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Chapitre 1

Introduction

Cette thése de doctorat aborde deux grandes notions. La premiére porte sur des
modeles de débruitage puis de complétion de séries temporelles multidimension-
nelles de grande taille représentées par des matrices. Nous proposons un package
R dans lequel une méthode de débruitage existante a été implémentée. En com-
plétion, nous montrons, moyennant une condition sur la matrice de bruit ainsi que
sur la composante déterministe des séries temporelles, des bornes de risque pour
I’estimateur de la matrice plus fines que celles connues en 'absence de structure
de série temporelle. La seconde notion abordée dans cette thése porte sur l'es-
timation dans des modéles d’équations différentielles stochastiques (EDS). Nous
nous concentrons sur un estimateur non-paramétrique de la fonction de drift d’une
EDS dirigée par un mouvement Brownien. Nous proposons plusieurs versions d’un
estimateur de Nadaraya-Watson calculées a partir de copies indépendantes du pro-
cessus de diffusion et établissons des bornes de risque pour ces estimateurs.

Ces derniéres décénnies, la modélisation des systémes dynamiques aléatoires
est devenue de plus en plus populaire dans de nombreux domaines, notamment
en biologie, en économie, en finance, en ingénierie ou encore en sciences sociales.
Cela est en partie dii au développement de puissants outils informatiques qui
permettent de collecter et d’analyser de gros volumes de données afin de mieux
comprendre et prédire le comportement de systémes dynamiques complexes. Plu-
sieurs approches sont possibles lorsqu’il s’agit d’étudier le comportement de tels
systémes. Nous en détaillons deux dans cette thése : nous nous concentrons, d’une
part, sur I’étude de séries temporelles multidimensionnelles de grande dimension
représentées par des matrices et, d’autre part, sur I’étude des systémes dynamiques
modélisés par des des équations différentielles stochastiques. Nous cherchons a es-
timer, dans les deux cas, la tendance du processus intervenant le systéme dyna-
mique étudié. Enfin, il est important de noter que dans les deux cas, 'approche
choisie permet de considérer des séries non-stationnaires.

Notre travail est organisé en trois parties distinctes. Nous commencerons par
une présentation générale des concepts étudiés au cours de cette thése et intro-
duirons les différentes problématiques abordées. Ensuite, dans la deuxiéme partie,
nous examinerons de maniére plus approfondie les méthodes d’estimation dans



des modéles de matrices de séries temporelles de grande dimension. Enfin, dans
la troisiéme partie, nous nous concentrerons sur un estimateur spécifique, a savoir
Iestimateur de Nadaraya-Watson pour la fonction de drift d’une équation diffé-
rentielle stochastique, calculé & partir de copies indépendantes du processus de
diffusion.

1.1 Estimation dans des modéles de séries tempo-
relles de grande dimension

Depuis plusieurs années, les modéles de séries temporelles font ’objet de nom-
breuses études car ils permettent de mieux comprendre le fonctionnement de nom-
breux systémes dynamiques aléatoires (cf. [, [6]). Depuis les années 1970, les mo-
déles classiquement utilisés sont basés sur ’hypothése que le comportement d’une
série temporelle a un instant donné peut étre expliqué par ses valeurs passées, ses
erreurs passées ou bien les deux. Par exemple, les modéles ARMA, les modéles
GARCH et toutes leurs extensions sont définis de cette maniére 1a (cf. [12]). Nous
ne détaillerons pas les équations qui définissent chacun de ces modéles, mais d’une
facon générale, une série temporelle univariée peut étre modélisée par un processus
(X})iez satisfaisant une équation du type

FO(Xt—Hp ooy Xy Mty - - - 777t—p) =0;te’, (1.1)

o p,q € N, 7 = (1)1ez est un processus stationnaire du second ordre, souvent
un bruit blanc, et F = (Fy)sco est une famille de fontions continues de R2P+a+1)
a valeurs dans R et indexées dans un ensemble ©. Un des avantages du modéle
(L.1)) est que 'on peut choisir F de sorte a prendre en compte les propriétés
connues sur la dynamique du phénomeéne sous-jacent modélisé. Ces modéles sont
notamment utilisés en économie pour modéliser et prédire certaines variables éco-
nomiques telles que le produit intérieur brut, I'inflation ou encore le chomage (cf.
[8]). En santé publique, par exemple, 'incidence des maladies infectieuses telle
que la grippe et la détection des épidémies sont également modélisées de cette
facon (cf. [9) [10]). Cependant, la majorité des travaux sur les séries temporelles
se sont concentrés sur des modéles univariés a I'exception de quelques uns tels
que le modéle VCEM ou VARMA (cf. [111 [7]). Bien que trés souvent utilisés, ces
modéles classiques présentent certaines limites et ne s’appliquent pas a des problé-
matiques plus compliquées. Il est également difficile de contourner la condition de
stationnarité sur n. L’approche matricielle est, quant a elle, particuliérement facile
a étendre au cadre multidimensionnel et a déja fait 'objet d’une étude théorique
approfondie depuis les dix derniéres années pour des séries statistiques non néces-
sairement temporelles. C’est en particulier la popularité du challenge Netflix, avec
les algorithmes de recommandations de films, qui est & 'origine de nombreuses
recherches dans ce domaine (cf. [13, 22| 25]). Dans ce contexte, il s’agit d’étudier
une matrice dont chaque ligne représente un utilisateur Netflix et chaque colonne
correspond a un film de la plateforme, comme illustré dans le tableau ci-dessous.



A la position (7, ) de la matrice, on retrouve la note rentrée par l'utilisateur i
sur le film j. Dans ce cas, les algorithmes de complétion permettent de prédire
les entrées manquantes de la matrice en estimant les notes que chaque utilisateur
pourrait mettre aux films non visionnés. Cela permet ainsi aux algorithmes de
recommandation de proposer, selon le profil de l'utilisateur, des films qu’il est
susceptible d’apprécier.

Film 1 | Film 2 | Film 3 Film T
Utilisateur 1 9 1 3 8
Utilisateur 2 ? 6 ? 7
Utilisateur 3 9 1 ? 8
Utilisateur d 8 ? 3 ?

Les premiers articles théoriques sur le sujet traitent de méthodes de factorisation
et de complétion de matrices de faible rang ayant des entrées indépendantes et
identiquement distribuées (cf. [14] 151 [16] 7)), ce qui est notamment le cas avec les
algorithmes de recommandation. L’objectif, dans ce cas, est d’estimer une matrice
donnée par un produit de deux matrices de rang inférieur, dont les lignes de I'une
d’entre elles peuvent étre interprétées comme des facteurs latents et ainsi capturer
I'information essentielle dans les données. En d’autres termes, si une matrice est
de grande dimension, I’hypothése de faible rang suggére qu’elle peut étre représen-
tée comme une combinaison linéaire de vecteurs de base de plus petite dimension.
L’approche matricielle présente ainsi un avantage certain car cette hypothése de
faible rang permet de réduire la dimension du probléme et donc la complexité de
I’analyse liée & la manipulation de matrice de grande taille. Au-dela des systémes
de recommandation, les méthodes de factorisation de matrices de faible rang s’ap-
pliquent avec succés dans des domaines variés tels que l'estimation de données
manquantes (cf. [26]), 'analyse de données génomiques (cf. [27]), le traitement du
signal (cf. [28]) ou encore lanalyse de données textuelles (cf. [29]). Cependant,
quelque soit le domaine étudié, les méthodes de factorisation et de complétion de
matrices existantes ont été developpées dans un contexte ou les observations sont
indépendantes les unes des autres, ce qui n’est pas le cas lorsque 1'on étudie des
séries temporelles. Par ailleurs, aucune justification théorique n’a été fournie sur
le fait qu’elles peuvent étre utilisées pour des observations dépendantes. L’objet
de nos travaux était donc d’étendre ces méthodes existantes a 'analyse de séries
temporelles de grande dimension, un cas particulier de données dépendantes. En
effet, dans notre travail, on étudie cette fois des matrices dont chaque ligne re-
présente une série temporelle et chaque colonne correspond & une observation des
séries dans le temps :

Temps 1 | Temps 2 | Temps 3 Temps T
Série 1 9 1 3 8
Série 2 ? 6 ? 7
Série 3 9 1 ? 8
Série d 8 ? 3 ?




L’objectif reste le méme, reconstruire la matrice pour laquelle on ne dispose que de
certaines entrées, tout en prenant en compte cette fois la difficulté que peut engen-
drer la structure de séries temporelle dans les lignes et notamment la dépendance
qu’il va y avoir entre les colonnes de la matrice.

1.1.1 Débruitage de séries temporelles de grande dimension

Avant de rentrer dans les détails de la complétion, abordons un des principaux
problémes que 'on peut rencontrer lorsqu’on étudie des séries temporelles : le
débruitage. Notons M la matrice observée de taille d x T et dont chaque ligne
est une série temporelle. Le but du débruitage est d’estimer la matrice ®° dans
le modéle suivant

M=0°"+¢ (1.2)

ol ©° et ¢ sont des matrices de taille d x T'. On réécrit ici la matrice M comme la
somme d’une matrice deterministe ®° de faible rang k € N* (k < dAT) et d’une
matrice aléatoire €. De plus, en utilisant les méthodes de factorisation, la matrice
©° peut s’écrire comme le produit UV de deux matrices U € Mgx(R) et V €
M r(R). La matrice d’erreur €, quant a elle, a des lignes centrées, indépendantes,
identiquement distribuées, sous-gaussiennes et a pour matrice de covariance X,
prenant ainsi en compte la dépendance temporelle entre les différentes colonnes
du bruit. La matrice ® est estimée en résolvant le probléme des moindres carrés
suivant :

©ca i M — UV|2 1.3
T L, | k3 (1.3)

oll, pour toute matrice A, [|A||% := trace(AA*). De plus, du fait de la présence
de séries temporelles dans M, les auteurs de [24] ont montré que I'estimateur
de @° pouvait étre ajusté pour prendre en compte une éventuelle périodicité ou
régularité dans les tendances des séries étudiées. Pour ce faire, ils ont réécrit la
matrice ©° de la fagon suivante : @° := T°A ou T" := UV avec U € My.(R),
V € M.+ (R) et A est une matrice connue de taille 7 x T, (1 < T'), reflétant les
propriétés liées a la structure temporelle des données. Plus précisemment, deux cas
ont été étudiés dans leurs travaux, chacun d’entre eux impliquant une définition
différente pour la matrice A :

e Si les tendances des séries temporelles sont 7-périodiques, alors,
A=(1,]...|L,)
ou I, désigne la matrice identité d’ordre 7.

e Si les tendances séries temporelles sont décomposables dans la base de

t
A= (a(r))
(L)L, Ty x{1,... T}

Fourier, alors,



ou 7 est impair et (o1, ..., ;) est la base trigonométrique définie, pour tous
zxel0,1]]etme{l,...,(r—1)/2}, par

1 si =1
oi(z) =< V2cos(2mmaz) si 1 =2m
V2sin(2rmax) si | =2m + 1.

Dans le cas oil nos données ne présentent aucune structure particuliére, @° := T,
7 =T et A = I;. En multipliant de part et d’autre ’équation M = @° + ¢ =
TOA + € par le pseudo-inverse AT = A*(AA*)~1, les auteurs de [24] ont obtenu le
modele de débruitage suivant :

M=T"+¢ (1.4)

ol M := MAT et € := eA". Ainsi, un estimateur naturel de ®° est donné par
®k,T = T]f,.,-A ol

. _ )

Ty, € arg UeMd,k(%,l\IfleMk,T(u%) IM—UV]|%. (1.5)
En considérant ce modéle, ils ont réussi a montrer que, sur le plan théorique, la
prise en compte de structures temporelles dans les données permettait d’améliorer
les bornes de risques existantes pour I'estimateur de la matrice ®°. Les bornes de
risque obtenues font notamment intervenir le rang &k de la matrice ©°, ainsi que les
parameétres liés a la structure temporelle des données (le parameétre 7 par exemple,
si 'on considére que nos séries sont 7-périodiques). En pratique, ces parameétres
peuvent étre inconnus et font donc 'objet d’une procédure de séléction de mo-
déle. La sélection conjointe de deux paramétres génére des problémes numériques
auxquels nous nous sommes intéressés dans le premier article présenté dans cette
thése (cf. section 2.1). Le choix du rang k est une étape cruciale car il affecte
directement la qualité de la factorisation et sélectionner un mauvais rang peut
entrainer un probléme de sur-ajustement ou de sous-ajustement sur des données.
Dans la littérature, plusieurs méthodes ont été developpées lorsque ’on cherche a
estimer le rang k seulement. Parmi ces méthodes, nous pouvons citer par exemple
celles basées sur des critéres d’information tels que le critére d’Akaike (AIC) ou le
critére d’'information bayésien (BIC). L’idée, dans ce cas, est de calculer le critére
considéré pour différents rangs et de choisir le rang k pour lequel le critére est mi-
nimal (cf. [30,31,82]). Une autre méthode que 'on peut envisager consiste a tracer
les valeurs singuliéres de la matrice en fonction du rang et & sélectionner le rang £
a partir duquel la courbe commence & s’aplanir ou se stabiliser (cf. [33,34]). Cette
méthode est simple et efficace, mais peut ne pas étre optimale dans certains cas
et nécessite une analyse approfondie des données. Enfin, les méthodes classiques
de validation croisée permettent également de sélectionner le rang; plusieurs tra-
vaux ont déja été réalisés dans ce domaine (cf. [35, B6]). Toutefois, ces derniéres
peuvent s’avérer coliteuses en termes de calcul, en particulier pour des données et
des matrices de grande dimension. Ces méthodes, non exhaustives, sont utilisées
pour la sélection d’un unique paramétre. Dans notre étude, nous nous sommes
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intéressés a la sélection conjointe de deux parameétres, ce qui n’est pas une ques-
tion standard en pratique. La procédure d’estimation décrite dans nos travaux
(cf. section 2.1) est la suivante : en considérant le modéle (|1.4)) présenté ci-dessus,
Iestimateur adaptatif final de ©° sera donné, pour une constante s > 0 fixée, par
O 1= B 2(s) OO

(k(s),7(s)) € arg  min {||M — O,||5 + pen,(k,7)} (1.6)

(k,7)EXXT

avec I C {1,....,d AT}, T C {1,...,T} et @;w Pestimateur solution de 1)
avec des paramétres k et 7 fixés. L’estimateur @, est donc obtenu en minimisant
une fonction de cotit qui prend en compte la complexité du modéle. La pénalité
qui intervient dans ce critére pénalisé permet notamment d’éviter les problémes

de sur-ajustement (overfitting) et est définie de la fagon suivante :
pen,(k,7) := cpen||Bel|opk(d + 7+ ) ; V(k, 7)€L XT, (1.7)

ol Cpen > 0 est une constante déterministe et ||.|[op est la norme d’opérateur sur
M7 (R). Cette pénalité, de ordre du terme de variance dans la borne de risque

~

de O, dépend de plusieurs parameétres :

La constante s : elle est assez facile a choisir en pratique puisqu’on la fixe en
fonction du niveau de confiance « intervenant dans la borne de risque
obtenue par Alquier et al. dans [24]. Plus précisemment, on prend s =
—log((1 — a)/2) avec « fixé a 99%, 95% ou 90%.

La constante cpe, : elle nécessite d’étre calibrée en amont en utilisant des heu-
ristiques classiques développées dans la littérature.

|Xc]|op :la norme d’opérateur de la matrice de covariance du bruit, que I'on peut
expliciter en fonction des parameétres de la distribution du bruit.

L’un des aspects de nos travaux est alors de proposer une heuristique en deux
étapes pour sélectionner a la fois le rang k£ de la matrice et le paramétre 7 lié
a la structure temporelle des données. Pour cela, on introduit une constante de
pénalité globale, que 'on va devoir calibrer avant de procéder a la sélection de £
et T : Ceal = Cpen||Belop. Plus précisemment, en reprenant le modéle (1.6, nous
proposons, en se basant sur la stratégie développée par Devijver et al. dans [42],
une heuristique en deux étapes pour séléctionner a la fois le rang k et le paramétre
7 de cette fagon :

(1) Pour chaque rang k € K C {1,...,d AT}, nous sélectionnons un ensemble
de valeurs possibles pour 7 en minimisant le critére suivant :

7(k) € argmin{|[M — O, |5 + ccarrh(d +7 + 5)}.

avec la constante cq, , calibrée en utilisant I'heuristique de pente proposée
en 2001 par Birgé et al. dans [40] et dont I'objectif est de déterminer, a 1'aide
des données, une constante multiplicative optimale devant une pénalité en
sélection de modéles.



(2) Puis, pour chaque valeur de 7(k) calculée a I'étape (1), nous sélectionnons
le rang k£ qui minimise le critére

Eea@g%ﬂﬂd—@M%M§+Q%mw+?M)+@L

la constante c.a, €tant une fois de plus calibrée par heuristique de pente.
Notons que cette derniére peut étre différente de cgqy 7.

(3) Enfin, le T sélectionné est

-~

F=7(k).

Cette procédure de sélection & été implémentée dans le package R TrendTM que
nous avons crée et qui est aujourd’hui disponnible sur le CRAN. Au dela de sélec-
tionner conjointement ces deux paramétres, I'intérét de nos travaux est également
de confirmer la borne de risque obtenue dans [24] et de montrer que le prise en
compte de la structure temporelle dans la tendance des séries (via la matrice A)
améliore 'estimation. Notre package offre donc la possibilité de prendre en compte
différents types de structures temporelles sur les données ("aucune structure",
"périodique" ou "smooth") et de sélectionner, selon les souhaits de I'utilisateur,
soit le rang k£ de la matrice, soit le paramétre 7 lié a la structure des tendances
des séries, soit les deux. L’estimateur des moindres carrés ’i‘;w donné par (|1.5)
est obtenu en utilisant la fonction softImpute du package R du méme nom dé-
veloppé par Hastie et Mazumder (cf. [50]). Cette fonction renvoie trois matrices
Uf c Md,k(ﬂ%), Vf S Mﬂk([R) et D € Mk7k(|R) telles que

T;, = U;DV:.

Pour approximer la matrice a estimer, les auteurs ont notamment implémenté
deux procédures différentes dans la fonction softImpute : la procédure "svd"
(Singular Value Decomposition ou décomposition en valeurs singuliéres) et la pro-
cédure "als" (Alternate Least Square ou méthode des moindres carrés alternés).
C’est cette derniére que nous avons retenue comme parameétre par défaut dans
notre package TrendTM car, malgré son extréme simplicité, elle permet d’obtenir
de bons résultats en pratique (cf. [51]). L’idée de base de la méthode ALS est
de minimiser l'erreur quadratique entre la matrice d’origine et sa reconstruction
partielle en utilisant des moindres carrés alternativement sur chacune des dimen-
sions de la matrice & approximer. En d’autres termes, on cherche a résoudre un
probléme d’optimisation en alternant entre deux sous-problémes, I'un portant sur
les colonnes de la matrice et 'autre sur ses lignes. Des simulations ont aussi été
réalisées pour comparer les deux procédures : toutes les deux fournissent la méme
précision d’estimation. Le choix est tout de méme laissé a I'utilisateur s’il décide
d’applique la fonction de notre package avec la procédure "svd". Pour étudier les
performances de notre procédure de sélection, nous avons alors réalisé une étude
comparative sous les conditions suivantes : lorsque I'on prend en compte la struc-
ture de série temporelle dans la tendance des données ou non et en considérant
différents niveaux de difficultés, pour des valeurs de o (écart-type du bruit ¢) plus
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ou moins grandes. Quel que soit le niveau de difficulté considéré ou le(s) para-
métre(s) que 1'on cherche & estimer, la prise en compte du caractére temporel des
données dans la tendance augmente la précision de l'estimation (cf. section 2.1).
Nous avons également étudié dans nos travaux la robustesse de la méthode pro-
posée lorsque les lignes ¢; de la matrice d’erreur, pour tout ¢ € {1,...,d}, sont
générées par des processus autoregressifs AR(1), induisant ainsi de la dépendance
temporelle dans les lignes de la matrice €.

Une illustration directe du package TrendTM a été fournie sur des données réelles
de qualité de Pair (cf. section 2.1). Par ailleurs, le dernier apport de nos travaux
a été d’appliquer, de facon moins directe, la méthode proposée a des problémes
statistiques usuels : la classification (clustering) de courbes et I’Analyse en Com-
posantes Principales (ACP) de séries temporelles. Ces applications n’avaient pas
été developpées dans [24].

Classification de séries temporelles. Réécrire la matrice de tendance @° =
UL avec L = VA = ({;(t));+ dans le modele permet de capturer les carac-
téristiques sous-jacentes de la matrice d’origine M. Plus précisément, pour tout
i€{1,...,d}, la tendance m;(.) de la i-éme série dans la matrice d’origine peut
s’écrire comme une combinaison linéaire de k facteurs (ou séries) latent(e)s :

k
mi(t) =Y Uil;(t) ; Ve € {1,...,T}.
j=1

Pour classer nos différentes séries, nous avons appliqué la méthode classique de
Classification Ascendante Hiérarchique (CAH), qui vise a construire une suite de
partitions "emboitées" des données en un nombre de plus en plus faible de clusters,
en se basant sur la distance ou la similarité entre les données pour regrouper ces
derniéres dans un méme cluster. Notre stratégie de classification de courbes a été
appliqué sur deux jeux de données réelles :

e le premier contient les données d’electrocardiogramme de 200 patients, ré-
partis en 2 groupes (considérés comme "normal" et "anormal") ;

e le second contient les données de croissance de 93 enfants, répartis également
en 2 groupes ("filles" et "garcons").

Une premiére étude, réalisée en considérant le nombre de clusters fixé a 2, a
nouvelle fois montré que la prise en compte de la structure temporelle dans la
tendance des séries étudiées (structure "périodique" pour le jeu de données ECG
et "smooth" pour le jeu de données de croissance d’enfants) améliorait la classi-
fication. Nos performances en matiére de classification sont les mémes que celles
de la meilleure méthode de classification décrite dans [43] et elles sont également
beaucoup plus rapides. Dans une seconde étude, nous avons testé notre package
sur la sélection du nombre de séries latentes £ et de la période 7.
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Analyse en Composantes Principales de séries temporelles (ACP). Cette
technique permet de réduire la dimensionnalité de notre ensemble de données en
projetant chaque série de la matrice d’origine M sur un nouvel espace de variables,
appelé "espace des composantes principales". Dans notre étude, si M est une ma-
trice de taille d x T et de rang k, alors I'information principale sera capturée par
les k premiers axes de I’ACP. Plus précisemment, la solution du probléme d’ACP

est
Or € ar min M¢ —UV|J3
wr€arg,  min o I k2
avec, pour tout j € {1,..., 7}, M, = M ; — 52?:1 M, ;. L’objectif de nos
travaux est de comparer les projections des séries temporelles obtenues lorsque
I’ACP est appliquée & :

e M seulement, c’est-a-dire sans prise en compte de la structure temporelle
dans la tendance. Dans ce cas, la matrice des composantes principales est
[AJk = MC\A/'}: Cette matrice contient, pour tout ¢ € {1,...,d}, les coordon-
nées de la projection de la i-éme série de M sur les k premiers axes.

e puis a M = M°A™, donc en prenant en compte cette fois la possible structre
temporelle des données dans la tendance des séries. Dans ce cas, la matrice
des composantes principales est M“V; = M°A + V;.

Nos travaux ont, une fois de plus, révelé une meilleure performance de I’ACP dans
le cas ou 'on prend en compte la tendance via la matrice AT,

1.1.2 Complétion de matrice de séries temporelles de grande
dimension

Le modéle de débruitage introduit dans la section précédente nous permet de
construire le modéle de complétion sur lequel nous avons travaillé dans le deuxiéme
article présenté dans cette thése (cf. section 3.2). Rappelons que la complétion de
matrice est une technique qui vise a prédire les valeurs manquantes d’une matrice
en utilisant les valeurs connues de cette matrice. Il existe de nombreux modéles de
complétion de matrice différents, allant des modéles de régression linéaire simples
[44] aux modéles de réseaux de neurones complexes [45, 46]. L’objectif de nos
travaux, cette fois-ci, n’est plus d’estimer la matrice ®° dans le modéle M = @°+¢
lorsque toutes les entrées de M sont observées, mais lorsqu’il en manque ou qu’elles
sont perturbées par des erreurs d’observation liées & I'instrument de mesure. On

dispose donc, pour la matrice M, de n € {1,...,d x T'} entrées bruitées, notées
Yy, ..., Y, et satisfaisant le modéle suivant :

Y; = trace(XIM) + & ;i € {1,...,n} (1.8)
ou Xi,...,X,, sont n matrices aléatoires a valeurs dans

X = {ega(j)err(t)" ;1 <j<dand 1 <t < T}
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et &,...,&, sont des variables aléatoires centrées, indenpendantes et identique-
ment distribuées, d’écart-type o > 0 et tels que X; et §; sont indépendants pour
tout i € {1,...,n}. Afin de prendre en compte la structure de série temporelle
dans les lignes de M, nous reprenons le modéle de débruitage introduit précedem-
ment, 4 savoir

(1.9)

M = 0%+¢
e = T°A =U'V'A

avec ©° une matrice déterministe, € une matrice aléatoire, toutes les deux de taille
dx T, et U € Myr(R) et VO € M; r(R). Comme dans le modeéle de débruitage,
la matrice ©®° est supposée de faible rang & € N* (k < d A T), mettant en
avant la forte corrélation qu’il peut y avoir entre les différentes séries temporelles,
et la matrice d’erreur ¢ a des lignes centrées, indépendantes et identiquement
distrubées. D’aprés les équations et , le modéle de complétion final
s’écrit

Y; = trace(X;@") + ¢, (1.10)

avec & := trace(X}e) + &. Un estimateur naturel de ©° est alors donné par

{ é\)k:,'r = ’/fk,'rA (1 11)
T,, € arg Tréléil,f ro(TA) - :
ou
1 n
ra(A) = — Zlm — (X;, A)5)? ;YA € Myr(R)
et

m
Sir CSA €My (R) :rg(A) =k et sup|Aj| < 0 ,MA(T) :=sup|Aj] < oo .
it ma(7) it

Les deux mémes structures de tendances portées par la matrice A sont considérées, a
savoir le cas ol les tendances sont 7-périodiques ou le cas ot les tendances sont décom-
posables dans la base de Fourier.

Le principal apport de nos travaux a été d’améliorer la borne de risque établie dans
Koltchinskii et al. en 2011 [I7], pour laquelle les termes d’erreur sont supposés i.i.d. et la
matrice @ est supposée de faible rang k seulement. Ils ont obtenu une borne de risque
pour l'estimateur de la matrice de l'ordre de k(d 4+ T")log(n)/n pour des matrices de
taille d x T' et n entrées bruitées. Dans notre contexte, la structure de séries temporelles
dans les lignes de M nous permet d’améliorer la borne de risque de 'estimateur de la
matrice, moyennant certaines conditions. Pour obtenir une borne de risque optimale,
certaines hypothéses sur la structure du bruit € et sur les erreurs d’observation &; sont
nécessaires :

(1) Les lignes de ¢ sont i.i.d et issues d’un processus ®-mélengeant. Pour de
tels processus, la corrélation entre deux valeurs éloignées dans le temps décroit ex-
ponentiellement avec ’écart temporel entre ces deux valeurs. Cette hypothése est,
de plus, nécessaire afin d’utiliser 'inégalité de concentration obtenue par Samson
dans [49], qui est en réalité une extension de 'inégalité de Bernstein & des processus
d-méleangeant, et obtenir la borne de risque optimale. En effet, les auteurs de [23)]
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ont montré que les bornes de risque obtenues avec d’autres inégalités de concen-
tration classiquement utilisées avec les séries temporelles étaient moins bonnes.
[47] fourni notamment une étude détaillée des autres conditions de mélanges que
I’'on peut retrouver dans la littérature.

(2) Les coefficients de la matrice ¢ sont bornés et &,...,§, sont des va-
riables aléatoires i.i.d. sous-exponentielles. Cela couvre notamment les va-
riables aléatoires Gaussiennes. Cette hypothése de bornitude du bruit a notam-
ment été reprise dans plusieurs travaux dans le contexte de complétion de matrices
ayant des entrées i.i.d. (cf. [19, [I7]) et permet, une nouvelle fois, d’obtenir une
borne de risque optimale.

Soit a € (0,1). Sous les hypothéses précédentes, nous obtenons, avec une probabilité
supérieure a 1 — «, la borne de risque suivante

~ ) log(n) 1 4
H®k,7—®°!!3r,n<3Trg§QT I(T = TO) A% +er [k(d+7) g ()1 (112)

ou II désigne une mesure de probabilités sur X telle que

Px, =1I;Vie{l,...,n},
avec

<A,B>]:J‘[ = / <X,A>]:<X,B>]:H(dX) VA, B € ./\/ldj([R)
Ma,r(R)

et o1l ¢; est une constante déterministe, indépendante de n, d, k, T et &, que nous pouvons
expliciter. Le terme de variance dans la borne de risque est donc d’ordre k(d+7) log(n)/n.
Lorsque les séries étudiées dans la matrice d’origine ne présentent aucune structure tem-
porelle (1 =T et A =1Irp) et que la matrice d’erreur € est nulle, on retrouve la borne de
risque obtenue dans le cas i.i.d. (cf. [I7]) tandis qu’en exploitant la structure de séries
temporelles dans les lignes de M, puisque 7 < T, on obtient une borne de risque plus
fine sur 'estimateur Oy, ;.

Un autre objectif de nos travaux était d’établir une procédure de sélection du rang k de
la matrice ®°, parameétre inconnu en pratique. L’estimateur adaptatif de la matrice @,
dans ce cas, est le suivant : @7 = T; A avec

ke argllg%{rn(i‘kA) + pen(k)} avec K ={1,...,k*} C N*,
et o

pen(k) := 16cpen10%£mk(d + 7) with ¢pen =2 <c11 A )\*> .
L’expression exacte de la constante cpen a €té explicitée dans les preuves mais dépend
néanmoins de constantes que nous ne connaissons pas en pratique. Nous avons utilisé,

une fois de plus, 'heuristique de pente pour calibrer la constante de pénalité. Sur le plan
théorique, nous avons établie une borne de risque pour l'estimateur adaptatif ©;.

Afin d’illustrer le gain théorique obtenu dans la borne de risque présentée en ,
des simulations ont été réalisées sur des données périodiques simulées : nous avons com-
paré la reconstruction de la matrice obtenue dans le cas ou l'on exploite la structure
de périodicité dans les tendances des séries avec la procédure standard, c’est-a-dire sans
prise en compte de la périodicité. Comme pour le débruitage de séries temporelles,
nous observons, avec nos expériences numériques, une nette amélioration de ’estimation
lorsque I’on exploite la structure temporelle dans la tendance. Nous illustrons également
nos résultats sur des données réelles Vélib provenant du systéme de vélos en libre-service
de Paris.
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1.2 Estimation dans des modéles d’équations dif-
férentielles stochastiques

Les équations différentielles stochastiques permettent depuis de nombreuses années
de modéliser un large éventail de systémes dynamiques aléatoires & temps continu. En
effet, contrairement aux équations différentielles ordinaires (EDO), elles ont ’avantage de
tenir compte de la présence de fluctuations aléatoires. Ces fluctuations peuvent provenir
de diverses sources, telles que des erreurs de mesure ou des facteurs environnementaux
externes, et peuvent avoir un impact significatif sur le comportement du systéme étudié.
En incorporant 1’aléa dans le modéle, les EDS fournissent une représentation plus réaliste
de la dynamique sous-jacente et permettent de faire des prédictions plus précises sur le
comportement du systéme étudié. Elles trouvent, elles aussi, des applications dans de
nombreux domaines scientifiques. En physique, par exemple, les EDS sont utilisées pour
modéliser le mouvement des particules dans les fluides ou la diffusion d’un gaz (cf. [2]).
La notion d’EDS est également centrale en finance, en particulier en ce qui concerne la
modélisation des produits dérivés et le comportement des marchés financiers (cf. [11, 3]).
Elles ont également été utilisées en biologie, pour modéliser la dynamique des réactions
biochimiques dans les cellules, telles que ’expression des génes et la transduction des
signaux (cf. [4]). Considérons T' > 0, b,o : [0,T] x R = R, (X¢)se[o,r] un processus
qui dépend du temps et (Wy)ejo,r) un mouvement Brownien. L’équation différentielle
ordinaire

XoeR

ne modélise que la tendance du phénoméne observé. Pour tenir compte de 'aspect aléa-
toire du phénomeéne en question, il convient de perturber 'EDO précédente de la fagon
suivante :

{ dX; = b(t, Xy)dt

X0 €R ’

que nous pouvons également écrire plus rigoureusement sous la forme

{ dX; = b(t, Xt)dt + O'(t, Xt)th

t t
X = xo +/ b(s, Xs)ds—i—/ o(s, Xs)dWs. (1.13)
0 0
ETDFO Intégr;; d’It6

Ce terme aléatoire, qui modélise le bruit dans 'EDS, est dénifi via 'intégrale d’1to6
par rapport au mouvement Brownien. La fonction b est appelée fonction de drift et la
fonction o est appelée fonction de diffusion. Pour modéliser les fluctuations aléatoires,
notons qu’il existe des processus plus généraux que le mouvement Brownien, tel que les
processus de Lévy par exemple, mais nous nous limiterons dans cette thése a 1’étude
des équations différentielles stochastiques dirigées par un mouvement Brownien. L’es-
timation des paramétres dans les EDS est une question statistique légitime et, dans le
troisiéme travail présenté dans cette thése, nous nous concentrons en particulier sur I'es-
timation non-paramétrique de la fonction de drift b de ’'EDS définie par . Avant
d’introduire nos travaux, faisons un point sur les différents estimateurs qui ont été étudiés
dans la littérature. Rappelons tout d’abord que, pour garantir 'existence et I'unicité de
la solution de , b et o doivent étre dans C1([0, T] x R, R) et satisfaire les conditions
suivantes :

(1) Condition de croissance linéaire. Pour tous ¢ € [0,7] et z € R, il existe une
constante C' > 0 telle que

|b(t,z)| + |o(t,z)| < C(1+ |z|).
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Cette condition garantit qu’une solution de 'EDS existe et n’explose pas dans
I'intervalle [0, 7.

(2) Condition de Lipschitz. Pour tous ¢t € [0,7] et x,y € R, il existe une constante
K > 0 telle que

[b(t,2) = b(t, y)| + |o(t, z) — o(t, y)| < K|z —yl.
Cette condition garantit I'unicité de la solution de 'EDS.

Notons qu’une condition plus forte que la condition (1) serait d’avoir b et o de dérivées
partielles bornées par la constante K, la condition de Lipschitz serait alors forcément
assurée. Traditionnellement (cf. [122] [104] [118]), les estimateurs de la fonction de drift
b sont calculés & partir d’une unique solution stationnaire ergodique de 'EDS observée
sur un intervalle de temps long [0,7], avec T — oo. La stationnarité de la solution est
assurée par une condition de dissipativité assez restrictive sur la fonction de drift. Pour
contourner ce probléme et s’affranchir de cette condition sur b, de nouveaux estimateurs
ont vu le jour. L’idée, cette fois, est de construire un estimateur de la fonction de drift
basé, non plus sur une seule, mais sur N copies indépendantes X!, ..., X de la solution
et observées sur un intervalle de temps court [0,7] (T" > 0 fixé) en considérant le plus
de copies possibles, soit N — oco. Ce type d’approche par copies pour I'estimateur de b,
4 temps continu et & temps discret, a déja été utilisée de nombreuses fois dans le cadre
paramétrique (cf. [113, [114] [IT0]) et plus récemment dans le cadre non-paramétrique
(cf. [102, ITT], 103, 112]). Cette approche est particuliérement intéressante dans certains
contextes, par exemple, lorsque 'on cherche & modéliser des actifs financiers sujets aux
fluctuations aléatoires des prix, dans le but de prédire le comportement futur du systéme
et de prendre des décisions informées en fonction des différents scénarios possibles. On
retrouve notamment deux types d’estimateurs lorsqu’il est question d’estimation non-
paramétrique :

L’estimateur des moindres carrés en projection. En regression, la méthode par
projection généralise la méthode d’estimation des moindres carrés dans le modéle linéaire
multidimensionnel. De facon générale, I’estimation non-paramétrique consiste a estimer
une fonction sans indication sur sa forme, mais seulement sur sa régularité. L’objectif de
la méthode des moindres carrés en projection est d’estimer la fonction de régression, que
Pon notera m, par un élement de S,, = vect(p1,...,pm), ou (p1,...,pn) désigne une
famille orthonormée de L2(R), minimisant une fonction de contraste de type moindres
carrés. Nous ne détaillerons pas plus ce type d’estimateur ici car ce n’est pas 'objet de
notre étude (cf. [52], chapitre 4). L’estimateur des moindres carrés en projection a éga-
lement été utilisé dans le cadres des EDS, lorsque ’on cherche a estimer la fonction de
drift en considérant plusieurs copies du processus de diffusion. Comte et Genon-Catalot
[52] (respectivement Comte et Marie [53]) exploitent notamment cette méthode en consi-
dérant N copies indépendantes (respectivement dépendantes) du processus de diffusion.

L’estimateur de Nadaraya-Watson. 1l s’agit, cette fois, d'une méthode & noyau
permettant d’estimer la fonction de régression m dans le modéle suivant

Y;:m(Xi)—l—ai, ViE{l,...,n}

ot X1,...,X, sont des variables aléatoires i.i.d. de densité f (on parle alors de random
design) et Y1,...,Y, sont les variables que l'on cherche & expliquer. L’estimateur de
Nadaraya-Watson est un estimateur "quotient" : aprés avoir introduit la fonction I = m f,
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le principe est d’estimer la fonction de regression m = % en proposant, d’'une part un

estimateur du numérateur [, d’autre part un estimateur du dénominateur f, en prenant
garde a ce que ce dernier ne devienne pas trop petit. L’estimateur de Nadaraya-Watson,
introduit indépendamment par Nadaraya [54] et Watson [55], est défini comme suit :

mh(.’lﬁ) _ /l\h(x) _ Z?:l Kh(l‘ - xl)yl
Fa(z) i Enlz — i)

ot le noyau K : R — R est une fonction intégrable telle que [, K(u)du = 1 et
Kn(.) = (1/h)K(./h) et h > 0 désigne le paramétre de lissage qui contréle la lar-
geur de la fenétre du noyau. En général, le noyau K est choisi de telle sorte & étre une
fonction symétrique, nous pouvons citer plusieurs options courantes telles que le noyau
gaussien, le noyau triangulaire ou encore le noyau d’Epanechnikov (cf. [52], chapitres 3
et 4). La question du choix de la fenétre h est également une étape cruciale pour obte-
nir un estimateur performant, nous reviendrons sur cette problématique dans la suite de
I'introduction. Dans les modéles d’équations différentielles stochastiques, I’estimateur de
Nadaraya-Watson pour la fonction de drift b calculé & partir de copies de la solution n’a
été que trés peu étudié. Ce type d’estimateur a notamment été utilisé par Della Maes-
tra et Hoffman [I1I] pour estimer la fonction de drift dans un modéle de particule en
interaction. Dans la section 3 de cette thése, nous présentons 'estimateur de Nadaraya-
Watson sur lequel nous nous sommes concentrés pour estimer la fonction de drift b dans
notre modéle, en considérant N copies indépendantes du processus de diffusion. En
effet, nous ne prenons pas en compte les interactions entre les différentes copies dans nos
travaux, contrairement & [I11]. Notre estimateur est présenté ci-dessous.

Reprenons le modéle dans le cas autonome (i.e. b et o ne dépendent pas du
temps). Considérons Z : (z,w) — Z(x,w) lapplication d’It6 pour I'équation (1.13),
W ...,WN, N € N* copies indépendantes de W = (Wt)te[O,T] et, pour tout ¢ €
{1,...,N}, X* = Z(x9,W"). Sous les bonnes conditions sur les fonctions b et o (cf.
section 3), la distribution de X; admet une densité de probabilité p;(zp,.) pour tout
t €lto, T] et cela nous permet d’introduire, pour tg > 0,

1 T
= dt ; R.
f(.f) T — tO /to pt(xovx) y L S

La fonction f est une densité de probabilité, puisqu’en effet,

00 1 T oo
/ f(z)dx = T / / pe(xo, x)dxdt = 1.
—00 - to —00

Considérons le noyau K : R — R vérifiant les propriétés suivantes :

(1) K est symétrique, continu et tel que K € L2(R,dx),

(2) Tl existe v € N* tel que

/ |2VTUK (2)|dz < 00 et / AK(2)dz=0;V0e{1,... v}

L’estimateur de Nadaraya-Watson & temps continu de la fonction de drift b est le suivant :

~ E}N n(T)
N,h(T) o) (1.14)
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avec

N 1 N T
Ivn(@) = —m—— Kn(X} —z)dt
( N(T —to) = i, (i
et
— 1 N T 4 .
b z)i=—— K, (X! —z)dX}.
fnn(T) N(Tto); \ n(Xi — z)dX;

Nous proposons également, dans nos travaux, une version discrétisée de 'estimateur
introduit en (L.14). Soient (fo,t1,...,ts) la subdivison de lintervalle [to,T] telle que
tj =to+ (T —to)j/n pour tout j € {1,...,n}. Alors, I'estimateur de Nadaraya-Watson
de b & temps discret est défini comme suit :

- bf, nn(@
Br(z) = L)
fn,N,h(x)
ou
N _ 1 nflK XZ
fr,Nn(2) = N Z; : h( t; )
=1 j=
et
e N n-—1 4
bfn,N,h(x> = ZZKh Xl (XZJ+1 Xé)
=1 5=0

Un des premiers objectifs de nos travaux est d’obtenir, & la fois pour la version continue
et discréte de 'estimateur de b, des bornes de risque sur les estimateurs du numérateur
et du dénominateur, et donc sur 'estimateur de Nadaraya-Watson lui-méme. Ces bornes
de risque sont obtenues sous des conditions particuliéres sur ’existence et la régularité
de la densité pi(zo,.) et donc, sur la densité f. En effet, les principales hypothéses, qui
seront présentées plus en détails dans la section 3, sous lesquelles nous avons travaillé
sont les suivantes :

La densité p;(xg,.) et sa dérivée doivent vérifier une borne de type Kusuoka-
Stroock. Plus précisemment, la densité de la distribution de X; doit étre g € N* fois
dérivable sur R. Les bornes de Kusuoka-Stroock (cf. [121]) permettent alors d’obtenir un
controle sous-gaussien de la densité p; (o, .) ainsi que de ses dérivées partielles 9.p; (o, )
et Opi(zo, ).

Ainsi, la densité f doit vérifier une condition de type Nikol’skii. Plus pré-
cisemment, f doit étre £ € {0,..., 3 — 1} fois dérivable sur R. La condition de Nikol’skii
nous permet d’obtenir un controéle de la quantité ffooo[f(e)(:v +0) — fO(z)]%dx.

Soit I'estimateur de Nadaraya-Watson a temps continu

- bf
bN,h,h’ (l’) = Ml

Frsew) Trw=ms

avec f(x) > m > 0 pour tout = € [4,B] (m € (0,1] et A,B € R tels que A < B) et
h,h' > 0 deux fenétres distinctes. Sous les bonnes hypothéses, nous obtenons la borne

de risque suivante pour cet estimateur :
o 4 VI3
N

¢2(to)
Nh

~ 1
E(Jbnnn —blFan) < povs) I1(0f)n
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avec ||l¢ll 4,8 = ll¢1a,ply pour tout ¢ € L2(R, f(z)dz). Plus précisemment le risque
de estimateur bN h,h st controlé par la somme des risques du numérateur bf v et du

dénominateur fN7hr a une constante multiplicative prés. Sous certaines conditions de
régularité, nous montrons que le terme de biais ||(bf), — bf||3 dans la borne de risque
est de l'ordre de h?Y + (R)?5, ~, 3 € N*, tandis que le terme de variance est de Iordre
de 1/(Nh)+1/(NR'). Si les fenétres h et h' sont trop petites, 'estimateur de b aura une
faible variance car il sera plus sensible aux fluctuations locales des données. En contre-
partie, cela peut conduire a un biais beaucoup trop élevé. Le choix des fenétres h et h'
est alors crucial pour trouver le point ol les deux sources d’erreur sont équilibrées : c’est
ce que ’on appelle le compromis biais-variance. Notons que lorsque celui-ci est atteint
(sous certaines conditions), nous obtenons une vitesse de convergence du méme ordre
que celle obtenue par Della Maestra et Hoffman dans [111]. Nous obtenons également,
dans nos travaux, une borne de risque sur l'estimateur de Nadaraya-Watson a temps
discret. Enfin, le paragraphe suivant aborde la problématique de sélection de fenétres a
laquelle nous nous sommes intéressés.

Nous proposons effectivement dans nos travaux deux méthodes de sélection de fenétres
pour sélectionner les paramétres h et h'. La premiére est une extension de la méthode de
cross validation leave-one-out, que nous avons illustrée via des expériences numériques.
La seconde est une méthode type PCO (Penalized Comparison to Overfitting) pour la-
quelle nous avons démontré une inégalité d’oracle pour ’estimateur adaptatif obtenu en
sélectionnant la fenétre du numérateur et la fenétre du dénominateur séparément.

Méthode de cross-validation leave-one-out (looCV). Bien qu'on manque de ré-
sultats théoriques avec cette méthode, elle reste néanmoins numériquement intéressante.
On consideére, dans cette section, I’estimateur discrétisé

N n—1
Bueale) = 37 S wh @)X, — Xy
=1 j=0
avec ,
Z, Kn(Xj — )
wj(z) = F— : ,
DD Kn(XE —2)(tear — te)
k=1 =0
et tel que
N n—1 '
DY wh@)(t — ) = 1.
i=1 j=0

L’estimateur de b peut ainsi étre vu comme une combinaison convexe des (X{ _ — X;i),
J

pondérés par les poids w;. La méthode looCV consiste a sélectionner la fenétre h qui
minimise le critére suivant :

N n—1
CV(h) = | by (X0 ) (b1 — 2Zb;Nh (X)X, - X1)
i=1 | j=0 Jj=0

avec

6;“(): > Zw )(xE, - XxE).

ke{l,...N}\{i} j=0

Des expériences numeériques, dans lesquelles nous avons implémenté la méthode de sé-
lection de fenétre par looCV, ont été réalisées pour estimer des fonctions de drift dans
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différents modeéles d’EDS (cf. section 3).

Extension de la méthode PCO. Contrairement & la looCV, nous avons réussi a
établir des ingélités d’oracle pour l'estimateur adaptatif de la fonction de drift. Elle
est numériquement moins intéressante que la looCV mais reste néanmoins plus facile
a implémenter que la méthode de Goldenschluger et Lepski (cf. [56]), autre méthode
de sélection de fenétre offrant également de bonnes garanties théoriques sur ’estimateur
adaptatif. Le principe de la méthode PCO est le suivant : on définit de la méme fagon un
() = 5?1\,,3(96) ~
N,h,h! T Taw@ I (@)>m/2

fenétre sélectionnée en minimisant un critére de la forme ||5J\” Nh— bf Noholl3.s + pen(h)

estimateur quotient b ou h (respectivement h’) est une

(respectivement HfN,h = fN7h€]|]§ + pen'(h)), ho, h{ représentant les fenétres minimales
des collections de fenétres considérées pour notre étude, d’oul le terme de pénalisation
par rapport a Uoverfitting. Sous les bonnes conditions, nous obtenons la borne de risque
suivante pour l'estimateur adaptatif b N
Si f(x),d(x) > m > 0 pour tout x € [A,B] (m € (0,1] et A, B € R tels que A < B),
ou ¢ désigne un noyau connu, alors il existe deux constantes déterministes ci,co > 0,
indépendante de N telles que, pour tout ¢ € (0, 1),

~ 2¢1(1V [|6]loo)
[E(HbeL’ﬁl 3 X

B) S

risque intégré

1+9)  min  {E(bfyp —bF1D) +E( v — FI3)}

(hoh")EH N xHy

risques & h, h'/ fixés

1
+2 (Wef o~ 0718 + U~ 1B + 3 )

terme négligeable

Cette borne de risque signifie que la performance de 'estimateur de b est de 'ordre celle
de la somme des deux meilleurs estimateurs b f N et f ~,n de la collection

min  {E([bfnp — bFIB) + E( Fa — FI3)3,

(h,h')EH N XMy

a un facteur (1 + ¢) preés et un terme additif négligeable. Les démonstrations seront
présentées dans la section 3.

Dans les sections suivantes, nous allons examiner de maniére approfondie les dif-
férentes problématiques présentées dans 'introduction. Nous commencerons chaque sec-
tion en rappelant le modéle étudié. Ce rappel permettra aux lecteurs de se familiariser
avec les notations utilisées et d’avoir une compréhension claire de la maniére dont chaque
problématique est abordée. Nous fournirons également, dans chacune des sections, le dé-
tail des démonstrations des théorémes établis ainsi que les résultats des expériences
numeériques réalisées.
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Chapitre 2

High-dimensional time series estima-
tion

2.1 A R Package for the Trend of High Dimensio-
nal Time Series Estimation : TrendTM

Let denote by M the observed d x n matrix which rows are time series with d and
n high, matrix factorization consists in approximating M by a matrix ©° of low rank
k € N* (i.e. k < dAn), which can therefore be written as the product UV of two matrix
U e Mgi(R) and V € My, ,(R). Formally, let us consider the model

M=0°+¢ (2.1)

The matrix @° is usually estimated by using a contrast minimization approach, the
most popular being the least squares contrast associated to the Frobenius norm : the
best rank-k approximation of @Y is

® car min M - UV|%, 2.2
8 e @) [ iz (2:2)

where ||.|| is the Frobenius norm (for a matrix A, ||A| 7 := trace(AA*)Y/2). Then, the
choice of the rank k can be viewed as a model selection issue. Let recall that in the matrix
factorization framework, several approaches have been proposed in the literature (see for
instance [129] 134} 6] for criteria based on the estimated eigenvalue study, [32, [131] for
the classical BIC criterion or [I35] for a cross-validation strategy).

When dealing with temporal series, the matrix M, besides being of low rank, can
have a temporal structure as periodicity, smoothness, etc. It is likely that the temporal
properties of the data can be exploited to obtain an accurate factorization. Recently,
[24] has extended the latter factorization method in order to take into account the time
series trends properties. To this aim, they assume that the matrix @0 is structured as
follows :

@ =T, (2.3)

where T? is a d x 7 matrix of low rank k (thus with 7 > k) and A is a known 7 x n
full rank matrix reflecting the temporal structure of the data. To estimate @9, they
developed a penalized least squares criterion (based on the Frobenius norm) and shown
that, on the theoretical side, to take into account trends properties in the definition of
the denoising estimator allowed to improve existing risk bounds. The penalization aims
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to choose two parameters : the rank k& of the matrix and the parameter 7 related to
the temporal structure. This penalty function depends also on the noise structure and
involves an unknown constant.

In practice, this joint model selection issue is not standard. In addition to a penalty

constant to be chosen, parameters from the distribution of the noise need to be estimated
in advance. In this paper, we propose an automatic way to deal with these two problems.
First, the parameters of the noise distribution are combined with the penalty constant
to get a penalty function involving a single constant. This avoids having to estimate the
parameters beforehand. Then, we propose a two-stage strategy, as in [?,132], combined
with the use of a heuristic for the constant calibration problem. Several heuristics have
been considered here, now well-known for the penalty constant calibration in model se-
lection frameworks [37, 40} 38]. We demonstrate the performances of our procedure and
compare the considered heuristics in the case of independent Gaussian noises through
simulation experiments. The robustness to an autoregressive noise is also studied.
The proposed method has been implemented in the R package TrendTM, for "Trend of
High-Dimensional Time Series Matrix Estimation", which is available on the CRAN and
presented here. Moreover, natural applications to curves clustering and principal com-
ponent analysis (PCA) are investigated in this paper. A comparison to recent curves
clustering methods (reviewed and compared in [43]) is performed on two real datasets
(ECG profiles and children growth profiles) and shows that our method is competitive
compared to the best existing one in terms of clustering objective but much faster.

The chapter is organized as follows. Section 2.1.1] recalls the estimation procedure
proposed in [24]. Section m presents the proposed two-stage heuristic for the joint
selection of the rank and the trend parameter whose performances are studied in Section
2.1.3] on simulated data. Section [2.1.4) gives some details and guidelines on the proposed
method in the TrendTM package and shows an application on real data. In Section [2.1.5]
we show that this method can be used for two classical statistical problems which are
the time series clustering and PCA. As mentioned above, illustrations on real datasets
are given.

2.1.1 Recall of the trend estimation method proposed by
[24]

In this section, we present the method they proposed for estimating ®° in model (2.2)
when ©° = TOA (see (2.3)) and when the noise ¢ has Gaussian i.i.d. rows of covariance
matrix ¥.. First, the two temporal structures they considered are the following :

e periodicity : if the trend of M is 7-periodic, then A = (I, | --- | I;) where I, is
the identity matrix in M, -(R),

e smoothness : if the form of the trend is ¢t € {1,...,n} — f(t/n) with f €

1L2([0, 1]; RY), then
t
= () ,
)/ t)e{1,..syx{1,..n}

where 7 is odd and (p1,..., ;) is the 7-dimensional trigonometric basis defined
by
1 if £=1
oi(z) :={ V2cos(2mmz) if £=2m

V2sin(2rma) if £=2m+1
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for every x € [0,1] and m € {1,..., (7 —1)/2}.

So, the estimation procedure consists in two steps :

Step 1 : Estimation of ®° for k and 7 being fixed. They define the following auxi-
liary model
M =T +¢, (2.4)

where M := MA™, g := eA" and AT = A*(AA*)~! is the Moore-Penrose inverse
of A. This model doesn’t embed some trend’s property anymore. The least squares
estimator of the matrix TY is thus classical :

Ty, € arg min M — AlZ, (2.5)
k,T

where S, » C {UV ; U € Mg,(R) and V € My, -(R)}. So, a natural estimator of
O is given by R R
O =Ty A.

Step 2 : Choice of k and 7. For a fixed s > 0, the final estimator of o9 is @S =
@E(s)’?(s) where

k(s),7(s)) € i M- 0, |% + k,
(k(s),7(s)) € arg (kﬁr)nelgﬂ{ll kel + peng(k, 7)}

with K C {1,...,dAn}, T C{1,...,n}, and
peng(k, 7) := cpen||Xellopk(d + 7+ s) V(k,7) e KX T, (2.6)

where ¢pen > 0 is a deterministic constant and ||.||op is the operator norm on
Mu(R) ([Allop := supjg=1 [Az| with |.[| the Euclidean norm on R"). They
establish an oracle-type inequality on the resulting estimator (see [24] (Theorem
4.1)) : for every 6 € (0,1), with probability larger than 1 — 2e™*,

N . : 1+6\?
6.~ %3 <  min  min {(1_9) |AA - ©°|3 (27)

4
—l—wpens(km)} )

2.1.2 The proposed two-stage heuristic for the model selec-
tion issue in practice

Discussion on the penalty function. The penalty function given by depends
of some constants s and cpen that must be chosen or calibrated in practice. It also depends
on the parameters of the noise distribution through ||X.||op that must be estimated thus
in advance : we explicit just below this norm in two cases that are considered in the
simulation study (Section :

e when the errors are uncorrelated (cov(e1,e1,4) = 0°Lyzp), then

||E€||0p = 02’
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e when (e14); is a zero-mean stationary AR(1) Gaussian process (defined as the
solution of €1; = pe14—1 + n1 where p € (—1,1) and (n1,); is a white noise of
standard deviation o), we can show that

IZellop > 0*(1 + p) =: f(p)- (2.8)
Indeed, the covariance matrix of a row noise (gq,...,ep—1) i8
3. = (0'2p|i_j‘)i7j.

Then, for every € R™ such that ||z|| = 1,

n
¥ = Z zizi[Eei; = o | ||=]* + inmjp‘“ﬂ
ij=1 oy

= o2 l—i-Zinxjpi*j

i>7
Since X is a symmetric matrix,
1
|Zellop = sup |2"°¥.x| > [x"¥.x| with x=—(1,1,0,...,0)
T e ) V2
> x*E.x =02 <1+2'1-1'p21) = o?(1+ p).
= £ \/i \/5

Two-stage heuristic. We set cca) = ¢pen||2c|/op, representing a global penalty constant
that we propose to calibrate using the data. So, this allows us to avoid the estimation
of the noise distribution parameters, which turns out to be a difficult task. The penalty
function is thus reduced to

pen(k,7) := ccak(d+ 7+ s) V(k,7) e KX T,

and the resulting adaptive estimator is denoted by @, := QE,?'

If the constant s can be easily chosen, this is not the case for the penalty constant
Ccal- Several heuristics have been proposed in the literature for this purpose in model
selection frameworks, but for a one-dimensional parameter only (see [37, [40]). First, in
practice, we could take s = —log((1 — a)/2) with « fixed to 99%, 95% or 90%. Here we
choose to fix s = 4. Then, for the selection of both k and 7, we follow the same strategy
than in [42], that is a two-stage heuristic. We first recall some heuristics for the selection

of one parameter, and then we present the two-stage heuristic for the joint selection of
(k, 7).

Up to our knowledge, there exit the three following heuristics dedicated to the
constant calibration question in the model selection frameworks of one parameter :

e the one proposed in [37], denoted here ML, that involves a threshold S which is
fixed to S = 0.75 as suggested by the author, and

e the two proposed in [40] (see the more recent versions [38] and [39]) that are two
versions of the well-known slope heuristic : the ’dimension jump’ and the ’slope’,
denoted here BJ and Slope respectively. The both heuristics have been implemen-
ted in the R package capushe described in [41].
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For the joint selection of (k,7), the two-stage heuristic is the following : first, we choose
the best 7 for each k € K via the criterion

7(k) € arg ggg{nm — O, |% + ccar k(d+ T+ 5)},

where the penalty constant c., - is calibrated using one of the previous heuristics, and
then we select the best k among them via the criterion

k€ arg min{|[M — O 7015 + ccaLkk(d + 7 (k) + 5)},

where the penalty constant cca) x is calibrated using the same heuristic to be consistant,
and 7 = 7(k).

Note that in practice K = {1,...,knax} and T = {k+ 1,..., Tmax}, Where kpax is
the maximal rank and 7.y is the maximal value of 7. These two quantities need to be
specified.

2.1.3 Simulation study

In this study, we conduct different numerical experiences to both evaluate the per-
formance of the proposed method and compare the three different heuristics :

e Study 1 : we consider the model selection issue for k and 7 separatly,

e Study 2 : we illustrate the importance to take into account the trend in the esti-
mation procedure when it exits,

e Study 3 : we consider the model selection issue for both k and 7.

In these three studies, the errors are assumed to be uncorrelated. We perform an addi-
tional simulation study :

e Study 4 : we study the robustness of the proposed method to temporal dependency
modelled through an AR process when both k& and 7 are selected.

2.1.3.1 Simulation design and quality criteria
Simulation design. We've simulated datasets with d = 100 and n = 600 as follows :

(1) we generate a matrix T° = UV by simulating U € Mg x(R) and V € My ,(R)
for which the entries of U and V are assumed to be i.i.d. and follows a centered
Gaussian distribution with same standard deviation o, fixed to 0.5;

(2) two cases are considered according to the presence or not of a trend in the si-
mulated series : if there is no trend, then 7 = n and ®° = TY and otherwise
0" = TOA with the matrix A of the smooth case. To distinguish between these
two cases in the sequel, we call them datasetyoTrend and datasetyeng respectively ;

(3) the rows of the error matrix ¢ are assumed to be ii.d. and follow a centered
Gaussian distribution of variance o2 (i.e. . = 02I,,) for Studies 1, 2 and 3 ; the
rows of the error matrix £ are assumed to be i.i.d. stationary AR(1) Gaussian
processes with a white noise of standard deviation ¢ > 0 and an autocorrelation
parameter p € (—1,1) for Study 4.
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We take £ = 3 and 7 = 25. We consider different values for the residual standard
deviation ¢ in order to have different levels of difficulty for the estimation problem.
First, according to the previous considerations, var(@oij) = k‘aﬁv for datasetnoTrend
and V&I“(@Oij) = Tkafw for dataset yrenq. For Studies 1, 2 and 3, let us consider s, €
{0.1,0.5,1.5,2}. In order to have the same estimation difficulty (same ratio between o
and the standard deviation of @gj) for the two datasets, we set o = s, for datasetNoTrend
and o = /7s, for datasetyyenq. The obtained four cases are judged as ‘Fasy’, ‘Me-
dium’, ‘Difficult’ and ‘Hard’ respectively. Study 4 is the same as Study 3 but with a
noise modeled by an autoregressive process. More precisely, we consider two values for
the standard deviation of the noise s, € {0.1,1.5} and an autocorrelation parameter
p € {-0.8,-0.3,0,0.3,0.8}. For each combination of parameters, we've simulated 200
datasets.

Let us precise that when the trend is not considered in the estimation procedure,
the resulting estimator is
(:)k or B (if k is selected or not),

and when it is considered the resulting estimator is

~

® if both k and 7 are selected or one of them or none).

k or kT or 7 (
Quality criteria. The performance of our procedure is assessed via :

e the estimated k and/or 7; and

e the squared Frobenius distance between ®° and its estimate (:)E,?'
Moreover, we also consider the Frobenius distance between M and

e the estimator of @° for the true k and/or 7, that is (:);” ; and

e the trajectorial oracle, that is @E ~ where

E,? =ar min 0" — 0. |>
(. 7) = arg | min ]6° - O[3

when both k£ and 7 are selected, @k,F where

k2

7 = argmin || ©° — O,
TET
when £ is fixed, and ©;  where
k = argmin ||©° — O ,||%
kek ’
when no trend is considered.

2.1.3.2 Study 1 : behavior of the three heuristics for the selection of
korrT

We first study the selection of k for datasetnorrend When no trend is considered
in the estimation procedure. We consider two different values of the maximal rank
kmax € {15,35}. The results are presented in Figure When the noise is small, i.e. the
estimation problem is easy (cases ‘Easy’ and ‘Medium’), all the heuristics recover the
true rank, and therefore the obtained estimators perform as well as C:);m (the estimator
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of @ for k fixed to its true value). When the estimation problem gets more difficult
(cases ‘Difficult’ and ‘Hard’), the heuristics tend to underestimate the rank. This un-
derestimation behavior seems to be logical and even desirable in the particular ‘Hard’
case. Indeed, we observe that in terms of Frobenius norm, the obtained estimators per-
form better compared to the one with the true rank. Moreover, they have performance
close to the oracle. Comparing the three heuristics, the Slope heuristic shows better
performances compared to the two other heuristics. This is particularly marked for the
‘Medium’ case and kpax = 15. We can note that the behavior of the three heuristics can
be affected by the choice of kpyax. This problem is well-known for both the BJ and Slope
heuristics (see [39] for more explanations in the case univariate series analysis).

Then, we study the selection of 7 for datasetmyenq for k fixed to the true value. We
fix Tmax = 55. The results are presented in Figure 2.2] Except with BJ that is more
unstable, the heuristics retrieve the true value of 7 whatever the estimation difficulty
with same performance as the oracle.

From this study, we choose the Slope heuristic for the model selection issue for both
k and 7 in the sequel and in the developed package.

~
2 H C 0 : H
k.n
10 ——
++ f
.
90- * i
25-
!
Critere
o
o s
o 00 -
Slope.
True
oracle
15 30~
-+
10 — -
" i . ' 0= " i " v
Easy Medium Difficult Hard Easy Medium Difficult Hard
| N ] ‘ +
% H
2
.
[ v
60 [ I

Slope.

Easy Medium Difficult Hard Easy Medium Difficult Hard

FiGURE 2.1 — Comparison of the three heuristics for the selection of k& for
datasetnorrend (Study 1). Left : estimated number of the rank &k and right : boxplot
of ||@° — (:)@HH; for two values of kpax = 15 (first line) and kpa.x = 35 (second
line), and different values of o. On each graph andAfor each value of o, from left

to right, we have the result from ML, BJ, Slope (k), the true rank (k) and the
oracle (k).
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FIGURE 2.2 — Comparison of the three heuristics for the selection of 7 for
datasetrenga When k is fixed to the truth (k = 3) for different values of o (Study
1). Left : estimated 7 and right : boxplot of ||©° — ék,?Hf- In each graph and each
value of o, from left to right, we have the result from ML, BJ, Slope (7), the true
value (7) and the oracle (7).

2.1.3.3 Study 2 : accounting for the smooth structure in the trend

We compare the performance of the procedure on the datasetmenq when the trend is
considered (7 = 7) or not (7 = n) for k fixed to the true value. We choose Typax = 55. The
results are represented in Figure 2.3] Whatever the difficulty of the estimation problem
(different values of o), accounting for the trend increases the precision of the estimation.
This is more marked for high values of o. Note that, similarly as Study 1, the estimation
naturally degrades with the increasing of o.

i

CaseDiff

Bl select_tau
u=n

FIGURE 2.3 — Boxplot of ||@° — @k,THI with 7 = 7 (select_tau) and 7 = n
(tau = n) for different values of o (Study 2).

2.1.3.4 Study 3 : selection of £ and 7

Figure 2.4 shows that the joint heuristic retrieves the true values of k£ and 7 whatever
the difficulty of the estimation problem, except very few times. Thus, the performance
of the estimator GE? is comparable to the one of the estimator ®;, ; and moreover it
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has performance close to the oracle (see Figure[2.5)). Compared to Study 1 where 7 = n,
here for difficult estimation problems, k is not underestimated.

32,5+

CaseDiff
W (sclect_k.select_taw)

Bl (rue_ktrue_tau)

oracle

27.5-

FIGURE 2.4 — Left : estimated k. Right : estimated 7 for different values of o
(Study 3).

200 -
H
s : CaseDiff

Bl (select_k,select_tau)

++ Bl (rue_ktrue_tau)
oracle

FIGURE 2.5 — Boxplot of ||@° — C:);%TH; with (k,7) = (k,7) the selected k and 7,
(k,7) = (k,7) the true values and (k,7) = (k,T) the oracle for different values of
o (Study 3).

2.1.3.5 Study 4 : robustness to autocorrelated noise

Whatever the dependence and the noise variance, the joint heuristic retrieves the true
values of k and 7 (see Figures and 2.8), except for a large variance (s, = 1.5) and
a high positive autocorrelation (p = 0.8) where it underestimates k and the selection
of 7 is more variable. For all noise cases, the method leads to estimators that have
close performance compared to the oracle (see Figures and and with better
performance than the one with the true values for the excepted case.

Moreover, we can observe that the more the autocorrelation parameter p increases (from
—1 to 1), the more ||©% — O .||+ increases also with a noticeable gap between p = 0.3
and p = 0.8 for both values of s,. First, the estimation is better with high and negative
autocorrelation. Then, the observed phenomenon on the norm can be explained. The
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variance term in the risk bound of the estimator @E - (i.e. the penalty, see (2.7)) depends
on || X.||op (see (2.6)). Using (2.8), we can show that this term is lower-bounded by

f(p)k(cilJTrT)

up to a multiplicative constant where f is increasing and nonnegative on [—1, 1].

37.5-

32.5-
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Bl (rue_ktrue_tau)
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3.0-  e—— —_— —_— —_— —_— 25.0-  w——— — —— — —

FIGURE 2.6 — Left : estimated k. Right : estimated 7 for different values of p and
for the standard deviation s, = 0.1. (Study 4)
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FIGURE 2.7 — Boxplot of ||@° — @);@TH; with (k,7) = (E, 7) the selected k and T,
(k,7) = (k,7) the true values and (k,7) = (k,T) the oracle for different values of
p and for the standard deviation s, = 0.1. (Study 4)

2.1.4 Using the TrendTM package

2.1.4.1 Comments on the package

The package is organized around the main and unique function TrendTM. In this
section, we present the arguments used in a call of this function :

TrendTM(M, k.select=FALSE, k.max=20, struct.temp="none", tau.select=FALSE,
tau.max=floor(n/2), type.soft="als")
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FIGURE 2.8 — Left : estimated k. Right : estimated 7 for different values of p and
for the standard deviation s, = 1.5. (Study 4)
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FIGURE 2.9 — Boxplot of ||@° — (:)k,r“F with (k,7) = (/k\, 7) the selected k and T,
(k,7) = (k,7) the true values and (k,7) = (k,T) the oracle for different values of
p and for the standard deviation s, = 1.5. (Study 4)

This function returns a list containing six elements :
e k.est, the estimated k or the true £ when no selection is chosen ;
e tau.est, the estimated 7 or the true 7 when no selection is chosen ;

e Theta.est, the estimation of @Y (Theta.est — U.estV.est if no temporal struc-
ture is considered and Theta.est = U.estV.estA if a temporal structure is consi-
dered) ;

e U.est, the component U of the decomposition of @;
e V.est, the component V of the decomposition of (:);

e contrast, the squared Frobenius norm of M - Theta.est. If k and 7 are fixed, the
contrast is an unique value; if k is selected and 7 is fixed or if 7 is selected and k
is fixed, the contrast is a vector containing the norms for each visiting values of k
or T respectively; and if £ and 7 are selected, the contrast is a matrix with Ky ax
rows and Tiax columns such that contrasty , = |@° — @;”H%E
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Model selection. The selection of k or/and 7 is requested using the options k.select
or/and tau.select that are booleans. When there is no selection, the option is set to
FALSE and k.max = k or/and tau.max = 7. Note that if no trend is considered in the
estimation procedure, 7 = n, otherwise tau.max must be a smaller than n and larger
than k.max + 2 in order to ensure that the rank of @9 is k.

Taking into account the trend. Let us give more details about the different argu-
ments of TrendTM that need to be specified when accounting for a temporal structure in
the estimation procedure.

Two temporal structures are considered : periodic trend and smooth trend. This can
be specified using the option struct.temp, struct.temp="periodic" or struct.temp="smooth"
respectively. Recall that the selection of 7 is only possible when a smooth trend is consi-
dered. Thus, when

e struct.temp="periodic", then tau.select=FALSE and tau.max= 7. In this case,
7 must be such that n is a multiple of 7;

e struct.temp="smooth", then tau.select is either FALSE or TRUE. Whatever this
choice, tau.max must be an odd number.

When no trend is taken into account, struct.temp="none" and tau.max = n.

Estimation of ®°, k and 7 being fixed (Step 1). The least squares estimator (:);m
of ®°, given by , is obtained by using the softImpute function from the R package
of the same name developed by Hastie and Mazumder for matrix completion [12§]. In
this package, two algorithms are implemented : ‘svd’ and ‘als’. In a simulation study, we
observed that they have both provided the same accuracy of the estimator (results not
shown). We decide to use the ‘als’ algorithm by default but the choice is left free to the
user in our package TrendTM. In this package, this choice is specified using the option
type.soft.

The slope heuristic. Let us now focus on the selection problem of the rank k, and
write the penalty as pen(k) = cca (k). The Slope heuristic, proposed by [40], consists
in estimating the slope s of the contrast ||M — @;”,H%: as a function of ¢(k) with k
‘large enough’ and defining ¢cy 1 = —25. The implementation of this heuristic requires
the choice of the dimensions on which to perform the regression, that can be difficult
in practice. To deal with this problem, [4I] proposed to make robust regressions for
dimensions between k and Kmax for k = 1,2,..., resulting in different selected %. The
choice of the final dimension is the maximal value k such that the length of successive
same k is greater than the option point of the function DDSE. In order to avoid some
implementation problems as such condition is not reached and no £ is selected, we decide
to take the value k associated to the maximal length of successive same k.

2.1.4.2 Application to pollution dataset

Let us use the package on a real datasetlﬂ The dataset contains the amounts of
d = 13 toxic gases in the air recorded n = 9357 times during one year. We do a first

1. available at https ://archive.ics.uci.edu/ml/datasets/Air+quality
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step of data imputation using the function complete of the package softImpute since
missing values (coded with —200) exist in this dataset (see |[133] for more details on
high-dimensional time series completion). Our function trendTM is then applied on the
completed matrix with a selection of both k and 7. The code is the following :

## Used package
library(’softImpute’)
library(’TrendTM’)

## Data importation
AirPollution <- read.table(’AirQualityUCI.csv’,sep=";",header=TRUE)[,-c(1:2)]
AirPollution <- t(as.matrix(AirPollution))

## Imputation

AirPollution[AirPollution==-200] <- NA

AirPollutionSoft=softImpute: :softImpute(AirPollution,rank=1,lambda=0)
AirPollutionImp=softImpute: :complete(AirPollution,AirPollutionSoft)

## Trend estimation
Trend.AirPollution = TrendTM(AirPollutionImp, k.select=TRUE, k.max=13,
struct.temp="smooth", tau.select=TRUE, tau.max=101)

Trend.AirPollution$k.est
[11 7
Trend.AirPollution$tau.est
[1] 13

The procedure selects k=7and 7 = 13. Figure shows the obtained trend
estimation for 4 toxic gases among the 13. The denoising process seems to have been
well applied to the data.

2.1.5 Method used for usual problems in statistics

This section deals with an application of Model (2.1}), first to times series clustering,
and then to PCA of times series. These applications were not developed in [24].

2.1.5.1 Application to time series clustering

To assume that @Y = UL with L = (¢;(¢));+ := VA means that for any i €
{1,...,d}, the trend m;(.) of the i-th row of M satisfies

k
mi(t) =Y Uijli(t) sVt e {1,...,T}.

i=1

In other words, the trend of the i-th time series stored in M is a linear combina-
tion of the trends £1(.),...,¢k(.) of k latent time series. Moreover, since L = VA,
01(.),...,4(.) have the same usual time series trend’s property, characterized by A,
than mq(.),...,mgq(.).
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FIGURE 2.10 — Estimation of the trend of 4 toxic gases (red) compared to the
initial series (grey).

The identification of the aforementioned latent time series is part of curves or time
series clustering framework. To this aim, we propose here to apply the well-known Hie-
rarchical Agglomerative Clustering with the Ward’s linkage on the rows of ﬁk, where
Tyr — UxV, or Oy, — UxV, A,

In [43], the authors applied and compared different curves clustering methods propo-
sed in the literature on real datasets. We propose to apply our clustering strategy on two
datasets : the ECG and Growth datasets. The ECG dataset (taken from the UCR Time
Series Classification and Clustering website) consists in 200 electrocardiogram from 2
groups of patients sampled at 96 time instants in which 133 are classified as normal and
67 as abnormal, and the Growth dataset (available in the R package fda) contains the
heights of 54 girls and 39 boys measured at 31 stages from 1 to 18 years. In both da-
tasets, we have two groups. The time series of the two datasets are plotted in Figure2.11

We apply our proposed clustering strategy based on the procedure with and without
taking into account for a trend (periodic for ECG and smooth for Growth) with the
known number of groups k& = 2. The Correct Classification Rates (CCR) according to
the known partitions are given in Table 2.1] for the ECG dataset and in Table 2.2] for
the Growth dataset. We also report the CCR obtained for the best method among the
ones tested in [43]. In addition, we indicate the time taken by the different methods on a
laptop 1.6 GHz CPU (note that the time for the method HDDC on FPCA scores is not
given since this method is not available). For the ECG dataset, accounting for the trend
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improves significantly the clustering performance. This is not the case with the Growth
dataset which already has a very high CCR without trend. Our clustering performances
are the same compared to the best clustering method but it is much more faster. Note
that among the compared methods in [43], the best ones for the two datasets are not
the same.

The R code for the Growth dataset without accounting the trend is the following

library(fda)

data("growth")

Growth <-t(cbind{(matrix(growth\$hgtm,31,39) ,matrix(growth\$hgtf,31,54)))
cls <-c(rep(1,39),rep(0,54))

k.max <- 2
res.Growth <- TrendTM::TrendTM(Growth,k.max=k.max)

Uf.cr <- scale(res.Growth\$U.est,scale=TRUE, center=TRUE)

Uf .ward<- hclust(dist(Uf.cr, method = "euclidean")"~2, method = "ward.D")
cluster.Uf <- cutree(Uf.ward, k =k.max)

table(cls,cluster.Uf)

50
times.

FIGURE 2.11 — Top : Growth dataset (black : boys, red : girls).
Bottom : ECG dataset (black : normal, red : abnormal).

Note that for the Growth dataset without trend, the Slope heuristic selects k=6
clusters and for the ECG dataset with a 32-periodic trend, it selects k=7 TIn Figure
the series of the ECG dataset are plotted and colored according to the k=7
obtalned clusters with a 32-periodic trend on the left, and the associated obtained trend
m;(.) for i =1,...,6 are plotted on the right.
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ProCnoTrend PrOCrrend  Best method in [43]

CCR 74.5 83 84 (reported from [43)])
Mean times in second
(on 30 runs) 0.015 0.008 19.2

TABLE 2.1 — Correct classification rates (CCR) in percentage accounting or not
for a trend on the ECG dataset. Mean times in second obtained on 30 runs.

ProCTrend Best method in [43]
ProcNoTrend Smooth with 7 =13  HDDC on FPCA scores

CCR 97.85 97.85 97.85 (reported from [43])
Mean times in second
(on 30 runs) 0.003 0.0028

TABLE 2.2 — Correct classification rates (CCR) in percentage accounting or not
for a trend on the Growth dataset. Mean times in second obtained on 30 runs.

2.1.5.2 Application to time series PCA

The PCA problem can be rephrased as a k-rank approximation of a matrix M
(information captured by the first k£ axes). More precisely, if the matrix M is of dimension
d x n, the simple PCA solution of rank k is given by

0., = UV, car min M¢ — UV||3
kn EVE gUeMd,k,VeMk,n | H}'

where, if A; denotes the j-th column of the matrix A, A := A; — A; with 4; =
d! Zle A;j. Then, the matrix of the principal components is MV = ﬁk Each line
of this d x k matrix contains the coordinates of the projection of the associated time se-
ries on the first k axis. Two projected time series are close if they share globally the same
trend’s property. However, in high-dimensional space (n high), the euclidean distance
used in PCA can lose its meaning and a local trend similarity could be preferred. We thus

propose to perform the PCA on the transformed matrix M = MCAT. . The solution is
@k = Tk A = UkV A and the matrix of principal components is MCV* = MCAJFV};.

The projections of the times series on the principal plan (coordinates given by the
two first columns of the matrix of principal components) of M¢ and M¢ are plotted in
Figure on the left and the right respectively for the ECG dataset colored according
to the true partition. Recall that for the ECG dataset, we consider that the trend is
periodic with period 7 = 32.

To illustrate the trend reduction using A™ on a period with length 7, the 28th and the
121th time series of M¢ and M€ are plotted in Figure on left and right respectively.
As expected according to their features in both matrices, they are not close in the PCA
of M€ whereas they are close in the PCA of M€. That also explains the difference when
the clustering is performed without trend or with trend (see the previous section). For
example, these two time series are clustered in the same group when a trend property
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FIGURE 2.12 - Top : ECG dataset colored according to the k = 7 obtained clusters
with a 32-periodic trend. Bottom : the associated trends m;(.) for i = 1,...,6.

is taken into account, whereas they are not in the same group when no trend property
is considered.

2.1.6 Conclusion

The penalized criterion developed in [24] for high-dimensional time series analysis
consists in selecting both the rank k of the matrix and the parameter 7 related to
the temporal structure. The penalty function involves a constant to be calibrated and
depends on the temporal structure through its associated parameters to be estimated.
For such minimization contrast estimation context, it is well-known in the literature that
despite the selection of both parameters issue that is not standard, the calibration of
penalty constant is not an easy task and many heuristics have been proposed to this aim.
We proposed in this paper a two-stage strategy based on a popular heuristic : the slope
heuristic proposed by [40] and used in many statistical problems. We conducted a large
simulation study to compare different heuristics as well as to study the performance of
the method. In particular, through these simulations, we show that the joint heuristic
performs well : the true values of k& and 7 are retrieved or underestimated when the
estimation problem is more difficult, but with good reasons (the estimation is better
than with the true values in this case). Moreover, whatever all the tested cases, the
performance of the final estimator is comparable to that of the oracle. The method has
been implemented in the R package TrendTM yet available on the CRAN and which is
detailed in this paper. We also show that this method can be used for classical problems
in statistics : the clustering and the PCA. Especially, we show that for times series
clustering, the proposed method works as well as the best ones proposed in the literature
but is computationally much faster.

36



§ . 176 g 51 :
187 0d 75
41 4342178 129% 48 4
g1 128 %3 163
1%;& 140 i B?@ﬂ
0~ 20 427, 89 8
198,180 97 164 e
1448 90
1565 ‘5%&551%%2 tikd 18 62 111
1 1bkios od 19 U4
48 r 45
54
142 5797
120
28 g7 . I
1'\3135 159 26 50
152 12383 1282
6
13
121 155
192
161
10-
5 0
dim1
5 413
ad
94
11
e
3910748
" 1030 423 I3 = 1732%&,8
4796 4900057 1071 5 - 3
161 105 15433160 136 155 ¥
86 200
L 28 ag 1141 81981401 1131392
Lt 13 56155& 15 Y
139 1652 19193 ‘o 165 5 T
X 115
183 186 %?Elg;
[ 45 187 8d"
1- 126 191
- 7 2 90
150120119 1430 1347
36 5125 129
2 g7 199
87 [, il
24
3 IZ 1 \:. 1
dim1

FIGURE 2.13 — PCA on the ECG dataset. Top : on M¢. Bottom : on M® with a
periodic trend (7 = 32).

2.2 Tight Risk Bound for High Dimensional Time
Series Completion

As explained in the introduction, low-rank matrix completion methods were studied
in depth in the past 10 years. Recall that the first theoretical papers on the topic covered
matrix recovery from a few entries observed exactly [67, 68, 80]. The same problem was
studied with noisy observations in [65, [66], 81} [77]. The minimax rate of estimation was
derived by [I7]. Since then, many estimators and many variants of this problem were
studied in the statistical literature, see [91, 82 [84) [15], 19, 04, [72, [70, B8, 20, 21] for
instance.

High-dimensional time series often have strong correlation, and it is thus natural to as-
sume that the matrix that contains such a series is low-rank (exactly, or approximately).
Many econometrics models are designed to generate series with such a structure. For
example, the factor model studied in [83, [R5 86, [76] [71 [78] can be interpreted as a
high-dimensional autoregressive (AR) process with a low-rank transition matrix. This
model (and variants) was used and studied in signal processing [62] and statistics [911 [57].
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FIGURE 2.14 — The 28th (in black) and the 121th (in red) time series. Left : on
ME¢. Right : on M¢ with a periodic trend (7 = 32).

Other papers focused on a simpler model where the series is represented by a determi-
nistic low-rank trend matrix plus some possibly correlated noise. This model was used
by [99] to perform prediction, and studied in [24].

It is thus tempting to use low-rank matrix completion algorithms to recover partially
observed high-dimensional time series, and this was indeed done in many applications,
as recalled in the introduction. This chapter focuses on low-rank matrix completion for
partially observed high-dimensional time series that indeed exhibit a temporal depen-
dence.

The paper is organized as follows. In Section we recall our model (already defined
in the introduction), and the notations used throughout the chapter. In Section
we provide the risk analysis when the rank & is known. We then describe our rank selec-
tion procedure in Section and show that it satisfies a sharp oracle inequality. The
numerical experiments are in Section 2.2.4] All the proofs are gathered in Section [2:2.5]

Notations and basic definitions. Throughout the paper, Mg r(R) is equipped with
the Frobénius scalar product

()7 (A,B) € Mqr(R)? — trace(A*B) = > A;/Bj,
gt

or with the spectral norm

[-llop = A € Map(R) — Sup [Az| = o1(A).
z||=1

Let us finally remind the definition of the ¢-mixing condition on stochastic processes.
Given two o-algebras A and B, we define the ¢-mixing coefficient between A and B by

d(A,B) :=sup{|P(B) — P(B|A)|; (A,B) € Ax B, P(A) #0}.

When A and B are independent, ¢(A, B) = 0, more generally, this coefficient measure
how dependent A and B are. Given a process (Z;):en, we define its ¢-mixing coefficients
by

¢z(i) :==sup{dp(A,B) ;t € Z, A€ o(Xp,h <), BEo(Xp, L2t +1)}.

Some properties and examples of applications of ¢-mixing coefficients can be found
in [73].
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2.2.1 Setting of the problem and notations

5o

Consider d,T" € N* and a dxT random matrix M. Assume that the rows My_,..., My
are time series and that Y7,...,Y, are n € {1,...,d x T’} noisy entries of the matrix
M :

Y; = trace(X;M) + & ;i € {1,...,n}, (2.9)
where Xq,...,X,, are 1.i.d random matrices distributed on
= {ega(j)err(t)* ;1 <j<dand 1 <t < T},
and &1, ...,&, are i.i.d. centered random variables, with standard deviation o¢ > 0, such

that X; and ¢; are independent for every i € {1,...,n}. Note that, as Xy,...,X,, are
independent, we do not exclude multiple observations of the same entry. That is, our
model of matrix completion is the one studied in [I7, 01, [19] rather than the model
in [65] [66] where this is not possible.

Let us now describe the time series structure of each My ,..., My . We assume that
each series M can be decomposed as a deterministic component @97_ plus some random
noise ¢;, . The noise can exhibit some temporal dependence : €;; will not be independent
from € in general. Moreover, as discussed in [24], G)O can have some more structure :
@0 = T0 A for some known matrix A. Examples of such structures (smoothness or
perlodlclty) are discussed below. This gives

{M = OYV4+¢

@O — TOA ) (210)

where ¢ is a d x T' random matrix having i.i.d. and centered rows, A € M, 7(C) (7 < T)
is known and T is an unknown element of M, ,(R) such that

sup \T]t| with mg > 0

mo
it mA(7)
and 1V sup

{ sup;¢ |(TA )|
TeMd,T([R)

<mpA(T) < oco. (2.11
sup;¢ | T; el } (7) (2.11)
Note that this leads to

sup;, [(T°A),.

gt gL Sup; ¢ ‘T é’

x Mo

and
mp = sup A < oo.
it
We now make the additional assumption that the deterministic component is low-rank,
reflecting the strong correlation between the different series. Precisely, we assume that
T is of rank k € {1,...,d AT} : TO = UV? with U° € Myx(R) and V° € My . (R).
The rows of the matrix VO may be understood as latent factors. By Equations and

(2.10], for any i € {1,...,n},

Y; = trace(X; @) + ¢, (2.12)
with &, := trace(X}e) +&:. It is reasonable to assume that X; and &;, which are random
terms related to the observation instrument, are independent to €, which is the stochastic

component of the observed process. Then, since &; is a centered random variable and e
is a centered random matrix,

d T
EE) = E(X08)5) + E&) = 3 S E(X),0)E(es) = 0.

j=1t=1
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This legitimates to consider the following least-square estimator of the matrix @ :

®k:,7' = Tk,TA

T, € argTréléﬁT rn(TA) > (2.13)
where Sy, ; is a subset of
Mg, = {UV ; (U, V) € Mg (R) x My -(R) s.t.
mp mp
sup|U;¢| < /-——— and sup |V </ ——~ 7,
PP S \ma ) M Ve kmm)}
and .
1
rn(A) =~ z(y — (X;,A)F)? s VA € Mar(R).
1=
Remark 2.2.1. — In many cases, we will simply take S, = Mgy . However, in

many applications, it 1s natural to wmpose stronger constraints on the estimators. For
example, in nonnegative matriz factorization, we would have

Skr={UV; (U, V) e My, s.t.Vjl,t, Ujp >0 and Vg >0}

(see e.g. [89]). So for now, we only assume that Sk, C Mgy . Later, we will specify
some sets Sy 7.

Let us conclude this section with two examples of matrices A corresponding to usual
time series structures. On the one hand, if the trend of the multivalued time series M
is T-periodic, with T" € 7N*, one can take A = (I |---|I;), and then mpy = 1 and
ma(7) := 1 works. So, in this case, note that the usual matrix completion model of
[17] is part of our framework by taking 7" = 7. On the other hand, assume that for
any j € {1,...,d}, the trend of M is a sample on {0,1/7,2/T,...,1} of a function
fj :10,1] = R belonging to a Hilbert space #. In this case, if (e, )necz is a Hilbert basis of
H, one can take A = (e,(t/T))nj<ni<t<r- For instance, if f; € L2([0,1];R), a natural

— e?i'/mt/T

choice is the Fourier basis e, (t) , and then mpy = 1 and

sup; [(TA);el _ 1
Sup; ¢ ’Tj,€| h Sup; ¢ |Tj,e’

-
-supz \Tj’ge%mt/T\ <17 =mp(7).
It =

Here, the usual matrix completion model of [17] is not part of our framework because T
is possibly huge and to take 7 = T implies that the coefficients of the matrix T are all
unrealistically small by Condition . However, wathever the time series structure
taken into account via A, our model is designed for small values of 7. Else, the model
of [I7] is appropriate. So, when A is the previous Fourier matriz, and in general when
mp (7) is a non constant increasing function of 7, we assume that 7 € [1, 7o] with 7o < T'.

2.2.2 Risk bound on T},

2.2.2.1 Upper bound

First of all, since Xy,...,X,, are i.i.d X-valued random matrices, there exists a
probability measure IT on X such that

Px, =11; Vi€ {l,...,n}.
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In addition to the two norms on Mg (R) introduced above, let us consider the scalar
product (.,.)r 1 defined on My (R) by

(A,B)rq = / (X,A)7(X,B)rII(dX) ; VA, B € My7(R).
Mg, r(R)

Remarks :

(1) For any deterministic d x T matrices A and B,
(A,B)rn =E((A,B)s)
where (.,.), is the empirical scalar product on Mg (R) defined by

(A,B), = %Z<Xi,A>f<Xi,B>f.
=1

However, note that this relationship between (.,.) 7 and (.,.),, doesn’t hold any-
more when A and B are random matrices.

(2) If the sampling distribution II is uniform, then HH%-‘,H = (dD)7Y.||%.

Notation. For every i € {1,...,n}, let x; be the couple of coordinates of the nonzero
element of X;, which is a £-valued random variable with € = {1,...,d} x {1,...,T}.

In the sequel, €, &1, ...,&, and Xq,..., X, fulfill the following additional conditions.

Assumption 2.2.2. — The rows of € are independent and identically distributed. There
is a process (e¢)iez such that each ¢;. has the same distribution than (e1,...,e7), and
such that

D=1+ ¢:(i)"/? < oo,
=1

Assumption 2.2.3. — There exists a deterministic constant mg > 0 such that

sup |e5.¢] < me.
j’t

Moreover, there exist two deterministic constants c¢,v¢ > 0 such that

sup E(&7) < v
i€{1,...,n}

and, for every q = 3,
q—2

bec q!
sup_E(&7) < —5—
€{1,...,n}

This assumption means that the €;;’s are bounded, and that the §;’s are sub-exponential
random variables. Sub-exponential variables include bounded and Gaussian variables as
special cases. Note that this is the assumption made on the noise for the matrix com-
pletion in the i.i.d. framework in the papers mentioned above [19,[17]. The boundedness
of the €;4’s can be seen as quite restrictive. However, we are not aware of any way to
avoid this assumption in this setting. Indeed, it allows to apply Samson’s concentration
inequality for ¢-mixing processes (see Samson [49]). In [23], the authors prove sharp
sparsity inequalities under a similar assumption, using Samson’s inequality. They also
show that the other concentration inequalities known for time series lead to slow rates
of convergence.
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Assumption 2.2.4. — There is a constant cip > 0 such that

. CII .
({eqs (err()'}) < S5 5 (1) € £.
Note that when the sampling distribution IT is uniform, Assumption 2.2.4] is trivially
satisfied with ¢ = 1.

Theorem 2.2.5. — Let o € (0,1). Under Assumptions|2.2.9, [2.2.5 and [2.2.4}, if n >
max(d, 7), then

~ ) log(n) 1 4

O, — 0% <3 T — TOA|3 k(d+7)——~ + ~log  —

©k, 7 T@é& ¢ A7+ ez |k(d+7) o + s
with probability larger than 1 — o, where is a constant depending only on mg, ve,

¢, Mg, mp, O and cgy.
Actually, from the proof of the theorem, we know explicitly. Indeed,
= T2momace + 5@1 + 9m0m2

where g7 and qurzame are constants (explicitly given in Theorem [2.2.11] in Sec-
tion [2.2.5) depending themselves only on mg, ve, ¢¢, mg, mp, ®. and cq.

Remarks :

(1) Note that another classic way to formulate the risk bound in Theorem is

S

that for every s > 0, with probability larger than 1 — e~

84— 1 <3 min (T~ T)A 1+ oz | kld +7) 2" 4 2

’ TESk, - : n n
(2) The ¢-mixing assumption (Assumption is known to be restrictive, we refer
the reader to [73] where it is compared to other mixing conditions. Some examples
are provided in Examples 7, 8 and 9 in [23], including stationary AR processes with
a noise that has a density with respect to the Lebesgue measure on a compact in-
terval. Interestingly, [23] also discusses weaker notions of dependence. Under these
conditions, we could here apply the inequalities used in [23], but it is important
to note that this would prevent us from taking A of the order of n in the proof of
Proposition In other words, this would deteriorate the rates of convergence.
A complete study of all the possible dependence conditions on € goes beyond the

scope of this paper.

2.2.2.2 Lower bound

In the case where 7' = 7 and A = Iy, the model in [I7] is included in our model,
and corresponds to the case where the temporally dependent noise € is null : € = 0. This
means that the lower bound provided by Theorem 5 in [I7] holds in our setting. That
is, when the &;’s are N'(0,1) and the X;’s are uniform (so ¢y = 1), there are absolute
constants ¢y, 3 > 0 such that for any k < 577,
~ k(d+T

wr s P (IR Oz ) 215

A @OEMd,k,T ' n
In other words, the bound in Theorem is tight, maybe up to the log(n) term (there
is also a log term in the upper bounds of [I7]). We now extend this result to the case

7 < T, in the special case where the deterministic component of the series is 7-periodic :
A=1...]1;).
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Theorem 2.2.6. — Assume the &'s are N(0,1), the X;’s are uniform (so ¢y = 1) and
the temporally dependent noise ¢ = 0. There are absolute constants cin, B > 0 such that
forany T € {1,..., T}, in the case A = (I,|...|I;), for any k < (256m2n/(dV 1))/3,

Wﬂﬂ)

inf sup P <]A - ®OAH2}-7H > Cinf >1-p.

A O%cMgyy -

For 7 = T, we recover Theorem 5 in [I7], but our result also guarantees that the bound
in Theorem is tight (up to log terms) even when 7 < 7.

2.2.3 Model selection

The purpose of this section is to provide a selection method of the parameter k.
First, for the sake of readability, Sy » and Tk 7 are respectlvely denoted by Sk and Tk
in the sequel. The adaptive estimator studied here is O = TA where T := T

k € arg inl%{rn(’i‘kA) + pen(k)} with £ ={1,...,k*} C N*,
€

and

1 1 -
pen(k) := 16cpen0g75n)k(d + 7) with cpen = 2 ( A )\*> :

Note that the value of the constant cpen could be deduced from the proofs. It would
however depend on quantities that are unknown in practice, such as ¢ or ®.. Moreover,
the value of cpen provided by the proofs would probably be too large for practical pur-
poses. In practice, we recommend to use the slope heuristics to estimate this constant.
The slope heuristic is defined as follows : for each C > 0, let us define

k(C) € argmin{r,(TxA) + C - k}.
kel

Then, let us define C as the location of the largest jump of the function
C— Tn(Tk(C)A)

and choose the rank k = k(2C). This popular procedure leads to good practical results
in most situations. Its theoretical properties are available only in limited situations
(see [60]), though, so we will focus our theoretical result to k.

Theorem 2.2.7. — Under Assumptions|2.2.2, (2.2.5 and|2.2.4}, if n > max(d, ), then

~ log(n)
— @92 < 4 T — THA
1© — ©7[|% gg,g 3Trrém ¢ A%+ gzmik(d +7) -

+ﬁmq%<a>+@mz
with probability larger than 1 — o, where

gz = dazzm + 16¢pen + 72moce and gI72 = 9@21110.
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2.2.4 Numerical experiments

This section describes an experimental study of the estimator of the matrix T°
introduced at Section [2.2.1] In particular, we compare on simulated periodic data the
completion procedure using the periodicity information, to the standard procedure, and
we observe a clear improvement. We also illustrate our results on real data from Paris
sharing bike system.

In the case where no particular temporal structure is used, that is, A = Ip, standard
packages such as softImpute [128] could be used. However, this is not necessarily the
case for a general A, thus we implemented a standard alternate least square (ALS)
procedure. That is, we iterate U := argminy rn(UVA) and V := arg miny r,(UVA)
until convergence. Each step is a linear regression and has an explicit solution. Despite
its extreme simplicity, this type of alternate optimization is known to lead to very good
results in practice [87], and such a method is actually used by softImpute [128§].

The code of all the experiments can be found on the third author webpage

hitps ://amelierosier8.wizsite.com/website

2.2.4.1 Experiments on simulated datas
The experiments in this subsection are done on datas simulated the following way :

(1) We generate a matrix TY = UV? with U € My4(R) and V° € M -(R). Each
entries of U and VY are generated independently by simulating i.i.d. N(0,1)
random variables.

(2) We multiply T? by a known matrix A € M, 7(R). This matrix depends on the
time series structure assumed on M. Here, we consider the periodic case : T' = pr,
p € N*and A = (I;]...|I;).

(3) The matrix M is then obtained by adding a matrix ¢ such that €1 ,...,eq, are

generated independently by simulating i.i.d. AR(1) processes with compactly sup-
ported error in order to meet the ¢-mizing condition. We multiply € by the co-
efficient 0. which value will vary according to the experiments. The goal is to
evaluate the impact of adding more noise in the estimation.
Only 30% of the entries of M, taken randomly, are observed. These entries are
then corrupted by i.i.d. observation errors &1, ..., &, ~ N(0,0.012). To meet As-
sumption we also consider uniform errors &1,...,&, ~ U([—a,al), where
a = 1/3/100 =~ 0.017 to keep the same variance than previously. The first expe-
riments will show that the estimation remains quite good even if the &;’s are not
bounded.

Given the observed entries, our goal is to complete the missing values of the matrix and
check if they correspond to the simulated data in two different cases :

(1) Our first model doesn’t take into account the time series structure in the matrix
M. Thus, we simply apply our fonction als to the dataframe containing the values
of the noisy entries in addition to their position in the matrix M (number of the
line j and number of the column ¢t with 1 < j < d, 1 <t <T). The output of the
function gives directly an estimator of the matrix @°.

(2) Our second model takes into account the time series structure in M and more
precisely the periodicity of the time series datas. In order to have an estimator of
the matrix ®°, some transformation are required on the data : the fonction als
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is now applied to the dataframe in which all the observed entries at the position
(j,t) (1 < j <d,1<t<T)are now moved to the position (j,¢[mod]r). The
output of this function needs to be remultiplied by A to have an estimator of @°.

We will evaluate the MSE of the estimator with respect to several parameters and
show that there is a gain to take into account the time series structure in the model. As
expected, the more @Y is perturbed, either with e or &1,...,&,, the more difficult it is
to reconstruct the matrix. In the same way, increasing the value of the rank k will lead
to a worse estimation. Finally, we study the effect of replacing the uniform error in each
AR(1) by a Gaussian one.

The first experiments are done with d = 1000, 7' = 100 and 7 = 25 to be in concordance
with the experiments on real data (see subsection 5.3). Here are the MSE obtained for
both models, 3 values of the rank k and for two kinds of observation errors &1,...,&, :
Gaussian N(0,0.012) v.s. uniform ¢([—0.017,0.017]). The errors in the AR(1) processes
generating the rows of ¢ remain uniform U([—1, 1]).

MSE &~ N(0,0.012) | & ~ U([-0.017,0.017])
Model w/o time series struct. 0.00012 0.00014
Model with time series struct. 0.00009 0.00010

TABLE 2.3 — MSE for both models, k£ = 2.

MSE &~ N(0,0.01%) | & ~ U([-0.017,0.017])
Model w/o time series struct. 0.00018 0.00022
Model with time series struct. 0.00012 0.00013

TABLE 2.4 — MSE for both models, £ = 5.

MSE & ~ N(0,0.01%) | & ~ U([—0.017,0.017))
Model w/o time series struct. 0.00026 0.00045
Model with time series struct. 0.00013 0.00017

TABLE 2.5 — MSE for both models, £ = 8.

Thus, both of the rank k& and the nature of the error considered for the &’s seem to
play a key role on the reduction of the MSE. Regarding the rank k (d, T and 7 being
fixed) being fixed), our numerical results are consistent with respect to the theoretical
rate of convergence of order O(k(d + 7)log(n)/n) obtained at Theorem when we
consider the time series structure of the data (see Tables and . Indeed, for
both models, the MSE is increasing when the value of the rank k is higher but this
increase is always more significant in the model without time series structure, which
is also consistent with the rate of convergence of order O(k(d + T')log(n)/n) obtained
in this case. Note that when we look at one model at a time, for each tested values of
k, whatever the distribution of the errors &i,...,&, (Gaussian or uniform), the MSE

45



remains of same order with a slight improvement when we considered Gaussian errors.
This justifies to take &1, ..., &, ~ N(0,0.012) in the following experiments.

This study can be summarized in the following experiment which shows the evolution
of the MSE with respect to the rank k (k =1,...,10) for both models. Once again, we
take d = 1000, T' = 100, 7 = 25 but the &;’s remain i.i.d. M'(0,0.01?) random variables,
and €1 ,...,eq, are ii.d. AR(1) processes with Gaussian errors.

0.020-

class

— MSE_class

MSE

== MSE_ts

0.010-

0.005-

6
rank

FIGURE 2.15 — Models (time series (dotted line) v.s. classic (solid line)) MSEs
with respect to the rank k.

As expected (see Figure , the MSE is much better with the model taking into
account the time series structure. The MSE in both cases degrades when the value of
the rank is increasing, the maximum being reached for £ = 10 with the value 0.0173 for
the time series model compared to 0.0206 in the classic case, which still remains very low.

As we said, the estimation seems to be more precise with Gaussian errors in e, and
the more @ is perturbed via € or £1,...,&,, the more the completion process is com-
plicated and the MSE degrades. So, we now evaluate the consequence on the MSE of
changing the value of o.. For both models (with or without taking into account the time
series structure), the following figure shows the evolution of the MSE with respect to
0. when the errors in ¢ are N'(0,1/3) random variables and all the other parameters
remain the same than previously, we are still considering 30% of observed entries.
Once again, as expected (see Figure , the MSE with time series model is smaller
than the one with the classic model for each values of o.. The fact that the MSE increases
with respect to . with both models illustrates that more noise always complicates the
completion process. In our experiments, the values of o, range from 0.02 to 2. We can
notice that, the more we add noise with 0., the more significant the gap between the
MSE of both models is. With o, equal to 2, the MSE reaches the value 0.2241 for the
time series model and 0.3040 for the classic one. Our method has increasing difficulty
in reconstructing the matrix when we add too much noise to the model. See also Table
2.0l

Let us do the same experiment but with uniform ¢ ([—1, 1]) errors in the AR(1) processes
generating the rows of €.

The curves shape on Figure 2.17)is pretty much the same as in the previous graph : the
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FIGURE 2.16 — Models (time series (dotted line) v.s. classic (solid line)) MSEs
with respect to 0., Gaussian errors.

Min. MSE | Max. MSE
Model w/o time series struct. 0.0023 0.3040
Model with time series struct. 0.0021 0.2241

TABLE 2.6 — Min. and max. values reached by the MSE with Gaussian errors in
€.

class
— MSE _class

MSE

“ee MSE_ts

0.0-

FIGURE 2.17 — Models (time series (dotted line) v.s. classic (solid line)) MSEs
with respect to o., uniform errors.

MSE for the model taking into account the time series structure is still smaller than for
the classic model and this difference between the two models is even greater when we
increase the value of o.. However, this time, the MSE for both models reaches higher
values, leading to a huge misestimation when o. = 2 (see Table .
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Min. MSE | Max. MSE
Model w/o time series struct. 0.0082 1.4088
Model with time series struct. 0.0076 0.9027

TABLE 2.7 — Min. and max. values reached by the MSE with uniform errors in ¢.

Finally, as mentioned, the previous numerical experiments were done by assuming that
k is known, which is mostly uncommon in practice. So, our purpose in the last part of
this section is to implement the model selection method introduced at Section [2.2.3] Let
us recall the criterion to minimize :

{crit(k) = m(Teb) +pen(k) o ogy

pen(k) = ccak(d+ 7)log(n)/n

In the sequel, &1,...,&, ~ N(0,0.5), €1, ...,eq4, areiid. AR(1) processes with N'(0,1/3)
errors, and o. = 0.2. Percentage of observed entries is still 30%. The penalty term in
crit(.) depends on the constant c., > 0 which is calibrated here by using the slope heu-
ristic presented at Section [2.2.3

On 20 independent experiments, Table 2.§ gives the mean MSE obtained for the es-
timator computed with the true rank £ = 5 and the associated adaptative estimator
computed with & selected by minimizing the criterion studied in Section m Table

Mean MSE for T, A | 0.10712
Mean MSE for TEA 0.17601

TABLE 2.8 — Mean MSE over 20 simulations for 'ka and '/I\‘EA.

gives the frequence of the different values of k selected. Our method select the true k 8
times over 20.

k selected | 4 5 6 7 8 9
Frequence | 0.05 | 0.4 | 0.1 | 0.15] 0.2 | 0.1

TABLE 2.9 — Frequence of k-values selected

2.2.4.2 Experiments on real datas

Modern transportation data are often high-dimensional and have strong patterns
including periodicity. For this reason, matrix factorization methods are very popular in
this field [69, 95]. The data used in this section comes from the funFEM package (the real
time data are available at https ://developer.jedecaus.com/). We used the Velib data
set which contains data from the bike sharing system of Paris. These data provide the
occupancy (number of available bikes/number of bike docks) of 1189 bike stations over
one week. The data were collected every hour during the following period : Sunday 1st
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Sept. - Sunday Tth Sept., 2014. We removed the time points collected during the week-
end (50 time points in total) insofar as the week-end occupancy of the bike stations
differs from the week. Loading profiles of 6 different stations (week-end excluded) are
represented on Figure 2.18]

fee] ©
3 o 3 o
c c
© -1 © -1
S < 5 <
g8 o g8 o
(e} - o -
o o
© T T T T T T © T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
Time Time
©
~ c 7
(=

Occupancy
0.4
(I
Occupancy
0.4
1

-
o o ]
T T T T T T © T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
Time Time
[ee]
5 S 5 3
c c
g 7 g b
<
g <] § 3
o — o -
o ] o
© T T T T T T c T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
Time Time

FIGURE 2.18 — Occupancy of six Velib stations over one week (week-end excluded).

We clearly notice the daily periodic behaviour of our time series. Thus, the experi-
ments of this section are done with the real time data in the matrix M of dimensions
d = 1189, 7 = 25 (which corresponds to one day) and 7' = 125 (five days, from Mon-
day to Thursday). Once again, we evaluate the MSE of the estimator with and without
taking into account the time series structure, that is the periodicity in this case. Dif-
ferent percentages of the entries observed are tested. As for the simulated data, for the
model without considering the temporal structure of our series, we apply directly our
function als on the dataframe containing the observed entries with their position in the
matrix, without any additional transformation on the data. The output gives directly
an estimator of M. As regards the model considering the periodic behaviour of the Velib
time series in M, the ALS optimization procedure is applied on the dataframe which has
received the same transformation than the one explained at point (2) in the previous
section. Once again, the output needs to be multiplied by A to have an estimator of M
at the end. The MSEs obtained for both models are gathered in Table 2.10] We study
how the MSEs vary according to the percentage of observed entries.

Of course, the real data is not ezactly periodic (as can bee seen in some of the
series in Figure 2.I8 This means that the bias term of in Theorem [2.2.5] is larger
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15% 30%
Model w/o time series struct. | 0.0609 | 0.0315
Model with time series struct. | 0.0436 | 0.0381

TABLE 2.10 — MSE according to the number of observed entries (%).

for the method imposing periodicity than for the standard method : minycs, | ||(T —
T°)A|rn > minres, ;. [T — T°| 7. On the other hand, the variance term of the
method using periodicity is much smaller : k(d+7)/n < k(d+T')/n. Thus, it is expected
that when the sample size n is small, using periodicity can improve on the standard
method, but that this is not the case for larger values of n. This is perfectly illustrated
by our experiments : Table 2.10] show that when we observe 15% of the original data,
exploiting periodicity improves on the reconstruction of the data by the standard method
by more than 25%. On the other hand, when we the sample size doubles, the standard

method already performs slightly better.

2.2.5 Proofs

This section is organized as follows. We first state an exponential inequality that
will serve as a basis for all the proofs. From this inequality, we prove Theorem [2.2.11] a
prototype of Theorem [2.2.5]that holds when the set Sy is finite or infinite but compact
by using e-nets (e > 0). In the proof of Theorem [2.2.5] we provide an explicit risk-bound
by using the e-net S of Sy - constructed in Candés and Plan [66], Lemma 3.1.

2.2.5.1 Exponential inequality

This sections deals with the proof of the following exponential inequality, the corners-
tone of the paper, which is derived from the usual Bernstein inequality and its extension
to ¢-mixing processes due to Samson [49].

Proposition 2.2.8. — Let T € S, .. Under Assumptions[2.2.9,[2.2.5 and [2.2.]),

E [exp (2 <<1 + 2) (R(T°A) — R(TA)) + rp(TA) — rn(TOA)>>] <1 (2.14)
and

A A
E [exp <4 <(1 - m) (R(TA) — R(T°A)) + 7,(T°A) — rn(TA)>>] <1 (2.15)
n
for every T € S+ and X\ € (0,n\*), where
R(A) =E(Y1 — (X1, A)7[*) ; VA € Mqr(R),
= 4max{4m3, 4o, 4m2 2m2®2c} and \* = (16mp max{mg, m.,cc}) L.

Proof of Proposition[2.2.8 The proof relies on Bernstein’s inequality as stated in [64],
that we remind in the following lemma.

Lemma 2.2.9. — LetTh,..., T, be some independent and real-valued random variables.
Assume that there are v > 0 and ¢ > 0 such that

n
>Ee) <o
=1
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and, for any q > 3,

Then, for every A € (0,1/c¢),
- VA2
E T — < — .
[exp [)\;( exp (2(1_0)\))

We will also use a variant of this inequality for time series due to Samson, stated in the
proof of Theorem 3 in [49].

Lemma 2.2.10. — Consider m € N*, M > 0, a stationary sequence of R™-valued
random variables Z = (Zt)icz, and

T
oy =143 6u(t)2,

t=1

where ¢z(t), t € Z, are the ¢-mizing coefficients of Z. For every smooth and convex
function f: [0, M]T — R such that |Vf|| < L a.e, for any A > 0,

>\2L2<I>QZM2> '

E(exp(\f (21, Z1) ~ Elf(Zs,... Z0]) < oxp (5

Let T € Sy ; be arbitrarily chosen. Consider the deterministic map X : & — Mg (R)
such that

=i = (&, x;) forany i € {1,...,n}, and h: R x £ — R the map defined by

h(z,y) := %(2$<X(y), (T° = T)A)F + (X(y), (T° = T)A)%) ; V(z,y) € R x £.

Note that
hE) = %(2g1< i (T — T)A) £ + (X, (T° — T)A)%)
- L@@ - -8)
_ %((Yi —(Xi, TA)£)* = (¥; = (X;, T°A) 7)?)
and

Z(h(Ei) — E(M(E:))) = r(TA) = ro(T°A) + R(T°A) — R(TA).

Now, replacing &; by its expression in terms of X;, & and ¢,

n n

>oh(z) B = Y (ki r0 - T>A>f>
=1 =1
+ Z < (X;,e) 7(X, (T — T)A>f)
+3 (0% T3 - EhiE))
=1
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= Y A+ B+ (Ci—E(h(Z))).
i=1 i=1 i=1

In order to conclude, by using Lemmas [2.2.9] and [2.2.10] let us provide suitable bounds
for the exponentiel moments of each terms of the previous decomposition :

¢ Bounds for the A;’s and the C;’s. First, note that since Xy, & and e are
independent,

R(TA) — R(T°A) E((Y; — (X1, TA)5)? — (Y1 — (X1, T°A) £)?)

2E (¢, (X1, (T = T)A)7) + E((X1, (T° = T)A)%)

= 2(E((X1, (T° = T)A) £ X1), E(e)) 7
F2E(E)E((X1, (T = T)A)7) + [[(T° = T)A| %

= [I(T° = T)A[Fp- (2.16)

o~ o~

On the one hand,
4 4
E(A7) < SE(E)E(X;, (T° = T)A)%) < —v0e(R(TA) — R(TA))
thanks to Equality (2.16]). Moreover,

E(AI) < ZE(&IE(Xs, (T0 - T)A)E)

< (4@0)“ L. 2% (R(TOA) — R(TA)).

n

So, we can use Lemma with

4 4

v = —vg(R(T°A) = R(TA)) and c = %

to obtain :

20¢(R(T°A) — R(TA))N?
n — 4c§m0)\

<exp[

E [exp ()\ Z Ai>
i=1
for any A € (0,n/(4cemp)). On the other hand, |C;| < 4m?/n and

E(C?) = 5 E((X, (T - T)A)Y)
4m3
=2

~X

(T~ T)A 31 = —ymd(R(TOA) —~ R(TA)) (2.17)

thanks to Equality (2.16)). So, we can use Lemma with

2

v = Lwd(R(TOA) — R(TA)) and o = 70
to obtain :
n 9 0 B )
E [exp </\ > (Ci— [E(h(EQ)))] < exp [Qmo(R(Tn —’_\)4m£\(TA)))\
=1

for any A € (0,n/(4m3)).
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e Bounds for the B;’s. First, write

> Bi=) (Bi—E(Bile)) + > E(Bile) =Y Di+> E,
i1 i=1 i=1 i=1

i=1
and note that

E(BlE) = E((Xi,e)7(Xs, (T° ~ T)A)7le)

2
= = E(L—o(T° = T)AL e
75t

— % ijvt[(TU — T)Alj1€54 (2.18)
gt
and
(T = T)A % = E((X;, (T° = T)A)%)
= E([(T° - T)AJ3,)
= > piel(T - DAL, (219)
where

it =P = (1) = H({ega(f)err ()°})

for every (j,t) € £. On the one hand, given ¢, the D;’s are i.i.d, |D;| < 8m.mq/n
and

< Hm2E((X,, (T~ T)AY3e)
= %mE[E«Xi, (T° — T)A)Z) = %m?(R(TOA) — R(TA))

thanks to Equality (2.16)). So, conditionnally on e, we can apply Lemma with

v = Ym2(R(TOA) — R(TA)) and ¢ — Sm™

n n

v [exp sz)

for any A\ € (0,n/(8m.mg)). Taking the expectation of both sides gives :

E [exp (AiDJ] < exp [2m§(R(T0A) - R(TA))/\Q] '
i=1

to obtain :

- 2m2(R(T°A) — R(TA))\?
LS P [ n — 8mempA }

n — 8ms.mpA

On the other hand, let us focus on the F;’s. Thanks to Equality (2.18]) and since
the rows of € are independent,

v [exp (gp)

= [ |exp |2\ ij,t[(To —T)AJ 54

j7t
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d
H [exp <2)\ Zp] t - T ]],tgj,t>] .
J=1

Now, for any j € {1,...,d}, let us apply Lemma [2.2.10|to (¢j1,...,&;7), which is
a sample of a ¢-mixing sequence, and to the function f; : [0, m.]7 — R defined by

T
fj(ul, R ,'LLT) =2 ijVt[(To — T)A]jvtut s Yu € [O,mg]T.
t=1

Since

T
”ij(U1, s 7UT)H2 = 4217?,15[(’1‘0 - T) ]]t ; Vu e [0 mS]T7

by Lemma 2.2.10] :

T
E [eXp <2>\ij,t[(T0 - T)Ma}t%t)]
t=1

= E(exp(A(fi(ej1,- - e5m) — E[fi(es1,- -5 85m)])))

T
<mmeQ%€2}%WW—TMﬁJ'

t=1

Thus, for any A > 0, by Equalities (2.16)) and (2.19)) together with n < dT,

n d T
E [exp <)\ Z EZ> = H 2 [exp (2)\ ij,t[(TO - T)A]j,t5j7t>
i=1 j=1 t=1
d T
e (zmzmz ST - T)Aﬁ,t)
j=1 t=1
2mZN2P2 ¢y
< exp % ;pj’tKTo — T)AJ3,
2m2\2 P2
<exp | 2 1) - R(TA))

Therefore, these bounds together with Jensen’s inequality give :

E exp (i[rn(TA) — 7 (T°A) + R(T°A) — R(TA)]>

=L [exp (2 Z(h(az) - [E(h(EJ)))

=1
=L [exp (2 > A+ % Z(ci — E(h(Z))) + 2 > Di+ 2 > E)
] ] i=1 =1
< % [ [exp <)\ZA ) exp (A Z(CZ — [E(h(El))))]
i=1
E |exp (AZDZ) exp (Aij>
1=1

=1
2v¢ A2
1-— 4c§m0/\/n n

+L

mefwm}
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[ 2md A2 0

_— . — T°A) — R(TA
foxp | S (R(TOA) - R(TA))

[ o2m? A2

- . T°A) — R(TA
boxp | A (RITA) - R(TA)|

: ¥
+ exp 2m§¢§an(R(T0A) — R(TA))]

< exp [c,\/:(R(TOA) - R(TA))}

with ) )
= 2m-ZP
A max{1—4c§mo)\/n’ 1—4m2\/n’ 1 —8m.moA/n’ MePedl

and

. 1 1 1
0 < A< nmin L .
deemp 4mg 8memg

In particular, for
n

A<

16mp max{mg, m,, Cg} ’

we have
¢y < max{4mg, 4v¢, 4mZ, 2m2dZcyy }.

This ends the proof of the first inequality.

2.2.5.2 A preliminary non-explicit risk bound

We now provide a simpler version of Theorem [2.2.5] that holds in the case where Sy,
is finite : (1) in the following theorem. When this is not the case, we provide a similar
bound using a general e-net, that is (2) in the theorem.

Theorem 2.2.11. — Consider « €]0,1].

(1) Under Assumptions|2.2.4,|2.2.5 and |2.2.4}, if |Sk+| < oo, then

~ . 1 2
160, — ©% 1 <3 min (T - TOA|Z + BED jog (\sk,A)
TES}C,T (6%

n

with probability larger than 1 — o, where gz = 32(%/\ AL

(2) Under Assumptions|2.2.2, 2.2.5 and |2.2.4}, for every € > 0, there exists a finite
subset S,;T of Sk such that

R 2
O, — 02 <3 min |(T—TOA|Z + BZD o, (Z|s¢
®k,~ 7 T%%QTH( JA T+ 08 a\ oo
1
8mpce log [ — 2.20
+ ez + smacelog (1) 220

with probability larger than 1—«, where g2 = 4mA(Ué/2+05/(2c§)—i—mg—i—?’mo).

Proof of Theorem [2.2.71]
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(1) Assume that |Sy | < co. For any > 0, A € (0,n\*) and S C M -(R), consider
the events

o0 = { (1= s ) 1T = TA 1 - (a(TA) - 1, (TA) > |

for T € S and
:1: )\ S U Qx A, S
TeS
By Markov’s inequality together with Proposition [2.2.8] Inequality (2.15]),
- A RN
) X e (1- Z2)
TeSy, +

x (R(TA) — R(T°A)) — (rp(TA) — rn(TOA))

e)\x}

< |Skﬂ"eim

In the same way, with

A
0 o(T) = { = (14 azsy ) IE ~ T)A s+ ra(TA) = 1o(T°A) > o).

T € S and

+
Q:E)\S UQI)\S
TeS

by Markov’s inequality together with Prop051t10n Inequality (2.14), P(QF T NSk ) <
|Sk.|e~**. Then,
P(Qpsi,) =1 2|Skrle ™

with
Qaps = (Qs) N(Q,5)° C Q;A,S(Tkﬁ)c N Q;A,S(Tk:)c = Qs (Thr)-
Moreover, on the event 2, x s, ., by the definition of 'i‘km
~ A\ .
1©kr —©°Fn < (1 - n) (ro(ThrA) — 7o (TOA) + 4a)

_ (1 - 2)1 < min {1, (TA) — 1 (TOA)} + 43“’)

TeS k,T
1+ mn‘l 0 8z
< T -TY)A e
— T IIllIl ”( A%+ Jp———

So, for any a €]0, 1[, with probability larger than 1 — «,

~ 1 An L 8\ Llog(2a71|S
100~ O < 1 EE L iy (T - TO)A g+ 2B S]]
’ ’ 1 — gog\n~! Tes;, 1 — gogAn~!

Now, let us take

\ = 5 </\)\ > € (0,n\*) and = = )\log <a|8k77’)'
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In particular, gzgin~! < 1/2, and then

-1 -1 —1
H— (m‘nggandng,g 1
1 — qzgin~! 1 — qzgin~!

Therefore, with probability larger than 1 — «,

1Ok, = ©°||F 1 < 3 fuin I(T = T*) A%

1 11 2
+32 < A A*) ~log <|S,w]> .
o) n a

Now, assume that |Sy | = oo. Since dim(My-(R)) < oo and S, is a boun-
ded subset of My -(R) (equipped with T + sup,,|T;:|), Sk, is compact in
(Mgr-(R),||.l7)- Then, for any e > 0, there exists a finite subset S of Sj,
such that 7

VT € 8y, IT € Sf, : | T — T < e. (2.21)

On the one hand, for any T € Sy ; and T € S, satistying 1} since (X;, (T —
T)A)r = (X;A*, T — T) x for every i € {1,...,n},

T (TA) — 7 (TA)]

3 Ie, (T = TA) (2 — (X, (T + T)A) )|

n T
€
< =Y XAt F (2\Yz‘ +sup > (T + T A, )
i Pt =1
2 n
< emp (an +2m0> <alér, ... &)e (2.22)
i=1

with
1 n
c1(&1,...,6n) 1= 2my (n Zl & + me + 2m0) ,
1=

and thanks to Equality ,
[R(TA) - R(T°A)| = |R(TA) — R(T°A) — (R(T°A) — R(TA))
= |I(T = TO)A[Z 1 — (T = T°)A| %l
E(|(X,, (T — T)A) #(X,, (T + T° - 21°)A) #])
o€ (2.23)

NN

with ¢g = 4mgmp. On the other hand, consider

T — in |[T—T . 2.24
ko = arg min || kel (2.24)

k,7

On the event Q) sc ~ with z > 0 and A € (0,n\*), by the definitions of ’i‘f” and
Tk,‘l‘7 and thanks to Inequalities (]2.22|) and (]2.23'),

1Ok — ©°lFn

< (TG, — TOA[Z 1 + c2e

N~
< (1)) (nlTEA) — r(TO) 4 40) + e
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A\ L .
< (1 - n) [rn(TmA) —rp(TOA)

+e1(&1y. -, &n)e+ 4x} + ¢

N (1 — 2>_1 [ min {r,(TA) —r,(T°A)}

TES]%T
+C1(§1, s 7§n)€ +4x| + Co€
1+ @it o x o 8
P —— T -T)A o
1— qgzgin! TréléﬁT I JAlFm+ [e———
C1(§1, . 7§n)
+ [1 — Ve + o €

So, by taking

1 Lo (2
\ = n< /\)\*> and x = — log (|S£r|>’
2 AT \a

as in the proof of Theorem [2.2.11}(1), with probability larger than 1 — «,

18k = ©°Fn < 3 min [(T—T°)A|zq
ESk,T

1 -1 2
+32< /\A*) 1og(|sgf|>
n a "

1 n
dmp (n Dl +me+ 2mo> + o2

=1

+ e. (2.25)

Thanks to Markov’s inequality together with Lemma for Ao = 1/(2n¢),

with )
¢
S o + 2nce log <a>

Then, since E(|&]) < E(£2 1/2<01/2 for every i € {1,...,n},
@ £

1 " 1/2 U3 1
P |- ; —— 4+ 2¢¢ 1 — < a. 2.26
n;@! >0/" + Ince + 2¢¢ log - a (2.26)

Finally, note that if P(U > V +¢) < a and P(V > v) < a with ¢,v € Ry and
(U, V) a R%-valued random variable, then

PU>v+c) = PU>v+ce,V>u)+PU>v+¢V <)

< PV>v)+P(U>V+eV <o)< 20 (2.27)
Therefore, by (2.25) and (2.26]), with probability larger than 1 — 2«
18k — ©°I%n
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< 3 mi T — THA|?
2o ¢ Al

1 11 2
+32 ( A X") —log <\S,§T|>
oA n a

1 b
T [41111\ <2c5 log () 4 né” S ot 2m0> 4 cQ] ¢
[0 2(5

2.2.5.3 Proof of Theorem m

The proof is dissected in two steps :

Step 1. Consider
Mark(R) :={T € Mg,(R) : rank(T) = k}.

For every T € Mg, x(R) and p > 0, let us denote the closed ball (resp. the sphere) of
center T and of radius p of Mg - (R) by Bx(T, p) (resp. Si(T, p)). For any € > 0, thanks
to Candes and Plan [66], Lemma 3.1, there exists an e-net S (0, 1) covering S5(0, 1) and

such that
9 k(d4+71+1)
95(0,1)] < () |

€

Then, for every p > 0, there exists an e-net S;,(0, p) covering Si(0, p) and such that

9p) Kd+7+1)
€ < _r .
si0.01 < (%)

Moreover, for any p* > 0,

p€0,p*]
So,
P /e+
B (0, p") U 5;(0, je)
7=0

is an e-net covering By (0, p*) and such that

[p*/e]+1 o 9p* k(d+7+1)
B¢ * < € . < r 9 )
o< Y isiogal< (|2]+2) ()

J=0

If in addition p* > €, then

\%&ﬁﬂ<%<%> <(%> .

Step 2. For any T € Sy, -,

mo
sup |'T;,
Py | ]t’ mA(T)
Then,
d T 1/2 / /
dl/2:1/2
HTH]: = T2 < pz =my .
22 M) S
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So, S C [Bk(O,pj;’T), and by the first step of the proof, there exists an e-net S,;T
covering Sy, » and such that

_ % 2k(d+7—): o g2/ 2k(d+T)
= € O ma(r)e '

By taking e = 9mod'/271/2my (1)~ 'n~2, thanks to Theorem [2.2.11}(2), with probability
larger than 1 — «,

|Si.r

|k~ ©°lFn < 3 min (T -TAl3n
ESk,T

9 d1/2:1/2
log <a> + 2k(d+ 7) log <9mo ma(T)e )]
1

+ [CPTLHP + 8mpce log (a)} €

= 3 min |(T —T°)Al3
220 I JAlF

+ T g (2 4 abia+ 7)o

Lz
n

a
dl/QTl/Q L3 | 1
W CPTEP mACg og E .

Therefore, since n > max(d, 7) and ma(7) > 1, with probability larger than 1 — 2q,

+9m0

1Ok, —O°|Fn < 3fg$JWF—T%Aﬁm

1
+dgzm + ImoqzTm2)k(d + 7) Ogrfn)
72 2

+q2727rIL1 +n MoMA C¢ log <a

Let us replace o by «/2 to end the proof.

2.2.5.4 Proof of Theorem m

Put k = 2U°g2(k)J, and note that k/2 < k < k. Fix a > 0 and define the set of
madtrices

A= {A = (Ai?j)lgingT,lgjgﬁ : Al,j (S {07 a}} .

By Varshamov-Gilbert bound, there is a finite subset B C A with card(B) > 95 +1,
0 € B, and each pair A # A’ in B differ by at least k(d V 7) coordinates. This implies

E(dVT) o _k(dVT) 4
g 16 O

For any A, define by block A = (A|0) of dimension (dV 7) x k (so the 0 has k — k
columns). We then define A of dimension d x 7. The construction differs depending on
d and 7 :

1A — A% >

WV

o Ifd>T, B
A =(A]...|A]0).

o Ifd<r, _
A= (A|...|Al0)".
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Note that this is clearly inspired by the construction in the proof of Theorem 5 in [17],
however, here, we have to take care that, for a small enough, each A € A is also in
Mg k- In order to do so, we introduce the vectors in Rk .

of2) = 4/2(1 . 1] -1 . 1)
k/2 k/2
— 1
= —(1 -1 1 —-1)*
ofF] ol )
k

Now, remark that for A € A we have

v[1] n
A = Vak : (Z A z0]-
’U[E]* =1
S—— C
B

Z 1Am¢0) \/i

and under this decomposition, it is clear that the entries of B and C are in [0,+/a].
Playing with blocks, this gives trivially to a decomposition A = UV where U is d X k,
V is kx7 and the entries of U and V are also in [0, \/a]. In other words, A € Mg, ; holds

as soon as a < mg/k. Now, let P o be the data-generating distribution when ®° = A for
A € B, and KL be the Kullback-Leibler divergence. We have

n, ~ n
KL(Po,Pa) = 5“AAH§E7H < 5(12.

Thus, we look for a such that the condition
k(dV
L < alog(card(B) — 1) = ok{dvr)
2 8
is satisfied for a given 0 < a < 1/8. Fix a = 1/16. As k < k/2, it’s easy to check that
k
- (dvT)
8 2n
satisfies the condition. Also, remember that A € M- if a < mg/k, which adds the
condition
(256m3n> 13
k< .
AV S

Theorem 2.5 in [97] then tells us that the rate is given by the minimal distance, for
A#A"inB:

dANT

L 1~ - 1
AN~ RN = 1A - A3 = o | 0T 1A - A

>1{dATJ k:(dvT)a2

“dr | k 16
>a72_k(d\/7)
732 4096n
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2.2.5.5 Proof of Theorem m

For any k € K, let S := Sf - be the e-net introduced in the proof of Theorem@
and recall that for e = 9mod"/27'/2my (1)~ 'n =2,

2k (d+r)

1/2..1/2

‘Sﬂ < <9m0iln (7—7')e> = n4k(d+7).
A

Then, for a € (0,1) and zy := A~ log(2a K| - |SE|) with A = ncy L, € (0,nA*),

pen
4chen 2 . lo
o —pen®) = 2 hog (21K 1571 ) — 1660 i+ 1)
4chen 2
< een [4k(d+ 7)log(n) + log (|IC|>}
n a
1
16¢pen Ogn(")k(d+ 7)
4¢hen 2
< cLlog <|IC|> =:m,. (2.28)
n a

Now, consider the event Q) := (€2, )N (Q+ )¢ with

Q)_\,e' U U mke,xse and9+' U U a:;“,)\S

ke TES}, keK TeS;,

So,

<D D IP(R,, s (T) + PR, (T))]

ke TeS;

<2 |Sile e =a (2.29)
kel

and ng A (T‘%) C Q) ¢, where TZ is a solution of the minimization problem (2.24]) for

every k € K.

On the event Q) ., by the definition of %, and thanks to Inequalities 1) D and

23).

1© -

< (TS = TO)A|Fp + coe

N A
< (1 - mn) (rn(TZA) — r(TOA) + dag )+ cae

)\ -1 — 0
< (1 - mn> (rn(TEA) — ra(TOA)
+e1(&1y. -0, 8n)e+ 433@76) + co€

A

-1
= (1)) () () et

+c (617 s 7571)6 + 41’7{;’5 - pen(k?)) =+ c2€

1 o~
FE—— 1 A DT, — TOA2
1 — @zg\n~ 1113161%{( + ez ) |[(Tw ) H]—',H

62



m, + Cl(fl, - ,fn>€

iy} ¢ PG )
< 2min(3/20(Tr — TOA s+ 2pen(h)}
E I
+4mn + (2(1(51, s 7£n) + C2)6 (230)

with
1 n
Cl(fl, . ,gn) = 2mp (n Z |£z’ +me + 2m0> and ¢y = dmoma .
i=1
Moreover, by following the proof of Theorem [2.2.11] and Theorem [2:2.5] on the same
event {1y ,

(T = TO)A[F

: log(n) 1 2
<3 i T~ T)A e+ azzm K+ 1) 50+ Do (21

n

for every k € K. Therefore, thanks to (2.26]), (2.27) and (2.30)), with probability larger
than 1 — 2q,

|© - e°

2
FI

< 4mi in [|(T — T°)A|% 16¢pen)k(d
1;161121{3Tnégcu( VA2 11 + (qzm + 16¢pen)b(d + 7)

log(n) }

n

4qrzm + 16¢pen 2 d\/271/2 1
—1 — 1 — -
+ - 0og ( IIC]> + 9momA(7_)n2 EzIm2 + 8mace log 5

To end the proof, let us replace a by «/2 and note that d'/271/2/(my(r)n?) < 1/n
because n > max(d,7) and mp (1) > 1.
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Chapitre 3

Nadaraya-Watson Estimator for 1.1.d.
Paths of Diffusions Processes

Let us start the chapter by recalling the model and the definitions introduced in the
introduction. Consider the stochastic differential equation

t t
Xt:x0+/ b(Xs)ds+/ o (X,)dWs, (3.1)
0 0

where b,0 : R — R are two continuous functions and W = (Wy)ejo,7) is a Brownian
motion. Let Z : (z,w) — Z(z,w) be the It6 map for Equation (3.1) and, for N € N*
copies W1,...,W¥ of W, consider X! = Z(xo, W?) for every i € {1,...,N}.

As explained in the introduction, the estimation of the drift function b from continuous-
time and discrete-time observations of (X',..., X%) is a functional data analysis pro-
blem already investigated in the parametric framework (see Ditlevsen and De Gaetano
[114], Overgaard et al. [125], Picchini, De Gaetano and Ditlevsen [126], Picchini and
Ditlevsen [127], Comte, Genon-Catalot and Samson |[L05|, Delattre and Lavielle [I10],
Delattre, Genon-Catalot and Samson [109], Dion and Genon-Catalot [113], Delattre,
Genon-Catalot and Larédo [L08], etc.) and more recently in the nonparametric frame-
work (see Comte and Genon-Catalot [102] 03], Della Maestra and Hoffmann [I11] and
Denis et al. [I12]). In [I11], the authors also study a Nadaraya-Watson type estimator,
presented bellow, of the drift function in McKean-Vlasov models.

Under the appropriate conditions on b and o recalled at Section [3.I] the distribution of
X, has a density pi(xo,.) for every ¢t € (0,7, and then one can define

1 T
= dt ; R
f(z) Tt /to pi(xo, x)dt 5 x €

for any to > 0. Clearly, f is a density function :

0 1 T poo
/ f(z)dx = Tt / / pi(xo, x)dxdt = 1.
—00 - to —00

Let K : R — R be a kernel (i.e. an integrable function such that [ K = 1) and consider
Kp(z) := h"'K(h~'2) with h € (0,1]. In the spirit of Comte and Genon-Catalot [102,
103], our paper deals first with the continuous-time Nadaraya-Watson estimator

P

~ Iy n(T)
N,h(T) o) (3.2)
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of the drift function b, where

N .7

~ 1 .
fnp(x) = ——— Kp(X; —x)dt 3.3
@)= N 2, K- (33)
is an estimator of f and
— 1 N T , A
bfnn(2) = Z Kn(X{ — x)dX; (3.4)

N(T_t(]) to

is an estimator of bf. From independent copies of X continuously observed on [0, 7],
/b\N,h is a natural extension of the Nadaraya-Watson estimator already well-studied in
the regression framework (see Comte [52], Chapter 4 or Gyorfi et al. [I16], Chapter 5).
The paper also deals with a discrete-time approximate of the previous Nadaraya-Watson
estimator :

-~ g}n N h(m)
b, = o R 3.5
N () P (@) (3.5)

where
n—1

N
Fanp(@ ZZ (3.6)
i=1 j=0

is an estimator of f,

N n—1
bfn(®) = _to 2. KX, — )X, —X3) (37)
i=1 =0

is an estimator of bf, and (to,t1,...,t,) is the dissection of [ty,T] such that t; = to +
(T —to)j/n for every j € {1,...,n}. Finally, our paper deals with a risk bound on the
adaptive double bandwidths Nadaraya-Watson'’s estimator

> (I) _ bejl(l')
RS @)

where h (resp. B ) is selected via a penalized comparison to overfitting (PCO) type cri-
terion for its numerator (resp. denominator). However, in the nonparametric regression
framework, it is established in Comte and Marie [L06] that the leave-one-out cross-
validation (looCV) bandwidth selection method for Nadaraya-Watson’s estimator is nu-
merically more satisfactory than two alternative procedures based on Goldenshluger-
Lepski’s method and on the PCO method. For this reason, an extension of the looCV
method to b, n is also provided, with numerical experiments, even if it seems difficult
to establish a risk bound on the associated adaptive estimator.

Now, let us compare /b\N,h with the estimator of Della Maestra and Hoffmann [I1T]
restricted to our framework :

Z / L, (1 — ) K, (X! — z)d X!
bN,h(x) 5

2 Ky (X7 —
=1
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where L : R — R is another kernel, hy, ho, hs € (0,1], h = (hq, h2,h3) and 7 € (0,T).
In [II1], the authors provide a nice risk bound on the adaptive estimator obtained by
selecting (h1, h2) (resp. hs3) via a Goldenshluger-Lepski type procedure on the numerator
(resp. the denominator) of by n. As mentioned above, in Comte and Marie [106], it has
been established that in the nonparametric regression framework, this approach is nume-
rically less satisfactory than the looCV method. However, the looCV method provided
in our paper doesn’t extend to by because it cannot be written easily as a linear com-
bination. Note also that even if it is numerically less satisfactory than the looCV method
provided at Subsection [3:4.2], the PCO type method provided in our paper at Subsection
[3.4.1]is easier to implement and numerically faster than a Goldenshluger-Lepski type me-
thod because, as in the nonparametric regression framework, the criterion to minimize
depends on one variable instead of two, and because there is no constant to calibrate. For
technical reasons explained at Section the condition (Nh?)~! < 1 is required on the
bandwidths collection to establish a risk bound on our PCO based adaptive estimator
of bf, when Della Maestra and Hoffmann only need the condition log(N)*(Nh)~! < 1
to establish a risk bound on their Goldenshluger-Lepski based adaptive estimator of
bp- (w0, .) in [I11]. However, Remark [3.4.4] explains why the condition (Nh?)~! < 1 on
the bandwidths collection is not that uncomfortable. Finally, under similar conditions on
b, 0 and K, the rate of convergence of our continuous-time Nadaraya-Watson estimator
is of same order than the rate of convergence of the estimator of Della Maestra and
Hoffmann [I11] in the nonadaptive case. There is no discrete-time approximate of by n
studied in [TTT].

Finally, even if they deal with a different type of nonparametric estimators, let us say
few words on the recent papers of Comte and Genon-Catalot [102] and Denis et al. [112].
On the one hand, in [102], the authors extend to the diffusion processes framework, for
continuous-time observations, the least squares projection estimator already well stu-
died in the regression framework (see Cohen et al. [I00], Comte and Genon-Catalot
[10T], etc.). In particular, they provide a model selection procedure and establish a risk
bound on the associated adaptive estimator. As explained at Section in the nona-
daptive case, the variance term of their estimator is comparable with the variance term
of by, but as in the nonparametric regression framework, the rate of convergence of
the least squares projection estimator depends on the regularity space associated to the
projection basis. On the other hand, in [I12], the authors focus on a projection least
squares estimator computed from discrete-time observations and on a B-spline space.
They provide a model selection procedure and prove both upper and lower bounds on
the associated adaptive estimator.

This chapter is organized as follow. Section [3.I] deals with the existence and the re-
gularity of the density pi(xo,.) of X; for every ¢t € (0,7], and with a Nikol’skii type
condition fulfilled by f. Section deals with a risk bound on the continuous-time
Nadaraya-Watson estimator and Section [3.3] with a risk bound on its discrete-time ap-
proximate. Finally, Section provides extensions of the PCO and looCV methods for
the Nadaraya-Watson estimator studied in this paper. Some numerical experiments on
the looCV based adaptive Nadaraya-Watson estimator are also provided. The proofs are
postponed to Appendix [3.6]

Notations and basic definitions :

e Tor every A, B € R such that A < B, C°([A, B];R) is equipped with the uniform
norm ||.||c0,4.5, and C°(R) is equipped with the uniform (semi-)norm ||.||co.
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o For every p € N, CP(R) := N¥_y{p € CP(R) : ©9) is bounded}.
e For every p > 1, LP(R, dx) is equipped with its usual norm |.||, such that
00 1/p
lelly = (|~ wtoras) e € (R o),
—0Q

e H? is the space of the processes (Yt>te[0,T]; adapted to the filtration generated by
W, such that

T
/ E(Y?)dt < oc.
0

e For a given kernel 6, the usual scalar product on L?(R,d(z)dz) is denoted by
(.,.)2,6 and the associated norm by |.[|2,s-

3.1 Preliminaries : regularity of the density and
estimates
This section deals with the existence and the regularity of the density pi(xo,.) of

X; for every ¢t € (0,7], with the Kusuoka-Stroock bounds on (t,z) — p(zo,x) and its
derivatives, and then with a Nikol’skii type condition fulfilled by f.

In the sequel, in order to ensure the existence and the uniqueness of the (strong) solution
to Equation (3.1), b and o fulfill the following regularity assumption.

Assumption 3.1.1. — The functions b and o are Lipschitz continuous.

Now, assume that the solution X to Equation (3.1]) fulfills the following assumption.

Assumption 3.1.2. — There exists § € N* such that, for any t € (0,T], the distri-
bution of X¢ has a 8 times continuously derivable density pi(xo,.). Moreover, for every
z €R,

r— 2
0 < pi(zo,7) < q3£11_;22],1 exp [_ml(t())]

and

Y o 2
otp(ao. )] < 22D exp | -mpra0) 0| s wee (1,80,

where all the constants are positive, depend on T, but not on t and x.

At Section [B.3] the following assumption on X is also required.

Assumption 3.1.3. — For any = € R, the function t € (0,T] — pi(xo,x) is conti-
nuously derivable. Moreover,
TI ( = @0)*
Opu(ro, )| < BB exp | gy 22| S vt e (0,7

where q3T3)3, MgT33 and g3 are three positive constants depending on T' but not on t
and x.

Let us provide some examples of diffusion processes categories satisfying Assumptions

and /or [3.1.3]

Examples :
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(1) Assume that the functions b and o belong to CP°(R), and that there exists o > 0

such that

lo(x)| > a ; Vo eR. (3.8)
Then, by Kusuoka and Stroock [121], Corollary 3.25, X fulfills Assumptions
and [3.1.3

(2) Assume that b is Lipschitz continuous (but not bounded) and that o € CL(R).
Assume also that o satisfies the non-degeneracy condition and that o’ is H6l-
der continuous. Then, by Menozzi et al. [124], Theorem 1.2, X fulfills Assumption
With B =1 (but not necessarily Assurnption. Note that the conditions
required to apply Menozzi et al. [124], Theorem 1.2 are fulfilled by the so-called
Ornstein-Uhlenbeck process, that is the solution to the Langevin equation :

t
Xt:xo—e/ Xsds + oWy ;5 t € Ry, (3.9)
0

where 0,0 > 0 and zg € Ry. In this special case, since it is well-known that the
solution to Equation (3.9)) is a Gaussian process such that
o2
E(X;) = z0e”? and var(X;) = 20

one can show that X also fulfills Assumption [B.1.3]

(1—e 2% vt e 0,77,

Remark 3.1.4. — Under Assumptions[3.1.1] and [3.1.2, for any p > 1 and any conti-
nuous function ¢ : R — R having polynomial growth, t € [0,T] — E(|p(X¢)[P) is bounded.
Indeed, for any t € [0,T],

E(le(X0)[") < el +E(X:[")) = Cl/ (1 + [z[")pi (o, x)dx
< Clml/ (1 + |£122 + mo|P9)e ™BETB1" 4y < (1 v TP/?)
where -
o= crggrg [ (14 (o] + ool Pl T

and the constants ¢1,q > 0 only depend on . Moreover,

ey = [ le@P s
1

T
- / E(|o(Xe)|P)dt < eq(1V TPI/?).
T —tg Jy,

Then, ¢ € LP(R, f(x)dx) and ||¢||p, is bounded by a constant which doesn’t depend on
to. In particular, the remark applies to b and o with ¢ = 1 by Assumption [3.1.]]

Finally, let us show that f fulfills a Nikol’skii type condition.

Corollary 3.1.5. — Under Assumption f(z) > 0 for every x € R. Moreover,
under Assumptions[3.1.1] and [3.1.9, there exists > 0, depending on T but not on
to, such that for every £ € {0,...,8—1} and 0 € R,

Ry ; 2 2 3
‘/MU”@+®—J”@%d$<%Munw-H9)
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Remark 3.1.6. — Assumption [3.1.3, Assumption [3.1.3 and Corollary [3.1.5 are cru-
cial in the sequel, but to has to be chosen carefully to get reasonable risk bounds on
the estimators by p and by, N . Indeed, the behavior of the Kusuoka-Stroock bounds on
(t,z) — pi(xo,z) and its derivatives is singular at point (0,x0). This is due to the fact
that the distribution of X at time 0 is a Dirac measure while that it has a smooth den-
sity with respect to Lebesque’s measure for every t € (0,T]. Moreover, since X is not
a stationary process in general, the Kusuoka-Stroock bounds on (t,x) — pi(zo,z) and
its deriwatives explode when T — oo. The same difficulty appears with the estimators
studied in Comte and Genon-Catalot [102] and in Della Maestra and Hoffmann [111)].
So, it is recommended to take T as small as possible in practice. In the sequel, only the
dependence in to is tracked in the risk bounds derived from Assumption[3.1.3, Assump-
tion and Corollary because it is specific to our approach. Finally, these risk
bounds only depend on ty through a multiplicative constant of order 1/ min{t§,T — to}
(> 0). So, to take tg € [1,T — 1] when T > 1 gives constants not depending on tg.

3.2 Risk bound on the continuous-time Nadaraya-
Watson estimator

This section deals with risk bounds on fN,h, g]\” N ,h» and then on the Nadaraya-Watson

estimator by p.

In the sequel, the kernel K fulfills the following usual assumptions.

Assumption 3.2.1. — The kernel K is symmetric, continuous and belongs to L.*(R, dx).

Assumption 3.2.2. — There exists v € N* such that
o0 oo
/ |2V K (2)|dz < 00 and / AK(2)dz=0;V0e{l,...,v}.
— 50 —o0

About the construction of kernels fulfilling both Assumptions [3.2.1] and [3:2.2] the reader
can refer to Comte [52], Proposition 2.10. The following proposition provides a risk
bound on vah (see (3 .D

Proposition 3.2.3. — Under Assumptions[3.1.1], [3.1.3, [3.2.1] and[3.2.9 with v = 3,

2

E(| fvn — fII3) < axato)h?? + ”][\[{22
with 2
gza(to) = e qu(ﬁ) (/_OO 12P(1 + |Z|1/2)|K(Z)|dz> '

Note that thanks to Proposition 3.2.3] u the bias-variance tradeoff is reached by (the risk
bound on) ho when h is of order N~1/(26+1) leading to a rate of order N—28/(26+1),
Moreover, by Remark [3.1.6] to take tp > 1 When T > 1 gives

2
Eva-f19) < g+ N wion o= B ([ P iR G )

Note also that in the risk bound on th of Proposition only the control of the
bias term depends on 7', trough the constant qgz, depending itself on the constants
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@T2(0), £ € {1,..., 8}, involved in the Kusuoka-Strook bounds (see Assumption [3.1.2).
Indeed, except in the special case of the Ornstein-Uhlenbeck process which is stationary,
for all the examples of diffusion processes fulfilling Assumption (see Kusuoka and
Stroock [I21] and Menozzi et al. [124]), the constants qgrm2(¢), £ € {1,..., 3}, depend
on T'. The variance term doesn’t depend on time at all.

In the sequel, L*(R, f(x)dx) is equipped with the f-weighted norm |.|2,¢ defined at
the end of the introduction section. Let us recall that by Remark [3.1.4] for every
¢ € LA(R, f(z)dx), ||¢ll2,s is bounded by a constant which doesn’t depend on .

The following proposition provides a risk bound on bf N (see (3.4).

Proposition 3.2.4. — Under Assumptions[3.1.1] and[3.2.1],

(157 s~ bFI3) < 160 — b3 + T2L)

with (bf )y := Kp * (bf) and

1
2 2
2yt gl )

azato) = 2 K2 (rb

Assume that bf is v € N* times continuously derivable and that there exists ¢ €
LY(R, |z~ K(z)dz) such that, for every § € R and h € (0, 1],

/ [(0) D (@ + ho) = (0f)0 D (@)]Pdz < @(0)h°. (3.10)
If in addition K fulfills Assumption with v =+, then ||(bf), — b/f\H% is of order h?7,
and by Proposition the bias-variance tradeoff is reached by bfy ) when h is of

order N=1/(27+1) leading to the rate N—27/(27+1) Moreover, by Remark to take
to <T —1when T > 1 gives
B24

E(I6f v — bf112) < N(Bf)n — OFII3 + N, Vith gza= 2K N3(I0l3. 7 + o3 ).

Note also that the variance term in this risk bound doesn’t depend on T'.

Finally, Propositions[3.2.3]and [3.2.4] allow to provide a risk bound on a truncated version
of the Nadaraya-Watson estimator by, (see )

Proposition 3.2.5. — Consider the 2 bandwidths (truncated) Nadaraya- Watson (20NW)
estimator e
_ bfnn()

~ _ /
- J?Nh/(x) I (@)>m/2 with h,h" >0,

/b\N,h,h’ (m) :

and assume that f(z) > m > 0 for every x € [A, B] (m € (0,1] and A, B € R such that
A < B). Under Assumptions|3.1.1,13.1.9,{3.2. 1] and |3.2.2 with v = 3,

[E(H/b\N,h,h’_b

@za(to) K13
F.a.8) < oy | 10)n — bfl5 + He 2(1b)13 <(t0)(hf)2ﬁ i ThQ

with qzzs = 8(| e VII6* flloo) and [l 4.5 := [ 11a,5ll2. for every p € L2(R, f(x)dz).
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Proposition says that the risk of EN,h,h/ can be controlled by the sum of those of
Ef N, and fNW up to a multiplicative constant. Now, if K fulfills Assumption with
v =B V~, and if bf satisfies Condition , then the risk bound on /I;N7h7h/ is of order
R* + (h')?6 4-1/(Nh)+1/(Nh'), and the bias-variance tradeoff is reached when & (resp.
') is of order N~=V/ 7+ (resp. N—V(28+1) leading to the rate

N2l ()] = Nt

which is of same order than the rate of the nonadaptive version of the estimator of Della
Maestra and Hoffmann [I11] (see their Theorem 15). Note also that to consider the
2bNW estimator is crucial to extend the PCO method to our framework in the spirit
of Comte and Marie [I06] (see Subsection [3.4.1)). However, by taking h = A’ of order
N—V/@EM+Y the bias-variance tradeoff is reached by the 1 bandwidth (truncated)
Nadaraya-Watson estimator with the same rate. Finally, if h = A’ and o is bounded,
then the variance term in the risk bound of Proposition [3.2.5] is comparable to the
variance term in the risk bound obtained by Comte and Genon-Catalot in [102] for their
least squares projection estimator (see [102], Propositions 2.1 and 2.2). Indeed, for a d-
dimensional projection space, the variance term in the risk bound of Comte and Genon-
Catalot [102], Proposition 2.1 is of order d/N which is comparable to 1/(Nh). The rate
of convergence of their least squares projection estimator depends on the regularity space
associated to the projection basis but, as in the nonparametric regression framework,
not on the regularity of f.

The limitation of our Proposition is that m is unknown in general and must be
replaced by an estimator as well. Most of the time, as stated in Comte [52], Chapter 4,
the minimum of an estimator of f is taken to choose m in practice :

M = min{ fy e (2) ; € [A, B]}

for instance. A more naive way to solve this difficulty in practice is to take
e._2(Bry)

m=mpy = cN 226+ —— (),
N—00

where ¢ > 0 is a fixed constant and ¢ € (0,1) is chosen as close as possible to 0. Under

Assumption by Corollary
dNyg € N: VN > Ny, Vz € [A, B], f(z) > mny.

So, by Proposition 3.2.5, when h (resp. ') is of order N~/ (71 (resp. N—1/(24+1))
b h,n converges with the slightly degraded rate

2(BAy)
N5+

This last comment remains true for Proposition [3.3.5] and Corollary 343

3.3 Risk bound on the discrete-time approximate
Nadaraya-Watson estimator

This section deals with risk bounds on J?n N,k gfm N, and then on the approximate

Nadaraya-Watson estimator /l;n Nh-

In the sequel, in addition to Assumptions [3.2.] and [3.2.2] K fulfills the following one.

71



Assumption 3.3.1. — The kernel K is two times continuously derivable on R and
K' K" € L2(R,dx).

Compactly supported kernels belonging to C?(R) or Gaussian kernels fulfill Assumption
The following proposition provides a risk bound on f,, yp (see )

Proposition 3.3.2. — Under Assumptions|(3.1.1),15.1.9,13.1.5,13.2.1,15.2.4 with v = 3,

and (3.3, if

1 <1
nh2 ~ bl
then there exists a constant > 0, not depending on h, N, n and tg, such that
f . 2 037377 2ﬁ L 1 1
Flnvn = Sll2) < ) oy (h TNt ) T N

Assume that § = 1 (extreme case) and h is of order N~1/3. As mentioned at Section

3.2, under this condition, the bias-variance tradeoff is reached by the continuous-time
estimator of f. Then, the approximation error of fn ~,h is of order 1/n, which is the order
of the variance of the Brownian motion increments along the dissection (to,t1,...,t,)
of [to, T']. For this reason, the risk bound established in Proposition is satisfactory.
Moreover, by Remark [3.1.6] to take o > 1 when T > 1 gives

—~ 1 1 1
E R h _ -
(”fn,Nh fH ) < @33 ( + — Nh + n2) + NoTr3
The following proposition provides a risk bound on g}n Nk (see )

Proposition 3.3.3. — Consider ¢ € (0,1). Under Assumptions [3.1.1} [3.1.2, |3.1.5,
[3.2.1) and|3.5.1), if

1 <
e S
the kernel K belongs to L*(R,dx) and z > zK'(z) belongs to L%(R,dx), then there exist
a constant > 0, not depending on €, h, N, n and to, and a constant qzz(e) > 0,
depending on € but not on h, N, n and tg, such that

— 1 1
E(llb —b 2 < B33 b —b 2
(B =818 < o (166 013 + 575+ 7
w33(e) 1

min{l,t(()l_a)/Q} Nnh3te

Remark 3.3.4. — Note that if b and o are bounded, Proposition[3.3.3 can be impro-
ved. Precisely, with ¢ = 0 and without the additional conditions K € L*(R,dz) and

z — 2K'(2) belongs to L2(R,dx), the risk bound on g?n’N,h is of same order than in

Proposition[3.5.9 (see Remark[3.6.3 for details).

Assume that bf fulfills Condition (3.10)) with v = 1 (extreme case), and that h is of order
N~1/3_ Then, for ¢ > 0 as close as possible to 0, the approximation error of bfn N 18

of order N¢/ 3/n. If in addition b and o are bounded, thanks to Remark [3.3.4] with
¢ = 0 and without the additional conditions K € L*(R,dx) and z — zK'(z) belongs to

L?(R, dz), then the approximation error of bf,, v, is of order 1/n as the error of f, n -
Moreover, by Remark [3.1.6] to take to € [1,T — 1] when T' > 1 gives

1 1 \
EI5F 00~ 0F1) < s (106 — 13 + 75+ ) + 1)

Finally, Propositions[3.3.2/and [.3.3] allow to provide a risk bound on a truncated version
the approximate Nadaraya-Watson estimator bn N, (see
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Proposition 3.3.5. — Consider € > 0, m € (0,1], and assume that f(z) > m >0 for
every © € [A,B] (A, B € R such that A < B). Under the assumptions of Proposition
and, i addition, Assumptions|3.1.5 and |3.3.1], there exist a constant > 0,
not depending on £, A, B, h, N, n and ty, and a constant qzxm(c) > 0, depending on &
but not on A, B, h, N, n and tgy, such that

1-€)/2 ,1/2 ,2 2
e)/ , t()/ , thQ(B) , t0q3, T — t(]}

E(llbn, v~ bllF48) <
" 1A m? min{l,t(()

oz (10— osig 0 v 1) o )

with bn,N,h(') = bn’N7h(')1fn,N,h(-)>m/2'

The proof of Proposition [3:3.5] given Propositions 3.3.2] and [3.3:3] is almost the same
than the proof of Proposition [3.2.5] given Propositions [3.2.3]and [3.2.4] Of course one can
establish a risk bound on the discrete-time approximate 2bNW estimator, but to focus
on the 1 bandwidth estimator is clearer and sufficient to introduce the looCV selection
method based on discrete-time observations of X!, ..., X~ at Subsection Now,
assume that bf satisfies Condition with v = 3, and that K fulfills Assumption
with v = B. Then, ||(bf)n — bf||3 is of order h%2. For the sake of simplicity, assume
also that b is bounded, and then let’s take € = 0 in Proposition [3.3.9] First, note that
the minimization problem
- 5, L 11
he(0,00) {h T Nnh3}

has unfortunately no explicit solutions. However, let us provide an upper-bound on the
rate of our discrete-time estimator. Since (nh?)~! < 1, Proposition says that the
risk of by, n 5, is at most of order h%# +1/(Nh) +1/n. So, the optimal bandwidth for this
bound is of order N=/(26+1) eading to the rate

ETERNS|
N2+ 4 —
n

Moreover, by taking a bandwidth of order N~ (A1) such that (nh?)~! < 1, N is at
most of order n(26+t1)/2. So. clearly, the more f and bf are regular, the more N can be
chosen freely with respect to n, and if N is of order n(26+1/2 then the risk of by Np 1S
at most of order 1/n. Finally, note that if 5 = 1, for a bandwidth of order N —1/3 such
that (nh?)~! < 1, then

1/n < h? oc N72/3,

and the rate of gn,N,h is of order N~=2/% (the optimal rate).

3.4 Bandwidth selection and numerical experiments

This section deals with extensions of the PCO (see Lacour et al. [I123]) and looCV
methods to the Nadaraya-Watson estimator studied in this paper (see Subsections
and . Subsection deals with some numerical experiments on the looCV based
adaptive Nadaraya-Watson estimator which is, as explained in Comte and Marie [106] in
the nonparametric regression framework, numerically more satisfactory than the PCO
based one. However, and this is its main advantage, the PCO based adaptive Nadaraya-
Watson estimator offers theoretical guarantees : an oracle inequality is established in
Subsection [3.4.1] Note also that the PCO method is easier to implement and numerically
faster than the Goldenshluger-Lepski method which has been extended by Della Maestra
and Hoffmann in [IT1] for their estimator of the drift function in McKean-Vlasov models.
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3.4.1 An extension of the Penalized Comparison to Over-
fitting method

Let Hy (resp. Hy) be a finite subset of [ho, 1] (resp. [hy,1]), where hg > 0 and
(Nh)~L <1 (resp. by > 0 and (Nh{)~! < 1). Consider an additional kernel §,

h € arg min {|[bfxp — 0fw,p I35+ pen(h)} (3.11)
EHN
with
= K Xl X! K; (X' —.)dX" :
pen(h) A QNQZ< a( NdXE, 5 ho (X2 —)d s>2’6 . Vh e "y,
(3.12)
and R R R
h' € arg min {|| fx.n — fng |3 + pen’(h)} (3.13)
hEHy
with

N T T
/ 2 / i / ) /
: . !/ . N .
pen’(h) := T t0)2N2 ;1 . Kh(XS )ds, \ Kho()(s )ds ) ; Vh € Hyy

This subsection deals with risk bounds on the adaptive estimators EFN,AI(.) (see )7
P () (see (3.4)) and

P (@) @z 5 ¢ € A5

with the notations of Proposition [3.2.5] In the sequel, K, § and o fulfill the following
technical assumption.

Assumption 3.4.1. — The kernels K and ¢ are continuously derivable on R, the de-
rivative of K belongs to L2(R,dz), 0 is positive and its derivative is bounded, and o is

bounded.

Moreover, recall that under Assumptions and b% and o2 belong to L} (R, f(x)dx)

(see Remark [3.1.4).

Theorem 3.4.2. — Under Assumptions|5.1.1],15.1.2, |3.2. 1| and |5.4.1],

(1) There exist two deterministic constants @11, a2 > 0, not depending on N,

such that for every ¥ € (0,1) and A > 0, with probability larger than 1—@1\7{N|e—)‘

3
157 -7 s < (1+0) i (6700 4 22 o, = 0715+

N

(2) There erist two deterministic constants @gx31, @ag2 > 0, not depending on N,

such that for every ¥ € (0,1) and A > 0, with probability larger than l—ml\ﬂj\/]e*)‘

f A
”fN,ﬁ’_fH% ( ‘|‘?9) mln ||ho,_fH2+m2 [Hfh’ _fH2+( ‘]f’v ) :|
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Corollary 3.4.3. — Under Assumptions|3.1.1}, (3.1.2,13.2.1] and |3.4.1}, if f(x),d(x) >
m > 0 for every x € [A, B] (m € (0,1] and A, B € R such that A < B), then there exists

a deterministic constant gz > 0, not depending on N, A and B, such that for every
9 € (0,1),

min  {E([bf yp — bFIB) + E( Fa — FI3)}

(h,h')EH N xHly

T2 ((0n, ~ 0515+ 1, - S8+ ) -

E(Byz —bEag) < 22ZLY[Oll) {(Hﬁ)

m3

Corollary [3.4.3| says that the risk of the adaptive estimator bN P is controlled by the
sum of the minimal risks of

EJ\CN,h and  fyp s (b 1) € Hy,

up to a multiplicative constant and a negligible additive term.

Remark 3.4.4. — The condition (Nh3)™' < 1 on the bandwidths collection Hy is
quite uncomfortable but not that much because if bf satisfies Condition with v =
B > 2, then the (unknown) bandwidth h* of order N=Y/ZB+1) such that our estimator
of bf reaches the bias-variance tradeoff (see Section possibly belongs to Hy . Indeed,
there exists an unknown constant ¢* > 0 such that h* = N~V and then

1
N(h*)3
for N large enough. Moreover, the proof of Proposition[3.4.2 remains true by replacing the

condition (Nh3)™1 <1 by (NA3)™t < m with m > 0. So, even for =1, (N(h*)3)"! <
(¢*)=3 and then h* possibly belongs to Hx when m is large enough.

— (c*)—SNﬁ(l—ﬁ) < 1

Remark 3.4.5. — A nice choice for § is the standard normal density :
67:1:2/2
0(x) ;= —— ; Vx eR.
(z) o

First, 6 obviously fulfills Assumption [3.4.1 Moreover, ||6|oc < 1. Finally, by assuming
that f(x) > my for every x € [A, B] (m; € (0,1] and A, B € R such that A < B), since §
is continuous and positive on R (supp(d) = R), necessarily there exists ma > 0 such that
d(z) > ma for every x € [A, B]. So, f(z),d(z) > m =mi Amg > 0 for every x € [A, BJ.
Therefore, under Assumptions[3.1.1, [3.1.3, [5-2.1] and [5.4.1], by Corollary[3.1.3,

~ 2 . — ~
E(lby 770 —bllFa5) < s |(1+7) " h,)g}ing,N{[E(Hbe,h = bflI3) + E(ll fn — FI3)}

T2 (o), ~ 718 + iy~ 13+ )]

for every ¥ € (0,1).

3.4.2 An extension of the leave-one-out cross-validation me-
thod

First of all, note that the estimator Zn,N,h (see 1) can be written the following
way :

N
nNh ZZW tj_;,_l_Xt;-)



wi (@) = ;i V(4,1) €{0,...,n—1} x {1,..., N},
Z Kn(X{ — o) (ters — to)
k=1 £=0
satisfying
N n-—1 A
D) wh@)(tin —ty) = 1.
i=1 j=0

This nice (weighted) representation of Bn ~N.h(x) allows us to consider the following ex-
tension of the well-known looCV criterion in our framework :

N

Cv Z anNh t3+1 2anNh JH_XZ)

=1
with

n—1
boiva@) = > S wh@)Xf,, - XxF)vie{l,... N},

ke{l,...N}\{i} j=0

Let us explain heuristically this extension of the looCV criterion. By assuming that
dX; = Yidt, Equation (3.1 leads to the regression model

tj tj
Y, = b(th) +&¢; with / esds = / o(Xs)dWs.
0 0

Then, a natural extension of the looCV criterion is

N n—1
CV*(h) = ZZ b;Nh Xt )?(tj41 — t5)
=1 7=0
N n—1 '
~ OV + ) ()t — 1))
i=1 j=0

because Y, (tj11 —t;) ~ Xi,,, — Xy, thanks to the assumption dX; = Yidt. Of course
CV*(h) is not satisfactory because the last term of its previous decomposition doesn’t
exist, but since this term doesn’t depend on h, to minimize CV*(.) is almost equivalent to
minimize CV(.) which only involves quantities existing without the condition dX; = Y;dt.

3.4.3 Numerical experiments

Some numerical experiments on our estimation method are presented in this sub-
section. The discrete-time approximate Nadaraya-Watson (NW) (see (3.5)) estimator is
computed on 4 datasets generated by SDEs with various types of vector fields. In each
case, the bandwidth of the NW estimator is selected via the looCV method introduced
at Subsection 3.:4.2] On the one hand, two models with the same linear drift function
are considered, but with an additive noise for the first one and a multiplicative noise for
the second one :

1. The so-called Langevin equation, that is

t
X; = o —/ Xds +0.1-W,.
0
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2. The hyperbolic diffusion process, that is
t t
X; =20 — / X,ds +0.1/ V14 X2dWs.
0 0

On the other hand, two models having the same non-linear drift function involving sin(.)
are considered, but here again with an additive noise for the first one and a multiplicative
noise for the second one :

3. The third model is defined by
¢
Xe =x0— / (Xs +sin(4X;))ds + 0.1 - Wy
0
4. The fourth model is defined by

t t
Xy =x0— / (X5 +sin(4Xy))ds + 0.1/ (2 + cos(Xs))dWs.
0 0

The models and the estimator are implemented by taking N = 200, n = 50, T" = 5,
xo =2, to =1 and K the Gaussian kernel z — (271')_1/26_22/2. For Models 1 and 2, the
estimator of the drift function is computed for the bandwidths set

Hi:={0.02k ; k=1,...,10},
and for Models 3 and 4, it is computed for the bandwidths set
Ho :={0.01k ; k=1,...,10}.

Each set of bandwidths has been chosen after testing different values of h, to see with
which ones the estimation performs better. To choose smaller values in the second set of
bandwidths allows to check that the looCV method does not systematically select the
smallest bandwidth for Models 3 and 4.

For each of the previous models, on Figures 3.1} B.2] B.3] and [3.4] respectively, the true
drift function (in red) and the looCV adaptive NW estimator (in blue) are plotted on the
left-hand side, and the beam of proposals is plotted in green on the right-hand side. On
Figures and one can see that the drift function is well estimated by the looCV
adaptive NW estimator, with a MSE equal to 2.95-107* for the Langevin equation and
to 8.31-10~* for the hyperbolic diffusion process. As presumed, the multiplicative noise
in Model 2 slightly degrades the MSE. Note that when the bandwidth is too small, the
estimation degrades, but the looCV method selects a higher value of h which performs
better on the estimation. This means that, as expected, the looCV method selects a
reasonable approximation of the bandwidth for which the NW estimator reaches the
bias-variance tradeoff. On Figures [.3] and [3.4] one can see that the drift function of
Models 3 and 4 is still well estimated by our looCV adaptive NW estimator. However,
note that there is a significant degradation of the MSE, which is equal to 2.89 - 1072 for
Model 3 and to 9.26 - 102 for Model 4. This is probably related to the nonlinearity of
the drift function to estimate. Once again, to consider a multiplicative noise in Model
4 degrades the estimation quality with respect to Model 3. As for Models 1 and 2, note
that the looCV does not systematically select the smallest bandwidth.

For Model 1, at levels n = 10,20, ...,100, Figure [3.5| shows the evolution of the MSE
of the looCV adaptive NW estimator as a function of N. For this study, the value of NV
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FIGURE 3.2 — LooCV NW estimation for Model 2 (hyperbolic diffusion process),

~

h = 0.04.

ranges from 20 to 200. Figure [3.5] shows that the MSE of our adaptive estimator remains
low regardless to the value of (n, N) (from 4.50 - 1075 to 9.01-1072), decreases when N
increases (for each n), and decreases when n increases (for a fixed N). This is consistent
with the risk bounds of Section 4. Note also that for N > 70, there is no significant gain
to take n larger than 30. For Model 3, Figure [3.6] shows the evolution of the MSE of the
looCV adaptive NW estimator as a function of IV and leads to the same conclusions than
for Model 1. Note anyway that due to the nonlinearity of b, the MSE of our adaptive
estimator reaches higher values (from 2.67-107* to 4.49-1072) than for Model 1. Again,
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FIGURE 3.4 — LooCV NW estimation for Model 4, h = 0.06.

there is no significant gain to take n larger than 30, and above all larger than 70.

Finally, for each model, Table 3.1 gathers the mean MSE of 100 looCV NW estima-
tions of the drift function as well as the mean MSE of the corresponding 100 oracle
estimations. The mean MSEs are globally low, but significantly higher for the models
with a nonlinear drift function (Models 3 and 4) than for the models with a linear one
(Models 1 and 2). Moreover, for each drift function, the mean MSE is slightly degraded
for the models with a multiplicative noise (Models 2 and 4) with respect to the models
with an additive one (Models 1 and 3). Note also that for each model, the mean MSE of
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FIGURE 3.5 — MSE of the looCV estimator with respect to N and n for Model 1.
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FIGURE 3.6 — MSE of the looCV estimator with respect to N and n for Model 3.

the looCV estimations is close to the mean MSE of the corresponding oracle estimations.
This means that our looCV method performs well in practice.

Remark 3.4.6. — Note that to take to > 1 (here tg = 1) is recommended even in
numerical experiments. Indeed, for instance, the mean MSE of 10 looCV estimations for
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] \ looCV \ Oracle ‘
Model 1 | 3.03-107% | 2.67 - 10~
Model 2 | 6.52-107% | 4.96 - 104
Model 3 | 2.45-1073 | 1.99 - 1073
Model 4 | 9.15-1073 | 6.02- 1073

TABLE 3.1 — Mean MSEs of 100 looCV adaptive NW estimations compared to
the oracle estimations.

Model 1 is significantly lower with to = 1 (2.49 - 10™%) than with to = 0 (3.82-1073).

3.5 Concluding remarks

In this paper, first, a risk bound on our continuous-time Nadaraya-Watson estimator
of b has been established. This bound is satisfactory because it leads to a rate of same
order than in the classic nonparametric regression framework (see Comte [52], Chapter
4), and of same order than in Della Maestra and Hoffmann [I11] for their estimator
of the drift function in McKean-Vlasov models. Then, a risk bound on a discrete-time
approximate estimator of b has been established too. The bound is satisfactory when b
and o are bounded, but a bit degraded when b is unbounded. To improve this bound
will be the subject of future investigations.

In a second part, two bandwidth selection methods are provided. The first one is an
extension of the PCO method to the 2bNW estimator of b in the spirit of Comte and
Marie [I06]. An oracle inequality is established but under the condition (Nh3)~! < 1
(instead of (Nh)~! < 1) on the bandwidths collection. Unfortunately, it seems difficult
to bypass this condition because of some constants involved in Bernstein’s inequality
and in the concentration inequality for U-statistics of Giné and Nickl [IT15] (see Subsec-
tion , but as explained at Remark this condition is not so bad. The second
bandwidth selection method is an extension of the looCV procedure for the discrete-
time approximate estimator written has a convex combination. As in the nonparametric
regression framework, this method is numerically satisfactory but it seems difficult to
establish a theoretical risk bound on the associated adaptive estimator.

Finally, the estimation of b has been only investigated in the case of one-dimensional
diffusion processes because of its simplicity, but by following the same ideas than Halcon-
ruy and Marie used in the nonparametric regression framework in [I17], the major part
of the results of the present paper should be extendable to multidimensional diffusion
processes.

3.6 Proofs

3.6.1 Proof of Corollary [3.1.5

First of all, since p(zg,x) > 0 for every (¢,z) € (0,T] x R,

1 T
= dt >0
f(zx) T & /to pt(xo, x)dt >
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for every x € R. Consider ¢ € {0,...,8 — 1} and # € R;. Thanks to the bound on
(t, ) = 05 py (0, ) given in Assumption [3.1.2}

PO +6) = 193 = / O+ 30+ 0) - 1O (@ + x0) e

—0o0

T poo
; / / (95pi (0, + 0 + 0) — Ospi (w0, = + x0))*dadt
—t0 Jy,

/ / sup 8é+1pt(xo, 2 + xo) Pdadt
—to to o0 z€[z,x+0)]

02 T 1 o] 22
< g2l + 1)2T /to @) / sup exp <—2n131_7zp(€ + 1)75) dxdt

— 1o —00 z€[z,z+6]

02 (1
— 2
- ‘137_17?12@ + 1) T —tp /to +2q2(¢+1) X

[/—9 exp <2sz(£ 1) (x + 9)2

—00

o0 2
> dx 40 +/0 exp (2@2(5 + 1)2) dx} dt

1 2 3 2
S 2nln [Cl‘) 07 x| @1k +) ]

with

G =2 max {@2(k+1)2/000exp< 2k + 1) 2>daz}

kefo,...,8—1}

and the same way,

IFOC=0) = fOI3 <

/ / sup |05 py(wo, 2 + o) Pdadt
— to to

oo z€[xz—0 x]

92 T
< m2(€+ 1) T —to /to t2q2(€+1) X

[/0 exp (—Qn]gf_mg(ﬁ + 1)‘?) da + 60 + /900 exp <—2nm2(£+ L - 9)2> dx] dt

—00

1
<— |e10?+ 63 k+1)% .
e [0 o e 1]

This concludes the proof.

3.6.2 Proof of Proposition [3.2.3

First of all, the bias of vah(:U) is denoted by b(x) and its variance by v(z). Moreover,
let us recall the bias-variance decomposition of the L2-risk of fan:

E(lFvn 119 = [ vw2do+ [ vy,

—0o0 —00

On the one hand, let us find a suitable bound on the integrated variance of fNﬁ. Since

X1 ..., X" arei.i.d. copies of X, and thanks to Jensen’s inequality,
1 Yo .
o(z) = var| ———— K (X} —x)dt
(N(T - tO) ; to K

82



T —tg
1 T
< — [EKhX—:c / (z —x)
N(T_t())/to (Bn(Xe

Thus, since K is symmetric,

/_Zn(a:)dx < Jb/_Zf(z)/_iKh(z—x)zd:cdz
= (/_Z f(z)dz> (/: K(a:)de) _ 1K1z

Nh ~

On the other hand, let us find a suitable bound on the integrated squared-bias of fN n(x)
Since X1,..., XN are i.i.d. copies of X,

Mvar(toTKh(Xt—x)d> N[E[( Kn(X) — ) =2 )2]

2f(2)dz.

T
o) = g | B )i 1

HZK(;) F(2)ds — ()

| K@+ ) - s

First, assume that § = 1. By Assumption 3.2.2] the generalized Minkowski inequality
and Corollary

[ ewrar < [ (/O; K()(f(hz + o) - f(x))dz)Q dx
/—Z Ke) (/_Z(f(hz +a) - f(fr))zd:c> v dz] 2 < 1 (to)h?

with

00 2
alto) =SB ([~ L+ PR 1)
0 —00

Now, assume that 8 > 2. By the Taylor formula with integral remainder, for every z € R
hz)B—1
f(hz+x)— (h2)

_ 280 1 -
+(5—2)!/0(1 1325 (1hz 4+ 2)d

Then, by Assumption |3.2.2, the generalized Minkowski inequality (two times) and Co-
rollary

[ seraa= [ (/ Kz hz+f€)—f(x))d2>2dx

i 2(8-1) 1 2
‘(2_2)”2/ </ PK (2 )/0 (1—7)P2[fPD(rhz + ) - f(ﬁl)(m)}dez) dx

h2(8-1)
<——— %
(8 —2)!)

[/_Z |27 K (2)] /01(1 — )2 </_Z[fw—1>(7hz +z)— f(ﬁ—l)(x)]de> 1/2 deZ] 2
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o ([ 1 2
< T ZPTHNE )] (=) P[] + (rl2)Yldrdz ) < ea(to)h®”
_ 9\ QtQQQ(ﬁ) _ 0
(B = 2)!*t o

with

o] 2
-
CQ(to) = |(572)||2t(2](12(ﬁ) </_voo|z|ﬂ(1—|—|Z’1/2)|K(z)|dz> .

This concludes the proof.

3.6.3 Proof of Proposition [3.2.4
First of all,

(7 vy~ b8 = [ vwPdot [ o)z
where b(x) (resp. v(z)) is the bias (resp. the variance) term of ngh(x) for any =z € R.

On the one hand, let us find a suitable bound on the integrated variance of 5} N.p- Since
Xt ..., XN areii.d. copies of X,

T 2
o(z) = var< T h) Z g—x)dX§> <N(T1—to)2[E[< Kh(Xt—:v)dXt>]

to

T 2 T 2
S %[E [( b Kh(Xt_m)b(Xt)Tcitt()) - (T—lto)2 < to Kh(Xt_:E)U(Xt)th) ] '

In the right-hand side of the previous inequality, Jensen’s inequality on the first term
and the isometry property for It6’s integral on the second one give

T T
o(z) < 2150)/ E[Kh (X — 2)b(X;)?]dt + N(T2—tg)2 /to E[Kh (X — 2) 0 (Xy)?)dt
= / Kp(z —2)%b(z )Qf(z)dquN(TQ_tO)/_:Kh(zx)20(2)2f(z)dz.

Moreover, K is symmetric and K € L2?(R, dx) by Assumption and b, € L2(R, f(x)dx)
by Remark [3.1.4] Then,

/_C: o(z)dr < N / Kn(z — x)%b(2)? f(2)dzdx + N(Tz—to) o Kin(z — x)%0(2)f(2)dzda

2
_ K 2 K
~ Nh /oo bz)* / duvdz + N(T —to)h / / ) daudz

< 2'@@ </Oob(z)2f(z)dz+ . 1 - /Z a(z)2f(z)dz> .

On the other hand, let us find a suitable bound on the integrated squared-bias of
bf np(z). Again, since X1 ..., X" are ii.d. copies of X, and since Itd’s integral res-
tricted to H? is a martingale-valued map,

1 N_T . .
b(z) = E mz . Kh(Xf—-T)dXtZ] —b(z) f(z)
T
= Tito[E< \ Kp(Xy —ZL‘)dXt> —b(x)f(x)
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1

T < tOT Kp(Xy —x)b(Xt)dt> < TKh(Xt —z)o (Xt)th>] —b(2)f(z)

e
T i o /: E(Kn(Xt — 2)b(X¢))dt — b(z / Kp(z — 2)b(2) f(2)dz — b(z) f(z).
Then,

b(x)® = ((bf)n — bf)(x)* with (bf)n = Kn * (bf).

Therefore, since f is bounded and b belongs to L2(R, f(z)dx) by Remark

/ " b(@)dr = bf — (bF)nl

—00

This concludes the proof.

3.6.4 Proof of Proposition [3.2.5

First of all,

T f) bf ] Liosmz = D5 (myz

. bfns —b 1 1
D s — b — [ fN/,\h f +<

I
Then,

2

+2|p1
f,AB

HbN,h,h’_bH?‘,A,B < 2 ho,()<m/2HfAB-

bf yp—bf L
3 +|l=——F|bf| 15
I f S ()>m/2

Moreover, for any = € [A, B], since f(x) > m, for every w € {fNW(.)

I

[F(@) = Pl @) > f(2) = Fyw(w,0) >m = 5 =

Thus,

~ 8 ] -
”bN,h,h’ - bH?‘,A,B < W”be’h - be%,f + WH(JC - fN,h’)b”?”,A,B + 2”bl|f(,)_fN,h,(.)‘>m/2H3‘,A,B
8 o~
S / (6Fp — bf) ()2 (2)de

X
m?2

o / — P (2))b(2)2f (2)da

2
+2 /A D@ F L) ) Fy o ) >m 2 B

Since f has a sub-Gaussian tail by Assumption [3.1.2] and since b has at most linear
growth because it is Lipschitz continuous from R into itself (see Assumption [3.1.1)), b f
is bounded on R. So,

8||f||oo

16f N = bF13

8Hb2fHoo 2 2 >
1 Fx e — FII3+ 2I|b f||oo/_OO L1 5(@) = Ty ()| 5m 297

16N pp = bll7ap <

Therefore, thanks to Markov’s inequality,

S e 157, — 013

E([on o — b3 45) <
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8||p? o
+H f||
m

2 ~
£ s~ 19+ 220 [ E17(0) Tl
801 o ¥ 127 )
m2

<

[E(16f np — bFIB) + 26| Fvw — FI3)]-

Propositions and allow to conclude.

3.6.5 Proof of Proposition [3.3.2
First of all, note that
E( favn = FI3) < 2E(IFnn — FI3) + 26 v — Fanvnl3)

< 2 [(to)h - ﬁ + /OO E(fan(@) — funn(z)?de

o0

+ /OO var(fnp(@) = fann(@))ds

by Proposition [3.2.3] and note also that

N n—1

Froa@) = @) = 5= L 2 / i () — Ka(XE)) it

i=1 7=0

with Kp, »(.) := Kp(- — x). On the one hand, for every s,u € [to, T] such that s < u, by
1t6’s formula, Jensen’s inequality, the isometry property for It6’s integral and Remark

B.14

[ Ea ) - )Pl = [ [(/ Kia X0+ 5 [ K >)] da

T bl
e[ ([ tonooera)]
([ K,a@(Xt)a(Xt)th)Q” dr
< o [(u—s)/jﬂi( (X)) / K, (X)) d:):)dt
—i—(u—s)/[E(aXt / K, >d
+/s [E<0Xt / K}, (X,)%da )dt]
. [w o, oo uhgs]

where ¢; and ¢ are two positive constants not depending on s, u, h, N, n and tg. Then,

/Oo Var(ﬁ@,N,h($) - fN,h(x))dx

—00
-1

1 S n tj+1K ¥ P
_N(T_W/_mvar jgo/tj (Kho(Xt) — Kno(Xy;))dt | dx
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/t”l / (K pa(X0) — Kpo(Xe,)2]dedt <
_t(] t ’ 7 Nnh3

where the constant ¢35 > 0 is not depending on h, N, n and tg. On the other hand, by

Assumption 313}

~ ~ t]+1
[E(fnp(@) = fanp(@)] < E(Kh(Xt)) — E(Kp o (Xy,))|dt
j =0
tjy1 oo
< [Kn(z — )| - [pe(wo, 2) — i, (20, 2)|dzdt
Oj:O t; 00
1 et b1
< t—t;)dt
=) / (t—1)
ji
X [/ |Kh(2—l')’ Sup ‘aupu(xﬂvz)‘dzl
—00 u€[to, T
T —to (hz +z — 20)?
S Em / K (2)] exp [—m@sT dz.

Then, by Jensen’s inequality,

0 0 0 2
[ Eunte) - Faxat@par < S [ iK@I [ ew [—zm@g(’“l"m] drdz
n=t, —00 o0 T

— 00
]
24243
n<t,

where

0o T — 2
co = sl K [ exp[zmmgf ﬂdx

— 00

and the constant ¢s > 0 is not depending on A, N, n and tg. This concludes the proof.

3.6.6 Proof of Proposition [3.3.3

The proof of Proposition [3.3.3| relies on the two following technical lemmas.

Lemma 3.6.1. — Consider a symmetric and continuous function 1 : R — R such that
Py 12— zp1(2) belongs to L2(R,dx). Consider also @2, € C°(R) having polynomial
growth. Under Assumptions [3.1.1] and [3.1.9, for every p > 0, there exists a constant
@aT(p) > 0, not depending on 1 and to, such that for every s,t € [to,T] satisfying
s <1,

/_Z E [(/: o1(z — Xu)cpg(Xu)qu>2¢(Xt)2] da

B 1 o0 1/p
< q(p) ¢~ 5) [H@lu%ﬂrwln%w(/ (e ]
0 —0o0

Lemma 3.6.2. — Consider ¢ € C%(R). Under Assumptions|3.1.1 and[3.1.4, for every
s,t € [to, T] such that s < t,

| B Xoe(X X0 \@f)LK” Elp (X, X2

—00
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The proof of Lemma [3.6.1] (resp. Lemma [3.6.2)) is postponed to Subsubection [3.6.6.1
(resp. Subsubsection [3.6.6.2).

First of all, note that
E(Ibfnn —0f13) < 2E(16fnp — bFI3) + 2E([bf 5 s — bF nvnll3)

2 h(bf)h o713+ Ty ™ G 0) - B )

N

Nh

+/ V&I‘(E}N’h(x) _g]\cn,N,h(x»dx

—0o0

t
= 2 {H(bf)h —bf|3 + CBI?}%(ZO) + Bunp + Vn,N,h:|

by Proposition [3.2.4] and note also that

EFNJL(SU) - g}n,N,h(ﬂb‘) = N(Tl—to) Z i

The proof is dissected in two steps. The term V,, y 5, is controlled in the first step, and
then B, v is controlled in the second one.

Step 1. First of all, by Jensen’s inequality,

1 o0 n—1 tj+1
Vi = ON(T _ +)2 K »(Xy) — Kp, (X ))dX: | d
N,k N(T — t9)? /_Oovar ;)/tj (K (Xt) ha(Xt,))dXy | do
2 h n§1/tm E[(Kp 2 (Xy) — Kno(Xe)?0(Xy)2dt | de +V,
S NT-1n) o(Xt) = Kp 2 (X, t| de+ V7
N(T —to) /oo =, ha (Xt ha(At; t Nh

with
2

2 0 nolortin
Voo Ny = N(T—to)2/_oo[E Jz;/tj (Kho(Xt) — Kn o (Xy;))o(Xy)dWy d.

In order to control V;, nj as in the proof of Proposition [3.3.2) a preliminary bound on
V7 x5, has to be established via the isometry property of It6’s integral :

9 n—1

00 T
V7ZN7h = N(T_tO)Q/ £ /t Z(Kh,z(Xt)_Kh,;z:(th))J(Xt)l[tj,tj+1](t) AWy
oo o e

2

2 00 T n—1
- YT /_ ) /to E jz%(Khw(Xt)—K;w(th))J(Xt)l[tjijﬂ}(t) dtda

n—1

2 = b 2 2
= NT_ x - Me.¢ t| dx.
NTT 7o) / N ; /t]. E[(Kna(X0) = Kno(X2)?0(X0)dt | da
Then,
2 5 T E[(Kna (X0) — K (X0 ))2b(X0)2]dadt
< NT/ .\ - .
i € R O L ) — K (X)X e
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tj+1
ey /“ / (Ko (X0) — Kpo(X0,)) 20 (X0 devdt
- 0 t;

For ¢ = b or ¢ = o, by Itd’s formula,

[ [(Kna(X0) = Kno(X,)20(X0) ] dudt
z;/ / h, h ¥
n—1 tit1 00 t 2
E K’J(Xu)b(Xu)du) (Xy)?
CI]Z;)/Q /_OO </tJ h ¥
' 2
+E (/ K;{,m(Xu)a(Xu)QdU> o(X1)?

2
+E (/ K (X )dW) o(X)?| | dadt

where the constant ¢; > 0 is not depending on ¢, h, N, n and ty. Moreover, for every
j€{0,...,n—1} and ¢ € [tj,¢;41], by Lemma with p=1/(1 —¢),

2
/‘ (/‘Kﬁx )MV> e(Xi)?| dz < %zm@ﬂt—@)/" K/ (2)2dz
+azam(p) (t — ¢5) /_ h 22K} (2)%dz
@r(p) e \7
+ (1) (t—=15) </Oo K} (2)? d2>
L
< wEt-t) 1+hg+ohs+€]

where the constant ca(g) > 0 depends on €, but not on ¢, j, t, h, N, n and to. Thus, by
Jensen’s inequality and Remark [3.1.4]

j+1
/ / (Ko (X0) — K (X)) 0(X,) 2 dudt

<ale) ZO [ [(t 1) / : <¢<Xt>2b<xu>2 / KL () d
+<t—tj)/:[g< / Ky, )du—i—( ) +]33+%i(;;)/2”dt

cq(e) 1 1
< T—t
nﬁn{l,éﬂfd/Q}( o)’ (7fqﬁ3+n2h5+ nh3+s>

where ¢3(¢) and ¢4(g) are two positive constants depending on &, but not on ¢, h, N, n
and ty. Therefore,
c5(e) 1

VaNn <

where the constant ¢5(¢) > 0 depends on £, but not on h, N, n and tg.
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Step 2. First of all, since Ito’s integral restricted to H? is a martingale-valued map,
since K}, , is a kernel, by Lemma [3.6.2], by Assumptions [3.1.2 and |3.1.3] and since b is
Lipschitz continuous,

| E@T o) B o) P

—00
n—1

N /_Z T i to Z; /t - E((Eho(Xe) = Kna(Xt,))b(Xe))dt

J

2

[ / " Kpa(X0) — Kpa(X0 )o(X0)dW| | de

] =0
ot
E(Kh,2(Xe)b(Xy) — Kp o (X, )b( Xy, ))*dadt
0 j=0"%
tj+1
—to Z/ / E(| K (Xe,)| - 16(Xe) — b(Xe,)|)*dadt
UK fitt
2L 5 3 / [ ([ e 620160, 2) = o, 2)
9 n—1 i1
Rty / T EIG(X) — b(X, )t
/ (T —to) =07t
2 n 1 i1 00
4”KH Z[/ i (t —t5) dt] [/ b(2)® sup |Oupu(zo,2)|>dz
o) u€[to, T
2 K
+ ?/2E1|| HlH ||2 Z/ t—th)z]dt
to’ (T
1 LS [ x,
< + / X, )t
C6 tgqgng té/Q(T— to) = t 2]

where the constant ¢g > 0 is not depending on h, N, n and ty. Moreover, for any
je{0,...,n—1} and t € [tj,tj+1],

t t
Xt — th = / b(Xu)d’LL + / O'(Xu)qu
tj tj

and then, by Jensen’s inequality, the isometry property of 1té6’s integral and Remark

B.14

E[(X:—X¢,)%] < (t—t)) /t E(b(X,)?)du + /t E(o(Xy)?)du
< (t—ty)? JSup E(b(Xu)?) + J(75 —t;) sup E(o(Xu)?) < cr(t —t))
u€[to, T u€[to,T]

where the constant ¢; > 0 is not depending on j, ¢, h, N, n and tg. Therefore,

2
—o00 min{t, ", t5 nT.on

where the constant c¢g > 0 is not depending on n, N, h and tg.
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Remark 3.6.3. — Assume that b and o are bounded. Then, in Step 1, for ¢ = b or
p=0,

tj+1
/ / (Ko (X0) — K (X)) 0(X0) 2 dudt
t

noloptipn poo t ’
< E K',1<Xu>b<Xu>du> (X,)?
S| ‘
. 2
+LE (/ K;L’,(E(“XU)U(XU)Qdu) (P(Xt)Q

2
+E (/ K (X )dW) o(X)?| | dadt

< allellZ, Z/t +1/ E (/t;K,’m(Xu)b(Xu)du>2
+E (/;K;;x(Xu)a(Xu)z u>2 +E (/ Kj (X )dW)2 dadt.

So, in this special case, the bound on Vi, N is established by using the exact same ar-
guments than in the proof of Proposition [3.3.2. In particular, one can take € = 0, the
additional conditions K € 1*(R,dx) and z — zK(z) belongs to 1%(R,dx) are not re-
quired, and the bound on Vy, np is of order 1/(Nnh3) and doesn’t depend on to. When
@ =b or ¢ = 0 is not bounded, since p(X) is not o(W,,)-measurable for every u € [t;,t)
(7 €{0,...,n—1}), the Hélder inequality has to be used to get a suitable bound on

/ ( / KL (X >dm>2so<Xt>2 da

(see the proof of Lemma , and for this reason the variance term in the bound of
Proposition is of order 1/(Nnh3*¢) instead of 1/(Nnh3) as when b and o are
bounded.

3.6.6.1 Proof of Lemma m

Consider ¢(z, z) := p1(x — z)pa(z) for every z € R, ¢ > 0 such that 1/p+1/q =1,
and s,t € [0,7] such that s < ¢. First of all, by the isometry property of Itd’s integral,
Burkholder-Davis-Gundy’s inequality, Holder’s inequality, Markov’s inequality, Remark
B-1.4] and the generalized Minkowski inequality,

E [(/:cp(x,Xu)qu)
</st90($,Xu)qu> 1¢(Xt)2<:z:2]
1/p

t 2p
( / so(w,Xu)qu> ] E(y (X)) Y COP(p(X;)? > 2%)1/ (29

2

%Z)(Xt)?]

2
< 2°E

+E
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1/p

<o [ Elpte o+ e [( [ oo )| ey e
y [[E(th)?)l/@@

gjl/q

E((X)'0)! /20

2

g q(z) + 1r\(—1,1 (95)]

< [ Elpte, X du-+alp) [ Elpte X ) (1@ + ey o)

xl/q

where ¢1(p) and c2(p) are two positive constants depending on p, but not on z, s, t, ¢
and ty. On the one hand, since g9 has polynomial growth, by Remark for every
u € [s,t],

/OO 22 Elp(z, X,)?)dx = /_00 /_00 2201 (z — 2)%02(2)pulzo, 2)dxdz

—00

B /_OO /_Oo (z + 2)201(2)*02(2)*pu(wo, 2)dadz

< o[ awra) ([ o)
+2 </Z gpl(x)2dx> (/Z 2209(2)*py (0, z)dz)

< (@l + llenl)

where the constant ¢35 > 0 is not depending on u, 1 and tg. Then,

[e'e) t
/ o2 / Flp(z, Xu)2ldudz < st — s)([70 13 + [o1]12)-

On the other hand, since ypo has polynomial growth, by Assumption 1.2 for every
z €R,

t t 00 1/p
/ Elp(z, X)) /Pdu = / ( / gm(z)?wz+x>2ppu<xo,z+w>dz) du

— 00

< E/Efﬁ) (t—s) ( | 901(2)2pdz) v

—00

where the constant c¢4(p) > 0 depends on p, but not on z, s, t, ¢1 and tg. Then,

[e%¢} t 1 1
| ([ et o) (a1 + e @) o
¢ (p) < /°° o, )"
< (t—s) v1(2)Pdz
1/Cp) !

—00

¢5(p) = ca(p) /ldx+/ )
° ! _q /e R\[-1,1] 2 .

3.6.6.2 Proof of Lemma m

with

Consider s,t € [tg,T] such that s < t, and let ps; (resp. pys) be the density of
(X5, Xt) (resp. the conditional density of X; with respect to X). Moreover, for the sake
of readability, ps(xo,.) is denoted by ps(.) in this proof. By Assumption

E(Kp e (X)o(X0 X)) = K| [ | et ( I so(y,z)pts(zm)dz)ps<y>dyr

—00 ||Kh717”1 —00
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< gl [ il ([ ot >pt|s<z\y>dz)2ps<y>2dy

—0o0

< 1Kl sup {supps } [ Kpa (y (/ sO(y,Z)ths(ZIy)dZ)ps(y)dy

s€[to,T) —o0

K
mll/”g |1/ I/ )2psi(y, 2)dzdy.
to
Therefore,

| e XY < @f/”f”l /o /Oo Kinaly >\dw) ([ ot 2Ppest i) ay

N

/

K 2

= @f/L Iy / / )?ps.i(y, 2)dzdy
K

— mll/HQ Hl [E[ (X37Xt>2]-

3.6.7 Proof of Theorem |3.4.2

Throughout this subsection, I is a primitive function of the kernel K. The proof
of Theorem [3.4.2(1) relies on the following technical lemmas proved at the end of this
subsection. The proof of Theorem(Q) is left to the reader because it is similar but
simpler than the proof of Theorem [3.4.2](1) detailed in this subsection.

Lemma 3.6.4. — Under Assumptions|3.1.1),|3.1.2,[3.2.1] and [5.4.1],

1 T

T —to

Kh(Xt — 2)dX; = (X, 2) ; Vo € R, Vh > 0,

where (z,h, @) — ®p(p,x) is the map from R x (0,00) x C°([to, T|; R) into R defined by

= [ (2)(2) i [ (42 s

for every x € R, h > 0 and ¢ € C°([tg, T|; R). Moreover,

(1) For everyx € R, h > 0 and ¢ € C%([to, T|; R),

2[Klloe , NolZ K oo

P <
[®n(o:2)l < 2h2

(2) For every h > 0 and ¢ € C°([to, T];R),

6112, ol llolls I3
T — ty)? E '

[EACIBIEFES (

(3) There exists a deterministic constant qga1 > 0 such that, for every h, n >0,

E(®n(X",.), Pw(X?,.))3,6) < qgogam(h’)

with
m(h) = E(|®n (X, )3 5)-
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(4) There erists a deterministic constant g2 > 0 such that, for every h > 0 and
¢ € L3(R,dx),
E(®n(X,.),9)35) < gaaellell3 s

(5) There exists a deterministic constant @sa3 > 0 such that, for every h,h' € Hy,
(Pn(X,.), (0f)w)2s] < B3  as.
Lemma 3.6.5. — Consider

Unw(N) := Y (Pa(X',.) = (0f ) Pur(X7,) = (bf )25 3 YR, B € My (3.14)
oy

Under Assumptions|3.1.1,[3.1.2, [3.2.1] and [3.4.1], there exists a deterministic constant
> 0, not depending on N, such that for every 6 € (0,1) and X\ > 0, with probability
larger than 1 — 5.4|Hy|e ™,

{Uh,ho(N)l B 9m(h)} _ amsl+A)°

newe U N2 N ST 4N
and U (N 5

sup {I h,h(2 )| 9m(h)} < sl +A)°

e | N N ON
Lemma 3.6.6. — Consider

N
1 A
Va(N) 1= = SO 180(X7,) = (bl 5 ¥h € M
=1

Under Assumptions[3.1.1], [3.1.2, [3.2.1] and [3.4.1), there exisls a deterministic constant
> 0, not depending on N, such that for every 6 € (0,1) and X > 0, with probability
larger than 1 — 2|Hy|e ™,

sup {]i,rvhuw (k)| — %}V(h)} < Sl +A)

heH N ON
Lemma 3.6.7. — Consider
Wi (N) := (0F xgp — (0F )y (b )i — bf )5 3 Y, h' € H. (3.15)

Under Assumptions[3.1.1), [3.1.2, [3.2.1] and [3.4.1], there exists a deterministic constant
@z > 0, not depending on N, such that for every 6 € (0,1) and X > 0, with probability
larger than 1 — 2|Hyle™?,

14 X)?
sup {[Wi o ()] — 016y — bf3s) < TERLLA
heH N

14 X)?
sup {|Wio n(N)| = 011 (0f)n — bf |35} < qméN)and
heHn

ol + A)?
sup {[Win(N)] — 6l (bf)n — bf|3,} < TEILFAT
heHa ON
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3.6.7.1 Steps of the proof
The proof of Theorem (1) is dissected in four steps.

Step 1. This first step provides a suitable decomposition of HEJ\CNE —bf||2 5. First,

55+ 1Ibf N ne — OfII35
=2(bf N ho = OF N7 OF Nopo — 0S)2,0-

Then, by (3.11)) and the definition of pen(.) (see (3.12))), for any h € Hpy,

107 57— b I35 = 16Ty~ BF ol

16f 7 = 0F35 < I6fnn — bF npollhs + pen(h) — pen(h)
+H6?N,h0 - be%,a - 2<5?N,h0 - gJ?lea E?N,ho —bf)as
< |bfnn — bf 135 + pen(h) — pen(h)
+H6?N,hg - bf||%,5 - 2<6?N,h - E?Nﬁygfjv,ho —bf)as
= |6 w — bSI35 — e (R) + on(R) (3.16)

where

n(R) = 2(0f 5y — bf,0f npy — b2, — pen(h).

Let’s complete the decomposition of ||ng}Al —bf||3 5 by writing

Yn(h) =2(1 n(h) + 2 n(h) + Y3 n(R)),

where
._ 1 z 4 i i [T i i Unpno(N) 1

Yin(h) = (T — 142N2 ;< . Kp(X; —-)d X, \ Ko (X§ — ')dXS>2,5 +—2 — gpen(h)

~ Unno(IV)

=

1 (& 17 . .
wQ,N(h) = _ﬁ (; <T o o Kho(Xs - ')dst (bf)h>2’6+
N 1 (T . . 1

+ ; <T — to " Kh(Xs - ')de (bf)h0>2’5> + N<(bf)h07 (bf)h>2,5 and

Y3 n(h) = Whne(N) + Wiga(N) + ((0f ) — bf, (bf )ng — bf )25

~

Step 2. This step deals with bounds on E(¢; n(h)) and E(; v (h)) for j =1,2,3.

e By Lemma [3.6.5) for any A > 0 and 6 € (0,1), with probability larger than

1-— 5.4’7‘[]\[‘6_)‘,
Om(h)  qom(l + N)3 ~, _6m(h) gyl +A)3
< < )
P18 (R)] < N T o and  |¢1 v (h)] Nt N
e On the one hand, for any h,h' € Hy, consider
1 & ‘
Uy n(h, 1) = v ;@h(xz D, (bf)w)a.s.
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By Lemma

N

1
Do (h W) < 5 D
=1

/Oo CIJh(Xl,x)(bf)h/(a:ﬁ(x)d:z < m:g a.s.

—00

On the other hand,

(O ns (0 Dno)2,s| < N18lloc [l 5h * (0 ool B * (Bl < [18lloc[[ENTNEf ool 1

Then, there exists a deterministic constant ¢; > 0, not depending on N and h,
such that

C ~
an(W) < 5 and [on(B) < sup [an(R)| < 5
heHN

1
— a.s.

e By Lemma [3.6.7] and Cauchy-Schwarz’s inequality, with probability larger that
1-— "H N\e*’\,

S8agza(l + N)?

6
Do < GO~ bfIBs+ 10 n — bf] L

3,5) +

1 0 1/2 1 2 1/2
v2x 517 (5) 00— bl 51z (3) 100 —85ls

0 6 1 Sqrm(l + )2
Sl ODn = bf 135+ <4 + 9) (b — b + ST

N

and

o 1 Sqg(l + \)?
%,5 + <4 + 9> 1(0f )ny — be%,& + — oN

s x (B < 21655 b

Step 3. Let us establish that there exist two deterministic constants ca,¢a > 0, not
depending on N and 6, such that with probability larger than 1 — ¢|Hy|e ™,

sup {Hg}]\,,h —bfl35— (1+6) (”(bf)h —bf2 s+ mj(\?)) } < ca(1 4+ A)?

heHa ON
and (h) ( )\)3
1 — co(l +
b _bfl2 mh) L b —bfl? < 27
hsél;fN{ll( D=1l + = = 7510/ v f||2,6} 01— O)N

On the one hand, note that

1570~ 0715 = (4 6) (omn — 01185+ ™5

can be written

—~ 14+ 0)m(h
67w~ s — LD o () — el 513

where Wy (N) := Wy p(N) (see (3.15))). Moreover, for any h € Hy,

67— Ol = L0 4 Yol (3.17)

with Uy (N) = Up,(N) (see (3.14)). So, with probability larger than 1 — eo|Hy|e >,

, _ o mh)| Om(h)\ _ 2(gzm+ gwm)(l+A)°
hzlql{pN {‘Hbe,h - (bf)h”z,a TN ’ N } < ON
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by Lemmas [3.6.5] and [3.6.6] and then

co(1+A)3
ON

sup {HE}M —bfl3s— (1+6) <||(bf)h —bfll35+ m](él))} S

heH N

by Lemma On the other hand, for any h € Hy,

1(0f)n = bf 135 = 116F 5 — bf 26 = 10F s — (OF)nll35 — Wa(N).

Then,
h — Om(h
(1) (160~ 07185 + "5 ) 16707 s < W) |- 010700518 40 ()T
where h)
AN = [ = G185 - |
By Equality ,

Ap(N) =

N2 N N
By Lemmas [3.6.6] and [3.6.5] there exist two deterministic constants ¢3,c3 > 0, not
depending N and 6, such that with probability larger than 1 — t3|Hx|e ™,

m(h) c3(1+ \)?
0N }< : ON

Ui(N) | Vi(N)  m(h) ‘ |

ap i
heH N

By Lemma m with probability larger than 1 — 2|Hy|e ™,

(1l + A)?
sup {IWA(N)| = 01(61)n — b3} < TERLLAL
heH N
Therefore, with probability larger than 1 — ¢o|Hy|e ™,
mh) 1~ e2(1+2)°
b = bfl3s + —2 — ——|bfxn — 0fl3s ¢ < s
sup {1070 0718+ " = 50T~ 011 | < S

Step 4. By step 2, there exist two deterministic constants ¢4, ¢4 > 0, not depending on
N, 6, h and hg, such that with probability larger than 1 — t4|Hy|e ™,

3
(] <0 (100 —0s185+ ") (5 + 2) o — s + LA

N 2 oN
and
~ 7 0 N
S (”“’f =Ml + mz(v)> + (53 ) 105, - o713+ HOEA

Then, by step 3, there exist two deterministic constants cs, ¢ > 0, not depending on N,
6, h and hg, such that with probability larger than 1 — ¢5|Hx|e™?,

1\ (14 A)3
=)

0  — 0 2 1
(] < g 5T = b7+ (5 + 5 ) 16~ 0515 +es (5 + .

and

1\ (1+2)3
)

~ 0 — 0 2 1
o] < g 5T =005+ (5 + 5 ) Nh g —07 s s (5 +
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By the decomposition (3.16]), there exist two deterministic constants cg,¢g > 0, not
depending on N, 6, h and hyg, such that with probability larger than 1 — tg|Hy|e ™,

16F x5 = bFIBs < 1I6fnp — 0F13 5+ [on(h)] + wN@n

0
< <1+ ) 675~ b5+ g 15T 7~ b3
< e 66 (1+A)?

This concludes the proof.

3.6.7.2 Proof of Lemma W

First of all, for any x € R and h > 0, by 1t6’s formula,

Xr—z\ . [(Xy—x r B 1 / (X —x

So,

T Xr — Xy, —
Kn(X, — 2)dX, = IC< = x)—lC( o x)
to

1 [T X, —z
to

Lemma (1) is a straightforward consequence of the previous equality and Lemma
3.6.4L(2) is easy to establish : for every h > 0 and ¢ € C°([to, T]; R),

@ wrlente s < 2 [ k(P s [T (B sy

. h
e [ (22 ] s

< o+ T [Cotnt [T (290) sy

(T = t0)*[[9]looll IS 1K 113
n3 '

Let us prove Lemma (3,4,5). First, for any h,h’ > 0,

< 6K +

E((@n(X",.), 2w (X?,))3 )

_ (Tjw . [< /_ :( tOT K (X} —m)dXt1> ( tOTKh/(XE —x)dxf) 5($)d:n)2]

< (T_2to)4<[E<Ah w) +E(BL,)

00 T T
App = / ( Kn(X} — x)a(th)th1> < K (X2 - g:)dX,?> §(z)dz and
— to

to

Buy = /OO ( TKh(th —x)b(X,})dt> ( ) Kp(X? — x)dX; )5( )dz.

—0o0 to
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Bound on [E(Ah ). Since (X1, W1) and X? are independent,

i = [ [( 06}~ mpoxaw; ) ( :mxﬁ ~ e )]
xE K ) K (X; )dX2> ( ) Kn(X} —y)dX; )] §(x)6(y)dxdy.

On the one hand, for every x,y € R, by the isometry property of [t6’s integral and the
definition of f,

e[( [ it - etatans) ([ s - s

T 00
= / E(Kn(X} — 2)Kn(X! —y)o(X})?)dt = (T — to) /_ Kn(z — 2)Kp(z — y)o(2)* f(2)dz.

to

e = -t [ [ [ K- ok - no R )

xE K tOT K (X? - a;)dxf> ( tOT Kn(X? - y)de)] 8(z)6(y)dzdydz

- (T—to)/_z [(/ Kn(z —x)0 x) Kh/(XQ )ded:c)zl dz.

On the other hand, for every z € R, x — |K}(z — x)| /|| K]|1 is a density function. Then,
by Jensen’s inequality,

o0

F(42,) < (T—to)|K]; /

—0o0

o1 [

— 00

T 2
| Ky (2 — x)|6(x)E [( t K (X2 - x)dX§> ] dxdz

') 2
< (=Wl KI5l | ‘“”“’”E[(t K (X7 >dx2)]da:

(T = t0)°|0” fllsc 1K |18 | com(R).

Bound on [E(Bh p)- Since x — |Kp(Xi(w) — x)|/|| K1 is a density function for every
(t,w) € [to, T] % Q by Jensen’s inequality,

E(Bj ) = < /tOT /_ Z Kn(X} — 2)b(X}1)é(x) 5 Kh/( 2 _1)dX? dmdt>2]

T roo T 2
< T—tg)\KHl/t /_ [E(\Kh(th—x)yb(X,})?)a(x)?[E[(t Kh/(XSQ—x)dX52> ]dxdt
00 00 T 2
_ (T—t0)2HKH1/_ (/_ yKh(z—x)yb(z>2f(z)dz) 5(:6)2[E[<t Kh,<X§—x)dXs2> ]dm
[e’s) T 2
< = IRl K 16l [ ‘5(”3)[E[(t th<X3—w>dXs) ]da:

(T = t0) 16 f lloo | K176 scm (R).
Now, for any h > 0 and ¢ € L(R, dx),

0 T 2
E(®(X, ). 0)3s) = (Tlt)ml(/ p(2)5(a) m(xt—x)czxtdx)]

—0o0 to

99



S (Tt
with
00 T
Cp = / o(x)o(z) t Kp(X; — z)o(Xy)dWidx and
o T
Dy, = /_ o(z)d(z) t Kp (X — 2)b(Xy)dtdx.

Bound on E(C?). By the isometry property of Itd’s integral and the definition of f,

E(CP)

[e%s) o] T
/_ /_ w(fv><ﬁ(y)5(:v)5(y)/ E(Kp (X — 2)Kn(Xy — y)o(Xy)?)dtdzdy

to

= ) [ et [ Knl - o) - o P Gldsdody
= (T to) [ (0P () < (T = ) KRS o 1

Bound on E(D?). By the definition of f,

T
E(D}) = E <(T—to)/ E(b(X0)*(Kn * (99))(X¢)?)dt

to

(/tOT oXe) /_ Z Kn(X: — x)w(:c)é(m)dxdt)z

< (T—to)Q/Oo (Kn * (00))(2)b(2)* f(2)dz < (T = t0)* [0 fll oo | K [T 800 | 113 -

—00

Finally, since X is a semi-martingale and since the map (¢, w, z) — Kp,(X¢(w)—2)(bf)p (x)d(x)
is measurable and bounded for any h,h’ € Hy, by the stochastic Fubini theorem and
1t6’s formula,

(T — t0)(@n(X, ). b w)as = (T —to) / " @0(X,2) (bf I (2)5(2)da

—0o0

T poo
= /t/ Kp(Xy —2)(bf ) (z)d(x)dxd X, a.s.

T
- /t K+ (b )] (Xo)d X
T

1
= Wpp(Xr) = Vpp (X)) — 5 Ui (Xp) o (Xp)2dt
to

where
wh,h’ = Kh * ((bf)h/(s), and \I/h,h’ = /C(/h) * ((bf)h/5)

is a primitive function of 1y, 5. On the one hand,

Vo = Knx((0f)nd)
= Kp* ((0f)wd') + Kp * (Kp + (bf))0)
= Kp* ((0f)wd") + Kp * (Kp + (bf)0) + Kp * (Kp + (V' £))9).

Then, since bf, bf’ and b’ f are bounded under Assumption

[V nlloe < NERIIER % (0f)lloclld oo + KR IER 5 (0 sclldlloo + KRl IEn 5 (6 f))lsolld]loc
< NEIRIF oo 1o + K NTNIBS NlsolI0lloo + IEIFNY fllocl18lloe < o0
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On the other hand,

1Whplloo <GSR ool (Bhr # (0F))8]l1 < 1K lloo[[6]|oo [ K (I ][0f 11 < o0

This concludes the proof because

T —1t
(T = t0)[{Pn(X,-), (0 In)2.6] < 2 ¥nplloo + = Clol 2l plloe aus.
3.6.7.3 Proof of Lemma W
For any h,h' € Hy,
U (N) = gnw(X*, X7)

i#]
with, for every ¢1, 2 € E = C°([0,T]; R),
In (@1, 92) := (Pn(p1,.) = (0f Jn, Pur (02, .) = (0f )2

On the one hand, since E(gp 1 (¢, X)) = 0 for every ¢ € E, by Giné and Nickl [I15],
Theorem 3.4.8, there exists a universal constant m > 1 such that for any A > 0, with
probability larger than 1 — 5.4e™*,

Uy (N m
w < W(Ch,h’(N)/\l/Q + 0 (N)A + by (N)AY2 4 (N)A?)

where the constants ap ' (IV), bpp/(N), ¢pp/(N) and 9y, py (IV) are defined and controlled
later. First, note that

Uniw(N) = @ (X X7) = G (X7) = G n(X7) + E(Gp (X, X)) (3.18)
i#j

where, for every n,n' € Hy and ¢1,p2,9 € E,
Gy (01, 02) = (P (01,.), Py (02, )26 and gy () := ( Py (¥, .), (0f )iy )26 = E(Gy .y (¥, X))
Let us now control ap, p/(N), by p/(N), ¢pp/(N) and 0p, 4/ (N) -

e The constant aj /(IV). Consider

app (N):= sup |gnw(p1,p2)l.
p1,p2€E

By (.18), Cauchy-Schwarz’s inequality and Lemma [3.6.4]

app(N) < 4 sup  [(@p(p1,.), Prr(w2,.))2s] <4 (SHP | Pr (01, - )H2,6> (SUP \|<I>h/(s02,-)||2,5)
P12 p1€EE p2€E

1/2 1/2
4 6l 1% n 16l lo A I 137Y2 T 6IKIZ, . Iollssllolld 137" ca
= (T —t9)? h3 (T —tg)? (h')3 = hg
with

6|2 4 2
o =4 | g+ ool B

So, since (Nh3)~! < 1,

ap ' (N))\2 Cl)\Q C1)\2
: < < .
N2 N2p3 = N
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e The constant by, /(). Consider

bpp (N)? = N sup E(gnp (¢, X)?).
pek

By (8.18), Cauchy-Schwarz’s inequality and Lemma [3.6.4]

brw(N)? < 16N SlelIE) E(®n(p,.), P (X, ))35)
%)
com(h' )N
< 16NE([|®5 (X, )[5,5) SlelII;H‘I’h(% i < —5—
©

3 with ¢o = 4¢y.

So, for any 6 € (0, 1), since (Nh3)~! < 1,

1/2 1/2 1/2
bh,h’(N))\g/Q < i / m(h/>1/2 y 3ﬁ / C2/ )\3/2
N2 3m Nh3/2 0 N1/2
Om(h')  3comA3 - Om(h") N 3comA3
3mN2h3 ON  3mN ON

e The constant cj j/(NN). Consider

o (N)? i= N2E(gp (X1, X?)?).

By (3.18) and Lemma [3.6.4)
e (N)? < 16NZE((@n (X7, ), P (X2,.))3 )
< em(W)N?  with 3 = 16qg57:1-

So, as previously,
ch (N)AL/2 o Om(h')  3cgmA
N2 = 3mN ON

e The constant 0y, /(IV). Consider

Op(N) = sup E [ Y ai(X)b; (X7 )gnw (X, X9) |,

(a,b)eA i<j

where
N-1 N '
b): Y E(ai(X")?) < land Y E(b(X7)?) <1
i=1 j=2

By (3.18), Cauchy-Schwarz’s inequality, Jensen’s inequality and Lemma [3.6.4]

opw(N) < 4 sup E Z Z lai(X X])ghh’(X X))
(ab)eA i=1 j=i+1

< ANE((@4(X,.), @ (X2, 0352 < o *m(R)/2N.
So, as previously,

O 0 (IN)A < Om(h')  3czmA?
N2 7 3mN ON
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Therefore, there exists a deterministic constant ¢4 > 0, not depending on N, h and h/,
such that with probability larger than 1 — 5.4e™?,

ylﬁhh/(fV)| in(h/) C4(1-+’A)3
< + .
N2 N ON

In conclusion, with probability larger than 1 — 5.4|Hx|e ™,

{IUh,ho(N)l Qm(h)} C a4+’

sup

heHy N2 N [~ 6N
and O (N 5
1
wp {\ (V) _emm)}< ca(l+ 0
heHn N N ON

3.6.7.4 Proof of Lemma W

First, the two following results are used several times in the sequel :

65 < 16 [ ( /w Kh<yx>b<y>f<y>dy)2dx

2
< 9] / by / Koty Pdady < DIIKIEI Sy o

and
E(Vai(N)) = E(|®n(X,.) = (bf)nll3s)
E(|®n(X, )3,5) + 1(0)nll3s — 2/ (0f)n(2)E(Py (X, 2))d(x)dx

= E(l2n(X,)]36) = 1(0F)nl3s- (3.20)

Consider
(V) = V(V) = EVA(V) = 1 D (0n(X) — E(gn (X))

with
gn(p) = [|®nle,.) — bfnl3s s Ve € E.

By Bernstein’s inequality, for any A > 0, with probability larger than 1 — 2e~?,

200X cp A
h +_JL,

N)| <
[vR ()| N N

where

Mol o, = B (0.

Moreover, by Inequality (3.19) and Lemma (3.6.4]
- ! P I3, < 2 ® 2 bf)nll3
¢t = gsub[|®n(p,.) = (0nllzs < 5 | sup [1®ale, )lizs + 1 (0)nll2s
el peE
€1 6/1KC11%
hel h — 2| 2o
W3 wit (] 3 [(T )
and, by Inequality (3.19), Equality (3.20) and Lemma

bp < thHoo[E(Vh(N))<%([E(H%(X,-)H%,(s)—H(bf)hHia)

< +I8lloo 15 ||K/H2+H5||oo||K”2||b2f||1:|
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ch(h)

with €y = 3C1.

Then, for any 6 € (0, 1), since (Nh3)~! < 1, with probability larger than 1 — 2e?,

com(h)A A

<
e NE < 2\ = T N
(Cl + Cg))\ (C1 + CQ))\
< P e
< Om(h) + N3 < Om(h) 7

So, with probability larger than 1 — 2|H|e™?,

{\vh(N)\ B Qm(h)} o (c1+c2)A
N N D ON

sup
heH

Therefore, by Equality (3.20]), with probability larger that 1 — 2|Hy|e ™,

1 Om(h)
sup < —|Vi(N) — E(||®x(X, .)||? —}
sup { LIV ~ B )la)| - T

[vn (V)| 9m(h)} 1 o _ (et o+ [[0lo K IFIDAIZ) (1 + N)
< sup { — + —|| Ky, * (bf < .
heH N N NH h ( )||2,5 HN
3.6.7.5 Proof of Lemma W
For any h,h' € Hy,
1 X , ,
Wi (N) =+ > (gnaw (X7 = E(gnw (X))
=1

with, for every ¢ € E,
Inw (@) := (Pr(@,.), (0f Jwr — bf )2.5.
By Bernstein’s inequality, for any A > 0, with probability larger than 1 — 2e™*,

205 1 A Ch /A
h,h n h,h

Wi (N)| <
(Wi (V)] < 02 S
where H I
9h,n’
Choh = TOO and v = E(gnw (X)?).
Moreover, by Lemma [3.6.4]
1 1
i = 58D (@r(p,.), (0F ) = bf)2sl < SOS)w = bfll26 sup [[alp, )26
peER peE

6]|K15 12
Ttz " 16]lo Il 157113

N

C1 ) 1
W\\(bf)h' —bfll2s with o =

and
opp < E(@R(X,.), 0 ) — bf)35) < wwaell(0f)w — bf |35

Then, for any 6 € (0,1), with probability larger than 1 — 2e™?,

Cl)\
NA3/2

A
W) < 2/ T ), b1+ <2 0 — bl

N
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2z + )1+ 1)

2qm X 2)\ 2C2/\2
< O10f)w = bflI35 + + o oN

So, with probability larger than 1 — 2|H|e™?,

W 14 ))?
sup {|Wino(N)| = 0[|(bf)no — bf I35} < qmﬂ'((g]\[)’
heHn
a1l + )2
heHn
4% 1+ ))?2
sup ([ Win (V)] — 0110 — bfI3s) < LT
heHn ON

3.6.8 Proof of Corollary (3.4.3

On the one hand, as in the proof of Proposition and since 6(x) > m for every
x € [A, B,

N

I (|0f 7 — bf

= 3 48) + 2 (I Fyz — FIB)

2q 77 f
< ZEBE(IBF 5 — bFI35) + E( Fy — FIB))

E(lby 50 — bll%0.5)

On the other hand, by Theorem 3.4.2] and union bounds,

—~ —~ 1
(1575~ 0718 < (L+9) pin £~ 85189 + EEB2 (16 13+ )

<V 8le) | (1+0) puin €T~ 018) + 22 (o, — 011+ )]

and

€1y~ J13) < (1) guin €1 — 718+ E222 (g = F1B+ )

Therefore,

~ 20 1 6| oo . 7 n
€y~ Wpan) < “TB ao) i (8 - 0118) + El T - 18)

m3 (hoh')EH N x My
S 1
+ T2 (o), ~ W11+ g~ FIB+ 7 )]
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