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Résumé

Le domaine des matériaux composites a permis le développement de propriétés exotiques en
termes de contrôle de la propagation d’onde. Ces matériaux artificiels, correspondant aux
métamatériaux, ont connu un intérêt important durant les deux dernières décennies pour leurs
propriétés extraordinaires qu’on ne retrouve pas dans la nature. Ces matériaux composés d’un
réseau de cellule microstructurée ont permis des applications dans plusieurs branches de la
physique. Initialement développé en électromagnétisme, le domaine des métamatériaux s’est
répandu à d’autres disciplines comme l’acoustique, l’élastodynamique, les ondes à la surface
de l’eau et en géophysique.

Dans cette thèse, on s’intéresse à la modélisation des métamatériaux acoustiques résonants.
En utilisant des techniques d’homogénéisations asymptotiques, on dérive et analyse des
modèles effectifs pour deux systèmes acoustiques résonants différents.

La première partie est consacrée à l’étude d’un réseau de période sub-longueur onde
composé de fente. Ce type de structure donne lieu à des résonances de Fabry-Pérot, où
la résonance fondamentale est associée à une longueur d’onde deux fois plus grands que la
longueur de la fente. Cela permet la transmission extraordinaire, observé en acoustique et
en électromagnétisme, à des fréquences proches de la résonance.

Dans le cas d’un réseau à double période, composé d’une cellule périodique avec deux
fentes, on s’intéresse à la configuration où une certaine symétrie est brisée. Ce faisant, le
champ évanescent le long de la structure peut se coupler avec le continuum qui se propage. Les
résonances parfaites deviennent des quasi-résonances, ou des modes fuyants, ce qui entrâıne
un comportement frappant dans le spectre de transmission. Des pics asymétriques de type
Fano sont observés et sont caractérisés par une transmission parfaite suivis d’une réflexion
parfaite sur une bande de fréquences très étroite.

Des propriétés d’un réseau régulier de période sub-longueur sont d’abord rappelées, ainsi
que des résultats d’homogénéisation. On illustre numériquement la présence de modes piégés
et le repliement des branches de l’onde guidée, qui conduit à l’apparition de la résonance de
Fano. La dérivation du modèle effectif homogénéisé du réseau à période double est obtenue par
une combinaison d’homogénéisation en volume et des méthodes de raccordements asympto-
tiques. Le modèle effectif permet d’obtenir des solutions explicites et analyser les mécanismes
résonnants sous-jacents du système.

La deuxième partie porte sur les matériaux enroulés dans l’espace (‘space-coiled’) dans le
contexte acoustique. Dans le but d’avoir un réseau plus compact et de réduire son épaisseur,
l’idée d’enrouler les fentes sur elles-mêmes a été introduite. Ces matériaux labyrinthiques
ou ‘space-coiled’ reposent sur l’idée que l’onde acoustique est forcée de suivre la trajectoire
de la fente enroulée. Ces structures ont stimulé de nombreuses recherches en matière de
manipulation de front d’onde, grâce à leur capacité à obtenir un grand déphasage de l’onde
transmise par rapport à l’épaisseur de la structure. On utilise des outils asymptotiques
similaires à ceux de la première partie, et étudions deux types d’arrangement labyrinthiques.

On revisite l’enroulement communément rencontré dans la littérature en appliquant des
techniques d’homogénéisation classique et on montre que, bien que les études précédentes
aient donné de bons résultats par intuition, l’approche par homogénéisation donne un indice
effectif équivalent plus précis.

Une deuxième étude est consacrée à ce qu’on appelle un méta-cristal. Il s’agit d’un
matériau enroulé dans l’espace avec des fentes droites de l’ordre de la longueur d’onde. Un
modèle effectif est dérivé et permet une propagation unidimensionnelle à l’intérieur de chaque
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fente et où chaque coude, éloigné de l’ordre de la longueur d’onde, agit comme un diffuseur.
Cela peut être interprété comme un cristal phononique unidimensionnel imbriqué dans un
réseau sub-longueur d’onde, et bénéficie maintenant de deux échelles de longueurs. La struc-
ture peut exhiber des bandes interdites dues à la diffraction de Bragg qui sont couplées
aux résonances Fabry-Pérot. La taille totale de l’échantillon reste cependant faible grâce au
repliement des fentes. Le modèle effectif permet notamment d’obtenir la relation de dispersion
du cristal imbriqué, permettant de mieux comprendre le comportement résonant.
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Abstract

The field of composite materials has allowed for the development of exotic properties in terms
of manipulation of wave propagation. These artificial materials, corresponding to metamate-
rials, have seen an increased interest the last two decades for their extraordinary properties
not commonly found in nature. These materials are composed of an array of microstructured
cells, and has allowed for several applications in various fields of wave physics. Initially de-
veloped in electromagnetism, the field of metamaterials has been extended to other branches
such as acoustics, elastodynamics, water waves and geophysics. In this thesis, we are inter-
ested in the modelling of resonant acoustic metamaterials. Using asymptotic homogenization
techniques, we derive and analyse effective models for two different acoustical resonant sys-
tems. The first part is devoted to the study of subwavelegnth gratings composed of slits. Such
gratings allow the presence of Fabry-Pérot resonances, where the fundamental resonance cor-
responds to a wavelength twice as large as the length of the slit. This leads to extraordinary
transmission, observed both in acoustics and electromagnetism, at frequencies close to the
resonance. We are interested in the case of a dual-period array, sometimes referred to as
compound gratings. When dealing with a dual-period grating, composed of a periodic unit
cell with two slits, we are interested in the configuration where some symmetry is broken.
By doing so, the evanescent field along the structure can couple with the propagating con-
tinuum. The perfect resonances become quasi-resonances, or leaky modes, and this leads
to some striking behaviour in the transmission spectra. Asymmetric Fano like peaks are
observed and are characterised by a perfect transmission followed by a perfect reflection on
a very narrow bandwidth of frequencies. We recall some properties of a regular subwaveleg-
nth grating as well as homogenization results. We illustrate numerically the occurrences of
trapped modes and the branch folding of guided wave, which allow the presence of the Fano
resonance. The derivation of the homogenized effective model of a dual period metagrating is
obtained through a combination of bulk homogenization and matched asymptotic techniques.
The obtained model allows for the derivation of closed form solutions and an analytical study
of underlying resonant mechanisms. The second part focuses on space-coiled materials in
the acoustic setting. In order to obtain a more compact design and reduce the width of the
grating, the idea of folding the slits on themselves has been introduced. These space-coiled
or labyrinthine materials rely on the idea that the acoustic wave is forced to follow the path
of the coiled slot. It has stimulated a lot of research in terms of wave front manipulation,
as large phase shift of the transmitted wave compared to the thickness of the structure can
be obtained. We use similar asymptotic tools as in the first part, and study two types of
coiling arrangement. We revisit the most encountered coiled arrangement through classical
homogenization and show that, although previous studies have shown good results through
intuition, the homogenization approach gives a more accurate equivalent effective index. A
second study is devoted to what we refer to as a meta-crystal. It consists of a space-coiled
material, with straight slots of the order of the wavelength. Through some careful scaling,
we derive an effective model which allows for one dimensional propagation inside each slot
and where each turn distanced at the ordered of the wavelength acts as a scatterer. This can
be interpreted as a one dimensional phononic crystal embedded in a subwavelength grating,
which now benefits from two length-scales. The structure benefits from band gaps due to
Bragg scattering, that is coupled with the Fabry-Pérot resonances. The total sample size stays
however small thanks to the folding of the slots. Thanks to the derived effective model, the
dispersion of the embedded crystal can be obtained, giving insight on the resonant behaviour.
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Chapter 1
Introduction

The properties of materials encountered in nature are a direct consequence of the interaction
of waves and their microscopic structure. For instance, the colours of everyday objects are a
result of the interaction of chemical elements composing the material, and their geometrical
arrangement. Playing with the arrangement, the field of composite materials has allowed to
control wave propagation and obtain materials exhibiting new extraordinary properties. The
majority of these discoveries and studies were first done in electromagnetism, where exotic
behaviour and ideas such as cloaking, negative refraction, lensing and subwavelength imaging
were developed. In the last couple of decades, efforts in extending these ideas into other areas
of wave physics have been made, such as the field of acoustics, elasticity, water waves and
geophysics [32, 133].

These man-made materials can be divided into two subcategories. The first one is photonic
crystals in electromagnetism, and their acoustic analogue phononic crystals [62]. They are
composed by a periodic arrangement of unit cells composed of a scatterer. The periodicity of
the unit cell is of the same order as the interacting wavelength, and Bragg scattering occurs
[19]. Destructive interference takes place at certain frequencies which opens up band gaps,
i.e. a range of frequencies where propagation is no longer possible. As their name imply, their
behaviour is similar to the one of electrons in solid state physics, governed by energy bands
[67] . Nevertheless, a major drawback of these types of structures are their size, as they are
of the order of the wavelength. For instance, to obtain some low frequency bandgaps in the
audible regime, the sample size will have to be at order of several meters. In the quest of
reducing their sizes and improve their performance in the low frequency regime, materials
with subwavelength unit cells endowed with a local resonance were envisioned. As the unit cell
is of subwavelength size, the structured material can be seen a homogeneous medium with
effective parameters, such as the permeability and permittivity in electromagnetism, and
mass density and bulk modulus in acoustics. These so-called locally resonant metamaterials
allowed for new applications, such as superlensing [121, 64], cloaking [106, 21], where the
effective parameters can be interpreted as negative parameters, and opened up a new branch
of wave physics. Other applications in terms of guiding properties [74, 66], sound absorption
[136, 61, 100] and shielding [30, 29] have also been of large interest within the community.

Obtaining these effective parameters from a given microstructure is not a trivial task. Two
main methods can be distinguished, a discrete approach and a homogenization approach,
where the latter is favoured in this work. The discrete approach consists in studying a
discrete system, considered as an analogue of the actual continuous problem, from which the
effective parameters are deduced using various retrieval methods [107, 73, 102]. Depending
on its complexity, deriving such a system is not straightforward and the approach might
be completely flawed as the possibility of inconsistency between the discrete and continuous
problem can be present.

The homogenization approach on the other hand starts off with the actual continuous
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Chapter 1. Introduction

problem. Through some upscaling techniques and rigorous averaging processes, the mi-
crostructure is replaced by an equivalent medium described by some effective parameters
at the macroscopic level, which faithfully reproduces the behaviour. These methods were
initially studied in the static setting, with the asymptotic homogenization as a popular and
efficient approach toward periodic microstructures. Specifically, the two-scale approach has
been of high interest since its introduction in the 1970s. It relies on a scale separation as a
variable at the order of the periodic unit cell is introduced to account for the fast oscillation
of the microstructure. We refer to the works of [16, 135, 28, 14] for an in-depth presentation
of the method. In the case of dynamical problems, the two scale approach has given fruitful
results in the low-frequency (equivalently long-wavelength) framework, where the asymptotic
are carried out as the period is small compared to the wavelength.

These methods are developed for an infinite periodic domain, and do not take into account
any behaviour at presence of a boundary or interface. In the case of metamaterials, these size
effects can generally not be neglected as the leading physical property can be governed by the
behaviour at the edge. It is especially the case for thin structures. In order to reduce their
size, the emergence of metasurfaces, or metafilms has been of great interest as they exhibit
striking phenomenon despite their small size. In this case, an asymptotic treatment is needed
on the boundary or at the interface. These problems have been of intensive investigation,
where we mention for the case of boundary problem the works of [4, 112, 54]. For the case of
interface problems between a periodic medium and homogeneous medium, less results exist
and are more recent, notably [22, 96, 99, 31]. The derivation of such models is closely linked
to the transmission problems through thin films, both homogeneous [15, 128] and periodic
[1, 41, 38, 39, 95, 125, 126, 97]. The boundary layer effects correspond to the presence
of evanescent fields confined to the boundary or interface. From an asymptotic view, two
approaches are possible. The first consists of introducing boundary layer correctors, depending
on the microscopic scale along the surface which exponentially decay away from it, to the
homogenized solution depending only on the macroscopic scale. The second approach studies
the problem in the vicinity of the layer at the microscopic scale, which is then matched with
the homogenized far field at the macroscopic scale. Both approaches yield equivalent results
at a given order.

The result is twofold: the homogenized solution is of especial interest for numerical appli-
cations. As the metamaterial usually depends on several scales, the numerical results come
at an extremely high computational cost. The fine spatial discretization can be avoided by
having a homogenized model only dependent of a macroscopic scale, leading to large com-
putational gains. This also allows for an approximated analytical study of the problems, as
the solutions are explicit through the effective model description. These methods are how-
ever limited by the chosen asymptotic setting, for instance the long wavelength regime. We
will use these techniques to derive effective models for different configurations of materials,
which benefits of analytical results and a further understanding of the resonant nature of the
structures.

We also mention the Willis approach, a homogenization method derived from variational
formulations. From the early works of [56, 151] initially developed in statics, extensions
to dynamical problems have been made [152, 153]. More recently, links between the two
approaches have been presented in [114, 104].

Compared to waves of another nature, the possibility of having a local resonance during
the propagation of acoustic waves in fluids is limited. Plasmonic-type resonances are not
available because there are no fluids with negative-valued compressibility or mass density in
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Introduction

acoustics, as is the case for the permittivity of metals at optical frequencies in electromagnetics
[93, 127]. The same is true for Mie-type resonances, which exploit the high contrast value
of shear modulus in elasticity [88] and permittivity in electromagnetics [70] to encapsulate
a wavelength in an inclusion. Again, the contrast needed to create such a Mie resonance is
simply not available in acoustics. The choice is therefore restricted to our knowledge to three
types of local resonances in acoustics. The first is the sub-wavelength Minnaert resonance
[134, 7, 5], which is a liquid-gas resonance (air bubble in water) that relies on a strong mass
density contrast. The second is the Helmholtz resonance associated with the small leakage
through an aperture of a perfect cavity mode [61, 8]. Finally, the last one is perhaps the
simplest: it is the quarter or half-wavelength resonance which is that of an open straight slit,
where the fundamental resonance corresponds to a wavelength four times or two times the
slit length. It is this type of resonance that we use in the first part of this work. In order
to significantly reduce the size of this type of resonator, the idea of winding the straight slit
gave birth to the field of space-coiled metamaterials. This is the main subject of the second
part of the thesis.

A result that sparked interests in subwavelength apertures is the one of the pioneering
works of the group of Ebbessen [43] in the late 1990s. In the mentioned paper, an experimental
study on light transmission through a perforated metallic screen was presented. A hole larger
than the wavelength allows virtually all the light to pass, whereas a subwavelength hole
allows almost no light to pass. In the latter case, the hole is too small and the incident wave
does not ’see’ the small aperture. This was widely known, and it was shown theoretically
several decades ago [17] that the transmittance of a circular hole decreased quadratically
with respect to its radius for a given wavelength. The thickness of the film only weakens the
transmittance. However, the group of Ebbesen showed experimentally that a metallic array
with periodically spaced subwavelength holes could resonantly enhance the transmittance.
Notably, such an array could transmit more energy than a large hole with an equivalent
holey surface. This resonance is referred to as extraordinary optical transmission (EOT), and
was later on extended to the microwave regime and to its acoustic analogue, extraordinary
acoustical transmission (EAT) [90]. The resonant nature was explained by the existence of
a surface wave confined along the array and a cavity resonance of the hole. As the EOT
is a full three dimensional problem, the acoustic case can be reduced to a two dimensional
problem, and is less complicated as it only relies on the cavity resonance of the hole, which is
a Fabry-Pérot resonance due to constructive interference. EOT (EAT) was later on extended
to gratings of finite size, and have been of high interest in the last two decades. Classical
homogenization has shown fruitful results, extending the model to any angle of incidence
[53, 105]. By classical homogenization, we refer to the fact that the model is obtained at the
dominant order of the asymptotic expansion. These models also capture a more broadbanded
EAT, associated with the Brewster angle, corresponding to the impedance matching between
the grating and the surrounding medium. Building on these ideas and methods, we extend
these studies to more complex geometries, which together with a more involved asymptotical
analysis, constitutes the major works of this thesis.

Before going further, we need to disclaim that the bibliography in this section is not ex-
haustive. As there exists a vast literature in each domain of physics, where the communication
between them is not always present, we only present a few which illustrates the extremely vast
field of metamaterials. Similarly, the list of references concerning the asymptotical techniques
is limited to the most relevant in the sequel.
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Chapter 1. Introduction

The manuscript is divided into two parts:

Part I - The first part of the thesis is devoted to the study of dual-period array, sometimes
referred to as compound gratings. The geometry is illustrated in figure 1.1 When studying
the scattering properties of gratings subject to a certain symmetry, local resonant states exist
along the grating and do not interact with the propagating modes. These localized modes
are referred to as trapped modes, or guided modes, in the context of acoustic and mechanical
waves, and bound states in the continuum in the electromagnetism and quantum mechanics.
They have gained a lot of interest in recent years for applications in filters and for sensing
applications. When dealing with a dual-period grating, composed of a periodic unit cell with
two slits, we are interested in the configuration where some symmetry is broken. By doing
so, the evanescent field along the structure can couple with the propagating continuum. The
perfect resonances become quasi-resonance, or leaky modes, and this leads to some striking
behaviour in the transmission spectra, where asymmetric Fano like peaks are observed.

(a)
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Figure 1.1: Geometry of the considered grating. (a) Regular grating and (b) dual period
grating subject to some symmetry brekaing.

We treat the acoustic problem for incident pressure waves diffracted by the sound hard
rigid parts. This is the analogue problem as for transverse polarized electromagnetic waves
impinging on perfect conductors.

From an homogenization perspective, the behaviour of a regular grating is recovered at
the dominant order. In order to capture the sharp anomalies, it is not sufficient to derive
higher order term in the homogenization process, as the resonance is due to the excitation
of an evanescent field along the structure. To proceed, an additional asymptotic treatment
needs to be performed at each interface in order to recover the Fano-type behaviour.

In chapter 2, we present the problem setting. We will consider in this work the propagation
a scalar wave, corresponding to solving the Helmholtz equation in two dimensions. We recall
some properties of a regular subwavelegnth gratings and the a semi-analytical modelling. We
recall some fundamental properties, and establish the homogenization setting for the rest of
the manuscript.

In chapter 3, we present the physical properties of the dual period metagrating. We
illustrate numerically the occurrences of trapped modes and the branch folding of guided
wave, which allow the presence of the Fano resonance. The derivation of the homogenized
effective model of a dual period metagrating is then presented, and we show the importance
of the analysis at the edges of the array. The results show that the model is accurate up to
surprisingly high frequencies. Furthermore, the obtained model allows for the derivation of
closed form solutions and an analytical study of resonances. The results have been published
in the paper [159].
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[159] Zhou Hagström, Joar and Maurel, Agnès and Pham, Kim. (2021). The interplay
between Fano and Fabry-Pérot resonances in dual-period metagratings, Proceedings of the
Royal Society A, 477(2255):20210632.

Part II - The second part focuses on space-coiled materials in the acoustic setting. As men-
tioned above, these space-coiled or labyrinthine materials rely on the idea that the acoustic
waves are forced to follow the path of the coiled slot. Spiral geometries and folding of the
slot has allowed for compact design when dealing with surface waves.

It has also stimulated a lot of research in terms of wave front manipulation. This can
result in possibly large phase shift of the transmitted wave compared to the thickness of the
structure. By varying the coiling from a cell to another, one can tune the phase shift and
thus obtain beam steering.

From a theoretical point of view, few attempts of deriving effective coefficient have been
made. The question of effective length, i.e. the equivalent length of its uncoiled analogue,
has been of great interest, and the few results rely on some heuristic definition of the uncoiled
analogue. We tackle this problem through a more rigorous homogenization approach, and
show that through some rearrangement of the coiling, one can obtain a richer response.

Joar Zhou Hagström
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2`

Figure 1.2: (a) Classical space-coiled metasurface (b) Space-coiled metacrystal. The orange
parts show the unit cell. Both structures can exhibit large phase shifts, here of the order π,
much larger than the thickness of the structure.

In chapter 4, we revisit the classical space-coiled materials through classical homogeniza-
tion and show that, although previous results have shown good results through intuition, the
homogenization approach gives a more accurate equivalent effective index. The result are
illustrated with numerical examples, and results from the existing literature are compared.
The result reported in this chapter mainly reproduces the results obtained in [161] currently
under revision at wave motion.

[161] Zhou Hagström, Joar and Maurel, Agnès and Pham, Kim. (2022) Revisiting effective
acoustic propagation in labyrinthine metasurfaces, under revision

Chapter 5 concerns the study of what we refer to as a meta-crystal. It consists of a
space-coiled material, with straight slots of the order of the wavelength. The considered
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Chapter 1. Introduction

configurations is depicted in figure 1.2.Through some careful scaling, we derive an effective
model which allows for one dimensional propagation inside each slot and where each turn
distanced at the ordered of the wavelength acts as a scatterer. This can be interpreted as a
one dimensional phononic crystal embedded in a subwavelength grating, which now benefits
from two length-scales. The structure benefits from band gaps due to Bragg scattering,
that is coupled with the Fabry-Pérot resonances. The total sample size stays however small
thanks to the folding of the slots. Thanks to the derived effective model, the dispersion of
the embedded crystal can be obtained, giving insight on the underlying mechanism. The
derivation of the effective model is the main contribution of the following paper submitted in
October 2022.

[160] Zhou Hagström, Joar and Maurel, Agnès and Pham, Kim. (2022) Modeling acoustic
space-coiled metacrystals, submitted to SIAM

Finally, the results are summarised in a last chapter. We make final conclusions and
discuss possible perspectives.
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Chapter 2
Problem setting - Subwavelength grating

Chapter summary: This chapter gives an introductory outline of the studied problem
and the general setting is defined. We recall properties of a periodic grating and present the
homogenization scheme of a layered material applied to the study of a regular sound hard
grating.
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2.1 Governing equation

In this section, we lay down the the physical setting and the governing equations. Acoustic
wave propagation is a scalar wave propagation in a given dimension, in this case two dimen-
sional. The spacial coordinates are denoted by x = (x1, x2) ∈ R2 and the time variable is
denoted by t. The linearized Euler equations govern the acoustic wave propagation, namely

ρ(x)
∂U

∂t
(x, t) = −∇P (x, t) ,

1

B(x)

∂P

∂t
(x, t) + divU(x, t) = 0 , ∀x ∈ R2, (2.1)

where p is the scalar pressure field, u is the vectorial velocity field, ρ is the mass density and
B = ρc2 is the bulk modulus, with c is the velocity of the wave in the given fluid. The study
is often done in the harmonic regime. This corresponds to a system with a periodic time
dependency of e−iωt. This enables a spectral and modal analysis of the problem, as well as
dropping an initial time condition imposed by the time dependence. This allows us to solve
the problem by variable separation of the form

P (x, t) = Re
(
p(x)e−iωt

)
, U(x, t) = Re

(
u(x)e−iωt

)
, ω ∈ R, (2.2)

where ω is the angular frequency. This is justified by a Fourier transform, and a time domain
solution can be obtained by an inverse Fourier transform. We have the harmonic problem:

∇p(x) = iωρ(x)u(x), divu(x) = iω
1

B(x)
p(x), (2.3)
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from which we obtain the wave equation

div

(
1

ρ(x)
∇p(x)

)
+

ω2

B(x)
p(x) = 0, (2.4)

where we omitted the time dependedy e−iωt. This is equivalent to the case of transverse
magnetic (TM) polarization, where the magnetic field H = H(x)ez is perpendicular to the
plane. The waves are in this setting governed by the following equation

div

(
1

ε(x)
∇H(x)

)
+ µ(x)ω2H(x) = 0, (2.5)

where ε is the permittivity and µ the permeability. Similarly, the same equation describes the
out-of-plane elastodynamical wave propagation, where the shear modulus G plays the role of
permittivity and the mass density ρ the role of permeability. The elastic scalar displacement
field U is governed by

div (G(x)∇U(x)) + ρ(x)ω2U(x) = 0. (2.6)

These analogy are of interest as works in different fields have led to the similar results, as
will be shown later on. Although we focus on acoustical propagation, the wave equation can
be written in its generic form

div (a(x)∇p(x)) + b(x)ω2p(x) = 0, (2.7)

where a and b will be the material parameters. We consider a grating of length 2` centered
along x1 = 0 and is of periodicity h. We also consider a layer D` of material of width 2`
with material properties (ai, bi), surrounded by an ambient medium (ae, be). By periodically
removing material from the layer, we are left with a grating composed of an array of domains
∪iDi. The governing equation (2.7) can be rewritten as{

∆p+ k2p = 0 in R2\ ∪i Di

∆p+ k2
i p = 0 in ∪i Di,

(2.8)

where we have the wavenumber k = ω
√
be/ae and ki = ω

√
bi/bi. As contrasts exists between

the material properties, we need the additional natural continuity conditions of both pressure
and velocity along the interface of each Di,

p|+ = p|− and ai
∂p

∂n

∣∣∣∣
+

= ae
∂p

∂n

∣∣∣∣
−

on each ∂Di. (2.9)

where, n denotes the outward normal vector of each Di and ·|± denotes the limit of inside
and outside of Di. Let Di = {x ∈ (−`, `)× (−1, (−1 + ϕ))h/2 ∪ ((1− ϕ), 1)h/2}, where ϕ is
the filling fraction, see figure 2.1.

In the following, we illustrate some properties of the gratings when excited by a right going
plane wave pinc(x) = ei(k0x1+b0(x2+`)), where k0 and b0 corresponds respectively to the x1 and
x2 component of the wave number k. The angle of incidence is given by θ = atan(b0/k0).
Knowing that the incident wave only differs by a phase shift of eib0h between (x1, x2) and
(x1, x2 +h), we take advantage of the periodicity of the grating to search for a pseudo-periodic
solution of the form, referred to as a Bloch wave solution,

p(x) = p̃(x)eib0x2 , (2.10)
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(ae, be)

Figure 2.1: Periodic array composed of a finite layered material.

where p̃(x) is a h-periodic function with respect to x2. As p(x)e−ib0x2 is h-periodic, it admits
a fourier series expansion, which gives the following expansion for p(x),

p(x) =
∑
n∈Z

pn(x1)ϕn(x2), (2.11)

where ϕn forms an orthonormal basis and is given by

ϕn(x2) =
1√
h
eibnx2 , where bn = b0 +

2π

h
n, n ∈ Z. (2.12)

Substituting the expansion (2.11) into (2.8) leads to the second order ordinary differential
equation

p′′n(x1) + (k2 − b2n)pn(x1) = 0, n ∈ Z. (2.13)

Knowing the general solution to this differential equation, we can obtain the general solution
to the Helmholtz equation,

p(x) =
∑
n∈Z

(
Ane

iknx1 +Bne
−iknx1

)
ϕn(x2), (2.14)

where An, Bn ∈ C, and we have defined

kn =

{ √
k2 − b2n if b2n ≤ k2,

i
√
b2n − k2 otherwise.

(2.15)

We identify two types of modes. When kn is a real number, the terms e±iknx1 represents
left/right-going propagation modes. When kn is imaginary, the modes are evanescent as the
terms are of exponentially decay as |x1| → ∞. The propagation modes are of finite number,
and the evanescent modes are of infinite number. When we consider the incidence of a plane
wave pinc, the solution of the problem is of the form

p(x) =


pinc(x) +

∑
n∈Z

rne
−ikn(x1+`)eibnx2 , x1 < −`,∑

n∈Z
tne

ikn(x1−`)eibnx2 , x1 > `.
(2.16)

We have for the moment not specified any conditions when x1 tend to infinity. Such condition
is referred to as a radiation condition. We consider that all scattered fields are bounded
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Chapter 2. Problem setting - Subwavelength grating

composed of only outgoing plane waves, referred to as outgoing wave condition. It is this
condition that leads to the form (2.16), where A0 = 1 and Bn = rn for x1 < −`, and An = tn
and Bn = 0 for x1 > `.

We identify three regions in the (k, b0)-plane, when supposing be/ae < bi/ai:
b20 < ω2be/ae,

ω2be/ae < b20 < ω2bi/ai,

ω2bi/ai < b20.

(2.17)

The first one corresponds to the scattering states, a continuous radiation spectrum situ-
ated above the light/sound line b0 = ωbe/ae where all outgoing waves satisfy the outgoing
radiation condition. In the last region, no scattering nor guided states exists, as the modes
are exponential inside and outside the slab.

In the second region, the modes are of exponential decay outside the grating as |x1| → ∞,
and are confined and propagating along the grating with a phase velocity vφ = ω/b0, slower
than the waves of the ambient medium. These correspond to guided modes, which are modes
localized along the grating and are the nontrivial solution to the Helmholtz equation without
source term. The decay on either side of the grating are given by a relation between k and
b0, corresponding to the branches of the dispersion relation. These branches start off from
the light/sound lines for a given k depending on the thickness of the grating. In contrast
to the scattering states which are excited by incoming sources infinitely far away from the
structures, guided modes can only be excited through a source in the near field or inside the
grating, corresponding to an evanescent field confined to the grating.

Due to the pseudo-periodicity of the problem, the Bloch wave form allow one to reduce the
problem. In fact, as the solution p(x) = p̃(x)eib0x2 is periodic, by a change of periodicity one
has p(x) = p̃(x)ei(b0+n)x2 with n an integer. The wavenumber b0 can therefore be restricted
to the first Brillouin zone b0 ∈ (−π/h, π/h). We will study reciprocal problem, which means
that the Brillouin zone is symmetric. Our results will therefore be illustrated for b0 ∈ (0, π/h).

2.2 Guided modes

Surface waves, also referred to as Rayleigh-Bloch waves or guided waves, are of great impor-
tance when studying the response of gratings. They are the origin of several intriguing phe-
nomenon, where the Wood anomaly might the first observed case. In 1902, Wood published
some astonishing experimental results [154] when he studied the diffraction of a continuous
light source upon a grating. He explains, in an almost romanticised way, how he instead of
exhibiting a smooth spectrum, he observed sharp drops from maximum illumination to min-
imums. Fascinated, without any explanation, he termed them anomalies. Later on, Rayleigh
[131] suggested that these anomalies were due the passing to higher order term of diffraction,
and that the energy was redistributed. Although the order passing accounts to some extend
the original observation, it does not fully explain the underlying mechanism, see [89]. In fact,
this conditions can easily be observed in the case present in the previous section. As b2n < k2,
the modes are propagating, and b2n > k2 are evanescent. The Wood anomaly occurs around
the critical case b2n = k2. The wave is now purely guided surface wave, transporting energy
only along the grating.

There are several settings where a flat interface supports guided waves. For instance,
Rayleigh waves propagating along the interface of an elastic solid, or water waves guided
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2.2. Guided modes

along the coastline. The very well know surface-plasmon polaritons (SP) at a metal-dielectric
interface allows for guided modes in for the optical frequencies, with the typical character-
istic of a having only one dispersion branch for a frequency interval lying below the plasma
frequency. Hard sound flat boundaries does on the contrary not support surface waves in the
acoustic setting. This is also the case of perfectly conducting metal for electromagnetic waves,
and out-plane shear waves along a free edge in elasticity. These guided modes can however
exist if the interface is subject to some periodic microstructure. Such waves, initially referred
to as Rayleigh-Bloch surface waves, has been subjected to intense study for several different
wave physics, such as electromagnetism [60, 147], acoustics [65] , and water waves [45]. They
gained interest and new popularity with the paper by Pendry and coworkers [122] in the
middle of the 2000s. They showed that electromagnetic waves localized along a periodically
corrugated perfect conductor could produce similar dispersions relation as surface plasmon
polaritons. These were dubbed as Spoof surface plasmons (SSP), or designer surface plas-
mons, and subsequently opened up the branch of plasmonics to other areas in wave physics.
When the periodic unit cell consists of slots, the wave can propagate along inside the slot,
and half-wavelength resonance can be observed. They correspond to standing waves along
the slots (this corresponds to quarter-wavelength resonance for grooves). These resonance are
inversely proportionate to the length of the slots, and acts as the upper horizontal bounds,
similar to the plasma frequency for SP. One can easily tune the dispersion of the SSP by
varying the length of the slots. To further bring down the dispersion to low frequencies for
thin structures, space-coiled or labyrinthine geometries were envisioned [58], see chapter 4.
As we deal with sound hard plates, the third region defined in (2.17) vanishes, and no lower
cut-off frequency exist, which allows for even slower surface waves.

We come back to theoretical and numerical modelling of such modes. Taking advantage
of the pseudo-periodic decomposition, the problem (2.16) is restricted to the study on an
infinite strip of width h. As mentioned before, the guided modes corresponds to the nontrivial
solutions to the homogeneous Helmholtz equation (i.e. without source term). The existence
of a guided mode at a given frequency is equivalent to the nonuniqueness of the problem.
Passing to a weak form of the problem, one obtains an eigenvalue problem where λ = k2

act as an eigenvalue of the self-adjoint Laplace operator −∆ with the appropriate boundary
conditions. They are characterised by the min-max principle taken over a specific function
space, which we do not specify here. This variational set up is presented in [18], in which
they prove the existence of a finite number of guided modes below the continuous spectrum
of radiation. For a more general review, see the chapter in [139]. By choosing a suitable
test function, it is easy to prove rigorously prove the existence of guided modes below the
cut off b0 < k, as is done in [86] for the case of sound hard obstacles. If one insists in
solving the scattering problem, which is our case [101], solving the scattering problem with
the presences of a guided mode yields an ill posed problem. This leads to a divergence of
the scattering coefficients at the frequencies of the guided modes, as shown in figure 2.2. It
is worth noting that although the scattering coefficient diverge, the energy conservation is
not violated as the incident field is also evanescent. Despite the fact that this is a result of a
semi-analytic method, analytic results are hard to come by. We provide in the next section
an homogenization approach, corresponding to classical leading order homogenization.
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Chapter 2. Problem setting - Subwavelength grating

2.3 Homogenization/effective model

2.3.1 Classical homogenization

When studying such problems, an effective medium approach is of interest as one obtains
effective parameters. These parameters are useful as they provide information on the physical
properties. From a numerical point of view, such approach able one to drastically reduce
the computational cost as the microstructure does not have be meshed. Homogenization
is an averaging process where the microstructure is replaced by an effective medium. When
dealing with periodic microstructures, asymptotic homognization [16, 28, 135] has been widely
used. It relies on the multiple scale approach, obtained by an asymptotic approach as the
periodicity h tends to 0. We provide in this section a brief example of the homogenization
scheme of the Helmholtz equation for an infinite stratified media along the x2 axis. In the
context of subwavelength periodicity, the homogenization is done in the small frequency/
long wavelength regime, by introducing the small parameter ε = kh � 1. To proceed, we
start by introducing the dimensionless coordinates x̃ = kx, where the periodicity of the
stratified media now is ε = kh � 1. In order to make this dependence explicit in the
equations, we introduce the dimensionless coefficients aε(x̃) = a(x), bε(x̃) = b(x) and the
fields pε(x̃) = p(x) and uε(x̃) = k−1a(x)∇p(x). In the dimensionless form, where we drop
the ·̃ for simplicity, the governing equations reads{

divuε(x) + bε(x)pε(x) = 0,
uε(x) = aε(x)∇pε(x),

(2.18)

where
aε(x) = a

(x2

ε

)
, bε(x) = b

(x2

ε

)
. (2.19)

In the above definitions, a and b are 1-periodic function and piecewise constant. We associate
the following boundary conditions to (2.18): continuity conditions applies both to the dimen-
sionless pressure pε and normal velocity and uε · n at each boundary between two stratified
layers (n denotes the normal vector to the boundary). To this end, some radiation condition
conditions needs to be applied. As the medium is periodic along x2, a conditions needs to be
given for some x2 = ±L. This can be disregarded, or alternatively consider the case L→∞.
For |x1| → ∞, a radiation condition needs to be defined. The homogenization is carried out
with bearing in mind the two-scale approach: a macroscopic spatial dependence in x, taking
inot account the slow variations of typical scale O(1/k), and a microscopic scale, tanking into
account the fast variation inside each unit cell at the scale O(h). The two-scale expansion
relies on the following postulated ansatz, where we expand the fields

pε(x) = p0(x,
x2

ε
) + εp1(x,

x2

ε
) + ε2p2(x,

x2

ε
) + · · · ,

uε(x) = u0(x,
x2

ε
) + εu1(x,

x2

ε
) + ε2u2(x,

x2

ε
) + · · · ,

(2.20)

where we have made evident the explicit dependency of the microstructure ε. We define the
microscopic coordinate y2 = x2/ε . Each terms (pn,un) are functions of both variables x and
y2, and are Y -periodic in y2 with Y = (−1/2, 1/2). By injecting the ansatz into (2.18), we
obtain the field (pi,ui) for any i ∈ N. For any vectorial function f(x, y2) and scalar function
f(x, y2), the divergenece and gradient operator now reads

∇f →∇xf +
1

ε

∂f

∂y2
e2, divf → divxf +

1

ε

∂f

∂y2
· e2 (2.21)
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2.3. Homogenization/effective model

where ∇x denotes the gradient w.r.t. x. This leads to the cascade of equation in each order
of ε, namely

1

ε

∂u0
2

∂y2
+ divxu

0 +
∂u1

2

∂y2
+ b(y2)p0 +

∑
i>1

εi
(

divxu
i +

∂ui+1
2

∂y2
+ b(y2)pi

)
= 0

1

ε
a(y2)

∂p0

∂y2
e2 + a(y2)

(
∇xp

0 +
∂p1

∂y2
e2

)
− u0 +

∑
i>1

εi
(
a(y2)

(
∇xp

i +
∂pi+1

∂y2
e2

)
− ui

)
= 0.

(2.22)
We conduct the derivation of the homogenized solutions, we introduce the average for any
function f

〈f〉(x) =

∫
Y
f(x, y2)dy2. (2.23)

Note that if the unit cell is not of unity, one should divide the average over the periodic cell
by its measure |Y |.

At leading order O(1/ε), the equations reads ∂y2p
0 = ∂y2u

0
2 = 0 for y2 ∈ Y and where

x act as a parameter in the unit cell. This implies that (p0, u0
2) are independent of the fast

variable y2,
p0(x, y2) = p0(x), u0

2(x, y2) = u0
2(x), (2.24)

and that p0 and u0
2 are equal to their averages over the unit cell. Moving on to the next order,

we establish the relation between the average 〈u0〉 and p0. At order O(1), the equations reads

u0(x, y2) =a(y2)

(
∇xu

0(x) +
∂u1

∂y2
(x, y2)e2

)
,

divxu
0(x, y2) +

∂u1
2

∂y2
(x, y2) + b(y2)p0(x) = 0.

(2.25)

As p1 and u1
2 are periodic w.r.t.y2, we have 〈∂y2p

1 = ∂y2u
1
2 = 0〉. Averaging the above

equations gives us the wave equation at the dominant order
divx〈u0〉(x) + 〈b〉p0(x) = 0,

〈u0〉(x) =

(
〈a〉 0
0 〈1/a〉−1

)
∇xp

0(x),
(2.26)

Coming back to the dimensional form, we obtain the highly anisotropic effective tensor a,
with the principal axis (x1, x2), of the wave propagation at dominant order

divu(x) + 〈b〉k2p(x) = 0,

u(x) = a∇p(x), a =

(
〈a〉 0
0 〈1/a〉−1

)
.

(2.27)

Note that the geometry is simple, a rather incremental method has been used in order to
derive the form at the dominant order, as the solution is explicit. As the unit cell might be
more complex, the derivation usually requires the definition of a so-called elementary problem,
posed on the unit cell [16, 28, 135]. This is the case in chapter 4. If we consider that the
layer is of width ϕh, where ϕ is the filling fraction, we obtain the following averages

〈a〉 = (1− ϕ)/ai + ϕ/ae,

〈1/a〉−1 = ((1− ϕ)ai + ϕae)
−1 ,

〈b〉 = (1− ϕ)bi + ϕbe,

(2.28)
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Chapter 2. Problem setting - Subwavelength grating

For the moment, we have only formally derived the solution by injecting the ansatz into
the governing equation. It is however necessary to assure some convergence of (uε, pε) to
some solution as ε tends to 0, which can justify the formal derivation a posteriori. Several
methods exist for such justification, and without being exhaustive we only mention the two-
scale convergence [3, 116], and a variational method, relying on Γ-convergence [35].

2.3.2 Material properties: Limit cases

We take a moment to discuss the different cases and limitations of the homogenized solutions
in terms of material properties for different kinds of physical wave propagation. Up to this
point, we have only considered the case where the material properties of the grating are of the
same order. In this case, the obtained effective solutions is valid in the low frequency regime
for the three types of waves considered, TM-polarized electromagnetic waves, elastodynamical
shear waves and acoustic pressure waves. When allowing for a large contrast, a new scaling
needs to be done in order to take into account the local resonance within the inclusions.
The material parameters are scaled ai/ae = O(ε2) and bi/be = O(1). This has been studied
for bulk homogenization in [13, 12, 158, 49], and for the transmission problem across an
interface of highly contrasted inclusions [125]. As mentioned before, this is possible only in
electromagnetism and elasticity, but not in acoustics as there is no high contrast material in
this range.

Considering the limit case of Neumann boundary conditions, corresponding to vanishing
normal derivative along the layers, consists in a large impedance of the material, |Z| =
1/|
√
aibi| → ∞. In acoustics, such conditions are associated to a large density ρ = 1/ai and a

large bulk modulus B = ρc2 = 1/bi. As the velocity c does not vary much from one material
to another, it means that the large wavelength approximation still holds in such a media, and
one can safely consider the limit Z →∞. However, this is not the case in electromagnetism
as the double limit does not commute. This has been studied in [113, 117, 48]. The Neumann
limit applies to several material for different types of waves. In acoustics, it is associated to
sound hard walls, and in elastodynamics to cracks or void. In electromagnetism, it is the
case of perfectly conducting material for TM-polarised waves. This limit also coincides with
the surface elevation of water waves in the shallow water regime. Taking the above limit
corresponds to ai, bi → 0 and setting the fraction ai/bi equal to a constant. This results in
the equivalent effective parameters 〈a〉 = 〈b〉 = ϕ and 〈1/a〉−1 = 0, and the homogenized
wave equation

divu(x) + 〈b〉k2p(x) = 0, u(x) =

(
1− ϕ 0

0 0

)
∇p(x). (2.29)

2.3.3 Application to grating

In the preceding section, we considered the case of an infinite medium. In the case of a
grating, the layered media is of finite size, and in order to apply the effective medium theory,
we simply truncate the domain at x1 = ±`. Outside of the layered media, |x1| > `, we
consider an homogeneous medium. The question of the transmission conditions at the edge
of the layered medium x1 = ±` needs to be addressed. The natural and intuitive choice is
the one of continuity of the both the pressure and normal velocity across each interface at
x1 = ±`

JpK = 0, Ju1K = 0, (2.30)
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2.3. Homogenization/effective model

where the jump is defined for any scalar function f for a given interface for instance in x1 = e,
JfK = f(e+) − f(e−). As it will be shown in the following chapters, by doing an additional
asymptotic treatment around the interface one does indeed obtain the transmission conditions
(2.30) at the leading order, although their derivation are far from being trivial. At higher
order, correction appears from the asymptotic in general both for the pressure and flux.
However, as the physical properties of the problem are mainly governed by the anisotropy of
the effective slab, the leading order solution does accurately reproduces the original problem.
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(b)

Figure 2.2: Dispersion relation for the SPP. The colormap corresponds to direct numerics
log|r| , and the relation is visible by diverging log|r| in red. The dashed grey line corresponds
to the light/sound line. The dashed black lines corresponds to the dispersion relation obtained
from homogenization. (a) corresponds to the transmission grating, and (b) to the reflection
grating, which does not support antisymmetric modes, opening up a bandgap.

We shift our attention to the case of slits in a sound hard slab. The scattering properties
are detailed in the next chapter 3, and we shift our focus to the guiding properties. In the
following, we present some approximated closed forms of the dispersion branches. As speci-
fied, we look for solution of the wave equation without source term, namely, the homogenized
problem for guided waves reads

∂2p

∂x2
1

+ k2p = 0, for |x1| < `,

∆p+ k2p = 0, for |x1| > `,

JpK = 0, J
∂p

∂x1
K = 0, for x1 = ±`,

(2.31)

where some Bloch-Floquet condition needs to be taken into account at x2 = ±L. The layered
material has been replaced by an equivalent effective medium. The solution of (2.31) is of
the form

p(x) = eib0x2 ×


eγx1 , for x1 < −`,
Aekx1 +Be−kx1 , for |x1| < `,

Ce−γx1 , for x1 > `,

(2.32)

where γ is real valued and positive. The coefficients A,B and C can easily be obtained,
from which we can determine for all b0 > k the explicit dispersion relation b0 = b0(k),{

b0 = k
√

1 + ϕ2 tan2 k`, for tan k` > 0,

b0 = k
√

1 + ϕ2cotan2k`, for tan k` < 0.
(2.33)

19



Chapter 2. Problem setting - Subwavelength grating

This is in fact the same dispersion relation as recovered in [53, 105, 83] for subwavelength
periodicity. We report in figure 2.2 the logarithm of the reflection coefficient log|r| in the
(2k`, b0h)-plane from a scattering problem. The numerical method is presented in the follow-
ing chapter, and is based on a multimodal method similar to [85].The guided surface waves
lie below the light/sound line, and can be observed by diverging parts of log|r| (in red).

We note that the term of spoof plasmons was introduced due to its ability to mimic
the dispersion of plasmon polaritons at the interface between metal and air. The usual
context is that of a grating composed of an array of length `/2 above a sound hard material.
This problem is equivalent to the array with a Dirichlet conditions along the axis x1 = 0,
preventing the excitation of anti-symmetric modes, see the figure 2.3. This leads to the
dispersion relation

b0 = k
√

1 + ϕ2 tan2 2k`, for tan 2k` > 0, (2.34)

resulting in bandgaps for tan 2k` < 0. In the analogy, the air above the grating corresponds
to the air above the metal, and the grating corresponds to the metal. In the air above, surface
waves propagates along the interface and are evanescent away from the interface, whereas as
the behaviour differs in the metal and grating, see figure 2.3. As the wave can not propagate
in the metal, it is also evanescent, while standing waves are present in the slots.
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(b)

Figure 2.3: Sketch of SPP along a transmission and reflection grating. (a) Sketch of the
exponential decay in black on the upper on lower side of the grating. Inside a slit, the
first symmetric and antisymmetric half wavelength resonance are illustrated in blue and red
respectively. (b) The same representation as (a) is done for a reflection grating. In this
case, only symmetric resonnances are allowed, and the first quarter wavelength resonance is
illustrated in blue.
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2.4 Conclusion

We have presented classical homogenization techniques for layered materials and a sound
hard grating. We have illustrated how the model can recover the dispersion relation of the
SPPs thanks to a closed form solution. The effective model is obtained at leading order in the
bulk, where continuity conditions applies both for the pressure and velocity at the interfaces
of the grating. Carrying out the asymptotical derivation to the next order will yield non
trivial jump conditions at the edges. In the case of regular gratings, such correction will
indeed improve the accuracy of the model, although the model at dominant order faithfully
reproduces the behaviour of the grating. We present in the following chapter a case where a
first order model is necessary, as the dominant order model fails.
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Chapter 3
Dual Period

Chapter summary: This chapter is devoted to the study of the properties of a dual period
grating of subwavelength periodicity. We consider the propagation of a scalar wave in the two
dimensional plane, with a grating composed of slits in a non penetrable slab. At low frequency,
a grating composed of a long enough slit supports Fabry-Pérot resonances, upon which Fano
superimposes when the grating acquires dual period. The resulting transmission spectrum
consists a flat-banded peaks of transmission scared by a sharp asymmetric dips of perfect and
zero transmission over a small bandwidth. The modelling is done using a homogenization
scheme combined with matched asymptotics at each interface. The obtained model consists
in two non identical effective media which are coupled at each interface through effective
jump conditions. These jump conditions efficiently ’encapsulate’ the effect of the evanescent
field which allows for the guided/trapped modes to be excited by a propagating wave. The
model is validated by comparing to direct full wave numerics, and the approximated model
allows for a physical analysis where closed forms solution can be derived.

The main results of this chapter have been published in the following article
[159] Zhou Hagström, Joar and Maurel, Agnès and Pham, Kim. (2021). The interplay
between Fano and Fabry–Pérot resonances in dual-period metagratings, Proceedings of the
Royal Society A, 477(2255):20210632.
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3.1 Introduction

Striking asymmetric peaks of transmission or absorption can be observed in several physical
settings. These peaks are attributed to Fano resonances, presented in the seminal works by
Ugo Fano [47] dealing with autoionization of helium. Such resonance peaks were explained as
the result of an interference between a ’discrete state’ and a background ’continuum’. This
discrete state is typically due to a defect or perturbation, allowing the scattering states to
interact with the localized modes of the original configuration, see the review [108]. In the
original work, Fano derived a formula describing the asymmetric line shape of the transmitted
energy,

f(e) =
|q + e|2
1 + e2

, (3.1)

where e = (E − Eres)/(Γ/2) is the dimensionless energy in the units of the resonance width
Γ for a resonant energy Eres. q is the parameter, fano factor, that controls the asymmetry
of the line shape. As q ranges from 0 to infinity, the line shape transforms from a inverted
Lorentzian e2/(1 + e2) to a Lorentzian 1/(1 + e2). The asymmetric lineshapes are recovered
for values in between, and their orientation depends on the sign of q, see figure 3.1.

Figure 3.1: The transmitted energy given by the formula (3.1) for different values of q.

In this chapter, we study asymmetric peaks of transmission of a subwavelegnth grating
composed of sound hard material. When these gratings are subjected to some symmetry
breaking, the spectrum is scared by asymmetric peaks of perfect transmission and perfect
reflection over an extremely small bandwidth, as shown in figure 3.2. This Fano resonance
is due to the interaction of the scattering state and the resonant nature of the grating. As
regular gratings are highly symmetric, they prevent any excitation of non-symmetric modes.
These modes are trapped modes, corresponding to guided waves lying below the light line and
are uncoupled to the continuum of propagating modes. For grating of thickness larger than
the half-scpaing, constructive interferences occurs of the Fabry-Pérot (FP) type, leading to
flat-banded peaks of perfect transmission 3.2(a). When considering a dual period structure,
for instance the case of two identical slits brought closer together, and still preserving the
symmetry of the unit cell, a local periodicity is introduced and the threshold is divided by
two 3.2(b). By breaking some symmetry of the unit cell, for instance by considering two slits
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of different width, it allows for the coupling of antisymmetric modes with the propagating
waves. The perfect resonance becomes a quasi-resonance with radiative damping, as it gains
a small imaginary part. The perfect trapped mode becomes a quasi-trapped mode. This
coupling occurs instantaneously for any perturbation of the initial symmetry, resulting in
scars in the spectra with characteristic asymmetric Fano shapes, see figure 3.2(c). In the
classical explanation, the ’continuum’ corresponds to the smooth Fabry-Pérot resonances,
and the ’discrete state’ is due to the quasi-trapped mode.
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Figure 3.2: (a) A periodic grating with slits of width 0.15h and length 2`. (b) The same
grating with two identical slits brought closer together, introducing a local periodicity re-
sulting in a lower threshold. (c) The same grating after symmetry breaking with two slits in
the unit cell of widths 0.1h and 0.2h. The symmetry breaking produces the appearance of
Fano resonances with sharp variations of the scattering coefficients. Right-panels show the
transmission coefficient for 2` = 4h at normal incidence.

The scattering by dual-period or compound gratings has been analyzed in a series of
papers in two-dimensions for p-polarized electromagnetic waves [141, 57, 92, 140, 115, 82] and
for their acoustic counterparts [157, 150]. In electromagnetism, the case of s-polarized wave
for which the Neumann condition is replaced by a Dirichlet condition has been considered in
[34]. Also, breaking the symmetry by using different dielectric materials in neighbouring slits
has been sought [142, 103, 155, 94, 52]. From a theoretical point of view, models have been
proposed using approximate modal method [140, 94] and using equivalent circuit models for
normal wave incidences [103]. Recently, a rigorous mathematical theory has been conducted
for narrow slit gratings [82, 84]. We also mention theoretical works on Fano-resonances
occurring in high-contrasted regular gratings [145] and for dual-period gratings of resonant
bubbly inclusions [6]. In the context of applications and metascreens, we refer to [69, 75] for
a high contrast dual-period setting. Recently, efforts to extend the study to the full three
dimensional Maxwells equation has been done in [9].

As shown in chapter 2, the homogenization theory is a good approach to handle subwave-
length gratings. Indeed, the Fabry-Pérot resonances are recovered within classical asymptotic
homogenization for regular gratings [118, 105, 83, 129], and a better estimate is obtained at
higher order when size effects have been taking into account [96].
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Chapter 3. Dual Period

To the opposite the occurrence of Fano resonances in dual-period gratings is surprising as
the gratings (a), (b) and (c) in the figure 3.2 have the same filling fraction of air hence they
should behave the same. In this study we show that conducting the homogenization beyond
the classical dominant order allows us to capture the coupling between the Fabry-Perot and
the quasi-trapped mode resonances, leading to the emergence of a Fano resonance. Indeed,
while waves in the slits propagate independently, they are coupled at the grating interfaces
through the evanescent field; the coupling is in general weak except when the evanescent field
resonates, which is rendered possible by the branch folding of guided modes being the acoustic
counterpart of Spoof Plasmon Polaritons. This coupling is recovered by the asymptotic
analysis, which provides non trivial effective transmission conditions encapsulating the effect
of the evanescent field.

x1
<latexit sha1_base64="XKcNxoxUJUTw3SWk91eiW37P1mw="></latexit>

x2
<latexit sha1_base64="XfYn5mo5au8jRJTHCdLUPrkbr5o="></latexit>

(a)
<latexit sha1_base64="MiDiSTkfK3bfqM044p+HgVfKrl0="></latexit>

kh ' 0.75
<latexit sha1_base64="gJgvT1BJap9gUabhZnLQ2E+4jjI="></latexit>kh = 0.74

<latexit sha1_base64="Rx64V5cJnLeDRcmGOlCG+rK1MxI="></latexit>

(b)
<latexit sha1_base64="z3W873wMqles92pZ+Cl/jRv9EvE="></latexit>

-10h
<latexit sha1_base64="1Brq8QV77OqdsoXE/+c1+LuP8BA="></latexit>

10h
<latexit sha1_base64="FSJJmEoRVqJ1Op6EqtE9cFFxzq8="></latexit>

0
<latexit sha1_base64="QgAdeDuzsnAEN3f1dzLrIzinoio="></latexit>

-3
<latexit sha1_base64="70w5HJKOyVMx/gNFV4a2w6UwSy0="></latexit>

3
<latexit sha1_base64="BfBlHgG1BNTvjDLjXVgIcz8982M="></latexit>

30h
<latexit sha1_base64="etRIRw+ZSkhdLUDDApyxPegcs5s="></latexit>

Figure 3.3: Scattering by an ultra-sparse grating – In general the scattering is weak, panel
(a). Near the Fano resonance, the pattern mimics a negative refraction system (panel (b)
similar to that reported in [129] for a regular grating of inclined plates). The rigid slab is
patterned with large slits of length 2` = 4h (widths 0.20h and 0.76h) living rigid parts 0.02h
thick (the incidence is 40◦).

The rest of the chapter is organized as follows. In section 3.2, we present the problem
setting of the actual problem, give some theoretical background of trapped modes and illus-
trate their existence through numerical simulation. Next, in section 3.3 we summarize the
main results of the analysis specifically the effective problem involving a homogenized version
of the pressure fields (p̂, p̌) within each slit in the unit cell (3.7) complemented by effective
transmission conditions (3.8)-(3.9) applying at the slab interfaces. We do not make assump-
tion on the slit widths and our result holds for slits separated by ultra-thin rigid parts, which
give rise to unexpected scattering as illustrated in figure 3.3. The technical derivation of the
model is detailed in section 3.4; it is done for two slits of arbitrary widths and inter-distance
but with the same length 2`. Properties of the obtained effective parameters is given in
section 3.5. We provide an extension of this to the case of rigid part of different lenght in an
additional part. We solve the effective problem for a scattering problem in section 3.6, which
is then validated in section 3.7. In particular, we conduct a local analysis, which highlights
the links between the Fano complex poles, the zero-transmission and the trapped mode for
the case of slits of different width.
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3.2. Problem formulation and results

3.2 Problem formulation and results

3.2.1 The actual problem

The dual-periodic grating has spacing h and thickness 2`. It contains two rigid parts and
two slits with the sequence of thicknesses (η̂, ϕ̂, η̌, ϕ̌)h (0 ≤ ϕ̂, ϕ̌ ≤ 1, 0 ≤ η̂, η̌ ≤ 1 and
η̂ + η̌ + ϕ̂ + ϕ̌ = 1), see figure 3.4. In the harmonic regime with e−iωt time dependence,
the wavenumber is k = ω/c with c the speed of sound in the fluid. The acoustic pressure
pr satisfies the Helmholtz equation with Neumann boundary conditions on the rigid part
boundaries, namely{

∆pr + k2pr = 0,

∇pr · n = 0 on the boundaries with rigid parts.
(3.2)
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Figure 3.4: The actual problem set on the pressure pr satisfying (3.2). The dual-period
grating is of period h and extend 2` and contains two rigid parts and two slits with the
sequence of thicknesses (η̂, ϕ̂, η̌, ϕ̌)h.

3.2.2 Trapped modes

As mentioned in chapter 2, trapped modes, or guided modes, are modes that are solution
to the homogeneous Helmholtz problem (3.2). In case of a regular grating with rigid parts,
guided modes exist below the light/sound line. Trapped modes can nonetheless exist in the
continuum of propagating states above the light line under certain symmetry conditions.
From an operator point of view, such modes are associated with real eigenvalues embedded
in the continuous spectrum. Such modes are referred to as Bound States in the Continuum
in the context of quantum mechanics, see [59] for a recent review. It was first studied in
the works [149], where the authors theoretically constructed a potential well that extends
to infinity with a tailored in a specific way to support the bound states in the continuum.
It has since then been several studies of other setting where such modes are observed. In
the case of acoustics and waterwaves, trapped modes have been of large interest in the
study of closed waveguides, where we mention the works of [148, 23, 44, 36, 87, 26, 46, 120].
To construct such modes, the following configuration is often studied, see [46]: consider a
two dimensional closed waveguide propagating along the x1-axis of unity width, along with
Neumann boundary conditions on its lateral boundary x2 = ±1/2. A sound hard obstacle,
symmetric with respect to x2, is placed along the centre line of the guide. The continuum
of propagating states consist of all real frequencies, as no lower cut on frequency exist. By
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Chapter 3. Dual Period

separating the problem into symmetric and antisymmetric parts, we obtain two decoupled
problems. The even transverse modes are associated to the symmetric problem, and the
odd transverse modes to the antisymmetric problem. The symmetry preserves the lower
cut-on frequency for the even modes, whereas the cut on only appears at π for the odd
modes. This implies that evanescent waves can exist below this threshold, leaving room for
a trapped mode to exist. Through a variational formulation, simple test functions can prove
the existence of such modes in the continuum of propagating modes. Extending these ideas
to gratings, the existence of trapped modes above the light/sound line were proven in [18]
under the symmetry condition, see also [139] and references there in. These modes are known
to be non robust, meaning that any perturbation that breaks the symmetry results a trapped
modes becoming a quasi-trapped modes with a small imaginary part. These antisymmetric
quasi-trapped modes can interact with the propagating states. In the case of non penetrable
obstacles, a dual period is needed to observe any trapped mode.

Before proceeding to the homogenization scheme, it is useful to have some insight into the
physical properties of such a grating. To do so, we start by showing some numerical results.

3.2.3 Numerical evidence of the perfect trapped-mode through guided-
wave excitation

The numerical solution is obtained following a multimodal method similar to the Rigorous
Coupled-Wave Analysis developed in electromagnetism [109] or the Eigenfunction Matching
Method developed for water waves [85]. To start off, we consider the configuration consisting
of rigid parts with same width η̂ = η̌ while the two slits may have different widths ϕ̌ 6= ϕ̂.
We consider an incident wave of the form

pinc(x) = eikm(x1+`)+ibmx2 , m ∈ Z, (3.3)

with kn : n 7→
√
k2 − b2n (with bn = b0+2nπ/h for a given b0) and the solution of the resulting

scattering problem is expanded as follows

p(x) =


pinc(x) +

∞∑
n=−∞

rmne
−ikn(x1+`)ψn(x2), x1 ∈ (−∞,−`),

∞∑
n=−∞

tmne
ikn(x1−`)ψn(x2), x1 ∈ (`,+∞),

(3.4)

with ψn(x2) = eibnx2 forming a basis of the pseudo-periodic functions for x2 ∈ X = (0, h).
Next, for x1 ∈ (−`, `) and x2 ∈ X̂ = (x̂, x̂+ ϕ̂h) or x2 ∈ X̌ = (x̌, x̌+ ϕ̌h), we write the fields
in each slit as

p̂(x1, x2 ∈ X̂) =

∞∑
n=0

(
Ŝmn cos k̂nx1 + Âmn sin k̂nx1

)
ψ̂n(x2),

p̌(x1, x2 ∈ X̌) =
∞∑
n=0

(
Šmn cos ǩnx1 + Ǎmn sin ǩnx1

)
ψ̌n(x2),

(3.5)

with k̂n =
√
k2 − ân, ân = nπ/(ϕ̂h), and ψ̂n(x2) = cos (ân(x2 − x̂)) forming a basis of

functions with Neumann conditions at x2 = x̂ and at x2 = x̂ + ϕ̂h (the same for ˇ ). The
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solutions in (3.4) and (3.5) are then matched at x1 = ±` where we apply the continuity of
the pressure and of the velocity by imposing, for i = 0, · · · ,

(p|±`, ψ̂i)X̂ = (p̂|±`, ψ̂i)X̂ , (p|±`, ψ̌i)X̌ = (p̌|±`, ψ̌i)X̌

(∂x1p|±`, ψ
∗
i )X = (∂x1 p̂|±`, ψ

∗
i )X̂ + (∂x1 p̌|±`, ψ

∗
i )X̌ ,

(3.6)

where ψ∗i denotes the complex conjugate of ψi and where, for Y = X, X̂, X̌, (a, b)Y =∫
Y
a(x2)b(x2)dx2. In the last relation, we have accounted for the Neumann boundary condi-

tion ∂x1p|±` = 0 for x2 ∈ X\(X̂∪X̌). In practice the series are truncated to M terms p̂ and p̌
and to N terms for p. Thus, the problem (3.6) is reduced to the determination of (4M + 2N)
unknowns (Ŝmn, Âmn, Šmn, Ǎmn, rmn, tmn), which are obtained from the 2× (2M +N) equa-
tions in (3.6) by simple matrix inversion, the source being composed of the projections of
pinc

|±` on (ψ̂i, ψ̌i) and of ∂x1p
inc

|±` on ψ∗i .

The numerics allows the two resonances of regular gratings to be evidenced although
one is a perfect resonance prevented by symmetry. The Fabry-Pérot resonance is excitable
through scattering that is for an incident propagating mode. By sending the mode 0, it
is observed at perfect-transmissions |t00| = 1 when 2k` ' nπ with n integer. The second
resonance is that of a trapped mode associated with the excitation of guided waves whose
dispersion branches lie below the light-line (these guided waves are the acoustic analogs of
spoof plasmon polaritons). By sending the evanescent mode 1 which breaks the symmetry of
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Figure 3.5: FP resonance and perfect trapped-mode resonance in regular gratings – (a) FP
resonances with perfect transmissions |t00| = 1, the right panel shows the pressure field near
2k` = 4π. (b) Perfect trapped-mode resonances due to guided wave excitation producing
arbitrarily large |t11| in the numerics, the left panel shows pressure field near 2k` = 4π
(ϕ̂ = ϕ̌ = 0.3, 2` = 4h).
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the array, the guided waves can be excited which is visible by means of arbitrarily large values
of |t11|. This allows the formation of the perfect trapped-mode with nearby slits oscillating
out-of-phase. The variations of |t00| and |t11| for 2k` ∈ (2.5, 4)π are reported in figure 3.5
along with the fields at resonances.

To further illustrate the double periodicity of the grating, we report the full (b0h, 2k`)-
plane in figure3.7. For both a regular and a dual period array, we log10|r00| and log10|r01|. In
the radiative region 2k` > b0h, we observe Fabry-Pérot resonances for the regular array with
r00 = 0 visible for 2k` ' nπ, with n an integer. For 2k` < b0h, the branches of the guided
modes being the SPPs are visible by means of diverging |r00|, and are clearly characterised
by their horizontal asymptotes at the edge of the Brillouin zone. The range b0h ∈ (0, π)
corresponds to half the Brillouin zone of the actual periodicity h/2 of a regular grating. As
the Brillouin zone is reduced by half, the branch of the SSPs is folded upon itself and brought
into the radiative region, hence becoming excitable through scattering. This corresponds to
the interaction of the quasi-trapped mode and the propagating states.

Indeed, this branch folding can be seen by examining the variations of |r01|. For the
dual-period array, this evanescent mode can be excited. Below the light/sound line, the SPP
branch is still visible as it corresponds to the divergence of the evanescent field. Note that it
corresponds to the whole evanescent field and not only the first evanescent mode. Above the
light/sound line, the folded branch that corresponds to the quasi-trapped modes can be seen
by the large, although finite amplitudes of the evanescent field. For the regular array, the
pseudo-periodicity conditions applies at the actual periodicity h/2, hence r0n = t0n = 0 for all
odd n. These somewhat artificial perfect trapped modes can be visualized by the emergence
of noise in the numerical computation. A related study exploiting the noised spectrum to
reveal trapped modes has been presented in [119]. This allows us to observe the perfect
branch folding occurring at the edge of the first Brillouin zone b0h = π. As the symmetry is
broken, a band gap opens up.
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Figure 3.6: Fano resonances in dual-period gratings – Variations of |t00| ∈ (0, 1) (plain blue
line) and |t01| normalized to its maximum value (dashed red line) and field patterns at the
zero-transmissions near 2k` = 4π (ϕ̂ = 0.4, ϕ̌ = 0.2, 2` = 4h).

3.3 The effective problem

In the subwavelength regime, ε = kh � 1 is a small parameter that can be used to conduct
asymptotic analysis within each slit far from the grating interfaces at x1 = ±` (analysis in the
bulk) and in their close vicinity (analysis at a grating interface). In the resulting homogenized
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Figure 3.7: Overall behaviors of the regular and dual-period gratings by means of the reflec-
tion coefficients |r0| and |r1| (in log10 scale) against b0h and 2k`, (a) for the regular grating,
and (b) for the dual-period grating.

model, we obtain two distinct pressure fields, p̂ being associated to the actual pressure field in
the slit of thickness η̂h and p̌ being associated to the slit of thickness η̌h. It is worth noticing
that these two solutions coexist in the whole domain x1 ∈ (−`, `) as sketched in figure 3.8.
Specifically we have

for x1 /∈ (−`, `), ∆p+ k2p = 0,

for x1 ∈ (−`, `), ∂2p̂

∂x2
1

+ k2p̂ = 0, and
∂2p̌

∂x2
1

+ k2p̌ = 0,
(3.7)

and as it should be, each wave equation is one-dimensional within the slits as the propagation
is allowed along x1 only.

In the effective problem, the region of the grating is defined by x1 ∈ (−`, `) where the
propagation involves the two fields p̂ and p̌. Outside this region, x1 /∈ (−`, `), the propagation
involves a single field p. At the boundaries x1 = ±`, the analysis provides effective jump, or
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transmission conditions, which complement (3.7). They read, at x1 = −`,

p̂|- `+ − p|- `- = hϕ̂B̂1
∂p̂

∂x1

∣∣∣∣
- `+

+ hϕ̌b
∂p̌

∂x1

∣∣∣∣
- `+

+ hB̂2
∂p

∂x2

∣∣∣∣
- `-

,

p̌|- `+ − p|- `- = hϕ̂b
∂p̂

∂x1

∣∣∣∣
- `+

+ hϕ̌B̌1
∂p̌

∂x1

∣∣∣∣
- `+

+ hB̌2
∂p

∂x2

∣∣∣∣
- `-

,

ϕ̂
∂p̂

∂x1

∣∣∣∣
- `+

+ ϕ̌
∂p̌

∂x1

∣∣∣∣
- `+
− ∂p

∂x1

∣∣∣∣
- `-

= hϕ̂B̂2
∂2p̂

∂x1∂x2

∣∣∣∣
- `+

+ hϕ̌B̌2
∂2p̌

∂x1∂x2

∣∣∣∣
- `+
− hC ∂2p

∂x2
2

∣∣∣∣
- `-

,

(3.8)
and similarly at x1 = `,

p|`+ − p̂|`- = hϕ̂B̂1
∂p̂

∂x1

∣∣∣∣
`-

+ hϕ̌b
∂p̌

∂x1

∣∣∣∣
`-

+ hB̂2
∂p

∂x2

∣∣∣∣
`+
,

p|`+ − p̌|`- = hϕ̂b
∂p̂

∂x1

∣∣∣∣
`-

+ hϕ̌B̌1
∂p̌

∂x1

∣∣∣∣
`-

+ hB̌2
∂p

∂x2

∣∣∣∣
`+
,

∂p

∂x1

∣∣∣∣
`+
− ϕ̂ ∂p̂

∂x1

∣∣∣∣
`-
− ϕ̌ ∂p̌

∂x1

∣∣∣∣
`-

= hϕ̂B̂2
∂2p̂

∂x1∂x2

∣∣∣∣
`-

+ hϕ̌B̌2
∂2p̌

∂x1∂x2

∣∣∣∣
`-
− hC ∂2p

∂x2
2

∣∣∣∣
`+
,

(3.9)

In (3.8)-(3.9), the six parameters (B̂1, B̌1, B̂2, B̌2, b, C) are effective parameters obtained
from the solving of elementary static problems, which only depend on (η̌, η̂, ϕ̌, ϕ̂). It is worth
noticing that even for a grating of slits with same width (ϕ̂ = ϕ̌), the two solutions p̂ and
p̌ in x1 ∈ (−`, `) differ as their role is not symmetric in the jump conditions. The above
transmission conditions further simplify in the case where the slits or the rigid parts of the
grating have the same width, specifically we have

for slits with the same widths, ϕ̂ = ϕ̌, B̂2 = −B̌2,

for rigid parts with the same widths, η̂ = η̌, B̂2 = B̌2 = 0.
(3.10)

Finally for a regular grating (the slits and the rigid parts have the same width), we have

ϕ̂ = ϕ̌, η̂ = η̌, B̂1 + b = B̌1 + b = − 1
π log sinπϕ̂, B̂2 = B̌2 = 0, (3.11)

which enforce the limiting case p̂ = p̌. These properties are shown in the section 3.5.
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Figure 3.8: The effective problem is set on p for x1 /∈ (−`, `) and on (p̌, p̂) which coexist for
x1 ∈ (−`, `), with (p, p̌, p̂) satisfying (3.7) with jump conditions (3.8)-(3.8) at x1 = ±`.
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3.4 Asymptotic homogenization

In this section we present the two-scale asymptotic analysis to derive the set of equations (3.7)
and (3.8)-(3.9). This is done thanks to a field pε approximating pr in the limit ε = kh → 0.
For the ease of the calculations, we introduce the field uε = ∇pε which is proportional to the
acoustic velocity and, without loss of generality, we keep dimensional space variable x and
set k = 1. Doing so, we get that (pε,uε) satisfy

divuε + pε = 0, uε = ∇pε,
uε · n = 0 on the boundaries with rigid parts.

(3.12)

Note that the grating has now a period ε = kh � 1 and an extension k` = O(1). In the
homogenization process two different regions have to be considered. The first one corre-
sponds to the region within a single slit far from the grating interfaces at x1 = ±`. Here
classical homogenization techniques are used. The second one corresponds to a region near a
grating interface at x1 = −` or x1 = `. Here matched asymptotic expansions together with
homogenization techniques will be used to derive effective jump conditions.

3.4.1 Analysis in the bulk – Effective wave equations

The analysis in the bulk is identical to that conducted in [96] for a regular grating. The
calculations are recalled below for the sake of completeness and because we shall need them
when the analysis near the grating interfaces will be considered.

Preliminaries

The effective model is obtained for averaged fields defined in the elementary unit cell depicted
in figure 3.9 and the averaging process is achieved over the fast variable y2 = x2/ε, which
accounts for the subscale laminar structuration. As the two slits are disconnected, the solution
follows two different expansions, which at this stage are independent. The two expansions
hold in the domains Ŷ of width ϕ̂ and Y̌ of width ϕ̌

Ŷ = {y2 ∈ (η̂, η̂ + ϕ̂)}, Y̌ = {y2 ∈ (1− ϕ̌, 1)}.
Accordingly, the expansions read

pε = p̂0(x, y2) + εp̂1(x, y2) + · · · , uε = û0(x, y2) + εû1(x, y2) + · · · , in Ŷ ,

pε = p̌0(x, y2) + εp̌1(x, y2) + · · · , uε = ǔ0(x, y2) + εǔ1(x, y2) + · · · , in Y̌ .
(3.13)

Following [96] we define the macroscopic pressure and velocity fields in the two slits as

〈p̂n〉(x) =
1

ϕ̂

∫
Ŷ
p̂n(x, y2) dy2, 〈ûn〉(x) =

∫
Ŷ
ûn(x, y2) dy2, (3.14)

(the same for 〈p̌n〉 and 〈ǔn〉). It is worth noticing that we anticipate the conservation of
the flowrates at the dominant order by defining 〈ǔ1, û1〉 as the flowrates rather than as the
mean velocities. Eventually, due to the multiple scale variables in the field expansions (3.13),
the divergence operator applied to any vectorial function f(x, y2) and the gradient operator
applied to any scalar function f(x, y2) become

divf = divx f +
1

ε

∂f

∂y2
· e2, ∇f = ∇xf +

1

ε

∂f

∂y2
e2. (3.15)

33



Chapter 3. Dual Period

'̌
<latexit sha1_base64="A/bZR3nh/1xiMqrYg8n5WUZgNlE="></latexit>

'̂
<latexit sha1_base64="TDfudXLKsB9ux+qXdJpMogDJTto="></latexit>

x1
<latexit sha1_base64="XKcNxoxUJUTw3SWk91eiW37P1mw="></latexit>

0
<latexit sha1_base64="KtH2qAimRThNNCkR/3xl01xoa8I="></latexit>

y2
<latexit sha1_base64="uAe38u5myXXMYdNGOWGKISCG/00="></latexit>

1
<latexit sha1_base64="R1vEEzNzVkhvc4rvxn6wN9PGBkI="></latexit>

Ŷ
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<latexit sha1_base64="EWI+cZKSzyKcrNtyz88mP8iW+e8="></latexit>

(p̂n, ûn)
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Figure 3.9: Elementary unit strip in which the analysis in the bulk is conducted. The analysis
involves the terms (p̂n, ûn) in Ŷ and (p̌n, ǔn) in Y̌ in the expansions (3.13).

In the following, we conduct the analysis in Ŷ for the terms (p̂n, ûn). The results hold in Y̌
using ϕ̂→ ϕ̌ and (p̂n, ûn)→ (p̌n, ǔn).

The zero order solution in Ŷ

Injecting the expansions (3.13) in the dimensionless Euler equations (3.12) and using (3.15),
we get at the dominant order (in O(ε−1)) that ∂y2 p̂

0 = 0. Hence p̂0 do not depend on y2. We
also have ∂y2 û

0
2 = 0 and accounting for the boundary condition û0

2|y2=η̂ = 0 we deduce that
û2 is zero everywhere. Hence we have

p̂0(x) = 〈p̂0〉(x), û0
2 = 0. (3.16)

At the order O(1), we retain the two following equations

û0
1(x) =

∂p̂0

∂x1
(x), p̂0(x) + divx û

0(x) +
∂û1

2

∂y2
(x, y2) = 0, (3.17)

that we integrate over Ŷ according to the definitions (3.14). It results

〈û0〉(x) = ϕ̂
∂〈p̂0〉
∂x1

(x) e1, divx 〈û0〉(x) + ϕ̂〈p̂0〉(x) = 0, (3.18)

which describes expected one-dimensional propagation.

The first order solution in Ŷ

From (3.17), we obtain that ∂y2 û
1
2 is independent of y2, hence û1

2 is linear with respect to
y2. However, as the boundary conditions on the rigid parts impose û1

2 = 0 at y2 = η̂, η̂ + ϕ̂,
we must have û1

2 = 0 everywhere. At the order O(1), we have written the form of û0
1

in (3.17) and we now consider the second component û0
2 = 0 (from (3.16)), which reads

û0
2 = ∂y2 p̂

1(x, y2) + ∂x2 p̂
0(x) = 0. By integration, we obtain the form of p̂1, and we have

û1
2 = 0, p̂1(x, y2) = (ŷc − y2)

∂〈p̌0〉
∂x2

(x) + 〈p̂1〉(x), (3.19)
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where ŷc = η̂ + ϕ̂/2 is the center the channel (hence 〈ŷc − y2〉 = 0). We now write the
equivalent of (3.17) at the order O(ε), which reads

û1
1(x, y2) =

∂p̂1

∂x1
(x, y2), p̂1(x, y2) + divx û

1(x, y2) +
∂û2

2

∂y2
= 0. (3.20)

By integrating both equations over Ŷ and accounting for (3.19), we obtain the first order
wave equation

〈û1〉(x) = ϕ̂
∂〈p̂1〉
∂x1

(x)e1, divx 〈û1〉(x) + ϕ̂〈p̂1〉(x) = 0, (3.21)

which reads the same as at the dominant order. As previously said, the analysis holds in Y̌
and we shall now see how the two solutions are linked through the analysis at the grating
interfaces.

Solutions in the fluid far from the grating

We have established the effective wave equations satisfied by the first two terms of the expan-
sions in the region of the plates (far from the interfaces). As the surrounding fluid is already
a homogeneous medium, such expansions are strictly not required. However, when effective
transmission conditions will be sought, we shall need the equivalent of the expansions (3.13).
Hence, in the fluid for |x1| > `, expansions are written in the form

pε = p0(x) + εp1(x) + · · · , uε = u0(x) + εu1(x) + · · · , (3.22)

and at each order we simply have

divx u
i + pi = 0, ui = ∇xp

i, i = 0, 1, · · · . (3.23)

3.4.2 Analysis at an grating interface and effective transmission conditions

Preliminaries

We now investigate the effective transmission conditions that apply at the interfaces between
the fluid and the slab. This is done by zooming in the vicinity of one boundary at x1 = ±`.
We consider the boundary x1 = −` and for simplicity we use a translation of the origin
x1 = −`→ x1 = 0 (the result will hold for the other boundary at x1 = `).

In the slab far from the boundary, the two-scale expansions (3.13) holds and the depen-
dence on y2 of the two first terms of the expansions have been determined (3.16), (3.17),
(3.19) and (3.20). In the region of the fluid far from the boundary, the expansions (3.22)
hold and the two first terms of the expansions satisfied (3.23). The objective is to match the
two expansions by performing a dedicated analysis of the boundary layer at x1 = 0. We thus
analyze the solution of the linearized Euler equations in an intermediate region corresponding
to a rescaled zoom around x1 = 0. The rescaling is done by means of the change of variable
y = x/ε to which we associate an elementary unit strip Y = Y− ∪ Ŷ ∪ Y̌ where Y−, Ŷ and Y̌
correspond to the regions of the fluid and the two slits, see figure 3.10. Specifically, they are
defined by

Y− = {y ∈ R2 | y1 < 0, y2 ∈ (0, 1)}, Ŷ = {y ∈ R2 | y1 > 0, y2 ∈ Ŷ },
Y̌ = {y ∈ R2 | y1 > 0, y2 ∈ Y̌ }.
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Figure 3.10: Elementary unit strip in which the analysis at a single grating interface is
conducted. The analysis involves the terms (qn,vn) in Y and their matchings (3.27)-(3.28).

In Y, the fields are expanded as follows

pε = q0(y, x2) + εq1(y, x2) + · · · , uε = v0(y, x2) + εv1(y, x2) + · · · . (3.24)

and for y1 < 0, the (qi,vi) are assumed to be y2-periodic. As in the region of the grating,
due to the multiple scale variables in the field expansions, the divergence operator applied to
any vectorial function g(y, x2) and the gradient operator applied any scalar function g(y, x2)
become

divg =
1

ε
divy g +

∂g

∂x2
· e2, ∇g =

1

ε
∇yg +

∂g

∂x2
e2. (3.25)

We now explicit the matching conditions as we ask the solution (3.24) valid in the vicinity
of the interface to match the solutions (3.13) and (3.22) valid far from the interface when
y1 → ±∞. Note that for y1 → +∞, we have to specify in which slit the limit is considered
and we denote these two limits y1 → +∞̂ in Ŷ and y1 → +∞̌ in Y̌. Looking, e.g. at the
pressure, the matching for y1 → −∞ and x1 → 0− reads

q0(y, x2) + εq1(y, x2) + · · · ∼ p0(x) + εp1(x) + · · · ,

with x1 = εy1. Note that the above relation tells us that the qn, n = 0, 1, · · · become
independent of y2 as y1 → −∞. This is because the rapid variations (with y2) of the fields
are due to evanescent field, which vanishes when moving away from the interface. Using
Taylor expansions of the pn(εy1, x2) and identifying the terms with same power in ε provides
the matching conditions at each order. At the dominant order and at the first order, we get

p0(0−, x2) = lim
y1→−∞

q0(y, x2), p1(0−, x2) = lim
y1→−∞

(
q1(y, x2)− y1

∂p0

∂x1
(0−, x2)

)
. (3.26)

The same holds when y1 → +∞̂ or when y1 → +∞̌. Looking, e.g. at the pressure, the
matching for y1 → +∞̂ and x1 → 0+ reads

q0(y, x2) + εq1(y, x2) + · · · ∼ p̂0(x, y2) + εp̂1(x, y2) + · · · ,

We hence obtain at the zero-order

p̂0(0+, x2, y2) = lim
y1→+∞̂

q0(y, x2), (3.27)
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and at the first-order

p̂1(0+, x2, y2) = lim
y1→+∞̂

(
q1(y, x2)− y1

∂p̂0

∂x1
(0+, x2, y2)

)
. (3.28)

By replacing formally the ˆ by ˇ in (3.27)-(3.28), we obtain the matching conditions when
y1 → +∞̌.
Similar matching conditions on the velocity are obtained by replacing formally (pi, p̂i, p̌i, qi)
in (3.27)-(3.28) by their counterparts (ui, ûi, ǔi,vi).

The transmission conditions at zero-order

By injecting the expansions (3.24) in the dimensionless Euler equations (3.12) together with
(3.25), we get

∇yq
0 = 0, divyv

0 = 0.

Hence q0 is independent of y and in virtue of the matching conditions (3.26)-(3.27), we obtain
q0(y, x2) = p0(0−, x2) = p̂0(0+, x2) = p̌0(0+, x2). We express this continuity of the pressure
fields as

Jp̂0K = p̂0(0+, x2)− p0(0−, x2) = 0, Jp̂0K = p̌0(0+, x2)− p0(0−, x2) = 0. (3.29)

Next, by integrating divy v
0 = 0 over Y and using the periodic conditions for y1 < 0 and the

condition of vanishing normal velocity on the rigid boundaries for y1 > 0, we obtain

lim
y∗1→+∞

(∫
Ŷ
v0

1(y∗1, y2, x2) dy2 +

∫
Y̌
v0

1(y∗1, y2, x2) dy2 −
∫ 1

0
v0

1(−y∗1, y2, x2) dy2

)
= 0.

The matching conditions (3.26) and (3.27) expressed in terms of the velocities provides∫
Ŷ
û0

1(0+, x2) dy2 +

∫
Y̌
ǔ0

1(0+, x2) dy2 − u0
1(0−, x2) dy2 = 0, (3.30)

where we have used from (3.17) that û0
1(x) and ǔ0

1(x) do not depend on y2. At this dominant
order, we obtain the continuity of the flow-rate written as

J〈u0
1〉K = 〈û0

1〉(0+, x2) + 〈ǔ0
1〉(0+, x2)− u0

1(0−, x2) = 0. (3.31)

At the leading order, the continuity conditions (3.29) and (3.31) together with the bulk
equations (3.18) imply that the two channels would behave identically, i.e. (p̂0, û0) = (p̌0, ǔ0).
To retrieve the possible different solutions, we must go further in the analysis and derive first
order corrections.

The transmission conditions at first-order

We first determine the field q1 associated to v0 through the following boundary layer problem

divy v
0 = 0, v0 = ∇yq

1 +
∂p0

∂x2
(0−, x2)e2,

lim
y1→+∞̂

v0 = 〈û0
1〉(0+, x2)

e1

ϕ̂
, lim

y1→+∞̌
v0 = 〈ǔ0

1〉(0+, x2)
e1

ϕ̌
,

lim
y1→−∞

v0 =
(
〈û0

1〉(0+, x2) + 〈ǔ0
1〉(0+, x2)

)
e1 +

∂p0

∂x2
(0−, x2)e2.

(3.32)
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with v0 · n = 0 on the rigid boundaries and (q1,v0) y2-periodic for y1 < 0.

In (3.32), we have used that (i) q0 = p0(0−, x2) from (3.29), (ii) û0
2 = ǔ0

2 = 0, 〈û0
1〉(x) =

ϕ̂û0
1(x) and 〈ǔ0

1〉(x) = ϕ̌ǔ0
1(x) from (3.16) and (3.17) (for the limit y1 → +∞̂,+∞̌) and (iii)

u0 = u0
1e1 + u0

2e2 with u0
1(0−, x2) = 〈û0

1〉(0+, x2) + 〈ǔ0
1〉(0+, x2) from (3.30) and u0

2 = ∂x2p
0

from (3.23), which holds at x1 = 0− (for the limit y1 → −∞). Doing so, the macroscopic
contributions ∂x2p

0(0−, x2), 〈û0
1〉(0+, x2) and 〈ǔ0

1〉(0+, x2) appearing in (3.32) are independent.
This implies that the solution q1(y, x2) of the boundary layer problem (3.32) can be linearly
decomposed as (up to a function Q̃1(x2) independent of y)

q1(y, x2) = 〈û0
1〉(0+, x2)Q̂1(y) + 〈ǔ0

1〉(0+, x2)Q̌1(y) +
∂p0

∂x2
(0−, x2)Q2(y) + Q̃1(x2), (3.33)

where (Q̂1(y), Q̌1(y)) are the solutions of the elementary problems
∆y Q̂1 = 0, ∆y Q̌1 = 0,

lim
y1→−∞

∇y Q̂1 = e1, lim
y1→+∞̂

∇y Q̂1 =
e1

ϕ̂
, lim

y1→+∞̌
∇y Q̂1 = 0,

lim
y1→−∞

∇y Q̌1 = e1, lim
y1→+∞̂

∇y Q̌1 = 0, lim
y1→+∞̌

∇y Q̌1 =
e1

ϕ̌
,

(3.34)

and Q2(y) is the solution of the elementary problem ∆y Q2 = 0,

lim
y1→−∞

∇yQ2 = 0, lim
y1→+∞̂

∇yQ2 = −e2, lim
y1→+∞̌

∇yQ2 = −e2.
(3.35)

with Q = Q̂1, Q̌1 (respectively Q2) satisfying the conditions of vanishing normal velocity
∇yQ · n = 0 on the rigid boundaries (respectively ∇yQ2 · n = −e2 · n) and (Q,∇yQ) (re-
spectively (Q2,∇yQ2)) y2-periodic for y1 < 0 . It follows that the solutions of the elementary
problems have the following behaviors at infinity

Q̂1 Q̌1 Q2

y1 → −∞ y1 y1 0

y1 → +∞̂ y1

ϕ̂ + B̂1 b̌ (ŷc − y2) + B̂2

y1 → +∞̌ b̂ y1

ϕ̌ + B̌1 (y̌c − y2) + B̌2

(3.36)

(it is shown in section 3.5 that b̂ = b̌). The average jump of the pressure p1 derives directly
from the matching conditions (3.28) along with (3.33) and (3.36). We get

p̂1(0+, x2, y2) = B̂1〈û0
1〉(0+, x2) + b〈ǔ0

1〉(0+, x2) +
∂p0

∂x2
(0−, x2)

(
(ŷc − y2) + B̂2

)
+ Q̃1(x2),

p̌1(0+, x2, y2) = b〈û0
1〉(0+, x2) + B̌1〈ǔ0

1〉(0+, x2) +
∂p0

∂x2
(0−, x2)

(
(y̌c − y2) + B̌2

)
+ Q̃1(x2),

p1(0−, x2) = Q̃1(x2),

(3.37)
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and using (3.19) and (3.29), we finally obtain the jump conditions on the pressure at the first
order 

J〈p̂1〉K = B̂1〈û0
1〉(0+, x2) + b〈ǔ0

1〉(0+, x2) + B̂2
∂p0

∂x2
(0−, x2),

J〈p̌1〉K = b〈û0
1〉(0+, x2) + B̌1〈ǔ0

1〉(0+, x2) + B̌2
∂p0

∂x2
(0−, x2).

(3.38)

It remains to derive the jump condition on the velocity field at first order. At the zero
order, we have integrated the equation of mass conservation divy v

0 = 0 to get (3.31); at the
order 1, the equation of mass conservation now reads

divy v
1 +

∂v0
2

∂x2
+ p0(0−, x2) = 0,

that we integrate over the finite domain Y. We have on the one hand that∫
Y

divy v
1 dy = 〈û1

1〉(0+, x2) + 〈ǔ1
1〉(0+, x2)− u1

1(0+, x2)

+ lim
y∗1→∞

y∗1
∂

∂x1

(
〈û0

1〉(0+, x2) + 〈ǔ0
1〉(0+, x2)− u0

1(0+, x2)
)
,

(3.39)

and on the other hand∫
Y

(
∂v0

2

∂x2
+ p0(0−, x2)

)
dy = −B̂2

∂〈û0
1〉

∂x2
− B̌2

∂〈ǔ0
1〉

∂x2
+ C

∂2p0

∂x2
2

(0−, x2)

+ lim
y∗1→∞

y∗1

(
∂2p0

∂x2
2

(0−, x2) + (1 + ϕ̂+ ϕ̌)p0(0−, x2)

)
.

(3.40)
We have used the periodicity of Q̂1, Q̌1 and Q2 in Y− and we have defined the new parameter

C =

∫
Ŷ∪Y̌

(
∂Q2

∂y2
+ 1

)
dy.

Eventually we used that (B̂2, B̌2) defined in (3.36) satisfy the relations

B̂2 = −
∫
Ŷ∪Y̌

∂Q̂1

∂y2
dy, B̌2 = −

∫
Ŷ∪Y̌

∂Q̌1

∂y2
dy,

(this relation is shown in section 3.5). We now use that ∂x1 û
0
1(0+, x2) + ϕ̂p0(0−, x2) =

∂x1 ǔ
0
1(0+, x2) + ϕ̌p0(0−, x2) = 0 from (3.18) along with (3.29), and that ∂x1u

0
1(0−, x2) +

∂2
x2
p0(0−, x2) + p0(0−, x2) = 0 from (3.23). Doing so, summing the two integrals (3.39) and

(3.40) makes the terms linear in y∗1 to cancel. It results that the jump in the flow rate at the
first-order reads

J〈u1
1〉K = 〈û1

1〉(0+, x2) + 〈ǔ1
1〉(0+, x2)− u1

1(0−, x2) = B̂2
∂〈û0

1〉
∂x2

+ B̌2
∂〈ǔ0

1〉
∂x2

− C∂u
0
2

∂x2
. (3.41)

3.4.3 Formulation of a unique effective problem

The unique effective problem is expressed gathering the zero and first-order contributions
that is for the field (p, p̂, p̌) and (u, û, ǔ) defined by

p = p0 + εp1, p̂ = 〈p̂0〉+ ε〈p̂1〉, p̌ = 〈p̌0〉+ ε〈p̌1〉,
u = u0 + εu1, û = 〈û0〉+ ε〈û1〉, ǔ = 〈ǔ0〉+ ε〈ǔ1〉.
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From the wave equations in the two slits (3.18) and (3.21) and those in the surrounding fluid
(3.23) along with the transmission conditions on the pressure (3.29) and (3.38) and on the
flow-rate (3.31) and (3.41), the unique problem reads

divu+ p = 0, u = ∇p, in the fluid,
divû+ ϕ̂p̂ = 0, û = ϕ̂

∂p̂

∂x1
e1,

divǔ+ ϕ̌p̌ = 0, ǔ = ϕ̌
∂p̌

∂x1
e1,

in the equivalent slab,
(3.42)

complemented by transmission conditions applying at an interface x1 = 0

Jp̂K = εB̂1û1(0+, x2) + εbǔ1(0+, x2) + εB̂2
∂p

∂x2
(0−, x2),

Jp̌K = εbû1(0+, x2) + εB̌1ǔ1(0+, x2) + εB̌2
∂p

∂x2
(0−, x2),

Ju1K = εB̂2
∂û1

∂x2
(0+, x2) + εB̌2

∂ǔ1

∂x2
(0+, x2)− εC ∂u2

∂x2
(0−, x2).

(3.43)

Once coming back in dimensional form, we obtain (3.7) and (3.8)-(3.9).

3.5 Properties of the effective parameters

We deduce some properties of the effective parameters obtained in the previous section.
Depending on the chosen configuration, we can show the following properties directly from
the formulaition of the elementary problems.

Proof of b̂ = b̌

We introduce the restriction Y∗ ⊂ Y, with Y∗ = {(y1, y2) ∈ (−y∗1, 0) × (0, 1) ∪ (0, y∗1) × Ŷ ∪
(0, y∗1)× Y̌ } for y∗1 > 0 sufficiently large. Multiplying by Q̌1 the equilibrium equation on Q̂1

in the elementary problem (3.34) and integrate it over Y∗, which gives after an integration
by parts

0 =

∫
Y∗
Q̌1divy (∇y Q̂1) dy = −

∫
Y∗

∇y Q̌1 ·∇y Q̂1 dy +

∫
∂Y∗

Q̌1(∇y Q̂1 · n) dy. (3.44)

Now, knowing that Q̌1 and ∇y Q̂1 are periodic with respect to y2 for y1 < 0 (with n anti-
periodic), then the boundary terms on the lateral sides for y1 < 0 compensate and vanish.
Same holds for the contribution on the rigid walls which are zero in virtue of the Neumann
conditions. We are left with the terms on the boundaries at y1 = ±y∗1 which can be made
explicit up to vanishing contributions from the asymptotic behavior of Q̌1 and Q̂1 given by
(3.36)

0 =

∫
Y∗
Q̌1divy (∇y Q̂1) dy = −

∫
Y∗

∇y Q̌1 ·∇y Q̂1 dy + b̌− y∗1 + o(1), (3.45)

where o(1) is a vanishing contribution as y∗1 tends to infinity. Using the same arguments, but
switching the roles Q̂1 and Q̌1, we have

0 =

∫
Y∗
Q̂1divy (∇y Q̌1) dy = −

∫
Y∗

∇y Q̌1 ·∇y Q̂1 dy + b̂− y∗1 + o(1). (3.46)
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Combining (3.45) and (3.46), and passing to the limit as y∗1 tends to infinity, we deduce that
b̂ = b̌.

Properties on the parameters B̌2 and B̂2

Integral form of B̂2 and B̌2

Multiplying the equilibrium equation on Q̂1 in the elementary problem (3.34) by Q2 and
integrating by parts over Y leads to

0 =

∫
Y
Q2divy (∇y Q̂1) dy = −

∫
Y
∇yQ2 ·∇y Q̂1 dy + B̂2. (3.47)

Similarly to the previous paragraph, we have simplified the expression of the boundary terms
in (3.47) by using the periodicity conditions, the Neumann boundary conditions on the rigid
walls as well as the asymptotic behavior of Q̂1 and Q2 at infinity given by (3.36). Next,
multiplying the equilibrium equation on Q2 in the elementary problem (3.35) by Q̂1 and
integrating by parts over Y leads to

0 =

∫
Y
Q̂1divy (∇y (Q2 + y2)) dy = −

∫
Y
∇yQ2 ·∇y Q̂1 dy −

∫
Y

∂Q̂1

∂y2
dy, (3.48)

with the same arguments on Q̂1 and Q2 to eliminate the vanishing contributions on the
boundaries involving the periodicity and the rigid walls. Combining (3.47) and (3.48), and

noticing that the periodicity of Q̂1 on Y− implies that
∫
Y−

∂Q̂1

∂y2
dy = 0, we conclude that

B̂2 = −
∫
Y̌∪Ŷ

∂Q̂1

∂y2
dy. (3.49)

Conversely, replacing Q̂1 by Q̌1 in (3.47) and (3.48), we obtain

B̌2 = −
∫
Y̌∪Ŷ

∂Q̌1

∂y2
dy. (3.50)

Explicit relations for symmetric obstacles

We can now establish the properties given in (3.10) when η̂ = η̌ or when ϕ̂ = ϕ̌. First let us
extend to R2, in virtue of the periodicity with respect to y2, the solutions Q̂1(y) and Q̌1(y)
defined on the unit cell Y, see figure 3.10.

Case η̂ = η̌. By making the change of variable ỹ2 = y2 − η̂ − ϕ̂/2, it suffices to notice that
(y1, ỹ2) 7→ Q̂1(y1, ỹ2 + η̂ + ϕ̂/2) and (y1, ỹ2) 7→ Q̌1(y1, ỹ2 + η̂ + ϕ̂/2) are even functions of
ỹ2 ∈ (−1/2, 1/2) when η̂ = η̌. Thus, their derivative with respect to ỹ2 are odd functions of ỹ2.
Using the integral forms (3.49) and (3.50) of the effective parameters established previously
and which remain invariant by translation along direction e2 of the unit cell in virtue of the
periodicity, we deduce that B̂2 = B̌2 = 0.
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Case ϕ̂ = ϕ̌. By making the change of variable ỹ2 = y2 − η̂/2, it suffices to notice
that (y1, ỹ2) 7→ Q(y1, ỹ2) = Q̂1(y1, ỹ2 + η̂/2) + Q̌1(y1, ỹ2 + η̂/2) is an even function of
ỹ2 ∈ (−1/2, 1/2) when ϕ̂ = ϕ̌. Thus its derivative with respect to ỹ2 is an odd function of ỹ2.
Using again (3.49) and (3.50) by summing the two integrals, we deduce that B̂2 + B̌2 = 0.

Finally, we mention that for approximate solutions exists for the regular grating, which
are given by 3.11. For simple geometries, closed form approximations can be obtained, see
for instance [98, 146].

3.6 Solutions and effective problems

We consider rigid parts with same width η̂ = η̌ while the two slits may have different widths
ϕ̌ 6= ϕ̂. This leads to some simplification in the transmission conditions (3.8)-(3.9) thanks
to (3.10) while keeping the whole complexity of the spectra. In the following we use the
notations B̂ = B̂1 and B̌ = B̌1.

3.6.1 Explicit solution of the effective problem

From now on, we consider a propagating incident wave at incidence θ, with

k0 = k cos θ, b0 = k sin θ.

The homogenized scattering problem is set on (p, p̂, p̌) satisfying (3.7) and (3.8)(3.9). As the
effective transmission conditions are translational invariant, the solution is explicit and it
reads in the surrounding fluid

p(x) = eik sin θx2 ×
{
eik cos θ(x1+`) + re−ik cos θ(x1+`), x1 ∈ (−∞,−`),
teik cos θ(x1−`), x1 ∈ (`,+∞),

(3.51)

while within the effective slab x1 ∈ (−`, `) we have the coexistence of the two solutions

p̂(x) =
(
Ŝ cos kx1 + Â sin kx1

)
eik sin θx2 , p̌(x) =

(
Š cos kx1 + Ǎ sin kx1

)
eik sin θx2 .

(3.52)
The scattering coefficients (r, t) and the amplitudes (Ŝ, Š, Â, Ǎ) within the effective slab are
given by (3.8)-(3.9), which provides 6 equations. We obtain the scattering coefficients (r, t)

r =
zz∗ − 1

1− z2
, t =

z − z∗
1− z2

, (3.53)

where z is given by

z =
1

ϕz3

(
(i cos θ − khC sin2 θ)z1 sin 2k`− ϕz2 cos 2k`

)
, (3.54)

along with

z1 = (1 + γ)2 − β2 + 2β(1− γ) cotan2k`+ 4γ cotan22k`,

z2 = 1− γ − αβ + 2α cotan2k`+ (α(γ + 1)− β) tan 2k`,

z3 = 1 + γ − αβ + 2α cotan2k`,

(3.55)
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and

ϕ = ϕ̂+ ϕ̌, α =
ϕ̂ϕ̌

ϕ

(
B̂ + B̌ − 2b

)
kh, β = (ϕ̂B̂ + ϕ̌B̌)kh, γ = ϕ̂ϕ̌

(
B̂B̌ − b2

)
(kh)2.

(3.56)
The coefficients (r, t) are expected to approximate (r0, t0) in the actual problem and the
solutions (3.52) with (Ŝ, Š, Â, Ǎ) are expected to approximate the actual solutions in the
slits. The amplitudes are of the form

Ŝ =
1

2

cos k`− ϕ̌(B̌ − b) sin k`

cos2 k`− β sin k` cos k`+ γ sin2 k`

z − z∗
1 + z

,

Š =
1

2

cos k`− ϕ̂(B̂ − b) sin k`

cos2 k`− β sin k` cos k`+ γ sin2 k`

z − z∗
1 + z

,

Â =
1

2

sin k`+ ϕ̌(B̌ − b) cos k`

sin2 k`+ β sin k` cos k`+ γ cos2 k`

z − z∗
1− z ,

Ǎ =
1

2

sin k`+ ϕ̂(B̂ − b) cos k`

sin2 k`+ β sin k` cos k`+ γ cos2 k`

z − z∗
1− z .

(3.57)

In the following section, we show that the parameters (α, β, γ) are positive.

Positivity of the quadratic form (χ, ζ) 7→ B̂χ2 + B̌ζ2 + 2bχζ

We aim to prove the semi positivity of the quadratic form (χ, ζ) 7→ B̂χ2 + B̌ζ2 + 2bχζ for
any (χ, ζ) ∈ R2. We start from the elementary problems on Q̂1 and Q̌1 defined in (3.34).
Setting Q1 = Q̂1χ+ Q̌1ζ with χ, ζ two reals, the function Q1 satisfies by linearity

∆y Q1 = 0 in Y, lim
y1→−∞

∇yQ1 = (χ+ ζ)e1, lim
y1→+∞̂

∇yQ1 = χ
e1

ϕ̂
, lim

y1→+∞̌
∇yQ1 = ζ

e1

ϕ̌
.

(3.58)
We define F (y) as a piecewise linear function with F (y1 < 0, y2) = (χ+ ζ)y1, F (y1 > 0, y2 ∈
Ŷ ) = y1χ/ϕ̂ and F (y1 > 0, y2 ∈ Y̌ ) = y1ζ/ϕ̌. Introducing the function Q = Q1 − F which is
continuous in 0, we have

Q ∼
y1→−∞

0, Q ∼
y1→+∞̂

B̂χ+ bζ, and Q ∼
y1→+∞̌

bχ+ B̌ζ. (3.59)

We introduce again the restriction Y∗ ⊂ Y, with Y∗ = {(y1, y2) ∈ (−y∗1, 0)× (0, 1)∪ (0, y∗1)×
Ŷ ∪ (0, y∗1)× Y̌ } and y∗1 > 0. Using the values as y1 →∞, we obtain by integration

0 =

∫
Y∗
Q∆y Q1 dy = −

∫
Y∗

∇yQ ·∇y (Q+ F ) dy + B̂χ2 + B̌ζ2 + 2bχζ + o(1), (3.60)

where o(1) is a vanishing contribution as y∗1 tends to infinity. By a similar integration, we
obtain

0 =

∫
Y∗
F∆y Q1 dy = −

∫
Y∗

∇yF ·∇y (Q+F ) dy+

(
χ2

ϕ̂
+
ζ2

ϕ̌
+ (χ+ ζ)2

)
y∗1 +o(1). (3.61)

Since
∫
Y∗∇yF ·∇yF dy =

(
χ2

ϕ̂ + ζ2

ϕ̌ + (χ+ ζ)2
)
y∗1 + o(1), by passing to the limit y∗1 →∞,

we finally obtain the positivity of the quadratic form :

0 6
∫
Y
∇yQ ·∇yQ dy = B̂χ2 + B̌ζ2 + 2bχζ, ∀(χ, ζ) ∈ R2. (3.62)
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We can now establish some properties on the effective coefficients (B̂, B̌, b) and the parameters
(α, β, γ) given in (3.56). In particular, we have

α ≥ 0, β ≥ 0, γ ≥ 0, β ≥ α. (3.63)

First, choosing (χ, ζ) = (1, 0) or (0, 1) in (3.62), we have obviously that B̂ ≥ 0 and B̌ ≥ 0,
hence β ≥ 0. Next, choosing (χ, ζ) = (b,−B̂) gives B̂B̌ ≥ b2, hence γ ≥ 0. Likewise,
choosing (χ, ζ) = (1,−1) leads to B̂ + B̌ − 2b ≥ 0, hence α ≥ 0. Finally, by taking (χ, ζ) =
(
√
ϕ̂/ϕ̌,

√
ϕ̌/ϕ̂), we get (ϕ̂/ϕ̌)B̂ + (ϕ̌/ϕ̂)B̌ + 2b ≥ 0, which is equivalent to β ≥ α.

3.7 Validation of the effective model for a scattering problem

3.7.1 Efficiency of the effective model in a scattering problem

To begin with, and as a rough illustration of the efficiency of the model, we report in figure
3.11 the pressure fields (3.51)-(3.52) along with (3.53) and (3.57), which are the effective
counterparts of the fields shown in figure 3.3 (calculated using the modal method presented
in §3.6.3.2.3). Note that in principle, p̂(x) and p̌(x) in (3.52) both live in the whole region
x1 ∈ (−`, `); to allow for a comparison with the actual solution, we represent them in the
region of the actual slits. For kh = 0.74 reasonably far from the Fano resonance, the scattering
is very weak, which is expected for this ultra-sparse grating. Next kh ' 0.75 corresponds to
the close end of the Fano resonance, that we have chosen for the amusing capacity to mimic
negative refraction. The effective fields nicely reproduce those of the figure 3.3; to go further
in the validation of the effective model, we provide below quantitative comparisons of the
effective and numerical solutions.
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Figure 3.11: Pressure fields p and (p̂, p̌) of the homogenized problem, (3.51)- (3.52) for the
ultra-sparse grating of figure 3.3 (ϕ̂ = 0.20, ϕ̌ = 0.76, 2` = 4h and θ = 40◦).

Regular gratings

A classical result for the regular grating corresponds to our effective model at the dominant
order see, e.g.[105, 118, 83, 129]. In this case, the conditions (3.8)-(3.9) simplify to continuity
relations. As a result, we have α = β = γ = 0 in (3.56), hence z1 = z2 = z3 = 1 in (3.55) and
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eventually z = i cos θ
ϕ sin 2k`− cos 2k`+O(ε) in (3.54). Thus, the scattering coefficients up to

O(ε) read

r =
(cos2 θ − ϕ2) sin 2k`

(cos2 θ + ϕ2) sin 2k`− 2iϕ cos θ cos 2k`
, t =

2iϕ cos θ

(cos2 θ + ϕ2) sin 2k`− 2iϕ cos θ cos 2k`
,

(3.64)
These estimates correctly predict the scattering properties of a regular grating. Namely, a
perfect transmission is reached (i) for cos θB = ϕ for any frequency, which corresponds to the
so-called extraordinary acoustic transmission at the Brewster angle and (ii) at the Fabry-
Pérot resonances at 2kFP` = nπ for any incidence. The effective model at the order 1 (3.53)
is expectedly more accurate than (3.64), this has been discussed [96] and it is illustrated in
figure 3.12 for a grating of plates of length 2` = 4h and ϕ̂ = ϕ̌ = 0.15.
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Figure 3.12: Fabry-Pérot resonances in a regular grating (ϕ̂ = ϕ̌ = 0.15, 2` = 4h, θ = 30◦).
Variations against the dimensionless frequency 2k` of (a) the transmittance |t|2 and (b) the
amplitudes in the slits. Coloured plain lines show the direct numerics, grey and black dashed
lines show the effective model at the order 0 with h = 0 in (3.52)-(3.53), and at the order 1
from (3.52)-(3.53).

Dual-period gratings

With the same range of frequencies as in figure 3.12, we now consider two dual-period gratings
(ϕ̂ = 0.20, ϕ̌ = 0.10) and (ϕ̂ = 0.29, ϕ̌ = 0.01). Depending on the asymmetry between the two
slits, the wide Fabry-Pérot peaks located at 2kFP` = nπ are scared by sharp dips on their low
or high frequency sides. Next, odd resonances (odd n) are characterized by large amplitudes
of the symmetric component Ŝ of p̂(x) in (3.52), even resonances by large amplitudes of the
antisymmetric component Â. All these features are accurately reproduced by the effective
model as shown in figure 3.13. Fano resonances are characterized by the succession of a
perfect-transmission and, what is more demanding, a zero-transmission. In the present case,
this is attributable to the appearance of a quasi-trapped mode sometimes called π-mode
because the fields in two nearby slits oscillate out-of-phase. This is illustrated in the figures
3.14 where we report the fields for |t| = 1 and t = 0 at the third Fano resonance (for
ϕ̂ = 0.20, ϕ̌ = 0.10). It is worth noting that the out-of-phase oscillations of the fields in the
slits are made possible as they are coupled at the grating interfaces x1 = ±` through a strong
evanescent fields. In the effective model, this coupling is encapsulated in the jump conditions
(3.8)-(3.9). Eventually, as the effective model is translational invariant, the solution involves
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Ǎ
<latexit sha1_base64="FFZKdBzWb5+ZCkUn82u6tuAqJQI="></latexit>

(d)
<latexit sha1_base64="vUqZSLG683VFnKrZ/S9m1jYPJkE="></latexit>

(c)
<latexit sha1_base64="Lyss3e0+iZ9nxL/wpTkvNWkPjiE="></latexit>

0
<latexit sha1_base64="TakE1Sha2itQNMRMaun9h78SBSg="></latexit>

⇡
<latexit sha1_base64="1FXwRKqrceiNbP/iOnDcI7CT8fI="></latexit> 2⇡

<latexit sha1_base64="HgRoN17KRnrNSJpT0O+g+pvPDzQ="></latexit>

3⇡
<latexit sha1_base64="H60YzS+7WMFvwBzdJCUjYmcanGo="></latexit>

4⇡
<latexit sha1_base64="Y3UQw5AkghAVngySsdf/7mu30VE="></latexit>

2k`
<latexit sha1_base64="uY8m2HBFzyFoGmkuH4lgUJvV/UQ="></latexit>

(b)
<latexit sha1_base64="/30mWGFf08d1XCbR8lJQqUtgLvI="></latexit>

50
<latexit sha1_base64="s3yqoL8NShKIl51RXyB/mptPG7I="></latexit>

20
<latexit sha1_base64="4jWPXxssQomEO2+FIl7pkURAFQ8="></latexit>

25
<latexit sha1_base64="mggOFk8+TaDbwimpI0774vkilIE="></latexit> 15

<latexit sha1_base64="P5ly8nzP7qLHc0LYVMyoAl+qV1I="></latexit>

10
<latexit sha1_base64="edl4BBAnWdD5aIEuVWK/8X6ALs0="></latexit>

6
<latexit sha1_base64="D1lIHCvZBAWORCJoPL3UgBQ8Um8="></latexit>

100
<latexit sha1_base64="KjTKYgHDOyQcp3/Fw6yVw/vlv3s="></latexit>

30
<latexit sha1_base64="fEyFWWJTePoDijqHnCuYJhIBhBU="></latexit>

50
<latexit sha1_base64="7YVwUHKmuHqKum47BE0Jim+QGSU="></latexit>

25
<latexit sha1_base64="mggOFk8+TaDbwimpI0774vkilIE="></latexit> 300

<latexit sha1_base64="P5VfJDLxj58emEUHlNBCHNoS1HY="></latexit>

80
<latexit sha1_base64="YaLT0lYG46KWgLTVYcmBwQ9DMJg="></latexit>

110
<latexit sha1_base64="dDFCaaHYwI43m1ZdK2mJudGySro="></latexit>

160
<latexit sha1_base64="41P6WnvBiqMaVl/zTGgcQPDAMPs="></latexit>

Figure 3.13: Occurence of Fano resonances in dual-period gratings for (a-b) ϕ̂ = 0.20, ϕ̌ =
0.10 and (c-d) ϕ̂ = 0.29, ϕ̌ = 0.01 (in both cases 2` = 4h, θ = 0). Same representation
as in figure 3.12 with in (b) and (d) the numbers near each peak indicating the maximum
amplitude of the peaks.

only the propagating wave and, as it should be, does not reproduce the strong evanescent
field close to the interfaces.

3.7.2 Local analysis of the resonances

The effective solution used in the previous section is explicit but it remains difficult to analyze
the mechanism responsible for the occurence of Fano resonances and their proximity with the
Fabry-Pérot resonances observed in the figure 3.2 and 3.13. To get physical insights of this
mechanism, we conduct a local analysis in a vicinity, of the order of kh � 1, of the Fabry-
Pérot resonances 2k` = nπ with n an integer. Hence in this section we consider (α, β, γ) in
(3.56) at the dominant order with

α =
ϕ̂ϕ̌

ϕ

(
B̂ + B̌ − 2b

) nπh
2`

, β = (ϕ̂B̂ + ϕ̌B̌)
nπh

2`
, γ = ϕ̂ϕ̌

(
B̂B̌ − b2

)(nπh
2`

)2

, (3.65)

being now real positive constants in the vicinity of the n-th Fabry-Pérot/Fano resonance (the
positiveness is proven in (3.63)). With k` = O(1), α and β are of order kh and γ of order
(kh)2.

Complex poles of the Fano resonance

To obtain simplified expressions of (r, t) from (3.53), we consider that the wavenumber k is
close to a resonance at nπ

2` in a vicinity measured by 2k`−nπ = O(kh)� 1. At the dominant
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Figure 3.14: Pressure fields at the third Fano resonance, (a) perfect transmission and (b)
zero-transmission (θ = 40◦). Left panels show the results from direct numerics (2k` ' 2.84
and 2.85), right panels the results given by the effective model (3.51)-(3.52) (2k` ' 2.85 and
2.86).

order, we obtain

t =
i(−1)nϕ

` cos θ

(k − kt= 0)

(k − k+
Fano)(k − k−Fano)

, r = 1− (−1)nt, (3.66)

where kt= 0 = nπ−2α
2` , k±Fano are the two complex-roots of P (2k` − nπ), with P (ξ) = ξ2 +

2
(
β + i ϕ

cos θ

)
ξ + 4

(
γ + i ϕ

cos θ α
)

and (α, β, γ) are given by (3.65). The two complex poles
(k−Fano, k

+
Fano) are characteristic of the Fano resonance and we discriminate them by their

imaginary parts denoting k+
Fano the pole of the strongest resonance being closer to the real

axis.

It is worth noticing that for regular gratings, B̂ = B̌ hence, from (3.56), β = α + γ/α.

It results that k+
Fano = kt= 0 and k−Fano = kFP = nπ−2γ/α

2` − i ϕ
` cos θ and the transmission (3.66)

simplifies to

tFP =
i(−1)nϕ

` cos θ

1

k − kFP

. (3.67)

As expected zero-transmissions are not possible anymore and tFP = (−1)n when k equals the
real part of kFP.

We report in figure 3.15 the trajectories of the complex pole k±Fano in the complex plane
when varying the detuning parameter for θ = 40◦ (note that the trajectories remain almost
identical for all θ-values). Here, the detuning parameter is defined as ϕ̌ for given ϕ̂ = 0.10,
which measures the strength in the symmetry breaking and the arrows indicate the path
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with increasing ϕ̌. As it was already visible on figure 3.13, the two resonances have very
different thinnesses as their imaginary parts differ by a factor 103. Expectedly, the pole k−Fano

of weaker resonance is close to the pole of the Fabry-Pérot resonance kFP of regular arrays
which is reported for comparison (the trajectory of kFP is obtained by varying ϕ̌ = ϕ̂). They
coincide for ϕ̌ = ϕ̂ and asymptotically for vanishing rigid part thickness ϕ̌+ ϕ̂→ 1. The pole
k+

Fano is associated to the strong resonance of the quasi trapped-mode. It becomes real when
the grating becomes regular; there, the quasi-trapped becomes a perfect trapped mode and
the Fano resonance disappears.
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Figure 3.15: Trajectories of the complex poles k−Fano (left panel) and k+
Fano (right panel)

varying the detuning parameter ϕ̌ ∈ (0, 0.90) for ϕ̂ = 0.10 (2` = 4h, θ = 40◦). Fano
resonance disappears in the regular grating ϕ̌ = ϕ̂ (open symbols), resulting in k−Fano = kFP

and real k+
Fano.

Perfect-transmissions and zero-transmissions

From (3.66), perfect and zero- transmissions are obtained for real wavenumbers

perfect transmissions, k±|t|=1 =
1

2`
(nπ − β ±

√
β2 − 4γ),

zero-transmissions, kt= 0 =
1

2`
(nπ − 2α),

(3.68)

with k−|t|=1 ≤ kt= 0 ≤ k+
|t|=1. This relation is valid for any values for ϕ̂ and ϕ̌, and a proof is

given.

Proof of k−|t|=1 ≤ kt=0 ≤ k+
|t|=1

Given the definition (3.68) of kt= 0 and k±|t|=1, a straightforward manipulation shows that
proving the inequality k−|t|=1 ≤ kt= 0 ≤ k+

|t|=1 is equivalent to proving γ ≤ α(β−α). Thus, from
the definitions of (α, β, γ) in (3.65), we must prove that

ϕ̂ϕ̌(B̂B̌ − b2) ≤ ϕ̂ϕ̌

ϕ̂+ ϕ̌
(B̂ + B̌ − 2b)

(
ϕ̂B̂ + ϕ̌B̌ − ϕ̂ϕ̌

ϕ̂+ ϕ̌
(B̂ + B̌ − 2b)

)
, (3.69)

which is equivalent after simplification to

(ϕ̂+ ϕ̌)2(B̂B̌ − b2) ≤ (B̂ + B̌ − 2b)(ϕ̂2B̂ + ϕ̌2B̌ + 2ϕ̂ϕ̌b). (3.70)
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3.7. Validation of the effective model for a scattering problem

Now, it is sufficient to remark the following identity

(B̂+ B̌−2b)(ϕ̂2B̂+ ϕ̌2B̌+ 2ϕ̂ϕ̌b)− (ϕ̂+ ϕ̌)2(B̂B̌− b2) = (ϕ̂B̂− ϕ̌B̌+ (ϕ̌− ϕ̂)b)2 ≥ 0, (3.71)

from which we deduce that (3.70) is fulfilled and thus that k−|t|=1 ≤ kt= 0 ≤ k+
|t|=1.
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⇥10-4Figure 3.16: Real wavenumbers k±|t|=1 realizing perfect-transmissions (red plain lines) and kt= 0

realizing zero-transmission (plain yellow line). Dashed lines show the real parts of the Fano
complex poles, Re(k−Fano) associated to the FP resonance (green) and Re(k+

Fano) associated to
the trapped-mode (blue, almost superimposed to kt= 0).

The figure 3.16 shows the variations of kt= 0 and of k±|t|=1 against ϕ̌; to draw the link
with the resonances we also report the real parts of the complex poles k±Fano. As said above,
for any value of ϕ̌, we observe the occurence of a zero-transmission (yellow curve) between
two perfect transmissions (red curves) except for ϕ̌ = ϕ̂ = 0.10 where the Fano resonance
disappears (kt= 0 = k−|t|=1). Eventually, the proximity of k±|t|=1 with the real part of k−Fano

associated with FP resonances is enlightening on the shapes observed in figures 3.13 when
increasing the frequency. For small ϕ̌, the first perfect transmission is associated to the FP
resonance while the following zero- and perfect-transmission are associated to the trapped-
mode resonance, as in figure 3.13(b). The opposite situation occurs as k+

|t|=1 is closer to
real(k−Fano) as in figure 3.13(a). Next, the real part of k+

Fano (dashed blue line) almost coincides
with kt= 0 which strongly suggests that the trapped-mode resonance is responsible for the
zero-transmission. They coincide perfectly for two distinct values, as shown in figure 3.17.
The first one being the case of regular grating ϕ̌ = ϕ̂ = 0.10. The second occurs when the two
perfect transmissions change associated resonances as the real parts of the resonances k±Fano

are equal. As ϕ̌ + ϕ̂ → 1, the regular array is recovered, and the difference asymptoticaly
tends to 0.

Eventually, we have also seen from figure 3.13(c) that the pole of the Fano resonance
has a real part that nearly coincides with kt= 0 realizing zero-transmission. The link between
geometries realizing zero-transmissions and those supporting trapped modes has been inves-
tigated recently [27, 25] and we report here evidences of this link for the π-mode. To do so,
we consider the wave amplitudes in the slits and we conduct the same local analysis as we
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Figure 3.17: Difference between kt= 0 and Re(k+
Fano).

have done to get (3.66). For n = 2i+ 1 an odd integer, we obtain

Ŝ = −(−1)i

`

k − k̂
(k − k+

Fano)(k − k−Fano)
, Â = (−1)i,

Š = −(−1)i

`

k − ǩ
(k − k+

Fano)(k − k−Fano)
, Ǎ = (−1)i,

(3.72)

where k̂ = nπ
2` −

ϕ̌
` (B̌ − b)nπh2` and ǩ = nπ

2` −
ϕ̂
` (B̂ − b)nπh2` . For n = 2i an even integer, the

roles of (Ŝ, Š) and (Â, Ǎ) are reversed. It is worth noticing that for regular gratings, with
ϕ̂ = ϕ̌ = ϕ

2 and B̂ = B̌, we obtain k̂ = ǩ = kt= 0 and as in (3.67) we have k+
Fano = kt= 0 and

k−Fano = kFP. It follows that near the FP resonances, the amplitudes in the identical slits have
smooth variations, as we have

ŜFP = ŠFP = − (−1)i

(k − kFP)`
. (3.73)

Coming back to dual-period gratings, we notice from (3.72), with kt= 0 = nπ−2α
2` and α in

(3.65), that ϕ̂k̂ + ϕ̌ǩ = ϕkt= 0 hence

ϕ̂Ŝ + ϕ̌Š = −(−1)iϕ

`

k − kt= 0

(k − k+
Fano)(k − k−Fano)

. (3.74)

It follows that for k = kt= 0 the π-mode takes place with zero-flux over two nearby slits,
ϕ̂Ŝ + ϕ̌Š = 0. The trajectories of the complex values t and (ϕ̂Ŝ, ϕ̌Š, ϕ̂Â, ϕ̌Ǎ) shown in
figure 3.18 are obtained numerically (plain lines) and from the effective model (3.53) and
(3.57) (dashed line). The observed features are very similar to that reported in [145] for
high-contrast gratings. In particular for the regular grating, the Q-factor of the Fabry-Pérot
resonance being small, the effect of the poles merges, hence forming a peanut shape (a detailed
analysis on the positions of the poles and the trajectory of t in the complex plane can be
found in [145]).

In the vicinity of Fano resonances the trajectories describe circles whose equations are
given by (3.66) and (3.72), specifically for n even integers

∣∣(−1)nt− 1
2

∣∣2 = 1
4 ,

∣∣∣Ŝ − R̂∣∣∣2 = R̂2, R̂ =
kt= 0 − k̂

2` Im(k−Fano)Im(k+
Fano)

, (3.75)
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Figure 3.18: Trajectories of t(k) (a) and of D(k), with D = ϕ̂Â, ϕ̌Ǎ, ϕ̂Ŝ, ϕ̌Š (b) through
the complex-plane obtained numerically (plain line) and from the effective model (dashed
lines). In (a) the yellow curve shows the result for the regular grating, the blue curve for the
dual-period grating. In (a) and (b), the vertical arrows show the place, marked with a square
symbol, where t = 0.

the same for Š with ϕ̌Ř = ϕ̂R̂ (and for n even integers, the roles of (Â, Ǎ) and (Ŝ, Š)
are reversed). Expectedly, as Im(k−Fano) ' Im(kFP) does not depend much on the symmetry
breaking, the amplitudes (R̂, Ř) within the slits are inversely proportional to the distance
Im(k+

Fano) of k+
Fano from the real axis.

In the vicinity of the FP resonances, with 2k` − nπ = O(kh), the above expressions
simplify to (3.72). Denoting ξ = 2k`− nπ, (3.72) can be written

Ŝ = (−1)i
i cos θ
ϕ

(
ξ + 2ϕ̌(B̌ − b)nπh2`

)
(ξ + 2α)− i cos θ

2ϕ (ξ2 + 2βξ + 4γ)
,

Š = (−1)i
i cos θ
ϕ

(
ξ + 2ϕ̂(B̂ − b)nπh2`

)
(ξ + 2α)− i cos θ

2ϕ (ξ2 + 2βξ + 4γ)
,

(3.76)

where ξ = O(kh) � 1 and from (3.65), (α, β, γ) are O(kh) (as k` = O(1)). It follows
that (Ŝ, Š) are in general O(1) expect if ξ = −2α, that is k = kt= 0 where (Ŝ, Š) become
O
(

1
kh

)
� 1. At zero-transmissions, we have

Ŝ = (−1)i
α− ϕ̌(B̌ − b)nπh2`

α2 − βα+ γ
, Š = (−1)i

α− ϕ̂(B̂ − b)nπh2`

α2 − βα+ γ
, (3.77)
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hence, from (3.65), we have

ϕ̂Ŝ + ϕ̌Š =
(−1)i

α2 − βα+ γ

(
ϕα− ϕ̂ϕ̌(B̂ + B̌ − 2b)

nπh

2`

)
= 0. (3.78)

3.8 Guiding Properties

We move our focus to the guided modes lying below the light/sound line. We start with the
regular grating. As the dispersion branch approaches the edge of the first Brillioun zone, it
admits a horizontal asymptote before decreasing as it enters the second Brillioun zone. As
the effective medium does not possess any periodicity, the notion of Brillioun zones becomes
irrelevant. The slab act as an homogeneous slab as the dispersion branch appears along the
light/sound line at the cut-on frequencies 2k` ' nπ with n an integer. The n-th dispersion
branch of the effective medium tend asymptotically to 2k` ' nπ as b tends to infinity as
no Brillioun zone exists. This means that the effective model becomes more accurate as `
increases, which is expected. It has already been shown that a better estimate of the first
branch is obtained when taking into account the size effects of the structure [96].

The story for the dual period is different. As mentioned, the symmetry breaking reduces
the Brillioun zone by two which the homogeneous slab cannot do. As seen in section 3.2.3, the
symmetry breaking opens up a band gap as the branch of dispersion relation is folded in the
new irreducible Brillioun zone (0, π/h) compared to the regular grating with an irreducible
Brillioun zone (0, 2π/h). A distinct property of the folded branch is its negative slope, which
has been of large interest when designing material exhibiting negative refraction,e.g. [64],
as it exhibits negative phase velocity. Its cut-on frequency kc is lies below 2k` = nπ. As
for regular gratings, we expect to recover the first branch of the dispersion relation before
the opening of the band gap, and the accuracy depends on ` as the branch approaches the
Brillioun zone (0, π/h). The nature of the equivalent folded branch is on the other hand
completely different. The quasi-trapped mode will act as a local resonance and a hybridized
dispersion relation appears. This leads a second branch with positive slope, and thus the
band gap is also erroneous. The divergence of the model is shown in figure 3.19. To overcome
this, one may apply some high frequency homogenization scheme, see for instance [33].

<latexit sha1_base64="wPNVRDdwMtZSbaFdU5oaFMKTVAk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jpp16redbXWvKrU3TyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AdfmMqQ==</latexit>

0

<latexit sha1_base64="hcPK7EWOXWOu117l/17JULYqzDM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpwavWB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5easO5nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qnddrd1fVRpuHkcRzuAcLsGDG2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBcfo0k</latexit>

1.8

<latexit sha1_base64="3oqgdwN18umWm1CEXb6REEDybHg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iKVL0VvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkku/eNobVmud6C6B14hekBgVaw+rXYBSTVFBpCMda930vMUGGlWGE03llkGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7IsNC65kIbafAZqJXvVz8z+unJroJMiaT1FBJlouilCMTo/xxNGKKEsNnlmCimL0VkQlWmBgbT8WG4K++vE46dddvuPWHq1rTK+IowxmcwyX4cA1NuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w/VWo1l</latexit>

1.96

<latexit sha1_base64="8WU5CKNjH9bRBDo799AxqxJiMUg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoZ/wQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1atXa/dXlYabx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH0ydjcI=</latexit>⇡
<latexit sha1_base64="N8GfSQsgy1/9E8cUrKyGyUIEOGU=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqewWUY8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXGoOED6s1r+4tgNeJX5AaFGgNq1+DUUxTyZSlghjT973EBhnRllPB5pVBalhC6JSMWd9RRSQzQba4dY4vnDLCUaxdKYsX6u+JjEhjZjJ0nZLYiVn1cvE/r5/a6DbIuEpSyxRdLopSgW2M88fxiGtGrZg5Qqjm7lZMJ0QTal08FReCv/ryOuk06v51vfFwVWt6RRxlOINzuAQfbqAJ99CCNlCYwDO8whuS6AW9o49lawkVM6fwB+jzB73jjf4=</latexit>

2⇡

<latexit sha1_base64="G1Edady/S65sBwucVheUJA4Dn7Q=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCbOTTjJmdmaZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jUo1wwZTQul2RA0KLrFhuRXYTjTSOBLYisa3M7/1hNpwJR/sJMEwpkPJB5xR66RmddxFIXqlsl/x5yCrJMhJGXLUe6Wvbl+xNEZpmaDGdAI/sWFGteVM4LTYTQ0mlI3pEDuOShqjCbP5tVNy7pQ+GSjtSloyV39PZDQ2ZhJHrjOmdmSWvZn4n9dJ7eAmzLhMUouSLRYNUkGsIrPXSZ9rZFZMHKFMc3crYSOqKbMuoKILIVh+eZU0q5XgqlK9vyzX/DyOApzCGVxAANdQgzuoQwMYPMIzvMKbp7wX7937WLSuefnMCfyB9/kDRMWO4Q==</latexit> 2k
`

<latexit sha1_base64="jiPQDRi9Mg3IKgtSRzbVEfQg64Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcCsZuNK433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPUzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ71W07tuth6uGm23jKMKZ3AOl+DBDbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPH6kBjfA=</latexit>

b0h

Figure 3.19: Behaviour of the dispersion branch over the first two Brillioun zones (0, 2π) by
means of the reflection coefficient log10|r00| against 2k` (ϕ̂ = 0.4, ϕ̌ = 0.2, 2` = 4h). Direct
numerics (colorscale) are compared to the dispersion of the homogenized model. The first
Brillioun zone is delimited by the dashed vertical line at b0h = π.

52



3.9. Concluding remarks and perspectives

3.9 Concluding remarks and perspectives

The focus of this chapter has been on the coupling of Fano resonances to Fabry-Pérot res-
onances in gratings with symmetry breaking. We have proposed an effective model relying
on asymptotical homogenization. As the propagation is independent in a slit to another, two
distinct effective media are obtain in the effective model. An additional treatment is done
at each boundary to capture the evanescent field, yielding effective transmission conditions.
We have shown that the model accurately reproduces the scattering properties of such a
dual-period gratings. In the limiting case of identical slits and rigid parts, we recover the
behaviour of a regular grating, for which Fano resoances are prevented by symmetry.

Furthermore, a local analysis of the model around the Fabry-Pérot resonances has allowed
for approximate closed form expressions of the two complex resonances poles, shedding further
light on their link with the perfect- and zero-transmissions. Besides, we showed that the
occurrence of a π- or trapped-mode produces zero-transmissions, which confirms the “negative
role of resonant plasmons in the transmission of grating” stressed in [24] (in the present case,
resonant SPPs).

We discuss the possible extensions and perspectives:

Extending the model to the case of multiple slits in the unit-cell is straightforward al-
though the resulting model might be cumbersome. The underlying mechanism remains how-
ever the same, though associating the resonances becomes more complicated.

Another technical extension is the one to three dimensional wave propagation. The three-
dimensional problems offers new symmetries to exploit. Dual-periods of square lattices is a
straightforward extension of the two-dimensional problem. Extensions toward other lattices,
such as the honeycomb structures seems more interesting and should be rather incremental
process. Extending the model to other types of physics is also possible. The three di-
mensional elastodynamical problem is unambiguous, although more technical. The case of
three-dimensional electromagnetism differs, as the boundary conditions changes depending
on the polarization. The problem is much more involved, as the case of a single slit is not
evident.

We have presented some limitations of the model. The model is accurate for surprisingly
high frequencies, and is somewhat expected as no local resonances are involved. However, the
model does not capture the folded branch of the guided mode, nor the band gap at the edge
of the Brillioun zone. A high frequency approach, as presented in [33], could be a compelling
technique to tackle the surface homogenization. Another possibility to overcome this could
be by choosing a different scaling. In this chapter, we have considered a subwavelength
periodicity, with the asymptotics performed for kh = ε � 1, which leads to the horizontal
asymptote as b0h tends to infinity. By considering another asymptotic parameter, for instance
the width of the slit compared to the periodicity, i.e. ϕ � h, one could investigate the
behaviour beyond the first region of propagating modes. Note that the distance between two
slits must also be of the order of the slit width.

Lastly, we discuss the possibility of observing similar behaviour in other types of settings.
As mentioned in the introduction, the case of anti symmetric inclusion with local resonances
of the Mie type is of great interest [69]. Using similar techniques and adapting the ho-
mogenization process present in [125], an effective model of such an array can be obtained.
Similarly for the case of minnaert resonance, a dual period setting has been considered in
[6] in the linear regime. In the work [126], the focus was on the nonlinear bubble to bubble
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interaction in a metascreen in the dilute regime. Inspired by this approach, we can consider
the nonlinear bubble to bubble interaction in a dual-periodic setting.

54



Part II - Space-coiled metamaterials





Chapter 4
Revisiting space-coiled metamaterials

Chapter summary: This chapter is the first in this part dealing with space-coiled or
labyrinthine metamaterial. These structures gained a lot of interest ever since their intro-
duction as they allowed for structures of compact design. By elongating the wave path, large
phase shifts can be obtained for the transmitted field. Few attempts has been done in deriv-
ing effective models, and we revisit the problem by applying a homogenization scheme at the
dominant order. We compare the obtained model with some existing results, and show that
the homogenized model is more accurate. We discuss the differences and their advantages.

The main results of this chapter are under revision at Wave Motion in the following paper
[161] Zhou Hagström, Joar and Maurel, Agnès and Pham, Kim. (2022) Revisiting effective
acoustic propagation in labyrinthine metasurfaces, under revision
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4.1 Introduction

As mentioned in the introductory chapter 1, the acoustic setting in fluid is considerably lim-
ited in terms of resonance compared to other types of waves. As seen in part I, this limitation
has been overcome by exploiting the low frequency waveguiding in rigid slabs perforated by
subwavelength apertures. The use of straight slot has been a successful approach, resulting
in perfect transmissions due to resonances of the Fabry-Pérot(FP) type [90, 20]. As this
mechanism relies on the halfwavelength resonance of the slits, the thickness is of the order
of the wavelegnth. To reduce their size, the idea that the slits can be coiled up without
modifying the underlying resonant mechanism was persued.

In 2012, Liang and Li [81] proposed such a metamaterial whose unit cell is an elongated
curled waveguide dug in a rectangular rigid material. The acoustical waves are forced to
follow the coiling path of the guide resulting in a phase accumulation possibly much larger
than the unit cell width. It quickly gained a lot of attention as the main idea is fairly simple.
Note that similar structures can be found in other applications, such a bass woofers [68] and
meandering structures in the antenna community [144].

57



Chapter 4. Revisiting space-coiled metamaterials

x
<latexit sha1_base64="Fmju+ohYn3YuzNhQhKwBVzgnaRQ="></latexit>

y
<latexit sha1_base64="VN7zAZ3OS0kbR+Sgh1CeaovRVb4="></latexit>

)
<latexit sha1_base64="gg0FLoiRTAk5/9YhyxZwsTMjvHE="></latexit>

✓
<latexit sha1_base64="h7Szt/sm6EHY19ggn1scIHUi81w="></latexit>

k
<latexit sha1_base64="H31AYN91u97K4RKPDEIsRYkVd9M="></latexit>

 theta=50, k=0.81

d
<latexit sha1_base64="o7lil7n69GSCw7gBUGcBxzMidBc="></latexit>

unit cell
<latexit sha1_base64="+jF1eNAJtbVaivx8VIRjrOCwm0M="></latexit>

w
<latexit sha1_base64="Q74limyx9u8G/H9U5CEXc9zBScg="></latexit>

d
<latexit sha1_base64="o7lil7n69GSCw7gBUGcBxzMidBc="></latexit>

hx
<latexit sha1_base64="GdRbDa0SnBfU+Eegn0AKTUP55Jc="></latexit>

hy
<latexit sha1_base64="aqGifaiGbNz5j2CHxdEiJfWEFwU="></latexit>

w0
<latexit sha1_base64="cECzvAbABQmXaMBgj5wS5KcNxc8="></latexit>

`
<latexit sha1_base64="rT0XbjYvZ1CS/2QAHlUo9beeBRs="></latexit>

(a)
<latexit sha1_base64="wFbz4SindTonuxGha0EBug30sAE="></latexit>

(b)
<latexit sha1_base64="Dvw9zxyTJymEEpp3sAxBibQuHc4="></latexit>

choix=2
Figure 4.1: Labyrinthine metasurface and its unit cell. The metasurface is infinite along y
and of thickness ` (w = w′ = 0.03hy, d = 0.012hy, hx = 0.242hy, ` = hy with khx = 0.096
and θ = 40◦).

As it enables possibly large phase shift compared to its size, lot of efforts where made
in terms of transmittive of reflective metasurfaces [76]. This is illustrated in figure 4.1,
wherethe wave travels in a curled waveguide whose total length in the unit cell is about 2hy
much larger than its thickness hx. As a result, a metasurface made of a periodic arrangement
of this unit cell enables unexpected large phase shifts in view of it thickness. This allows
to tailor phase shifts within the full 0–2π range resulting in practical applications including
acoustic focusing [78, 110, 130], negative refraction devices [156, 80], one-way transmission
and lenses [77, 110, 79] or high absorption[111]. Reviews can be found in [91, 11].

Although the relative simplicity of the structure, few attempts have been done in terms
of the effective modelling of space-coiled metasurfaces. The effective parameters are in most
cases obtained through retrieval methods which presents several ambiguities [51]. They are
typically retrieved from the scattering coefficient obtained from numerical results of the direct
scattering problem, simulated for instance at a given angle of incidence. In such a case, the
effective parameters are in fact dependent on the angle of incidence. To overcome this, we
simply revisit the problem by applying classical homogenization results [16] as done in the
previous chapters. From this, we unambiguously obtain the effective parameters for a given
geometry.

We take the time to reflect on the classical model encountered in the existing literature.
A model, which we refer to as the two-step model, was introduced in [79, 2] and we show
that this model corresponds to the homogenization of an array of straight slots, as seen in the
chapter 2. The length `t of the slot is supposed to correspond to the uncoiled labyrinthine
path, and is estimated heuristically.

We compare the ability of both the models to reproduce the scattering properties of the
actual metasurface with full wave numerical results. We notice that, when the labyrinth
can be uncoiled, the two-step model offers a nice physical interpretation of the resonant
mechanism which lacks in the homogenized model. However, it is in general less accurate
and it relies on the notion of the uncoiled labyrinth length which is already fuzzy for simple
geometries and may become very ambiguous for non trivial ones.
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4.2 Homogenized models

4.2.1 Two-scale Homogenization

We present below the derivations of the direct homogenized model of the labyrinth and the
two-step model involving the homogenization of a straight slot. In the actual problem, the
pressure p satisfies the Helmholtz equation in the air along with vanishing normal velocity
on the boundaries of the labyrinth walls. Specifically, we consider p solution to{

∆p+ k2p = 0, in the air,

∇p · n = 0, on the sound hard walls.
(4.1)

We start with the model based on a direct, single step, homogenization, as sketched
in figure 4.2. We proceed in the same way as in 2, and reproduces them in the following
for completness. Following the two-scale homogenization procedure [16], two systems of
coordinates are used, x = kx (at the macroscopic scale of the wavelength) and ξ = x

hx
(at

the microscopic scale of the unit cell, figure 4.3(a)). We also introduce the small parameter
ε = khx � 1 which is a measure of the subwavelength regime (hence ξ = x/ε). For simplicity,
we write the governing equation in non-dimensional coordinate in the following way

divu+ p = 0, u = ∇p, (4.2)

where u is proportional to the acoustic velocity. Next, we use the expansions

p = p0(x, ξ) + εp1(x, ξ) + · · · ,

u = u0(x, ξ) + εu1(x, ξ) + · · · ,
(4.3)

with (pn,un), n = 0, 1, · · · are periodic w.r.t ξx in the unit cell. The above expansions are
used in (4.2), with the differential operator of the form ∇→∇x + 1

ε∇ξ. It follows that (4.2)
provides a hierarchy of equations at each order in ε. At the leading order, we have

∇ξp
0 = 0, p0 = P 0(x), (4.4)

which tells us that the pressure is uniform at the microscopic scale, that is within the unit
cell Y (figure 4.3(a)). We then gather the following system set on (u0, p1)

divξu
0 = 0, u0 = ∇ξp

1 + ∇xP
0(x),

u0 · n = 0, on the rigid parts,
p1,u0 1− periodic along ξx.

(4.5)
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Figure 4.2: Direct homogenization of the labyrinthine structure resulting in an effective slab.
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This problem is linear with respect to the components of ∇xP
0, hence we can set

p1(x, ξ) = Q(ξ)
∂P 0

∂x
(x)− ξy

∂P 0

∂y
(x) + P 1(x),

u0(x, ξ) = (∇ξQ(ξ) + ex)
∂P 0

∂x
(x),

(4.6)

with Q(ξ) solution to 
∆Q = 0,

∫
Y
Qdξ = 0

∇ (Q+ ξx) · n = 0, on the rigid parts,
Q,∇ (Q+ ξx) 1− periodic along ξx,

(4.7)

(the condition
∫
Y Qdξ = 0 defined P 1(x) in (4.6), namely

∫
Y p

1(x, ξ)dξ = P 1(x)). The above
problem corresponds to the so called elementary problem posed on the periodic unit cell.
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Figure 4.3: (a) Unit cell Y in which the homogenization far from the boundary is performed.
(b) Domain (a strip unbounded along ξx) in which the asymptotic analysis at a boundary is
performed.

The flow associated to (p1,u0) is incompressible, from which the flux U0
x(x) through a

section of Y at constant ξx ∈ (0, 1) is conserved, namely

U0
x(x) =

∫
ξx=0

u0
x(x, ξ)dξy

(
=

∫
Y
u0
x(x, ξ)dξ

)
. (4.8)

We notice that Q is odd with respect to ξx hence
∫
Y
∂Q
∂ξy

= 0 (this result is general and would

hold in the absence of symmetry of the unit cell). Evaluating the integral over Y of u0 in
(4.6), we obtain

U0
x(x) = C ∂P

0

∂x
(x), C =

∫ (
∂Q

∂ξx
+ 1

)
dξy. (4.9)

Eventually, we use the incompressibility condition at the order 0, divξu
1 + divxu

0 + P 0 = 0
that we integrate over Y to get

∂U0
x

∂x
(x) + SP 0(x) = 0, (4.10)

with S is the normalized surface of air in the unit cell (normalized to h2
x). Eqs. (4.9) and

(4.10) constitute the main result of the present analysis and they will be put in dimensional
form in the following.
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As we are interested in the transmission problem, we need to derive the transmission
conditions at the boundary between the labyrinth and the surrounding fluid. We use the
same matched asymptotic technique as in 3. This is done at x = 0 (the same applies at
x = `). To do so we have to introduce the pressure and acoustic fields in an intermediate
region containing the boundary (figure 4.3(b)). They are written

p = q0(y, ξ) + εq1(y, ξ) + · · · ,

v = v0(y, ξ) + εv1(y, ξ) + · · · ,
(4.11)

which do not depend on x since these fields are defined close to the boundary at the micro-
scopic scale. Accordingly, the differential operator now reads ∇ → ∂

∂yey + 1
ε∇ξ. We shall

consider the dominant order only for which the matching conditions read
lim

ξx→±∞
q0(y, ξ) = p0(0±, y),

lim
ξx→−∞

v0(y, ξ) = u0(0−, y),

lim
ξx→+∞

v0(y, ξ) = u0(0+, y, ξ).

(4.12)

Note that v0 does not depend on ξ when ξx → −∞ while it tends to the periodic function
u0(0+, y, ξ) (with respect to ξx) when ξx → +∞. At the dominant order, we have ∇ξq

0 = 0
from which q0 does not depend on ξ. According to (4.12), we thus have

p0(0+, y) = p0(0−, y). (4.13)

We also have divξv
0 = 0 that we integrate over ξx ∈ (−ξ∗x, ξ∗x). Passing to the limit ξ∗x →∞,

this provides
hy
hx
u0
x(0−, y) =

∫
ξx=0

u0
x(0+, y, ξ)dξy = U0

x(0+, y), (4.14)

which constitutes the continuity of the flux.

4.2.2 Two-step model

We now move on on the analysis of the two-step model. Basically, it uses the main ideas
developed in [79] and allows us to obtain the expressions of scattering coefficients given in this
reference. The procedure follows different steps, sketched in figure 4.4, the main ingredient
being to invoke the uncoiled version of the labyrinth (Step 1).

The homogenization of a periodic set of straight slots has been presented in 2, and for
the sake of readability, we briefly recal the homogenization result.

We start with (4.2) and (4.3) in a unit cell which is now reduced to a straight duct of
length unity and of width d/hx (figure 4.5(a); note that the periodicity hx is arbitrary as
long as it is chosen O(hy)). As previously, we obtain at the dominant order that p0 = P 0(x)
is constant within a unit cell. Then we have to solve (4.5) but due to the simplicity of the
geometry, the boundary condition reads u0 · n = u0

2 = 0 on the rigid part of the duct. As a
result, the solution is explicit and reads

p1(x, ξ) = −ξy
∂P 0

∂y
(x) + P 1(x),

u0(x) =
∂P 0

∂x
(x)ex,

(4.15)
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Figure 4.4: Homogenization of a straight slot with effective length `t corresponding to the
model in [79].
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Figure 4.5: Homogenization of a straight slot (two-step model) - same representation as in
figure 4.3.

and u0(x) is constant within a unit cell (and the function Q = 0). Then we still have a
constant flux given by

U0
x(x) =

d

hx
u0
x(x). (4.16)

Eventually, we use the incompressibility condition at the order 0, divξu
1 + divxu

0 +P 0 = 0,
that we integrate over Y, and we obtain

∂U0
x

∂x
(x) +

d

hx
P 0(x) = 0, (4.17)

with d/hx is the normalized surface of air in the unit cell (normalized to h2
x). Eqs. (4.16)

and (4.17) are the equivalent of (4.9) and (4.10).
Repeating the same exercice as for the direct homogenization, the matching conditions

(4.12) remain unchanged, but v0 now tends to u0(0+, y) which does not depend on ξ when
ξx → +∞ (figure 4.5(b)). As q0 does not depend on ξ, we still have continuity of the
pressure p0(0+, y) = p0(0−, y). Next, we integrate the incompressibility condition divξv

0 = 0
over ξx ∈ (−ξ∗x, ξ∗x) which provides the continuity of the flux

hy
hx
u0
x(0−, y) = U0

x(0+, y). (4.18)
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4.2.3 The two models in dimensional form

For simplicity, we shall use the cell-problem (4.7) in dimensional form that is in the unit cell
of dimensions (hx, hy). It reads

∆Q = 0,

∇ (Q+ x) · n = 0, on the rigid parts,

Q,∇ (Q+ x) hx − periodic along x,

(4.19)

(hence Q in (4.7)→ hxQ) and we define the length de

de =

∫
x=0

(
∂Q

∂x
(x) + 1

)
dy. (4.20)

Gathering (4.9) and (4.10) in dimensional form, we obtain the equation of propagation in the
effective slab and the boundary conditions applying at the interfaces with the surrounding
air, specifically the pressure satisfies

∂2p

∂x2
(x) + n2

ek
2p(x) = 0, x ∈ (0, `),

p(0−, y) = p(0+, y), hy
∂p

∂x
(0−, y) = de

∂p

∂x
(0+, y),

p(`−, y) = p(`+, y), de

∂p

∂x
(`−, y) = hy

∂p

∂x
(`+, y).

(4.21)

with ne the effective refractive index

ne =

√
ϕhy
de

, (4.22)

where ϕ is the surface of the labyrinthine normalized to the surface of the unit cell (with
S the surface of the labyrinth within the unit cell, S = ϕhxhy). As a first insight of the
accuracy of the homogenized model, we report in figure 4.6 the pressure field from (4.21) (see
also the forthcoming explicit solution (4.25)-(4.27)). With the dimensions of the unit cell (see
the caption of figure 4.1), we have ϕ = 0.7526 and after Q(x) has been solved, de = 0.0121hy
(hence ne = 7.89). As it should be, the scattered pressure field outside the metasurface is
accurately reproduced; we also notice that the homogenized solution provides a continuous
version of the pressure field within the labyrinth structure.

We do the same for the two-step model, using (4.16) and (4.17) in dimensional form. We
obtain an equation of propagation and the boundary conditions applying at the interfaces
with the surrounding air

∂2p

∂x2
(x) + k2p(x) = 0, x ∈ (0, `t),

p(0−, y) = p(0+, y), hy
∂p

∂x
(0−, y) = d

∂p

∂x
(0+, y),

p(`−t , y) = p(`+t , y), d
∂p

∂x
(`−t , y) = hy

∂p

∂x
(`+t , y).

(4.23)
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Figure 4.6: (a) Pressure field solution of the direct homogenized problem in the configuration
of figure 4.1, from (4.21) (see also (4.25)). (b) Solution Q(x) of the unit cell problem (4.19)
entering in de (4.20).

The phase accumulation of a plane wave at normal incidence is k`t which can be identified
to the phase accumulation in an effective slab of width ` by introducing the refractive index

n̂e =
`t

`
, (4.24)

which is the last step (not labelled) sketched in figure 4.4. Hence, if a good estimate of `t can
be found, we expect that n̂e coincides with ne in (4.22). In particular, if the labyrinth consists
of a straight slot, no uncoiling is necessary and `t = `. Then Q = 0 is an exact solution of
(4.19), hence de = d in (4.20); this implies further that, with ϕ = d/hy, the refractive index
is ne = 1 in (4.22). As it should be in this limiting case, the two models coincide.

4.3 Comparison of the models

From now on, we consider the scattering of an incident plane wave at oblique incidence θ on
the labyrinthine structure as reported in figures 4.1 and 4.6. As the two effective problems
restore translational invariance along y, explicit forms of the solutions can be obtained. In
the homogenized model, owing to (4.21), the solution reads

p(x) = eiβy ×


(
eiαx + re−iαx

)
, x ∈ (−∞, 0),(

a+eiαex + a−e−iαex
)
, x ∈ (0, `),

teiα(x−`), x ∈ (`,+∞),

(4.25)

with α = k cos θ, β = k sin θ and αe = nek. Using further the transmission conditions in
(4.21), the impedance mismatch at oblique incidence of the form

ξ =
ξ0

cos θ
, ξ0 =

√
ϕde

hy
, (4.26)

64



4.3. Comparison of the models

we get

t =
4ξ

(ξ + 1)2e−iαe` − (ξ − 1)2eiαe`
,

r =
(ξ2 − 1)

(
eiαe` − e−iαe`

)
(ξ + 1)2e−iαe` − (ξ − 1)2eiαe`

,

(4.27)

and a± = 1
2

(
1± 1

ξ

)
te∓iαe`. Similarly, using (4.23) the solution of the two-step problem reads

p(x) = eiβy ×


(
eiαx + r̂e−iαx

)
, x ∈ (−∞, 0),(

â+eikx + â−e−ikx
)
, x ∈ (0, `t),

t̂eiα(x−`), x ∈ (`t,+∞),

(4.28)

along with the transmission conditions in (4.23). The solution is similar to the previous one,
with

t̂ =
4ξ̂

(ξ̂ + 1)2e−ik`t − (ξ̂ − 1)2eik`t
,

r̂ =
(ξ̂2 − 1)

(
eik`t − e−ik`t

)
(ξ̂ + 1)2e−ik`t − (ξ̂ − 1)2eik`t

,

(4.29)

with

ξ̂ =
ξ̂0

cos θ
, ξ̂0 =

d

hy
. (4.30)

It is then sufficient to restore the actual thickness of the slab, namely

k`t = kn̂e`, (4.31)

thanks to (4.24) in order to recover the forms proposed in [79], see eq. (1), and by [2], see
eq. (4) given at normal incidence (and ρs = ρ0). Note that the homogenization that we have
inferred for this two-step model comes from the fact that n̂e does not enter in ξ̂ in this model
contrarily to (4.26) which means that the effective medium has a unitary refractive index. To
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Figure 4.7: Case C1- [79] - (a) |t| against k` from numerics (plain line), homogenized model
(4.27) (black dashed line) and two-step model (4.29) (grey dashed lines). (b-c) Pressure fields
at the first perfect transmission.
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begin with, we consider the configurations presented in [79] and [2] since these authors provide
valuable informations on the geometry of the unit cell and on the total length of the uncoiled
labyrinths, see C1 and C2 in table 4.1 respectively. In [79], the authors use a retrieval method
to determine the refractive index n̂e = 7.5. Ones notices that this value is close though not
identical to the prediction of their model. It is in fact determinde heuristically `t = 7.03`,
hence n̂e should be 7.03 from (4.31). Next, ξ̂0 = 0.0913 is simply obtained from (4.30).
The prediction of the direct homogenization are as follow: ϕ = 0.7526 and de = 0.0121
(from the resolution of the cell problem), from which ne = 7.89 and ξ0 = 0.0954. We notice
the agreement between both (however, we stress that n̂e = 7.03 would produce significant
discrepancies). We report in figure 4.7 the transmission against k` ∈ (0, π/2). Expectedly, the
labyrinthine structure allows for the occurence of Fabry-Pérot resonances at low frequency
that is for k`� 1. Specifically, FPs take place when αe`/π in (4.25) is integer, hence for

kFP = N
π

ne`
, N integer, (4.32)

independently of the incidence θ. The agreement with the two models is good, although the
overall accuracy of the direct homogenized prediction is better.

We now move to the labyrinthine structure proposed in [2]. In this reference, the authors
consider that the labyrinth can be filled with a fluid of different refractive index than that
the air surrounding the metasurface. Here, we disregard this fact, specifically we use ξ0 = ξs
in the expressions of the scattering coefficients, (4) and (5) in [2], and f = d/hy is our ξ̂0.
Doing this, the scattering coefficients have the same form as (4.29) at normal incidence. The
authors estimate the total length `t = 9.9, hence n̂e = 1.65; next the impedance mismatch ξ̂0

is defined as in (4.30), hence ξ̂0 = 0.190. With ϕ = 0.346 and de = 0.1185 (from the resolution
of the cell problem), we obtain ne = 1.69 and ξ0 = 0.267; the agreement is reasonable for
the refractive index, significantly different for the impedance mismatch. We show in figure
4.8 the same sequence of results as in figure 4.7; again the two models are comparable in
accuracy with a slight improvement in using the direct homogenized result.
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Figure 4.8: Case C2 - [2] - (a) Same representation as in figure 4.7. (b-c) show the fields at
the first perfect transmission for k` = 0.6π (khy = 0.31).
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Figure 4.9: (a) labyrinth with dissymmetric turning regions. (b) Resulting effective parame-
ters (ne, ξ0) deduced from (4.22) against d1/d.

The geometry of the two structures discussed above clearly differ, hence their effective
properties are intuitively also very different. Very different scattering properties can be
obtained from structures whose uncoiled versions would be difficult more delicate to define.
This is expected to happen when strong evanescent fields are triggered in the turning regions
of the labyrinth.

To inspect this case, we consider the case C3 in table 4.1; we keep the thickness of the
vertical channels equal to d and we introduce a dissymmetry in the width of the openings on
the top (d2) and on the bottom (d1) while keeping d1 + d2 = 2d (figure 4.9(a)). Doing so,
ϕ = 0.9 is kept constant and it should be possible to find a trick to evaluate `t but not an
obvious one. For d1/d ∈ (0.01, 1.99) we have solved the cell problems to get de which is found
to increase with d1/d ∈ (0.01, 1). We report in figure 4.9(b) the resulting variations of the
effective parameters (ne, ξ). Expectedly, the strongest variations of the effective parameters
take place when d1/d tends to zeros which fosters strong evanescent fields. The consequence
of such evanescent field in the turning regions is illustrated in figure 4.10 where we report the
transmission against k` ∈ (0, 0.2)π for two structures with d1 = d2 = d and with d1 = 0.01d,
d2 = d− d1.
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Figure 4.10: Transmission (amplitude and phase) against k` for d1 = d2 = d and for d1 =
0.01d (see figure 4.9), numerics (plain lines) and direct homogenized model, (4.27) (dashed
black lines).
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C1 [79] C2 [2] C3

w 0.03 0.5837 0.01
w′ 0.03 0.1750 0.01
hx 0.2425 1.5475 0.2
` 4hx 6 1.01
d 0.0913 0.19 0.09

Table 4.1: Characteristics of considered labyrinths.
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Figure 4.11: Pressure fields of the two labyrinthine structures with symmetrical turning
regions (d1 = d2 = d) and non-symmetrical turning regions (d1 = 0.01d and d2 = 2d − d1),
direct numerics (left panels) and homogenized solutions (4.25)-(4.27).

It is visible that the scattering properties differ significantly notably by the positions of the
FP resonances. This is further illustrated in figure 4.11 where we report a comparison of the
pressure fields in the actual problems for k` = 0.2π close to the second perfect transmission
of the symmetric labyrinthine structure, along with their homogenized counterparts.

4.4 Concluding remarks and perspectives

This chapter has been dedicated to the study of so called space-coiled metasurfaces. We have
revisited the problem, and obtained trough asymptotic homogenization the effective refrac-
tive index and impedance mismatch without any ambiguity. The obtained model faithfully
reproduces the properties of the actual problem, and is in general more accurate than the so
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called two-step model. As shown, the two-step models major flaws is the heuristical deter-
mination of the uncoiled labyrinthine path. We note that the underlying physics is not new,
as it relies on Fabry-Pérot resonance of an array of equivalent slots. The two-step model
relies on good intuition, and the asymptotic homogenization simply provides a more rigorous
result.

We discuss the possible extensions and perspectives:

The use of acoutiscal space-coiled metasurfaces gained a lot of interest for its application
towards wave front manipulation. This can be done by varying the size of the coiling from
one unit cell to another, either along the surface of the metasurfaces, or along its thickness,
or both. Implementing gradients of dissymmetries from one unit cell to another along the
thickness has been considered in [55] to produce horn-like behaviour. Result in the context
of focusing and wave steering is presented in [42, 138], with quasi-periodicity along the meta-
surface. With this in mind, one could apply quasi-periodic homogenization, which has been
applied in the case of static solid mechanics in [10, 72], and recent efforts in the dynamical
case has been presented in [42, 138]. When variations are only present along the thickness,
quasi-periodic homogenization in bulk would result in a smoothly varying effective refractive
index. In the case of variations along the interface, the derivation of non-trivial transmission
conditions obtained at higher order might be necessary. This has recently been done for the
case of thin film in the work [123].
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Chapter 5
Modelling of a metacrystal

Chapter summary: This chapter is devoted to the modelling of space-coiled material where
the winding arrangement differs from the one presented in the previous chapter, and has got
little to no attention in the literature. It consists of slots in the direction as the propagation
of the incident wave. The identification of a periodic unit cell is thus not evident, and the
classical homogenization approach is not applicable. Indeed, one has to take into account the
one dimensional propagation in the straight slots, and the effect at each bend. This results in
a crystal like behaviour where the bend act as scatterer. Combined with the subwavelength
nature of the periodicity of the slab, we refer to such structures as metacrystals. We derive
a model that takes into account the dispersive behaviour of the embedded crystal through
a combination of asymptotic homogenization and matched asymptotic techniques. The val-
idation is done in the time domain which allows to illustrate the delay of the transmitted
field.

The main results of this chapter has been submitted in the following paper

[160] Zhou Hagström, Joar and Maurel, Agnès and Pham, Kim. (2022) Modeling acoustic
space-coiled metacrystals, submitted to SIAM
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Chapter 5. Modelling of a metacrystal

5.1 Introduction

In the present chapter, we are interested in a space-coiled structure that differs from the
one studied in the previous chapter. Although both configurations can exhibit large phase
shift, as shown in figure 5.1, the scattering properties are significantly different. As the long
straight parts of the slots are not constrained by the subwavelength periodicity h of the array,
identifying a repeating unit cell is not evident. The classical homogenization is therefore
directly applicable in this case. One does have to take into account the one dimensional
propagation in each straight part of the coiled slot, and the the evanescent field triggered
in the turning regions. To model the structure, we apply two-scale homogenization to deal
with periodicity combined with asymptotic techniques to take into account the effects of the
turning regions. The modelling allows us to shed some insight in the physical phenomenon.
As the propagation present in the straight parts, which is anisotropic but homogeneous, can
be of the order of the wavelength, it will be scattered by a bend that is periodically spaced.
It is in fact the case a one dimensional phononic crystal embedded in a subwavelength array.

Joar Zhou Hagström
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Figure 5.1: (a) Classical space-coiled metasurface presented in chapter 4 (b) Space-coiled
metacrystal which is the object of the present study. The orange parts show the unit cell.
Both structures can exhibit large phase shifts, here of the order π.

The treatment of the turning region which will be presented later on in the chapter
corresponds to the wave propagation at a junction of two semi infinite closed wave guides.
Such problems shares a lot of similarity with the studies devoted to wave propagation in
graph and lattice like structures, for a review see [71]. It is generally done in the asymptotical
setting as the width of the waveguide tends to 0, leading to a graph structures with adequate
conditions at the nodes, referred to as Kirchhoff conditions. In quantum mechanics, such
systems are associated to the case of Dirichlet boundary conditions, and is complicated as
trapped modes often exist at bends and nodes. For the Neumann boundary conditions, which
is our case, the existence of trapped modes typically requires some symmetry conditions (see
chapter 3). This simplifies the problem as we will derive non-trivial transmission conditions
for both the pressure field and the flux. The analysis performed in this chapter shares a
lot of similarities with the works performed in [63] and [137]. Their study was on fractal
tree systems, with the aim to model wave propagation in the human lung. They derived the
transmission conditions for the junction of two, or several thin slots, at a given angle in the
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5.2. Main results

acoustical setting. Our case deals with the case of the junction of two parallel slots with the
presence of a turning region, which will need some additional treatment.

We start by presenting the main result of the model. We will perform the derivation in the
time domain, which we have favoured to illustrate the time delay of the transmitted field. We
can however recover the harmonic formulation, and this will be presented in the next chapter.
The derivation in the time domain also allows us to perform an energy analysis, which we
discuss in section 5.4. The model is then validated by comparison with direct numerics done
in section 5.5.

5.2 Main results

5.2.1 The actual problem

We consider the scattering of acoustic waves by a metacrystal as shown in figure 5.1(b). It
is made of a periodic arrangement of identical cells along the vertical, x2, direction with
subwavelength periodicity h and horizontal thickness ` (along x1). Each cell contains a coiled
slot resulting in N horizontal slots connected between them through turning regions. Note
that for a transmissive structure, N is odd (N = 1 corresponds to a straight, uncoiled, slot
and we show the case N = 3 in figure 5.1(b)). In the air, the acoustic pressure p and velocity
u satisfy the linearized Euler equations

∂u

∂t
= −1

ρ
∇p, χ

∂p

∂t
+ divu = 0, u · n|Γ = 0, (5.1)

where (ρ, χ) are the mass density and the compressibility of the air (and t is the time). The
above problem is complemented by Neumann boundary conditions on the pressure (vanishing
normal velocity) applying on the boundaries of the sound-rigid walls. To simplify the nota-
tions, we do not add any specific notation to distinguish the time dependent variables and
the harmonic formulation carried out in the previous chapter. All the pressure and velocity
fields (p,u) are time dependent in this chapter.

5.2.2 The effective problem

In the effective model, whose derivation is detailed in the forthcoming §5.3, we distinguish
two regions, as sketched in figure 5.2. In the outside region x1 /∈ (0, `), the linearized Euler
equations still apply, namely

∂u

∂t
= −1

ρ
∇p, χ

∂p

∂t
+ divu = 0, for x1 /∈ (0, `), (5.2)

with p and u depending of x and t as in the actual problem.

Next, in the metacrystalline region x1 ∈ (0, `), we denote (P,U) the acoustic pressure
and velocity, respectively. This region is described in terms of a strongly anisotropic effective
medium, the spatial variable x1 being replaced by the curvilinear abscissa s, s ∈ (0, Lt) with
Lt = N` the total length of the coiled slot. In each straight part of the slot for s ∈ (s+

n , s
−
n+1),

n ∈ {0, . . . , N −1}, (blue segments associated with specific s-orientation in figure 5.2), (P,U)
are solutions to the one-dimensional propagation equations

∂U

∂t
= −δ

ρ

∂P

∂s
, χδ

∂P

∂t
+
∂U

∂s
= 0, for s ∈ (s+

n , s
−
n+1), (5.3)
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Figure 5.2: The effective problem where the unit cell of the metacrystal has been replaced by
a homogenized anisotropic region with one-dimensional propagation. It is set on a curvilinear
coordinate s that follows the coiled path (blue lines). Jump conditions account for boundary
layer effects in the turning regions (red dotted lines) and at the extremities of the coiled slot
connected to the surrounding air (green dotted lines). The actual rigid, pierced, block is
shown in light grey to assist in the understanding.

where

s+
0 = 0, s−N = N`, s±n = n`± e, otherwise, (5.4)

with e = (η + γ)h the width of the turning region (δ, η and γ are geometrical parameters
defined in figure 5.3). Note that the fields (P,U) depend on s which allows us to describe the
propagation within a single cell but they also depend on x2 which allows us to describe the
field variations from one cell to the others (and they depend on time t). Next, the effect of the
turning region connecting two consecutive slots (sketched in red in figure 5.2) is encapsulated
in jump conditions of the form

JP Kn = −ρhD∂〈U〉n
∂t

− h(δ + ξ)
∂〈P 〉n
∂x2

,

JUKn = −χh(2δ + ξ)η
∂〈P 〉n
∂t

− h(δ + ξ)
∂〈U〉n
∂x2

,

(5.5)

for n ∈ {1, . . . , N − 1} (ξ is a geometrical parameter defined in figure 5.3), and where the
jump and the average of the field F = (P,U) are defined by

JF Kn = F (s+
n , x2, t)− F (s−n , x2, t), 〈F 〉n =

1

2

(
F (s+

n , x2, t) + F (s−n , x2, t)
)
. (5.6)

Eventually at the extremities s = s+
0 and s = s−N of the coiled slot, which communicate with

the surrounding air at x1 = 0 and x1 = ` (these regions are sketched in green in figure 5.2),
jump conditions of a different type apply, of the form

n ∈ {0, N},


JP Kn = −ρhB∂〈U〉n

∂t
,

JUKn = −hC ∂Wn

∂x2
, where

∂Wn

∂t
= −1

ρ

∂〈P 〉n
∂x2

,

(5.7)
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5.3. Derivation of the effective model

where we have defined, for f = (p, u1) and F = (P,U), the jumps
JF K0 = F (s+

0 , x2, t)− f(0−, x2, t), 〈F 〉0 =
1

2

(
F (s+

0 , x2, t) + f(0−, x2, t)
)
,

JF KN = f(`+, x2, t)− F (s−N , x2, t), 〈F 〉N =
1

2

(
f(`+, x2, t) + F (s−N , x2, t)

)
.

(5.8)

The effective model involves, in addition to geometrical parameters, three effective parameters
(B, C,D) which are boundary layer coefficients given by elementary static problems that will
appear in the asymptotic analysis.
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Figure 5.3: Decomposition of the unit cell into sub-regions requiring appropriate asymptotic
analysis. In the straight parts of the coiled slot (blue area) the propagation is accounted for;
in the turning regions connecting two of these straight slots (red area) and in the regions
connecting the extremities of the coiled slot to the surrounding air (green area), matched
asymptotic methods are used to capture the effect of the boundary layers.

5.3 Derivation of the effective model

We derive in this section the effective model based on asymptotic analysis valid in the sub-
wavelength regime. As we are working in the time domain, the subwavelength regime im-
plicitly assumes that the spectral content of the sources, once they will be defined, is limited
by a maximum angular frequency ω satisfying ε = ωh/c � 1, with c = 1/

√
ρχ the speed of

sound. We shall use non-dimensional forms of the linearized Euler equations (5.1), with

p→ χp, u→ u/c, t→ ωt, x→ ωx/c, (5.9)

resulting in
∂u

∂t
= −∇p,

∂p

∂t
+ divu = 0, u · n|Γ = 0. (5.10)

In the asymptotic procedure, we shall consider sub-regions where appropriate analysis
will be achieved. Specifically, as sketched in figure 5.3 (the figure uses the same color code as
in figure 5.2), we shall distinguish the straight parts of the coiled slot (blue area) where one-
dimensional wave propagation takes place resulting in (5.3), the turning regions connecting
two straight slots (red area) and eventually the regions connecting the coiled slot to the
surrounding air (green area). These two families of intermediate regions involve evanescent
fields whose signatures in the effective model are the jump conditions announced in (5.5) and
(5.7).
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Chapter 5. Modelling of a metacrystal

5.3.1 Effective propagation in the straight parts of the coiled slot

Setting of the asymptotic procedure

In the straight slots far from the turning regions, the medium is structured along x2 only. It
follows the same analysis as the one presented in chapter 3, but for N straight slots. Hence,
we assume the following expansions

pε =
∑
i>0

εipi(x, x2, t) , uε =
∑
i>0

εiui(x, x2, t) with ui = (ui, vi), (5.11)

where x2 = x2/ε ∈ (0, 1) is a fast variable describing the vertical position towards the N
slots. We denote Y(n) the region of the n-th slot within the unit cell x2 ∈ (0, 1), specifically

Y(n) = (y(n) − δ/2, y(n) + δ/2), y(n) = (n− 1)(δ + ξ) + δ/2, (5.12)

see figure 5.4. For the n-th slot and at any order i, we define the average pressure field pi(n)

and the flow rate ui(n) as

pi(n)(x, t) =
1

δ

∫
Y(n)

pi(x, x2, t) dx2, ui(n)(x, t) =

∫
Y(n)

ui(x, x2, t) dx2, (5.13)

which are the effective, macroscopic, fields we are interested in.
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Figure 5.4: The one-dimensional representative cell defined by x2 ∈ (0, 1) inside the coiled
region far from the extremities. It is made of N fluid segments of thickness δ (blue region)
separated by walls of thickness ξ (grey region).

The Neumann condition on the horizontal rigid walls, separating each slot from the other,
holds at each order of the expansion and reads

vi(x, y(n) ± δ/2, t)) = 0. (5.14)

Due to the two-scale expansions in (5.11), the divergence operator and the gradient operator
now read

divf = divxf +
1

ε

∂f

∂x2
· e2, ∇f = ∇xf +

1

ε

∂f

∂x2
e2, (5.15)

for any vectorial function f(x, x2, t) and for any scalar function f(x, x2, t). Accordingly,
applying the differential operators (5.15) to (5.10) along with (5.11) and identifying the
terms with same powers in ε, we obtain
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5.3. Derivation of the effective model


∂v0

∂x2
= 0,

∂pi

∂t
+ divxu

i +
∂vi+1

∂x2
= 0 for i ≥ 0,

0 =
∂p0

∂x2
,

∂ui

∂t
= −∇xp

i − ∂pi+1

∂x2
e2 for i ≥ 0.

(5.16)

The zero-th order in the slots

We deduce from the leading order in (5.16) that p0 and v0 take constant values in each slot
(yet possible different values due to the rigid walls between the slots). Using the definition
(5.13) of the average, we get

p0(x, x2 ∈ Y(n), t) = p0
(n)(x, t). (5.17)

and from the Neumann boundary conditions (5.14), we have

v0(x, x2 ∈ Y(n), t) = 0. (5.18)

At the next order in (5.16), we obtain that ∂u0

∂t = − ∂p0

∂x1
with p0 piecewise constant. We

deduce using (5.13) that

u0(x, x2 ∈ Y(n), t) =
1

δ
u0

(n)(x, t)e1. (5.19)

Next, integrating the mass balance in (5.16) at order i = 0 over Y(n) and using (5.13) as well
as Neumann boundary conditions (5.14) to get rid of the contribution of v1 at the walls, we
also obtain

∂u0
(n)

∂t
+ δ

∂p0
(n)

∂x1
= 0,

∂u0
(n)

∂x1
+ δ

∂p0
(n)

∂t
= 0, (5.20)

which describes the expected one-dimensional propagation in the n-th slot.

The first order in the slots

From the balance of mass given by (5.16) (with i = 0) and equations (5.17) and (5.20) derived

at the dominant order, we get that ∂p0

∂t + divxu
0 = 0, hence we have ∂x2v

1 = 0 and v1 is
piecewise constant. By taking into account the Neumann boundary conditions (5.14) at order
1, we deduce that v1 = 0 in all the slots. From the balance of momentum in (5.16) along e2

at order 0 and (5.18), we have

0 = −∂p
1

∂x2
− ∂p0

∂x2
, (5.21)

which after integration gives

p1 = (y(n) − x2)
∂p0

(n)

∂x2
+ p1

(n), (5.22)

with
∫
Y(n)

(y(n) − x2) dx2 = 0. Integrating the mass balance (5.16) for i = 1 and using the

Neumann boundary conditions (5.14), we get the one-dimensional wave equation at the first
order in the n-th slot

∂u1
(n)

∂t
+ δ

∂p1
(n)

∂x1
= 0,

∂u1
(n)

∂x1
+ δ

∂p1
(n)

∂t
= 0, (5.23)

which is the same as the one obtained at order 0.
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Chapter 5. Modelling of a metacrystal

5.3.2 Solutions in the air far from the material

Since the surrounding air for x1 /∈ (0, `) is a homogeneous medium, the asymptotic expansion
is straightforward and does not involve two scales expansion. Specifically, we have

pε =
∑
i>0

εipi(x, t) , uε =
∑
i>0

εiui(x, t), (5.24)

which after injection in (5.10) results at each order in

∀i ≥ 0,
∂pi

∂t
+ divxu

i = 0 ,
∂ui

∂t
= −∇xp

i. (5.25)

5.3.3 Analysis at the junctions at the entry/exit of the slot

We shall now derive the effective jump conditions applying between the extremities of the
coiled slot and the surrounding air. The analysis is presented at the extremity x1 = 0 as the
jump conditions at x1 = ` can be deduced by mirroring the analysis.

Setting of the asymptotic procedure

It consists in matching the outer expansions (5.11) and (5.24) through an intermediate inner
region governed by boundary layer effect. To do that, we introduce the representative unit
cell Y, obtained by rescaling spatially the extremity of the slot near x1 = 0 owing to the
variable y = x/ε, see figure 5.5. This cell is the union Y = Y+ ∪ Y− of the semi-infinite
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Figure 5.5: The representative unit cell Y = Y+∪Y− near one extremity of the slot at x1 = 0
connects the surrounding air (green region) to the interior of the slot (blue region).

region Y− in the surrounding fluid and of the semi-infinite region Y+ in the first straight slot,
specifically

Y− = (−∞, 0)× (0, 1), Y+ = (0,∞)× Y(1). (5.26)

In this inner region, we use the following expansion of the fields

pε =
∑
i>0

εipi(x2,y, t) , uε =
∑
i>0

εiui(x2,y, t), u = (u, v), (5.27)
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where (pi,ui) are assumed to be periodic with respect to y2 in Y− and ui · n = 0 on the
boundaries of the rigid walls, denoted Γ. As in the previous section, the divergence operator
and the gradient operator are affected by the two-scale expansion, which in this case read

divf =
∂f

∂x2
· e2 +

1

ε
divyf , ∇f =

∂f

∂x2
· e2 +

1

ε
∇yf, (5.28)

for any vectorial function f(x2,y) and for any scalar function f(x2,y). Injecting the expan-
sions (5.27) in (5.10), we get at the leading orders

divyu
0 = 0, divyu

1 + ∂x2v
0 +

∂p0

∂t
= 0,

0 = ∇yp
0,

∂u0

∂t
= −∂p

0

∂x2
e2 −∇yp

1,

u0 · n|Γ = u1 · n|Γ = 0.

(5.29)

The matching conditions are obtained by pairing the outer expansions (5.11) and (5.24) valid
far from the entry at y1 = 0 with the inner expansions (5.27) valid in the vicinity of the entry.
For the pressure expansions in (5.24) and (5.27), the matching reads

p0(x2,y, t) + εp1(x2,y, t) + · · · ∼ p0(x, t) + εp1(x, t) + · · · , (5.30)

as x1 → −∞ and x1 → 0−. By recalling that x1 = εx1 and by using a Taylor expansion of
the outer expansion with respect to ε, we get at the dominant order and at the first order in
the fluid

p0(0−, x2, t) = lim
x1→−∞

p0(x2,y, t), (5.31)

p1(0−, x2, t) = lim
x1→−∞

(
p1(x2,y, t)− x1

∂p0

∂x1
(0−, x2, t)

)
. (5.32)

Doing the same for the expansions in (5.11) and (5.27) results in

p0(x2,y, t) + εp1(x2,y, t) + · · · ∼ p0(x, x2, t) + εp1(x, x2, t) + · · · , (5.33)

as x1 → +∞ (with x2 ∈ Y(1)) and x1 → 0+, hence for x2 ∈ Y(1), we get

p0(0+, x2, x2, t) = lim
x1→+∞

p0(x2,y, t), (5.34)

p1(0+, x2, x2, t) = lim
x1→+∞

(
p1(x2,y, t)− x1

∂p0

∂x1
(0+, x2, x2, t)

)
. (5.35)

The exact same matching conditions as (5.31) and (5.34) are obtained for the velocity field
by replacing formally p by u and p by u.

The continuity conditions at dominant order

From (5.29), we deduce that p0 is independent of y and we obtain from the matching condi-
tions (5.31) and (5.34) that

p0
(1)(0

+, x2, t) = p0(x2,y, t) = p0(0−, x2, t), (5.36)
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since p0 = p0
(1) for x2 ∈ Y(1) from (5.17). Next, by integrating the free divergence equation

in (5.29) set on u0 over the subset domain Y∗ ⊂ Y, truncated at x1 = ±y∗1 with y∗1 � 1,
and using the Neumann boundary conditions on the rigid walls and the periodic boundary
condition in Y∗ ∩ Y−, we obtain∫

Y(1)

u0(x2, y
∗
1, x2, t) dx2 −

∫
Y
u0(x2,−y∗1, x2, t) dx2 = 0. (5.37)

Passing to the limit as y∗1 → +∞ and using the matching conditions (5.31) and (5.34) written
on the velocity, we obtain

u0
(1)(0

+, x2, t) = u0(0−, x2, t). (5.38)

Therefore, there is no boundary layer correction at the dominant order, meaning that the
usual continuity conditions on pressure and flow rate apply. Conducting the same analysis
at the extremity x1 = ` of the slot, we get the same continuity conditions, namely

p0
(N)(`

−, x2, t) = p0(`+, x2, t), u0
(N)(`

−, x2, t) = u0(`+, x2, t). (5.39)

The jump conditions at first order

Jump condition on the pressure From (5.29), the problem set on Y for the couple
(p1,u0) is given by

∂u0

∂t
= −∂p

0

∂x2

∣∣∣
0−
e2 −∇yp

1 , divyu
0 = 0 , u0 · n|Γ = 0 ,

lim
x1→−∞

∂u0

∂t
=
∂u0

∂t

∣∣∣
0−
e1 −

∂p0

∂x2

∣∣∣
0−
e2,

lim
x1→+∞

∂u0

∂t
=

1

δ

∂u0

∂t

∣∣∣
0−
e1,

(5.40)

with ∂p0

∂x2
|0− = ∂p0

∂x2
(0−, x2, t) and ∂u0

∂t |0− = ∂u0

∂t (0−, x2, t). In (5.40), we have used the conti-
nuities of the pressure and of the flow rate given by (5.36) and (5.38), along with (5.17) (for
n = 1). By linearity, the solution of (5.40) can be decomposed as a linear combination of the

macroscopic fields ∂p0

∂x2
|0− and ∂u0

∂t |0− which do not depend on y. Specifically, we have

p1(x2,y, t) =
∂p0

∂x2

∣∣∣
0−
Q2(y)− ∂u0

∂t

∣∣∣
0−
Q1(y) +Q∗(x2, t), (5.41)

where the functions (Q1, Q2) satisfy the so-called elementary problems given by (i = 1, 2)

i ∈ {1, 2},



divy(∇yQi + δi2e2) = 0 in Y, (∇yQi + δi2e2) · n|Γ = 0,

(Qi,∇Qi) x2 − periodic for x1 < 0,

lim
x1→−∞

∇yQi = δi1e1,

lim
x1→+∞

∇yQi = δi1e1/δ − δi2e2,

(5.42)

with δij = 0 if i 6= j and δij = 1 otherwise. The behavior of (Q1, Q2) at infinity reads

lim
x1→−∞

lim
x1→+∞

Q1 x1
x1

δ
+ B

Q2 0 y(1) − x2

(5.43)
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with y(1) = δ/2 from (5.12) and where B is a boundary layer corrector. We have used that
Q2 is odd with respect to x2 = δ/2 in the slot, hence its behavior at infinity when x1 → +∞.
From the matching condition (5.31) with the exterior together with (5.25), we get

p1(0−, x2, t) = lim
x1→−∞

(
p1(y, x2, t) + x1

∂u0

∂t

∣∣∣
0−

)
= Q∗(x2, t). (5.44)

From the matching condition (5.34) with the first slot together with (5.20) and (5.38) which

gives ∂u0

∂t |0− =
∂u0

(1)

∂t |0+ = −δ ∂p0

∂x1
|0+ , we get

p1(0+, x2, x2 ∈ Y(1), t) = lim
x1→+∞

(
p1(y, x2, t) +

x1

δ

∂u0

∂t

∣∣∣
0−

)
=− B∂u

0

∂t

∣∣∣
0−

+
∂p0

∂x2

∣∣∣
0−

(y(1) − x2) +Q∗(x2, t).

(5.45)

Using (5.22) (since p0|0− = p0
(1)|0+), we deduce

p1
(1)(0

+, x2, t) = −B∂u
0

∂t

∣∣∣
0−

+Q∗. (5.46)

Finally, substracting (5.44) to (5.46) we get the jump conditions on the pressure field

p1
(1)(0

+, x2, t)− p1(0−, x2, t) = −B∂u
0

∂t

∣∣∣
0−
. (5.47)

By conducting the same analysis at the other extremity x1 = ` of the slot, we obtain

p1(`+, x2, t)− p1
(N)(`

−, x2, t) = −B∂u
0

∂t

∣∣∣
`+
. (5.48)

Jump condition on the flow rate We start from the divergence relation on u1 in (5.29)
that we integrate over the truncated domain Y∗ after taking the time derivative, specifically
we get ∫

Y∗

(
divy

∂u1

∂t
+

∂2v0

∂t∂x2
+
∂2p0

∂t2

)
dy = 0. (5.49)

We evaluate separately the three contributions in the integral in (5.49). First, since p0 is
constant in Y, see (5.36), we have∫

Y∗

∂2p0

∂t2
dy = (1 + δ)y∗1

∂2p0

∂t2

∣∣∣
0−
. (5.50)

Next, using the divergence theorem and the matching conditions (5.31)-(5.34) written for the
velocity as well as the definitions (5.13) of the flow rate, we have the asymptotic estimate∫

Y∗
divy

∂u1

∂t
dy =

∂u1
(1)

∂t

∣∣∣
0+
− ∂u1

∂t

∣∣∣
0−

+ y∗1
∂2u0

(1)

∂t∂x1

∣∣∣
0+

+ y∗1
∂2u0

∂t∂x1

∣∣∣
0−

+ o(1) (5.51)

where o(1) are vanishing terms as y∗1 → +∞. Adding the two contributions (5.50) and (5.51)
and using mass balance equations (5.20) and (5.25), we get∫

Y∗

(
divy

∂u1

∂t
+
∂2p0

∂t2

)
dy =

∂u1
(1)

∂t

∣∣∣
0+
− ∂u1

∂t

∣∣∣
0−
− y∗1

∂2v0

∂t∂x2

∣∣∣
0−

+ o(1). (5.52)
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The remaining term of the integral (5.49) can be expressed using (5.40) as∫
Y∗

∂2v0

∂t∂x2
dy = −(1 + δ)y∗1

∂2p0

∂x2
2

∣∣∣
0−
−
∫
Y∗

∂2p1

∂x2∂x2
dy. (5.53)

The last integral can be made explicit using (5.41) to get∫
Y∗

∂2p1

∂x2∂x2
dy =

∂2p0

∂x2
2

∣∣∣
0−

(∫
Y∗∩Y−

∂Q2

∂x2
dy +

∫
Y∗∩Y+

(
∂Q2

∂x2
+ 1

)
dy − δy∗1

)

− ∂2u0

∂t∂x2

∣∣∣
0−

∫
Y∗

∂Q1

∂x2
dy + o(1). (5.54)

Note that due to periodicity conditions in Y−, we have
∫
Y∗∩Y−

∂Qi

∂x2
dy = 0 for i = 1, 2. One

can also remark that the loading being in the direction e1 for Q1, the solution is symmetric
with respect to x2 = δ/2 in the slot and hence we have

∫
Y∗∩Y+

∂Q1

∂x2
dy = 0. Finally,

introducing the boundary layer corrector

C =

∫
Y+

(
∂Q2

∂x2
+ 1

)
dy, (5.55)

and adding (5.52) to (5.53) with the use of (5.54), we get

∂

∂t

(
u1

(1)(0
+, x2, t)− u1(0−, x2, t)

)
= C ∂

2p0

∂x2
2

(0−, x2, t). (5.56)

To get rid of the time derivative, we introduce the auxiliary velocity field W0(x2, t) defined
as

∂W0

∂t
(x2, t) = −∂p

0

∂x2
(0−, x2, t), (5.57)

which allows us to express the jump condition on the normal velocity at first order as

u1
(1)(0

+, x2, t)− u1(0−, x2, t) = −C ∂W0

∂x2
. (5.58)

By conducting the same analysis at the exit of the crystaline region, we get

u(`+, x2, t)− u1
(N)(`

−, x2, t) = −C ∂WN

∂x2
, (5.59)

with the auxiliary velocity field WN (x2, t) defined as

∂WN

∂t
(x2, t) = −∂p

0

∂x2
(`+, x2, t) (5.60)

5.3.4 Analysis at the junctions

We shall now derive the effective jump conditions applying between two consecutive slots at
a turning region. We notice that a similar analysis has been conducted in [63, 37]. For the
sake of conciseness, we shall consider a turning region close to x1 = 0, that is to say between
the n-th and the (n + 1)-th slot with n even. The conditions for the turning region on the
opposite side near x1 = ` can be deduced by mirroring the analysis. We also notice that the
analysis is very similar but not identical to that developed in the preceding section; to avoid
multiple references to this previous analysis, we simply repeat below the exercice.
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5.3. Derivation of the effective model

Setting of the asymptotic procedure

We define the representative cell Yc of the turning region (see figure 5.6), using the rescaled
space variable y = x/ε, as the semi-infinite region

Yc = (γ, γ + η)× (y(n) − δ/2, y(n+1) + δ/2) ∪ (γ + η,+∞)× (Y(n) ∪ Y(n+1)), (5.61)

with y(n) and Y(n) defined by (5.12).
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Figure 5.6: The representative cell Yc at a turn connecting two consecutive slots (red region).

In this region, we use the following asymptotic expansions

pε =
∑
i>0

εipic(x2,y, t), uε =
∑
i>0

εiuic(x2,y, t). (5.62)

Injecting (5.62) in the governing equations (5.10), we get at the leading orders
divyu

0
c = 0, divyu

1
c + ∂x2v

0
c +

∂p0
c

∂t
= 0,

0 = ∇yp
0
c ,

∂u0
c

∂t
= −∂p

0
c

∂x2
e2 −∇yp

1
c .

u0
c · n|Γc

= u1
c · n|Γc

= 0,

(5.63)

where Γc denotes the part of the boundary Yc associated to the rigid walls. The matching
conditions between the inner expansions and the outer expansions (5.11) far in the slots can
be derived using the same procedure as in the preceding §5.3.3. For the pressure, they read

p0(0+,αi) = lim
x1→+∞

p0
c (x1,αi),

p1(0+,αi) = lim
x1→+∞

(
p1
c (x1,αi)− x1

∂p0

∂x1
(0+,αi)

)
,

(5.64)

with the notation αi = (x2 ∈ Y(i), x2, t) for i = {n, n+ 1}. The same matching conditions on
the velocity are obtained by replacing formally p by u and pc by uc in (5.64).

The continuity conditions at dominant order

At the dominant order, we get from (5.63) that p0
c is independent of y, hence we obtain from

the matching condition (5.64) together with the result (5.17) set in the bulk that

p0
(n+1)(0

+, x2, t) = p0
c (x2,y, t) = p0

(n)(0
+, x2, t), (5.65)
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which translates in the continuity of the pressure between two consecutive slots. Next, by
integrating the divergence free equation in (5.63) over the subset domain Y∗c ⊂ Y, truncated
at x1 = ±y∗1 with y∗1 � 1, and eliminating the boundary terms associated to the Neumann
boundary conditions on the rigid walls, we obtain∫

Y(n)

u0
c (x2, x

∗
1, x2, t) x2 +

∫
Y(n+1)

u0
c (x2, x

∗
1, x2, t) dx2 = 0. (5.66)

Passing to the limit when y∗1 → +∞ and using the matching condition (5.64) (written for the
velocity) together with the definitions of the flow rate (5.13) in the bulk, we obtain a jump
condition on the flow rate

u0
(n+1)(0

+, x2, t) + u0
(n)(0

+, x2, t) = 0. (5.67)

At the dominant order, we recover the continuity conditions on the pressure and on the
flowrate.

The jump conditions at the first order

Jump condition on the pressure From (5.63), the problem set for the couple (p1
c ,u

0
c ) is

given by 

∂u0
c

∂t
= −∂p

0
(n)

∂x2

∣∣∣
0+
e2 −∇yp

1
c , divyu

0
c = 0 , u0

c · n|Γc
= 0 ,

lim
x1→+∞

∂u0
c

∂t
(x1, x2 ∈ Y(n), x2, t) =

1

δ

∂u0
(n)

∂t

∣∣∣
0+
e1,

lim
x1→+∞

∂u0
c

∂t
(x1, x2 ∈ Y(n+1), x2, t) = −1

δ

∂u0
(n)

∂t

∣∣∣
0+
e1.

(5.68)

The above formulation has been obtained using i) (5.67) used to express the limit when

x1 → +∞ in terms of
∂u0

(n)

∂t |0+ only, ii) that the vertical velocity v0 is zero in the slots from

(5.18), iii) the continuity of the pressure in (5.65) which shows that ∂p0
c

∂x2
=

∂p0
(n)

∂x2
|0+ . The

solution of (5.68) can now be expressed as a linear combination of the two macroscopic fields
∂p0

(n)

∂x2
|0+ and

∂u0
(n)

∂t |0+ (which are independent of y), namely we use

p1
c (x2,y, t) =

∂p0
(n)

∂x2

∣∣∣
0+

(y(n) − x2)− ∂u0
(n)

∂t

∣∣∣
0+
Q(n)(y) +Q

(n)
∗ (x2, t), (5.69)

with Q(n)(y) being solutions to the elementary problems
∆yQ

(n) = 0 in Yc, ∇yQ
(n) · n|Γc

= 0,

lim
x1→+∞

∇yQ
(n)(x1, x2 ∈ Y(n)) =

e1

δ
,

lim
x1→+∞

∇yQ
(n)(x1, x2 ∈ Y(n+1)) = −e1

δ
.

(5.70)

The asymptotic behavior of Q(n) at infinity is given by

lim
x2∈Y(n),x1→+∞

lim
x2∈Y(n+1),x1→+∞

Q(n) x1

δ
−x1

δ
−D∗

(5.71)
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Note that the problem (5.70) corresponds to a classical potential flow problem in fluid me-
chanics, with a fluid flowing in a curved portion of channel; in this context, the parameter D∗
is called the blockage coefficient. We can now express jump conditions at the first order. For
that, we pass to the limit in (5.69) with the help of the asymptotic behavior (5.71), and then
make use of the matching conditions (5.64) together with the form (5.22) of the pressure p1

in the slots. This leads top
1
(n+1)(0

+, x2, t) = (y(n) − y(n+1))
∂p0

(n)

∂x2

∣∣∣
0+
−D∗∂u

0
(n+1)

∂t

∣∣∣
0+

+Q
(n)
∗ (x2, t),

p1
(n)(0

+, x2, t) = Q
(n)
∗ (x2, t).

(5.72)

Noticing that y(n+1) − y(n) = δ + ξ, we deduce the jump condition on the pressure at the
junction between each slot

p1
(n+1)(0

+, x2, t)− p1
(n)(0

+, x2, t) = −D∗∂u
0
(n+1)

∂t

∣∣∣
0+
− (δ + ξ)

∂p0
(n)

∂x2

∣∣∣
0+
. (5.73)

Jump condition on the velocity We start from the divergence relation on u1 in (5.63)
that we integrate over the truncated domain Y∗c after taking the time derivative. This reads∫

Y∗c

(
divy

∂u1
c

∂t
+

∂2v0
c

∂t∂x2
+
∂2p0

c

∂t2

)
dy = 0. (5.74)

We evaluate below the three contributions in the integral in (5.74). First, since p0
c is constant

in Yc, see (5.65), we have∫
Y∗c

∂2p0
c

∂t2
dy = (2δ(y∗1 − γ) + ξη)

∂2p0
(n)

∂t2

∣∣∣
0+
. (5.75)

Next, using the divergence theorem and the matching conditions (5.64) written for the
velocity, we have the asymptotic estimate∫

Y∗c
divy

∂u1
c

∂t
dy =

∂u1
(n+1)

∂t

∣∣∣
0+

+
∂u1

(n)

∂t

∣∣∣
0+

+ y∗1
∂2u0

(n+1)

∂t∂x1

∣∣∣
0+

+ y∗1
∂2u0

(n)

∂t∂x1

∣∣∣
0+

+ o(1), (5.76)

where o(1) are vanishing terms as y∗1 → +∞. Adding the two contributions (5.75) and (5.76)
and using mass balance equations (5.20), we get∫

Y∗c

(
divy

∂u1
c

∂t
+
∂2p0

c

∂t2

)
dy =

∂u1
(n+1)

∂t

∣∣∣
0+

+
∂u1

(n)

∂t

∣∣∣
0+

+ (ξη − 2δγ)
∂2p0

(n)

∂t2

∣∣∣
0+

+ o(1). (5.77)

The remaining term of the integral (5.74) can be further simplified using (5.68), namely∫
Y∗c

∂2v0
c

∂t∂x2
dy =

∂2u0
(n)

∂t∂x2

∣∣∣
0+

∫
Y∗c

∂Q(n)

∂x2
dy (5.78)

with the integral on the right-hand side being explicit. Indeed, integrating by part of (5.70)
after a multiplication by x2 gives

0 =

∫
Yc
x2∆yQ

(n) dy =

∫
∂Yc

x2∇yQ
(n) · n dy −

∫
Yc

∂Q(n)

∂x2
dy. (5.79)
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Eliminating the zero contribution in the boundary integral, on the rigid walls due to the
Neumann boundary condition, it leaves only the contribution when x1 → +∞∫

∂Yc
x2∇yQ

(n) · n dy =
1

δ

∫
Y(n)

x2 dx2 −
1

δ

∫
Y(n+1)

x2 dx2 = −(δ + ξ) (5.80)

from which we deduce ∫
Yc

∂Q(n)

∂x2
dy = −(δ + ξ). (5.81)

Finally, adding (5.77) and (5.78), we find the jump condition at order 1 on the normal velocity

u1
(n+1)(0

+, x2, t) + u1
(n)(0

+, x2, t) = −(ξη − 2δγ)
∂p0

(n)

∂t

∣∣∣
0+

+ (δ + ξ)
∂u0

(n)

∂x2

∣∣∣
0+
. (5.82)

5.3.5 Effective problem with curvilinear coordinate and unique formula-
tion

The curvilinear description

The effective problem derived from the asymptotic analysis in the slots can be rewritten a
posteriori in a more intuitive form. It consists in using the curvillinear coordinate s that runs
along the coiled slot. Specifically, s is defined over (0, N`) with the mapping from the global
frame, made of the N slots, to the curvilinear frame, made of a single path, given by{

(n, x1) 7→ s =
(
n− 1

2

)
`+ (−1)n

(
`
2 − x1

)
,

{1, . . . , N} × (0, `) 7→ (0, N`).
(5.83)

Expressing the one-dimensional wave equation (5.20) and (5.23) in terms of s gives

i ∈ {0, 1}, s ∈ (0, N`),
∂U i

∂t
+ δ

∂P i

∂s
= 0,

∂U i

∂s
+ δ

∂P i

∂t
= 0, (5.84)

where (P i, U i) are the pressure and flow rate variables set in the new frame and defined as

(P i(s, x2), U i(s, x2)) = (pi(n)(x1, x2), (−1)nui(n)(x1, x2)). (5.85)

The jump conditions (5.65) and (5.67) at order 0, (5.73) and (5.82) at order 1, now apply at
s = n` with n ∈ {1, . . . , N − 1} and read

JP 0K = JU0K = 0,

JP 1K = −D∗∂U
0

∂t

∣∣∣
n`
− (δ + ξ)

∂P 0

∂x2

∣∣∣
n`
,

JU1K = −(ξη − 2δγ)
∂P 0

∂t

∣∣∣
n`
− (δ + ξ)

∂U0

∂x2

∣∣∣
n`
.

(5.86)

At the entrance and the exit, at s = 0 and s = N`, the continuity conditions at order 0 with
the exterior now readP

0|s=0+ − p0|x1=0− = p0|x1=`+ − P 0|s=(N`)− = 0,

U0|s=0+ − u0|x1=0− = U0|x1=`+ − u0|s=(N`)− = 0,
(5.87)
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while the jump conditions at order 1 are given by
P 1|s=0+ − p1|x1=0− = −B∂u

0

∂t

∣∣∣
x1=0−

, U1|s=0+ − u1|x1=0− = −C ∂W0

∂x2
,

p1|x1=`+ − P 1|s=(N`)− = −B∂u
0

∂t

∣∣∣
x1=`+

, u1|x1=`+ − U1|s=(N`)− = −C ∂WN

∂x2
,

(5.88)

with (W0,WN ) still given by (5.57) and (5.60).

The unique formulation

The last step in the construction of the effective model is to gather the contributions (p0, P 0,u0, U0)
at order 0 and (p1, P 1,u1, U1) at order 1 into a unique problem. Inside the equivalent
metacrystalline region, we introduce the pressure and flow rate fields (in the curvilinear
frame)

P = P 0 + εP 1 and U = U0 + εU1, (5.89)

while in the surrounding air we introduce

p = p0 + εp1 and u = u0 + εu1. (5.90)

Using (5.84) and (5.25), it is straightforward to deduce the final effective wave equations
(5.2)-(5.3) after using the dimensionalization procedure (5.9). The derivation of the unique
formulation of the jump conditions is more involved as it requires the introduction of mean
quantities. At the entry of the metacrystalline region, in virtue of the continuity of the flow
rate (5.87) at order 0 combined with (5.89)-(5.90), we have

∂u0

∂t

∣∣∣
x1=0−

=
1

2

(
∂u

∂t

∣∣∣
x1=0−

+
∂U

∂t

∣∣∣
s=0+

)
+O(ε). (5.91)

Now, summing the contributions (5.87) at order 0 and (5.88) at order 1 on the pressure
together with (5.91), we finally get the jump condition on the pressure (5.7) at the entry (up
to the second order in ε). Next the continuity equation on the pressure (5.87) implies that
(5.57) gives

∂W0

∂t
= −1

2

(
∂p

∂x2

∣∣∣
x1=0−

+
∂P

∂x2

∣∣∣
s=0+

)
+O(ε), (5.92)

which allows to deduce from (5.87) and (5.88) the jump condition on the flow rate (5.7) at
the entry (up to the second order in ε). The same exact procedure can be applied to get the
final jump conditions at the exit of the metacrystalline region.

Getting the final jump conditions at each junction is more involved because it needs to
introduce the enlargement of the interface due to the finite size of the turning region (at
order 1). This is done in order to ensure stability of the model which requires that a positive
definite energy can be defined; exemples can be found in [38, 95] and the positivity will be
proven in the forthcoming section 5.4. To do this, we aim to express the jump conditions,
when going from the slot n to the slot (n+ 1), in terms of s values s = n`− e and s = n`+ e
(with e = (η+γ)ε). By doing a Taylor expansion as ε� 1 of the continuity conditions (5.86)
on the pressure field and using (5.84), it can be shown that

P 0|s=n`+e − P 0|s=n`−e = −ε2

δ
(η + γ)

∂〈U〉
∂t

+O(ε2), (5.93)
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with the mean operation defined as

〈f〉 =
1

2
(f |s=n`+e + f |s=n`−e) . (5.94)

Similarly at the next order, by doing a Taylor expansion on the first order jump condition
(5.86) on the pressure, we have

P 1|s=n`+e − P 1|s=n`−e = −D∗∂〈U〉
∂t
− (δ + ξ)

∂〈P 〉
∂x2

+O(ε). (5.95)

Now multiplying (5.95) by ε and adding the contribution (5.93), we obtain the desired jump
conditions (5.5) at the junction on the pressure field (valid up to the second order in ε) with

D = D∗ +
2(η + γ)

δ
. (5.96)

The unique formulation of the jump condition on the flow rate at the junction is obtained
similarly. We first enlarged the continuity condition (5.86) with a Taylor expansion to get

U0|s=n`+e − U0|s=n`−e = −2δ(η + γ)ε
∂〈P 〉
∂t

+O(ε2), (5.97)

with 〈P 〉 defined by (5.94). We proceed similarly with the jump condition at the first order
to get

U1|s=n`+e − U1|s=n`−e = −(ξη − 2δγ)
∂〈P 〉
∂t
− (δ + ξ)

∂〈U〉
∂x2

+O(ε). (5.98)

Now multiplying (5.98) by ε and adding the contribution (5.97), we obtain the desired jump
conditions (5.5) (valid up to the second order in ε).

5.4 Energetic properties

5.4.1 Energy balance of the effective model

We consider a rectangular domain Ω = (−L1, L1)× (−L2, L2) with L1 > ` so that Ω contains
the crystalline region. In the direct problem given by (5.1), the classical energy balance
equation is given by

dEb

dt
+

∫
∂Ω
π · n dx = 0, with Eb =

1

2

∫
Ω

(
χp2 + ρ|u|2

)
dx, (5.99)

where Eb is the acoustic bulk energy and π = pu the Poynting vector that accounts for the
flux energy throughout the boundary ∂Ω. A similar energy balance can be obtained for the
effective model (5.2)-(5.8). Specifically, it involves four contributions to the energy and reads

d

dt

[
Eair

b + E slot
b + E in/out

s + E turn
s

]
+

∫
∂Ω
π · n dx = 0. (5.100)

The bulk energy Eair
b is the standard energy stored in Ω/Ω∗, the region of the surrounding

air, with Ω∗ = (0, `)× (−L2, L2) ⊂ Ω, namely

Eair
b =

1

2

∫
Ω/Ω∗

(
χp2 + ρ|u|2

)
dx. (5.101)
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The bulk energy E slot
b is the effective energy stored in the straight slots. Expressed by means

of the curvilinear coordinate, it reads:

E slot
b =

1

2

N−1∑
n=0

∫ L2

−L2

∫ s−n+1

s+n

(
χδP 2 +

ρ

δ
U2
)

ds dx2. (5.102)

The surface energy E in/out
s is the sum of the effective energies stored in the boundary layers

at the entry/exit of the coiled slot and it reads

E in/out
s =

1

2

∑
n∈{0,N}

∫ L2

−L2

ρ
(
hCW 2

n + hB〈U〉2n
)

dx2. (5.103)

Finally the surface energy E turn
s is the sum of the effective energies stored in the boundary

layers at each turning region between two consecutive slots; it reads

E turn
s =

1

2

N−1∑
n=1

∫ L2

−L2

(
χh(2δ + ξ)η〈P 〉2n + ρhD〈U〉2n

)
dx2. (5.104)

A proof of the positivity of the effective coefficients (B, C,D) is given in the supplemen-

tary material. This ensures the positivity of the surface energies, hence avoiding numerical
instabilities in the time domain, see [40] for a detailed analysis of such issue.

5.4.2 Derivation of the energy balance

Multiplying in (5.3) the momentum balance and the mass balance by ρ
δU and P , respectively

(for each segment s ∈ (s+
n , s

−
n+1) with n ∈ {0, . . . , N − 1}). Adding the contributions, we get

s ∈ (s+
n , s

−
n+1), χδP

∂P

∂t
+
ρ

δ
U
∂U

∂t
+
∂(PU)

∂s
= 0. (5.105)

Similarly in the air we have

χp
∂p

∂t
+ ρu · ∂u

∂t
+ div(pu) = 0. (5.106)

To obtain a balance of energy, we start with the energy stored in the surrounding air by
integrating (5.106) over Ω/Ω∗, which makes (5.101) appear. Next we integrate (5.105) over
x2 ∈ (−L2, L2) and each segment (s+

n , s
−
n+1), which makes (5.102) appear. Summing the two

contributions, and after application of the divergence theorem, we get

d

dt
[Eair

b + E slot
b ]−

N∑
n=0

∫ L2

−L2

JPUKn dx2 +

∫
∂Ω
π · n dx = 0, (5.107)

with Eair
b and E slot

b given by (5.101)-(5.102). The terms associated to the surface energies
appear as we have the identity JPUKn = JP Kn〈U〉n + 〈P 〉nJUKn. Specifically, by using the
jump conditions, we get for n = 0 or N ,

JPUKn = −1

2

d

dt
ρ
(
hCW 2

n + hB〈U〉2n
)
− hC ∂(〈P 〉nWn)

∂x2
, (5.108)
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and, for 1 ≤ n ≤ (N − 1),

JPUKn =− 1

2

d

dt

(
χh(2δ + ξ)η〈P 〉2n + ρhD〈U〉2n

)
− h(δ + ξ)

∂(〈P 〉n〈U〉n)

∂x2
. (5.109)

We obtain the surface energies (5.103)-(5.104) after integration along x2 of (5.109)-(5.108)
(up to some flux terms at the edges of the crystaline region at x2 = ±L2 and associated to
the integration of the last term in (5.109) and (5.108). These contributions will be left out
of the present analysis).

5.4.3 Positivity of C

The parameter C is defined by C =
∫
Y+

(
∂Q2

∂x2
+ 1
)

dy. It is sufficient to remark from (5.42)

that

0 =

∫
Y
Q2∆(Q2 + x2) dy = −

∫
Y+

|∇yQ2 + e2|2 dy + C −
∫
Y−
|∇yQ|2 dy, (5.110)

to get that

C ≥ 0. (5.111)

In the above integration by parts, the boundary term
∫
∂Y(Q2)∂n(Q2 + x2) dS vanishes since

(i) on the rigid parts of Y, ∂n(Q2 + x2) = 0, (ii) in the connected regions, Q2 and ∇yQ2 are
periodic, and (iii) at x1 → ±∞, ∂n(Q2 + x2) = ∇yQ2 · e1 = 0. Also, we have used that∫

Y−
∇yQ2 · (∇yQ2 + e2) dy =

∫
Y−
|∇yQ2|2 dy +

∫
Y−

∂Q2

∂y2
dy, (5.112)

and the last integral of the right hand-side term vanishes since Q2 is x2-periodic in Y−.

5.4.4 Positivity of B
The proof relies on the variational formulation of the solution Q1 of the elementary problem
(5.42). If we introduce Q∗1 defined on subset domain Y∗ ⊂ Y, truncated at x1 = ±y∗1 and
which is solution of

∆yQ
∗
1 = 0 in Y∗, ∂nQ

∗
1 = 0 on Γ∗, Q∗1 x2-periodic in Y− ∩ Y∗,

∂Q∗

∂x1
(y∗1, x2 ∈ Y(1)) =

1

δ
,

∂Q∗

∂x1
(−y∗1, x2 ∈ (0, 1)) = 1,

(5.113)

then Q1 solution of (5.42) is the limit of Q∗1 when y∗1 → ∞ (up to a constant). Next, Q∗1
minimizes the energy functional E(Q∗1) ≤ E(Q̃),

E(Q̃) =

∫
Y∗

1

2
|∇Q̃|2 dy −D(Q̃),

(5.114)

where

D(Q̃) =
1

δ

∫
Y(1)

Q̃(y∗1, x2) dx2 −
∫ 1

0
Q̃(−y∗1, x2) dx2, (5.115)
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for any test function Q̃ with a gradient being square integrable (in fact Q̃ in H1(Y∗)) and
periodic on Y− ∩ Y∗. In particular we have

E(Q∗1) = −D(Q∗1)

2
, (5.116)

since an integration by part shows that 0 =
∫ ∗
Y Q

∗
1∆Q∗1 dy = −2E(Q∗1) − D(Q∗1). We now

choose an admissible test function Q̃ of the form

Q̃(y) =


x1, x1 < 0,

x1

δ
, x1 > 0.

(5.117)

The energy E(Q̃) of such function using (5.114) is

E(Q̃) = −(1 + 1/δ)y∗1/2. (5.118)

It is now sufficient to plug (5.116) and (5.118) in the inequality (5.114) to get

D(Q∗1) ≥ (1 + 1/δ)y∗1. (5.119)

Finally, using (5.43), we have for y∗1 → +∞ that D(Q∗1) ∼ B + (1 + 1/δ)y∗1, whence

B ≥ 0. (5.120)

5.4.5 Positivity of D
The proof is identical to the positivity of B. It relies on the variational formulation of the
solution Q of the elementary problem (5.70). If we introduce Q∗ defined on subset domain
Y∗c ⊂ Yc, truncated at x1 = y∗1 and which is solution of

∆yQ
∗ = 0 in Y∗c , ∂nQ

∗ = 0 on Γ∗c ,

∂Q∗

∂x1
(y∗1, x2 ∈ Y(n+1)) = −1

δ
,

∂Q∗

∂x1
(y∗1, x2 ∈ Y(n)) =

1

δ
,

(5.121)

then Q solution of (5.70) is the limit of Q∗ when y∗1 → +∞ (up to a constant). Next, Q∗

minimizes the energy functional P (Q∗) ≤ P (Q̃),

P (Q̃) =

∫
Y∗c

1

2
|∇Q̃|2 dy − L(Q̃),

(5.122)

where

L(Q̃) =
1

δ

∫
Y(n)

Q̃(y∗1, x2) dx2 −
1

δ

∫
Y(n+1)

Q̃(y∗1, x2) dx2, (5.123)

for any test function Q̃ with a gradient being square integrable (in fact Q̃ in H1(Y∗c )). In
particular we have

P (Q∗) = −L(Q∗)

2
. (5.124)
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since an integration by part shows that 0 =
∫
Y∗c
Q∗∆Q∗ dy = −2P (Q∗) − L(Q∗). We now

choose a test function Q̃ of the form

Q̃(y) =

sgn(x2)
γ + η − x1

δ
, x1 > γ + η,

0, otherwise.

(5.125)

The energy P (Q̃) of such function using (5.122) is

P (Q̃) = (γ + η − y∗1)/δ (5.126)

and it is now sufficient to plug (5.124) and (5.126) in the inequality (5.122) to get

L(Q∗) ≥ 2(y∗1 − (γ + η))/δ. (5.127)

Finally, using (5.71), we have for y∗1 → +∞ that L(Q∗) ∼ D∗ + 2y∗1/δ, whence D∗ ≥ −2(η +
γ)/δ and given (5.95), we deduce that

D ≥ 0. (5.128)

5.5 Validation of the effective model in the transient regime

In this section, we inspect the validity of the effective model in the transient regime by
comparison with a reference numerical solution. The details on the numerics is provided in
the next chapter. For simplicity, we consider hard walls with zero thickness, i.e. ξ = γ = 0;
next, the length of the slots is ` = 2h, and their width is h/N (hence δ = 1/N), with
N = 3, 5, 7.
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Figure 5.7: Pressure field in the coiled crystal for an incoming Gaussian pulse (θ = 70◦ and
cτ/h = 2.5 in (5.129)), (left) from direct numerics; inset shows a magnification in the coiled
structure, (right) from the effective model. The red arrow illustrates the vector n and the
black arrow the vector n′.
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5.6. Conclusions

We consider an incident pressure field in the form of a Gaussian pulse s at oblique incidence
θ, namely

pinc(x, t) = s (x · n/c− t) , where s(t) = e−(t/τ)2
, (5.129)

with τ the width of the Gaussian, n = (cos θ, sin θ) and c = 1/
√
ρχ the speed of sound. The

pressure field of the reference solution computed numerically at t = 0 is represented in figure
5.7 (left), for θ = 70◦, cτ/h = 2.5 and N = 3. The transmitted pulse is propagating with
the same vector n = (cos θ, sin θ) as the incident pulse, and the reflected pulse is propagating
with the vector n′ = (cos θ,− sin θ). The corresponding pressure field in the homogenized
model is obtained by solving the effective problem (5.2), (5.3), (5.5), (5.7) for a time har-
monic dependency e−iωt. The resulting reflected and transmitted fields are deduced from the
scattering coefficients rh(ω) and th(ω) by Fourier transform,

phr (x, t) = 2Re

{∫ ∞
0

rh(ω)e−ikx1eibx2 ŝ(ω)e−iωt dω

}
,

pht (x, t) = 2Re

{∫ ∞
0

th(ω)eik(x1−`)eibx2 ŝ(ω)e−iωt dω

}
.

(5.130)

with ŝ(ω) the Fourier Transform of s(t) (additional informations are provided in the supple-
mentary material). The result in shown in figure 5.7(right) which is in good agreement with
the reference solution.

To allow for quantitative comparisons, we report in figure 5.8 snapshots of the numerical
solution (plain blue lines) and of the homogenized solution (dashed black lines) for x/h ∈
(−60, 60) and ct/h ∈ (−30, 100). For simplicity, that is to say to get a true one dimensional
system, we have considered θ = 0. The result is shown for N = 3, as in figure 5.7, and
for N = 5 and 7. As expected, the time delay between the incident pulse and the first
transmitted pulse is equal to ∆t ∼ N`/c corresponding to the time-of-flight inside the coiled
structure; likewise the time delay between two successive reflected pulses is equal to 2∆t. In
figure 5.8, it results that the non-dimensional time separation 2c∆t/h = 4N , where `/h = 2,
and non-dimensional spatial separation is ∆x/h = 4N .

This feature is common to both of the winding arrangements shown in figure 5.1, that is
to say that the behaviour of a Fabry-Pérot slab with a relative refraction index ∼ N . In our
metacrystal, however, the magnifications in the insets of the figures 5.8 and the single profile
reported in 5.9, for x/h ∈ (−400, 400) at time ct/h = 350, reveal additional scatterings
at the turns associated with the shorter time-of-flight `/c. These additional scatterings are
attributable to the crystalline structure of the present arrangement and do not take place
in the classical one as seen in the previous chapter. We note that in our model the main
scattering at the extremities of the slab (the coiled crystal) is taken into account by the jump
conditions (5.7), whereas the scattering at each turning region within the slab (the atoms of
the crystal) is taken into account by the jump conditions (5.5). The combination of these two
ingredients allows us to be faithfully reproduce the scattering properties of the metacrystal.

5.6 Conclusions

In this chapter, we have reported a space-coiled structure with properties that differs dras-
tically from the one presented in the previous chapter 4. By rearranging the coiled slot,
new dispersive effects can be obtained. A model that is able to accurately reproduces the
scattering properties of a space-coiled metacrystal has been provided. The model accounts
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Figure 5.8: Snapshots of the pressure for the same structure as in figure 5.7 (θ = 0) of the
reference solution (plain blue lines) and of the homogenized solution (dashed black lines).

for the propagation inside the coiled up space by reducing the problem to one dimensional
propagation with effective jump conditions at each turn which account for the presence of
possible strong evanescent field. The treatment at the turns allows the model to take into
account the crystalline structure and its dispersive behaviour inside the array. These effects
have been illustrated in the transient regime, and validate compared to full wave numerics.

We discuss the perspectives the presented model. As the structure posses a crystallin
structure, one can envision a model with slots in the coiled up space of different width. For
instance, defect modes could be studied, with one slot of different width. Another possible
extension is the one considering a multiple port system inside the coiled up space, for instance
the junction of three slots with only one entry slot on one side of the array but two exit slots on
the other side. This would need some additional treatment at each junction, but the method
remains the same. One could then consider a symmetric unit cell, and obtain possibly more
complex responses by some symmetry braking. Such system could exhibit trapped mode as
presented in chapter 3.
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Figure 5.9: Pressure profile (as in (5.8)) for ct/h = 350. The multiply scattered pulses due
to the crystalline structure are visible in the inset fo width x/h ∈ (275, 355).
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Chapter 6
Properties of the meta-crystal

Chapter summary: In this chapter, we present the solutions of both the numerical and
effective model presented in the previous chapter. We solve the numerical problem in the
harmonic regime, from which we obtain the time domain simulation. Similarly, we express
the effective model in the harmonic regime. From this, we study the scattering problem
of a plane wave. We analyse the band diagram of the embedded crystalline structure, and
illustrate how it affects the scattering properties of the total structure.

Contents

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
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6.1 Introduction

In this chapter, we provide some numerical results to the structure presented in the previous
chapter. Using a multimodal method, we provide the full wave numerical results from which
the simulations in the transient regimes present in the previous chapter are obtained. We
compare the effective model with direct numerics in the harmonic regime through a scatter-
ing problem of a plane wave. The effective model is rewritten thanks to a transfer matrix
formulation, which only depends on the effective parameters or geometrical parameters.

6.2 Validation of the model in the harmonic regime

6.2.1 Explicit solution of the effective model

In the harmonic regime, the problem reduces to solve the Helmholtz equation for the pressure
field P̂ . To simplify the notation, we drop the ˆ̇. The jump conditions between s = s−n and
s = s+

n are 
JP Kn = ρhDδ ∂〈P 〉n

∂s
− h(δ + ξ)

∂〈P 〉n
∂x2

,

r∂P
∂s

z

n
= −χhη

δ
(2δ + ξ)k2〈P 〉n − h(δ + ξ)

∂2〈P 〉n
∂s∂x2

,

(6.1)
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and at the entry s = s+
0 and the exit s = s−N of the crystaline structure, the jump

conditions reads

n ∈ {0, N},


JP Kn = ρhB∂〈P 〉n

∂s
,

r∂P
∂s

z

n
= hC ∂

2〈P 〉n
∂x2

2

.

(6.2)

For simplicity, we will consider the case of a sound hard material of zero width, meaning
that ξ = γ = 0. We consider a structure of thickness 2` that is centred along x1 = 0. The
incident plane wave pinc has a wavenumber k and hits the slab at x1 = −` with an incidence
θ,

pinc(x) = eik0x1+ib0x2 , (6.3)

with k0 = k cos θ and b0 = k sin θ. We have the solution outside out the slab in the form of

p(x) = eib0x2 ×

e
ik0(x1+`) + re−ik0x1 , x1 ∈ (−∞,−`),

teik0(x1−`), x1 ∈ (`,∞),
(6.4)

while the solution inside the slab is defined piecewise

pn(s, x2) = (Sn cos(ks) +An sin(ks)) eib0x2 , (6.5)

We can obtain the explicit solution of the scattering coefficient in the form(
t
0

)
= M tot

(
1
r

)
,with M tot = M -1

outM
N−1M in, (6.6)

where we have used a transfer matrix formulation. M tot represents the transfer matrix of
the whole array, and is completely determined by the transfer matrices M in, M and M out,
corresponding respectively to the jump conditions at the entry, each junction and at the exit
of the crystal. They are explicitly given by the effective parameters and the geometry, and
reads
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(b) N = 5

Figure 6.1: The transmission coefficient for two different configurations. Plain lines corre-
spond to direct numerics and the dashed line to the effective model.
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6.2. Validation of the model in the harmonic regime
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Figure 6.2: Symmetries of the array: Although the unit cell does not posses any symmetry
along the x1 or x2 axis, it does posses a rotational symmetry. This implies that rh+ (k`, θ) =
rh- (k`, -θ) and th+(k`, θ) = th-(k`, -θ).

M out =

(
Z∗1α

∗ Z∗2α
∗

Z2α Z1α

)
, M in =

(
Z1β Z2β
Z∗2β

∗ Z∗1β
∗

)
, (6.7)

where 
Z1 = 1 + k0

kδ + i
(
k0ρhB − b20

kδχhC
)
,

Z2 = 1− k0
kδ − i

(
k0ρhB +

b20
kδχhC

)
,

(6.8)

and

M =
1

z3

(
z1τ z∗2τ

∗

z2τ z∗1τ
∗

)
. (6.9)

where 
z1 = 1−Z1Z2 −Z2

3 + i(Z1 + Z2),

z2 = i (Z1 −Z2) ,

z3 = 1 + Z1Z2 −Z2
3 + 2iZ3,

(6.10)

and

Z1 = χkh(2δ + ξ)η/2, Z2 = ρkhD/2, Z3 = b0h(δ + ξ)/2, (6.11)

with α = eikηh, β = eik(2`−ηh) and τ = eik(2`−2ηh). We report in figure 6.1 the transmission
coefficient of the actual problem and the effective model for the cases N = 3, 5, with ` =
h, their corresponding width δh = 1/N and η = 0.05. The two solution are in excellent
agreement.

6.2.2 Time domain formulation

As mentioned in the previous chapter 5, we consider an incident Gaussian pulse with a given
angle θ

pinc(x, t) = s (x · n/c− t) , where s(t) = e−(t/τ)2
, (6.12)

and we have its analytic Fourier transform ŝ(ω). We use a multimodal method to solve the
actual problem in the harmonic regime. The derivation is presented in the appendix 6.A.
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Chapter 6. Properties of the meta-crystal

We obtain the scattering coefficient (rn, tn), with n the number of modes. Knowing that
ŝ(−ω) = ŝ∗(ω), we have for the modal problem

pr(x, t) = 2Re

{
+∞∑

n=−∞

∫ ∞
0

rn(ω)e−iknx1ψn(x2)ŝ(ω)e−iωt dω

}
,

pt(x, t) = 2Re

{
+∞∑

n=−∞

∫ ∞
0

tn(ω)eikn(x1−`)ψn(x2)ŝ(ω)e−iωt dω

}
,

(6.13)

with kn =
√
k2 − b2n, with bn = b0 + 2nπ/h for a given b0 and for n ∈ Z. The transverse

function is given by

ψn(x2) = nne
ibnx2 , (6.14)

where nn is a normalisation factor. The same is done for each subdomain when performing
the modal method. For the effective problem, we do not compute the field in the junctions,
where we instead have effective jump conditions over an enlarged surface. We compute the
reflected and transmitted field in the same way as for the modal problem.

phr (x, t) = 2Re

{∫ ∞
0

r(ω)e−ik0x1ψ0(x2)ŝ(ω)e−iωt dω

}
,

pht (x, t) = 2Re

{∫ ∞
0

t(ω)eik0(x1−`)ψ0(x2)ŝ(ω)e−iωt dω

}
.

(6.15)

We can in a such manner easily retrieve the full time domain solution. Numerically, we
truncate the integration at ωF , for which we consider that the contribution of ŝ is insignificant.
For a sufficiant spectral precision, we consider the time step ∆t ≤ 1/(fmax), where fmax is
the maximum frequency used to compute the harmonic solution.

6.3 Scattering properties of the effective model

In this section, we present some more general properties of the system. To simplify the
notation, we set ρ = χ = 1. We consider the scattering problem of the considered grating.
We look for plane wave solutions of the form

p(x) = eibx2 ×

A-e
ik(x1+`) +B-e

−ik(x1+`), x1 ∈ (−∞,−`),

A+e
ik(x1−`) +B+e

−ik(x1−`), x1 ∈ (`,∞),
(6.16)

with the jump conditions (6.2) applied at x1 = ±` outside the grating. A± and B± are the
complex valued amplitudes of the left and right going wave components. We obtain through
a transfer matrix formulation the scattering coefficients (rh- , t

h
-), namely(

A+

B+

)
= M tot

(
A-

B-

)
,with M tot = M -1

outM
N−1M in. (6.17)

The coefficients of the transfer matrix simplifies in the case of sound hard walls of vanishing
thickness ξ = γ = 0. Namely,

Z1 = khη, Z2 = khD/2, Z3 = b0hδ/2, (6.18)
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6.3. Scattering properties of the effective model

We take a moment to comment the obtained transfer matrix formulation of the problem.
The transfer matrix method is often encountered for one dimensional problem, such as closed
waveguides, or layered material, which although they depend on the angle of incidence, are not
truly two dimensional problems. The presented structure differs from the ones mentioned
above as the behaviour inside the grating/coiled media is two dimensional and does only
interact with exterior at the opening at each end point of the crystalline structure. Although
the problem is reduced to one dimension s inside the grating, it still depends on the variable
x2. From a physical point of view, the dependence on x2 is purely an artefact which appears
in the derivation of the effective model in order to take into account the phase shift along x2

inside the grating.

At normal incidence, the propagation is purely one dimensional and the matrixM behaves
as a typical transfer matrix of one dimensional problems, with the properties such as its
diagonal and anti diagonal terms are respectively complex conjugated, and detM = 1. These
properties translates out to the full total transfer matrix M tot. However, when considering
an oblique incidence θ 6= 0, the term z3 admits an imaginary part in terms of b0. Several
properties are revisited for M tot = (mij). m12 = −m21, however no clear relation exist
between m11 and m22, and only |detM tot| = 1 holds.

For an incident right going plane wave of incidence θ, pinc(x) = eik0(x1+`)+ib0x2 , where
k0 = k cos θ and b0 = k sin θ, we obtain the scattering coefficients (rh- , t

h
-) by plugging in

the form (A-, B-)
> = (1, rh- )> and (A+, B+)

> = (th- , 0)>. Similarly, for a left going wave
pinc(x) = e−ik0(x1−`)+ib0x2 , we obtain (rh+ , t

h
+) by plugging in the form (A-, B-)

> = (0, th+)>

and (A+, B+)
> = (rh+ , 1)>.

One easily obtain

rh- = rh+ = rh = −m21

m22
=
m12

m22
, (6.19)

and

th- = m11 −
m21m12

m22
, th+ =

1

m22
. (6.20)
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Figure 6.3: Band diagram of the embedded crystal at normal incidence with the corresponding
geometry on the right.
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The energy conservation |rh|2 +|th± |2 = 1 holds for all frequencies and for all angle of incidence
θ. The above relations reflects some of the underlying symmetry properties of the geometry,
see figure 6.2. The linear dependence of b cancel out in the formulation of rh, consequently
rh(k`, θ) = rh(k`,−θ).

6.4 Effect of the embedded crystal

Using the transfer matrix formulation (6.17), we can identify the underlying mechanism of
the complex structure. Indeed, the matrix given in (6.9) takes into account the effect the
turns that acts as scatterer. To study its behaviour, we consider the infinite one dimensional
crystal of periodicity e = 2`−2η and we look for solutions of Bloch waves. By considering the
matrix M at normal incidence, i.e. k0 = k and b0 = 0, one obtains the analytical dispersion
relation of the periodic crystal, namely

cos(qe) =
1− (kh)2Dη

2

1 + (kh)2Dη
2

cos(k`)− kh(D2 + η)

1 + (kh)2Dη
2

sin(k`), (6.21)

where q is the effective Bloch wavenumber. The effective parameter D depends on the geom-
etry of the turn, and is thus a function of η. We report in figure 6.3 the band diagram for
four different values of η. One can tune the dispersions relation so that coiled grating act as
a homogeneous medium, obtained for a critical value η = η∗ = D/2. Numerically we obtain
the value η∗ ≈ 0.1868136. For this value, the non-diagonal terms of transfer matrix in (6.9)
vanishes resulting in a non-dispersive medium. The dispersion reads

cos(qe) = cos(k`+ φ), φ = atan
khD

1− (kh)2D2/4
, (6.22)

where φ is a nonlinear phase shift. As mentioned in the previous section, the physical study
of M only makes sense at normal incidence. For θ 6= 0, the imaginary part of z3 act as
dissipation and no clear band gaps can be observed.

To study the effects that the dispersive material has on the properties of the grating, we
plot in figure 6.4 the transmission coefficient for several values of η and N = 3, the simplest
coiled material. The comparison between the full numerics and the model is shown, and
we see that the model is extremely accurate in the low frequency regime. For the specific
configuration η = η∗, the model exhibits perfect Fabry-Perot resonance, however with a non
evident effective length `∗. Otherwise, one can clearly observe the effects of the presence of
band gaps inside the grating. As the band gaps open up on either side of the Dirac point,
one can tune the transmission of the grating. Although the model loses in accuracy for
larger frequencies, it still gives us good insight on the underlying mechanisms present in the
problem.

A feature of a Fabry-Pérot slab is the presence of reflectionless excitation at half wave-
length resonance 2k`∗ = π when η∗. This is the case when the zeros of rh, i.e. m12 lie
on the real axis when k is extended to the complex plane. As band gaps open up in the
medium, the closest zeros of rh are pushed away on either of its side. Considering the case
η < η∗, the reflectionless state is on the lower side of the band is pushed toward decreas-
ing frequencies until it coalesces with another zero at an exceptional point of reflection less
states at η = ηEP. The two transmission peaks becomes one quadratically flat transmission.
As η < ηEP, the two zeros of rh leave the real axis and become complex conjugate. This
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6.4. Effect of the embedded crystal

Figure 6.4: Transmission coefficient |t| for four different values of η. From top, η =
0.25, η∗, 0.1, 0.01, where the three corresponds to the ones presented in 6.3, and the last
corresponds to the extreme case of a small opening. The blue shaded areas corresponds to
the band gaps of the embedded crystal.

is illustrated in figure 6.6. It is the coupling between the ”opacity” of the medium and the
Fabry-Pérot slab that give rise to this phenomenon. As illustrated in [143], this is an example
of exceptional points in a lossless system. In another study [50], similar results are obtained
experimentally. In this study, such points are observed in a Fabry-Pérot system in which
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<latexit sha1_base64="nBnzQluKMJjgV1VKxEDQMEaernY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5AUUY8FLx4r2g9oQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4WNza3tneJuaW//4PCofHzSMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob+d++4lrIxL1iJOUBzEdKhEJRtFKD57r98sVz/UWIOvEz0kFcjT65a/eIGFZzBUySY3p+l6KwZRqFEzyWamXGZ5SNqZD3rVU0ZibYLo4dUYurDIgUaJtKSQL9ffElMbGTOLQdsYUR2bVm4v/ed0Mo5tgKlSaIVdsuSjKJMGEzP8mA6E5QzmxhDIt7K2EjaimDG06JRuCv/ryOmnVXP/Krd1fVurVPI4inME5VMGHa6jDHTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBN9I0U</latexit>

0.1

<latexit sha1_base64="6vWbaMn+kJkuwNOz3usmnTWmlEU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5IUUY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3VB+WKW3MXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbTrNe+qVr+/rDSqeRxFOINzqIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBPeI0V</latexit>

0.2

<latexit sha1_base64="4YUuJzDg38zSvfAUjuQshMHp/r4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5BUUY8FLx4r2lpoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOle88975UrnuvNQVaJn5MK5Gj0yl/dfsKyGKVhgmrd8b3UBBOqDGcCp6VupjGlbEQH2LFU0hh1MJmfOiVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/8zqZia6DCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7Ih+Msvr5JWzfUv3drdRaVezeMowgmcQhV8uII63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdQ/I0W</latexit>

0.3

<latexit sha1_base64="cWq7KyXAcYYOr4tJJ3SlQpVR+rU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSL0VJJS1GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmt3O/88S1EbF6xGnC/YiOlAgFo2ilB7daH5TKbtVdgKwTLydlyNEclL76w5ilEVfIJDWm57kJ+hnVKJjks2I/NTyhbEJHvGepohE3frY4dUYurTIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tO0Ybgrb68Ttq1qndVrd3Xy41KHkcBzuECKuDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1g0nnzmDP3A+fwBSgI0X</latexit>

0.4

<latexit sha1_base64="+5hgCYmDJ4xUqlGLFIz2T2vNAfc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5IUUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD/1EDMoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zbuq1e8vK41qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP0o1jbo=</latexit>⇡
<latexit sha1_base64="UTj0897twUzNNt+so2LOaEdckGk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoOQU9gNoh4DXjxGMImQLGF2MpsMmccyMyuEJb/gxYMiXv0hb/6Ns8keNLGgoajqprsrSjgz1ve/vdLG5tb2Tnm3srd/cHhUPT7pGpVqQjtEcaUfI2woZ5J2LLOcPiaaYhFx2oumt7nfe6LaMCUf7CyhocBjyWJGsM2l5iBhw2rNb/gLoHUSFKQGBdrD6tdgpEgqqLSEY2P6gZ/YMMPaMsLpvDJIDU0wmeIx7TsqsaAmzBa3ztGFU0YoVtqVtGih/p7IsDBmJiLXKbCdmFUvF//z+qmNb8KMySS1VJLlojjlyCqUP45GTFNi+cwRTDRztyIywRoT6+KpuBCC1ZfXSbfZCK4azfvLWqtexFGGMziHOgRwDS24gzZ0gMAEnuEV3jzhvXjv3seyteQVM6fwB97nD7t7jfY=</latexit>

2⇡

<latexit sha1_base64="cuTAfmtbeqChaH4T2mspiODrcz8=">AAAB63icbVBNS8NAEN34WetX1aOXxSKIh5IUUY8FLx4r2A9oQ9lsJ+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O2vrG5tb26Wd8u7e/sFh5ei4baPEcGjxSEamGzALUmhooUAJ3dgAU4GETjC5y/3OExgrIv2I0xh8xUZahIIzzKU+IBtUqm7NnYOuEq8gVVKgOah89YcRTxRo5JJZ2/PcGP2UGRRcwqzcTyzEjE/YCHoZ1UyB9dP5rTN6nilDGkYmK410rv6eSJmydqqCrFMxHNtlLxf/83oJhrd+KnScIGi+WBQmkmJE88fpUBjgKKcZYdyI7FbKx8wwjlk85SwEb/nlVdKu17zrWv3hqtq4LOIokVNyRi6IR25Ig9yTJmkRTsbkmbySN0c5L86787FoXXOKmRPyB87nDwP0jic=</latexit>⌘

<latexit sha1_base64="vkinJPejQImFh/i3SBTcz+ii22U=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIi6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvulprXpXrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ac5GMoQ==</latexit>

0

<latexit sha1_base64="nBnzQluKMJjgV1VKxEDQMEaernY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5AUUY8FLx4r2g9oQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4WNza3tneJuaW//4PCofHzSMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob+d++4lrIxL1iJOUBzEdKhEJRtFKD57r98sVz/UWIOvEz0kFcjT65a/eIGFZzBUySY3p+l6KwZRqFEzyWamXGZ5SNqZD3rVU0ZibYLo4dUYurDIgUaJtKSQL9ffElMbGTOLQdsYUR2bVm4v/ed0Mo5tgKlSaIVdsuSjKJMGEzP8mA6E5QzmxhDIt7K2EjaimDG06JRuCv/ryOmnVXP/Krd1fVurVPI4inME5VMGHa6jDHTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBN9I0U</latexit>

0.1

<latexit sha1_base64="6vWbaMn+kJkuwNOz3usmnTWmlEU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5IUUY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3VB+WKW3MXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbTrNe+qVr+/rDSqeRxFOINzqIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBPeI0V</latexit>

0.2

<latexit sha1_base64="4YUuJzDg38zSvfAUjuQshMHp/r4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5BUUY8FLx4r2lpoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOle88975UrnuvNQVaJn5MK5Gj0yl/dfsKyGKVhgmrd8b3UBBOqDGcCp6VupjGlbEQH2LFU0hh1MJmfOiVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/8zqZia6DCZdpZlCyxaIoE8QkZPY36XOFzIixJZQpbm8lbEgVZcamU7Ih+Msvr5JWzfUv3drdRaVezeMowgmcQhV8uII63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdQ/I0W</latexit>

0.3

<latexit sha1_base64="cWq7KyXAcYYOr4tJJ3SlQpVR+rU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSL0VJJS1GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmt3O/88S1EbF6xGnC/YiOlAgFo2ilB7daH5TKbtVdgKwTLydlyNEclL76w5ilEVfIJDWm57kJ+hnVKJjks2I/NTyhbEJHvGepohE3frY4dUYurTIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tO0Ybgrb68Ttq1qndVrd3Xy41KHkcBzuECKuDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1g0nnzmDP3A+fwBSgI0X</latexit>

0.4

<latexit sha1_base64="vkinJPejQImFh/i3SBTcz+ii22U=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIi6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvulprXpXrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ac5GMoQ==</latexit>

0
<latexit sha1_base64="bCFVtYugWWaOrT+i2xXX+8ZAV3A=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5JUUY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpf5vSeqNIvko5nH1Bd4IlnICDaZdDmM2ahacxtuDrROvILUoEB7VP0ajiOSCCoN4VjrgefGxk+xMoxwuqgME01jTGZ4QgeWSiyo9tP81gW6sMoYhZGyJQ3K1d8TKRZaz0VgOwU2U73qZeJ/3iAx4a2fMhknhkqyXBQmHJkIZY+jMVOUGD63BBPF7K2ITLHCxNh4KjYEb/XlddJtNrzrRvPhqtaqF3GU4QzOoQ4e3EAL7qENHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QO9Ao33</latexit>

3⇡
<latexit sha1_base64="pVJhNuSRFPk7prJ1JnRkLAQ25ck=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBahp5KUoh4LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbe/s7pX3KweHR8cn7ulZV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wdpf7vSeqNIvlo5knNBB4IlnECDa51BwmbORWvbq3BNokfkGqUKA9cr+G45ikgkpDONZ64HuJCTKsDCOcLirDVNMEkxme0IGlEguqg2x56wJdWWWMoljZkgYt1d8TGRZaz0VoOwU2U73u5eJ/3iA10W2QMZmkhkqyWhSlHJkY5Y+jMVOUGD63BBPF7K2ITLHCxNh4KjYEf/3lTdJt1P3reuOhWW3VijjKcAGXUAMfbqAF99CGDhCYwjO8wpsjnBfn3flYtZacYuYc/sD5/AG+iY34</latexit>

4⇡ <latexit sha1_base64="+5hgCYmDJ4xUqlGLFIz2T2vNAfc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5IUUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD/1EDMoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zbuq1e8vK41qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP0o1jbo=</latexit>⇡
<latexit sha1_base64="UTj0897twUzNNt+so2LOaEdckGk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoOQU9gNoh4DXjxGMImQLGF2MpsMmccyMyuEJb/gxYMiXv0hb/6Ns8keNLGgoajqprsrSjgz1ve/vdLG5tb2Tnm3srd/cHhUPT7pGpVqQjtEcaUfI2woZ5J2LLOcPiaaYhFx2oumt7nfe6LaMCUf7CyhocBjyWJGsM2l5iBhw2rNb/gLoHUSFKQGBdrD6tdgpEgqqLSEY2P6gZ/YMMPaMsLpvDJIDU0wmeIx7TsqsaAmzBa3ztGFU0YoVtqVtGih/p7IsDBmJiLXKbCdmFUvF//z+qmNb8KMySS1VJLlojjlyCqUP45GTFNi+cwRTDRztyIywRoT6+KpuBCC1ZfXSbfZCK4azfvLWqtexFGGMziHOgRwDS24gzZ0gMAEnuEV3jzhvXjv3seyteQVM6fwB97nD7t7jfY=</latexit>

2⇡
<latexit sha1_base64="vkinJPejQImFh/i3SBTcz+ii22U=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIi6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvulprXpXrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ac5GMoQ==</latexit>

0
<latexit sha1_base64="frc8SFeIA8l3GXKGfL2XT9T+N74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIsgHkpSRD0WvHisYD+gDWWznbRrN7thdyOU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLS1TRbFJJZeqExKNnAlsGmY4dhKFJA45tsPx7cxvP6HSTIoHM0kwiMlQsIhRYqzUqo17yHm/XPGq3hzuKvFzUoEcjX75qzeQNI1RGMqJ1l3fS0yQEWUY5Tgt9VKNCaFjMsSupYLEqINsfu3UPbPKwI2ksiWMO1d/T2Qk1noSh7YzJmakl72Z+J/XTU10E2RMJKlBQReLopS7Rrqz190BU0gNn1hCqGL2VpeOiCLU2IBKNgR/+eVV0qpV/atq7f6yUr/I4yjCCZzCOfhwDXW4gwY0gcIjPMMrvDnSeXHenY9Fa8HJZ47hD5zPH0L3jts=</latexit>

2k`

<latexit sha1_base64="vkinJPejQImFh/i3SBTcz+ii22U=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIi6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvulprXpXrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ac5GMoQ==</latexit>

0

<latexit sha1_base64="YHTM/OSFEe5AL0DZB8E7p7QRMV8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIi6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9Aalslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvulprXpXrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdRWMog==</latexit>

1

Figure 6.5: Transmission coefficient |t| against the frequency 2k` and the opening of the turn
η. Top, direct numerics and bottom effective model. Left, at normal incidence, and ,right,
oblique incidence θ = 40◦. The cut-off frequency is illustrated by a white dashed vertical line.
The grey shaded area corresponds to the band gaps of the embedded crystal and the dashed
black horizontal line illustrates the value η∗

<latexit sha1_base64="OC0NNuh4r1k/a7u8nj2jAr8Pu3I=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0iKp4KXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHcWM/7RmvrG5tb26Wd8u7e/sFh5ei4beJUU9aisYh1NySGCa5Yy3IrWDfRjMhQsE44ucv9zhPThsfq0U4TFkgyUjzilNhcqvcTPqhUvZo3B14lfkGqUKA5qHz1hzFNJVOWCmJMz/cSG2REW04Fm5X7qWEJoRMyYj1HFZHMBNn81hk+d8oQR7F2pSyeq78nMiKNmcrQdUpix2bZy8X/vF5qo5sg4ypJLVN0sShKBbYxzh/HQ64ZtWLqCKGau1sxHRNNqHXxlF0I/vLLq6Rdr/lXtfrDZbVxW8RRglM4gwvw4RoacA9NaAGFMTzDK7whiV7QO/pYtK6hYuYE/gB9/gDA5Y4I</latexit>

2⇡
<latexit sha1_base64="rraISeW7iN4efehKHg5hsAFyUm4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD72E98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqt5ltXZ/Uanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdPn43M</latexit>⇡

<latexit sha1_base64="pz1ZGTllVXCK8nZgMpPrqJG+UgE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1mtNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHj7jLM=</latexit>

0

<latexit sha1_base64="h0BDPqxZPvF2lAHrslWbR0s3cnc=">AAAB+nicbVDLSgNBEJyNrxhfGz16WQxCvITdICqeAl70FsE8ILuE2UknGTL7YKZXDWs+xYsHRbz6Jd78GyfJHjSxoKGo6qa7y48FV2jb30ZuZXVtfSO/Wdja3tndM4v7TRUlkkGDRSKSbZ8qEDyEBnIU0I4l0MAX0PJHV1O/dQ9S8Si8w3EMXkAHIe9zRlFLXbPoIjxiehNMytWRC0KcdM2SXbFnsJaJk5ESyVDvml9uL2JJACEyQZXqOHaMXkolciZgUnATBTFlIzqAjqYhDUB56ez0iXWslZ7Vj6SuEK2Z+nsipYFS48DXnQHFoVr0puJ/XifB/oWX8jBOEEI2X9RPhIWRNc3B6nEJDMVYE8ok17dabEglZajTKugQnMWXl0mzWnHOKtXb01LtMosjTw7JESkTh5yTGrkmddIgjDyQZ/JK3own48V4Nz7mrTkjmzkgf2B8/gDIIpOq</latexit> Im
(2

k
`)

<latexit sha1_base64="MEet7WMsuqv0m5Cdj9EqYvJ/WUQ=">AAAB+nicbVDLSgNBEJyNrxhfGz16WQxCvITdICqeAl48RjEPyC5hdtJJhsw+mOlVw5pP8eJBEa9+iTf/xkmyB00saCiquunu8mPBFdr2t5FbWV1b38hvFra2d3b3zOJ+U0WJZNBgkYhk26cKBA+hgRwFtGMJNPAFtPzR1dRv3YNUPArvcByDF9BByPucUdRS1yy6CI+Y3sKkXB25IMRJ1yzZFXsGa5k4GSmRDPWu+eX2IpYEECITVKmOY8fopVQiZwImBTdREFM2ogPoaBrSAJSXzk6fWMda6Vn9SOoK0ZqpvydSGig1DnzdGVAcqkVvKv7ndRLsX3gpD+MEIWTzRf1EWBhZ0xysHpfAUIw1oUxyfavFhlRShjqtgg7BWXx5mTSrFeesUr05LdUuszjy5JAckTJxyDmpkWtSJw3CyAN5Jq/kzXgyXox342PemjOymQPyB8bnD8m4k6s=</latexit>

Re(2k`)

<latexit sha1_base64="m7b5TR5ZFU+EHV7Sd3mVnqbZAU4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxWW3FBVPBS8eK9gPaJeSTbNtaDZZklmxLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsDzvp3C2vrG5lZxu7Szu7d/UD48ahmVasqaVAmlOyExTHDJmsBBsE6iGYlDwdrh+Hbmtx+ZNlzJB5gkLIjJUPKIUwJW6vaAPUF2Ma26tX654rneHHiV+DmpoByNfvmrN1A0jZkEKogxXd9LIMiIBk4Fm5Z6qWEJoWMyZF1LJYmZCbL5yVN8ZpUBjpS2JQHP1d8TGYmNmcSh7YwJjMyyNxP/87opRNdBxmWSApN0sShKBQaFZ//jAdeMgphYQqjm9lZMR0QTCjalkg3BX355lbSqrn/pVu9rlfpNHkcRnaBTdI58dIXq6A41UBNRpNAzekVvDjgvzrvzsWgtOPnMMfoD5/MHjkaQwQ==</latexit>

-2.4

<latexit sha1_base64="pz1ZGTllVXCK8nZgMpPrqJG+UgE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1mtNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHj7jLM=</latexit>

0

<latexit sha1_base64="m7b5TR5ZFU+EHV7Sd3mVnqbZAU4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxWW3FBVPBS8eK9gPaJeSTbNtaDZZklmxLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsDzvp3C2vrG5lZxu7Szu7d/UD48ahmVasqaVAmlOyExTHDJmsBBsE6iGYlDwdrh+Hbmtx+ZNlzJB5gkLIjJUPKIUwJW6vaAPUF2Ma26tX654rneHHiV+DmpoByNfvmrN1A0jZkEKogxXd9LIMiIBk4Fm5Z6qWEJoWMyZF1LJYmZCbL5yVN8ZpUBjpS2JQHP1d8TGYmNmcSh7YwJjMyyNxP/87opRNdBxmWSApN0sShKBQaFZ//jAdeMgphYQqjm9lZMR0QTCjalkg3BX355lbSqrn/pVu9rlfpNHkcRnaBTdI58dIXq6A41UBNRpNAzekVvDjgvzrvzsWgtOPnMMfoD5/MHjkaQwQ==</latexit>

-2.4

<latexit sha1_base64="m7b5TR5ZFU+EHV7Sd3mVnqbZAU4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxWW3FBVPBS8eK9gPaJeSTbNtaDZZklmxLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsDzvp3C2vrG5lZxu7Szu7d/UD48ahmVasqaVAmlOyExTHDJmsBBsE6iGYlDwdrh+Hbmtx+ZNlzJB5gkLIjJUPKIUwJW6vaAPUF2Ma26tX654rneHHiV+DmpoByNfvmrN1A0jZkEKogxXd9LIMiIBk4Fm5Z6qWEJoWMyZF1LJYmZCbL5yVN8ZpUBjpS2JQHP1d8TGYmNmcSh7YwJjMyyNxP/87opRNdBxmWSApN0sShKBQaFZ//jAdeMgphYQqjm9lZMR0QTCjalkg3BX355lbSqrn/pVu9rlfpNHkcRnaBTdI58dIXq6A41UBNRpNAzekVvDjgvzrvzsWgtOPnMMfoD5/MHjkaQwQ==</latexit>

-2.4

<latexit sha1_base64="m7b5TR5ZFU+EHV7Sd3mVnqbZAU4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxWW3FBVPBS8eK9gPaJeSTbNtaDZZklmxLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsDzvp3C2vrG5lZxu7Szu7d/UD48ahmVasqaVAmlOyExTHDJmsBBsE6iGYlDwdrh+Hbmtx+ZNlzJB5gkLIjJUPKIUwJW6vaAPUF2Ma26tX654rneHHiV+DmpoByNfvmrN1A0jZkEKogxXd9LIMiIBk4Fm5Z6qWEJoWMyZF1LJYmZCbL5yVN8ZpUBjpS2JQHP1d8TGYmNmcSh7YwJjMyyNxP/87opRNdBxmWSApN0sShKBQaFZ//jAdeMgphYQqjm9lZMR0QTCjalkg3BX355lbSqrn/pVu9rlfpNHkcRnaBTdI58dIXq6A41UBNRpNAzekVvDjgvzrvzsWgtOPnMMfoD5/MHjkaQwQ==</latexit>

-2.4

<latexit sha1_base64="pz1ZGTllVXCK8nZgMpPrqJG+UgE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2rWqd1mtNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHj7jLM=</latexit>

0

<latexit sha1_base64="h0BDPqxZPvF2lAHrslWbR0s3cnc=">AAAB+nicbVDLSgNBEJyNrxhfGz16WQxCvITdICqeAl70FsE8ILuE2UknGTL7YKZXDWs+xYsHRbz6Jd78GyfJHjSxoKGo6qa7y48FV2jb30ZuZXVtfSO/Wdja3tndM4v7TRUlkkGDRSKSbZ8qEDyEBnIU0I4l0MAX0PJHV1O/dQ9S8Si8w3EMXkAHIe9zRlFLXbPoIjxiehNMytWRC0KcdM2SXbFnsJaJk5ESyVDvml9uL2JJACEyQZXqOHaMXkolciZgUnATBTFlIzqAjqYhDUB56ez0iXWslZ7Vj6SuEK2Z+nsipYFS48DXnQHFoVr0puJ/XifB/oWX8jBOEEI2X9RPhIWRNc3B6nEJDMVYE8ok17dabEglZajTKugQnMWXl0mzWnHOKtXb01LtMosjTw7JESkTh5yTGrkmddIgjDyQZ/JK3own48V4Nz7mrTkjmzkgf2B8/gDIIpOq</latexit> Im
(2

k
`)

Figure 6.6: Reflection coefficient log|r| against the frequency Re(2k`) and Im(2k`) in the
complex plane. Top corresponds to η = η∗, and zeros of relfection due to Fabry-Pérot
resonance are visible in blue along the real axis. The corresponding pole in red and is located
below the perfect transmission. Bottom corresponds to η = 0.01. The black and grey line
corresponds to the path of the respectively zeros and poles. We observe two exceptional point
at the coalescence of two zeros.
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6.5. Conclusion and perspectives

<latexit sha1_base64="vkinJPejQImFh/i3SBTcz+ii22U=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIi6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvulprXpXrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ac5GMoQ==</latexit>

0

<latexit sha1_base64="YHTM/OSFEe5AL0DZB8E7p7QRMV8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIi6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9Aalslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvulprXpXrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdRWMog==</latexit>

1

<latexit sha1_base64="vkinJPejQImFh/i3SBTcz+ii22U=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIi6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvulprXpXrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ac5GMoQ==</latexit>

0

<latexit sha1_base64="ov8xSU1bkqP7rEAK9g/HYRycTXM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahp5oUUY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7Hd3O//cS1EYl6xEnKg5gOlYgEo2glv5eKy3q/XHFr7gJknXg5qUCOZr/81RskLIu5QiapMV3PTTGYUo2CST4r9TLDU8rGdMi7lioacxNMF8fOyIVVBiRKtC2FZKH+npjS2JhJHNrOmOLIrHpz8T+vm2F0G0yFSjPkii0XRZkkmJD552QgNGcoJ5ZQpoW9lbAR1ZShzadkQ/BWX14nrXrNu67VH64qjWoeRxHO4Byq4MENNOAemuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHKbOOLw==</latexit>

⇡/2

<latexit sha1_base64="clGUZSvwcNnsqmrfrJWX2+TuAFY=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBahp5IUUY8FLx4r2A9oQ9lsJ+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5nfudJ9BGxOoBpwn4ERspEQrO0ErtPo4B2aBccWvuAnSdeDmpkBzNQfmrP4x5GoFCLpkxPc9N0M+YRsElzEr91EDC+ISNoGepYhEYP1tcO6MXVhnSMNa2FNKF+nsiY5Ex0yiwnRHDsVn15uJ/Xi/F8MbPhEpSBMWXi8JUUozp/HU6FBo4yqkljGthb6V8zDTjaAMq2RC81ZfXSbte865q9fvLSqOax1EkZ+ScVIlHrkmD3JEmaRFOHskzeSVvTuy8OO/Ox7K14OQzp+QPnM8fnm+PFQ==</latexit>

✓

<latexit sha1_base64="OsjlXpv/z7SY4bbVSU9IDvz9QPA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahp5IUUY8FLx4r2A9oQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipXZ/0UYhBueLW3AXIOvFyUoEczUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4toZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8dTLkCpkRU0soU9zeStiYKsqMDahkQ/BWX14n7XrNu6rV7y8rjWoeRxHO4Byq4ME1NOAOmtACBo/wDK/w5sTOi/PufCxbC04+cwp/4Hz+AEJdjtk=</latexit>

2k`

<latexit sha1_base64="+5hgCYmDJ4xUqlGLFIz2T2vNAfc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahp5IUUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD/1EDMoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zbuq1e8vK41qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP0o1jbo=</latexit>⇡
<latexit sha1_base64="UTj0897twUzNNt+so2LOaEdckGk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoOQU9gNoh4DXjxGMImQLGF2MpsMmccyMyuEJb/gxYMiXv0hb/6Ns8keNLGgoajqprsrSjgz1ve/vdLG5tb2Tnm3srd/cHhUPT7pGpVqQjtEcaUfI2woZ5J2LLOcPiaaYhFx2oumt7nfe6LaMCUf7CyhocBjyWJGsM2l5iBhw2rNb/gLoHUSFKQGBdrD6tdgpEgqqLSEY2P6gZ/YMMPaMsLpvDJIDU0wmeIx7TsqsaAmzBa3ztGFU0YoVtqVtGih/p7IsDBmJiLXKbCdmFUvF//z+qmNb8KMySS1VJLlojjlyCqUP45GTFNi+cwRTDRztyIywRoT6+KpuBCC1ZfXSbfZCK4azfvLWqtexFGGMziHOgRwDS24gzZ0gMAEnuEV3jzhvXjv3seyteQVM6fwB97nD7t7jfY=</latexit>

2⇡

<latexit sha1_base64="vkinJPejQImFh/i3SBTcz+ii22U=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSL0VJIi6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelslt1FyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvulprXpXrlTyOApzDBVTAgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ac5GMoQ==</latexit>

0
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Figure 6.7: Reflection coefficient |r| against the frequency 2k` and the angle of incidence θ.
Top, direct numerics and bottom the effective model. Left, for η = η∗ and observe at low
frequency the Brewster angle. Right, η = 0.1, the appearance of band gaps completely breaks
the Brewster angle.

the scattering strength is tuned in a symmetrical manner. Such phenomena typically rely on
some underlying symmetry.

We report the reflection coefficient in the complex plane in figure 6.6. We track the path
of the zeros and poles as we vary the tuning parameter η. We observe exceptional points
where two zeros coalesce on the real axis, and become complex conjugate. As they become
complex, they follow the typical parabolic path. The path of the reflection less state when
η > η∗ is less intuitive, as shown in the top in figure 6.4. As the reflectionless state is located
inside the band gap of the medium, the physical interpretation is not evident.

The following results are summarised in the figure 6.5, where the amplitudes of the trans-
mission coefficient t and th plotted against the frequency and the tuning parameter η for
two different angle of incidence. We can observe that the predictions of the large model are
accurate for surprisingly frequencies, as well as for fairly large η. The overall behaviour of
the model completly fail at the cut off frequency, where a second propagating mode appears,
as expected as the model is condustructed for kh� 1.

The study of the problem at normal incidence gives us good insight in the band structure
of the embedded media and the effect it has on the scattering properties of the grating.
Similarly, we can observe what happens at oblique incidence. A Fabry-Pérot slab typically
feature a Brewster angle cos θB = δ, for which the structure admits perfect transmission for
any frequency. As mentioned in [124] at the intersection between the perfect transmission of
the Fabry-Pérot and Brewster angle, due to coupling of a strong evanescent field, the perfect
transmission don’t intersect. This is well captured by the model, as shown in figure 6.7.
When band gaps appears, the Brewster angle disapears.

6.5 Conclusion and perspectives

In this chapter, we shown how the embedded crystal affects the scattering properties of the
grating. The model derived in chapter 5 allows us to decouple the problem which leads
to an analytical study of the one dimensional crystal and deeper insight. Some interesting
perspective are straighforward, as we are interested in the future of the proposed systems in
Figure 6.8. The first one consists of slots of different width. This means that the periodicity
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is doubled, and as there is an odd number of slots, the last periodicity is cut in half. The
second consist of a port like structure. The last one is similar to the second, but with the
possibility of a phase shift as one branch is longer than the other.

Figure 6.8: Possible metacrystal configurations
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6.A. Multimodal method

6.A Multimodal method

We present the method to solve the actual problem in the harmonic regime. This leads to
solving the Helmholtz equation for which we use a multimodal method similar to Rigorous
Coupled Wave analysis. It relies on partitioning the domain into different subdomains and
projecting the waveform on adequate basis. We consider an incident plane wave of the form

pinc(x, ω) = eik0x1+ib0x2 , (6.23)

with kn =
√
k2 − b2n, with bn = b0 + 2nπ/h for a given b0 and for n ∈ Z. The solution of

the scattering problem is expanded in the following way. To begin, we consider the domain
outside the crystaline structure, and we write the solution as follows:

p(x, ω) =


pinc(x, ω) +

+∞∑
n=−∞

rne
−iknx1ψn(x2), x1 ∈ (−∞,−`),

+∞∑
n=−∞

tne
ikn(x1−`)ψn(x2), x1 ∈ (`,∞).

(6.24)

Next, we treat each slot in the region x1 ∈ (−`, `), where we define the interval X(j) =
x(j) + δh/2(−1, 1), with x(j) = (j − 1)h(δ + ξ) + ξh/2, for j ∈ {1, . . . , N}. In each horizontal
slot of width δh, we write the fields as following



p(1)(x1, x2 ∈ X(1), ω) =
∞∑
n=0

(
A(1)
n e

iκn(x1+`) +B(1)
n e
−iκn(x1−`+e))

)
ψ(1)
n (x2),

p(j)(x1, x2 ∈ X(j), ω) =
∞∑
n=0

(
A(j)
n e

iκn(x1+`−e) +B(j)
n e
−iκn(x1−`+e))

)
ψ(j)
n (x2),

p(N)(x1, x2 ∈ X(N), ω) =

∞∑
n=0

(
A(N)
n eiκn(x1+`−e) +B(N)

n e−iκn(x1−`)
)
ψ(N)
n (x2).

(6.25)

The junctions are treated in the same way, where we define the interval Xc
(j) = xc

(j) + (2δ +

ξ)h/2(−1, 1), with xc
(j) = j(δ+ξ)h, for j ∈ {1, . . . , N−1}. We write the fields in each junction


pc

(j)(x1, x2 ∈ Xc
(j), ω) =

∞∑
n=0

C(j)
n cos (Kn(x1 − γh))ϕ(j)

n (x2), (j even),

pc
(j)(x1, x2 ∈ Xc

(j), ω) =
∞∑
n=0

C(j)
n cos (Kn(x1 − (`− γh)))ϕ(j)

n (x2), (j odd).

(6.26)

The tranverse functions
ψn(x2) = nne

ibnx2 ,

ψ
(j)
n (x2) = n

(j)
n cos(an(x2 − x(j))), with an = nπ/(δh),

ϕ
(j)
n (x2) = nc

n cos(cn(x2 − xc
(j))), with cn = nπ/((2δ + ξ)h),

(6.27)

form orthonormal bases for the scalar products (a, b)Y =
∫
Y a(x2)b∗(x2) dx2, with b∗ the

complex conjugate of b, for Y = X,X(j), X
c
(j) respectively (with the proper normalisation
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factors nn, n
(j)
n and nc

n). For practical purposes, it is important that each order of the above
expansion satisfies the Helmholtz equation. The wavenumbers κn and Kn are therefore
defined as follows

κn =
√
k2 − an , Kn =

√
k2 − cn. (6.28)

The solutions (6.24) and (6.25) are matched at x1 = ±` by imposing continuity conditions
for the pressure and the normal velocity field, for i = 0, . . . ,

(
p|-`, ψ

(1)
i

)
X(1)

=
(
p(1)|-`, ψ

(1)
i

)
X(1)

,
(
∂x1p|-`, ψ

∗
i

)
X

=
(
∂x1p(1)|-`, ψ

∗
i

)
X
,(

p|`, ψ
(N)
i

)
X(N)

=
(
p(N)|`, ψ

(N)
i

)
X(N)

,
(
∂x1p|`, ψ

∗
i

)
X

=
(
∂x1p(N)|`, ψ

∗
i

)
X
.

(6.29)

When integrating over X, we have taken into account the Neumann boundary condition
∂x1p|0,` = 0 for x2 ∈ X\X(1) and x2 ∈ X\X(N). By the same means, we match the solutions
(6.25) and (6.26) in x1 = ±(` − e) with e = (γ + η)h. For simplicity, we only consider the
matching at x1 = −`+ e, and we have for j = {1, . . . , N − 1} and for i = 0, . . . ,

(
pc
|-`+e, ψ

(j)
i

)
X(j)

=
(
p̂(j)|-`+e, ψ

(j)
i

)
X(j)

,(
pc
|-`+e, ψ

(j+1)
i

)
X(j+1)

=
(
p(j+1)|-`+e, ψ

(j+1)
i

)
X(j+1)

,(
∂x1p

c
|-`+e, ϕ

(j)
i

)
Xc

(j)

=
(
∂x1p(j)|-`+e, ϕ

(j)
i

)
X(j)

+
(
∂x1p(j+1)|-`+e, ϕ

(j)
i

)
X(j+1)

,

(6.30)

where we have taken into account the Neumann boundary condition ∂x1p
c
|-`+e = 0 for x2 ∈

Xc\X(j)∪X(j+1). In practice, we truncate the series to Mp terms for p, Md terms for p(j), and
Mj terms for pc

(j). The modal matching problem thus reduces to 2×(2MdN+Mj(N−1)+Mp)

equations for (4MdN + 2Mj(N − 1) + 2Mp) unknowns, and is solved by a simple matrix

inversion, with a source term composed of the projections of pinc onto ψ
(1)
i and ∂x1p

inc onto
ψ∗i (first line in (6.29)).
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Chapter 7
General conclusions and perspectives

7.1 General conclusions

In this thesis, we have studied the properties and modelled several acoustical metamaterials.
As mentioned in the introduction, the possibility of having local resonances in the context
of acoustic waves in fluids is rather limited, and we have focused on the halfwavelegnth
resonance due to slots in a sound hard grating. The microstructured grating can be replaced
by an effective medium derived through different asymptotical homogenization methods. We
have obtained closed form solutions of the approximated effective models, allowing for a
physical study the problem.

The work has been divided into two main parts. The first part deals with scattering
of an acoustical wave by a dual-period grating. In chapter 2, we have recalled classical
homogenization results for layered media, and more specifically, we have applied it to a
regular grating with sound hard part. We have shown that the dispersion relation of the SPP
localized at the interfaces can be recovered by a homogenized model at dominant order.

The main contribution of this part is presented in chapter 3, where an effective model of a
dual-period grating is derived. Such grating typically supports Fabry-Pérot resonances that
interact with Fano resonances. When a dual period grating is considered, perfect trapped
modes exist and do not interact with scattering continuum. By breaking the symmetry
of the unit cell, by considering one slot wider than the other, the perfect trapped mode
becomes a quasi-trapped mode, which leads to sharp asymmetric peaks in the transmission
spectrum. The homogenization is done thanks to classical two-scale homogenization in the
bulk combined with matched asymptotic techniques at the interface. The specificity of the
bulk homogenization is the fact that two effective medium are derived in order to take into
account the highly oscillatory fields from a slit to another. The two effective medium are
matched to each other and the outside domain through non trivial jump conditions. The
model has been validated by comparison with numerical results obtained with a multimodal
method.

We have used the effective model to give some further insight into the physical phe-
nomenon. By performing a local analysis around the Fabry-Pérot resonances explicit expres-
sions of the two complex resonances poles are obtained, which provide a deeper understanding
on their link with the perfect- and zero-transmissions. The limitation of the model has been
addressed as well.

The second part of the thesis concerns the study of so-called space-coiled metamaterials.
It concerns two types of winding arrangement which exhibits different scattering properties.
In chapter 4, we deal with the classical space-coiled structure and it is the one that is most
present in the existing literature. The major flaw of the existing effective models is the unclear
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definition of the length of an uncoiled straight slot. We have revisited the problem with a
two-scale homogenization approach. The model is derived at leading order, which yields an
effective refractive index and impedance mismatch without any ambiguity. The space-coiled
structure supports Fabry-Pérot resonances, and the intuition that it behaves as an equivalent
straight slot holds.

In chapter 5, we present what we refer to as a meta-crystal. By considering a different
coiling arrangement, one can benefit from two scales. As the straight part of coiled slot can be
of the order of the wave length, Bragg scattering can be observed as the turns act as scatterer.
This couples with the subwavelength nature of the grating. The homogenization leads to a
reduced one dimensional propagation in the straight part with effective jump conditions at
each turn. The reduced model is then coupled to the outside domain through additional
jump conditions. The dispersive behaviour of the crystalline structure is accounted for and
is illustrated in the transient regime. A detailed energy analysis is provided to assure the
stability of the model in the time domain.

In chapter 6, we have presented some physical properties of the presented meta-crystal.
The explicit solution of the effective model allow us to decouple the problem and study the
dispersive behaviour of the embedded crystal. We illustrate how the opening of band gaps
inside the array affects the scattering properties of the total structure.

7.2 Future perspectives

We conclude this chapter with an overview of some future interesting and possible extensions.

In the first part, we have only considered the case of acoustical waves in a two dimensional
setting. Extending the acoustical setting to three dimensional propagation is straightforward.
In this setting, one can be interested in different dual bi-periodic gratings. For instance, the
honeycomb lattice is tempting as it has several symmetries. In general, extending this works
to other types of waves is of high interest. In the case of elastodynamics, it can be interesting
to study the interaction between shear waves and pressure waves in the presence of a dual-
period.

In chapter 3, we mention the limitation of the model at the edge of the Brillioun zone.
To overcome this, one can consider another asymptotic parameter, such as the width of slot
small compared to the periodicity.

As mentioned in chapter 3, the study of double inclusions in a metasurface is also a
possible extension. Notably, in the context of Minnaert resonance, a dual period setting has
been considered in [6]. Inspired by the works in [126], we can consider the nonlinear bubble
to bubble interaction in a dual-periodic setting.

In the second part, we have for the moment only considered the case of perfect peri-
odicity. As space-coiled metamaterials has shown promising results in terms of wave-front
manipulation, an extension toward quasi-periodicity is of high interest. Building on the works
presented in [42, 138, 123], an effective model could be derived. Obtaining such a model could
be interesting from a design and optimization point of view.

In chapter 6, we discuss the extension of the study of the meta-crystal. One can consider
different periodicity of the embedded crystalline structure, as shown in figure 6.8. For the
moment, we have only focused on the effect that the crystalline structure has on the scattering
properties. A thorough study on the effect it has on the guided waves is an ongoing work.
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Finally, we need to address the fact that all of the works presented in this thesis have
been done in an ideal lossless setting. When accounting for losses due to viscothermal effects
can become dominant leading to an absorbing medium. In this context, one can tune the
paramaters and obtain perfect absorption through critical coupling, see for instance [132].
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[49] Didier Felbacq and Guy Bouchitté. Theory of mesoscopic magnetism in photonic crys-
tals. Physical review letters, 94(18):183902, 2005.

[50] Clément Ferise, Philipp Del Hougne, Simon Félix, Vincent Pagneux, and Matthieu
Davy. Exceptional points of p t-symmetric reflectionless states in complex scattering
systems. Physical Review Letters, 128(20):203904, 2022.

[51] Vladimir Fokin, Muralidhar Ambati, Cheng Sun, and Xiang Zhang. Method for retriev-
ing effective properties of locally resonant acoustic metamaterials. Physical Review B,
76(14):144302, 2007.

[52] Enduo Gao, Zhimin Liu, Fengqi Zhou, and Zhenbin Zhang. Multiphase resonant
properties in metallic dielectric gratings with three-slits. Modern Physics Letters B,
33(21):1950250, 2019.

[53] FJ Garcia-Vidal, L Martin-Moreno, and JB Pendry. Surfaces with holes in them: new
plasmonic metamaterials. Journal of optics A: Pure and applied optics, 7(2):S97, 2005.

[54] David Gérard-Varet and Nader Masmoudi. Homogenization and boundary layers. Acta
Math., 209.1:133–178, 2012.

[55] Reza Ghaffarivardavagh, Jacob Nikolajczyk, R Glynn Holt, Stephan Anderson, and Xin
Zhang. Horn-like space-coiling metamaterials toward simultaneous phase and amplitude
modulation. Nature communications, 9(1):1–8, 2018.

[56] Zvi Hashin and Shmuel Shtrikman. A variational approach to the theory of the elastic
behaviour of multiphase materials. Journal of the Mechanics and Physics of Solids,
11(2):127–140, 1963.

116



Bibliography

[57] Alastair P Hibbins, Ian R Hooper, Matthew J Lockyear, and J Roy Sambles. Microwave
transmission of a compound metal grating. Physical Review Letters, 96(25):257402,
2006.

[58] Ian R Hooper, B Tremain, JA Dockrey, and Alastair P Hibbins. Massively sub-
wavelength guiding of electromagnetic waves. Scientific reports, 4(1):1–5, 2014.

[59] Chia Wei Hsu, Bo Zhen, A Douglas Stone, John D Joannopoulos, and Marin Soljavcić.
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Titre : Méthodes asymptotiques pour des métamatériaux acoustiques résonants (en français)

Mots clés : Méthode asymptotique, métamatériaux, propagation des ondes, homogénéisation

Résumé : Dans cette thèse, on s’intéresse à
la modélisation des métamatériaux acoustiques
résonants. En utilisant des techniques d’ho-
mogénéisations asymptotiques, on dérive et analyse
des modèles effectifs pour deux systèmes acous-
tiques résonants différents.
La première partie est consacrée à l’étude d’un
réseau de période sub-longueur onde composé de
fente. Dans le cas d’un réseau à double période, com-
posé d’une cellule périodique avec deux fentes, on
s’intéresse à la configuration où une certaine symétrie
est brisée. Ce faisant, le champ évanescent le long
de la structure peut se coupler avec le continuum qui
se propage. Les résonances parfaites deviennent des
quasi-résonances, ou des modes fuyants, ce qui en-
traı̂ne un comportement frappant dans le spectre de
transmission où l’on observe des pics asymétriques
de type Fano. La dérivation du modèle effectif ho-
mogénéisé du réseau à période double est obtenue
par une combinaison d’homogénéisation en volume

et des méthodes de raccordements asymptotiques.
Le modèle obtenu permet d’obtenir des solutions ex-
plicites et analyser les mécanismes résonnants sous-
jacents du système.
La deuxième partie porte sur les matériaux labyrin-
thiques ou ‘space-coiled materials’. Ces matériaux re-
posent sur l’idée que l’onde acoustique est forcée de
suivre la trajectoire de la fente enroulée. Deux types
d’enroulement sont étudiés.
L’enroulement communément rencontré dans la
littérature est revisité par l’homogénéisation et donne
un résultat plus précis que des études précédentes.
Le deuxième type d’enroulement est ce que nous
appelons un méta-cristal. Cela peut être interprété
comme un cristal phononique unidimensionnel im-
briqué dans un réseau sub-longueur d’onde, et
bénéficie maintenant de deux échelles de longueurs.
La structure peut exhiber des bandes interdites
dues à la diffusion de Bragg qui sont couplées aux
résonances Fabry-Pérot.

Title : Asymptotic methods for resonant acoustical metamaterials (en anglais)

Keywords : Asymptotic method, metamaterials, wave propagation, homogenization

Abstract : In this thesis, we are interested in the
modelling of resonant acoustic metamaterials. Using
asymptotic homogenization techniques, we derive
and analyse effective models for two different acous-
tical resonant systems.
The first part is devoted to the study of subwavelegnth
grating composed of slits in a sound hard slab. We are
interested in the case of a dual-period array, some-
times referred to as compound gratings. When dealing
with a dual-period grating, composed of a periodic unit
cell with two slits, we are interested in the configura-
tion where some symmetry is broken. By doing so, the
evanescent field along the structure can couple with
the propagating continuum. The perfect resonances
become a quasi-resonance, or leaky modes, and this
leads to some striking behaviour in the transmission
spectra, where asymmetric Fano like peaks are obser-
ved. The derivation of the homogenized effective mo-
del of a dual period metagrating is obtained through

a combination of bulk homogenization and matched
asymptotic techniques. The obtained model allows for
the derivation of closed form solutions and an analyti-
cal study of underlying resonant mechanisms.
The second part focuses on space-coiled materials
or labyrinthine materials. These materials rely on the
idea that the acoustic wave is forced to follow the path
of the coiled slot. Two types of coiling arrangement
are studied.
We revisit the most encountered coiled arrangement
through homogenization and show that it gives a more
precise result than previous studies. The second ar-
rangement is what we refer to as a meta-crystal. It can
be interpreted as a one dimensional phononic crystal
embedded in a subwavelength grating, which now be-
nefits from two length-scales. The structure benefits
from band gaps due to Bragg scattering, that is cou-
pled with the Fabry-Pérot resonances.

Institut Polytechnique de Paris
91120 Palaiseau, France


	Acknowledgements
	Résumé
	Abstract
	Introduction
	Part I - Dual Period Grating
	Problem setting - Subwavelength grating
	Governing equation
	Guided modes
	Homogenization/effective model
	Classical homogenization
	Material properties: Limit cases
	Application to grating

	Conclusion

	Dual Period
	Introduction
	Problem formulation and results
	The actual problem
	Trapped modes 
	Numerical evidence of the perfect trapped-mode through guided-wave excitation 

	The effective problem
	Asymptotic homogenization
	Analysis in the bulk – Effective wave equations
	Analysis at an grating interface and effective transmission conditions
	Formulation of a unique effective problem

	Properties of the effective parameters
	Solutions and effective problems
	Explicit solution of the effective problem

	Validation of the effective model for a scattering problem
	Efficiency of the effective model in a scattering problem
	Local analysis of the resonances

	Guiding Properties
	Concluding remarks and perspectives

	Part II - Space-coiled metamaterials
	Revisiting space-coiled metamaterials
	Introduction
	Homogenized models
	Two-scale Homogenization
	Two-step model
	The two models in dimensional form

	Comparison of the models
	Concluding remarks and perspectives

	Modelling of a metacrystal
	Introduction
	Main results
	The actual problem
	The effective problem

	Derivation of the effective model
	Effective propagation in the straight parts of the coiled slot
	Solutions in the air far from the material
	Analysis at the junctions at the entry/exit of the slot
	Analysis at the junctions
	Effective problem with curvilinear coordinate and unique formulation

	Energetic properties
	Energy balance of the effective model
	Derivation of the energy balance
	Positivity of C
	Positivity of B
	Positivity of D

	Validation of the effective model in the transient regime
	Conclusions

	Properties of the meta-crystal
	Introduction
	Validation of the model in the harmonic regime
	Explicit solution of the effective model
	Time domain formulation

	Scattering properties of the effective model
	Effect of the embedded crystal
	Conclusion and perspectives
	Multimodal method

	General conclusions and perspectives
	General conclusions
	Future perspectives

	Bibliography

