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Résumé : La problématique du prolongement
unique consiste a retrouver toute l'onde a partir
d’'une observation partielle et a des applications a
la théorie du contrble. Dans une premiére partie
de cette thése nous nous intéressons a des pro-
priétés de prolongement unique quantitatif pour
des ondes dans un milieu singulier. Nous démon-
trons un résultat de stabilité logarithmique pour
des opérateurs d'onde dont la métrique présente
une discontinuité a travers une interface. Nous ne
faisons aucune hypothése sur le signe du saut ou
sur la géométrie de l'interface. L'ingrédient clef de
notre preuve est une inégalité de Carleman locale
prés de linterface. Par un argument de propaga-
tion nous en déduisons une estimée de stabilité glo-

bale. Nous montrons ensuite que I'estimée obte-
nue est optimale dans certaines géométries. Pour
ce faire, nous construisons pour un opérateur el-
liptique a coefficients discontinus a travers une in-
terface, des fonctions propres se concentrant expo-
nentiellement pres de l'interface.

Dans une deuxiéme partie nous démontrons
des résultats de prolongement unique locaux et glo-
baux sous des hypothéses géométriques minimales
pour des opérateurs de Schrodinger a coefficients
d'ordre inférieur Gevrey 2 par rapport au temps et
bornés en espace. On relaxe ainsi pour ces opé-
rateurs I'hypothése d'analyticité en temps du théo-
réme de Tataru-Hormander-Robbiano-Zuily.

Title : Unique continuation for wave and Schrédinger operators and applications to control theory
Keywords : unique continuation, Carleman inequalities, control theory, wave equations, Schrédinger equa-

tions

Abstract : The problem of unique continuation
consists in recovering the whole wave from a partial
observation and has applications to control theory.
In the first part of this thesis we investigate quanti-
tative unique continuation properties for waves in
a singular medium. We prove a logarithmic stabi-
lity result for wave operators whose metric exhibits
a jump discontinuity across an interface. We make
no assumption about the sign of the jump or the
geometry of the interface. The key ingredient of our
proof is a local Carleman inequality near the inter-
face. Using a propagation argument, we derive a
global stability estimate. We then show that the es-

timate obtained is optimal in certain geometries. To
this end, we construct eigenfunctions for an elliptic
operator with discontinuous coefficients across an
interface, concentrating exponentially near the in-
terface.

In the second part, we prove local and glo-
bal unique continuation results under minimal geo-
metric assumptions for Schrodinger operators with
Gevrey 2 lower order coefficients with respect to
time and bounded in space. This relaxes the time
analyticity assumption of the Tataru-Hérmander-
Robbiano-Zuily theorem for these operators.
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Chapitre 1

Introduction

1.1 Préliminaires

1.1.1 Généralités sur le prolongement unique

Ce mémoire gravite autour du probleme du prolongement unique pour certaines solutions
d’équations aux dérivées partielles. La question que l'on se pose est la suivante. Soit P
un opérateur différentiel dans un ouvert 2 C R" et considérons w C €2 un ouvert que l'on
imagine petit. Supposons maintenant que u est une solution de 1’équation aux dérivées
partielles Pu = 0 sur €2. On veut alors savoir si une observation partielle de la solution
u sur le petit ouvert w suffit pour déterminer la solution sur tout I'ouvert 2. Autrement
dit :

Pu = Q -t-on
{ u=Usur At:>?u:()sur Q.

u=0sur w

Telle que nous ’avons posée ci-dessus, la question de prolongement unique est une question
de nullité : si I'on observe la solution nulle sur le petit ouvert w notre solution est-elle
la solution nulle? Il faut alors remarquer que comme nous avons affaire a un probléme
linéaire, cette question de nullité est en fait équivalente a une question d’unicité, a savoir :

Pu; = Pus =0sur Q@ A-t-on?
= up = ug sur ).

Ul = ug sur w

Admettons maintenant que P satisfait effectivement a cette propriété qualitative de pro-
longement unique. Une question naturelle est alors de savoir si nous pouvons la quantifier.
C’est a dire

Pu petit sur Q2
{ P — wu petit sur €.

u petit sur w

Plus précisément, quantifier cette propriété de prolongement unique revient & montrer une
estimée de stabilité satisfaite par la solution u

lullg < ¢ (lull,» [Pullg, [lullg) , (1.1.1)

avec une fonction ¢ telle que

b—0 ,
d(a,b,c) == 0, avec ¢ borné.

9



10 CHAPITRE 1. INTRODUCTION

Les deux questions que nous avons présentées sont de nature globale. On fait une
hypothese globale (la nullité sur tout 'ouvert d’observation w) et on obtient un résultat
global (la nullité de la solution partout). On peut alors se demander si la propriété d’unicité
est satisfaite localement par P. Pour préciser la propriété désirée on a besoin d’un point
zo € Q et d'une hypersurface S = {¥U = 0} avec ¥ : Q@ — R telle que ¥U(zg) = 0 et
VU (zg) # 0. La question de 'unicité locale est alors de savoir si pour une solution u de
Pu = 0 le fait d’étre nulle sur un cété de I’hypersurface S implique que u est nulle sur
tout un voisinage de xg. Plus précisément on veut savoir s’il existe un voisinage V' de xg
tel que I'implication suivante soit vraie

Pu=0 Vv
{ b st — u = 0 sur un voisinage de xg. (1.1.2)

u=0sur VN{¥ >0}

Si la réponse est affirmative on veut I’accompagner avec une estimée de stabilité qui
quantifie cette fois la petitesse locale de la solution u autour de z.

Une stratégie possible afin d’obtenir un résultat d’unicité globale est alors de propager
I'unicité en utilisant des résultats locaux. En ce qui concerne le résultat qualitatif, on voit
aussitot que pour qu’une telle approche soit efficace on aura besoin d’une famille assez large
d’hypersurfaces pour lesquelles la propriété d’unicité locale est satisfaite par P. En effet,
plus on a d’hypersurfaces admissibles plus on aura des directions possibles pour propager
I'unicité et obtenir ainsi un résultat global satisfaisant. Pour la partie quantitative du
probleme on a une difficulté additionnelle : non seulement il faut que la propriété d’unicité
soit satisfaite par une certaine famille d’hypersurfaces, mais il faut aussi que 'estimée
quantitative locale puisse étre itérée de sorte que l'estimée de stabilité obtenue a la fin soit
intéressante (c’est a dire que l'estimée locale ne dégéneére pas trop apres l'avoir appliquée
un certain nombre de fois).

Donnons maintenant deux exemples de nature assez différente ot la propriété du pro-
longement unique est satisfaite :

 Le premier est le laplacien plat A agissant sur C2(R?). Supposons que u satisfasse
Au = 0 sur € que I'on suppose connexe et que v = 0 sur un petit ouvert w non vide.
Le fait que u résolve Au = 0 implique qu’elle est analytique réelle. En particulier,
elle satisfait au principe des zéros isolés et comme elle s’annule sur un ouvert non
vide on doit forcement avoir u = 0 sur €.

« Le deuxiéme exemple concerne I'opérateur des ondes 00 = 02 — A sur R!*™. Soit u
solution de (07 — A)u = 0 sur R'*" avec données initiales (u, dyu)—g = (uo,u1). On
définit alors I’énergie E = E(t) par

1 1
B(t) =3 10vu(t) 172 + 3 IVou()llze

et on constate que pour u assez réguliere (par exemple u € C?(R x R")) I’équation
(0?2 — A)u = 0 implique grace & une intégration par parties que %E (t) =0 ce qui
donne E(t) = E(0). Cela montre que si les données initiales sont nulles en ¢ = 0 alors
notre solution est nulle partout, ce qui correspond & une propriété d’unicité globale.
On peut légerement modifier la définition de I’énergie pour rendre cet argument
local. Si 'on pose

1 1
En(t) =5 10:u (D172 30y + 3 IV2u(®)l 2500
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alors on peut montrer (voir | , Chapter 2.4], | , Chapter 1.2], | , Chap-
ter 1.2]) que pour tout ro > 0 et ¢ € [0, rg] nous avons

Erg—i(t) < By, (0),
ce qui implique que si u(0) = 9;(0) = 0 pour |z| < r alors u = 0 dans le cone
Cyro = {(t,x) € RM™|t € [0,70] and |z| < 7o — t}.

Nous avons donc obtenu une propriété d’unicité locale satisfaite par I'opérateur

0? — A a travers I'hypersurface {t = 0}. Cette propriété est une manifestation
de la witesse finie de propagation pour les ondes. On peut par exemple consul-
ter [ , Chapter 2.4] pour plus de détails. En plus, on a une estimée linéaire

qui quantifie cette propriété d’unicité. Ce résultat tres fort est 1ié au fait que 'équa-
tion des ondes est bien posée quand les données initiales sont sur I’hypersurface
{t = 0}, ou plus généralement sur une hypersurface de type espace (c’est-a-dire une
hypersurface S = {¥ = 0} telle que |0, V| > |V, ¥|), et est dii & ce qu'on appelle
I’hyperbolicité de l'opérateur des ondes par rapport a 'hypersurface {t = 0}, voir
par exemple | , Chapter 1.3]. On en conclut que, au moins pour ce qui concerne
les ondes, la question du prolongement unique est surtout pertinente quand nos
"données" sont sur une hypersurface autre que {t = 0} (ou plus généralement de
type espace). Il est alors intéressant de découvrir que la question du prolongement
unique pour des hypersurfaces qui ne sont pas de type espace a des conséquences
importantes pour des problemes venant de la théorie du controle des équations aux
dérivées partielles.

1.1.2 Prolongement unique et controle

Un systéme de contrdle est un systéme dynamique sur lequel on peut agir en modifiant
certains de ses parameétres : les controles. Etant donné deux états, la question principale
est de savoir s’il est possible de choisir son contrdle de sorte que la solution du systéme
passe d’un état a l'autre. Les problemes de controle d’équations aux dérivées partielles
linéaires peuvent souvent s’écrire sous la forme abstraite :

{gty(t) = Ay(t)+ Bg, t€0,T), (1.1.3)

y(0) =yo € H,

o L’opérateur A est le générateur infinitésimal d’un semi-groupe fortement continu
S(t) € L(H), t € [0,00) sur un espace de Hilbert H.

o L'opérateur B € L(E; H) est 'opérateur de contrdle et l'espace de Hilbert E est
I’espace des controles.

e g€ L*((0,T); E) est le controle & choisir.

Nous donnons quelques définitions et résultats classiques pour lesquels nous suivons | ,

: I



12 CHAPITRE 1. INTRODUCTION

Définition 1. Soit 7 > 0. On dit que le systeme (1.1.3) est ezactement contrélable en
temps T si pour tout yo € H et y; € H il existe un controle g € L?((0,7); E) tel que la
solution de (1.1.3) satisfasse y(T') = yi.

Bien entendu, le controlabilité exacte est une propriété tres forte et en général difficile
a satisfaire. Nous avons alors une autre propriété moins exigeante, celle de la controlabilité
approchée.

Définition 2. Soit 7' > 0. On dit que le systeme (1.1.3) est approzimativement controlable
en temps T si pour tout yg € H, y; € H et toute précision € > 0 il existe un controle
g € L*((0,7); E) tel que la solution de (1.1.3) satisfasse ||y(T) — y1||z < e.

On peut remarquer que si S(t),t € R est un groupe (ceci est par exemple le cas pour
les ondes) on peut remplacer dans les définitions ci-dessus la cible y; € H par y; = 0.
En effet, supposons que le systéme est exactement controlable a zéro (respectivement
approximativement contrélable & zéro). Soient yo,y; € H. Il existe alors g tel que la
solution de

aZ(t) = Az+ Bg, =2(0)=y(0) = S(=T)i
satisfasse
z(T) =0, (respectivement ||z(T)||, < e).

On remarque que la solution de (1.1.3) est donnée par y(t) = z(t) + S(t — T)y; et satisfait
alors y(T') —y1 = 2(T'), c’est a dire y(T') = y1 (respectivement ||y(T") — y1||y < €).
En pratique, un résultat abstrait d’existence peut étre difficile & démontrer. La mé-

thode HUM (Hilbert Uniqueness Method) de S. Dolecki et D.L. Russell | ] et J.-L.
Lions | | transforme par dualité ce probléme et fournit des critéres tres utiles pour la
contrdlabilité (approchée ou exacte). On a le résultat suivant (voir ( [ , Chapter 2.3])

pour plus de détails) :
Théoréme 1.1.1. Soit T > 0. Alors :

o Le systéme (1.1.3) est exactement controlable en temps T > 0 si et seulement s’il
existe ¢ > 0 avec

T
1B syl ar = el zo€ DAY,

o Le systéme (1.1.3) est approximativement controlable en temps T si et seulement si
pour tout z € H on a limplication suivante :

(B*S(-)*20 = 0 sur L*((0,T); E)) = (2 = 0).

La premiere propriété correspond a 1'observabilité pour le systeme (1.1.3) et décrit le
fait qu’on arrive a observer une partie de ’énergie totale du systeme depuis le petit ouvert
w. Le deuxiéme critére n’est rien d’autre qu’une propriété de prolongement unique! La
raison c¢’est que le prolongement unique exprime une propriété d’unicité (ou d’injectivité)
qui par dualité se transforme en une propriété de densité.

Comme on va s’intéresser a 1’équation des ondes, précisons ce que la méthode HUM
nous dit dans ce cas précis.
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Pour M l'adhérence d’un ouvert borné de R™ et (ug,u1) € L? x H~! on consideére le
systeme :
(0?2 — Au=xng (0,T) x sur Int(M),
u=0, sur (0,7)x oM, (1.1.4)
(u(0), Ou(0)) = (up,uy), sur M.

Ici xw est une fonction lisse telle que w = {x, # 0} et w est la région du contréle. On
considere alors le probléme adjoint suivant, avec (wg,w) € H} x L? :

(02 — A)w =0 sur (0,7) x Int(M)
w=0 sur (0,7) x OM (1.1.5)
(w, dw) y—p = (wo, w1) sur M.

On peut multiplier (1.1.4) par une solution w de (1.1.5), intégrer sur (0,7") x M et effectuer
une intégration par parties pour trouver l'identité suivante :

(Ou(T), wo) g1 gy — (w(T), w1) 2 = (f, XwW) £2((0,1):1-1),L2((0,7); 1)

On note maintenant que H} x L? et L? x H~! sont en dualité de la fagon suivante : si
(ug,u1) € L? x H=1 et (wo,w;) € H} x L? alors

<u7w>L2><H—1,H§><L2 = (Ulaw0>H—1,Hg — (uo, w1) 2.
Le deuxiéme point du Théoreéme 1.1.1 se traduit alors comme suit :

Théoréme 1.1.2 (Lien entre contrdle approché et prolongement unique pour les ondes).
Le systéeme (1.1.4) est approzvimativement controlable dans L?(M) x H=1(M) si et seule-
ment st la propriété suivante est satisfaite :

(w résout (1.1.5), (wo,w1) € Hy(M) x L*(M),w = 0 sur (0,T) x w) = w = 0 sur M.

On voit donc qu'un résultat de prolongement unique qualitatif fournit ’existence d’un
sous espace dense de L? x H~! de données contrdlables. En effet, la propriété du controle
approché nous dit que nous pouvons approcher de facon arbitrairement précise tout élé-
ment de L? x H~! par une solution de (1.1.4) quitte & bien choisir son contrdle g. Un
résultat de prolongement unique quantitatif permet alors d’obtenir, via la dualité, une
estimation du codt du controle g (voir | ]). Plus précisément cela permet d’obtenir
une estimée sur ||g|[ 2o, r)x. en fonction de la précision e.

1.1.3 L’idée de Carleman

Maintenant que nous avons donné quelques motivations pour étudier le probléeme du pro-
longement unique décrivons un des outils clefs pour l'obtention de tels résultats : les
inégalités de Carleman. Revenons alors au premier exemple d’opérateur que nous avons
vu, celui du laplacien plat sur R%. On a vu que 'analyticité et les propriétés tres fortes qui
en découlent ont permis de montrer assez facilement un résultat d’unicité globale pour A.
On peut alors se demander si ce résultat est toujours vrai si 'on perturbe A en ajoutant
un potentiel V' € C°. Comme il s’agit d’une perturbation tres faible (au moins d’un point
de vue différentiel) nous avons envie de dire que le résultat d’unicité reste valable pour
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A + V aussi. Effectivement c’est encore le cas, toutefois il n’y a plus de propriété d’ana-
lyticité et il faut alors un argument de nature tres différente. C’est ici qu’intervient 1’idée
de Carleman.

Nous considérons le probléme d’unicité a travers 'hypersurface {¥U = W(z()} comme
nous l'avons introduit au début de la Section 1.1.1. En 1939, T. Carleman introduit
dans | | une approche nouvelle qui consiste & montrer des inégalités a poids dans
L? avec un grand parameétre 7 > 0 :

|

oopl,, 2|
L2

6T¢u“L2 , T >T0, (1.1.6)

ou la constante C' est indépendante de 7 et u € C§°(B(xg, 7)) avec r > 0 petit. La fonction
¢ est étroitement liée a 'hypersurface a travers laquelle on veut propager 1'unicité. L’idée
intuitive est que le poids e™® renforce I’ensemble ot la solution est nulle et permet de
propager 'unicité de {¢ > 0} & {¢ < 0}. Si par exemple on a Pu = 0 sur {¢ > 0} alors le
membre de droite de cette inégalité tend vers 0 pour 7 — +o00 et par conséquent on aura
que u = 0 sur {¢ > 0}.

Bien entendu cet exemple est extrémement simplifié puisque notre solution u de Pu = 0
n’a aucune raison d’étre a support compact. Il faudra donc appliquer I'inégalité & v = xu
avec y une fonction plateau bien choisie qui localise autour du point z¢ € {¥ = 0}, puis
écrire

Pv = P(xu) = xPu+ [P, x]Ju = [P, x]u,

puisque Pu = 0. Si 'on suppose que u = 0 sur {¥ > 0} on aura alors

supp[P, xJu C supp(Vx) Nsupp(u) C supp(Vx) N{¥ < 0} C {¢ < —n},

pour 1 > 0 petit et ¢ bien choisie. On voit ici que les lignes de niveau de ¢ doivent étre
tres proche des lignes de niveau de ¥ sans qu’elles soient exactement les mémes. En effet,
pour que la propriété ci-dessus soit vérifiée il faut que les lignes de niveau de ¢ soient un
peu courbées par rapport a celles de 'hypersurface {¥ = W(zp)}. Ceci correspond a la
convexification géométrique du poids. On obtient ensuite

e[, < Cem [P xull e

Cette derniére inégalité implique finalement que yu = 0 sur {¢ + n > 0}. En effet, dans
le cas contraire on peut intégrer sur un compact ou |yu| > ¢ et faire tendre 7 vers plus
infini pour obtenir une contradiction. Grace aux choix de x et ¢ cela permet de conclure
que v est nulle sur tout un voisinage de xy. Pour plus de détails la stratégie de Carleman
on peut consulter | , Chapter 1.5], | , Chapter 1.2]

Remarquons en particulier que comme cette preuve est basée sur une inégalité, elle
peut donner un bon point de départ pour I'obtention d’un résultat quantitatif également
(voir par exemple les travaux de | , ) ).

ce qui donne
eT(@+n)

XU‘ 2 <Cy 7210

1.1.4 Trois résultats fondamentaux de prolongement unique

Nous donnons maintenant trois résultats tres importants de prolongement unique dans
I’ordre chronologique. On commence avec quelques définitions.
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Définition 3. Soit m € N et  C R™ un ouvert. On considére I'opérateur différentiel
P = Z‘a|§mpa(a:)Do‘ avec po € Cp°(€). Nous définissons alors son symbole principal
comme le polynome

pm(7, &) = Z Pa(T)€.

|a|=m

Les coefficients p, avec |o| = m sont appelés les coefficients principaux de P.

Définition 4. Soit P un opérateur différentiel d’ordre m sur un ouvert 2, zg € Q, et
S = {¥ = 0} une hypersurface avec ¥(zp) = 0. On dit alors que I'hypersurface S est
non-caractéristique par rapport a P en g si pm, (2o, V¥ (x0)) # 0.

La condition de non-caractéristicité est une condition assez naturelle. Pour un opéra-
teur elliptique toutes les hypersurfaces sont non-caractéristiques et pour 'opérateur des
ondes 07 — A les hypersurfaces non-caractéristiques sont celles qui ne sont pas tangentes

aux cones d’ondes |x — xg| = |t — to|. On note maintenant qu’'on peut construire a laide
des formules explicites (voir [ ]) une solution u de (0?2 — A)u = 0 sur Ry x R? qui
satisfait (voir [ , Section 1.1.2] pour plus de détails) :

suppun{t >0} = {(t,z) e RT xR3t —r < |z| <t +7},

pour r > 0. On voit alors qu’on ne peut pas prolonger la solution w a travers une hypersur-
face tangente au cone |z| =t + r dans les ¢ > 0, qui est une hypersurface caractéristique.
Cela suggere qu'un résultat de prolongement unique a travers toute hypersurface non-
caractéristique serait en quelque sorte optimal pour des opérateurs de type ondes.

Le premier résultat qu’on présente a une conclusion trés satisfaisante mais au prix
d’une hypothese tres forte sur les coefficients de 'opérateur.

Théoréme 1.1.3 (Théoreme de John-Holmgren). Soit P un opérateur différentiel ayant
tous ses coefficients analytiques dans un voisinage de xqg. Alors la propriété de prolonge-
ment unique locale (1.1.2) est satisfaite a travers toute hypersurface S non-caractéristique
pour P en xg.

On peut consulter | , Theorem 5.3.1] pour un énoncé plus précis et une preuve. Au
vu de 'argument d’analyticité qu’on a employé pour montrer la propriété de prolongement
unique satisfaite par le laplacien plat il n’est pas étonnant qu’on ait ici une hypothese
d’analyticité.

Cette hypothese est tres restrictive et pour affaiblir il faudra une autre approche : celle
de Carleman. Avant de présenter le résultat, esquissons la stratégie (de fagon tres simplifiée)
pour l'obtention d'une inégalité de Carleman comme (1.1.6). En posant v = ¢™®u on se
ramene d’abord a I’étude de 'opérateur conjugué Py = e™®Pe~7? et il suffit de montrer

que C'||Pyvl[;2 > [|v]| ;2. On consideére alors la partie autoadjointe et anti-autoadjointe de
) Py+P; Py—P; _
lopérateur Py : Pp = ¢2 ¢ Pr= ¢2i ¢ de sorte que Py = Pr+ P avec Pr et Pr des

opérateurs formellement autoadjoints. Cela permet d’écrire pour v a support compact :

|Psoll32 = |Prol72 + | Proll32 + i([Pr, Prlv,v) e
= [|Pro||72 + || Proll72 + 2 Re(Pgro, Prv) e,

ou [Pg, Pr] est le commutateur entre Pr et Pj. Les deux premiers termes dans ’égalité
ci-dessus sont positifs mais le dernier peut tres bien étre négatif. On voit alors qu’il serait
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difficile de chercher a obtenir une estimée sur Py sans une hypothese de positivité sur le
commutateur i[Pg, Pr] 1a o ||Pgrv||32, || Prvl|7» sont nuls/petits. Notons que le symbole
principal du commutateur i[Pg, P;] est donné par {pgr,pr} ou pgr,pr sont les symboles
principaux de Pg, Py et {-,-} le crochet de Poisson. Cette propriété de positivité qui fait
intervenir les symboles pg, pr, c’est a dire le symbole principal de P et ¢, est encodée dans
la condition de pseudoconvezité. Donnons sa définition précise :

Définition 5. Soit 2 > xp un ouvert et P un opérateur différentiel d’ordre 2 dont le
symbole principal est réel. On dit que I'hypersurface orientée S = {¥ = W(xp)} est
fortement pseudoconvexe par rapport & P au point zg si pour tout (§,7) € R™ x Ry,

{p27 {p27 \I]}}(Jf(),f) > 07 si p?(x07€) = {p27§} =0et g 7é 07
%{map\l/}(x()?fuT) > 07 si p\I/('fCoaé‘uT) = {p\I/7\I’}(xO7§7T) =0et 7> 07

avec py(x0,§,7) = p2(z0,§ + 1TV V)

Notons que dans la définition ci-dessus la deuxiéme condition résulte toujours de la pre-
miere dans le cas d’un opérateur différentiel d’ordre 2 & symbole principal réel. Nous avons
toutefois choisi de la présenter ainsi pour la comparer avec la notion de pseudoconvexité
en & = 0 donnée dans la Définition 6.

La condition ci-dessus est une condition géométrique qui porte sur I’hypersurface. Il
faut néanmoins noter qu’elle n’est pas suffisante pour obtenir une estimée de Carleman
avec U comme poids. Le lien entre I'hypersurface S = {¥ = 0} est le poids ¢ dans
I'estimée de Carleman est donné par ¢ = e*¥ avec X > 0 positif grand. Ceci correspond &
la convexification analytique, voir | , Chapter 2.2.1] pour plus de détails.

Nous sommes en mesure d’énoncer le résultat suivant dit & Hérmander :

Théoréme 1.1.4 (Théoréeme d’unicité de Hormander). Soit P un opérateur différentiel
d’ordre 2 dont le symbole principal est réel. On suppose que ses coefficients principaux sont
C° et que tous ses coefficients sont bornés. Alors la propriété d’unicité locale (1.1.2) est
satisfaite a travers toute hypersurface orientée fortement pseudoconvexe par rapport a P.

Pour un énoncé précis on renvoie aux notes | , Theorem 2.3.2] et pour la version
plus générale de ce théoréme au livre | , Theorem 28.3.4]. Ce qui est trés important est
que le théoréme de Hoérmander donne une condition géométrique, la pseudoconvexité, sur
I’hypersurface suffisante pour le prolongement unique. Quant a la régularité des coefficients
elle est C™ (voire C!) ce qui est une grande amélioration par rapport & l'analyticité qui
est exigée dans le théoréeme de Holmgren. En plus, la preuve est basée sur une inégalité
de Carleman et elle est donc stable par des perturbations d’ordre inférieur. En effet, on
peut déja constater dans I’esquisse qu’on a faite ci-dessus que c’est la partie principale
de l'opérateur qui donne la positivité. En particulier les coefficients non principaux de P
peuvent étre dans L.

Dans le cas des opérateurs d’ordre deux a symbole principal réel la condition de pseu-
doconvexité peut s’interpréter géométriquement comme une condition sur la fagon dont
la projection sur I’espace physique du flot Hamiltonien associé au symbol principal de P
rencontre ’hypersurface en question. L’apparition du flot Hamiltonien vient du fait déja
mentionné que le symbole principal de i[Pgr, Pr] est donné par {pg, pr}.

Revenons maintenant aux deux exemples mentionnés : celui des opérateurs elliptiques
et celui des ondes. Si P est elliptique alors toute hypersurface est pseudoconvexe par
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rapport & P, en effet la définition de Dellipticité implique que les deux conditions de pseu-
doconvexité sont vides. Le théoréme de Hormander est alors optimal pour ces opérateurs.
Concernant les ondes, ce théoreme est satisfait pour toutes les hypersurfaces de type espace
mais aussi par certaines hypersurfaces de type temps. Toutefois, un inconvénient important
du théoreme de Hérmander est que la notion de pseudoconvexité est sensible a ’orientation
de I'hypersurface. Cela se traduit par le fait que si 'on peut propager 'unicité de {¥ > 0}
a {¥ < 0} (par exemple) on ne pourra pas a priori la propager de {¥ < 0} a {¥ > 0}.
Ceci contraste avec la notion d’hypersurface non-caractéristique qui est indépendante de
I'orientation. En particulier le théoreme de Hérmander ne permet pas d’atteindre toutes les
hypersurfaces non-caractéristiques pour 'opérateur des ondes et on peut se demander s’il
est possible de I'améliorer. Cependant, les constructions de Alinhac et Alinhac-Baouendi
limitent considérablement nos attentes. En effet, dans | , , | les auteurs
montrent que le résultat de Hormander est presque optimal dans le sens suivant : une
violation de la condition de pseudoconvexité pour P (qu’on peut méme prendre a coeffi-
cients constants) et ’hypersurface non pseudoconvexe S peut donner des contres-exemples
d’unicité a travers S pour l'opérateur P + V avec V = V(t,x) € C*°! Plus précisément,
nous avons le résultat suivant qui est un cas particulier de [ , Theorem] :

Théoréme 1.1.5. Soitn > 2 et P = D? — ) D?gj. 11 existe un ouwvert U C R™ aqvec
0€U et V,ueC®U;C) avec

(P+V)u=0sur U, et suppu = {x; >0} NU.

Cela signifie que la propriété d’unicité n’est pas satisfaite pour P + V a travers ’hy-
persurface {x1 = 0}, qui n’est pas pseudoconvexe par rapport & P+ V en 0.

Toutefois, le théoreme de Holmgren nous donne 'unicité a travers toute hypersurface
non-caractéristique pour P + V si V est analytique au lieu de C*°. Cela suggere qu’une
bonne hypothese de régularité sur les coefficients pourrait étre 'analyticité par rapport a
la variable du temps ¢.

Dans cette direction Robbiano obtient dans | ] un résultat d’unicité crucial qui est
ensuite généralisé par Hormander dans [ ]. C’est alors Tataru qui obtient dans | ]
un théoreme qui permet d’interpoler entre celui de Holmgren et de Héormander. Ce théo-
réme est ensuite généralisé/simplifié dans | L1 ] et finalement dans [ .
Nous nous focalisons dans un cas particulier de ce théoréme qui nous sera utile pour
I’équation des ondes. Nous avons la définition :

Définition 6. Soit 2 > xy un ouvert et P un opérateur différentiel d’ordre 2 sur un
ouvert de R x R™ dont le symbole principal est réel. On dit que I'hypersurface orientée
S = {¥ = U(zp)} est fortement pseudoconvexe en & = 0 par rapport a P au point xq si
pour tout (&,&;,7) € R x R*™! x RT,

{p27 {p27\11}}(x07£) > 07 si p2(x0a£) = {p27£} = ét =0et g ?é 07

1 .
E{W7p\ll}($0a£77—) > 07 S1 pq;(l’o,g,T) = {p\IJa \IJ}("L‘Ové'vT) = gt =0et 7> Oa

avec py(wo,&,7) = pa(x0,§ +iTVV).

Nous pouvons alors énoncer le résultat suivant :
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Théoréme 1.1.6 (Théoreme de Tataru-Hérmander-Robbiano-Zuily). Soit P un opérateur
différentiel d’ordre 2 sur un ouvert de R xR™ dont le symbole principal est réel. On suppose
que tous les coefficients de P sont analytiques par rapport d la variable t et bornés par
rapport a x. On suppose aussi que les coefficients principauz sont C* par rapport d x. Alors
la propriété d’unicité locale (1.1.2) est satisfaite da travers toute hypersurface orientée
fortement pseudoconverxe en & = 0 par rapport a P.

Outre les articles originaux cités ci-dessus on renvoie a | , Chapter 3] pour une
présentation claire et pédagogique de ce théoreme dans le cas ou P est 'opérateur des
ondes avec des coeflicients indépendants du temps.

Expliquons maintenant le contenu de ce théoréme. On a une hypotheése d’analyticité
mais cette fois ci uniquement par rapport a la variable du temps. Il s’agit d’une hypothese
naturellement satisfaite par plusieurs problémes d’évolution intéressants (en particulier le
cas ou les coefficients sont indépendants du temps). La conclusion est essentiellement la
méme que dans le théoréeme de Hormander mais le gain est ici le fait qu’on doit vérifier
I’hypothese de pseudoconvexité seulement en & = 0. Ici & est la variable duale de ¢, la
condition de pseudoconvexité étant une condition sur I’espace des phases. Cela donne une
condition moins restrictive et par conséquent une famille strictement plus grande que celle
des hypersurfaces pseudoconvexes "partout'. Le théoreme général porte en fait sur des
opérateurs partiellement analytiques et stipule que plus on a des coefficients analytiques,
plus on peut restreindre la condition de pseudoconvexité. Dans les cas extrémes ou tous
les coefficients de P sont analytiques on retrouve alors le théoréme de Holmgren, et quand
on ne fait aucune hypothese d’analyticité on retrouve celui de Héormander. Le point clef
est que si P est un opérateur de type ondes alors on peut montrer que les deux conditions
de la Définition 6 sont vides si I’hypersurface S est non-caractéristique par rapport a P.
Cela signifie que S est pseudoconvexe en & = 0 pour P. Par conséquent, le Théoréeme 1.1.6
implique que si P a tous ses coefficients analytiques en temps, on peut propager I'unicité
a travers toute hypersurface non-caractéristique pour P.

Revenons maintenant aux applications a la théorie du controle. Comme nous ’avons vu
le prolongement unique équivaut a un résultat de contréle approché. Concernant I’équation
des ondes, la vitesse finie de propagation implique qu’étant donné un ouvert w C M, il
existe un temps Ty tel que le systeme (1.1.4) ne soit pas approximativement controlable
des que T' < T,,p¢. Le temps Ty, est une quantité géométrique naturelle donnée par 75, =
2L(M,w) ot L(M,w) = sup,crdist(z,w) est la "plus grande distance" entre w et un
point de M

Le Théoreme 1.1.6 permet alors de montrer que 1.1.4 est approximativement contro-
lable en temps T' > T,,, ce qui donne un résultat de controle optimal par rapport au
temps durant lequel le controle doit agir.

La preuve du Théoréme 1.1.6 est aussi basée sur une inégalité de Carleman mais elle
contient en plus une nouvelle idée cruciale due a Tataru [ |. Pour une inégalité de
Carleman classique on utilise le fait élémentaire suivant : si on a une estimée du type

/ ]eT¢u|2de‘ <C, V1>,

uniformément en 7 > 7y alors u = 0 presque partout sur {¢ > 0}. L’observation clef de
Tataru est que si 'on remplace 'inégalité ci-dessus par

_8Di? o
le” = euldz < C, V7>,
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pour un & > 0 alors on a toujours la méme conclusion, & savoir que u = 0 presque

5| Dy |2
partout sur {¢ > 0}. Ici e™ 7 est le multiplicateur de Fourier associé a la multiplication

_dlel? . , , . . . . L.
par e+ . Il s’agit donc d’un opérateur qui régularise et qui localise dans un régime

"basses fréquences", qui dépend de la taille de & devant 7. On voit aussitot 'intérét de ce
5| Dy |2
résultat : en plus du poids classique €™® de Carleman, le nouveau poids e~ - permet

de se focaliser en quelque sorte uniquement en basses fréquences, et ’observation clef de
Tataru ci-dessus nous dit qu’une estimée qui est localisée en basses fréquences peut étre
suffisante pour propager l'unicité. Cela explique alors le fait de pouvoir restreindre la
condition de pseudoconvexité en basses fréquences (en &;) également.

Pour pouvoir exploiter cette observation clef il faut aussi démontrer une nouvelle esti-
mée de Carleman, qui aura maintenant la forme suivante

5|D

2 2
_ tl _4|Dy|
Cle ™= e®*Pu

e e Py

L2’ 7—27—0- (117)

2

Ce nouveau poids non-local engendre un certain nombre de difficultés techniques, une
des plus importante étant celle de 'opérateur conjugué. En effet, la conjugaison formelle
3| Dy |? 3|D¢|? 5| Dy |?

T e"™®Pe” = e 7" nous oblige & considérer opérateur e~ - ~ qui n’est méme pas
défini sur I’espace de Schwartz. C’est ici que ’hypothése d’analyticité intervient, permet-
tant de définir un "opérateur conjugué" approché.

“6_

1.1.5 Structure de cette thése

Cette these comprend trois chapitres. A chacun de ces chapitres correspond un paragraphe
dans la suite de cette introduction. Ces trois paragraphes présentent quelques résultats
fondamentaux antérieurs, les résultat principaux que nous avons obtenus ainsi que la stra-
tégie de preuve avec ses idées et ses outils clef. Nous concluons avec quelques perspectives
et probléemes ouverts en lien avec les résultats présentés.

1.2 Sur le prolongement unique quantitatif pour des ondes
dans un milieu singulier

Nous nous intéressons dans cette partie au prolongement unique quantitatif pour des
ondes se propageant dans un milieu non-homogéne. Avant de donner plus de détails sur
ce probléme nous commencons par présenter quelques résultats antérieurs.

1.2.1 Résultats antérieurs et motivations

Nous avons présenté dans la Section 1.1.4 trois résultats qualitatifs fondamentaux, le troi-
sieme étant une généralisation des deux précédents dans le cadre des opérateurs d’ordre
deux a symbole principal réel. Mais qu’en est-il du probléeme quantitatif 7 Dans le contexte
du Théoreme de Holmgren des estimées de stabilité locale de la forme (1.1.1) ont été ob-
tenues par John | ] avec ¢(a,b,c) = (a + b)°c! ™ (estimations de type Holder) dans

—1
le cas ol P est elliptique et ¢(a,b,c) =c (log(l + a—j_b)) dans le cas général.
Concernant le théoréeme de Hormander, Bahouri [ | montre des résultats lo-
caux de stabilité Holder, puis Lebeau et Robbiano démontrent pour P elliptique d’ordre
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deux dans | ) ] des estimées globales de type Holder. Passons maintenant au
cas ou P est l'opérateur des ondes. Nous notons par Ty, le temps optimal pour que
I’équation des ondes soit approximativement controlable. Dans le cas ou P est a coef-
ficients analytiques Lebeau montre dans [ | une estimée quantitative globale avec

-1
¢(a,b,c) = ¢ (log(l + a%_b)) et ce des que T' > T,y Dans le cadre C* pour les ondes
le premier résultat est démontré par Robbiano dans | ] pour un temps T' > CTpp

~1/2
et avec ¢(a,b,c) =c¢ <log(1 + ﬁ)) / . Ce résultat a été amélioré par Phung | | en

—(1—¢) .
¢(a,b,c) = ¢ (log(l + a%rb)) , toujours pour un temps T > CTpy;. Afin de montrer
un résultat quantitatif d’unicité optimal par rapport au temps il semble naturel de s’at-
taquer a la quantification du théoreme qualitatif général Théoreme 1.1.6. Pour faire cela,

Tataru propose dans ses notes | ] une stratégie qui devrait donner une estimée de

a+b
finalement qu’en 2015 par Laurent et Léautaud dans [ ] ou les auteurs quantifient de

facon optimale le théoreme de Tataru-Hormander-Robbiano-Zuily dans le contexte général
des opérateurs a coefficients partiellement analytiques. Notons aussi qu'un résultat quan-
titatif moins général et presque optimal mais plus précis par rapport aux applications aux
problémes inverses a été démontré dans | | en méme temps que | ]

—(1—
stabilité avec ¢(a,b,c) = ¢ (log(l + L)) ( E). Mais le résultat optimal n’est démontré

Le théoréme de Laurent-Léautaud pour 'opérateur des ondes

Avant de préciser le résultat de | | fixons quelques notations. On considére une variété
riemannienne compacte (avec ou sans bord) M munie d’une métrique g lisse. On note P
Iopérateur P = 07 — Ay ou Ay est 'opérateur de Laplace-Beltrami sur M. Pour £ C M
on rappelle que L(M, E) := sup,¢c r disty(z, E).

On considere I’équation des ondes avec conditions de Dirichlet sur OM et données
initiales (ug,u1) € Hg(M) x L2 (M) :

Pu=0 sur (0,7) x M
u=0 sur (0,7) x OM (1.2.1)
(u, Opu) y—g = (uo,u1) sur M.

Nous avons alors le résultat suivant :
Théoréme 1.2.1 (Théoréme 1.1 dans | ]). Pour tout sous-ensemble ouvert non vide w

de M et tout T > 2L(M,w), il existe C, K, ug tels que pour tout (ug,u1) € Hg(M)x L2(M)
et u satisfaisant (1.2.1) on a, pour tout u > o,

C
[[(uo, u)l g2y g1 < Ce™ Hu||L2((0,T)><w) + m (o, wr)ll o2 - (1.2.2)
Si de plus OM # () et T' est un sous-ensemble ouvert non vide de OM, pour tout

T > 2L(M,T), il existe C,k, g > 0 tels que pour tout (ug,uy) dans H(M) x L*(M) et
u satisfaisant (1.2.1), on a pour tout u > po,

C
oy w1 < €™ 1Ol 2oy + - W0 )z



1.2. ONDES DANS UN MILIEU SINGULIER 21

Supposons maintenant que ’on observe depuis le petit ouvert w pendant un temps
T > 2L(M,w) et qu’on ne voit rien, c’est & dire [lul| ;2o 1)xy) = 0- On fait alors tendre
@ — oo dans l'inégalité ci-dessus pour trouver que ug et u; sont toutes les deux nulles.
Le probleme (1.2.1) étant bien posé cela implique que v = 0 partout et nous avons alors
retrouvé la propriété de prolongement unique qualitative. En plus le temps T > 2L(M, w)
est le temps optimal dicté par la vitesse finie de propagation (on peut consulter [ ,
] pour des contres-exemples explicites). On note que dans | ] c’est la norme
HY((0,T) x w) qui est utilisée dans le membre de droite de (1.2.2) au lieu de la norme
L?((0,T) x w). Le fait qu'on puisse la remplacer par cette norme moins forte est expliqué
dans [ , Chapter 5].
En choisissant une valeur de p qui minimise le second membre de I'inégalité ci-dessus
on peut reformuler le Théoreme 1.2.1 comme suit (on écrit seulement le cas intérieur) :

Théoréme 1.2.2 (Corollary 1.2 dans | ). Sous les hypothéses du Théoréme 1.2.1 il
existe C > 0 tel que pour tout (ug,u1) € HF (M) x L2(M) avec (ug,u1) # (0,0) on a :

CA
H(UQ,U1)HH1><L2 <Ce HUHLZ((O,T)XM) ’

[[(uo, wi)ll 1 2

H(u07u1)||L2><H—1 < C .
log <1 + W”Hlxﬂ)

L2((0,T)xw)

o A = o)l e
[T P

Ici la quantité A doit étre interprétée comme la fréquence typique des données. La
premiére inégalité de ce théoréme ressemble a une estimée d’observabilité. En effet, elle
nous dit qu’on arrive a observer depuis w une partie (exponentiellement petite) de ’énergie
totale des données initiales. La différence par rapport a une vraie estimée d’observabilité
comme nous 'avons introduite au Théoréeme 1.1.1 est que la constante A dépend des
données initiales. Elle est néanmoins uniforme si 'on se restreint & de données initiales
dans un régime basse fréquence.

Notons aussi que 'estimée avec ’exponentielle dans le théoreme ici est équivalente au
fait que nous avons une stabilité logarithmique ¢(a, b, c) = ¢ (log(l + a%rb)) 1. Il a été dé-
montré par Lebeau dans le contexte analytique | ] qu’en général cette dépendance est
optimale. Plus précisément, elle est optimale des que la Condition de Controle Géométrique
n’est pas satisfaite par (w,T). Cela signifie qu’il existe un rayon d’optique géométrique qui
n’intersecte pas [0,7] X @ et n’a que des réflexions transverses a [0,7] x OM.

Comme démontré par Robbiano dans | | un résultat de prolongement unique
quantitatif permet d’obtenir une estimation du colit du contrdle approché. Le résultat
quantitatif de Laurent-Léautaud donne alors le théoreme suivant :

Théoréme 1.2.3 (Théoreme 1.3 dans | ). Soit M et w C M comme dans les théo-

remes précédents. Alors pour tout T > 2L(M,w) il existe C,c > 0 tels que pour tout € > 0
et tout (ug,u1) € HE(M) x L2(M), il existe f € L*((0,T) x w) avec

£ 112207y %) < C Nl (o, u) gz
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tel que la solution de

Pu=1,f sur (0,7) x M
u=0 sur (0,7) x OM
(u, Opu) y—g = (uo,u1) sur M,
satisfait
’ (u, 8tu)|t:T‘ 12y -1 <e ||(U0>U1)||ngL2 :

En d’autres termes, si nous agissons sur la région w pendant un temps 7' > 2L(M, w),
nous pouvons faire passer 1’énergie de notre solution de taille 1 (dans I'espace H' x L?)
a € proche de 0 (dans I'espace L? x H~1). De plus, cela s’accompagne d’une estimation
de Iénergie du controle qui est de lordre de e®/€. Puisque le Théoréme quantitatif 1.2.1
traite le cas du bord aussi, on a un résultat analogue pour le cotlt du controéle frontiere.

L’ingrédient crucial pour la preuve du Théoréme 1.2.1 est I'obtention d’une estimée
quantitative locale "propageable’. Cela signifie, qu’il faut une estimée quantitative dont la
forme est préservée lorsqu’on 'applique successivement. Comme nous 'avons déja remar-
qué, les inégalités de Carleman étant elles-mémes en quelque sorte de nature quantitative
elles constituent un bon point de départ pour I'obtention d’une telle estimée. Néanmoins,
dans le contexte du Théoreme 1.1.6 I'inégalité de Carleman utilisée a la forme (1.1.7) et
le poids microlocal qui I’accompagne rend cette tache tres difficile. Dans [ | les au-
teurs expliquent une forme optimale d’estimée locale quantitative adaptée a I'inégalité de
Carleman ci-dessus. Elle s’écrit comme

Ce (|M Ol g + | Pull) + Ce™ ¥ |[ull g = [M¥Xpull oy 12 oo (1.2.3)

ol M* est un opérateur qui régularise et localise en des fréquences & plus petites que
p. La fonction 6 est un cut-off qui localise dans le domaine d’observation et y localise
sur un voisinage du point qui nous intéresse. Toutefois dans ’estimée ci-dessus ce ne sont
pas les fonctions x et 6 qui interviennent mais des versions régularisées analytiques de ces
fonctions, qui dépendent également du parametre p. Le fait de régulariser et localiser en
basses fréquences permet d’avoir une erreur exponentiellement petite dans le membre de
gauche et c’est cela qui rend cette estimée "propageable'. Par contre le fait de travailler
avec des fonctions qui ne localisent pas exactement (puisqu’elles sont analytiques) rend la
preuve de ce résultat tres technique.

Dans une deuxiéme partie de | ] il est expliqué comment on peut propager 1’estimée
locale (1.2.3) en passant par des hypersurfaces admissibles (non-caractéristiques). A la fin
de la propagation il faut aussi contrdler les hautes fréquences, ce qui explique le passage
d’erreur de taille e “* & une erreur en 1/u dans le Théoreme 1.2.1.

Milieux non-homogénes

Motivés par plusieurs applications physiques, on veut étudier la question du prolongement
unique quantitatif dans le cas ol la métrique g présente une discontinuité a travers une
interface présentant un saut. En effet, dans de nombreux contextes les ondes se propagent
dans des milieux singuliers et donc en présence de coefficients non lisses. C’est le cas
par exemple des ondes sismiques [ ] ou des ondes acoustiques | , ,
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] qui se propagent dans la crofiite terrestre. Les modeles proposant de décrire
de tels phénomenes utilisent des métriques discontinues et plus précisément des métriques
qui sont régulieres par morceaux mais qui présentent des sauts le long de certaines hyper-
surfaces. Nous pouvons donner comme exemple la discontinuité de Mohorovici¢ entre la
crotite terrestre et le manteau. Un autre exemple se présente en imagerie médicale. Le cer-
veau humain [ , | a deux composantes principales : la matiere blanche
et la matiere grise. Celles-ci ont des conductivités électriques tres différentes et les modéles
décrivant la situation sont tres similaires & I’exemple précédent.

La question du prolongement unique quantitatif a travers une interface semble étre
bien comprise dans le contexte elliptique/parabolique. L’un des premiers résultats (dans
le cas parabolique) est démontré dans | ] ou Vopérateur 9; —div(cV-) est étudié avec
une hypothese de monotonicité imposée sur le coefficient scalaire ¢ = ¢(x) : 'observation
devrait avoir lieu dans la région ou le coefficient ¢ est plus petit. Dans cet article, une
estimation globale de Carleman est prouvée. Ensuite, dans le cas elliptique, dans | ],
un résultat similaire a été obtenu mais sans aucune restriction sur le signe du saut du coef-
ficient. Ces techniques ont été étendues au contexte parabolique dans [ |. Une nouvelle
approche a été introduite par Le Rousseau-Lerner [ | pour montrer une estimée de
Carleman dans le cas elliptique anisotrope (—div(A(x)V-), avec A une matrice dont les
coefficients présentent un saut a travers une interface). Nous donnerons plus de détails
dans le paragraphe 1.2.3 sur la stratégie employée dans | |. D’autres travaux intéres-
sants dans le contexte elliptique incluent | , | ot le probleme d’affaiblir
la régularité des coefficients principaux loin de I'interface est traité.

La question du contrdle ezact des ondes avec des sauts a travers une interface a déja
été abordée dans le livre | , Chapitre 6]. Un résultat de controlabilité est prouvé pour
I'opérateur 97 — div(cV-) avec ¢ un coefficient constant par morceaux sous une hypothese
géométrique sur 'hypersurface de saut et une condition de signe sur le saut. L’une des
premiéres estimations de Carleman a été prouvée dans le cadre discontinu dans | .
Avec la méme hypothese sur le coefficient et en supposant que 'interface est convexe,
les auteurs prouvent des estimations quantitatives linéaires de stabilité. Récemment, dans
[ |, des résultats quantitatifs ont également été prouvés pour des interfaces qui
sont des perturbations des surfaces convexes. D’autres travaux connexes sont [ ]
et [ ].

1.2.2 Probléeme étudié et principaux résultats obtenus

Nous commencons par fixer le cadre. Soit (M, g) une variété riemanienne compacte munie
d’une métrique lisse. On consideére S une sous-variété de codimension 1 de M sans bord. On
suppose de plus que M\S = Q_UQ,; avec Q_NQ; = (. On considére aussi un coefficient
scalaire ¢(z) = Lo_c—(z) + Lo, c4(x) avec cx € C®(Q4) tel que 0 < ¢min < (%) < Cmax
uniformément sur Q_ U Q4 de sorte que la condition d’ellipticité soit vérifiée. Nous allons
travailler avec I'opérateur des ondes "discontinu" P. défini par

P. =0} —divy(c(z)V,), sur Ry x Q_UQ,.
Cet opérateur permet de modéliser la propagation d’une onde scalaire dans un milieu non-

homogene. En effet, on peut imaginer que la géométrie globale est décrite par la métrique
lisse g et que le coefficient scalaire ¢ correspond au carré de la vitesse de propagation
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d’une onde a l'intérieur de M. Le saut de ¢ correspondant alors au fait que la vitesse de
propagation est différente selon que l'onde se trouve dans 2_ ou €.
On consideére pour (ug,u1) € HY (M) x L?(M) le probléme d’évolution suivant :

Pu=0 sur (0, )XQ UQy

Ujs_ = Us, sur (0,77) x

(cOyu)s_ = (cOyu)s, sur (0,T) x (1.2.4)
u=20 sur (0,7) x 3/\/1

(u,atu)ltzo = (ug,u1) sur M,

ou 0J, est un champs de vecteurs non nul défini sur un voisinage de S, normal & S (pour
la métrique g), qui pointe vers 2, et normalisé pour g. On écrit u)s, pour les traces de
u|q, sur I'hypersurface S.

On remarque qu’il y a deux équations supplémentaires dans notre systéme par rapport
a ’équation des ondes (1.2.1). Il s’agit de conditions de transmission naturelles que nous
imposons pres de l'interface. Ces conditions impliquent que 'opérateur elliptique sous-
jacent est auto-adjoint sur L?(M) et on peut montrer en utilisant des méthodes classiques
(par exemple avec le théoreme de Hille-Yosida) que le systéme (1.2.4) est bien posé.

Nous introduisons aussi la quantité L£.(M,w) = sup,eqdiste(z,w) qui est la "plus
grande distance' du sous-ensemble w & un point de M, ou dist. est une fonction de
distance adaptée a (M, g,c). Nous avons alors le résultat suivant, qui donne la méme
estimée quantitative que celle obtenue par Laurent-Léautaud | | dans le cas d’une
métrique lisse :

Théoréme 1.2.4 (Théoréeme 1.1 dans | ). Pour tout sous-ensemble ouvert non vide
w de M et tout T > 2L.(M,w), il existe C, K, o tels que pour tout (ug,u1) € HEH (M) x
L2(M) et u satisfaisant (1.2.4) on a, pour tout u > po,

C
[[(wo, wi)ll 2w -1 < Ce™ Nlull 20,7y xw) T o (o, wi)ll o2 -

Si de plus OM # 0 et T' est un sous-ensemble ouvert non vide de OM, pour tout T >
2L.(M,T), il existe C,k, g > 0 tels que pour tout (ug,u1) dans HE(M) x L*(M) et u
satisfaisant (1.2.4), on a

o C
[(uo, )| 2 1 < Ce™ Haz/rUHm((O,T)xF) + m [[(uo, wi)ll gy -

Puisque nous montrons la méme estimée quantitative que celle obtenue par Laurent-
Léautaud | | nous obtenons aussi les conséquences qui en découlent concernant 1’esti-
mée d’observabilité approchée ainsi que le cotit du controle approchée. Ce sont les deux
théoremes suivants dont les conclusions sont identiques a leurs homologues dans le cadre
lisse.

Théoréme 1.2.5. Sous les hypothéses du Théoréme 1.2.4 il existe C > 0 tel que pour
tout (ug,u1) € HF (M) x L2(M) avec (ug,u1) # (0,0) on a :
(w0 ut)l[ g1y pe < Ceh ”uHLZ((O,T)Xw) )
[[(u0, w1)ll 1 2

10, un) oy < € )
log (1 N ”<Z|(|>,u1>||H1XL2)

L2((0,T)xw)
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| Ve /S o / A\ S Q4
\ | \ \ \ | \ \
x | ) ‘u | B ‘\
\ 0o / \ w Y /
(a) L’observation a lieu a l'intérieur de 2_.  (b) L’observation a lieu a lintérieur de Q. Si

c_ < c4, une partie de I’onde peut rester piégée
a l'intérieur de €2_. Néanmoins, le prolongement
unique quantitatif et ses conséquences sont tou-
jours valables.

N (X[
(G P

Théoréme 1.2.6 (Cotlt du contrdle approché pour les ondes dans un mileu non-homo-
gene). Soit M et w C M comme dans le Théorémes 1.2.4. Alors pour tout T > 2L.(M,w)
il existe C,c > 0 tels que pour tout € > 0 et tout (ug,u1) € HE(M) x L*(M), il existe
f € L*((0,T) x w) avec

||f||L2((o,T)xw) < Cefle [ (wo, Ul)HHg(M)xL?(M)

tel que la solution de

Pu=1,f sur (0,7) x M
ug_ = ujg, sur (0,7) x S
(cOyu)s_ = (cyu)g, sur(0,T) xS
u=0 sur (0,7) x OM

(u, atu)‘tzo = (ug,u1) sur M,

satisfasse

|, 000) | < €l (uo, 1)l gy 2 -

L2xH-1 —

Il est important de remarquer que nous n’avons fait aucune hypothese sur le signe de
c— — c4. Par conséquent, 'ouvert d’observation w peut étre choisi aussi bien dans €2_ que
dans Q4. Expliquons pourquoi cela est intéressant. Supposons, pour fixer les idées, que
c— < ¢y soient deux constantes et g = Id. Nous pouvons alors interpréter /c— et \/ci
comme la vitesse de propagation d’une onde se propageant dans deux milieux isotropes
Q_ et Q4 avec des indices de réfraction différents, n_ et ny respectivement (rappelons
que niy = 1/,/cx). Imaginons qu'une onde commence a se propager en partant dune
région située a l'intérieur de 2_. On a o= 2+ et donc I'hypothese c— < ¢y se traduit
par n_ > ng. La loi de Snell-Descartes stipule que lorsqu’une onde passe d’un milieu a
indice de réfraction élevé & un milieu dont l'indice de réfraction est plus petit, il existe
un angle critique a partir duquel il y a réflexion interne totale, c’est-a-dire qu’il n’y a pas
de réfraction du tout. Au niveau de 'optique géométrique, c’est-a-dire dans le régime des
hautes fréquences, une telle onde reste piégée a l'intérieur de 2_. On s’attend donc a ce
que, au moins en régime haute fréquence, aucune information ne se propage de €2_ a Q4|
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suivant les lois de I'optique géométrique. Les Théoremes 1.2.4 et 1.2.5 montrent néanmoins
que l'intensité de 'onde dans )4 sera au moins exponentiellement petite en fonction de
la fréquence.

Notons enfin qu’en ajoutant des hypotheses géométriques sur I'interface ainsi que sur
lordre des vitesses c_, c4 (& savoir que si 'observation a lieu dans 4 alors ¢y > c_ ) des
estimées d’observabilité exacte peuvent étre démontrées. Voir par exemple | , Chapitre

6], | [ [ J

1.2.3 Outils et idée de preuve

La preuve du Théoreme 1.2.4 repose sur une inégalité de Carleman locale pour l'opérateur
P.. Loin de l'interface les coefficients de P, sont lisses et nous sommes dans le cadre
de | ]. L’idée est alors la suivante : Dans | | les auteurs donnent une méthode
qui permet de passer d’une estimée de Carleman locale adaptée & l'opérateur 07 — Ay a
une estimée locale quantitative que 'on peut propager. Notre but est alors d’utiliser la
machinerie développée par [ | afin d’obtenir également une estimée locale quantitative

"propageable” preés de l'interface. Le point clef est alors l'obtention d’une inégalité de
5| Dy |2
Carleman contenant le poids microlocal e™ o pour lopérateur "discontinu" P, = 97 —

divy(c(z)Vy).

On travaille dans un petit voisinage V' d’un point zg € S ou S est l'interface et 'on
se place en coordonnées géodésiques normales (¢, 2, z,,) de sorte que l'interface devienne
S={ry, =0} et Q NV ={x, >0}, Q- NV = {z, < 0}. On note H_ = 1y, g} et
Hy =1y;,>0y. Pour une fonction u sur R x V' on écrit u— pour H_u et u4 pour Hiu. Le
coefficient ¢ étant discontinu on doit étre particulierement attentif avec le domaine de P..
Nous définissons I'espace W comme 'espace des fonctions v qui s’écrivent

u=H u_+Hiuy, utr € CP(RxV)
et satisfaisant les conditions de transmission suivantes :

U—|3,=0 = U+|z,=0

100, Ut |y, —g = €O, U, - (1.2.5)

Les conditions de transmission impliquent que P.u € L? pour u € W. Nous montrons
I'inégalité suivante :

Théoréme 1.2.7 (Estimée de Carleman locale pour P.). Dans le contexte géométrique
présenté ci-dessus, supposons que (tg,zg) € Ry x V. Il existe alors un poids approprié ¢ et
des constantes positives C, 1y, 9, d, g telles que.

7‘5‘Dt‘2 ¢ 2 7d ¢ 2
Cllle "2 e"®P.u +e 7 |le” uH
L2(Q_UQy) HY(Q-UQy)
51D, |2 2 51Dy |2 2
> le "z e™u +7|[Ve "7 e™u , (1.2.6)
L2(Q_UQ4) L2(Q_UQy)

pour tout u € W avec suppu C B((to,x0),70) et T > 1p.
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En fait, pour des raisons techniques liées au fait que cette inégalité ne sera pas appliquée
a notre solution u mais & v = yu avec x un cut-off, on est obligés de montrer une estimée
pour des fonctions satisfaisant des conditions de transmission plus générales que celles de
W.

Le poids ¢ est bien adapté a la situation géométrique au sens suivant : pour |z,| petit,
nous avons {x, = 0} = {¢ = 0} et les deux cotés de 'interface sont donnés par {¢ > 0}
et {¢ < 0}. Nous avons également (pour |z,| suffisamment petit) que ¢’ > 0, et par
conséquent ¢ est plus grand dans QF : QF est la région d’observation et I’estimation de
Carleman propagera 'unicité de QF a Q.

I’inégalité ci-dessus est pratiquement du méme type que celle démontrée dans les
travaux de Tataru, Hérmander, Robbiano-Zuily | , , , | ainsi que
dans | ] (en présence d'un bord de Dirichlet) dans le cas des coefficients réguliers.
Cela indique qu’elle fournit un bon point de départ afin d’obtenir une estimée locale
quantitative a 'aide des techniques de | ]-

Nous écrivons

P =97 — div(ca Vo).

Si nous supposons que ¢ est analytique par rapport a ¢t nous pouvons définir un opé-
rateur conjugué Pci¢ donné par la relation

_ 81Dy

™ p* :Pciqse e,

(&

51D4|2
2T

L’étape clef pour la preuve du Théoreme 1.2.7 est alors 'obtention d’une estimée sous-
elliptique qui porte sur 'opérateur conjugué Pci¢.

FEcrivons d’abord les conditions de transmission modifiées, qui correspondent aux condi-
tions de transmission (1.2.5) aprés conjugaison :

U= zn=0 = V+|z,=0
i (Dnvy +i7¢), _g+ 0+ )jey=0 = C—(Dpv— + T, _o-V-)|z,=0- (1.2.7)

On note par wy,, g la trace de w sur I'hypersurface {z,, = 0}. L’estimation sous-elliptique
clef est le contenu de la proposition suivante :

Proposition 1.2.1. Dans le contexte du Théoréme 1.2.7 il existe des constantes positives
C, 19, ro telles que

2 2
C( HH_PquﬁU_‘ L2(Rn+1) * “H+P:¢v+‘ L2(Rn+1) tT ”H‘*‘Dtv‘*‘HQLQ(R"“)
) 2 2
7 IH- D sy + 7| D esoa gy 7| PN )
> 1 vl Faniry + T IHs Vor | 2agasny + 7 [ H-Vo_ |22 gas)
30,12 30, |2 2 2
+7 ’U+’L2(R’L) +7 ‘v—‘LQ(R") +7 ‘(VU"‘)WHZO L2(R™) +7 ’(V’l)_)|xn:0 L2(Rn)’

pour v satisfaisant les conditions de transmission (1.2.7) et tel que suppv C B((to, o), r0)
et T > 19.
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La preuve du Théoréeme 1.2.7 repose sur 'idée suivante : Comme nous l'avons déja

remarqué, le poids microlocal e~ "2 ~ localise en basses fréquences en &, qui est un régime

ou l'opérateur Pj;5 n’est pas loin d’étre elliptique dans le sens ot son symbole devient positif
si & = 0. Loin de la zone elliptique (c’est a dire la région microlocale ou le symbole de
Pfd) est elliptique) on espere exploiter la forme du poids de Carleman afin d’absorber les
termes venant de la zone non-elliptique comme erreurs admissible. La forme de I’estimée
sous-elliptique permet de voir cela de fagon plus précise. En effet, les termes en D,v dans

le membre gauche de 'estimée de la Proposition 1.2.1 sont des erreurs admissibles grace
—5|Dy |2
au fait que 'action de e - sur Dyv donne une erreur exponentiellement petite et par

conséquent admissible au vu du Théoreme 1.2.7. Une fois focalisés sur la zone elliptique
nous exploitons le fait que nous avons des résultats tres précis concernant les estimées
de Carleman pour des opérateurs elliptiques avec des sauts et c’est plus précisément la
technique de Le Rousseau-Lerner | | sur laquelle nous nous basons pour traiter cette
région.

La stratégie de Le Rousseau-Lerner

Comme déja mentionné, étant donné un opérateur différentiel P, pour obtenir une esti-
mation de Carleman avec un poids ¢, on travaille avec I'opérateur conjugué Py défini par
Py = e™®Pe~"?. Dans le cadre elliptique traité dans | |, les auteurs utilisent une
idée qui remonte & Calderén | |. Présentons la stratégie employée dans le cas d’un
modele jouet. On considere 'interface {x,, = 0} et un coefficient constant par morceaux
c=H_ c_+Hycyavecer >0o0u Ho =1y, gy et Hi =1y, o). On travaille alors avec
opérateur elliptique P = —div(cV) et on écrit P* = —div(c+V). On définit 'opéra-
teur conjugué comme P;)t = e™P*e . Dans | | les auteurs factorisent I'opérateur
conjugué ij comme un produit de deux opérateurs d’ordre 1 de chaque coté de I'inter-
face et prouvent des estimées pour chacun de ces facteurs. Nous écrivons (z,,z") pour les
variables physiques et (&,,¢’) pour les variables duales via la transformée de Fourier. En
considérant la transformée de Fourier partielle par rapport & la variable @', Fps_,¢/, et dans
le cas d’un poids ¢ dépendant uniquement de z,, on a la factorisation suivante :

P(;t =cy (Dy +i(t¢" +|€'])) (Dy, + i(r¢' — ’f/D) .

Ici, avec un petit abus de notation, nous avons identifié I’opérateur avec son symbole dans
la variable tangentielle & 'interface z’. Cela permet de travailler avec la variable normale
Ty et de traiter les autres comme des parametres. Nous définissons alors les facteurs d’ordre
un :

ex = Ho(rd' +|€]), fe=He(rd' —[¢])

dans le but d’obtenir de bonnes estimations unidimensionnelles pour les opérateurs de
premier ordre D, +ie4 et D,+ifL. Le principe général est que le signe de e, f1 détermine
la qualité des estimations unidimensionnelles. En effet, puisque ¢’ > 0 pres de I'interface les
facteurs ey sont positifs. Cela nous donne une bonne premiere estimée que I’'on doit ensuite
combiner avec ’estimée obtenue pour les deux autres termes fi. La subtilité consiste au
fait que le signe de fi n’est pas constant alors que nous avons besoin d’une condition de
positivité au moins sur un des deux cotés de l'interface afin de pouvoir controler tous les
termes dans l'estimée de Carleman. C’est ici qu’intervient la condition sur le poids ¢. Le
choix de ¢ est fait de maniere a ce que la propriété clef suivante soit satisfaite : si 'on



1.2. ONDES DANS UN MILIEU SINGULIER 29

est dans une région de l'espace V C Rt x R"™! 3 (7,¢) ou fy < 0 alors cela implique
que f_ > 0 sur V. Autrement dit, au moins un de ces deux termes aura "un peu de
positivité". Il se trouve que cela est suffisant, grace aussi aux conditions de transmission,
afin de controler tous les termes voulus.

Dans | | il est ensuite démontré que cette propriété sur les signes de fi peut étre
satisfaite si 'on impose une condition géométrique sur le poids. Plus précisément, il faut
demander que le saut ¢"xn:0+ — _o- de la dérivée normale de ¢ a travers I'interface
soit suffisamment grand.

/
jan

Régions microlocales

Revenons maintenant au cas de 'opérateur des ondes P.. Pour simplifier on suppose que
P. = 0? — div(cV) avec ¢ constant par morceaux. Pour ¢ qui dépend uniquement de x,,
Iopérateur conjugué devient, apres avoir identifié les variables tangentielles a I'interface
avec leur transformée de Fourier

1
Py = cx ((Du+imd P+ P - el
k) C:t

Pour € > 0 petit, on consideére alors les régions suivantes de R™ > (&', ¢) variables duales
de (2/,&) :

1LEF 1€ — ch &) > e(|€ + |&]?) | Ce sont les régions elliptiques. Cela signifie

—1
2 =i |&l?

que nous pouvons considérer la racine de |¢’ et écrire

1
P2, = s ((Dn-+ im0 + P - —I6f?)
2
e (Dn+i7¢'>2+,/|£’|2—;|&2
e (Dn i+l - Cli|£t|2> (Dn i — iyl - Cli|£t|2>

Nous obtenons alors dans ces régions une factorisation comme dans [ | et des
estimées du méme type.

2. GHE - ||€7 — Y& < 2¢(|€')? + |&)%) | Ce sont les régions glancing et hyperbo-

liques (voir par exemple | , Chapter 23.2] ou [ ]). L’observation clef est que
pour e suffisamment petit dans ces régions nous avons |&| = |¢/|. Grace au poids
D}

e~9% . nous pouvons considérer les termes Dyv ~ &v comme erreurs admissibles. Le
fait que & est grand par rapport a & permet essentiellement de controler les termes
tangentiels. Il nous reste alors a controler les termes avec la dérivée normale || D,v||
et |Dpv|. Pour faire cela on s’inspire en particulier de la méthode du commutateur
utilisée par Lebeau-Robbiano dans [ , Section 3.A].

Ici nous avons décrit la stratégie pour le cas modele. Pour traiter le cas général nous
avons besoin d’outils d’analyse microlocale, ce qui rajoute certaines difficultés techniques.
Aussi, il faut vérifier qu’on peut perturber le poids ¢ avec des termes qui ne dépendent
pas uniquement de x,, : ceci correspond a la convexification géométrique.
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L’utilisation du Théoréme 1.2.7

Une fois que nous avons obtenu 'inégalité (1.2.6) nous sommes en mesure d’exploiter la
machinerie de | |. En effet, la premiére étape est de la rendre quantitative, a savoir
obtenir une estimée du type (1.2.3).

T
To -2 |,
"o 4~ -
Yo | Lj F”S,J Lj-1 x1 £S,1 Zo xo
x
~ 1 ‘ w
o ‘
—To+2¢ =Ty
-T

FIGURE 1.2 : Le processus d’itération dans I’espace-temps. Nous transportons 'informa-
tion d’'un point zg € w a yp € M en suivant le chemin 7. Les points zg; sont les points
d’intersection de v avec S. Les fleches vertes correspondent a la propagation de 'infor-
mation dans le contexte lisse ol nous utilisons les résultats de | |. Les fleches oranges
propagent 'information a travers Iinterface en utilisant notre nouvelle estimée locale et
ce, en perdant un temps arbitrairement petit.

FIGURE 1.3 : Premiére étape du processus d’itération. L’information est propagée de xg
a x1. Le processus est ensuite répété a partir de x7.

Avec I'estimation quantitative locale pres de 'interface a notre disposition, nous sommes
capables d’obtenir une estimation globale. Nous commencons par propager uniquement les



1.2. ONDES DANS UN MILIEU SINGULIER 31

estimations a basse fréquence. Pour ce faire, nous utilisons certaines propriétés d’itération
abstraites introduites dans [ |. Nous considérons un point arbitraire yp € M et sui-
vons un chemin allant d’un point zg € w a yg € M. Tant que le chemin reste dans
ou dans €2_, la propagation est garantie par le résultat de | ]. Si le chemin rencontre
I'interface S, nous utilisons notre nouvelle estimée locale quantitative (qui est un analogue
de (1.2.3) déduit de (1.2.6)) qui permet de propager l'unicité d’'un cété de S a lautre.
Nous poursuivons ensuite la propagation en utilisant a nouveau [ ]. Ceci est illustré
dans les figures 1.3 et 1.2.

A la fin de ce processus d’itération on considere aussi les hautes fréquences afin de
controler toute la solution et on utilise des estimées d’énergie pour 1’équation des ondes
pour faire intervenir les données initiales. Ceci conclut la preuve du Théoreme 1.2.4. Les
Théorémes 1.2.5 et 1.2.6 sont conséquences de celui-ci.

1.2.4 Perspectives

Une question naturelle serait de savoir si on peut généraliser le résultat obtenu pour des
métriques qui sont completement différentes de chaque coté de I'interface. En effet, nous
avons travaillé ici avec 'opérateur 97 —div,(c(z)Vy4) ce qui implique que les deux métriques
sont conformes. Dans le cas anisotrope on considére une matrice A(x) = (a;x(2))i1<jk<n
définie positive dont les coefficients présentent un saut a travers I'interface S et on travaille
avec 'opérateur 97 — div(A(z) - V). Le fait d’avoir deux métriques conformes a permis de
se placer en coordonnées géodésiques normales des deux cotés a la fois, ce qui est crucial
pour la preuve de notre inégalité de Carleman locale. Toutefois, dans | | les auteurs
travaillent avec 'opérateur div(A(x) - V) et contournent cet obstacle en construisant "a la
main" des coordonnées dans lesquelles S = {z,, = 0} et div(A(z) - V) a une forme simple.
Cela suggere que, au moins pour l'estimée de Carleman locale, notre preuve pourrait
probablement fonctionner pour le cas anisotrope aussi, en espérant pouvoir absorber les
termes supplémentaires venant de la forme plus compliquée de 9?7 — div(A(x)- V) dans ces
nouvelles coordonnées.

Une autre question concerne la régularité optimale de c. Ici nous avons travaillé avec des
coefficients qui sont C'*° par morceaux. Comme déja remarqué c’est le comportement de
I'opérateur des ondes dans la région elliptique qui semble étre le plus important. Or, nous
savons que la régularité limite pour avoir de 'unicité pour les opérateurs elliptiques est
Lipschitz. En effet, en dessous de cette régularité nous avons des exemples d’opérateurs el-
liptiques pour lesquels la propriété d’unicité locale n’est pas satisfaite (voir [ L D).
Des estimées de Carleman pour des opérateurs elliptiques avec une métrique Lipschitz ont
été, par exemple, démontrés dans | , Chapter 17], | ]. Il semble alors naturel de
conjecturer que notre résultat peut se généraliser a des coefficients qui sont Lipschitz par
morceaux. Pour prouver cela il faut généraliser les résultats de | | pour des métriques
Lipschitz (cf [ ]) ainsi que notre estimée de Carleman locale pres de I'interface. En ce
qui concerne ce deuxieme point remarquons qu’on a utilisé des arguments d’analyse micro-
locale afin de se localiser dans des régions appropriées et exploiter la technique elliptique
de [ ]. Une telle approche ne pourrait fonctionner en régularité Lipschitz. Toutefois,
dans le cas des coefficients constants on peut travailler a ’aide de la transformée de Fourier
uniquement dans I'espace des fréquences et prouver notre estimée sans faire appel au cal-
cul pseudodifférentiel. Ensuite on pourrait traiter le cas des coeflicients variables comme
une perturbation du cas constant en "gelant" les coefficients. C’est la stratégie employée
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dans | | dans le cas elliptique.

Aussi, il serait intéressant d’appliquer notre résultat & des questions venant des pro-
blémes inverses. Cela est a ’origine de nos motivations puisque une métrique avec des
sauts peut étre utile pour modéliser des ondes sismiques. La question que ’on se pose est
de savoir si on est capable de déterminer la métrique (ou un potentiel) en "observant" I’ap-
plication de Dirichlet-vers-Neumann pendant un certain temps. La "technique de controéle
frontiere" introduite dans | ] repose de fagon essentielle sur des résultats de prolonge-
ment unique/controle approché. Un résultat de prolongement unique quantitatif pourrait
donner une estimée de stabilité dans le résultat d’injectivité entre la métrique/potentiel
et application de Dirichlet-vers-Neumann correspondante.

Finalement, une autre piste dans la direction des coefficients singuliers consiste a di-
minuer la régularité du potentiel V dans I'opérateur des ondes 92 — Ay + V. Nous savons
depuis les travaux de Jerison et Kenig | | que le prolongement unique est satisfait
pour des opérateurs du type —A + V(z) si V € Lﬁ)/f seulement. On peut alors se po-
ser la question du prolongement unique (qualitative et quantitative) pour les solutions
de I’équation des ondes associées. Notons qu’il s’agit d’'un probléeme difficile qui nécessite
de nouveaux outils. En effet, on doit passer par des estimées de Carleman LP (voir par
exemple | , , , ]) qui sortent du cadre habituel L2,

1.3 Construction de modes propres pour un probléeme de
transmission

Le point de départ pour le travail présenté dans cette partie est la question de 'optimalité
de l'estimée quantitative du Théoreme 1.2.5 présentée dans la partie précédente. Notre
but est de donner des exemples de situations ou l’estimation tunnel du Théoreme 1.2.5
est saturée, et la saturation est provoquée par la présence de la discontinuité a travers
I’hypersurface S.

On note dans cette partie M un sous-ensemble compact et connexe de R? avec un
bord lisse OM et S C M une hypersurface compacte lisse telle que : Int(M)\S = Q_UQ,4
avec Q_ N Q4 = . Nous considérons 'opérateur —A, = —div(cV-) agissant sur M avec ¢
étant strictement positif et lisse par morceaux mais ayant un saut a travers l'interface S.

Afin d’exhiber des solutions de I’équation des ondes (1.2.4) qui saturent ’estimée du
Théoreme 1.2.5 on cherche & construire des fonctions propres de —A. dont la masse se
concentrent exponentiellement pres de l'interface S. Ces modes propres sont souvent ap-
pelés "Whispering Gallery Modes" (modes de "chuchotement de galerie", WGM dans la
suite).

1.3.1 Résultats antérieurs et motivations

Les données M, S et ¢ que nous allons considérer sont & symétrie radiale. L’idée de
construire des exemples explicites de fonctions propres sur des surfaces de révolution re-
monte a | | et | ].

Méme si notre motivation principale pour la construction de WGM vient de la théo-
rie du contrdle, il est intéressant de noter que ces objets ont des applications physiques
importantes. Une application vient de I'optoélectronique. En effet, le cas ou M est un
disque et S un cercle concentrique plus petit contenu dans son intérieur peut étre consi-
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déré comme un modele jouet pour étudier la section orthogonale d’une fibre optique. En
effet, dans ce cas, 2_ peut étre considéré comme le cceur de la fibre optique entouré d’une
gaine €24. Si 'on suppose que c— < c4, l'indice de réfraction dans Q_ est plus élevé que
dans 4, et par conséquent, la lumieére reste localisée dans le coeur par réflexion interne
totale a la frontiére entre le coeur et la gaine. En ce qui concerne les applications a I'op-
toélectronique, les WGM ont été étudiés numériquement et d’un point de vue théorique
dans [ , ]. Dans ces références, le probléme des valeurs propres de —A, est
étudié dans un domaine non borné, devenant ainsi un probléme de résonance. Dans | ]
un probleme similaire a été étudié et des propriétés de concentration polynomiale ont été
obtenues mais dans des géométries beaucoup plus générales.

Dans un travail récent [ |, les auteurs obtiennent des propriétés de concentra-
tion et de non-concentration pour les fonctions propres de —A. en fonction de la régularité
du coefficient c. La discontinuité du coeflicient ¢ correspond au cas de milieux stratifiés.

1.3.2 Principaux résultats obtenus

Le coefficient ¢ étant discontinu, on doit étre attentif avec le domaine de —A.. On définit
I’espace

A={ue Hy(M)lug_ € H (Q), uq, € H* (), c19,(ug_)js = c-0, (g, )is}-
(1.3.1)

En utilisant des arguments standards de théorie spectrale nous pouvons voir que —A,,
avec domaine A, est positif, auto-adjoint et a résolvante compacte. Nous en déduisons
que son spectre contient uniquement des valeurs propres positives 0 < A\; < Ao < ... de
multiplicité finie avec \; — +oo.

Nous avons le résultat suivant, qui nous donne 'existence des WGM dans certains
contextes géométriques :

Théoréme 1.3.1. Sous certaines hypotheses sur M, S et ¢ = c_1q_ + cylq, il existe
des suites (An)nen €t (Up)nen €t Ay — +00 et u, € A tels que pour tout w C M avec
dist(w, §) > 0 il existe C,d > 0 avec :

Hun”LQ(w) S C’e*dm, _Acun = )\nun, Un‘aM = O, ||un||L2(,/\/l) = ]_

Les données M, S, c que nous considérons sont a symétrie radiale. Avant de donner

plus de précisions sur M, S, c on énonce une conséquence immédiate du Théoreme 1.3.1.
On note A(w) := [l (w(0),8;w(0)
= T[(w(0),8:w(0)

)HHI x L2

)HLQXHfl ’

Théoréme 1.3.2. Dans le cadre du Théoréme 1.3.1, il existe des solutions (wy)nen
de (1.2.4) avec [[wy(0)]|;2 = 1, Opw, (0) = 0 et telles que pour tout w C M avec dist(w, S) >
0 et pour tout T > 0 il existe C,d > 0 avec :

lwnll 22 0,7y xey < Ce™ ).

Le théoreme 1.3.2 est une conséquence immédiate du théoreme 1.3.1. En effet, si I’on
prend u, comme dans le Théoréeme 1.3.1, alors

wy(t, ) := cos (v Ant)tn ().
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M

Ry Ry

R

FIGURE 1.4 : La couronne M avec l'interface S.

satisfait (1.2.4) avec (wn, Oywn)j—g = (Un,0), Alwn) = V/Ap + 1 et 'inégalité

[l 2y < Cem

implique que, pour une autre constante C' > 0

—dvAn
wnll 207y ey < Ce™™m.
Les solutions (wy,) que nous avons obtenues montrent alors que I’estimée du Théoreme 1.2.5
est optimale par rapport a ’exponentielle.
Dans le méme contexte géométrique, I'inégalité spectrale suivante pour les fonctions
propres de —A. est prouvée dans | , Théoreme 1.2] (et généralisée dans [ E

Théoréme 1.3.3 (Théoréme 1.2 dans | 1)- Soit (uj)jen une base hilbertienne des
fonctions propres de opérateur —A. avec des conditions au bord de Dirichlet, satisfaisant
les conditions de transmission usuelles. Notons par \; les valeurs propres associées dans
Uordre croissant. Alors pour tout w C Int(M) avec w # 0 il existe C' > 0 tel que pour tout
(a;)jen € CY - ,

Z la;|* < Cecﬁ/ Z ajuj(z)| de.

A <A “In<a

Les fonctions propres construites dans le Théoréme 1.3.1 prouvent que l'estimation
spectrale du Théoreme 1.3.3 ci-dessus est optimale en général, méme pour une seule fonc-
tion propre.

Le modele de base avec lequel on travaille est le cas ou M est une couronne et S est
un cercle concentrique comme dans la Figure 1.4. Plus précisément nous désignons par Br
la boule ouverte dans R? de rayon R centrée sur 0 et étudions le probléme des fonctions
propres pour (A,—A.) dans le contexte géométrique suivant : Soit 0 < Ry < R; < Ry
et M = §R2\BRO C RQ,Q, = BRl\FRO,QJr = BR2\§R17S = §R1\BR1- On prend le
coefficient ¢ = ¢_1q_ +cy 1o, constant par morceaux et la condition que 'on impose sur

c est
C_ Ct

— < —=5.
Rf  Rj
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Cette condition sera expliqué dans les paragraphes suivants.

Notre motivation initiale est la construction de solutions comme dans le Théoreme 1.3.1
afin de saturer certaines estimée d’observabilité comme expliqué ci-dessus. Toutefois, nous
obtenons également des résultats plus précis sur le comportement des fonctions propres
que nous construisons. Pour plus de détails nous référons au Théoreme 1.3.6 ci-dessous.

Le fait de travailler dans une couronne permet de se libérer de certaines difficultés
techniques liées au fait que, quand on travaille en coordonnées polaires, nous avons une
singularité en r = 0. Nous expliquons toutefois comment en se basant sur | | on peut
inclure d’autres exemples de surfaces M comme le cas ou M est un disque ou une surface
de révolution difféomorphe au disque.

Etant donné que nous sommes intéressés par le comportement de fonctions propres
pres de l'interface, une question naturelle est de savoir si on peut restreindre les condi-
tions géométriques sur M, S et ¢ uniquement dans un voisinage de l'interface. En ce qui
concerne les fonctions propres elles-mémes cette question semble étre difficile. Nous ob-
tenons toutefois une généralisation du Théoréme 1.3.2 en se basant uniquement sur une
hypothése de symétrie uniquement au voisinage de l'interface.

1.3.3 Outils et idée de preuve
Reduction a un probleme 1d

Nous commencons par le cas ou M est une couronne et S un cercle comme dans la
figure 1.4. Nous suivons l’approche de | | afin de nous ramener a 1’étude d’un opéra-
teur de Schrodinger 1D. On travaille en coordonnées polaires et cherche des solutions de
—Aqu = Mu sous la forme u(r,0) = ™ f(r). Cela nous ameéne & I’étude du probléme 1D
sur (Ro, R2) Pnf = Ef avec

1
Pri=Y 1, (—hQT&«(Cir&n)) V), Vilr) =S, Ey=hA, h=1/n,
+

ayant comme domaine

Ay ={f € Hy ((Ro, R2)) | fi(ro,Ry) € H*((Ro, R1)), fi(ry,Rs) € H*((R1, R2)),
c+ 0 (f\(Ro,R1)) (F1) = - 0r(fi(Rry,Ro)) (F1) }- (1.3.2)

En considérant des oscillations fortes dans la direction angulaire, c’est-a-dire n — oo,
on peut interpréter h comme un petit parameétre semiclassique. Nous avons ainsi réduit
le probleme & 1’étude d’un opérateur de Schrodinger semiclassique avec un potentiel V.
ayant un saut de discontinuité en r = Rj.

L’intérét de cette formulation est que les propriétés spectrales des opérateurs de Schrod-
inger dans la limite semiclassique ont déja été étudiés en profondeur (voir par exemple les
ouvrages de Helffer | ] et Dimassi-Sjostrand [ |) et on dispose d’un outil relative-
ment élémentaire et assez robuste pour montrer la décroissance exponentielle des fonctions
propres : les estimées d’Agmon.

Estimées d’Agmon

Nous partons de I'idée intuitive suivante : Une particule classique se déplagant dans | Ry, Ra|
soumise & un potentiel V a une énergie constante égale & E = |£|2+V (x) ol z est la variable
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de position et ¢ la variable de quantité de mouvement. Puisque |¢|? > 0 la particule doit
toujours se trouver dans la région {x €|Ro, Ra[|V (z) < E} : c’est la région classiquement
autorisée et son complémentaire la région classiquement interdite. Considérons maintenant
une particule quantique d’énergie E. Sa fonction d’onde vy, satisfait a ’équation

(—h*A+ V)i = Ey.

Si 'on interpréte la limite A — 0 comme la limite "du quantique au classique" alors on
s’attend a ce que la masse de v, dans la région classiquement interdite tende vers 0 dans
la limite A — 0. Les estimées d’Agmon permettent de démontrer cela mathématiquement,
en donnant aussi une décroissance exponentielle en h. Afin d’étudier la décroissance des
fonctions propres de —A + V' en géométrie non bornée, Agmon | | a introduit une
distance qui a été ensuite adaptée dans le contexte semiclassique par Simon | | et
Helffer-Sjostrand | ].

Pour les définitions et stratégie de preuve nous suivons | , Chapitre 3]. Dans notre
contexte la région classiquement autorisée est donnée par

KE = {T (S [RQ,RQH Vc(’r’) < E},

et nous définissons la distance d’Agmon au niveau d’énergie E par

¢ (V) By,
/yv ORI

ou ay = max(a,0) et on suppose que E > inf V. =: Fy. On voit alors que la distance
d’Agmon quantifie le fait d’étre dans la région classiquement interdite. L’estimée clef que
nous obtenons est la suivante :

dap(r) = inf

yEKE ’

Théoréme 1.3.4. Il existe n > 0 tel que pour tout E € [Ey, Eg+n)] et pour tout e(h) avec
e(h) =00 pour tout § > 0, il existe C, hg tels que pour iy, satisfaisant

Yo € Ar, Pt = (E+e(h)n,  |[¥nll2 =1,

nous avons pour 0 < h < hg :
da.e
n (7w

Nous voyons alors aussitot que dés que d4 g > d > 0 la masse de 1y, est exponentielle-
ment petite dans cette région. Ceci arrive précisément lorsque la particule se trouve dans
la région classiquement interdite. La preuve de cette inégalité repose de fagon essentielle
sur l’identité suivante :

Ao B
e h Yy < celh,

L2((Ro,R2))

+
L2((Ro,R2))

Lemme 1.3.5. Soit ¢ une fonction Lipschitz sur [Ry, Ra] et f € A,. Alors nous avons :
Ry 2 Ra
/ chQ’ar(eth)‘ rdr—/ |0y 27| f12rdr
Ro

Ro
1 _
=— Re/ e??/hcp? (83 + 8r> [ frdr.
(RO,R1)U(R1,R2) T

Nous rappelons la définition de l’espace A, dans (1.3.2).

Pour la preuve de I'inégalité d’Agmon on doit appliquer l'identité ci-dessus a ¢ =
(1 —6)da g (qui est Lipschitz) et f notre fonction propre. Un point trés important est
aussi le fait que la distance d’Agmon satisfait a ’équation eikonale

c|0rda g|* = (Vo(r) — E)4, dans D'((Ro, Ra)).
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dA,Eo (T)

Ry Ry Ry

FI1GURE 1.5 : A gauche : Le potentiel V.. La région classiquement autorisée Kg en vert.
A droite : Le graphe de la distance d’Agmon d 4 g, associée au niveau d’énergie minimal
Ey.

Constructions de fonctions propres

L’inégalité d’Agmon du Théoréeme 1.3.4 montre que toute fonction propre d’énergie proche
de Ejy a une masse exponentiellement petite dans la région classiquement interdite associée
a Fy. Il faut alors s’assurer que, dés qu’on est a une distance strictement positive de R;
on est forcement dans la région classiquement interdite, voir la Figure 1.5. Ceci est le cas
précisément lorsque le minimum du potentiel V. est atteint en r = R; et c’est la raison
pour laquelle on impose que ;—’% < ;%%. Cette hypothese implique que min V, = CR—’% = FEjy et
Kg, ={R:1}.

Il reste finalement & montrer qu’il est possible de trouver des fonctions propres de
Py, associées a l'énergie Fy (ou au moins suffissamment proche de Ej). Pour faire cela
on construit des quasimodes de précision e(h) = h?/3 (c’est le € du Théoreme 1.3.4) qui
donnent 'existence des fonctions propres cherchées a ’aide du théoréme spectral pour les
opérateurs auto-adjoints.

Cela donne l'existence de fonctions propres ¢, € A, de P, qui se concentrent expo-
nentiellement preés de Ry. Puis pour construire les fonctions propres de A, sur la couronne
on n’a qu’a poser uy,(r,0) = ey, () (on rappelle que h = 1/n, A\, = n?E). Les fonctions
propres (uy) ainsi définies ont une concentration exponentielle pres de r = Ry, ce qui
correspond a l'interface S. Ceci conclut la preuve du Théoréme 1.3.1.

Une estimée d’Agmon précisée

L’estimée d’Agmon du Théoréeme 1.3.4 permet de montrer une estimée sur un voisinage
symétrique de I'interface et ceci est suffisant pour la preuve du Théoreme 1.3.1. Toutefois
une question intéressante est de savoir si I’on peut obtenir des informations plus fines
sur la concentration de fonctions propres autour de I'interface. En particulier, I'hypothese
faite sur le coefficient c est que c_ est petit devant c;. Sous cette hypotheése, au moins
pour le cas d’une onde, on s’attend a ce qu’une partie de ’onde reste piégée a l'intérieur
de ©2_ en suivant les lois d’optique géométrique comme expliqué dans la Section 1.2.2. On
s’attend alors a ce qu'il y ait plus de masse a gauche de Ry (c’est-a-dire dans 2 quand
on revient en deux dimensions). L’inégalité du Théoréeme 1.3.4 n’est pas suffisante pour
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capter le comportement des fonction propres arbitrairement proche de 'interface. Cela est
di a la perte § dans le membre droite de I'inégalité du Théoreme 1.3.4 qui nous oblige a
fixer une distance strictement positive de R; avant d’appliquer le Théoréeme 1.3.4.

Afin de contourner ce probleme nous montrons une inégalité d’Agmon raffinée en sui-
vant une technique due a Hellfer-Sjostrand | ] qui a été employée dans le cas ou Ey
est le minimum d’un puits non dégénéré. Cette technique a aussi été utilisée dans | ,
Preuve du Théoréeme 3.9]. Le point de départ est toujours I'identité-clef du Lemme 1.3.5
mais avec un choix de ¢ différent. Nous montrons I'estimée suivante :

Théoreme 1.3.6. Soit vy, satisfaisant

Uy € Ary Pptpy = (Eo + €(h)Yn,  |[¢nll2 =1,

avec |e(h)| < C1h?*/3 pour un Cy > 0. Alors il existe C,hy > 0 tels que pour 0 < h < hg

on a
_Clogh  da Ey(r)

[0l L2((ryryy < Ce /2 e, pourtout r € Ry <r < Ry,

_Clogh da, By (T)
HiﬁhHLz((T Ra)) <Ce w3 e 7 , pourtoutre R <r < Rs.

Remarquons maintenant que :

[SI[9Y)

dagy(r) ~ ap(r—Ri), dag(r) ~ a (Ri—r)2,

THRIF r—Ry

_ =1 _ _2V2
= Zm eto- =33 U5
En combinant alors le Théoreme 1.3.6 avec les formules ci-dessus décrivant le compor-

tement de d4 g, pres de Ry nous obtenons le corollaire suivant.

avec oy =

Corollaire 1.3.7. Soit ¢, comme dans le Théoréme 1.3.6. Alors pour tout 6 € (1/3,1) il
existe cg > 0 tel que :

_ %8
14n]] =140(e ).

L2((Ry—h30=9 Ry 4 h1-5))

En d’autres termes, la masse de la fonction propre se concentre exponentiellement pour
h — 0 a l'intérieur de (R; — h30=9 R, + h'=9). Cela suggere qu’il pourrait y avoir plus
de masse a gauche de 'interface, et ce de fagon quantitative.

D’autres surfaces de révolution

Remarquons que dans le cas ou ¢ est constant par morceaux, on pourrait probablement
faire des calculs explicites en utilisant les fonctions de Bessel. En effet, leur comportement
asymptotique est bien compris (voir par exemple [ |). Cependant, notre approche a
I’avantage de s’appuyer uniquement sur des estimations d’énergie robustes. En particulier,
elle s’applique avec des modifications mineures a des géométries radiales et a des coefficients
avec de saut plus généraux.

En effet, cette méthode permet de traiter toutes les surfaces de révolution qui sont
traités dans | , Section 3]. Une difficulté technique qui surgit quand on travaille avec
des surfaces de révolution plus générales est que la distance d’Agmon explose prés du
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M

Ry

551

FIGURE 1.6 : D’autres exemples de situations géométriques pour lesquelles le Théo-
reme 1.3.1 s’applique.

pole nord (c’est-a-dire s = 0). Nous pouvons déja constater ceci dans le graphe de la
distance d’Agmon (1.5) ot 'on voit qu’elle explose preés de r = 0. Dans | , Preuve
du Théoreme 3.9] il est expliqué comment on peut contourner ce probléme.

Finalement la preuve du résultat local que nous obtenons repose sur 1’observation
suivante : on consideére une fonction propre f de —A. sur un voisinage V de S qui vérifie les
conditions du Théoréme 1.3.1. Alors x f avec x un cut-off qui localise dans un voisinage de
VY n’a aucune raison d’étre une fonction propre de —A. sur M. Toutefois I’estimée d’Agmon
du Théoréeme 1.3.4 permet de montrer que x f est un quasimode exponentiellement précis,
a savoir (—A. — A\)xf = O(e‘cﬁ) lIxfll 2. Grace a la linéarité du probleme (1.2.4) il se
trouve que cela est suffisant pour prouver 'existence des solutions avec les propriétés du
Théoréme 1.3.2.

1.3.4 Perspectives

Une question naturelle serait de chercher a obtenir des informations plus précises sur le
comportement et la concentration des fonctions propres que nous construisons. Le Théo-
reme 1.3.6 et son Corollaire 1.3.7 donnent déja un résultat dans cette direction. Le résultat
obtenu indique que la masse de fonctions propres se concentre a une distance R3(1-9) 3
gauche de linterface et h(1=9) avec § € (1/3,1). Cela suggere que la vitesse de concentra-

tion serait de h?/3 & gauche et h & droite ce qui se traduit par le fait de pouvoir prendre
_Clogh
0 € (0,1). La raison pour laquelle on impose que § > 1/3 vient de la perte e »'/3 dans
Pestimée du Théoréme ci-dessus. Cette perte est due a la précision e(h) = O(h?/3). Une
_Clogh
précision en O(h) permettrait d’obtenir une estimée sans le terme e »/3 et prendre par

conséquent ¢ € (0,1) dans le corollaire.

Outre la motivation que nous venons de donner la question sur la localisation du
spectre de P, est intéressante en soi. Nous avons construit un quasimode peu sophistiqué
de précision O(h2/ 3) pour Ey qui nous a donné l'existence d’une fonction propre associée a
la valeur propre Fj avec |E — Ey| = O(hz/ 3). Le quasimode que nous avons construit a un
support qui localise & gauche de I'interface de sorte que les conditions de transmission soient
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automatiquement satisfaites. Nous pourrions alors essayer de construire des quasimodes
plus raffinés qui ont un support sur un voisinage de l'interface. Le modele local approprié
semble étre une fonction de type Airy a gauche de I'interface et une exponentielle a droite.
Toutefois le raccord de ces fonctions engendre certains problemes techniques. Cela pourrait
indiquer que le saut du potentiel fait que la distance entre la premiere valeur propre et Ej
est d’ordre plus grand que O(h).

Enfin, une question intéressante (et probablement difficile) serait d’obtenir 'existence
de fonction propres qui se concentrent autour de l'interface dans des géométrie plus géné-
rales. D’un point de vue heuristique on s’intéresse uniquement aux propriétés des fonctions
propres sur un voisinage arbitrairement petit de l'interface. Par conséquent nous aurions
envie de faire ’hypotheése de révolution uniquement pres de l'interface (ou pas du tout) et
non pas sur toute la variété. Néanmoins il n’est pas clair comment traiter la région loin
de l'interface afin d’obtenir une vraie fonction propre définie sur toute la variété avec les
propriétés cherchées.

1.4 Prolongement unige pour des opérateurs de Schrodin-
ger avec des coefficients partiellement Gevrey

1.4.1 Résultats antérieurs et motivations

Dans la premiére partie nous nous sommes intéressés a des propriétés d’unicité satisfaites
par des solutions de I’équation des ondes. Pour la partie qualitative du probleme nous
avons vu que le théoreme le plus général est le théoreme de Tataru-Hormander-Robbiano-
Zuily 1.1.6, quantifié dans | ]. Motivés par plusieurs applications venant de la théorie
du controle, on s’intéresse ici au cas des opérateurs de Schrodinger

d d
P=i0+ Y ¢%(2)04,00, + > V(t,2)0:, +q(t,z), (1.4.1)

k=1 j=1
avec ¢7% une matrice elliptique en 2o € V C R%, c’est & dire satisfaisant

d

Z gF(20)€;& > CI€|?, pour tout & € RY.
Ji.k=1

Rappelons que le théoreme de Tataru-Hérmander-Robbiano-Zuily 1.1.6 dans toute sa
généralité porte sur des opérateurs a coefficients partiellement analytiques et s’applique
aussi a P. La condition de pseudoconvexité est une condition qui porte sur le symbole
principal de l'opérateur. Pour P, la partie principale "classique" est Z?,k:l gjkaxjaxk.
Toutefois, négliger la dérivée temporelle change complétement la structure de I'opérateur
et on peut se demander s’il est possible de modifier ces résultats afin de mieux respecter
son anisotropie. Pour l'opérateur de Schrodinger il faudrait un scaling qui fait qu’une
dérivée en temps a le méme poids que deux dérivées en espace.

Isakov montre dans | | que le théoréeme de pseudoconvexité de Hormander 1.1.4
reste valide dans le contexte anisotrope en modifiant de fagon appropriée la définition du
crochet de Poisson. Dans un scaling comme celui de Schrédinger on définit

{p(ta x, §t7 €$>7 q(ta x, §t7 €$>} = 8£p(t7 x, §t7 é-m)axq(t7 x, §t7 gzv)_axp(t7 x, €t7 gl‘)a§Q(t7 Z, §t7 ém)
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La différence par rapport au crochet de Poisson classique est qu’ici on ne dérive pas par
rapport a t et sa variable duale &, puisque la différentiation par rapport a t réduit ’ordre
par deux dans le scaling anisotrope. Dans le théoréme classique de Hérmander 1.1.4 les
conditions de pseudoconvexité ne sont jamais satisfaites pour 'opérateur de Schrédinger.
En utilisant le crochet de Poisson anisotrope et le résultat d’Isakov on obtient un résultat
d’unicité non-trivial sous une condition analogue a la pseudoconvexité classique (donc n’in-
cluant pas toute hypersurface non-caractéristique). Par conséquent, le résultat d’unicité
global obtenu en itérant le résultat local d’Isakov fournit une condition géométrique tres
restrictive sur I’ensemble d’observation. Pour les applications aux probléemes de controéle
ou aux problemes inverses, des estimations globales de Carleman pour des opérateurs
de Schrodinger ont été prouvées par exemple dans [ | (coefficients d’ordre supérieur
constants) et dans | , ] (coefficients variables). Une condition de pseudocon-
vexité faible a également été prouvée suffisante dans | | dans le cas d’une métrique
plate et dans | | pour une métrique variable. Cependant, dans tous ces exemples, une
condition de convexité similaire a celle d’Isakov est requise et aboutit & des hypotheses
géométriques fortes.

Dans le contexte des coefficients partiellement analytiques T’joen généralise dans | ]
le théoreme de Tataru-Hormander-Robbiano-Zuily dans un context anisotrope en obtenant
une famille plus large d’hypersurfaces. Toutefois, dans le cas particulier d’un opérateur de
Schrédinger le théoreme de Tataru-Hoérmander-Robbiano-Zuily donne déja un résultat
géométrique optimal. Nous avons :

Théoréme 1.4.1 (Tataru-Hormander-Robbiano-Zuily pour des opérateurs de Schrodin-
ger). Soit Q =1xV ou I CR est un intervalle ouvert, V.C R* un ouvert et (to, zq) € Q.
Supposons que gjk € C’l(V) est une matrice elliptique da valeurs réelles en xg et que les co-
efficients b7, q sont analytiques par rapport a t et bornés par rapport a x. Soit S = {¥ = 0}
une hypersurface non-caractéristique par rapport a P en (to,x¢), c’est-a-dire,

d
> ¢ (20)0a, ¥ (to, 20) 0, ¥ (o, z0) # 0. (1.4.2)
j.k=1

Alors il existe un voisinage V de (to,xo) tel que, pour P définie dans (1.4.1), nous ayons

Py =0 sur Q
u=0sur QN{¥ >0} = u=0surV.
u € H(Q)

Du point de vue de la régularité, ’analyticité en temps est bien sfir tres exigeante.
Toutefois, du point de vue géométrique, I’hypothése de non-caractéristicité est optimale :
elle exclut seulement les surfaces tangentes a {t = to}, pour lesquelles nous savons que
la propriété du prolongement unique unique locale n’est, en général, pas vérifiée (cela
impliquerait sinon une vitesse de propagation finie pour les solutions de Schrédinger). En
appliquant ce Théoréme itérativement a une famille d’hypersurfaces bien choisies (voir par
exemple | , Section 6.2]), nous obtenons un résultat de prolongement unique global
sous une condition géométrique optimale, toujours sous 'hypothése d’analyticité en temps
pour tous les coefficients.

Le point de départ pour le travail que nous présentons dans ce paragraphe vient de la
question : Peut-on améliorer (au moins partiellement) le théoréme de Tataru-Hérmander-
Robbiano-Zuily dans le cas spécifique de 'opérateur de Schréodinger, en tenant compte de
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son caractere anisotrope ? Puisque sa condition géométrique est déja optimale c’est la ré-
gularité exigée pour les coefficients que nous espérons relaxer. Outre sont intérét théorique
un tel résultat aurait des conséquences a la théorie du contrdle pour ’équation de Schro-
dinger, qui est un sujet de recherche treés actif avec beaucoup de questions ouvertes (voir
par exemple le survey | ]). En effet, nous avons déja remarqué qu’'un résultat d’unicité
équivaut a un résultat de contrdle approché. Toutefois, un résultat de prolongement unique
peut étre aussi une étape cruciale pour I'obtention d’un résultat de contréle/observabilité
exact/exacte. Nous avons en particulier le résultat suivant qui porte sur 'observabilité
pour I’équation de Schrédinger dans le disque :

Théoréme 1.4.2 (Observabilité pour I’équation de Schrodinger dans le disque, Théoreme
1.2 dans | ]). Soit D le disque unité dans R%. On note u(t, z) l'unique solution de

(10 + A+ V(t,2)u(t,z) =0, teR, zeD, u0,z)=uyec L*D).

Soit T > 0 et w C D un ouvert avec w N OD # (). Nous supposons que le potentiel
V e C*([0,T] x D;R) satisfait :

u(t,z) =0 dans T' X w = u = 0 partout .

Alors il existe C = (V,w,T) > 0 telle que

T
Juolfamy < € [ lhult,2) gy (143

pour toute donnée initiale ug € L?(D).

La famille la plus générale de potentiels satisfaisant la propriété du Théoreme 1.4.2
est, jusqu’a maintenant, celle des potentiels analytiques par rapport a t.

1.4.2 Principaux résultats obtenus

Les résultats présentes dans cette partie ont été obtenus en collaboration avec Camille
Laurent et Matthieu Léautaud.

Notre résultat principal fournit une généralisation partielle du théoréeme de Tataru-
Hormander-Robbiano-Zuily dans le cas particulier de 'opérateur de Schrédinger en re-
laxant '’hypotheése d’analyticité pour les coefficients d’ordre inférieur. Un cadre naturel
pour étudier des probléemes en haute régularité est donné par les espaces de Gevrey. Ces
espaces ont été introduits par Gevrey dans [ | afin d’étudier les propriétés de régu-
larité pour des solutions de ’équation de la chaleur.

Définition Pour d € N, U € RY un ouvert et (B,] - ||5) un espace de Banach on dit
que f: U +— B est une fonction Gevrey s, et I'on note f € G*(U;B), si f € C*®(U;B) est
telle que pour tout compact K C U, il existe C, R > 0 tels que pour tout a € N9

e’ < || s
max 97 1(1) | < CRla

Observons que pour s = 1, cet espace coincide avec les fonctions réelles analytiques
mais des que s > 1, G*(U; C) contient des fonctions non triviales a support compact.
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On suppose que la métrique g est Lipschitz et que les coefficients & valeurs complexes
b et V sont Gevrey 2 par rapport & t et bornés par rapport & z. Notre théoréme stipule
alors que la propriété d’unicité locale est satisfaite par P a travers toute hypersurface non
caractéristique. Plus précisément nous avons le théoreme :

Théoréme 1.4.3 (Prolongement unique local pour des opérateurs de Schrédinger). Soit
U=1xV otlCR estun intervalle ouvert, V.C R% un ouvert et (ty, ) € Q. Supposons
que ¢7* € Whe(V) est une matrice elliptique a valeurs réelles en zo et que les coefficients
b,q € GX(I;L>®(V;C)). Soit S = {¥ = 0} une hypersurface non-caractéristique par
rapport 4 P au sens de (1.4.2). Alors il existe un voisinage V de (tg,zg) tel que pour, P
définie dans (1.4.1), nous ayons

Pu=0sur U
u=0sur UN{¥ >0} == u=0sur).
ue L2(I; HY(V))

La principale nouveauté de notre résultat est que I’hypothese d’analyticité a été relaxée
pour les termes d’ordre inférieur, ce qui apporte une amélioration significative par rapport
au théoreme général de Tataru-Hormander-Robbiano-Zuily dans le cas d'un opérateur
de Schrodinger. Nous soulignons également la faible régularité Lipschitz supposée pour
la partie principale de l'opérateur (voir | | pour les ondes). On note que c’est la
régularité limite pour les opérateurs elliptiques. En effet, en dimension n > 3, nous avons
des contre-exemples montrant que la propriété d’unicité locale n’est pas vérifiée pour des
opérateurs elliptiques généraux (méme sous forme de divergence) avec des coefficients C%
pour tout « < 1, voir | | et [ .

Une question qui vient naturellement est de savoir s’il est possible de réduire la condi-
tion sur la régularité de la solution. Ceci est principalement motivé par le fait que les
résultat d’observabilité exacte qui portent souvent sur des solutions L? (voir par exemple
le Théoreme 1.4.2). Il se trouve que les propriétés de microlocalisation du poids e~ 1Dl
ainsi que Dellipticité partielle de I'opérateur de Schrodinger permettent de résoudre ce
probleme. Nous obtenons en particulier le résultat suivant :

Théoréme 1.4.4. Dans le contexte du Théoréme 1.4.3 nous supposons en plus que b = 0.
Alors il existe un voisinage V de (to,xo) tel que nous ayons

Pu =0 sur
u=0sur QN{¥ >0} = u=0sur).
u € L*(Q)

Puisque nous pouvons propager 'unicité a travers toute hypersurface non caractéris-
tique, nous sommes capables d’appliquer successivement ce résultat local pour obtenir le
résultat global suivant :

Théoréme 1.4.5 (Prolongement unique global pour des opérateurs de Schrodinger). Soit
(M, g) une variété riemannienne connexe lisse avec ou sans bord OM. Considérons I'opé-
rateur

P:=P=i0;+Ay+b-V,+q(t, ),
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ot Ay est Uopérateur de Laplace-Beltrami sur Int(M), V4 le gradient riemannien et b une
1-forme. Supposons que g € W2 (Int(M)), q € G2(I; L2, (Int(M); C)) et que toutes les

oc loc

composantes de b sont dans G*(I; LS, (Int(M); C)). Soit T > 0 et w un ouvert non vide
de M. On a alors :

Pu =0 sur (0,7) x Int(M)

u=0sur (0,7) X w = u = 0 sur (0,7) x Int(M).

u € Lo ((0,T); Hyge (Int(M)))

loc

St nous supposons en plus que b =0 alors on a

Pu=0sur (0,7) x Int(M)

u=0sur (0,7) X w = u =0 sur (0,7) x Int(M).
ue L ((0,T) x Int(M))

Applications a la théorie du controdle

Comme nous l'avons déja souligné un résultat de prolongement unique équivaut a un
résultat de controlabilité approchée. Précisons alors la conséquence principale du Théo-
réeme 1.4.5 obtenue a ’'aide de la dualité présentée dans le Paragraphe 1.1.2. Soit 7" > 0,
(M, g) une variété riemanienne et w C M un ouvert. On consideére le systéme de contrdle
suivant :

i0; + Agv + qu =1, f sur (0,7) x Int(M),

v=0sur (0,7) x IM si OIM # 0, (1.4.4)

v(0,+) = vg, sur Int(M).

Nous supposons que (M, g) est complete de sorte que A4 soit autoadjoint sur L*(M)
avec H2(M) N HY(M) comme domaine. Si I'on suppose que q € L*>((0,7) x M;C),
f e L*(0,T) x M) et vg € L?(M;C) le probleme (1.4.4) est bien posé avec une unique
solution v € C°([0,T]; L?>(M;C)). La seconde partie du Théoréme 1.4.5 nous donne alors
le corolaire suivant :

Corollaire 1.4.6. Soit T > 0, (M, g) est une variété riemanienne compléte connexe avec
ou sans bord et q € L>((0,T) x M;C)NG2((0,T); L>®(M;C)). Alors pour tout ouvert non
vide w C M le systéme (1.4.4) est approzimativement controlable au sens de la Définition 2
pour H = L*(M).

Outre le contréle approché, le prolongement unique peut jouer un réle crucial pour
I'obtention d’un résultat de controle exact/observabilité exacte. En effet, pour des équa-
tions de type ondes ou Schrodinger la preuve d’un tel résultat se base souvent en une
analyse qui distingue les basses et les hautes fréquences. De fagon générale la partie basses
fréquences est étroitement liée a des propriétés de prolongement unique. Pour le cas des
ondes ceci est expliqué en détails dans | ].

Nous avons déja présenté dans le Théoreme 1.4.2 un résultat de controle exact pour
I’équation de Schrédinger ol la condition de prolongement unique figure clairement dans
I’énoncé. Nous obtenons alors comme conséquence immédiate des Théoremes 1.4.2 et 1.4.5
le théoréme suivant.
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Théoréme 1.4.7 (Application & l'observabilité pour Schrédinger). Considérons le sys-
teme d’observation suivant :

i+ Agu+qu=0 sur (0,7) x Int(M),
u=0, sur(0,T)xIM siOM #1), (1.4.5)
u(0,-) = up, sur Int(M).

Supposons que (M, g) = (D, Eucl) est le disque euclidien, g € C*([0, T]xD; R)NG2((0,T); L>=(D; R))
est un potentiel a valeurs réelles et w est un ouvert non vide de D avec w N D # (.

Soit T > 0, alors le systéme (1.4.5) est observable depuis w pour toute donnée initiale

ug € L*(D) au sens de (1.4.3).

Notre contribution dans le théoréme ci-dessus est le fait d’avoir relaxé la régularité
exigée pour le potentiel q.

Nous avons choisi d’énoncer comme théoréeme uniquement le cas du disque parce que
le résultat de [ ] fait directement appel & la propriété du prolongement unique, qui
vient de 'analyse basses fréquences. Cependant nous pouvons appliquer notre résultat de
prolongement unique global du Théoreme 1.4.5 dans d’autre situations ou des résultats
d’observabilité exacte/ controle exact ont été obtenus, en rentrant un peu plus dans leurs
preuves. Mentionnons les deux situations suivantes :

1. (M, g) est une variété riemanienne compacte lisse sans bord, q € L*°((0,7) x M; C)N
G%((0,T); L®(M;C)) et w satisfait la condition du controle géométrique de | ,
| en temps fini;

2. (M, g) = (T4 Eucl) est le tore plat, le potentiel g € C°([0, T]xT%; R)NG?((0, T); L>°(T%; R))
est & valeur réelles et w C T¢ est un ouvert non vide;

Dans le cas 1 'analyse donnant I’estimée d’observabilité dans le régime "hautes fré-
quences" vient de | | et dans le cas 2 elle est faite dans | ].

1.4.3 Outils et idée de preuve

La preuve du Théoreme 1.4.3 repose sur deux points clefs. Le premier est une inégalité
de Carleman adaptée a l'anisotropie de 'opérateur de Schrodinger. Le deuxiéme est un
résultat de conjugaison.

L’estimée de Carleman

Comme nous 'avons vu, depuis le travail fondateur de | | les inégalités de Carleman
sont l'outil principal pour la preuve des résultats de prolongement unique. L’idée clef
introduite par Tataru dans [ | est que ’on peut encore montrer des résultats d’unicité

e|D \2
en utilisant le poids microlocal e~ 7 e™® au lieu du poids classique. L’avantage de ce poids

est qu’il localise dans un régime basse fréquence et que I’'on peut par conséquent restreindre
I’hypothese de pseudoconvexité classique a un sous-ensemble plus petit de I'espace des
phases. Si 'on suppose que Dy, D, et 7 ont le méme poids alors % est d’ordre 1. Ce
poids est bien adapté a 'opérateur des ondes. Dans le scaling de Schréodinger, si on voit D,

2
D 2 . _ 1D |
|2Ttl, est "d’ordre 1". Le poids e 273 semble

comme un opérateur "d’ordre 2", 'opérateur
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étre alors un candidat naturel. Notre estimée de Carleman est précisément une estimée
comme celle obtenue dans | , , , | mais avec ce nouveau poids. Nous
avons le théoréme suivant (pour un énonce plus précis, voir le Théoreme 4.2.1) :

Théoréme 1.4.8. Soit xg = (tg, 9) € @ C RY™ et u > 0. Alors sous certaines hypothéses

sur ¢ nous avons que pour tout k € N il existe d,C, 19 > 0 tels que pour tout T > 19 et
w € CX(B(xq,7)), on a

2
_ H|Dy]

Clle” 2 €™ (i0, + Ay) w

_plDy?
e 25 ¢ P ,
H

2
+ Ce 97
L2

T 2
e wH o =T
H7*H]

avec la définition
2 2 2 - 2
[0l = 72 [vll72 + | Devll T2 + 772 | Devllze -

Avant de présenter les aspects plus techniques de ce théoréme la premiere question
qu’on peut se poser est : qu'avons-nous gagné avec ce nouveau poids ? D’un point de vue

heuristique, une réponse partielle peut étre donnée par les résultats de | |. En effet,

dans [ ] le théoreme général de Tataru-Hérmander-Robbiano-Zuily est quantifié de

maniére optimale. L’étape clef est le résultat local du Théoreme 3.1 dans | | qui dit
—c| Dy |?

que P’estimation de Carleman avec un poids e 2 —e”® permet de propager I'information
. N , _ET . .
jusqu’a une fréquence Dy ~ 7 donnant un reste d’ordre e 2 . Dans le scaling anisotrope de

I'opérateur de Schrédinger, nous avons que D; ~ 72 et on peut donc espérer que le poids
—p|Dy|?
e 23 €™ permet de propager I'information jusqu’a des fréquences inférieures & D; ~ 7
_ar . _ 2 .
donnant un reste d’ordre e 2 . Le terme d’erreur anisotrope 72 || Dyv||72 qu’on s’autorise
—ulDy |
dans l'estimée de Carleman est étroitement lié au choix du nouveau poids e 273

La preuve du Théoreme 1.4.8 est basée sur I'inégalité de Carleman elliptique démontrée
dans | , Appendix A] en régularité Lipschitz (voir [ | pour le cas des ondes) et

se fait en deux étapes. La premiere consiste a faire la preuve pour u = 0 ce qui permet de

se libérer du terme non local e~ 2= . L’idée est alors de traiter le terme i0; comme une

perturbation de I'opérateur elliptique Ay, ce qui permet de suivre la stratégie de preuve
employée dans | , Appendix A]. En particulier, les conditions sur le poids ¢ sont
les mémes que dans | , Theorem A.5]. Ensuite, on fait la preuve pour p > 0 en
traitant les termes additionnels comme une perturbation du cas p = 0. Il est intéressant

2

2
de remarquer que dans le cadre des ondes nous avons le poids ef% et il faut prendre ¢
petit. Ici, 4 > 0 est un parametre libre que ’on peut choisir comme on veut. Ceci pourrait
étre une manifestation de la vitesse infinie de propagation satisfaite par les solutions de
I’équation de Schrodinger.

Remarquons enfin le terme d’erreur e 97 er’w‘ 2_kHl dans le membre de gauche. Le
fait de pouvoir pzrendre des normes tres faibles en ¢ estt une conséquence de la localisation
du poids e % . Il nous sera utile pour réduire la régularité de la solution dans le
théoréme de I'unicité.

Le résultat de conjugaison
Dans les travaux de | , , , | une des difficultés techniques majeures

est celle de 'opérateur conjugué. Dans une inégalité de Carleman classique nous avons un
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opérateur P et un poids e7?. L’inégalité

e u

eT‘z’PuH > C"

., u € C5°(B((to, x0),7))

est équivalente &

Ceci est une étape cruciale car elle permet en quelque sorte de se débarrasser du poids e™®
quitte a étudier le nouvel opérateur Py := e"®Pe~T? : c’est Popérateur conjugué. Lorsqu’on

. . _ I . , . _IDy?
travaille avec le poids e~ —2r —€7® nous affrontons une difficulté : 'inverse de e~ 27 n’est

méme pas défini sur I’espace de Schwartz. Nous partons alors du calcul suivant :

e Peu| > Clloll, v e CR(B((to, w0), 7))

Lemme 1.4.9 (Lemma 3.3.1 dans | ). Pour u € S(R™™), on a
D42 D Dy 2
e " 2 (tu) = (t—i—z’at) e S 2w,
S

On peut itérer ce calcul pour trouver

D\* __1p.?
(t*u) = (t —|—i5t) e " 2w,
S

_1Dg?
e €
Cela implique qu’au moins lorsque nous avons une fonction f = f(¢, z) qui est un polynéme

en t on peut définir un opérateur conjugué. Toutefois, méme si f est analytique en ¢
il n’est pas facile de définir un opérateur conjugué. En effet, le candidat naturel serait

une somme infinie de termes (t + ia%)k mais cette somme n’est pas définie telle quelle.
L’approche de | | consiste & ajouter des troncatures en ¢ et {/7 de sorte que cette
série d’opérateurs devienne convergente. Cela définit un opérateur conjugué approché :
c’est-a-dire un opérateur modulo une erreur exponentiellement petite, qui est admissible
au vu de notre estimée de Carleman du Théoreme 1.4.8. Dans | | Tataru définit
I'opérateur conjugué comme suit : Si f est analytique en ¢y, alors elle admet une extension
holomorphe dans un petit voisinage complexe de t3. On note cette extension par f i

définit alors 'opérateur
F; :=op" (X(t)n (85) f (t + iEg)) )
T T

qui est un opérateur conjugué approché au sens suivant :

2
[D¢|

—€ _ ,EM —7/e
e f=Fe 2 +0(e7°).

Ici, op® désigne la quantification de Weyl (voir (4.3.5) pour une définition) et x,n sont
des troncatures appropriées. Bien siir, I’approche de Hérmander et celle de Tataru sont
étroitement liées.

Nous suivons alors approche de Tataru en remplacant f par une eztension quasi-
analytique de f. Une extension quasi-analytique f d’une fonction lisse f est une extension
complexe de f telle que dsf soit nulle & tout ordre pour z € R. Le fait crucial est qu’une
telle extension se comporte particulierement bien dans le cas d’une fonction Gevrey. Pour
un intervalle compact K C R et p > 0, on écrit

K,:={z eR,dist(z,K) <p} CR, et K,:=K,+i[-p,p]CC.

Nous avons le lemme suivant (voir | , Lemma 1.2, Remark 1.7]) :



48 CHAPITRE 1. INTRODUCTION

Lemme 1.4.10. Soit s > 1. Pour tout intervalle compact K C R et p > 0, il existe
Co, A > 0 tels que pour tout R > 0, il existe C > 0 et une application linéaire continue

G(K;C) = oK C)

o=
tels que pour tout f € GSE(K;C),
) = 1@ pourte 5, || 0 < Cllnc
|0:f(2)| < Cexp (— ! - >, pour z € K.
Co(RIm(z))s1

L’inégalité ci-dessus traduit le fait que f est une extension quasi-analytique de f, bien
adaptée a la régularité Gevrey G°.

On considére alors un intervalle compact K, f € G>f(K;C) et p > 0. On note par f
Iextension quasi-analytique de f dans K /’, donnée par le Lemme 1.4.10. Nous définissons

Fy = op" (x(On(h*) f(t + ihe) ),

avec x et 0 des cut-off appropriés. Une versions simplifiée de notre résultat de conjugaison
est alors :

Théoréme 1.4.11. Considérer l'opérateur F}, comme défini ci-dessus et 6 € C°(J) avec
J €@ K. Alors il existe C' and c tels que pour tout u € S(R) nous avons :

h h —
| e 31200 — =512 fou| < Cem T a2,

pour tout 0 < h < hy.

Dans la version la plus générale (voir la Proposition 4.3.2) de ce résultat nous considé-
rons une fonction f a valeurs dans les applications linéaires entre deux espace de Hilbert.
Cela permet de traiter le cas ou f est a valeurs dans L°°.

Nous avons ici choisi une formulation semiclassique. Le lien entre le petit parameétre
h et le grand parametre 7 dans I'inégalité de Carleman est donné par h = 1/73. Nous
voyons alors que le cut-off 1 localise en des fréquences plus petites que h~2/3 2

~ T ce

qui est cohérent avec I'intuition que nous avons grace aux résultats quantitatifs de [ .
_ 1D

Nous pouvons maintenant voir 'intérét d’avoir introduit le poids e 23 : le résultat de

conjugaison fournit une erreur en e~ ||u|| ., = ¢~ ||u|| > qui est admissible.

La preuve du Théoréme 1.4.11 utilise de fagon cruciale Destimée satisfaite par 9sf
donnée par le Lemme 1.4.10. L’idée essentielle est que dans le cas ol f est holomorphe
les termes correspondants & dzf sont nuls. Dans notre situation nous avons des termes
additionnels que nous arrivons & controler grace & la petitesse exponentielle de s f.

Fin de la preuve des Théorémes 1.4.3 et 1.4.4

Avec l'inégalité de Carleman du Théoréme 1.4.8 et le résultat de conjugaison du Théo-
reme 1.4.11 nous sommes en mesure de conclure la preuve du Théoreme 1.4.4. En com-
binant ces deux résultats clefs on perturbe notre inégalité de Carleman avec des termes
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d’ordre inférieur qui sont Gevrey 2 par rapport a t. Afin d’exploiter cette nouvelle esti-
mée de Carleman on doit vérifier qu’on peut trouver un poids ¢, qui a la fois, satisfait
les conditions du théoréeme et dont les lignes de niveau sont étroitement liées a celles de
I’hypersurface non caractéristique {¥ = 0}. Cela conclut la preuve du Théoréme 1.4.3.
Pour réduire la régularité de la solution et prouver ainsi le Théoreme 1.4.4 on se base
sur une remarque de Hérmander | , Remark p.205] et les deux observations suivantes :

_1Dg]?
e Le poids e 23 permet de reduire la régularité nécessaire en temps;

o La régularité elliptique de A, dans (i0; + Ay + V)u = 0 permet alors de réduire la
régularité nécessaire en espace.

1.4.4 Perspectives

La premiere question qui vient tout naturellement est de savoir s’il est possible d’avoir
aussi une métrique (coefficients principaux) dépendant du temps t, avec la méme hypo-
these de régularité que pour les autre termes : partiellement Gevrey 2. Le résultat clef de
conjugaison nous dit que nous pouvons définir un opérateur conjugué raisonnable. Quand
nous avons affaire & des termes inférieurs nous ne sommes pas obligés de démontrer une
estimée de Carleman avec ce nouvel opérateur conjugué. En effet, nous exploitons le fait
que notre estimée est stable par perturbations d’ordre inférieur. Par conséquent, si I'on
veut inclure des termes principaux qui dépendent du temps il faudra redémontrer ’estimée
de Carleman. A priori, il n’y pas de raison pour qu'une telle estimée ne soit pas vraie.
Le probléme est purement de nature technique : notre preuve est basée sur des calculs et
intégration par parties explicites. Inclure 'opérateur conjugué tel qu’on I’a défini semble
étre trop compliqué a ce stade. Il faudrait sans doute une preuve plus compacte qui puisse
inclure 'opérateur conjugué comme une perturbation admissible.

Aussi, nous avons déja vu que lestimée de Carleman de | , , , ]
a été quantifiée dans [ | en donnant le résultat d’observabilité approchée du Théo-
reme 1.2.2. Dans le cas de l'opérateur de Schrodinger le résultat de | | donne une

T . ll(uo,un)ll 1, 2
inégalité similaire mais le terme A = 0 XL

Mo ..y due nous avons pour les ondes de-
) L2xH—1

llwoll g2
lluoll 2
initiales. On s’attend alors a ce que la fréquence typique de la donnée apparaisse aussi pour

Schrodinger. 11 est normal qu’on ne puisse pas atteindre le résultat optimal dans | ]
puisqu’une partie de I’analyse n’est pas adaptée a ’anisotropie de 'opérateur de Schro-
dinger. On espere alors utiliser notre nouvelle estimée de Carleman avec les techniques
de | | pour pouvoir démontrer I'estimée quantitative optimale pour Schrédinger. Une
fois que nous avons obtenu ’estimée d’observabilité approchée optimale on aimerait obte-
nir des informations sur le comportement de la constante associée lorsque T' — 07. Ceci
pourrait étre combiné avec des résultats de controle/observabilité exact/exacte et donner
des informations quantitatives explicites sur le colit du contrdle/constante d’observabilité.

La vitesse infinie de propagation satisfaite par les solutions de I’équation de Schrédinger
motive une autre notion de prolongement unique : si nous avons une information sur une
partie d’une tranche temporelle V' C {t = to} peut-on la propager & une autre partie
V' C {t = tp}? Bien entendu, ceci n’est pas possible puisque nous pouvons prescrire
la donnée initiale en ¢ = 0 comme nous le souhaitons. Il se trouve néanmoins qu’il est
possible de montrer un résultat dans cet esprit si I’on suppose que la solution décroit

vient . La quantité A peut étre interprétée comme la fréquence typique des données
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exponentiellement en temps dans un voisinage uniforme de ’espace. Plus précisément,
nous supposons que S C {t = to} est une hypersurface, V' un voisinage de zy, u une
solution de Pu = 0 et il existe ¢; > 0 avec

c1
lim u(t, z)elt—tol =0,
t—to

uniformément en z € ST N V. On veut alors savoir s’il existe co > 0 tel que

€2
li t lt—tol = ()
fim u(t, z)e ,
pour x dans un wvoisinage de xg. De tels résultats de prolongement unique dit anisotrope
ont été démontrés dans | | pour des surfaces satisfaisant une condition de pseudo-
convexité. Il pourrait alors étre intéressant d’utiliser notre résultat de conjugaison dans le

but d’inclure des poids Gevrey dans une estimée de Carleman anisotrope contenant aussi
_1Dy)?
le poids microlocal e 2% . Ceci pourrait généraliser les résultats de [ | en incluant

une famille plus large de surfaces.
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Chapitre 2

Quantitative unique continuation
for waves in singular media

Ce chapitre est la reproduction de la prépublication | | soumise pour publication.

In this chapter we prove quantitative unique continuation results for wave operators of
the form 97 —div(c(x)V-) where the scalar coefficient ¢ is discontinuous across an interface
of codimension one in a bounded domain or on a compact Riemannian manifold. We do
not make any assumptions on the geometry of the interface or on the sign of the jumps
of the coefficient c. The key ingredient is a local Carleman estimate for a wave operator
with discontinuous coefficients. We then combine this estimate with the recent techniques
of Laurent-Léautaud | ] to propagate local unique continuation estimates and obtain
a global stability inequality. As a consequence, we deduce the cost of the approximate
controllability for waves propagating in this geometry.

2.1 Introduction

For a wave operator P the question of unique continuation consists in asking whether a
partial observation of a wave on a small set w C () is sufficient to determine the whole
wave. If this property holds, then the next natural question is if we can quantify it. This
is expressed via a stability estimate of the form

lullg < & (lull,» [Pullg s [[ullg) (2.1.1)

with ¢ satisfying

a,b—0

¢(a,b,c) =— 0, with ¢ bounded.

Such estimates have numerous applications in control theory, spectral geometry and inverse
problems. Concerning the wave operator a seminal unique continuation result was obtained

by Robbiano in | | and refined by Hérmander in | ]. The optimal version of this
qualitative result was finally attained in the so called Tataru, Hérmander, Robbiano-
Zuily Theorem | , ) ) ]. This theorem deals in fact with the more

general case of operators with partially analytic coefficients and, in the particular case
of a wave operator with coefficients independent of time, gives uniqueness across any
non characteristic hypersurface. Recently, in [ ] the authors proved a quantitative

53
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version of the latter theorem which, for the wave equation, is optimal with respect to the
observation time and the stability estimate obtained. Note that, a qualitative uniqueness
result is equivalent to an approximate controllability result, and a quantified version of it
gives an estimate of the control cost. The quantitative unique continuation result of | ]
applies to (variants of) the operator 97 — A, where Ay is an elliptic operator with C'*°
coefficients. See also [ | for a related set of estimates concerning the wave operator.

However, in many contexts, waves propagate through singular media and therefore in
the presence of non smooth coefficients. E.g. in the case of seismic waves | ] or acous-
tic waves | , , | propagating through the Earth’s crust. Models
proposing to describe such phenomena use discontinuous metrics and more precisely met-
rics which are piece-wise regular but presenting jumps along some hypersurfaces. See for
instance the Mohorovici¢ discontinuity between the Earth’s crust and the mantle. Another
example arises in medical imaging. The human brain | , ] has two main
components: white and grey matter. These two have very different electric conductivities
and models describing the situation are very similar to the preceding example.

The question of quantitative unique continuation across a jump discontinuity seems
to be well understood in the elliptic/parabolic context. One of the first results (in the
parabolic case) is [ | where the operator 9; —div(cV-) is studied with a monotonicity
assumption imposed on the scalar coefficient ¢ = ¢(z): the observation should take place
in the region where the coefficient ¢ is smaller. In this article a global Carleman estimate
was proved. Later, in the elliptic case in [ | a similar result was obtained but without
any restriction on the sign of the jump of the coefficient. These techniques were extended
to the parabolic context in [ ]. The most recent (and general) result to the best of
our knowledge is proved by Le Rousseau and Lerner [ ]| where the anisotropic case
(—div(A(x)V-), with A a matrix jumping across an interface) is treated. Other interesting
works in the elliptic context include [ , ]. There, the problem of reducing
the regularity of the leading coefficients away from the interface has been addressed.

The question of exact control for waves with jumps at an interface has already been ad-
dressed in the book [ ]. A controllability result is proved for the operator 97 —div(cV-)
with ¢ a piece-wise constant coefficient under a geometric assumption on the jump hyper-
surface and a sign condition on the jump. One of the first Carleman estimates was proved

in the discontinuous setting in | ]. With the same assumption on the coefficient
and assuming that the interface is convex the authors prove linear quantitative stabil-
ity estimates. Recently, in | | quantitative results were proved as well for inter-

faces that interpolate between star-shaped and convex. Other related works are [ ]
and [ ].

However, to our knowledge the question of stability estimates without any particular
geometric assumption on the interface has not been studied yet. This is the main object
of this article.

2.1.1 Setting and statement of main results

Let (M, g) be a smooth connected compact n-dimensional Riemannian manifold with or
without boundary. We consider S an (n — 1)-dimensional submanifold of M without
boundary. We assume that M\S = Q_ U Q4 with Q_NQy = 0.

We consider a scalar coefficient c¢(z) = 1o c_(z) + Lo, cy(z) with cx € C®(Q4)
satisfying 0 < ¢min < ¢(2) < Cmax uniformly on Q_ U Q. to ensure ellipticity. We shall
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work with the wave operator P defined as

P =07 —divy(c(z)V,), onRyx Q_UQy. (2.1.2)
We consider for (ug,u1) € H (M) x L?*(M) the following evolution problem:

Pu=0 in (0,7) x Q_ U Q.

U = u|g, in(0,7) x S

(cOpu)is_ = (cyu)ig, n(0,T) xS (2.1.3)
u=0 in (0,7) x OM

(u, Opu) y—g = (vo,u1) in M,

where we denote by 9, a nonvanishing vector field defined in a neighborhood of .S, normal
to S (for the metric g), pointing into (24 and normalized for g. We denote as well by ug,
the traces of u|n, on the hypersurface S.

Notice that there are two extra equations in our system. These are some natural
transmission conditions that we impose in the interface. These conditions imply that the
underlying elliptic operator is self-adjoint on its domain and one can show using classical
methods (for instance with the Hille-Yosida Theorem) that the system (2.1.3) is well posed.
For more details on this we refer to Section 2.2.

Our first result provides a quantitative unique continuation result from an observation
region w for the discontinuous wave operator P.

In Section 2.1.3 we introduce £(M,w) = sup,¢ dist(z,w), the “largest distance” of
the subset w to a point of M, where dist is a distance function adapted to (M, g, c).

Theorem 2.1.1. Consider (M,g),S,Q+ and P as defined in (2.1.2). Then for any
nonempty open subset w of M and any T > 2L(M,w), there exist C,k,uy such that
for any (ug,u1) € HY(M) x L?*(M) and u solving (2.1.3) one has, for any p > po,

C
w0 w)llg2rz—1 < Ce™ ull oy + - 1 0t0s )l g

If moreover OM # () and T is a non empty open subset of OM, for any T > 2L(M,T),
there exist C, K, o > 0 such that for any (ug,u1) € Hg (M) x L>(M) and u solving (2.1.3),
we have

C
o, )l 21 < Ce™ Nt ryery + - N0, o

Remark 2.1.2. In fact one can take x > 0 in the statement of the above theorem. However
we preferred to state it in this way in order to stress out the fact that this estimate is
interesting only when p is large.

With the above one can recover the following qualitative result: “If we do not see
anything from w during a time T strictly larger than 2£(M,w), then there is no wave at
all” Indeed, if |[u| 120 1)xw) = 0, then letting 4 — +o0 in the above inequality implies
that (ug,u1) = 0.

An important aspect of this theorem is that there is no assumption on the sign of
the jump of the coefficient ¢ and consequently the observation region w can be chosen
indifferently on Q_ or Q. Let us explain why this is quite surprising. Suppose, to fix
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/ 7\ S Q+ / 4 S Q+
\\ [ 2 ( [ Q-
\ | \ \ \ | \ \
\ | J \ | o) |
\ 0o / \ w Y /
(a) The observation takes place inside 2_. (b) The observation takes place inside Q4. If

c_ < cy then a part of the wave may be trapped
inside 2_. Nevertheless, the quantitative unique
continuation and its consequences still hold.

ideas, that c_ < c4 are two constants. We can then interpret c_ and ci as the the
speed of propagation of a wave travelling through two isotropic media _ and 2, with
different refractive indices, n_ and ny respectively (recall that ny = 1/c4). Imagine that
a wave starts travelling from a region that is inside Q_. One has &= = 7+ and therefore
the assumption c_ < c4 translates to n— > ny. Then Snell-Descartes law states that
when a wave travels from a medium with a higher refractive index to one with a lower
refractive index there is a critical angle from which there is total internal reflection, that
is no refraction at all. At the level of geometric optics, that is to say, in the high frequency
regime such a wave stays trapped inside {2_. Therefore one expects that, at least at high
frequency, no information propagates from €2_ to ., following the laws of geometric
optics. Our result (see Theorem 2.1.3) states that the intensity of waves in 2, is at least

exponentially small in terms of the typical frequency A of the wave.

We can reformulate Theorem 2.1.1 in a way closer to quantitative estimates such as
(2.1.1). Indeed, optimizing the inequalities of Theorem 2.1.1 with respect to u yields the
following result (which we state only in the interior observation case):

Theorem 2.1.3. Under the assumptions of Theorem 2.1.1 there exists C' > 0 such that
for all (up,u1) € HF (M) x L2(M) with (ug,u1) # (0,0) one has:

CA
H(U07u1)||H1><L2 <Ce HUHL2((0,T)><w) ’

[[(uo, wi)ll 1 2

(w0, w)l pox -1 < C :
log <1 + ||(Z|(|)7u1)IIH1><L2)

(2.1.4)

L2((0,T)xw)

I(wo,ut)ll 1y g2
where A = T—— X2
([CTTEN] o

Note that A represents the typical frequency of the initial data. Theorem 2.1.3 is a
direct consequence of Theorem 2.1.1 and Lemma A.3 in | ]. Notice that the function

1
7 g1+ 1/2)’

appearing in the right hand side of (2.1.4) has been tacitly extended by continuity by 0
when x = 0.

In | , proof of Theorem 2, Section 3] it is shown that such a quantitative informa-
tion can lead to an estimate for the cost of the approximate controllability. We state the
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case of internal control, a similar result holds for approximate boundary controllability as
well.

Theorem 2.1.4 (Cost of approximate interior control). Consider M, S and w C M as
before. Then for any T > 2L(M,w) there exist C,c > 0 such that for any € > 0 and any
(ug,u1) € HE(M) x L2(M), there exists f € L*((0,T) x w) with

£ 1l 220,y xe) < € 1oy )|l a3 uayx 22

such that the solution of

Pu=1,f in(0,7) x Q_UQ;
u)s_ = Ujg, in(0,7) x S
(cOpu)s_ = (cOyu)is, in(0,7) xS

u=20 in (0,7) x OM

(u, Opu)jp—g = (uo,u1) in M,

satisfies
H (u, atu)|t:T‘

o1 < €llwo,un)llre -

In other words, if we act on the region w during a time T' > 2£(M, w) we can drive our
solution from energy 1 (in H! x L?) to € close to 0 (in L? x H~!). Additionally, this comes
with an estimate of the energy of the control which is of the order of e¢/¢. In the analytic

context and without the presence of an interface it was shown in | | that this form
of exponential cost is optimal in the absence of Geometric Control Condition | ].
In the more general hypoelliptic context of | ] the result of Theorem 2.1.4 is

stated as approximate observability for the wave equation. It is shown by the authors
of this article that such a property implies some resolvent estimates (Proposition 1.11
in [ ]) which in turn give a logarithmic energy decay estimate for the damped wave
equation (see Theorem 1.5 in [ ). Consequently, Theorem 2.1.4 combined with the
results of [ ] provides a different proof for theorems that were already obtained using
Carleman estimates for elliptic/parabolic operators (see | | or | D).

Remark 2.1.5. We have assumed that the interface S decomposes M in two disjoint
parts 4 and €2_. However the same results can be obtained for other more general
geometric situations as well. This comes from the fact that the key ingredient is a local
quantitative estimate (see Theorem 2.5.1). See also the figure in | , Section 1.3.2]

2.1.2 Strategy of the proof and organization of the paper
The Carleman estimate

One of the main tools for dealing with problems of local unique continuation across a
hypersurface {¢ = 0} is Carleman estimates. The idea, introduced by Carleman in | ],
is to prove an inequality involving a weight function ¢ and a large parameter 7, of the
form

>
2~

eTwPu‘

ewuHL2 , T >Tp,



o8 CHAPITRE 2. WAVES IN SINGULAR MEDIA

uniform in 7. The weight function 1 is closely related to the level sets of the function
¢ which defines implicitly the hypersurface. In an heuristic way, the chosen weight re-
enforces the sets where u is zero and propagates smallness from sets where 1 is big to
sets where ¢ is small. Since Carleman estimates are already quantitative in nature they
provide a good starting point for results of the form (2.1.1). We point out the fact that
this is a local problem. In order to obtain a global result one needs in general to propagate
the local one by passing through an appropriate family of hypersurfaces.

The core of this article is to prove a local Carleman estimate in a neighborhood of
the interface, containing a microlocal weight in the spirit of | , , . The
presence of discontinuous coefficients complicates significantly this task. In general, for a
Carleman estimate to hold a condition involving the principal symbol of the operator and
the hypersurface needs to hold, the so-called pseudoconvexity condition (see for instance
[ ]). These results are based on microlocal analysis arguments and some regularity
is necessary for the estimate to hold. In our case we explicitly construct an appropriate
weight function and show our estimate for this particular weight. Our proof is inspired
by that of Lerner-Le Rousseau in the elliptic case | | and relies in a factorization
argument. Even though the behavior of our (hyperbolic) operator may be very different we
consider in our context the wave operator as a “perturbation” of a Laplacian, in the spirit
of | , , , |. Let us explain why. For the sake of exposition, consider
that M = R", g is the Euclidean metric and c is piecewise constant with a jump across
the hypersurface S = {x, = 0}. That is ¢ = ¢y 1, >0y + ¢~ 1y, <0} Then the principal
symbol of the wave operator 0 = 97 — cA is

o(0) = —& + cl¢f.
b}
The inequality we want to prove contains the weight e “2r which heuristically localizes
close to {& = 0}, in other words localizes in a microlocal region where our operator is
close to being elliptic.

In order to obtain a Carleman estimate with a weight 1 one obtains an inequality
for the conjugated operator Py defined by Py := e™Pe™. In [ | the authors use
an idea which can be traced back to Calderén | ]. They factorize the conjugated
operator Py as a product of two first-order operators and prove estimates for each first
order factor. In the elliptic case P = —cA and for a weight ¢ depending only on x,, one
has the following factorization:

Py = cy (Dy +i(ry! + [€])) (Dy + () = |€]))
t e (Dy +i(ry! — [€])) (Dn +i(re! + [€])
=cy (Dp +ieq) (D +ify) +c- (Dp+if-) (Dy +ie_).

Here the operator has been identified with its symbol in the tangential variables. This
allows to work on the normal variable x,, and treat the other ones as parameters. In more
technical terms, we can use the tools of tangential symbolic calculus in all the variables but
Zy and try to obtain good one-dimensional estimates for the first order operators D,, +ie+
and D, 4+ if+. The general principle is that the sign of ey, f1 determines the quality of
the one dimensional estimates. The choice of the weight function v is made so that the
following key property is satisfied: we can cover the tangential dual space by I'1, I's such
that (2/,7,¢) e R I x R x R*! =T UTy with fy >0on Ty and f- <0 on Is.
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In the proof of the present article, in which P is a wave operator, we work essentially in
two microlocal zones. In the first zone, the operator P is not microlocally elliptic. In this
2

zone, we consider terms involving D; as admissible errors. Using the operator 676% allows
us then to obtain the desired estimate. In the second zone, the operator P is microlocally
elliptic one can follow the proof provided in the elliptic case in [ ].

In Section 2.2 we give the precise statement of the local Carleman estimate that we
prove and we describe adapted local coordinates in a small neighborhood of the interface to
prepare the proof. In Section 2.4 we prove the Carleman estimate. We considered helpful
to give first a proof for a toy model (constant coefficients case) in Section 2.3. In this case
one can simply work on the Fourier domain without having to work with pseudodifferential
operators (see | , Chapter 10]). At the same time it allows to understand the core
of the arguments which will be used in the general case too.

Using the Carleman estimate

The next step is to use the Carleman estimate. To do this, one needs to obtain a local
quantitative version which can be iterated. This has been done in the smooth case by
Laurent and Léautaud in | |. There, the estimate has the same form as that obtained
in | | in a (arbitrarily small) neighborhood of the interface S. Thus, we are able to
use it “once” to pass on the other side of S and then combine it with the results of | .
In Section 2.5.1 we show how one can use the techniques of [ ] to obtain such a
local quantitative estimate in a neighborhood of the interface where the coefficients jump.
Finally in Section 2.5.3 we prove that indeed, one can propagate the quantitative estimate
by combining our local estimate with the analogous results in the smooth case.

2.1.3 Some notations and definitions

We recall in this Section some elementary geometric facts and we give the precise definition
of the distance which is used in the statement of Theorem 2.1.1 and Theorem 2.1.4.

Let us recall that the geometric setting is given at the beginning of Section 2.1.1. The
interface S has a natural metric given by the restriction of g to T'S. In local coordinates
we have:

8,/ = Zl/jaxj, Vj = )\an)gjkv |V9| = 17
j k

with ¢ g = Gig, A\? = (ZZ] gijnmj) and n is the normal to S for the Euclidean
metric in the chosen local coordinates pointing into Q4. We denote by (-,-)y = g(-,-) the
inner product on T'"M. The Riemannian gradient of a function f is defined in an intrinsic
manner by

(Vyof,X)g =df(X), for any smooth vector field X.

The integral of a function f is defined by [ f := [y, f(x)dVoly(x), where dVoly(x) is
the Riemannian volume element. The divergence operator, acting on a vector field X is
defined by the relation

/u divg X = — /(Vgu,X)g, for all v € C5°(IntM).
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Let us recall the expression of these objects in local coordinates. We consider f a smooth
function on M and X = >, X*0,,, Y = >, Y"'0,, two smooth vector fields on M. We
have:

(X,Y)g = g; XY, Vof = g"9(9;f)0s,, dive(X)
] %,

We finally have:

\/HZa(\/EX)

divg(c(x)Vyf) = \/(W Z@xi (cgij\/det g&pjf> , TeN_UQ,.

We want to define the natural distance associated to the operator P appearing in
Theorem 2.1.1. Consider the piecewise smooth metric g. by ge := 1o _clg + ]1Q+C_T_19.

Definition 1. An admissible path C*°([0,1]; M) 3« : [0, 1] — M is a path satisfying the
conditions:

e 7 does not have self-intersections
e 7 intersects the interface S a finite number of times
o V() €S =1(t) L TypS

In particular, if v is an admissible path then the map ¢ — [7/(t)|.(y@)) € L*°([0, 1]; M)
is bounded and consequently we can define its length by the usual formula:

length(y / Y ()] ger 6@

We now define the distance we will be working with:

Definition 2. The distance of two points xg, z1 € M is defined as:
dist(xo, 1) = inf{length(vy)| ~ admissible path, v(0) = zo, y(1) = z1}.
We can now as well define the largest distance of a subset E C M to M by

L(M, E) := sup dist(z, F), (2.1.5)
reM

where
dist(z, ) = inf dist .
ist(v, ) = Inf dist(w, y)

Remark 2.1.6. Notice that the conditions imposed on the family of admissible paths
do not pose any important restriction since any Lipschitz path can be replaced by an
admissible one up to increasing its length by an ¢ > 0 arbitrarily small. Since we take the
infimum of these lengths the distance remains the same.

2.2 The Carleman estimate

The key ingredient for the proof of Theorem 2.1.1 is a local Carleman estimate. Since
we will work in space-time it is convenient to consider ¥ := R; x S with S the smooth
interface of the manifold M defined in Section 2.1.1. Therefore, X is a smooth hypersurface
of Ry x M. We define as well € 4 :=R; x Q4.



2.2. THE CARLEMAN ESTIMATE 61

2.2.1 General transmission conditions

We want to derive a Carleman estimate for the wave operator
0= P:= 087 — divy(c(z)V,),

where the scalar coefficient ¢ satisfies 0 < cpin < (%) < Cmax < 400 uniformly for
x € Q_ UQ, to make sure that the ellipticity property is satisfied. We recall as well
that ¢, , € C>®(Q44) but it jumps across the interface S. Since the operator P has
discontinuous coefficients one needs to be careful with its domain. Indeed, given a function
u=1g, u_+ 1o, uy with ux € C°(R; x M) one has in the distributional sense

Vou=1gq, Vyu_ +1q, Vouy + (u_ —uy)dsv,

where 0y, is the surface measure on ¥ and v is the unit normal vector field pointing into
Q; +. We impose then that
u_|2 = ’U,_Hz, (221)

and the singular term is removed. Similarly, calculating
div(e(z)Vgu),
we see that the condition
c+O0puq )y = c_Oyu_y (2.2.2)

combined with (2.2.1) gives the equality
divy(c(z)Vyu) = 1g, _div(c-Vgyu_) + 1q,  div(cy Vyuy ).
We define then W as the space containing functions of the form
u=1q, u_+1g, uy, (2.2.3)

with up € C§° (R x M) and such that (2.2.1) and (2.2.2) hold. These conditions are called
transmission conditions and for u € W one has Pu € L?. The above calculations show
as well that P is formally self adjoint on this domain and therefore by classical methods
(energy estimates or semi-group theory) one has that the evolution problem (2.1.3) is well
posed.

Remark 2.2.1. The first transmission condition expresses the continuity across the in-
terface and the second one the continuity for the normal flux. Notice that the second
condition excludes many smooth functions from the space W. On the other hand ele-
ments of W are Lipschitz continuous and in particular one has W C H'.

For technical reasons it will be useful to work with non-homogeneous transmission con-
ditions as well. More precisely, we shall denote by W?® the space of functions of the form
(2.2.3) satisfying additionally the following non homogeneous transmission conditions:

U—|y; = Ugpy + 0 (2.2.4)
c+Opuq )y = c-Oyu_jx + O, (2.2.5)

where 0 and © are smooth functions of the interface X.
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2.2.2 Local setting in a neighborhood of the interface

Since we show a local Carleman estimate we can state it directly in adapted local coordi-
nates. In a sufficiently small neighborhood V of a point xg of S one can use normal geodesic
coordinates with respect to the spatial variables x (see | ], Appendix C.5, | ]
Section 9.4 ). In such a coordinate system the interface S is given by S = {z,, = 0} and
the principal part of the operator P denoted by P, takes the form (on both sides of the
interface)

Py = 0} — c(x)(8;, —r(x, 8, /1)),
with r(z, &) an a-family of second order polynomials in £ that satisfy
r(m.vé-l) €R, Cl|€/‘2 < 7"(.%,5,) < 02’6/‘2’

forx €V, ¢ € R" ! and 0 < C; < Cy < co. The transmission conditions become after
this change of variables:

u,|xn:0 = u+|xn:0 —+ 9 (226)

In this setting, the two sides of the interface become € = {z,, > 0} and Q,_ =
{z, < 0}. We shall use the notation

Hy=1q,..
and we have for the coefficient ¢ :
c(r)=H_c_(z)+ Hycy(x).
The space W?© consists in this local context of functions u of the form
u=H u_+Hiuy, uy e CP(RxV),
satisfying also (2.2.6) and (2.2.7). We define as well
P =97 — div(ce Vo).

Following [ , , | we are seeking to prove a Carleman estimate containing
the microlocal weight
¢ 75‘Dt‘2 T¢
Q&T =e 2r €% (2.2.8)

We shall take ¢ in the following form:

2 2
¢ = ¢(xy) = (amn + Bg") H_ + <a+:ﬂn + B;”) H., a4,>0. (2.2.9)

The parameters a4+ and 8 will be chosen in the sequel. The parameter 5 will be taken
large and is related to the sub-ellipticity property (see for instance [ ] or | )
which is necessary for a Carleman estimate to hold. The choice of a1 comes from the con-
struction in the microlocally elliptic case (see Lemma 2.4.11). It is a geometric condition
on the interface that requires the jump of d,,¢ (i.e. oy —a— > 0) to be sufficiently large
(see 2.4.32).

The following is our main Carleman estimate and its proof will occupy a large part of
this article:
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Theorem 2.2.2. In the geometric situation presented just above let (to,xo9) € Ry x V.
Then there exists an appropriate weight ¢ and some positive constants C, 19, 9, d, o such
that

it o st
L Cedr (7_3 eT‘buH; . “H+V€T¢u+"i2 47 HHVewuHi2> +CThe

273HQ§7u ; +THH,VQ§TU,’2

2
¢
et HHJFVQ&#”‘ L2’

for u € W9 such that suppu C B((to, zo),70) and T > 19, where

2 ¢ of
L2(%) T ‘Q@T

— 3|0®
Tye =7°|Q5,0 e

2 ¢ v
L2(D) T ‘Q‘Svf

(2.2.10)

Several remarks are in order:

Remark 2.2.3. Observe that the choice of ¢ is well adapted to the geometric situation:
for small |x,,| we have that ¥ = {z,, = 0} = {¢ = 0} and the two sides of the interface are
given by {¢ > 0} and {¢ < 0}. We also have (for |z,| sufficiently small) that ¢’ > 0, and
consequently ¢ is larger in Q7: QT is the observation region and the Carleman estimate
of Theorem 2.2.2 will propagate uniqueness from Q7 to Q~. In particular, the weight
function ¢ is suitable for observation in the sense of | , Property (1-12)].

Remark 2.2.4. Notice that in the case of homogeneous transmission conditions @ = © =0
one has Ty ¢ = 0. The calculations carried out in Section 2.2.1 imply that Pu € L? and
therefore

|- Pu|| o+ || He PTuy |, = Pule

L2

Using moreover the fact that v € H! we can write the estimate of Theorem 2.2.2 in a
more concise way as:

o <HQ§’,7PU} ; b e eyl ;) > 7 [@F \;
where the |[-[| ;1 norm is defined as
[wllgy o= 7 w2 + Vw2 -
Remark 2.2.5. Asin | ] we explicitly construct an appropriate weight function ¢.

It will initially depend only in the variable x,, with ¥ = {z,, = 0}. In Section 2.4.5 we
shall use a perturbation argument to allow dependence upon the other variables as well.

As usual, to prove Theorem 2.2.2 we work with the conjugated operator Py s defined
in our case by the relation:

75‘Dt‘2

2
e 2 PPt = Prem €T (2.2.11)
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For a general weight ¢ the operators P(;t(; do not exist, however in the case where
¢ is quadratic in t one can show that we have the following expression for P(;t(s (see for
instance | , Chapter 2]):

Pyy = cx(x)(Dy + it¢! — 6k}, Dy)?
+ex(e) Y b(a)(Dj +irdip — 69}, ) (Dy + iTOk$ — 06 )

1<j,k<n—1
— (D¢ +it¢y, — 69, Dy)* (2.2.12)

This will be used at a later stage where we will convezify our initial weight ¢ as we know
that this is in general a necessary procedure for our Carleman estimate to be used if one
wishes to obtain qualitative or quantitative uniqueness results. We shall however initially
consider a weight ¢ depending solely on the variable z,, and a perturbation argument

will be used to allow some convexification. In the case where ¢ is independent of ¢ the
D2

conjugated operator e”®Pe~"® commutes with the Fourier multiplier e~ 2 and it takes
the following particularly simple form:

Py = ce()(Dn +it¢))* + cx(x) > bj(x)D;Dy, — D}
1<j,k<n—1

As for the smooth case shown by Tataru we will prove a sub elliptic estimate concerning
the conjugated operator, which will act on functions of the form w = Q?Tu for u € W99,
We therefore have to understand the action of the conjugated operator on the transmission
conditions. We use the following expressions:

wy(t,z) = (277;(;)

Opwy (t,x) = (2;5>

Let us define

NI

/ e*%(t*‘syemui(s,x)ds
R
% T 2
/ e~ (=T (70! uy + Dyus) (s, x)ds.
R
Vi =Ry x V. (2.2.13)

One has that u € W9 is equivalent to w € WZ’Q with the space Wz,e being defined as
the space containing functions w such that

w:H*w*+H+w+a Wt € C(())O(V}/)’
satisfying additionally the following modified transmission conditions:

’U)_lz = w+|2 + 0¢ (2214)
et (Dpwy +itagwy)y = e (Dpw- +ita-w-)s + Oy, (2.2.15)

where 05 = Q?TH and Oy = Q?T@. The following proposition is the main step in the
proof of Theorem 2.2.2:
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Proposition 2.2.6. Let (tg,z9) € X. There exist a suitable weight ¢ and C, 19,79 > 0
such that

2 2
_ + 2 2
c( |Pro-] oy |1 os sy T T I Dl faqgnsy + 7 H-Dev-|[Fansn)
2 2
+7 |(Divy)s pe T (D)5 et Te,@)

> 7% ol @ity + 7 IHy Vor | To@niny + 7 [ H-Vo_ [ F2gnsny
2
) "

)

2
T ‘(Vv,)‘g ()

70 o Fagmy + 70 ooy + 7 [(Vor)ps

forve WZ’@ such that suppv C B((to,x0),r0) and T > 9.

Proposition 2.2.6 provides a sub elliptic estimate for the conjugated operator which
contains an admissible error (compared to a standard Carleman estimate) in its left hand
side, which we will call E} for convenience in the sequel:

2 2
Ey(v) := 7 | Hy Dyvs |72 @nsy +7 || H-Dyv-|[72(ns1) +T‘(Dtv+)|2 LQ(Z)JFT‘(DW—)\E (s
(2.2.16)

2.2.3 Proof of Theorem 2.2.2 from Proposition 2.2.6

One should notice that Theorem 2.2.2 is not a straightforward consequence of Proposition
2.2.6. Indeed when one considers w = Q? ~u the function w is not necessarily compactly
supported even though this is the case for u and consequently Proposition 2.2.6 cannot be
applied directly. In particular when we pass from Proposition 2.2.6 to Theorem 2.2.2 the
Gaussian weight localizes close to {D; = 0} and that is why E} is an admissible remainder
term. Nevertheless the passage from Proposition 2.2.6 to Theorem 2.2.2 is quite classical
(] , ]). In our context one has additionally to deal with the terms coming from
the interface. Let us present a proof here:

Proof that Proposition 2.2.6 implies Theorem 2.2.2. We consider an element u € W?%®
satisfying additionally

suppu C B(0,r/4),
with r := 7 and ro fixed by Proposition 2.2.6. We define as before w = Q?Tu =

31Dy |2
e~ "2 ey which is not compactly supported on the time variable t. We take then

¢ € Cg°((—=r,7);[0,1]) with ¢ = 1 on (—r/2,7/2). This implies that the function v :=
CHw(t,x) € WZ’G satisfies additionally suppv C B(0,rg) which means that we can apply
Proposition 2.2.6 to it. We neglect the last two surface terms and write the estimate of
Proposition 2.2.6 in a more compact and slightly weaker form to obtain:

2
S (| Eeptoll, + IHDroclfs + 71D o) + Tence ) 2 7ol +7° sl
+
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Using the fact that ((t) < 1, the definition of Ty g in (2.2.10) and the property (2.B.1) of
Q?T we see that Tig co < CThye. This yields:

Ei: (HHinv’

2 2 2 2 2
ba+ TIHeDoclfs + 7| Dws oy + Too ) 2 7ol + 7 oulias

(2.2.17)
Now we estimate for w:

ol + 7 fsla S IGwlRy + 710 = Qwlty + 7 [Gws o + 710 = Qs
T . ’ i (%) (=)

2
S zi: (HHinCwHLQ + 7| HeDyCwz |72 + 7 \thwiﬁﬂ(z) + T97@>

+7 (1= Qullf +7°1(L = Quelfag, » (2.2.18)
thanks to (2.2.17). For the last two terms we remark that

31Dy |2 3| D¢|?
(L=Qu=(1=Qe > u=(1-(e # (e u),
with x = x(t) € C§°((—r/3,7/3)) with x = 1 in a neighborhood of [—r/4,r/4] which
implies that Yu = u. Since 1 — ( is supported away from (—r/2,7/2) one can apply
Lemma 2.B.2 which gives:

2 3 2 _eI ré 2
TN = Qullgs + 77 [(1 = Qw2 sy < CTe™ e

2 _~T
e”%H + Cr3e™ ¢
H!

U4 L)

Therefore it remains to estimate the following three terms, appearing in the right hand
side of (2.2.18):

o We take a function y = x(t) such that x = 1 on supp(¢’) and Y = 0 on (—r/3,7/3)
and find for the first one:
2
)

3 HHiP;gw‘

+
2
)

2
LQ

; < Zi: ( HiCP(;th; + HHﬂPf,{]w’

Z( H P

AN

; + HHi[qut,C]w‘

; + HHi[Pj,g]xw]

( HiPd)iw‘

2
zij HHinw]
zi: .

AN

2 -2
gl

N

frpsull, e

eT%H; (2.2.19)

where we used the properties of the support of ¥ and © combined with Lemma 2.B.2.

 For the second term we have, using the support of ¢’, as well (to alleviate notation
we drop the £):

7| DiCw|2s S 7|¢w| 35 + 7 | Dyw]| 2

~

T 2 2
F leeu| , + 7Dl

<rTe
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To estimate 7 || Dyw||3> we work on the Fourier domain (with respect to the time
variable t) and distinguish between the frequencies smaller or bigger than o7 for an
arbitrary o > 0 (as in | , Section 5.2]). One has:

[1Dewllpz < ||ipy<or Dew]] , + Hl\quaTth’ L
_alDg?
= 1|Dt‘§O'Tth 12 —+ HlDt|ZU7'Dte 2T e ¢u

IN

s¢2
1 Dyw + max e 21
(D <or Dew]] , + max &t

ewu’

2’

2
We see that if 7 > ﬁ the function s +» se~ 3 is decreasing on the interval [o7, +00).

We obtain therefore for 7 > max(7y, ﬁ) the estimate:

Cro? 2
7| Dywl|3e < 0272 w32 + o230 e (2.2.20)

~

eT¢u’

Above and in the sequel the hidden constant will be independent of o.

o For the third term 7 |Dthi’%2(z) in (2.2.18) one can proceed exactly as above to
find:

2
L2(%)

—c —710%6

e u

(SR}

2
T ]Dtgwliz(z) Se +o?73 |w\%2(2)+02736 eT¢u‘L2(E) . (2.2.21)

We inject estimates (2.2.19), (2.2.20) and (2.2.21) in the right hand side of (2.2.18) to
obtain:

T HwH%f% +7° |w|i2(2) S ||P¢w||iz + (Te_c% + 0'27'36_TU25>

ewu‘

2
H}
2

12(%)

T 2
+ (7’36_03 +o?3e7 T 5) ey

+ 0277 w72 + 0?7 \w’%2(2) +Tpe-

We now choose o sufficiently small to absorb the last two terms above in the left hand
side of our estimate. Then there exists d > 0 such that for 7 > max (7, ﬁ):

2 2 2
> (7‘ ||wi||?{; + 73 |’w:t’%2(2)) <> ( HiP(;twi‘ ot e ( ewuiHHl + eT%i‘LQ(E))
+ + 7
2 2
+ —dr || T}
gzﬂ;( H:tP¢ wi‘Lz—i-e e UiHH}-FTQ@)
¢ pt, |2 —d b |2
g g ( H:tQ(;ﬂ_P ui’ 12 +e 7 |le” uiHH_} —l—Tg,@) ,

2
where we have used the trace estimate |e™®u () < ‘
of the conjugated operator Fy. This concludes the proof of Theorem 2.2.2 from Proposi-

tion 2.2.6. ]

2
e”%HHl as well as the definition

+Tye

)
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2.3 Proof of Proposition 2.2.6 for a toy model

The goal of this section is to prove the subelliptic estimate of Proposition 2.2.6 in the
particular situation where the coefficient ¢ is piecewise constant. This case works as a
sketch of proof since it is technically simpler but at the same time it allows to understand
the core of the arguments that will be used for the proof of the general case in Section 2.4.

Notations: Before going further let us fix some useful notations that will be used in
the sequel. We write R = {z,, > 0} x R" with the analogous definition for R, In
particular Ry will refer to {z,, > 0} and R_ to {z,, < 0}. We note (a,b) the inner product
in L2(R"*!) and 2’ = (21, ..., 2p—1). The inner product on L?(R:™), L2(R™™), S will de
denoted by (-, )+, (+,-)—, (+,-)x. respectively. When we consider norms on ¥ the argument
will automatically be considered to be restricted in 3, even though we shall not always
write |X to simplify our notation. We will simply write ¢ for the partial Fourier transform
of v in the variables (t,z'), whose dual variables are (&,&’). We recall that the space
of functions Wz’e and the small neighborhood V have been defined in Section 2.2.2. To
alleviate notation we denote
Wy = WY,

for the case of homogeneous transmission conditions.

We recall that we work in the setting introduced in Section 2.2.2. We suppose addi-
tionally only in this section that the coefficient c¢ is piecewise constant. We write then
¢ = H_c_ + Hycy with c4+ > 0 constants and we consider homogeneous transmission
conditions # = © = 0. This allows to write v_(0) = v4(0) = v(0) for v € W, and it
implies as well that Pyv € L?(V;).

2.3.1 Factorization and first estimates

In the sequel when we use the notation < or 2 the implicit constant will depend on the
coefficients of Py (here c4+) and on the coefficients o, B of our weight function ¢. The
constants denoted by C' will depend on the same variables and they can be different from
one line to another.

In the elliptic case of [ | the authors use a factorization argument which takes
advantage of the fact that —A is positive and therefore one can define its square root.
In our proof of Proposition 2.2.6 we use and extend this idea of factorization, however as
we no longer have the positivity property this factorization is not always possible. Before
giving the details let us observe that we can identify the operator P, with its symbol in
the tangential variables (t,2’). Indeed, using Plancherel’s theorem and denoting by F; ./
the partial Fourier transform in the variables (¢, 2") we have:

(27r)n/2 ”P¢>UHL2(R"+1) - “ft,w’P¢”’|L2(Rn+1)
- HH+ (c+(Dn +ird!)2 + eyl — 53) Ftﬁgt,xqem\

T HHf (C* (D" + de’,)? + c,|f/|2 - th) ftﬁghxlﬁélv,

L2 (Rn+1)

L2(Rn+1)



2.3. PROOF OF PROPOSITION 2.2.6 FOR A TOY MODEL 69

Here we used the fact that the coefficients of P (and thus of Py since ¢ = ¢(x,)) are
constant. In the general case, although this identification is no longer valid, symbolic
calculus will allow to exploit the core of the arguments carried out below. We write:

1
P(;t =ct ((Dn +irg))? + ¢ - Ci’&ﬁ) .

For ¢ > 0 small to be chosen, we distinguish the following regions of the tangential fre-
quency space R"™ 3 (&', &):

Lo EX €12 — & ]? > e(J€']2 + |€&]?) | This is the elliptic region. Here we can factor-

ize in precisely the same way as in the elliptic case [ ] with the same estimates
for the first order factors. For (&,&') € £ NEF we can proceed exactly as in the
elliptic case.

2. GHE | 1€ — &) < e(|€')* + &)%) | This is the union of the hyperbolic and
glancing regions (see for instance [ , Chapter 23.2] or | ]). The important
fact is that here we have for sufficiently small e that |§| 2 |¢'|. Since |[|[Dw| =
|€v|| and |Dyv| = |&v| are admissible remainder terms (in view of the statement of
Proposition 2.2.6) we obtain directly a useful estimate on all tangential derivatives.
It thus only remains to obtain an estimate on || D,v|| and |Dy,v]|.

We have thus considered two regions adapted to the geometry in each side of the
interface (that is {z,, < 0} and {x,, > 0}). This gives us four regions which cover all of the
tangent dual space. Note that making an assumption on the sign of the jump could reduce
the number of regions one has to deal with but we do not make such an assumption.

The following simple Lemma will be used in multiple occasions in the sequel:

Lemma 2.3.1. One has for v € Wy and all 7 > 0:
7Dy (0)[* < 7| Dno£ (0)]* + 7°[0(0)[
This means that if we have one of the two terms 7 |Dnﬁ+\%2(2) or T ]an)_ﬁz(z) we
automatically have the other one too, modulo the surface term 73|%|2.

Proof. This is a result of the transmission conditions (2.2.14) and (2.2.15) and of the fact
that partial Fourier transform commutes with restriction on ¥ = {z,, = 0}. The first
transmission condition allows to write 0_(0) = 94(0) = 9(0) and (2.2.15) reads

Dt (0) = £ (Dyy + ity 4.(0) — ira_o_(0),
c
and therefore
lc—Dyp9—(0) — ¢ Dp04(0)] S 7[9(0)]
from which the Lemma follows. OJ

Consequently, if for instance one has ]]P¢v\\%2(Rn+1)+Et(v) >T \Dnv_\%Q(E)—FTS\W(O)]%Q(E)
then thanks to Lemma 2.3.1 we have:

7Dy (0) oy S 71D (0) By + 72 [0(0) By S 1Ps0] g, + Eelw).
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As we aim at proving a Carleman estimate (which involves a large parameter 7) we
expect that regions depending on 7 arise. The following lemma furnishes such a region
which is rather favorable:

Lemma 2.3.2. For all T,co >0, v € Wy and Y C {|&]| > co(T + [£'|)} one has

2 2

7| Divy |

— 12 — 2 —
L2(Ry xY) T HDtv_‘ L2(R_xY) T ‘th“(o) L2(2NY) T ‘Dtv_(O) L2(2NY)

2

9 P —
270 1072y + 73|U(0)‘%Q(EHY) T ‘Vx/v(()) L2(ZNY)

— ‘ 2

+ 7 HVQ;/U_

2 S
+7 H iz ‘
L2(R_XY) v

L2(Ry xY)
Proof. We simply write

— (12
7| Divz |

) A 2
L2(RxY) =T Hétvﬂ:H%Q(RxY) Z T H(T + ‘leUi)Hm(ny)

2
L2(RXY)

2 7 o< 72 @y + 7||Vart]
And:

2 ~12 N [2
T |Delizsnyy = T80 2snv) 2 71T +1ED0) L2 mny)
2

31 ~12 —
2702 mayy + T ‘me

L2(2NY)

O]

The following lemma allows to obtain the volume derivatives modulo the reminder of
the terms of the right hand-side of Proposition 2.2.6.

Lemma 2.3.3. One has for v € Wy and 7 > 79:

2 2 2 2 2
||P¢U||L2(Rn+1)+Et(U)+<7'3 ||UHL2(R1+1)+7'2 |U(O)|L2(Z)+’Dnv+(0)|L2(E)+|Dnv(0)|L2(Z))
N 2 2
2T va*”p(ﬂ{fl) +7 ||VU+||L2(R++1)
Remark 2.3.4. Lemma 2.3.3 allows to forget the volume norm of the derivatives in

the proof of our proposition. From now on we will try to obtain all the other terms of
Proposition 2.2.6. Notice also that there is no restriction on the frequency support of v.

Proof. We start with the positive half-line. One has the following elementary inequality:

2

+
HP¢ UJF‘ L2(RTH)

+ T2 HU‘FHiQ(Ri-H) > 2T RG(P;_U+, H+U+).
Now we can integrate by parts. Indeed, recall that:

P = ¢* (D2 + 7 +2i1¢/ Dy — 7|0/ 2) + ¢*| D[ - D}
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and that the definition of the weight function ¢ gives ¢'(z,) = ax + fx,, therefore:
2r Re(P v, Hyv) = ey (27 | Dy |22 e, + 27 / Re(s, 04 (0)74 (0))da'dt
+ Rn
+ 27‘25 HU.;_Hig(RK-H) — 27—2a+’1)+(0)‘2 _ 27’25 ”1}+"%2(R1+1)

— 273 H¢’U+HiQ(RT1) + 27 “D/U+‘

2 2
L2(Ri+l) ) — 27 HDt’U-FHL2(R1+1) .
(2.3.1)

As one has

27 [ Re(s,04(0)54 (0))d'dt| S Do () ey + 72 o (O sy

(2.3.1) can be rewritten as
+ _ 2
2T Re(Pd) v, H+'U))L2(Ri+l) =Cr HVU+HL2(R1+1) + R,
with
Bl S 7 o] + 7 | Devee ] + 72 [0+ (0) 2y + [ Dnv4 (0)]
N iz wyt) tU+ll L2 et +WlL2(m) nU+ )12 (z) -

which implies the desired inequality for v, . Since the proof above is insensitive to the sign
of the boundary terms coming from the integration by parts in (2.3.1) we also obtain the

desired inequality for the negative half-line.
O

The following simple calculation will be at the core of the one dimensional estimates
that will be used in the sequel, with s = x,,:

Lemma 2.3.5. One has for v >0, A € C and v € CL(R):
I(Ds + ivs + \oll72gy = 1Dsv + Re Xo[|Fa gy + 1 (78 + Tm Ao 72 (2.3.2)
+ 7 [0l T2y + Im AJo(0) 2,
and
|(Ds 4 iys + )\)UH%Q(R_) =||Dsv + Re )\v||%2(R_) + [[(ys + Im )\)UH%Q(R_) (2.3.3)
+ 7 [lol 72y — Tm Al (0)[*.
In particular one can deduce the following downgraded estimates:
I(Ds + ivs + A)vll72@+y > [1(vs + Im A 72y + Tm Ao(0)]%, (2.3.4)
I(Ds + iys + Aol 72@-y = 7 [0l 72—y + (s + ImA)o| 72—y — ImAlp(0)?. (2.3.5)
Proof of Lemma 2.5.5. We develop:

I(Ds + Re A+ iys + i Im A)ol|72p+) = [1(Ds + Re Mol Fagery + | (vs + Im A)ol[72 g+
+ 2Re(H(Ds + Re v, iysv +iIm Av).
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We have Re(H; Re Av,iysv + i Im Av) = 0 and then integrate by parts:

(Hy Dgv,iIm Av) = Im Av(0)|? — (H; Dsv, i Im M),
and

(HyDyv,iysv) = 7 ||0l|72@+) — (Hy D, iysv),

which allows to explicitly obtain the real parts and get the stated equality. For the proof
of (2.3.3) observe that the boundary term comes out with a negative sign. O

We first deal with the case 7> |¢'| + |&|. Here we can use the ellipticity of
(Dy +i¢')?

as an 1D operator, and then a perturbation argument. Recall that V; has been defined
n (2.2.13).

Lemma 2.3.6. There exists 0o, 70 > 0 and V € V; such that for all v € Wy with suppv C
VY and

Ycir= (|£t| +1¢'D} (2.3.6)

one has for all o < og and 7 > 19 :

—_— 2
HPd’v‘ L2(RxY) T HD’:UJ“‘ L2(R; xY) T HDtv_‘ L2(R_xY)
2 —_— 2
+7 ‘Dthr(O) L2 (sny) +7 ‘Dtv_(O) 2T
022 gy + 7 000 DO, | o)
L*(RxY) L2(2NY) + L2(2NY) - L2(zny)

Proof. We identify, with a slight abuse of notation, the operator with its symbol. One
has:

_1P+ (D +ZT¢) +‘€’2 _1t2:A++R+

where A = (D, +i7¢)? is elliptic as a 1D operator and Ry :=|D'|? — ¢;' D?. One has
with w = (D, +it¢" )0y = (D, + iTay +i78x,)04, using (2.3.4):

AL 04|72, vy = (Do + iTay + 7820 )wl To g, «v)
> [[(rBzn + TOé+)w”2L2(R+xY) tayT ’w\%Z(zmy) z 7 HwHQLQ(R+xy) + \w’%%zmy)
z 7 <HD7I6+H%2(R+><Y) +ll(rar + 7B820) 04 72, «v) + Tt \@+\%2(zm/))
+ s T|(Dy + 7)1 T2y
In particular we find that
1AL 12 g, vy 2 T IO T2, xv)y + 7° 04 T2(mnyy + 7 (Do + i70) 04 [T2(5ayy »

and then using 7 ]Dnv+\L2 (5nY) = ]v+|L2 sayy + 7 1(Dn + iTO‘)17+|%2(EmY) we get

~ 2 ~ 2 ~ 2 ~ 2
1AV 72, xv) R 7 10+ 172, xvy + 7 04| 22(snyy + 7 (DU 1250y -
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Lemma 2.3.1 then implies:

2 4~ 12 31~ 12 ~ 2 ~ 2

A+ 072, xvy 2 T 10+ 22y xvy 77 [0 1250y T [ DV [L2(50yv) +7 [ DV 7250y -
(2.3.7)

Recalling that A, = Py — R, we now explain how ||[R1 0|2 (R, xy) can be absorbed as

an error term. We estimate as follows:

|£2e

LRy V) = Cll AT T2, xy) — IR0+ T2, xv)

2C (T4 104122, vy + 72 104 L2y + 7 |Dnﬁ+\%z(sz)> — R34 12k, xv)
- ((CT4 — R*R)dy, m)+ + O B4 [F2(5ny) + CT [Dnis F2(sry)

Using (2.3.6) we have

Cr'—R'R=Cr' = (|¢? - ey8)* > (C =o' (14 c21)?) 7.

1/4
¢ ) 2) we deduce

Then, taking o < | ——
2(1+c

HP;@

L2(Ry ><Y) ”U+||L2 (RyxY) +7 |U+|L2 (=NY) +7 |D"U+|L2(EOY)

Using the fact that 7 2 || together with the transmission condition (2.2.14) we obtain
the tangential terms :

2
v .
L2(2NY)

L2(2ny)

104 ooy 27 |(E1 + (620,

‘ —

This yields

250

and finally thanks to Lemma 2.3.1:

2
~ 2
z H1)+||L2(R+><Y) +7° ML? (zny) T T ’V v + 7 [ DnUs 1250y -

L2(RyxY) ™ LA(ZNY)

~ 2
1Py R [N TN

~ 12 A2 S ~ 2
Z T 72, vy + 7 101 2(mmyy + T ‘va + VUi |o(sayy - (2.3.8)

L2(3NY)

The only missing term is the volume norm on the negative half-line. Here one needs to
use P¢_ . We write

cilde = (Dp+itd ) + |-t =A_+R., A :=(D,+ir¢)?

In the region under consideration ||R-0[/;2z 4y is a perturbation of [[A_9 2z y)-
After repeating the same steps as for the positive half-line one finds:

HP(;@_

+ 7% 0[F2(ony) + 7 [V 2 -ty (23.9)

L2(R_XY) L2(sny) ™

To finish the proof of the Lemma one can simply multiply (2.3.8) by a sufficiently large
constant and add it to (2.3.9). O



74 CHAPITRE 2. WAVES IN SINGULAR MEDIA

We now give a Lemma for the region 7 < [€'] + |&].

Lemma 2.3.7. For all c1,c3 > 0 there exists V € V; and 79 > 0 such that for all v € Wy
with suppv C V and

Y c{r <a(l&l+ 1D n{l&l > c2l¢[}

one has:
Pool|” Doy ||” Do ||
H ¢U‘L2(R><Y) +TH tv+‘L2(R+><Y) +TH tv"L?(R,xy)
— 2 — 2
+7 ‘Dtv+(0) L) +7 ‘Dtv,(O) L Eny)
2 7 [0y + 700, 4T[O, T |0,
~ L2(RxY) L2(ZNY) L2(SNY) L2(ZNY)
forT > 1.
Proof. Observe that in such a region one has in particular
&1 2 1€+,
and consequently we are in the regime of Lemma 2.3.2. This implies:
Pyl oo oo ()
‘ ? " gy xv) T H tv*‘ L@exy) T‘ 0+ O] 2 gy
2 ] 7T + 7 o)
~ 0 PHIL2 (R xY) T L2y xyy L2(2nY)
2 _— 2
+7|(Vos)(0) Ly T |(Tv)(0) sy, (2310)

The only remaining term is then 7 ]anur\%z(zmy). To obtain it we use the commutator
technique (see [ , Section 3AJ). we write

CIIPJ = Q2+ 17Q1,

with Q2 = D2 — 72|¢/|2 + |¢')? — ¢ }|&|? and Q1 = ¢'D,, + D,¢'. We integrate by parts
taking into account the boundary terms to find:

HCJ_FIP‘;—@*’ iQ(IR+xY
(2.3.11)

With B(9) the boundary term which can be written as (see for instance | Jor | ,
Proposition 3.24)):

B(8) = 2(¢/ Dud, Dud) sy + (M18, D)y + (M Dy, )+ (Mo, 0)gpry

where M; is a Fourier multiplier by a polynomial of degree j in (¢/,&, 7). Using this as
well as the Young inequality yields, for arbitrary ¢ > 0:

B(9) = 2 (¢ Dud, Dnt) sy | S 7° 10122 (snyy + (1467 [Vardl T2 (may) + 6 [ Dadi|72(my)

)= Q20+ 172, vy + 72 Q10| T2, xyy + 07 ([Q20 @1]04, 84 ) . + TB().
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We combine this last inequality with (2.3.11), recalling that ¢’ > 0 in the support of 9
and by choosing d sufficiently small to find, for 7 sufficiently large:

HPJ@JF iQ(R+ xY)

314 (2 L2
+ 720472 mny) + T Ve Otlr2 5y

2 2 , N o2
2 Q20412 xvy T 72 1Q10+ 72, vy + 07 ([Q2, Q10+, 04) . + 7 [ Dt 1250y -
(2.3.12)

This almost gives us the desired term: we need to take care of the commutator. In our
case, this can be done in a very simple way. Indeed, one can write:

i[Q2, Q1] = BoQ2 + B1Q1 + Bo,

with B; a Fourier multiplier by a polynomial of degree j in (£',&, 7). This implies that:

. N ~ _1 ~ 112 5 A 112
17 (BoQ204,04)| S 72 [|[Q204 || 72m, xv) T 72 10422 (R xvy »

as well as

it (B1Q104,04)]

< <2 3 112 1 2
~T ||Q1U+”L2(R+><Y) +7 ||U+HL2(R+><Y) +72

2
L2(Ry xY)

V’“w*‘ L2(R, xY) T Hﬁt\v‘

and

2

L2(R, xY)

o — ‘

. N ~ A 12
i7 (Bai, 0)| S 7 164 T2, vy + 7 |Varvs

e

2
L2(RyxY

We can now inject these three estimates in the commutator term in (2.3.12) taking 7 > 7o,
70 large to absorb the terms [|Q1]|?, [|Q1]|* to finally find:

2 2 — 2
+ 33
‘ Plog T +7 HDt’UJr‘ LRy xY) +7 ‘Dtv+(0) (s + 10372, <)
: 3 > 75(0)|3
+7 Hvx V| L2 xv) +7 ’v(()) sy <7 | Dnv4(0)| 25y - (2.3.13)

We can now multiply (2.3.10) by a large constant and add it to (2.3.13) to conclude the
proof of Lemma 2.3.7. ]
2.3.2 End of the proof for the toy model

We finish here the proof of Proposition 2.2.6 for the constant coefficient case. One has to
deal with all the possible cases and put together the estimates Section 2.3.1. We have the
following partition of R™ 5 (£, &):

B = {2 (€] + o ({r < 0€1+IeDy e ned ) u(tr < 0¢1+ lah) n 6o )

0,€ o0,€
=Y uY," UYs
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with
V7= (r 2 (€l HlED), Y= {r < (€1 + aD)nés ner,

Vi < (€1 + 16D} (GHT UGHT) .

Q=

We recall the notations/definitions of Section 2.3.1. The crucial remark is that in all
of the above regions with the exception of £~ NET we have |&] 2 |€/].

In this particular toy model we are dealing with here, we work on the Fourier domain
and we can simply restrict ourselves in each of those regions and prove the sought estimate.
In the general case treated in Section 2.4 symbolic calculus will be used and as a result
we will have to use overlapping regions and an associated smooth partition of unity. This
being said we deal with the three regions above to conclude:

Here we just apply the result of Lemma 2.3.6 which gives:

|20 2

el

el

2 2
L2(RxYy? L2(RyxY? L2(R_xY?)

—_— 2
T ‘Dw*(o) L2(ENY?
1

+7 (Vo))

—_— 2
) +7 ‘Dtv,(O) L2 snve)

+7[(Ve)(0)

2 2

—~ 2 —= |2
2 T 5 T, vy + 7 [00)

L2(2NYY) L2(ZNYY) L2(=nyy)

(2.3.14)

This region fixes the choice of o < oy.

Yy [In this region our operator is elliptic and one can follow the proof of | ].

Indeed here one has an elliptic factorization on both sides of the interface. That is

' Pfvy = (Dn+it¢ +imy ) (Do +ir¢) —imy)oy, ¢ =ay + Bay,

and
cZ'Pyv_ = (Dn+ir¢/ +im_)(Dp +it¢) —im_Jo_, ¢ =a_ + fr,.
with
me = \[|EP - ' 2 1€+ |&l.
Consequently the arguments used in | ] can be used in this microlocal region as well.

We refer to Lemma 2.4.11 for a rigorous proof in the general case. Notice that this region
forces:

@
o oy —om_
We obtain the following estimate:
Poo|” Doos || Do ||
H ¢U‘L2(R><Y2"’E)+TH tv+’L2(R+><Y2"’E)+TH L FET e

— 2
+ 7 ’Dtv+(0) (s
2

—— 2
7| (Vo) O] gy,
2

—_— 2
) tT ‘Dtv_(o) L2(3NYS°)

+7[(Vo0)(0)

2

12 —= 2
2 7 55 e @, xvge+7° [00)

L2(=NYy°) L2y

(2.3.15)



2.4. PROOF OF PROPOSITION 2.2.6 FOR THE GENERAL CASE 77

Y3 | Here we are in the situation of Lemma 2.3.7. We obtain:

2 2

|Por]

+ B

el

2

L2(RXY,* L2(RyxY° L2(R_XYy )

Dros (0]
+T’ v

W O] gy

— 2
7| (Vo) O] gy,
3

—_— 2
) tT ‘Dtv_(O) L2(5NYT°)

+7|(Vo)(0)

2

S 3|1~ 2 3|72
2 7 55 e @y xve+7° [00)

L2(2NYy°) L2(2nyye)

(2.3.16)

End of the proof of proposition 2.2.6 for the toy model. We can now finish our proof in
this particular setting by simply putting together the results of the three above regions.
Indeed, adding (2.3.14), (2.3.15) and (2.3.16) yield:

— 12 — (12 — (12
HP‘W‘ L2(RXR™) T HDthr‘ L2(Ry xR7) T HDtv_ L2(R_ xR")
— 2 — 2
+7 | Dy (0) oy T | Do~ (0) .
314112 37w |2 oo m |2 oo |2
2 7 0l ey + 7[00 )+ 7 [(To O], +7[(F)O)] g,

which using the Plancherel theorem translates to,

1Psvll 7o @nsny + 7 | Hs Dev [ 72nsny + 7 || H-Dev-|| 72 g
+7|(Dyvy) T2y + 7 1(Deo-)[72(s,)
2 T vl Fagniny + 72 [Vlias) + T I(Vo)fam) + 7 1(Vo)Fas) - (2.3.17)

Notice that the only missing term from (2.3.17) is the volume norm of the gradients.
Proposition 2.2.6 is then a result of (2.3.17) and Lemma 2.3.3. O

2.4 Proof of Proposition 2.2.6 for the general case

2.4.1 Notation, microlocal regions and first estimates

The proof for the general case uses essentially the ideas introduced in Section 2.3. The
main difference is that one needs to consider this time sub-regions of the whole phase space
and not only of the frequency space. To do so one needs to use some microlocal analysis
tools. We refer to Appendix 2.A for some basic properties that will be used in the sequel.

We first define, for m € R the class of standard tangential smooth symbols S™. These
are the functions a € C™(t, x, &, ¢') satisfying for all (o, ) € N1 x N™:

—m+|8]
L (I )5 (07202, ¢)alt 2,6, €)| < oo,
t,x,&e,&’
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We will also work in the class of smooth tangential symbols depending on a large param-
eter. This class will be denoted by S and contains the functions a € C*(t,x, &, &', 7)
satisfying for all (a, 3) € N+ x N™:

—m+|B|
sup (72 + €2+ |&[*) 2

(t,w,gt,f/)
T>1

(95,08 ealt, 2,6, €',7)| < 0.

To an element a of S™ we associate an operator op”(a) € U™ !, which is an element of
the class of tangential pseudodifferential operators. Notice that to alleviate our notation
we do not use the tangential notation for the symbols, since all of the symbols we will
consider will be tangential. The same remark applies to the notation W™ which refers to
tangential operators even though it is not explicit in the notation. We have the analogous
notation for

T = op®(SI),

Let us denote A2 := 1 4 |¢/|? + |&]? and A2 = 72 + |¢'|? + |&|2. We introduce the

following Sobolev norms, defined in the tangential variables:

[w(@n, ) s = [op" (AN )ul@n, ) pony,  |ul@n, ) gs = o™ (AD)u(@n, )| g2 gy -
Remark 2.4.1. In the sequel we will have to consider symbols a € S independent of 7.
However the natural symbol class for our Carleman estimate is S]*. Lemma 2.A.2 provides
with a sufficient condition for making use of pseudodifferential calculus mixing operators
in '™ and W7
Remark 2.4.2. Of crucial importance is the fact that the Carleman estimate we are
seeking to prove (in fact most Carleman estimates in general) is insensitive to perturbations
with respect to elements of the class

Ul 4+ 70+ 9D,

up to taking even larger values for our parameter 7. Let us briefly recall why. Suppose
that Proposition 2.2.6 is proved for Py and consider T' € Ul + 700 + ¥OD,,, that is
T = S1 + 7S50 + SoDy, for S; tangential operators of order j. Since ||(P, + T)’UHLQ(R”H) <
||P¢U||L2(Rn+1) +||Tv|| 12 (gn+1) one simply needs to show that || T'v]| ;2(gn+1) can be absorbed
in the right hand side of our estimate. By Sobolev regularity of the pseudo differential
calculus one has:

[S10] L2 a1y S 0l p2(rs iy 5
which yields

3 3
T2 [|0]| o (mny +T (Vv 2 mny = 1510 L2 mni1y R 72 (0]l 2(mny +7 [ Varvll 2 (gns1y , V7 = 70

for 7 sufficiently large. Similarly, using

HTSOUHL2(]Rn+1) ST ||UHL2(R"+1) ) HSODHU‘ L2(Rn+1) N HD"UHLQ(R”“) ’

we see that the perturbation is absorbed in our estimate. We can therefore from now
on replace without any loss of generality our operator Py by an element of Py + ANNE
790 + ¥OD,,. Remark as well that if L € D! is a differential operator of order one then
Ly=¢%Le ™ € Ul + 709+ 00D,

!Notice that in our definition we use the Weyl quantization and not the standard one.
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Recall that we are working in the local setting of Section 2.2.2 with the operator:
Py = =D} + c4(2) D + e+ (2)Q(w, Do),

with
Qz, &)= > bi(@)&é (2.4.1)
1<j,k<n—1
and b, satisfying
hlE' P < Qa, &) < bal€'?, bi,by > 0.

The conjugated operator is given then by
Py=H_P; + H.P},

where
i (2)Py = (Dn+it¢')* + Q(z, D) — ¢ () D7

We now consider the analog of the microlocal regions used in the toy model, for ¢ > 0
small to be chosen:

E = {(t,z,6,&) e RxR"xR" xR such that Q(z,&)—cy (x)&2 > e(|€']? + &P},
(2.4.2)

GH® = {(t,z,6,&) e RxR"xR" xR such that Q(z,&)—ce(x)2 < 2¢(|€')?+]&/%)}.
(2.4.3)
Notice that for ¢ = 4+ or @ = —, £* and GH? overlap and are conic in (&, &) which
will allow to construct an associated partition of unity. Another important remark is
that whenever we are in the regions GH? we have (for e sufficiently small) thanks to the
ellipticity of bjj, that [&| 2 ||
The Carleman estimate we want to show (see Proposition 2.2.6) concerns functions v
supported in a compact set K C V. However the space of compactly supported functions
is not stable by pseudo differential operators. Let us denote by m, the projection in
the physical space of an element of Ry X R, X R¢, X R The natural space in which we
will be working is the Schwartz space . and we will use cut-off functions x satisfying
mez(supp x) C K. That is the projection of their support on the physical space will be
contained on a compact set K. This will allow us to suppose that (¢, x) lies on a compact
set. Indeed, if we consider an additional cut-off function ¥ = x(¢,z) to the left of our
operator, with supp Y C K and { = 1 on 7 (supp x) then we have for u € .7 (R"1):

||P¢Opw(X)U||L2(]Rn+1) > ||>~(P¢0pw(X)UHL2(Rn+1) —[[(1 - )Z)P¢0pw(x)u\|L2(Rn+1) )

since (1 — ) Pyop¥(x) € V7™ for y € 82, the last term above yields an error term which
can be absorbed in our estimate. Up to replacing Py by xPs we can indeed suppose that
(t,z) lies on a compact set of R™*1.

We shall work in the space

o ={u € S (R"N); there exists n > 0, suppu C Ry x R x (=0,1)z, }-
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Since all of the pseudo differential operators we consider are tangential, the support of
a function in the x, direction is preserved and the above space is therefore stable by
application of pseudodifferential operators in W™ or UI".

In the sequel, the implicit constants may depend on the coefficients bj, c+ of Py , on
the coefficients of ¢ (o, ) and they may also depend on €. However the value of € will
be a small fized value depending on a+,bj, and c+. More precisely, € is fized by the above
remark guaranteeing that being in the regions GHZE implies that |&| > |€'|. Once the value
of € has been fized in this way, the implicit constants depend on bji, c+, o4, 3. The choice
of the coefficients a+ and 5 is done in Lemma 2.4.11. We take a4+ such that the geometric
condition (2.4.32) is satisfied and [ large such that the sub-ellipticity condition (2.4.31) is
satisfied.

Let us recover some of the basic estimates of Section 2.3. Recall the definition of the
space Wg7® as well as the setting given in Section 2.2.2. In particular, elements of Wz’e)
have small support contained in V;. We start with the lemma giving the trace of the
normal derivatives modulo the surface norm:

Lemma 2.4.3. Let v = H_9_ + H 04 € Wje and suppose that x € S° or that y € SC.
Consider v4 = op™(x)0+. Then one has:

~ 2
TIDpvslio(s) S TIDnvs T2y + P loi T2y + T2 lo-[F2(s) + Toe + [05(L2(s)

Proof. This is a result of the transmission conditions and of the fact that op™(x) is a
tangential operator. This implies that it commutes with restriction on ¥ (here restriction
on xz, = 0). We use then (2.2.14) and (2.2.15). The first one allows to write v_(0) =
v4(0) + op™(x)0y and (2.2.15) reads

1
Dyv_(0) = ngg (Duv (0)+iTa 404 (0) —ira—v-(0)+
Since |[Dy,op®”(x)]0+| = |op™ (0, x)0+|, using the fact that 0 < cmin < ¢(z) < Cmax We
find that there exist constants C1, C5 and C'5 depending on ¢4+ and a4 such that

op”(X)O¢+[Dn, 0p" (x)]04-

T \Dnv_lig(z) S 017' ’DnU+‘%2(E) + 027'3 ‘Ui‘%Q(E) + Cngy@ + ”Di‘%z(z) 5

where we have used the fact that since y € S° one has ||op®”(x)|l;2_2 < 1. This gives

one of the two desired inequalities and we can get the second one using again (2.2.15). O

Recall that Fy(v) has been defined in (2.2.16). The following lemma allows to obtain
the volume norms of the derivatives modulo the remainder of the terms. This corresponds
to Lemma 2.3.3 in the toy model of Section 2.3.

Lemma 2.4.4. There exists 79 > 0 such that for v € WZ’Q and T > Tg we have:

||H7P¢Uf||%2(Rn+1) + ||H+P¢U+||iQ(Rn+1) + Ei(v) + 7 ||U||22(R1H)
+ 72 [ (0)]Fa gy 77 [+ (0) |22 () + [Dnv(0) T2y + [ Dnv—(0)| 725

2 2
Z T HVU*HLQ(RT”) +7 |’vv+||L2(Ri+1) .
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Proof. We start with the positive half-space Ri“. One has the following elementary
inequality:

HPJUJF‘ i2(Ri+l)

+ 72 |vg Hiz(mﬂ) > 27 Re(PJ vy, Hivy).
Now we can integrate by parts. Indeed, recall the form of our operator:
i (@) Bf = (D; + 7B+ 2ir¢/ Dy — 716 1*) + Q(x, D) — ¢! () D}
and that the definition of the weight function ¢ gives ¢'(z,) = oy + Sz, therefore:
27 Re(P;”v, Hiv) z 27 |]Dnv+||iQ(Ri+1) + 27 /]R” Re(0z, v+ (0)04(0))dz'dt

2 2 ;
208 o 2y = 20 [oslha) = 2076 o 2y

—2r? H¢/”+Hi2(R1+l) +2C7 HD/UJF‘ —2CT HDt”Jr”%?(RTl) )

2
LR}
Here we used the fact that c is bounded as well as the ellipticity of b;;. Indeed, up to adding
an element of U! (which does not have any influence on the estimate we are seeking to
prove, see Remark 2.4.2) we can replace Q(x, Dy) by —div(B-Vy/) with B = (bji)1<jk<n—1
which satisfies
(~div(B - Vo, o)1 2 [Vt [,
v

As one has

2 [ Re(0, v+ (0)04 (0))da'dt| S |Dpvy [Ty + 72 [vel o) »

the above inequality can be written as
2
2T Re(PJU, H+/U)L2(Ri+1) 2 T ||V'U+”L2(Ri+l) + R,
with
3 2 2 2 2 2
’R‘ S T HU‘FHL2(R:’_+1) +7 HDtU"‘HL2(Ri+1) +7 ‘v-l-‘LQ(E) + ’D”U‘F‘LQ(E) .

which gives the sought result. Since the proof above is insensitive with respect to the sign
of the boundary terms coming from the integration by parts we also obtain the desired
inequality on the negative half-space R™*!. O

When we are in a microlocal region where [&| is large compared to 7 and |£'| we
automatically have a very good estimate:

Lemma 2.4.5. Let cg > 0 and x € SO with supp(x) C V x {|&| > co(r + |¢'|)} . Then
there exists Ty such that:

2 2 2 2
T ||Dt/U||L2(R7j‘L:+1) + Hu”L%Rl“) + |U|L2(Z) + 7 |DtU‘L2(Z)

2 2 2 2
2 T Ivlzemy ) + 7 v[Zom) +7 ||V:r’UHL2(R1+1) +7[Varvliam

for 7> 19, u € F(R"1) and v = op¥(x)u.
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Remark 2.4.6. Notice that thanks to Lemma 2.A.2 the support assumption on y implies
that if g is an element of S” independent of 7 one has in fact that op™(xo)op®(x) € 2.

Proof. Let 0 < x < 1 satisfy the same properties as x with moreover Y = 1 on supp ¥.
Defining

823 =X+ (1-X)A2,
we notice that @ > A2. Let a := £? and remark that op”(a)op”(x) = op”(xa)op®(x) + R
with R = op”((1 — x)a)op™(x) € ¥, since x = 1 on supp x. We then obtain:

(op*(a)op™ (x)u, op™ (x)u)+ (2.4.4)
= (op”(@)op" (X)u, 0p" (x)u)+ — (0p™ (1 — X)A2)op" (x)u, 0p™ (x)u)+ + (Ru,op™ (x)u)+

The last two terms yield an operator in W-°° which implies in particular
| = (op" (1 = )AD)op” (x)u, 0p™ (x)u)+ + (Ru, 0p™ (x)u)+| S 77 HUHiz(RTl) :

We now can apply Garding’s inequality in the context of tangential pseudodifferential
calculus with a large parameter (Lemma 2.A.1) to the first term to find (recall that v =

op¥ :
p* (x)u) o ,
Re(op”(@)v,v)+ 2 ||UHL2(R+;H.}) :

The estimates above combined with the equality (2.4.4) yield
1Dev ][5 g1y = (0p* (@), 0)4 2 [0l|72gm, pry = 7 lull o gns
LZ(]R+ ) ) + =~ L (R+;HT) LQ(]R+ ) ?
We multiply the above estimate by 7 and write the H! norm as
2 2112 2
Wz ~ 7222 + [1V-[IZ2
to deduce
2 2 301,012 2
T ”DthLQ(Riﬂ) + Hu”L%Riﬂ) 2T ||U”L2(]R1+1) +7 HVJE’UHL%RiH) :
In a similar fashion, using the same notation we apply Garding’s inequality on ¥ (which
here is R™). Notice that since the operators considered above are tangential they commute
with the restriction on ¥ and we find
R W[~ > 2 -1 2
e(op”(@)v,v)s Z (vl — 7 |ula(x)
which implies in particular
2 2 310,12 2
T|Deli2esy + uli2sy 2 77 012wy + T IVarvl2(s) -

We obtain the same estimates when integrating in the negative half-line. O

We shall now show the desired estimate when micro-localized in a region where

7> &)+ (€.
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From an heuristic point of view, in a such a region (D,, + i7¢’)? is the most important
term of Py. Since D, + i7¢’ is elliptic as an 1D operator we expect that this will give a
good estimate. Let us define (as in | ) ¥ € C*°(R) nonnegative with ¢ = 0 in [0, 1]
and ¥ = 1 in [2,4+00) and then

Yo (7,6, ) =1 ( Al ) e s, (2.4.5)
t (1462 + ¢2)3

with o small to be chosen. The choice of 1 implies that 7 > (|&[? + [¢/|?)/2/o on the
support of ¥,. We have the following lemma:

Lemma 2.4.7. There exists 0g, 79 and V € V; such that for 0 < o < oy we have:
1H-Pyo-|7 + || Hy Py | + [lull? s [fagsy + lu-[fags) + T
—LpU— L2(Rn+1) +L V4 L2(Rn+1) L2(Rn+1) +1L2(%) —1L2(%) 0,0
2 2 2 2 2
2 7ol T2y + 70 [0+ T2y + 7° - 12m) + 7 [Vor Lo + 7 IVU-[12(5) »
forall > 1, u e Wg,@ with suppu C V and v = op®” (Vs )u.

Remark 2.4.8. In fact here we obtain a slightly better estimate (without the loss of a
half-derivative in the volume norm). But we prefer to state it like this since that is how
we use it in view of the final estimate, when all regions are put together.

Proof. Recall that we write w = H_u_+Huy and vy = op” (), )us. We start by working
in the positive half-space Rﬁ“. As one could expect this is where we obtain most terms
of the sought estimate, since it is the observation region.

We write:

i (@)Pf = (Dn +i7¢')* + Q(z, D) — ¢;' D} := Ay + Ry,

where we have defined Ay = (D,, +i7¢')? and Ry := Q(z, D) — ¢;'D?. One has with
w = (Dy, +it¢ vy = (Dy, + ity + i7S2y) vy, using (2.3.4) twice:

2 , : 2
||A+U+||L2(Ri+1) = |(Dp +iTay + ZTﬁxn>wHL2(RTF1)
2 2
> ||(7Bzn + 7—05+)wHL2(R1+1) +ayT |w‘L2(E)
2 2 2
z7 (HDn”—&-HLz(Riﬂ) + [[(rag + Tﬁxn)v-S-HH(Ri“) +Toy ’v+’L2(E))
+ ay7|(Dn + iTa)v+|ig(E) .

In particular using the fact that oy > 0 and taking |z, | sufficiently small we find that
for u supported in a small neighborhood V € V; one has

9 9 9 . 2
lAvvslza@eny 2 7 e layey + 7° o+ la) + 7 (Dn 4 i@)vs 2
We deduce then

2 2 2 2
\|A+U+||L2(R1+l) 2 74 HU+||L2(R1+1) + 7 \U+’L2(z) +7 |Dnv+|L2(z) .
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Recalling that A4 = c‘lP(; — Ry we obtain

|72 v+

2 9 )
L2R7H) >C HA—i-U.A,_HLQ(RTrl) — HR"‘U"‘HL?(RTA)

> C (74 o+ IZagge) +7° v liags) + 7 IDwoslias) ) = IRees Gaqensy

= ((CT4 — RiRy vy, U+)+ +C7 iy + OT |Dpoi[fagsy , (2:4.6)

with C positive constant depending on the coefficients of P and of ¢. Observe now that the
2 2
principal symbol 72 = (Q(x,f/) — c;l(w)\ﬁtp) = (Zlgj,kgnfl bik(x)&&k — cjrl(x)‘@\Q)
of R Ry € U4 satisfies
ri < max(by, e (167 + [€%)%.
Using the fact that
1 1
> (LG + )2,
on the support of 1, one obtains the existence of og sufficiently small depending on the
coefficients of P, and of ¢ such that for all 0 < o < 0¢:
Crt —r1 >\, (2.4.7)

on the support of ¢,. We consider now ¢ € C®°(RY) with ¢ = 1 in [1/3,00) and 9 = 0
in [0,1/4] and then define 1), similarly to 1,:

b, (1,&) =0 ( X > € S

(1+ &2 + |¢2)2

We write:
((€7" = RiRyJvs vs) = (€' = RLR oD  (Jo)os, v ) |
+ ((CT4 — R R (op“ (1 — 9o )vy, v+)+ ) (2.4.8)

Observe that 1), = 1 on the support of 1, and that 7 < |¢/| +|&¢| on the support of 1 — Ve
and this gives thanks to Lemma 2.A.2 that in fact op” (1 — ¥, )op” (s) € V.
As a consequence, we have in particular:

(07" = RLR)(0p" (1 = G vs) | S el
We consider now
&(tvxagtvglvT) = (C ‘- Ti)&a =+ (1 - 772;0')/\;1' Z Aiv

by construction of 1, and (2.4.7). We obtain therefore the following relation:

((07'4 — R Ry )op” (Yg)vs, U+)+ = (op®(@)vy, v1) 4 — (Opw((l - 12}"))‘1)”*’”)+
+ (SU-H U+)+ ’
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where S € U3 is a subprincipal term coming from the pseudodifferential calculus. Indeed,
remark that in fact C74 — R TRy € D% C V. In particular one can control this term by

T N B e e

As before, using that op®” (1 — ¥,)op®(¥,) € ¥-°° one has

(00 (1 = F)M)ons ) | S s o

We use then the fact that @ > A% which thanks to Garding’s inequality with a large
parameter (Lemma 2.A.1) yields:

(op“(@)vs,v4)4 2 ||U+HL2(]R+ H2) - (2.4.9)

Putting (2.4.6), (2.4.8), (2.4.9) together we find, taking 7 large enough

2o

2 2 2 2
L2(RH1) + ||“+||L2(1R1+1) z 7 ||U+HL2(R+) +7 |U+|L2(E) +7 |DnU+|L2(z) :

Since vy localizes in a region where 7 2 |¢’| one can simply control the trace of the
tangential derivatives (thanks also to the transmission condition (2.2.14)):

|v+|L2 —|—T9@>T|’Ui|L2 —7'|7'Ui|L2 >7’|>\’Ui|L2 —T|Vx/vi|i2(2).

This yields:

HPJ”‘ ;(RTI)

2
+ ||U+||L2(R1+1) +The

2 2 2 2 2
Z T ol Tomey + 7 [ li2m) + 7 [Varv- 1200y + 7 [Vorvi o) + 7 [DavilLas)

and finally thanks to Lemma 2.4.3:

2
+ 2 2
[Py M gy + oy + Toe

z 7 HMHiz(RTl) + 70 o T2y + 7 ot Fagmy + T IVU-[T2s) + VUi Ty - (24.10)

The only missing term is the volume norm on the negative half-line. Here one needs to
use P¢_ . We write

¢ (@), = (Dn+it¢')’ + Q(x, D) —c'D} = A+ R_.

In the region under consideration |[R_v|,, (re+1) 18 a perturbation of |A_v|l,» ®n+1y- The

difference is that here we integrate on the negative half-line and the boundary terms come
with the opposite sign when one calculates HA_UHiQ (R More precisely, after repeating

the same steps as above one finds

|2,

L2(R™F)

2 2
=+ Hu—HL2(RT_L+1) + 7 ’U—‘LQ(E)
+ 7 [0slTas) + TIVO- T2y + Too 27" o [Fogrery - (2:4.11)

To finish the proof of the Lemma one can simply multiply (2.4.10) by a sufficiently large
constant and add it to (2.4.11). O
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2.4.2 Microlocal estimates in the non-elliptic regions

In (2.4.2) and (2.4.3) we have defined two microlocal regions on each side of the interface.
In this section we prove microlocal estimates inside the non elliptic regions. As expected
most surface terms are estimated by the positive half-space where the observation takes
place.

Lemma 2.4.7 proves the appropriate estimate in the sub-region 7 > [&] + [£|. We
can consequently localize in its complementary region in the sequel. The following lemma
deals with the microlocal sub-regions where the operator Py is not elliptic microlocally.
In this case the error terms in & become very useful.

Lemma 2.4.9 (Non-elliptic positive half-space). Let K C R""! be a compact set,
co > 0,Y C{|&| > col¢'|}. Consider x € S with supp(x) C Y and 7. (supp x) C K.
Then for all o > 0 there exists 19 > 0 such that one has:

2

HPJU‘ L2(R7H)

2 2 2 2
+ T HDthLQ(Riﬂ) + 7 \Dtv\Lg(E) + 7 HuHLQ(Riﬂ) + 7 \u|L2(E)
2 T2, sy + 77 Wl + 7 IVU[2(y s
for all 7 > 79, u € L. (R") and v = op®(x)op¥ (1 — ¥y )u.

Proof. Here we are microlocally in a region where ; is large. We consider as before an
auxiliary function ¢ € C*°(R™) with ¢ =1 in [4,00) and 1 = 0 in [0, 3] and then define

QZJ similarly to ¥,:
w,g):—zz( T 1>esf.
t (1+ &2 + &)}

To simplify notation we consider additionally 6, := 1 — 1, and va =1- JJU. Remark
then 6, and 6, localize in a region where |&| +|¢'| 2 7 with moreover 0, =1 on supp 0,.
We introduce also y satisfying the same properties as y with ¥ = 1 on supp x.

Observe now that on the one hand one has |&/| + [€'| > 7 on the support of 64, and on
the other hand |&/| > |¢/| on the support of Y. Consequently 6, % localizes in the regime
of Lemma 2.4.5 and belongs to S? thanks to Lemma 2.A.2. This yields the estimate:

2

[ Deop Gox)e .

+1
L2(R™

S~

2 2 X o~
0oy + 10lEay + 7 [Diop” (6, ¥)v
2
2R

2
(%)

2
+7 ‘Vm/op (05X )v )

+ 73 lopw(égi)v

T HVr/opw(éafc)v) ;URZH) (2.4.12)

One then has:

3
2

=73 Hv —op¥(1— éo)Z)v’

Opw(écﬁav’

r
LARYT L2(RHY)
3
2

3
>T — T2

Ioll2qety = 7 b (1= B0ty o

3 3
=T2 HU||L2(R1+1) — T2 HRU||L2(R1+1) 3
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v

with R = op”(1 — €,x)op™ (x)op™(65). Since

supp (1 — 670)2) N supp 6, Nsupp x = 0,
one has immediately that R € ¥~°°. Since 0, € S? has support in a region where
7 < &) + €] Lemma 2.A.2 implies R € - and therefore

3
T2 HRU”LQ(RTA) S HUHLQ(Riﬂ).

We control in a similar fashion all the terms in (2.4.12) in which op®(6,%) appears. Taking
then 7 > 79, 79 large yields

2 2 2 2 2 2
T ||Dtv||L2(Ri+1) +7 |DtU|L2(z) + ||“HL2(R1+1) + |U‘L2(E) 2 7 ||U||L2(R1+l) + 73 |U|L2(2)
+ 7 HVWHQLQ(MH) + 7 |Varol oy . (24.13)
The only term we need now is the trace of the normal derivative. Here we have no
factorization and we will use the commutator technique (see | , Section 3A], | ,
Chapter 3.4]). In our case we already control almost all of the terms thanks to (2.4.13).
We write
cjrl(x)PJ = Q2 +1i7Q1,
with
Q2 = Di — 72¢'|* + Q(z, Do) — ¢ ' (x) D} (2.4.14)
and
Q1= ¢'D,+ D,¢'. (2.4.15)
We integrate by parts taking into account the boundary terms to find:

2

—1p+ _ 2 2 2 ,
[R5 0] gneny = N@20lGaquyny + 7 NQu0NGaquyen, + 17 (1Q2: Qulos ) + 7B(v).
(2.4.16)
After some calculations (which are the same as in [ , Chapter 3.4]) we see that the

boundary term B(v) can be written as:
B(v) = 2(¢'Dyv, Dyv)y, + (Myv, Dpo)y, + (Z\Z[{anu,fu)E + (Mav,v)y, ,

where M; € D%—T, that is a tangential differential operator of order j depending on 7
(see Section 2.A.1 for a definition). Using this as well as the Young inequality yields, for
arbitrary do > 0:

[B(v) = 2(¢/ Dy, Dpv)y | S (1+657) (72 0720 + |Vm/U|i2(2)) + 82 | Dol -

We want to combine this last inequality with (2.4.16). To do this we recall that ¢’ > 0
close to X (that is for |x,| small enough) and we choose d5 sufficiently small. One finds
then, for 7 sufficiently large:
2
+
HP¢ U‘ L2R7TH)

2 2
+ T3 ”U‘LQ(E) + 7 ‘VJE/U’LQ(Z)

2 HQ2U‘|%2(R1+1) + 77 ”le”i?(RTl) + i1 ([Q2, Q1]v, U)+ +T |Dnv|2L2(2) - (24.17)
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We need to take care of the commutator to deduce an estimate on 7 ]Dnv|%2(2). We simply
write:

i[Q2,Q1] = BoD2 + C1D,, + Cs,

with C; tangential operators of order j depending on 7. Since ¢’ > 0 close to ¥ we can use
(2.4.14) and (2.4.15) to express D2 and D,, in terms of Q2, Q1. This yields the following
expression:

i[Q2, Q1] = BoQ2 + B1Q1 + Bo,

with B; tangential operators of order j depending on 7. This implies that:
) < =% 2 3 2
i (BoQav,0)| S 7 Qv sty + 73 2y
as well as
. 2 300112 2 2
liT (B1Q1v,v)| <7 HQlUHLQ(RiH) + 7 ||U||L2(R1+1) +T ”VI’UHL?(RTU + 7 HDthLQ(RTl)

and

. 2 2 2
|iT (Bav,v)| < 73 HUHLQ(]MH) +7 ||Vz’”HL2(R1+1) +7 ”DtU”B(RTl) .

We inject now these last three estimates in the commutator term in (2.4.17) and take
T > 79, Tp large to absorb the terms with ||Q2|| and ||@1]| to find:

[+

3 2 2 3 2 2 2
L2(R1+1)+T HU”L2(R1+1)+T||V$WHL2(R1+1)+T ’U|L2(E)+T|vm’U|L2(E) zT|DnU’L2(E)

(2.4.18)

We multiply finally (2.4.13) by a large constant and add it to (2.4.18) to obtain:

HPJU‘ ;(RTI)

2 2 2 2
+ T HD{UHLQ(R?—H) +T ‘DtU|L2(E) + HUHLQ(R:L_H) + ‘U|L2(E)
2 2 2 2 2
Z 7’3 HUHLQ(RiH) + 7'3 |U|L2(E) + 7 |DnU‘L2(E) +7 HVI'UHLQ(RTrl) + 7 |vx’U|L2(Z) y
which gives immediately the sought estimate. O

Lemma 2.4.10 (Non elliptic negative half-space). Let K C R"*! be a compact set,
co > 0,Y C{|&| > col¢|}. Consider x € S with supp(x) C Y and . (suppx) C K.
Then for all o > 0, there exists 19 > 0 such that:

2 2 2 2 2
T Dol p2gnery + 7 [DevlLa sy + lullpzgney + [ulzzmy 2 7 10l22@_ )
for all 7 > 719, u € Z(R"1) and v = op® (x)op® (1 — ¥y )u.
Proof. We introduce, as in the proof of Lemma 2.4.9 the function 6, and X such that QVJ)Z

has a support contained in the region of Lemma 2.4.5, that is {7 = |&| + |¢'|}. We obtain
as above the sought estimate. O
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2.4.3 Microlocal estimate in the elliptic region

We now state the desired estimate in a microlocal region where the operator P is elliptic.
In this case we adapt step by step the proof of | |. Indeed, here we can factorize
our operator as in [ , Eq. (2-17)] and obtain the same estimates for the first order
factors. Notice that in this regime the error terms in D; in the left hand side are useless.

We recall that 1), has been defined in (2.4.5). The aim of this subsection is to prove
the following lemma:

Lemma 2.4.11 (Elliptic region). Let K C R"! be a compact set, x € S° with
supp(x) C & NEF and m(suppx) C K. Then for all o > 0 there exist V € V,
and 19 > 0 such that:

2 2 2 2 2
[H - Pyv—[72gns1y + H1 P [ 72gnery + 1wl zo@niry + lut|o(my + lu-125) + Too
2 2 2
2 T2 my + 7 vt z2(s) + 7 [v—|72(m)

2 2 2 2
+ T |V’U+‘L2(E) + T ‘VU_‘LQ(E) + va"’HL2(R1+1) + HV’[)_HLQ(Rr_L+1) s

for all T > 19 and vy = op™ (1 — Y, )op® (x)ut with u € WZ’@ satisfying suppu C V .

To simplify we remove the £ notation from v+. Let y satisfy the same properties as y,
satisfying additionally ¥ = 1 on supp x and define

s(@ &, €)= Q&) — ()7,
which means that czl(m)qu = (D, +i1¢')%> + op®(s) + RT, where Rt € W', We write:

e @) Pfv = (D +i7¢)? + 0p”(s%) ) v + 0p”((1 = X)s)op" (1 = 19 )op" (x)u + R .
(2.4.19)
The support condition on y guarantees that op®” ((1— x)s)op” (1 — 1, )op™(x) € ¥->°. We

define now the symbol
m3 = sy + (1 — )AL (2.4.20)

To justify the slightly abusive notation of mi we notice that by definition of the region £
(see (2.4.2)) one has s > €)\?, on the support of ¥ and consequently m?% > eA?. This means
that mﬁ_ € S? is elliptic positive and therefore it is indeed a square of another symbol in
S!. We now write:

op® (sy)v = op®(m? Jv — op®((1 = X)A*)op* (1 — s )op” (x)u,
with op®?((1—%)A2)op®” (1 —1,)op¥(x) € ¥7°°. Coming back to (2.4.19) we have obtained
¢ (2)Pfv = (Do +ir¢)? +op”(m2)) v+ RFu+ R*u,
with RT € U-°. In particular ]|R+u||iQ(R1+1) < Hu||ig(Ri+1), which can be absorbed in

the left hand side of the sought estimate. Using the positive ellipticity of mi we define its
square root which we denote by m, € S'. Using symbolic calculus we obtain

cjrl(a:)PJv = ((Dn +iT¢!)? + MJZF) v+ Rfu
= (D, +ir¢/ —iMy)(Dy, +it¢' +iMi)v+ Ryu
= (D, +ir¢ +iMy)(Dy +it¢' —iMi)v + Ry u, (2.4.21)
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where My = op”(my) € ¥! and the operators Rj € Ul + 790 + ¥OD, which is an
admissible perturbation (see Remark 2.4.2). Similarly, using that supp(x) C £~ NEF we
may write:

M (@)Pyv = ((Dn +ir¢!)* + M2) v+ Ry u
= (D, +it¢' —iM_)(Dy, +it¢' +iM_)v+ Ryu
= (Dy, +ir¢ +iM_)(D,, +it¢' —iM_)v + R3u, (2.4.22)

where M_ = op¥(m_) and m_ € S! is (similar to m_) positive elliptic and homogeneous
of degree one. Recall as well that op™(1 — 1),) localizes in a region where 7 < [&] + |£'].
We can therefore suppose without loss of generality, up to introducing an admissible error
in our estimate, that m. € S}.

So far we have obtained microlocally a factorization as in | | with the same weight
¢ and with operators My having real, positive elliptic, homogeneous symbols of degree
one. This is sufficient for the proof of the elliptic case to hold in our context too. Let us
present the arguments of | ] in the present context.

We have two first-order factors on each side of the interface. Using the same notation
as in | | we write:

Dy, +i(t¢ + My) := Dy, +iE+, ex=7¢ +ms, Ex = op”(e+)
Dy +i(1¢) — My) == Dy +iFy, fr=71¢"—mx, Fr =o0p”(fs).
The crucial remark here is that one has always

87% 9612)\77

thanks to the positive ellipticity of m., whereas the sign of f1 may change. The quality of
the estimate obtained depends on the ellipticity /positivity of the factors above, therefore
one needs to distinguish cases concerning their sign.

We collect now a series of lemmas giving some first order estimates. These correspond
in the elliptic case to the estimates obtained in | , Sections from 3.2 to 3.7] and the
proofs are similar.

For the elliptic factors e+ one has:

Lemma 2.4.12 (Positive factor on the positive half-space). Let e, € S} such that
ey 2 A and E4 = op™(ey). Then for alll € R there exists 19 > 0 such that

I(Dn + B )vll 2wy 210 g + [0l oy greny + 1000l oy oy s (2:4:23)
for 7> 19 and v € Z(R*1).
Proof. We sketch the proof for [ = 0. An integration by parts in the x,, variable yields:
2Re ((Dy + il )v,iop” (Ar)v) . = |v\?{i/2 +2Re (Eyv,0p" (Ar)v), ,

and then we simply use the fact that e. 2 A\, as well as Garding’s inequality with a large
parameter which implies:

(E+U,Opw<)\7)1))+ = (Opw()‘T)E+UaU)+ 2 HU‘|%2(R+;H.}) )
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and (2.4.23) without the term ||D,v| follows for I = 0 from Young’s inequality. To
introduce || D,v|| in our estimate we simply use the expression

: 2 2 : 2
1(Dn + ZE+)UHL2(R1+1) = ||Dn’UHL2(R1}r+1) +2Re(Dyv,iE4v)4 + HE+UHL2(RT1) ,

and we bound from above the last two terms by HUH%2(R+~H1)' For general [ we just
consider

2Re (D +iB ), z'Opw(Ale)u)+
instead of 2Re ((Dy, + iEy )v, iop” (Ar)v),.. O

Estimate 2.4.23 is of great quality as one could expect since we have an elliptic factor
in the observation region. In the sequel, to alleviate notation, we sketch the proofs for
[=0.

Lemma 2.4.13 (Positive factor on the negative half-space ). Lete_ € S! such that
e- 2 A\ and E_ = op™(e_). Then for alll € R we have that there exists 19 > 0 such that

[(Dn +1E )| p2m g1y + MHi“/Q 2 HU||L2(R7;H;+1) + 1 Dnvll 2ty (2.4.24)
for T > 19 and v € S (R™1).

Proof. The proof is the same as for (2.4.23) but the boundary term comes with different
sign. O

Since the factors f+ do not have a constant sign we need to consider appropriate
microlocal regions.

Lemma 2.4.14 (Positive f; on the positive half-space). Let f, € S! and F, =
op¥(fyi). We consider co > 0 and x = x(t,z,&, &', 7) € S such that fi > coAr on supp x.
Then for all |l € R there exists 19 > 0 such that

1(Dn + iF+)Opw(X)v||L2(R+;HlT) + HU||L2(R1+1) (2.4.25)
Z |Opw(X)U’Hi+l/2 + ”Opw(X)U||L2(R+;H7l_+1)
+ ||Dn0pw(X)UHL2(R+;H;) )
for > 19 and v € . (R"1).

Proof. The proof only uses the positive ellipticity of f; on the support of x and is exactly
the same as the proof of Lemma 3.3 in | ]. The (harmless) error term on the left
hand side comes from the microlocalization. O

Lemma 2.4.15 (Positive f_ on the negative half-space). Let e_ € S! such that
e. 2 A\ and E_ = op¥(e_). Let f- € 8! and F_ = op®(f_). We consider co > 0 and
X = x(t,z,&,&,7) € S such that f— > co\r on suppx. Then for all | € R there exists
0 > 0 such that

[(Dp + iF-)(Dn + iE—)Opw(X)UHLQ(]R_;Hg) + HU”L2(Rﬁ+1) + HDn”Hp(RﬁH)
1Dy + B )op” ()0 yinse 2 1D+ B )00 (00l o ppivry - (24:26)

for > 19 and v € S (R*1).
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Proof. The proof is as | , Lemma 3.4]. We set u = (D, +iE_)op"(x)v and write
2Re((Dy +iF-)u,0p"” (Ar)u)— = —[ul ;172 + 2Re(F_u, 0p" (A7 )u)—.

We then use the fact that f_ > c¢gA¢ on the support of y combined with Garding’s in-
equality with a large parameter. O

Even though one would expect that the crucial surface terms should come from the
observation region R™*! there is a situation in which the “good estimate” arises from the
negative side R™. This is the content of the next estimate.

Lemma 2.4.16 (Negative f_ on the negative half-space). Let e € S! such that
e. 2 A and E_ = op¥(e_). Let f- € S! and F_ = op¥(f-). We consider cy and
X = x(t,2,&,¢,7) € 8 such that f- < —co\, on supp x. Then there exists 7o > 0 such
that

[(Dn + iF-)(Dy + iE—)Opw(X)U||L2(R71+1) + ”UHL2(R’_L+1)
1 Dnvll pogriry 2 [(Dn A 7E-)op™ (X)v] 12 + [[(Dr +E-)op” (X)vl| 2 _; 1) -

(2.4.27)
for 7> 19 and v € S (R,
Proof. This is the analogue of Lemma 3.5 in | ]. The proof is in the previous Lemma,
here however the fact that f_ is negative elliptic on the support of x will allow us to control
the crucial surface term. O

We finally give the estimate when fi has no constant sign. Here we exhibit an estimate
with loss of a half derivative. Notice that in the estimates above, no assumption on the
coefficients of the weight function ¢ was made. The sub-ellipticity (pseudoconvexity)
assumption below (2.4.31) is used in the next region. As in the classic case (with no
interface) (see for example | , Chapter 28]) this translates into taking 3 large enough.
We sketch the proof. We recall that the weight ¢ is defined in (2.2.9).

Lemma 2.4.17 (Changing signs for f.). Let my € S} be real positive elliptic homoge-
neous symbols. Define fr = 1¢' —my and Fy = op¥(f+). Then for alll € R there exist
YV € Vi and 19 > 0 such that

. _1
[(Dn + ZFi)”iHL?(Ri;H;) + |Ui|Hi+1/2 2T 2 (””iHL?(R;“;Hi“) + ||Dn”i‘L2(R1+1;HL)> ’
(2.4.28)
for > 19 and v € .Z.(R" 1) with suppv C V.

Proof. We do the proof for [ = 0. Since the symbol of Fy € Wl is real we have Fy =Fy,
according to the Weyl quantization. We compute then

1(Dn + iF+)UHiz(Ri+1) = HDnUHiz(RTI) + HF+UH12(R1+1) + (Dnv, iF4 )+ + (iFpv, Dpo)y
> HF‘*’””%%RTI) + (Dpv,iF v) 4 + (iF1v, Dyv) 4+
= Re ((F_%v, V)4 + i([Dn, Fylv,v) 4 + (Fyo, v)g)
> Re (Tﬁlﬂ(Fi'U,U)ﬁ_ +i([Dy, Fy]v,v)4+ + (F+v,v)g)
=7 ' Re(uF? + it[Dp, Fi]v,v)+ + Re(Fiv,v)s, (2.4.29)
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for all 7 > u. Now since F. € Wl one has
|Rei(Fyv,v)z| < |v|§{i/2 (2.4.30)
which goes to the left hand side of (2.4.28). We need therefore to estimate the term
Re(uF?2 + i7[Dp, Fi]v,v) 4.
The principal symbol of puF? + it([Dy, Fiy]v,v)4 in the class ¥2 is

pf3 +7{&n, f1} = nf3 + 705, f €S2

Notice in particular that the commutator kills the non tangential part. This is the point
where the sub-ellipticity condition appears. Indeed, for g sufficiently large one has that
for u sufficiently large,

pfy 4 7{&n, f+} 2 A2, (2.4.31)

To prove (2.4.31) we start by noticing that there exists €; > 0 such that the following
implication holds:

1
el < adr =7~ A= (¢ + &)z,

where the notation 7 ~ A means that there exists C' > 0 such that 1/C7 < A < C7. The
above implication is a consequence of the facts f1 = 7¢" —my, ¢ = 1 and my < A, We
distinguish two cases:

1. Suppose that |f+| < e;A;. Then the above implies 7 ~ A and we can compute as
follows

{&n, f+} =78 = Oz, my4 2 BA = O,y
Using homogeneity and compactness we obtain that for § large enough one has
5)\ - (9$nm+ Z A,
and since 7 ~ A this implies 7{&,, f+} = A2, which implies (2.4.31).

2. If | f+| > €1 A+ then again by homogeneity and compactness one has for p sufficiently
large and all 7 > p the sought estimate (2.4.31).

One can then apply Garding’s inequality with a large parameter which gives
. 2
Re(uF3 447D, Filv,0) 4 2 [0l 2w, .y -

Combined with (2.4.29) and (2.4.30), this proves inequality (2.4.28) in the positive half-
space. The proof for the negative half-space is exactly the same. O

We have presented the first order estimates that we will iterate. In order for the
iteration to work, we need to impose a condition on the coefficients of the weight function
¢. The crucial assumption that we use is the following geometric hypothesis of | ].
We choose the coefficients a—, a4 such that:

t’07 /7 ) !
%S s m4(t, 0,2, &, &)

a— t,:v’,ft,£' m_(t7 07 xla ét? 6/) ’
|(&e,8") =1
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where the symbols my defined above (see (2.4.7)) are real positive elliptic and homoge-
neous of degree one. This geometric hypothesis can be stated as well by saying that:
t? O’ ,’ ) !
Jp>1, ai:lﬂ m ( 90, &t 5/).
o t7$l7£t7£l m— (t’ O’ x ’ §t7 5 )
(&,€")1>1

(2.4.32)

We now recall how the geometric assumption on the weight (2.4.32) allows to effectively
combine all of the above estimates. This is expressed through the following lemma.

Lemma 2.4.18. Let po > p > 1 and ay, be positive numbers such that (2.4.32) holds.
For s > 0 define the following subsets of RY, , x RE, o, x R by:

FS = {(t> $/7 §t7 gla T); |(£l7 gt)| <2or TO} > Ser(t’ 07 $/7 §t7 5,)7

1:‘S = {(tv :LJ7 §t7 gla 7_); |(§,7 gt)| > 1 and Tay < Sm+(t7 07 1',, éta 5/)}
Then there exists 1,70 > 0 such that for |z,| <n and T > 79 we have Ry, ; X RE, o xR =
Iy U fu and

Tuo C{(t,2",6,6,7) €R™ x R" X RY; fo(t,2,&,&) > CAr for 0 <z, <},

f# - {(tal‘/agtag/v,r) € R" x R" x Rj—a f*(t7x7§t7£,) < _C)\T for - < Tn < O}

The proof of this Lemma uses the ellipticity and homogeneity of m4 and is exactly
the same as in Section 4A of | ]

The end of the proof is also similar to | ]. Let us sketch it here for the sake of
completeness. The crucial property of Lemma 2.4.18 is that we have covered the tangential
dual space by two regions such that f is positive elliptic on the one region and f_ is
negative elliptic on the other. We consider a homogeneous partition of unity

1= XF,O(ta :E/v gt’ 5,7 T) + XF,l(ta $/7 é_tv 5,’ T)7 Supp XT1,0 C Fuo’ Supp Xr,1 C fu-

Remark that the derivatives of xr; are supported in a region where 7 < |&'| + & and
consequently one has xr ; € SY.

We now prove the estimate of Lemma 2.4.11 in the interior of each of the microlocal
sub-regions given by Lemma 2.4.18. After this, the last step will be to put together these
two microlocal estimates.

Estimate in I,
We consider Zg = op®(xr,0) € ¥2. We start by applying (2.4.23) to get:

1D+ iB4)(Dn + iF4 )Z0v+ [l oty 2 [(Dn + 184 )Z0v+ ] ae + [(Dn +iF4)Z0v+ || 2y -
The localization of xr o allows to use Lemma (2.4.25) which gives
I(Dn +2E4)Z0v+ || 2y iy Hlo+ll 2 2 1Z00+ ] o2t 12004 | 2 2y T PnZov+ oy sy -
We obtain therefore:

(Do + 424 ) (Do 04 B | gy + o2

2 |(Dn 4 iF)Z0v+ | /e + S0+ yarz + 1200+ 2y 2y + 1PnZ0v+ [ 2w, sy -
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Using the fact that
(D +iF)Ev| 12 2 [DnZov+| 7o = [FEove| g1z 2 [DnZov+] /e = CZ0v4 2
we finally get
1D +181)(Dn + iF4 )Zov- [l o gneny + [0+ [ 2 (2.4.33)
2 [DnZovt| iz + [Sov+] oo + [1Z0v+l o a2y + 11 DnZo0v+l 2wy an) -

For the negative half-space we start by using (2.4.28) for | = 1/2 which yields:

|(Dn+ iF-) (D + 1B )Zq0- | aggnss) + (D +iE)Zov- |2 2 (Do + B )Z00- | oy
Estimate (2.4.24) gives:
(D + 800 ooy + 1001z 2 1200~ sy + 12000 pace_ sy
and consequently
(D), +iF_)(D, + Z'E_)EOU_HLQ(RZH) + | DpZEov_| 2 + |Eov_|H} (2.4.34)

3/2) + ||EODnU7||L2(R,;H7{/2) .

2 Z00 Moo

We can now multiply (2.4.33) by a large constant and add it to (2.4.34), take 7 large and
use the transmission conditions to find:

T HP(;EQU_‘

= 1/2
HPJ:()U_,_’ + Ty, / +rl/2 [Vl 2(s) + ||7)+HL2(R1+1) (2.4.35)

L2(RYH) L?(Rﬁ“)
> /2 (yEODnv,|L2 ) T 1Z0Dnv4 |25y + [Eov—| g1 + \Eomm)
3/2) + | EoDnov-|

+ ||‘—‘OU||L2 R;H2 L2 RHUQ + H‘:‘ODHU‘FHLQ(R;HE/?) .

This gives the desired estimate in the microlocal region I'y,.

Estimate in fu
We consider Z1 = op¥(xr,1) € ¥2. We apply estimate (2.4.23) which gives:

|(Dn + B4 ) (D + iF4 )E104 || o greity 2 [(Dn +3F4)E104 ] e + (Do + iF0)Z104 | 2y -
(2.4.36)

Thanks to the localization of xp ; we can use the estimate (2.4.27) for the negative half-
space:

||(Dn + ZF_)(Dn + ZE_)E:[U_”L2(R1+1) + H/U_”L2(RZL+1) + HDn/U_HLQ(RiH—l)

2 |(Dn +3iE-)E1v-| /2 + [(Dn +iE-)E10-| r2r_p1) -
(2.4.37)

Estimates (2.4.36) and (2.4.37) imply in particular that we control:
C+ ||P¢51U+HL2(R1+1) +c- ||P¢51U+HL2(R:L+1) + HU—HL2(R1+1) + HDnv—Hm(RﬁH)

T/ (|C+(Dn +iF)E1o | o (m) + e (Dn + iE—)Elv—’LQ(E)) :
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Using the transmission conditions (2.2.14), (2.2.15) as well as the triangle inequality we
find:

71/2 < ’C+<Dn + iF+)Elv+\L2(E) + |C_ (Dn + iE_)Enl/U_‘LQ(E) >
- 1/2
> 7'1/2 |(C,M7 + C+M+):1’U+|L2(Z) - C ( 9/9 + 7' |U+‘L2(Z)> .
We now use the positive ellipticity of ML combined with Lemmata 2.A.1 and 2.A.2 to

obtain:

|(Dn +iE-)Erv—| g1j2 + [[(Dn +1E-)E10- || p2m g1y + Tyo + 12

vt r2(s)
2 B g + [Ervg g -
Hence we control

C+ ||P¢Elv+||L2(Ri+1) +c- HP¢EIU+HL2(RT1) + ||U*||L2(]R7i+1) + ||Dnvf||L2(Rg+1)

1/2

+Tye + 77 oyl 2y 27 (|51U’H} + [Z104 g1 + [E1Dnv—| 125y + [E1Dnv4 | 2

+ H(Dn + iF+)Elv+‘|L2(R+;H71_/2) + H(Dn + iE—)Elv+"L2(R+;H71_/2) ) .
From here one can proceed as for the region I',, by using estimate (2.4.24) for the term
H(Dn + iE_)Elv+‘|L2(R+;H}_/2)
and estimate (2.4.28) for

H(Dn+iF+)Elv+||L2(R H1/2)

We finally obtain the desired estimate microlocalized in fu:

Tl /2

]

+= 1/2
LS T - gy T To0 72 0sl sy + 0slpagy (24:38)

+ HDnU—HB(RT‘l)
2 2 (|21Dnv_| () + [E1Dnve] oy + [E10- |y + (2104 | rs)

+ (=] 3/2) + | E1Dnv-| 172y T [E1 Do+ |

L2(R;H? L2(R;H! L2(R;HY?)

End of the proof of Lemma 2.4.11. To finish the proof of Lemma 2.4.11 one has to add
estimates (2.4.35) and (2.4.38). This yields the estimate:

1/2

||P¢50U||L2(Rn+1) + ”P¢51”HL2(Rn+1) + T + 71/2 ’U+|L2 + ||U||L2(Rn+1) + ||DnU—HL2(Rj+1)

2 Z i/ (’EanU—’m(z) + ‘Eanv+‘L2(z) + ’EJU—‘H; + ‘Ejv+‘H;)
j=0.1

1250 o gy + 1E5 DVl o gz + 15 Dm0l o g g2, -

The right hand side can be estimated from below by simply using the triangle inequality
as well as the fact that Zg + =Z; = Id. To bound from above the left hand side we argue
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with commutators noticing that P(;t € W2 =y,=; € VY and therefore [qut, =;] € L. This,
combined with Sobolev regularity of the pseudo differential calculus allows to estimate as
follows:

=0

+|PE, Eus

< ||z Psos|
LQ(RZ;"l) — WA} + LQ(R1+1) LZ(RE;H)

< [P

L2(R7HY) * HUiHLZ(Ri;H%) :

We take 7 > 70, 7o large to absorb the error term v+ | ;2(g, g1y This concludes the proof
of Lemma 2.4.11. O

2.4.4 Patching together microlocal estimates: End of the proof of Propo-
sition 2.2.6

End of the proof of Proposition 2.2.6. We are now ready to finish the proof of the sub-
elliptic estimate for P. We have considered above two regions on each side of the interface
(given in our local coordinates by ¥ = {z, = 0}). This yields the following covering of
RxR? xR xR > (¢t,2,&,¢):

RxR" xRxR"' = (£ n&F)UY.
where we have defined
Y= (& ngHt)u(eF ngH ) u (gH, nGH).

Let us recall that the regions above have been defined in (2.4.2) and (2.4.3). The crucial
remark here is that the definition of our microlocal regions implies that Y C GH_ UGHT
so that

& 2 [€'] onY.

Notice that the definition of the conic regions above imply in particular that Y and £ NESF
overlap due to the factor 2¢ in the definition of gH;t. That means that we can consider
an associated homogeneous partition of unity. More precisely, given a compact set K of
R™ ! we can introduce y; € S° homogeneous, suppx1 N {|¢'| + |&| > 1} € & N &S,
supp x2 N {[¢'] +1&] > 1} C V' 2, ma(suppx;) C K and

X1+ x2 =1
We pick now an element u of Wz’@ which is compactly supported and write
op”(1 — Yg)u =v1 +v2, v; :=o0p”(x;)op” (1 —vs)u,j=1,2.

One needs now to simply put together the estimates already obtained according to the
microlocalization of v1 and vs:

2In fact one has to construct the partition of unity on the cosphere bundle. That is the reason why we
excluded a compact set which includes the zero section. However this does not pose any problem since a
function localized on a compact subset of the phase space yields a residual operator and does not have any
impact on our estimates.
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o We apply Lemma 2.4.11, with v; = op*(x1)op™ (1 — ¢, )u and we obtain the desired
estimate microlocalized in &~ NE.T:
||P¢U1”L2 ®n+1) T HUHL2 Rn+1) t ‘U|L2 +The

> HU1||L2(R gy T T \vl|L2 ) +T ’Vul ‘ + T ’Vvl ’ L)’ (2.4.39)

where we write v; = H_v] + Hyvy.

e We consider v3 = op®(x2)op¥(l — 9s)u = H_v, + Hyvy. Since x2 localizes in
particular in a region where |&| 2 |£’| we can apply Lemma 2.4.10 to v, to find:

2 2
HP¢ U2 ‘ L2(R™H1) L2(R™1)

+7 HDt’UQ_‘

+7 )thUZ

L2(%) + HUHiz(RT_LH) + W%Q(E)

2

>TH7}_‘ .
~ T2 2w om)

(2.4.40)

Thanks to the localization of yo we can apply Lemma 2.4.9 as well to vy

2
HPJr +‘ —|—T‘Dtv§r

T HDtv;’ 2 L2()

L2(RY)

2 2
L2 Rn+1 + HUHLQ(R1+1) + ’u|L2(E)

2 2 2
> + 3|, + +
~T Hv2 ‘ 2R HD) ‘UQ L2(%) +7|Vaty

2’

We use then Lemma 2.4.3 and (2.2.15) to control the trace of the derivative of vy

to deduce
HPJU;‘ ;(Riﬂ) +7 HDtU;’ ;(Riﬂ) +7 ‘Dt?}; ;(2 + HuHLQ(RnJrl + |“’L2 —|—T9@
2T Hv;‘ ;(RJr;H;) +7 ‘U; i 2(%) +7 ’VxUQ + T ’Vzl@ ’2 L) (2.4.41)

We can then multiply as usual the above estimate (2.4.41) by a large constant and
add it to (2.4.40) to obtain:

+7 ‘Dtvg

2
2
| Povallaggneny + 7 [ i |

LQ(Rn'H +||U||L2(Rn+1 +|U|L2 +T9@

12(%)

+T’V02

2
2 7 lvall oy + 7 loaliage) + 7 [V | (2.4.42)

L(s)’
Summarising, we have thus shown, for j € {1, 2}:
[ Pgop* (x;)op™ (1 — ¢U)uHiz(Rn+1) + 7 || Drop® (x;)op* (1 — 1/’a)ui||i2(]gl+1)
+ 7 [Dop” (x;)0p" (1 = Yo Ju 25y + [ullfo grery + [ulfzgs) + Toe

2 7 [lop® (x;)op* (1 — wa)UH;(R;H;) +7° lop” (x;)op™ (1 — %Miz(g)
+7 |vopw(Xj)0pw(1 - ¢0)Ui|%2(2)
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We add the two estimates above. We control the right hand side from below by using the
triangle inequality as well as the fact

op" (1 = e )u =Y 0p"(x;)op" (1 — 1o )u.
j

For the left hand side we argue with commutators. For instance we control:

||P¢Opw(Xj)0pw(1 - wU)uHLZ(RTWI) < Hopw(Xj)quOpw(l - 1/}0')UHLQ(RTL+1)
+ H[PQS,Opw(Xj)]Opw(l - wU)UHLz(RnH) .

Recall the notations va =1- @ZJ and 6, = 1 — 9, with @bvg as defined in the proof of
Lemma 2.4.9. We write

[P, 00" (x;)] = [P, 00" (x;)0p" (65)] + [Py, 00" (xj)op” (1 — 6,)].

v

Now on the one hand supp (1 — 6,) Nsupp 6, = () and on the other hand 6, localizes in a
region where 7 < €| 4 |&|. This implies that

v

[Pg, 00" (x;)op" (1 — b5 )]op” (65) € W,

therefore

|26 00" (x5)op” (1 = B)lop" (B)u ) S Nullzzgenn)

We have [Py, 0p®(x;)op”(f,)] € WL. The above considerations as well as the fact that
op®(x;) € VO finally yield:
1Ps0p” (x5)0p™ (1 — o)ull oy < 0™ () Ps0p™ (1 = el g
+ [P, op™ (xj)]op™ (1 — wU)UHB(RnH)
S lop® (1 = o )ull 2 ray + [l L2 gty

+ HPd)Opw(l - ¢U)UHLQ(Rn+1) .

We use the same argument for the other terms of the right hand side (noticing that
& € S1). We finally obtain, taking also 7 large to absorb the error terms (as for instance

lop” (1 = vo)ull 2, 1))
IP40b” (1 = )l +7 [ D10B” (L = s [y 7 |Deop™ (1 = - 2
+ 7 |Dsop® (1 — Yoo )ty | Ta sy + 7 [ Dop® (1 — o )u—[Fa(sy + [l Zognsy + [ul 2y + Too
2 7llop®(1 — 7/)0)“||i2(R;H}) + 77 Jop® (1 — @Do)uﬁ'ﬁ(z)
+ 7 |Vop®(1 — wg)u+|iz(2) + 7 |Vop®(1 — wa)u_\%z(z) . (2.4.43)
Lemma 2.4.7 furnishes an estimate in the complementary sub-region:
1Ps0p" (o)l Fo@niny + lullTo@nsny + Too + [u-l72(s) + lusl7as)

2 7 llop" (Yo )ull 22,y + 7 [0b" (o JulT2s;
+ 7 |Vop® (¥ )ut [T2(s) + T IVOP” (o )u—[f2(5) - (2.4.44)
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To finish the proof we add (2.4.43) and (2.4.44). For the right hand side we simply use
the triangle inequality. For example:

lop*' (1 = vo)ull p2gniry + l0P™ (Yo )ull 2@n+1y = [[ull 2(mn+1y 5

since op” (1 — ,) + op®*(¢)s) = Id. For the left hand side we argue with commutators as
before. We notice that:

P, € D2, op® (1) € ¥2, 1 — 0p“(¢),) € ¥ and D, € W1
Therefore in particular
[P¢,Opw(z/10)] S \Ij71-v [P¢7 1 - Opw(%)] < \Ij'lr and [Dt7 1— Opw(%)] < \Ij'or :
We take as usual 7 sufficiently big to absorb the errors terms and we have thus proven:
2 2 2
||P¢U||L2(Rn+1) +7 |’Dtu+HL2(R1+1) +7 ||Dtu,|\L2(R71+1)

2 2 2 2
+ 7 Deut[pzs) + 7 [DeuLa () + lullze@m) + lulizs) + Toe

Z T ||u||%2(RyH_}) + 7'3 |U|%2(E) +7 |V'UJ+|%2(E) +7 |VU7|%2(E) . (2.4.45)

Observe that the only term that is missing in the above estimate compared to the statement
of Proposition 2.2.6 is the volume norm of the derivatives. The latter are estimated thanks
to Lemma 2.4.4. Indeed, we multiply (2.4.45) by a large constant and add it to the estimate
of Lemma 2.4.4. This finishes the proof of Proposition 2.2.6. O

2.4.5 Convexification: A perturbation argument

For the sequel it is important to notice that the quality of the estimates obtained for the
first order factors (such as (2.4.23) etc) depend on the imaginary part of the operator only.
Indeed, consider L, M € U! with real symbols. One has:

|(Dy, + L+ iM)v|*> = ||(Dy, + L)v||* + | Mv||* + 2Re(D,v, iMv) 4+ 2 Re(Lv, iMv).

Now the fact that L and M have real principal symbols implies (since we are working with
the Weyl quantization) that

2Re(Lv,iMv) = i([L, M]v,v).
Consequently one has [L, M] € ¥! and

(L, Mv, )| S ol 22 @2y
which can be absorbed in first-order factor estimates such as (2.4.23).

The Carleman estimate we have obtained so far involves a weight function ¢ depending
only on the variable z,, which in our local coordinates describes the interface ¥ = {z,, = 0}.
However it is important for applications to allow dependence in the other variables too.
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We show here that indeed this is possible if one changes “slightly” the weight function ¢.
2
Recall that we have ¢ = aqx,, + 5%, and consider the new weight

= ¢+ k(t,zn,2’), kreal valued quadratic polynomial.

D2
We have taken k quadratic polynomial for technical reasons related to the action of e 02
(see | , , , ). However this should be sufficient for the applications.

We shall now verify that if ||+’||;« is sufficiently small then the steps carried out in the
preceding sections remain valid.

Proposition 2.4.19 (Geometric convexification). Consider the new weight ¢» = ¢ +
k(t, T, x') with k a real valued quadratic polynomial. Then there exist 1,00 > 0 depending
on the coefficients of ¢ and P such that if |K'||;« < n and 6 < &y then the estimates of
Proposition 2.2.6 and consequently of Theorem 2.2.2 remain valid with the weight 1.

We shall show that the crucial sub-elliptic estimate estimate Proposition 2.2.6 remains
valid with the new weight. To do so, we shall revisit the key arguments and show that up
to taking ||~'||;~ small we can see the new conjugated operator as a perturbation of the
conjugated operator with the weight depending only on x,,.

Recall the microlocal weight Q?T and the conjugated operator Pj have been defined
in (2.2.8) and (2.2.11).

Recall as well that we have the following formula for Py: (see | , Chapter 3.3.1]

or | )

cf(az)PTZE = (Dp+it¢’ +itk),, — 5/-€Ql7tDt)2

+ Z bir(x)(Dj +iT0jk — 5/{2/7%_ Dy)(Dy, + iTkl, — 0kyf,, Dy)
1<j k<n—1

_ Cj_:l(x)((l — 5”2,,15)Dt 4 Z'Tatﬂ)?

In the sequel we shall denote by Pw the principal part of the operator Py.

Notice that since « is supposed to be quadratic 250 K¢, are actually constants. We
shall write 1), = 0;,%. Let us start by showing that the result of Lemma 2.4.4 remains
valid, up to taking small values for 0 and [|K'|| - . We write:

i (@) Py = (Dy + it ) — 20K, Dy(Dyy + T, )
+Q(z,Dy) — ¢ (2)(1 = 0K,)D} + Ry,

with R, a tangential differential operator (see Section 2.A.1) satisfying

(TRyv,v)4 < ||’f/||Loo (T ||Vx’7f\|iz(Ri+1) +7° |U||2L2(1R1+1)) +70 ||Vt,x’||i2(m+1) :

(2.4.46)

We notice that ¥}, (0) = a+ + &, (0,t,2'), therefore for |x,| sufficiently small and for
a+/ |||~ sufficiently large the estimates involving ¢ remain valid for ¢ as well. One
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obtains then:

2]

Using

2
L2(RYH)

+ 72 ||v||iQ(R1+1) > 27 Re(Pyv,v) 4+

2
Z TRe(Pfv,v)1 + (TRyv,0) 4

— (76 HDnvnig(Riﬂ) + 673 ||UH§2(RT1) + 07 ||Dtv|y§2(mﬂ)).

2.4.46) combined with the estimate obtained in Lemma 2.4.4 for 7 Re(P}v,v), we
1) +

obtain, up to taking 0 < Jp the same result as in Lemma 2.4.4 but for the convexified
weight.

We now investigate what happens with respect to the microlocal regions considered in
Section 2.4 and show that in fact we have the same estimates. We recall that there are

three
is the

main regions. The first is the one where 7 is large compared to |£'| +|&|, the second
non-elliptic region and the third is the elliptic one.

We localize with op”(t,) in a region where 7 > 1(|¢| + [&]). (recall that v, has
been defined in (2.4.5)). This is the region covered in Lemma 2.4.7 and we check
that the change of weight function from ¢ to @ only adds acceptable error terms.
Indeed we write:

i (@) Py = (Dn = 0k{, Dy + ity )2 = Ay + Ry,
where A, = (D,, — dk{ Dy + it )? and Ry has a principal symbol 7, satisfying

e SIEP+ & + |87 (2.4.47)

-2
As in the proof of Lemma 2.4.7 we have a very good estimate for HAJF’U’ L@
+

We calculate for the first order factor:
2
_ . " 2
R7H) H(D" 0t D) ‘LQ(

+ 2Re(Dpv, ite), v)+ — 26 Re(Dyv, imy)l, v)4.

(D = o8 oDy + ir, ) ;(

2
R + H”/);nnUHm(Ri“)

Since an integration by parts in the ¢ variable yields
20 Re(Dyv, ity v)4 =0,
we obtain the usual estimate:

H(Dn — 0Ky Dy + i, )20‘ : 27 H”H22 nt1y T T ‘”’%2 ) -
, Tn LQ(R1+1) ~ L (R+ ) (%)

We iterate twice to get, exactly as in the proof of Lemma 2.4.7:

2 2 2 2
HAJFUHLQ(]R’]fl) Z ’7'4 ||’UHL2(R1+1) + T3 |'U‘L2(Z) + T ’Dn/U|L2(E) .

TRe(ng, v)y + (TR v, v)4 — 270KY (Do + iT¢), v, Dyv) 4
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And we estimate in the same way:

2 2
- O
2R = eyt

s

|21 e

Z C( oll (R+) T 7 ‘U|L2 T |D"U|L2 ) B H ‘ L2(R™HY)

:((074—1?3)1),@) +C7? ]v]Lz +CT]Dnv|L2 ;

with C positive constant depending on the the coefficients of P and of ¢. According
0 (2.4.47) we now have

_ = 2
crt—-i# >0t -0 (|§/\2 + & — 15"]| 7 00 74) )
Choosing ||k’ HQLoo < n? with 7 sufficiently small depending on C and C' we have

s C _
o7t = C (1§ + lel — W7 ) = 574 = CUEP + 1.
2
Then one can choose o < gg small such that
crt — fi > )\;1.,

on the support of 1,. This fixes the choice of og. Then we obtain the same estimate
as in Lemma 2.4.7 with the weight .

« We localize now with op”(1 — v,) in the sub-region where 7 < 1(|¢/| + |&]) with
o < 0p. In this region on has for ||&/|| ;- < n, with 1 sufficiently small that

1/ + &%) < €7 + &) — 72|83 < CUE)? + &%),

for some C > 0.

We now investigate the non-elliptic and elliptic regions.

Non elliptic region

We can treat the non elliptic region as in the proof of Lemmata 2.4.9 and 2.4.10.
In this region the localization of op™(1 — 9, ) implies that 7 < || + |&| and being
outside the elliptic region implies that || = |¢'| and thus |&| 2 7 + [£'|. Therefore
by the same arguments as in the proofs of Lemmata 2.4.9 and 2.4.10 one needs to
obtain only one of the trace of the normal derivatives (for the other one we use

as again Lemma 2.4.3). The commutator technique works here exactly as before.
Indeed, we consider

i Py+Pr Py - Py
Q9 = c(x)fluv Q1= C(x)ilu

9 27
and we decompose ~ ~ 5

We observe that

@2 = (Dy = 65, D) = 72 (104, 2 + Q(Varr) ) + T,
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and .
Q1 =), Dp+ Dy, + T,

where T} are tangential operators of order j. We can then proceed exactly as in the
proof of Lemma 2.4.9. What is crucial in the proof of this lemma is the sign of ¢/(0)
(which is positive close to X). If ¢ is replaced by ¢ one can also have v/, (0) > 0, if
we choose oy / ||k || 0 = &' (07)/ ||K]| o is sufficiently large.

Elliptic region

This is the region £~ NEF with the definition of (2.4.2). Here we are in the situation
of Lemma 2.4.11 and we follow | , Section 4E]. We revisit the factorization
argument. To do this we check that in this microlocal region one can define a square
root for the operator

S= Y b(x)(D;+ iKY, — Oy o Di)(Dy, + ik, — 0Ky, Dy)
1<j,k<n—1
—cHz)((1 - Okt ) Dy + iTOk)2. (2.4.48)

Since its principal symbol s is no longer real, we study its real part. A sufficient
condition for defining a square root is that its real part is positive elliptic. We thus
compute:

Re(s)= 3 byule) (656 — Onla €16 — 72K, iy, — 0Nl €u6h + 02l L, €0)
1<j,k<n—1
@) (1 - €+ @) ()

=Q(z,¢) = c ()& +,

with
7] S 8|6 oo (€1 + 1€2) + 72 K| 300 - (2.4.49)

When microlocalized in £ NEYF one has
Q(z,&) = Ha)&f = e(l€']” + & ).

Combining this with estimate (2.4.49) we see that for 6 < §y we have

Re(s) > Ce(|€') + &2 — 72 |#][3 e -

Recalling that 7 < 1(|¢/|2 + &%) in the support of op®(1 — v,) we obtain that up
to taking 7 small enough we have for ||r'||; . < 7 in the elliptic region:

Re(s) 2 [€']” + &

Using a cut-off ¥ which localizes in the elliptic region we define then (as for the
definition of m4 in 2.4.7):
§:= s+ (1 - A%

We use then the principal value of the square root for complex numbers to define

m =32 €S, Rem 2 (I¢]+ &)
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Consequently we obtain the following almost-factorization:

¢ Hx)Pyo
= (Dn — 0Ky Dy + i, — z'opw(m)) (Dn — 0ky Dy + iTef), + iop" (Th)> v+ Ro,

where v = op¥ (1 — 1, )op¥ (x)u with u € .7 (R"*1), x € 8 with supp(x) C E- NEF
and R € U 4+ 700 + UO9D,,. We have already seen in the beginning of Section 2.4.5
that the imaginary part of the first-order factors determines the quality of the esti-
mate we obtain. We write then:

cHz)Py = (Dn — 0k Dy + op® (Im7n) + i(14;, — op”(Re Th)))
. (Dn — 0k Dy — op® (Im7n) + i(74y, + op™(Re m))) v+ Ru,

and we focus on the imaginary part of the first order factors above. Since op”(Rem)
satisfies the same estimates (elliptic positive) as m (as defined in Section 2.4.3) the
proof remains valid, up to taking o+ /|||« sufficiently large and under the same
geometric hypothesis similarly to | , Section 4.5].

Taking everything into account we have obtained the same estimates as in Section 2.4
with 9 in place of ¢ and in the same microlocal regions. One can then patch these estimates
together and obtain the desired result with the convexified weight, exactly as in Section 2.4.
This finishes the perturbation argument and therefore the proof of Proposition 2.4.19. [

2.5 The quantitative estimates

With Theorem 2.2.2 at hand we are now ready to obtain the desired quantitative estimates
following [ ]. Firstly we obtain a local quantitative estimate (the analogue of Theorem
3.1 in | ]). This estimate allows to propagate the information quantitatively from
a small neighborhood of one point belonging to one side of the interface to some other
neighborhood of the other side. For this estimate one needs to make sure that the methods

used in | | can also be adapted to our context.
We can then use this new local quantitative estimate to cross the interface and then
continue the propagation process by directly using the results of | | which are valid as

soon as the coefficients of our operator are smooth with respect to the space variable.

2.5.1 Some definitions and statement of the local estimate

Before stating the Theorem we need to introduce some notation from [ . We only
propagate low frequency information with respect to time. Let m(t) be a smooth radial
function, compactly supported in |¢t| < 1 such that m(t) = 1 for |t| < 3/4. We shall denote
by M* the Fourier multiplier defined M#* = m(%), that is

Mrutta) = 77 (m (8) Fiw) (@ o)) ()

Therefore the upper index p translates to an operator that localizes to times frequen-
cies smaller than p. We shall also use a regularization operator. Given a function
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f € L®(R"!) we set

It @) = 6’_%!}0 = <£T>é/ﬂ§f(s,x)e_i|t_52ds.

That is, the lower index A produces an analytic function with respect to the time variable.
We will need also the combination of the two procedures above. Given A, > 0, we write
MY for the Fourier multiplier defined by M{' = m,\(%) or more precisely:

(Mu)(t,a) = 7 (m (i) Fifu)(& ) (0

That is, we first regularize and then localize.
Let us consider as well a smooth function o € C*°(R) such that o = 1 in a neighborhood
of (=00, 1], and o = 0 in a neighborhood of [2, +00). Given a point (tg,z¢) € ¥ we write

oR(t,z) =0 ('“’x) _R(to’x(’)‘) . (25.1)

We can now state the local quantitative estimate. We recall that 3 is defined as R; x S
and that we are in the geometric situation presented in Section 2.1.1.

Theorem 2.5.1. Let (ty,xo) € ¥ given locally by ¥ = {¢ = 0}. Then there exists Ry > 0
such that for any R € (0, Ry) there exist r,p,7o > 0 such that for any 0 € C§°(R; x M)
with 8(x) =1 on a neighborhood of {¢ > 2p} N B((to,x0),3R), for all ¢1,k > 0 there exist
C, k', By > 0 such that for all § < By, we have

Ot (| Mt e+ 1Pl 2ty amy ) + Ol > [MEoncypn]|

for all uw> 79/ and u € W compactly supported.

Remark 2.5.2. In the statement of Theorem 2.5.1 uniqueness is propagated quantita-
tively from Q. to _. However, we have the same result in the other direction as well.
Indeed, this comes from the fact that since there is no assumption on the jump of the co-
efficient ¢, the geometric situation as presented in Section 2.1.1 is completely symmetrical
with respect to 21 and €2_ up to changing the sign of c; —c_. This will be important in the
proof of the semi-global estimate (proof of Theorem 2.5.14) where the local quantitative
estimate will be applied successively in chosen points of the interface.

2.5.2 Proof of Theorem 2.5.1

We work as usual in geodesic normal coordinates as explained in the local setting of
Section 2.2.2. This does not pose any problem since the estimate we are seeking to prove
is invariant by change of coordinates in the x variable. In our context, the first and most
important step for the proof of Theorem 2.5.1 will be to state a Carleman estimate with a
geometrically convexified weight. That is the purpose of Proposition 2.5.3. This estimate
will provide the analogue of Corollary 3.6 in | | and will be the starting point of the
quantified version of Theorem 2.5.1.
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{¢ = 2p}

{¢ =0}

Figure 2.2: Geometry of the local quantitative estimate. The function 6 localizes in the

blue region and ¢ in the red one. This allows to propagate information from the blue to
the red region.

Proposition 2.5.3. Let (to, zo) € X given locally by ¥ = {¢ = 0} = {x, = 0}. Then there
exist ) a neighborhood of (to,xo), a function ¥ : Q — R which is a quadratic polynomial

in t and Ry > 0 such that B((to,x0),4Ro) C Q and for any R € (0, Ry], there exist
€,0,p,1,d,70,C >0 such that § < % and

1. The Carleman estimate

(0 o+ 2

LQ(Qtny Qt’+)

ol Ta) > oY
e uH;—i- e | =T QMUH},

holds for all T > 1y and all uw € W?® with suppu C B((tg, 20),4R);

2. One has

(B((to, o), 5R/2)\B((to, z0), R/2) N {=90 < ¢ < 20}) € {¢ > 2p} N B((to, x0),3R),

(2.5.2)

{6/4 <4 <26} N B((to, 20),5R/2) € {¢ >2p} N B((to, o), 3R),
(2.5.3)
B((to, 20),2r) € {—8/2 < v < 62} A B((to, 20), R). (2.5.4)

Remark 2.5.4. The first item is the Carleman estimate we have already obtained and the
second one says that we can have this estimate with a weight function whose level sets are
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appropriately curved with respect to the interface . This is the geometric convexification
part.

Proof. We suppose to simplify that (t9,z¢9) = 0. Theorem 2.2.2 gives us the desired
estimate with a weight function ¢ defined in (2.2.9). Proposition 2.4.19 gives the existence
of § sufficiently small such that the same estimate is valid with the weight 1 defined as

Y = ¢ —5|(t,z)*. (2.5.5)
More precisely one has the existence of Ry, ¢€,d, 79 and C such that
’2

+ ede ’
78

c (Joz.m;

ewuH2 + T > THQw u
L2(Q0 U Qe 4) 99 ) = €T

for all 7 > 79 and all u € W% with suppu C B(0,4R) and R < Ry. Consider now § > 0
such that

This implies that for z = (¢,2) € B(0,5R/2)\B(0, R/2) N {—9 <1 < 26} one has

5 _PR2
¢2—95:¢26m?—%25%~—%26.

We choose then p = 1% and (2.5.2) is satisfied. For the second condition we consider again

2= (t,z) € {§/4 < <26} and we have

0 ) )

> 2 >%59,=2

b2 =e2 >2=¢,

which shows that (2.5.3) is satisfied as well. The last property is simply a continuity

statement. Indeed, since ¥(0) = ¢(0) = 0 and ¢ is continuous there exists 0 < r < R/2
sufficiently small such that

B(0,2r) € {—§/2 < ¥ < §/2} N B(0, R).

We choose § < min(f}fz,%) and , with p = §/10 and r as above, the proposition is

proved. ]

From this point on, one would like to follow the proof of Theorem 3.1 in | | from
Step 2: Using the Carleman estimate (in the present setting Proposition 2.5.3). The major
difference is that in our context the coefficients of P are no longer smooth, neither is the
weight 1. We show however that one can overcome this difficulty with a few modifications.
Since this is a rather long and technical proof we only sketch the key arguments and
explain, where necessary, what changes in our situation.

Remark 2.5.5. Recall that the weight ¢ constructed in Section 2.2 is Lipschitz continuous
and in particular one has ¢, € WH*°(B(0,4R)).

Remark 2.5.6. With the notation introduced in Section 2.2 one has

2
L2(Q¢,—U Q4+

oz,

= e ]

L2 + HHJFQ?’TP+U+’ 2’
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{6 =0} {0 =20} (= —96} (=0} {¢ =25}

R/2

Y ={z, =0}

Figure 2.3: We have appropriately curved the level sets of ¢ with the help of the convexified
weight 1, so that properties (2.5.2) to (2.5.4) of Proposition 2.5.3 are satisfied. Notice
that the level sets of i present a singularity when crossing the interface 3.

We suppose to simplify that (to9,z¢9) = 0 € . We consider then ¢, 9, R, d, 19,C as
given by Proposition 2.5.3. We shall use the localization and regularization parameters
A, b > 0 and we will suppose that A ~ pu, that is

1/Cu <A< Cp,

for some C > 0.

We introduce now some cut-off functions that will allow us to localize and apply our
Carleman estimate. We define x(s) as a smooth function supported in (—8,1) such that
x(s) =1 for s € [-7,1/2] and set

x5(s) = x(5/9). (2.5.6)
We define as well x with x = 1 on (—00, 3/2) and supported in s < 2, then xs(s) := x(s/9).

Following | |, for v € W compactly supported we wish to apply our Carleman
estimate of Proposition 2.5.3 to

02rORAXS (V)Xo (),
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where we recall that op has been defined in (2.5.1). Note that, even though u € W the
function oaror A Xs (1) xs5.1(¥)u does not satisfy the homogeneous transmission conditions.

This is why we need to consider non homogeneous transmission conditions.
1D |
One should notice that the fact that the operator e~ X s tangential with respect to

the variable x,, implies that
FeWi® = fre W,

Now the definition of og in (2.5.1) gives (0z,0r))x = 0 and (0z,0p )z = 0. This is
true for y5(¢) also. To see this, we observe that by definition the derivative 0y, Xs5(¢) is
supported in {¢» > 3/2§} which according to the definition of ¢ in (2.5.5) is away from
the interface 3. However, the term ys(1) may not be constant on X. More precisely, we
have that:

2RO RAXS ()Xo (V) € WP,
with 8 = 0 (since oaro R AX5(1) X5, (%)u remains continuous) and
0 = (e — - )oanonats(¥)ude, (x5 (V)
p>
Notice that the definition of ys implies that
supp Iz, X5, C XN {80 < ¢ < —T76}.

This support property combined with Lemma 2.B.7 allow to estimate the term Ty g ap-
pearing in the left hand side of the estimate of Proposition 2.5.3 in the following way:

|2 gt < ool

Tpo =7l “ 2 ™0 STlevel (2.5.7)
L2(%) L2(%)
2
=7l <(C+ - C—)U2R‘7R,)\>~(6(¢)Uaxn(Xé,A)(¢)>
Xlr2(xm)
72 7‘2
< Tpe e ]u|2LQ(E) < rpe”MTe Hu||12ql . (2.5.8)

The other term in the left hand side of Proposition 2.5.3 that we need to estimate is

HQZTPUQRUR,)\SCJ(w)X&A(¢)u‘

L2(Qe,UQiy)

We use again supp x5 C (—00,9d) with Lemma 2.B.7 to obtain
HQ?}P@RUR,A)Z&(¢)X6,A(¢)U‘
< |lQ? Y
< HQe,TazRUR,AX(S(WX&,AW)PU L@ _Ue1)

+ HQZT [02rRTRAXs (V) X5 (V), P]u‘

LQ(Qtny Qt’+)

L2(Q, _UQy )

2
1/2 CT= §
S w2 e | Pul 2 s aryno, L)

+ HQ?,T[U2RUR,)\>~(6(¢)X6,A(¢)7P]u‘

. (2.5.9)
LZ(Qtny Qt,+)

We need therefore to estimate the commutator appearing in (2.5.9). This is the purpose
of the following Lemma.
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Lemma 2.5.7. There exists Ry > 0 such that for any R € (0, Ry) there exist r,p > 0 such
that for any 0 € C§°(R™1) such that 0(x) = 1 on a neighborhood of {¢ > 2p} N B(0,3R),
there exist C > 0, ¢ > 0 and N > 0 such that

2 2
e Mi“GAuHHl + Cput?r (e&S fe S 4 ec“e‘%) e“ el l|w|| g (2.5.10)
> QY X 5.
> ||Qtrloarom s (Wxor (), Pl g 0 (251D)
for any uw € W compactly supported, p > 1, A~ p and 7 > 1.
This is the difference with respect to the situation of Lemma 3.7 in | |: the coef-

ficients p, are no longer smooth. They remain bounded however and the regularization-
localization operators are tangential to the interface where the coefficients may jump. This
allows to use the same techniques. Moreover in our situation we can exploit the fact that
the coefficients p, are independent of ¢ and therefore they commute with QZT.

Proof. The preceding remark allows us to write our operator as

P = Z Pa(z)0%,

la|<2

with po = H_p, + HypL and pE = pZ(z) smooth functions independent of ¢.
This implies:

> HHiQ?,T [02RORAXS (V) X5 (¥), Pﬂ:]ui‘
T

laf<2

= 3 [ @¥pa(@)oanonats @)X ), 00

o] <2

= > |pa(@)QY [o2roRAXs (V) X650 (¥), 30‘]“‘

<2

<C Y Q¢ lo2rorats (V)X (), 0°ul

Jor| <2

(2.5.12)

By the Leibniz rule we can write

0% (o2roRAXS (V) Xs 2 (V) u)
= > Clay) 0™ (xsA(1))0%* (02r) 0 (0 R ) 0™ (X5(1)) 0™ u.

ajtaztaztagtas=a

We split then the commutators in (2.5.12) in a sum of differential operators of order
one as follows:

Z (0%, 02roR X6 (V) X5 (V)] = B1 + B2 + B3 + Ba,
|| <2

where:

1. Bj contains the terms with a1 # 0 and as = ay4 = 0;

2’

2 > HngfT[UZRUR,AX(SW)X&,,\(W,pa(a:)aa]u‘

L2

L2

L2
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2. By contains some terms with g # 0;
3. B3 contains the terms with ag # 0 and a1 = as = a4 = 0;

4. By contains some terms with a4 # 0.

Now we provide estimates for each of the terms above. Before that we further decompose
Bj in two terms by observing

1 1 1 _
(xs2) = S(X')fs,x = 5(1[6/2,6})(,)6,)\ + 5(]1[—85,—76]96/)5,)\ = Xax + Xo

with X(;f)\ = %(1[5/2,5]%)57)\ and x5, = %(]l[_857_75}x’)5’,\, and we have used the properties
of supp x’.

1. This allows to decompose B as a sum of generic terms of the form

By =b.0" = fUQR({)B(UR,A)X;,\Xa(Wmv (2.5.13)

where |B],]v] < 1, f € L®(R"*!), compactly supported and analytic in ¢. Notice
that in the absence of the regularization parameter A the terms of By would be
supported in

<{5/2 <1 < 6}n B(0, 2R)> C ({gb > 2p} N {y <} N B(O, 2R)>

and those of B_ in {—80 < ¢ < —7§} N B(0,2R).

2. Bs consists of terms where there is at least one derivative on o9g and contains terms
of the form

b0% (o) (xs0) ™ (1) % ()07,
where k, |8], |y| < 1 with b bounded and supported in B(0,4R)\B(0,2R).

3. B3 consists of terms where there is at least one derivative on og ) and none on
Xs (%), X5(¢) and oR. These are terms of the form

Foard” (0 R A)Xs A (V) X5 (1)D7,

where f is bounded and independent of ¢, |5| = 1 and |y| < 1. Notice that in the
absence of the regularization parameter A these terms would be supported in

<{—85 < < =76} N B(0,2R)\B(0, R)) C <{¢ > 2ptN{y <6} N B(0, 2R)).

4. By consists of terms where there is at least one derivative on Xs(¢) and contains
terms of the form

00% (o) (xs.)®) (1)07,

where k,|3],|y] < 1 and the function b is bounded and supported in B(0,4R) N
{36/2 < ¢ < 26}.
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To prove Lemma 2.5.7 one needs to provide appropriate estimates for a generic term
from each of the four groups defined above. What happens is that terms containing
derivatives of a non regularized function (that is without the subscript A) are easier to
handle since they localize exactly. To deal with derivatives of regularized functions requires
more work since they produce additional errors coming from the non exact localization
properties.

Estimating B_ (defined in 2.5.13). We use Lemma 2.B.7 applied to x; to find:

9 2
1/2 75 = 1/2,-75 07
HQ;&TB,UH , < eWB,HLQ < CsAY2e7 e |ullgn < Cut?e e |ul g1 -

L

Estimating By. We use Lemma 2.B.1 applied to b and 9° (0r,x) which have supports

away from each other. We apply then Lemma 2.B.7 to ng) using its support properties

to find:

2 _
HQ?,TBQUI , < C)\l/2667—676 cA ||u”H1

<
L2 —

Bl < [ons)] . 4,

-2
< OpM2e e e M ||ul| -

Estimating By. We use Lemma 2.B.1 applied to (X(;’)\)(k) (¥) and 1[35/2 24] to find thanks
to the localization of xj(¢):

@B <]

20T ,—
(377’Z’B4UHL2 < Ce*Te P lu| g -

First estimates on B, (defined in (2.5.13)) and Bs. These are the most difficult terms
since here the derivative does not localize exactly. We have for B, with * = 4+ or x = 3:

_e D
e “2r e"YB.u

_ D2 _ D2
= e “2r Mfeﬂ/’B*u e “ar

<
L2

2 2
< “MfeT¢B*u”L2 +CAY2 (e—éi + e_c") e e |lull 1

+ (1 - M{"e™ Bau

L2

HQQZ?TB*U L2

L2

where we have applied successively Lemma 2.B.8 and Lemma 2.B.7. We estimate now the
first term in the above inequality, with B, = b,07:

HM/’\‘eTwB*u

|2 < | MEeh = M|+ | M b MY O]

L2’
We apply then Lemma 2.B.9 which gives
-2
[psgersn, @ - Ao, < CrYeCE A ul .
Using the fact that

|agemivnron| | <

ewb*M/%“(?”uHL2
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we have thus obtained

<

fox, ], <

2 2
_EH _ i
<2T¢I9*M/\2“87uHL2 + Cpt/?eN (e s+ e C“) O T ||| g1 -

That is we “almost commuted” M /’( with e™¥B,. To finish the proof of Lemma 2.5.7 we
ewb*MfﬂmuHLz, for by = by and by = b.
This is done exactly as in | ]. As we have already seen in the course of this proof,

in our case b, is less regular. However, u € H 1, and b, € L satisfies the same localization
properties as in | |. For the sake of completeness we sketch the estimate for b..

need therefore to estimate

Estimating B,. A generic term of By has the form
0107 = foaxga ()X ()07,

where b = d%(oR), |B] < 1, is supported in B(0,2R) and f is bounded. We decompose
Rn+1 as

R =0, U0, U005, with
O1={y ¢ [6/4,26]} N B(0,5R/2),
O, = B(0,5R/2)",

O3 = {4 € [6/4,20]} N B(0,5R/2).

For the region O1 we use the fact that x{ is supported in [§/2, 6] and then Lemma 2.B.1
with fo = 1(5/426c. For the region Oz we exploit as well the almost localization by using
Lemma 2.B.1 and Lemma 2.B.7.

For the region O3 we start by noticing that thanks to the geometric convexification
property (2.5.3) one can find a smooth 6 with 6 = 1 on a neighborhood of O3 and supported
in {¢ > 2p} N B(0,3R). We estimate then

S Ce(s’T
L?(0s)

Y 20 oy oT
e"by M3"0 UHLQ(Og) <Ce

Mf“am]

0~)\M§“8VUHL2 .

The final step is to commute ) with Mf’“‘. Let 0 € C§° be such that f =1ona
neighborhood of supp § and supported in {¢ > 2p N B(0,3R)}. Now recall that from the
assumption of Theorem 2.5.1 we are given ¢ € C§° with 6 = 1 on {¢ > 2p} N B(0,3R) and

consequently one has that # = 1 in a neighborhood of supp§. We use then Lemma 2.B.4
which gives ~
5o g2 a2 —eA
HGAMA“GMHL? < c*HeJW‘uHH1 + Ce™ ull o

and then Lemma 2.B.6:
Jonsie . < [ o], + =

Consequently, we have obtained in each region O, an estimate of the same type as
is (2.5.10). This gives the estimate for B;.

Estimating Bs. This is done in a similar manner to B.

We have finally obtained estimates of the type of (2.5.10) for all of the generic terms
of the commutator. This proves Lemma 2.5.7. O
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With the commutator estimate at hand we can now show:

Lemma 2.5.8. There exists Ry > 0 such that for any R € (0, Ry) there exist r,p > 0 such
that for any 0 € C°(R™) such that (x) = 1 on a neighborhood of {¢ > 2p} N B(0,3R),
there exist pug, C,c, N > 0 such that:

7_2 € 2 ﬁ
Cu' 25 & || Pull p2(po,amy + Cn'*m (e‘% +e w + e5T‘C“> e e ul g

+ 06267—

2 ~
MAHGAUHHl >T HQZT@RUR,AMS(%Z))Xm(lb)uHHl ;

for w e W compactly supported, pn > po, A ~ p and 7 > 19.

Proof. We apply the estimate of Proposition 2.5.3 to w := ooror \Xs(¥)xs.1(¥)u. This
gives:

2
L2(Q,-U Q1)

2

¢ (ol vt etull v Toe ) = Q2w

We need therefore to estimate the three terms appearing in the left hand side of the above
inequality.

eww‘

17
H‘r

o For the term HQ?ZTPw‘ ’

we simply combine estimate (2.5.9) with Lemma 2.5.7.
LQ(Qt’fLJ Qt,+)

o For the term Ty o we use the estimate (2.5.8).

e It remains to deal with e~ 4"

ewwHHl. Recall that x; is supported in (—86,0). This

implies, using Lemma 2.B.7:

—dT

e —dt

=€
1}

2
< Ce™AY277e X |ul| i

eww’

€TwU2RUR,A>~<6(¢)X6,A(¢)U‘ 0

T

72
< @27 DT Ylul| s
7_2
< e ul g
where for the last inequality we used the fact § < %, thanks to Proposition 2.5.3.

This finishes the proof of Lemma 2.5.8. O

The complex analysis argument

The final step of the proof of Theorem 2.5.1 consists in transferring the estimate
provided by Lemma 2.5.8 from

HQZT@RUR,,\)&S(@ZJ)Xs,A(Z/))UHHl
to HMC%LUT’CWUHHY The presence of the microlocal weight QZjT makes this part highly

non-trivial and one has to work by duality. In [ , | the authors prove a qualitative
unique continuation result. They use the following strategy:
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1. For any test function f define the distribution hy = 9. (fu) by

(hy,w)erw),coo®) = (fu, W(P))gr@mntr),coomn1).-
That measures fu along the level sets of .

2. Consider the Fourier transform of h; and use

o the Carleman estimate to bound the quantity f/z}(w) for 7 large

e an a priori estimate on l/z}(g“ ) for ¢ € C which gives sub-exponential growth

Thanks to a Phragmén—Lindel6f theorem transfer the estimate provided by the Car-
leman estimate from the upper imaginary axis to the whole upper plane.

3. Use a Paley-Wiener theorem to deduce from the bound obtained for the Fourier
transform of hy an information about its support.

Now in [ ] both the Phragmén-Lindeldf and the Paley-Wiener theorem are replaced
by some precise estimates for hy. In our case the proof works in exactly the same way.
The only difference is that here ¥ and u are no longer smooth but they are Lipschitz
continuous. However this does not affect the proof.

Lemma 2.5.9. Under the above assumptions, there exists 7y such that for any k,c1 > 0,
there exist By, C,c > 0, such that for any 0 < B < By, for all u > %0 and uw € W compactly
supported, one has:

Cemet (e (|| a3 0nu| + IPullap0,amy) ) + Il )
> || MPoapopAXs () xon@sa @)l
with A = 2c1p, and
n€CE((—4,1), n=1in [-1/2,1/2] and 7s(s) = n(s/d).

Proof. Recall that ¢ € H' (see (2.5.5)). For any test function f € .7 (R"*!) we define
then the distribution

(P, w)er@),co®) = (M faaror xXs(¥)xo A (1), W) 1 (mns1y, g3 (s

We work with w = 75\ and estimate the quantity (hz,7s )¢/ (r),coo(r)- This done exactly
as in [ |. We use the formula for the Fourier transform of a compactly supported
distribution to obtain an a priori estimate on Bf(g) for £ € R. Then we use Lemma 2.5.8
to obtain an estimate for i/L;(C ) for ¢ = iT. All the complex analysis arguments that follow
remain valid in our context. Indeed, these arguments do not involve the ¢,z space but
they are carried out in the complexification of our Carleman large parameter 7. O

End of the proof of Theorem 2.5.1. We are ready to finish the proof the local quantitative
estimate. The last thing we need to do is to estimate the term

HMB“@RGR,A)Z&(¢)X6,A(1/))776,A(¢)UHH1
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appearing in the right hand side of Lemma 2.5.9. This is done as in [ |. Indeed, all
the operations are tangential and thanks to our Proposition 2.5.3 the geometric context
is the same is in | |. We sketch the end of the proof in a concise way.

We have:

B
HMfMUQRUR,)\Xé(¢)X6,A(¢)7767/\(¢)UHH1 < ’Mf (1 — MP")op axs (V) Xsx (1) (1) u »

By
+ HMA2 MP o g X5 (V) x5 (V)50 (V)

Hl'

To control the first term we use Lemma 2.B.1. For the second one we use Lemma 2.5.9.
We find for 0 < 8 < By, for all p > %0 and A = 2cyu:

|3 7m0 ks (W)xs @A)l < Cemm (e ([ atonu| + 11Pull ggo,amy ) + Il ) -
Next we combine the above estimate with Lemma 2.B.6:
ool = 0 (e (ol + 1Pel ) )

+ Ur,)\M)% (1 = o2roRAXS (V)Xo A (V)N5 2 (Y)) u

)

H1

where r is given by Proposition 2.5.3. In particular Proposition 2.5.3 implies thanks to
the property (2.5.4) that or = xs5(¢0) = Xs(¥) = 15(¢)) = 1 on a neighborhood of supp o,.
We can then finish the proof exactly as in [ |. Indeed, we take II € C§° with Il =1
on a neighborhood of supp o, and such that oo = op = x5(¢) = Xs(¥V) =ns(¢») =1 on a
neighborhood of suppII. Then

GT,,\MA%H (1 = o2roRAXs (V) Xs A (V)50 (V) w

Hl

< lovad,® (1 = oarorats (@) xsr(@)msa(®)) (1 — Mu

Hl

_l’_

B
oz M,? (1 = 02roR X5 (V) X5 A (V)05 2 (¥)) Tu

Hl

We control from above the first term by using Lemma 2.B.5 and for the second one we
combine Lemmata 2.B.1 and 2.B.3.

This finishes the proof of Theorem 2.5.1 up to renaming the constants appearing in
the statement of the theorem. O

2.5.3 Propagation of information and applications

In this section we make use of £L(M, E). This is the “largest distance” of a subset E C M
to a point of M and has been defined in (2.1.5).

We introduce now the tools of [ , Section 4] in order to explain how one can
propagate information by applying successively the local quantitative estimate.
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Definition 3. Fix an open subset 2 of R"*1 = R, x R? and two finite collections (V;) ey
and (U;)ier of bounded open sets in R"*. We say that (V})jes is under the dependence
of (U;)ier, denoted

(Vi)jes 2 (Ui)ier,

if for any 6; € C3°(R™*1) such that 6;(t,z) = 1 on a neighborhood of U, for any 6; €
C§°(V;) and for all k,a > 0, there exist C, ', 8, po such that for all p > pg and v € W
compactly supported, one has:

c (Z |3, + |rPuHL2mt,+ugt,_>> + e g > S [ MG
iel jeJ

where P is as defined in Section 2.2.2.

The motivation behind this definition becomes apparent when one looks at the local
quantitative estimate of Theorem 2.5.1. If one forgets about the localization and regular-
ization indexes then the definition says simply that V' depends on U if information on U
controls information on V, and this comes with a precise estimate.

The Carleman estimate we have obtained (Theorem 2.2.2) as well as Carleman es-
timates in general provide already some sort of quantitative estimate which propagates
information. However, what is of fundamental importance here is that the relation of
dependence as defined above (in fact in [ |) can be propagated (in an optimal way).
Indeed, the crucial property that one needs in order to iterate such a dependence relation
is transitivity. That is if a set A depends on a set B in the sense of the definition above,
and B depends on a set C' then one would like to say that A depends on C. That is why
the slightly stronger notion of strong dependence is introduced:

Definition 4. Fix an open subset 2 of R"*1 = R, x R? and two finite collections (V;) e
and (U;)ie; of bounded open sets in R""1. We say that (V;);es is under the strong
dependence of (U;);er, denoted by

(Vi)jes < (Uiier,
if there exist U; € U; such that (V})jes < (U)ier-

To facilitate the lecture we re-write here the basic properties of the relation <1 sum-
marised in Proposition 4.5 of | ]. We shall use these properties for the proof of Theo-
rem 2.5.14 in order to iterate in an abstract way the local estimate of Theorem 2.5.1.

Proposition 2.5.10 (Proposition 4.5 in | ]). One has:
1. (Vj)jes < (Ui)ier implies (Vj)jes S (Ui)ier-
2. If (Vi)jes < (Uy)ier with U; = U for alli € I, then (Vj)jcg < U.
3. If V; @ U; for any i € I, then (V;)icr < (Us)ier-
4. If V; @U; for any i € 1, then UierVi < (Us)icr-
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5. If V; < U; for any i € I, then (Vi)ier < (Us)ier. In particular, if U; < U for any
i €1, then (Ui)ie[ < U.

6. The relation is transitive, that is:

[(Vi)jes < (Ui)ier and (Us)ier < Wi)kerx] = (Vj)jes < Wi)rek-

Remark 2.5.11. Notice that the relation <1 depends on the operator P, therefore tech-
nically speaking Proposition 2.5.10 is not exactly the same as Proposition 4.5 in | ]
since in our case the coefficients of P present a jump discontinuity. However this does not
have any impact in the proof.

We can now formulate the result of Theorem 2.5.1 in terms of relations of dependence.
Indeed, one has:

Corollary 2.5.12. In the geometric situation of Theorem 2.5.1 let (to,x9) € X given
locally by ¥ = {¢ = 0}. Then there exists Ry such that for any R € (0, R), there exist
r,p > 0 such that

B((to,xo),r) < {¢ > p} N B((to,xo),4R).

Remark 2.5.13. In fact the constants R, p,r depend only on xy and not on ty. This
comes from the fact that the coefficients of P and the interface ¥ are independent of ¢.

Proof. The proof is as in Corollary 4.6 in [ . O

With the local quantitative estimate of Theorem 2.5.1 at our disposal we are now ready
to propagate these estimates to obtain a global one. We will start by propagating the low
frequency estimates only (such as the estimate provided by Theorem 2.5.1). This will be
done by using some abstract iteration properties of the relation < as defined in 4. We
will then follow a path from a point 9 € M to another one z; € M. As long as the
path stays either in Q4 or in Q_ the propagation is guaranteed by the result of | .
If the path crosses the interface S then we use Theorem 2.5.1 which allows to propagate
uniqueness from one side of S to the other losing only an € of time. Then we continue the
propagation using again | |. We state the main theorem:

Theorem 2.5.14. Let (M, g) be a smooth compact connected n-dimensional Riemannian
manifold with (or without) boundary and S a (n — 1)-dimensional smooth submanifold of
M. We suppose that M\S = Q_ U Q; with Q- N Q. = 0. Consider P as defined in
(2.1.2). For any nonempty open subset w of M\S and any T > L(M,w), there exist
n, C, K, o such that for any uw € H'((=T,T) x M) and f € L*>((—T,T) x M) solving

Pu=f in(=7,7) x Q_UQ4

us_ = u)s, in(=7,7) xS (2.5.14)
(cOpu)s_ = (cOpu)g, in(=T,T) xS

u=0 in(=T,T) x OM,

one has, for any u > o,

. C
ull L2 ((—nmxrr < Ce™ (HuHLQ((fT,T)Xw) + Hf”LQ(fT,T)XM) o ell g (=) ) -
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The following lemma will be used for the proof of Theorem 2.5.14 in order to transport
the information locally from one side of the interface to the other.

Lemma 2.5.15. Consider a point x € S = {¢ = 0}. Let Ry, R,r,p be the associated
constants given by Corollary 2.5.12. Then for any T > 0, for any € > 0 and any subset
U C R*™! such that

T, 7] x ({¢> > 230 B(:U,r),4R)> eu.
there exists re > 0 with
[T + 2¢,T — 2¢] x B(x,r.) < U.
Proof. Let us consider a finite covering of

[T +¢,T —€] x B(x,r/2) C UB ((ti,x),r), I finite.
icl

Now recall that from Corollary 2.5.12 and definitions of the above quantities we have as
well:
B((ti,x),r) <{¢ > p} N B((ti,x),4R), i€ l. (2.5.15)

We also have that

U (0> p 0 B((t2),4R)) € FT.7) x ({6 > 5} 0 Blar),4R))
el

and consequently thanks to the assumption made on U we obtain that

{¢ > p} N B((t;,x),4R) € U, forie I.

We apply then item 3 of Proposition 2.5.10 which gives
<{¢ > o0 B((ti,m),4R)> Ju.
el
By transitivity of < by (2.5.15) we get
(B((ti,x),r)> <aU. (2.5.16)
i€l

We now use the following geometric fact, which is a consequence of the triangle inequality:
For a given € > 0 there exists r¢ such that we have

[T+ 2¢,T — 2¢] x B(x,re) € UB(t@, ,)
el
Consequently, item 3 of Proposition 2.5.10 gives:

[~T + 2¢,T — 2¢] x B(z,r) < UB(t,,x ) (2.5.17)
el
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Figure 2.4: First step of the iteration process for the proof of Theorem 2.5.14. Information
is propagated from zg to x1. The process is then repeated starting from x;.

The compact inclusion B ((t;,z), 5) € B((t;, ), r) implies according to item 4 of Proposi-
tion 2.5.10:
UB ((ti,:n),r) < (B((ti,:v),r)> . (2.5.18)
1€l 2 el
Finally, we combine (2.5.16), (2.5.17), (2.5.18) using as well the transitivity (property
6 in Proposition 2.5.10)) to find

[T + 2¢,T — 2¢] x B(x,r.) < U,
which finishes the proof of the Lemma. O

We are now ready to give the proof of Theorem 2.5.14.

Proof of Theorem 2.5.1/. The proof is divided in two steps:
Step 1: Abstract propagation of low frequency information

For technical reasons related to the second step of the proof we consider an open set
w with © € w.

We want to propagate uniqueness from @ to a neighborhood of an arbitrary point of
M, say yo € M. From the definition of £L(M,®) we can find a point £y € © and an
admissible path v : [0,1] — M of length [ such that T > L(M,®) > [, v(0) = z( and
7(1) = yo.

By assumption (see Section 2.1.3), the path 7 intersects the interface S a finite number
of times N. We call g ;, j € {1,2, ..., N} the intersection points. Moreover, the conditions
made on the family of admissible paths imply that we can use the same coordinates as
in | , proof of Theorem 6.3] , [ , Pp 21-22]) in a neighborhood of this path. In
particular, in these coordinates the path is straighten out, that is v(s) = (0, sl). We now
apply Corollary 2.5.12 to xg1 € S which gives us some constants rg 1, ps,1. We then choose
a point Zg with

To € {0 < ¢s1 < p/4} N B(xs1,751) Ny ((7_1(230)77_1(335,1))) :

Let us now look at the path joining xp to Zg. This path is entirely either in 2, or Q_
and in particular one can apply the results of | ]. More precisely one can construct an
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appropriate foliation such that one can apply Theorem 4.7 of | ]. The construction is
exactly as in the proof of Theorem 6.3 in [ |. The difference is that here we only use
the foliation to apply Theorem 4.7 which solely concerns low frequency information. That
is because in our case, this is only the first step of the propagation. Indeed, since we will
need to continue the iteration we can not consider high frequencies yet.

Applying Theorem 4.7 of | | gives us a set U C Ry x 4 such that

U< [-T,T] x @,

and the precise construction of | , Proof of theorem 6.3] implies that U contains a set
of the form

[—To, To] x ({gﬁs,l > g} N B(x571,r571),4R)) e U. (2.5.19)
The time Ty is equal to Ty = T'— Ty where T is the time given by | | to propagate the

information from xy to Zp. This is any time greater than the length of the path joining
those two points.
We can now apply Lemma 2.5.15 which ensures that for arbitrary € > 0 there exists
re wWith
[_TO + 2¢, Ty — 26] X B(iﬂsl,’l“e) <U.

Since by construction of U we have U < [T, T] X @, using once again the transitivity of
< we have finally shown that

[—TO + 2¢,Th — 26] X B(IL‘SJ,T}) < [—T, T] X W.

Recalling that xg; € S the above property says that we managed to pass on (a possibly
very small) neighborhood of the other side of the interface, and this by losing an arbitrarily
small time. In particular we have shown that we can find a 1 € v (v !(zg1),1]) such
that

[—To + 26, Ty — 2¢] x V(x1) < [-T,T] x @, (2.5.20)

where V' (z1) is a (small) neighborhood of 2. We can now repeat this propagation proce-
dure starting from the point 1. We consider a point Z; which is on the same side of the
interface as 1, that is #1 € v (v }(zs1),7 *(zs2))) and sufficiently close to the interface
and we propagate the information from x; to Z; using Theorem 4.7 of | ]. Then we
pass on the other side of the interface using Lemma 2.5.15. Iterating this process N times
and using the transitivity of < gives

[—TN 4+ 2Ne, T — 2N6} X V(yo) < [—T, T] X W,

with Tn =T =3 p<j<n T] and T] any number strictly larger than the length of the path
joining x; to Z;. Notice that the definition of £L(M,®) (see (2.1.5)) implies thanks to our
assumption 7' > L(M, @) that Ty > 0 and since € can be chosen arbitrarily small we can
have

Ny := ITn —2Ne > 0.

To sum up, for an arbitrary yo € M we were able to find an n,, > 0 and a neighborhood
V(yo) of yo such that
[y 1yo) X V(y0) < [T, T] x &. (2.5.21)

We have thus completed the iteration procedure.
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T
TO — 2¢ TO
Ty
Myo — - - -
Yo| i sy Tj-1 T 21 15,1 T T
Y T ‘ w
Mo
-
—To+2¢ —Ty
=T

Figure 2.5: The iteration process of the proof of Theorem 2.5.14 in space-time. We
transport information from a point zg € w to yo € M by following the path +. The points
xg,; are the intersection points of v with S. The green arrows correspond to propagation
of information in the smooth context where we use the results of | ]. The orange
arrows propagate the information through the interface using Theorem 2.5.1 and this, by
losing an arbitrarily small time.

Step 2: Unfolding the definition of <

The last part of the proof will be to write down the definition of <1 and obtain the
desired estimate using a compactness argument for M.
Define Uy, as

Uyo = [=Nyos 1yo) X V (y0)-

Consider a sufficiently small neighborhood V (1) of g such that K & Uy,, where we define
K as
Tlyo  Tlyo X /
K= |- T .
e, e V)

Pick x € C§°(U,,) such that x =1 on a neighborhood U, of K and ¢ € C§°((—T1,T) x w)
with ¢ = 1 on a neighborhood of @. The definition of < and (2.5.21) imply that for any
k > 0, there exist C, 3, k', g > 0 such that for p > ug 2,

Cert (|| Mliduu|| , +11Pull g2 ryxre) + Ce™  lull g = | MP X (2.5.22)

H'

3Here and all along the proof we write directly, with a slight abuse of notation, the estimates in an
invariant way. In fact one writes down the estimates given by the definition of < in some appropriate
coordinates and then passes into the global ones. This does not pose any problem since the estimates we
consider are invariant by changes of coordinates.
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We want to use the almost localization of ¢, in order to control the left hand side of
the above quantity. To do so we use Lemma 2.B.10 which gives us

| M| < Cullull oy + Ce™ ull

We want to inject the estimate above in (2.5.22). We need to be sure that the term [|u|| ;1
will be multiplied by a negative exponential. We recall that x > 0 can be chosen arbitrarily
small and we impose x < ¢/2. Since p < Ce™* we obtain with a new constant ¢’ > 0:

[M0x| ) < e (Il g rimyme) + 1P rimyn) + Ce " lull g - (2.5.23)

We need to exploit the almost localization of x,, to control from below the left hand side of
(2.5.23). We take x € Cg°(Uy) with x = 1 in a neighborhood of K. We use Lemma 2.B.1
to control:

IXull 2 < IXxuull g2 + 1R = xpulle < Clixpull e + Ce™* [Jull g
< || M ot | = M) e full g (2.5.24)

We control the second term as follows:

oo ()
Jmte)

(o (55)) o
€| : |giT (1€ + [€a]) Xuu

H(l - ME#)XMU‘

2
L ‘ L2

Jull 1 -

|£t| + |£$|

In the region |&| > 2£ we simply have

(1-m () _c
1&e| + |€2] T

In the region |&] < BL we use the support of m and Lemma 2.B.1 to find

(-ma (%) .
PR

(-m ()] _c
‘€t|+|§x‘ o M'

Combining estimates (2.5.24) and (2.5.23) yields:

hence in particular

- C
[Xullg2 < Ce® ™ (HUHLQ((—T,T)Xw) + HPUHLQ(—T,T)XM) + m [wll g -

Since ¥ = 1 on K we have:

ull p20rey = IXull L2y < X0l 22 -
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This yields, thanks to the previous estimate and the explicit definition of K the final
estimate:

. C
lll om0 1301, y0) = Ce?t (Hu||L2((—T,T)><w) + HPU||L2(—T,T)><M) o [l g1 s

where Vyo is a (small) neighborhood of yo, yo is an arbitrary point of M and n,, > 0 is an
associated strictly positive time. One can cover the manifold M by such neighborhoods
and by compactness we can extract a finite covering

Mc | Vi),

j€J finite

such that

C;
iy < Cje?hit P J
||u||L2([_an,ngj]xf/(yj)) < Cje (||u||L2((—T,T)><w) + 1 UHLQ(—T,T)XM) o l[wll g

for u > po. Let n := minn,, /2, C':= max C}, ¢ := min cg. We have:

U _ < U C nys -
[P j;n ||L2([_n%n%xv(yj))

" C
< |J|<C’e2 m (HU||L2((_T,T)m) + HPUHLQ(—T,T)XM) + n [l o )

The proof of Theorem 2.5.14 is now complete. O

In the preceding theorem we chose to present a proof in the case where our observation
domain w is an open subset of M. The point is that the difficulty of our problem comes
from the interface inside M where the metric may jump. The Theorem and its proof
show how we can propagate the information when crossing the interface in a way that is
compatible with the quantitative results of | |. Since in [ ] the boundary case has
been treated too, we can as well formulate the analogous result in the case of boundary
observation. More precisely one has:

Theorem 2.5.16. Under the assumptions of Theorem 2.5.14 assume additionally that
OM is non empty and consider I' a non empty open subset of OU'. Then for any T >
L(M,T), there exist n,C,k, g > 0 such that for any v € H'((—=T,T) x M) and f €
L?((=T,T) x M) solving 2.5.14, we have for any p > po

. C
lull 22y xrny < Ce™ <‘|8VFUHLQ((—T7T)><F) + ”fHL2(—T,T)><M) + " el g =y -

One can now combine the two preceding theorems with classical energy estimates for
solutions of the wave equation that allow to relate |lul|;: and [Ju||;» with the energy of
its initial data (u,dyu)j—¢ to obtain the following slightly more general version of Theo-
rem 2.1.1:
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Theorem 2.5.17. Let (M, g) be a smooth compact connected n-dimensional Riemannian
manifold with (or without) boundary and S an (n — 1)-dimensional smooth submanifold
of M. We write M\S = Q_UQ,;. Consider P as defined in (2.1.2). For any nonempty
open subset w of M\S and any T > L(M,w), there exist C,k,uy such that for any
(ug,u1) € HEY (M) x L2(M), f € L*((=T,T) x M) and u solving

Pu=f in(=7,7) x Q_UQ4

ujs_ = ujg, in(=7,7) xS

(cOpu)|s_ = (cOpu)ig, in(=T,T) xS (2.5.25)
u=0 in (=7,7T) x OM

(u, Opu)y—g = (uo,u1) in M,

one has, for any p > po,

. C
o)l 21 < Ce™ (Il ey + 1 iaraynn) + o w0 )l

If moreover M # () and T is a non empty open subset of OM, for any T > L(M,T), there
exist Ok, i > 0 such that for any (ug,u1) € HY(M) x L2 (M), f € L*((~T,T) x M)
and u solving (2.5.25), we have

. C
[(uo, ur) | o g1 < Ce™ <”8uru||L2((—T,T)xr) + HfHL?(—T,T)xM) + m (w0, wi)l| oo -

2.A A few facts on pseudodifferential calculus

We collect here some facts and notations concerning the symbolic calculus which is an
essential ingredient for the proof of the Carleman estimate. We follow here the exposition
of | ] and | , Chapter 2].

2.A.1 Differential operators

For (t,x) € Ry x R we write (t,x) = (t,2/,x,). The variable z,, is normal to the interface.
We use as well the notation D, := %835]..
We denote by DI the set of differential operators depending on 7, that is operators of
the form
P(t,x,Dy, Dy, T) = Z aja(t, m)TthCfx.
Jtlal<m

Their principal symbols are defined as
o(P)= Y ajalt,m)7! (&)™
J+lal=m

The set of tangential operators depending on the large parameter 7 is denoted by DT,
and contains operators of the form

P(t>$7Dt7Dm/7T) = Z aj,a(tvx)Tj(Dth’)a

jtlal<m
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with principal symbols defined as

o(P)= D ajalt,x)T(&€)"

jtlal=m

2.A.2 Standard tangential classes

For m € R we define the class tangential symbols 8™ as the smooth functions on R?! x R”
such that for all (o, ) € N1 x N,

sup  (1+ €% + &%)
(t7z7£t’£l)

We shall mainly work with the Weyl quantization which associates to a € 8 an operator
denoted by op*(a) defined by

(op®(a)u)(t, @', 2,) =
/ /
r)y [, - Caiee, (t 220 5’) w(y, s, wn)dsdy'dg'dé.
R n

These integrals may not be defined in the classical sense (Lebesgue integration). They
are however well defined as oscillatory integrals.
We denote by U™ the set of these pseudodifferential operators. We define as well

S = ()8 ¥F:=[)u"

meR meR

—m+8]
2

(0,08 calt,z,&,€)| < oo.

Notice that even though the operators above are tangential we do not use any special
notation since all pseudodifferential operators we consider are tangential.
A basic feature of the Weyl quantization is that we have the exact equality:

(op®(a))" = op”(a),
where we denote by * the adjoint operator on L?. In particular, operators associated to
real valued symbols are (formally) self-adjoint.
For a € 8™ we call principal symbol, o(a), the equivalence class of a in S™/S™~!.
Many times we refer to the Sobolev regularity property of pseudodifferential calculus,
namely:

op“(a) : L*(Ry,; H ™R} 1)) — L*(Ry,; H*(R},/)) continuously,

where a € 8™.
Consider now a1 € 8™ and as € S™2. Then there exists a ¢ € S™ "2 guch that we
have

op*(a1)op”(az) = op®(c),
and we denote ¢ := aifias where { is called the Moyal product. One has, for any N € N
the following asymptotic formula:

(a1baz)(t, 2,6, €)= Y (iw(Diar, De, g7 Dyrs Dyp)) an (b2, &6, )az(y, m)ly= o,y = ey € S™ 7N,
J<N
(2.A.1)
with w(a,b;c,d) = c¢-b—a-d. This formula implies:

1. op®(a1)op®(az) = op¥(ajas) +op¥(ry), r € S™tmz—1

2. [op®(ar),0p® (a2)] = op® (Hax, a2}) + op®(rs), 5 € STHM2,
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2.A.3 Tangential classes with a large parameter

Since we want to show a Carleman estimate which involves a large parameter, the natural
class in our context is that of pseudodifferential operators with a large parameter. For
7 > 1 we define

N=1 4P+ el

The class denoted by S contains the functions a € C®(t,x,&, &, 7) satisfying for all
(a, B) € N“H1 x Nm:

sup A mHﬁ'(@t 185 5/) (t € §t7 )’ < 0.
(t %ftaf)

7>1

We set U := {op*”(a), a € S} and

=S =) v

meR meR

We denote by (,-) the inner product on L*(R"™!) defined by (f, g) = [gn+1 fg and by
(-,-) its restriction on L2(REH).
We introduce the following Sobolev norms, defined in the tangential variables:

’u(m’m'”Hs ’Op ( ) (xm )‘LQ(R”) ‘u(xm')’Hs ‘Op ( ) (xm')‘LQ(R”)'

The above norms define the (usual) Sobolev space H® and the Sobolev space including a
large parameter H?. We use many times that for s = 1 one has the equivalence

2 2 2
I ~ 72 e + 1Vl 72 -
T

All the properties listed in Section 2.A.2 in the classical case remain valid in the context
of the large parameter. In particular we have the Sobolev regularity property, for a € S},

op®(a) : L*(Ra, s HY ™™ (R ) = L*(Ra,; H7(R},)),

continuously and uniformly in 7 > 1. This yields that for a € S we have
w
o™ (@), )] £ 1l g e,

Many times in the article we absorb error terms by taking 7 sufficiently large. By
that we invoke the following property: If m’ > m then

— /_
Il < C7 = e

for 7 > 1.

The main tool to transfer some positivity properties of the symbol to some estimate
for the corresponding operator is Garding’s inequality. We shall use it in the context
of operators involving a large parameter. For a proof we refer to [ , Chapter 2].
There the standard quantization is used, the same proof works however for the Weyl
quantization.
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Lemma 2.A.1 (Garding’s inequality with a large parameter). Consider a € S
with principal symbol a,,. Suppose that there exist C > 0 and R > 0 such that

Rean(t,z,&,8,7) > CAl', z e R™, (&,¢) eR", 721, [(&.¢,7)| > R,
then there exist C' and 19 such that

Re (Opw(a)u7u) > Cl ”U’Hiz(R;H;n/Q) )

for u € (R and 7 > 9.
Before stating the last lemma of this section let us recall a definition.

Definition 5. The essential support of a symbol S, denoted by essupp(a) is the

complement of the largest open set of R?’f x RE ¢ X {7 > 1} where the estimates for

S hold. More precisely, a point (tg, 7o, S0, &) € R*™ x (R™\{0}) does not lie in the
essential support of a if there exists a neighborhood U of (¢y, z¢) and a conic neighborhood
V of (s0,&)) such that for all m € R and all (a, ) € N**! x N" one has

sup  ATHAOR,0, alt @, 6,6 7)] < oo
(t)eth (6 )eV ’
T_

Although the natural classes for us to work with are S involving the large parameter
7, for technical reasons we also have to deal with symbols in ™. Since ™ ¢ S one
has to make sure that the chosen objects belong to the appropriate spaces. The following
Lemma | , Lemma A.4] will be then very useful:

Lemma 2.A.2. Let m,m' € R, ai(t,,&,&) € 8™ and ag(t,z,&,&,7) € S™ such that
the essential support of ay is contained in a region where |(§,&)| = 7. Then

op*(a1)op®(az) = op“(b1), op“(az)op”(ar) = op®(b2),
with by, by € ST . Moreover one has the same asymptotic formula as (2.A.1) with the
remainder in ST N
2.B Some lemmata used in the quantitative estimates

In this Section we collect some estimates coming essentially from | ] concerning the
regularization and localization operators that we introduced for the quantitative estimates.

We define for a function f € L (R"*!) and A > 0:

It z) = 67%f = (;)é/ﬂgf(s,x)emtﬂds.

We use many times the fact that

2
_ L

e

[ Fe () (& )l 2 = 1f1l 2 -
(Re)

[£allz <
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Notice also that we have
f > 0= f)\ > 07

and consequently

fZg9= I=o (2.B.1)
We now recall several Lemmas from | | that we use in the main part of this article.
Lemma 2.B.1 (Lemma 2.3 in | ). For any d > 0, there exist C,c > 0 such that for

any fi, fo € L®(R™1) such that dist(supp f1,supp f2) > d and all A > 0, we have

1finfell oo < Ce™ M fillpoe 1follpoe s finfeallpe < Ce™ [ fillpo lLfoll oo -

Lemma 2.B.2 (Lemma 2.4 in | ]). Let fo € C®°(R™1) with all derivatives bounded,
and d > 0. Then for every k € N, there exist C,c > 0 such that for all f; € HF(R"H)
such that dist(supp f1,supp f2) > d and all X > 0 we have

I fiafell e < Ce™ X L full e -

Lemma 2.B.3. Let ¢ : R"™! — R be a Lipschitz continuous function, f; € C*°(R"*!)
with bounded derivatives and fo € C§°(R™1) such that dist(supp f1(¢),supp f2) > 0.
Then, for k € {0,1} there exist C,c > 0 such that for all A > 0, we have

11 (@) fall ey g < Ce™

Lemma 2.B.3 is essentially Lemma 2.5 from | |. In its statement the Lemma
requires for 1) to be smooth. However, since we only need to control derivatives of order
at most one Lipschitz regularity is sufficient.

Lemma 2.B.4 (Lemma 2.6 in | D). Let f1, fo € C(R™1) such that fi = 1 in a
neighborhood of supp fo. Then there exist C,c > 0 such that for all A > 0, and all
u € HY (R, we have

| fox0%ull ;2 < O fiaull g + Ce™ llull 1, forall || <1.
We recall that the operators M ﬁf have been defined in Section 2.5.1.

Lemma 2.B.5 (Lemma 2.10 in | ). Let fi and fa be in C*° bounded as well as their
derivatives with dist(supp fi,supp fa) > d > 0. Then for any k € N, there exist C,c > 0
such that for all p > 0 and A > 0, we have

2 2
| FIAME forll s e < C™¢% + Ce™, | FiaME foll gy e < C™% + Ce™

Lemma 2.B.6 (Lemma 2.11 in | ). Let f € C§°(R™1). Then there exist C,c > 0
such that for all p >0, A >0 and u € H*(R"*!), one has

2
Ml < 03], + € (€5 47 ful .
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Lemma 2.B.7 (Lemma 2.13 in | ). There exists C > 0 such that for all D € R,
X € L*(R) such that supp X C (—o0, D], for all A\, > 0, we have

7_2
@), . < ClIRlle N V2ePTe R,
for all ¢ € CO(R"L; R).
Lemma 2.B.8 (Lemma 2.14 in | 1). There exist C,c such that, for any e, 7, A\, u > 0,
for any k € N, we have:
_e|Dy)? 2

<e ¥ 4 Cem

e e (1—M/1\)
Hk—HE

Lemma 2.B.9. Let ¢ be a locally Lipschitz continuous real valued function on Ry x R,
which is a quadratic polynomial in t, let Ry > 0, and 0 € C3°(B(0, Ry)). Let x € C§°(R)
with supp(x) C (=00, 1), and x € C§°(R) such that x = 1 on a neighborhood of (—o0,3/2),
supp X C (—00,2), and set xs(s) := x(s/0), xs(s) := x(s/0). Let f be bounded, compactly
supported and real analytic in the variable t in a neighborhood of B, (0, Ry) and define

g:= e xs (V) Xs (V) fox

Then one has the following estimate: for all ¢, > 0 there exist co, C, N > 0 such that for
any T, > 1 and % < X < cu, we have

2
I _
L2512 < CrNex 20T g —cop
—

[ 2472901 — 2|

Proof. This is essentially Lemma 2.17 in [ |. Its proof is based upon Lemma 2.15
from | | and there the assumptions on ¢ and f are more restrictive. However, since
we only need to use a version of | , Lemma 2.17] for the case k = 0 we see that the
proof works as well in the less restrictive case of Lipschitz regularity for ¢ (our function
) remains a quadratic polynomial in ¢) and boundedness for f. O

Lemma 2.B.9 is used Section 2.5.2 for the first estimates on the terms B,. In our case
f will be equal to functions which will be either independent of ¢ or simply a polynomial
in t, therefore the real analyticity property is preserved as well.

The following lemma is taken from | ] and allows to replace in the quantitative
estimates the observation term ||ul| 1, by the weaker ||ul| 2. It is used in the proof of
the semi-global estimate of Theorem 2.5.14.

Lemma 2.B.10 (Lemma 5.2 in | ). Let Q be a bounded set of R*™ = R, x R?. Let
P be a differential operator of order 2, defined in a neighborhood of ), with real principal
symbol and coefficients independent of the variable t. Suppose as well that P is elliptic
in {& = 0}. Let w @ Q and 0 € C§°(w). Then there exists C > 0 such that for all
u € Cg°(R™1) and p > 1, we have

|Mtra]| < Cpllull oy + C IPull 2y + Ce™ [lull 1

Hl
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Chapitre 3

Interlude : Whispering gallery
modes for a transmission problem

Ce chapitre est la reproduction de 'article | /.

In this chapter we construct a specific family of eigenfunctions for a Laplace operator
with coefficients having a jump across an interface. These eigenfunctions have an exponen-
tial concentration arbitrarily close to the interface, and therefore could be considered as
whispering gallery modes. The proof is based on an appropriate Agmon estimate. We de-
duce as a corollary that the quantitative unique continuation result for waves propagating
in singular media proved by the author in [ | is optimal.

3.1 Introduction

Let M be a compact, connected subset of R™ with smooth boundary M and S a smooth
hypersurface (that is a C°° compact submanifold of M of codimension 1) contained in
the interior of M such that we have the following partition: Int(M)\S = Q_ U Q4
with Q_ N Q4 = 0. Notice that in particular each connected component of Int(M)\S is
contained either in Q_ or in ;. We consider the operator —A, := —div(¢V-) acting on M
with ¢ being strictly positive and piecewise smooth but having a jump across the interface
S. In this note we construct, for specific choices of 2_,Q,, S and ¢ eigenfunctions of
—A. which concentrate exponentially near the interface S. These maximally vanishing
eigenfunctions are sometimes called whispering gallery modes (WGM). We show that (see
Theorem 3.2.8 or Theorem 3.3.4 for a more precise statement):

Theorem 3.1.1. There are sets M, S and coefficients c = c_1q_+cy1q, such that there
exist sequences (Ap)nen and (up)pen with A\, — +00 and u, satisfying the transmission
conditions

(unjo_)is = (unjo,)js and c1.0y(unjn_)|s = c-0u(Unja, )|ss (3.1.1)

such that for all w C M with dist(w, S) > 0 there exist C,d > 0 with:

lunll 2y < Ce™ ™ —Agty = Antin, g =0, lunll 2 gy = 1. (3.1.2)

133
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The data M, S, ¢ considered in the proof of Theorem 3.1.1 have a rotational symmetry
and possible sets for M include a disk or an annulus. The proof of this is based on an
Agmon estimate (see Sections 3.2.2, 3.2.3). Its main advantage is that it is relatively
elementary and it allows to handle with minor modifications different geometries M, S.
Our basic toy model will be the case where M is an annulus (see Figure 3.1 below) but
in Section 3.3 we explain how one can deal with more general surfaces of revolution.

Our main motivation comes from tunneling estimates in control theory (see for in-
stance [ , Section 1.2]). Constructing such eigenfunctions allows to saturate certain
observability estimates and therefore deduce their optimality. The idea of exhibiting such
examples on surfaces of revolution can be traced back to [ | and | ]

Another motivation for studying WGM comes from optoelectronics. Indeed, the case
where M is a disk and S a smaller concentric circle in its interior can be seen as a toy
model for the orthogonal section of an optical fiber. Indeed, in this case 2_ can be
considered as the core of the optical fiber surrounded by a cladding . For the proof of
Theorem 3.1.1 we shall assume that ¢ < ¢y which means that the refractive index in €)_
is higher than in Q4 and consequently light stays localized in the core by total internal
reflection in the boundary between the core and the cladding. See as well the remarks
after Theorem 3.1.3. Concerning the applications to optoelectronics, WGM have been
studied numerically as well as from a theoretical point of view in | , ]. In
these references the eigenvalue problem for —A, is studied in an unbounded domain, thus
becoming a resonance problem. In | | a related problem was studied and polynomial
concentration properties were obtained but in more general geometries.

In the recent work | ] the authors obtain concentration and non-concentration
properties for the eigenfunctions of —A. depending on the regularity of the coefficient c.
Discontinuity of the coefficient ¢ corresponds to the case of layered media. The methods
employed and the geometric context are however different from ours since the proofs are
not based on Agmon estimates but rather on the explicit form of the Green kernel of the
solutions.

3.1.1 Optimality of unique continuation results for operators with jumps

In the geometric context described in the beginning of the introduction, the following spec-

tral inequality for eigenfunctions of —A. is proved in | , Theorem 1.2] (and generalized
in | ]):
Theorem 3.1.2 (Theorem 1.2 in | 1)- Let (uj)jen be a Hilbert basis of eigenfunctions

of the operator —A. with Dirichlet boundary conditions, satisfying the transmission con-
ditions (3.1.1). Denote by \; the associated eigenvalues, sorted in an increasing sequence.
Then for any w C Int(M) with w # O there exists C > 0 such that one has, for any a; € C:

2

Z la;|* < Cecﬁ/ Z ajuj(z)| de.

A <A “In<a

The eigenfunctions exhibited in Theorem 3.1.1 prove that the spectral estimate of
Theorem 3.1.2 above is sharp in general, even for a single eigenfunction.

The discontinuities of the operator —A. can be used to describe waves propagating in
non-homogeneous media. The coefficient ¢ can be interpreted as the square of the speed
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of propagation. We consider the following system which describes the evolution of such a
wave,

(02 —A)w=0 in (0,7) x Q_UQ,

w)g_ = w|s, in(0,7) x S

(cOw)|s_ = (cOpw)g, in(0,T) xS (3.1.3)
w=0 in (0,7) x OM

(w, Ow) g = (wo,w1) inM,

where we denote by d, the outward unit normal vector to S pointing into 4 and by wg,
the traces of wig, on S. Notice that if the initial data are in Hj (M) x L?(M) the solution
w belongs to C°((0,T); Hj(M)) and the traces wyg, are well defined. The condition on
the normal derivatives is then expressed in the weak formulation of the problem. See for
instance | , Chapter 6]. In unique continuation problems one tries to recover the whole
wave from a partial observation. In [ | the following quantitative unique continuation
result is proved.

Theorem 3.1.3 (Theorem 1.3 in [ |). For any non empty subset w C M there exist
C,T > 0 such that for all (wo,w1) € Hi(M) x L*(M) with (wo,w1) # (0,0) and w
solution of (3.1.3) one has:

CA
H(wo,w1)||Hlez <Ce HwHL?((O,T)Xw) ’

where A = —||”($)07w1)”H1XL2 )
0wl 2, -1

Theorem 3.1.3 above generalizes Theorem 1.1 in | | where smooth coefficients are
considered. An important aspect of Theorem 3.1.3 is that there is no assumption on
the sign of the jump of the coefficient ¢. Suppose, to fix ideas, that ¢c_ < ¢y are two
constants. We interpret c_ and c4 as the square of the speed of propagation of a wave
travelling through two isotropic media 2_ and €, with different refractive indices, n_
and n respectively (recall that ny = 1/,/cx). Imagine that a wave starts travelling from

a region that is inside 2_. One has z—; = % and therefore the assumption c_ < cy
translates to n_ > n4. Then Snell-Descartes law states that when a wave travels from
a medium with a higher refractive index to one with a lower refractive index there is a
critical angle for which there is total internal reflection, that is no refraction at all. At the
level of geometric optics, that is to say, in the high frequency regime such a wave stays
trapped inside £2_. Therefore one expects that, at least at high frequency, no information
propagates from €2_ to €2, following the laws of geometric optics. However, Theorem 3.1.3
states that a part of the wave can always be observed from {2, with an intensity at least
exponentially small in terms of the typical frequency A of the wave.

In this article we show that indeed, in situations where 2—’ is sufficiently small depend-
ing on the geometric context one can find waves that are exponentially localized, in the
high frequency limit, arbitrarily close to the interface S. As a consequence, we deduce

that the estimate of Theorem 3.1.3 is, in general, optimal. For a solution w of (3.1.3) we

0),0;w(0 .
define A(w) := |||I(Erj(f))?8t;u2§)))))||”; 1XHL_21 . We have the following corollary of Theorem 3.1.1:
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Theorem 3.1.4 (Whispering gallery waves). In the geometric setting of Theorem 3.1.1
there exist solutions (wp)nen of (3.1.3) with |[wy(0)];2 = 1, dywy(0) = 0 and such that
for all w C M with dist(w, S) > 0 and T > 0 there exist C,d > 0 with:

[wnll L2 ((0,1)xw) < CedMwn), (3.1.4)

Theorem 3.1.4 is an immediate consequence of Theorem 3.1.1. Indeed, take u, as in
Theorem 3.1.1, then

wy(t, ) := cos (v Ant)tn ().

satisfies (3.1.3) with (wn, Gywn)—g = (un,0), Alwn) = VAn+1 and (3.1.2) implies (3.1.4),
up to changing the constant C.

The plan of the article is as follows. In Section 3.1.2 we describe the domain of the
operator —A.. Then in Section 3.2 we give a detailed proof of Theorem 3.1.1 in the case
of an annulus based on an Agmon estimate for a 1D semiclassical Schrédinger operator.
In 3.2.3 we prove a refined Agmon estimate (Proposition 3.2.27) which gives a better
description of the behavior of the eigenfunctions constructed in Section 3.2. In Section 3.3
we explain how our arguments can be used to include more general surfaces of revolution.
Finally in subsection 3.3.2 we prove in Theorem 3.3.7 a result using only some local
geometric assumptions in the neighborhood of the interface.

3.1.2 Domain and self-adjointness of the operator

Let us recall first some basic facts concerning the operator —A., its domain and some
general spectral properties. Given a function u = Lo_u_ + Lo, uy with uyx € C*°(M)
one has in the distributional sense

Vu=1qg Vu_ + ]lQ+VU+ + (u_ — uy)ogv,

where dg is the surface measure on S and v is the unit normal vector field pointing into
Q4. We impose then that
U7|S:U+‘S, (315)

and the singular term is removed. Similarly, calculating
div(e(x)Vu),

we see that the condition
c+Opuq)g = c_Oyu_g (3.1.6)

combined with (3.1.5) gives the equality
div(c(z)Vu) = 1g_div(c-Vu_) + 1o, div(cy Vuy).
We define then W as the space of functions of the form
u=Tg u_+1g, uy,

with uy € C§°(M) and such that (3.1.5) and (3.1.6) hold. These conditions are called
transmission conditions and for u € W one has —A.u € L?. With W as initial domain
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—A. is symmetric and bounded from below. Indeed, writing (-,-) for the inner product in
L? one has for u e W

(—Acu,u) = — div(e_Vu_)u— [ div(cyVuy)u = / c,|Vu,|2d:L'—|—/ ey |Vuy [dz,
Q_ Qy Q_ Q,

where we have used the transmission conditions and an integration by parts.
One can then consider the Friedrichs extension (see for instance | , Chapter 3.2.4])
of —A., which is a self-adjoint extension of —A, whose domain is given by:

A={uc H{(M)| - A € L*(M)}.

Using elliptic regularity arguments (see eg [ , Appendix C.2]) one can see that in
fact
A={ue Hy(M)luq_ € H*(Q-), g, € H*(Q4), c+9,(ujn_)js = c-0u(ya, )is}-
(3.1.7)

In the sequel we shall denote by uy the restriction ujg, of u€ Aon Q_ and Q.

The operator —A,. with domain A is then positive, self-adjoint and has a compact
resolvent. We deduce that its spectrum solely consists of positive eigenvalues 0 < A\ <
A2 < ... of finite multiplicity with \; — 4-o0.

Acknowledgements The author would like to thank C. Laurent and M. Léautaud for
discussions, encouragements, and patient guidance. The author thanks as well the anony-
mous referees for valuable remarks and suggestions that helped to improve the quality of
this paper and Jeffrey Galkowski for pointing out the reference [ ].

3.2 The case of an annulus

We denote by Bg the open ball in R? of radius R centered at 0 and study the eigenfunction
problem for (A, —A.) in the following geometric context: Let 0 < Ry < R; < Ry and set
M= PRQ\BRO C RQ,Q_ = BRl\ERmQ—&- = BRQ\PR:[?S = §R1\BR1~ For simplicity we
assume c piecewise constant, that is ¢ = 1g_c_ + g, cq, with 0 < ¢ < ¢4 to be chosen
later on.

3.2.1 Reduction to a semiclassical Schrédinger operator

Following | , | we want to reduce the problem to to the study of a semiclassical
Schrédinger operator. We work in polar coordinates, in which the operator —A, takes the
form

__1 52
~Ac = —=0:(erdy) + 0.

For a function u € A we have (see Section 3.1.2):
ct ct
—Acu(r,0) = — zi: Lo, (ciafui + 76Tu:t + ﬂagui> , u€A,

where we recall that we write u = 1g_u_ +1g, uy. We look for solutions of the eigenvalue
problem —A.u = Au under the form u(r, ) = e™? f(r) which yields

>t (-% (et + 0 0e0)) + (5 = 5) feln)) =0, (3:2.1)
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M

Ry Ry

R

Figure 3.1: The annulus M with the interface S where the coefficient ¢ jumps.

We consider large angular momenta, n — +oo and interpret h := 1/n as a semiclassical
parameter. Equation (3.2.1) writes then as P, f = Ej f, where

1 c
A= 3t (~H0(eardn)) + Vi), V)= 50 Bu=hiA (322)
and V.(r) can be seen as the effective potential with a jump discontinuity at r = R;. We
define V_ as:

C_

V_(r) = (3.2.3)

o)
and we write Ey := %T)'

We now study the eigenvalue problem for the one dimensional semiclassical Schrédinger
operator P,. We define the space

Ay ={f € Hy ((Ro, R2)) | fi(ro,ry) € H*((Ro, R1)), fi(ry,Rs) € H*((R1, R2)),
c+0r (fi(Ro,R1)) (B1) = =0 (fi(Ry, ko)) (B1) }- (3.2.4)
We write as well f— := fi(r, r,) and f1 := fi(r, Rr,)- The space A, satisfies:
feA e f(re?eAd nei,

and Py is self-adjoint with domain A,, for the same reason as in Section 3.1.2.
In the following proposition we show the existence of eigenfunctions for P}, close to some
energy levels. For the proof we start by constructing a rough quasimode and then use the

self-adjointness of the operator (see for instance | , Lemma 3.6], | , Chapter
12.5]).

We also point out the references | ] in which the question of concentration of
quasimodes is considered in a related setting and the recent preprint | | where 1d

semiclassical Schrodinger operators with singular potential are studied.

Proposition 3.2.1 (Existence of eigenfunctions for the 1D operator). There exists hg
such that for all E € [Ey,V.(Rp)) there exists C > 0 such that for all h € (0, hol, there
exist By, and iy, € A, with

P = Epthy, B, — E| < ChY3,
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Proof. The operator Py, with domain A, is self-adjoint in L?((Ry, Rz2),7dr). Note that we
can estimate indifferently with norms in L?((Rg, R2),rdr) or L?((Rg, R2),dr) since they
are equivalent.

We write E = V_(pg) for pp = \/% where we recall that V_ is defined in (3.2.3).
Consider x € C§°((—1,0)) such that y = 1 in a neighborhood of —1/2 and define fj,(r) =
h=13x (h=23(r — pp) ). One then has that for h < ho with ho sufficiently small f,(r) €
C5°((Ro, R1)). This implies in particular that f, € A,. We estimate now:

2

H_ch2 <a§ Falr) + iarfh(r)>

L2
2
— /Ch4 (hS/SX// <h72/3(r - PE)) + %hflxl (h72/3(r _ PE))) dr
< Ch*/3. (3.2.5)

To estimate the next term we use that supp(f,) C (Ro, R1). We use now the fact that V_
is uniformly Lipschitz in [Ry, R;] which implies that, in the support of fj, one has

Ve(r) — E| = [V_(r) — E| < Clr — pgl,
and hence
[(Ve(r) = E) fu(r)||72 < C/(r — ppPhE (W72 = pp) ) dr < CRYP. (3.2.6)
Putting together (3.2.5) and (3.2.6) yields
(P — E) full > < CR?/. (3.2.7)

Noticing finally that
il = [ B2 (5723 = p)) dr = o,
we can write (3.2.7) as ||(P, — E) fallp2 < Ch?/3 | fu)l 2. If now E ¢ Sp(Py) one can write

[Py = E) full 2 < Ch¥3 | fall 1o = CH2 || (Ph = B) ™ (P — B) fu

<P =B, IR — B) e

L2112

which gives

> C s,

H(Ph B E)il‘ L2512 —

1

= W and conse-

Finally, since P, is self-adjoint one has H(Ph — E)*lH L2512
quently

dist(Sp(By), E) < Ch?/3, (3.2.8)

which holds in the case E € Sp(Py,) as well. The existence of Ej, 1y, is then a result of
(3.2.8) and of the fact that the spectrum of P, consists solely of eigenvalues. O
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3.2.2 The Agmon estimate
We follow [ , Chapter 3| (see as well | , Chapter 6.B], | ). We start by

defining the appropriate Agmon distance, which corresponds to a distance to the classically
allowed region for the potential V. at the energy level E. The classically allowed region
KE is defined as

Kp = {r € [Ro, Ra]| Vio(r) < EY, (3.2.9)

where we recall that V(1) = -5 and ¢ = 1(g, g,)c— +1(g, g,)c+- The condition we impose
on the coefficient c is then (see Figure 3.2):

0<c_<ecq, V_o(R1)<V.(R2), (3.2.10)

and as a consequence the function V defined as V = V,(r) for r € [Ro, Ro]\{R1} and
V(R1) = Ep attains its minimum at » = R;. We define the appropriate Agmon distance

for £ > Ej as
/ 1/ +d3
where a4 = max(a,0).

In the sequel we shall focus on energy levels situated close to the minimum FEy. We
remark that assumption (3.2.10) and continuity of V_ in [Rp, R;] imply that there exists
1o > 0 such that

dap(r)= inf (3.2.11)

yeKE

KE0+77 C [Ro, Rl], V0 <n<n. (3.2.12)

For E € [Ey, Eg + 1], n < no we can define pg := V.71 (E) (which is invertible in [Ry, R1])
and obtain that Kp = [pg, R1]| as well as the following explicit expressions:

PE C _E
dAE / fOl"TE Ro,pE]

dA E =0, forr € pE, R1 (3.2.13)

dAE / dS for r € Rl,RQ]
Ry \l

(max{Vf)—E})” g

The following identity is the key ingredient of the Agmon estimate. Notice that all
quantities appearing in the following lemma are well defined. Indeed, since f € A, one
has f € H' and the left hand side is well defined.

One has in particular that d4 g is C'—Lipschitz with C' =

Lemma 3.2.2. Let ¢ be real valued Lipschitz continuous on [Ry, Ra] and f € A,. Then
one has:

Ro
/ ch? '8 (b/hf)‘ rdr — / C|3r¢|2€2¢/h|f|2rdr
Ro B

0
1 _
=— Re/ e2?/hep? (63 + 8r> f- frdr.
(Ro,R1)U(R1,R2) r
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Proof. We write f = (g, r,)f- + L(r, Rr,) [+, split the integrals and integrate by parts.
We have:

Rl _ Rl —
f/ ch(£+la)fanw=/ c_0p (1O, f_)e*/M . f_dr
T

RO RO
Ry _ _
_ / O B (XM Vrdr — c_ ROy f—(R1)e*/M T (Ry),
R
i (3.2.14)

and similarly

Ry 1 _ Ro B
- /R C+32¢/h (83 + rar> J+ - fyrdr=— /R C+8r(7‘8rf+)62¢/h - fydr
1 1

Rs _ _
zﬁzq&h&@W%%W+q&@hww#Wﬁ@ﬂ
1
(3.2.15)
Now by definition of the space A, in (3.2.4) we find that
c_R10, f_(R)E*®/"f_(Ry) = c4 R0y f1 (R1)e*/ " f1(Ry).
Adding (3.2.14) and (3.2.15) the boundary terms cancel out and we obtain
1 _
— / ce?®/hp? (OTQ + ('3r> f- frdr
(RO,Rl)U(Rth) T

Ro _ Ry
- / 02h8r¢62¢/hf8rf7"d7“ +/ Ch262¢/h|8rf|2’rd7'a
Ro Ro

which gives the sought identity after taking real parts. O

We can now show the following Agmon estimate. We recall that 7y is defined by
(3.2.12).

Proposition 3.2.3. Let E € [Ey, Eo + 8] and e(h) with e(h) “290. Then for all § > 0,

there exist C, hg such that for all vy, satisfying

Phwh = (E + 6(h)),¢}h7 HwhHLQ = 17

one has, for h < hg:
dA B
po (¥ )

Proof. We recall that d4 g is Lipschitz continuous and consider the weight ¢ = (1—0)da g
with 0 < 6 < 1. Let us write Ej := E + ¢(h). We can then apply the identity of
Lemma 3.2.2 with v, which solves Ppip = Epp, or equivalently

da B
e h Yy < el

L2((Ro,R2))

+

L2((Ro,R2))

1
—1(Ry Ry)ch® (33 + ra’”) VYn,— = L(gry, ) (En — Ve(r))¥n,—,

and
1
—1(g, Ry)ch® (33 + ra’”) Yht = LR, o) (En — Ve(r))n 4.
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Ry Ry Ry

Figure 3.2: Up: The potential V. with the points of interest. For F < Fy + ng = % the
2

potential is continuous and injective in the classically allowed region Kr which is in green.
Down: The graph of the Agmon distance related to the minimal energy level Ey. Notice
the C! singularity at » = Ry due to the jump of the coefficient c.

We find:

Ry 2 Ro Ry
/ Ch2’3T(€¢/h¢h)‘ Td?“—/ C|5r¢!2€2¢/h|¢h\27“d7”:/ 2 (B —Ve(r)) || *rdr.
Ro Ro Ro

Let us define I} := {V — E > o2}, I; = {V — FE < o?} with a > 0 small to be chosen.
We split the integrals according to (Rg, Rz) = I} U I, and write the above equality as

R 2
/ ’ ch? ’BT(6¢/h¢h)‘ rdr + /+ 62¢/h(Vc(7") — By — C’8r¢‘2)wh‘2rd7”
Ro Iy

__ / 2OV () — Ep — c|0,62)|n|?rdr.  (3.2.16)
Iy

To control the integral on IF from below we notice that the Agmon distance satisfies the
eikonal equation:

c|orda pl* = (Vo(r) — E)y, in D'((Ro, Ra)). (3.2.17)
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Hence, taking h < hg = ho(, )

[ Ve = By = cloroP)unPrdr = [ e ((Vilr) = B)L = (1= 8)?) = b)) [on Prdr
1, 1,

8 [ aghy 12
> eI | “rdr, (3.2.18)
2 Jrt

[e3

where hg is such that e(h) < O‘T for all h < hg. For the integral on I we have

| Wte) = B = clor ol Prar

< c/r 2y | Prdr, (3.2.19)
where C' depends on max V.. Putting (3.2.16), (3.2.18), (3.2.19) together we find
/RO ch? [0, (e )| rdr+a25/ 201y rdr < c/ 20/ Prdr,
which gives
/RO ch? [0, (e /%h)] rdr+a25/ 22/ My 2rdr < C/ e2?/Myy 2rdr.  (3.2.20)

We estimate now ¢ in I;. Taking o? < 2 we have, with pp = V- UE)

PE _E
dap(r / C forrel,
\/ c(s)

Using that V! is Lipschitz on [Ro, pr| implies that for » € I one has
|7 = pE| < C|Ve(r) = Velpp)| < Ca®.

Choosing then ag = ag(9) sufficiently small we obtain for r € I and a < ap:
PE VC — F ~
8(r) = (1 = d)daw = (1-9) [ Wele) “B) gy < (1 = o) - pl < Ca? <

which combined with (3.2.20) yields, using Ry > 0,

Ry 2 R
/ h? ‘&(e‘b/hwh)‘ dr + a25/ 22y 2 dr < Ce2/P, (3.2.21)
Ro RO
One needs finally to replace ¢ by da g in the above estimate. To do this we write, with
dap < M:
Ra daE 2 Ro sda i 2
/ h2|a, <6h¢h> dr:/ h2 3T< 2 ehwh> dr
Ro RO
Ry 25d 2 Ry
<0 [ R ot dr +- 0o [ pPe 1 g P
Ro Ry
Ry 2 Ry
< c;ﬂe”TM/ O ()| dr + CO% |V — B 1oe e”TM/ 22/M 2.
Ro Ro

Combining this together with (3.2.21) concludes the proof of Proposition 3.2.3. O
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Remark 3.2.4 (On the regularity of the potential V). In order to control from above the
integral on I, we used that V! is Lipschitz on [Ro, pg] in order to establish the following
property:

[Va(r) = Vlpp)] < a? = |r - pg| < Ca?.

However one can replace this step by using the uniform continuity of V.~!. This is done
in [ | where the authors prove Agmon estimates for continuous potentials. In partic-
ular the Agmon estimate of Proposition 3.2.3 and its consequences hold for potentials V'
having the following local behavior:

V(ir)=(a— +b_(Ry —r)* (1 +e_(r)ly<r, + (a4 + b4 (—R1 +7)* (1 + €4(7)) Lr> R,

where €4 are smooth functions that vanish at r = Ry, R; is a global strict minimum for V'
and ax > 0. This type of potential appears in | | where a different problem is studied.

It follows from the Agmon estimate of Proposition 3.2.3 that the mass of eigenfunctions
close to the minimum energy level Ey should be concentrated close to the point R; where
the coefficient ¢ exhibits a jump. This is the following corollary. We recall that Ey =
V_(R;) is the infimum of the potential V.

Corollary 3.2.5. Let e(h) with e(h) “29°0. There emists ho > 0 such that for all 4y,

satisfying
Ppibp = (Eo + €(h)Yn,  [[Ynllz =1, ¢n € A, (3.2.22)

and all € > 0 there exist C,d > 0 such that for 0 < h < hg

_4a
HwhHLQ((RO,R2)\[R1*E,R1+E}) < Ce .

Proof. Consider a solution of (3.2.22). The associated Agmon distance to the energy level
Ey (see (3.2.13)) satisfies

da,g,(r)>m >0, forre (Ry,R2)\[R1—¢,Ri+e¢l]

The result then follows from the estimate of Proposition 3.2.3 by taking 6 < m/2. O

3.2.3 Finer information on the concentration of the eigenfunctions

We proved so far, using the Agmon estimate 3.2.3 and its corollary a symmetric estimate
with respect to the interface which gives exponential concentration of the eigenfunctions.
This is sufficient in order to prove the optimality of the unique continuation results stated
in the introduction.

However, a natural question is to know whether eigenfunctions are more localized on
one side of the interface than on the other. This is partly motivated by the geometric
optics example given in the introduction where one expects that eigenfunctions have a
bigger mass in the left of R;. Heuristically, this can already be seen in the behavior of the
Agmon distance since it grows faster on the right of R; than on the left. Indeed, one has
that dy p(r) — 0 when r — Ry and |d)y x(r)| — (/1 — %R% > 0 when r — Rf. See as
well its graph in Figure 3.2. Unfortunately, the Agmon estimate of Proposition 3.2.3 is not
sufficient to capture the behavior of the eigenfunctions arbitrarily close to the interface
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with uniform constants. This is due to the fact that there is a loss of § > 0 and therefore
one has to fix a distance from the interface and then use the Agmon estimate. We explain in
this section how can obtain a refined Agmon estimate without this loss. For this improved
version we follow | , Chapter 3] where it is used in the case of a non-degenerate well.
See as well | , Theorem 3.9].

Proposition 3.2.6 (Refined concentration estimate). Consider ¢y, satisfying (3.2.22) with
le(h)| < C1h*/3 for some C1 > 0. Then there exist C,hy > 0 such that for 0 < h < hg one

has
Clogh  da py(r)

lnll L2 ((ro,ry) < Ce w3 e~ , forallre Ry <r <Ry,

and
Clogh  dg gy(r)

1Wnll 2y < Ce #P e n, forallr € Ry <7 < Ry

Proof. Let us use the notation of Proposition 3.2.3 and its proof. The proof is similar to
the proof of Proposition 3.2.3 but now we define I := {da,E, < Coh2/3}, Igo = {dag, >
Coh?/ 3} with Cy > 0 to be chosen. We define as well ¢ by

O(r) = da g, (r) — Coh?1og(Cy), € Iz,

da,Ey (1)

= dA’EO ('I“) — Coh2/3 log(W

), rE€ Iéo.
We find then as in (3.2.16):

o hoy |2 26/h 21, |2

b fore )| rdr 4 [ V) < B = clor ) unlrar
Ry ICO
=~ [ W) ~ By el unlrar, (3223)
Ig,

where Ej, = Ep+e¢(h). To control the integral on I 50 we need to bound from below V(r) —

Ej, — ¢|0,¢|? in this region. We have c|0,¢|? = c|0,da g,|*(1 — %‘4’/3)2. Using (3.2.17) we

A,Eq
+ .
find, for r € I/ :

Vilr) — B — clon0f? = (Vi — Bo) — (Ve — By) (1 -
B Coh2/3\>  ¢(h)
_(Vc—Eo)(l—<1— dA,E0> V&

zwm—aot%ﬂﬁ_<%mﬁy_ ww)

dA,Eo

(3.2.24)

- (V.- B <00h2/3 e(h) )

dap, Ve— Eo

where for the last inequality we used that da g, (r) > Coh?/3. At this point let us observe
that there exists Cy > 0 such that

da,ey(r) < C2(Ve(r) — Ep).
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Let us verify this for r in a small neighborhood of R;. Remark that for r — R{ one has

dag,(r) — 0 and Ve(r) — Eo — % — 7z > 0. Therefore for ¢ > 0 small one has for
1 1

r € (R1, Ry + ¢) that da g,(r) < C(Ve(r) — Ep). For r € (R — ¢, Ry) with € small we

have Vo(r) —Eo ~ (r— RV (Ry) with V_(r) = % and hence V(1) — Eg > ¢|r — Ry|.

r—R;

Since da g, is Lipschitz we have as well da g, (r) = da g,(r) — da,g,(R1) < Clr — Ry|.
Consequently for r € (R — e, R +¢) we have dap,(r) < C(Ve(r) — Ep). For r €
[Ro, R2]\(R1 — €, R1 +¢) we have that V.(r) — Ep > C > 0 and since d4 g, is bounded we
obtain d4 g,(r) < C(Ve(r) — Ep) in this region as well. This gives the existence of Cy with
dA,Eg("") < CQ(VC(T) — EQ) for r € [Ro, RQ].

Now recall that e(h) < C1h?/3. Choosing then Cj sufficiently large with respect to C}
and C we find using (3.2.24):

Ve(r) = By — c|op¢|* > Ch*3, reIf,

which combined with (3.2.23) yields:

Ro 2
/ ch? ‘ar(6¢/h1/}h)‘ rdr + h2/3/ eQthh]Qrdr
Ry 12:0

<C / 29/ (Vu(r) — B, — c|0p[2)|[n|2rdr
Ig,

< C/ e2/1 oy, | 2rdr
I,

and hence

Ry 2 Ro
/ ch? ‘8T(e¢/h¢h)‘ rdr + h2/3/ eZ‘z’/hWJh\Qrdr < C’/ ezd’/hwh]zrdr.
Ry Ro IEO

Since ¢(r) < dag,(r) < Coh?/3 on I, the last integral can be controlled from above,
using that ¢y is normalized:

/ €2¢/h"¢h‘27"d7' < CeC’hfl/B.
IEO

The last two lines imply

Ry B
h2/3/ 20/ |y 2rdr < CeCM. (3.2.25)
Ro
As in the proof of Proposition 3.2.3 we need to replace ¢ by da g, in the expression
2d 4 F, B 2d4 B,
above. To do so, remark that e » b = 20/he2Coh™ 2108 Co for g ¢ I, and e % ¢ =
d (r)
20oh=1/3 log ( “2F0"
e20/he” " Og( n2/3 ) for Iéro. In all cases we can estimate, using that da g, (r) is
bounded
2d
e TR < (20/he=ChT M3 logh (3.2.26)

Combining (3.2.25) and (3.2.26) yields the existence of C' > 0 with

Ry _dap _
/ i by |Prdr < Ce=Ch /3 logh, (3.2.27)
Ro
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We remark finally that da g, is decreasing in [Ry, R1] and increasing in [R1, Rp] and we
obtain the proposition as a consequence of (3.2.27). O

We note now that:
da,gy(r) ~  ay(r—R),
r—)Ri"
with ay = ,/1 — i—;R% and using for r < Ry the formula dy g, (r) = fTRl ,/S% — R%st we
find

N

dap,(r) ~ a (Ri—r)2,

r—R]

with a_ = 3 1%21%' These asymptotics, combined with Proposition 3.2.6 give a precise

result on the concentration of such eigenfunctions 1}, on an arbitrarily small neighborhood
of the interface. In particular we can now study the concentration of the eigenfunctions
on a O(h?) neighborhood of the interface. Using the first estimate of Proposition 3.2.6
with the asymptotic behavior of d4 g, on the left of the interface gives the existence of
C, ¢ > 0 such that for » > 0 one has:

- cr3/2
||wh||L2(R0,R1—r) < Ce—Ch 1/310ghe—T

And we find as well:

_ -1/ _cr
nll 2y gy < Ce™CM I8

The two above estimates imply the following corollary:
Corollary 3.2.7. Let vy, satisfy the assumptions of Proposition 3.2.6. Then for all 6 €
(1/3,1) there exist cs > 0 such that:

)
— 5
98] o 310y sy = L+ Ol ).

In other w2c>rds the mass of the eigenfunction concentrates exponentially for h — 0
inside (R; — h30=9 Ry + h1_5). Once again this suggests that there might be more mass
in the left of the interface and in a quantitative way.

3.2.4 Back to the two dimensional annulus

We now put all the pieces together to state our result for the initial operator —A, =
—div(cV-) defined on the annulus. Recall that the space A has been defined in (3.1.7).

Theorem 3.2.8. Consider M, S as defined in the beginning of Section 3.2. Suppose that

C_ Cy+
— < =
Rt ~ R3
Then there exist sequences (Ap)nen € RY, (un)nen € AY and Ey > 0 with \, ~ Eon?
n—-+00
such that for all w C M with dist(w, S) > 0 there exist C,d > 0 satisfying:
—Acun = Anltin, Hun”L2(M) =1, HunHLQ(w) < Ce ™,

for alln € N.
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Proof. Let h = 1/n and consider ¢, € A, satisfying

L

Nors

The existence of such a family (¢p,), is given by Proposition 3.2.1. We define then
Un(r,0) := ™04y, (r).

It follows (see the remark after the definition of A, in (3.2.4)) that un, € A, |[un 120 = 1
and that (see (3.2.1))

Pupn = (Bo + O(h*™)) ¥, 1nl 2((rosrar) =

— Aoy, = n? (Eo + O(n_2/3)> Up,.
Let finally w C M satisfy dist(w, S) > 0. That means that there exists e > 0 with

||un||L2(w) < Hu"”L2(M\(B(O,R1+a)\B(O,R1—a))) = ||¢h||L2((RO,Rz)\[R1—a,R1+a]),
S Ce—dn’

thanks to Corollary 3.2.5. O

Remark 3.2.9. Let us remark that in the case of ¢ being piecewise constant one could
probably do explicit calculations using Bessel functions. Indeed, their asymptotic behavior
is well understood (see for instance | |). However, our approach has the advantage of
relying only on robust energy estimates. In particular, it applies with minor modifications
to more general rotationally invariant geometries and jump coefficients (see Section 3.3).

3.3 The disk and other surfaces of revolution

We considered in Section 3.2 the case where M is an annulus. The reason we presented
the proof for an annulus is that the singularity coming from the change of variables to
polar coordinates at 0 disappears, allowing us to work exclusively in one dimension. Of
course, from a heuristic point of view this should not be a problem since we are interested
in the behaviour of the eigenfunctions away from zero. However, in the case of the disk it
is sometimes simpler to work with the initial operator —A. and not with its 1-dimensional
analogue (3.2.2) since in this case it becomes more intricate to describe its domain A, of
self-adjointness when r € (0, Ra).

3.3.1 Maximally vanishing eigenfunctions

In this section we briefly explain how the method presented in Section 3.2 can be used to
exhibit maximally vanishing eigenfunctions in the case of the disk or even for some surfaces
of revolution embedded in R? diffeomorphic to a disk. For the geometric description of
such manifolds we follow | , Section 3] and | , Section 4].

Let (M, g) be an embedded 2D submanifold of R? having S' as an effective isometry
group. We denote by St x M 3 (§,m) — Rgm the action of S on M which satisfies
RygM = M and we suppose that it has exactly one fixed point denoted by N € M (which
we call the north pole). Notice that M has a single connected component (called “south
boundary”) which is also invariant by Rg. We define L = disty(/N,0M). Then one can
find coordinates

M3m — ((m) = (s,0) € (0,L] x S,
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such that the metric becomes
(¢1)*g = ds® + R(s)d6>.

Given a geodesic 7y that connects the north pole to the south boundary of M (hence in
particular length(~y) = L) we define 6 as the unique angle such that the new geodesic
Ro(70) passes through m. We can then parametrize the geodesic Ry(v) by arclength and
the coordinate s is defined as the distance of m to the north pole, via the parametrization
of Ry(y0). See | , Section 4.1] for a more precise definition of these coordinates. The
smooth function R : (0, L] — R} can be interpreted as the Euclidean distance in R? of a
point of M to the symmetry axis. The disk of radius L centered at 0 corresponds to the
case R(s) =s.

In the (s,0) coordinates, the Riemannian volume form is R(s)dsdf and the Laplace-
Beltrami operator is given by
1 1,

mas(R(s)ﬁs) + RT<S>80'

AS,G =

Choose now a point sg € (0,L) and define Q_ = {N} U ¢71((0,s0) x S), Q4 =

¢ (s, L] x SY), S = ¢"'({so} x S'). We consider as well the coefficient ¢ = c(s) =
1o c +1g,cy, and

1 c(s)

%83(0(3)}%(3)85) + R2(s)

which is well defined and self adjoint in the space A, defined in (3.1.7) as explained in
Section 3.1.2. More precisely, for u € A one has

AC = 8927

Ds(c(s)R(s)0su) = Lo_c_0s(R(s)0su-) + Lo, c40s(R(s)0suy), in D'(M),

ofs) and we define

where us = ujg,. The effective potential becomes now V.(s) =

/ R2(s)’
Ve(so) = % and Fy = min V. . Consider now the operator P} given by
~ 1 c(s)
By = —h* ( ——=0s(c(s)R(s)0 9.
= =2 (g CR(:1) ) + s
It can be as shown as in | , Section 3.2] that if A € R is an eigenvalue of P, then

there is an eigenfunction of the form €%y (s) with n € Z and ¢ € L2((0, Rs), R(s)ds).
This and the arguments used in the proof of Proposition 3.2.1 give us the following;:

Proposition 3.3.1. There exists C' > 0 such that for all n € N there exists u, € A and
E, > 0 with:

C .
_Acun = n2En’u,n7 |En — E’ S m, HunHLQ(M) = 17 un(s,ﬁ) = elnedjn(s)'

We can then repeat the same steps as in Section 3.2. We define as in (3.2.11) the
Agmon distance to the energy level E by

dA,E(S) - yérflﬁfE

)

r [V By,
/ @
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Ry

551

Figure 3.3: A disk and a surface of revolution diffeomorphic to the disk for which Theo-
rem 3.3.4
applies under an assumption for the coefficient ¢ similar to the one considered for the
annulus.

which satisfies the equation ¢|0sda g|? = (Vo(s) — E)4, in D'((0, L)). Working directly on
M and using the fact that u, € A allows us to obtain the key identity of Lemma 3.2.2.
We define the Agmon distance on M as the pullback by ¢ of the Agmon distance defined
for s € (0, L].

We now assume that V.7 '(Ey) = {so}. That is to say

1 1 q c_ .

R " B "0 M g < A Re

With the key identity at hand we obtain then the Agmon estimate of Proposition 3.3.2.

The proof is very similar to the proof of Proposition 3.2.3, but needs some care with

respect to the degeneracy at the pole N where the Agmon distance tends to infinity (see
Figure 3.2). This issue is treated in [ , Theorem 3.9] and we omit it.

C

Proposition 3.3.2. For all 6 > 0 and €(n) with €(n) —2. 0, there exist C, ng such that
n—oo
for all u,, satisfying

~Acuy = n*(Eg + e(n))un,  |unllpe =1, up € A,

one has forn > ngy:

< Ce™.

H6"(1—5)dA,EO Un‘ <
L2(M)

Remark 3.3.3. Consider a neighborhood V of the interface which is away from the pole
N. Using that in V the Agmon distance d4 g, and its derivative are bounded we can then
as in the proof of Proposition 3.2.3 control as well the radial derivative of the associated
eigenfunction w,y of —A. on V:

1

_ HendA’EO asun,v‘
n

< Ce™,
L2(V)

ey

L2(V)

This will be helpful in order to obtain a result using separation of variables only locally
(see Section 3.3.2).
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Proposition 3.3.2 implies finally the following result:

Theorem 3.3.4. Consider M, S,c as defined in Section 3.3. Suppose that V. *(Epy) =
{so}.

Then there exist sequences (Ap)nen € RY, (un)nen € AN with A, ~ Eon? such that
n—-+0oo
for all w C M with disty(w, S) > 0 there exist C,d > 0 satisfying:

—Acun = Antin, HunHLQ(M) =1, HunHLZ’(w) < Cemn,
for allm € N.

Remark 3.3.5. If one supposes that the function s — R(s) is increasing (this is the case
if for instance M is a disk or a cone-like surface) then the assumption V71 (Ey) = {so} is
equivalent to

Cc_ Cy
— < =
2 29
RY  R;

where Ry := R(sp) and Ry := R(L). This is the same assumption as (3.2.10) for the
annulus.

Remark 3.3.6. Theorem 3.3.4 and its proof are equally valid in the case where the coeffi-
cient c is rotationally invariant and piecewise smooth (not necessarily constant) satisfying
0 < Cmin < ¢ < ¢max- Notice that in the case of a disk or an annulus, in order to satisfy
VY Ey) = {so} with sg € (0, L) the coefficient c(s) has indeed to present a jump discon-
tinuity at s = s¢ if one supposes that c is constant in 24 (in terms of physical applications
that means that the refractive index of the outer cladding of the optical fiber is constant).

3.3.2 A result assuming separation of variables only locally

Since we are interested in the local behavior of the eigenfunctions in a neighborhood of
the interface a natural question is whether rotational invariance can be assumed only
locally. Notice that this assumption is crucial for our proof since it allows to work in polar
coordinates, separate the variables and reduce the problem to a 1-dimensional semiclassical
Schrédinger equation. As far as eigenfunctions are considered this question seems to be
difficult and beyond the scope of this article. However, localising close to the interface
yields exponentially precise quasimodes. It turns out that thanks to the linearity of the
wave equation 3.1.3 this is sufficient to obtain solutions of 3.1.3 that concentrate close

1(0),0¢wn (0
to the interface. We recall the definition A(w,) = HH(w (0) Dewr ()l 1.2 We have the

(wn(0),0cwn (Ol 2y -1
following result:

Theorem 3.3.7. Let M be compact surface and S a smooth hypersurface as in Section 3.35.
Assume that there exists a neighborhood V of S such that the assumptions of Theorem 3.3.4
are satisfied on V. Then for all w C M with dist(w, S) > 0 there exist a sequence (Ap)nen
with A, — 00 such that for all T > 0 there exist ¢ > 0 and solutions (wy)nen of (3.1.3)
with wy € CO((0,T); H(M)), w0l % 1, Bwn(0) = iv A, Alwn)  ~ ev/An
such that there exist C,d > 0 with:

wall 2 0.7y ) < Ce™ .
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Remark 3.3.8. If one supposes that the function s — R(s) is increasing (this is the case
if for instance M is a disk or a cone-like surface) then in order to satisfy the assumption
VY (Ep) = {so} locally, that is in small neighborhood of the interface , it suffices to have
c_ < Ct.

Proof of Theorem 3.3.7. Given w C M with dist(w, S) > 0 we can suppose without loss
of generality that the neighborhood V is such that w € M\V. Let x € C5°(V) be a
cut-off with x = 1 on S, where we write S, = {z|dist(z,S) < p} for 4 > 0 small.
The assumption implies that on V we are in the geometric context of Section 3.3.1. In
particular we can take y that depends only on the s variable. Proposition 3.3.1 gives the
existence of eigenfunctions f,, of —A, on V satisfying

_Acfn:)\nfna on V, an”L2 =1, anH(%(V)v
with A\, ~ Egn?. We define then g, by g, := xfn € H}(M). The key observation is that

_Acgn = X(_Acfn) + [_ACa X]fn

In the support of x one has —A.f, = A\, fn, and [—A., x| is an order one differential
operator with derivatives only in s and coefficients supported on the support of ' which
is away from the interface S. Using Remark 3.3.3 we estimate then:

(=B X all 2 < Cllfallzgns,) + C 10 Fallzgns,y < Ce™. (3:3)

For T' > 0 define now w,, as the solution of system 3.1.3 with initial data
(wn, atwn)|1£:0 = (gn> 1V Angn)-

In particular we have [[wn| 2 v = IXFall 2 = L 1wl g gy = 14V A0 and A(wy) ol

cv An. We define as well v, to be the approximate solution
iv/Ant fo = etV Ant

Up ‘= XE€E dn-

Define finally by r,, the difference r,, := w,, — v,,. Denoting 8,? — A, := [0 we have:
—0r,, = 0wy, = XDeimtfn + O, X]eimtfn =[O, X]eimtfn
= [~ A ]V o = VA=A, X] fay
and using 3.3.1 we finally obtain

10l 22 0myxmty < N=Bes Xl L2 0.2y < Ce™ ™

Since we have as well (ry,, ¢rp) ;o = (0, 0) standard energy estimates for the wave equation
yield
—d
I7nll 20, 0yxrr) < Ce™

We can now conclude the proof of the theorem. Indeed we observe that
I7nll 22 0,myx vy = 1wn = nll 2oy xany) 2 l0n = vallr2 o,y ey = llwnllzaqomyxany)

> HwnHL?((o,T)Xw) )

since by definition of v, and x, v, vanishes outside V. This finishes the proof of Theo-
rem 3.3.7. O
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Chapitre 4

Schrodinger operators with
partially Gevrey coefficients

Ce chapitre est la reproduction de | /.

In this chapter we prove a local unique continuation result for Schrédinger operators
with time independent Lipschitz metric and lower order terms which are Gevrey 2 in time
and bounded in space. This implies global unique continuation from any open set in
a complete connected Riemannian manifold. These results relax in the same geometric
setting the analyticity assumption in time of the Tataru-Robbiano-Zuily-Hérmander theo-
rem for these operators. The proof is based on a Tataru-Robbiano-Zuily-Hoérmander type
Carleman estimate with a nonlocal weight adapted to the anisotropy of the Schrodinger
operator and a conjugation result with Gevrey coefficients.

4.1 Introduction and main results

4.1.1 Background and results

In this article we are interested in the unique continuation problem for a large family of
time-dependent Schrodinger operators. For a general differential operator
Oy,
P = Z ao(z)Dg, where D, = =i meN, (4.1.1)
o <m !
on an open set {2 C R™ the problem of local unique continuation is the question: given
xg € Q CR™ and S 3 xg a smooth oriented hypersurface, do we have:

(Pu=0in, u=0inS" NQ) = zo ¢ supp(u),

where we denote by S~ one side of the oriented hypersurface S? If the local unique con-
tinuation property holds for a sufficiently large family of hypersurfaces one can propagate
it and obtain a global result. For w a small subset of {2 such a result takes the following
form:

(Pu=0inQ, u=0inw)=u=0inQ.

Unique continuation properties are sometimes motivated by control theory, where a global
unique continuation from a set w is equivalent to an approximate controllability result from

155
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w for an appropriate adjoint problem, see e.g. [ ]. On the one hand, the Holmgren-
John theorem [ , Theorem 5.3.1] yields unique continuation assuming all coefficients
of P (i.e. all ay’s for all || < m) are real-analytic and the hypersurface S is non-
characteristic, that is to say

Pm(x0,d¥(z0)) #0, where S ={¥ = 0}, (4.1.2)
and
Pm(x,§) = Z aq(x)€" (4.1.3)
|a|=m

is the so-called principal symbol of the operator P. On the other hand, if one is interested
in C*® (or C*) regularity, Hérmander’s theorem | , Theorem 28.3.4] yields unique
continuation under a (rather strong) so called pseudoconvexity condition (that is to be
checked on the whole cotangent space over (). The seminal result of Robbiano | ]
for hyperbolic operators, subsequently improved in | |, paved the way to a more
general theorem that would bridge the gap between the C*° and the analytic case. This
was achieved by Tataru, Robbiano-Zuily and Hérmander in the series of papers | ,

, , | proving a general unique continuation result for operators having
partially analytic coefficients, containing as a particular cases both the Holmgren-John
and the Hormander theorems. We refer to [ , , ] for further discussions and
comments on these results.

In this article, motivated by applications to control theory (see Section 4.1.2 below),
we are interested in the particular case of Schrédinger operators

d d
P=i0+ Y 0,g" ()00, + > b (t,2)0; +alt, ). (4.1.4)

k=1 j=1

Compared to the general situation in (4.1.1)—(4.1.3), we have here n = 1+d, x = (¢, x),
m = 2, and the principal symbol of P is p2(z,§) = p2(t,7,&,8) = — 24 gjk(ac)émj&xk.
The latter does not depend on & (and, in particular, is the same as for the heat opera-
tor (4.1.4) in which i0; is replaced by —0d;). The classical theorem of Hérmander is empty
in this case. Taking advantage of the anisotropic (or quasi-homogeneous) nature of the
Schrodinger operator, Isakov proved in | | that the results of Hormander | , Chap-
ter 28] can be generalized to the anisotropic case with an appropriate modification of the
symbol classes and Poisson bracket (see also | ]). In the context of (4.1.4), this the-
orem applies for coefficients g7, b7, q that have finite regularity, under a pseudoconvexity
condition on the hypersurface. The latter is a very strong local geometric assumption
on the surface, which necessarily leads to a very strong geometric assumption of the ob-
servation set in an associated global unique continuation statement. For applications
to control or inverse problems, related global Carleman estimates for Schrédinger oper-

ators have been proved for instance in | | (constant leading order coefficients) and
in | , | (Riemannian manifolds or varying coefficients). A weak pseudoconvexity
condition has also been proved sufficient in | ] for a flat metric and in | | with

varying metrics. Yet, in all of these examples, a kind convexity related to the one of Isakov
is required and ends up to strong geometrical assumptions.
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The Tataru-Hérmander-Robbiano-Zuily, applied to the Schrodinger operator (4.1.4),
yields the following local unique continuation statement (here C* means real-analytic, see
Definition 6 below and the remark thereafter).

Theorem 4.1.1 (Tataru-Hérmander-Robbiano-Zuily for Schrédinger operators). Assume
Q=1xV where I CR is an open interval and V C R? an open set, and let (tg,xo) € Q.
Assume g’ € C1(V) is a real-valued elliptic matriz at g, that b7,V € C¥(I; L>(V;C)).
Let ¥ € CY(;R) such that {¥ = 0} is non characteristic for P at (ty, o), that is to say,

d

> ¢ (20)0a, U (to, 20) 0, ¥ (o, z0) # 0. (4.1.5)
j,k=1

Then, there is W a neighborhood of (to,zo) such that, for P defined in (4.1.4),
(Pu=0 inQ weH'Q), u=0in{¥>0}) = u=0imnW.

From the point of view of regularity requirements, analyticity in time is of course very
demanding. From the geometric point of view however, the non-characteristicity assump-
tion is optimal: it excludes only surfaces tangent to {t = to}, for which we know that local
unique continuation may fail (this would otherwise imply finite speed of propagation for
Schrodinger equations). Applied iteratively to appropriate families of hypersurfaces (see
e.g. | , Section 6.2]), this result thus leads to global unique continuation under optimal
geometric condition, still assuming analyticity in time of the coefficients. Note finally that
Tjoen [ | proved a quasi-homogeneous variant of the Tataru-Hérmander-Robbiano-
Zuily theorem in a general setting and Masuda [ | proved a global uniqueness result
in the case of C? principal coefficients and time independent coefficients. A challenging
problem is to understand to which extent the time-analyticity condition can be relaxed
under optimal geometric conditions. For the wave operator, we refer to the discussion
in | | and the counterexamples of Alinhac-Baouendi | , , |. In this
direction, our results relaxe the time analyticity assumption of Theorem 4.1.1 down to
Gevrey regularity.

Definition 6. Given d € N*, U  RY an open set and (B, || - |5) a Banach space, we say
that f is a s-Gevrey function valued in B, denoted f € G5(U;B), if f € C*°(U; B) is such
that for every compact set K C U, there are constants C, R > 0 such that for all o € N

O f(t)|lz < CRI*Iat* 4.1.6
ma |07 £ ()] < CR¥at, (41.6)
These spaces were introduced by Gevrey | | to investigate regularity properties

for solutions of the heat equation between real-analyticity and C* regularity. Recall that
for s = 1, GY(U; B) = C“(U; B) is the space of real-analytic B-valued functions. However,
for s > 1, G°(U; B) contains nontrivial compactly supported functions. In what follows,
we mostly consider the case d = 1, ¢ being the time variable (but also consider d = 2 in
Section 4.3.1). Our main result may be summarized as follows.

Theorem 4.1.2 (Local unique continuation for Schrodinger operators). Assume Q = IxV
where I C R is an open interval and V' C R an open set, and let (tg,zo) € Q. Assume
g’k € WH(V) is a real-valued elliptic matriz at xo, that b7,V € G*(I; L>®(V;C)). Let
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U € CHR) such that {¥ = 0} is non characteristic for P at (to,x¢), in the sense
of (4.1.5). Then, there is W a neighborhood of (to,zo) such that, for P defined in (4.1.4),

(Pu=0 inQ wel)H\(V)), uw=0in{¥>0}) = u=0inW.
If in addition b =0 for all j € {1,...,d}, then
(Pu:O inQ, u€ L*Q), u:Oin{\I/>O}):>u:0mW

With respect to Theorem 4.1.1 we relax the analyticity-in-time assumption for the
lower order terms to a Gevrey 2 condition. We also relax the C! regularity of the main
coefficients, replaced here by Lipschitz regularity; in the elliptic context (and therefore in
our context as well) this is essentially the minimal regularity in dimension d > 3 for local
uniqueness to hold (see | ] and | ] for C%* counterexamples for all a < 1, for
operators in divergence forms or not). Finally if & = 0, we also relax the regularity of the
solution required for unique continuation to hold. Successive applications of Theorem 4.1.2
through a family of well-chosen non-characteristic hypersurfaces yield the following global
result (see | , Section 6.2]).

Theorem 4.1.3. Let (M, g) be a connected smooth Riemannian manifold with or without
boundary OM and consider the differential operator

P:=P=i0;+ Ay +b-Vy+q(t,x),

where Ay is the Laplace-Beltrami operator on Int(M), V, the Riemannian gradient, and
b a one form. Suppose that g € W,o>°(Int(M)), that V € G2(I; L2, (Int(M); C)) and that

all components of b belong to G*(I; LS, (Int(M); C)). Let T > 0 and w be a nonempty
open set of M. Then we have

Pu =0 in (0,T) x Int(M)
we L20,T; HL (Int(M))) = u=0in (0,T) x Int(M).
u=01in (0,T) X w

If in addition b = 0, then

Pu =0 in (0,T) x Int(M)
u€ L2 .((0,T) x Int(M)) = u=01n (0,7) x Int(M).

loc

u=01n (0,T) X w

We finally mention that other notions of uniqueness have been extensively investigated
for solutions of Schrodinger equations during the last years. One such notion is the follow-
ing: Assume that a solution v = u(¢,x) of the Schrodinger equation on Ry x R, vanishes
in |z| > R for some R > 0 at two different times ¢y and ¢;. Can we then conclude that u
vanishes everywhere? This question has been addressed in | ) ) ]. All of
these results use as a key tool Carleman inequalities.
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4.1.2 Application to controllability and observability
Approximate controllability

As already alluded, unique continuation properties for evolution equations are often equiv-
alent to approximate controllability results for an appropriate dual problem, see e.g. the
introduction of | | for the wave equation. In particular, Theorem 4.1.3 has an “ap-
proximate controllability” counterpart. For simplicity of the exposition, we only treat the
internal control of L? solutions with b = 0. Given T > 0, (M, g) a Riemannian manifold,
and w C M an open set, we consider the control problem

10w + Aguv+qu=1,f, in (0,7) x Int(M),
v=0, on(0,T)x OM if OM #0, (4.1.7)
v(0,-) =vo, in Int(M).

Here, f is a control force acting on the system on the small open set w and one would
like to control the state v of the equation. We assume that (M, g) is complete, so that
A, is selfadjoint on L?(M) with domain H? N H}(M). Assuming for instance that
q € L®((0,T) x M;C), f € L?>((0,T) x M;C) and vy € L*(M;C), (4.1.7) admits a
unique solution v € C°([0,T]; L?(M;C)). The (second) unique continuation result of
Theorem 4.1.3 combined with classical duality results (see [ , ]) yields the fol-
lowing corollary.

Corollary 4.1.1. Assume (M, g) is a complete connected Riemannian manifold with or
without boundary and q € L=((0,T) x M;C)NG?((0,T); L>°(M;C)). For any nonempty
open set w C M, for all vo,v; € L*>(M;C) and for all precision ¢ > 0, there is f €
L?((0,T) x w) such that the solution to (4.1.7) satisfies ||v(T,-) — villp2omy < e

oS
loc

Note that we actually only need to assume q € G2(I; L
open set I C (0,7).

(M;C)) for some nonempty

Observability, exact controllability

Unique continuation also plays a key role in proofs of exact controllability results, or
equivalently, observability estimates. For wave-type and Schodinger equations, the proof
of the latter often decompose on a high frequency and a low frequency analyses. We refer
to the introduction of | | for a detailed account in the case of the wave equation. The
low frequency part of the analysis amounts to a unique continuation like Theorem 4.1.3.
The observation system is the following free Schrédinger equation:

i+ Agu+qu=0 in (0,7) x Int(M),
u=0, on (0,7)x OM if OM #1), (4.1.8)
u(0,-) =up, in Int(M),

dual to the control problem (4.1.7) if ¢ = g. As in the preceding section, for simplicity
of the exposition, we only discuss the internal observability /control of L? solutions with
b = 0 to illustrate some applications of our results.

Theorem 4.1.4. Assume that

1. (M, g) = (D, Eucl) is the Buclidean disk, ¢ € C*([0, T]xD; R)NG2((0,T); L>=(D; R))
is real valued and w is any nonempty open set such that w N OD # (;
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Then for any T > 0, there is C > 0 such that for all ug € L*(M), the solution u to (4.1.8)
satisfies

T
luolZ2(ap) < C/o /w|u(t,x)|2dxdt.

Our contribution in Theorem 4.1.4 is to include more general time-dependent potentials

q, using Theorem 4.1.3 for the “low frequency” part of the proof. See | | for an
overview of the situation in high-frequency.

In case 1, Theorem 4.1.4 is a direct combination of | , Theorem 1.2] and Theo-
rem 4.1.3. Note that the C* regularity can be relaxed, see | , Remark 1.6]. With

some work, one may also generalize Theorem 4.1.4 to the following situations:

1. either (M, g) is any smooth compact Riemannian manifold, ¢ € L*>((0,7") x M;C)N
G%((0,T); L>®(M;C)) and w satisfies the Geometric Control Condition of [
| in finite time;

)

2. or (M, g) = (T? Eucl) is the flat square torus, ¢ € C°([0, T]xT?; R)NG2((0, T); L= (T%; R))
is real valued and w is any nonempty open set;

In case 1, the high frequency result is essentially proved in | ] (in the H! context
though, see also | ]). In the L? setting, on can check that the high frequency observ-
ability inequality is insensitive to addition of L potentials. Recall that the Geometric
Control Condition of [ , | states in this context that every maximal geodesic
curve intersects w.

In case 2, the “high-frequency” result is taken from | ] (see also [ | for
irrational tori), where potentials can even be taken continuous outside of a set of measure
zero. Note actually that the proof of Theorem 4.1.4 in this case actually relies on a
finite (but possibly large) number of applications of Theorem 4.1.3 to sub-problems. See

also | ] for an observability inequality on T? with a time independent L? potential.
In the context of manifolds of negative curvature, it is likely that the high-frequency
result of | | and that the spectral results of | , , | adapt to prove,

in the geometric settings of these articles, an observability inequality for (4.1.8) with
q € L*((0,T) x M;C) N G%((0,T); L>=(M;C)).

As a direct corollary of the observability statement of Theorem 4.1.4, we deduce an
exact controllability statement for System (4.1.7) (see | , D).

Corollary 4.1.2. Assume that one of the three assumptions of Theorem 4.1.4 is satisfied.
Then, for all vg, vy € L*(M;C), there is f € L*((0,T)xw) such that the solution to (4.1.7)
satisfies v(T,-) = vy.

4.1.3 Idea of the proof, structure of the paper

Since the pioneering work of [ |, Carleman inequalities are one of the main tools for
proving unique continuation results. Carleman estimates are weighted inequalities of the
form

eT‘bPuH >C
L2

€T¢UHL2 ; T 2 70,

which are uniform in the large parameter 7 and are applied to compactly supported func-
tions u. The weight e™® enforces the set where the solution is zero and allows to propagate
uniqueness by sending 7 — co. The key idea introduced by Tataru in | ] is that one
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e|D |2
can still show uniqueness results using the microlocal weight e~ r e™® instead of the

classical one. The advantage of this weight is that it localizes in a low frequency regime
and one can consequently restrict the classical pseudoconvexity assumption in a smaller
subset of the phase space, namely where & = 0.

The first crucial step for the proof of our main result Theorem 4.1.2 is to show a
Carleman estimate adapted to the anisotropy of the Schrédinger equation. If one sup-
poses that 7, D; and D, have the same weight then % is of “order one”. This is the
natural scaling for the wave equation. However in the Schrédinger context one should

rather consider that D; is homogeneous to D2 ~ 72. Therefore with new definition of

homogeneity /order, the operator “23'2 becomes of order one. The Carleman estimate of
Theorem 4.2.1 is precisely a Carleman estimate as in [ , , , | but with
this new weight. Its proof is based on [ , Appendix A] where the last two authors
showed a Carleman estimate for elliptic operators with Lipschitz coefficients. Indeed, the
key step for the proof of Theorem 4.2.1 is the sub-elliptic estimate of Proposition 4.2.6. In
order to prove the key Proposition 4.2.6 we proceed in two steps: the first step corresponds

to the case where the weight function is the classical one, that is €7®. The second step

2
is then to consider the weight 6_%67-(1) as a perturbation of the previous one yielding
some admissible errors in our estimate. A similar perturbation argument is also used in
the proofs of [ , , , ]. In our situation there is however a remarkable
difference: p need not be small and can be chosen as large as one desires.

This being said one can naturally ask: what did we gain by having a Carleman esti-

2
|Dy] Dy|?

_1Dgl7 \
mate with weight e~ 2% 7 instead of e~ 2- €7?? Heuristically, a partial answer can be
given by the results of | ]. Indeed, in | ] the general theorem of Tataru-Hoérmander-
Robbiano-Zuily is quantified in an optimal way. The key step is the local result of Theorem

D¢ |2
3.1in | | which says that the Carleman estimate with weight e~ 2 €™ allows to prop-
agate information up to a frequency D; ~ 7. In the anisotropic scaling of the Schrédinger

2
operator we have D; ~ 72 and therefore one can hope that the weight e%ew allows to
propagate information up to frequencies smaller than D; ~ 72. Even though this is not
directly related to our qualitative problem, it is an indication that having this new weight
allows to “propagate more information”.

In our qualitative context the advantage of having this new weight is seen via the

Dy [?
conjugation results of Section 4.3. The issue of defining a conjugate for e~ 2+ with

respect to P is one the main difficulties in | , , , ]. Even in the

case where the coefficients of P are analytic with respect to ¢ a conjugate operator for
1D¢|?
e~ 2 does not necessarily exist. However, one can define an approximate conjugate up

to an exponentially small admissible error which is given by e~ ||ul|. Our conjugation

result roughly says that if the coeflficients of P are 2-Gevrey instead of analytic then we
1Dy 2

can define a conjugated operator of P with e~ 21 up to an error given by emdN? |||,
_1D¢)?

which is an admissible error term in view of the new weight e > . For the proof of the

conjugation result we follow the strategy of Tataru | |. Working with non-analytic

functions yields however certain non trivial technical difficulties. A crucial object for our
proof is the so called quasi analytic extensions of a smooth function. Such an extension is
particularly well behaved in the case of a Gevrey function.
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The plan of this article is as follows: In Section 4.2 we recall some notation from
Riemannian geometry and then prove the key Carleman estimate of Theorem 4.2.1. The
proof relies on the sub-elliptic estimate of Proposition 4.2.6 that we show in two steps.
The first step corresponds to the case 4 = 0 and then we use a perturbation argument for
the case p > 0.

In Section 4.3 we prove the conjugation result. The content of this section is indepen-
dent of the rest of this article and we prove the result in a slightly abstract Banach space
setting. This allows to rigorously define the notion of being "partially Gevrey". After
recalling some basic definitions and properties of semiclassical analysis we prove the main
result.

Finally, in Section 4.4 we combine the results of the two previous sections. We show
a Carleman estimate with Gevrey lower order terms, construct an appropriate weight
function and prove the uniqueness result. In sub-section 4.4.3 we explain how one can
exploit the localization properties of the weight e~1P* in order to reduce the regularity
of the solution in the uniqueness result.
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(ANR-19-CE40-0004) and ADYCT (ANR-20-CE40-0017).

4.2 The Carleman estimate

4.2.1 Toolbox of Riemannian geometry

The proof of the Carleman estimate below (as many proofs of Carleman inequalities for
operators with low-regularity coefficients) relies on an integration by parts. Although we
work here in a local setting, it is still convenient to formulate our integration by parts
formula in a Riemannian geometric framework following | , Appendix A], which we
recall now (see | ).

We work in a relatively compact open set V' C RY. We denote by g = (95K ) 1< k<d
a Lipschitz metric on V, (that is, x — ¢,(+,-) is a Lipschitz family of symmetric bilinear
forms on TV that is uniformly bounded from below by a positive constant). We denote
by (-, ->g = ¢(-,-) the inner product in TV = V x R% Remark that this notation omits
to mention the point x € V at which the inner products takes place: this allows to write
(X,Y), as a function on V' (the dependence on z is omitted here as well) when X and Y’

are two vector fields on V. We also denote for a vector field X, \X\z = (X, X),. InV,
for f a smooth function and X =), Xia%i, Y=>, Yia%i smooth vector fields on V', we
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write
d . .
<X3Y>g = ZginZYJ7 gf — Z g 8 f
i=1 ,j=1
d 1 d 1 ,
div,(X) = 0; [VdetgX;), A f=div,V,f= ———0; (/det gg¥0; f ),
4095 e (). ur =Tt - £ ()
d d ; d
oY" , - 0
DxY =Y (Y Xxi—+ Y 1%, Xx/v* :
i=1 (j:l Oz jk=1 ’ O

where (g71);; = g”/ and the Chritoffel symbols are defined by

k= ZQ gk + Orgij — 019k »

(see for instance [ , p71]). Note in particular that the Lipschitz regularity of g
writes g;; € WH(V), and implies g% € WH°(V). This entails, if f, X,Y are smooth,
that (X,Y), € WLe(V), V,f is a Lipschitz vector field, A, f € L>®(V) and DxY is an
L*° vector field on V, since the definitions of A, and Dx involve one derivative of the
coefficients of g. Let us now collect some properties of these objects, that we shall use
below. For f, g two smooth functions on V and X =3, xi 0 Voot Y=>, Yiaim two smooth
vector fields on V', we have

divg(fX) = (Vgf, X), + [ divg(X),
Dx(fY) = (X[)Y + fDxY,
Dx((Y,Z),) =(DxY,Z),+ (Y, DxZ),.

We define (see | , Exercice 2.65] or [ | for more on the the Hessian)

Hess,(f)(X,Y) = (Dxdf)(Y ZX Y702 f - Thoef],

which again is in L>°(V') for a Lipschitz metric g and L vector fields X,Y. Note also
that the Hessian of f is symmetric, that is Hess,(f)(X,Y) = Hessy(f)(Y,X). For any
function f and any vector field X and Y, we have (see e.g. | , Lemma A.1])

Hess, (f)(X,Y) = (DxV,f, Y>g :

Concerning integrals, we write in this section

[ =] f@)faetga)ds

where y/det g(x)dz is the Riemannian density. With this notation, a useful integration by
parts formula writes as follows: For all f € H?(V) and h € H'(V) one of which having
compact support in V', we have

/(Agf)h = _/<ng7 vgh>g'

As we are interested in complex-valued functions, we set (f,g) 2(v) = [ fh for the L2
hermitian product. We are moreover interested in time-dependent functions, and in the
context of spacetime integration, we will denote [[ f = [p, [y, f(t, ) /det g(x)dzdt and

(f,9) = [ fh.
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4.2.2 The Carleman weight

We denote by U = I x V where [ is a bounded open interval of R and V' is a relatively
compact open subset of R% equipped with a Lipschitz metric g. In this section, we set
P :=i0; + A4 where A, is defined in Section 4.2.1.

For a smooth real-valued weight function ¢ (later on, we will assume that it is poly-
nomial of order 2), the Carleman estimate below will make use of the operator

& _plDe
Q) u=¢e "2 e %u.

. . _ploe? . . Dy|?
Note the difference with the usual e # 27 ¢7®. This is coherent since for waves, | 2’;'

| D)2

is of order one and now ‘75~ is of order one since % is of order one. In all the rest of
the proof, i does not have any role and could be any constant. We have chosen to keep it

along the proof since we believe it helps to follow the perturbation of the pseudodifferential
_ D¢
weight. We now describe the conjugation by e * =l

Lemma 4.2.1 (Lemma 3.12 in | ]). Let u € S(R™) and ¢ > 0, then
D41 Dy\ _Inf?
e” 2 (tu) = (t + Zt) 2% .
S

This implies the following conjugation of mononomials.

Lemma 4.2.2 (Lemma 3.14 in | ). Assume ¢ is a real polynomial of degree two in
the variable t. For all k € {0,--- ,d} (with the convention t = xg, Dy = D) we have

Q% Dy, = (Di),u Q5 -,

where (denoting ¢y, = 040z, b)

(Di)gu = Dy, + 1702, ¢(2) — oy, )

Corollary 4.2.3 (The “conjugated operator”). Let

Dj\/det gg¥

P=id+ A, =— Zm

with all coefficients independent of . Let ¢ be a real-valued function being quadratic in
t. Then, for any u > 0,

ij’TP = PwQﬁ,T, with
D
Py =— (Dt +i10p(2) — /~L¢// t)

1 . b
g <Dj +iT0;6(2) — ndt; 2) Vet gg”t <D’“ () - wg”“?‘;) '
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We define the anisotropic norm
[ol7 =7 [0l 72 + || Daoll72 + 772 | Deolf72 (4.2.1)

and the spatial part
2 2 2
lollzr, =72 [vllz2 + | Davll7e - (4.2.2)

Before stating our main Carleman estimate we need to define the following two important
quantities, see | , Theorem A.5]. Given ¢ € W2®(U;R), f € WL*(U;R), X a
smooth complex valued vector field on V' we set

By.(X) = 2Re (Hess,(6)(X, X)) — (Ag0) [ X2 + X[,
Eg.p.5 = 2Hessy(0)(Vyd, V) + (Ago) \Vg(;ﬂ; —f |vg¢‘3 )

where the Hessian is with respect to the x variable only, see Section 4.2.1 and where we
have written |X |!2] = <X, Y> . Note the difference with | , Theorem A.5] where
g

functions/vectorfields were all assumed real-valued. Note that for a Lipschitz metric g on
V, we have &, 4 y € L>°(U) and By 4 r(X) € L>(U) for any bounded vector field X on V
and we stress the fact that these two quantities are time-dependent (they are defined on

U=1IxYV).

Remark 4.2.4. In what we follows we use the notation C' for a constant whose value
may change from one line to another. It may depend on the metric g, the norms ||¢||;2.
and || f|| 1. Where f € W1 is an auxiliary function. It is important to notice that all
these quantities consume at most one derivative of g and therefore are compatible with
the Lipschitz regularity of g.

Let us now state the main result of this section, which is a Carleman estimate in the
spirit of [ , , , ] but with two main differences:

_nlDyl? _ ulDy?
1. The Fourier multiplier is now e~ 273 instead of e™ 27

2. We use the anisotropic norm defined in (4.2.1).

In Section 4.4.1 we shall show that this estimate remains valid for more general operators
that P.

Theorem 4.2.1 (Carleman estimate). Let xq = (to,z0) € Q C R4, Assume that ¢ and
f satisfy the following: ¢ is a quadratic real-valued polynomial, f € Wh(€;R), there
exist r > 0 such that \Vg¢|§ > 0 on B(xo,7), and Cy > 0 such that for any vector field
X, we have almost everywhere on B(xXq,T):

By r(X) > 2Co X7,

Then, for all k € N there exist d,C, 7o > 0 such that for all T > 79 and w € CZ°(B(xo, g)),
we have

cll@g P, +ce

2
emeH?kH% > 7|1Q% ;w3 (4.2.3)

t
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dr

Remark 4.2.5. The error term e~ in the left hand side of the estimate is

eww‘

2

Hy " HY
obtained thanks to the localization properties of the gaussian weight. For the uniqueness
result for H' solutions one only needs to apply this theorem for k = 0. The advantage
however of having a better control with respect to the time variable is that one can use
the partial ellipticity of P and reduce the regularity of the solution. For more details on

this see Section 4.4.3.
The main step for the proof of Theorem 4.2.1 is the following subelliptic estimate:

Proposition 4.2.6 (The subelliptic estimate). Let xo = (tg,20) € Q C R'9. Assume
that ¢ and [ satisfy the assumptions of Theorem 4.2.1. Then, there exist C, 19 > 0 such
that for all T > 19 and v € C°(B(xq,7)), we have

Ol Pyyvll2e + O [ Deolf3a = 7 ol (4.2.4)

Remark 4.2.7. Consider R an order 1 differential operator of the form R = R; + 7a +
T%Dt + =Dy, where Ry is of order one with no time derivatives and bounded coefficients
and the coefficients a, b, ¢ are bounded as well. Suppose that estimate (4.2.4) holds with
Py, + R instead of P ,. We can write then:

2 - 2 2 - 2 2
1Py 0|l + 7 1Dewllze 2 1(Pogu+ R)olle + 77 1 Dewll 7 — [ Roll2
2 - 2 2
2 7wl + 77 [ Dewllze — [[Rollz

2 - 2
2 7ol + 77t [ Devl| 7

IDevl|72 |, [1Dev]7:
- ( o2 + Va3 + 2508 4 1200 )
which implies (4.2.4) up to taking 7y sufficiently large. Let us now define
P:= Zgjk(x)ajak =— Zgjk(x)DjDk. (4.2.5)
ik ik

We denote similarly by Py, the conjugated operator P with respect to Qf;t given by

. D
Py =— (Dt +1i10:¢(2) — N¢1/tl,t7_2t>

d
. D D
= % @) (s +i70j0(:) — oty 7y ) (D irdho(s) — ol r ).
G k=1

Remark now that since the metric g is Lipschitz and time independent, the commutator
. D . A
[(Dj +i70;¢9(2) — ,uqbg’jT;) , v det ggjk] = [Dj, v/det gg]k} ,

is a 0 order differential operator with bounded coefficients. It follows then that esti-
mate (4.2.4) for Py, implies the same estimate for P, ,. This remark will be crucial in
the sequel, as it will allow us to pass from one operator to another.

Let us now show how the subelliptic estimate implies our main Carleman estimate.
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Proof of Theorem 4.2.1 from Proposition 4.2.6. Suppose for simplicity that tg = 0 and
let o := r/2 with r given by the assumptions. Consider w € C°(B(xo,70/4)) and
X € CX((=ro,m9)) with x =1 on (—r¢/2,79/2). We have:

ool

H <0 HXQﬁva‘

2 2
w TOT Ja- X)Q‘ZS,TwHH; . (4.2.6)

Consider Y € C>((—ro/3,70/3)) with X = 1 in a neighborhood of [—r¢/4, /4], so that
w = yw. Using the support properties of x,x and w together with Lemma 4.A.1 we
estimate the second term in (4.2.6) as follows:

ol =g, <orfa-eg) 2

+Cor ! HDt(l — X)inﬂu‘

2
HL, L2

oo P
(1—x)e =23 eT¢’XwH
Hi,

2

=Ct

+Cor! HDt(l — X)Qﬁﬁw‘

L2
1Dy 2 2

[Dr, (1= x))e™ 2 ™ Xuw

e
< Cre ““n

eww‘

e +Cr !
H*HL

T

+ o7t H(l — X)Dthj’Tw‘

L2

2
LQ

.3
< Ce “w (4.2.7)

2
L2’

+Crt HDtQﬁTw’

eT‘z’w‘ L
H; *H!
We estimate now the second term in (4.2.7). To do so we consider ¢ > 0 a small constant
to be chosen later on and we distinguish between frequencies smaller or larger than o72.

We also assume 072 > 1 and get:

D;Q? < |Ipa ¢ Dkl Do n'2he oo
+Q W 2 = t |Dt|§UT2Q#,7w L2+ t L|Dy|>or2dy € 7 270 e W 2
< ort @z, + max (€S ol
agT w max & 2T e "w .
o D R H L2

I . . 3 . .
e "2:3 reaches its maximum at s = ,/% and is decreasing
3 . 3 .
on [/ %, o). As a consequence, if 072 > 1/% which translates to 7 > U’;—H, one has that
|ft‘2 o~ T

_ - el .
maxQ(ﬁfe Har3) = gFrhe ™55 = okr?ke™#72. We obtain therefore, for 7 > 19 that
&>oT

Now the function RT 3 s s sF

2
k lef,u"Q—T

+o'T (4.2.8)

oz

2| o2
P

eT¢w‘

L2 HFr2’

2
We now estimate the term 7 HXQﬁ’TwHHl appearing in (4.2.6). Thanks to the supports of
x and w we can apply the subelliptic estimate of Proposition 4.2.6 to XinTw, this gives:

2

7 [x@wlly, < €[ Pemn@iom

m S ; +Cor ! HDthfj’Tw‘

2
LQ

< C HP@;LXQ,?,TTU’

<C HPWXQZ’,TW’

, T Crt HDtQﬁ’Tw‘

2 “1 e 2 2
L2 +Cr HQ/‘»TU}‘ L L2
2 2 2

2.3 ¢ 2k _4k—1 _—poct
T Co’t HQMTQU‘ ot Co™"1t™" e

2

-

e ¢w‘ Chrg)
H7FL2

(4.2.9)
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where for the last inequality, we used 072 > 1 and (4.2.8). We need finally to estimate
the following term:

|Posx il

o [ 1Pos 0@ ]

2T ¢ H[PW,X]Q;’Z,TM’

o< Iepast o

<C HP@qu,rw’

L2
|D¢|2

—C Hij’TPw’ LT H[Pw, e 5T e 5w

L2

Now, we decompose [Py ,,x]| as [Pg,,x] = Ri + Rz + Rs where R; is an order one
differential operator in 7 with no derivatives and with coefficients supported in supp(x’),
R can be written as Ry = T%b(:r)Dt with b bounded and R3 can be written R3 = % with

E a differential operator of order 1 in x with bounded coefficients supported in supp(x’).
Using Lemma 4.A.1 we obtain

1Dy b _IDy)? b _IDg)? . _cﬁ é
Rie "o "Pxw||  +||Roe” " 275 "PXw|| +||Rze " 25 e™xw <Ce "n |le" w’ e
L2 L2 L2 Hy " H
Putting the two last inequalities together we get
o 6 cZ || o
—Cc— T
HP@uxQM,Tw’ L2 <C HQMTPw‘ Lo +Ce "1 |le w‘ e (4.2.10)

Combining (4.2.6), (4.2.7), (4.2.8), (4.2.9) and (4.2.10) we find that there are constants
C,c > 0 such that for any ¢ > 0 and 7 > 79 we have:

Q% rwll2

2 ) s 2
<C HQﬁ,TPw’ Lo + Co?7r3 HQﬁ’TM‘ L +C (e I 4 2k Akl —po T>

eT¢w’

2
—k .
H,"H}

2
Choosing then ¢ > 0 sufficiently small to absorb the term o273 HQﬁ’TwHB and taking 7 >
To with 79 sufficiently large finishes the proof of Theorem 4.2.3 from Proposition 4.2.6. [

4.2.3 Proof of the subelliptic estimate

Let us consider the "classical" conjugated operator given by
Py =™ (i0 + Ay)e .

Remark that Py corresponds to Py, for u = 0. We start by showing the desired subelliptic
estimate in this particular case. We then prove that the additional terms coming from the
difference ||(Py,, — P¢)uH2L2 can be absorbed in our estimate.
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The case =0

Proposition 4.2.8. Let Q C R4, Assume that ¢ € W>>®(Q;R) and f € WH®(Q;R).
Then, for any u € C3°(2) and 7 > 0, we have for any § > 0

A7 e + 11 fll oo 1
//|P¢u]2—|—2” (Z)HL HfHL ;HUtHQLQ‘i‘R(U)

)
> 7‘3 // [QHGSSg(¢)(Vg¢7 Vg(z)) + (Ag(b) ‘ng)g - f |Vg¢’3 _ 5} |u’2

47 / 2 Re (Hessy (0)(Vu, Vi) — (8g0) [Vul? + £V qul?,

with a remainder R(u) satisfying

IR(w)] < 72 [[ul2: + C |Vl (42.11)
Our computations are inspired by [ | for Schrodinger and | | for the elliptic
case. They rely on Riemannian tools presented in Section 4.2.1. In | |, it led, for

Schrodinger operators, to require a positive (space) Hessian for the weight function. Yet,
the possibility of having a term 1 ||ue][32 in the left hand side and the flexibility of the
function f gives more freedom. This will allow later to relax this convexity condition and
to obtain a condition similar to the elliptic case as presented in | ].

Proof of Proposition 4.2.8. We start by computing
Pyu = e™(i0; + Ay) (e )
= iuy — 1Tru + Agu — 27 (Vy, Vgu) = 7(Agd)u + 2 |Vg¢\§ u,
where we denote v; := O;v. We then decompose the conjugated operator Py as
Py =i0y — ity + Q2 + Q1
with
Qru = —27 (V49, Vgu>g —7fu
Qou == Agu + 72 |Vg¢]3 u—7(Agd)u + 7fu = Qou + Rou
where @2 is the principal part of ()9, that is
Qou = Agu+ 72 |Vg¢]§ u, and Rou=T1(—A¢¢p+ f)u.
Now, we write (||-|| denotes the L? norm for short)
2| Pyull® + 2| Rou|* + 2 ||7¢pull* > || Psu — Rou + irdhyul|?

2

= Hwt + Qru+ @2”‘ : (4.2.12)

where we estimate the remainder as

IR2ull® < 72| f — Agdllroe llull} (4.2.13)
Il < 7 ||l T [l 72 - (4.2.14)
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Hence, we are left to produce a lower bound for

~ 2 ~ 2 -
Hiut + Qiu+ quH = [|Quul* + qut + quH + 2Re(iug, Qru) + 2Re(Qru, Qau).
We decompose
2Re(iug, Quu) = —47 Re(iug, (Vgd, Vgu) ) — 27 Re(iug, fu) = 211 + L.

Expanding 2Rea = a + @ for I; and performing an integration by parts in ¢ for the first
term, we get

L = T//i(ngb,Vgu}gﬁt—iT// <V9¢,V9U>gut
= T// —i [(Vgbr, Vou), + (Vo0 Vo), | @ — i7 // (V. Vi), us

Integration by parts in z yields

—z// Vy0,V gu up = //qubuut—l—z// gqbvgut

As a consequence
n o= r / / i (Vgbe, Vygu), )T+ iT / (Ad)us.
By Cauchy-Schwarz

7'// —i(Vey - Vu)u

By Cauchy-Schwarz, we get

T//(Aﬁb)ﬂut

2
By Cauchy-Schwarz again, we get |Io| < 1673 |[ul|7. + %% |ug||32. In particular, we
get the intermediate result

2 2
< IVl poo 7 [lull 2 + [ Vullz

1 Ad|| 70
§257_3Hu”%2+2” (Z)HL

- H utl|Ze

AP + /1] 1

2 Re(iug, Quu) < 67 [[ul22 +2 5

gl [ utllZ2 + O Jullz2 + C||Vgul(4.2.15)

The following Lemma is the analogue of Lemma A.7 in | ] but for complex valued
functions.

Lemma 4.2.9. One has:

(Quu, Qau) = 73/ <2Hessg(¢)(vg¢, Vg9) + (Ag9) ’Vgﬁb@ —f |vg¢|§) Jul?

427 [ Re (Hess, (6) (Vy0, V,0)) = (86) [V ul? + £ 1V, gul?

—i-TRe// fVu
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In the estimates of Lemma 4.2.9, the remainder term is

Vv oo
Ry(w) = ~Rer [[ (9,19 Ryl < P (192, 472 i)

This combined with (4.2.12), (4.2.13) (4.2.15)(4.2.14) and Lemma 4.2.9, concludes the
proof of the proposition with

R(u) = ||Roul|* + |Iréul® + |R3(u)| + C7* [|ul[ 2 + C |V gullZ. -

The case p > 0: End of the proof of Proposition 4.2.6

Thanks to Remark 4.2.7 it suffices to consider Py, as defined in the remark. We start by
expressing it in terms of P4. Recall that by assumption ¢ is a quadratic polynomial and
therefore 83’ ;¢ are actually constants. We have:

Pos = Po = 30 (0)(Ds + 10,0 0807

D? -
X 0 6k Dy + i040) + 12 3 06 - 3R 6™ 2) -+ P
Jk
, D;D; D? -
= Py —2p 3 Oyt (1) =15 + 12 D 0o 000" (1) + Ro
jk Jk

, 0;0 92~
=Py 42> 079" (x )71‘/—/1 > 0xd - 009" (@) 7 + Ra
Jk ik

= ﬁ(ﬁ# + EQ.

where the operators Rj belong to the class of admissible perturbations considered in
Remark 4.2.7. Tt suffices then to show the estimate of Proposition 4.2.6 for the operator
Py .. We decompose

ﬁd),,u =10, — iTat(b + @1,;4 + @2,;“

where N
Ql,,u = Ql
and
2 jk 0 at 2 2 2 ik 8t
Q2,M—Q2+2M23 KDY ) — W2t 07097 (@ )
ik ik
~ 2 i 8t 2 2, gk 07
:Q2+R2+2M26t,1@¢9 (z ) —H Zath 9;;09"" (@ )
jk jk ™
= Qs + Ry
where

~ ~ XY
Qo= Qo+ 21y Opdrg’™ (2) 5

ik

82
— Zatm 0F ;697" (x )1 (4.2.16)
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and the operators Q1, Q2, @2 are as defined in Section 4.2.3. We follow the same steps to
absorb the term Ry and i70,¢. We need as before to control

2

[0+ @+ G|}, = 1Quul> + |i0u + G ]| + 2 Reis, Quu) + 2 Re( @1, O pu)

= [ Quull® + |[idru + Gz \2 + 2 Re(iug, Qru) + 2 Re(Qru, Q)
+2Re(Qru, (Qa ) — Q2)u). (4.2.17)

It follows that in order to finish the proof of Proposition 4.2.6 it suffices to show that the
term

2Re(Q1u, (éz,u - QQ)U)

yields an admissible error in view of the estimate (4.2.4). This is the content of the
following Lemma.

Lemma 4.2.10. There ezist C, 79 > 0 such that for v € C5°(2) one has:

2Re(Quu, (Qau — Q2)u)| < ClluflFy,  for all 7> 7.

Proof. We recall that Qiu = =27 (V4¢, Vgu>g — 7fu and we write @2,# — Qo= L1 + Ly
with 0.0
Ly:=2p) azkﬁbgjk(ff)%,
ik 4
and

2
Ly = —p*Y 0} 02@9”“(%)71-
ik

One needs to control then:

—4Re(1(Vg9, Vgu) ,, Liu) — 4Re(7 (V4¢, Vgu) , Lou) — 2Re(7 fu, Liu) — 2Re(7 fu, Lou)
= 2(A1 + A2 + Ag + A4> (4218)

We start with the terms A3 and A4 which are the easiest ones. We integrate by parts in
t and find for As:

1 .
A3 = —2# Re (Tfu, 815 Z 8,527]9(;59]16(33)6]@6)
Jk

— 2uRe 8tf S 021697 (2)0ju | + 2uRe fatu > 07 kg’ (2)0;
ik Jk
= As1 + Aso.

By Cauchy-Schwarz we get for a constant C' depending on f, ¢ and g

2 2
Va D
‘Am‘SC(HuﬂLz N fnp> nd ,A32,§C<H tTuHLz Y, uHH))
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which give
Doull?
|A3] < C <|u||§2 + [Vl 72 + Hﬁ”“’) : (4.2.19)
Similarly, integrating by parts in time gives

C
Adl < 5 (IlallZa + 1 Deull72 ) - (4.2.20)

We now turn our attention to A;. Here one needs to use the real part in order to decrease
the number of derivatives. We write (V¢, Vgu), =37, ¢7%(2)0;¢Oku, 2Rea = a+ a and
calculate as follows:

jk lm

—A; =2Re (TZgjk(x)ajgb@ju, Qyza%mgbglm(m)a;?u)
2
= TM (sz z)0;¢0ku, Z 3@U) (4.2.21)
j

2
+ 7“ (Z O 9" (2)010r, Zg x)0; cb@ku) : (4.2.22)
Im

Integrating by parts in ¢ in the first term in (4.2.21) yields

(Zgﬂ“( 0;¢Oku, Z g™ (x) alatu)

ik

=— (Zgj’“(w)aitqﬁ@ku,Zazmqﬁglm(x)@zu) — (Z gjk(x)ajwk@tu,Zaﬁmglm(w)azu)
Jk Ilm

Jk Ilm

= - (Zgj’“(x)ﬁitwmZ@?,mqﬁglm 5lu> - (Z O mdg"™ (x)0,0u, Zg )0, ¢3ku) :
jk Ilm

which together with (4.2.21) implies that

2 )
A= (Z 9" ()05 1 d0pu, Zaﬁmqsglm(:c)alu) .
lm

jk

This immediately implies, thanks to Cauchy-Schwarz:

C
A1l < = I Vaullze (4.2.23)
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Finally, to estimate As we proceed similarly by writing:

. 0?
As = 2Re (ngjk( 000k, 1 Zathb atl¢glm( )Ti“)

Jk lm
2
= % (Z )0 p0yu, Zatm¢ 07169"™ (x)0} ) (4.2.24)
k
/% (Z O m® - OL169™ ()0} u, %}gik(x)aj¢aku)
J
= % (Zk )0k, lzatmqb 07169 ()0 u) (4.2.25)
+ % > (026 - 109" (@)0Fu, g7* (2)0; 605w . (4.2.26)
Jkim

To facilitate our notation we write in what follows S; for differential operators of order 0
with bounded coefficients that depend on g and ¢. We integrate by parts in ¢ in the first
term in (4.2.24) to find:

(Zg )0, pOju, Z@?mqﬁ OF169"™ ()0 U>

lm

= - (Z 9" (2)07,00ku, Y 0} - 3§z¢glm(a?)8tu)
jk
ik Ilm

= A9y + Aoo (4227)
We integrate by parts in  and then in ¢ to find for Ags:

Agp = — (Z 9 (2)0;007 ju, Y b 8t2,l¢glm(x)at“>
jk Ilm
Zak: ( x)0; cb@t“) Zatm¢ 5tz¢glm( )at“)

+ (Slatua Z atQ,md) : af,@glm(l’)at“)
Im

( T (2)0; 000, 03, - 0169™ ()07 1) + (S20yu, Oyu)

Z 2)0; 007, 06 - 016" )0kt ) + (20w, ) + 3 (S50, Dju)
Jkim J
> (a§m¢ 0109 () 0w, g7* (2)0; 80k ) + (SaOpu, D) + > (S5 jOru, Oju)
Jkim J

(4.2.28)
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Now putting together (4.2.24),(4.2.27) and (4.2.28) gives the equality:

J

2
Ay = % (AQl + (S20u, Oyu) + Z (537jatu’ a]u)) ’

where
Agy = — | Y ¢ ()03 160ku, Y 02,6 - 07169 (2)0hu | -
jk Im
We obtain therefore o
Aol < (IVaull32 + [ Dell32) - (4.2.29)

Putting (4.2.23), (4.2.29), (4.2.19) and (4.2.20) in (4.2.18) finishes the proof of the Lemma.
t

End of the proof of the subelliptic estimate. We can now conclude the proof of Proposi-
tion 4.2.6. Indeed, thanks to the estimates in Section 4.2.3, decomposition (4.2.17) and
Lemma 4.2.10 one has that there exists C,79 > 0 such that for all § > 0,7 > 7y and
u € C§°(Q2) one has

[ Posl + - el + R (w)
> 79 [ [2Hess, (6)(V,6, V40) + (890) V02 = £ 19,012 — 6] lul?
+7 / 2 Re (Hessy(¢)(Vgu, Vgu)) — (Ag9) \Vgu@ +f |Vgu\3 )
with a remainder R'(u) satisfying
R (w)] < C7*[lulZ2 + C [ Vyullzs
The assumptions in the statement of Proposition 4.2.6 guarantee that
2Hessg(6)(Vgh, Vod) + (8g8) Vbl — [ Vol =6 > Cy— 06, Cy >0
and
. / 2 Re (Hessy (¢) (Vyu, V1)) — (8g0) [Vgul’ + £ [Vgul? = 2Co7 |Vgul?
Cy

We then choose 6 = =2, take 7 > 1g with 79 sufficiently large to absorb the term R’ in the
right hand side of the estimate and the proof of Proposition 4.2.6 is now complete. O

4.2.4 Choice of weight function via convexification

In this section, we explain how to construct weight functions (q;, f) that almost satisfy
the assumptions of Theorem 4.2.1, via the usual convexification procedure. In the present
context (as opposed to the usual situation), this also requires a smart choice of the function
I

The main difference with respect to the assumptions of Theorem 4.2.1 is that the
function gg that we construct here is not a quadratic polynomial. In Section 4.4.2 we shall
see however that since the positivity of the quantities B and & is a condition that only
involves derivatives up to order 2 one can replace q\B by its Taylor expansion at order 2.



176 CHAPITRE 4. UNIQUENESS FOR SCHRODINGER OPERATORS

Lemma 4.2.11 (Explicit convexification). Let ¥ € W2>®(;R) and G € W**(R), and
choose

6=G(W) and [=2G"(T)|V,¥[>. (4.2.30)
Then we have

B

(X) = 26/(T) Re(Hess, (¥)(X, X)) + 26" (¥) [(V, ¥, X), |

9.6.f
+(G"(0) [V U} - G'(0)A, ) |X]2,

&

vy = G(0)2[2G) (@) Hess, (1) (V, 0, VW) + G (1) [V} + G (9) A0 |V, 02 ].

o0

. section of bilinear forms on TV, we define

To state the next corollary, for B an L

|Blg(2) = supxer,v\o % which yields a L* function on V.
g

Corollary 4.2.12. Let ¥ € W2(;R), A > 0 and define b, f as in (4.2.30) with G(t) =
eM — 1. Then, for any A > 0 and any vector field X, we have almost everywhere on U

Bg,dvhf(X) Z AN \X|3 (A ‘Vg‘l’lf, - 2|Hessg(111)]g - Ag‘I’> )
A o g2 2
Cgd. 2 A€ ’Vgﬁf”g <)\ Vg0, — 2[Hessy (V)] + Ag\y> _

Proof of Corollary 4.2.12. With this choice of G, Lemma 4.2.11 gives

= 2
B, 5 (X)) = A [2 Re(Hess, (9)(X, X)) + 2A |(Vy0, X) " = AW [ X]2 + A |V, 02 |X\§} ,

together with

@@g,d@f

= X [9Hessy (W)(Vy W, Vo) + A [VU[) + Ay [V, 02 ],
which yields the sought result. O

Proof of Lemma 4.2.11. We first have d¢ = G'(V)d¥ and ngzVS = G'(¥)V,¥. We then
compute the Hessian and the Laplacian as

Hess, (¢)(X,Y) = <Dng<Z>, Y>g = (Dx(G'(V)V, ), Y),
=G'(T) (DxVy0,Y), +G"(¥)d¥(X) (V,0,Y),
= G'(W)Hess,(V)(X,Y) + G"(¥) (Vg ¥, X), (V,0.Y),
and
Ay = divy(G'(1)V,0) = G' () A0 + G" (1) [V, 02

In particular, we have

. . . . . . 2
Hessy (0)(Vy6, Vyd) = G (U)Hess, (V) (V ¢, Vy0) + G" (D) ‘<vgx11, vg¢>g

- G’(‘If)2 G/(‘If)Hessg(\If)(Vg\I/’ V,0) + G () “Vg‘l’@ﬂ |
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together with
1 K ! 2 2 ! " 2
g6 |Vd| | = C'(0P 9,07 (G (0)A0 0 +G"(2) |7, 0 [7)

As a consequence, we obtain

B, 4., (X) = 26" (W) Re(Hess, (¥)(X, X)) + 26" (1) (v, 0, X), |
+ (-0 )2 - 6w [V, 0 + 1) X2,
as well as
£,6.(@) = G/(0)*[ 26/ (W) Hess, (W) (V, ¥, V, 0) + 26" (W) [V, 0
+(G'(®) AW + G"(W) [V, 02 — £) [V, 0[]
Now, recalling the choice f = 2G"(¥) |Vg\If|§ concludes the proof of the lemma. 0

4.3 Conjugation with a partially Gevrey function

In [ , , , | part of the difficulty consists in defining an appropriate
conjugated operator even in the case where the coefficients of P depend analytically on
the time variable. Here, we exploit the anisotropic nature of P to allow conjugation
with s-Gevrey in time functions, for an appropriate s > 1 adapted to the scaling of the
Schrodinger operator. Our strategy is based on the proof of Proposition 4.1 in [ ].

4.3.1 Gevrey functions and Banach valued symbols

For notations, definitions and basic properties of Gevrey functions we follow | ]. We
recall Definition 6 where the space G*(§2; B) of Gevrey s Banach valued is defined. For
f€G(B)and K C Q C RY a compact set, we write

o ma 1Ol
s R ‘= Sup max .
" aend €K Rlalals

1/

(4.3.1)

In what follows, we only consider the case d = 1 (¢ being the time variable) and d = 2 for
extensions to C ~ R? of such Gevrey functions. Note that if the compact set K is given
and R > 0 is fixed, the set of functions f € C°°(K;B) satisfying (4.1.6), which we denote
G>(K; B), is a Banach space normed by (4.3.1).

Given a compact interval K C R and p > 0, we write
K, :={z e R,dist(z,K) < p} CR, and K, :=K,+i[-p,p] CC. (4.3.2)

The following lemma is (a particular case of) a straightforward adaptation of Lemma 1.2
and Remark 1.7 in | | to the case of Banach valued functions.
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Lemma 4.3.1. Fix s > 1. For any compact interval K C R and p > 0, there exist
Coy, A > 0 such that for any R > 0, there exist C > 0 and a continuous linear map

G (K B) —  GHAR(K]:B)

fo= 1
such that for all f € GSF(K;B),
foy=1@ forte K. |f| 0 <Clfllnx (4.3.3)
|0:7()|| , < CUFl s exp (-C (R| Irr11(2)|)1 ) for = € K, (4.3.4)
0 s—1

Estimate (4.3.4) translates the fact that f is an almost analytic extension of f well-
adapted to the Gevrey regularity G°.

Consider now X', ) two separable Hilbert spaces and denote by £(X,)) the space of
bounded operators from X' to ), which is a Banach space as well for || - ||z(xy). We
recall some facts of semiclassical analysis in dimension 1 with values in £(X,)). We
consider a family of symbols depending on a (small) parameter h € (0,1). We say that
a€ SR xR;L(X,Y)) if a € C°(R x R; L(X,))) depends implicitly on h € (0,1) and
satisfies: for all o, 8 € N" there is C5 > 0 such that

We then quantify (using the Weyl quantization) such a symbol as

< Copl€)™ P, forall (t,€,h) € R x R x (0,1).

020 alt, &, h) H[;(x,y)

1 :
(op®(a)u) (1) = — [ eiti=9¢q (t ts ) u(s)dsdg. (4.3.5)
21 JrRxR 2
According to | , Paragraph 18.1 Remark 2 p 117],

o for all a € S™(R x R; L(X,))), op“(a) maps continuously S(R; X) into S(R;))
uniformly in h € (0,1);

o for all a € S°(R x R; £(X,))), op*(a) maps continuously L?(R;X) into L?(R;))
uniformly in h € (0,1).

If a € S°(R xR; £L(X,))) has compact support in R x R (with support possibly depending
on the parameter h € (0,1)), then

t+ s

(op™ (a)u)(t) = /R K(t, s)u(s)ds, K(ts) = 2i /R ei<t—8>€a( ,g) e,

™

where the Schwartz kernel IC of the operator op®(a) satisfies K € C*°(R x R; L(X,))).

Note that in the application we have in mind, for a domain 2 C R", we choose X =) =
L3(Q) and B = L*®(Q2) and observe the embedding L>®(Q) = B < L(X,Y) = L(L*(Q))
(via the application that maps to a bounded function f the multiplication operator by f)
with [| - [z < || - 18-
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4.3.2 The conjugated operator

In this section we define for ¢y € R and ro > 0 the compact interval K := [ty — ro, to + 70].
The compact K and also the radius R, used in definition (4.3.1) will be fixed for the rest
of this section.

Given f € G5T(K; L(X,))) and p > 0 we denote by f(z) the almost analytic extension
of f in K}, given by Lemma 4.3.1 (which depends implicitely on the parameter p).

Along the proof, we will need some cut-off functions satisfying the following properties:

0 ¢ C°((—4,4);]0,1]) with x = 1 in a neighborhood of [~3,3], 8° € C°((—1,1);[0,1])

and n° € C>°((-3,3);[0,1]) with = 1 in a neighborhood of [-2, 2].

Take now r with 0 < 7“ < min(%, £). We will define x(t) = x°((¢t — to)/r), 6(t) =
0°((t — to)/r) and n(¢) = n°(&/r). In particular, they satisfy

o X € CX((to — 4r,to + 4r); [0,1]) with x = 1 in a neighborhood of [ty — 3r,tg + 37]
e O€ Cé)o((to —r,to + 7'); [0, 1])
o n€CX((—3r,3r);]0,1]) with n = 1 in a neighborhood of [—2r, 2r].

The functions x, # and n depend implicitly on r and tg, but we will not write anymore
this dependence for better readability.
With h € (0,1), we set

f(2) :== x(Re2)n(h3Im 2)f(z), ze€C and hence (4.3.6)
fr(t +ihg) = x(m(R*38) F(t +ihe),  (,€) eRx R.

Observe that the function (¢,&) — fr (t + ih&) is smooth, compactly supported in R x R,
and belongs to S°(R x R;£(X,))). According to the above discussion, we define the
operator

F, := op®(f" (t + ih&)). (4.3.7)
It maps continuously S(R;X) into S(R;Y) uniformly in h € (0,1) and L?(R;X) into
L?(R;Y) uniformly in h € (0,1).
We are now ready to state the following result, which guarantees that we have a
reasonable conjugate for the operator e 3|0l f.

Proposition 4.3.2. Let p > 0 and 0 < r < min(%2, £). For any f € G*R(K;L(X,))),

we define the operator Fy, by (4.3.7). Then there exist C = C(K,p,r) and ¢ = ¢(K, p,T)
such that there exist C > 0 and hg > 0 such that for all u € S(R; X') one has:

en—1
Hthe_%th@u—e_%|Dt‘2f9U’ <SClflloruce T

L2(R;)) (R;x)

for all 0 < h < hy.

Remark 4.3.3. Taking h = 1/73 one sees that F}, is a conjugated operator for f by
e~ 51Dl up to an exponentially small remainder controlled by e~ ||ul|;2, which is an
admissible error in the Carleman estimate. Notice that with this scaling, the frequency
cut-off 7 localizes in frequencies smaller than h=2/3 ~ 72. This is coherent with the proof
of the Carleman estimate as well as with its quantitative counterpart, where we see that
the anisotropy of P allows to advance further in the low frequency regime than for a
wave-type operator.
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Remark 4.3.4. Proposition 4.3.2 provides with a substitute of Lemma 4.2.1 in the case
where t is replaced by a Gevrey function.

Lemma 4.3.5. Setting

Ry = xFre 21PP9 —ye 510t L(LA(R, X), L2(R, D)), (4.3.8)
we have
(Ryu)(t / Kn(t, s)u(s)ds, u € SR, X) with (4.3.9)
1 1 1/2
Kn(t, s) = _%Il,h +OToplts) Chi= o <27Th> . and
Tunltss) = X(00)(5) [ 7000 = (129" e, (43.10)

(7 (552 +ine) = n(r20)5(s) ) e 5 dw.
(4.3.11)

Taaltss) = x(00() |

RxR

Proof of Lemma 4.3.5. Recalling the definition of the Weyl quantization in (4.3.5) and
that of Fj, in (4.3.7), we have

(Fua)(t) = 5= [ e fr (B2 4 ihe ) u(w)dwds

Combined with formula (4.A.2), this implies

(xFre™ 212 0u) (1)

1 1/2 . ~ w—s 2
- 2171' ' (27rh> X(t) /RXRXR eZ(t_w)gfr <t+2w + hf) ( ) (3)6_%dwd€ds'
(4.3.12)

Using again formula (4.A.2) as well as the formula for the Fourier transform of a Gaus-
sian (4.A.1) we find

lt—s)2

N 9 1/2
(e EPE po00) = (57 ) O [ 8l T ds

1/2 9 2mh 1/2 —i(s—t){ —Md d
(%h) /f (s)u (%(w) /]Rie © 5) ’

(%h)l/? /f (217T(27rh)1/2/Re—i(s—t)én(hz/?,{)e_hg2d§> i
+< )1/2 /f ( W(%h)m/Re—i(s—t)g(l_n(hg/gg)) _Isdé) ds.
hlg|?

We now use once more (4.A.1) in order to replace e™ 2 by (57 )1/2 Jpe e = dw in
the first term of the sum above. We find then:

(xe~ 1P fou)(t)

) s [ v

+ox() [ Hs)00)u(s) < /R emi(=08(1 — n(r23¢))e= 55 ) (4.3.13)
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We finally perform the change of variable w — w — s in the integral with respect to w to
express the first term in (4.3.13) in the following way:

- (;h)l/?x(t) [ 1600syuts) ([ e 0902 [ et 5 dude ) ds

|w

2 |
:217r(271m>1 x() /RXMR6z(t’””"n(h2/3£)f(s)9(s)u(s)e* - dwdeds.  (4.3.14)

The result is then a consequence of (4.3.12), (4.3.13) and (4.3.14). O

As a preparation for the proof of Proposition 4.3.2, we first estimates the terms Z;
in (4.3.10)(4.3.11).

Lemma 4.3.6. Let p > 0 and v as in Proposition 4.3.2. For any f € G>E(K;L(X,))),
define Iy p, Iop, as in (4.3.10) and (4.3.11). Then, there exist C,c,hg > 0 depending on
K, p,r such that

ch—1/3

||Ij,h||Loo(R><R;£(X;y)) <C HszR,K e B, j=1L2

for all 0 < h < hy.

Proof of Lemma 4.5.6. Proof for j =1

We start with the proof for j = 1. We remark that in the support of 1 — n(h2/ 3¢) one
has h?/3|¢| > 2r which implies that h|£]? > ch™1/3 in the support of 1 — n(h?/3¢). We
estimate then, for h < hg with hg sufficiently small:

2
P

_ngl? _nggl?
e 4 e 4

70t gy < ooy [ [(1 = (k260
< Ol zoo (suppio) i) /R ‘(1 —n(h*3¢))

_ch—1/3 _hlel?
< Cech /R €™ 1 dE || F | oo (supp(0)2(xy)

1/3

—ch™ —ch—1/3
< Ce Hf||L°°(supp(0);E(X;)7)) < Ce ||f”2,R,K> (4.3.15)
where we used the fact that f is Gevrey (and hence continuous) and 6 is compactly

supported in K.

Proof for j =2
We now turn our attention to Zy (t, s). In the definition of Zy 1, (¢, s) we change variable
by writing (w, &) € R? — z € C with

. .
2= L ine, whence w=2Re(z) -t hé =Im(z), and dwAdE = ~dz A dz.

2
(4.3.16)
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w—s| _

. |w s\
The factor ett=w€e= 21— rewrites as elt=Wée=n — = eh‘b(t 5,2) , with

(2Re(z) —t —5)?
2

o _(w—s)z_,_ B
O(t,s,z) =i(t —w)hé = 2i(t — Re(2)) Im(z)

24 g2
= 2itIm(z) — 2i Re(2) Im(z) — 2Re(2)* — —; ¥ Re(z) + 2sRe(z) — ts
2, 2
:2tz+s(z+2—t)—(z+2)z—t _;S
f— 52
——(2‘S)+(z—s)(2t—z—§). (4.3.17)

Then, recalling the definition of f7(2) in (4.3.6), we can write Zy , as

Ty h(t S /77 —-1/3 Imz ( (Re Z)f(Z) — f(s)) e \tg;\Q e%(zf‘s)(%*zfg)dz Ndz.
(4.3.18)

Defining .
o) = o(s)XBe2) /() = f(5) (4.3.19)

we may rewrite

lt—s|? 1

Tonlt, s) = —ix(t) / n(h=Y/3 Tm 2)bs ()02 <e— - eh<z—8><2t—z—3>> dz Adz (4.3.20)
C

We will now check that we are in position to integrate by parts using Lemma 4.A 4.
First, we prove that by € C'(C). It is smooth away from s, so we only need to check

the regularity close to z = s. We decompose bs(z) = 0(s)x(Re z) HOMIO] ) f(s) —0(s)(1 —
X)(Rez) I5) " The first term is C'(C) thanks to Lemma 4.A.3 apphed to f(-=s). For

the secorzldsterm, we observe that for s € (tg — r,top + r) in the support of 6§ and for
Re(z) ¢ (to — 3r,to + 3r) in the support of 1 — x, we have |z — s| > |Re(z) — s| > 2r. This
gives the regularity of the second term.

Now, we will need a few estimates to get the integrability of the terms considered in

the integration by parts. We consider first the exponential term. We compute its phase.

t —5)? 2R —t—s5)?
_ 23) (2= )2 — 2 — 2) = 2 (t - Re(2)) Tm(2) — * e(z)2 S (21
Since (2Re(z) —t — s)? > Re(z)? — Cy s for some well chosen constants, we get
_s|2 _ s e(2)2
oIl A mo)(at-2-2)| < S0 B (4.3.22)

We get also

t—s® 1 _
-1 2;' eﬁ(z—s)(Qt—z—z)

0 (€_t22 eh(z s)(2t—z— z))’ =z —s||e

Re(z)2

<o (|Im(2)| + |Re(z) —s|)e™ 2n . (4.3.23)
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Since 7 localizes the imaginary part in a compact set and now (4.3.22) and (4.3.23) are
obtained, we are left to prove L estimates on bs(z) and 0zbs.
We have

f

lv)s(z)H for Re(z) € (to — 3r,to + 3r),

<4 7
LX) — Whoo (K[ L(X5Y))

since x(Rez) = 1 for such z. For Re(z) ¢ (to — 3r,to + 3r) and s € supp#f, we have
|z — s| > 2r, which implies

v

)|

HfH for Re(z) ¢ (to — 3r,to + 3r),

L£(X; y) - L (K):L(X5))
with a constant C' depending only on r. Putting the two estimates above together we
obtain that by € CP(C) and there is C' = C(r) > 0 such that

v

5 ey e €€ (1.8.20

Secondly, we compute

v X' (Re z)

Dzbs(2) = 0(s) X122 X(Re 2)0:f(2)

() + () B (4.3.25)

2(z —s) z—5

and notice that the first term is smooth and bounded given the relative support properties
of 6 and y’. For the second term, using (4.3.4) for Gevrey 2 functions and the fact that
s € R, we obtain, for z € K l’) (the value of the constant C' may change from one line to
another):

X(Re 2)0:f(2) 1 < 1 )
e <— exp e
£ LIX;Y) ERK] ||f||2’R’K P CoR|Im z|
<L o) (- o)
X —_——
= |Im z| 21K P CoR|Im z|
1
< Clfl e (~5ermms) (4.3.26)

Combining the previous estimate and (4.3.25), we get

As announced before, the L°° bounds on 6555 and lv)s, combined with the localization of 7,
(4.3.22) and (4.3.23) give the integrability of all the terms involved in the integration by
parts. All assumptions of Lemma 4.A.7 are therefore satisfied and we may now integrate
by parts in (4.3.20), yielding

v

0zbs(2) +C ||f”2,R,K7 zeC.

e[l

HL(XJ) Lo (K L(X5D))

_lt=s)?

Toalts) = ix(®) [ 0: (nh P tm2)b(2) e~ 7RIz vz (43.2)
C
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Recalling (4.3.25), we now decompose (4.3.27) as
Ton = Io1p + oo +Tozp,  with

Tou(t,9) 1= 0s) [ n(n 1 2) 02 g5 cheneios—g p gz
7 o 2(z — s)
(4.3.28)
Toon(t,s) := iX(t)e(S)/ 77(/1_1/3111&2)M |t22| en (=) 2t=2=2) 1, A 7
(® z2—5
(4.3.29)
oz n(t,s) == 1/3 /77 1/3Imz)lv75(z)e_|t5iil en =9 2t=2=2) 1. A 4z (4.3.30)

We now estimate each term separately. We start with Zy; ;, and rewrite the integral in the
original variables (4.3.16) as

To1pn(t,s) = ihx(t)G(s)/

RxR

flltw 4 - s

n(h236)y <t + w) f(55* +ihg) ilt—w)e — !

2 ) 2(H2 4 ihg —s)

Observe now that supp(x’) C (to — 4r,to — 3r) U (to + 3r, to + 4r). Therefore the integrand

above is supported in |52 — ¢o| > 3r (thanks to the support of x’) and [t — to| < 4r

(thanks to the support of x). This implies that |w — tg| > 2r for otherwise one would have

t+w " t— t() w — t()

2 2 2

Since in the support of § we have |s —tg| < r we find finally that |w—s| > r in the support

of the integral. Notice finally that, if X’ (“5%) # 0 and 6(s) # 0 one has

t t t
%—F ihé — s| > —I—w ‘ '—I_w—tg

<2r+r=3r

S ’

-

[to — s| > 2r.

We can then estimate as follows:

h = 2/3 —s
Hhmmwsgwmwmwwéxuhow4hwmm

-2 w—s
- 4?” HfHLOO(K/, L(X;Y)) 7Th /[_37”;12/373,,;12/3] df/R N l dw.

This implies the stronger bound

-1 -1
1Z21009) ey < O 7] ooy © SO Wllomus (4331)

where the last inequality follows from (4.3.3).

We now study the integral Zy;; defined in (4.3.29). Recall that suppn C [—3r,3r],
so that the domain of integration is contained in |Im z| < 3rh!/3. Using (4.3.26), we can
then estimate the corresponding integral as follows:

N Re2)0:f(2) _L=s® 10, o\(2r—s_s =
||1—227h(7f, S)H/;(X;y) < / 77(h 1/3 Im Z)WQ 2h eilz( )(2t ) |dZ A d2|
c £(X:Y)
h—1/3 [t—s|2
<C . / — L(z—s)(2t—2-2) dz A d
< ”fHZ,R,KeXp< GTC’OR> K, € 2h eh |dz A dz|

ch—1/3

/
<Clflorxe * - (4.3.32)
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In this last inequality of (4.3.32), we used the fact that

b

which follows from (4.3.21).
The last term we need to control is the integral Zosp in (4.3.30). In the original
coordinates (4.3.16), we have

It—s)?

e Teh(z $)(2t—2—2)

|dz/\dz|</ dz A dz| < C.
Ky

h2/3 ./t |
Tosn(t,s) = ZTX(t)/ n/(h2/3£)bs (_HU + th) —w)€ o=,
RxR

We look at the integral in w and treat £ as a parameter satisfying 2rh=2/3 < €] < 3rh~2/3
thanks to the support of 1/. The change of variable w — w + s allows to rewrite the
integral as follows:

o t w— S ) W2
/bs <J;w+ hf) ilt—w)g — - dw = e~ tf/ Ghet,s(w)e —iw =15 o, (4.3.33)
R
./t .
with gz, (w) := b (+82+w - if) ' s

Using (4.3.33), we obtain

h2/3 +w |
TX(t)/]RXR "(R*13¢)bs (2 ‘th) —wlem

| Z23,n (2, 3)H£(X;y) - ’

L(X;Y)
< O | [ 2P0 ([ gregw)eee 5 aw) ag
R R L(X:Y)
1 —iw _lw?
< @2 [ @289 | [ mesotwe e Sau| de
R R L(X;Y)

Recalling that supp x C (to — 4r,to + 4r) together with the definition of gpe s in (4.3.34),
of by in (4.3.19) and supp x C (to — 47, to + 4r), Lemma 4.3.7 (below) now implies

Ciwe Il
0 [ @) [ greeatwre e 5 au

<C /R o (h?/3€)|dee™ "7

dg

L(X;Y)

Combining the two estimates above and recalling the support of ) yields

h—2/3

3r
Tos p(t < n*? / d
1 Zasn(t, ) gy < 0272 [ dge”

ch 1/ ch—

1/3
||f”2 rr <Ce F | flork, (43.35)

for h < hg.
Putting together (4.3.31), (4.3.32) and (4.3.35) yields for some constants C' and c
depending only on K, p,r:

ch—1/3

|1 Z21 (8 $)l] £ ey < CE

which concludes the proof of Lemma 4.3.6. O
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We can now turn to the proof of Proposition 4.3.2.
Proof of Proposition 4.5.2. For u € S(R; X'), we start by writing
XFhe*%mt‘zGu - e*%‘Dflzfﬁu = (XFhe*%mt'zHu — Xe*%‘D”szu) —(1- X)e*%|Dt|2(f9u)
= Ryu— (1 — y)e 22 (fou), (4.3.36)

where Ry, is defined in (4.3.8). The second term in (4.3.36) is bounded using Lemma 4.A.1
by

|0 = x0e 5P (o)

L2(R;)) < Ce/! eruHH"“(R;lV)

< Ce™ M || fllyroo supp(@ysc e,y Il vy (4:337)

thanks to the supports of (1 — x) and 6. Concerning the first term in (4.3.36), the ker-
nel of Ry, is given Kp(t,s) given by (4.3.9) according to Lemma 4.3.5. Since K(t,s) =
—%Iljh(t, s) + ChZa p(t, s), Lemmata 4.3.5 and 4.3.6 yield

Ch71/3
T A llor - (4.3.38)
Combining Lemmata 4.3.5 and 4.3.6 and recalling supp KCp, C (to—4r, to+4r) X (to—r, to+7),
the Cauchy-Schwartz inequality yields

I M oo sy < Ce™

wh—1/3
[ Bhull 2 (m;y) = H/’Ch('>5)u(8)d5 ) < Cem T |[fllg, o lull L2 (ctg—rtorrysin) -
This, together with (4.3.36) and (4.3.37), implies
ch—1/3

_hip,2 _hip,2 _
HXFhe 21Dy — e~ 21D erHL2 <Ce F | fllor kvl
and concludes the proof of Proposition 4.3.2. O

In the course of Lemma 4.3.6, we have used the following Lemma.

Lemma 4.3.7. Let gne s be as in (4.3.34) and fix ca > c¢1 > 0. Then there exist C > 0,
¢ > 0 and ho depending on K, p,r,c1,ca such that fort € (to—4r,to+4r), s € R, h € (0, hy)
and c1h=%/% < |€| < cah=2/3 one has:

h—1/3

‘U2 _c
< Cem T | fllo,r -

. |
H/ Ghe 1.s(w)e e 20 dw
R

L(X;Y)

Proof. First, thanks to the definition of bs and the support of 8, we can assume without
loss of generality that s € (to — r,to + r), for otherwise the integral is zero. We start by
separating the integral in two terms:

|w |w

} 12 ) lw|? : 12
/R gh&t’s(w)e*w’gefﬁdw: /| - ghg,t,s(w)e*Me*deJr ghg,t,s(w)e*’wfe*de.
w|2Tr

lw|<r

For the integral in |w| > r we can proceed as in (4.3.15) to obtain the stronger bound

< Ce—ch71
L(X;Y)

7 < Ce ||y

o (K1-L(X:))) — 2,R.K -
Woo (K L(X5))

- lw|?
lw|>r
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thanks to (4.3.24).
We now work in the region |w| < r and remark that for ¢t € (to — 4r,to + 4r),s €
(to —r,to + ) and |w| < r one has for z = 5% 4 ih¢ that

S*to
2

Re(z) — to| < ‘tt“

2

w
—| <3
+‘2‘_ T,

and |Im(z)| = h|¢|. Therefore in this region we have x(Rez) =1 and consequently

by (2) = H(S)x(Rez)f‘(z) —fls) _ H(S)M_

z— S z— S

This implies as in (4.3.26) that, for Im(z) < hg:

To alleviate the notation we write g for gness. We know thanks to (4.3.34) that g
admits a complex extension in [—r, 7] +i[—p/2, p/2] for h < hg given by

v 1
aébs(z)HL(X;y) < Clfllg,px exp <_2C’0R\Imz|>' (4.3.39)

g(w +iv) :

vy ([t+s+w w
bg | ———— +ih — 1,
< 5 +1 £+2)

that is .
g(z) = b, (;Jr 25 +ih§) ,

which implies
1.y [z t+s
859(2’) = 565()3 <2 +

+ ih£> . (4.3.40)

We now write the integral we want to control as

r . 22 (4 _he2 (2+ih€)?
[ g ias= [ g e 5 as

T -Tr

We consider now o € (0,3) to be chosen later on. We let Q = [—r,r] x [—oh&,0] in
case £ € [e1h™2/3 coh=2/3] (see Figure 4.1), resp. Q = [—r,7] x [0, —chf] in case £ €
[—coh™2/3, —¢ h=2/3]. Stoke’s theorem applies, see (4.A.5), and yields:

r —h&?  _ (2+ihg)? —h&2  _ (2+ihg)? —hg?2  _ (24ihg)?
/ g(z)e 2 e 2 dz:/ g(z)e 2 e 2n dz+ | g(z)e72 e 2 dz
I

=T

—he2 (24ihe)?

I
. 22
+ | g(z)e7z e 2 dZ+/65(9(2))6_ZZ£6_ThdZAdZ,
I3 Q
(4.3.41)

where the contours (oriented counterclockwise, see Figure 4.1 in the case £ > 0) are
defined by

I'={2€C,Rez=—-r, —ochf <Imz <0},
Iy={2€C,—r<Rez<r, Imz=-—chi},
I's={2€C,Rez=r, —och{<Imz <0},
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iR

Iy Q I's

FQ —’L.O'hg

Figure 4.1: The domain Q where we apply Stokes’ theorem in case £ > 0 (the picture in
case £ < 0 is the symmetric about the real axis). Notice that 0Q =Ty UT9 UT's U [—r,r].
Recall as well that in this regime we have & ~ h=2/3 and therefore hé ~ h/3. As h goes
to 0 the domain € collapses to the segment [—r,7].

if £ >0 and

I'={2€C,Rez=—-r, 0<Imz<ohf},
I'y={z€C,—r<Rez<r, Imz=ochi},
I's={z€C,Rez=—-r, 0<Imz<oh{},

if £ < 0. We now estimate all terms in the right hand-side of (4.3.41).

We start with the last term in the right hand-side of (4.3.41). Using (4.3.40) and (4.3.39)
together with the fact that z € Q in particular [Im 2| < ohl¢| < Lh[¢] (since o < 3), we
obtain

1
19:(9( D 2y < C M llz, 1 exP (‘ CoR[Tm(z/2) + he |>
1
< C | fllo,rx exp <_COR(| Im(z/2)| + h\f’))

1
< Cllfllo p,rc exp <_2Comh§|>

<Clflhnxes (-

1 . _Eh—l/S
2C()C2Rh1/3> =Clflorke ;o (43.42)
where ¢y is given by [£| < coh™ 2/3 and é := 2070 We write z = a+if with o, 5 € R and
notice that for z € Q@ we have || < oh|é| and B < 0 (in both cases). As a consequence,
we deduce

2 2
2 2_ 52 2,22 21012 o2c
. z a’—p a“h7l¢| o7hlg]| -2
e~ o7 | = P < e o <e 2 < e2nl/3

Together with (4.3.42) this yields

J

. 22
ag(g(z))e—zzfe—ﬁ ldzAdz| < C Hf||2 RKE —(é—02c2/2)h=1/3

L(X;Y)

<O\ fllgppe "
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. L a2
after having chosen ¢ := min(<;

terms in (4.3.41).

,%) With o now fixed we control the other three

e For a +if = 2z € T'| we have a® = r? and estimate the real part of the second

exponential, using (8 4+ h€)? < (h€)? (in both cases —ohé < B < 0 if € > 0 and
0<8< —ohlif£<0),as

2 N2 2 2 2 1242 2 272/3 2
Re<(z+zh§)>:r (B + hé) T h#¢ ST csh r >0,

>
2h 2h - 2h - 2h — 4h

for h sufficiently small. This implies

J,

- 32
dz<C HfHWLOO(K,’J;E(X;y)) et

—he? (z+ing)?
2h

g(z)e™>"e

L(X;Y)
f —ch~1/3
thanks to (4.3.24).

e For the integral in I's we proceed exactly as for I';.

o For a+if =2 €Ty we have 8 = —ch& and a € [—r,r|, and we obtain

Re<h‘€’2 N <z+z‘h§>2) _he a?— (B4 he)

2 2h 2 2h
K_M: h§2 (1_(1_0)2)

Y

2 2h 2

-2 T2
for || > ¢;h2/3. The estimate of Jr, in (4.3.41) then proceeds as that of [p
in (4.3.43).

This concludes the proof of Lemma 4.3.7. O

4.4 'The uniqueness theorem

4.4.1 Adding partially Gevrey lower order terms

With the results of Section 4.3 at our disposition we can now add in the Carleman estimate
of Theorem 4.2.1 lower order terms with coefficients which are Gevrey 2 with respect to ¢
and bounded with respect to . Let I C Rand V C R" be open sets and define 2 := I x V.
Consider the operator

Pg =i+ Ag+ > bj(t,2)0; +q(t, x). (4.4.1)
j

We suppose that the metric g is Lipschitz with coefficients independent of ¢ and b;,q €
G%(I; L>=(V;C)). We then have:



190 CHAPITRE 4. UNIQUENESS FOR SCHRODINGER OPERATORS

Theorem 4.4.1 (The Carleman estimate with Gevrey terms ). Let xo = (tg,xz0) € Q C
R Assume that ¢ and f satisfy the assumptions of Theorem 4.2.1. Then there exist
r,d,C, 19 > 0 such that for all T > 19 and w € CX(B(xq, 7)), we have

2

2
—d
O |l@p v, +Ce* [er?u],y,, = TIQh NG (14.2)
Moreover, if b; =0, j € {1, ...,d} we have:
2 2 2
¢ —d ¢ —d ¢ ¢ 2
CHQWPgw\LQ 4 Ced e w\Hle% 4 Ced||er w‘m > r|QY w3y, (4.4.3)
Proof. We define R :=3_,;0; + q and estimate
2 2 2
¢ é ¢
| @i Powl,, 2 |l@k Pl - |@-Ru],

We then use (4.2.3) of Theorem 4.2.1 for k = 0 to find:

2 2 2 2 2
T T R (O RN
HQ%TPgw o +e e Pw Lo~ Q- Pw 12 +e e w‘L?H% ‘Q ’TRw‘B
2
2 7lQp -l — @ -Ru - (4.4.4)

We now estimate the last term with the help of Proposition 4.3.2, up to reducing r.
In order for all the setting of Section 4.3 to apply, we pick rg small enough so that
K = (to—ro,to+10) C I. As for p > 0 is arbitrary. If r is the one given by Theorem 4.2.1,
we reduce it again in order to ensure the assumption 0 < r < min(’g,£). We select
X,0,n with the additional assumption that 6 = 1 on [ty — 7/2,t9 + r/2]. We denote
by B, the approximate conjugated operator associated to b; as defined in Section 4.3,
that is Bj, = Fj as defined in (4.3.7), in the case f = b; and h is linked to 7 via
h = p/73. We will keep however the h notation for the conjugated operator. The function
bj € G2(K; L*°(V;C)) is identified with the multiplication operator (noted with the same
name) b; € G¥%(K;L(X,Y)) with an appropriate R > 0. That is, we make the choice
X =Y=L*V)and B=L®(V).

We now assume w € C2°(B(xg,r/2)) so that fw = w. Applying Proposition 4.3.2 with
u = eT¢8jw = fu gives

xBjnre 23 u—e 277 bju SCG*CTHUHU(R;L?(V))-

H | Dy |2 _ulDy?
L2(R;L2(V))

Combining this estimate with the fact that, as noticed in Section 4.3, ||Bj|l 2,2 is
bounded uniformly in h, we obtain:

|Dy |2

_plDy? < Dy
LN Bjpe 27 u
L

=lle 23 bju

oz o

L2 . +e ||u||H;kL£

_nlDy?
e 2 u

N

el

- Qﬁﬁajw’

<7 l|Qi vl

—cT
L2 i

o
o @]

eT¢8jw)

L2

+ e~ CT
Hy

eww‘

L H;
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We proceed similarly for the potential q to find

) o) —cT || T
HQ ’qu‘p < HQ ,Tw’LQ +e e w‘p. (4.4.5)
Adding these estimates and using the triangular inequality yields
¢ < ¢ ¢ —cT || TP
HQ%TRw‘ 2 ST HQ%Tw‘ T HQ}Mw‘ i +e e w‘ — (4.4.6)

Estimate (4.4.6) allows to absorb the last term in (4.4.4) up to taking 7 > 79 with 7
sufficiently large. This concludes the proof of (4.4.2) up to renaming the constants r, C, ¢, d
and 79. The proof (4.4.3) is the same after applying (4.2.3) of Theorem 4.2.1 for k =1
and using only the estimate (4.4.5) for the potential g. O

4.4.2 Using the Carleman estimate

We state now a first version of the uniqueness theorem for smooth solutions. In the next
section we shall explain how one can significantly reduce the required regularity of the
solution.

Theorem 4.4.2. Assume Q = I xV where I C R is an open interval and V. C R% an open
set. Consider the operator Pg defined in (4.4.1). Let xq := (to,x0) € Q and ¥ € C%(Q)
with U(xo) =0 and |V4¥(x0)|g > 0. Then there exists a neighborhood W of xo such that
for any u € L*(I; H*(V)) one has

Pou=0in Q
{g“ m s u=0in W

u=01in QN{¥ > 0}

Theorem 4.4.2 is a result of the Carleman estimate of Theorem 4.4.1. Nevertheless, in
order to use it one needs to construct a weight function that:

o Satisfies the assumptions of Theorem 4.4.1, that is the assumptions of Theorem 4.2.1,

e Has level sets that are appropriately curved with respect to the level sets of W. This
is the geometric convexification part.

This is the content of the following Lemma:

Lemma 4.4.1. Let ¥ € C?(;R) with ]VQ\I/@ > 0. Suppose that U(xg) = 0. Then
there exists a quadratic polynomial ¢ and a function f satisfying the assumptions of Theo-
rem 4.2.1 together with the following properties: ¢(xg) = 0 and there exists ro such that for
any 0 < r < g there exists n > 0 so that ¢(x) < —n forx € {¥ < 0}N{r/2 < |x—xo| <7}
where we write x = (t,x).

Proof. Without loss of generality, we assume Q compact. Given ¥ € C2?(Q;R) define
¢ = G(¥) and f as in (4.2.30) with G(s) = ¢ — 1. Note in particular that ¢ and ¥ have
the same level sets. Then using Corollary 4.2.12; one has, for A large enough,

B, 4, (X) 2 2Co X1y,

&

0. > 2C) ‘vqu;’z > 0.
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Now define qET by .
brim Y - (076)(x0)(x — x0)".

o!
lor| <2

Observe that both quantities Bg 5 f and é"g 5 f involve derivatives of order at most 2 of (5

Since W is C2 and G is smooth one has that ¢ = G(¥) is C? as well. Since (0%¢r)(xq) =
(0%p)(xg) for a < 2 we obtain by continuity that there exists 1 > 0 such that

B, ;. ,(x)(X) > Co|X ]2,

.2
Eyir () = Co|Vybr| (x) >0,
for x € B(xp,71). Define finally ¢ by
(Z) = QET - 6‘X - X0|2.

Then by the same stability argument with respect to C? perturbations we have that for
0 > 0 small enough:

By r(x)(X) > | X2
C
Er0(%) 2 5 [Vg0l3 (%) > 0,

for x € B(xg,r1). That means that ¢ satisfies indeed the assumptions of Theorem 4.2.1.
The last property is an immediate consequence of the fact that ¢ and ¥ have the same
level sets and ¢r is the order 2 Taylor expansion of ¢. O

We have now all the necessary ingredients for the proof of Theorem 4.4.2.

Proof of Theorem 4.4.2. Consider u a solution of Pgu = 0 such that v = 0 in QN{¥ > 0}.
Let ¢ be as in Lemma 4.4.1. Theorem 4.4.1 implies that there exist r,d,C, 9 > 0 such
that for all 7 > 79 and w € C°(B(xo, 7)), we have

2

C HQZ),TPQW‘ ; + Ce 97

emw’

é 2
L2H} > THQM,TMHH}'

‘We have moreover:

1. ¢(xp) = 0 and there exists 7 > 0 so that ¢p(x) < —n forx € {U < 0}N{r > |x—x¢| >
r/2}
2. ¢(x) <d/4 for |x —xo| <.

Property 1 comes from Lemma 4.4.1 and Property 2 is just the continuity of ¢, up to

reducing r. Notice that the Carleman estimate of Theorem 4.4.2 remains valid by standard

density arguments for functions w € L?(I; H'(V)) such that Pgw € L? and suppw C

B(xo,7). Let x € C§°(B(xp,7)) with x = 1 in B(xg,r/2). We apply the Carleman

estimate above to w = xyu. We control

HQ,‘f,TPgXU‘ g “Qﬁ,TXPgU‘
<

= ||t e xu|

[P xu|| , < e Ilull 2y

@ Pa X
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thanks to the supports of x’ and u, Property 1 and the fact that [Pg, x| has no time
derivatives. We have as well

efd‘r

ewl < e ull g
x

L2H} —

thanks to Property 2. We finally obtain that there exists a 6 > 0 such that

|Q5 -l

Lo S11Qp xullfy < CeT,

which implies that HQZ’;‘quHLQ < C uniformly in 7 > 7. Lemma 4.A.2 gives supp(xu) C
{¢ < —6}. Since ¢(x0) = 0 and x = 1 in B(xp,r/2) one has that W = B(xg,r/2) N {¢ >
—4§/2} is a neighborhood of xy in which xyu = v = 0 and the proof of Theorem 4.4.2 is
complete O

Remark 4.4.2. Observe that, in fact, we only used the weaker estimate

2
> ||Qﬁ,7’w||%2

clag o

2 —dr
+ Ce
L2

eT‘wa

4.4.3 Reducing the regularity of the solution

Theorem 4.4.2 concerns solutions u of the Schrédinger equation Pg = 0 which are in L7 H..
In view of the regularity of the coefficients this is almost optimal in the sense that if u
is less regular then Pu may be not even defined as a distribution. In this section we are
interested with solutions u € L? of Pgu = 0 in the particular case where b; = 0 for all
j. Reducing the regularity of the solution to L? is interesting, especially with respect to
applications in control theory.

The idea is to use the Carleman estimate of (4.4.3). This allows to exploit the ellipticity
of Ay and gain some regularity. Applying (4.4.3) (which is still valid for a compactly
supported function w € L? such that Pgw € L? by standard density arguments) yields:

C HQﬁ}TPng; + Ce 97 + Ce™ 97 6T¢U)H; > T”Qﬁ,Tw”?{}_' (4.4.7)

2
emw‘ .
H ' HL

One would like then to proceed exactly as in the proof of Theorem 4.4.2, with w = xu.
The only problem is that the terms ||[Pg, x]ul|;» and

eT? uH can no longer be
X H7'H} &

bounded by ||ul| 1 since the solution u is only in L?.
We denote by (Dy) the Fourier multiplier (1 4 |D;|?)'/2. We then bound from above
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the term HQﬁJPngm appearing in the left hand side of (4.4.7) as follows:

—p|Dy |
@R, = (D=5 Dyt Pow
b L2
—#|Dt|
:H]lDt|<7'2<Dt> 23 (Dy)~ 1 T¢>pgw 2
L
*#|Dt‘ 1 7_¢
+ | Lipyzr2(De)e 2 (D)~ e Pgw L2
‘2
§C7'2H<Dt>_leT¢Png + Cma (G )
Ee>12
¢
<COr? —I—Ce e’ Png _
< COr? .
H7'L2

for 7 > 79, where we proceeded as in (4.2.8). Combining the above with (4.4.7) gives:

2
2
crt 6 oT® L22¢\|Qﬁ77w\|}u. (4.4.8)

T¢Png —I—Ce ar lle

B + Ce—dr
HVHL

We apply it to w = yu with x as in the proof of Theorem 4.4.2 and we need to control
from above

2 €T¢Pg(XU)HH,1L2 =7’
t x

T¢[Pg7 X]UHH;1

Observe that [Pg, x| is a differential operator of order 1 with no time derivatives and coef-
ficients supported in the support of x’. Therefore the same holds for its adjoint operator
[Pg, x]*. Consider now § € C*°(Q) with § =1 in {¥ < 0} and § = 0 in {¥ > £} with
¢ sufficiently small such that ¢(x) < —n/2 for x € {U < e} N {r/2 < |x —xo| < 7}.
Thanks to the support of v we have 6u = u. As in the proof of Theorem 4.4.2 one has
that e™® < e~"7/2 in the support of x’ Nsupp(f). This gives

|(Po.xireu]

L

-nT/2
HILZ H[PQ’X]*W)HUHHQL% < Gre™ lell gy

That means that if we define the operator S : v+ [Pg, x]*¢™?0v for v € S we have

—nr/2
HS||Ht1H;—>Ht1Lg < Cre/

By duality this yields

—n7/2
”S*HHt_ngﬁHt_lH;l = ISl mp iz < Cre G

which implies finally [|.S*|| ;-1 1
t

1L H 2 < Cre /2. Coming back to the quantity we

need to control we have then

1P| 1y = 718 Ul < OT0 T ull gy
x
-n7/4
<Ce \|uHH;1H% .
Similarly, one has:
—d —dr/4
e 97 emw‘ - < e 47/ HuHHt‘lH;
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As before, combining the last two estimates with (4.4.8) and using the support of x gives
the existence of some § > 0 and a small open set U C R% with

—oT
14wl < Ce (lull ymr gy oy + Nl 22201 -

Therefore, the last step in order to finish the proof and conclude as in the proof of
Theorem 4.4.2 is to prove that ||ul[ -1, is indeed finite. This comes from the fact that
t x

u solves Pgu = (i0; + Ay +q(t,z))u = 0 and from the ellipticity of A4. Indeed, by elliptic

regularity we have, for U € U C R%:
Il o) < € (1800l 20 + ol 1209
< (|0~ ag] , + [0 "a]],)
< ¢ ([, + 0o~ tval L, + [P0~

L2) : (4.4.9)

where we used the equality Aju = Dyu — Vu. Now observe that H<Dt>71DtHL2—>L2 =
Lo < 1 and similarly (D)7 ;2_, ;2 < 1. Using this in (4.4.9) yields

i
()
HUHHng;(U) <C HUHL2 .

We can then conclude exactly as in the proof of Theorem 4.4.2. This proves the second
part of Theorem 4.1.2 stated in the introduction.

4.A Tools

4.A.1 A technical lemma
For further reference, we first collect the formula
.2 2
Flem 3 )(©) = (a2 (4.A.1)

and hence

N ) 1/2 i—s|2
6*5|Dt\ f(t) — (27-1rh> /f(g)@*‘ 2h‘ ds. (4.A.2)

Lemma 4.A.1. Let (X, |- ||x) be a normed vector space, x1, x2 € C*®(R) with all deriva-
tives bounded and such that dist(supp f1,supp f2) > d > 0. Then for every k,m € N, there
exist C,c > 0 such that for all uw € S(R; X) and all A > 0 we have

_1DyJ? —eh
xiew > (xeuw) < Cem M ull g-m,x) -
HF(R;X)
See e.g. | , Lemma 2.4] in case m = k = 0.

Proof. We start with & = m = 0 and recall (4.A.2). Using the support properties of x1, x2,
this implies

Dy A\ 12 e
e H e = (1) a [ et s

1/2 A2
_ (jﬂ) XL sae 107 5 xo () (#)
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The Young inequality thus yields

o ], £ (2) e ]
X1 X2 LAmx) N4 Xl Lo || 2Hzd i) XHIL2 ()
A\ /2 _A(2
<(52) Tl el [z, o Tl

The result for ¥ = m = 0 then follows from the fact that

O A2 A2 A2 [ a2
) :/ e 8¢ 89 ds<e Sd/ e 8% ds
L1(R) d 0

Ce_%d2 00

< -

% H1\~|2d6_%(')2

2
e % ds < Ce .

: o . e D2
As a preparation for the general case, we prove a similar estimate if e~ >~ is replaced by
1Dy

DFe~ "3~ for k € N. Notice that from (4.A.2), we have

2 1/2
Dt Sr = () [Pt e
R

A
)\ 1/2

:<) > aM@/A“@—waﬂ*”ﬂgw,
Am 0<k1 ko<k R

where ag, 1, € C do not depend on A. As a consequence, proceeding as above with the
Young inequality, we obtain

k-2 k+1/2 —2()2/\k
x1Die” x (xou < CpA X1(E) L >qe 4 %2 % (xou)(t
papke o] <ai X faonpa 08 )]
_2A()2
< OGNl el D0 [[Tmae 20|, ) ol 2y

0<ko<k

Using now

|2z 307 ()

O A2 A2 a2 [ A2
:2/ e 85 e 55 gk ds < 2754 / P28 ds
LY(R) d

0
ko+1
—ede () F () g

Combining these two lines, we finally deduce that for any k£ € N and any x1, x2 € L*(R)
such that dist(supp f1, supp f2) > d > 0, there are Cf, ¢ > 0 such that for all u € S(R; X),

Now, we prove the following statement: for all k,¢,m € N, for all x1,x2 € Cp°(R) such
that dist(supp f1,supp f2) > d > 0 there are C, ¢ > 0 such that for all u € S(R; X),

[D¢|2

x1Dfe” 3~ (xou)

< Cpe™ [ull L2 ;) - (4.A.3)

L2(R;X

| 2

_1Dg”
HDfX1Df€ A (x2 DY)

< Ce Jlull 2 o) - (4.A.4)
L2(R;X)
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To this aim, given £, m € N, we consider the induction assumption
(4.A.4) is satisfied for all k € N. (A(¢,m))

We notice first that (A(0,0)) is (4.A.3). Then, we assume (A(¢,m)) and prove (A(¢ +
1,m + 1)). For this, we decompose and expand

DitYaDfe™ 3 xo D" = Df (x1 Dy + [Dy, x1]) Dye™ (DtXZ + [X27 Dt])D

|D \
:DleD]H_Q X x2Df" "‘ZDtXlD]H_

D¢ 12 _Dl
— iD{N, D e™ 3 xo DY + DiXG DEe™ 3\, D,

2Dt

and notice that the induction assumption (A(¢,m)) applies to all of these four terms since
supp Xj C supp x;, j = 1,2. This concludes the proof of (4.A.4).

To conclude the proof of the lemma, we deduce from (4.A.4) (for k& = 0) that for
¢,m e N, and all v € S(R; X),

14+ D2)oae 3 (a1 + D2 < Ce
(1+ D) xae” 2 (xa(l + Di)™v) < Cem o]l oy -
L2(R:X)

Letting v := (1 4+ D?)"™u in this expression, we deduce that for all u € S(R; X),

_ D42 AV _IDg? 2\m
xiem 2 (xou) =1+ D) xrem > (x2(1+ Dy)"v)
H2E(R;X) L2(R;X)
< Ce= [0l L2 sy = Ce= [ll fr-2m (g, v) -
This concludes the proof of the lemma (for even integers, and thus for all integers). [
The following is Proposition 2.1 in | | that we state here for the reader’s conve-

nience.

Lemma 4.A.2. Let u € L?(R") and let ¢ be a smooth real valued function. For 7 > 0
let A be continuous bounded functions in R™ such that the Fourier multipliers A, (&) — 1
uniformly on every compact set when T — oo. If

HJLIT(D)eT(ﬁuHL2 <C, 7>
then it follows that suppu C {¢ < 0}.

The following regularity Lemma was useful in the conjugation argument.

Lemma 4.A.3. Let h € C3(U) with U C C open set containing 0 so that |0:h| < C|z|2.
Then, w(z) = M e CL(U).

Proof. The only problem is close to z = 0. We write h(z) = h(0) + zfol 0.h(sz)ds +

Efol 0zh(sz)ds and we have
1 z r
= / 0,h(sz)ds + 7/ O0zh(sz)ds
0 zJo
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z

The only term left to consider is u(z) = 2 fol 0zh(sz)ds. The estimate on Jzh implies that

z
u(z) can be continuously extended by 0 at 0 so, we are left to consider the derivatives of

z 1 z (!
Vu=V () / Ozh(sz)ds + — / sVOzh(sz)ds.
z/) Jo zJo

By Taylor expansion, the assumption d:h € C? and |0:h| < C|z|? implies 9:h(0) = 0,
V0:(0) = 0 and therefore, |[V:(2)| < C|z|. Since |V (£)| < C|z|~!, we obtain that Vu
can be continuously extended by 0 at z = 0. This gives the expected result. 0

4.A.2 Integration by parts formulse

Given a bounded C! (or piecewise C!) domain Q C C and a C! one form w defined in a
neighborhood of €2, we recall the Stokes formula

/ w:/dw.
o0 Q

Here, 012 is given the orientation coming from the canonical orientation C.

Now given a Banach space B and a function fy : R? ~ C — B, and under the identi-
fication fo(x,y) = f(2,2), we apply the above formula with the one Banach-valued form
w(z,y) = f(z,z)dz to obtain

/’ﬂ@@uZ/dU@jmaz/aJ@@mmw%@ﬂ@aﬁmuZ/aﬁu@mmw,
o0 Q Q Q

that is

f@@@:/ﬁﬁ@aﬁAm. (4.A.5)
[2)9] Q

Here 0f) is oriented so that € lies to the left of 0f2, see for instance | , Chapter 1,
Section 1.2]. Applying this to f = gh with g € C1(C;C),h € C*(C;B), we deduce

/ gOzhdz N dz = / ghdz — / hOzgdz N dz. (4.A.6)
Q o0 Q

If now g € C(C) and h € C(C;B) satisfy hg — 0 at infinity and gd:h € L'(C;B),
hdzg € L'(C;B), then we may choose 2 = B(0,R) and let R — +oo, yielding the
following statement.

Lemma 4.A.4. Assume B is a Banach space, g € C*(C;C) and h € C*(C;B) satisfy
g0zh € LY(C; B), hdzg € LY(C;B) and Jon(o,r) Ih9llB(2)dz = 0 as R — +oo. Then

/ gOzhdz N\ dz = —/ hozgdz N dz. (4.A.7)
C C

Note finally that z = = + iy and z = x — 7y so that
dz Ndz = d(z —iy) Nd(z + iy) = 2idx A dy,

where dx A dy is the usual Lebesgue measure on R? (oriented).
Note also that if f is holomorphic, we recover the usual deformation of contour principle

Joq f(z)dz = 0.
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