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trois années. Il a été un excellent directeur tout du long et n’a cessé d’enrichir ma petite
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Introduction

Interaction between light and matter is ubiquitous in nature and numerous examples
can be cited. Among them, we can mention photosynthesis [1–3] which is a process
used by plants, algae, and some bacteria. It captures sunlight to convert carbon
dioxide CO2 and water H2O from air and soil to produce dioxygen O2 and chemical
energy in the form of glucose. Another biological example that underlines the
interaction between light and molecules is the process of vision that takes place in the
retina of the eye [4–8]. Indeed, in the vision process, light is absorbed by a pigment
in the eye and leads to an isomerization reaction of the pigment. This reaction is the
beginning of the visual process. Many other important applications exist in many
different domains like for energetic purposes with the conversion of sunlight to
an electric current in photovoltaic cells [9–12] or photocatalysis [13, 14]. Of course
many more examples of application can be given but these few examples show that
understanding the interaction between light and molecules is fundamental in many
relevant areas of physics, chemistry, and biology.

Nowadays, numerical simulation is a very important tool not only in chemistry
but in science in general, it allows scientists to model and study complex systems or
phenomena that are difficult or impossible to investigate directly. Indeed, using simu-
lations, scientists can explore hostile environments like space or extreme temperature
and pressure environments. It enables us to make predictions, test hypotheses, and
gain insights into various scientific domains. However, light-molecule interaction
is a complex problem that leads to various possible mechanisms like absorption,
emission, or scattering. In this thesis, we are only interested in the case of absorption
of photons and we will focus on two processes, neutral excitation and ionization.
Figure 1 schematically shows the difference between the two cases. The ionization
process takes place when the absorbed photon has enough energy to extract an
electron from the molecule while a neutral excitation promotes an electron from an
occupied electronic state to an excited one. Note that when a molecule is excited
from its ground state geometry, the geometry of the excited state can relax. Figure 2
shows some of the different transition energies taking place when looking at neutral
excitations. First, an electron absorbs a photon and is promoted from the electronic
and vibrational ground state at its equilibrium geometry to one excited state at the
same geometry. Then, the molecular structure relaxes (and goes along the horizontal
axis) to the equilibrium geometry of the excited state. Next, the electron is deexcited
to the electronic ground state at the equilibrium geometry of the excited state. Finally,
the geometry of the molecule relaxes to the electronic and vibrational ground state at
its equilibrium geometry. Unfortunately, all these processes are extremely challenging
to model and in this thesis, we focus only on the so-called vertical excitation energies
meaning that we do not take into account any relaxation of the geometries.

Unfortunately, defining an effective method that reliably provides accurate excited-
state and ionization energies remains a major challenge in theoretical chemistry. Orig-
inally developed, in the context of electricity and magnetism theories, by George
Green in its seminal work in 1828 [15], Green’s functions are now present in many
domains of physics like nuclear physics [16] and condensed matter physics [17–19].
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Figure 1: Scheme of a neutral excitation (on the left) that promotes an electron from
one electronic state to an excited one and an ionization (on the right) that promotes
an electron to the continuum (dashed line).

The use of Green’s function methods in quantum chemistry has significantly devel-
oped in recent years and has garnered considerable interest due to their ability to
target both charged and neutral excitations [20–32]. It is in this context that this work
takes place by targeting charged and neutral excitations in molecules using Green’s
function methods.

This thesis can be considered as a work in four parts and is structured as follows,
Chapter 1 is devoted to the establishment of the various methods on which this thesis
relies and to setting the notations used throughout this work. After some reminders
about the Schrödinger equation and the usual Born-Oppenheimer approximation, we
go through the variational principal and the noninteracting electrons case. This set
the framework for all the methods that we investigate in this work. First, the Hartree-
Fock method is discussed in both restricted and unrestricted formalism. Then, we
have a look at the density functional theory (DFT) in the Kohn-Sham formalism. After
this, we consider the linear response theory that allows us to obtain an approximation
to the time-dependent Schrödinger equation. This leads to the time-dependent
Hartree-Fock (TD-HF) and time-dependent DFT (TD-DFT) methods. Afterward, we
dive into the many-body perturbation theory by, first investigating the well-known
Møller Plesset (MP) perturbation theory and then, by considering Green’s function
formalism. Within this latter formalism, we examine different approximations, first
for the computation of charged excitations using the one-body Green’s function and
then, for the computation of neutral excitations using the two-body Green’s function
with the Bethe-Salpeter equation (BSE) formalism.

Chapters 2 and 3 are dedicated to the application of methods for studying neutral
(vertical) excitations in atoms and molecules. In chapter 2 we apply the spin-flip
formalism to the BSE formalism to access, in particular, double excitations. Dynamical
corrections to the static BSE optical excitations are taken into account via perturbative
treatment. The performance of this spin-flip BSE formalism is illustrated by comput-
ing excited-state energies of the beryllium atom (Be), the hydrogen molecule (H2)
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Figure 2: Scheme of neutral vertical transition energy represented by a (blue) vertical
arrow. We consider that an electronic excitation is instantaneous at the time scale
of the nuclear motion. Thus, this excitation is vertical with respect to the reaction
coordinate R that describes the positions of the nuclei. Experimentally, the neutral
excitation energy measured is the E0−0 energy (purple). To be able to compare
computation and measurement we have to obtain the ground state (GS) and excited
state (ES) zero-point vibrational energies (ZPVE).

at various bond lengths, and cyclobutadiene in its rectangular and square-planar
geometries and compared to other spin-flip methods. In chapter 3, using a large panel
of methods, we provide an extensive computational study of the automerization
barrier (defined as the difference between the square and rectangular ground-state en-
ergies) and the vertical excitation energies at the square and rectangular equilibrium
structures of the cyclobutadiene (CBD) molecule. In particular, selected configuration
interaction, multi-reference perturbation theory, and coupled-cluster calculations are
performed. The spin-flip formalism is also tested within TD-DFT and the algebraic
diagrammatic construction schemes. A theoretical best estimate is defined for the
automerization barrier and each vertical transition energy.

Chapters 4 and 5 are devoted to the study of some features and connections of
different Green’s function methods. In chapter 4 we explore the appearance of multi-
ple solutions and unphysical discontinuities in various physical quantities computed
within the GW approximation. We then give a simple and efficient regularization
procedure inspired by the similarity renormalization group to remove these disconti-
nuities. In chapter 5 we investigate the connections between various Green’s function
methods and evaluate their performances for charged and neutral excitations. We
demonstrate that, within the GW approximation, a second-order BSE kernel with
dynamical correction is required to predict an inverted gap of a model molecular
emitter for thermally activated delayed fluorescence.

Chapter 6 takes the form of documentation for qcmath which is a quantum
chemistry software developed during this thesis. This software is designed for
electronic structure calculations and it is based on the Wolfram Mathematica language.
The purpose of this software is twofold, firstly, to bring together different methods
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and features described in this thesis, and secondly, to take advantage of the powerful
symbolic nature of Mathematica to help newcomers in quantum chemistry easily
develop their ideas.
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Chapter 1

Methods

In this chapter, we set the framework for this thesis. We start from the
Schrödinger equation and the approximations used in quantum chemistry to
solve it. This brings us to one of the core methods of quantum chemistry: the

Hartree-Fock (HF) approximation. Then, we discuss another fundamental
theory the Density Functional Theory (DFT). We then turn to the excited states

part by using linear response theory on these two methods. Finally, we
consider the Many-Body Perturbation Theory (MBPT) that leads us to the
central concept of this thesis, Green’s function methods for charged and

neutral excitations.

1.1 Schrodinger equation

The time evolution of a chemical system (i.e. system composed of nuclei and electrons)
is described by the time-dependent Schrödinger equation, derived by the physicist
Erwin Schrödinger in 1925 and awarded the Nobel Prize in Physics in 1933

ih̄
∂Ψ(x, R, t)

∂t
= ĤΨ(x, R, t), (1.1)

where Ψ(x, R, t) is the molecular wave function that completely determines the
state of the system, Ĥ is the molecular Hamiltonian operator of the system, x =
(x1, . . . , xN) = (r, s) is a composite coordinate vector gathering the spatial coordinates
r = (r1, . . . , rN) and spin coordinates s = (s1, . . . , sN) of the N electrons whereas
R = (R1, . . . , RM) are the spatial coordinates of the M nuclei.

For a stationary system (i.e. not explicitly time-dependent) and by neglecting
relativistic effects, the time-independent Schrödinger equation gives the eigenvalue
equation

ĤΨ(x, R) = E Ψ(x, R), (1.2)

where Ψ(x, R) is the stationary molecular wave function and E is the total energy of
the system. The non-relativistic molecular Hamiltonian is explicitly given by

Ĥ = T̂n + T̂e + V̂en + V̂ee + V̂nn

= −
M

∑
A=1

h̄2

2MA
∇2

A −
N

∑
i

h̄2

2me
∇2

i −
N

∑
i=1

M

∑
A=1

ZAe2

4πε0|RA − ri|

+
N

∑
i=1

N

∑
j>i

e2

4πε0
∣∣rp − rj

∣∣ + M

∑
A=1

M

∑
B>A

ZAZBe2

4πε0|RB − RA|
,

(1.3)
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where ∇2
A and ∇2

p are the Laplace operators associated with the Ath nucleus and
the ith electron, respectively, RA and ZA are the nuclear coordinates and charge
of nucleus A. The first term T̂n is the kinetic energy operator of the nuclei, and
then T̂e is the kinetic energy operator of the electrons. The next term is V̂en which
corresponds to the Coulombic attraction between electrons and nuclei. The last
two terms correspond to the interelectronic (V̂ee) and internuclear (V̂nn) Coulombic
repulsions, respectively. From now on atomic units will be used, that consists in
using unitless energy E← E/Eh and coordinates r ← r/a0, where Eh = h̄2/(mea2

0)(=
1 Hartree) corresponds to twice the ionization energy of the hydrogen atom and
a0 = 4πε0h̄2/(mee2) is the Bohr radius. Within the atomic units, the molecular
Hamiltonian reads

Ĥ = −
M

∑
A=1

∇2
A

2MA
−

N

∑
i=1

∇2
i

2
−

N

∑
i=1

M

∑
A=1

ZA

riA
+

N

∑
i=1

N

∑
j>i

1
rij

+
M

∑
A=1

M

∑
B>A

ZAZB

RAB
, (1.4)

where riA is the distance between the ith electron and the Ath nucleus and rij is the
distance between the ith and the jth electrons. The Schrödinger equation (1.2) cannot
be solved except for simple systems, so approximations are needed.

1.2 Born-Oppenheimer approximation

Because nuclei are much heavier than electrons one can assume that they move more
slowly. So one can decouple the movement of electrons and nuclei and one can
consider that the electrons in a molecule are moving in the field of fixed nuclei. We
can see this decoupling as the electrons accommodate instantaneously to any motion
of the nuclei, so we can study the electronic part of a system while one keeps the
nuclei frozen. This is the so-called Born-Oppenheimer approximation [33], within
this approximation the first term in Eq.(1.4), the kinetic energy of the nuclei can be
neglected and the last term in Eq.(1.4), the repulsion between nuclei can be considered
to be constant and will be omitted. The remaining terms in Eq.(1.4) constitute the
electronic Hamiltonian that describes the motion of N electrons in the field of M
point charges and it is given by

Ĥelec = T̂e + V̂en + V̂ee

= −
N

∑
i=1

∇2
i

2
−

N

∑
i=1

M

∑
A=1

ZA

riA
+

N

∑
i=1

N

∑
j>i

1
rij

,
(1.5)

With this electronic Hamiltonian in hand, one can write the eigenvalues equation

ĤelecΨelec(x;R) = EelecΨelec(x;R), (1.6)

where the solution Ψelec(x; R) is the electronic wave function that describes the
motion of electrons and depends explicitly on the electronic coordinates but depends
parametrically on the nuclear coordinates, so does the electronic energy (Eelec =
Eelec(R)). It means that for different nuclear geometries, Ψelec(x;R) is a different
function of the electronic coordinates. Then, for fixed nuclei, the total energy includes
the constant nuclear repulsion

Etot = Eelec +
M

∑
A=1

M

∑
B>A

ZAZB

RAB
. (1.7)
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Once the electronic problem is solved one can solve the nuclear motion under the same
assumptions as for the electronic problem. Indeed, because electrons move much
faster than the nuclei, one can average the electronic motion in Eq.(1.4), averaged over
the electronic wave function. Then we obtain a nuclear Hamiltonian that describes
the motion of the nuclei in the averaged field of the electrons

Ĥnuc =−
M

∑
A=1

∇2
A

2MA
+

〈
−

N

∑
i

∇2
i

2
−

N

∑
i=1

M

∑
A=1

ZA

riA
+

N

∑
i=1

N

∑
j>i

1
rij

〉
+

M

∑
A=1

M

∑
B>A

ZAZB

RAB

= −
M

∑
A=1

∇2
A

2MA
+ Eelec(R) +

M

∑
A=1

M

∑
B>A

ZAZB

RAB

= −
M

∑
A=1

∇2
A

2MA
+ Etot(R),

(1.8)

where the total energy Etot(R) gives a potential for nuclear motion so that the nuclei in
the Born-Oppenheimer approximation move on a potential energy surface obtained
by solving the electronic problem. Then with the nuclear Hamiltonian one can write
the nuclear Schrödinger equation

ĤnucΨnuc(R) = EΨnuc(R), (1.9)

where the solution Ψnuc(R) describes the vibration, rotation, and translation of a
molecule. The energy E is the Born-Oppenheimer approximation to the total energy
in Eq.(1.2) and it includes electronic and nuclear energies. Thus the approximation to
the total wave function in Eq.(1.2) is

Ψ(x; R) = Ψelec(x; R)Ψnuc(R). (1.10)

Henceforth, we will only consider the electronic problem and for convenience, in all
subsequent developments, we drop the “elec” subscript and will write the electronic
wave function Ψ(x; R). Moreover, we do not write the parameter R in the electronic
wave function, meaning that we consider electronic Hamiltonians (Eq.(1.5)) and
wave functions at a given nuclear geometry R. Thus, we have the many-electron
wave function Ψ(x), we introduce now the Dirac notation that allows us to write
Ψ(x) = 〈x|Ψ〉 that we can write |Ψ〉. During all this work we will use the wave
function in both notations.

1.3 Variational principle

As previously said in 1.1 the Schrödinger equation cannot be solved exactly and so
we need to find approximate solutions. For a given Hamiltonian operator Ĥ, it exists
an infinite number of solutions to the Schrödinger equation

Ĥ |Ψn〉 = En |Ψn〉 , n = 0, 1, . . . , (1.11)

with the eigenvalues
E0 ≤ E1 ≤ . . . ≤ En ≤ . . . . (1.12)

Because the Hamiltonian Ĥ is Hermitian the eigenvalues are real and the correspond-
ing eigenvectors are orthonormal, i.e.

〈Ψn|Ψm〉 = δnm, (1.13)
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where

δnm =

{
1, if n = m,
0, otherwise,

(1.14)

is the Kronecker delta [34]. Thus, using Eq. (1.11), we have

〈Ψm|Ĥ|Ψn〉 = Enδnm. (1.15)

If we consider that the eigenvectors of the Hamiltonian operator form a complete set
then any wave function |Φ〉 having the same boundary conditions as the complete
set of eigenvectors can be expressed as a linear combination of the eigenvectors

|Φ〉 = ∑
n

cn |Ψn〉

= ∑
n
|Ψn〉 〈Ψn|Φ〉

(1.16)

and

〈Φ| = ∑
n

c∗n 〈Ψn|

= ∑
n
〈Ψn|Φ〉 〈Ψn| .

(1.17)

If we consider a normalized wave function |Φ〉, then

〈Φ|Φ〉 = 1 = ∑
nm
〈Φ|Ψn〉 〈Ψn|Ψm〉 〈Ψm|Φ〉

= ∑
nm
〈Φ|Ψn〉 δnm 〈Ψm|Φ〉

= ∑
n
〈Φ|Ψn〉 〈Ψn|Φ〉

= ∑
n
| 〈Ψn|Φ〉 |2.

(1.18)

Then the expectation value of the Hamiltonian using the wave function |Φ〉 is

〈Φ|Ĥ|Φ〉 = ∑
nm
〈Φ|Ψn〉 〈Ψn|Ĥ|Ψm〉 〈Ψm|Φ〉 . (1.19)

Using Eq.(1.15), we end up with

〈Φ|Ĥ|Φ〉 = ∑
n
En| 〈Ψn|Φ〉 |2

= ∑
n
En|cn|2.

(1.20)

Because for all n we have that En ≥ E0, this leads us to the variational principle that
states that for any normalized wave function |Φ〉 that satisfies the same boundary
conditions than the complete set |Ψn〉, the expectation value of the Hamiltonian
operator will give an upper bound to the exact ground state energy

〈Φ|Ĥ|Φ〉 ≥ E0. (1.21)

So the variation method works as follows, we take a normalized trial wave function
|Φ〉 which depends on parameters (the cn coefficients) and vary these parameters
until the expectation value 〈Φ|Ĥ|Φ〉 reaches a minimum. Then this minimum is the
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variational estimate of the exact ground state energy. If we consider a trial wave
function which is a linear combination of a fixed set of N basis orthonormal functions
then finding the optimum set of coefficients can be expressed in a matrix form

Hc = cε (1.22)

where c is the vector of coefficients, H is symmetric Hamiltonian matrix of dimension
N × N. Thus, this eigenvalue problem can be solved by the diagonalization of the H
matrix, where the lowest eigenvalue gives an upper bound to the exact ground state
energy.

1.4 Orbital approximation and Slater determinants

Although the Born-Oppenheimer approximation reduces the number of variables,
from 3(N + M) to 3N, solving the electronic Schrödinger equation is still impossible
for most chemical systems. Indeed, the interaction between electrons, the term
1/rpq in Eq.(1.5), makes it difficult to solve the Schrödinger equation and obtain the
electronic wave function. Before getting the many-electron wave function for the
fully interacting system one considers first a system of noninteracting electrons with
the following electronic Hamiltonian

Ĥ =
N

∑
i=1

ĥ(ri) =
N

∑
i=1

[
−∇

2
ri

2
+ v(ri)

]
(1.23)

with ĥ(ri) the operator describing the kinetic and potential energies of electron i.
Then this operator has a set of eigenfunctions, a set of one-electron functions (ϕi)

N
i=1,

the so-called spin orbitals
ĥ(ri)ϕj(xi) = εj ϕj(xi). (1.24)

Because Ĥ is a sum of one-electron Hamiltonians, one eigenfunction is a product of
spin-orbital wave functions for each electron

ΨHP(x1, x2, . . . xN) = ϕ1(x1)ϕ2(x2) . . . ϕN(xN), (1.25)

where ΨHP is the Hartree product [35], each spin-orbital ϕi(x) is a product of a spin
part ω(s) and a spatial part ψi(r)

ϕi(x) = ψi(r)ω(s), (1.26)

with

ω(s) =

{
α(s), for spin-up electrons,
β(s), for spin-down electrons.

(1.27)

The spin orbitals form an orthonormal set, i.e.∫
dxϕ∗i (x)ϕj(x) =

〈
ϕi
∣∣ϕj
〉
= δij. (1.28)

Because we are only interested in electronic wave function and that electrons are
fermions, this wave function needs to obey the antisymmetry principle which is a
general statement of the Pauli exclusion principle [36]. This principle states that a
many-electron wave function must be antisymmetric to the interchange of coordinates
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of any two electrons

Ψ(x1, . . . , xi, . . . , xj, . . . , xN) = −Ψ(x1, . . . , xj, . . . , xi, . . . , xN). (1.29)

However, the Hartree product does not satisfy the antisymmetry principle. Indeed,
the Hartree product does not take into account the indistinguishability of electrons
because each electron is attached to one particular spin-orbital ϕi. The antisymmetry
principle does not distinguish between identical electrons and requires that the
electronic wave function must be antisymmetric. By combining the Hartree product
with the antisymmetry principle we construct an antisymmetric product of spin
orbitals called Slater determinant [37]

Ψ(x1, . . . , xN) =
1√
N!

∣∣∣∣∣∣∣∣∣
ϕ1(x1) ϕ2(x1) . . . ϕN(x1)
ϕ1(x2) ϕ2(x2) . . . ϕN(x2)

...
...

. . .
...

ϕ1(xN) ϕ2(xN) . . . ϕN(xN)

∣∣∣∣∣∣∣∣∣ = |ϕ1(x1) . . . ϕN(xN)〉 ,

(1.30)
where 1√

N!
is a normalization factor. The rows are labeled by electrons and the

columns are labeled by spin orbitals. If any two rows or columns in the Slater
determinant are swapped, the sign of the determinant will change, and if any two
rows or columns are the same the determinant will be zero. Thus, a Slater determinant
obeys the antisymmetry principle and the Pauli exclusion principle. Henceforth, we
will use the following convention: the indices p, q, r and s are for general orbitals
(occupied or vacant), i, j, k, and l denote occupied orbitals and a, b, c and d are for
vacant orbitals.

1.5 Hartree-Fock approximation

This part is devoted to one of the core theories in quantum chemistry, the Hartree-
Fock (HF) approximation [35, 38]. This method consists of rewriting the Schrödinger
equation in N monoeletronic equations and within this approximation, the electronic
wave function is written as a Slater determinant of N (occupied) spin orbitals (Eq.
(1.30)) , also known as molecular orbitals

|ΨHF〉 = |ϕ1(x1) . . . ϕN(xN)〉 . (1.31)

The HF energy is defined as

EHF = 〈ΨHF|Ĥ|ΨHF〉 , (1.32)

and using the electronic Hamiltonian in Eq.(1.5), the previous equation can be worked
out to get

EHF =
N

∑
i=1
〈ϕi(x1)|Ĥc|ϕi(x1)〉+

N

∑
i=1

N

∑
j>i

[
Jij − Kij

]
, (1.33)

where the so-called core Hamiltonian (i.e. the one-electron part of the electronic
Hamiltonian) is defined as

Ĥc = T̂e + V̂en = −
N

∑
i=1

∇2
i

2
−

N

∑
i=1

M

∑
A=1

ZA

riA
, (1.34)
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whereas Jij and Kij are the bi-eletronic integrals defined as

Jij =
〈

ϕi(x1)ϕj(x2)
∣∣ϕi(x1)ϕj(x2)

〉
=
∫∫

dx1dx2ϕ∗i (x1)ϕ∗j (x2)r−1
12 ϕi(x1)ϕj(x2),

(1.35)

Kij =
〈

ϕi(x1)ϕj(x2)
∣∣ϕj(x1)ϕi(x2)

〉
=
∫∫

dx1dx2ϕ∗i (x1)ϕ∗j (x2)r−1
12 ϕj(x1)ϕi(x2).

(1.36)

To get a set of N monoelectronic equations, we introduce the Fock operator and define
it as

F̂(x1)ϕi(x1) = ε i ϕi(x1), (1.37)

with

F̂(x1) = Ĥc(x1) +
N

∑
i=1

[
Ĵi(x1)− K̂i(x1)

]
, (1.38)

where Ĵi(x1) and K̂i(x1) are the Coulomb and exchange operators respectively:

Ĵi(x1)ϕj(x1) = ϕj(x1)
∫

ϕi(x2)r−1
12 ϕi(x2)dx2, (1.39)

K̂i(x1)ϕj(x1) = ϕi(x1)
∫

ϕi(x2)r−1
12 ϕj(x2)dx2. (1.40)

One can rewrite Eq. (1.38) as

F̂(x1) = Ĥc(x1) + v̂HF(x1), (1.41)

where v̂HF(x1) is an effective one-electron potential operator called the Hartree-
Fock potential. This one-electron potential is an average potential experienced by
electron 1 due to the presence of the (N − 1) other electrons. Because of this average
potential, the Hartree-Fock approximation is called a mean-field approximation.
The Coulomb operator represents the average local potential at x1 arising from an
electron in orbital ϕi. The exchange does not have a classical interpretation and arises
from the antisymmetric nature of the single determinant. Moreover, the exchange
operator, unlike the Coulomb operator is said to be a nonlocal operator, meaning
that it explicitly depends on the function on which it acts and requires knowledge
of the value of this function at any point in space. So far we discussed Hartree-Fock
equations for a general set of spin orbitals (ϕi), in the following we will be more
specific about the form of these spin orbitals. We will consider two types of spin
orbitals, the restricted spin orbitals which are constrained to have the same spatial
function for spin-up (α) electrons and spin-down (β) electrons; and unrestricted spin
orbitals which have different spatial functions for α and β spins. By considering
these two types of spin orbitals it will lead us to two Hartree-Fock formalisms, the
restricted Hartree-Fock (RHF) and unrestricted Hartree-Fock (UHF) formalisms.

1.5.1 Restricted Hartree-Fock (RHF) formalism

A restricted set of spin orbitals has the form

ϕi(x) =

{
ψi(r)α(s), for spin-up electrons,
ψi(r)β(s), for spin-down electrons,

(1.42)
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where, for a closed-shell system, each of the occupied spatial orbitals {ψi|i = 1, . . . , N/2}
or molecular orbitals (MOs) is doubly occupied. After integrating out the spin func-
tions, the Hartree-Fock equation is given by

F̂(r)ψi(r) = ε iψi(r), (1.43)

and so because of this eigenvalue problem, the set of spatial orbital is orthonormal.
In practice, each molecular orbital is expanded as a linear combination of K atomic
orbitals (AOs), this is the so-called LCAO approximation. This expansion is done
such as

ψi(r) =
K

∑
µ=1

cµiχµ(r), (1.44)

where the χµ(r) are the AOs. Substituting the expansion in the Hartree-Fock equation,
multiplying on the left by χ∗µ(r) and integrating, the Hartree-Fock equation (1.43)
becomes the Roothaan-Hall equations

K

∑
ν=1

Fµνcνi = ε i

K

∑
ν=1

Sµνcνi, (1.45)

where we introduced the matrix elements of the K× K overlap matrix S

Sµν =
∫

dr χ∗µ(r)χν(r) =
〈
χµ

∣∣χν

〉
= 〈µ|ν〉 , (1.46)

and the matrix elements of the K× K Fock matrix F

Fµν =
∫

dr χ∗µ(r)F̂(r)χν(r) =
〈
χµ

∣∣F̂∣∣χν

〉
= 〈µ|F̂|ν〉 . (1.47)

In the AO basis, the elements of the Fock matrix can be written as

Fµν = Hc
µν + ∑

λσ

Pλσ

[
〈µσ|νλ〉 − 1

2
〈µσ|λν〉

]
, (1.48)

with

Hc
µν = 〈µ|Ĥc|ν〉 , (1.49)

〈µσ|νλ〉 =
∫∫

χ∗µ(r1)χ
∗
λ(r2)r−1

12 χν(r1)χσ(r2)dr1dr2, (1.50)

and where the density matrix is defined as

Pµν = 2
N/2

∑
p

cµpc∗νp. (1.51)

Thus, the RHF electronic energy is given by

ERHF = ∑
µν

PµνHc
µν +

1
2

N

∑
µνλσ

PµνPλσGµνλσ, (1.52)
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which can be written in the matrix form

ERHF =
1
2 ∑

µν

Pµν

(
Hc

µν + Fµν

)
=

1
2

Tr{P(Hc + F)},
(1.53)

where
F = Hc + G, (1.54)

with

Gµν = ∑
λσ

PλσGµνλσ, Gµνλσ = 〈µλ|νσ〉 − 1
2
〈µλ|σν〉 . (1.55)

The Roothaan-Hall equations (1.45) can be written in matrix form

FC = SCε, (1.56)

where C is the K×K square matrix of the expansion coefficients cµp and ε is a diagonal
matrix of the orbital energies εp. Because the AO basis is a non-orthonormal set, this
gives rise to the overlap matrix S in Roothaan-Hall equations. This does not allow us
to directly diagonalize the Fock matrix F to get the eigenvectors and eigenvalues. So,
because of this nonorthogonal basis, we have to reformulate Roothaan-Hall equations
into a usual matrix eigenvalue problem by orthogonalizing the AO basis. To do so,
we introduce the orthogonalization matrix X such as

X†SX = I (1.57)

to work on an orthogonal AO basis (where I is the identity matrix). There are
mainly two ways to orthogonalize the AO basis set, the symmetric orthogonaliza-
tion or Löwdin orthogonalization method for which X = S−1/2 and the canonical
orthogonalization for which X = Us−1/2 (where U and s are the eigenvectors and
eigenvalues matrices of S, respectively). Once we have the matrix X it is possible
to transform the functions (χµ) to get the orthogonalized basis functions (χ′µ) and
then work with this new set. By doing that it would eliminate the overlap matrix S in
Roothaan-Hall equations and then be solved by diagonalization of the Fock matrix.
But this procedure is not an efficient one because it would mean that we need either
to calculate all the two-electron integrals using the new orbitals or transform all the
old integrals 〈µσ|νλ〉 to the new set 〈µ′σ′|ν′λ′〉. A more efficient way is to consider a
new coefficient matrix C′ such as

C′ = X−1C, (1.58)

and
X−1 = X† (1.59)

because X is an orthogonal matrix. Thus

C = XC′. (1.60)
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Then, substituting the last equation in Roothaan-Hall equations gives

FXC′ = SXC′ε, (1.61)

X†FXC′ = X†SXC′ε (1.62)

where we multiplied by X† on the left, then it yields to

F ′C′ = C′ε, (1.63)

where
F ′ = X†FX. (1.64)

The matrices C′ and ε can be determined by diagonalizing F ′, and the matrix C is
obtained by back-transforming the eigenvectors in the original basis using Eq. (1.60).

1.5.2 Self-consistent field calculation

To obtain the MO coefficients C, one has to diagonalize the Fock matrix F. How-
ever, this matrix does depend on the density matrix P which depends on the MO
coefficients itself. So Roothaan-Hall equations are non-linear and they need to be
solved iteratively called the self-consistent field (SCF) method. The SCF algorithm is
as follows:

1. Specify a molecule with a set of nuclear coordinates (RA), the atomic numbers
(ZA), the number of electrons N and the AO basis set (χµ).

2. Calculate the required integrals Sµν, Hc
µν and the two-electrons integrals 〈µσ|νλ〉.

3. Obtain the transformation matrix X by diagonalizing the overlap matrix S.

4. Obtain an estimate of the density matrix P.

5. Calculate the matrix G using the density matrix P and the two-electron integrals
〈µσ|νλ〉.

6. Build the Fock matrix: F = Hc + G.

7. Transform the Fock matrix in the orthogonal basis: F ′ = X†FX.

8. Diagonalize F ′ to obtain C′ and ε.

9. Back-transform the MOs in the original basis: C = XC′.

10. Compute the new density matrix P = CC† (over the occupied orbitals), and the
RHF energy:

ERHF =
1
2

Tr{P(Hc + F)}. (1.65)

11. Test the convergence of the procedure using the difference FPS − SPF sug-
gested by Pulay [39]. If this difference is lower than a fixed convergence criterion
then the test is satisfied. If not, go back to 5.
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1.5.3 Unrestricted Hartree-Fock (UHF) formalism

An unrestricted set of spin orbitals has the form

ϕi(x) =

{
ψα

i (r)α(s), for spin-up electrons,
ψ

β
i (r)β(s), for spin-down electrons,

(1.66)

where α electrons are described by a set of spatial orbitals {ψα
i |i = 1, . . . , K} and β

electrons are described by a set of spatial orbitals {ψβ
i |i = 1, . . . , K}. Because we have

two sets of spatial orbitals, after integrating out the spin, we have a Hartree-Fock
equation for each set

F̂α(r)ψα
i (r) = εα

i ψα
i (r), (1.67)

F̂β(r)ψβ
i (r) = ε

β
i ψ

β
i (r). (1.68)

Due to these two separate eigenvalue equations, it ensure that the sets of eigenfunc-
tions {ψα

i } and {ψβ
i } individually form orthonormal sets. In the same way, we did

for restricted orbitals, we expand the unrestricted molecular orbitals in the AO basis

ψα
i (r) =

K

∑
µ=1

cα
µiχµ(r), (1.69)

ψ
β
i (r) =

K

∑
µ=1

cβ
µiχµ(r). (1.70)

Substituting these expansions in the two Hartree-Fock equations, multiplying on the
left by χ∗µ(r) and integrating, we get the Pople-Nesbet equations

K

∑
ν=1

Fα
µνcα

νi = εα
p

K

∑
ν=1

Sµνcα
νi (1.71)

K

∑
ν=1

Fβ
µνcβ

νi = ε
β
i

K

∑
ν=1

Sµνcβ
νi, (1.72)

where the matrix elements are the same than in Eq. (1.46) and the Fock matrices
elements are

Fα
µν = Hc

µν + ∑
λσ

PT
λσ 〈µσ|νλ〉 − Pα

λσ 〈µσ|λν〉 , (1.73)

Fβ
µν = Hc

µν + ∑
λσ

PT
λσ 〈µσ|νλ〉 − Pβ

λσ 〈µσ|λν〉 , (1.74)

where the density matrices are defined as

Pα
µν =

Nα

∑
i

cα
µi(c

α
νi), (1.75)

Pβ
µν =

Nβ

∑
i

cβ
µi(c

β
νi), (1.76)

with Nα and Nβ are the number of occupied orbitals ψα
i and ψ

β
i , respectively. The

density matrix PT
λσ is defined as PT

λσ = Pα
µν + Pβ

µν and the two-electron integrals are
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the same that for the (RHF) part. Thus the UHF electronic energy is given by

EUHF =
1
2 ∑

µν

[
PT

νµHc
µν + Pα

νµFα
µν + Pβ

νµFβ
µν

]
=

1
2

Tr
{

PTHc + PαFα + PβFβ
}

.

(1.77)

Thus, the Pople-Nesbet equations (1.71) and (1.72) can be written in matrix form

FαCα = SCαεα, (1.78)

FβCβ = SCβεβ. (1.79)

In the same we solved the Roothan-Hall equations for the RHF formalism using
the SCF procedure we solve the Pople-Nesbet equations. Indeed, we will need to
specify the number of electrons α and β and the initial guess for the two density
matrices Pα and Pβ which will allow us to build the two Fock matrices Fα and Fβ.
Then using the orthogonalization matrix X we transform these two Fock matrices
in the orthogonal basis and obtain Fα′ and Fβ′. By diagonalizing Fα′ and Fβ′ we get
the MO coefficient matrices Cα′ and Cβ′ and the energies matrices εα′ and εβ′. Then,
after back-transforming the MO coefficient matrices, we can obtain the new density
matrices and thus get the UHF energy. Using the same convergence test as for the
restricted SCF procedure we have an unrestricted SCF procedure. Unfortunately, the
Hartree-Fock approximation is not able to recover the exact ground state energy of a
system even in the complete basis set (CBS) limit (meaning using a complete basis set
for the linear expansion of the MOs) due to the average treatment of electron-electron
interaction. The difference between the exact energy and the energy calculated within
the HF approximation, i.e. the error in the HF approximation, is called the correlation
energy Ec

Ec = E− EHF. (1.80)

The goal of the post-HF methods is to recover all or part of the correlation energy. We
will describe in the next sections how some of these post-HF methods go beyond the
HF approximation.

1.6 Density-functional theory (DFT)

Contrary to the HF approximation, the basic quantity in Density-Functional Theory
(DFT) is not the wave function but the electronic density ρ(r) defined as

ρ(r) = N
∫

. . .
∫
|Ψ(x, x2, . . . , xN)|2ds dx2 . . . dxN , (1.81)

where Ψ is any antisymmetric wave function and where we integrate over the
spin coordinate s. The electronic density is normalized to the electron number,
i.e.
∫

ρ(r)dr = N. The principle of this method is to evaluate the ground state energy
of a system of N electrons in a local external potential v(r) using a variational for-
mulation involving the electronic density. To do so, DFT is based on two theorems,
the Hohenberg-Kohn (HK) theorems [40]. The first theorem proves that the ground
state electron density uniquely determines the external potential, while the second
HK theorem defines an energy functional for the N electrons system and proves that
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the ground state electron density minimizes this energy functional, i.e.

E0 = min
ρ(r)

{
F[ρ(r)] +

∫
v(r)ρ(r)dr

}
, (1.82)

where F[ρ(r)] is the universal density functional, meaning independent of the external
potential

F[ρ(r)] = 〈Ψ[ρ(r)]|T̂ + V̂ee|Ψ[ρ(r)]〉
= T[ρ(r)] + Eee[ρ(r)],

(1.83)

and ∫
v(r)ρ(r)dr = 〈Ψ[ρ(r)]|V̂|Ψ[ρ(r)]〉 . (1.84)

So far, we have not simplified the problem of the polyelectronic Schrödinger equation
because according to (1.81) we still have to get the many-electron wave function to
get the electronic density. To overcome this difficulty Kohn and Sham [41] found a
way to make DFT practical.

1.6.1 Kohn-Sham equations

The basic idea behind the Kohn-Sham (KS) formalism is to assume that the density of
interacting electrons with an external potential v(r) can be reproduced in a system of
non-interacting electrons with an effective local potential vKS(r). In this formalism
we can observe similarities with the HF theory, indeed the electrons are treated
as independent particles moving in the average field of all others. The difference
here is in the effective potential, the exchange and correlation are included using an
exchange-correlation functional. We introduce KS orbitals φi(r), and the KS energy
can be decomposed as

EKS[ρ(r)] = 〈Φ[ρ(r)]|ĤKS|Φ[ρ(r)]〉
= 〈Φ[ρ(r)]|T̂ + V̂KS|Φ[ρ(r)]〉 ,

(1.85)

where Φ is the total KS wave function and V̂KS = ∑i vKS(ri) =
∫

drρ̂(r)vKS(r). The
density functional becomes

FKS[ρ(r)] = 〈Φ[ρ(r)]|T̂|Φ[ρ(r)]〉 = Ts[ρ(r)], (1.86)

where

Ts[ρ(r)] = −
1
2

N/2

∑
i
〈φi|∇2

i |φi〉 , (1.87)

is the non-interacting kinetic energy. Then, we define the exchange-correlation
energy Exc as the difference between the universal density functional F[ρ(r)] and
TKS[ρ(r)] + EH, with EH the classical part of the electron-electron interaction energy
called the Hartree energy, i.e.

EH[ρ(r)] =
1
2

∫∫
ρ(r)ρ(r′)
|r− r′| drdr′. (1.88)

By doing so, we obtain

F[ρ(r)] = Ts[ρ(r)] + EH[ρ(r)] + Exc[ρ(r)] (1.89)
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and using Eq. (1.83) we have that the exchange-correlation energy

Exc[ρ(r)] = (T[ρ(r)]− Ts[ρ(r)]) + (Eee[ρ(r)]− EH[ρ(r)]), (1.90)

is the sum of two terms: one coming from the difference between the exact kinetic
energy T[ρ(r)] and the non-interacting kinetic energy Ts[ρ(r)], and the other one
coming from the difference between the exact interelectronic repulsion Eee[ρ(r)] and
the classical Coulomb repulsion EH[ρ(r)]. Finally, the KS total energy can be written
as

EKS[ρ(r)] = F[ρ(r)] +
∫

v(r)ρ(r)dr

= Ts[ρ(r)] + EH[ρ(r)] + Exc[ρ(r)] + Ene[ρ(r)],
(1.91)

where

Ene[ρ(r)] = −
M

∑
A

∫ ZAρ(r)
|rA − r|dr =

∫
v(r)ρ(r)dr (1.92)

is the electron-nucleus attraction energy. As previously said the KS system is non-
interacting so the Hamiltonian becomes a sum over single-particle Hamiltonians

ĤKS =
N

∑
i

ĥKS(ri) (1.93)

with
ĥKS(r) = −

1
2
∇2

r + vKS(r). (1.94)

This leads us to a single-particle Schrödinger equation[
−1

2
∇2

r + vKS(r)
]

φi(r) = ε iφi(r), (1.95)

where the total wave function is a Slater determinant formed from the occupied KS
orbitals φi. Then the one-electron density is

ρ(r) =
N/2

∑
i
|φi(r)|2. (1.96)

1.6.2 Kohn-Sham potential

We need to establish the expression for the KS potential vKS and to relate it to the
external potential v, to do so we take the functional derivative of Eq. (1.89) with
respect to the density ρ(r) and we obtain

− v(r) = −vKS(r) +
∫

ρ(r′)
|r− r′|dr′ +

δExc[ρ(r)]
δρ(r)

. (1.97)

Thus, the KS potential contains the external potential, the Hartree potential and the
exchange-correlation potential vxc

vKS(r) = v(r) + vH(r) + vxc(r), (1.98)
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with

vKS(r) = −
δTs[ρ(r)]

δρ(r)
, (1.99)

v(r) = −
M

∑
A

ZA

|r− rA|
, (1.100)

vH(r) =
∫

ρ(r′)
|r− r′|dr′, (1.101)

vxc(r) =
δExc[ρ(r)]

δρ(r)
. (1.102)

Using these results one can write the KS equations as[
−1

2
∇2

r + v(r) + vH(r) + vxc(r)
]

φi(r) = ε iφi(r), (1.103)

which can be re-written as
F̂KS(r)φi(r) = ε iφi(r). (1.104)

Because these equations are not linear (vKS depends on the electronic density which
depends itself on vKS through the KS orbitals) they have to be solved iteratively, just
like the HF equations, by expanding the KS MOs in an AO basis, yielding

FKSC = SCε. (1.105)

Note that like in the case of the HF approximation we can use restricted and
unrestricted spin orbitals which lead us to a set of spatial orbitals for α electrons {φα

i }
and a set of spatial orbitals for β electrons {φβ

i }. So we would have KS equations for
α and β electrons, then we would define the total electronic density as the sum of the
α and β electronic densities and solve the two sets of KS equations.

1.6.3 Exchange-correlation functionals

We have seen that the unknown in the KS equations is the exchange-correlation func-
tional, having this functional allows us to obtain the exchange-correlation potential vxc
and solve iteratively the KS equations. It is common to split the exchange-correlation
energy as a sum of an exchange and correlation components, i.e.

Exc[ρ(r)] = Ex[ρ(r)] + Ec[ρ(r)]. (1.106)

There are many approximations of these two functionals which can be classified into
various families that depend on their physical input quantities. One can organize
these functionals onto the five rungs of Jacob’s Ladder of DFT [42].

• The first rung of approximation and the simplest one is the local-density approxi-
mation (LDA) and only uses the electronic density ρ. Within this approximation,
the exchange-correlation energy density at each position r is assumed to be
equal to that of a uniform electron gas with the same density, i.e.

ELDA
xc [ρ(r)] =

∫
εhom

xc (ρ(r))dr, (1.107)

where εhom
xc (ρ(r)) is the exchange-correlation energy per unit volume of a uni-

form electron gas of density ρ(r).
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• The second rung in approximating the exchange-correlation functional is the
generalized gradient approximation (GGA) and adds the gradient of the elec-
tron density ∇ρ(r) as physical input to account the inhomogeneity of the true
electron density. The general form of the functional is

EGGA
xc [ρ(r)] =

∫
gxc(ρ(r),∇ρ(r))dr, (1.108)

where the expression of gxc is to be found. As previously said, we split the
functional in exchange and correlation contributions and approximation for
the two terms is sought separately. Well-known GGA exchange functionals are
the B88 and PBE functionals [43, 44]. One of the most famous GGA correlation
functional is the LYP functional [45] and by combining it with the B88 exchange
functional one has the exchange-correlation functional BLYP [46].

• The third rung is composed of functionals where two additional ingredients
are included to go beyond the GGA functionals. These two ingredients are the
Laplacian of the electron density ∆ρ(r) = ∇2ρ(r) and/or the kinetic energy
density

τ =
N/2

∑
i
|∇φi|2. (1.109)

These functionals are called meta-GGA (MGGA) functionals and in practice,
the kinetic energy density is the most used input. Among these functionals, one
can cite the M06-L [47] and the MS [48, 49] functionals that are widely used.

• The fourth rung functionals are called hybrid density functionals. The idea,
introduced by Becke in 1993 [50], behind these functionals is to add a fraction
of exact exchange (meaning HF exchange) to any of the functionals of the first
three rungs. This leads to hybrid LDA, hybrid GGA, and hybrid meta-GGA,
although the latter two types are much more used. Among these functionals
we have the global hybrid (GH) functionals such as the well-known B3LYP [50],
BH&HLYP [51] or PBE0 [52] and the range-separated hybrid (RSH) functionals
where the HF exchange is introduced into the functional via range separation,
i.e. the HF exchange is split into a short-range (SR) contribution and a long-
range (LR) contribution. Some well-known RSH functionals are the ωB97X-D
[53], CAM-B3LYP [54] and LC-ωPBE [55].

• The fifth rung is composed of double hybrids (DH) functionals that use not
only occupied orbitals via HF exchange but also virtual orbitals by the mean of
methods such as MP2 (second order Møller-Plesset) or random phase approx-
imation (RPA). As in the case of hybrid functionals, we can apply this to the
first three rungs and take into account the HF exchange globally or using range
separation. Examples of such functionals are the B2PLYP [56] and B2GPPLYP
[57].

1.7 Linear-Response Theory

So far we have discussed two methods that approximate the Schrödinger equation
by rewriting it as a set of N monoelectronic equations and with the electronic wave
function written as a Slater determinant of N spin orbitals. We have seen that within
these two approximations, we can obtain an approximate ground state energy of
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the system and that in KS-DFT we try to retrieve the HF energetic missing part by
using the exchange-correlation energy. Hartree-Fock and DFT are the basis of excited-
states methods and we will present two of them, the time-dependent Hartree-Fock
(TDHF) and the time-dependent density-functional theory, both in the linear response
approach.

1.7.1 Linear-Response Time-Dependent Hartree-Fock (TD-HF)

This section is inspired by the notes of Joshua Goings that can be found on his website1.
As its name suggests Time-Dependent Hartree-Fock (TDHF) is an approximation
to the time-dependent Schrödinger equation using the assumption that the system
can at all times be represented by a single Slater determinant composed of time-
dependent single-particle wave functions (or time-dependent spin orbitals). Note
that we will derive the TDHF equation only for the restricted case but we can do it
for the unrestricted one. So we start with the time-dependent Schrödinger equation

i
∂

∂t
Ψ(x, t) = ĤΨ(x, t), (1.110)

where Ĥ is the time-dependent Hamiltonian [58]

Ĥ(r, t) = Ĥ(r) + V̂(r, t), (1.111)

with Ĥ(r) defined as in Eq. (1.5) and V̂(r, t) is an arbitrary single-particle time-
dependent operator

V̂(r, t) =
N

∑
i

v̂i(r, t), (1.112)

By making the same approximation as for the time-independent Hartree-Fock that
Ψ(x, t) can be written as a single Slater determinant

Ψ(x, t) = |ϕ1(x, t), ϕ2(x, t), . . . , ϕN(x, t)〉 , (1.113)

one obtains a time-dependent Hartree-Fock equation

F̂(r, t)Ψ(x, t) = i
∂

∂t
Ψ(x, t), (1.114)

with F̂(r, t) is the time-dependent Fock operator of Eq. (1.38) where we add the time-
dependent single-particle potential V̂(r, t). The Coulomb and exchange operators
acquire a time dependence because of the spin orbitals ϕi(x, t). One can express the
time-dependent Hartree-Fock equation in matrix notation by writing the set of spin
orbitals as

ϕi(x, t) =

{
ψi(r, t)α(s), for spin-up electrons,
ψi(r, t)β(s), for spin-down electrons.

(1.115)

Then, after integrating out the spin, we expand these time-dependent spatial orbitals
on a basis of K time-independent single-particle wave functions (χi(r))

ψi(r, t) =
K

∑
µ

cµi(t)χµ(r), (1.116)

1https://joshuagoings.com/notes
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and we have
FC = i

∂

∂t
C (1.117)

Generally, when one talks about the TDHF equations we do not refer to Eq. (1.117)
but to the equations obtained in first-order time-dependent perturbation theory, i.e.,
linear response. To obtain these equations we have to express the TDHF equation in
its Dirac form [59], to do this we use the adjoint of Eq. (1.117)

C†F = −i
∂

∂t
C† (1.118)

Using the fact that

i
∂

∂t
(CC†) = i(

∂

∂t
C)C† + iC(

∂

∂t
C†), (1.119)

and substituting Eq. (1.117) and (1.118) in the right-hand-side of the previous equation
gives the Dirac form

i
∂

∂t
P = FP− PF, (1.120)

where P = CC† is the density matrix. Then, two steps are needed to get the linear
response TDHF equations, first, we assume that at t = 0 the system is in its electronic
ground state, determined by time-independent Hartree-Fock equation (Eq. (1.43)),
such that

F(0)P(0) − P(0)F(0) = 0, (1.121)

and
P(0)P(0) = P(0), (1.122)

with F(0) and P(0) the unperturbed Fock and density matrices, respectively. The
idempotency condition in Eq. (1.122) comes from the fact that at convergence the
eigenvectors of the Fock matrix (the C) are orthonormal, i.e., CC† = 1 and because the
density matrix P can be written as P = CC†. The unperturbed Fock matrix elements
are given by Eq. (1.47) and at convergence we have

F(0)
pq = δpqεp. (1.123)

The density matrix elements are given by

P(0)
ij = δij (1.124)

and
P(0)

ia = P(0)
ai = P(0)

ab = 0. (1.125)

We recall the convention of this work with indices i, j, k and l that correspond to
occupied orbitals, a, b, c and d are for vacant orbitals and p, q, r and s denote general
orbitals. Then a time-dependent perturbation is applied to the system and we analyze
the first-order (linear) response to this perturbation. The density matrix is assumed
to be decomposed as

P = P(0) + P(1), (1.126)

and similarly for the Fock matrix

F = F(0) + F(1), (1.127)
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where the superscript (1) holds for the first-order time-dependent change. Inserting
Eq. (1.126) and (1.127) in the TDHF equation (1.117) and taking all the first-order
terms gives

i
∂

∂t
P(1) = F(0)P(1) − P(1)F(0) + F(1)P(0) − P(0)F(1), (1.128)

or in terms of matrix elements

i
∂

∂t
P(1)

pr = ∑
q

[
F(0)

pq P(1)
qr − P(1)

pq F(0)
qr + F(1)

pq P(0)
qr − P(0)

pq F(1)
qr

]
. (1.129)

One can describe the time-dependent perturbation by a single Fourier component

gpq =
1
2

[
fpqe−iωt + f ∗qpeiωt

]
, (1.130)

where fpq is the one-electron operator which describes the applied perturbation. This
perturbation acts on the electron density which results in changes in the Fock matrix
that are given to first-order as

∆F(0)
pq = ∑

st

∂F(0)
pq

∂Pst
P(1)

st , (1.131)

such that the first-order change in the Fock matrix is

F(1)
pq = gpq + ∆F(0)

pq . (1.132)

Similarly, the first-order density matrix response is written as

P(1)
pq =

1
2

[
dpqe−iωt + d∗pqeiωt

]
, (1.133)

where dpq are the perturbation densities. Inserting Eq. (1.132) and (1.133) in Eq. (1.129)
and collecting the terms containing e−iωt gives

ωdpr = ∑
q

F(0)
pq dqr − dpqF(0)

qr +

(
fpq + ∑

st

∂F(0)
pq

∂Pst
dst

)
P(0)

qr − P(0)
pq

(
fqr + ∑

st

∂F(0)
qr

∂Pst
dst

)
.

(1.134)
The remaining terms containing eiωt lead to the complex conjugate of the above
equation. The idempotency condition of Eq. (1.122) for the first-order change of the
density matrix gives

∑
q

{
P(0)

pq P(1)
qr + P(1)

pq P(0)
qr

}
= P(1)

pr , (1.135)

which restricts the form of the matrix dpq in Eq. (1.134) such that occupied-occupied
dii and virtual-virtual daa blocks are zero, then only the occupied-virtual dia and
virtual-occupied dai are non zero and are taken into account. As an example to show
it we consider the element dii which is proportional to P(1)

ii written as

P(1)
ii = ∑

q

{
P(0)

iq P(1)
qi + P(1)

iq P(0)
qi

}
, (1.136)

which gives
P(1)

ii = P(0)
ii P(1)

ii + P(1)
ii P(0)

ii . (1.137)
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Then using Eq. (1.124) we have that

P(1)
ii = P(1)

ii + P(1)
ii , (1.138)

which is only true for P(1)
ii = 0. Following the same arguments we get that only

the occupied-virtual dia and virtual-occupied dai blocks are non-zero. Using these
non-zero blocks and considering the diagonal nature of the unperturbed Fock and
density matrices we obtain the two equations

F(0)
aa xai − xaiF

(0)
ii +

(
fai + ∑

bj

[
∂F(0)

ai
∂Pbj

xbj +
∂F(0)

ai
∂Pjb

ybj

])
P(0)

ii = ωxai, (1.139)

and

F(0)
ii yai − yaiF

(0)
aa − P(0)

ii

(
fia + ∑

bj

[
∂F(0)

ia
∂Pbj

xbj +
∂F(0)

ia
∂Pjb

ybj

])
= ωyai, (1.140)

where, as a convention, we set xai = dai and yai = dia. Now, if we look at the
derivatives inside the previous equation we have

∑
rs

∂F(0)
pq

∂Prs
= ∑

rs

∂

∂Prs

(
Hc

pq + Prs [〈ps|qr〉 − 〈ps|rq〉]
)

= 〈ps|qr〉 − 〈ps|rq〉 = 〈ps||qr〉 .

(1.141)

Finally, by taking the zero-frequency limit, i.e., fai = fia → 0, meaning that the system
is perturbed by an infinitesimal perturbation and using Eq. (1.123) and (1.124), i.e., the
fact that F(0)

pp = εp and P(0)
ii = 1 one obtains the linear response TDHF equation which

is a non-Hermitian eigenvalue equation, also called the random phase approximation
(RPA) [60](

Aph Bph

−Bph −Aph

)
·
(

Xph Yph

Yph Xph

)
=

(
Xph Yph

Yph Xph

)
·
(

Ωph 0
0 −Ωph

)
(1.142)

where Ωm is the diagonal matrix of the excitation energies, Xm and Ym matrices are
the transition coefficients, and the matrix elements are defined as where Ωm is the
diagonal matrix of the excitation energies, Xph and Yph matrices are the transition
coefficients, and the matrix elements are defined as

Aph
ia,jb = (εHF

a − εHF
i )δijδab + 〈ib||aj〉 (1.143)

Bph
ia,jb = 〈ij||ab〉 (1.144)

The leading term on the diagonal of the A matrix is the energy difference between
the orbitals i and a which are the orbitals from which and to which the electronic
transition occurs. The other terms included in the A and B matrices are the anti-
symmetrized two-electron integrals from the linear response of the Coulomb and
exchange operators to the first-order changes in the single-particle orbitals. The
excitation energies and transition coefficients are obtained by diagonalization of
Eq. (1.142), the obtained eigenvalues are the excitation energies and the eigenvectors
are the transition coefficients. Throughout this thesis we will distinguish two types
of traditional RPA, the first one is the direct RPA, also called dRPA, where one only
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takes the direct term in the antisymmetrized two-electron integrals of Eq. (1.143) and
(1.144). The second one is the exchange RPA, also called RPAx, where we take the
antisymmetrized two-electron integrals, so this is the TDHF described above. The
RPA theory can also be used for ground state correlation by considering two harmonic
excitation energy problems [61], the RPA one and the Tamm–Dancoff approximation
(TDA) which sets B = 0 in Eq. (1.142) and thus solves

AZ = νZ. (1.145)

TDA includes only excitation operators but RPA also includes de-excitation operators,
which can be thought of as correlating the ground state [62]. The ground state
correlation energy in RPA is given by the difference between the zero point energies
of these two harmonic oscillator excitation problems with correlated (RPA) and
uncorrelated (TDA) ground states. So we have

ERPA
c =

1
2

(
∑
m

Ωph
m − Tr(A)

)
(1.146)

where we only take the positive excitation energies Ωm.

1.7.2 Particle-Particle RPA (pp-RPA)

The traditional RPA (dRPA and RPAx) previously described can be interpreted as an
attempt to treat particle-hole fermionic excitations as bosons [63], so it is also called
particle-hole RPA or ph-RPA. By considering non-number conserving excitations
and de-excitations [63] and using the equation of motion approach [61] leads to the
particle-particle RPA (pp-RPA) eigenvalue problem [64](

Cpp Bpp/hh

−
(
Bpp/hh)† −Dhh

)
·
(

Xpp Yhh

Ypp Xhh

)
=

(
Ωpp 0

0 Ωhh

)
·
(

Xpp Yhh

Ypp Xhh

)
(1.147)

where Ωpp/hh are the diagonal matrices of the double addition/removal excitation
energies, labeled by n, and the matrix elements are defined as

Cpp
ab,cd = (εa + εb)δacδbd + 〈ab||cd〉 (1.148a)

Bpp/hh
ab,ij = 〈ab||ij〉 (1.148b)

Dhh
ij,kl = −(εi + εj)δikδjl + 〈ij||kl〉 (1.148c)

The Xpp/hh and Ypp/hh are the double addition/removal transition coefficients matri-
ces. In the same way we did for the ph-RPA, we can obtain the correlation energy at
the pp-RPA level using [64]

Epp-RPA
c =

1
2

(
∑
n

Ωpp
n −∑

n
Ωhh

n − TrCpp − TrDhh

)
(1.149)
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1.7.3 Linear-Response Time-Dependent Density Functional Theory (TD-
DFT)

This section is highly inspired by Ref. [58] and by a lecture given by Pina Romaniello
during doctoral lectures. Time-dependent DFT (TDDFT) is the time-dependent ver-
sion of DFT, it is based on two foundations which are the Runge-Gross theorem [65]
and the action integral that allow us to obtain the time-dependent Kohn-Sham equa-
tions. The Runge-Gross theorem can be seen as the time-dependent analog of the
first Hohenberg-Kohn theorem and it gives the one-to-one mapping between time-
dependent potentials and time-dependent functionals. Then, using the action integral
one can establish a variational principle for time-dependent densities.

1.7.3.1 Runge-Gross theorem

The Runge-Gross theorem states that the exact time-dependent electron density given
by

ρ(r, t) =
∫
|Ψ(r1, r2, r3, . . . , rN , t)|2 dr2 dr3 . . . drN (1.150)

determines the time-dependent external potential, V̂(r, t) given by Eq. (1.112), up to
a purely time-dependent function. Here, we do not give the proof of this theorem but
we simply explain it. We refer to the interested readers to Ref. [58] for the derivation
of the proof. To prove this theorem we need to demonstrate that two densities that
evolve from the same initial state under the influence of two different potentials are
always different if the two potentials differ by more than a purely time-dependent
function. Then, by assuming that the two potentials can be Taylor expanded, two
additional steps are needed. First, it can be shown that two different current densities
corresponding to two distinctive potentials are always different. Then, we can derive
that different current densities need distinctive electron densities [58]. This shows the
one-to-one mapping between the time-dependent density and the external potential,
and thus the potential and the wave function are functional of the density [58].

1.7.3.2 Action integral

The Runge-Gross theorem is not a practical tool to extract the time-dependent density.
To do so, similarly to the time-independent case, we need a variational principle that
is provided by the least action principle. If the time-dependent wave function Ψ(r, t)
is a solution of the time-dependent Schrödinger equation

i
∂

∂t
Ψ(r, t) = Ĥ(r, t)Ψ(r, t) (1.151)

where Ĥ is defined by Eq. (1.111). Then, the wave function corresponds to a stationary
point of the quantum mechanical action integral

A[ρ(r, t)] =
∫ t1

t0

dt 〈Ψ[ρ(r, t)]|i ∂

∂t
− Ĥ(r, t)|Ψ[ρ(r, t)]〉 (1.152)

and the exact electron density ρ(r, t) is obtained from

δA[ρ(r, t)]
δρ(r, t)

= 0 (1.153)
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The action integral can be split into two parts, a universal one that only depends
on the number of electrons in the system and a part that depends on the applied
potential v(r, t)

A[ρ(r, t)] = B[ρ(r, t)]−
∫ t1

t0

dt
∫

drρ(r, t)v(r, t) (1.154)

where B[ρ(r, t)] is given by

B[ρ(r, t)] =
∫ t1

t0

dt 〈Ψ[ρ(r, t)]|i ∂

∂t
− T̂e(r)− V̂ee(r)|Ψ[ρ(r, t)]〉 . (1.155)

1.7.3.3 Time-dependent Kohn-Sham equations

Finally, similarly to the time-independent case, we assume that a time-dependent non-
interacting reference system exists with an effective external one-particle potential
vKS(r, t) of which the electron density ρKS(r, t) is equal to the exact electron density
ρ(r, t) of the real interacting system. This non-interacting system is described by
a single Slater determinant formed by the occupied time-dependent Kohn-Sham
(single-particle) orbitals φi(r, t). Then, the electron density is given by

ρ(r, t) = ρKS(r, t) =
N

∑
i
|φi(r, t)|2. (1.156)

The orbitals are given as the solutions of the time-dependent one-particle Schrödinger
equation

i
∂

∂t
φi(r, t) =

[
−1

2
∇2

i + vKS(r, t)
]

φi(r, t), (1.157)

We can note that the non-interacting electron density is also determined by Eq. (1.153)
and that in the case of the non-interacting system, we have that V̂ee = 0. Thus, the
action integral is given by

AS[ρ(r, t)] = BS[ρ(r, t)]−
∫ t1

t0

dt
∫

drρ(r, t)vKS(r, t) (1.158)

with

BS[ρ(r, t)] =
∫ t1

t0

dt 〈Ψ[ρ(r, t)]|i ∂

∂t
− T̂e(r)|Ψ[ρ(r, t)]〉 . (1.159)

Using Eq. (1.153) we get

δAS[ρ(r, t)]
δρ(r, t)

= 0 =
δBS[ρ(r, t)]

δρ(r, t)
− vKS(r, t) (1.160)

where the time-dependent potential is unique thanks to the Runge-Gross theorem.
Now, if we look at the action integral of the interacting system, we have that

A[ρ(r, t)] = BS[ρ(r, t)]−
∫ t1

t0

dt
∫

drρ(r, t)vKS(r, t)− 1
2

∫ t1

t0

dt
∫

dr
∫

dr′
ρ(r, t)ρ(r′, t)
|r− r′|

− Axc[ρ(r, t)]
(1.161)
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with Axc[ρ(r, t)], the exchange-correlation part of the action integral, defined by

Axc[ρ(r, t)] = BS[ρ(r, t)]− 1
2

∫ t1

t0

dt
∫

dr
∫

dr′
ρ(r, t)ρ(r′, t)
|r− r′| − B[ρ(r, t)]. (1.162)

Then, by plugging Eq. (1.161) into Eq. (1.153), we have

δBS[ρ(r, t)]
δρ(r, t)

= v(r, t) +
∫

dr′
ρ(r′, t)
|r− r′| +

δAxc[ρ(r, t)]
δρ(r, t)

(1.163)

Thus, using Eq. (1.154) we get this expression for the time-dependent Kohn-Sham
potential

vKS(r, t) = v(r, t) +
∫

dr′
ρ(r′, t)
|r− r′| +

δAxc[ρ(r, t)]
δρ(r, t)

. (1.164)

By inserting this expression into Eq. (1.151) we obtain the time-dependent Kohn-Sham
equations

i
∂

∂t
φi(r, t) = F̂φi(r, t), (1.165)

where the φi(r, t) orbitals are the time-dependent Kohn-Sham (single-particle) orbitals
and F̂ is the time-dependent Kohn-Sham operator

F̂ = −1
2
∇2

r + vKS(r, t), (1.166)

with vKS(r, t) the time-dependent Kohn-Sham potential

vKS(r, t) = v(r, t) + vH(r, t) + vxc(r, t), (1.167)

where v(r, t) is the time-dependent external potential, vH(r, t) is the time-dependent
Hartree potential and vxc(r, t) is the time-dependent exchange-correlation potential
with

vH(r, t) =
∫

ρ(r′, t)
|r− r′|dr′, (1.168)

vxc(r, t) =
δAxc[ρ(r, t)]

δρ(r, t)
. (1.169)

Note that different expressions can be used for the time-dependent external potential
[66].Axc[ρ(r, t)] is the exchange-correlation action functional of the time-dependent
density. As for the time-independent case, the time-dependent Kohn-Sham equations
are single-particle equations in which each electron is treated individually in the
field of all others. Also, like in the time-independent case, all the exchange and
correlation effects are collected in the vxc(r, t) potential. The exact time-dependent
exchange-correlation action functional (also called the xc kernel) is not known, and
we need to make an approximation. The approximation that we usually make is
the so-called adiabatic local density approximation (ALDA) in which the originally
non-local (in time) time-dependent xc kernel is replaced with a time-independent
local one, based on the assumption that the density varies only slowly with time. This
approximation allows the use of a standard local ground-state xc potential (from the
time-independent DFT) in the TDDFT framework that we discussed in Section 1.6.3.
Then, by doing the same procedure as for the linear-response TDHF (RPAx) we obtain
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the linear-response TDDFT equation [67–69](
A B
−B −A

)(
Xm
Ym

)
= Ω

(
Xm
Ym

)
, (1.170)

where the matrix elements are defined as [58]

Aia,jb = δijδab (εa − ε i) + 〈ij|ab〉+ 〈ij| fxc|ab〉 , (1.171)

Bia,jb = 〈ib|aj〉+ 〈ib| fxc|aj〉 , (1.172)

with fxc the response of the exchange-correlation potential and it corresponds to the
second functional derivative of the exchange-correlation energy, also called the xc
kernel, and given by

〈ij| fxc|ab〉 =
∫∫

φ∗i (r)φ
∗
j (r
′)

δ2Exc

δρ(r)δρ(r′)
φa(r)φb(r′). (1.173)

Again, by solving Eq. (1.170) we get the excitation energies and the transition coeffi-
cients.

1.8 Many Body Perturbation Theory (MBPT)

The first part of this section is highly inspired by Ref [70]. The whole idea behind the
perturbation theory (PT) is the splitting of the Hamiltonian into two pieces: a zeroth-
order Hamiltonian (or unperturbed) Ĥ(0) with known eigenvalues and eigenvectors,
and a perturbation V̂ . First, we look at the general Rayleigh and Schrödinger PT
(RSPT) to establish the framework. Then we investigate a particular case of RSPT
known as the Møller-Plesset PT (MPPT) [71] where the zeroth-order Hamiltonian
is the Hartree-Fock one. Finally, we look at another important tool of MBPT based
on Green’s functions. We discuss the one-particle Green’s function and how to
find it thanks to the Dyson equation by introducing an effective potential called the
self-energy. Then, we look at some approximations for the self-energy like the GW,
T-matrix, and Second Born approximations. Next, we go through the Bethe-Salpeter
equation (BSE) that allows us to have access to neutral excitations and that relies on
the two-particle Green’s function.

1.8.1 Rayleigh-Schrödinger Perturbation Theory (RSPT)

In RSPT, we want to solve the following eigenvalue equation

Ĥ |Ψn〉 = (Ĥ(0) + V̂) |Ψn〉 = En |Ψn〉 (1.174)

where we choose the zeroth-order Hamiltonian Ĥ(0) such that we know its eigenval-
ues E(0)

n and eigenstates |Ψ(0)
n 〉, meaning that they satisfy the eigenvalue equation

Ĥ(0) |Ψ(0)
n 〉 = E(0)

n |Ψ(0)
n 〉 (1.175)

with the orthonormality condition 〈Ψ(0)
n |Ψ(0)

m 〉 = δnm. By introducing a coupling
constant λ in the partitioned Hamiltonian as

Ĥ(0) + λV̂ (1.176)
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and by considering a small perturbation V̂ , meaning that the perturbed eigenvalues
and eigenstates are close to the unperturbed ones, we can do a Taylor expansion in λ
as

En = E(0)
n + λE(1)

n + λ2E(2)
n + . . . (1.177)

|Ψn〉 = |Ψ(0)
n 〉+ λ |Ψ(1)

n 〉+ λ2 |Ψ(2)
n 〉+ . . . (1.178)

We then do the convenient choice of the intermediate normalization 〈Ψ(0)
n |Ψn〉 = 1.

Thus, multiplying Eq. (1.178) by 〈Ψ(0)
n | we get

〈Ψ(0)
n |Ψn〉 = 〈Ψ(0)

n |Ψ(0)
n 〉+ λ 〈Ψ(0)

n |Ψ(1)
n 〉+ λ2 〈Ψ(0)

n |Ψ(2)
n 〉+ . . . = 1 (1.179)

This implies that 〈Ψ(0)
n |Ψ(p)

n 〉 = 0 ∀p ≥ 1, so each order correction to the wave func-
tion is orthogonal to the zeroth-order one. Using the expansions of the eigenvalues
and eigenstates in Eq. (1.174) we get(

Ĥ(0) + V̂
)
( |Ψ(0)

n 〉+ λ |Ψ(1)
n 〉+ λ2 |Ψ(2)

n 〉+ . . .)

= (E(0)
n + λE(1)

n + λ2E(2)
n + . . .)( |Ψ(0)

n 〉+ λ |Ψ(1)
n 〉+ λ2 |Ψ(2)

n 〉+ . . .)
(1.180)

Then, by sorting in the order of λ, at zeroth order we get back the unperturbed system

Ĥ(0) |Ψ(0)
n 〉 = E(0)

n |Ψ(0)
n 〉 (1.181)

At first order, we have

Ĥ(0) |Ψ(1)
n 〉+ V̂ |Ψ(0)

n 〉 = E(0)
n |Ψ(1)

n 〉+ E(1)
n |Ψ(0)

n 〉 (1.182)

For the second order, we have

Ĥ(0) |Ψ(2)
n 〉+ V̂ |Ψ(1)

n 〉 = E(0)
n |Ψ(2)

n 〉+ E(1)
n |Ψ(1)

n 〉+ E(2)
n |Ψ(0)

n 〉 (1.183)

Multiplying the last three equations by 〈Ψ(0)
n | we get the following expressions

E(0)
n =

〈
Ψ(0)

n

∣∣∣Ĥ(0)
∣∣∣Ψ(0)

n

〉
(1.184)

E(1)
n =

〈
Ψ(0)

n

∣∣∣V̂ ∣∣∣Ψ(0)
n

〉
(1.185)

E(2)
n = 〈Ψ(0)

n | V̂ |Ψ(1)
n 〉 (1.186)

where, first, we used the orthonormalization of the zeroth order wave function, then
we used the orthogonality 〈Ψ(0)

n |Ψ(1)
n 〉 = 0 and finally the fact that 〈Ψ(0)

n | Ĥ(0) =

E(0)
n 〈Ψ(0)

n |. Writing

Ĥ(0) |Ψ(1)
n 〉+ V̂ |Ψ(0)

n 〉 = E(0)
n |Ψ(1)

n 〉+ E(1)
n |Ψ(0)

n 〉 (1.187)

as (
Ĥ(0) − E(0)

n

)
|Ψ(1)

n 〉 = (E(1)
n − V̂) |Ψ(0)

n 〉 (1.188)
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then, expanding the first order corrected wave function |Ψ(1)
n 〉 in terms of the (sup-

posed) complete set of eigenvectors of the unperturbed Hamiltonian Ĥ(0)

|Ψ(1)
n 〉 = ∑

m 6=n
Cmn |Ψ(0)

m 〉 (1.189)

where the restriction on the sum indices comes from the orthonormality of the eigen-
vectors which also leads to

Cmn = 〈Ψ(0)
m |Ψ(1)

n 〉 (1.190)

We can then write
|Ψ(1)

n 〉 = ∑
m 6=n
|Ψ(0)

m 〉 〈Ψ(0)
m |Ψ(1)

n 〉 (1.191)

Multiplying Eq. (1.188) by 〈Ψ(0)
l | with l 6= n and using the expression of |Ψ(1)

n 〉, we
obtain (

E(0)
l − E(0)

n

)
〈Ψ(0)

l |Ψ
(1)
n 〉 = E(1)

n 〈Ψ(0)
l |Ψ

(0)
n 〉 − 〈Ψ(0)

l | V̂ |Ψ
(0)
n 〉 (1.192)

and using the orthogonality of unperturbed eigenvectors we get

〈Ψ(0)
l | V̂ |Ψ

(0)
n 〉 =

(
E(0)

n − E(0)
l

)
〈Ψ(0)

l |Ψ
(1)
n 〉 (1.193)

Using the expansion of |Ψ(1)
n 〉 in the expression of the second order energy leads to

E(2)
n = 〈Ψ(0)

n | V̂ |Ψ(1)
n 〉 = ∑

m 6=n
〈Ψ(0)

n | V̂ |Ψ(0)
m 〉 〈Ψ(0)

m |Ψ(1)
n 〉 (1.194)

Thus, using Eq. (1.193) yields to

E(2)
n = ∑

m 6=n

〈Ψ(0)
n | V̂ |Ψ(0)

m 〉 〈Ψ(0)
m | V̂ |Ψ(0)

n 〉
E(0)

n − E(0)
m

= − ∑
m 6=n

| 〈Ψ(0)
n | V̂ |Ψ(0)

m 〉 |2

E(0)
m − E(0)

n

(1.195)

Now that we have established the framework of RSPT we take a look at the particular
case where the unperturbed Hamiltonian Ĥ(0) is the HF one ĤHF known as MPPT.
In the following, we consider only ground state energy corrections and so n = 0. In
MPPT the partitioning of the Hamiltonian is

Ĥ = ĤHF + V̂ (1.196)

where HHF is the Hartree-Fock Hamiltonian

ĤHF =
N

∑
i

F̂(xi) =
N

∑
i

[
Ĥc(xi) + v̂HF(xi)

]
(1.197)
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and the perturbation V̂ is

V̂ = Ĥ − ĤHF (1.198)

=
N

∑
i

Ĥc(xi) +
N

∑
i

N

∑
j>i

1
rij
−

N

∑
i

F̂(xi) (1.199)

=
N

∑
i

N

∑
j>i

1
rij
−

N

∑
i

v̂HF(xi) (1.200)

The HF wave function |ΨHF〉 is an eigenvector of ĤHF, i.e.,

ĤHF |ΨHF〉 = E(0)
0 |ΨHF〉 (1.201)

where the eigenvalue is given by the sum of occupied orbital energies

E(0)
0 =

occ

∑
i

εHF
i (1.202)

which is the zeroth-order perturbation energy. Then, as we have seen, the first-order
perturbation energy is defined as

E(1)
0 = 〈ΨHF|V̂ |ΨHF〉 (1.203)

= 〈ΨHF|
N

∑
i

N

∑
j>i

1
rij
|ΨHF〉 − 〈ΨHF|

N

∑
i

v̂HF(xi)|ΨHF〉 (1.204)

=
1
2

occ

∑
ij
〈ij||ij〉 −

occ

∑
i
〈i|v̂HF|i〉 (1.205)

= −1
2

occ

∑
ij
〈ij||ij〉 (1.206)

The sum of the zeroth and first-order energies gives us back the HF one

EHF = E(0)
0 + E(1)

0 =
occ

∑
i

εHF
i −

1
2

occ

∑
ij
〈ij||ij〉 (1.207)

This shows us that to go beyond the HF energy we need to go at least to the second
order of perturbation. We have seen that the second-order energy is given by

E(2)
0 = − ∑

n 6=0

| 〈Ψ(0)
0 | V̂ |Ψ

(0)
n 〉 |2

E(0)
n − E(0)

0

(1.208)

where |Ψ(0)
n 〉 could be a single, double, triple, . . . excited determinants but, due to

Slater-Condon’s rules, for a two-body operator like the perturbation V̂ , the triple and
higher excitations with respect to |Ψ(0)

0 〉 give matrix elements
〈

Ψ(0)
0

∣∣∣V̂ ∣∣∣Ψ(0)
n

〉
that

vanish. Moreover, the single excited determinant also provides a vanishing matrix
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element due to Brillouin’s theorem

〈Ψ(0)
0 |V̂ |Ψa

i 〉 =
occ

∑
j
〈ij||aj〉 − 〈i|v̂HF|a〉 (1.209)

=
occ

∑
j
〈ij||aj〉 − 〈i|v̂HF|a〉 (1.210)

=
occ

∑
j
〈ij||aj〉 −

occ

∑
j
〈ij||aj〉 (1.211)

= 0 (1.212)

Thus, the only possibility that remains is a doubly excited determinant that gives us

〈Ψ(0)
0 |V̂ |Ψab

ij 〉 = 〈ij||ab〉 (1.213)

The only missing part is

E(0)
n = Eab,(0)

ij = E(0)
0 + εHF

a + εHF
b − εHF

i − εHF
j (1.214)

and using the antisymmetry property of the integrals, which leads to the so-called
MP2 correlation energy

EMP2
c = E(2)

0 =
1
4

occ

∑
ij

vir

∑
ab

| 〈ij||ab〉 |2
εHF

i + εHF
j − εHF

a − εHF
b

(1.215)

1.8.2 One-particle Green’s function

Now, we turn to another important tool of many-body theory where the fundamental
quantity is the Green’s function. This part is highly inspired by a lecture given by Pina
Romaniello during doctoral lectures. The concepts of one-particle and two-particle
Green’s functions are introduced and we look at some existing approximations. We
consider

∣∣ΨN
0
〉

the normalized ground state wave function of a N electrons system
described by the second quantized Hamiltonian

Ĥ =
∫

dx1Ψ̂†(x1)h(r1)Ψ̂(x1) +
1
2

∫∫
dx1dx2Ψ̂†(x1)Ψ̂†(x2)v(r1, r2)Ψ̂(x1)Ψ̂(x2),

(1.216)
where

h(r1) =
1
2
∇2 + v(r1) (1.217)

is the one-electron Hamiltonian and

v(r1, r2) =
1

|r1 − r2|
(1.218)
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is the Coulomb interaction. Then, Ψ̂†(x) and Ψ̂(x) are the creation and annihilation,
respectively, field operators with the space-spin coordinate x = (r, s). The time-
ordered one-particle Green’s function at zero temperature is defined as

iG(1, 2) =
〈

ΨN
0

∣∣∣T[Ψ̂H(1)Ψ̂†
H(2)

]∣∣∣ΨN
0

〉
= θ(t1 − t2)

〈
ΨN

0

∣∣∣Ψ̂H(1)Ψ̂†
H(2)

∣∣∣ΨN
0

〉
− θ(t2 − t1)

〈
ΨN

0

∣∣∣Ψ̂†
H(2)Ψ̂H(1)

∣∣∣ΨN
0

〉
,

(1.219)

where the indices 1 and 2 stand for space-spin-time coordinates 1 = (r1, s1, t1) =
(x1, t1) and 2 = (r2, s2, t2) = (x2, t2), T is the Wick time-ordering operator which
orders the operators with larger times on the left. In practice, this is done using the
Heaviside step function θ

θ(t1 − t2) =

{
0, t1 < t2,
1, t1 ≥ t2.

(1.220)

The time-dependency is introduced by the annihilation and creation field operators
in the Heisenberg representation

Ψ̂H(1) = eiĤt1 Ψ̂(x1)e−iĤt1 , (1.221)

Ψ̂†
H(2) = eiĤt2 Ψ̂†(x2)e−iĤt2 . (1.222)

Now, we try to explain the physical meaning of Eq. (1.219).

• If t1 > t2, then only the first term is non-zero, and an electron is added at
coordinates (x2, t2) to the ground state of the system by the action of Ψ̂†(x2).
This extra electron interacts with its environment and creates a depletion in
the charge density around it to form a quasi-electron propagated through the
system from t2 to t1 under the influence of the Hamiltonian Ĥ. Then, an electron
is removed at coordinates (x1, t1) and the one-particle Green’s function G(1, 2)
is the probability amplitude to find an electron in (x1, t1) that was previously
introduced in (x2, t2). So, for t1 > t2 the one-particle Green’s function describes
a particle propagation.

• If t2 > t1, then it is the second term that is non zero and thus the one-particle
Green’s function G(1, 2) is the probability amplitude to find a hole in (x2, t2)
when an electron was removed at (x1, t1). So, for t2 > t1 the one-particle Green’s
function describes a hole propagation.

In the absence of time-dependent external potential, the one-particle Green’s function
depends only on the time difference τ = t1 − t2. By introducing the closure relation

∑
k

∑
M

∣∣∣ΨM
k

〉 〈
ΨM

k

∣∣∣ = 1̂, (1.223)
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where
∣∣ΨM

k

〉
is the k-th state of the M-electron system and apply it in Eq. (1.219) for

the (N − 1) and (N + 1)-electron states, we obtain

iG(x1, x2; τ) = θ(τ)∑
m

〈
ΨN

0

∣∣∣Ψ̂(x1)
∣∣∣ΨN+1

m

〉 〈
ΨN+1

m

∣∣∣Ψ̂†(x2)
∣∣∣ΨN

0

〉
ei(EN

0 −EN+1
m )τ

− θ(−τ)∑
n

〈
ΨN

0

∣∣∣Ψ̂†(x2)
∣∣∣ΨN−1

n

〉 〈
ΨN−1

n

∣∣∣Ψ̂(x1)
∣∣∣ΨN

0

〉
e−i(EN

0 −EN−1
n )τ,

(1.224)

with ΨN
0 the ground state of the N-electron system and EN

0 its corresponding energy,
ΨN+1

m the m-th state of the (N + 1)-electron system and EN+1
m its energy and ΨN−1

n
the n-th state of the (N − 1)-electron system and EN−1

n its energy. One can then write
the previous equation as

iG(x1, x2; τ) = θ(τ)∑
m

fm(x1) f ∗m(x2)ei(EN
0 −EN+1

m )τ

− θ(−τ)∑
n

gn(x1)g∗n(x2)e−i(EN
0 −EN−1

n )τ,
(1.225)

where the terms
fm(x) =

〈
ΨN

0

∣∣∣Ψ̂(x)
∣∣∣ΨN+1

m

〉
, (1.226)

and
gn(x) =

〈
ΨN−1

n

∣∣∣Ψ̂†(x)
∣∣∣ΨN

0

〉
, (1.227)

are the so-called Lehmann amplitudes. Then, using the relation∫ +∞

−∞
dt
[
θ(±t)e−iαt

]
eiωt = lim

η→0+

±i
ω− α± iη

, (1.228)

with 0+ and η two positive infinitesimals, one can obtain the Fourier transform of the
one-particle Green’s function

G(x1, x2; ω) =
∫ +∞

−∞
dτG(x1, x2; τ)eiωτ, (1.229)

to arrive at the Lehmann representation in frequency space of the one-particle Green’s
function

G(x1, x2; ω) = lim
η→0+

[
∑
m

fm(x1) f ∗m(x2)

ω− (EN+1
m − EN

0 ) + iη
+ ∑

n

gn(x1)g∗n(x2)

ω− (EN
0 − EN−1

n )− iη

]
.

(1.230)
The poles of the one-particle Green’s function are at the electron addition (EN+1

m − EN
0 )

and removal (EN
0 − EN−1

n ) energies of the N-electron system. The smallest electron
removal energy gives the ionization potential IP= −(EN

0 − EN−1
0 ) and the smallest

electron addition energy gives the electron affinity EA= EN
0 − EN+1

0 . For practical
reasons, one can write the one-particle Green’s function in a basis set, if we consider
a complete set (φi) of orthonormal orbitals then the one-particle Green’s function can
be written as

G(x1, x2; ω) = ∑
m

φm(x1)φ
∗
m(x2)

ω− εm + iη
+ ∑

n

φn(x1)φ
∗
n(x2)

ω− εn − iη
, (1.231)
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so one can see that the one-particle Green’s function can be evaluated at different
levels of theory depending on the choice of orbitals and energies φk and εk. So far
we can’t have the one-particle Green’s function because the Lehmann amplitudes in
Eq. (1.226) and (1.227) need the ground state wave function of the N-electron system.
Another way to obtain it is by its propagation in time and one can show that the
one-particle Green’s function verifies[

∂

∂t1
− h(r1)

]
G(1, 2)−

∫
d3Σ(1, 3)G(3, 2) = δ(1, 2), (1.232)

with δ Dirac’s delta function and Σ the so-called Hartree-exchange-correlation (Hxc)
self-energy operator that contains the two-electron effects. The equation of motion
in Eq. (1.232) can be reformulated and give the Dyson equation for the one-particle
Green’s function

G(1, 2) = G0(1, 2)− i
∫

d3d4 G0(1, 4)v(4, 3+)G(2)(4, 3; 2, 3+) (1.233)

where G0 is the non interacting one-particle Green’s function and G(2) is the two-
particle Green’s function. One can make a parallel between the Kohn-Sham theory
where the two-electron interactions (which are unknown) are in the Kohn-Sham
potential and the exchange-correlation self-energy. The difference is that the self-
energy is nonlocal. It can be shown that the Hartree-exchange-correlation self-energy
is of the form

Σ(1, 2) = vH(1)δ(1, 2) + iv(1+, 2)G(1, 2)

+ i
∫

d3d4d5d6 v(1+, 3)G(1, 4)Ξ(4, 6; 2, 5)L(5, 3; 6, 3+),
(1.234)

where vH is the Hartree potential, Ξ is the effective interaction

Ξ(4, 6; 2, 5) =
δΣ(4, 2)
δG(5, 6)

, (1.235)

and L is the generalized response function

L(5, 3; 6, 3) =
δG(5, 6)

δϕ(3)

∣∣∣
ϕ=0

, (1.236)

where ϕ is a fictitious external potential. The physical meaning of the self-energy is
that the particle can scatter against the density of the system (Hartree term), it can
exchange with another particle of the system and it can perturb the system, i.e., it can
have an effective interaction with the system (Ξ) then the system responds (L) and the
particle feels this response through the Coulomb interaction. Making approximations
to Ξ and L gives rise to various approximations to the self-energy Σ and so different
Green’s function theories.
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1.8.2.1 GW approximation

In 1965, Hedin derived a set of coupled equations [17] that yields, in principle, the
exact self-energy and leads to another expression for the self-energy

Σ(1, 2) = vH(1)δ(1, 2) + Σxc(1, 2)

= vH(1)δ(1, 2) + i
∫

d3d4G(1, 4)W(3, 1+)Γ(4, 2; 3),
(1.237)

where we introduced the exchange-correlation (xc) self-energy that is defined as
Σxc = Σ− vH, with W as the dynamically screened Coulomb interaction and Γ as
the so-called “vertex” function. The dynamically screened Coulomb interaction is
written

W(1, 2) =
∫

d3ε−1(1, 3)v(3, 2), (1.238)

with ε the dielectric function

ε(1, 2) = δ(1, 2)−
∫

d3χ0(1, 3)v(3, 2), (1.239)

and where χ0 is the noninteracting polarizability

χ0 = −iG(1, 2+)G(2, 1+). (1.240)

The neglect of the vertex in Eq. (1.237), i.e., Γ(4, 2; 3) = δ(1, 2)δ(2, 3), leads to the GW
approximation and gives the xc self-energy

Σxc(1, 2) = iG(1, 2)W(2, 1+). (1.241)

In the GW formalism, the dynamical screening is computed at the direct random-
phase approximation (dRPA) level and its spectral representation is given by

Wpq,rs(ω) = 〈pr|qs〉+ ∑
m

∑
i

Mph
pq,m Mph

rs,m

[
1

ω−Ωph
m + iη

− 1

ω + Ωph
m − iη

]
, (1.242)

with Ωph
m the excitation energies (eigenvalues) of Eq. (1.142), η a positive infinitesimal

and Mph
pq,m the screened two-electron integrals (or spectral weights) of expression

Mph
pq,m = ∑

ia
〈pi|qa〉

(
Xph + Yph

)
ia,m

(1.243)

where Xph and Yph are the transition coefficients (eigenvectors) of Eq. (1.142). The
exchange-correlation (xc) self-energy can be split in an exchange (x) and a correlation
(c) contributions, then its spectral representation reads, respectively,

Σx
pq = −∑

i
〈pi|iq〉 (1.244)

Σc
pq(ω) = ΣGW

pq (ω) = ∑
im

Mph
pi,m Mph

qi,m

ω− εi + Ωph
m

+ ∑
am

Mph
pa,m Mph

qa,m

ω− εa −Ωph
m

(1.245)

Within the GW approximation the correlation energy of the system can be obtained
in two ways, the first one is by using the RPA correlation energy of Eq. (1.146) and
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the second one is by using the Galitskii-Migdal functional [72]

EGM
c = − i

2

∞

∑
pq

∫ dω

2π
Σc

pq(ω)Gpq(ω)eiωη (1.246)

and applying it to the GW approximation leads to

EGM
c = ∑

iam

Mph
ai,m Mph

ai,m

εa − εi + Ωph
m

(1.247)

1.8.2.2 T-matrix approximation

When the screening is not important, i.e., at low density, one can use the rough
approximation L(5, 3; 6, 3) ≈ G(5, 3)G(3, 6) in Eq. (1.236) where we neglect the inter-
action and concentrate on a better approximation for Ξ(4, 6; 2, 5) in Eq. (1.235). One
uses the self-energy ansatz

Σ(1, 2) =
∫

d3d5 G(5, 3)T(1, 3; 2, 5), (1.248)

and one can do the approximation

δΣ(4, 2)
δG(5, 6)

≈ T(4, 6; 2, 5) (1.249)

in Eq. (1.234). Then, one can find Dyson equations for T = T1 + T2

T1(1, 3; 2, 5) = iv(1, 3)δ(3, 5+)δ(1, 2) + i
∫

d4d6 v(1+, 3)G(1, 4)G(3, 6)T1(4, 6; 2, 5)

(1.250)
and

T2(1, 3; 2, 5) = iv(1, 3)δ(2, 3)δ(1, 5) + i
∫

d4d6 v(1+, 3)G(1, 4)G(3, 6)T2(4, 6; 2, 5).

(1.251)
So, we end up with the self-energy expression

Σ(1, 2) =
∫

d3d5 G(5, 3) [T1(1, 3; 2, 5) + T2(1, 3; 2, 5)] . (1.252)

Using Fourier transform and projection into the MO space [73] it yields the correlation
part of the T-matrix self-energy

ΣGT
pq (ω) = ∑

in

Mpp
pi,n Mpp

qi,n

ω + εi −Ωpp
n

+ ∑
an

Mhh
pa,n Mhh

qa,n

ω + εa −Ωhh
n

(1.253)

where the pp and hh versions of the screened two-electron integrals read

Mpp
pq,n = ∑

c<d
〈pq||cd〉Xpp

cd,n + ∑
k<l
〈pq||kl〉Ypp

kl,n (1.254a)

Mhh
pq,n = ∑

c<d
〈pq||cd〉Xhh

cd,n + ∑
k<l
〈pq||kl〉Yhh

kl,n (1.254b)

The components Xpp/hh
cd,n and Ypp/hh

kl,n are the double addition/removal eigenvector
components of the pp-RPA eigenvalue problem in Eq. (1.147). Similarly to the GW
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case, within the T-matrix approximation, the correlation energy of the system can be
obtained by using the pp-RPA correlation energy of Eq. (1.149) or the Galitskii-Migdal
functional that gives

EGM
c = ∑

ijn

Mpp
ij,n Mpp

ij,n

εi + εj −Ωpp
n
−∑

abn

Mhh
ab,n Mhh

ab,n

εa + εb −Ωhh
n

(1.255)

1.8.2.3 Second-Born approximation

By doing an expansion to second-order in v in the T-matrix, one obtains the second
Born approximation (2B)

Σ2B(1, 2) = ΣHF(1, 2) + Σ(2)(1, 2) (1.256)

where ΣHF is the Hartree-Fock self-energy given by

ΣHF(1, 2) = vH(1)δ(1, 2) + iv(1, 2)G(1, 2+) (1.257)

and Σ(2) is the sum of the two terms

Σ(2a)(1, 2) = −i2G(1, 2)
∫

d3d4 v(1, 3)G(3, 4)G(4, 3)v(4, 2), (1.258)

Σ(2b)(1, 2) = i2
∫

d3d4 G(1, 3)v(1, 4)G(3, 4)G(4, 2)v(3, 2). (1.259)

These terms are called second-order direct and exchange terms and Σ(2) is the second-
order self-energy that is also written as ΣGF2 where GF2 stands for second-order
Green’s function. Using algebraic derivation for the second-order self-energy [74]
leads to the expression

ΣGF2
pq (ω) =

1
2 ∑

ija

〈pa||ij〉 〈qa||ij〉
ω + εa − εi − εj

+
1
2 ∑

iab

〈pi||ab〉 〈qi||ab〉
ω + εi − εa − εb

(1.260)

Finally, within the second-Born approximation, the correlation energy of the system
is obtained at the MP2 level defined as [70]

EMP2
c =

1
4 ∑

ijab

| 〈ij||ab〉 |2
εi + εj − εa − εb

(1.261)

1.8.2.4 Level of self-consistency

In many-body perturbation Green’s function theory one of the target quantities are
the quasiparticle energies εQP

p , i.e., the poles of the one-particle Green’s function in
Eq. (1.219), which correspond to the proper addition/removal energies. Because the
exchange-correlation part of the self-energy in Eq. (1.234) depends on the one-particle
Green’s function we are in the presence of a self-consistent process by nature and
this gives rise to different schemes where we can use all the different self-energies
presented. In its simplest version called G0, one performs only a single iteration, and
the quasiparticles εQP

p are obtained by solving the frequency-dependent quasiparticle
equation

ω = εKS
p + Σxc

pp(ω)−Vxc
p (1.262)
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procedure G0@KS
Perform KS calculation to get εKS, cKS and Vxc

AO to MO transformation for two electrons integrals:〈µν|λσ〉 cKS
−→ 〈pq|rs〉

if GW then
Construct RPA matrices ARPA and BRPA from εKS and 〈pq|rs〉
Compute RPA eigenvalues ΩRPA and eigenvectors XRPA + YRPA

Construct screened two-electron integrals Mm
pq

else if GT then
Construct pp-RPA matrices App-RPA and Bpp-RPA from εKS and

〈pq||rs〉
Compute pp-RPA eigenvalues Ωpp-RPA and eigenvectors Xpp-RPA,

Ypp-RPA

Construct the integrals
〈

pq
∣∣χN±2

n
〉

end if

for p = 1, . . . , N do
Compute diagonal of the self-energy Σxc

pp(ω) at ω = εKS
p

Compute renormalization factors Zp

Evaluate εQP
p = εKS

p + Zp

[
Σxc

pp(ε
KS
p )−Vxc

p

]
end for

end procedure

Figure 1.1: Pseudo-algortihm for the G0 procedure.The case GF2 is not written
because we only need the two-electron integrals for the computation of the self-
energy.

where all the needed quantities for the computation of the exchange-correlation
self-energy are constructed at the Kohn-Sham level and

Vxc
p =

∫
φp(x)vxc(r)φp(x)dx (1.263)

with vxc the local Kohn-Sham exchange-correlation potential. Because Eq. (1.262) is
nonlinear, it will generate the quasiparticle solution and a finite number of satellite
resonances. Because one is usually interested in the quasiparticle solution, Eq. (1.262)
is often linearized around ω = εKS

p , which yields to

εQP
p = εKS

p + Zp

[
Σxc

pp(ε
KS
p )−Vxc

p

]
(1.264)

where

Zp =

[
1−

∂Σxc
pp(ω)

∂ω

∣∣∣
ω=εKS

p

]−1

(1.265)

is a renormalization factor, with 0 ≤ Zp ≤ 1, which represents the spectral weight
of the quasiparticle solution. As previously said, Eq. (1.262) has satellite resonances,
which will have smaller spectral weights. Fig. 1.1 summarize the G0 procedure.

Another scheme is the “eigenvalue” self-consistent or evG where several iterations
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procedure EVG@KS
Perform KS calculation to get εKS, cKS and Vxc

AO to MO transformation for two electrons integrals:〈µν|λσ〉 cKS
−→ 〈pq|rs〉

Set εG−1 = εKS and n = 0
while max |∆| > τ do

if GW then
Construct RPA matrices ARPA and BRPA from εGn−1 and 〈pq|rs〉
Compute RPA eigenvalues ΩRPA and eigenvectors XRPA + YRPA

Construct screened two-electron integrals Mm
pq

else if GT then
Construct pp-RPA matrices App-RPA and Bpp-RPA from εGn−1 and

〈pq||rs〉
Compute pp-RPA eigenvalues Ωpp-RPA and eigenvectors Xpp-RPA,

Ypp-RPA

Construct the integrals
〈

pq
∣∣χN±2

n
〉

end if

for p = 1, . . . , N do
Compute diagonal of the self-energy Σxc

pp(ω) at ω = ε
Gn−1
p

Evaluate εGn
p = εKS

p +
[
Σxc

pp(ε
Gn−1
p )−Vxc

p

]
end for
∆ = εGn − εGn−1

n← n + 1
end while

end procedure

Figure 1.2: Pseudo-algortihm for the evG procedure. The case GF2 is not written
because we only need the two-electron integrals for the computation of the self-
energy.

are performed in which only the one-electron energies entering the definition of the
Green’s function in Eq.(1.219) are updated by the quasiparticle energies obtained
at the previous iteration. Note that the corresponding orbitals remain evaluated
at the KS level, Fig. 1.2 summarizes the evG procedure. Finally, the last presented
scheme is the quasiparticle self-consistent (qsG) scheme, where both the one-electron
energies and the orbitals are updated until convergence is reached. This is done by
the diagonalization of an effective Fock matrix, that includes explicitly a frequency-
independent Hermitian self-energy defined as

Σ̃xc
pq =

1
2

[
Σxc

pq(εp) + Σxc
qp(εp)

]
, (1.266)

this procedure is outlined in Fig. 1.3

1.8.3 Two-particle Green’s function and Bethe-Salpeter equation

The Bethe-Salpeter Equation (BSE) has a very similar structure to the TD-DFT and
deals with neutral excitations as measured by optical (i.e. absorption) spectroscopy.
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procedure QSG@KS
Perform KS calculation to get εKS, cKS and Vxc

Set εG−1 = εKS, cG−1 = cKS and n = 0

while max |∆| > τ do

AO to MO transformation for two electrons integrals: 〈µν|λσ〉 cGn−1−−−→
〈pq|rs〉

if GW then
Construct RPA matrices ARPA and BRPA from εGn−1 and 〈pq|rs〉
Compute RPA eigenvalues ΩRPA and eigenvectors XRPA + YRPA

Construct screened two-electron integrals Mm
pq

else if GT then
Construct pp-RPA matrices App-RPA and Bpp-RPA from εGn−1 and

〈pq||rs〉
Compute pp-RPA eigenvalues Ωpp-RPA and eigenvectors Xpp-RPA,

Ypp-RPA

Construct the integrals
〈

pq
∣∣χN±2

n
〉

end if
Evaluate Σxc(εGn−1) and form Σ̃xc ← 1

2

[
Σxc(εGn−1)† + Σxc(εGn−1)

]
Form F from cGn−1 and then F̃ = F + Σ̃xc

Diagonalize F̃ to get εGn and cGn

∆ = εGn − εGn−1

n← n + 1
end while

end procedure

Figure 1.3: Pseudo-algortihm for the qsG procedure. The case GF2 is not written
because we only need the two-electron integrals for the computation of the self-
energy.
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Unlike TD-DFT, where the central quantity is the electron density ρ(r, t), the BSE
central quantity is the Green’s function G and the exchange-correlation potential
vxc(r, t) is replaced by the generalized exchange-correlation self-energy Σxc [26]. One
can obtain a Dyson equation that links the generalized four-point susceptibility L and
Ξ the BSE kernel as [26]

L(1, 2; 3, 4) = L0(1, 2; 3, 4) +
∫

d5d6d7d8 L0(1, 2; 3, 4)Ξ(5, 6; 7, 8)L(7, 8; 3, 4) (1.267)

with L0 the noninteracting particle four-point susceptibility and defined as

L0(1, 2; 3, 4) = G(1, 4)G(2, 3). (1.268)

The BSE kernel derives from the exchange-correlation self-energy

Ξ(5, 6; 7, 8) = v(5, 7)δ(5, 6)δ(7, 8) +
δΣxc(5, 6)
δG(7, 8)

(1.269)

We can see that the expression of the BSE kernel depends on the choice of the self-
energy approximation and this is one of the subjects of Chapter 5 but in the general
setting, we have to solve a non-linear eigenvalue problem of the form(

ABSE(ΩBSE
ν ) BBSE(ΩBSE

ν )
−BBSE(−ΩBSE

ν ) −ABSE(−ΩBSE
ν )

)
·
(

XBSE
ν

YBSE
ν

)
= ΩBSE

ν

(
XBSE

ν

YBSE
ν

)
(1.270)

where the index v runs over single, double, and potentially higher excitations. Of
course, the expressions of matrices ABSE and BBSE depend on the type of quasiparticles
and the kernel that one considers but they have the following generic expressions

ABSE
ia,jb(ω) = Aia,jb + Ξia,jb(ω) (1.271a)

BBSE
ia,jb(ω) = Bia,jb + Ξia,bj(ω) (1.271b)

with the following static parts

Aia,jb = (εa − εi)δijδab + 〈ib||aj〉 (1.272a)

Bia,jb = 〈ij||ab〉 (1.272b)

where the εp’s are quasiparticle energies and Ξpq,rs(ω) is an element of the dynamical
correlation kernel computed at a given level of theory. So, a BSE calculation adds
excitonic effects (i.e., the electron-hole binding energy) to the underlying fundamental
gap calculation (obtained from the charged excitation energies). This underlying
calculation provides quasiparticle energies and a kernel that are used to build the
BSE Hamiltonian from which one can extract the vertical excitations of the system.

1.8.4 Algebraic Diagrammatic Construction

In this part one presents another way to obtain charged and neutral excitations
from the Green’s function formalism, called the Algebraic Diagrammatic Construc-
tion (ADC) scheme. The ADC scheme was introduced by Schirmer in 1982 for the
computation of neutral excitations in finite systems by using it for the polarization
propagator [75]. Then, Schirmer extended this scheme for the computation of charged
excitations by applying it to the one-body Green’s function or more precisely to the
self-energy [76]. It is worth mentioning that the two-particle propagator was also
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used within the ADC scheme leading to the calculation of the two-electron removal
energies [77]. The ADC method can be seen as a scheme that can be applied to
different propagators to obtain different types of excitation energies. First, one takes
a look at the ADC scheme for charged excitations and then one reviews it for neutral
excitations. Note that this section is highly inspired by Refs. [75, 76, 78, 79] and one
refers to these to interested readers.

1.8.4.1 Charged excitations

For the computation of charged excitations using the ADC scheme, two approaches
exist. First, the original formulation called the Dyson-ADC scheme [76] where the
computation of electron affinity and ionization potential is coupled by applying the
ADC scheme to both components of the self-energy. Then, there is the non-Dyson
ADC scheme [80] where these computations are non-coupled by only employing the
scheme on each component of the the one-body Green’s function, separately. One
with the Dyson-ADC scheme, we begin with the Dyson equation [81]

G(ω) = G0(ω) + G0(ω) · Σ(ω) ·G(ω) (1.273)

where G(ω) is the one-body Green’s function (1-GF), G0(ω) is the non-interacting
1-GF and Σ(ω) is the self-energy. One has that

G(ω)−G0(ω) = G0(ω) · Σ(ω) ·G(ω) (1.274)

that one can also write

Σ(ω) = G0(ω)−1 · (G(ω)−G0(ω)) ·G(ω)−1 (1.275)

Thus, one obtains
Σ(ω) = G0(ω)−1 −G(ω)−1 (1.276)

or, equivalently
G(ω) = (G0(ω)−1 − Σ(ω))−1 (1.277)

From there one needs to express the 1-GF of Eq. (1.230) in a complete set of orthonor-
mal one-particle orbitals. To do so one has to explicit the field operators in this basis
as

Ψ̂(x) = ∑
p

φp(x)âp, (1.278)

Ψ̂†(x) = ∑
p

φ∗p(x)â†
p. (1.279)

where ĉp and ĉ†
p are the creation and annihilation operators, respectively. Then, the

1-GF can be written as

G(x1, x2; ω) = ∑
pq

Gpq(ω)φp(x1)φ
∗
q (x2) (1.280)
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with

Gpq(ω) =
∫

dx1dx2 φ∗p(x1)G(x1, x2; ω)φq(x2)

= ∑
m

〈
Ψ0
∣∣âp
∣∣ΨN+1

m
〉 〈

ΨN+1
m

∣∣â†
q
∣∣Ψ0
〉

ω− (EN+1
m − EN

0 ) + iη
+ ∑

n

〈
Ψ0
∣∣â†

q
∣∣ΨN−1

n
〉 〈

ΨN−1
n

∣∣âp
∣∣Ψ0
〉

ω− (EN
0 − EN−1

n )− iη

≡ G+
pq(ω) + G−pq(ω)

(1.281)

where G+
pq(ω) and G−pq(ω) describe electron attachment and detachment processes,

respectively. Because the infinitesimal number η is not important for further deriva-
tions one drops it. The

∣∣ΨN+1
m

〉
and

∣∣ΨN−1
n

〉
are the exact eigenstates of the (N + 1)−

and (N − 1)−electron system with energies EN+1
m and EN−1

n , respectively. Each com-
ponent of the 1-GF can be expressed in a matrix formulation as

G±(ω) = Q± ·
(
ω1− E±

)−1 ·Q±† (1.282)

where E± are the diagonal matrices of exact vertical attachment E+
m =

(
EN+1

m − EN
0
)

and ionization E−n =
(
EN

0 − EN−1
n

)
energies. The Q± matrices are the so-called spec-

troscopic amplitudes with elements Q+
pm =

〈
Ψ0
∣∣âp
∣∣ΨN+1

m
〉

and Q−qn =
〈
Ψ0
∣∣â†

q
∣∣ΨN−1

n
〉
.

Since the 1-GF is expressed in the eigenstates of the system, Eq. (1.282) is called its
diagonal representation. The self-energy can be written as [76]

Σ(ω) = Σs(∞) + Σd(ω) (1.283)

where Σs(∞) is the static (ω-independent) part and Σd(ω) is the dynamical (ω-
dependent) part. In the same way we did for the 1-GF, the dynamical part of the
self-energy can be written as [78]

Σd(ω) = Σ+
d (ω) + Σ−d (ω) (1.284)

where Σ+
d (ω) gives the (N + 1)−particle energy, also called electron affinity and the

Σ−d (ω) part gives the (N − 1)−particle energy or ionization potential. Again, as we
did in Eq. (1.282), we can write the self-energy in a compact diagonal representation
as [78]

Σ±d (ω) = m±† · (ω1−Ω±)−1 ·m± (1.285)

where Ω± are the diagonal matrices of the pole positions and m± are the corre-
sponding matrices of amplitudes. Note that the poles and amplitudes of the self-
energy cannot be directly linked to physical quantities[78]. Thus, using the fact
that G0(ω)−1 = ω1− ε with ε the diagonal matrix of one-particle orbital energies
(here we take Hartee-Fock orbitals as it is done in the original derivation in [76]) and
Eq. (1.277), we can write the 1-GF a

G(ω) =
(

ω1− ε− Σ(∞)−m−† · (ω−Ω−)−1 ·m− −m+† · (ω−Ω+)−1 ·m+
)−1

(1.286)
This Dyson equation involving a matrix inversion problem is equivalent, when using
partitioning techniques, to the eigenvalue problem [76, 78]

AQ = QE, QQ† = 1 (1.287)
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with E and Q the diagonal matrix of eigenvalues, i.e. the charged excitation energies
of the system, and the matrix of eigenvectors, respectively, of matrix A where

A =

ε + Σ(∞) m−† m+†

m− Ω− 0
m+ 0 Ω+

 (1.288)

One can easily see how to go from the matrix A to the expression of the 1-GF in
Eq. (1.286) by doing a matrix-vector multiplication and solving the resulting system
of equations (see Appendix A). Note that by expressing Σs(∞) in terms of the 1-GF
and by using Eq. (1.277) we can self-consistently compute it if an approximation
for Σd(ω) is given [76]. However, this eigenvalue problem is not very practical
because one does not know the expressions of the different blocks in the matrix A.
This is where the ADC scheme comes into play and it applies to each component of
Eq. (1.285) independently. In the following, one drops the subscript s and d in the
expression of the self-energy. When one talks about Σ(ω) one refers to the dynamic
part and to the static part when one uses Σ(∞). The next step is to postulate that it
exists a non-diagonal representation of the self-energy for each of its component

Σ±pq(ω) = V±†
p · (ω1− C±)−1 · V±q (1.289)

where C is a hermitian matrix referred to as the ADC secular matrix and Vp is a
constant vector of effective coupling matrix elements. This gives us the following
eigenvalue problem

BQ = QE, QQ† = 1 (1.290)

where

B =

ε + Σ(∞) V−† V+†

V− C− 0
V+ 0 C+

 (1.291)

Then, we suppose that we have the perturbation expansion for the C and V matrices

C± = C(0)± + C(1)± + C(2)± + · · · (1.292)

V±p = V (1)±
p + V (2)±

p + · · · (1.293)

Note that C(0)± is also referred as K in the literature and it is the diagonal matrix of
the Hartree-Fock energies of the possible (N ± 1) electrons configurations (1p/1h,
2p-1h, 2h-1p, 3p-2h, . . .). The perturbation expansion of Vp starts at first-order because
the expansion of the self-energy Σ begins at second-order [78]. Then, one uses the
perturbation expansions in Eq. (1.292) and Eq. (1.293) in the expression of the self-
energy in Eq. (1.289) and one sorts by order [78]. The ADC scheme can be seen as
the following procedure, we first compare the formal perturbation expansion of the
ADC form to the original diagrammatic perturbation expansion for the (dynamical)
self-energy part Σ±pq(ω) through a given order n of perturbation theory. This gives
the ADC(n) approximation scheme and it allows us to determine the different terms
in the expansion of C and Vp. At second-order, the ADC form or ADC(2) has the
following expression for the self-energy

Σ±pq(ω) = V (1)±†
p · (ω1− C(0)±)−1 · V (1)±

q (1.294)

Note that at the second-order, there is no contribution from the static self-energy and
so the upper left block of the matrix B is only the ε matrix [78]. At third-order, the
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2

2
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1
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Figure 1.4: Perturbative structure of the matrix B within the Dyson ADC scheme.
The black blocks represent the ε(+Σ(ω)) and 0 blocks. The colour of the blocks
represents the order of perturbation theory (white: zeroth-order, yellow: first-order,
red: second-order).

ADC(3) scheme gives the subsequent expression

Σ±pq(ω) = V (1)±†
p · (ω1− C(0)±)−1 · V (1)±

q

+ V (2)±†
p · (ω1− C(0)±)−1 · V (1)±

q + V (1)±†
p · (ω1− C(0)±)−1 · V (2)±

q

+ V (1)±†
p · (ω1− C(0)±)−1 · C(1)± · (ω1− C(0)±)−1 · V (1)±

q

(1.295)

The ADC(2)-x approximation is an extension of ADC(2) where the diagonal blocks
C± are evaluated up to first-order where the first-order terms come from the ADC(3)
approximation [82, 83]. Note that this approximation does not have a rigorous
theoretical justification in perturbation theory and is an ad hoc extension of ADC(2).
By looking at the expressions of the self-energy approximations, one can get the
structure of the matrix B for these three approximations and it is represented in
Figure 1.4. Note that for second and third-order, the configuration space comprises
2p-1h and 2h-1p configurations but from fourth-order, the space extends to the 3p-
2h and 3h-2p configurations [76, 78]. Expressions of the blocks C± and V±p up to
fourth-order are given in Ref. [78]. Now, one takes a brief look at the non-Dyson ADC
scheme or direct ADC scheme [80] and this part is highly inspired by Ref. [83]. In
this non-Dyson scheme, the charged excitation energies are computed by directly
approximating the spectral form of each component of the 1-GF by writing them in a
non-diagonal representation [83]

G±(ω) = T± ·
(
ωS± − D±

)−1 · T± (1.296)

where the matrices D± and T± contain information about vertical charged excitation
energies and transition probabilities, respectively, but are expressed in a different
(noneigenstate) basis of (N + 1)- and (N − 1)-electron configurations

∣∣Ψ+µ

〉
and∣∣Ψ−µ

〉
. The S± matrices describe the overlap of (N + 1)- and (N − 1)-electron ba-

sis states within each set and we choose
∣∣Ψ+µ

〉
and

∣∣Ψ−µ

〉
such that G+(ω) and

G−(ω)do not couple. Then, the D±, T±, and S± matrices are evaluated up to the
order n in perturbation theory which corresponds to the nth-order non-Dyson ADC
approximation ADC(n). Thus, the charged excitation energies are computed as
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Figure 1.5: Perturbative structure of the matrix D+ within the non-Dyson ADC
scheme for G+(ω). Note that in the case of G−(ω) one has the following space:
1h and 2h-1p. The colour of the blocks represents the order of perturbation theory
(white: zeroth-order, yellow: first-order, red: second-order, purple: third-order).

eigenvalues of the matrices Ω̃± given by

D± · Y± = S± · Y± · Ω̃± (1.297)

Finally, one obtains an approximation for the 1-GF like one had for the self-energy in
the Dyson-ADC scheme, and one gets the matrix structure displayed in Figure 1.5.
Expressions for the different approximations and for both schemes (Dyson and non-
Dyson) are given in the references mentioned in the text.

1.8.4.2 Neutral excitations

The way to compute neutral excitations within the ADC scheme is similar to the one
for the computation of charged excitations. The main difference is that we need to
start from the polarization propagator [75]. We start by expressing it in the eigenstates
of the system [79]

Πpq,rs(ω) = ∑
n 6=0

〈Ψ0|â†
q âp|Ψn〉 〈Ψn|â†

r âs|Ψ0〉
ω + EN

0 − EN
n + iη

+ ∑
n 6=0

〈Ψ0|â†
r âs|Ψn〉 〈Ψn|â†

q âp|Ψ0〉
ω−

(
EN

n − EN
0

)
− iη

(1.298)

where |Ψ0〉 is the ground-state and |Ψn〉 is the n-th excited-state of the N-electron
system with their corresponding energies EN

0 and EN
n . Note that, the polarization

propagator can also be written as the sum of two terms Π(ω) = Π+(ω) + Π−(ω).
Simply by looking at the expression of the polarization propagator, we can see that
the same physical information is given by each of these parts and so it is necessary to
only look at one of them. Thus, by choosing Π+(ω), the neutral excitation energies
∆E = EN

n − EN
0 are given by its poles. In what follows, we drop the superscript + for

more clarity. Moreover, as it is not important for further development, we also drop
the infinitesimal number η. As we have done for the case of charged excitations, we
can write the propagator in a compact matrix diagonal representation as [79]

Π(ω) = x† · (ω1−Ω)−1 · x (1.299)
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Figure 1.6: Perturbative structure of the matrix M. The colour of the blocks repre-
sents the order of perturbation theory (white: zeroth-order, yellow: first-order, red:
second-order, purple: third-order).

where Ω is the diagonal matrix of vertical excitation energies and x is the matrix of
transition amplitudes. Then, we postulate its non-diagonal representation [75, 79]

Π(ω) = f † · (ω1−M)−1 · f (1.300)

where M is the non-diagonal matrix representation of an effective Hamiltonian and
f is the matrix of the effective transition moments [75, 79]. Again, we can do a
perturbation expansion for the different terms as

M = M(0) + M(1) + M(2) + · · · (1.301)

f = f (0) + f (1) + f (2) + · · · (1.302)

and the matrix inversion of Eq. (1.300) is equivalent to the diagonalization of the
matrix M at a desired order of perturbation theory [79]. This gives us the following
eigenvalue problem

M · Y = Y ·Ω, YY† = 1 (1.303)

where Ω is the diagonal matrix of vertical excitation energies with the corresponding
matrix of eigenvectors Y . As we did in the case of charged excitations, we can arrange
the different blocks of the matrix M and it gives the matrix structure displayed in
Figure 1.6. One can note that at the ADC(2) level, the 1p-1h block contains terms up
to second-order whereas the 2p-2h block has only zeroth-order terms. It means that
single excitations are described using second-order terms while double excitations
are only described by energy differences within the ADC(2) approximation. At third-
order, the 2p-2h block contains couplings between the excited configurations [84].
Again, these couplings are included in ADC(2)-x as an ad hoc extension of ADC(2)
with, as one will see in the next chapters, very mitigated results. Again, expressions
for the different approximations are given in the references mentioned in the text.
Note that links between ADC and other approximations in the Green’s function
formalism for charged and neutral excitations will be discussed in Chapter 5.
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Chapter 2

Spin-conserved and spin-flip
optical excitations from the
Bethe-Salpeter equation formalism

This chapter is the subject of the following publication: E. Monino and P. F. Loos.
J. Chem. Theory Comput. (Open Access) 17, 2852 (2021).

Like adiabatic time-dependent density-functional theory (TD-DFT), the
Bethe-Salpeter equation (BSE) formalism of many-body perturbation theory, in
its static approximation, is “blind” to double (and higher) excitations, which
are ubiquitous, for example, in conjugated molecules like polyenes. Here, we

apply the spin-flip ansatz (which considers the lowest triplet state as the
reference configuration instead of the singlet ground state) to the BSE

formalism in order to access, in particular, double excitations. The present
scheme is based on a spin-unrestricted version of the GW approximation

employed to compute the charged excitations and screened Coulomb potential
required for the BSE calculations. Dynamical corrections to the static BSE

optical excitations are taken into account via an unrestricted generalization of
our recently developed (renormalized) perturbative treatment. The
performance of the present spin-flip BSE formalism is illustrated by

computing excited-state energies of the beryllium atom, the hydrogen
molecule at various bond lengths, and cyclobutadiene in its rectangular and

square-planar geometries. Note that in this chapter we use chemist’s notation
for the two-electron integrals.

Due to the ubiquitous influence of processes involving electronic excited states
in physics, chemistry, and biology, their faithful description from first principles has
been one of the grand challenges faced by theoretical chemists since the dawn of
computational chemistry. Accurately predicting ground- and excited-state energies
(hence excitation energies) is particularly valuable in this context, and it has con-
centrated most of the efforts within the community. An armada of theoretical and
computational methods have been developed to this end, each of them being plagued
by its own flaws [25, 58, 85–94]. The fact that none of these methods is successful
in every chemical scenario has encouraged chemists to carry on the development
of new excited-state methodologies, their main goal being to get the most accurate
excitation energies (and properties) at the lowest possible computational cost in the
most general context [93].

https://doi.org/10.1021/acs.jctc.1c00074
https://doi.org/10.1021/acs.jctc.1c00074
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Originally developed in the framework of nuclear physics [95], and popularized
in condensed-matter physics [18, 96, 97], one of the new emerging method in the
computational chemistry landscape is the Bethe-Salpeter equation (BSE) formalism
[19, 25, 26, 95, 98–101] from many-body perturbation theory [102, 103] which, based
on an underlying GW calculation to compute accurate charged excitations (i.e., ion-
ization potentials and electron affinities) and the dynamically-screened Coulomb
potential [17, 104], is able to provide accurate optical (i.e., neutral) excitations for
molecular systems at a rather modest computational cost [25–27, 105–121]. Most of
BSE implementations rely on the so-called static approximation [26, 117, 119, 122],
which approximates the dynamical (i.e., frequency-dependent) BSE kernel by its static
limit. Like adiabatic time-dependent density-functional theory (TD-DFT) [65, 67–69],
the static BSE formalism is plagued by the lack of double (and higher) excitations,
which are, for example, ubiquitous in conjugated molecules like polyenes [123–130]
or the ground state of open-shell molecules [131–133]. Indeed, both adiabatic TD-DFT
[134–138] and static BSE [29, 139–142] can only access (singlet and triplet) single
excitations with respect to the reference determinant usually taken as the closed-shell
singlet ground state. Double excitations are even challenging for state-of-the-art
methods [93, 130, 143–145], like the approximate third-order coupled-cluster (CC3)
method [146, 147] or equation-of-motion coupled-cluster with singles, doubles and
triples (EOM-CCSDT) [148–151].

One way to access double excitations is via the spin-flip formalism established
by Krylov in 2001 [152–154], with earlier attempts by Bethe [155], as well as Shibuya
and McKoy [156]. The idea behind the spin-flip ansatz is rather simple: instead
of considering the singlet ground state as reference, the reference configuration is
taken as the lowest triplet state. In such a way, one can access the singlet ground
state and the singlet doubly-excited state via a spin-flip deexcitation and excitation
(respectively), the difference of these two excitation energies providing an estimate
of the double excitation. We refer the interested reader to Refs. [87, 94, 157] for
detailed reviews on spin-flip methods. Note that a similar idea has been exploited by
the group of Yang to access double excitations in the context of the particle-particle
random-phase approximation [64, 158–162].

One obvious issue of spin-flip methods is that not all double excitations are
accessible in such a way. Moreover, spin-flip methods are usually hampered by
spin contamination [94] (i.e., artificial mixing with configurations of different spin
multiplicities) due to spin incompleteness of the configuration interaction expansion
as well as the possible spin contamination of the reference configuration [163]. This
issue can be alleviated by increasing the excitation order at a significant cost or by
selectively complementing the spin-incomplete configuration set with the missing
configurations [164–171].

Nowadays, spin-flip techniques are widely available for many types of methods
such as equation-of-motion coupled cluster (EOM-CC) [152, 172–175], configuration
interaction (CI) [153, 154, 165, 176, 177], TD-DFT [168, 170, 178–180], the algebraic-
diagrammatic construction (ADC) scheme [181, 182], and others [183–186] with
successful applications in bond breaking processes [187], radical chemistry [188–195],
and photochemistry in general [182, 196–198] to mention a few.

Here we apply the spin-flip technique to the BSE formalism in order to access,
in particular, double excitations [142], but not only. The present BSE calculations
are based on the spin-unrestricted version of both GW (Sec. 2.1) and BSE (Sec. 2.2).
To the best of our knowledge, the present study is the first to apply the spin-flip
formalism to the BSE method. Moreover, we also go beyond the static approximation
by taking into account dynamical effects (Sec. 2.2.2) via an unrestricted generalization
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of our recently developed (renormalized) perturbative correction which builds on
the seminal work of Strinati [18, 19, 199], Romaniello and collaborators [140, 141],
and Rohlfing and coworkers [200–204]. We also discuss the computation of oscil-
lator strengths (Sec. 2.2.3) and the expectation value of the spin operator

〈
Ŝ2〉 as a

diagnostic of the spin contamination for both ground and excited states (Sec. 2.2.4).
Computational details are reported in Sec. 2.3 and our results for the beryllium atom
Be (Subsec. 2.4.1), the hydrogen molecule H2 (Subsec. 2.4.2), and cyclobutadiene
C4H4 (Subsec. 2.4.3) are discussed in Sec. 2.4. Finally, we draw our conclusions in
Sec. 2.5. Unless otherwise stated, atomic units are used.

2.1 Unrestricted GW formalism

Let us consider an electronic system consisting of n = n↑ + n↓ electrons (where n↑
and n↓ are the number of spin-up and spin-down electrons, respectively) and N one-
electron basis functions. The number of spin-up and spin-down occupied orbitals are
O↑ = n↑ and O↓ = n↓, respectively, and, assuming the absence of linear dependencies
in the one-electron basis set, there is V↑ = N −O↑ and V↓ = N −O↓ spin-up and
spin-down virtual (i.e., unoccupied) orbitals. The number of spin-conserved (sc)
single excitations is then Ssc = Ssc

↑↑ + Ssc
↓↓ = O↑V↑ + O↓V↓, while the number of

spin-flip (sf) excitations is Ssf = Ssf
↑↓ + Ssf

↓↑ = O↑V↓ + O↓V↑. Let us denote as ψpσ(r)
the pth spatial orbital associated with the spin-σ electrons (where σ = ↑ or ↓) and
εpσ its one-electron energy. It is important to understand that, in a spin-conserved
excitation the hole orbital ψiσ

and particle orbital ψaσ have the same spin σ. In a
spin-flip excitation, the hole and particle states, ψiσ

and ψaσ̄ , have opposite spins, σ
and σ̄. We assume real quantities throughout this manuscript, i and j are occupied
orbitals, a and b are unoccupied orbitals, p, q, r, and s indicate arbitrary orbitals, and
m labels single excitations. Moreover, we consider systems with collinear spins and a
spin-independent Hamiltonian without contributions such as spin-orbit interaction.

2.1.1 The dynamical screening

The pillar of Green’s function many-body perturbation theory is the (time-ordered)
one-body Green’s function, which has poles at the charged excitations (i.e., ionization
potentials and electron affinities) of the system [139]. The spin-σ component of the
one-body Green’s function reads [122, 139]

Gσ(r1, r2; ω) = ∑
i

ψiσ
(r1)ψiσ

(r2)

ω− ε iσ
− iη

+ ∑
a

ψaσ(r1)ψaσ(r2)

ω− εaσ + iη
(2.1)

where η is a positive infinitesimal. As readily seen in Eq. (2.1), the Green’s function
can be evaluated at different levels of theory depending on the choice of orbitals and
energies, ψpσ and εpσ . For example, Gσ

KS is the independent-particle Green’s function
built with Kohn-Sham (KS) orbitals ψKS

pσ
(r) and one-electron energies εKS

pσ
[40, 41, 205].

Within self-consistent schemes, these quantities can be replaced by quasiparticle
energies and orbitals evaluated within the GW approximation (see below) [17, 104].

Based on the spin-up and spin-down components of G defined in Eq. (2.1), one
can easily compute the non-interacting polarizability (which is a sum over spins)

χ0(r1, r2; ω) = − i
2π ∑

σ

∫
Gσ(r1, r2; ω + ω′)Gσ(r1, r2; ω′)dω′ (2.2)
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and subsequently the dielectric function

ε(r1, r2; ω) = δ(r1 − r2)−
∫

χ0(r1, r3; ω)

|r2 − r3|
dr3 (2.3)

where δ(r) is the Dirac delta function. Based on this latter ingredient, one can access
the dynamically-screened Coulomb potential

W(r1, r2; ω) =
∫

ε−1(r1, r3; ω)

|r2 − r3|
dr3 (2.4)

which is naturally spin independent as the bare Coulomb interaction |r1 − r2|−1 does
not depend on spin coordinates.

Within the GW formalism [17, 102, 104], the dynamical screening is computed at
the random-phase approximation (RPA) level by considering only the manifold of
the spin-conserved neutral excitations. In the orbital basis, the spectral representation
of W is

Wpσqσ ,rσ′ sσ′ (ω) = (pσqσ|rσ′sσ′) + ∑
m
(pσqσ|m)(rσ′sσ′ |m)

×
[

1

ω−Ωsc,RPA
m + iη

− 1

ω + Ωsc,RPA
m − iη

]
(2.5)

where the bare two-electron integrals are [206]

(pσqτ|rσ′sτ′) =
∫ ψpσ(r1)ψqτ (r1)ψrσ′ (r2)ψsτ′ (r2)

|r1 − r2|
dr1dr2 (2.6)

and the screened two-electron integrals (or spectral weights) are explicitly given by

(pσqσ|m) = ∑
iaσ′

(pσqσ|iσ′aσ′)(Xsc,RPA
m + Ysc,RPA

m )iσ′ aσ′ (2.7)

In Eqs. (2.5) and (2.7), the spin-conserved RPA neutral excitations Ωsc,RPA
m and their

corresponding eigenvectors, Xsc,RPA
m and Ysc,RPA

m , are obtained by solving a linear
response system of the form(

A B
−B −A

)
·
(

Xm
Ym

)
= Ωm

(
Xm
Ym

)
(2.8)

where the expressions of the matrix elements of A and B are specific of the method
and of the spin manifold. The spin structure of these matrices, though, is general

Asc =

(
A↑↑,↑↑ A↑↑,↓↓

A↓↓,↑↑ A↓↓,↓↓

)
Bsc =

(
B↑↑,↑↑ B↑↑,↓↓

B↓↓,↑↑ B↓↓,↓↓

)
(2.9a)

Asf =

(
A↑↓,↑↓ 0

0 A↓↑,↓↑

)
Bsf =

(
0 B↑↓,↓↑

B↓↑,↑↓ 0

)
(2.9b)

In the absence of instabilities, the linear eigenvalue problem (2.8) has particle-hole
symmetry which means that the eigenvalues are obtained by pairs ±Ωm. In such
a case, (A − B)1/2 is positive definite, and Eq. (2.8) can be recast as a Hermitian
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problem of half its original dimension

(A− B)1/2 · (A + B) · (A− B)1/2 · Z = Ω2 · Z (2.10)

where the excitation amplitudes are

X + Y = Ω−1/2 · (A − B)1/2 · Z (2.11)

Within the Tamm-Dancoff approximation (TDA), the coupling terms between the
resonant and anti-resonant parts, A and −A, are neglected, which consists in setting
B = 0. In such a case, Eq. (2.8) reduces to a straightforward Hermitian problem of
the form:

A · Xm = ΩmXm (2.12)

Note that, for spin-flip excitations, it is quite common to enforce the TDA especially
when one considers a triplet reference as the first “excited-state” is usually the ground
state of the closed-shell system (hence, corresponding to a negative excitation energy).

At the RPA level, the matrix elements of A and B are

ARPA
iσaτ ,jσ′ bτ′

= δijδabδσσ′δττ′(εaτ − ε iσ
) + (iσaτ|bσ′ jτ′) (2.13a)

BRPA
iσaτ ,jσ′ bτ′

= (iσaτ|jσ′bτ′) (2.13b)

from which we obtain the following expressions

Asc,RPA
iσaσ ,jσ′ bσ′

= δijδabδσσ′(εaσ − ε iσ
) + (iσaσ|bσ′ jσ′) (2.14a)

Bsc,RPA
iσaσ ,jσ′ bσ′

= (iσaσ|jσ′bσ′) (2.14b)

for the spin-conserved excitations and

Asf,RPA
iσaσ̄ ,jσbσ̄

= δijδab(εaσ̄ − ε iσ
) (2.15a)

Bsf,RPA
iσaσ̄ ,jσ̄bσ

= 0 (2.15b)

for the spin-flip excitations.

2.1.2 The GW self-energy

Within the acclaimed GW approximation [17, 104], the exchange-correlation (xc) part
of the self-energy

Σxc,σ(r1, r2; ω) = Σx,σ(r1, r2) + Σc,σ(r1, r2; ω)

=
i

2π

∫
Gσ(r1, r2; ω + ω′)W(r1, r2; ω′)eiηω′dω′

(2.16)
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is, like the one-body Green’s function, spin-diagonal, and its spectral representation
reads

Σx
pσqσ

= −∑
i
(pσiσ|iσqσ) (2.17a)

Σc
pσqσ

(ω) = ∑
im

(pσiσ|m)(qσiσ|m)

ω− ε iσ
+ Ωsc,RPA

m − iη

+ ∑
am

(pσaσ|m)(qσaσ|m)

ω− εaσ −Ωsc,RPA
m + iη

(2.17b)

where the self-energy has been split in its exchange (x) and correlation (c) contribu-
tions. The Dyson equation linking the Green’s function and the self-energy holds
separately for each spin component

[Gσ(r1, r2; ω)]−1 = [Gσ
KS(r1, r2; ω)]−1

+ Σxc,σ(r1, r2; ω)− vxc(r1)δ(r1 − r2)
(2.18)

where vxc(r) is the KS (local) exchange-correlation potential. The target quantities here
are the quasiparticle energies εGW

pσ
, i.e., the poles of G [see Eq. (2.1)], which correspond

to well-defined addition/removal energies (unlike the KS orbital energies). Because
the exchange-correlation part of the self-energy is, itself, constructed with the Green’s
function [see Eq. (2.16)], the present process is, by nature, self-consistent. The same
comment applies to the dynamically-screened Coulomb potential W entering the
definition of Σxc [see Eq. (2.16)] which is also constructed from G [see Eqs. (2.2), (2.3),
and (2.4)].

2.1.3 Level of self-consistency

This is where GW schemes differ. In its simplest perturbative (i.e., one-shot) version,
known as G0W0 [207–215], a single iteration is performed, and the quasiparticle
energies εGW

pσ
are obtained by solving the frequency-dependent quasiparticle equation

ω = εKS
pσ

+ Σxc
pσ
(ω)−Vxc

pσ
(2.19)

where Σxc
pσ
(ω) ≡ Σxc

pσ pσ
(ω) and its offspring quantities have been constructed at the

KS level, and
Vxc

pσ
=
∫

ψpσ(r)v
xc(r)ψpσ(r)dr (2.20)

Because, from a practical point of view, one is usually interested by the so-called
quasiparticle solution (or peak), the quasiparticle equation (2.19) is often linearized
around ω = εKS

pσ
, yielding

εGW
pσ

= εKS
pσ

+ Zpσ [Σ
xc
pσ
(εKS

pσ
)−Vxc

pσ
] (2.21)

where

Zpσ =

1−
∂Σxc

pσ
(ω)

∂ω

∣∣∣∣∣
ω=εKS

pσ

−1

(2.22)

is a renormalization factor (with 0 ≤ Zpσ ≤ 1) which also represents the spectral
weight of the quasiparticle solution. In addition to the principal quasiparticle peak
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which, in a well-behaved case, contains most of the spectral weight, the frequency-
dependent quasiparticle equation (2.19) generates a finite number of satellite reso-
nances with smaller weights [216].

Within the “eigenvalue” self-consistent GW scheme (known as evGW) [118, 209,
215, 217–219], several iterations are performed during which only the one-electron
energies entering the definition of the Green’s function [see Eq. (2.1)] are updated
by the quasiparticle energies obtained at the previous iteration (the corresponding
orbitals remain evaluated at the KS level).

Finally, within the quasiparticle self-consistent GW (qsGW) scheme [220–224],
both the one-electron energies and the orbitals are updated until convergence is
reached. These are obtained via the diagonalization of an effective Fock matrix which
includes explicitly a frequency-independent and Hermitian self-energy defined as

Σ̃xc
pσqσ

=
1
2

[
Σxc

pσqσ
(εpσ) + Σxc

qσ pσ
(εpσ)

]
(2.23)

2.2 Unrestricted Bethe-Salpeter equation formalism

Like its TD-DFT cousin [58, 65, 67, 68], the BSE formalism [19, 95, 98–101] deals with
the calculation of (neutral) optical excitations as measured by absorption spectroscopy
[105–118] . Using the BSE formalism, one can access the spin-conserved and spin-
flip excitations. In a nutshell, BSE builds on top of a GW calculation by adding up
excitonic effects (i.e., the electron-hole binding energy) to the GW fundamental gap
which is itself a corrected version of the KS gap. The purpose of the underlying
GW calculation is to provide quasiparticle energies and a dynamically-screened
Coulomb potential that are used to build the BSE Hamiltonian from which the
vertical excitations of the system are extracted.

2.2.1 Static approximation

Within the so-called static approximation of BSE, the Dyson equation that links
the generalized four-point susceptibility Lσσ′(r1, r2; r′1, r′2; ω) and the BSE kernel
Ξσσ′(r3, r5; r4, r6) is [122, 139]

Lσσ′(r1, r2; r′1, r′2; ω) = Lσσ′
0 (r1, r2; r′1, r′2; ω)

+
∫

Lσσ′
0 (r1, r4; r′1, r3; ω)Ξσσ′(r3, r5; r4, r6)

× Lσσ′(r6, r2; r5, r′2; ω)dr3dr4dr5dr6 (2.24)

where

Lσσ′
0 (r1, r2; r′1, r′2; ω) =

1
2π

∫
Gσ(r1, r′2; ω + ω′)Gσ′(r′1, r2; ω′)dω′ (2.25)

is the non-interacting analog of the two-particle correlation function L.
Within the GW approximation, the static BSE kernel is

iΞσσ′(r3, r5; r4, r6) =
δ(r3 − r4)δ(r5 − r6)

|r3 − r6|
− δσσ′W(r3, r4; ω = 0)δ(r3 − r6)δ(r4 − r6)

(2.26)
where, as usual, we have not considered the higher-order terms in W by neglecting
the derivative δW/δG [18, 19, 199, 225].
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As readily seen in Eq. (2.26), the static approximation consists in neglecting the
frequency dependence of the dynamically-screened Coulomb potential. In this case,
the spin-conserved and spin-flip BSE optical excitations are obtained by solving the
usual Casida-like linear response (eigen)problem:(

ABSE BBSE

−BBSE −ABSE

)
·
(

XBSE
m

YBSE
m

)
= ΩBSE

m

(
XBSE

m
YBSE

m

)
(2.27)

Defining the elements of the static screening as Wstat
pσqσ ,rσ′ sσ′

= Wpσqσ ,rσ′ sσ′ (ω = 0), the
general expressions of the BSE matrix elements are

ABSE
iσaτ ,jσ′ bτ′

= ARPA
iσaτ ,jσ′ bτ′

− δσσ′Wstat
iσ jσ′ ,bτ′ aτ

(2.28a)

BBSE
iσaτ ,jσ′ bτ′

= BRPA
iσaτ ,jσ′ bτ′

− δσσ′Wstat
iσbτ′ ,jσ′ aτ

(2.28b)

from which we obtain the following expressions for the spin-conserved and spin-flip
BSE excitations:

Asc,BSE
iσaσ ,jσ′ bσ′

= Asc,RPA
iσaσ ,jσ′ bσ′

− δσσ′Wstat
iσ jσ′ ,bσ′ aσ

(2.29a)

Bsc,BSE
iσaσ ,jσ′ bσ′

= Bsc,RPA
iσaσ ,jσ′ bσ′

− δσσ′Wstat
iσbσ′ ,jσ′ aσ

(2.29b)

Asf,BSE
iσaσ̄ ,jσbσ̄

= Asf,RPA
iσaσ̄ ,jσbσ̄

−Wstat
iσ jσ ,bσ̄aσ̄

(2.29c)

Bsf,BSE
iσaσ̄ ,jσ̄bσ

= −Wstat
iσbσ ,jσ̄aσ̄

(2.29d)

At this stage, it is of particular interest to discuss the form of the spin-flip matrix
elements defined in Eqs. (2.29c) and (2.29d). As readily seen from Eq. (2.15a), at the
RPA level, the spin-flip excitations are given by the difference of one-electron energies,
hence missing out on key exchange and correlation effects. This is also the case at
the TD-DFT level when one relies on (semi-)local functionals. This explains why
most of spin-flip TD-DFT calculations are performed with global hybrid functionals
containing a substantial amount of Hartree-Fock exchange as only the exact exchange
integral of the form (iσ jσ|bσ̄aσ̄) survive spin-symmetry requirements. At the BSE
level, these matrix elements are, of course, also present thanks to the contribution of
Wstat

iσ jσ ,bσ̄aσ̄
as evidenced in Eq. (2.5) but it also includes correlation effects.

2.2.2 Dynamical correction

In order to go beyond the ubiquitous static approximation of BSE [19, 132, 140, 141,
200–202, 204, 226–231] (which is somehow similar to the adiabatic approximation of
TD-DFT [123, 124, 131, 132, 136, 137, 232]), we have recently implemented, following
Strinati’s seminal work [18, 19, 199] (see also the work of Romaniello et al. [140] and
Sangalli et al. [141]), a renormalized first-order perturbative correction in order to
take into consideration the dynamical nature of the screened Coulomb potential W
[29, 142]. This dynamical correction to the static BSE kernel (dubbed as dBSE in the
following) does permit to recover additional relaxation effects coming from higher
excitations.

Our implementation follows closely the work of Rohlfing and co-workers [200–
203] in which they computed the dynamical correction in the TDA and plasmon-pole
approximation. However, our scheme goes beyond the plasmon-pole approximation
as the spectral representation of the dynamically-screened Coulomb potential is
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computed exactly at the RPA level consistently with the underlying GW calculation:

W̃pσqσ ,rσ′ sσ′ (ω) = (pσqσ|rσ′sσ′) + ∑
m
(pσqσ|m)(rσ′sσ′ |m)

×
[

1

ω− (εGW
sσ′
− εGW

qσ
)−Ωsc,RPA

m + iη
+

1

ω− (εGW
rσ′
− εGW

pσ
)−Ωsc,RPA

m + iη

]
(2.30)

The dBSE non-linear response problem is(
AdBSE(ΩdBSE

m ) BdBSE(ΩdBSE
m )

−BdBSE(−ΩdBSE
m ) −AdBSE(−ΩdBSE

m )

)
·
(

XdBSE
m

YdBSE
m

)
= ΩdBSE

m

(
XdBSE

m
YdBSE

m

)
(2.31)

where the dynamical matrices are generally defined as

AdBSE
iσaτ ,jσ′ bτ′

(ω) = ARPA
iσaτ ,jσ′ bτ′

− δσσ′W̃iσ jσ′ ,bτ′ aτ
(ω) (2.32a)

BdBSE
iσaτ ,jσ′ bτ′

(ω) = BRPA
iσaτ ,jσ′ bτ′

− δσσ′W̃iσbτ′ ,jσ′ aτ
(ω) (2.32b)

from which one can easily obtained the matrix elements for the spin-conserved and
spin-flip manifolds similarly to Eqs. (2.29a), (2.29b), (2.29c), and (2.29d). Following
Rayleigh-Schrödinger perturbation theory, we then decompose the non-linear eigen-
problem (2.31) as a zeroth-order static (i.e., linear) reference and a first-order dynamic
(i.e., non-linear) perturbation such that(

AdBSE(ω) BdBSE(ω)
−BdBSE(−ω) −AdBSE(−ω)

)
=

(
A(0) B(0)

−B(0) −A(0)

)
+

(
A(1)(ω) B(1)(ω)

−B(1)(−ω) −A(1)(−ω)

)
(2.33)

with

A(0)
iσaτ ,jσ′ bτ′

= ABSE
iσaτ ,jσ′ bτ′

(2.34a)

B(0)
iσaτ ,jσ′ bτ′

= BBSE
iσaτ ,jσ′ bτ′

(2.34b)

and

A(1)
iσaτ ,jσ′ bτ′

(ω) = −δσσ′W̃iσ jσ′ ,bτ′ aτ
(ω) + δσσ′Wstat

iσ jσ′ ,bτ′ aτ
(2.35a)

B(1)
iσaτ ,jσ′ bτ′

(ω) = −δσσ′W̃iσbτ′ ,jσ′ aτ
(ω) + δσσ′Wstat

iσbτ′ ,jσ′ aτ
(2.35b)

The dBSE excitation energies are then obtained via

ΩdBSE
m = ΩBSE

m + ζmΩ(1)
m (2.36)

where ΩBSE
m ≡ Ω(0)

m are the static (zeroth-order) BSE excitation energies obtained by
solving Eq. (2.27), and

Ω(1)
m = (XBSE

m )ᵀ ·A(1)(ΩBSE
m ) · XBSE

m (2.37)
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are first-order corrections (with XBSE
m ≡ X(0)

m ) obtained within the dynamical TDA
(dTDA) with the renormalization factor

ζm =

1− (XBSE
m )ᵀ · ∂A(1)(ω)

∂ω

∣∣∣∣∣
ω=ΩBSE

m

· XBSE
m

−1

(2.38)

which, unlike the GW case [see Eq. (2.22)], is not restricted to be between 0 and 1.
In most cases, the value of ζm is close to unity which indicates that the perturbative
expansion behaves nicely.

2.2.3 Oscillator strengths

Oscillator strengths, i.e., transition dipole moments from the ground to the corre-
sponding excited state, are key quantities that are linked to experimental intensities
and are usually used to probe the quality of excited-state calculations [84, 233–235].

For the spin-conserved transitions, the x component of the transition dipole
moment is

µsc
x,m = ∑

iaσ

(iσ|x|aσ)(Xsc
m + Ysc

m)iσaσ
(2.39)

where
(pσ|x|qσ′) =

∫
ψpσ(r) x ψqσ′ (r)dr (2.40)

are one-electron integrals in the orbital basis. The total oscillator strength in the
so-called length gauge [235] is given by

f sc
m =

2
3

Ωsc
m

[(
µsc

x,m
)2

+
(

µsc
y,m

)2
+
(
µsc

z,m
)2
]

(2.41)

For spin-flip transitions, we have f sf
m = 0 as the transition matrix elements (iσ|x|aσ̄)

vanish via integration over the spin coordinate.

2.2.4 Spin contamination

One of the key issues of linear response formalism based on unrestricted references
is spin contamination or the artificial mixing with configurations of different spin
multiplicities. As nicely explained in Ref. [94], there are two sources of spin contami-
nation: i) spin contamination of the reference configuration for which, for example,〈

Ŝ2〉 > 2 for high-spin triplets, and ii) spin contamination of the excited states due
to spin incompleteness of the CI expansion. The latter issue is an important source
of spin contamination in the present context as BSE is limited to single excitations
with respect to the reference configuration. Specific schemes have been developed
to palliate these shortcomings and we refer the interested reader to Ref. [94] for a
detailed discussion on this matter.

In order to monitor closely how contaminated are these states, we compute〈
Ŝ2〉

m =
〈
Ŝ2〉

0 + ∆
〈
Ŝ2〉

m (2.42)

where 〈
Ŝ2〉

0 =
n↑ − n↓

2

(
n↑ − n↓

2
+ 1
)
+ n↓ −∑

p
(p↑|p↓)2 (2.43)
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is the expectation value of Ŝ2 for the reference configuration, the first term corre-
sponding to the exact value of

〈
Ŝ2〉, and

(pσ|qσ′) =
∫

ψpσ(r)ψqσ′ (r)dr (2.44)

are overlap integrals between spin-up and spin-down orbitals.
For a given single excitation m, the explicit expressions of ∆

〈
Ŝ2〉sc

m and ∆
〈
Ŝ2〉sf

m
can be found in the Appendix of Ref. [168] for spin-conserved and spin-flip excitations,
and are functions of the vectors Xm and Ym as well as the orbital overlaps defined in
Eq. (2.44).

2.3 Computational details

All the systems under investigation here have a closed-shell singlet ground state
and we consider the lowest triplet state as reference for the spin-flip calculations
adopting the unrestricted formalism throughout this work. The G0W0 calculations
performed to obtain the screened Coulomb potential and the quasiparticle energies
required to compute the BSE neutral excitations are performed using an unrestricted
Hartree-Fock (UHF) starting point, and the G0W0 quasiparticle energies are obtained
by linearizing the frequency-dependent quasiparticle equation [see Eq. (2.21)]. Note
that the entire set of orbitals and energies is corrected. Further details about our
implementation of G0W0 can be found in Refs. [27, 29, 216, 236, 237].

Here, we do not investigate how the starting orbitals affect the BSE@G0W0 excita-
tion energies. This is left for future work. However, it is worth mentioning that, for
the present (small) molecular systems, Hartree-Fock is usually a good starting point
[27–29], although improvements could certainly be obtained with starting orbitals
and energies computed with, for example, optimally-tuned range-separated hybrid
(RSH) functionals [238–241]. Besides, G0W0@UHF and evGW@UHF yield similar
quasiparticle energies, while G0W0 allows us to avoid rather laborious iterations as
well as the significant additional computational effort of evGW [27, 29, 237]. In the
following, all linear response calculations are performed within the TDA to ensure
consistency between the spin-conserved and spin-flip results. Finally, the infinitesimal
η is set to 100 meV for all calculations.

All the static and dynamic BSE calculations (labeled in the following as SF-BSE
and SF-dBSE respectively) are performed with the software QuAcK [242], developed
in our group and freely available on github. The standard and extended spin-flip
ADC(2) calculations [SF-ADC(2)-s and SF-ADC(2)-x, respectively] as well as the SF-
ADC(3) [181] are performed with Q-CHEM 5.2.1 [243]. Spin-flip TD-DFT calculations
[178] (also performed with Q-CHEM 5.2.1) considering the BLYP [43, 45], B3LYP [43,
45, 50], and BH&HLYP [45, 51] functionals with contains 0%, 20%, and 50% of exact
exchange are labeled as SF-TD-BLYP, SF-TD-B3LYP, and SF-TD-BH&HLYP, respec-
tively. Additionally, we have performed spin-flip TD-DFT calculations considering
the following the RSH functionals: CAM-B3LYP [54], LC-ωPBE08 [55], and ωB97X-D
[53, 244]. In the present context, the main difference between these RSHs is their
amount of exact exchange at long range: 75% for CAM-B3LYP and 100% for both
LC-ωPBE08 and ωB97X-D. EOM-CCSD excitation energies [245–247] are computed
with Gaussian 09 [248]. As a consistency check, we systematically perform SF-CIS
calculations [152] with both QuAcK and Q-CHEM, and make sure that they yield
identical excitation energies. Throughout this work, all spin-flip and spin-conserved
calculations are performed with a UHF reference.
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2.4 Results

2.4.1 Beryllium atom

As a first example, we consider the simple case of the beryllium atom in a small basis
(6-31G) which was considered by Krylov in two of her very first papers on spin-flip
methods [152, 153]. It was also considered in later studies thanks to its pedagogical
value [94, 164]. Beryllium has a 1S ground state with 1s22s2 configuration. The
excitation energies corresponding to the first singlet and triplet single excitations
2s → 2p with P spatial symmetries as well as the first singlet and triplet double
excitations 2s2 → 2p2 with D and P spatial symmetries (respectively) are reported in
Table 2.1 and depicted in Fig. 2.1.

On the left side of Fig. 2.1, we report SF-TD-DFT excitation energies (red lines)
obtained with the BLYP, B3LYP, and BH&HLYP functionals, which correspond to an in-
crease of exact exchange from 0% to 50%. As mentioned in Ref. [94], the 3P(1s22s12p1)
and the 1P(1s22s12p1) states are degenerate at the SF-TD-BLYP level. Indeed, due to
the lack of coupling terms in the spin-flip block of the SD-TD-DFT equations (see
Subsec. 2.2.1), their excitation energies are given by the energy difference between
the 2s and 2p orbitals and both states are strongly spin contaminated. Including
exact exchange, like in SF-TD-B3LYP and SF-TD-BH&HLYP, lifts this degeneracy
and improves the description of both states. However, the SF-TD-BH&HLYP exci-
tation energy of the 1P(1s22s12p1) state is still off by 1.6 eV as compared to the FCI
reference. For the other states, the agreement between SF-TD-BH&HLYP and FCI is
significantly improved. Spin-flip TD-DFT calculations performed with CAM-B3LYP
and ωB97X-D are only slightly more accurate than their global hybrid counterparts,
while SF-TD-LC-ωPBE08 yields more significant improvements although it does not
reach the accuracy of SF-(d)BSE.

The center part of Fig. 2.1 shows the SF-(d)BSE results (blue lines) alongside the
SF-CIS excitation energies (purple lines). All of these are computed with 100% of
exact exchange with the additional inclusion of correlation in the case of SF-BSE and
SF-dBSE thanks to the introduction of static and dynamical screening, respectively.
Overall, the SF-CIS and SF-BSE excitation energies are closer to FCI than the SF-TD-
DFT ones, except for the lowest triplet state where the SF-TD-BH&HLYP excitation
energy is more accurate probably due to error compensation. At the exception of
the 1D state, SF-BSE improves over SF-CIS with a rather small contribution from the
additional dynamical effects included in the SF-dBSE scheme. Note that the exact
exchange seems to spin purified the 3P(1s22s12p1) state while the singlet states at the
SF-BSE level are slightly more spin contaminated than their SF-CIS counterparts.

Table 2.1 and Fig. 2.1 also gathers results obtained at the partially self-consistent
SF-(d)BSE@evGW and fully self-consistent SF-(d)BSE@qsGW levels. The SF-(d)BSE
excitation energies are quite stable with respect to the underlying GW scheme which
nicely illustrates that UHF eigenstates are actually an excellent starting point in this
particular case.

The right side of Fig. 2.1 illustrates the performance of the SF-ADC methods.
Interestingly, SF-BSE and SF-ADC(2)-s have rather similar accuracies, except again
for the 1D state where SF-ADC(2)-s has clearly the edge over SF-BSE. Finally, both
SF-ADC(2)-x and SF-ADC(3) yield excitation energies very close to FCI for this simple
system with significant improvements for the lowest 3P state and the 1D doubly-
excited state. Although the (d)BSE and ADC(2)-s have obvious theoretical similarities,
we would like to mention that they are not strictly identical as ADC(2) includes key
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second-order exchange contributions that are not included at the GW level even in
the case of more elaborate schemes like evGW and qsGW.

Table 2.1: Excitation energies (in eV) with respect to the 1S(1s22s2) singlet ground state of Be
obtained at various methods with the 6-31G basis set. All the spin-flip calculations have been
performed with an unrestricted reference. The

〈
Ŝ2〉 value associated with each state is reported in

parenthesis (when available).

Excitation energies (eV)
Method 1S(1s22s2) 3P(1s22s12p1) 1P(1s22s12p1) 3P(1s22p2) 1D(1s22p2)

SF-TD-BLYP1 (0.002) 3.210(1.000) 3.210(1.000) 6.691(1.000) 7.598(0.013)
SF-TD-B3LYP1 (0.001) 3.332(1.839) 4.275(0.164) 6.864(1.000) 7.762(0.006)
SF-TD-BH&HLYP1 (0.000) 2.874(1.981) 4.922(0.023) 7.112(1.000) 8.188(0.002)
SF-TD-CAM-B3LYP (0.001) 3.186(1.960) 4.554(0.043) 7.020(1.000) 7.933(0.008)
SF-TD-ωB97X-D (0.006) 3.337(1.867) 4.717(0.147) 7.076(1.000) 8.247(0.040)
SF-TD-LC-ωPBE08 (0.014) 3.434(1.720) 5.904(0.287) 7.088(1.000) 9.471(0.073)
SF-CIS2 (0.002) 2.111(2.000) 6.036(0.014) 7.480(1.000) 8.945(0.006)
SF-BSE@G0W0 (0.004) 2.399(1.999) 6.191(0.023) 7.792(1.000) 9.373(0.013)
SF-BSE@evGW (0.004) 2.407(1.999) 6.199(0.023) 7.788(1.000) 9.388(0.013)
SF-BSE@qsGW (0.057) 2.376(1.963) 6.241(0.048) 7.668(1.000) 9.417(0.004)
SF-dBSE@G0W0 2.363 6.263 7.824 9.424
SF-dBSE@evGW 2.369 6.273 7.820 9.441
SF-dBSE@qsGW 2.335 6.317 7.689 9.470
SF-ADC(2)-s 2.433 6.255 7.745 9.047
SF-ADC(2)-x 2.866 6.581 7.664 8.612
SF-ADC(3) 2.863 6.579 7.658 8.618
FCI2 (0.000) 2.862(2.000) 6.577(0.000) 7.669(2.000) 8.624(0.000)

1 Excitation energies taken from Ref. [94].
2 Excitation energies taken from Ref. [152].

2.4.2 Hydrogen molecule

Our second example deals with the dissociation of the H2 molecule, which is a
prototypical system for testing new electronic structure methods and, specifically,
their accuracy in the presence of strong correlation (see, for example, Refs. [249–252],
and references therein). The X 1Σ+

g ground state of H2 has an electronic configuration
(1σg)2 configuration. The variation of the excitation energies associated with the
three lowest singlet excited states with respect to the elongation of the H – H bond
are of particular interest here. The lowest singly excited state B 1Σ+

u has a (1σg)(1σu)
configuration, while the singly excited state E 1Σ+

g and the doubly excited state F 1Σ+
g

have (1σg)(2σg) and (1σu)2 configurations, respectively. Because these latter two
excited states interact strongly and form an avoided crossing around R(H−H) = 1.4
Å, they are usually labeled as the EF 1Σ+

g state. Note that this avoided crossing is
not visible with non-spin-flip methods restricted to single excitations (such as CIS,
TD-DFT, and BSE) as these are “blind” to double excitations. Three methods, in their
standard and spin-flip versions, are studied here (CIS, TD-BH&HLYP and BSE) and
are compared to the reference EOM-CCSD excitation energies (that is equivalent to
FCI in the case of H2). All these calculations are performed with the cc-pVQZ basis.
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Figure 2.1: Excitation energies (in eV) with respect to the 1S(1s22s2) singlet ground
state of Be obtained with the 6-31G basis at various levels of theory: SF-TD-DFT
(red), SF-CIS (purple), SF-BSE (blue), SF-ADC (orange), and FCI (black). All the
spin-flip calculations have been performed with an unrestricted reference.

The top panel of Fig. 2.2 shows the CIS (dotted lines) and SF-CIS (dashed lines)
excitation energies as functions of R(H−H). The EOM-CCSD reference energies are
represented by solid lines. We observe that both CIS and SF-CIS poorly describe the
B 1Σ+

u state in the dissociation limit with an error greater than 1 eV, while CIS, unlike
SF-CIS, is much more accurate around the equilibrium geometry. Similar observations
can be made for the E 1Σ+

g state with a good description at the CIS level for all bond
lengths. SF-CIS does not model accurately the E 1Σ+

g state before the avoided crossing,
but the agreement between SF-CIS and EOM-CCSD is much satisfactory for bond
length greater than 1.6 Å. Oppositely, SF-CIS describes better the F 1Σ+

g state before
the avoided crossing than after, while this state is completely absent at the CIS level.
Indeed, as mentioned earlier, CIS is unable to locate any avoided crossing as it cannot
access double excitations. At the SF-CIS level, the avoided crossing between the E
and F states is qualitatively reproduced and placed at a slightly larger bond length
[R(H−H) ≈ 1.5 Å] than at the EOM-CCSD level.

In the central panel of Fig. 2.2, we report the (SF-)TD-BH&HLYP results. SF-
TD-BH&HLYP shows, at best, qualitative agreement with EOM-CCSD, while the
TD-BH&HLYP excitation energies of the B and E states are only trustworthy around
equilibrium but inaccurate at dissociation. Note that H2 is a rather challenging system
for (SF)-TD-DFT from a general point of view [251, 253–255]. Similar graphs for (SF-
)TD-BLYP and (SF-)TD-B3LYP are reported in Appendix B from which one can draw
similar conclusions. Notably, one can see that the E 1Σ+

g and F 1Σ+
g states crossed

without interacting at the SF-TD-BLYP level due to the lack of Hartree-Fock exchange.
In Appendix B, we also report the potential energy curves of H2 obtained with
three RSHs (CAM-B3LYP, ωB97X-D, and LC-ωPBE08), which only brought a modest
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improvement and rather sharp avoided crossings as compared to EOM-CCSD.
In the bottom panel of Fig. 2.2, (SF-)BSE excitation energies for the same three sin-

glet states are represented. SF-BSE provides surprisingly accurate excitation energies
for the B 1Σ+

u state with errors between 0.05 and 0.3 eV, outperforming in the process
the standard BSE formalism. However SF-BSE does not describe well the E 1Σ+

g state
with error ranging from half an eV to 1.6 eV. Similar performances are observed
at the BSE level around equilibrium with a clear improvement in the dissociation
limit. Remarkably, SF-BSE shows a good agreement with EOM-CCSD for the F 1Σ+

g

doubly-excited state, resulting in an avoided crossing around R(H−H) = 1.6 Å. A
similar graph comparing (SF-)dBSE and EOM-CCSD excitation energies can be found
in Appendix B where it is shown that dynamical effects do not affect the present
conclusions. One would also notice a little “kink” in the potential energy curves of
the B 1Σ+

u and E 1Σ+
g states around R(H−H) = 1.2 Å computed at the (d)BSE@G0W0

level. This unfortunate feature is due to the appearance of the symmetry-broken UHF
solution and the lack of self-consistent in G0W0. Indeed, R = 1.2 Å corresponds to
the location of the well-known Coulson-Fischer point [256]. Note that, as mentioned
earlier, all the calculations are performed with a UHF reference even the ones based
on a closed-shell singlet reference. If one relies solely on the restricted HF solution,
this kink disappears and one obtains smooth potential energy curves (see Appendix
B).

The right side of Fig. 2.2 shows the amount of spin contamination as a function of
the bond length for SF-CIS (top), SF-TD-BH&HLYP (center), and SF-BSE (bottom).
Overall, one can see that

〈
Ŝ2〉 behaves similarly for SF-CIS and SF-BSE with a small

spin contamination of the B 1Σ+
u at short bond length. In contrast, the B state is much

more spin contaminated at the SF-TD-BH&HLYP level. For all spin-flip methods, the
E state is strongly spin contaminated as expected, while the

〈
Ŝ2〉 values associated

with the F state only deviate significantly from zero for short bond length and around
the avoided crossing where it strongly couples with the spin contaminated E state.

2.4.3 Cyclobutadiene

Cyclobutadiene (CBD) is an interesting example as the electronic character of its
ground state can be tuned via geometrical deformation [94, 172, 173, 181, 257–261].
In the D2h rectangular geometry of the Ag singlet ground state, the highest occupied
molecular orbital (HOMO) and lowest unoccupied molecular orbital (LUMO) are
non-degenerate, and the singlet ground state can be safely labeled as single-reference
with well-defined doubly-occupied orbitals. However, in the D4h square-planar
geometry of the A2g triplet state, the HOMO and LUMO are strictly degenerate, and
the electronic ground state, which is still of singlet nature with B1g spatial symmetry
(hence violating Hund’s rule), is strongly multi-reference with singly occupied orbitals
(i.e., singlet open-shell state). In this case, single-reference methods notoriously fail.
Nonetheless, the lowest triplet state of symmetry 3A2g remains of single-reference
character and is then a perfect starting point for spin-flip calculations. The D2h and
D4h optimized geometries of the 1Ag and 3A2g states of CBD have been extracted from
Ref. [173] and have been obtained at the CCSD(T)/cc-pVTZ level. For comparison
purposes, EOM-SF-CCSD and SF-ADC excitation energies have been extracted from
Ref. [173] and Ref. [181], respectively. All of them have been obtained with a UHF
reference like the SF-BSE calculations performed here.

Tables 2.2 and 2.3 report excitation energies (with respect to the singlet ground
state) obtained at the D2h and D4h geometries, respectively, for several methods using
the spin-flip ansatz. All these results are represented in Fig. 2.3. For each geometry,
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Figure 2.2: Excitation energies with respect to the X 1Σ+
g ground state (left) and

expectation value of the spin operator
〈
Ŝ2〉 (right) of the B 1Σ+

u (red), E 1Σ+
g (black),

and F 1Σ+
g (blue) states of H2 obtained with the cc-pVQZ basis at the (SF-)CIS (top),

(SF-)TD-BH&HLYP (middle), and (SF-)BSE (bottom) levels of theory. The reference
EOM-CCSD excitation energies are represented as solid lines, while the results
obtained with and without spin-flip are represented as dashed and dotted lines,
respectively. All the spin-conserved and spin-flip calculations have been performed
with an unrestricted reference. The raw data are reported in Appendix B.
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three excited states are under investigation: i) the 1 3B1g, 1 1B1g, and 2 1Ag states
of the D2h geometry; ii) the 1 3A2g, 2 1A1g, and 1 1B2g states of the D4h geometry.
It is important to mention that the 2 1A1g state of the rectangular geometry has a
significant double excitation character [130], and is then hardly described by second-
order methods [such as CIS(D) [262, 263], ADC(2) [79, 264], CC2 [265], or EOM-CCSD
[245–247]] and remains a real challenge for third-order methods [as, for example,
ADC(3) [79, 84, 266], CC3 [146], or EOM-CCSDT [148–151]].

Comparing the present SF-BSE@G0W0 results for the rectangular geometry (see
Table 2.2) to the most accurate ADC level, i.e., SF-ADC(3), we have a difference in
excitation energy of 0.017 eV for the 1 3B1g state. This difference grows to 0.572 eV
for the 1 1B1g state and then shrinks to 0.212 eV for the 2 1Ag state. Overall, adding
dynamical corrections via the SF-dBSE@G0W0 scheme does not improve the accuracy
of the excitation energies [as compared to SF-ADC(3)] with errors of 0.052, 0.393, and
0.293 eV for the 1 3B1g, 1 1B1g, and 2 1Ag states, respectively.

Now, looking at Table 2.3 which gathers the results for the square-planar geometry,
we see that, at the SF-BSE@G0W0 level, the first two states are wrongly ordered with
the triplet 1 3B1g state lower than the singlet 1 1Ag state. (The same observation can
be made at the SF-TD-B3LYP level.) This is certainly due to the poor Hartree-Fock
reference which lacks opposite-spin correlation and this issue could be potentially
alleviated by using a better starting point for the GW calculation, as discussed in
Sec. 2.3. Nonetheless, it is pleasing to see that adding the dynamical correction in SF-
dBSE@G0W0 not only improves the agreement with SF-ADC(3) but also retrieves the
right state ordering. Then, CBD stands as an excellent example for which dynamical
corrections are necessary to get the right chemistry at the SF-BSE level. Another
interesting feature is the wrong ordering of the 2 1A1g and 1 1B2g states at the SF-
B3LYP, SF-BH&HLYP, and SF-CIS levels which give the former higher in energy than
the latter. This issue does not appear at the SF-BSE, SF-ADC, and SF-EOM-SF-CCSD
levels. Here again, one does not observe a clear improvement by considering RSHs
instead of global hybrids (BH&HLYP seems to perform particularly well in the case
of CBD), although it is worth mentioning that RSH-based SF-TD-DFT calculations
yield accurate excitation for the double excitation 1 1Ag → 2 1Ag in the D2h geometry.

2.5 Conclusion

In this work, we have presented the extension of the BSE approach of many-body
perturbation theory to the spin-flip formalism in order to access double excitations
in realistic molecular systems. The present spin-flip calculations rely on a spin-
unrestricted version of the GW approximation and the BSE formalism with, on top of
this, a dynamical correction to the static BSE optical excitations via an unrestricted
generalization of our recently developed renormalized perturbative treatment. Taking
the beryllium atom, the dissociation of the hydrogen molecule, and cyclobutadiene in
two different geometries as examples, we have shown that the spin-flip BSE formalism
can accurately model double excitations and seems to surpass systematically its spin-
flip TD-DFT parent. Further improvements could be obtained thanks to a better
choice of the starting orbitals and their energies and we hope to investigate this in a
forthcoming paper. Techniques to alleviate the spin contamination in spin-flip BSE
will also be explored in the near future. We hope to these new encouraging results
will stimulate new developments around the BSE formalism to further establish it as
a valuable ab inito alternative to TD-DFT for the study of molecular excited states.



68 Chapter 2. Spin-conserved and spin-flip optical excitations

Table 2.2: Vertical excitation energies (with re-
spect to the singlet X 1Ag ground state) of the
1 3B1g, 1 1B1g, and 2 1Ag states of CBD at the D2h
rectangular equilibrium geometry of the X 1 Ag
ground state. All the spin-flip calculations have
been performed with an unrestricted reference
and the cc-pVTZ basis set.

Excitation energies (eV)
Method 1 3B1g 1 1B1g 2 1 Ag

SF-TD-B3LYP1 1.750 2.260 4.094
SF-TD-BH&HLYP1 1.583 2.813 4.528
SF-TD-CAM-B3LYP 1.790 2.379 4.238
SF-TD-ωB97X-D 1.771 2.366 4.212
SF-TD-LC-ωPBE08 1.941 2.464 4.428
SF-CIS2 1.521 3.836 5.499
EOM-SF-CCSD3 1.654 3.416 4.360
EOM-SF-CCSD(fT)3 1.516 3.260 4.205
EOM-SF-CCSD(dT)3 1.475 3.215 4.176
SF-ADC(2)-s4 1.573 3.208 4.247
SF-ADC(2)-x4 1.576 3.141 3.796
SF-ADC(3)2 1.456 3.285 4.334
SF-BSE@G0W0

1 1.438 2.704 4.540
SF-dBSE@G0W0

11 1.403 2.883 4.621
1 This work.
2 Values from Ref. [94].
3 Values from Ref. [173].
4 Values from Ref. [181].

Table 2.3: Vertical excitation energies (with re-
spect to the singlet X 1B1g ground state) of the
1 3A2g, 2 1 A1g, and 1 1B2g states of CBD at the D4h
square-planar equilibrium geometry of the 1 3A2g
state. All the spin-flip calculations have been per-
formed with an unrestricted reference and the
cc-pVTZ basis set.

Excitation energies (eV)
Method 1 3A2g 2 1A1g 1 1B2g

SF-TD-B3LYP1 −0.020 0.547 0.486
SF-TD-BH&HLYP1 0.048 1.465 1.282
SF-TD-CAM-B3LYP 0.012 0.677 0.595
SF-TD-ωB97X-D 0.005 0.673 0.592
SF-TD-LC-ωPBE08 0.062 0.663 0.570
SF-CIS2 0.317 3.125 2.650
EOM-SF-CCSD3 0.369 1.824 2.143
EOM-SF-CCSD(fT)3 0.163 1.530 1.921
EOM-SF-CCSD(dT)3 0.098 1.456 1.853
SF-ADC(2)-s4 0.266 1.664 1.910
SF-ADC(2)-x4 0.217 1.123 1.799
SF-ADC(3)4 0.083 1.621 1.930
SF-BSE@G0W0

1 −0.092 1.189 1.480
SF-dBSE@G0W0

1 0.012 1.507 1.841
1 This work.
2 Values from Ref. [94].
3 Values from Ref. [173].
4 Values from Ref. [181].
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Figure 2.3: Vertical excitation energies of CBD at various levels of theory: SF-TD-DFT
(red), SF-CIS (purple), SF-BSE (blue), SF-ADC (orange), and EOM-SF-CCSD (black).
Top: 1 3B1g, 1 1B1g, and 2 1A1g states at the D2h rectangular equilibrium geometry of
the X 1 Ag ground state (see Table 2.2 for the raw data). Bottom: 1 3A2g, 2 1A1g, and
1 1B2g states at the D4h square-planar equilibrium geometry of the 1 3A2g state (see
Table 2.3 for the raw data). All the spin-flip calculations have been performed with
an unrestricted reference and the cc-pVTZ basis set.
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Chapter 3

Reference energies for
cyclobutadiene: automerization
and excited states

This chapter is the subject of the following publication: E. Monino, M. Boggio-
Pasqua, A. Scemama, D. Jacquemin, and P. F. Loos.J. Phys. Chem. A 126, 4664 (2022).

Note that the multi-reference (CASSCF, CASPT2, and NEVPT2) calculations were
done by Martial Boggio-Pasqua, coupled-cluster (CCSD, CC3, CCSDT, CC4, and
CCSDTQ) calculations were done by Denis Jacquemin and selected configuration
interaction (sCI) calculations were done by Anthony Scemama.

Cyclobutadiene is a well-known playground for theoretical chemists and is
particularly suitable to test ground- and excited-state methods. Indeed, due to
its high spatial symmetry, especially at the D4h square geometry but also in the
D2h rectangular arrangement, the ground and excited states of cyclobutadiene
exhibit multi-configurational characters and single-reference methods, such as

standard adiabatic time-dependent density-functional theory (TD-DFT) or
standard equation-of-motion coupled-cluster (EOM-CC), are notoriously
known to struggle in such situations. In this work, using a large panel of

methods and basis sets, we provide an extensive computational study of the
automerization barrier (defined as the difference between the square and

rectangular ground-state energies) and the vertical excitation energies at D2h
and D4h equilibrium structures. In particular, selected configuration

interaction (SCI), multi-reference perturbation theory (CASSCF, CASPT2, and
NEVPT2), and coupled-cluster (CCSD, CC3, CCSDT, CC4, and CCSDTQ)
calculations are performed. The spin-flip formalism, which is known to

provide a qualitatively correct description of these diradical states, is also
tested within TD-DFT (combined with numerous exchange-correlation

functionals) and the algebraic diagrammatic construction [ADC(2)-s,
ADC(2)-x, and ADC(3)] schemes. A theoretical best estimate is defined for the

automerization barrier and for each vertical transition energy.

3.1 Introduction

Despite the fact that excited states are involved in ubiquitous processes such as
photochemistry [267–273], catalysis [274], and solar cells [12], none of the currently

https://doi.org/10.1021/acs.jpca.2c02480
https://doi.org/10.1021/acs.jpca.2c02480
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existing methods has shown to provide accurate excitation energies in all scenarios
due to the complexity of the process, the size of the systems, the impact of the
environment, and many other factors. Indeed, each computational model has its
own theoretical and/or technical limitations and the number of possible chemical
scenarios is so vast that the design of new excited-state methodologies remains a very
active field of theoretical quantum chemistry [25, 58, 79, 85–93, 275, 276].

Speaking of difficult tasks, the cyclobutadiene (CBD) molecule has been a real
challenge for both experimental and theoretical chemistry for many decades [277].
Due to its antiaromaticity [278] and large angular strain [279], CBD presents a high
reactivity making its synthesis a particularly difficult exercise. In the D4h symmetry,
the simple Hückel molecular orbital theory wrongly predicts a triplet ground state
(Hund’s rule) with two singly-occupied frontier orbitals that are degenerate by sym-
metry, while state-of-the-art ab initio methods correctly predict an open-shell singlet
ground state. This degeneracy is lifted by the so-called pseudo Jahn-Teller effect, i.e.,
by a descent in symmetry (from D4h to D2h point group) via a geometrical distortion
of the molecule, leading to a closed-shell singlet ground state in the rectangular
geometry (see below). This was confirmed by several experimental studies by Pettis
and co-workers [280] and others [281–283].

In the D2h symmetry, the 11Ag ground state has a weak multi-configurational char-
acter with well-separated frontier orbitals that can be described by single-reference
methods. However, in the D4h symmetry, the 11B1g ground state is a diradical that
has two degenerate singly occupied frontier orbitals. Therefore, one must take
into account, at least, two electronic configurations to properly model this multi-
configurational scenario. Of course, standard single-reference methods are naturally
unable to describe such situations. Interestingly, the 11B1g ground state of the square
arrangement is a transition state in the automerization reaction between the two rect-
angular structures (see Fig. 3.1), while the lowest triplet state, 13A2g, is a minimum
on the triplet potential energy surface in the D4h arrangement. The automerization
barrier (AB) is thus defined as the difference between the square and rectangular
ground-state energies. The energy of this barrier is estimated, experimentally, in the
range of 1.6–10 kcal mol−1 [284], while previous state-of-the-art ab initio calculations
yield values in the 7–9 kcal mol−1 range [259, 260, 285, 286].

The lowest-energy excited states of CBD in both symmetries are represented
in Fig. 3.1, where we have reported the 11Ag and 13B1g states for the rectangular
geometry and the 11B1g and 13A2g states for the square one. Due to the energy
scale, the higher-energy states (11B1g and 21Ag for D2h and 11A1g and 11B2g for D4h)
are not shown. Interestingly, the 21Ag and 11A1g states have a strong contribution
from doubly-excited configurations and these so-called double excitations [130] are
known to be inaccessible with standard adiabatic time-dependent density-functional
theory (TD-DFT) [65, 67, 123, 124, 134–137, 287] and remain challenging for standard
hierarchy of EOM-CC methods that are using ground-state Hartree-Fock reference
[148, 149, 151, 288].

In order to tackle the problem of multi-configurational character and double
excitations, we have explored several approaches. The most evident way is to
rely on multi-reference methods, which are naturally designed to address such
scenarios. Among these methods, one can mention the complete-active-space self-
consistent field (CASSCF) method [85], its second-order perturbatively-corrected
variant (CASPT2) [289–291] and the second-order n-electron valence state perturba-
tion theory (NEVPT2) formalism [292–294].

Another way to deal with double excitations and multi-reference situations is to
use high level truncation of the EOM formalism [246, 295] of CC theory [148, 149, 151,
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288, 296]. However, to provide a correct description of these situations, one has to
take into account, at the very least, contributions from the triple excitations in the
CC expansion [126, 130, 143, 144]. Although multi-reference CC methods have been
designed [297–301], they are computationally demanding and remain far from being
black-box.

In this context, an interesting alternative to multi-reference and CC methods
is provided by selected configuration interaction (SCI) methods [302–315], which
are able to provide near full CI (FCI) ground- and excited-state energies of small
molecules [93, 130, 133, 143, 145, 316–331] . For example, the Configuration Interaction
using a Perturbative Selection made Iteratively (CIPSI) method limits the exponential
increase of the size of the CI expansion by retaining the most energetically relevant
determinants only, using a second-order energetic criterion to select perturbatively
determinants in the FCI space [304, 305, 307, 315, 326, 332]. Nonetheless, SCI methods
remain very expensive and can be applied to a limited number of situations.

Finally, another option to deal with these chemical scenarios is to rely on the spin-
flip formalism, established by Krylov in 2001 [94, 152–154], where one accesses the
ground and doubly-excited states via a single (spin-flip) de-excitation and excitation
from the lowest triplet state, respectively. One drawback of spin-flip methods is
spin contamination (i.e., the artificial mixing of electronic states with different spin
multiplicities) due not only to the spin incompleteness in the spin-flip expansion but
also to the potential spin contamination of the reference configuration [94]. One can
address part of this issue by increasing the excitation order or by complementing the
spin-incomplete configuration set with the missing configurations [164–171]. Note
that one can quantify the polyradical character associated to a given electronic state
using Head-Gordon’s index [333] that provides a measure of the number of unpaired
electrons [194].

In the present work, we define highly-accurate reference values and investigate
the accuracy of each family of computational methods mentioned above on the
automerization barrier and the low-lying excited states of CBD at the D2h and D4h
ground-state geometries. Computational details are reported in Sec. 3.2. Section 3.3 is
devoted to the discussion of our results. Finally, our conclusions are drawn in Sec. 3.4.

3.2 Computational details

3.2.1 Selected configuration interaction calculations

For the SCI calculations, we rely on the CIPSI algorithm implemented in QUANTUM
PACKAGE [326], which iteratively select determinants in the FCI space. To treat
electronic states on an equal footing, we use a state-averaged formalism where the
ground and excited states are expanded with the same set of determinants but with
different CI coefficients. Note that the determinant selection for these states are
performed simultaneously via the protocol described in Refs. [326, 334].

For a given size of the variational wave function and for each electronic state, the
CIPSI energy is the sum of two terms: the variational energy obtained by diagonal-
ization of the CI matrix in the reference space Evar and a second-order perturbative
correction EPT2 which estimates the contribution of the external determinants that
are not included in the variational space at a given iteration. The sum of these two
energies is, for large enough wave functions, an estimate of the FCI energy of a
given state, i.e., EFCI ≈ Evar + EPT2. It is possible to estimate more precisely the FCI
energy via an extrapolation procedure, where the variational energy is extrapolated to
EPT2 = 0 [319]. Excitation energies are then computed as differences of extrapolated
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Figure 3.1: Pictorial representation of the ground and lowest excited states of CBD
and the properties under investigation. The singlet ground state (S) and triplet (T)
properties are colored in black and red, respectively. The automerization barrier (AB)
is also represented.

total energies [130, 133, 143, 144, 324]. Additionally, an error bar can be provided
thanks to a recent method based on Gaussian random variables that is described in
Ref. [145]. This type of extrapolation procedures is now routine in SCI and similar
techniques [325, 327, 335].

3.2.2 Coupled-cluster calculations

Coupled-cluster theory provides a hierarchy of methods that yields increasingly
accurate ground state energies by ramping up the maximum excitation degree of
the cluster operator: [86, 336–340] CC with singles and doubles (CCSD) [336, 341],
CC with singles, doubles, and triples (CCSDT) [342, 343], CC with singles, doubles,
triples, and quadruples (CCSDTQ) [148, 344, 345], etc. As mentioned above, CC
theory can be extended to excited states via the EOM formalism [246, 295], where
one diagonalizes the similarity-transformed Hamiltonian in a CI basis of excited
determinants yielding the following systematically improvable family of methods
for neutral excited states:[148, 149, 151, 245, 246, 288, 296, 342, 346–348] EOM-CCSD,
EOM-CCSDT, EOM-CCSDTQ, etc. In the following, we will omit the prefix EOM
for the sake of conciseness. Alternatively to the “complete” CC models, one can also
employ the CC2 [146, 349], CC3 [146, 350], and CC4 [330, 351, 352] methods which
can be seen as cheaper approximations of CCSD, CCSDT, and CCSDTQ by skipping
the most expensive terms and avoiding the storage of high-order amplitudes.

Here, we have performed CC calculations using various codes. Typically, CCSD,
CCSDT, and CCSDTQ as well as CC3 and CC4 calculations are achieved with CFOUR
[352], with which only singlet excited states can be computed (except for CCSD).
In some cases, we have also computed (singlet and triplet) excitation energies and
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properties (such as the percentage of single excitations involved in a given transition,
namely %T1) at the CC3 level with DALTON [353] and at the CCSDT level with
MRCC [354].

To avoid having to perform multi-reference CC calculations or high-level CC
calculations in the restricted open-shell or unrestricted formalisms, it is worth men-
tioning that, for the D4h arrangement, we have considered the lowest closed-shell
singlet state of Ag symmetry as reference. Hence, the open-shell ground state, 11B1g,
and the 11B2g state appear as a de-excitation and an excitation, respectively. With
respect to this closed-shell reference, 11B1g has a dominant double excitation charac-
ter, while 11B2g has a dominant single excitation character, hence their contrasting
convergence behaviors with respect to the order of the CC expansion (see below).

3.2.3 Multi-reference calculations

State-averaged CASSCF (SA-CASSCF) calculations are performed for vertical transi-
tion energies, whereas state-specific CASSCF is used for computing the automeriza-
tion barrier [355]. For each excited state, a set of state-averaged orbitals is computed
by taking into account the excited state of interest as well as the ground state (even if
it has a different symmetry). Two active spaces have been considered: (i) a minimal
(4e,4o) active space including the valence π orbitals, and (ii) an extended (12e,12o)
active space where we have additionally included the σCC and σ∗CC orbitals. For ionic
excited states, like the 11B1g state of CBD, it is particularly important to take into
account the σ-π coupling [356–358].

On top of this CASSCF treatment, CASPT2 calculations are performed within the
RS2 contraction scheme, while the NEVPT2 energies are computed within both the
partially contracted (PC) and strongly contracted (SC) schemes [292–294]. Note that
PC-NEVPT2 is theoretically more accurate than SC-NEVPT2 due to the larger number
of external configurations and greater flexibility. In order to avoid the intruder
state problem in CASPT2, a real-valued level shift of 0.3 Eh is set [85, 359], with
an additional ionization-potential-electron-affinity (IPEA) shift of 0.25 Eh to avoid
systematic underestimation of the vertical excitation energies [360–363]. For the
sake of comparison and completeness, for the (4e,4o) active space, we also report (in
Appendix C) multi-reference CI calculations including Davidson correction (MRCI+Q)
[364, 365]. All these calculations are carried out with MOLPRO [355].

3.2.4 Spin-flip calculations

Within the spin-flip formalism, one considers the lowest triplet state as reference
instead of the singlet ground state. Ground-state energies are then computed as
sums of the triplet reference state energy and the corresponding de-excitation energy.
Likewise, excitation energies with respect to the singlet ground state are computed as
differences of excitation energies with respect to the reference triplet state.

Nowadays, spin-flip techniques are broadly accessible thanks to intensive devel-
opments in the electronic structure community (see Ref. [94] and references therein).
Here, we explore the spin-flip version [181] of the algebraic-diagrammatic construc-
tion [75] (ADC) using the standard and extended second-order ADC schemes, SF-
ADC(2)-s [79, 264] and SF-ADC(2)-x [79], as well as its third-order version, SF-ADC(3)
[79, 84, 266]. These calculations are performed using Q-CHEM 5.4.1 [243]. The spin-
flip version of our recently proposed composite approach, namely SF-ADC(2.5) [366],
where one simply averages the SF-ADC(2)-s and SF-ADC(3) energies, is also tested in
the following.
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We have also carried out spin-flip calculations within the TD-DFT framework (SF-
TD-DFT) [178]. The B3LYP [43, 45, 50], PBE0 [52, 367] and BH&HLYP global hybrid
GGA functionals are considered, which contain 20%, 25%, 50% of exact exchange,
respectively. These calculations are labeled as SF-TD-B3LYP, SF-TD-PBE0, and SF-
TD-BH&HLYP in the following. Additionally, we have also computed SF-TD-DFT
excitation energies using range-separated hybrid (RSH) functionals: CAM-B3LYP
(19% of short-range exact exchange and 65% at long range) [368], LC-ωPBE08 (0%
of short-range exact exchange and 100% at long range) [55], and ωB97X-V (16.7%
of short-range exact exchange and 100% at long range) [369]. Finally, the hybrid
meta-GGA functional M06-2X (54% of exact exchange) [370] and the RSH meta-
GGA functional M11 (42.8% of short-range exact exchange and 100% at long range)
[371] are also employed. Note that all SF-TD-DFT calculations are done within the
Tamm-Dancoff approximation [372].

There also exist spin-flip extensions of EOM-CC methods [152, 172–175], and
we consider here the spin-flip version of EOM-CCSD, named SF-EOM-CCSD [152].
Additionally, Manohar and Krylov introduced a non-iterative triples correction to
EOM-CCSD and extended it to the spin-flip variant [173]. Two types of triples
corrections were proposed: (i) EOM-CCSD(dT) that uses the diagonal elements of
the similarity-transformed CCSD Hamiltonian, and (ii) EOM-CCSD(fT) where the
Hartree-Fock orbital energies are considered instead.

All spin-flip calculations have been performed with Q-CHEM 5.4.1 [243]. Note
that symmetry labels may vary as different packages use different standard orien-
tations. Here, we have consistently followed the so-called Mulliken conventions
[373].

3.2.5 Theoretical best estimates

When technically possible, each level of theory is tested with four Gaussian basis
sets, namely, 6-31+G(d) and aug-cc-pVXZ with X = D, T, and Q [374]. This helps
us to assess the convergence of each property with respect to the size of the basis
set. More importantly, for each studied quantity (i.e., the automerization barrier
and the vertical excitation energies), we provide a theoretical best estimate (TBE)
established in the aug-cc-pVTZ basis. These TBEs are defined using extrapolated
CCSDTQ/aug-cc-pVTZ values except in a single occasion where the NEVPT2(12,12)
value is used.

The extrapolation of the CCSDTQ/aug-cc-pVTZ values is done via a “pyramidal”
scheme, where we employ systematically the most accurate level of theory and the
largest basis set available. The viability of this scheme lies on the transferability
of basis set effects within wave function methods (see below). For example, when
CC4/aug-cc-pVTZ and CCSDTQ/aug-cc-pVDZ data are available, we proceed via
the following basis set extrapolation:

∆ẼCCSDTQ
aug-cc-pVTZ = ∆ECCSDTQ

aug-cc-pVDZ +
[
∆ECC4

aug-cc-pVTZ − ∆ECC4
aug-cc-pVDZ

]
, (3.1)

while, when only CCSDTQ/6-31G+(d) values are available, we further extrapolate
the CCSDTQ/aug-cc-pVDZ value as follows:

∆ẼCCSDTQ
aug-cc-pVDZ = ∆ECCSDTQ

6−31G+(d) +
[
∆ECC4

aug-cc-pVDZ − ∆ECC4
6−31G+(d)

]
. (3.2)
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If we lack the CC4 data, we can follow the same philosophy and rely on CCSDT (for
single excitations) or NEVPT2 (for double excitations). For example,

∆ẼCC4
aug-cc-pVTZ = ∆ECC4

aug-cc-pVDZ +
[
∆ECCSDT

aug-cc-pVTZ − ∆ECCSDT
aug-cc-pVDZ

]
, (3.3)

and so on. If neither CC4, nor CCSDT are feasible, then we rely on PC-NEVPT2(12,12).
The procedures applied for each extrapolated value are explicitly mentioned as
footnote in the tables. Note that, due to error bar inherently linked to the CIPSI
calculations (see Sec. 3.2.1), these are mostly used as an additional safety net to
further check the convergence of the CCSDTQ estimates. Additional tables gathering
these TBEs as well as literature data for the automerization barrier and the vertical
excitation energies can be found in Appendix C.

3.3 Results and discussion

3.3.1 Geometries

Two different sets of geometries obtained with different levels of theory are considered
for the automerization barrier and the excited states of the CBD molecule. First,
because the automerization barrier is obtained as a difference of energies computed
at distinct geometries, it is paramount to obtain these at the same level of theory.
However, due to the fact that the ground state of the square arrangement is a transition
state of singlet open-shell nature, it is technically difficult to optimize the geometry
with high-order CC methods. Therefore, we rely on CASPT2(12,12)/aug-cc-pVTZ
for both the D2h and D4h ground-state structures. (Note that these optimizations are
done without IPEA shift but with a level shift and a state-specific reference CASSCF
wave function.) Second, because the vertical transition energies are computed for
a particular equilibrium geometry, we can afford to use different methods for the
rectangular and square structures. Hence, we rely on CC3/aug-cc-pVTZ to compute
the equilibrium geometry of the 11Ag state in the rectangular (D2h) arrangement
and the restricted open-shell (RO) version of CCSD(T)/aug-cc-pVTZ to obtain the
equilibrium geometry of the 13A2g state in the square (D4h) arrangement. These
two geometries are the lowest-energy equilibrium structure of their respective spin
manifold (see Fig. 3.1). The cartesian coordinates of these geometries are provided
in Appendix C. Table 3.1 reports the key geometrical parameters obtained at these
levels of theory as well as previous geometries computed by Manohar and Krylov at
the CCSD(T)/cc-pVTZ level. One notes globally satisfying agreement between the
tested methods with variations of the order of 0.01 Å only.

3.3.2 Automerization barrier

The results concerning the automerization barrier are reported in Table 3.2 for various
basis sets and shown in Fig. 3.2 for the aug-cc-pVTZ basis. Our TBE with this basis
set is 8.93 kcal mol−1, which is in excellent agreement with previous studies [259, 260,
285, 286, 375, 376] (see Appendix C).

First, one can see large variations of the energy barrier at the SF-TD-DFT level,
with differences as large as 10 kcal mol−1 between the different functionals for a
given basis set. Nonetheless, it is clear that the performance of a given functional
is directly linked to the amount of exact exchange at short range. Indeed, hybrid
functionals with approximately 50% of short-range exact exchange (e.g., BH&HLYP,
M06-2X, and M11) perform significantly better than the functionals having a small
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Table 3.1: Optimized geometries associated with several states of CBD computed
with various levels of theory. Bond lengths are in Å and angles (∠) are in degree.

State Method C –– C C – C C – H ∠H−C−−C

D2h (11Ag) CASPT2(12,12)/aug-cc-pVTZ1 1.354 1.566 1.077 134.99
CC3/aug-cc-pVTZ1 1.344 1.565 1.076 135.08
CCSD(T)/cc-pVTZ2 1.343 1.566 1.074 135.09

D4h (11B1g) CASPT2(12,12)/aug-cc-pVTZ1 1.449 1.449 1.076 135.00
D4h (13A2g) CASPT2(12,12)/aug-cc-pVTZ1 1.445 1.445 1.076 135.00

RO-CCSD(T)/aug-cc-pVTZ1 1.439 1.439 1.075 135.00
RO-CCSD(T)/cc-pVTZ2 1.439 1.439 1.073 135.00

1 This work.
2 From Ref. [173].
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Figure 3.2: Error (with respect to the TBE) in the automerization barrier (in
kcal mol−1) of CBD at various levels of theory using the aug-cc-pVTZ basis. See
Appendix C for the total energies.
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Table 3.2: Automerization barrier (in kcal mol−1) of CBD computed with various
computational methods and basis sets. The values in square parenthesis have been
obtained by extrapolation via the procedure described in the corresponding footnote.
The TBE/aug-cc-pVTZ value is highlighted in bold.

Basis sets
Method 6-31+G(d) aug-cc-pVDZ aug-cc-pVTZ aug-cc-pVQZ

SF-TD-B3LYP 18.59 18.64 19.34 19.34
SF-TD-PBE0 17.18 17.19 17.88 17.88
SF-TD-BH&HLYP 11.90 12.02 12.72 12.73
SF-TD-M06-2X 9.32 9.62 10.35 10.37
SF-TD-CAM-B3LYP 18.05 18.10 18.83 18.83
SF-TD-ωB97X-V 18.26 18.24 18.94 18.92
SF-TD-LC-ωPBE08 19.05 18.98 19.74 19.71
SF-TD-M11 11.03 10.25 11.22 11.12
SF-ADC(2)-s 6.69 6.98 8.63
SF-ADC(2)-x 8.63 8.96 10.37
SF-ADC(2.5) 7.36 7.76 9.11
SF-ADC(3) 8.03 8.54 9.58
SF-EOM-CCSD 5.86 6.27 7.40
CASSCF(4,4) 6.17 6.59 7.38 7.41
CASPT2(4,4) 6.56 6.87 7.77 7.93
SC-NEVPT2(4,4) 7.95 8.31 9.23 9.42
PC-NEVPT2(4,4) 7.95 8.33 9.24 9.41
CASSCF(12,12) 10.19 10.75 11.59 11.62
CASPT2(12,12) 7.24 7.53 8.51 8.71
SC-NEVPT2(12,12) 7.10 7.32 8.29 8.51
PC-NEVPT2(12,12) 7.12 7.33 8.28 8.49
CCSD 8.31 8.80 9.88 10.10
CC3 6.59 6.89 7.88 8.06
CCSDT 7.26 7.64 8.68 [8.86]1

CC4 7.40 7.78 [8.82]2 [9.00]3

CCSDTQ 7.51 [7.89]4 [8.93]5 [9.11]6

1 Value obtained using CCSDT/aug-cc-pVTZ corrected by the difference between CC3/aug-cc-
pVQZ and CC3/aug-cc-pVTZ.

2 Value obtained using CC4/aug-cc-pVDZ corrected by the difference between CCSDT/aug-cc-
pVTZ and CCSDT/aug-cc-pVDZ.

3 Value obtained using CC4/aug-cc-pVTZ corrected by the difference between CCSDT/aug-cc-
pVQZ and CCSDT/aug-cc-pVTZ.

4 Value obtained using CCSDTQ/6-31+G(d) corrected by the difference between CC4/aug-cc-pVDZ
basis and CC4/6-31+G(d).

5 TBE value obtained using CCSDTQ/aug-cc-pVDZ corrected by the difference between CC4/aug-
cc-pVTZ and CC4/aug-cc-pVDZ.

6 Value obtained using CCSDTQ/aug-cc-pVTZ corrected by the difference between CC4/aug-cc-
pVQZ and CC4/aug-cc-pVTZ.
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fraction of short-range exact exchange (e.g., B3LYP, PBE0, CAM-B3LYP, ωB97X-V, and
LC-ωPBE08). However, they are still off by 1–4 kcal mol−1 from the TBE reference
value, the most accurate result being obtained with M06-2X. For the RSH functionals,
the automerization barrier is much less sensitive to the amount of longe-range exact
exchange. Another important feature of SF-TD-DFT is the fast convergence of the
energy barrier with the size of the basis set [377]. With the augmented double-ζ basis,
the SF-TD-DFT results are basically converged to sub-kcal mol−1 accuracy, which is
a drastic improvement compared to wave function approaches where this type of
convergence is reached with the augmented triple-ζ basis only.

For the SF-ADC family of methods, the energy differences are much smaller
with a maximum deviation of 2 kcal mol−1 between different versions. In particular,
we observe that SF-ADC(2)-s and SF-ADC(3), which respectively scale as O(N5)
and O(N6) (where N is the number of basis functions), under- and overestimate
the automerization barrier, making SF-ADC(2.5) a good compromise with an error
of only 0.18 kcal mol−1 compared to the TBE/aug-cc-pVTZ basis reference value.
Nonetheless, at a O(N5) computational scaling, SF-ADC(2)-s is particularly accurate,
even compared to high-order CC methods (see below). We note that SF-ADC(2)-x
[which scales as O(N6)] is probably not worth its extra cost [as compared to SF-
ADC(2)-s] as it overestimates the energy barrier even more than SF-ADC(3). This
behavior was previously reported by Dreuw’s group [79, 84, 378]. Overall, even with
the best exchange-correlation functional, SF-TD-DFT is clearly outperformed by the
more expensive SF-ADC models.

We observe that SF-EOM-CCSD/aug-cc-pVTZ tends to underestimate by about
1.5 kcal mol−1 the energy barrier compared to the TBE, an observation in agreement
with previous results by Manohar and Krylov [173]. This can be alleviated by in-
cluding the triples correction with SF-EOM-CCSD(fT) and SF-EOM-CCSD(dT)(see
Appendix C where we have reported the data from Ref. [173]). We also note that the
SF-EOM-CCSD values for the energy barrier are close to the ones obtained with the
more expensive (standard) CC3 method, yet less accurate than values computed with
the cheaper SF-ADC(2)-s formalism. Note that, in contrast to a previous statement
[173], the (fT) correction performs better than the (dT) correction for the energy barrier.
However, for the excited states, the situation is reversed (see below).

Concerning the multi-reference approaches with the minimal (4e,4o) active space,
the TBEs are bracketed by the CASPT2 and NEVPT2 values that differ by approxi-
mately 1.5 kcal mol−1 for all bases. In this case, the NEVPT2 values are fairly accurate
with differences below half a kcal mol−1 compared to the TBEs. The CASSCF results
predict an even lower barrier than CASPT2 due to the well known lack of dynamical
correlation at the CASSCF level. For the larger (12e,12o) active space, we see larger
differences of the order of 3 kcal mol−1 (through all the bases) between CASSCF and
the second-order variants (CASPT2 and NEVPT2). However, the deviations between
CASPT2(12,12) and NEVPT2(12,12) are much smaller than with the minimal active
space, with an energy difference of around 0.1–0.2 kcal mol−1 for all bases, CASPT2
being slightly more accurate than NEVPT2 in this case. For each basis set, both
CASPT2(12,12) and NEVPT2(12,12) are less than a kcal mol−1 away from the TBEs.
For the two active spaces that we have considered here, the PC- and SC-NEVPT2
schemes provide nearly identical barriers independently of the size of the one-electron
basis.

Finally, for the CC family of methods, we observe the usual systematic improve-
ment following the series CCSD < CC3 < CCSDT < CC4 < CCSDTQ, which parallels
their increase in computational cost: O(N6), O(N7), O(N8), O(N9), and O(N10),
respectively. Note that the introduction of the triple excitations is clearly mandatory
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Figure 3.3: Vertical excitation energies of the 13B1g, 11B1g, and 21Ag states at the D2h
rectangular equilibrium geometry of the 11Ag ground state using the aug-cc-pVTZ
basis. See C for the raw data.

to have an accuracy beyond SF-TD-DFT, and we observe that CCSDT is definitely an
improvement over its cheaper, approximated version, CC3.

3.3.3 Vertical excitation energies

3.3.3.1 D2h rectangular geometry

Table 3.3 reports, at the D2h rectangular equilibrium geometry of the 11Ag ground
state, the vertical transition energies associated with the 13B1g, 11B1g, and 21Ag states
obtained using the spin-flip formalism, while Table 3.4 gathers the same quantities
obtained with the multi-reference, CC, and CIPSI methods. Considering the aug-cc-
pVTZ basis, the evolution of the vertical excitation energies with respect to the level
of theory is illustrated in Fig. 3.3.

At the CC3/aug-cc-pVTZ level, the percentage of single excitation involved in the
13B1g, 11B1g, and 21Ag are 99%, 95%, and 1%, respectively. Therefore, the two formers
are dominated by single excitations, while the latter state corresponds to a genuine
double excitation.

First, let us discuss basis set effects at the SF-TD-DFT level (Table 3.3). As expected,
these are found to be small and the results are basically converged to the complete
basis set limit with the triple-ζ basis, which is definitely not the case for the wave func-
tion methods [379]. Regarding now the accuracy of the vertical excitation energies,
again, we see that, for 13B1g and 11B1g, the functionals with the largest amount of
short-range exact exchange (e.g., BH&HLYP, M06-2X, and M11) are the most accurate.
Functionals with a large share of exact exchange are known to perform best in the
SF-TD-DFT framework as the Hartree-Fock exchange term is the only non-vanishing
term in the spin-flip block [178]. However, their overall accuracy remains average
especially for the singlet states, 11B1g and 21Ag, with error of the order of 0.2–0.5 eV
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Table 3.3: Spin-flip TD-DFT and ADC vertical excitation en-
ergies (with respect to the singlet 11Ag ground state) of the
13B1g, 11B1g, and 21Ag states of CBD at the D2h rectangular
equilibrium geometry of the 11Ag ground state.

Excitation energies (eV)
Method Basis 13B1g 11B1g 21Ag

SF-TD-B3LYP 6-31+G(d) 1.706 2.211 3.993
aug-cc-pVDZ 1.706 2.204 3.992
aug-cc-pVTZ 1.703 2.199 3.988
aug-cc-pVQZ 1.703 2.199 3.989

SF-TD-PBE0 6-31+G(d) 1.687 2.314 4.089
aug-cc-pVDZ 1.684 2.301 4.085
aug-cc-pVTZ 1.682 2.296 4.081
aug-cc-pVQZ 1.682 2.296 4.079

SF-TD-BH&HLYP 6-31+G(d) 1.552 2.779 4.428
aug-cc-pVDZ 1.546 2.744 4.422
aug-cc-pVTZ 1.540 2.732 4.492
aug-cc-pVQZ 1.540 2.732 4.415

SF-TD-M06-2X 6-31+G(d) 1.477 2.835 4.378
aug-cc-pVDZ 1.467 2.785 4.360
aug-cc-pVTZ 1.462 2.771 4.357
aug-cc-pVQZ 1.458 2.771 4.352

SF-TD-CAM-B3LYP 6-31+G(d) 1.750 2.337 4.140
aug-cc-pVDZ 1.745 2.323 4.140
aug-cc-pVTZ 1.742 2.318 4.138
aug-cc-pVQZ 1.743 2.319 4.138

SF-TD-ωB97X-V 6-31+G(d) 1.810 2.377 4.220
aug-cc-pVDZ 1.800 2.356 4.217
aug-cc-pVTZ 1.797 2.351 4.213
aug-cc-pVQZ 1.797 2.351 4.213

SF-TD-LC-ωPBE08 6-31+G(d) 1.917 2.445 4.353
aug-cc-pVDZ 1.897 2.415 4.346
aug-cc-pVTZ 1.897 2.415 4.348
aug-cc-pVQZ 1.897 2.415 4.348

SF-TD-M11 6-31+G(d) 1.566 2.687 4.292
aug-cc-pVDZ 1.546 2.640 4.267
aug-cc-pVTZ 1.559 2.651 4.300
aug-cc-pVQZ 1.557 2.650 4.299

SF-ADC(2)-s 6-31+G(d) 1.577 3.303 4.196
aug-cc-pVDZ 1.513 3.116 4.114
aug-cc-pVTZ 1.531 3.099 4.131
aug-cc-pVQZ 1.544 3.101 4.140

SF-ADC(2)-x 6-31+G(d) 1.557 3.232 3.728
aug-cc-pVDZ 1.524 3.039 3.681
aug-cc-pVTZ 1.539 3.031 3.703

SF-ADC(2.5) 6-31+G(d) 1.496 3.328 4.219
aug-cc-pVDZ 1.468 3.148 4.161
aug-cc-pVTZ 1.475 3.131 4.178

SF-ADC(3) 6-31+G(d) 1.435 3.352 4.242
aug-cc-pVDZ 1.422 3.180 4.208
aug-cc-pVTZ 1.419 3.162 4.224

SF-EOM-CCSD 6-31+G(d) 1.663 3.515 4.275
aug-cc-pVDZ 1.611 3.315 4.216
aug-cc-pVTZ 1.609 3.293 4.245
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Table 3.4: Vertical excitation energies (with respect to the 11 Ag ground state) of the
13B1g, 11B1g, and 21Ag states of CBD at the D2h rectangular equilibrium geometry
of the 11Ag ground state. The values in square parenthesis have been obtained
by extrapolation via the procedure described in the corresponding footnote. The
TBE/aug-cc-pVTZ values are highlighted in bold.

Excitation energies (eV)
Method Basis 13B1g 11B1g 21Ag

CASSCF(4,4) 6-31+G(d) 1.662 4.657 4.439
aug-cc-pVDZ 1.672 4.563 4.448
aug-cc-pVTZ 1.670 4.546 4.441
aug-cc-pVQZ 1.671 4.549 4.440

CASPT2(4,4) 6-31+G(d) 1.440 3.162 4.115
aug-cc-pVDZ 1.414 2.971 4.068
aug-cc-pVTZ 1.412 2.923 4.072
aug-cc-pVQZ 1.417 2.911 4.081

SC-NEVPT2(4,4) 6-31+G(d) 1.407 2.707 4.145
aug-cc-pVDZ 1.381 2.479 4.109
aug-cc-pVTZ 1.379 2.422 4.108
aug-cc-pVQZ 1.384 2.408 4.116

PC-NEVPT2(4,4) 6-31+G(d) 1.409 2.652 4.120
aug-cc-pVDZ 1.384 2.424 4.084
aug-cc-pVTZ 1.382 2.368 4.083
aug-cc-pVQZ 1.387 2.353 4.091

CASSCF(12,12) 6-31+G(d) 1.675 3.924 4.220
aug-cc-pVDZ 1.685 3.856 4.221
aug-cc-pVTZ 1.686 3.844 4.217
aug-cc-pVQZ 1.687 3.846 4.216

CASPT2(12,12) 6-31+G(d) 1.508 3.407 4.099
aug-cc-pVDZ 1.489 3.256 4.044
aug-cc-pVTZ 1.480 3.183 4.043
aug-cc-pVQZ 1.482 3.163 4.047

SC-NEVPT2(12,12) 6-31+G(d) 1.522 3.409 4.130
aug-cc-pVDZ 1.511 3.266 4.093
aug-cc-pVTZ 1.501 3.188 4.086
aug-cc-pVQZ 1.503 3.167 4.088

PC-NEVPT2(12,12) 6-31+G(d) 1.487 3.296 4.103
aug-cc-pVDZ 1.472 3.141 4.064
aug-cc-pVTZ 1.462 3.063 4.056
aug-cc-pVQZ 1.464 3.043 4.059

CCSD 6-31+G(d) 1.346 3.422
aug-cc-pVDZ 1.319 3.226
aug-cc-pVTZ 1.317 3.192
aug-cc-pVQZ 1.323 3.187

CC3 6-31+G(d) 1.420 3.341 4.658
aug-cc-pVDZ 1.396 3.158 4.711
aug-cc-pVTZ 1.402 3.119 4.777
aug-cc-pVQZ 1.409 3.113 4.774

CCSDT 6-31+G(d) 1.442 3.357 4.311
aug-cc-pVDZ 1.411 3.175 4.327
aug-cc-pVTZ 1.411 3.139 4.429

CC4 6-31+G(d) 3.343 4.067
aug-cc-pVDZ 3.164 4.040
aug-cc-pVTZ [3.128]1 [4.032]2

CCSDTQ 6-31+G(d) 1.464 3.340 4.073
aug-cc-pVDZ [1.433]3 [3.161]4 [4.046]4

aug-cc-pVTZ [1.433]5 [3.125]6 [4.038]6

CIPSI 6-31+G(d) 1.486± 0.005 3.348± 0.024 4.084± 0.012
aug-cc-pVDZ 1.458± 0.009 3.187± 0.035 4.04± 0.04
aug-cc-pVTZ 1.461± 0.030 3.142± 0.035 4.03± 0.09

1 Value obtained using CC4/aug-cc-pVDZ corrected by the difference between CCSDT/aug-cc-pVTZ
and CCSDT/aug-cc-pVDZ.

2 Value obtained using CC4/aug-cc-pVDZ corrected by the difference between PC-
NEVPT2(12,12)/aug-cc-pVTZ and PC-NEVPT2(12,12)/aug-cc-pVDZ.

3 Value obtained using CCSDTQ/6-31+G(d) corrected by the difference between CCSDT/aug-cc-
pVDZ and CCSDT/6-31+G(d).

4 Value obtained using CCSDTQ/6-31+G(d) corrected by the difference between CC4/aug-cc-pVDZ
and CC4/6-31+G(d).

5 Value obtained using CCSDTQ/aug-cc-pVDZ corrected by the difference between CCSDT/aug-cc-
pVTZ and CCSDT/aug-cc-pVDZ.

6 TBE value obtained using CCSDTQ/aug-cc-pVDZ corrected by the difference between CC4/aug-cc-
pVTZ and CC4/aug-cc-pVDZ.
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compared to the TBEs. The triplet state, 13B1g, is much better described with errors
below 0.1 eV. Surprisingly, for the doubly-excited state, 21Ag, the hybrid functionals
with a low percentage of exact exchange (B3LYP and PBE0) are the best performers
with absolute errors below 0.05 eV. Note that, as evidenced by the data reported in
Appendix C, none of these states exhibit a strong spin contamination.

Second, we discuss the various SF-ADC schemes (Table 3.3), i.e., SF-ADC(2)-s,
SF-ADC(2)-x, and SF-ADC(3). At the SF-ADC(2)-s level, going from the smallest
6-31+G(d) basis to the largest aug-cc-pVQZ basis induces a small decrease in vertical
excitation energies of 0.03 eV (0.06 eV) for the 13B1g (21Ag) state, while the transition
energy of the 11B1g state drops more significantly by about 0.2 eV. [The SF-ADC(2)-x
and SF-ADC(3) calculations with aug-cc-pVQZ were not feasible with our compu-
tational resources.] These basis set effects are fairly transferable to the other wave
function methods that we have considered here. This further motivates the “pyrami-
dal” extrapolation scheme that we have employed to produce the TBE values (see
Sec. 3.2.5). Again, the extended version, SF-ADC(2)-x, does not seem to be relevant
in the present context with much larger errors than the other schemes. Also, as
reported previously [366], SF-ADC(2)-s and SF-ADC(3) have mirror error patterns
making SF-ADC(2.5) particularly accurate except for the doubly-excited state 21Ag
where the error with respect to the TBE (0.140 eV) is larger than the SF-ADC(2)-s error
(0.093 eV).

Interestingly, we observe that the SF-EOM-CCSD excitation energies are systemati-
cally larger than the TBEs by approximately 0.2 eV with a nice consistency throughout
the various (singly- and doubly-) excited states. Moreover, SF-EOM-CCSD excitation
energies are somehow closer to their SF-ADC(2)-s analogs (with an energy differ-
ence of about 0.1 eV) than the other schemes as already noticed by LeFrançois and
co-workers [181]. We see that the SF-EOM-CCSD excitations energies for the triplet
state are larger of about 0.3 eV compared to the CCSD ones, which was also pointed
out in the study of Manohar and Krylov [173]. Again, our SF-EOM-CCSD results
are very similar to the ones obtained in previous studies [173, 181]. We can logically
expect similar trend for SF-EOM-CCSD(fT) and SF-EOM-CCSD(dT) that lower the
excitation energies and tend to be in better agreement with respect to the TBE (see
Appendix C). Note that the (dT) correction slightly outperforms the (fT) correction as
previously observed [173] and theoretically expected.

Let us now move to the discussion of the results obtained with standard wave
function methods that are reported in Table 3.4. Regarding the multi-reference
calculations, the most striking result is the poor description of the 11B1g ionic state,
especially with the (4e,4o) active space where CASSCF predicts this state higher in
energy than the 21Ag state. Of course, the PT2 correction is able to correct the state
ordering problem but cannot provide quantitative excitation energies due to the poor
zeroth-order treatment. Another ripple effect of the unreliability of the reference
wave function is the large difference between CASPT2 and NEVPT2 that differ by
half an eV. This feature is characteristic of the inadequacy of the active space to model
such a state. Additional MRCI and MRCI+Q calculations (reported in Appendix C)
confirm this. For the two other states, 13B1g and 21Ag, the errors at the CASPT2(4,4)
and NEVPT2(4,4) levels are much smaller (below 0.1 eV). Using a larger active space
resolves most of these issues: CASSCF predicts the correct state ordering (though
the ionic state is still badly described in term of energetics), CASPT2 and NEVPT2
excitation energies are much closer, and their accuracy is often improved (especially
for the triplet and doubly-excited states) although it is difficult to reach chemical
accuracy (i.e., an error below 0.043 eV) on a systematic basis.

Finally, for the CC models (Table 3.4), the two states with a large %T1 value,
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Figure 3.4: Vertical excitation energies (in eV) of the 13A2g, 11A1g, and 11B2g states
at the D4h square-planar equilibrium geometry of the 13A2g state using the aug-cc-
pVTZ basis. See Appendix C for the raw data.

13B1g and 11B1g, are already extremely accurate at the CC3 level, and systematically
improved by CCSDT and CC4. This trend is in line with the observations made on
the QUEST database [145]. For the doubly-excited state, 21Ag, the convergence of
the CC expansion is much slower but it is worth pointing out that the inclusion of
approximate quadruples via CC4 is particularly effective, as observed in an earlier
work [330]. The CCSDTQ excitation energies (which are used to define the TBEs) are
systematically within the error bar of the CIPSI extrapolations, which confirms the
outstanding performance of CC methods that include quadruple excitations in the
context of excited states.

3.3.3.2 D4h square-planar geometry

In Table 3.5, we report, at the D4h square planar equilibrium geometry of the 13A2g
state, the vertical transition energies associated with the 13A2g, 11A1g, and 11B2g states
obtained using the spin-flip formalism, while Table 3.6 gathers the same quantities
obtained with the multi-reference, CC, and CIPSI methods. The vertical excitation
energies computed at various levels of theory are depicted in Fig. 3.4 for the aug-cc-
pVTZ basis. Unfortunately, due to technical limitations, we could not compute %T1
values associated with the 13A2g, 11A1g, and 11B2g excited states in the D4h symmetry.
However, it is clear from the inspection of the wave function that, with respect to the
11B1g ground state, 13A2g and 11B2g are dominated by single excitations, while 11A1g
has a strong double excitation character.

As for the previous geometry we start by discussing the SF-TD-DFT results (Table
3.5), and in particular the singlet-triplet gap, i.e., the energy difference between 11B1g
and 13 A2g. For all functionals, this gap is small (basically below 0.1 eV while the
TBE value is 0.144 eV) but it is worth mentioning that B3LYP and PBE0 incorrectly
deliver a negative singlet-triplet gap (hence a triplet ground state at this geometry).
Increasing the fraction of exact exchange in hybrids or relying on RSHs (even with a
small amount of short-range exact exchange) allows to recover a positive gap and
a singlet ground state. At the SF-TD-DFT level, the energy gap between the two
singlet excited states, 11A1g and 11B2g, is particularly small and grows moderately
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Table 3.5: Spin-flip TD-DFT and ADC vertical excitation energies
(with respect to the singlet 11B1g ground state) of the 13A2g, 11A1g,
and 11B2g states of CBD at the D4h square-planar equilibrium
geometry of the 13A2g state.

Excitation energies (eV)
Method Basis 13A2g 11A1g 11B2g

SF-TD-B3LYP 6-31+G(d) −0.016 0.487 0.542
aug-cc-pVDZ −0.019 0.477 0.536
aug-cc-pVTZ −0.020 0.472 0.533
aug-cc-pVQZ −0.020 0.473 0.533

SF-TD-PBE0 6-31+G(d) −0.012 0.618 0.689
aug-cc-pVDZ −0.016 0.602 0.680
aug-cc-pVTZ −0.019 0.597 0.677
aug-cc-pVQZ −0.018 0.597 0.677

SF-TD-BH&HLYP 6-31+G(d) 0.064 1.305 1.458
aug-cc-pVDZ 0.051 1.260 1.437
aug-cc-pVTZ 0.045 1.249 1.431
aug-cc-pVQZ 0.046 1.250 1.432

SF-TD-M06-2X 6-31+G(d) 0.102 1.476 1.640
aug-cc-pVDZ 0.086 1.419 1.611
aug-cc-pVTZ 0.078 1.403 1.602
aug-cc-pVQZ 0.079 1.408 1.607

SF-TD-CAM-B3LYP 6-31+G(d) 0.021 0.603 0.672
aug-cc-pVDZ 0.012 0.585 0.666
aug-cc-pVTZ 0.010 0.580 0.664
aug-cc-pVQZ 0.010 0.580 0.664

SF-TD-ωB97X-V 6-31+G(d) 0.040 0.600 0.670
aug-cc-pVDZ 0.029 0.576 0.664
aug-cc-pVTZ 0.026 0.572 0.662
aug-cc-pVQZ 0.026 0.572 0.662

SF-TD-LC-ωPBE08 6-31+G(d) 0.078 0.593 0.663
aug-cc-pVDZ 0.060 0.563 0.659
aug-cc-pVTZ 0.058 0.561 0.658
aug-cc-pVQZ 0.058 0.561 0.659

SF-TD-M11 6-31+G(d) 0.102 1.236 1.374
aug-cc-pVDZ 0.087 1.196 1.362
aug-cc-pVTZ 0.081 1.188 1.359
aug-cc-pVQZ 0.080 1.185 1.357

SF-ADC(2)-s 6-31+G(d) 0.345 1.760 2.096
aug-cc-pVDZ 0.269 1.656 1.894
aug-cc-pVTZ 0.256 1.612 1.844

SF-ADC(2)-x 6-31+G(d) 0.264 1.181 1.972
aug-cc-pVDZ 0.216 1.107 1.760
aug-cc-pVTZ 0.212 1.091 1.731

SF-ADC(2.5) 6-31+G(d) 0.234 1.705 2.087
aug-cc-pVDZ 0.179 1.614 1.886
aug-cc-pVTZ 0.168 1.594 1.849

SF-ADC(3) 6-31+G(d) 0.123 1.650 2.078
aug-cc-pVDZ 0.088 1.571 1.878
aug-cc-pVTZ 0.079 1.575 1.853

SF-EOM-CCSD 6-31+G(d) 0.446 1.875 2.326
aug-cc-pVDZ 0.375 1.776 2.102
aug-cc-pVTZ 0.354 1.768 2.060
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Table 3.6: Vertical excitation energies (with respect to the 11B1g ground state) of the
13A2g, 11A1g, and 11B2g states of CBD at the D4h square-planar equilibrium geometry
of the 13A2g state. The values in square brackets have been obtained by extrapolation
via the procedure described in the corresponding footnote. The TBE/aug-cc-pVTZ
values are highlighted in bold.

Excitation energies (eV)
Method Basis 13 A2g 11A1g 11B2g

CASSCF(4,4) 6-31+G(d) 0.447 2.257 3.549
aug-cc-pVDZ 0.438 2.240 3.443
aug-cc-pVTZ 0.434 2.234 3.424
aug-cc-pVQZ 0.435 2.235 3.427

CASPT2(4,4) 6-31+G(d) 0.176 1.588 1.899
aug-cc-pVDZ 0.137 1.540 1.708
aug-cc-pVTZ 0.128 1.506 1.635
aug-cc-pVQZ 0.128 1.498 1.612

SC-NEVPT2(4,4) 6-31+G(d) 0.083 1.520 1.380
aug-cc-pVDZ 0.037 1.465 1.140
aug-cc-pVTZ 0.024 1.428 1.055
aug-cc-pVQZ 0.024 1.420 1.030

PC-NEVPT2(4,4) 6-31+G(d) 0.085 1.496 1.329
aug-cc-pVDZ 0.039 1.440 1.088
aug-cc-pVTZ 0.026 1.403 1.003
aug-cc-pVQZ 0.026 1.395 0.977

CASSCF(12,12) 6-31+G(d) 0.386 1.974 2.736
aug-cc-pVDZ 0.374 1.947 2.649
aug-cc-pVTZ 0.370 1.943 2.634
aug-cc-pVQZ 0.371 1.945 2.637

CASPT2(12,12) 6-31+G(d) 0.235 1.635 2.170
aug-cc-pVDZ 0.203 1.588 2.015
aug-cc-pVTZ 0.183 1.538 1.926
aug-cc-pVQZ 0.179 1.522 1.898

SC-NEVPT2(12,12) 6-31+G(d) 0.218 1.644 2.143
aug-cc-pVDZ 0.189 1.600 1.991
aug-cc-pVTZ 0.165 1.546 1.892
aug-cc-pVQZ 0.160 1.529 1.862

PC-NEVPT2(12,12) 6-31+G(d) 0.189 1.579 2.020
aug-cc-pVDZ 0.156 1.530 1.854
aug-cc-pVTZ 0.131 1.476 1.756
aug-cc-pVQZ 0.126 1.460 1.727

CCSD 6-31+G(d) 0.148 1.788
aug-cc-pVDZ 0.100 1.650
aug-cc-pVTZ 0.085 1.600
aug-cc-pVQZ 0.084 1.588

CC3 6-31+G(d) 1.809 2.836
aug-cc-pVDZ 1.695 2.646
aug-cc-pVTZ 1.662 2.720

CCSDT 6-31+G(d) 0.210 1.751 2.565
aug-cc-pVDZ 0.165 1.659 2.450
aug-cc-pVTZ 0.149 1.631 2.537

CC4 6-31+G(d) 1.604 2.121
aug-cc-pVDZ 1.539 1.934
aug-cc-pVTZ [1.511]1 [1.836]2

CCSDTQ 6-31+G(d) 0.205 1.593 2.134
aug-cc-pVDZ [0.160]3 [1.528]4 [1.947]4

aug-cc-pVTZ [0.144]5 [1.500]6 [1.849]6

CIPSI 6-31+G(d) 0.201± 0.003 1.602± 0.007 2.13± 0.04
aug-cc-pVDZ 0.157± 0.003 1.587± 0.005 2.102± 0.027
aug-cc-pVTZ 0.17± 0.03 1.63± 0.05

1 Value obtained using CC4/aug-cc-pVDZ corrected by the difference between CCSDT/aug-cc-pVTZ
and CCSDT/aug-cc-pVDZ.

2 Value obtained using CC4/aug-cc-pVDZ corrected by the difference between PC-
NEVPT2(12,12)/aug-cc-pVTZ and PC-NEVPT2(12,12)/aug-cc-pVDZ.

3 Value obtained using CCSDTQ/6-31+G(d) corrected by the difference between CCSDT/aug-cc-
pVDZ and CCSDT/6-31+G(d).

4 Value obtained using CCSDTQ/6-31+G(d) corrected by the difference between CC4/aug-cc-pVDZ
and CC4/6-31+G(d).

5 TBE value obtained using CCSDTQ/aug-cc-pVDZ corrected by the difference between CCSDT/aug-
cc-pVTZ and CCSDT/aug-cc-pVDZ.

6 TBE value obtained using CCSDTQ/aug-cc-pVDZ corrected by the difference between CC4/aug-cc-
pVTZ and CC4/aug-cc-pVDZ.
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with the amount of exact exchange at short range. The influence of the exact exchange
on the singlet energies is quite significant with an energy difference of the order of
1 eV between the functional with the smallest amount of exact exchange (B3LYP)
and the functional with the largest amount (M06-2X). As for the excitation energies
computed on the D2h ground-state equilibrium structure and the automerization
barrier, the functionals with a large fraction of short-range exact exchange yield more
accurate results. Yet, the transition energy to 11B2g is off by half an eV compared to
the TBE for BH&HLYP and M11, while the doubly-excited state is much closer to the
reference value (errors of−0.251 and−0.312 eV for BH&HLYP and M11, respectively).
With errors of −0.066, −0.097, and −0.247 eV for 13A2g, 11A1g, and 11B2g, M06-2X
is the best performer here. Again, for all the excited states, the basis set effects are
extremely small at the SF-TD-DFT level. We emphasize that the 〈S2〉 values reported
in Appendix C indicate again that there is no significant spin contamination in these
excited states.

Next, we discuss the various ADC schemes (Table 3.5). Globally, we observe
similar trends as those noted in Sec. 3.3.3.1. Concerning the singlet-triplet gap, each
scheme predicts it to be positive. Although it provides a decent singlet-triplet gap
value, SF-ADC(2)-x seems to particularly struggle with the singlet excited states
(11 A1g and 11B2g), especially for the doubly-excited state 11A1g where it underesti-
mates the vertical excitation energy by 0.4 eV. Again, averaging the SF-ADC(2)-s and
SF-ADC(3) transition energies is beneficial in most cases at the exception of 11A1g.
Although the basis set effects are larger than at the SF-TD-DFT level, they remain
quite moderate at the SF-ADC level, and this holds for wave function methods in
general. Concerning the SF-EOM-CCSD excitation energies at the D4h square planar
equilibrium geometry, very similar conclusions to the ones provided in the previous
section dealing with the excitation energies at the D2h rectangular equilibrium geom-
etry can be drawn: (i) SF-EOM-CCSD systematically and consistently overestimates
the TBEs by approximately 0.2 eV and is less accurate than SF-ADC(2)-s, (ii) the
non-iterative triples corrections tend to give a better agreement with respect to the
TBE (see Appendix C), and (iii) the (dT) correction performs better than the (fT) one.

Let us turn to the multi-reference results (Table 3.6). For both active spaces,
expectedly, CASSCF does not provide a quantitive energetic description, although
it is worth mentioning that the right state ordering is preserved. This is, of course,
magnified with the (4e,4o) active space for which the second-order perturbative
treatment is unable to provide a satisfying description due to the limited active space.
In particular SC-NEVPT2(4,4)/aug-cc-pVTZ and PC-NEVPT2(4,4)/aug-cc-pVTZ
underestimate the singlet-triplet gap by 0.072 and 0.097 eV and, more importantly,
flip the ordering of 11A1g and 11B2g. Although 11A1g is not badly described, the
excitation energy of the ionic state 11B2g is off by almost 1 eV. Thanks to the IPEA
shift in CASPT2(4,4), the singlet-triplet gap is accurate and the state ordering remains
correct but the ionic state is still far from being well described. The (12e,12o) active
space significantly alleviates these effects, and, as usual now, the agreement between
CASPT2 and NEVPT2 is very much improved for each state, though the accuracy
of multi-reference approaches remains questionable for the ionic state with, e.g., an
error up to −0.093 eV at the PC-NEVPT2(12,12)/aug-cc-pVTZ level.

Finally, let us analyze the excitation energies computed with various CC models
that are gathered in Table 3.6. As mentioned in Sec. 3.2.2, we remind the reader that
these calculations are performed by considering the 11A1g state as reference, and
that, therefore, 11B1g and 11B2g are obtained as a de-excitation and an excitation,
respectively. Consequently, with respect to 11A1g, 11B1g has a dominant double
excitation character, while 11B2g have a dominant single excitation character. This
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explains why one observes a slower convergence of the transition energies in the
case of 11B1g as shown in Fig. 3.4. It is clear from the results of Table 3.6 that, if one
wants to reach high accuracy with such a computational strategy, it is mandatory
to include quadruple excitations. Indeed, at the CCSDT/aug-cc-pVTZ level, the
singlet-triplet gap is already very accurate (off by 0.005 eV only) while the excitation
energies of the singlet states are still 0.131 and 0.688 eV away from their respective
TBE. These deviations drop to 0.011 and −0.013 eV at the CC4/aug-cc-pVTZ level.
As a final comment, we can note that the CCSDTQ-based TBEs and the CIPSI results
are consistent if one takes into account the extrapolation error (see Sec. 3.2.1).

3.4 Conclusions

In the present study, we have benchmarked a larger number of computational meth-
ods on the automerization barrier and the vertical excitation energies of cyclobutadi-
ene in its square (D4h) and rectangular (D2h) geometries, for which we have defined
theoretical best estimates based on extrapolated CCSDTQ/aug-cc-pVTZ data.

The main take-home messages of the present work can be summarized as follows:

• Within the SF-TD-DFT framework, we advice to use exchange-correlation (hy-
brids or range-separated hybrids) with a large fraction of short-range exact
exchange. This has been shown to be clearly beneficial for the automerization
barrier and the vertical excitation energies computed on both the D2h and D4h
equilibrium geometries.

• At the SF-ADC level, we have found that, as expected, the extended scheme, SF-
ADC(2)-x, systematically worsen the results compared to the cheaper standard
version, SF-ADC(2)-s. Moreover, as previously reported, SF-ADC(2)-s and SF-
ADC(3) have opposite error patterns which means that SF-ADC(2.5) emerges
as an excellent compromise.

• SF-EOM-CCSD shows similar performance as the cheaper SF-ADC(2)-s for-
malism, especially for the excitation energies. As previously reported, the
two variants including non-iterative triples corrections, SF-EOM-CCSD(dT)
and SF-EOM-CCSD(fT), improve the results, the (dT) correction performing
slightly better for the vertical excitation energies computed at the D2h and D4h
equilibrium geometries.

• For the D4h square planar structure, a faithful energetic description of the
excited states is harder to reach at the SF-TD-DFT level because of the strong
multi-configurational character. In such scenario, the SF-TD-DFT excitation
energies can exhibit errors of the order of 1 eV compared to the TBEs. However,
it was satisfying to see that the spin-flip version of ADC can lower these errors
to 0.1–0.2 eV.

• Concerning the multi-reference methods, we have found that while NEVPT2
and CASPT2 can provide different excitation energies for the small (4e,4o) active
space, the results become highly similar when the larger (12e,12o) active space
is considered. From a more general perspective, a significant difference between
NEVPT2 and CASPT2 is usually not a good omen and can be seen as a clear
warning sign that the active space is too small or poorly chosen. The ionic states
remain a struggle for both CASPT2 and NEVPT2, even with the (12e,12o) active
space.
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• In the context of CC methods, although the inclusion of triple excitations (via
CC3 or CCSDT) yields very satisfactory results in most cases, the inclusion
of quadruples excitation (via CC4 or CCSDTQ) is mandatory to reach high
accuracy (especially in the case of doubly-excited states). Finally, we point out
that, considering the error bar related to the CIPSI extrapolation procedure,
CCSDTQ and CIPSI yield equivalent excitation energies, hence confirming the
outstanding accuracy of CCSDTQ in the context of molecular excited states.
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Chapter 4

Unphysical discontinuities,
intruder states and regularization
in GW methods

This chapter is the subject of the following publication: E. Monino and P. F. Loos.J.
Chem. Phys. (Open Access) 156, 231101 (2022).

By recasting the non-linear frequency-dependent GW quasiparticle equation
into a linear eigenvalue problem, we explain the appearance of multiple
solutions and unphysical discontinuities in various physical quantities

computed within the GW approximation. Considering the GW self-energy as
an effective Hamiltonian, it is shown that these issues are key signatures of

strong correlation in the (N ± 1)-electron states and can be directly related to
the intruder state problem. A simple and efficient regularization procedure
inspired by the similarity renormalization group is proposed to avoid such

issues and speed up convergence of partially self-consistent GW calculations.
Note that in this chapter we use chemist’s notation for the two-electron

integrals.

4.1 Introduction

The GW approximation of many-body perturbation theory [17, 103] allows to com-
pute accurate charged excitation (i.e., ionization potentials, electron affinities and
fundamental gaps) in solids and molecules [102, 104, 380, 381]. Its popularity in
the molecular electronic structure community is rapidly growing [26, 109, 111, 122,
223, 382–400] thanks to its relatively low computational cost [401–405] and somehow
surprising accuracy for weakly-correlated systems [389, 391, 392, 400, 406, 407].

The idea behind the GW approximation is to recast the many-body problem into a
set of non-linear one-body equations. The introduction of the self-energy Σ links the
non-interacting Green’s function G0 to its fully-interacting version G via the following
Dyson equation:

G = G0 + G0ΣG (4.1)

Electron correlation is then explicitly incorporated into one-body quantities via a
sequence of self-consistent steps known as Hedin’s equations [17].

In recent studies [27, 216, 236, 237, 408], we discovered that one can observe
(unphysical) irregularities and/or discontinuities in the energy surfaces of several

https://doi.org/10.1063/5.0089317
https://doi.org/10.1063/5.0089317
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key quantities (ionization potential, electron affinity, fundamental and optical gaps,
total and correlation energies, as well as excitation energies) even in the weakly-
correlated regime. These issues were discovered in Ref. [216] while studying a model
two-electron system [409–411] and they were further investigated in Ref. [236], where
we provided additional evidences and explanations of these undesirable features in
real molecular systems. In particular, we showed that each branch of the self-energy
Σ is associated with a distinct quasiparticle solution, and that each switch between
solutions implies a significant discontinuity in the quasiparticle energy due to the
transfer of weight between two solutions of the quasiparticle equation [236]. Multiple
solution issues in GW appears frequently [391, 393, 412] (even at finite temperature
[413, 414]), especially for orbitals that are energetically far from the Fermi level, such
as in core ionized states [415, 416], and finite-temperature scheme.

In addition to obvious irregularities in potential energy surfaces that hampers the
accurate determination of properties such as equilibrium bond lengths and harmonic
vibrational frequencies [27, 237], one direct consequence of these discontinuities is the
difficulty to converge (partially) self-consistent GW calculations as the self-consistent
procedure jumps erratically from one solution to the other even if convergence
accelerator techniques such as DIIS [39, 236, 417] or more elaborate schemes [418]
are employed. Note in passing that the present issues do not only appear in GW as
the T-matrix [30, 73, 419, 420] and second-order Green’s function (or second Born)
formalisms [70, 74, 421–429] exhibit the same drawbacks.

It was shown that these problems can be tamed by using a static Coulomb-hole
plus screened-exchange (COHSEX) [17, 209, 430, 431] self-energy [237] or by consid-
ering a fully self-consistent GW scheme [249, 386, 403, 432–437], where one considers
not only the quasiparticle solution but also the satellites at each iteration [408]. How-
ever, none of these solutions is completely satisfying as a static approximation of the
self-energy can induce significant loss in accuracy and fully self-consistent calcula-
tions can be quite challenging in terms of implementation and cost.

In this chapter, via an upfolding process of the non-linear GW equation [23], we
provide further physical insights into the origin of these discontinuities by high-
lighting, in particular, the role of intruder states. Inspired by regularized electronic
structure theories [438, 439], these new insights allow us to propose a cheap and effi-
cient regularization scheme in order to avoid these issues and speed up convergence
of partially self-consistent GW calculations.

Here, for the sake of simplicity, we consider the one-shot G0W0 [207–215] but the
same analysis can be performed in the case of (partially) self-consistent schemes such
as evGW [209, 215, 217–219] (where one updates only the quasiparticle energies) and
qsGW [118, 220–224] (where both quasiparticle energies and orbitals are updated
at each iteration). Moreover, we consider a Hartree-Fock (HF) starting point but it
can be straightforwardly extended to a Kohn-Sham starting point. Throughout this
chapter, p and q are general (spatial) orbitals, i, j, k, and l denotes occupied orbitals, a,
b, c, and d are vacant orbitals, while m labels single excitations i→ a. Atomic units
are used throughout.

4.2 Downfolding: The non-linear GW problem

Within the G0W0 approximation, in order to obtain the quasiparticle energies and
the corresponding satellites, one solve, for each spatial orbital p and assuming real
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values of the frequency ω, the following (non-linear) quasiparticle equation

εHF
p + Σc

p(ω)−ω = 0 (4.2)

where εHF
p is the pth HF orbital energy and the correlation part of the G0W0 self-energy

is constituted by a hole (h) and a particle (p) term as follows

Σc
p(ω) = ∑

im

2(pi|m)2

ω− εHF
i + ΩRPA

m
+ ∑

am

2(pa|m)2

ω− εHF
a −ΩRPA

m
(4.3)

Within the Tamm-Dancoff approximation (that we enforce here for the sake of sim-
plicity), the screened two-electron integrals are given by

(pq|m) = ∑
ia
(pq|ia)XRPA

ia,m (4.4)

where ΩRPA
m and XRPA

m are respectively the mth eigenvalue and eigenvector of the
random-phase approximation (RPA) problem, i.e.,

ARPA · XRPA
m = ΩRPA

m XRPA
m (4.5)

with
ARPA

ia,jb = (εHF
a − εHF

i )δijδab + (ia|bj) (4.6)

and
(pq|ia) =

∫∫
ψp(r1)ψq(r1)

1
|r1 − r2|

ψi(r2)ψa(r2)dr1dr2 (4.7)

are two-electron integrals over the HF (spatial) orbitals ψp(r). Because one must
compute all the RPA eigenvalues and eigenvectors to construct the self-energy (4.3),
the computational cost is O(O3V3) = O(K6), where O and V are the number of
occupied and virtual orbitals, respectively, and K = O + V is the total number of
orbitals.

As a non-linear equation, Eq. (4.2) has many solutions εGW
p,s (where the index s is

numbering solutions) and their corresponding weights are given by the value of the
following renormalization factor

0 ≤ Zp,s =

1−
∂Σc

p(ω)

∂ω

∣∣∣∣∣
ω=εGW

p,s

−1

≤ 1 (4.8)

In a well-behaved case, one of the solution (the so-called quasiparticle) εGW
p has

a large weight Zp. Note that we have the following important conservation rules
[440–442]

∑
s

Zp,s = 1 ∑
s

Zp,sε
GW
p,s = εHF

p (4.9)

which physically shows that the mean-field solution of unit weight is “scattered” by
the effect of correlation in many solutions of smaller weights.

In standard GW calculations in solids [103], one assignes a quasparticle peak to
the solution of the Dyson equation (4.1) that is associated with the largest value of
the spectral function

S(ω) =
1
π
|Im G(ω)| (4.10)



94 Chapter 4. Unphysical discontinuities and intruder states in GW methods

4.3 Upfolding: the linear GW problem

The non-linear quasiparticle equation (4.2) can be exactly transformed into a larger
linear problem via an upfolding process where the 2h1p and 2p1h sectors are upfolded
from the 1h and 1p sectors [20–23, 443]. For each orbital p, this yields a linear
eigenvalue problem of the form

H(p) · c(p, s) = εGW
p,s c(p, s) (4.11)

with

H(p) =

 εHF
p V2h1p

p V2p1h
p

(V2h1p
p )ᵀ C2h1p 0

(V2p1h
p )ᵀ 0 C2p1h

 (4.12)

where

C2h1p
ija,kcl =

[(
εHF

i + εHF
j − εHF

a

)
δjlδac − 2(ja|cl)

]
δik (4.13)

C2p1h
iab,kcd =

[(
εHF

a + εHF
b − εHF

i

)
δikδac + 2(ai|kc)

]
δbd (4.14)

and the corresponding coupling blocks read

V2h1p
p,klc =

√
2(pk|cl) V2p1h

p,kcd =
√

2(pd|kc) (4.15)

The size of this eigenvalue problem is 1 + O2V + OV2 = O(K3), and it has to be
solved for each orbital that one wishes to correct. Thus, this step scales asO(K9) with
conventional diagonalization algorithms. Note, however, that the blocks C2h1p and
C2p1h do not need to be recomputed for each orbital. Of course, this O(K9) scheme is
purely illustrative and current state-of-the-art GW implementation scales as O(K3)
thanks to efficient contour deformation and density fitting techniques [405, 412, 444].

It is crucial to understand that diagonalizing H(p) [see Eq. (4.12)] is completely
equivalent to solving the quasiparticle equation (4.2). This can be further illustrated
by expanding the secular equation associated with Eq. (4.12)

det
[
H(p) −ω1

]
= 0 (4.16)

and comparing it with Eq. (4.2) by setting

Σc
p(ω) = V2h1p

p ·
(

ω1− C2h1p
)−1
·
(

V2h1p
p

)ᵀ
+ V2p1h

p ·
(

ω1− C2p1h
)−1
·
(

V2p1h
p

)ᵀ
(4.17)

where 1 is the identity matrix. Because the renormalization factor (4.8) corresponds
to the projection of the vector c(p, s) onto the reference (or internal) space, the weight
of a solution (p, s) is given by the first coefficient of their corresponding eigenvector
c(p, s), i.e.,

Zp,s =
[
c(p,s)

1

]2
(4.18)

One can see this downfolding process as the construction of a frequency-dependent
effective Hamiltonian where the internal space is composed by a single Slater determi-
nant of the 1h or 1p sector and the external (or outer) space by all the 2h1p and 2p1h



4.4. An illustrative example 95

configurations [23, 445, 446]. The main mathematical difference between the two
approaches is that, by diagonalizing Eq. (4.12), one has directly access to the internal
and external components of the eigenvectors associated with each quasiparticle and
satellite, and not only their projection in the reference space as shown by Eq. (4.18).

The element εHF
p of H(p) [see Eq. (4.12)] corresponds to the (approximate) relative

energy of the (N ± 1)-electron reference determinant (compared to the N-electron
HF determinant) while the eigenvalues of the blocks C2h1p and C2p1h, which are
εHF

i −ΩRPA
m and εaHF + ΩRPA

m respectively, provide an estimate of the relative energy
of the 2h1p and 2p1h determinants. In some situations, one (or several) of these
determinants from the external space may become of similar energy than the reference
determinant, resulting in a vanishing denominator in the self-energy (4.3). Hence,
these two diabatic electronic configurations may cross and form an avoided crossing,
and this outer-space determinant may be labeled as an intruder state. As we shall
see below, discontinuities, which are ubiquitous in molecular systems, arise in such
scenarios.

4.4 An illustrative example

In order to illustrate the appearance and the origin of these multiple solutions, we
consider the hydrogen molecule in the 6-31G basis set which corresponds to a two-
electron system with four spatial orbitals (one occupied and three virtuals). This ex-
ample was already considered in our previous work [236] but here we provide further
insights on the origin of the appearances of these discontinuities. The downfolded
and upfolded G0W0 schemes have been implemented in the electronic structure pack-
age QuAcK [242] which is freely available at https://github.com/pfloos/QuAcK.
These calculations are based on restricted HF eigenvalues and orbitals. We denote as
|11̄〉 the N-electron ground-state Slater determinant where the orbital 1 is occupied
by one spin-up and one spin-down electron. Similar notations will be employed for
the (N ± 1)-electron configurations.

In Fig. 4.1, we report the variation of the quasiparticle energies of the four or-
bitals as functions of the internuclear distance RH−H. One can easily diagnose two
problematic regions showing obvious discontinuities around RH−H = 1.2 Å for the
LUMO+1 (p = 3) and RH−H = 0.5 Å for the LUMO+2 (p = 4). As thoroughly
explained in Ref. [236], if one relies on the linearization of the quasiparticle equation
(4.2) to compute the quasiparticle energies, i.e., εGW

p ≈ εpHF + ZpΣc
p(ε

HF
p ), these dis-

continuities are transformed into irregularities as the renormalization factor cancels
out the singularities of the self-energy.

Figure 4.2 shows the evolution of the quasiparticle energy, the energetically close-
by satellites and their corresponding weights as functions of RH−H. Let us first look
more closely at the region around RH−H = 1.2 Å involving the LUMO+1 (left panel
of Fig. 4.2). As one can see, an avoided crossing is formed between two solutions
of the quasiparticle equation (s = 4 and s = 5). Inspection of their corresponding
eigenvectors reveals that the (N + 1)-electron determinants principally involved are
the reference 1p determinant |11̄3〉 and an excited (N + 1)-electron determinant of
configuration |122̄〉 that becomes lower in energy than the reference determinant
for RH−H > 1.2 Å. By construction, the quasiparticle solution diabatically follows
the reference determinant |11̄3〉 through the avoided crossing (thick lines in Fig. 4.2)
which is precisely the origin of the energetic discontinuity.

A similar scenario is at play in the region around RH−H = 0.5 Å for the LUMO+2
(right panel of Fig. 4.2) but it now involves three solutions (s = 5, s = 6, and

https://github.com/pfloos/QuAcK
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Figure 4.1: Quasiparticle energies εGW
p as functions of the internuclear distance

RH−H (in Å) of H2 at the G0W0@HF/6-31G level.
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Figure 4.2: Selection of quasiparticle and satellite energies εGW
p,s (solid lines) and their

renormalization factor Zp,s (dashed lines) as functions of the internuclear distance
RH−H (in Å) for the LUMO+1 (p = 3) and LUMO+2 (p = 4) orbitals of H2 at
the G0W0@HF/6-31G level. The quasiparticle solution (which corresponds to the
solution with the largest weight) is represented as a thicker line.
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s = 7). The electronic configurations of the Slater determinant involved are the
|11̄4〉 reference determinant as well as two external determinants of configuration
|12̄3〉 and |123̄〉. These states form two avoided crossings in rapid successions,
which create two discontinuities in the energy surface (see Fig. 4.1). In this region,
although the ground-state wave function is well described by the N-electron HF
determinant, a situation that can be safely labeled as single-reference, one can see that
the (N + 1)-electron wave function involves three Slater determinants and can then
be labeled as a multi-reference (or strongly-correlated) situation with near-degenerate
electronic configurations. Therefore, one can conclude that this downfall of GW
is a key signature of strong correlation in the (N ± 1)-electron states that yields a
significant redistribution of weights amongst electronic configurations.

4.5 Introducing regularized GW methods

One way to alleviate the issues discussed above and to massively improve the con-
vergence properties of self-consistent GW calculations is to resort to a regularization
of the self-energy without altering too much the quasiparticle energies.

From a general perspective, a regularized GW self-energy reads

Σ̃c
p(ω; η) = ∑

im
2(pi|m)2 fη(ω− εHF

i + ΩRPA
m )

+ ∑
am

2(pa|m)2 fη(ω− εHF
a −ΩRPA

m )
(4.19)

where various choices for the “regularizer” fη are possible. The main purpose of fη is
to ensure that Σ̃c

p(ω; η) remains finite even if one of the denominators goes to zero.
The regularized solutions ε̃GW

p,s are then obtained by solving the following regularized
quasiparticle equation:

εHF
p + Σ̃c

p(ω; η)−ω = 0 (4.20)

Of course, by construction, one must have

lim
η→0

Σ̃c
p(ω; η) = Σc

p(ω) (4.21)

The most common and well-established way of regularizing Σ is via the simple
energy-independent regularizer

fη(∆) = (∆± iη)−1 (4.22)

(with η > 0) [103, 385, 390, 412], a strategy somehow related to the imaginary
shift used in multiconfigurational perturbation theory [447]. Note that this type
of broadening is customary in solid-state calculations, hence such regularization is
naturally captured in many codes [103]. In practice, an empirical value of η around
100 meV is suggested. Other choices are legitimate like the regularizers considered by
Head-Gordon and coworkers within orbital-optimized second-order Møller-Plesset
theory (MP2), which have the specificity of being energy-dependent [438, 448]. In this
context, the real version of the simple energy-independent regularizer (4.22) has been
shown to damage thermochemistry performance and was abandoned [449, 450].

Our investigations have shown that the following energy-dependent regularizer

fκ(∆) =
1− e−2∆2/κ2

∆
(4.23)
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derived from the (second-order) perturbative analysis of the similarity renormaliza-
tion group (SRG) equations [451–453] by Evangelista [306] is particularly convenient
and effective for our purposes. Increasing κ gradually integrates out states with
denominators ∆ larger than κ while the states with ∆ � κ are not decoupled from
the reference space, hence avoiding intruder state problems [454].

Figure 4.3 compares the non-regularized and regularized quasiparticle energies
in the two regions of interest for various η and κ values. It clearly shows how the
regularization of the GW self-energy diabatically linked the two solutions to get rid
of the discontinuities. However, this diabatization is more or less accurate depending
on (i) the actual form of the regularizer, and (ii) the value of η or κ. Let us first discuss
the simple energy-independent regularizer given by Eq. (4.22) (top panels of Fig. 4.3).
Mathematically, in order to link smoothly two solutions, the value of η has to be large
enough so that the singularity lying in the complex plane at the avoided crossing is
moved to the real axis (see Ref. [455] and references therein). This value is directly
linked to the difference in energy between the two states at the avoided crossing, and
is thus, by definition, energy-dependent. This is clearly evidenced in Fig. 4.3 where,
depending on the value of η, the regularization is more or less effective. For example,
around RH−H = 1.1 Å (top-left), a value of 0.1 Eh (green curve) is appropriate while
at RH−H = 0.5 Å (top-right), this value does not seem to be large enough. Note also
that η = 0.1 Eh is significantly larger than the suggested value of 100 meV and if one
uses smaller η values, the regularization is clearly inefficient.

Let us now discuss the SRG-based energy-dependent regularizer provided in
Eq. (4.23) (bottom panels of Fig. 4.3). For κ = 10 Eh, the value is clearly too large
inducing a large difference between the two sets of quasiparticle energies (purple
curves). For κ = 0.1 Eh, we have the opposite scenario where κ is too small and some
irregularities remain (green curves). We have found that κ = 1.0 Eh is a good com-
promise that does not alter significantly the quasiparticle energies while providing
a smooth transition between the two solutions. Moreover, although the optimal κ
is obviously system-dependent, this value performs well in all scenarios that we
have encountered. However, it can be certainly refined for specific applications.
For example, in the case of regularized MP2 theory (where one relies on a similar
energy-dependent regularizer), a value of κ = 1.1 have been found to be optimal for
noncovalent interactions and transition metal thermochemistry [448].

To further evidence this, Fig. 4.4 reports the difference between regularized (com-
puted at κ = 1.0 Eh with the SRG-based regularizer) and non-regularized quasipar-
ticle energies as functions of RH−H for each orbital. The principal observation is
that, in the absence of intruder states, the regularization induces an error below
10 meV for the HOMO (p = 1) and LUMO (p = 2), which is practically viable. Of
course, in the troublesome regions (p = 3 and p = 4), the correction brought by the
regularization procedure is larger (as it should) but it has the undeniable advantage
to provide smooth curves. Similar graphs for κ = 0.1 Eh and κ = 10 Eh [and the
simple regularizer given in Eq. (4.22)] are reported in Appendix D, where one clearly
sees that the larger the value of κ, the larger the difference between regularized and
non-regularizer quasiparticle energies.

As a final example, we report in Fig. 4.5 the ground-state potential energy surface
of the F2 molecule obtained at various levels of theory with the cc-pVDZ basis. In
particular, we compute, with and without regularization, the total energy at the
Bethe-Salpeter equation (BSE) level [19, 25, 26, 95] within the adiabatic connection
fluctuation dissipation formalism [27, 121, 456] following the same protocol as de-
tailed in Ref. [27]. These results are compared to high-level coupled-cluster (CC)
calculations extracted from the same work: CC with singles and doubles (CCSD)
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Figure 4.3: Comparison between non-regularized (solid lines) and regularized
(dashed lines) energies as functions of the internuclear distance RH−H (in Å) for the
LUMO+1 (p = 3) and LUMO+2 (p = 4) orbitals of H2 at the G0W0@HF/6-31G level.
The quasiparticle solution is represented as a thicker line.



100 Chapter 4. Unphysical discontinuities and intruder states in GW methods

0.4 0.6 0.8 1.0 1.2

-0.005

0.000

0.005

0.4 0.6 0.8 1.0 1.2

0.000
0.002
0.004
0.006
0.008
0.010

0.4 0.6 0.8 1.0 1.2
-0.5
0.0
0.5
1.0
1.5
2.0

0.4 0.6 0.8 1.0 1.2
-2
-1
0
1
2
3

Figure 4.4: Difference between regularized and non-regularized quasiparticle ener-
gies ε̃GW

p − εGW
p computed with κ = 1 Eh as functions of the internuclear distance

RH−H (in Å) of H2 at the G0W0@HF/6-31G level. Similar graphs for κ = 0.1 Eh and
κ = 10 Eh are reported in Appendix D.
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Figure 4.5: Ground-state potential energy surface of F2 around its equilibrium
geometry obtained at various levels of theory with the cc-pVDZ basis set. Similar
graphs for κ = 0.1 Eh and κ = 10 Eh are reported in Appendix D.

[341] and the non-perturbative third-order approximate CC method (CC3) [146]. As
already shown in Ref. [27], the potential energy surface of F2 at the BSE@G0W0@HF
(blue curve) is very “bumpy” around the equilibrium bond length and it is clear
that the regularization scheme (black curve computed with κ = 1 Eh) allows to
smooth it out without significantly altering the overall accuracy. Moreover, while it is
extremely challenging to perform self-consistent GW calculations without regular-
ization, it is now straightforward to compute the BSE@evGW@HF potential energy
surface (gray curve). For the sake of completeness, similar graphs for κ = 0.1 Eh
and κ = 10 Eh are reported in Appendix D. For κ = 0.1 Eh, one still has issues. In
particular, the BSE@evGW@HF calculations do not converge for numerous values
of the internuclear distance. Interestingly, for κ = 10 Eh, the smooth BSE@G0W0@HF
and BSE@evGW@HF curves are superposed, and of very similar quality as CCSD.

4.6 Concluding remarks

In this chapter, we have provided mathematical and physical explanations behind the
appearance of multiple solutions and discontinuities in various physical quantities
computed within the GW approximation. More precisely, we have evidenced that
intruder states are the main cause behind these issues and that this downfall of GW is
a key signature of strong correlation. A simple and efficient regularization procedure
inspired by the similarity renormalization group has been proposed to remove these
discontinuities without altering too much the quasiparticle energies. Moreover, this
regularization of the self-energy significantly speeds up the convergence of (partially)
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self-consistent GW methods. We hope that these new physical insights and technical
developments will broaden the applicability of Green’s function methods in the
molecular electronic structure community and beyond.
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Chapter 5

Connections and performances of
Green’s function methods for
charged and neutral excitations

This chapter is the subject of the following publication: E. Monino and P. F. Loos.J.
Chem. Phys. (submitted).

In recent years, Green’s function methods have garnered considerable interest
due to their ability to target both charged and neutral excitations. Among

them, the well-established GW approximation provides accurate ionization
potentials and electron affinities and can be extended to neutral excitations

using the Bethe-Salpeter equation (BSE) formalism. Here, we investigate the
connections between various Green’s function methods and evaluate their
performance for charged and neutral excitations. Comparisons with other

widely-known second-order wave function methods are also reported.
Additionally, we calculate the singlet-triplet gap of cycl[3,3,3]azine, a model

molecular emitter for thermally activated delayed fluorescence, which has the
particularity of having an inverted gap thanks to a substantial contribution

from the double excitations. We demonstrate that, within the GW
approximation, a second-order BSE kernel with dynamical correction is

required to predict this distinctive characteristic.

5.1 Green’s function methods

Recent developments and investigations in Green’s function approaches have gen-
erated significant interest within the electronic structure community [81, 103, 457],
especially in quantum chemistry [25, 26, 104, 122]. The pillar of Green’s function
many-body perturbation theory is the one-body Green’s function (or electron prop-
agator) [78]. It has the ability to provide the charged excitations (i.e., ionization
potentials and electron affinities) of the system in a single calculation as measured
in direct or inverse photoemission spectroscopy. This avoids using state-specific
methods where one has to perform separate calculations on the neutral and ionized
species [458–466].

Obviously, the exact one-body Green’s function G is in general unknown but
its mean-field Hartree-Fock (HF) version GHF can be linked to the exact one, via a
Dyson equation involving a key quantity known as the self-energy Σ, which includes

https://doi.org/10.48550/arXiv.2305.16959
https://doi.org/10.48550/arXiv.2305.16959
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correlation effects:

G(12) = GHF(12) +
∫

GHF(13)Σ(34)G(42)d3d4 (5.1)

Here, 1 ≡ (x1, t1) is a composite coordinate gathering spin-space and time variables.
The HF one-body Green’s function is given by

GHF(x1, x2; ω) = ∑
i

ψi(x1)ψi(x2)

ω− εHF
i − iη

+ ∑
a

ψa(x1)ψa(x2)

ω− εHF
a + iη

(5.2)

where ψp(x) is the pth HF spinorbital and εHF
p its corresponding energy, while η

is a positive infinitesimal that we shall set to zero in the remaining of this paper.
Throughout this chapter, we assume real orbitals and energies. The indices p, q, r, and
s are general spinorbitals, i, j, k, and l denote occupied spinorbitals, a, b, c, and d are
vacant spinorbitals, while m and n label single excitations/deexcitations and double
electron attachments/detachments, respectively. Here, we systematically consider
a HF starting point but the present analysis can be straightforwardly extended to a
Kohn-Sham starting point.

Approximations to the self-energy, such as GW [102, 104, 380, 381, 407], are needed
to solve the Dyson equation defined in Eq. (5.1). Even though the GW approximation
has proven to produce accurate charged excitations in solids [199, 207–210, 467–471]
and molecules [25–27, 105–121, 252, 330, 388, 392, 415, 416, 472–481] , it is not the
only approximation to the self-energy. Indeed, other approximations exist such as the
second-order Green’s function (GF2) [20–22, 74, 413, 414, 418, 421, 422, 424–429] , also
known as second Born in the condensed matter community [103, 423], the T-matrix
[30, 73, 419, 420, 482–492] (or Bethe-Goldstone approximation [441, 442, 493–495]).
Going beyond these approximations has been shown to be rather challenging from a
computational point of view [389, 419, 430, 441, 442, 483, 484, 496–514]. Moreover, the
overall accuracy does not always improve [407, 515]. Here, for the sake of simplicity,
we consider only one-shot schemes where one does not self-consistently update
the self-energy [207, 208, 210–214], but the same analysis can be performed in the
case of (partially) self-consistent schemes [118, 209, 215, 217–224]. Note that by
only considering one-shot schemes, we neglect all the diagrammatic contributions
stemming from the self-consistency.

Another attractive point concerning Green’s function-based techniques is the
Bethe-Salpeter equation (BSE) formalism [19, 25, 26, 95] that allows access to the
neutral (i.e., optical) excitations of a given system. BSE relies on the two-body Green’s
function G2 (or polarization propagator) via its link with the two-body correlation
function

iL(12; 1′2′) = −G2(12; 1′2′) + G(11′)G(22′) (5.3)

that also satisfies a Dyson equation

L(12, 1′2′) = L0(12, 1′2′) +
∫

L0(14, 1′3)Ξ(35, 46)L(62, 52′)d3d4d5d6 (5.4)

with
iL0(12; 1′2′) = G(12′)G(21′) (5.5)

and where

Ξ(13, 24) = i
δΣ(12)
δG(43)

(5.6)
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is the so-called BSE kernel. As we shall discuss later, like its time-dependent density-
functional theory (TD-DFT) cousin [65, 67–69], BSE can be written in the form of
Casida-like equations.

Because the BSE kernel is the functional derivative of Σ with respect to G, one
can readily see from Eq. (5.6) that Ξ strongly depends on the choice of approximate
self-energy. The most popular BSE kernel is based on the GW approximation and
leans on the dynamically-screened Coulomb potential W to provide rather accurate
neutral excitations for molecular systems [19]. However, one can also rely on kernels
based on the T-matrix [30] or GF2 [229, 230, 516].

Undoubtedly, the self-energy and kernel approximations discussed earlier pos-
sess inherent limitations, both stemming from their intrinsic nature and the typical
methods employed to solve these equations, as well as potential additional approxi-
mations involved. For example, unphysical discontinuities in energy surfaces have
been recently discovered and studied in the GW approximation [27, 216, 236, 237,
408] but similar observations can be made with the other approximations. The
issue can be traced down to the multiple solution character of the quasiparticle
equation [236]. This problem of discontinuities can be partially addressed by using
linearization of the quasiparticle equation, but irregularities (or “bumps”) remain, for
example, in potential energy surfaces [236]. One can deal with this issue by using
a static Coulomb-hole plus screened-exchange (COHSEX) [17, 209, 237, 430, 431],
by adopting a fully self-consistent scheme [249, 386, 403, 408, 432–437, 517], or via
regularization techniques [32, 518].

Moreover, the BSE is considered, in general, within the so-called static approxima-
tion where the dynamical (i.e., frequency-dependent) BSE kernel is approximated by
its static limit. By doing so, the static BSE scheme [29, 140–142, 519], like the adiabatic
approximation of TD-DFT [134–138], does not permit the description of double and
higher excitations. The endeavor to go beyond the static approximation was first
addressed by Strinati for core excitons in semiconductors [18, 19, 199, 467]. Then,
using first-order perturbation theory, Rohlfing and co-workers have developed a way
to take into account dynamical effects via the plasmon-pole approximation combined
with the Tamm-Dancoff approximation (TDA) [200–204, 520–522]. Recently, Loos
and Blase [29] proposed a dynamical scheme similar to Rohlfing’s that goes beyond
the plasmon-pole approximation where the dynamical screening of the Coulomb
interaction is computed exactly within the random-phase approximation (RPA) [523–
527].

Unfortunately, even though this dynamical scheme allows to dynamically correct
the single excitations obtained from the static approach, it does not permit access to
double excitations. A way to obtain these higher solutions is to resort to the spin-flip
formalism where one considers a higher spin state as a reference [31, 152]. Note,
however, that the spin-flip formalism does not give access to all double excitations
and is hampered by spin contamination [94, 528].

Recently, Backhouse and Booth have introduced an upfolding version of the non-
linear GF2 equations which provides a linear eigenvalue problem of larger dimension
[20] (see also Ref. [78]). Bintrim and Berkelbach have extended it to the non-linear
GW equations [23]. This linear eigenvalue problem allowed us to understand the
role of intruder states in the origin of the energy surface discontinuities [32], as well
as the connections between Green’s function methods and coupled-cluster theory
[529–531]. More importantly, when combined with other computational techniques,
the upfolding framework provides a way to significantly lower the computational
scaling of these approaches [20–23, 517]. The same concept was also applied to the
dynamical BSE eigenvalue problem built from the GW kernel in order to go beyond
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the static approximation [24]. This upfolding approach produces a linear eigenvalue
problem in an expanded space of single and double excitations, hence direct access to
doubly-excited states with, however, limited success in terms of accuracy.

In this work, we investigate both charged and neutral excitations in Secs. 5.2
and 5.3, respectively. We begin by reviewing the equations associated with the GF2
(Sec. 5.2.2), GW (Sec. 5.2.3), and T-matrix (Sec. 5.2.4) self-energies in various forms.
Subsequently, we present and study various static and dynamic BSE kernels based
on the GF2 (Sec. 5.3.2), GW, (Secs. 5.3.3 and 5.3.4), and T-matrix (Sec. 5.3.5) ap-
proximations, elucidating their interconnections and similarities with other theories.
Computational details are provided in Sec. 5.4. In Sec. 5.5.1, we assess the accuracy
of the three different self-energies in calculating the principal ionization potentials
of a subset of atoms and molecules taken from the GW100 dataset [391]. Section
5.5.2 reports the computation of neutral excitations for another set of molecules using
four different kernels within the static approximation. Additionally, we evaluate
dynamical corrections through perturbation theory. Our analysis considers various
types of excited states, predominantly valence and Rydberg states, and investigates
the performance of these kernels based on the specific type of states. Finally, in
Sec. 5.5.3, we compute, at various levels of theory, the gap between the first singlet
and triplet excited states of cycl[3,3,3]azine, a model light-emitting diode (OLED)
emitter for thermally activated delayed fluorescence (TADF), which has the partic-
ularity of having an inverted singlet-triplet gap. Our conclusions are presented in
Sec. 5.6. Atomic units are consistently employed throughout.

5.2 Charged excitations

5.2.1 Quasiparticle equation

Within the one-shot scheme, in order to obtain the quasiparticle energies and the
corresponding satellites, one solve, for each spinorbital p and assuming real values of
the frequency ω, the following (non-linear) quasiparticle equation

εHF
p + Σpp(ω)−ω = 0 (5.7)

where Σpp(ω) is a diagonal element of the correlation part of the self-energy. Due to
the fact that one is usually interested in the quasiparticle solution, Eq. (5.7) is often
linearized around ω = εHF

p , i.e.,

Σpp(ω) ≈ Σpp(ε
HF
p ) + (ω− εHF

p )
∂Σpp(ω)

∂ω

∣∣∣∣
ω=εHF

p

(5.8)

which yields
εp = εHF

p + ZpΣpp(ε
HF
p ) (5.9)

where

Zp =

[
1− ∂Σpp(ω)

∂ω

∣∣∣∣
ω=εHF

p

]−1

(5.10)

is a renormalization factor (0 ≤ Zp ≤ 1) which represents the spectral weight of the
quasiparticle solution.

The non-linear quasiparticle equation (5.7) can be exactly transformed into a larger
linear problem via the upfolding process mentioned earlier where the 2h1p and 2p1h
sectors are upfolded from the 1h and 1p sectors [20–23, 32, 443, 518, 530, 531]. For
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each orbital p, this yields a linear eigenvalue problem of the form

Hp · cν = ενcν (5.11)

where ν runs over all solutions, quasiparticle and satellites, and with [531]

Hp =


εHF

p V2h1p
p V2p1h

p(
V2h1p

p

)†
C2h1p 0(

V2p1h
p

)†
0 C2p1h

 (5.12)

The diagonalization of Hp is equivalent to solving the quasiparticle equation (5.7).
This can be further illustrated by expanding the secular equation associated with
Eq. (5.12)

det
[
Hp −ω1

]
= 0 (5.13)

and comparing it with Eq. (5.7) by setting

Σpp(ω) = V2h1p
p ·

(
ω1−C2h1p

)−1
·
(

V2h1p
p

)†

+ V2p1h
p ·

(
ω1−C2p1h

)−1
·
(

V2p1h
p

)† (5.14)

where 1 is the identity matrix.
It can be readily seen from Eq. (5.12) that the hole (h) and particle (p) sectors are

potentially coupled. This coupling, which is absent in coupled-cluster theory [529,
530, 532], is critical for generating effective higher-order diagrams in Green’s function
methods [78].

In the present work, we look at various approximations for the dynamical self-
energy Σpp(ω) and it obviously leads to different expressions for the blocks C2h1p,
C2p1h, V2h1p

p , and V2p1h
p . In the following, for each approximation, we provide the

expression for the self-energy and the different blocks.

5.2.2 GF2 self-energy

Within the GF2 approximation, one only takes into account the direct and exchange
second-order diagrams [533], and the self-energy is given by [70, 534, 535]

ΣGF2(12) = G(12)
∫

v(13)G(34)G(43)v(42)d3d4

−
∫

G(13)v(14)G(34)G(42)v(32)d3d4
(5.15)

where v(12) = |r1 − r2|−1 is the bare Coulomb operator.
In the spinorbital basis, the self-energy is constituted by a hole and a particle term

as follows

ΣGF2
pq (ω) =

1
2 ∑

ija

〈pa||ij〉 〈qa||ij〉
ω + εHF

a − εHF
i − εHF

j

+
1
2 ∑

iab

〈pi||ab〉 〈qi||ab〉
ω + εHF

i − εHF
a − εHF

b

(5.16)
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with 〈pq||rs〉 = 〈pq|rs〉− 〈pq|sr〉 the antisymmetrized two-electron integrals written
in Dirac’s notation, i.e.,

〈pq|rs〉 =
∫∫

ψp(x1)ψq(x2)v(12)ψr(x1)ψs(x2)dx1dx2 (5.17)

As mentioned above, one can rely on an equivalent linear eigenvalue problem [see
Eq. (5.12)] where the diagonal blocks are given by [20, 78]

C2h1p
ija,klc =

(
−εHF

a + εHF
i + εHF

j

)
δikδjlδac (5.18a)

C2p1h
iab,kcd =

(
−εHF

i + εHF
a + εHF

b

)
δikδacδbd (5.18b)

and the corresponding coupling blocks read

V2h1p
p,klc =

〈pc||kl〉√
2

V2p1h
p,kcd =

〈pk||dc〉√
2

(5.19)

Using Eq. (5.14) we can see that one easily retrieves the self-energy expression in
Eq. (5.16). As already discussed in the literature [22, 78], it is worth mentioning that
we recover the same secular equations as the second-order algebraic-diagrammatic
construction [ADC(2)] treatment of the electron propagator in its Dyson form [75–79].

5.2.3 GW self-energy

GW is an approximation to Hedin’s equations, a set of exact coupled integro-differential
equations [17]. Diagrammatically, GW takes into account all the direct ring diagrams
via a resummation technique [533] and is adequate in the high-density regime where
correlation is weak [536, 537]. Therefore, GW includes the second-order direct term
contained in GF2 but lacks its second-order exchange counterpart. The GW approxi-
mation is a relatively low computational cost method [401–405, 412, 444] that relies
on the dynamically screened Coulomb potential W that is usually computed at the
direct (i.e., without exchange) particle-hole RPA (ph-RPA) level. In solids and large
molecular systems, screening is usually significant, and the (frequency-dependent)
screened Coulomb interaction is noticeably weaker than the (static) bare one. One
can also include so-called internal vertex corrections for the calculation of the polariz-
ability. In this case, one talks about test charge-test charge (tc-tc) polarizabilities, and
various choices are possible [400, 504, 515, 538–541].

The ph-RPA equations take the form of a non-Hermitian eigenvalue problem
written in the basis of single excitations and deexcitations:(

Aph Bph

−Bph −Aph

)
·
(

Xph Yph

Yph Xph

)
=

(
Xph Yph

Yph Xph

)
·
(

Ωph 0
0 −Ωph

)
(5.20)

with

Aph
ia,jb = (εHF

a − εHF
i )δijδab + 〈ib|aj〉 (5.21a)

Bph
ia,jb = 〈ij|ab〉 (5.21b)

In the absence of instabilities, i.e., when Aph − Bph is positive definite, the ph-RPA
problem reduces to a Hermitian problem of half the size. If one includes exchange
in Eq. (5.21a) and (5.21b), one ends up with RPA with exchange (RPAx) which is
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equivalent to time-dependent HF (TDHF). Note that TDHF within the TDA, where
one removes the coupling between excitations and deexcitations, i.e., B = 0, is
equivalent to configuration interaction with singles (CIS) [58].

Within the GW approximation, the self-energy is defined by the following simple
expression:

ΣGW(12) = iG(12)Wc(12) (5.22)

which clearly justifies the name of this approximation. Here Wc = W − v is the
correlation part of the screened Coulomb interaction. In the spinorbital basis, the
self-energy reads

ΣGW
pq (ω) = ∑

im

Mph
pi,m Mph

qi,m

ω− εHF
i + Ωph

m

+ ∑
am

Mph
pa,m Mph

qa,m

ω− εHF
a −Ωph

m

(5.23)

where the screened two-electron integrals are given by

Mph
pq,m = ∑

ia
〈pi|qa〉

(
Xph + Yph

)
ia,m

(5.24)

As shown by Bintrim and Berkelbach [23], and more recently by Tölle and Chan
[531] (who have been able to eschew the use of the TDA), the blocks C2h1p and C2p1h

defined in Eq. (5.12) are diagonal with elements

C2h1p
im,im = εHF

i −Ωph
m C2p1h

am,am = εHF
a + Ωph

m (5.25)

and the coupling blocks read

V2h1p
p,im = Mph

pi,m V2p1h
p,am = Mph

pa,m (5.26)

where Mph
pq,m are the screened integrals of Eq. (5.24). Using the expressions of the

different blocks one can, via the inverse process, obtain the expression of the self-
energy as described in Eq. (5.14) and recover Eq. (5.23).

Note that an attempt of decoupling the 2h1p and 2p1h spaces within GW, as it is
done in non-Dyson ADC [80], has been made but with very mitigated results [23].

5.2.4 T-matrix self-energy

While GW depends on the dynamically screened Coulomb potential W, the T-matrix
approximation relies on the so-called T-matrix, which, diagrammatically, corresponds
to a resummation of a different class of diagrams known as ladder diagrams [533].
Unlike the two-point quantity W, the four-point T-matrix is spin-dependent, and
mixes the singlet and triplet spin channels in the computation of the self-energy.
The T-matrix approximation, which contains both second-order diagrams as well
as additional higher-order ladder diagrams, is usually preferred to GW when the
screening is weak or, in other words, in the low-density regime.

While W is computed using ph-RPA, the T-matrix is computed using the particle-
particle (pp) RPA (pp-RPA) problem which is a non-Hermitian eigenvalue problem
expressed in the basis of double electron attachments and double electron detach-
ments: [61, 63, 64, 158, 159, 161, 170, 542–545](

Cpp Bpp/hh

−
(
Bpp/hh)† −Dhh

)
·
(

Xpp Yhh

Ypp Xhh

)
=

(
Ωpp 0

0 Ωhh

)
·
(

Xpp Yhh

Ypp Xhh

)
(5.27)
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where

Cpp
ab,cd = (εHF

a + εHF
b )δacδbd + 〈ab||cd〉 (5.28a)

Bpp/hh
ab,ij = 〈ab||ij〉 (5.28b)

Dhh
ij,kl = −(εHF

i + εHF
j )δikδjl + 〈ij||kl〉 (5.28c)

with the following index restrictions a < b, c < d, i < j, and k < l.
Within the T-matrix approximation, the correlation part of the self-energy is

ΣGT(12) = i
∫

G(43)Tc(13, 24)d3d4 (5.29)

(where Tc is the correlation part of the T matrix) and the elements of the self-energy
in the spinorbital basis are explicitly given by [73, 419]

ΣGT
pq (ω) = ∑

in

Mpp
pi,n Mpp

qi,n

ω + εHF
i −Ωpp

n
+ ∑

an

Mhh
pa,n Mhh

qa,n

ω + εHF
a −Ωhh

n
(5.30)

where the pp and hh versions of the screened two-electron integrals read

Mpp
pq,n = ∑

c<d
〈pq||cd〉Xpp

cd,n + ∑
k<l
〈pq||kl〉Ypp

kl,n (5.31a)

Mhh
pq,n = ∑

c<d
〈pq||cd〉Xhh

cd,n + ∑
k<l
〈pq||kl〉Yhh

kl,n (5.31b)

Following the upfolding process of Bintrim and Berkelbach [23] together with
the generalization of Tölle and Chan [531], in the case of the T-matrix, we have the
following diagonal elements for the blocks C2h1p and C2p1h of Eq. (5.12)

C2h1p
an,an = −εHF

a + Ωhh
n C2p1h

in,in = −εHF
i + Ωpp

n (5.32)

and the corresponding coupling blocks are

V2h1p
p,an = Mhh

pa,n V2p1h
p,in = Mpp

pi,n (5.33)

where the screened integrals are given by Eqs. (5.31a) and (5.31b).

5.3 Neutral excitations

5.3.1 Bethe-Salpeter equation

Within the BSE formalism, one must solve, in the general setting, a non-linear eigen-
value problem of the form(

ABSE(ΩBSE
ν ) BBSE(ΩBSE

ν )
−BBSE(−ΩBSE

ν ) −ABSE(−ΩBSE
ν )

)
·
(

XBSE
ν

YBSE
ν

)
= ΩBSE

ν

(
XBSE

ν

YBSE
ν

)
(5.34)

where the (anti)resonant block ±ABSE(ω) and the coupling blocks ±BBSE(ω) are
dynamical quantities and the index v runs over single, double, and potentially higher
excitations. Of course, their expressions depend on the type of quasiparticles and the
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kernel that one considers but they have the following generic expressions

ABSE
ia,jb(ω) = Aia,jb + Ξia,jb(ω) (5.35a)

BBSE
ia,jb(ω) = Bia,jb + Ξia,bj(ω) (5.35b)

with the following static parts

Aia,jb = (εa − εi)δijδab + 〈ib||aj〉 (5.36a)

Bia,jb = 〈ij||ab〉 (5.36b)

where the εp’s are quasiparticle energies and Ξpq,rs(ω) is an element of the dynamical
correlation kernel computed at a given level of theory. Note that, although these
matrices are built in the single excitation and deexcitation manifolds, thanks to
the frequency dependence of these quantities, one can potentially access higher
excitations.

Again, one can enforce the TDA to obtain a simpler non-linear system

ABSE(ΩBSE
ν ) · XBSE

ν = ΩBSE
ν XBSE

ν (5.37)

Below, we present three different ways of tackling the BSE problem.
First, one can enforce the so-called static approximation where one sets

ABSE
ia,jb = Aia,jb + Ξia,jb (5.38a)

BBSE
ia,jb = Bia,jb + Ξia,bj (5.38b)

to get (
ABSE BBSE

−BBSE −ABSE

)
·
(

XBSE
m

YBSE
m

)
= ΩBSE

m

(
XBSE

m
YBSE

m

)
(5.39)

In this case, because of the frequency-independent nature of the static kernel’s ele-
ments Ξpq,rs, one only accesses single excitations.

Second, one can go beyond the static approximation by using a renormalized
first-order perturbative correction to the static BSE excitation energies. (We refer the
interested reader to Ref. [29] for a detailed discussion. Here, we only provide the
main equations.) This dynamical correction to the static BSE kernel (labeled dBSE in
the following) allows us to recover additional relaxation effects coming from higher
excitations.

The dBSE excitation energies are then obtained via

ΩdBSE
m = ΩBSE

m + ζmΩ̃BSE
m (5.40)

where the ΩBSE
m ’s are the static (zeroth-order) BSE excitation energies defined in

Eq. (5.39) and
Ω̃BSE

m = (XBSE
m )† · ∆Ξ(ΩBSE

m ) · XBSE
m (5.41)

are first-order corrections obtained within the dynamical TDA (i.e., as commonly done,
only the resonant block is corrected for dynamical effects) with the renormalization
factor

ζm =

[
1− (XBSE

m )† · ∂∆Ξ(ω)

∂ω

∣∣∣∣
ω=ΩBSE

m

· XBSE
m

]−1

(5.42)
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The generic expression for ∆Ξ(ω) is

∆Ξia,jb(ω) = Ξ̃ia,jb(ω)− Ξia,jb (5.43)

where Ξ̃ia,jb(ω) is an element of the so-called effective dynamical kernel. Unlike in
the quasiparticle case (see Sec. 5.2.1), this renormalization factor ζm is not restricted
between 0 and 1. However, it has been found to be close to unity in most cases which
indicates the satisfactory convergence properties of the perturbative series [29, 31].

Third, within the TDA, it is also possible to transform the non-linear eigenvalue
problem (5.37) into a larger linear problem via an upfolding process where the 2h2p
sector is upfolded from the 1h1p sector. The structure (and the dimension) of this
matrix H̃ depends on the nature and origin of the kernel. In the following, we present
four different kernels and, for each of them, we provide the corresponding working
equations.

5.3.2 Second-order GF2 kernel

We first discuss the BSE correlation kernel based on the GF2 self-energy considered
in Eq. (5.15):

ΞGF2(35, 46) = i
δΣGF2(34)

δG(65)
(5.44)

To avoid lengthy derivations and expressions, we refer the interested reader to the
work of Zhang et al. (and particularly to the supplementary material) for the full
derivation of the GF2 kernel [229]. Additional details and complements can be found
in the work of Rebolini and Toulouse [230, 546].

At the BSE@GF2 level, we have

AGF2
ia,jb(ω) = AGF2

ia,jb + ΞGF2
ia,jb(ω) (5.45a)

BGF2
ia,jb(ω) = BGF2

ia,jb + ΞGF2
ia,bj(ω) (5.45b)

with

AGF2
ia,jb = (εGF2

a − εGF2
i )δijδab + 〈ib||aj〉 (5.46a)

BGF2
ia,jb = 〈ij||ab〉 (5.46b)

and the elements of the second-order (with respect to the Coulomb interaction)
static kernel for the (anti)resonant and coupling blocks are given by the following
expression:

ΞGF2
pq,rs = ∑

kc

〈rc||pk〉 〈kq||cs〉
εGF2

c − εGF2
k

+ ∑
kc

〈rk||pc〉 〈cq||ks〉
εGF2

c − εGF2
k

+
1
2 ∑

kl

〈qr||kl〉 〈lk||sp〉
εGF2

k + εGF2
l

+
1
2 ∑

cd

〈qr||cd〉 〈dc||sp〉
εGF2

c + εGF2
d

(5.47)



5.3. Neutral excitations 113

Going beyond the static approximation, the elements of the dynamical kernel for
the resonant block are

Ξ̃GF2
ia,jb(ω) =−∑

kc

〈jc||ik〉 〈ka||cb〉
ω− (εGF2

b + εGF2
c − εGF2

i − εGF2
k )

−∑
kc

〈jk||ic〉 〈ca||kb〉
ω− (εGF2

a + εGF2
c − εGF2

j − εGF2
k )

+
1
2 ∑

kl

〈aj||kl〉 〈lk||bi〉
ω− (εGF2

a + εGF2
b − εGF2

k − εGF2
l )

+
1
2 ∑

cd

〈aj||cd〉 〈dc||bi〉
ω− (εGF2

c + εGF2
d − εGF2

i − εGF2
j )

(5.48)

The first two terms in Eqs. (5.47) and (5.48) are ph and hp terms, while the third and
fourth ones correspond to hh and pp terms, respectively.

Within the TDA, the upfolding process leads to the following linear eigenvalue
problem

H̃GF2 =


AGF2 I + K J K

(J + L)† CGF2 0 0
K† 0 CGF2 0
J† 0 0 CGF2

 (5.49)

where, the block CGF2 is diagonal with elements

CGF2
ijab,ijab = εGF2

a + εGF2
b − εGF2

i − εGF2
j (5.50)

while the various coupling terms read

Iia,klcd = +
δac√

2
〈di||kl〉 (5.51a)

Jia,klcd = − δad√
2
〈ci||kl〉 (5.51b)

Kia,klcd = +
δil√

2
〈dc||ak〉 (5.51c)

Lia,klcd = − δik√
2
〈dc||al〉 (5.51d)

Note that, in this case, the upfolded matrix is non-Hermitian and contains three
blocks of double excitations (i.e., 2h2p configurations). Therefore, spurious (i.e., non-
physical) solutions are expected to appear due to the redundancy of the basis set
[140–142]. By downfolding the three subspaces of double excitations onto the space
of single excitations, i.e.,

Ξ̃GF2(ω) = (I + K) ·
(

ω1−CGF2
)−1
· (J + L)†

+ J ·
(

ω1−CGF2
)−1
·K†

+ K ·
(

ω1−CGF2
)−1
· J†

(5.52)

one recovers exactly the dynamical kernel defined in Eq. (5.48).
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Following Bintrim and Berkelbach [24], we attempt to symmetrize H̃GF2 and
remove the redundant sets of 2h2p configurations by simply defining

H̄GF2 =

(
AHF V
V † CHF

)
(5.53)

with V = (I + J + K + L)/
√

2, and

AHF
ia,jb = (εHF

a − εHF
i )δijδab + 〈ib||aj〉 (5.54a)

CHF
ijab,ijab = εHF

a + εHF
b − εHF

i − εHF
j (5.54b)

In this case, we obtain the dynamical kernel

Ξ̄(ω) = V ·
(

ω1−CHF
)−1
· V † (5.55)

with

Ξ̄GF2
ia,jb(ω) =

δab

2 ∑
klc

〈kl||ic〉 〈kl||jc〉
ω−

(
εHF

a + εHF
c − εHF

k − εHF
l

)
+

δij

2 ∑
kcd

〈ak||cd〉 〈bk||cd〉
ω−

(
εHF

c + εHF
d − εHF

k − εHF
i

)
−∑

kc

〈jc||ik〉 〈ka||cb〉
ω−

(
εHF

b + εHF
c − εHF

k − εHF
i

)
−∑

kc

〈jk||ic〉 〈ca||kb〉
ω−

(
εHF

a + εHF
c − εHF

k − εHF
j

)
+

1
2 ∑

kl

〈aj||kl〉 〈lk||bi〉
ω−

(
εHF

a + εHF
b − εHF

k − εHF
l

)
+

1
2 ∑

cd

〈aj||cd〉 〈dc||bi〉
ω−

(
εHF

c + εHF
d − εHF

i − εHF
j

)

(5.56)

where one can see that we recover the four terms of the original dynamical kernel
(5.48) with two additional self-energy terms that correspond to partial renormal-
ization of the particle and hole sectors of the self-energy (forward time-ordered
diagrams). Therefore, in order to avoid double counting, one must use HF orbital
energies instead of GF2 quasiparticle energies in Eq. (5.53). However, the particle
(hole) propagator is only renormalized by the 2p1h (2h1p) configurations and not the
2h1p (2p1h) configurations.

The expression (5.56) has a strong connection with the ADC(2) method for the
polarization propagator (i.e., for neutral excitations) [75, 79, 378, 547, 548]. Indeed,
the blocks CHF and V in ADC(2) have identical expressions. However, in ADC(2),
the 1h1p block has three additional second-order static terms. By replacing AHF by
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AHF + ĀGF2 in Eq. (5.53) with

ĀGF2
ia,jb =

δij

4 ∑
klc

[
〈ac||kl〉 〈kl||bc〉

εHF
a − εHF

k + εHF
c − εHF

l
+

〈ac||kl〉 〈kl||bc〉
εHF

b − εHF
k + εHF

c − εHF
l

]

+
δab

4 ∑
kcd

[
〈cd||ik〉 〈jk||cd〉

εHF
c − εHF

i + εHF
d − εHF

k
+

〈cd||ik〉 〈jk||cd〉
εHF

c − εHF
j + εHF

d − εHF
k

]

− 1
2 ∑

kc

[
〈ac||ik〉 〈jk||bc〉

εHF
a − εHF

i + εHF
c − εHF

k
+

〈ac||ik〉 〈jk||bc〉
εHF

b − εHF
j + εHF

c − εHF
k

] (5.57)

one ends up with exactly the ADC(2) secular equations. Although static, the first two
terms are particularly crucial as they complete the renormalization of the HF orbital
energies via the introduction of the missing backward time-ordered diagrams.

5.3.3 First-order GW kernel

Within the GW approximation, using the self-energy defined in Eq. (5.22), the BSE
kernel reads [98, 100, 102, 549]

i
δΣGW(34)

δG(65)
= −δ(G(34)Wc(34)

δG(65)

= −Wc(34)
δG(34)
δG(65)

− G(34)
δWc(34)
δG(65)

= ΞGW(35, 46) + ΘGW(35, 46)

(5.58)

and it is common practice to neglect ΘGW [18, 19, 199, 225, 467]. (We shall come back
to this point later on.) Thus, one gets the following static kernel elements [19]

ΞGW
pq,rs = 2 ∑

m

Mph
pr,m Mph

qs,m

Ωph
m

(5.59)

As for the GF2 case, it is possible to go beyond the static approximation by taking
into account the dynamical structure of W, that is [31],

Ξ̃GW
ia,jb(ω) = −∑

m

Mph
ij,m Mph

ab,m

ω− (εGW
b − εGW

i + Ωph
m )

−∑
m

Mph
ij,m Mph

ab,m

ω− (εGW
a − εGW

j + Ωph
m )

(5.60)

By removing the screening effects from GW, i.e., by performing the following sub-
stitutions, Ωph

m → εHF
a − εHF

i and Mph
pq,m → 〈pi|qa〉, one recovers the two ph terms of

Eq. (5.48), without, of course, the exchange part.
As shown in Ref. [24], at the BSE@GW level, the upfolding process yields

H̃GW =

 AGW Jph Kph(
Kph)† CGW 0(
Jph)† 0 CGW

 (5.61)
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with the usual static expression for the 1h1p part

AGW
ia,jb = (εGW

a − εGW
i )δijδab + 〈ib||aj〉 (5.62)

a diagonal 2h2p block with elements

CGW
iam,iam = Ωph

m + εGW
a − εGW

i (5.63)

and coupling blocks that read

Jph
ia,kcm = −δac Mph

ik,m (5.64a)

Kph
ia,kcm = +δik Mph

ac,m (5.64b)

Again, H̃GW is a non-Hermitian matrix with two sets of double excitations. By
downfolding we get

Ξ̃GW(ω) = Jph ·
(

ω1−CGW
)−1
·
(

Kph
)†

+ Kph ·
(

ω1−CGW
)−1
·
(

Jph
)† (5.65)

which gives us back the dynamical kernel (5.60). As proposed by Bintrim and Berkel-
bach [24], one can also symmetrize H̃GW and remove the additional 2h2p block by
defining

H̄GW =

 AHF + ĀGW Jph + Kph

(
Jph + Kph)† C̄GW

 (5.66)

with
C̄GW

iam,iam = Ωph
m + εHF

a − εHF
i (5.67)

but, again, the resulting dynamical kernel

Ξ̄GW(ω) =
(

Jph + Kph
)
·
(

ω1− C̄GW
)−1
·
(

Jph + Kph
)†

(5.68)

contains additional self-energy terms:

Ξ̄GW
ia,jb(ω) = δab ∑

km

Mph
ik,m Mph

jk,m

ω− (εHF
a − εHF

k + Ωph
m )

+ δij ∑
cm

Mph
ac,m Mph

bc,m

ω− (εHF
c − εHF

i + Ωph
m )

−∑
m

Mph
ij,m Mph

ab,m

ω− (εHF
b − εHF

i + Ωph
m )

−∑
m

Mph
ij,m Mph

ab,m

ω− (εHF
a − εHF

j + Ωph
m )

(5.69)

It has been found to severely affect the excitation energies due to the lack of backward
time-ordered diagrams in the self-energy [24]. Hence, inspired by the ADC(2) expres-
sion, one could consider adding the missing self-energy terms (which correspond to
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the inclusion of the backward time-ordered diagrams) by defining the elements of
ĀGW in Eq. (5.66) as

ĀGW
ia,jb =

δij

2 ∑
km

 Mph
ak,m Mph

bk,m

εHF
a − εHF

k + Ωph
m

+
Mph

ak,m Mph
bk,m

εHF
b − εHF

k + Ωph
m


− δab

2 ∑
cm

 Mph
ic,m Mph

jc,m

εHF
i − εHF

c −Ωph
m

+
Mph

ic,m Mph
jc,m

εHF
j − εHF

c −Ωph
m

 (5.70)

One can then solely rely on HF orbital energies in the previous expressions, instead
of the GW quasiparticles [24]. The study of the performance of this new scheme is
left for future work.

5.3.4 Second-order GW kernel

As mentioned above, it is customary to neglect the functional derivative δWc/δG
in the expression of the GW kernel [see Eq. (5.58)]. However, a second-order GW
kernel, ΘGW , that takes into account this additional term has been recently derived
by Yamada et al. [550] and tested on the Thiel benchmark set [551–554] within the
plasmon-pole approximation. In the following, we refer to this scheme as BSE2@GW.

The second-order GW kernel is naturally divided into two terms as follows:

ΘGW(35, 46) = iG(35)G(64)W(34)W(56)
+ iG(35)G(64)W(36)W(54)

(5.71)

Contrary to ΞGW which corresponds to the screening of the exchange term, the
two additional second-order terms included in ΘGW screen the direct term. As a
consequence, BSE2@GW only alters the excitation energies of the singlet excited
states, while triplet states remain unaffected by this second-order correction.

In the spinorbital basis, we obtain the following static kernel elements:

ΘGW
pq,rs = ∑

kc

Wrk,pcWqc,sk

εGW
c − εGW

k
+ ∑

kc

Wrc,pkWqk,sc

εGW
c − εGW

k

+ ∑
kl

Wqr,klWkl,ps

εGW
k + εGW

l
−∑

cd

Wqr,cdWcd,ps

εGW
c + εGW

d

(5.72)

where
Wpq,rs = − 〈pq|rs〉+ ΞGW

pq,rs (5.73)
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are the elements of the dynamically-screened Coulomb potential in its static limit,
while the elements of the dynamical kernel for the resonant block are [550]

Θ̃GW
ia,jb(ω) =−∑

kc

Wac,bkWjk,ic

ω−
(

εGW
a + εGW

c − εGW
k − εGW

j

)
−∑

kc

Wak,bcWki,cj

ω−
(
εGW

c + εGW
b − εGW

i − εGW
k

)
+ ∑

cd

Waj,cdWcd,ib

ω−
(

εGW
c + εGW

d − εGW
j − εGW

i

)
+ ∑

kl

Waj,klWkl,ib

ω−
(
εGW

a + εGW
b − εGW

k − εGW
l

)

(5.74)

where one readily sees that hp, ph, pp, and hh contributions are included at the
BSE2@GW level. As for the GF2 kernel (see Sec. 5.3.2), one can easily derive an
upfolded version of this second-order kernel.

5.3.5 First-order T-matrix kernel

Another possible BSE kernel can be constructed using the T-matrix self-energy [see
Eq. (5.29)]. A detailed study of this kernel is performed in Ref. [30]. Following a
similar derivation as the GW kernel, one gets at the BSE@GT level

ΞGT(35, 46) = i
δΣGT(34)

δG(65)
= −δ(G(87)Tc(37, 48))

δG(65)

= −Tc(37, 48)
δG(87)
δG(65)

− G(87)
δTc(37, 48)

δG(65)
= −Tc(35, 46)

(5.75)

where again we neglect the functional derivative δTc/δG . (To be best of our knowl-
edge, a second-order expression of the T-matrix kernel has not yet been derived.)

The elements of the static T-matrix kernel are given by [73]

ΞGT
pq,rs = −∑

n

Mpp
pq,n Mpp

rs,n

Ωpp
n

+ ∑
n

Mhh
pq,n Mhh

rs,n

Ωhh
n

(5.76)

where the expressions for the screened integrals have already been established in
Sec. 5.2.4.

Going beyond the static approximation, one gets the dynamical T-matrix kernel
[30]

Ξ̃GT
ia,jb(ω) = ∑

n

Mpp
aj,n Mpp

bi,n

ω− (Ωpp
n − εGT

i − εGT
j )

+ ∑
n

Mhh
aj,n Mhh

bi,n

ω− (εGT
a + εGT

b −Ωhh
n )

(5.77)

It is interesting to note that, by removing the resummation effect of the T-matrix,
i.e., by performing the following substitutions, Ωpp

n → εHF
a + εHF

b , Ωhh
n → εHF

i + εHF
j ,
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Mpp
pq,m → 〈pq||cd〉, and Mhh

pq,m → 〈pq||ij〉, one recovers both the direct and exchange
parts of the pp and hh terms from Eq. (5.48).

The upfolding process gives us

H̃GT =

 AGT Kpp Ihh

(Lpp)† Cpp 0(
Jhh)† 0 Chh

 (5.78)

with
AGT

ia,jb = (εGT
a − εGT

i )δijδab + 〈ib||aj〉 (5.79)

and the following expressions for the diagonal blocks Cpp and Chh

Cpp
ijn,ijn = Ωpp

n − εGT
i − εGT

j (5.80a)

Chh
abn,abn = εGT

a + εGT
b −Ωhh

n (5.80b)

while the coupling blocks read

Ihh
ia,cdn = δac Mhh

di,n Jhh
ia,cdn = δad Mhh

ci,n (5.81a)

Kpp
ia,kln = δil M

pp
ak,n Lpp

ia,kln = δik Mpp
al,n (5.81b)

By downfolding Eq. (5.78), we obtain

Ξ̃GT(ω) = Kpp · (ω1−Cpp)−1 · (Lpp)†

+ Ihh ·
(

ω1−Chh
)−1
·
(

Jhh
)† (5.82)

which gives back the dynamical kernel (5.77). Symmetrizing Eq. (5.78) has been
revealed to be challenging, and we have not found any satisfying form.

5.4 Computational Details

All systems investigated in this study possess a closed-shell singlet ground state,
and thus we employ the restricted formalism exclusively. As mentioned earlier, we
initiate all calculations from HF orbitals and energies. We focus on two sets of atoms
and molecules: one set pertains to charged excitations, where we solely consider the
principal ionization potentials (IPs), while the other set concerns neutral excitations,
where we compute singlet and triplet vertical excitation energies. In all calculations,
the positive infinitesimal η is set to zero.

The first set comprises 20 atoms and molecules from the GW100 test set [391],
denoted as GW20, previously explored in Refs. [28, 515]. We adopt the geometries for
the GW20 set from Ref. [391]. Calculations of IPs are performed using three different
schemes: GF2, GW, and GT. All occupied and virtual orbitals are corrected. For
each scheme, we compute the linearized solution of the quasiparticle equation by
solving Eq. (5.9) and the dynamical solution by employing Newton’s method starting
from the linearized solution. The results presented in Appendix E indicate that
the linearization procedure has minimal impact on the GW and GT quasiparticles
energies, while it improves the accuracy of GF2. Consequently, all quasiparticle
energies are obtained via linearization of quasiparticle equation [see Eq. (5.9)]. It is
important to note that the GW and GT calculations are carried out without the TDA
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for the calculation of W and T, respectively. As reference data, we rely on CCSD(T)
IPs computed in the same basis.

The second set comprises 7 molecules as considered in Ref. [29]. The correspond-
ing geometries are extracted from the same work. Singlet and triplet transition
energies are computed using the aug-cc-pVTZ basis via BSE utilizing the quasipar-
ticle energies and kernels from the three different approximations under consid-
eration (GF2, GW, and GT). For each scheme (BSE@GF2, BSE@GW, BSE2@GW,
and BSE@GT), we also incorporate their respective dynamical corrections, named
dBSE@GF2, dBSE@GW, dBSE2@GW, and dBSE@GT. To facilitate comparison, we
also perform TDHF and CIS calculations. Our results are benchmarked against the
theoretical best estimates (TBEs) from Ref. [29], from which we also extract transition
energies computed using various second-order methods: CIS(D) [262, 263], ADC(2)
[79, 264], CC2 [265], and EOM-CCSD [246, 341].

Here, we detail the strategy for the computation of neutral excitations within the
BSE formalism. First, we solve the linearized quasiparticle equation [see Eq. (5.9)]
to obtain the quasiparticle solutions. Then, for the static calculations, we solve the
eigenvalue problem of Eq. (5.39) using the various static kernels. Finally, for the
dynamic corrections, we compute the corrected excitation energies using Eqs. (??)
and (??) and the corresponding dynamical kernels.

Various statistical quantities with respect to the reference values [CCSD(T) for IPs
and TBEs for transition energies] are reported: mean absolute error (MAE), mean
signed error (MSE), root-mean-square error (RMSE), and maximum error (Max).
All static and dynamic BSE calculations, as well as CIS and TDHF calculations, are
performed using the freely available software QUACK, which can be found on GITHUB

[242].

5.5 Results and discussion

5.5.1 Ionization potentials

The IPs of the GW20 set using the different approximations of the self-energy are
reported in Table 5.1, where we also report the HF values. It clearly shows the
superiority of the GW approximation for the calculation of IPs compared to the GF2
approximation. Indeed, we can see that the different statistical errors associated with
GW (MAE and MSE of 0.28 eV and 0.23 eV, respectively) are much smaller than the
ones of GF2 (MAE and MSE of 0.56 eV and −0.55 eV, respectively). For example,
we have a maximum error of 1.60 eV for GF2 whereas GW has a maximum error
of 0.85 eV. We can note that the GT approximation (MAE and MSE of 0.26 eV and
−0.18 eV, respectively) presents a similar MAE and maximum error as GW, while
its MSE has also a similar magnitude but opposite sign. An analogous conclusion
was reached by Zhang and coworkers for larger systems [73]. Note also that similar
trends on ionization potentials were found by Bruneval et al. [407]

5.5.2 Vertical transition energies

The results of our calculations for vertical transition energies using the aug-cc-pVTZ
basis set are summarized in Tables 5.2 and 5.3 for the singlet and triplet excited states,
respectively. They also report separate statistical errors for different classes of singlet
and triplet excitations: valence (Val.) and Rydberg (Ryd.) excited states.

As expected, both CIS and TDHF exhibit large statistical errors compared to the
TBEs. It is well known that TDHF provides a poor description of triplet excitations,
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Table 5.1: Principal IPs (in eV) of the GW20 set
computed with various approximations using the
cc-pVTZ basis.

Mol. HF GF2 GW GT ∆CCSD(T)

He 24.97 24.54 24.58 24.77 24.53
Ne 23.01 20.13 21.40 21.02 21.30
H2 16.17 16.31 16.49 16.26 16.40
Li2 4.95 5.19 5.35 5.04 5.23
LiH 8.20 7.99 8.16 8.14 7.99
HF 17.53 14.72 16.18 15.63 15.98
Ar 16.06 15.39 15.70 15.49 15.53
H2O 13.75 11.52 12.81 12.24 12.53
LiF 12.92 9.81 11.38 10.95 11.39
HCl 12.95 12.40 12.75 12.48 12.59
BeO 10.50 8.38 9.78 9.21 9.98
CO 15.35 14.17 15.03 14.44 14.21
N2 17.23 15.09 17.09 15.70 15.49
CH4 14.84 14.11 14.75 14.28 14.38
BH3 13.56 13.25 13.65 13.30 13.28
NH3 11.61 10.18 11.15 10.62 10.78
BF 11.00 11.02 11.29 10.92 11.09
BN 11.52 10.99 11.70 11.12 11.99
SH2 10.46 10.15 10.46 10.15 10.32
F2 18.09 14.26 16.31 15.38 15.68
MAE 0.81 0.56 0.28 0.26
MSE 0.70 -0.55 0.23 -0.18
RMSE 1.04 0.80 0.36 0.34
Max 2.41 1.60 0.85 0.87
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Table 5.2: Singlet excitation energies (in eV) of various molecules computed using the aug-cc-pVTZ basis set at different levels of theory. The
dynamically-corrected BSE transition energies (dBSE) are reported in parentheses. CT stands for charge transfer. The statistical descriptors associated
with the errors with respect to the reference values are also reported for the entire dataset and separately for valence (Val.) and Rydberg (Ryd.)
excited states.

Mol. Nature CIS TDHF BSE@GF2 BSE@GW BSE2@GW BSE@GT CIS(D) ADC(2) CC2 CCSD TBE

HCl CT 8.32 8.27 8.17 (7.99) 8.30 (8.19) 8.48 (8.36) 7.56 (7.52) 6.07 7.97 7.96 7.91 7.84
H2O Ryd. 8.69 8.64 7.13 (7.01) 8.09 (8.01) 8.24 (8.14) 7.12 (7.08) 7.62 7.18 7.23 7.60 7.17

Ryd. 10.36 10.31 8.71 (8.66) 9.80 (9.72) 9.91 (9.84) 8.88 (8.84) 9.41 8.84 8.89 9.36 8.92
Ryd. 10.96 10.93 9.49 (9.36) 10.42 (10.35) 10.53 (10.45) 9.55 (9.51) 9.99 9.52 9.58 9.96 9.52

N2 Val. 9.95 9.70 9.83 (9.28) 10.42 (9.99) 11.28 (10.74) 7.89 (7.78) 9.66 9.48 9.44 9.41 9.34
Val. 8.43 7.86 10.72 (9.69) 10.11 (9.66) 11.35 (10.70) 8.18 (8.02) 10.31 10.26 10.32 10.00 9.88
Val. 8.98 8.68 11.28 (10.34) 10.75 (10.33) 11.45 (10.86) 8.47 (8.36) 10.85 10.79 10.86 10.44 10.29
Ryd. 14.48 14.46 12.30 (12.29) 13.60 (13.57) 13.61 (13.57) 12.71 (12.68) 13.67 12.99 12.83 13.15 12.98
Ryd. 14.95 14.87 14.19 (14.07) 13.98 (13.94) 14.08 (14.03) 13.69 (13.66) 13.64 13.32 13.15 13.43 13.03
Ryd. 14.42 13.98 12.84 (12.84) 13.98 (13.91) 14.13 (14.08) 13.16 (13.11) 13.75 13.07 12.89 13.26 13.09
Ryd. 13.56 13.54 12.99 (12.96) 14.24 (14.21) 14.30 (14.27) 13.54 (13.47) 14.52 14.00 13.96 13.67 13.46

CO Val. 9.00 8.72 9.40 (8.84) 9.54 (9.20) 10.15 (9.74) 7.63 (7.53) 8.78 8.69 8.64 8.59 8.49
Val. 9.61 9.25 10.11 (9.43) 10.25 (9.91) 11.27 (10.79) 8.62 (8.52) 10.13 10.03 10.30 9.99 9.92
Val. 10.02 9.82 10.39 (9.83) 10.72 (10.40) 11.23 (10.77) 8.80 (8.72) 10.41 10.30 10.60 10.12 10.06
Ryd. 12.12 12.08 11.04 (11.00) 11.88 (11.85) 11.86 (11.83) 11.16 (11.13) 11.48 11.32 11.11 11.22 10.95
Ryd. 12.72 12.71 11.72 (11.65) 12.39 (12.37) 12.45 (12.42) 11.81 (11.80) 11.71 11.83 11.63 11.75 11.52
Ryd. 12.82 12.81 11.69 (11.62) 12.37 (12.32) 12.46 (12.41) 11.68 (11.67) 12.06 12.03 11.83 11.96 11.72

C2H2 Val. 6.27 5.90 7.95 (7.33) 7.37 (7.05) 8.09 (7.67) 5.72 (5.63) 7.28 7.24 7.26 7.15 7.10
Val. 6.61 6.42 8.15 (7.59) 7.74 (7.46) 8.17 (7.81) 5.94 (5.87) 7.62 7.56 7.59 7.48 7.44

C2H4 Ryd. 7.15 7.13 7.41 (7.31) 7.64 (7.62) 7.69 (7.66) 7.01 (6.98) 7.35 7.34 7.29 7.42 7.39
Val. 7.72 7.37 8.36 (8.11) 8.19 (8.04) 8.34 (8.31) 7.02 (6.97) 7.95 7.91 7.92 8.02 7.93
Ryd. 7.74 7.73 8.04 (7.97) 8.29 (8.26) 8.35 (8.35) 7.64 (7.61) 8.01 7.99 7.95 8.08 8.08

CH2O Val. 4.57 4.39 4.82 (4.26) 5.03 (4.68) 5.66 (5.17) 2.78 (2.68) 4.04 3.92 4.07 4.01 3.98
Ryd. 8.59 8.59 6.36 (6.40) 7.87 (7.85) 7.87 (7.88) 7.11 (7.09) 6.64 6.50 6.56 7.23 7.23
Ryd. 9.41 9.40 7.50 (7.45) 8.76 (8.72) 8.83 (8.79) 7.87 (7.85) 7.56 7.53 7.57 8.12 8.13
Ryd. 9.53 9.58 7.39 (7.41 ) 8.85 (8.84) 8.85 (8.86) 8.12 (8.11) 8.16 7.47 7.52 8.21 8.23
Ryd. 10.02 10.02 7.40 (7.37) 8.87 (8.85) 8.92 (8.89) 8.00 (7.99) 8.04 7.99 8.04 8.65 8.67
Val. 9.82 9.57 10.00 (9.34) 10.19 (9.77) 11.00 (10.48) 7.54 (7.44) 9.38 9.17 9.32 9.28 9.22
Val. 9.72 9.21 9.95 (9.82) 10.06 (9.82) 10.39 (10.14) 8.38 (8.31) 9.08 9.46 9.54 9.67 9.43

MAE 0.92 0.94 0.52 (0.35) 0.64 (0.50) 0.96 (0.76) 0.69 (0.74) 0.43 0.24 0.25 0.15
MSE 0.54 0.38 0.15 (-0.13) 0.64 (0.48) 0.96 (0.76) -0.60 (-0.66) 0.14 0.02 0.03 0.14
RMSE 1.06 1.09 0.63 (0.47) 0.71 (0.58) 1.06 (0.82) 0.92 (0.98) 0.55 0.33 0.33 0.20
Max 1.92 2.02 1.27 (1.30) 1.08 (0.91) 1.94 (1.40) 1.82 (1.93) 1.77 0.76 0.71 0.44
MAE Val. 0.63 0.74 0.66 (0.23) 0.61 (0.32) 1.27 (0.84) 1.34 (1.44) 0.26 0.17 0.23 0.09
MSE Val. -0.20 -0.52 0.66 (0.06) 0.61 (0.27) 1.27 (0.84) -1.34 (-1.44) 0.20 0.14 0.23 0.09
RMSE Val. 0.75 0.94 0.70 (0.26) 0.69 (0.41) 1.35 (0.91) 1.37 (1.47) 0.30 0.22 0.30 0.11
Max Val. 1.45 2.02 0.99 (0.49) 1.08 (0.71) 1.94 (1.40) 1.82 (1.93) 0.56 0.50 0.57 0.24
MAE Ryd. 1.16 1.12 0.43 (0.45) 0.68 (0.64) 0.75 (0.71) 0.23 (0.23) 0.47 0.30 0.27 0.19
MSE Ryd. 1.09 1.04 -0.24 (-0.30) 0.68 (0.64) 0.75 (0.71) -0.07 (-0.09) 0.22 -0.07 -0.13 0.19
RMSE Ryd. 1.26 1.22 0.59 (0.59) 0.73 (0.69) 0.80 (0.76) 0.31 (0.31) 0.54 0.41 0.36 0.25
Max Ryd. 1.92 1.84 1.27 (1.30) 0.95 (0.91) 1.07 (1.00) 0.67 (0.68) 1.06 0.76 0.71 0.44
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Table 5.3: Triplet excitation energies (in eV) of various molecules computed using the aug-cc-pVTZ basis set at different levels of
theory. The dynamically-corrected BSE transition energies (dBSE) are reported in parentheses. The statistical descriptors associated
with the errors with respect to the reference values are also reported for the entire dataset and separately for valence (Val.) and
Rydberg (Ryd.) excited states.

Mol. Nature CIS TDHF BSE@GF2 BSE@GW BSE@GT CIS(D) ADC(2) CC2 CCSD TBE

H2O Ryd. 8.00 7.88 7.02 (6.80) 7.62 (7.48) 6.60 (6.54) 7.25 6.86 6.91 7.20 6.92
Ryd. 10.01 9.88 8.68 (8.60) 9.61 (9.50) 8.65 (8.58) 9.24 8.72 8.77 9.20 8.91
Ryd. 10.10 9.87 9.33 (9.09) 9.81 (9.67) 8.82 (8.75) 9.54 9.15 9.20 9.49 9.30

N2 Val. 6.16 3.36 8.88 (7.41) 8.03 (7.38) 6.17 (5.91) 8.20 8.15 8.19 7.66 7.70
Val. 7.95 7.57 9.04 (8.10) 8.66 (8.10) 6.30 (6.12) 8.33 8.20 8.19 8.09 8.01
Val. 7.23 5.72 9.94 (8.67) 9.04 (8.48) 7.11 (6.90) 9.30 9.25 9.30 8.91 8.87
Val. 8.43 7.86 10.91 (9.88) 10.11 (9.66) 7.99 (7.85) 10.29 10.23 10.29 9.83 9.66

CO Val. 5.81 5.22 7.59 (6.45) 6.80 (6.25) 4.99 (4.76) 6.51 6.45 6.42 6.36 6.28
Val. 7.68 6.21 8.80 (7.71) 8.57 (8.07) 7.02 (6.81) 8.63 8.54 8.72 8.34 8.45
Val. 8.61 7.71 9.58 (8.68) 9.39 (8.96) 7.78 (7.62) 9.44 9.33 9.56 9.23 9.27
Val. 9.61 9.25 10.24 (9.56) 10.25 (9.91) 8.49 (8.39) 10.10 10.01 10.27 9.81 9.80
Ryd. 11.13 11.03 10.86 (10.71) 11.17 (11.07) 10.48 (10.41) 10.98 10.83 10.60 10.71 10.47

C2H2 Val. 4.51 2.16 7.09 (6.13) 5.83 (5.32) 4.18 (3.99) 5.79 5.75 5.76 5.45 5.53
Val. 5.41 4.44 7.60 (6.81) 6.64 (6.24) 4.97 (4.83) 6.62 6.57 6.60 6.41 6.40
Val. 6.27 5.90 8.05 (7.43) 7.37 (7.05) 5.66 (5.57) 7.31 7.27 7.29 7.12 7.08

C2H4 Val. 3.61 0.76 6.15 (5.20) 4.96 (4.50) 3.15 (2.07) 4.62 4.59 4.59 4.46 4.54
Ryd. 6.92 6.88 7.40 (7.25) 7.46 (7.42) 6.83 (6.07) 7.26 7.23 7.19 7.29 7.23
Ryd. 7.65 7.62 8.04 (7.96) 8.23 (8.19) 7.58 (7.17) 7.97 7.95 7.91 8.03 7.98

CH2O Val. 3.75 3.40 4.52 (3.83) 4.28 (3.88) 2.17 (2.02) 3.58 3.46 3.59 3.56 3.58
Val. 4.88 1.95 5.96 (4.31) 6.32 (5.76) 4.26 (4.03) 6.27 6.20 6.30 5.97 6.06
Ryd. 8.25 8.17 6.32 (6.28) 7.60 (7.56) 6.79 (6.75) 6.66 6.39 6.44 7.08 7.06

MAE 0.82 1.65 0.72 (0.39) 0.41 (0.27) 1.10 (1.33) 0.27 0.21 0.24 0.10
MSE -0.34 -1.25 0.61 (-0.11) 0.41 (0.06) -1.10 (-1.33) 0.23 0.10 0.14 0.05
RMSE 0.92 2.10 0.88 (0.54) 0.46 (0.33) 1.25 (1.48) 0.31 0.27 0.30 0.13
Max 1.64 4.34 1.61 (1.75) 0.70 (0.60) 1.80 (2.47) 0.63 0.67 0.63 0.29
MAE Val. 0.83 2.12 0.95 (0.47) 0.36 (0.19) 1.50 (1.74) 0.27 0.21 0.27 0.06
MSE Val. -0.81 -2.12 0.94 (-0.08) 0.36 (-0.12) -1.50 (-1.74) 0.27 0.20 0.27 -0.00
RMSE Val. 0.96 2.52 1.06 (0.62) 0.40 (0.23) 1.51 (1.76) 0.31 0.26 0.32 0.08
Max Val. 1.64 4.34 1.61 (1.75) 0.70 (0.39) 1.80 (2.47) 0.63 0.57 0.63 0.17
MAE Ryd. 0.78 0.70 0.25 (0.24) 0.52 (0.43) 0.31 (0.51) 0.26 0.21 0.16 0.16
MSE Ryd. 0.60 0.49 -0.03 (-0.17) 0.52 (0.43) -0.30 (-0.51) 0.15 -0.11 -0.12 0.16
RMSE Ryd. 0.85 0.75 0.34 (0.34) 0.55 (0.46) 0.34 (0.62) 0.32 0.30 0.25 0.19
Max Ryd. 1.19 1.11 0.74 (0.78) 0.70 (0.60) 0.48 (1.16) 0.51 0.67 0.62 0.29
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often leading to triplet instabilities [58, 555]. One notices that TDHF is particularly bad
at valence excitations. On the other hand, CIS provides a more balanced description
of singlets and triplets, thanks to error cancellation.

In Appendix E, we report additional TDHF calculations using the GF2, GW, and
GT quasiparticles (without their corresponding kernel) instead of HF orbital energies.
These calculations, referred to as TDHF@GF2, TDHF@GW, and TDHF@GT, allow us
to observe the effects of different kernels and quasiparticles on the excitation energies.
We find that the sole introduction of quasiparticle energies does not improve the
description of singlet excitations. It should be noted that these calculations for triplet
excitations resulted in instabilities and are not shown.

The inclusion of the corresponding BSE kernel significantly improves the de-
scription of both singlet and triplet excitations. This highlights the key role of the
excitonic effect (i.e., the attractive interaction of the excited electron and the hole left
behind), which is captured by the BSE kernel and is crucial for an accurate descrip-
tion of neutral excitations. Importantly, BSE@GF2 (MAE and MSE of 0.52 eV and
0.15 eV, respectively) provides better excitation energies for singlet states compared
to BSE@GW (MAE and MSE of 0.64 eV), as indicated by their respective statistical
descriptors. This observation suggests that the versatility of the GF2 kernel, which
contains ph, hp, pp, and hh terms, is a key factor behind its superior performance
in describing singlet excitations (see Sec. 5.3.2). However, these trends might be
different for larger chemical systems where screening effects become predominant.
Furthermore, while BSE@GF2 exhibits a similar accuracy to the second-order method
CIS(D) for singlet excitations, BSE@GW outperforms BSE@GF2 for triplet excitations.
Another notable observation is that the static GF2 kernel provides a better description
of Rydberg excitations compared to valence states. Conversely, the static GW kernel
performs better for valence than Rydberg excitations. These hold for both singlet and
triplet transitions. A last point worth highlighting is the contrasted performance of
BSE@GT for the two classes of excitations: while the accuracy of BSE@GT is poor for
the valence states (MAEs of 1.34 eV and 1.50 eV for singlets and triplets, respectively),
it can be considered accurate for Rydberg transitions (MAEs of 0.23 eV and 0.31 eV for
singlets and triplets, respectively), where the excited-state density is much lower than
the ground-state one, a situation where ladder diagrams are known to be relevant
(see Sec. 5.2.4).

By taking into account the dynamical corrections, we observe an overall im-
provement in the description of both singlet and triplet excitations, except at the
BSE@GT level. From a general point of view, as previously mentioned and analyzed
in Refs. [29], Rydberg excitations are less affected by dynamical effects than valence
excitations across all BSE kernels. For singlet excitations, dBSE@GF2 outperforms
CIS(D), especially for singlet valence excitations where its performance surpasses that
of all second-order methods, except for EOM-CCSD, which is known to be highly
accurate for small molecular systems [143, 145]. Although dBSE@GW shows an im-
provement compared to its static version, it does not reach the accuracy of dBSE@GF2
or second-order methods. However, for triplet excitations, dBSE@GW is on par with
CIS(D), ADC(2), CC2, and EOM-CCSD, while dBSE@GF2 falls short of the accuracy
of CIS(D). In particular, for triplet valence excitations, dBSE@GW outperforms all
second-order methods, except EOM-CCSD. For these small molecular systems, both
at the static and dynamic levels, the second-order scheme BSE2@GW does not bring
any improvement upon its first-order version.
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Figure 5.1: Evolution of the lowest singlet and triplet vertical excitation energies
(in eV) of cycl[3,3,3]zine evaluated with different computational methods using the
cc-pVDZ basis.

Table 5.4: Lowest singlet and triplet vertical exci-
tation energies, ES and ET, and resulting singlet-
triplet gap ∆EST (in eV) of cycl[3,3,3]zine com-
puted at various levels of theory using the cc-
pVDZ basis. The percentage of single excitations
involved in each transition, %T1, computed at
the EOM-CC3 level is reported in parenthesis.

Method ES ET ∆EST

CIS 1.83 1.50 +0.33
TDHF 1.68 1.08 +0.60
BSE@GW 1.25 0.97 +0.28
dBSE@GW 1.16 0.84 +0.32
BSE2@GW 0.99 0.97 +0.02
dBSE2@GW 0.67 0.84 -0.17
CIS(D) 1.07 1.37 -0.30
ADC(2) 1.04 1.20 -0.16
ADC(3) 0.78 0.87 -0.09
EOM-CC2 1.09 1.25 -0.16
EOM-CCSD 1.09 1.19 -0.10
EOM-CC3 0.98 (87%) 1.15 (96%) -0.17



126 Chapter 5. Connections and performances of Green’s function methods

5.5.3 Singlet-triplet gap of cycl[3,3,3]zine

Molecules with an inverted singlet-triplet gap (i.e., where the lowest singlet excited
state is lower in energy than the lowest triplet state) are of particular interest in TADF
[556, 557] because they can harness both singlet and triplet excitons for emission,
thereby enhancing the efficiency of OLEDs [558, 559]. Thanks to this inverted gap,
the system can undergo efficient reverse intersystem crossing, a process in which the
population from the triplet state can be thermally activated and transferred back to
the singlet state, resulting in delayed fluorescence.

Recently, such systems have been scrutinized at different computational levels,
including TD-DFT and second-order wave function methods, such as CIS(D), ADC(2),
and EOM-CCSD [560–566]. In particular, de Silva has shown that this inversion
requires a substantial contribution from the double excitations [560]. This explains
why adiabatic TD-DFT is not able to reproduce this particular feature, and second- or
higher-order methods are required where double excitations are explicitly treated.

Following the computational protocol of Ref. [560], we compute the lowest singlet
and triplet excitation energies, ES and ET, as well as the corresponding singlet-triplet
gap, ∆EST, of cycl[3,3,3]zine (see Fig. 5.1), a model molecular emitter for TADF, with
the cc-pVDZ basis at various levels of theory. The geometry of cycl[3,3,3]zine has
been optimized at the B3LYP/cc-pVDZ level and is reported in Appendix E for the
sake of completeness. Additionally, we have been able to compute the singlet-triplet
gap with third-order methods such as ADC(3) [79, 84, 266] and EOM-CC3 [146, 147].

Our results are gathered in Table 5.4 and shown in Fig. 5.1. As expected, the
BSE@GW and BSE2@GW calculations do not produce an inverted singlet-triplet gap
due to the static nature of the kernel. Because the dynamical correction of the singlet
and triplet excitation energies cancel each other pretty much exactly, dBSE@GW yields
the same state ordering. However, the second-order dynamical GW kernel (which
only corrects singlet states as explained in Sec. 5.3.4) faithfully predicts this inversion
although the corresponding excitation energies are underestimated compared to other
approaches, except ADC(3), which is known to exhibit this trend [366]. Interestingly,
ADC(2), EOM-CC2, EOM-CC3, and BSE2@GW yield essentially the same value, while
EOM-CCSD and ADC(3) slightly underestimate the gap. Because the percentage of
single excitations involved in these two valence transitions (%T1, see Table 5.4) is
high (although not negligible for the singlet state), the EOM-CC3 value is likely to be
accurate [145]. Note that, because of the poor quality of the GF2 quasiparticle energies,
we could not compute excitation energies at the (d)BSE@GF2 level as spurious poles
appeared in the BSE kernel.

5.6 Concluding remarks

In this study, our focus was on examining the relationships between different Green’s
function methods, specifically exploring various approximations for the self-energy
(GF2, GW, and GT) and their corresponding BSE kernels at the static and dynamic
levels. Additionally, we extended the upfolding process, previously confined to
the GF2 and GW frameworks, to the T-matrix approximation. The introduction of
this upfolding framework allowed us to uncover connections between GF2 and the
ADC(2) scheme concerning both charged and neutral excitations, and to propose new
directions for the development of accurate kernels at the GW level.

Subsequently, we applied these three distinct approximations to calculate the
principal IPs and vertical transition energies for both singlet and triplet states of small
molecules. Our findings can be summarized as follows:
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• Confirming previous knowledge, the GW approximation surpasses the GF2
method in accurately calculating IPs, emphasizing the significance of screening
even in small molecular systems.

• The T-matrix approximation exhibits comparable accuracy to GW, although it
falls slightly short.

• For the singlet excited states of small molecules, the GF2 kernel generally
outperforms its GW counterpart. Conversely, for triplet excitations, BSE@GW
provides more accurate vertical excitation energies.

• Importantly, our investigations highlight the sensitivity of BSE kernels to the
nature of the excited states. For example, BSE@GT is poor for valence states
while it is accurate for Rydberg transitions.

• Overall, except in the T-matrix approximation, dynamical corrections are almost
systematically beneficial.

It is important to note that these conclusions are drawn specifically for small molecules,
and it would be intriguing to explore if similar trends persist in larger systems. More-
over, it is worth mentioning that because we only rely on one-shot schemes, the
quality of our results strongly depends on the starting point (HF orbitals). It is clear
that more accurate results can be obtained using partially self-consistent schemes or
by tuning the starting point using an adequate exchange-correlation functional.

To initiate our pursuit of this objective, we examined the capability of our various
schemes to replicate the inversion of the singlet-triplet gap in cycl[3,3,3]zine, a proto-
typical molecular emitter for TADF. With the exception of one case, we observed that
all static and dynamic BSE-based schemes failed to reproduce this unique character-
istic. The only exception was the dynamically-corrected BSE2@GW scheme, which
yielded a gap value consistent with that obtained from EOM-CC3 calculations. This
observation effectively highlights the significance of higher-order terms and dynamic
effects within the BSE formalism, and we anticipate that these findings will stimulate
further advancements in this area of research.
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Chapter 6

qcmath: Mathematica modules for
electronic structure calculations

In this chapter, we present a quantum chemistry software for electronic
structure calculations based on the Wolfram Mathematica language. This

software aims to take advantage of the powerful symbolic nature of
Mathematica to help newcomers in quantum chemistry easily develop their

ideas.

6.1 Introduction

Quantum chemistry methods are highly compatible with computer utilization, owing
to the matrix formulation of quantum mechanics, which leverages the power of linear
algebra packages like BLAS and LAPACK. As a result, a wide array of quantum
chemistry software is currently available, encompassing both free and commercial
options. These software packages cater to specific methods or offer a diverse range of
methodologies, utilizing various types of basis functions, among other features. A
considerable number of quantum chemistry codes exist, covering a comprehensive
range of methods. For a comprehensive list of these codes, refer to Wikipedia’s page
on quantum chemistry and solid-state physics software.

Regrettably, despite the efficient design of many of these software packages, they
can be challenging to comprehend as they often employ low-level programming
languages. Moreover, these programs are not primarily intended for educational
purposes or for facilitating understanding. This is precisely where QCMATH comes
into play. QCMATH aims to assist newcomers in the field of quantum chemistry
by providing a user-friendly platform for developing ideas and codes. It is worth
noting that certain software packages utilize higher-level programming languages,
which can enhance code comprehension. As for QCMATH, it is a compilation of
MATHEMATICA modules specifically designed for conducting electronic structure
calculations.

Before delving into the specifics of QCMATH, let us provide an overview of the
MATHEMATICA environment. MATHEMATICA is a comprehensive software system
developed by Wolfram Research, initially conceptualized by Stephen Wolfram. It
boasts a wide range of built-in libraries that can be utilized for diverse purposes. One
of its key strengths lies in its ability to perform computer algebra operations, such as
derivatives, integrals, and expression simplifications. Furthermore, MATHEMATICA

enables the numerical evaluation of these expressions. Another notable feature is its

https://www.netlib.org/blas/
https://www.netlib.org/lapack/
https://en.wikipedia.org/wiki/List_of_quantum_chemistry_and_solid-state_physics_software
https://github.com/LCPQ/qcmath
https://www.wolfram.com/mathematica/
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advanced plotting capabilities, supporting intricate visualizations of functions in one,
two, and three dimensions. Numerous books offer extensive examples of MATHEMAT-
ICA’s applications across various domains. With its versatility, MATHEMATICA has
become a powerful tool employed in numerous scientific fields, including education,
research, and industry.

MATHEMATICA comprises two main components: the kernel and the front end.
The kernel interprets expressions and generates result expressions, which can then be
displayed using the front end. The original front end takes the form of a notebook
interface, facilitating the creation and editing of notebook documents that can contain
code, plaintext, images, and graphics. QCMATH, specifically, relies on these notebook
documents. It is important to note that QCMATH is not primarily designed for
computational efficiency but rather focuses on providing a user-friendly environment.

6.2 Installation guide

The QCMATH software can be downloaded on GITHUB as a git repository

git clone https://github.com/LCPQ/qcmath.git

Then, one must define the variable QCMATH ROOT and install PySCF using pip

pip install pyscf

PySCF is used for the computation of one- and two-electron integrals. Here is the
list of the requirements to use QCMATH:

• Linux OS

• Wolfram Mathematica ≥ 12.1

• PySCF

• Python ≥ 3.6.0

• Numpy ≥ 1.13

Note that the version of Python and Numpy is fixed by PySCF.

6.3 Quick start

Before running any QCMATH calculation, we need to define the working directory as

SetDirectory[NotebookDirectory []];

path=Directory [];

py="your_path_to_python"

NotebookEvaluate[path <>"/src/Main/Main.nb"]

To streamline the execution of other notebooks and prevent the need for directory
changes, the first line of code sets the working directory as the directory containing
the notebook. This ensures a seamless evaluation process. Following that, the second
line establishes the variable path as the current directory, which corresponds to the
working directory. The third line designates the path to your Python installation,

https://pyscf.org
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allowing for appropriate configuration. Lastly, the main notebook is evaluated, with
the inclusion of the path variable to locate the correct directory. This approach
ensures smooth execution and seamless integration of the required files.

Once this first step is done, one can run a QCMATH calculation as follows

qcmath[molecule_name ,basis_set ,methods]

To invoke the QCMATH module, use the keyword qcmath followed by three argu-
ments. These arguments are either strings or a list of strings. The first argument is the
name of the molecule to be studied, represented as a string. For example, in the case
of the H2 molecule, it would be specified as "H2" . The second argument corresponds
to the basis set and is also provided as a string. For instance, in the example of the
6-31G basis set, it would be specified as "6-31g" . In summary, taking the example
of the H2 molecule in the 6-31G basis set using the restricted Hartree-Fock method,
the QCMATH module call would resemble the following code:

qcmath["H2","6-31g",{"RHF"}]

The molecular geometry is specified in a .xyz file in the mol directory while the basis
set file is in the basis directory.

Additional options can be specified, such as the charge and spin multiplicity of
the molecule. If these options are not explicitly stated, the default values are zero
for the charge (neutral) and singlet state for the spin multiplicity. Furthermore, op-
tions related to different methods can also be specified, but we will discuss them
in the upcoming section. It is worth noting that most of the presented methods
offer both spin and spatial orbital implementations. You can choose between them
using the keyword "spinorbital" , with the default value being False (indicat-
ing spatialorbital as the default choice). For a comprehensive list of all available
options, including charge, spin multiplicity, and method-related choices, please refer
to the Main/default options.nb notebook. This notebook presents the options
in the form of a dictionary, providing a convenient reference for configuring and
customizing the calculations.

6.4 User guide

The QCMATH software is currently undergoing active development. The features
discussed below are currently available, and they represent the initial roadmap for
the software’s future. This User Guide provides a comprehensive introduction to the
underlying theoretical concepts and showcases the functionalities offered by these
methods [70, 81, 103, 567, 568]. It serves as a valuable resource to gain insights into
the theoretical background and explore the capabilities that will be incorporated into
QCMATH as it continues to evolve.

6.4.1 Ground state calculations

Hartree-Fock

In the context of the Hartree-Fock (HF) approximation, the electronic wave function is
expressed as a Slater determinant comprising N one-electron orbitals [70]. Within the
restricted HF (RHF) formalism, the Roothaan-Hall equations come into play, given by
F · C = S · C · ε. Here, F represents the Fock matrix, C denotes the matrix of orbital
coefficients, S stands for the matrix representing atomic orbital overlaps, and ε is a
diagonal matrix containing the orbital energies. Since the Fock matrix relies on the
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orbital coefficients C, which are obtained from the Fock matrix itself, these equations
necessitate a self-consistent solution. To facilitate this process, various options can be
specified to customize the calculations and achieve desired outcomes:

1. an initial guess for the Fock matrix needs to be diagonalized to give the MO
coefficients and this initial guess is described by the keyword "guess type"

• "guess type"→"core" (default) corresponds to the core Hamiltonian
defined as Hc = T + V where T is the kinetic energy matrix and V is the
external potential.

• "guess type"→"huckel" corresponds to the Hückel Hamiltonian

• "guess type"→"random" corresponds to random MO coefficients

2. converging HF calculation

• "maxSCF" : maximum number of iterations, by default "maxSCF"→100

• "threshHF" : threshold for the HF to converge, by default "threshHF"→ 10−7

• "DIIS" : we can use the Direct Inversion in the Iterative Subspace (DIIS)
where the Fock matrix is extrapolated at each iteration using the ones of
the previous iterations, by default "DIIS"→True

• "n DIIS" : by default "n DIIS"→5

• "level shift" : a level shift increases the gap between the occupied and
virtual orbitals, it can help to converge the SCF process for systems with a
small HOMO-LUMO gap, by default "level shift"→0.0 eV

3. orthogonalization matrix with the keyword "ortho type"

• "ortho type"→"lowdin" (default): Löwdin orthogonalization

• "ortho type"→"canonical" : Canonical orthogonalization

4. print supplementary information about the calculation with the keyword
"verbose"

• "verbose"→False by default, if "verbose"→True then more informa-
tion about the CPU timing and additional quantities are printed. Note that
this option is available for most methods in qcmath.

Two flavors of Hartree-Fock (HF) are available in qcmath: restricted HF (RHF) and
unrestricted HF (UHF). To run a UHF calculation, one simply does

qcmath["H2","6-31g",{"UHF"}]

Møller-Plesset (MP) perturbation theory

The second-order Møller-Plesset (MP2) correlation energy is defined by

EMP2
c =

1
4

occ

∑
ij

vir

∑
ab

| 〈ij||ab〉 |2
εHF

i + εHF
j − εHF

a − εHF
b

(6.1)

where 〈pq||rs〉 = 〈pq|rs〉 − 〈pq|sr〉 are antisymmetrized two-electron integrals (in
Dirac notations) in the spinorbital basis and the εHF

p ’s are the HF orbital energies.
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From here on, i, j, . . . are occupied spinorbitals, a, b, . . . denote virtual (unoccupied)
spinorbitals, and p, q, r, and s indicate arbitrary (orthonormal) spinorbitals. Since MP2
needs HF quantities, first, a HF calculation needs to be done. This is automatically
taken into account by QCMATH and an MP2 calculation can be done using

qcmath["H2","6-31g",{"RHF","MP2"}]

or

qcmath["H2","6-31g",{"MP2"}]

Note that in the last case, a RHF is performed by default so if one wants to rely on a
UHF reference, one has to run

qcmath["H2","6-31g",{"UHF","MP2"}]

6.4.2 Charged excitations

Methods based on the one-body Green’s function offer a means to describe charged
excitations, namely, the ionization potentials (IPs) and electron affinities (EAs) of a
system [81, 103, 457, 533]. This particular aspect forms the heart of QCMATH, with a di-
verse range of methods, approximations, and options available. To ensure clarity and
coherence, this section is organized as follows: Firstly, we provide a brief introduc-
tion to the general equations that depend on the degree of (partial) self-consistency.
These general equations are shared among the three self-energy approximations
implemented in QCMATH: the second-order Green’s function (GF2), the GW approxi-
mation, and the T-matrix approximation. By outlining these common equations, we
establish a foundational understanding of the framework. Subsequently, we present
the specific expressions corresponding to each of the self-energy approximations. This
breakdown allows for a comprehensive exploration of the distinct methodologies
incorporated in QCMATH, enabling users to leverage the most suitable approach for
their research goals.

Three levels of (partial) self-consistency are available in QCMATH:

• the one-shot scheme where quasiparticles and satellites are obtained by solving,
for each orbital p, the frequency-dependent quasiparticle equation

ω = εHF
p + Σc

pp(ω) (6.2)

where the diagonal approximation is used. Because we are, most of the time,
interested in the quasiparticle solution we can use the linearized quasiparticle
equation

εQP
p = εHF

p + ZpΣc
pp(ε

HF
p ) (6.3)

where the renormalization factor Zp is defined as

Zp =

[
1− ∂Σpp(ω)

∂ω

∣∣∣
ω=εHF

p

]−1

(6.4)

• the eigenvalue scheme where we iterate on the quasiparticle solutions of Eq (6.3)
that are used to build the self-energy Σc

pp (and Zp)

• the quasiparticle scheme where an effective Fock matrix built from a frequency-
independent Hermitian self-energy as [31]

F̃pq = Fpq + Σ̃pq (6.5)
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where
Σ̃pq =

1
2

[
Σc

pq(ε
HF
p ) + Σc

qp(ε
HF
p )
]

(6.6)

Note that the whole self-energy is computed for this last scheme.

The non-linear Eq (6.2) can be exactly transformed in a linear eigenvalue problem
by use of the upfolding process [20, 23, 32]. For each orbital p, this yields a linear
eigenvalue problem of the form

Hp · cν = εQP
ν cν (6.7)

where ν runs overall solutions, quasiparticles, and satellites and with [531]

Hp =

 εHF
p V2h1p

p V2p1h
p

(V2h1p
p )ᵀ C2h1p 0

(V2p1h
p )ᵀ 0 C2p1h

 (6.8)

Note that the different blocks will depend on the approximated self-energy. Now that
the general equations have been set, we can turn to the self-energy approximations.
Three different approximations are available in QCMATH: the second-order Green’s
function (GF2), the GW approximation, and the T-matrix approximation. For each
approximation the three partially self-consistent schemes and the upfolding process
are available. Note also that, regularization parameters are available in QCMATH.

Second-order Green’s function (GF2) approximation

The GF2 correlation self-energy is closely related to MP2 and is given by the following
expression

ΣGF2
pq (ω) =

1
2 ∑

ija

〈pa||ij〉 〈qa||ij〉
ω + εHF

a − εHF
i − εHF

j
+

1
2 ∑

iab

〈pi||ab〉 〈qi||ab〉
ω + εHF

i − εHF
a − εHF

b
(6.9)

Keywords need to be specified for the different schemes:

• "G0F2" : run a one-shot calculation

• "evGF2" : run an eigenvalue calculation

• "qsGF2" : run a quasiparticle calculation

• "upfG0F2" : run an upfolded calculation

Example of a one-shot calculation

qcmath["H2","6-31g",{"G0F2"}]

Note that here, an RHF calculation is done by default.

GW approximation

The GW correlation self-energy is given by

ΣGW
pq (ω) = ∑

im

Mph
pi,m Mph

qi,m

ω− εHF
i + Ωph

m

+ ∑
am

Mph
pa,m Mph

qa,m

ω− εHF
a −Ωph

m

(6.10)
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where the screened two-electron integrals are given by

Mph
pq,m = ∑

ia
〈pi|qa〉

(
Xph + Yph

)
ia,m

(6.11)

with Xph and Yph are the eigenvectors and excitations energies Ωph
m are the eigen-

values of the ph-dRPA problem that is discussed in Section 6.4.3. Keywords for the
method argument need to be specified for the different schemes:

• "G0W0" : run a one-shot calculation

• "evGW" : run an eigenvalue calculation

• "qsGW" : run a quasiparticle calculation

• "upfG0W0" : run an upfolded calculation

Example of an eigenvalue calculation

qcmath["H2","6-31g",{"evGW"}]

Note that here, an RHF calculation is done by default.

T-matrix approximation

The T-matrix correlation self-energy is given by

ΣGT
pq (ω) = ∑

in

Mpp
pi,n Mpp

qi,n

ω + εHF
i −Ωpp

n
+ ∑

an

Mhh
pa,n Mhh

qa,n

ω + εHF
a −Ωhh

n
(6.12)

where the pp and hh versions of the screened two-electron integrals read

Mpp
pq,n = ∑

c<d
〈pq||cd〉Xpp

cd,n + ∑
k<l
〈pq||kl〉Ypp

kl,n (6.13a)

Mhh
pq,n = ∑

c<d
〈pq||cd〉Xhh

cd,n + ∑
k<l
〈pq||kl〉Yhh

kl,n (6.13b)

The components Xpp/hh
cd,n and Ypp/hh

kl,n and excitation energies Ωpp/hh
n are the double

addition/removal eigenvector components and eigenvalues, respectively, of the
pp-RPA eigenvalue problem discussed in Section 6.4.3. Keywords for the method
argument need to be specified for the different schemes:

• "G0T0" : run a one-shot calculation

• "evGT" : run an eigenvalue calculation

• "qsGT" : run a quasiparticle calculation

• "upfG0T0" : run an upfolded calculation

Example of a quasiparticle calculation

qcmath["H2","6-31g",{"qsGT"}]

Note that here, an RHF calculation is done by default.
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6.4.3 Neutral excitations

Within QCMATH, the computation of excitation energies utilizes methods formulated
as a Casida-like equation [131]. This equation is an eigenvalue equation that serves as
a fundamental component in linear response theory. It plays a pivotal role in various
approaches, including time-dependent density functional theory (TD-DFT) [69], the
random phase approximation (RPA), and the Bethe-Salpeter equation (BSE) [103].
In this section, we begin by exploring the RPA method and distinguishing between
different variations within this framework. By examining these different flavors of
the RPA method, we gain insights into their unique characteristics and applicability.
Subsequently, we delve into the discussion of the BSE method. This method represents
another important approach for computing excitation energies, with its distinct
theoretical foundations and computational considerations. By exploring the BSE
method, users can gain a comprehensive understanding of its principles and its role
within QCMATH. Note that when the spatial orbital implementation of a method is
available, then we can use the "singlet" and/or "triplet" keywords to compute
only singlet and/or triplet states.

Particle-hole random-phase approximation (ph-RPA)

The traditional RPA can be found under different names like RPAx or ph-RPA [61].
We choose to call it ph-RPA to make the difference with the particle-particle RPA
(pp-RPA). The ph-RPA problem takes the form of the following Casida-like equation(

Aph Bph

−Bph −Aph

)
·
(

Xph Yph

Yph Xph

)
=

(
Xph Yph

Yph Xph

)
·
(

Ωph 0
0 −Ωph

)
(6.14)

where Ωm is the diagonal matrix of the excitation energies, Xph and Yph matrices are
the transition coefficients, and the matrix elements are defined as

Aph
ia,jb = (εHF

a − εHF
i )δijδab + 〈ib||aj〉 (6.15)

Bph
ia,jb = 〈ij||ab〉 (6.16)

Now, from these equations, different approximations arise:

• if we only take the direct term for the antisymmetrized two-electron integrals
we end up with the direct ph-RPA (ph-dRPA), this is the one used in the GW
approximation

• if we use the Tamm–Dancoff approximation (TDA) that sets Bph = 0, we end
up with the ph-TDA approach

Note that TDA can be used with the ph-RPA flavor and gives ph-dTDA. Ground state
correlation energy can be computed with

Eph-RPA
c =

1
2

(
∑
m

Ωph
m − Tr(Aph)

)
(6.17)

Keywords for the method argument need to be specified for the different approaches
and options:

• "RPAx" : run a ph-RPA calculation

• "RPA" : run a ph-dRPA calculation
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The option "TDA" can be set to True , by default "TDA"→False .

Particle-particle random-phase approximation (pp-RPA)

The particle-particle RPA (pp-RPA) problem considers the excitation energies of the
(N + 2)- and (N − 2)-electron systems [61]. It is also defined by a slightly different
eigenvalue problem than ph-RPA:(

Cpp Bpp/hh

−
(
Bpp/hh)† −Dhh

)
·
(

Xpp Yhh

Ypp Xhh

)
=

(
Ωpp 0

0 Ωhh

)
·
(

Xpp Yhh

Ypp Xhh

)
(6.18)

where Ωpp/hh are the diagonal matrices of the double addition/removal excitation
energies, labeled by n, and the matrix elements are defined as

Cpp
ab,cd = (εHF

a + εHF
b )δacδbd + 〈ab||cd〉 (6.19a)

Bpp/hh
ab,ij = 〈ab||ij〉 (6.19b)

Dhh
ij,kl = −(εHF

i + εHF
j )δikδjl + 〈ij||kl〉 (6.19c)

The Xpp/hh and Ypp/hh are the double addition/removal transition coefficients matri-
ces. In the same way we did for the ph-RPA, we can obtain the correlation energy at
the pp-RPA level using [63, 64]

Epp-RPA
c =

1
2

(
∑
n

Ωpp
n −∑

n
Ωhh

n − TrCpp − TrDhh

)
(6.20)

The keyword to use the pp-RPA is pp-RPA . Note that TDA is also available with the
option "TDA"→True .

Bethe-Salpeter equation (BSE)

The Bethe-Salpeter equation (BSE) is detailed in Section 1.8.3 of Chapter 1 and is
related to the two-body Green’s function (2-GF) [19]. The central quantity is the
so-called BSE kernel defined as the functional derivative of the self-energy with
respect to the 1-GF. As exposed in Section 6.4.2, there are several approximations of
the self-energy and each one of them leads to a different BSE approximation. The
common central equation is the following eigenvalue equation(

ABSE BBSE

−BBSE −ABSE

)
·
(

XBSE
m

YBSE
m

)
= ΩBSE

m

(
XBSE

m
YBSE

m

)
(6.21)

where the BSE matrix elements depend on the choice of the BSE kernel (see Chapter
5). To run a BSE calculation we have first to specify the approximation for the self-
energy with the method argument and the keyword for this option is "BSE"→True .
Note that in general a BSE calculation is done in the static approximation, which
is the equivalent of the adiabatic approximation in TD-DFT. It is possible to take
into account dynamical effects using first-order perturbation theory [29] using the
option "dBSE"→True . This dynamical correction is applicable for all the different
BSE kernels available in qcmath. Note that this dynamical correction is only available
in TDA with the option "dTDA" .
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6.5 Programmer guide

As mentioned in the first section, one of the primary objectives of QCMATH is to
enable newcomers in quantum chemistry to explore and advance their ideas through
coding. Therefore, it is crucial to allow them to incorporate their methods into
QCMATH. To facilitate this process, we have developed a notebook example called
module example.nb to guide users step-by-step. The following outlines the different

stages involved in adding a new method to QCMATH:

1. The new method needs to be implemented in its notebook

2. add your method in the src/utils/list method.nb and specify the depen-
dencies (ex: if post-HF method then dependency= "RHF" )

3. add default options in src/Main/default options.nb if needed

4. add a call to your method in src/Main/Main.nb as

NameNewMethod="NameNewMethod"

If[ToDoModules[NameNewMethod ]["Do"] == True ,

NotebookEvaluate[path <>"/src/"<>NameNewMethod <>".nb"

];

PrintTemporary[Style[NameNewMethod <>" calculation ...",

Bold , Orange ]];

{time , outputsNewMethod} = Timing[NewMethod[arguments ,

options ]];

If[verbose == True ,

Print["CPU time for "<>NameNewMethod <>" calculation=

", time ]];

];

Each new method notebook needs to be divided into (potentially) three modules. The
first part reads the input and the options, then call either the spin or spatial orbitals
module, and finally returns the associated output. Then the two other modules are
devoted to the implementation of the new method in spin and spatial orbitals. Note
that if your method is, for example, only implemented in spatial orbitals then your
notebook will be divided into only two parts. This information can be found in
module example.nb .
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Conclusion

The goal of this thesis was the study of Green’s function methods for the computation
of charged (i.e., ionization potentials and electron affinities) and neutral (optical)
excitations in molecules. The one-body Green’s function can provide the charged
excitations of the system in a single calculation. This great feature permits to avoid to
perform separate calculations on the neutral and ionized species. The Bethe-Salpeter
equation (BSE) formalism, which relies on the two-body Green’s function, allows
access to the neutral excitations of a given system.

To do so, this thesis was divided into four parts. In the first chapter of this thesis,
we have laid the foundations by presenting the core methods of quantum chemistry:
the Hartree-Fock (HF) approximation and Kohn-Sham density functional theory
(KS-DFT). We then used linear response theory to review the time-dependent HF
(TDHF) approximation and the time-dependent DFT (TD-DFT) method. We have
then presented the basic of many-body perturbation theory and reviewed Green’s
function methods to obtain charged excitations with the self-energy and neutral
excitations with the Bethe-Salpeter equation (BSE) formalism.

The second part of this thesis focused on the application of Green’s function
and other quantum chemistry methods for the computation of neutral excitations
in molecules. Like adiabatic time-dependent density-functional theory (TD-DFT),
the Bethe-Salpeter equation (BSE) formalism of many-body perturbation theory,
in its static approximation, is “blind” to double (and higher) excitations. So, we
applied the spin-flip ansatz which considers the lowest triplet state as the reference
configuration instead of the singlet ground state to the BSE formalism to access
double excitations. We also took into account dynamical corrections to the static
BSE optical excitations via renormalized perturbative treatment. To illustrate the
performance of the developed spin-flip BSE formalism we have computed excited-
state energies of the beryllium atom, the hydrogen molecule at various bond lengths,
and cyclobutadiene in its rectangular and square-planar geometries. We have shown
that the spin-flip BSE formalism can accurately model double excitations and seems
to surpass systematically its spin-flip TD-DFT parent. This contributes to show that
the BSE formalism is a solid alternative to TD-DFT for the study of molecular excited
states.

Then, we have focused on the cyclobutadiene (CBD) molecule, a well-known
playground for theoretical chemists and particularly suitable to test ground- and
excited-state methods. Indeed, due to its high spatial symmetry, the ground and
excited states of CBD exhibit multi-configurational characters and single-reference
methods, such as standard adiabatic time-dependent density-functional theory (TD-
DFT) or standard equation-of-motion coupled-cluster (EOM-CC), struggle to describe
such states. We have used a large panel of methods to provide an extensive compu-
tational study of the automerization barrier, defined as the difference between the
square and rectangular ground-state energies and the vertical excitation energies of
both structures. We have performed selected configuration interaction (SCI), multiref-
erence perturbation theory (CASSCF, CASPT2, and NEVPT2), and coupled-cluster
(CCSD, CC3, CCSDT, CC4, and CCSDTQ) calculations. We have tested the spin-flip
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formalism, which is known to provide a qualitatively correct description of these di-
radical states, within TD-DFT and the algebraic diagrammatic construction [ADC(2)-s,
ADC(2)-x, and ADC(3)]. A theoretical best estimate is defined for the automerization
barrier and each vertical transition energy. We have seen that SF-EOM-CCSD and
SF-ADC(2)-s show similar accuracies and that the SF-ADC(2)-x scheme, as expected,
does not provide an improvement on the different results. In the case of the square
CBD, SF-TD-DFT displayed its limitations in the description of excited states due to
the strong multiconfigurational character. However, the spin-flip version of ADC
showed much better results. Finally, this study of the CBD molecule confirmed the
outstanding accuracy of CCSDTQ in the context of molecular excited states.

In the third part of this thesis, we studied the features of Green’s function methods.
We first studied and explained the appearance of multiple solutions and unphysical
discontinuities in various physical quantities computed within the GW approxima-
tion. This was done by recasting the non-linear frequency-dependent GW quasipar-
ticle equation into a linear eigenvalue problem. We looked at the H2 molecule to
display the appearance of such multiple solutions problem. We have seen that these
issues are key signatures of strong correlation in the (N ± 1)-electron states and can
be directly related to the intruder state problem. We then proposed a simple and
efficient regularization procedure inspired by the similarity renormalization group
(SRG) to avoid such issues and speed up the convergence of partially self-consistent
GW calculations. Note that, a very recent work by people in our group went further
by applying the flow equation of SRG to the GW approximation in its quasiparticle
scheme (qsGW) [518]. By doing so, they obtained a renormalized Fock matrix and
screened two-electron integrals. This leads to an alternative Hermitian and intruder-
state-free self-energy that can be used in the context of qsGW calculations and which
is called SRG-qsGW.

Then, we have investigated the connections between various Green’s function
methods and evaluate their performance for charged and neutral excitations. We
have compared it with other widely-known second-order wave function methods.
We have specifically explored various approximations for the self-energy (GF2, GW,
and GT) and their corresponding BSE kernels at the static and dynamic levels. The
second-order GW kernel, usually neglected, was also considered. We confirmed
previous knowledge, the GW approximation surpasses the GF2 method in accurately
calculating IPs, emphasizing the significance of screening even in small molecular
systems. Importantly, our investigations highlighted the sensitivity of BSE kernels
to the nature of the excited states. For example, BSE@GT is poor for valence states
while it is accurate for Rydberg transitions. We also examined the capability of our
various schemes to replicate the inversion of the singlet-triplet gap in cycl[3,3,3]zine,
a prototypical molecular emitter for TADF. Except for one case, we observed that all
static and dynamic BSE-based schemes failed to reproduce this unique characteristic.
The only exception was the dynamically-corrected BSE2@GW scheme (i.e. the second-
order GW kernel), which yielded a gap value consistent with that obtained from
EOM-CC3 calculations. This observation effectively highlighted the significance of
higher-order terms and dynamic effects within the BSE formalism.

In this thesis’s last part, we presented a quantum chemistry software for electronic
structure calculations based on the Wolfram Mathematica language. This software
aims to take advantage of the powerful symbolic nature of Mathematica to help
newcomers in quantum chemistry easily develop their ideas. The capabilities of this
software can be summarized in three sections, first, ground-state calculations can be
done using Hartree-Fock in both restricted and unrestricted formalisms or perturba-
tion theory with Møller-Plesset. Secondly, we can compute charged excitations using
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various approximations of the self-energy (GF2, GW, and GT) and finally, we can
use their corresponding kernels to have access to neutral excitations with the BSE
formalism.

A few perspectives of this work can be listed. For the second part of this thesis, on
the computation of neutral excitations in molecules, further improvements could be
obtained thanks to a better choice of the starting orbitals and their energies by using
KS-DFT orbitals and energies. Moreover, we could use the different BSE kernels seen
in the third part of the thesis to investigate their performances for these molecular
systems. In the case of CBD, we could also use the spin-flip BSE formalism with
the different BSE kernels to compare its performance against its spin-flip TD-DFT
parent. It would also be interesting to derive the second-order BSE kernel at the
T-matrix level to see if we can obtain the inversion of the singlet-triplet gap of the
cycl[3,3,3]zine molecule.

The most interesting perspectives are in the third part. Indeed, as discussed
in Chapter 5, different connections exist between the self-energy approximations
and hence the BSE kernels. A particularly striking point is the similarities between
the different BSE kernels. Indeed, we have seen that by removing the screening
effect from GW and GT we recover the different terms of the GF2 kernel (up to an
exchange part in the two-electron integrals). Moreover, we have seen that BSE@GT is
quite accurate for Rydberg transitions where the excited-state density is much lower
than the ground-state one. This is a situation where ladder diagrams are known to
be relevant. On the other hand, BSE@GW exhibits a good description of valence
excitations especially when taking into account dynamical corrections. Furthermore,
the GF2 kernel showed accurate results for the computation of neutral excitations.
Thus, it would be quite interesting to be able to build a screened version of the
GF2 kernel based on the GW and GT kernels, especially considering that screening
becomes more important for large molecules with many electrons.

An obvious idea is to combine the two self-energies (GW and GT) and then build
the corresponding BSE kernel. By doing so, it would be particularly interesting to see
the performances of these hypothetical self-energy and kernel for charged and neutral
excitations. Note that combining GW and GT is not a new idea and is still an active
research area in physics [419, 569–571]. As already mentioned in a previous work
[419], it exists different ways of combining correlation channels by preventing the
double counting problem [484, 499]. The fluctuating exchange (FLEX) approximation
of Bickers et al. [483, 498] that starts from GF2 and sums all contributions from
the third order in each channel separately. Unfortunately, by doing so, we do not
have access to mixed diagrams. Note that beyond FLEX approaches have been
proposed [482, 485, 486]. It is also possible to couple ph and pp channels on an equal
footing which leads to parquet theory that relies on diagrams [484, 572]. It is worth
mentioning that a straightforward combination of the ph and pp channels, that are
present in GW and GT through the ph-RPA and pp-RPA problems, where the double-
counting terms are removed was already explored [569]. Unfortunately, this scheme
is not successful regarding molecular dissociations. We can also mention the work
of Romaniello et al. that derived the coupling of GW and GT channels on an equal
footing starting from exact many-body equations in the case of the exactly solvable
Hubbard molecule [419]. Work from Degroote [570] uses the Faddeev partitioning
[573] to combine in a diagrammatic way the correlation channels.

Unfortunately, many of these methods and approximations rely on complicated
diagrammatic approaches, which we did not talk about in this thesis, and it would be
good to use non-diagrammatic ways to do this combination. This is a topic that we
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would like to continue to work on and we hope that the upfolding formalism could
help us in the pursuit of this objective.

For the QCMATH software, we could think of extending its capabilities by im-
plementing different flavors of CI and CC methods for ground- and excited states.
We could also think of not only focusing on energies but also on properties like
oscillator strengths, dipole moments, etc. Due to the power of MATHEMATICA, it
would be relatively easy and interesting to implement DFT methods with various
exchange-correlation functionals. Moreover, an extension to excited states with TD-
DFT would be easy considering the similarities of the matrix expressions with the
BSE formalism that is already implemented in QCMATH. We also hope to implement
new CC methods, especially at the equation-of-motion CC level where our group has
recently designed an automatic equation generator based on MATHEMATICA, named
EOMCCGEN [574].

https://github.com/rquintero-88/eomccgen
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Appendix A

Löwdin partitioning technique

Here, one explains briefly the principle of the Löwdin partitioning technique. One
starts from an eigenvalue problem

H · c = ωc (A.1)

that is a large linear system with N solutions where H is the Hamiltonian matrix, c is
the matrix of eigenvectors and ω represent an eigenvalue. One can always split the
matrices H and c in such way that one obtains the following eigenvalue problem

N1×N1︷︸︸︷
H1 h12
h21 H2︸︷︷︸

N2×N2

 ·(c1
c2

)
= ω

(
c1
c2

)
(A.2)

where N = N1 +N2. Then, by doing the matrix multiplication one gets

Row #2: h21 · c1 + H2 · c2 = ωc2 ⇒ c2 = (ω1− H2)
−1 · h21 · c1 (A.3)

Row #1: H1 · c1 + h12 · c2 = ωc1 ⇒ H̃1(ω) · c1 = ωc1 (A.4)

with H̃1(ω) · c1 = ωc1, a smaller non-linear system with the same number N of
solutions. So, by using the Löwdin partitioning technique and starting from a large
linear eigenvalue problem one gets a smaller but non-linear system with the same
number of solutions where H̃1(ω) is an effective Hamiltonian defined as

H̃1(ω) = H1 + h12 · (ω1− H2)
−1 · h21 (A.5)

where one assumes the existence of the inverse matrix (ω1− H2)−1. Then, one can
rely on some approximations to solve this non-linear system with an example of a
static approximation with ω = 0

H̃1(ω = 0) = H1 − h12 · H−1
2 · h21 (A.6)

that gives a smaller linear system but with only N1 solutions.





145

Appendix B

Supporting information for
Chapter 2
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Figure B.1: Excitation energies with respect to the X 1Σ+
g ground state of the B 1Σ+

u

(red), E 1Σ+
g (black), and F 1Σ+

g (blue) states of H2 obtained with the cc-pVQZ basis
at various levels of theory. The reference EOM-CCSD excitation energies are rep-
resented as solid lines, while the results obtained with and without spin-flip are
represented as dashed and dotted lines, respectively. All the spin-conserved and
spin-flip calculations have been performed with an unrestricted reference.
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Figure B.2: Excitation energies with respect to the X 1Σ+
g ground state of the B 1Σ+

u

(red), E 1Σ+
g (black), and F 1Σ+

g (blue) states of H2 obtained with the cc-pVQZ basis
at the (SF-)BSE level of theory. The reference EOM-CCSD excitation energies are
represented as solid lines, while the results obtained with and without spin-flip are
represented as dashed and dotted lines, respectively. In this case, the spin-conserved
calculations have been performed with a restricted reference while the spin-flip
calculations have been performed with an unrestricted reference.
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CIS BH&HLYP BSE@G0W0 EOM-CCSD
R(H−H) (Å) B 1Σ+

u E 1Σ+
g B 1Σ+

u E 1Σ+
g B 1Σ+

u E 1Σ+
g B 1Σ+

u E 1Σ+
g

0.5 15.942 17.398 15.253 16.896 15.535 16.135 15.703 16.737
0.6 14.791 16.579 14.180 16.199 14.767 15.073 14.610 16.056
0.7 13.745 15.891 13.339 15.614 14.108 14.120 13.621 15.491
0.8 12.800 15.311 12.514 15.122 13.236 13.591 12.735 15.017
0.9 11.943 14.815 11.766 14.699 12.444 13.126 11.938 14.615
1.0 11.163 14.389 11.088 14.334 11.722 12.733 11.224 14.270
1.1 10.454 14.025 10.474 14.020 11.068 12.410 10.587 13.962
1.2 9.810 13.712 9.919 13.750 10.477 12.132 10.023 13.648
1.3 9.369 13.401 9.421 13.515 9.470 12.139 9.531 13.201
1.4 9.128 13.262 8.977 13.309 8.743 12.211 9.108 14.241
1.5 8.986 13.180 8.585 13.127 8.299 12.300 8.753 13.814
1.6 8.911 13.125 8.241 12.966 8.054 12.395 8.463 13.606
1.7 8.884 13.085 7.943 12.824 7.946 12.482 8.236 13.475
1.8 8.894 13.058 7.687 12.699 7.928 12.563 8.067 13.383
1.9 8.931 13.041 7.468 12.593 7.970 12.641 7.951 13.317
2.0 8.989 13.033 7.283 12.502 8.049 12.714 7.881 13.272
2.1 9.063 13.031 7.128 12.421 8.151 12.783 7.852 13.239
2.2 9.149 13.031 7.000 12.343 8.267 12.845 7.858 13.212
2.3 9.243 13.031 6.895 12.265 8.391 12.901 7.892 13.187
2.4 9.344 13.031 6.810 12.186 8.520 12.951 7.949 13.164
2.5 9.448 13.032 6.743 12.109 8.650 12.997 8.024 13.145
2.6 9.556 13.037 6.690 12.030 8.779 13.042 8.112 13.133
2.7 9.666 13.043 6.650 11.946 8.908 13.084 8.211 13.125
2.8 9.776 13.050 6.621 11.851 9.035 13.123 8.316 13.120
2.9 9.887 13.056 6.600 11.744 9.161 13.154 8.427 13.115
3.0 9.998 13.057 6.586 11.627 9.283 13.174 8.541 13.106
3.1 10.109 13.053 6.578 11.505 9.403 13.183 8.656 13.091
3.2 10.219 13.043 6.575 11.383 9.521 13.181 8.773 13.069
3.3 10.328 13.027 6.575 11.266 9.637 13.169 8.888 13.041
3.4 10.435 13.006 6.579 11.158 9.751 13.150 9.003 13.008
3.5 10.541 12.983 6.586 11.062 9.862 13.126 9.116 12.972
3.6 10.645 12.958 6.594 10.977 9.971 13.100 9.227 12.935
3.7 10.748 12.933 6.604 10.905 10.077 13.073 9.335 12.899
3.8 10.848 12.908 6.615 10.846 10.181 13.047 9.440 12.863
3.9 10.947 12.884 6.626 10.798 10.282 13.023 9.542 12.830
4.0 11.043 12.861 6.638 10.761 10.380 13.000 9.642 12.800

Table B.1: Excitation energies with respect to the X 1Σ+
g ground state of the B 1Σ+

u

and E 1Σ+
g states of H2 obtained with the cc-pVQZ basis at the CIS, TD-BH&HLYP,

BSE@G0W0, and EOM-CCSD levels of theory.
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SF-CIS SF-BH&HLYP SF-BSE@G0W0 EOM-CCSD
R(H−H) (Å) B 1Σ+

u E 1Σ+
g F 1Σ+

g B 1Σ+
u E 1Σ+

g F 1Σ+
g B 1Σ+

u E 1Σ+
g F 1Σ+

g B 1Σ+
u E 1Σ+

g F 1Σ+
g

0.5 14.829 15.279 28.726 17.276 13.506 27.846 16.208 16.026 29.398 15.703 17.126 29.997
0.6 14.057 14.694 27.528 15.523 12.674 26.696 14.953 15.206 28.044 14.610 16.380 28.608
0.7 13.385 14.227 26.27 13.916 11.978 25.396 13.759 14.469 26.668 13.621 15.760 27.011
0.8 12.784 13.849 24.801 12.469 11.414 23.715 12.920 13.824 25.101 12.735 15.244 25.114
0.9 12.228 13.535 22.906 11.191 10.965 21.235 12.141 13.284 23.004 11.938 14.808 22.869
1.0 11.710 13.273 20.834 10.086 10.617 18.824 11.434 12.849 20.725 11.224 14.437 20.591
1.1 11.233 13.054 18.885 9.144 10.353 16.693 10.803 12.507 18.643 10.587 14.114 18.502
1.2 10.804 12.869 17.164 8.350 10.155 14.838 10.246 12.241 16.776 10.023 13.811 16.680
1.3 10.427 12.704 15.700 7.679 10.003 13.233 9.756 12.023 15.185 9.531 13.456 15.200
1.4 10.106 12.526 14.516 7.112 9.873 11.863 9.336 11.821 13.884 9.108 14.241 12.853
1.5 9.843 12.262 13.663 6.630 9.709 10.751 8.984 11.554 12.889 8.753 13.814 11.971
1.6 9.636 13.198 11.831 6.222 10.108 9.266 8.696 12.310 11.105 8.463 13.606 11.096
1.7 9.483 13.006 11.320 5.877 9.932 8.524 8.468 12.066 10.520 8.236 13.475 10.347
1.8 9.379 12.933 10.855 5.587 9.878 7.810 8.296 11.962 9.968 8.067 13.383 9.739
1.9 9.317 12.913 10.481 5.347 9.862 7.189 8.175 11.916 9.510 7.951 13.317 9.262
2.0 9.293 12.922 10.197 5.150 9.867 6.665 8.099 11.902 9.152 7.881 13.272 8.902
2.1 9.301 12.943 9.995 4.991 9.882 6.230 8.065 11.903 8.885 7.852 13.239 8.642
2.2 9.334 12.968 9.862 4.867 9.895 5.873 8.063 11.908 8.698 7.858 13.212 8.466
2.3 9.388 12.988 9.784 4.772 9.901 5.585 8.089 11.911 8.576 7.892 13.187 8.358
2.4 9.457 13.005 9.752 4.703 9.902 5.357 8.137 11.915 8.508 7.949 13.164 8.305
2.5 9.538 12.987 9.754 4.657 9.901 5.180 8.204 11.919 8.483 8.024 13.145 8.296
2.6 9.628 12.971 9.783 4.628 9.901 5.045 8.284 11.924 8.492 8.112 13.133 8.319
2.7 9.725 12.968 9.833 4.614 9.900 4.946 8.374 11.930 8.527 8.211 13.125 8.368
2.8 9.825 12.972 9.898 4.612 9.896 4.876 8.473 11.933 8.583 8.316 13.120 8.436
2.9 9.928 12.979 9.975 4.621 9.886 4.829 8.576 11.934 8.654 8.427 13.115 8.517
3.0 10.033 12.986 10.060 4.637 9.867 4.802 8.682 11.930 8.734 8.541 13.106 8.609
3.1 10.139 12.989 10.152 4.659 9.839 4.789 8.788 11.921 8.821 8.656 13.091 8.708
3.2 10.244 12.987 10.247 4.686 9.803 4.789 8.894 11.905 8.913 8.773 13.069 8.811
3.3 10.345 12.979 10.350 4.717 9.763 4.798 8.998 11.884 9.009 8.888 13.041 8.917
3.4 10.445 12.966 10.454 4.751 9.721 4.814 9.103 11.857 9.107 9.003 13.008 9.024
3.5 10.546 12.949 10.558 4.787 9.679 4.837 9.206 11.829 9.207 9.116 12.972 9.132
3.6 10.646 12.930 10.660 4.825 9.640 4.864 9.306 11.800 9.310 9.227 12.935 9.238
3.7 10.746 12.910 10.760 4.864 9.605 4.894 9.405 11.771 9.411 9.335 12.899 9.343
3.8 10.845 12.889 10.859 4.903 9.573 4.927 9.503 11.743 9.510 9.440 12.863 9.446
3.9 10.942 12.868 10.956 4.943 9.547 4.961 9.600 11.717 9.608 9.542 12.830 9.546
4.0 11.038 12.848 11.051 4.982 9.524 4.996 9.696 11.693 9.703 9.642 12.800 9.644

Table B.2: Excitation energies with respect to the X 1Σ+
g ground state of the B 1Σ+

u , E 1Σ+
g , and F 1Σ+

g states of H2 obtained
with the cc-pVQZ basis at the SF-CIS, SF-TD-BH&HLYP, SF-BSE@G0W0, and EOM-CCSD levels of theory. All the
spin-conserved and spin-flip calculations have been performed with an unrestricted reference.
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SF-CIS SF-BH&HLYP SF-BSE@G0W0
R(H−H) (Å) B 1Σ+

u E 1Σ+
g F 1Σ+

g B 1Σ+
u E 1Σ+

g F 1Σ+
g B 1Σ+

u E 1Σ+
g F 1Σ+

g

0.5 0.047 0.983 0.987 0.893 0.975 1.000 0.190 0.977 0.994
0.6 0.074 0.985 0.966 0.842 0.973 1.000 0.072 0.978 0.983
0.7 0.106 0.988 0.900 0.778 0.972 0.925 0.112 0.979 0.926
0.8 0.137 0.990 0.703 0.694 0.971 0.482 0.138 0.980 0.712
0.9 0.162 0.992 0.418 0.592 0.969 0.177 0.160 0.981 0.365
1.0 0.178 0.993 0.249 0.485 0.968 0.143 0.174 0.982 0.203
1.1 0.185 0.993 0.178 0.388 0.967 0.141 0.180 0.983 0.149
1.2 0.185 0.989 0.153 0.310 0.965 0.145 0.179 0.981 0.132
1.3 0.182 0.973 0.158 0.256 0.960 0.151 0.174 0.971 0.140
1.4 0.176 0.920 0.208 0.219 0.943 0.168 0.169 0.934 0.175
1.5 0.171 0.757 0.374 0.196 0.848 0.264 0.164 0.797 0.318
1.6 0.166 0.640 0.495 0.182 0.678 0.434 0.160 0.617 0.502
1.7 0.162 0.807 0.333 0.173 0.880 0.232 0.157 0.817 0.308
1.8 0.161 0.881 0.266 0.168 0.925 0.188 0.156 0.896 0.237
1.9 0.161 0.917 0.238 0.166 0.941 0.174 0.157 0.931 0.210
2.0 0.163 0.937 0.227 0.166 0.949 0.168 0.159 0.949 0.120
2.1 0.167 0.949 0.223 0.167 0.954 0.166 0.162 0.960 0.197
2.2 0.172 0.956 0.225 0.170 0.957 0.166 0.167 0.966 0.199
2.3 0.179 0.961 0.228 0.172 0.959 0.168 0.173 0.970 0.203
2.4 0.187 0.963 0.233 0.175 0.960 0.170 0.180 0.973 0.208
2.5 0.195 0.965 0.240 0.179 0.961 0.173 0.187 0.974 0.214
2.6 0.205 0.964 0.247 0.183 0.962 0.176 0.195 0.974 0.221
2.7 0.215 0.963 0.254 0.186 0.962 0.179 0.203 0.973 0.228
2.8 0.225 0.960 0.262 0.190 0.961 0.183 0.211 0.970 0.235
2.9 0.235 0.955 0.270 0.194 0.961 0.187 0.220 0.966 0.244
3.0 0.245 0.950 0.278 0.198 0.959 0.191 0.229 0.960 0.252
3.1 0.255 0.943 0.286 0.201 0.958 0.194 0.239 0.954 0.260
3.2 0.265 0.936 0.293 0.204 0.956 0.198 0.248 0.947 0.268
3.3 0.274 0.929 0.300 0.207 0.954 0.201 0.256 0.941 0.275
3.4 0.282 0.921 0.307 0.210 0.952 0.204 0.263 0.935 0.281
3.5 0.290 0.914 0.313 0.212 0.951 0.206 0.270 0.930 0.286
3.6 0.297 0.908 0.318 0.214 0.949 0.209 0.276 0.925 0.291
3.7 0.304 0.901 0.323 0.215 0.948 0.210 0.281 0.920 0.295
3.8 0.310 0.896 0.327 0.216 0.946 0.212 0.285 0.917 0.297
3.9 0.315 0.891 0.330 0.217 0.946 0.213 0.289 0.914 0.299
4.0 0.319 0.887 0.333 0.217 0.945 0.214 0.291 0.912 0.301

Table B.3: Expectation value of the spin operator
〈
Ŝ2〉 of the B 1Σ+

u , E 1Σ+
g , and F 1Σ+

g
states of H2 obtained with the cc-pVQZ basis at the SF-CIS, SF-TD-BH&HLYP, SF-
BSE@G0W0, and EOM-CCSD levels of theory. All the spin-conserved and spin-flip
calculations have been performed with an unrestricted reference.
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C.1 Geometries

Below, we provide the Cartesian coordinates (in Å) of the geometries that are em-
ployed in this work.

• D2h rectangular equilibrium geometry of the 11Ag ground state computed at
the CASPT2(12,12)/aug-cc-pVTZ level:

C 0.0000000000 -0.6769380253 -0.7827569236

C 0.0000000000 -0.6769380253 0.7827569236

C 0.0000000000 0.6769380253 0.7827569236

C 0.0000000000 0.6769380253 -0.7827569236

H 0.0000000000 -1.4379809006 -1.5441628360

H 0.0000000000 -1.4379809006 1.5441628360

H 0.0000000000 1.4379809006 1.5441628360

H 0.0000000000 1.4379809006 -1.5441628360

• D4h square planar equilibrium geometry of the 11B1g ground state computed at
the CASPT2(12,12)/aug-cc-pVTZ level:

C 1.0248323754 0.0000000000 0.0000000000

C 0.0000000000 -1.0248323754 0.0000000000

C -1.0248323754 0.0000000000 0.0000000000

C 0.0000000000 1.0248323754 0.0000000000

H 2.1005277359 0.0000000000 0.0000000000

H 0.0000000000 -2.1005277359 0.0000000000

H -2.1005277359 0.0000000000 0.0000000000

H 0.0000000000 2.1005277359 0.0000000000

• D2h rectangular equilibrium geometry of the 11Ag ground state computed at
the CC3/aug-cc-pVTZ level:

C -0.78248546 -0.67208001 0.00000000

C 0.78248546 -0.67208001 0.00000000

C -0.78248546 0.67208001 0.00000000

C 0.78248546 0.67208001 0.00000000

H -1.54227765 -1.43404123 -0.00000000

H 1.54227765 -1.43404123 0.00000000

H -1.54227765 1.43404123 0.00000000

H 1.54227765 1.43404123 -0.00000000
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• D4h square planar equilibrium geometry of the 13A2g state computed at the
(RO)-CCSD(T)/aug-cc-pVTZ level:

C 0.000000 1.017702 0.000000

C 1.017702 -0.000000 0.000000

C -1.017702 0.000000 0.000000

C -0.000000 -1.017702 0.000000

H 0.000000 2.092429 0.000000

H 2.092429 -0.000000 0.000000

H -0.000000 -2.092429 0.000000

H -2.092429 0.000000 0.000000

C.2 Tables
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D2h excitation energies (eV) D4h excitation energies (eV)
Method AB 13B1g(99%) 11B1g(95%) 21Ag(1%) 13A2g 11A1g 11B2g

SF-TD-B3LYP 10.41 0.270 −0.926 −0.050 −0.164 −1.028 −1.316
SF-TD-PBE0 8.95 0.249 −0.829 0.043 −0.163 −0.903 −1.172
SF-TD-BH&HLYP 3.79 0.107 −0.393 0.454 −0.099 −0.251 −0.418
SF-TD-M06-2X 1.42 0.029 −0.354 0.319 −0.066 −0.097 −0.247
SF-TD-CAM-B3LYP 9.90 0.309 −0.807 0.100 −0.134 −0.920 −1.185
SF-TD-ωB97X-V 10.01 0.364 −0.774 0.175 −0.118 −0.928 −1.187
SF-TD-LC-ωPBE08 10.81 0.464 −0.710 0.310 −0.086 −0.939 −1.191
SF-TD-M11 2.29 0.126 −0.474 0.262 −0.063 −0.312 −0.490
SF-ADC(2)-s −0.30 0.098 −0.026 0.093 0.112 0.112 −0.005
SF-ADC(2)-x 1.44 0.106 −0.094 −0.335 0.068 −0.409 −0.118
SF-ADC(2.5) 0.18 0.042 0.006 0.140 0.024 0.094 0.000
SF-ADC(3) 0.65 −0.014 0.037 0.186 −0.065 0.075 0.004
SF-EOM-CCSD −1.53 0.176 0.168 0.207 0.210 0.268 0.211
CASSCF(4,4) −1.55 0.237 1.421 0.403 0.290 0.734 1.575
CASPT2(4,4) −1.16 −0.021 −0.202 0.034 −0.016 0.006 −0.214
SC-NEVPT2(4,4) 0.30 −0.054 −0.703 0.070 −0.120 −0.072 −0.794
PC-NEVPT2(4,4) 0.31 −0.051 −0.757 0.045 −0.118 −0.097 −0.846
MRCI(4,4) 0.135 0.553 0.232 0.127 0.324 0.566
MRCI(4,4)+Q 0.086 0.217 0.121 0.075 0.167 0.205
CASSCF(12,12) 2.66 0.253 0.719 0.179 0.226 0.443 0.785
CASPT2(12,12) −0.42 0.047 0.058 0.005 0.039 0.038 0.077
SC-NEVPT2(12,12) −0.64 0.068 0.063 0.048 0.021 0.046 0.043
PC-NEVPT2(12,12) −0.65 0.029 −0.062 0.018 −0.013 −0.024 −0.093
CCSD 0.95 −0.116 0.067 −0.059 0.100
CC3 −1.05 −0.031 −0.006 0.739 0.162 0.871
CCSDT −0.25 −0.022 0.014 0.391 0.005 0.131 0.688
CC4 −0.11 0.000 0.003 0.105 0.011 −0.013
CCSDTQ 0.00 0.000 0.000 0.000 0.000 0.000
TBE [8.93]1 [1.433]2 [3.125]1 [4.038]1 [0.144]2 [1.500]1 [1.849]1

Literature 8.533 1.5733 3.2083 4.2473 0.2663 1.6643 1.9103

10.354 1.5764 3.1414 3.7964 0.2174 1.1234 1.7994

9.585 1.4565 3.2855 4.3345 0.0835 1.6215 1.9305

7.506 1.6546 3.4166 4.3606 0.3696 1.8246 2.1436

9.367 1.5167 3.2607 4.2057 0.1637 1.5307 1.9217

9.918 1.4758 3.2158 4.1768 0.0988 1.4568 1.8538

1.4039 3.1209 4.1279 0.0239 1.4069 1.7519

0.06210

0.21911

1 Value obtained using CCSDTQ/aug-cc-pVDZ corrected by the difference between CC4/aug-cc-pVTZ and CC4/aug-cc-
pVDZ.

2 Value obtained using CCSDTQ/aug-cc-pVDZ corrected by the difference between CCSDT/aug-cc-pVTZ and
CCSDT/aug-cc-pVDZ.

3 Value obtained from Ref. [181] at the SF-ADC(2)-s/cc-pVTZ level with the geometry obtained at the CCSD(T)/cc-pVTZ
level.

4 Value obtained from Ref. [181] at the SF-ADC(2)-x/cc-pVTZ level with the geometry obtained at the CCSD(T)/cc-pVTZ
level.

5 Value obtained from Ref. [181] at the SF-ADC(3)/cc-pVTZ level with the geometry obtained at the CCSD(T)/cc-pVTZ
level.

6 Value obtained from Ref. [173] at the SF-EOM-CCSD/cc-pVTZ level with the geometry obtained at the CCSD(T)/cc-
pVTZ level.

7 Value obtained from Ref. [173] at the SF-EOM-CCSD(fT)/cc-pVTZ level with the geometry obtained at the CCSD(T)/cc-
pVTZ level.

8 Value obtained from Ref. [173] at the SF-EOM-CCSD(dT)/cc-pVTZ level with the geometry obtained at the CCSD(T)/cc-
pVTZ level.

9 Value obtained from Ref. [575] at the EOM-DEA-CCSD/cc-pVTZ level with the geometry obtained at the CCSD(T)/cc-
pVTZ level.

10 Value obtained from Ref. [576] at the DEA-EOM-CC(3p-1h)/cc-pVDZ level with the geometry obtained at the CCSD/cc-
pVDZ level.

11 Value obtained from Ref. [576] at the DEA-EOM-CC(4p-2h)/cc-pVDZ level with the geometry obtained at the CCSD/cc-
pVDZ level.

Table C.1: Energy differences between the states computed with various methods and the reference
TBE values. Note that AB stands for the automerization barrier and is reported in kcal mol−1. The
numbers reported in parenthesis are the percentage of single excitations involved in the transition
(%T1) calculated at the CC3/aug-cc-pVTZ level. The values between square brackets have been
obtained by extrapolation via the procedure described in the corresponding footnote.
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Level of theory Automerization barrier Reference
(kcal mol−1)

CCSDTQ/aug-cc-pVTZ 8.93 This work
ic-MRCISD+Q/cc-pVTZ 8.93 Ref. [286]
Mk-MRCCSD/cc-pVTZ 10.09 Ref. [286]
Mk-MRCCSD(T)/cc-pVTZ 8.56 Ref. [286]
SUCCSD/cc-pVTZ 8.7 Ref. [259]
MkCCSD/cc-pVTZ 9.6 Ref. [259]
RMRCCSD(T)/cc-pVTZ 9.5 Ref. [259]
MRCISD/cc-pVTZ 8.4 Ref. [285]
MRCISD + Q/cc-pVTZ 8.8 Ref. [285]
MRAQCC/cc-pVTZ 8.9 Ref. [285]
CCSDt/cc-pVTZ 9.5 Ref. [260]
CCSD(T)-h/cc-pVTZ 6.8 Ref. [260]
CC(t;3)/cc-pVTZ 10.0 Ref. [260]
CC(P;Q)/cc-pVDZ 8.65 Ref. [375]

Table C.2: Automerization energy (in kcal mol−1) of CBD computed
at various levels of theory.

〈S2〉 for D2h geometry 〈S2〉 for D4h geometry
Method 13B1g 11B1g 21Ag 13A2g 11A1g 11B2g

SF-TD-B3LYP 1.989 0.030 0.017 2.007 0.014 0.012
SF-TD-PBE0 2.001 0.021 0.019 2.009 0.018 0.012
SF-TD-BH&HLYP 2.017 0.026 0.041 2.020 0.021 0.018
SF-TD-M06-2X 2.014 0.017 0.040 2.014 0.015 0.012
SF-TD-CAM-B3LYP 1.990 0.033 0.024 2.008 0.013 0.012
SF-TD-ωB97X-V 1.986 0.035 0.024 2.008 0.012 0.010
SF-TD-LC-ωPBE08 1.984 0.044 0.031 2.012 0.015 0.012
SF-TD-M11 2.011 0.023 0.045 2.012 0.016 0.014

Table C.3: 〈S2〉 values for the different excited states computed at the
SF-TD-DFT/aug-cc-pVTZ level for the D2h and D4h structures.
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Excitation energies (eV)
Method Basis 13B1g 11B1g 21Ag

CASSCF(4,4) 6-31+G(d) 1.662 4.657 4.439
aug-cc-pVDZ 1.672 4.563 4.448
aug-cc-pVTZ 1.670 4.546 4.441
aug-cc-pVQZ 1.671 4.549 4.440

CASPT2(4,4) 6-31+G(d) 1.440 3.162 4.115
aug-cc-pVDZ 1.414 2.971 4.068
aug-cc-pVTZ 1.412 2.923 4.072
aug-cc-pVQZ 1.417 2.911 4.081

SC-NEVPT2(4,4) 6-31+G(d) 1.407 2.707 4.145
aug-cc-pVDZ 1.381 2.479 4.109
aug-cc-pVTZ 1.379 2.422 4.108
aug-cc-pVQZ 1.384 2.408 4.116

PC-NEVPT2(4,4) 6-31+G(d) 1.409 2.652 4.120
aug-cc-pVDZ 1.384 2.424 4.084
aug-cc-pVTZ 1.382 2.368 4.083
aug-cc-pVQZ 1.387 2.353 4.091

MRCI(4,4) 6-31+G(d) 1.564 3.802 4.265
aug-cc-pVDZ 1.558 3.670 4.254
aug-cc-pVTZ 1.568 3.678 4.270
aug-cc-pVQZ 1.574 3.681 4.280

MRCI(4,4)+Q 6-31+G(d) 1.525 3.515 4.165
aug-cc-pVDZ 1.510 3.347 4.142
aug-cc-pVTZ 1.519 3.342 4.159
aug-cc-pVQZ 1.525 3.342 4.169

CASSCF(12,12) 6-31+G(d) 1.675 3.924 4.220
aug-cc-pVDZ 1.685 3.856 4.221
aug-cc-pVTZ 1.686 3.844 4.217
aug-cc-pVQZ 1.687 3.846 4.216

CASPT2(12,12) 6-31+G(d) 1.508 3.407 4.099
aug-cc-pVDZ 1.489 3.256 4.044
aug-cc-pVTZ 1.480 3.183 4.043
aug-cc-pVQZ 1.482 3.163 4.047

SC-NEVPT2(12,12) 6-31+G(d) 1.522 3.409 4.130
aug-cc-pVDZ 1.511 3.266 4.093
aug-cc-pVTZ 1.501 3.188 4.086
aug-cc-pVQZ 1.503 3.167 4.088

PC-NEVPT2(12,12) 6-31+G(d) 1.487 3.296 4.103
aug-cc-pVDZ 1.472 3.141 4.064
aug-cc-pVTZ 1.462 3.063 4.056

Table C.4: Vertical excitation energies (with respect to the 11Ag
ground state) obtained with multireference methods for the 13B1g,
11B1g, and 21Ag states of CBD at the D2h rectangular equilibrium
geometry of the 11Ag ground state.
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Excitation energies (eV)
Method Basis 13A2g 11A1g 11B2g

CASSCF(4,4) 6-31+G(d) 0.447 2.257 3.549
aug-cc-pVDZ 0.438 2.240 3.443
aug-cc-pVTZ 0.434 2.234 3.424
aug-cc-pVQZ 0.435 2.235 3.427

CASPT2(4,4) 6-31+G(d) 0.176 1.588 1.899
aug-cc-pVDZ 0.137 1.540 1.708
aug-cc-pVTZ 0.128 1.506 1.635
aug-cc-pVQZ 0.128 1.498 1.612

SC-NEVPT2(4,4) 6-31+G(d) 0.083 1.520 1.380
aug-cc-pVDZ 0.037 1.465 1.140
aug-cc-pVTZ 0.024 1.428 1.055
aug-cc-pVQZ 0.024 1.420 1.030

PC-NEVPT2(4,4) 6-31+G(d) 0.085 1.496 1.329
aug-cc-pVDZ 0.039 1.440 1.088
aug-cc-pVTZ 0.026 1.403 1.003
aug-cc-pVQZ 0.026 1.395 0.977

MRCI(4,4) 6-31+G(d) 0.297 1.861 2.571
aug-cc-pVDZ 0.273 1.823 2.419
aug-cc-pVTZ 0.271 1.824 2.415
aug-cc-pVQZ 0.273 1.825 2.413

MRCI(4,4)+Q 6-31+G(d) 0.260 1.728 2.272
aug-cc-pVDZ 0.225 1.669 2.073
aug-cc-pVTZ 0.219 1.667 2.054
aug-cc-pVQZ 0.220 1.667 2.048

CASSCF(12,12) 6-31+G(d) 0.386 1.974 2.736
aug-cc-pVDZ 0.374 1.947 2.649
aug-cc-pVTZ 0.370 1.943 2.634
aug-cc-pVQZ 0.371 1.945 2.637

CASPT2(12,12) 6-31+G(d) 0.235 1.635 2.170
aug-cc-pVDZ 0.203 1.588 2.015
aug-cc-pVTZ 0.183 1.538 1.926
aug-cc-pVQZ 0.179 1.522 1.898

SC-NEVPT2(12,12) 6-31+G(d) 0.218 1.644 2.143
aug-cc-pVDZ 0.189 1.600 1.991
aug-cc-pVTZ 0.165 1.546 1.892
aug-cc-pVQZ 0.160 1.529 1.862

PC-NEVPT2(12,12) 6-31+G(d) 0.189 1.579 2.020
aug-cc-pVDZ 0.156 1.530 1.854
aug-cc-pVTZ 0.131 1.476 1.756
aug-cc-pVQZ 0.126 1.460 1.727

Table C.5: Vertical excitation energies (with respect to the 11B1g
ground state) obtained with multireference methods for the
13A2g, 11A1g, and 11B2g states of CBD at the D4h square-planar
equilibrium geometry of the 13A2g state. The values in square
brackets have been obtained by extrapolation via the procedure
described in the corresponding footnote. The TBE/aug-cc-
pVTZ values are highlighted in bold.
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Figure D.1: Regularized quasiparticle energies ε̃GW
p as functions of the internuclear

distance RH−H (in Å) of H2 at the G0W0@HF/6-31G level for η = 100 meV (top),
η = 1 Eh (center), and κ = 1 Eh (bottom).
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Figure D.2: Difference between non-regularized and regularized quasiparticle ener-
gies εpGW − ε̃GW

p computed with η = 0.1 Eh (left), η = 1 Eh (center), and η = 10 Eh

(right) as functions of the internuclear distance RH−H (in Å) of H2 at the G0W0@HF/6-
31G level.
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Figure D.3: Difference between non-regularized and regularized quasiparticle ener-
gies εGW

p − ε̃GW
p computed with computed with κ = 0.1 Eh (left), κ = 1 Eh (center),

and κ = 10 Eh (right) as functions of the internuclear distance RH−H (in Å) of H2 at
the G0W0@HF/6-31G level.
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Figure D.4: Ground-state potential energy surface of F2 around its equilibrium
geometry obtained at various levels of theory with the cc-pVDZ basis set for κ =
0.1 Eh (left), η = 1 Eh (center), and η = 10 Eh (right).
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Figure D.5: Ground-state potential energy surface of F2 around its equilibrium ge-
ometry obtained at various levels of theory with the cc-pVDZ basis set for κ = 0.1 Eh
(left), κ = 1 Eh (center), and κ = 10 Eh (right). For κ = 0.1 Eh, the BSE@evGW@HF
calculations do not converge for numerous values of RF−F and are not shown in this
figure. For κ = 10 Eh, the black and gray curves are superposed.
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E.1 Charged excitations

Mol. GF2 linGF2 GW linGW GT linGT ∆CCSD(T)

He 24.40 24.41 24.35 24.36 24.56 24.56 24.33
Ne 19.65 19.83 20.82 20.88 20.46 20.54 20.89
H2 16.16 16.16 16.25 16.25 16.13 16.13 16.27
Li2 5.14 5.12 5.27 5.24 4.98 4.98 5.20
LiH 7.85 7.87 7.95 7.97 8.06 8.06 7.86
HF 14.04 14.32 15.48 15.55 15.00 15.09 15.44
Ar 15.10 15.14 15.36 15.38 15.27 15.29 15.29
H2O 10.76 11.03 12.11 12.17 11.63 11.72 11.96
LiF 8.79 9.40 10.62 10.78 10.40 10.53 10.95
HCl 12.06 12.11 12.36 12.38 12.20 12.22 12.27
BeO 7.59 8.21 9.37 9.47 8.94 9.04 9.89
CO 13.79 13.93 14.65 14.69 14.13 14.18 13.91
N2 14.47 14.77 15.82 15.90 15.24 15.34 15.13
CH4 13.82 13.89 14.41 14.43 14.06 14.09 14.21
BH3 13.03 13.06 13.35 13.36 13.13 13.14 13.14
NH3 9.54 9.73 10.56 10.60 10.13 10.19 10.33
BF 10.88 10.89 11.11 11.10 10.78 10.78 10.92
BN 10.63 10.77 11.35 11.36 10.86 10.90 11.80
SH2 9.80 9.84 10.07 10.08 9.88 9.89 9.96
F2 13.45 14.08 15.81 15.94 14.92 15.13 15.37
MAE 0.72 0.54 0.24 0.25 0.29 0.26
MSE -0.71 -0.53 0.10 0.14 -0.22 -0.17
RMSD 1.03 0.77 0.32 0.33 0.39 0.35
Max 2.30 1.68 0.75 0.78 0.96 0.90

Table E.1: Principal IPs (in eV) of the GW20 set computed at various
levels of theory with linearization (lin) or without using the cc-pVDZ
basis.
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E.2 Neutral excitations

Mol. Nature CIS TDHF TDHF@GF2 BSE@GF2 TDHF@GW BSE@GW TDHF@GT BSE@GT TBE

HCl CT 8.32 8.27 7.19 8.17 (7.99) 7.68 8.30 (8.19) 7.37 7.56 (7.52) 7.84
H2O Ryd. 8.69 8.64 6.08 7.13 (7.01) 7.46 8.09 (8.01) 6.92 7.12 (7.08) 7.17

Ryd. 10.36 10.31 7.80 8.71 (8.66) 9.15 9.80 (9.72) 8.61 8.88 (8.84) 8.92
Ryd. 10.96 10.93 8.62 9.49 (9.36) 9.94 10.42 (10.35) 9.35 9.55 (9.51) 9.52

N2 Val. 9.95 9.70 6.71 9.83 (9.28) 8.05 10.42 (9.99) 7.33 7.89 (7.78) 9.34
Val. 8.43 7.86 7.50 10.72 (9.69) 7.53 10.11 (9.66) 7.14 8.18 (8.02) 9.88
Val. 8.98 8.68 8.34 11.28 (10.34) 8.37 10.75 (10.33) 7.99 8.47 (8.36) 10.29
Ryd. 14.48 14.46 12.03 12.30 (12.29) 13.36 13.60 (13.57) 12.71 12.71 (12.68) 12.98
Ryd. 14.95 14.87 13.77 14.19 (14.07) 13.70 13.98 (13.94) 13.30 13.69 (13.66) 13.03
Ryd. 14.42 13.98 13.63 12.84 (12.84) 13.36 13.98 (13.91) 12.79 13.16 (13.11) 13.09
Ryd. 13.56 13.54 12.71 12.99 (12.96) 14.16 14.24 (14.21) 13.61 13.54 (13.47) 13.46

CO Val. 9.00 8.72 6.77 9.40 (8.84) 7.65 9.54 (9.20) 7.11 7.63 (7.53) 8.49
Val. 9.61 9.25 7.48 10.11 (9.43) 8.27 10.25 (9.91) 7.79 8.62 (8.52) 9.92
Val. 10.02 9.82 8.08 10.39 (9.83) 8.85 10.72 (10.40) 8.38 8.80 (8.72) 10.06
Ryd. 12.12 12.08 10.83 11.04 (11.00) 11.59 11.88 (11.85) 11.12 11.16 (11.13) 10.95
Ryd. 12.72 12.71 11.49 11.72 (11.65) 12.26 12.39 (12.37) 11.78 11.81 (11.80) 11.52
Ryd. 12.82 12.81 11.35 11.69 (11.62) 12.12 12.37 (12.32) 11.63 11.68 (11.67) 11.72

C2H2 Val. 6.27 5.90 5.12 7.95 (7.33) 5.54 7.37 (7.05) 5.02 5.72 (5.63) 7.10
Val. 6.61 6.42 5.68 8.15 (7.59) 6.09 7.74 (7.46) 5.58 5.94 (5.87) 7.44

C2H4 Ryd. 7.15 7.13 7.03 7.41 (7.31) 7.45 7.64 (7.62) 6.91 7.01 (6.98) 7.39
Val. 7.72 7.37 6.56 8.36 (8.11) 7.17 8.19 (8.04) 6.53 7.02 (6.97) 7.93
Ryd. 7.74 7.73 7.68 8.04 (7.97) 8.07 8.29 (8.26) 7.49 7.64 (7.61) 8.08

CH2O Val. 4.57 4.39 1.38 4.82 (4.26) 2.99 5.03 (4.68) 2.15 2.78 (2.68) 3.98
Ryd. 8.59 8.59 6.32 6.36 (6.40) 7.75 7.87 (7.85) 7.02 7.11 (7.09) 7.23
Ryd. 9.41 9.40 7.08 7.50 (7.45) 8.52 8.76 (8.72) 7.78 7.87 (7.85) 8.13
Ryd. 9.53 9.58 7.36 7.39 (7.41) 8.81 8.85 (8.84) 8.09 8.12 (8.11) 8.23
Ryd. 10.02 10.02 7.22 7.40 (7.37) 8.75 8.87 (8.85) 7.95 8.00 (7.99) 8.67
Val. 9.82 9.57 8.08 10.00 (9.34) 7.74 10.19 (9.77) 6.89 7.54 (7.44) 9.22
Val. 9.72 9.21 7.61 9.95 (9.82) 8.46 10.06 (9.82) 7.81 8.38 (8.31) 9.43

MAE 0.92 0.94 1.24 0.52 (0.35) 0.79 0.64 (0.50) 0.98 0.69 (0.74)
MSE 0.54 0.38 -1.16 0.15 (-0.13) -0.35 0.64 (0.48) -0.93 -0.60 (-0.66)
RMSE 1.06 1.09 1.45 0.63 (0.47) 0.98 0.71 (0.58) 1.30 0.92 (0.98)
Max 1.92 2.02 2.63 1.27 (1.30) 2.35 1.08 (0.91) 2.74 1.82 (1.93)

Table E.2: Singlet excitation energies (in eV) of various molecules computed using the aug-cc-pVTZ basis set at different levels of theory.
The dynamically-corrected BSE transition energies (dBSE) are reported in parentheses.
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E.3 Geometry

Below, we provide the Cartesian coordinates (in Å) of the cycl[3,3,3]zine molecule
optimized at the B3LYP/cc-pVDZ level:

N 0.000000 0.009080 0.000000

C 1.224802 0.716230 0.000000

C -1.224802 0.716230 0.000000

C 2.437473 -0.010534 0.000000

C -2.437473 -0.010534 0.000000

H 3.363630 0.562441 0.000000

H -3.363630 0.562441 0.000000

C 1.201735 2.129808 0.000000

C -1.201735 2.129808 0.000000

H 2.161023 2.645400 0.000000

H -2.161023 2.645400 0.000000

C 0.000000 2.821547 0.000000

H 0.000000 3.914218 0.000000

C 0.000000 -1.405179 0.000000

C 2.435666 -1.397141 0.000000

C -2.435666 -1.397141 0.000000

H 3.381943 -1.943483 0.000000

H -3.381943 -1.943483 0.000000

C 1.235729 -2.091996 0.000000

C -1.235729 -2.091996 0.000000

H 1.202592 -3.180558 0.000000

H -1.202592 -3.180558 0.000000
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Résumé en français

L’interaction entre la lumière et la matière est omniprésente dans la nature, et de
nombreux exemples peuvent être cités. Parmi ceux-ci, on peut mentionner la photo-
synthèse, qui est un processus utilisé par les plantes, les algues et certaines bactéries.
Elle capture la lumière du soleil pour convertir le dioxyde de carbone (CO2) et l’eau
(H2O) de l’air et du sol en dioxygène (O2) ainsi qu’en énergie chimique sous forme
de glucose. Un autre exemple biologique qui souligne l’interaction entre la lumière
et les molécules est le processus de la vision qui se déroule dans la rétine de l’œil.
En effet, dans le processus de la vision, la lumière est absorbée par un pigment
dans l’œil et entraı̂ne une réaction d’isomérisation du pigment. Cette réaction est le
début du processus visuel. De nombreuses autres applications importantes existent
dans de nombreux domaines différents, comme dans le domaine énergétique avec
la conversion de la lumière du soleil en courant électrique dans les cellules photo-
voltaı̈ques ou la photocatalyse. Bien sûr, de nombreux autres exemples d’applications
peuvent être donnés, mais ces quelques exemples montrent que la compréhension de
l’interaction entre la lumière et les molécules est fondamentale dans de nombreux
domaines pertinents de la physique, de la chimie et de la biologie.

De nos jours, la simulation numérique est un outil très important non seulement
en chimie, mais dans la science en général. Elle permet aux scientifiques de modéliser
et d’étudier des systèmes ou des phénomènes complexes qui sont difficiles ou impos-
sibles à étudier directement. En effet, grâce aux simulations, les scientifiques peuvent
explorer des environnements hostiles tels que l’espace ou des environnements à
température et pression extrêmes. Cela permet de faire des prédictions, de tester
des hypothèses et d’obtenir des informations dans différents domaines scientifiques.
Cependant, l’interaction entre la lumière et les molécules est un problème complexe
qui donne lieu à différents mécanismes possibles tels que l’absorption, l’émission
ou la diffusion. Dans cette thèse, nous nous intéressons uniquement au cas de
l’absorption des photons et nous nous concentrons sur deux processus, l’excitation
neutre et l’ionisation. Le processus d’ionisation se produit lorsque le photon absorbé
a suffisamment d’énergie pour extraire un électron de la molécule, tandis qu’une
excitation neutre promeut un électron d’un état électronique occupé à un état excité.

Notez que lorsqu’une molécule est excitée à partir de sa géométrie à l’état fon-
damental, la géométrie de l’état excité peut se détendre. Tout d’abord, un électron
absorbe un photon et est promu de l’état électronique et vibratoire à l’état fondamental
à sa géométrie d’équilibre vers un état excité à la même géométrie. Ensuite, la struc-
ture moléculaire relaxe (et se déplace le long de l’axe horizontal) vers la géométrie
d’équilibre de l’état excité. Ensuite, l’électron se désexcite vers l’état électronique fon-
damental à la géométrie d’équilibre de l’état excité. Enfin, la géométrie de la molécule
se détend vers l’état électronique et vibratoire fondamental à sa géométrie d’équilibre.
Malheureusement, tous ces processus sont extrêmement difficiles à modéliser, et dans
cette thèse, nous nous concentrons uniquement sur les énergies d’excitation verticales,
ce qui signifie que nous ne prenons pas en compte la relaxation des géométries.
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Chapitre 1

Dans ce chapitre, nous posons le cadre sur lequel repose cette thèse en présentant de
nombreuses méthodes de chimie quantique qui sont utilisées tout au long de cette
étude. La liste des méthodes évoquées dans ce chapitre est la suivante :

• Approximation Hartree-Fock qui consiste à réécrire l’équation de Schrödinger
en N équations monoélectroniques. Dans cette approximation la fonction
d’onde électronique est écrite comme un déterminant de Slater de N orbitales
occupées. Cette dernière est appelée approximation de champ moyen car on
introduit un potentiel effectif à un électron qui est un potentiel moyen subi
par un électron en raison de la présence des (N − 1) autres électrons. On
considère cette méthode dans sa forme restreinte (RHF) où les spinorbitales
sont contraintes d’avoir la même fonction spatiale pour les électrons α et β ainsi
que son formalisme non restreint (UHF) où les spinorbitales ont des fonctions
spatiales différentes pour les spins α et β.

• Théorie de la fonctionnelle de la densité (DFT) où la quantité de base n’est pas
la fonction d’onde mais la densité électronique. On s’intéresse au formalisme
Kohn-Sham (KS) qui montre des similitudes avec la théorie HF car les électrons
sont traités comme des particules indépendantes se déplaçant dans le champ
moyen de tous les autres.

• En appliquant la théorie de la réponse linéaire à la méthode Hartree-Fock on
obtient un problème aux valeurs propres nommé Hartree-Fock dépendant du
temps (TDHF) ou approximation random-phase (RPAx). Lorsqu’on l’applique
au formalisme Kohn-Sham de la DFT on obtient également un problème aux
valeurs propres nommé DFT dépendant du temps (TD-DFT). Lorsque les matri-
ces correspondants à chacun des problèmes sont diagonalisées elles donnent
accès aux excitations neutres de la molécule.

• Ensuite, on se tourne vers la théorie des perturbations où l’idée principale
est de séparer l’Hamiltonien en deux parties, une partie non perturbée dont
on connait les valeurs et vecteurs propres et une autre partie qui joue le rôle
de la perturbation. Dans un premier temps on se tourne vers la théorie des
perturbations de Rayleigh et Schrödinger qui nous conduit à la méthode M’́oller
Plesset qui considére l’Hamiltonien Hartree-Fock comme Hamiltonien non
perturbé. Finalement, on considère la théorie des perturbations basée sur la
fonction de Green qui nous permet d’obtenir les excitations chargées et neutres
d’une molécule. Les excitations chargées sont obtenues grâce à la fonction de
Green à un corps en introduisant le potentiel de ”self-energy” tandis que les
excitations neutres sont obtenues grâce à la fonction de Green à deux corps. Il
est intéressant de noter que dans le cas des excitations neutres on obtient un
problème aux valeurs propres similaire à celui rencontré en TD-DFT avec un
noyau différent. Dans ce chapitre, on étudie plusieurs approximations pour le
potentiel de ”self-energy”.

Chapitre 2

Comme la théorie de la fonctionnelle de la densité dépendante du temps adiaba-
tique (TD-DFT), le formalisme de l’équation de Bethe-Salpeter (BSE) de la théorie
de perturbation à plusieurs corps, dans son approximation statique, est ”aveugle”
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aux excitations doubles (et supérieures), qui sont omniprésentes, par exemple, dans
les molécules conjuguées telles que les polyènes. Ici, nous appliquons l’ansatz de
l’inversion de spin (ou spin-flip), qui considère l’état triplet le plus bas comme la
configuration de référence au lieu de l’état singulet fondamental, au formalisme BSE
afin d’accéder, en particulier, aux excitations doubles. Le schéma présent est basé sur
une version non restreinte de l’approximation GW utilisée pour calculer les excita-
tions chargées et le potentiel de Coulomb écranté requis pour les calculs BSE. Les
corrections dynamiques aux excitations optiques statiques BSE sont prises en compte
par une généralisation non restreinte de notre traitement perturbatif (renormalisé)
récemment développé. La performance du formalisme BSE avec renversement de
spin est illustrée par le calcul des énergies des états excités de l’atome de béryllium
(Be), de la molécule d’hydrogène (H2) à différentes longueurs de liaison, et du cy-
clobutadiène (CBD) dans ses géométries rectangulaire et plan carré.

Atome de béryllium

Dans un premier exemple, nous considérons le cas simple de l’atome de béryllium,
dont la configuration de l’état fondamental 1S est 1s22s2, dans une petite base (6-
31G) qui a été étudié par Krylov dans deux de ses tout premiers articles sur les
méthodes d’inversion de spin. Les énergies d’excitation correspondant aux premières
excitations singulet et triplet simples 2s → 2p avec des symétries spatiales P, ainsi
qu’aux premières excitations doubles singulet et triplet 2s2 → 2p2 avec des symétries
spatiales D et P (respectivement), sont représentées dans la figure E.1.

3P(1s22s12p1)

1P(1s22s12p1)

3P(1s22p2)

1D(1s22p2)

2

4

6

8

10

Figure E.1: Les énergies d’excitation (en eV) par rapport à l’état fondamental singulet
1S(1s22s2) de Be obtenues avec la base 6-31G aux différents niveaux de théorie sont
les suivantes: SF-TD-DFT (rouge), SF-CIS (violet), SF-BSE (bleu), SF-ADC (orange),
FCI (noir) Tous les calculs d’inversion de spin ont été réalisés avec une référence non
restreinte.
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Sur le côté gauche de la figure E.1, nous rapportons les énergies d’excitation SF-
TD-DFT (lignes rouges) obtenues avec les fonctionnelles BLYP, B3LYP et BH&HLYP,
qui correspondent à une augmentation de l’échange exact de 0% à 50%. Les états
3P(1s22s12p1) et 1P(1s22s12p1) sont dégénérés au niveau de SF-TD-BLYP. En effet,
en raison de l’absence de termes de couplage dans le bloc d’inversion de spin des
équations SF-TD-DFT, leurs énergies d’excitation sont données par la différence
d’énergie entre les orbitales 2s et 2p et les deux états sont fortement contaminés par le
spin. L’inclusion de l’échange exact, comme dans SF-TD-B3LYP et SF-TD-BH&HLYP,
lève cette dégénérescence et améliore la description des deux états. Cependant,
l’énergie d’excitation SF-TD-BH&HLYP de l’état 1P(1s22s12p1) diffère encore de
1.6 eV par rapport à la référence FCI. Pour les autres états, l’accord entre SF-TD-
BH&HLYP et FCI est significativement amélioré. Les calculs de TD-DFT avec in-
version de spin réalisés avec CAM-B3LYP et ωB97X-D sont seulement légèrement
plus précis que leurs homologues hybrides globaux, tandis que SF-TD-LC-ωPBE08
présente des améliorations plus significatives même si cela n’atteint pas la précision
de SF-(d)BSE.

La partie centrale de la figure E.1 montre les résultats SF-(d)BSE (lignes bleues)
ainsi que les énergies d’excitation SF-CIS (lignes violettes). Tous ces calculs sont ef-
fectués avec 100% d’échange exact, avec l’inclusion supplémentaire de la corrélation
dans le cas de SF-BSE et SF-dBSE grâce à l’introduction du dépistage statique et
dynamique, respectivement. Dans l’ensemble, les énergies d’excitation SF-CIS et
SF-BSE se rapprochent de la référence FCI plus que celles de SF-TD-DFT, sauf
pour l’état triplet le plus bas où l’énergie d’excitation SF-TD-BH&HLYP est plus
précise, probablement grâce à une compensation d’erreur. À l’exception de l’état 1D,
SF-BSE améliore SF-CIS avec une contribution assez faible des effets dynamiques
supplémentaires inclus dans le schéma SF-dBSE. Il est à noter que l’échange exact
semble purifier le spin de l’état 3P(1s22s12p1) tandis que les états singulets au niveau
de SF-BSE sont légèrement plus contaminés par le spin que leurs homologues SF-CIS.

La figure 2.1 regroupe également les résultats obtenus aux niveaux SF-(d)BSE@evGW
partiellement auto-cohérent et SF-(d)BSE@qsGW entièrement auto-cohérent. Les
énergies d’excitation SF-(d)BSE sont assez stables par rapport au schéma sous-jacent
GW, ce qui illustre bien que les états propres UHF sont en fait un excellent point de
départ dans ce cas particulier.

Le côté droit de la figure E.1 illustre les performances des méthodes SF-ADC. Fait
intéressant, SF-BSE et SF-ADC(2)-s ont des précisions assez similaires, à l’exception
de l’état 1D où SF-ADC(2)-s a clairement l’avantage sur SF-BSE. Enfin, SF-ADC(2)-x
et SF-ADC(3) donnent des énergies d’excitation très proches de la référence FCI
pour ce système simple, avec des améliorations significatives pour l’état triplet le
plus bas 3P et l’état doublement excité 1D. Bien que (d)BSE et ADC(2)-s présentent
des similitudes théoriques évidentes, nous tenons à mentionner qu’ils ne sont pas
strictement identiques car ADC(2) inclut des contributions clés d’échange du second
ordre qui ne sont pas incluses au niveau GW, même dans le cas de schémas plus
élaborés tels que evGW et qsGW.

Molécule d’hydrogène

Dans notre deuxième exemple, nous étudions la dissociation de la molécule H2, qui
est un système prototype pour tester de nouvelles méthodes de structure électronique
et, en particulier, leur précision en présence d’une forte corrélation. L’état fon-
damental X, 1Σ+

g de H2 a une configuration électronique (1σg)2. La variation des
énergies d’excitation associées aux trois premiers états excités singulets par rapport à
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l’allongement de la liaison H – H est particulièrement intéressante ici. Le plus bas état
simple excité B, 1Σ+

u a une configuration (1σg)(1σu), tandis que l’état simple excité
E, 1Σ+

g et l’état doublement excité F, 1Σ+
g ont des configurations (1σg)(2σg) et (1σu)2,

respectivement. Parce que ces deux derniers états excités interagissent fortement
et forment un croisement évité autour de R(H−H) = 1.4 Å, ils sont généralement
appelés état EF, 1Σ+

g . Il convient de noter que ce croisement évité n’est pas visi-
ble avec des méthodes sans inversion de spin restreintes aux excitations simples
(comme CIS, TD-DFT et BSE), car elles sont ”aveugles” aux excitations doubles. Trois
méthodes, dans leurs versions standard et avec inversion de spin, sont étudiées ici
(CIS, TD-BH&HLYP et BSE) et sont comparées aux énergies d’excitation de référence
EOM-CCSD (équivalentes à FCI dans le cas de H2). Tous ces calculs sont effectués
avec la base cc-pVQZ.

Le panneau supérieur de la figure E.2 montre les énergies d’excitation CIS (lignes
en pointillés) et SF-CIS (lignes en tirets) en fonction de R(H−H). Les énergies
d’excitation de référence EOM-CCSD sont représentées par des lignes pleines. Nous
observons que CIS et SF-CIS décrivent mal l’état B, 1Σ+

u dans la limite de dissocia-
tion avec une erreur supérieure à 1 eV, tandis que CIS, contrairement à SF-CIS, est
beaucoup plus précis autour de la géométrie d’équilibre. Des observations similaires
peuvent être faites pour l’état E, 1Σ+

g avec une bonne description au niveau de CIS
pour toutes les longueurs de liaison. SF-CIS ne décrit pas avec précision l’état E, 1Σ+

g
avant le croisement évité

Cyclobutadiène

Le cyclobutadiène (CBD) est un exemple intéressant car les propriétés électroniques
de son état fondamental peuvent être modifiées en déformant sa géométrie. Dans son
état fondamental, le CBD peut avoir différentes géométries, comme une géométrie
rectangulaire D2h dans l’état singulet Ag ou une géométrie carrée D4h dans l’état
triplet A2g. Dans la géométrie rectangulaire D2h de l’état singulet Ag, l’orbitale
moléculaire la plus haute occupée (HOMO) et l’orbitale moléculaire la plus basse
non occupée (LUMO) ne sont pas dégénérées, et l’état fondamental singulet peut
être considéré comme une référence unique avec des orbitales doublement occupées
bien définies. Cependant, dans la géométrie carrée D4h de l’état triplet A2g, la HOMO
et la LUMO sont strictement dégénérées, et l’état électronique fondamental, qui est
toujours de nature singulet avec une symétrie spatiale B1g (violant ainsi la règle
de Hund), est fortement multiréférence avec des orbitales occupées de manière
singulet (état ouvert singulet). Dans ce cas, les méthodes à référence unique échouent
généralement. Néanmoins, l’état triplet le plus bas de symétrie 3A2g reste de nature
à référence unique et constitue donc un point de départ parfait pour les calculs
d’inversion de spin.

Les géométries optimisées D2h et D4h des états 1Ag et 3A2g du CBD ont été
obtenues au niveau CCSD(T)/cc-pVTZ. Toutes ces valeurs ont été obtenues avec une
référence UHF, tout comme les calculs SF-BSE réalisés ici. Tous ces résultats sont
présentés dans la figure E.3.

Pour chaque géométrie, trois états excités sont étudiés :

• les états 1, 3B1g, 1, 1B1g et 2, 1Ag de la géométrie D2h ;

• les états 1, 3A2g, 2, 1A1g et 1, 1B2g de la géométrie D4h.

Il est important de mentionner que l’état 2, 1A1g de la géométrie rectangulaire a
un caractère significatif d’excitation double et est donc difficilement décrit par des
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Figure E.2: Énergies d’excitation par rapport à l’état fondamental X, 1Σ+
g (gauche) et

valeur d’attente de l’opérateur de spin
〈
Ŝ2〉 (droite) des états B, 1Σ+

u (rouge), E, 1Σ+
g

(noir) et F, 1Σ+
g (bleu) de H2 obtenues avec la base cc-pVQZ aux niveaux de théorie

(SF-)CIS (en haut), (SF-)TD-BH&HLYP (au milieu) et (SF-)BSE (en bas). Les énergies
d’excitation de référence EOM-CCSD sont représentées par des lignes continues,
tandis que les résultats obtenus avec et sans inversion de spin sont représentés par
des lignes en pointillés et en tirets, respectivement. Tous les calculs conservant le
spin et les calculs avec inversion de spin ont été effectués avec une référence non
restreinte.

méthodes du second ordre (telles que CIS(D), ADC(2), CC2 ou EOM-CCSD) et reste
un défi réel pour les méthodes du troisième ordre (comme ADC(3), CC3 ou EOM-
CCSDT).

En comparant les résultats actuels SF-BSE@G0W0 pour la géométrie rectangulaire
au niveau ADC le plus précis, c’est-à-dire SF-ADC(3), on obtient une différence
d’énergie d’excitation de 0.017 eV pour l’état 1,3 B1g. Cette différence augmente à
0.572 eV pour l’état 1,1 B1g puis diminue à 0.212 eV pour l’état 2,1 Ag. Dans l’ensemble,
l’ajout de corrections dynamiques via le schéma SF-dBSE@G0W0 n’améliore pas la
précision des énergies d’excitation (par rapport à SF-ADC(3)) avec des erreurs de
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Figure E.3: Excitations verticales pour le CBD à différents niveaux de théorie : SF-TD-
DFT (rouge), SF-CIS (violet), SF-BSE (bleu), SF-ADC (orange), and EOM-SF-CCSD
(noir). Gauche: états 1 3B1g, 1 1B1g, and 2 1A1g à la géométrie d’équilibre rectangulaire
D2h de l’état fondamental X 1Ag. Droite: états 1 3A2g, 2 1A1g et 1 1B2g à la géométrie
d’équilibre plan-carée D4h de l’état 1 3A2g. Tous les calculs d’inversion de spin ont
été réalisés avec une référence non restreinte et avec la base cc-pVTZ.

0.052, 0.393 et 0.293 eV pour les états 1,3 B1g, 1,1 B1g et 2,1 Ag, respectivement.
Pour la géométrie carrée, on constate qu’au niveau SF-BSE@G0W0, les deux pre-

miers états sont inversés avec l’état triplet 1,3 B1g inférieur à l’état singulet 1,1 Ag. La
même observation peut être faite au niveau SF-TD-B3LYP. Cela est certainement dû
à la mauvaise référence Hartree-Fock qui manque de corrélation des spins opposés,
et ce problème pourrait être potentiellement atténué en utilisant un meilleur point
de départ pour le calcul GW. Néanmoins, il est satisfaisant de constater que l’ajout
de la correction dynamique dans SF-dBSE@G0W0 améliore non seulement l’accord
avec SF-ADC(3), mais permet également de retrouver le bon ordre des états. Ainsi, le
CBD constitue un excellent exemple pour lequel des corrections dynamiques sont
nécessaires pour obtenir la bonne chimie au niveau SF-BSE.

Une autre caractéristique intéressante est l’ordre incorrect des états 2, 1A1g et
1, 1B2g aux niveaux SF-B3LYP, SF-BH&HLYP et SF-CIS, qui donne le premier plus
élevé en énergie que le second. Ce problème n’apparaı̂t pas aux niveaux SF-BSE,
SF-ADC et SF-EOM-SF-CCSD. Ici encore, on n’observe pas d’amélioration claire en
utilisant des RSH (range-separated hybrids) au lieu des hybrides globaux (BH&HLYP
semble particulièrement performant dans le cas du CBD), bien qu’il soit intéressant de
mentionner que les calculs SF-TD-DFT basés sur les RSH fournissent des excitations
précises pour l’excitation double 1, 1Ag → 2, 1Ag dans la géométrie D2h.

Conclusion

Dans ce chapitre, nous avons présenté l’extension de l’approche BSE (Bethe-Salpeter
Equation) de la théorie de perturbation à plusieurs corps au formalisme d’inversion
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de spin afin d’accéder aux excitations doubles dans des systèmes moléculaires. Les
calculs d’inversion de spin présentés ici reposent sur une version non restreinte de
l’approximation GW et du formalisme BSE, avec, en plus de cela, une correction dy-
namique aux excitations optiques BSE statiques via une généralisation non restreinte
de notre traitement perturbatif renormalisé récemment développé. En prenant comme
exemples l’atome de béryllium (Be), la dissociation de la molécule d’hydrogène (H2)
et le cyclobutadiène (CBD) dans deux géométries différentes, nous avons montré que
le formalisme BSE d’inversion de spin peut modéliser avec précision les excitations
doubles et semble dépasser systématiquement son prédécesseur TD-DFT d’inversion
de spin. Des améliorations supplémentaires pourraient être obtenues grâce à un
meilleur choix des orbitales de départ et de leurs énergies, et nous espérons étudier
cela dans un prochain article. Des techniques pour atténuer la contamination de
spin dans le formalisme BSE d’inversion de spin seront également explorées dans un
avenir proche. Nous espérons que ces nouveaux résultats encourageants stimuleront
de nouveaux développements autour du formalisme BSE pour l’établir davantage
en tant qu’alternative ab initio précieuse à la TD-DFT pour l’étude des états excités
moléculaires.

Chapitre 3

Le cyclobutadiène est un terrain de jeu bien connu pour les chimistes théoriciens
et est particulièrement adapté pour tester les méthodes d’états fondamentaux et ex-
cités. En effet, en raison de sa haute symétrie spatiale, notamment dans la géométrie
carrée D4h mais aussi dans l’arrangement rectangulaire D2h, les états fondamentaux
et excités du cyclobutadiène présentent des caractères multi-configurationnels, et les
méthodes à référence unique, telles que la théorie de la fonctionnelle de la densité
dépendante du temps adiabatique standard (TD-DFT) ou la théorie couplée aux
équations de mouvement coupled-cluster (EOM-CC), sont connues pour avoir des
difficultés dans de telles situations. Dans ce travail, en utilisant un large éventail de
méthodes et de jeux de bases, nous proposons une étude computationnelle appro-
fondie de la barrière d’automérisation (définie comme la différence entre les énergies
des états fondamentaux rectangulaire et carré) et des énergies d’excitation verticales
aux structures d’équilibre D2h et D4h. En particulier, des calculs d’interaction de con-
figuration sélectionnée (SCI), de théorie de perturbation à référence multiple (CASSCF,
CASPT2 et NEVPT2) et de coupled-cluster (CCSD, CC3, CCSDT, CC4 et CCSDTQ)
sont réalisés. Le formalisme de l’inversion de spin, qui est connu pour fournir une
description qualitativement correcte de ces états diradicaux, est également testé dans
le cadre de la TD-DFT (combinée avec de nombreuses fonctionnelles d’échange-
corrélation) et des schémas de construction diagrammatique algébrique [ADC(2)-s,
ADC(2)-x et ADC(3)]. Une meilleure estimation théorique est définie pour la barrière
d’automérisation et pour chaque énergie de transition verticale. Dans cette étude,
nous avons comparé un plus grand nombre de méthodes de calcul pour la barrière
d’automérisation et les énergies d’excitation verticales du cyclobutadiène dans ses
géométries carrée (D4h) et rectangulaire (D2h). Nous avons défini des estimations
théoriques basées sur des données CCSDTQ/aug-cc-pVTZ extrapolées comme étant
les meilleures.
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Figure E.4: Erreur (par rapport à la TBE) dans la barrière d’automérisation (en
kcal mol−1) du CBD à différents niveaux de théorie en utilisant la base aug-cc-pVTZ.
Voir l’annexe C pour les énergies totales.

Barrière d’automerisation

Les résultats concernant la barrière d’automérisation sont rapportés dans le tableau
3.2 pour différents ensembles de bases et présentés dans la figure 3.2 pour la base
aug-cc-pVTZ. Notre TBE avec cet ensemble de base est 8.93 kcal mol−1, ce qui est en
excellent accord avec de précédentes études (voir annexe C).

Premièrement, on peut voir de grandes variations de la barrière d’énergie au
niveau SF-TD-DFT, avec des différences aussi grandes que 10 kcal mol−1 entre les
différentes fonctionnelles pour un ensemble de base donné. Néanmoins, il est clair
que la performance d’une fonctionnelle donnée est directement liée à la quantité
d’échange exact à courte distance. En effet, les fonctionnelles hybrides avec environ
50% d’échange exact à courte portée (

exemple, BH&HLYP, M06-2X et M11) fonctionnent nettement mieux que les
fonctionnelles ayant une petite fraction d’échange exact à courte portée (

exemple, B3LYP, PBE0, CAM-B3LYP, ωB97X-V et LC-ωPBE08). Cependant, ils
sont toujours éloignés de 1–4 kcal mol−1 de la valeur de référence TBE, le résultat
le plus précis étant obtenu avec M06-2X. Pour les fonctionnelles RSH, la barrière
d’automérisation est beaucoup moins sensible à la quantité d’échange exact à longue
portée. Une autre caractéristique importante de SF-TD-DFT est la convergence rapide
de la barrière énergétique avec la taille de l’ensemble de base. Avec la base double-ζ
augmentée, les résultats SF-TD-DFT sont fondamentalement convergés vers une
précision sous-kcal mol−1, ce qui est une amélioration drastique par rapport aux ap-
proches de fonction d’onde où ce type de convergence est atteint avec l’augmentation
base triple-ζ uniquement.

Pour la famille de méthodes SF-ADC, les différences d’énergie sont beaucoup
plus faibles avec un écart maximum de 2 kcal mol−1 entre les différentes versions.
En particulier, nous observons que SF-ADC(2)-s et SF-ADC(3), qui évoluent respec-
tivement comme O(N5) et O(N6) (où N est le nombre de fonctions de base), sous-
estime et surestime la barrière d’automérisation, faisant de SF-ADC(2.5) un bon
compromis avec une erreur de seulement 0.18 kcal mol−1 par rapport au TBE/aug-
cc -valeur de référence de base pVTZ. Néanmoins, à une mise à l’échelle de calcul
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O(N5), SF-ADC(2)-s est particulièrement précis, même par rapport aux méthodes
CC d’ordre élevé (voir ci-dessous). Nous notons que SF-ADC(2)-x [qui s’échelonne
comme O(N6)] ne vaut probablement pas son coût supplémentaire [par rapport à SF-
ADC(2)-s] car il surestime le barrière énergétique encore plus que SF-ADC(3). Dans
l’ensemble, même avec la meilleure fonction de corrélation d’échange, SF-TD-DFT
est clairement surpassé par les modèles SF-ADC plus chers.

Nous observons que SF-EOM-CCSD/aug-cc-pVTZ a tendance à sous-estimer
d’environ 1.5 kcal mol−1 la barrière énergétique par rapport au TBE. Cela peut être
atténué en incluant la correction des triplets avec SF-EOM-CCSD(fT) et SF-EOM-
CCSD(dT) (voir l’annexe C. Nous notons également que les valeurs SF-EOM-CCSD
pour la barrière énergétique sont proches de celles obtenues avec la méthode CC3 plus
coûteuse (standard), mais moins précises que les valeurs calculées avec le formalisme
moins cher SF-ADC(2)-s. Notez que la correction (fT) est plus performante que
la correction (dT) pour la barrière d’énergie. Cependant, pour les états excités, la
situation est inversée (voir ci-dessous).

Concernant les approches multi-références avec l’espace actif minimal (4e,4o),
les TBEs sont encadrés par les valeurs CASPT2 et NEVPT2 qui diffèrent d’environ
1.5 kcal mol−1 pour toutes les bases. Dans ce cas, les valeurs NEVPT2 sont assez
précises avec des différences inférieures à un demi kcal mol−1 par rapport aux TBE.
Les résultats du CASSCF prédisent une barrière encore plus faible que le CASPT2 en
raison du manque bien connu de corrélation dynamique au niveau du CASSCF. Pour
le plus grand espace actif (12e,12o), nous voyons des différences plus importantes
de l’ordre de 3 kcal mol−1 (à travers toutes les bases) entre CASSCF et les variantes
de second ordre (CASPT2 et NEVPT2). Cependant, les écarts entre CASPT2(12,12)
et NEVPT2(12,12) sont beaucoup plus faibles qu’avec l’espace actif minimal, avec
une différence d’énergie d’environ 0.1–0.2 kcal mol−1 pour toutes les bases, CASPT2
étant légèrement plus précis que NEVPT2 dans ce cas. Pour chaque ensemble de
base, CASPT2(12,12) et NEVPT2(12,12) sont à moins d’un kcal mol−1 des TBE. Pour
les deux espaces actifs que nous avons considérés ici, les schémas PC- et SC-NEVPT2
fournissent des barrières presque identiques indépendamment de la taille de la base
à un électron.

Enfin, pour la famille de méthodes CC, nous observons l’amélioration systématique
habituelle suivant la série CCSD < CC3 < CCSDT < CC4 < CCSDTQ, qui est par-
allèle à leur augmentation de coût : O(N6),O(N7),O(N8),O(N9) etO(N10), respec-
tivement. Notez que l’introduction des triples excitations est clairement obligatoire
pour avoir une précision au-delà de SF-TD-DFT, et nous observons que CCSDT est
définitivement une amélioration par rapport à sa version approchée moins chère,
CC3.

Énergies d’excitations verticales

Géométrie rectangulaire D2h

En considérant la base aug-cc-pVTZ, l’évolution des énergies d’excitation verticales
par rapport au niveau de la théorie est illustrée sur la Fig. 3.3.

Au niveau CC3/aug-cc-pVTZ, le pourcentage d’excitation unique impliquée dans
13B1g, 11B1g et 21Ag est de 99%, 95% et 1%, respectivement. Par conséquent, les
deux premiers sont dominés par des excitations simples, tandis que le dernier état
correspond à une véritable double excitation.

Tout d’abord, discutons des effets de base au niveau SF-TD-DFT. Comme prévu,
ceux-ci s’avèrent petits et les résultats convergent essentiellement vers la limite de
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Figure E.5: Énergies d’excitation verticales des états 13B1g, 11B1g et 21Ag à la
géométrie d’équilibre rectangulaire D2h de l’état fondamental 11Ag en utilisant
la base aug-cc-pVTZ. Voir C pour les données brutes.

l’ensemble de base complet avec la base triple-ζ, ce qui n’est certainement pas le cas
pour les méthodes de fonction d’onde. En ce qui concerne maintenant la précision
des énergies d’excitation verticales, encore une fois, nous voyons que, pour 13B1g et
11B1g, les fonctionnelles avec la plus grande quantité d’échange exact à courte portée
(

exemple, BH&HLYP, M06-2X , et M11) sont les plus précis. Les fonctionnelles
avec une grande part d’échange exact sont connues pour fonctionner le mieux dans
le cadre SF-TD-DFT car le terme d’échange Hartree-Fock est le seul terme non nul
dans le bloc d’inversion de spin. Cependant, leur précision globale reste moyenne
surtout pour les états singulets, 11B1g et 21Ag, avec une erreur de l’ordre de 0.2–
0.5 eV par rapport aux TBE. L’état triplet, 13B1g, est beaucoup mieux décrit avec des
erreurs inférieures à 0.1 eV. Étonnamment, pour l’état doublement excité, 21Ag, les
fonctionnelles hybrides avec un faible pourcentage d’échange exact (B3LYP et PBE0)
sont les plus performantes avec des erreurs absolues inférieures à 0.05 eV. Notez que,
comme en témoignent les données rapportées dans l’annexe C, aucun de ces états ne
présente une forte contamination de spin.

Deuxièmement, nous discutons des différents schémas SF-ADC (tableau 3.3), i.e.,
SF-ADC(2)-s, SF-ADC(2)-x et SF-ADC(3). Au niveau du SF-ADC(2)-s, le passage de
la plus petite base 6-31+G(d) à la plus grande base aug-cc-pVQZ induit une légère
diminution des énergies d’excitation verticales de 0.03 eV (0.06 eV) pour l’état 13B1g
(21 Ag), tandis que l’énergie de transition de l’état 11B1g chute plus significativement
d’environ 0.2 eV. [Les calculs SF-ADC(2)-x et SF-ADC(3) avec aug-cc-pVQZ n’étaient
pas réalisables avec nos ressources de calcul.] Ces effets d’ensemble de base sont assez
transférables aux autres méthodes de fonction d’onde que nous avons considérées
ici. Ceci motive davantage le schéma d’extrapolation ”pyramidale” que nous avons
utilisé pour produire les valeurs TBE (voir Sec. 3.2.5). Encore une fois, la version
étendue, SF-ADC(2)-x, ne semble pas pertinente dans le contexte actuel avec des
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erreurs beaucoup plus importantes que les autres schémas. De plus SF-ADC(2)-s et
SF-ADC (3) ont des modèles d’erreur miroir rendant SF-ADC (2.5) particulièrement
précis, sauf pour l’état à double excitation twoAg où l’erreur par rapport au TBE
(0.140 eV) est supérieure à l’erreur SF-ADC(2)-s (0.093 eV).

Fait intéressant, nous observons que les énergies d’excitation SF-EOM-CCSD
sont systématiquement plus grandes que les TBE d’environ 0.2 eV avec une belle
cohérence dans les différents états excités (simple et double). De plus, les énergies
d’excitation SF-EOM-CCSD sont en quelque sorte plus proches de leurs analogues
SF-ADC(2)-s (avec une différence d’énergie d’environ 0.1 eV) que les autres schémas.
Nous voyons que les énergies des excitations SF-EOM-CCSD pour l’état triplet sont
plus grandes d’environ 0.3 eV par rapport à celles du CCSD. On peut logiquement
s’attendre à une tendance similaire pour SF-EOM-CCSD(fT) et SF-EOM-CCSD(dT)
qui abaissent les énergies d’excitation et tendent à être en meilleur accord par rapport
au TBE (voir annexe C). On peut noter que la correction (dT) surpasse légèrement la
correction (fT) comme théoriquement attendu.

Concernant les calculs multi-références, le résultat le plus frappant est la mauvaise
description de l’état ionique 11B1g, en particulier avec l’espace actif (4e,4o) où CASSCF
prédit cet état plus élevé en énergie que l’état 21Ag. Bien sûr, la correction PT2 est
capable de corriger le problème d’ordre d’état mais ne peut pas fournir d’énergies
d’excitation quantitatives en raison du mauvais traitement d’ordre zéro. Un autre effet
d’entraı̂nement du manque de fiabilité de la fonction d’onde de référence est la grande
différence entre CASPT2 et NEVPT2 qui diffèrent d’un demi-eV. Cette caractéristique
est caractéristique de l’insuffisance de l’espace actif pour modéliser un tel état. Des
calculs MRCI et MRCI+Q supplémentaires (rapportés à l’annexe C) le confirment.
Pour les deux autres états, 13B1g et 21Ag, les erreurs aux niveaux CASPT2(4,4) et
NEVPT2(4,4) sont beaucoup plus faibles (inférieures à 0.1 eV). L’utilisation d’un
espace actif plus grand résout la plupart de ces problèmes : CASSCF prédit le bon
ordre d’état (bien que l’état ionique soit encore mal décrit en termes d’énergétique),
les énergies d’excitation CASPT2 et NEVPT2 sont beaucoup plus proches, et leur
précision est souvent améliorée (surtout pour les états triplet et doublement excité)
bien qu’il soit difficile d’atteindre une précision chimique (’̧est-à-dire une erreur
inférieure à 0.043 eV) de manière systématique.

Enfin, pour les modèles CC, les deux états à grande valeur %T1, 13B1g et 11B1g,
sont déjà extrêmement précis au niveau CC3, et systématiquement amélioré par
CCSDT et CC4. Pour l’état doublement excité, 21Ag, la convergence de l’expansion
CC est beaucoup plus lente mais il convient de souligner que l’inclusion de quadru-
ples approximatifs via CC4 est particulièrement efficace. Les énergies d’excitation
CCSDTQ (qui sont utilisées pour définir les TBE) sont systématiquement dans la barre
d’erreur des extrapolations CIPSI, ce qui confirme les performances exceptionnelles
des méthodes CC qui incluent des excitations quadruples dans le cadre d’états excités.

D4h square-planar geometry

Les énergies d’excitation verticales calculées à différents niveaux de théorie sont
représentées sur la figure E.6 pour la base aug-cc-pVTZ. Comme pour la géométrie
précédente, nous commençons par discuter des résultats SF-TD-DFT (tableau 3.5),
et en particulier de l’écart singulet-triplet, i.e., la différence d’énergie entre 11B1g et
Atwog. Pour toutes les fonctionnelles, cet écart est faible (essentiellement inférieur à
0.1 eV alors que la valeur TBE est 0.144 eV) mais il convient de mentionner que B3LYP
et PBE0 délivrent à tort un singulet négatif- trou de triplet (d’où un état fondamental
de triplet à cette géométrie). Augmenter la fraction d’échange exact dans les hybrides
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Figure E.6: Énergies d’excitation verticales (en eV) des états 13A2g, 11A1g et 11B2g à la
géométrie d’équilibre plan carré D4h de l’état 13A2g en utilisant le base aug-cc-pVTZ.
Voir l’annexe C pour les données brutes.

ou s’appuyer sur les RSH (même avec une petite quantité d’échange exact à courte
portée) permet de récupérer un écart positif et un état fondamental singulet. Au
niveau SF-TD-DFT, l’écart d’énergie entre les deux états excités singulet, 11A1g et
11B2g, est particulièrement petit et croı̂t modérément avec la quantité d’échange exact
à courte distance. L’influence de l’échange exact sur les énergies singulet est assez
importante avec une différence d’énergie de l’ordre de 1 eV entre la fonctionnelle avec
le moins d’échange exact (B3LYP) et la fonctionnelle avec le plus grand montant (M06-
2X). En ce qui concerne les énergies d’excitation calculées sur la structure d’équilibre
de l’état fondamental D2h et la barrière d’automérisation, les fonctionnelles avec une
grande fraction d’échange exact à courte portée donnent des résultats plus précis.
Pourtant, l’énergie de transition vers 11B2g est décalée d’un demi eV par rapport au
TBE pour BH&HLYP et M11, tandis que l’état doublement excité est beaucoup plus
proche de la valeur de référence (erreurs de −0.251 et −0.312 eV pour BH&HLYP et
M11, respectivement). Avec des erreurs de −0.066, −0.097 et −0.247 eV pour 13A2g,
11 A1g et 11B2g, M06 -2X est le meilleur interprète ici. Encore une fois, pour tous les
états excités, les effets de l’ensemble de base sont extrêmement faibles au niveau SF-
TD-DFT. Nous soulignons que les valeurs 〈S2〉 rapportées dans l’annexe C indiquent
à nouveau qu’il n’y a pas de contamination de spin significative dans ces états excités.

Ensuite, nous discutons des différents schémas ADC. Concernant l’écart singulet-
triplet, chaque schéma le prédit positif. Bien qu’il fournisse une valeur décente d’écart
singulet-triplet, SF-ADC(2)-x semble particulièrement lutter avec les états excités
singulet (11A1g et 11B2g), en particulier pour l’état doublement excité 11A1g où il
sous-estime l’énergie d’excitation verticale de 0.4 eV. Encore une fois, la moyenne
des énergies de transition SF-ADC(2)-s et SF-ADC(3) est bénéfique dans la plupart
des cas à l’exception de 11A1g. Bien que les effets de l’ensemble de base soient
plus importants qu’au niveau SF-TD-DFT, ils restent assez modérés au niveau SF-
ADC, et cela vaut pour les méthodes de fonction d’onde en général. Concernant
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les énergies d’excitation SF-EOM-CCSD à la géométrie d’équilibre plan carré D4h,
des conclusions très similaires à celles fournies dans la section précédente traitant
des énergies d’excitation à la géométrie d’équilibre rectangulaire D2h peuvent être
tirées : ( i) SF-EOM-CCSD surestime systématiquement et systématiquement les TBE
d’environ 0.2 eV et est moins précis que SF-ADC(2)-s, (ii) les corrections de triplets
non itératives ont tendance à donner un meilleur accord par rapport au TBE (voir
annexe C), et (iii) la correction (dT) est plus performante que celle (fT).

Passons aux résultats multi-références (Table 3.6). Pour les deux espaces actifs,
comme on pouvait s’y attendre, CASSCF ne fournit pas de description énergétique
quantitative, bien qu’il convient de mentionner que le bon ordre d’état est préservé.
Ceci est bien sûr amplifié avec l’espace actif (4e,4o) pour lequel le traitement per-
turbatif de second ordre est incapable de fournir une description satisfaisante en
raison de l’espace actif limité. En particulier, SC-NEVPT2(4,4)/aug-cc-pVTZ et PC-
NEVPT2(4,4)/aug-cc-pVTZ sous-estiment l’écart singulet-triplet de 0.072 et 0.097 eV
et, plus important encore, inversez l’ordre de 11A1g et 11B2g. Bien que 11A1g ne soit
pas mal décrit, l’énergie d’excitation de l’état ionique 11B2g est décalée de presque
1 eV. Grâce au décalage IPEA dans CASPT2(4,4), l’écart singulet-triplet est précis
et l’ordre des états reste correct mais l’état ionique est encore loin d’être bien décrit.
L’espace actif (12e,12o) atténue considérablement ces effets et, comme d’habitude
maintenant, l’accord entre CASPT2 et NEVPT2 est très nettement amélioré pour
chaque état, bien que la précision des approches multi-références reste discutable
pour l’état ionique avec, emphe.g., une erreur jusqu’à −0.093 eV au niveau PC-
NEVPT2(12,12)/aug-cc-pVTZ.

Enfin, analysons les énergies d’excitation calculées avec différents modèles CC.
Nous rappelons au lecteur que ces calculs sont effectués en considérant l’état 11A1g
comme référence, et que, par conséquent, 11B1g et 11B2g sont respectivement obtenus
comme une désexcitation et une excitation. Par conséquent, par rapport à 11A1g,
11B1g a un caractère dominant de double excitation, tandis que 11B2g a un caractère
dominant d’excitation simple. Ceci explique pourquoi on observe une convergence
plus lente des énergies de transition dans le cas de 11B1g comme le montre la Fig. 3.4.
Il ressort des résultats du tableau 3.6 que, si l’on veut atteindre une grande précision
avec une telle stratégie de calcul, il est obligatoire d’inclure des excitations quadruples.
En effet, au niveau CCSDT/aug-cc-pVTZ, l’écart singulet-triplet est déjà très précis
(off by 0.005 eV seulement) alors que les énergies d’excitation des états singulet
sont encore 0.131 et 0.688 eV loin de leur TBE respectif. Ces écarts chutent à 0.011
et −0.013 eV au niveau CC4/aug-cc-pVTZ. Enfin, notons que les TBE basés sur le
CCSDTQ et les résultats du CIPSI sont cohérents si l’on tient compte de l’erreur
d’extrapolation.

Conclusion

Les principaux messages clés de cette étude peuvent être résumés comme suit :

• Dans le cadre du cadre SF-TD-DFT, nous recommandons d’utiliser des échanges-
corrélations (hybrides ou hybrides à séparation de portée) avec une grande
fraction d’échange exact à courte portée. Cela s’est avéré clairement bénéfique
pour la barrière d’automérisation et les énergies d’excitation verticales calculées
pour les géométries d’équilibre D2h et D4h.

• Au niveau SF-ADC, nous avons constaté que, comme prévu, le schéma étendu,
SF-ADC(2)-x, détériore systématiquement les résultats par rapport à la ver-
sion standard moins coûteuse, SF-ADC(2)-s. De plus, comme précédemment
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rapporté, SF-ADC(2)-s et SF-ADC(3) présentent des erreurs opposées, ce qui
signifie que SF-ADC(2.5) émerge comme un excellent compromis.

• SF-EOM-CCSD montre des performances similaires à celles du formalisme
moins coûteux SF-ADC(2)-s, en particulier pour les énergies d’excitation. Comme
précédemment rapporté, les deux variantes comprenant des corrections triples
non itératives, SF-EOM-CCSD(dT) et SF-EOM-CCSD(fT), améliorent les résultats,
la correction (dT) donnant de légèrement meilleurs résultats pour les énergies
d’excitation verticales calculées pour les géométries d’équilibre D2h et D4h.

• Pour la structure carrée D4h, il est plus difficile d’obtenir une description
énergétique fidèle des états excités au niveau de la SF-TD-DFT en raison du fort
caractère multi-configurationnel. Dans un tel scénario, les énergies d’excitation
SF-TD-DFT peuvent présenter des erreurs de l’ordre de 1 eV par rapport aux
estimations théoriques. Cependant, il est satisfaisant de constater que la version
d’inversion de spin de l’ADC peut réduire ces erreurs à 0.1− 0.2 eV.

• En ce qui concerne les méthodes multi-références, nous avons constaté que bien
que NEVPT2 et CASPT2 puissent fournir des énergies d’excitation différentes
pour le petit espace actif (4e,4o), les résultats deviennent très similaires lorsque
le plus grand espace actif (12e,12o) est considéré. D’un point de vue plus général,
une différence significative entre NEVPT2 et CASPT2 n’est généralement pas
un bon signe et peut être considérée comme un avertissement clair que l’espace
actif est trop petit ou mal choisi. Les états ioniques restent difficiles à traiter
pour CASPT2 et NEVPT2, même avec le plus grand espace actif (12e,12o).

• Dans le contexte des méthodes de CC, bien que l’inclusion des excitations triples
(via CC3 ou CCSDT) donne des résultats très satisfaisants dans la plupart des
cas, l’inclusion des excitations quadruples (via CC4 ou CCSDTQ) est nécessaire
pour atteindre une grande précision (surtout dans le cas des états doublement
excités). Enfin, nous soulignons qu’en tenant compte de la marge d’erreur
liée à la procédure d’extrapolation CIPSI, CCSDTQ et CIPSI fournissent des
énergies d’excitation équivalentes, confirmant ainsi l’exceptionnelle précision
de CCSDTQ dans le contexte des états excités moléculaires.

Chapitre 4

En reformulant l’équation des quasi-particules GW dépendante de la fréquence non
linéaire en un problème aux valeurs propres linéaire, nous expliquons l’apparition de
solutions multiples et de discontinuités non physiques dans différentes grandeurs
physiques calculées dans l’approximation GW. En considérant la ”self-energy” GW
comme un hamiltonien effectif, il est démontré que ces problèmes sont des signatures
clés d’une forte corrélation dans les états (N ± 1)-électroniques et peuvent être
directement liés au problème d’état parasite. Une procédure de régularisation simple
et efficace, inspirée par le groupe de renormalisation de similarité, est proposée pour
éviter de tels problèmes et accélérer la convergence des calculs GW partiellement
auto-cohérents.

Un exemple illustratif

Afin d’illustrer l’apparition et l’origine de ces solutions multiples, nous considérons
la molécule d’hydrogène dans l’ensemble de base 6-31G qui correspond à un système
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à deux électrons avec quatre orbitales spatiales (une occupée et trois virtuelles). Ces
calculs sont basés sur des valeurs propres et des orbitales HF restreintes. Nous notons
|11̄〉 le déterminant de Slater de l’état fondamental de l’électron N où l’orbitale 1
est occupée par un électron de spin-up et un électron de spin-down. Des notations
similaires seront utilisées pour les configurations d’électrons (N ± 1).
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Figure E.7: Énergies des quasi-particules εGW
p en fonction de la distance inter-

nucléaire RH−H (en Å) de H2 au G0W0@HF/6-31G niveau.

Sur la Fig. E.7, nous rapportons la variation des énergies des quasiparticules des
quatre orbitales en fonction de la distance internucléaire RH−H. On peut facilement
diagnostiquer deux régions problématiques montrant des discontinuités évidentes
autour de RH−H = 1.2 Å pour le LUMO+1 (p = 3) et RH−H = 0.5 Å pour le LUMO+2
(p = 4). Si l’on s’appuie sur la linéarisation de l’équation des quasiparticules pour
calculer les énergies des quasiparticules, i.e., εGW

p environεpHF + ZpΣc
p(ε

HF
p ), ces

discontinuités se transforment en irrégularités car le facteur de renormalisation
annule les singularités de la ”self-energy”.

La figure E.8 montre l’évolution de l’énergie des quasiparticules, des satellites
énergétiquement proches et de leurs poids correspondants en fonction de RH−H.
Regardons d’abord de plus près la région autour de RH−H = 1.2 Å impliquant le
LUMO+1 (panneau de gauche de la Fig. E.8). Comme on peut le voir, un croisement
évité se forme entre deux solutions de l’équation des quasiparticules (s = 4 et s = 5).
L’examen de leurs vecteurs propres correspondants révèle que les déterminants
électroniques (N + 1) principalement impliqués sont le déterminant de référence
1p |11̄3〉 et un (N + 1) déterminant excité de configuration électronique |122̄〉 qui
devient plus faible en énergie que le déterminant de référence pour RH−H > 1.2 Å.
Par construction, la solution de quasiparticules suit diabatiquement le déterminant de
référence |11̄3〉 par le croisement évité (traits épais sur la Fig. E.8) qui est précisément
à l’origine de la discontinuité énergétique.

Un scénario similaire est en jeu dans la région autour de RH−H = 0.5 Å pour
le LUMO+2 (panneau de droite de la Fig. E.8) mais il implique maintenant trois
solutions (s = 5, s = 6 et s = 7). Les configurations électroniques du déterminant de
Slater impliquées sont le déterminant de référence |11̄4〉 ainsi que deux déterminants
externes de configuration |12̄3〉 et |123̄〉. Ces états forment deux croisements évités
en successions rapides, qui créent deux discontinuités dans la surface d’énergie
(voir Fig. E.8). Dans cette région, bien que la fonction d’onde de l’état fondamental
soit bien décrite par le déterminant HF de l’électron N, une situation qui peut être
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Figure E.8: Sélection des énergies des quasiparticules et des satellites εGW
p,s (traits

pleins) et leur facteur de renormalisation Zp,s (traits pointillés) en fonction de la dis-
tance internucléaire RH−H ( dans Å) pour les orbitales LUMO+1 (p = 3) et LUMO+2
(p = 4) de H2 au G0W0@HF / Niveau 6-31G. La solution de quasiparticules (qui
correspond à la solution avec le plus grand poids) est représentée par une ligne plus
épaisse.
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étiquetée en toute sécurité comme une référence unique, on peut voir que le (N +
1) -la fonction d’onde électronique implique trois déterminants de Slater et peut
alors être qualifiée de situation multi-références (ou fortement corrélée) avec des
configurations électroniques quasi dégénérées. Par conséquent, on peut conclure
que cette chute de GW est une signature clé d’une forte corrélation dans les états
d’électrons (N ± 1) qui produit une redistribution significative des poids entre les
configurations électroniques.

Introduction des méthodes GW régularisées

La figure E.9 compare les énergies des quasiparticules non régularisées et régularisées
dans les deux régions d’intérêt pour diverses valeurs η et κ. Elle montre clairement
comment la régularisation de la ”self-energy” GW a lié diabatiquement les deux
solutions pour s’affranchir des discontinuités. Cependant, cette diabatisation est plus
ou moins précise selon (i) la forme réelle du régularisateur, et (ii) la valeur de η ou κ.

Discutons d’abord du simple régularisateur indépendant de l’énergie (panneaux
du haut de la Fig. 4.3). Mathématiquement, pour lier harmonieusement deux solu-
tions, la valeur de η doit être suffisamment grande pour que la singularité située
dans le plan complexe au croisement évité soit déplacée vers l’axe réel. Cette valeur
est directement liée à la différence d’énergie entre les deux états au croisement évité,
et est donc, par définition, dépendante de l’énergie. Ceci est clairement mis en
évidence sur la Fig. E.9 où, selon la valeur de η, la régularisation est plus ou moins
efficace. Par exemple, autour de RH−H = 1.1 Å (en haut à gauche), une valeur de
0.1 Eh (courbe verte) est appropriée tandis qu’à RH−H = 0.5 Å (en haut à droite), cette
valeur ne semble pas assez grande. Notez également que η = 0.1 Eh est nettement
supérieur à la valeur suggérée de 100 meV et si l’on utilise des valeurs η plus petites,
la régularisation est clairement inefficace.

Discutons maintenant du régularisateur dépendant de l’énergie basé sur SRG
(panneaux inférieurs de la Fig. E.9). Pour κ = 10 Eh, la valeur est clairement trop
grande induisant une grande différence entre les deux ensembles d’énergies des
quasiparticules (courbes violettes). Pour κ = 0.1 Eh, nous avons le scénario inverse
où κ est trop petit et certaines irrégularités subsistent (courbes vertes). Nous avons
trouvé que κ = 1.0 Eh est un bon compromis qui ne modifie pas significativement
les énergies des quasiparticules tout en assurant une transition douce entre les deux
solutions. De plus, bien que le κ optimal dépende évidemment du système, cette
valeur fonctionne bien dans tous les scénarios que nous avons rencontrés. Cependant,
il peut certainement être affiné pour des applications spécifiques.

Conclusion

Dans ce chapitre, nous avons fourni des explications mathématiques et physiques
sur l’apparition de multiples solutions et de discontinuités dans diverses quantités
physiques calculées dans l’approximation GW. Plus précisément, nous avons montré
que les états intrus sont la principale cause de ces problèmes et que cette limitation du
GW est une signature clé d’une forte corrélation. Une procédure de régularisation sim-
ple et efficace inspirée du groupe de renormalisation de similarité a été proposée pour
éliminer ces discontinuités sans altérer trop les énergies des quasi-particules. De plus,
cette régularisation de l’auto-énergie accélère considérablement la convergence des
méthodes GW (partiellement) auto-cohérentes. Nous espérons que ces nouvelles per-
spectives physiques et ces développements techniques élargiront l’applicabilité des
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Figure E.9: Comparaison entre les énergies non régularisées (traits pleins) et
régularisées (traits pointillés) en fonction de la distance internucléaire RH−H (en
Å) pour les orbitales LUMO+1 (p = 3) et LUMO+2 (p = 4) de H2 au niveau
G0W0@HF/6-31G. La solution de quasiparticules est représentée par une ligne plus
épaisse.
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méthodes de la fonction de Green dans la communauté de la structure électronique
moléculaire et au-delà.

Chapitre 5

Ces dernières années, les méthodes basées sur les fonctions de Green ont suscité
un intérêt considérable en raison de leur capacité à cibler à la fois les excitations
chargées et neutres. Parmi elles, l’approximation bien établie GW fournit des po-
tentiels d’ionisation et des affinités électroniques précis et peut être étendue aux
excitations neutres en utilisant le formalisme de l’équation de Bethe-Salpeter (BSE).
Dans cette étude, nous examinons les liens entre différentes méthodes des fonctions
de Green et évaluons leurs performances pour les excitations chargées et neutres. Des
comparaisons avec d’autres méthodes de fonctions d’onde de second ordre largement
connues sont également présentées. De plus, nous calculons l’écart singulet-triplet du
cycl[3,3,3]azine, un émetteur moléculaire modèle pour la fluorescence retardée activée
thermiquement, qui a la particularité d’avoir un écart inversé grâce à une contribution
substantielle des excitations doubles. Nous démontrons que, dans l’approximation
GW, un noyau BSE de second ordre avec correction dynamique est nécessaire pour
prédire cette caractéristique distinctive.

Écart singulet-triplet de cycl[3,3,3]zine

Les molécules avec un écart singulet-triplet inversé ( c’est-à-dire où l’état excité sin-
gulet le plus bas a une énergie plus élevée que l’état triplet le plus bas) présentent un
intérêt particulier dans le processus TADF car elles peuvent exploiter à la fois les exci-
tons singulet et triplet pour l’émission, améliorant ainsi l’efficacité des OLED. Grâce
à cet écart inversé, le système peut subir un croisement intersystème inverse efficace,
un processus dans lequel la population de l’état triplet peut être thermiquement
activée et transférée à l’état singulet, ce qui entraı̂ne une fluorescence retardée.

Récemment, ces systèmes ont été examinés à différents niveaux de calcul, y com-
pris TD-DFT et les méthodes de fonction d’onde du second ordre, telles que CIS(D),
ADC(2) et EOM-CCSD. Cette inversion nécessite une contribution substantielle des
doubles excitations. Cela explique pourquoi la TD-DFT adiabatique n’est pas capable
de reproduire cette caractéristique particulière, et des méthodes de second ordre ou
d’ordre supérieur sont nécessaires lorsque les doubles excitations sont explicitement
traitées. Nous calculons les plus basses énergies d’excitation singulet et triplet, ES
et ET, ainsi que l’écart singulet-triplet correspondant, ∆EST, de cycl[3,3,3]zine (voir
Fig. E.10), un émetteur moléculaire modèle pour TADF, avec la base cc-pVDZ à
différents niveaux théoriques. La géométrie de la cycl[3,3,3]zine a été optimisée au
niveau B3LYP/cc-pVDZ et est rapportée en annexe E par souci d’exhaustivité. De
plus, nous avons pu calculer l’écart singulet-triplet avec des méthodes du troisième
ordre telles que ADC(3).

Nos résultats sont présentés dans la Fig. E.10. Comme prévu, les calculs BSE@GW
et BSE2@GW ne produisent pas d’écart singulet-triplet inversé en raison de la nature
statique du noyau. Parce que la correction dynamique des énergies d’excitation
singulet et triplet s’annulent à peu près exactement, dBSE@GW donne le même ordre
d’état. Cependant, le noyau dynamique de second ordre GW (qui ne corrige que les
états singulets) prédit fidèlement cette inversion bien que les énergies d’excitation
correspondantes soient sous-estimées par rapport aux autres approches, sauf ADC(3),
qui est connu pour présenter cette tendance. Fait intéressant, ADC(2), EOM-CC2,



E.3. Geometry 185

0.6

0.8

1.0

1.2

1.4

1.6

1.8

Figure E.10: Évolution des énergies d’excitation verticale singulet et triplet les
plus basses (en eV) de cycl[3,3,3]zine évaluées avec différentes méthodes de calcul
utilisant la base cc-pVDZ.

EOM-CC3 et BSE2@GW donnent essentiellement la même valeur, tandis que EOM-
CCSD et ADC(3) sous-estiment légèrement l’écart. Étant donné que le pourcentage
d’excitations simples impliquées dans ces deux transitions de valence (%T1) est élevé
(bien que non négligeable pour l’état singulet), la valeur EOM-CC3 est susceptible
d’être précise.

Conclusion

Dans cette étude, notre objectif était d’examiner les relations entre différentes méthodes
de la fonction de Green, en explorant spécifiquement diverses approximations pour
l’auto-énergie (GF2, GW et GT) et leurs noyaux correspondants de l’équation de
Bethe-Salpeter (BSE) aux niveaux statique et dynamique.

Dans la poursuite de cet objectif, nous avons examiné la capacité de nos différentes
méthodes à reproduire l’inversion de l’écart singulet-triplet dans le cycl[3,3,3]zine, un
émetteur moléculaire prototypique pour le TADF (thermally activated delayed fluo-
rescence). À l’exception d’un cas, nous avons observé que toutes les méthodes basées
sur la BSE, statiques et dynamiques, n’ont pas réussi à reproduire cette caractéristique
unique. La seule exception était le schéma BSE2@GW corrigé dynamiquement, qui a
donné une valeur d’écart cohérente avec celle obtenue à partir de calculs EOM-CC3.
Cette observation met en évidence l’importance des termes d’ordre supérieur et des
effets dynamiques dans la formalisme de la BSE, et nous espérons que ces résultats
stimuleront de nouveaux progrès dans ce domaine de recherche.

Chapitre 6

Les méthodes de chimie quantique sont hautement compatibles avec l’utilisation
d’ordinateur grâce à la formulation matricielle de la mécanique quantique, qui tire
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parti de la puissance des bibliothèques d’algèbre linéaire comme BLAS et LAPACK.
Par conséquent, un large éventail de logiciels de chimie quantique est actuellement
disponible, comprenant à la fois des options gratuites et commerciales. Ces logi-
ciels sont adaptés à des méthodes spécifiques ou offrent une gamme diversifiée de
méthodologies, utilisant divers types de fonctions de base, entre autres fonction-
nalités. Un nombre considérable de codes de chimie quantique existent, couvrant
une large gamme de méthodes. Pour une liste complète de ces codes, consultez la
page Wikipedia sur les logiciels de chimie quantique et de physique de l’état solide.

Malheureusement, malgré la conception efficace des nombreux logiciels, ils peu-
vent être difficiles à comprendre car ils utilisent souvent des langages de programma-
tion de bas niveau. De plus, ces programmes ne sont pas principalement destinés
à des fins pédagogiques ou à faciliter la compréhension. C’est précisément là que
QCMATH intervient. QCMATH vise à aider les nouveaux venus dans le domaine de la
chimie quantique en fournissant une plateforme facile à utiliser pour développer des
idées et des codes. Il convient de noter que certains logiciels utilisent des langages
de programmation de haut niveau, ce qui peut améliorer la compréhension du code.
En ce qui concerne QCMATH, il s’agit d’une compilation de modules MATHEMATICA

spécialement conçus pour effectuer des calculs de structure électronique.
Avant d’entrer dans les détails spécifiques de QCMATH, on donne un aperçu de

l’environnement MATHEMATICA. MATHEMATICA est un système logiciel complet
développé par Wolfram Research, initialement conceptualisé par Stephen Wolfram.
Il dispose d’une large gamme de bibliothèques intégrées qui peuvent être utilisées
à des fins diverses. L’un de ses points forts réside dans sa capacité à effectuer des
opérations d’algèbre informatique, telles que les dérivées, les intégrales et les simplifi-
cations d’expressions. De plus, MATHEMATICA permet l’évaluation numérique de ces
expressions. Une autre fonctionnalité notable est ses capacités avancées de tracé, qui
prennent en charge des visualisations complexes de fonctions en une, deux et trois
dimensions. De nombreux livres offrent de nombreux exemples d’applications de
MATHEMATICA dans différents domaines. Avec sa polyvalence, MATHEMATICA est de-
venu un outil puissant utilisé dans de nombreux domaines scientifiques, notamment
l’éducation, la recherche et l’industrie.

MATHEMATICA comprend deux composants principaux : le noyau et l’interface
utilisateur (front end). Le noyau interprète les expressions et génère des expres-
sions résultantes, qui peuvent ensuite être affichées à l’aide de l’interface utilisateur.
L’interface utilisateur d’origine prend la forme d’une interface de type bloc-notes,
facilitant la création et la modification de documents bloc-notes pouvant contenir du
code, du texte, des images et des graphiques. QCMATH, en particulier, repose sur ces
documents bloc-notes. Il est important de noter que QCMATH n’est pas principale-
ment conçu pour l’efficacité informatique, mais se concentre plutôt sur la fourniture
d’un environnement facile à utiliser. Un grand nombre des méthodes évoquées dans
cette thèse sont implémentées dans QCMATH. La liste de celles-ci peut être dressée
comme suit :

• Calculs de l’état fondamental :

1. Hartree-Fock (HF) restreint et non restreint

2. Théorie des perturbations de Moller-Plesset (MP)

• Calculs d’excitations chargées :

1. fonction de Green (GF) de deuxième ordre

2. approximation GW

https://www.netlib.org/blas/
https://www.netlib.org/lapack/
https://en.wikipedia.org/wiki/List_of_quantum_chemistry_and_solid-state_physics_software
https://github.com/LCPQ/qcmath
https://www.wolfram.com/mathematica/
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3. approximation T-matrix

• Calculs d’excitations neutres

1. approximation random-phase (RPA)

2. equation Bethe-Salpeter (BSE)

Conclusion

Quelques perspectives de ce travail peuvent être mentionnées. Pour la deuxième
partie de cette thèse, sur le calcul des excitations neutres dans les molécules, des
améliorations supplémentaires pourraient être obtenues grâce à un meilleur choix des
orbitales de départ et de leurs énergies en utilisant les orbitales et les énergies KS-DFT.
De plus, nous pourrions utiliser les différents noyaux BSE vus dans la troisième partie
de la thèse pour étudier leurs performances pour ces systèmes moléculaires. Dans
le cas de CBD, nous pourrions également utiliser le formalisme BSE avec inversion
de spin et les différents noyaux BSE pour comparer ses performances à celles de son
parent TD-DFT avec inversion de spin. Il serait également intéressant de dériver le
noyau BSE du second ordre au niveau de la matrice T afin de voir si nous pouvons
obtenir l’inversion de l’écart singulet-triplet de la molécule cycl[3,3,3]zine.

Les perspectives les plus intéressantes se trouvent dans la troisième partie. En
effet, comme discuté dans le chapitre 5, il existe des liens entre les approximations de
la ”self-energy” et donc les noyaux BSE. Un point particulièrement frappant est la
similitude entre les différents noyaux BSE. En effet, nous avons vu que en supprimant
l’effet d’écrantage de GW et GT, nous retrouvons les différents termes du noyau GF2
(à l’exception d’une partie d’échange dans les intégrales à deux électrons). De plus,
nous avons vu que BSE@GT est assez précis pour les transitions de Rydberg où la
densité d’états excitée est beaucoup plus faible que celle de l’état fondamental. Il
s’agit d’une situation où les diagrammes en échelle sont connus pour être pertinents.
D’autre part, BSE@GW présente une bonne description des excitations de valence, en
particulier lorsqu’on prend en compte les corrections dynamiques. De plus, le noyau
GF2 a montré des résultats précis pour le calcul des excitations neutres. Il serait donc
très intéressant de pouvoir construire une version écrantée du noyau GF2 basée sur
les noyaux GW et GT, en particulier compte tenu du fait que l’écrantage devient plus
important pour les grandes molécules avec de nombreux électrons.

Une idée évidente est de combiner les deux ”self-energy” (GW et GT) et de
construire ensuite le noyau BSE correspondant. Ce faisant, il serait particulièrement
intéressant de voir les performances de ces ”self-energy” et de ce noyau hypothétiques
pour les excitations chargées et neutres. Notez que la combinaison de GW et GT n’est
pas une idée nouvelle et reste un domaine de recherche actif en physique [419, 569–
571]. Comme mentionné dans une précédente étude [419], il existe différentes façons
de combiner les chaı̂nes de corrélation en évitant le problème de double comptage
[484, 499]. L’approximation d’échange fluctuant (FLEX) de Bickers et al. [483, 498]
qui part de GF2 et somme toutes les contributions du troisième ordre dans chaque
chaı̂ne séparément. Malheureusement, en procédant ainsi, nous n’avons pas accès
aux diagrammes mixtes. Notez que des approches au-delà de FLEX ont été proposées
[482, 485, 486]. Il est également possible de coupler les chaı̂nes ph et pp sur un pied
d’égalité, ce qui conduit à la théorie des parquets qui repose sur des diagrammes
[484, 572]. Il est important de mentionner qu’une combinaison directe des chaı̂nes
ph et pp, qui sont présentes dans GW et GT à travers les problèmes ph-RPA et
pp-RPA, où les termes de double comptage sont éliminés, a déjà été explorée [569].
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Malheureusement, ce schéma n’est pas concluant pour les dissociations moléculaires.
Nous pouvons également mentionner le travail de Romaniello et al. qui a dérivé
le couplage des chaı̂nes GW et GT sur un pied d’égalité en partant des équations
exactes à plusieurs corps dans le cas de la molécule de Hubbard exactement soluble
[419]. Degroote [570] a quant à lui utilisé la partition de Faddeev [573] pour combiner
de manière diagrammatique les chaı̂nes de corrélation.

Malheureusement, bon nombre de ces méthodes et approximations reposent
sur des approches diagrammatiques complexes, que nous n’avons pas abordées
dans cette thèse, et il serait bon d’utiliser des méthodes non diagrammatiques pour
effectuer cette combinaison. C’est un sujet sur lequel nous souhaitons continuer à
travailler et nous espérons que le formalisme de dépliage pourrait nous aider dans la
poursuite de cet objectif.

Pour le logiciel QCMATH, nous pourrions envisager d’étendre ses capacités en
implémentant différentes variantes de méthodes CI et CC pour les états fondamentaux
et excités. Nous pourrions également envisager de ne pas nous concentrer unique-
ment sur les énergies, mais aussi sur des propriétés telles que les forces d’oscillateur,
les moments dipolaires, etc. Grâce à la puissance de MATHEMATICA, il serait relative-
ment aisé et intéressant d’implémenter des méthodes DFT avec différentes fonction-
nelles d’échange-corrélation. De plus, une extension aux états excités avec TD-DFT
serait facile compte tenu des similitudes des expressions matricielles avec le formal-
isme BSE déjà implémenté dans QCMATH. Nous espérons également implémenter
de nouvelles méthodes CC, en particulier au niveau de l’équation d’état CC où
notre groupe a récemment conçu un générateur d’équations automatique basé sur
MATHEMATICA, nommé EOMCCGEN [574].

https://github.com/rquintero-88/eomccgen
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36W. Pauli, “Über den Zusammenhang des Abschlusses der Elektronengruppen im
Atom mit der Komplexstruktur der Spektren”, Z Phys. 31, 765–783 (1925).

37J. C. Slater, “The Theory of Complex Spectra”, Phys. Rev. 34, 1293–1322 (1929).
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I. Ladjánszki, L. Szegedy, B. Ladóczki, K. Petrov, M. Farkas, P. D. Mezei, and B.
Hégely., MRCC, quantum chemical program, 2017.

355H.-J. Werner, P. J. Knowles, F. R. Manby, J. A. Black, K. Doll, A. Heßelmann, D. Kats,
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energies”, PhD thesis (Université Pierre et Marie Curie — Paris VI, 2014).

547J. Schirmer and A. B. Trofimov, “Intermediate state representation approach to
physical properties of electronically excited molecules”, J. Chem. Phys. 120, 11449–
11464 (2004).

548M. Wormit, “Development and application of reliable methods for the calculation
of excited states: From light-harvesting complexes to medium-sized molecules”,
PhD thesis (Frankfurt University, 2009).

549A. Marini and R. Del Sole, “Dynamical excitonic effects in metals and semiconduc-
tors”, Phys. Rev. Lett. 91, 176402 (2003).

550S. Yamada, Y. Noguchi, K. Ishii, D. Hirose, O. Sugino, and K. Ohno, “Develop-
ment of the Bethe-Salpeter method considering second-order corrections for a GW
electron-hole interaction kernel”, Phys. Rev. B 106, 045113 (2022).

551M. Schreiber, M. R. Silva-Junior, S. P. A. Sauer, and W. Thiel, “Benchmarks for
electronically excited states: CASPT2, CC2, CCSD and CC3”, J. Chem. Phys. 128,
134110 (2008).

552M. R. Silva-Junior, M. Schreiber, S. P. A. Sauer, and W. Thiel, “Benchmarks of
electronically excited states: Basis set effects on CASPT2 results”, J. Chem. Phys.
133, 174318 (2010).

553M. R. Silva-Junior, S. P. A. Sauer, M. Schreiber, and W. Thiel, “Basis set effects on
coupled cluster benchmarks of electronically excited states: CC3, CCSDR(3) and
CC2”, Mol. Phys. 108, 453–465 (2010).

554M. R. Silva-Junior, M. Schreiber, S. P. A. Sauer, and W. Thiel, “Benchmarks of
electronically excited states: Basis set effecs on CASPT2 results”, J. Chem. Phys.
133, 174318 (2010).
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