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Abstract

Count data with excess of zeros commonly occur in various areas, such as ecology, epidemiology,
insurance, or health economics. Zero-inflated regression models provide a useful tool to analyse
such data and have given rise to an abundant literature. A further problem arises when these
counts are right-censored, which also often occurs in observational studies. Right-censoring refers
to the situation where one only observes a lower bound on the count of interest. So far, this
setting has however attracted much less attention than uncensored zero-inflated models. This
dissertation aims at investigating - both theoretically and numerically - the statistical inference
in zero-inflated count regression models with right-censored data.

In the first contribution of this thesis, we investigate the theoretical and numerical properties
of the maximum likelihood estimator (MLE) in the zero-inflated Poisson (ZIP) regression model
with randomly right-censored counts. We establish rigorously the consistency and asymptotic
normality of the MLE in this setting. A thorough simulation study is also conducted to assess
finite-sample behavior of the MLE. Finally, we describe an application to a real dataset from
health economy.

The ZIP model assumes that the observed overdispersion is entirely caused by zero-inflation.
When additional overdispersion is present, useful alternatives to ZIP are given by the zero-
inflated generalized Poisson (ZIGP) and zero-inflated negative binomial (ZINB) models. In a
second contribution, we investigate the properties of the MLE in ZIGP and ZINB regression
models, when the count response is subject to right-censoring. Simulations are used to examine
performance (bias, mean square error, coverage probabilities and standard error calculations) of
the estimates. Then, we consider the issue of variable selection. A simple, efficient and easy-to-
implement methodology for variable selection is proposed. It is applicable even when the number
of predictors is very large, and it yields interpretable and sound results. The proposed methods
are again applied to a dataset in the field of health economy.

In a third original contribution, we investigate the statistical inference in the marginal zero-
inflated Poisson (MZIP) regression model, when the count response is randomly right-censored.
Contrary to the ZIP model, the marginal MZIP model directly describes the effect of the co-
variates on the overall population mean. For this reason, it provides an appealing alternative
for interpreting covariate effects at the population level. We establish the asymptotic properties
(consistency and asymptotic normality) of the MLE in the censored MZIP model and we con-
duct a simulation study to assess finite-sample properties. An application to a dataset in the
field of healthcare demand is described.

Key words: Asymptotic properties, count data, excess of zeros, marginal model,
simulations, health care utilization.
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Résumé

L’exces de zéros - ou inflation de zéros - dans les données de comptage est une situation
qui survient dans de nombreux domaines, tels que 1’écologie, 1’épidémiologie, ’assurance ou
I’économie de la santé. Les modeles de régression a inflation de zéro fournissent un outil puis-
sant pour analyser ce type de données, et ils ont a ce jour suscité une abondante littérature.
Un probléme supplémentaire est celui de la censure de la variable réponse. La censure & droite,
en particulier, correspond a la situation ou 'on observe seulement une borne inférieure sur le
comptage considéré. L’analyse statistique de données de comptage en présence d’inflation de
zéros et de censure n’a jusqu’a présent suscité que peu de travaux. Ce sujet constitue le theme
général de ce travail de these.

Dans une premiere contribution, nous étudions les propriétés théoriques et numériques de
lestimateur du maximum de vraisemblance (EMV) dans le modele de régression de Poisson
a inflation de zéros (modele ZIP). Nous prouvons la consistance et la normalité asymptotique
de 'EMV et nous réalisons une étude de simulation approfondie, afin d’évaluer ses propriétés
numériques dans des échantillons de taille finie. Nous décrivons enfin une application du modele
Z1IP censuré sur des données réelles issues du domaine de 1’économie de la santé.

Le modele ZIP suppose que toute la surdispersion des données peut étre expliquée par un
exces de zéros. Lorsqu’une surdispersion supplémentaire est présente (due, par exemple, & une
hétérogénéité inobservée des individus), on peut utiliser des modeles alternatifs, tels que les
modeles de régression de Poisson généralisé a inflation de zéros (modele ZIGP) et binomial
négatif a inflation de zéros (modele ZINB). Dans une deuxiéme contribution de ce travail, nous
nous intéressons aux propriétés de 'EMV dans les modeles ZIGP et ZINB en présence d’une
variable réponse censurée. Nous étudions ces propriétés au moyen de simulations. Puis nous
nous intéressons & la question de la sélection de variables dans ces modeéles et proposons une
procédure de sélection simple a mettre en oeuvre. Nous illustrons cette méthodologie sur des
données réelles issues du domaine de I’économie de la santé.

Dans une troisiéme contribution, nous nous intéressons a l'inférence statistique dans le modele
de régression ZIP marginal (modele MZIP), en présence d’une variable réponse censurée. Con-
trairement au modele ZIP, le modele MZIP quantifie 'effet des variables explicatives directement
sur la moyenne de la loi marginale du comptage (et non sur la moyenne de la loi du comptage
pour les individus "susceptibles"). Nous établissons les propriétés asymptotiques de "TEMV dans
ce cadre et réalisons une étude de simulations. Enfin, nous illustrons le modele sur un jeu de
données réelles.

Mots clés: Propriétés asymptotiques, données de comptage, excés de zéros, modele
marginal, simulations, applications en économie de la santé.






Notations

P(A)
E(X)
var(X)
cov(X,Y)
X, - X
X, 2 X
X, 5 X
N

N*

R

XT

i.0.d.
GLM

71

ZIP

Z1GP
ZINB
MZIP
MLE

Probability of the event A

Mathematical expectation of a random variable X

Variance of a random variable X

Covariance of the two random variables X and Y

The sequence of random variables X, converges in probability to X
The sequence of random variables X, converges in distribution to X
The sequence of random variables X, converges almost surely to X
Set of positive integers

Set of positive natural numbers

Set of real numbers

Transpose of X

independent and identically distributed

Generalized linear models

Zero-inflated

Zero-inflated Poisson

Zero-inflated generalized Poisson

Zero-inflated negative binomial

Marginal zero-inflated Poisson

Maximum likelihood estimator
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General Introduction

Zero-inflated regression models are widely used to accommodate count data with excess zeros.
Classical zero-inflated models include the zero-inflated Poisson (ZIP) model (Lambert, 1992),
zero-inflated binomial (ZIB) model (Hall, 2000; Diallo et al., 2017a), zero-inflated generalized
Poisson (ZIGP) model (Famoye and Singh, 2003, 2006). Since their introduction, these mod-
els have been extended to accommodate non-linear covariate effects, missing data, cluster ef-
fect. ..and have been applied in a variety of settings, such as ecology, epidemiology, quantitative
analysis of international relations, insurance, health economy. .. In this dissertation, we consider
zero-inflated regression models when the count response of interest is prone to right-censoring.
This problem has attracted little attention so far.

This work develops in several directions, with theoretical, methodological, numerical and
applied contributions. The applications described here are concerned with real datasets in health
economy. More precisely, we consider several datasets investigating healthcare demand. A first
dataset arises from the National Medical Expenditure Survey (see Deb and K. Trivedi, 1997),
a large study which was conducted in USA in 1987-1988 to assess the demand for medical care
by elderlies. Data are available in the R package AER (see Christian Kleiber, 2008) under the
name "NMES1998" and contain observations on 4,406 individuals aged 66 and over, all of whom
are covered by Medicare, a federal health insurance program. Another dataset, also dealing
with the demand for medical care, comes from the German Socioeconomic Panel, a large panel
study which was carried out on 1812 West German men aged 25-65 years, and was reported by
Jochmann (2009).

The manuscript is organized as follows. In chapter 1, we provide some background on gener-
alized linear regression models, which are the framework for count data modeling. Some back-
ground on zero-inflated regression models is provided in Chapter 2. In the next three chapters,
we describe the original contributions of this work. One first objective is to investigate, both
theoretically and numerically, the properties of the maximum likelihood estimator in several
zero-inflated regression models for right-censored count data with excess zeros. This is described
in Chapter 3 for the zero-inflated Poisson (ZIP) model and in Chapter 5 for the marginal zero-
inflated Poisson (MZIP) model. These mathematical results are supplemented by comprehensive
simulation results, which aim at assessing the finite-sample properties of the maximum likeli-
hood estimate. In Chapter 4, we conduct a methodological work, carrying out simulations to
investigate properties of the maximum likelihood estimate in ZIGP and ZINB models in the case
of right-censored count data. We also propose a procedure for variable selection, elaborating on
the stepwise selection approach. Perspectives are provided within each chapter, along with the
applications.
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1 Modeles linéaires généralisés

Contents
1.1 Introduction . . . . . . . . . ... 1
1.2 Théorie des modeles linéaires généralisés . . . . . . . . . . . . ... 1
1.2.1 Spécification d’'un modele linéaire généralisé . . . . . . . . . . . . .. 1
1.2.2  Espérance et variance des modeles linéaires généralisés . . . . . . . . 3
1.2.3 Estimation . . . . . . . .. oo 4
1.2.4 Propriétés asymptotiques et inférence . . . . . . . .. ... 6
1.2.5 Algorithme de Newton-Raphson . . . . . . . . ... ... ... ... 8
1.2.6 Estimation du parametre de dispersion . . . . . . . . . . ... ... 9
1.3 Choixdemodeles . . . . . . . . .. ..o 10

1.1 Introduction

Les modeles linéaires généralisés sont une classe de modeles statistiques de régression permettant
de traiter les problemes ou la loi de la variable réponse (ou variable a expliquer) n’est plus
nécessairement gaussienne, comme dans le cas du modele linéaire ou de ’TANOVA. La variable
réponse peut ainsi étre discrete. Cette classe de modeles, formulée par Nelder and Wedderburn
(1972) et popularisée par McCullagh and Nelder (1989) et quelques autres (Dobson and Barnett,
2018; Dunn and Smyth, 2018) généralise donc le modele linéaire classique, qui est caractérisé
par deux hypotheses fortes : la linéarité de la relation entre le prédicteur linéaire et la variable
réponse, et la normalité des erreurs.

Ce chapitre propose une introduction aux modeles linéaires généralisés : formulation, estimation,
inférence, choix de modéles.

1.2 Théorie des modeles linéaires généralisés

1.2.1 Spécification d’un modele linéaire généralisé

Les modeles linéaires généralisés sont une extension du modele de régression linéaire standard,
qui permet de s’affranchir des hypotheses de linéarité de la relation entre le prédicteur linéaire
et la variable réponse et de normalité des erreurs. Pour définir un modele linéaire généralisé,
il faut se donner trois éléments que nous décrivons ci-dessous : une composante aléatoire (la
distribution de la variable réponse), un prédicteur linéaire (ou composante systématique) et une
fonction de lien.
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Composante aléatoire

On suppose que ’échantillon statistique est constitué de n variables aléatoires Y = (Y71,Ys, ..., Yn)T
indépendantes et admettant des distributions issues d’une structure exponentielle (voir McCul-
lagh and Nelder (1989)). Pour une mesure dominante adaptée (mesure de Lebesgue pour une loi
continue, mesure discréte - combinaison de masses de Dirac - pour une loi discrete), la famille
de leurs densités par rapport a cette mesure s’écrit sous la forme :

yit; — k(6;)
a(¢)

ou 6; € R est appelé paramétre naturel (ou paramétre de position, paramétre canonique) et
¢ € R% est un parametre de dispersion, ou de nuisance. Les fonctions a,b et x sont spécifiques
a chaque type de distribution.

Nous décrivons ci-dessous quelques familles exponentielles, dont nous explicitons le parametre
canonique et le parameétre de dispersion. La fonction b n’intervenant pas dans la suite, nous ne
la mentionnons pas ici, et pour simplifier la lecture du tableau nous omettons l’indice .

f}/’L (y7/5627¢) :exp{ +b(y7/7¢)}’ ll: 1""7n (1'2'1)

Distribution Parameétre canonique Parametre de dispersion

P(u) log(n) 1
B(n.p) o i
n—p
N (p; o) M o

1 1

I'(p, v) —; B
Kp

NB(u, k) log (14_/{#) 1

Table 1.1: Quelques examples de familles distributions exponentielles

Prédicteur linéaire

Nous notons X; le vecteur (colonne) de dimension p des variables explicatives (ou covariables, ou
prédicteurs) observées sur l'individu ¢, ¢ = 1,...,n. Nous notons Xj;; ses composantes, de sorte
que X; = (1, X9, ... ,Xip)T. Les X;; peuvent étre quantitatives ou qualitatives. Nous notons
enfin X la matrice, dite matrice design ou matrice du plan d’expérience, de dimension p x n
contenant I’ensemble des variables explicatives observées sur ’ensemble des individus. Le vecteur
X, est donc le i-éme vecteur colonne de la matrice X.

Nous notons également 5 = (f31,. .., ﬂp)T le vecteur de dimension p contenant les parametres de
régression inconnus.

On appelle prédicteur linéaire (pour le i-éme individu) la combinaison linéaire suivantes des
variables explicatives :

P
mi= Y BiXy=BTXi, i=1,...n
j=1

Cette combinaison linéaire peut inclure des transformations des variables explicatives initiales
(e.g., log X;;,) ou des interactions (e.g., Xj; x Xk, j # k; j,k = 1,...,p). L’ensemble des n
prédicteurs linéaires peut étre écrit sous la forme matricielle suivante :

n=p"X
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avec n = (nq,... ,nn)T. Le prédicteur linéaire est parfois appelé composante systématique du
modele, car Y; est une variable aléatoire alors que X;; est considéré comme fixe.

Fonction de lien

La troisiéeme composante d’un modele linéaire généralisé permet de spécifier la relation entre
la variable & expliquer Y; et le prédicteur linéaire 57X;. Notons u; = E(Y;|X;) Pespérance
conditionnelle de la variable réponse sachant les variables explicatives. On pose :

g(pi) = BTXZ-, i1=1,...,n,

ou g(+), appelée fonction de lien, désigne une fonction monotone et dérivable. On choisit souvent
pour ¢(-) la fonction de lien canonique, soit g = (0r/d6;)"". Alors 0; = g(u;) = 81 X,. Dans
le tableau suivant, nous indiquons les fonctions de liens canoniques associées a quelques lois
classiques.

Poisson  Binomial Negative Binomial Normal Gamma

Distribution )
P () B(n, ) NB(p, k) N(w,0%) T(s,v)
1
o)  loa(s) los(i ) log<1j‘”m e L

Table 1.2: Quelques fonctions de lien classiques

Notons que dans le modeéle linéaire gaussien, la fonction de lien canonique n’apparait pas
explicitement car elle est égale a l'identité.

1.2.2 Espérance et variance des modeles linéaires généralisés

L’espérance et la variance d’une famille exponentielle admettent des expressions remarquables,
dans le cas des familles exponentielles. Plus précisément, elles peuvent s’exprimer en fonction
des fonctions a, b et k.

Supposons que la variable Y; a une densité de la forme (1.2. ) et notons ¢ la fonction de
lien, telle que g(ui) = 6TX1' Notons £,,; = log Wi dis &) = (yibli — £(6:))/a(d) + b(yi, ¢) la
contribution de la i-éme observation a la log-vraisemblance et £, Z?:l £y On a alors, pour
tout i € {1,...,n}:

Oln,i _ i — r(6;) ot 0%l _ D)

36~ a(9) 62~ a(9)’

ou K et K désignent respectivement les dérivées premiere et seconde de x par rapport a 6;. En

utilisant le fait que
ol,, 020, 00\

E(Y;[X;) = £(6;) et Var(YiX;) = #(6:)a(e).

nous obtenons :
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L’expression de la variance conditionnelle aux variables explicatives, Var(Y;|X;), justifie 'appellation
de parametre de dispersion pour ¢ lorsque a est la fonction identité. Notons également que 1’on
a une relation directe entre 'espérance p; de Y; et sa variance :

var(¥;) = a(@)R(i~ ) = Sk ).

1.2.3 Estimation

Dans cette section, nous décrivons la méthode d’estimation par maximum de vraisemblance dans
les modeles linéaires généralisés et renvoyons le lecteur intéressé & Dupuy (2018) pour plus de
détails.

Equations de vraisemblance

L’estimation des parametres d’un modele linéaire généralisé repose sur la méthode du maxi-
mum de vraisemblance. Supposons que 'on dispose d’un échantillon 71, ..., Z, d’observations
indépendantes, de densités

biyi — r(0:) .
J(yi; 05, ¢) = exp < + b(y;, ¢ ) , i=1,...,n.
(3150:,0) ) o)
Pour chaque individu ¢, on dispose également d’un vecteur X; = (X1, Xjo,..., Xip)T de vari-

ables explicatives (qui peuvent étre quantitatives ou qualitatives).

On rappelle les notations suivantes : p; = E(Y;|X;) désigne I'espérance de Y; sachant les covari-

ables et g(y;) = B7X; est la fonction de lien (qui n’est pas nécessairement canonique). Dans la

suite, nous noterons également n; = 81 X;.

Calculons la vraisemblance du parametre (3, ¢) au vu de I’échantillon indépendant (21, X4), ..., (Z,, X,)

Lu(8,9) =  Jexp (2150
i=1

On en déduit la log-vraisemblance ¢, (3, ¢) = In L, (5, ¢) :

bal,0) = 3 {2

i=1

+b009))

+ b(yi, ¢)} =l i(B,9).
i=1

L’estimateur du maximum de vraisemblance 3n de [ est obtenu en résolvant I’équation (ou
plutot ici, le systeme de p équations) :

0 "0

Pour tout j =1,...,p, calculons :

Oln;  Oln; 00; Oy On;

op; 00; Op; On; 085

Remarque. On adopte ici la notation dite "de Leibniz" pour la dérivée d’une composée de

fonctions : si y = f(2) et z = g(x), la dérivée df(g(z))/z = f(g(z))g(z) sera notée % = %g—;.

O]
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On a:
0ln; Yi—FK(0;) Yi—p

)

00; a(e) a(p) ’

O var(Y;)
=V i) — )
20~ V) = o)
on;
— X,
0B; J
Le terme 0u;/0n;, quant a lui, dépend de la fonction de lien g(u;) = 7; choisie. On obtient :
2, S (Yi — pi) Op
: L i=1,....p. 1.2.2
75,09 = X e o ’ (122)

On en déduit des équations d’estimation (encore appelées équations du score ou équations de
vraisemblance) pour les parametres ; :

& (Yi — ) o .
i =0, =1,...,p. 1.2.3
; J V 'ul 6771 J b ( )

Il s’agit d’équations non-linéaires en (3, qui n’admettent pas de solution analytique. Des algo-
rithmes itératifs (e.g., algorithme de Newton-Raphson ou de Fisher-scoring) seront utilisés pour
approcher l'estimateur du maximum de vraisemblance (voir section 1.2.5).

Remarque. Les équations (1.2.3) dépendent de [ au travers des p; et n;, i = 1,...,n (nous
n’avons pas fait apparaitre explicitement cette dépendance, afin de conserver des notations sim-
ples). En revanche, ces équations ne dépendent pas de ¢, 'estimateur du maximum de vraisem-
blance de § n’en dépend donc pas non plus. ¢ peut étre estimé dans un second temps (voir
section 1.2.6). 0

Cas d’une fonction de lien canonique

Supposons maintenant que ’on prenne pour g la fonction de lien canonique. Alors 6; = g(u;) =
BTX; = n; et les équations de vraisemblance se simplifient. On a :

i O
=Py,
et les équations (1.2.3) deviennent
n
Z G(Yi— ) =0, j=1,...,p. (1.2.4)

On peut exprimer ces p équations sous forme matricielle. Formons la matrice du plan d’expérience

1 X1y ... Xy
e |1
1 Xpo ... Xup
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dont la i-éme ligne (i = 1,...,n) contient les variables explicatives du i-éme individu et la j-iéme
colonne (j = 1,...,p) contient les valeurs de la j-iéme variable sur les n individus. Dans la suite,
nous supposerons que X est de rang p.

Notons également Y = (Y1,...,Y,) " et = (p1,...,pn)". Alors on peut écrire le systéme des
p équations (1.2.4) sous la forme

XY — p) = 0. (1.2.5)

1.2.4 Propriétés asymptotiques et inférence

L’inférence statistique dans les modeles linéaires généralisés repose sur les propriétés asymp-
totiques (consistance, normalité asymptotique) de l'estimateur du maximum de vraisemblance.
Dans le cas du modele logistique, ces propriétés ont été établies par Gourieroux and Monfort
(1981). Elles ont été démontrées par Fahrmeir and Kaufmann (1985) pour un modele linéaire
généralisé quelconque (avec fonction de lien canonique ou quelconque). On pourra trouver une
synthese de ces théoremes dans Antoniadis et al. (1992).

Le théoréme suivant (voir Antoniadis et al. (1992)) énonce des conditions suffisantes pour la con-
sistance et la normalité asymptotique de 'estimateur du maximum de vraisemblance Bn dans
un modele linéaire généralisé avec une fonction de lien canonique. Pour simplifier les notations,
nous supposons que le parametre de dispersion est connu et désignons la log-vraisemblance par
£,(B). Nous notons 3 le vrai parameétre du modele et Z,,(8) = —0%4,(B)/0BoB .

Théoréme 1.2.1 Dans un modéle linéaire généralisé, on suppose que : i) les variables explica-
tives X1, Xio, ..., Xip sont bornées et que i) la plus petite valeur propre de la matrice XX
tend vers Uinfini quand n tend vers Uinfini. Alors la suite (3,,) des estimateurs du mazimum de

vraisemblance converge en probabilité vers 3 et In(ﬁn)%(ﬁn — ) converge en loi vers le vecteur
gaussien N'(0, I).

Remarque. Dans 'asymptotique du modele linéaire, une condition pour la consistance de
'estimateur des moindres carrés est que (X'X)™! converge vers 0 quand n tend vers l'infini.
On peut interpréter cette condition comme le fait que l'information apportée par les variables
explicatives augmente indéfiniment avec n. L’hypothese ii) ci-dessus a la méme signification dans
les modeles linéaires généralisés. ]

Apres avoir ajusté un modele, on cherche souvent a calculer des intervalles ou des régions de
confiance pour ses parametres et a tester la significativité d’un régresseur ou d’un groupe de
régresseurs. Nous décrivons ci-dessous quelques régions de confiance et tests d’hypotheses parmi
les plus utilisés en pratique.

Intervalles et régions de confiance

On déduit du théoreme précédent que la loi de Bn peut étre approchée, pour n grand, par le
vecteur gaussien N'(B,Z,(5,)"1). Si on note 632- le j-itme terme diagonal de Z,(B,) "' et B,

la j-ieme composante de 3n (pour j = 1,...,p), la loi de anj peut étre approchée par la loi
normale N (3;,6%).
On en déduit un intervalle de confiance au niveau asymptotique (1 — «) pour le parametre 3; :

[ﬁn,j —Ui_q/20j 3 Bnj + ulfa/QUj] ;

ol Uy _q /o désigne le quantile d’ordre 1 — /2 de la loi N(0,1), défini par P(NV(0,1) < uj_qp2) =
1 —a/2 (avec a €]0, 1]).
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Remarque. Nous avons déja pour le modele linéaire, la quantité 6; (estimation de I’écart-type
- ici asymptotique - de I'estimateur 3, ;) est généralement appelée "standard error". O

On déduit également du théoreme précédent que (Bn 8T, (Bn)(,é’n — f3) converge en loi vers
un X?r On peut alors construire une région de confiance au niveau asymptotique (1 — «) pour le
parametre 5 = (f,..., ﬁp)T. Il s’agit de I’ensemble des valeurs 8 pour lesquelles :

(Bn - B)TIn(Bn)(Bn - B) < Cp(l - Oé),

ol ¢y(1 — ) désigne le quantile d’ordre 1 — a de la loi x.

Test sur une composante de 5 (test de Wald)

Supposons que l'on veuille tester la non-significativité de la j-iéme variable explicative dans le
prédicteur linéaire 3" X;, soit 'hypothese Hy : B; = 0 contre Hy : B; # 0. Sous Hy, la statistique
de Wald ﬁAn,j /& converge en loi vers la loi N'(0,1). On peut alors prendre pour région de rejet
de Hy, au niveau asymptotique « :

Test du rapport de vraisemblance

Supposons que 'on veuille tester la nullité simultanée de g parametres (sans perte de généralité
et pour simplifier les notations, supposons que 'on souhaite tester la nullité des g premiers
coefficients de ). Le probléme de test s'écrit :

Hy:fp1=...=p0;=0contre Hy : il existe i € {1,...,q} tel que 3; # 0.

Le test le plus utilisé en pratique est le test du rapport de vraisemblance. Intuitivement, ce
test consiste a comparer les vraisemblances sous Hj et sous Hi et a accepter Hy si elles sont
"proches". La vraisemblance sous Hy vaut Ln(ﬁn Hy)s OU Bn H, désigne I'estimateur du maximum
de vraisemblance obtenu sous la contrainte 51 = ... = f; = 0 (i.e., en retirant du modele
les ¢ premieres variables explicatives). Si Hy est vraie, Ln(Bn i,) devrait étre "proche" de la
vraisemblance maximale L, (f,) (bien siir, le raisonnement reste valable si on considére la log-
vraisemblance). On forme alors la statistique de test

D,, =2In <L"(5”)> = 2000 (Bn) = £a(Bu.ny))- (1.2.6)

Ln Bn,HO)

On montre que si Hy est vraie, D,, converge en loi vers un Xg lorsque n tend vers 'infini. On en
déduit une région de rejet de Hy, au niveau asymptotique « :

R ={Dy = cq(1—a)},
ol ¢4(1 — ) désigne le quantile d’ordre 1 — a de la loi x2.

Remarque. On peut également utiliser un test de Wald pour tester Hy contre Hi. Notons Bn,l:q
le vecteur composé des ¢ premieres composantes de 3, et M, (/5y,) la matrice de dimension ¢ x ¢
formée des ¢ premicres lignes et colonnes de (Z,(83,)) . Sous Hy, la statistique de Wald

Wn = B;—El:qu(Bn)_lﬁn,l:q
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suit asymptotiquement un xi- On en déduit une région de rejet de Hy au niveau asymptotique «
:RYW = {W,, = c;(1 — )} . Un troisi¢tme test asymptotique, appelé test du score, peut également
étre utilisé. Il est décrit dans Antoniadis et al. (1992). O

Déviance

Considérons un modele linéaire généralisé M défini par g(u;) = B'X;. On appelle déviance
I’écart entre les log-vraisemblances obtenues sous ce modele et sous un modele dans lequel

on suppose seulement p; = E(Y;|X;), ¢ = 1,...,n. Dans ce dernier modele, il y a autant de
parametres p; que d’individus ¢. On 'appelle "modele saturé".
Notons i = (fi1,. .-, [in) les estimateurs du maximum de vraisemblance des p; dans le modele

saturé et 3, I'estimateur du maximum de vraisemblance de 5 dans le modele M. On définit la
déviance de M comme :

On peut interpréter cette quantité comme une mesure de la qualité d’ajustement aux données du
modele M (en comparaison du modele saturé, qui s’ajuste le mieux aux données. Notons toutefois
que le modele saturé n’est pas intéressant en pratique : il possede autant de parametres qu’il
y a d’individus dans I’échantillon et n’apporte aucune information sur l'influence des variables
explicatives sur la réponse).

1.2.5 Algorithme de Newton-Raphson

Sauf cas particulier, I’estimateur du maximum de vraisemblance de [ dans les modeles linéaires
généralisés n’admet pas d’expression explicite. On peut 'approcher numériquement a ['aide
d’algorithmes itératifs, tel que 'algorithme de Newton-Raphson. Nous décrivons ci-dessous le
principe de cet algorithme.

On cherche a résoudre 1’équation de vraisemblance

n(Bn) @ _
o @], =0

(on rappelle que la solution de cette équation ne dépend pas de ¢, aussi, dans la suite, nous
notons £, (3) plutét que ¢,(53,¢)). On approche la fonction 0¢,,(3)/0f par son développement
de Taylor & Pordre 1. Si () désigne Papproximation de ﬂAn obtenue a la i-eme itération de
I’algorithme, on cherche A+1) tel que :

_00,(BUTY) 00, (BY)  0%,(BD)

(i+1) _ g)
0= = o = =+ aog (B —W).
On obtient :
. ) a2gn(5(i)) -1 agn(g(i))
(i+1) _ 5@ _
B + 75 ( 55557 (9/8 . (1.2.7)

L’expression de 0/,,(3)/083; est donnée par la formule (1.2.2). Nous calculons 024, (3)/0808"
dans une annexe technique a la fin de cette section.

Partant d’une valeur initiale (%), on itére la formule (1.2.7) jusqu’a ce qu’'un critére de con-
vergence soit satisfait (par exemple, la norme |50+ — )| de la différence entre deux approx-
imations successives devient plus petite qu'un seuil £ > 0 fixé).
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Cas d’une fonction de lien canonique

Lorsque la fonction de lien est canonique, 1’équation (1.2.7) se simplifie. En effet, on a :

otn(B) _ 1

aQZH(B) _ 1 T
B a(o) X W(B)X, (1.2.8)

Ti~v o _
XY —u(B)) et FRETL a(0)

ott u(B) = (u1(B),..., 1a(B))T et ot W(B) désigne la matrice diagonale dont le j-itme terme
diagonal vaut V' (u;(8)), j = 1,...,n. L’équation (1.2.7) devient donc :

Bty = B+ (XTW(BD)X) XY — u(8)),
= ETWENR) T [XTWEO)RED +XT(Y - p(89))],
= TWEDR)TXTW(ED) X80 + W(ED) Y - u(89))],
= XTW(EX)TXTWED)U(EY),

ott U(BM) := XBW + W (B =LY — u(BW)). Ainsi, & la (i + 1)-iéme itération de I’algorithme,
B0+ prend la forme

A = (xXTwx)'X"Twu (1.2.9)

d’un estimateur des moindres carrés pondéré par W (le vecteur U joue le role de la variable
réponse et X est la matrice du plan d’expérience). Notons que W et U sont remis a jour a chaque
itération de l’algorithme car ils dépendent de ).

L’expression (1.2.9) explique le nom d’algorithme des moindres carrés pondérés itératifs parfois
donné a cet algorithme.

Remarque. Dans le modele linéaire gaussien, du;/06; = 1 pour tout j = 1,...,n, donc W est
la matrice identité d’ordre n. De plus, pu(f) = X5 donc U(B) = X +Y — X3 =Y, qui ne
dépend pas de l'itération i. On retrouve bien la solution explicite (XTX)7'XTY de I’équation
de vraisemblance. O
Sous R, les modeles linéaires généralisés sont implémentés dans la fonction glm du package
stats.
La fonction glm utilise une version modifiée de ’algorithme de Newton-Raphson (on I’appelle al-
gorithme de Fisher-scoring, il est souvent plus performant que I’algorithme de Newton-Raphson)
dans laquelle Z,,(8) = —0%¢,,(B)/0B03 " est remplacée par E[Z,(3)] dans (1.2.7). Dans la littéra-
ture anglaise, Z,,(/3) est souvent appelée "observed information matrix" et E[Z,(5)] "expected
information matrix".

Remarque. D’apres (1.2.8), on note que dans le cas d'une fonction de lien canonique, les
matrices Z,,(3) et E[Z,(3)] coincident. Il en est donc de méme pour les algorithmes de Newton-
Raphson et Fisher-scoring. ]

1.2.6 Estimation du parametre de dispersion

Lorsqu’il n’est pas connu, le parameétre de dispersion ¢ doit étre estimé. On rappelle que var(Y) =
V(p)a(o), on V(u) est la fonction variance. Considérons le cas ol a(¢) = ¢. On a alors

var(Y)
Vi)’

¢ =
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avec g(u) = B X. 1l existe plusieurs estimateurs de ¢. L’un des plus utilisés est le x? de Pearson,
estimateur de type moment donné par

n

2”%

’L:

ou ﬂz = g_l(BJXi).

Annexe technique

On rappelle la formule (1.2.2) :

0Ly (B) S (Yi — pi) Opi
= XZ )
B, 2 Ve o
= Zsi,j(ﬁa¢)a j:]-)ap
=1
Calculons maintenant
P0(B) < 0sij(B,0)
= ! , g k=1,...,p.
9B, 0B ; s 7 P
On a
5Si7j _ aSZ‘?]‘ 5/%‘ 8772'
Bk Owi dn; OB’
avec
0si j 0 [ (Y; — i) 5/%‘] on;
2= Xpi— | ————~ et = Xz .
O T |V (i)a(@) on; 0Pk F
D’ou

n

= 2. Xy

i=1

3/53 (%fk

o
on;

Vi o]

Notons que dans le cas d'une fonction de lien canonique, on a g“’ = V(u;) et donc :

Pa(B) _ (Yi — i) \X
0BjoBk ; [ a(¢) ]V(MZ)XW
= _m;XijV(Mi)Xik-

On retrouve bien I'expression de 02/,,(3)/0308" donnée par (1.2.8).

1.3 Choix de modéeles

Les criteéres de choix de modele tels que PAIC (Akaike, 1974) et le BIC (Schwarz, 1978), ou le
test de Vuong (Vuong, 1989), sont souvent utilisés pour comparer entre eux des modeles qui ne

sont pas emboités.
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o Critere d’information d’Akaike (AIC) : pour un modele a p parametres, ’AIC est défini
par :

AIC = —2¢,, + 2p.

o Critere d’information bayésien (BIC) : pour un modele & p parameétres estimé sur n obser-
vations, le BIC est défini par :

BIC = —2(,, + plog(n).

L’utilisation de ces critetres est simple. Pour chaque modele en compétition, le critére de
choix de modele est calculé et le modele qui présente le plus faible critere est sélectionné.

o Test de Vuong : le principe du test est le suivant. Soit fy(+|-) la vraie densité conditionnelle

A

de Y sachant X, et f(:|-,0) la densité conditionnelle estimée, ol # est une estimation de 6.
La divergence de Kullback-Leibler entre fo(-|-) et f(:|-,8) est définie par Eg[log fo(V|X) —
log f(Y|X,0)], ot Eq désigne I'espérance sous le vrai modéle.

Lorsque deux modeles sont en compétition, on peut choisir celui qui présente la plus petite
divergence, car il est plus proche du vrai modele. Par exemple, si le modele 1 est plus

proche du vrai modele, on a :
Eo[log fo(Y[X) — log f(Y[X,0")] < Eo[log fo(Y]X) —log f(Y]X,0?)],

ot M et H? sont des estimations de 6 (par exemple, des estimations du maximum de
vraisemblance) dans les modeles 1 et 2 respectivement. De maniére équivalente,

4(1)
Eo logm >0
fYX,6@)
F(Vi]X3,00)

Notons u; = log X 6@ i =1,...,n. La statistique de test de Vuong est définie comme

suit :

Z o Mm%
\/nil Z?:l(“i — Up)?

Sous ’hypothese nulle Hy selon laquelle les modeles 1 et 2 sont également proches du vrai
modele, Z est distribué asymptotiquement comme une variable normale standard. Ainsi,
une régle de décision au niveau asymptotique « rejette Hy si |Z] > Z1-g, ou z1-g est

le (1 — ) -quantile de la distribution normale standard. Si Z > z;_g (respectivement
Z < —z1_g), le test choisit le modele 1 (respectivement modele 2).
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2.1 Introduction

Dans ce chapitre, nous nous intéressons a 'inflation de zéros. Ce phénomene, que nous définissons
plus précisément dans la suite du chapitre, intervient lorsque ’on observe un nombre "excessif"
de zéros dans des données de comptage. Il existe plusieurs modélisations possibles de ce type
de données. Nous nous intéressons ici a une classe particuliere de modeles, dits "modeles a
inflation de zéros", qui se présentent comme des mélanges entre une masse de Dirac en zéro et
un modele classique de comptage (typiquement, un modele de Poisson, ou Poisson généralisé,
ou binomial. .. ).

2.1.1 Modeéles a inflation de zéros

Le phénomene d’inflation de zéros s’observe, par exemple, dans les études économiques portant
sur la consommation et le renoncement aux soins médicaux. Dans ce contexte, des exemples
d’une variable réponse sujette a une inflation de zéros sont : le nombre de fois ou1 une personne
a consulté un médecin dans un intervalle de temps donné (voir, par exemple, les articles Yen
et al. (2001); Sarma and Simpson (2006); Sari (2009); Pizer and Prentice (2011); Staub and
Winkelmann (2013); Diallo et al. (2017a)), le nombre de prescriptions médicales regues par les
membres d’un méme foyer sur une période de temps donnée (voir Street et al. (1999)), le nombre
d’arréts de travail suivant un premier arrét consécutif & un accident du travail (voir Campolieti
(2002)).

Par "inflation de zéros", on entend la situation ou le nombre de zéros observés dans un échantil-
lon de données de comptage est supérieur a celui attendu sous un modele de comptage "classique"
(tel que le modele de Poisson, ou le modeéle binomial). L’une des approches les plus utilisées pour
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Chapter 2. Modéles de régression a inflation de zéros

rendre compte de ce type de données consiste a supposer que la loi de probabilité de la variable
de comptage (que nous notons Y par la suite) est un mélange d’une loi dégénérée en 0 (i.e., qui
prend la valeur 0 avec probabilité 1) et d’'un modele de comptage.

Supposons, pour illustrer notre propos, que la loi du comptage considéré soit une loi de Poisson
P(A). On note ainsi la loi de Z :

Y ~wdp+ (1 —w)P(N). (2.1.1)

Dans cette expression, w représente la probabilité pour que Z soit systématiquement égal a 0
(dans la suite, nous 'appellerons "probabilité d’inflation de zéros") et dy désigne la loi dégénérée
en 0. La relation (2.1.1) peut encore s’interpréter comme suit :

v~ { 0 avec probabilité w, (2.1.2)

P(N\) avec probabilité 1 — w.

L’événement {Y = 0} recouvre donc deux situations distinctes, correspondant aux deux types
de zéros mentionnés précédemment. Dans la premiére situation, qui survient avec probabilité w,
Iévénement {Y = 0} est certain. Dans la deuxieéme, qui survient avec probabilité 1 — w, le zéro
observé est la réalisation d’une expérience aléatoire, ici modélisée par une loi de Poisson.
Notons S la variable qui vaudrait 1 lorsque le zéro observé est structurel (premiere situation)
et 0 lorsqu'il est circonstanciel, ou "aléatoire" (deuxiéme situation). Cette variable, qui nous
renseigne sur le type de zéro observé, n’est pas observable. Il s’agit d’'une construction théorique
qui permet de calculer la loi de probabilité de Y. La loi de S est telle que P(S = 1) = w et
P(S =0) =1 —w. On peut réexprimer (2.1.2) en disant que :

o conditionnellement & ’événement {S = 1}, Y vaut 0 avec probabilité 1,

o conditionnellement & 1’événement {S = 0}, Y vaut y (avec y = 0,1,...) avec probabilité
—AA A
=AY

;. En particulier, sachant que S vaut 0, Y prend la valeur 0 avec probabilité e™".
Ainsi, d’apres la formule des probabilités totales, nous avons :
PY=0) = PY=0S=1)PS=1)+PY =0|S=0)P(S =0),
Lwte ™ (1-w),
= wt(1—w)e ™

De la méme maniere, si z =1,2,..., on montre :

P(Y =y) = P(Y =y|S=1)P(S=1)+P(Y =y|S = 0)P(S = 0),

e MY
= 0w+ ) (1 —w),
_AAy
= (1-w);
Yy

La loi de probabilité de Y peut ainsi étre résumée par :

wt(l—we™ y=0
P(Y =y) = _ 2.1.3
Y=y { (L-w) X =172, (2.13)

Le modele (2.1.1) est appelé modele de Poisson a inflation de zéros, plus connu sous I’acronyme
ZIP (pour "zero-inflated Poisson") (dans la suite, nous noterons ce modele ZIP(\,w)). Lorsque
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w vaut 0, le modele ZIP se ramene a la loi de Poisson de parametre A > 0. On observe facilement
que P(Y = 0) = e + w(l — e™*) est supérieure ou égale & la probabilité e=* qu'une loi de
Poisson de parameétre A prenne la valeur 0. Dans le modele (2.1.1), cette probabilité se trouve
augmentée du terme w(1 —e™?).

A partir de (2.1.3), on calcule facilement I'espérance et la variance de la variable aléatoire
Y ~wdp+ (1 —w)P(A). On a :

E(Y) = X yP(Y =y),
y=0

e
= (1-w) yZOy T
= (1 - U.)))\,
car E(P(\)) = ;:o% yei;ﬁy =\, et
+00 67)‘
var(Y) = (1—w)y? ,Ay —[(1—w)AT?,
y=0 ¥
= (1—w) (A +22) = [(1—w)AP,
= (1+wN)(1l—-w)A,
= (1+wMNE(Y)

Lorsque la probabilité w d’inflation de zéros est strictement positive, on vérifie que var(Y) >
E(Y) et donc qu’une inflation de zéros entraine la sur-dispersion de la distribution de Y (rap-
pelons que la distribution de Poisson est équidispersée, i.e. var(Y) = E(Y)). ]

2.1.2 Modeles de régression a inflation de zéros

Les premieres mentions de modeles a inflation de zéros dans la littérature statistique remontent
aux années 1960 (le lecteur intéressé pourra se reporter a Johnson et al. (2005) pour des références
bibliographiques). Un modele ZIP(\, w) dans lequel le parametre A dépend de variables explica-
tives (ou régresseurs, ou covariables) est proposé dans Mullahy (1986). Dans Lambert (1992), des
variables explicatives agissent également sur la probabilité w d’inflation de zéros. Les modeles
proposés dans Mullahy (1986); Lambert (1992) sont donc des modeles de régression de Poisson
a inflation de zéros. Dans Hall (2000), 'auteur introduit un modele de régression binomial a
inflation de zéros.

Depuis, d’autres modeles de régression a inflation de zéros ont été proposés, et adaptés a des
situations de plus en plus complexes (réponse multivariée, données répétées, données manquantes
ou censurées. .. ). Sans prétendre a l’exhaustivité, citons le modele de régression de Poisson
généralisé a inflation de zéros Famoye and Singh (2003); Gupta et al. (2004); Famoye and Singh
(2006); Czado and Min (2005); Czado et al. (2007), les modeles de régression a inflation de zéros
et effets aléatoires Hall (2000); Hall and Zhang (2004); Xiang et al. (2007); Xie et al. (2009);
Zhu et al. (2017), le modele de régression semiparamétrique de Poisson a inflation de zéros Lam
et al. (2006); He et al. (2010); Feng and Zhu (2011), le modele EIB (pour "endpoint-inflated
binomial") introduit par Deng and Zhang (2015) pour modéliser un exces de zéros et de la valeur
m dans un échantillon de la loi binomiale B(m,p) (voir également Tian et al. (2015); Dupuy
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Chapter 2. Modeéles de régression a inflation de zéros

(2017)). Des modeles de régression a inflation de zéros ont été développés dans des situations de
données manquantes Chen and Fu (2011); Lukusa et al. (2016); Diallo et al. (2019) ou censurées
Prasad (2009). Un modele & inflation de zéros pour une variable réponse bivariée est proposé
dans Wang (2003). Un modele de régression multinomial a inflation de zéros est proposé dans
Diallo et al. (2018).

Plusieurs ouvrages trés complets traitent en détail des modeles de régression ZIP et ZINB (voir
Cameron and Trivedi (2013); Winkelmann (2013)). Dans les sections suivantes, nous décrivons
brievement les modeéles de régression de Poisson et binomial & inflation de zéros.

2.2 Modele de régression ZIP

2.2.1 Définition

On observe une variable de comptage Y sur un échantillon de n individus. On note Y; ’observation
de Y sur l'individu 4, ¢ = 1,...,n. On obtient un modele de régression de Poisson a inflation de
zéros pour Y; en autorisant, la probabilité w et 'intensité A a dépendre de I'individu ¢ au travers
de variables explicatives (ou covariables). Le modele est alors défini par :

wi+ (1—wj)e ™ siy; =0
P(Yi=y) =14 ( e*xjiy Y (2.2.1)
(lfwi)Tl siy; =1,2,...

ol w; = w;i(7y) et A; = X\;i(B) sont fonctions, respectivement, des vecteurs de covariables W; =
(Wil,...,Wiq)T et X; = (Xﬂ,...,Xip)T (on pose X;1 = Wi = 1). Les composantes de ces
vecteurs peuvent étre qualitatives ou quantitatives. La probabilité w; est généralement décrite
par une régression logistique :

logit(w;) =7 W, =y + %Wz + ... + 7,Wig,

i — exp (’yTWi)
" l4exp(yTW))
et l'intensité \; est généralement modélisée par :

log(Ai) = BTX; = B1 + BaXio + ... + BpXip,
— Ai = exp (ﬂTXi) ,

€ (0,1),

ot B = (B1,..,0p) et v = (71,...,7) " sont des vecteurs de parameétres inconnus. On peut
synthétiser le modele sous la forme suivante :

Y, ~ w;dg + (1 — wz)P(AZ),
Yi=1,...,n, logit(wi) = 'yTWh (2.2.2)
IOg()\Z) = BTXZ
On le note Y; ~ ZIP(\;,w;). Conditionnellement & X; et W;, 'espérance et la variance de Y;
sont données par :

exp (BTXi)
E(Y;| X5, W) = (1 —wi)Ai = ;
(¥l )= (I —wi) 1+ exp (yTW;)

et
V&I‘(YHXZ',Wi) = (1 + wl)\l)(l — wl))\, = (1 + wl)\l)E(Y”X“WZ)

La distribution conditionnelle de Y; est sur-dispersée. En effet, (14+w; ;) > 1 donc var(Y;|X;, W;) >
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2.3. Modéle de régression ZINB

2.2.2 Estimation dans le modeéle ZIP

Supposons que l'on dispose d’un échantillon (Y7,X;, Wy), ..., (Y, X,,, W,) d’observations
indépendantes du modele (2.2.2). Le parametre ¢ = (37,77)T du modele peut étre estimé par
la méthode du maximum de vraisemblance. La vraisemblance se calcule comme suit :

- 1v,-0) AN
£ = T @)™ (a3 )
i=1 il

On en déduit la log-vraisemblance ¢,,(1)) = log L, (¢):
() = D Lvi=oy log (wi +(1- wi)e%)
i=1

+ Z 1{Yi>0} (log(l — OJZ‘) — X + Yilog \; — log(Yl')) .
=1

et finalement :

la(y) = zn: Liy;—oy log (exp (v W;) + exp (—exp(87X,)))

i=1

+ > Lvisop (YiBTX; — exp(87X;) — log(Y3!)) (2.2.3)
i=1

— Z log (1 + exp (’yTWi)) .
i=1

L’estimateur du maximum de vraisemblance v),, de 1 est obtenu en résolvant I’équation d’estimation
suivante (appelée équation du score) :

—, = 0.
- w)\w_%

11 s’agit en fait ici d’un systéme de p+ g équations, obtenues en dérivant ¢, (1) par rapport a cha-
cun des 7; et ;. Cet estimateur n’admet pas d’expression explicite. Il peut étre approché par des
algorithmes d’optimisation non-linéaire (tels que Newton-Raphson...). Dans Lambert (1992);
Hall (2000), les auteurs proposent d’utiliser I'algorithme EM (pour "Expectation-Maximisation")
pour maximiser la log-vraisemblance (2.2.3).

2.3 Modele de régression ZINB

2.3.1 Définition

Soit Y;, (1 =1,2,...,n) une variable aléatoire discréte suivant une loi binomiale négative a deux
parametres a, p;, soit : Y; ~ NB(a, ;). Sa distribution s’exprime comme suit! :

P(Y; = y;) = L™ +y) ( ! )i <“>y yi=0,1,.... (2.3.1)

Dl Ny! \1+ op ot +

'On rappelle que la fonction gamma est la function définie par I': 2 +— {7 e "t* " dt
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Chapter 2. Modéles de régression a inflation de zéros

Avec les mémes notations que ci-dessus, une variable de comptage Y;, ¢ = 1,2,...,n suit un
modele de régression binomial négatif a inflation de zéros si sa distribution est donnée par :

1

1 >

wi + (1 —wj) siy; =0
1+ ap;

P(Y; =) = ‘ . (2.3.2)

N ) 1 B ) Yi
(1 — ) L fyZ) — ) sig=1,2,.
Fla=Hy! \1+ au; a—t +

ol w; = w;(7y) et u; = pi(S) sont fonctions, respectivement, des vecteurs de covariables W; =
(Wil,...,Wiq)T et X; = (Xi,... ,Xip)T (on pose X;3 = Wi = 1). Les composantes de ces
vecteurs peuvent étre qualitatives ou quantitatives. La probabilité w; est généralement décrite
par une régression logistique :

logit(w;) =7 W, =71 + %Wz + ... + 7,Wig,
o — exp ('yTWZ-)
" l4exp(yTW))

€ (0,1),

et p; est généralement modélisée par :

log(pi) = B'X; = B + BaXia + ... + BpXip,
= p=exp(8'X;),

ou B = (B,... ,Bp)T et v = (71,... ,’yq)T sont des vecteurs de parametres inconnus. On peut
synthétiser le modele sous la forme suivante :

Y ~ widp + (1 — wj) NB(a, ),
log (i) = B Xi.

On le note Y; ~ ZINB(«, uj,w;). Conditionnellement & X; et W, l'espérance et la variance de
Y; sont données par :

exXp ﬁTXz
E(Yi[Xq, Wi) = (1 —wi)pi = 7 e)q() (fyTV)V-)’

et
var(YZ-|XZ-,Wi) = (1 + (Oé + wz)m)(l - wi)ui = (1 + (a + wl),ul)IE(YAX“WZ)
La distribution conditionnelle de Y; est sur-dispersée. En effet, (1 + (o + w;)p;) > 1 donc
V&I‘(Y;"Xi,wi) > E(}/AX“WZ)
2.3.2 Estimation

Supposons que 'on dispose d'un échantillon (Y7,X;, Wy), ..., (V,,X,, W,,) d’observations
indépendantes du modele (2.3.3). Le parametre ¢ = (37,77)T du modele peut étre estimé par
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2.4. Modeéle de régression ZIGP

la méthode du maximum de vraisemblance. La vraisemblance se calcule comme suit :

)i) Liv; =0}

1 NET
x [ (1— w.)r(‘fl +Yi) 1 a i v\ Ltvi>0)
i F(a—l)}/i! 1+ aup; a1+ 1 ,

Ln(¢)

[l
—]=
N
&
_|_
—
|
&
e
—
* —
Q
S

Il
ﬂ 3
—_
_l_
S| =
<
Y
2
_l_
N
[a—
+
L |~
=
I
N———
~__—
=
I
2

\ Ly~
1 T('+Y) 1 T\
1+e™Wi Da )Yl \1+ aef'Xi a—l +ef' X

On en déduit la log-vraisemblance ¢, (1) = log L,,(¢) :
_ N 7TW; BTXiy—% W
lo(v) = Z Liyv,—0) [log (e + (14 e ) a) —log(1l +e )]
i=1

n
1
+ Z Liyv,>0} {_a log(1 + aeﬁTxi) + Y;(BTXi —log(a™t + eﬂTXi)) —log(1 + eVTWi)
i=1

+logl(a ' +Y;) —logI(a™") — log(¥;!)],
qui se simplifie en :

n

ly(Y) = Z Liy,—oy log (eWTWi + (14 aeﬁTXi)_é)
i=1

n
1
t Z Liy;>0) [Yi”BTXi — Yilog(a™" + eﬂTXz’) — —log(1+ ozeBTXi)
«
i=1
+logl(a™ +Y;) —logI'(a™") — log(V;!)]

n
— Dllog(1 + €7 Wi, (2.3.4)

i=1

L’estimateur du maximum de vraisemblance 1,, de ¥ est obtenu en résolvant I’équation du score
suivante :

@ " 1[’:"Z)n
2.4 Modele de régression ZIGP

2.4.1 Définition

Soit Y, (i =1,2,...,n) une variable aléatoire discréte suivant une loi de Poisson généralisée a
deux parametres A; et ¢ (on note Y; ~ GP(\;, ¢)). Sa fonction de probabilité s’écrit :

_ A=y,

; = ;) = /\i(/\ﬁ(sofl)yi)yrl@_yie e sty =01,
i) =
0 si y; >m quand ¢ < 1

(2.4.1)

avec
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o )\z>0

e (> max {%, 1-— %}, ou m est le plus grand nombre entier non négatif tel que A\; + m(p —

1) > 0 quand ¢ < 1.
On montre :

E(Y;) = A,
var(Y;) = p?\i.

Le cas ¢ = 1(> 1,< 1) correspond a ’équidispersion (sur-dispersion, sous-dispersion). De plus,
si p = 1, la distribution devient la distribution de Poisson standard.

On définit un modele de Poisson généralisé a inflation de zéros en posant :

T (1 — wi)P(Y; = ;) sioyi=1,2,....

ou P(Y; = y;) est donnée par (2.4.1). Si des variables explicatives sont disponibles, on construit
un modele de régression de Poisson généralisé & inflation de zéros (modele ZIGP) en posant :

logit(w;) = v Wi =y + 72 Wia + ... + 7, Wig,
exp (vTW5)

P = 517
Y e w0

et :

log(pi) = BT X; = B + BaXia + ... + BpXip,
= pi=exp(8'X;),

ot B = (B1,..,0p) et v = (71,...,7) " sont des vecteurs de parametres inconnus. On peut

synthétiser le modele sous la forme suivante :

Y, ~ w0 + (1 - w@)g,P()\@, %Wi),
logit(w;) = v W;, (24.3)
log(pi) = B7X;.

A

I
\'I—‘
E

On le note Y; ~ ZIGP()\;, p,w;). Conditionnellement a X; et W;, 'espérance et la variance de
Y; sont données par :

exp (87Xy)

et

var(Yi|X;, W) = (0% + witi) (1 — wi) i = (9% + wigs) E(Y;] X5, W).
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2.4.2 Estimation

Supposons que 'on dispose d'un échantillon (Y7,X;, Wy), ..., (Y,,X,, W,,) d’observations
indépendantes du modele (2.2.2). Le parametre ¢ = (37,77)T du modele peut étre estimé par
la méthode du maximum de vraisemblance. La vraisemblance se calcule comme suit :

n

L) = [] { <wi +(1- wi)e—f.f>l{yi_0}

=1
(s —1)Yy)Yi—1 Ate-1DY; Ly;>o0)
) ((1—%) 4 Z+(80y.l o e e T ) :
il

On en déduit la log-vraisemblance ¢, (1)) = log Ly, (¢) :

A

Zn(d)) = Z ]‘{Yi=0} 10g (wi + (1 — wi)e_tpi>

=1
A\ _ ) Yi—1 A+ (p—1)Y;
<(1 B wi)AZ()\l + (¢ —1)Y;) v ¢> ,

n
+ Z 1{Yi>0} log

e e
i=1 vl
- T ATX T
= Z Liy,—o} |log | €” Wite @ —log(1 +¢7 Wi)
i=1

n o ) |
+ 23 wisoy |87+ (¥ = Dlog (X4 (o = DY) ~og(1+ 7
1=1

BTX; —1)Y;
L - DY — Yilogp — log(Y3!)
v

)

et finalement :

n

T A X
b = Zl{yl:o}log &V Wipe e

i=1

+ Zn] Livi>o} [BTXi +(Y; —1)log <€’BTXi + (o - 1>Yi>
i-1

BTX; —1)Y;
B i Ul ) — Y, log p — log(Yi!)
@

n
- Z log(1 + eVTWi).
i=1

L’estimateur du maximum de vraisemblance 1,, de 1 est obtenu en résolvant I’équation du score
suivante :
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Ce chapitre fait I’'objet d’un article intitulé "Asymptotic results in censored zero-inflated Poisson
regression” (auteurs: Van-Trinh Nguyen et Jean-Francois Dupuy), a paraitre dans "Communi-
cations in Statistics - Theory and Methods" (DOI: 10.1080/03610926.2019.1676442).

Abstract

This paper investigates properties of the maximum likelihood estimator (MLE) in the zero-
inflated Poisson regression model with randomly right-censored counts. Consistency and asymp-
totic normality of the MLE are rigorously established. A thorough simulation study is conducted
to assess the finite-sample behavior of the MLE.

Keywords: Count data, excess of zeros, large-sample properties, simulations

Abstract in french

Dans ce chapitre, nous nous intéressons au modele de régression de Poisson a inflation de zéro
(modele ZIP) dans un contexte de données censurées. Plus précisément, nous considérons la ques-
tion de l'estimation et de l'inférence statistique dans le modele de régression ZIP en présence
de données de comptage censurées aléatoirement a droite. Nous établissons rigoureusement les
propriétés asymptotiques (consistance, normalité asymptotique, estimation convergente de la
variance asymptotique) de I'estimateur du maximum de vraisemblance des parameétres du mod-
ele, dans cette situation de censure. Ce premier travail répond & une question théorique ouverte
depuis la publication de Saffari et Adnan (2011) qui les premiers, avaient proposé d’utiliser le
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modele de régression ZIP dans un cadre censuré. Nos arguments utilisent des schémas de preuves
dus a Czado et Min (2005), qui ont établi les propriétés asymptotiques de I'estimateur du max-
imum de vraisemblance dans le modele ZIP non censuré, et a Fahrmeir et Kaufmann (1985),
qui ont démontré la consistance et la normalité asymptotique de I'estimateur du maximum de
vraisemblance dans les modeéles linéaires généralisés, mais nous en proposons des simplifications,
pour rendre les preuves plus directes.

Nous réalisons ensuite une étude de simulation approfondie, afin d’évaluer les propriétés a
distance finie de ’estimateur du maximum de vraisemblance, en fonction de divers parametres :
taille d’échantillon, proportion d’inflation de zéro, proportion de censure. Les différents indi-
cateurs numériques et représentations graphiques que nous obtenons confirment la qualité de
I'estimateur proposé.

Enfin, nous décrivons une application de la méthodologie proposée & un jeu de données réelles
issues du domaine de I’économie de la santé. Nous travaillons a partir d’une base de données
recueillie en Allemagne et renseignant la consommation de soins de 1812 hommes, pour lesquels
sont également disponibles, sous formes de variables explicatives, de nombreuses informations
relatives a leur état de santé et a leur situation socio-économique. Nous identifions les déter-
minants du recours aux soins de ces hommes, ainsi que les variables qui influencent le nombre
moyen de consultations médicales réalisées par ces hommes.

3.1 Introduction

Overdispersion is a major issue of count data analysis. Two main causes of overdispersion are
excess variation between counts and zero-inflation. The first case is generally addressed using
generalized Poisson models or negative binomial models, while zero-inflated models provide
a useful approach when overdispersion is caused by an excess of zeros. We refer the interested
reader to Hilbe (2011) and Cameron and Trivedi (2013) for a detailed treatment of overdispersion
and negative binomial models. A detailed account of zero-inflation is given by Dupuy (2018).
In this article, we focus on zero-inflated regression models, which mix a degenerate distribution
with point mass of one at zero with a standard count regression model.

The zero-inflated Poisson (ZIP) regression model was first proposed by Lambert (1992) and
was further developed to accommodate random effects (Hall, 2000; Min and Agresti, 2005;
Monod, 2014), non-linear covariate effects (Lam et al., 2006; He et al., 2010), longitudinal zero-
inflated counts Feng and Zhu (2011), among others. A zero-inflated negative binomial (ZINB)
regression model was proposed by Ridout et al. (2001), see also Moghimbeigi et al. (2008) and
Mwalili et al. (2008). When counts have an upper bound, ZIP and ZINB regression models are
no longer appropriate and Hall (2000) introduced the zero-inflated binomial (ZIB) model, see
also Hall and Berenhaut (2002), Diop et al. (2011, 2016) and Diallo et al. (2017a). Deng and
Zhang (2015) proposed a zero-one inflated binomial regression model for bounded count data
with both extra zeros and extra right-endpoints, see also Tian et al. (2015) and Dupuy (2017).
Diallo et al. (2018) proposed a zero-inflated regression model for multinomial counts with joint
zero-inflation.

Zero-inflated models have mainly been developed for complete data. However, although cen-
soring is essentially associated to lifetime data analysis, count data can also be censored, the
most common type being right-censoring (which occurs when it is only known that the true
count is higher than the observed one). For example, consider a healthcare utilization study
where patients report their number of visits to a doctor during a given period. If one possible
answer is, say, “15 visits or more”, all visit counts greater than 15 are right-censored at 15.
Ignoring censoring may yield biased estimates and thus, incorrect inferences. The literature on
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count data analysis already contains several approaches for handling right-censored counts in
Poisson and generalized Poisson regressions (Terza, 1985; Caudill and Franklin G, 1995; Famoye
and Wang, 2004; Xie and Wei, 2007; M. Mahmoud and M. Alderiny, 2010) and in finite mix-
tures of Poisson regressions Karlis et al. (2016). Much less work has been done in the case of
right-censored count data with excess of zeros. Fu et al. (2018) investigate maximum likelihood
estimation (MLE) in the univariate ZIP model with grouped and right-censored counts (this
data structure arises when counts are reported as categories, such as “none”, “1 to 2 times”, “3
to 5 times”, “6 or more times”, rather than as exact numbers). Authors establish the consistency,
asymptotic normality and asymptotic efficiency of the MLE.

Using simulations, Saffari and Adnan (2011) investigate MLE in a right-censored ZIP regression
model. But this study is rather restricted since the simulation model involves few predictors
and fixed censoring only. Moreover, no results are given about the finite-sample distribution of
the MLE or about its theoretical properties (consistency, asymptotic normality, variance esti-
mation). The aim of this paper is to fill this gap. We develop the asymptotic theory in ZIP
regression with randomly right-censored data and we conduct a thorough simulation study to
investigate the finite-sample behavior of the MLE.

The paper is organized as follows. In Section 3.2, we briefly review the censored zero-inflated
Poisson regression model and we introduce some useful notations. In Section 3.3, we propose
rigorous proofs of consistency and asymptotic normality of the MLE. In Section 3.4, we undertake
a thorough simulation study to assess the finite-sample behaviour of the MLE. In the simulation
study reported by Saffari and Adnan (2011), censoring was fixed at a constant value and the
model had only one predictor for zero inflation and two predictors for Poisson mean. In our study,
we consider random censoring, a larger number of predictors and we investigate the finite-sample
distribution of the MLE. An application is illustrated in healthcare demand in Section 3.5. A
discussion and some perspectives are provided in Section 3.6.

3.2 The censored ZIP regression model

In this section, we briefly recall the definition of the ZIP model and we describe maximum
likelihood estimation when the count response is randomly right censored.

3.2.1 Maximum likelihood estimation

Let Y; denote the count of some event for an individual i (i = 1,...,n)and X; = (1, Xj2,. .. ,Xip)T
and Z; = (1, Zi2, ..., Ziy) | be respectively p and g-dimensional vectors of covariates for this indi-
vidual. Both categorical and continuous covariates are allowed. Moreover, X; and Z; may share
some common terms or be distinct. A ZIP model specifies the distribution of Y; as the mixture

(3.2.1)

: 0 with probability w;,
’ P(\;) with probability 1 — w;,

where P()\;) denotes the Poisson model with parameter A; > 0 and 0 < w; < 1 is some probabil-
ity. Obviously, model (3.2.1) reduces to a standard Poisson model if w; = 0. In ZIP regression,
the mixing probability w; and parameter A\; are usually modeled by logistic and log-linear models
respectively, that is:

logit (w; (7)) = 7' Z, (3.2.2)
and

log(Ai(B)) = BT X, (3.2.3)
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where 8 € RP and v € R? are unknown regression parameters and T denotes the transpose
operator.

Assume that we observe n independent vectors (Y1, X1, Z1),..., (Y, Xy, Z,) from the model
(3.2.1)-(3.2.2)-(3.2.3), all defined on the probability space (£2,C,P). Based on these observations,
the log-likelihood of (3,7) can be written as:

n
2 {1{3@:0} log (e”TZ" +e” eXp(WXi)) + Liy;>0 (YéﬁTXi —efTXi log(ﬁ!))
i=1

“log (1 + eVTZi)} . (3.2.4)

The maximum likelihood estimator of (3, ) is obtained by maximizing this function. It is con-
sistent and asymptotically normally distributed (see Czado et al., 2007).

Assume now that the count response Y; can be randomly right-censored. That is, for some
individuals, we only observe a lower bound on Y;. This can be modeled by introducing a cen-
soring random variable C; and by defining the observation for the i-th individual as the vector
(Y, 0i, X4, Z;), where YV;* = min(Y;, C;) and 6; = lyy,¢,y (if Vi = Cy, we let Y* = C; and
d; = 0). Thus, the censoring value can be specific to each observation. Let J; = 1{Y¢* —0}- Based

on observations (Y;*,8;, X;,Z;), i = 1,...,n, the likelihood of 1 := (87,7")T now writes as (see
Saffari and Adnan, 2011):

BV = Y71, 2ROV > V7K, 20

I

Ln(¢)

=1
n Y* 1=J; %
= H ( N2 (1 —w)) (w- +(1 —w')ef)”)Jl
e i i i
i=1 g
v*_1 (1=6:)(1—J)
x| 1-— ,;0 e N kj (1 —wi) — w; ,

from which we easily obtain the loglikelihood ¢,,(¢)) = log L, (v). If w; and A; are given by (3.2.2)
and (3.2.3), straightforward algebra yields:

gn(w) = i {5@. [Ji log (e”/TZi +e exp(ﬂTXi)) + (1 _ Ji) (YZ*BTXz _ eﬂTXi _ log(Yi*!)ﬂ
=1
VI —exp(8TX)+RBTX,

+(1=6)1—J)log [ 1 - ;0 o

— log (1 + e"’TZi)

Note that £,(1) reduces to (3.2.4) when there is no censoring (that is, when §; = 1 for all
i=1,...,n).

The maximum likelihood estimator ¢, := (31,4,)T of ¥ solves the k-dimensional score
equation
0l ()
=0 3.2.5
A, (3.25)

where k = p+q. In the next section, we establish existence, consistency and asymptotic normality
of v,. First, we need to introduce some further notations.

26
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3.2.2 Some additional notations

In what follows, we note k;(y) = 7' Zi and L;(B) =€~ xp(ATX:) i = 1,... n. Letalso Sxip)(w) =
P(P(N\i(B)) = u), u=0,1,... denote the survival function of P(\;(5)) distribution. We have:

g NOLB) sy,
T = (- <>+L.<5>+‘”<1 R = (5) (3:2:0)
. (8)(k = M(8)
—(1=6)(1—J, g k:'S/\ N ), {=1,...,p,
and
n(¥) <, o Sidiki(Y)  ki(y) _
e _i_zlz’f@(ww(ﬁ) ey 327
Let

>
§
=
§

ui(y) = Ua(7) + Li(3))? [ki(v) + Li(B) = M(B)ki(V)],  i=1,...,m,
and for Y;* > 1, let
Z k! 52 {SA B (Y5) (()‘(5) - k)2 - /\i(ﬂ))

—Xi(B)(k = Mi(B)P(P(Ni(B) =Y = 1)}, i=1,....n.

Then, some tedious albeit not difficult algebra shows that

3

(2

Cln(¥) = XuXim {0 Jiui(¢) — 0;(1 — J)Ni(B) — (1 —6:)(1 — J)vi(¥)}, £Lm=1,...
1

..,pandm=1,...,q

AL 1 o
| ZuZinio) (G — o) =L

We note Sy (1) = 04y (1)), Hy (1) = —0%,(10)/00ow T, F(v) = E(Hy,(v)) and I the identity

matrix of order k. H, (1)) is assumed positive definite.

Buoym AT () + Li(B))?

0%l (1))
67€67m

(2

020, (1) Zn] XzzZiméiJiki( )i (ﬁ()Li(ﬁ) (=1,
J;

IE

1

3.3 Asymptotic results

In this section, we establish consistency and asymptotic normality of vf)n In what follows, the
space R¥ of k-dimensional vectors is provided with the Euclidean norm | - |2 and the space
of (k x k) real matrices is provided with the norm [[|Al[]2 := supjg,—1 [[Az[2 (for notations
simplicity, we use | - | for both norms). Recall that for a symmetric real (k x k)-matrix A with
eigenvalues A1,..., A\g, |A] = max;|A;| (from now on, Apin(A) and Apax(A) will denote the
smallest and largest eigenvalues of A respectively).

We first state some regularity conditions:
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C1 Covariates are bounded, that is, there exist compact sets X < RP and Z < R? such that
X;eX and Z; € Z for every i = 1,2, ...

C2 The true parameter value ¥y = (37,74 )' lies in the interior of some known compact and
convex set C = B x G c RF (where B < RP and G < R? are the parameter spaces of § and
7y respectively).

C3 There exists a positive constant ¢; such that n/Ayin(Fn (1)) < ¢ for every n = 1,2, ...

C4 Censoring random variables C;,i = 1,2,... are strictly positive and bounded by some con-
stant M < co.

Conditions C1-C3 are classical in generalized linear regression and zero-inflated regression models
(see Fahrmeir and Kaufmann, 1985; Czado et al., 2007). Condition C4 is required in the censored
setting. In the particular case of fixed censoring, this condition is obviously satisfied.

For each n = 1,2, ... and & > 0, define the neighbourhood N,,(¢) = {1 € C : (1) — o) " Fp, (¢ —
o) < €2} of 1y, where F, is a short notation for Fj (). Our first result states that the
solution of (3.2.5) exists, lies in the neighbourhood N, (g) of ¥y when n is sufficiently large and
is consistent for .

Theorem 3.3.1 (Existence and consistency). Assume conditions C1-C4 hold. Then the prob-
ability that 1, exists and lies in Np(g) for some € tends to 1 as n — . Furthermore, 1,
converges in probability to 1Yy as n — 0.

Proof of Theorem 3.3.1. Our proof uses some arguments employed by Fahrmeir and Kauf-
mann (1985) for proving the asymptotics in generalized linear models. But we also rely on
different arguments in several parts of our demonstrations, leading to more direct proofs. A
technical lemma is proved in an Appendix.

Asymptotic existence of 1/3,1 We show that for every n > 0, there exists € > 0 and n; € N
such that

P (€ () — €n(v0) <O for all Y € ONp(e)) =1 —m, forn = ny, (3.3.1)

where 0N, (¢) is the boundary {1 € C : (¢ — o) T F (¥ —10) = €2} of Ny, (). This will imply the
existence of a local maximum of ¢,, in N, (g). Positive-definiteness of H,, and convexity of C will
ensure that this maximum is global and unique.

In fact, equivalently to (3.3.1), we show that for every n > 0, there exists ¢ > 0 and n; € N
such that

P (5 (¢)) — £n(1ho) = 0 for some 1 € IN,(€)) < 7,

for n = ny. To see this, we use Taylor’s expansion to write

() = taln) = (&~ ) Sultbo) — 5 — Yo) Hald) (6 — o),
= (=) Saltk0) — Qul®),

where 1) = a1) + (1 — a)i)g (for some 0 < a < 1) lies between v and 1. Let 0 < ¢ < % and write
f.s. for "for some". Then we have:
P (ln(¥) — €n(t0) = 0, £5. ¢ € ON,(¢))
=P ((1/) - ¢0)T5n(¢0) = Qn(d)) and Qn(w) > C527 f.s. 77[) € aNn(g))

+P (¥ — %0) " Sn(t0) = Qn() and Qu(¥) < c£?, fs. 1 € IN,(e)),
<P(A)+P(B),
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where A and B denote events A = {(1)—10) " Sn(00) > ce2, f.5. ¢ € N, ()} and B = {Qn(¢)) <
ce?, f.5. 1 € ONy(e)} respectively. Let up(¢) = LF2 (¢ — tb). Then

A = {ua($)TEy 25, (th) > ce, £s. € INn(e)),

_1
S { sup |ua(¥) Fu 2 Su(to)| > ce},
YEONy ()

_1
c { sup [une) Fr ESu(o)| > ce),
[un(e)|=1

— (IS0l > ce).
where the second to third line comes from the fact that ¢ € dN,(e) implies [lu,(¢)|| = 1. It
follows that P(A4) < IP’(HFn_%Snwo)H > ceg). By Theorem 1.5 of George A. F. Seber (2003),
E|F, %Sn(l/)g)HZ = k and Chebyshev’s inequality implies

k
c2e?’

P(A) <

Finally, letting € = , /% implies that P(A) < n/2. Now,

B - {;w — o) Ha (D) — o) < =2, £s. 9 € aNn@} ,

= {;un(w)TFn‘ H(0)Fy Tun() <, 5.0 aNn<6>} :

1

c {;Amm (Fn%Hnwm ) () T () < ¢, £5. 0 € aNn<E>} ,

= o (FHDE) <0t veom@).

_1 1
Thus, P(B) < P(there exists ¢ € 0N,(¢) such that Apin(Fn 2 Hy,(¢)Fn ?) < 2¢). By Lemma
_1 _1
3.7.1 in Appendix, F;, ? H,(¢¥)F, * converges in probability to I uniformly in ¢) € Ny,(¢), as
_1 _1
n — oo. Thus, by Maller (2003), Amin(Fn ? Hp (1) Fy, ?) converges in probability to 1 uniformly

in ¢ € Ny(e), as n — .
If ¢ = ayp + (1 — a)hg for some 0 < a < 1 and ¢ € N,(g), then

B2 — )| = |E2(a + (1 - a)o — o),
= alFE (% — o),
< [FF@ - o)l
< e

- 1 1
and thus ¢ € N,(e). It follows that Amin(Fyn 2 H,(1)Fy, ?) converges in probability to 1 as
1 1

_1
2

_1 _1 1
n — 00, since [Amin(Frn * Hn(Y)Fn ?) — 1] < SuPyen, (o) [Amin(Fn > Hn(¥) Fy *) —1|. Therefore, for

_1 1
n sufficiently large (say, n = n1), P(there exists ¢ € N, (g) such that A\pin(Fn 2Hp () Fpn ?) <
2¢) < n/2, since 2¢ < 1. This implies that P(B) < n/2. Finally,

P (ln(t) — ta(t0) 2 0, £.5. Y € ONy(e)) <P (A) + P(B) <,
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which proves (3.3.1) and in turn, the existence of a unique global maximum of ¢, on N,(¢),
which coincides with ,,.

Consistency of ﬂn We have:
Amin(FnNWn - ¢0H2

(an - z7ZJO)T/\min(Fn)Ik(an - 1/’0)7

< (P — 10) T Fn(¥hn — o),
= ||F? (Pn — o),
< €2

with probability tending to 1 as n — 00, by 7). By condition C3, Apin(F},) tends to oo as n — 0.
Therefore |1, — 1| converges to 0 with probability tending to 1 as n — oo, which concludes
the proof. ]

Our second result is:

1.
Theorem 3.3.2 (Asymptotic normality). Assume conditions C1-C4 hold. Then E? (1, — 1)
converges in distribution to the Gaussian vector N'(0, 1), as n — o0.

Proof of Theorem 3.3.2. Czado and Min (2005) prove asymptotic normality of the MLE in
the uncensored zero-inflated generalized Poisson model by using a central limit theorem with
Lyapunov condition. Here, we rely on the weaker Lindeberg condition, which yields a much
shorter proof.

_1
We first prove asymptotic normality of the normalized score vector Fj, *S,, where S, is a
1

short notation for S,(¢). Let u be any vector in R¥. We show that u'F, 2.5, converges in
distribution to A(0,u"u) (without loss of generality, we set |ul| = 1). From (3.2.6) and (3.2.7),
we remark that S,, can be written as a sum S, = > ; Sy; of independent k-dimensional random
vectors Sy i = (Snit,.- -,Sn,i,k;)T- It is not difficult to see that under conditions C1, C2 and
C4, components of S, ; are bounded by some finite positive constant ¢y that is, |Syi /| < c2,
¢ =1,...,k. Therefore, |S, ;| < c3 := kc3.

Let

1 1 n n
uw' F, %8, =u'F,?2 Z Sni 1= Z S
i=1 i=1

Then E(S;; ;) = 0 and var(3;_, Sy ;) = 1. We now verify Lindeberg condition, namely:
n
for every € > 0, 2 E (S:;,Qilﬂs* .|>€}) — 0 asn— oo.
-1 N

Let € > 0. We have:

n n _l
N (St ) < L E(IPIF RIS
=1

i=1

2
1{|s:5,i|>s}> ;

n
C1C3
< =) E(Lyjs# [=e})s

n
i=1
by condition C3. Now, {|S};| > e} implies that {Amin(F,) < c3/e?}, therefore, Lys# |»e) <

1{)\min(Fn)<Cg/52} and thus,

n n

C1C3
DLE (S5t 1591) € o D5 L) <ea/e2) = 1L p () <)
i=1 i=1
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Under C3, Amin(Fy,) — o0 as n — . Therefore, >, E(Sﬁl{‘s* |>¢p) = 0asn — oo. It follows

_1
that for every u € R¥, u'F,, 2S,, converges in distribution to A(0,1) and by Cramer-Wold
_1
device, F, 25, converges in distribution to N(0, I).

1
Weak convergence of Fi? (¢, — 1)) is now obtained as usual, by expanding S,, := S, (1) about
¥y. The rest of the proof is similar to proof of Theorem 3 of Fahrmeir and Kaufmann (1985)
and is thus omitted. L]

In order to construct asymptotic confidence intervals and tests of hypothesis for the compo-
nents of 1, one needs to estimate F), (by Hn(l/;n) for example). For example, the standard error
s.e.(ﬁjm) of the j-th component Bj,n of Bn can be obtained by taking the square root of the j-th
diagonal term of (H,, (1))~

3.4 Simulation study

In this section, we assess finite-samples properties of the MLE under various scenarios obtained
by varying the censoring and zero-inflation proportions and the sample size. As already men-
tioned, Saffari and Adnan (2011) report a simulation study investigating the behaviour of the
MLE in the censored ZIP model. However, this study is rather restricted: the simulating model
has only one predictor in the sub-model for zero inflation and two predictors in the Poisson mean.
Moreover, Saffari and Adnan (2011) consider fixed censoring only and no results are given on
the finite-sample distribution of the MLE nor on coverage probabilities of confidence intervals
for model parameters.

3.4.1 Simulation design

We simulate the data according to the ZIP model (3.2.1)-(3.2.2)-(3.2.3) defined by:
log(Ai(B)) = B1Xi1 + BaXio + B3 Xiz + BaXia + B5Xis + 6 Xie,
and
logit(wi (7)) = M1Zi1 + V2Zi2 + v3Zis + YaZia + V5 Zis,

where X;1 = Z;; = 1 and the Xjo,..., X6, Zi4, Zi5 are independently drawn from normal
N(0,1), Bernoulli B(0.3), normal N(1,2.25), exponential £(1), uniform ¥(2,5), normal N'(—1,1)
and Bernoulli B(0.5) distributions respectively. Linear predictors in log(\;(3)) and logit(w;(7))
are allowed to share common terms by letting Z;o = X9 and Z;3 = X;3. We consider the
following sample sizes: n = 500, 1000,2500. The regression parameter [ is chosen as § =
(0.7,0.1,0.4,0.85, —0.5, O)T. The regression parameter y is chosen as:

o case 1: v = (—0.9, —0.65,—0.2,0.65,0) T,
o case 2: v = (0.25,-0.7,—-0.2,0.65,0)".

Using these values, in case 1 (respectively case 2), the average percentage of zero-inflation in
the simulated data sets is 20% (respectively 40%). Also, in case 1 (respectively case 2), the
average percentage of zero is 34% (ranging from 30% to 37%) (respectively 50%, ranging from
47% to 53%). Random censoring values are simulated from a zero-truncated Poisson model with
parameter u, where p is chosen to yield various average censoring proportions c in the simulated
samples, namely ¢ = 0.1, 0.2, 0.4. For purpose of comparison, we also provide results that would
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be obtained if there were no censoring (that is, when ¢ = 0) since these results will constitute a
benchmark for assessing performance of the MLE when censoring is present.

For each combination of the simulation design parameters (sample size, proportions of cen-
soring and zero-inflation), we simulate N = 1000 samples and we calculate the MLE @n Simu-
lations are carried out using the statistical software R. To solve the likelihood equation, we use
the Newton-Raphson algorithm, implemented in the package maxLik (Henningsen and Toomet,
2011). We obtain starting values by estimating a ZIP model without taking censoring into ac-
count (this step is carried out using the function zeroinfl of the R package pscl, see Zeileis
et al. (2008) and Jackman (2017)).

3.4.2 Results

For each configuration [sample size X censoring proportion x zero-inflation proportion]
of the simulation parameters, we calculate the average bias and average relative bias (expressed
as a percentage) of the estimates Bj,n and 4, over the NV simulated samples. For example, the
relative bias of Bj,n is obtained as

A(t) *,8‘
Pgm 73 100,
2,3

=1 J

where ﬁA](t% denotes the MLE of 3; in the t-th simulated sample. We also obtain the average
standard error (SE), empirical standard deviation (SD) and root mean square error (RMSE) for
each B, (j =1,...,6) and 4, (k= 1,...,5). SE is calculated as the average of the standard

errors across the NV simulated samples. For example, for Bj,n, SE is calculated as % Zi\i 1 s.e.(B](f%),

while SD (resp. RMSE) is the square root of the empirical variance (resp. the root mean square
error) of (B](’lg, e Aj(-fx)).

Finally, we provide the empirical coverage probability (CP) and average length of 95%-level
confidence intervals for the ; and 7j. Results are given in Table 3.2 (case 1, n = 500), Table
3.3 (case 2, n = 500), Table 3.4 (case 1, n = 1000), Table 3.5 (case 2, n = 1000), Table 3.6 (case
1, n = 2500) and Table 3.7 (case 2, n = 2500) (note that the relative bias cannot be calculated
for B = 75 = 0, which is indicated by “-” in Tables 3.2-3.7).

We observe that the accuracy of MLEs of both 3; and ~y; decreases as sample size decreases.
Accuracy of f3;s estimates also decreases as censoring increases (note that the relative bias
stays moderate though, even when censoring is high). On the contrary, estimates of the 7y
are rather insensitive to censoring, which can be explained as follows. The role of the zero-
inflation submodel is to “separate” random and non-random zeros. Therefore, this model should
not be affected by censoring since zero cannot be a censored observation, by condition C4. In
fact, censoring acts indirectly on the MLEs of the 7 (their variability slightly increases with
censoring, as a consequence of the increasing variability of the MLEs of the ;). For both /; and
vk, empirical coverage probabilities are close to the nominal confidence level in every case. For
a given censoring proportion, we observe that MLEs of the 3; (respectively ;) perform better
when the zero-inflation proportion decreases (respectively increases), which may be explained
as follows. As zero-inflation decreases, there is more information in the data about the count
sub-model and thus, one may expect MLEs of the 3; to perform better. On the other hand,
as zero-inflation increases, there is more information in the sample about the zero-inflation
sub-model, which allows a better estimation of the .

Finally, in order to assess quality of the Gaussian approximation stated in Theorem 3.3.2, we
obtain normal Q-Q plots of the estimates and histograms of the normalized estimates (5;, —5;)/
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s.e.(ﬁjm),j =1,...,6 and (Ykn—%)/s-¢.(Ykn), j = 1,...,5. We provide these graphs for n = 500
with a proportion of zero-inflation equal to 0.4 and 40% of censoring (Figures 3.1 and 3.2 provide
normal Q-Q plots for the (/Bl,m e ,B(m) and (§1,n,...,%5n) respectively; Figures 3.3 and 3.4
provide histograms of the normalized (Blvn, A ,36771) and (Y1,n, . -.,%5n) respectively). Plots for
the other (and more favorable) simulated scenarios yield similar observations and are thus not
given. From these figures, it appears that the Gaussian approximation of the distribution of
the MLE is reasonably satisfied, even when the sample size is moderate and the proportions of
zero-inflation and censoring are as high as 0.4.

Sample size computation is an important topic in regression and several empirical rules have
been suggested (e.g., events-per-variable criterion, one-in-ten rule). These rules should be re-
garded with caution here. Indeed, a ZIP model is a mixture model and several factors, in-
teracting with one another (such as the respective proportions of each class in the mixture
and number of covariates acting on each linear predictor), are susceptible to influence sam-
ple size calculation. The presence of censoring constitutes an additional source of complex-
ity. For the model considered in this study, we observed that a minimum sample size of 200
is necessary to avoid convergence problems (results are provided in a document available at
http://dupuy.perso.math.cnrs.fr/research/Comm_in_Stats_supp.pdf ; they yield similar
observations as for larger sample sizes). Sample size computation in (censored) ZIP regression
falls beyond the scope of this paper but constitutes a stimulating topic for future research.

3.5 An application in health economics: demand for physician
service

We illustrate maximum likelihood estimation in a censored ZIP regression model on a dataset
coming from the National Medical Expenditure Survey 1987-1988 (a large cross-sectional study
carried out to assess the demand for medical care in USA, see Deb and K. Trivedi, 1997). Data
are available in the R package AER (Christian Kleiber, 2008) under the name "NMES1988". They
contain observations on 4,406 individuals aged 66 and over, all of whom are covered by Medi-
care (a federal health insurance program). The response variable is the number of visits to a
physician in an office setting (denoted by ofp in what follows). Explanatory variables include
demographics: gender (1 for female, 0 for male), age (in years, divided by 10), socio-economic
variables: marital status (1 if married, 0 otherwise), educational level (number of years of edu-
cation, denoted by school), family income (in ten-thousands of dollars), two binary variables
indicating whether individual is covered by Medicaid (a US health insurance for individuals
with low resources) and by a supplemental private insurance (both are coded as 1 if yes and 0
otherwise), various measures of health status: number of chronic conditions (cancer, arthritis,
diabetes. .. denoted by chronic) and a variable indicating self-perceived health level (poor, av-
erage, excellent), which we recode as healthl (1 if health is perceived as poor, 0 otherwise) and
health2 (1 health is perceived as excellent, 0 otherwise).

In the initial data, the response ofp is uncensored. But since NMES1988 has become a bench-
mark dataset for evaluating zero-inflated models, we choose to use it and to censor ofp artifi-
cially. We use a zero-truncated Poisson distribution to generate censoring values. Average sample
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censoring proportions of ofp are successively set to 0.2 and 0.4. The fitted model is:

.
log(Ai(B)) = B1 + P2 gender; + (3 age; + famarital_status; + 5 school; + [ income;
+(7medicaid; + g insurance; + f9 chronic; + 19 healthl; + (11 health2;,

logit(w;(7y)) = 71 + 72 gender, + 73 age; + yamarital_status; + 5 school; + 76 income;

L +~v7medicaid; + g insurance; + g chronic; 4+ ;0 healthl; + 11 health2;.
Maximum likelihood estimates and standard errors for all model parameters are obtained in
both censored and non-censored cases. Results are summarized in Table 4.4.

The no-censoring case was already investigated using various models (e.g., Cameron and
Trivedi, 2013; Friendly, 2015; Diallo et al., 2018). Consistent with these studies, we find that
both number of chronic conditions and self-perceived health are important determinants of ofp
utilization. An increase in the number of chronic diseases increases both the probability of visiting
a doctor and the average number of consultations. We find that measures of self-perceived health
do not affect the decision of visiting a doctor (the effect of health status on this decision is entirely
captured by chronic) but affect the average number of visits (this number increases as health
perception degradates). Individuals with higher educational level are less susceptible to waive
ofp-type health-care. They also seek care more often. At the same time, income is non-significant
in both models for zero-inflation and visits frequency (in Deb and K. Trivedi (1997), authors
formulate the hypothesis that the overall generosity of Medicare make ofp utilization insensitive
to changes in the income). Also consistent with previous analysis, in the censored case, Medicaid
and supplementary private insurance coverage are significant determinants of both decision of
visiting a doctor and number of visits (as expected, covered individuals are less susceptible to
waive ofp-type consultations, they also seek care more often).

As already observed in our simulations, parameters estimates and standard errors in w;(7y)
are only slightly affected by censoring. Therefore, Wald significance tests agree whatever the
censoring fraction. Parameters estimates and standard errors in the Poisson model part are
more sensitive to censoring. Wald significance tests agree for all regressors except age, gender
and marital status, where both increasing bias and standard errors resulting from censoring
yield misleading conclusions.

Overall, MLEs in censored ZIP regression seem to be rather robust to censoring. In particular,
estimation and variable selection in the zero-inflation model part are not affected by censoring
(even when the censoring fraction is large).

3.6 Discussion

In this paper, we consider the randomly right-censored zero-inflated Poisson regression model.
We establish rigorously the consistency and asymptotic normality of the MLE in this model.
Our numerical study confirms the good performance of the MLE and suggests that estimation
and variable selection in the zero-inflation sub-model part are not affected by censoring.

Now, several issues deserve attention. Random right-censoring is one of many possible censoring
schemes. In practice, count data may also be left-censored or interval-censored. Estimation
and inference in ZIP regression in these settings is currently an open question. Investigating
estimation in more general zero-inflated models (such as the semi-parametric ZIP model for
example) with censoring is also desirable. These issues constitute topics for our future work.
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no censoring

censoring = 20%

censoring = 40%

variable

estimate (s.e.)

signif.

estimate (s.e.)

signif.

estimate (s.e.)

signif.

intercept
gender
age
marital status
school
income
medicaid
insurance
chronic
healthl
health?2

intercept
gender
age
marital status
school
income
medicaid
insurance
chronic
healthl
health2

1.7596 (0.0878)
0.0066 (0.0144)
-0.0593 (0.0107)
-0.0796 (0.0148)
0.0209 (0.0020)
-0.0014 (0.0023)
0.2256 (0.0254)
0.1892 (0.0200)
0.1198 (0.0046)
0.3081 (0.0175)
-0.3224 (0.0312)

XKk

kKK

kK

Xk

XKk

*oksk

kkk

XKk

KKk

Poisson model coefficients

1.3491 (0.2057)
0.0487 (0.0165)
-0.0148 (0.0248)
-0.0269 (0.0140)
0.0130 (0.0015)
-0.0008 (0.0026)
0.1799 (0.0297)
0.1387 (0.0228)
0.1150 (0.0056)
0.2285 (0.0212)
-0.2532 (0.0338)

k>

k3k

ko

KKk

$okok

kkk

kkk

KKk

Zero-inflation model coefficients

1.9786 (0.5917)
-0.4721 (0.0974)
-0.1829 (0.0741)
-0.2843 (0.1033)
-0.0607 (0.0128)
-0.0104 (0.0188)
-0.4921 (0.1713)
-0.8227 (0.1102)
-0.5414 (0.0458)
0.0124 (0.1615)
0.2447 (0.1505)

kKK

*Koksk

k%

kKK

%k

XKk

kKK

1.9597 (0.6870)
-0.4716 (0.0997)
-0.1818 (0.0862)
-0.2862 (0.1060)
-0.0614 (0.0131)
-0.0104 (0.0193)
-0.4928 (0.1718)
-0.8299 (0.1099)
-0.5393 (0.0464)
0.0212 (0.1605)
0.2398 (0.1594)

k%

$okok

E3

3k

KKk

k%

kkk

XKk

1.1464 (0.1246)
0.0377 (0.0201)
-0.0102 (0.0152)
-0.0072 (0.0209)
0.0144 (0.0027)
-0.0038 (0.0032)
0.1681 (0.0369)
0.1638 (0.0274)
0.1191 (0.0070)
0.1971 (0.0272)
-0.2018 (0.0383)

1.9709 (0.7531)
-0.4840 (0.1020)
-0.1876 (0.0947)
-0.2921 (0.1087)
-0.0611 (0.0136)
-0.0120 (0.0201)
-0.4875 (0.1767)
-0.8272 (0.1145)
-0.5360 (0.0479)
0.0380 (0.1669)
0.2410 (0.1575)

k%%

X%k

*oksk

Fokok

k%%

k%

*oksk

x%

$okok

k>

*3ksk

Xk

k%%

*3ksk

Table 3.1: Health-care data analysis: estimates (standard errors) and significance codes:

KKk

significant at the 0.1% level, ** significant at the 1% level, * significant at the 5%

level,

. significant at the 10% level.
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3.7. Appendix 1: Technical Lemma
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Figure 3.1: Normal Q-Q plots for Bl,n, e »B&n with n = 500, ¢ = 0.4 and a proportion of zero-
inflation equal to 0.4.

3.7 Appendix 1: Technical Lemma

_1 1
Lemma 3.7.1. Assume conditions C1-C4 hold. Then supyen,, () [Fn * Hn()Fn 2 — I con-
verges in probability to 0 as n — 0.

Proof of Lemma 3.7.1. We have

_1 1
[ F * Hn () Fn * = I

1Fy 2 (Ho (6) — F)Ey 2,

1
< m”Hn(w)_Fn”a
< o H(H) ~ E(H,W) +a | HEHW) - F)
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inflation equal to 0.4.

,¥5.n With n = 500, c = 0.4 and a proportion of zero-

by C3. Thus, the lemma is proved if we can show that both terms in the right-hand side of the
last inequality converge to 0 uniformly in ¢ € N,(¢) as n — oo. For illustration purposes, we
show that supyen, () | X (Hy (1) — E(Hy,(¢)))| converges in probability to 0 as n — co. For this,
it is sufficient to show that supyey;, () |%(Hn,(&m) (¥) —E(Hy, (¢,m)(¥)))| converges to 0 for every
(¢, m), with £,m =1,...,k, where H,, (;,,) denotes the (¢, m)-element of Hp.

We illustrate the method for £, m € {1, ...

,p}- In this case, H,, (4, (1) coincides with the element

—0%0,,(1)/0B¢0Bm (other cases can be treated similarly). Using notations defined in section 3.2.2,
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Figure 3.3: Histogram of the normalized estimates (Bjn — Bj)/s.e.(@,n), j=1,...,6 with n =
500, ¢ = 0.4 and a proportion of zero-inflation equal to 0.4.

we have:
Lt ey () — E(Hr e <w>>>|
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=1
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i=1
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We prove that supyen, (¢ L3 X Xim i Jiui (V) — E [XieXim i Jiwi(¥)]} | converges in prob-
ability to 0 as n — oo (the other two terms can be treated similarly). For this, we prove that the
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class { Xy Xim0;Jiui(v)) : ¢ € C} is Donsker (and thus Glivenko-Cantelli, which will ensure the
required uniform (over 1) convergence). We refer to Aad W. van der Vaart (1996) for definitions
and properties of this classes.

The class {X;yX;md;J;} is obviously Donsker. Under C1 and C2, classes {3'X; : 3 € B} and
{v"Z; : v € G} are Donsker. The exponential function is Lipschitz on compact sets therefore
classes {e#'Xi : B e B}, {e =P X) . 3 e B} and {7 %i : v € G} are also Donsker. Now, prod-
ucts and sums of bounded Donsker classes are Donsker (Aad W. van der Vaart, 1996), therefore,
the class { X0 Ximd; Jiu;(¢) : ¢ € C} is Donsker.

Hence,

1 n
sup | = > { X Xim0iJitts () — B [ X Xom i Jyui ()]}
veC M5
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converges in probability to 0 as n — o0. Since N, (¢) < C, so that

ijlvlp( )I* Z {Xit Xim0iJiui (V) — E [ Xig Xin i Jiui (¢)]} |
€Nn (e

also converges to 0 as n — o0, which concludes the proof. O

3.8 Appendix 2: Technical Calculations

In this Appendix, we give some calculation details. We have:

8ZmSP(A @) (i) = XimAi(B)P(P(Ni(B)) = Y;* — 1),
M _ v NB)Li(B)
B ( + L ) =X (

B+ LiB)) T (k) + Li(8))
(LiBMBY (k= X)) = XieLi(BIM(B)* (Mi(B) = k) = Xi(B)) ,

5 [(1 = Xi(B)) (ki(y) + Li(B)) + NiLi(B)],

0
0By

and

J <Li(5))\i(5)k(k— Ai(ﬁ))) _ x,, LB i
2Be Spoa) (Vi) “ (Y

To see this, note that:

Y*—1
0 « 0 o N(B)FL;
WSPMB»(YZ-) = (1 > W)

=
- ‘2*201;!(“ (3)F N (B) Xim Li(B) = As(B) Li( B)Ni(5) X
LS KL o

=5 .
- X, (; L) 5 sz)zi:“(ﬁ))

= XimNi(B)P(P(Ni(B) =Y = 1).
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Similarly,
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Ce chapitre fait 'objet d’un article intitulé "Zero-inflated regression models for right-censored
counts, with an application to health utilization" (auteurs: Van-Trinh Nguyen et Jean-Frangois
Dupuy), publié dans la revue "Biostatistics and Health Sciences" (Vol. 1, No. 1, 1-19, 2019 ;
DOLI: 10.21494/ISTE.OP.2019.0393).

Abstract

Zero-inflated models for censored and overdispersed count data have received little attention so
far, except for the zero-inflated Poisson (ZIP) model which assumes that overdispersion is entirely
caused by zero-inflation. When additional overdispersion is present, useful alternatives to ZIP
are given by the zero-inflated generalized Poisson (ZIGP) and zero-inflated negative binomial
(ZINB) models. This paper investigates properties of the maximum likelihood estimator (MLE)
in ZIGP and ZINB regression models when the count response is subject to right-censoring.
Simulations are used to examine performance (bias, mean square error, coverage probabilities
and standard error calculations) of the MLE. Results suggest that maximum likelihood yields
accurate inference. A simple, efficient and easy-to-implement methodology for variable selection
is also proposed. It is applicable even when the number of predictors is very large and yields
interpretable and sound results. The proposed methods are applied to a dataset of healthcare
demand.

Key words: excess of zeros, maximum likelihood, simulations
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Abstract in french

Dans ce chapitre, nous nous intéressons a ’estimation dans le modele de régression de Poisson
généralisé a inflation de zéro (modele ZIGP) et dans le modele de régression négatif binomial a
inflation de zéro (modele ZINB), en présence de données de comptage censurées aléatoirement a
droite, mais cette fois-ci, du point de vue de la sélection de modeles. Le probleme de la sélection de
modeles (i.e., des variables explicatives pertinentes) dans les modeles de régression zéro-inflatés
a été abordé, dans la littérature, par des méthodes d’estimation pénalisée (pénalité lasso, ridge,
elastic-net par exemple) mais outre le fait que ces méthodes requierent le paramétrage fin de
plusieurs parameétres (poids de la pénalité par exemple), elles peuvent également étre prises
en défaut lorsque le nombre de prédicteurs possibles est trop grand (ce qui arrive lorsque 1'on
souhaite tester 'effet de toutes les interactions d’ordre 2 existant entre les prédicteurs, par
exemple).

Nous proposons donc un algorithme de sélection de variables en trois étapes, qui consiste a
ajuster, tout d’abord, un modele de régression logistique a I'indicatrice d’égalité a 0 des obser-
vations (ce modele est alors congu comme une approximation du modele d’exces de zéros), afin
de sélectionner les variables explicatives et interactions pertinentes - la sélection repose ici sur
une méthode pas-a-pas ascendante et le critere BIC. Dans un second temps, nous proposons
d’ajuster un modele de comptage censuré (Poisson généralisé ou négatif binomial, par exemple)
aux données de comptage, sans tenir compte de I’exces de zéros - et de sélectionner des variables
explicatives en utilisant les mémes outils que dans la premiere étape. Enfin, dans une troisieme
étape, nous proposons d’ajuster un modele censuré de régression a inflation de zéros en utilisant
les variables et interactions identifiées aux deux premieres étapes, et de mener une sélection de
variables séquentielle, basée sur le test de Wald et le critere BIC.

Nous évaluons la pertinence de 'algorithme proposé, en I'appliquant a un jeu de données
réelles issues du domaine de I’économie de la santé. Il s’agit d’une base de données recueillie en
Allemagne et renseignant la consommation de soins de 1812 hommes, pour lesquels sont égale-
ment disponibles, sous formes de variables explicatives, de nombreuses informations relatives a
leur état de santé et a leur situation socio-économique. Nous identifions les déterminants du
recours aux soins de ces hommes, ainsi que les variables qui influencent leur nombre moyen de
consultations médicales.

4.1 Introduction

Healthcare utilization refers to the measure of a population’s use of available healthcare services.
It is often reported as the number of healthcare services (e.g., hospital resources, physician re-
sources) used over a period of time. Count-valued outcomes arising from healthcare utilization
studies can be modeled using discrete distributions, such as Poisson or negative binomial. How-
ever, healthcare utilization data often contain large numbers of zeros, i.e. there is a large number
of non-users of the corresponding healthcare service over the study period. When there are more
zeros than expected under a standard count model, the data are said to be zero-inflated, which
is a particular cause of zero-inflation.

Various models have been developed to address zero-inflation, such as zero-inflated (ZI) mod-
els which mix a degenerate distribution at zero with a standard count model. If predictors are
present (e.g., age, income, health satisfaction...), ZI models can be extended to the regression
setting by modeling zero-inflation and count sub-distributions as functions of the predictors.
For example, zero-inflated Poisson (ZIP) regression model was proposed by Lambert (1992),
and further developed to accommodate random effects (Hall, 2000; Min and Agresti, 2005;
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Monod, 2014), non-linear covariate effects (Lam et al., 2006; He et al., 2010; Lu and Li, 2015),
longitudinal zero-inflated counts Feng and Zhu (2011). The ZIP model assumes that overdisper-
sion in the data is entirely caused by an excess of zeros. When some additional overdispersion is
present, useful alternatives to ZIP are the zero-inflated negative binomial (ZINB) model (Ridout
et al., 2001; Moghimbeigi et al., 2008; Mwalili et al., 2008) and zero-inflated generalized Poisson
(ZIGP) model (Czado and Min, 2005; Czado et al., 2007), which both contain an additional
overdispersion parameter.

Count data can also be affected by censoring, the most common type being right-censoring
(which occurs when it is only known that the true count is higher than the observed one). For
example, consider a healthcare utilization study where patients report their number of visits
to a doctor during a given period. If one possible answer is, say, “15 visits or more”, all visit
counts greater than 15 are right-censored at 15. Ignoring censoring yields biased estimates and
incorrect inference.

Count data analysis with censoring has been investigated by several authors, including cases of
Poisson and generalized Poisson regressions (Terza, 1985; Caudill and Franklin G, 1995; Famoye
and Wang, 2004; Xie and Wei, 2007; M. Mahmoud and M. Alderiny, 2010), zero-truncated
Poisson regression (Yeh et al., 2012) and finite mixtures of Poisson regressions (Karlis et al.,
2016). In contrast, much less work has been done for censored counts with zero-inflation. Saffari
and Adnan (2011) and Nguyen and Dupuy (2019b) investigate ZIP regression with right-censored
data. Adnan et al. (2012); Saffari et al. (2013) address estimation in right-censored hurdle
negative binomial and hurdle generalized Poisson regression models. But to date, applicability
of ZIGP and ZINB regression models to censored data has not been evaluated. Our aim is to fill
this gap. We conduct simulations to explore properties of the maximum likelihood estimator in
right-censored ZIGP and ZINB models. We also investigate the question of variable selection in
these models.

Variable selection is a crucial issue in regression modeling. When many potential risk factors
are available (which is usually the case in healthcare utilization studies), it is important to iden-
tify the predictors (and eventual interactions) which have a significant impact on the response,
as parsimonious models offer easier interpretation and more accurate estimates. Several authors
addressed variable selection in uncensored ZIP and ZINB models. For example, Czado et al.
(2007) use sequential elimination (based either on hypothesis testing or information criteria) to
select significant predictors in an application dealing with patent outsourcing. Buu et al. (2011),
Wang et al. (2014, 2015), Zeng et al. (2014) and Chatterjee et al. (2018) investigate penalized
maximum likelihood estimation. This approach, however, requires specific computing algorithms
and elaborated strategies for tuning parameter selection, which can discourage its use. Moreover,
from our experience, penalized estimation in zero-inflated models can fail to converge when the
number of predictors is too large (the problem may even arise with a moderate number of risk
factors, if all second-order interactions are included in the model). Stepwise regression can avoid
this problem (although the method also has its own disadvantages). Furthermore, in practice,
stepwise regression often selects similar subsets of predictors as penalized methods (see for ex-
ample Wang et al., 2014, 2015). Variable selection for right-censored zero-inflated counts has not
been addressed. We discuss this issue here, with the objective of providing a simple methodology
that can be applied with existing softwares.

This paper is organized as follows. In Section 3.2, we briefly review the ZIGP and ZINB
models and we describe maximum likelihood estimation (MLE) with right-censored counts. In
Section 4.3, we conduct a detailed simulation study to assess the performance of the MLE.
Section 4.4 describes an application to a dataset of healthcare demand. We present a simple,
efficient and easy-to-implement methodology for selecting predictors and interactions in both
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zero-inflation and counts submodels. This approach is demonstrated on the healthcare demand
data. Discussion and concluding remarks are presented in Section 4.5

4.2 Censored ZIGP and ZINB models

4.2.1 Maximum likelihood estimation in censored ZIGP regression

Let Z; denote the count of some event (such as the number of doctor visits) for an individual
7 (Z =1,... ,n) and X; = (Xi17 Xio, ... ,Xip)T and W; = (Wih Wio, ..., Wiq)—r be respectively
p and ¢-dimensional vectors of risk factors for this individual. Both categorical and continuous
variables are allowed. Moreover, X; and W; may share some common terms or be distinct. To
include intercepts, we set X;1 = 1 and W;; = 1.

A zero-inflated generalized Poisson model (Czado and Min, 2005; Czado et al., 2007) for Z;
is defined as

4.2.1
GP(Ni, ) with probability 1 — w;, ( )

| { 0 with probability w;,

o~
where 0 < w; < 1 is the probability of zero-inflation and GP(\;, ¢) is the generalized Poisson
distribution with parameters A; > 0 and ¢ (Consul and Famoye, 1992). Both under- and overdis-
persion are allowed, depending on whether ¢ < 1 or ¢ > 1. However, in case of underdispersion,
the support of GP(\;, ¢) depends on \; and ¢, which makes them difficult to estimate. For this
reason, the generalized Poisson is usually considered for modelling overdispersed data, which is
also the most common case in practice. We also restrict to this case here and assume that ¢ > 1.

The probability density function of the ZIGP model is given by

i
wi+ (1 —wje » for z =0,

. . _ z—1, ,—z 7()‘714’(%9*1)2)
(1-— wi)/\’(Aer(‘p ZI!)Z) e ¢ for 2 =1,2,...

P(Zi = z) = (4.2.2)

From this, it is straightforward to see that the mean and variance of Z; are given by E(Z;) =
(1—w;)\; and var(Z;) = E(Z;)(¢?+\iw;) respectively, where ¢ is called overdispersion parameter.
Therefore, the ZIGP model can accommodate two different sources of overdispersion, namely
zero-inflation and heterogeneity between individuals. The ZIGP model reduces to the usual ZIP
when ¢ = 1. We refer the reader to Czado et al. (2007) for an application of ZIGP model to
uncensored counts.

When risk factors are available, the mixing probability w; is usually modeled by a logistic
regression: logit(w;(y)) = 7' W, and ); is classically modeled as \;(8) = exp(B8'X;). Vectors
B=(Br,--,8)" €RPand v = (y1,...,7,) " € RY are unknown regression parameters.

Assume now that the count response Z; can be right-censored. That is, for some individuals, we
only observe a lower bound on Z;. This can be modeled by introducing a positive censoring value
C; and defining the count data for the i-th individual as the pair (Z, §;), where Z = min(Z;, C;)
and 6; = 1yz ¢,y (if Z; = Cy, we let Z} = C; and §; = 0). The censoring value can either be the
same for all individuals (fixed threshold) or be specific to each observation. Let J; = 1 (7*=0)
and J; =1 — J;. Let also 6; = 1 — §;.

Suppose that we observe n independent vectors (ZF,d;,X;,W;), i = 1,...,n. Let ¢ :=
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(BT,7T, )T denote the set of all unknown parameters. Then, the likelihood of 1 is:

Lo() = P(Z; = ZF|Xs, W) P(Z; = ZF | X3, W;)%,

i

_ 5 _
<P(Zi = Z}|X;, W) P(Z; = O‘Xi7wi)Ji> P(Z; > Z}| X, W),

fom Bl e

&
Il
—

with P(Z; > Z*|X, W;) = 1 — 32 P P(Z; = k|X;, W;). Suppose that w; and \; are given
as above and let Sgp(y, ) denote the survival function of the generalized Poisson GP(\i, )
distribution, that is, Sgp(, ,)(2) = P(GP(Ni, ) = 2). Using (4.2.2) and some algebra, the
loglikelihood ¢, () = log L, () can be written as:

n ex (HTXZ) _
ba() = D6 [JZ» log (JVW re e b ) +J; {Mxi +(ZF —1)log (eﬁTXz‘ + (o — 1)2;‘)
=1
1
~ztoge— (X 4 (o= 1)2¢) ~lox(z) ||
@
~Ylog (1 Lt Wz> + 36,0 1og Sgpa, ) (Z1), (4.2.3)
i=1 i=1
with
. 21 57X, ATX, 1, (e Xt ]
Sap(ne)(Zi) =1— Z;) e’ Ti(e” T+ (p—1)z)" 9 e v o

If 6; = 1 for every ¢ = 1,...,n, (4.2.3) reduces to the loglikelihood given by Czado and Min
(2005) in the uncensored ZIGP model. If ¢ = 1, (4.2.3) reduces to the loglikelihood given by
Nguyen and Dupuy (2019b) in the censored ZIP model.

The MLE 4, := (3],4.,¢,)7 is obtained by solving the score equation 0/, (1)/dy = 0, which

can be achieved by nonlinear optimization. In this paper, all estimates are obtained using the R
function maxLik (Henningsen and Toomet, 2011), which implements Newton-type algorithms.
A sample code is provided in the Appendix. The function also provides the Hessian matrix
of ¢,,, which is needed for variance estimation of the MLE. Precisely, we estimate the variance-
covariance matrix of 1, by £, = [—0%0,,(,,)/0d1 |71, Standard errors of parameter estimates
are obtained as the square roots of the diagonal terms of .
A rigorous assessment of asymptotic properties of 1[1,1 is likely to be challenging, in light of
complicacy of the calculations in the censored ZIP model (Nguyen and Dupuy, 2019b). In that
paper, it is shown that the MLE in the censored ZIP model, which is a particular case of censored
ZIGP, is consistent and asymptotically normal. Such properties can be expected in the ZIGP
model also. However, leaving aside the distributional theory, we propose to investigate these
properties by means of simulations.

4.2.2 Maximum likelihood estimation in censored ZINB regression

The zero-inflated negative binomial model can be defined similarly as the ZIGP model, by
replacing the generalized Poisson distribution in (4.2.1) by a negative binomial distribution.
The probability density function of ZINB model is given by
G
wi + (1 —wj) <7) for z =0,
P(Z;=2)={ Y\ o o (4.2.4)

NLztat) i \° 1 \° _
(1 -w) (e85 (r2) () forz=12,..
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where 0 < w; < 1, p; = 0 and « is a positive overdispersion parameter. The mean and variance
of Z; are (1 —w;)p; and (1 —w;)(p; + ap? +w;p?) respectively. From this, we note that the ZINB
model also allows two sources of overdispersion, one coming from zero-inflation and the other
from heterogeneity.

When risk factors are available, w; is usually modeled as logit(w;(y)) = v" W, and p; is taken
as ui(B) = exp(B'X;), where B € R? and v € R? are unknown parameters. If counts Z; are
right-censored and if we observe n independent vectors (Z7, d;, X;, W;) (with same notations as
above), the loglikelihood of 0 := (ﬁT, 7T, a)" can be calculated as in the previous section and is
given by:

1 _
= . . 7TW; . * 0T~y *
2,(0) Z~=§1 di [Jz log <e + a eﬁTXi)Oél) + Ji{ZB'Xi + Z} log

~(Z7 +a7")log (1 + ae@x,) +10gT(ZF +a~Y) —logI'(a™!) — log(Z;k!)}]

~ Y log (1 + eWTWi) Z 0i:Ji 108 SN By (Z7) (42.5)
i=1 i=1
where
*_ z -
S (ZF)=1- ZZZI L(z+at) aef Xi 1 o
MBS o Tla )l 14 aef™X 1+ aef' X

The MLE 6,, := (8,4, ,d,)7 is obtained by solving the score equation &4, (1))/d0 = 0, which
again requires numerical optimization. Properties of this MLE are investigated by simulations

in the next section. As for the ZIGP model, we obtain standard errors as y/diag(in), where

— [—0%0,(0,,)/0000T] 1

4.3 A simulation study

In this section, we investigate properties of the MLE in censored ZIGP and ZINB models.

4.3.1 Simulation scenario

First, we simulate data from the ZIGP model (4.2.1), with:
log(Ai(B)) = B1Xi + B2 Xio + B3 Xisz + BaXia + BsXis + B Xis,
and
logit(wi(7)) = mWir + v2Wia + v3Wis + vaWia, +75Wis,

where X;1 = W;1 = 1 and the Xjo,..., X5, Wis, Wi5 are independently drawn from normal
N(0,1), Bernoulli B(0.3), normal N(1,2.25), exponential £(1), uniform ¥(2,5), normal N'(—1,1)
and Bernoulli B(0.5) distributions respectively. Linear predlctors in log()\ (8)) and logit(w;(y))
are allowed to share two common terms, namely W;s = X;o and W;3 = Xj;3. Regression parame-
ters B and +y are taken as 8 = (0.7,0.1,0.4,0.85, —0.5,0)" and v = (0.9, —0.65, —0.2,0.65,0) .
The proportion of zero-inflated data in the simulated sample is approximately equal to 0.2. The
overdispersion parameter ¢ is taken as 2, which ensures some further overdispersion.
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Censoring values C; are simulated from a zero-truncated Poisson model with parameter u,
where p is chosen to yield various average proportions of censored counts in the simulated data
(here 0.15 and 0.3). For purpose of comparison, we also provide results that would be obtained
if there were no censoring (these results will constitute a benchmark for assessing performance
of the MLE when censoring is present).

The MLE of 8, and ¢ are obtained by solving the score equation described in Section 4.2.1.
Numerical optimization is carried out using the function maxLik (Henningsen and Toomet,
2011) of R (a free software environment for statistical computing, Team, 2018). We need to
provide initial estimates to maxLik. We propose to obtain initial values for g and v by fitting an
uncensored ZIP model to the data, using the R function zeroinfl from package pscl (Jackman,
2017). For ¢, note that if Z follows the ZIGP model (4.2.1), we have E(Z) = (1 — w)\ and
var(Z) = E(Z)(¢* + \w), therefore,

1/2
- (30 -y
(Z2) 1—w
A reasonable starting value for ¢ can be obtained by estimating E(Z) and var(Z) by the empirical
mean and variance of the Z;, i = 1,...,n (denoted by Z, and S2? respectively) and w by the
proportion & = n~! iy 1{z,—0 of observations equal to 0 (note that @ is not an estimate of the
probability of zero-inflation, since some observed zeros may arise from the generalized Poisson

distribution ; however, our simulations suggest that this rough approximation is sufficient to
ensure a reasonable initial value for ). Thus, we consider the following initial estimate for ¢:

PN Vi
pinit — 5}21_2 w /
" Zn 1-@)

The simulation was performed 1000 times and several summary measures are obtained. Specif-
ically, for a sample size of n = 1000, Table 4.1 presents the average bias, average relative bias
(expressed as a percentage), average standard error, empirical standard deviation, root mean
square error and corresponding empirical coverage probability for each parameter in the model
(we consider 95% Wald-type confidence intervals). We also report the average length of these
intervals.

Simulation design for the censored ZINB model is similar. We simulate 1000 samples from
model (4.2.4) with log(u;(8)) = P1Xi1 + PoXia + 83Xi3 + BaXia + B5Xis + BeXis, logit(w; (7)) =
N Wit +v2Wia+v3Wis+74Wia, +v5Wis (we use the same values as above for 5 and ) and o = 0.5.
With these values, the average proportion of zero-inflated data in the simulated samples is 0.2.
Numerical optimization is implemented via maxLik. Starting values for all model parameters are
obtained by fitting an uncensored ZINB model to the data, with zeroinfl. Table 4.2 provides
the same summary measures as for ZIGP model.

4.3.2 Results

From Table 4.1 and Table 4.2, we note that the MLE has generally low bias. Model-based
standard errors and empirical standard deviations are close to each other for all parameters,
suggesting that 3, is an adequate estimate of estimates variance.

For every censoring fraction, Wald-type confidence intervals based on model standard errors
have coverage probabilities near the nominal confidence level (their average length increases
with censoring, though, since standard errors increase with censoring). This correct coverage
confirms that the model-based variance 3, is an adequate estimate of MLEs variance, in both
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censored ZIGP and ZINB models. Unreported simulations show that as expected, bias, standard
errors and average length of the confidence intervals decrease with increasing sample size, for all
parameters, and that the MLE of 3, ¢ and « (respectively ) perform better when the proportion
of zero-inflated counts decreases (respectively increases).
Wald-type confidence intervals are based on approximate normality of parameters estimates. To
assess the finite-sample distribution of the MLE, we plot histograms of the normalized estimates
Bin—B3)/5-(Bin)s 3 = L6, (Ghm—10)/5:0-Ghem)s k = L, .5, (B —0)/5.0.(Bn) and (@n —
a)/s.e.(Qy), where “s.e” denotes model-based standard error of the corresponding parameter.
Graphs are provided for a censoring fraction equal to 0.3 (plots for 0.15 yield similar observations
and are thus omitted). Histograms for ZIGP (respectively ZINB) model are given by Figures
4.1 and 4.2 (respectively Figures 4.3 and 4.4). On these graphs, the black curve represents the
density function of the standard normal distribution. These graphs indicate that the distribution
of the MLE can be reasonably approximated by a normal distribution, for every parameter.
Overall, these results suggest that maximum likelihood estimation yields adequate inference
on both regression and overdispersion parameters in ZIGP and ZINB models, when censoring is
present.

4.4 Real data application

In this section, we illustrate the censored ZIGP and ZINB models on a real data set from the
German Socioeconomic Panel (a survey aimed at investigating healthcare utilization by German
households). We also describe a simple and efficient methodology for selecting predictors and
interactions in zero-inflation and counts components. Finally, we compare the fitted models
using Vuong’s test (A brief reminder of Vuong test is given in Appendix 2).

The dataset considered here contains the number of doctor office visits (the response vari-
able) for 1812 West German men aged 25-65 years, during the last three months of 1994. Several
risk factors are available, including age, socio-economic variables: marital status (1 if married, 0
otherwise), educational level (number of years of schooling), household monthly net income (in
German marks/1000) and composition (coded as 1 if children under 16 live in the household,
0 otherwise), two binary variables indicating whether individual is covered by a public health
insurance and by a supplemental private insurance (both are coded as 1 if yes and 0 otherwise),
employment characteristics (coded as self: 1 if self employed, 0 otherwise ; civil: 1 if civil
servant ; bluec: 1 if blue collar employee ; employed: 1 if employed), various measures of health
status: health satisfaction (health, coded as 0 if low to 10 if high), handicap status (handicap: 1
if handicapped, 0 otherwise) and degree of handicap in percentage points (hdegree). Following
Jochmann (2009), who first described these data, we study a more complex effect of age by
considering linear spline variables age30, age35,. .., age60 (where ageXX is 1 if age > XX and 0
otherwise). Therefore, a total of 20 candidate predictors are available. Jochmann (2009) also sug-
gests to consider interactions between health satisfaction and age variables (i.e., age30xhealth,
age35xhealth,...). There is no reason, however, to limit ourselves to these interactions and
one may wish to assess all possible second-order interactions (except for meaningless ones, such
as interactions between ageXX variables).

In Figure 4.5, we plot the number of doctor office visits, censored at 15 visits for illustrative
purpose. The plot strongly suggests that data are zero-inflated (41.2% of the observed counts
are equal to 0). Thus, we fit the following three models: i) a censored ZIGP model, ii) a censored
ZIP model (obtained by letting ¢ = 1 in (4.2.2)) and iii) a censored ZINB model, with all risk
factors and second-order interactions, which results in a very large number of possible predictors.
Several authors recently addressed variable selection in high-dimensional uncensored ZIP and
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ZINB models via penalized maximum likelihood, and various penalty functions are implemented
in the R package mpath (Wang, 2019). Thus, in a first approximation, we tried to fit penalized
ZIP and ZINB models to the healthcare demand data, using all risk factors and interactions
and ignoring censoring. None of the methods implemented in mpath converged. Therefore, we
propose an alternative methodology for model fitting and variable selection in censored ZIGP
and ZINB regressions:

1. First, we determine appropriate predictors for zero-inflation modelling.

We fit a logistic regression model to the indicators 1;7 ¢y, @ = 1,...,n, considered as the
response variable. Note that this is not a model for zero-inflation since some of the 0 may
arise from the count distribution. However, we may expect that this rough procedure will
still identify a relevant subset of predictors, that will be used in a second step in the logistic
model for w;. Given the very large number of potential predictors, we use stepwise logistic
regression, starting from a model with no variables (null model). The largest possible model
contain all risk factors and interactions. At each step, we use Bayesian information criterion
(BIC) to select variables. Based on this strategy, we select the following predictors: age50
and health.

. In the second step, we select a preliminary set of predictors for modelling the count com-
ponent of the considered zero-inflated model (ZIP, ZIGP or ZINB).

The strategy is the same as above. For example, we use stepwise Poisson regression to se-
lect risk factors and interactions that will be used in the count component of the censored
ZIP and ZIGP models. Again, variable selection is based on BIC. Starting from the null
model, the chosen predictors are age40, age50, handicap, hdegree, health, civil, self,
healthxhdegree, civil xage40, self xage40.

We use the same strategy to select a preliminary set of predictors for the count component
of ZINB model. The chosen variables are health, age50, self and civil.

. In the third step, we estimate the censored ZIP, ZIGP and ZINB models defined by
logit(w;) = 71 + 72 X age50 + 3 x health

and
o for ZIP and ZIGP models:

i = exp(fy + P2 aged0 + (3 age50 + 4 handicap + (5 hdegree + [3s health
+07civil + Pg self + Pghealthxhdegree + [1gcivil xage40
+/11 self xage40)

e for ZINB model:
w; = exp(f1 + P2 health + 3 age50 + B4 self + (5 civil).
Then we use sequential elimination to obtain the final models. At each step, we remove

the less significant predictor, based on Wald test at level 0.01 (if removal decreases the
BIC).

Parameter estimates, standard errors and p-values of the corresponding Wald tests are given in
Table 4.3. The final models are not nested, thus they are compared using Vuong test (Vuong,
1989). Results are given in Table 4.4.
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We now discuss the results of our analysis. First, we observe that the decision of not seeking

care is driven by age and health satisfaction. Men aged 50 years and over are less likely to waive
doctor visits and the probability of renouncing doctor visits increases with health satisfaction,
which is a natural finding. Then, we observe that adding a dispersion parameter has a strong
beneficial impact on model fit: comparing censored ZIP and censored ZIGP (respectively ZIP
and ZINB) models, Vuong statistic is -9.30 (respectively -9.59) with p-value less than 10~
(respectively 1072!). There is also a large difference between BIC values of final models (7843
for ZIP against 7031 for ZIGP and 7011 for ZINB), which again clearly indicates superiority of
ZIGP and ZINB models over ZIP.
Except for handicap, ZIGP and ZINB models select the same risk factors in their count com-
ponent. Both models indicate higher healthcare utilization by older men (aged 50 or more) and
by those having low health satisfaction. Both models also suggest that self-employed (respec-
tively civil servants) have lower healthcare demand than not self-employed (respectively not civil
servants). In the German health insurance system, self-employed and civil servants can choose
to remain uninsured. The lack of financial compensation may thus explain the fact that these
individuals are less likely to visit a doctor. Vuong statistic for comparing ZIGP and ZINB mod-
els is -0.85 with p-value 0.40, which suggests that there is no statistically significant difference
between the two models. Rather, it is interesting to consider their results jointly. These results
confirm the presence of additional overdispersion that is not accounted for by a ZIP model, and
give strong evidence of the impact of a few risk factors on healthcare demand.

4.5 Discussion

In this paper, we investigate MLEs properties in ZIGP and ZINB regression models with right-
censored counts. Our simulations suggest that the MLE performs well and that reliable statistical
inference on model parameters can be based on the normal approximation of MLEs distribution
and on approximation of MLEs variance by Fisher information matrix derived from the censored
likelihood.

Variable selection in zero-inflated models is a challenging issue. We observed that variable se-
lection techniques based on penalized maximum likelihood can fail in the uncensored case when
the number of possible predictors is too large. Moreover, penalized techniques are currently
not available for censored ZI models. Therefore, we propose a simple and efficient strategy for
variable selection. This strategy can be implemented using existing softwares.

Our results allow to extend the scope of ZI models to censored data. Now, several issues still
deserve attention. For example, random right-censoring is only one of many possible censoring
types. In practice, count data may also be left-censored or interval-censored. For now, statistical
inference in ZI models in these contexts is an open question. Another question of interest relates
to longitudinal data. Here, we are concerned with cross-sectional data but panel data often arise
in applications. Extending the current work to the longitudinal setting is therefore of interest
and constitutes a topic for our future work.
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4.5. Discussion

Z1P Z1GP ZINB
parameter  estimate std. error p-value estimate std. error p-value estimate std. error p-value
Zero-inflation submodel
intercept -2.408137 0.216428 < 2e-16  -2.61000 0.32792 1.73e-15 -2.98345 0.35760 < 2e-16
health 0.300900 0.028496 < 2e-16 0.24136  0.04360 3.11e-08 0.30594 0.04356 2.16e-12
aged( -0.550811 0.122265 6.64e-06  -0.60107 0.22778 0.00832 -0.65075 0.20204 0.001278
Count submodel
intercept 2.286474 0.047607 < 2e-16 2.25776  0.08888 < 2e-16 2.47741 0.09967 < 2e-16
health -0.140050 0.006565 < 2e-16  -0.16361 0.01346 < 2e-16 -0.19345 0.01439 < 2e-16
aged0 -0.083821 0.045467 0.065248"
ageb0 0.234934 0.043893 8.68e-08  0.19988 0.07002 0.00431  0.26571 0.06734 7.94e-05
handicap 0.436929 0.084145 2.07e-07  0.23111 0.07416 0.00183
self -0.233767 0.068345 0.000625 -0.31783 0.11808 0.00711 -0.36536 0.11685 0.001768
civil -0.553545 0.118488 2.99¢-06  -0.27089 0.09936 0.00640 -0.38925 0.10194 0.000134
hdegree -0.005052 0.001423 0.000386
civil:aged0  0.377772 0.135995 0.005472
© — — — 1.98527 0.07430 < 2e-16 — — —
@ — — — — — 0.68102 0.06884 < 2e-16
AIC T777.276 6976.789 6962.151
BIC 7843.302 7031.811 7011.671

Table 4.3: Summary of final censored ZIP, ZIGP and ZINB models (T although not significant,
age40 remains in the model because of a significant interaction).
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Z1P vs ZIGP | ZIP vs ZINB | ZIGP vs ZINB
Vuong test -9.30 -9.59 -0.85
p-value <1071 <1072t 0.40
decision 7Z1GP ZINB equal fit

Table 4.4: Model comparison using Vuong test: Vuong statistic, p-value and test decision (i.e.,
the best model according to Vuong test).

4.6 Appendix 1: R code for fitting the censored ZINB model

The code below fits the censored ZINB model to a data set simulated as in Section 4.3. In this
code, b, g and a represent 3, v and « respectively. Functions dnbinom and pnbinom from the R
package stats calculate the density and distribution function of the negative binomial distribu-
tion (note that these functions use a slightly different parameterization for the overdispersion
parameter).

Before running this code, the user needs to specify the design matrices X and W (where each
row corresponds to a risk factor and the first rows are made of 1).

The following code builds the censored ZINB loglikelihood:

loglikfunZINB=function(param){

b=param[1:p]

g=param[ (p+1) : (p+q)]

a=param[p+q+1]
sum(delta*J*log(exp (t (g) %*%W) +(1+axexp (t (b) %*%X)) A (-1/a))+delta*x(1-J)*
log(dnbinom(z,size=1/a,mu=exp (t (b) %*%X))))+sum((1-J)*(1-delta)
*x1og(1-pnbinom(z-1,size=1/a,mu=exp (t (b) %*%X)))-log(1+exp (t (g) %*%W)))

}

The code below determines the initial estimates of f51,...,86,71,---,75 and « and calculates
the MLE (intercepts are estimated by default by zeroinfl, thus it is not useful to specify X
and Wj in the model formula):

ZINB=zeroinfl (z~X2+X3+X4+X5+X6 | W2+W3+W4+W5,dist="negbin")
ZINBcensored=maxLik(logLik=loglikfunZINB,start=c(unlist (ZINB$coeff),1/ZINB$theta))

Estimates, standard errors and several other summaries can be obtained using the R function
summary.

4.7 Appendix 2: Vuong test

The principle of the test is as follows. Let fo(-|-) be the true conditional density of Z given

A

(X, W) and f(+|-,0) be the estimated conditional density, where 6 is an estimate of 6 (such as the
MLE). Kullback-Leibler divergence between fo(-|-) and f(:|-, §) is defined as Eq[log fo(Z|X, W)—
log f(Z|X, W, é)], where [Ey denotes expectation under the true model.

If two competing models are present, one may choose the one with smallest divergence, since it

is closer to the true model. For example, if model 1 is closer to the true model, we have:

Eo[log fo(Z|X, W) — log f(Z|X, W,0M)] < Eq[log fo(Z|X, W) — log f(Z|X, W,0®)],
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Figure 4.1: Histograms of the normalized estimates (5;,—f;)/s.e.(8jn), j = 1,...,6 in censored

ZIGP model (30% censoring).

where 01 and 6 are the MLE in models 1 and 2 respectively. Equivalently,

H(1)
By [1og TZX W) 1
F(ZIX,W,02)

f(Z:i] X, Wi,60)

2K W03 1 =1,...,n. Vuong test statistic is defined as

Let u; = log

Z=1+/n n _
VT (g — )
Under the null hypothesis Hy that models 1 and 2 are equally close to the true model, Z is
asymptotically distributed as a standard normal variable. Thus, a decision rule at the asymptotic
level « rejects Hy if |Z] > z1-g2, where 2;_g is the (1 — §)-quantile of the standard normal
distribution. If Z > Z1-g (respectively Z < —zl_%), the test chooses model 1 (respectively
model 2).
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Figure 4.2: Histograms of the normalized estimates (3;, —7;)/s.e.(%jn), j = 1,...,5 and (p,, —
©)/s.e.(¢n) in censored ZIGP model (30% censoring).

4.8 Appendix 3: Technical calculations

Zero-Inflated Generalized Poisson (ZIGP)

For the sake of convenience, we omit the 3, 6, ¥ in the X\;(5), ki(7v), Li(¢) to become \;, k;, L;.
By letting Q; := Q;(¢¥)) = €% Xi + (¢ — 1)k, the density function (2.4.1) is
: i(8) (i — D)L, @k
pi—h) = OGO O s
1 K
I A Y
- Qe ¥

for k=0,1,...,Y;* — 1. We have some first calculations.
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Figure 4.3: Histograms of the normalized estimates (5;,—f;)/s.e.(8jn), j = 1,...,6 in censored

ZINB model (30% censoring).

Lemma 4.8.1. The partial derivatives in the generalized Poisson distribution are as follows:

o oo oo o (k=1 k  X\—k
%P(Y@—k) = P(Yi=k) (Qi _<p+ 2 >

Proof of the Lemma 4.8.1. We have:
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L]
Noting the score vector of log-likelihood function by the expression
-
0
Sn (7/]) = @En(w) = fn,l(w) 5n,p(¢J’f ,p+l( ) ) 5n,p+q(¢2: 5n,p+q+1(¢2 . (4'8'1)
0/06m 8/0ve 8/op
for every m =1,...,p; £ =1,...,q. Then from Lemma (4.8.1), we have:
Theorem 4.8.2 (The score vector).
= AL (Y —1) N A
() = 2, X, {: o= (e S - 1)
y ~
P(Y; =k E—1DN N
— (1 -d)(1— ) ( )*Q+( ) _>7
=0 Sg'P()\},(p) ()/z ) Ql
= ki k;
= it § 0idi - ;
Sn,p-&-ﬁ(dj) ;Ww{ J, ki + L, i kz}
! L\
u p2 Y (Y —1) VA VR
n = 61 o 51 1—-J; u L I 2
st ®) ; M T J)(Aﬁ(w—l)l@* PR )
C(1-s Z (’f(’f—1>’f+H>
SQP()\ Y*) Qi @ ©?

where the survival function for generalized Poisson distribution is:

u—1
SQP(A>,¢)( ) P(Y ):1_ZP(K:]€),
k=0
The following two lemmas are useful for calculating the second derivatives of the loglikelihood.

Lemma 4.8.3. With the setting of \;, L;, k;, QQ; as above, we have:

0 L)\ N L; by L)\
o T A Ty A
0Bm (ki+Li> (ki + L;)? [< 90>( ) ¥ ]

1
7A1Lz . .
< (p ) = Al [(Ni — ) (ki + L) — L],
A

op | ki + Ly (P3 (k‘z + Lz)2
0 ( Lidi \ o, —kAL
ove \ ki + L ki + L)Y

0 ( i ):X' Ai(p—1) Y
Bm \ i + (p — )Y "+ (9 - DY)

2 ( A ) R
dp \ i + (p = DY* (Ni + (@ — 1)Y*)?
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Proof of the Lemma 4.8.3. We prove the two first equalities. Calculations for the others are
similar and are therefore omitted. We have:

: (LMi>__(MM+MMNh+L»—MMM
0Pm \ ki + L; (kz + LZ)Q
LiA; —Li\
<_Xim)\’i + LiXim)\i> (k‘z + LZ') —X; 7[4)\1'
= ® %
(k‘i + Li)Q
AilL; i L\
~ X 2 (-2 (g 22
(k?i + Li) o) ()
and
1 Li\i 1 Lk
l/\z'Lz' <_2Li + =5 ) (ki + Li) = —Li—5"
J e _ o\ e % e @
op \ ki + L; ¢ (kz + Li)2
L;
= ———— (A —¢) (ki + Li) — Li\
NiL;

_ T LT [(A\i — @) (ki + Li) — Li\i] -

O

Lemma 4.8.4. From the Lemmas 4.8.1, 4.8.3, it is easy to calculate the partial derivatives of
the survival function with respect to By, and @:

Y*—1 Y¥-—1
0 . N 9 1 : (k— 1)\ )\i)
S, Y = - P(Y; = k) = —Xim > P(YVi=k S
st (Sopn,a0) = = 5 5 (B0 =) = ~Xin T 2V (1 0% -2
Y*—1 Y*_1
G U S A o (kk=1) k Nk
7 (Sgpu),@)(lﬁ )) = kZ=0 % (P(Y; = k) = 2 P (Y; = k) <Qi ot ) :
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Finally, these preliminary calculations allow us to obtain the second derivatives, as:

1/\L
02 () S o [( )\i> Li)\i]
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k(k—1) k A—k E—DXN N\ k(k—DA A \
N = (Mg =525 (B -2) - ) Som o0
) (k—l)Az-_Az)Yi*_l ) (24 2
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Zero-Inflated negative binomial (ZINB)

For simplicity of exposition, we let u; := p;(3). Then, we have the result:

Lemma 4.8.5. Assume that i = 1,...,n, a random variable Y; ~ N'B(u;, o) draws from the
negative binomial of the form (2.3.1)

1
- L(k+at) api \* 1 «
P(Y; = i = ) =0,1,...,
( Ky, @) KT (a™1) <1 + o 1+ ap; k=0

We then have:
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A P(Yi = klui, ) ( | @) (a <0g +apu;) gé ) (1+am>>
Proof of the Lemma 4.8.5. Indeed, we have:
! 1
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0Bm ( ir @) kT (a~1) 1+ ap; 1+ ap; 1 + apy 1+ ap;
_ I'(k+a b k QL k-l i Xim 1 o
 kID(aY) 1+ au, (14 ap)? \1+ ap;
api \*1 1 \a ! 1
- - apiXim ¢
l+aup;) a\l+au; (14 api)?

_ x L(k+a™t) ap; \" 1 a k L
T RN () \ 1+ oy 1+ ap; T+ap 14+au)’

k— p
= szP( k|#za )< a )7

1+ ap;

note that Yk € N*, and o' > 0, we have:
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therefore
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Setting k; = €7 Wi, L; = 1 + ¢? Xi and the survival function SNB(ui,o) (Y5) = PINB(pi, o) =
Y*) =1- Z:zo_l P(NB(pi, ) = k), the loglikelihood function turns out

" _1
Z [&Ji log (k‘Z + L, a> —log(1 + kl)]

i=1
n
1
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1 1
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From the Lemma 4.8.5, we have the explicit derivative expression of the survival function of the
negative binomial regression model as follows

Lemma 4.8.6 (The derivative of the survival function).

0 & k
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Noting the score vector of log-likelihood function by the expression
-

sn (¥) = @En(@b) = fn,l(w) Sn,p(q/))’f pr1(), . -75n,p+q(¢zafn,p+q+1(d)) . (4.8.2)

3/26m o/ov 8/a

for every m =1,...,p; £ =1,...,q. Then from the two previous Lemma 4.8.5, and 4.8.6, with
some straightforward calculating, we have the first derivative:

Theorem 4.8.7 (The score vector). With the setting as above, the derivatives of the loglike-
lthood with respect to each corresponding element are:
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Next, we state the second derivative expressions without proof.

Theorem 4.8.8 (The second derivatives).
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5 Marginalized zero-inflated Poisson
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Abstract

The marginalized zero-inflated Poisson regression model is often used to analyze the covariate
effects on the overall mean response. This article extends the model to randomly right-censored
count data. In this model, maximum likelihood estimators are constructed and their properties
are rigorously established. A simulation study is performed to assess finite-sample behavior in
various scenarios. An application in health care utilization is also illustrated.

Keyword: Count data, excess of zeros, marginalized model, large-sample properties,
simulations

Abstract in french

Dans ce chapitre, nous nous intéressons a l'inférence statistique dans le modele de Poisson
zéro-inflaté marginal (modele MZIP), en présence d’une censure aléatoire a droite portant sur
les données de comptage. Dans le modele MZIP, contrairement au modele ZIP classique des
précédents chapitres, c’est 'espérance mathématique de la loi marginale du comptage qui est
modélisée en fonction des variables explicatives, et non I’espérance de la loi du comptage dans la
population a risque. Cette distinction permet d’interpréter 'influence des variables explicatives
directement sur la population entiére, ce qui est parfois plus pertinent au regard des questions
que se pose le statisticien. Nous construisons des estimateurs du maximum de vraisemblance
de I'ensemble des parametres du mod'‘le MZIP, puis nous en établissons rigoureusement les
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propriétés asymptotiques (consistance, normalité asymptotique, estimation convergente de la
variance asymptotique). De nouveau, nous réalisons une étude de simulation approfondie, afin
d’évaluer les propriétés a distance finie de 'estimateur du maximum de vraisemblance, en fonc-
tion de divers parameétres : taille d’échantillon, proportion d’inflation de zéro, proportion de
censure. Les indicateurs numériques et représentations graphiques que nous obtenons confir-
ment la qualité de I'estimateur proposé. Une application en soci-économie de la santé est enfin
décrite.

5.1 Introduction

Zero-inflated regression models which view data as being generated from a mixture of a degen-
erated distribution with mass point of one at zeros and a standard count regression model have
become a popular power statistical tool to analyze count data with excess of zeros.

A large number of well-known applications are conducted in a variety of disciplines, such as ecol-
ogy, epidemiology, health care utilization, industry, assurance and so on. Zero-inflated Poisson
regression model was proposed by Lambert (1992) and further developed by Bohning (2000),
Lim et al. (2014), Monod (2014), Fu et al. (2018), recently by Nguyen and Dupuy (2019b), and
references therein. Recent variants of ZIP regression include random-effects ZIP models (Hall,
2000; Min and Agresti, 2005) and semiparametric ZIP models (Lam et al., 2006; Feng and Zhu,
2011). Zero-inflated negative binomial (ZINB) regression model was proposed by Ridout et al.
(2001), see also Moghimbeigi et al. (2008) and Mwalili et al. (2008). When counts have an upper
bound, ZIP and ZINB regression models are no longer appropriate. Hall (2000) thus introduced
the zero-inflated binomial (ZIB) model, see also Hall and Berenhaut (2002), Diop et al. (2011),
Diop et al. (2016) and Diallo et al. (2017a). Statistical modeling of bounded count data con-
taining both extra zeros and extra right-endpoints has recently appealing attention. Deng and
Zhang (2015) proposed a zero-one inflated binomial regression model for such data, see also
Tian et al. (2015) and Dupuy (2017). In Diallo et al. (2018), authors propose a zero-inflated
regression model for multinomial counts with joint zero-inflation. To answer for the question of
evaluating the covariate effects on the marginalized mean of outcome variable, several marginal-
ized regression models are mentioned, such as Long et al. (2014), Long et al. (2015), Todem
et al. (2016), see also Martin and Hall (2017), Benecha (2018), Inan et al. (2018). But in the real
life, data may occurs censored and those models are no longer adequate. A popular situation is
right-censored, this means that only a lower bound of the count of interest is observed, or on the
other words, when we know that the true count value is higher than the observed one. Ignoring
censoring can yield biased estimates and incorrect statistical inference. Terza (1985) considers
estimation in Poisson regression when the response is right-censored at a constant threshold.
Famoye and Wang (2004) and Karlis et al. (2016) investigate randomly right-censoring in gener-
alized Poisson regression model and in mixtures of Poisson regressions, respectively. Estimation
in zero-inflated Poisson regression model with censoring is handled by Saffari and Adnan (2011),
Nguyen and Dupuy (2019b). In our knowledge, there has been no paper researched in theory
about the covariate effects on overall population mean when data is right-censored and that is
reason why our work is conducted to fulfill this gap.

In the marginalized zero-inflated Poisson (MZIP) regression model with overall exposure effects
proposed by Long et al. (2014), authors only established the model without proof of properties
of MLEs, a simulation study is illustrated with the two predictors for zero-inflated part and
themselves for overall exposure mean. In Martin and Hall (2017), authors showed the existence
of MLEs by using EM algorithm through three models, say, MZIP, MZIB and MZINB. The
work of Todem et al. (2016) presented the method to obtain the MLEs by describing the model
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in two ways: derived marginal models and direct marginal models. In addition, a comparison
between them is also conducted.

The remainder of this paper is organized as follows. In section 5.2, we give a brief definition of
the likelihood estimation in MZIP model and we describe maximum likelihood estimation when
the count response is randomly right-censored. In section 5.3, we present results of comprehen-
sive simulation study to assess the finite-sample behaviour of the MLE, in our study, a large
number of predictors are carried out and the finite-sample distribution of MLE is also investi-
gated. Section 5.4 reports an application in health care utilization. A conclusion and perspective
are provided in Section 5.5. All of the proofs are postponed to an Appendix.

5.2 The censored MZIP regression model

In this section, we consider the Marginalized ZIP model and we describe maximum likelihood
estimation when the count response is randomly right-censored.

5.2.1 Loglikelihood estimation in MZIP regression model

Let X; = (1, Xjo,. .. ,Xip)T and W; = (1, Wja,.. .,VVZ-q)T be respectively p and ¢-dimensional
vectors of covariates affecting to overall mean and to zero-inflated part with ¢ = 1,... ,n, T
denotes the transpose operator. Set 5 € RP and « € R? are unknown regression parameters. The
MZIP model assumes that the count response variable Z; which directly models the marginalized
mean of the mixture distribution (see Long et al., 2014; Martin and Hall, 2017) by describing
as follows:

logit(w;)) = ~'W; (5.2.1)
and
log(v;)) = B'X; (5.2.2)
where v; = E(Z;|X;) > 0 is the marginalized mean, and 0 < w; < 1 is certain probability,
i =1,...,n. The Poisson process mean \; is redefined as the jointly function of two parameters
(v, B) by letting v; = (1 — w;)A;, thus
A= (1+ 7 Wiyef ' X (5.2.3)

A MZIP model specifies the distribution of Z; as the mixture

7 ~ { 0 with probability w;, (5.2.4)

P(\;) with probability 1 — w;,
Considering n independent vectors (Z1, X1, W1),...,(Zn, X, W) from the model (5.2.1)-

(5.2.2)-(5.2.3)-(5.2.4), all of them are defined on a probability space (€2,C,P). Based on these
observations, the log-likelihood of MZIP can be expressed as:

" _eBTX; Tw,
3 {Ji log (aVTWi R O )) (Zi—1— JiZ)log (1 + eVTWi)
i=1

+(1— ;) [ZzﬂiTXi _ AT (1 + eww,-) - log(Zi!)]} ,
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where J; = 1(7,_q;. Now, because of J;Z; = 0 for all i = 1,...,n, the above function is written
as follows:

n _eBTX; Twy
2 {Ji log (eVTWi +e ¢ <1+67 )) +(Z; —1)log <1 + eVTWi>
i=1

+(1— ) [ZzﬂiTXi RS (1 + e”fTWi) - log(Zi!)]} . (5.25)
The maximum likelihood estimator of (3,7) can be obtained by maximizing this function.

5.2.2 Loglikelihood estimation in MZIP regression model with right-censored

Assume Z; can be randomly right-censored at the lower bound by a censoring random variable
C;. This means, true value for a certain individual is actual greater than C; and we do not know
that unobserved value. Letting Z;* = min(Z;, C;), §; = Lz,<c,y and J; = 1{23‘:0}- We define the
observation for the i-individual as the vector (Z,d;, X;, W;) (if Z; = C;, we refer to Z* = Cj),
the censoring value thus can be specified to each observation. The likelihood of 9 := (37, fyT)T
based on observations (Z7, d;, X;, W;), i = 1,...,n is now calculated as:

Lu(®) P(Z: = Z}[X:, Wa) B (Z: = Z}[X;, Wi) %,

I

-
I
—

_ 7. N CSN(1_T.
(P(Z; = Z}| X, W) TiP(Z; = 01X, W) )" P(Z; = 77| X;, W) (1700000

Il

=1
1-8;)(1—J;
71 s (1-8) (1)
x[@=—w) 1= > o :
k=0
6;iJ;
_ ﬁ "W 1 o1 Tw)
B I\L+e™Wi 1 4e™Ws
1=
Z* (Si(l—Ji)
] e—eﬂ Xb(l-‘re'Y wz) Zl*ﬁTXz' <1+€’YTW1) i
1™ ZF1
Zi*—]. ik (1_52')(1_‘]2)
1 1 2 e Z)\i
X — N
1+e'Wi = K '

from which, we readily obtain the loglikelihood ¢, (¢)) = log L,,(¢). If w; and \; are given by
(5.2.1) and (5.2.3) and note that J; = 1yy«_q so J;ZF = 0, Vi = 1,...,n, straightforward
algebra yields:

n

En(iﬂ) = Z {52']7, log <€'yTW¢ + e—eﬁTXi (1+e'yTWi>> n (5221* B 1) log (1 n e’YTWz’)

i=1

+ 61— (Z;"BTXi _ ST (1 + evTWi) ~log (Z;!))

—eBTX; VT Wy k
Zi*fl e e (1+e )ekﬁTXz’ (1 T e’YTWz‘>

+ (1=06)1—=J)log | 1— 1;) o
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Clearly that £,,() reduces to (5.2.5) when there is no censoring.

The maximum likelihood estimator zﬁn = (,Bn,’yn) of ¢ can be achieved by solving k-
dimensional score equation

0ln(¥)
oY

—0, (5.2.6)

where k = p+q.

Solution of this non-linear equation is relatively straightforward by using a standard math-
ematical software. In our simulation study and real-data analysis, we use R package optimx of
Nash and Varadhan (2011); Nash (2014), which provides efficient computational tools for solving
equation such as (5.2.6).

Next, we need to introduce some further notations and a few modelling assumptions before
stating asymptotic properties of 1/3,1

5.2.3 Some further notations

In what follows, we denote k;(7) = e7' Wi, 1;(8) = €' Xi \;(¢) = €' X (1 + eVTwi), Li(v) =

—eB X (146
2 (H ! ) Let also Sy, 3 = P(P(A\i(8)) = u), u = 0,1,... denote the survival function

of P(\i(B)) distribution. First, we have:

0lv) g ”{ ) LilwN®) | 50~ 1)z - n(w)

0B, = ki(v) + Li(¥)
(15%1J)i(:waﬁéiz;Zﬁ;xw»}’J17 N .
azg’;/;) - ;nlww{&Jki('y)];(ﬁi(ffz((;;”"(m+(5izg'<—1)1fj(];()7)—52(1 J)vi(B)ki(7)

Foralli=1,...,n and for ZF > 1, let

ww) — BN (L) + k() = A)hi()
’ (ki(7) + Li(w))? |
‘S L))
M T L s 27
x| (k= X)) = M) Sy, () = (b = M) M)P (P (Ai()) = 2 —1) |
)~ LK) (BRO) + (B L) ~ nARIN) = M(w)
Z (ki(7) + Li(w))?
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A _ o Vi () X ()R 2
tz(w) - g k'S)\( )( )

x [ (6= X)) = N0)) S0y (Z5) = M)k = M()P (P (Mi()) = ZF — 1) |

fily) = (ki(v) + Li(y)))?
7S L) (B) k() M ()42
gi(¥) = Z KISy, () (27)°

Then, some tedious albeit not difficult algebra shows that Vj,m =1,....,pand V/,s =1,...,¢q,
we have:

R CONNE BN 11— IO N
B;0Bm ;X’JXW{“”"ZW)—5z<l—Jz>Az<w>—<1—@><1—Jz>vz<w>},
0%, () >

B ileiij{—éiJisiw)—5i<1—Ji>ui<ﬁ>ki<v>—<1—5><1—Ji>t,-<¢>},

- 2 Wit {8.5(0) + (3¢ =1 s — 1= (B)ki(7)

07e07s = (1+ k (1)?
—(L=0)(1 = Jo) fi(¥)} -

5.2.4 Regularity conditions and asymptotic results

In this section, we present consistency and asymptotic normality of @n In what follows, the
space R¥ of k-dimensional vectors is provided with the Euclidean norm | - |2 and the space
of (k x k) real matrices is provided with the norm [[|A|[|z := sup|,,—1 |Az[2 (for the sake of
notational simplicity, we use |- | for both norms). Recall that for a symmetric real (k x k)-matrix
A with eigenvalues A1,..., A\, |A| = max;|)\;| (here and in the sequel, Apin(A) and Apax(A)
will denote the smallest and largest eigenvalues of symmetric matrix A respectively).

We first state some regularity conditions:

C1 Covariates are bounded, that is, there exist compact sets X < RP and W < RY such that
X;eX and W; e W forevery i = 1,2, ...

C2 The true parameter value ¥ = (37,74 )" lies in the interior of some known compact and
convex set C = B x G c R¥ (where B  RP and G = RY are the parameter spaces of 3 and

v respectively).

C3 There exists a positive constant x such that n/Amin (Fn(%0)) < & for every n = 1,2, ...
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C4 Censoring random variables C;,i = 1,2, ... are strictly positive and bounded by some con-
stant M < oo (for example, M can be the end of the study period, at which every individual
still under study is censored).

Conditions C1-C3 are classical in generalized linear regression and zero-inflated regression models
(see Fahrmeir and Kaufmann, 1985; Czado et al., 2007; Nguyen and Dupuy, 2019b). Condition
C4 is required in the censored setting.

Next, we state asymptotic properties of the estimator ﬁn Their proofs are outlined in Ap-
pendix section.

For each n = 1,2, ... and £ > 0, define the neighbourhood N,,(g) = {1 € C: (¢ — o) T Fi(¢p —
o) < €2} of 1y, where F, is a short notation for Fj (). Our first result states that the
solution of (5.2.6) exists, lies in the neighbourhood N, (&) of 1y when n is sufficiently large and
is consistent for 1)y.

Theorem 5.2.1 (Existence and consistency). Assume conditions C1-C/j hold. Then the
probability that 1, exists and lies in Ny(g) for some € tends to 1 as n — oo. Furthermore, 1y,
converges in probability to 1Yy as n — 0.

Moreover, @ZA)n is asymptotically Gaussian:

LN
Theorem 5.2.2 (Asymptotic normality). Assume the conditions C1-C/ hold. Then Fii (v, —
o) converges in distribution to the Gauss vector N'(0, 1), as n — .

where [ is identity matrix of order k.

5.3 Simulation study

In this section, we investigate the finite-samples properties for the MLE under various scenarios
which obtained by varying the censoring and zero-inflation proportions and the sample size.

5.3.1 Simulation design
First, we simulate the data according to the MZIP model (5.2.1)-(5.2.2)-(5.2.3)-(5.2.4) as follows:

log(vi(B)) = priXin + BaXio + B3Xisz + BaXia + B5Xis + B Xis,
logit(wi(y)) = mWii + %2Wie + v3Wis + vaWia, +75Wis,

and
Ai=(1+ e’YTWi)eBTXi,

where X;1 = W;1 = 1 and the Xjo,..., X6, Wia, Wi5 are independently drawn from nor-
mal N(0,1), Bernoulli B(0.3), normal N(1,2.25), exponential £(1), uniform #(2,5), normal
N(—1,1) and Bernoulli B(0.5) distributions respectively. Linear predictors in log(v;(3)) and
logit(w;(y)) are allowed to share common terms by letting Wiy = X2 and W;3 = X;3. We con-
sider the following sample sizes: n = 500, 1000, 2000. The regression parameter 3 is chosen as
B =1(0.7,0.1,0.4,0.85,—0.5, O)T. The regression parameter -y is chosen as:

e case 1: v = (—0.9,—-0.65,-0.2,0.65,0) T,

o case 2: v = (0.25,—-0.7,—-0.2,0.65,0) .

81



Chapter 5. Marginalized zero-inflated Poisson regression with right-censored counts

With these chosen values, in case 1 (respectively case 2), the average percentage of zero-inflation
in the simulated data sets is 20% (respectively 40%). Censoring values are simulated from a zero-
truncated Poisson model with parameter u, where p is chosen to yield various average censoring
proportions ¢ in the simulated samples, namely ¢ = 10%, 20%, 40%. For purpose of comparison,
we also provide results that would be obtained if there were no censoring (that is, when ¢ = 0%)
since these results will constitute a benchmark for assessing performance of the MLE when
censoring is present.

For each combination of the simulation design parameters (sample size, proportions of censor-
ing and zero-inflation), we simulate N = 1000 samples and we calculate the MLE @Z;n Simulations
are carried out using the statistical software R. In order to solve the likelihood equation, we use
the package optimx (Nash, 2014) which implements various Newton-Raphson algorithms. We
obtain starting values by estimating a MZIP model without taking censoring into account.

5.3.2 Results

For each configuration [sample size X censoring proportion x zero-inflation proportion]
of the simulation parameters, we calculate the average bias and average relative bias (expressed
as a percentage) of the estimates Bj,n and 4y, over the N simulated samples. For example, the
relative bias of Bj,n is obtained as

where BAJ(t,)L denotes the MLE of 3; in the t-th simulated sample. We also obtain the average
standard error (SE), empirical standard deviation (SD) and root mean square error (RMSE)
for each Bjﬂ (j=1,...,6) and 4%, (k = 1,...,5). Finally, we provide the empirical coverage
probability (CP) and average length of 95%-level confidence intervals for the 3; and ;. Results
are given in Table 5.1 (case 1, n = 500), Table 5.4 (case 2, n = 500), Table 5.2 (case 1, n = 1000),
Table 5.5 (case 2, n = 1000), Table 5.3 (case 1, n = 2000) and Table 5.6 (case 2, n = 2000).

From these results, we observe, as expected, that accuracy of MLEs of both 3; and 7, decreases
as sample size decreases. Accuracy of ;s estimates also decreases as censoring increases (note
that the relative bias stays moderate though, even when censoring is high). On the contrary,
estimates of the 4 are rather insensitive to censoring, which can be explained by the fact
that censoring does not affect zero counts. For both 3; and 4, empirical coverage probabilities
are close to the nominal confidence level in every case. As may also be expected, for a given
censoring proportion, we observe that MLEs of the ; (respectively ;) perform better when the
zero-inflation proportion decreases (respectively increases).

Finally, in order to assess quality of the Gaussian approximation stated in Theorem 5.2.2, we
obtain normal Q-Q plots of the estimates and histograms of the normalized estimates (Bjyn —
Bj)/standard error(ﬁjm), j=1,...,6 and (Y — )/standard error(y;,), j = 1,...,5. We
provide these graphs for n = 500 with a proportion of zero-inflation equal to 40% and 40% of
censoring (see figures 5.1 to 5.4). Plots for the other (and more favorable) simulated scenarios
yield similar observations and are thus not given. From these figures, it appears that the Gaussian
approximation of the distribution of the MLE is reasonably satisfied, even when the sample size
is moderate and the proportions of zero-inflation and censoring are as high as 40%.
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5.4. Real data application

5.4 Real data application

In this section, we illustrate the censored MZIP model on a real data set from the German
Socioeconomic Panel (a survey aimed at investigating healthcare utilization by German house-
holds). Here, we use the predictors and their interactions affect on zero-inflation and count
components, that they are thoroughly considered in details in our previous work, see Nguyen
and Dupuy (2019a).

The dataset considered here contains the number of doctor office visits (the response vari-
able) for 1812 West German men aged 25-65 years, during the last three months of 1994. Several
risk factors are available, including age, socio-economic variables: marital status (1 if married, 0
otherwise), educational level (number of years of schooling), household monthly net income (in
German marks/1000) and composition (coded as 1 if children under 16 live in the household,
0 otherwise), two binary variables indicating whether individual is covered by a public health
insurance and by a supplemental private insurance (both are coded as 1 if yes and 0 otherwise),
employment characteristics (coded as self: 1 if self employed, 0 otherwise ; civil: 1 if civil
servant ; bluec: 1 if blue collar employee ; employed: 1 if employed), various measures of health
status: health satisfaction (health, coded as 0 if low to 10 if high), handicap status (handicap: 1
if handicapped, 0 otherwise) and degree of handicap in percentage points (hdegree). Following
Jochmann (2009), who first described these data, we study a more complex effect of age by
considering linear spline variables age30, age35,. .., age60 (where ageXX is 1 if age > XX and 0
otherwise). Therefore, a total of 20 candidate predictors are available. Jochmann (2009) also sug-
gests to consider interactions between health satisfaction and age variables (i.e., age30xhealth,
age35xhealth,...). There is no reason, however, to limit ourselves to these interactions and
one may wish to assess all possible second-order interactions (except for meaningless ones, such
as interactions between ageXX variables).

In Figure 5.5, we plot the number of doctor office visits, censored at 15 visits for illustrative
purpose. The plot strongly suggests that data are zero-inflated (41.2% of the observed counts
are equal to 0). Thus, we fit the MZIP model with all risk factors and second-order interactions,
which results in a very large number of possible predictors. Several authors recently addressed
variable selection in high-dimensional uncensored ZIP and ZINB models via penalized maximum
likelihood, and various penalty functions are implemented in the R package mpath (Wang, 2019).

In the result table, see Table 5.7, we consider the data in three scenarios (no censoring, censor-
ing proportion is 10% and 20%) and we report estimates, their standard errors (in parenthesis)
as well as corresponding p-value for each one. We observe that all of covariates affecting to the
both marginalized sub-model and zero-inflation sub-model are high statistical significance (p-
value < 0.05) except only a single coefficient age40 (in bold letters) of non zero-inflation part.
But we still retain because it combine with civil constituting interaction covariate civil:
age40. Moreover, when the censored percentages increase, the standard errors also increase in
both sub-models (but only slightly increasing in zero-inflation part, this is explained as section
5.3).

5.5 Conclusion

In this paper, we introduce a new regression model for evaluating the covariate effects on over-
all response when occurring right-censoring. Maximum likelihood estimation is conducted to
investigate distribution properties under various of scenarios throughout our numerical study.
Moreover, in analysis of health care utilization, the proposed model conveys a reasonable ex-
planation and interpretation. In addition, the model also provides the plausible way to decide
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no censoring censoring = 10%

censoring = 21%

parameter  estimate (s.e.) p-value. estimate (s.e.) p-value.

estimate (s.e.) p-value.

Marginalized model coefficients

intercept 2.4281 (0.0539) < 2e-16 1.8957 (0.0665) < 2e-16

health -0.2373 (0.0074) < 2e-16  -0.1825 (0.0091) < 2e-16
ageb0 0.3113 (0.0487) 1.62e-10  0.3253 (0.0569) 1.06e-08
handicap 0.3593 (0.0729) 8.37e-07  0.3076 (0.0996) 0.00202
self -0.2609 (0.0661) 8.00e-05  -0.2252 (0.0757) 0.00291
civil -0.6002 (0.1186) 4.16e-07  -0.4924 (0.1247) 7.86e-05
hdegree -0.0043 (0.0012) 0.000421  -0.0034 (0.0017) 0.04233
age40 0.0141 (0.0423) 0.739926 -0.0280 (0.0502) 0.57637
civil : age40 0.4125 (0.1342) 0.002115  0.3947 (0.1454) 0.00664

Zero-inflation model coefficients

intercept  -2.1040 (0.1882) < 2e-16  -2.1466 (0.1962) < 2¢-16
health 0.2560 (0.0241) < 2e-16  0.2603 (0.0250) < 2¢-16
age50 -0.5252 (0.1139) 3.99e-06  -0.5831 (0.1218) 1.68¢-06

1.7043(0.0783)  <2e-16
-0.1746(0.0107) <2e-16
0.2612(0.0651) 6.08¢-05
0.2888(0.1253)  0.02116
-0.2471(0.0881)  0.00505
-0.4302(0.1318)  0.00110
-0.0028(0.0021) 0.17682
-0.0180(0.0597) 0.76293
0.3613(0.1606)  0.02442

-2.2092 (0.2147) < 2¢-16
0.2728 (0.0274) < 2e-16
-0.6075 (0.1350) 6.79¢-06

Table 5.7: Health-care data analysis: estimates (standard errors) and p-value.
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whether or not how a covariate affect on mean response variables.

In many contexts, marginalized zero-inflated model prove more convenient and useful. It
provides not only a direct interpreted way of marginalized mean effects but also produce more
accurate estimations, as shown in our simulation study, like coverage and error rates.

While in this paper we have concentrated on models for randomly right-censoring and inde-
pendent data, some more extensions should be deserved attention, for instance, the randomly
left-censored data or interval censored, longitudinal/clustered data. Estimation and inference
in MZIP regression in these setting still may be an open question. Investigating estimation
in more general marginalized zero-inflated models (e.g., marginalized zero-inflated generalized
Poisson regression model, marginalized zero-inflated negative binomial regression model...) with
randomly censoring are also desirable. All these issues constitute topic for our future work.

5.6 Appendix 1: Technical Lemmas
We note S,(v) = 00n(¥) /00, Hn() = —0*n(¢)/000% T, Fo(3) = E(Hn(¥)) in which Hy(¢) is

assumed positive definite. We first prove an important technical lemma.

_1
Lemma 5.6.1. Assume conditions C1 — C4 hold. Then supyen, (o) [ Fn * Hn (¥) Fr
verges in probability to 0 as n — o0.

SIS

— Iy| con-

Proof of the Lemma 5.6.1. We have almost surely

| S Hu()Fa ® — I = |Fa * (Ha(w) — Fu) o %],
1
< mHHn(w)_FnHa
< |0 B W) | B W) - £

since C'3. Therefore, to show the lemma, we need to prove convergence of both terms in the right
hand side in probability to 0 by taking the supremum over ¢ € Ny (g) as n — 00. We thus prove for
the first term, it is sufficient to show that all elements of matrix supycy;, (¢ H % (Hn(¥) — E(Hn(v)))]
converge in probability to zero, i.e.,

1 P
sup *<hn(€,m) ("lﬁ) - E(hn,(f,m) (1/})))’ — Oasn — 0,
PeN, () [T
where Ay, (g m) (1) denote (¢,m)— element of matrix H, (1) for every £,m = 1,..., k. Without loss
of generality, we illustrate for £,m = 1,...,p, so in this case, hy (s m)(¢) is exact of the element

—0%0,,(1))/0B¢0Bm. We have

L By () = Er (¢)>>‘

n

2 (X3 Xim0iJiui(¢) — B [XieXimCSiJiUi(T/J)]}‘

z 1

2 { X0 Xim0i (1 — T)Ni(B) — E [ X0 Ximdi (1 — Ji))\i(ﬂ)]}‘

XieXim(1 = 6;)(1 = Ji)vi(¥) — E[ X3 Xim (1 — 6;) (1 — Ji)vi(¥)]}

)

S\H
||M: ||
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Since the similar structure of the three terms on the right hand side of inequality above, we only
prove for the supyen, (2 |3 X Xim i Jiwi (V) — B [ X0 Xim6i Jiui(1)]}| converges in proba-
bility to 0 as n — c0. We thus indicate consecutively the class {X;pX;md;Jiu;(¢) : ¢ € C} is
Donsker, and then so is the {X;sX;m ;i Jiui(¢) : ¢ € Ny(e)}.

Indeed, the class {X;p X, 0;J;} is obviously Donsker because it includes only one class with only
one function, the function here is the identity function therefore it evidently satisfies a condition
of square integrable functions, so the assertion holds by the conclusion of van de Vaart and
Wellner (see Aad W. van der Vaart, 1996, pg. 83). In addition, due to assumption that the
boundary of covariates X;, W; as well as the compact and convex set of C leading to Donsker
class for { BTX;:Be B} and {7 W; : v € G}. Furthermore, derivative of an exponential function
is always bounded on compact sets, therefore it satisfies Lipchitz condition, deducing the classes
{ef X ge B}, {e =P X) . Be B} and {e~ P Wi) . 5 € G} are also Donsker. On the other
hand, products and sums of bounded Donsker classes are Donsker, thus

i) = (Li()Ni () (Li(w) + ki(y) = M()ki(1))) / (ki (7) + Li(4))?
is Donsker class, see Aad W. van der Vaart (1996), so is {X;pXimu;(¢) : ¢» € C}. Hence, by
Glivenko-Cantelli

sup
PeC

S Z{XMXz’m5iJiuz‘(1/1) —-E [Xiinm5iJiUi(¢)]}‘

[t

converges in probability to 0 as n — o0. Since N, () < C so that

1 n
sup | — > {XirXim0iJii () — B [Xig Xy i Jyu; ()]}
’LﬁENn(a) n =1
also converges to 0 as n — 00, which completes the proof. O

Proof of the Theorem 5.2.1. Our proof is followed along the light of Fahrmeir and Kaufmann
(1985), Czado and Min (2005), Czado et al. (2007) in no censored case, and recently of Nguyen
and Dupuy (2019b).

We first prove for the asymptotic existence of MLEs lﬁn on a boundary dN,(e) of a certain
neighborhood of a true value v, say 0N, () = {1 € C : (b — 1bo)  F, (1 — 1bg) = €2}. Because
of the convex and compact properties of set C combining with positive definiteness of H, (1))
leading to the global and unique maximum of loglikelihood function ¢, (v). We first shall point
out that for every £ > 0, there exits ¢ > 0 and n* € N such that for n > n*

P (£, (¢) — (o) < O for all 1 € ONp(e)) = 1 — €,
or equivalently, for n > n*
P (£,,(16) — £n(th) = 0 for some 1 € ON,(e)) < &, (5.6.1)
Indeed, using the second order Taylor’s expansion, we have
() = taldho) = (6= 0) Saltbn) — 58— ) Ha(d)(¥ — )
= (¥ = %0) " Su(vo) = Ru(¥),
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where ¢ = 1 + (1 — 1)t lies on the closed interval [t)g, ] for certain ¢ € [0,1]. Let 0 < ¢ < 1,
we have

P4, (¢) — £n(1g) = 0, for some 1 € IN,,(¢))
=P ((¢ — 1h0) " Sn(0) = Rp(1)) and Ry, (¢) > ce?)
+P (¢ — 100) " Sn(t0) = Rn(®) and Ry (¢) < c£?)
< P(M) + P(N),
where M = {(¢ — ’lﬁo)TSn(}[)o) > ce? for some ¢ € ON,(g)} and N = {R,,(¢) < ce? for some 1) €

0N, (e)}. Let un(v) = $F7 (1 — thy), we derive that if ¢ € ON, (1) then |u, ()| = 1, we thus
have:

{un )T F, 25 (1) > ce, for some ¥ € ON, (e )}
c { sup > ca}

PYEN, (€)

{ sup > 08} y

lun (1) =1
1 1
From Chebyshev’s inequality, the above leads to that P(M) < P(||Fy, 2 Sy (v0)| > c) < E||Fy 2 Sn(v0)]?/(ce)?.
Moreover, since E(Sy,(10)) = 0 and Var(Sy,(¢0)) = Fy, so by Theorem 1.5 of George A. F. Seber
1

(2003) E|F, 2 S, (0)|? = tr(F; TF,) = k. It follows that

K
POM) < 2

un TF 2S (1/}0)

un ()T 2 S (t60)

liFztsuunl > ee}.

By letting e = 1/2k/£c? deduce that P(M) < /2. Turn to the remaining part, we have:

N = {50~ ) HA5)(0 — o) < e forsome € ON(6)

{;unwwn 2 Ho () Fr 2 un () < c, for some ¢ ¢ aNn<s>} ,
1

E

1 1
{;)\min <F{2Hn(¢)Fn 2) < ¢, for some ¢ € é’Nn(e)} .

N

Amin (Fn_éHn(&)Fn_%> U (1) Tun (1) < ¢, for some ¢ € 6]\7”(6)} ,

_1 - 1
where the second line to third line comes from in fact that u, (¥)) " Amin(Fn 2 Hy (V) Fn 2 )un(¥) <
_1 1
un (V)T Fy 2 Hy(Y) Fy ®un (). Therefore,

1

1 1
P(N) < P(there exists 1 € Ny, (g) such that A\pin (Fpn > Hp (V) Fy ?) < 2¢).

1 1
From the technique Lemma 5.6.1, F, 2 H,(¢)F, * converges in probability to I uniformly in
1 1
1 € Ny(e), as n — oo. This implies that Apin(Fn ? Hp(¢)F, ? converges in probability to 1
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uniformly in ¥ € N, (g), as n — oo (see Maller, 2003, pg. 52).

Furthermore, for some certain 0 < ¢ < 1 and ¢ € Ny(¢), it is not difficult to have that if
- - _1 -1

P =t + (1 —t)1h then p € Nyp(e). On the other hand, since |Amin(Fn > Hp(¢)Fn ?) — 1| <

_1 _1 _1 1
SUPyen,, (e) [Amin(Fn > Hn(¥) Fn ?) — 1], it follows that Amin(Fp * Hp (1) Fn *) converges in proba-
bility to 1 as n — oo. Thus, for every £ > 0, for n sufficiently large (say, n = n*), the assertion
1 1
<

P(N) < P(there exists 1) € Ny(¢) such that Apin(Fn 2H, () Fn 2) < 2¢) < £/2 holds, since
2c < 1. Finally,

P(€n (1)) — €n(tho) = 0, for some ¢ € Ny(e)) < P(M) + P(N) <&,

that completely establishes the proof of existence of unique global maximum of ¢,,(¢)) on Ny (¢).
For the consistency of MLE zﬁn Since Fj, is symmetric, there exists a orthogonal matrix P such
that P~1F, P = diag(\1,..., \r) where Aq,..., Az be all eigenvalues of matrix F,, (by principal
axis theorem). We have:

)\mm(Fn)Hl»zn - ¢0H2

@?n - ¢O)T)\min(Fn)Ik(7Z}n - 1?0))
Un, —Awo)TPAmMFn)IkPT(wn — o),
T (W — b)) " diag(Ar, ..., k) P (1hn — tho),

N
/\/\/%/-\/\

— vgn — o) " Pdiag(Mi,.. ., At) P~ (b — o),
= Q;Z)n - ¢0)TFn(¢n - ¢0)a

= | FZ (0 — o),

< &

with probability tending to 1 as n — 00. By assumption C3, Apin(F,) — 00 as n — oo. It follows
that |1, — 10| — 0 with probability tending to 1 as n — oo, which establishes the proof. O

Proof of the Theorem 5.2.2 We first prove asymptotic normality of the normalized score

1
vector F, 2S,, where S, is a short notation for S, (). Let a be any vector in RF. We shall
point out that a'F _%Sn converges in distribution to N(0, I) (here, without loss of generality,
assume that [a| = 1). It is easy to express S, as a sum of the form S, = > | S, ;, where S, ;
is the k— dimensional random vector, S, ; = (Sni1,-- -, Sn,i,k)T. Since the conditions C1, C2
and C4, it is not difficult to see that, components of S, ; are bounded by some finite positive
constant ¢y, thus Sy ¢| < c1. It follows that, | Sy ||> = Zif:l 5’27i7€, £ =1,...,k, thus is bounded

from above, say ¢y < 00, [|Sn.i|? < ca.
Consider
1 n n
a'F? Y Snii= >, Sk,
i=1 i=1
It is clear that E(S;;) = 0 and Var(33, Sf,) = 1, so to show the convergence above, we

sufficiently need to point out the validity of Lindeberg condition of sequence (S ;) as follows:
n
for every € > 0, Z E (Sﬁl{‘s* v‘>a}) — 0 asn— 0.
i=1 "

From some basis algebraic properties, for instant, [A™!| = 1/Amin(A), and if A is positive definite
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then |AY2|> = | A|. Let € > 0, and by condition C3, we have:

- _1
SE(STHsppa) < E (lof?157 Pl
Ke n
7§ (s 1=e});

1
Moreover, &2 HaTH 1Fn 22 220 Snial®* < ||Fy |2 thus {ISy il > €} replies {Amin(F7) <
c2/€?}, so, 1{|S* st < Lnin(Fn)<ea/c?) From condition C3, )\mm( F,) — o as n — o, leading

0 Lanin(Fu)<es/e2y = 0. Therefore, D3 E(Smil{\sj’;i\%}) = 0 as n — oo. It follows that for

1 1
every a € R¥ o' F, 28, converges in distribution to N(0, 1), consequently, F,, 2., converges in
distribution to N(0, I) by Cramer-Wold device Theorem.
Now, relying upon the asymptotic normality of the normalized score vector above, we shall
point out that it also holds for the normalized maximum likelihood estimates 1[1” Indeed, by
expanding .S,, around @n and from the mean value theorem for vector valued function, we have

Jl S’;L (1/}0 + (&n - wo)f) dt (7/;71 - wo),

0

1
L Hyy (1) dt. (1o — 1),

Sn(lpn) - Sn

where 0 < ¢ < 1 and ¢, = ¥ + (n — tho)t. Note that, Sp(¥n) = 0 and by multiplying both
_1
sides by F}, %, we thus obtain

1 1 1 1
Fis - fF 2 Hoy(§) Fo 2dt FZ (4, — o),

0

(

1 1 - 1 1 1.
J'@inuwmm2—&)ﬁﬂﬂw — o) + FE ($n — v0),

0

1 1 1
JFQH(%) thflk) 2 (n — Y0) + F2 (¥n — t0),

0

Suppose that 1, belongs to N, (¢), so does t,,. Furthermore,

[un
[un
[un

1 _1
Fn H(wn) = I < | B H(%) 2= I < sup |Fy P Ho()Fy ® — I,
YENR(€)

and since

1 _1 _1 _1 _1
f sup ||Fn 2Hp(Y)Fn ? — Ii|| | dt = sup |Fn 2Hp(¢)F, 2dt — I
0 \YeNn(e) YENy, (€)
by Lemma (5.6.1) yields
1 _1 _1
J sup ||Fyn 2H,(¢)F, 2 — Ix| | dt — 0 in probability, as n — o0,
0 \WeN,(e)

We thus have

f (Fn 2Hp(n)Fn ? — Ik> dt — 0 in probability, as n — o
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Finally, combining the asymptotic normality of the normalized score vector and Slutzky theorem,
getting the deserved result

A~

F2 (thn — 1) -2 N0, Ii) as 1 — .

5.7 Appendix 2: Technical calculations

For the purposes of simplicity, we write some notations as: k;(7y) = e'YTWi, vi(B) = eﬁTXi, Xi(Y) =

_eBTX Tw;
BT Xi (1 + e7TWi> , Li(y) = e c (He7 ), the loglikelihood function above becomes

) = S {alog ((7) + L) + (5:Y — Dlog (1 + ki(2)
=1

+0; (1= Jp) (Y*BTX; — Ni(v) — log (Y1)

Yo L ()
£ (1= 85)(1— Ji)log (1 -y B )} |
k=0 ’
Lemma 5.7.1 (The derivative of survival function). Let Sy, (Y;*) = P (P (\i(¥)) = V) =
Y Lo
S e,
= k!
0
LS () = MWE(P W) =Y -1, V=L (5.1.1)
j
0
TWSAi(w) Y7) = vi@k@PPN@W) =Y"-1) Vi=1,....q

Proof of the Lemma 5.7.1. We will indicate for the (5.7.1), the rest can be treatment similarly.
We have:

ffﬁj&i(w ¥ = - ;0 %(LQ(WM(@D)’HLi(w)A;w)),
) _2*201;( LN @A) + Li)ex() (@) |
-y BN S 1kLl(¢£|Az<w>k7
k=0 - = |
- Ylil sz)A];!(w)k“ _Y§2 Lz(qp))]:!w)kH’
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Theorem 5.7.2 (The first derivatives).

() NN [ o LN o
5 = ZXU{ 0Tty 1 Loy T 0= ) (0 = X))

i=1

k=0 k'S)\i( ) ( )
oY) n | ‘ kz(’Y) — Li(Y)ki(v)vi(B) - M - o |
vy ;Ww{ézjz 7 + L) + (Y — 1) T+ B 6i(1 — J)vi(B)ki(7)

"G Ll (BN k) (k — M)
—(1=06)(1 i) ,;0 kS (V%) |

Proof of the Theorem 5.7.2 Because of their similarity, we therefore only show for the first
expression, the rest one can be treatment analogously. In deed, by taking the partial derivative
with respect to 3;, j = 1,...,p, we have:

26; Wi 1 e Xi(1re W)

agn(l/)) an {5.J.665TX1'(1+3"/TW1)(1 n e,YTWi)eBTXi(_Xij)
—H;i(l — Jz) (}/Z*XU _ eﬁTXi(l + evTWi)Xij)

—(1= 01— gy = A

e—eﬂTXi(l-‘,-/yTWi)XijekﬁTXi (_(1 b WiyeBTX k)

Sx; () (Y)

T . T
oy e, ST 0 e We XXy
o e TWi g e—ef T Xi(14e7T W)

—_

.

+6,(1— ;) (Yi*Xij — K1 4 eVTWz')XZj)

Y*-1 Xije—eBTXi(1+'yTWi)ek,BTXi(1 + e'yTWZ)k (_(1 + e’YTWi)eﬁTXi + k)

—(1=8)(1=J)) )]

4 ENOIED
S U{w ()“” ((Zi)) (1= J) [Y5* = ()]
=1
TS LMW - M)
—(1=e)1 ; k'SA @) }

O

Now, we shall implement for calculating the second derivatives. Rather, we omit the parameters
¥, 8,7 in the expressions L;(v), Ai(¢), ki(7), vi(B) to become the simpler form L;, A;, k;, v;, but
before stating, Vi = 1,...,n, we denote
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fily) =

g¥) = D,

L\ (Li + ki — Alk‘l)

(ki + Li)Q
Y*-1

; LiNF
)= Y e

)

& KBSy, (77

X [ ((k: —\)?
i — vikidi — \i)

L;k; (l/lk‘l + ;L

= A Sy, (V) = (k= M) AP (P (M) = Y = 1) |,

*

(k?i + Li)Q ’
Yi ! LiVik,L')\?iQ
S KIS (V)

X [ ((k —\)?

(2

= A Sa, () = Ak = AP (P (A) = Y = 1) |,

k‘i [(1 — L,L'I/i — le‘ll/zz) (k‘z + Ll) — k’l (1 — Lil/i)z]

v

L,Lljzk‘@)\f_
= KISy, (V)

(ki + Lz‘)2 ’

2

X [(k? — )\z) ()\z + (k — 1) Viki — )\zszz) — )\lk‘lljz

ki (k= M) P(P () = Y7 = 1) |,

Theorem 5.7.3 (The second derivatives).

0l (¥)

(1)
B0

0*ln ()
0Ye0s

0*Ln(¥)

= Z Xij Xim {=0iJiwi(¥) — 6:i(1 = J)Ai () — (1 = 6;)(1 — Ji)vi(¥)},

i=1

Yim=1,...

7p7

= D XigWie {=0iJisi(¥) = 6:(1 = J)wi(B)ki(v) — (1 = 6)(1 = J)ti()}

=1

Vi=1,...,p,¥4=1,...,q,

= Wl (A w) + 0 1) 0 (1= (k)

i=1

(1 + k(7))

Proof of the Theorem 5.7.3. We have:

i=1 Yi*_l
—(1=6)(1 =) )]
k=0

ij<Nim iJq

— 5i(1— TN,
(ki + Li)2 ( )

[LARA = N1) 4 (RXE = MY LJ8, (17) — S, (V) LM (k — Ay

KISy (V)2

[Li)\i + (1 - )\Z)(kz + Ll)]

i=1
Y*—-1

7

—(1=6)(1 =) )]

k=0

z”: Xi; Xim {—5z‘Jz‘ Lik

(ki + Li)Q ( )

L [=Xi(k = N) + k2 = (k + 1)A]S, (7F) — S5 (V) LiAf (k — Xy)

RIS (Y7*)?

98

I
I



5.7. Appendix 2: Technical calculations

finally, combining the derivative of survival function 5.7.1, the abbreviations of w;(v), v;(1),
letting common factors and rearrangement the order, leads to

aﬁjaﬁm i=1
[
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MZIP model (n=500, ZI=40%, c=40% censoring).
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Résumé : Lexcés de zéros dans les données de comp-
tage est une situation qui survient dans de nombreux do-
maines (épidémiologie, économie de la santé...). . Les
modeles de régression a inflation de zéro fournissent un
outil puissant pour analyser ce type de données. Un pro-
bléme supplémentaire est celui de la censure de la va-
riable réponse. La censure a droite, en particulier, corres-
pond a la situation ou I'on observe seulement une borne
inférieure sur le comptage considéré. Lanalyse statis-
tique de données de comptage en présence d’inflation
de zéros et de censure constitue le theme général de
ce travail de thése. Dans une premiére contribution, nous
étudions les propriétés théoriques et numériques de 'es-
timateur du maximum de vraisemblance dans le modéle
de régression de Poisson a inflation de zéros. Nous dé-
crivons également une application de ce modéle sur des
données issues du domaine de I'économie de la santé.
Le modéle de Poisson a inflation de zéros suppose que
toute la surdispersion des données peut étre expliquée
par un exces de zéros. Lorsqu’une surdispersion sup-
plémentaire est présente, on peut utiliser des modeles
alternatifs, tels que les modéles de régression de Pois-

son généralisé a inflation de zéros (modele ZIGP) et bi-
nomial négatif & inflation de zéros (modéle ZINB). Dans
une deuxieme contribution, nous nous intéressons aux
propriétés de I'estimateur du maximum de vraisemblance
dans les modéles ZIGP et ZINB en présence d’une va-
riable réponse censurée. Nous étudions ces propriétés
au moyen de simulations. Puis nous proposons une pro-
cédure de sélection simple a mettre en oeuvre. Nous
illustrons cette méthodologie sur des données issues du
domaine de I'économie de la santé. Dans une troisiéme
contribution, nous nous intéressons a l'inférence statis-
tique dans le modéle de régression de Poisson a inflation
de zéros marginal (modéle MZIP), en présence d’une va-
riable réponse censurée. Le modele MZIP quantifie I'effet
des variables explicatives directement sur la moyenne de
la loi marginale du comptage (et non sur la moyenne de la
loi du comptage pour les individus "susceptibles”). Nous
établissons les propriétés asymptotiques de I'estimateur
du maximum de vraisemblance dans ce cadre et réali-
sons une étude de simulations. Enfin, nous illustrons le
modele sur un jeu de données.

Title: Zero-inflated count regression models with censoring. Applications in health economy.
Keywords: Asymptotic properties, count data, excess of zeros, marginal model, simulations, health care

utilization.

Abstract: Count data with excess of zeros commonly oc-
cur in various areas, such as epidemiology and health
economics. Zero-inflated regression models provide a
useful tool to analyse such data. A further problem arises
when these counts are right-censored, which also often
occurs in observational studies. Right-censoring refers to
the situation where one only observes a lower bound on
the count of interest. This dissertation aims at investigat-
ing the statistical inference in zero-inflated count regres-
sion models with right-censored data. First, we investi-
gate the properties of the maximum likelihood estimator
(MLE) in the zero-inflated Poisson (ZIP) regression model
with randomly right-censored counts. We establish the
asymptotics of the MLE in this setting. A thorough sim-
ulation study is also conducted to assess finite-sample
behavior of the MLE. Finally, we describe an application
to a dataset from health economy. Overdispersion is en-
tirely caused by zero-inflation. When additional overdis-

persion is present, useful alternatives to ZIP are given by
the zero-inflated generalized Poisson (ZIGP) and zero-
inflated negative binomial (ZINB) models. In a second
contribution, we investigate the properties of the MLE in
ZIGP and ZINB regression models, when the count re-
sponse is subject to right-censoring. Then, we propose
a simple methodology for variable selection. The pro-
posed methods are illustrated on a dataset in the field
of health economy. Finally, we investigate statistical infer-
ence in the marginal zero-inflated Poisson (MZIP) model,
when the count response is randomly right-censored. The
MZIP modelt provides an appealing alternative for inter-
preting covariate effects at the population level. We estab-
lish asymptotic of the MLE in the censored MZIP model
and conduct simulations to assess finite-sample proper-
ties. Finally, we describe an application to a real dataset
from health economy.



