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Chapitre 1

Introduction

Cette thèse de doctorat aborde deux grandes notions. La première porte sur des

modèles de débruitage puis de complétion de séries temporelles multidimension-

nelles de grande taille représentées par des matrices. Nous proposons un package

R dans lequel une méthode de débruitage existante a été implémentée. En com-

plétion, nous montrons, moyennant une condition sur la matrice de bruit ainsi que

sur la composante déterministe des séries temporelles, des bornes de risque pour

l'estimateur de la matrice plus �nes que celles connues en l'absence de structure

de série temporelle. La seconde notion abordée dans cette thèse porte sur l'es-

timation dans des modèles d'équations di�érentielles stochastiques (EDS). Nous

nous concentrons sur un estimateur non-paramétrique de la fonction de drift d'une

EDS dirigée par un mouvement Brownien. Nous proposons plusieurs versions d'un

estimateur de Nadaraya-Watson calculées à partir de copies indépendantes du pro-

cessus de di�usion et établissons des bornes de risque pour ces estimateurs.

Ces dernières décénnies, la modélisation des systèmes dynamiques aléatoires

est devenue de plus en plus populaire dans de nombreux domaines, notamment

en biologie, en économie, en �nance, en ingénierie ou encore en sciences sociales.

Cela est en partie dû au développement de puissants outils informatiques qui

permettent de collecter et d'analyser de gros volumes de données a�n de mieux

comprendre et prédire le comportement de systèmes dynamiques complexes. Plu-

sieurs approches sont possibles lorsqu'il s'agit d'étudier le comportement de tels

systèmes. Nous en détaillons deux dans cette thèse : nous nous concentrons, d'une

part, sur l'étude de séries temporelles multidimensionnelles de grande dimension

représentées par des matrices et, d'autre part, sur l'étude des systèmes dynamiques

modélisés par des des équations di�érentielles stochastiques. Nous cherchons à es-

timer, dans les deux cas, la tendance du processus intervenant le système dyna-

mique étudié. En�n, il est important de noter que dans les deux cas, l'approche

choisie permet de considérer des séries non-stationnaires.

Notre travail est organisé en trois parties distinctes. Nous commencerons par

une présentation générale des concepts étudiés au cours de cette thèse et intro-

duirons les di�érentes problématiques abordées. Ensuite, dans la deuxième partie,

nous examinerons de manière plus approfondie les méthodes d'estimation dans
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des modèles de matrices de séries temporelles de grande dimension. En�n, dans

la troisième partie, nous nous concentrerons sur un estimateur spéci�que, à savoir

l'estimateur de Nadaraya-Watson pour la fonction de drift d'une équation di�é-

rentielle stochastique, calculé à partir de copies indépendantes du processus de

di�usion.

1.1 Estimation dans des modèles de séries tempo-

relles de grande dimension

Depuis plusieurs années, les modèles de séries temporelles font l'objet de nom-

breuses études car ils permettent de mieux comprendre le fonctionnement de nom-

breux systèmes dynamiques aléatoires (cf. [5, 6]). Depuis les années 1970, les mo-

dèles classiquement utilisés sont basés sur l'hypothèse que le comportement d'une

série temporelle à un instant donné peut être expliqué par ses valeurs passées, ses

erreurs passées ou bien les deux. Par exemple, les modèles ARMA, les modèles

GARCH et toutes leurs extensions sont dé�nis de cette manière là (cf. [12]). Nous

ne détaillerons pas les équations qui dé�nissent chacun de ces modèles, mais d'une

façon générale, une série temporelle univariée peut être modélisée par un processus

(Xt)t∈Z satisfaisant une équation du type

Fθ(Xt+q, . . . , Xt−q, ηt+p, . . . , ηt−p) = 0 ; t ∈ Z, (1.1)

où p, q ∈ N, η = (ηt)t∈Z est un processus stationnaire du second ordre, souvent

un bruit blanc, et F = (Fθ)θ∈Θ est une famille de fontions continues de R2(p+q+1)

à valeurs dans R et indexées dans un ensemble Θ. Un des avantages du modèle

(1.1) est que l'on peut choisir F de sorte à prendre en compte les propriétés

connues sur la dynamique du phénomène sous-jacent modélisé. Ces modèles sont

notamment utilisés en économie pour modéliser et prédire certaines variables éco-

nomiques telles que le produit intérieur brut, l'in�ation ou encore le chômage (cf.

[8]). En santé publique, par exemple, l'incidence des maladies infectieuses telle

que la grippe et la détection des épidémies sont également modélisées de cette

façon (cf. [9, 10]). Cependant, la majorité des travaux sur les séries temporelles

se sont concentrés sur des modèles univariés à l'exception de quelques uns tels

que le modèle VCEM ou VARMA (cf. [11, 7]). Bien que très souvent utilisés, ces

modèles classiques présentent certaines limites et ne s'appliquent pas à des problé-

matiques plus compliquées. Il est également di�cile de contourner la condition de

stationnarité sur η. L'approche matricielle est, quant à elle, particulièrement facile

à étendre au cadre multidimensionnel et a déjà fait l'objet d'une étude théorique

approfondie depuis les dix dernières années pour des séries statistiques non néces-

sairement temporelles. C'est en particulier la popularité du challenge Net�ix, avec

les algorithmes de recommandations de �lms, qui est à l'origine de nombreuses

recherches dans ce domaine (cf. [13, 22, 25]). Dans ce contexte, il s'agit d'étudier

une matrice dont chaque ligne représente un utilisateur Net�ix et chaque colonne

correspond à un �lm de la plateforme, comme illustré dans le tableau ci-dessous.
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A la position (i, j) de la matrice, on retrouve la note rentrée par l'utilisateur i

sur le �lm j. Dans ce cas, les algorithmes de complétion permettent de prédire

les entrées manquantes de la matrice en estimant les notes que chaque utilisateur

pourrait mettre aux �lms non visionnés. Cela permet ainsi aux algorithmes de

recommandation de proposer, selon le pro�l de l'utilisateur, des �lms qu'il est

susceptible d'apprécier.

Film 1 Film 2 Film 3 · · · Film T
Utilisateur 1 9 1 3 · · · 8
Utilisateur 2 ? 6 ? · · · 7
Utilisateur 3 9 1 ? · · · 8

...
...

...
...

...
Utilisateur d 8 ? 3 · · · ?

Les premiers articles théoriques sur le sujet traitent de méthodes de factorisation

et de complétion de matrices de faible rang ayant des entrées indépendantes et

identiquement distribuées (cf. [14, 15, 16, 17]), ce qui est notamment le cas avec les

algorithmes de recommandation. L'objectif, dans ce cas, est d'estimer une matrice

donnée par un produit de deux matrices de rang inférieur, dont les lignes de l'une

d'entre elles peuvent être interprétées comme des facteurs latents et ainsi capturer

l'information essentielle dans les données. En d'autres termes, si une matrice est

de grande dimension, l'hypothèse de faible rang suggère qu'elle peut être représen-

tée comme une combinaison linéaire de vecteurs de base de plus petite dimension.

L'approche matricielle présente ainsi un avantage certain car cette hypothèse de

faible rang permet de réduire la dimension du problème et donc la complexité de

l'analyse liée à la manipulation de matrice de grande taille. Au-delà des systèmes

de recommandation, les méthodes de factorisation de matrices de faible rang s'ap-

pliquent avec succès dans des domaines variés tels que l'estimation de données

manquantes (cf. [26]), l'analyse de données génomiques (cf. [27]), le traitement du

signal (cf. [28]) ou encore l'analyse de données textuelles (cf. [29]). Cependant,

quelque soit le domaine étudié, les méthodes de factorisation et de complétion de

matrices existantes ont été developpées dans un contexte où les observations sont

indépendantes les unes des autres, ce qui n'est pas le cas lorsque l'on étudie des

séries temporelles. Par ailleurs, aucune justi�cation théorique n'a été fournie sur

le fait qu'elles peuvent être utilisées pour des observations dépendantes. L'objet

de nos travaux était donc d'étendre ces méthodes existantes à l'analyse de séries

temporelles de grande dimension, un cas particulier de données dépendantes. En

e�et, dans notre travail, on étudie cette fois des matrices dont chaque ligne re-

présente une série temporelle et chaque colonne correspond à une observation des

séries dans le temps :

Temps 1 Temps 2 Temps 3 · · · Temps T
Série 1 9 1 3 · · · 8
Série 2 ? 6 ? · · · 7
Série 3 9 1 ? · · · 8

...
...

...
...

...
Série d 8 ? 3 · · · ?
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L'objectif reste le même, reconstruire la matrice pour laquelle on ne dispose que de

certaines entrées, tout en prenant en compte cette fois la di�culté que peut engen-

drer la structure de séries temporelle dans les lignes et notamment la dépendance

qu'il va y avoir entre les colonnes de la matrice.

1.1.1 Débruitage de séries temporelles de grande dimension

Avant de rentrer dans les détails de la complétion, abordons un des principaux

problèmes que l'on peut rencontrer lorsqu'on étudie des séries temporelles : le

débruitage. Notons M la matrice observée de taille d × T et dont chaque ligne

est une série temporelle. Le but du débruitage est d'estimer la matrice Θ0 dans

le modèle suivant

M = Θ0 + ε (1.2)

où Θ0 et ε sont des matrices de taille d×T . On réécrit ici la matrice M comme la

somme d'une matrice deterministe Θ0 de faible rang k ∈ N∗ (k � d∧T ) et d'une
matrice aléatoire ε. De plus, en utilisant les méthodes de factorisation, la matrice

Θ0 peut s'écrire comme le produit UV de deux matrices U ∈ Md,k(R) et V ∈
Mk,T (R). La matrice d'erreur ε, quant à elle, a des lignes centrées, indépendantes,

identiquement distribuées, sous-gaussiennes et a pour matrice de covariance Σε,

prenant ainsi en compte la dépendance temporelle entre les di�érentes colonnes

du bruit. La matrice Θ0 est estimée en résolvant le problème des moindres carrés

suivant :

Θ̂ ∈ arg min
U∈Md,k(R),V∈Mk,T (R)

‖M−UV‖2
F (1.3)

où, pour toute matrice A, ‖A‖2
F := trace(AA∗). De plus, du fait de la présence

de séries temporelles dans M, les auteurs de [24] ont montré que l'estimateur

de Θ0 pouvait être ajusté pour prendre en compte une éventuelle périodicité ou

régularité dans les tendances des séries étudiées. Pour ce faire, ils ont réécrit la

matrice Θ0 de la façon suivante : Θ0 := T0Λ où T0 := UV avec U ∈ Md,k(R),

V ∈ Mk,τ (R) et Λ est une matrice connue de taille τ × T , (τ 6 T ), re�étant les

propriétés liées à la structure temporelle des données. Plus précisemment, deux cas

ont été étudiés dans leurs travaux, chacun d'entre eux impliquant une dé�nition

di�érente pour la matrice Λ :

� Si les tendances des séries temporelles sont τ-périodiques, alors,

Λ = (Iτ | . . . |Iτ )

où Iτ désigne la matrice identité d'ordre τ .

� Si les tendances séries temporelles sont décomposables dans la base de

Fourier, alors,

Λ =

(
ϕl

(
t

T

))
(l,t)∈{1,...,τ}×{1,...,T}
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où τ est impair et (ϕ1, . . . , ϕτ ) est la base trigonométrique dé�nie, pour tous

x ∈ [0, 1] et m ∈ {1, . . . , (τ − 1)/2}, par

ϕl(x) :=


1 si l = 1√

2 cos(2πmx) si l = 2m√
2 sin(2πmx) si l = 2m+ 1.

Dans le cas où nos données ne présentent aucune structure particulière, Θ0 := T0,

τ = T et Λ = IT . En multipliant de part et d'autre l'équation M = Θ0 + ε =

T0Λ + ε par le pseudo-inverse Λ+ = Λ∗(ΛΛ∗)−1, les auteurs de [24] ont obtenu le

modèle de débruitage suivant :

M = T0 + ε (1.4)

où M := MΛ+ et ε := εΛ+. Ainsi, un estimateur naturel de Θ0 est donné par

Θ̂k,τ := T̂k,τΛ où

T̂k,τ ∈ arg min
U∈Md,k(R),V∈Mk,τ (R)

‖M−UV‖2
F . (1.5)

En considérant ce modèle, ils ont réussi à montrer que, sur le plan théorique, la

prise en compte de structures temporelles dans les données permettait d'améliorer

les bornes de risques existantes pour l'estimateur de la matrice Θ0. Les bornes de

risque obtenues font notamment intervenir le rang k de la matrice Θ0, ainsi que les

paramètres liés à la structure temporelle des données (le paramètre τ par exemple,

si l'on considère que nos séries sont τ -périodiques). En pratique, ces paramètres

peuvent être inconnus et font donc l'objet d'une procédure de séléction de mo-

dèle. La sélection conjointe de deux paramètres génère des problèmes numériques

auxquels nous nous sommes intéressés dans le premier article présenté dans cette

thèse (cf. section 2.1). Le choix du rang k est une étape cruciale car il a�ecte

directement la qualité de la factorisation et sélectionner un mauvais rang peut

entraîner un problème de sur-ajustement ou de sous-ajustement sur des données.

Dans la littérature, plusieurs méthodes ont été developpées lorsque l'on cherche à

estimer le rang k seulement. Parmi ces méthodes, nous pouvons citer par exemple

celles basées sur des critères d'information tels que le critère d'Akaike (AIC) ou le

critère d'information bayésien (BIC). L'idée, dans ce cas, est de calculer le critère

considéré pour di�érents rangs et de choisir le rang k pour lequel le critère est mi-

nimal (cf. [30, 31, 32]). Une autre méthode que l'on peut envisager consiste à tracer

les valeurs singulières de la matrice en fonction du rang et à sélectionner le rang k

à partir duquel la courbe commence à s'aplanir ou se stabiliser (cf. [33, 34]). Cette

méthode est simple et e�cace, mais peut ne pas être optimale dans certains cas

et nécessite une analyse approfondie des données. En�n, les méthodes classiques

de validation croisée permettent également de sélectionner le rang ; plusieurs tra-

vaux ont déjà été réalisés dans ce domaine (cf. [35, 36]). Toutefois, ces dernières

peuvent s'avérer coûteuses en termes de calcul, en particulier pour des données et

des matrices de grande dimension. Ces méthodes, non exhaustives, sont utilisées

pour la sélection d'un unique paramètre. Dans notre étude, nous nous sommes
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intéressés à la sélection conjointe de deux paramètres, ce qui n'est pas une ques-

tion standard en pratique. La procédure d'estimation décrite dans nos travaux

(cf. section 2.1) est la suivante : en considérant le modèle (1.4) présenté ci-dessus,

l'estimateur adaptatif �nal de Θ0 sera donné, pour une constante s > 0 �xée, par

Θ̂s := Θ̂k̂(s),τ̂(s) où

(k̂(s), τ̂(s)) ∈ arg min
(k,τ)∈K×T

{‖M− Θ̂k,τ‖2
F + pens(k, τ)} (1.6)

avec K ⊂ {1, . . . , d ∧ T}, T ⊂ {1, . . . , T} et Θ̂k,τ l'estimateur solution de (1.5)

avec des paramètres k et τ �xés. L'estimateur Θ̂s est donc obtenu en minimisant

une fonction de coût qui prend en compte la complexité du modèle. La pénalité

qui intervient dans ce critère pénalisé permet notamment d'éviter les problèmes

de sur-ajustement (over�tting) et est dé�nie de la façon suivante :

pens(k, τ) := cpen‖Σε‖opk(d+ τ + s) ; ∀(k, τ) ∈ K × T , (1.7)

où cpen > 0 est une constante déterministe et ‖.‖op est la norme d'opérateur sur

MT (R). Cette pénalité, de l'ordre du terme de variance dans la borne de risque

de Θ̂k,τ , dépend de plusieurs paramètres :

La constante s : elle est assez facile à choisir en pratique puisqu'on la �xe en

fonction du niveau de con�ance α intervenant dans la borne de risque

obtenue par Alquier et al. dans [24]. Plus précisemment, on prend s =

− log((1− α)/2) avec α �xé à 99%, 95% ou 90%.

La constante cpen : elle nécessite d'être calibrée en amont en utilisant des heu-

ristiques classiques développées dans la littérature.

‖Σε‖op : la norme d'opérateur de la matrice de covariance du bruit, que l'on peut

expliciter en fonction des paramètres de la distribution du bruit.

L'un des aspects de nos travaux est alors de proposer une heuristique en deux

étapes pour sélectionner à la fois le rang k de la matrice et le paramètre τ lié

à la structure temporelle des données. Pour cela, on introduit une constante de

pénalité globale, que l'on va devoir calibrer avant de procéder à la sélection de k

et τ : ccal = cpen‖Σε‖op. Plus précisemment, en reprenant le modèle (1.6), nous

proposons, en se basant sur la stratégie développée par Devijver et al. dans [42],

une heuristique en deux étapes pour séléctionner à la fois le rang k et le paramètre

τ de cette façon :

(1) Pour chaque rang k ∈ K ⊂ {1, . . . , d ∧ T}, nous sélectionnons un ensemble

de valeurs possibles pour τ en minimisant le critère suivant :

τ̂(k) ∈ arg min
τ∈T
{‖M− Θ̂k,τ‖2

F + ccal,τk(d+ τ + s)},

avec la constante ccal,τ calibrée en utilisant l'heuristique de pente proposée

en 2001 par Birgé et al. dans [40] et dont l'objectif est de déterminer, à l'aide

des données, une constante multiplicative optimale devant une pénalité en

sélection de modèles.
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(2) Puis, pour chaque valeur de τ̂(k) calculée à l'étape (1), nous sélectionnons

le rang k̂ qui minimise le critère

k̂ ∈ arg min
k∈K
{‖M− Θ̂k,τ̂(k)‖2

F + ccal,kk(d+ τ̂(k) + s)},

la constante ccal,k étant une fois de plus calibrée par heuristique de pente.

Notons que cette dernière peut être di�érente de ccal,τ .

(3) En�n, le τ̂ sélectionné est

τ̂ = τ̂(k̂).

Cette procédure de sélection à été implémentée dans le package R TrendTM que

nous avons crée et qui est aujourd'hui disponnible sur le CRAN. Au delà de sélec-

tionner conjointement ces deux paramètres, l'intérêt de nos travaux est également

de con�rmer la borne de risque obtenue dans [24] et de montrer que le prise en

compte de la structure temporelle dans la tendance des séries (via la matrice Λ)

améliore l'estimation. Notre package o�re donc la possibilité de prendre en compte

di�érents types de structures temporelles sur les données ("aucune structure",

"périodique" ou "smooth") et de sélectionner, selon les souhaits de l'utilisateur,

soit le rang k de la matrice, soit le paramètre τ lié à la structure des tendances

des séries, soit les deux. L'estimateur des moindres carrés T̂k,τ donné par (1.5)

est obtenu en utilisant la fonction softImpute du package R du même nom dé-

veloppé par Hastie et Mazumder (cf. [50]). Cette fonction renvoie trois matrices

Uf ∈Md,k(R), Vf ∈Mτ,k(R) et D ∈Mk,k(R) telles que

T̂k,τ = UfDV∗f .

Pour approximer la matrice à estimer, les auteurs ont notamment implémenté

deux procédures di�érentes dans la fonction softImpute : la procédure "svd"

(Singular Value Decomposition ou décomposition en valeurs singulières) et la pro-

cédure "als" (Alternate Least Square ou méthode des moindres carrés alternés).

C'est cette dernière que nous avons retenue comme paramètre par défaut dans

notre package TrendTM car, malgré son extrême simplicité, elle permet d'obtenir

de bons résultats en pratique (cf. [51]). L'idée de base de la méthode ALS est

de minimiser l'erreur quadratique entre la matrice d'origine et sa reconstruction

partielle en utilisant des moindres carrés alternativement sur chacune des dimen-

sions de la matrice à approximer. En d'autres termes, on cherche à résoudre un

problème d'optimisation en alternant entre deux sous-problèmes, l'un portant sur

les colonnes de la matrice et l'autre sur ses lignes. Des simulations ont aussi été

réalisées pour comparer les deux procédures : toutes les deux fournissent la même

précision d'estimation. Le choix est tout de même laissé à l'utilisateur s'il décide

d'applique la fonction de notre package avec la procédure "svd". Pour étudier les

performances de notre procédure de sélection, nous avons alors réalisé une étude

comparative sous les conditions suivantes : lorsque l'on prend en compte la struc-

ture de série temporelle dans la tendance des données ou non et en considérant

di�érents niveaux de di�cultés, pour des valeurs de σ (écart-type du bruit ε) plus
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ou moins grandes. Quel que soit le niveau de di�culté considéré ou le(s) para-

mètre(s) que l'on cherche à estimer, la prise en compte du caractère temporel des

données dans la tendance augmente la précision de l'estimation (cf. section 2.1).

Nous avons également étudié dans nos travaux la robustesse de la méthode pro-

posée lorsque les lignes εi,. de la matrice d'erreur, pour tout i ∈ {1, . . . , d}, sont
générées par des processus autoregressifs AR(1), induisant ainsi de la dépendance

temporelle dans les lignes de la matrice ε.

Une illustration directe du package TrendTM a été fournie sur des données réelles

de qualité de l'air (cf. section 2.1). Par ailleurs, le dernier apport de nos travaux

a été d'appliquer, de façon moins directe, la méthode proposée à des problèmes

statistiques usuels : la classi�cation (clustering) de courbes et l'Analyse en Com-

posantes Principales (ACP) de séries temporelles. Ces applications n'avaient pas

été developpées dans [24].

Classi�cation de séries temporelles. Réécrire la matrice de tendance Θ0 =

UL avec L = VΛ = (`j(t))j,t dans le modèle (1.2) permet de capturer les carac-

téristiques sous-jacentes de la matrice d'origine M. Plus précisément, pour tout

i ∈ {1, . . . , d}, la tendance mi(.) de la i-ème série dans la matrice d'origine peut

s'écrire comme une combinaison linéaire de k facteurs (ou séries) latent(e)s :

mi(t) =
k∑
j=1

Ui,j`j(t) ; ∀t ∈ {1, . . . , T}.

Pour classer nos di�érentes séries, nous avons appliqué la méthode classique de

Classi�cation Ascendante Hiérarchique (CAH), qui vise à construire une suite de

partitions "emboîtées" des données en un nombre de plus en plus faible de clusters,

en se basant sur la distance ou la similarité entre les données pour regrouper ces

dernières dans un même cluster. Notre stratégie de classi�cation de courbes a été

appliqué sur deux jeux de données réelles :

� le premier contient les données d'electrocardiogramme de 200 patients, ré-

partis en 2 groupes (considérés comme "normal" et "anormal") ;

� le second contient les données de croissance de 93 enfants, répartis également

en 2 groupes ("�lles" et "garçons").

Une première étude, réalisée en considérant le nombre de clusters �xé à 2, a

nouvelle fois montré que la prise en compte de la structure temporelle dans la

tendance des séries étudiées (structure "périodique" pour le jeu de données ECG

et "smooth" pour le jeu de données de croissance d'enfants) améliorait la classi-

�cation. Nos performances en matière de classi�cation sont les mêmes que celles

de la meilleure méthode de classi�cation décrite dans [43] et elles sont également

beaucoup plus rapides. Dans une seconde étude, nous avons testé notre package

sur la sélection du nombre de séries latentes k et de la période τ .
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Analyse en Composantes Principales de séries temporelles (ACP). Cette

technique permet de réduire la dimensionnalité de notre ensemble de données en

projetant chaque série de la matrice d'origine M sur un nouvel espace de variables,

appelé "espace des composantes principales". Dans notre étude, si M est une ma-

trice de taille d× T et de rang k, alors l'information principale sera capturée par

les k premiers axes de l'ACP. Plus précisemment, la solution du problème d'ACP

est

Θ̂k,T ∈ arg min
U∈Md,k,V∈Mk,T

‖Mc −UV‖2
F

avec, pour tout j ∈ {1, . . . , T}, Mc
.,j = M.,j − 1

d

∑d
i=1 Mi,j. L'objectif de nos

travaux est de comparer les projections des séries temporelles obtenues lorsque

l'ACP est appliquée à :

� M seulement, c'est-à-dire sans prise en compte de la structure temporelle

dans la tendance. Dans ce cas, la matrice des composantes principales est

Ûk = McV̂∗k. Cette matrice contient, pour tout i ∈ {1, . . . , d}, les coordon-
nées de la projection de la i-ème série de M sur les k premiers axes.

� puis à Mc = McΛ+, donc en prenant en compte cette fois la possible structre

temporelle des données dans la tendance des séries. Dans ce cas, la matrice

des composantes principales est McV̂∗k = McΛ + V̂∗k.

Nos travaux ont, une fois de plus, révelé une meilleure performance de l'ACP dans

le cas où l'on prend en compte la tendance via la matrice Λ+.

1.1.2 Complétion de matrice de séries temporelles de grande
dimension

Le modèle de débruitage introduit dans la section précédente nous permet de

construire le modèle de complétion sur lequel nous avons travaillé dans le deuxième

article présenté dans cette thèse (cf. section 3.2). Rappelons que la complétion de

matrice est une technique qui vise à prédire les valeurs manquantes d'une matrice

en utilisant les valeurs connues de cette matrice. Il existe de nombreux modèles de

complétion de matrice di�érents, allant des modèles de régression linéaire simples

[44] aux modèles de réseaux de neurones complexes [45, 46]. L'objectif de nos

travaux, cette fois-ci, n'est plus d'estimer la matrice Θ0 dans le modèle M = Θ0+ε

lorsque toutes les entrées de M sont observées, mais lorsqu'il en manque ou qu'elles

sont perturbées par des erreurs d'observation liées à l'instrument de mesure. On

dispose donc, pour la matrice M, de n ∈ {1, . . . , d × T} entrées bruitées, notées
Y1, . . . , Yn et satisfaisant le modèle suivant :

Yi = trace(X∗iM) + ξi ; i ∈ {1, . . . , n} (1.8)

où X1, . . . ,Xn sont n matrices aléatoires à valeurs dans

X := {eRd(j)eRT (t)∗ ; 1 6 j 6 d and 1 6 t 6 T}
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et ξ1, . . . , ξn sont des variables aléatoires centrées, indenpendantes et identique-

ment distribuées, d'écart-type σξ > 0 et tels que Xi et ξi sont indépendants pour

tout i ∈ {1, . . . , n}. A�n de prendre en compte la structure de série temporelle

dans les lignes de M, nous reprenons le modèle de débruitage introduit précedem-

ment, à savoir {
M = Θ0 + ε
Θ0 = T0Λ = U0V0Λ

(1.9)

avec Θ0 une matrice déterministe, ε une matrice aléatoire, toutes les deux de taille

d× T , et U0 ∈Md,k(R) et V0 ∈Mk,T (R). Comme dans le modèle de débruitage,

la matrice Θ0 est supposée de faible rang k ∈ N
∗ (k � d ∧ T ), mettant en

avant la forte corrélation qu'il peut y avoir entre les di�érentes séries temporelles,

et la matrice d'erreur ε a des lignes centrées, indépendantes et identiquement

distrubées. D'après les équations (1.8) et (1.9), le modèle de complétion �nal

s'écrit

Yi = trace(X∗iΘ
0) + ξi (1.10)

avec ξi := trace(X∗i ε) + ξi. Un estimateur naturel de Θ0 est alors donné par{
Θ̂k,τ = T̂k,τΛ

T̂k,τ ∈ arg min
T∈Sk,τ

rn(TΛ) , (1.11)

où

rn(A) :=
1

n

n∑
i=1

(Yi − 〈Xi,A〉F)2 ; ∀A ∈Md,T (R)

et

Sk,τ ⊂

{
A ∈Md,τ (R) : rg(A) = k et sup

j,t
|Aj,t| 6

m0

mΛ(τ)
,mΛ(τ) := sup

j,t
|Λj,t| <∞

}
.

Les deux mêmes structures de tendances portées par la matrice Λ sont considérées, à
savoir le cas où les tendances sont τ -périodiques ou le cas où les tendances sont décom-
posables dans la base de Fourier.

Le principal apport de nos travaux a été d'améliorer la borne de risque établie dans
Koltchinskii et al. en 2011 [17], pour laquelle les termes d'erreur sont supposés i.i.d. et la
matrice Θ0 est supposée de faible rang k seulement. Ils ont obtenu une borne de risque
pour l'estimateur de la matrice de l'ordre de k(d + T ) log(n)/n pour des matrices de
taille d×T et n entrées bruitées. Dans notre contexte, la structure de séries temporelles
dans les lignes de M nous permet d'améliorer la borne de risque de l'estimateur de la
matrice, moyennant certaines conditions. Pour obtenir une borne de risque optimale,
certaines hypothèses sur la structure du bruit ε et sur les erreurs d'observation ξi sont
nécessaires :

(1) Les lignes de ε sont i.i.d et issues d'un processus Φ-mélengeant. Pour de
tels processus, la corrélation entre deux valeurs éloignées dans le temps décroît ex-
ponentiellement avec l'écart temporel entre ces deux valeurs. Cette hypothèse est,
de plus, nécessaire a�n d'utiliser l'inégalité de concentration obtenue par Samson
dans [49], qui est en réalité une extension de l'inégalité de Bernstein à des processus
Φ-méleangeant, et obtenir la borne de risque optimale. En e�et, les auteurs de [23]
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ont montré que les bornes de risque obtenues avec d'autres inégalités de concen-
tration classiquement utilisées avec les séries temporelles étaient moins bonnes.
[47] fourni notamment une étude détaillée des autres conditions de mélanges que
l'on peut retrouver dans la littérature.

(2) Les coe�cients de la matrice ε sont bornés et ξ1, . . . , ξn sont des va-

riables aléatoires i.i.d. sous-exponentielles. Cela couvre notamment les va-
riables aléatoires Gaussiennes. Cette hypothèse de bornitude du bruit a notam-
ment été reprise dans plusieurs travaux dans le contexte de complétion de matrices
ayant des entrées i.i.d. (cf. [19, 17]) et permet, une nouvelle fois, d'obtenir une
borne de risque optimale.

Soit α ∈ (0, 1). Sous les hypothèses précédentes, nous obtenons, avec une probabilité
supérieure à 1− α, la borne de risque suivante

‖Θ̂k,τ −Θ0‖2F ,Π 6 3 min
T∈Sk,τ

‖(T−T0)Λ‖2F ,Π + c1

[
k(d+ τ)

log(n)

n
+

1

n
log

(
4

α

)]
(1.12)

où Π désigne une mesure de probabilités sur X telle que

PXi = Π ; ∀i ∈ {1, . . . , n},

avec

〈A,B〉F ,Π :=

∫
Md,T (R)

〈X,A〉F 〈X,B〉FΠ(dX) ; ∀A,B ∈Md,T (R)

et où c1 est une constante déterministe, indépendante de n, d, k, τ et α, que nous pouvons
expliciter. Le terme de variance dans la borne de risque est donc d'ordre k(d+τ) log(n)/n.
Lorsque les séries étudiées dans la matrice d'origine ne présentent aucune structure tem-
porelle (τ = T et Λ = IT ) et que la matrice d'erreur ε est nulle, on retrouve la borne de
risque obtenue dans le cas i.i.d. (cf. [17]) tandis qu'en exploitant la structure de séries
temporelles dans les lignes de M, puisque τ � T , on obtient une borne de risque plus
�ne sur l'estimateur Θ̂k,τ .

Un autre objectif de nos travaux était d'établir une procédure de sélection du rang k de
la matrice Θ0, paramètre inconnu en pratique. L'estimateur adaptatif de la matrice Θ0,
dans ce cas, est le suivant : Θ̂

k̂
= T̂

k̂
Λ avec

k̂ ∈ arg min
k∈K
{rn(T̂kΛ) + pen(k)} avec K = {1, . . . , k∗} ⊂ N

∗,

et

pen(k) := 16cpen
log(n)

n
k(d+ τ) with cpen = 2

(
1

c1
∧ λ∗

)−1

.

L'expression exacte de la constante cpen a été explicitée dans les preuves mais dépend
néanmoins de constantes que nous ne connaissons pas en pratique. Nous avons utilisé,
une fois de plus, l'heuristique de pente pour calibrer la constante de pénalité. Sur le plan
théorique, nous avons établie une borne de risque pour l'estimateur adaptatif Θ̂

k̂
.

A�n d'illustrer le gain théorique obtenu dans la borne de risque présentée en (1.12),
des simulations ont été réalisées sur des données périodiques simulées : nous avons com-
paré la reconstruction de la matrice obtenue dans le cas où l'on exploite la structure
de périodicité dans les tendances des séries avec la procédure standard, c'est-à-dire sans
prise en compte de la périodicité. Comme pour le débruitage de séries temporelles,
nous observons, avec nos expériences numériques, une nette amélioration de l'estimation
lorsque l'on exploite la structure temporelle dans la tendance. Nous illustrons également
nos résultats sur des données réelles Vélib provenant du système de vélos en libre-service
de Paris.
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1.2 Estimation dans des modèles d'équations dif-

férentielles stochastiques

Les équations di�érentielles stochastiques permettent depuis de nombreuses années
de modéliser un large éventail de systèmes dynamiques aléatoires à temps continu. En
e�et, contrairement aux équations di�érentielles ordinaires (EDO), elles ont l'avantage de
tenir compte de la présence de �uctuations aléatoires. Ces �uctuations peuvent provenir
de diverses sources, telles que des erreurs de mesure ou des facteurs environnementaux
externes, et peuvent avoir un impact signi�catif sur le comportement du système étudié.
En incorporant l'aléa dans le modèle, les EDS fournissent une représentation plus réaliste
de la dynamique sous-jacente et permettent de faire des prédictions plus précises sur le
comportement du système étudié. Elles trouvent, elles aussi, des applications dans de
nombreux domaines scienti�ques. En physique, par exemple, les EDS sont utilisées pour
modéliser le mouvement des particules dans les �uides ou la di�usion d'un gaz (cf. [2]).
La notion d'EDS est également centrale en �nance, en particulier en ce qui concerne la
modélisation des produits dérivés et le comportement des marchés �nanciers (cf. [1, 3]).
Elles ont également été utilisées en biologie, pour modéliser la dynamique des réactions
biochimiques dans les cellules, telles que l'expression des gènes et la transduction des
signaux (cf. [4]). Considérons T > 0, b, σ : [0, T ] × R → R, (Xt)t∈[0,T ] un processus
qui dépend du temps et (Wt)t∈[0,T ] un mouvement Brownien. L'équation di�érentielle
ordinaire {

dXt = b(t,Xt)dt
X0 ∈ R

ne modélise que la tendance du phénomène observé. Pour tenir compte de l'aspect aléa-
toire du phénomène en question, il convient de perturber l'EDO précédente de la façon
suivante : {

dXt = b(t,Xt)dt+ σ(t,Xt)dWt

X0 ∈ R
,

que nous pouvons également écrire plus rigoureusement sous la forme

Xt = x0 +

∫ t

0
b(s,Xs)ds︸ ︷︷ ︸

EDO

+

∫ t

0
σ(s,Xs)dWs︸ ︷︷ ︸

Intégrale d'Itô

. (1.13)

Ce terme aléatoire, qui modélise le bruit dans l'EDS, est déni� via l'intégrale d'Itô
par rapport au mouvement Brownien. La fonction b est appelée fonction de drift et la
fonction σ est appelée fonction de di�usion. Pour modéliser les �uctuations aléatoires,
notons qu'il existe des processus plus généraux que le mouvement Brownien, tel que les
processus de Lévy par exemple, mais nous nous limiterons dans cette thèse à l'étude
des équations di�érentielles stochastiques dirigées par un mouvement Brownien. L'es-
timation des paramètres dans les EDS est une question statistique légitime et, dans le
troisième travail présenté dans cette thèse, nous nous concentrons en particulier sur l'es-
timation non-paramétrique de la fonction de drift b de l'EDS dé�nie par (1.13). Avant
d'introduire nos travaux, faisons un point sur les di�érents estimateurs qui ont été étudiés
dans la littérature. Rappelons tout d'abord que, pour garantir l'existence et l'unicité de
la solution de (1.13), b et σ doivent être dans C1([0, T ]×R,R) et satisfaire les conditions
suivantes :

(1) Condition de croissance linéaire. Pour tous t ∈ [0, T ] et x ∈ R, il existe une
constante C > 0 telle que

|b(t, x)|+ |σ(t, x)| 6 C(1 + |x|).
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Cette condition garantit qu'une solution de l'EDS existe et n'explose pas dans
l'intervalle [0, T ].

(2) Condition de Lipschitz. Pour tous t ∈ [0, T ] et x, y ∈ R, il existe une constante
K > 0 telle que

|b(t, x)− b(t, y)|+ |σ(t, x)− σ(t, y)| 6 K|x− y|.

Cette condition garantit l'unicité de la solution de l'EDS.

Notons qu'une condition plus forte que la condition (1) serait d'avoir b et σ de dérivées
partielles bornées par la constante K, la condition de Lipschitz serait alors forcément
assurée. Traditionnellement (cf. [122, 104, 118]), les estimateurs de la fonction de drift
b sont calculés à partir d'une unique solution stationnaire ergodique de l'EDS observée
sur un intervalle de temps long [0, T ], avec T → ∞. La stationnarité de la solution est
assurée par une condition de dissipativité assez restrictive sur la fonction de drift. Pour
contourner ce problème et s'a�ranchir de cette condition sur b, de nouveaux estimateurs
ont vu le jour. L'idée, cette fois, est de construire un estimateur de la fonction de drift
basé, non plus sur une seule, mais sur N copies indépendantes X1, . . . , XN de la solution
et observées sur un intervalle de temps court [0, T ] (T > 0 �xé) en considérant le plus
de copies possibles, soit N →∞. Ce type d'approche par copies pour l'estimateur de b,
à temps continu et à temps discret, a déjà été utilisée de nombreuses fois dans le cadre
paramétrique (cf. [113, 114, 110]) et plus récemment dans le cadre non-paramétrique
(cf. [102, 111, 103, 112]). Cette approche est particulièrement intéressante dans certains
contextes, par exemple, lorsque l'on cherche à modéliser des actifs �nanciers sujets aux
�uctuations aléatoires des prix, dans le but de prédire le comportement futur du système
et de prendre des décisions informées en fonction des di�érents scénarios possibles. On
retrouve notamment deux types d'estimateurs lorsqu'il est question d'estimation non-
paramétrique :

L'estimateur des moindres carrés en projection. En regression, la méthode par
projection généralise la méthode d'estimation des moindres carrés dans le modèle linéaire
multidimensionnel. De façon générale, l'estimation non-paramétrique consiste à estimer
une fonction sans indication sur sa forme, mais seulement sur sa régularité. L'objectif de
la méthode des moindres carrés en projection est d'estimer la fonction de régression, que
l'on notera m, par un élement de Sm = vect(ϕ1, . . . , ϕm), où (ϕ1, . . . , ϕm) désigne une
famille orthonormée de L2(R), minimisant une fonction de contraste de type moindres
carrés. Nous ne détaillerons pas plus ce type d'estimateur ici car ce n'est pas l'objet de
notre étude (cf. [52], chapitre 4). L'estimateur des moindres carrés en projection a éga-
lement été utilisé dans le cadres des EDS, lorsque l'on cherche à estimer la fonction de
drift en considérant plusieurs copies du processus de di�usion. Comte et Genon-Catalot
[52] (respectivement Comte et Marie [53]) exploitent notamment cette méthode en consi-
dérant N copies indépendantes (respectivement dépendantes) du processus de di�usion.

L'estimateur de Nadaraya-Watson. Il s'agit, cette fois, d'une méthode à noyau
permettant d'estimer la fonction de régression m dans le modèle suivant

Yi = m(Xi) + εi, ∀i ∈ {1, . . . , n}

où X1, . . . , Xn sont des variables aléatoires i.i.d. de densité f (on parle alors de random
design) et Y1, . . . , Yn sont les variables que l'on cherche à expliquer. L'estimateur de
Nadaraya-Watson est un estimateur "quotient" : après avoir introduit la fonction l = mf ,

15



le principe est d'estimer la fonction de regression m = l
f en proposant, d'une part un

estimateur du numérateur l, d'autre part un estimateur du dénominateur f , en prenant
garde à ce que ce dernier ne devienne pas trop petit. L'estimateur de Nadaraya-Watson,
introduit indépendamment par Nadaraya [54] et Watson [55], est dé�ni comme suit :

m̂h(x) =
l̂h(x)

f̂h(x)
=

∑n
i=1Kh(x− xi)yi∑n
i=1Kh(x− xi)

où le noyau K : R → R est une fonction intégrable telle que
∫
R
K(u)du = 1 et

Kh(.) = (1/h)K(./h) et h > 0 désigne le paramètre de lissage qui contrôle la lar-
geur de la fenêtre du noyau. En général, le noyau K est choisi de telle sorte à être une
fonction symétrique, nous pouvons citer plusieurs options courantes telles que le noyau
gaussien, le noyau triangulaire ou encore le noyau d'Epanechnikov (cf. [52], chapitres 3
et 4). La question du choix de la fenêtre h est également une étape cruciale pour obte-
nir un estimateur performant, nous reviendrons sur cette problématique dans la suite de
l'introduction. Dans les modèles d'équations di�érentielles stochastiques, l'estimateur de
Nadaraya-Watson pour la fonction de drift b calculé à partir de copies de la solution n'a
été que très peu étudié. Ce type d'estimateur a notamment été utilisé par Della Maes-
tra et Ho�man [111] pour estimer la fonction de drift dans un modèle de particule en
interaction. Dans la section 3 de cette thèse, nous présentons l'estimateur de Nadaraya-
Watson sur lequel nous nous sommes concentrés pour estimer la fonction de drift b dans
notre modèle, en considérant N copies indépendantes du processus de di�usion. En
e�et, nous ne prenons pas en compte les interactions entre les di�érentes copies dans nos
travaux, contrairement à [111]. Notre estimateur est présenté ci-dessous.

Reprenons le modèle (1.13) dans le cas autonome (i.e. b et σ ne dépendent pas du
temps). Considérons I : (x,w) → I(x,w) l'application d'Itô pour l'équation (1.13),
W 1, . . . ,WN , N ∈ N∗ copies indépendantes de W = (Wt)t∈[0,T ] et, pour tout i ∈
{1, . . . , N}, Xi = I(x0,W

i). Sous les bonnes conditions sur les fonctions b et σ (cf.
section 3), la distribution de Xt admet une densité de probabilité pt(x0, .) pour tout
t ∈]t0, T ] et cela nous permet d'introduire, pour t0 > 0,

f(x) :=
1

T − t0

∫ T

t0

pt(x0, x)dt ; x ∈ R.

La fonction f est une densité de probabilité, puisqu'en e�et,∫ ∞
−∞

f(x)dx =
1

T − t0

∫ T

t0

∫ ∞
−∞

pt(x0, x)dxdt = 1.

Considérons le noyau K : R→ R véri�ant les propriétés suivantes :

(1) K est symétrique, continu et tel que K ∈ L2(R, dx),

(2) Il existe υ ∈ N∗ tel que∫ ∞
−∞
|zυ+1K(z)|dz <∞ et

∫ ∞
−∞

z`K(z)dz = 0 ; ∀` ∈ {1, . . . , υ}.

L'estimateur de Nadaraya-Watson à temps continu de la fonction de drift b est le suivant :

b̂N,h(x) :=
b̂fN,h(x)

f̂N,h(x)
(1.14)
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avec

f̂N,h(x) :=
1

N(T − t0)

N∑
i=1

∫ T

t0

Kh(Xi
t − x)dt

et

b̂fN,h(x) :=
1

N(T − t0)

N∑
i=1

∫ T

t0

Kh(Xi
t − x)dXi

t .

Nous proposons également, dans nos travaux, une version discrétisée de l'estimateur
introduit en (1.14). Soient (t0, t1, . . . , tn) la subdivison de l'intervalle [t0, T ] telle que
tj = t0 + (T − t0)j/n pour tout j ∈ {1, . . . , n}. Alors, l'estimateur de Nadaraya-Watson
de b à temps discret est dé�ni comme suit :

b̂n,N,h(x) :=
b̂fn,N,h(x)

f̂n,N,h(x)
,

où

f̂n,N,h(x) :=
1

nN

N∑
i=1

n−1∑
j=0

Kh(Xi
tj − x)

et

b̂fn,N,h(x) :=
1

N(T − t0)

N∑
i=1

n−1∑
j=0

Kh(Xi
tj − x)(Xi

tj+1
−Xi

tj ).

Un des premiers objectifs de nos travaux est d'obtenir, à la fois pour la version continue
et discrète de l'estimateur de b, des bornes de risque sur les estimateurs du numérateur
et du dénominateur, et donc sur l'estimateur de Nadaraya-Watson lui-même. Ces bornes
de risque sont obtenues sous des conditions particulières sur l'existence et la régularité
de la densité pt(x0, .) et donc, sur la densité f . En e�et, les principales hypothèses, qui
seront présentées plus en détails dans la section 3, sous lesquelles nous avons travaillé
sont les suivantes :

La densité pt(x0, .) et sa dérivée doivent véri�er une borne de type Kusuoka-
Stroock. Plus précisemment, la densité de la distribution de Xt doit être β ∈ N∗ fois
dérivable sur R. Les bornes de Kusuoka-Stroock (cf. [121]) permettent alors d'obtenir un
contrôle sous-gaussien de la densité pt(x0, .) ainsi que de ses dérivées partielles ∂

`
xpt(x0, x)

et ∂tpt(x0, x).

Ainsi, la densité f doit véri�er une condition de type Nikol'skii. Plus pré-
cisemment, f doit être ` ∈ {0, . . . , β− 1} fois dérivable sur R. La condition de Nikol'skii
nous permet d'obtenir un contrôle de la quantité

∫∞
−∞[f (`)(x+ θ)− f (`)(x)]2dx.

Soit l'estimateur de Nadaraya-Watson à temps continu

b̂N,h,h′(x) :=
b̂fN,h(x)

f̂N,h′(x)
1
f̂N,h′ (x)>m/2

avec f(x) > m > 0 pour tout x ∈ [A,B] (m ∈ (0, 1] et A,B ∈ R tels que A < B) et
h, h′ > 0 deux fenêtres distinctes. Sous les bonnes hypothèses, nous obtenons la borne
de risque suivante pour cet estimateur :

E(‖b̂N,h,h′ − b‖2f,A,B) 6
c1
m2

[
‖(bf)h − bf‖22 +

c2(t0)

Nh
+ 2‖b‖2f

(
c3(t0)h′2β +

‖K‖22
Nh′

)]

17



avec ‖ϕ‖f,A,B := ‖ϕ1[A,B]‖f pour tout ϕ ∈ L2(R, f(x)dx). Plus précisemment, le risque

de l'estimateur b̂N,h,h′ est contrôlé par la somme des risques du numérateur b̂fN,h et du

dénominateur f̂N,h′ , à une constante multiplicative près. Sous certaines conditions de
régularité, nous montrons que le terme de biais ‖(bf)h − bf‖22 dans la borne de risque
est de l'ordre de h2γ + (h′)2β , γ, β ∈ N∗, tandis que le terme de variance est de l'ordre
de 1/(Nh) + 1/(Nh′). Si les fenêtres h et h′ sont trop petites, l'estimateur de b aura une
faible variance car il sera plus sensible aux �uctuations locales des données. En contre-
partie, cela peut conduire à un biais beaucoup trop élevé. Le choix des fenêtres h et h′

est alors crucial pour trouver le point où les deux sources d'erreur sont équilibrées : c'est
ce que l'on appelle le compromis biais-variance. Notons que lorsque celui-ci est atteint
(sous certaines conditions), nous obtenons une vitesse de convergence du même ordre
que celle obtenue par Della Maestra et Ho�man dans [111]. Nous obtenons également,
dans nos travaux, une borne de risque sur l'estimateur de Nadaraya-Watson à temps
discret. En�n, le paragraphe suivant aborde la problématique de sélection de fenêtres à
laquelle nous nous sommes intéressés.

Nous proposons e�ectivement dans nos travaux deux méthodes de sélection de fenêtres
pour sélectionner les paramètres h et h′. La première est une extension de la méthode de
cross validation leave-one-out, que nous avons illustrée via des expériences numériques.
La seconde est une méthode type PCO (Penalized Comparison to Over�tting) pour la-
quelle nous avons démontré une inégalité d'oracle pour l'estimateur adaptatif obtenu en
sélectionnant la fenêtre du numérateur et la fenêtre du dénominateur séparément.

Méthode de cross-validation leave-one-out (looCV). Bien qu'on manque de ré-
sultats théoriques avec cette méthode, elle reste néanmoins numériquement intéressante.
On considère, dans cette section, l'estimateur discrétisé

b̂n,N,h(x) =

N∑
i=1

n−1∑
j=0

ωij(x)(Xi
tj+1
−Xtij

)

avec

ωij(x) :=
Kh(Xi

tj − x)

N∑
k=1

n−1∑
`=0

Kh(Xk
t`
− x)(t`+1 − t`)

,

et tel que
N∑
i=1

n−1∑
j=0

ωij(x)(tj+1 − tj) = 1.

L'estimateur de b peut ainsi être vu comme une combinaison convexe des (Xi
tj+1
−Xtij

),

pondérés par les poids ωij . La méthode looCV consiste à sélectionner la fenêtre h qui
minimise le critère suivant :

CV(h) :=
N∑
i=1

n−1∑
j=0

b̂−in,N,h(Xi
tj )

2(tj+1 − tj)− 2

n−1∑
j=0

b̂−in,N,h(Xi
tj )(X

i
tj+1
−Xi

tj )


avec

b̂−in,N,h(x) :=
∑

k∈{1,...,N}\{i}

n−1∑
j=0

ωkj (x)(Xk
tj+1
−Xk

tj ).

Des expériences numériques, dans lesquelles nous avons implémenté la méthode de sé-
lection de fenêtre par looCV, ont été réalisées pour estimer des fonctions de drift dans
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di�érents modèles d'EDS (cf. section 3).

Extension de la méthode PCO. Contrairement à la looCV, nous avons réussi à
établir des ingélités d'oracle pour l'estimateur adaptatif de la fonction de drift. Elle
est numériquement moins intéressante que la looCV mais reste néanmoins plus facile
à implémenter que la méthode de Goldenschluger et Lepski (cf. [56]), autre méthode
de sélection de fenêtre o�rant également de bonnes garanties théoriques sur l'estimateur
adaptatif. Le principe de la méthode PCO est le suivant : on dé�nit de la même façon un

estimateur quotient b̂
N,ĥ,ĥ′

(x) =
b̂f
N,ĥ

(x)

f̂
N,ĥ′ (x)

1
f̂
N,ĥ′ (x)>m/2

où h (respectivement h′) est une

fenêtre sélectionnée en minimisant un critère de la forme ‖b̂fN,h − b̂fN,h0‖
2
2,δ + pen(h)

(respectivement ‖f̂N,h − f̂N,h′0‖
2
2 + pen′(h)), h0, h

′
0 représentant les fenêtres minimales

des collections de fenêtres considérées pour notre étude, d'où le terme de pénalisation
par rapport à l'over�tting. Sous les bonnes conditions, nous obtenons la borne de risque
suivante pour l'estimateur adaptatif b̂

N,ĥ,ĥ′
:

Si f(x), δ(x) > m > 0 pour tout x ∈ [A,B] (m ∈ (0, 1] et A,B ∈ R tels que A < B),
où δ désigne un noyau connu, alors il existe deux constantes déterministes c1, c2 > 0,
indépendante de N telles que, pour tout ϑ ∈ (0, 1),

E(‖b̂
N,ĥ,ĥ′

− b‖2f,A,B)︸ ︷︷ ︸
risque intégré

6
2c1(1 ∨ ‖δ‖∞)

m3
×

(1 + ϑ) min
(h,h′)∈HN×H′N

{E(‖b̂fN,h − bf‖22) + E(‖f̂N,h′ − f‖22)︸ ︷︷ ︸
risques à h, h′ �xés

}

+
c2
ϑ

(
‖(bf)h0 − bf‖22 + ‖fh′0 − f‖

2
2 +

1

N

)
︸ ︷︷ ︸

terme négligeable

 .
Cette borne de risque signi�e que la performance de l'estimateur de b est de l'ordre celle
de la somme des deux meilleurs estimateurs b̂fN,h et f̂N,h′ de la collection

min
(h,h′)∈HN×H′N

{E(‖b̂fN,h − bf‖22) + E(‖f̂N,h′ − f‖22)},

à un facteur (1 + ϑ) près et un terme additif négligeable. Les démonstrations seront
présentées dans la section 3.

Dans les sections suivantes, nous allons examiner de manière approfondie les dif-
férentes problématiques présentées dans l'introduction. Nous commencerons chaque sec-
tion en rappelant le modèle étudié. Ce rappel permettra aux lecteurs de se familiariser
avec les notations utilisées et d'avoir une compréhension claire de la manière dont chaque
problématique est abordée. Nous fournirons également, dans chacune des sections, le dé-
tail des démonstrations des théorèmes établis ainsi que les résultats des expériences
numériques réalisées.
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Chapitre 2

High-dimensional time series estima-

tion

2.1 A R Package for the Trend of High Dimensio-

nal Time Series Estimation : TrendTM

Let denote by M the observed d × n matrix which rows are time series with d and
n high, matrix factorization consists in approximating M by a matrix Θ0 of low rank
k ∈ N∗ (i.e. k � d∧n), which can therefore be written as the product UV of two matrix
U ∈Md,k(R) and V ∈Mk,n(R). Formally, let us consider the model

M = Θ0 + ε (2.1)

The matrix Θ0 is usually estimated by using a contrast minimization approach, the
most popular being the least squares contrast associated to the Frobenius norm : the
best rank-k approximation of Θ0 is

Θ̂ ∈ arg min
U∈Md,k,V∈Mk,n(R)

‖M−UV‖2F , (2.2)

where ‖.‖F is the Frobenius norm (for a matrix A, ‖A‖F := trace(AA∗)1/2). Then, the
choice of the rank k can be viewed as a model selection issue. Let recall that in the matrix
factorization framework, several approaches have been proposed in the literature (see for
instance [129, 134, 86] for criteria based on the estimated eigenvalue study, [32, 131] for
the classical BIC criterion or [135] for a cross-validation strategy).

When dealing with temporal series, the matrix M, besides being of low rank, can
have a temporal structure as periodicity, smoothness, etc. It is likely that the temporal
properties of the data can be exploited to obtain an accurate factorization. Recently,
[24] has extended the latter factorization method in order to take into account the time
series trends properties. To this aim, they assume that the matrix Θ0 is structured as
follows :

Θ0 = T0Λ, (2.3)

where T0 is a d × τ matrix of low rank k (thus with τ > k) and Λ is a known τ × n
full rank matrix re�ecting the temporal structure of the data. To estimate Θ0, they
developed a penalized least squares criterion (based on the Frobenius norm) and shown
that, on the theoretical side, to take into account trends properties in the de�nition of
the denoising estimator allowed to improve existing risk bounds. The penalization aims
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to choose two parameters : the rank k of the matrix and the parameter τ related to
the temporal structure. This penalty function depends also on the noise structure and
involves an unknown constant.

In practice, this joint model selection issue is not standard. In addition to a penalty
constant to be chosen, parameters from the distribution of the noise need to be estimated
in advance. In this paper, we propose an automatic way to deal with these two problems.
First, the parameters of the noise distribution are combined with the penalty constant
to get a penalty function involving a single constant. This avoids having to estimate the
parameters beforehand. Then, we propose a two-stage strategy, as in [?, 132], combined
with the use of a heuristic for the constant calibration problem. Several heuristics have
been considered here, now well-known for the penalty constant calibration in model se-
lection frameworks [37, 40, 38]. We demonstrate the performances of our procedure and
compare the considered heuristics in the case of independent Gaussian noises through
simulation experiments. The robustness to an autoregressive noise is also studied.
The proposed method has been implemented in the R package TrendTM, for "Trend of
High-Dimensional Time Series Matrix Estimation", which is available on the CRAN and
presented here. Moreover, natural applications to curves clustering and principal com-
ponent analysis (PCA) are investigated in this paper. A comparison to recent curves
clustering methods (reviewed and compared in [43]) is performed on two real datasets
(ECG pro�les and children growth pro�les) and shows that our method is competitive
compared to the best existing one in terms of clustering objective but much faster.

The chapter is organized as follows. Section 2.1.1 recalls the estimation procedure
proposed in [24]. Section 2.1.2 presents the proposed two-stage heuristic for the joint
selection of the rank and the trend parameter whose performances are studied in Section
2.1.3 on simulated data. Section 2.1.4 gives some details and guidelines on the proposed
method in the TrendTM package and shows an application on real data. In Section 2.1.5,
we show that this method can be used for two classical statistical problems which are
the time series clustering and PCA. As mentioned above, illustrations on real datasets
are given.

2.1.1 Recall of the trend estimation method proposed by
[24]

In this section, we present the method they proposed for estimating Θ0 in model (2.2)
when Θ0 = T0Λ (see (2.3)) and when the noise ε has Gaussian i.i.d. rows of covariance
matrix Σε. First, the two temporal structures they considered are the following :

� periodicity : if the trend of M is τ -periodic, then Λ = (Iτ | · · · | Iτ ) where Iτ is
the identity matrix inMτ,τ (R),

� smoothness : if the form of the trend is t ∈ {1, . . . , n} 7→ f(t/n) with f ∈
L2([0, 1];Rd), then

Λ =

(
ϕ`

(
t

n

))
(`,t)∈{1,...,τ}×{1,...,n}

,

where τ is odd and (ϕ1, . . . , ϕτ ) is the τ -dimensional trigonometric basis de�ned
by

ϕ`(x) :=


1 if ` = 1√

2 cos(2πmx) if ` = 2m√
2 sin(2πmx) if ` = 2m+ 1
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for every x ∈ [0, 1] and m ∈ {1, . . . , (τ − 1)/2}.

So, the estimation procedure consists in two steps :

Step 1 : Estimation of Θ0 for k and τ being �xed. They de�ne the following auxi-
liary model

M = T0 + ε, (2.4)

where M := MΛ+, ε := εΛ+ and Λ+ = Λ∗(ΛΛ∗)−1 is the Moore-Penrose inverse
of Λ. This model doesn't embed some trend's property anymore. The least squares
estimator of the matrix T0 is thus classical :

T̂k,τ ∈ arg min
A∈Sk,τ

‖M−A‖2F , (2.5)

where Sk,τ ⊂ {UV ; U ∈Md,k(R) and V ∈Mk,τ (R)}. So, a natural estimator of
Θ0 is given by

Θ̂k,τ := T̂k,τΛ.

Step 2 : Choice of k and τ . For a �xed s > 0, the �nal estimator of Θ0 is Θ̂s :=
Θ̂
k̂(s),τ̂(s)

where

(k̂(s), τ̂(s)) ∈ arg min
(k,τ)∈K×T

{‖M− Θ̂k,τ‖2F + pens(k, τ)}

with K ⊂ {1, . . . , d ∧ n}, T ⊂ {1, . . . , n}, and

pens(k, τ) := cpen‖Σε‖opk(d+ τ + s) ;∀(k, τ) ∈ K × T , (2.6)

where cpen > 0 is a deterministic constant and ‖.‖op is the operator norm on
Mn(R) (‖A‖op := sup‖x‖=1 ‖Ax‖ with ‖.‖ the Euclidean norm on Rn). They
establish an oracle-type inequality on the resulting estimator (see [24] (Theorem
4.1)) : for every θ ∈ (0, 1), with probability larger than 1− 2e−s,

‖Θ̂s −Θ0‖2F 6 min
(k,τ)∈K×T

min
A∈Sk,τ

{(
1 + θ

1− θ

)2

‖AΛ−Θ0‖2F (2.7)

+
4

θ(1− θ)2
pens(k, τ)

}
.

2.1.2 The proposed two-stage heuristic for the model selec-
tion issue in practice

Discussion on the penalty function. The penalty function given by (2.6) depends
of some constants s and cpen that must be chosen or calibrated in practice. It also depends
on the parameters of the noise distribution through ‖Σε‖op that must be estimated thus
in advance : we explicit just below this norm in two cases that are considered in the
simulation study (Section 2.1.3) :

� when the errors are uncorrelated (cov(ε1,t, ε1,t′) = σ21t6=t′), then

‖Σε‖op = σ2,
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� when (ε1,t)t is a zero-mean stationary AR(1) Gaussian process (de�ned as the
solution of ε1,t = ρε1,t−1 + η1,t where ρ ∈ (−1, 1) and (η1,t)t is a white noise of
standard deviation σ), we can show that

‖Σε‖op > σ
2(1 + ρ) =: f(ρ). (2.8)

Indeed, the covariance matrix of a row noise (ε0, . . . , εn−1) is

Σε := (σ2ρ|i−j|)i,j .

Then, for every x ∈ Rn such that ‖x‖ = 1,

x∗Σεx =
n∑

i,j=1

xixj [Σε]i,j = σ2

‖x‖2 +
∑
i 6=j

xixjρ
|i−j|


= σ2

1 + 2
∑
i>j

xixjρ
i−j

 .

Since Σε is a symmetric matrix,

‖Σε‖op = sup
‖x‖=1

|x∗Σεx| > |x∗Σεx| with x =
1√
2

(1, 1, 0, . . . , 0)

> x∗Σεx = σ2

(
1 + 2 · 1√

2
· 1√

2
· ρ2−1

)
= σ2(1 + ρ).

Two-stage heuristic.We set ccal = cpen‖Σε‖op, representing a global penalty constant
that we propose to calibrate using the data. So, this allows us to avoid the estimation
of the noise distribution parameters, which turns out to be a di�cult task. The penalty
function is thus reduced to

pen(k, τ) := ccalk(d+ τ + s) ;∀(k, τ) ∈ K × T ,

and the resulting adaptive estimator is denoted by Θ̂s := Θ̂
k̂,τ̂

.

If the constant s can be easily chosen, this is not the case for the penalty constant
ccal. Several heuristics have been proposed in the literature for this purpose in model
selection frameworks, but for a one-dimensional parameter only (see [37, 40]). First, in
practice, we could take s = − log((1− α)/2) with α �xed to 99%, 95% or 90%. Here we
choose to �x s = 4. Then, for the selection of both k and τ , we follow the same strategy
than in [42], that is a two-stage heuristic. We �rst recall some heuristics for the selection
of one parameter, and then we present the two-stage heuristic for the joint selection of
(k, τ).

Up to our knowledge, there exit the three following heuristics dedicated to the
constant calibration question in the model selection frameworks of one parameter :

� the one proposed in [37], denoted here ML, that involves a threshold S which is
�xed to S = 0.75 as suggested by the author, and

� the two proposed in [40] (see the more recent versions [38] and [39]) that are two
versions of the well-known slope heuristic : the 'dimension jump' and the 'slope',
denoted here BJ and Slope respectively. The both heuristics have been implemen-
ted in the R package capushe described in [41].
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For the joint selection of (k, τ), the two-stage heuristic is the following : �rst, we choose
the best τ for each k ∈ K via the criterion

τ̂(k) ∈ arg min
τ∈T
{‖M− Θ̂k,τ‖2F + ccal,τk(d+ τ + s)},

where the penalty constant ccal,τ is calibrated using one of the previous heuristics, and
then we select the best k among them via the criterion

k̂ ∈ arg min
k∈K
{‖M− Θ̂k,τ̂(k)‖2F + ccal,kk(d+ τ̂(k) + s)},

where the penalty constant ccal,k is calibrated using the same heuristic to be consistant,

and τ̂ = τ̂(k̂).

Note that in practice K = {1, . . . , kmax} and T = {k + 1, . . . , τmax}, where kmax is
the maximal rank and τmax is the maximal value of τ . These two quantities need to be
speci�ed.

2.1.3 Simulation study

In this study, we conduct di�erent numerical experiences to both evaluate the per-
formance of the proposed method and compare the three di�erent heuristics :

� Study 1 : we consider the model selection issue for k and τ separatly,

� Study 2 : we illustrate the importance to take into account the trend in the esti-
mation procedure when it exits,

� Study 3 : we consider the model selection issue for both k and τ .

In these three studies, the errors are assumed to be uncorrelated. We perform an addi-
tional simulation study :

� Study 4 : we study the robustness of the proposed method to temporal dependency
modelled through an AR process when both k and τ are selected.

2.1.3.1 Simulation design and quality criteria

Simulation design. We've simulated datasets with d = 100 and n = 600 as follows :

(1) we generate a matrix T0 = UV by simulating U ∈ Md,k(R) and V ∈ Mk,τ (R)
for which the entries of U and V are assumed to be i.i.d. and follows a centered
Gaussian distribution with same standard deviation σuv �xed to 0.5 ;

(2) two cases are considered according to the presence or not of a trend in the si-
mulated series : if there is no trend, then τ = n and Θ0 = T0, and otherwise
Θ0 = T0Λ with the matrix Λ of the smooth case. To distinguish between these
two cases in the sequel, we call them datasetNoTrend and datasetTrend respectively ;

(3) the rows of the error matrix ε are assumed to be i.i.d. and follow a centered
Gaussian distribution of variance σ2 (i.e. Σε = σ2In) for Studies 1, 2 and 3 ; the
rows of the error matrix ε are assumed to be i.i.d. stationary AR(1) Gaussian
processes with a white noise of standard deviation σ > 0 and an autocorrelation
parameter ρ ∈ (−1, 1) for Study 4.

24



We take k = 3 and τ = 25. We consider di�erent values for the residual standard
deviation σ in order to have di�erent levels of di�culty for the estimation problem.
First, according to the previous considerations, var(Θ0

ij) = kσ4
uv for datasetNoTrend

and var(Θ0
ij) = τkσ4

uv for datasetTrend. For Studies 1, 2 and 3, let us consider sv ∈
{0.1, 0.5, 1.5, 2}. In order to have the same estimation di�culty (same ratio between σ
and the standard deviation of Θ0

ij) for the two datasets, we set σ = sv for datasetNoTrend
and σ =

√
τsv for datasetTrend. The obtained four cases are judged as `Easy', `Me-

dium', `Di�cult' and `Hard' respectively. Study 4 is the same as Study 3 but with a
noise modeled by an autoregressive process. More precisely, we consider two values for
the standard deviation of the noise sv ∈ {0.1, 1.5} and an autocorrelation parameter
ρ ∈ {−0.8,−0.3, 0, 0.3, 0.8}. For each combination of parameters, we've simulated 200
datasets.

Let us precise that when the trend is not considered in the estimation procedure,
the resulting estimator is

Θ̂
k or k̂,n

(if k is selected or not),

and when it is considered the resulting estimator is

Θ̂
k or k̂,τ or τ̂

(if both k and τ are selected or one of them or none).

Quality criteria. The performance of our procedure is assessed via :

� the estimated k and/or τ ; and

� the squared Frobenius distance between Θ0 and its estimate Θ̂
k̂,τ̂

.

Moreover, we also consider the Frobenius distance between M and

� the estimator of Θ0 for the true k and/or τ , that is Θ̂k,τ ; and

� the trajectorial oracle, that is Θ̂
k̃,τ̃

where

(k̃, τ̃) = arg min
(k,τ)∈K×T

‖Θ0 − Θ̂k,τ‖2F

when both k and τ are selected, Θ̂k,τ̃ where

τ̃ = arg min
τ∈T
‖Θ0 − Θ̂k,τ‖2F

when k is �xed, and Θ̂
k̃,n

where

k̃ = arg min
k∈K
‖Θ0 − Θ̂k,n‖2F

when no trend is considered.

2.1.3.2 Study 1 : behavior of the three heuristics for the selection of
k or τ

We �rst study the selection of k for datasetNoTrend when no trend is considered
in the estimation procedure. We consider two di�erent values of the maximal rank
kmax ∈ {15, 35}. The results are presented in Figure 2.1. When the noise is small, i.e. the
estimation problem is easy (cases `Easy' and `Medium'), all the heuristics recover the
true rank, and therefore the obtained estimators perform as well as Θ̂k,n (the estimator
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of Θ0 for k �xed to its true value). When the estimation problem gets more di�cult
(cases `Di�cult' and `Hard'), the heuristics tend to underestimate the rank. This un-
derestimation behavior seems to be logical and even desirable in the particular `Hard'
case. Indeed, we observe that in terms of Frobenius norm, the obtained estimators per-
form better compared to the one with the true rank. Moreover, they have performance
close to the oracle. Comparing the three heuristics, the Slope heuristic shows better
performances compared to the two other heuristics. This is particularly marked for the
`Medium' case and kmax = 15. We can note that the behavior of the three heuristics can
be a�ected by the choice of kmax. This problem is well-known for both the BJ and Slope
heuristics (see [39] for more explanations in the case univariate series analysis).

Then, we study the selection of τ for datasetTrend for k �xed to the true value. We
�x τmax = 55. The results are presented in Figure 2.2. Except with BJ that is more
unstable, the heuristics retrieve the true value of τ whatever the estimation di�culty
with same performance as the oracle.

From this study, we choose the Slope heuristic for the model selection issue for both
k and τ in the sequel and in the developed package.

k̂ ‖Θ0 − Θ̂
k̂,n
‖F

Figure 2.1 � Comparison of the three heuristics for the selection of k for
datasetNoTrend (Study 1). Left : estimated number of the rank k and right : boxplot

of ‖Θ0 − Θ̂k̂,n‖F for two values of kmax = 15 (�rst line) and kmax = 35 (second
line), and di�erent values of σ. On each graph and for each value of σ, from left

to right, we have the result from ML, BJ, Slope (k̂), the true rank (k) and the

oracle (k̃).
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τ̂ ‖Θ0 − Θ̂k,τ̂‖F

Figure 2.2 � Comparison of the three heuristics for the selection of τ for
datasetTrend when k is �xed to the truth (k = 3) for di�erent values of σ (Study

1). Left : estimated τ and right : boxplot of ‖Θ0−Θ̂k,τ̂‖F . In each graph and each
value of σ, from left to right, we have the result from ML, BJ, Slope (τ̂), the true
value (τ) and the oracle (τ̃).

2.1.3.3 Study 2 : accounting for the smooth structure in the trend

We compare the performance of the procedure on the datasetTrend when the trend is
considered (τ = τ̂) or not (τ = n) for k �xed to the true value. We choose τmax = 55. The
results are represented in Figure 2.3. Whatever the di�culty of the estimation problem
(di�erent values of σ), accounting for the trend increases the precision of the estimation.
This is more marked for high values of σ. Note that, similarly as Study 1, the estimation
naturally degrades with the increasing of σ.
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Figure 2.3 � Boxplot of ‖Θ0 − Θ̂k,τ‖F with τ = τ̂ (select_tau) and τ = n
(tau = n) for di�erent values of σ (Study 2).

2.1.3.4 Study 3 : selection of k and τ

Figure 2.4 shows that the joint heuristic retrieves the true values of k and τ whatever
the di�culty of the estimation problem, except very few times. Thus, the performance
of the estimator Θ̂

k̂,τ̂
is comparable to the one of the estimator Θ̂k,τ and moreover it
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has performance close to the oracle (see Figure 2.5). Compared to Study 1 where τ = n,
here for di�cult estimation problems, k is not underestimated.
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Figure 2.4 � Left : estimated k. Right : estimated τ for di�erent values of σ
(Study 3).
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Figure 2.5 � Boxplot of ‖Θ0 − Θ̂k,τ‖F with (k, τ) = (k̂, τ̂) the selected k and τ ,

(k, τ) = (k, τ) the true values and (k, τ) = (k̃, τ̃) the oracle for di�erent values of
σ (Study 3).

2.1.3.5 Study 4 : robustness to autocorrelated noise

Whatever the dependence and the noise variance, the joint heuristic retrieves the true
values of k and τ (see Figures 2.6 and 2.8), except for a large variance (sv = 1.5) and
a high positive autocorrelation (ρ = 0.8) where it underestimates k and the selection
of τ is more variable. For all noise cases, the method leads to estimators that have
close performance compared to the oracle (see Figures 2.7 and 2.9) and with better
performance than the one with the true values for the excepted case.
Moreover, we can observe that the more the autocorrelation parameter ρ increases (from
−1 to 1), the more ‖Θ0 − Θ̂k,τ‖F increases also with a noticeable gap between ρ = 0.3
and ρ = 0.8 for both values of sv. First, the estimation is better with high and negative
autocorrelation. Then, the observed phenomenon on the norm can be explained. The
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variance term in the risk bound of the estimator Θ̂
k̂,τ̂

(i.e. the penalty, see (2.7)) depends

on ‖Σε‖op (see (2.6)). Using (2.8), we can show that this term is lower-bounded by

f(ρ)
k(d+ τ)

dT

up to a multiplicative constant where f is increasing and nonnegative on [−1, 1].
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Figure 2.6 � Left : estimated k. Right : estimated τ for di�erent values of ρ and
for the standard deviation sv = 0.1. (Study 4)
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Figure 2.7 � Boxplot of ‖Θ0 − Θ̂k,τ‖F with (k, τ) = (k̂, τ̂) the selected k and τ ,

(k, τ) = (k, τ) the true values and (k, τ) = (k̃, τ̃) the oracle for di�erent values of
ρ and for the standard deviation sv = 0.1. (Study 4)

2.1.4 Using the TrendTM package

2.1.4.1 Comments on the package

The package is organized around the main and unique function TrendTM. In this
section, we present the arguments used in a call of this function :

TrendTM(M, k.select=FALSE, k.max=20, struct.temp="none", tau.select=FALSE,

tau.max=floor(n/2), type.soft="als")
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Figure 2.8 � Left : estimated k. Right : estimated τ for di�erent values of ρ and
for the standard deviation sv = 1.5. (Study 4)
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Figure 2.9 � Boxplot of ‖Θ0 − Θ̂k,τ‖F with (k, τ) = (k̂, τ̂) the selected k and τ ,

(k, τ) = (k, τ) the true values and (k, τ) = (k̃, τ̃) the oracle for di�erent values of
ρ and for the standard deviation sv = 1.5. (Study 4)

This function returns a list containing six elements :

� k.est, the estimated k or the true k when no selection is chosen ;

� tau.est, the estimated τ or the true τ when no selection is chosen ;

� Theta.est, the estimation of Θ0 (Theta.est = U.estV.est if no temporal struc-
ture is considered and Theta.est = U.estV.estΛ if a temporal structure is consi-
dered) ;

� U.est, the component U of the decomposition of Θ̂ ;

� V.est, the component V of the decomposition of Θ̂ ;

� contrast, the squared Frobenius norm of M - Theta.est. If k and τ are �xed, the
contrast is an unique value ; if k is selected and τ is �xed or if τ is selected and k
is �xed, the contrast is a vector containing the norms for each visiting values of k
or τ respectively ; and if k and τ are selected, the contrast is a matrix with kmax

rows and τmax columns such that contrastk,τ = ‖Θ0 − Θ̂k,τ‖2F .
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Model selection. The selection of k or/and τ is requested using the options k.select
or/and tau.select that are booleans. When there is no selection, the option is set to
FALSE and k.max = k or/and tau.max = τ . Note that if no trend is considered in the
estimation procedure, τ = n, otherwise tau.max must be a smaller than n and larger
than k.max + 2 in order to ensure that the rank of Θ0 is k.

Taking into account the trend. Let us give more details about the di�erent argu-
ments of TrendTM that need to be speci�ed when accounting for a temporal structure in
the estimation procedure.

Two temporal structures are considered : periodic trend and smooth trend. This can
be speci�ed using the option struct.temp, struct.temp="periodic" or struct.temp="smooth"
respectively. Recall that the selection of τ is only possible when a smooth trend is consi-
dered. Thus, when

� struct.temp="periodic", then tau.select=FALSE and tau.max= τ . In this case,
τ must be such that n is a multiple of τ ;

� struct.temp="smooth", then tau.select is either FALSE or TRUE. Whatever this
choice, tau.max must be an odd number.

When no trend is taken into account, struct.temp="none" and tau.max = n.

Estimation of Θ0, k and τ being �xed (Step 1). The least squares estimator Θ̂k,τ

of Θ0, given by (2.5), is obtained by using the softImpute function from the R package
of the same name developed by Hastie and Mazumder for matrix completion [128]. In
this package, two algorithms are implemented : `svd' and `als'. In a simulation study, we
observed that they have both provided the same accuracy of the estimator (results not
shown). We decide to use the `als' algorithm by default but the choice is left free to the
user in our package TrendTM. In this package, this choice is speci�ed using the option
type.soft.

The slope heuristic. Let us now focus on the selection problem of the rank k, and
write the penalty as pen(k) = ccal,kϕ(k). The Slope heuristic, proposed by [40], consists

in estimating the slope ŝ of the contrast ‖M − Θ̂k,n‖2F as a function of ϕ(k) with k
`large enough' and de�ning ccal,k = −2ŝ. The implementation of this heuristic requires
the choice of the dimensions on which to perform the regression, that can be di�cult
in practice. To deal with this problem, [41] proposed to make robust regressions for
dimensions between k and kmax for k = 1, 2, . . . , resulting in di�erent selected k̂. The
choice of the �nal dimension is the maximal value k̂ such that the length of successive
same k̂ is greater than the option point of the function DDSE. In order to avoid some
implementation problems as such condition is not reached and no k is selected, we decide
to take the value k̂ associated to the maximal length of successive same k̂.

2.1.4.2 Application to pollution dataset

Let us use the package on a real dataset 1. The dataset contains the amounts of
d = 13 toxic gases in the air recorded n = 9357 times during one year. We do a �rst

1. available at https ://archive.ics.uci.edu/ml/datasets/Air+quality
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step of data imputation using the function complete of the package softImpute since
missing values (coded with −200) exist in this dataset (see [133] for more details on
high-dimensional time series completion). Our function trendTM is then applied on the
completed matrix with a selection of both k and τ . The code is the following :

## Used package

library('softImpute')

library('TrendTM')

## Data importation

AirPollution <- read.table('AirQualityUCI.csv',sep=";",header=TRUE)[,-c(1:2)]

AirPollution <- t(as.matrix(AirPollution))

## Imputation

AirPollution[AirPollution==-200] <- NA

AirPollutionSoft=softImpute::softImpute(AirPollution,rank=1,lambda=0)

AirPollutionImp=softImpute::complete(AirPollution,AirPollutionSoft)

## Trend estimation

Trend.AirPollution = TrendTM(AirPollutionImp, k.select=TRUE, k.max=13,

struct.temp="smooth", tau.select=TRUE, tau.max=101)

Trend.AirPollution$k.est

[1] 7

Trend.AirPollution$tau.est

[1] 13

The procedure selects k̂ = 7 and τ̂ = 13. Figure 2.10 shows the obtained trend
estimation for 4 toxic gases among the 13. The denoising process seems to have been
well applied to the data.

2.1.5 Method used for usual problems in statistics

This section deals with an application of Model (2.1), �rst to times series clustering,
and then to PCA of times series. These applications were not developed in [24].

2.1.5.1 Application to time series clustering

To assume that Θ0 = UL with L = (`j(t))j,t := VΛ means that for any i ∈
{1, . . . , d}, the trend mi(.) of the i-th row of M satis�es

mi(t) =
k∑
j=1

Ui,j`j(t) ; ∀t ∈ {1, . . . , T}.

In other words, the trend of the i-th time series stored in M is a linear combina-
tion of the trends `1(.), . . . , `k(.) of k latent time series. Moreover, since L = VΛ,
`1(.), . . . , `k(.) have the same usual time series trend's property, characterized by Λ,
than m1(.), . . . ,md(.).
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Figure 2.10 � Estimation of the trend of 4 toxic gases (red) compared to the
initial series (grey).

The identi�cation of the aforementioned latent time series is part of curves or time
series clustering framework. To this aim, we propose here to apply the well-known Hie-
rarchical Agglomerative Clustering with the Ward's linkage on the rows of Ûk, where
T̂k,τ = ÛkV̂τ or Θ̂k,τ = ÛkV̂τΛ.

In [43], the authors applied and compared di�erent curves clustering methods propo-
sed in the literature on real datasets. We propose to apply our clustering strategy on two
datasets : the ECG and Growth datasets. The ECG dataset (taken from the UCR Time
Series Classi�cation and Clustering website) consists in 200 electrocardiogram from 2
groups of patients sampled at 96 time instants in which 133 are classi�ed as normal and
67 as abnormal, and the Growth dataset (available in the R package fda) contains the
heights of 54 girls and 39 boys measured at 31 stages from 1 to 18 years. In both da-
tasets, we have two groups. The time series of the two datasets are plotted in Figure 2.11.

We apply our proposed clustering strategy based on the procedure with and without
taking into account for a trend (periodic for ECG and smooth for Growth) with the
known number of groups k = 2. The Correct Classi�cation Rates (CCR) according to
the known partitions are given in Table 2.1 for the ECG dataset and in Table 2.2 for
the Growth dataset. We also report the CCR obtained for the best method among the
ones tested in [43]. In addition, we indicate the time taken by the di�erent methods on a
laptop 1.6 GHz CPU (note that the time for the method HDDC on FPCA scores is not
given since this method is not available). For the ECG dataset, accounting for the trend
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improves signi�cantly the clustering performance. This is not the case with the Growth
dataset which already has a very high CCR without trend. Our clustering performances
are the same compared to the best clustering method but it is much more faster. Note
that among the compared methods in [43], the best ones for the two datasets are not
the same.

The R code for the Growth dataset without accounting the trend is the following

library(fda)

data("growth")

Growth <-t(cbind(matrix(growth\$hgtm,31,39),matrix(growth\$hgtf,31,54)))

cls <-c(rep(1,39),rep(0,54))

k.max <- 2

res.Growth <- TrendTM::TrendTM(Growth,k.max=k.max)

Uf.cr <- scale(res.Growth\$U.est,scale=TRUE, center=TRUE)

Uf.ward<- hclust(dist(Uf.cr, method = "euclidean")^2, method = "ward.D")

cluster.Uf <- cutree(Uf.ward, k =k.max)

table(cls,cluster.Uf)

Figure 2.11 � Top : Growth dataset (black : boys, red : girls).
Bottom : ECG dataset (black : normal, red : abnormal).

Note that for the Growth dataset without trend, the Slope heuristic selects k̂ = 6
clusters and for the ECG dataset with a 32-periodic trend, it selects k̂ = 7. In Figure
2.12, the series of the ECG dataset are plotted and colored according to the k̂ = 7
obtained clusters with a 32-periodic trend on the left, and the associated obtained trend
mi(.) for i = 1, . . . , 6 are plotted on the right.
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procNoTrend procTrend Best method in [43]

CCR 74.5 83 84 (reported from [43])

Mean times in second
(on 30 runs) 0.015 0.008 19.2

Table 2.1 � Correct classi�cation rates (CCR) in percentage accounting or not
for a trend on the ECG dataset. Mean times in second obtained on 30 runs.

procNoTrend

procTrend
smooth with τ̂ = 13

Best method in [43]
HDDC on FPCA scores

CCR 97.85 97.85 97.85 (reported from [43])

Mean times in second
(on 30 runs) 0.003 0.0028 .

Table 2.2 � Correct classi�cation rates (CCR) in percentage accounting or not
for a trend on the Growth dataset. Mean times in second obtained on 30 runs.

2.1.5.2 Application to time series PCA

The PCA problem can be rephrased as a k-rank approximation of a matrix M
(information captured by the �rst k axes). More precisely, if the matrix M is of dimension
d× n, the simple PCA solution of rank k is given by

Θ̂k,n = ÛkV̂k ∈ arg min
U∈Md,k,V∈Mk,n

‖Mc −UV‖2F

where, if Aj denotes the j-th column of the matrix A, Acj := Aj − Aj with Aj =

d−1
∑d

i=1Aij . Then, the matrix of the principal components is McV̂∗k = Ûk. Each line
of this d× k matrix contains the coordinates of the projection of the associated time se-
ries on the �rst k axis. Two projected time series are close if they share globally the same
trend's property. However, in high-dimensional space (n high), the euclidean distance
used in PCA can lose its meaning and a local trend similarity could be preferred. We thus
propose to perform the PCA on the transformed matrix Mc = McΛ+. The solution is
Θ̂k,τ = T̂k,τΛ = ÛkV̂τΛ and the matrix of principal components is McV̂∗k = McΛ+V̂∗k.

The projections of the times series on the principal plan (coordinates given by the
two �rst columns of the matrix of principal components) of Mc and Mc are plotted in
Figure 2.13 on the left and the right respectively for the ECG dataset colored according
to the true partition. Recall that for the ECG dataset, we consider that the trend is
periodic with period τ = 32.

To illustrate the trend reduction using Λ+ on a period with length τ , the 28th and the
121th time series of Mc and Mc are plotted in Figure 2.14 on left and right respectively.
As expected according to their features in both matrices, they are not close in the PCA
of Mc whereas they are close in the PCA of Mc. That also explains the di�erence when
the clustering is performed without trend or with trend (see the previous section). For
example, these two time series are clustered in the same group when a trend property
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Figure 2.12 � Top : ECG dataset colored according to the k̂ = 7 obtained clusters
with a 32-periodic trend. Bottom : the associated trends mi(.) for i = 1, . . . , 6.

is taken into account, whereas they are not in the same group when no trend property
is considered.

2.1.6 Conclusion

The penalized criterion developed in [24] for high-dimensional time series analysis
consists in selecting both the rank k of the matrix and the parameter τ related to
the temporal structure. The penalty function involves a constant to be calibrated and
depends on the temporal structure through its associated parameters to be estimated.
For such minimization contrast estimation context, it is well-known in the literature that
despite the selection of both parameters issue that is not standard, the calibration of
penalty constant is not an easy task and many heuristics have been proposed to this aim.
We proposed in this paper a two-stage strategy based on a popular heuristic : the slope
heuristic proposed by [40] and used in many statistical problems. We conducted a large
simulation study to compare di�erent heuristics as well as to study the performance of
the method. In particular, through these simulations, we show that the joint heuristic
performs well : the true values of k and τ are retrieved or underestimated when the
estimation problem is more di�cult, but with good reasons (the estimation is better
than with the true values in this case). Moreover, whatever all the tested cases, the
performance of the �nal estimator is comparable to that of the oracle. The method has
been implemented in the R package TrendTM yet available on the CRAN and which is
detailed in this paper. We also show that this method can be used for classical problems
in statistics : the clustering and the PCA. Especially, we show that for times series
clustering, the proposed method works as well as the best ones proposed in the literature
but is computationally much faster.

36



Figure 2.13 � PCA on the ECG dataset. Top : on Mc. Bottom : on Mc with a
periodic trend (τ = 32).

2.2 Tight Risk Bound for High Dimensional Time

Series Completion

As explained in the introduction, low-rank matrix completion methods were studied
in depth in the past 10 years. Recall that the �rst theoretical papers on the topic covered
matrix recovery from a few entries observed exactly [67, 68, 80]. The same problem was
studied with noisy observations in [65, 66, 81, 77]. The minimax rate of estimation was
derived by [17]. Since then, many estimators and many variants of this problem were
studied in the statistical literature, see [91, 82, 84, 15, 19, 94, 72, 70, 58, 20, 21] for
instance.
High-dimensional time series often have strong correlation, and it is thus natural to as-
sume that the matrix that contains such a series is low-rank (exactly, or approximately).
Many econometrics models are designed to generate series with such a structure. For
example, the factor model studied in [83, 85, 86, 76, 71, 78] can be interpreted as a
high-dimensional autoregressive (AR) process with a low-rank transition matrix. This
model (and variants) was used and studied in signal processing [62] and statistics [91, 57].
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Figure 2.14 � The 28th (in black) and the 121th (in red) time series. Left : on
Mc. Right : on Mc with a periodic trend (τ = 32).

Other papers focused on a simpler model where the series is represented by a determi-
nistic low-rank trend matrix plus some possibly correlated noise. This model was used
by [99] to perform prediction, and studied in [24].
It is thus tempting to use low-rank matrix completion algorithms to recover partially
observed high-dimensional time series, and this was indeed done in many applications,
as recalled in the introduction. This chapter focuses on low-rank matrix completion for
partially observed high-dimensional time series that indeed exhibit a temporal depen-
dence.
The paper is organized as follows. In Section 2.2.1, we recall our model (already de�ned
in the introduction), and the notations used throughout the chapter. In Section 2.2.2,
we provide the risk analysis when the rank k is known. We then describe our rank selec-
tion procedure in Section 2.2.3 and show that it satis�es a sharp oracle inequality. The
numerical experiments are in Section 2.2.4. All the proofs are gathered in Section 2.2.5.

Notations and basic de�nitions. Throughout the paper,Md,T (R) is equipped with
the Fröbénius scalar product

〈., .〉F : (A,B) ∈Md,T (R)2 7−→ trace(A∗B) =
∑
j,t

Aj,tBj,t

or with the spectral norm

‖.‖op : A ∈Md,T (R) 7−→ sup
‖x‖=1

‖Ax‖ = σ1(A).

Let us �nally remind the de�nition of the φ-mixing condition on stochastic processes.
Given two σ-algebras A and B, we de�ne the φ-mixing coe�cient between A and B by

φ(A,B) := sup {|P(B)− P(B|A)| ; (A,B) ∈ A× B, P(A) 6= 0} .

When A and B are independent, φ(A,B) = 0, more generally, this coe�cient measure
how dependent A and B are. Given a process (Zt)t∈N, we de�ne its φ-mixing coe�cients
by

φZ(i) := sup {φ(A,B) ; t ∈ Z, A ∈ σ(Xh, h 6 t), B ∈ σ(X`, ` > t+ i)} .

Some properties and examples of applications of φ-mixing coe�cients can be found
in [73].
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2.2.1 Setting of the problem and notations

Consider d, T ∈ N∗ and a d×T randommatrix M. Assume that the rows M1,., . . . ,Md,.

are time series and that Y1, . . . , Yn are n ∈ {1, . . . , d × T} noisy entries of the matrix
M :

Yi = trace(X∗iM) + ξi ; i ∈ {1, . . . , n}, (2.9)

where X1, . . . ,Xn are i.i.d random matrices distributed on

X := {eRd(j)eRT (t)∗ ; 1 6 j 6 d and 1 6 t 6 T},

and ξ1, . . . , ξn are i.i.d. centered random variables, with standard deviation σξ > 0, such
that Xi and ξi are independent for every i ∈ {1, . . . , n}. Note that, as X1, . . . ,Xn are
independent, we do not exclude multiple observations of the same entry. That is, our
model of matrix completion is the one studied in [17, 91, 19] rather than the model
in [65, 66] where this is not possible.
Let us now describe the time series structure of each M1,., . . . ,Md,.. We assume that
each series Mj,. can be decomposed as a deterministic component Θ0

j,. plus some random
noise εj,.. The noise can exhibit some temporal dependence : εj,t will not be independent
from εj,t′ in general. Moreover, as discussed in [24], Θ0

j,. can have some more structure :

Θ0
j,. = T0

j,.Λ for some known matrix Λ. Examples of such structures (smoothness or
periodicity) are discussed below. This gives{

M = Θ0 + ε
Θ0 = T0Λ

, (2.10)

where ε is a d×T random matrix having i.i.d. and centered rows, Λ ∈Mτ,T (C) (τ 6 T )
is known and T0 is an unknown element ofMd,τ (R) such that

sup
j,t
|T0

j,t| 6
m0

mΛ(τ)
with m0 > 0

and 1 ∨ sup
T∈Md,τ (R)

{
supj,t |(TΛ)j,t|

supj,` |Tj,`|

}
6 mΛ(τ) <∞. (2.11)

Note that this leads to

sup
j,t
|Θ0

j,t| 6 sup
j,`
|T0

j,`| ·
supj,t |(T0Λ)j,t|

supj,` |T0
j,`|

6 m0

and
mΛ := sup

j,t
|Λj,t| <∞.

We now make the additional assumption that the deterministic component is low-rank,
re�ecting the strong correlation between the di�erent series. Precisely, we assume that
T0 is of rank k ∈ {1, . . . , d ∧ T} : T0 = U0V0 with U0 ∈ Md,k(R) and V0 ∈ Mk,τ (R).
The rows of the matrix V0 may be understood as latent factors. By Equations (2.9) and
(2.10), for any i ∈ {1, . . . , n},

Yi = trace(X∗iΘ
0) + ξi (2.12)

with ξi := trace(X∗i ε) + ξi. It is reasonable to assume that Xi and ξi, which are random
terms related to the observation instrument, are independent to ε, which is the stochastic
component of the observed process. Then, since ξi is a centered random variable and ε
is a centered random matrix,

E(ξi) = E(〈Xi, ε〉F ) + E(ξi) =

d∑
j=1

T∑
t=1

E((Xi)j,t)E(εj,t) = 0.
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This legitimates to consider the following least-square estimator of the matrix Θ0 : Θ̂k,τ = T̂k,τΛ

T̂k,τ ∈ arg min
T∈Sk,τ

rn(TΛ) , (2.13)

where Sk,τ is a subset of

Md,k,τ :=

{
UV ; (U,V) ∈Md,k(R)×Mk,τ (R) s.t.

sup
j,`
|Uj,`| 6

√
m0

kmΛ(τ)
and sup

`,t
|V`,t| 6

√
m0

kmΛ(τ)

}
,

and

rn(A) :=
1

n

n∑
i=1

(Yi − 〈Xi,A〉F )2 ; ∀A ∈Md,T (R).

Remark 2.2.1. � In many cases, we will simply take Sk,τ = Md,k,τ . However, in
many applications, it is natural to impose stronger constraints on the estimators. For
example, in nonnegative matrix factorization, we would have

Sk,τ = {UV ; (U,V) ∈Md,k,τ s.t. ∀j, `, t, Uj,` > 0 and V`,t > 0}

(see e.g. [89]). So for now, we only assume that Sk,τ ⊂ Md,k,τ . Later, we will specify
some sets Sk,τ .

Let us conclude this section with two examples of matrices Λ corresponding to usual
time series structures. On the one hand, if the trend of the multivalued time series M
is τ -periodic, with T ∈ τN∗, one can take Λ = (Iτ | · · · |Iτ ), and then mΛ = 1 and
mΛ(τ) := 1 works. So, in this case, note that the usual matrix completion model of
[17] is part of our framework by taking T = τ . On the other hand, assume that for
any j ∈ {1, . . . , d}, the trend of Mj,. is a sample on {0, 1/T, 2/T, . . . , 1} of a function
fj : [0, 1]→ R belonging to a Hilbert space H. In this case, if (en)n∈Z is a Hilbert basis of
H, one can take Λ = (en(t/T ))|n|6N,16t6T . For instance, if fj ∈ L2([0, 1];R), a natural

choice is the Fourier basis en(t) = e2iπnt/T , and then mΛ = 1 and

supj,t |(TΛ)j,t|
supj,` |Tj,`|

6
1

supj,` |Tj,`|
· sup
j,t

τ∑
`=1

|Tj,`e
2iπnt/T | 6 τ =: mΛ(τ).

Here, the usual matrix completion model of [17] is not part of our framework because T
is possibly huge and to take τ = T implies that the coe�cients of the matrix T0 are all
unrealistically small by Condition (2.11). However, wathever the time series structure
taken into account via Λ, our model is designed for small values of τ . Else, the model
of [17] is appropriate. So, when Λ is the previous Fourier matrix, and in general when
mΛ(τ) is a non constant increasing function of τ , we assume that τ ∈ J1, τ0K with τ0 � T .

2.2.2 Risk bound on T̂k,τ

2.2.2.1 Upper bound

First of all, since X1, . . . ,Xn are i.i.d X -valued random matrices, there exists a
probability measure Π on X such that

PXi = Π ; ∀i ∈ {1, . . . , n}.
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In addition to the two norms on Md,T (R) introduced above, let us consider the scalar
product 〈., .〉F ,Π de�ned onMd,T (R) by

〈A,B〉F ,Π :=

∫
Md,T (R)

〈X,A〉F 〈X,B〉FΠ(dX) ; ∀A,B ∈Md,T (R).

Remarks :

(1) For any deterministic d× T matrices A and B,

〈A,B〉F ,Π = E(〈A,B〉n)

where 〈., .〉n is the empirical scalar product onMd,T (R) de�ned by

〈A,B〉n :=
1

n

n∑
i=1

〈Xi,A〉F 〈Xi,B〉F .

However, note that this relationship between 〈., .〉F ,Π and 〈., .〉n doesn't hold any-
more when A and B are random matrices.

(2) If the sampling distribution Π is uniform, then ‖.‖2F ,Π = (dT )−1‖.‖2F .

Notation. For every i ∈ {1, . . . , n}, let χi be the couple of coordinates of the nonzero
element of Xi, which is a E-valued random variable with E = {1, . . . , d} × {1, . . . , T}.

In the sequel, ε, ξ1, . . . , ξn and X1, . . . ,Xn ful�ll the following additional conditions.

Assumption 2.2.2. � The rows of ε are independent and identically distributed. There
is a process (εt)t∈Z such that each εj,. has the same distribution than (ε1, . . . , εT ), and
such that

Φε := 1 +
n∑
i=1

φε(i)
1/2 <∞.

Assumption 2.2.3. � There exists a deterministic constant mε > 0 such that

sup
j,t
|εj,t| 6 mε.

Moreover, there exist two deterministic constants cξ, vξ > 0 such that

sup
i∈{1,...,n}

E(ξ2
i ) 6 vξ

and, for every q > 3,

sup
i∈{1,...,n}

E(|ξi|q) 6
vξc

q−2
ξ q!

2
.

This assumption means that the εj,t's are bounded, and that the ξi's are sub-exponential
random variables. Sub-exponential variables include bounded and Gaussian variables as
special cases. Note that this is the assumption made on the noise for the matrix com-
pletion in the i.i.d. framework in the papers mentioned above [19, 17]. The boundedness
of the εj,t's can be seen as quite restrictive. However, we are not aware of any way to
avoid this assumption in this setting. Indeed, it allows to apply Samson's concentration
inequality for φ-mixing processes (see Samson [49]). In [23], the authors prove sharp
sparsity inequalities under a similar assumption, using Samson's inequality. They also
show that the other concentration inequalities known for time series lead to slow rates
of convergence.
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Assumption 2.2.4. � There is a constant cΠ > 0 such that

Π({eRd(j)eRT (t)∗}) 6 cΠ
dT

; ∀(j, t) ∈ E .

Note that when the sampling distribution Π is uniform, Assumption 2.2.4 is trivially
satis�ed with cΠ = 1.

Theorem 2.2.5. � Let α ∈ (0, 1). Under Assumptions 2.2.2, 2.2.3 and 2.2.4, if n >
max(d, τ), then

‖Θ̂k,τ −Θ0‖2F ,Π 6 3 min
T∈Sk,τ

‖(T−T0)Λ‖2F ,Π + c2.2.5

[
k(d+ τ)

log(n)

n
+

1

n
log

(
4

α

)]
with probability larger than 1 − α, where c2.2.5 is a constant depending only on m0, vξ,
cξ, mε, mΛ, Φε and cΠ.

Actually, from the proof of the theorem, we know c2.2.5 explicitly. Indeed,

c2.2.5 = 72m0mΛcξ + 5c2.2.11,1 + 9m0c2.2.11,2

where c2.2.11,1 and c2.2.11,2 are constants (explicitly given in Theorem 2.2.11 in Sec-
tion 2.2.5) depending themselves only on m0, vξ, cξ, mε, mΛ, Φε and cΠ.

Remarks :

(1) Note that another classic way to formulate the risk bound in Theorem 2.2.5 is
that for every s > 0, with probability larger than 1− e−s,

‖Θ̂k,τ −Θ0‖2F ,Π 6 3 min
T∈Sk,τ

‖(T−T0)Λ‖2F ,Π + c2.2.5

[
k(d+ τ)

log(n)

n
+
s

n

]
.

(2) The φ-mixing assumption (Assumption 2.2.2) is known to be restrictive, we refer
the reader to [73] where it is compared to other mixing conditions. Some examples
are provided in Examples 7, 8 and 9 in [23], including stationary AR processes with
a noise that has a density with respect to the Lebesgue measure on a compact in-
terval. Interestingly, [23] also discusses weaker notions of dependence. Under these
conditions, we could here apply the inequalities used in [23], but it is important
to note that this would prevent us from taking λ of the order of n in the proof of
Proposition 2.2.8. In other words, this would deteriorate the rates of convergence.
A complete study of all the possible dependence conditions on ε goes beyond the
scope of this paper.

2.2.2.2 Lower bound

In the case where T = τ and Λ = IT , the model in [17] is included in our model,
and corresponds to the case where the temporally dependent noise ε is null : ε = 0. This
means that the lower bound provided by Theorem 5 in [17] holds in our setting. That
is, when the ξi's are N (0, 1) and the Xi's are uniform (so cΠ = 1), there are absolute
constants cinf , β > 0 such that for any k 6 n

d∨T ,

inf
Â

sup
Θ0∈Md,k,T

P

(
‖Â−Θ0‖2F ,Π > cinf

k(d+ T )

n

)
> 1− β.

In other words, the bound in Theorem 2.2.5 is tight, maybe up to the log(n) term (there
is also a log term in the upper bounds of [17]). We now extend this result to the case
τ 6 T , in the special case where the deterministic component of the series is τ -periodic :
Λ = (Iτ | . . . |Iτ ).
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Theorem 2.2.6. � Assume the ξi's are N (0, 1), the Xi's are uniform (so cΠ = 1) and
the temporally dependent noise ε = 0. There are absolute constants cinf , β > 0 such that
for any τ ∈ {1, . . . , T}, in the case Λ = (Iτ | . . . |Iτ ), for any k 6 (256m2

0n/(d ∨ τ))1/3,

inf
Â

sup
Θ0∈Md,k,τ

P

(
‖Â−Θ0Λ‖2F ,Π > cinf

k(d+ τ)

n

)
> 1− β.

For τ = T , we recover Theorem 5 in [17], but our result also guarantees that the bound
in Theorem 2.2.5 is tight (up to log terms) even when τ < T .

2.2.3 Model selection

The purpose of this section is to provide a selection method of the parameter k.
First, for the sake of readability, Sk,τ and T̂k,τ are respectively denoted by Sk and T̂k

in the sequel. The adaptive estimator studied here is Θ̂ := T̂Λ, where T̂ := T̂
k̂
,

k̂ ∈ arg min
k∈K
{rn(T̂kΛ) + pen(k)} with K = {1, . . . , k∗} ⊂ N

∗,

and

pen(k) := 16cpen
log(n)

n
k(d+ τ) with cpen = 2

(
1

c2.2.8
∧ λ∗

)−1

.

Note that the value of the constant cpen could be deduced from the proofs. It would
however depend on quantities that are unknown in practice, such as cΠ or Φε. Moreover,
the value of cpen provided by the proofs would probably be too large for practical pur-
poses. In practice, we recommend to use the slope heuristics to estimate this constant.
The slope heuristic is de�ned as follows : for each C > 0, let us de�ne

k(C) ∈ arg min
k∈K
{rn(T̂kΛ) + C · k}.

Then, let us de�ne C̃ as the location of the largest jump of the function

C 7−→ rn(T̂k(C)Λ)

and choose the rank k̃ = k(2C). This popular procedure leads to good practical results
in most situations. Its theoretical properties are available only in limited situations
(see [60]), though, so we will focus our theoretical result to k̂.

Theorem 2.2.7. � Under Assumptions 2.2.2, 2.2.3 and 2.2.4, if n > max(d, τ), then

‖Θ̂−Θ0‖2F ,Π 6 4 min
k∈K

{
3 min

T∈Sk
‖(T−T0)Λ‖2F ,Π + c2.2.7,1k(d+ τ)

log(n)

n

}
+
c2.2.7,1
n

log

(
4k∗

α

)
+

c2.2.7,2
n

with probability larger than 1− α, where

c2.2.7,1 = 4c2.2.5 + 16cpen + 72m0cξ and c2.2.7,2 = 9c2.2.11,2m0.
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2.2.4 Numerical experiments

This section describes an experimental study of the estimator of the matrix T0

introduced at Section 2.2.1. In particular, we compare on simulated periodic data the
completion procedure using the periodicity information, to the standard procedure, and
we observe a clear improvement. We also illustrate our results on real data from Paris
sharing bike system.
In the case where no particular temporal structure is used, that is, Λ = IT , standard
packages such as softImpute [128] could be used. However, this is not necessarily the
case for a general Λ, thus we implemented a standard alternate least square (ALS)
procedure. That is, we iterate U := arg minU rn(UVΛ) and V := arg minV rn(UVΛ)
until convergence. Each step is a linear regression and has an explicit solution. Despite
its extreme simplicity, this type of alternate optimization is known to lead to very good
results in practice [87], and such a method is actually used by softImpute [128].
The code of all the experiments can be found on the third author webpage
https ://amelierosier8.wixsite.com/website

2.2.4.1 Experiments on simulated datas

The experiments in this subsection are done on datas simulated the following way :

(1) We generate a matrix T0 = U0V0 with U0 ∈ Md,k(R) and V0 ∈ Mk,τ (R). Each
entries of U0 and V0 are generated independently by simulating i.i.d. N (0, 1)
random variables.

(2) We multiply T0 by a known matrix Λ ∈ Mτ,T (R). This matrix depends on the
time series structure assumed on M. Here, we consider the periodic case : T = pτ ,
p ∈ N∗ and Λ = (Iτ | . . . |Iτ ).

(3) The matrix M is then obtained by adding a matrix ε such that ε1,., . . . , εd,. are
generated independently by simulating i.i.d. AR(1) processes with compactly sup-
ported error in order to meet the φ-mixing condition. We multiply ε by the co-
e�cient σε which value will vary according to the experiments. The goal is to
evaluate the impact of adding more noise in the estimation.
Only 30% of the entries of M, taken randomly, are observed. These entries are
then corrupted by i.i.d. observation errors ξ1, . . . , ξn  N (0, 0.012). To meet As-
sumption 2.2.3, we also consider uniform errors ξ1, . . . , ξn  U([−a, a]), where
a =

√
3/100 ≈ 0.017 to keep the same variance than previously. The �rst expe-

riments will show that the estimation remains quite good even if the ξi's are not
bounded.

Given the observed entries, our goal is to complete the missing values of the matrix and
check if they correspond to the simulated data in two di�erent cases :

(1) Our �rst model doesn't take into account the time series structure in the matrix
M. Thus, we simply apply our fonction als to the dataframe containing the values
of the noisy entries in addition to their position in the matrix M (number of the
line j and number of the column t with 1 6 j 6 d, 1 6 t 6 T ). The output of the
function gives directly an estimator of the matrix Θ0.

(2) Our second model takes into account the time series structure in M and more
precisely the periodicity of the time series datas. In order to have an estimator of
the matrix Θ0, some transformation are required on the data : the fonction als
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is now applied to the dataframe in which all the observed entries at the position
(j, t) (1 6 j 6 d, 1 6 t 6 T ) are now moved to the position (j, t[mod]τ). The
output of this function needs to be remultiplied by Λ to have an estimator of Θ0.

We will evaluate the MSE of the estimator with respect to several parameters and
show that there is a gain to take into account the time series structure in the model. As
expected, the more Θ0 is perturbed, either with ε or ξ1, . . . , ξn, the more di�cult it is
to reconstruct the matrix. In the same way, increasing the value of the rank k will lead
to a worse estimation. Finally, we study the e�ect of replacing the uniform error in each
AR(1) by a Gaussian one.

The �rst experiments are done with d = 1000, T = 100 and τ = 25 to be in concordance
with the experiments on real data (see subsection 5.3). Here are the MSE obtained for
both models, 3 values of the rank k and for two kinds of observation errors ξ1, . . . , ξn :
Gaussian N (0, 0.012) v.s. uniform U([−0.017, 0.017]). The errors in the AR(1) processes
generating the rows of ε remain uniform U([−1, 1]).

MSE ξi  N (0, 0.012) ξi  U([−0.017, 0.017])
Model w/o time series struct. 0.00012 0.00014
Model with time series struct. 0.00009 0.00010

Table 2.3 � MSE for both models, k = 2.

MSE ξi  N (0, 0.012) ξi  U([−0.017, 0.017])
Model w/o time series struct. 0.00018 0.00022
Model with time series struct. 0.00012 0.00013

Table 2.4 � MSE for both models, k = 5.

MSE ξi  N (0, 0.012) ξi  U([−0.017, 0.017])
Model w/o time series struct. 0.00026 0.00045
Model with time series struct. 0.00013 0.00017

Table 2.5 � MSE for both models, k = 8.

Thus, both of the rank k and the nature of the error considered for the ξi's seem to
play a key role on the reduction of the MSE. Regarding the rank k (d, T and τ being
�xed) being �xed), our numerical results are consistent with respect to the theoretical
rate of convergence of order O(k(d + τ) log(n)/n) obtained at Theorem 2.2.5 when we
consider the time series structure of the data (see Tables 2.3, 2.4 and 2.5). Indeed, for
both models, the MSE is increasing when the value of the rank k is higher but this
increase is always more signi�cant in the model without time series structure, which
is also consistent with the rate of convergence of order O(k(d + T ) log(n)/n) obtained
in this case. Note that when we look at one model at a time, for each tested values of
k, whatever the distribution of the errors ξ1, . . . , ξn (Gaussian or uniform), the MSE
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remains of same order with a slight improvement when we considered Gaussian errors.
This justi�es to take ξ1, . . . , ξn  N (0, 0.012) in the following experiments.

This study can be summarized in the following experiment which shows the evolution
of the MSE with respect to the rank k (k = 1, . . . , 10) for both models. Once again, we
take d = 1000, T = 100, τ = 25 but the ξi's remain i.i.d. N (0, 0.012) random variables,
and ε1,., . . . , εd,. are i.i.d. AR(1) processes with Gaussian errors.
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Figure 2.15 � Models (time series (dotted line) v.s. classic (solid line)) MSEs
with respect to the rank k.

As expected (see Figure 2.15), the MSE is much better with the model taking into
account the time series structure. The MSE in both cases degrades when the value of
the rank is increasing, the maximum being reached for k = 10 with the value 0.0173 for
the time series model compared to 0.0206 in the classic case, which still remains very low.

As we said, the estimation seems to be more precise with Gaussian errors in ε, and
the more Θ0 is perturbed via ε or ξ1, . . . , ξn, the more the completion process is com-
plicated and the MSE degrades. So, we now evaluate the consequence on the MSE of
changing the value of σε. For both models (with or without taking into account the time
series structure), the following �gure shows the evolution of the MSE with respect to
σε when the errors in ε are N (0, 1/3) random variables and all the other parameters
remain the same than previously, we are still considering 30% of observed entries.
Once again, as expected (see Figure 2.16), the MSE with time series model is smaller
than the one with the classic model for each values of σε. The fact that the MSE increases
with respect to σε with both models illustrates that more noise always complicates the
completion process. In our experiments, the values of σε range from 0.02 to 2. We can
notice that, the more we add noise with σε, the more signi�cant the gap between the
MSE of both models is. With σε equal to 2, the MSE reaches the value 0.2241 for the
time series model and 0.3040 for the classic one. Our method has increasing di�culty
in reconstructing the matrix when we add too much noise to the model. See also Table
2.6.
Let us do the same experiment but with uniform U([−1, 1]) errors in the AR(1) processes
generating the rows of ε.

The curves shape on Figure 2.17 is pretty much the same as in the previous graph : the
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Figure 2.16 � Models (time series (dotted line) v.s. classic (solid line)) MSEs
with respect to σε, Gaussian errors.

Min. MSE Max. MSE
Model w/o time series struct. 0.0023 0.3040
Model with time series struct. 0.0021 0.2241

Table 2.6 � Min. and max. values reached by the MSE with Gaussian errors in
ε.
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Figure 2.17 � Models (time series (dotted line) v.s. classic (solid line)) MSEs
with respect to σε, uniform errors.

MSE for the model taking into account the time series structure is still smaller than for
the classic model and this di�erence between the two models is even greater when we
increase the value of σε. However, this time, the MSE for both models reaches higher
values, leading to a huge misestimation when σε = 2 (see Table 2.7).
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Min. MSE Max. MSE
Model w/o time series struct. 0.0082 1.4088
Model with time series struct. 0.0076 0.9027

Table 2.7 � Min. and max. values reached by the MSE with uniform errors in ε.

Finally, as mentioned, the previous numerical experiments were done by assuming that
k is known, which is mostly uncommon in practice. So, our purpose in the last part of
this section is to implement the model selection method introduced at Section 2.2.3. Let
us recall the criterion to minimize :{

crit(k) = rn(T̂kΛ) + pen(k)
pen(k) = ccalk(d+ τ) log(n)/n

; k ∈ {1, . . . , 20}.

In the sequel, ξ1, . . . , ξn  N (0, 0.5), ε1,., . . . , εd,. are i.i.d. AR(1) processes withN (0, 1/3)
errors, and σε = 0.2. Percentage of observed entries is still 30%. The penalty term in
crit(.) depends on the constant ccal > 0 which is calibrated here by using the slope heu-
ristic presented at Section 2.2.3.
On 20 independent experiments, Table 2.8 gives the mean MSE obtained for the es-
timator computed with the true rank k = 5 and the associated adaptative estimator
computed with k̂ selected by minimizing the criterion studied in Section 2.2.3. Table 2.9

Mean MSE for T̂kΛ 0.10712

Mean MSE for T̂k̂Λ 0.17601

Table 2.8 � Mean MSE over 20 simulations for T̂kΛ and T̂k̂Λ.

gives the frequence of the di�erent values of k selected. Our method select the true k 8
times over 20.

k selected 4 5 6 7 8 9
Frequence 0.05 0.4 0.1 0.15 0.2 0.1

Table 2.9 � Frequence of k-values selected

2.2.4.2 Experiments on real datas

Modern transportation data are often high-dimensional and have strong patterns
including periodicity. For this reason, matrix factorization methods are very popular in
this �eld [69, 95]. The data used in this section comes from the funFEM package (the real
time data are available at https ://developer.jcdecaux.com/ ). We used the Velib data
set which contains data from the bike sharing system of Paris. These data provide the
occupancy (number of available bikes/number of bike docks) of 1189 bike stations over
one week. The data were collected every hour during the following period : Sunday 1st
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Sept. - Sunday 7th Sept., 2014. We removed the time points collected during the week-
end (50 time points in total) insofar as the week-end occupancy of the bike stations
di�ers from the week. Loading pro�les of 6 di�erent stations (week-end excluded) are
represented on Figure 2.18.
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Figure 2.18 � Occupancy of six Velib stations over one week (week-end excluded).

We clearly notice the daily periodic behaviour of our time series. Thus, the experi-
ments of this section are done with the real time data in the matrix M of dimensions
d = 1189, τ = 25 (which corresponds to one day) and T = 125 (�ve days, from Mon-
day to Thursday). Once again, we evaluate the MSE of the estimator with and without
taking into account the time series structure, that is the periodicity in this case. Dif-
ferent percentages of the entries observed are tested. As for the simulated data, for the
model without considering the temporal structure of our series, we apply directly our
function als on the dataframe containing the observed entries with their position in the
matrix, without any additional transformation on the data. The output gives directly
an estimator of M. As regards the model considering the periodic behaviour of the Velib
time series in M, the ALS optimization procedure is applied on the dataframe which has
received the same transformation than the one explained at point (2) in the previous
section. Once again, the output needs to be multiplied by Λ to have an estimator of M
at the end. The MSEs obtained for both models are gathered in Table 2.10. We study
how the MSEs vary according to the percentage of observed entries.

Of course, the real data is not exactly periodic (as can bee seen in some of the
series in Figure 2.18. This means that the bias term of in Theorem 2.2.5, is larger
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15% 30%
Model w/o time series struct. 0.0609 0.0315
Model with time series struct. 0.0436 0.0381

Table 2.10 � MSE according to the number of observed entries (%).

for the method imposing periodicity than for the standard method : minT∈Sk,τ ‖(T −
T0)Λ‖F ,Π ≥ minT∈Sk,T ‖T − T0‖F ,Π. On the other hand, the variance term of the
method using periodicity is much smaller : k(d+τ)/n ≤ k(d+T )/n. Thus, it is expected
that when the sample size n is small, using periodicity can improve on the standard
method, but that this is not the case for larger values of n. This is perfectly illustrated
by our experiments : Table 2.10 show that when we observe 15% of the original data,
exploiting periodicity improves on the reconstruction of the data by the standard method
by more than 25%. On the other hand, when we the sample size doubles, the standard
method already performs slightly better.

2.2.5 Proofs

This section is organized as follows. We �rst state an exponential inequality that
will serve as a basis for all the proofs. From this inequality, we prove Theorem 2.2.11, a
prototype of Theorem 2.2.5 that holds when the set Sk,τ is �nite or in�nite but compact
by using ε-nets (ε > 0). In the proof of Theorem 2.2.5, we provide an explicit risk-bound
by using the ε-net Sεk,τ of Sk,τ constructed in Candès and Plan [66], Lemma 3.1.

2.2.5.1 Exponential inequality

This sections deals with the proof of the following exponential inequality, the corners-
tone of the paper, which is derived from the usual Bernstein inequality and its extension
to φ-mixing processes due to Samson [49].

Proposition 2.2.8. � Let T ∈ Sk,τ . Under Assumptions 2.2.2, 2.2.3 and 2.2.4,

E

[
exp

(
λ

4

((
1 + c2.2.8

λ

n

)
(R(T0Λ)−R(TΛ)) + rn(TΛ)− rn(T0Λ)

))]
6 1 (2.14)

and

E

[
exp

(
λ

4

((
1− c2.2.8

λ

n

)
(R(TΛ)−R(T0Λ)) + rn(T0Λ)− rn(TΛ)

))]
6 1 (2.15)

for every T ∈ Sk,τ and λ ∈ (0, nλ∗), where

R(A) := E(|Y1 − 〈X1,A〉F |2) ; ∀A ∈Md,T (R),

c2.2.8 = 4 max{4m2
0, 4vξ, 4m

2
ε, 2m

2
εΦ

2
εcΠ} and λ∗ = (16m0 max{m0,mε, cξ})−1.

Proof of Proposition 2.2.8. The proof relies on Bernstein's inequality as stated in [64],
that we remind in the following lemma.

Lemma 2.2.9. � Let T1, . . . , Tn be some independent and real-valued random variables.
Assume that there are v > 0 and c > 0 such that

n∑
i=1

E(T 2
i ) 6 v
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and, for any q > 3,
n∑
i=1

E(T qi ) 6
vcq−2q!

2
.

Then, for every λ ∈ (0, 1/c),

E

[
exp

[
λ

n∑
i=1

(Ti − E(Ti))

]]
6 exp

(
vλ2

2(1− cλ)

)
.

We will also use a variant of this inequality for time series due to Samson, stated in the
proof of Theorem 3 in [49].

Lemma 2.2.10. � Consider m ∈ N∗, M > 0, a stationary sequence of Rm-valued
random variables Z = (Zt)t∈Z, and

ΦZ := 1 +
T∑
t=1

φZ(t)1/2,

where φZ(t), t ∈ Z, are the φ-mixing coe�cients of Z. For every smooth and convex
function f : [0,M ]T → R such that ‖∇f‖ 6 L a.e, for any λ > 0,

E(exp(λ(f(Z1, . . . , ZT )− E[f(Z1, . . . , ZT )]))) 6 exp

(
λ2L2Φ2

ZM
2

2

)
.

Let T ∈ Sk,τ be arbitrarily chosen. Consider the deterministic map X : E → Md,T (R)
such that

Xi = X(χi) ; ∀i ∈ {1, . . . , n},

Ξi := (ξi, χi) for any i ∈ {1, . . . , n}, and h : R× E → R the map de�ned by

h(x, y) :=
1

n
(2x〈X(y), (T0 −T)Λ〉F + 〈X(y), (T0 −T)Λ〉2F ) ; ∀(x, y) ∈ R× E .

Note that

h(Ξi) =
1

n
(2ξi〈Xi, (T

0 −T)Λ〉F + 〈Xi, (T
0 −T)Λ〉2F )

=
1

n
((ξi + 〈Xi, (T

0 −T)Λ〉F )2 − ξ2
i )

=
1

n
((Yi − 〈Xi,TΛ〉F )2 − (Yi − 〈Xi,T

0Λ〉F )2)

and
n∑
i=1

(h(Ξi)− E(h(Ξi))) = rn(TΛ)− rn(T0Λ) +R(T0Λ)−R(TΛ).

Now, replacing ξi by its expression in terms of Xi, ξi and ε,

n∑
i=1

(h(Ξi)− E(h(Ξi))) =

n∑
i=1

(
2

n
ξi〈Xi, (T

0 −T)Λ〉F
)

+
n∑
i=1

(
2

n
〈Xi, ε〉F 〈Xi, (T

0 −T)Λ〉F
)

+
n∑
i=1

(
1

n
〈Xi, (T

0 −T)Λ〉2F − E(h(Ξi))

)
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=:
n∑
i=1

Ai +
n∑
i=1

Bi +
n∑
i=1

(Ci − E(h(Ξi))).

In order to conclude, by using Lemmas 2.2.9 and 2.2.10, let us provide suitable bounds
for the exponentiel moments of each terms of the previous decomposition :

� Bounds for the Ai's and the Ci's. First, note that since X1, ξ1 and ε are
independent,

R(TΛ)−R(T0Λ) = E((Y1 − 〈X1,TΛ〉F )2 − (Y1 − 〈X1,T
0Λ〉F )2)

= 2E(ξ1〈X1, (T
0 −T)Λ〉F ) + E(〈X1, (T

0 −T)Λ〉2F )

= 2〈E(〈X1, (T
0 −T)Λ〉FX1),E(ε)〉F

+2E(ξ1)E(〈X1, (T
0 −T)Λ〉F ) + ‖(T0 −T)Λ‖2F ,Π

= ‖(T0 −T)Λ‖2F ,Π. (2.16)

On the one hand,

E(A2
i ) 6

4

n2
E(ξ2

i )E(〈Xi, (T
0 −T)Λ〉2F ) 6

4

n2
vξ(R(T0Λ)−R(TΛ))

thanks to Equality (2.16). Moreover,

E(|Ai|q) 6
2q

nq
E(|ξi|q)E(〈Xi, (T

0 −T)Λ〉qF )

6

(
4cξm0

n

)q−2 q!

2
·

4vξ
n2

(R(T0Λ)−R(TΛ)).

So, we can use Lemma 2.2.9 with

v =
4

n
vξ(R(T0Λ)−R(TΛ)) and c =

4cξm0

n

to obtain :

E

[
exp

(
λ

n∑
i=1

Ai

)]
6 exp

[
2vξ(R(T0Λ)−R(TΛ))λ2

n− 4cξm0λ

]
for any λ ∈ (0, n/(4cξm0)). On the other hand, |Ci| 6 4m2

0/n and

E(C2
i ) =

1

n2
E(〈Xi, (T

0 −T)Λ〉4F )

6
4m2

0

n2
‖(T0 −T)Λ‖2F ,Π =

4

n2
m2

0(R(T0Λ)−R(TΛ)) (2.17)

thanks to Equality (2.16). So, we can use Lemma 2.2.9 with

v =
4

n
m2

0(R(T0Λ)−R(TΛ)) and c =
4m2

0

n

to obtain :

E

[
exp

(
λ

n∑
i=1

(Ci − E(h(Ξi)))

)]
6 exp

[
2m2

0(R(T0Λ)−R(TΛ))λ2

n− 4m2
0λ

]
for any λ ∈ (0, n/(4m2

0)).
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� Bounds for the Bi's. First, write

n∑
i=1

Bi =
n∑
i=1

(Bi − E(Bi|ε)) +
n∑
i=1

E(Bi|ε) =:
n∑
i=1

Di +
n∑
i=1

Ei,

and note that

E(Bi|ε) =
2

n
E(〈Xi, ε〉F 〈Xi, (T

0 −T)Λ〉F |ε)

=
2

n

∑
j,t

E(1χi=(j,t)[(T
0 −T)Λ]χi)εj,t

=
2

n

∑
j,t

pj,t[(T
0 −T)Λ]j,tεj,t (2.18)

and

‖(T0 −T)Λ‖2F ,Π = E(〈Xi, (T
0 −T)Λ〉2F )

= E([(T0 −T)Λ]2χi)

=
∑
j,t

pj,t[(T
0 −T)Λ]2j,t, (2.19)

where
pj,t := P(χ1 = (j, t)) = Π({eRd(j)eRT (t)∗})

for every (j, t) ∈ E . On the one hand, given ε, the Di's are i.i.d, |Di| 6 8mεm0/n
and

E(B2
i |ε) =

4

n2
E(〈Xi, ε〉2F 〈Xi, (T

0 −T)Λ〉2F |ε)

6
4

n2
m2
εE(〈Xi, (T

0 −T)Λ〉2F |ε)

=
4

n2
m2
εE(〈Xi, (T

0 −T)Λ〉2F ) =
4

n2
m2
ε(R(T0Λ)−R(TΛ))

thanks to Equality (2.16). So, conditionnally on ε, we can apply Lemma 2.2.9 with

v =
4

n
m2
ε(R(T0Λ)−R(TΛ)) and c =

8mεm0

n

to obtain :

E

[
exp

(
λ

n∑
i=1

Di

)∣∣∣∣∣ ε
]
6 exp

[
2m2

ε(R(T0Λ)−R(TΛ))λ2

n− 8mεm0λ

]
for any λ ∈ (0, n/(8mεm0)). Taking the expectation of both sides gives :

E

[
exp

(
λ

n∑
i=1

Di

)]
6 exp

[
2m2

ε(R(T0Λ)−R(TΛ))λ2

n− 8mεm0λ

]
.

On the other hand, let us focus on the Ei's. Thanks to Equality (2.18) and since
the rows of ε are independent,

E

[
exp

(
λ

n∑
i=1

Ei

)]
= E

exp

2λ
∑
j,t

pj,t[(T
0 −T)Λ]j,tεj,t


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=
d∏
j=1

E

[
exp

(
2λ

T∑
t=1

pj,t[(T
0 −T)Λ]j,tεj,t

)]
.

Now, for any j ∈ {1, . . . , d}, let us apply Lemma 2.2.10 to (εj,1, . . . , εj,T ), which is
a sample of a φ-mixing sequence, and to the function fj : [0,mε]

T → R de�ned by

fj(u1, . . . , uT ) := 2
T∑
t=1

pj,t[(T
0 −T)Λ]j,tut ; ∀u ∈ [0,mε]

T .

Since

‖∇fj(u1, . . . , uT )‖2 = 4
T∑
t=1

p2
j,t[(T

0 −T)Λ]2j,t ; ∀u ∈ [0,mε]
T ,

by Lemma 2.2.10 :

E

[
exp

(
2λ

T∑
t=1

pj,t[(T
0 −T)Λ]j,tεj,t

)]
= E(exp(λ(fj(εj,1, . . . , εj,T )− E[fj(εj,1, . . . , εj,T )])))

6 exp

(
2m2

ελ
2Φ2

ε

T∑
t=1

p2
j,t[(T

0 −T)Λ]2j,t

)
.

Thus, for any λ > 0, by Equalities (2.16) and (2.19) together with n 6 dT ,

E

[
exp

(
λ

n∑
i=1

Ei

)]
=

d∏
j=1

E

[
exp

(
2λ

T∑
t=1

pj,t[(T
0 −T)Λ]j,tεj,t

)]

6
d∏
j=1

exp

(
2m2

ελ
2Φ2

ε

T∑
t=1

p2
j,t[(T

0 −T)Λ]2j,t

)

6 exp

2m2
ελ

2Φ2
εcΠ

dT

∑
j,t

pj,t[(T
0 −T)Λ]2j,t


6 exp

[
2m2

ελ
2Φ2

εcΠ
n

(R(T0Λ)−R(TΛ))

]
.

Therefore, these bounds together with Jensen's inequality give :

E exp

(
λ

4
[rn(TΛ)− rn(T0Λ) +R(T0Λ)−R(TΛ)]

)
= E

[
exp

(
λ

4

n∑
i=1

(h(Ξi)− E(h(Ξi)))

)]

= E

[
exp

(
λ

4

n∑
i=1

Ai +
λ

4

n∑
i=1

(Ci − E(h(Ξi))) +
λ

4

n∑
i=1

Di +
λ

4

n∑
i=1

Ei

)]

6
1

4

[
E

[
exp

(
λ

n∑
i=1

Ai

)]
+ E

[
exp

(
λ

n∑
i=1

(Ci − E(h(Ξi)))

)]

+ E

[
exp

(
λ

n∑
i=1

Di

)]
+ E

[
exp

(
λ

n∑
i=1

Ei

)]]

6 exp

[
2vξ

1− 4cξm0λ/n
· λ

2

n
(R(T0Λ)−R(TΛ))

]
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+ exp

[
2m2

0

1− 4m2
0λ/n

· λ
2

n
(R(T0Λ)−R(TΛ))

]
+ exp

[
2m2

ε

1− 8mεm0λ/n
· λ

2

n
(R(T0Λ)−R(TΛ))

]
+ exp

[
2m2

εΦ
2
εcΠ

λ2

n
(R(T0Λ)−R(TΛ))

]
6 exp

[
cλ
λ2

n
(R(T0Λ)−R(TΛ))

]
with

cλ = max

{
2vξ

1− 4cξm0λ/n
,

2m2
0

1− 4m2
0λ/n

,
2m2

ε

1− 8mεm0λ/n
, 2m2

εΦ
2
εcΠ

}
and

0 < λ < nmin

{
1

4cξm0
,

1

4m2
0

,
1

8mεm0

}
.

In particular, for

λ <
n

16m0 max{m0,mε, cξ}
,

we have
cλ 6 max{4m2

0, 4vξ, 4m
2
ε, 2m

2
εΦ

2
εcΠ}.

This ends the proof of the �rst inequality.

2.2.5.2 A preliminary non-explicit risk bound

We now provide a simpler version of Theorem 2.2.5, that holds in the case where Sk,τ
is �nite : (1) in the following theorem. When this is not the case, we provide a similar
bound using a general ε-net, that is (2) in the theorem.

Theorem 2.2.11. � Consider α ∈]0, 1[.

(1) Under Assumptions 2.2.2, 2.2.3 and 2.2.4, if |Sk,τ | <∞, then

‖Θ̂k,τ −Θ0‖2F ,Π 6 3 min
T∈Sk,τ

‖(T−T0)Λ‖2F ,Π +
c2.2.11,1

n
log

(
2

α
|Sk,τ |

)
with probability larger than 1− α, where c2.2.11,1 = 32(c−1

2.2.8 ∧ λ∗)−1.

(2) Under Assumptions 2.2.2, 2.2.3 and 2.2.4, for every ε > 0, there exists a �nite
subset Sεk,τ of Sk,τ such that

‖Θ̂k,τ −Θ0‖2F ,Π 6 3 min
T∈Sk,τ

‖(T−T0)Λ‖2F ,Π +
c2.2.11,1

n
log

(
2

α
|Sεk,τ |

)
+

[
c2.2.11,2 + 8mΛcξ log

(
1

α

)]
ε (2.20)

with probability larger than 1−α, where c2.2.11,2 = 4mΛ(v
1/2
ξ +vξ/(2cξ)+mε+3m0).

Proof of Theorem 2.2.11.
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(1) Assume that |Sk,τ | <∞. For any x > 0, λ ∈ (0, nλ∗) and S ⊂ Md,τ (R), consider
the events

Ω−x,λ,S(T) :=

{(
1− c2.2.8

λ

n

)
‖(T−T0)Λ‖2F ,Π − (rn(TΛ)− rn(T0Λ)) > 4x

}
for T ∈ S and

Ω−x,λ,S :=
⋃

T∈S
Ω−x,λ,S(T).

By Markov's inequality together with Proposition 2.2.8, Inequality (2.15),

P(Ω−x,λ,Sk,τ ) 6
∑

T∈Sk,τ

P

{
exp

[
λ

4

(
1− c2.2.8λ

n

)

×
(
R(TΛ)−R(T0Λ))− (rn(TΛ)− rn(T0Λ)

)]
> eλx

}
6 |Sk,τ |e−λx.

In the same way, with

Ω+
x,λ,S(T) :=

{
−
(

1 + c2.2.8
λ

n

)
‖(T−T0)Λ‖2F ,Π + rn(TΛ)− rn(T0Λ) > 4x

}
,

T ∈ S and
Ω+
x,λ,S :=

⋃
T∈S

Ω+
x,λ,S(T),

by Markov's inequality together with Proposition 2.2.8, Inequality (2.14), P(Ω+
x,λ,Sk,τ ) 6

|Sk,τ |e−λx. Then,
P(Ωx,λ,Sk,τ ) > 1− 2|Sk,τ |e−λx

with

Ωx,λ,S := (Ω−x,λ,S)c ∩ (Ω+
x,λ,S)c ⊂ Ω−x,λ,S(T̂k,τ )c ∩ Ω+

x,λ,S(T̂k,τ )c =: Ωx,λ,Sk,τ (T̂k,τ ).

Moreover, on the event Ωx,λ,Sk,τ , by the de�nition of T̂k,τ ,

‖Θ̂k,τ −Θ0‖2F ,Π 6

(
1− c2.2.8

λ

n

)−1

(rn(T̂k,τΛ)− rn(T0Λ) + 4x)

=

(
1− c2.2.8

λ

n

)−1(
min

T∈Sk,τ
{rn(TΛ)− rn(T0Λ)}+ 4x

)
6

1 + c2.2.8λn
−1

1− c2.2.8λn−1
min

T∈Sk,τ
‖(T−T0)Λ‖2F ,Π +

8x

1− c2.2.8λn−1
.

So, for any α ∈]0, 1[, with probability larger than 1− α,

‖Θ̂k,τ −Θ0‖2F ,Π 6
1 + c2.2.8λn

−1

1− c2.2.8λn−1
min

T∈Sk,τ
‖(T−T0)Λ‖2F ,Π +

8λ−1 log(2α−1|Sk,τ |)
1− c2.2.8λn−1

.

Now, let us take

λ =
n

2

(
1

c2.2.8
∧ λ∗

)
∈ (0, nλ∗) and x =

1

λ
log

(
2

α
|Sk,τ |

)
.
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In particular, c2.2.8λn
−1 6 1/2, and then

1 + c2.2.8λn
−1

1− c2.2.8λn−1
6 3 and

8λ−1

1− c2.2.8λn−1
6 32

(
1

c2.2.8
∧ λ∗

)−1 1

n
.

Therefore, with probability larger than 1− α,

‖Θ̂k,τ −Θ0‖2F ,Π 6 3 min
T∈Sk,τ

‖(T−T0)Λ‖2F ,Π

+ 32

(
1

c2.2.8
∧ λ∗

)−1 1

n
log

(
2

α
|Sk,τ |

)
.

(2) Now, assume that |Sk,τ | = ∞. Since dim(Md,τ (R)) < ∞ and Sk,τ is a boun-
ded subset of Md,τ (R) (equipped with T 7→ supj,t |Tj,t|), Sk,τ is compact in
(Md,τ (R), ‖.‖F ). Then, for any ε > 0, there exists a �nite subset Sεk,τ of Sk,τ
such that

∀T ∈ Sk,τ ,∃Tε ∈ Sεk,τ : ‖T−Tε‖F 6 ε. (2.21)

On the one hand, for any T ∈ Sk,τ and Tε ∈ Sεk,τ satisfying (2.21), since 〈Xi, (T−
Tε)Λ〉F = 〈XiΛ

∗,T−Tε〉F for every i ∈ {1, . . . , n},

|rn(TΛ) − rn(TεΛ)|

6
1

n

n∑
i=1

|〈Xi, (T−Tε)Λ〉F (2Yi − 〈Xi, (T + Tε)Λ〉F )|

6
ε

n

n∑
i=1

‖XiΛ
∗‖F

(
2|Yi|+ sup

j,t

∣∣∣∣∣
τ∑
`=1

(T + Tε)j,`Λ`,t

∣∣∣∣∣
)

6 εmΛ

(
2

n

n∑
i=1

|Yi|+ 2m0

)
6 c1(ξ1, . . . , ξn)ε (2.22)

with

c1(ξ1, . . . , ξn) := 2mΛ

(
1

n

n∑
i=1

|ξi|+ mε + 2m0

)
,

and thanks to Equality (2.16),

|R(TΛ)−R(TεΛ)| = |R(TΛ)−R(T0Λ)− (R(TεΛ)−R(T0Λ))|
= |‖(T−T0)Λ‖2F ,Π − ‖(Tε −T0)Λ‖2F ,Π|
6 E(|〈Xi, (T−Tε)Λ〉F 〈Xi, (T + Tε − 2T0)Λ〉F |)
6 c2ε (2.23)

with c2 = 4m0mΛ. On the other hand, consider

T̂ε
k,τ = arg min

T∈Sεk,τ
‖T− T̂k,τ‖F . (2.24)

On the event Ωx,λ,Sεk,τ with x > 0 and λ ∈ (0, nλ∗), by the de�nitions of T̂ε
k,τ and

T̂k,τ , and thanks to Inequalities (2.22) and (2.23),

‖Θ̂k,τ − Θ0‖2F ,Π
6 ‖(T̂ε

k,τ −T0)Λ‖2F ,Π + c2ε

6

(
1− c2.2.8

λ

n

)−1

(rn(T̂ε
k,τΛ)− rn(T0Λ) + 4x) + c2ε
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6

(
1− c2.2.8

λ

n

)−1 [
rn(T̂k,τΛ)− rn(T0Λ)

+c1(ξ1, . . . , ξn)ε+ 4x
]

+ c2ε

=

(
1− c2.2.8

λ

n

)−1
[

min
T∈Sk,τ

{rn(TΛ)− rn(T0Λ)}

+c1(ξ1, . . . , ξn)ε+ 4x

]
+ c2ε

6
1 + c2.2.8λn

−1

1− c2.2.8λn−1
min

T∈Sk,τ
‖(T−T0)Λ‖2F ,Π +

8x

1− c2.2.8λn−1

+

[
c1(ξ1, . . . , ξn)

1− c2.2.8λn−1
+ c2

]
ε.

So, by taking

λ =
n

2

(
1

c2.2.8
∧ λ∗

)
and x =

1

λ
log

(
2

α
|Sεk,τ |

)
,

as in the proof of Theorem 2.2.11.(1), with probability larger than 1− α,

‖Θ̂k,τ −Θ0‖2F ,Π 6 3 min
T∈Sk,τ

‖(T−T0)Λ‖2F ,Π

+32

(
1

c2.2.8
∧ λ∗

)−1 1

n
log

(
2

α
|Sεk,τ |

)
+

[
4mΛ

(
1

n

n∑
i=1

|ξi|+ mε + 2m0

)
+ c2

]
ε. (2.25)

Thanks to Markov's inequality together with Lemma 2.2.9, for λ0 = 1/(2ncξ),

P

(
n∑
i=1

|ξi| >
n∑
i=1

E(|ξi|) + s

)
6 exp

[
nvξλ

2
0

2(1− ncξλ0)
− λ0s

]

= exp

(
vξ

4nc2ξ
− s

2ncξ

)
= α

with

s =
vξ
2cξ

+ 2ncξ log

(
1

α

)
.

Then, since E(|ξi|) 6 E(ξ2
i )1/2 6 v

1/2
ξ for every i ∈ {1, . . . , n},

P

[
1

n

n∑
i=1

|ξi| > v
1/2
ξ +

vξ
2ncξ

+ 2cξ log

(
1

α

)]
6 α. (2.26)

Finally, note that if P(U > V + c) 6 α and P(V > v) 6 α with c, v ∈ R+ and
(U, V ) a R2-valued random variable, then

P(U > v + c) = P(U > v + c, V > v) + P(U > v + c, V 6 v)

6 P(V > v) + P(U > V + c, V 6 v) 6 2α. (2.27)

Therefore, by (2.25) and (2.26), with probability larger than 1− 2α,

‖Θ̂k,τ − Θ0‖2F ,Π
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6 3 min
T∈Sk,τ

‖(T−T0)Λ‖2F ,Π

+32

(
1

c2.2.8
∧ λ∗

)−1 1

n
log

(
2

α
|Sεk,τ |

)
+

[
4mΛ

(
2cξ log

(
1

α

)
+ v

1/2
ξ +

vξ
2cξ

+ mε + 2m0

)
+ c2

]
ε.

2.2.5.3 Proof of Theorem 2.2.5

The proof is dissected in two steps :

Step 1. Consider

Md,τ,k(R) := {T ∈Md,τ (R) : rank(T) = k}.

For every T ∈ Md,τ,k(R) and ρ > 0, let us denote the closed ball (resp. the sphere) of
center T and of radius ρ ofMd,τ,k(R) by Bk(T, ρ) (resp. Sk(T, ρ)). For any ε > 0, thanks
to Candès and Plan [66], Lemma 3.1, there exists an ε-net Sεk(0, 1) covering Sk(0, 1) and
such that

|Sεk(0, 1)| 6
(

9

ε

)k(d+τ+1)

.

Then, for every ρ > 0, there exists an ε-net Sεk(0, ρ) covering Sk(0, ρ) and such that

|Sεk(0, ρ)| 6
(

9ρ

ε

)k(d+τ+1)

.

Moreover, for any ρ∗ > 0,

Bk(0, ρ
∗) =

⋃
ρ∈[0,ρ∗]

Sk(0, ρ).

So,

B
ε
k(0, ρ

∗) :=

[ρ∗/ε]+1⋃
j=0

S
ε
k(0, jε)

is an ε-net covering Bk(0, ρ
∗) and such that

|Bεk(0, ρ∗)| 6
[ρ∗/ε]+1∑
j=0

|Sεk(0, jε)| 6
([

ρ∗

ε

]
+ 2

)(
9ρ∗

ε

)k(d+τ+1)

.

If in addition ρ∗ > ε, then

|Bεk(0, ρ∗)| 6
3ρ∗

ε

(
9ρ∗

ε

)k(d+τ+1)

6

(
9ρ∗

ε

)2k(d+τ)

.

Step 2. For any T ∈ Sk,τ ,
sup
j,t
|Tj,t| 6

m0

mΛ(τ)
.

Then,

‖T‖F =

 d∑
j=1

τ∑
t=1

T2
j,t

1/2

6 ρ∗d,τ := m0
d1/2τ1/2

mΛ(τ)
.
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So, Sk,τ ⊂ Bk(0, ρ
∗
d,τ ), and by the �rst step of the proof, there exists an ε-net Sεk,τ

covering Sk,τ and such that

|Sεk,τ | 6
(

9ρ∗d,τ
ε

)2k(d+τ)

=

(
9m0

d1/2τ1/2

mΛ(τ)ε

)2k(d+τ)

.

By taking ε = 9m0d
1/2τ1/2mΛ(τ)−1n−2, thanks to Theorem 2.2.11.(2), with probability

larger than 1− α,

‖Θ̂k,τ −Θ0‖2F ,Π 6 3 min
T∈Sk,τ

‖(T−T0)Λ‖2F ,Π

+
c2.2.11,1

n

[
log

(
2

α

)
+ 2k(d+ τ) log

(
9m0

d1/2τ1/2

mΛ(τ)ε

)]

+

[
c2.2.11,2 + 8mΛcξ log

(
1

α

)]
ε

= 3 min
T∈Sk,τ

‖(T−T0)Λ‖2F ,Π

+
c2.2.11,1

n

[
log

(
2

α

)
+ 4k(d+ τ) log(n)

]
+9m0

d1/2τ1/2

mΛ(τ)n2

[
c2.2.11,2 + 8mΛcξ log

(
1

α

)]
.

Therefore, since n > max(d, τ) and mΛ(τ) > 1, with probability larger than 1− 2α,

‖Θ̂k,τ −Θ0‖2F ,Π 6 3 min
T∈Sk,τ

‖(T−T0)Λ‖2F ,Π

+(4c2.2.11,1 + 9m0c2.2.11,2)k(d+ τ)
log(n)

n

+
c2.2.11,1 + 72m0mΛcξ

n
log

(
2

α

)
.

Let us replace α by α/2 to end the proof.

2.2.5.4 Proof of Theorem 2.2.6

Put k = 2blog2(k)c, and note that k/2 6 k 6 k. Fix a > 0 and de�ne the set of
matrices

A =
{

A = (Ai,j)16i6d∨τ,16j6k : Ai,j ∈ {0, a}
}
.

By Varshamov-Gilbert bound, there is a �nite subset B ⊂ A with card(B) > 2
k(d∨τ)

8 + 1,
0 ∈ B, and each pair A 6= A′ in B di�er by at least k(d ∨ τ) coordinates. This implies

‖A−A′‖2F >
k(d ∨ τ)

8
a2 >

k(d ∨ τ)

16
a2.

For any A, de�ne by block A = (A|0) of dimension (d ∨ τ) × k (so the 0 has k − k
columns). We then de�ne Ã of dimension d× τ . The construction di�ers depending on
d and τ :

� If d > τ ,
Ã = (A| . . . |A|0).

� If d < τ ,
Ã = (A| . . . |A|0)∗.
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Note that this is clearly inspired by the construction in the proof of Theorem 5 in [17],
however, here, we have to take care that, for a small enough, each Ã ∈ A is also in
Md,k,τ . In order to do so, we introduce the vectors in Rk :

v[1] =

√
1

k
( 1 . . . 1︸ ︷︷ ︸

k

)∗,

v[2] =

√
1

k
( 1 . . . 1︸ ︷︷ ︸

k/2

| −1 . . . −1︸ ︷︷ ︸
k/2

)∗,

...

v[k] =

√
1

k
( 1 −1 . . . 1 −1︸ ︷︷ ︸

k

)∗.

Now, remark that for A ∈ A we have

A =
√
ak

 v[1]∗

...

v[k]∗


︸ ︷︷ ︸

B

(
n∑
i=1

v[i]1Ai,1 6=0

∣∣∣∣∣ . . .
∣∣∣∣∣
n∑
i=1

v[i]1Ai,k 6=0

)√
a

k︸ ︷︷ ︸
C

and under this decomposition, it is clear that the entries of B and C are in [0,
√
a].

Playing with blocks, this gives trivially to a decomposition Ã = UV where U is d× k,
V is k×τ and the entries of U and V are also in [0,

√
a]. In other words, Ã ∈Md,k,τ holds

as soon as a 6 m0/k. Now, let PA be the data-generating distribution when Θ0 = Ã for
A ∈ B, and KL be the Kullback-Leibler divergence. We have

KL(P0,PA) =
n

2
‖ÃΛ‖2F ,Π 6

n

2
a2.

Thus, we look for a such that the condition

n

2
a2 6 α log(card(B)− 1) =

αk(d ∨ τ)

8

is satis�ed for a given 0 < α < 1/8. Fix α = 1/16. As k 6 k/2, it's easy to check that

a =
1

8

√
k(d ∨ τ)

2n

satis�es the condition. Also, remember that Ã ∈ Md,k,τ if a 6 m0/k, which adds the
condition

k 6

(
256m2

0n

d ∨ τ

)1/3

.

Theorem 2.5 in [97] then tells us that the rate is given by the minimal distance, for
A 6= A′ in B :

‖ÃΛ− Ã′Λ‖2F ,Π =
1

dτ
‖Ã− Ã′‖2F =

1

dτ

⌊
d ∧ τ
k

⌋
‖Ã− Ã′‖2F

>
1

dτ

⌊
d ∧ τ
k

⌋
k(d ∨ τ)

16
a2

>
a2

32
=
k(d ∨ τ)

4096n
.
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2.2.5.5 Proof of Theorem 2.2.7

For any k ∈ K, let Sεk := Sεk,τ be the ε-net introduced in the proof of Theorem 2.2.5,

and recall that for ε = 9m0d
1/2τ1/2mΛ(τ)−1n−2,

|Sεk| 6

(
9m0

d1/2τ1/2

mΛ(τ)ε

)2k(d+τ)

= n4k(d+τ).

Then, for α ∈ (0, 1) and xk,ε := λ−1 log(2α−1|K| · |Sεk|) with λ = nc−1
pen ∈ (0, nλ∗),

4xk,ε − pen(k) =
4cpen

n
log

(
2

α
|K| · |Sεk|

)
− 16cpen

log(n)

n
k(d+ τ)

6
4cpen

n

[
4k(d+ τ) log(n) + log

(
2

α
|K|
)]

−16cpen
log(n)

n
k(d+ τ)

6
4cpen

n
log

(
2

α
|K|
)

=: mn. (2.28)

Now, consider the event Ωλ,ε := (Ω−λ,ε)
c ∩ (Ω+

λ,ε)
c with

Ω−λ,ε :=
⋃
k∈K

⋃
T∈Sεk

Ω−xk,ε,λ,Sεk
(T) and Ω+

λ,ε :=
⋃
k∈K

⋃
T∈Sεk

Ω+
xk,ε,λ,Sεk

(T).

So,

P(Ωc
λ,ε) 6

∑
k∈K

∑
T∈Sεk

[P(Ω−xk,ε,λ,Sεk
(T)) + P(Ω+

xk,ε,λ,Sεk
(T))]

6 2
∑
k∈K
|Sεk|e−λxk,ε = α (2.29)

and Ωx
k̂,ε
,λ,Sε

k̂
(T̂ε

k̂
) ⊂ Ωλ,ε, where T̂ε

k is a solution of the minimization problem (2.24) for

every k ∈ K.

On the event Ωλ,ε, by the de�nition of k̂, and thanks to Inequalities (2.22), (2.23) and
(2.24),

‖Θ̂−Θ0‖2F ,Π 6 ‖(T̂ε
k̂
−T0)Λ‖2F ,Π + c2ε

6

(
1− c2.2.8

λ

n

)−1

(rn(T̂ε
k̂
Λ)− rn(T0Λ) + 4x

k̂,ε
) + c2ε

6

(
1− c2.2.8

λ

n

)−1 (
rn(T̂

k̂
Λ)− rn(T0Λ)

+c1(ξ1, . . . , ξn)ε+ 4x
k̂,ε

)
+ c2ε

=

(
1− c2.2.8

λ

n

)−1
(

min
k∈K
{rn(T̂kΛ)− rn(T0Λ) + pen(k)}

+c1(ξ1, . . . , ξn)ε+ 4x
k̂,ε
− pen(k̂)

)
+ c2ε

6
1

1− c2.2.8λn−1
min
k∈K

{
(1 + c2.2.8λn

−1)‖(T̂k −T0)Λ‖2F ,Π
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+4xk,ε + pen(k)
}

+
mn + c1(ξ1, . . . , ξn)ε

1− c2.2.8λn−1
+ c2ε

6 2 min
k∈K
{3/2‖(T̂k −T0)Λ‖2F ,Π + 2pen(k)}

+4mn + (2c1(ξ1, . . . , ξn) + c2)ε (2.30)

with

c1(ξ1, . . . , ξn) := 2mΛ

(
1

n

n∑
i=1

|ξi|+ mε + 2m0

)
and c2 = 4m0mΛ.

Moreover, by following the proof of Theorem 2.2.11 and Theorem 2.2.5 on the same
event Ωλ,ε,

‖(T̂k −T0)Λ‖2F ,Π

6 3 min
T∈Sk

‖(T−T0)Λ‖2F ,Π + c2.2.5

[
k(d+ τ)

log(n)

n
+

1

n
log

(
2

α
|K|
)]

for every k ∈ K. Therefore, thanks to (2.26), (2.27) and (2.30), with probability larger
than 1− 2α,

‖Θ̂−Θ0‖2F ,Π

6 4 min
k∈K

{
3 min

T∈Sk
‖(T−T0)Λ‖2F ,Π + (c2.2.5 + 16cpen)k(d+ τ)

log(n)

n

}
+

4c2.2.5 + 16cpen

n
log

(
2

α
|K|
)

+ 9m0
d1/2τ1/2

mΛ(τ)n2

[
c2.2.11,2 + 8mΛcξ log

(
1

α

)]
.

To end the proof, let us replace α by α/2 and note that d1/2τ1/2/(mΛ(τ)n2) 6 1/n
because n > max(d, τ) and mΛ(τ) > 1.
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Chapitre 3

Nadaraya-Watson Estimator for i.i.d.

Paths of Di�usions Processes

Let us start the chapter by recalling the model and the de�nitions introduced in the
introduction. Consider the stochastic di�erential equation

Xt = x0 +

∫ t

0
b(Xs)ds+

∫ t

0
σ(Xs)dWs, (3.1)

where b, σ : R → R are two continuous functions and W = (Wt)t∈[0,T ] is a Brownian
motion. Let I : (x,w) 7→ I(x,w) be the Itô map for Equation (3.1) and, for N ∈ N∗
copies W 1, . . . ,WN of W , consider Xi = I(x0,W

i) for every i ∈ {1, . . . , N}.

As explained in the introduction, the estimation of the drift function b from continuous-
time and discrete-time observations of (X1, . . . , XN ) is a functional data analysis pro-
blem already investigated in the parametric framework (see Ditlevsen and De Gaetano
[114], Overgaard et al. [125], Picchini, De Gaetano and Ditlevsen [126], Picchini and
Ditlevsen [127], Comte, Genon-Catalot and Samson [105], Delattre and Lavielle [110],
Delattre, Genon-Catalot and Samson [109], Dion and Genon-Catalot [113], Delattre,
Genon-Catalot and Larédo [108], etc.) and more recently in the nonparametric frame-
work (see Comte and Genon-Catalot [102, 103], Della Maestra and Ho�mann [111] and
Denis et al. [112]). In [111], the authors also study a Nadaraya-Watson type estimator,
presented bellow, of the drift function in McKean-Vlasov models.

Under the appropriate conditions on b and σ recalled at Section 3.1, the distribution of
Xt has a density pt(x0, .) for every t ∈ (0, T ], and then one can de�ne

f(x) :=
1

T − t0

∫ T

t0

pt(x0, x)dt ; x ∈ R

for any t0 > 0. Clearly, f is a density function :∫ ∞
−∞

f(x)dx =
1

T − t0

∫ T

t0

∫ ∞
−∞

pt(x0, x)dxdt = 1.

Let K : R→ R be a kernel (i.e. an integrable function such that
∫
K = 1) and consider

Kh(x) := h−1K(h−1x) with h ∈ (0, 1]. In the spirit of Comte and Genon-Catalot [102,
103], our paper deals �rst with the continuous-time Nadaraya-Watson estimator

b̂N,h(x) :=
b̂fN,h(x)

f̂N,h(x)
(3.2)
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of the drift function b, where

f̂N,h(x) :=
1

N(T − t0)

N∑
i=1

∫ T

t0

Kh(Xi
t − x)dt (3.3)

is an estimator of f and

b̂fN,h(x) :=
1

N(T − t0)

N∑
i=1

∫ T

t0

Kh(Xi
t − x)dXi

t (3.4)

is an estimator of bf . From independent copies of X continuously observed on [0, T ],
b̂N,h is a natural extension of the Nadaraya-Watson estimator already well-studied in
the regression framework (see Comte [52], Chapter 4 or Györ� et al. [116], Chapter 5).
The paper also deals with a discrete-time approximate of the previous Nadaraya-Watson
estimator :

b̂n,N,h(x) :=
b̂fn,N,h(x)

f̂n,N,h(x)
, (3.5)

where

f̂n,N,h(x) :=
1

nN

N∑
i=1

n−1∑
j=0

Kh(Xi
tj − x) (3.6)

is an estimator of f ,

b̂fn,N,h(x) :=
1

N(T − t0)

N∑
i=1

n−1∑
j=0

Kh(Xi
tj − x)(Xi

tj+1
−Xi

tj ) (3.7)

is an estimator of bf , and (t0, t1, . . . , tn) is the dissection of [t0, T ] such that tj = t0 +
(T − t0)j/n for every j ∈ {1, . . . , n}. Finally, our paper deals with a risk bound on the
adaptive double bandwidths Nadaraya-Watson's estimator

b̂
N,ĥ,ĥ′

(x) :=
b̂f

N,ĥ
(x)

f̂
N,ĥ′

(x)
,

where ĥ (resp. ĥ′) is selected via a penalized comparison to over�tting (PCO) type cri-
terion for its numerator (resp. denominator). However, in the nonparametric regression
framework, it is established in Comte and Marie [106] that the leave-one-out cross-
validation (looCV) bandwidth selection method for Nadaraya-Watson's estimator is nu-
merically more satisfactory than two alternative procedures based on Goldenshluger-
Lepski's method and on the PCO method. For this reason, an extension of the looCV
method to b̂n,N,h is also provided, with numerical experiments, even if it seems di�cult
to establish a risk bound on the associated adaptive estimator.

Now, let us compare b̂N,h with the estimator of Della Maestra and Ho�mann [111]
restricted to our framework :

b̂N,h(x) :=

N∑
i=1

∫ T

0
Lh1(τ − t)Kh2(Xi

t − x)dXi
t

N∑
i=1

Kh3(Xi
τ − x)

,
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where L : R → R is another kernel, h1, h2, h3 ∈ (0, 1], h = (h1, h2, h3) and τ ∈ (0, T ).
In [111], the authors provide a nice risk bound on the adaptive estimator obtained by
selecting (h1, h2) (resp. h3) via a Goldenshluger-Lepski type procedure on the numerator
(resp. the denominator) of b̂N,h. As mentioned above, in Comte and Marie [106], it has
been established that in the nonparametric regression framework, this approach is nume-
rically less satisfactory than the looCV method. However, the looCV method provided
in our paper doesn't extend to b̂N,h because it cannot be written easily as a linear com-
bination. Note also that even if it is numerically less satisfactory than the looCV method
provided at Subsection 3.4.2, the PCO type method provided in our paper at Subsection
3.4.1 is easier to implement and numerically faster than a Goldenshluger-Lepski type me-
thod because, as in the nonparametric regression framework, the criterion to minimize
depends on one variable instead of two, and because there is no constant to calibrate. For
technical reasons explained at Section 3.5, the condition (Nh3)−1 6 1 is required on the
bandwidths collection to establish a risk bound on our PCO based adaptive estimator
of bf , when Della Maestra and Ho�mann only need the condition log(N)2(Nh)−1 6 1
to establish a risk bound on their Goldenshluger-Lepski based adaptive estimator of
bpτ (x0, .) in [111]. However, Remark 3.4.4 explains why the condition (Nh3)−1 6 1 on
the bandwidths collection is not that uncomfortable. Finally, under similar conditions on
b, σ and K, the rate of convergence of our continuous-time Nadaraya-Watson estimator
is of same order than the rate of convergence of the estimator of Della Maestra and
Ho�mann [111] in the nonadaptive case. There is no discrete-time approximate of b̂N,h
studied in [111].

Finally, even if they deal with a di�erent type of nonparametric estimators, let us say
few words on the recent papers of Comte and Genon-Catalot [102] and Denis et al. [112].
On the one hand, in [102], the authors extend to the di�usion processes framework, for
continuous-time observations, the least squares projection estimator already well stu-
died in the regression framework (see Cohen et al. [100], Comte and Genon-Catalot
[101], etc.). In particular, they provide a model selection procedure and establish a risk
bound on the associated adaptive estimator. As explained at Section 3.2, in the nona-
daptive case, the variance term of their estimator is comparable with the variance term
of b̂N,h, but as in the nonparametric regression framework, the rate of convergence of
the least squares projection estimator depends on the regularity space associated to the
projection basis. On the other hand, in [112], the authors focus on a projection least
squares estimator computed from discrete-time observations and on a B-spline space.
They provide a model selection procedure and prove both upper and lower bounds on
the associated adaptive estimator.

This chapter is organized as follow. Section 3.1 deals with the existence and the re-
gularity of the density pt(x0, .) of Xt for every t ∈ (0, T ], and with a Nikol'skii type
condition ful�lled by f . Section 3.2 deals with a risk bound on the continuous-time
Nadaraya-Watson estimator and Section 3.3 with a risk bound on its discrete-time ap-
proximate. Finally, Section 3.4 provides extensions of the PCO and looCV methods for
the Nadaraya-Watson estimator studied in this paper. Some numerical experiments on
the looCV based adaptive Nadaraya-Watson estimator are also provided. The proofs are
postponed to Appendix 3.6.

Notations and basic de�nitions :

� For every A,B ∈ R such that A < B, C0([A,B];R) is equipped with the uniform
norm ‖.‖∞,A,B, and C0(R) is equipped with the uniform (semi-)norm ‖.‖∞.
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� For every p ∈ N, Cpb(R) := ∩pj=0{ϕ ∈ Cp(R) : ϕ(j) is bounded}.

� For every p > 1, Lp(R, dx) is equipped with its usual norm ‖.‖p such that

‖ϕ‖p :=

(∫ ∞
−∞

ϕ(x)pdx

)1/p

; ∀ϕ ∈ Lp(R, dx).

� H2 is the space of the processes (Yt)t∈[0,T ], adapted to the �ltration generated by
W , such that ∫ T

0
E(Y 2

t )dt <∞.

� For a given kernel δ, the usual scalar product on L2(R, δ(x)dx) is denoted by
〈., .〉2,δ and the associated norm by ‖.‖2,δ.

3.1 Preliminaries : regularity of the density and

estimates

This section deals with the existence and the regularity of the density pt(x0, .) of
Xt for every t ∈ (0, T ], with the Kusuoka-Stroock bounds on (t, x) 7→ pt(x0, x) and its
derivatives, and then with a Nikol'skii type condition ful�lled by f .

In the sequel, in order to ensure the existence and the uniqueness of the (strong) solution
to Equation (3.1), b and σ ful�ll the following regularity assumption.

Assumption 3.1.1. � The functions b and σ are Lipschitz continuous.

Now, assume that the solution X to Equation (3.1) ful�lls the following assumption.

Assumption 3.1.2. � There exists β ∈ N∗ such that, for any t ∈ (0, T ], the distri-
bution of Xt has a β times continuously derivable density pt(x0, .). Moreover, for every
x ∈ R,

0 < pt(x0, x) 6
c3.1.2,1

t1/2
exp

[
−m3.1.2,1

(x− x0)2

t

]
and

|∂`xpt(x0, x)| 6 c3.1.2,2(`)

tq2(`)
exp

[
−m3.1.2,2(`)

(x− x0)2

t

]
; ∀` ∈ {1, . . . , β},

where all the constants are positive, depend on T , but not on t and x.

At Section 3.3, the following assumption on X is also required.

Assumption 3.1.3. � For any x ∈ R, the function t ∈ (0, T ] 7→ pt(x0, x) is conti-
nuously derivable. Moreover,

|∂tpt(x0, x)| 6 c3.1.3,3
tq3

exp

[
−m3.1.3,3

(x− x0)2

t

]
; ∀t ∈ (0, T ],

where c3.1.3,3, m3.1.3,3 and q3 are three positive constants depending on T but not on t
and x.

Let us provide some examples of di�usion processes categories satisfying Assumptions
3.1.2 and/or 3.1.3.

Examples :
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(1) Assume that the functions b and σ belong to C∞b (R), and that there exists α > 0
such that

|σ(x)| > α ; ∀x ∈ R. (3.8)

Then, by Kusuoka and Stroock [121], Corollary 3.25, X ful�lls Assumptions 3.1.2
and 3.1.3.

(2) Assume that b is Lipschitz continuous (but not bounded) and that σ ∈ C1
b(R).

Assume also that σ satis�es the non-degeneracy condition (3.8) and that σ′ is Höl-
der continuous. Then, by Menozzi et al. [124], Theorem 1.2, X ful�lls Assumption
3.1.2 with β = 1 (but not necessarily Assumption 3.1.3). Note that the conditions
required to apply Menozzi et al. [124], Theorem 1.2 are ful�lled by the so-called
Ornstein-Uhlenbeck process, that is the solution to the Langevin equation :

Xt = x0 − θ
∫ t

0
Xsds+ σWt ; t ∈ R+, (3.9)

where θ, σ > 0 and x0 ∈ R+. In this special case, since it is well-known that the
solution to Equation (3.9) is a Gaussian process such that

E(Xt) = x0e
−θt and var(Xt) =

σ2

2θ
(1− e−2θt) ; ∀t ∈ [0, T ],

one can show that X also ful�lls Assumption 3.1.3.

Remark 3.1.4. � Under Assumptions 3.1.1 and 3.1.2, for any p > 1 and any conti-
nuous function ϕ : R→ R having polynomial growth, t ∈ [0, T ] 7→ E(|ϕ(Xt)|p) is bounded.
Indeed, for any t ∈ [0, T ],

E(|ϕ(Xt)|p) 6 c1(1 + E(|Xt|pq)) = c1

∫ ∞
−∞

(1 + |x|pq)pt(x0, x)dx

6 c1c3.1.2,1

∫ ∞
−∞

(1 + |t1/2x+ x0|pq)e−m3.1.2,1x2dx 6 c2(1 ∨ T pq/2)

where

c2 = c1c3.1.2,1

∫ ∞
−∞

[1 + (|x|+ |x0|)pq]e−m3.1.2,1x2dx

and the constants c1, q > 0 only depend on ϕ. Moreover,

‖ϕ‖p,f :=

∫ ∞
−∞
|ϕ(x)|pf(x)dx

=
1

T − t0

∫ T

t0

E(|ϕ(Xt)|p)dt 6 c2(1 ∨ T pq/2).

Then, ϕ ∈ Lp(R, f(x)dx) and ‖ϕ‖p,f is bounded by a constant which doesn't depend on
t0. In particular, the remark applies to b and σ with q = 1 by Assumption 3.1.1.

Finally, let us show that f ful�lls a Nikol'skii type condition.

Corollary 3.1.5. � Under Assumption 3.1.1, f(x) > 0 for every x ∈ R. Moreover,
under Assumptions 3.1.1 and 3.1.2, there exists c3.1.5 > 0, depending on T but not on
t0, such that for every ` ∈ {0, . . . , β − 1} and θ ∈ R,∫ ∞

−∞
[f (`)(x+ θ)− f (`)(x)]2dx 6

c3.1.5

t
2q2(`+1)
0

(θ2 + |θ|3).

68



Remark 3.1.6. � Assumption 3.1.2, Assumption 3.1.3 and Corollary 3.1.5 are cru-
cial in the sequel, but t0 has to be chosen carefully to get reasonable risk bounds on
the estimators b̂N,h and b̂n,N,h. Indeed, the behavior of the Kusuoka-Stroock bounds on
(t, x) 7→ pt(x0, x) and its derivatives is singular at point (0, x0). This is due to the fact
that the distribution of X at time 0 is a Dirac measure while that it has a smooth den-
sity with respect to Lebesgue's measure for every t ∈ (0, T ]. Moreover, since X is not
a stationary process in general, the Kusuoka-Stroock bounds on (t, x) 7→ pt(x0, x) and
its derivatives explode when T → ∞. The same di�culty appears with the estimators
studied in Comte and Genon-Catalot [102] and in Della Maestra and Ho�mann [111].
So, it is recommended to take T as small as possible in practice. In the sequel, only the
dependence in t0 is tracked in the risk bounds derived from Assumption 3.1.2, Assump-
tion 3.1.3 and Corollary 3.1.5 because it is speci�c to our approach. Finally, these risk
bounds only depend on t0 through a multiplicative constant of order 1/min{tα0 , T − t0}
(α > 0). So, to take t0 ∈ [1, T − 1] when T > 1 gives constants not depending on t0.

3.2 Risk bound on the continuous-time Nadaraya-

Watson estimator

This section deals with risk bounds on f̂N,h, b̂fN,h, and then on the Nadaraya-Watson

estimator b̂N,h.

In the sequel, the kernel K ful�lls the following usual assumptions.

Assumption 3.2.1. � The kernelK is symmetric, continuous and belongs to L2(R, dx).

Assumption 3.2.2. � There exists υ ∈ N∗ such that∫ ∞
−∞
|zυ+1K(z)|dz <∞ and

∫ ∞
−∞

z`K(z)dz = 0 ; ∀` ∈ {1, . . . , υ}.

About the construction of kernels ful�lling both Assumptions 3.2.1 and 3.2.2, the reader
can refer to Comte [52], Proposition 2.10. The following proposition provides a risk
bound on f̂N,h (see (3.3)).

Proposition 3.2.3. � Under Assumptions 3.1.1, 3.1.2, 3.2.1 and 3.2.2 with υ = β,

E(‖f̂N,h − f‖22) 6 c3.2.3(t0)h2β +
‖K‖22
Nh

with

c3.2.3(t0) =
c3.1.5

|(β − 2)!|2t2q2(β)
0

(∫ ∞
−∞
|z|β(1 + |z|1/2)|K(z)|dz

)2

.

Note that thanks to Proposition 3.2.3, the bias-variance tradeo� is reached by (the risk
bound on) f̂N,h when h is of order N−1/(2β+1), leading to a rate of order N−2β/(2β+1).
Moreover, by Remark 3.1.6, to take t0 > 1 when T > 1 gives

E(‖f̂N,h−f‖22) 6 c3.2.3h
2β+
‖K‖22
Nh

with c3.2.3 =
c3.1.5

|(β − 2)!|2

(∫ ∞
−∞
|z|β(1 + |z|1/2)|K(z)|dz

)2

.

Note also that in the risk bound on f̂N,h of Proposition 3.2.3, only the control of the
bias term depends on T , trough the constant c3.1.5, depending itself on the constants

69



c3.1.2,2(`), ` ∈ {1, . . . , β}, involved in the Kusuoka-Strook bounds (see Assumption 3.1.2).
Indeed, except in the special case of the Ornstein-Uhlenbeck process which is stationary,
for all the examples of di�usion processes ful�lling Assumption 3.1.2 (see Kusuoka and
Stroock [121] and Menozzi et al. [124]), the constants c3.1.2,2(`), ` ∈ {1, . . . , β}, depend
on T . The variance term doesn't depend on time at all.

In the sequel, L2(R, f(x)dx) is equipped with the f -weighted norm ‖.‖2,f de�ned at
the end of the introduction section. Let us recall that by Remark 3.1.4, for every
ϕ ∈ L2(R, f(x)dx), ‖ϕ‖2,f is bounded by a constant which doesn't depend on t0.

The following proposition provides a risk bound on b̂fN,h (see (3.4)).

Proposition 3.2.4. � Under Assumptions 3.1.1 and 3.2.1,

E(‖b̂fN,h − bf‖22) 6 ‖(bf)h − bf‖22 +
c3.2.4(t0)

Nh

with (bf)h := Kh ∗ (bf) and

c3.2.4(t0) = 2‖K‖22
(
‖b‖22,f +

1

T − t0
‖σ‖22,f

)
.

Assume that bf is γ ∈ N∗ times continuously derivable and that there exists ϕ ∈
L1(R, |z|γ−1K(z)dz) such that, for every θ ∈ R and h ∈ (0, 1],∫ ∞

−∞
[(bf)(γ−1)(x+ hθ)− (bf)(γ−1)(x)]2dx 6 ϕ(θ)h2. (3.10)

If in addition K ful�lls Assumption 3.2.2 with υ = γ, then ‖(bf)h− bf‖22 is of order h2γ ,

and by Proposition 3.2.4, the bias-variance tradeo� is reached by b̂fN,h when h is of

order N−1/(2γ+1), leading to the rate N−2γ/(2γ+1). Moreover, by Remark 3.1.6, to take
t0 6 T − 1 when T > 1 gives

E(‖b̂fN,h − bf‖22) 6 ‖(bf)h − bf‖22 +
c3.2.4
Nh

with c3.2.4 = 2‖K‖22(‖b‖22,f + ‖σ‖22,f ).

Note also that the variance term in this risk bound doesn't depend on T .

Finally, Propositions 3.2.3 and 3.2.4 allow to provide a risk bound on a truncated version
of the Nadaraya-Watson estimator b̂N,h (see (3.2)).

Proposition 3.2.5. � Consider the 2 bandwidths (truncated) Nadaraya-Watson (2bNW)
estimator

b̂N,h,h′(x) :=
b̂fN,h(x)

f̂N,h′(x)
1
f̂N,h′ (x)>m/2

with h, h′ > 0,

and assume that f(x) > m > 0 for every x ∈ [A,B] (m ∈ (0, 1] and A,B ∈ R such that
A < B). Under Assumptions 3.1.1, 3.1.2, 3.2.1 and 3.2.2 with υ = β,

E(‖b̂N,h,h′−b‖2f,A,B) 6
c3.2.5
m2

[
‖(bf)h − bf‖22 +

c3.2.4(t0)

Nh
+ 2‖b‖22,f

(
c3.2.3(t0)(h′)2β +

‖K‖22
Nh′

)]
with c3.2.5 := 8(‖f‖∞∨‖b2f‖∞) and ‖ϕ‖f,A,B := ‖ϕ1[A,B]‖2,f for every ϕ ∈ L2(R, f(x)dx).
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Proposition 3.2.5 says that the risk of b̂N,h,h′ can be controlled by the sum of those of

b̂fN,h and f̂N,h′ up to a multiplicative constant. Now, if K ful�lls Assumption 3.2.2 with

υ = β ∨ γ, and if bf satis�es Condition (3.10), then the risk bound on b̂N,h,h′ is of order
h2γ +(h′)2β +1/(Nh)+1/(Nh′), and the bias-variance tradeo� is reached when h (resp.
h′) is of order N−1/(2γ+1) (resp. N−1/(2β+1)), leading to the rate

N
−2
[(

γ
2γ+1

)
∧
(

β
2β+1

)]
= N

− 2(β∧γ)
2(β∧γ)+1 ,

which is of same order than the rate of the nonadaptive version of the estimator of Della
Maestra and Ho�mann [111] (see their Theorem 15). Note also that to consider the
2bNW estimator is crucial to extend the PCO method to our framework in the spirit
of Comte and Marie [106] (see Subsection 3.4.1). However, by taking h = h′ of order
N−1/(2(β∧γ)+1), the bias-variance tradeo� is reached by the 1 bandwidth (truncated)
Nadaraya-Watson estimator with the same rate. Finally, if h = h′ and σ is bounded,
then the variance term in the risk bound of Proposition 3.2.5 is comparable to the
variance term in the risk bound obtained by Comte and Genon-Catalot in [102] for their
least squares projection estimator (see [102], Propositions 2.1 and 2.2). Indeed, for a d-
dimensional projection space, the variance term in the risk bound of Comte and Genon-
Catalot [102], Proposition 2.1 is of order d/N which is comparable to 1/(Nh). The rate
of convergence of their least squares projection estimator depends on the regularity space
associated to the projection basis but, as in the nonparametric regression framework,
not on the regularity of f .
The limitation of our Proposition 3.2.5 is that m is unknown in general and must be
replaced by an estimator as well. Most of the time, as stated in Comte [52], Chapter 4,
the minimum of an estimator of f is taken to choose m in practice :

m̂N,h′ = min{f̂N,h′(x) ; x ∈ [A,B]}

for instance. A more naive way to solve this di�culty in practice is to take

m = mN = cN
− ε

2
· 2(β∧γ)
2(β∧γ)+1 −−−−→

N→∞
0,

where c > 0 is a �xed constant and ε ∈ (0, 1) is chosen as close as possible to 0. Under
Assumption 3.1.2, by Corollary 3.1.5,

∃N0 ∈ N : ∀N > N0, ∀x ∈ [A,B], f(x) > mN .

So, by Proposition 3.2.5, when h (resp. h′) is of order N−1/(2γ+1) (resp. N−1/(2β+1)),
b̂N,h,h′ converges with the slightly degraded rate

N
−(1−ε) 2(β∧γ)

2(β∧γ)+1 .

This last comment remains true for Proposition 3.3.5 and Corollary 3.4.3.

3.3 Risk bound on the discrete-time approximate

Nadaraya-Watson estimator

This section deals with risk bounds on f̂n,N,h, b̂fn,N,h, and then on the approximate

Nadaraya-Watson estimator b̂n,N,h.

In the sequel, in addition to Assumptions 3.2.1 and 3.2.2, K ful�lls the following one.

71



Assumption 3.3.1. � The kernel K is two times continuously derivable on R and
K ′,K ′′ ∈ L2(R, dx).

Compactly supported kernels belonging to C2(R) or Gaussian kernels ful�ll Assumption
3.3.1. The following proposition provides a risk bound on f̂n,N,h (see (3.6)).

Proposition 3.3.2. � Under Assumptions 3.1.1, 3.1.2, 3.1.3, 3.2.1, 3.2.2 with υ = β,
and 3.3.1, if

1

nh2
6 1,

then there exists a constant c3.3.2 > 0, not depending on h, N , n and t0, such that

E(‖f̂n,N,h − f‖22) 6
c3.3.2

min{t2q2(β)
0 , t2q30 }

(
h2β +

1

Nh
+

1

n2

)
+

1

Nnh3
.

Assume that β = 1 (extreme case) and h is of order N−1/3. As mentioned at Section
3.2, under this condition, the bias-variance tradeo� is reached by the continuous-time
estimator of f . Then, the approximation error of f̂n,N,h is of order 1/n, which is the order
of the variance of the Brownian motion increments along the dissection (t0, t1, . . . , tn)
of [t0, T ]. For this reason, the risk bound established in Proposition 3.3.2 is satisfactory.
Moreover, by Remark 3.1.6, to take t0 > 1 when T > 1 gives

E(‖f̂n,N,h − f‖22) 6 c3.3.2

(
h2β +

1

Nh
+

1

n2

)
+

1

Nnh3
.

The following proposition provides a risk bound on b̂fn,N,h (see (3.7)).

Proposition 3.3.3. � Consider ε ∈ (0, 1). Under Assumptions 3.1.1, 3.1.2, 3.1.3,
3.2.1 and 3.3.1, if

1

nh2−ε 6 1,

the kernel K belongs to L4(R, dx) and z 7→ zK ′(z) belongs to L2(R, dx), then there exist
a constant c3.3.3 > 0, not depending on ε, h, N , n and t0, and a constant c3.3.3(ε) > 0,
depending on ε but not on h, N , n and t0, such that

E(‖b̂fn,N,h − bf‖22) 6
c3.3.3

min{t1/20 , t2q30 , T − t0}

(
‖(bf)h − bf‖22 +

1

Nh
+

1

n

)
+

c3.3.3(ε)

min{1, t(1−ε)/20 }
· 1

Nnh3+ε
.

Remark 3.3.4. � Note that if b and σ are bounded, Proposition 3.3.3 can be impro-
ved. Precisely, with ε = 0 and without the additional conditions K ∈ L4(R, dx) and

z 7→ zK ′(z) belongs to L2(R, dx), the risk bound on b̂fn,N,h is of same order than in
Proposition 3.3.2 (see Remark 3.6.3 for details).

Assume that bf ful�lls Condition (3.10) with γ = 1 (extreme case), and that h is of order

N−1/3. Then, for ε > 0 as close as possible to 0, the approximation error of b̂fn,N,h is

of order N ε/3/n. If in addition b and σ are bounded, thanks to Remark 3.3.4, with
ε = 0 and without the additional conditions K ∈ L4(R, dx) and z 7→ zK ′(z) belongs to

L2(R, dx), then the approximation error of b̂fn,N,h is of order 1/n as the error of f̂n,N,h.
Moreover, by Remark 3.1.6, to take t0 ∈ [1, T − 1] when T > 1 gives

E(‖b̂fn,N,h − bf‖22) 6 c3.3.3

(
‖(bf)h − bf‖22 +

1

Nh
+

1

n

)
+

c3.3.3(ε)

Nnh3+ε
.

Finally, Propositions 3.3.2 and 3.3.3 allow to provide a risk bound on a truncated version
the approximate Nadaraya-Watson estimator b̂n,N,h (see (3.5)).
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Proposition 3.3.5. � Consider ε > 0, m ∈ (0, 1], and assume that f(x) > m > 0 for
every x ∈ [A,B] (A,B ∈ R such that A < B). Under the assumptions of Proposition
3.3.3 and, in addition, Assumptions 3.1.3 and 3.3.1, there exist a constant c3.3.5 > 0,
not depending on ε, A, B, h, N , n and t0, and a constant c3.3.5(ε) > 0, depending on ε
but not on A, B, h, N , n and t0, such that

E(‖b̃n,N,h − b‖2f,A,B) 6
c3.2.5

m2 min{1, t(1−ε)/20 , t
1/2
0 , t

2q2(β)
0 , t2q30 , T − t0}

×
[
c3.3.5

(
‖(bf)h − bf‖22 + h2β +

1

Nh
+

1

n

)
+

c3.3.5(ε)

Nnh3+ε

]
with b̃n,N,h(.) := b̂n,N,h(.)1

f̂n,N,h(.)>m/2
.

The proof of Proposition 3.3.5 given Propositions 3.3.2 and 3.3.3 is almost the same
than the proof of Proposition 3.2.5 given Propositions 3.2.3 and 3.2.4. Of course one can
establish a risk bound on the discrete-time approximate 2bNW estimator, but to focus
on the 1 bandwidth estimator is clearer and su�cient to introduce the looCV selection
method based on discrete-time observations of X1, . . . , XN at Subsection 3.4.2. Now,
assume that bf satis�es Condition (3.10) with γ = β, and that K ful�lls Assumption
3.2.2 with υ = β. Then, ‖(bf)h− bf‖22 is of order h2β . For the sake of simplicity, assume
also that b is bounded, and then let's take ε = 0 in Proposition 3.3.5. First, note that
the minimization problem

min
h∈(0,∞)

{
h2β +

1

Nh
+

1

n
+

1

Nnh3

}
has unfortunately no explicit solutions. However, let us provide an upper-bound on the
rate of our discrete-time estimator. Since (nh2)−1 6 1, Proposition 3.3.5 says that the
risk of b̃n,N,h is at most of order h2β + 1/(Nh) + 1/n. So, the optimal bandwidth for this
bound is of order N−1/(2β+1), leading to the rate

N
− 2β

2β+1 +
1

n
.

Moreover, by taking a bandwidth of order N−1/(2β+1) such that (nh2)−1 6 1, N is at
most of order n(2β+1)/2. So, clearly, the more f and bf are regular, the more N can be
chosen freely with respect to n, and if N is of order n(2β+1)/2, then the risk of b̃n,N,h is
at most of order 1/n. Finally, note that if β = 1, for a bandwidth of order N−1/3 such
that (nh2)−1 6 1, then

1/n 6 h2 ∝ N−2/3,

and the rate of b̃n,N,h is of order N−2/3 (the optimal rate).

3.4 Bandwidth selection and numerical experiments

This section deals with extensions of the PCO (see Lacour et al. [123]) and looCV
methods to the Nadaraya-Watson estimator studied in this paper (see Subsections 3.4.2
and 3.4.1). Subsection 3.4.3 deals with some numerical experiments on the looCV based
adaptive Nadaraya-Watson estimator which is, as explained in Comte and Marie [106] in
the nonparametric regression framework, numerically more satisfactory than the PCO
based one. However, and this is its main advantage, the PCO based adaptive Nadaraya-
Watson estimator o�ers theoretical guarantees : an oracle inequality is established in
Subsection 3.4.1. Note also that the PCO method is easier to implement and numerically
faster than the Goldenshluger-Lepski method which has been extended by Della Maestra
and Ho�mann in [111] for their estimator of the drift function in McKean-Vlasov models.

73



3.4.1 An extension of the Penalized Comparison to Over-
�tting method

Let HN (resp. H′N ) be a �nite subset of [h0, 1] (resp. [h′0, 1]), where h0 > 0 and
(Nh3

0)−1 6 1 (resp. h′0 > 0 and (Nh′0)−1 6 1). Consider an additional kernel δ,

ĥ ∈ arg min
h∈HN

{‖b̂fN,h − b̂fN,h0‖
2
2,δ + pen(h)} (3.11)

with

pen(h) :=
2

(T − t0)2N2

N∑
i=1

〈∫ T

t0

Kh(Xi
s − ·)dXi

s,

∫ T

t0

Kh0(Xi
s − ·)dXi

s

〉
2,δ

; ∀h ∈ HN ,

(3.12)
and

ĥ′ ∈ arg min
h∈H′N

{‖f̂N,h − f̂N,h′0‖
2
2 + pen′(h)} (3.13)

with

pen′(h) :=
2

(T − t0)2N2

N∑
i=1

〈∫ T

t0

Kh(Xi
s − ·)ds,

∫ T

t0

Kh′0
(Xi

s − ·)ds
〉

2

; ∀h ∈ H′N .

This subsection deals with risk bounds on the adaptive estimators b̂f
N,ĥ

(.) (see (3.3)),

f̂
N,ĥ′

(.) (see (3.4)) and

b̂
N,ĥ,ĥ′

(x) =
b̂f

N,ĥ
(x)

f̂
N,ĥ′

(x)
1
f̂
N,ĥ′ (x)>m/2

; x ∈ [A,B]

with the notations of Proposition 3.2.5. In the sequel, K, δ and σ ful�ll the following
technical assumption.

Assumption 3.4.1. � The kernels K and δ are continuously derivable on R, the de-
rivative of K belongs to L2(R, dx), δ is positive and its derivative is bounded, and σ is
bounded.

Moreover, recall that under Assumptions 3.1.1 and 3.1.2, b2 and σ2 belong to L1(R, f(x)dx)
(see Remark 3.1.4).

Theorem 3.4.2. � Under Assumptions 3.1.1, 3.1.2, 3.2.1 and 3.4.1,

(1) There exist two deterministic constants c3.4.2,1, c3.4.2,2 > 0, not depending on N ,
such that for every ϑ ∈ (0, 1) and λ > 0, with probability larger than 1−c3.4.2,1|HN |e−λ,

‖b̂f
N,ĥ
−bf‖22,δ 6 (1+ϑ) min

h∈HN
‖b̂fN,h−bf‖22,δ+

c3.4.2,2
ϑ

[
‖(bf)h0 − bf‖22,δ +

(1 + λ)3

N

]
.

(2) There exist two deterministic constants c3.4.2,1, c3.4.2,2 > 0, not depending on N ,
such that for every ϑ ∈ (0, 1) and λ > 0, with probability larger than 1−c3.4.2,1|HN |e−λ,

‖f̂
N,ĥ′
− f‖22 6 (1 + ϑ) min

h′∈HN
‖f̂N,h′ − f‖22 +

c3.4.2,2
ϑ

[
‖fh′0 − f‖

2
2 +

(1 + λ)3

N

]
.
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Corollary 3.4.3. � Under Assumptions 3.1.1, 3.1.2, 3.2.1 and 3.4.1, if f(x), δ(x) >
m > 0 for every x ∈ [A,B] (m ∈ (0, 1] and A,B ∈ R such that A < B), then there exists
a deterministic constant c3.4.3 > 0, not depending on N , A and B, such that for every
ϑ ∈ (0, 1),

E(‖b̂
N,ĥ,ĥ′

− b‖2f,A,B) 6
2c3.2.5(1 ∨ ‖δ‖∞)

m3

[
(1 + ϑ) min

(h,h′)∈HN×H′N
{E(‖b̂fN,h − bf‖22) + E(‖f̂N,h′ − f‖22)}

+
c3.4.3
ϑ

(
‖(bf)h0 − bf‖22 + ‖fh′0 − f‖

2
2 +

1

N

)]
.

Corollary 3.4.3 says that the risk of the adaptive estimator b̂
N,ĥ,ĥ′

is controlled by the
sum of the minimal risks of

b̂fN,h and f̂N,h′ ; (h, h′) ∈ HN ,

up to a multiplicative constant and a negligible additive term.

Remark 3.4.4. � The condition (Nh3
0)−1 6 1 on the bandwidths collection HN is

quite uncomfortable but not that much because if bf satis�es Condition (3.10) with γ =
β > 2, then the (unknown) bandwidth h∗ of order N−1/(2β+1) such that our estimator
of bf reaches the bias-variance tradeo� (see Section 3.2) possibly belongs to HN . Indeed,
there exists an unknown constant c∗ > 0 such that h∗ = c∗N−1/(2β+1), and then

1

N(h∗)3
= (c∗)−3N

2
2β+1

(1−β) 6 1

for N large enough. Moreover, the proof of Proposition 3.4.2 remains true by replacing the
condition (Nh3

0)−1 6 1 by (Nh3
0)−1 6 m with m > 0. So, even for β = 1, (N(h∗)3)−1 6

(c∗)−3 and then h∗ possibly belongs to HN when m is large enough.

Remark 3.4.5. � A nice choice for δ is the standard normal density :

δ(x) :=
e−x

2/2

√
2π

; ∀x ∈ R.

First, δ obviously ful�lls Assumption 3.4.1. Moreover, ‖δ‖∞ 6 1. Finally, by assuming
that f(x) > m1 for every x ∈ [A,B] (m1 ∈ (0, 1] and A,B ∈ R such that A < B), since δ
is continuous and positive on R (supp(δ) = R), necessarily there exists m2 > 0 such that
δ(x) > m2 for every x ∈ [A,B]. So, f(x), δ(x) > m = m1∧m2 > 0 for every x ∈ [A,B].
Therefore, under Assumptions 3.1.1, 3.1.2, 3.2.1 and 3.4.1, by Corollary 3.4.3,

E(‖b̂
N,ĥ,ĥ′

− b‖2f,A,B) 6
2c3.2.5
m3

[
(1 + ϑ) min

(h,h′)∈HN×H′N
{E(‖b̂fN,h − bf‖22) + E(‖f̂N,h′ − f‖22)}

+
c3.4.3
ϑ

(
‖(bf)h0 − bf‖22 + ‖fh′0 − f‖

2
2 +

1

N

)]
for every ϑ ∈ (0, 1).

3.4.2 An extension of the leave-one-out cross-validation me-
thod

First of all, note that the estimator b̂n,N,h (see (3.5)) can be written the following
way :

b̂n,N,h(x) =

N∑
i=1

n−1∑
j=0

ωij(x)(Xi
tj+1
−Xtij

)
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with

ωij(x) :=
Kh(Xi

tj − x)

N∑
k=1

n−1∑
`=0

Kh(Xk
t`
− x)(t`+1 − t`)

; ∀(j, i) ∈ {0, . . . , n− 1} × {1, . . . , N},

satisfying
N∑
i=1

n−1∑
j=0

ωij(x)(tj+1 − tj) = 1.

This nice (weighted) representation of b̂n,N,h(x) allows us to consider the following ex-
tension of the well-known looCV criterion in our framework :

CV(h) :=
N∑
i=1

n−1∑
j=0

b̂−in,N,h(Xi
tj )

2(tj+1 − tj)− 2
n−1∑
j=0

b̂−in,N,h(Xi
tj )(X

i
tj+1
−Xi

tj )


with

b̂−in,N,h(x) :=
∑

k∈{1,...,N}\{i}

n−1∑
j=0

ωkj (x)(Xk
tj+1
−Xk

tj ) ; ∀i ∈ {1, . . . , N}.

Let us explain heuristically this extension of the looCV criterion. By assuming that
dXt = Ytdt, Equation (3.1) leads to the regression model

Ytj = b(Xtj ) + εtj with

∫ tj

0
εsds =

∫ tj

0
σ(Xs)dWs.

Then, a natural extension of the looCV criterion is

CV∗(h) :=

N∑
i=1

n−1∑
j=0

(Y i
tj − b̂

−i
n,N,h(Xi

tj ))
2(tj+1 − tj)

≈ CV(h) +
N∑
i=1

n−1∑
j=0

(Y i
tj )

2(tj+1 − tj)

because Ytj (tj+1 − tj) ≈ Xtj+1 − Xtj thanks to the assumption dXt = Ytdt. Of course
CV∗(h) is not satisfactory because the last term of its previous decomposition doesn't
exist, but since this term doesn't depend on h, to minimize CV∗(.) is almost equivalent to
minimize CV(.) which only involves quantities existing without the condition dXt = Ytdt.

3.4.3 Numerical experiments

Some numerical experiments on our estimation method are presented in this sub-
section. The discrete-time approximate Nadaraya-Watson (NW) (see (3.5)) estimator is
computed on 4 datasets generated by SDEs with various types of vector �elds. In each
case, the bandwidth of the NW estimator is selected via the looCV method introduced
at Subsection 3.4.2. On the one hand, two models with the same linear drift function
are considered, but with an additive noise for the �rst one and a multiplicative noise for
the second one :

1. The so-called Langevin equation, that is

Xt = x0 −
∫ t

0
Xsds+ 0.1 ·Wt.
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2. The hyperbolic di�usion process, that is

Xt = x0 −
∫ t

0
Xsds+ 0.1

∫ t

0

√
1 +X2

sdWs.

On the other hand, two models having the same non-linear drift function involving sin(.)
are considered, but here again with an additive noise for the �rst one and a multiplicative
noise for the second one :

3. The third model is de�ned by

Xt = x0 −
∫ t

0
(Xs + sin(4Xs))ds+ 0.1 ·Wt.

4. The fourth model is de�ned by

Xt = x0 −
∫ t

0
(Xs + sin(4Xs))ds+ 0.1

∫ t

0
(2 + cos(Xs))dWs.

The models and the estimator are implemented by taking N = 200, n = 50, T = 5,
x0 = 2, t0 = 1 and K the Gaussian kernel z 7→ (2π)−1/2e−z

2/2. For Models 1 and 2, the
estimator of the drift function is computed for the bandwidths set

H1 := {0.02k ; k = 1, . . . , 10},

and for Models 3 and 4, it is computed for the bandwidths set

H2 := {0.01k ; k = 1, . . . , 10}.

Each set of bandwidths has been chosen after testing di�erent values of h, to see with
which ones the estimation performs better. To choose smaller values in the second set of
bandwidths allows to check that the looCV method does not systematically select the
smallest bandwidth for Models 3 and 4.

For each of the previous models, on Figures 3.1, 3.2, 3.3 and 3.4 respectively, the true
drift function (in red) and the looCV adaptive NW estimator (in blue) are plotted on the
left-hand side, and the beam of proposals is plotted in green on the right-hand side. On
Figures 3.1 and 3.2, one can see that the drift function is well estimated by the looCV
adaptive NW estimator, with a MSE equal to 2.95 · 10−4 for the Langevin equation and
to 8.31 · 10−4 for the hyperbolic di�usion process. As presumed, the multiplicative noise
in Model 2 slightly degrades the MSE. Note that when the bandwidth is too small, the
estimation degrades, but the looCV method selects a higher value of h which performs
better on the estimation. This means that, as expected, the looCV method selects a
reasonable approximation of the bandwidth for which the NW estimator reaches the
bias-variance tradeo�. On Figures 3.3 and 3.4, one can see that the drift function of
Models 3 and 4 is still well estimated by our looCV adaptive NW estimator. However,
note that there is a signi�cant degradation of the MSE, which is equal to 2.89 · 10−3 for
Model 3 and to 9.26 · 10−3 for Model 4. This is probably related to the nonlinearity of
the drift function to estimate. Once again, to consider a multiplicative noise in Model
4 degrades the estimation quality with respect to Model 3. As for Models 1 and 2, note
that the looCV does not systematically select the smallest bandwidth.

For Model 1, at levels n = 10, 20, . . . , 100, Figure 3.5 shows the evolution of the MSE
of the looCV adaptive NW estimator as a function of N . For this study, the value of N
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Figure 3.1 � LooCV NW estimation for Model 1 (Langevin equation), ĥ = 0.04.

Figure 3.2 � LooCV NW estimation for Model 2 (hyperbolic di�usion process),

ĥ = 0.04.

ranges from 20 to 200. Figure 3.5 shows that the MSE of our adaptive estimator remains
low regardless to the value of (n,N) (from 4.50 · 10−5 to 9.01 · 10−3), decreases when N
increases (for each n), and decreases when n increases (for a �xed N). This is consistent
with the risk bounds of Section 4. Note also that for N > 70, there is no signi�cant gain
to take n larger than 30. For Model 3, Figure 3.6 shows the evolution of the MSE of the
looCV adaptive NW estimator as a function of N and leads to the same conclusions than
for Model 1. Note anyway that due to the nonlinearity of b, the MSE of our adaptive
estimator reaches higher values (from 2.67 ·10−4 to 4.49 ·10−2) than for Model 1. Again,
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Figure 3.3 � LooCV NW estimation for Model 3, ĥ = 0.02.

Figure 3.4 � LooCV NW estimation for Model 4, ĥ = 0.06.

there is no signi�cant gain to take n larger than 30, and above all larger than 70.

Finally, for each model, Table 3.1 gathers the mean MSE of 100 looCV NW estima-
tions of the drift function as well as the mean MSE of the corresponding 100 oracle
estimations. The mean MSEs are globally low, but signi�cantly higher for the models
with a nonlinear drift function (Models 3 and 4) than for the models with a linear one
(Models 1 and 2). Moreover, for each drift function, the mean MSE is slightly degraded
for the models with a multiplicative noise (Models 2 and 4) with respect to the models
with an additive one (Models 1 and 3). Note also that for each model, the mean MSE of

79



Figure 3.5 � MSE of the looCV estimator with respect to N and n for Model 1.

Figure 3.6 � MSE of the looCV estimator with respect to N and n for Model 3.

the looCV estimations is close to the mean MSE of the corresponding oracle estimations.
This means that our looCV method performs well in practice.

Remark 3.4.6. � Note that to take t0 > 1 (here t0 = 1) is recommended even in
numerical experiments. Indeed, for instance, the mean MSE of 10 looCV estimations for
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looCV Oracle

Model 1 3.03 · 10−4 2.67 · 10−4

Model 2 6.52 · 10−4 4.96 · 10−4

Model 3 2.45 · 10−3 1.99 · 10−3

Model 4 9.15 · 10−3 6.02 · 10−3

Table 3.1 � Mean MSEs of 100 looCV adaptive NW estimations compared to
the oracle estimations.

Model 1 is signi�cantly lower with t0 = 1 (2.49 · 10−4) than with t0 = 0 (3.82 · 10−3).

3.5 Concluding remarks

In this paper, �rst, a risk bound on our continuous-time Nadaraya-Watson estimator
of b has been established. This bound is satisfactory because it leads to a rate of same
order than in the classic nonparametric regression framework (see Comte [52], Chapter
4), and of same order than in Della Maestra and Ho�mann [111] for their estimator
of the drift function in McKean-Vlasov models. Then, a risk bound on a discrete-time
approximate estimator of b has been established too. The bound is satisfactory when b
and σ are bounded, but a bit degraded when b is unbounded. To improve this bound
will be the subject of future investigations.

In a second part, two bandwidth selection methods are provided. The �rst one is an
extension of the PCO method to the 2bNW estimator of b in the spirit of Comte and
Marie [106]. An oracle inequality is established but under the condition (Nh3)−1 6 1
(instead of (Nh)−1 6 1) on the bandwidths collection. Unfortunately, it seems di�cult
to bypass this condition because of some constants involved in Bernstein's inequality
and in the concentration inequality for U-statistics of Giné and Nickl [115] (see Subsec-
tion 3.6.7), but as explained at Remark 3.4.4 this condition is not so bad. The second
bandwidth selection method is an extension of the looCV procedure for the discrete-
time approximate estimator written has a convex combination. As in the nonparametric
regression framework, this method is numerically satisfactory but it seems di�cult to
establish a theoretical risk bound on the associated adaptive estimator.

Finally, the estimation of b has been only investigated in the case of one-dimensional
di�usion processes because of its simplicity, but by following the same ideas than Halcon-
ruy and Marie used in the nonparametric regression framework in [117], the major part
of the results of the present paper should be extendable to multidimensional di�usion
processes.

3.6 Proofs

3.6.1 Proof of Corollary 3.1.5

First of all, since pt(x0, x) > 0 for every (t, x) ∈ (0, T ]× R,

f(x) =
1

T − t0

∫ T

t0

pt(x0, x)dt > 0
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for every x ∈ R. Consider ` ∈ {0, . . . , β − 1} and θ ∈ R+. Thanks to the bound on
(t, x) 7→ ∂`+1

x pt(x0, x) given in Assumption 3.1.2,

‖f (`)(·+ θ)− f (`)‖22 =

∫ ∞
−∞

[f (`)(x+ x0 + θ)− f (`)(x+ x0)]2dx

6
1

T − t0

∫ T

t0

∫ ∞
−∞

(∂`2pt(x0, x+ x0 + θ)− ∂`2pt(x0, x+ x0))2dxdt

6
θ2

T − t0

∫ T

t0

∫ ∞
−∞

sup
z∈[x,x+θ]

|∂`+1
2 pt(x0, z + x0)|2dxdt

6 c3.1.2,2(`+ 1)2 θ2

T − t0

∫ T

t0

1

t2q2(`+1)

∫ ∞
−∞

sup
z∈[x,x+θ]

exp

(
−2m3.1.2,2(`+ 1)

z2

t

)
dxdt

= c3.1.2,2(`+ 1)2 θ2

T − t0

∫ T

t0

1

t2q2(`+1)
×[∫ −θ

−∞
exp

(
−2m3.1.2,2(`+ 1)

(x+ θ)2

t

)
dx+ θ +

∫ ∞
0

exp

(
−2m3.1.2,2(`+ 1)

x2

t

)
dx

]
dt

6
1

t
2q2(`+1)
0

[
c1θ

2 + θ3 max
k∈{0,...,β−1}

c3.1.2,2(k + 1)2

]
with

c1 = 2 max
k∈{0,...,β−1}

{
c3.1.2,2(k + 1)2

∫ ∞
0

exp

(
−2m3.1.2,2(k + 1)

x2

T

)
dx

}
,

and the same way,

‖f (`)(· − θ)− f (`)‖22 6
θ2

T − t0

∫ T

t0

∫ ∞
−∞

sup
z∈[x−θ,x]

|∂`+1
2 pt(x0, z + x0)|2dxdt

6 c3.1.2,2(`+ 1)2 θ2

T − t0

∫ T

t0

1

t2q2(`+1)
×[∫ 0

−∞
exp

(
−2m3.1.2,2(`+ 1)

x2

t

)
dx+ θ +

∫ ∞
θ

exp

(
−2m3.1.2,2(`+ 1)

(x− θ)2

t

)
dx

]
dt

6
1

t
2q2(`+1)
0

[
c1θ

2 + θ3 max
k∈{0,...,β−1}

c3.1.2,2(k + 1)2

]
.

This concludes the proof.

3.6.2 Proof of Proposition 3.2.3

First of all, the bias of f̂N,h(x) is denoted by b(x) and its variance by v(x). Moreover,

let us recall the bias-variance decomposition of the L2-risk of f̂N,h :

E(‖f̂N,h − f‖22) =

∫ ∞
−∞

b(x)2dx+

∫ ∞
−∞

v(x)dx.

On the one hand, let us �nd a suitable bound on the integrated variance of f̂N,h. Since
X1, . . . , XN are i.i.d. copies of X, and thanks to Jensen's inequality,

v(x) = var

(
1

N(T − t0)

N∑
i=1

∫ T

t0

Kh(Xi
t − x)dt

)
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=
1

N(T − t0)2
var

(∫ T

t0

Kh(Xt − x)dt

)
6

1

N
E

[(∫ T

t0

Kh(Xt − x)
dt

T − t0

)2
]

6
1

N(T − t0)

∫ T

t0

E(Kh(Xt − x)2)dt =
1

N

∫ ∞
−∞

Kh(z − x)2f(z)dz.

Thus, since K is symmetric,∫ ∞
−∞

v(x)dx 6
1

N

∫ ∞
−∞

f(z)

∫ ∞
−∞

Kh(z − x)2dxdz

=
1

Nh

(∫ ∞
−∞

f(z)dz

)(∫ ∞
−∞

K(x)2dx

)
=
‖K‖22
Nh

.

On the other hand, let us �nd a suitable bound on the integrated squared-bias of f̂N,h(x).
Since X1, . . . , XN are i.i.d. copies of X,

b(x) =
1

T − t0

∫ T

t0

E(Kh(Xt − x))dt− f(x)

=
1

h

∫ ∞
−∞

K

(
z − x
h

)
f(z)dz − f(x)

=

∫ ∞
−∞

K(z)(f(hz + x)− f(x))dz.

First, assume that β = 1. By Assumption 3.2.2, the generalized Minkowski inequality
and Corollary 3.1.5,∫ ∞

−∞
b(x)2dx 6

∫ ∞
−∞

(∫ ∞
−∞

K(z)(f(hz + x)− f(x))dz

)2

dx

6

[∫ ∞
−∞

K(z)

(∫ ∞
−∞

(f(hz + x)− f(x))2dx

)1/2

dz

]2

6 c1(t0)h2

with

c1(t0) =
c3.1.5

t
2q2(1)
0

(∫ ∞
−∞
|z|(1 + |z|1/2)|K(z)|dz

)2

.

Now, assume that β > 2. By the Taylor formula with integral remainder, for every z ∈ R,

f(hz + x)− f(x) = 1β>3

β−2∑
`=1

(hz)`

`!
f (`)(x) +

(hz)β−1

(β − 2)!

∫ 1

0
(1− τ)β−2f (β−1)(τhz + x)dτ.

Then, by Assumption 3.2.2, the generalized Minkowski inequality (two times) and Co-
rollary 3.1.5,∫ ∞

−∞
b(x)2dx =

∫ ∞
−∞

(∫ ∞
−∞

K(z)(f(hz + x)− f(x))dz

)2

dx

=
h2(β−1)

|(β − 2)!|2

∫ ∞
−∞

(∫ ∞
−∞

zβ−1K(z)

∫ 1

0
(1− τ)β−2[f (β−1)(τhz + x)− f (β−1)(x)]dτdz

)2

dx

6
h2(β−1)

|(β − 2)!|2
×[∫ ∞

−∞
|z|β−1|K(z)|

∫ 1

0
(1− τ)β−2

(∫ ∞
−∞

[f (β−1)(τhz + x)− f (β−1)(x)]2dx

)1/2

dτdz

]2
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6
c3.1.5h

2β

|(β − 2)!|2t2q2(β)
0

(∫ ∞
−∞
|z|β−1|K(z)|

∫ 1

0
(1− τ)β−2[τ |z|+ (τ |z|)3/2]dτdz

)2

6 c2(t0)h2β

with

c2(t0) =
c3.1.5

|(β − 2)!|2t2q2(β)
0

(∫ ∞
−∞
|z|β(1 + |z|1/2)|K(z)|dz

)2

.

This concludes the proof.

3.6.3 Proof of Proposition 3.2.4

First of all,

E(‖b̂fN,h − bf‖22) =

∫ ∞
−∞

b(x)2dx+

∫ ∞
−∞

v(x)dx

where b(x) (resp. v(x)) is the bias (resp. the variance) term of b̂fN,h(x) for any x ∈ R.
On the one hand, let us �nd a suitable bound on the integrated variance of b̂fN,h. Since

X1, . . . , XN are i.i.d. copies of X,

v(x) = var

(
1

N(T − t0)

N∑
i=1

∫ T

t0

Kh(Xi
t − x)dXi

t

)
6

1

N(T − t0)2
E

[(∫ T

t0

Kh(Xt − x)dXt

)2
]

6
2

N
E

[(∫ T

t0

Kh(Xt − x)b(Xt)
dt

T − t0

)2

+
1

(T − t0)2

(∫ T

t0

Kh(Xt − x)σ(Xt)dWt

)2
]
.

In the right-hand side of the previous inequality, Jensen's inequality on the �rst term
and the isometry property for Itô's integral on the second one give

v(x) 6
2

N(T − t0)

∫ T

t0

E[Kh(Xt − x)2b(Xt)
2]dt+

2

N(T − t0)2

∫ T

t0

E[Kh(Xt − x)2σ(Xt)
2]dt

=
2

N

∫ ∞
−∞

Kh(z − x)2b(z)2f(z)dz +
2

N(T − t0)

∫ ∞
−∞

Kh(z − x)2σ(z)2f(z)dz.

Moreover,K is symmetric andK ∈ L2(R, dx) by Assumption 3.2.1, and b, σ ∈ L2(R, f(x)dx)
by Remark 3.1.4. Then,∫ ∞
−∞

v(x)dx 6
2

N

∫
R2

Kh(z − x)2b(z)2f(z)dzdx+
2

N(T − t0)

∫
R2

Kh(z − x)2σ(z)2f(z)dzdx

=
2

Nh

∫ ∞
−∞

b(z)2f(z)

∫ ∞
−∞

K(x)2dxdz +
2

N(T − t0)h

∫ ∞
−∞

σ(z)2f(z)

∫ ∞
−∞

K(x)2dxdz

6
2‖K‖22
Nh

(∫ ∞
−∞

b(z)2f(z)dz +
1

T − t0

∫ ∞
−∞

σ(z)2f(z)dz

)
.

On the other hand, let us �nd a suitable bound on the integrated squared-bias of
b̂fN,h(x). Again, since X1, . . . , XN are i.i.d. copies of X, and since Itô's integral res-
tricted to H2 is a martingale-valued map,

b(x) = E

[
1

N(T − t0)

N∑
i=1

∫ T

t0

Kh(Xi
t − x)dXi

t

]
− b(x)f(x)

=
1

T − t0
E

(∫ T

t0

Kh(Xt − x)dXt

)
− b(x)f(x)
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=
1

T − t0

[
E

(∫ T

t0

Kh(Xt − x)b(Xt)dt

)
+ E

(∫ T

t0

Kh(Xt − x)σ(Xt)dWt

)]
− b(x)f(x)

=
1

T − t0

∫ T

t0

E(Kh(Xt − x)b(Xt))dt− b(x)f(x) =

∫ ∞
−∞

Kh(z − x)b(z)f(z)dz − b(x)f(x).

Then,

b(x)2 = ((bf)h − bf)(x)2 with (bf)h = Kh ∗ (bf).

Therefore, since f is bounded and b belongs to L2(R, f(x)dx) by Remark 3.1.4,∫ ∞
−∞

b(x)2dx = ‖bf − (bf)h‖22.

This concludes the proof.

3.6.4 Proof of Proposition 3.2.5

First of all,

b̂N,h,h′ − b =

[
b̂fN,h − bf
f̂N,h′

+

(
1

f̂N,h′
− 1

f

)
bf

]
1
f̂N,h′ (.)>m/2

− b1
f̂N,h′ (.)6m/2

.

Then,

‖b̂N,h,h′ − b‖2f,A,B 6 2

∥∥∥∥∥
[
b̂fN,h − bf
f̂N,h′

+

(
1

f̂N,h′
− 1

f

)
bf

]
1
f̂N,h′ (.)>m/2

∥∥∥∥∥
2

f,A,B

+ 2‖b1
f̂N,h′ (.)6m/2

‖2f,A,B.

Moreover, for any x ∈ [A,B], since f(x) > m, for every ω ∈ {f̂N,h′(.) 6 m/2},

|f(x)− f̂N,h′(x, ω)| > f(x)− f̂N,h′(x, ω) > m− m

2
=
m

2
.

Thus,

‖b̂N,h,h′ − b‖2f,A,B 6
8

m2
‖b̂fN,h − bf‖22,f +

8

m2
‖(f − f̂N,h′)b‖2f,A,B + 2‖b1|f(.)−f̂N,h′ (.)|>m/2

‖2f,A,B

6
8

m2

∫ ∞
−∞

(b̂fN,h − bf)(x)2f(x)dx

+
8

m2

∫ B

A
(f(x)− f̂N,h′(x))2b(x)2f(x)dx

+2

∫ B

A
b(x)2f(x)1|f(x)−f̂N,h′ (x)|>m/2dx.

Since f has a sub-Gaussian tail by Assumption 3.1.2, and since b has at most linear
growth because it is Lipschitz continuous from R into itself (see Assumption 3.1.1), b2f
is bounded on R. So,

‖b̂N,h,h′ − b‖2f,A,B 6
8‖f‖∞
m2

‖b̂fN,h − bf‖22

+
8‖b2f‖∞
m2

‖f̂N,h′ − f‖22 + 2‖b2f‖∞
∫ ∞
−∞

1|f(x)−f̂N,h′ (x)|>m/2dx.

Therefore, thanks to Markov's inequality,

E(‖b̂N,h,h′ − b‖2f,A,B) 6
8‖f‖∞
m2

E(‖b̂fN,h − bf‖22)
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+
8‖b2f‖∞
m2

E(‖f̂N,h′ − f‖22) +
8‖b2f‖∞
m2

∫ ∞
−∞

E(|f(x)− f̂N,h′(x)|2)dx

6
8(‖f‖∞ ∨ ‖b2f‖∞)

m2
[E(‖b̂fN,h − bf‖22) + 2E(‖f̂N,h′ − f‖22)].

Propositions 3.2.4 and 3.2.3 allow to conclude.

3.6.5 Proof of Proposition 3.3.2

First of all, note that

E(‖f̂n,N,h − f‖22) 6 2E(‖f̂N,h − f‖22) + 2E(‖f̂N,h − f̂n,N,h‖22)

6 2

[
c3.2.3(t0)h2β +

1

Nh
+

∫ ∞
−∞

E(f̂N,h(x)− f̂n,N,h(x))2dx

+

∫ ∞
−∞

var(f̂N,h(x)− f̂n,N,h(x))dx

]
by Proposition 3.2.3, and note also that

f̂N,h(x)− f̂n,N,h(x) =
1

N(T − t0)

N∑
i=1

n−1∑
j=0

∫ tj+1

tj

(Kh,x(Xi
t)−Kh,x(Xi

tj ))dt

with Kh,x(.) := Kh(· − x). On the one hand, for every s, u ∈ [t0, T ] such that s 6 u, by
Itô's formula, Jensen's inequality, the isometry property for Itô's integral and Remark
3.1.4,∫ ∞
−∞

E[(Kh,x(Xu)−Kh,x(Xs))
2]dx =

∫ ∞
−∞

E

[(∫ u

s
K ′h,x(Xt)dXt +

1

2

∫ u

s
K ′′h,x(Xt)d〈X〉t

)2
]
dx

6 c1

∫ ∞
−∞

[
E

[(∫ u

s
K ′h,x(Xt)b(Xt)dt

)2
]

+E

[(∫ u

s
K ′′h,x(Xt)σ(Xt)

2dt

)2
]

+E

[(∫ u

s
K ′h,x(Xt)σ(Xt)dWt

)2
]]

dx

6 c1

[
(u− s)

∫ u

s
E

(
b(Xt)

2

∫ ∞
−∞

K ′h,x(Xt)
2dx

)
dt

+(u− s)
∫ u

s
E

(
σ(Xt)

4

∫ ∞
−∞

K ′′h,x(Xt)
2dx

)
dt

+

∫ u

s
E

(
σ(Xt)

2

∫ ∞
−∞

K ′h,x(Xt)
2dx

)
dt

]
6 c2

[
(u− s)2

h3
+

(u− s)2

h5
+
u− s
h3

]
where c1 and c2 are two positive constants not depending on s, u, h, N , n and t0. Then,∫ ∞

−∞
var(f̂n,N,h(x)− f̂N,h(x))dx

=
1

N(T − t0)2

∫ ∞
−∞

var

n−1∑
j=0

∫ tj+1

tj

(Kh,x(Xt)−Kh,x(Xtj ))dt

 dx
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6
1

N(T − t0)

n−1∑
j=0

∫ tj+1

tj

∫ ∞
−∞

E[(Kh,x(Xt)−Kh,x(Xtj ))
2]dxdt 6

c3
Nnh3

where the constant c3 > 0 is not depending on h, N , n and t0. On the other hand, by
Assumption 3.1.3,

|E(f̂N,h(x)− f̂n,N,h(x))| 6 1

T − t0

n−1∑
j=0

∫ tj+1

tj

|E(Kh,x(Xt))− E(Kh,x(Xtj ))|dt

6
1

T − t0

n−1∑
j=0

∫ tj+1

tj

∫ ∞
−∞
|Kh(z − x)| · |pt(x0, z)− ptj (x0, z)|dzdt

6
1

T − t0

n−1∑
j=0

[∫ tj+1

tj

(t− tj)dt

]

×

[∫ ∞
−∞
|Kh(z − x)| sup

u∈[t0,T ]
|∂upu(x0, z)|dz

]

6 c3.1.3,3
T − t0
ntq30

∫ ∞
−∞
|K(z)| exp

[
−m3.1.3,3

(hz + x− x0)2

T

]
dz.

Then, by Jensen's inequality,∫ ∞
−∞

E(f̂N,h(x)− f̂n,N,h(x))2dx 6
c5

n2t2q30

∫ ∞
−∞
|K(z)|

∫ ∞
−∞

exp

[
−2m3.1.3,3

(hz + x− x0)2

T

]
dxdz

=
c6

n2t2q30

where

c6 = c5‖K‖1
∫ ∞
−∞

exp

[
−2m3.1.3,3

(x− x0)2

T

]
dx

and the constant c5 > 0 is not depending on h, N , n and t0. This concludes the proof.

3.6.6 Proof of Proposition 3.3.3

The proof of Proposition 3.3.3 relies on the two following technical lemmas.

Lemma 3.6.1. � Consider a symmetric and continuous function ϕ1 : R→ R such that
ϕ1 : z 7→ zϕ1(z) belongs to L2(R, dx). Consider also ϕ2, ψ ∈ C0(R) having polynomial
growth. Under Assumptions 3.1.1 and 3.1.2, for every p > 0, there exists a constant
c3.6.1(p) > 0, not depending on ϕ1 and t0, such that for every s, t ∈ [t0, T ] satisfying
s < t,∫ ∞

−∞
E

[(∫ t

s
ϕ1(x−Xu)ϕ2(Xu)dWu

)2

ψ(Xt)
2

]
dx

6 c3.6.1(p)(t− s)

[
‖ϕ1‖22 + ‖ϕ1‖22 +

1

t
1/(2p)
0

(∫ ∞
−∞

ϕ1(z)2pdz

)1/p
]
.

Lemma 3.6.2. � Consider ϕ ∈ C0(R). Under Assumptions 3.1.1 and 3.1.2, for every
s, t ∈ [t0, T ] such that s < t,∫ ∞

−∞
E(Kh,x(Xs)ϕ(Xs, Xt))

2dx 6
c3.1.2,1‖K‖21

t
1/2
0

E[ϕ(Xs, Xt)
2].
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The proof of Lemma 3.6.1 (resp. Lemma 3.6.2) is postponed to Subsubection 3.6.6.1
(resp. Subsubsection 3.6.6.2).

First of all, note that

E(‖b̂fn,N,h − bf‖22) 6 2E(‖b̂fN,h − bf‖22) + 2E(‖b̂fN,h − b̂fn,N,h‖22)

6 2

[
‖(bf)h − bf‖22 +

c3.2.4(t0)

Nh
+

∫ ∞
−∞

E(b̂fN,h(x)− b̂fn,N,h(x))2dx

+

∫ ∞
−∞

var(b̂fN,h(x)− b̂fn,N,h(x))dx

]
=: 2

[
‖(bf)h − bf‖22 +

c3.2.4(t0)

Nh
+Bn,N,h + Vn,N,h

]
by Proposition 3.2.4, and note also that

b̂fN,h(x)− b̂fn,N,h(x) =
1

N(T − t0)

N∑
i=1

n−1∑
j=0

∫ tj+1

tj

(Kh,x(Xi
t)−Kh,x(Xi

tj ))dX
i
t .

The proof is dissected in two steps. The term Vn,N,h is controlled in the �rst step, and
then Bn,N,h is controlled in the second one.

Step 1. First of all, by Jensen's inequality,

Vn,N,h =
1

N(T − t0)2

∫ ∞
−∞

var

n−1∑
j=0

∫ tj+1

tj

(Kh,x(Xt)−Kh,x(Xtj ))dXt

 dx
6

2

N(T − t0)

∫ ∞
−∞

n−1∑
j=0

∫ tj+1

tj

E[(Kh,x(Xt)−Kh,x(Xtj ))
2b(Xt)

2]dt

 dx+ V σ
n,N,h

with

V σ
n,N,h :=

2

N(T − t0)2

∫ ∞
−∞

E

n−1∑
j=0

∫ tj+1

tj

(Kh,x(Xt)−Kh,x(Xtj ))σ(Xt)dWt

2 dx.
In order to control Vn,N,h as in the proof of Proposition 3.3.2, a preliminary bound on
V σ
n,N,h has to be established via the isometry property of Itô's integral :

V σ
n,N,h =

2

N(T − t0)2

∫ ∞
−∞

E

∫ T

t0

n−1∑
j=0

(Kh,x(Xt)−Kh,x(Xtj ))σ(Xt)1[tj ,tj+1](t)

 dWt

2 dx
=

2

N(T − t0)2

∫ ∞
−∞

∫ T

t0

E

n−1∑
j=0

(Kh,x(Xt)−Kh,x(Xtj ))σ(Xt)1[tj ,tj+1](t)

2 dtdx
=

2

N(T − t0)

∫ ∞
−∞

n−1∑
j=0

∫ tj+1

tj

E[(Kh,x(Xt)−Kh,x(Xtj ))
2σ(Xt)

2]dt

 dx.

Then,

Vn,N,h 6
2

N(T − t0)

n−1∑
j=0

∫ tj+1

tj

∫ ∞
−∞

E[(Kh,x(Xt)−Kh,x(Xtj ))
2b(Xt)

2]dxdt
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+
2

N(T − t0)

n−1∑
j=0

∫ tj+1

tj

∫ ∞
−∞

E[(Kh,x(Xt)−Kh,x(Xtj ))
2σ(Xt)

2]dxdt.

For ϕ = b or ϕ = σ, by Itô's formula,

n−1∑
j=0

∫ tj+1

tj

∫ ∞
−∞

E[(Kh,x(Xt)−Kh,x(Xtj ))
2ϕ(Xt)

2]dxdt

6 c1

n−1∑
j=0

∫ tj+1

tj

∫ ∞
−∞

E
(∫ t

tj

K ′h,x(Xu)b(Xu)du

)2

ϕ(Xt)
2


+E

(∫ t

tj

K ′′h,x(Xu)σ(Xu)2du

)2

ϕ(Xt)
2


+E

(∫ t

tj

K ′h,x(Xu)σ(Xu)dWu

)2

ϕ(Xt)
2

 dxdt
where the constant c1 > 0 is not depending on ϕ, h, N , n and t0. Moreover, for every
j ∈ {0, . . . , n− 1} and t ∈ [tj , tj+1], by Lemma 3.6.1 with p = 1/(1− ε),

∫ ∞
−∞

E

(∫ t

tj

K ′h,x(Xu)σ(Xu)dWu

)2

ϕ(Xt)
2

 dx 6 c3.6.1(p)(t− tj)
∫ ∞
−∞

K ′h(z)2dz

+c3.6.1(p)(t− tj)
∫ ∞
−∞

z2K ′h(z)2dz

+
c3.6.1(p)

t
1/(2p)
0

(t− tj)
(∫ ∞
−∞

K ′h(z)2pdz

)1/p

6 c2(ε)(t− tj)

[
1 +

1

h3
+
t
−(1−ε)/2
0

h3+ε

]
where the constant c2(ε) > 0 depends on ε, but not on ϕ, j, t, h, N , n and t0. Thus, by
Jensen's inequality and Remark 3.1.4,

n−1∑
j=0

∫ tj+1

tj

∫ ∞
−∞

E[(Kh,x(Xt)−Kh,x(Xtj ))
2ϕ(Xt)

2]dxdt

6 c3(ε)
n−1∑
j=0

∫ tj+1

tj

[
(t− tj)

∫ t

tj

E

(
ϕ(Xt)

2b(Xu)2

∫ ∞
−∞

K ′h,x(Xu)2dx

)
du

+(t− tj)
∫ t

tj

E

(
ϕ(Xt)

2σ(Xu)4

∫ ∞
−∞

K ′′h,x(Xu)2dx

)
du+ (t− tj)

[
1 +

1

h3
+
t
−(1−ε)/2
0

h3+ε

]]
dt

6
c4(ε)

min{1, t(1−ε)/20 }
(T − t0)3

(
1

n2h3
+

1

n2h5
+

1

nh3+ε

)
where c3(ε) and c4(ε) are two positive constants depending on ε, but not on ϕ, h, N , n
and t0. Therefore,

Vn,N,h 6
c5(ε)

min{1, t(1−ε)/20 }
· 1

Nnh3+ε

where the constant c5(ε) > 0 depends on ε, but not on h, N , n and t0.
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Step 2. First of all, since Itô's integral restricted to H2 is a martingale-valued map,
since Kh,x is a kernel, by Lemma 3.6.2, by Assumptions 3.1.2 and 3.1.3, and since b is
Lipschitz continuous,∫ ∞

−∞
E(b̂fN,h(x)− b̂fn,N,h(x))2dx

=

∫ ∞
−∞

 1

T − t0

n−1∑
j=0

∫ tj+1

tj

E((Kh,x(Xt)−Kh,x(Xtj ))b(Xt))dt

+
1

T − t0

n−1∑
j=0

E

[∫ tj+1

tj

(Kh,x(Xt)−Kh,x(Xtj ))σ(Xt)dWt

]2

dx

6
2

T − t0

n−1∑
j=0

∫ tj+1

tj

∫ ∞
−∞

E(Kh,x(Xt)b(Xt)−Kh,x(Xtj )b(Xtj ))
2dxdt

+
2

T − t0

n−1∑
j=0

∫ tj+1

tj

∫ ∞
−∞

E(|Kh,x(Xtj )| · |b(Xt)− b(Xtj )|)2dxdt

6
2‖K‖1
T − t0

n−1∑
j=0

∫ tj+1

tj

∫ ∞
−∞

(∫ ∞
−∞
|Kh,x(z)|dx

)
b(z)2(pt(x0, z)− ptj (x0, z))

2dzdt

+
2c3.1.2,1‖K‖21
t
1/2
0 (T − t0)

n−1∑
j=0

∫ tj+1

tj

E[(b(Xt)− b(Xtj ))
2]dt

6
4‖K‖21
T − t0

n−1∑
j=0

[∫ tj+1

tj

(t− tj)2dt

][∫ ∞
−∞

b(z)2 sup
u∈[t0,T ]

|∂upu(x0, z)|2dz

]

+
2c3.1.2,1‖K‖21
t
1/2
0 (T − t0)

‖b′‖2∞
n−1∑
j=0

∫ tj+1

tj

E[(Xt −Xtj )
2]dt

6 c6

 1

t2q30 n2
+

1

t
1/2
0 (T − t0)

n−1∑
j=0

∫ tj+1

tj

E[(Xt −Xtj )
2]dt


where the constant c6 > 0 is not depending on h, N , n and t0. Moreover, for any
j ∈ {0, . . . , n− 1} and t ∈ [tj , tj+1],

Xt −Xtj =

∫ t

tj

b(Xu)du+

∫ t

tj

σ(Xu)dWu

and then, by Jensen's inequality, the isometry property of Itô's integral and Remark
3.1.4,

E[(Xt −Xtj )
2] 6 (t− tj)

∫ t

tj

E(b(Xu)2)du+

∫ t

tj

E(σ(Xu)2)du

6 (t− tj)2 sup
u∈[t0,T ]

E(b(Xu)2) + (t− tj) sup
u∈[t0,T ]

E(σ(Xu)2) 6 c7(t− tj)

where the constant c7 > 0 is not depending on j, t, h, N , n and t0. Therefore,∫ ∞
−∞

E(b̂fN,h(x)− b̂fn,N,h(x))2dx 6
c8

min{t1/20 , t2q30 }

(
1

n2
+

1

n

)
where the constant c8 > 0 is not depending on n, N , h and t0.
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Remark 3.6.3. � Assume that b and σ are bounded. Then, in Step 1, for ϕ = b or
ϕ = σ,

n−1∑
j=0

∫ tj+1

tj

∫ ∞
−∞

E[(Kh,x(Xt)−Kh,x(Xtj ))
2ϕ(Xt)

2]dxdt

6 c1

n−1∑
j=0

∫ tj+1

tj

∫ ∞
−∞

E
(∫ t

tj

K ′h,x(Xu)b(Xu)du

)2

ϕ(Xt)
2


+E

(∫ t

tj

K ′′h,x(Xu)σ(Xu)2du

)2

ϕ(Xt)
2


+E

(∫ t

tj

K ′h,x(Xu)σ(Xu)dWu

)2

ϕ(Xt)
2

 dxdt
6 c1‖ϕ‖2∞

n−1∑
j=0

∫ tj+1

tj

∫ ∞
−∞

E
(∫ t

tj

K ′h,x(Xu)b(Xu)du

)2


+E

(∫ t

tj

K ′′h,x(Xu)σ(Xu)2du

)2
+ E

(∫ t

tj

K ′h,x(Xu)σ(Xu)dWu

)2
 dxdt.

So, in this special case, the bound on Vn,N,h is established by using the exact same ar-
guments than in the proof of Proposition 3.3.2. In particular, one can take ε = 0, the
additional conditions K ∈ L4(R, dx) and z 7→ zK(z) belongs to L2(R, dx) are not re-
quired, and the bound on Vn,N,h is of order 1/(Nnh3) and doesn't depend on t0. When
ϕ = b or ϕ = σ is not bounded, since ϕ(Xt) is not σ(Wu)-measurable for every u ∈ [tj , t)
(j ∈ {0, . . . , n− 1}), the Hölder inequality has to be used to get a suitable bound on

∫ ∞
−∞

E

(∫ t

tj

K ′h,x(Xu)σ(Xu)dWu

)2

ϕ(Xt)
2

 dx
(see the proof of Lemma 3.6.1), and for this reason the variance term in the bound of
Proposition 3.3.3 is of order 1/(Nnh3+ε) instead of 1/(Nnh3) as when b and σ are
bounded.

3.6.6.1 Proof of Lemma 3.6.1

Consider ϕ(x, z) := ϕ1(x− z)ϕ2(z) for every z ∈ R, q > 0 such that 1/p+ 1/q = 1,
and s, t ∈ [0, T ] such that s < t. First of all, by the isometry property of Itô's integral,
Burkholder-Davis-Gundy's inequality, Hölder's inequality, Markov's inequality, Remark
3.1.4, and the generalized Minkowski inequality,

E

[(∫ t

s
ϕ(x,Xu)dWu

)2

ψ(Xt)
2

]

6 x2
E

[(∫ t

s
ϕ(x,Xu)dWu

)2

1ψ(Xt)26x2

]

+E

[(∫ t

s
ϕ(x,Xu)dWu

)2p
]1/p

E(ψ(Xt)
4q)1/(2q)

P(ψ(Xt)
2 > x2)1/(2q)
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6 x2

∫ t

s
E[ϕ(x,Xu)2]du+ c1(p)E

[(∫ t

s
ϕ(x,Xu)2du

)p]1/p

E(ψ(Xt)
4q)1/(2q)

×

[
E(ψ(Xt)

2)1/(2q)

x1/q
1[−1,1](x) +

E(ψ(Xt)
4q)1/(2q)

x2
1R\[−1,1](x)

]

6 x2

∫ t

s
E[ϕ(x,Xu)2]du+ c2(p)

(∫ t

s
E[ϕ(x,Xu)2p]1/pdu

)(
1

x1/q
1[−1,1](x) +

1

x2
1R\[−1,1](x)

)
where c1(p) and c2(p) are two positive constants depending on p, but not on x, s, t, ϕ
and t0. On the one hand, since ϕ2 has polynomial growth, by Remark 3.1.4, for every
u ∈ [s, t],∫ ∞
−∞

x2
E[ϕ(x,Xu)2]dx =

∫ ∞
−∞

∫ ∞
−∞

x2ϕ1(x− z)2ϕ2(z)2pu(x0, z)dxdz

=

∫ ∞
−∞

∫ ∞
−∞

(x+ z)2ϕ1(x)2ϕ2(z)2pu(x0, z)dxdz

6 2

(∫ ∞
−∞

x2ϕ1(x)2dx

)(∫ ∞
−∞

ϕ2(z)2pu(x0, z)dz

)
+2

(∫ ∞
−∞

ϕ1(x)2dx

)(∫ ∞
−∞

z2ϕ2(z)2pu(x0, z)dz

)
6 c3(‖ϕ1‖22 + ‖ϕ1‖22)

where the constant c3 > 0 is not depending on u, ϕ1 and t0. Then,∫ ∞
−∞

x2

∫ t

s
E[ϕ(x,Xu)2]dudx 6 c3(t− s)(‖ϕ1‖22 + ‖ϕ1‖22).

On the other hand, since ϕ2 has polynomial growth, by Assumption 3.1.2, for every
x ∈ R,∫ t

s
E[ϕ(x,Xu)2p]1/pdu =

∫ t

s

(∫ ∞
−∞

ϕ1(z)2pϕ2(z + x)2ppu(x0, z + x)dz

)1/p

du

6
c4(p)

t
1/(2p)
0

(t− s)
(∫ ∞
−∞

ϕ1(z)2pdz

)1/p

where the constant c4(p) > 0 depends on p, but not on x, s, t, ϕ1 and t0. Then,∫ ∞
−∞

(∫ t

s
E[ϕ(x,Xu)2p]1/pdu

)(
1

x1/q
1[−1,1](x) +

1

x2
1R\[−1,1](x)

)
dx

6
c5(p)

t
1/(2p)
0

(t− s)
(∫ ∞
−∞

ϕ1(z)2pdz

)1/p

with

c5(p) = c4(p)

(∫ 1

−1

dx

x1/q
+

∫
R\[−1,1]

dx

x2

)
<∞.

3.6.6.2 Proof of Lemma 3.6.2

Consider s, t ∈ [t0, T ] such that s < t, and let ps,t (resp. pt|s) be the density of
(Xs, Xt) (resp. the conditional density of Xt with respect to Xs). Moreover, for the sake
of readability, ps(x0, .) is denoted by ps(.) in this proof. By Assumption 3.1.2,

E(Kh,x(Xs)ϕ(Xs, Xt))
2 = ‖K‖21

[∫ ∞
−∞

Kh,x(y)

‖Kh,x‖1

(∫ ∞
−∞

ϕ(y, z)pt|s(z|y)dz

)
ps(y)dy

]2
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6 ‖K‖1
∫ ∞
−∞
|Kh,x(y)|

(∫ ∞
−∞

ϕ(y, z)pt|s(z|y)dz

)2

ps(y)2dy

6 ‖K‖1 sup
s∈[t0,T ]

{
sup
y∈R

ps(y)

}∫ ∞
−∞
|Kh,x(y)|

(∫ ∞
−∞

ϕ(y, z)2pt|s(z|y)dz

)
ps(y)dy

6
c3.1.2,1‖K‖1

t
1/2
0

∫ ∞
−∞
|Kh,x(y)|

∫ ∞
−∞

ϕ(y, z)2ps,t(y, z)dzdy.

Therefore,∫ ∞
−∞

E(Kh,x(Xs)ϕ(Xs, Xt))
2dx 6

c3.1.2,1‖K‖1
t
1/2
0

∫ ∞
−∞

(∫ ∞
−∞
|Kh,x(y)|dx

)(∫ ∞
−∞

ϕ(y, z)2ps,t(y, z)dz

)
dy

=
c3.1.2,1‖K‖21

t
1/2
0

∫ ∞
−∞

∫ ∞
−∞

ϕ(y, z)2ps,t(y, z)dzdy

=
c3.1.2,1‖K‖21

t
1/2
0

E[ϕ(Xs, Xt)
2].

3.6.7 Proof of Theorem 3.4.2

Throughout this subsection, K is a primitive function of the kernel K. The proof
of Theorem 3.4.2.(1) relies on the following technical lemmas proved at the end of this
subsection. The proof of Theorem 3.4.2.(2) is left to the reader because it is similar but
simpler than the proof of Theorem 3.4.2.(1) detailed in this subsection.

Lemma 3.6.4. � Under Assumptions 3.1.1, 3.1.2, 3.2.1 and 3.4.1,

1

T − t0

∫ T

t0

Kh(Xt − x)dXt = Φh(X,x) ; ∀x ∈ R, ∀h > 0,

where (x, h, ϕ) 7→ Φh(ϕ, x) is the map from R× (0,∞)×C0([t0, T ];R) into R de�ned by

Φh(ϕ, x) :=
1

T − t0

[
K
(
ϕ(T )− x

h

)
−K

(
ϕ(t0)− x

h

)
− 1

2h2

∫ T

t0

K ′
(
ϕ(t)− x

h

)
σ(ϕ(t))2dt

]
for every x ∈ R, h > 0 and ϕ ∈ C0([t0, T ];R). Moreover,

(1) For every x ∈ R, h > 0 and ϕ ∈ C0([t0, T ];R),

|Φh(ϕ, x)| 6 2‖K‖∞
T − t0

+
‖σ‖2∞‖K ′‖∞

2h2
.

(2) For every h > 0 and ϕ ∈ C0([t0, T ];R),

‖Φh(ϕ, .)‖22,δ 6
6‖K‖2∞

(T − t0)2
+
‖δ‖∞‖σ‖4∞‖K ′‖22

h3
.

(3) There exists a deterministic constant c3.6.4,1 > 0 such that, for every h, h′ > 0,

E(〈Φh(X1, .),Φh′(X
2, .)〉22,δ) 6 c3.6.4,1m(h′)

with
m(h′) = E(‖Φh′(X, .)‖22,δ).
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(4) There exists a deterministic constant c3.6.4,2 > 0 such that, for every h > 0 and
ϕ ∈ L2(R, dx),

E(〈Φh(X, .), ϕ〉22,δ) 6 c3.6.4,2‖ϕ‖22,δ.

(5) There exists a deterministic constant c3.6.4,3 > 0 such that, for every h, h′ ∈ HN ,

|〈Φh(X, .), (bf)h′〉2,δ| 6 c3.6.4,3 a.s.

Lemma 3.6.5. � Consider

Uh,h′(N) :=
∑
i 6=j
〈Φh(Xi, .)− (bf)h,Φh′(X

j , .)− (bf)h′〉2,δ ; ∀h, h′ ∈ HN . (3.14)

Under Assumptions 3.1.1, 3.1.2, 3.2.1 and 3.4.1, there exists a deterministic constant
c3.6.5 > 0, not depending on N , such that for every θ ∈ (0, 1) and λ > 0, with probability
larger than 1− 5.4|HN |e−λ,

sup
h∈HN

{
|Uh,h0(N)|

N2
− θm(h)

N

}
6

c3.6.5(1 + λ)3

θN

and

sup
h∈HN

{
|Uh,h(N)|

N2
− θm(h)

N

}
6

c3.6.5(1 + λ)3

θN
.

Lemma 3.6.6. � Consider

Vh(N) :=
1

N

N∑
i=1

‖Φh(Xi, .)− (bf)h‖22,δ ; ∀h ∈ HN .

Under Assumptions 3.1.1, 3.1.2, 3.2.1 and 3.4.1, there exists a deterministic constant
c3.6.6 > 0, not depending on N , such that for every θ ∈ (0, 1) and λ > 0, with probability
larger than 1− 2|HN |e−λ,

sup
h∈HN

{
1

N
|Vh(N)−m(h)| − θm(h)

N

}
6

c3.6.6(1 + λ)

θN
.

Lemma 3.6.7. � Consider

Wh,h′(N) := 〈b̂fN,h − (bf)h, (bf)h′ − bf〉2,δ ; ∀h, h′ ∈ HN . (3.15)

Under Assumptions 3.1.1, 3.1.2, 3.2.1 and 3.4.1, there exists a deterministic constant
c3.6.7 > 0, not depending on N , such that for every θ ∈ (0, 1) and λ > 0, with probability
larger than 1− 2|HN |e−λ,

sup
h∈HN

{|Wh,h0(N)| − θ‖(bf)h0 − bf‖22,δ} 6
c3.6.7(1 + λ)2

θN
,

sup
h∈HN

{|Wh0,h(N)| − θ‖(bf)h − bf‖22,δ} 6
c3.6.7(1 + λ)2

θN
and

sup
h∈HN

{|Wh,h(N)| − θ‖(bf)h − bf‖22,δ} 6
c3.6.7(1 + λ)2

θN
.
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3.6.7.1 Steps of the proof

The proof of Theorem 3.4.2.(1) is dissected in four steps.

Step 1. This �rst step provides a suitable decomposition of ‖b̂f
N,ĥ
− bf‖22,δ. First,

‖b̂f
N,ĥ
− bf‖22,δ = ‖b̂f

N,ĥ
− b̂fN,h0‖

2
2,δ + ‖b̂fN,h0 − bf‖

2
2,δ

−2〈b̂fN,h0 − b̂fN,ĥ, b̂fN,h0 − bf〉2,δ.

Then, by (3.11) and the de�nition of pen(.) (see (3.12)), for any h ∈ HN ,

‖b̂f
N,ĥ
− bf‖22,δ 6 ‖b̂fN,h − b̂fN,h0‖

2
2,δ + pen(h)− pen(ĥ)

+‖b̂fN,h0 − bf‖
2
2,δ − 2〈b̂fN,h0 − b̂fN,ĥ, b̂fN,h0 − bf〉2,δ

6 ‖b̂fN,h − bf‖22,δ + pen(h)− pen(ĥ)

+‖b̂fN,h0 − bf‖
2
2,δ − 2〈b̂fN,h − b̂fN,ĥ, b̂fN,h0 − bf〉2,δ

= ‖b̂fN,h − bf‖22,δ − ψN (h) + ψN (ĥ) (3.16)

where
ψN (h) := 2〈b̂fN,h − bf, b̂fN,h0 − bf〉2,δ − pen(h).

Let's complete the decomposition of ‖b̂f
N,ĥ
− bf‖22,δ by writing

ψN (h) = 2(ψ1,N (h) + ψ2,N (h) + ψ3,N (h)),

where

ψ1,N (h) :=
1

(T − t0)2N2

N∑
i=1

〈∫ T

t0

Kh(Xi
s − ·)dXi

s,

∫ T

t0

Kh0(Xi
s − ·)dXi

s

〉
2,δ

+
Uh,h0(N)

N2
− 1

2
pen(h)

=
Uh,h0(N)

N2
,

ψ2,N (h) := − 1

N2

(
N∑
i=1

〈
1

T − t0

∫ T

t0

Kh0(Xi
s − ·)dXi

s, (bf)h

〉
2,δ

+

+

N∑
i=1

〈
1

T − t0

∫ T

t0

Kh(Xi
s − ·)dXi

s, (bf)h0

〉
2,δ

)
+

1

N
〈(bf)h0 , (bf)h〉2,δ and

ψ3,N (h) := Wh,h0(N) +Wh0,h(N) + 〈(bf)h − bf, (bf)h0 − bf〉2,δ.

Step 2. This step deals with bounds on E(ψj,N (h)) and E(ψj,N (ĥ)) for j = 1, 2, 3.

� By Lemma 3.6.5, for any λ > 0 and θ ∈ (0, 1), with probability larger than
1− 5.4|HN |e−λ,

|ψ1,N (h)| 6 θm(h)

N
+

c3.6.5(1 + λ)3

θN
and |ψ1,N (ĥ)| 6 θm(ĥ)

N
+

c3.6.5(1 + λ)3

θN
.

� On the one hand, for any h, h′ ∈ HN , consider

Ψ2,N (h, h′) :=
1

N

N∑
i=1

〈Φh(Xi, .), (bf)h′〉2,δ.
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By Lemma 3.6.4,

|Ψ2,N (h, h′)| 6 1

N

N∑
i=1

∣∣∣∣∫ ∞
−∞

Φh(Xi, x)(bf)h′(x)δ(x)dx

∣∣∣∣ 6 c3.6.4,3 a.s.

On the other hand,

|〈(bf)h, (bf)h0〉2,δ| 6 ‖δ‖∞‖Kh ∗ (bf)‖∞‖Kh0 ∗ (bf)‖1 6 ‖δ‖∞‖K‖21‖bf‖∞‖bf‖1.

Then, there exists a deterministic constant c1 > 0, not depending on N and h,
such that

|ψ2,N (h)| 6 c1
N

and |ψ2,N (ĥ)| 6 sup
h′∈HN

|ψ2,N (h′)| 6 c1
N

a.s.

� By Lemma 3.6.7 and Cauchy-Schwarz's inequality, with probability larger that
1− |HN |e−λ,

|ψ3,N (h)| 6 θ

4
(‖(bf)h − bf‖22,δ + ‖(bf)h0 − bf‖22,δ) +

8c3.6.7(1 + λ)2

θN

+2× 1

21/2

(
θ

2

)1/2

‖(bf)h − bf‖2,δ ×
1

21/2

(
2

θ

)1/2

‖(bf)h0 − bf‖2,δ

6
θ

2
‖(bf)h − bf‖22,δ +

(
θ

4
+

1

θ

)
‖(bf)h0 − bf‖22,δ +

8c3.6.7(1 + λ)2

θN

and

|ψ3,N (ĥ)| 6 θ

2
‖(bf)

ĥ
− bf‖22,δ +

(
θ

4
+

1

θ

)
‖(bf)h0 − bf‖22,δ +

8c3.6.7(1 + λ)2

θN
.

Step 3. Let us establish that there exist two deterministic constants c2, c2 > 0, not
depending on N and θ, such that with probability larger than 1− c2|HN |e−λ,

sup
h∈HN

{
‖b̂fN,h − bf‖22,δ − (1 + θ)

(
‖(bf)h − bf‖22,δ +

m(h)

N

)}
6

c2(1 + λ)3

θN

and

sup
h∈HN

{
‖(bf)h − bf‖22,δ +

m(h)

N
− 1

1− θ
‖b̂fN,h − bf‖22,δ

}
6

c2(1 + λ)3

θ(1− θ)N
.

On the one hand, note that

‖b̂fN,h − bf‖22,δ − (1 + θ)

(
‖(bf)h − bf‖22,δ +

m(h)

N

)
can be written

‖b̂fN,h − (bf)h‖22,δ −
(1 + θ)m(h)

N
+ 2Wh(N)− θ‖(bf)h − bf‖22,δ,

where Wh(N) := Wh,h(N) (see (3.15)). Moreover, for any h ∈ HN ,

‖b̂fN,h − (bf)h‖22,δ =
Uh(N)

N2
+
Vh(N)

N
(3.17)

with Uh(N) = Uh,h(N) (see (3.14)). So, with probability larger than 1− c2|HN |e−λ,

sup
h∈HN

{∣∣∣∣‖b̂fN,h − (bf)h‖22,δ −
m(h)

N

∣∣∣∣− θm(h)

N

}
6

2(c3.6.5 + c3.6.6)(1 + λ)3

θN
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by Lemmas 3.6.5 and 3.6.6, and then

sup
h∈HN

{
‖b̂fN,h − bf‖22,δ − (1 + θ)

(
‖(bf)h − bf‖22,δ +

m(h)

N

)}
6

c2(1 + λ)3

θN

by Lemma 3.6.7. On the other hand, for any h ∈ HN ,

‖(bf)h − bf‖22,δ = ‖b̂fN,h − bf‖22,δ − ‖b̂fN,h − (bf)h‖22,δ −Wh(N).

Then,

(1−θ)
(
‖(bf)h − bf‖22,δ +

m(h)

N

)
−‖b̂fN,h−bf‖22,δ 6 |Wh(N)|−θ‖(bf)h−bf‖22,δ+Λh(N)−θm(h)

N

where

Λh(N) :=

∣∣∣∣‖b̂fN,h − (bf)h‖22,δ −
m(h)

N

∣∣∣∣ .
By Equality (3.17),

Λh(N) =

∣∣∣∣Uh(N)

N2
+
Vh(N)

N
− m(h)

N

∣∣∣∣ .
By Lemmas 3.6.6 and 3.6.5, there exist two deterministic constants c3, c3 > 0, not
depending N and θ, such that with probability larger than 1− c3|HN |e−λ,

sup
h∈HN

{
Λh(N)− θm(h)

N

}
6

c3(1 + λ)3

θN
.

By Lemma 3.6.7, with probability larger than 1− 2|HN |e−λ,

sup
h∈HN

{|Wh(N)| − θ‖(bf)h − bf‖22,δ} 6
c3.6.7(1 + λ)2

θN
.

Therefore, with probability larger than 1− c2|HN |e−λ,

sup
h∈HN

{
‖(bf)h − bf‖22,δ +

m(h)

N
− 1

1− θ
‖b̂fN,h − bf‖22,δ

}
6

c2(1 + λ)3

θ(1− θ)N
.

Step 4. By step 2, there exist two deterministic constants c4, c4 > 0, not depending on
N , θ, h and h0, such that with probability larger than 1− c4|HN |e−λ,

|ψN (h)| 6 θ
(
‖(bf)h − bf‖22,δ +

m(h)

N

)
+

(
θ

2
+

2

θ

)
‖(bf)h0 − bf‖22,δ +

c4(1 + λ)3

θN

and

|ψN (ĥ)| 6 θ

(
‖(bf)

ĥ
− bf‖22,δ +

m(ĥ)

N

)
+

(
θ

2
+

2

θ

)
‖(bf)h0 − bf‖22,δ +

c4(1 + λ)3

θN
.

Then, by step 3, there exist two deterministic constants c5, c5 > 0, not depending on N ,
θ, h and h0, such that with probability larger than 1− c5|HN |e−λ,

|ψN (h)| 6 θ

1− θ
‖b̂fN,h − bf‖22,δ +

(
θ

2
+

2

θ

)
‖(bf)h0 − bf‖22,δ + c5

(
1

θ
+

1

1− θ

)
(1 + λ)3

N

and

|ψN (ĥ)| 6 θ

1− θ
‖b̂f

N,ĥ
− bf‖22,δ +

(
θ

2
+

2

θ

)
‖(bf)h0 − bf‖22,δ + c5

(
1

θ
+

1

1− θ

)
(1 + λ)3

N
.
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By the decomposition (3.16), there exist two deterministic constants c6, c6 > 0, not
depending on N , θ, h and h0, such that with probability larger than 1− c6|HN |e−λ,

‖b̂f
N,ĥ
− bf‖22,δ 6 ‖b̂fN,h − bf‖22,δ + |ψN (h)|+ |ψN (ĥ)|

6

(
1 +

θ

1− θ

)
‖b̂fN,h − bf‖22,δ +

θ

1− θ
‖b̂f

N,ĥ
− bf‖22,δ

+
c6
θ
‖(bf)h0 − bf‖22,δ +

c6
θ(1− θ)

· (1 + λ)3

N
.

This concludes the proof.

3.6.7.2 Proof of Lemma 3.6.4

First of all, for any x ∈ R and h > 0, by Itô's formula,

K
(
XT − x

h

)
= K

(
Xt0 − x

h

)
+

∫ T

t0

Kh(Xt − x)dXt +
1

2h2

∫ T

t0

K ′
(
Xt − x
h

)
d〈X〉t.

So,∫ T

t0

Kh(Xt − x)dXt = K
(
XT − x

h

)
−K

(
Xt0 − x

h

)
− 1

2h2

∫ T

t0

K ′
(
Xt − x
h

)
σ(Xt)

2dt = (T − t0)Φh(X,x).

Lemma 3.6.4.(1) is a straightforward consequence of the previous equality and Lemma
3.6.4.(2) is easy to establish : for every h > 0 and ϕ ∈ C0([t0, T ];R),

(T − t0)2‖Φh(ϕ, .)‖22,δ 6 2

∫ ∞
−∞
K
(
ϕ(T )− x

h

)2

δ(x)dx+ 4

∫ ∞
−∞
K
(
ϕ(t0)− x

h

)2

δ(x)dx

+
1

h4

∫ ∞
−∞

[∫ T

t0

K ′
(
ϕ(t)− x

h

)
σ(ϕ(t))2dt

]2

δ(x)dx

6 6‖K‖2∞ +
T − t0
h4

∫ T

t0

σ(ϕ(t))4

∫ ∞
−∞

K ′
(
ϕ(t)− x

h

)2

δ(x)dxdt

6 6‖K‖2∞ +
(T − t0)2‖δ‖∞‖σ‖4∞‖K ′‖22

h3
.

Let us prove Lemma 3.6.4.(3,4,5). First, for any h, h′ > 0,

E(〈Φh(X1, .),Φh′(X
2, .)〉22,δ)

=
1

(T − t0)4
E

[(∫ ∞
−∞

(∫ T

t0

Kh(X1
t − x)dX1

t

)(∫ T

t0

Kh′(X
2
t − x)dX2

t

)
δ(x)dx

)2
]

6
2

(T − t0)4
(E(A2

h,h′) + E(B2
h,h′))

with

Ah,h′ :=

∫ ∞
−∞

(∫ T

t0

Kh(X1
t − x)σ(X1

t )dW 1
t

)(∫ T

t0

Kh′(X
2
t − x)dX2

t

)
δ(x)dx and

Bh,h′ :=

∫ ∞
−∞

(∫ T

t0

Kh(X1
t − x)b(X1

t )dt

)(∫ T

t0

Kh′(X
2
t − x)dX2

t

)
δ(x)dx.
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Bound on E(A2
h,h′). Since (X1,W 1) and X2 are independent,

E(A2
h,h′) =

∫ ∞
−∞

∫ ∞
−∞

E

[(∫ T

t0

Kh(X1
t − x)σ(X1

t )dW 1
t

)(∫ T

t0

Kh(X1
t − y)σ(X1

t )dW 1
t

)]
×E
[(∫ T

t0

Kh′(X
2
t − x)dX2

t

)(∫ T

t0

Kh′(X
2
t − y)dX2

t

)]
δ(x)δ(y)dxdy.

On the one hand, for every x, y ∈ R, by the isometry property of Itô's integral and the
de�nition of f ,

E

[(∫ T

t0

Kh(X1
t − x)σ(X1

t )dW 1
t

)(∫ T

t0

Kh(X1
t − y)σ(X1

t )dW 1
t

)]
=

∫ T

t0

E(Kh(X1
t − x)Kh(X1

t − y)σ(X1
t )2)dt = (T − t0)

∫ ∞
−∞

Kh(z − x)Kh(z − y)σ(z)2f(z)dz.

Then,

E(A2
h,h′) = (T − t0)

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

Kh(z − x)Kh(z − y)σ(z)2f(z)

×E
[(∫ T

t0

Kh′(X
2
t − x)dX2

t

)(∫ T

t0

Kh′(X
2
t − y)dX2

t

)]
δ(x)δ(y)dxdydz

= (T − t0)

∫ ∞
−∞

σ(z)2f(z)E

[(∫ ∞
−∞

Kh(z − x)δ(x)

∫ T

t0

Kh′(X
2
t − x)dX2

t dx

)2
]
dz.

On the other hand, for every z ∈ R, x 7→ |Kh(z − x)|/‖K‖1 is a density function. Then,
by Jensen's inequality,

E(A2
h,h′) 6 (T − t0)‖K‖1

∫ ∞
−∞

σ(z)2f(z)

∫ ∞
−∞
|Kh(z − x)|δ(x)2

E

[(∫ T

t0

Kh′(X
2
t − x)dX2

t

)2
]
dxdz

6 (T − t0)‖σ2f‖∞‖K‖21‖δ‖∞
∫ ∞
−∞

δ(x)E

[(∫ T

t0

Kh′(X
2
t − x)dX2

t

)2
]
dx

6 (T − t0)3‖σ2f‖∞‖K‖21‖δ‖∞m(h′).

Bound on E(B2
h,h′). Since x 7→ |Kh(Xt(ω) − x)|/‖K‖1 is a density function for every

(t, ω) ∈ [t0, T ]× Ω, by Jensen's inequality,

E(B2
h,h′) = E

[(∫ T

t0

∫ ∞
−∞

Kh(X1
t − x)b(X1

t )δ(x)

∫ T

t0

Kh′(X
2
s − x)dX2

sdxdt

)2
]

6 (T − t0)‖K‖1
∫ T

t0

∫ ∞
−∞

E(|Kh(X1
t − x)|b(X1

t )2)δ(x)2
E

[(∫ T

t0

Kh′(X
2
s − x)dX2

s

)2
]
dxdt

= (T − t0)2‖K‖1
∫ ∞
−∞

(∫ ∞
−∞
|Kh(z − x)|b(z)2f(z)dz

)
δ(x)2

E

[(∫ T

t0

Kh′(X
2
s − x)dX2

s

)2
]
dx

6 (T − t0)2‖b2f‖∞‖K‖21‖δ‖∞
∫ ∞
−∞

δ(x)E

[(∫ T

t0

Kh′(X
2
s − x)dX2

s

)2
]
dx

6 (T − t0)4‖b2f‖∞‖K‖21‖δ‖∞m(h′).

Now, for any h > 0 and ϕ ∈ L2(R, dx),

E(〈Φh(X, .), ϕ〉22,δ) =
1

(T − t0)2
E

[(∫ ∞
−∞

ϕ(x)δ(x)

∫ T

t0

Kh(Xt − x)dXtdx

)2
]
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6
2

(T − t0)2
(E(C2

h) + E(D2
h))

with

Ch :=

∫ ∞
−∞

ϕ(x)δ(x)

∫ T

t0

Kh(Xt − x)σ(Xt)dWtdx and

Dh :=

∫ ∞
−∞

ϕ(x)δ(x)

∫ T

t0

Kh(Xt − x)b(Xt)dtdx.

Bound on E(C2
h). By the isometry property of Itô's integral and the de�nition of f ,

E(C2
h) =

∫ ∞
−∞

∫ ∞
−∞

ϕ(x)ϕ(y)δ(x)δ(y)

∫ T

t0

E(Kh(Xt − x)Kh(Xt − y)σ(Xt)
2)dtdxdy

= (T − t0)

∫ ∞
−∞

∫ ∞
−∞

ϕ(x)ϕ(y)δ(x)δ(y)

∫ ∞
−∞

Kh(z − x)Kh(z − y)σ(z)2f(z)dzdxdy

= (T − t0)

∫ ∞
−∞

(Kh ∗ (ϕδ))(z)2σ(z)2f(z)dz 6 (T − t0)‖σ2f‖∞‖K‖21‖δ‖∞‖ϕ‖22,δ.

Bound on E(D2
h). By the de�nition of f ,

E(D2
h) = E

[(∫ T

t0

b(Xt)

∫ ∞
−∞

Kh(Xt − x)ϕ(x)δ(x)dxdt

)2
]
6 (T − t0)

∫ T

t0

E(b(Xt)
2(Kh ∗ (ϕδ))(Xt)

2)dt

6 (T − t0)2

∫ ∞
−∞

(Kh ∗ (ϕδ))(z)2b(z)2f(z)dz 6 (T − t0)2‖b2f‖∞‖K‖21‖δ‖∞‖ϕ‖22,δ.

Finally, sinceX is a semi-martingale and since the map (t, ω, x) 7→ Kh(Xt(ω)−x)(bf)h′(x)δ(x)
is measurable and bounded for any h, h′ ∈ HN , by the stochastic Fubini theorem and
Itô's formula,

(T − t0)〈Φh(X, .), (bf)h′〉2,δ = (T − t0)

∫ ∞
−∞

Φh(X,x)(bf)h′(x)δ(x)dx

=

∫ T

t0

∫ ∞
−∞

Kh(Xt − x)(bf)h′(x)δ(x)dxdXt a.s.

=

∫ T

t0

[Kh ∗ ((bf)h′δ)](Xt)dXt

= Ψh,h′(XT )−Ψh,h′(Xt0)− 1

2

∫ T

t0

ψ′h,h′(Xt)σ(Xt)
2dt

where
ψh,h′ := Kh ∗ ((bf)h′δ), and Ψh,h′ := K(./h) ∗ ((bf)h′δ)

is a primitive function of ψh,h′ . On the one hand,

ψ′h,h′ = Kh ∗ ((bf)h′δ)
′

= Kh ∗ ((bf)h′δ
′) +Kh ∗ ((Kh′ ∗ (bf)′)δ)

= Kh ∗ ((bf)h′δ
′) +Kh ∗ ((Kh′ ∗ (bf ′))δ) +Kh ∗ ((Kh′ ∗ (b′f))δ).

Then, since bf , bf ′ and b′f are bounded under Assumption 3.1.2,

‖ψ′h,h′‖∞ 6 ‖Kh‖1‖Kh′ ∗ (bf)‖∞‖δ′‖∞ + ‖Kh‖1‖Kh′ ∗ (bf ′)‖∞‖δ‖∞ + ‖Kh‖1‖Kh′ ∗ (b′f))‖∞‖δ‖∞
6 ‖K‖21‖bf‖∞‖δ′‖∞ + ‖K‖21‖bf ′‖∞‖δ‖∞ + ‖K‖21‖b′f‖∞‖δ‖∞ <∞.
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On the other hand,

‖Ψh,h′‖∞ 6 ‖K(./h)‖∞‖(Kh′ ∗ (bf))δ‖1 6 ‖K‖∞‖δ‖∞‖K‖1‖bf‖1 <∞.

This concludes the proof because

(T − t0)|〈Φh(X, .), (bf)h′〉2,δ| 6 2‖Ψh,h′‖∞ +
T − t0

2
‖σ‖2∞‖ψ′h,h′‖∞ a.s.

3.6.7.3 Proof of Lemma 3.6.5

For any h, h′ ∈ HN ,
Uh,h′(N) =

∑
i 6=j

gh,h′(X
i, Xj)

with, for every ϕ1, ϕ2 ∈ E = C0([0, T ];R),

gh,h′(ϕ1, ϕ2) := 〈Φh(ϕ1, .)− (bf)h,Φh′(ϕ2, .)− (bf)h′〉2,δ.

On the one hand, since E(gh,h′(ϕ,X)) = 0 for every ϕ ∈ E, by Giné and Nickl [115],
Theorem 3.4.8, there exists a universal constant m > 1 such that for any λ > 0, with
probability larger than 1− 5.4e−λ,

|Uh,h′(N)|
N2

6
m

N2
(ch,h′(N)λ1/2 + dh,h′(N)λ+ bh,h′(N)λ3/2 + ah,h′(N)λ2)

where the constants ah,h′(N), bh,h′(N), ch,h′(N) and dh,h′(N) are de�ned and controlled
later. First, note that

Uh,h′(N) =
∑
i 6=j

(gh,h′(X
i, Xj)− g̃h,h′(Xi)− g̃h′,h(Xj) + E(gh,h′(X

i, Xj))) (3.18)

where, for every η, η′ ∈ HN and ϕ1, ϕ2, ψ ∈ E,

gη,η′(ϕ1, ϕ2) := 〈Φη(ϕ1, .),Φη′(ϕ2, .)〉2,δ and g̃η,η′(ψ) := 〈Φη(ψ, .), (bf)η′〉2,δ = E(gη,η′(ψ,X)).

Let us now control ah,h′(N), bh,h′(N), ch,h′(N) and dh,h′(N) :

� The constant ah,h′(N). Consider

ah,h′(N) := sup
ϕ1,ϕ2∈E

|gh,h′(ϕ1, ϕ2)|.

By (3.18), Cauchy-Schwarz's inequality and Lemma 3.6.4,

ah,h′(N) 6 4 sup
ϕ1,ϕ2∈E

|〈Φh(ϕ1, .),Φh′(ϕ2, .)〉2,δ| 6 4

(
sup
ϕ1∈E

‖Φh(ϕ1, .)‖2,δ

)(
sup
ϕ2∈E

‖Φh′(ϕ2, .)‖2,δ

)

6 4

[
6‖K‖2∞

(T − t0)2
+
‖δ‖∞‖σ‖4∞‖K ′‖22

h3

]1/2 [
6‖K‖2∞

(T − t0)2
+
‖δ‖∞‖σ‖4∞‖K ′‖22

(h′)3

]1/2

6
c1
h3

0

with

c1 = 4

[
6‖K‖2∞

(T − t0)2
+ ‖δ‖∞‖σ‖4∞‖K ′‖22

]
.

So, since (Nh3
0)−1 6 1,

ah,h′(N)λ2

N2
6

c1λ
2

N2h3
0

6
c1λ

2

N
.
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� The constant bh,h′(N). Consider

bh,h′(N)2 := N sup
ϕ∈E

E(gh,h′(ϕ,X)2).

By (3.18), Cauchy-Schwarz's inequality and Lemma 3.6.4,

bh,h′(N)2 6 16N sup
ϕ∈E

E(〈Φh(ϕ, .),Φh′(X, .)〉22,δ)

6 16NE(‖Φh′(X, .)‖22,δ) sup
ϕ∈E
‖Φh(ϕ, .)‖22,δ 6

c2m(h′)N

h3
with c2 = 4c1.

So, for any θ ∈ (0, 1), since (Nh3
0)−1 6 1,

bh,h′(N)λ3/2

N2
6 2

(
θ

3m

)1/2 m(h′)1/2

Nh3/2
×
(

3m

θ

)1/2 c
1/2
2 λ3/2

N1/2

6
θm(h′)

3mN2h3
+

3c2mλ
3

θN
6
θm(h′)

3mN
+

3c2mλ
3

θN
.

� The constant ch,h′(N). Consider

ch,h′(N)2 := N2
E(gh,h′(X

1, X2)2).

By (3.18) and Lemma 3.6.4,

ch,h′(N)2 6 16N2
E(〈Φh(X1, .),Φh′(X

2, .)〉22,δ)
6 c3m(h′)N2 with c3 = 16c3.6.4,1.

So, as previously,
ch,h′(N)λ1/2

N2
6
θm(h′)

3mN
+

3c3mλ

θN
.

� The constant dh,h′(N). Consider

dh,h′(N) := sup
(a,b)∈A

E

∑
i<j

ai(X
i)bj(X

j)gh,h′(X
i, Xj)

 ,
where

A :=

(a, b) :

N−1∑
i=1

E(ai(X
i)2) 6 1 and

N∑
j=2

E(bj(X
j)2) 6 1

 .

By (3.18), Cauchy-Schwarz's inequality, Jensen's inequality and Lemma 3.6.4,

dh,h′(N) 6 4 sup
(a,b)∈A

E

N−1∑
i=1

N∑
j=i+1

|ai(Xi)bj(X
j)gh,h′(X

i, Xj)|


6 4NE(〈Φh(X1, .),Φh′(X

2, .)〉22,δ)1/2 6 c
1/2
3 m(h′)1/2N.

So, as previously,
dh,h′(N)λ

N2
6
θm(h′)

3mN
+

3c3mλ
2

θN
.
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Therefore, there exists a deterministic constant c4 > 0, not depending on N , h and h′,
such that with probability larger than 1− 5.4e−λ,

|Uh,h′(N)|
N2

6
θm(h′)

N
+

c4(1 + λ)3

θN
.

In conclusion, with probability larger than 1− 5.4|HN |e−λ,

sup
h∈HN

{
|Uh,h0(N)|

N2
− θm(h)

N

}
6

c4(1 + λ)3

θN

and

sup
h∈HN

{
|Uh,h(N)|

N2
− θm(h)

N

}
6

c4(1 + λ)3

θN
.

3.6.7.4 Proof of Lemma 3.6.6

First, the two following results are used several times in the sequel :

‖(bf)h‖22,δ 6 ‖δ‖∞
∫ ∞
−∞

(∫ ∞
−∞

Kh(y − x)b(y)f(y)dy

)2

dx

6 ‖δ‖∞
∫ ∞
−∞

b(y)2f(y)

∫ ∞
−∞

Kh(y − x)2dxdy 6
‖δ‖∞‖K‖22‖b2f‖1

h
(3.19)

and

E(Vh(N)) = E(‖Φh(X, .)− (bf)h‖22,δ)

= E(‖Φh(X, .)‖22,δ) + ‖(bf)h‖22,δ − 2

∫ ∞
−∞

(bf)h(x)E(Φh(X,x))δ(x)dx

= E(‖Φh(X, .)‖22,δ)− ‖(bf)h‖22,δ. (3.20)

Consider

vh(N) := Vh(N)− E(Vh(N)) =
1

N

N∑
i=1

(gh(Xi)− E(gh(Xi)))

with
gh(ϕ) := ‖Φh(ϕ, .)− (bf)h‖22,δ ; ∀ϕ ∈ E.

By Bernstein's inequality, for any λ > 0, with probability larger than 1− 2e−λ,

|vh(N)| 6
√

2vhλ

N
+

chλ

N

where

ch =
‖gh‖∞

3
and vh = E(gh(X)2).

Moreover, by Inequality (3.19) and Lemma 3.6.4,

ch =
1

3
sup
ϕ∈E
‖Φh(ϕ, .)− (bf)h‖22,δ 6

2

3

(
sup
ϕ∈E
‖Φh(ϕ, .)‖22,δ + ‖(bf)h‖22,δ

)

6
c1
h3

with c1 =
2

3

[
6‖K‖2∞

(T − t0)2
+ ‖δ‖∞‖σ‖4∞‖K ′‖22 + ‖δ‖∞‖K‖22‖b2f‖1

]
and, by Inequality (3.19), Equality (3.20) and Lemma 3.6.4,

vh 6 ‖gh‖∞E(Vh(N)) 6
3c1
h3

(E(‖Φh(X, .)‖22,δ)− ‖(bf)h‖22,δ)
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6
c2m(h)

h3
with c2 = 3c1.

Then, for any θ ∈ (0, 1), since (Nh3
0)−1 6 1, with probability larger than 1− 2e−λ,

|vh(N)| 6 2

√
c2m(h)λ

Nh3
+

c1λ

Nh3

6 θm(h) +
(c1 + c2)λ

θNh3
6 θm(h) +

(c1 + c2)λ

θ
.

So, with probability larger than 1− 2|HN |e−λ,

sup
h∈HN

{
|vh(N)|
N

− θm(h)

N

}
6

(c1 + c2)λ

θN
.

Therefore, by Equality (3.20), with probability larger that 1− 2|HN |e−λ,

sup
h∈HN

{
1

N
|Vh(N)− E(‖Φh(X, .)‖22,δ)| −

θm(h)

N

}
6 sup

h∈HN

{
|vh(N)|
N

− θm(h)

N

}
+

1

N
‖Kh ∗ (bf)‖22,δ 6

(c1 + c2 + ‖δ‖∞‖K‖21‖bf‖22)(1 + λ)

θN
.

3.6.7.5 Proof of Lemma 3.6.7

For any h, h′ ∈ HN ,

Wh,h′(N) =
1

N

N∑
i=1

(gh,h′(X
i)− E(gh,h′(X

i)))

with, for every ϕ ∈ E,

gh,h′(ϕ) := 〈Φh(ϕ, .), (bf)h′ − bf〉2,δ.

By Bernstein's inequality, for any λ > 0, with probability larger than 1− 2e−λ,

|Wh,h′(N)| 6
√

2vh,h′λ

N
+

ch,h′λ

N

where

ch,h′ =
‖gh,h′‖∞

3
and vh,h′ = E(gh,h′(X)2).

Moreover, by Lemma 3.6.4,

ch,h′ =
1

3
sup
ϕ∈E
|〈Φh(ϕ, .), (bf)h′ − bf〉2,δ| 6

1

3
‖(bf)h′ − bf‖2,δ sup

ϕ∈E
‖Φh(ϕ, .)‖2,δ

6
c1

h3/2
‖(bf)h′ − bf‖2,δ with c1 =

1

3

[
6‖K‖2∞

(T − t0)2
+ ‖δ‖∞‖σ‖4∞‖K ′‖22

]1/2

and
vh,h′ 6 E(〈Φh(X, .), (bf)h′ − bf〉22,δ) 6 c3.6.4,2‖(bf)h′ − bf‖22,δ.

Then, for any θ ∈ (0, 1), with probability larger than 1− 2e−λ,

|Wh,h′(N)| 6 2

√
c3.6.4,2λ

N
‖(bf)h′ − bf‖22,δ +

c1λ

Nh3/2
‖(bf)h′ − bf‖2,δ
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6 θ‖(bf)h′ − bf‖22,δ +
2c3.6.4,2λ

θN
+

2c21λ
2

θN2h3
6 θ‖(bf)h′ − bf‖22,δ +

2(c3.6.4,2 + c21)(1 + λ)2

θN
.

So, with probability larger than 1− 2|HN |e−λ,

sup
h∈HN

{|Wh,h0(N)| − θ‖(bf)h0 − bf‖22,δ} 6
c3.6.7(1 + λ)2

θN
,

sup
h∈HN

{|Wh0,h(N)| − θ‖(bf)h − bf‖22,δ} 6
c3.6.7(1 + λ)2

θN
and

sup
h∈HN

{|Wh,h(N)| − θ‖(bf)h − bf‖22,δ} 6
c3.6.7(1 + λ)2

θN
.

3.6.8 Proof of Corollary 3.4.3

On the one hand, as in the proof of Proposition 3.2.5 and since δ(x) > m for every
x ∈ [A,B],

E(‖b̂
N,ĥ,ĥ′

− b‖2f,A,B) 6
c3.2.5
m2

[E(‖b̂f
N,ĥ
− bf‖22,A,B) + 2E(‖f̂

N,ĥ′
− f‖22)]

6
2c3.2.5
m3

[E(‖b̂f
N,ĥ
− bf‖22,δ) + E(‖f̂

N,ĥ′
− f‖22)].

On the other hand, by Theorem 3.4.2 and union bounds,

E(‖b̂f
N,ĥ
− bf‖22,δ) 6 (1 + ϑ) min

h∈HN
E(‖b̂fN,h − bf‖22,δ) +

c3.4.2,2
ϑ

(
‖(bf)h0 − bf‖22,δ +

1

N

)
6 (1 ∨ ‖δ‖∞)

[
(1 + ϑ) min

h∈HN
E(‖b̂fN,h − bf‖22) +

c3.4.2,2
ϑ

(
‖(bf)h0 − bf‖22 +

1

N

)]
and

E(‖f̂
N,ĥ′
− f‖22) 6 (1 + ϑ) min

h′∈HN
E(‖f̂N,h′ − f‖22) +

c3.4.2,2
ϑ

(
‖fh′0 − f‖

2
2 +

1

N

)
.

Therefore,

E(‖b̂
N,ĥ,ĥ′

− b‖2f,A,B) 6
2c3.2.5(1 ∨ ‖δ‖∞)

m3

[
(1 + ϑ) min

(h,h′)∈HN×H′N
{E(‖b̂fN,h − bf‖22) + E(‖f̂N,h′ − f‖22)}

+
c3.4.3
ϑ

(
‖(bf)h0 − bf‖22 + ‖fh′0 − f‖

2
2 +

1

N

)]
.
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