyperbolic spaces then gives the existence of a constant K > 0 such
that the half-geodesics (A™0),eny and (BA™0) ey stay at a distance K of each other. Thus, we
deduce the existence, for all n € N, of an integer ¢(n) € N such that d(A "0, BA?(Mo) < K. But
the element a™ba®™ € [y is primitive and cyclically reduced, so by the Bowditch hypothesis, we
have the following inequality :

é|a“ba¢(”) | = D < d(p(a"ba®™)0,0) = d(A"BA*Mo, 0) = d(BA*™o, A0)

Here the right hand side of the inequality is bounded by K, and the left hand side tends to infinity
because |a”ba®™ | =n + ¢(n) + 1, this is a contradiction. O
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Chapter 6

From Bowditch’s hypothesis for [y to
uniform tubular neighborhoods

The purpose of this section is to show Proposition 6.3, which is the heart of the proof that a
Bowditch representation is primitive-stable.

Before stating the proposition and starting the proof, recall that when A is a hyperbolic isometry
of X, it defines two points in the boundary of X, A* and A~, respectively attracting and repelling
fixpoints of the action of A on 0X. Let’s denote by Axis(A) the union of all the geodesics of X
joining the two points A* and A-. Since the space X is proper, this set in non-empty. When
X = H" the usual hyperbolic space of dimension n, the geodesic joining A* and A~ is unique and
corresponds to the usual definition of the axis of the hyperbolic isometry A. The set Axis(A)
in invariant under A : indeed, for every geodesic ¢ joining A* and A~ in X, A({) is still a
geodesic because [ is a geodesic and A an isometry. Now using the fact that the endpoints of ¢
are the fixpoints at infinity of A, we deduce that the endpoints of A(¢) are also A* and A~ so
A(l) c Axis(A), thus Axis(A) is A-invariant. For a subset Y of X and K > 0, denote by Nk (Y')
the K-neighborhood of Y, that is Nx(Y) ={x € X : d(x,Y) < K}. Fix £ any geodesic of X joining
A* and A-. Then we have the following lemma :

Lemma 6.1. With the previous notations, with have the following inclusions :
o NK(E) c NK(AXIS(A))

e There exists a constant C(0), depending only on the hyperbolic constant &, such that
NK(AXIS(A)) (@ NK+C(5) (E) .

Proof. e The first point is immediate because ¢ c Axis(A).

e The second point basically follows from the Morse lemma. Since X is d-hyperbolic, there
exists a constant C'(9), depending only on 4, such that any two geodesics with the same
endpoints remain at a distance C'(J) of each other.

Then, if © € Ng(Axis(A)), there exists y € Axis(A) such that d(z,y) < K. But since
y € Axis(A), in particular, y belongs to a geodesic with endpoints A* and A~ let’s denote it

63
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by ¢,. Thus ¢, and ¢ remain at a distance C'(9) of each other and thus z is at distance at
most K + C(0) of /.
U

Moreover, in the following we will be studying the distance map to Axis(A). Here we state its
invariance under the action of A :

Lemma 6.2. Let x be a point in X and A an hyperbolic isometry of X. Then
d(z,Axis(A)) = d(Ax, Axis(A))
Proof. The proof is immediate :

d(z,Axis(A)) = d( Az, A(Axis(A)) since A is an isometry
= d(Ax, Axis(A)) by A-invariance of Axis(A) .

]

Now we are going to show that the Morse lemma is satisfied for the primitive elements of
a Bowditch representation, meaning that the orbit map restricted to primitive leaves stays in a
uniform tubular neighborhood of the axis of primitive elements in X.

Proposition 6.3. Let p: Fy - Isom(X) be a Bowditch representation. The orbit map restricted
to primitive leaves stays in a uniform tubular neighborhood of the axis of primitive elements in X .
Precisely :

JK >0, Vv e P(Fy), 7,(Ly) ¢ Nk (Axis(p(7)))

Recall that L, denotes the geodesic in the Cayley graph of [F, generated by v, and that for any
primitive element v in Fy, p() is hyperbolic so Axis(p(7)) is well-defined.

Proof. Pick p a Bowditch representation and let C' > 0,C" > 0 be two constants such that
1
VyeP(F2),  Flvl<ilp(y)) and  VueF;, d(p(u)o,0) < C'lul

Note that such constants automatically satisfy CC’ > 1.
Let us proceed by contradiction and suppose there exists a sequence (7, )neny of cyclically reduced
primitive elements of Fy satisfying the following hypothesis :

sup {d(x, Axis(p(1n))) s & € Tp(Ly, )} — +o0 (Hy)
We fix such a sequence (7, )ney for all that follows.

Lemma 6.4. Up to subsequence, we can assume that the elements vy, are pairwise distinct and
that |y, - oo.
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Proof. Let N € N. Then the set 'y = {n € N : v, = 4y} is finite. Indeed, if this was not
true, there would exist a subsequence (Yy(n))nen such that sup{d(z, Axis(p(yn))) : x € T,(Lqy)} =
sup{d(z, Axis(p(Vo(n)))) : © € T,(L,,,)} and this would contradict the hypothesis (H;). Therefore
I'y is finite for all NV € N and so, after passing to a subsequence, we can assume that the elements
(Y )nen are pairwise distinct.

For all A >0, {y€F,:|y|< A} is finite, so, since the elements (7, ),y are pairwise distinct, we also
have the finiteness of the set {n € N:|v,|< A} for all A>0. Then for n sufficiently large, |v,| > A,
hence |7,| —2 oo O

6.1 Continued fraction expansion of -,

The element ~,, is primitive, thus correspond to a rational, and then we can write the continued
fraction expansion of its slope :

Slope(ym) = [NT';-, Ny -

Now we will prove that we can restrict our study to the case where the integers N* are bounded
inn:

Lemma 6.5. Up to subsequence, r(n) — +oo and for all i € N, (N")pen | r(n)>i 5 bounded.

Proof. Suppose there exists ¢ € N such that (N/"), is defined for an infinity of n and is not
bounded. Then consider the smallest such 7 € N. For all 1 < j < 7, the sequence (N;?)n is a
bounded sequence of integers so after passing to subsequence we assume that there exists an
integer N; such that for all 1 < j < ¢ and for all n € N such that r(n) > j, NP = Nj;. Thus
Slope(v,,) = [Nl,Ng,~~,NZ-_1,NZ71,~~,N:‘(n)]. We set u = w;_1(7,) and v = w!_;(7,) (see definition
4.1 in section 4). Therefore, Slope(u) = [Ny, Na,---, N;_1], Slope(v) = [Ny, Na,---, N;—1 + 1] (by
Proposition 4.3) and v and v do not depend on the integer n. Moreover, u and v form a free basis
of Fy such that (up to cyclic permutation and inversion) 7, is a positive word on u and v (by
Proposition 4.3). Denote by U = p(u) and V' = p(v) their images by p, then by the lemma 5.3,
we conclude V(U*) # U~. Then, by considering the bi-infinite word obtained by concatenating
infinitely many copies of ,, or equivalently the bi-infinite word obtained by following the geodesic
L., in the Cayley graph, we can see p, as an element of G(U, V') (the definition is given at the
beginning of section 5). Thus, we define N € N* as in the lemma 5.1 (depending on 4, U,V and the
basepoint o) and since by hypothesis N/* - +oo, p;_is a sequence of Gy (U, V') for n sufficiently
large. Then, using the lemma 5.1, we obtain the existence of two constants A >0 and k >0 (only
depending on 0,U,V and the basepoint o) such that 7, is a (A, k)-quasi-geodesic. The Morse
lemma now gives the existence of a constant & >0 only depending on A and & such that 7,(L,,)
remains in the K-neighborhood of Axis(p(7,)). This contradicts our hypothesis (H;) on p for n
sufficiently large. Hence, for all i € N, (N*),, is bounded.

Let us now justify that r(n) - +oco. If 7(n) stays bounded, 7(n) < R, then for all 1 <i < R, (N"),
is bounded by what has been previously done and so the word length of ~, is also bounded, which
is false. Thus r(n) - +o0. In particular, we deduce that under the assumption (H;), the sequence
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(N™),, is always well-defined for n sufficiently large (n such that r(n) > ).

6.2 Consequence : uniform bound on the lengths [;(v,)

Using the notations of the previous sections and the definition of [;(,,) given in Definition 4.1, we
have, using the inequalities 4.10 and 4.11 of the section 4 together with the upper bound NJ* < N; :

) N
lica () ~

We deduce, since for any integer n, lo(7,) = 1, that for any integer ¢, there exists a positive constant
L; > 0 such that :

VneN,V1<i<r(n),

VneN,V0O<i<r(n), i <li(vn) < Ly (6.1)

6.3 Excursions for real maps

Definition 6.1. An ezcursion is the data of two reals a < b and of a map E : [a,b] — R which
satisfies :

e F is continuous on [a,b]
e E(a)=E(b)
o Vie[a,b],E(t) > E(a)

We define the length of excursion of E as the non-negative real b— a.
Furthermore, the map E : [a,b] — R is said to be a K-excursion if E is an excursion such that
E(a) =K.

Definition 6.2. Let E : [a,b] > R be an excursion. We say that E’ is a sub-excursion of E if
there exists a subinterval [c,d] c [a,b] such that E’ = Ej.4 and E’ is an excursion.
Furthermore, E’ is said to be a K -sub-excursion of E if E'(c) = K.

The goal of this section is Lemma 6.11, which shows that an excursion always has sub-excursions
of any prescribed length up to a factor of 2.

Remark 6.6. Trivially, if £ is an excursion, E is a sub-excursion of itself and for all ¢ € [a, b], Ejrc.q
is also a sub-excursion of E.

Lemma 6.7. Let E : [a,b] - R be an excursion. We set Ky = minE = E(a) = E(b) and
Kiax = max F.
Then, for all K € [ Kpin, Kmax], there exists a K-sub-excursion of E.
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Proof. Let Ky < K < Kpax. Choose ¢ € [a,b] such that E(c) = Kpax. We denote X = E-1(K)n
[a,c] and Xg = E-1(K)n[c,b]. The sets X and X are closed (by continuity of £) and non-empty
(by the intermediate value theorem) so we can consider

rx =max X7 and yx = min Xy

Then Ejj;, 4] is a K-sub-excursion of E. O

Lemma 6.8. Let [ > 0 and E be an excursion of length |. Let Tk be the set of all lengths of
excursion of sub-excursion of E, that is :

Tg ={0<1' <l:there exists a sub-excursion of E of length l'}

Then Tg is a closed subset of [0,1].

Remark 6.9. By the previous remark, we always have 0 € Ty, [ € Tg.

Proof. Let E : [a,b] — R be an excursion of length [, which means that E is continuous, E(a) =
E(b), Vte[a,b],E(t) > E(a) and b—a =1.

Let (1,)new be a sequence of Tx such that [, - [ € [0,1].

Let (an)neny and (b, )nen be two sequences of [a,b] such that E : [a,,b,] - R is a sub-excursion
of length [,,. Up to subsequence, since [a,b] is compact, we can assume that a, — ae € [a,b]
and b, — b € [a,b]. Moreover, using the continuity of E, Vn € N, E(a,) = E(b,) and Vi €
[an, b, |E(t) > E(ay), we obtain F(ae) = E(bs) and Vit € [Goo,boo ], E(t) > E(ao). Finally, I, =
lim [, = Tim (b, = ap) = boo = Ao 80 E i [Goo,bos] = R is indeed a sub-excursion of length /. O

Lemma 6.10. Let [ >0 and E an excursion of length . Then there exists a sub-excursion of E

of length I’ >0 such that % <l <l

Proof. Let E : [a,b] - R be an excursion of length [ (then E is continuous, F(a) = E(b), Vt €
[a,b],E(t) > E(a) and b—a=1).
We distinguish two cases :

e 15t case : There exists ¢ €]a,b[, E(t) = E(a) :
Then E:[a,t] > R and E: [t,b] - R are two sub-excursions of length ¢t —a and b -t respec-
tively. But either t —a > b’T“ = % orb—t> b’T“ = L 50 one of these two sub-excursion is in fact
of length L <1 <.

T2
e 2nd case : For all ¢ €]a,b[, E(t) > E(a) :

Let ¢, d €]a,b[ such that d—c > £. The map F is continuous on the segment [c,d]. Denote

d= I[nldr]lE Then § > E(a). Let h=1(E(a) + ) and define :

ap = max{a’ €[a,c]: E(a") =h}
by, = min{b’ € [d,b] : E(b") = h}
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The set {a’ € [a,c] : E(a’) = h} is non-empty (because E(c) > § > h > FE(a) and E is
continuous) and closed, so ay, is well-defined. Likewise, by, is well-defined.
Therefore, we have :

— For all t € [¢,d], E(t) > h because h < = I[nldr]lE

— For all t € [ap,c], E(t) > h : indeed, if there was t € [ay, c] such that E(t) < h, then on
one hand t €]ay, [, and on the other hand, since E(c) > h, by the intermediate value
theorem, there would exist a’ € [t, c] such that E(a’) = h and a’ > ay, which is impossible
because of the choice of ay,.

— For all t € [d,b,], E(t) > h : the same argument as above works.

Therefore, E : [ap,by] - R is an excursion of length I’ = b, — a;, which satisfies

<d-c<b,—ap,=U'<b-a=1

DO | =~

]

Lemma 6.11. Let I > 0 and E be an excursion of length . Let Ty be the set of all lengths of
excursions of E. Fiz 0<a< . Then Tgn[a,2a(+ @.

Proof. Tk n[2a,l] is closed (by the lemma 6.8) and non-empty (because [ € T N [2a,l]). Denote
I’ = min T n [2a,1]. By the lemma 6.10, there exists I” € Ty such that £ < 1” <. Then " < 2a

because " < I’ =minTg N [2a,l] and 1" > % > 2 = q. Therefore, " € Ty n [a,2a(. O

6.4 Excursions of the orbit map

Let v be a primitive element of F,. Recall that L, is the geodesic of the Cayley graph of
[Fy generated by 7. We want to study the following map : E, : L, — R, such that E,(u) =

d(7,(u), Axis(p(7))).
Lemma 6.12. The map E, is Lipschitz-continuous (hence continuous) and y-invariant.
Proof. 1t is a general fact that the distance map to any subspace of a metric space is 1-Lipschitz-

continuous, because of the triangle inequality. Since the orbit map 7,z is Lipschitz-continuous,
we deduce the Lipschitz-continuity of £, .

The 7-invariance of E., follows from the y-invariance of Axis(p(7)).

Ey(yu) = d(7,(yu), Axis(p(7))) = d(p(7)7,(u), Axis(p(7)))
= d(7,(u), Axis(p(7))) because Axis(p(y)) is p(y)-invariant
= E,(u)
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]

Since L, is a geodesic in the Cayley graph of I, it is isometric to R, therefore we can think of
E, as a map from R to R. Thus, we can apply the language of excursions defined previously.

Definition 6.3. Let v be a primitive element in Fy. Let [u,v] c L., be a segment of the geodesic L.,.
We say that [u,v] is an ezcursion if the map E,,.] is an excursion.

Let K > 0. We say that [u,v] is a K-excursion if the map FE.,,) is an excursion such that
E,(u) = K. In this case, we call length of excursion of [u,v] the length of excursion of E., .,
that is the non-negative real d¢(u,v).

At last, we say that v has an excursion (respectively a K-excursion) if there exists [u,v] € L., such
that [u,v] is an excursion (respectively a K-excursion).

We end this section by showing that, in our context, we can find excursions as big and as long
as we want.

Lemma 6.13. There exist two sequences of positive reals (K )nen and (1y)nen, such that K, — oo,
l, = oo and, up to subsequence, for all n € N, ~, has a K,-excursion of length l,,.

Proof. Let

Kmaxn = max E,, and Ky, = min F,
17771] [17777«]

In particular we have Kpyax, = max B, and Ky, = min £, since E. is 7y,-invariant (see lemma
6.12). The hypothesis H; on the sequence (7, )ney means that Kay, — 0.

Fact : For all Kpin, < K < Kpaxn, Yo has a K-excursion.

Proof. Indeed, v, has a Ky n-excursion (by 7, invariance of £, ) so by the lemma 6.7, ,, has a
K-excursion. O

o If (Kiinn)nen is not bounded, then up to subsequence, we can assume that Ky, — co0. By
definition of K, there exists u, € [1,7,] such that E, (u,) = Kuninn, and so [, Yty ]
is a K n-excursion of length |v,|. By setting K, = Ky, and 1, = |y,], we then have
K, — o0,l, - oo and 7, has a K,-excursion of length [,,.

o If (Kminn)nen is bounded, then there exists K > 0 such that for all n € N, Ky, < K. Let
K, = @ Then, K,, - oo and moreover, for n sufficiently large, Kyinn < K < K, < Kpaxn-
So, by the above fact, 7, has K,-excursions. Now let us justify this excursion can be chosen
in such a way that its length [,, satisfies [,, - 0.

Let n € N, there exists u, € [1,7,] such that E, (u,) = Knaxn > K, (E,, is continuous), so
there exists a K,-excursion containing u,. Denote it by [v,,w,] and set [,, = d(v,, w,). Now
we are going to justify that [, — oco.

Let x,, = 7,(u,,), we have d(x,, Axis(p(7))) = Kmaxn = 2K,.
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Define ONk, (Axis(p(12))) = {y € X : d(y,Axis(p(yn))) = Ko} and let y, be a projec-
tion of x, on 0Nk, (Axis(p(7,))). Then y, satisfies : y, € ONg, (Axis(p(7,))) and Vy €
ONk, (Axis(p(7n))), d(xn, yn) < d(xy,y). Since the map d(-, Axis(p(v,))) is 1-Lipschitz-

continuous, we have :

|d(n, Axis(p(7n))) = d(yn, Axis(p(70)))] < d(Tn, yn),
hence K, <d(xn,yn)-

In addition, because [v,,, w, ] is a K,-excursion, 7,(v,) and 7,(w,,) belong to Nk, (Axis(p(7,)))
50 2d(2n, Yn) < (2, 7p(0n)) + d(@n, Tp(wy)). Then :

2K, < 2d(Tn, Yn) < d(xn»Tp(Un)) +d(Tn, Tp(wn))

< C'd(Up,vy,) + C'd(ty, wy,) because 7, is C'-Lipschitz-continuous
= C'd(vn, wy) because u,, € [v,,w,]
=C'l,

We conclude by using that K,, — oo.

6.5 Quasi-loops

Definition 6.4. Let € > 0 and w € Fy (not necessarily primitive). We say that w is an e-quasi-loop
if we have the following inequality :

d(p(w)o,0) < e |w

Thinking of € as very small, an e-quasi-loop is an element that does not displace the points
much. Note that the definition of a quasi-loop depends on the representation p.

Let v be a primitive element of Fy and u € L,. We denote by |u] the integer point in L. just
before u (if w is an integer point in L., |u| = u) and [u] the integer point of L. just after u (thus
|u] and [u] are the endpoints of an edge of length 1 in the Cayley graph and u belongs to this edge).

Recall that we have fixed a (Bowditch) representation p : Fy - Isom(X') and that the notions
of a K-excursion and of a e-quasi-loop depend on p.

Lemma 6.14. Let € >0. There exist I. >0 and K. >0 such that for all primitive elements , for
all K > K., 1> 1., if [u,v] is a K-excursion of length 1, then the element w = |u]™'|v| (which is a
subword of ) is an e-quasi-loop.

Proof. Let ¢’ = 5.
Let v be a primitive element in Fy and [u,v] ¢ L, such that [u,v] is a K-excursion of length .
Then d(7,(u), Axis(p(7))) = d(7,(v), Axis(p(7))) = K, for all t € [u,v], d(7,(t), Axis(p(7))) > K
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and d(u,v) = l. Choose £, a geodesic in X with endpoints p(v)* and p(y)~, where p(v)* and p(y)~
are respectively the attracting and repelling fixpoints of the hyperbolic isometry p(7). Using the
lemma 6.1, we conclude that d(7,(u), ) < K+C(9) and d(7,(v), ¢,) < K+C(9), where C(9) is the
constant introduced in the lemma. In addition, since for all ¢ € [u,v], d(7,(t),Axis(p(7))) > K,
we can also conclude from lemma 6.1 that for all t € [u,v], d(7,(t),¢,) > K.

First, let us show that for K and [ large enough, d(7,(u),7,(v)) <e'd(u,v) =€'l :

We denote by d = d(7,(u), 7,(v)) and L = length(7,([u,v])). Then, since 7, is piecewise geodesic
on [u,v], we can apply the proposition 2.11 to obtain, after denoting D(¢d) = max(C'(4),9) :

1. If d<2K +66, then L> (25 5 5 -2)§
2. If d>2K + 60, then there exists an integer n > 2 such that :

L>(n-1)(253-2)5
d<18nd + 2K +2C(6)

On the other hand, we also have that L < C'd(u,v) = C’l. Indeed, this is a consequence of the
('-Lipschitz-continuity 7,. Therefore :
1. If d<2K + 60, we have :

D(8)

(23575 5 -2)§<L<C'l
Cl

50 255575 < 242
d
then d < 20log, (%l + 2) +2D(6) + 106
26log, (S +2) +2D(0) + 106 0

l l—>400

But

so there exists [. > 0 (depending only on C’,0 and ¢) such that :
If [ >1, then d <€l

2. If d>2K + 66, we have :
)
(n-1)(253-2)§<L<C'lsol>(n-1)(2573- 2)5
On the other hand d < 18nd + 2K + 2C'(9),

d  18n6 +2K +2C(0) 184 + 2K+2¢0)
then 7 < - e TR 5
(n-1D2°7-2)5 (1-7)277-2)5

1 1 2K +2
Butn22sol——z—and+—0(5)
n 2 n

2C"180 + K + C'(6)
(5 2%*3_2 K—>+00

<K +C(9),

0.

therefore %l <
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so there exists K. >0 (depending only on C”,§ and ¢) such that if K > K., then d<¢e'l.

Thus we have shown that if K > K. and [ > [., we have in every case d < &'l.

Now, let us show that this implies that w = |u]|™'|v] is an e-quasi-loop.

d(p(w)o,0) = d(p(lul™[v])o,0) = d(p(lu])o, p([v])0) = d(7,(lu]), 7,([v]))
<d(7,(|u)), 7,(u)) + d(7,(u), 7,(v)) + d(7,(v),7,(|v]) by the triangle inequality
<2C" +d because u and |u] are at a distance less than 1 in the Cayley graph
<2C" +£'d(u,v) by what have been previously done
<2C" +€'(d(|ul, [v]) +d(|v],v) —d(|u],u)) because |u],u,|v],v are aligned in this order on L.,
<2C" + 1+ €' jw.

Let us further assume that [ > 22 + 1. Then in particular [w| = d(|u],|v]) = d(|u],u) + d(u,v) -
d(lv],v) 21-1> 25 Therefore :

d(p(w)o, 0) < 2¢'jw| = efw

Thus, after possibly changing [. to max(l., % + 1), we have shown that if [ > [, and K > K_,
then w is an e-quasi-loop.

6.6 Induction step

Let n e Nand 0 <¢ <r(n). Recall that the notations w;(7,) and w}(~,) have been defined in the
definition 4.1, and refer to some specific subwords of (a cyclic permutation of) 4, corresponding to
a truncation of the continued fraction expansion of the slope of 7,. The integers [;(7,) = [w;(7,)|
and I/(7,) = |w!(7yn)| refer to their lengths and r(n) is the depth of the continued fraction expansion
of the slope 7,. In order to reduce the amount of notations, we write more simply w;(n), w.(n)
and [;(n),li(n).

Let w;(n) be a cyclic permutation of w;(n) and w](n) a cyclic permutation of w!(n) adapted to
w;(n). Recall that, by the lemma 4.5, there exists a cyclic permutation of 7, that can be written
on the alphabet {w;(n),w!(n)}. Thus, a subword u of 7,, can be written in the following way :

u = pw'--wls

with :
e heN
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e p is a suffix of either w;(n) or w!(n)
e s is a prefix of either w;(n) or wi(n)

e Forall 1<k<b, whe {wl?n),w;?n)}

Recall that the constants C' and C" have been chosen at the beginning of the proof of Proposition
6.3 and satisty :

1
Vv e P(F2), 5“7” <U(p(7)), VueFy, d(p(u)o,0) <C'ul and  CC'>1.

In the following lemma, we find an e-quasi-loop in a cyclic permutation of w;(n) which occupy at
least half of its length. We also ask that the remainder of the cyclic permutation of w;(n) which
is not in the quasi-loop is sufficiently large (to be able later on to continue the process of finding
quasi-loop inside) and that the length of w;(n) is not too big (to be able to control the number of
w;(n) we can find).

1 2
Lemma 6.15. Let 0<e < — and a > 6. Fixr0:4+—€,. Let r>ry.

There exists a constant R > 0 and two integers ng € N,i € N such that, for all integer n > ng the
following properties are satisfied :

1. 1<i<r(n)

2. li,l(n) >2r

o=

4. There exists a cyclic permutation of w;(n), denoted by w;(n) such that w;(n) = vive, with vy
and vy two elements of Fy satisfying the following properties :

(a) vy is an e-quasi-loop
(b) [v1] 2 Jva]

(¢) lvo| 27

Proof. First of all, let’s consider two sequences (K, )ney and (I, )nen as in the lemma 6.13. Then

K, — o0, [, - oo and for all n € N, =, has a K,-excursion of length [,,. Now, let’s introduce the

constants K¢ and [¢ given by the lemma 6.14 for 5. In order to simplify the notation, we still

denote by K. and [. these two constants. Then, there exists and integer n; € N such that for all
!

integers n > ny, we have [, > [, and K,, > K.. Now, let r’ = . Then, because CC" > 1, we have
c
Ol
=+ L >0Cr>r. Let I(r',e) =max (r'+1,2[.). Since r(n) - oo by the lemma 6.5, we deduce
ol g

L_¢
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the existence of an integer ny € N such that for all integers n > ny, we have r(n) > (r',¢). Let us
consider 7 the smallest integer such that ¢ > [(r/,¢). Then for all n > ns, we have [(1',e) <i <r(n)
(because r(n) is an integer). Since [, — oo, we can find n3 € N such that for all n > n3, we have
L; <1, (recall that L; is a constant introduced in 6.2 which satisfies [;(n) < L; for all n € N). Then,
set ng = max(ny, ng,n3) and let’s summarise the inequalities that are true for all integers n > nj :

ln>1le, K2 Koy r(n) 2r'+ 1, r(n) 221, 1, > L; and I(r',¢) <i<r(n).

Finally, we set R = aL;.

Now that all these constants have been introduced, we show that this choice of ng,i and R
satisfies the property requested in the lemma. Let n > ng. We can easily check the first three
properties :

1.
r(n)>i>1(r',e) >r'+1 because I(1',e) = max (r',2]. - 1)

>r+12>ry because r is chosen larger than rg

> 4 because rg =4+ %,
hence we have 1 <7 <r(n).
2.
l;-1(n) >i—1 by the inequalities of 6.2
>r as already seen above
3.

l;(n) < L; by the inequalities of 6.2

R
= — by definition of R
!
Now let us show the fourth property.

The element v, has a K,-excursion of length I,. But l;(n) < L; < I,, so we can use lemma

6.11 with a = l"(zn) to show the existence of a K/-sub-excursion of length I/ € [a,2a(. Denote it by
l;

[uw',v']. Then we have d(u',v") =1},, K! > K, and (2n) <l <li(n).

Then, since K,, > K., we deduce K] > K.. In addition :

l; )
() > 3 by the inequalities of 6.2

l;, >

" 2
I(r' €)
2
21,
2
=1..

\)

v

because i > (17, €)

> by definition of I(r’, ¢)
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We apply Lemma 6.14 to [u/,v'] in order to show that the subword v := |u/|™*|v’] of (a cyclic
permutation of) «, is an §-quasi-loop. Let us now look at the length of v;.

We have  [on] = d([v/], [']) = d([w'], u) + d(u',0") = d([v"], ")
Hence I—-1<|n|<ll +1,

SO @—1<|v1|<li(n)+1.

Then @ - % <|vi| < li(n)

Note that, after possibly deleting the last letter of v; or adding a letter at the end of vy, we can
in fact assume that the resulting word, which we denote by v; again, satisfies @ <v <li(n)-1.

Indeed :

o If |vy| = l;(n), write vy = v}s, with |s| = 1. Then |v]| = l;(n) — 1, and we also have |v]| > lig"),
because [;(n) > 2 (since i > 1).

o If [uy] < @, write v = vy 8, with |s| = 1. Then |v]| = |v1|+1 < @Jrl <li(n),so|v|+1 < l;(n)-1,
and @S@%—%thl.

Lemma 6.16. Let € >0. Let w € Fy be an e-quasi-loop of length |w| > %’ Then, after deleting the
last letter of w or adding a letter at the end of w, the resulting word is an 2¢-quasi-loop.

Proof. o If w' = ws, with |s| =1, |w!| = |w|+1 :
A(p(w)0,0) = d(p(ws)0,0) < d(p(ws)o, p(w)0) + d(p(w)o,0)
<d(p(s)o,o) +elw| because w is an e-quasi-loop
<C'+elw| since |s] =1
< 2¢efw| because C” < e|w|

o If w=w's, with |s] =1, |w'| = |w| -1 :

A(p(w")0,0) < d{p(u’)o, p(u'$)0) + d(p(u'$)o,0)
<d(p(s)o,0) +d(p(w)o,0)
<C'+elw because w is an e-quasi-loop and |s| = 1

< 2¢efw| because C' < e|w|

]

Thus by lemma 6.16, v; is an e-quasi-loop.

Since |v1| < I;(n) = 1 < |y,], there exists a subword v3 of (a cyclic permutation of) ~, of length
l;(n) that can be written vz = v1ve, with 1 < |vs| < |vs| = [;(n). Since vs is of length I;(n), we can
again use the Proposition 4.6 to ensure that after possibly changing the last letter of vz, that is
the last letter of vy (because vy is non empty), vz is in fact a cyclic permutation of w;(n). Then,
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noting again vz and vy after this potential change of letter, there exists a cyclic permutation of

w;(n), which we denote w;(n), such that w;(n) = vive. Recall that we have already shown that v,

. . li .
is an e-quasi-loop, and because |v1| > (Qn), we have |v1]| > |vg|. So we still have to show that |vg| > 7

to finish the proof of the fourth point. We proceed as follows :

I}

1 )
El,(n) <d(p(w;(n))o,o0) by the Bowditch hypothesis, because w;(n) is primitive

<d(p(v1v2)0,0) since wl?n) = V109

< d(p(vive)o, p(v1)o) + d(p(v1)o,0) by the triangle inequality
=d(p(v2)o,0) +d(p(v1)o,0) because p(vy) is an isometry

< C'ug| + vy since v; is an e-quasi-loop

< C'vg| + €li(n) because |v1| < 1;(n).

Therefore |vs| > %(% —e)li(n) > %(% —e)r'! because [;(n) > 1,
11 c’

> 5(— —e)T—r =", which finishes the proof that |vg| > r

O 5—5

O
The following lemma aims, when given a sufficiently large subword of some 7,, to write it as
a concatenation of subwords being either e-quasi-loops or sufficiently large "remainders', and such

that the proportion of the word in an e-quasi-loop is at least ¢, where ¢ is a constant between 0
and }l, fixed in advance. It will be used recursively in the next lemma.

1 1 2
Lemma 6.17. Let0<e<—= and0<c<~. Fizrg=4+ 561 and let r > ry. There exists a constant

R >0 and an integer ng € N, such that, given any integer n > ng and any subword u of v, such that
|u| > R, then there exists a positive integer q € N*, a subset QL c {1,---, ¢} and q words uy, -, u, € Fy
such that :

1. u=wupu,
2. For all ke QL, uy is an e-quasi-loop

3. > |uw < (1 =¢)y|

keQL

4. Forallk ¢ QL, |ug|>r

Proof. Let b= ?iﬁ. Then ¢ = ﬁ and for all b’ > b, we have zlbl;’;+28 > ¢. In addition, since 0 < ¢ < %,
we have b> 2. Let a =20+ 4, we have a > 8.
Now let us introduce the constants R > 0, ¢ and ngy given by the lemma 6.15. Let n > ny be an

integer and u a subword of =, such that |u| > R. Then, the lemma 6.15 states that 1 < < r(n),
liii(n) >r, li(n) < %', and there exists a cyclic permutation of w;(n), denoted by w;(n), that

decomposes into the form w;(n) = vyve, with v; an e-quasi-loop and |vy| > |vo| > 7. Let wi(n) be a
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cyclic permutation of w!(n) adapted to w;(n) (see the lemma 4.5).

Then we can write a decomposition of v under the form :
u = pwl.wb,s
with :

e beN

e p a suffix of wl?n) or w;?n)

Y

e s a prefix of wz?n) or wi(n)

e Forall 1 <k <V, wye {wi?n)a wz'?”)}

The lemma 6.15 ensures that [;(n) < % Therefore we can use the lemma 4.7 to conclude that
b > %% =b> 2. Namely there is at least three central blocs in the decomposition (V' is an integer).
Denote p’ = pw, and s’ = wys. We have :

[P'] 2 |ws| because [p'[ = [p| + [uw]
> 1;(n) since l[(n) > 1;(n)
> 1;_1(n) because the sequence (l;(n)); is increasing

>r as provided by the lemma 6.15.

We also obtain [s'| > [;(n) > .
Therefore the word u can be written : u = p’wq---wy_15".

Moreover, by the lemma 4.5, wj(n)(n) is either a prefix or a suffix of wj, \(n) so there exists a

word w such that w](n) = ww;(n) or wi(n) = w;(n)w. In addition, wz(n)(n) = U109, SO Wi(N) = WV,

or w’(n) = vivgw. Then, for all k € {2, b — 1}, wy, € {wz(n) ’(n)} S0 wy, is a concatenation of
w,v; and vy. In addition, v; is an e-quasi-loop (as provided by the lemma 6.15), and we have :

|w| =1li(n) - l;(n) because |w;?n)| = |w| + |wl?n)|
=1;.1(n) because l(n) = l;(n) + l;_1(n)
>r by the lemma 6.15 ,
on the other hand, |vg| > 7 still by lemma 6.15.

Since we have previously shown that [p/| > r,|s/| > r, we can indeed write a decomposition of u
into the form u = uy---u, (with u; = p’ and u, = ') such that there exists a subset QL c {1,---, ¢},
such that for all k € QL,uy is an e-quasi-loop and for all k ¢ QL, |ug| > r. Moreover, #QL =V’ -
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since each bloc ws, -+, wy_1 contains the e-quasi-loop v; exactly once. It remains to show that
Yreor lur|l < (1 -c)|ul. In order to do so, let us find a lower bound on the total length of the
e-quasi-loops :

Z lug| = (b = 2)|v] since the quasi-loop v; appears exactly b’ — 2 times in our decomposition,

keQL
li(n)
2

> (b'-2)

because |vq| > |vo| by the lemma 6.15

But [u] = [p| + ) |wg| +|s] because u = pw;---wy s

< |p| + 0" max{li(n),l;(n)} +|s| because wy, € {w;(\n),w[(\n)}

< (0 +2)max{li(n),l;(n)} since p (resp. s) is a suffix (resp. prefix) of wl?n) or w;(n)
< (b +2)li(n) because [;(n) < li(n)
<2(0 +2)l;(n) because [;(n) < 2l;(n)

2
Therefore u > [ n) >
b-
2 10+ 2) |ul because we have shown at the beginning of the proof that b’ > b

= c|u by definition of b.

The last inequality can we rewritten as follows : Y |ug| < (1-¢)]ul, which completes the proof. [
keQL

6.7 Final contradiction and conclusion

Now, we are able to find a primitive element v (from the sequence (7, )nen) Which contains a
very large proportion of quasi—loops.

Lemma 6.18. Let 0<e < & and 1 - & (& -¢) < A< 1. There exists a (cyclically reduced) primitive
element v such that ~ contams e-quasi-loops that occupy at least a proportion A of .

Proof. Let 0 <c< }l and rog =4+ % Precisely, we will show the following property by recursion on
keN:

For any integer k € N, for any real r > ry, there exists an integer ng € N, such that for all n > ny,
there exists an integer ¢ € N*, a subset QL c {1,---, ¢}, and some elements uy, -, u, € Fy satisfying
the following properties :
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1oy = ugyy
2. For all 1 € QL, u; is an e-quasi-loop

3. D luil < (1= ¢)* |l

QL

4. For i ¢ QL, |u;| > r

e For k =0, it’s trivial, it is sufficient to choose n large enough so that |y,| >r, ¢=1,QL =@
and thus the properties are satisfied.

e Suppose that this is true for some k. Let r > rq. Let us introduce the constants R > 0 and ng €
N given by the lemma 6.17. Now, let us apply the recursion hypothesis to r; = max(R, 7).
Then, there exists an integer n; € N such that for all n > nq, there exists g e N*, QL c {1,---,¢}
and uy, -+, ug such that v, = u1---u, for all i € QL, u; is an e-quasi-loop, Yoz, [ts] < (1-¢)*|7|
and for all ¢ ¢ QL,|u;| > > R. This is still true for all integers n > max(ng,n;). Then,
since for all ¢ ¢ QL, w; is a subword of ~,, with n > ng, and |u;| > R, we can apply the
lemma 6.17 to each u; ¢ QL. That is, for all ¢ ¢ QL, there exists an integer ¢; € N*, a subset
QL; c {1,---¢;}, and ¢; elements w;1,---,u; 4 € Fo such that : w; = u;1--u; g, for all j e QL;,
u; 5 is an e-quasi-loop, Y0, < (1 -c)|u;| and for all j ¢ QL;, |u;j| > 7. Then we have :

L.
: u; if ieQL
= E{ UinUig, f1¢QL
(here the product denotes the concatenation)

2. For all i € QL,u; is an e-quasi-loop and for all i ¢ QL, for all j € QL;, u;; is an
e-quasi-loop.

3. We have
Yoo fuigls Y (=)l = (1-¢) Y Jugd < (1=e)(1 =)yl = (1 =€) nl.
QL j¢QL; itQL i¢QL

4. For all i ¢ QL, for all j ¢ QL;, |u; ;| >

which completes the proof of the recursion.

Thus, since 0 <1 -c¢ <1 and 0 < A < 1, there exists an integer k& such that (1 -c¢)* <1- X (simply

choose k = [11?1((11:‘)) 1), which completes the proof of the lemma. O

Recall that the constants C' and C” satisfy : for all primitive elements v, &|v| <1(p(7)) < C'hyl.
Then, in particular CC" > 1. Let 0 < < é Therefore

11
_(__€)<55S1 SO 0<1—5(5—5)<1.
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Lemma 6.19. Let 0<e < & and 1 - & (& —¢) <A< 1. Let v be a primitive element of Fy which
contains e-quasi-loops which occupy at least a proportion A of v. Then

A(p(1)0,0) < Shl

Proof. Since we can find e-quasi-loops in v which occupy at least a proportion A of 7, there exists
peN,Ic {1, p} and some elements uy, -, u, such that we can write v in the following way :
v =Up--up, andVi € I, u; is an e-quasi-loop and Y ;s [us| > Aly|. Then we have :

> luil=hl= Yl <= Ayl = (1= (6.2)

ie{1mp I il

Thus :

P
d(p(v)o,0) <" d(p(u;)o,0) by the triangle inequality
i=1

- Yd(p(u)o,0)+ Y d(p(ui)o,)

iel ie{1,,pi\I
<Slelugl+ > d(p(us)o,0) because Vi€ I,u; is an e-quasi-loop
el ie{1,-p\I
<edlwl+ > C'luy| because Yu € Fy,d(p(u)o,0) < C'lul
1€l 1e{1,--,p\I
<ep|+C" Y il
i6{1,~-',p}\1

<elyl+C'(1 = N)|y| by the inequality (6.2)

1
<ely|+ (5 —¢)|y| by the hypothesis on A

—1||
o
0

This finishes the proof of proposition 6.3. Indeed :
Let O0<e< % and 1 - %(% —g) <A< 1. The lemma 6.18 gives the existence of a primitive element
~ and some e-quasi-loops in v which occupy at least a proportion A of v and then the lemma 6.19
ensures that d(p(y)o,0) < 5|y|. But since 7 is primitive (and cyclically reduced), the Bowditch
hypothesis (combined with Lemma 5.2) states that &|v| < d(p(7)o,0), which is a contradiction. [



Chapter 7

From uniform tubular neighborhoods
and Bowditch’s hypothesis for [y to
primitive-stability

This section is dedicated to finish the proof of theorem 1.2, that is that a Bowditch representa-
tion is primitive-stable. Pick once and for all a Bowditch representation p, with constants (C, D).
In the section 6, we prove the existence of a constant K > 0 such that for all primitive elements
7 € Fy, we have the inclusion 7,(L,) ¢ Nk (Axis(p(7))). (Recall that L. denotes the geodesic gen-
erated by =y in the Cayley graph of Fy and Axis(p(7y)) the axis of the hyperbolic isometry p(7v).)
For every v in P(F3), pick £, some geodesic joining the two attracting and repelling point of p(7y),
p(y)* and p(y)~. Then ¢, c Axis(p(7y)) and by Lemma 6.1, there exists a constant C'(d) such
that Nk (Axis(p(77))) € Nkic(s)(£y). Then, noting K5 = K +C(9), we obtain that for all primitive
elements v € Fy, we have 7,(L,) ¢ Nk, (¢,).

Let p, be some projection of the basepoint o on ¢,. For a point p on the geodesic /., we define
the real H,(p) = +d(p,p,). The sign plus or minus is determined according to which side of p, the
point p is located on. Thus H, is an isometry between ¢, and R sending p, to 0.

We begin by the following lemma :

Lemma 7.1. Let v be a primitive element in Fy and pick an integer 0 < i < r(v). Let g,9
and g" be three points on L., aligned in this order, such that d(g,g") = d(g',9") = l;(vy) (hence
d(g,g") = 2l;(y)). Denote x = p(g)o,z’ = p(g")o,x" = p(g")o and choose p,p" and p" respectively
projections of x,x’" and x" on the geodesic £.,.

Suppose that 1;(y) > C(4C" + 240 + 2K+ D), then p,p" and p" are aligned in this order on £.,.

Proof. We prove this lemma by contraposition. Suppose that the points are aligned in one of the
two following orders : p,p”,p’ or p”,p,p’. Then the reals H.,(p") - H,(p) and H,(p")-H,(p") are of
opposite signs. Without loss of generality, suppose that H,(p) < H,(p’) and H,(p") > H,(p"). Now
consider all the integer points on the segment [g,¢"] : g0 = 9,91, Gi(v) = 9" Gis(y)+1> > Gots(+) = 9"
For 0 < j <2l;(7y), denote z; = p(g;)o and choose p; a projection of z; on £, (choose py = p, pi,(+) = P’
and pay,(y) = p""). Therefore, because of our hypothesis on p, p’ and p”, there exists 0 < j <;(y) -1

81
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such that, H(p;) < H(pjs,(y)) and H(pji1) > H(pjii,()+1)- Hence :

d(pj, Pjsii()) = H(Pjs1vy) — H(py) because H(p;) < H(pji1;(+))
= H(pjr1,)) = H(pjsti(y1) + H(pjatiye1) = H(pjar) + H(pjir) = H(p;)
<|H(pjstiv)) = Hpjsry+) + [H(pja) = H(pj)| because H(pjii;(v)+1) = H(pjs1) <0
= d(Pj1,+)> Pyt +1) + A(Pjs1, 05)
< d(p(Gj+15(+)) 05 P(Gj+1:(1)+1)0) + 120 + d(p(gja1)0, p(gj)0) + 126 by Lemma 2.5
<2C" + 246 because d( g1, (1), Gj+ii()+1) = A(gj, gje1) = 1.

But since d(g;, gj+1,¢+)) = li(7), we have, by the Bowditch hypothesis and the Proposition 4.6, the
inequality :

1 A
511»(7) - D <d(p(g;)0, p(gj+1:(y))0) +2C

Now recall that we have proven that 7,(L,) remains in the Kjs-neighborhood of ¢,, then we have

d(p(95)0, p(gjii(1))0) < d(pj Dji(y) + 2Ks.
Thus, we can bound [;(7) :
Li(y) <C(2C" + 245 + 2K5+2C" + D)
and this finishes the proof. O

We are now ready to prove that p is primitive-stable. By contradiction, suppose that it is not.

Then for all n € N, we can find a cyclically reduced primitive element =, and two points g, and
h,, on L., such that d(p(gn)o, p(hy)0) < 2d(gn, hn) - 1. Let , = p(gn)o and y,, = p(h,)o. We have
that d(gn, hn) > n.
We can make the assumption that the elements v, are pairwise distinct. Indeed, if the sequence
(7n),, only takes finitely many values, then, up to subsequence, we can suppose that v, = v for
some primitive element v. But p(7) is an hyperbolic isometry so there exist two constants C.,
and D., (depending on v !) such that 7,(L,) is a (C,, D, )-quasi-geodesic. Then, since g, and h,
belong to L., we have :

1 1
Fd(gna hn) - D’y < d(p(gn)0>p(hn)0) < _d(gTh hn) -1

. n

1 D, 1 1
SO — < -
Cy d(gn ha) ~ o d(gn, hn)
then, taking the limit when n - co, — <0, which is absurd.
gl

Thus we can suppose that the elements =, are pairwise distinct and therefore |y,| - co. Denote
by [N1(7n), s Nr(,)(7n)] the continued fraction expansion of 7,. As in the proof of the previous
section (6), we can prove the following lemma.



7.0. TOWARDS PRIMITIVE-STABILITY 83

Lemma 7.2. For all © € N*, there exists a constant C; > 0 such that for all n € N*, whenever
Ni(vn) is well defined (that is r(7y,) > i), we have Ni(7y,) < C;. Moreover, up to subsequence,

r(Yn) = 0.

Proof. See proof of Lemma 6.5. n

Now fix an increasing map ¢ : N* — R* satisfying 1 <1(n) < n, Vn € N*; ¢y(n) — +o0 and
(n) =o(n) (for example, take ¥(n) =/n).
We set X, :={0<i<r(v) : Li(m) <¥(n)}. For n>1, X, is non-empty because we always have
0 € X,,. Thus the integer I,, = max X, is well-defined.

Lemma 7.3. Up to subsequence, I, —> +00. Moreover, 1, 2 +oo.

Proof. 1f the sequence (I,), was to be bounded, let us fix I an integer such that Iy < I for all
n € N*. By the lemma 7.2, r(v,) —> +00 then for n sufficiently large, r(7,) > I + 1.

Therefore, using again lemma 7.2 and up to passing to subsequence, we can assume that there
exists Ny,---, Ny some positive integers such that for all 1 < j <1, N;(v,) = N;. As a consequence,
the sequence (I7(7n))nen+ is constant, and we denote I; = I;(7,). Therefore we have for all n €

N* Iy <p(n) <li1(n), 80 lr1(yn) — +oo. But

lrii(n) = (Nper () = DI+ 17 < (N () + 1)1

so we deduce that Nj,q(v,) — +o0, contradicting the lemma 7.2.

The fact that [;, — oo is now immediate knowing that [;, > I, + 1 (see the inequalities of remark
4.4). O

Now consider the segment [g,, h,] in L, and let us cut it out in subsegments of length I,
except maybe the last segment that must be of length smaller that [; . Precisely, consider the
Euclidean division of the integer d(gy,hy) by l1, : d(gn, hn) = quls, + 75, with 0 <7, <l; , and set
9o.n = Gns Gims s Ggn.n POINES o0 Lo, such that d(gen, Grs1.n) = U1, A(Ggp.m, Bn) = Tn <1g,,. Moreover,
since I;, < (n) <Y(d(gn, hy)) < d(gn, hn), we conclude that g, > 1. Now consider zy,, = p(gkn)o0
for 0 < k < g, the corresponding point in X and finally py, = p(xy,) its projection on £, , a
geodesic joining the attracting and repelling points of p(7,). On one hand, we have the following
inequalities :

A(To.ns T n) < A(T00, Yn) + A(Yns Tgpm) by the triangle inequality
<d(@n, Yn) + d(p(hin)o, p(Ggn.n)0) by the definitions of %, %4, n

1
< —d(gn, hn) =1+ d(p(hy)0, p(Gg,.n)0) by hypothesis on the points g, and h,,
n

—_

< —d(gn, hn) =1+ C'd(ggms hn) because 7, is C’-Lipschitz-continuous

—3

< —d(gn,hn)-1+C"ly, since d(gq, n, hn) =70 <.

N
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On the other hand, since z¢,, and x4, , belong to N, (¢,, ), we have that :

d(po,napqn,n) < d(xl],na an,n) + 2K6

and by Lemma 7.1, po ., p1,n; ", Pgn,n are aligned in this order on [, , hence

dn
d(po,napqn,n) = Z d(pk—l,napkm,)
k=1

Combining Proposition 4.6 and the Bowditch hypothesis :

d
= d(x’i—l,’rh wi,n) + 20,, Vl < 7, < an
< d(pi—l,n7pi,n) + 2K6 + 20,, V1< < qn

Therefore, by summing :

an

Qn
C lIn - DQn < Z d(pi—l,napi,n) + Qn(2K5 + 20,)
=1

n

dn
Clln < Zd(pifl,napi,n) + Qn(D + 2K§ + 20/)
1=1

<d(op, g n) +2Ks+ (D + 2K5 + 2C")
< ld(gn, hpn)=1+C'ly, +2Ks + g, (D + 2K5 + 2C")
n

Dividing by gy, :

! 2K -1
isld(gn,hn)+D+2K5+QC’ +g+ 5 (7.1)
We now verify that the right hand side on this last inequality tends to zero :

e [; — oo by Lemma 7.3.

e We deduce that g,l;, — oo because ¢, > 1.

d(gn7 hn) —Tn d(gna hn) n
o q,= > -1> — 1 — oo because ¥(n) =o(n).
"=, TR ()=o)
. d(gTZ)hn) S (QTL + 1)lfn — 1 + i — 1 because qn — 00.
inln inln an
1
Therefore, taking the limit of the inequality 7.1, we obtain : el < 0 which is absurd. Then the

representation p is primitive-stable.



Part 11

The four-punctured sphere
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Outline of Part 11

The goal of this second part of the thesis is to prove Theorem 1.4. Notice that since we showed
in section 3.1 the inclusion PS(m1(Sp4), X ) c BO(m1(So4), X ), we now need to prove the reverse
inclusion, which is the most difficult one.

In Chapter 8, we will develop the necessary material and some crucial lemmas about the struc-
ture of simple closed curves in m;(Sp4). We will identify the four-punctured sphere with a quotient
of the plane R? minus the lattice Z? in order to see the simple closed curves as quotient of straight
lines with rational slope in R2. In particular, we will obtain a (bijective) correspondence between
rational numbers and equivalence classes of simple closed curves on the four-punctured sphere
(Proposition 8.1). Again we call the rational number associated to a simple closed curve 7 its slope
and its continued fraction expansion [ng,---,n,] will be of particular interest. Hence in section
8.3, we will try to understand the combinatorics of a simple closed curve ~ at different scales,
corresponding to each level ¢ in the continued fraction expansion of the slope of v (that is each
integer 0 <7 <r). In particular, Lemma 8.8 will decompose a simple closed curve =, seen as a word
in m;(Sp4), for each level i as a concatenation of words which will only depend on the integers
ni,---,n;. Then, the rest of this Chapter will be dedicated to the statement and the proof of the
"Magic-lengths" Proposition (8.16), which will be a major tool for our proof of Theorem 1.4. Our
approach will be geometric, and so in section 8.4 we will first need to introduce some generalities
about tilings of R? adapted to a lattice of R?, set up our notations and state a few facts needed
in the following. Then section 8.5 will provide a short reminder about Farey neighbours. After
these preliminaries, we will state the "Magic-lengths" Proposition (8.16) in section 8.6 : take 7y
a simple closed curve and w a subword of v of length ;(y) — 5 (where [;(v) will only depend on
[n1,++,n;]), then we can find a uniformly bounded from bellow proportion of the word + consisting
only of occurrences of the words w and w='. This will highlight the redundancy of subwords of
some special lengths of 4. The proof will start by associating to every simple closed curve v and
every level 1 <i <r of the continued fraction expansion of the slope of v a lattice A of R? (section
8.6.1). This lattice will be particularly useful to understand the word « at the level ¢ : within
this geometric framework we can "read" the word ~ in R? by following an horizontal line and the
subwords of lengths approximately /;(7) will be easier to visualise and to understand (section 8.6.2
and 8.6.3). Finally section 8.6.4 will combine the results on lattices in R? of section 8.4 with our
study of subwords of v of length approximately /;(y) in section 8.6.2 and 8.6.3 to prove Proposition
8.16.

Now the rest of Part II will follow the same paths as in the case of the free group of rank two
(Part I). However, since the combinatorics of simple closed curves on the four-punctured sphere is
different and more complicated than the combinatorics of primitive elements in Fy, the statements
and their proofs have to be adapted. Thus, for completeness of this outline, we would like to
remind the reader of the main steps and ideas of the rest of the proof.

In section 9.1 of Chapter 9, we will study an other uniform quasi-geodesicity setting which will
later appear as a local uniform quasi-geodesicity property of Bowditch representations of m1(Sg.4).
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In section 9.2, we will show two properties on Bowditch representations. The first one will state
that the images of simple elements under a Bowditch representation are always hyperbolic (Lemma
9.2). In particular, denoting L. the axis of v in the Cayley graph of m(Sp 4) and 7, the orbit map of
a Bowditch representation p, we deduce that 7,(L.) is always a quasi-geodesic. The second prop-
erty (Lemma 9.3) will ensure that the hypothesis required by Proposition 9.1 on the isometries
of the proposition is satisfied when the isometries comes from a Bowditch representation of w1 (Sg 4).

Finally Chapters 10 and 11 will be dedicated to proving that a Bowditch representation of
m1(Sp.4) is simple-stable. In Chapter 10, we will first prove a slightly weaker statement (Propo-
sition 10.1), which will be the main step for proving Theorem 1.4. It states that the images of
the simple leaves L. by the orbit map stay in a uniformly bounded neighborhood of the axes of
the simple elements . At last, Chapter 11 will conclude the proof by showing that a Bowditch
representation of m(Sp4) satisfying the conclusion of Proposition 10.1 is simple-stable.

Let us now detail the strategy of the proof of Proposition 10.1. We fix a Bowditch representa-
tion p of m1(Sp4) and we want to show that the image of the orbit map restricted to simple leaves is
contained in a uniform tubular neighborhood of the axes of the images of the simple elements. We
proceed by contradiction and to this purpose we introduce a sequence (7, )ney of simple elements in
71 (So0,4) such that the image of the orbit map on the simple leave L., becomes further and further
away from the axis of p(7,) as n increases. We will now study the continued fraction expansion of
the slope of 7,, which we denote by [N7, -, N;L(n)]. The uniform quasi-geodesicity setting studied
in Proposition 9.1 of Chapter 9, together with Lemma 9.3 and our hypothesis on (7, )nen, will
enable us to deduce the behavior of the continued fraction expansion : the sequences (N*),, must
be bounded for all i, and, as a consequence, the depth r(n) of the continued fraction expansion
will tend to infinity (Lemma 10.2). In particular, for all i, we will obtain a uniform control on the
lengths [;(v,,) previously defined in Chapter 8. We will next introduce the notion of a K-excursion
of the orbit map (section 10.3) and show that we can extract from the sequence (7, )nen a sequence
of K,-excursions as large as we want (K, - o0) in Lemma 10.4. We will also define the notion of
an e-quasi-loop, and exactly as in the context of Iy, large excursions will correspond to quasi-loop
(Lemma 10.5). As a consequence, we will find a quasi-loop in each =, (for large n). But we will
be more precise and, using our Magic-lengths Proposition (8.16) together with the fact that once
found a quasi-loop, we can find many others of smaller lengths "inside", we will find a uniformly
bounded from bellow proportion of the word ~, consisting of disjoint quasi-loops (Lemma 10.6).
We will repeat our argument for the remainders in v, that do not yet consist of disjoint quasi-loops
in order to find an arbitrarily large proportion of the word =, consisting of disjoint quasi-loops
(Lemma 10.7). To formalise this idea we will use a recursive argument in the proof. This mean that
we will find an arbitrarily large proportion of the word ~, which does not displace the basepoint
much, and this will be in contradiction with the Bowditch’s hypothesis.



Chapter 8

Structure of simple closed curves on the
four-punctured sphere

8.1 The four-punctured sphere

Let So4 be a (topological) four-punctured sphere, that is, a sphere with four distinct points
removed.

Figure 8.1: The four punctured-sphere Sp 4

We will use the following model for Sy 4, and see it as the quotient of the plane minus a lattice

in the following way :
Soa = (RENZ2)/{{sn: X € Z*})

where s, is the reflection of the plane across the point A (hence we have the formula sy (u) = 2A-u).
Moreover, it is not hard to check that this model is equivalent to the following one :

8074 ~ (R2 AN Zz)/(QZZ, :I:)

The four punctures on the sphere are given by the four classes of points in Z? given by the action
of 272 on it. They are drawn in black, blue, green and red on figure 8.2. A fundamental domain
is given is figure 8.3a by identifying the edges of the triangle as illustrated in the figure. We will
refer to this triangle in the following as the fundamental triangle.

Finally, we can also see the sphere Sy 4 as a quotient of the square [0,2]%2 \ (Z2n[0,2]?) in R? by

89
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identifying the opposite sides of the square and applying the reflection across the center point of
the square : (1,1) (see figure 8.3b). In this last description, we recover the classical fact that the
four-punctured sphere is the quotient of the torus minus 4 points by the hyper-elliptic involution.

Figure 8.2: The sphere as the quotient of the plane :
8074 s (RZ N\ ZQ)/(2ZQ, :I:)

< Py >
< @ >

(a) A fundamental domain (b) The sphere as the quotient of the square

Figure 8.3: Fundamental triangle and square for S 4

8.2 Simple closed curves on the four-punctured sphere

The fundamental group of the four-punctured sphere is the free group of rank three F3. We fix
once and for all the following free generating set : m(So4) = F3 = (a, b, ¢), with a,b and ¢ the curves
corresponding to three of the four boundary components of Sy 4 as described in the picture 8.4.
Note that with this convention of orientation, the element abc corresponds to the fourth boundary
component (in black in the pictures).
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Figure 8.4: The three generators of m(Sp4) = F3 = (a,b, c).

Denote by A, B and C' the three edges of the fundamental triangle respectively containing the
punctures represented by the homotopy class a,b and ¢. The puncture at the middle of each edge
defines two half-edges. There is a total of six half-edges, on which we fix alternating transverse
orientations (see figure 8.5). These transverse orientations are respected by the gluings. For ev-
ery oriented curve y on Sp4, we can write the corresponding word in the fundamental group (up
to cyclic permutation) by following the curve v and writing the letter a,b or ¢ respectively each
time  crosses the edge A, B or C, with power +1 depending on whether or not the orientation
of v at the intersection point agrees with the transverse orientation on the corresponding half-edge.

Figure 8.5: Reading the word v = cac™'ba in the fundamental triangle

Let us go back to the plane. We say that a point in Z? is of type a, b, ¢ or abe, if its class mod 272
corresponds to the puncture represented respectively by the homotopy class a,b, ¢ or abc (hence a
point is of type a,b,c or abe, if its class mod Z? is respectively (1,0),(0,1),(1,1) or (0,0)). The
points of type a, b, c or abc are exactly the lifts of the puncture represented respectively by a,b,c
or abc. In our pictures, the points of type a are in green, the points of type b in blue, the points of
type ¢ in red and the points of type abc in black. We will keep this convention in all the following.
Now let us denote by L4 the set of horizontal lines in the plane passing through a point of type a,
Lp the set of vertical lines in the plane passing through a point of type b, and L¢ the set of lines



92 CHAPTER 8. STRUCTURE OF SIMPLE CLOSED CURVES

of slope -1 in the plane passing through a point of type ¢ (hence we have L = {{y =2A}| X € Z},
Lp={{z =2\} | AN eZ} and Lc = {{y = —x + 2\} | A € Z}). Then through a point of type a,b or
¢ passes exactly one line in L4 U Lg U L whereas through a point of type abc pass exactly three
lines in Lyu Lgu L¢c : one in Ly, one in Ly and one in Lo. We say that a line [ is of type a,b
or ¢ respectively if [ € La,l € Lg or | € Lo. Two different lines of the same type never intersect
whereas two lines of two different types always intersect in a point of Z? of type abc. Moreover,
each line in L4, L and L¢ is a union of segments (of the same lengths) with endpoints in Z?2 and
with no point of Z? in the interior of the segments. The two endpoints of each segment are of two
different types (one endpoint is of type ¢ € {a,b,c}, where t is the type of the line, and the other
endpoint is of type abc). Those segments correspond exactly to a half-edge in the fundamental
triangle. Therefore, on each segment, we can put a transverse orientation which is just the lift of
the orientation on the corresponding half-edge in the fundamental triangle.

Now we can play in the plane the same game as in the fundamental triangle and write, for a curve
7 in S 4, the corresponding word in the fundamental group by following a lift 7 of v in R2\Z? and
record a, b or ¢ each time 7 crosses a line in L, Lg or Lo and put a sign £1 depending on whether
or not the orientation of ¥ at the intersection point coincides with the transverse orientation on
the segment.

P &

Figure 8.6: Reading the curve v = cac™'ba in the plane using the three sets of parallel lines Ly, Lg
and Lo

In the fundamental triangle, curves on Sy 4 look like arcs joining the three edges A, B and C of
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the triangle. Notice that since the two half-edges of an edge are identified by a reflection, if an arc
has an endpoint in one half-edge, this forces another arc to have one of its endpoints in the other
half-edge of the same edge, and those two endpoints must be reflected from each other across the
midpoint of the edge. An arc can possibly join the same edge, but in this case it joins two different
halves of the same edge, otherwise this arc would be trivial and could be removed by a homotopy
of the curve (corresponding to a cancellation such as aa™! in 7).

Recall that, as defined in the introduction, we say that a closed curve v on Sy 4 is simple if
there exists a representative of v in its homotopy class which has no self-intersection and which
does not bound a disk or a once-punctured disk, and we denote by S(Sp4) the set of free homotopy
classes of (unoriented) simple closed curves on Sy 4. With a slight abuse of notation, we will write
v €S5(Sp,4) to refer to a (cyclically reduced) word v in the fundamental group 71 (Sp 4) representing
a simple closed curve in §(Sp4), thus identifying curves on the surface Sy 4 and representatives in
the fundamental group.

First notice that every line with rational slope in the plane (which avoids Z?2) gives a simple
closed curve in the quotient. The converse is also true and is the main purpose of the following
classical result :

Proposition 8.1. Let v be a simple closed curve on So4. Then, after homotopy, v can be lifted
to a line of rational slope in the plane.
Therefore, there exists a well defined map Slope : §(Sp4) = QU oo, which is a bijection.

Proof. Fix ~y a simple closed curve on Sg 4. Let us look at «y as a collection of arcs in the fundamental
triangle. This collection of arcs does not intersect, because the curve is assumed to be simple. By
a slight abuse of notation, also denote by ~+ the corresponding cyclically reduced word in the
fundamental group. We are going to prove the following facts :

e Fact 1 : Every letter in v is isolated.

It suffices to show that if a word contains the pattern ...s?..., with s € {a,a 0,07}, ¢,c71},
then the corresponding curve contains self-intersection. It is easy to see that the presence of
s2 in the word forces the existence of an arc 5 from an edge e of the fundamental triangle to
itself, starting and ending in two different half-edges of e. Suppose ( is an innermost such
arc. Then another arc (the next one or the previous one when following the curve) has an
endpoint on e, in between the two endpoints of 5. But since this new arc is not innermost,
it has to "escape" the region bordered by [ ue. This would create self-intersection.

e Fact 2 : There is an edge of the fundamental triangle such that every arc has an endpoint
on it.
We deduce from the previous fact that there is no arc joining an edge to itself. Note that
the only case which is not covered by the previous fact is when 7 has a single arc from an
edge to itself, but in this case, this would mean that ~ is in fact a,b or ¢, hence a boundary
curve, which is not possible because 7 is a simple curve (and then it is supposed to be non-
peripheral). In other words, all the arcs join different edges. Suppose that any two distinct
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‘ S‘S
(&

Figure 8.7: The pattern ---s2--- forces intersection. (Here e = A, s = a).

edges are joined by at least an arc. Under this assumption, consider for every pair of distinct
edges of the fundamental triangle the innermost arc joining those two edges, that is, the arc
whose two endpoints are the closest to the intersection point between the two edges (which
is the puncture abc). Then these three arcs combine together to form the boundary curve
abc. We now deduce of this observation that these three arcs form a connected component of
~, which is taken simple (hence connected), so there is no other arc in «. Therefore v = abc
(up to cyclic permutation and inversion) which is not possible because «y is supposed to be
non-peripheral and abc is a boundary curve.

a
Figure 8.8: The three arcs in black together form the boundary component abe.

Fact 3 : The curve v is uniquely determined by its intersection numbers with the three edges
A, B and C.

Denote by n4,np and ne the numbers of intersection between the curve + and the three
edges A, B and C. First notice that since the two half-edges of an edge are identified, the
three integers n4,np and ne must be even. Then, remark that these numbers are also the
number of arcs having an endpoint on A, B and C. By fact 2, we know that there exists an
edge such that every arc has an endpoint on it. Hence we deduce that either ng =n4 +np,
or ng = nyg+nc or ny = ng +ng. Without loss of generality, let us now suppose that
nc = na +np. In this case, every intersection point on C' must be linked by an arc to an
intersection point on Au B. There is only one way of pairing intersection points on C and
on Au B without creating self-intersection, and this determines the curve ~.

Fact 4 : After homotopy, the curve v can be lifted to a simple closed curve on the torus
R2/272.
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Case ng =ny4 +npg with :

ng=4
C TLB=2
B¢ nc =6

A
Figure 8.9: Pairing the endpoints on the edge C' with the endpoints on the edge Au B.

Suppose that we are in the case where ng = ny +np (exchange the role of A, B and C for the
other cases). Now consider the triangle obtained as a reflection of the fundamental triangle
across the center point of the edge C'. The union of the two triangles forms a square with the
opposite sides identified, thus a torus. Let us justify that any lift of the curve v in the torus is
a simple closed curve on the torus. Choose a basepoint z on the curve 7, then it has two lifts
on the torus, one in each triangle, and let us choose one, T. Notice that by following the curve
~v from z, its lift 7 from T changes triangle each time v meets an edge of the fundamental
triangle. This happens exactly % + %2 + =Z times, and since % + 22 + %2 = ne is even, this
means that the endpoint of 7 hes in the same triangle as 7, therefore is 1‘ Thus the lift 7 is
a closed curve, and it is simple because 7y is. Finally, the intersection numbers between the
lift 7 of the curve « and the sides of the square are given by the numbers %}, %2, Therefore,
A

% and =2 are relatively prime and v can be lifted to a line of slope Z— in the plane This

allows us to define the map Slope from §(Sg4) to QU oo, such that Slope(y)

A _q A _ o

A A
Figure 8.10: The two lifts (in black) of the curve v (in black and grey) in the torus.

[]

Remark 8.2. The proof of the previous proposition allows us to have a better understanding of
simple closed curves in Sy 4. We deduce the following :

Let v € 8(Sp4). Then, if v is cyclically reduced, one out of two letters in ~y is, up to inversion,
always the same.
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e If this letter is ¢, then Slope(y) € [0, 00]. Moreover, consider the map ¢ from F3 to Fy such
that ¢(c) = ¢(c™) = 1,¢(a) = p(a™!) = a, p(b) = p(b7") = b and @(u) = p(s1)--¢(sp), where
u = s1++5p, with s; € {a,a™1,b,b71,¢,ct}, is cyclically reduced. Then ¢(v) is a primitive
element of Fy and its slope as an element in Fy is the same as the slope of v : Slope(y) =
Slope(¢(7))-

e If this letter is a, then Slope(7y) € [-o0,—1]. Moreover, consider the map ¢ from Fs to Fy
such that (c) = p(c) = 1,p(a) = () = a1, p(b) = p(b1) = b and @(u) = (s1)-0(s,),
where u = s1---5,, with s; € {a,a™1,b,b71, ¢,c71}, is cyclically reduced. Then ¢(7) is a primitive
element of Fy and its slope as an element in Fy is the same as the slope of v : Slope(7) =
Slope(¢(7))-

e If this letter is b, then Slope(y) € [-1,0]. Moreover, consider the map ¢ from F3 to Fy
such that ¢(c) = p(ct) = 1,0(a) = p(a™t) = a™t, p(b) = p(b7!) = b, where u = s1---5,,, with
si€{a,at,b,b71 ¢, c71}, is cyclically reduced. Then ¢(7) is a primitive element of [Fy and its
slope as an element in Fy is the same as the slope of v : Slope(7) = Slope(¢(7)).

Remark 8.3. Notice that the map Slope depends on the choice of a basis {a,b,c} for m1(Sp4) = Fs.
The choice of another basis leads to another map Slope. However, we can link the slope map of
two different bases. Denote Slope, ;. the slope map in the basis {a,b, c}.
Let v € 8(Sp4) be such that Slope, ;, .(v) = [n1,-+,n,]. Fix 1 <i <r andlet a’,b’, ¢ be another basis
of F3 such that Slope, ;, .(c'0’) = [n1,-+-,n;] and Slope, ;, .(¢'a’) = [n1,---,n;+1]. Then Slope,, ;s .(7) =
(101, 0]

The Slope map only depends on the class of an element up to conjugacy and inversion. There-
fore, for an element ¢ in the mapping class group MCG(Sy4), even if the element () is defined
only up to conjugacy, the rational Slope(¢()) is well-defined.

a,b,c a,b,c

Lemma 8.4. Let F3 = m(So4) = (a,b,c). Let g and fli: be two rational numbers such that |pq’ -
p'ql = 1. Then there exists a mapping class ¢ € MCG(Sp4) such that Slope(p(cb)) = B and

q
Slope(¢(ca)) = 5.
Proof. First notice that the hypothesis |pg’ — p’q| = 1 means that the two vectors (¢, p) and (¢',p")
of Z? form a basis of Z2. This implies that the matrix M = (Z Z,) belongs to SL*(2,7Z), so M

preserve the lattice Z2 inside R2. The action of (2Z2,+) on RZ2\Z2 is M equivariant, so M induces
a homeomorphism of the quotient (R?\ Z2)/(2Z2,+), which is the sphere Sy 4. The line [, from z
to x+(2,0) in R2\Z2 (here z is an arbitrary point in R? such that [, avoids the lattice Z?) induces
a simple closed curve Ve in Sp 4 represented by ¢b in m(Sp4). This line is sent by M to the line

from M (x) to M(x) +2(q,p) which induces a simple closed curve Ve in Sy 4 of slope %’. Similarly,
the line from z to x +(0,2) in R2\ Z? induces a simple closed curve 71 in Sy 4 represented by ca in
m1(S0.4). This line is sent by M to the line from M (z) to M(z) +2(q’,p’) which induces a simple
closed curve Ve in Sp 4 of slope %. Hence ¢ = M, is in the mapping class group of Sy 4 and satisfies

q
the conditions required by the lemma. O]
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8.3 Constructing simple closed curves

In this section, we try to have a better understanding of the structure of the elements of S(Sg4).
Lemma 8.5. Let v € §(So4). Suppose that Slope(y) > 0. Denote n = |Slope(y)] € N. Then,

e [fn is even, v can be written (up to conjugation) as a concatenation of subwords of the form :

w(?D) = (ca)2¢(ca)"5b
w'(T,0,0) = (ca)e(ca) 2D

w' (T 0,1) = (ca)*'¢(ca) 2D
where Te {c,c 1}, be {b,b71}.

e [fn is odd, v can be written (up to conjugation) as a concatenation of subwords of the form :

n+1

w(@5,0) = (ca)"= &(ca) "2 b
w(@b,1) = (ca)"= &ca) T b

n+l->"

w'(€,0) = (ca)*F &(ca)~F b
where e {c,c 1}, be {b,b71}.

Before starting the proof, recall that we can see the sphere Sp4 as the quotient of the square
[0,2]2~(Z2n[0,2]?) by the reflection across the center point of the square (1,1). In this description,
two opposite sides of the square are identified (by a translation) and every side is identified with
itself by a reflection across its midpoint. Moreover, the diagonal from (0,2) to (2,0) is identified
with itself by a reflection across its midpoint. We can put a transverse orientation on each half-side
and on the two half-diagonals as in figure 8.6 on page 92 or figure 8.11 on page 98. This orientation
is just the lift of the orientation already chosen on the half-edges of the fundamental triangle.
Thus we can write the word in the fundamental group corresponding to a curve by following the
curve and record an a each time it crosses a horizontal side of the square, with sign +1 depending
on whether or not the orientation of the line coincides with the transverse orientation on the
corresponding half-side, record a b each time the curve crosses a vertical side of the square, with
sign +1 depending on whether or not the orientation of the curve coincides with the transverse
orientation on the corresponding half-side, and record a ¢ each time the curve crosses the diagonal
from (0,2) to (2,0), with sign +1 depending on whether or not the orientation of the curve coincides
with the transverse orientation on the corresponding half-diagonal.

Proof. Consider a line of slope § = Slope(y) > 0 in the plane. We can assume that this line avoids
the points of the lattice Z2. In the quotient by 272, this line is a collection of parallel segments
of slope § joining two sides of the square. The identification between two opposite sides of the
square gives an ordering on the segments. Now we want to understand what can be read between
two b*!. Thus look at a collection of successive segments such that the first segment starts on the
left vertical side of the square, the last segment ends on the right vertical side of the square, and
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no other segment starts or ends on a vertical side. A picture is drawn on figure 8.11 on page 98.
Because 7 is in particular a simple closed curve of slope § in the torus, we know that between two
b, we need to read n or n+ 1 times the letter a, with n = [%’J. Moreover, in 7, one letter out of two
is ¢*!, thus what we read between two b* is (¢a)"¢ or (¢a)"*'¢, where the notation @ means a or
a~! (and similarly for b and ¢). By following the successive segments in the square we notice that
the first segments end in the first half (the left one) of the high horizontal side of the square, so
give an a in the intersection, and the last ones in the second half (the right one), hence give a a=!.
So we can be a bit more precise and write (Za)™T(a"'@)"2b, with n, +ny € {n,n +1}. But before
the letter a stands necessarily the letter ¢ (since the slope is non-negative) and after the letter a=*
stands necessarily the letter ¢! (for the same reason), therefore a subword of v read between two
letters b* is of the form (ca)™@(ca)™2b. Finally, the intersection points between the curve and the

horizontal side of the square are evenly spaced then we must also have [n; —ny| < 1. Thus :
TL1:3 TL2=3 TL1=3 TL2=4

(a) Case nj = ng, (b) Case ng =nj +1,
we read (ca)3c™!(ca)™3b we read (ca)3c(ca) b7t

Figure 8.11: A line in the square between two intersections with the vertical side

o [f nis even :

— If ny + ny = n, then necessarily n; = ny = 5, so we recover the subword w('(ig) defined in
the lemma.

non

2,5 + 1}, so we recover the subwords

— If ny + ny = n+ 1, then necessarily {ni,ny} =
w'(¢,0,0) and w'(¢,b, 1) defined in the lemma.
e If nis odd :
— If ny+ny = n, then necessarily {ni,n,} = {2+, %1}, so we recover the subwords w(ag, 0)
and w(Z,b,1) defined in the lemma.
— If ny + ny = n+ 1, then necessarily ny = ng = ”T*l, so we recover the subword w’ ("c',z)
defined in the lemma.

]
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Let us now specify the previous result in the case where the slope is an integer.

Lemma 8.6. Let v € §(Sp4). Suppose that Slope(vy) = [n], with n € N. Then (up to conjugation
and inversion) :
~ (ca)zc(ca)™2b if n is even

v { (ca)"s ¢ (ca)™"2 b ifn is odd

Proof. Since the slope of « is an integer n € N, the letter b (or b=!) appears exactly once in the
word 7. Thus, by Lemma 8.5, the word 7 (up to cyclic permutation) is one of the 24 words given
in the statement of the lemma. Moreover, since the slope is n, the letter a*' appears exactly n
times. Then v must be one of the following words : w(%,b), w(¢,b,0),w(Z,b,1).

e Suppose that n is even, then 7 is (up to permutation and inversion) of the form : w(E,E) =
(ca)2?(ca) 2. Up to taking the inverse, we can assume that the power on b is +1. It remains
to determine the power of the letter ¢ in the middle of the word. Recall that we can see the
curve v as a straight line of slope n in the square [0, 2], that is, successive parallel segments
evenly spaced of slope n. It is easy to check on a drawing that if the power on b is +1 (which
means that the first segment starts on the upper-half of the left vertical side of the square
and that the last segment ends on the upper-half of the right vertical side of the square), then
the (5 +1)-th segment in the square must cross the diagonal in its first half. This means that
the power on the letter ¢ in the middle is +1, hence v = (ca)zc(ca)™2b (up to permutation
and inversion).

Bo2 =2

® (5 + 1)-th segment

Figure 8.12: A line of slope n =4 in the square

e Suppose that n is odd, then ~ is (up to permutation and inversion) of the form w(“c',?f, 0) or

w(’c“,g, 1). Up to taking the inverse, we can assume that the power on b is +1. It remains to
check that the power on (ca) is % and that the power on the letter ¢ in the middle is —1.
Notice that the equation of the line containing the (%)-th segment corresponding to the
curve v in the square is given by : y = h+n(x - %”T_l) =h+nx—-n+1, where h is the real
such that the first segment starts at the point (0,h) (thus 1 < h < 2). When y = 2, we find
T = %HL, but h > 1, so x < 1, and this proves that v is of the form (ca)%ﬂﬁ(ca)‘%b. Let

us determine the power on c. The equation of the line containing the (% + 1)-th segment
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of the curve yis y = h+n(z - 22y =h+nz-n-1. When z =1, we find y=h-1<1, and
this proves that the power on ¢ is —1. Hence v = (ca)™ ¢~!(ca)™"2 b (up to permutation and

inversion).
n+l — 3 n—1 — 2
241‘ 2

®© (%)-th segment
@ (n+1

#5= +1)-th segment

Figure 8.13: A line of slope n =5 in the square

O

Corollary 8.7. Let v e m1(So4) be a cyclically reduced element representing a simple closed curve

on Sp4. There exists two words 81,09 € m(So4) such that for all n € N, the element y"017 ™09
belongs to S(Sp4).

Proof. First notice that if the Lemma is true for some -, it is still true for the inverse of v and

for a conjugate of 7. Hence, since any two elements of F3 (induced by simple closed curves) with

the same slope are equal up to conjugacy and inversion, it is sufficient to show the lemma for any

element with the same slope as 7.

Let § = Slope(7y). There exists another rational % such that |pg’ — p'q| = £1. Now use Lemma
b

8.4 to show the existence of a mapping class ¢ € MCG(So4) such that Slope(¢(ca)) = £ and

Slope(p(cb)) = Iqi:. Choose a representative of ¢ in Homeo(Sg 4) and with a slight abuse of notation
still denote it by ¢. Let n = ¢(ca). Then n € §(Sp4) and Slope(n) = Slope(y). Moreover, by
Lemma 8.6, we deduce that for all n € N, (ca)"c(ca)™b € §(Sp4). Then, since ¢ € Homeo(Sg4),
we also obtain that ¢((ca)”c(ca)™b) € S(Sp4) for all n € N. But we have ¢((ca)"c(ca)™b) =
n"p(c)np(b) hence the corollary with d; = ¢(c) and 09 = @(b). O

We now end this section by writing any element v in S(Sp4) as a concatenation of "building
blocks", each of them using some "approximation"' ~; of v. We can approximate ~ at different
levels, indexed by the integer i, corresponding to the successive steps in the continued fraction
expansion of the slope of .

Lemma 8.8. Leti > 1 and let [ny,-+,n;]| be the continued fraction expansion of a rational number.
Then there exists a simple word ~y; € S(So4) of slope [nq,---,n;], and two words 61,92 € m(Sp.4),
such that every simple word v € §(So4) with continued fraction expansion [ny,---,n,|, with r > i,
can be written as a (cyclic-permutation of a) concatenation of subwords of the form :

(75) ™81 (;) ™20,
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with my, my € {| 52|, [ %51 ] + 1} and 61 € {61,071}, 05 € {6, 05}.

Moreover, if r =i+ 1, that is Slope(7y) = [n1,--,n:,1n,], then (up to conjugation and inversion) :
_ (%')%51(%)7%52 if n,. is even
()M () 6 if ny s odd

Proof. By permuting the three elements of the basis, a,b, ¢, we can assume that the slope of ~ is
non-negative.

We start by using Lemma 8.4 to obtain the existence of a mapping class ¢ € MCG(Sp4) such
that Slope(¢(ca)) = [n1,-+,n;] and Slope(p;(cb)) = [n1,--+,n; + 1]. Choose a representative of
¢ € MCG(Sp4) c Out(F3) and with a slight abuse of notation still denote it by ¢ e Aut(F3).
Denote a' = @;(a),b’ = @;(b),c" = p;(c) and v; = ¢(ca). Then o b, ¢ is a basis of Fs since ¢
is an automorphism of F3 and in this new basis the slope of 7 is [n1,---,n,] (see Remark 8.3).
Hence, by the Lemma 8.5 applied to the new basis Fs = (a’, V', ¢'), the word ~ can be written as a
concatenation of subwords of the form (c’a’)mlg(c’a’)*mg, with mq,mg € {#52, 251 + 1} if ;g s
even, mq, My € {"*Tl’l, ”*T”l} if n;4; is odd. But we have :

(ca )™M (da) ™ = (pi(ca))™ @i(e)(pica)) ™ @i(b) = (3:)™ pi(e) (1) ™ @i(D).

Hence we obtain the first part of the lemma with d; = ¢;(c) and d2 = ¢;(b).

For the second part, now suppose that r = i+ 1, that is Slope(~y) = [n1,--,n;,n,.]. Then, in the new
basis F3 = (a/, ', '), the slope of 7 is simply [n,] = n, € N (again see Remark 8.3). Thus we can
use Lemma 8.6 to ensure that (up to permutation and inversion) :

NS { (¢a)E e(ca) 50 = (o(ca)) ¥ p(e)(p(ca) Fp(b) it m, is even
(ca’) 2 Y(ca’) "2 b =(p(ca)) 2 o(c)(p(ca)) "z o(b) if n, is odd

_{ (%)% 61 (%)% 0y if n, is even.
L (

%’)ngl 51_1(%')77”77152 if n, is odd.

8.4 Some generalities about lattices in R?

In section 8.6, we will prove the main proposition of this chapter (Proposition 8.16), which
studies the redundancy of subwords of some specific lengths in a simple word. We will adopt a
geometric approach using lattices in R2. Thus, in this section, we need to set up some notations
and to state a few facts about the geometry of lattices in R? that will be useful for us in the
following.

8.4.1 Rectangles adapted to a basis of a lattice and tiling of R?

Let us fix A a lattice in R2. We consider R? both endowed with its usual euclidean structure
and frame and with the lattice A. Let (u,v) be a basis of A and x € A.
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In coordinates, write z = (z1,x2),u = (u1,us) and v = (v1,v2). Let us assume that the basis (u,v)

satisfies u1 > 0,1 > 0 and uy < 0 < vy. In particular this requires that Slope(u) = w2 <0< %
(75} U1
Slope(v). Let us now define :
S(x,u,v) =[xy, 01 + U +v1] % [T2 + us, Ty + V] (8.1)

Thus, S(z,u,v) is the only rectangle with horizontal and vertical sides containing on each of its
sides exactly one point of the set {x,x + u,z + v,z + u + v}. Note the important fact that since
(u,v) is a basis of A, there is no other point of A in S(z,u,v). In particular, there is no point of A
in the interior of S(z,u,v).

er+u+v

T+

Figure 8.14: The rectangle S(x,u,v).

We will also need to consider the same square without its right vertical side. Then we choose
the following notation :

Se(z,u,v) = [x1, 1 + Uy +v1[x[T2 + Ug, Ty + V2] (8.2)

In the same way that we had previously defined the type of a point of Z? as its equivalence
class modulo 272, we can now define the type of a point in A as its equivalence class modulo 2A.
Hence they are 4 types of points. Note that the four points z,z +u,xr +v and x+u+v of the lattice
A are all of different types. If t is a type, we define the (u,v)-opposite type of t as the type of the
point z +u + v, where x is any point of type ¢ (this definition does not depend on the choice of the
point x of type t). We denote by A(t) the set of points in A of type t.

We now want to cover the plane R? with the rectangles S(z,u,v), for x € A(t) u A(t). The
situation will not be the same according to the signs of Slope(u + v) and Slope(v —u). When
Slope(u + v) and Slope(v — u) are of the same sign, the rectangles S(x,u,v), for x € A(t) u A(t)
cover the whole R2. However, there is some overlap. This is the purpose of the following lemma :

Lemma 8.9. Assume that Slope(u +v) # 0, Slope(v —u) # +oo0 and Slope(u + v) and Slope(v — u)
are of the same sign.
Let t be a type and t its (u,v)-opposite type. Then :

R*=  |J S(z,u,v)
zeA(£)UA(E)

Moreover,
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o if z,x' € A are of (u,v)-opposite type, then S(x,u,v)n S(z' u,v) # @ if and only if x' =
rx(v—u) orx’=x+(u+v) and in this case S(x,u,v) and S(x',u,v) only intersect along
one of their sides. Thus, for all x € A(t),x" € A(t), S.(z,u,v) NS (z',u,v) = @.

o ifx, 2’ € A are of the same type, then we distinguish according to the sign of Slope(u+v) and
Slope(v —u) :

— If Slope(u +v) >0 and Slope(v —u) > 0, then there exists N € N such that :
S(x,u,v)nS(x',u,v) + @ if and only if x' = x + 2ku, with |k| < N. In this case :

S(z,u,v)(C U S(@+ 2ku,u,v)) = [@1 + 2uy, 1 + ug +v1] X [@2 + Ug, T + 2ug + 2]
1<k<N

S(x,u,v) (U S(x-2ku,u,v)) = [1,21 —ug +v1] x [22 — ug, 22 + va]

1<k<N

— If Slope(u +v) <0 and Slope(v —u) <0, then there exists N € N such that :
S(x,u,v) 0 S(a’,u,v) +@ if and only if x’ = x + 2kv, with |k| < N. In this case : :

S(z,u,v) (U Sz +2kv,u,v)) = [@1 + 201, 21 + ug + 1] x [@2 + ug + 209, T + V2]
1<k<N

S(I,U,U) ﬂ( U S(.T - ka,u,v)) = [xlaxl + U _Ul] X ['rQ + U2, To — UQ]

1<k<N

Proof. Since the fundamental quadrilateral (z, z+u, x+v, x+u+v) of R?/A is contained in S(z,u,v),

then the rectangles S(z,u,v), for z € A, tile R? (we mean that R* = | JS(z,u,v)). So we need to
zeA

show that, if z € A~ A(t) u A(t), we can cover S(z,u,v) by a union of rectangles S(y,u,v), with
y e A(t) UA(t). Tt is easy to check that, when Slope(u +v) and Slope(v —u) are of the same sign,
we have :

S(x,u,v) c S(x—-u,u,v)uS(z+u,uv)uS(z+v,uv)usS(cr-ov,u0v)

as represented in figure 8.15 on page 104. But notice that when z € A ~ A(t) U A(t), the points
T +u,r—u,x+v and z - v all four belong to A(t) u A(%), hence the claim.

Now, we investigate the intersection between rectangles. Let z € A. Let us determine which
rectangles intersects S(x,u,v). For S(y,u,v) to intersect S(x,u,v), the point y must be contained
in Z =[x —up —vy, 21 +uy +v1] X [Tg + Uz — Vg, To + vy —uz]. Let ¢ be the type of x. See figure 8.16
on page 104.

e The only points of the lattice A of type t which are contained in Z are z+u+v,x—u-v,x+v-1u
and x — v+ u. Moreover, the rectangle S(x,u,v) intersect S(z +u +v,u,v) only along one of
their side, and ditto for S(x —u—-v,u,v), S(x+v—-u,u,v) and S(zr-v +u,u,v).

Therefore S, (z,u,v) NS (z+u+v,u,v) =S:(x,u,v) NS (x-u-v,u,v)=2.

e The only points of the lattice A of type ¢t which can be contained in Z are of the form x +2ku
and x + 2kv, for k € Z.
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Py
@

[ J

S(:L’—u,u,v)- 33+?}S<$+v,u’v)

T —u¢
S(z,u,v)
[ ]
z T+u
S(x—-v,u,v) S(x + u,u,v)
T —ve *

Figure 8.15: The rectangle S(z,u,v) is covered by rectangles of type ¢ and t.

®-
\ 4

¢ e points of type t
- l ) e points of type ¢
[ ]
* _ ([ ]
Z [ T lz+d-u g
®
z-due T+d+v
|- 2ue ¢
~ ¢
L ¢
-—
T _ T|+2u e
T-u-ve N zl+4u ¢
T+u-—v '}
—. -

Figure 8.16: Rectangles of type ¢t and ¢ (in grey) which intersect S(z,u,v) (in the center). In this
case, Slope(u+v) >0 and N = 2.

— If Slope(u + v) > 0 and Slope(v —wu) > 0, then 0 < u; < v; and 0 < —uy < v9. So we
deduce that = + 2kv € Z if and only if £ = 0. Therefore we deduce the existence of an
integer IV € N such that the only points of the lattice A of type ¢t which are contained
in Z are of the form z + 2ku, with |k] < N. We also deduce that for 1 < k < N,
S(z,u,v)nS(z+2ku,u,v) c S(z,u,v)NS(x+2u,u,v) and S(z,u,v)nS(x-2ku,u,v) c
S(x,u,v)nS(x - 2u,u,v), hence the formula for the intersection.

— If Slope(u +v) < 0 and Slope(v —u) < 0, then 0 < vy < u; and 0 < vy < —uy. So we do
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the same reasoning as in the previous case exchanging v and v to obtain the analogous
result.

Let us denote :
S¥( ) = S(xz,u,v)nS(x+2u,u,v) if Slope(u+wv) >0 and Slope(v —u) >0
T = S(z,u,v)nS(x+2v,u,v) if Slope(u+v) <0 and Slope(v —u) <0

S( ) = S(x,u,v)nS(x-2u,u,v) if Slope(u+wv) >0 and Slope(v —u) >0
LU= S(z,u,v) N S(x-2v,u,v) if Slope(u+v) <0 and Slope(v—u) <0

and S*(x,u,v) = S*(z,u,v) US™(z,u,v).

Hence S*(x,u,v) is the subset of the tile S(z,u,v) in which the overlap occurs.

[
S(x - 2u,u,v) Ly
r—2u¢ S~ (z,u,v) b r+tu+v
S(z,u,v) -
e S*(z,u,v)
‘ S(x+2u,u,v
THU 4 2, ( )

Figure 8.17: The rectangles S(z,u,v),S(z - 2u,u,v),S(x + 2u,u,v) and their intersections
S™(z,u,v) and S*(z,u,v).

Let us now deal with the case where Slope(u+v) and Slope(v —u) are of opposite signs. In this
case, the rectangles S(x,u,v) for z € A of type t or ¢ do not cover the whole plane R2. We have to
add some "rest", which we define below and denote by R(z,u,v) (see figure 8.18 on page 106).

R( ) = [21, 21 + Uy —v1] X [Xg — Vg, 2 + ug]  if Slope(u +v) >0 and Slope(v —u) <0

L) = [x1, 21 —uy +v1] %[22 + vy, w0 —ug]  if Slope(u +v) <0 and Slope(v —u) >0
(8.3)

R.( ) = [21, 21 + uy —v1[X[X2 — V9, Ty + ug] if Slope(u +v) >0 and Slope(v —u) <0

AT V)= [1, 21 —uy + v1[x[xg + Vo, w9 —ug]  if Slope(u +v) <0 and Slope(v—u) >0
(8.4)

In this context, there will be no overlap. Now we can state the corresponding lemma :
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Lemma 8.10. Assume that Slope(u+v) # 0, Slope(v—u) # oo and that Slope(u+v) and Slope(v—u)
are of opposite signs.
Let t be a type and t its (u,v)-opposite type. Then :

R*=  |J (S(z,u,v)uR(z,u,v)).
weA(H)UA(E)

Moreover, any two rectangles of this tiling can only intersect along one of their sides.

Proof. As in the proof of Lemma 8.9, first remark that the rectangles S(z,u,v), for z € A, tile
R? (we mean that R? = U S(z,u,v)). So we need to cover S(x,u,v), when x ¢ A(t) uA(t), by a
zeA

union of rectangles S(y,u,v) and R(y,u,v), with y € A(t) u A(t). Tt is easy to check that, when
Slope(u + v) and Slope(v — u) are of opposite signs, we have :

S(z,u,v) c S(z+u,u,v)uS(x-uuv)uS(x+v,uv)uS(z-v,uv)uR(x+v,u,v)

Tr+v

S(x +v,u,v)

R(z+v,u,v)

S(x Hu,u,v) ®

S(x-v,u,v)

\ 4
r+u

Figure 8.18: The rectangle S(x,u,v) is covered by rectangles S(y,u,v) and R(y,u,v) of type t
and ¢

We conclude by noting, as for the proof of Lemma 8.9, that when z € A~ (A(t) U A(%)), the
points = +u,r —u,z + v and z — v all four belong to A(t) U A(%), hence the claim.

Now we investigate the intersection between rectangles. Let z € A. As in the proof of Lemma
8.9, for S(y,u,v) to intersect S(x,u,v), we have that the point y must belong to the rectangle
Z =1 —uy — vy, 21 +uy +01] X [Tg + Uy — Vg, Ty + Vg — uz]. Let t be the type of x.

e Again as in the proof of Lemma 8.9, we note that the only points of the lattice A of type
tin Zarer+u+v,2-u-v,x+v-uand x—-v+u, and the rectangle S(x,u,v) intersects
S(x+u+wv,u,v) only along one of its sides, and ditto for S(x —u—-v,u,v), S(z+v-u,u,v)
and S(z - v +u,u,v).
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e points of type ¢
. L) e points of type t

. ( ® R(x+v-u,u,v)
S(x+v-u,u,v) . @ R(x +2v,u,v)
@ ® R(z,u,v)
l - ! @ R(z+u+wv,u,v)
D S(x+u+v,u,v)
]
- S(z,u,v) .
‘ o
S(z—u-v,u,v) [* ~ 2 ¢
[ ®
~ [ ]
S(x-v+1{,u,v) R

P

Figure 8.19: The tiling of R? by tiles S(y,u,v) and R(y,u,v), with y € A(t) u A(%).

e Again as in the proof of Lemma 8.9, we note that the only points of the lattice A of type ¢
in Z are of the form z + 2ku and z + 2kv. But using our hypothesis on the slopes of u + v
and v — u, we obtain that either 0 < u; <w; and 0 < vy < —ug or 0 < v; < uy and 0 < —uy < vs.
From these inequalities we deduce that x + 2ku belongs to Z if and only if £ =0 and x + 2kv
belongs to Z if and only if £ = 0. Therefore S(x,u,v) intersects no other rectangle S(y, u,v)
of type t.

At last, note that by construction, R(x, u,v) intersects only S(x, u,v), S(x—u-v,u,v), S(x-2v,u,v)
and S(z +u—wv,u,v), and the intersection occurs only along one of their sides.
]

Notice that since (u,v) is a basis of A, so are (u,u +v) and (u +v,v). The next lemma, in
the case where Slope(u + v) and Slope(v — u) are of opposite signs, aims at showing that an hori-
zontal segment of length [ = max(uy,v;) is necessarily included in some S(z,u,v),S(x,u,u+v) or
(u,u+wv) if Slope(u+v) 20
(u+wv,v) if Slope(u+v) <0’

S'(xz,u,v) =S(z,u,v") Si(x,u,v) = Se(z,u',v") and S (x,u,v) = S*(x,u’,0").
See figure 8.20 on page 108 for S’(x,u,v), in the case Slope(u +v) > 0 and Slope(v —u) < 0.

S(x,u+v,v). Denote (u'v") =

Now in this case (Slope(u + v) and Slope(v —u) of opposite signs), denote :

7( ) = [x1 + 1,21 + 2u ] X [Tg + Ug, Ty + ug + vo]  if Slope(u +v) >0 and Slope(v—u) <0
LU, v) = [T1+ U1, 21 + 201 ] X [To + Uy + g, To +v9]  if Slope(u +v) <0 and Slope(v —u) >0
(8.5)
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[ ] >
1/ TA+U+D

u+v
x S’ (z,ufv)

p T+ U

Figure 8.20: The rectangle S’(x,u,v) in the case Slope(u +v) >0 and Slope(v —u) < 0.

[x1 + 01,21 + 2ug [ x[2g + ug, Ty + ug + v3]  if Slope(u +v) >0 and Slope(v—u) <0
[1 + up, 21 + 201 X [T9 + U + g, T2 + v2]  if Slope(u+v) <0 and Slope(v—u) >0

T.(x,u,v) z{

(8.6)
See figure 8.21 on page 108. Remark that we have :
T(x,u,v)cS'(x,u,v) 8.7)
T (z,u,v) c SL(x,u,v) (8.8)
S™(x,u,v) c S (z,u,v) NT(x,u,v) (8.9)
. S'(x,u,v)
S’(x—2u,u,v) 'ZL’+U+U
CC_QU q S,_(xruvv) D.T+2U+’U
. T(z,u,v) o
e S (z,u,v)
T+ -+ Ul S'(x + 2u,u,v)

Figure 8.21: The rectangle T'(x,u,v) is included in S’(x,u,v) and disjoint from S’*(x,u,v).

We now deduce that the rectangles T'(z,u,v) are disjoints :

Lemma 8.11. Assume that Slope(u + v) and Slope(v —u) are of opposite signs. Let t € A2\ be
a type and t its (u,v)-opposite type. Let x,y € A(t) u A(t). Then the rectangles T(z,u,v) and
T(y,u,v) are disjoints : T(x,u,v) nT(y,u,v) = 2.

Proof. First notice that since T'(x,u,v) ¢ S’(z,u,v) and T(y,u,v) c S’(y,u,v) (see (8.7)), inter-
section between T'(z,u,v) and T'(y,u,v) can only occur when S’(x,u,v) and S’(y,u,v) intersect
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and then T'(z,u,v) nT(y,u,v) c S"(x,u,v) NS (y,u,v). But S'(x,u,v) NS (y,u,v) c S"*(x,u,v),
so by (8.9), T'(x,u,v) nT(y,u,v) c S"(x,u,v) NT(z,u,v), which implies that T'(z,u,v) T (y,u,v)
is empty. O

The last lemma of this section shows that every horizontal segment of some prescribe length is
included in a rectangle S(z,u,v) or T'(x,u,v).

Lemma 8.12. Assume that Slope(u+v) and Slope(v—u) are of opposite signs. Let | = max(uq,v;)
(thus | = uy if Slope(u+v) >0 and [ = vy if Slope(u +v) <0) and I be an horizontal segment of
length 1 in R? which does not intersect the lattice A.

Then, there exists x € A such that I ¢ S,(z,u,v) or I c Ty(x,u,v).

Proof. We write the proof in the case where Slope(u +v) > 0. Thus Slope(v —u) <0 and [ = u;.
The other case is identical (up to a reflection across the horizontal axis).

Let y = (y1,y2) be the point in R? such that I is the segment which joins y to (y; + u1,y2). Then,
by Lemma 8.10, there exists a point 2 € A such that y € S, (z,u,v) or y € R,(x,u,v).

o If ye S(x,u,v), then we have x1 < y; <1 +u; +v; and X9 + ug < Yo < To + V2. We distinguish
according to the zone to which y belong, represented in the figure 8.22 on page 109. The
proof for each case is illustrated on figure 8.23, page 110.

Figure 8.22: The five cases in the proof of Lemma 8.12.

1. If y e @, that is x1 < y; < z1+vy, then x;+uy <yp+uy < x1+ug+vy, and so I ¢ S, (x,u,v).

2. If y e @, that is &1 +uy <y < 21 +u; + vy and o + us < Yo < T9 + Ug + Vg, then notice
that y € S, (z + u,u,v) with x1 + u; < y; < x1 +uy + vy, so by the previous case we have
IcS,(x+u,u,v).

3. If y e ®, that is 1 +v; < y; < 1 +uy and xo + us < Yo < Ty + Us + v, then we have
x1+uy + v <yp +ug <21+ 2uq, and then we deduce that I ¢ T, (x,u,v).

4. Iff ye @ or y € ®, that is x1 +v; <Yy <21 +uy +v1 and X9 + Ug + Vg < Yo < T + Vg, then
notice that y € S,(z + v,u,v) with x5 + ug + v < Yy < T9 + v9 and then, if y € @, that is
y1 < 1+ 2v1, we use the first case to deduce that I ¢ S,(x+v,u,v), and if y € ®, that is
x1+2v1 <Y1 < X1+ up + 01, then we use the third case to deduce that I ¢ T, (x + v, u,v)
with I nS*(z +v,u,u+v) is at most a point.
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'3 ®
S(x,u,v)
! I
Z ? T e —
S(z + u,u,v)
(a) Case @ (b) Case @
S'(x - 2u,u,v)
———— = —_—— ¢
|
t o
- e S (z,u,0)
I
“1 S’ (x + 2u,u,v)
i I
* T
| _____ * _______ J
(c) Case @
—————— —_——
S(x+v,u,v) r |
t t
e ___! S (xz+v,u,v)
i I
- N _____i
Te 9 T e ¢ T
_____ ) e e s s s e )
(d) Case @ (e) Case ®

Figure 8.23: Illustration of the proof of Lemma 8.12 : The segment [ is included in a rectangle.

Hence we have covered every case.

o If ye R,(x,u,v), recall that R,(x,u,v) c S,(z—v,u,v), soy € S,(x-v,u,v) and then we can
use what we have previously done. (We can even be a bit more precise : if y € R.(z,u,v),
then y € S, (x —v,u,v) with z7 <y; <1 +u; —v1 and x5 — vg < Ya < To + Ug, SO We are in the
third case : I ¢ T.(z -v,u,v)). O
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8.4.2 Segments at height h in the rectangles S(z,u,v) and R(zx,u,v)

This section is intended to apply the "tilings" obtained above to decompose an horizontal seg-
ment into sub-segments.

Let 0 < h < 1 and consider the horizontal segment at height h in S(z,u,v) (that is the segment
from the point (1, xs + us + h) to the point (z1 + uy + v1,x2 + us + h)). Denote it by Is(z,u,v,h)
and note that Is(z,u,v,h) is a segment of length u; +v;. Similarly, let 0 < h < us +v9 and consider
the horizontal segment at height h in R(z,u,v) (that is the segment from the point (x1,xo—vy+h)
to the point (21 + uy + vy, 22 —ve + h)). Denote it by Ig(x,u,v,h) and note that Ig(z,u,v,h) is
a segment of length |u; — vy|. Finally, we also define the type of a segment Ig(z,u,v,h) (resp.
Ir(x,u,v,h)) as the type of the point z.

T+ S(x,u,v) Ie
- R(x,u,v)
Is(x,u,v,h) er +U+V er+uU
h T [z (2, u, h)
hi ¢z T-vVe
* oL +U—V
T+ U
(a) Segment of height h in S(z,u,v) (b) Segment of height h in R(x,u,v)

Figure 8.24: Segment at height h, Is(z,u,v,h) and Ig(z,u,v,h)

We now decompose any horizontal segment I of any length using the tiling in the case where
Slope(u +v) and Slope(v —u) are of opposite signs.

Lemma 8.13. Assume that Slope(u+v) # 0, Slope(v—u) # oo and that Slope(u+v) and Slope(v—u)
are of opposite signs.
Let t be a type and let I be a horizontal segment which does not intersect the lattice A.
There exist p € N such that for all 0 < j < p+1, there exists a point x; € A(t) U A(t) and a real
0<hj <1 such that,

I=lyolu-—ul,ul,,

with :

o Either Iy c Is(xo,u,v,hy) or Iy c Ir(zo,u,v,hy), and either I, ¢ Is(Tpi1,u,v,hpe1) or
I

p+1 € IR(xp+17 u,v, hp+1)-

For 1< j<p, either I; = Is(xz;,u,v,h;) or I; = Ig(z;,u,v,h;).

zj+u—-v if Slope(u+v)>0
zj—u+v if Slope(u+v)<0 °

[ffj = [R(a:j,u,v,hj), then Ij+1 = Ig(xj+1,u,v,hj+1) with Tj+1 = {

If I; = Is(zj,u,v,hy) and L = Ip(xje1,u,v, hjer), then x5 =z, +u+v.

If I; = Is(zj,u,v, hy) and I = Is(xje1,u,v, hjer), then xj0 =z +u+v.
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2 e

Iy “1¢ I I I I
A ho \ T,@ A

r3e

Figure 8.25: Decomposition of a horizontal segment

Moreover, suppose j < j', then I, n1; # @ if and only if j' = 7+ 1 and in this case I; n I, is a
point (which is the endpoint of I; and the starting point of Ij.1).

See figure 8.25 on page 112 for an illustration of Lemma 8.13.

Proof. This lemma follows directly from Lemma 8.10. Lemma 8.10 gives a tiling of R? using the
rectangles S(x,u,v) and R(x,u,v) for z € A(t)uA(t). Then we consider the intersection of I with
this tiling, and this gives the decomposition I = lyu [, u---ul, U I,

The third point comes from the fact that a rectangle R(x,u,v) is surrounded by four rectangle of
the form S(y,u,v), so a segment of the form Ir(z,u,v,h) cannot be followed by a segment of the
form Ir(z',u,v,h"). ]

We easily deduce from Lemma 8.13 the following properties :
Corollary 8.14. With the notations of the previous Lemma, we have :
1ot e{Lp} [ 1 = Is(aj,u,v,hy) ) 2 #{ € {1, p} [ 1 = Tr(2j,u,0, ) }
2. The type of_xj is alternating. Precisely : if To 1S of type t, then_xj is of type t if j is even
and of type t if j is odd, and if xo is of type t, then x; is of type t of j is even and of type t
if 7 is odd.

Finally, we decompose any horizontal segment I using the tiling in the case where Slope(u+v)
and Slope(v —u) are of the same sign.
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Lemma 8.15. Assume that Slope(u+v) # 0, Slope(v—u) # oo and that Slope(u+v) and Slope(v—u)
are of the same sign.
Let t be a type and let I be a horizontal segment which does not intersect the lattice A.

There exist p € N such that for all 0 < j < p+1, there exists a point x; € A(t) UA(t) and a real
0<hj <1 such that :

with

o IycIs(xo,u,v,ho) and Iy c [s($p+1,U7U7 hp+1)'

[ZIOUIlLJ"'U[pUIp_H

Forall1<j<p, I; =Is(zj,u,v,hj).

and the left endpoint of I;.1),

Either xj.1 = x; +u+v, and in this case 1; N 1;.q is a point (which is the right endpoint of I;

®

Zo ¢

x;j+2u if Slope(u+v)>0 . .
Orzj.g = { xJA s zé Slogegu N v; <0 and in this case I; 014 = 1; 0 S*(x;,u,v).
J
IO . ]1 T2 ¢ 12 g 1—4 L5 15
T1 ¢ hl T @‘) [3 T4 [ ] h4 h5'
ho z3 h b .

L ]

Figure 8.26: Decomposition of an horizontal segment

Proof. This Lemma follows directly from Lemma 8.9. Lemma 8.9 gives a "tiling" of R? (the term
is improper in this context because the tiles can intersect in their interiors) using the rectangles

S(z,u,v) for x € A(t)uA(t). Then we consider the intersection of I with this tiling, and this gives
the desired decomposition [ = Iyul;u---Ul,Ul,;.

O
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8.5 A few reminders about Farey neighbours

In the next section, we will in particular consider a lattice in R? defined using the continued
fraction expansion of a rational corresponding to a slope of a curve. Then we now need to say a
few things about fractions, Farey neighbours and the link with continued fraction expansion.

In this section, we will consider fractions E, and we will always assume that they are written
as irreducible fractions (which means that p and ¢ are coprime) with non-negative denominator.
By convention, we also consider the fraction 0 which we will sometimes refer to as +oo.

/
We say that two distinct fractions P and Zi,, are Farey neighbours whenever |pq’ — pg| = 1. This

q
is equivalent to saying that the two vectors (q,p) and (¢’,p’) form a basis of Z2. In this case, we

! / + /
denote by — Pol the Farey sum of the two fractions Pand & , which is defined by = d p _PTP
q q"’

q q’ q+q
(note that this last fraction is automatically irreducible with p051t1ve denominator). The fractions
/
b and = p ® ]i are also Farey neighbours, and so are ]i and — P ® ]i Suppose that ¢q’ # 0 and E < ]i,
q qg ¢ q qg ¢ q
Then we have :
/ /
LBl (T
¢ q ¢ ¢
/ o 1 /
Now define 2 o li, _P p/‘ The fractions £ & ]i, and £ are Farey neighbours, and so are Py Ii,
, q9 q 4qg—-dq qa g q q (g
and Zl, Note that with this definition © is commutative.
q
4 /
We have either (E Y )GBQ:E or (]ilel—))eagzgl.
q ¢ q qa g q d

Link with continued fraction expansion.

1
Let ny € Z,ng,--,n, € N* with n,, > 2. Denote b [, 1], Po _ 0 and for all 1 < i < r,
q do
b [n1,---,n;]. Then, it is not hard to check that for all 1 < i < r, Piand 221 are Farey-
4q; 4q; di-1

neighbours. We can compute their Farey sum and Farey difference and we obtain :

PPty e+ 1]
4 gi-1
' A [ng,-,n;—1] ifn;>2o0ri=1
DigPit _ [n1,-ni2] ifn;=1andi>3 [ny,-,n;—1]
4 -1 %:oo ifn;=1and i=2
. . . bi Di-1 _ Pi
Notice that in this case we always have (— o ) ® —

G Gl G G
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Let us make two observations :
bi g it P (8.10)
4% -1 g
bi _ Pi-1 _ . . _
—e =-lifand only if i =1 and n; =0 (8.11)
4 i1
Moreover, since P [n1,--,n,.], we either have [nq, -, n;+1] < [ng, -, n.] < [ng, -, ni] or [ng, -, n;] <
[nb "'7”1”] < [nla Nyt 1]7 that is :
either DBt P P o D P Pig P
g 4i-1 49 q; % 49 G g1
o I Liglit P _Di , this forces Ditt < PigPinl (Pi g go PigPint S Py P
4 qi-1 ‘C] Qz ‘ ‘ -1 G Q-1 G 4% 4qi-1 4 g
Hence 2 @ L1 < £ ¢ Pi g Pict.
% 41 4 ¢ (i1
° prz <]—?<pZ Pi-1 thisforces&<pz ESE andso&epz <&SB
4% 9 4 -1 4 49 4di-1 4i-1 q 4i-1 4 g
Hence Zﬁepz_ <£<&eap2
4% 41 4 ¢ (i1
Thus, in every case, the rationals bi © Pt ona 2 ® Pl ore on either side of 2.
4  qi1 4  qi-1 q
| |
Pt P Pt P P PPl Pi Pt Pi P Pig Pl Pit
qi-1 49 qi-1 4 qi 9  gi-1 qi  gi-1 qi q9 ¢ -1 gi-1

Figure 8.27: The ratlonal — and its approximants —
q

real line.

pz bict , bi ® Pi-1 and i ! ordered on the
Qz qi-1 ¢ Qi1 4  qi1
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8.6 Magic-lengths Proposition

For ~ a primitive element in Iy of slope [n1(7Y), -, nr(1)(77)], recall that we have defined the
lengths [;(y) and (), for 0 < i < r(y), in Definition 4.1 : [;(y) and /() are respectively
the (cyclically reduced) lengths of any primitive element in Fy of slope [nq(7),-,n;(7)] and
[71(7), - ni(y) + 1]. For v a simple closed curve in m1(Sp4) of slope [ni(7y), e (7)], we
define for all 0 < ¢ < r(v), Li(y) and ll(y) to be the lengths of any primitive element in Fy of
slope [n1(7),---,ni(y)] and [n1(7),---,ni(y) + 1] respectively. Then, the length of v € §(Sp4) is
17| = 2.4y (), and more generally, for all 0 <7 <r(7), the length of any simple closed curve of Sy 4
of slope [n1(7), -+, ()] is 2;(7). Notice that, for v € P(Fz) or for v € S(So4), li(7y) only depends
on the slope of v (and of the integer 7).

In Lemma 4.6, we proved that subwords of some specific lengths (precisely the lengths [;())
of primitive elements 7 in Fy are themselves primitive (up to a change of letter). In the context
of the four-punctured sphere, we do not prove the same result but we prove that subwords of
some specific lengths (precisely ;(7) —5) of v € S(Sp4) are redundant in the sense that they and
their inverses can be found many other times in the word ~. This is the purpose of the following
proposition :

Proposition 8.16. Set o = %.

Let v € 8(Sp4). Consider Slope(y) = [n1(7), - ne)(7)] the continued fraction expansion of
Slope(y). Fix 0 <i<r(y) such that [;(y) > 10 (in particular, note that by (4.9), this condition is
fulfilled whenever i > 10).

Let W e F3 be a subword of (a cyclic-permutation of) v (or its inverse) such that [W| > 3(li(vy) +
Li(7)+1) and w € F3 be a subword of (a cyclic-permutation of) ~ (or its inverse) of length 1;(y) —5.
Then we can write the word W as a concatenation as follow :

W = g,
such that there exists a subset T c {1,---,q} satisfying the following :
1. For allkeZ, ug € {w,w'}.

2. Jug| > o|W|.
keZ

We will prove Proposition 8.16 in section 8.6.4. For this purpose, given a simple closed curve
v € 8(So,4) and a fixed integer 0 <7 < (), we will define in section 8.6.1 a lattice A of R? together
with a basis (u,v) of A which will be particularly convenient for studying subwords of 7 of length
l;(y). This will allow us to "read" the word « by following a horizontal line in R? (section 8.6.2)
and then we will consider for this specific choice of A and (u,v) the tiles S(z,u,v) of R? defined in
section 8.4 to study some specific subwords of v : the one read in the rectangle S(x,wu,v), which
will be of lengths approximately /() (section 8.6.3).
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8.6.1 A tiling of R?

In this section, we associate to a simple closed curve v € §(Sp4) and an integer 1 <7 <r(y) a
lattice A of R2.

Fix v € §(Sp4) a simple closed curve. Let us assume that Slope(y) > 0 and write [n,---,n,| =

Slope(y) the continued fraction expansion of Slope(y). For 1 <i <r, we write bi_ [n1,-,n;] and
i

1

for i =0, Po _ s Now we fix 1 < < r for all this section and if i = 1, we assume that n; # 0.
do

Denote u = (q;,p;) € Z? and v = (¢;_1,pi_1) € Z>. Notice that, because of the assumption i < r, we

have Slope(u) # Slope(y) and Slope(v) # Slope(y). After possibly exchanging u and v, suppose
that Slope(u) < Slope(v). Then, we have :

1. Slope(u) < Slope(7y) < Slope(v).
2. (u,v) form a basis of Z?

Moreover, using the equalities (8.10) and (8.11) of section 8.5 and the hypothesis (i,n;) # (1,0),
we have :

3. Slope(u +v) = Diglit, Slope(7)
q

% i—1

4. Slope(v —u) = Dighit,

i qdi-1

Let us write as irreducible fractions :
4

L. Slope(7), b Slope(u), gf = Slope(v)
4q di 4;
The map f, ...

Consider f, ,, an element of GL(2,R) which sends the lines of slope Slope(vy) in R? to the lines
of slope 0 and the lines of slope -1 in R? to the lines of slope +co. Choose f,,, such that
fyuw DPreserves the orientation, and scale it so that the abscissa of the vector f,,,(u+v) is 1
and the ordinate of the vector f,,,(v —u) is also 1 (such a map always exists). Let us give
fyuo explicitly. The map f, .. is the product of a diagonal matrix D with a matrix M which

sends lines of slope —1 to lines of slope +oco and lines of slope P ¢o lines of slope 0. Therefore

-1 1 1 1
for M we can choose the inverse of the matrix | which gives M = —— . Then
p 1 prg\—p ¢
Mu=—/| P71 and Mv = — p’, 4 , | and in order to get the right rescaling we
p+q \~Pq T qpi p+q \~Pq; T qp;
1
ISRy S O
need to impose : D = (p+q) (p”qiap“qi 1 ) Hence we obtain :
p(¢i-4;)-a(pi-p})
[ 1
f’yfu{/y — ( pi""]ijg?i*'qi pi+qi;’pi+qi ) (812)
p(¢i-4q))-q(pi-p;)  p(ai—q;)-a(pi-p})
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Also note that (pi + i, p; + ¢f) € {(li(7), li-1(7)), (lia (7), (7))} and then p; + g; + p + g; = Li(7) +
lici(y) =U(y). Now we can compute f,,,(u) and f .. (v) :

f M(u)=( pi+ s ~Pg; + qpi )
e pi+qi+p.+q plai—q.)—aq(pi—pl)
p’.+q( —pq{—i—qp’.
fruvv v :( - l/ & / - - / )
7 (V) pit+qi+pi+q pla—q)—qlpi—ph)
We deduce :
max(p; + ¢;, pi +¢))  max(l;(7), L1 (7)) Ly
0y ()13 (fo e (0))1) = _max(i0)lia () Q) g 45

Pi+ G+ P+ () JRACH)
Since we have Slope(u) < Slope(7y) < Slope(v), we deduce that Slope( f, ,,(¢)) <0 < Slope( f; 4..(v)).

We had also noticed that Slope(u+v) # Slope(y) and Slope(v —u) # —1, hence we can also deduce
that

Slope( fyup(u+v))#0 (8.14)

Slope( fyuv(v—1u)) # 00 (8.15)

Note also that the slope of f, ,.,(u+v) and f,,.(v—u) are of opposite signs. Indeed, before

applying the map f, .., the slope of u + v is bi ® Pirl ond the slope of v —u is bi o Pict. By
4 gi-1 4 gi-1

the result of the end of section 8.5, the rationals bi ® Pt ona 2 e Pirl are on either side of }—j,

q;  gi-1 q;i  gi-1 q

(with b the slope of 7), hence after applying the map f, .., we deduce that these two slopes are
q

of opposite signs, since the slope P is sent to 0 by fy.u0-
q

The map f, ., sends the lattice Z? to another lattice in R?, denote it by A = f, ,,,(Z?). Hence
2\ = f, ,»(2Z?). Recall that we had defined the type of a point in Z?, we can then also define the
type of a point in A as the type of the corresponding point in Z2. We obtain four types of points
in A given by the four classes of the elements of A mod 2A. We had also defined three sets of
lines : L4, Lp and L¢ so we can look at their images by f, ... Since the lines in Lo have slope
-1, the lines in f, ,,,(L¢) have slope +oo. Also note that a line of slope Slope(y) has for image a
line of slope 0. Thus the lines in f, , ,(L4) have a negative slope and the lines in f,, ,(Lg) have
a positive slope (recall that the lines in L4 have slope 0 and the lines in Lg have slope +o0). Two
non parallel lines in f, , ,(La) U fyuo(LB) U fyuo(Le) always intersect in a point of A.

In order to simplify the notation, from now on we simply denote by L4, Lg, Lc,u,v the images
Of LA, LB, Lc, u,v by f%u,v.

Now that the lattice A is fixed as well as the basis (u,v) of A satisfying Slope(u) < 0 < Slope(v),
we can use the notations of section 8.4 to talk about the rectangle S(z,u,v) and R(z,u,v), for a
point x € A.
Note that, by the choice of the scaling of f, ., the lengths of the sides of S(x,u,v) are 1.
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8.6.2 Reading the word v and its subwords

We can still read the word corresponding to v in the fundamental group m(Sp4) using the
lattice A and the three new sets of lines Ly, Lg and L¢ : Follow a line [y of slope 0 in R? which
avoids the lattice A and record a,b or ¢ each time the line [y crosses a line [ of Ly, Lp or L¢
with power +1 depending on the transverse orientation of [ at the intersection point with [y. To
obtain the full word v (more precisely a cyclic permutation of «y or its inverse), we have to follow
lo between two points which are identified by an element of 2P(A), that is between two points x
and y on [y such that y = 2 +2X, with X\ € P(A) (here P(A) denotes the set of primitive elements in
A, that is the elements in A which can be completed to a basis of A). More generally, by following
lo along a segment I c [x,y] c Iy, we read a subword of v (or a subword of a cyclic-permutation
of v or its inverse). We denote by W () this subword. We are now interested in the link between
the length of the segment I and the word length of the word W (I) we read by following I. More
precisely, we need the following lemma :

Lemma 8.17. Let W be a subword of v (or more generally a subword of a cyclic permutation of
v or its inverse). There exists a horizontal segment I in the plane R? such that we read W by
following I and, denoting I(I) the length of the segment I and |W| the word length of W, we have :

W|-3<I(D(y)<[W|+1

Remember that the integer ¢ which appears in this Lemma 8.17 has been fixed at the beginning
of section 8.6.1. Everything that has been defined using 7, therefore depends on it : the map f, .0,
the lattice A, the three sets of lines L4, Lg and L¢, etc... We have chosen not to index these
objects by ¢ in order to reduce the amount of notation.

Proof. Let us start by computing the spacing between two consecutive lines in L, and denote it
by Ec. Recall that Lo consists of parallel lines of slope +o0o0 which are the images of the lines of
equations y = —x + 2k, k € Z, under the map f, ,,,. Then, since the point (z,y) = (;qu, Z%) belongs
both to the line of equation y = —z+2 and to the line of equation y = -, its image by fy.uv belongs
both to the line of equation y = 0 and to the line of equation z = E». We compute f., .. (x,y) and
we obtain (ﬁ,O) Hence E¢ = ﬁ

Now, since W is a subword of v, we can read it somewhere following a subsegment I of [y, that is
a horizontal segment. Now remember that since Slope(v) > 0, the letters of v alternate between
letters in {c,c7'} and letters in {a,a',b,67'}. This means that [ crosses exactly one line in
LU Lp between two lines in Lo. Denote ne the number of intersection points between I and L,
or equivalently the number of ¢ and ¢! in W.

e If |[IW] is even, then |W|=2n¢, and we can choose I such that :

(nc—1)Ec <U(I) <ncEe, which is equivalent to  ([W|-2)Eq <2I(1) <|W|Ec.

o If |IW]is odd and |W|=2n¢ + 1, then we can choose I such that :

(nc-1)Ec <I(I) < (ng+1)Eg,  which is equivalent to  (|[W|-3)E¢ < 20(I) < (|W|+1)Ec.
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e If [IW]is odd and |W|=2n¢ — 1, then we can choose I such that :

[(I)=ncEc, which is equivalent to  2I(I) = (|[W|+1)E¢.

Therefore, in every cases we have
(W] =3)Eg < 21(1) < (W] +1)Ec

and using the previously calculated value of E¢, we obtain the required inequality. O

8.6.3 Subwords associated to a square

By the previous construction, following ly along the segment I gives (a cyclic permutation of)
the word ~ (or its inverse). Hence by following a subsegment of I, we obtain a subword of ~.
Recall that Slope(u +v) and Slope(v —u) are of opposite signs. We will now look at the subwords
of v that we obtain by crossing a square S(z,u,v) and a rectangle R(x,u,v), that is by following
the intervals Is(x,u,v,h) and Ig(z,u,v,h).

Now assume that the real h (e (0,1)) is such that the segment Ig(z,u,v,h) (respectively
Ir(z,u,v,h)) does not intersect the lattice A and therefore, let us define Wg(z, u, v, h) (respectively
Wgr(z,u,v,h)) to be the subword of v read when following Is(z,u,v, h) (respectively Ir(x,u,v,h)).
There is a small ambiguity that we must resolve : if one of the endpoints of Is(x,u,v,h) (resp.
Ir(z,u,v,h))is an intersection point of Is(x,u,v,h) (resp. Ir(z,u,v,h)) with alinein LyuLgULc,
then we record the corresponding letter in Ws(z,u, v, h) (resp. Wgs(x,u,v,h)). Now let us make
a simple but important observation : because of the invariance of our setting by the action of
2A, if x and z’ are two points of A of the same type, then Wg(z,u,v,h) = Ws(z', u,v,h) and
Wr(x,u,v,h) = Wr(x',u,v,h). Hence the subword of v read in a square or a rectangle only de-
pends on the type of the square and the height h. So if t € A/2A is the type of a point, we will
write Wg(t,u,v, h) and Wg(t,u,v,h) without ambiguity.

The following lemma states that the subwords of v read in some square (resp. rectangle) are
the inverses of the subwords read in a square (resp. rectangle) of opposite type :

Lemma 8.18. Lett € AJ2A be a type and t its (u,v)-opposite type. Let 0 <h <1 and 0 < h' < ug+vy
such that if x is a point of A of type t, then Is(x,u,v,h) and Ig(x,u,v,h') does not intersect the
lattice A. Then Is(x + u+v,u,v,1 - h) and Ig(x +u +v,u,v,us + ve — h') does not intersect the
lattice A and :

WS(Z7U7U7 h) = WS(t7u7 v, 1- h’)_l
Wr(t,u,v,h') = Wgr(t,u,v,us + vy — ')~
Proof. Let x be a point of A of type t. Consider the reflection of the square S(x,u,v) (resp.

rectangle R(x,u,v)) across the point = +u+v (resp. x +u). This gives the square S(z +u+v,u,v)
(resp. rectangle R(x+u+v,u,v)), and then this square (resp. rectangle) is of type ¢t. Now consider
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4
®

@
A >

Is(z,u,v,h

( ) .I5($+utv,u,v,1—h)
h Tl—h °
re@
4

Figure 8.28: Proof of Lemma 8.18

the segment Is(z,u,v,h) in S(x,u,v) (resp. Ig(x,u,v,h’) in R(x,u,v)) with its orientation from
left to right. Then its reflection across the point x + u + v (resp. x + u) is the segment Ig(z +
u+v,u,v,1=h)in S(z+u+v,u,v) (rtesp. Ig(x +u+v,u,v,uz +vo —h') in R(z +u+v,u,v))
with the reverse orientation : from right to left. Since our setting is invariant under a reflection
across a point of the lattice A, we deduce that the subword read by following Is(x,u,v,h) (resp.
Ir(x,u,v,h'")) from left to right is the same as the subword read by following Is(x+u+v,u,v,1-h)
(resp. Ir(x+u+v,u,v,us +ve —h')) from right to left, thus it is the inverse of the subword read
by following Is(x +u+v,u,v,1—-h) (resp. Ir(x+u+v,u,v,us +vy—h')) from left to right. Hence
the lemma. O

Now we want to investigate the dependence on the height h of the word W (%, u, v, h). Precisely,
we want to show that, up to changing a few letters at the beginning and at the end of the word
Ws(t,u,v,h), it does not depend on the height h.

Lemma 8.19. Let t € A/2A be a type and h,h' be two heights. Then, up to adding a letter at the
beginning of Ws(t,u,v,h), or removing the first letter of Wg(t,u,v,h), or changing the two first
letters of Ws(t,u,v,h), and up to adding a letter at the end of Ws(t,u,v,h), or removing the last
letter of Ws(t,u,v,h), or changing the two last letters of Ws(t,u,v,h), we have :

Ws(t,u,v,h) = Ws(t,u,v,h")

Proof. Let x be a point of type ¢ in A. We will work in the square S(z,u,v). We want to
understand the intersection of lines in L4 U Lg U L which occurs in the square S(x,u,v). Let us
prove the following fundamental observations :

1. If two lines of LyuL UL intersect in S(x,u, v), then they intersect in {x, x+u, r+v, z+u+v}.

2. If a line of Ly u Lp U L¢ crosses the left side of the square S(x,u,v), then it passes through
the point x.

3. If aline of LyuLpu L¢ crosses the right side of the square S(z,u,v), then it passes through
the point x + u + v.
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Proof of the observations. 1. Two lines of L, u Lg U Lo can only intersect in a point of the
lattice A. But recall that the only points of the lattice A contained in S(z,u,v) are the four
points z,z + u,x +v and x + u +v. Hence the first observation.

2. Consider L., the set of vertical lines (of slope oo) which passes through a point of A. Of
course Lo ¢ Lo,. Now note that if l € L, and I’ € L,uLp, then the intersection point between
[ and " belongs to the lattice A : [ nl’ c A. Since z € A, we deduce that the left vertical
side of the square S(x,u,v) is included in a line [ € L.,. Therefore any line of L4 u Lg which
crosses the left side of the square S(z,u,v) intersects it in a point of A. We conclude by
recalling that x is the only point of the lattice A on the left vertical side of S(z,u,v). To
finish the proof, note that if a line of Lo crosses the left side of the square S(x,u,v), it is
trivial that it passes through the point x, since in that case the line would be vertical and
hence would contained the left side of the square S(x,u,v).

3. The proof is exactly the same as for the previous point, since the point x +wu+wv of the lattice
A belongs to the right side of S(z,u,v) and is the only point of the lattice A on the right
side of S(z,u,v).

m

From these three observations we can deduce the Lemma 8.19. Let us first draw a picture. Figure
8.29 on page 123 shows the square S(z,u,v) together with the lines of Ly U Lp U L¢ that cross it.
Lines in L4 are in green in the figure : they have negative slope and are regularly spaced. Lines
in Lp are in blue in the figure : they have positive slope and are regularly spaced. Lines in L¢o
are in blue in the figure : they are vertical and regularly spaced. Note that between two lines in
LU Lp there is always exactly one line in L.

Consider two heights h and h' and Ig(z,u,v,h) and Is(x,u,v,h") the corresponding segments in
S(x,u,v). Let [ and I’ be two lines of L4 U Lg U L which cross the square S(z,u,v) but cross
neither the left side nor the right side of S(z,u,v). Then [ and [’ do not intersect in the interior
of the square S(z,u,v). Therefore, by following the segments Is(x,u,v,h) and Is(x,u,v,h") from
left to right, we cross [ and I’ in the same order. Moreover, there is no point of the lattice A in
the intersection of [ and the interior of S(z,u,v). So the segments Is(x,u,v,h) and Is(x,u,v,h’)
cross the line [ with the same orientation. We deduce that the only differences between the words
W(t,u,v,h) and W (t,u,v,h’) must occur at the beginning and at the end of these words (and
correspond to lines of LU Lp U L which passes through « and = +wu+v). Indeed, suppose h > —us
and h/ < —ug, and let us distinguish according to the type of x, which is ¢ :

e If ¢ = a, then there is exactly one line of L4 U Lg U Lo passing through x and it is a line of
L 4. Since the slope of the lines in L, is negative, we deduce that we must add a letter at
the beginning of Wg(z,u,v,h) (which will be a=!) to obtain the same beginning as the word
Ws(x,u,v,h').

e If ¢t = b, then there is exactly one line of L, u L U L¢ passing through x and it is a line of
Lp. Since the slope of the lines in Lp is positive, we deduce that we must add a letter at
the beginning of Wgs(x,u,v,h’) (which will be b) to obtain the same beginning as the word
Ws(x,u,v,h).



8.6. MAGIC-LENGTHS PROPOSITION 123

e If ¢ = ¢, then there is exactly one line of L4 u Lg U L¢ passing through x and it is a line of
L¢. Since the slope of the lines in L¢ is infinite, we deduce that we must change the sign
of the first letter of We(x,u,v,h’") (which will be ¢71) to obtain the same beginning as the
word Wg(x,u,v,h).

o If t = abc, then there is exactly three lines of L4 U Lg U Ls passing through x : one in Ly,
one in L and one in Ls. Then we deduce that after changing the sign of the first letter of
Ws(x,u,v,h") (which will be ¢) and changing the second letter of Wg(z,u,v,h') (from a to
b=1), we recover the beginning of the word Wg(z,u,v,h).

Now suppose that A > vy and A’ < v9. By making the same distinction as before but this time on
the type of z+u+v (which is t), we deduce as above that after possibly adding or removing a letter
at the beginning of Ws(t,u,v,h), or after possibly changing the two last letters of Wg(¢,u,v,h),
the end of the word Ws(t,u,v,h) is the same as the end of the word W (t,u,v,h’). ]

tv |
sit,u, 1, 1) —> -17-1 —1-g~ o~
Ws(t,u,v,hy) =c b~ (¢b~"¢bcach) c.

>
rTHuU+v
?A
< st u,p, _
> Ws(t,u,v,hy) = ¢ tb~t (eb~1ebeach) ¢ L.

V2

Wslt, u,fv,h

3\
>
\ Tr+u
Figure 8.29: Proof of Lemma 8.19. Reading the subword Wg(¢,u, v, h) in the square S(x,u,v).
Lines in L4 are in green, lines in Lg in blue and lines in Lo in red. We draw the case where x is

of type abc, x +u of type a, x +v of type b and x + u + v of type c. Up to changing the two first
letters and inverting the last one, the word W (¢,u, v, h) does not depend on the height h.

W (t,u,v, hs) = ba (b~ 'cach) ¢

In fact, our poof gives a more precise version of Lemma 8.19 by actually computing the first
and last letters of Ws(u,v,h) depending on the type of ¢ and ¢ (and of course on the height h).
We leave it here as a remark.

Remark 8.20. For all type ¢ and for all 0 < h < 1, there exists Vs(¢,u,v) which does not depend on
h such that :

1. If t = abc and ¢ = ¢ (see figure 8.30a) :

o If max(—us,vy) < h <1, then Wg(t,u,v,h) =ctbVs(t,u,v)e.

o If min(—usg,v9) < h < max(-ug,vs), then Wg(t,u,v,h) = c b~ Vg (t,u,v)ct.
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| \ |
\ | |
M g M 1

( Caset abc and t = ¢ (b) Case t =abc and t = a (c) Case t =abc and t = b
[ —— o | ||

® v [
| [ | /
Caset—candt— (e) Case t=cand t =0 (f) Case t=a and t = b

Figure 8.30: Reading Ws(t,u,v,h) in S(z,u,v) : the six cases of Remark 8.20. Only the lines
passing through a point of {z,z +u,x + v,z + u + v} are represented on the pictures. The type of
x is t, and the type of z +u + v is .
e If 0 < h < min(-ug,vs), then Ws(t,u,v,h) = caVs(t,u,v)ct.
2. If t = abc and t = a (see figure 8.30D) :

o If max(—ug,vy) < h <1, then Wg(t,u,v,h) =c1b-Vs(t,u,v)a.
o If min(—usg,v9) < h < max(-ug,vs), then Ws(t,u,v,h) = c b7 1Vs(t,u,v).
o If 0 < h <min(-uz,vy), then Ws(t,u,v,h) =caVs(t,u,v).
3. If t =abc and t = b (see figure 8.30c) :
o If max(—us,vy) < h <1, then Wg(t,u,v,h) =c b 'Vs(t,u,v).
o If min(—ug,vy) < h < max(—ug,vs), then We(t, u,v,h) = c 10 Va(t,u,v)b1.
o If 0 < h <min(-ug,vs), then Ws(t,u,v,h) =caVs(t,u,v)b71.

4. If t =cand t = a (see figure 8.30d):
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o If max(—uq,vy) < h <1, then Ws(t,u,v,h) =cVs(t,u,v)a.
o If min(—usg,ve) < h < max(-ug,vs), then Ws(t,u,v,h) = cVs(t,u,v).
e If 0 < h <min(-ug,vy), then Ws(t,u,v,h) =c'Vs(t,u,v).

5. If t =cand ¢ = b (see figure 8.30e):

o If max(—us,v9) < h <1, then Wg(t,u,v,h) = cVs(t,u,v).
o If min(—uso,vy) < h < max(-uz,vs), then W (t,u,v,h) = cVs(t,u,v)b L.

o If 0 < h < min(-ug,vs), then Wg(t,u,v,h) =cVs(t,u,v)b .
6. If t =a and ¢ = b (see figure 8.30f):

o If max(—ug,v9) < h <1, then Wg(t,u,v,h) = Vs(t,u,v).
o If min(—ug,vy) < h < max(-us,vy), then W (t,u,v,h) = Vs(t,u,v)b71.
o If 0 < h < min(-ug,vs), then Wg(t,u,v,h) = a *Vg(t,u,v)b .

Remark 8.21. Note that, using Lemma 8.18, we can deduce the six other cases (which are (¢,1) €
{(¢,abc), (a,abc), (b,abc), (a,c), (b,c),(b,a)}) by taking the inverses of the subwords found above.

Now we would like to write (a cyclic permutation of) v (or its inverse) as a concatenation of
words of the form W (x,u,v,h), Wg(z,u,v,h). However, there is a small technical issue to fix
here. Since the rectangles S(x,u,v) and S(x+u+v,u,v) intersect along one of their vertical sides
(the right vertical side of S(z,u,v) and the left vertical side of S(z + u + v,u,v), the word read
by following a horizontal line in S(x,u,v) U S(x + u+ v,u,v) could not be the concatenation of
Ws(x,u,v,h) then We(z+u+v,u,v,h") (for the corresponding heights h and A’). In order to resolve
this, let us consider I}(x,u, v, h) (respectively I} (x,u,v, h)) the segment at height A in S.(z,u,v)
(respectively in R.(z,u,v)) and W¢(z,u,v,h) (resp. W}(z,u,v,h)) the word read by following
Ii(x,u,v,h) (resp. Ij(z,u,v,h)). Recall that S.(z,u,v) and R.(z,u,v) have been defined re-
spectively in (8.2) and (8.4). Of course we also have that W (z,u,v,h) (resp. Wh(z,u,v,h))
does not depend on the type of the point x and thus we write W§(t,u,v,h) (resp. W;(t, u,v,h))
for t a type without ambiguity. Similarly, we consider *S(z,u,v) (resp.* R(z,u,v)) the rectangle
obtained by deleting the left vertical side of S(z,u,v) (resp. R(x,u,v)) and we write *Is(z,u,v,h)
(resp.*Ig(x,u,v, h)) for the segment at height h in *S(x,u,v) (resp.* R(x,u,v)) and *Ws(x,u, v, h)
(resp. *Wr(x,u,v,h)) the word read by following *Is(x,u,v, h) (resp. *Ig(x,u,v,h)).

Now let us specify the lengths of subwords read in rectangles :
Lemma 8.22. Lett be a type and 0 < h <1 a height. We have the following inequalities :

1. Ul(v) - 1 < Length(W3(t,u, v, h)) <Ui(v) +1 and
I{(v) -1 < Length(*Ws(t,u,v,h)) <l(y)+1

2. Length(Wj(t,u,v,h)) <li(y) +1 and
Length(*Wg(t,u,v,h)) <li(y)+1
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Denote

;| (wyu+wv) if Slope(u+wv) >0
(u’v)_{(u+v,v) if Slope(u+v) <0

3. U(y) +li(y) = 1 < Length(Wg(t,w', v, h)) <U(y) + Li(y) + 1 and
U(y) +Li(y) — 1 < Length(*Wg(t,uw',v', h)) <U(y) +Li(v) +1

4. Length(Wi(t,u/ v, h)) <U(v) +1Li(v) +1 and
Length(*Wr(t,u/,v",h)) <U(v) + () +1

Proof. 1. Let max(—ug,v9) < hy < 1, min(—ug, v3) < he < max(—uy,ve) and 0 < hy < min(-us, vy)
be three heights. In order to simplify the notation, let us denote (see figure 8.31 on page
126):

W;(t) = Ws(t,u,v, hj) W;(t) = Ws(t,u,v, hj)
Wi (t) = Wi(t, u,v, hy) W;(t) = WE(t,u,v, hj)
Wi(t) = *Ws(t,u,v,h;) W(t) = *Ws(t,u,v,hj)

L 4
Wi(t)
L J
. —_
W1(t) WQ(t)
@
Wa(t) Ws(t)
® L 2
Ws(t)
@

Figure 8.31: The six words Wy (t), Wa(t), Wa(t), W1 (t), Wa(t), Wa(t).

We have, using the property on inverses of Lemma 8.18 :

Wi ()™ = Ws(t) Wy(t)™h = Wy(t) Ws(t)™ = Wi(t)
Wi ()™ = *Ws(1) W5 ()™ = "Wy(1) W3 (1)~ =W (1) (8.16)
Wi(t)™ = W5 () Wa(t)™ = W3 () Wa(t)™ = Wi (t)

The key point is that the word Wy (¢)W; () corresponds to a simple closed curve of slope

lig pi_l, hence it is of length 2{/(7).
4 gi-1

Length(W; (£)) + Length (W7 (7)) = 24(v) (8.17)



8.6. MAGIC-LENGTHS PROPOSITION 127

. —
/,‘y+2(u+v) Wit) )‘
’ L RO
1

//‘ )‘
y = =

® ®

. .

Figure 8.32: Reading the word of slope Pi g Pil
4  gi-1

Indeed, consider as in the figure 8.32 on page 127 the segment I from y to y + 2(u + v),
where y is a point on the left vertical side of S(z,u,v), with x of type t, and such that
Yo > x3. Then in the quotient by (2A,+), this segment is a simple closed curve of slope
Slope( f;%w(u)) @ Slope( f;hv(v)) Moreover, by following the segment I, we read the word
WiE)Wi(t).

Let us now distinguish according the type (¢,1) :
e If (¢,) = (abc, c), then we have, using remark 8.20 :
Length(W(t)) = Length(W5 (¢)) = Length(W5 (t))
=Length(*W1(t)) = Length(*W3(t)) = Length(*W5(t))
from which we can deduce
Length(W; (1)) = Length(W5 (t)) = Length(W; ())
=Length(*W;(t)) = Length(*W5(t)) = Length(*W3(t))
Therefore we can deduce :
Length(W; ()) = Length(*W5(t)) = Length(*Ws(t)™") = Length(W; (t))
so we can conclude, using (8.17) :
Length(W; (t)) = Length(W7 (1)) = Ii(7)
and we also obtain :
Length(W5 (t)) = Length(W5 (t)) = li(v)
Length(W5 (¢)) = Length(W5 (7)) = li(7).

Finally, using (8.16) or noticing that this choice of t and ¢ implies *W;(t) = Wy (t), we
also have :
Length(*W;(t)) = Length(*Wi(t)) = Length(*Wa(t)) = Length(*W>(%))

=Length(*Ws(t)) = Length(*W5(7)) = 1;(7). (8.18)
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o If (¢,t) € {(abc,a),(c,a)}, then we have, using remark 8.20 :

Length(W(t)) = Length(W5 (t)) + 1 = Length(W5 (t)) + 1
= Length(*Wy(¢)) + 1 =Length(*W5(t)) + 2 =Length(*W5(t)) + 2

and
Length(W;(t)) =  Length(W5 (1)) = Length(W5 (1)) - 1
= Length(*W; (%)) — 1 =Length(*W5(¢)) — 1 =Length(*W5(¢)) — 2
Therefore we can deduce :
Length(W} (t)) = Length(*W5(¢)) + 2 = Length(*W5(¢) ™) + 2 = Length(W; (1)) + 2
so we can conclude, using (8.17) :

Length(Wy (1) = () + 1, Length(Wy'(8)) = 1i(7) - 1,
Length(W3 (1)) = ). Length(W; () = 1}(7) - 1.
Length (W3 (1)) = ). Length(W; (7)) = ).

Finally, using (8.16) or noticing that this choice of ¢ and # implies *Wj(t) = Wr(t) -1
and *W;(t) = Wr(f) + 1, we have :

Length(*W; () = li(7), Length(*Wi (%)) = l;(7),
Length("Wa(t)) = li(v) -1, Length("Wa(%)) = li(v),
Length(*W5(t)) =1j(v) -1,  Length(*W3(f)) = li(7) + L.

If (¢,t) € {(abc,b),(c,b)}, the proof is completely similar to the previous case. We
obtain :

Length(W; (¢)) = Ii(7), Length(W7 (1)) = l{(),
Length(W5 (¢)) =li(y) +1,  Length(W5 (7)) = [;(7),
Length(W5'(¢)) = li(y) + 1, Length(W5(#)) = li(7) - 1.

Finally, using (8.16) or noticing that this choice of ¢ and # implies *W;(t) = Wr(t) - 1
and *W;(t) = W;(t) + 1, we have

Length("Wi(t)) =li(v) -1,  Length("Wi(?)) = l;(v) +1,
Length(*Wa(t)) = 1;(7), Length("Wa(?)) = 1;(7) + 1,
Length(*W3(t)) = 1;(7), Length(*Ws()) = 1;(7)-
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e If (¢,t) € (a,b), the proof is again similar to the previous cases. We obtain :

Length(Wy' (1)) =li(y) -1,  Length(Wy (%)) = li(7) + 1,
Length(W5 (?)) = (7). Length(W3 (7)) = i(7).
Length(W3 (1)) = li(y) + 1,  Length(W5 (%)) = li(y) - 1.

Finally, using (8.16) or noticing that this choice of ¢ and ¢ implies *W;(t) = Wy (t), we
have :

Length("Wi(1) = 1{(v) -1, Length(*Wa(8)) = (1) + 1,
Length(*W5(t)) = (), Length(*Wy(1)) = 1;(7),
Length(*Ws(1) = 1i(v) + 1, Length(*Wi(B)) = (1) - 1.

Note that we have covered all the possible cases, and thus for all heights h and all types t,
we have I/() — 1 < Length(W3 (¢, u,v,h)) <li(v) +1 and /() — 1 < Length(*Ws(t, u, v, h)) <
I(y) + 1.

S(xz—wv,u,v) if Slope(u+v) >0

S(z—wu,u,v) if Slope(u+v) <0’

Then W} (x,u, v, h) is a subword of Wi (z-v,u,v,h’) or Wi(x—-u,u,v,h’) for some height h'.
But by the previous point Length(W g (z—v,u,v, k")) <l/(7v)+1 and Length(W¢ (z—u,u, v, h")) <
l/(y) +1, (for all '). Hence the second inequality.

2. We use the fact that R(x,u,v) c

3. The proof is the same as above, working this time in the rectangle S(x,u’,v") = S'(z,u,v)
and using the fact that the slope of f7}, ,(u') + f1,,(v") is Di g oPict (and () + Li() =
) ) thatl q

[ i—1

i+ Qi+ 2pio1 + 2%—1)-

4. Same as above, using the previous point.
m

At last, we end this section by giving a decomposition of 7, or more generally of any subword
of v, as a concatenation of words read in S(z,u,v) and R(z,u,v).

Lemma 8.23. Let t € AJ2A be a type and t its (u,v)-opposite type. Let W be a subword of (a
cyclic-permutation of) vy or its inverse.

There exists an integer p € N such that for all 0 < j < p+1, there ewists a real 0 < h; <1 and a
type t; € {t,t} such that we have the following decomposition of W :

W =s(Wo)Wy-W,p(Wpi1)

with, for all 0 < j <p+1, either W; = WE(t;,u,v,h;) or W; = W5(t;,u,v, h;), and s(Wy) is a suffic
of Wo, p(Wpe1) is a prefix of Wiy Moreover :

1. [f Wj = Wg(tj,u,v, hj), then Wj+1 = Wg(tjﬂ,u,v, hj+1).
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. . e, |t ifjis even
2. The types t; are alternating. Precisely : if to =t, then t; = { P ifj s odd
7 [t ifjis even
and if tg =t, thentj—{ tifjis odd
Proof. There exists a horizontal segment [ in R? such that the word we read following [ is W.
Now the proof is direct by applying Lemma 8.13 to /. Since the segments I; of this lemma can
only intersect in a point, we deduce that W is the concatenation of the words W;, where W; is the

word read by following I;, that is W(t;,u,v, h;) or Wj(t;,u,v, h;).
e The first point of Lemma 8.23 comes from the third point of Lemma 8.13.

e The second point of Lemma 8.23 comes from the second point of Corollary 8.14.

8.6.4 Proof of Proposition 8.16 (magic-lengths)
Proof of Proposition 8.16.

First note that without loss of generality, we can assume that W is a subword of a cyclic-
permutation of v : indeed, if it is a subword of a cyclic-permutation of v~!, just take the inverse
of the concatenation obtained for W=1 (which is a subword of a cyclic-permutation of ). We can
also assume that w is a subword of a cyclic-permutation of v : indeed, if w is a subword of a
cyclic-permutation of =1, w~! is a subword of a cyclic-permutation of v of the same length, and
thus the same decomposition for W holds.

Also remark that if ¢ = 0, then [;(7) =1 <10 and if i = 1 and n; =0, then /;(y) =1 < 10.
Moreover, if i = r(7), then we have |[W| > 3(l1’n(7)(7) + L) (7) + 1) > 2L)(v) = |7| and this is
impossible since W is supposed to be a subword of (a cyclic-permutation of) v (or its inverse).

Therefore let us fix 1 < <7r(7v), such that if ¢ = 1, then ny # 0, and assume that [;(v) > 10.

Fix W a subword of (a cyclic permutation of) v (or its inverse) of length |W| > 3(Il(y) +1Li(y)+1)
and w a subword of (a cyclic permutation of) v (or its inverse) of length |w| = 1;(y) - 5.
Now that the integer ¢ is fixed, we can consider the map f, . as well as the lattice A and its basis
(u,v) which have been defined in section 8.6.1 (note that as in this section, we still denote by
(u,v) the image of the basis of Z? after applying the map f,,,). Recall that with our definition,
we automatically have that Slope(u + v) and Slope(v — u) are of opposite signs.

Consider w’ the subword of v obtained from w by adding two letters on the left and two letters
on the right. Thus, we can write w’ = pws, such that pws is reduced, |p| = 2,|s| = 2, and w’ is a
subword of (a cyclic-permutation of) « or its inverse of length |w’| = [;(y) — 1. By Lemma 8.17,
there exists a horizontal segment [, such that we read w’ by following I,,-, and such that, denoting

I(1,) the length of I, we have : [(L,)ll(y) < |w'|+1. So I() < ﬁ %7) Then we can consider a
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horizontal segment I of length ;,83 containing I, c I. But recall, by the computation (8.13), that

max(ug,vy) = 5,83 Therefore, we can apply Lemma 8.12 and find a point x € A such that :

1. Either I c S,(x,u,v)
2. Or [ c T\ (z,u,v).

(Recall that S, (z,u,v) and T, (z,u,v) have been defined respectively in (8.2) and (8.6)).

We treat the two cases separately.

1. Suppose that I c S, (z,u,v).
We use Lemma 8.23 to ensure that we can write W in the following way :

W = s(Wo) Wi W,p(Wii) (8.19)

with, for all 0 < j < p+1, either W; = Wi(t;,u,v,h;) or W; = Wi(t;,u,v,h;), and t; and
h; as defined in the Lemma. Recall that s(W,) and p(W,.1) denote respectively a suf-
fix of Wy and a prefix of Wy, Set J = {j € {1,--,p} | W; = Wi(t,u,0,h;)},T = {j €
{1, p} | W; = Wi(t,u,v, b))} and K = {j € {1, p} | W; = Wj(t;,u,v,h;)}. Of course we
have {1,--,p} =JuJuk.

(a) Let us show that w is a subword of Wj, for all j € J, and that w™ is a subword of W,
for all j e J :

Recall that by construction of the horizontal segment I, we have I, c I, so by our
hypothesis I ¢ S, (z,u,v), we also have I, ¢ S,(x,u,v). Then we deduce that w’ is a
subword of W§(t,u,v,h), for a well chosen 0 < h <1 and ¢ the type of z. In addition,
Lemma 8.19 ensures that for all j € 7, W; and Wg(¢,u,v, h) are equal up to adding or
deleting a letter at the beginning or at the end of W;, and up to changing its first two or
last two letters. Then the subword w’, up to the previous changes, is always a subword
of Wj, for j € J. But these changes affect at most the first two letters of w” and the last
two letters of w’ (in fact, never all four at the same time but this detail doesn’t matter
here), and since w’ = pws, with |p| = |s| = 2 (this decomposition is cyclically reduced),
we deduce that these changes can only affect p and s. Therefore, we can conclude that
w is a subword of W, for all j € J.

A similar argument applies for w™. Since w’ is a subword of W¢(t,u,v,h), we deduce
by Lemma 8.18 that w'~! is a subword of Ws(f,u,v,1 - h). Thus, as before, using
Lemma 8.19, we deduce that for all j € 7, W, and Ws(t,u,v,1 - h) are equal up to
some changes of letters affecting at most the first two letters and the last two letters.
Since w'~! = slwp~t, with |s7Y = |p7!| = 2, we deduce that w= is itself a subword of
W;, for all j e J.
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Decomposition of W and proof of point 1 of Proposition 8.16 :

Let ¢ =#J + #7J. By letting us, uq, -+, ug, by the occurrences of w and w! in W}, for
Jj € JuJ, guaranteed by the previous point, we deduce that us, w4, -, ug, are pairwise
disjoint. Also let uy, us, -, ugq+1 be the remainders in between in the word W, then we
can write :

W = UL U U2g+1 (820)

Moreover, by construction, for all k£ € 2{1,---,q}, uy is either equal to w or equal to w!.
Thus point 1 of Proposition 8.16 is proved, setting Z = 2{1,---, ¢}.

Let us show that max(#J,#J) > 1 :

By contradiction, if #J = #J = 0, then, since a subword of the form W5 (ti, u, v, h;) is
necessarily followed by a word of the form W (11,4, v, hiy1), we must have #K <1 and
then p < 1. Therefore [W| < |s(Wy)| + |[Wi| + [p(Wps1)|. But we also know, by Lemma
8.22, that for all 0 < j <p+1, |W;| <li(v) +1. Then we deduce :

(W< 3(li(v) +1) <3(Li(y) +Li(y) +1) (8.21)
and this contradicts our hypothesis on the length of W. In particular, we proved :

#T +#T > 1 (8.22)

Proof of point 2 of Proposition 8.16 :

On one hand we have :

S Jusl = Yol = # 0l = gl = (BT +#7)(h(7) - 5) 2 (KT +#)31i1)  (8:23)

kel keZ

and the last inequality holds because I;(7) > 10.

On the other hand, using (8.19), we have :

(W= [p(Wo)l +[s(Wya)[ + 2 IWjl+ X [Wil+ X [Wjl.
jeTJ Jej Jei
In addition, we know, by Lemma 8.22, that for all 0 < j <p+1: |[W;| <l/(7) +1. Then
we deduce :
W] <2(l(7) +1) + (BT + #T + #K)(li(7) + 1)
<AL(Y) + 2(#T +#T + #K); () using 1(y) +1 < 2L;(7)
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Moreover, recall that a subword of the form W} (t;,u,v, h;) is necessarily followed by a
subword of the form W¢(tii1,u,v, ki), then if j e Kn{1,---,;p—1}, then j+1¢ K and
so we deduce that #K < #J + #J + 1. Therefore :

W< 4li(7) +2Q2(F#T +#T) + DU(y) = 4H#T + #T)i(7) +6Li(7)

<S10(#T +#T)li(v) by (8.22) (8.24)
<20 |ugl by (8.23)
keZ

This last inequality finishes the proof of point 2 of Proposition 8.16 in the case where
IcS,(x,u,v).

2. Suppose that I ¢ T, (z,u,v). In particular, since T\ (x,u,v) c S%(z,u,v) (see (8.8)), we have
IcS!(x,u,v). Let us denote :

(/') = (u,u+v) if Slope(u+v) >0
YUIEY (u+w,0)  if Slope(u +v) <0

Then we have S’ (x,u,v) = S,(z,u',v") and S™*(x,u,v) = S*(z,u’,v").
Recall that inequality (8.14) ensures that : Slope(u +v) # 0. Then we have :

Slope(u") < 0 < Slope(v").
We now distinguish according to the signs of Slope(u’ +v’) and Slope(v’ —u').

e Suppose that Slope(u’ +v') and Slope(v’ —u’) are of opposite signs.
We will then proceed in exactly the same way as in the first case, changing (u,v) to
(u',v"). The proof is then completely unchanged, except that we no longer have the
inequality [W;| < Ii(v)+1, but instead |W;| < /() +1;(7)+1 (see point 3 and 4 in Lemma
8.22). The inequalities change as follow :

(c) Let us show that max(#J7, #T)>1:
Suppose that #J = #J =0, then, similarly to (8.21), we can bound |W| :

(W[ <3(li(v) +Li(y) + 1)
and this is a contradiction with our hypothesis on the length of W.

(d) Proof of point 2 of Proposition 8.16 :
Equation (8.23) doesn’t change :

>l 2 (7 + #T)1(7). (5.25)

keZ



134

CHAPTER 8. STRUCTURE OF SIMPLE CLOSED CURVES

Then, similarly to computation (8.24), we can bound |W| :

(WI<2(L(7) + Li(y) + 1) + (#T + #T + #K) () +Li(y) +1)
<OL(Y) +3(#T + #T + #K)Li(y)  using [i(7) +1i(7) +1 < 3L(7)
<6(#T +#T)(7) +90(y)  since #K<H#T +#T +1
<15(#T + #I)L(7) because #J + #J > 1
<30 |ugl by (8.25)

keZ

e Suppose now that Slope(u’+v") and Slope(v’ —u') are of the same sign. Notice that our

choice of u,v and u', v’ imposes that Slope(u/,v") # 0 and Slope(v’ —u') # oo, we deduce
in particular that S’(z,u,v) ~ T'(x,u,v) has non-empty interior.

We are going to do almost the same procedure as in the previous cases, but we need to
be a little more careful since the rectangles S(y,w’,v") for different y intersect, hence
the occurrences of w might not be disjoint. Denote by ¢ the type of x and ¢ its (u’,v")-
opposite type.

Let Iy be an horizontal segment such that we read W by following Iy,. By Lemma
8.15, there exist zg, -, zp+1 € A and hg, -+, hy1 some heights such that we can write Iy,

as a union of segments :
IWZIQUIlU"'U]pUIp+1 (826)

satisfying :
— Iy cIs(zo,u' v ho), Ipir € Ig(@per, w0 hpir)
— Forall 1<j<p, I; =Is(xj,u' v hy)
— Forall 0<j<p+1, z;is of type t or t
— inf I; <inf I, when j < k (this is a consequence of the third point of Lemma 8.15)

For all j € {0,---,p+ 1}, let us denote W; the subword read by following I;. Therefore
for all 1 <j <p, W; = Wg(z;,v', v, h;) and Wy and W, are subwords respectively of
Ws(xo,w', v, ho) and We(xpe1,u’,v", hye1). Notice that the intervals [; for 0<j<p+1
might have non-empty intersection, hence the subwords W; are not necessarily disjoint
in V[f Set J = {] € {L"'ap} ’ Wj = WS(t>ulav,a}ﬁ)}a J = {] € {1,“',]9} ‘ VVJ =
Ws(t,w',v',hy)}. Of course we have {1,--,p} = J uJ. Also denote W the subword
read by following I%(z;,u/,v', h;).

(a) Let us show that w is a subword of W for all j € J and that w™! is a subword of
W, forall jeJ :

The proof is the same as in the first case la changing the basis (u,v) to (u/,v"). We
recall here the main steps : we have I, c I ¢ S'(z,u,v) = S,(x,u’,v"), so w' is a
subword of W((t,u',v', h), for some well chosen 0 < i < 1. In addition, Lemma 8.19
ensures that for all j € J, W; and Wg(t,u',v’, h) are equal up to some change of
letters which affect at most the first two letters of w’ and the last two letters of w’.
Since w’ = pws, with [p| = |s| = 2, we deduce that w is a subword of W}, for all j € J.
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By noticing, using Lemma 8.18, that w’~! is a subword of Ws(t,u’,v’, 1), for some
well chosen A/, we deduce in the same way that w= is a subword of W}, for all j € J.

Decomposition of W and proof of point 1 of Proposition 8.16 :

Let g = #J +#J and us, uq, -, ug, be the occurrences of w and w=! in W;, for j e
JuJ = {1, p}, guaranteed by the previous point. The key point is to justify
that the subwords g, uy, -, ug, are disjoint in W. For j € {1,--,p}, let I, c I; be
a horizontal segment such that the subword read by following I,,, is us;. Then,
since I, ¢ I ¢ T,(x,u,v) by hypothesis, we deduce that I,,, c T\.(x;,u,v). But
recall that by Lemma 8.11, all the rectangles T (x;,u,v) for je J u J are disjoint.
Therefore we deduce that the segments I, for j € {1,---,p} are disjoint, then so are
the subwords us; in W. Now the rest of the proof follows as in 1b : let uy, us, -+, ugg41
be the remainders in between in the word W, so we can write :

W = U1U2"'UQq+1 (827)

and by construction, for all k € 2{1,--, ¢}, uy, is either equal to w or to w='. Thus
point 1 of Proposition 8.16 is proved, setting Z = 2{1,---, ¢}.

Let us show that p>1 :

By contradiction, if p = 0, then
W\ < [Wg|+ Wi < 2(L(y) + 1;(y) + 1) using Lemma 8.22
<3(l(y) +Li(v) +1)

which is a contradiction with our hypothesis on the length of W.

Proof of point 2 of Proposition 8.16 :

On the one hand we have :

> sl = 3wl = p(liy =5) 2 G1i() (8.28)

kel keZ

and the last inequality holds because I;(7) > 10.
On the other hand, using the equality (8.26), we have :

p
(W< WG|+ Wil + 2 (Wil < (p+2)(li(7) +1i(y) + 1) by point 3 in Lemma 8.22
iz
<3(p+2)Li(v) since I[(v) + 1 < l;(7)
<9pli(7y) using p > 1

<18 fuyl by (8.28).
keZ
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This last inequality finishes the proof of point 2 of Proposition 8.16 in the case
where I ¢ T, (z,u,v).

[]



Chapter 9

Local uniform quasi-geodesicity

9.1 A first example of a uniform quasi-geodesicity setting

Let (X, d) be a §-hyperbolic space, geodesic and proper.
Fix G, D; and D, three isometries of X. We can consider the set W(G, Dy, Dy) of (finite) words
on the alphabet A = {G,G1, Dy, D', Dy, D;'}. For W € W(G, Dy, Ds), we denote by [W] its
word length (W is seen as a word on the alphabet A). We also consider H(G, Dy, Ds) the set of
bi-infinite (reduced) words on the alphabet A, that is, H = (H,,)nez € H(G, Dy, Ds) if and only if
for all n € Z, H, € A and H, # H.!,. When we have a bi-infinite word H = (H,,) € H(G, D1, Dy),
we associate to it a bi-infinite sequence of finite words W = (W,,),ez in the following way :

HyH---H,,_4 forn>0
W,=3 1 forn=0
H-l--H;! forn<0

Hence W,, e W(G, Dy, D) for all n € Z. Moreover, the word length of W, is |W,,| = |n| for all n € Z
and the following recursive formula holds for all n € Z : W,,; = W,,H,,. We denote by G(G, Dy, D>)
the set of bi-infinite sequences of finite words associate to bi-infinite words in H(G, D1, D5).

In this section, we want to study a particular class of bi-infinite words H = (H,,),ez and their
associate bi-infinite sequences of words W = (W, )nez. Let us fix an integer N > 1 and define
Hn (G, Dy, Dy) to be the subset of H(G, Dy, Dy) consisting of the bi-infinite words H = (H,)nez
which satisfy the following condition :

If ny < ny are two integers in Z such that H,,, H,, € {D1, Di', Dy, D3} and for all ny < n < ng,
H, € {G*#'}, then :

o If H, €{Di'}, then H,, € {D:'}, for all ny <n<ng, H,=G ' and ng—n; -1> N.
o If H,, € {Ds'}, then H,, € {D+'}, for all ny <n<ng, H,=G and ng—ny; —1> N.
Thus, the bi-infinite words in Hy (G, D1, Dy) are those of the form :
---Dfl GLl..g! Décl &..EDTI GL..Ggt Dglﬁﬁpfl...

>N >N >N >N

137
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We denote by Gy (G, D1, Ds) the set of bi-infinite sequences W = (W,,)nez € G(G, D1, D5) associate
to bi-infinite words in H (G, D1, D3).

Fix o a basepoint in X. Starting from a bi-infinite sequence W = (W,,),ez € G(A(G, D1, D3)),
we define the sequence of points in X : z, = W,0,Vn € Z. The goal of this section is to study the
uniform quasi-geodesicity of sequences of points defined by the elements of Gy (G, Dy, Ds), that
is the existence of two reals A > 0 and k > 0 such that for all n,m € Z, we have : f[n—m|-k <
d(Zp, Tm) < An—m| + k. We also say that (x,)nez is a (A k, L)-local-quasi-geodesic if we have
1ln —=m| -k < d(z,xm) < Aln —m| + k whenever |n —m| < L. Precisely we prove the following
lemma :

Proposition 9.1. Let X be a d-hyperbolic space, geodesic and proper, and o € X any basepoint.
Pick G a hyperbolic isometry and Dy, Dy two isometries of X. Suppose that Di(G~) #+ G~ and
Dy(G*) + G*. Then, there exists A > 0,k >0 and N € N*, such that for all bi-infinite sequence
W = (Wy)nez € Gn (G, Dy, Dy), the sequence of points x, = W0 is a (X, k)-quasi-geodesic.

Proof. e Step 1 : Quasi-isometry on a half-period
The goal is at first to show that there exist two constants A > 0 and k£ > 0, only depending on
0,G,F1,F5 and o, such that the two following inequalities are satisfied :

1
X!G”DlG’m| -k <d(G"D1G™0,0) for all n,m >0 (9.1)

1
X|G’”D2Gm| -k <d(G™DyG™o,0) for all n,m >0 (9.2)

By hypothesis, the two points at infinity D;(G~) and G- are distinct, so we can consider a
geodesic, called A, with endpoints D;(G~) and G~. Such a geodesic exists because the space X
is supposed to be proper. Now consider p a projection map on A, that is p : X — A satisfying

Ve e X, d(x,p(x)) =d(x,A) = in/{ d(z,y) (such a map exists but is not necessarily unique). Since
ye

(G™0)nen is a (half) quasi-geodesic with endpoint G~ and A is a geodesic with G~ as one of
its endpoints, we have, by stability of quasi-geodesics in ¢ hyperbolic spaces, the existence of a
constant K7 > 0 (only depending on §,G,D; and o) such that {G™"0},y and the half geodesic
[p(0), G7) remain in the K;-neighborhood of each other. We deduce the following inequality :

d(G™o,p(G™0)) < K7, for allneN (9.3)

With the same argument, namely that the (half) geodesic (D1G™™0)meny and A share the same
endpoint D;(G~), we deduce the existence of a constant K3 > 0 (only depending on §,G, D; and
0) such that

d(D1G™0,p(D1G™™0)) < K3, for all meN. (9.4)

Then we can write the following inequalities :
d(G"D,G™™0,0) =d(D1G™™0,G"0) because G is an isometry
> d(p(D1G™"0), p(G™"0)) - d(p(D:G™"0), D1G™"0) = d(p(G™"0),G"0)
>d(p(D1G™™0),p(G™"0)) - K1 — K5 by inequalities 9.3 and 9.4.
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But since G0 — G-, we also have p(G~"0) - G~, and in the same way, since D1G™"™0 —>
m—00

D1(G~), we deduce p(D1 “m0) — Di1(G"). Then fornandmsufﬁmently large, p(G"0) belongs

to [p(0),G7) n[p(D10),G~) and p(D1G~™0) belongs to [p(0), D1(G~)) n[p(D10), D1(G~)). This
shows that for n and m sufficiently large, the four points p(G="0),p(D1G~0),p(D10) and p(o) are
aligned in one of the two following orders on the geodesic A : p(G~0),p(0), p(D;0),p(D1G™0)
or p(G™0),p(D10),p(0),p(D1G™™0). In the first case

d(p(G™"0),p(D1G™0)) = d(p(G™"0),p(0)) + d(p(0), p(D10)) + d(p(D10), p(D1 G 0))

and in the second one :

d(p(G™"0),p(D1G™™0)) = d(p(G™"0),p(0)) - d(p(0),p(D10)) + d(p(D10),p(D1G™™0))

so, in every case, for n and m sufficiently large :

d(p(G™"0),p(D1G™™0)) > d(p(G™"0),p(0)) = d(p(0),p(D10)) + d(p(D10),p(D:1G™0)).  (9.5)

On the other hand,

d(p(G™"0),p(0)) 2 d(G"0,0) = d(G"0,p(G™"0)) = d(p(0), 0)
> d(G™"0,0) - 2K, by inequality (9.3) (9.6)

and similarly :
d(p(D1G™™0),p(D10)) > d(D1G™™0, D10) — 2K5 by inequality (9.4). (9.7)
We can now finish our sequence of inequalities :

d(G"D,G™™0,0) 2 d(p(D:G™™0),p(G™0)) - K1 — Ky
2 d(p(G™0),p(0)) = d(p(0),p(D10)) +d(p(D10), p(D1G™"0)) = Ky = K5 by (9.5)
>d(G™0,0) +d(D1G™™0, Dy0) — d(p(o),p(D10)) - 3K; — 3K, by (9.6) and (9.7)
=d(G"0,0) +d(G™o,0) —d(p(0),p(D10)) - 3K; — 3K>
> (n+m)ls(G) = d(p(o),p(D10)) - 3K; - 3K

In the last inequality, we used the basic fact that d(G"o,0) > nls(G), where ls(G) denotes the sta-
ble length of the isometry G. Since (n+m)ls(G) = (n+m+1)ls(G) - 1s(G) = |G"D:G"™|ls(G) -
ls(G), we have proved the inequality (9.1) for n and m sufficiently large, prescribing A = ﬁ
(recall [g(G) > 0 when G is hyperbolic), and k = ls(G) + d(p(0),p(D10)) + 3K + 3K5. Since there
is only a finite number of values of G*DG™™, for n and m smaller than a fixed constant, the
inequality (9.1) is still true for all n,m € N, after possibly changing the values of A and k.

In order to prove the inequality (9.2), we change D; to Dy and G to G~! and use the hypothesis
Do (G*) + G*.
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e Step 2 : From local to global quasi-isometry

We shall now conclude the proof of Proposition 9.1 using the local-global lemma, given at the
end of section 2.2 (Lemma 2.12).

Let L > 0 and (N, k') such as in Lemma 2.12, with A and k defined in the first step. Fix
N = |L]+ 1. Then every interval of length smaller than L is of length smaller than N. Now
choose W a sequence in Gy (G, Fi, Fe) which is associate to a bi-infinite words H = (H,)nez €
Hn(G, Dy, Dy). Thus, the subwords of H of length smaller than L are all either of the form G™,
G, G"D,G™™, G"D{'\G™™, G"DyG™™, or G"D;*G™™, with n > 0,m > 0. The sequence (G"0)ez

is a quasi-isometry (since G is hyperbolic), so there exist two constants A\; > 0,k; > 0 such that

1
)\—|G”| -k <d(G"0,0) = d(G™"0,0) for all n > 0. Moreover, we have just proven in step 1 that
1

1
there exists two constants Ay > 0, ks > 0, such that )\—|G”D1G_m| — ko < d(G™"D3yG™0,0), for all
2

n > 0,m > 0. Notice that we still have the same inequalities when replacing D; by D;' and D,
by D;! (take the inverse of G"D;G™™ and G™"DyG™ and note that the word length and the
displacement of the basepoint are unchanged). Therefore, the sequence of points (x,, = W,,0),ez is
a (A, k, L)-local-quasi-geodesic. So, by the local-global lemma 2.12, there exists A’ > 1,k’ >0 (only
depending on A and k, that is on ¢, G, F;, F2 and o), such that (x,)nez is a (N, k)-quasi-geodesic
(global). Thus, Proposition 9.1 is proved. O

9.2 Properties on Bowditch representations of (S 4)

Let (X,d) be a d-hyperbolic space, geodesic and proper, and o € X a basepoint.

We establish the useful fact that the image of simple closed curves by a Bowditch representation
are hyperbolic isometries. This result is similar to Lemma 5.2 for F5 but uses the combinatorics
of §(Sp.4) studied in section 8.3 which is a little more complicated than in the case of Fy.

Lemma 9.2. Let p: m(Sp4) = Isom(X) be a Bowditch representation with constant C,D and
1 . )
v €8(So4). Then 5“7” <ls(p(v)) and p(7y) is hyperbolic.

Proof. We assume (without loss of generality) that v is cyclically reduced.

We introduce ;1,05 € m1(Sp4) given by Corollary 8.7. Therefore, by this corollary, for all n € N,
the word y"d;77"d5 is simple. In order to apply the Bowditch hypothesis to y2d;7™"ds, we want
to study the cyclically reduced word length of v%d;7™d3. The word "),y "0 is not necessarily
reduced, but the key point is that 0; and &, only depend on v and not on n, so the possible
simplifications in the word ~"d;77 "9, are independent of n, for n large enough. For completeness,
let us write the details :

Consider two integers ny and ny satisfying nq|y| > [01] and na|y| > |d2]. Denote 6] = 414,y and
05 = y7™299y™2. The elements §] = v 67" and 05 = 7720572 may have some simplifications,
but because of the assumptions on n; and ns (and the fact that v is cyclically reduced), the
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simplifications are "bounded" in the sense that ] and 0} are non empty (in fact they have at least
two letters) and the following hold :

o the first letter of ¢] is equal to the first letter of ~,
o the last letter of ] is equal to the inverse of the first letter of v,
o the first letter of 9} is equal to the inverse of the last letter of v,
e the last letter of 4} is equal to the last letter of .

Moreover, for all n € N we have :
7n517_n52 — '}/n2 ,yn—nl—nz ,yn1 61,)/—711 ,y—n+n1+n2,y—n2 52

so the element yn~m1=n25]y~m+mi+n24) s a cyclic permutation of 491y ™"d;. Now notice that the
observations made above on the first and last letters of 0] and 4/ imply that for all n>n; +ny +1
the word ~nm=n2§!~-ntmtn2 gl is cyclically reduced (here we write 07 and 6} as reduced word). In
other words, for all n e N*, 4"§]~y~"d} is simple and cyclically reduced.

Then, we use the Bowditch hypothesis on 747770} to write the following inequalities :

1 !/ -n S/ n S/ -n S/
"o - D < d(p(v"017763)0, 0)
<d(p(y")o,0) +d(p(61)0,0) +d(p(77")0,0) + d(p(5)0, 0)
But since y™d]y 8} is cyclically reduced, we have [y701y705 = 2n|vy|+[01|+|d5] = 2n|y|+|d7]+]05)|
(the last equality holds since ~y is supposed cyclically reduced), so after dividing by n :

sil+l D 2
nC n-n

2l + A(p(1")0,0) + ~(d(p(55)0,0) + d(p(54)0,0))

And then by taking the limit when n — oo (and dividing by 2):
1
EH’yH <ls(p(7)) by definition of the stable length,

which is the desired inequality.
Hence, for every simple word =, ls(p(7)) > 0, thus p(+) is hyperbolic. O

Now we establish the fact that the hypothesis required by Lemma 9.1 is satisfied when the
isometries Dy, Dy and G comes from a Bowditch representation. Again, this result is similar to
Lemma 5.3 in the case of Fy but uses the combinatorics of S(Sg4).

Lemma 9.3. Let p: m(Sp4) = Isom(X) be a Bowditch representation with constants C,D and
v € 8(So4). Let 61,09 € m(Soa) such that y"d1y"0y is simple for an infinite number of n € N.
Denote Dy = p(61), Do = p(d2) and G = p(7y). Then Di(G~) + G~ and Do(G*) # G*.
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Before starting the proof, recall that we have shown that G = p(7) is an hyperbolic isometry
(since v is simple, see Lemma 9.2), therefore G~ and G* are well-defined.

Proof. First notice that y%0;7™ds is not necessarily supposed cyclically reduced. However, in
the same way as in the beginning of the proof of the previous Lemma (9.2), we can assume that
Y91y "0y is cyclically reduced after possibly conjugating 0; and d2 by a power of v (independent
of n). This change does not affect the conclusion of the lemma : indeed, if D;(G~) # G-, the same
non-equality holds when changing D; to a conjugate of D; by any power of G (because G~ is a
fixed point of GG), and the same is true for the non-equality Dy(G*) # G*. Thus in the following,
we will assume that y"d;77"d; is cyclically reduced.

Choose a basepoint 0 € X and consider the two sequences of points in X define by x,, = G™0 and
yn = D1G™0 for all n € N. By contradiction, assume that D;(G~) = G=. Under this assumption,
we want to show that the distance d(z,,y,) is bounded. Let [g- be any geodesic with G~ as
an endpoint. Because G is a hyperbolic isometry, the sequence (G™"0)nez = (T)nez is a quasi-
isometry with attracting fixpoint G=. Furthermore, (D1G™0)ez = (Yn)nez is also a quasi-isometry
with attracting fixpoint D;(G~). Thus, under this assumption D;(G~) = G, the sequences (2, )nez
and (Y, )nez are both quasi-geodesics with the same attracting fixpoint, G=. Hence, the stability
of quasi-geodesic in d-hyperbolic spaces gives the existence of a constant K > 0 such that (z,)nen
and (y,)nen both stay at a distance at most K of [g-. Now consider a projection p : X — lg-
on the geodesic [g-. By definition of the projection we have that for all n € N, d(x,,p(z,)) <
K,d(yn,p(y.)) < K. Then we deduce :

d(Tn,Yn) < d(p(70),p(Yn)) + 2K (9.8)

Moreover, because p(x,),p(y,) and p(o) all belong to the same geodesic lg-, we can write :

d(p(zn),p(yn)) = |d(p(zn),p(0)) = d(p(yn),p(0))|. (9.9)

Using again that (z,,)neny and (Y, )nen both stay at a distance at most K of lg-, we obtain the two
following inequalities :

d(x,,0) - 2K <d(p(z,),p(0)) <d(z,,0)+2K
A(Yn,0) = 2K <d(p(yn),p(0)) < d(Yn,0) +2K

from which we deduce :

|d(p(zn),p(0)) = d(p(yn), p(0))] < |d(2n, 0) = d(yn, 0)| + 4K. (9.10)
Finally, we bound |d(z,,0) — d(y,,0)| using the triangle inequality :
|d(xy,0) = d(yn, 0)| = |d(G™0,0) = d(D1G™"0,0)|

= |d(D1G™™0, D10) — d(D1G 0, 0)|
<d(Dyo,0)
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and then, together with (9.8), (9.9) and (9.10), we conclude that d(x,,y,) is bounded. But by
hypothesis, 7,7, is simple for an infinite number of n € N, so we can conclude using the
Bowditch inequality that, for an infinite number of n :

1
5”7”517_”(52 | =D <d(p(y"617 ™02)0,0) =d(G™0, D1G™™ D40)

< d(C;’_nO7 DlG_nO) + d(DlG_nO, DlG_nDQO)
= d(l‘n, yn) + d(D207 0)

Hence the right hand side of this inequality is bounded in n whereas the left hand side is not (recall
that y"d;77"d, is supposed cyclically reduced), this is a contradiction. From this contradiction we
deduce that D1(G7) # G~.

Finally notice that if 40,779, is simple, so is 7y "d27"9;. Thus using what has been previously
done we also have that Do((G~1)~) # (G=')~. Since (G~')~ = G*, the lemma is proved. O
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Chapter 10

From Bowditch’s hypothesis for m(Sg )
to uniform tubular neighborhoods

The purpose of this section is to show Proposition 10.1 which is, as in the case of Fy, the
heart of the proof that a Bowditch representation of the fundamental group of the sphere S 4 is
simple-stable.

Proposition 10.1. Let X be a d-hyperbolic space, geodesic and proper.
Let p:m1(So4) = Isom(X) be a Bowditch representation. The orbit map restricted to simple leaves
stays in a uniform tubular neighborhood of the axes of simple elements in X. Precisely :

IK >0,  VyeS(Sos),  7,(L,) c Ni(Axis(p(7)))

Recall that L. denotes the geodesic in the Cayley graph of m(Sp4) = 3 generated by v, and
that for any element v € §(Sp4), we prove in Lemma 9.2 that p(7y) is hyperbolic so Axis(p(7)) is
well-defined.

Proof. Pick p:m(Sp4) = Isom(X) a Bowditch representation of m1(Sp4), 0 € X a basepoint and
let C,C" >0 be two constants such that :

Vo € S(So.), %Msl(p(w)) and  Vuem(Sos), d(p(w)o,0)<C". (10.1)

Recall that the existence of the constant C' comes from the hypothesis that the representation is
Bowditch and Lemma 9.2 and the existence of the constant C’ is true for any representation of a
finitely generated group. Note that such constants automatically satisfy CC" > 1.

Let us proceed as in the case of Fy by contradiction and suppose that there exists a sequence
(n)nen of simple elements in S(Sp4) satisfying the following hypothesis :

sup{d(z, Axis(p(n))) [ @ € 7,(Ly, )} —2 +o0 (Ha)

Such a sequence in now fixed.
We can assume that the elements ~, are pairwise distinct and that |y,| = oco. The proof of this
fact is exactly the same as in the case of the group Fsy, see Lemma 6.4.

145
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10.1 Continued fraction expansion of -,

The element +, is simple, thus by Proposition 8.1 corresponds to a rational, and then we can write
the continued fraction expansion of its slope :

Slope('yn) = [N{lv Y N:}(n)]

Now we will prove that we can restrict our study to the case where the integers N* are bounded
inn:

Lemma 10.2. Up to subsequence, r(n) - oo and for all i € N, (N")pen | r(n)si 95 bounded.

Proof. Suppose there exists k& € N such that (N}'), is defined for infinitely many values of n
and is not bounded. Then consider the integer 0 < 7 such that (N;), —> oo (after passing

to subsequence) and for all 1 < j < ¢, the sequence (N J")n is bounded. Therefore, again after

passing to subsequence we assume that for all 1 < 7 <7 there exists an integer N; such that for
all n € N such that r(n) > j, N = N;. Thus Slope(v,) = [Ni,-+ Ny, Njiy, -+, NIy ]. Now, use

i r(n)
Lemma 8.8 to deduce the existence of a simple word v; € §(Sp4) of slope [Ny,---, N;] and two
words 01,92 € m1(Sp4), such that for all n € N, v, can be written as a (cyclic-permutation of a)

concatenation of subwords of the form :

()™ 31 () 2,

with my(n), ma(n) > 2871 65 € {61,671} and &, € {6,,05}.

Now set G = p(7;), D1 = p(01) and Dy = p(d2). Then, by considering the bi-infinite word obtained
by concatenating infinitely many copies of ~,, or equivalently the bi-infinite word obtained by
following the geodesic L., in the Cayley graph, we can see p;. ~as an element of G(G, D1, Ds)
(the definition is given at the beginning of section 9). Let us introduce the constants A > 0,k >0
and N € N* as defined in Lemma 9.1. For n sufficiently large, mi(n) > N and ms(n) > N because
mi(n), mo(n) > %, and by hypothesis N, —> oo. Hence, py,, is an element of Gy (G, Dy, Do)
for n sufficiently large. Let us now use the second part of Lemma 8.8 to justify that for all
n € N, the word (v;)"01(7;)™d2 is simple. Then, by Lemma 9.3, we obtain that D;(G~) # G~
and D,(G*) # G*. Now we can apply Proposition 9.1 to justify that 7,(,) are uniform (in n)
quasi-geodesic in X.

This contradicts our hypothesis (H3) on p for n sufficiently large. Hence, for all i € N, (N/*), is
bounded.

Let us now justify that r(n) - +oo. If r(n) stays bounded, r(n) < R, then for all 1 <i< R, (N*),
is bounded by what has been previously done and so the word length of ~,, is also bounded, which
is false. Thus r(n) — +oo.

In particular, we deduce that under the assumption (H»), the sequence (N),, is always well-defined
for n sufficiently large (n such that r(n) >1). O
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10.2 Consequence : uniform bound on the lengths /;(v,)

As in section 6.2, we introduce the constants N; such that N* < N; for all integer n and we obtain
the following uniform bound on the lengths /;(7,) :

VneN,V1<i<r(n), lli((%)) <N;+1. (10.2)
i-1{"Vn

We deduce for every integer ¢ the existence of constants L; > 0 such that :

VneN,V0<i<r(n), i <li() < L. (10.3)

10.3 Excursions of the orbit map

As in the section 6.4, we now want to define and study the excursions of the orbit map.
Let v be a cyclically reduced simple element in S(Sp4). Recall that L. is the axis of v in the
Cayley graph of m(Sp4) = F5. We introduce the map : E, : L, — R, such that E,(u) =
d(7,(u), Axis(p(7)))-

Lemma 10.3. The map E, is Lipschitz-continuous (hence continuous) and ~y-invariant.
Proof. The proof is exactly the same as in Lemma 6.12. O]

Now recall that, since L, is isometric to R, we can therefore think of E, as a map from R to
R and thus, we can apply the language of excursions defined in section 6.3.
Here we recall the definition of an excursion for the orbit map already introduced in the context
of IFy in Definition 6.4.

Definition 10.1. Let v be a simple element in S(Sp4). Let [u,v] c L, be a segment of the
geodesic L. We say that [u,v] is an excursion if the map E,, ] is an excursion.

Let K > 0. We say that [u,v] is a K-excursion if the map E,,,) is an excursion such that
E,(u) = K. In this case, we call length of excursion of [u,v] the length of excursion of E., .,
that is the non-negative real d(u,v).

At last, we say that v has an excursion (respectively a K-excursion) if there exists [u,v] € L., such
that [u,v] is an excursion (respectively a K-excursion).

We end this section by showing that, as in the context of o, there exists excursions as large
and as long as we want.

Lemma 10.4. There exist two sequences of positive reals (K, )nen and (1p)nen, such that K, — oo,
l, = oo and, up to subsequence, for all n € N, ~, has a K,-excursion of length [,,.

Proof. The proof is exactly the same as in the context of Iy, see Lemma 6.13. [
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10.4 Quasi-loops

We introduce quasi-loops, as in the context of Fy. Here again, nothing is changed.

Definition 10.2. Let € > 0 and w € m(Sp4) = F3 (not necessarily simple). We say that w is an
e-quasi-loop if we have the following inequality :

d(p(w)o,0) < e |w|

Let 7y be a simple element in S(Sp4) and u € L,. We denote by |u| the integer point in L., just
before u (if u is an integer point in L., |u] = u) and [u] the integer point of L, strictly just after
w (thus |u] and [u] are the endpoints of an edge of length 1 in the Cayley graph and u belongs to
this edge).

As in the context of Fy, by considering very large excursions we obtain quasi-loops.

Lemma 10.5. Lete > 0. There ezist . >0 and K. > 0 such that for all simple elements v € S(Sp.4),

for all K > K_,1 > 1., if [u,v] is a K-excursion of length I, then the element w = |u]™Y|v]| (which is
a subword of ) is an e-quasi-loop.

Proof. The proof is exactly the same as in the context of Fy, see Lemma 6.14, and relies mainly
on the geometry of large uniform neighborhoods of geodesics in X. m

10.5 Induction step

We are now going to show the equivalent of Lemma 6.17 for the four-punctured sphere.

Lemma 10.6. Let £ =

ﬁ(z 16, where « is the constant introduced in Proposition 8.16).

1
Let0<e< ol and r > 0. There exists a constant R >0 and an integer ng € N, such that, given any

integer n > ng and subword u of 7, such that |u| > R, there exists a positive integer q € N*, a subset
QL c{l,-,q} and q words uy,---,u, € Fy such that :

1. w=wupu,
2. For all ke QL, uy is an e-quasi-loop

3. 2 luel > Bluf

keQL
4. Forallk¢QL, |ug|>r

Proof. Let us first introduce the constants K. and [, defined by Lemma 10.5. Now we choose
and fix for the rest of the proof an integer i satisfying ¢ > max(10,2r + 7,2[. + 5). Recall that
the constant L; has been introduced in (10.3). Let us also introduce the sequences (K, ),y and
(ln)neny of Lemma 10.4. Since K,, - +o00 and [, — +oco, we can find an integer ngy such that for
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all n > ng, we have K,, > K.,l,, > 1. and L; -5 <1[,. We also set a to be the constant defined in
Proposition 8.16 (« = %, but its precise value does not matter, as long as it is a universal con-
stant). Finally, we fix R such that R > % Note that due to the value of the constant o, we also

automatically have R > 9L;. Now let us show that with this choices for R and ng, the lemma is true.

Let n > ng and u be a subword of (a cyclic-permutation of) =, (or its inverse) such that |u| > R.
By Lemma 10.4, =, has a K,-excursion of length [,,. Moreover, we have [;(v,) < L; by (10.3)
so in particular [;(7,) =5 < l,. Therefore, we can use Lemma 6.11 to ensure the existence of a
K!-excursion of length I/, with % <! <li(ym) -5 and K/, > K,,. Denote it by [x,y] c L.
But then we have

L, > > by (10.
nE 2 — y (10.3)

> by the definition of ¢
and K >K, > K.,

so we can apply Lemma 10.5 to ensure that the element v = |x]|~|y| (which is a subword of v) is
an e-quasi-loop. Let is compute the length of v :

We have [v] = d(|z], |y]) = d(|=],x) + d(x,y) - d(y, |y])
SO d(z,y)-1<v|<d(z,y)+1
and I-1<l<l,+1 since d(z,y) =1,
li(%t) -9
2

then 1< <li(ym)-5+1

<ol <li(yn) =5 because |v| and [;(7,) are integers. (10.4)

and finally W

Now consider w the subword of ~, of length l;(v,) —5 such that v is a prefix of w and let us write
w =vv', with |w| = ;(y,) = 5.

We are now going to use Proposition 8.16 for the subword w of v, and w. This is possible
because we have :

e chosen i such that [;(,) is sufficiently large : ;() >4 > 10,
e chosen w of the right length : |w| = ;(7y,) -5,
o fix u sufficiently large :
|u|>R>9L; by definition of R
2 90i(n) = 3(2L:(7) +1:(7)) 2 3(li(7a) + 1+ 1i(7)) by inequality (4.7).
Then we can write u = u;---u, such that there exists a subset Z c {1, -, ¢} satisfying :

1. For all ke Z, uy € {w,w'}.
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2. Jukl > oul.
keZ

But recall that w = v/, so the inverse is w1 = v/ 'v~!. Then for all k € Z, we can write uj, = vv’

or uy = v' 'v7L. Therefore, the word u can be written as a concatenation of the subwords uy for

k¢ 7T and v,v',v1, 07!, with at least #Z terms of the form v or v~!. Thus, by denoting v, these
#TI appearances of v and v~! and by combining together all successive terms that are not v or v~}
(that is all successive terms of the form wy for k ¢ Z, v/,v'™!) into factors called vy, we can write
the following concatenation of w :

U = V]V VyVp Uy UpU) g
satisfying :
o p=H#T
e Forall ke {1, p}, vpe{v, vt}
Now let us show the four points of Lemma 10.6 :
1. If p is odd, we combine the previous terms together as follows :

U = V] U1Uy Vg VU3V -+ Up_1 UpUpU,

pUPUp+1
— —— _—
u= v vy vy v vy (10.5)

If p is even, we combine the previous terms together as follows :

/ ! / !/ / !/ /
u = Ulvlv2 UQ U3U3U4 "'/Up_Q vp_lvp_lvpvpvp+1

—

u= vy vy vy Uy (A (10.6)

and this will be our decomposition of u, with ¢ = p if pis odd and ¢ = p—1 if p is even, u, = v}/
if k& is odd and uy, = vy if k is even, and QL = {1 <k <p-1|k is even} .

2. Let k € {1,-+,p}, then vy € {v,v71}. But recall that by construction, v is an e-quasi-loop,
then so is v=1, hence vy is always an e-quasi-loop.

3. Let us start by showing that p > 3.

pL; > pli(7n) by definition of L;
> #L(li(m) =5) = Y lur]  since p=#T and |ug| = [w| = 1;(n) ~5

keZ
> alul using point 2 of Proposition 8.16
>aR by hypothesis on u
3L; 3L;
> =3L; since R is fixed such that R >
o o

and thus we deduce p=>3.
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This ensures that in our previous decomposition (10.5) and (10.6), there is at least one term
vg. Indeed, recall that QL = {1 <j<p-1]|jis even}. In particular we have :

2#QL+1 if pis odd
2#HQL +2 if pis even

so in any cases p<2#QL +2. (10.7)

and therefore 1<#QL. (10.8)
Let us show that Y |vg] > Blu :
keQL
1
u] < = |ugl by point 2 of Proposition 8.16

O kez
1

< —#T|w| by point 1 of Proposition 8.16
o
1

< _p(lz('Yn) - 5) since #I =p and |w| = lz(’yn) -9
a
1

<—Q#QL+2)(l;(vn) - 5) by the inequality (10.7)
«
4

<—#QL(l;(vn) - 5) by the inequality (10.8)
a
4

<—#QL(2|v|+2) using (10.4)
«

In addition :

|v|2zz-(%)—7zz—7Z 0-7_,
20 2 2

Then

4 16
u] < —#QL x 4] < — > |uy] since vy € {v,v7'}
« & reQL

o 1
d th h the desired i lity with 8= —(= —).
an us we have the desired inequality with £ 7 6( 18 O)

4. Finally, let k ¢ ()L, and let us compute the length of v}/ :
vl | > |v vk V4| (and there is in fact equality unless p is even and k =p—1)

> |vg| = v by definition of vy

> % by (10.4)

> % by inequality (10.3)
>r since 7 has been chosen such that ¢ > 2r + 7.

And this finishes the proof.
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10.6 Final contradiction and conclusion

Once we have Lemma 10.6, the end of the proof of Proposition 10.1 is the same as in the case of
IFs.
For completeness, we recall the last steps.

We are now able to find a simple word 7 (from the sequence (7, )nen) Which contains a very
large proportion of quasi-loops.

Lemma 10.7. Let 0 <e < % and 1 - %((—1) —¢g) <A< 1. There exists a simple word v such that
contains e-quasi-loops that occupy at least a proportion A of .

Proof. The proof is the same as the proof of Lemma 6.18, using Lemma 10.6. O

Then we show that if such an element exists, we obtain an inequality on the displacement of
the basepoint o.

Lemma 10.8. Let 0<e < & and 1-4(5—¢) <A< 1. Let v be a simple word in Fy which contains
e-quasi-loops which occupy at least a proportion A of ~v. Then

d(p(v)o,0) < ém.

Proof. The proof is the same as in the proof of Lemma 6.19. O]

And thus this inequality contradicts the Bowditch hypothesis (10.1), so we found a contradic-
tion. Proposition 10.1 is proved. O]



Chapter 11

From uniform tubular neighborhoods
and Bowditch’s hypothesis for m(Sy4) to
simple-stability

11.1 A few complements on continuous maps

Before starting the last step of the proof of Theorem 1.4, we need to state a few Lemmas on
continuous map. They are analogous to those of section 6.3.

Lemma 11.1. Let z <y be two reals and f : [x,y] = R be a continuous map. Let ¢ > 0. Denote
[ =|y—-x|. Let us define :

Ly ={U'€[0,0] | 32",y € [ y]?, 1 = |y — o] and | (') - F(")] < ely — o]}
Then the set Ly, is a closed subset of [0,1].

Proof. Let (I,)nen be a sequence of Ly, such that [, -l € [0,1]. Let (2,)nen and (yn)nen be two
sequences of [z, y] such that |f(y,) - f(xn)| < e(y,—2,) and y,, — 2, = I,,. Up to subsequence, since
[x,y] is compact, we can assume that z, > 2 € [2,y] and ¥, = Yo € [x,y]. Then by continuity,
we obtain |f(Yeo) = f(Ze0)| € €(Yoo — Too) and thus le € L. O

Lemma 11.2. Let x < y be two reals and f : [z,y] - R be a continuous map. Let € > 0 such
that |f(y) — f(z)| < ely—xz|. Denotel = |y—x|. There exists two reals x',y" € [x,y] such that

l A
5 < ' —a'| <l and |f(y') - f(2")| <ely’ —2/].

Proof. Let us define s = M Then by hypothesis on f we have |s| < e.
y-x
e Suppose that there exists x < z < y such that f(z) = f(z)+s(z—x). Then both f(z)- f(x) =
_ l _
s(z—x) and f(y) - f(2) = s(y - z). Moreover either z — x > y237 =5 ory-z > ny =5

and thus the claim is proved by setting I’ =z—-z or I’ =y — 2.

153
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e Now suppose that for all x < z <y, f(2) # f(x) + s(z —z). Then by continuity, we have
that for all x < 2 <y, f(2) > f(z)+s(z—-x) or for all x < 2z <y, f(2) < f(x)+s(z—-z). We
set g(z) = f(2) = s(z —x). Thus either the map ¢ or the map —g is an excursion of length [
in the sense of the definition 6.1. Then Lemma 6.10 gives the existence of a sub-excursion
of length [’ satisfying % <" < I, which is exactly saying that there exists 2’ < ¢’ such that

l
5 <l =yl <tand f(y) - f(2") = s(y’ - '), hence |f(y) - f(a")] < ely’ - 2’|
[l

Lemma 11.3. Let x <y be two reals and f: [x,y] = R a continuous map. Let € >0 and assume
that | f(x) - f(y)] <l — yl.

Denote | = |x —y|. Then, for all 0 < a <1, there exists two reals ' <y’ such that x <z’ <y’ <y
satisfying :

a
Z<ly = <
o 5 <l’-yl<a

o @) - fy)l <ela -y
Proof. Define L. as in Lemma 11.1 :

Lpe={U'€[0,1]|3(z",¢) € [a,y]%, ' =ly' - 2’| and | f(y') - f(2") <ely’ - ']}

Then Ly, n[a,l] is closed (by Lemma 11.1) and non-empty (because [ € Ls. n[a,l]). Denote
I =min Ly, n[a,l]. By Lemma 11.2, there exists [ € Ly, such that 12—’ <" <. Then " < a
because [” <1’ =min L. n[a,!] and I > £ > 2. Hence the Lemma. O

11.2 End of the proof

This section is dedicated to finishing the proof of theorem 1.2, which states that a Bowditch
representation is simple-stable. Pick once and for all a Bowditch representation p, with constants
(C,D). In the section 10, we prove the existence of a constant K > 0 such that for all simple
elements v € §(Sp4), we have the inclusion 7,(L,) ¢ Ng(Axis(p())). (Recall that L. denotes
the geodesic generated by v in the Cayley graph of F3 = m1(Sp4) and Axis(p(y)) the axis of the
hyperbolic isometry p().) For every v in S(Sp4), pick ¢, some geodesic joining the two attracting
and repelling points of p(v), p(v)* and p(vy)~. Then ¢, c Axis(p(y)) and by Lemma 6.1, there
exists a constant C'(J) such that Nx (Axis(p(7))) € Nxc(s)(€y). Then, noting K5 = K +C(9), we
obtain that for all simple word ~y € m1(Sp4), we have 7,(L,) c N, (¢,).

Let us choose a projection map p, on £, that is a map p, : X — £, such that for all z € X,
p(z) € £, and for all y € £, we have d(z,p,(z)) < d(z,y).

Let 0 € X be some basepoint. For a point p on the geodesic ¢, we define the real H,(p) =
+d(p,py(0)). The sign plus or minus is determined according to which side of p(o) the point p is
located on. Thus H., is an isometry between /., and R sending p(0) to 0. We also define E, : L, - R
such that for all x € L., we have E.(z) = H,(p,(7,())).
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Lemma 11.4. Let 7€ S(Sp4) and x,y € L. Then we have :

d(7,(2), 7o(y)) = 2K5 <|Ey () = By (y)] < d(7,(2), 75(y)) + 2K
Proof. We have |E,(z) - E,(y)| = d(py(7,(2)),p,(7,(v))), then, by the triangle inequality :

B () = By ()] < d(py(7,(2)), 7 (2)) + d(7,(2), 7 (4) + d(7,(y), P (7,(4)))
<2Ks5+d(7,(x),7,(y)) because 7,(L-) ¢ Ng,(¢)

and on the other hand :

(7, (), 7,(y)) < d(7,(x), 04 (7,(2))) + d(p(75(2)), 3 (7,(4))) + d(7,(¥), P (7,(¥)))
<2K5+|Ey(x) - EL(y)| because 7,(L) ¢ Ng, (¢,)

O

Note that E, is not necessarily continuous. (This comes from the fact that the projection map
P 1s itself not necessarily continuous. Indeed, such a projection may not be unique). Since we will
need to use the results of the previous section on continuous map (and in particular Lemma 11.3),
we are going to consider a continuous approximation of E,. Thus we define E,7 to be the map from
the Cayley geodesic L, to R such that, on every integer point z € L., ’E’V,Y(ZB) = E,(z) and between
two integer points, we do a linear interpolation, that is : E,(x) = tE,(|x]) + (1 - t)E,([x]), with
t € [0,1] such that d(|x],x) =1 -t and d([z],z) = t. The map E is continuous. The next Lemma
aims to compare F, and EW.

Lemma 11.5. For all z,y € L.,, we have :
1B, (x) = B, (y)| - (4C" + 8K;) < |E, (x) = B, (y)| < | B, («) = B, (y)| +4C" + 8K
Proof. e We first prove that for all z € L, :
|E,(x) - E,(|z])| < C"+ 2K (11.1)

Indeed, by Lemma 11.4, we have |E, (z)-E,(|z])| < d(7,(z),7,(|z]))+2Ks. But d(z,|z]) <1
and 7, is C’-Lipschitz, hence the inequality is true.

e We secondly prove that for all z € L, :

|E,(z) - E,(|z])| < C" + 2K; (11.2)
Indeed :
|E”/(x) - Ev([xJN = |tEv(li) +(1-t)E,([z]) - EV(li)| by definition of E"/

= 1=, ([x]) - £, ([2])]
<d(7,(lz]), 7,([x])) + 2K by Lemma 11.4
<C'"+2K;  because d(|z],[z]) <1
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e We deduce that for all ,y € L., we have :
|Ey (L2 ]) = E5(ly DI = (207 + 4K5) < |E, () - B, (y)] < 207+ 4K + |, ([z]) - B, (ly D] (11.3)

Indeed, by the triangle inequality we have :

|E7(x) - Ew(y)| < |E7(x) - EW(MJ” + |E’v(lmJ) - Ev([yJN + |Ew(lyJ) - Ew(y)|
<20+ 4K +|Ey([z]) - E,(ly])| by (11.1)

and on the other hand

|E7([$J) - Ev(lyJN < |E7(x) - EW(MJ” + |E7(a?) - Ev(y)| + |E7(L7JJ) - Ev(y)|
<2C"+4Ks5+|E,(x) - E,(y)| again by 11.1

e Similarly, we deduce using (11.2) and the fact that E.(|z]) = E,(|z]), E,(ly]) = E5((ly]),
that for all z,y € L., we have :

B, (l2]) = By (lyDI = (2C" + 4K5) < B (2) - B, (y)| < 20" + 4K + | B, ([2]) - B, (ly])] (11.4)

e Finally, the desired inequality follows from (11.3) and (11.4)
[l

Let us now prove that p is simple-stable. By contradiction, suppose that it is not. Then for
all n € N, we can find a simple element ~,, € S(Sp4) together with two integer points x,, and y, on
L., such that

d(7o(20), 7p(yn)) < %d(wmyn) -1 (11.5)

In particular, we have that d(z,,y,) > n. We can make the assumption that the elements ~,
are pairwise distinct. Indeed, if the sequence (7,), only takes finitely many values, then, up to
subsequence, we can suppose that 7, = v for some simple word . But p(7) is a hyperbolic isometry
so there exist two constants C, and D, (depending on v !) such that 7,(L,) is a (C, D,)-quasi-
geodesic. Then, since x,, and y, belong to L., we have :

1 1
C_d(xna yn) - D’Y < d(p(xn)o, p(yn)o) < _d(ﬁmyn) -1
. n
1 D, 1 1
SO —_— < -
O’Y d(gjn?yn) n d(xrwyn)
then, taking the limit when n - co, — <0, which is absurd.
8!

Thus we can suppose that the elements =, are pairwise distinct and therefore |y,| - co. Denote
by [N1(7n), s Nr(yn)(7n)] the continued fraction expansion of the slope of ,. As in the proof of
the previous section (10), we can prove the following lemma.
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Lemma 11.6. For all i € N*, there exists a constant C; > 0 such that for all n € N*, whenever
Ni(vn) is well defined (that is r(7,) > i), we have Ni(7y,) < C;. Moreover, up to subsequence,

r(Yn) = 0.

Proof. The proof is the same as the proof of Lemma 10.2, and the contradiction is this time on
inequality 11.5 (in both Lemmas, the sequence (7,)nen is chosen in order to contradict simple-
stability). O

As in section 10.2, we deduce for all integer i the existence of constants L; > 0 such that :
VneN,VO<i<r(n), i <Li(ym) < Ly (11.6)

Then, as in the proof of the existence of uniform tubular neighbourhoods (Proposition 10.1),
we are able to find a lot of quasi-loops inside a sufficiently large subword of v :

Lemma 11.7. Let 3 = ﬁ(z S, where o is the constant introduced in Proposition 8.16).
1
Let 0<e< c and r > 0. There exists a constant R >0 and an integer ng € N, such that, given any

integer n > ng and any subword u of 7y, such that |u| > R, there exists a positive integer q € N*, a
subset QL c {1,---,q} and q words uy,---,u, € Fo such that :
1. u=wup-ug

2. For all ke QL, uy is an e-quasi-loop

3. Z g > Blul

keQL
4. For allk ¢ QL, |ug| >r

The proof of this lemma is similar to the proof of Lemma 10.6, except that is this context we
find quasi-loops directly using our hypothesis on the sequence (7, )nen (equation (11.5)), and that
this time we need to consider the map £, and its continuous approximation E% to control the
length of the quasi-loops we consider.

Proof. We start by fixing an integer 7 such that ¢ > max(10,2r + 7). Then, we choose an integer

4 8Ks5 2
ng satisfying ng > max (—, —6, —(6C"+10K5) + 2, LZ-) (recall that the constant L; are defined in
e e ¢

L.
11.6). Finally, let R > max(L,QLi).
a

Now we fix n > ng and w a subword of ~,, such that |u| > R.

li(ym) =7

The first step is to find an e-quasi-loop of length comprise between : 5 — and li(yn) = 5.

First observe that, by (11.5), and since n > ng > g, we have :

A(p(a)o. p(3:)0) < J(r, 1) (11.7)
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so we deduce that :

|E,, () — By, (yn)| < 2K5 + d(p(2,)0, p(yn)0) by inequality (11.4)
<2Ks+ Zd(:z:n, Yn) by inequality (11.7)

but on another hand we have

8K,
Az, yn) 20 >ng > = by our initial choice on ng,
3
5
henCe |E’Yn ('rn) - E’Yn(yn)| S éd(l‘n’ yn)

Recall that x,, and ¥, were taken to be integer points in L.,. So E., (z,) = E., (z,) and E,, (yn) =
E.. (yn), therefore :

~ ~ €
|E'yn (xn) - E’yn(yn)| < §d(xnayn)'
Now notice that we have :

O<li(’}/n)—5ﬁLi—5<n0SnSd($myn)

so, by continuity of E%, we can use Lemma 11.3 to find ], y;, € L,, such that the two following
hold :

R C R ARYICA (1.8)
Inl ’ Il ’ € I

Now let v = |x! |~y |.
Let us show that v is an e-quasi-loop.

d(p(v)o,0) =d(p(|z;,])o, p(lyp])0) by definition of v
<2C" +d(p(zy)o,p(yy)o)  since d(zy, |27 ]) <1,d(yp, [yn]) <1
<2C"+2K5+|E,, (x,) - E,, (y),)] by inequality (11.4)
<2C" +2K5 +|E,, (z) - E,, (y.)| + 4C" + 8K; by Lemma (11.5)
<60+ 10K, + gd(x;,y;) by (11.9)
<60 + 10Ky + %(|v| +1)

€ €
<6C" + 10K + 3+ §|v|
: 2,
but on an other hand, since ng > —(6C" + 10K;) + 2, we have
€

o = d([2, ], [ ]) 2 d(xl g ) =13 —13mg =13 2(6C" + 10K,) + 1
15
and then  d(p(v)o,0) <elv),
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which ensures that v is an e-quasi-loop.

Note that we have the following inequality on the length of v :
d(l‘;wy;,) -1< |U| < d(l‘;l’y’f,l) +1

Li(yn) =7
SO % < |l <li(yn) -4 by (11.8)
then % < || <li(yn) =5 since |v] is an integer

The rest of the proof is exactly the same as for Lemma 10.6. We consider w the subword of ~,,
of length [;(+y,,) — 5 such that v is a prefix of w. Then we can apply Proposition 8.16 to v and w
(since we have imposed R >9L;) and we verify the four points of Lemma 11.7. Indeed :

1. comes directly from Lemma 8.16.

2. is true since we proved that v is an e-quasi-loop.
3. is true since we fixed R such that R > %

4. is true since we fixed ¢ such that ¢ > 2r + 7.

]

Once we have Lemma 11.7, the procedure for the end of the proof of simple-stability is the
same as for Proposition 10.1.
For completeness, we recall the last steps.

We are now able to find a simple element 7 (from the sequence (7, )neny) Which contains a very
large proportion of quasi-loops.

Lemma 11.8. Let 0<e< & and 1 - & (& —€) < A< 1. There exists a simple element ~ such that
~ contains e-quasi-loops that occupy at least a proportion A of .

Proof. The proof is the same as the proof of Lemma 6.18, using Lemma 11.7 instead of Lemma
6.17. 0

Then we show that if such an element exists, we obtain an inequality on the displacement of
the basepoint o.

Lemma 11.9. Let 0<e < & and 1 - &(& —¢) <A< 1. Let y be a simple word of m (So4) which
contains e-quasi-loops which occupy at least a proportion A of v. Then
1
d <=
(p(7)0,0) < 1l
Proof. The proof is the same as in the proof of Lemma 6.19. O

And thus this inequality contradicts the Bowditch hypothesis, so we found a contradiction and
then Theorem 1.4 is proved.
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