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Combinatoire de 1’élimination de Lazard et Interactions

Résumé. Ce mémoire est tout entier consacré a la réécriture des inversions dans cer-
taines structures avec produit, leur réarrangements et les contreparties combinatoires de
ces transformations pour les partitions d’alphabets c¢’est a dire 1’élimination de Lazard
de générateurs (LE) et les formules associées (en particulier dans leurs quotients). Les
théoremes du type (LE) donnent lieu & des formules uniformes pour tous les alphabets
et ont des schémas similaires pour les groupes, les monoides, les algebres de Lie et les
algebres associatives avec unité. Ces outils donnent lieu a de nombreux algorithmes
implémentables. La forme la plus simple de (LE) se produit dans la catégorie des k-
algebres de Lie (k étant un anneau unitaire), nous nous concentrons sur les monoides
et les algebres de Lie et donnons des exemples sur des “smash-produits” itérés pour
lesquels la réécriture des mots (“string rewriting”) joue un role crucial non seulement
dans la compréhension des formes normales, mais encore dans la fagon dont on con-
verge vers elles. La fin de cette these se concentre sur les utilisations supplémentaires
de (LE) et de I'indexation de mots dans le contexte du half-shuffle, des algebres de
Zinbiel et de la dualité de Magnus. En outre, il aborde le sujet des hyperlogarithmes

et de la théorie des caracteres.



Combinatorics of Lazard Elimination and Interactions

Abstract. This memoir is all about rewriting of inversions in some product structures,
reordering and their combinatorial counterparts for partition of alphabets i.e. Lazard’s
elimination (LE) of generators and associated formulas (in particular their quotients).
(LE) theorems provide uniform formulas for every alphabet and have similar schemes
for groups, monoids, Lie algebras and unital associative algebras. These tools give
rise to many implementable algorithms. The most celebrated form of (LE) is on the
category of Lie k-algebras (k being a unitary ring), we concentrate on monoids and
Lie algebras and provide examples on iterated “smash-products”, where the rewriting
on words (“string rewriting”) plays a crucial role to understand the normal forms and
how one converges to them. The end of this thesis focuses on additional uses of (LE)
and word indexing in the context of half-shuffle, Zinbiel algebras and Magnus duality.

Furthermore, it delves into the topics of hyperlogarithms and character theory.



Acknowledgments

I would like to express my sincere gratitude to my director, Professor Gérard H. E.
Duchamp, for his unwavering encouragement, guidance and support throughout my
doctoral studies. Under his supervision, I was introduced to the vast and fascinating
world of mathematics and was provided with invaluable approaches to solving prob-
lems in the field of “Combinatorics, Physics and their Interactions”. Additionally, I am
deeply grateful to my co-director, Professor Vincel Hoang Ngoc Minh, for his useful
insights and ideas that greatly contributed to the success of my PhD thesis.

I thank to Professor Jean-Gabriel Luque (Université de Rouen) and Professor Darij
Grinberg (Drexel University) for their valuable comments and reports which greatly

contributed to the improvement of this manuscript.

I would also like to thank Professors Anne Micheli from Université Paris Cité, Hi-
roaki Nakamura from Osaka University, Pierre Simonnet from Université de Corse and
Christophe Tollu from Université Sorbonne Paris Nord who agreed to be members of

the jury. Their advice helped me complete this thesis.

My sincere gratitude extends to all those who have supported me in both my per-
sonal and academic pursuits. I would like to express my appreciation to the following
individuals in particular for their assistance and guidance:

- Thanks to Professors Lionel Pournin, Christophe Tollu, Joseph Ben Geloun, Cyril
Banderier (CALIN team, LIPN, Université Sorbonne Paris Nord) and Professor Karol
Penson (LPTMC, Sorbonne Université) for fruitful discussions that greatly expedited
the process of my thesis.

- To my colleagues, administrative staffs, Professor Frédérique Bassino (the director of
LIPN) and Professor Olivier Bodini (the deputy director of the Institut Galilée), I am
deeply grateful for their invaluable assistance during my time at the university, both
in my studies and with administrative procedures.

- To Dao Quang Duc (IMJ-PRG, Sorbonne Université) and Nguyen Xuan Bach (LAGA,
Université Sorbonne Paris Nord) for spending time to discuss Maths and PhD life with

5



me during our weekend seminars.

- Thank you, Dr. Le Hoang Tri, my professor from the Department of Mathematics
at Danang University of Education. “You were the first person to introduce me to the
world of modern mathematics”.

- To Professors Nguyen Duy Tan (Hanoi University of Science and Technology), Nguyen
Viet Dung and Phung Ho Hai (Hanoi Institute of Mathematics, VAST) for your whole-
hearted support during my studies in Hanoi.

- I thank to the Fondation Sciences Mathématiques de Paris (FSMP) for awarding me
a master’s scholarship in fundamental mathematics, which enabled me to continue my
studies at Université Sorbonne Paris Cité in 2018. During my time there, I received
inestimable support from Professor Gregory Ginot, Dr. Hoang Manh Truong (LAGA,
Université Sorbonne Paris Nord) and Professor Anne Micheli (IRIF, Université Paris
Cité) in both my master’s program and my search for doctoral scholarships. I am
deeply grateful for their guidance and assistance.

- Thank you to all my friends, colleagues and acquaintances (Thanh Loan, Mrs. Minh,
Mr. Truong, Mr. Hoan, Mr. Chien, Tin, Tuan Anh, Ms. Phuong and Mr. Duc,
Mr. Khanh, Mr. Quan, Duyen, Dat, Vuong, Manh Linh, Quyet, Hang, Mr. Tai, Mr.
Hoang, Dung, Mr. Kha, Mr. Thai, Mrs. Van ...) who have always supported me
throughout my PhD journey in Paris, France.

- Thanks to my family (ba Hien, ma Chi, anh hai Bao) and my girlfriend (Thanh Van).

Although words are never enough, thank you for your support and belief in me.



Contents

(Introductionl 11
[Chapter 1. Preamble| 15
[L.1. The (endo)functor SEQ.| . . . . . . . ... ... ... ... . ... 15
(1.2. Free objects.|. . . . . . . . . .. 16
(1.2.1. General principle.| . . . . . . .. .. ... Lo 16

(1.2.2. Presented structures) . . . . . . .. ... 0oL 17

[L23. Freemonolds] . . . . . . .. ... 18

[1.2.4.  Free associative algebras.|. . . . . ... .. ... 25

[1.2.5. Free Lie algebras.| . . . . . . . ... ... 0. 27

[1.3.  An example of free object with respect to graphs.| . . . . . . .. .. .. 32
[Chapter 2. Lazard’s elimination| 37
[2.1. Groups and Lie algebras.|. . . . . .. ... ... ... ... ... 46
[2.2. A generalization of Lazard’s elimination theorem. . . . . . . .. . . .. 50
2.2.1. Classical Lazard’s elimination) . . . . . ... ... ... ... .. 50

[2.2.2. Quotients of Lazard’s eliminations.| . . . . . .. .. ... .. .. Y

[2.2.3. Applications.| . . . . . ... oo 66

[2.3. Lazard elimination as a free object.| . . . . . . . .. ... ... ... .. 78
[2.3.1. Category of SESS in Lie algebras.| . . . . . ... ... ... ... 78

[2.3.2.  An equivalence of categories and a Lazard elimination functor.| . 80

[2.3.3. Drinteld-Kohno Lie algebra with infinite number ot generators:

| from strange to generalized gradings.| . . . . . . . ... ... .. 90
[2.4. Smash product algebra and Lazard’s elimination.| . . . . . ... .. .. 99
[2.5. Table of Lazard elimination formulasl . . . . . ... ... ... ... .. 108



CONTENTS

[Chapter 3. Characters| 109
[3.1. Introduction) . . . . . . . . ..o 109
[3.2. Convolution algebra and factorization.| . . . ... ... ... ... ... 111
[3.3. Bases in duality: Zinbiel algebra and Magnus basis.| . . . . . . . . . .. 122
[3.4. Extension of characters: A theory of Domains tor Harmonic Functions |

| and 1ts Symbolic Counterpart.| . . . . . . . . . . ... ... L. 134

(3.4.1. Introduction.) . . . . . .. .. .o 134
[3.4.2. Polylogarithms: from global to local domains.| . . . . . . . . .. 139
[3.4.3.  From Polylogarithms to Harmonic sums.| . . . . . . . .. .. .. 141
[3.4.4. Applications.| . . . . ... oo 151

[3.4.5. Stuffle products, usage of one-parameter subgroups within stuftle |

| characters and their symbolic computations.| . . . . . . . . . .. 155
[Chapter 4. Conclusions and future directions| 159
[Chapter 5. Appendixes| 161
b.1. Miscellaneous facts] . . . . . . . . ..o oo 162
b.1.1. About central extensions) . . . . . .. ... ... 162

b.1.2. Factorization of characters). . . . . .. ... ... ... ... .. 162

[6.2. Appendix A: Limits and Colimits.|. . . . . . ... ... ... ... ... 166
[>.3.  Appendix B: Topological rings, their completions and combinatorics.| . 167
[b.3.1. Topological rings.| . . . . . ... ... o 0oL 167

[5.3.2. Towards series: the threefold way|. . . . . . .. .. ... .. .. 170

[5.4. Appendix C: Structures ot Bialgebra type.| . . . . . . . . ... ... .. 173
[b.4.1. Gradings.| . . . . . . . .. . 173

[>.4.2.  Enveloping algebra of S-graded Lie algebras| . . . . . . ... .. 174

[5.4.3. Iterated smash products and sup-gradings.| . . . . . . . . .. .. 175

[5.4.4.  Hopt structures of the k-module of noncommutative polynomials.| 185

[5.4.5.  Zinbiel bialgebra and its dualisation.| . . . . . . . . ... .. .. 188

[5.5. Appendix D: Maple Outputs.] . . . .. ... ... ... ... .. .... 191
[>.5.1. Lyndon basis and its dual.| . . . . . . . .. ... ... ... .. 191

8



CONTENTS

[Chapter 6. Bibliography| 193




CONTENTS

10



Introduction

This memoir is all about rewriting of inversions in some product structures, reordering
and their combinatorial counterparts for partition of alphabets i.e. (Lazard’s) elimina-

tion of generators and formulas of the type
STRUCT (xy,xa,...,2,) = NICE(x1,29,...,2,) 0 STRUCT {(x1,...,2,-1) (0.1)

where NICE et STRUCT; stand for algebraic structures generated (sometimes freely)
by generators z;. The diamond symbol being, according to the situation, a tensor
product, a semi-direct product or a plain (unique) factorization. For example, with

the symmetric group &,, and the pure braid group PB5,, [5]
Gn ~ 7 /nZ < 6n_1 and PBn = Fn—l < PBn_l.

Here, in the first case, ¢ is only a product of permutable subgroups and the iterated
decomposition helps building the infinite chain of embeddings or construct a basis of
Q[6,,] adapted to the calculation needs of Dynkin’s projector [32]. In the second case
we have a semi-direct product (where F,,_; is the Free Group with n — 1 generators).
Let us firstly see the case of two permutable subgroupsﬂ (where the ¢ is a symbol of
(unique) factorization), we have G = GG;Go = GG (and it is required that G = G1.Go

be of unique factorization). Then, at the level of the terms, the rewriting reads

921 —> (g1, 92)7(91, 92) (0.2)

and, in the case when (g1, g2) = go identically, we have a semi-direct product i.e. for
every (g1,92) € Gy X Ga, 929192~ € G4, so that we only need to know the factor
](gl y 92) .

1A common occurrence in solvability.
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CONTENTS

The categories covered here will be

1. Set, the category of sets.

2. Mon, the category of monoids.

3. Grp, the category of groups.

4. k-Lie, the category of Lie k-algebras (where k is a given commutative ring).

5. k-A AU, the category of unital associative k-algebras (where k is again a given

commutative ring).
and (forgetful) functors between the are as follows
Mon(2 L Grp( )
et (1l k-AAU(5)

k-Lie(4

S

Figure 1: Similar lower diagram with algebras and k-Mod replacing Set.
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CONTENTS

This Ph. D. answers the following questions

Q1) What are the expressions of Lazard elimination (LE) in several categories where

there are sort of semi-direct products?

Q2) Are these universal? (i.e. is every semi-direct product the image of some Lazard

elimination? and is LE a free object(?ED

Q3) What is the Combinatorial counterpart of these investigations? (Bases, codes,

formulas, etc.)
Q4) If possible, is there a deep reason for the similarity of the obtained formulas?

The results of this Ph. D. are

1. Main result: compatibility of a set of generators and relations w.r.t. a partition
of the alphabet.
e Application to the Partially Commutative Lie algebra.

e Application to the Drinfeld-Kohno Lie algebra.
2. Every semi-direct product is the image of a Lazard elimination: Boolean gradings.

3. Generalized gradings: in the vein of the enlargement allowed by Wikipedia [5§]
and Bourbaki, the theory of gradings has been enlarged to additive semigroups
and applied to the Hilbert series of the Drinfeld-Kohno Lie algebra (and its

universal enveloping algebra) with infinite number of generators.

4. The computation of (Id)ge, worked out completely for any enveloping algebraﬂ (it

could be thought as a computation of local coordinates, see Mathoverflow [T11]).

5. The infinite product, bases in duality (and Magnus setting) and their compati-

bility with elimination.

2This rather vague sounding question as well as question heading subsection (i.e. “About M.-
P. Schiitzenberger’s questions on the Partially Commutative Free Lie algebra”) have been reinterpreted

in the language of (algebraic) categories as the “search of the source of a free (forgetful) functor”.
30f a Lie algebra linearly free, over a Q-algebra as announced in [94].
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CONTENTS

6. Towards a theory of domains for Polylogarithms and Harmonic sums.

Preliminary remark. All results of this memoir (save the Section which rests on
complex analysis) are of “locally finite” nature and can be reached without topology. In
particular the limiting processes of infinite sums and products boil down to the notion
of summable familiesﬂ

From time to time, concepts of general topology (like density and completion) have in-
tentionally been kept because a purely algebraic reformulation would be lengthy, clumsy
and poorly expressive.

In the same way, categories are oftentimes used as a unifying concept but many results

can be rephrased without using the language of category theory.

40r pointwise finitely supported families, see [56] Def 1.7.2.
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Chapter 1

Preamble
Contents
[I.1. The (endo)functor SEQ.. . . . . .. ... ... ... L. 15
(1.2. Freeobjects.| . . . . . . . . . ... ... 16
[1.2.1. General principle.| . . . . . . .. ... Lo 16
[.2.2. Presented structures] . . . . . . ... ... ... ... .. 17
1.2.3. Freemonoids) . . . . ... ... o oL 18
[1.2.4.  Free associative algebras.|. . . . . . . ... ... ... ... 25
[1.2.5.  Free Lie algebras.| . . . . . . ... ... ... ... ... ... 27
[1.3. An example of free object with respect to graphs.| . . . . . .. .. 32

The chapter contains general facts about “free objects” from the scheme “solutions

of universal problems” for categories
Mon, Grp, k-AAU, k-Lie (1.1)

k being a fixed unital commutative ring.

1.1 The (endo)functor Seq.

In the following, we will use the (endo)functor SEQ : Set — Set (here all sets of ZFC
are admissible whatever their cardinality). Then, a set X being given, SEQ(X) is the

15



1.2. FREE OBJECTS.

set of all sequences of elements of X i.e.

SEQ(X) := | | Xttt (1.2)

n>0

where, for E, I sets, F'F is the set of all maps £ — F, and, for f: X =Y,

SEQ[f](xlu 7x7Z) = (f(xl)’ 7f($n)> (13)
It is not difficult to check that SEQ is a functor.

Remark 1.1. In [50], P. Flajolet and R. Sedgewick, provide a host of functors and
bifunctors with Set (or graded Set@, there called “combinatorial classes” as domain
(see [50] Ch 1 §1.2 “Admissible constructions and specifications”). There can be found
a host of beautiful combinatorial functors Set — Set as: SEQ, Cyc, MSET, ....

Our functor SEQ is then similar to their SEQ functor (save a modification of its domain

which is the whole sets of ZFC i.e. Set).

1.2 Free objects.

1.2.1 General principle.

In this subsection, we introduce the combinatorial (free) objects we will use throughout
the manuscript] These objects (call them G(X)) together with amap jx : X — G(X)
are all solutions of universal problems. We will recall the definition, notation and
terminology about these free objects below (cf. in general Bourbaki [12] Ch IV §3 or
[80] and, in particular, [I0] Ch I §7.1 and Lothaire [79] Prop 1.1.1 for free monoids,
Bourbaki [13] Ch II §2.2 Prop 1 and Reutenauer [94] Thm 0.4 for free Lie algebras and
Bourbaki [I0] for enveloping algebras i.e. towards the free associative algebras with
unit), but here, we state the general principle.

The scheme is the same for all categories considered in Eq. (1.1)) (k being a fixed ring).

' More rigorously, finite or denumerable sets, N-graded by finite blocks.
2Freeness is here with respect to sets. To be more complete we will give in Section an example

of freeness with respect to graphs.
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CHAPTER 1. PREAMBLE

All objects of these categories can be considered as sets, we then have a natural
“forgetful” functor F such that, A being an object (of one of these categories), F'(A) is
the set underlying the structure 4. We are now in the position of stating the universal

problem corresponding to the forgetful functor F'.

Universal problem (w.r.t. F). -

For any set X (C being one of the categories as above) does there exist a pair (jx, G(X))
(G(X) being an object of C and jx : X — F(G(X)) a map) such that:

For any map f: X — F(A), there exists a unique fe Home¢(G(X), A) such that

f=F (J? ) o Jx.

Remark 1.2. It might happen that G be not defined everywhere as shows the case
with C = FinSet, F being the inclusion functor (i.e. F(X) = X for every finite set
and F'(f) = f for every set-theoretical map between finite sets).

However a solution of the universal problem , for all X, provides a free functor
G : Set — C, X — G(X) which is left-adjoint to the forgetful functor F' : C — Set.
The reader must be aware that, in general, the notion of “forgetful functor” (here

constructed from algebraic structures and sets) is informal (see [112]).

Set < Eo C
f
S B b (1.4
Jx \\\\\ N Tf
" G(X).

1.2.2 Presented structures.

For any category of the list ([1.1]), the notion of a “structure defined by generators and
relations” is well defined. For X a set and C € {Mon, Grp,k-AAU, k-Lie}, a relator
()

is a set of equalities tz(-l) = t§2) (i € I) where t;” are elements of the corresponding
free structure G(X). We can express the universal problem of presented structures in
terms of maps and co-equalization.

Let u,v : I — G(X) such that u(i) = tgl), v(i) = tZ@), then the structure defined “by

generators and relations” with X as set of generators and r = {u(i) = v(i)},., as set

17



1.2. FREE OBJECTS.

of relations is noted

M={(X|r) €C (1.5)

This object comes together with an arrow s, : G(X) — M. The pair (s, M) is a
solution of the universal problem (see diagram (|1.6))) such that

e s=s, is a morphism G(X) — M of C such that F(s)ou = F(s)ov[]
(F: C — Set being the “natural” forgetful functor) and

e For every morphism ¢ : G(X) — N such that F(p)ou = F(p) ov[]there exists
a unique morphism @ : M — N such that p = po s

This situation is summarized by the following diagram.

Set <t C C
| ——=a(X) —2— N (L6)
l -
M

Remark 1.3. When one has underlying groups (additive or multiplicative), expressions
like u; = v; can be made equivalent to w; = e (e is the neutra]ED. In these cases, the
list of relations can be replaced by a list of relators. But, in the case of monoids (and
other structures like semigroups), no such mechanism exists and we have to stick to a

list of relations of type u; = v;.

1.2.3 Free monoids.

Oftentimes, we will use free monoids as monomials (i.e. in this section C = Mon).
Elements of a free monoid G(X) = X* are usually called “words” which is why the
generating set X is often called an alphabet (see [79]).

3This means that, for all i € I, s(u;) = s(v;).
4This means that, for all i € I, ¢(u;) = ¢(v;).
SFor abelian groups (noted additively) u; = v; is equivalent to u; — v; = 0. For groups noted

multiplicatively u; = v; is equivalent to u;v; b=1.

18



CHAPTER 1. PREAMBLE

Alphabets and words.

Given a set X, the free monoid on X is the set X* of all words over the alphabet X (i.e.
the empty word 1x+ or non-empty words xi25---x,, here n € N, and z; € X,Vi €

[1,7n]), made into a monoid using concatenation as

"'Ijl".xn'yl"'ym ::xl...xnylnnnym‘

We notice that, for any X € Set, the set underlying X* (i.e. F(X*) in the perspective
of Subsection is nothing but SEQ(X) with another data structure i.e. words
instead of lists (i.e. under this identification, one has F(X*) = SEQ(X)).

We will denote by |w]| the length of a word w from X* and a partial degree |w|, is
the number of occurrences of an element z of X within w.
A word w € X* being given, we will denote by (w) the multidegree of w, that is the
family (Jwl,)zex which belongs to NX)| the set of finitely supported familied’] of N¥
(which is the set of all functions i.e. families (c;),ex from X — N) (cf. [10] Ch I §7.7).

The subset of X* of the words of length n is denoted by
X" ={we X*||w| =n}. (1.7)
We also consider the subset of the words with a given multidegree o € N&X)| namely
X ={we X" | (w) = a}. (1.8)

Commentary 1. i) When an ambient free monoid X* is fized, for any Y C X*, the
notation Y* stands for the submonoid (of X*) generated by Y, this set might not be

free as a monoid. For example, in a* (the free monoid on one letter)
{a®,a°}* = {1,a% a*} U{a"}.>5 (1.9)

is not free.
i) Save in Ezrample we will only use the regular expression (see [93]) B*Z =
{uz}uep ez. It can be shown that (B*Z)* is free.

SFamilies whose support
supp((am)meX) = {I eX | Qg ?é 0}

is finite.

19



1.2. FREE OBJECTS.

Free monoid and its universal property.

For X a set (viewed as an alphabet of noncommutative variables), the canonical embed-
ding of X! (the set of words of length one, which we identify with X) will be denoted
by jx : X — X*.

One can prove easily that the constructed pair (jx, X*) is a solution of the universal
problem corresponding to the following diagram (see description in Subsection m,
here for C = Mon or [94] Prop 1.1):

Set < L | Mon
f
X r M (1.10)
jx\\\\\\ f
X

It means that for every monoid M and set-theoretical map f : X — M, there exists a

unique morphism of monoids ]/”\: X* — M such that fo ix=1F.

In Subsections [1.2.4] and [1.2.5] we will recall the construction of free objects for

the category of associative k-algebras with unit k-A AU and in the category of Lie
k-algebras k-Lie.

Presentation of a monoid.

Following the general scheme, the monoid presented by a set of generators X and

relations r = ((u; = v;)),¢; i-e.

M= (X (a5 = v))ier Mon = X /=, (L11)

together with the natural arrow s, : X* — M is a solution of the universal problem

(see diagram ([1.12])) of existence of a pair (s, M) such that

e s is a morphism of monoids X* — M such that F(s)ou = F(s)ov[]
(F': Mon — Set being the forgetful functor as above) and

"This means that, for all i € I, s(u;) = s(v;).

20



CHAPTER 1. PREAMBLE

e For all morphisms of monoids ¢ : X* — N such that F(p)ou = F(p)ov [|there

exists a unique morphism @ : M — N such that ¢ = po s

z (1.12)
Srl /

Note that, due to intersection properties of congruences ([43] Ch 1 §5, see below), the

arrow s, is onto as this is the case of the analogue arrows for each category C of the
list (L.1)).

In this situation, with all set of generators X and relations r = {(u; = v;)}ies
(u;,v; € X*), the pair (s, M) exists. In fact, M is the quotient of X* by the congruence
generated by the family ((u; = v;)),c; (see [43] Ch 1 §5).

Example 1.1. Free group (as a presented monoid). —
Let X be an alphabet (viewed as a set of generators), we can construct an implemen-

tation version of the free group I'(X) as follows

e Create X, a disjoint copy of X, X = X + X with the involution z — Z such that

Kl

=X

e Then I'(X) = )?*/(m _1)

zeX’

Example 1.2. Dihedral group Ds (as a presented monoid). —
The Dihedral group D5 = ({s1,s2}|s] = 5 = (5152)° = 1)\Mon 1S known as the

symmetry group of the regular pentagon.

Definition 1.1. We now consider the following
i) In general, for any monoid M, we say that M is graded if

M = |4 M,, and M,.M, C M,

meN

8This means that, for all i € I, p(u;) = ¢(v;).
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3 4

Figure 1.1: For Dj (group of order 10). Coxeter presentatibr\l is with s; (symmetry
w.r.t. the line passing through node 5) and s, (symmetry w.r.t. the line passing

through node 2) and relations [s? = 1 ; (s182)° = 1].

with My = {15/}. It is equivalent to say that a monoid M is graded if there is
an additiveﬂ propeﬂ length function [ : M — N EL

ii) If, moreover, for all m € N, |M,,| < +oo, M is said finitely graded. It means
that the additive proper length function [ satisfies the property
{zx e M | l(x) =m}| < 4+o00,¥Ym € N and then [ is called a finitely additive

proper length function on M.
iii) The Hilbert series of a monoid M is then the formal power series

Hilb(M,t) :=> | M| t™ € N[[t]]. (1.13)

m>0
To have such a Hilbert series it suffices that the monoid be a finitely graded set.
Assume that X is a finite alphabet, it is an exercise to check (by the definition of

finitely additive proper length function) that a monoid M presented by
M = (X | (i =v));e; )Mon With |u;| = [v;] for all i € I is a finitely graded monoid.

NUay) = U(z) +1U(y) Y,y € M.
101_1(0) = {11»[}.
1Tt is a morphism of monoids M — N, but, due to the lack of inverses, the condition 171(0) = {15/}

does not imply that it is injective, of course.
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Remark 1.4. A remark for the exercise above is that the set X is a finite alphabet
and relations r = {(u; = v;) };e; are homogeneous w.r.t. length meaning |u; |=|v; | for
all i € I. Moreover, let Bi = ({a,b}|ab = 1)pjon Pe the bicyclic monoid [4], then
we can prove without difficulty that Bi admits no N-gradation because each additive
proper length function [ on Bi satisfies 0 = [(1) = [(ab) = [l(a) + {(b) > 2 which
is a contradiction, this shows that we cannot relax the condition that the relator be
homogeneous.

However, one can consider the Hilbert series of a set of distinguished representatives

as the language L = {b°a"}, sen is a section of the presented monoid Bi.

The condition homogeneity w.r.t. length whereas it is sufficient, is not necessary
by an example presented as follows: consider a homomorphism of monoids [ : M =
({a,b}|0* = ab)ppon — N extending from a monoid homomorphism {a,b}* — N
which sends a — 2,b + 1 by the coequalizer (1.12)) over the relation 4% = ab, then
clearly [ is a finitely additive proper length function on M and hence M is a finitely

graded monoid.
Example 1.3. Assume that A := {a,b} is a set of two letters with a < b.
1. Let us consider monoid
SFy(A) == (Ala> =V = Dnon = ({a, b} [1 = a® = 62>M0n (1.14)

It is easy to show that the onto morphism s : {a,b}* — SFy(A) admits as a

section the square-free languageE
L = {a,b}*\ ({a,b}*a*{a,b}* U {a,b}*b*{a, b}") (1.15)
= (ab)*(1+a) + (ba)" (1 + ). (1.16)

(the + in is, in this case, a dijoint union).

Alternatively, we can consider the monoid
SFi(A) == (Ala* = a; b =b)Mon (1.17)

It also admits the square-free language as a section, but it is by no means the

same monoid (the first one is a group whereas the second is not).

2Description with regular expressions (extended with “set minus” for the second term, see [93]).
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In fact the correct setting for Hilb(V,t) is that of a free module or a vector space
then and here as the monoids ([1.14)) and ((1.17]) are not graded, we give the Hilbert

series of the “square free section” L where

° LO — 1A*;
o [, = {CL, b}a
o L= {ab7 ba};

e For all m > 1, one has Lo, = {(ab)™, (ba)™} and Loy, +1 = {a(ba)™, b(ab)™}.

However these monoids are not finitely graded for this decomposition because
the grading is not compatible with the product (seen as a concatenation with

rewriting) then

Hilb(M,t) = > |Ly| t™ (1.18)
m>0
2 14t
a1 2 - (119

2. Consider another monoid with length presented as
M(A) = (A|a® = b2>M0n = {{a,b} |a® = b2>M0n (1.20)
One section of it is the language of words without any b? factor
L= A"\ AD*A*. (1.21)

In this case, M(A) is a finitely graded monoid M(A) = #,,cy M (A),, where

M(A)O == 114*7

M(A)l = W1 = {a, b},

M(A)y = Wy = {aa,ab,ba}, | M(A)y|=| M(A) | + | M(A)|;

M(A)s = W3 = {aaa, aab, aba, baa, bab} |, | M(A)z|=|M(A)z| + | M(A)|;

M(A)y = Wy = {aaaa, aaad, aaba, abaa, abab, baaa, baab, baba}, and then
| M(A)a|=[M(A)s] + [ M(A)2];
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o M(A); = W5 = {aaaaa, aaaab, aaaba, aabaa, aabab, abaaa, abaab, ababa,

baaaa, baaab, baaba, babaa, babab}, | M (A)s|=| M (A)4| + | M(A)s];
® ---

e For each m > 2, M(A),, = W,, the set of all words of length m without any
b? factor and then | M(A),, |=| M(A)y_1| + | M(A)n_2].

We obtain that | M (A),,|= F(m) is the Fibonacci number (with initial condition
F(0) =1, F(1) = 2[%) and then the Hilbert series
Hilb(M(A),t) = > |M(A)p|t" = F(m)t™
m>0 m>0

141

:1+2t+3t2+5t3+8t4+13t5+---:W.

1.2.4 Free associative algebras.

Here, we deal with free associative algebras with unit (i.e. C = k-AAU). See just

below.

Free associative k-algebras and its universal property.

Let k be a commutative ring with unit. A noncommutative polynomial on X over k
is a linear combination over k of words on X. We simply say polynomial when no
confusion arises. If P is a polynomial, we write it as
P=> (P|ww.
weX*
The set of all polynomials is denoted by k(X). It has a k-algebra structure, with a

concatenation product
PQ=>"(PQ|ww,
weX*
where

(PQ|w)=> (P[upQ|v).

W=Uuv

The polynomial algebra k(X is the free associative k-algebra with unit (free k-A AU)
generated by X. It means that, given the canonical embedding jx : X — k(X), then

13Usually, the initial conditions are 0,1, --.
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for every associative k-algebra with unit A and set-theoretical map f : X — A, there
exists a unique morphism of k-AAU f : k(X) — A such that foijx = f. We get
an inclusion and one can prove that the pair (jx, k(X)) is a solution of the universal
problem corresponding to the following diagram (see description in Subsection m,
here for C = k-AAU)

Set « P | kAAU
f
S = (1.22)
jX\\\\\\ N f
> Kk(X).

Graded structures of the free associative k-algebra.

We shall explain graded structures of the free associative k-algebra with unit k(X).
The reader can review in Bourbaki [I3] or Reutenauer [94] the concept of graded k-

algebra (in the latter, homogeneous for the multidegree is called finely homogeneous).

For n > 0, we denote by

k,(X) = span, { X"} (1.23)

the sub k-module generated by X™ in k(X) (the n-th tensor power of the free k-module
with basis X). The grading by the total degree of the free associative k-algebra k(X)

can be described as a direct sum of k-modules

k(X) = P kn(X) (1.24)

neN

with the concatenation multiplication

A member of one of the subspaces k,(X) (1.24)) is called an homogeneous polynomial.

On the other hand, given an o € N¥) there is a sub k-module of k(X ), namely

ko (X) = span {X°1. (1.26)
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The free associative k-algebra k(X) can be also graded by multidegree

k(X)= P ka(X) (1.27)

with the concatenation multiplication
Ko (X). K5 (X) C Koo (X). (1.28)

We also call the grading a grading by homogeneous submodules or finely ho-
mogeneous submodules. Let a = (ag).ex € N and denote by k,(X) the space of
finely homogeneous polynomials of partial degree a, in each letter . Notice that the
set X is a basis of k,(X) (cf. Bourbaki [I3] Ch II §2.6 p.127 “multigraduation® or
Reutenauer [94] p.178 Ch 8 §1.6 where this module is noted E,).

1.2.5 Free Lie algebras.

Here, we deal with free Lie algebras (i.e. C = k-Lie). See just below.

Lie polynomials.

On the polynomial algebra k(X) with the concatenation product PQ = Z (PQ |

weX*
w)w, a Lie bracket is as usual defined by

[P,Q] = PQ — QP. (1.29)
With this bracket, k(X) is a Lie algebra. A Lie polynomial is an element of the small-
est submodule of k(X) containing X and closed under the Lie bracket. The set of all
Lie polynomials in k(X) forms a Lie algebra and we denote it by L (X). It can be
shown, through Lyndon baseﬂ, that the Lie algebra Ly (X) is the free Lie algebra over
k generated by X. It means that, in view of Subsection [1.2.1] the pair (jx, Lx(X)) is

a solution of the universal problem corresponding to following diagram:

Set < S k-Lie
f
X st >
g (1.30)
]'X\\\\\\ T]?
=3
Ly (X)

14See, with Hall bases [13] Ch 2 §2.11 and [94] Ch 4 Prop 4.9.
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Moreover, Ly (X) is homogeneous for the two gradings, where

Li(X) =P Lu(X)n ;s LX) = P Li(X)a (1.31)
neN aeNX)
with
Lio(X )y = Li(X) [ kn(X) (1.32)

(homogeneous Lie polynomials of total degree n) and, for a finitely supported a € N*)
Li(X)q = Li(X) [ Ka(X) (1.33)

(homogeneous Lie polynomials of multidegree «).
Due to the fine grading of the free Lie algebra, for any (disjoint) partition X =
B+ Z, we can set

L X)p= P Lu(X)a (1.34)
aEN(X>
|| z=0
and
L(X)pz = P Li(X)a (1.35)
aEN(X)
|alz>0

where, for any subset Y C X we set |aly := > .y a(r). It is straightforward to see
that
Li(X) = Li(X)pz © Lx(X)5B

and that L (X)pz is a Lie ideal. Then we setlﬂ
,Ck(X> = £k<X)BZ X ['k(X)B
or, in the language of SES (short exact sequences), the following is split

0 —— Lx(X)pz —— La(X) —2 L(X)p — 0. (1.36)

15For any Lie algebra b, h and an action by derivations of the Lie algebra b on b i.e. a Lie homomor-
phism « : b — Der(h), we can construct g, a split Lie algebra extension of b by h whose underlying
k-module is the external direct sum of modules g := h P b and the Lie bracket is given by the following
formula

[(h1,01), (h2,b2)] = ([l ha] + a(b1)(h2) — a(b2)(h1), [b1, ba]).

With our construction, we say that the Lie algebra g is a semi-direct product of b with b, denoted by
g:=h x b. See also Deﬁnition
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Remark 1.5. As a remark, we add for the reader the following nice mnemonic about
the orientation of the vertical bar in the x (or x) notation: the factor “who acts” is the
one with the screwdriver i.e. is on the bar’s side, this action being by automorphisms

for groups and by derivations for Lie algebras.

We will see later that this split SES can serve as a model for every semi-direct
product. The classical Lazard elimination theorem (Theorem below) will give a
better understanding of this split SES ((1.36])), identifying Ly (X), and Ly (X)z,
as (isomorphic images of) concretely defined free Lie algebras (together with their

alphabets).

Presentation of a Lie algebra.

We here follow Bourbaki [I3] Ch 2 §2.3 Let X be a set, g a Lie k-algebra and

a = {a;}.ex asubset of g. Let us consider a Lie morphism
fa: Lx(X)—g, X2z a,. (1.37)

The elements of the kernel of f, are called the relators of the set a. The set a is called
generating (resp. free, basis ) if fa is surjective (resp. injective, bijective).

A presentation of g is an ordered pair (a,r) consisting of a generating set a = {a, }rex
and a set r = {r;};e, of relators of a generatinﬂ Jr := Ker(fa) which is a Lie ideal of
Ly (X). We also say that g is presented by the set a related by the relators r;(j € J)

and write
g=(al|r) Lie = Li(X) /\.71" (1.38)

Likewise, in other categories we could have defined a group by generators and relations

(see [81]) and written

G= (a|r)Grp. (1.39)

16 Adapted to our situation which requires WLOG that relators be gathered within a set (because

we will perform traces, see Subsection [2.2.2)) rather than a family.
I"This time as a Lie ideal.
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Adjoint representation and derivations of Lie algebras.

For convenience, the adjoint representation within g will be extended to sequences of

elements (Q1,Q2, -+ ,@n) € SEQ(g) as
ad(Q,,Qs,,0.) = adg, cadg, o--- o adg, € End(g). (1.40)

We recall the classical notion of a Lie algebra derivation

Definition 1.2. Let g be a Lie k-algebra, we denote Endk(g) (or End(g)) the set of
k-linear endomorphisms of g viewed as a k-module. Then D € Endy(g) is called a

derivation of g if and only if for all u,v € g we have

D([u,v]) = [D(u),v] + [u, D(v)]. (1.41)
The set of derivations of g, noted Der(g), is a Lie subalgebra of End(g) (for the usual
bracket [f,g] := fog—go f).

Let g € k-Lie, the adjoint representation is a Lie morphism
ad? :=ad: g — Der(g), z— ad,. (1.42)
We can now extend the adjoint representation ad® to U(g) by
ad’@(g; - gp) :=ad% o+ oad? . (1.43)

Moreover, our aim is to generalize this definition to the f-derivations, where f is a

fixed Lie algebra morphism

Definition 1.3. For any morphism of Lie algebras f : g1 — g2, a k-linear map D :
g1 — g9 is called a f-derivation if D([u,v]) = [D(u), f(v)] + [f(u), D(v)] for any

u,v e gi.

Remark 1.6. i) We beware the reader that f-derivations do not form a Lie algebra

but only form a sub k-module of Homy (g1, g2). We will denote this sub k-module by

Qet(f) (917 92)
i) It is easily checked that, for D € Det)(gy, g) the kernel Ker(D) is Lie subal-

gebra of g;.
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We recall and prove some technical results as corollaries of Prop 8, [13] Ch II §2.8.

Lemma 1.1. (Corollary of Prop 8, [13] Ch II §2.8) Let X be a set. Every mapping
of X into Ly(X) can be extended uniquely to a derivation D : Ly(X) — Ly(X) i.e.
D € Der(Ly(X)).

Lemma 1.2. Let X be a set, g2 be a Lie algebra and let f : Li(X) — g be a morphism
of Lie algebras. Every mapping of X into go can be extended uniquely to a f-derivation

D : L (X) = g2 ie. D€ Dt (L1(X),g2). We remark that Lemma is as a
consequence of Lemmal[l.] for f = 1dr, (x).

Proof. Let X be a set, let f be a morphism of Lie algebras Ly (X) — go, and let d be
a mapping of X into go. Notice that g, is a Ly (X )-module determined by the formula:

u.a = [f(u),al], for any u € Ly (X) and a € go.

Prop 8, [I3] Ch II §2.8 say that there exists one and only one linear mapping D of
Ly (X) into go extending d and satisfying the relation:

D([u,v]) = u.D(v) —v.D(u) for any u,v € Ly (X),
it means that

D([u, v]) = [f(w), D(v)] = [f(v), D(w)] = [D(w), ()] + [f (u), D(v)]
for any u,v € Li(X). We obtain Lemma [1.2] O

The following (easy) proposition gathers properties needed for the proof of our main

result in Subsection 2.2.9]

Lemma 1.3. Let g be a Lie k-algebra, D € End(g) (i.e. the set of linear endomorphism
of g viewed as a k-module) and J a Lie ideal of g. Then one checks easily that

1. In order that exists a k-linear map [D] such that the following diagram commutes

g = > g

Sjl lSJ (1.44)

0/7 — /7

it 1s necessary and sufficient that D(J) C J, in this case the ideal J is usually

called D-invariant.
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2. If, moreover, D is a derivation of g, then one has the induced map [D] €

Der(8/7).
3. The inverse image D™ (J) (D being still a derivation) is a Lie subalgebra of g.

Remark 1.7. The reader is invited to remark that the proof of the above does not
use the defining identities of a Lie algebra ([z, 2] = 0 identically and Jacobi) and holds

true mutatis mutandis to any k-algebra (non necessarily associative nor unital).

1.3 An example of free object with respect to graphs.

We now introduce a particular class of monoids. They are known under various names
(monoid of commutations and rearrangements, monoid of traces, partially commuta-
tive monoid, Cartier-Foata monoid) and has many applications: in mathematics and
combinatorics [22] as well as in computer sciences [29]. It was introduced by Cartier
and Foata in 1969 and defined by a presentation consisting in commutations between

certain pairs of generators.

As relations of these presentations are only commutations, they can be read within
the categories Mon, Grp, k-A AU and k-Lie (cf. Duchamp and Krob [41]). In fact, for
(at least) these categories and M an object of one of them, the set of pairs (z,y) € M?
such that x and y commute is a reflexive and symmetric graph 6, C M?2. We introduce

the definition of an alphabet with commutations.

Definition 1.4. Let X € Set be a set viewed as a alphabet. A commutation relation
on X is a reflexive and symmetric graph 6 C X? (i.e. 6 =071 and Ay = {(z, 7) }.ex,
the diagonal of X, is a subset of 6).

The pairs (X, #) where 6 is a commutation relation on X form a category CommAlph,

the arrows of which are f: (X,0x) — (Y, 6y) such that
e f: X — Y isamap

e for all (z1,25) € Ox we have (f(z1), f(x2)) € Oy.

32



CHAPTER 1. PREAMBLE

What has been said before the definition shows us that for C one of the categories in
the list we can assign to each M € C an object F(M) := (M, 0)) of CommAlph
where 6y, is the set of all pairs (z,y) of commuting elements of M (where the meaning
of “commuting” depends on C). It is not difficult to check that, in each case, F': C —
CommAlph is a functor. Then, for each category C of the list , one can state an
universal problem in the style of Subsection [1.2.1]

A pair (X,0x) € CommAlph being given, does there exist a pair (jixo,), G(X,0x))
such that, for all A € C and arrow f : (X,0x) — F(A), we have a unique fe

~

Hom¢(G (X, 0x), A) such that f = F(f) o jx. Diagrammatically

CommAlph <« | C
f
e * A (1.45)
j<X79X)\\ Te—l Tf
~-3
G(X,0x)

The theory of free partially commutative structures [41], which is the last one (in
characteristic zero) for which Magnus theory[™ holds (see [40] Thm 3) provides, as for
the case of alphabets (sets), free objects. Let us give the two structures we will need

as well as their constructions
e The free partially commutative monoid M (X, 0)
e The free partially commutative Lie algebra Ly (X,0).

As all categories in the list have a mechanism of presentationﬂ, then, unsurpris-
ingly M(X,6) and L (X, ) are quotients.

Firstly, M(X,0) is the quotient of X* by the Congruence@ generated by the family
(xy = y2)(z,y)co- We will consider the canonical surjection sy : X* — M (X, ) as well
as jg 1 M(X,0) — X* an arbitrary (but fixed) set-theoretical section of it. We will also

need the notion of a Terminal Alphabet which is, in the model of Viennot, the set of

8Magnus transformation, Lower central series of the Free group, Mobius counting of dimensions of

the free Lie algebra, &c.
19Which means definition of objects by generators and relations.
20 An equivalence relation compatible with right and left translations of the monoid X* (see [43] Ch

185)
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pieces resting on the floor (see [105] Fig 1 “Heaps of Dimers”). This alphabet TAlph(t)
(where t € M(X,0)) can be characterized as the set of last letters of preimages of ¢

w.r.t. sy, it means that
TAlph(t) ={x € X | t € M(X,0).x}.

Secondly, Ly (X,60) is the quotient of Lx(X) by the ideal generated by the relator

rg = {[957 y]}(x,y)EG-

The monoid M (X, 0) received a strikingly intuitive and powerful interpretation in
terms of heaps of pieces by G. X. Viennot in [105] (see also in Krattenthaler [72]). Let
B be a set (of pieces) that is identified with the set X, together with a symmetric and
reflexive binary relation R defined by xRz for any x € B and Ry if (z,y) ¢ 0 for any
z,y € B. Let H(B,R) be the set of all heaps consisting of pieces from B, including the
empty heap, denoted by (). By introducing an (associative) binary operation o which
is a composition of heaps (cf. Krattenthaler [72] Def 2.5), the reader can verify that
(H(B,R),0) is a monoid with unit (). We observe that words in the monoid M (X, 6)
can be encoded by heaps in the monoid H(B,R). Indeed, for a word t = 21 --- 2, €
M (X,0), one can define a heap H; = (P;, =4, ¢;) by the following

e A pair (P, =) is a poset, where P, = {z1,--- ,x,} is a set of n pieces and =, is a

reflexive, antisymmetric and transitive binary relation defined on P, by x; =, z;
for all i € {1,--- ,n}, z; 2y z; if x; appears before x; in the word ¢ (from right

to left) and z;Rz;.

e /; is a labelling of the elements of P, by elements of B.

Of course, an equivalence class of the word ¢ in M (X, #) corresponds to the same heap
H; in H(B,R). Under this correspondence, the composition of equivalence classes of
words induced by concatenation of words corresponds exactly to the composition of

heaps. We thus obtain an isomorphism of monoids
Ho_p:M(X,0) = H(B,R), [t|— H,. (1.46)

Example 1.4. Let X = {b,by,--- ,b7} be a set. Given a commutation relation 6 on

X as in the list below (not mentioning {(b;, b;) };=1.... 7 the diagonal of X; if a relation
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(bi, b;) € 6 then also (b;,b;) € 0)
(blab2)7 (b17b5)a (blabG)a (b27b3)7 (anb4)7 (b27b6)7 (b27b7)a

(b3, b4), (b3, bs), (b3,b7), (by,bs), (b, bg), (bs,b7), (bs,b6), (bs,b7).

Then the pieces are B = {by,bs, -+ ,b;} and the relations are (not mentioning the

relations of the form b;Rb;; if a relation b;Rb; holds then also b;Rb;)
b1Rbs, b1 Rby, b1 Rby, by Rbs, bsRbg, bgRbr. (1.47)

For a word t = xywox32425262728 = brbgb1bsbybsbiby in M (X, 0), an equivalence class

of the word ¢ will be the following sequence of interchanges
b7b6b1b3b4b5b1b2 ~ b7bﬁb1b4b3b5blbg ~ b7b6b1b4b5b3b1b2

~ b7bgb1b50403D1ba ~ b7b6bsb1b4b3D1bo ~ b7D5b6b1b4b3D1 Do

~ bsb7b6b1b4b3b1by ~ bsbrb1bgbsbsbi1by ~ bsbrb1bybsbsby by

~ b5b7b1b4bgb3baby ~ b5b7b1b4bsb2b3by ~ b5b7b1b4babD3Dy
~ b5b7b1b20406b3by ~ b5b7bab1bsbsbsby ~ - - -

Therefore, the corresponding heap H; = (P, %4, ¢;) (where P, = {1, 29, -+ ,28} =
{bz, b, b1, b3, by, bs,b1,b2} is the set of 8 pieces) under the isomorphism He_p
can be illustrated in Figure 1.2 as below. We notice that, contrariwise to [72] we read
our word ¢ (from a heap of pieces H; in Figure 1.2) from top to bottom and left to

right.

Remark 1.8. Let t = 1 -+ -2, € M(X,0). One can show that,
TAlph(t) = {x; | i € [1,n] with (x;,z;) € 0 for all j € [i + 1,n]}.

Geometrically, under the isomorphism of monoids He_ g ([1.46]), when successive pieces
are piled from bottom to top, the set Terminal Alphabet TAlph(¢) can be described

(as already said) as pieces (in the heap H;) resting on the floor.
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COD
0 G

b1 ) b2

Figure 1.2: A heap of pieces H; corresponding to the word
t = bybgb1b3babsb1bo € M(X,@)

here TAlph(t) = {b1,b2} even if b; and bg commute. From

Krattenthaler [72], order of the letters has been reversed.

Remark 1.9. For (at least) the categories Mon, Grp, k-Lie, k-A AU, there is a for-
getful functor to the category CommAlph of alphabets with commutations, that of
pairs (X,6) where Ax € C X x X and 6 = 0~ (in other words 6 is a reflexive and
symmetric relation on X). An arrow f: (X,0y) = (Y,0y) isamap f: X — Y such
that for all (x,y) € 0x we have (f(x), f(y)) € 0y. All structures of are free with

respect to these functors.
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Chapter 2

Lazard’s elimination
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Originated from the study of continuous groups [76], the theory of Lie algebras
began mostly by (differential) geometry and then algebra. The role of presented Lie
algebras grew in importance since the study of combinatorial group theory and its
infinitesimal counterpart on the one hand and the study (for mathematics, physics
and number theory) of infinite dimensional Lie algebras (see, for example the two

books with the same title “Infinite Dimensional Lie algebras” [65, [106], 1968 for Kac’s
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definition and 2001 for Wakimoto’s book, showing the continuous trail of interest).

It appears that Lazard’s elimination principle, expressed in the categories
Mon, Grp, k-Lie, k-AAU, (2.1)

has the same form

Free(B + Z) = Free(Cg|Z]) x Free(B) (2.2)

where X = B+ Z is a set of generators (an alphabet) divided in two sectors (set par-
tition) and Cg[Z] is some code (i.e. a set built from the data of B and Z), Free is the

free functor attached to the considered category and X is a sort of semi-direct productﬂ.

The study of quotients of Lazard’s eliminations for k-Lie is particularly interesting.
It arises from dividing the classical elimination over a relator on the free Lie algebra
Ly (X) which is compatible with the alphabet partition. An emblematic example is
that of infinitesimal braid relations and their decomposition. Let us first see how they

arise.

strand 2 start strand 3 (from the top)

N\ “““ J\)
N
/ %Y

strand 3 end strand 2 end

Figure 2.1: A braid on 6 strands.

(Classical for the categories Grp and k-Lie, smash product for k-AAU (see the book [87] by

Susan Montgomery) and by left translations for Mon.
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CHAPTER 2. LAZARD’S ELIMINATION

A braid with n strands is pictured geometrically as a collection of n pieces of string
joining n points at the top of the diagram with n points at the bottom in Euclidean

3-space (see Figure 2.1 above).

The braid group B, on n strands is the group of isotopy classes of n-braids with

concatenation given by glueing (see Figure 2.2).

Group structure: Identity
concatenation braid

-1 -

e

Figure 2.2: Glueing of braids and the identity of the braid group B,,.

Due to Emil Artin, B, is also the group generated by the symbols oy, - - , 0,,_1 modulo

the relations:
® 0,0,410; = 0;410;0;4+1 for 1 = 1, e, N — 2.
e 0,07 =0,0; for |[i—j|> 2.

strand 1 strand i+1

o« o x « o

Figure 2.3: A standard generator o; of the braid group B,.
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To each braid in B,, one can associate the permutation of the marked points, that is an
element of the symmetric group &,,. This leads to a natural homomorphism of group

7w B, — &, characterized by

o (3,0 +1).

The kernel of 7 is precisely the subgroup of B,, formed by braids inducing the trivial
permutation. It is called the pure braid group on n strands and denoted by PB,,. Ge-
ometrically, the group PB,, consists of those braids such that each strand starts and

ends at the same point (see Figure 2.4).

N

L

Figure 2.4: A pure braid on 4 strands.

Moreover, we can verify that the pure braid group PB,, coincides with the fundamental

group of the complex configuration space

Cl={z=(z1,...,20) € C"|2; # z; if i # j}

ie. PB, = m(Cy).
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CHAPTER 2. LAZARD’S ELIMINATION

T(0)=%o

Figure 2.5: A loop v(¢) in 71(C3).
Via Artin’s presentation, PB,, is the group generated by the twists
ij = (01 "0i+1)03(0i_+11 o ‘Uj:ll)
(fori < j,i,j=1,---,n, see Figure 2.6) modulo the relations
o (zij,x) =1fori<j<k<l,
o (i, xjp)=1fori<j<k<l,
o (xijTik, xjk) = (wij, xigxjp) = 1 for i < j <k,
° (xklxikx];ll,le) =lfori<j<k<l,

where, in a group (g,h) = g 'h~'gh is the commutator between g and h (see [13] Ch
11 §4.4).

i J

/

N

\

/
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Figure 2.6: A standard twist generator of the pure braid group PB,,.
Here, with 7 = j — 3, we have z;; = aj,laj,gaj{?)aj’_ga;_ll (diagram: top to bottom

and formula: left to right).

Given a pure braid f € PB,,, we can remove its last strand and obtain a pure braid
p(B) € PB,_1. This yields a surjective homomorphism of groups p : PB, — PB,_1.
Let F,,_; denote the free group on n — 1 letters xq,--- ,x,_1. It can be proved (cf.
Kassel and Turaev [68] Ch I §1.3) that we have a short exact sequence

p = forget last strand

0 — F,_y — PB, ¢ * PB,_, — 0 (2.3)

p = insert straight last strand

-1

where ((z;) == Tin = (0n_1 - 0ip1)0P (05 -0 ty) for i =1, n — 1. Furthermore,

one sees easily that this exact sequence is split (see the move p in (2.3))), so that
PB, = F, 1 xPB, .

For any group G, a graded Z-module is associated to G. It is defined (cf. Bourbaki
[13] Ch II §4.6) as

gr2(G) == @ 97,.(G) (24)

where the associated m-th quotient

ng<G) = Gm /Gm+1

is itself defined over {G,, }m>1, the lower central series (cf. Bourbaki [10] Ch I §6.3 Def
5 and [I3] Ch II §4.6) of G is made up of normal subgroups

G =G2Gy:=(G,G) 22 Gpq1:= (G, G) D -+ .

It is remarkable that this module, grz(G), due to the identities of P. Hall and M.
Lazard (see [74]) is, in fact, a Lie Z-algebra (the bracket being the projection of the
commutator in the group).

Then, calling ¢; ;, the projection of z;; into the graded Lie algebra grz(PB,), it can
be found in some paper by Ihara (cf. [64] Cor 3.1.6 and Prop 3.2.1 and ff) that

induces a split short exact sequence of Lie algebras

0 — gry(Fn_y) — gry(PB,) — gry(PB,—1) — 0. (2.5)

2For two subgroups A, B C G, (A, B) is the subgroup generated the commutators (z,y) :=
xly ey, x € A,y € B.
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CHAPTER 2. LAZARD’S ELIMINATION

Remark 2.1. The transfer by gr(—) of exact sequences is studied in Bourbaki [13] Ch
IT §4 Exercise 2 (b), but this exercise does not guarantee the “split” part which is, in
fact, not automatic. In the case of pure braid groups, this can be recovered directly by

our main result, Theorem and the presentation below (2.6)).

Due to Thara [64] and Kohno [70], the graded Lie algebra gr,(PB,,) is isomorphic
to Drinfeld-Kohno Lie algebra DKz, that is the quotient of the free Lie algebra Lz(T,,)
generated by the set of noncommutative variables 7, = {t;; }1<i<j<n, modulo the Lie

ideal generated by infinitesimal pure braid relationﬂ (the corresponding set of relators

will be denoted by R[n], see formula (£2.6)))

R, [n} [tm,ti,k + tj,k] for1 <i<j<k<n,
R[l’l] - Rz[n} [tm' + ti,katj,k] for 1 <i < ] <k < n, (26)
1<i<y<n, o
Rs[n] [tij, teg] for § z Zk <jl < Z) and {7, , k,1}| = 4.

Now, we extend Z to k. Readers that are not keen on categories may skip the following
paragraph and suppose k = Z.
For a commutative ring k with unit, let us consider an additive functor of abelian

categories

— ®z k : Z-Mod — k-Mod.

As a consequence of Proposition 8.3.14, Kashiwara and Schapira [66] Ch 8 §8.3, then
any additive functor of abelian categories sends split exact sequences into split exact
sequences. Furthermore, Drinfeld-Kohno Lie algebra over k coincides with the image

of Drinfeld-Kohno Lie algebra over Z under the functor
— ®7 k : Z-Lie — k-Lie
i.e. there exists an isomorphism of Lie k-algebras

DKy, = DKy, @z k. (2.7)

3There are three ways to reach these relations
e The lower central series of PB,, and
e A theorem of Kohno on “small” representations of P,

e Integrability condition for the K Z,, differential equation.
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Thus, an important consequence of our formulations is that we can construct a com-

mutative diagram of k-modules with split short exact rows

0 — gr (Foy) —— gr (PB,) —— gr (PB,_1) —— 0

lg lg lg (2.8)

0 —— Ly(x1, -+ ,xp1) —— DKy, ——— DKoy ——— 0

where the graded Lie algebra gr, (G) = gr;(G) ®z k for any group G. In particular,

we obtain an isomorphism of k-modules
DKk,n = E’k(xla T 7xn—l) D DKk,n—l‘ (29)

A natural question is how to construct a Lie isomorphism from the Drinfeld-Kohno Lie

algebra to a semi-direct product of Lie algebras
DKy, =t Ly(x1, - 2p—1) ¥ DKy 1.

We call the phenomenon by the decomposition of Drinfeld-Kohno Lie algebra and it will
be completely achieved in Corollary 2.17] Furthermore, we realize that this decomposi-
tion can be read directly in terms of alphabets partitioned in two blocks 7,, = T,,—1+1,,,
this is the “raison d’étre” of our main result here (the reader can refer to Subsection
. We introduce the notion of quotients of Lazard’s eliminations which generalizes
the classical elimination on the free Lie algebra Ly (X') to a more general scheme. More
precisely, given X = B + Z a set partitioned in two blocks and a relator r C Ly (X)
which is compatible with the alphabet partition, our main results are to give a Lie

isomorphism [see Theorem [2.6| point (iii)]
Lu(X) ) 7 = Lu(X) Bz /jgz x Lu(X)B /7,
and to determine a necessary and sufficient condition (see Proposition so that
Li(2) = LX) Bz /jBZZ.

The case of the infinitesimal pure braid relator is an example of a good relator sat-
isfying all hypotheses in our main theorem and Proposition 2.9 thus it gives rise to
the existence of the decomposition of Drinfeld-Kohno Lie algebra i.e there is DKy ,, =

Ly(z1,- -+ ,xp—1) X DKy ,—1. However, we consider the case of a relator over free partial
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CHAPTER 2. LAZARD’S ELIMINATION

commutations € (see Definition |1.4]), although this case does not satisfy the necessary
and sufficient condition mentioned just above, we are able to use our main result and

recover, by our setting complete answers to Pr. Schiitzenberger’s questions about the

Partially Commutative Free Lie algebra (see Corollary [2.16]).

The structure of the chapter is the following:

The two first sections contain the main results of this chapter together with their
proofs. In first Section [2.1, we will introduce the notion of equivariant diagram of Lie
algebras which gives rise to a structure theorem analogous of the semi-direct product
of Lie algebras. Then, in Subsection we recall internal and external versions of
Lazard’s elimination theorem. In Subsection [2.2.2] we introduce a relator on the free
Lie algebra being compatible with an elimination scheme, then we establish the main
theorem (Theorem [2.6). In last subsection [2.2.3] we first construct the necessary and
sufficient condition so that the left factor of the semi-direct product appeared in The-
orem [2.6| point (iii) to be a free Lie algebra by Proposition . Then we will apply our
main theorem to treat the special cases about Pr. Schiitzenberger’s questions on the
Partially Commutative Free Lie algebra in Corollary 2.16] Further, we first introduce
the notion of the Knizhnik-Zamolodchikov equation and explain the relationship with
Drinfeld-Kohno Lie algebra. Finally, we will obtain the existence of the decomposition
of Drinfeld-Kohno Lie algebra in Corollary coming from standard materials such

as our main theorem together with Proposition [2.9| as already mentioned above.

In Section [2.3 we will discuss more categorical frameworks for Lazard’s elimination
in k-Lie. In Subsection [2.3.1] we describe the category of Short Exact Sequences with
Section (SESS) in k-Lie. In the last subsection we first introduce S-graded ob-
jects in each category , where S is an additive commutative semigroup. We are in
particular interested in B-graded objects in k-Lie (where B = ({0, 1}, V) is the Boolean
semigroup). Then we can formalize these objects by the category of B-graded Lie al-
gebras, that is equivalent to the category of SESS in k-Lie by considering Proposition

2.18. Furthermore, we can perform Lazard’s elimination as a free functor from the
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2.1. GROUPS AND LIE ALGEBRAS.

category of double sets to the category of B-graded Lie algebras. Finally, in Subsection
2.3.3] we will concentrate on the Drinfeld-Kohno Lie algebra with an infinite number

of generators: from strange to generalized gradings.

Section [2.4]is devoted to investigate more formal aspects of Lazard’s elimination in
k-A AU and their interactions with Sections and 2.2 We will first study crossed
and smash product of algebras by Theorem and Corollary respectively. Fur-
thermore, Example gives us a natural and important example of smash product
algebras, this leads to Proposition as an extension of Proposition in Sections
under the universal enveloping functor. At the end of the day our real interest are
Lazard’s elimination and the quotient of Lazard’s elimination in k-A AU discussed in
the last two examples of this section, building only on the fundamental knowledge of

smash product of algebras and the main results appeared in Section [2.2]

In the last Section [2.5] we introduce a useful table to summarize our results of this
chapter for Lazard’s elimination principle (2.2) in all of categories Mon, Grp, k-Lie
and k-AAU.

2.1 Groups and Lie algebras.

We here construct and study the equivariant diagram property in the category of groups
and then Lie algebras which gives rise to a structure theorem analogous of the semi-
direct product of Lie algebras. These give at last main tools to establish the proof of
quotients of Lazard’s eliminations and the decomposition of Drinfeld-Kohno Lie alge-

bra appearing in Subsection and Subsection [2.2.3

We shall now study a Theorem of N. Bourbaki [14] which allows to consider semi-

direct products as categorical colimits. In the language of MO [10§] EL it reads

Theorem 2.1. ([T]] §2.10 Prop 27) Let H and N be two groups and ¢ : H — Aut(N)

be a homomorphism of groups written as a indexed automorphism ¢n(n). Assume that

4See the discussion after this question, especially Andreas Thom’s answer.
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CHAPTER 2. LAZARD’S ELIMINATION

there exist f: N — G, g: H — G two homomorphisms into a group G such that

f(én(n)) = g(h)f(n)g(h™") (2.10)

for all n € N, h € H. Then there is a unique homomorphism k: N x H — G
extending f and g in the usual sense (i.e. k(n,h) = f(n).g(h) the product in G between
f(n) and g(h)), where the group operation in N x H is given by (nq,hi).(ng, hy) =
(n1¢dn, (n2), hihs).

This is for groups, but we will tailor a similar property for Lie algebras remarking

that (2.1]) can be, in bivariate notations, reformutated as

f(o(h,n)) = Ad%(g(h), f(n)), (2.11)

this is equivalent to saying that the following diagram commutes

HxN —21 ,axqa
l¢> lAdG
N f s (.

As we want to highlight the similarity between semi-direct products of groups and Lie

algebras, we recall below the definition of it.

Definition 2.1. For any Lie algebras b, and an action by derivations of the Lie
algebra b on h i.e. a Lie homomorphism « : b — Det(h), we can construct g, a split
Lie algebra extension of b by h whose underlying k-module is the external direct sum

of modules g := b & b and the Lie bracket is given by the following formula

[(h1,b1), (P2, ba)] = ([, ha] + c(br)(h2) — a(by)(ha), [by, bal).

We denote this Lie algebra by g := § x b and call it “the semi-direct product of b with
[)77 .

Remark 2.2. It is not difficult to see that, likewise, semi-direct products of Lie algebras

are appropriate colimitsﬂ7 see Commentary [2| below. As groups act on themselves

5For colimits, see Appendix Moreover, we can survey the categorical framework of semi-direct

products in the context of Grp by discussions in MO [I0§].
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2.1. GROUPS AND LIE ALGEBRAS.

by automorphisms (inner adjoint representation Ad), Lie algebras, similarly, act on
themselves by derivations (resp. inner adjoint representation ad). We will have the
choice between the indexed notation Ady(g) := hgh™' (resp. adn(g) = [h,g]) and a
bivariate one Ad(h,g) = hgh™! (resp. ad(h,g) = [h, g]). In order to ease the writing

of diagrams and equivariance, we will adopt below the bivariate notation.

Adaptation of Bourbaki’s Proposition (i.e. Theorem [2.1)) to our situation is then

the following;:

Proposition 2.2. Let k be a commutative ring with unit and g;, © = 1,2 be two Lie
k-algebras. We suppose given also a Lie k-algebra morphism « : go — Det(gy). Then

let fi: g1 — @, for g2 — @ be two homomorphisms into a Lie k-algebra g, such that

fila(b, a)) = ad®(f2(b), f1(a)) (2.12)

for allb € g9, a € g1 (a and ad® are here written in bivariate notation in the obvious
way). Then there is a unique homomorphism f: g1 X go — @ extending f1 and fy in

the usual sense.

Again, this is equivalent to saying that the diagram ([2.13]) below commutes.
We are led to the following definition of SDT (“Semi-Direct Twist”) for the cate-

gories of groups and Lie algebras

Definition 2.2. i) A semi-direct twist in the category of groups is a triplet (Gg, G, «)
where o 1 G5 x G; — G is such that b — a(b, —) is a group morphism Gy — Aut(G).
ii) A semi-direct twist in the category of Lie k-algebras is a triplet (go, g1, @) where
a: go X g1 — g1 is such that b — «(b, —) is a Lie algebra morphism go — Det(g;).
In Grp (resp. k-Lie), a morphism between (G, G1,«) and (Hs, Hy,5) (resp.
(g2,91, @) and (ho, by, 5)) is an equivariant pairs of group morphisms f; : G; — H;
(resp. Lie algebra morphisms f; : g; — b;) i.e. such that (in both cases) the following

diagram
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and

faxf
92X91#>f)2><f)1

.

g1 > b1

commute. We are now led to define SDT GIp i1, category of semi-direct twists in

Grp and sprkLie ¢ category of semi-direct twists in k-Lie.
We have the following useful comments

Commentary 2. i) The functor F' from Grp to SpTG™P defined by G — (G, G, AdG)
is right-adjoint to the functor SpTG™ _, Grp defined by (Gy, G, ) — G1 x Gy and
the same holds for the analogous functors in Lie algebras.

ii) More precisely, one has the following universal diagrams

(G, Gya) ——--20 L e

\3\‘\\\\$ Tf
Gl X GQ

and

sprbic | g

(92791705) :“"fgffl ___________ 5 g

RS

g1 X go.

Remark 2.3. We would like here to formulate two remarks about equation (2.12])
Firstly, it can be proved only on generators.

More precisely, let Gy = {b;};es and G1 = {a;}ier be set of generators of the Lie
algebras g, and g; respectively and assume that the diagram commutes for
(b,a) € Gy x Gj.

Now, given a fixed generator b; and using Jacobi identity, the two k-linear maps D; :
g1 — g,a > fioag(b;j®a) and Dy : g1 — g,a — ady o (fo ® f1)(b; ® a) are fi-
derivations i.e. Dy, Dy € @et(fl)(gl,g). By assumption, we have that D; — D, is zero
on generators {a;};c; of g1 thus, by Remark (ii), Dy — Dy = 0. This means that
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for all a € g; one has
froag(bj ®a) =adj o (f2® fi)(b; ®a)

and this is true for all fixed b; € G5. To summarize, the above equation is true for

(a,b) € g1 x G5. We then define the following submodule

m={beg | Vae€g) fiocag(b®a)=ado(fo® f1)(b®a)}.

and leave to the reader to check (by Jacobi identity) that m is a Lie subalgebra of gs.

Then, as inclusion G C m follows from the summary, one derives m = go and then

Eq. (2.12)) is established.

Secondly Eq. (2.12)) is equivalent to saying that the following commutes

fa®f1
PRg ———— g g

o [z (2.13)
f \
g1 -

(here ag and ady are linear maps respectively induced from the bilinear maps « :

gox g1 — g and ad’ : g xg—g).

2.2 A generalization of Lazard’s elimination theo-

rerml.

We here introduce the classical Lazard’s elimination theorem and extend it to a more
general scheme, namely theory of quotients of Lazard’s eliminations. The main ap-
plications are to derive answers to Pr. Schiitzenberger’s questions about the Partially
Commutative Free Lie algebra (cf. Duchamp and Krob [41]) and the decomposition of
Drinfeld-Kohno Lie algebra described in Subsection [2.2.3]

2.2.1 Classical Lazard’s elimination.

Let us recall briefly Lazard’s elimination theorem in our setting.
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Theorem 2.3 (Lazard’s elimination theorem, see also in [13] Ch II §2.9 Props 9 and
10). Let X = B+ Z be a set partitioned in two blocks. We have an isomorphism of

split short exact sequences

JB|z (=rn) PB|Z
i

lm lId ljB (2' 14)

0 — ‘Ck(X>BZ % £k<X) ;) Ek(X)B — 0

where B*Z is the set of words B*Z = {uz}yuep+.cz (all letters are in B save the last

one which is in Z ) and where the maps rn and jg are as follows

e the mapping rn is, by universal property, the unique Lie morphism Ly(B*Z) —

Lyw(X)pz such that, for u="by---by € B* and z € Z we get

rn(uz) = (adbﬂlk(X) 0---0 adf:(X)> (2) =: ad(Lu")(X)(z) (2.15)

bracketing, see [94] Ch 1 §3 p.20 (indeed, we here use the same symbol rn for the
Lie morphism Ly(B*Z) — Lx(X) and for the restriction to its image as in the

diagram ([2.14]) ).

e for convenience to describe a fized double symbol formed (j,p) of any short exact
sequence, the mapping jp|z in the first arrow of the diagram is in fact the
morphism mn : Ly(B*Z) — Lx(X) and pp|z is the Lie algebra homomorphism
Ly (X) — Ly (B) that sends each b € B to b and sends each z € Z to 0.

o if jp: Lx(B) — Lx(X) is the subalphabet embedding, (so that the restriction to
its image is the Lie isomorphism jp : Lw(B) — Lx(X)p) then jp o ppz is the
projector on

L(X)p = P Lu(X)a.

aEN(X)
|l z=0

The kernel of pp|z is
Lw(X)pz = @ L1(X)a.

&EN(X)
‘Oz|z>0

o diagram (2.14)) is a split SES, one of its section is given by jp.
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Commentary 3. i) The map rn acts as a substitution, for example

rn ([bibaz1, b3za]) = [[b1, [ba, 21]], [b3, 22]]

forb; € B and z; € Z.
it) What says Theorem[2.3 above is that

rn: Ly(B*Z) — Ly(X)pz

is an isomorphism i.e. given Q € Lx(X)pz (each Lie monomial has at least one z € Z

in its multidegree), there exists
a) words (uyzy, -+, Unzy)
b) a Lie polynomial P = P (uyz1,- -+ ,upz,) € Ly (B*Z)

such that rn(P) = P (rn(uyz1), -+ ,rn(uyz,)) = Q and that P is unique.

For example with three letters {a,b, z} and Q = [[a,b], z] one has P = abz — baz.

Proof of Theorem (Sketch of) :

e For all b € B, the left translation tl()o) . B*Z — B*Z defined by tl()o) (uz) := buz
can be extended as a derivation tél) of Ly (B*Z) (see Lemma i.e. Corollary of
Prop 8, [13] Ch II §2.8).

For example, we have here,

tl()l) ([blbgzl, ngQ]) = [bblbzzl, ngg] =+ [blbgzl, bngQ] .

e By universal property, the map b +— t,(,l) . B — Der(Lx(B*Z)) is extended
as a morphism of Lie algebras @ — tg) . Lx(B) = Der(Ly(B*Z)) rewritten
at once bivariately as tg)(P) = o(Q,P) € Lx(B*Z) (i.e. we define a map
a: Ly (B) % Ly (B*Z) — Li (B*Z) by a (Q, P) =3 (P)).

e We get a map ag as in (2.13)) (with go = Lx(B) and g1 = Lx(B*Z)). This action
a (or ag) allows us to construct Ly (B*Z) x Ly (B) (supported by Ly (B*Z) @
Ly (B)) according to Definition (see also [13] Ch 1 §1.8 and our Proposition

239).
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e The pair of Lie homomorphisms f; : Ly (B*Z) — Lx(X) and fo : Lx(B) —
Ly (X) defined by fi(uz) := rn(uz) (where rn is the right-normed bracketing,
see above) and fo(b) := b satisfy the equivariance conditionl] of [2:12) w.r.t. «,

hence, by Prop. Proposition [2.2] there exists a unique Lie k-algebra morphism
f: Lu(B*Z) x Lyx(B) — Lxk(X) extending f;, i = 1,2.

e In the inverse direction, a Lie algebra morphism Ly (X) — Lk (B*Z) x L (B)
can be constructed by the universal property of Li (X), sending each generator

b € B to (0,b) and each generator z € Z to (z,0).

e The two obtained arrows are proven mutually inverse by a direct computation

on the generators.

e So far, we have proved that Ly (X) = Ly (B*Z)x Ly (B). In order to complete the
proof of Theorem [2.3] we remark that what precedes establishes the semidirect
product i.e. the top row of diagram [2.14] the bottom row follows by identifying
Ly (B*Z) and Ly (B) with their images in Ly (X) and the fact that any nested
Lie bracket with a factor in X can be expressed as a linear combination of right-

normed B*Z-brackets.

U
Remark 2.4. (Dynkin combs and their evaluations.)
i) In an algebra (A, ) (not necessarily associative), we define an operator ev4 (7, (21, - - -
(where 7 is a binary tree with n leaves (noted ||, = n) and (zq,--- ,z,) € A") by

the recursion

T if |<7|l = 1,
oa( T (@1, 1)) = 4 a1, 7)) % 0a( Ty (Bpsns - 7)) (216)
it 7 = (%, %) and | 71|, = p.

As a particular case, we can define an operator evy(.7, (z1,-- - ,x,)) on a Lie k-algebra

6Tt is sufficient to test the equivariance on generators as stressed in the last part of remark ([2.3)).
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g by replacing the algebra operation * by the Lie bracket [, | i.e. for (z1,---,2,) € g"
T if |<7|l = 1,
62]9(‘7’ (xh'” "rn)) - [evg(%,(x1,~- 7xp))7evg(<%a(xp+17"' 7%1))] (2'17>

it 7 = (%, %) and | 7|, = p.

Now, we define a special sequence of trees (right-normed tree or Dynkin combs) with

n leaves, noted %, defined recursively by
D=0 Dpi1=(9,9,). (2.18)

Then, for a Lie k-algebra g and any sequence (z1,--- ,x,) € g" (or written as a word

x1 - x, € g when there is no ambiguity), we can set
rn((xy, -, x,)) =1rn(Tr - 2y) = evg(Dn, (1, -+, T0)). (2.19)

The action of rn as a Lie morphism is therefore that of a substitution: for example, its
action on Lie monomials of £ (B*Z) is as follows. For every tree with n leaves .7 and
list of words u;z; € B*Z (could be called blocks, because B*Z is a code in the sense of

[79], Prop 1.2.1)

rn(evﬁk(B*Z)(ﬂ, (uyzg,--- ,unzn))) = eV, (X)py (9, (rn(uiz), -+, rn(upz,)) )
(2.20)
For example, let X = B + Z be a set partitioned in two blocks B = {b;,by} and
Z = {z1,29,23}. Then the image of [[6123,b1b2z1},b36322} under the Lie algebra
morphism rn is rn <[[b123,blb221},b363z2}) = [[T?’L(blzg),TTL(blngl)},?”n(bgbgzz)] =
[ (1,2l Do, oo, 2111, b, b, 2]

ii) We have already called “monomial” (see Proposition the bases of the free
Lie algebra (like Hall, Lyndon, Viennot, Schiitzenberger) coming from the bracketing
of a family of binary trees (.7;);e; through evaluation (see (2.20). Lazard elimination
provides an algorithmic way to create new families of monomial bases in the following

way
e Partition the alphabet X as X = B+ 7

e Totally order the new alphabet B*Z
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e Choose any process (Hall, Lyndon, Viennot, Schiitzenberger) and get the asso-
ciated family of trees (T;);e; such that (rn(T;));es is a (linear) basis of Ly (B*Z)
and remark that each rn(T;) is the evaluation of the tree obtained from T; by

appending Dynkin combs (corresponding to each uz) to the leaves of T;.

Let us now consider a situation where g = h @ b, b being an ideal and b a Lie sub-
algebra (hence we have the - internal - semidirect product g = h x b). Implementation

of the associated arrows is the following

Theorem 2.4 (Ladder LET (internal version)). Let g = h x b be a semi-direct product
of Lie algebras, b (resp. b) being an ideal (resp. a Lie subalgebra) of g |Z|

Let X = B Z be a set partitioned in two blocks and ¢ : X — g a (set-theoretical)
map such thaf]

1. ¢(B) is a generating set of b as a Lie algebra.

2. o(Z) is a generating set of b as a Lie ideal of g.
Then

1. p(X) is a generating set of g as a Lie algebra.

2. One has a commutative diagram of Lie algebras with split short exact rows (and

commuting sections)

0 — Lu(B*7) 225 £ (x) =227, £ (B) —— 0

o o s (2.21)
U

The arrows jp|z and pp|z here are the ones constructed as in Theorem 7,p being

the canonical maps for the (internal) decomposition g =t @ b and

e 3,y are extensions of ¢ by universal property of Diagram ((1.30))

"This means that g = b x b is an internal semi-direct product.
8The maps pr;, i = 1,2 standing respectively for the first and second projections of the cartesian

product.
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o foru="b---by € B*, z € Z, we have
o1 (uz) = (ad?p(bl) o ad® bk)) (0(2)). (2.22)

In order to make a smooth transition with the subsequent point (i.e. [2.2.2)), let us

give an external version of Theorem [2.4]

Theorem 2.5 (Ladder LET (external version)). Let g3 = g1 X g2 be a semi-direct
product of Lie algebras, constructed after a morphism of Lie k-algebras o : go —
Der(gy).

Let X = B+ Z be a set partitioned in two blocks and ¢ : X — g3 a (set-theoretical)
map such that

1. o(B) C {0} x g2 and pry o p(B) is a generating set of go as a Lie algebra.

2. o(Z) C g1 x {0} and pri o p(Z) is a generating set of g1 as a Lie algebras with

operators (here, operators are provided by o : go — Der(gy)).
Then
1. p(X) is a generating set of g3 as a Lie algebra.

2. One has a commutative diagram of Lie algebras with split short exact rows

)JB\Z Tn) PB|Zz

)
lsol | l% lw (2.23)

0 r g ———— g5 ———— 02 > 0.

O—>£k(

The arrows jp)z and pp|z here are the ones constructed as in Theorem J1,pra being

the canonical maps for the (external) decomposition gz = g1 B g2 and

e 3 (resp. pg) is the extension of ¢ (resp. proop) by universal property of Diagram
(T.30)

o foru="by---by € B*, z € Z, we have

pr(uz) = alp(by)] o - - o alp(br)l(¢(2)). (2.24)
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2.2.2 Quotients of Lazard’s eliminations.

In this subsection, we deal with a special kind of relators i.e. relators being compatible
with an elimination scheme. This situation encompasses presented Lie algebras like
Drinfeld-Kohno or partially commutative ones (cf. Duchamp and Krob [41]). The

situation will be described in the subsequent section.

Definition of the compatibility and an example.

Let k be a ring. Let X = B + Z be a set partitioned in two blocks. We suppose given
a relator r = {r;};e; C Li(X) (cf. [13] Ch II §2.3%) which is compatible with the
alphabet partition i.e. there exists a partition of the set of indices J = Jz U Jp such

that

e rp={r}jcsy =rNLx(X)pandry ={r;}jcs, =rN Lx(X)pz.
The notations being as above, we construct the ideals

e Jp is the Lie ideal of Lx(X)p generated by {7;};esp

e 7,77 and Jpz are the Lie ideals of £y (X) generated respectively by r,rz and

rpz = {adq 2} ey cz-

Example 2.1. i) Let us recall that 7,41 = {t;;}1<icj<nt1 is the set of variables and
the infinitesimal pure braid relator R[n + 1] in the free Lie algebra Ly (7pn41)-
A typical example is for the graded set 7,11 = T, U Ty1 (1e. Thi1 = {tint1ti<i<n)
and the infinitesimal pure braid relator r := Rn+ 1] C Ly (7n41). In this case, we
observe that the relator rr, is equal to R[n + 1] N Lx(7,+1)7, = R[n] and the relator

rr,,, = R+ 1] N Lx(Tos1) 7,1, is equal to the following formulas

RX m+1] [t tins1 +tjni) for1 <i<j<n,

Rin+1] [ti; + tins1,tjns] for 1 <i<j<n, (2.25)
1<i<j<n, o

Ri[n -+ 1] +[tij, thnt1] for 1—2 i j<71n and {7, j,k}| = 3.

Then we can construct the following Lie ideals

YWith I = X.

57



2.2. A GENERALIZATION OF LAZARD’S ELIMINATION THEOREM.

o Jr, = Jrn is the Lie ideal of Li(7,) generated by the infinitesimal pure braid

relator r7, = R[n].

o Jr,., (resp. Jr.1,.,) is the Lie ideal of Li(T,11) generated by the relator ry,

(resp. L {adQ Z}QEJR[n],ZETnJrl)'

o J = Jrjn+1] is the Lie ideal of Ly (T,41) generated by the infinitesimal pure braid
relator R[n + 1].

ii) Of course, for instance, if we considered the relator R[4] U {[t12,t23] + [t1.4,34]},
then compatibility would no longer be fulfilled, for the added relator would neither
belong to Ly (X) g nor to L (X)p,, and thus J would not be Jz U Jp any more.

Main Result: Quotients of Lazard’s eliminations.

When we have such a type of relator, we can state the following theorem.

Theorem 2.6. (Main Result) Let k be a ring and X = B+ Z be a set partitioned in
two blocks. We suppose given a relator v = {r;};e; C Lx(X) (cf. [13] Ch II §2.947)
which is compatible with the alphabet partition i.e. there exists a partition of the set of

indices J = Jz U Jg such that

o rp={r}jcs, =rNLx(X)p andry ={r;}jcs, =r N Lx(X)pz.
With these data, we construct the ideals

o Jg is the Lie ideal of Lx(X)p generated by {r;};cip,

o 7,77 and Jpz are the Lie ideals of Ly (X) generated respectively by r,r; and

rpy = {adQ Z}QeJB7z€Z = {[Q7 Z]}QEJszEZ'

With these notations, we get the following properties:

i) we have JZ, := Jz+Tpz C Ly(X)pz. Moreover, JZ, is a Lie ideal of L1(X )z
(and even, by definition, of Ly (X))

OWith I = X.
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it) the action of Ly (X)p on Der(Ly(X)pz) (by internal ad) passes to quotients as
an action

a: Ly(X)p — Der <£k(X)BZ /j§z> (2.26)

such that rp C Ker(a) and then, we get an action
o] : Lu(X)B [ 7, — Der (ﬁk(X)BZ /jBZZ> (2.27)

iii) we can construct an isomorphism (and its inverse) from presented Lie algebra
Li(X) /J by the set v = {r;},cs of relators onto the semi-direct product of Lie
algebras Ly (X)pz /jgz x Lx(X)p /.73 which will be denoted by

Bos : Lx(X) /7 = La(X) Bz /jgz x Lx(X)B [ 7, (2.28)

iv) in fact, one has a commutative diagram of Lie algebras with split short exact rows

0 — ['k(X)BZ ;) £k(X) % ,Ck(X)B — 0
lsjgz lsj lsjB (2.29)
0 — Ck(X)BZ/ng Y £0X) )7 B Lu(X)s /7, — 0

where, for any ideal L, st stands for the natural quotient map.

Proof. 1) The formula implies that Li(X)pz = @, ux) Lx(X)qa is a Lie
ideal of Ly (X) which contains ry = r N Ly (X)pz. Helllcgéfokﬂ (the Lie ideal
of Ly (X) generated by rz) is a subset of Lx(X)pz. Similarly for the case
rpz = {adg 2}gegy ez C Li(X)pz, we easily show that Jpz C Lik(X)pz.
Therefore JZ, = Jz + Ipz C Lx(X)pz. Then by taking the intersection,
it is seen that JZ, N Jp C Lu(X)pz N Lx(X)p = {0} (see (2.14)) and then
JZ, N Jp = {0}. The second assertion of (i) can be obtained from the fact that

JE, is a Lieideal of Ly (X), thus JZ, = JZ,NLx(X)pz is a Lie ideal of Ly (X)pz.

ii) Let us recall briefly the adjoint representation
ad : ,Ck(X)B — @6‘C<£k(X)Bz) (230)

which is defined by adg(P) = [Q, P] for any @ € Lx(X)p and P € Ly (X)pz. It
is well-known that ad is a Lie algebra morphism. Let Q € Ly (X)p then, due to
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the fact that 7, B%Z = Jz + Jpz is adg-invariant and by Lemma we have a

commutative diagram

ad
Ly(X)Bz © » Lx(X)Bz

Svézl fﬂgz (2.31)

Li(X)pz /jgz 9 LX) b /jgz.

This construction is sufficient in order to get a well-defined morphism of Lie
algebras

o Li(X)p > Der (LuX)z [ 77 (2.32)

that is induced from the adjoint representation ad. Let us show that

rp C Ker(a). (2.33)
As Ker(a) is a Lie ideal, showing is equivalent to showing
Lemma 2.7. With the notations and conditions and , we have

(a) Tp C Ker(a).

(b) There is a Lie algebra morphism
] : £x(X)B /7, — Der(Lx(X) Bz /jgz) (2.34)

which factorizes a as o = [a] 0 S 7,,.

Proof. We recall that the adjoint representation within £y (X)) can be extended to
sequences of Lie polynomials (Q1, Q2,- -+, Q) € SEQ(Lk(X)) by equation ([1.40))

ad(Qth,... Qn) = adQ1 o adQ2 0---0 adQn € End(ﬁk(X))
Subsequences of letters will be noted as words as follows

(?17"' 7bp7Q7bp+17”' 7bp+g) - <u7vi)' (235)

N~
v

u

With these notations, we have the following
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Lemma 2.8. Let Q € Jg and u = by ---b, € B*, then there exists two finite
sequences (uy, -+ ,uy) € (BN and (Qq,--+ ,Qn) € J& such that

N
adigu) = ad@py, o) = Y ad(w,Q)) - (2.36)

i=1
Proof. We prove the fact by induction on k.

If £ =0, we are tautologically done.

If £ > 0, we write u = byv with b; € B, then

ad(@Q,u) = ad(gp,v) = adg oady, cad(,) =
[adg, ady, | o ad(,) +ady, cadg oad() =
adjqp,] 0 ad) +ady, 0 adg o ad(y) = adjgp,) 0 ad() +ady, 0 ad(g) -

Now we observe that (@, b;] € Jp and |v| = |u| — 1, then applying the induction
hypothesis for ([Q,b1],v) € Jp x B¥! and (Q,v) € Jp x B¥"!, we get the result

(of Lemma [2.8)). O

End of the proof of Lemmal[2.7 —
Let Q € Ly (X)p, due to the fact that Ly (X)pz and JZ, are adg-invariant (they

are ideals)ﬂ, we have a commutative diagram (where, for any ideal J, s7 stands

for the natural quotient map)

ad
Ly(X)pz © > Li(X) Bz

g, | |22 (2.37)

Ly(X)pz /«752 @ Ly(X)pz /jgz.

Now, for Q € Jp and (u,2) € B* x Z, let us show that adg(ad()(2)) € Tpz-
From equation (2.36) of Lemma[2.8] we can write
adg(ad() 2) = ad(gu)(2) = Y ad(,)(2) = > ad(,) o adg,(2) (2.38)
i€F icF
with Q; € Jp and u; € B*, then clearly the sum belongs to Jpz by the definition
of rpz = {adg 2}geyy,2cz. In other words, for all (u,2) € B* x Z, ad)(2) €
adél(jBZ). But from the point |3 of Lemma we know that adél(jBZ) is a Lie

HFor D-invariance, see Lemma
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iii)

subalgebra of Li(X)pz but we also know that {ad)(2)}(u,)cB*xz Is a generating
set of L (X)pz, it follows that adél(sz) = Lx(X)pzie. adg(Lu(X)pz) = TBz
and then

a(Q)osyz =55z oadg=0. (2.39)

From the fact that s,z is onto, we see that a(Q) = 0.
As a conclusion (Q € Jp) implies («(Q) = 0) which is the claim. O

As a consequence of the construction of the Lie algebra morphism [a] the k-

module
o = £ [ 77, 8 E6(X0n /7,
is endowed with the structure of a Lie algebra given by the semi-direct product
¥ = Li(X BZ/jZ x Lic(X /jB

Here, the Lie bracket is given by the following formula

[(Fo, Qo), (Pr, @1)] = ([Fo, Aa] + [a](Qo) (P1) — [a](Q1)(Fb), [Qo, @1]).  (2.40)

With our construction, we thus have the split short exact sequence of Lie algebras

0 — Lu(X )BZ/jZ —gx —» L(X)B /7, — 0. (2.41)

In order to prove that Lx(X) /T = Ly(X)pz /jZ 1 Li(X /jB in k-Lie, we
follow the steps below:

a. A mapping 91 : X — gx is given by the formula

(0,[z]) if z€B
521(1’) = (242)

([z],0) if ze€Z,
here [z] = x + Jp if v € B and [z] = v + JZ, if ¥ € Z. The universal prop-
erty of the free Lie algebra Ly (X) shows that there is a Lie algebra morphism

Paz : Lk(X) — gx such that the following triangle

X faa > ﬁk(
\ V (2.43)
B21
gx
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is commutative, where (355 is the embedding map. We claim that

Bas(adw)(2)) = (adqw)(2) + T5z, 0), (2.44)

for any u € B* and z € Z. Indeed, this follows by induction on the length of

word u,

e If |u| = 0: for any z € Z, by equation and diagram we have
Ba3(2) = Bai(2) = (2 + Tfz,0).

o If [ul = 1: for any u = b € B and z € Z, by formulas , and
diagram we have

B23(ad( (2)) = Bas([b, z]) = [Bas(b), Baz(2)]
= [(0,[8]), ([z], 0)] = ([a]([b])([=]),0)
= ([b, 2] + jBZa 0) = (ad)(2) + jgz» 0).

e Assume that fas(ad(,(2)) = (adw)(2) + T4z, 0) for any u € B* and |u| =
k — 1. For this assumption, for any v = b1by---b, € B* and z € Z, by

formulas (2.40)), (2.42) and diagram (2.43)) we also have

Baz(ad(w) (2)) = Baz([b1: ad(v-0,) (2)]) = [Bas(b1), Bas(ad vy (2))]
[(0,[ 1)), ([ad bg-by) (2)] 0)] (by ind. on k)

([ ([oa]) ([ad by, (2)]), 0) = ([br, ad vy, (2)] + T2, 0)

= (ad,.b)(2) + N 0) = (adw)(z) + ng,O).

b. If j € J = Jz U Jp, then Ba3(r;) is, according to the properties of (2.42)) and
(2-43), equal to

ey = | @D =00 i e )
([r;],0) = (0,0) if j e Jz.

beacause, from ([2.42)), Ba3(r;) arrives in the sectors of
gx ::ﬁk(X)BZ/jZ @[,k /jB

as precised in and we know that, each time, the result is zero.

Thus, considering r = {7;};c; as a set, we have f93(r) = 0 and then £a3(J) = 0.
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This shows that [y3 induces a morphism of Lie algebras

Bas := [Bag] - Lx(X) /7 — gx. (2.46)

Given the natural surjection here named [y : Ly(X) — Ly (X) /j, we can

construct a commutative diagram, namely

X B21 ' Ox

ﬁQZJ/ P2 525]\ (2.47)

LX) — 2 Lu(X) ) 7.

c. In this part, using the equivariant property of Lie algebras of Section [2.1} we

describe the inverse isomorphism (called here f33) as follows
Bs3: gx = Lx(X)pz /jBZZ 3 Lw(X)p [ 7, — L(X) ) 7
In fact,

e There is the obvious embedding map j : Lx(X)pz — Lik(X). We can easily

verify that j(JF,) = JZ, C J, then j gives rise to a Lie morphism

g1 = [j] : Lx(X) Bz /jBZZ — Lu(X) /7.

By (2.44) and (2.46)), one obtains £25 0 g1(ad)(2) + TF4) = [Bes](adw)(2) +
J) = Bas(adw)(2)) = (adw (z) + TE4,0), for any v € B* and z € Z. From
the above calculation over generators {ad()(2)}uz)eprxz + Jhz, it follows

that
Bas 0 g1(Py) = (Py,0), VP € Lx(X)pz / JZ, (2.48)

e Observe that there is the embedding map s : Lx(X)p — Lx(X) which is
a section of p : Lx(X) — Lik(X)p (as in [2.14). Since Jp C J and then
s(JIg) C T, so there is a Lie algebra morphism

g2 = [s] : ﬁk(X)B/jB — Li(X) /7.
By (2.42), (2.43]) and (2.46)), one observes that

Ba5 0 g2(b+ Tp) = [Bas)(b+ T) = Ba1(b) = (0,0 + TB) ,
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for any b € B. We calculated this over its generators, one derives the relation
Bas 0 g2(Qo) = (0,Q0),VQo € Li(X /jB (2.49)

e Moreover, we show directly that morphisms ¢, : Li(X)pz / TE, = Ly (X) /T
and g9 : Ly(X)p /jB — Li(X) /g in the category k-Lie satisfy the

equivariant property (2-12) (or diagrammatically (2.13))) i.e. for any Qo =
Q+ Jp € Lu(X /jB and Py = P+ J%, € Lx(X) Bz /jBZZ one has

91([04](620)(3))) = [92(Q0), 91(Fo)]- (2.50)

Indeed, we give the following our proof without difficulty

91([a](Qo)(Ry)) = g1 ([d(Q + TB)(P + T55)) =
0 ([Q.Pl+J%) =1Q.Pl+ T =[Q+J,P+J]
= [92(Q0), 91(F)]-

d. In terms of equivariant property (2.50) and by Proposition , they are

sufficient to conclude that there is a unique morphism of Lie algebras

By gx = Lx(X)pz /jZ x Lx(X)B | 7, — Lx(X) ) 7 (2.51)

which extends ¢g; and gs in the usual sense i.e. B33(Fo, O) = ¢1(FRy) and f33(0, Qo) =
92(Qo), for any Py € Ly (X)pz /jZ and Qp € Lx(X /jB We obtain two Lie
algebra morphisms 33 o Bo5 : Ly (X )/j — Li(X )/j and fa50 33 1 gx — Ox-

We now show that 5 is the inverse of (33

e By formula (2.42) and morphisms (2.43), (2.46) and (2.51)), it give us to

compute in detail the following behavior: for any z € X, then f330fs5([x]) =

B33 0 [523](@]) = 533(521(13)) =

B3((0, [2])) = g2([2]) = [2] ifz € B
Bs3(([2],0)) = g1([z]) = [z] ifz € Z.

Hence, (33 0 fBos([x]) = [x] = 1d Li(X) /7 ([x]). As a consequence we clearly
derive that (333 0 Bo5 = Idﬁk(X)/j'
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e Moreover, by formulas (2.48)), (2.49) and the morphism (2.51)), for any
(Fo, Qo) € Lw(X)Bz /jBZZ @ Lx(X)p /jB, one has

Bas 0 B33(Fo, Qo) = Bas 0 Ba3((Fo,0) + (0, Qo)) =
Bas © (B33(Fo, 0) + B33(0, Qo)) = Bas(91(Fo) + 92(Qo)) =
Bas(91(Fo)) + Pas(92(Qo)) = (Fo,0) + (0, Qo) = (Fo, Qo)-

The above calculation amounts to assert that (a5 0 833 = Idg, .

e. As a consequence, 95 is an isomorphism of Lie algebras. Hence, in the category

k-Lie, we constructed explicitly the isomorphism and its inverse

B25

Lu(X) ) 7 3 = > Li(X)pz /jgz x Li(X)B / 7. (2.52)

iv) From the above results, one thus derives a commutative diagram of Lie algebras

with split short exact rows

0 —— £k(X)BZ % Ek(X) L) ﬁk(X)B — 0

lsjgz lsj lSJB (2.53)

0— ﬁk(X)BZ/jBZZ Y £0X) j 7 B L X)s ) 7, — 0.

QED

Notation. — An alternative proof of the Theorem above [2.6] using B-gradings can
be found in Commentary [5|

2.2.3 Applications.
Elimination of the subalphabet Z.

In certain cases (which is that of the Lie algebras DKy ,), it can happen that the left
factor of the semi-direct product (2.28) be isomorphic to Lx(Z). We start from the
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CHAPTER 2. LAZARD’S ELIMINATION

commutative diagram ([2.29) with an additional arrow

Ly(Z)

Jiz

0 —— Li(X)pr —2— Li(X) —2— L(X)p —— 0 (2.54)

5.7
l Iz lsj lSjB

0 — Ek(X>BZ/j§Z L, Lu(X) ) 7 1, ﬁk(X)B/jB — 0
where jz is the subalphabet embedding such that

Im(jz) = Li(X)z = @ Li(X)a- (2.55)

aEN(X)
la| =0

We are now in the position to state the following

Proposition 2.9. With the notations as in Theorem[2.6, let us consider the composite

map [ = Sgz,° 17 then
a. In order that 3 be injective, it is necessary and sufficient that JZ, N Li(X)z =

{0}

b. In order that 8 be surjective, it is necessary and sufficient that, for all (b,z) €

B x Z, we had
sjgz([b, z]) € sszZ(Ek(X)Z). (2.56)
Proof. a. Firstly, it is clear that the composite s g%,0Jz 1s injective <= Ker(s JZ,°

jz) ={0} = Jg; N Li(X)z = Ker(s gz, o jiz) = {0}.

b. Secondly, we now have to prove that the composite map s g2, © Jz is surjective if

and only if for all (b, z) € B x Z, we have
sgz ([b,2]) € s7z (L(X)z). (2.57)

Let us call § the composite map s gz, °Jz- The proof goes as follows

7 = 7. Assume that § is surjective. This assumption shows that for any (b, z) €
B x Z, there exits @ € Li(Z) such that sz ([b,z]) = 8(Q) = szz (jz(Q)) and
the fact that jz(Q) € Lx(X)z proves the claim.

7 <7 We first prove that, for all (b,Q) € B x Lx(Z) we have

s72,([0:32(Q)]) € 57z, (Lx(X)2). (2.58)
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Due to the fact that the homogeneous polynomials linearly generate Ly (Z) by
and , it is sufficient to prove this for homogeneous (Lie) polynomials
of degree n for all n € Nsy, we will do it by induction. Let then @ € Lx(Z),.
If n =1 this is the hypothesis.
If n > 2 (and  homogeneous), then @ is a finite sum @ = >, x[Qi1, Qi2] with
Qij € Li(Z)n,; and n = ny + ng. Now, we have

b, Ql = _[[b, Qirl, Qiz] + [Qir, [b, Qu2]] (2.59)

i€l

and then the claim is a consequence of the induction hypothesis{ﬂ and the fact
that sz (Lik(X)z) is a Lie subalgebra.
Now we prove, by induction on |u| (v € B*) that, for all Q € Lx(Z)

sz, (adw)(72(Q))) € 572 (Li(X)z). (2.60)

If |u| = O this is trivial, otherwise u = bv for (b,v) € B x B*. From the induction

hypothesis (understated)

sqz,(adw)(iz(Q))) = 57z, (R)

for some R € Ly (X)z. But we have

sz, (adw (12(Q))) = s7z_ (adey (72(Q)))
= sz, (1b.adw) (j2(Q))]) = szz, ([b.ad()(jz(Q)) — B]) + s 7z, (b, R])
= 55, (.7 € s, (£X) ) by @59,

We just proved (2.60)).

Thus, it permits us to verify that formula {s;z (adw)(2)) | (u,2) € B* x Z} C
Im(s g2, © Jjz) which is obviously the Lie subalgebra of Ly(X)pz / T4, We
remind that {s;z (adw)(2)) | (u,2) € B* X Z} is a generating set of the Lie
algebra L (X)pz / TE this yields

Im(szz 0jz) = Ly(X)pz /jBZZ‘ (2.61)

The above formula i.e. (2.61)) gives a consequence that s gz, © Jz s surjective.
O

12Understated, but which can be unfolded on request.
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About M.-P. Schiitzenberger’s questions on the Partially Commutative Free
Lie algebra.

About the Free (partially commutative) Lie algebras, Pr. Schiitzenberger asked the

following questions [99)
1. Is the free partially commutative Lie algebra torsion free (over Z)?

2. If yes (in which case it is linearly free over Z), is it possible to construct combi-

natorial bases of it?
3. To which extent can it be considered as “free”? (more than “as a module”).

Question |3 has been answered in Section[1.3] The two remaining ones can be answered

by the following adaptation of §2.2.3

Theorem 2.10. Let (X,0) be an alphabet with commutations and M (X,0) be the
free partially commutative monoid. We consider a partition of X, X = B + Z such
that Z 1is totally non-commutative i.e. no two letters of Z commute between themselves
(0NZ? = Az). As defined in Section[1.3, sy is the canonical surjection X* — M (X, 0).
We also consider jg : M(X,0) — X*, an arbitrary set-theoretical section of sq. For

t € M(X,0), we define the terminal alphabet of it
TAlph(t) ={x € X |t € M(X,0).2} (2.62)
as the set of last letters of preimages of t w.r.t. sg and the code
Cp(Z) ={s¢(uz)lu € B*,z € Z, TAlph(sg(uz)) = {z}} C M(X,8) (2.63)

Let C = jo(Cp(Z)) C B*Z and jc be the composite map Ly (C) — Ly(B*Z) =5
Ly (X)pz (where rn is the Lie isomorphism as in Diagram (2.14) ), we have the diagram

Ly (C)

1y

0 —— Li(X)py —2— Lu(X) —2— Lu(X)p —— 0 (2.64)

S+Z
l I8z lSJ lSJB

0 — ﬁk(X)BZ/jBZZ Y £(X) j 7 B L(X)s ) 7, — 0.
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Then, with the above hypotheses (Z totally non-commutative and C' = jo(Cp(Z))),
S77,° Jjo 18 an isomorphism.
In particular, the left factor of the semi-direct product (2.28)), here Ly(X)pz /szz 18

a free Lie algebra.

Proof. For the proof that s gz, © Jc is one-to-one, we will need the three following

lemmas.

Lemma 2.11. Let g be a Lie k-algebra, G a set of generators of g as a Lie k-algebra
and R C g. Then, the ideal J(R) generated as an ideal by R is linearly (i.e. as a

module) generated by the elements

{adi(h) }resua(e)- (2.65)
heR

Proof of Lemma [2.11]: For M a k-submodule of g, the set
S(M) ={g €g| ady(M) C M} (2.66)

is a Lie subalgebra of g from the Jacobi relation. Then, let N be the submodule of g
generated by the elements of (2.65). By the fact that {ad;(h )}teSEQ C J(R), one
has N C J(R). Moreover, we have, by construction, G C S(N) hence g C S(N) which
proves that N is an ideal containing R and then J(R). We obtain the claim. O]

Consequence 2.12. Corresponding to vy, and applying Lemmal2.11to g = Lk(B), G =

B, we see that the ideal Jg is generated (as a submodule) by the elements

{adw)([b1,b2])}  wep (2.67)

(bl,bz)eeg
then applying Lemma tog = Lx(X), G =X, we see that the ideal Jz is generated

(as a submodule) by the elements

{ad(u)<[bv Z])} wEX* (268)

(b,2)ebN(BxZ)
Lemma 2.13. Let g be a Lie algebra and (p1,- -+ ,pn,q) € SEQ(g), then there exists
t=> ,clo)o € Z[S,] such that
[ad(p17"'7pn—1)<pn)7q] - Z C(O-> ad(po-(l)v"‘vpd(n))(q)' (269>

ceS,
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Proof of Lemma : Let Y = {y1, - ,yn, 2} be an auxiliary alphabet of n +
1 letters and ¢ be the morphism Ly (Y) — g defined by ¢(y;) = p; and ¢(z) =
g. Then, using the partition Y = {y1, -+ ,yn} + {2} = B+ Z, we see that ) =
[ady, - yn_1)(Un)s 2] € Li(Y)pz. Then

adtyy e o W), 2l = D c(w) adgy(2). (2.70)

uE{yl?”' 7yn}*

But Q is of multidegree (1,---,1,1) € N®) and then, each u in the support of the
decomposition ([2.70) can be written u = y,(1) - * Yo(n) for some permutation o € &,,.

Hence

[ad(y17"‘7yn—l)(yn>7z] = Z c(o) ad(yau)w“,yg(n))(z)' (2.71)

O'Een

Now, with the notations of Lemma [2.13]

[ad(p, - pp_r)(Pn)s @] = ©([ad(y, - yo1)(Un), 2])

- Z C(O) SO(ad(ya(l)f"uli(r(rl))(’z))

O’esn

= Z c(o) ad(pa(l)v"'vpa(n))<q>' (2.72)

ceG,

Consequence 2.14. Still with r = ry and in view of we have the generator

rpz = {adg 2}gegy. ez We know, from Consequence, that Jp is generated (as a

module) by the elements {ad()([b1,b2])} ues+ . Then, here Jpz is generated by the
(

1, 2)693
elements

{lad@)([b1,b2]), 2]} ep (2.73)

(b1,b2)€b0pB, 2€Z

and then, from Lemma and tracking the position of [by,bs], Tpz is generated by

elements

{ad() by bal ) (2)} e (2.74)
(b1,b2)€bp, z€Z

(where, recalling that in the part “End of the proof of Lemma ”, forany Q € Jg and

(v,2) € B*x Z, from equation (2.36) of Lemma we have shown that ad g w)(2) €

Tpz. Thus, for Q = [b1,bs], we can write {adw) by po),)(2)}  wwesr  C Tpz).
(bl,bz)éeB, z€Z
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The last lemma characterizes the kernel of a morphism which performs identifica-

tions and annihilation of letters

Lemma 2.15. Let Yy,Ys be alphabets and ¢y : Y7 — Yo U {0} C Ly(Y2) with
Yo C wo(Y1). Let o1, be the morphism Ly (Y1) — Lx(Ya) constructed from ¢q by
the mechanism ((1.30). Then the kernel of 1 is the ideal generated by the elements

Teg = {T — 2'}po@)=po ()€ 5 Tnit = {T}g@)=0-

Proof of Lemma m :  Still with r., and r,; defined as above, call R the relatoﬂ
ie. R=r, Ur,;. Itis easily checked that R C Ker(y;) and then J(R) C Ker(¢y)
(J(R) being the ideal generaled by R). We then have a morphism

03 : Ek(Yl)/j(R) — Ly (Ys). (2.75)

It is surjective due to the condition Y5 C ¢o(Y7). Now let us consider the following
candidate to be an inverse of p3. Remarking that, for y» € Y5 and y; a preimage of
yo (p1(y1) = y2), the class y; + J(R) is independent from the choice of y;. We define
01 Lx(Ys) — Li(V1) /j(R) by @4(y2) :== 11 + J(R). A routine check shows that
3 0 g = ldpom(py) and ¢4 0 3 = Idpom(ys)- O
End of the proof of Theorem [2.10, —

We now consider the following composition
i "E
£k<C> ‘_C> £k(X)BZ i) £k(‘Xv>BZ /jBZZ (276)

and, as ag; :=1n: Ly(B*Z) — Li(X) (see (2.14)) is injective with image Ly (X)pz,
we also note az; = rn 1 Lyx(B*Z) — Lx(X)pz the corresponding isomorphism and
Bis: Lw(X)pz — Lik(B*Z) its inverse.

We define ¢ : Ly (B*Z) — Li(C) of the type considered in Lemma[2.15| by ¢ : B*Z —
C' U {0} as follows

o(uz) = jg o sg(uz) if TAlph(syg(uz)) ={z} and p(uz) = 0 otherwise. (2.77)

13As a type, R is a mere subset of L) (Y7) but “relator” means that it is intended to be the generating

set of an ideal.

72



CHAPTER 2. LAZARD’S ELIMINATION

Let us prove that Ker(po 813) = asi(Ker(p)) D Jz +Tpz = JZ,. In fact, from (2.74)),

we know that Jpz is generated by elements

ad u v z u,v * .
{ (u),[b1,b2],( )( >}(b1,b2)egg7 ez

Set @ = ad(y),[p bs),(v)(2) and remark that from the Jacobi identity one has

Q = ad(u),bhb%(v)(z) — ad(u),b%bh(v)(z) = Oégl(ubleUZ) — (31 (Ub2b1UZ)
= g1 (ub1bovz — ubgbyvz). (2.78)

But ubibovz — ubsbyvz € Ker(p) because by and by commute in M (X, 6), hence one has

azi(Ker(p)) D Ipz. Now, from (2.68), we know that J is generated by the elements

dew ([, vexe
{adw)([ Z])}w,z)e&i‘(mz)

Set @ = ad(y)([b, z]) and remark that
Q = ad(([b, 2]) = ad(up)(2) — ad(uz)(b) = a1 (ubz — uzb) (2.79)

but, again, p(ubz) = p(uzb) because b and z commute in M (X, #). Then we arrive at
a1 (Ker(p))) D Jz.

And now, we can construct the factorization to quotient of ¢ o 513 as follows

Lx(C) < x Lw(X) Bz /jBZZ

[CN 95|

Lk(X)BZ T) Ek(B*Z) ;> £k<X)BZ

lsjgz
Ek(X)BZ /Jéz-

Figure 2.7: Diagram of the arrows involved in the proof of Theorem m (beware this

diagram is not commutative in general).

Let us show that s g2, © Jo and « are mutually inverse and, firstly remark that, for
uz € B*Z, jpsg(uz) is the unique representative of uz within C'. Then, for uz € C, we
have f13jc(uz) = wz. This shows that, for uz € C, we have ¢fi3jc(uz) = p(uz) =

Jose(uz) = uz and then ¢ o fi3 0 jo = Idg, (o). From this, we get

@0 Szz Ojo=po Bz o jo = Idg (o) - (2.80)
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In particular « is onto and s;z o jc is into. Let us prove (which is sufficient) that

gz, © jc is onto. Our strategy is to show that Im(s;z o jo) contains sz azi(B*Z).

Let us show that, if uz € B*Z and TAlph(sg(uz)) # {z}, we have sz azi(uz) = 0.
Indeed, we claim that, for any uz = by - - - byz € B*Z such that (b, z) € 6 and (b1,b;) €
0 for all j € [2,k], then az;(uz) € JZ,. Indeed, if |u| = 1 then as;(uz) = [by,2] € Tz C
JE, since (by,2) € 0N(Bx Z). If |u| = 2i.e. u=biby € B*, (by,2) € 0 and (by,bs) € 0,
then asi(uz) = [by, [ba, 2]] = [ba, [by, 2]] + [, [b2, ba]] = ady, ([br, 2]) — adp, ,(2) € TE
since ady, ([b1,2]) € Jz and adp,;,1(2) € Tpz- If |u| =k > 3 ie u="0bby---b, € B,

it is obtained from the induction hypothesis and by the formula

agi(uz) = adpbyeby)(2) = [b1, [b2, ad by, (2)]
= adbz([bh ad(bs“'bk)(z)]) - ad[bQ,bl](ad(bs“'bk)(z))
= adp, (az1(b1bz - - - bx2)) — adpp, by (ad(pg...t) (2))-

Now, if uz = by ---byz € B*Z and TAlph(sg(uz)) # {z}, by Remark there exists
i € [1,k] so that (b, 2) € 0 and (b;,b;) € 0 for all j € [t + 1,k]. Thus, syz aszi(uz) =0
because a1 (uz) = adgp, .4, ) (as1(bi - byz)) € TF, (here ag(b; - - - byz) € Tf, by the
claim above).
Otherwise, if TAlph(sg(uz)) = {z}, we have jypse(uz) € C' and
az1(uz — josg(uz)) € Ipz

because Jpz contains all the commutations of #pg, then

SJgZOésl(UZ) = Sjgzasl(uz — Jose(uz) + Jose(uz))

= 57z a31(Joso(uz)) € 57z az(C) = sz _jo(O). (2.81)

All in all SJBZZOJ31<B*Z) C sgz © Jjo(Lx(C)). Thus, gz, © jo and a are mutually

inverse. We proved our theorem.

QED
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It would be interesting to have alternative proofs for answers to Schiitzenberger’s
questions about the Partially Commutative Free Lie algebra (cf. Duchamp and Krob

[41] Thm III.3) as a consequence of our main theorem (Theorem [2.6]).

Corollary 2.16. (Lazard’s Partially Commutative Elimination) Let X be a set equipped
with a commutation relation 6 and B be a subset of X such that Z = X — B is totally
non-commutative. Then there is an isomorphism from the free partially commutative

Lie algebra Ly (X, 0) to the semi-direct of product of Lie algebras, namely
ﬁk(X, (9) = £k(0) X ﬁk(B, (93) i k-Lie. (282)

Proof. A partial result of our main theorem [Theorem (iii)] deals the following
decomposition

Lu(X,0) 2, 10 £(X)57 [ 72, % £(B,05).
Therefore, in the category k-Lie, the formula £, (C') = Ly(X)pz / J#, is immediately
seen from the fact that the composite s gz, ©Jc is isomorphism of Lie algebras by our

result in Theorem [2.10, We thus obtain the corollary. O

Knizhnik-Zamolodchikov equation, Drinfeld-Kohno Lie algebra and its de-

composition.

In this part, we give a sample of the application of our main theorem (Theorem [2.6])
and by Proposition to the decomposition of Drinfeld-Kohno Lie algebras. We
remind the reader that the decomposition has deep relations with the study of special
solutions of Knizhnik-Zamolodchikov equations (KZ,, for n = 3,4) by polylogarithms
and hyperlogarithms (cf. Drinfeld [30, B1], Cartier [20], Brown [16], Oi and Ueno [90]).
For n > 2, assume that 7, = {t; ; }1<i<j<n is a set of (g) endomorphisms t; ; of W, where
W is a finite-dimensional vector space over C. We consider the Knizhnik-Zamolodchikov
(KZ) equation (cf. Knizhnik and Zamolodchikov [69], Drinfeld [30, BI], Cartier [19],
Kassel [67])

(KZ,) dF(z)=Q,(2)F(2) (2.83)
defined over the complex configuration space
C:} - {Z: (217"' 7Zn) € (Cn|zl #ZJ fOI'Z'#j},
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where the system (so-called the KZ connection of 1-forms)

ti
Qu(z) = Y S dlog(zi — z) (2.84)

1<i<j<n

and F = F(z) is a function defined on an open subset of C} with values in the complex

space End¢(W).

As a consequence of a classical integrability criterium (cf. Drinfeld [30], Cartier
[19], Kohno [71]), the system is completely integrable if and only if d2,, — €2, A
2, = 0, and this imposes relations between the endomorphisms ¢; ;. These relations
are precisely the infinitesimal pure braid relations. Considering now t¢; ; as abstract
variables (or generators) and no longer endomorphisms, we repeat these relations here

i.e. T, = {tij}h1<i<j<n satisfy the following infinitesimal pure braid relations

Rl [1’1] [ti,j7ti,k + tj,k] for 1 S 1 <j <k S n,
R[] =< Ron] [t + tik, tjx] for1<i<j<k<n, (2.85)
1<i<3 < .o
Rs[n] [tijoted] for { 25292 Z’, and |{i, ], k,1}| = 4.

Remark 2.5. It is remarkable that these relations be the same as those obtained by

the functor grz(—) (see (2.6))).

Example 2.2. For n = 3, by Drinfeld transformation (see [30,31,67]), the KZ equation
(2.83) has a solution of the form

Z9 — 21

F(2) = (25 — 21)mr (2ttiatias) g (2.86)

Z3 — 21

where S(z) satisfies the first order differential equation with three regular singular

d o 1 t1’2 t273
sz<Z)  2in ( 2 |z 1> 5(z).

_ta3
2im?

points at 0,1 and oo

By setting xg := 217? and z; = we then transform X := {z¢,x;} as an object
in Set, this arises to consider the first order noncommutative differential equation (see

B3:33))

d(S) = (wo(2)zo + wi(2)21)S, (NCDE)
lém OS (z)e0los(z) — Ly@)yxy,  asymptotic initial condition,
zeld,z—

76



CHAPTER 2. LAZARD’S ELIMINATION

where, wy(z) = z7'dz and wi(z) = (1 — 2)"'dz are two differential forms on the
complement of the union of the real half-lines | — 00, 0] and [1,+oo[ in the complex
plane i.e. the simply-connected domain @ = C\ (] — 0o, 0] U1, +00]) and for any series
S € H(Q){(X)) over H(2) the algebra (for the pointwise product) of complex-valued

functions which are holomorphic on €2 and d stands for the term by term derivation

A(5) = e 1S | w)u

Assume that k is a commutative ring with unit. We also transform the set of
endomorphisms 7,, as an object in Set. The Drinfeld-Kohno Lie algebralﬂ DKy, is

then presented as
DKo = (T | R Lo = £6(T0) / Zi (2.87)

where Jrpm) is the Lie ideal of the free Lie algebra Li(7,) generated by R[n] (2.6).

By using the Knizhnik-Zamolodchikov equations, Kohno proved in [70] that DKz,
can be identified with gr,(PB,) the graded Lie algebra of the pure braid group PB,,.
The Drinfeld-Kohno Lie algebra DKy ,, = DKy, ®z k is also called the Lie algebra of

infinitesimal braids.

Corollary 2.17. (Decomposition of Drinfeld-Kohno Lie algebra, cf. Etingof et al.
[44)]) Given k a commutative ring with unit and n > 0, there is an isomorphism of Lie

algebras from Drinfeld-Kohno Lie algebra to the semi-direct product of Lie algebras
DKk,n+1 = Ek(Xn) X DKk,Tu (288)
where X, is any alphabet of cardinality n.

Proof. Recall in Example 2.1, we decompose 7,11 = T, + T,+1 and consider the in-
finitesimal pure braid relator r = R[n+ 1] C Lx(7,41). We then can easily check
through direct calculation that r is a good relator satisfying all hypotheses in Theorem
2.6 and Proposition [2.9] This provides us with effective tools to derive the existence of
the decomposition of Drinfeld-Kohno Lie algebra, namely, there is a Lie isomorphism

DKk nt1 = Lx(X,) ¥ DKy, where we identified 7}, with the alphabet X,,. O

147t was originally invented and named such in Kohno [70] and Etingof et al. [44] respectively.
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Remark 2.6. The above method gives, as a consequence, that the Drinfeld-Kohno Lie

algebra is an iterated semi-direct product of free Lie algebras, more precisely
DKk,n+1 = Lk<Xn) X (Ek(Xn,1> X ( e X Ek(Xl)) . )

in the category k-Lie (see Etingof et al. [44] §3.10). We also remark that, in [25]
Cor 4.4, the authors used Grobner-Shirshov bases for the Drinfeld-Kohno Lie algebra
to also show that DKy ,1; is an iterated semi-direct product of free Lie algebras (the
reader can study an exposition[”| of the theory of Grébner-Shirshov bases for associative
algebras, Lie algebras, groups, semigroups, {2-algebras, operads, etc. in the survey of
L. A. Bokut and Y. Chen [7]).

We will return to this point with strange and generalized gradings in Subsection

2.5.9l

2.3 Lazard elimination as a free object.

In this section, we investigate more categorical frameworks for Lazard’s elimination in
k-Lie. In the first subsection, we introduce the category of Short Exact Sequences
with Section (SESS) in k-Lie. In the last subsection, we will study the category of
B-graded Lie algebras, where B = ({0, 1}, V) is the Boolean semigroup, which can be
proved to be equivalent to the previous category in Proposition Finally, we will
perform Lazard’s elimination as a free functor from the category of double sets to the

category of B-graded Lie algebras.

2.3.1 Category of SESS in Lie algebras.

Assume that we have a SES of Lie algebras
0—g g g —0, (2.89)

(we also say that g is an extension of g* by g'). The extension of Lie algebras is said
to split if SES (2.89)) is split i.e. there is a Lie algebra homomorphism o : g* — g such
that poo = Idy (o is called a section of p. In this case (2.89)) can be pictured as below

15Where the semi-direct decomposition of DK, n+1 is also established.
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CHAPTER 2. LAZARD’S ELIMINATION

(see and look there for a formal definition of the category of SSES) will be called
“Short Exact Sequence with Section (SESS)”). Thus, if the extension of Lie algebras
is split, then there is a Lie ideal h := Ker(p) and a Lie subalgebra b := Im(c) such
that g can be uniquely decomposed as an internal direct sum of submodules g = h @ b.
Then p (resp. o) induces a Lie isomorphism b = g' (resp. b = g*) and then a module
isomorphism g = g'®g" (external direct sum of modules). Moreover, one clearly defines
an action of the Lie algebra b (resp.g) on b (resp. g') by derivations. In other words,
at the level of elements b (resp.g®) acts on b by Dy(h) = [0(b), h] (resp.internal brackets

i.e. the adjoint representation).

In this vein, we have the following

Remark 2.7. i) In general, any SES ([2.89)) is not necessarily split. For example, the
Heisenberg Lie algebra (see Blasiak et al. [6]), denoted by L4, is presented as

Ly = {a' ael|[a,a'] =e¢,[al,e] = [a,¢] = 0)r-Lie: (2.90)

If we consider the one-dimensional Lie algebra

L= (z] ®>k-Lie

and the two-dimensional abelian Lie algebra

Lo=(zy|lx,y] = 0>k-Lie’

the reader can verify that 0 — £ AN Ly 25 Lo — 0 is a SES of Lie algebras,
but not split, where j : £; — L4,z — e is an injective Lie homomorphism and
p:Ly — Lo,a’ v x,a >y, e 0is a surjective Lie homomorphism (but there is no
existence of a section s of p as, otherwise, this central extension would be commutative,
see Lemma [5.1)).

ii) With the semi-direct construction (see Definition 2.1)), we give a SES of Lie
algebras

0—bh—9g=hBb—0b—0 (2.91)

but it is better than a simple extension because this SES is split and the Lie algebra g
is a semi-direct product of b with h, denoted by g :=h x b.
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2.3. LAZARD ELIMINATION AS A FREE OBJECT.

As a consequence of the remark above, if SES (2.89)) is split then g = h x b and

g~ g* % g' in k-Lie.

Let us define the category of SESS in k-Lie, denoted by k-SSLie, as follows

e Objects: an object is a SESS of Lie algebras

B — > 0 (2.92)

e Morphisms: a morphism between two objects

. p1
1 J1 — _r

0 > 97 > g1 <5 0] > 0
and
J2 —>p2
\ l \ Vi \
0 7 92 7 92 A} o2 gg 7 0

is a commutative diagram in k-Lie with SESS arrows

,Lol lso i lw | (2.93)

2.3.2 An equivalence of categories and a Lazard elimination

functor.

Given a set S, an object X in Set is said to be S-graded if it can be written as
X = |J,eg X, a disjoint union structure (i.e. the coproduct) of a family of subsets
{X;}ses. Furthermore, if S is an additive commutative semigroup, an object M (resp.

g,A) in one of categories
Mon or Grp (resp. k-Lie, k-AAU)

is said to be S-graded if it can be written as M = |4 _o M, a disjoint union of a

seS
family of subsets {M;}secs (resp. g = €, ¢ gs an internal direct sum of a family of k-
submodules {g;}ses, A = @se ¢ As an internal direct sum of a family of k-submodules

{As}ses) such that the binary operation respects this gradation M. M; C M., (resp.
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CHAPTER 2. LAZARD’S ELIMINATION

the Lie bracket respects this gradation [gs, g:] C gs1+, the multiplication respects this
gradation A;.A; C Agyy).

Commentary 4. We summarize these definitions by the following table

Structure Grading support Formula Internal structure | Global structure
Set Set X = ,es Xs subsets No
Mon or Grp Monoid M =H,cq M, subsets M. M; C M,y
k-Lie Semigroup g=8.50s submodules (05, 9t € Gsie
k-AA Semigroup A=, ¢ As submodules As Ay C Agiy
k-AAU Monoid A=P, s As submodules A Ay C Agyy

Table 1: S-graded structures for the list of categories, where “Internal structure”

means “Algebraic internal structures of the components”.

Remark 2.8. 1. In case M € Mon and (N, +,0) the commutative monoid of non-

negative integers, if we assume that My = {15,} then M =4 _ M,, a N-graded

meN
monoid is called succinctly “graded monoid” in Definition [I.Il We recall the
Hilbert series of a finitely graded moinoid M is the formal power series

=Y M| t™ e N[f] (c Q).

m>0

Hilb(M,t)

More generally, this definition is still valid when internal structures of the com-

ponents are subsets (i.e. for Set, Mon or Grp).

2. From now on and until the end of this remark k is assumed to be a field. Then, in
case of k-AAU, an N-graded (or graded for short) associative algebra with unit
A=, cn Am is said finitely graded if each k-module \A,, is finite dimensional.
The Hilbert series of a finitely graded associative algebra A is the formal power

series

Hilb(A,t) =Y _ dimy A,.t" € Q[[t]].

m>0

(2.94)

More generally, this definition is still valid when internal structures of the com-

ponents are free submodules (i.e. for k-Lie or k-AAU).
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2.3. LAZARD ELIMINATION AS A FREE OBJECT.

3. The Hilbert series of direct sum and standard tensor product of two finitely graded
modules A and B is Hilb(A®B,t) = Hilb(A,t)+ Hilb(B,t) and Hilb(A®B,t) =
Hilb(A, t).Hilb(B,t), respectively.

Now we attempt to find a bivariate Hilbert series of U(DKy 1) the universal
enveloping algebra of the Drinfeld-Kohno Lie algebra that has a nice description in the
next subsection m (see Definition and Example . Firstly, we say that the

monovariate Hilbert series are known.

Example 2.3. (cf. Kohno [70], Etingof et al. [44]) The Hilbert series of the universal
enveloping algebra of the Drinfeld-Kohno Lie algebra is

n+1

Hilb(U(DKy 1), t) = [ ] ﬁ € Q[ft]]-

=2
Remark 2.9. Bourbaki’s book [10], Algebra Ch II §11.1 deals with graded k-algebras
over a commutative monoid. However, for other structures (like Lie algebras), semi-
groups can replace monoids with the same crucial properties (homogeneous compo-
nents, generators &c.). This will be sufficient for our purposes (indeed for the infinite

Drinfeld-Kohno Lie algebra DK ~, we will need the additive commutative semigroup

(N>g, V) x (N>, 4), see in Subsection [2.3.3)).

Here, we will use semigroups for Lie algebras as in the above table.

The category of B-graded Lie algebras.

For a Boolean semigroup B = ({0, 1}, V) [ a B-graded Lie algebra g can be described

as follows: g = g1 @ go is the direct sum of two submodules g; and go such that

[90, 80] € Bovo = go,
(90, 91] € gov1 = 01,
91, 80] € g1vo = 01,
01,01] € g1v1 = 01 (2.95)

Thus, the B-graded Lie algebra g can be written as g = f & b, where h := g; being a
Lie ideal and b := gg a Lie subalgebra (hence we have the semi-direct product g = hxb).

16T fact, B is a monoid.
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CHAPTER 2. LAZARD’S ELIMINATION

We now define the category of B-graded Lie algebras over k, denoted by B-GrLie,

as follows

e Objects: an object is a Lie k-algebra g = h x b, h is a Lie ideal and b a Lie
subalgebra of g.

e Morphisms: a morphism of two objects gy = h; x by and g = by X by is a Lie

algebra homomorphism ¢ : g; — g2 such that ¢(h1) C by and p(by) C bo.

We then can define a functor F' : k-SSLie — B-GrLie from the category of SESS in
k-Lie to the category of B-graded Lie algebras by the following

o F((2.92)) «f (g = bh x b), where h = Ker(p) the Lie ideal and b = Im(o) the Lie

subalgebra of g, that is an object in B-GrLie;

o [((2.93)) = (p g1 =b1 X by — go = bhy X by), here F((2.93))) is a morphism in

B-GrLie because ¢(h1) = o(Ker(p1)) = o(Im(j1)) = ¢ o ji(g)) = j2 0 ¢'(g}) C
J2(95) = Im(js) = Ker(p2) = by and p(b1) = ¢(Im(a1)) = @ 0 a1(g]) = 02 0
" (97) € 02(g3) = Im(02) = b,

Moreover, one has the following

Proposition 2.18. The functor F' : k-SSLie — B-GrLie is

e an essentially surjective functor (i.e. every object g = hx b € B-GrLie, there ex-
ist an object (2.92)) € k-SSLie and an isomorphism F((2.92)))) = g in B-GrLie,
see [60] Def 1.2.11) and

e a fully faithful functor.

Proof. We first prove that F' is essentially surjective. Indeed, for every object g =
h x b € B-GrLie, we take the following natural SESS in k-Lie

p

0 yh—L s g=hdb—b » 0 (2.96)

which is an object in k-SSLie. We then easily see that F((2.96)) = g in B-GrLie
which corresponds to Id, : g — g because F'((2.96)) = (g = Ker(p) x Im(co) = b x b).

We verified that F'is an essentially surjective functor. Further, for each pair of objects

. p1
1 Ji — _r

0 > 01 > 01 S 01

> 0 (2.97)
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2.3. LAZARD ELIMINATION AS A FREE OBJECT.

and

. p2
0 sy oh L g o o) > 0 (2.98)

in k-SSLie, for short we will designate SESS ([2.97)) by z; and SESS ([2.98)) by z5, then

the function

F :Hom,_ggrie(?1,72) — Homy qrrie(F(21), F(22))
(2.93) — @:g1="5h1xby = go="hyxby

is a bijection in Set by the following properties

e Surjectivity: in fact, for any morphism ¢ : gy = by X by — go = bhy ¥ by in
Hom,_qrLie(F(21), F(x2)), we construct two Lie homomorphisms ¢! :=ry0po
g1 : gt — gband ¢" := pyopooy : g — g5, where ry : go — gb is a retract of jy i.e.
ry is a Lie algebra homomorphism such that ry o jo = Idgz2 . One notes that since
©(h1) C by by assumption, we get that o ji(g}) = ©(h1) C by = jo(gh) and then

for any ! € g} there exists a}, € g}, such that poji(a})) = ja(al) (ab is unique since

J2 is injective). We can now obtain that ¢'(a}) = ryo0poji(al) = ry0js(al) = db,
and then jyop'(a}) = j2(al) = ¢oji(a}). Thus, joop! = poj,. Moreover, we also
remark that ¢(b;) C by by assumption, then ¢ o o1(g}) = ¢(b1) C by = oo(gh),
thus for any a] € g] there exists a}, € gi, such that pooy(a]) = o2(ah) (ah is unique
since oy is injective). It is sufficient to obtain that ¢"(a}) = py o p o oy(ah) =
pa 0 09(al) = ab, we thus have g9 0 p"(a]) = o9(a}) = ¢ o o1(a}). We arrive at
o9 0" = poo;. As a consequence, we can obtain the following commutative

diagram in k-Lie with SESS arrows

0 —— g "5 g5t gf —— 0
Lpl lso lw (2.99)
P2

0 > g9 > 92 <5, 09 > 0.

We therefore conclude that the function F' is a surjection because F'((2.99)) = (¢ :
g1 = bh1xby — go = by xby), where (2.99) is a morphism in Hom, _ggy,je(71,72).

e Injectivity: we start with a morphism ¢ : g1 = b X by — g2 = b X by in

Homy gy Lie(F (1), F(12)) as above, we assume that there is an another mor-
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CHAPTER 2. LAZARD’S ELIMINATION

phism
\ l J1 N e pl ,,,, > .
0 > 91 > g1 ¢ o1 'Y s ()
lwl l«’ l " (2.100)
D2

N l j2 N D 5 .
0 > @9 /92‘02 972" s 0

in Homk_SSLie(xl,xg) such that F'((2.100)) = (¢ : g1 = b1 x by — go = ha x by).
By (2.99) and (2.100)), observe that for any a} € g} then j,ot!(a}) = poj(a}) =

j2 0 ¢l(a}), one has ¥!(a}) = ¢'(a}) because j, is injective. We obtain that

P! = ! Similarly, it is not hard to show that ¢" = ¢". Consequently two
morphisms ([2.99) and (2.100) are equal in Hom, _qQ,je(Z1,72). We proved the

injectivity of the function F'.
Thus, F' is a fully faithful functor. We proved our proposition. O

It follows from the above proposition that F'is an equivalence of these categories.
Thus, two categories k-SSLie and B-GrLie are equivalenﬂ. In a more explicit way,

we can construct an inverse functor G : B-GrLie — k-SSLie as follows

e For an object g = h x b € B-GrLie, by (12.96), we set

de . p
G(g:hxb):f(() s h—L > g=bhDb+——0

~
(=
~—

which is obviously an object in k-SSLie;

e For a morphism ¢ : g; = b X by — g2 = by X by in B-GrLie, we set G(y) =

v

0 ” hl & g1 < o1 by > 0

l‘ﬁlh © l@\bl
. p2

O N h2 J2 92 < .............. > 62 R O

2\

which is a commutative diagram in k-Lie with SESS arrows i.e. a morphism in

k-SSLie.

"Two categories C and D are called equivalent if there exists an equivalence between them i.e. there
are functors F' : C —+ D, G : D — C and natural isomorphisms a : 1¢ - Go F, §:1p — F o(G.
Moreover, Proposition [2.18]is a criterion for testing whether any functor F' : C — D is a part of an

equivalence of categories in this sense, see [66] Prop 1.3.13.
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2.3. LAZARD ELIMINATION AS A FREE OBJECT.

Commentary 5. i) Let us provide an alternative proof of Theorem using the tools

above.

1. The fact that the alphabet X is bisected as X = B + Z induces a B-grading in
Ly(X) with B — 0, Z — 1 (in fact, by Lemma a regrading of the fine
grading of Lix(X)).

2. Likewise the partitioning v = rg U ry means that the relators are homogeneous
w.r.t. this B-grading and, hence the Lie ideal J generated by r is itself B-graded,

let us denote J = J1 B Ty be its homogeneous decomposition.

3. The only thing we have to prove is that Jy = Jp and J1 = Jz + Tz which can

be done as follows

(a) The inclusion Jg + Tz + Tpz C J is straightforward considering the defi-

nitions of the summands.

(b) We observe that Jp + Jz + Tpz is a Lie ideal of Ly (X). This is due to the
fact that, for allb € B and z € Z, we have [b, Jg] C Jp and [z, Tg] C Tpz
by definition, the other summands (Jz and Jpz) being Lie ideals.

(¢) Then, asr C Jp + Tz C T+ Tz + Tz, we get the reverse inclusion
I+ Tz +TIsz D T.

(d) Finally we have Jy = TNLx(X)p = Tp and J1 = TNLx(X)pz = T2+ Tz
by counting the degrees.

Then, the conclusions of Theorem [2.6 can be revisited as follows

i) J&, (resp. Jg) is the 1-component (resp. 0-component) of J i.e. J =
Tz + Tpz = JEy (resp. To = Tp).

ii-iv) The remainder of the theorem is a consequence of the following general fact
which says that a Lie ideal of g which is B-graded as a submodule is a B-
graded Lie ideal (i.e. the kernel of a B-morphism, see Proposition m
Appendiz .

Lemma 2.19. Let g be a B-graded Lie algebra and by be a Lie ideal of g
which is {0, 1}-graded as a submodule. Then
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i. bo is a Lie ideal of go, b1 is a Lie ideal of g (and then of g1 ).

1. We have the following commutative diagram

0 > g1 & > g 9o > 0

lsl l ' l

Jl] ................

00— 0/ — > 8/h 57 80 [y, —— 0
Proof. This is a particular case of Proposition 5.2 with S = B. O

ii) For implementation purposes, one can remark that the Lie ideal Jg is the set of Lie

polynomials on {ade,)(r;) }uep jets -

A free functor on the category of double sets.

Our next aim is to investigate that Lazard’s elimination defines a free functor from the
category of double sets to the category of B-graded Lie algebras with respect to the
forgetful functor F : B-GrLie — Set? defined in the following way

e Given an object g = h x b € B-GrLie, then F(g = h x b) = (h,b), where b
and b are only underlying sets (forgetting their Lie structures), so is an object in

Set? (the product of the category Set with itself);

e Given a B-GrLie-morphism g, = h; x by - go = by X by, we define F(y) as

F(e) “ (51,6:) 22 (hy, by)

the underlying (double) set-theoretical map corresponding to

F(p)((h1,01)) = (2(h1), 0(b1)).

We first start with a pair of sets (Z, B) € Set?, and then under the Lie homomorphism
a: Ly(B) = Der(Ly(B*Z)) (appearing in the proof of Theorem we can construct
the below classical elimination which is a SESS of Lie algebras

PB|Z
JB|z

SB|Z

In this situation, we now set g(Z,B) = Ly (B*Z) x Lx(B) = ¢1(Z,B) @ go(Z, B)
with the grading g,(Z, B) := jp|z(Lx(B*Z)) the Lie ideal of the Lie algebra g(Z, B)
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and go(Z, B) = spz(Lx(B)) the Lie subalgebra of it. One notes that g(Z, B) =
91(Z, B)®go(Z, B) is indeed an object in B-GrLie. Moreover, we define the morphism
jz.m) = (Jz,J8) : (Z,B) = (81(Z, B),90(Z, B)) = F(g(Z, B)) in Set”, where j; : Z —
01(Z,B) and jp: B — go(Z, B) are set as the composites

Z = Ly(B*Z) = jpiz(Lyx(B*Z)) and B — Ly (B) — spjz(Lk(B)), respectively.

Amazingly, we now remark that the pair (jz gy, 9(Z, B)) satisfies the following uni-
versal problem: for any object (Z, B) in Set® and £ = £, x £, in B-GrLie, for each
morphism f = (fz, fz) : (Z,B) — F(£) = (£,,£) in Set® (this simply means
that f; : Z — £ and fg: B — £ are morphisms in Set), there exists a unique
]? € Homy_ g, Lie(8(Z, B), £) such that f = F(]?) © j(z,B), it means that the below

diagram commutes

Set? « R — B-GrLie
(Z,B) ::::?‘E{Z"f?)‘ “““““““““ »y£=2~L1x8 (2.102)
o T Tf
o7 B) = 01(% B) # 5o(Z, B)
In fact, if we take uz = by -+ - byz € B*Z then [fp(b1), -, [fB(bk), fz(2)] - -] € £ since

£, is a Lie ideal of £. We thus construct a Lie morphism Ly (B*Z) J1, ¢, that is the
unique extension of amap fpz : B*Z — £1,b1---bpz — [fe(b1), - . [fe(br), f2(2)] -]
by universal property of Diagram . Similarly, we can also find a Lie homomor-
phism Ly (B) ELN £o as the unique extension of a map fg : B — £y. As a result,
we arrive at Lie homomorphisms f; : Lx(B*Z) — £ and fy : Li(B) — £ by such
embedding f; and fy into £, respectively. Further, it is straightforward to check on
generators that these Lie homomorphisms and the action « : Li(B) — Der(Ly(B*Z))
induce the following commutative diagram
L(B)® Lu(BZ) — 0 e g
l% ladg (2.103)
Lu(B*7) 2 . £,

The equivariant diagram (2.103)) say that there is a unique Lie morphism f : 9(Z,B) =
Ly(B*Z) x Lx(B) — £ extending fo and f; in the usual sense i.e. fo spz(Lx(B)) =
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fo(ﬁk(B)) and f o JBz(Lx(B*Z)) = ﬁ(ﬁk(B*Z)). In particular, we observe that
F(0:1(Z,B)) = fojpz(lu(B*2)) = fA(Lu(B*Z)) © £ and f(go(Z, B)) = fo
sp|z(Lx(B)) = ﬁ)(ﬁk(B» C £y, proving that J? : 9(Z,B) = a1(Z, B) x go(Z, B) —
£ = £ x £ is a morphism in B-GrLie. Moreover, the following lemma is sufficient

for our investigation

Lemma 2.20. One has f € Homy_yLie(8(Z, B), £) is the unique morphism in

~

B-GrLie such that f = F(f) o jizn)-

Proof. Tt is immediate to verify by calculation that for any (z,0) € (Z,B) then
F(f) o jizml(2.0)] = F(H(z(2),i5(0) = (Fiz(2)), F(is®) = (fi(2), fo(b)) =
(fBz(2), [B(b)) = (f2(2), f5(b)) = f((2,)), thus clearly f = F(fA)oj(Z’B). On the other
hand, if there is a morphism ¢ : g(Z, B) — £ in B-GrLie which is an another solution
of the diagram (2.102)), we then see that for each b € B, one notes that g o sp|z(b) =
g(jB(b) = fr(b) = fo(b), thus g o spz(Lk(B)) = ﬁ)(ﬁk(B)). Moreover, for each
uz =by---bpz € B*Z, then gojpiz(2) = 9(jz(2)) = fz(2) = fpz(2) = fl(z) and hence
gojpz(uz) = g((uz,0)) = g([(0,b1),---,[(0,bk), (2,0)] ---]) = [g 0 5p2(b1),- -+, [g
spi2(0e)sg © doiz(2)] -] = [fp(br). - [fs(b), f2(2)] ] = faz(uz) = fi(uz), we
arrive at g o jpz(Lk(B*Z)) = ﬁ(ﬁk(B*Z)). As a consequence, the morphism g :
9(Z, B) — £ extends J/CE) and fl in the usual sense. Thus, g = fby the uniqueness of

the equivariant extension. We verified our lemma. O]

As a result, the solution of the universal problem (2.102)) provides a free functor
L : Set’ — B-GrLie, (Z,B) ~ g(Z, B), so-called the Lazard elimination functor,
which is left-adjoint to the forgetful functor F : B-GrLie — Set?.

Remark 2.10. To prove directly that these functors L and F' determine an adjunction

L
— 3

Set? 1 B-GrLie, we can construct a pair (1Set2 X FoL LoF= 1 GrLie)

~_
F

of natural transformations (called the unit and counit of the adjunction) satisfying the
triangle identities

Ln nkF

L LoFol F FolLoF
1, el 15 Fe
L F
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(then they are commutative diagrams in the functor categories [Set?, B-GrLie| and

[B-GrLie, Set?], respectively.)

2.3.3 Drinfeld-Kohno Lie algebra with infinite number of gen-

erators: from strange to generalized gradings.
More general semigroups and strange gradings.

Now, for any integer n € N, let ([2,n + 1],V) be the upper semi-lattice (where we
use the classical supremum i V j := sup{i,j} for all 7,5 € [2,n + 1]). We remark
that, ([2,n + 1],V) is also a commutative semigroup. We then claim that iterated
decompositions of the Drinfeld-Kohno Lie algebras are naturally graded by supremum.
In fact, we now describe a ([2,n + 1], V)-graded structure of the Drinfeld-Kohno Lie
algebra DKy 1 = Lx(Tn+1) /jR[n+1] as follows: for each j € [2,n + 1], we introduce

DK

1ny1 the Lie subalgebra of DKy 41 generated by the set

(15 = {[tij] = tij + TrRmsy | 1 € [1,5 — 1]},

that is in fact a free Lie algebra over k because DKV = = Ly(T;) = Lk(X;-1) as Lie

k,n+1
algebras, where X;_; is a set of j — 1 elements {1, -+ ,z,;_1}.
Ty, Ty Ty ... ... Tont
t172 t173 t174 tl,n+1
la3 taa
7;1+1 = t3’4
tn,n+1

It is not hard to show that for all 4, j € [2,n + 1], one has

[DK(i) DK(j)

(avJ)
kn+1° k,n+1] g DK

k,n+1

and moreover we get that the Drinfeld-Kohno Lie algebra DKy 41 is an iterated semi-

direct product of free Lie algebras (see Remark
DKyny1 = DK1(<n:+1)1 A <DK§:7)L+1 X (oo X DK1((2,2L+1) o >
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> L1(X) % (Lae(Xot) 3 (- % La(X1)) ). (2.104)

In particular, DKy ;41 = @2§j§n+l DK1(<3;31+1 is a ([2,n + 1], V)-graded Lie algebra.

Strange gradings allow not only to manage semi-direct products but, more com-

plex elimination schemes like iterated decompositions. Indeed, suppose we had an

elimination scheme (0.1
STRUCT(:Ul,IQ, R ,l’n> = N[CE<.’L'1, Xo, ... ,.’L‘n> & STRUCT1<L171, . ,.CCn,1>

where NICE et STRUCT, stand for algebraic structures generated (sometimes freely)

by generators x;. Iterating it, we get

STRUCT xy,xa,...,Ty)
= NICE(xy,x9,...,2,) ¢ (NICE(x1,29,...,2p-1) ¢ (-0 NICE(xy))---).

In the next part, we can even manage infinite decompositions with (N>, V) or non-

linear eliminations with other semigroups.

Remark 2.11. Iterated semi-direct decompositions (i.e. formulas like Equation (2.104]))
provide a natural grading by the semigroup (I,V) where I = {i; < iy < --- < i,} for

arbitrary Lie algebras such that

g = G, X (@i, ¥ (- 20,) ). (2.105)

The direct limit of Drinfeld-Kohno Lie algebras.
If we consider the direct system that is a chain of embeddings
DKys 225 DKys — « -+ — DKpepp 25 DKjgr 25 - - (2.106)

where the structure Lie monomorphisms f, : DKy, — DKy, are defined in the

following way
Jn(P+ JRpm)) = P+ Jrin+1), Where P € Li(T,) C Li(Tns1),

then ligDKk,n the direct limit with such structure homomorphisms (2.106|) has a very

simple and in a sense a tame description by the following proposition
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Proposition 2.21. Consider the infinite Drinfeld-Kohno Lie algebra DKy o, defined
by the quotient of the free Lie algebra Ly(Ts) generated by an infinite set of non-
commutative variables Too = {t; j}1<i<j<too modulo the Lie ideal JRix] generated by

infinitesimal pure braid relations

Ri[oo] [tij,tik+tjk] for1<i<j<k<+4oo,
R[OO] = RQ[OO] [ti’j + ti,kvtj,k] for1<i<j<k<+oo, (2107)
1<i<j<+oo, o
R[oc] [tigothal for | 2 LTS +§27 and |{i,j,k,1}| =4

then the infinite Drinfeld-Kohno Lie algebra is indeed the direct limit of such structure

homomorphisms (|2.100)

DKpr = ll& DKk,n-

Proof. We construct the structure Lie homomorphisms ¢,, : DKy, — DKy o, that are

determined by setting
(bn(P + jR,[n]) =P+ jR[oo}; where P € ‘Ck(n) C £k(Too)a

these are clearly also Lie monomorphims between two presented Lie algebras. Then a
pair (DK o, ¢) is a target of such direct system {DKy,, LN DKk nt1}n>2 in category
k-Lie because it satisfies the following property

On = Om © fum whenever n < m, where fn, = Idpk,, and fom = fm-10---0 fn.

Suppose we are given a target (g, v,) with ¢, : DKy, — g in k-Lie, then we construct
a Lie homomorphism ug : Lx(75) — g that is a unique extension of the mapping from
Too to g corresponding to ¢, — 1;([t;;]) = ;(t;; + Trjj) (where 1 <i < j < +00) by
universal property of Diagram . Further, we now show that for any polynomial
P of type R[oo] we have ug(P) = 0 because we have the following properties

e for each 1 < i < j < k < +oo then uo([ti;, tix + tjx]) = [uo(tij),uo(tix) +
wo(tin)] = [¥([ti]), v ([t +un((tix])] = [vwo fin([tis]), Yrl[tin]) +ou([tn])] =
[ ([tig)s Vr([ton)) + ([t 4])) ] = n([tigs tintti 0]+ Trpg) = 1r(0) = 0, and then
similarly one has uo([t;; + tix, +tk]) = Ve ([tig + tig, tik) + Trig) = =0;
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o foreach 1 < i < j < 400,1 <k <1 < +oo such that [{i,7,k,1}| = 4, assume
that | = max{i, j, k,l} then we can obtain wg([t;;,tri]) = [uo(tij), uo(tky)] =
[5([teg]), vl [tea)] = [ro fa((ti]) ea(tial)] = [u(ti ), ou(tra])] = vu([tig tral+
Try) = ¥i(0) = 0.

We verified that uo(P) = 0, thus clearly Jr[o is in the kernel of uy. We arrive at
a conclusion that v, induces a Lie homomorphism v : DKy ., — g, and moreover
wo ¢, = 1, for each n > 2 because they equal on its generators: foreach 1 <i < j <n
then w o ¢, (ti; + Trm) = ulti; + Trix)) = Vi(ti; + Tri) = ¥n © [inlti; + Trp) =

Un(ti; + Jrm))- As a result, we can take a commutative diagram of Lie algebras

DKk,n Jum > DKk’m
on dm
DK
U koo pm
u
g.

In particular, it is easy to verify that u is a unique Lie homomorphism such that
u o ¢, = 1, for each n > 2. By this universal property, we thus deduce that DKy o, =
lignDKkJL. ]

Under the universal enveloping functor
U : k-Lie —» k-AAU, g+—U(g) (2.108)

which is a left adjoint to the Liezation functor F' : k-AAU — k-Lie, we have the

following

Corollary 2.22. Consider the direct system that is a chain of embeddings

U(fa2)

UDKy5) B UDK5) — -+ — UDKy) 5 UDK ) 5

-+ (2.109)

then the universal enveloping algebra of infinite Drinfeld-Kohno Lie algebra is indeed

the direct limit of such structure morphisms (2.109) in k-AAU
UDKk ) = liﬂU(DKkm).
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Proof. As a left-adjoint, the universal enveloping functor preserves colimits, so in par-
ticular it sends direct limits in k-Lie to direct limits in k-AAU. We therefore obtain
that

U(DKye0) = U(lim DKy ) = lim U (DK ).
0

Further, we consider (Nso,V) the upper semi-lattice on the classical supremum
m V n := sup{m,n} (for all m,n € Ns,), in the same way as above we now describe
a (N>, V)-graded structure of the infinite Drinfeld-Kohno Lie algebra DKy o, by the
following way: for all m € Ns,, if we denote DK( ) the Lie subalgebra of DKy o
generated by [T},)] := {[tim] = tim + TR[) | © € [1,m — 1]}, then one verifies without
difficulty that DK, m) = Ly(Th) = Lyk(X,n-1) is indeed a free Lie algebra over k.

T Ty T, ... ... T,
tLQ t1’3 t174 tl,m
to3 to4
t34
Tm_
tm—l,m

By using infinitesimal pure braid relations R[oo] (2.107), it is not hard to prove that
[DK{"™), DK{") ] € DK{""" (for all m,n € N»)
and moreover we have an infinite iterated semi-direct product of free Lie algebras
DKoo = -+ X (DKI({TOL a0 (DK"Y 50 (- x DK, ) - - )) . (2.110)
As a consequence, we write the infinite Drinfeld-Kohno algebra as the direct sum

DKy = ) DK{".
m>2

which is a (N>, V)-graded Lie algebra over k. Furthermore, due to the injections

DKy, < DKk o, the set Too = {t;;}1<i<j can be considered as a subset of DKy o, and
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due to the semi-direct decompositions DK . is a free module (see the formula (2.110]))

and embeds within its enveloping algebra U (DK »,). We have the following

Proposition 2.23. Under the natural projection so : k(Too) = U(DKyk o), the image
of the set of words of the form

th,jltig,jz .. 't’imjn (- Tot)
(where n >0 and 2 < ji < jo < ... < j,) is a k-linear basis of the algebra U(DKy ).

Proof. See Proposition in Appendix [5.4.2] O

S-graded Lie algebras and properties of them and their enveloping algebras

with respect to Hilbert series.

Definition 2.3. Assume that (5, +) is a commutative semigroup satisfying “Condition
(D)”E. Let A = @, 4 As be a S-graded algebra in finite dimensions, the Hilbert series
of A is given by

Hilb(A) =) _ dimy(A,).s € Q[[S]],

seS

where the total semigroup algebra Q|[[S]] is the completion of the Hausdorff topological
semigroup algebra Q[S] (see Appendix[5.3.2)), where QI[[S]] is a Q-module of all infinite

sum ) o ass and the convolution product

(Z %131) (Z @232) =S Y s s

S1ES s9€S sesS 51,59€8
S1+82=s

Proposition 2.24. Suppose we are given two finitely S-graded algebras A = @, g As
and B = P

ses Bs- Then, so are direct sum and tensor product, moreover two Hilbert

series

Hilb(A & B) = Hilb(A) + Hilb(B) and Hilb(A® B) = Hilb(A).Hilb(B).

18A semigroup (S, +) is said to satisfy “Condition (D)” if each s € S admits only a finite number
of factorizations s = s; + - - - + s (the positive integer k is fixed). To be more precise, for any s € S,
the set Dy(s) = {(s1,52) € S x S |51 + 5o = s} is finite i.e. the map pso : [S]? — S, (s1,52) +> 51 + 82
has finite fibers, see Bourbaki [10] Ch III § 2.10.
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Proof. As a S-graded algebra A® B =@, ¢ A © B = P, 5(A @ B)s, we get that

Hilb(A®B) = > dimy(A, @ By).s

seS
= Z dimy (Ay).s + Z dimy (B;).s
seS seS

—  Hilb(A) + Hilb(B).

Moreover, by using “Condition (D)”, we arrive at a finitely S-graded structure

A®B:<@Asl>®<@852>=@ D A.eB, | =PUeb),

S1ES $9€S seS 51,89€S sesS
S1+s2=s

then the Hilbert series is

Hilb(A®B) = Y dim | A, 9B, |.s

seS 51,59€8
S1+s2=s

= Z @ dimk(Asl>dimk<BSQ) -8

seS 51,80€8
S1+s2=s

= Z dimk(As1) dimk(Bsg)'(Sl + 82)

51,52€8

= (Z dimk(Asl).sl> (Z dimk(BSQ).@)

S1ES s9€S

= Hilb(A).Hilb(B).
L]

Furthermore, for the grading of enveloping algebras of S-graded Lie algebras see

Appendix [5.4.2]

Remark 2.12. Assume that (5, +) is locally ﬁnitdr_gl commutative semigroup and g =
D,cs 95 is a S-graded Lie algebra. If g is a finitely S-graded i.e. each k-module g, is
free of finite rank, so is the S U {0}-graded enveloping algebra U(g) (5.23)).

9Tn computer science, it means that each s € S admits only a finite number of factorizations
s=s1+---+ s, (k € N>p) ie. the map p: [S]" = [S]*\ 1jg)+, (S1,...,Sk) = S1 + ... + s has finite
fibers, see Eilenberg [43]. Remarkable that “locally finite” induces “Condition (D)”, but the converse

is not true in general.
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Now we will deal with a more general graded type of the infinite Drinfeld-Kohno

Lie algebra and then its enveloping algebra as follows

Example 2.4. Let us recall that the infinite Drinfeld-Kohno Lie algebra

DKy = @D DK,
m>2
a (N>o, V)-graded Lie algebra and moreover each component

DK™ 2 Li(Xpn1) = €D Li(Xn-1)

n>1

in the category k-Lie (see Subsection [1.2.5|for more details). Let us denote by DK " ")

the set of all homogeneous Lie polynomials of total degree n of each free Lie alge—
bra DK( , that is Lie algebra isomorphic to Ly (X;—1)n. Furthermore, it is obvi-
ously a free k-module with a Lyndon basis P, where | € LynX,, 1 and the length
| I |= n, here we used the indexed set (LynX,,_1,<) which is the totally ordered
set of all Lyndon words over X,, ;. As a consequence, under the one to one cor-
respondence between [ and P, one then has dimk(DKl(?o’: )) = dimy (Lx(Xpm_1)n) =
#{Lyndon words of length n on X,,_ 1}, denoted Lyn(m — 1,n). We hence deduce
that the infinite Drinfeld-Kohno Lie algebra

DKy = P DK, = (P DK}

m>2 m>2
n>1

is in fact equipped with a (N>o, V) x (N1, +)-graded Lie algebra structure. Therefore,
the enveloping algebra U (DK o) inherits a [(N>o, V) x (N>, +)]U{0}-graded structure
(.23)

UDKioo) = P U(DKieo)

SGSNU{O}

where Sy = (N>2,V) x (N>q,+) and Us(DKyg o) = Ts(DKk,oo)/js, here we used
Ts(DKk o) = Pueisy Tw(DKkoo) as in the formula (5.22). Note that the Hilbert

) m(w)=s
series

HilbU(DKioo)) = > dimy(Us(DKioo))-5 € Q[[Swy U {0}]],

seSyU{0}
where for each s € Sy U {0}, dimy(Us(DKx o)) = (m —1)" if s = (m,n) € Sy and

dimy (Uy(DKk «)) = 1 otherwise. As a final consequence, we can translate this series
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into the commutative algebra of formal power series of two variables Q[[¢1, t2]] (endowed
with the convolution product that is with the supremum w.r.t. ¢; and ordinary Cauchy

product w.r.t. t@ by the following

HIbUDKs) 1) = T (14 77 ) € Ol ]

where, for each m € N>y,

1+— 1+ — 1)t
T AP S

Let us give a calculation example for this multiplication,

(14 2ty )1+ 32ty b~ o1y 2ty 32ty 123142ty
1 —ty 1— 2ty 1—ty  1—=2ty (1 —ty)(1—2ty)
. 13ty 231, 26312

L—ty  1—=2tp (1—1t)(1—2ty)
Example 2.5. In the same manner as above, the Drinfeld-Kohno Lie algebra DKy ;41
can be equipped with a ([2,n + 1], V) x (N>, +)-graded Lie algebra structure

DK, = P DK = P DK

2<i<n+1 2<i<n+1
1<j <400

and then the enveloping algebra U (DK ,,11) inherits a [([2,n+ 1], V) x (N>, +)]U{0}-
graded structure ((5.23)

UDKyni1) = P U(DKinsa).

SETNU{O}
where Ty := ([2,n + 1], V) x (N>q, +). Therefore, the Hilbert series
, th(1 — 1)ty
HZlb(Z/{(DKkarl), tl, t2> = H 1 + ﬁ € @Htl, tg]]
2<i<n+1 — (i =1ty

When ¢; = 1, we can recover Kohno’s formula appearing in Example [2.3]

*’Tn other words, two series Y, o Qm, n, 17 t5" and 35 o B, n,t] 7ty being given in

Q[[t1,t2]], then their convolution product is

miVmaoni+ng __ mqn
E aml,nlﬁmzﬂmtl ! z1521 ' = E § amhnlﬁmm’rm tl t2

m;,n; >0 m,n>0 m;,n; >0
miVmo=m
ni+n2=n

the internal sum being finite because the monoid of monomials has “D” property.
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2.4 Smash product algebra and Lazard’s elimina-

tion.

In this section, we investigate other aspects of Lazard’s elimination within k-A AU the
category of unital associative k-algebras. We first introduce crossed and smash prod-
ucts of algebras and discuss some relevance with semi-direct products of Lie algebras
and the universal enveloping functor by Example [2.7] and Proposition 2.27] In the last
two examples of this section, we will study a practical application to achieve Lazard’s

elimination and the quotient of Lazard’s elimination in k-AAU.

Let k be a commutative ring with unit. We now study the crossed product of
algebras, especially a smash product of a bialgebra and an associative algebra with
unit. The reader who is only interested in studying these products may turn to R.K.
Molnar [84], S. Montgomery [86] and A. Borowiec, W. Marcinek [8], which can be read

independently to what is presented as follows.

Definition 2.4. Let A, B,H be three objects in k-AAU. Assume that there are
monomorphisms ig : A — H and ig: B — H in k-AAU. We say that H is a crossed
(twisted) product of A and B if the canonical mapping ® : AR B — H,a® b —
(14 ®ip)(a ®b) is an isomorphism in k-Mod.

As an immediate consequence of the above definition, a crossed product of two

objects A and B is unique up to an isomorphism in k-AAU.

Example 2.6. The standard tensor product of algebras A ® B is a crossed product of
two objects A and B in k-AAU (here ® = 1d), where iy : A > A®@B,a— a® lp
and ig: B— A® B,b+~ 14 ® b are the natural monomorphisms in k-AAU [

The following definition is necessary for describing the main theorem of crossed

product of algebras.

21Tf k is only a ring, embeddings may fail as shows the example of Z /37, = A and Z = B as two
Z-algebras.
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Definition 2.5. Suppose given two objects A and B in k-AAU. A morphism 7 :
B® A — A® B in k-Mod is called an algebra cross if it satisfies the following

conditions
cl) T(lp®a) = a® 1p,
c2) To(mp®Ida) = (Idg®@mp) o (T ® Idg) o (Idg ®7),
dl) 7(b®14) =14 ®0D,
d2) 7o (Idg®@my) = (my®Idg) o (Idg ®7) o (T ® Id ).

Theorem 2.25. If 7: B® A — A® B is an algebra cross then the tensor product of
algebras A @ B equipped with the multiplication m, = (m4 ® mpg) o (Id4 @7 ® Idg) is
an object in k-A AU, denoted by A x, B := (A® B,m,,1495). Moreover, A x, B is
a crossed product of A and B if k is a field.

Proof. We want to prove that A x, B € k-AAU.
Associativity can be proved by direct computation (as below for the unit (2.111))) or
found in the literature (see also Proposition 2.2 in [27] or Proposition 2.3 and Remark

2.4 (1) in [24]) or even diagrammatically (i.e. using Penrose-like calculus). In fact, the

diagram

(A2B) @ (AR B)® (A® B) —2229, (Ao B) o (A B)

lmT ®Id_A®B lm-,—

(A® B)® (A® B) s »y A2 B

commutes by using the above relations (c1),(c2), (d1),(d2) and the associative laws
ma o (Idg®@my) = myo (ma®Idy),mso (Idg®@mg) = mp o (mp ® Idg). The only
thing left to prove is that 1 495 = 14 ® 15 is a unit for the multiplication m.,. Then, for
the fact that it is a unit on the right we just need the condition (c1) as 7(1p®a) = a®1 4,

then

m-[(1a®1p) @ (y1 @ y2)] = (Mma @ mp) o (Ids @7 @ Idp)[(14 ® 15) @ (y1 @ y2)]
= (ma@mp)[lda(la) @ 7(1s @ y1) @ Ids(y2)]
= (ma@mp)[la®@y © 15 @ yo] = y1 @ Y. (2.111)
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For the unit on the right, we must use the condition (d1) as

m-[(x1 ® x3) @ (14 ® 15)] = (ma @mp) o (Id4 @7 @ Idg)[(21 @ 22) ® (14 ® 15)]
= (ma@mg)[r1 @14 @72 ® 15] = 11 @ 23,

We also observe that if k is a field then iy : A —> A X, B,a—~ a® lg and ig: B —
A, B,b— 14®0b are the natural monomorphisms in k-A AU. Further, the mapping
O: ARB > A, B,a®b—m,o(ig®ig)(a®@b) = (mas®@mpg)o (Ids @7 ®Idg) o
(ig ®ig)(a ®b) = a®b is a canonical isomorphism in k-Mod. Thus, A x, B is a
crossed product of A and B. O]

Remark 2.13. i) In general, when k is a unital commutative ring and 7 : B® A —
A ® B is an algebra cross, we will also say that A x, B is a crossed (twist) product of
A and B if no confusion arises.

ii) The standard twist map 7: B® A — A® B defined as 7(b® a) = a ® b satisfies
all conditions for the algebra cross in Definition 2.5 and then A x, B is the standard
tensor product of algebras A and B.

iii) (See A. Borowiec and W. Marcinek [8]) Let fi: Ay — By, fo: A2 — By be
two morphisms in k-AAU. Given two algebra crosses 7 : Ay ® A; — A; ® Ay and
0:By®@B; — B1®By, then f: Ay X, Ay — By X, Ba,a®b — fi1(a)® fo(b) is a crossed

product algebra homomorphism if and only if the following diagram commutes

A2®A1 % Bz@Bl

[ lo

A1®A2 % 81®Bg.

iv) It can be shown that if 7: B® A — A® B is an algebra cross, then 7y := 712772

(where 715 is the standard tensor flip x ® y — y ® ) is an algebra cross
70: A @B = B @ A°
where the (—)° operator means passing to the opposite algebra.

We now give the general theory of the crossed product of algebras to a particular

case that is efficient in practice. Let A be an associative algebra with unit 14 i.e.
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A € k-AAU and B be a bialgebra i.e. (B, mg, 15, A, e) with the usual axioms. We
suppose given a left B-module with action denoted by >: B& A — Ai.e. by>(by>a) =
(b1bg)>a and 15>a = a identically. The algebra A is said to be a left B-module algebra

if it satisfies

i) 0> (a1a2) = 3 1)) (b > a1)(b® >ay), where we have used Sweedler’s notatio
Ap(b) = X 1)1z D @1 b,

11) and b 1A = EB(b)lA.
It is easy to verify that the following corollary is true.

Corollary 2.26. (Smash Product AgBB) With the preceding conditions and the following
multiplication my : (A® B)® (A®B) - A® B,

myl(z1 @ 72) © (n @ )] = > (25 o y1) ® 257y (2.112)
(12

AiB = (A® B, my, 1 agp) is an object in k-AAU. This algebra is called the smash
product algebra between the bialgebra B and the left B-module algebra A.

Proof. If the mapping > : B® A — A is a left B-module algebra action then one can
easily check through direct calculation that the mapping 7 : B A - AR B,b®
a +—> 2(1)(2) bW > a ® b is an algebra cross in k-Mod. According to Theorem w,
we deduce that AfB = A x, B is an object in k-A AU, where the multiplication
mﬁ:(mA@)mB)o(IdA@T@IdB):mT. Il

Remark 2.14. Assume that the bialgebra B and the left B-module algebra A are
endowed with Hopf structures satisfying suitable circumstances introduced in Molnar
[84] Thm 2.13, then the smash product algebra A#8 has a unique Hopf algebra structure
in which A®klg and k14 ® B are Hopf subalgebras (where k14 and klz are the group
algebras), called the semi-direct product of Hopf algebras.

Here is an important and natural example of smash product algebras.

Example 2.7. Let g;, ¢ = 1,2 be two objects in k-Lie and « : gy — Det(g;) be
a morphism in k-Lie. We first extend a from go to Der(U(g;)) C End(U(g1)) as

22See Montgomery [86] Ch 1 §1.4.2.
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in Bourbaki [13] Ch I §2.8 Prop 7. Moreover, we can also extend « as a morphism
oy U(g2) — End(U(g1)) in k-AAU by the universal property (5.37). Together with a
bialgebra structure (U(g2), i, 1k, Ay, €), we then obtain a left U (g2)-module algebra
action > : U(g2) ®U(g1) = U(g1),b®@a — b>a = ay(b)(a). As we already constructed
above, by Corollary [2.26] the k-module U(g;) ® U(gs) can be endowed with a smash
product structure U (g,)iU (g2) = (U(g1) @ U(g2), 1k ® 1k), where the multiplication is

myl(u1 ® uz) ® (11 @ v)] = D wnag(us”) (v1) @ u vy, (2.113)
1)(2)

This brings us to the following proposition

Proposition 2.27. Let g, and go be two objects in k-Lie. We suppose given also a
Lie k-algebra morphism « : go — Der(gy) and f;: g; — @, two Lie homomorphisms
into a Lie k-algebra g satisfying the equivariance (2.13))

g —2 L gwg

E Lk
f1

g1 > g,

or equivalently (2.12)) i.e.
fila(b, a)) = ad®(f2(b), f1(a))
for allb € go, a € g1. Then one has

1. There is a unique morphism f: g1 X go — g in k-Lie extending fi and fo in the

usual sense.

2. There is a unique morphism f.: U(g1)iU(g2) — U(g) in k-A AU extending f; :=
U(fi) - U(g:)) — U(g) (for i = 1,2) in the usual sense, where U : k-Lie —
k-AAU,g+— U(g) is the universal enveloping functor.

3. If f: g1 X g2 — @ is an isomorphism in k-Lie then f.: U(g1)tU(g2) — U(g) is

an isomorphism in k-AAU.

Proof. 1. It is indeed a consequence of Proposition [2.2]
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2. Let us define a k-module morphism f.: U(g1)iU(g2) — U(g) sending u; ® us to
fi(uq) f5(uz). We now prove that f, is a morphism in k-AAU. In fact, one has

feo ma[(ul & uz) (U1 & U2 f* Z ey u2 Ul) ® ug)vz]

= > i) f (a8 (1)) f3 <u§>>f2 (02)
(H(2)

= fi(u) [ Y FiCauus”)(00) f5 (u$)] f5 (v2)
(1)(2)

and then f, omy[(u ®ug) ® (11 @v2)] = fu(ur @us) fi(v1 ®vg) if we have an equa-
tion 3y S (0ea(uy”) (00)) 5 (uy”) = f5 (u2) f7 (v2) in U(g). This formula can be

obtained from inductive processes and by the following extension of the equivari-

ance (2.13) (where the below right-hand side is the right-normed bracketing in

U(g))
Filou@)(w) =adf® oo adf® [f; ()] (2.114)

for all v = by---b, € U(ge) and u € U(g1), where b; in go and f5(v) =
fa(v1) -+ fa(vg). More precise, if v; € g1 and us € go then Ay(ug) = us ®
1k + 1k ® ug, thus one has

> i au@s?) (W) f3 (8?) = filoaw(uz) (1)) + fi(vr) fo(us)

= ad 0 [fi(00)] + fi(0n) fo(uz)
= fa(ug) fi(v1) = f3 (u2) f7 (v1);

in general case if v; = av] € U(g1) and us = buly € U(gs), where (a,b) € g1 X go
and (v],u)) € U(g1) x U(g2), we leave it as a small exercise to interested readers
(hintS' we notice that Au(u2) = Au(0) Ay () = (0@ Lic + Lie @ 0) (X 1y /s @

) > (1)@ [bu'(l) ® u 2 ) 4+ u'gl) ® bu'éQ)D. Further, the uniqueness of the

algebra homomorphism f, comes from the definition of the mapping because

felur @ uz) = foomyl(ur ® 1) @ (1 @ uy)]
= fo(ur @ 1i) fu(lie @ uz) = f7 (u1) f5 (uz).

3. If g : g = g1 X go is an inverse Lie homomorphim of f. Then, the k-algebra

morphism f, can be reversed by constructing an algebra homomorphism g, :
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CHAPTER 2. LAZARD’S ELIMINATION

U(g) — U(g1)iUU(g2) as an extension of g : g — g1 x g2 — U(g1)§UU(g2) by
the universal property (5.37). It immediately implies that f, o g, = Idy() and

s © fx = Idu(gn)su(as)-
O

It turns out that this result is very useful, in examples below a lot more algebra
isomorphism structures are presented, which are just a little bit harder to state imme-
diately to the reader. More precisely, we now treat the first application of the scheme

to the free associative algebra (k(X), conc, 1x+).

Example 2.8. Let X = B + Z be a graded set and « : Ly(B) — Der(Lx(B*Z))
be a morphism in k-Lie defined immediately by the extension of the left translation
tl()o) . B*Z — B*Z,uz — buz (for all b € B) to the derivation tél) € Der(Ly(B*Z)) and
then, by universal property, the map b — t,gl) : B — Der(Ly(B*Z)) can be extended to
a that is indeed a morphism in k-Lie between the free Lie algebra Ly (B) and the usual
Lie algebra Det(Ly(B*Z)) (the reader can review the above construction in the proof
of Theorem [2.3)). We consider the pairs of Lie homomorphisms f; : Li(B*Z) — Li(X)
and fo 1 Ly(B) — Lik(X) defined by fi(uz) = rn(uz) (where rn is the right-normed
bracketing i.e. rn(uz) = adflk(x) 0-+-0 adfkk(x)(z) = adﬁi‘)(X)(z) for each u =by--- by €
B* and z € Z) and fy(b) = b satisfying the equivariance condition of with
respect to a. Then, the basic results of Proposition are applied and summarized

in the following properties

i) one has a morphism of Lie algebras f : Ly (B*Z) x Lx(B) — Lyx(X) extending f;
(1 =1,2) in the usual sense by Proposition point (1).

ii) the algebra homomorphism f, between the smash product U (Ly(B*Z))iU(Lx(B))
and the enveloping algebra U(Ly (X)) which sends u; ® ug — fi(u1) fy (ug) ex-
tending f; : U(Lx(B*Z)) — U(Lx(X)) and f5 : U(Lk(B)) — U(Lk(X)) is an
isomorphism in k-AAU by obtaining from Proposition points (2),(3) and
the fact that f is a Lie isomorphism as a consequence of Theorem which

constructed Lazard’s elimination in k-Lie.

iii) then, recall that the free associative algebra k(X) is identified with U(Ly(X))
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the universal enveloping algebra of the free Lie algebra £y (X) EL thus one has
k(B*Z) = U(Lx(B*Z)) and k(B) = U(Lx(B)). We call these phenomenons
k(B*Z)tk(B) = k(X) in k-AAU by Lazard’s elimination in k-AAU.

This example deals with a more general type of the above example for quotients of

Lazard’s eliminations in k-Lie.

Example 2.9. As in Subsection , we suppose given a set X = B+ Z (partitioned
in two blocks) and a relator r = {r;};e; C Lx(X) which is compatible with the
alphabet partition i.e. there exists a partition of the set of indices J = Jz; U Jp
such that rg = {rj}jes, = r N Lx(X)p and rz = {r;}jes, = r N Lu(X)pz. As
we have seen in Subsection , we considered that Jp is the Lie ideal of Ly (X)p
generated by {r;};cs,, J,Jz and Jpz are the Lie ideals of Ly (X) generated by r,ry
and rpz = {adg 2}geg,. ez respectively. With these constructions above, by Theorem

2.6, we have the following

i) a morphism [a] : Li(X)p /.73 - get(ﬁk(X)BZ /jgz) of Lie algebras, where
JE, = Jz + JTpz is the Lie ideal of L (X)pz.

i) g1 : Lx(X)pz /jBZZ — Lu(X) /7 and go : Lx(X)B [ 7, — L(X) /7 are two
morphisms in k-Lie satisfying the equivariant property (2.13]) w.r.t. [a].

iii) a morphism of Lie algebras ([2.28))

Bss : £x(X) Bz /jgz x LX) [ 7, — LX) ) 7

extending g; and g in the usual sense is an isomorphism in k-Lie (meaning the

quotient of Lazard’s elimination in k-Lie).

We are now ready to give an another important application of Proposition point
(2) and point (3). More precisely, the algebra homomorphism (fs3). from the smash
product algebra L{(Ek(X)BZ /jBZZ)ij( Li(X)5 /jB) to the universal enveloping al-
gebra U(Lx(X) / 7) extending g; : U(Lx(X)pz /«7322) — UL(X) /1) and g5
U L(X)B [ 7,) = ULR(X) [ 7) in the usual sense i.e. (Bs3).(u1@us) = gf(u1)gs(us)
is an isomorphism in k-AAU. We call these phenomenons by the quotient of Lazard

23Gee Appendix Remark m point (iii).
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elimination in k-AAU.

We would now like to treat this consequence to special cases:

e Firstly, applying the quotient of Lazard’s elimination (in k-AAU) to Lazard’s
Partially Commutative Elimination i.e. Corollary [2.16, if X is a set equipped
with a commutation relation # and B is a subset of X such that 7 = X — B is

totally non-commutative, then there is an isomorphism in k-AAU

U(Lw(X,0)) =U(Lk(C) U (Li(B, 05))- (2.115)

e Furthermore, if we consider the decomposition of Drinfeld-Kohno Lie algebra in

Corollary [2.17, one has an isomorphism
UDKk 1) = ULk (X)) U (DK ) (2.116)

in k-AAU, where X,, is any alphabet of cardinality n.
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2.5 Table of Lazard elimination formulas.

We summarize Lazard’s elimination principle ([2.2)

Free(B + Z)

in each category formed (|2.1)

= Free(Cg[Z]) x Free(B)

Mon, Grp, k-Lie and k-AAU

by the following table

Category Abbreviation | Elimination formula (free)
Monoids Mon X* = (B*Z)*B*
Groups Grp I'(X)=I(Cp(Z)) xI'(B)
Lie k-algebras k-Lie Ly(X) = Ly (B*Z) x Lik(B)
Unital associative k-algebras k-AAU k(X) =2 k(B*Z)tk(B)

Table 2: Lazard’s elimination for the list of categories.
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stuftfle characters and their symbolic computations.| . . . . . 155

3.1 Introduction.

This chapter is about some characters, their convolutions and their extensionsﬂ Taking

a bialgebra (B, i, 15, A, €) it is known that the set Z(B) = Hom,_a A15(B.k) of char-

acters of the algebra part (B, u, 15) is a monoid under convolutionﬂ and, if an antipode

!The readers can find definitions about bi- and Hopf algebras in [56].
2Will be defined below Section
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3.1. INTRODUCTION.

is at hand (then B is a Hopf algebra), this monoid is a group (inversion being provided
by precomposition with the antipode, see [34]).

Here will be dealt mainly with two types of characters

e Shuffle characters which will be provided by the algebra of polylogarithms (at

first indexed with noncommutative polynomials C(zg, z1) and extended to series

of Dom(Li) C C{{zo, z1)) (as in Figure [3.2).

e Stuffle characters that are provided by Harmonic sums defined on a word w =

Ysy =+ Ys, DY

1
Hw = HSL'“?ST = : : nsl c oS ’
T

N>n1>-->nr>0 1

e The link between Polylogarithms, Harmonic sums and then to MZV which are
(some of) their limits being provided (classically) by Taylor expansion around
zero (see Proposition of some Polylogarithms, the transfer of the extended
domain Dom(Li) to Harmonic sums is warranted by normal families of functions

(a.k.a. such in the work [85]).

Shuffle and Stuffle characters are particular cases of convolution characters on en-
veloping algebras, the link with Lazard elimination and, more generally, with semidirect
products is highlighted by formula .

On the side of indexation, one remarks that the Stuffle product is a perturbationﬁ
of the Shuffle product. Many such perturbations can be found in the literature (see a
non exhaustive table of them in [33]) as well as their shifted variants ([9, [42], 57, 147]),
some of them directly linked to conjectures about MZV ([47]).

The structure of the chapter is the following:
In the next part (i.e. Section , we define what is the convolution product in general
(i.e. between linear maps, not only characters and infinitesimal ones). This allows
to express the generating series of the identity (i.e. (Idg,q)®) as an infinite product
of exponentials of rank one infinitesimal characters (this formula is a resolution of

the identity). To this end, we first provide two examples (in Example , one with

3In the sense of [42].
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CHAPTER 3. CHARACTERS

the shuffle and one with the stuffle product. We end this paragraph with the general
formula (which holds for enveloping algebras of linearly k-free Lie algebras, k being

itself a Q-algebra).

We saw that a crucial step is this expression of (Idgnq)®™"

is to express it as a
summable series of tensor products obtained through dual bases. A remarkable com-
binatorial realization of such bases in duality is provided within the next section (see

Section and is performed through half-shuffle and Zinbiel algebras.

The end of the chapter is devoted to extensions of some characters relating to
special functions: Polylogarithms for the shuffle product (a character with values in
holomorphic functions) and Harmonic functions for the Stuffle. The transfer of the
properties of the extended domain from Li to Harmonic sums is performed by row

inequalities and columns limits (see Lemma [3.17]).

3.2 Convolution algebra and factorization.

Throughout this section k is assumed to be a Q-algebra.

Let us first give a famous example of the aimed factorization (see [91, [94]) for the
special case when the Lie algebra g is the free Lie algebra (i.e. g = Li(X)).
We consider the usual Hopf enveloping algebra U(Ly(X)), this algebra inherits the
following Hopf structure Heone(X) = (k(X), conc, 1x+, Ay, e)f] As we will see below,
formulas (with their proper indexation) hold true for multihomogeneous bases, in
particular bases like Hall, Lyndon, Viennot, Schiitzenberger which are monomial i.e.
obtained by bracketting. For simplicity, we return here to the Lyndon basisﬂ (P)iecynx
of the free Lie algebra Ly (X) and (S )wex+, computed from (P,),ecx+ by duality (where
(Py)wex+ is the Poincaré-Birkhoff-Witt - PBW for short - basis associated to (P)ezynx

for the standard lexicographic order) is such that, by restriction, (5))csynx isﬂ a tran-

4See also Remark Appendix
SFor this basis, we have P, = x if x € X and P, = [P, P,] if st(l) = (I1,12) (a pair of Lyndon

words (I1,12) is called the standard factorization of a Lyndon word [ ¢ X if I = I3l and Iy is the

longest Lyndon proper right factor of [).
SHere, S, =z if v € X and S} = xS, if | = 2u € LynX \ X.
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3.2. CONVOLUTION ALGEBRA AND FACTORIZATION.

scendence basis of the unital shuffle algebra (k(X), L1, 1x- )] indexed by (LynX, <) the
totally ordered set of all Lyndon words over X. The PBW basis (P,)yecx+ of the free
associative algebra k(X) and its dual famﬂyﬂ Jwex+ can be expressed as follows:
each word w € X* can be written uniquely as a decreasing product of Lyndon words
w =1 -1}* (where l; € LynX,l; > --- > [, and iy, - , i € N), then
S S

P,=P/---P*and S, =
w l1 Iy a dSw le'lk‘

(3.1)

Example 3.1. In this case U(g) = k(X) and the generating function of Id (a.k.a
(Idgnq)®", see also [01], Def 3.8 and Prop 5.25), expressed in the complete tensor
product k{ X )@k(X) reads (as Equation (3.6))

N\
(Idgna )5 = Z wRw= Z Sw ® Py, = H exp(S; ® B), (3.2)
weX* weX* leLynX

where the first equality follows Equation ([5.13). This decomposition is called MRSH

factorization.

Furthermore, note that the Lyndon basis (F})iezynx (as any Hall or monomial basis)
is multi-homogeneous with respect to the N&¥)-grading, where by Subsection [1.2.5] a
Lie polynomial P € Lyx(X) = @, cnex) Lx(X)a is called multi-homogeneous if there
exists & = (@ )zex € N so that P € £i(X),. Now, let g = g1 @ gs be a Lie k-algebra
decomposed (internal) into two Lie subalgebras. Assume that g is free k-module then

we say that a basis B of g is compatible with this decomposition if
B:Bl+82, WhereBlzBﬂgl,Bngﬂgg.

Proposition 3.1. Every basis of the free Lie algebra Li(X) which is multi-homogeneous

H is compatible with the classical Lazard elimination Ly (X) = Ly (X)pz X Lk(X) 5.

Proof. Assume that B is a multi-homogeneous basis of the free Lie algebra £y (X). We

"See Reutenauer’s [94] §5.2, Thm 5.3, Cors 5.5 and 5.6 for more details.
8In fact, the coordinate family, in this case a basis of the multihomogneous graded dual, a subspace

of the dual space k{{X)).
9 After Mélangon, Reutenauer and Schiitzenberger (see [94]).
10¢.¢. monomial bases, Hall, Lyndon, Viennot, Schiitzenberger [79, 94, 08, [104].
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now put
B :=BnLi(X)pz=Bn| P Lu(X)a
aenN(X)
|a| z>0
and

62 ::Bﬂﬁk(X)B:Bﬂ @ ﬁk(X)a

aEN(X)
|| z=0

Now, for each P € Bthen P € £y (X),, where @ = (o )ecx € N, Clearly, if |alz > 0
then P € BN Lx(X)pz = B, otherwise if ||z = 0 one has P € BN Ly (X)p = Bs.
We then obtain that B = B + B,. We verified our result. O

General case. — Given a Lie algebra g over k a commutative ring with unit
and its universal enveloping algebra U(g), let us consider the usual Hopf algebra
(U(9), s, 1k, Ay, €4) as mentioned in Appendix On the k-module End(U(g)),
there is a structure of unital associative algebra, called the convolution algebra, in which

the product of two k-linear maps f, g € End(U(g)) is defined by the formula

frxg=mo(f®g)olAy € EndU(g)),

whose unit element is 1g,q = 1k © €4 € End(U(g)). The inverse element of the identity
map Idg,q with respect to the convolution product is given by the antipode Sy, the

antiautomorphism of U(g) characterized by Sy(z) = —z for any z € g.

At (U(g), Ay, ey), the (full) dual space U*(g) = Hom(U(g), k) is a unital associative

algebra induced from the transposes of Ay and €y, respectively. More precisely, the
convolution product my : U*(g) @U*(g) — U*(g) (resp. a unit Ay~ : k — U*(g)) is the
composite map U*(g) @ U*(g) — (U(g) @ U(g))* 24, U*(g) (resp. k — k* ‘i, U*(g))
(cf. Grinberg and Reiner [56] § 1.6 Exercise 1.6.1 (a)).
We suppose now that g is free as a k-module. Then, due to the fact that U(g) is also
k-linearly free, the canonical map ® : U* @ U — End(U), is into. One can show
that the image of ® is dense in End(U) when endowed with the topology of pointwise
convergence (see Example [5.3)).
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Suppose further that k is a Q-algebra and fix a totally ordered basis B = (b;)ier
of the Lie algebra g (which is therefore supposed to be is a free k-module). This
datum leads to an associated PBW basis of U(g), denoted by (B%),en), which is
constructed by the following multi-index notation: for any o = >, aie; € NO,
where the elementary multi-indices e; € NU) is defined for all i € I by e;(j) = &/

(Kronecker delta) and supp(«) C {i; < --- < iy}, we set

B = b b = (o) (B ) € Ulg). (3.3)

1

Notice that B**# # B2BP if supp(a) Nsupp(B) # @ and that the standard order
considered here is, in the free case, the opposite lexicographic order. At the present
stage, it is straightforward to transform the above PBW basis of U(g) to its dual
(so-called) basid] (Ba)aenn of U*(g) in terms of the duality given by

(B, | B?) = 6° (the Kronecker delta), for all o, f € N,

where the pairing (e | ) : U*(g) ® U(g) — k, o ® u — @(u) is the usual one. More

precisely, for these constructions, we have

Theorem 3.2. One has the following

(a+ B)!
B *Bg = Tﬁ! atB>

(B ()
“ Oéil!"'Oéik!
Bev *Oéil ook Bei *aik
_®.) B o

Oéil!"'@ik!

where any o € NU) s expressed in the above notation and with the formula o! :=
Hie] Oéz'

Proof. We can easily check that the coproduct Ay of any PBW basis is given by

|
Au(B) = > —-B"@ B’ for any v € NO (3.5)
- [e2yok
a+B=y

because Ay is a morphism of algebras and the elements of g are primitive.

Now, for each «, 8 € NU) it follows that

(BoxBs | BY) = (my+(B,® Bg) | BY)

HTn fact, the family of coordinate forms.
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= (my-(Ba @ By))(B7)

= (B ® Bp)(Au(B"))

_ ’7! &3} B1

— (Ba®65)( Z(I) mb’ ®B )
=

=Y O BB)Bs(BY)

! 6!
o pen@ P
a1+p1="
! 8
D S
il @8
R P
a1+p1="
|
_ -
= 60‘%_06!5!'
This leads to the equation Ba + Bs = (Cﬂ)!lgaw- By telescoping the products, for each
ay, -, a, € NU we obtain
B. % « B _ (O‘1+042>!(041+042+043)! (a1+‘..+ak)!
" o aqlas! (o1 + ag)lag! (g + -+ ap_1)ly! a1+ tay
(a1+~--+ak)!
- | | Bay v tay-
al_ .. ak

In particular, considering aye; = e; +---+¢; € NU where i € I, € N and the
—_——
a; times

elementary multi-index e; € N, the dual basis element Ba,e; can then be expressed

as
(&)™ _ (Be,)*
B = (aiei)!\—Bei*. “*Be, = o]
a; times

Thus, for any multi-index oo = >, vie; = a6, +- - -+ a5, € N where supp(a) C

{i1 < -+ <y}, one has

e ). e- )]
;€ )! ;€ )!
B, = (cieir) (2, e3,) Ba e, *x % Ba e
| T Qi €y i iy
(O‘i1€i1 + "'+aikeik)'
ozil!---ozik!
= TBaileil *. . .*Baikeik
= Bajei, * % Bay e, (since al = a; -+, !)
*Ou; ... *Qu4
- (Be,, )" - (B, )™
047;1!~ Oéik!
We just proved our theorem. O]

We now work out what is written in Reutenauer’s Prop 1.10 [94] by the following
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Proposition 3.3. The linear isomorphism ®  : End(U(g)) — U*(g)@U(g) sending
any f to Y ey Ba ® f(B®). It is a morphism of rings from the convolution algebra
End(U(g)) to the complete tensor product U*(g)@U(g) as in Example .

Proof. Proof omitted (general fact, see Example |5.3| or see [35]). O

Correspondingly, the image of the identity map Idg,q under the ring isomorphism
& is denoted by (Idgnq)®™. We can carry out a systematic formulation of the gener-

alized identity as follows

Theorem 3.4 ([35]). Let k be a Q-algebra and g be a Lie k-algebra endowed with a
totally ordered basis B = (b;)ic; of the Lie algebra g (hence free as a k-module) then
i) The following infinite product identity holds in the complete topological associative
algebra U* (g)QU(g)

(Idpna)5" = Y Ba @ B* = Hexp(B ® B%). (3.6)

aeNW) el
i1) Moreover, if the ordered basis B = (b;)icr is split in two successive parts By = (b;)ier,

and By = (b;)ier, where I = Iy + 15 is an ordinal sum, we have

(Idgna )%™ = Hexp e, @ BY) Hexp ® B) x Hexp e, @B, (3.7)

icl e U
Proof. 1) First equality follows from ({5.13). The last right-hand side of is
- 1
Hexp . ® B%) :H (ZH(B@)*"@)(B“)”)
il il \nSo
that is equal to
2 W(B o, ) Kk (Bey )™ @ (BE) % (Bo )

by the usual expression. Let us however say a word about convergence. We consider

the nets of finite partial sums and products

> B.eB PF—HeXp . ® B%)

aeN() i€F
supp(a)CF

for all F' Cfinie I. Convergence of these nets to (Idgnq)®™" goes as follows.

The nets ®(Sr) and ®(Pr) converge pointwise to Idg,q due to the following
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Lemma 3.5. Let M be a free module with basis B = (B;)icr, endowed with the discrete
topology, then, for a net
N = (va)aca within End(M), TFAE

1. N converges pointwise to ppy, .

2. For alli € 1, po(B;) converges to wim(5;).

Proof. A net N' = (¢4 )aca within End(M) converges pointwise to ¢ € End(M) if and
only if
(VE Cfinite M)(3B € A)(Va = B)(palr = {|r) (3.8)

]

Now, due to the equation and Theorem , we deduce our result.
ii) First proof. — Second equality is a particular case of ordinal partition of indices
for infinite ordered products.
Now, for the reader who wants to feel what is happening inside , we give a second
- combinatorial - proof.

Second proof. — By using I = I} + 5, the last right-hand side of (3.7) is

/ /
H eXP(Bei ® Bei) X H exp(Bei ® Bez‘)
i€h i€l
4 1
i€l n>0 el n>0
= Z ;(B )*ail * oo Kk (B )*aik X (Beil )ail . (Beik)aik
(0% !"'O{- ! eil eik
G <o <ip€lq 11 Tk
OS%ly",aik
1 o " o o
X Z '—a‘(BeH) 11*.--*(86%) %@(Bu) 11...(sz) ik
i< <lk612 11 (7
OSazl O{Zk
1 *Ou; Q) €4 \ O e; o
— Z M(Beu) 1*"'*(65%)* P ® (Bo1)%n . (B )ik

/!
1
- (Zm(&) ® (B%) ) Hexp . © B%) = (Idgna)*".

i€l

We have then completed the second proof.
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QED

Example 3.2. Two applications. —
i) Formula (3.7) generalizes without difficulty to the case when the totally ordered set

I'splitsas [ =1 + -+ + I, (m-factor ordinal sum) as

/
(Idgnq )%™ = H exp(B,, ® BY) x - -+ X H exp(B., ® B%). (3.9)
i€lq 1€1Lm

Recall that the Drinfeld-Kohno Lie algebra DKy 41 = @acjcpin DKEZLH isa ([2,n+
1], V)-graded Lie algebra in which each factor DKl(f; 31 41 is a free Lie algebra Ly (T;) (see
Equation (2.104))). Thus, under the n-factor ordinal sum 7,1 = T - -+ -+ T,
the Lie algebra DKy 11 has a k-linear basis B = UlE ok P, where we used the to-
tally ordered set Ipkx := Lyn(Ty) - --- - Lyn(T,41). As a consequence, we have

the following infinite product identity in the complete topological associative algebra

U*(DKy 1 1)U DKy i1) (over k a Q-algebra)

N\ \ .
(Idgnq )% = H exp(S,® P) = H exp(S;® B) x -+ X H exp(S; ® B).
lEIDK lEEyTZ(TnJrl) lGEyn(Tg)

ii) We now define a deformation of the shuffle product (in fact an interpolation between
shuffle and stuffle productsf__zl).

Let Y be the infinite alphabet {y; | k£ > 1} and take a parameter ¢ in k. If the ground
ring was R and ¢ is seen as formal, take k = R][q|, later, but not now, we will require
that k be a QQ-algebra. The g-deformed stuffle product, noted w ,, is defined by the

following recursion

uw o lys = ly«w,u=u, (3.10)

Y U= g, U = Yk, (U’ L qyk2v) + Yk, (yk1u L qv) + QYky +ky (u L) qv) (3'11>

for all yx,,yx, € Y and u,v € Y*.

12Deformation is in the sense of [83] Ch 4 i.e. such that, at ¢ = 0 we get the shuffle product and at
q = 1 we get the stuffle product.
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i) As was said, when g = 0, we get the shuffle product:

Y2uy1 W Ysy1ye = yo(y1 W ysy192) + Y3(y2y1 LU Y1Ya)
= Yol Ysy1Y2 + 2Y2YsYiys + Yoysyiyatn + 2Ysy2yiye
+YsYaU1Y2Y1 + Y3Y1Ya2y1Yy2 + 2y3y1y§y1-

One can also see this product as indexed by paths (with North and East steps)

from A to B as below

B

A ys  y2 W0
For instance,

n

evaluation of the path 1S Y3Y2Y1Y2Y1;
Y2

[ S—

A Y3 Y2 Y1

T

and evaluation of the path is y3ysy3; ete.
Y2

[ ——
A ys Y2 U1

ii) When g = 1, one gets the stuffle product:

Y2Y1 = YsY1y2 = Yo (Y1 = Y3y1y2) + y3(Yavr = y1v2) + ys (Y1 = y1y2)
= Yot YsY1¥2 + 2U2YsYTy2 + YaUsyryeyr + Yaysiays + Yaysys
TY2yay1Ye + 2ysyayiye + Ysyayiyeyr + Ysyayiys + Yays
Fysy1Yey1ye + 2Usy1Ysys + Ysyryays + Ysyryays + y3yiye
+y3yain + Y3ys + 2UsYTY2 + Ysyryeyr + Ysyiys + Ysys-
iii) In general, one can also see the g-stuffle product as indexed by paths (with North,

North-East and East steps, each North-East path provides a ¢) from A to B as

below
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]
Y1
Y2
®
A ys Y2 W
For instance,
Y1
the path evaluates as q.ysy2v3;
Y2
A ys Y2 W
Y1
and the path evaluates as ¢2.y3y4%s; etc.
Y2

A ys Y2 Y1

iv) The complete g-stuffle product containing the two terms above is

YolY1 = qYsYrYe2 = Yo (Y1 = qy3y1y2) + Y3 (1oy1 = qy1v2) + qys (Y1 = ¢¥1Y2)
= YoyYstrYa + 202YsYiYa + Yoysyrvays + qY2ysy1ys + qy2ysys
T QYY1 + 2YsY2yiye + Ysy2v1yeys + qysy2vnys + qysys
Fysy1yay1ye + 2yst sy + qusyiyeys + qUsyiyayy + QUsYe

+qudyay1 + y3ys + 2qusyPye + qyusyivays + Cysviys + Cysyz.

In fact, w, is the dual of the comultiplication

Aw, @ k{Y) = k(Y) @ k(Y)

q

defined on letters by

Aw,Ws) =y @ Ly + ly=-®us +0. Y 4 ®

s
and, with the grading ||w|| = ||yi, - - - ¥i || = 41 + - - - + ik, one checks easily that the
bialgebra
Huw,(Y) = (k(Y),conc, ly«, A, €) (3.12)
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is connected, cocommutative and N-graded.

-1 n—1

(=1) (I4)*™ is summable (see [13] Ch II §1.6 or Cartier
n

[21] Thm 3.6.1), H ., (Y) = U(Prim(#H)) and using the Eulerian projector

Then, due to the fact that

m =log(r) = 30 D e

n
n>1

(i.e. the Eulerian projector as in [94]), one constructs two bases (of k(Y)) in duality

II, and X,,. Then

\
(Id)s" = Z wRw = Z Yo @10, = H exp(X; ® IT;),
weY* weyY* leLynY

for details, see [17].

Example 3.3. A motivation. —

In this example, we show an application of Lazard’s elimination to the combinatorics
of polylogarithms.

Among multihomogeneous bases (Hall, Schiitzenberger-Viennot-Hall, Shirshov, etc.),
one is particularly interesting, the Lyndon basis and its dual family (which is this case
admits a nice combinatorial resursion). With the same notations as in Section and
as in the beginning of Section , we first construct { P, },ex+ from the Lyndon basis
(see [79] and [94]) and its dual family {.S,, }.ex+ which satisfies the following recursion
([94] Thm 5.3)

S = A xSy, ‘ for | = 2u € LynX \ X,
Sl“f“m...mslf’k

1! !

Sw = for w =1 [% 1 >...> I . (3.13)

A table of the first elements, up to length 6, can be found in Appendix [5.5.1]

The polylogarithmic function is a shuffle character on (C(X), w, 1x+) (X = {xo, z1})
with values in H ()]

Li

(C(X), 1, 1x+) (H(2), x, 1q) (3.14)

13Q) C C is a simply-connected domain convenient for the system (3.38) as, for instance,
Q=C\ (] — 00,00 U1, 400]).
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built from (3.38]).
Product formula (3.2)) provides a factorization of Li (in fact of any shuffle character)

\
L= Li,w= Y Lig, P,= [] exp(Lis P). (3.15)
weX* weX* leLynX

Using Lazard’s elimination with X = {z¢,2,} = B +Z where B = {2} and Z = {2}
and this, by (3.7)), automatically splits the product as

. N\
L= H exp(Lig, ) x H exp(Lig, P) = L4 X exp(zglog(z)). (3.16)
Z‘ElﬁynX l‘ElﬁynX
llzq 21 llzy=0

Now, using recursion ({3.13)), one checks that all terms Lig, in the exponent of L tend

to zero as z € () tends to zero. This entails that lim L(z)e "018(x) = 130 x) which
2€0Q,2—0

is precisely the asymptotic initial condition of (3.38)).

3.3 Bases in duality: Zinbiel algebra and Magnus
basis.

Here, we deal with Magnus basis on the free associative algebra arising from Lazard’s
elimination in k-AAU. We then focus on Zinbiel algebras and present a systematic
method to study Magnus duality in Theorem [3.9) In the last part of this section, there

are several applications of the Magnus duality introduced in Remark [3.2]

For convenience, in this section we suppose that k is a commutative ring with unit
and X = B+ Z is a finite set partitioned in two blocks, where B = {by,--- , by} and

Z ={z1, -+ ,zn}. Now we formulate and prove the following corollary:

Corollary 3.6. (Magnus basis) Let us consider the free associative algebra
k<X> = k(b17 ce 7bM7317 ce ’ZN>‘
The collection of polynomials (called by Magnus polynomials, cf. [81] Ch V §5.6)
rn(wizi,) - rn(wgz;,).w, (3.17)

where k > 0,wy, -+ ,wg, w € B*jiy,--- i € [1, N] (ifk = 0 then rn(w12;,) - - - rn(wgz;,)
will be denoted by 1x+ ), is a k-linear basis of k(X).

122



CHAPTER 3. CHARACTERS

Proof. 1t follows from Example points (ii) and (iii) that the natural algebra homo-
morphism
fo: K(B*Z)ik(B) — k(X),u1 @ uz — f7(u1)f3(uz)

is an isomorphism in k-A AU. Moreover, the families of monomials {wy z;, - - - wyz;, | k >
0,wy,- - ,wx € B4y, 1 € [1, N]} and {w | w € B*} form k-linear bases of, respec-
tively, k(B*Z) and k(B). Under the algebra isomorphism f,(u; ® ug) = fi(u1) f5 (u2),
we thus deduce that the collection of Magnus polynomials is a k-linear basis of
k(X). We verified our corollary by applying Lazard’s elimination in k-AAU. ]

Our next aim is to describe the dual of Magnus basis under the standard pairing
(0| @) : k(X)k(X) =k (3.18)

classically defined by, for T' € k(X) and P € k(X), (T | P) = > cx- (T | w)(P | w),
where, when w is a word, (T" | w) stands for the coefficient of w in T (see Subsection

1.2.4]). More precisely, in this case, there is a unique dual of these polynomials because
the Magnus basis (3.17)) is multi-homogeneous with respect to the N(X)-grading .

We start with a notion of Zinbiel algebras that were introduced by Jean-Louis Loday
in [77] (see also in Loday [78]) as the Koszul dual operad to Leibniz algebras (hence
the name coined by the topologist J.M. Lemaire), which is more than adequate for our

purpose which means to construct the dual of Magnus basis.

Definition 3.1. A (left) Zinbiel algebra over k (a unital commutative ring) is a k-

module A equipped with a bilinear map < satisfying the following relation
(x<y)<z=zx<(y<z2)+zx<(z=<y), foral zy 2z e A (3.19)

Moreover, an element 14 of a (left) Zinbiel algebra A is called the unit if for any
1 A 7é WS .A,

1y <2x=0, r <1y ==,

and 14 < 14 is not define.

4We recall that a polynomial T € k(X) is called multi-homogeneous if T € k,(X), for a =
(ez)zex € NX) (see also Subsection [1.2.4)).
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However, we can replace the usual (left) Zinbiel algebra by its opposite algebra,

called (right) Zinbiel algebra. Namely,

Definition 3.2. A k-module A equipped with a bilinear map > is called (right) Zinbiel
algebra if it satisfies the identity

r-(y=z)=(@>=y)=z+y>x) >z forall z,y,z € A (3.20)
The behavior of > with respect to the unit 14 € A is given by (for any 14 # = € A)
Ip=2z=2, x>14=0,

note that 14 > 14 is not defined.

Unital (right) Zinbiel algebras form a category denoted by k-Zinb (the category of
unital (right) Zinbiel k-algebras). Moreover, for any (right) Zinbiel algebra A4, we can
construct a corresponding commutative associative algebra by using the symmetrized

product
rTxy=x>=y+y>x (3.21)

In other word, (A, %) is an associative and commutative algebra.

Starting from the paper of M. P. Schiizenberger [98] in 1958, the author originally
introduced the concept of (left) half-shuffle on the free associative algebra k(X), it also
was studied in the recent works of E. Burgunder [I§], L. Foissy and F. Patras [51], H.
Nakamura [89]. In our context, we now introduce a notion of (right) half-shuffle on

k(X) as the linear extension of the binary product on words given by

(z1- ’l'p) L (%H ) = (21 Ty W Tpyr - “Tp1) Ty,
1y« LLJ (xp+1 CeeTy) = Tpt1 " T,y

(xl---xp)l_?ﬁ 1x« =0.

In terms of the (right) half-shuffle product, we can easily verify without difficulty that
(K(X), 1, 1x+) is a unital (right) Zinbiel algebra. Moreover, by the symmetric product

T T . . .
rxy = Wy+y W =xlWy, the commutative algebra associated to the unital
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Zinbiel algebra (k(X), (1, 1y-) is the unital shuffle algebra (k(X), 1, 1y-).

Before introducing the Magnus’s duality theorem on the free associative algebra
(k(X),conc, 1x-) and the Zinbiel algebra (k(X), L, 1x+), we proceed to the following

propositions that are necessary for describing our general picture how they arise.

Proposition 3.7. Let us consider k(X)Z @ k.1x- = k(B*Z) (resp. k(X)p = k(B))
the subalgebra of the free associative algebra k(X) generated by B*Z U {1x+} (resp.
B*). Then

i) k(X)p and k(X)Z ® k.1x+ are unital shuffle subalgebras of (k(X), 1, 1x+).
i) k(X)p and k(X)Z ® k.1x~ are unital Zinbiel subalgebras of (k(X), 1, 1y ).
iii) We have k(X) = (k(X)Z ® k.1x+) Wk(X)p, as shuffle algebras.

Proof. 1t is straightforward to show that k(X)p and k(X)Z & k.1x+ are close under
the shuffle (resp. Zinbiel) product L (resp. (). One derives (i) and (ii). To prove
(iii), as a consequence of Radford’s results [92], one can write down a basis of any free
shuffle algebra in terms of Lyndon words over X, where X = B - Z is an ordinal
sum. This implies that any polynomial P € k(X)) can be written uniquely as a linear
combination of the shuffle of words in B* with polynomials in k(X)Z & k.1x~

P=> Powuw, DPek(X)Zokly. andw, € B, (3.22)

k>0

where the families (Py)x>0 being finitely supported. We verified our claim and then we

omit the obvious proof of the point (iii). O

Let us consider multi-homogeneous polynomials of k(X)Z@k.1 - arising by Zinbiel
product of B*Z, so-call Zinbiel polynomials, defined by

T

(- (w2 LLJ Wozi,) L] W3Zs) LU - - LLJ We—1%i_,) L Wi Ziy s (3.23)

where k£ > 0,wy, -+ ,w, € B* and iy, -+ ,ip € [1,N] (if £ = 0 then (3.23) will be
denoted by 1y+). Henceforth we write simply wyz;, L L wyz;, instead of (3.23))

(please don’t mistake this for an associative expression).

The above formulas lead to the next assertion
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Proposition 3.8. The Zinbiel algebra k(X)Z & k.1x« is a free k-module with a nat-

ural monomial basis formed wiz;, - - wyz;,, where wy,--- ,w, are words in B* and
i1, ik € [1, N]. Moreover, the Zinbiel algebra has a second k-linear basis formed as
(13.23]).

Proof. The first item is trivial. To prove the next statement, one claims that any
monomial basis element wy z;, - - - wgz;, of the free k-module k(X)Z®k.1x- is a k-linear
combination of multi-homogeneous polynomials formed as . In fact, we now prove
the claim by induction on £ : if £ = 1 then we first observe that w;z;, = wyz;, satisfies
our claim. Now, for any word wy,- - ,wy, w1 in B*, where iy, -+ ig,ipp1 € [1, N]
then, by the formula (3.22)), there is w; € B* and P, € k(X)Z & k.1x-(Vl € N) such
that

W24+ WeZiy, Wey1 = E P,

where (P,);>o being finitely supported and each P, € k(X)Z @ k.1x+ is k-linear com-

bination of multi-homogeneous polynomials arising by Zinbiel product (the right half-

shuffle) of B*Z

T T .
V12, W - W Uk, Where vy, .-+ vy are words in B*

by inductive hypothesis. Therefore, let us consider the concatenation product of the

above equation with the letter z;, ,, on the right, one has

T
W12, WoZiy ** * W24, W12y, = ( E P ul)zikH = E P wzg,
>0 1>0

and so is a k-linear combination of multi-homogeneous polynomials formed as

because in general in terms of the non associative identity on Zinbiel product, it is

straightforward that for any vy,--- , vk, Vks1, -+ , v € B* and iy, -+ ,i, € [1, N] then

(v124 - L V2, ) L (Vkt1Zi s, - L UnZ;,) is a k-linear combination of elements

. We verified our claim. On the other hand, as may be easily verified, under the
r

totally ordered set X splits as X = B 7, the largest monomial in w; z;, LLJ - - - L WEZi,

will be the following

Wiz Wy (3.24)
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they will occur with coefficient 1. It is obvious that distinct elements in (3.23) have
distinct largest terms (3.24]), hence the linearly independent of the elements (3.23) is
then verified by taking and evaluating any k-linear expression of elements (3.23)). We

then deduce our result. O

As a consequence of Proposition and Proposition [3.8] the collection of Zinbiel

polynomials

r

(wyz; W -~ L Wz, ) Ww (3.25)

(where £ > 0,wy,--+ ,wg,w € B* and 4y, -+ ,i € [1,N]) is a k-linear basis of

(k(X), 1, 1x).

The next theorem shows that for the descriptions of the above propositions it is
sufficient to consider the duality of the Magnus basis in the free associative algebra

(k(X), conc, 1 y+).

Theorem 3.9. (Magnus duality, cf. Nakamura [89]) The collections of Magnus polyno-
mials (3.17) and Zinbiel polynomials (3.25) are dual bases of, respectively (k(X), conc, 1 x+)
and (k(X), 1, 1y).

Remark 3.1. It is interesting to consider the following useful discussions

i). Our main technical idea to solve the above theorem is similar to the tool of
constructing and proving the PBW basis P, and its dual S, (w words on X)
presented in Reutenauer’s book [04] §5.2. But, our approach is in generalized

graded bialgebra type structures studied in Appendix

ii). We survey briefly in the Reutenauer’s book [94] §1.5 (more precisely, see Ap-
pendix that the k-module k(X) of the noncommutative polynomials has
two natural graded Hopf algebra structures which are dual to each other (in the
graded sense), that is Heone(X) = (k(X),conc, 1x+, Ay, €) and its graded dual
Hu(X) = (k(X), ), 1x+, Aconc, €)-

iii) Our approach appeared in Appendix is indeed the (right) Zinbiel bialgebra
Z.(X) = (K(X), L, 1x+, Aconc, €) and its graded dual the Zinb®-As-bialgebra
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Zeone(X) == (k(X),conc, 1y, Ar,€). This mathematical framework provides

useful computing techniques that will be presented to the reader as below.

Recall the Lazard’s elimination in the category k-A AU meaning there exists the
natural algebra isomorphism f, : k(B*Z)tk(B) — k(X) which has been completely
studied in Section [2.4] Let us denote k(X )5z ®k.1x- := f.(k(B*Z)) the subalgebra of
the free associative algebra k(X)) generated by {rn(wz)}yep+ .ezU{1x+}. The following
proposition will be the first step on the way of presenting our proof of Theorem [3.9]

Proposition 3.10. (Conc & Half shuffle duality) The families of Magnus polynomi-
als rn(w12;, ) - - - rn(wgz;,) and Zinbiel polynomials w;z;, W - LW wyz;, (where k >
0,wy,- - ,wx, € B* and iy, -+ ,ix € [1, N]) are dual bases of, respectively (k(X)pz &
K.1x-,conc, 1y-) and (kK(X)Z ®k.1x-, 11, 1y).

Proof. We assume that B = {by,--- ,by} and Z = {z} only one element. To show
that any standard pairing (w12 LU -+ W w2z | r(uiz) -« ra(upz)) = 5((:}111;’2)) (that
is the Kronecker delta, over two chains of words (wy, -+ ,wg) and (uy, -+ ,ug) (kK > 1)
over B, equal to 0 or 1 if the chains coincide not respectively), we now have computing

processes

(wiz W - Wowgz | ro(unz) - - ro(upz))
[wiz W - - W wy_12] ® wyz | Aplrn(uyz) - rn(ug2)])

[wiz W W wp_12] ® wez | Au[rn(ugz) - - rn(up-12)]A g [rn(ugz)]).

where, the first equality passing from the adjoint (for the scalar product (e | @) above)
(TWP|Q)=(T®P| A (Q)) (T, P,Q are polynomials such that (Q | 1x-) = 0)
studied in Appendix [5.4.5] and the second equality passing from the compatible re-
lation A, (T'P) = Ay(T)A;(P) (where T, P polynomials) in Example (5.8 point (ii),
Appendix [.4.5] We also have the expression A[rn(u;z)] = rn(u;z) ® 1 + 1 ® rn(u;z)
for each primitive elements rn(u;z) because we have the fragment {rn(u;z)}1<i<p—1 C

Ly (X) C Prim Heone(X), see more details in Remark [5.6| point (ii), Appendix

The following lemma is necessary for the proof.
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Lemma 3.11. For any polynomials T\, To € k(X)Z and double polynomial P =
Yol PIoP; € K(X)®k(X), then (T1®Ty | P.A [rn(wz)]) = (Mi@T, | P.1@rn(wz)])
for each word w over the alphabet B.

Proof. If w = 1x« then (Ty @ Ty | P.A; [rn(wz)]) = (11 @ Tz | PA,(2)) = (11 @ Ty |
P.(1 ® z)) by the definition of Ar in Appendix . Assume that for any word w
over B of length k, then (T1 @ Ty | P.A; [rn(wz)]) = (Ty @ Ty | P.[1 @ rn(wz)]) for any
polynomials 71, Ty € k(X)Z and double polynomial P = >"1" | Pi® Ps € k(X) ®@k(X).

Now, in case w = by, « -+ by, b € B*, where my, - ,my,1 € [1, M], it follows from

MEg+1

the compatible relation of A; in Appendix that one has

Ay [rn(wz)] = Ay [byy 71 (bmy = by 2) — Ty =+ by, 2) Ory |

= Am(bml)Aﬂ[rn(bmz b 2)] = Aufrn(bp, - - bmkHZ)]ALL(bml)

= (bmy @ 1+ 1@ b, )AL [10(biy = by, 2)] = A[rn(bmy -+ - by, 2)](1 @ i)
= (b, ® 1+ 1@ by ) Ay [rn(bimg -« by, )]

—[rn(bmy + by 2) @ by 1@ 11(bpny -+ - by, 2)Oiy -
Thus, by the above formula and the inductive hypothesis, we arrive at the following

(i@ Ty | PAg[rm(w2)]) = (11 @Ty [ P(bmy @ 1416 by, )Ax [r1(bmy -+ - by, 2)])
(T' @ T | Plrn(bpmy - by, 2) @ by )

(T @Ty | P1@rn(bpmy -+ by 2)bimy])

(T @ Ty | Pobmy, @1+ 1@ by )[1 @ 110(byy - = - by, 2)])
(Ty @ Ty | P.lrn(bm, - - by, 2) © by, ])

(T @Ts | P[1@rn(bmy - - by, 2) by |)

(T' @ T5 | Plbm, @rn(bm, - bm,,,2)])

(T' @ T | Plrn(bpmy - by 1 2) @ b,y )

(T' @Ts | P11 @ rn(bm,bmy -+ - by, 2)])

(T @T5 | P.[1®rn(bm,bmy - - by 2)]),

where we obtained (77 @ T | P.[bp, @ by - - = by, 2)]) = >y (T1 @ To | Py, ®
Pi.rn(bp, - “+bm,,,2)) = 0 by using Ty € k(X)Z, and similarly one has (T3 ® T3 |
P.lrn(bm, - - by, 2) @ by, ]) = 0. We verified our lemma. O
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End of the proof of Proposition -

By the above lemma, one has

(wrz W (w12 @ wez | Aufrn(ugz) - - - rn(ug—12)]Ar [rn(ugz)])

= ([wiz W -+ 0 we_12] ® wez | Aw[rn(uz) - - rn(u_12)][1 @ rn(ugz)]).

Thus, from the equation above and a standard formula (wgz | rn(ugz).T) = 0 for
each non empty monomial 7" of the set {rn(u;z)}1<i<k—1, we arrive at the following

computational processes

(wiz W - Wwgz | ro(ugz) - - ra(ugz))

= ([wyz W - W wp_12] @ wiz | Aufrn(uiz) - - rn(u_12)][1 ® rn(ugz)])

= ([wrz -+ 0 wp_12] @ wiz |

[rn(u1z) @ 1+ 1@ rn(u2)] - [ra(ue12) © 1+ 1@ ru(up_12)][1 © rn(ugz)])
= (wyz W Wwe_12] @ wez | ro(uyz) - - rn(ug—y2) @ rn(ugz))

= (w2 W - Wwp_ 2 | rn(unz) - ra(ue12))-(wz | rn(ugz))

= (wiz W Wwg_r2 | r(uz) - - rn(ug-_12)).0%

__ su Up_1 sup _ s(u1,ug) . .
= Oyl Ogrmtgpk =g Um0 (by the inductive progresses) .

We—1" Wk (w1, ;wy,)

Moreover, we now state to the general case B = {by,--- ,by/} and Z = {2, -+ , 2y}
Let k be a positive integer. For convenience, we will borrow and extend some of the
notations and techniques appeared in Nakamura’s paper [89] which the author used to
prove the Magnus duality in case X = B+ Z where B = {x¢} and Z = {x)} ea (A: a
nonempty index set). We now denote ¢ = (i1, - ,ix) € [1, N]* and for wy, -+, wy, w €

B* ={by, -+ ,by}* we shall denote

(v) _
Py = r(wizi) - rn(wgz,),
(L) o ' T
S(w17m7wk) = Wiz, W-- Wwgz,,
w'? = Wiz - WEZi, W
(i) T WF T WeZ W

We now prove that the pairing <S((21 ) | P((:‘l) Uh)> is equal to the Kronecker delta
ssutun) g are | = (i1, ,ig) € [, N]F wy,---wp € B*and X = (A, ,\) €

(w1, wg)?

[1, N)" uy, -+ ,up, € B*. Given a fix © = (iy,---,i) € [1,N]¥. Let us consider V, a
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submodule of k(X) generated by the monomials {wég Dwy, e, W, w € B

1, W)

We easily observe that if ¢« = (i1, - ,ix) # A = (A, -+, ) then V, and V) are

orthogonal under the standard pairing (e | ®). One also observes that

e Given a fix A, then P((i\l)... un) € Vi, for any uq, -+ ,u, € B*.
e Given a fix ¢, then S((fu)l o) € V,, for any wy, - ,w, € B*.
Thus, if + # A, then <S((;)1 ) | P((:‘l ) =0= 5((5‘;‘11 ) . We only consider the
case t = \ = (i1, -+ ,i5). We now introduce the following notations
Py ooy = rn(wiz) - - rn(wgz),
Stwr e wy) = WiZ - LU Wy 2,
Wy o o) = WIZ+ -+ W20,

and then Vj a submodule of k(B,{z}) generated by the monomials {wW(wp, ... wyw)

wy, -+, wy,w € B*}. The mapping ¢, : Vi = Vi, Wy, wpw) — wéb) o) 1S AN
isomorphism of k-modules and preserves the standard pairing (e | e) (for this tool, see

[89] Thm 3.2). Thus, one has the following

(S iy | PO ) = (D Sun e ) | G (Plas o >> = (Stwn, ) | Plun,- )

= (wyz W --- LU w2 | rn(uiz) - rn(ugz)) = (5(5}11 wk) = ((:lef;kk))

Consequently, we verified the “Conc & Half shuffle duality” that means <S((;)1 ) |
P w)) = sihurun) Tha proof is complete.

(w1, (w1, W)
QED
]

Proof of Theorem : We recall the graded set X = B + Z, where B =
{b1,-+- ,by} and Z = {z,--- ,zn}. Let k be a positive integer. To approach the no-
tations already used when proving Proposition [3.10] although in a more sophisticated
way, if t = (i1, -+ ,ir) € [1, N]* and for each wy,- -+ ,wg, w € B* = {by,--+ , by }*, we

consider useful notations

P(L)

(w1, ywp,w) = Tn(wlzh) U Tn(wkzik>‘w7
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r

,
5 = (w12 W -+ Wwgz;, ) Ww,
W1 %4y« *° Wz, - W.

Ao s 1)
sy e wpw)”

We now prove that (S P

(wlv"'awk7w)| (u1, ;up,u)

) is equal to the Kronecker delta 6E
Given a fix ¢ = (i1, ,i;) € [1, N]*. According to the proof of Proposition [3.10} let
us recall V, that is a submodule of k(X)) generated by the monomials {wggh_“’wk’w) :

wy, -, wg,w € B*}. We also recall that if ¢ = (i1, ,ix) Z A = (A, ,\n) then

V, and V) are orthogonal under the standard pairing (e | ). Then, we observe certain

properties
e Given a fix A, then P((i‘l)m un) € Vi, for any wuq,--- ,up,u € B*.
e Given a fix ¢, then S((fjl ) € V,, for any wq, - ,wg, w € B*.

‘ P()\) > — 0= 5(>\;u1,'--,Uh7u) We

As a consequence, if ¢t # A, one has (S(L) cr ) (wt e nom0)"

(w1, ;wi,w)
finally consider the case t = X\ = (iy,- - ,ix). According to the adjoint (T P | Q) =
(T@P | AL(Q)) (T, P,Q are polynomials) successfully achieved from constructing the
graded Hopf algebra Heone(X) = (k(X), conc, 1 x+, Ay, €) and its graded dual H,,(X) =

(k(X), W, 1x+, Aconc, €) (see Appendix [5.4.4)), we shall present

) = (w24 - L wrzi ) Ww | rn(uyz,) - - rn(ugz,).u)

(S 20

(w1, ywp,w) | (w1, yug,u)
= (w2, - LU Wiz, @ w | Ay [rn(ulzil) . rn(ukzzk)u])
= (w12, L - L Wiz, @w | [rn(urz;,) @ 14+ 1@ rn(uyz;,)]

e [rn(ugzi) @ T4+ 1@ rn(ugzi)](bn, @ 1+ 1@ by, ) -+ (b @ 1+ 1@ by, ),

where we putted u = by, -+ by, € B*. It follows from the fact that (T | P) = 0 if
T € k(X)Z and P € k(X)B, after expressing the right-hand side of the last pairing
above as a linear sum of 1 ® Q2 (Q; € k(X)), we clearly have that the last equality
is equal to (wiz;, W -« W wpzs, @ w | rn(urz;,) - - - rn(ugz;, ) ® u). Then, Proposition

3.10] is used to verify the following equation

(w2, AT Wz, @ W | Tn(uyzy, ) - rn(ugz, ) @ u)

= (wyzi, W Wwgz, | ra(uizg,) - - rn(ugz, ) (w | w)

_ 5(711,"',%) Su — 5(“17"'7%,“) _ s(un,up,u)
(w1, wg) "W (w1, ;wg,w) (w1, ,we,w)?
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and then <S((f31 - wops) | P((;)l _— u)> = 58;117;12) We give a complete proof of the
Magnus’s duality and then our theorem. O

Remark 3.2. Our constructions and results above for the Magnus basis and their
duality in case the finite graded set X = B + Z (where B = {by, -+ ,by} and Z =
{z1,-++ ,2n}) can be automatically approached to any graded set X = B + Z where
B = {b,} er and Z = {2y }rea (I', A are nonempty index sets). In case X = B+Z where
B = {xo} and Z = {x)}rea (A: a nonempty index set, for example N ), the Magnus
duality also appeared in [89] Thm 3.2 to derive a formula of Le-Murakami [75], Furusho
type [52] that expresses arbitrary coefficients of a group-like series J € k((zo, z1)) (k
is a field of characteristic zero) in terms of the “regular” coefficients of J ([89] Thm
4.1). On the other hand, images of the Magnus polynomial and its dual under the anti-
automorphism @ of k(X') (which sends w — w for all words on X, where w reverses the
order of letters in the word w) belong in the (left) Zinbiel bialgebra and its dualisation
framework [18], Appendix: Associative-Zinbiel bialgebras. The images also appeared

in [60] Prop 5.10 to describe the coefficients of the complete generating series (3.37))

(where X = {z¢,z;}) in terms of the indeterminates are monomials of the set {rn(zfz;)
ad’ 21 }>0, where L(2) is the group-like solution of the following first order noncom-
mutative differential equation (3.38)) (the Knizhnik-Zamolodchikov equation KZj due
to Drinfeld [30], B31])

d(5) = (wo(2)zo + wi(2)z1)S, (NCDE)
l{%m OS (2)e™™18) = 10/ ) (zom),  asymptotic initial condition,
ze8l,z—

where, wy(z) = 27'dz and wy(2) = (1 —2)"'dz are two differential forms on the simply-
connected domain 2 = C\ (] — 00,0] U [1,4+0o0[) and for any series S € H(2){(xo, x1))
over H(2) the algebra (for the pointwise product) of complex-valued functions which

are holomorphic on 2 (for more details see in [60] Prop 5.10 and Subsection [3.4.1]).
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3.4 Extension of characters: A theory of Domains

for Harmonic Functions and its Symbolic Coun-
terpart.

In this section, we begin by reviewing the calculus induced by the framework of [39].
In there, we extended Polylogarithm functions over a subalgebra of noncommutative
rational power series, recognizable by finite state (multiplicity) automata over the
alphabet X = {xg,z1}. The stability of this calculus under shuffle products relies
on the nuclearity of the target space [97]. We also concentrated on algebraic and
analytic aspects of this extension allowing to index polylogarithms, at non positive
multi-indices, by rational series and also allowing to regularize divergent polyzetas,
at non positive multi-indices [39]. As a continuation of works in [39] and in order to
understand the bridge between the extension of this “polylogarithmic calculus” and the
world of harmonic sums, we propose a local theory, adapted to a full calculus on indices
of Harmonic Sums based on the Taylor expansions, around zero, of polylogarithms
with index x; on the rightmost end. This theory is not only compatible with Stuffle
products but also with the Analytic Model. In this respect, it provides a stable and fully

algorithmic model for Harmonic calculus. Examples by computer are also provided.

3.4.1 Introduction.

Riemann’s zeta function is defined by the series
1
((s) = ) — (3.26)
n>1

where s is a complex number. It is absolutely convergent for R(s) > 1 (for any s € C,

R(s) stands for the real part of s).

It can be extended to a meromorphic function on the complex plane C with a single

pole at s =1 [95]E]) In fact, the story began with Euler’s works to find the solution

1
5Whence the famous sum ((—1) = 1 +2+3 + .-+ = 1 by which, among other "results”, S.
Ramanujan was noticed by G. H. H. Hardy (see [1]).
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of Basel problem. In these works, Euler proved that [45]
1 w2
2) =Y =% (3.27)

n>1

Moreover, for suitable sq, so, Euler gave an important identity as followﬂ:

C(51)¢(s2) = ((s1,52) + (514 s2) + ((s2, 51), (3.28)

where

((s1,82) = > 511 (3.29)

mioma>1 11 12
The numbers ((s1, s2) were called “double zeta values” at (si, s3). More generally, for
any r € N, and s1,---, s, € C, we denote
(st ) = > (3.30)
ny>e>ne>1
Then H. Furusho et al. [53] showed that the series ((s1,--- ,s,) converges absolutely

for s € ‘H, where
H, = {s=(s1,-"+,8)€C|VYm=1,---,r; R(s1)+ -+ R(sy) >m} (3.31)

In the convergent cases, ((s1,--- ,s,) they are called “polyzeta values” (or MZVE[) at
multi-index s = (s1,---,s,). Indeed s +— ((s) is holomorphic on #, and has been

extended to C”" as a meromorphic function (see [55) [107]).

Then, for any r-uplet (s1,---,s,) € N.NH,, r € Nj ie. with s; > 2, the polyzeta

C(s1,+-,8,.) is also the limit at z = 1 of the polylogarithmic function, defined by:

: 2™
Lig o (2) = ) o T—— (3.32)
ny>o>ne>0 1 r

for any z € C such that |z|< 1. It is easily seen that, for any s; € N, r > 1,

d
Z@ Lisl,---,sr<z) = Lislfl,---,sr<z) if s1>1

16Tn fact, in Euler’s formula, s1, s € N . This identity appeared under the name “Prima Methodus

.7 (see [0] pp 141-144).
TMultiple Zeta Values.
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d
(1— Z)E Lij gy 5.(2) = Ligy.. s (2)ifr>1 (3.33)

1—=2
Moreover, if X* is the free monoid of rank two (generators, or the alphabet, X =

1
and this formulas will be ended at the “seed” Li;(z) = log (—

{xo, x1} and the neutral 1x+) then the polylogarithms indexed by a list
(s1,-++,8,) € N can be reindexed by the word z§! oy -2y "oy € X*z, (3.34)

In order to reverse the recursion introduced in Equations (3.33) (two equations), we

introduce two differential forms
wo(z) = 27 dz and wi(z) = (1 —2)"'dz, (3.35)

on QE We then get an integral representationﬁ of the functions (3.32) as followﬂ
(see Def 3.2 [39] and Figure

;

17{(9) if w= 1X*
/ wi(s) Liy(s) if w=xu
Liy(z) ={ “7= (3.36)

wo(s) Liy(s) if w==zou and |ul|,, =0,i.e. w ez
1

/ wo(s) Liy(s) if w==zou and |ul|,, >0,i.e w ¢ xf,
\Jo

the upper bound z belongs to 2 (as Q = C\ (] — 00, 0] U[1, +0o0]) is a simply-connected
domain, the integrals, which can be proved to be convergent in all cases, depend only
on their bounds). The neutral element of the algebra of analytic functions H((2), a
constant function, will be here denoted 14 q).

This provides not only the analytic continuation of to €2 but also extends the

indexation to the whole monoid X*, allowing to study the complete generating series

L(z) = ) Liy(2)w (3.37)

18Q) is the simply-connected domain C \ (] — oo, 0] U [1, +00]).

d d z
9Tn here, we code the moves ao (resp. (1 — z)d—) - or more precisely sections [ f(s)ds (resp.
z z s
Iy 1f(s) ds) - with zg (resp. z1).
—s

20Given a word w € X*, we note |wl|,, the number of occurrences of z; within w.
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3 2 2 2 2 3
Ty Toxr] L1Toxi T[Ty TrixTo ToTiZo XX Ty
N/ N N N/
2 Lo T1Zo 2

\ /

Figure 3.1: Tree of addresses and corresponding coefficients below.

and show that it is the solution of the following first order noncommutative differential

system (see [31])

d(S) = (wo(2)xo + wi(z)z1)S, (NCDE) (3.38)
gm . S(z)emolos(z) = Ly)yxy,  asymptotic initial condition, '
2€Q,2—

where, for any S € H(Q){(X)) and d stands for the term by term derivation d(S) =

S (8 [ w)u

This differential system allows to show that L is a LL-characterf] i.e.

Vu,v € X*, (L|luwwv) =(L|uybL|v) and (L|1x:)=1ye. (3.39)

log(2)" (| 27 = (—log(1 —z))"

: 2"
(L | xoxq) = Lig(2) = Z 5 (L | x1m0) = (L | xywxg — 2021)(2)
n>1
. 2" .
(L | x371) = Lis(2) = Z el (L | x120) = (—1log(1 — 2)) log(z) — Liy(2)
n>1
1
(L | gy~ = Li.(2 Z (L] 2%x) = (L | §(x1m:v1m:v0) — (2wz0T1) + TOTL).
n>1

Note that, in what precedes, we used the pairing (e | ®) between series and poly-

nomials, classically defined by, for S € k(X)) and P € k(X)

(S1P)y= > (S |w)P|w), (3.40)

weX*

2IHere, the shuffle product is denoted by Lu. Its definition is classical and recalled in the equation

of Subsection
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where, when w is a word, (S | w) stands for the coefficient of w in S and k any
commutative ring with unit (as here H(£2)). With this at hand, we extend at once the

indexation of Li from X* to C(X) by
Lip:= Y (P |w)Li, = Z( > (P|w) Liw) (3.41)

wex* n>0 Nw|=n

In [39)], it has been established that the polylogarithm, well defined locally by ,
could be extended to some series (with conditions) by the last part of formula
where the polynomial P is replaced by some series. A complete theory of global do-
mains was presented in [39], the present work concerns the whole project of extending
H, [38]63] over stuffle subalgebras of rational power series on the alphabet Y, in partic-

ular the stars of letters and some explicit combinatorial consequences of this extension.

In fact, we focus on what happens in (well chosen) neighborhoods of zero (see

Section [3.4.3)), therefore, the aim of this work is manyfold.

(a) Use the extension to local Taylor expansiong™|as in (3.32)) and the coefficients of
their quotients by 1 — z, namely the harmonic sums, denoted H, and defined, for
any w € X*x1, as follows™| (and also related literature [3, 63])

Li,
w(z) _ S Hay (V)27 (3.42)

N>0

1—2

by a suitable theory of local domains which assures to carry over the computation
of these Taylor coefficients and preserves the stuffle indentity, again true for

polynomials over the alphabet Y = {y, }n>1, i.eﬁ
VS, T e C<Y>, Hgw7 = HgHy and ch(y) = l¢w, (343)

note that 1¢(yy is identified with 1y and ey is the constant (to one) functionﬁ
N — C. This means that

He @ (CLY), w,1y+) — (C{Hy }wey-, X, 1)

22 Around zero.
Z3Here, the conc-morphism mx : (C(Y),conc,1y+) — (C(X),conc, 1x~) is defined by mx(y,) =

xf " 'zy and 7y is its inverse on Im(my). See [39] for more details and a full definition of 7y

24Here, w stands for the stuffle product which will be recalled as in the subsection w
25Tn fact, it could be Q but we will use afterwards C-linear combinations.
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mapping any word w = y,, ---ys. € Y* to
H,=H .5 = E - (3.44)
(A n‘;l e /n/qsar
N>ni>->n,>0

is a w (unital) morphismP|

(b) Extend these correspondences (i.e. Li,, Ho) to some series (over X and Y, re-

spectively) in order to preserve the identitylﬂ

LiT(X(S)(Z) o Liﬂ’X(T)<Z) — Liﬂ'X(SuﬂT)(’Z) (345)
11—z -z -2z

true for polynomials S, T € C(Y).

To this end, we use the explicit parametrization of the conc-characters obtained

in [39] and the fact that, under the stuffle products, they form a group.

3.4.2 Polylogarithms: from global to local domains.

Now we are facing the following constraint:

In order that the results given by symbolic computation reflect the reality with com-
plex numbers (and analytic functions), we have to introduce some topologﬂ.

Let H(2) = C¥(£2; C) be the algebra (for the pointwise product) of complex-valued
functions which are holomorphic on 2. Endowed with the topology of compact con-

vergence @, it is a nuclear space{ﬂ.

Definition 3.3. (i) Let S € C({X)) be a series decomposed in its homogeneous

(w.r.t. the length) components

Sy, = Z<S|w>w

lw|=n

26n fact, it was shown that this morphism is into, see [62] Thm 4.
2THere ® stands for the Hadamard product [59].
28Readers who are not keen on topology or functional analysis may skip the details of this section

and hold its conclusions.
29This topology is defined by the seminorms (where K C § is compact) pr (f) = supgex | £(5)]-
30Space where commutatively convergent and absolutely convergent series are the same. This will

allow the domain of the polylogarithm to be closed by shuffle products (i.e. the possiblity to compute
legal polylogarithms through shuffle products).
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(so that S = > S,) is in the domain of Li if and only if the family (Lig,)n>0

n>0
is summable in H(2) in other words, due to the fact that the space is complete

(see [97]), if and only if one has

(Y W € By BF Cinite NY(YF' C pinite (N\ F)) (Z Lig, € W) (3.46)

JEF

where By (q) is the set of neighbourhoods of 0 in H(£2).

(ii) The set of these series will be noted Dom(Li) and, for S € Dom(Li), the sum
> Lig, will be noted Lig.

n>0
Of course, the criterium ({3.46f) is only a theoretical tool to establish properties of
the domain of Li. In further calculations (i.e. in practice), we will not use it but the

stability of the domain under certain operations.

Example 3.4 ([39]). For example, the classical polylogarithms: dilogarithm Lis, trilog-
arithm Lis, etc... are defined and obtained through the coding (3.34) by

n

Lir(2) = 3 =5 = Lijgr,, (=) = (L(2) | af ")

n>1
(where L(z) is as in Equation (3.37))) but, one can check that, for ¢ > 0 (real), the
series (txo)*z; belongs to Dom(Li,) (see Definition [3.3] (ii)) iff 0 < ¢ < 1. In fact, in

this case,
n

. z
Li(tog)a, (2) = Z

n—t
n>1

This opens the door to Hurwitz polyzetas [61].

The map Li, is now extended to a subdomain of C({(X)), called Dom(Li,) (see Def.
3.3, and also [39]).

Example 3.5. For any «, 5 € C, (axo)*, (fz1)" and (axo + Bx1)* = (axo)* W (fz1)*.
We have

Li(axo)* (Z) =2%; Li(ﬁxl)* (Z) = (1 - Z) Ll(oca:o-i-ﬁm) ( ) Za<1 - Z)_B
where z € .
Proposition 3.12. (i) The domain Dom(Li) is a shuffle subalgebra of (C{ X)), w, 1x+).
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Figure 3.2: Domain of Polylogarithms and the algebra \A.

(i1) The extended polylogarithm 1i : Dom(Li) — H(S2) is a shuffle morphism, i.e.
S, T € Dom(Li), we still have

LiSLUT = LIS LIT and Lilx* == 1’;.[(9) . (347)
Proof. This proof has been done in [39]. O

The picture about Dom(Li) within the algebra (C{(X)), L, 1x+), the positioning of
Crt(X)) (rational series, see [2, [39]) and shuffle subalegbras as, for example, A =
C(X) Ly Cr*((zg)) L C™ (1)) read as follows:

3.4.3 From Polylogarithms to Harmonic sums.

Definition of Dom(Li) has many merit§*] and can easily be adapted to arbitrary (open
and connected) domains. However this definition, based on a global condition over
a fixed domain Q C C\ ([0, +oc[) with 0 € Q, does not provide a sufficiently clear
interpretation of the stable symbolic computations around a point, in particular at
z = 0. One needs to consider a sort of “symbolic local germ” worked out explicitely.
Indeed, as the harmonic sums (or MZV) are the coefficients of the Taylor expansion at
zero of the convergent polylogarithms divided by 1 — z, we only need to know locally
these functions. In order to gain more indexing series and to describe the local situation

at zero, we reshape and define a new domain of Li around zero to Dom'*¢(Li,).

31 As the fact that, due to special properties of H(Q) (it is a nuclear space [97]), one can show that
Dom(Li) is closed by shuffle products.
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The first step will be to characterize the polylogarithms having a removable singu-
larity at zero. The following proposition helps us characterize their indices.

Proposition 3.13. Let P € C(X) and f(z2) =(L| P) = > (P | w)Li,.

weX*

1. The following conditions are equivalent

(1) f can be analytically extended around zero.

(ii) P € C(X)x1 ®C.1x-.
2. In this case Q itself?] can be extended to Q = C \ (] — 0o, —1] U [1, +00]).

Sketch. (ii) = (i) being straightforward, it remains to prove that (ii) = (i). Let
then P € C(X) such that f(z) = (L | P) has a removable singularity at zero. As
a consequence of Proposition point (iii) for the set partitioned X = xq + x1, this
implies that our polynomial reads

P=>"Pyway™ with P, € C(X)z & C.1x- (3.48)

k>0
the family (P;)r>0 being unique and finitely supported. Using (3.48|) and - we
get
Lip(z) = » _Lip,(2)log(z

k>0

We can see that only the term with £ = 0 survives using monodromy, for example, as
follows.

We suppose that Lip(z) = Y, Lip,(2)log(z)* can be analytically extended in a
neighbourhood of zero (say B,(0)). Let z € QN B,(0). Using the path ~,(t) = z.e?"™!
(starting and ending at z winding n times around zero), we get

Lip(z) = Lip,(2) + » _ Lip,(2)(log(2) + 2inm)*
k>1
for all n € Z which entails Lip (z) = 0 for all £ > 1. This holds for all z € QN B,(0)

and hence we must have P, = 0 for all £ > 1. O

The second step will be provided by the following Proposition which says that, for

appropriate series, the Taylor coefficients behave nicely.

32The domain, for z of Lip.
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Proposition 3.14. Let S € C{(X)x; @ Clx« such that S = Z[S]” where

n>0

[S], = Z (S | w)yw, ([S], are the homogeneous components of S),

weX*, ul=n

we suppose that 0 < R <1 and that ZLi[S]n is unconditionally convergent (for the

n>0
1
y
— D Li, (2)

n>0

33

standard topology) within the open disk | z |< . Remarking that ]

15 unconditionally convergent in the same disk, we set

1_ZZL1[S ZCLNZ

n>0 N>0

Then, for all N > 0, ZHﬂy([S]n)(N) = ay.

n>0

Proof. Let us recall that, for any w € X*z;, the function (1 — z)~! Li,(2) is analytic

in the open disk |z| < R. Moreover, one has

— Liu(e = Heyw)(N

N>0

Since [S], = > (S| w)w and (1 — z)~' > Lig, absolutely converges (for the
weX* ul=n n>0
standard topologylf[) within the open disk D_g, one obtains, for all |z| < R

1;2%]”(2) = Z > (S| w)Liy(2)

n>0 “ 720 weX+ju=n

B Liw(z)
B Z Z (S w) 1—=2

n>0 weX* ul=n

= Z Z <S | w) ZHWY(UJ)(N ZN

n>0 weX*,uj=n N>0

33D DD SERCITT I

N>0 n>0 weX* ju=n

= Z ZHWY([SM)(N)ZN s

N>0n>0

33With the definition given later (3.49)) this amounts to say that

S e (C<<X>>.131 ®Clx-nN DOIHR(LI) .

34For this topology, unconditional and absolute convergence coincide [97].
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(%) being possible because Y~ is finite. This implies that, for any N > 0,
weX*, uj=n

an =Y Hay (s (N

n>0

]

To prepare the construction of the “symbolic local germ” around zero, let us set,

in the same manner as in [39],

Dompg(Li) := {5 € C{(X)x; & Clx-

Z Lig), is unconditionally convergent in H(D.r|$.49)

n>0

and prove the following:
Proposition 3.15. With the notations as above, we have:

1. The map given by R +— Dompg(Li) from ]0,1] to 2°4X) (the target is the set of

subsetﬁ of C{(X)) ordered by inclusion) is strictly decreasing
2. Each Dompg(Li) is a shuffle (unital) subalgebra of C{(X)).

Proof. 1. For 0 < Ry < Ry <1 it is straightforward that Domg, (Li) C Domg, (Li).
Let us prove that the inclusion is strict. Take | z|< 1 and let us, be it finite or

infinite, evaluate the sum

= > [Ligg(2)|= D(S() [ 2F) [Lisg(2)]

n>0 n>0

then, by means of Lemma|(3.16, with z{ = z 2] = zj—1and S(¢) = _ ¢™(af )™,

m>0

we have

M(z) = ZIS(t)Ix?ILiz;L(ZH:ZZItm(xf)“mlw?lLix;t(Z)l

n>0 n>0 m>0

— Zm!thSQ(n, |le1 < ZmlthSg n,m) (| |),

m>0 n>0 m>0 n>0
due to the fact that | Li,, (2) |< Lig, (| 2]) (Taylor series with positive coefficients).

Finally, in view of equation (3.52), we get, on the one hand, for |z |< (¢t +1)7!

. 1— | z|
< m Liz, () — 1) = m |Z| m o _ )
EPILEC =2 S DA ey S VNP

m>0 m>0

35For any set F, the set of its subsets is noted 27.
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This proves that, for all r €]0, [, > I Lifs), 0 (2)]]» < +00.

1
t+1" %0
On the other hand, if (t+1)~! <|z|< 1, one has M(|z|) = +o0, and the preceding

calculation shows that, with ¢ choosen such that

0< 1 1<t< 1 1
_R2 Rl )

we have S(t) € Domg, (Li) but S(t) ¢ Domg,(Li) whence, for 0 < Ry < Ry < 1,
Dompg, (Li) € Domg, (Li).

2. One has (proofs as in [39])

(a) 1x- € Dompg(Li) (because 1x+~ € C(X)) and Li; . = Iy q).

(b) Taking S,T € Dompg(Li) we have, by absolute convergence, S LT €
Dompg(Li). It is easily seen that ST € C{(X))x; @ Cly- and, moreover,

that®d]
Lig Liz = Ligur -
O
The combinatorial Lemma needed in the Theorem [3.1§] is the following:
Lemma 3.16. For a letter “a”, one has
{(a*)“™a™) = m!Sy(n,m), (3.50)

(Sa2(n,m) being the Stirling numbers of the second kind). The exponential generating
series of R.H.S. in equation (3.50) (w.r.t. n) is given by

Zm!SQ(n,m)i—T = (e —1)™ (3.51)

n>0

Proof. The expression (a®)"™ is the specialization of
L, =af Wag w---wa

toa; — a (for all j =1,2---m). The words of L,, are in bijection with the surjections

[1---n] — [1---m)], therefore the coefficient ((a™)""|a") is exactly the number of such

36Proof by absolute convergence as in [39].
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surjections namely m!Sy(n,m). A classical formulaﬂ says that
:L.n
Zm!SQ(n,m)—' = (e —1)™ (3.52)
n!

n>0

]

In Theorem below, we study, for series taken in C{(X )z & C.1x~, the corre-
spondence Li, to some H(D.g), first (point 1) establishes its surjectivity (in a certain
sense) and then (points 2 and 3) examine the relation between summability of the func-
tions and that of their Taylor coefficients. For that, let us begin with a very general
Lemma on sequences of Taylor series which adapts, for our needs, the notion of normal

families as in [85)].
Lemma 3.17. Let 7 = (an n)nn>0 be a double sequence of complex numbers. Setting

I(1) :={r €]0, +o0][ | Z |an nr Y| < 400},
n,N>0

one has

1. I(7) is an interval of |0,4o00|, it is not empty iff there exists zy € C\ {0} such
that

Z lan Nz | < +oc. (3.53)

n,N>0

In this case, we set R(T) :=sup(I(7)) > 0 and one has,

(a) For all N, the series > a, N converges absolutely (in C). Let us note ay -
n>0
with one subscript - its limit.

b) For all n, the convergence radius of the Taylor series T,,(z) = an n2Y s
( ) ’ q Y n n,N

N>0
at least R(7) and ) T, is summable for the standard topology of H(D<r(r))
neN
with sum T(z) = > anz.
N>0

2. Conwversely, we suppose that there exists R > 0 such that

(a) Each Taylor series T,,(z) = Y. annz" converges in H(D<g).
N>0

37See [100], the twelvefold way, formula (1.94b)(pp. 74) for instance.
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(b) The series Y T, converges unconditionnally in H(D<g).
neN

Then I(1) # 0 and R(T) > R.

Proof. 1. The fact that I(7) C|0,+o0[ is straightforward from the Definition. If
there exists 29 € C\ {0} such that Y |a,n2 |< +oo then, for all r €]0,|z]],

n,N>0
we have
AN
Z |an N |= Z lan N2 | (ﬁ) < Z lan N2 | < 400
n,N>0 n,N>0 %0 n,N>0

in particular I(7) # 0 and it is an interval of ]0, +oo[ with lower bound zero.

(a) Take r € I(7) (hence r # 0) and N € N, then we get the expected result as

TNZ |an N |= Z lan N | < Z |ap N |< +oo.

n>0 n>0 n,N>0

(b) Again, take any r € I(7) and n € N, then Y |a, nyr" |< +00 which proves
N>0

that R(T}) > r, hence the result’} We also have

1> anr™M <Y N DY aan < D anar™|< +oo

N>0 N>0 n>0 n,N>0

and this proves that R(T") > r, hence R(T') > R(r).

2. Let 0 < r < r; < R and consider the path v(t) = €™, by Cauchy’s formula,

we have

N+1
~ z

N+1 — N

L [T 27 14| T, T,
[ an |=| / () 4.1 il Tallse 1Tl
; um 2r ! 7]

with K = ~([0, 27]), hence

T 1
> lennr™1< 2 ITlk ()Y < 3 [Tl < +oc.

rn—r
n,N>0 n,N>0 n>0

]

Remark 3.3. (i) First point says that every function analytic at zero can be repre-

sented around zero as Lig(z) for some S € C{(xy)).

38For a Taylor series T, we note R(T') the radius of convergence of 7.
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(ii) In point 2, the arithmetic functions Hy, (s) € QY, for S € Domp(Li) are quickly
defined (and in a way extending the old definition) and we draw a very important
bound saying that, in this condition, for some r > 0 the array (Hy, (s,) (N)TN)WN

converges (then, in particular, horizontally and vertically).
(iii) Point 3 establishes the converse.

Theorem 3.18. 1. Let T(z) = Y. anz" be a Taylor series converging on some
N>0
1

non-empty disk centered at zero i.e. such that limsupy_, . |an |N: B < +o0,

then the series
S = an(—(=az)")" (3.54)

is summable in C{ X)) (with sum in C{z;))), S € Dompg(Li) with R = (B+1)"!
and Lig =T.

2. Let S € Dompg(Li) and S = > [S]. (homogeneous decomposition), we define
n>0
N = Hay (9)(N) 01f7]

Lis(Z)
= > Hay(s)(N)2Y. (3.55)
N>0
Then,
Vrelo. Rl > | Hey g, (N)rV[< 4oo. (3.56)
n,N>0

In particular, for all N € N, the series (of complex numbers), > Hr, (s,)(INV)

n>0
converges absolutely to Hy (s)(IV).

3. Conversely, let @ € C{Y)) with Q = > Q, (decomposition by weights), we

n>0
suppose that there exists r €]0,1] such that

> [Ho, (N)rV|< 4oo, (3.57)

n,N>0

39This definition is compatible with the old one when S is a polynomial.
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in particular, for all N € N, > Hg, (N) = {(N) € C unconditionally (= abso-
n>0
lutely) converges (in C). Under such circumstances, S := mx(Q) € Dom,(Li)

and, for all z € C such that |z|< r,

Lis(z) _ 3NN, (3.58)

Proof. 1. The fact that the series (3.54)) is comes from the fact that
w(an(=(=z1)")"N) > N.

Now from the Lemma [3.16, we get

(S)n =) (an(—=(=21) ")) = (=) "ayN1Sy(n, N)ap Y (=1)¥ " ay N1Sy(n, N)af.

N>0 N>0
Then, with r = sup,cf | 2| (we have indeed r = ||Id||x) and taking into account
that
I Lis, i < log(; =)
1m — o) )
i 81
we have

> lILigsy, Ik < )Y lan| N1Sy(n, N)|| L ||«

n>0 n>0 N>0

Li,, ||7
SN lan| NSs(n, N)%

n>0 N>0

| Liz, [
D lan| Y NiSs(n, N)Tl!K

N>0 n>0

Z|a log(lr _1)

N>0

= Y Jax| (1;)N.

N>0

IA

IA

IN

1
Now, if we suppose that r < (B + 1)7!, we have r(1 — )™t < 5 and this shows

M for all

that the last sum is finite. Moreover, by Lemma 3.16| and Li,» =

n > 0, one clearly has Lig =T

2. This point and next point are consequences of Lemma [3.17. Now, considering

the homogeneous decomposition S = > [S], € Dompg(Li). We first establish

n>0
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inequation (3.56). Let 0 < r < r; < R and consider the path y(t) = rie*™ we

have

1 Ligy, (2) HLl[S] IS
Hﬂ_ N o PR o L A, —na
| y([S}n)( )= |_2m /7 (1 —2)2N+1 |— 27 (1 —r)r {V+1

K = ~([0,1]) being the circle of center 0 and radius r;. Taking into account that,

for K' Ccompact D<pr, we have a decomposition ) || Lifg, [[x = M < 400, we get

neN
> I Hayqspg (NP = > [Hey s, I( )
n,N>0 nN>0
= Z Z|Hwy(51 N)r'|
N>0 n>0
r M
< W
- NXZ:O(TI) (].—7”1)7‘1
M
< < +00.

(1 —=ry)(ry —1)
The series ) Lifg), (2) converges to Lig(z) in H(D<gr) (D<g is the open disk

n>0
defined by |z| < R). For any N > 0, by Cauchy’s formula, one has,
1 Lis(2)
H,. (s (N) = A
ﬂY(S)( ) 227r / )ZNJrle

o / Zn>0 Ll[s]n )

 2irm ZN+1
Ll[S]n

N 2z7rz/ 1—zzN+1

= ZHwy([S]n)(N)

n>0

the exchange of sum and integral being due to the compact convergence. The

absolute convergence comes from the fact that the convergence of Z Lifg,, (2) is
n>0
unconditional [97].

3. Fixing N € N, from inequation (3.57), we get > | Hg,(N) |< 4oo which
n>0
proves the absolute convergence. Remark now that (7x(Q)), = 7x(Q,) and
Ty (mx(Qn)) = Qn, one has, for all |z|<r |z|< 7,

| Ling(ou(2) =11 =211 ) Ho, (N)=N[< 2] ) Ho, (N

NeN NeN

Thus, for all K Ceompact D<r and z € K, we arrive at

| Liny @ (2) <21 Ho, (N)rY

NeN
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in other words,

I Liryn e <21 Ho, ()|

NeN

and

D M ingen llx <21 Y Ho, (N)rV]< +oo

neN n,NeN

which shows that 7x(Q) € Dom,(Li). The equation (3.58)) is a consequence of
point 2, taking S = 7x(Q).
[

Now, we have have a better understanding of what can (and will) be the domain,

Dom(H,), of harmonic sums.

Definition 3.4. We set Dom'(Li) = |J Domg(Li); Dom(H,) = 7y (Dom'**(Li))

0<R<1

and, for S € Dom'°(Li),

L
Lig(z) = Y Liyg,(2) and 113( Ji D Hep (V)2

z
n>0 N>0

3.4.4 Applications.

We remark that formula (3.32), i.e.,

ni

. z
Llsl,---,sr(z) = Z W?

ny>-->ne>0
still makes sense for |z| < 1 and (sy,---,s,) € C" so that we will freely use the indexing
list to get index lists with s; € Z for any i = 1,--- ,r and r € N,
Recall that for any s1,--- ,s, € N, we can express Li_g, .. _¢ (z) as a polynomial of
1% with integer coefficients. Then, using and (kxp)* = [(z1)*]"*, we get
L Lige,(2), Vk e N*
(1—2)*

and we obtain a polynomial P € Dom(Li) N C[z}] = C[z]] such that Li_,, .. _5. = Lip
(see [39]). Using Theorem we have
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This means that we can provide a class of elements of Dom(H,) (as in Definition

relative to the set of indices of harmonic sums at negative integer multiindices. Here

are some examples.

Example 3.6. For any |z| < 1, we have

= Lio(2) ; Liaey)r—ar(2) = = Li_1(2);

Li(22,) 20741 (2) = (1—2)2 = Ligo(2);

_ 2723 4 422 .
L112(5m1)*—33(4x1)*+31(3x1)*—11(2x1)*+x;(Z) = 1—2)p =Li_o_41(2);

. 25 4+ 142* + 2123 + 422 .
Lis0(621)* —132(501)* +161 (421 )*—87(3x1)*+19(221 )~ (2) = =L = Li_o _9(2);

Li1960(8a1)*—5400(7a1)* +0270(621 )* —8070(521 )* +3699(4z1 ) *—820(3z1 )* +71 (221 )* —at (2)
27+ 6425 +4242° + 5842 + 17923 4 822

— ESE = Li_3 _3(2);

_ 25 +62* + 323 )
Li10(6a1)* —38(5w1 ) +55(4a1 ) —37(3e1)* +11(221)*—a (2) = =2 = Li_10,-2(2);

Liggo(8e1)* —1312(721 )= +2497 (61 ) —2457 (521 )+ 1310(4e1 )* —358 (31 )*+41 (21 )~ (2)

27 43425 + 13325 + 1002 + 1223 .
= (1 — Z)S = LI,L,Q’,Q(Z').

Thus, for any N € N, for readability, below 1 stands for 1y«
Hﬂ-y(x»f)(N) =N+1,

N
HTI'Y(f{*l)(N) =N = Zn()?
n=1

N
1 1
Hey (o) (N) = GN? + 5N = ) s
n=1
1 1 N ny—1
(V) = 337 = 5N = 33 o
ni=1 no=1
1 5 1 4 1 3 1 1 )
Hry (12(501)7 —83(421)*+31(321) 7 ~11(201)*+ap) (V) = EN + gN —V - @N - gN ;
| 1 6 5 .4 1,
H7ry(40(6:81)*_132(5z1)*+161(4$1)*_87(3$1)*+19(2$1)*_$T)(N) _ 1—5]\/ I EN B ﬁN N EN
1 1 N ni—1
3 _ 2 2'
oo TN = 21”1 221”2,
nyi= no—
1 5 1 6 1 4 1 9
Hury (10(621)* —38(521)*+55(41)* —37(G3a1)*+11 1) —a1) (V) = ——=N° + = N® — —N*4 N

40 72 36 72
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ni—1ns—1

N V= S S

ni=1 no=1n3=1
13 7
Hwy(gso(sxl)*—1312(7a;1)*+2497(6x1)*—2457(5x1)*+1310(4x1)*—358(3x1)*+41(2:v1)*—z1‘)(N) - 1260N
N ny1—1 no—1
1 7 1 7 23 1
_NS__NG _N4__N2 _N5 2 2'
T 2™ T T T o 720 Z: 7;:1"2”32:1”3

Observe that, from Definition [3.4, Theorem will show us that Dom(H,) is a
stuffle subalgebra of C(Y)). Let us however remark that some series are not in this

domain as shown below

o0

(i) The series T' = > (—1)"*1& € C({Y)) is not in Dom(H,) because we see that
n=1 n
00 —1 n—1
its decomposition by weights ("= >_ T,, as in (3.57))) provides T,, = (=1 Yn
n=1 n

for n > 1 and Ty = 0. Direct calculation gives, forn > 1,
= T
k=1

so that we have H, (N) > 1,Vn € N*; N € N*, because H,, (0) = 0, for all

0 <r <1, one has

S Hy, (N N|—ZZ| N[> (Z%>1i7,:+00~ (3.59)

N>0n>1 n>0

However one can get unconditional convergence using a sommation by pairs (odd

+ even).

(ii) For all s €]1,400], the series T'(s) = i (—=1)"ly,n=% € C{Y)) is in Dom(H,).

n=1

We can now state the

Theorem 3.19. Let S, T € Dom'(Li), then SLUT € Dom'(Li), nx (my (S) w 7y (T)) €
Dom'¢(Li) and for all N >0,

Lisur = LigLir; Lii,. = lyq), (3.60)

Hry () wmy (@) (N) = Hauy(s)(N)Hey (1) (V). (3.61)
Li Li Lir, (x W

15(2) ® 1T(Z) _ lrx (my (S) Y(T))(Z>' (3.62)
11—z 11—z 1—=z2
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Proof. For equation ({3.60)), we get, from Proposition m that Dom'(Li) is the union

of an increasing set of shuffle subalgebras of C{(X)) (the map R — Dompg(Li) is strictly
decreasing). It is therefore a shuffle subalgebra of the latter.

For equation (3.61]), suppose S € Domg, (Li) (resp. T € Domg,(Li)). By [59] and
Theorem point (3.55)), for |z| < RyRs, one has
o Lis(z

f(z) =5 —z) ® IfT_(ZZ) =

Z H”Y(S)(N)Hﬂ'y(T) (N)ZNa (363)

N>0
where ® stands for the Hadamard product [59]. Now, due to Theorem point
@), for all N, >~ Hay(s,)(N) = Hey(s)(N) and > Hey (1) (N) = Hyy (1) (N) (absolute

p=>0 q>0
convergence) then, as the product of two absolutely convergent series is absolutely

convergent (w.r.t. the Cauchy product), one has, for all N,

Hey (s)(N)Hry (1) (N) = (ZHmsp)(N)> <ZHWY(TQ>(N))

p=0 q>0
- Z H”Y(SI’)(N)HWY(TQI)(N> = Z Z H”Y(Sp) tij7TY(TQI)(‘]\/‘>
0,q>0 n>0 p+qg=n
= D Hey () mmy . (V). (3.64)
n>0

Remains to prove that condition of Theorem 1.e. inequation is fulfilled.

To this end, we use the well-known fact that if > ¢, 2™ has radius of convergence

R >0, then )  |c¢,| 2™ has the same radius of (?:)znovergence (use 1/R = limsup, > |

cm |Y™), thezzf(;om the fact that S € Dompg, (Li) (resp. T € Domg,(Li)), we have

for each of them and, using the Hadamard product of these expressions, we get
Vr €10, Ri.Ral, 2, o nso Hay(s,) (N)Hay (1) (V) V] < 400,

and this assures, for |z| < RyRs, the convergence of

f(z) = Z H(Try(S’)tufry(T))n(N)ZN- (3.65)

n,N>0

Applying Theorem point (3)) to @ = 7y (S) wmy (T) (with any r < Ry Rs), we get
7x(Q) = mx(7y (S) w my(T)) € Dom"¢(Li) and

L'7r s EINS
fz) =2 (ZH(ms)mﬂy(T))n(N))zN _ iy (s momean(),

1—=z2
N>0 n>0

Hence we obtain (3.62)) and then (3.61]). O
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3.4.5 Stuffle products, usage of one-parameter subgroups within

stuffle characters and their symbolic computations.

It is well-known that, a Hopf algebra (H,u, 13, A,¢,S) and A € k-CAAU (a k-
commutative and associative algebra with unit), the set Z(H, A) := Hom,_a Ay(H, A)
is a group for convolution (and inverse performed through precomposition with 5).
When k is a Q-algebra and under the usual condition that the reduced coproduct[zfl
Ay :Hy — Hy ® Hy is (locally) conilpotent, this group can be considered as a Lie
group (an infinite-dimensional pro—unipotenﬂ one) with a nice log-exp correspondence.
This feature is used in combinatorial physics [37] and one-parameter groups is a nice
tool to get new combinatorial identities (see [30]) as in the sequel.

For the some reader’s convenience, we recall here the definitions of shuffle and
stuffle products. As regards shuffie, the alphabet X is arbitrary and L is defined by

the following recursion (for z,y € X and u,v € X*)
w1y« = 1x« Wu=u; zuwyv = z(ulyv) + y(zu W v). (3.66)

As regards stuffle, the alphabet is Y = Yy, = {ys}sen, and = is defined by the

following recursion

Ysu s Y = Ys(uw yv) + Y (Ystt w v) + Yo (uwv). (3.68)

Be it for stuffle or shuffle, the noncommutativd™| polynomials equipped with this prod-
uct form an associative commutative and unital algebra namely (C(X), L, 1x+) (resp.

(C<Y>7 ) 1Y*))'
Example 3.7. As examples of characters, we have already seen

e Li, from (Dom'*(Li,), 1, 1x+) to H(N), where X = {2, z;}.

40Here, H, denote the kernel of € and for all z € H = H, ® k.1g, then Ay (z — e(z).1y) =

Alx) —2z® 1y — 1y @z + €(x).13 @ 14, see Bourbaki [13] Ch IT §1.1.
41Tn this context, this means that for any element g in this group, the family ((¢ — 12)*")n>0 is

summable in Z(H,.A), where 1= = 14 o € denotes the unit element in the group =Z(H, .A).
42For concatenation.
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e H, from (Dom(H,), w,1ly+) to CN (arithmetic functions N — C).

In general, a character from a k—algebraﬁ (A, *1,14) with values in (B, %y, 15) is
none other than a morphism between the k-algebras A and a commutative algebra@
B. The algebra (A, *;,14) does not have to be commutative, for example characters
of (C(X), conc, 1x+) - i.e. conc-characters - can be easily proved to be all of the form
(Z axx) * (3.69)

zeX

They are closed under shuffle and stuffle and endowed with these laws, they form
a group. Expressions like the infinite sum within brackets in (i.e. homogeneous
series of degree 1) form a vector space noted cy.

As a consequence, given P = Y a;y; and @ = Y f;y;, we know in advance that

i>1 j>1
their stuffle is a conc-character i.e. of the form (> ¢,y,)*. Examining the effect of
n>1

this stuffle on each letter (which suffices), we get the identity
<Z aiyi> L& (Z 5;‘%‘) = (Z QY + Z Biy; + Z aiﬁjyi-l-j) (3.70)
i1 j21 i1 j21 4,521

This suggests to take an auxiliary variable, say ¢, and code “the plane” CY , i.e.

expressions like (3.69)), in the style of Umbral calculus by

TN g Y s

n>1 n>1

which is linear and bijectiv from C, [[q]] to CY.
With this coding at hand and for S,T" € C[[¢]], identity (3.70|) reads

(ﬂ_gmbra(s))* ) (ﬂ_gmbra(T))* — (ﬂ_gmbra((l + S)(l + T) _ 1))* (371)

This shows that if one sets, for 2 € C and T € C.[[q]], G(z) = (my™P (e — 1)),
we get a one-parameter stuffle group@ such that every coefficient is polynomial in z.
Differentiating it we get

C(G:) = (w(T)G(:) (3.72)

43Here we will use k = Q or C.
4411 this context all algebras are associative and unital.

45Tts inverse will be naturally noted ngbm.

46j.e. G(21 + 22) = G(21) & G(22); G(0) = 1y~
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Lie Group G

CZZE L (@) (Lie algebra)

Figure 3.3: A path z — H(z) with left multiplier H'(z) and the one-parameter group

G(z) with infinitesimal generator ¢ = w{/mPr(T").
and (3.72)) with the initial condition G(0) = 1y~ integrates as
G(2) = exp o, (2my™P™(T)) (3.73)

where the exponential map for the stuffle product is defined, for any P € C{Y")) such
that (P | 1y~) = 0, is defined by

NI

P PwP pen
1!

expm(P) ::1Y*+ —|— 2' +...+ n'

In particular, from (3.73)), one gets, for & > 1, the identity,

(2y2)" = exp., (— > Yk (_s)n)

n>1
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Chapter 4

Conclusions and future directions

Starting from groups and their associated Lie algebras in semi-direct product form, we
investigated the presented premiages analogs which are precisely Lazard’s elimination
process. This study took place principally within the category k-Lie of Lie algebras
over a ring k where a practical sufficient condition was found in order to recognize,
at first sight, whether the presented structure could be split in semi-direct form. To
this end was developed, successively, the notion of B = ({0, 1}, V)-graded structures
and for iterated such, a larger notion of S-graded structures (Lie and their enveloping

algebras) where (S, +) is a commutative semigroup.

Moreover, conditions on S where investigated in order to transfer the classical
machinery to explicit formulas and the specialized notion of the direct sum and tensor
products for the Hilbert series of any S-graded algebra in finite dimensions, S being an
additive commutative semigroup. Essentially the links with “Condition (D)” (Bourbaki
[10] Ch III § 2.10.), and locally finite semigroups of computer science (Eilenberg [43])
are made precisely. Then, we allow ourselves to examine this definition by Example

2.4 and Example 2.5

Questions (Q1)f]and (Q2)P have been reformulated in terms of algebraic structures

and “free functors”, this elusive “free functor” has been completely worked out (source,

!What are the expressions of Lazard elimination (LE) in several categories where there are sort of

semi-direct products?
2Are these universal? (i.e. is every semi-direct product the image of some Lazard eliminations?)

and is LE a free object?
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target and formulas) in the case of the category of Lie k-algebras. This question is
parallel to a similar one with “Free Partially Commutative Structures” [41] for which all
targets of the functor are knownﬂ. The (unpublished) resolution of this “free functor”
has been completely worked out and reformulated in Section[I.3] Remains to complete

the same work for LE i.e.
1. Consider “Free looking” elimination formulas (see Table [2.5]).

2. Find the correct enrichment for Monoids and Groups (because B-grading works

also for k-A AU, the category of unital associative k-algebras).

3. Find the sources and functors (if possible, the source could be “double sets”, as
for partially commutative structures for which the source is unique whatever the

target category).

The hope is that this technique based on a filtration of the alphabet of generators in
conjunction with an appropriate filtration of the relators could apply to other algebras
coming from combinatorics or geometry. Let us say a word about this last point. For
many fibered spaces (in particular configuration spaces), the fundamental group of the
base space acts on the fibers by automorphisms and then acts on the fundamental
group of the fibers. Then appear natural semi-direct products of groups. In general,
the lower central series (see Chapter [2|) goes too fast for transferring these semi-direct
products to Lie algebras by the associated graded algebra mechanism gr (see equation
(2.4))), but other appropriate filtrations are usually considered by Nakamura and Takao
[88] and recently by Sawada [96]. We think that our elimination techniques can ease

the understanding and calculations of these semi-direct products.

3And in which LE plays a crucial tool.
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5.1. MISCELLANEOUS FACTS.

5.1 Miscellaneous facts.

5.1.1 About central extensions.
We have the following well known result about central extensions

Lemma 5.1. Let
p

0 > g1 —— g5 4 g2 > 0 (5.1)

S

be a split (i.e. ps = 1dg,) and central (i.e. j(g1) C Z(gs) = {z € g5 | [x,93] = 0})

extension of Lie algebras. Then, if gs is commutative, so is gs.

Proof. Let x,y € g3. Then, since ps = Idy,, we have x — s (p(z)) € Kerp = Imj C
Z (g3) , so that [x —s(p(z)), y|] = 0. In other words, [z,y] = [s (p(x)),y]. Similarly,
we find y — s (p(y)) € Z(g3), thus [s(p(z)), vy — s(p(y))] = 0. In other words,

[s(p(x),y] =I[sp(@)),s®y))] (5.2)

=s([p(x), p(y)]) (since s is a Lie morphism)  (5.3)
=s(0) (since gs is abelian) . (5.4)
Hence, [z, y] = [s (p(z)) ,y] = 0. O

5.1.2 Factorization of characters.

This section deals with applications of MRS formula to the factorization of char-
acters.

As a result of equations , we have seen that, a Lie k-algebra (free as a module
and k being a Q-algebra) g together with a totally ordered basis B = (b;);c; basis of it
being givenE], the space span{Ba}qcnm is a unital x-subalgebra of U/*(g). Let us then

set
U (g) := span{Ba}oenm - (5.5)

We suppose now that

1. g = @,.q9s is a S-graded Lie algebra (where S is an additive commutative

semigroup),

! Throughout this paragraph, notations will be those of Section
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2. the basis B = (b;);er is S-graded (we set deg(b;) := s for the unique s € S such
that b; € gs),

3. the basis B is graded “in finite ranks” which means that, for all s € S, the set
Iy = |{i € 1| deg(b;) = s}|
is finite i.e. each gs is a free k-module of finite rank with basis (;)cr.,

4. the semigroup (S, +) is locally finite.

This case encompasses all free partially commutative Lie algebras and, in particular,
all free Lie algebras (with S = N®) and Drinfeld-Kohno Lie algebras (with S =
([2,n 4+ 1],V) x (N>q,+) or S = (Nxg,V) x (N>q,+)) and many other combinatorial
Lie algebras.

By Appendix and the assumption that “(S,+) is locally finite”, the universal

enveloping U(g) = D csq0) Us(9) (see formula (5.23)) is a ﬁnitelyﬂ S L {0}-graded
Hopf algebra. Thus, we can consider U"(g) as the graded dual of U(g) i.e. UY(g) =

D.csuoyUs (9) (for the case when S = (N, +), see Grinberg and Reiner [56] § 1.6).

Then one can check (as an exercise) that

1. the bases {B*} enm of U(g) and {B,},enm of UY(g) are S1U{0}-graded in finite

ranks,

2. one can dualize the S LI {0}-graded Hopf algebra structure of

(U(g),,uu, ]-UvAU;eZ/{;SU) (56)
by setting

(a) pyv = * (the convolution restricted to U"(g)),
(b) 1yv = ey (the counit restricted to U (g)),

() Ayv: UY(g) = U (g) @UY(g) is the dual of 1y by

Nyv(Bo) = > (Ba| BMB*)B,, ® B, (5.7)

al,OcQEN(I)
due to the hypotheses about the S-grading one can check (exercise) that
this sum is finitely supported,

%It means that each k-module Us(g) is of finite rank.
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(d) € = d; the Dirac evaluation which means that, for f € UY(g), euv(f) =
<f | 11/[)7

(e) Suv(f) = D uenw (f | Su(B*))B, again, due to the hypotheses about the

S-grading one can check (exercise) that this sum is finitely supported,

3. with this at hand, one can check that (U (g), v, Luv, Duv, €v, Syv) is a Hopf

algebra.

Remark 5.1. In the case when g is the free Lie algebra Li(X) = B,y Lx(X)a
(then the enveloping algebra U(g) = (k(X), conc, 1x«, Ay, €, Sy)) and {B*} enm
is a multihomogeneous basis, we have U"(g) = (k(X), W, 1x+, Aconc, €, Syv) (due to the
fine grading by S = NX) (1.27)).

Now we have the following factorization of characters

1. If x is a k-valued x-character on U"(g) i.e. x € Z(U"(g),k), then the opera-
tor x ® Id is continuous on U (g) ® U(g) for the limiting process due to finite
pointwise Convergenc and then extends to UY(g)®U(g) i.e. one has a mor-
phism of topological rings x®1Id : UY(g)&U(g) — (U (g))*. Thus, by denoting
(x)E = (x® 1d) (3 e Ba ® BY), we deduce that

p
()5 = Y x(Ba)B* = | [ exp(x(B.)B%). (5.8)
aeN() iel

2. If x is a k-valued py-character on U(g) i.e. x € Z(U(g),k), then the opera-
tor Id ®x is continuous on UY(g) ® U(g) for the limiting process due to finite
poinwise convergence and then extends to UY(g)&U(g) i.e. one has a mor-
phism of topological rings Id®y : UY(g)®U(g) — U*(g). Thus, by denoting
(x)e™ = (Id @X)(Z%Ng) B, ® B*), we then have (due to the fact that k is

3By Example the pair (U* (g)@U(g), D, Endk(U(g))) is a completion triplet of topological rings.
Then we can consider U (g) ®U(g) as a topological subring of the complete tensor product U*(g)&U(g)
or, through the standard embedding, of End(U(g)). As U*(g)QU(g), we remark that UV (g)QRU(g) is
also a dense subset of U*(g)®U(g), then we can complete the tensor product as U (g)@U(g) which is
equal to U*(g)&U(g).
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commutative, its action can be noted on the right)

/
(0" = > Bax(B*) = [ [ exp(Be,x(B)). (5.9)
aeN() i€l

On the other hand, it is well knownﬁ that, a Hopf algebra (H, pgy, 13, A, €, S)E| and a
commutative (associative with unit) algebra (A, p4, 14) being given (all over the same
commutative ring k), then the set =(H, A) = Hom,_p A1y(H,A) is a group under
convolution (the inverse being performed through precomposition with S, proofs are
essentially the same as for k-valued characters).

If H =U(g) (where the Lie algebra g satisfies all above assumptions), formulas
and still hold true when y is a A-valued character, 4 being a commutative
(associative with unit) algebra.

We must warn the reader that this is no longer the case if A can be non-commutative
as shows the following counterexample. By Appendix [5.4.4] let us recall the con-
struction of a cocommutative Hopf algebra Heone(X) = (k(X), conc, 1 x«, Ay, €) where
X = {a,b} and of a non-commutative algebra (indeed its algebra part) Aconc =
(k(X),conc,1x+). We then define an algebra morphism f € Z(Hcone, Aconc) by the
universal property as follows: f(a) = a, f(b) = b. One observes that

e A(a)=a®1+1®a,and Ay(b) =b® 1+ 1® b, then
o Ay(ab) =A(a)A(b) =ab®1+a®@b+b®a+ 1® ab.

Thus, we arrive at

f* f(a).f = f(b) = conco(f @ f) o Ay(a).conco(f ® f) o Au(b)
= (fl@)f(1) + F(D)f(a) (F(b)F(1) + f(1)F(D))
= (a+a)(b+b) =4ab

and

f* f(ab) = conco(f® f)o Ay(ab)

4See e.g. Kassel [67] Ch III §8 Exercise 11.
5The order is always (space, product, unit, coproduct, counit, antipode).
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= f(ab)f(1) + f(a) f(b) + f(b)f(a) + f(1)f(ab)
= ab+ ab+ ba + ab = 3ab + ba.

As above, fx f(a).fx f(b) # f* f(ab), therefore f* f is not an algebra homomorphism
Le. f*f ¢ E(f7l'[conca~’4€0nc)-

5.2 Appendix A: Limits and Colimits.

In category theory [80, [66], a limit of a diagram’| F': T — C, if exists, is an object

lim F; or 1&1}7 for short
ieT T

in C together with morphisms

oi li%n F — F;
such that

i) for all morphisms « : ¢ — j in Z the triangle

% K (5.10)

commutes.

ii) moreover, the limit Jm_ Fis the (initial) universal object with this property

lu

(5.11)

F;

Notice that limits (@1 L F (¢:)iez) are (if they exist) unique up to isomorphism by the
uniqueness requirement ((5.11]) of the point (ii) in the above definition.

6

i.e. a functor from a small category Z to an arbitrary category C. We say that C is a diagram of

the index category Z.
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Example 5.1. If an index category Z is discrete (resp. a category with two objects
and two parallel morphisms from one object to the other), then a diagram F' : Z — C
is a family of objects (resp. a pair of parallel morphisms) in C, a limit of the diagram F'
is called a product (resp. an equalizer) of these objects (resp. morphisms). Moreover,
a limit of a contravariant functor F' : Z? — C, where Z is a directed seff] that is
considered as a small category in which the morphisms consist of arrows a : ¢ — j if
and only if ¢ < j, is called an inverse limit of the inverse system ((F;)iez, (Fij)i<jez)

where Fj; : F; — F; are morphisms in C.

A colimit of a diagram F' : Z — C is the limit of the opposite diagram FP : 7 —
C°?, where Z° and C are the opposite categories of Z and C respectively, denoted by
the following

lim F; or @F
' z

i€

The coproducts, coequalizers and direct limits are respectively the dual concept of

products, equalizers and inverse limits, they are examples of colimits in category theory.

5.3 Appendix B: Topological rings, their comple-

tions and combinatorics.

5.3.1 Topological rings.

Definition 5.1. A ring R endowed with a topology Tx is called a topological ring if
and only if sum and product are continuous operations. Precisely, the following maps

RxR—TR,(x,y) - x+y and (z,y) — z.y are continuous.

The topology of a topological ring is uniquely determined by the filter of neigh-
bourhoods of zero B(0) (or a base of it). For conditions on B(0), see [14] Ch III §6.3.
A topological ring (R, Tx) is Hausdorff if and only if (.5, m = {0} and is said to

"i.e. a poset such that for any elements i, j € Z, there exists an element k € Z such that i < k and

J < k.
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be complete if every Cauchy netﬁ converges to a unique limit (this entails in particular

that (R, Tz) is Hausdorff).

Topological rings (R, Tz) (resp. Hausdorff topological rings, complete topological
rings) and continuous morphisms of rings form categories : TopRng, HausTopRng,
CompHausTopRng.

Let now (R, Tr) be a topological ring (i.e. (R,7zr) € TopRng) and F be the
inclusion functor CompHausTopRng — TopRng ( “Complete Hausdorff Topological

Rings” to “Topological Rings”), then, we can state

Definition 5.2. Let (R,7Tr) be a topological ring. A completion of R is any pair

A~

(jr, R) such that

~

1. (R,7T3) € CompHausTopRng

2. and jr € HomTopRng(R, F(R))
fulfilling the following property

e for each morphism f € HomTopRng(R’ F(S)), there exists a unique morphism
fe HomCompHausTopRng(ﬁ’ S) such that f = F(f) o jx.

In other words, (jr, 7%) is a solution of the following universal problem

TopRng <« CompHausTopRng
f
R, TR) ~===—="mmfmmmmm s » (S, Ts
(R.Tr) (S8, 7s) (5.12)
P [7
—
(R, T3).

There are many ways to introduce a completion but in our case, we can use the following
simpler characterization.

Characterization. — Let (R, 7z) € HausTopRng, (S, 7s) € CompHausTopRng
and i : R — S is a topological embedding (of type HausTopRng), which means that
i is a homeomorphism between R (with the original topology) and i(R) endowed with
the induced topology from S, such that i(R) is dense in S. Then, the pair (F 0i,S) is

a completion of R.

81t is a net [T02, T10] (za)aca (A is a directed set) such that for all m € B(0) there exists B € A

such that, for all o, 8 > B, zo — x3 € m (this means that the set {z4}o>p5 is m-small).
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Example 5.2. Let us consider k(X)) (i.e. the k-total algebra of X*, see [5.3.2) the
associative algebra of formal power series over X (with coefficients in k) and the de-

creasing sequence of ideals
m, = {5 € k(X)) | (Vw € X=")((S | w) = 0)}.

One can check that the ring k(X)) is topologized by the filter base B = {m,, },>¢ and

that its topology is defined by the ultrametric distance
d(T,S) = 27«9,
where, for each non zero series R,

w(R) = max(R € m,,)

neN
is the length of the shortest words w such that (R | w) # 0 and we set w(0) = +o0.
With this distance, one can check that the completion of the Hausdorff topological
ring k(X) is k(X)) if and only if X is finite. The reason for this is that the closure
of k(X) (for this topology) is the set of series for which each isobaric component is a
polynomial. In other words, writing a series S = >~ -, S, where S, := -, (S | w) w
we have (left as an exercise)

k(X) = {5 € k(X)) | (vn)(Sn € k(X))}

This explains, in particular, why the sum of all variables » °__ x, which is a polynomial
in the case when X is finite, does not even belong to the B-completion of k(X)) in
the case when X is infinite (see discussion in [I13]). In the latter case a finer topology
has to be defined to recover the series as the completion of the polynomials. It is (in
any cases, but when X is infinite, this topology is different) the topology of pointwise
convergence for which a fundamental system of neighbourhoods of zero is given by the

system of two-sided ideals (mg)rc,,,,..x"
mp ={S e k(X)) | (Vw € F)(Vu s.t. we X uX*)((S|u)=0)}.

Another example which will be in used for finding the generating function of an

endomorphism is the following in particular (Id)&" for enveloping algebras, see Section
539).
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Example 5.3. Let M be a free k-module with a fixed basis B = (;);e;. One can show

the following facts
1. The usual morphism ® : M* ® M — Endy(M) is into.

2. The image of ® is closed for composition or, when M is a bialgebra, for convolu-

tion.

3. The image of ® is dense in Endy(M) endowed with the topology of pointwise
convergence (which is compatible with the ring structure, be it for composition

or, when M is a bialgebra, for convolution).

4. Therefore this topology induces a topological ring structure on M* ® M, for
which we can complete the tensor product as M*®&M and the pair (M* ®
M, &, Endy(M)) is a completion triplet.

5. For any basis B = (f;)ic; and every f € Endyg(M), the family (' ® f(5:));c;
(where ("¢ is the coordinate family) is summable (see [56], Def 1.7.2). Its sum

realises the inverse of ®, therefore we can state.

6. ®: M*®M — Endy (M) is an isomorphism and the inverse isomorphism of rings
is given by

(=A@ fB) (5.13)

icl

(we recall that (3);cs is the coordinate family of forms defined by (8" | 8;) = d;;).

7. We will denote 5_1(]”) by (f)&" and call it the generating series of f.

5.3.2 Towards series: the threefold way.
Total algebras (i.e. series without topology).

Given k a commutative ring (with unit) and M a multiplicative semigroup which

satisfies “Condition (D)"]i.e. for all m € M the set

Dy(m) = {(m1, me) € M X M |mymy =m}

9Bourbaki [10] Ch III § 2.10.
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is finite (for example, M = X* where X is a set). Let us define the total semigroup

algebra k[[M]] [°] which is the k-module of all infinite sums

E QM

and the convolution product

<Z amlm1> (Z 5m2m2> = | D amBm | m (5.14)

mi1EM mo€EM meM my,moEM
mims=m

Endowed with this product k[[M]] is a k-AA and a k-AAU when M is a monoid.

Completion by inverse limits.

In the following part, let us consider that R is a ring and B is a filter base of ideals of
R i.e.
(Vmy, my € B)(Imz € B)(mz C my Nmy). (5.15)

Now, due to and as a consequence of Prop 2 §1.2 [14], we can define a unique
topology Tr on R such that (R, 7z) is a topological ring in which B is a fundamental
set of neighborhoods of zero for 7. Assume that the topology Tz is Hausdorff i.e.
Nmes ™ = {0}, then the inverse limit

R = Jm R/m < H R /m

meB meB

in the category TopRng is a completion R of the Hausdorff topological ring (R, Tr).
Case of the total algebras. —
In the preceding case (here [5.3.2)), for all m € M, we denote the set of factors of M

Fact(m) :={ue M|me MuM} C M.

it is straightforward, using “Condition (D)”, that Fact(m) is a finite set and that for
all mi, Mo € M
Fact(my) U Fact(msg) C Fact(myms) (5.16)

then
m,, := spany (M \ Fact(m))

10This associative algebra is unital if M admits a unit i.e. M is a monoid.
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is the largest two-sided ideal of the semigroup algebra k[M] [[f| which avoids m (i.e.
J such that m ¢ J). Now, due to (5.16)), we can define a unique topology Ty on
k[M] such that (k[M], Ty) is a Hausdorff topological ring in which B = (my,),,c,, is a
fundamental set of neighborhoods of zero for Ty, (every set of two sided ideals closed by
intersection does that, here finite intersections of elements picked in B, and moreover
Mimerr Mm = {0}). See also discussion in [109].

Furthermore, we can make explicit the topology of this particular completion as follows,
the total semigroup algebra k[[M]] (endowed with a topology in which B= (M) e s

is a fundamental set of neighborhoods of zero, where

m,, = {all infinite sums Z a,ul
uw€M\ Fact(m)

is the largest two-sided ideal of the total semigroup algebra k[[M]] avoiding m) is the

completion k[M] of the Hausdorff topological semigroup algebra (k[M], Tar).

Classical completion.

As above, assume that that R is a ring and B is a filter base of ideals of R , we
then arrive to the fact that (R, Tz) is a topological ring in which B is a fundamental
set of neighborhoods of zero for Tz. In this case, R is said to be linearly topologized
and Tr is called a linear topology (see Bourbaki [11] Ch III §4.2).

In particular, if B = {m,, },>¢ where (m,,),,>o is a decreasing sequence of ideals, then in
this case (decreasing sequence and, moreover, the topology is Hausdorff), setting

d(s,t) = 2767 where w(r) := mgg}c(r € m,) and w(0) := +o0 (5.17)

(for all r,s,t € R), we can prove that d is an ultrametric distance and the linear
topology Tr can be defined by the ultrametric d : R x R — Rx¢. In this way, we can
get the completion R of the ultrametric space (R,d). For example when R is the free
associative algebra k(X) (with X finite), the completion is k{{X)), see Example [5.2]

"For this algebra, see Clifford and Preston [26].
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5.4 Appendix C: Structures of Bialgebra type.

5.4.1 Gradings.

The idea of a graded set or structure [54] is to combine an algebraic structure with a
(simpler) discrete/combinatorial structure with another one which “follows” the com-
putations within it.

Let A € k-AA and (5, x) be a (commutative or not) semigroup. We will say that
A = @,cq Au, [S]-graded as a module, is a S-graded algebra if the usual condition
A A, C Ay, holds for all u,v € S. A morphism between S-graded algebras ¢ : A — B
is just a morphism between the underlying algebra structures which preserves the gra-
dation (i.e. for all u € S, ¢(A,) C B,). We then have the following proposition which

generalizes the similar classical ones for usual (commutative) gradings.

Proposition 5.2. Let 7 C A, TFAE
i) J = Ker(p) for some morphism between S-graded algebras.
i) J is a two-sided ideal of A which is [S]-graded as a module.

Proof. The proof is mutatis mutandis the same as in classical treatises. We sketch it
there.

(i)= (ii) being straightforward, remains to prove the converse, now (ii) being assumed,
we consider the canonical surjection s : A — A /7. We set (A/ 7)., = s(A,) and,
as graded modules, we have

Al =DA/T) =D A/ 7,
ues ues

with J, = J N A,. So A / J is naturally endowed with a structure such that s is a
morphism of S-graded algebras and Ker(s) = J. O

Remark 5.2. The treatment here is very similar to what can be found in Bourbaki
[10] ChII §11 and [I3] Ch II §2.6 save that, for our purpose, we need that a Lie algebra
be graded on a semigroup rather than a monoid. In particular, in [58], one reads the
sentence “If we do not require that the ring have an identity element, semigroups may
replace monoids” shows that additive semigroups of degrees is probably a good working

notion for Lie algebras and their enveloping algebras.
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5.4.2 Enveloping algebra of S-graded Lie algebras.

For this section, the semigroup of degrees of a Lie algebra is commutative (because
it must “follow” antisymmetry). Now, given (S,+) an additive (that is, commutative
and noted additively) semigroup and A = [S] its underlying set, we now pass to the
construction of the enveloping algebra U(g) of a S-graded Lie algebra g = €, 4 g by
the following: the tensor algebra inherits a A*-gradation (see paragraph from g

in the standard way, for w = [s1] - [s,] € AT, we set

Tw(g) =95, @+ ® g, (5.18)
and

Ty,. = T9(g) = k.17 (5.19)
then

T(g) = EP Tulo). (5.20)

weA*

One can check easily that this constitutes a (yet non-commutative) grading as, for all
u,v € A,
Tu(9)-Tu(g) C Tu(g). (5.21)

In the sequel we will use the following regrading lemma.

Lemma 5.3. Let S,T be two semigroups (commutative or not) and ¢ : S — T be
a morphism of semigroups. Let A = @ .4 As be a S-graded algebra (associative or
not). We set, fort € T, Ayi = D)= As- Then Ay = D, cr Ay is a T-graded

algebra.
Proof. The proof is left to the reader. n

Now, p: A* = SU{0},81...8x = S1+ ...+ Sk, L4« — 0 is a morphism of monoids
(S {0} is the monoid with neutral 0 constructed from (S, +)), the tensor algebra can
be regraded (through Lemma with a S L {0}-graded structure
T(g)= €P T.(), where Ti(g) = @ Tuls). (5.22)
SESU{O} weA*
m(w)=s
Now, let us consider the ideal J of T'(g) which is generated by all elements of the form

a®b—b®a— [a,b] where a,b are homogeneous, say a € gs,b € g;. As [gs, 8] C gsis
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(s,t € S), the ideal J is homogeneous with respect to the gradation (5.22)). Therefore
the enveloping algebra U(g) = 1(8) /7 can be equipped with an induced S U {0}-

gradation

Ug)= P U.(g), where U,(g) =1(08) / 7. (5.23)
seSu{0}

Moreover, it is easily checked that U(g) is a SU{0}-graded Hopf algebrai.e. that Ay, ey
and 15, : k — U(g) and the antipode Sy are graded morphisms (k being SLI{0}-graded
with (k)p = k and (k)s = {0k} for s € S, = S\ {0s}).

5.4.3 Iterated smash products and sup-gradings.

In order to formulate a theorem about iterated smash products, we start with (A, <) a
totally ordered alphabet. Let S4 := {A,V} be the corresponding max-semigroup (i.e.
aVb=max{a,b} for all a,b € A) and g = @, , 9. a Sa-graded Lie algebra (i.e. for

all a,b € A, [ga, 95] € Omax{ap})- Let us consider

L. the formal direct sum M = @, ., U (gs) (where U, (g,) is the augmentation
ideal of the universal enveloping algebra U(g,)). In this module, all U, (g,) has
degree a, i.e. (M), =U:(ga)-

2. the language of strictly increasing words ST(A) C A*, formally
SI(A) :={we A" | for all j <Jw|, w[j] <w[j+ 1]}
where, for a word w and 1 < j <|w]|, w[j] is the letter of w at place j.
3. the decomposition T'(M) = P Tw(M)

4. the space Tsr(a) := D, es1(4) Tw(M) where SI(A) C A* is the language of strictly

increasing words
5. the language of (weakly) increasing words WI(A) C A*, formally

WI(A) :={we A" | forall 1 <j < |w|, w[j] <w[j+1]}.

175



5.4. APPENDIX C: STRUCTURES OF BIALGEBRA TYPE.

The following theorem states two things. Firstly that Ts;4) is a section of the natural
morphism T'(M) — U(g) and secondly that rearranging the tensors in increasing form
converges towards the projector on T'sy(4) parallel to the kernel of the natural morphism.
To this end, we must define what is “rearranging the tensors” and will use the structure
of paths of computations through appropriate labeled graphs in the spirit of [48]@.

We need the following remark and definitions

Remark 5.3. Given a,b € A with a < b, by using the fact that [g,, gs] C gs, then
the mapping o : g, — Der(gy),x — (ad, : y — [z,y]) is a morphism in k-Lie.
By Example [2.7, one has a left U(g,)-module algebra action > : U(g,) @ U(gs) —
U(gy), 2 @y — x>y = ay(z)(y). Due to the proof of Lemma [2.26] the mapping
T U(ga) QU(gs) = U(gy) @U(8a), 7 @Y = X1y M >y @ 23 s an algebra cross in
k-Mod. Note that we have

T(U(ga) @ Uy (96)) CUL(g5) @ UL (8a) + UL (8) @ i

Thus, if we denote 79 = (S, ®Sp)0T12070T120(5,®S,) = U(gy) RU(ga) — U(ga) QU (gs),
where 715 is the standard twist map which interchanges the two factors in the tensor
product and S, (resp. S,) is the antipode of the Hopf algebra U(g,) (resp. U(gs)),

then one has

To(Us(8p) @ U4 (8a)) C UL (ga) @ UL(g5) + 1ic @ Uy (gp).

We now have to build a transition structure similar to what is defined in [101] p.200

Fig 6.4, here the set of states will be infinite.

Definition 5.3. With the preceding notations, we define

The graph of transitions [';..,s

(a) Vertices: All finite sets of words 2(47).

(b) Elementary Steps: Their set will be noted ES. These steps are of three types:
First type (Reduction of inversions) o = ({ubav}, pq, {uabv, ubv}) with a < b

and

Pa @ TuRTpOTa®Ty = Ty ®To(Th ® Ty) ® Ty (5.24)

12For a modern version, see [49].
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(f)

where 79 is the “twist” of the smash product (see Remark [p.3)). It can be shown
that

To(Us (86) @ UL(9a)) C Uy (ga) @ Ui () + 1 @ Uy (g1) (5.25)
therefore the result of this reduction process belongs t0 Tyap, (M) & Type (M).
Second type (Reduction of powers) a = ({uav}, pq, {uav}) with p > 2, by

p factors in vy (ga)

-~

Vo @ 2,Q 2P ®---® xfﬁ Qr, = 2, @ V- 2P @z, (5.26)
—_——
multiplication

the result of this reduction process is in Tya, (M).

Third type (Loops) a = ({w}, @a, {w}) for w € SI(A) with ¢, = Idr,.

All the preceding (linear) maps ¢, (of first, second and third types) are extended
by 0 outside of their definition domains (Tpe, (M) for the first type Tyary (M) for
the second and T,,(M), w € SI(A) for the third).

Summarizing, all ¢, belong to End(T'(M)).

General arrows i.e. all arrows of I'4,s. Their set is denoted GA. It is the set
of triplets (Fy, ®, Fy), with F; € 247 & € 2(F9) (finite sets of elementary steps)
such that

(a) for all w € F) exists one and only one elementary step in a € ¢ with
t(a) = {w} (its tail).

(b) Fy = Uaeah(a) (union of their heads).

Tail and Head: For every general arrow o = (Fy, P, Fy), we set t(a) = F}
and h(a) = F,. This definition is extended for elementary arrows by (for o =

(F1, @, F3)) the same projections (i.e. t(a) = F; and h(«) = F).

Composition of Arrows: Composition of (Fy, ®q, F») and (Fy, ®o, F3) is (F7, $oo
(I)l, Fg) where

Dy 0 @1 = {pra(B) opra(@) | B € Po, 0 € @1, 1(5) € h(a)}

Paths: A path in I'y.4,s is a word P = a7 ---«,, € GA* such that, for all j <
|P| (= n), h(a;) = t(cj41), we classically have t(P) = t(ay) and h(P) = h(a,).
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The evaluation of P, Ev(P) is the composition of all the linear maps of its arrows

ie. with P=ay---ap,
Ev(P) = pra(ay) o -+ opra(ay) (5.27)

Norm: For all w € A* we set norm(w) = 3IvHm W) (where Inv(w) =
8{(1,7)]1 < i < j < |w| and w[i] > w[j]}). This definition is at once extended
to finite subsets of F' C A* by norm(F) = } _rnorm(w). We remark that,
for all elementary arrow « of the two first types, norm(¢(a))) > norm(h(«)) and
equality is got for the third type. Hence, for any general arrow o = (Fy, ®, F}),
norm(t(«)) > norm(h(c)) unless Fy = F, C SI(A) in which case we have equality

and all arrows of ® are of third type.

Aperiodic paths: An aperiodic path is a path whose last arrow has identical
head and tail i.e. o, = (F, ®, F), this entails that F* C SI(A) and that all arrows
of ® are of third type.

Remark. — Conditions (b.i) and (b.ii) above say respectively that there is no
outgoing computation fork (i.e. two different elementary steps) from one w € F}

and that F5 is the image of F; through the arrows of ®.

Theorem 5.4. We consider the canonical morphism defined by multiplication of factors

can: T(M) — U(g) (5.28)

€. CaNl i Tg, @+ @ Tq, = Tqy * " Tay,-

Then, with the notations and constructions above, one has

1.

Fvery sufficiently long path in Uy.qns with origin Fy is aperiodic and ends with a
subset F,, C SI(A). More precisely, let Fy be a finite subset of A* (i.e. Fy € 2(47))

and

N = norm(Fy) = Z gUInv(w)+hwl)

weF

(where, again, Inv(w) = 1{(i,5)|1 <i < j < |w| and w[i] > w[j]}).

We consider a path of Uypans originating from Fy
Fp 2 Fy 225 .o, 2 F, % o (5.29)
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Then, if n > N + 1,

i) This “sufficiently long” path (5.29) is aperiodic.
This entails F,.1 = F,, C SI(A) and ®,, C ES3 (where ES; C ES is the
set of elementary steps of the third type).

i) The canonical morphism, can, restricted to Ty, is onto and
T(M) = Tsray ® Ker(can) (5.30)
in other words Tsy(ay = @weSI(A) Tw(M) is a section of can.

2. Let us call proj, the projection on Tsyay parallel to Ker(can) and, for allF C A*,

let us denote by proj|p the restriction proj|q, 1., then

i) For any chain of tensors (t1,--- ,t,) such that supp(t,) C SI(A) and such

that, for all 1 < j <mn, can(t;) = can(t;41), we have t, = proj(t;).
ii) The evaluatioﬂ of the path iS Projp, .
Proof. 1. i) It suffices to remark that, for every step (F,®, F")
1. either ® ¢ ES3 and norm(F”’) < norm(F)
2. or ® C ES3 and then
(a) F=F C SI(A)
(b) any further step of the path is a loop.

ii) As, in the preceding preceding point, the steps are preserving can-evaluation i.e.
®;

for any for 1 < j < n, step Fj Fj41 and tensor t € @wEFj T.,(M), we have
can(t) = can(cheq,j ©(t)), by composition, we get that for the “sufficiently long” path
P =(5.29) and t € @,,cp, Tw(M), can(t) = can(Y_ cp,(p) P(t)). As F, C SI(A), we

can use the following

Lemma 5.5. Let f: M — N be a linear morphism of two modules. We suppose given
(M;)ier a directed family of submodules (of M) such that, setting My := J;c; M; the
submodule of M,

13See the equation (5.27).
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(a) For alli € I, f|u, is injective.

(b) flm., is onto.
Then M = M., & Ker(f).

and one gets the result.
i) Condition can(t;) = can(t;41) means that, for every step ¢; — t;11 € Ker(can),
then proj(t;) = proj(t;+1). Hence proj(t,) = proj(t,) = t,.

ii) Is a direct consequence of (2.i) above. O

Example 5.4. A computation scheme, starting from 3222 with a swap episode followed

by reduction of powers, is as follows (note that last step is aperiodic with F' = {23, 3})

3222 — 2322 — 2232 — 2223

\ \ 232\ 223\> 23
\ S~ P (5.31)

32 —— 23

[N

3

~
w
w

Remark 5.4. i) Any computation
t1 =t = =1,

such that, for all 1 < j < n, t; —t;41 € Ker(can) and support(t,,) € SI(A) gives the
same result (from ¢;) which is proj(t;).

ii) As a consequence of Theorem (1.i), in case when g admits a A-graded linear
basis (then as a A-graded module, the original theorem is more general), the canonical
morphism can : T'(M) — U(g) preserves a linear basis of the tensor subspace T'gy(4) =
Desra) Tw(M) (recall that SI(A) C A”is the language of strictly increasing words)

to the universal enveloping algebra U(g).

We now pass to the following application of the graded structure of SU{0}-
graded Hopf algebras U(g) in case g being the infinite Drinfeld-Kohno Lie algebra
DKy~ (for the definition of this Lie algebra, see Proposition and moreover we
have studied that DKy oo = €D,,55 DK( ) is a (Nxg, V)-graded Lie algebra over k (see

the formula (2.110))).
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Let us recall that 7o = {#; j }1<i<j<+o0o b€ a set of non commutative variables and then,
the universal enveloping algebra of the infinite Drinfeld-Kohno Lie algebra is presented

UDKiso) = ( Too | R[o0] o po AU = ¥{To0) / Trioc]

which is the quotient of the free associative algebra k(7.) modulo the ideal Jgrjs
generated by infinitesimal pure braid relations R[oo] = R4 [0o]URz[o0]URg[o0] (2.107)),

where

° Rl[OO] : [ti7j7ti,k‘ —{—t]”k] for1 <4 <] <k< +00,

o Rofoo] i [tij+tig, tix] for 1 <i<j <k < +oo,

e Rj[oo] @ [tij, tgy] for 1 <i<j<+4o00,1<k<l<+o00and [{i,],k, I} =4.
Definition 5.4. i) We consider the natural projection s : k(75) — U(DKy ) and,
for convenience, for all polynomials P,Q € k(7..), we will denote by P = @ the fact
that s (P) = 55(Q) i.e. P —Q € Jr)-

ii) A pair of adjacent letters ¢; ;tx,; is called an inversion if j > .

iii) A word of form ¢;, j tiy iy ---tinj, € T, form > 0and 2 < j; < jp < ... <j,
(it means it has no inversion), is called in normal form, and the set of all such words
named Inc(oo).

Due to this definition, we can expand the above relations as follows:

1. Ryfoo]: For 1 <i<j <k <400,

tij,tix +tix] = 0
e ti,jti,k — ti,kti,j + ti,jthc — tj,kti,j =0 (532)
<~ ti,kti,j = tz’,jti,k + ti,jtj,k — tj,kti,j-
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Observing the positions of the letters on the table
T, ... T, Tiy T
tig ... tij 141 1k
Too - R t'i,j ti,j—i—l tiJf
tjj+1 bk
tit1k

we can model the last equality of (5.32)) as follows

=+ N\

_7’\_

2. Rafoo]: For 1 <i < j <k < +oo. Similarly as above, we have

[tij+tik, tixl
< tijtik —tiktiy +titie — tixtik

< tj,kti,j

and then

=0
=0

= ti’jtjyk + tz‘,ktj,k — tj,ktz',k

=N

Replacing (/5)) to (/1)) we have that

—=—+1T-1.
3. Ra[oo]: For the case [{i, 7, k, 1} =4,
[ti,ja th] =0
< Lijtey = tratiy
we can model as
N=EN, or J=".
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Note that moving \,, \_between two positions having row-index of this position equal
to column-index of the other position, but™, ~\_having different indices one by one.
The three modeling equalities , and help to represent any word in combi-

nation of normal forms. Firstly we have the following lemma.

Lemma 5.6. Let w be a word having inversion t; jty; (i.e. w = wit; ity we such that
j >1). We can represent this inversion part (only the inverted factor) by a combination

of normal forms.

Proof. In this case k <[ < 7. We then have the following cases.
o If |{i,7,k,I}| =4, by we have w = wity t; jws.
o If |{i,j,k,[}| = 3, it is one in the two subcases:

— it i = k, it means w = wit; jt;;we. By we have w = wt;t; jws +

wltl,jti,ng — wlti,jtl,ng.

— if i =, it means w = wit; jty;we. By (note that k < i < j) we have

w = wltkiti’ng -+ wltk,jti’ng — wltmtk,ij.

We have the following simple examples.

Example 5.5. 1) For w = t173t172t275t374 € Toiv then

inversion

—~
t13t12 ta5t34

w =
= (tiotis +tastis — tistas)tastsa
inversion inversion inversion
. —~ —~ A~
= t19l13 2534 +o3l1 3125834 —11 3123 ta5l34
2]

t12t1,3t34l25 + to3l1 3t34t0 5 — L1302 313 42 5.

11) For w = t273t172t2,5t374 S 7:;, then

inversion

—~
w = tagliotaslazy

s

(t1otos + t13tas — tastis)tastsa
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inversion inversion inversion

—~
= t1ola3 tosla g +l13ta 3 tasts s —ta 3ty 3ta5t34

[=

t1ot23t34l2 5 + t1,3l23t3.4t0 5 — T2 31 383 412 5.

Note that Lemma (.6 can be used to remove an inversion between some two suc-
cessive positions of a word w over T, but, sometimes solving this inversion can make a
new inversion, however this procedure terminates. In fact, at this stage we are going to
study a linear basis in the universal enveloping algebra of the infinite Drinfeld-Kohno

Lie algebra DKy .

Proposition 5.7. The image of the set of normal forms, s (Inc(c0)), is a k-linear

basis of the associative k-algebra U(DKy o).

Proof. This proposition is a direct application of Remark (ii) to the alphabet A =
N>, and the (N, V)-graded Lie algebra DKy o = €D,,>5 DKl((mo)o (2.110]) (we remark
that each augmentation ideal U+(DK1(:7”O)O) =k, (T,,) in k-AA). O

We now arrive to write an algorithm to implement that any element w = ¢, j, ... %, .

of T can be expressed as a linear combination of normal forms as follows.

Algorithm 1 Algorithm represents a word in form of combination of words in

Soo(Inc(00))
Input: A word w =t j, ...t 4 o itinjn € Tk

Output: Representation of w by combination of elements in s (Inc(co))
Assign C' :=w = t'...t" (re-indexed for more simplicity)
for k£ form 2 to n do
m=k
for v in C' do
while m > 1 and t™ '™ is an inversion do
Dispose the two letters due to (7)), and and then update to C
m:=m—1
end while
end for

end for
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Example 5.6. The following are obtained by program Algorithm (1) on Maple :

tigtigtistiotiy = — 2610t 3t1 381,323 — 2t23t1 381 3013823
+ 11 3t1,3t1,3l23t23 — 1,381,381 3813823
+ t13t1,3t1,3t2,301,3 + 261 2l2 381 3813813
+ t13t23t1 301,3t1,3 — 23t 3t1 3013013
+ lo3ta3t1 3t1,3t1,3 + t1 21 201 311 381 3;
tyelrotertzelsg = — taelerlartrots o + taelsrlertrols o + taelsele,rt79ls 9
— tapleot30l79t89 + Laetsoleol7otg o + taetseleol7ots g

+ ta6lroteolsots o — taslrolzoteolsy — taelsel7oleotso.

5.4.4 Hopf structures of the k-module of noncommutative poly-

nomials.

We first review in [94] §1.5 that the k-module k(X) of the noncommutative polyno-
mials has two natural graded Hopf algebra structures which are dual to each other (in

the graded sense).

The first one is Heone(X) = (k(X),conc, 1x+, A, €), where the cocommutative

coproduct A, (so called the co-shuffle coproduct) defined as
Ay k(X)) = k(X) @ k(X) (5.35)

which is a unique algebra homomorphism for which the words x € X, are primitive

elements

More precisely, for any polynomial 7',

Au(T)= > (T|uwvyuew.
u,veEX*
The counit € : k(X) — k is given by €(7') = (T" | 1x«) for all polynomials 7. The
antipode S : k(X) — k(X) is the k-linear map defined, over words w € X*, by
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S(w) = (—1)"lw, where w reverses the order of letters in the word w.

We now state to the following remarks

Remark 5.5. i) We recall that the universal enveloping algebra of a Lie k-algebra

ii)

g is a pair (o,U(g)), where U(g) is an object in k-AAU and 0 : g — U(g) is a

morphism in k-Lie, which is a solution of the following universal problem:

k-Lie < P k-AAU
f
ittt S >A
9000 (5.37)
o] Tf
TR
U(g)

This arises that there exists the universal enveloping functor
U : k-Lie - k-AAU, g+~ U(g) (5.38)
which is a left-adjoint to the Liezation functor F'.

We also recall a noncommutative cocommutative Hopf structure of the enveloping

algebra U(g) of a Lie k-algebra g. We construct a Lie algebra morphism
6:9—U(g) ®Ug)
by the formula
)=z 1+ xR, (5.39)
for any 2 € g. By the universal property (5.37), § extends to a unique algebra
homomorphism

Ay U(g) = U(g) @U(g)- (5.40)

Moreover, there exists a k-linear map (called the antipode) Sy : U(g) — U(g)
characterized by Sy(x) = —x for any = € g, and an algebra homomorphism (that
is the counit) ¢, : U(g) — U(0) = k induced from the projection g — 0 (where 0
is the trivial Lie algebra). The reader can easily verify that (U(g), t, 1k, Du, €u)

satisfying the axioms of a Hopf algebra.
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Remark 5.6. With the notations mentioned as above, we have

i)

ii)

iii)

In a general Hopf algebra H with the coproduct Ay, we call an element a € H
is primitive if Ay(a) = a ® 1y + 13y ® a. The set of all primitive elements in
‘H forms a Lie algebra (with a usual Lie bracket [z,y] = xy — yx) denoted by
PrimH.

In the case H = U(g) the universal enveloping algebra of a Lie k-algebra g, by the
above Hopf structure of U(g) one observes that any element in g is primitive i.e.
g C PrimU(g) (and coincides if k is a field of characteristic zero, cf. Bourbaki
[13] Ch II §1.5 Corollary to Prop 9 or Cartier [21] Thm 3.6.1).

Let us consider now from the first part of Subsection [1.2.5] it provides that the
free Lie algebra £y (X) is the Lie subalgebra of k(X) generated by X. Together
with its canonical map j : Lx(X) — k(X), it is not hard to see that the pair
(7,k(X)) is a solution of the universal problem ({5.37)) in the above remark. We
thus deduce that the free associative algebra k(X) is the universal enveloping
algebra U (Ly (X)) of the free Lie algebra L (X), these algebras are inherited the
same Hopf structure Heonc(X) = (k(X), conc, 1x+, Ay, €) (cf. Bourbaki [I3] Ch
I §3.1 Cor 1). Then, it is used to obtain the embedding Ly (X ) C Prim Hcone(X)
(they are equal if k is a field of characteristic zero, cf. Bourbaki [13] Ch II §3.1
Cor 2).

The second Hopf algebra structure will be the graded dual of Heone(X), namely

Hu(X) = (k(X), 1, Ly, Aconc, €). That is a commutative graded Hopf algeba with

the shuffle product and the deconcatenation coproduct Acone @ k(X) — k(X) @ k(X)

given by, over the words w € X*,

Aconc(w) = Z U . (5.41)

More precisely, for any polynomial 7', we can write

Aconc(jﬂ) - Z <T | UU>U X .

u,vEX*

The counit and the antipode are respectively given by € and S as previously.
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5.4.5 Zinbiel bialgebra and its dualisation.

According to [I8], Burgunder constructed completely Zinbiel bialgebras and its du-
alisation in case the left (<) Zinbiel product. In view of later developments, we will
similarly study the fundamental results of Burgunder’s framework in case the right (>)

Zinbiel product with these notations translate into z < y :=y > x.

We recall in Definition that a k-module A over k a unital commutative ring
equipped with a bilinear map > is called (right) Zinbiel algebra (or dual Leibniz alge-
bra) if it satisfies the identity

r-(y=2)=@>y) =z+y>x) >z forall z,y,z € A (5.42)

The behavior of > with respect to the unit 14 € A is given by (for any 14 # = € A)
g =2 =x,2 > 14 =0 and 14 > 14 is not define. The corresponding algebra
(A, *,14) is the unital commutative associative algebra obtained by the symmetrized

product
TRY=T =yY—+y T (5.43)

The tensor product of a Zinbiel algebra (A, ) with itself will be a Zinbiel algebra

equipped with following Zinbiel structure:
i (A A) @ (A@k A) = Ay A, (5.44)
where (1] ®k x2) > (y1 @k y2) = (21 > Y1) Qk (22 * y2). In particular, for unital setting,
(la®k ) = (1a @k y) =14k (z = y).

Definition 5.5. In the unital frame work, an As®-Zinb-bialgebra, or a Zinbiel bialgebra
is a (right) Zinbiel algebra with unit (Z, >, 1z) endowed with a structure of (counitary
coassociative) coalgebra A : Z — Z®y Z, e: Z — k, whose compatibility relation is

unital semi-Hopf
Alx =y) = Ax) = A(y).
More precisely,
Alz) = Aly) = (aW @xa®) = (4" @xy®)
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here we used a shorthand Sweedler’s notation A(z) = 37 ) =) @k 2® = 2V @ 2,
for any x € Z (this is similar to Einstein’s summation convention in mathematical

physics, where the dummy summation index (1)(2) is dropped).

Example 5.7. Z,(X) = (K(X), L, 1x+, Aconc, €) is a Zinbiel bialgebra, where the
coproduct Agone and the counit e were studied in Appendix above and the unital

semi-Hopf relation Aqopnc(z L Y) = Aconc(7) L Aconc(y)-
We now study a dualisation of the above Zinbiel bialgebra.

Definition 5.6. A (right) Zinbiel coalgebra is a k-module C equipped with a cooper-

ation
A, C—C®C
satisfying
(Id®A, ) o Ay = (A, ®1d) o Ay + (TA. @1d) 0 A,

here 7: C ® C — C ® C is the standard twist map which interchanges the two factors.
A (right) Zinbiel coalgebra is said to be counital if it admits a linear map e : C — k

which satisfies

(e®Id)o A, =1d,
(Id ®€) ° A>— = 07
note that (e ® e) o A, is not define. This notion is dual to the notion of (right) Zinbiel

algebra in Definition [3.2l Moreover, the cooperation A, :=7A_ + A, : C - C®C is

coassociative cocommutative and counital.

Definition 5.7. In the counital frame work, a Zinb®- As-bialgebra is a unital associative
algebra (Z,u,1z) endowed with a structure of a counital (right) Zinbiel coalgebra
(Z,A,, e) verifying the following compatible relation

Acop=(p®u)o(lder®ld)o (A, ®A,).
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Let us consider the co-half-shuffle coproduct A, : k(X) — k(X) @ k(X) which is

a k-linear map defined over words as follows

Ap(lx) = Ix-®1xs,
Ar(l') = 1X* ®l’,:L'EX,

L

Ap(rize) = (1@ 1x« + 1x- @ 21)(1 @ 22), 21, 72 € X,

Ar(zy-my) = Au(xr 2 1)Ar(x,), 21 2, € X7,

r r
L L

or, equivalently, for each polynomial T such that (T | 1x+) = 0, then

Ap(T)= > (T |ubvju®w, (5.45)

u,vEX*

here we used the notation (w | 1x+ L 1x+) = 0 for any non empty word w.
Example 5.8. We have the following
i) It is easy to verify that (Id®@A;)oAr = (A; ®@Id)o Ay + (TA; @Id)o A, and

(e®1d)oA, =1Id,
(Id ®€) o Ar = 0.

T
L

Thus, (k(X),Ay,€) is a counital (right) Zinbiel coalgebra. Furthermore, the
cooperation A, = TALL + ALL =A,.

ii) The k-module k(X) of noncommutative polynomials on X has two natural gen-
eralized graded bialgebra type structures which are dual to each other (in the
graded sense). The first one is the Zinbiel bialgebra (or As‘-Zinb-bialgebra)
Z:(X) = (k(X), 1L, 1x+, Acon, €) discussed in Example [5.7] and its graded dual
is a Zinb®*-As-bialgebra Zeon(X) 1= (k(X), conc, 1x-, Ay, €), where the co-half-

shuffle A, satisfies the compatible relation
A o conc = (conc® conc) o (Id@7T ®@Id) o (Ay ® A ),

i.e. for any polynomials T, P then A, (TP) = Ay(T)A (P).

”
L

190



CHAPTER 5. APPENDIXES

5.5 Appendix D: Maple Outputs.

5.5.1 Lyndon basis and its dual.

Table of families { P, }wex+ (Lyndon basis) and its dual {Sy, }wex:-

Let X = {xg,z1} with ¢y < 1.

l P Si
xo xo xo
x1 X1 x1
ZoT1 [z0, 71] ZoT1
x%xl [z0, [0, 21]] x%xl
Tox? [[z0, 1], z1] Tox?
z31 [0, [T0, [T0, 21]]] z31
gt [0, [[zo, 1], 21]] wjt
ToT3 [[[zo, 1], 1], x1] T3
o1 [0, [0, [x0, [zo, z1]]]] g1
gt [0, [0, [[zo, z1], z1]]] it
312071 [[z0, [0, z1]], [T0, z1]] 2233 + 23T1T0T1
wjr] [z, [[[z0, z1], 21], 21]] wjr]
xomlxomf [[z0, z1], [[x0, 1], 21]] Sx%ﬁ + xoxlxox%
oz [[[[z0, z1], 21], 21], 21] zox
wgr1 | [20, [0, [wo, [zo, [z0, 1]]]]] )
zgzi | o, [zo, [0, [[zo, 21], 21]]]] g7
3r1z071 | [20, [[T0, [T0, 21]], [T0, 71]]] 2233 + 23T 17011
vgri | [20, [vo, [[[zo, 21], 1], 21]]] it
23112072 | [20, [[T0, 1], [[T0, 71], 71]]] 3373 + 2dr 3073
3x3zoz | [[wo, [[z0, 71], 71]], [v0, 21]] | 62323 + 3xdx1202? + 2E2iT071
wgrt | [wo, [[[[zo, 21], 21], 21], 21]] wgr
zor12073 | [[70, 21], [0, 21], 21], 21]] 4adz} + wor17073
vor} | [[[l[wo, 21], 21], 1], 1), 2] oz}
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