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Résumé

Corrélations et symetries dans les gaz d’atomes ultrafroids & une
dimension

Nous avons mené une étude analytique et numérique d’observables pour les mélanges
unidimensionnels de spins atomiques ultrafroids avec intéraction de contact entre les
atomes. Ces particules peuvent étre des bosons, des fermions ou une combinaison des
deux. L’accent a été mis sur I’étude des régimes de forte répulsion pour leurs caractéris-
tiques de fortes corrélations. En outre, nous avons exploré en profondeur les propriétés
de symétrie des systéemes correspondants. Nous avons d’abord analysé les propriétés de
corrélation de gaz atomiques ultra froids piégés dans un potentiel en forme de boite. Nous
avons examiné a la fois le cas de particules identiques et celui, plus complexes, de mélanges
de spins. Nos résultats démontrent que les parois rigides du piége ont un impact signifi-
catif sur la queue de la distribution des impulsions. Plus précisément, nous avons observé
que la discontinuité du piége entraine une brisure de la relation de Tan. En conséquence,
la queue de la distribution de impulsions présente des oscillations que nous avons utilisée
pour proposer une méthode expérimentale permettant de déterminer 1’état d’'un mélange
de spins bosoniques. En paralléle, nous avons considéré un modéle de mélange de spins
qui brise la symétrie du systeme. Grace a ’analyse conjointes des corrélations et de la
symétrie, nous avons montré que méme une légére brisure de symétrie a un effet con-
sidérable sur la cohérence a longue distance du systéme. De plus, nous avons fourni un
protocole expérimental pour la réalisation d’un tel systéme. Nous suggérons ainsi que
de nouveaux états physiques peuvent étre congus pour encoder de I'informations dans le
systéme. Enfin, nous avons abordé un systéme plus complexe de mélanges bosoniques
piégés en forme d’anneau avec un champ de jauge artificiel généré par I’application d’un
flux. Nous avons pu obtenir la solution exacte pour des mélanges équilibrés ainsi que le
spectre correspondant. Grace a I'analyse de symétrie, nous avons attribué une symétrie
bien définie & chaque partie du spectre, permettant une compréhension plus profonde du
systéeme. Cette étude constitue un pas en avant vers des montages expérimentaux perme-
ttant de sélectionner un état de symétrie du mélange de spin choisi.

Mots-clés: Physique a N-corps, Atomes froids, Systémes fortements corréles
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Abstract

Correlations and symmetries in one-dimensional ultracold atomic
gases

We have conducted an analytical and numerical investigation of observables for one-
dimensional ultracold atomic spin mixtures with contact interaction between atoms. These
particles can be either bosons, fermions, or a combination of both. The focus was on
studying the strong repulsion regimes for their high correlation features. Furthermore,
we have extensively explored the symmetry properties of the corresponding systems. We
first analyzed the correlation properties of ultracold atomic gases trapped in a box-shaped
potential. We examined both the case of identical particles and the more complex spin
mixtures. Our findings demonstrate that the hardwalls of the trap have a significant im-
pact on the tail of the momentum distribution. Specifically, we observed that the trap’s
discontinuity causes a breakdown of Tan’s relation. As a result, the momentum distribu-
tion showcases an oscillatory tail, which we utilized to propose an experimental method
for determining the state of a bosonic spin mixture. Then, we considered a spin mixtures
model, which breaks the system’s symmetry. Through joint correlations and symmetry
analysis, we have exposed that even a slight symmetry breaking has a tremendous effect
on the long-distance coherence of the system. Alongside this, we have provided an exper-
imental protocol for realizing such a system. By this means, we suggest that new physical
states can be engineered to encode information on the system. Finally, we moved to a
more involving system of ring-shaped trapped bosonic mixtures with an artificial gauge
field generated via the application of flux. We were able to obtain the exact solution
for balanced mixtures as well as the corresponding spectrum. Thanks to the symmetry
analysis, we have assigned a well-defined symmetry to each part of the spectrum, enabling
a deeper understanding of the system. This investigation constitutes an engaging step
toward experimental setups for selecting a chosen spin mixture symmetry state.

Keywords: Many-body physics, Cold atoms, Highly correlated systems






Glossary

Acronyms Signification

UCAG Ultra-Cold Atomic Gases

#D #-Dimensional

BEC Bose-Einstein Condensate

MOT Magneto-Optical Trap

PBC Periodic Boundary Conditions
DBC Dirichlet Boundary Conditions
SF Spinless non-interacting Fermions
TB Tonks-Girardeau Bosons

RMT Random Matrix Theory

PDF Profile Density Function

PP Point Process

DPP Determinantal Point Process
CSCO Complete Set of Commuting Observables
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Introduction

Ultra-Cold Atomic Gases (UCAG) represent a fascinating and effervescent area of
physics. By cooling atoms to significantly cold temperatures, the matter is pushed
into extreme conditions and exhibits new features. The study of UCAG began with
the discovery and comprehension of atoms [Curie, 1894, Einstein, 1905b|, which
was made possible by the joint efforts of spectroscopy and quantum mechanics in
the 19th and 20th centuries. Initially, atomic gases were roughly studied at room
temperature, but it was evident that cooler and more still atoms were required. This
led to the pursuit of ultracold temperatures, resulting in significant fundamental and
experimental breakthroughs.

When the matter is pushed to ultracold temperatures, the particles exhibit en-
tirely new behaviors due to their quantum nature. For instance, an ultracold atomic
gas can undergo a phase transition to a Bose-Einstein condensate (BEC) |Ander-
son et al., 1995] or become degenerate [Holland et al., 2001], depending on their
constituents’ statistics. BEC is a typical example of a phenomenon which have no
classical counterpart. Indeed, below a specific temperature, a large number of atoms
will start to occupy the lowest energy state, resulting in a macroscopic manifesta-
tion of the wave function. As a consequence, these gases behave as coherent waves
rather than a bunch of individual particles. This transition is expected for very low
temperatures. In terms of thermal energy, typically, of the order of the difference
between energy levels. However, it generally occurs at energy far above, enabling
observation of quantum effects on a macroscopic scale. We could also evoke other
phenomena, such as superfluidity [Kapitza, 1938, Allen & Misener, 1938|, where
the gas flows without any resistance or Mott insulator phases transition [de Boer
& Verwey, 1937, Mott & Peierls, 1937]. The various exotic states of matter that
UCAG showcases are fascinating enough to pique anyone’s interest, but UCAG has
been instrumental in some groundbreaking applications. For instance, one can think
about the development of the quantum computer and the atomic clocks we use daily.
However, resuming its contributions to these two achievements would be reductive,
so we will provide a brief overview of UCAG’s key strengths.

Starting off, UCAG are by nature especially sensitive to fields, like gravita-
tional [Peters et al., 1999, Doughty & Lawler, 1984, Kasevich & Chu, 1991] or mag-
netic [Wildermuth et al., 2005, Faley et al., 2004, Kominis et al., 2003|. In parallel,
confinement setups have benefited from current drastic size reductions. This combi-
nation of factor have made UCAG an ideal option for constructing portative sensors.
See Figure 1 for a recent example of an application. Next, UCAG turned out to be
an excellent option to simulate other quantum systems. This concept is not new, and
credit must be given to Y. I. Manin [Manin, 1980|. R. Feynman has afterward encap-
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Figure 1: (Left) Schematic view of the interaction intra and inter-atomic lattices
leading to improved atomic clock precision. Image Credit: S. Burrows/A. M. Rey
and J. Ye groups at JILA, Boulder, Colorado [Web Site| (Center) Artistic represen-
tation of a quantum computer. Image from [Castelvecchi, 2023] (Right) Quantum
sensors using matter interference to detect gravitational field local fluctuations [Stray
et al., 2022)].

sulated this idea with his famous words: "Nature isn’t classical, dammit, and if you
want to make a simulation of nature, you’d better make it quantum mechanical, and
by golly it’s a wonderful problem, because it doesn’t look so easy" [Feynman, 1982].
On top of that, UCAG displays analogies with a broad range of physics domains, in-
cluding condensed matter [Bloch et al., 2008, Satija & Zhao, 2013, Lewenstein et al.,
2007], fluid mechanics [Fetter & Svidzinsky, 2001, Langen et al., 2015], and gen-
eral relativity [Barcelo et al., 2001, Gerritsma et al., 2010|, expanding the potential
applications of quantum simulators.

As we begin to glimpse, UCAG encloses a wide variety of topics. Among all
the engaging possibilities, we will dedicate the present document to analyzing One-
Dimensional (1D) UCAG with contact interaction between particles. These atoms
will be bosons, fermions, or both and of different spin species with a particular focus
on correlations and symmetry effects.

The document will follow this plan:

In the introductive Chapter 1, we will discuss the unique characteristics and
benefits of UCAG in 1D. We will also briefly overview the typical experimental
setup and explore the standard quantities accessible theoretically and experimen-
tally. Additionally, we will provide examples of experimental setups used to probe
these quantities successfully.

In Chapter 2, we will derive the explicit solution of the Lieb-Liniger Hamiltonian
for two particular trapping configurations. We will complete this with a focus on
the limit of high repulsion. Subsequently, we will examine the correlations in both
real and Fourier spaces to determine how they are affected by this highly interactive
environment.

Chapter 3 will be dedicated to the more involving scenario of spin mixtures. We
will introduce the corresponding Hamiltonian and provide solutions for fermionic,
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bosonic, and Bose-Fermi mixtures in the repulsive regime. Our emphasis will be
on the high interaction regime. We will explain the various powerful tools at our
disposal for solving and investigating the system. In particular, symmetry analy-
sis will play a crucial role in our approach. After thoroughly defining the system’s
symmetry, we will provide a comprehensive overview of its application.

In Chapter 4, we will take the first step toward exploring our results. In par-
ticular, we will delve into how short-distance correlations can be affected by the
smoothness of the trap and how this could be used to probe the state of our system.

With Chapter 5, we end up by giving the outcomes that have provided our
symmetries analysis through two examples: What happens when we slightly break
the symmetry of the system, and what can furnish the symmetry analysis of a
rotating system in a ring?
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Chapter 1

Introduction to 1D ultracold atomic
gases

1.1 Why one-dimensional ultracold atomic gases?

Now we have explained the appeal for UCAG, let us dive into the 1D specificities
with this first legitimate question: why should we "venture" into the Lineland? First
and foremost, the 1D realm is an entirely separate domain of quantum mechanics
and witnesses of singular behavior compared to higher dimensions.

To begin with a general rule, only collective excitations are possible in 1D, as
opposed to individual ones. Let us dress a traffic jam analogy to depict this crucial
difference with higher dimensions. On a two-lane (or more) road, a single car can
acquire speed alone by weaving between the others - this is strictly forbidden on a
single-lane road. In 1D quantum systems, particles similarly lose the opportunity
to bypass each other, resulting in an impossibility for a singular motion to emerge
even at low interaction. As a result, 1D UCAG should not be considered as a first
step toward understanding higher dimensions.

On the other hand, in 1D, quantum fluctuations are significantly enhanced, mean-
ing that the system will generally struggle to keep its global coherence. A direct
consequence is the breaking of long-range order, such as Bose-Einstein condensation.
Furthermore, the usual method extensively used in quantum mechanics that relies
on the mean-field approach (e.g., Bogoliubov theory, Laudau liquid theory) gener-
ally fails in 1D. A thriving implication is that new methods [Voit, 1995, Cazalilla
et al., 2011] must be invented to deal with these intriguing systems.

Furthermore, 1D UCAG are not only fascinating from a fundamental point of
view but also for a rare combination of theoretical and experimental features. In-
deed, specific configurations of 1D UCAG are considered one of the few examples of
integrable systems accessible experimentally, opening a practical way to investigate
integrability and its breaking [Calabrese et al., 2016, Guan & He, 2022|. On a formal
side, integrability also implies that one could have control over every step during
derivations, hence a deeper understanding of the results. Furthermore, multiple
quantities are accessible both experimentally and theoretically, and various parame-
ters can be adjusted. All these parameters could be viewed as nobs, which generally
have highly non-trivial effects on the observables. Thereby, UCAG are well-fitted for
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6 Chapter 1. Introduction to 1D ultracold atomic gases

benchmark uses or looking forward to building new kinds of more complex quantum
simulators. For all these reasons, 1D UCAG should not be viewed as toy models
but rather a significant domain of UCAG with its own particularities.

Having discussed the interest in 1D UCAG, let us delve into their practical
aspects by briefly outlining the typical experimental scheme.

1.2 Prepararing the Lineland journey

To obtain a ready-for-experiment UCAG, some requirements could not be overcome.
As a matter of fact, the atoms must be cooled down, trapped (in a 1D, 2D, or 3D
geometry), and their interactions must be controlled. It is important to note that
each experiment may have unique characteristics and that the following presentation
remains an overview. Before going further, the course chosen for this section is worth
mentioning. First, we will present the common picture of cooling atoms to ultracold
temperatures. Because reaching the 1D regime requires a 3D UCAG, the cooling of
3D gases will be treated beforehand without any loss of generality. Next, we will
raise the question of what really characterizes a 1D quantum system. Finally, we will
discuss how to experimentally constrain the strength of interaction between atoms
and explore the different regimes available. As a side note, these considerations
do not constitute the main topic of this thesis and will, therefore, only be touched
upon succinctly. For more detail on the cooling of UCAG in 1D, see [Phillips,
1998, Cazalilla et al., 2011, Guan & He, 2022].

1.2.1 Reaching ultracold temperatures with neutral atoms

Atoms are typically obtained by heating a solid block of alkali metals or breaking a
gas-filled bulb. It results in the best case of atoms at room temperature and, in the
worst, a hot atomic jet. After collimation, this atomic jet is cooled to a few Kelvin,
for example, with a Zeeman slower [Phillips & Metcalf, 1982]. Then, atoms will be
captured and cooled in Magneto-Optical Trap (MOT) [Raab et al., 1987].

The standard MOT setup is shown in Figure 1.1 and consists of a device combin-
ing magnetic forces for the trapping and optical forces for the cooling. Experimen-
tally, the concept for this setup was first demonstrated in [Raab et al., 1987]. On
the magnetic side, two magnetic coils generate a magnetic gradient that vanishes at
its center of symmetry. While atoms are moving from the center, the Zeeman effect
strengthens and pushes the atom toward the center. On the optical side, the cooling
relies on the Doppler mechanism [Hansch & Schawlow, 1975, Wineland & Dembhelt,
1975]. The principle relies on laser beams intentionally slightly out-of-sync with
wo - the system’s resonance frequency - i.e., Wrgser = wWo — Aw. Because of Doppler
shifting, the photons will only interact with particles with velocities directed outside
the trap, kicking them toward it. Consequently, the atoms will be effectively cooled
down by multiple absorptions and spontaneous emissions to a range of mK up to
wK.

Even if this temperature is incomparably colder compared to what we can find in
nature, we are still orders of magnitudes away from the ultracold objective. Another
mechanism is usually involved to reach this regime: evaporative cooling [Hess, 1986].
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Position

Figure 1.1: (Left) Schematic representation of a MOT. Two anti-Helmholtz coils
generate a trapping quadropolar magnetic field with a zero point at its center, while
three counter-propagating circularly polarized laser beams induce Doppler cooling
[Hansch & Schawlow, 1975, Wineland & Dembhelt, 1975|. (Right) Diagram depicting
the energy levels in the MOT along one axis. On the magnetic side, as far as the
particles move away from the trap’s center, the Zeeman splitting increases on the
J = 1 level. On the optical side, the oy incoming light will only interact with
the m; = +1 level. If the laser is slightly out of resonance, the optical force will
be directed toward the trap’s center, effectively trapping the particles. Figures
from [McClelland et al., 2016].

Evaporative cooling refers to the selective removal of high-energy atoms from the
trapped sample. This is typically accomplished by slowly lowering the trapping
potential, allowing the high-energy atoms to escape and the medium to thermalize
along the process.

1.2.2 What is a 1D quantum system?

A 1D system is commonly viewed as a system that shows a preferential direction,
in which its size is much larger than the two other directions. That being said,
it seems that true 1D systems are, at best, limit cases and, at worst, unrealistic.
Nevertheless, the scenario is far more subtle in the domain of quantum mechanics. To
gain touch on 1D quantum systems, we will first explore their fundamental aspects
and subsequently present the two types of experimental setups that are currently
available.

Formally, a 1D system displays a longitudinal size, denoted as L, which is sig-
nificantly larger than its transversal sizes, denoted as L,. What does this mean
for a quantum system from a theoretical perspective? To answer this question, let
us examine the energy levels of a quantum box. In this configuration, the exci-
tation levels are quantized and read E; = h%k?/2m, with k; = 7n;/L the allowed
wavelengths, n; € N* the quantum numbers associated to the excitation level, and
n; = || or L. The total energy then takes the ensuing form

2
E— By n?+ L2 1.1
— 0 n||+L2nJ- s ()
1
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Figure 1.2: First three, rescaled, transversal energy branches E/Ej of a 1D box as a
function of the longitudinal quantum numbers n,,, as written in Equation (1.1). The
dashed line refers to the rescaled Fermi level Er/FEy corresponding to 10 trapped
particles. The blue zone shows the accessible range of energy for a particle excited
during a given process. This pictural view is adapted from T. Giamarchi’s lessons
on low dimensional quantum gases at the 2021 session of Boulder summer school
|Giamarchi, 2021].

with Fy = h?/ 8mL? /- We suppose now that the system is initially in its ground
state (i.e., ny = n, = 1). During a general process (like scattering, thermal, etc.),
particles can be excited within a range of energy of the order of the interaction
energy, the temperature, thermal energy, etc. In this situation, we observe that if L
is sufficiently larger than L , only the longitudinal modes are accessible through the
process, as shown in Figure 1.2. Consequently, the energy dynamic is frozen in the
perpendicular axes, effectively rendering the system purely one-dimensional. This
picture enlightens us on the fact that too high temperatures, interaction strengths,
etc., can push the system beyond the 1D threshold. It also indicates that this
specificity is a purely quantum feature. Furthermore, this implies that the total
wave function can be expressed in the 1D limit as

\I/(r) = ¢\I($1a ce 7$N)¢J_(I'J_la cee ,I"LN)v (1-2)
where ¢, (r q,...,r ) = ]—LN:1 ¢o(r1s), with ¢g(r ) representing the lowest natural
orbital, and r = (z,r,) = (z,y, 2). In this context, ¥, (r 1,...,r y) is believed to
have a much smoother variation along the main axis, as compared to ¥y (21, ..., zn),

such as the r; dependence of ¥(r) could be dismissed. Thus, from now on, we will
remove the perpendicular and longitudinal indices, and all wave functions will refer
to ¥y (x).

Bearing in mind what qualifies 1D UCAG, we can proceed to discuss eventual
setups. When it comes to trapping ultra-cold atoms in 1D, there are essentially two
methods to consider: optical trapping and magnetic trapping.

As shown in Fig 1.2, the first configuration consists of a counter-propagating
combination of waves generating a potential gradient to capture the atoms. The
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Figure 1.3: (a) Schematic representation of the optical trapping setup and the re-
sulting geometry of the gas. Figure from [Bloch et al., 2000]. (b) Picture of an
atomic chip and sub-chip. Image from [Seaward, 2020].

fundamental idea hinges on the dipole force inflicted on the atoms by the laser
beams. As atoms move away from the trap’s center, the force pulling them toward
it increases. Thus, the atoms are trapped in perpendicular directions while free
motion is allowed along the longitudinal axis. However, since the trapping potential
shows spatial periodicity, a 2D lattice of 1D systems is indeed created, as displayed
in Figure 1.3(a). Implementing this setup is generally more straightforward but
relatively rigid in terms of modification of the trapping geometry. In addition,
isolating a single trap from its neighboring ones can be challenging.

In magnetic trapping, a combination of highly anisotropic magnetic fields is
obtained by flowing high-intensity current in wires printed on an atomic chip. For
an example of such chipsets, see Figure 1.3(b). By manipulating the magnetic field
gradients, the shape of the magnetic potential can be engineered along the desired
trapping direction. Similarly to the optical case, trapping is obtained by taking
advantage of dipole interactions. Usually more difficult to build, these types of
setups allow a single trap of chosen geometry.

Now that we know how to trap 1D UCAG, the last ingredient required for com-
plete control of our systems is managing particle interactions.

1.2.3 Contact interactions tuning: The Feschbach resonance

The following section will briefly outline the experimental technique employed to
calibrate interactions. By conveniently modelizing the interaction potential, medi-
ating the two-body interactions, we will explain how this description simplifies to a
scattering problem with only one parameter - the scattering length. This will help
to clarify how precise manipulation over this unique parameter leads to total control
of the contact interaction strength g.

For the description of neutral atoms, in 3D, two-body interactions are well rep-
resented by the Lennard-Jones potential [Lennard-Jones; 1931, Jones & Chapman,
1924b, Jones & Chapman, 1924a] V7 ;(r) = A/r'? + B/r®. However, in the low
energy limit, this potential is efficiently described by the so-called Huang’s pseudo-
potential [Huang & Yang, 1957|
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Ubuang(T) = ggD(S(r)%(r-), (1.3)

where g3p = 47h%asp /m is the 3D interaction strength, azp the 3D s-wave scattering
length, and m the particles mass. This description tells that, at low energy, particle
scattering is only conveyed by s-waves interactions. Hence, to get a full hand on our
system, we must have complete control of asp. Fortunately, in an external magnetic
field, this s-wave scattering process displays a very sharp resonance that can be
piloted via magnetic Feschbach resonances.

In quantum mechanics, Feshbach resonances refer to the coupling between two
scattering channels of an atom pair controlled by an external magnetic field. These
two channels are often called open, for the lowest potential, or closed, for the highest
potential, and are both illustrated in Fig 1.5(a). The open - or entrance - channel
(Vbg), corresponds to free particles moving toward each other, said differently, it is
the usual Lennard-Jones potential presented earlier. The closed - or exit - channel
(Vi) corresponds to a molecular bound state. Without external intervention, the
energy of the closed channel is much higher than that of the open one. However, an
external field can modify the energy difference E between the two if they possess
different internal moments. Precisely, by lowering F, it is possible to create a new
quasi-bound state, neither free nor molecular, with tunable scattering properties.
Effectively, near this resonance, azp will now highly depend on the magnetic field,
as shown in Figure 1.5(b), taking the ensuing form

asp(B) = ay, (1 - = _ABO) , (1.4)

where ap, is the background scattering, By is position of the resonance, and A its
width. However, the scattering length in a 3D geometry differs from the scattering
length aip induced by 1D potential. To overcome this issue, the process is to solve
the scattering problem associated with Upyang(r), in 1D. By doing so, Olshanii
successfully proved that Upyen,(r) could accurately be approximated by a Dirac’s
delta-like potential U(z) = ¢g1pd(z) with the tunable interaction strength g,p =
—2h%/ma;p with |Olshanii, 1998|

2
aip = — 2t (1 . CCL?’—D> , (1.5)

2a3p a;

where a; = /2h/mw, /|to(r = 0)| with w, the transverse pulsation and C =
1.4603.... With this celebrated result, we find again that, in 1D, particles are
unaware of each other until they collide (as in 3D). According to this analysis,
the scattering length a,p appears to be the sole factor governing our 1D two-body
interactions problem at low energy. Moreover, we see from Equation (1.4) that any
value can be chosen for the scattering length. Thus, a range of interactions going
from —oo to oo is, in principle, accessible experimentally. Before continuing, we will
drop the scattering length indices as we always work in 1D.

As a side note, it is worth mentioning that the interaction can also be increased
by diminishing the density of the gas. This astonishing property is another unique
feature circumscribed to 1D UCAG. To understand this behavior, let us compare
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Figure 1.4: (a) Illustration of the two interaction potentials associated with the open
channel (V;,) and the close channel (Vi) as a function of the internuclear distance.
Considering a pair of particles colliding with energy E, a Feshbach resonance is
expected for E close to E¢, the energy of a closed channel bound state. (b) The
Feshbach resonance found in the state F' = 2, mp = —2 of **Rb. Figures from
[Billam et al., 2013].

the scaling of the interaction energy FE;,, and the kinetic energy Ej. The former
scales as Ej,; ~ gn while the latter grows as Ej, ~ n?, with n the linear density of
the gas. By looking at the energy ratio, one can construct an interaction parameter
v ~ Eiy/Ex ~ g/n, which characterizes the interaction regimes. This parameter
enlightens that lowering the density constitutes an alternative lever arm for reaching
high interaction regimes.

We have provided insight into achieving ultra-cold temperatures, trapping atoms
in 1D geometries, and adjusting the interaction. It is now possible to explore the
possibilities that this setup offers.

1.3 Models and preliminary solutions

In this section, we will introduce the general model used throughout the document
and show primary examples of solutions that will prove helpful later on. For this,
we have chosen to focus on homogenous configurations. Specifically, we will look
at ring-shaped traps, described by Periodic Boundary Conditions (PBC), and box-
shaped traps, described by Dirichlet Boundary Conditions (DBC). The Hamiltonian
for identical particles with contact interactions in the homogeneous case can be
expressed as follows

ﬁ__zh_28_2+ ié(az-—x-) 1.6
= 2 om 633'12 gj>i i j)s ( . )

where NN is the total number of particles, and m, their mass. Before proceeding, it
is important to note that s-wave scattering is absent for identical fermions. As a
result, the interaction term is inexistent in this case. To put it differently, the Pauli
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principle already prohibits contact for identical fermions. Regarding interactions,
two main regimes could be distinguished: the attractive regime with ¢ < 0 and
the repulsive regime with g > 0. For the purpose of this document, we will focus
exclusively on the repulsive potential.

Before presenting some preliminary solutions, it is worth emphasizing that this
seemingly simple model encompasses a vast zoology of models. For instance, Equa-
tion (1.6) reduces to a free Hamiltonian without interactions. For identical bosons, it
leads to the Lieb-Liniger Hamiltonian [Lieb & Liniger, 1963|. For spin—% fermions, it
becomes the Gaudin-Yang Hamiltonian [Yang, 1967, Gaudin, 1976]. All these Hamil-
tonian are integrable, and thus, exact solutions can be found. In the ensuing part,
we will briefly present the scenario involving free particles and strong interactions,
leaving a more comprehensive explanation for upcoming chapters. To be precise,
details on single species model (including Lieb-Liniger solutions) can be found in
Chapter 2, while spin mixtures (including the Gaudin-Yang solutions) will be out-
lined in Chapter 3. For thorough reviews of the results obtained in the domain, the
interested reader can see [Cazalilla et al., 2011, Minguzzi & Vignolo, 2022, Guan &
He, 2022].

1.3.1 Non-interacting identical particles

The typical approach is to start with the free Hamiltonian’s one-particle solutions to
compute the many-body wave function. These solutions are called natural orbitals
and will be denoted as ¢,(x), with n the excitation level of the particle. Once
obtained, they serve as building blocks for the many-body wave function, with the
final structure dictated by the particle statistic. For clarity, we will separately
present the fermionic and bosonic solutions.

Non-interacting Spinless Fermions (SF):

For identical fermions without interaction, the total wave function must be anti-
symmetric under the swapping of particles. This condition could be satisfied in a
concise way using the so-called Slater’s determinant

Uop(xy, - ,xNn) = \/% det[@(z,)]- (1.7)

Particle on a L length ring present orbitals of the type ¢, (x,) = =% /\/L, n,m €

N+1 N
1, N, with ky, = 27(m — T+)/L for odd N and by = 2n(m — —)/L for

even N, with =, € [-L/2,L/2]. On the other hand, for particles in a box of
length L, ¢, (z,) = +/2/L sin [k, (z, + L/2)] are natural orbitals with &, = mn/L,
T, € [-L/2,L/2] and n,m € {1,...,N}.

Non-interacting spinless bosons:

In opposition with fermions, non-interacting identical bosons could occupy the same
energy state, leading to the following many-body wavefunction

Uy, ,on) = [ [ dolen). (1.8)
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Notably, these cases will represent a cornerstone for most of the present doc-
ument. In particular, the case of spinless non-interacting fermions will deliver an
elegant way to treat strong interactions, as we will see right after.

1.3.2 Strong interaction limit

In most quantum systems, the treatment of strong interactions is usually simplified
or even avoided. Again, 1D UCAG exhibits a unique feature by being more manage-
able in this regime - compared to arbitrary ¢ - and even leading to exact solutions.
On top of that, this limit provides crucial information about how contact interaction
impacts the nature of the gas. Therefore, a short investigation of the wavefunction
would be valuable at this early stage, while the comprehensive approach will be kept
for the upcoming chapters.

Only bosons are concerned here because contact interactions are forbidden for
identical fermions. Formally, the strong interactions regime is obtained by pushing
interactions up to infinity (i.e., g — 00). In this limit, bosons experience such a high
repulsion that they can no longer occupy the same position. This new behavior arti-
ficially mimics the effects of the Pauli principle. Driven by this idea, Girardeau |Gi-
rardeau, 1960| successfully built the many-body wavefunction by mapping on Vg,
capitalizing on its Slater’s determinantal form, which inherently prevents particles
overlap. The total wave function is then obtained by imposing the overall swapping
symmetry by adjoining a sign function to every possible permutation of variables.
It results in the ensuing Tonks-Girardeau Bosons’ (TB) wavefunction

Urp(xy, - ,xy) = H sign(z; — x;)Vep(z1,- -+, xN). (1.9)

1<i<j<N

This mapping on non-interactive spinless fermions is commonly called fermioniza-
tion, which could be misleading. Although these two types of gas share similarities,
their differences are still substantial.

The foundation papers on the TB gas date back to the 60’s [Girardeau, 1960,
Lenard, 1964, Lenard, 1966]. Since then, this area has been extensively explored,
with many notable achievements discussed in Chapter 2, and fully documented
in [Bloch et al., 2008, Cazalilla et al., 2011]. Despite early progress, it was not
until the 2004 that experimental observation of a TB gas was achieved [Paredes
et al., 2004, Kinoshita et al., 2004]. This breakthrough allowed researchers to explore
the accessibility of a TG gas, as it is only asymptotically exact from a theoretical
perspective. Fortunately, these modern accomplishments have shown that strong
interactions are far from inaccessible. In particular, interactions of the order of v =
10 are adequate for being classified as strongly interactive [Olshanii, 1998, Kinoshita
et al., 2004, Kinoshita et al., 2005, Rizzi et al., 2018], as displayed in Figure 1.5.

Both SF and TB models are remarkably convenient to treat. However, we still
lack crucial elements: what and how can information on the system’s properties be
earned? The final section of this introduction will address this question, including
both theoretical and experimental considerations.
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Figure 1.5: Evolution of the local pair correlations ¢(® with the interaction parame-
ter v.s¢. The multiple points stand for separate experimental realization. The solid
line refers to the expectation from a 1D Bose gas theory. For a dense, weakly inter-
acting, gas (v < 1) the ¢ is close to one, similarly to standard 3D BEC. As far
as the interactions increase, the ¢ is decreasing, ultimately going to 0 for v > 10.
This behavior is analogous to 1D identical fermions, betraying that the TB regime
has been reached. This figure is taken from |Kinoshita et al., 2005].

1.4 Correlations investigation

When conducting research on UCAG, scientists have access to numerous quantities
to probe or compute. Thereby, careful consideration is given to selecting the most
appropriate observable. In this section, we will focus on two, both relying on the
same concept: correlations. Particularly, we will examine these correlations in real
and Fourier space, introducing the correlation functions and momentum distribution.
After presenting these two aspects, we will provide a notable example of their success.

1.4.1 Correlations in real space: The correlation functions

The history of correlations is a wonderful journey that entangled mathematics and
physics. They are at the heart of numerous intellectual and technological advance-
ments. Indeed, correlations have led to groundbreaking discoveries in various dis-
ciplines, such as medicine and social or environmental sciences. These fields often
face complex questions implicating numerous variables. In such demanding environ-
ments, correlations constitute a salvatory tool to address problems.

The concept of correlations was first introduced by Galton [Galton, 1889], who
became curious about the link between the size of sweet peas and the one of their
offsprings [Galton, 1877|. F. Galton realized the potential significance of this new
field of research from the outset but left further investigations to "any competent
person who cares to investigate it" [Galton, 1889]. The first worth continuing F.
Galton’s works was his colleague and friend K. Pearson. For instance, he proficiently
studied a base ground quantity for correlations, later named after him as Pearson’s
r. This quantity is likely the most immediate when discussing correlations, and it



1.4. Correlations investigation 15

can be expressed as follows

r— il —T)(yi —7)

\/Zz(xl =) > (Y — @)2’
where z;, and y; are the values that takes the quantities z, and y for their i-th obser-
vations, while T, and 7 are their mean values. Indeed, Pearson’s r simply quantifies
the linear co-evolution between two different sets of observations. Precisely, if r = 1
(reps. —1), an increase of x by an arbitrary value will provoke the same increase
(reps. decrease) by the same value on y. This linked behavior is the essence of
correlations, the characterization and quantification of how random variables are
related.

Over the years, substantial mathematical improvement has enhanced this field
[Fisher, 1915, Wiener, 1933, Hotelling, 1936, Wiener, 1938, Shannon, 1948|. Along-
side, physics has taken advantage of these new means, and the ease brought by
correlations has imbued in numerous domains. For instance, in matter physics or
chaotic and dynamical systems. In these, correlations are typically used for two
main reasons: 1) to understand how the constituent relationships of a system con-
tribute to its global behavior and 2) to clarify the interdependence of quantities in
complex systems. Bearing in mind these benefits, let us delve into its particular use
of correlations in our systems.

In quantum mechanics, correlations are essential for several reasons. At first,
quantum fluctuations cause for all the particles’ properties to be probabilistic. This
stochastic essence imposes to consider not only one quantum state but the statistical
behavior over multiple realizations. Moreover, all these quantities are intrinsically
linked, for example, due to the uncertainty principle. As a consequence, their fun-
damental connections will have tremendous implications and can not be overcome.
On top of that, quantum systems are known to be the theater of highly non-local
phenomena such as entanglement. Therefore, characterizing the relation between
multiple system regions will be required to understand global behaviors. For all
these reasons, quantum mechanics is a perfect realm of knowledge to benefit the
toolbox that represents correlations. However, a question remains: how to probe
correlations in a 1D UCAG experiment?

To handle this question, the analogy with optical physics can be insightful. In
typical experiments, the idea is to halve an incoming wave into two distinct paths.
It results in two waves, which will be superposed afterward at the end of the setup,
creating interferences. By adjusting the distance of one path, the coherence of the
initial light can be scanned. Coherences are correlations of the same quantity (in
this example, the electric field) between different positions, time,s etc. Precisely, the
changes in the interference pattern is directly related to a coherence function. This

can be seen throughout the formal expression of the first-order coherence function
|Glauber, 1963]

(1.10)

£ ()€ (y)
(I€@)?)
which basically indicates how the value of an electric field £(z) in a position x is
connected to its value in y, while the mean value (---) is taken over numerous

g(z,y) = (1.11)
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Figure 1.6: Investigation of a 3D Bose gas coherence along phase transition (a) Left
panels. Interference pattern in false color obtained by absorption. Right panels:
Vertical cut at the center of the left panels. Three results are present for three
different temperatures, from left to right T' < To, T' < Te, and T > Ty, with
Te the critical temperature of the gas. (b) Explanation of the mechanism. This
experiment involves the mp = —1 (trapped) and the mp = 0 (untapped) atomic
state; see Fig 1.1 for details. Through a radio-wave field combining two frequencies
(red lines), initially confined atoms can be transferred to a free state in two distinct
locations within the trap. This process effectively creates two slits in the trap,
separated by a Az distance. Figures from [Bloch et al., 2000].

repetitions. With light waves, the typical setup uses Young’s slits or beam splitter
for the duplication. However, while a bunch of photons is quite inclined to split, one
can wonder how to obtain the same result with a gas of massive particles. Although
not as straightforward, double-slit analog experiments have been realized, as shown
in Fig 1.6. In this case, the corresponding one-body correlation function for matter
waves reads

N
pl(.T,y) :N/ Hdl?n\lj(.T,iEQ,...,$N>\D*(y,x2,...,.TN), (112)
DN-1

n=2

here constructed via the wave function ¥ instead of £(x), with [, dz pi(z,z) =
N, and where D, is the spatial domain accessible to the particles. The diagonal
part pi(x,z) = n(x) represents the one-particle spacial distribution, namely the
probability density to find a particle in x, while the off-diagonal part represents the
coherences. This function is also named density matrix because of its diagonal part
and could be generalized to any order, as we will see in the next chapter.

As illustrated in Figure 1.6, obtaining a correlation function in real space is
a complex process, explaining the limited instances of realizations. Consequently,
despite its theoretical suitability, one can reasonably ask for a more convenient
object to consider experimentally. Fortunately, a quantity conveys similar insights
with significantly greater accessibility: the momentum distribution.
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1.4.2 Correlations in Fourier space: The momentum distri-
bution

A natural way to circumvent the difficulty of obtaining correlations in real space is
to move the analysis toward momenta. Also convenient to treat theoretically, the
momentum distribution is only the Fourier transform of the first-order correlation
function

1 )
n(k) = — / dady py (. y)e™ ), (1.13)
D2

27

This function represents the probability density to find a particle having a momen-
tum k. Because the momentum distribution is only a Fourier transformation of p; it
conveys the same information (naturally to an inversion of scale). In the last part of
this introductory chapter, we want to briefly touch upon n(k) potentiality, leaving a
more comprehensive exploration to Chapter 2. For this purpose, let us consider the
two main parts of the momentum distribution: the zeroth momentum distribution
and its tail.

Because we have moved to Fourier space, long-distance coherences are carried
by the low momentum part of the distribution and, in particular, are quantified by
the zeroth momentum distribution ny. In particular, this quantity is connected to
the global order of the system. Consequently, it constitutes an indicator of some
phase transition of the system, such as condensation-like [Ribeiro et al., 2013, Henkel
et al., 2017] or superfluid-Mott insulator phase transition [Greiner et al., 2002]. On
the other hand, short-distance correlations will impact the large k£ behavior of the
momentum distribution. Precisely, in this region, we can perceive how particles
overlap or, in cases of strong repulsions, their brushing against each other. In a
less evident way, information regarding the system’s symmetry is also included here.
As in 1D, particle swapping only involves the immediate next neighbors, so this
swapping becomes a purely short-distance phenomenon. Consequently, the effect of
the particles’ symmetry under these exchanges is carried by the large £ distribution
of n(k) [Decamp et al., 2016a]. This interplay between interactions and symmetries
gives rise to fascinating phenomena that will be investigated deeply in Chapter 3
and Chapter 4.

To conclude, among all possible observables, n(k) is one of the most accessible
experimentally. The method usually employed is the so-called time-of-flight. The
idea is pretty simple: by turning off the trapping potential and letting the gas expand
ballistically, if the interactions become negligible, the position of the particles after
a time 7 > mL?/h can be mapped on the initial velocity distribution inside the
trap. A significant example of such probing realization in the case of spin mixtures
is presented in Figure 1.7.

We have covered the different types of systems that we will be concentrating
on. We have discussed the significance of UCAG and the usual approach for their
implementation. We have also examined the unique characteristics of the 1D con-
figuration, both in theory and experiments. Furthermore, we have introduced the
specific model that will be analyzed in this document and some preliminary so-
lutions. Lastly, we have explained how to obtain information about the system
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Figure 1.7: First instance of harmonically confined 1D fermionic spin mixtures of
6 different species [Pagano et al., 2014]. (Left) Schematic representation of the
setup, which pictures the geometry of the optically trapped array of gases. (Right)
Momentum distribution of the gas for different types of fermionic mixture. Solid line:
experimental results obtained by time-of-flight absorption imaging. Dashed lines:
Theoretical results obtained via ideal Fermi gas theory for N = 1 (the total number
of species); an overall averaging is performed over the inhomogeneous distribution
of atoms in the different traps.

and described two corresponding experimental setups. We will now proceed to the
treatment in detail of a particular case: identical particles.



Chapter 2

Ultracold atomic gases of identical
particles

In this chapter, we will discuss the effective treatment of 1D UCAG. We will focus
on single-species gases as a warm-up for future, more complex systems. Our initial
step will be to derive an exact, general, solution from our model, giving us a taste of
actual computation. We will then obtain real and Fourier space correlation functions
and examine their properties. Throughout this chapter, we will pay special attention
to extreme cases, such as non-interacting particles or strong repulsion regimes, which
will serve as the foundation for future discussions.

2.1 A first exact solution

Let us proceed into our first theoretical treatment of 1D UCAG with contact in-
teraction between particles. We will present the solution of the Hamiltonian Equa-
tion (1.6) for two geometries, a ring-shaped trap (PBC) and a box-shaped trap
(DBC). As a kind reminder, this Hamiltonian stands only for bosons, as contact in-
teractions are inexistent between spinless fermions. The corresponding Hamiltonian
is the so-called Lieb-Liniger and reads

2 N 92
H==-% 55+49 > o —ay). (2.1)

i=1 i 1<i<j<N

The general method for solving this model is usually throughout Bethe ansatz
[Bethe, 1931]. In the next section, before tackling the N-body problem, we will
gently begin with two particles.

2.1.1 The two-body problem

The Schrodinger equation that corresponds to the Hamiltonian Equation (2.1) for
two spinless interacting bosons reads

0?0

o o 2c0(wy — 22) | U(w1, 29) = €U (21, 29), (2.2)

19
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with ¢ = 54 the scattering strength, and e the energy in unit of h?/2m. The general
textbook solution of this differential equation reads

U(xy,29) = f(x1,22)0(x1 — 2) + f(22,21)0(x2 — 21), (2.3)

with f(z) = 1 if > 0, and 0 elsewhere. This result is independent of the chosen
trapping geometry, and solely the form of f will change with the boundary condi-
tions. Given the significant impact of boundary conditions on the solution, we will
address them individually.

Periodic boundary condition

Away from the contact region x; = w9, the solution must be the same as for free
particles. Said differently, in the sector x; < x5, the wave function is only a super-
position of plane wave

f(ZL‘hI'Q) — A12€i(l€1$1+k2$2) + A;1216%’(/€2961+1€1$2)7 (2.4)

where the A’s are the amplitudes and the k’s are called charge rapidities. The
solutions in other sectors are obtained using the statistic of identical bosons (i.e.,
U(xq,22) = V(we,21)). The charge rapidities are interpreted as the asymptotic
momentum of the particles once the trap is turned off. The amplitudes and rapidities
are yet to be determined and will be fixed based on the system’s properties. The
first step is to employ the usual cusp condition to establish a relationship between
them. This condition can be obtained from the Schréodinger equation. The approach
is to move in relative and center of mass coordinates and integrate around the non-
analyticities introduced by the cd interaction potential. This method leads to the
following two particles’ cusp condition

ov  ov ov oV
LT I ) .
8fEl 81'2 21—29=0+F axl 8$2 z1—12=0 z1—x2=0
Inserting the Equation (2.4) ansatz it follows
Z(l{il — k)g) [Alg — Agl] = C [Alg + Agl] s (26)
which implies that the amplitudes obey the relation
Al . ki1 — ky +ic _ _em(klsz)’ (2_7)

A21 n kl—kg—iC
where ¥(z) = —2arctanz/c, and Y(z) + 7 is the phase shift induced by the cd
scattering potential. We can make the connection with quantum scattering theory,
where the ratio Equation (2.7) is commonly expressed with the scattering matrix
as Sk, ko) = S(ky — ko) = e?*1=k2)+7 At this point, it is too early to make any
sweeping statements about the system. We can instead perform a basic check and
verify if this solution includes the results discussed earlier. The non-interacting case
is rather trivial, so we can proceed directly to the high repulsive limit.
Tonks-Girardeau regime ¢ — 00:
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In this regime, Equation (2.7) imposes A1 = —As;, which imply that the phase
shift at ¢ — oo is equal to 7. In simple terms, the Dirac potential does not scatter
in 1D. Thus, the global form of the wave function in a sector, Equation (2.4),
becomes f(x1,15) = etF1®1eik2e2 _ etkaigihiza which is the SF wave function, up to
a normalization constant. Noticing that f(z1,x2) = —f(x2, 1), the complete wave
function then takes the expected TB form W(zy,x) = sign(z; — x2)Vsp(z1,22),
shown in Equation (1.9).
We can now move to the slightly more complex DBC configuration.

Hardwall boundary conditions

For DBC, the process will be similar. The only difference is that hard walls induce
complete reflections, and the superposition must now be taken with all incident
and reflected plane waves [Batchelor et al., 2005]. As a consequence, in the sector
0 < z; < x9 < L the solution takes the form

flxy, z0) = Ara(ky, ko)e i(krzythowe) 4 Ago(—ky, _k2) —kiz1—koxa)
— Asa(ky, — ) k121 —kox2) — Ayy(—ky, k‘z) —kyz1+kiz2)
— Aoy (ky, — ) —kaw1+k1z2) — Aoy (—ky, kQ)ez(klefklxg)
+ Aoy (b, kz) i(kaw1+kia2) —|—A21( klj_kz)ei(fkgxlflﬁzg). (2.8)

In this scenario, the DBC have introduced a new constraint which reads as fol-
lows A(ky,...,kn) = A(—k1,...,—ky), where the minus signs represent completely
reflected plane waves. This new feature allows for two types of ratios between am-
plitudes, one now involving reflected waves. By utilizing the cusp condition once
more, we can derive the two equivalents of Equation (2.7) for DBC

Ak, ke) by — ke +ic _ pi0ki—ks)

= — = 2.9
A21(k17 kz) ki — ky —ic ( )
A12(k17 _kQ) kl + kQ + ZC eig(lier)’ (210)
Agl(kl, —]{32) /{31 + k?g — ZC
which provides the following structure for the two types of amplitudes
Am(k’l, k‘g) = (k)l — kg + ZC)(k’l + k’g — Z'C)7 (211)
Alg(kl, —k’g) = (kl + k?g + ZC)(kl — ]Cg — ZC) (212)

It should be pointed out that these amplitudes must be normalized to be dimen-
sionless. Similarly to the PBC, we can perform a first validation by considering the
strong interaction limit.

Tonks-Girardeau regime ¢ — 00

Again, the amplitudes are just inverted by the scattering (i.e., 7 phase shift), and we
get Aj9 = — Ay regardless of the rapidity pair. The wave function in the first sec-
tor, Equation (2.8), gives W(xy,z2) = 4sin k2 sin kozy — 4 sin koxy sin ky o, which
is unsurprisingly a Slater’s determinant. By incorporating the relationship between
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Figure 2.1: Wave function for two particles in a box-shaped trap. The position
variable x5 has been fixed to 0, and the plot is a function of the other, x;. The
different curves correspond to increasing interaction strength ¢ = mg/h? to highlight
the effect of interaction on the cusp of the wave function.

sectors f(x1,z3) = —f(x9, 1) and returning to the complete wave function, Equa-
tion (2.4), we can find the searched TB wave function, Equation (1.9).

Although these manipulations are still in the early stage, they suggest that dif-
fusive effects may fully explain the behavior of interacting hardcore bosons. It also
appears that the cusp of the wave function conveys these diffusive effects. To en-
lighten this property, we can take a closer look at the evolution of the wave function
with the interaction strength. As depicted in Figure 2.1, the increase of interaction
gradually digs a cusp where particle positions coincide, revealing the enhancement of
diffusive effects. This cusp is a fundamental element of contact interaction and will
have a predominant place throughout this document. With that in mind, we can
now increase the number of particles to ascertain the general form of the rapidities
and amplitudes.

2.1.2 The many-body problem

The strategy employed for two particles can be extended to the N-body case and
then will only be partially elaborated. The derivation will be divided as follows.
First, we will guess the form of N-body wave function ansatz. Following a similar
process to the two-body case, the cusp condition will provide a relation between
amplitudes and rapidities. Consecutively, we will obtain a set of linked equations
for the rapidities using boundary conditions. Finally, the strong interaction limit
will furnish the last ingredient to solve the system completely.

Periodic boundary conditions

We can begin with the most simple case of a ring-shaped trap. The solution must
still be a superposition of plane waves away from the contact region. Hence, the
N-body wave function is simply the generalization of Equation (2.4) which in the
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sector r; < .-+ < xpy reads
\IJ($17"' 77‘;]\7) - ZAP({ki}>C)eizjkwaj7 (213)
P

where the amplitudes Ap({k;}, ¢) refer to the N! possibles momentum configurations
of the N! plane waves, and P now refer to a permutation inside Sy, the permutation
group of N distinct elements. As a side note, the wave function can equivalently
be expressed as W(zy,---,2x) = Y. p Ap({k;}, c)e’ > ¥7P6)  and for instance, will
be preferred in the next chapter. From now on, we will also drop the k;’s and ¢
dependences of the Ap’s seeking conciseness.

We now employ the general procedure to determine the N! amplitudes, starting
with the cusp condition stated in Equation (2.5). The cusp condition obtains for
neighboring particles labeled 1 and 2 and can be extended for any couple labeled
as j and j + 1 (in the now N-body system). Formally, applying the cusp condition
between two particles corresponds to an application across the boundary between
two sectors. One sector has the two neighbors in a given order, let us say 7 < --- <
r; < Tj41 < -+ < xy, and the other sector has the two particles swapped, here
r1 < - < xjp < x; <--- < ay. Thus, for a permutation of type Q = 7,11 P,
where 7; ;41 is the transposition of the two elements j and j + 1, the cusp condition
leads to

Ap  kpg) — kpgj+1) tic — e WkpG)—kp+1) (2.14)

Aq  kpg) — kpgar) —ic

which again physically represents the scattering of two next-neighbor particles. Now,
one can verify that a solution to this set of equations is

1C
Ap = 1+ —) . 2.15
r H ( kp@y — kp (219)

1<G<I<N

In order to determine the N rapidities and benefit from the boundary condition,
we must analyze the sequential scattering between each particle from the first to
the N-th. It corresponds to searching the ratio between an arbitrary plane wave
with amplitude Ap and a second with Ap/, where P = (P(N), P(1),--- , P(N —1)).
Using the PBC over the first variable, one can find that Ape®” ™ = Ap, which
leads to the so-called Bethe equations

ks L — Kk +ic
ik; L N 1 l
j ” 2.16
© j lk —kl—’lC ( )

Usually, to solve this non-linear system of equations, it is more convenient to take
its logarithm variant

]ij = 27'['[]' + Zﬁ(kj — kl), (217)
1#]
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where we have used In[[,(-) = > ,In(-), Equation 2.14 to make the ¥(k; — k)
dependency explicit, and finally the relation In (—1)® = a + cte to obtain the Bethe
quantum number /;’s. These odd or half-odd numbers (depending on N’s parity)
define the rapidities - thus the total momentum P = Zj k;, and the energy P =
> ; k? - of the system. We have technically solved our model, but one must be
careful as not every set of I;’s leads to a physical solution. In order to obtain the
I;’s selection rules, let us begin with the limit case of infinite interaction.
Tonks-Girardeau regime ¢ — o0
We recall that J(k) — 0 in this limit, so according to Equation (2.17), k; must
be equal to 2rl;/L. On its side, Equation (2.14) imposes Ap = £1. Hence, the
collection of rapidities must be distinct to prevent the wave function from vanishing.
This can be transcript in terms of quantum numbers by the inequality I; # I, for all
j # l. Once again, we encounter the direct consequence of the interaction potential
preventing particles from occupying the same place (or having the same energy) and
mimicking the Pauli principle.

The ground state Bethe quantum numbers can now be found by minimizing the
total energy and momentum. These conditions impose a symmetric repartition of
the I;’s without holes

which describes a well-known Fermi sphere, enforcing the analogy with SF. On
the other hand, one can describe charge excitations by creating holes in the j’s
distribution. These results hold even beyond the asymptotic case. It has been
proven |Korepin et al., 1993| that the I;’s values must remain independent of ¢ for
¢ > 0. Consequently, the Bethe quantum number will remain unchanged for any
positive scattering strength.

It is important to note that the non-interacting case is not included in this formal-
ism and may cause confusion so we will address it promptly. In the non-interactive
regime, Equation (2.14) requires all amplitudes Ap to be the same. Therefore, noth-
ing now imposes for the /;’s to be different. By utilizing this criterion to rebuild the
complete wave function, we end up with Equation (1.8), the previously introduced
non-interacting spinless bosons’ wave function.

The ring-shaped geometry is completely solved, and we can move to the other
configuration, the box trap.

Hardwall boundary conditions

The case of DBC is barely more complex, as the hard walls enclosing the system
simply induce k to —k reflection for every allowed rapidity. This reflection effectively
doubles the number of plane waves in each sector. It means that the superposition
must now be between every wave and its reflection. Hence, the N-body wave func-
tion in the case of DBC, in the sector 0 < x; < .-+ < xy < L, reads |Gaudin,
1971, Batchelor et al., 2005]

Uiz, oy ZZel cenAp({eki}, ) =9k (219

P €=
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where g; = +, and the N!N? amplitudes (N? for the possible permutation of k and
—k) Ap({€;k;}, ) are given by

1 ic
Ap(fekd o) =TT (14— V(1o —" ) 2.20
P({E } C) H ( + Ejk’pj — Elkfpl) ( ij'Pj + Elsz) ( )

j<l

and the 2N rapidities €;k; are solutions of the following usual (up) and logarithm
(down) Bethe equations

1 | —CK; + K —c
1
kiL=mli+ 5 > Wk — k) + (ks + k) (2.22)

I#j

Making no exceptions, the Bethe quantum numbers can be found considering the
limit of infinite interactions. The procedure is widely similar to PBC and, therefore,
will not be detailed here. In contrast with the precedent case, there is no need for
the ground state energy to be zero. As a consequence, we can simply choose the set
of N positive non-zero integers as Bethe quantum numbers

L=j, j=1,...N. (2.23)

We have earned a deeper understanding of our model’s solutions for single species.
In this section, we have thoroughly explained the general solution for bosons with
arbitrary repulsive interaction strength. However, the wave function just constitutes
the initial step in investigating our system. We now want to analyze correlations
to extract further insights from these solutions. That said, we will first explore the
real space correlations in two regimes: with strong and without interactions.

2.2 The correlation functions

In the following section will first explicitly present the correlation functions used
in our analysis. We will then solve the simple SF case and showcase the analogy
with Random Matrix Theory (RMT). Consecutively, we will address the more chal-
lenging problem of TB, exposing its interwoven with SF. Aside from these general
considerations, we will give the special form that takes the first-order correlation
function in our two preferential geometries.

2.2.1 General definition in quantum mechanics

We have presented in Chapter 1 the one-body correlation function expression in
quantum mechanics [Equation (2.24)]. However, for the consistency of this section,
let us recall it



26 Chapter 2. Ultracold atomic gases of identical particles

N
p1(x,y) = N/ den\IJ(a:,xz,...,xN)\If*(y,xz,...,xN). (2.24)
DN-1

n=2
This function could be generalized to any higher order throughout the n-th order
correlation function

N
pn(X(n)7 Y(n)> = Pn,0 / H dxj\Ij(X(n)a Ln+ls - - - 7$N)\Ij*(Y(n)a Tn+ly - - - 7:EN>
'DNf'n, 3
j=n+1

(2.25)
. Like the

with X = 2W 20 and [ dX™ p, (XM, XM) = p, = m
first-order, the diagonal part of p, is defined as the n-particles spatial distribution
- or equivalently the n-tuple density. This n-th order density displays the joint-
probability to find a particle in (! while n — 1 other particles are in the (s
positions, with ¢ =2, ... n.

With the wave functions obtained earlier, we are ready to explore physical sys-
tems. Let us begin with spinless, non-interacting fermions.

2.2.2 Spinless fermions and random matrix theory

Although SF have already been proficiently studied, they represent an excellent
warm-up to familiarize with correlations of cold atoms. Despite often considered a
basic problem, it is essential to note that phenomena within SF are still yet to be
discovered. To explore this topic, we will draw a powerful analogy with RMT. This
point of view is frequently chosen for several reasons: 1) it provides an exact solution
for all orders of correlation functions p,, 2) by using p, as material, it provides an
easy way to extrapolate problems or perform further computation, and 3) it offers
an intuitive way to discuss these complex systems.

J. Wishart first introduced the RMT [Wishart, 1928] in mathematical statistics.
The parallel between RMT and quantum mechanics arrived later with the early
works of E. P. Wigner on nuclear physics [Wigner, 1951]. This correspondence is
allowed by their similar underlying random structures. On the quantum side, en-
ergy levels are determined by the eigenvalues of a hermitian operator. Afterward,
F.Dyson proposed that these eigenvalues could be approximated using random ma-
trices respecting the symmetries of the quantum system. This reasoning appears
much more fruitful than he expected, even leading to the exact solution. Conse-
quently, he wrote several articles that paved the way for decades of mathematic and
physical research on this topic [Dyson, 2004a, Dyson, 2004b, Dyson, 2004¢, Dyson &
Mehta, 2004, Mehta & Dyson, 2004].

In fact, the RMT analogy does not begin with the correlation function but takes
its roots back to the wave function and its depiction of the probability distribution.

Probability distribution of positions as a point process

To elaborate further, let us discuss the case of particles in a ring and the circular
unitary ensemble, also known as CUE(N). CUE(N) is the ensemble of the unitary
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Figure 2.2: (a) Distribution of a U(100) matrix eigenvalues or, equivalently, sampling
of N = 100 fermions on the unitary circle S! using |¥|? as a Profile Density Function
PDF. (b) 100 uniformly distributed points on S!.

matrices U(N) - the group of N x N matrices filled with uniform random complex
entries. These matrices have eigenvalues circumscribed on the unitary circle S* and
randomly distributed along it. The sampling of these eigenvalues forms a Point Pro-
cess (PP), which is essentially a stochastic process. The connection with quantum
mechanics is simple: the spatial probability distribution to find particles, |¥|?, is
precisely the same point process that describes the U(N) eigenvalues distribution.
In fact, the eigenvalues distribution of the U(NN) matrices and the joint probability
distribution of N SF on S! are identical, and can be expressed as

2

1 160 60
W H |€ I — ek , (226)

1<i<j<N

with the angles # € [0,27). This beautiful correspondence becomes clearer when
comparing a sampling of points using Equation (2.26) as a PDF [Figure 2.2(a)] to a
uniformly random assembly of points on the same domain [Figure 2.2(b)|. Indeed,
the sampled points seem to organize their distribution, which contrasts with the
tendency for clusters displayed by the uniformly distributed points. This behavior
is known as "eigenvalue repulsion" and perfectly recreates the aversion for SF to be
close. Conversely, the uniformly distributed points could represent a sampling of
identical non-interacting bosons as |¥|? is constant in this case. To conclude, it is
important to note that this point process correspondence is not limited to the ring
geometry and applies to various boundary conditions. For a rigorous definition or
the treatment of other systems, see [Dean et al., 2019, Meckes, 2019].

This analogy appears to be a beautiful representation of our problem, but no
particular outcomes have arisen apart from expressing |¥|? in terms of RMT. Indeed,
all the potency of the RMT comes when looking at the correlation functions.
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Correlation functions as a determinantal point process

The rigorous definition of a Determinantal Point Process (DPP) is quite complicated,
but for our purposes, it can be viewed as a PP that takes the form of a determi-
nant with a kernel K (x,y). Kernels are extremely convenient tools as they encode
the pairwise interactions between the particles and their spatial preferences. This
simplification helps us to understand the system’s overall behavior by characterizing
the interdependence between its constituents and providing intuitive interpretation.
Furthermore, it allows extrapolation to more complex models by incorporating new
dependencies (such as temperature and dimensionality). To demonstrate this de-
terminantal property of 1D processes involving SF, we will rewrite p,, using Ugp, in
Equation (1.7), under the Leibniz form of a determinant. Hence,

Ugp(zy,... o Z P) [ ¢pw (@), (2.27)

PeS

where £(P) is the signature of the permutation P. The n-th order correlation func-
tion then the reads

n n pn,O -
pn(X( )7y( )) _ o Z H ¢Q(] (y J))

" PQeSN

Tl / A6y ()b (2). (2:28)

l=n+1

Thus, using orthonormalization of natural orbitals, one can find

n N
n n pnO ] * ]
(XY ™) =28 > e(P)e(Q) [ [ ori (2o ) T dpwen:
" PQeSy j=1 t=nt1

(2.29)

The next step is to check if this expression could take a determinantal form for
the different correlation orders.
1-st order correlation function:
Forn =1, p1o= N, and HfiQ dp),o() imply that P = @ (if the N —1 last element
are equal, the first element must too) and €(P)e(Q) = €(P)e(P) = 1. Hence, we
only have to consider the (N — 1)! identical series of ordered integers {;j} (instead
of the original disordered and distinct series of {P(l), Q(l)}). It technically means
that > p ey 1Y, dpw,0i) — (N —1)! Zjvzl We then find the much more simple,
well-known form of the first-order correlation function for SF

zy) = 3 6i()65(y). (2:30)

Under this form, the one-body correlation function exhibits its determinantal na-
ture. Moreover, looking through the RMT lens, one can recognize the non-trivial
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eigenvalues of uniformly distributed U(/N) matrices. The correspondence between
random matrix and other physical systems, such as DBC or harmonically trapped
SF, can be found in [Forrester et al., 2003a, Dean et al., 2019, Meckes, 2019].

If we insert the waves functions for PBC and DBC into Equation (2.30), we end
up with the following expressions

pRing:0dd (1 4y — Sy (ML_ZD) : (2.31)
prot (T, y) = % (52N+1 (@) — Sanii (M)) , (2.32)

with Sy (z) = sin (Nx/2)/sin (x/2) the sin kernel, and x,y € [—L/2, L/2]. The case
of even N for PBC is more delicate and has to be treated separately.

This procedure can be applied to correlations of any order. However, no addi-
tional insight are obtained throughout these lengthy derivations. Thus, we will only
present the determinantal form of the correlation function for the n-th order.

n-th order correlation function:

Following the same steps as for the first-order, one can end up with the ensuing form

pn(X("), Y(")) = det[p; (af:(i), y(j))]i,jzl,...,m (2.33)

which represents a DPP with p;(x,y) for kernel. This result could simply be in-
terpreted as a consequence of the self-reproducibility (i.e., [dzK(x,2)K(z,y) =
K(z,y)) of the kernel. This DPP finding is remarkably effective, as it only requires
the first-order correlation function to describe the system completely. This result
is simply the Wick theorem. It must be pointed out that the RMT analogy breaks
out of this regime, like at finite temperatures or higher dimensions. Despite this
limitation, the efficiency of DPP does not end up alongside and remains quite ro-
bust while considering more complex scenarios. For instance, the temperature or
dimension effects could be studied by adding the corresponding dependency to the
kernel. Consequently, the DPP point of view is revealed to be extremely useful in
many configurations, and its robustness strongly indicates that it is a natural way
of thinking about SF processes.

If the DPP formalism is clearly advantageous while dealing with SF, this range
of application is not restricted to this case. Indeed, we can attribute another crucial
outcome to this development - the connection it allows between SF and TB.

2.2.3 Tonks-Girardeau regime

As observed with the wave function, TB may closely resemble SF even if their
statistics display notable discrepancies. This duality is enlighted with the 1-st order
correlation function. This one still presents a determinantal form, now belonging to
the Fredholm type [Fredholm, 1903], while remarkably keeping a fermionic kernel.
Lenard owes the priority of this general form [Lenard, 1966|, which reads
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N-1

—&m v y
p?B($’y> = Z ( TL') dwnJrl pg_}:l(l',fljg,...,$n+1,y,$2,...,$n+1),
n=0 ’ x z
(2.34)
for x < y, £ = 2 and with the integrand having the following explicit form
¢ X K(z,y) (K (25, 9)]j=2,...0
SF _ Y 70 J yeeey
r, Xn,y, X,) = det , 2.35
& ( / ) {[K(J:»xk)}k? ..... n [K<mj7xk)]j k=2,...n ( )
K (z . j) , (2.36)

with K(z,y) = pi¥(x,y) the Fredholm determinant kernel and X, = x,..., z,.
The Fredholm determinant form constitutes an elegant way to present pfZ. Al-
though it can be challenging to work with practically, it has proven highly effective
in studying short-distance correlations since every term in the corresponding expan-
sion will depend on successive powers of |z — y|.

Thankfully, another determinantal form exists for a more general purpose and,
this time, integrated. Starting from the identity

1/2 1/2 N )
/ d:r;1~~/ dCL‘NHw(Zz) H ‘zj—zk|
- - 1=1

1/2 1/2 L <joh<N

1/2

= Nldet [ /_ v da w(z)zkj] , (2.37)

with z, = e*™@/L P.J. Forrester has found a much more convenient Toeplitz

determinantal formulation of the 1st-order correlation function for PBC [Forrester
et al., 2003a, Forrester et al., 2003b]

1
P?(t) -7 det[ajc_k(t)]j,kzl ..... N—1, (2.38)
with
IRV A
a,(t) = —/ du |cos(u) — cos(t)] ™" (2.39)
T Jo

— 90 c08(t) — Gy — 0pq — 08 50 [nlf]
mn

N 2 (sin [(n+1)[¢]] N sin [(n — 1)|t|]) ’ (2.40)

T n—+1 n—1

and t = 2m(z — y)/L in [0,27). Likewise, a similar expression can be found for
DBC [Forrester et al., 2003a]
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pf;(x,y) =

23N=2 r+1/2)\ . +1/2 )
7 sin <7T( 7 / )> sin (M) det[afk(x, )] k=1, N-1,

(2.41)

with

afk(x, y) = /01 du ’cos <7TL—$> — COS (WU)‘ ‘COS (%) — cos (Wu)‘ sin (mju) sin (wku).
(2.42)

Our analysis has explored various methods for determining correlation functions
for SF and TB in both PBC and DBC geometry. Additionally, we have discovered a
representation that effectively highlights the connection between these two systems.
Nevertheless, as previously mentioned, while correlation functions in real space serve
as valuable theoretical tools, they can be complex to investigate experimentally.
Again, let us shift to Fourier space to overcome this issue.

2.3 The momentum distribution

We previously discussed the purpose of momentum analysis, and we can now move on
to the specifics of our systems. In the first place, we will quickly recall the textbook
results obtained for the non-interactive scenario. These will serve as a baseline for
future comparison and will help the ensuing interpretations of interactive bosons. In
a second, we will shortly overview some quantities obtainable via n(k) and related to
short- and long-distance correlations. We want to emphasize that the idea is not to
give an exhaustive inventory of the current state of the art but rather to depict the
typical outcomes. The critical points will be detailed along with the results of this
thesis. In particular, in Chapter 4 for the short-distance behavior, and in Chapter 5
for both short and long-distance analysis.

Let us begin with the straightforward ring geometry, where the momentum dis-
tribution ny is discrete due to PBC. The continuous case will just be briefly evoked
after as it simply generalizes the discrete case. For bosons, the momentum distri-
bution ny is proportional to a Kronecker’s delta, which tells that every particle is
in the same, here lowest, energy state. For SF and odd N, n; is roughly a centered
step function. It portrays a perfectly filled and centered Fermi sphere for odd NV,
while for even N, a fermion with momentum +7N/L remains outside the sphere.
The continuous case is very similar, with the bosonic distribution becoming Dirac’s
delta function and the fermionic distribution being a centered step function. These
typical forms are shown in Figure 2.3(a) for finite temperatures. In the latter, the
broadening is due to thermal energy, which allows for the population of higher energy
states.

In the first approximation, the effect of contact interactions can be predicted by
analogy with the thermal case. As interactions increase, higher momentum states
will slowly become populated, ultimately resulting in the TB spectrum. To be
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Figure 2.3: (a) [lustration of the momentum distribution at very low temperature in
the free space. (Grey-filled curve) 3D gas of non-interactive bosons, (black curve) gas
of SF, and (red curve) gas of TB. The special 1/p* decay featured by the momentum
distribution of TB has been highlighted. (b) The rescaled momentum distribution
of four SF (magenta) and four TB bosons (violet) trapped in a 1D box of length L.
The inset illustrates the setup corresponding to the plot and the common density
shared by SF and TB.

precise, in this case, it is not directly mediated by the interaction but by the quan-
tum fluctuation generated by the interaction. This distribution is pictured in Fig-
ure 2.3(a) and plotted for four particles in a 1D box in Figure 2.3(b). However,
the effects of interactions are more subtle, altering also how n(k) decays at large k.
This important consequence of interactions will be detailed during the presentation
of the short-distance correlations. As a side remark, some overall oscillations can
be observed in the distribution of TB and SF for DBC. These are the momentum
analogs of Friedel’s oscillations caused by the hard walls and originally induced in
the density.

In the introductive Chapter 1, we have evoked the critical pieces of information
carried by the low and high momentum distribution. Indeed, the global and short-
distance behavior of the system is imbued in these regions. These are naturally
strongly affected by the particles involved or the regime of interactions, as high-
lighted in Figure 2.3(a) and Figure 2.3(b). In the last part of this chapter, we will
detail these crucial features in our investigation of correlations in the first scenario
for TB and in the second for both SF and TB.

2.3.1 Long-distance coherence

To begin our discussion on TB’s long-distance behavior, let us introduce the key
quantity chosen for assessing this problem - the zeroth momentum distribution.
This object takes the following form

1
n(0) =no = . dxdy pi(z,y), (2.43)

The choice of ng for investigating long-distance coherence is first motivated by its
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accessibility but also by its connection with the long-distance coherence of matter
waves. For instance, in the homogeneous case, it can be linked to the historical
quantity used to depict a BEC-like behavior - the population of the lowest energy
level \g. In general, the population of a j-th energy level \; is determined by solving
the eigenvalue equation derived from the first-order correlation function

/D pr(, )63 (9)dy = Aoy (). (2.44)

In general, solving this set of equations can be challenging, but some configuration
widely simplifies the task. Indeed for PBC, ng and Ay are strictly equal. This
indicates that the same qualitative information can be obtained via ng, which is
considerably easier to obtain than Ag. Although not general, these two quantities
share a similar scaling with the number of particles in some configurations. For
instance, this shared scaling is valid for homogenous traping. However, one must be
careful while relying on the analogy between \q and ng as it breaks with a harmonic
trap [Forrester et al., 2003b, Papenbrock, 2003, Devillard et al., 2020], for example.
In general, we can make this distinction: ng probe the long-distance coherence of
the gas, \g the existence of a condensate.

With these notions established, we can now explore the behavior of TB. It is
known that the standard state of an UCAG of bosons at low temperatures is a
BEC. However, strictly speaking, condensation cannot occur in dimensions lower
than three, as Ay no longer scales with N. Typically, it will scale with v/N for
1D UCAG with contact interactions. The inability to achieve true condensation
at low dimensions is attributed to quantum fluctuations. These fluctuations are
particularly strong in these regimes and significantly reduce the overall coherence
of the system, thereby hindering the system from condensing. This result can be
obtained by deriving the occupation number with the density of states as entry.
Alternatively, we can keep our correlation point of view and find this outcome using
no and p;. In the ring, the asymptotic expansion of p; at large distance ¢ is pf(t) ~
PooV/ N |sin(t)| /2, with ps ~ 0.92418 [Lenard, 1964, Widom, 1973]. This result is
the equivalent of the p;’s form in the thermodynamic limit found by H. G. Vaidya and
C. A. Tracy [Vaidya & Tracy, 1979]. By inserting this result in Equation (2.43), we
obtain the main contribution to the zeroth momentum distribution of a TB gas with
PBC, ie., nl? ~ 1.5427+/N, which was initially found by P.J. Forrester [Forrester
et al., 2003b|. To be precise, P.J. Forrester found that we can accurately describe
the n;’s in the ring with the ensuing fit

le ~ aj\/ﬁ—l—bj +C]’/\/N. (245)

As an example, in the case of PBC, (ay, by, ¢p) was found to be (1.542, —0.573,0.004)
[Forrester et al., 2003b|, which matches the earlier expansion result. This property
also applies to the zeroth momentum distribution of bosons in a box, with (ag, by, o)
being (1.253, —0.466,0.013) and, remarkably, with spin mixtures [Aupetit-Diallo
et al., 2022] as discussed in Chapter 5.
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2.3.2 Short-distance correlations

On the opposite side of the distribution also lies crucial information: the Tan’s
contact Cy [Tan, 2008a, Tan, 2008b, Tan, 2008c|. This quantity encodes numerous
details about the system. For instance, how particles will brush themselves and how
particles will exchange with each other. This means insights about the system’s
symmetry could also be extracted using the Tan’s contact [Decamp et al., 2017].
Moreover, contact interactions also lead to the universality of many equilibrium and
thermodynamic quantities, most of them being summarized by the Tan’s relations
[Tan, 2008a, Tan, 2008b, Tan, 2008¢, Barth & Zwerger, 2011, Patu & Klimper, 2017].
In one of them, the interplay between contact interactions and exchange symmetry
between N particles leads to the appearance of a universal algebraic decay of the
tail of the momentum distribution of the form

Ky
n(k) = 1 (2.46)
where the power-law decay derives from the type of singularity of p; or ¥, and its
weight K depends on the slope in the vicinity of these singularities and on their
number. This power law effectively arises for momentum Ak larger than any other
typical momentum scale, such as the Fermi momentum kp. Ky is usually identified
with Cp, which is proportional to F/0g~!, namely to gFj,, the product between
the interaction strength and the total interaction energy of the system |Lenard, 1964,
Minguzzi et al., 2002, Olshanii & Dunjko, 2003|. The equivalence Ky = Cy holds
at equilibrium both for homogeneous systems with periodic boundary conditions
and smoothly trapped systems, for any mixture of interacting particles, and any
dimension |Tan, 2008a, Tan, 2008b, Tan, 2008¢,Barth & Zwerger, 2011|. The possible
scenarios breaking this relation have been discussed in [Bouchoule & Dubail, 2021,
Cayla et al., 2023, Aupetit-Diallo et al., 2023| and will be the object of the Chapter 4.
The origin of the 1/k* decay is the universal way the many-body wave function
has to accommodate the contact interaction when two particles approach each other.
For instance, anti-symmetric exchanges cancel the effects of contact interactions
and do not contribute to Ky, while symmetric exchanges induce in the many-body
wave function, and thus in the first-order correlation function, a discontinuity of
the derivative, a cusp, that contributes to the ~ 1/k* behavior of the momentum
distribution tail [Minguzzi et al., 2002,0Olshanii & Dunjko, 2003, Vignolo & Minguzzi,
2013]. This critical feature is illustrated in Figure 2.4, where the two extremal
cases, in terms of symmetry, of SF and TB have been plotted. Ky is therefore
sensitive to the exchange symmetry and can be used as observable for symmetry
spectroscopy in quantum mixtures [Decamp et al., 2016b, Decamp et al., 2017|. This
interplay between interactions and symmetry is at the origin of the cusp presented
in Figure 2.1 and has repercussions on the spectrum of the finite interaction system
[Volosniev et al., 2014, Decamp et al., 2016b].
Mathematically the 1/k* tail can be understood using Watson’s lemma |Bleistein
& Handelsman, 1986, Olshanii & Dunjko, 2003|, namely the asymptotics of the
Fourier transform of functions having a singularity of the type f(z) = F(2)|z — 20|%,
with F(z) analytic, and v > —1 and o # 0,2,4, ... reads
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) —’ik‘zoF 1
/dz e k()2 — zo\“k: ]__ae—(zo) +0 ( ) : (2.47)
—00
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D
with F, = 2cos[r(a+1)/2|]['(a+1) and T'(«) is the Gamma function. Therefore, by
looking at Equations (1.13) and (2.24), the possible contributions to the 1/k* tail of
n(k) could be seen as non-analytic terms of the form: 1) |z —y|? in p1(z,y) [Forrester
et al., 2003b, Vignolo & Minguzzi, 2013|, 2) |z — Z|, with z € D, in ¥(z,xo,..)
[Minguzzi et al., 2002, Olshanii & Dunjko, 2003].

The TB gas provides a pedagogical example of this behavior for a smooth trap-
ping potential. Its 1-st order correlation function behaves as |z — y|> around = ~ y
and, consequently, n(k) displays an algebraic tail |[Forrester et al., 2003b]. This
differs from the case of free fermions and bosons in the same trap configuration,
whose p; are instead analytical in D, and their momentum distributions do not
have any algebraic tail. This can be shown by expanding the Lenard form of p;
|[Equation (2.34)]. For a smooth trapping potential, the only term that contributes
to the 1/k* algebraic decay of n(k) is the first term of the expansion in Equa-
tion (2.34), namely —2 [*dxop5" (@, 22; y, x2) [Olshanii & Dunjko, 2003]. Indeed, by
using Equation (4.18) and introducing the change of coordinates z, = y — x and
Tem = (T +y)/2, one has [Fang et al., 2009, Vignolo & Minguzzi, 2013]

TB ]{7 ~ 1 d —ikx, |x7“|3cTB

n( )k_—m 5 [ dEre TN (2.48)
2D

where 1/k* is given by applying Equation (2.47) to the integral in x, and [Sant’Ana

et al., 2019

2 S cm T cms Lem cm
CAP = —/da:cm lim 22 (z &7 2,:6 € Tem) (2.49)
™ e—0 £
D

is the Tan’s contact which is equivalent to IC in this case. Equation (2.49) enlightens
the role of two-body correlations in CyP>.
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Figure 2.4: Two particles wave function V(z,y) with y = 0 for SF (solid line) and
TB (dash-dotted line) trapped in a box of size L. We distinguish three different
points of non-analyticity, at | + L/2| (for SF and TB) and |z — y| (only for TB).



Chapter 3

Spin mixtures in highly repulsive
regime

This chapter will present different methods for investigating 1D spin mixtures’ prop-
erties at strong interaction. First, we will consider the Bethe ansatz solution of the
corresponding Hamiltonian. Although exact, this method is demanding to manip-
ulate efficiently. To circumvent this difficulty, we will detail more convenient ways,
suitable for trapped systems, to obtain the wave function in the highly repulsive
regime. Afterward, we will explore the remarkable symmetry exhibited by this sys-
tem using the newly obtained solutions. This investigation will demonstrate the
information accessible with the symmetry analysis and how it can be acquired.

We consider spin mixtures of equal-mass ultracold atoms with contact interaction
between atoms. In a homogenous configuration and at arbitrary intra- and inter-
species interaction strength g, , and ¢, .. The related Hamiltonian reads

k Ng 2 Ng/
=22 |- zmax + 90 3 0(wio = i) (3.1)
oo i=1 j>i

where the o’s stand for spin indices and goes from 1 to x the total number of
spin species. From now on, we will drop the spin indices from variables seeking
conciseness. During this chapter, we will place a special focus on the same interaction
strength scenario (¢, = goor = g > 0). In this case, the model is integrable at any
interaction strength and any type of spin mixture [Sutherland, 1968, Oelkers et al.,
2006, Li et al., 2003, Imambekov & Demler, 2006b]. The natural way to obtain the
corresponding general solution is, as for single species, through the Bethe ansatz
method. In the ensuing part, we will briefly introduce the result of this method at
arbitrary ¢ and, in our case of interest, the strongly repulsive regime.

3.1 The Bethe wave function

3.1.1 Arbitrary interaction strength

We present the general Bethe ansatz solution of Equation (3.1) for two-component
hardcore bosons or fermions with PBC mixtures. The derivation for larger x at any

37
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g generalizes the following. For the interested reader, a comprehensive Bethe ansatz
overview of spin mixture for PBC and DBC can be found in [Oelkers et al., 2006].

For k = 2 bosonic or fermionic mixture with PBC, the Bethe ansatz solution
of Equation (3.1) in the sector z; < --- < zy reads |Li et al., 2003, Oelkers et al.,
2006, Imambekov & Demler, 2006b|

Uy, oy) = Y Ap({ki}, {Am}, c)e' =i kro®, (3.2)

PESN

where N = N| + N; is the total number of particles of spin denoted | and 1, and
¢ = 2mg/h, and P is a permutation of the symmetric group Sy. The amplitudes
Ap({ki},{Am},c) depend on the N charge rapidities {k;} but now also on the N|
spin rapidities {A,,}. It must be pointed out that this notation supposes N; <
N; without any loss of generality. The {k;}’s are the same as the single species
case and will define the state manifold, whereas the {A,,}’s correspond to a spin
excitation state inside this manifold. The Bethe equations fixing the rapidities for
both fermions and bosons at arbitrary ¢ are the ensuing [Oelkers et al., 2006|

N ki — k; N 2k; — A,y
Lk; = 2rl; + 2np > arctan ( l . J) +2(1 —2np) > arctan (%)
— m=1

=1

N 2(Am — k; il 2(Am — A
>~ arctan (M) = 7J, + Y. arctan (%)

(3.3)
where we introduced the charge and spin Bethe quantum numbers I; and .J,,, while
np = 1 for bosons and 0 for fermions. The I;’s and J,,’s are integers or half integers
depending on the partition of the mixture, and their selection rules are summarized
in Table 3.1. The energy of the system is given by F = % Zj k:]z, and the total
momentum is P =} hk;. The choice of the quantum numbers defines the state of
the system. In particular, in the ground state, adjacent quantum numbers are spaced
by one unit. Moreover, similarly to identical particles, they are chosen such that

the corresponding rapidities k; minimize the energy E [Li et al., 2003, Imambekov
& Demler, 2006a, Imambekov & Demler, 2006b].

Table 3.1: Selection rule for the Bethe quantum numbers of a SU(2) fermionic and
bosonic mixture with PBC [Yu & Fowler, 1992, Li et al., 2003|. For fermions N,
(resp. N;) dictates the distribution of the I; (resp. J,,) while for bosons, only N|
has to be considered.

Fermions Bosons
Conditions N, even N, odd Ny even N; odd
Selection rules I,eZ I,eZz+1/)2 I, €eZ+1/2 I,€Z
Conditions Ny even N; odd Ny even N; odd

Selection rules J,, € Z+1/2 Jn €Z Jn€Z+1/2 J,eZ
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3.1.2 Highly repulsive regime

We can now move toward the strong repulsion regime by looking at the limit 1/¢c — 0
of Equation (3.3) and using the symmetry of the arctangent function. While only
keeping the 0-th order terms in 1/¢, we end up with

N
ij = ( Ji— NZ . 1 )
N arctan(Ay,) = mJp + So0%, arctan(A, — Ay)

, (3.4)

where we have set the rescaled spin rapidities A,, = 2A,,/c [Ogata & Shiba, 1990,
Essler et al., 2005, Oelkers et al., 2006] and suppose them non-zero. The first
equation fixes the system’s energy. In this interaction regime, the distribution
of the quantum numbers J,,, thus the spin excitations, affects the total momen-
tum and the kinetic energy. The second equation coincides with the Bethe equa-
tions for an isotropic spin chain [Bethe, 1931, Essler et al., 2005, Franchini et al.,
2017] and does not depend on the charge degree of freedom. The same spin-
charge decoupling occurs in the wave function Equation (3.2), where the amplitudes
satisfy lim._ .o Ap({k:}, {Am},c) = Ap({\n}) = e(P)Ap({\n}) for fermions and
lime oo Ap({k:}, {Am},¢) = Ap({\n}) for bosons. The presence or absence of the
signature €(P) only reveals the type of symmetry under the involved particle ex-
change. Moreover, the set of amplitudes {Ap({\,})} doesn’t belong anymore to a
particular configuration sector but effectively describes the whole space. Precisely,
the wave function in a particular sector zpy < --- < xp(y) become in this limit

\I[(‘Th s JxN) = AP({)\m})ezZJ kP(j)xj? (35)

where now every Ap({\,,}) is attached to a given sector, and explicitly reads [Essler
et al., 2005, Oelkers et al., 2006]

AQ(m) — AQ(n) — 2% /\Q o
/\m E mn , .

QGSNi 1<m<n<N| /\Q( Q(n)

where the integer yp() labels the position of the [-th spin down in the coordinate
sector P. One can obtaln these labels by placing back the spin indices on each
variable. For instance, for a 2 + 2 mixture, in the sector z14 < w9y < x3 < x4, the
yp@’s are 3, and 4 while, in the sector x3 | < 14 < x4, < 24 the yp’s are 1, and
3.

Considering Equation (3.6), it becomes apparent that not every N! amplitude is
independent. As the only difference between sectors is the labels yp() if we take the
example of the two sectors ;4 < oy < 23 < x4 and zoy < T14 < Tz < Ty,
because their corresponding yp() are equals they must lead to the same Ap({\,})’s
Consequently, moving from one sector to another by swapping identical particles will
not affect the Ap({\,})’s. It results for £ = 2 mixtures that only D = N!/(N I N;!)
amplitudes remain independent. This feature is only a consequence of the symmetry
under exchanges of identical particle systems inherent to quantum mechanics. As an
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amplitude is adjoined to each sector, a crucial consequence is that only a fraction of
sectors are mandatory to describe the whole wave function. This huge simplification
will constitute one of the lever arms of the following methods, allowing an alternative
and much simpler obtaining of the solutions at large repulsion.

3.2 Spin mixtures in the high repulsion regime

To construct the wave function at large interaction, we can adopt a slightly different
point of view than the Bethe ansatz. For this, we place ourselves in the scenario of
strong, repulsive, and equal interaction strength. The corresponding Hamiltonian
will be Equation (3.1) where g,, = goor = g and g goes to infinity.

In this model, because of infinite repulsive interaction, the wave function again
vanishes in the contact regions x; = x;. This mimics the Pauli’s principle, mean-
ing we can map the total wave function on a Slater’s determinant. This could be
synthesized under the form of an ansatz [Volosniev et al., 2014]

\If(l‘l, . ,ZEN) = Z (Ip@p(l‘l < - < IN)\IISF(ZEh Ce ,I'N), (37)

PeSn
with 0p(z; < -+ < zy) the generalized Heaviside function which is equal to 1 if
rpay < --- < xpvy and 0 elsewhere. This form can be found straightforwardly

starting from Equation (3.5) as the spin-charge decoupling holds for every k.

Analogously to the precedent case, utilizing the statistic of identical particles,
we can restrict the sum over the P sectors in Equation (3.7) to D = NI/ N,!
independent elements instead of N!. This set of particular sectors represents all the
possible spin configurations and are usually called snippets [Fang et al., 2009, Volos-
niev et al., 2014|. They constitute the proper basis for describing a multicomponent
spin mixture and will be used throughout this document.

This approach is extremely convenient to work with. To completely solve the sys-
tem, we only need the natural orbitals corresponding to the trapping geometry and
determine the ap’s - the coefficient of the various snippets. In most configurations,
the boundary conditions are reasonable, and we already know the orbitals and then
Ugp. Therefore, the problem boils down to finding the sets of {ap}. Specifically,
we now require a method to link each {ap}’s set to a state, find their energies and
understand the ordering of the given spectrum.

To reach this objective, two approaches will be preferred. Firstly, we will perform
an expansion on the energy around 1/¢g = 0. By maximizing the first-order coeffi-
cient, we will construct a matrix in which eigenvalues and vectors give the energy
and {ap}’s of every state. This development must be credited to A. G. Volosniev
and collaborators [Volosniev et al., 2014]. In consequence, we have chosen to name
after Volosniev the matrix, as well as the formalism behind it. Secondly, we will
introduce an analogy with spin chains. The same matrix can be obtained by conve-
niently mapping the Hamiltonian Equation (3.1) at large repulsion on an XXZ spin
chain. These two methods provide different insights about the system and will be
presented separately.
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3.2.1 The Volosniev formalism

When dealing with identical particles, we have directly considered the limit of infinite
repulsive interaction. For spin mixtures, the treatment of strong interaction is more
subtle. If we push ¢ to infinity, we prevent the N particles from swapping with each
other or precisely exchanging spin. Thus, we have frozen the spin dynamics. In this
case, the ground state becomes highly degenerated with an energy Er - the ground
state energy of N spinless fermions. To recover the spin features, a more accurate
technique has been developed [Volosniev et al., 2014]. The idea is to perform a
first-order expansion of the energy around 1/g = 0

B(1/5) —— Bun = <K +ol1/g?), (3.5)

where F/,,0 = Er and K - the slope in energy - reads [Volosniev et al., 2014]

oF _ = lim QQa—E. (3.9)

K =
1/9g—0 0g~t  g—oo” QOg

Under this limit, the probability of finding particles at the same place remains 0,
so the hardcore nature of the particles is maintained, but now particle swapping
is permitted. Considering the limit Equation (3.8), we can create a criterion for
ordering states in the manifold and achieve the first objectives. To minimize the
energy, a state should exhibit the highest energy slope. For the next step, let us
investigate further this quantity and find an explicit expression.

The energy slope

For this, one can go through the Feynman-Hellman theorem

dE,\ dH)

<¢A| |¢A> (3.10)

This theorem connects the derivative of a specific portion of energy, denoted as E},
which depends on a parameter A, to the mean value of the Hamiltonian derivative
with respect to this parameter. In our case, we choose A = ¢g~! as the parameter.
It results in the parts of Equation (3.1) (with equal ¢’s) that depends on A to be in
the interaction potentials Vi, = g >, i d(x; — xj). Therefore, the derivative of the
Feynman-Hellmann theorem right-hand-side gives

dHA o a‘/mt . 5th

d\ og—1 -7 g
, 09 21§i<j§N 6(x; — x;)
dg

=—g> > Oxi— ). (3.11)

1<i<j<N
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Taking the mean value of Equation (3.11) it follows

dVin
T =~ Y [ dndogdm—a)leP (312)
DN

1<i<j<N

If we recall that K can be expressed as an energy derivative, one can find the limit
of the Feynam-Hellmann theorem left-hand-side

dE)\ oF
lim —= = lim =-—K. 1
1/17—>0 dA 1/1;—>0 8g*1 (3 3)

Equating the two sides of Equation (3.10), we end up with

K = lim ¢* Z / dxy ... dend(z; — ;)9 (3.14)
D

To get rid of the interaction strength dependence, we can use the many-body
version of the cusp condition introduced for two particles in Equation (2.5)

VA O K A
{3 .Q_} "9 (s = ;). (3.15)

&xi - 8xj - h?

aci—:vj:O*

Inserting the precedent cusp condition in Equation (3.14), one can obtain the energy
slope

2

., (3.16)

zi—:pj=0+
{ 0 0 } T

K=— Z /DNd.Tl...de(S(.Ti—ZL‘j) 8_% a.l'j

1<i<j<N

mi—zj:[]*

where the derivatives must be taken before applying Dirac’s delta. This sum of
integrals could be widely simplified by taking out p from the wave function and
summing over the N! possible sectors

2

. (3.17)

xiij=0+
{ 0 0 } T

ox;  ox;

h2
K:% Z led$1d$N5($z_xj)

1<i<j<N P

mi—ijO*

where I'p is the region circumscribed by the generalized Heaviside function 6p.
Under this form, we can isolate the spin and spatial contribution of the energy
slope. Such integral is non-zero only in the close vicinity of the separatrix between
two sectors, denoted P and @) to refer to the permutations generating them. On the
0% (resp. 07) side of the separatrix x; — x; = 0, the limit of the derivative will give
ap (resp. ag) times ag’xi‘” where k£ depend on the couple P and (). As a result, for
each neighboring sector, the energy contribution is (ap — ag)? times an integral of
|8§TSI€F|2. Thus, the energy slope can be expressed in a concise way [Volosniev et al.,

2014]
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h4
K(ap) = 2 Z(GP —aq)’apg, (3.18)
PQ

where the sum runs over all the permutations P and @) of the type

1 s k k+1 e N
P = <P(1) - P(k) Pk+1) --- P(N)) ) (3.19)
which correspond to the sectors zpp1y < -+ < Tpr) < Tppi1) < -+ < Ty, and
_ L. k k+1 --- N
- (P(l) oo P(k+1) P(k) --- p(N)) ) (3.20)
which correspond to xpay < -+ < Tpgi1) < Tpx) < -+ < zy. On the other hand,

oy, refers to the nearest-neighbor exchange constant. This constant is defined as the
energy cost for exchanging nearest-neighbor particles and reads as [Volosniev et al.,
2014, Deuretzbacher et al., 2014, Deuretzbacher et al., 2016]

IVsp |

0xk

apgQ = Qp = N'/ dl’l - d$N5(fEk — l‘k+1) (321)
1<-<TN

where we have eliminated the dependence over the neighboring sectors as «; de-
pends only on the trapping geometry throughout Wgr. Consequently, integrals over
I'p must be equal for every P, which means that ay does not rely on the spin config-
uration. We have chosen P = Id, the identity permutation, to define the arbitrary
sector. Hence, rather than having a variation of « for every configuration, we have
to consider (N — 1) (or N for PBC) - one for each adjacent "slot" inside the trap.
Furthermore, as we consider the unique integration domain I'yq, the sum over P re-
duces to an N! prefactor. These simplifications are responsible for the factorization
in Equation (3.18) and are a direct consequence of the spin-charge decoupling at
large interaction.

The energy slope, expressed as (3.18), does not discriminate the contributions
of particles within or between different species. While this equation is complete
for fermions, it is important to stress out the influence of identical particles when
dealing with bosons. To recover the different contribution, the spin indices must
be reintroduced on the variables in the Hamiltonian Equation (3.1) and the ansatz
Equation (3.7). By returning back to the Feynmann-Hellmann theorem, one can
find the inter- and intra-species energy slopes K, ,, and K, .. This derivation can
be found in [Volosniev et al., 2015] and leads to the following separation

K(ap) = % (Z(ap —ag)*ay + 2 Z a?;,ak/) , (3.22)

P7 Q

if P and @ (resp. P and P’) are equal up to a transposition of two consecutive
distinguishable particles (resp. indistinguishable bosons). Formally the first couple
P and @ refers to the snippets of the type {--- < %o px) < To p(rt1) < ...} and
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{-++ < %o pkt1) < Topky < ...} while the couple P and P’ refers to the snippets of
the type { < Topk) < ToPk+1) < .- }, and { < Topk) < ToPk+1) < ... } It
is worth noting that the bosonic contribution has been halved because the sum over
the snippets P’ is effectively counting twice the corresponding number of adjacent
sectors.

This outcome is general and holds from any trapping configuration. However,
we have still not benefited from the simplification that allows a homogeneous trap.
For this, we can return briefly to a;’s definition.

The homogeneous configuration

For a homogeneous trapping geometry, we can simplify the nearest-neighbor ex-
change constant by setting o = ay and adjusting Equation (3.21) accordingly

OVsp |

81’1

ay = N!/ dxy...drno(x — 22) (3.23)
r1<-<TN

Using this form, one can compute the thermodynamic limit of the a’s. The detail
of the derivation can be found in Appendix A.2 an lead to [Barfknecht et al., 2021,
Aupetit-Diallo et al., 2022]

N MW{ for PBC
ax = (k)= N(N +?i)L(32N +1) ' (3.:24)
n=1 65 72, for DBC

This result was already found in [Barfknecht et al., 2021| and can be guessed from
Equation (3.23).
Consequently, we can rewrite the energy slope in a concise way as

h4
K(&p) = ﬁZSOéN’ (325)

where S = 37, o (ap—agq)’ar/2+3 p apag is a ponderated counting of the number
of possible symmetric exchanges in the system. For instance, if we consider a gas
of N TB, every exchange will be fully symmetric and contribute with a weight of
1 to S. In contrast, a not fully symmetric exchange, generated between particles
of different spins, for instance, will contribute with a lower weight, while a fully
anti-symmetric state will not contribute at all. It means that for TB or the ground
state of a spin mixture (which must be the most symmetric), we have S = N in the
presence of PBC and S = N — 1 for DBC, while S = 0 for SF in any geometry.

We have found a criterion to order the different states of a spin mixture at large
repulsion - the energy slope must be maximum - and have also expressed this energy
slope in terms of the ap’s. Thus, we have gathered all the elements for building the
procedure, allowing us to find the ap’s and the energies of each state.



3.2. Spin mixtures in the high repulsion regime 45

The Volosniev matrix

For the method to be complete, we still have to find a manner to compute the
ap’s that define the ground state manifold. We can rely on the functional K(ap)
for this. We know that this quantity must be maximized for the energy to be
minimized. One common method for solving such optimization problems is through
the Lagrange multipliers. This technique requires constraints, and in our case, we
have two: 1) the normalizations of the ap’s, Y a% = 1, and 2) the maximization of
the slope. With these two conditions, we can build the Lagrange function £ with
one multiplier A

L= K(ap) + A [Z a2 — 1} , (3.26)
which leads to the following system for fermionic mixtures
oL K
<5 =) = —2)\
74 — § e (3.27)

Thus, taking the first line of the precedent system, we find for mixtures of
fermions

QNZ ap —ag) = —)\Zap, (3.28)

and this is equivalent to diagonalizing a matrix V' with +ay coeflicient in diagonal
and —ay off-diagonal. However, when working with bosons, we must include an
additional +2ay diagonal term for every adjacent indistinguishable boson. This
can be expressed for the element of the Volosniev matrix as

Vl]i; = { Zd’k# an + QZb’k# anN Z :j: , (3.29)
—Qan i # ]

where the d-sum has to be taken over snippets k that transpose distinguishable
particles, while the b-sum involves snippets that transpose identical bosons. We
can obtain the b-sum by incorporating the K, , contribution to K in the Lagrange
function. Following the same steps as for spin mixtures of fermions, a +2 >, ap term
will be added to Equation (3.28) whose P sum runs over snippet containing adjacent
identical bosons. To clarify the obtaining of V', we have provided in Appendix A.2,
examples of the derivation of V for 2 4+ 2 bosonic and fermionic mixtures in the
presence of PBC and DBC.

As a side note, we need to discuss the variations found on this matrix briefly.
The Volosniev matrix is affected by the choice of mapping for the ansatz. Here, we
have set the mapping on ¥gr, which means that moving from one snippet to another
(by swapping particles) is anti-symmetric by default. This explains the minus sign
on the off-diagonal part of the matrix. Moreover, it implies that the ap’s - the
coefficient of the snippets - must compensate for this anti-symmetry with identical
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bosons. In contrast, if we select a mapping on Urp, the exchanges will be symmetric,
and the compensation will be on fermions, leading to positive off-diagonal terms.

Prior to moving forward, it should be noted that the Volosniev formalism assumes
ap to be real-valued. As a result, the approach produces the same state as the Bethe
ansatz method up to a phase. While this method is ideal for any trapped mixtures,
one must be careful while describing PBC. However, a particularly well-fitted system
for this method and still having PBC are balanced bosonic and fermionic mixtures.
No phase is exhibited while placed in their ground state or most excited state, and
this method gives the exact states, as we will explore in Chapter 5.

In summary, the Volosniev method requires only two ingredients: natural or-
bitals for constructing the mapping spatial wave function and diagonalization of a
simple matriz for obtaining the K (ap)’s and ap’s for the spin part of the wave func-
tion and spectrum. These two essential components are readily available in most
configurations, which accounts for the success of this approach.

3.2.2 Equivalence to the X X7 spin chain

The following part will present the analogy between our 1D spin model at large
contact interaction and an anisotropic spin chain. For this, let us consider Equa-
tion (3.1) in the case of a two-component mixture and rewrite in the ensuing way

Yoo gz o Yo,
HTi = - Z Z Im (‘h +gaa Z (5(1’(,’1‘ - xaz +9’N, Z Z 5 LTrq — xiz
o=7,] L i= 1<i<i’<Ng =1 i<d/
V(U J> V(T 1)

int int

(3.30)
where we have separated the inter-species and intra-species interaction potential
Vlgﬁ and Vm‘;" In this configuration, the spin part of this model can be mapped

onto the anisotropic Heisenberg spin chain Hxx 7. This is made possible by suitably
redefining the strengt}ls of the interactions as ¢,, = ﬁ g and gy = g, with A the
z-axis anisotropy of Hyxz.

The method for connecting the two precedent models is to introduce another spin

Hamiltonian H,, which will be an intermediary. This one reads [Volosniev et al.,
2015]

N
1-A, . .
Hy(Jn,A)=—Jy > | (6767 - 1) - 5 (olod*t 1) |, (3.31)
:1 NG ~~ g ~ >y
] Vi o V™

where the Jy’s are the hoping constants which take the form Jy = ay/g, the o;
matrices refer to the i component of the Pauli matrix S = (S, S,,S.),and N = N
for PBC and N — 1 otherwise. This Hamiltonian has a simple expression in terms
of the anisotropic spin chain in the homogeneous Hx xz [Volosniev et al., 2015]
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2-A O
Ho(Jy, A) = Hyxz(2Jn, A h=0) = = In Y1, (3.32)

Jj=1

where in the homogeneous case we have

N N
Hxxz(Jj A h) = —Jn > [SISIT + )87 + ASISIT — 20y © ST, (3.33)
j=1

Jj=1

In general, this Hamiltonian is defined with the strength h of an external magnetic
field in the z-axis. In the framework of our discussion, we have decided to set
it to zero. Still, it could be placed back at any moment to generalize the future
results to the application of an external magnetic field in the z-axis. The hoping
constants are chosen to be positive, which means that Hyxy corresponds to an
anti-ferromagnetic spin chain. Thus, the case A = 1 will correspond to a fermionic
mixture. In contrast, we fall back to the Hamiltonian describing bosons by setting
A = —1 in Equation (3.30) with the redefined interaction strengths. With this
model, we can also move from describing fermions to bosons - thus to ferromagnetic
chain - by changing the sign of J. However, in our case, it would correspond to
changing the mapping from Vgr to Urp and then all the precedent definitions. So,
to seek comnsistency, we will only use A to choose which type of particle we want to
describe.

After taking the limit of large repulsion g — oo, the relation between the three
Hamiltonians can be summarized as follows

Hiy(9,8) — = Hy(Jx, ) (3:34)

2-A &
= Hxxz(2Jy, A h=0) = ==y dL (3.35)

J=1

With that in mind, we can rewrite a Volosniev matrix that accounts for a slight
difference between the inter- and intra-species strength at large interaction. This
matrix can be defined as follows

_ de;éiaN+(1_A)Zbk¢iaN k=i
V]ij = { o Eti (3.36)
with A = 1 corresponding to Fermions, and A = —1 to Bosons.

This mapping has important implications for the theoretical treatment of 1D
spin mixtures. Since the X X7 spin chain is an integrable model, F[T | must have at
least the same domain of integrability, opening up a new class of integrable systems
where g5, gr,, — 00 but g,, 7# gr,;. A special case within this category of integrable
models will be explored further in Chapter 5 [Aupetit-Diallo et al., 2022].
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3.3 The SU(n) symmetry

The concept of symmetry is fundamental to the field of physics and deeply rooted
in nature. It has significant implications for understanding the laws governing the
universe [Curie, 1894]. Symmetry refers to physical laws’ invariance under certain
transformations, like translational or rotational. For instance, symmetry analysis is
an indispensable tool in field theory, such as electromagnetism or relativity [Curie,
1894, Einstein, 1905a]. This is thanks to E. Noether’s theorem [Noether, 1918|,
which establishes a link between symmetries and conserved quantities - essential
in physical systems. Yet, the importance of symmetry is not limited to its direct
presence; it is also relevant when broken. Symmetry breaking plays a crucial role in
explaining phenomena like the origin of mass [Englert & Brout, 1964, Higgs, 1964,
phase transitions [Kittel, 1976], and the formation of structures in the universe
[Kibble, 1976].

In quantum mechanics, the significance of symmetries makes no exception [Lan-
dau & Lifshitz, 2013, Greiner & Miiller, 1989|. In this formalism, considering the
group representation of these symmetries is often more convenient. For instance,
the translational or rotational invariance will now be mediated by the representa-
tion of E(3) (3D Euclidean group) and SO(3) (3D rotational group). Although
this approach adds a layer of abstraction, it provides an efficient tool for analyzing
complex systems, such as unveiling more subtle symmetries with no classical coun-
terpart. Among these intriguing group symmetries, we will carry our interest onto
the special unitary group SU(n).

This symmetry generally arises when a quantum process conserves an intrinsic
quantity of the system constituents. For instance, the SU(2) symmetry is associated
with spin—% conservation, or the SU(3) with the color charge conservation in quan-
tum chromodynamics [Kota, 2020]. In the context of 1D spin mixtures with contact
interactions, we need the masses of the particles m, and the interaction strengths
(9o, and go0v) to be equal while the particles must feel the same overall potential.
In this configuration, the interaction - thus the collisions - prevents spin-flip, and
the number of particles per spin state (labeled for 1 to k) is conserved. Thereby,
the corresponding Hamiltonian will present a SU (k) interaction symmetry and will
read in the homogeneous case

. 2 X o2
HSU:—%Zw—FQZ(S(IZ’—ZEj), (337)
i=1 g 1<j
From now on, we will refer to this model as SU(x) spin mixture.

Although the symmetry of the Hamiltonian is well-established, defining the sym-
metry of an arbitrary state is not straightforward. The common method employs
the much simpler and well-known symmetric group 5,,, which shares the same rep-
resentation than SU(n) |Greiner & Miiller, 1989]. Before going into detail, let us
briefly outline the following process.

The representations of .S, are called Young’s Diagrams. These representations,
constituted of collections of rows and columns of boxes, are often used to discuss
the overall symmetry of functions. In physics, they have been extensively used for
describing many-particle systems. Precisely, by assigning the canonical symmetrizer
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and anti-symmetrizer to rows and columns, a line diagram L[ [ ] will then corre-
sponds to a fully symmetric state and a column || to a fully anti-symmetric state,

with all other possibilities representing more exotic states. However, a more efficient
method is required to link a state and a symmetry when N increases. For this, we
will construct a Complete Set of Commuting Operators (CSCO), including H sU, in
the same way that we treat angular momentum in quantum mechanics. Once diago-
nalized, numbers will label each state - the central characters - (the analogous to n,
[, and m in moment study), which will allow a one-to-one correspondence between
the states of Hgyy and the Young’s diagrams, thus the symmetry.

As a preliminary step, we will first present some generalities about S,,, its rep-
resentations, and then properly define what we imply by "symmetry of a physical
state".

3.3.1 Define and characterize permutational symmetry: the
Young’s diagrams

The S,, symmetry is a standard feature of many-particle systems. In the SU(k)
configuration, swapping two particles will not change the system’s solution (up to a
sign) because the collisions do not modify the particle’s spin. Formally, this exchange
(or permutational) symmetry is translated by a symmetry group (.S,) invariance of
the Hamiltonian.

To understand which ingredients are needed to discuss the symmetry of our
system, let us go back to the definition of the group invariance of a Hamiltonian
H ItH present a certain group symmetry GG we have that for every element g of
G |Hamermesh, 1962]

[H,D(g)] =0, (3.38)

where the representation D belong to the Hilbert space of the system. Because D
can be split as a direct sum of irreducible representation (irreps.) - or non-zero
representation, which has no sub-representation - H can be split equivalently to
these irreps. as well as its spectrum [Maschke, 1898, Maschke, 1899|.

To understand the implication on our system, let us consider the strong inter-
action limit of the SU(k) scenario. In this case, we have seen that Hgy reduces
to a spin chain Hamiltonian. This Hamiltonian can easily be expressed in terms of
permutation matrices as |[Deuretzbacher et al., 2014]

N
Hp = (Ep — NJy)1+Jy Y P, (3.39)

7=1

where the + (resp. -) sign stands for fermions (resp. bosons), and N = N for PBC
and N — 1 otherwise. Because every permutation matrices commute two by two,
it implies that the N! P’s commute with Hp. These permutation matrices are, in
fact, the representation of the element of the symmetric group, meaning that Hp
presents a Sy symmetry. The intuition from this little development is that if one
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can find irreps. of Sy it will provide an eigenbasis to investigate the permutational
symmetry of Hp.

Generalities about S,, and their irreps.

As an initial step, we must properly characterize the permutational group and some
notion belonging to it. First of all, .S,, is defined as the group of all permutations of
n distinct elements

1 2 .- n
P :(P(l) P(2) - P(n))' (340

Every permutation could be decomposed as a product of cyclic permutation or
cycle. A [-order cycle is a permutation that preserves (n — [) objects invariants and
changes the [ others in order, formally they read [Ma, 2007]

(G a2 - Q-1 Q) by - bpy
St = (a2 ag -+ @ ap by - bn—l) ’ (341)
= (a1 Qs -+ Q1 al) = (CL2 as -+ @ al) , (3.42)

with the following property S5, = S},S;. As a consequence, it appears that all n!
permutations of S,, are not independent. However, in our search of irreps. of S,,, we
rather have to consider the [-cycle as opposed to the elementary permutations. Thus,
we need a strategy to categorize the n! permutation composing S,, in terms of their
[-cycle decomposition. For this, let us introduce the notion of the conjugacy class
of a permutation ccja)(P). This class gathers all permutations whose decomposition
in disjoint cycles has the same structure as P and is defined by the partitions [A] =
Ay, Al of {1,...,n} of the form

A > 2 A >0, with Y A =n (3.43)
l

As the number of unequal irreps. of a finite group is equal to its number of
classes [Ma, 2007|, these classes constitute proper tools to classify all the irreps.
of S,. To be precise, it implies that every irrep. of S, can be described by a
partition [A] of n. The number of these partitions p(n) for the group S, is given by
a generating function of the form [Abramowitz et al., 1971]

> o =130 =Tl (3.44)

j=1 i=0 j=1

<
Il

which, for N =0,1,2,..., gives 1,1,2,3,5,7,11, 15,22, 30,42, 56, 77,101, ... [OEIS
Web Site|. For every [A] - thus irrep. of S, - one can associate a Young’s diagram
(or pattern) Y}). These diagrams are collections of boxes that, by convention, have
equal or increasing numbers of boxes per line from right to left and line while going
up. For instance the partition [3,2,2, 1] of 8 will correspond to the ensuing Young’s
diagram


https://oeis.org/A000041
https://oeis.org/A000041
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Yis221) = : (3.45)

Let us illustrate the different results presented by considering the irreps. of
Sy. Using Equation (3.44), we know that the set {1,2,3,4} presents five distinct
partitions of the type [A]. Thus, the Young’s diagrams associated with the five
possible irreps. of Sy are the following

Y
Y[4] Y[3,1} Y[2,2} Y[2,1,1] [1,1.1]

Along with Y}, introducing the Young’s tableaux is often convenient. Young’s
tableaux are simply Young’s diagrams filed with digits or letters. They could be of
a large variety of forms depending on the filling rules, but they are merely divided
into two categories: standard and non-standard. The standard Young’s tableaux
gather the ways to fill Young’s diagrams with digits strictly increasing from left to
right and going up. The non-standard Young’s tableaux are all the others. The two
possibilities are illustrated in Table 3.2 for the case of Y[32 5 1) filling.

Table 3.2: Example of standard and non-standard filling of Y32 1.

Standard Non-standard
1 3 1 8 41718110173 a a
4 2 316 3 b
6 3 215 1 a
8 4 1 1 a

For a given Young’s diagram Y, the number of standard Young’s tableaux (i.e.
standard filling of Y}y)) is

dip(Sy) = with Y (dja(Sy))* = N1, (3.46)

N!
where h;; refer to the Hook’s length of the (4, j) box of ¥}y. For a box at position
(1,7), the Hook’s length is the number of boxes at its right and under, plus one. In

order to clarify this notion, let’s fill Y352 1) with its Hook’s lengths
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=W O

which give for the associated dimension, d3217(Ss) = 8!/(6-4-1-4-2-3-1-1) = 70.

We have successfully obtained the irreps. of S,, and defined all the necessary
elements to build a basis for discussing symmetry. Therefore, we have everything
we need to define permutational symmetries properly.

Young’s diagrams and permutational symmetries

In general, Young’s diagrams can be used to schematize various problems. Their
meaning is only fixed when is specified the relation between the boxes. As an illus-
tration, Young’s diagram range of applications goes from card game theory to word
classification [Ma, 2007|. However, these representations have particularly shone in
quantum mechanics using their faculty to describe the symmetry of functions. In-
deed, as we have two types of exchange of symmetry (symmetric or anti-symmetric),
by assigning one kind to the column and the other to the line, we can virtually de-
scribe any type of spin mixture. Precisely, two boxes on the same horizontal and
vertical line, we now adjoin the symmetrizer and anti-symmetrizer S=1+P and
A=1-P. By this means, the application of the operators S and A associated
with a Young diagram Y[5) on an arbitrary spin configuration [1,2,3,...) will result
in a vector decomposed on the sectors’ basis with the symmetry of Y.

To illustrate this description of physical states, let us consider an arbitrary mix-
ture of three particles. The corresponding symmetry group will be S5 whose irreps.

are Y3 =[ [ [} Yoy = ‘, and Y} 11 = [ | Y3 represents a fully symmet-

ric vector, Y111 a fully anti-symmetric vector, and Y}p1; a vector with partial (or
mixed) overall symmetry. In order to visualize and clarify what represents these
diagrams in terms of symmetry, we have to explicitly state which operators S and
A are associated in Table 3.3. It is important to note that applying A before S will
change the result. In particular the operator applied last controls the result |Greiner
& Miiller, 1989|.

The vectors {®g, D1, Py, P3, Py, P4} are linearly independent and constitute a
proper basis, although not irreducible, for describing all symmetry states possible
of any three-particle mixture. However, while Y}3y and Y}; ;1) are described by one
vector, the mixed symmetry diagram generates a subspace of higher dimension.
Indeed, while mixed diagrams properly characterize an overall symmetry, they left
undefined the inner relation between its elements. To lift this degeneracy, a natural
way is to label the boxes and consider Young’s tableaux instead of diagrams. The
correct vectors are then the standard Young’s diagrams if we choose the snippet
basis to describe our state. If, instead, we prefer the sectors basis, we must consider
all non-standard Young’s tableaux that correspond to a horizontal permutation of
the entries of the standard ones. For more details, see |[Greiner & Miiller, 1989).
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Table 3.3: Young’s diagrams of S3 and their corresponding physical states.

Dg = S193(1,2,3)

Oy = A13815(1,2,3), @ = AS1(1,2,3),
(I)g - A12513(1, 2,3), (I)4 - A23513(1, 2,3)

(I)A - A123(]—7 27 3)

We have the tools to assign a clear symmetry to the physical states obtained
through Volosniev formalism. However, finding all the irreps. and good tableaux
to form the proper basis can be time-consuming as the vectors generated by the
Young’s diagrams (resp. the Young’s tableaux) are not orthogonal in the snippet
basis (resp. the sectors basis). With that in mind, we will present a procedure to
ease the link between the spin states and their symmetries.

3.3.2 Complete set of commutating operators of 5,

The theory of representation of S,, is an elegant manner to address the symmetry
analysis of functions, with the heavy counterpart of being effectively hard to handle
for newcomers. A. V. Sokolov has enlighted this statement [Sokolov & Shirokovskii,
1961] in the following way: "Due to the fact that group, especially the theory of rep-
resentation of the permutation group, is extremely difficult even for specialists, there
arose the tendency of opposing the so-called ’group pest’ in quantum mechanics.".
Thus, to extend the utilization of this method, we need to make the austere group
theory formalism more accessible. In our context, a natural way is to move toward
to the quantum mechanics language and construct CSCO [Cohen-Tannoudji et al.,
1986] of S,,. For the reader interested in the original group formalism, see [Frobenius,
1896, Yamanouchi, 1937, Hamermesh, 1962]

In the following part, the approach will rely on the class sum method, namely
the first kind of CSCO of S,, (or CSCO-I). For more information on the theory of
CSCO of §,, or an example of other CSCO types used for physical applications,
see |Ping et al., 2002] and [Nataf & Mila, 2014].

CSCO-I and class-sum operators

In group theory, the class sum method is used to compute the number of elements in
each conjugacy class of a finite group and classify them. The motivation was initially
to investigate and characterize the structure of the numerous finite groups and was
developed in the late 19th and early 20th thanks to G. Frobenius [Frobenius, 1896]
but was already used by C. F. Gauss. Soon, physicists understood the efficiency of
this method in studying the symmetry of states. First, by P. Dirac |Dirac, 1929]
in the context of many-body systems of electrons. Afterward, it has spread into



54 Chapter 3. Spin mixtures in highly repulsive regime

particle [Greiner & Miiller, 1989] and nuclear physics [Kota, 2020]| for its efficiency
in addressing many-particle problems, furnishing an efficient way to compute Clebsh-
Gordan coefficients for instance.

In the context of 1D strongly interactive spin mixtures, the utility of the class
sum method has first been unveiled in [Fang et al., 2011|. The complete group theory
background, and particularly the class-sum method application to the irreps. of S,
has been presented in [Katriel, 1993, Decamp et al., 2016a,Decamp et al., 2016b]. For
our purpose, this method boils down to finding a basis where Hp, Equation (3.39),
and some wisely chosen sum of P, commute altogether. The idea is analogous
to the procedure for analyzing the angular momentum of an isolated system with
rotational symmetry. While the momentum components ﬁw,z all commute with the
Hamiltonian of the system, they do not commute with each other. However, one
can construct a sum operator L2 = L2 + L2+ L? which form the CSCO {H, L2 L.}
whose states are characterised by their quantum numbers {n,{,m}.

While dealing with permutational symmetry, the sum operators commuting with
Hp and altogether are called class sum operators and reads for the conjugacy class
of permutation [A]

M =3"r (3.47)

Pecep
where the sum has to be taken over all the elements of the conjugacy class. The

dimension of ccy of S, for the partition [A] = [(a1)1(az)s - - - | composed by a number
ay of 1-cycles, ay of 2-cycles, and so on is given by

n!
I1;(5)% (a!)’
In our case, the only relevant class sum operator will correspond to a single r-
cycle, namely to the class [A] = [r,1,...,1] = [r] with dimension |cc,| = n!/(n—7r)!r.
For this scenario, the class sum operators read

(3.48)

lcea| =

. 1 .

r&=23% Py, (3-49)
i#j

A 1 A a

M=o > PP, (3.50)
Gaal

and so on. The factor % must be taken as these expressions count twice the elements
of the conjugacy class (it is a consequence of the symmetry of the permutations). It
must be pointed out that these expressions of the class sum operators do not depend
on the representation chosen for the P. To explain the subtleties of this procedure,
a comprehensive derivation of the Tl"! matrices in the case of 2 + 2 mixtures has
been provided in Appendix B.

The eigenvalues 7[[;\]] of the operators I are called central characters, with the
partition [v] = [vi,...,1,,] refering to a Young’s diagram Y. For r-cycles, i.e.
[A] = [r], they admit the following analytic expression [Katriel, 1993, MacDonald,
1979, Decamp et al., 2016a]
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m |

=S (351)

= =) Sy

with u; = v; — i — m, and the product is put to unity when [v]| represent a line
diagram (m = 1). For n = 2, and 3 Equation (3.51) reduces to more practical
formulas [Ping et al., 2002]

B s> vl — 2
2 {z 3 2 iz VilVi = 20) (3.52)

Vo e ,
v 2 igye (7 =)
L 32 % 3 »
1 3 {Zn — S+ >y {1/3 - (3z - 5) Vi + 3i(i — 1)] } . (3.53)
=1

In the case of r-cycle, all the possible values of the [ matrices can be linked
with Young’s diagrams. Moreover, the values of 7[[;} are directly interpreted as the
counting of r-cyclic permutation in the Young’s diagram Y},;. In these eigenvalues,
the symmetric permutation will count as 41, and the anti-symmetric permutation
will count as —1. For instance, the permutation associated with the following boxes,
indicated with a cross, will count as +1

X | X X X X | X | X X X

X

whereas the permutation associated with the following boxes will count as —1

X X | X X | X | X

X

To summarize, if a permutation involves an odd (reps. even) number of boxes in
different lines, it will count as +1 (resp. -1). To clarify this statement, we have
presented the central characters for r = 2,3 corresponding to the irreps. of 5, for
n =4, and 6 in Table 3.4.

For N < 6, there is a one-to-one correspondence between the 2-cycle central
character and Young’s diagrams. Consequently, if we consider the eigenstates |ap)
of the Hamiltonian Hp we can assign them a unique, well-defined, symmetry using
only the 2-cycle class sum operator. Precisely, we can write the central characters
as ’y[[ﬂ = (ap|T@|ap) and link every physical state |ap) to a Y. We present a
complete example of such a procedure in the case of 242 spin mixtures in Appendix
B. Interestingly, degeneracies occur when we increase the number of particles, as
shown in Table 3.4. It results in the necessity to consider a higher order of class
sum operators to lift the ambiguity during the assignation of Young’s diagrams.

To clarify the different mandatory steps of the procedure, let us make a summary.
To assign a well-defined symmetry to the N-particles eigenstates |ap) of H su, one
has to
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1) Compute all possible characters 7[[2} of Sy up to an order r’ that allows to lift
any degeneracy,

2) Find all the |cc,| elements of the one r-cycle conjugacy classes cc, of Sn, up
to the order 1/,

3) Choose a representation to express the swapping operators ]5” in the same
basis than the eigenstates of Hgy - the |ap)’s (usually sector or snippet),

4) Construct the class sum operators I'"] up to the order ', and

5) Compute all the mean values (ap| T |ap) to assign a Young diagram Y, to
every |ap) without ambiguity.

Luckily, the order 7/, which lifts the degeneracy of the central characters, is much
lower than N, and the procedure is tractable for a reasonable number of particles.
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Table 3.4: In the following, we gather all the Young’s diagrams Y],) of Sy for N =4

and N = 6. We also provide the corresponding partitions [v], and 71[,2] and 71[,3] the
corresponding eigenvalues of I'? and I'Bl, respectively.

Yo ] NN
[TTTTT] (6] 15 40
[ T 11 5, 1] 9 16
[] [4,2] 5 0
3, 3] 3 -8

— T
Y DI A i | 4,1, 1] 3 4

T @ 6 8 [T
3,2,1] 0 -5

] [3,1] 2 0 B

- n

22 0 -4 ] 3111 -3 4
| 2,1,1] -2 0

L] 2,2,2] -3 -8

[1,1,1,1] 6 8
2,2,1,1] -5 0

m 2,1,1,1,1] -9 16

E [1,1,1,1,1,1] -15 40
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Chapter 4

Breakdown of Tan’s relations
induced by trapping discontinuity

This chapter constitutes the first part of the document dedicated to results obtained
during this thesis. This one has been published in [Aupetit-Diallo et al., 2023]. We
will focus on the momentum distribution’s large k£ behavior. In Chapter 2, we have
discussed the motivations for its study and the key results. For the consistency of
the following discussion, we will perform a quick reminder here.

The momentum distribution is defined as the Fourier transform of the first-order
correlation function and reads as follows

1

n(k) = —/ drdy py(z,y)e™ ™). (4.1)
2T D2

Shifting to Fourier space implies that the same information as p; is carried by n(k)
up to an inversion of scale. Thus, the particles’ behaviors at short distances, such
as how they will brush themselves or their exchange symmetry [Decamp et al.,
2017], will impact the large-k distribution. Precisely, the interplay between the
symmetry and the contact interactions creates an algebraic decay of the momentum
distribution of the form

Ky
n(k) T (4.2)
This decay arises for momentum hk larger than any other typical momentum scale,
such as the Fermi momentum hkp. In general, the weight Ky is directly identified
as the Tan’s contact Cy. However, we show in this chapter how the presence of
discontinuity of the confining potential, here the hard walls of the box, breaks down
the Tan’s relations for 1D gases at equilibrium and zero temperature [Aupetit-Diallo
et al.,, 2023]. We find that Ky not only has an average value larger than Cy,
but also, for strong interactions, develops oscillations, which are connected to the
spin-coherence properties of the gas from one border of the potential to the other
[Figure 4.1].

Trapping atoms in optical-box potentials has become increasingly popular over
the last years, leading to important results in three-dimensional and two-dimensional
gases [Navon et al., 2021|. Therefore, this work aims to guide future experiments
using box potentials in one dimension.

59
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Figure 4.1: Normalized momentum distribution n(k)/N, in units of 1/L, as a func-
tion of kL for four SF (magenta) and four TB (light violet). In the inset, the solid
lines are the same n(k)/N multiplied by k%, in units of L3, while the dashed lines

correspond to the asymptotic analytical expressions given in Equations (4.21) and
(4.4). Figure from [Aupetit-Diallo et al., 2023].

We exemplify our findings using the two one-component systems of SF and TB
before generalizing them to arbitrary mixtures of quantum particles with infinite
interactions. Using this last case, we will demonstrate how the new behavior of
the momentum distribution can be used experimentally to probe the state of a spin
mixture of a 1D system.

4.1 Large-k tail of the momentum distribution in
the box for identical particles

In order to investigate the effect of hard walls, we will discuss in this section two
simple examples of 1D quantum gases at equilibrium in a box geometry (z €
[—L/2,L/2]) and at zero temperature. We begin with a non-interacting Fermi gas
whose momentum distribution does present algebraic tail in the homogeneous ring
trap or in the presence of smoothly varying potentials [Figure 4.1]. The second
example will be the TG gas in a box, whose many-body wave function only differs
from one of the SF by the particle-exchange symmetry.

4.1.1 Spinless non-interacting fermions

We now consider 1D spinless fermions trapped in a box of size L. As we have seen
in Chapter 2, the first-order correlation function can be expressed as a DPP, which
takes the explicit form [Lacroix-A-Chez-Toine et al., 2018, Meckes, 2019|
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SF (4 ) — 1 sin [(2]\7 +1)57(z — y)]
SR Tl R )
sin[(2N + 1)gz(z +y + L)]

sin[57 (v +y + L)]

(4.3)

Y

with |z|, |y| < L/2. As explained in Chapter 2, calculating the momentum distribu-
tion tail boils down to investigating non-analyticities (or cusps) of p;. We recall that
such cusps are usually developed by the interplay between the interaction potential
(the vanishing of W in the contact regions) and the type of exchange symmetry of the
particles. In particular, only symmetric exchanges between particles generate cusps.
To clarify this statement, we have provided in Figure 4.2 the two-body wave function
U(z,y) at fixed y = 0, for N = 2 SF and TB, in the system under consideration.
As expected, at the contact point, we observe no cusps for fermions. However, two
new non-analicities appear at the borders for both SF and TB. It implies that n(k)
of SF must now exhibit a 1/k* power law decay despite having no Tan’s contact.
This constitutes the first evidence of a breakdown of Tan’s relation. In particular,
considering Figure 4.1 it appears that n(k) of SF displays an oscillatory algebraic
decay of the form [De Bruyne et al., 2021, Aupetit-Diallo et al., 2023|

klgg} E'nSE (k) = K3F = By + (1) Ay cos (kL) (4.4)
whose contribution By, Ay, and the oscillation period are explicitly derived right
after. We remark that contrary to the cusp induced by contact, the singularities at
the borders do not appear if we plot V(z,y) as a function of the relative distance
x — 3. Therefore, they cannot be derived by a change of coordinates in pi(x,y) as
done in Equation (2.48).

The developed method separates the asymptotic treatment of the momentum
distribution. First, we consider the same edge contribution and, afterward, the
opposite edges to obtain new terms of the tail’s algebraic decay K3 /k*. To achieve
this, we recall the Watson’s lemma: the asymptotics of the Fourier transform of
functions of the form f(z) = F(z)|z—2|*, with F(z) a regular function, and o > —1
and «a # 0,2,4, ... reads [Bleistein & Handelsman, 1986, Olshanii & Dunjko, 2003|

) fz'kz()F 1
/dz e * ()2 — zo\o‘k: ]__ae—(zo) +0 ( ) : (4.5)
— 00

|k|o¢+1 |k|o¢+2
D

with F, = 2cos[r(a+ 1)/2]['(ac+ 1) and I'(«) is the Gamma function, and rewrite
the momentum distribution in a suitable form

1 L2 ' L/2 ‘

n(k) = —/ d:vem/ dye=™p,(z,y). (4.6)
2m —L/2 —L/2

Therefore, by looking at Figure 4.2, the contributions to the 1/k* tail of n(k) emerg-

ing from the presence of the border could be seen as non-analytic terms of the form

|v — +L/2| in ¥(x,xs,..).
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Figure 4.2: Two-body wave function W(x,y) with y = 0 for SF (solid line) and TB
(dash-dotted line) trapped in a box of size L. We clearly distinguish three different
points of non-analyticity, at |z £ L/2| (for SF and TB) and |z — y| (only for TB).
Figure from [Aupetit-Diallo et al., 2023|.

Same edge contribution:

We identify a first type of singularity of p; - in the vicinity of |z £ L/2||y + L/2| -
and will refer to the corresponding contribution to K3 as By. This one is defined
as

B L/2 ) L/2 ) SE L L
N / dmezkm/ dye—zky lim P1 (l',y) |{L‘— §||y_ El

kY koo | po L oot l |z — Ly — L]

—F(L)2,L/2)

SF L L
T L R Es
zafé |$+§||y+§| 2 2
Yy——3

—F(—L)2,—L/2)

where we have split p;(z,y) to emphasize on the two type of contribution. The
F(zg,yo) terms are constructed such that they reduce to a constant and can be
taken out of the integral. Thus, Equation (4.7) becomes

By 1 +L/2 +L/2
= [FGL/2 4L/ 2B (k) B ()
+F(=L/2,~L/2)B"*(=k)By ()|, (4.8)
where the integrals B3 (k) can be obtained via the Watson’s lemma and reads
L/2 ' 1 e—ikzo e—ik’zo
20 _ —ikz|, __ _ - —_
B (k) = /_L/2 dze” "™z — 2 k—>o<>2]:1 12 TR (4.9)
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The factor 1/2 signifies that each term counts as half of a cusps. Indeed, in the
Watson’s lemma, the integration domain includes both sides of the singularities. As
the non-analicities are at the edges of the box, this domain inevitably passes only
through one side, effectively halving the contribution. Hence,

By _ 1F(+L/2,+L/2)

k4 k—_>oo s k4 ’

(4.10)

where we have used the symmetry of p; (i.e. pPf(z,2) = pi¥'(—x,—2)) to set
F(+L/2,+L/2) = F(—L/2,—L/2). Finally, the edges’ constant contribution to
KCRF takes the ensuing form

1 oF N(N+1)(2N +1
By=2 tim A @Y NVFDEN+L) (4.11)
Tastl |z — 5|ly — 5 3L
y—+5

Opposite edges contribution:

The idea for opposite edges’ contribution is exactly the same. By isolating the
second type of singularity of p; - present in the vicinity of |x + L/2||y F L/2]| - we
can write the opposite edges contribution to Ky as

kL 1 L/2 ' L/2 ' SF L L
AN C(iS _ dxezkz/ dyeflky li P1 L(x7y) - ym . _Hy + _’
KE koo 21 gy L2 eotl |z —glly+ 5 27 2
y—=—%
—F(+1)2,—F/2)
SF
. Py (2, y) L L
+ lim ——————|z+ —=||ly — =||.
e Ely- g T2
y—+5
—F(=L)2,4+L)2)
(4.12)
Similarly to the same edge contribution, we have
An coskL 1 +L/2 ~L/2
¥ s F(+L/2,—L/2)By """ (=k)By""" (k) (4.13)
FF(=L/2,+L/2)B(—k) B Q(k)] . (4.14)

Using the expression of B* (k) [Equation (4.9)], it follows

Ay coskL 1 etk L/2 gikL/2 o—ikL/2 p—ikL/2
T oseon {F(+L/2,—L/2)7?+F(—L/2,+L/2) N
1 F(+L/2,—L/2
= — (+L/2, -1/ )coskL. (4.15)

k—oo T k4
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By comparison with the expected form of the algebraic decay [Equation (4.4)], we
finally have

1 ot N(N + 1)rw
( 1)N+1AN hm 1 L(‘T’ y) - ( 1)N+1 ( : ) )
7 L L — Z
To—FY—=+3 |ZE 5||y+§|

(4.16)

We observe that the oscillating part is given by contributions of half cusps at
opposite walls (z — +L/2,y — FL/2). At first sight, it could be seen as an effect
of diffraction by the box. However, its interpretation is more subtle and will become
clearer when we will consider the case of a general mixture.

As we could see from Equation (4.11) and (4.16), the computation of p;’s straight-
forward limits directly gives the constant contribution of 3. This important as-
sertion holds for mixtures, as we will see later on.

As expected, we have found that the hard walls induce an algebraic decay of the
momentum distribution of SF of the form

K = By + (= 1)N ™ Ay cos (kL) (4.17)

with Ay = N(N + 1)7/L? and By = (2N + 1)Ax/3. To roughly sum up the
outcomes, the effect of a hard wall in +1L/2 introduces a half cusp, with respect
to the coordinates x and y, of the form |x F L/2| and |y F L/2|. In contrast,
the oscillating part is given by contributions of half cusps at opposite walls (z —
+L/2,y — FL/2). To support our conclusions, we have computed numerically the
momentum distribution of a spinless Fermi gas of N = 4 particles, and we have
compared it with the asymptotic behavior given in Equation (4.4) (see Figure 4.1).

4.1.2 Tonks-Girardeau bosons

In order to calculate the asymptotic behavior of the momentum distribution for N
TG bosons trapped in a box, we start from the expression as an expansion in terms
of the spinless fermions n-body density matrices, as shown in Chapter 2

N—

S
p{B(l"y) - Z n dl‘n+1 pg—fl(m?x%"'7xn+17y7x27"'7xn+1)7

n=0

(4.18)
for < y. In the presence of smooth trapping potentials, we have already seen
[Chapter 2| that only the n = 1 term of the series contributes to the contact. For
TG in a box, we can individuate three different contributions to the momentum dis-
tribution’s 1/k* tail. The first contribution comes from p7¥'(x, ) and gives the terms
in Equation (4.4). This contribution is similar to the result found in [Bouchoule &
Dubail, 2021| showing that the discrepancy between Ky and Cy in a Lieb-Liniger
gas with losses is due to the contribution of the rapidities. The second contribu-
tion comes from —2 [*dzsp5” (x, x2;y,22) (the n = 1 term of Equation (4.18)) and
gives the usual Tan’s contact Cy [Equation (2.49)], connected to the short-distance
two-body correlations. Thus, for N TG bosons in a box, we obtain (see Appendix

C)

—_
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_ N(N?2-1)(2N +1)
N 3L3

Indeed, the two half cusps in (+L/2,+L/2) and (—L/2,—L/2) contribute to By
equivalently as the (N — 1) other interparticles TG cusps C1¢.

TG
Cy

7= (N —1)By. (4.19)

Remarkably, there is a third, non-local contribution entering the momentum
distribution tail, which can be derived by integrating all the higher-order fermionic
density matrices of the second term in Equation (4.18) over all the system. Indeed,
it can be shown that (see Appendix C)

j g+l

N—
lim Z H/ dxgpj+1$x2,...,y,x2,...)
=l @ (4.20)
y—3
= _2p‘1SF(I7y)|a:N—%,y~é7

if N is even and 0 otherwise. Such a term changes the sign of the oscillating part,
with respect to the fermionic case if the number of particles is even. This means that
for the TG gas, the sign of the oscillating part does not depend on the number of
trapped bosons. Ultimately, we find that the asymptotic behavior of the momentum
distribution for N TG bosons in the box can be written as

’C%G = CJY\;G + BN + .AN COS (kL)
(4.21)

N

The average effect of the border (By) is equivalent to adding a boson to the system.
Moreover, it induces oscillations of the same amplitude as for a spinless Fermi gas
but with a phase that does not depend on the particle number parity. In order
to elucidate this result, we plot in the inset of Figure 4.1 the comparison between
Equation (4.21) and the numerical calculation of ICy for the case of N = 4 particles.
Notice that, in the thermodynamic limit, we recover the known result for the contact
density C%¢/ L of a homogeneous TG gas with density n = N/L: limy 1 K1¢/L =
limpy, 00 CAC/L = 2n*m [Decamp et al., 2017].

4.2 Large-k tail of the momentum distribution in
the box for spin mixtures

The aim of this section is to generalize our results to strongly interacting bosonic and
fermionic mixtures. We will begin by presenting some generalities about spin mix-
tures. Afterward, we will calculate the weight of the large-k tail of the momentum
distribution for spin mixtures K%*. Once obtained, we will examine the valuable
information carried by this quantity and how it can be used experimentally.
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4.2.1 Generalities about spin mixtures

We consider a 1D mixture of N particles with k components and interacting via
a two-body contact interaction. As a reminder, the Hamiltonian for this system
presented in Chapter 3 reads

N B2 92
- ZZ 2m ax + Yoo 25 Tio — Ljo! ) , (4.22)

j>t

and its ansatz solution in the limit of infinite inter- and intra-species interaction
strength ¢,,» and ¢,, takes the form [Volosniev et al., 2014, Deuretzbacher et al.,
2014]

VX) = 3 apbp(X)Wsr(X), (423)

PeSn

where 4,5 € [1, N] and 0,0’ € [1,k] are the particle and spin indices, and X =
(1,045 -+, TNoy) collects these indices. The index P indicates a permutation inside
the permutation group of N elements, Sy, 6p(X) is the generalized Heaviside func-
tion, which is equal to 1 in the coordinate sector Tp()opay < 0 < TP(N)opy) and
0 elsewhere, and WUgp is the wave function for N spinless fermions.

For a multi-component system, the first-order correlation function can be written
as

x y) = Z Nop1,0<x7 y)? (424>

with

N
pro(x,y) Z Pz, y), (4.25)

where pC W(x y) and c59) are the spatial and spin parts calculated on the sector

Tiey < 0 < Ziclgi g T < Tiplo0, < 00 < Tjo; <Y < Tjtloj < < INoy
[Deuretzbacher et al., 2016]. In particular,

C((Ti’j) = 6;' Z CLPaPi_>]-7 (426>

PeSnN

where 07 selects only the sites with spin 0; = o and ap,_,; is the sector coefficient
obtained by starting from the spin configuration labeled as ap and applying a cyclic
permutation which takes the ¢-th element into the j-th position, and vice versa.

4.2.2 Derivation of Ky

To derive the equivalent of Equation (4.4) and (4.21) for mixtures, we now consider
p9)(z,y), which is defined for z < y as [Deuretzbacher et al., 2016]
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T2 < <TG <TLL 41 < <L <Y<T;j 1< <TN

X Uop(r, 22, ..., 2N)Vsp(y, T2, ..., 2n). (4.27)

where we have used the product identity

Z'F(xb"' ,Zﬂi,l,x,l’prl,...,.QZN)\I’SF(SL’l,“' 7xi717y’xi+1,...7$N>
=Uip(x,z9,...,on)Vsp(y, xa,...,xy), (4.28)

to move x and y from x; to ;. For completeness, the y < x part of Equation (4.27)
can be obtained using the symmetry relation p(9)(z,y) = p¥9(y, z). For hard-core
particles in a box of length L, we can rewrite Equation (4.27) as

y O(z,y)N! /x /y
(i:3) - ’ d dr: dr: dx
p N (z,y , — , Ty...dz; Tiy1...dx

) (=D = DN =) e ’

L/2
X / dzjiy ... denVep(z, zo, ..., 2N)Vsr(y, Ta, ..., zN). (4.29)
y

As presented in Chapter 1, in presence of DBC, the fully anti-symmetric wave
function Vgr reads

Vep = det [, ()], (4.30)

1
VN!
where ¢, (z,) = \/2/L sin [k, (x, + L/2)] are natural orbitals of the box, with
ky, = mn/L, for x, € [-L/2,L/2] and n,m € {1,..., N}. Following [Deuretzbacher
et al., 2016, Decamp et al., 2016a, Decamp et al., 2017|, we use the Leibniz formula
for a determinant such that Ugp = (1/v/N) > pesy €(P) Y, ®p@) (i), where €(P)
is the signature of the permutation P, to express Equation (4.29) as

%,] _ 1
pl (z,y) = DI =V = j)!Q(fv,y) RQZESN (P, Q)dp)()dom (y)

N U;(k)
% H / Ppiy (2) o (2), (4.31)
k=2 v Lij (k)

where €¢(P, Q) = ¢(P)e(Q), and the integration intervals are defined as

(y, L/2) if 1 <k,
(Lij(k),Uij(k)) = { (z,y) ifi <k<j, (4.32)
(—L/2,2) ifk<i.

We then define, for convenience
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Xpa(T,y) = dp(x)dq(y), (4.33)
L2
Apal2) = [ du 0w (w) (434)
_ sin (%(p +q)(22 + L)) - sin (%(p —q)(22 4+ L)) 35)
m(p+4q) m(p — q) ’ '

and rewrite Equation (4.31) as follows:

. 1
(53) — 0 P,O)X
P,QeSN
i J N
< [Grm.om—Arw.aw @) [T (Arv.en@) — Arw.on®) [T Arwm).am @),
k=2 I=i+1 m=j+1

(4.36)

where we have used that the integrals in the three intervals defined in Equation (4.32)
can be written all in terms of A, ,(z). Equation (4.36) represents the starting point
of the derivation of every term of the large-k tail of the momentum distribution for
spin mixtures. As for identical particles, we expect three types of contribution: 1) a
first constant part related to the usual contact, 2) a second constant part induced by
same walls, and 3) an oscillatory part generated by opposite walls. Seeking clarity,
we will consider each contribution separately in the following paragraphs.

The Tan’s contact term:

The Tan’s contact term does not depend on the finite size of the system and can
be derived by standard methods (see, for example, [Decamp et al., 2016b, Aupetit-
Diallo et al., 2022|). For completeness, here we give a few details of the derivation.
One can start from the Tan’s relation

. m? OF Say
mix _ "% YA _ PN 4.
N mh* 9(1/g) lg—oo T (437)

where the total energy for the mixture in the limit ¢ — oo can be written as

FE ~ Er —m*Say/(h'*g) with [Appendix A]

N(N +1)(2N + 1)7?
6L3 ’

(4.38)

anN —

and

N-1
S = Z Z H(GP —ap,,,,)*(1 = 67+") +npapap, 07 |, (4.39)
P =1
with npg is equal to 1 for bosons and 0 for fermions. S is a pondered counting of the
system’s possible symmetric exchanges. For instance, if we consider a gas of N TB,
every exchange will be fully symmetric and contribute with a weight of one to S. In
contrast, a not fully symmetric exchange, generated between particles of different
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spins, for instance, will contribute with a lower weight, while a fully anti-symmetric
state will not contribute at all. It means that for TB or the ground state of a SU (k)
mixture, we have S = N in the presence of PBC and S = N — 1 for DBC, while
S =0 for SF in any geometry. One then notices that ay = By7/2 and, using that
CI¢ = (N — 1)By |Equation (4.19)], one can collect the two constant terms as

TG
) +1
C]r{[nx BN — S CTG C S CTG

N—1~ "(N-1) N- (4.40)

The constant hard wall induced term:

Following the method used for SF, we first evaluate Equation (4.36) in the limit
(x,y) = (£L/2,£L/2). To do so, we first notice that

) 272 L L
xl—lngX (@, y) = 73 P4 <I + 5) (y + E) ) (4.41)
y——%
lm Apq(2) = bpg, and  lim Apg(2) =0 Vp, q. (4.42)
z——L 2L
Therefore, the only non-zero terms in Equation (4.36) correspond to i = j = 1

for the case (z,y) - —L/2 and i = j = N for the case (z,y) — L/2. Using
Equation (4.25), we can write

1 (1,1)
By =— | lim &ZN 0(11)—1— lim

L| ZN c(NN)

2m | oot o+ 5lly + 3 H+2| LHy—
yﬁf% y—+%
N (1,1)
N, @) (4.43)
m r—>—% |$ + §||y + §|
y——%
where we have used that p™V(z, Wl @a)(-L,-L) = p(N’N)(x,y)|(x,yH(%é) and N =

SO N8 =3 N, Vi, and

N
0(z,y) Y e(P.Q)Xpwyaw (@ ) [[Arw.aw @) (4.44)

1
pt (z,y) = (

N 1)

Using Equations (4.41) and (4.42), we can replace Apg ok (y) with dpw)om) and
obtain
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L () 1 o
. _
et g+ 5 (N - D I3

z
Yy—=—3

P(1)°
PeSN
N 2,
NN -1 LB &
_(N+DERN+T)

o (4.45)
Finally, by inserting Equation (4.45) in Equation (4.43), we find
N(N+1)(2N +1
By = YWNFDEN+D (4.46)

3L3

which is exactly Equation (4.11). Therefore, we have shown how to derive Equa-
tion (4.11) by starting from this more general problem.

The oscillating term:

We now evaluate the amplitude of the oscillation in Equation (4.43). As discussed
for SF, this derives from the contribution at the borders of the trap, namely, by
taking the limit (z,y) — (FL/2,£L/2). To do so, we first notice that

2

i, X, (.9) = 75 (-1 (543 ) (v 3 ). (4.47)

lim (A,,(z) — Apq(y)) = 6pq- (4.48)

Thanks to these limits and using the symmetries of p)(z,y), we see that the
only non-zero terms in Equation (4.36) correspond to (i,7) = (1,N) for (z,y) —
(—L/2,L/2) and (7,7) = (N, 1) for (z,y) — (L/2,—L/2). Following the SF process,
we can define

) 1 p(lN) T y
-1 N—i—lAmlx:_ lim
CUTAT LA |:c+L||y—L|Z

y=+3

1 . pt N)
- %( lim_ LI) > NoeM, (4.49)

x%ff |.T + LHy
yHJFQ

where we have used the symmetry properties c((,l’N) = c((,N’l) and pN(z,y) =
pN:(y, z) and that
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N

P (y) = = D e(PQXpaon (@) [] (4 = Ao (v) -
(N 1)'P,QeSN 1=2

(4.50)

Using Equation (4.47), (4.48) and (4.42), we can therefore replace the difference
A, (z) — A, ,(y) with a 6, ,, which corresponds to have P = (), and obtain

(1,N) 1 272
lim p 17 (1’ y)L = ‘ 7; (_1)P(1)P(1)2
Syt -5 VDN
y—3

2
27T
-5 N N Z
—1)NTYN 4+ 1). (4.51)
Finally, we find a more general definition of the amplitude of the oscillation, namely,
(—1)N+1A%ix _ (_1)N+1AN Z &C(I’N) (452>
o N ’ ’

which is consistent with Equation (4.16) and takes into account the presence (resp.
absence) of the factor (—1)N¥*! for fermions (resp. bosons).

4.2.3 Investigation on Ky for a mixture

By gathering Equation (4.37), (4.46), and (4.49), we find that the asymptotic be-
havior of the momentum distribution in the case of spin mixtures assumes the form

’lex —Cm1X+BN+ N+1./4 Z COS ICL)

(4.53)
1
f[jL 1CTG DMy Z Neos (kL),
With the quantity
N-1 1
S = Z Z |:Z(CLP - aPi,i+1)2<]' - 6;:“) + TZBaPapi,mfﬁ',j“ (454)
P =1

taking into account the number of symmetric exchanges between particles [Aupetit-
Diallo et al., 2022] and is proportional to the eigenvalue of the rescaled Voloniev
matrix V' = V/ay [see Equation (3.29)|. P runs over the snippets, and np equals 1
for identical bosons and 0 otherwise. As expected, we can recover Equations (4.4)
and (4.21) for the cases of spinless fermions and TG bosons, respectively. Indeed,
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50 100 150
kL

Figure 4.3: The solid lines stand for normalized momentum distribution n(k)/N
multiplied by k%, in units of L3, for the case of 2 4+ 2 SU(2) bosons 1) in the ground
state (violet, upper curve), 2) in the first excited state (orange, central curve), and
3) in the third excited state (yellow, lower curve). The dashed lines stand for the
analytical expression of K%* /N, Equation (4.53), evaluated for cases 1), 2), and 3)
(same color code). Figure from [Aupetit-Diallo et al., 2023].

it can be shown that for spinless fermions S = 0 and ) = 1, and for a TG gas

S=N-1land ) %c&l’m = (—1)N*!. The following part of this section provides
examples of ¢V computation to exemplify the precedent result.

As for the one-component cases, the large-k tail of n(k) is not given solely by
the Tan’s contact but includes two additional terms. The first - the k-independent
contribution By - does not depend on the type of particles or mixture and counts
such as an extra symmetric exchange in the mixture. The second - the oscillating
part - is more intriguing since the oscillations’ amplitude remarkably depends on
long-distance spin coherence. Indeed, the only term of Equation (2.24) that does not
vanish in the limit * — —L/2 and y — +L/2 corresponds to the cyclic permutation
P,_,n. Therefore, cgl’N) can be interpreted as the one-body spin coherence through
the whole system. Let us illustrate this statement with the explicit computation of

(1L,N),
some ¢y ’’S.

Example of Y caleulation

In this paragraph, we detail the construction of the quantity YY) for the case of a

balanced mixture of N = 4 bosons with spin components ¢ =1 or |. As a reminder,
the general one-spin correlations expression reads

PeSyn
where 077 selects only the sites with spin 0; = 0 and ap,_,; is the sector coefficient
obtained by starting from the spin configuration related to ap and applying a cyclic
permutation, which takes the i-th into the j-th position, and vice versa.
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Let us start considering the 1 spin-component. The ap coefficients that are
involved in the calculation of c%lA) have been gathered in Table 4.1.

Table 4.1: Coefficients a; corresponding to the different spin sectors P and P;_,4
with the selection rule d; ,,, for the case of a 2 4 2 bosonic mixture.

Sector P 04 4, ap Sector P4 044, ap, .,
L1y < Top < Ty < Tgy a Ty < T3, < Tgy < L1 —as
Ty < Top < Ty < T3 —a1 Top < Ty < T3y < Tig as
T1p < T3 < Top < Ty az T3y < Top < Tgy < T1p —as
T1p < Ta < Top < T3y —a2 Ty < Top < Ty < T1p as
T1p < Tg,) < Tgy < Top as T3y < Ta < T2p < T1p —ag
T1p < T4) < T3y < Ty —as T4 < T3y < Top < Ty s
The coefficients {a4,...,as} in Table 4.1 are related to the sectors collected in the

suippet basis {[1111) , 1), [144) WP L [1141) , |41 ). Furthermore, because

we use as a basis the anti-symmetric fermionic many-body wave function Vgp, we
have to include a minus sign if we switch two bosons (see, for instance, the first two
rows of Table 4.1).

Using Equation (4.26), one obtains

c§1’4) = —2a,1a3 — 2a2a5 — 2a3a5. (4.56)

Table 4.2: Coeflicients a; corresponding to the different spin sectors P and P, 4
with the selection rule ¢, ,,, for the case of a 2 4 2 bosonic mixture.

Sector P 0 4, ap Sector Py 04, ap, .,
T3, < Trp < Tog < Ty aq T < Tog <Xy < T3z, —aq
T3] < Togp < T4 < Ty —Qy Top < T14 < Ty < T3 ai
T3, < X1 < Ty < Toqp as Trg < Ty <Top < T3 —as
T3, < Top <Xy < T1gp —as Tog < Ty < X1 < T3y as
T3] < Ty <Trg < Tog Qg Ty <Trp <Top < T3y —Qy
T3] < Ty <Tog < Trp —ag Ty <Togp < T < Ty, aq

Analogously, using Table 4.2, one can show that

61’4 = —2a4a1 — 2asas — 2a04. (4.57)
In order to streamline our understanding of the oscillations of K™, we must estab-
lish a definition for the cosine of its phase,

. Na mix
(I)rjglx — (_1)N+1 ch_l’N) = (—1)N+1%, (458)

where A%™ is defined in Equation (4.52). For the mixture of 2 + 2 bosons, Equa-
tion (4.58) becomes



74 Chapter 4. Breakdown of Tan’s relations

O3 = qras + ajay + 2a5a5 + azag + asag. (4.59)

Due to the specific permutation rule present in cgl’N), Equation (4.59) clearly involves

only certain products of a;a; with ¢ # j. This means that, for example, there is
no possibility to connect the snippet [1]J1) corresponding to the coefficients a3 to
the snippet |[11]) corresponding to the coefficients +ay. This justifies the fact that
the third excited state of the SU(2) 2 + 2 bosonic mixture [see Figure 4.3] shows
no oscillations in the tails of the momentum distribution. Indeed, the spin part of
the many-body wave function for this state is given by [tJJ1) — [{T14) (up to a
normalization factor) and, consequently, ®;72 is zero.

It appears that ®W* is a preferential quantity in this analysis. Indeed, through
the cf,l’N)’s, it carries important information about the spin state of the system. To
better understand the behavior of @™, we will calculate it for all the states in the
ground state manifold of various SU(2) mixtures. Our aim being to show how ®W*
can be utilized to deduce the system’s state.

4.2.4 mix as a ground state probe

The quantity ®%* depends on the number of particles N, the type of mixture, and
the system state (ground-state or excited states). Indeed, it can be positive or
negative, with a magnitude between 0 and 1. This is shown in Table 4.3, where
we have gathered the values of ®%™ for the case of SU(2) bosonic and fermionic
mixtures for a different number of total particles and particles per component.

From 4.3, we see that ®W varied a lot from a mixture, or one excited state, to
another. Moreover, no particular pattern seems to emerge apart from the ground and
most excited state. In those, the value of @ can be predicted exactly. Remarkably,
this property of spin mixture can be used experimentally to infer the system’s state.

In typical UCAG experimental setups, we have seen that the momentum distri-
bution is obtained by switching off the trapping potential and imaging the cloud
after a ballistic expansion [Paredes et al., 2004, Pagano et al., 2014]. These measure-
ments are obtained by averaging over system realizations where particles fluctuate
from shot to shot. As a consequence, the probed ®%* will cancel out if the values
fluctuate between prepared states. Fortunately, a state presents the same ®%* inde-
pendently of the prepared state: the ground state for bosonic mixtures. Indeed, we
can observe, Table 4.3, that for the ground state of SU(2) bosonic mixtures, @?VU@)
is equal to 1, VN. Thus, we state that the measured amplitude oscillations (%> Ay)
will generally vanish except if the system is a SU(2) bosonic mixture and is pre-
pared mostly in the ground state. This conclusion can be generalized to the case of
SU (k) bosons, Vk, but does not hold if the SU (k) symmetry is broken or for other
types of mixtures. Therefore, the observation of oscillating tails in n(k) of SU(k)
bosonic mixtures could be used to determine whether the system is mainly cooled
down in its ground state or not. This ability is of particular interest as identifying
the exact populated state might be experimentally difficult since the spectrum of a
strongly interacting mixture is characterized by the presence of a large number of
states very close in energy to the ground state [Deuretzbacher et al., 2008, Decamp
et al., 2016b|.
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4.2.5 Concluding remarks

In conclusion, we have shown that the presence of a hard wall trapping potential
breaks down the Tan’s relation connecting the 1/k* decay of the momentum distri-
bution of a 1D gas characterized by repulsive contact interactions to the adiabatic
derivative of the energy with respect to the inverse of the interaction strength. This
result remains valid even if the system is at equilibrium. In the strongly interacting
limit, the presence of the two hard walls has a double effect. The first is rather
trivial: it mimics the presence of an additional boson or impurity in the system.
The second is more subtle: the tails develop oscillations whose amplitude depends
on the non-local spin coherence over the whole system size. The sign of this contri-
bution depends generally on the number of particles, except for the ground state of
a bosonic SU (k) mixture. Ultimately, we have demonstrated that this remarkable
feature can be used as a ground-state probe for bosonic spin mixtures.

To pursue this investigation, we have undertaken in our group (mainly by Silvia
Musolino) the analysis of the dynamic behavior of these interesting outcomes. In
the same idea, we aim to generalize our findings to scenarios where the trap has
other types of discontinuities and explore any new contributions and applications
that may arise.



Chapter 5

Symmetry analysis

In this chapter, we will detail the outcomes related to the SU (k) symmetry analysis
obtained in the context of this thesis. We will heavily rely on the notion intro-
duced in Chapter 3. To start off, we will examine a scenario that breaks this sym-
metry [Aupetit-Diallo et al., 2022|. By slightly detuning one interaction strength
compared to the others, the SU (k) symmetry no longer holds, whereas the system’s
Hamiltonian remarkably remains integrable. Following this scheme, new states can
be engineered. Moreover, these solutions are obtained exactly, which enables a rig-
orous symmetry analysis of a SU(k) Symmetry Breaking (SB) system. Since this
system has not yet been explored, we will also thoroughly characterize its long- and
short-distance correlation properties. Although the symmetry is weakly broken, we
will show that it has important consequences on spin coherence in the system. In
a second time, we will consider spin mixtures with an additional artificial gauge
field induced by a rotating system [Pecci et al., 2023|. Again, the corresponding
model is integrable. After developing a method to compute the solutions, we will
demonstrate that the SU (k) symmetry analysis allows a deeper understanding of
the system and could open setups to constrain the symmetry state of a spin mixture.

5.1 Exact solution for SU(2) symmetry breaking of
bosonic mixtures at strong interactions

This section is dedicated to the study of the equilibrium properties of a 1D mixture of
two Tonks-Girardeau gases on a ring geometry in the limit of strongly repulsive inter-
species interactions. The discussion is organized as follows. We will first present the
model and discuss in detail our procedure to obtain the ground-state many-body
wave function for the SU(2) Hamiltonian as for the SB one. Then, we will quantify
the breaking of the symmetry associated with the SB many-body ground-state by
calculating the expectation value of the 2-cycle-sum operator [Katriel, 1993, Fang
et al., 2011, Decamp et al., 2016a, Decamp et al., 2016b|. We will show that for
a large number of particles, the SB state is halfway between the most symmetric
and the most anti-symmetric states allowed by the SU(2) Hamiltonian. Afterward,
we will calculate the momentum distribution given by the Fourier transform of the
one-body density matrix. In particular, we will study the zero-mode occupation

7
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number and the Tan’s contact. Finally, some remarks on the relation between our
approach and the Bethe ansatz solution will conclude the analysis.

5.1.1 The model

We consider a balanced two-component 1D Bose gas in a ring geometry characterized
by contact interactions. The general Hamiltonian for N bosons reads

h Ny Ny
ZZ Qmax +ng5~”’3w Tjo) +9¢¢ZZ5%T i),

o=T,J >t
(5.1)

with g4, the inter-species, g+ (g;) the intra-species interaction strengths and N =
Ny = N/2 the number of particles per component. The aim of this work is to
analyze the ground-state correlation properties of the symmetry breaking case with
g1+ = gy # gr, in comparison to the SU(2) case with gi = gy, = g4y-

General solution in the strongly interacting limit

In this introductive part, we recall the general solution of the Hamiltonian Equa-
tion (5.1) as well as the Volosniev matrix developed to solve the model fully. All the
details of the method to get these results and examples of solving have been pro-
vided in Chapter 3 and Appendix A. We first remind that the wave function solution
of Equation (5.1), in the limit ¢g,,» — 400, for any o, 0’ takes the form [Volosniev
et al., 2014, Deuretzbacher et al., 2014]

U(zy,...,xN) = Z apfp(xy < -+ <axn)Vrp(x1,...,TN). (5.2)
PeSy

The index P indicates a permutation inside the permutation group of N elements,
Sy, 0p(x) is the generalized Heaviside function, which is equal to 1 in the coordinate
Sector Tp(1),op) < < TP(N),0p) and 0 elsewhere. In this discussion, we will work
in the snippets basis [Fang et al., 2009, Volosniev et al., 2014], meaning that the sum
over P refers to the N!/(§!14!) independent sectors instead of the N! possible.
Since we will exclusively discuss bosonic mixtures, we have decided to map the
spatial part of the ansatz in Equation (5.2) on the TB wave function. It’s important
to note that this mapping decision does not alter the symmetry of the entire wave
function. However, the spin part must compensate for the natural symmetry of U7 g
so caution is necessary when interpreting the solution. Precisely, moving between
different sectors will now be performed symmetrically by default.

We focus on the ground state and the most excited state solution that is not
degenerate for balanced mixtures (in the limit g,,» very large but finite) so that we
can set ap real without loss of generality, and use the strong-coupling expansion
approach [Volosniev et al., 2014].

The SU(2) case :
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As a reminder, the SU(2) case refer to equal infinite interaction strengths (g4, =
g1+ = gy, = g — 00). In this scenario, we have seen [Chapter 3| that the conditioned
maximization of the energy slope K (ap) is equivalent to solving the eigenvalue prob-
lem for a matrix V' whose expression depends on the type of mixture and trapping
potential [Volosniev et al., 2014]. In the bosonic SU(2) case, we have

Vs = g { e PR SO0 6y
m Oéz"j ] 75 7

where the d-sum has to be taken over snippets k that transpose distinguishable
particles, while the b-sum runs over sectors that transpose identical bosons.

The explicit form of VY for the case of a 2 + 2 bosonic mixture is given in
Appendix A and will be recalled at the end of this part. We note that the positive
sign of the off-diagonal part depends on the preference made while building the
many-body wave function in Equation (5.2), namely, on the choice to map on ¥rp
instead of Wgp.

The largest eigenvalues of this matrix correspond to the ground state and reads

KU = [aV]'VSUa, (5.4)

with @2V being the eigenvector of VY corresponding to this eigenvalue, which can
be written under the form K%V = K%U + Za:(m) K5V, to highlight the inter-
component and intra-component contributions to the energy. Finally, we obtain
K%Y = 2Nayh*/m?.

The symmetry breaking case :

We now move to the more complicated case of two interacting TG gases, where g4 4
and g | are infinite and the inter-components interaction strength g; | is very large,
but finite (¢,, — 00 and g, — 00 but g,» # gr0). The optimization procedure,
outlined in Chapter 3, with respect to the small parameter 1/¢; | leads to a matrix

V5B that now does not take into account any intra-component interaction terms

4 o
V5B, = h_{ Do Qi J =1 ' (5.5)

m2 ()41'7]‘ j 7é 7

Note that the largest eigenvalue of V2, denoted as K%B as well as the other eigen-
values, gives only an inter-component contribution to the energy, as ¢,, has been
sent to infinity from the beginning. Of course, the symmetry breaking occurs for
N > 2.

To clarify the precedent statement, let us take a step aside to explicit the matrices
VY and V9% as well as their largest eigenvalues and the corresponding eigenstate.

The matrices V°U and V°F for a 2 + 2 mixture

Here, we will show examples of VY and V2 matrices for the case of a balanced
mixture with N = 4 bosons. We consider the snippet basis

LY, R ) L [, 1) L 1)) (5.6)
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For the SU(2) mixture in a ring geometry, the VY matrix reads

6 1 0 01 0
1 41101
ht 01 6010
su_ vy
Vo= 010610 [ (5:7)
1 01141
01 0O0T1F®G6
whose largest eigenvalue is 8h*a™) /m? with corresponding eigenvector @3’ = f(l, 1,1,1,1,1).
For the SB mixture, the V% matrix reads
210010
141101
Kt 01 20160
s _ vy
VEE o102 1 0 (58)
1 01141
01 001 2
The largest eigenvalue is 672%™ /m? and its corresponding eigenvector reads @z” =
S(1,2,1,1,2,1).

It is worth making the case N = 2 explicitly. Indeed, because of the periodic
boundary conditions, the §(z; — z3) contributes twice both for the diagonal terms
and the off-diagonal ones. Thus, on the snippet basis {|1]),[}1)}, one has the
matrix

ht 2 2
SU _ 1/SB _ (N)
VU — v = (2 2>, (5.9)

whose largest eigenvalue is 4a™A* /m?, in agreement with KV = 2Na™ Rt /m?.

We note that V5B is very similar to the matrix V5Y for a SU(2) fermionic mixture
[see Appendix A]. Indeed [V2Y];; = [V5B],,, and [V2Y];; = —[V5B],; if i # j. The
two matrices have the same eigenvalues, but the eigenstates do not have the same
symmetry, which is well-defined for the case of SU(2) fermions but is not for the
case of two interacting TG gases, as we will see in the next section. Let us point
out that, in contrast to VY that can be mapped on a X X X spin-chain model (for
both fermionic and bosonic mixture) [Deuretzbacher et al., 2016], VP can notably
be mapped on a X XZ model. We will illustrate this fascinating property in the
next section.

Mapping on the X X X spin-chain model for SU(2) mixtures

In the strong-interacting limit, in the case of SU(2) bosons or fermions, the Hamil-
tonian Equation (5.1) can be mapped into a spin-chain model. To be precise, at the
order 1/g one can write [Deuretzbacher et al., 2014|

A

N
H—1E, o =-V3%/g=-NJLFJY P, (5.10)

j=1
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where J = M) /g, the - (+) sign applies to bosons (fermions). Since the permutation
operator P; 41 can be written as a function of product of Pauli matrices Pj =
(GNFU" +1) /2 acting on-site j and j', it is straightforward to show that it is possible
to map Equation (5.10) on a Heisenberg X X X chain model, both for bosons and
fermions: a ferromagnetic one for SU(2) bosons,

SU
—VL = —2JZS<J SUHD _ ZNJ1, (5.11)

and an anti-ferromagnetic one for SU(2) fermions,

1
“NJL, (5.12)

2

N
I 9y Figat -
g =

where S = & /2 are the spin operators.

Mapping on the X X7 spin-chain model for SU(2) breaking mixtures

For the SB case, the Hamiltonian can be written

H—1E, ... = -V%8/q
N

= —V5Y/g - Z( st = I} sl Pigals) (s D (5.13)

= —NJ1 - szj,jﬂ + QJZ [5) (5] Py 1] 5) (s,

Jj=1 Jj=1

where |s)(s| is the projector on the snippet basis so that the last term applies only
to diagonal elements. From this writing, the origin of the SB is clear: the term
—J Zjvzl P ;41 is the bosonic one, while the term 42.J Z;VZI |5)(s|P;.j415)(s| is at
the origin of a "partial fermionization" acting only partially on the system (on the
diagonal terms). One can show that

N

2JZ| Py jals)(s| =T (14+4S98UH). (5.14)

j=1

Thus we get a XXZ Heisenberg chain Hamiltonian:

ver (g0 GUH | gU)gUAD _ g gl _ L

B Y ot Y alit Y alit 1
S —2J ;(s; SYTY + SIS — SDSIH) — SN, (5.15)
Remark that such a XX7 Hamiltonian can be mapped on a XXX one with an oppo-
site sign of J by applying the unitary transformation U = [],_.,., 259 [Takahashi,

1999, Volosniev et al., 2015]. Such operator does not preserve the symmetry (does
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not commute with the operator I' (2)), and its action is equivalent to map TG bosons
on non-interacting fermions and vice-versa. On our snippet basis,

-1 0 0 0 0 O
0 1.0 0 0 0
0 0 -1 0 0 O
U= 0 0 0 -1 0 0 (5.16)
0 0 0 0 1 0
0 0 0 0 0 -1

5.1.2 Analysis of the symmetry breaking

We now recall the mandatory elements to characterize the symmetry properties of
the two different ground states using irreducible representations of the permuta-
tion group Sy. We will show in this section that the ground state of the SU(2)
Hamiltonian has a well-defined symmetry, whereas the one of the symmetry break-
ing case does not. In order to quantify the symmetry breaking associated with the
many-body state

\I[SB(JJl,...,IN) = Z agBﬁp(:pl,...,mN)\IJTB(xl,...,xN). (517)

PeSy

1 ~
We calculate the expectation value of the 2-cycle class-sum operator I['?l = 3 > 2 Bij

(see Chapter 3) whose eigenvalues !

1
T = 5 > (N — 20+ 1)), (5.18)
are directly related to Young’s diagrams Y[,], with an increasing number of boxes \;
at line 4. Thus, for the fully symmetric SU(2) ground state, corresponding to the
Young’s diagram [N] = [T1]---[T1], one has 7[[12\;] %(g) = N(N —1)/2, namely ,YéQ)
is %Wen by the number of pairs in a system of N particles. Instead the eigenvalue
7[1\/ N = 71(4 (the most anti-symmetric scenario), corresponding to the Young’s
diagram [N/2, N/2] =H-H- - -HH, is equal to N(N —4)/4. This corresponds to the
number of pairs in a system of N/2 particles (the length of a row) minus N/2 (the
number of columns).
As a side note, one can show that in the case of SU(x) mixtures I'?l can be
written in terms of the spin matrices as

wnan NN —=1)
r® —o9o (%) 5(4) _ )

ZS S+ ———"1, (5.19)

1<)
where we have used P;;; = (69&0") 4 1)/2. In particular for SU(2) balanced
mixtures it reduces to

N(N -4
= 9%+ NN =4)y (5.20)

4
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Figure 5.1: vgp as a function of N (triangles) for the symmetry breaking ground-
state. The stars and the boxes represent the eigenvalues 7( ) and 71(42) respectively.

The lines are a guide to the eye. Adapted from [Aupetit-Diallo et al., 2022].

In Figure 5.1, we plot vgp = (V9B || W5B) as a function of N and we compare

it with 7%2) and 7512). We observe that, by increasing N, ygp moves away from
yg) to position itself halfway between 7§2) and 71(42). We have checked that the
corresponding symmetry breaking ground state (@z7) does not correspond to any
well-defined symmetry.

To better understand what means the SU(2) breaking from the Young’s diagrams

point of view, we will dissect the case of N = 4 bosons.

The example of a 2 + 2 bosonic mixture

For the case of a balanced mixture of N = 4 bosons, the I'® matrix can be written
in the snippet basis (taking into account the initial ansatz for the many-body wave
function Equation (5.2)) as

, (5.21)

o= = =N
—_ = O N =
_ =N O =
— N~ = O
N = === O

1
2
1
1
0
01

which can be diagonalized. This yields three representations of dimension 1,3 and 2
with eigenvalues 7, = 6, 2,0 corresponding to the diagrams [TT17, Bjj and H} The
eigenstate corresponding to the irreps. of dimension one is vg = \/ié(l, 1,1,1,1,1)
which is identical to the ground state of the SU(2) model. The other eigenvectors
are Uy, = 75(—1,0,0,0,0,1), Th, = }(0 —1,0,0,1,0), th, = —5(0,0,-1,1,0,0),
Uo, = %(1,0,—1,—1,0,1) and Uy, = 2\/3(1 —2,1,1,-2,1). The system’s ground
state with broken SU(2) symmetry will be a linear superposition of states With
different symmetries. In this precise case we obtain that az’ = fw; + UOQ,
namely the symmetries involved are mainly [TT17 (£) but also Bﬂ (3)
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As expected, we see with this little example the direct effect of the symmetry
breaking: the ground state of the resulting spin mixture will no longer have a well-
defined symmetry. However, from a formal point of view, we still have to prove that
it will be the case for any mixtures described by the Hamiltonian Equation (5.1).
For this, we will consider the commutator between the Hamiltonian of our model
and I'2.

5.1.3 Proof of the SU(2) symmetry breaking

Before considering the SB Hamiltonian, it is worth beginning with the SU(2) sce-
nario. First, it will help to foresee the expectations for the more involving case of
SB. Moreover, as the symmetry is obviously realized in this case, we already know
the result of the commutator. By then, we add a layer of control on the derivations.

5.1.4 Commutation between ' and H3V = V5 /g

For this demonstration, we can simplify the Hamiltonian as H p(Ji, A = 1) =
HEU ~ > JiP;;1 and use the form T2 = %Zi# P,j for the 2-cycle class sum
operator. Thus, the commutation problem boils down to considering the following
commutator

— Z [Jipi,japi’,j’} 5 (522)

T
2,0,

~ 1 .
[Z S5 > Py

i

= [E Py Y Py
i .5

where we will set j = i + 1 afterward. We have replaced »_,_;, by >, . as it
simplifies the derivation and only adds identity terms F;; which will not contribute
to the commutation problem.

The initial step is to rewrite the permutation operators in the second quantization
[Auerbach, 1994, Zhang & Wang, 2006|

Py = F/0)FL), (5.23)
w,v

where F' o (1) = &I’ 1 Qi a' and a are respectively the creation and annihilation oper-
ators, with p and v the spin-s projection indices going from 1 to 2s+ 1 and 7 and j
are the sites indices. It is important to notice that the F /(i)’s are the generators of
the SU(n) group satisfying the commutation relation of the SU(n) Lie algebra

[F;;(z), P (j)} — 5 (5;,55’ (i) — 07 FY, (j)) . (5.24)

To lighten the following derivation, we will drop the circumflex from the P’s and
F’s operators for the rest of this section. We can now develop the commutator as
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[JiPijs Pag] = | D EV@ELG), Y Fo () FL ()
W,V

W
=Ji Y FL@FMGEL VLG ~Jr Y FU@FS () FY ) FLG),
[TR7NTIN 7 | JTR7NTIN 7 |
=P¢7Pi,j/ =Pi7jr/Pz‘j
(5.25)

thus by swapping the two central I operators, we have for the second sum Py P;;

PopPy= > FU@FLOFLGYFLG) = Y. Frl) |FLG) FE G| FLG)

N7V7M/7’/ — M7V7H/7V/
= > FUGFOFY GVEG) =6 > B (07 B @) — 6 FLG) FLG)
M7V7M/’V/ N MJ,’M/’V/
=E*rl) =(‘:1)

(5.26)

We can actually repeat this swapping process to the terms generated to recreate
a P;;Py; and suppress the one in Equation (5.25). It will nonetheless introduce a
(Ji—Jir) P;; Pyjr, but as we ultimately sum over i, j,4', j', we can always relabel these
indices in a way which cancel it. Then, as done with Equation (5.26), the ensuing
steps are

VR S H O AGLAGIAT BN SR HONAG] FaAeptont)

«—

pvs ! v RN
= > ROFLGFS VRG-S (00FL ) = L)) B GELG),
57,/’#/71,/ R NaVvli/yVl )
=E:2) =K2)
(5.27)
()= . FLOFLGFGOFL G~ Y FLGFLE [FLG), B ()]
pvs ! V! A RN 7
= X BORWORGOFG) 6 Y O (R G) — 6 Fi),
gﬂ/’#/,y/ R MvVvﬂlyV/ )
=E:3) =63)
(5.28)

and
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(k) = Y FLOFLGDFLGFS G = Y FLG) [FEG), Fi )] FE(T)

JTRINTIN Y — PR
= Y FOEOFLGOFS G =0 S0 F6) (0 F G) = 0 FL@)) FEGY.
uu,u v/ R [TRZNTIN 74 y
—PZJPl/J/ =(Z4)

(5.29)

Hence, the commutator [P, Pyj] is only equal to (A1) + (A2) + (A3) + (A4). By
reorganizing all the terms, it follows

(P Prgl =y =610 F (O FL (L) + 6500 FL (D FL()FL() - (5.30)

[TRZNTIN 7

+ Y oSN FY ) FL( ) FL(G) — 0L L G)FY (5)FL (7)) (5.31)
JTR7NTIN 7

+ Z —01 8%, FY (1) FY (1) F(G) + 61 84 FY ) FY () Fh(5')  (5.32)
[TR7NTEN 7

+ Y O ONELVEY () FE(G) — 0L 0L EL GV FY () FY(5),  (5.33)
JTRZNTIN 7

where we have kept a numeration for the different lines to facilitate their future
references. This equation is in agreement with the fact that permutation matrices
do not commute two-by-two. The method now is to place back the sum over i, 5,4, §,
which allows relabeling the indices to make explicit that each line cancels out. Since
the idea is the same for every term of [P, ;, Py |, we will just detail the procedure
for the first line. If we make the transformation i <> ' in the second part of the
line (5.30), one can find

(5.30) = Y —F/()FY ()Y (G) + Fy 6 FY (i) FY (). (5.34)
v V!

This time doing the transformation i <> i’ in (5.34) we finally have >, ;. .(5.34) = 0.
Similarly one can ﬁnds that >, . #(5.31) = >, .. #(5.32) = Z” Z,j,(’f) 33) =0
which imply that [3_; ; P ;, > P ] = 0. Moreover, we notice that each line only
depends on three posmon mdlces (one remaining free). We choose this index to be
j and rewrite the commutator as [Y_; P j, >, i P ] which imply that for a given
set of 4,4, and j" every j could be considered. Said differently, >, P;;,> Py =0
for every j. Thus we can set [Y . P iyn, > Py jy] = 0] (j =i+ n, with n € N*), the
case n = 1 corresponding to our spin Hamiltonian Equation (5.10). Finally, we have

for this case

[H2YV, T@] = 0. (5.35)

This derivation actually stands to SU (k) spin mixtures with any « has the Hamil-
tonian Equation (5.10) is general. Moreover, one must be careful as this derivation
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only stands to J; only positive (or only negative for another mapping). In particular,
certain configurations of J;, such as J; = J, Jo = —mJ, J3 = J;m € N for 2 4 2
mixtures, are not included. We want to emphasize the implication of this outcome:
if every spin species feels the trap in the same way (same sign of the J;’s), any type of
external trapping geometry (represented by the J;’s set) will present in a SU (k) sym-
metry. Alongside, this derivation also spotlights that isotropic spin Hamiltonians
with interactions to n-th neighbors must remarkably satisfy the SU(k) symmetry.
This extends the application of the class-sum method study to an exceptional variety
of systems.

5.1.5. Commutation between class sum operators and H3” =
VSB/g

The derivation is similar to the SU(k) case and, therefore, will only be outlined.
Starting with the Equation (5.13) form of VP one can find that

(V5P /g, TP = [43 " J;80) 80+ 2%~ §UH G0 ] (5.36)
J n,j’

Again, using the commutation relation of spin matrices, one can obtain

Vo0 0] =53 0 (50550 5 (000 500)

j?n

+(SUtnD _ gU-) (SS"SW) - 59)S$+”)) } (5.37)

that doesn’t vanish regardless of the type of mixture (Vx) and the number of particles
(for N > 2). This result proves that H°P breaks the SU (k) symmetry.

5.1.6 Correlations analysis

The previous analysis demonstrates that the protocol used in an experiment to set
particle interactions to a very large value has strong consequences on the symmetry
properties of the ground state. However, the exchange symmetry, or the expecta-
tions of the two-cycle class sum operators, are not accessible experimentally. We,
therefore, now look for a routinely measured physical observable that would keep
a trace of the non-trivial symmetry of the ground state. We know from Chapter 1
that the simplest, yet strongly depending on the symmetry of the wave function, is
the momentum distribution. This one reads in case of a system with PBC

L2
n(k) = / e ®py (t)dt, (5.38)
~L/2

where we have set p1(z,y) = p1(z—y) = pi1(t) for the first order correlation function.
As presented in Chapter 4, thanks to the separation between spin and spatial part
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kL/27

Figure 5.2: Normalized momentum distribution n(k)/N in units of 1/L as a function
of kL /(27) for a mixture of 4+4 bosons. The stars are the data for the SU(2) mixture
and the triangles for the SB system. The inset, in a log-log scale, is a zoom on the
tails. The lines are a guide to the eye. Adapted from [Aupetit-Diallo et al., 2022].

in the wave function, the same decoupling can be done in p;(¢). In our case, this
reads

pr(t) =) Nopro(t), (5.39)

where

N
pro(t) =Y D pa(t), (5.40)
j=1

It should be pointed out that the exchange symmetry properties affect only the spin
correlation function ¢$"”). In parallel, the spatial correlation function p19)(t) is only
affected by the trapping geometry.

In Figure 5.2, we compare the ground state’s momentum distribution of the SB
case with the SU(2) mixture. We recall that the latter coincides with the momen-
tum distribution of a single-component TG gas. We notice remarkable differences
between the two at small and large momenta. In particular, both the peak centered
around k = 0 and the tails at large k (inset of Figure 5.2) of the momentum distri-
bution are larger for the SU(2) mixture. In contrast, the one of the SB mixture is
higher at intermediate wavevectors.

To explore these features, in the following sections, we will focus our study on ng
and limy_, o, n(k)k? that provide information about large-distance and short-distance
correlations, respectively. As a reminder, in the ring geometry, ng coincides with
the quasi-condensate fraction of the system.
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5.1.7 Long-distance coherence

We now discuss in detail the large-distance coherence, which corresponds to small
momenta in the momentum distribution. Specifically, we restrict this analysis to
the zero-momentum occupation number for its importance as a measure of long-
distance coherence in quantum systems. For the balanced mixture discussed in this
manuscript p; () is independent of o, so ng is given by

L/2 N/2

Ng = / dt ,01 =2 Z (I’J (541)

—L)2

where we have defined R? = L/ 2, dt p9)(t) and we have used that c(19) = ¢(LN=3+1),

We are mostly interested in the asymptotlc behavior at a large number of particles
that we approach by increasing the number of particles up to N = 14. The results
of our exact calculations are actually well approximated by a simple fitting function
RJ at a large number of particles,

R ~ §;

N—oo 4 \/2]7—1 .

For the SU(2) case, ¢!} = 1, V4. This implies that the ground state of the SU(2)

system coincides with that of a TG gas with a single spin component. Indeed, in the

presence of a single component mixture, the spin correlation function would have

been maximum Vj. The resulting approximated expression for the zero-momentum
occupation, in the limit N > 1, reads

(5.42)

g N2
Z \/2]7_

This approximation in Equation (5.43) prov1des the correct leading term of the
function n5Y(N) given in [Forrester et al., 2003b| for a single component TG gas,

Y(N>1) (5.43)

SU 0.03
nSY(N) = 1.54V/N — 0.58 + Mok (5.44)
For the SB case, the ¢(9)’s depend on N for small values of N but they seem to
converge rapidly to a well-defined value ¢ for any j (see Table 5.1).

Breaking the SU(2) symmetry makes the two spin states distinguishable. Thus,
we expect that, at large j, there is no more coherence between the first spin and
the j-th one, so that the probability ¢(') to have the same spin state has to tend
to 1/2. Indeed the c(17)’s can be fitted with the function

11 e
fij = <§ + 56**’0*” > , (5.45)

a and b being positive and slightly depending on N. The exponential decay part of
Equation (5.45) does not contribute to the thermodynamic limit, so that

SB
1
lim 20— = (5.46)
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Table 5.1: Behaviour of the absolute value of the coefficients ¢ as functions of N
for the case of breaking symmetry.

12 13 (14 L15) L16) L) (L)
0.833
0.811 0.769

0.804 0.750 0.721

0.801 0.742 0.702 0.687

0.799 0.737 0.692 0.671 0.660

0.798 0.735 0.687 0.662 0.645 0.638
0.797 0.733 0.683 0.656 0.636 0.625 0.619

ooqcnmq;cowg
O

In Figure 5.3, we plot the exact results for ng¥ and ng?, together with the analyt-
ical approximated expression for ngV(N) given in Equation (5.44) and that for the
symmetry breaking case,

1.61
n§BUV)::Q77v774-L64-—9— (5.47)

VN’
Equation (5.47) has been obtained by fitting the data obtained by the exact calcu-
lation and by fixing the first coefficient to 0.77 (half the first coefficient of Equa-
tion (5.44))).

t

SB ,SU
ng, ng

2 21 é é 1‘0 1‘2 14
N = NT + N¢
Figure 5.3: The zero-momentum occupation numbers n3Y (stars) and nj? (trian-
gles), for a balanced mixture, as a function of the total number of particles N. The
exact results (points) are compared with the approximated function (lines) given

respectively in Equations (5.44) and (5.47). Adapted from [Aupetit-Diallo et al.,
2022].

Breaking the SU(2) symmetry has the effect of destroying long-distance coher-
ence. For our particular model, the zero-momentum occupation number is reduced
by a factor of two. This macroscopic consequence of a microscopic symmetry prop-
erty is a central result as it constitutes an experimental smoking gun of SU(2)
symmetry breaking.
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5.1.8 Short-distance correlations: the Tan’s contact

We now proceed with the discussion of short-distance correlations. This time,
they are observable in the tails of the momentum distribution. For a system with
zero-range interactions, the momentum distribution decays as k=*. The prefactor
K = limj_,o n(k)k?* is the so-called Tan’s contact C [Tan, 2008c|. This observable
is proportional to the cusps in the systems, namely to the symmetric exchanges
between particles [Decamp et al., 2016b, Decamp et al., 2017]. In this section, we
will focus on the modification of the Tan’s contact due to symmetry breaking.

For the SU(2)-symmetric system, the Tan’s contact is proportional to the energy
slope K9Y,

2m?
oV = FKSU. (5.48)
We see from the cusp conditions Equation (2.5) that in the ring geometry for the
SU(2) case, there are N cusps, and each cusp brings a contribution that is propor-
tional to twice ay, so that KV = 2Nayh*/m? and thus C5Y = 4Nay.

For the SB case, K%B takes into account only the inter-component contribution,
as our starting point in the energy calculation is a two-component TG gas whose
intra-species interaction strength is set to infinity from the beginning. However,
the Tan’s contact is related to both the intra- and inter-component contributions
[01/g5,0 Elgs.0—00 and [O1/g, , Elg 00, the first term counting the cusps for exchanges
of identical bosons, and the second giving the cusps for exchanges of bosons with
different spins. Similarly to the SU(2), in the SB case the contact is given by

sp _ 2m% ¢ _op\isu-sE
C°7 = i [(@p”)Vvlazl], (5.49)
with @32 is the eigenvector of V55 corresponding to its largest eigenvalue.

In Figure 5.4 we plot the ratio C°P/C5V as a function of N. We observe that
C5B/C%Y converges very rapidly to ~ 0.9. Thus, for N > 2, the contact is lower
for the SB case than for the SU(2) mixture. As reported for other multicomponent
mixtures [Decamp et al., 2016b|, moving from the ideal case of fully symmetric
exchanges also manifests itself in the lowering of the contact in this case. The
modification is relatively small, which is caused by the fact that each component of
the mixture is bosonic and, then, several cusps are still present in the SB case.

5.1.9 Concluding remarks

In this section, we have presented a model of a Bose-Bose mixture where exchange
symmetry is broken and its solutions at large inter-particle interaction. Before sum-
ming up our conclusions, we would like to mention that the solution of such a
model can also be obtained for any strength of the inter-particle interaction em-
ploying the Bethe ansatz solution for the Yang-Gaudin Hamiltonian [Sutherland,
1968, Gaudin, 1976]. Indeed, one can write in each coordinate sector ) such that

Q) < < TQNL)
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Figure 5.4: The ratio C58/C5Y as a function of N = N; + N| for balanced mixtures
(the line is a guide to the eye). In the inset, we show n(k)k?, in units of Cy =
N?2(N?—1)/L3, as a function of kL/(27) for the case of a SU(2) mixture (stars) and
a SB one (triangles) of N = 44-4 bosons. The horizontal lines indicates the values of
C5Y /Cy (continuous line) and C58 /C'y (dashed line). Adapted from [Aupetit-Diallo
et al., 2022].

\IlgB(:vl, ce L IN) = H H sign(xqi,e) — xQ(jya))\I’gG(xl, C TN, (5.50)
t,j o="1l

where the function \Ing is the Bethe wave function for the SU(2) Fermi gas in the
coordinate sector (). We recall the two main advantages of our method compared
to the Bethe ansatz. First, the easy access to the first order correlation function
provides a deep understanding of spatial and spin correlations up to the order 1/gy,.
Second, it can be applied to any trapping potential. As soon as one knows the
single-particle orbitals, such as for the case of a harmonic potential or a box trap,
it is possible to write the exact solution for the many-body wave function and also
for the symmetry breaking case.

In this study, we have shown that different spin states with different symmetries
can be obtained by varying the protocol used in order to achieve the strong-repulsive
limit. The symmetry breaking induced by the difference between the intra- and
inter-specie interaction strengths affects both short- and large-distance correlations.
However, the effect on long-distance coherence is particularly significant. We have
observed a reduction by a factor of two in the zero-momentum occupation number
for high numbers of particles, indicating the destruction of spin coherence at a large
distance. This suggests that the zero-momentum occupation number is a highly
sensitive observable for detecting symmetry breaking.

To conclude, our work provides a guide for the studies of the correlation prop-
erties of SU(k) mixtures in the strongly interacting regime, highlighting the impor-
tance of the protocol chosen to reach such a regime.
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5.2 Spin mixtures with artificial gauge field on a
ring

In this section, we will present the results obtained in collaboration with Giovanni
Pecci and Anna Minguzzi from LPMMC [Pecci et al., 2023]. The idea is to consider
a system with PBC with an artificial gauge field generated by an external global flux.
This system is slightly more complicated than the previously discussed. However,
the spin structure of the Hamiltonian remains unchanged. This motivated a SU (k)
symmetry analysis aiming to provide new data about the system. In particular, we
will show that such investigation adds another layer of information onto the system’s
spectrum but also unlocks a way to place the system in a controlled symmetry state.

5.2.1 Model and definitions

We consider a two-component Bose-Bose mixture of N atoms, made of N; particles
in one component (denoted as spin up) and N, particles in the other component
(denoted as spin down). We focus on the balanced case Ny = N, = N/2. We
place ourselves in the SU(2) scenario, where every interaction strength is positive,
equal, and denoted g. The gas is confined in a one-dimensional ring of radius
R = %, with L being the ring’s circumference. We consider an artificial gauge field,
e.g. induced by setting the system in rotation with frequency (2 inducing an effective
flux ® = 2Q7R? flowing through the ring.

The Hamiltonian of the system is

1
H=) 5 —mQR)* + g d(x; — ), (5.51)

j=1 j<t

Mz

where m is the mass of the particles, ¢ = QE—T g the diffusion strength, and & = %
with &y = % the reduced flux. The kinetic part of the Hamiltonian can be rewritten

as Hpin = Zjvz . ﬁ (pj 2”h<1>> Hence, this model is integrable, and to solve it, we

can rely on the Bethe ansatz method for spin mixtures [Sutherland, 1968, Li et al.,
2003, Oelkers et al., 2006, Imambekov & Demler, 2006b]| introduced in Chapter 3
at the difference that 27 times the rescaled flux now tilts the total momentum.
Thus, the energy of the system is given by E(®) = (K — (1:))2 and the total

momentum is P = A} . (k; — 27”&)) In addition, we set € = fnzz as the energy scale.

In the following, we recall the crucial elements of the Bethe ansatz method for
spin mixture obtained in Chapter 3. First, the Bethe ansatz, properly speaking for
two-component spin mixtures with PBC in the configuration sector x1 < -+ < zn

reads [Li et al., 2003, Oelkers et al., 2006, Imambekov & Demler, 2006b]

Wy, an) = ) Ap({hi}, {An},c)et = tron, (5.52)

PESN

2m

where N = N| + N; is the total number of particles of spin denoted | and f,
Ap({k:},{Am},c) the amplitudes depending on the N charge rapidities {k;} but
also on the N, spin rapidities {A,,}, and where the sum is performed over all the
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possible permutations P in the symmetric group Sy. The two sets of rapidities fully
specify the wave function of the system: they can be obtained for each value of ®
by solving the coupled Bethe equations [Li et al., 2003],

k;

— 2(k; — A
Lk; =2rl; + 2np Z;il arctan —) — ijj:l arctan ((3—))
c c

) aretan (2022 0) 5 et (2 )
¢ C

(5.53)
where we introduced the charge and spin Bethe quantum numbers I; and J,,,, which
are integers or half integers depending on the partition of the mixture. The selection
rules of the Bethe quantum numbers are summarized in Table 5.2. The choice of the
quantum numbers defines the state of the system. In particular, in the ground state,
adjacent quantum numbers are spaced by one unit. Moreover, similarly to identical
particles, they are chosen such that the corresponding rapidities k; minimize the
energy E [Li et al., 2003,Imambekov & Demler, 2006a,Imambekov & Demler, 2006b).

Table 5.2: Selection rule for the Bethe quantum numbers of a SU(2) fermionic and
bosonic mixture with PBC [Yu & Fowler, 1992, Li et al., 2003]. For fermions N,
(resp. N;) dictates the distribution of the I; (resp. J,,) while for bosons, only N|
has to be considered.

Fermions Bosons
Conditions N, even N, odd Ny even Ny odd
Selection rules I, eZ I,ez+1/)2 I, €eZ+1/2 I,€Z
Conditions Ny even N; odd Ny even N; odd

Selection rules J,, € Z+1/2 IJn €Z IJn€Z+1/2 J,€eZ

Later on, we will consider the highly repulsive regime in which a spin-charge
decoupling occurs in the wave function Equation (5.52). Precisely, in this case
the amplitudes satisfy lime_,oo Ap({ki}, {Am},c) = Ap({\n}) = e(P)Ap({\n}) for
fermions and lim. . Ap({ki}, {An},¢) = Ap({\n}) for bosons. The presence or
absence of the signature €(P) only betrays the type of symmetry under the involved
particle exchange. Moreover, the set of amplitudes { Ap({\,,})} doesn’t belong any-
more to a particular configuration sector but effectively describes the whole space.
Precisely, the wave function in a particular sector xp) < --+ < xp(y) become in
this limit

U(zry,...,on) = AP<{>\m}>€i2j kp@)s, (5.54)

where now every Ap({\,}) is attached to a given sector, and explicitly reads [Essler
et al., 2005, Oelkers et al., 2006]

A A 9 A i\
)\m Q(m) — A\Q(n) — QW) — 5.55
r{dmp) o > ] P E o ,  (5.55)

QESNL 1<m<n<N, )\Q(n)
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where the integer yp() labels the position of the [-th spin down in the coordinate
sector P.

Our ultimate goal is the symmetry analysis of the system. As presented in
Chapter 3, this analysis can be performed using the class sum operators 2 and its
eigenvalues ’y[[ﬂ, with [v] = 11,1, ...] corresponding to Young’s diagrams, with v;
boxes in the j-th line. We recall that these diagrams represent the overall symmetry
of the state. Through their use, one can assign a well-defined symmetry to every
state W of the Hamiltonian Equation (5.51) by deriving the expectation values of 2
in these states. Therefore, to perform this symmetry analysis, we must obtain each
eigenstate of our model - thus the rapidities and amplitudes. A thorough explanation
of the method to acquire the explicit expression of the Bethe wave function has been
provided in Chapter 3 and will therefore be skipped here. Instead, the complete
derivation in the case of 1 + 1, and 2 + 2 mixture at large interaction has been
provided.

5.2.2 Case of two particles

Before tackling the case of larger numbers of particles, it is instructive to understand
the solution for N = 2 particles, i.e., one boson for each component of the mixture.
When N = 2 and N; = 1 there are only two coordinate sectors, namely P, = 1 :
r1 < x9 and Py : 2o < x1. Without loss of generality, we assume the positions
of the spin-down particle in the two sectors to be y;3 = 2 and yp, = 1. We use
Equation (5.55) to compute the amplitudes of the Bethe wave function

12110\) X <i_?_z> )

An ) o (-1) (i . ) (5.50

where we used the property €(1) = 1 and €(FP2) = —1. The Bethe equation for the
spin rapidity A reads
T

arctan(\) = §J, JeZ. (5.57)

In the ground state at zero flux, we have, to minimize the energy, J = 0 and
A1(0) = Ap,(0) = 1, while in the first excited state J = 1 and consequently
Aj(o0) = 1, Ap,(00) = —1. Next, to connect with the standard solutions in the
fermionized limit, we decompose the wave function in each coordinate sector on a
basis of anti-symmetric combinations of plane waves, as opposed to Equation (5.54).
Consequently, we introduce the amplitudes A = €(Q)Aq. Explicitly, the wave func-
tion in this form reads

U (21, 22) = A1 — 22) det (e”77) . (5.58)

A simple reorganization of the terms entering in the above equation yields
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U(zy,29) = A(xy — 22) sin (k(zy — xg))eiK(“”?)/Q, (5.59)

where K = k;+ks is the center of mass momentum and k = (k;—kz)/2 is the relative
momentum of the two-particle system. In the homogeneous ring, there is complete
factorization between the internal structure of the state, encoded in the term A(z; —
xg) sink((xzq — x2)), where A(z1 —x3) controls the overall symmetry under exchange
of particles, and the center-of-mass part exp(iK (z1 + x2)/2). The latter is the one
that couples to the artificial gauge flux [Manninen et al., 2012, Naldesi et al., 2022].
The corresponding value of the energy is E = 3", ,(h*/2m)[k; — (27 /L) ]2,

The values of the wave vectors ki, ko are obtained by imposing the periodic
boundary conditions V(xy + L,x9) = V(xy,23) = VY(z1,29 + L). The function
A(xy — x3) for the ground state depends on the value of the artificial gauge field.

For —0.25 < ® < 0.25, the ground state of distinguishable bosons coincides with
the one of identical TG bosons, i.e., A(z; — x2) = sign(z; — x2). In this case, the
periodic boundary conditions imposed on Equation (5.58) yield ky + ky = (27/L)2p
and ky + ko = (27/L)q with p, ¢ integers. The solution for the ground state gives
ky = —n/L and ky = 7/L.

Notice that thanks to the analogy of the Hamiltonian with one of the particles
in a crystal with quasi-momentum ®, the same choice for A(z; — x5) holds for all
intervals of flux obtained by a translation of the interval —0.25 < ® < 0.25 by
integer numbers, i.e., shifting ® by integer multiples of ®.

For 0.25 < & < (.75, the ground state is instead obtained by choosing A(zry —
x9) = 1, as for spinless fermions. This corresponds to the Bethe ansatz solution for
the wave function of the first excited state at zero flux. In this case, the periodic
boundary conditions yield k&; = 0 and ks = 27/L. As above, the same choice
for A(z1,29) holds for all intervals of flux values obtained by translations of the
considered interval by integer numbers.

By collecting all the above considerations, we obtain the ground-state energy
as a flux function (see Figure 5.5): it consists of piece-wise parabolas, with half
periodicity with respect to the flux quantum ®,. We notice that each parabola is
associated with a different total momentum value P = h(k; + k2). Hence, of the
total angular momentum L, along the direction perpendicular to the ring plane. We
labele them by ¢ = (L,) /h, as also indicated in the figure, where (L,) = PR. We
notice that the halved periodicity implies fractional angular momentum per particle
as already reported for the case of attracting bosons [Naldesi et al., 2022|, paired
fermions [Bloch, 1973, Yu & Fowler, 1992, Pecci et al., 2021], and SU(N) fermionic
mixtures [Chetcuti et al., 2022].

Our explicit solution also allows us to obtain the ground state’s symmetry readily.
The wave function is fully symmetric for the parabola centered at zero flux (and
all its translations by ®g). In contrast, for the one centered at ®y/2 (and all its
translations by @) the wave function is fully anti-symmetric. The corresponding
Young’s diagrams are also depicted in Figure 5.5.

Let us summarize the four main aspects emerging from the analysis of the two-
particle case: 1) the ground state of the mixture on a ring is not degenerate, as
opposed to the case of a mixture under harmonic confinement [Volosniev et al.,
2014], 2) piece-wise parabolas give the ground-state energy as a function of the flux,
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each of them characterized by a given value of total angular momentum specified
by ¢, 3) each parabola has a well-defined symmetry (either fully symmetric or fully
anti-symmetric), and 4) the case of a two-component mixture displays a halving of
the periodicity with respect to the case of a spin-polarized Fermi gas (parabolas
centered at semi-integer values of @) as well as the one of a single-component TG
gas (parabolas centered at integer multiples of ®).

In the following, we will treat the more challenging case of a 2 + 2 spin mixture.
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Figure 5.5: On the left, ground state energy (relative to the energy E, at zero
flux, in units of €) as a function of the reduced flux (dimensionless) for the case
N =2, N, =1 (red solid line). The violet and magenta dashed lines correspond
to the energy landscape for N = 2 single-component TB and SF, respectively. The
total angular momentum quantum number and the Young’s diagram indicating the
symmetry of the ground state under particle exchange are also indicated on each
ground-state branch. Adapted from [Pecci et al., 2023].

5.2.3 Results for N =4, N =2

This section provides the results for a balanced multicomponent Bose gas of N =4
particles and N| = 2 spins down. The quantum numbers I; and J,,, are both semi-
integers |Li et al., 2003]. We can write Equation (5.53) as follows

AL — Ay — 20 /A —1\¥PQ) /A9 — 1\ YP(2)
Ap(, ) G5
P 2>O<( A=Ay A fi Ay +i

+)\2—)\1—2i<)\2—i>yp<1><)\1—zi)ym))' (5.60)

)\2—)\1 )\2+Z )\1"‘2

The set of Bethe equations is
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Table 5.3: Solutions of the Bethe equations for a strongly repulsive Bose-Bose mix-
ture of N = 4 particles and N = 2 spin-down particles. We consider various values
of total angular momentum P and quantum numbers configuration .Ji, J5. Such so-
lutions are the ground state and the first excited states for zero reduced flux ® (see
column E(0)/e ) but become the ground state in a given interval of flux as indicated
in the last column of the table.

P Ji+Jds A\ A E(0)/e Reduced flux interval
0 0 1/vV3 —1/V/3 10 ~1/8<d<1/8
0 0 ico  —ioo 10 ~1/8<®<1/8
o/ L 1 ~1 00 21/2 1/8 < ® < 3/8
dm /L 2 0 00 12 3/8<®<5/8
4r /L 2 i —i 12 3/8<®<5/8
6r/L 3 1 00 29/2 5/8<d<7/8

Lk = 271'[ ZN(Jl + JQ)
8arctan(\;) = 2mJ; — arctan 225 , (5.61)

8arctan(\y) = 27.Jy + arctan 2 2)‘1

which can be simplified using the trigonometric relation arctan(a) + arctan(b) =

arctan (%)

L/{,‘j - 27‘(’[ — Zl(Jl + JQ)
Atde tan( (Jl + JQ)) s (562)

[ESYP
8arctan()\y) = 27.J5 + arctan /\2;>\1

In order to minimize the energy associated to the charge sector we have to

minimize Z I;. As a consequence, the set of quantum numbers I; for the ground

state of the charge sector is I; = {—2 5 ;, ;, 2} Moreover, due to the periodicity

of the tangent function, the second equatlon only gives independent solutions for
(J1 + Jo)(mod 4). Therefore, we can focus on the four cases J; + Jo = 0,1,2,3,
which, for each value of @, correspond to respectively the ground state and the
first three excited states. Explicitly, these configurations yield the following values
for the total momentum P = 0,2%,4% 5 The solutions of Equation (5.62) are
listed in Table 5.3. Remarkably, if we allow for complex A,,, mult1ple solutions can
be associated with the same momentum value. We define a = Ag(NL(P), \y(P))
as the amplitudes of the Bethe wave function for each conﬁguratlon of quantum
numbers and where 5\212(13) are the i-th solutions of the last two Bethe equations
(5.62) for a fixed value of the total momentum P, labeled by the quantum number
¢. In particular, we get two solutions for P = 0 and P = 4x /L, while for P = 27/L
and P = 67/L, the solution is unique. We also stress that in order to get all the
possible low-energy excitations, we had to include singular solutions of the Bethe
equations [Nepomechie & Wang, 2013, Kirillov & Sakamoto, 2014].

In Table 5.4, we show all the possible aé’i for this case in the different coordinate
sectors, defined by the possible spin orderings. We get six possible solutions, which
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Table 5.4: Amplitudes agi corresponding to the different spin sectors for N = 4 and
N =2.

Sector ag’l) ag,z) ag’l) ag’l) ag’Q) ag’l)
[T 2 2 1—1 0 2 141
-4 2 0 2 0 0
411 2 2 1414 0 —2 1—34
T4 2 2 —1—3 0 -2 =141
M| -4 2 0 -2 0 0
) 2 2 -1+ 0 2 —-1—3

correspond to six different states. This value coincides with the possible and distin-

guishable spin configurations allowed in this case, given in general by W

0.2

0.16 |
|
5012 |

o 0.08 1

Figure 5.6: Top panel: energy levels (relative to the energy Ey at zero flux, in units
of €) as a function of the reduced flux (dimensionless) for both a bosonic and a
fermionic mixture with N = 4 and N| = 2. The red continuous line highlights the
ground state of the system. For each flux value, we indicate the angular momentum
quantum number of the ground state. The two upper lines of Young’s diagrams (blue
diagrams) indicate the symmetry of the bosonic ground state as a flux function.
The two bottom lines (orange diagrams) are the ones of the fermionic ground state.
Adapted from [Pecci et al., 2023].

Looking at Figure 5.6, we see that each time the flux increases by i)/N , the
ground state carries a different value of total momentum P.

We evaluated the symmetry of the states listed in Table 5.4 by computing the
expectation value (a%!| Ty [a®%), |a®?) being the vector collecting the coefficients agi
in the different coordinate sectors for the i-th state of total momentum P (i.e the
columns of Table 5.4), suitably normalized. For each of the above states, this ex-

pectation value coincides with an eigenvalue of the class-sum operator I's, i.e., each
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state has well-defined symmetry. This allows us to link them to a Young’s diagram
and, therefore, for any value of the reduced flux, to determine the symmetry of the
ground state. In the top panel of Figure 5.6, the upper line (blue) of diagrams pro-
vides the symmetry of the ground state for each branch of the ground-state energy
as a function of the flux.

It is instructive to compare our results for the Bose-Bose mixture with the ones
for a Fermi-Fermi mixture with repulsive contact inter-component interactions. In
this case, the wave function still has the form Equation (5.54). However, the Bethe
equations are different since there is no contact interaction among fermions belonging
to the same component, and the symmetry under exchanges of particles belonging
to the same component is different. At strong repulsive interactions, the first Bethe
equations (5.53) reads Lk; = 27 <I i+~ Zr]\le Jm> while the equation for the spin
rapidities coincides with the one for the bosonic case [Yu & Fowler, 1992, Chetcuti
et al., 2022|. The results for the solutions of the Bethe equations for the fermionic
case are summarized in Table 5.5. In this case the quantum numbers I; for N = 4
and N, = 2 are integers [Oelkers et al., 2006]. In the ground state, we have I; =
{—2,-1,0, 1} which implies } , I; = —2. The total momentum for the Fermi-Fermi
mixture is Pr = 2%5(2] I+ >, Ju) = Lep [Ogata & Shiba, 1990, Essler et al.,
2005, Chetcuti et al., 2022|. The energy levels as a function of the flux are the
same as for the Bose-Bose mixture. Similarly, for a given value of ®, the angular
momentum of the ground state is the same for bosons and fermions.

On the other hand, the symmetry of the ground state is markedly different in the
two cases. We evaluate the symmetry of the fermionic ground-state wave function by
following the same procedure used for the bosonic system. Since the Bethe equation
for the spin rapidities is the same as in the bosonic case, the fermionic amplitudes
satisfy aéf’j = ag_Q)(m0d4)’] , where {5 labels fermionic states with different angular
momentum. Consequently, the same value of the total momentum Ppr is associated
with distinct spin rapidities in the two cases and, therefore, to different amplitudes
Ap. As the amplitudes affect the symmetry of the wave function, the corresponding
Young’s diagrams are different in the fermionic and the bosonic case. The Young’s
diagrams indicating the fermionic ground state’s symmetries as a flux function are
displayed in orange in the top panel of Figure 5.6.

We also remark that - both in the case of bosonic and fermionic mixtures -
different parabolas display different symmetries, reflecting that they correspond to
separate excited states at zero flux.

Let us emphasize the fact that we are considering a two-component system, and
thus, different symmetries are possible. We remind that for the case of a single-
component gas, also for the case of N = 4 particles, the energy landscapes are those
shown in the right panels of Figure 5.5 (top panel for the TG gas and bottom panel
for spinless fermions).

5.2.4 Concluding remarks

In this study, we have investigated the properties of 1D spin mixtures at large
interaction with PBC and, in the presence of an external flux, up to 4 particles. We
first obtained the general wave function via Bethe ansatz by carefully selecting the
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Table 5.5: Solutions of the Bethe equations for a strongly repulsive Fermi-Fermi
mixture for N = 4, Ny = 2, and various values of total momentum Pr. We also
provide the energy associated with each state at zero flux and the reduced flux
interval where each state becomes the ground state.

Pr Ji+J N Ao E(0)/e Reduced flux interval

0 2 0 10 ~1/8<d<1/8
0 2 i —i 10 ~1/8<®<1/8
o1/ L 3 1 oo 21/2 1/8 < ® < 3/8
/L 4 5 5 12 3/8 < c? <5/8
dm/L 4 00 00 12 3/8<®<5/8
6/ L 5 —1 oo 29/2 5/8<d<7/8

physical solutions of the Bethe equations. This task successfully fulfilled allowed for
a SU(2) symmetry analysis via the class-sum method. In parallel, we have computed
the spectrum of various mixtures to aid in interpreting the impact of the flux on
different states and their symmetry.

This joint analysis has provided various outcomes. First, we have shown that
the spectrum of a spin mixture with an artificial gauge is composed of parabolas,
each corresponding to a particular spin excited state. We have found the ground
state energy to be periodic with the flux ® and the exited-stated with fractions of
®. This 1/N fractionalization of the periodicity, as compared to the non-interacting
case, is understood as an interplay between ® and the excited states. Precisely, by
applying an overall @, the states originally above the ground state see their energy
decreasing at its level but in a different range of reduced flux ®. The second crucial
result comes from the symmetry analysis. In particular, we have been able to assign
well-defined symmetries to each parabola.

Furthermore, our study delved into the symmetry of particle exchange in ground-
state branches, specifically about flux. Our findings indicate that a non-degenerate
branch corresponds to a singular Young’s diagram. Conversely, if the ground state
is degenerate, multiple diagrams may be observed. This analysis confirms that spin
excitations are responsible for the reduction in periodicity and the appearance of
novel parabolic branches, which are absent in the non-interacting regime.

The fact that a particular symmetry state could be linked with a given flux is
remarkable. This is an engaging feature in order to build an experimental setup to
select the symmetry state of spin mixtures.
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Conclusion

Along with this thesis, we have investigated the correlations and symmetry prop-
erties of 1D ultracold atomic gases with contact interactions between them. We
have carried a particular interest in spin mixtures throughout their long- and short-
distance correlation behavior and the notion of SU(k) symmetry.

In Chapter 3 we have conducted a thorough study of the short-distance properties
of gases in a 1D box-shaped trap. We have begun with the simple yet insightful
example of spinless fermions and Tonks-Girardeau bosons, which have unveiled the
presence of unexpected terms in the 1/k? coefficient of the momentum distribution
tail. In particular, we have demonstrated the presence of an additional constant and
oscillating contribution generated by the hard walls of the potential. This curious
phenomenon has motivated us to push our analysis toward the more involving case
spin mixtures, allowing a deeper understanding of these new contributions. We
learned that the constant term resulted from the wave function’s accommodation
to the boundary conditions. At the same time, we understood that the one-spin
coherence was mediating the oscillatory term between the same particle at the edges
of the trap. The latter has the important effect that spin coherences are carried by
these oscillations, opening new protocols to probe spin states of 1D systems. Relying
on this discovery, we have proposed a method to probe the ground state of a bosonic
spin mixture.

In the first section of Chapter 5, we have incorporated the SU(k) analysis into
our investigation of spin mixtures via the class-sum method. Our team considered a
model to investigate the SU(2) symmetry of a bosonic spin mixture in a controlled
setup and an experimental protocol for its implementation. Since the Hamiltonian
governing the system is integrable, we obtained the corresponding exact wave func-
tion to conduct both a symmetry analysis and an exploration of the correlations.
This ansatz has enabled both the symmetry analysis and the investigation of the
correlations of this new system. Our findings revealed that the ground state of a
spin mixture no longer has a single well-defined symmetry but rather becomes a
mixture of different symmetries. This state can be assimilated as the ground state
of a fermionic mixture, which has been ultimately symmetrized. We have also ex-
plored the effect of the SB on the long- and short-distance correlations. Even if the
symmetry is weakly broken, we have demonstrated that it tremendously impacts
the system’s long-distance coherence, halving the related observable: the zeroth-k
mode occupation. The effect is so important enough to be observed experimentally,
furnishing a convenient way to confirm if the system has realized a SU(2) symmetry
breaking.

In parallel with this work, I developed an exact expression for the n-th order

103



104 Conclusion

correlation function and the equivalent of the Lenard form of the first-order correla-
tion (both for SU(k) spin mixture at large interaction). I already have preliminary
results, which have not been included in the present document. This analysis of
higher-order correlations is of particular importance and could allow, for instance,
for full counting statistics obtaining. In contrast, the Lenard-like form of the first-
order correlation function, which is extremely efficient for short-distance analysis,
could provide an exact expression for Tan’s contact in complex configurations, such
as the SU (k) symmetry breaking case.

In Chapter 5, we have also moved to a slightly more challenging model where spin
mixtures are trapped in a ring-shaped trap. Through the Bethe ansatz method, we
have carefully acquired the exact wave function and examined its SU (k) symmetries.
In parallel, we have derived the system’s spectrum as a function of the overall flux
within the ring. This joint analysis has allowed us to characterize the symmetry of
each spectrum’s regions and, by then, helped to explain its structure.

The versatility of 1D cold atomic spin mixtures offers many possibilities to im-
prove our results. Among all the perspectives, some were revealed to be of particular
interest. In Chapter 4 we have already evoked the dynamics of our systems. This
type of generalization must be seen as one of the principal outlooks of the works
done in this thesis. One can think, for instance, to obtaining the spectral function of
spin mixtures. Besides, the thermodynamic properties are also particularly thrilling.
Indeed, our systems are integrable and realizable in many configurations, so they
could serve as an experimental platform to study the eigenvalue thermalization hy-
pothesis. One can also think of the disorder properties of such a system, for instance,
through localization. Naturally, we can consider more exotic systems both in terms
of mixtures and trapping geometry. For the former, the question of Bose-Fermi
or anyonic mixtures is relevant. For the latter, we know that the method we call
Volosniev works for any type of trapping geometry as long as we know the natural
orbital so correlation functions are accessible in a huge variety of configurations.

In parallel, we have demonstrated in Chapter 5 (through a commutator problem)
that any arbitrary trapping geometry can realize an SU(k) symmetry, so SU(k)
symmetry analysis can be realize even for random or time-dependent trapping. On
the symmetry side, many other aspects must be investigated more deeply. For
example, the other kind of complete set of commuting observable of S,, and what
information they could convey. To conclude, one important question related to the
spectrum remains unanswered: why do some states with the same overall symmetry
(i.e., Young’s diagrams) have different energies? This feature clearly points toward
a hidden property of the system, and understanding what drives this ordering could
naturally add another layer of insight into these mixtures.



Appendix A

Derivation of the Volosniev matrix

A.1 The nearest-neighbor exchange constant

To simplify the expression of the slope, we will demonstrate what became the ay’s
in a homogeneous configuration. With this updated form, we will derive the ther-
modynamic limit of Equation (3.21) in the case of PBC and, as the two are similar,
only present the result for DBC.

In a sense, the a;’s quantify the preferred particle positions within the trap.
However, when the potential is uniform throughout the trap, there is no preference
for a specific position. Consequently, all a;’s values should be equal, so we can set
ay = ay and adjust Equation (3.21) accordingly

OUgp |?

al‘l

aN—N!/ dxy...drno(x — 22)
r1<--<TN

Let us investigate what became this expression for PBC and DBC.

A.1.1 ay in the ring

While dealing with PBC, the Equation (A.1) formulation of the nearest-neighbor
exchange constant becomes ill-defined. The boundary condition imposes for every
ordering to loop, which results in I'lq to have the form z; < -+ < xny < z;. Writing
the sector this way may suggest that the integration domain has no dimension.
However, we can overcome this issue by treating one of the variables (in this case,
x1) as a moving boundary for the other (N —1) variables. The corresponding domain
is actually N times larger than I'y and leads to the ensuing expression [Aupetit-
Diallo et al., 2022]

N

L x1+L
0

i=2 J Ti-1

OVgp |

axl

(A.2)

We acknowledge Martial Morisse and Manon Ballu for the idea of redefining a
in these terms.
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To solve this new formulation, let us express the spinless fermions wave function
under a Leibnitz determinant form

Usp(T1,..., oN) \/— Z P) H Op(n) (Tn), (A.3)

PeSy

and rewrite the natural orbitals for PBC in a suitable way

O () = €7 VL, (A.4)

with the k2° = nl,,/L = m7(2n—N—1)/L, forn = 1,..., N. Thus, for Equation (A.2)
it follows

R k Ipp() (1) 8¢29(1)($1> X
v = NLN P;SN / i [ 0xy . 0x -¢P(2)(xl)¢Q(2)<x1)]
z1+L z1+L
X/ dr3dps) (3 )00(3) (T3 H/ dzn110p(n41) (Tn+1) PG (nt1) (Tnt1)
(A.5)
L z1+L )
N IV Z QK kg / diyé (A11+A12)x1/L/ di5ei™A 373/ L
P,QeSn 0 x1
N-1 e +L
X H/ dxppq ™A nr1ensa /L (A.6)
n=3

with AL, = Ipm) — Iom) = 2(P(n) — Q(n)). Here, we will present a conjecture
regarding the result of the previous integral. Through formal computation, we have
verified the following expression up to N = 6, this one reads

1

N = Qa Qn)
TN -2)L D (P)el@knkg 1>5 +P(2) H5P(n
P?QESN
N N(N —2)IL > — kpkge) H5P<n
P,QeSN
1 IV
= NV =L 2 L(6F) — kEwkFs] )
PeSy

This result is believed to be robust as no new types of nested integrals arise in
Equation (A.6) for N > 4. With the precedent formulation, the solution is quite
direct. Only two elements remain free in this sum, P(1) and P(2), so the sum over
P boils down to (N — 2)! identical sums over two sets of N ordered elements

R 1 = 007,00
oN =7 Z — k2k] (A8)
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Finally, using the symmetry of the k° one can find a condensed form for the nearest-
neighbor exchange constant

1 N

of =+ S0 (A.9)
n=1
This result was already found in [Barfknecht et al., 2021|, but no explanation
was provided. Moreover, such simplification appears to be a general property of 1D
UCAG at large repulsion and can also be observed in DBC, for instance. Finding
the thermodynamic limit is then straightforward

N N/2—1 N/2—1

272 N
c0\2 2
n=1 n=0 n=0
N(N2 -1) ,

which leads to the nearest-neighbor exchange constant thermodynamic limit in the
presence of PBC to reads as follows |[Aupetit-Diallo et al., 2022]
N(N?—-1)
R _ 2
We will now present the same outcome obtained in DBC.

A.1.2 ay in the box

Integrating on a moving boundary will be inefficient for a system not invariant by
translation. Thus, we need a slightly different treatment for the box. Here the idea
is to extend the domain I'lq from z; < 29 < --- < zy to 0 < 27 < LUfCV:_ﬁ#Q T <
zr+1 < L. Noticing that this new domain is (N — 2)! time larger we find [Aupetit-
Diallo et al., 2023|

N' L N-—1 L
aﬁ:—(N—%!/o dxl( H /x d$i+1)

i=1,i#2

2

ov

oy

(A.12)

This approach is a variation of the method described in [Decamp et al., 2016a,
designed explicitly for homogeneous systems. It allows for the determination of the
nearest-neighbor exchange constant in the thermodynamic limit, taking into account
the presence of DBC. The resulting expression is as follows [Aupetit-Diallo et al.,
2023

N(N+1)(2N +1)

B _ 2

ay = E i (A.13)
We have gathered all the elements for building the Volosniev matrix and can

proceed.
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A.2 Construction of the Volosniev matrix

Before presenting the recipe for building the V' matrix, let us take a closer look at
the basis where it lives. Based on the Equation (3.28) that defines our eigenproblem,
the ap vectors, where P indexes the snippets as defined by K in Equation (3.22),
constitute the basis we’re looking for. Thereby, these D = N!/[[, N,! snippets -
or independent spin sectors - must form the basis for the Volosniev matrix. Let’s
explicitly write it out for a 2 + 2 mixture with o = (1,]) to clarify this basis. In
this scenario, the snippet basis is as follows

{ITT1¢¢>, INZTU, INSH% |¢T4N>, |¢T5¢T>, |¢¢6TT>}7 (A.14)

where we have labeled the vectors to facilitate the incoming calculation of the ele-
ment [V]; ;. Moreover, let us recall the expression of the Volosniev matrix

V39, = { 2eaipi Ok 22 g K= (A.15)
—Qi k#i
where the d-sum has to be taken over snippets k that transpose distinguishable
particles, while the b-sum involves snippets that transpose identical bosons. Now
that these definitions have been set, let us dissect the example of 2 + 2 mixtures of
fermions and bosons in the box and give their equivalent in the ring to witness their
discrepancies.

2 4+ 2 mixture in the box

To proceed, we will apply the permutation operator P;;q (with i =1,..., N — 1)
to each snippet and rely on the state labeling chosen in (B.4). As a remark, the
Volosniev matrix is symmetric, so in principle, we just have to compute the upper
triangle to construct V' entirely. Nonetheless, for the sake of this discussion, we will
provide the full derivation for the upper half of the matrix. To begin, let us take the
first vector [11]J). For fermions, only exchanges of distinguishable particles count,
as no contact potential is present for identical fermions. Then, we just have to
consider Py3, as P and Pyy act as identity. It follows Pos [1T14)) = [T 1)) which is
the second vector of the basis. Thus, the element [V]12 = —ay and [V]1 53 = [V]14 =
[V]15 = [V]16 = 0. Moreover, because there is one snippet accessible via P, ;11 the
first diagonal element reads [V];; = 1 X ay. We can repeat the same procedure for
the rest of the basis. Hence with the second vector

L3 1001)) = [Viaa

A= T
Piivt [N = § 25 1) = [V]za = —au (A.16)
B 1) = Ve = —au

which imply for the second diagonal element to be [V]o2 = 3 X ay. Similarly, for the
third vector
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D2 = Vs = —u

: A17
2 1NN = [V]sa = —a A

Priv1 [TH) = {

which implies that the third diagonal element should be [V]33 = 2 x ay. We will
conclude the derivation at this point and provide the complete matrix, as the remain-
ing steps are identical and could be obtained by symmetry. Thereby, the Volosniev
matrix for 2 + 2 fermions and DBC reads

1 -1 0 0 0
-1 3 -1 -1 0
o -1 2 0 -1
0o -1 0 2 -1
0
0

o O OO

, (A.18)

‘/2?70-53-62F = Oy
o -1 -1 3 -1
0 0 0 -1 1

where the eigenvalues and eigenvectors are presented in Table A.1.

Table A.1: Rescaled eigenvalues K;/ay and eigenvectors |ap); of V%%, with i the
excitation level.

K;/oy |aP>i

473 | (1,-2—=+3,1+V3,1+3,-2—-/3,1)
3.41 (-1,14++/2,0,0,—1 — v/2,1)

2 (0,0,—1,1,0,0)

1.27 | (1,-2++3,1—v3,1 -3, -2++/3,1)
0.58 (—1,1 —+/2,0,0,—1 ++/2,1)

0 (1,1,1,1,1,1)

Fortunately, we do not have to restart the derivation from scratch for a bosonic
mixture with the same composition, as the only difference lies in the diagonal el-
ements. For instance, the first vector |11]J) has two types neighboring identical
bosons, and [V];; must be heightened by an additional +4ay4 term. On its side,
the second vector, [T/1)), does not present neighboring identical bosons, so [V]2 2 is
identical to fermions. By continuing this process, we obtain the matrix for a 2 + 2
bosonic mixture in the presence of DBC

5 -1 0 0 0 0
-1 3 -1 -1 0 O
-1 4 0 -1 O

0

0

o -1 0 4 -1 ’ (A.19)
0

0

‘/2%0—&3-523 =
o -1 -1 3 -1
0 0 0O -1 5

like fermions, the eigenvalues, and eigenvectors can be found in Table A.2.
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Table A.2: Rescaled eigenvalues K;/ay and eigenvectors |ap), of VJ}F,p, with ¢ the
excitation level.

Ki/ay lap),
6 (1,-1,1,1,-1,1)
5.41 (=1, -14++2,0,0,1 —v/2,1)
473 | (1,2—+v3,1-+3,1-+/3,2-+3,1)
4 (0,0,—1,1,0,0)
2.58 (=1,-1—1+/2,0,0,1+/2,1)
126 | (1,24+v3,14+v3,1+3,2++/3,1)

We can now discuss the outcomes of the Volosniev matrix in the ring.

2 + 2 mixture in the ring

The treatment of PBC in the Volosniev formalism is highly close to DBC. For in-
stance, the expression of the recipe presented Equation (A.15) remains unchanged.
The only difference is that now particles 1 and N are in contact, leading to addi-
tional sectors’ connexion. These new connexions introduce supplementary non-zero
elements to the Volosniev matrix, which now reads for 2+ 2 fermionic mixtures with

PBC

Rin 0O -1 2 0O -1 0
Vartse=0al o 1 g 9 1 ¢ | (A.20)
-1 0 -1 -1 4 -1
0O -1 0 0o -1 2
and for 2 + 2 bosonic mixture with PBC
6 -1 0 0O -1 0
-1 4 -1 -1 0 -1
Rin 0O -1 6 0 -1 0
Vapiap = 0 -1 0 6 -1 0 (A.21)

-1 0 -1 -1 4 -1

The eigenvalues and eigenvectors for these two matrices are presented in Table A.3.
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Table A.3: Rescaled eigenvalues K;/a, and eigenvectors |ap); of Vy1a?, with i the
excitation level of the state for (left) 2 + 2 fermions (right) 2 4+ 2 bosons.

2F +2F 2B+ 2B
Kifoy lap); Ki/ay lap);
6 (1-21,1-21) 8  (1-1,1,1-1,1)
4 (0-1,00,1,0) 6 (-1,0,0,0,0,1)
2 (-1,0,0001) 6  (-1,0,0,1,0,0)
2 (-1,0,0,1,00) 6  (-1,0,1,0,0,0)
> (-1,0,L,0.00) 4  (0-1,0,0,1,0)
0 1,1, 2 (1,21,1,2,1)

To conclude this brief showcase of ring geometry, we want to emphasize that
only the ground and most excited states correspond to exact physical states, as
every other state could include phases.
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Appendix B

SU(2) symmetry analysis of a 2 + 2
mixture in the box

In this appendix, we will detail the procedure that allows us to assign a well-defined
symmetry to the physical state of a SU(x) Hamiltonian Hgy. First of all, let us
recall the Hamiltonian governing our system at large interaction in the presence of
DBC [Deuretzbacher et al., 2014]

N-1
Hp = (Ep — (N = 1))Jx)1+ Iy Y Pjjer, (B.1)
j=1
where the + (resp. -) sign stands for fermions (resp. bosons). The eigenstates of
Hp will be reffered to as |ap). In the case of 2 +2 mixtures of bosons and fermions,
we have already obtained these states and gathered them in Table A.1 and A.2 of
Appendix A.2.
To determine the symmetries of these states, we will follow the steps described
in the Section 3.3 of the main document.

B.1 Derivation of the v and dimension of the CSCO

For this initial step, the aim is to obtain the central characters fym for every irrep.
of Sy up to an order 7’ that lifts any degeneracies. For Sy, we already know the
number of irreps. and the corresponding Young’s diagrams, which are

Y:
Yy Yis,1) Yo, Y21, L

but what are the associated central characters? For the 2-cycles, in this case Equa-
tion (3.52) gives

113
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2] _ (2] (2] 2 _ [2] _
T = 6, M3 = =2, M22) = =0, M2.11] = —2, M1 = —6. (B-Q)

We can see that even at this order, no degeneracies occur. Consequently, our CSCO
has only two elements Hp and I'®l. To give an example of further derivation, we
will also compute 7[[3} and T'® even if it is not strictly necessary for Sy. Using

Equation (3.53) the 3-cycle central characters reads

(Bl _ 3] (B8] _ Bl 3]
T = 8, RiES =0, V2,20 = —4, M2.11] = 0, M1 = = 8. (B-3)

We can now proceed to the second step and gather the elements of the relevant
conjugacy classes.

B.2 Element and representations of the conjugacy
classes cc,

We know which orders of class operators are required, let us move to their obtaining.
According to their general expressions, class sum operators are the sum of all the
elements of a given class ccy. To visualize which elements will be needed, we have
summarized all the elements that compose each of the five conjugacy classes of Sy
in Table B.1. At this stage, one can quickly verify each class’s dimension using the
formula of |ccy| in Equation (3.48). The question is now, how can we construct the
representation of these elements?

On the one hand, we must select a representation. For this derivation, we will
write the matrices on a snippet basis, which is more concise and convenient than
the sectors. In a 2 + 2 mixture scenario, this one reads

(P LR TR, JEER L), [, (B.4)

On the other hand, we use a fundamental property of S,,’s elements: each cycle
can be decomposed into a product of 2-cycles, and the elements of ccy make no
exception. Therefore, we will first represent every 2-cycles, and obtain I'® by the
same mean, then use them to build all the others r-cycles, and I'") in a second time.

Table B.1: Elements of the five possible conjugacy classes ccy of S, with the de-
scription of the cycle as well as all the elements that compose each class.

Partition Cycle description Cycle type elements of Sy
1+1+1+1 Four fixed points () Id
2+1+41 | One 2-cycle & Two fixed points | (1,2), (1,3), (1,4), (2,3), (2,4), (3,4)
2+2 Two 2-cycle (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)
3+1 One 3-cycle & one fixed point (1,2,3) (1,3,2), (2,3,4), (2 ,4,3),
(3,4,1), (3,1,4), (4,1,2), (4,2,1)
4 One 4-cycle (1,2,3,4), (1,2,4,3), (1,3,2,4),
(1,3,4,2), (1,4,3,2), (1,4,3,2)
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As we can see in Table B.1, the 2-cycles of Sy are Pio, Pogz, P34, P13, Poy, Piy. Let
us start with Pj5 and compute the matrix elements of its representation ﬁsnip(Plg)
in the snippet basis. If one swaps the two first components of each vector of the
snippet basis, we obtain

P ML) = 1), Pt = M), Pe [t = L1,
P [U1L) = 1AL, Pl = 1AL, P [UA1) = [,

These manipulations show which vectors can be connected by the action of P,
namely the non-zero matrix elements of Dy,;,(P12). Hence the representation of Pjs
reads

1 00 0 0O
0001O0O0
~ 00 0O0T1FPO
Dsnip(PH) - 010000 (B5)
001000
00 0O0O01

By application of the same process to the remaining 2-cycles, we finally get all the
representations

100000 010000
000100 100000
. 0000710 - 001000
Dinip(Pr2) = 01 000O0}| Dinip(Pas) = 00 010O0]”
001000 000001
000001 000010
100000 000100
001000 010000
. 010000 - 000001
Dsmp(P34)— 000010l Dsm’p(PB)_ 1 0 0 0 0 01
000100 000010
000001 0001000
001000 000010
010000 000001
- 100000 - 001000
Dsmp(P24)— 00000 1| Dsm'p(P14)_ 00 0100
0000710 100000
000100 010000

If one wants to get the same result in the sectors basis, the exact procedure must
now be applied to the 4! permutation of the vector |1,01;2, 09;3, 03; 4, 04), leading
to 4! x 4! matrices. For the r-cycles in the snippet basis, we can mindlessly use
Table B.1 to construct the elements with products of 2-cycles. Thus, if we translate
the cyclic notation in Table B.1 into permutation we have
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(1,2,3) = PiaPes, (1,3,2) = Pi3Pag,
(2,3,4) = Py3 Py, (2,4,3) = Poy Py,
(3,4,1) = P34 Py, (3,1,4) = P34 Py,
(4,1,2) = Py P,  (4,1,2) = Py Pro

With the representation in hand, we have all the ingredients to build the class
sum operators.

B.3 r-cycle class-sum operators and symmetry anal-
ysis

The last step is simply to use the expression of the different class sum operators.
For instance, with the 2-cycle and the 3-cycle class sum operator, we have

O = === N
— O = = N
=
_— =N O ==
NN RO
N — = = = O

el

=)

|
O NN DN O
N O DN O N
NN O NN
NN O O NN
N O NN O N
O NN DN O

—

oy

=

The eigenvalues of the T2 and T are respectively {6,2,2,2,0,0} and {8,0,0,0, —4, —4}
which correspond to the diagram Y 11,1}, Yj2,1,1) and Y}29). As an example, one can
obtain the analog representation of ' in the following sector basis

{11234) ,[1243) , [2134) , [2143) , |1324) ,|1423) ,
12314) ,|2413) , |1342) , |1432) , [2341) , [2431) ,
13124) ,[4123) , [3214) , [4213) , |3142) , |4132) ,
13241) , |4231) , |3412) , [4312) , [3421) , |4321)}, (B.7)

where the vectors |7, j, k,[) are an abbreviation of the vectors |, 0;; j, 0;; k, ox; [, 07).
We then can express I'? as follow



B.3. r-cycle class-sum operators and symmetry analysis 117

F[Q] - o o 1 0 0o o o 1 o 1 10 " " " ! " " " " "
_0010100000000””1HHHHIV
o o o 1 o 1 o O O O o o 1 o ™ Mmoo owoowmoowowon
iFI 0o o o o o 1T o o o o o 1T o o "™ M~ 4w oowmoowmon
o 1 o o o o0 o 1 o O o o o 1 1 o ™ ™o wowmom
o o o 1 o o0 o0 o 1 o O o 1 o o o o ™ Mmoo mwmo o
o o 1 o o o0 o0 o o 1 o o o 1 o o 1 o ™ m™m
o 1 o o o o0 o o o o 1 o o o 1 o 1 o o ™
i1 o0 o o o o o o o o o 1 o o o 1 o 1 1 o "
o o o o o o o 1 o 1 o o o o 1 o 1 o o o o
o o o o o o 1 o 1 O o o o o o 1 o 1 o0 o 1 o
o o o o o 1 o o0 o o o 1 1 o o o o o 1 o 1 o0 o
o o o o 1 o o0 o0 o o 1 o o 1 o o o o o 1 o 1 1 o
(B.8)

where the upper half triangle can be obtained by transposition.

It must be pointed out that these definitions of the class sum operators do not
take into account the initial mapping choice for the spatial part of the wave function.
Said differently, the matrix should be anti-symmetrized accordingly if we map on
fermions and search to describe bosons. In particular, we end up with the following
class sum operators

2 -1 1 1 -1 0 0 -2 2 2 -2 0
1 2 -1 -1 0 -1 2 0 -2 -2 0 -2

2 f1o-1 2 0 -1 1 B 2 -2 0 0 —2 2

D=1 21 0 2 -1 1|0 & 5 2 0 0 -2 2| B9
-1 0 -1 -1 2 -1 -2 0 -2 -2 0 -2
0 -1 1 1 -1 2 0 -2 2 2 -2 0

~ We can now compute the different expectation values of the operators T2 and
I'Bl for the physical states |ap),.

We have mapped the physical part of the wave function of spinless fermions, so

' and I'B must be used for the 2 + 2 fermionic state while E[Q] and ﬁ[g] for the
bosonic ones. The corresponding results of the expected values of |ap), have been
gathered in Table B.2. One can verify by the same means that the |ap), have a
well-defined symmetry. An alternative option to confirm this statement would be to
project the |ap), on the eigenbasis of the I’s to find that the non-zero components
are only on one subspace of well-defined symmetry.
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2] .
in

Table B.2: Expectation values of the operator 2 and 16 (resp. ﬁ and ﬁ[g])

the eigenstates |ap), of the ground state manifold of Hgy for 2 4 2 fermionic (resp.
bosonic) mixtures in presence of DBC. The states have been order by decreasing
energy slope K.

2F +2F

lap), (ap| T ap); (ap| TP ap),
(17_2_\/571+\/§71+\/§7_2_\/§71) 0 -4
(=1,1++/2,0,0,—1 —/2,1) -2 0
(0,0,—1,1,0,0) -2 0
(1,-24+v3,1-v3,1-v3,-2+3,1) 0 4
(=1,1—1+/2,0,0, -1 ++/2,1) -2 0
(1,1,1,1,1,1) -6 8

2B + 2B

Np) ~ 3]

|aP>i (ap|L |G’P>i (ap| L ’aP>z'
(1,—-1,1,1,-1,1) 6 8
(=1,-14+/2,0,0,1 —/2,1) 2 0
(1,2 —+/3,1—+3,1-+3,2—+3,1) 0 -4
(0,0,—1,1,0,0) 2 0
(=1,-1—+/2,0,0,1++2,1) 2 0
(1,24 v3,1+v3,1+v3,2+ V3,1 0 4




Appendix C

Large-k tail of the momentum
distribution of TB in the box

As a reminder, the large-k tail of n(k) for the Tonks-Girardeau gas (Equation (4.21)
of the main text) is given by

N
lim k*n"¢(k) = Cx° + By + Ay cos (kL) =

Cx° 4+ Aycos(kL), (C.1)
where CE,G is the Tan contact related to this system, and By and Ay are the same for
the case of spinless fermions (see Section 4.1 of the main document). The similarities
between Equation (4.4) and (4.21) could be understood from the fact that pT'%(z,y)
can always be written in terms of the fermionic reduced density matrices p7* (z, ..)
as [Lenard, 1964]

2 (=) v
piC(z,y) = piF(z,y) + i /dxz...dl'1+j pffj(w,xg,...;y,xz,...), (C.2)
j=1 v

which is Equation (4.18) of the main text.

The first term of Equation (C.2) gives rise to the same terms of Equation (4.4).
We now show why there is not a (—1)V~! factor for TG gas with respect to the
spinless fermion case. To do that, we write the integral of the second term in
Equation (C.2) as follows

L2
/ /dxg...dx1+jpf+j(x,a:2,...;y,:z;Q,...) =(N—=1)(N=2)...(N —5)pi(z,y)
—L/2

(N-1)!
= mpl (z,y),
(C.3)

and we notice that
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N— 1 : N—-1
| 1)1 =2 (=2 (N : 1)
= ) W= o J
N—-1

Using Equation (C.3) and (C.4), we then evaluate

N— 1 oy
l_1>mL ]| /dazg...dxlﬂpfﬂ(x,a:g,...;y,wg,...) (C.5)
-5 =
yog
N-1 ,
(-2y (V1)
=2 oo @b (CO)
= ! !
@Dy [(—DY T - 1] (©7)

which gives a factor —2 for NV even and 0 for N odd (Equation (4.20) of the main
text). The sum of Equation (C.7) and the first term in the expansion in Equa-
tion (C.2) appears then in Equation (C.1) with a positive sign in front of Ay re-
gardless of the parity of V.

We now evaluate the additional term, which corresponds to the Tan contact.
This term differs from the others because it is connected to two-body correlations.
Indeed, it can be written as [Sant’Ana et al., 2019

Cxe == dzs lim = . (C.8)

2 /L/2 o5 (2, 295y, 2) (N—-1)N(N+1)(2N +1)
T ) pp oy |r—aolly — x| 3L3

Finally, we see that, for the case of a TG gas, C5% = (N — 1)By, and, therefore, we
end up with Equation (C.1).



Bibliography

[Abramowitz et al., 1971] Abramowitz, M., Stegun, I. A., & Greenhill, A. G. (1971).
Handbook of Mathematical Functions with Formulas, Graphs. Dover Publications.

[Allen & Misener, 1938] Allen, J. F. & Misener, A. D. (1938). Flow of Liquid Helium
I1. Nature, vol. 141(3558), page 75.

[Anderson et al., 1995] Anderson, M. H., Ensher, J. R., Matthews, M. R., Wieman,
C. E., & Cornell, E. A. (1995). Observation of Bose-Einstein Condensation in a
Dilute Atomic Vapor. Science, vol. 269(5221), pages 198-201.

[Auerbach, 1994] Auerbach, A. (1994). Interacting Electrons and Quantum Mag-
netism. Springer.

[Aupetit-Diallo et al., 2023] Aupetit-Diallo, G., Musolino, S., Albert, M., & Vig-
nolo, P. (2023). High-momentum oscillating tails of strongly interacting one-
dimensional gases in a box. Phys. Rev. A, vol. 107, page L061301.

[Aupetit-Diallo et al., 2022] Aupetit-Diallo, G., Pecci, G., Pignol, C., Hébert, F.
Minguzzi, A., Albert, M., & Vignolo, P. (2022). Exact solution for SU(2)-
symmetry-breaking bosonic mixtures at strong interactions. Phys. Rev. A, vol.
106(3), page 033312.

[Barcelo et al., 2001| Barcelo, C., Liberati, S., & Visser, M. (2001). Analogue grav-
ity from Bose-Einstein condensates. Classical and Quantum Gravity, vol. 18(6),
page 1137.

[Barfknecht et al., 2021| Barfknecht, R. E., Foerster, A., Zinner, N. T., & Volosniev,
A. G. (2021). Generation of spin currents by a temperature gradient in a two-
terminal device. Communications Physics, vol. 4, page 252.

[Barth & Zwerger, 2011 Barth, M. & Zwerger, W. (2011). Tan relations in one
dimension. Annals of Physics, vol. 326, pages 2544-2565.

[Batchelor et al., 2005 Batchelor, M. T., Guan, X. W., Oelkers, N., & Lee, C.
(2005). The 1D interacting Bose gas in a hard wall box. Journal of Physics
A: Mathematical and General, vol. 38(36), page 7787.

[Bethe, 1931] Bethe, H. (1931). Zur Theorie der Metalle. Zeitschrift fiir Physik, vol.
71(3), pages 205-226.

121



122 Bibliography

[Billam et al., 2013| Billam, T. P., Marchant, A. L., Cornish, S. L., Gardiner, S. A.,
& Parker, N. G. (2013). Bright Solitary Matter Waves: Formation, Stability and
Interactions. Berlin: Springer Berlin Heidelberg.

[Bleistein & Handelsman, 1986] Bleistein, N. & Handelsman, R. A. (1986). Asymp-
totic Expansions of Integrals. Dover Publications.

[Bloch, 1973] Bloch, F. (1973). Superfluidity in a Ring. Physical Review A, vol.
7(6), pages 2187-2191.

[Bloch et al., 2008] Bloch, I., Dalibard, J., & Zwerger, W. (2008). Many-body
physics with ultracold gases. Reviews of Modern Physics, vol. 80(3), pages 885
964.

[Bloch et al., 2000] Bloch, I., Hansch, T. W., & Esslinger, T. (2000). Measurement
of the spatial coherence of a trapped Bose gas at the phase transition. Nature,
vol. 403(6766), pages 166-170.

[Bouchoule & Dubail, 2021] Bouchoule, I. & Dubail, J. (2021). Breakdown of Tan’s
Relation in Lossy One-Dimensional Bose Gases. Physical Review Letters, vol.
126(16), page 160603.

[Calabrese et al., 2016] Calabrese, P., Essler, F. H. L., & Mussardo, G. (2016). In-
troduction to ‘Quantum Integrability in Out of Equilibrium Systems’. Journal of
Statistical Mechanics: Theory and Experiment, vol. 2016(6), page 064001.

[Castelvecchi, 2023] Castelvecchi, D. (2023). Nature. https://www.nature.com/
articles/d41586-023-00536-w.

[Cayla et al., 2023] Cayla, H., Massignan, P., Giamarchi, T., Aspect, A., West-
brook, C. I., & Clément, D. (2023). Observation of 1/k* after Expansion of Bose-
Einstein Condensates with Impurities. Physical Review Letters, vol. 130(15), page
153401.

[Cazalilla et al., 2011| Cazalilla, M. A., Citro, R., Giamarchi, T., Orignac, E., &
Rigol, M. (2011). One dimensional bosons: From condensed matter systems to
ultracold gases. Rev. Mod. Phys., vol. 83, pages 1405-1466.

[Chetcuti et al., 2022] Chetcuti, W. J., Haug, T., Kwek, L.-C., & Amico, L. (2022).
Persistent current of SU(N) fermions. SciPost Phys., vol. 12, page 033.

[Cohen-Tannoudji et al., 1986] Cohen-Tannoudji, C., Diu, B., & Laloe, F. (1986).
Quantum Mechanics, Volume 1. Wiley-VCH.

[Curie, 1894] Curie, P. (1894). Sur la symétrie dans les phénoménes physiques,
symétrie d'un champ électrique et d’'un champ magnétique. J. Phys. Theor. Appl.,
vol. 3(1), pages 393-415.

|[de Boer & Verwey, 1937] de Boer, J. H. & Verwey, E. J. W. (1937). Semi-
conductors with partially and with completely filled 3d-lattice bands. Proceedings
of the Physical Society, vol. 49(4S), page 59.


https://www.nature.com/articles/d41586-023-00536-w
https://www.nature.com/articles/d41586-023-00536-w

Bibliography 123

[De Bruyne et al., 2021] De Bruyne, B., Dean, D. S.; Le Doussal, P., Majumdar,
S. N., & Schehr, G. (2021). Wigner function for noninteracting fermions in hard-
wall potentials. Physical Review A, vol. 104(1), page 013314.

[Dean et al., 2019] Dean, D. S., Doussal, P. L., Majumdar, S. N., & Schehr, G.
(2019). Noninteracting fermions in a trap and random matrix theory. Journal of
Physics A: Mathematical and Theoretical, vol. 52(14), page 144006.

[Decamp et al., 2016a] Decamp, J., Armagnat, P., Fang, B., Albert, M., Minguzzi,
A., & Vignolo, P. (2016a). Exact density profiles and symmetry classification
for strongly interacting multi-component Fermi gases in tight waveguides. New
Journal of Physics, vol. 18(5), page 055011.

[Decamp et al., 2016b] Decamp, J., Jiinemann, J., Albert, M., Rizzi, M., Minguzzi,
A., & Vignolo, P. (2016b). High-momentum tails as magnetic-structure probes
for strongly correlated SU(k) fermionic mixtures in one-dimensional traps. Phys.
Rev. A, vol. 94(5), page 053614.

[Decamp et al., 2017] Decamp, J., Jinemann, J., Albert, M., Rizzi, M., Minguzzi,
A., & Vignolo, P. (2017). Strongly correlated one-dimensional Bose-Fermi quan-
tum mixtures: symmetry and correlations. New Journal of Physics, vol. 19(12),
page 125001.

[Deuretzbacher et al., 2014 Deuretzbacher, F., Becker, D., Bjerlin, J., Reimann,
S. M., & Santos, L. (2014). Quantum magnetism without lattices in strongly
interacting one-dimensional spinor gases. Phys. Rev. A, vol. 90(1), page 013611.

[Deuretzbacher et al., 2016] Deuretzbacher, F., Becker, D., & Santos, L. (2016).
Momentum distributions and numerical methods for strongly interacting one-
dimensional spinor gases. Phys. Rev. A, vol. 94(2), page 023606.

[Deuretzbacher et al., 2008] Deuretzbacher, F., Fredenhagen, K., Becker, D., Bongs,
K., Sengstock, K., & Pfannkuche, D. (2008). Exact Solution of Strongly Inter-

acting Quasi-One-Dimensional Spinor Bose Gases. Phys. Rev. Lett., vol. 100(16),
page 160405.

[Devillard et al., 2020| Devillard, P., Chevallier, D., Vignolo, P., & Albert, M.
(2020). Full counting statistics of the momentum occupation numbers of the
Tonks-Girardeau gas. Physical Review A, vol. 101(6), page 063604.

[Dirac, 1929] Dirac, P. A. M. (1929). Quantum mechanics of many-electron systems.
Proceedings of The Royal Society A: Mathematical, Physical and Engineering Sci-
ences, vol. 123, pages 714-733.

[Doughty & Lawler, 1984] Doughty, D. K. & Lawler, J. E. (1984). Spatially resolved
electric field measurements in the cathode fall using optogalvanic detection of
Rydberg atoms. Applied Physics Letters, vol. 45(6), pages 611-613.

[Dyson, 2004a] Dyson, F. J. (2004a). Statistical Theory of the Energy Levels of
Complex Systems. 1. Journal of Mathematical Physics, vol. 3(1), pages 140-156.



124 Bibliography

[Dyson, 2004b| Dyson, F. J. (2004b). Statistical Theory of the Energy Levels of
Complex Systems. II. Journal of Mathematical Physics, vol. 3(1), pages 157-165.

[Dyson, 2004c|] Dyson, F. J. (2004c). Statistical Theory of the Energy Levels of
Complex Systems. III. Journal of Mathematical Physics, vol. 3(1), pages 166—
175.

[Dyson & Mehta, 2004 Dyson, F. J. & Mehta, M. L. (2004). Statistical Theory of
the Energy Levels of Complex Systems. IV. Journal of Mathematical Physics, vol.
4(5), pages 701-712.

[Einstein, 1905a] Einstein, A. (1905a). Zur Elektrodynamik bewegter Korper. An-
nalen der Physik, vol. 322(10), pages 891-921.

[Einstein, 1905b] Einstein, A. (1905b). Uber die von der molekularkinetischen The-
orie der Wérme geforderte Bewegung von in ruhenden Fliissigkeiten suspendierten
Teilchen. Annalen der Physik, vol. 322(8), pages 549-560.

[Englert & Brout, 1964| Englert, F. & Brout, R. (1964). Broken Symmetry and the
Mass of Gauge Vector Mesons. Physical Review Letters, vol. 13(9), pages 321-323.

|[Essler et al., 2005| Essler, F. H. L., Frahm, H., Gohmann, F., Kliimper, A., & Kore-
pin, V. E. (2005). The One-Dimensional Hubbard Model. Cambridge: Cambridge
University Press.

[Faley et al., 2004] Faley, M. I., Pratt, K., Reineman, R., Schurig, D., Gott, S.,
Atwood, C. G., Sarwinski, R. E., Paulson, D. N., Starr, T. N., & Fagaly, R. L.
(2004). High temperature superconductor de¢ SQUID micro-susceptometer for
room temperature objects. Superconductor Science and Technology, vol. 17(5),

page S324.

[Fang et al., 2011] Fang, B., Vignolo, P., Gattobigio, M., Miniatura, C., & Min-
guzzi, A. (2011). Exact solution for the degenerate ground-state manifold of a
strongly interacting one-dimensional bose-fermi mixture. Phys. Rev. A, vol. 84,
page 023626.

[Fang et al., 2009] Fang, B., Vignolo, P., Miniatura, C., & Minguzzi, A. (2009).
Fermionization of a strongly interacting bose-fermi mixture in a one-dimensional
harmonic trap. Phys. Rev. A, vol. 79, page 023623.

|[Fetter & Svidzinsky, 2001] Fetter, A. L. & Svidzinsky, A. A. (2001). Vortices in a
trapped dilute Bose-Einstein condensate. Journal of Physics: Condensed Matter,
vol. 13(12), page R135.

[Feynman, 1982] Feynman, R. P. (1982). Simulating physics with computers. In-
ternational Journal of Theoretical Physics, vol. 21(6), pages 467-488.

|[Fisher, 1915] Fisher, R. A. (1915). Frequency Distribution of the Values of the Cor-
relation Coefficient in Samples from an Indefinitely Large Population. Biometrika,
vol. 10(4), pages 507-521.



Bibliography 125

[Forrester et al., 2003a| Forrester, P., Frankel, N., Garoni, T., & Witte, N. (2003a).
Painlevé Transcendent Evaluations of Finite System Density Matrices for 1d Im-

penetrable Bosons. Communications in Mathematical Physics, vol. 238(1), pages
257-285.

[Forrester et al., 2003b| Forrester, P. J., Frankel, N. E., Garoni, T. M., & Witte,
N. S. (2003b). Finite one-dimensional impenetrable Bose systems: Occupation
numbers. Phys. Rev. A, vol. 67(4), page 043607.

[Franchini et al., 2017] Franchini, F. et al. (2017). An introduction to integrable
techniques for one-dimensional quantum systems. Springer.

[Fredholm, 1903] Fredholm, I. (1903). Sur une classe d’équations fonctionnelles.
Acta Mathematica, vol. 27, pages 365—390.

[Frobenius, 1896] Frobenius, G. (1896). Uber vertauschbare matrizen. Sitz.-Ber,
Akad. Wiss. Berlin.

|Galton, 1877 Galton, F. (1877). Typical laws of heredity. Nature, vol. 15, pages
4925, 5124, 532-3.

[Galton, 1889| Galton, F. (1889). Kinship and Correlation. Statistical Science, vol.
4(2), pages 81 — 86.

|Gaudin, 1971] Gaudin, M. (1971). Boundary energy of a bose gas in one dimension.
Phys. Rev. A, 4, 386-394.

|Gaudin, 1976] Gaudin, M. (1976). Diagonalisation d'une classe d’hamiltoniens de
spin. J. Phys. France, vol. 37(10), pages 1087-1098.

|Gerritsma et al., 2010] Gerritsma, R., Kirchmair, G., Zéhringer, F., Solano, E.,
Blatt, R., & Roos, C. F. (2010). Quantum simulation of the Dirac equation.
Nature, vol. 463(7277), pages 68-71.

|Giamarchi, 2021] Giamarchi, T. (2021). https://boulderschool.yale.edu/
2021/boulder-school-2021-lecture-notes.

|Girardeau, 1960| Girardeau, M. (1960). Relationship between Systems of Impene-
trable Bosons and Fermions in One Dimension. Journal of Mathematical Physics,
vol. 1(6), pages 516-523.

[Glauber, 1963] Glauber, R. J. (1963). The Quantum Theory of Optical Coherence.
Phys. Rev., vol. 130(6), pages 2529-2539.

[Greiner et al., 2002] Greiner, M., Mandel, O., Esslinger, T., Hansch, T. W., &
Bloch, 1. (2002). Quantum phase transition from a superfluid to a Mott insulator
in a gas of ultracold atoms. Nature, vol. 415(6867), pages 39-44.

|Greiner & Miiller, 1989] Greiner, W. & Miiller, B. (1989). Symmetries in Quantum
Mechanics. Springer.


https://boulderschool.yale.edu/2021/boulder-school-2021-lecture-notes
https://boulderschool.yale.edu/2021/boulder-school-2021-lecture-notes

126 Bibliography

|Guan & He, 2022| Guan, X.-W. & He, P. (2022). New trends in quantum integra-
bility: recent experiments with ultracold atoms. Reports on Progress in Physics,
vol. 85(11), page 114001.

[Hamermesh, 1962] Hamermesh, M. (1962). Group theory and its application to
physical problems. Dover Publications Inc.

[Henkel et al., 2017|] Henkel, C., Sauer, T.-O., & Proukakis, N. P. (2017). Cross-
over to quasi-condensation: mean-field theories and beyond. Journal of Physics
B: Atomic, Molecular and Optical Physics, vol. 50(11), page 114002.

[Hess, 1986] Hess, H. F. (1986). Evaporative cooling of magnetically trapped and
compressed spin-polarized hydrogen. Physical Review B, vol. 34(5), pages 3476—
3479.

[Higgs, 1964] Higgs, P. W. (1964). Broken Symmetries and the Masses of Gauge
Bosons. Physical Review Letters, vol. 13(16), page 508-509.

[Holland et al., 2001] Holland, M., Kokkelmans, S. J. J. M. F.; Chiofalo, M. L., &
Walser, R. (2001). Resonance Superfluidity in a Quantum Degenerate Fermi Gas.
Physical Review Letters, vol. 87(12), page 120406.

[Hotelling, 1936] Hotelling, H. (1936). Relations Between Two Sets of Variates.
Biometrika, vol. 28(3/4), pages 321-377.

[Huang & Yang, 1957] Huang, K. & Yang, C. N. (1957). Quantum-Mechanical
Many-Body Problem with Hard-Sphere Interaction. Phys. Rev., vol. 105(3), pages
T67-775.

[Hansch & Schawlow, 1975 Hénsch, T. & Schawlow, A. (1975). Cooling of gases by
laser radiation. Optics Communications, vol. 13(1), pages 68-69.

[Imambekov & Demler, 2006a] Imambekov, A. & Demler, E. (2006a). Applications
of exact solution for strongly interacting one-dimensional Bose—Fermi mixture:
Low-temperature correlation functions, density profiles, and collective modes. An-
nals of Physics, vol. 321(10), pages 2390-2437.

[Imambekov & Demler, 2006b| Imambekov, A. & Demler, E. (2006b). Exactly solv-
able case of a one-dimensional Bose—Fermi mixture. Physical Review A, vol. 73(2),
page 021602.

[Jones & Chapman, 1924a] Jones, J. E. & Chapman, S. (1924a). On the determi-
nation of molecular fields. —II. From the equation of state of a gas. Proceedings

of the Royal Society of London. Series A, Containing Papers of a Mathematical
and Physical Character, vol. 106(738), pages 463-477.

[Jones & Chapman, 1924b] Jones, J. E. & Chapman, S. (1924b). On the determi-
nation of molecular fields.—I. From the variation of the viscosity of a gas with

temperature. Proceedings of the Royal Society of London. Series A, Containing
Papers of a Mathematical and Physical Character, vol. 106(738), pages 441-462.



Bibliography 127

|[Kapitza, 1938| Kapitza, P. (1938). Viscosity of Liquid Helium below the A-Point.
Nature, vol. 141(3558), page 74.

|[Kasevich & Chu, 1991] Kasevich, M. & Chu, S. (1991). Atomic interferometry
using stimulated Raman transitions. Physical Review Letters, vol. 67(2), page
181-184.

[Katriel, 1993| Katriel, J. (1993). Representation-free evaluation of the eigenvalues
of the class-sums of the symmetric group. Journal of Physics A: Mathematical
and General, vol. 26(4), page L135.

|[Kibble, 1976] Kibble, T. W. B. (1976). Topology of cosmic domains and strings.
Journal of Physics A: Mathematical and General, vol. 9(8), page 1387.

|[Kinoshita et al., 2004] Kinoshita, T., Wenger, T., & Weiss, D. S. (2004). Observa-
tion of a One-Dimensional Tonks-Girardeau Gas. Science, vol. 305(5687), pages
1125-1128.

[Kinoshita et al., 2005 Kinoshita, T., Wenger, T., & Weiss, D. S. (2005). Local
Pair Correlations in One-Dimensional Bose Gases. Physical Review Letters, vol.
95(19), page 190406.

[Kirillov & Sakamoto, 2014] Kirillov, A. N. & Sakamoto, R. (2014). Singular solu-
tions to the bethe ansatz equations and rigged configurations. Journal of Physics
A: Mathematical and Theoretical, vol. 47(20), page 205207.

[Kittel, 1976 Kittel, C. (1976). Introduction to solid state physics. John & Wiley.

[Kominis et al., 2003] Kominis, I. K., Kornack, T. W., Allred, J. C., & Romalis,
M. V. (2003). A subfemtotesla multichannel atomic magnetometer. Nature, vol.
422(6932), pages 596-599.

[Korepin et al., 1993| Korepin, V. E., Bogoliubov, N. M., & Izergin, A. G. (1993).
Quantum Inverse Scattering Method and Correlation Functions. Cambridge
Monographs on Mathematical Physics. Cambridge University Press.

[Kota, 2020] Kota, V. K. B. (2020). SU(3) Symmetry in Atomic Nuclei. Springer
Nature Singapore.

|Lacroix-A-Chez-Toine et al., 2018] Lacroix-A-Chez-Toine, B., Le Doussal, P., Ma-
jumdar, S. N., & Schehr, G. (2018). Non-interacting fermions in hard-edge po-
tentials. Journal of Statistical Mechanics: Theory and Experiment, vol. 2018(12),
page 123103. IOP Publishing and SISSA.

[Landau & Lifshitz, 2013] Landau, L. D. & Lifshitz, E. M. (2013). Quantum me-
chanics: non-relativistic theory, volume 3. Elsevier.

[Langen et al., 2015] Langen, T., Geiger, R., & Schmiedmayer, J. (2015). Ultracold
Atoms Out of Equilibrium. Annual Review of Condensed Matter Physics, vol.
6(1), pages 201-217.



128 Bibliography

[Lenard, 1964| Lenard, A. (1964). Momentum Distribution in the Ground State of
the One-Dimensional System of Impenetrable Bosons. Journal of Mathematical
Physics, vol. 5(7), pages 930-943.

|[Lenard, 1966] Lenard, A. (1966). One-Dimensional Impenetrable Bosons in Ther-
mal Equilibrium. Journal of Mathematical Physics, vol. 7, pages 1268-1272.

|[Lennard-Jones, 1931] Lennard-Jones, J. E. (1931). Cohesion. Proceedings of the
Physical Society, vol. 43(5), page 461.

[Lewenstein et al., 2007] Lewenstein, M., Sanpera, A., Ahufinger, V., Damski, B.,
Sen(De), A., & Sen, U. (2007). Ultracold atomic gases in optical lattices: mimick-

ing condensed matter physics and beyond. Advances in Physics, vol. 56(2), pages
243-379.

[Li et al., 2003] Li, Y.-Q., Gu, S.-J., Ying, Z.-J., & Eckern, U. (2003). Exact results
of the ground state and excitation properties of a two-component interacting Bose
system. Europhysics Letters, vol. 61(3), page 368.

|Lieb & Liniger, 1963] Lieb, E. H. & Liniger, W. (1963). Exact Analysis of an
Interacting Bose Gas. 1. The General Solution and the Ground State. Phys. Rewv.,
vol. 130(4), pages 1605-1616.

[Ma, 2007] Ma, Z.-Q. (2007). Group Theory for Physicists. World Scientific Pub-
lishing.

[MacDonald, 1979] MacDonald, I. G. (1979). Symmetric functions and Hall poly-
nomials. Oxford Mathematical Monographs.

[Manin, 1980| Manin, Y. (1980). Computable and non-computable. Moscov, Soviet
Radio.

[Manninen et al., 2012] Manninen, M., Viefers, S., & Reimann, S. (2012). Quan-
tum rings for beginners II: Bosons versus fermions. Physica E: Low-dimensional
Systems and Nanostructures, vol. 46, pages 119-132.

[Maschke, 1898 Maschke, H. (1898). Ueber den arithmetischen Charakter der Co-
efficienten der Substitutionen endlicher linearer Substitutionsgruppen. Mathema-
tische Annalen, vol. 50(4), pages 492-498.

[Maschke, 1899] Maschke, H. (1899). Beweis des Satzes, dass diejenigen endlichen
linearen Substitutionsgruppen, in welchen einige durchgehends verschwindende
Coefficienten auftreten, intransitiv sind. Mathematische Annalen, vol. 52(2), pages
363-368.

[McClelland et al., 2016] McClelland, J. J., Steele, A. V., Knuffman, B., Twedst,
K. A., Schwarzkopf, A., & Wilson, T. M. (2016). Bright focused ion beam sources
based on laser-cooled atoms. Applied Physics Reviews, vol. 3(1), page 011302.



Bibliography 129

[Meckes, 2019] Meckes, E. S. (2019). The Random Matriz Theory of the Classical
Compact Groups. Cambridge Tracts in Mathematics. Cambridge: Cambridge
University Press.

[Mehta & Dyson, 2004] Mehta, M. L. & Dyson, F. J. (2004). Statistical Theory of
the Energy Levels of Complex Systems. V. Journal of Mathematical Physics, vol.
4(5), pages 713-719.

[Minguzzi & Vignolo, 2022] Minguzzi, A. & Vignolo, P. (2022). Strongly interacting
trapped one-dimensional quantum gases: Exact solution. AVS Quantum Science,
4(2).

[Minguzzi et al., 2002] Minguzzi, A., Vignolo, P., & Tosi, M. P. (2002). High-
momentum tail in the Tonks gas under harmonic confinement. Physics Letters A,
vol. 294(3), pages 222-226.

[Mott & Peierls, 1937] Mott, N. F. & Peierls, R. (1937). Discussion of the paper by
de Boer and Verwey. Proceedings of the Physical Society, vol. 49(4S), page 72.

[Naldesi et al., 2022] Naldesi, P., Polo, J., Dunjko, V., Perrin, H., Olshanii, M., Am-
ico, L., & Minguzzi, A. (2022). Enhancing sensitivity to rotations with quantum
solitonic currents. SciPost Phys., vol. 12, page 138.

[Nataf & Mila, 2014] Nataf, P. & Mila, F. (2014). Exact Diagonalization of Heisen-
berg SU(N) Models. Physical Review Letters, vol. 113(12), page 127204.

[Navon et al., 2021] Navon, N., Smith, R. P., & Hadzibabic, Z. (2021). Quantum
gases in optical boxes. Nature Physics, vol. 17(12), pages 1334-1341.

[Nepomechie & Wang, 2013| Nepomechie, R. I. & Wang, C. (2013). Algebraic bethe
ansatz for singular solutions. Journal of Physics A: Mathematical and Theoretical,
vol. 46(32), page 325002.

[Noether, 1918] Noether, E. (1918). Nachrichten von der gesellschaft der wis-
senschaften zu gottingen. Mathematisch-Physikalische Klasse, vol. 1918, pages
235-257.

[Oelkers et al., 2006] Oelkers, N., Batchelor, M. T., Bortz, M., & Guan, X.-W.
(2006). Bethe ansatz study of one-dimensional Bose and Fermi gases with pe-
riodic and hard wall boundary conditions. Journal of Physics A: Mathematical
and General, vol. 39(5), page 1073.

[Ogata & Shiba, 1990] Ogata, M. & Shiba, H. (1990). Bethe-ansatz wave function,
momentum distribution, and spin correlation in the one-dimensional strongly cor-
related Hubbard model. Physical Review B, vol. 41(4), pages 2326-2338.

[Olshanii, 1998] Olshanii, M. (1998). Atomic Scattering in the Presence of an Ex-
ternal Confinement and a Gas of Impenetrable Bosons. Physical Review Letters,
vol. 81(5), pages 938-941.



130 Bibliography

[Olshanii & Dunjko, 2003] Olshanii, M. & Dunjko, V. (2003). Short-Distance Cor-
relation Properties of the Lieb-Liniger System and Momentum Distributions of
Trapped One-Dimensional Atomic Gases. Phys. Rev. Lett., vol. 91(9), page
090401.

[Pagano et al., 2014] Pagano, G., Mancini, M., Cappellini, G., Lombardi, P.,
Schéfer, F., Hu, H., Liu, X.-J., Catani, J., Sias, C., Inguscio, M., & Fallani, L.
(2014). A one-dimensional liquid of fermions with tunable spin. Nature Physics,
vol. vol. 10(3), pages 198-201.

[Papenbrock, 2003| Papenbrock, T. (2003). Ground-state properties of hard-core
bosons in one-dimensional harmonic traps. Physical Review A, vol. 67(4), page
041601.

[Paredes et al., 2004] Paredes, B., Widera, A., Murg, V., Mandel, O., Félling, S.,
Cirac, 1., Shlyapnikov, G. V., Hansch, T. W., & Bloch, I. (2004). Tonks—Girardeau
gas of ultracold atoms in an optical lattice. Nature, vol. 429(6989), pages 277-281.

[Patu & Kliimper, 2017] Patu, O. I. & Kliimper, A. (2017). Universal Tan relations
for quantum gases in one dimension. Phys. Rev. A, vol. 96(6), page 063612.

[Pecci et al., 2023 Pecci, G., Aupetit-Diallo, G., Albert, M., Vignolo, P., & Min-
guzzi, A. (2023). Persistent currents in a strongly interacting multicomponent
Bose gas on a ring. Comptes Rendus. Physique, Online first, pages 1-13.

[Pecci et al., 2021] Pecci, G., Naldesi, P., Amico, L., & Minguzzi, A. (2021). Probing
the BCS-BEC crossover with persistent currents. Physical Review Research, vol.
3(3), page 1.032064.

[Peters et al., 1999] Peters, A., Chung, K. Y., & Chu, S. (1999). Measurement of
gravitational acceleration by dropping atoms. Nature, vol. 400(6747), pages 849
852.

[Phillips, 1998] Phillips, W. D. (1998). Nobel Lecture: Laser cooling and trapping
of neutral atoms. Reviews of Modern Physics, vol. 70(3), pages 721-741.

[Phillips & Metcalf, 1982| Phillips, W. D. & Metcalf, H. (1982). Laser Deceleration
of an Atomic Beam. Physical Review Letters, vol. 48(9), pages 596-599.

[Ping et al., 2002] Ping, J., Wang, F., & Chen, J.-Q. (2002). Group representation
theory for physicists. World Scientific Publishing Company.

[Raab et al., 1987] Raab, E. L., Prentiss, M., Cable, A., Chu, S., & Pritchard, D. E.
(1987). Trapping of Neutral Sodium Atoms with Radiation Pressure. Physical
Review Letters, vol. 59(23), pages 2631-2634.

[Ribeiro et al., 2013] Ribeiro, P., Haque, M., & Lazarides, A. (2013). Strongly in-
teracting bosons in multichromatic potentials supporting mobility edges: Local-
ization, quasi-condensation, and expansion dynamics. Physical Review A, vol.
87(4), page 043635.



Bibliography 131

[Rizzi et al., 2018| Rizzi, M., Miniatura, C., Minguzzi, A., & Vignolo, P. (2018).
Scaling behavior of Tan’s contact for trapped Lieb-Liniger bosons: From two to
many. Physical Review A, vol. 98(4), page 043607.

[Sant’Ana et al., 2019] Sant’Ana, F. T., Hébert, F., Rousseau, V. G., Albert, M.,
& Vignolo, P. (2019). Scaling properties of Tan’s contact: Embedding pairs and
correlation effect in the Tonks-Girardeau limit. Phys. Rev. A, vol. 100(6), page
063608.

[Satija & Zhao, 2013] Satija, I. I. & Zhao, E. (2013). Topological Insulators with
Ultracold Atoms. Berlin, Heidelberg: Springer Berlin Heidelberg.

[Seaward, 2020| Seaward, J. (2020). Gaz unidimensionnels avec interactions accord-
ables. Theses, Université Paris-Nord - Paris XIII.

[Shannon, 1948] Shannon, C. E. (1948). A mathematical theory of communication.
The Bell System Technical Journal, vol. 27(3), pages 379-423.

[Sokolov & Shirokovskii, 1961] Sokolov, A. V. & Shirokovskii, V. P. (1961). Group
theoretical methods in the quantum physics of solids (spatial symmetry). Soviet
Physics Uspekhi, vol. 3(4), page 551.

[Stray et al., 2022| Stray, B., Lamb, A., Kaushik, A., Vovrosh, J., Rodgers, A.,
Winch, J., Hayati, F., Boddice, D., Stabrawa, A., Niggebaum, A., Langlois, M.,
Lien, Y.-H., Lellouch, S., Roshanmanesh, S., Ridley, K., de Villiers, G., Brown,
G., Cross, T., Tuckwell, G., Faramarzi, A., Metje, N., Bongs, K., & Holynski, M.
(2022). Quantum sensing for gravity cartography. Nature, vol. 602(7898), pages
590-594.

[Sutherland, 1968| Sutherland, B. (1968). Further Results for the Many-Body Prob-
lem in One Dimension. Physical Review Letters, vol. 20(3), pages 98-100.

[Takahashi, 1999| Takahashi, M. (1999). Thermodynamics of one-dimensional solv-
able models. Cambridge University Press.

[Tan, 2008a| Tan, S. (2008a). Energetics of a strongly correlated Fermi gas. Annals
of Physics, vol. 323(12), pages 2952-2970.

[Tan, 2008b| Tan, S. (2008b). Generalized virial theorem and pressure relation for a
strongly correlated Fermi gas. Annals of Physics, vol. 323(12), pages 2987-2990.

[Tan, 2008¢c| Tan, S. (2008c). Large momentum part of a strongly correlated Fermi
gas. Annals of Physics, vol. 323(12), pages 2971-2986.

[Vaidya & Tracy, 1979] Vaidya, H. G. & Tracy, C. A. (1979). One-Particle Reduced
Density Matrix of Impenetrable Bosons in One Dimension at Zero Temperature.
Phys. Rev. Lett., vol. 43(20), pages 1540-1540.

[Vignolo & Minguzzi, 2013] Vignolo, P. & Minguzzi, A. (2013). Universal Contact
for a Tonks-Girardeau Gas at Finite Temperature. Phys. Rev. Lett., vol. 110(2),
page 020403.



132 Bibliography

[Voit, 1995] Voit, J. (1995). One-dimensional Fermi liquids. Reports on Progress in
Physics, vol. 58(9), page 977.

[Volosniev et al., 2014] Volosniev, A. G., Fedorov, D. V., Jensen, A. S., Valiente,
M., & Zinner, N. T. (2014). Strongly interacting confined quantum systems in
one dimension. Nature Communications, vol. 5(1), page 5300.

[Volosniev et al., 2015] Volosniev, A. G., Petrosyan, D., Valiente, M., Fedorov,
D. V., Jensen, A. S., & Zinner, N. T. (2015). Engineering the dynamics of effective
spin-chain models for strongly interacting atomic gases. Physical Review A, vol.
91(2), page 023620.

[Widom, 1973] Widom, H. (1973). Toeplitz Determinants with Singular Generating
Functions. American Journal of Mathematics, vol. 95(2), pages 333-383.

[Wiener, 1933] Wiener, N. (1933). The fourier integral: and certain of its applica-
tions. Nature, vol. 132(3341), pages 731-732.

[Wiener, 1938] Wiener, N. (1938). The Homogeneous Chaos. American Journal of
Mathematics, vol. 60(4), pages 897-936.

[Wigner, 1951] Wigner, E. P. (1951). On the statistical distribution of the widths
and spacings of nuclear resonance levels. Mathematical Proceedings of the Cam-
bridge Philosophical Society, vol. 47(4), pages 790-798.

[Wildermuth et al., 2005] Wildermuth, S., Hofferberth, S., Lesanovsky, 1., Haller,
E., Andersson, L. M., Groth, S., Bar-Joseph, I., Kriiger, P., & Schmiedmayer, J.
(2005). Microscopic magnetic-field imaging. Nature, vol. 435(7041), pages 440.

[Wineland & Dembhelt, 1975] Wineland, D. J. & Demhelt, H. G. (1975). Proposed
10-14 Av < v laser fluorescence spectroscopy on TI+ mono-ion oscillator III. Am.
Phys. Soc., vol. 20.

[Wishart, 1928] Wishart, J. (1928). The Generalised Product Moment Distribution
in Samples from a Normal Multivariate Population. Biometrika, vol. 20A(1/2),
pages 32-52.

[Yamanouchi, 1937] Yamanouchi, T. (1937). On the Construction of Unitary Ir-
reducible Representations of the Symmetric Group. Proceedings of the Physico-
Mathematical Society of Japan. 3rd Series, vol. 19, pages 436-450.

[Yang, 1967] Yang, C. N. (1967). Some Exact Results for the Many-Body Problem
in one Dimension with Repulsive Delta-Function Interaction. Phys. Rev. Lett.,
vol. 19(23), pages 1312-1315.

[Yu & Fowler, 1992| Yu, N. & Fowler, M. (1992). Persistent current of a Hubbard
ring threaded with a magnetic flux. Phys. Rev. B, vol. 45(20), pages 11795-11804.

[Zhang & Wang, 2006] Zhang, G.-M. & Wang, X. (2006). Spin swapping operator
as an entanglement witness for quantum Heisenberg spin-s systems. Journal of
Physics A: Mathematical and General, vol. 39(26), page 8515.



	Introduction to 1D ultracold atomic gases 
	Why one-dimensional ultracold atomic gases?
	Prepararing the Lineland journey
	Reaching ultracold temperatures with neutral atoms
	What is a 1D quantum system?
	Contact interactions tuning: The Feschbach resonance

	Models and preliminary solutions
	Non-interacting identical particles
	Strong interaction limit

	Correlations investigation
	Correlations in real space: The correlation functions
	Correlations in Fourier space: The momentum distribution


	Ultracold atomic gases of identical particles 
	A first exact solution
	The two-body problem
	The many-body problem

	The correlation functions
	General definition in quantum mechanics
	Spinless fermions and random matrix theory
	Tonks-Girardeau regime

	The momentum distribution
	Long-distance coherence
	Short-distance correlations


	Spin mixtures in highly repulsive regime 
	The Bethe wave function
	Arbitrary interaction strength
	Highly repulsive regime

	Spin mixtures in the high repulsion regime
	The Volosniev formalism
	Equivalence to the XXZ spin chain

	The SU(n) symmetry 
	Define and characterize permutational symmetry: the Young's diagrams
	Complete set of commutating operators of Sn


	Breakdown of Tan's relations induced by trapping discontinuity 
	Large-k tail of the momentum distribution in the box for identical particles
	Spinless non-interacting fermions
	Tonks-Girardeau bosons

	Large-k tail of the momentum distribution in the box for spin mixtures
	Generalities about spin mixtures
	Derivation of KN
	Investigation on KN for a mixture
	Nmix as a ground state probe
	Concluding remarks


	Symmetry analysis 
	Exact solution for SU(2) symmetry breaking of bosonic mixtures at strong interactions
	The model
	Analysis of the symmetry breaking
	Proof of the SU(2) symmetry breaking
	Commutation between [2] and SUP=VSU/g
	Commutation between class sum operators and HSBP=VSB/g
	Correlations analysis
	Long-distance coherence
	Short-distance correlations: the Tan's contact
	Concluding remarks

	Spin mixtures with artificial gauge field on a ring
	Model and definitions
	Case of two particles
	Results for N = 4,  N= 2
	Concluding remarks


	Conclusion
	Derivation of the Volosniev matrix 
	The nearest-neighbor exchange constant 
	N in the ring
	N in the box

	Construction of the Volosniev matrix 

	SU(2) symmetry analysis of a 2+2 mixture in the box  
	Derivation of the [r][] and dimension of the CSCO
	Element and representations of the conjugacy classes ccr
	r-cycle class-sum operators and symmetry analysis

	Large-k tail of the momentum distribution of TB in the box 
	Bibliography

