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SOMMAIRE

L’
informatique quantique est l’un des voyages scientifiques les plus passionnants de notre
époque. Les algorithmes quantiques offrent un potentiel remarquable en promettant de ré-
soudre plusieurs problèmes computationnels de manière exponentiellement plus rapide que

leurs homologues classiques. Cependant, la mise en œuvre pratique de ces algorithmes représente
un défi immense. L’objectif insaisissable d’atteindre un ordinateur quantique universel et tolérant
aux erreurs reste inatteint, et la chronologie précise de son arrivée est incertaine.

Actuellement, nous assistons à l’émergence de plusieurs dispositifs quantiques à court terme.
Ces dispositifs, cependant, font face à des limitations substantielles, notamment des niveaux élevés
de bruit et une capacité d’intrication limitée. Bien qu’ils puissent avoir le potentiel de fournir un
avantage quantique pour des tâches spécifiques, leur utilité pratique fait l’objet de débats. L’impact
du bruit quantique, en particulier, soulève des questions sur leur efficacité.

Motivée par cette situation actuelle, cette thèse se plonge dans l’impact profond du bruit sur les
algorithmes d’apprentissage quantique, explorant trois dimensions clés de ce problème.

Tout d’abord, elle se concentre sur l’influence du bruit sur les algorithmes quantiques varia-
tionnels, en particulier les méthodes quantiques “à noyaux”. Alors que la recherche précédente
considérait principalement un modèle de bruit idéalisé, tel que le bruit local de Pauli, les dispositifs
quantiques du monde réel font face à un spectre plus large de bruit, y compris des composants de
bruit “non-unital”. Étonnamment, nos résultats révèlent des disparités marquées dans le comporte-
ment des noyaux quantiques projetés sous un bruit unital et non-unital. Sous un bruit unital, ils
subissent une concentration exponentielle à une profondeur linéaire, tandis que le bruit non unital
empêche une concentration exponentielle à n’importe quelle profondeur. Comme la concentration
exponentielle entrave la possibilité d’entraînement, ce contraste frappant remet en question les con-
clusions antérieures sur les algorithmes quantiques variationnels bruyants et souligne la nécessité
d’explorer des modèles de bruit plus réalistes.

Ensuite, nous abordons le problème de l’apprentissage des dynamiques quantiques avec des
mesures binaires bruyantes de l’état de Choi-Jamiolkowski. À cette fin, nous adoptons le modèle
précédemment défini des requêtes statistiques quantiques. Nous montrons que l’algorithme quan-
tique Goldreich-Levin peut être mis en œuvre avec des requêtes statistiques quantiques, alors que
la version antérieure de l’algorithme implique un accès oracle à l’unitaire et à son inverse. De plus,
nous prouvons que les O (log(n))-juntas et les fonctions booléennes quantiques avec une influence
totale constante sont efficacement apprenables dans notre modèle, et les circuits de profondeur
constante sont apprenables de manière efficace avec des requêtes statistiques quantiques.

Enfin, nous apportons plusieurs contributions au domaine émergent de la confidentialité dif-
férentielle quantique, éclairant la manière dont le bruit quantique et classique peut être exploité pour
offrir une sécurité statistique et une robustesse contre les attaques adverses. Alors que des travaux
antérieurs ont proposé plusieurs extensions quantiques de la confidentialité différentielle, chacune
reposant sur des notions substantiellement différentes d’états quantiques voisins, nous proposons
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une définition nouvelle et générale d’états quantiques voisins. Nous démontrons que cette définition
capture la structure sous-jacente des encodages quantiques et peut être utilisée pour fournir des
garanties de confidentialité exponentiellement plus strictes pour les mesures quantiques. De plus,
nous explorons également la confidentialité différentielle quantique dans le modèle local. Nous étab-
lissons une équivalence entre les requêtes statistiques quantiques et la confidentialité différentielle
quantique dans le modèle local, étendant un résultat classique célèbre au cadre quantique. De plus,
nous dérivons des inégalités de traitement des données fortes pour l’entropie relative quantique
sous la confidentialité différentielle locale et appliquons ce résultat à la tâche de test d’hypothèse
asymétrique avec des mesures restreintes. À titre de preuve de principe, nous démontrons que les
fonctions de parité sont efficacement apprenables dans ce modèle, tandis que la tâche classique
correspondante nécessite un nombre exponentiel d’échantillons.
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ABSTRACT

Q
uantum computing is one of the most exciting scientific journeys of our times. Quantum
algorithms offer remarkable potential, promising to solve several computational problems
exponentially faster than their classical counterparts. However, the practical implementation

of these algorithms poses an immense challenge. The elusive goal of achieving a fault-tolerant,
universal quantum computer remains unattained, and the precise timeline for its arrival is uncertain.

Currently, we are witnessing the emergence of several near-term quantum devices. These devices,
however, grapple with substantial limitations, including high levels of noise and limited entangling
capacity. While they may hold the potential for delivering quantum advantage for specific tasks, their
practical utility is a subject of debate. The impact of quantum noise, in particular, raises questions
about their effectiveness.

Motivated by this current scenario, this thesis delves into the profound impact of noise on
quantum learning algorithms, exploring three key dimensions of this issue.

First, it focuses on the influence of noise on variational quantum algorithms, specifically quan-
tum kernel methods. While prior research primarily considered an idealized noise model, such as
local Pauli noise, real-world quantum hardware contends with a broader spectrum of noise, including
non-unital noise components. Surprisingly, our findings reveal stark disparities in the behavior of
projected quantum kernels under unital and non-unital noise. Under unital noise, they incur in expo-
nential concentration at linear depth, whereas non-unital noise prevents exponential concentration
at any depth. Since exponential concentration hinders trainability, this stark contrast challenges
prior findings on noisy variational quantum algorithms and underscores the necessity of exploring
more realistic noise models.

Second, we consider the problem of learning quantum dynamics with noisy single-copy binary
measurements of the Choi-Jamiolkowski state. To this end, we adopt the previously defined model of
quantum statistical queries. We show that the quantum Goldreich-Levin algorithm can be imple-
mented with quantum statistical queries, whereas the prior version of the algorithm involves oracle
access to the unitary and its inverse. Moreover, we prove that O (logn)-juntas and quantum Boolean
functions with constant total influence are efficiently learnable in our model, and constant-depth
circuits are learnable sample-efficiently with quantum statistical queries.

Finally, we provide several contributions to the emerging field of quantum differential privacy,
shedding light on how quantum and classical noise can be harnessed to provide statistical security
and robustness to adversarial attacks. Whereas prior works proposed several quantum extensions of
differential privacy, each of them built on substantially different notions of neighboring quantum
states, we propose a novel and general definition of neighboring quantum states. We demonstrate that
this definition captures the underlying structure of quantum encodings and can be used to provide
exponentially tighter privacy guarantees for quantum measurements. Moreover, we also investigate
quantum differential privacy in the local model. We establish an equivalence between quantum
statistical queries and quantum differential privacy in the local model, extending a celebrated
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classical result to the quantum setting. Furthermore, we derive strong data processing inequalities
for the quantum relative entropy under local differential privacy and apply this result to the task of
asymmetric hypothesis testing with restricted measurements. As a proof of principle, we demonstrate
that parity functions are efficiently learnable in this model, whereas the corresponding classical task
requires exponentially many samples.
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INTRODUCTION

1.1 Summary of contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Additional remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

T
racing the historical roots of computer science is a challenging task. While digital computers

emerged as a defining invention of the 20th century, the practice of computation by humans

has an enduring history spanning thousands of years. Throughout ancient civilizations, we

find evidence of step-by-step procedures for solving mathematical problems, showcasing the timeless

human quest for efficient problem-solving. The very term “algorithm” finds its origins in the latiniza-

tion of the last name of Muhammad ibn Musa al-Khwarizmi, a 12th-century Abbasid polymath whose

systemation algebra significantly advanced the field of mathematics. This intertwined narrative of

early algebra and the emergence of computer science underscores the profound connection between

the two disciplines. Alan Cobham notably emphasized this association when he postulated that the

complexity class of problems decidable in polynomial time served as an apt descriptor for the set of

problems feasibly computable.

The subject of my talk is perhaps most directly indicated by simply asking two questions:

first, is it harder to multiply than to add? and second, why?...I (would like to) show that

there is no algorithm for multiplication computationally as simple as that for addition,

and this proves something of a stumbling block.

- Alan Cobham, The intrinsic computational difficulty of functions [Cob64]

In the first half of the 20th century, pioneers such as Alonzo Church and Alan Turing made key contri-

butions to the establishment of theoretical computer science. Several foundational models of com-

putation have been proposed over time, with notable examples including Turing machines [Tur36],
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INTRODUCTION

lambda calculus [Chu32], and cellular automata [Tur52, VNB+66]. These models have played a pivotal

role in shaping the field of computer science.

Fast forward almost a century, and the world has witnessed an unprecedented transformation.

Digital computers have become ubiquitous, leaving an indelible mark on our modern societies.

They have revolutionized fields such as healthcare, finance, communication, and logistics, powering

complex algorithms that have unlocked new frontiers in data analysis, artificial intelligence, and

beyond.

To a certain degree, the present state of quantum computing resembles that of classical computer

science during the 1940s. A collaborative endeavor involving physicists, computer scientists, and

mathematicians is gradually unraveling the computational potential of quantum systems. However,

the most promising applications remain on the horizon, awaiting practical implementation.

The birth of quantum computing is conventionally attributed to two pivotal events. Firstly, in

May 1981, Richard Feynman delivered a seminal lecture titled “Simulating Physics with Comput-

ers” [F+18, Pre23]. This talk popularized the concept of harnessing the computational power of

quantum mechanisms for simulating quantum systems. It became evident that conventional digital

computers were ill-suited for this task, as classical descriptions of quantum systems necessitated

a number of variables that is exponential in the number of particles. Notably, Yuri Manin and Paul

Benioff arrived at similar conclusions almost simultaneously in 1980.

The second milestone was the breakthrough achieved by Peter Shor in 1994, who introduced a

polynomial-time quantum algorithm for factorizing integers – a task conjectured to require expo-

nential time on classical computers [Sho97]. Although conceptually tantalizing, Shor’s algorithm

initially faced widespread skepticism regarding its practical implementation. Quantum systems are

notoriously susceptible to noise, which leads to the detrimental effects of decoherence, rendering

the system classically simulatable [CLSZ95]. Shor, together with Robert Calderbank, addressed these

concerns with the introduction of quantum error correction [CS96], enabling the dependable exe-

cution of quantum algorithms on noisy quantum devices, granted the noise rate remains below a

specific threshold. Nevertheless, the current noise rates in quantum devices surpass this threshold,

thus delaying the advent of fault-tolerant quantum computers to a more distant future.

While our primary focus revolves around examining the influence of hardware noise on quantum

computation, particularly within the realm of quantum learning algorithms, this thesis will not delve

into error correction techniques. Instead, our scope focuses to the existing and near-future family of

quantum devices.

In the recent years, theoretical advances have been accompanied by significant improvements

in hardware capabilities. While the new generation of Noisy Intermediate-Scale Quantum (NISQ)

devices can manipulate hundreds of physical qubits, their performance is tainted by a number of

limitations, including noise, reduced entangling capacity, and limited quantum memory [Pre18a].

Given these constraints, it is not immediately clear whether these devices are of practical utility.

Recent research has revealed that noise can prevent quantum advantage for specific tasks [SFGP21,
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INTRODUCTION

DPMRF23, WFC+21], or even allow classical computers to efficiently sample from the output distri-

bution of a quantum circuit measured in the computational basis [AGL+23a]. Additionally, many

quantum algorithms require quantum data as input [AA23, Aar18, HKP20, RF21], which may also be

corrupted by noise, making a thorough understanding of quantum noise fundamental, even in the

presence of fault-tolerant quantum computers.

In this context, we consider the following overarching questions:

What is the effect of noise on near-term quantum learning algorithms? To what extent can quantum

speed-ups be achieved despite the presence of noise?

While these questions possess the breadth to encompass numerous research directions, in the

following we will narrow our focus to specific issues explored within this thesis. It is worth noting that,

despite significant efforts, the scientific community has yet to attain a comprehensive understanding

of the repercussions of noise on quantum algorithms. From the experimental side, the significant

strides in quantum hardware [AAB+19, KEA+23] have been swiftly matched by advances in quantum

simulation techniques [BC23], especially those based on tensor networks [PZ22]. Moreover, many

theoretical results suggest that the presence of noise renders quantum circuits ineffective, even at

very shallow depths [QFK+22, DPMRF23, AGL+23b].

Particularly, in the realm of variational quantum algorithms, which encompass approaches based

on cost functions and quantum kernel methods, noise emerges as a primary barrier to quantum

advantage. Its existence gives rise to several insurmountable challenges, including the well-known

issue of barren plateaus [WFC+21]. However, we argue that prior investigations explored a rather

idealized model of noise, that goes under the name of local Pauli noise, which does not account

for “non-unital” perturbations , such as those present in superconductive quantum circuits [KSW20,

FGG+23].

Question 1. What is the impact of more realistic sources of noise on variational quantum algorithms?

It could be tempting to assume that, even if there exist minor sources of noise apart from local

Pauli noise, a slight modification to the model would not substantially impact the performances of

variational quantum algorithms. However, we will prove that this intuition is not correct, and those

“non-unital” perturbations may lead to qualitatively different scenarios.

In the context of variational quantum algorithms, noise is usually modeled as a series of local

channels interspersing the layers of a quantum circuit. On the other hand, it’s equally crucial to

investigate the influence of noise on quantum measurements, and address additional limitations,

such as the absence of quantum memory and the limited entangling capacity. These constraints

find their unifying framework in the model of “quantum statistical queries” [AGY20] . Intriguingly,

quantum statistical queries exhibit a significantly higher degree of computational power compared to

their classical counterparts. For instance, quantum statistical queries enable the efficient learning of

parity functions from uniform quantum examples, whereas their classical counterparts are believed

to entail an exponentially larger sample complexity. While earlier research on quantum statistical
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INTRODUCTION

queries has predominantly focused on learning quantum states, we take a step forward by raising the

following inquiry.

Question 2. Can we employ quantum statistical queries to learn quantum dynamics?

Shifting the focus, a vast body of literature suggests that noise can offer notable benefits for

specific computational tasks. Particularly, noise holds the potential to ensure diverse notions of

statistical security, thereby enhancing adversarial robustness and generalization in various set-

tings [CMS11a, DF18, CRK19, LAG+19]. In this context, the comprehensive framework of differential

privacy emerges as a unifying approach for understanding the role of noise in machine learning and

statistics [DMNS06, DR14, CDE+23]. Driven by these insights, we pose the following question.

Question 3. Can we leverage quantum noise to guarantee properties like differential privacy and

robustness to adversarial attacks?

Differential privacy comes in several flavors. Particularly, a distinction arises between standard

differential privacy and local differential privacy. Notably, the latter model offers a more robust

notion of security, as it treats even the curator (i.e., the analyst who accesses the raw input data) as

untrusted [KLN+11a, DJW13, AAC21a]. On the other hand, the local model entails the injection of a

considerable amount of noise, which may hinder the computational power of quantum algorithms,

motivating the following question.

Question 4. Can we attain an exponential quantum speed-up under the stringent constraint of local

differential privacy?

1.1 Summary of contents

We offer an overview of the thesis’s contributions, driven by the consideration of the four compelling

questions mentioned earlier. In addition to presenting the main results, we provide the reader with

crucial background information on quantum computing, with a focus on models of quantum noise

and differential privacy.

Introduction to quantum computing on noisy devices. This thesis commences with a gentle

introduction to the fundamental concepts of quantum computing in Chapter 2. This introduction is

designed to be accessible to a broad audience with no prior background in physics. Following this,

in Chapter 3, we delve into essential quantum information materials. This includes discussions on

quantum states and channels, information-theoretic divergences, and the Haar measure.

Chapter 4 is dedicated to exploring the impact of noise in quantum circuits. We examine previous

findings on the decay of purity, both within circuits interspersed by local noise and in the context

of unitary sampled from a 2-design followed by an arbitrary noise channel. Additionally, we offer

an alternative proof for the exponential concentration of the cost function induced by unital noise,
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previously demonstrated in [WFC+21]. Furthermore, we present a novel result concerning the con-

traction coefficient of any local channel in relation to the quantum Wasserstein distance of order 1.

In this analysis, we unify the actions of such a channel and a random local unitary, expanding upon

the prior worst-case analysis conducted in [DPMTL21a].

Exponential concentration and lack thereof in quantum kernel methods. Chapter 5 is devoted

to the limitations of variational quantum algorithms on noisy near-term devices. In particular,

we explore the phenomenon of noise-induced concentration [WFC+21, TWH22]. First, we relate

the exponential concentration of the fidelity quantum kernels to the purity decay, providing an

exponentially tighter lower bounds on their sample complexity under both unital and non-unital

noise. Second, we discuss the impact of non-unital noise on another family of quantum kernel

methods, namely the projected quantum kernels. Surprisingly, projected quantum kernels do not

exhibit exponential concentration under non-unital noise. However, we argue that this phenomenon

does not imply the trainability of the entire circuit, but solely of its final layers. Thus, we conjecture

that the early layers of a super-logarithmic depth circuit bear little influence on the final output,

and we prove this statement in the high-noise regime, hinging on novel techniques based on the

contraction of the quantum Wasserstein distance of order 1 [DPMTL21a].

Learning unitaries with quantum statistical queries. In Chapter 6, we propose a model for learning

unitary operators from quantum statistical queries (QSQs) with respect to their Choi-Jamiolkowski

state. Our model is a natural extension of a previous model for learning classical Boolean functions

from quantum statistical queries with respect to quantum examples [AGY20, AHS23]. Quantum sta-

tistical queries capture the capabilities of a learner with limited quantum resources, which receives

as input only noisy estimates of expected values of measurements. Particularly, we prove that quan-

tum O (logn)-juntas, quantum Boolean functions with constant total influence and constant-depth

circuits are efficiently learnable in our model, while previous algorithms required direct access to the

Choi-Jamiolkowski state or oracle access to the unitary and its inverse. We also demonstrate that,

despite these positive results, quantum statistical queries lead to an exponentially larger sample

complexity for certain tasks, compared to separable measurements to the Choi-Jamiolkowski state.

Background on differential privacy. Moving on to Chapter 7, we provide an overview of differ-

ential privacy and its interaction with competing privacy-preserving techniques. We review the

mathematical foundations of differential privacy in both the standard and local models, as well as

prior research in the domain of quantum differential privacy. Then, we introduce the concept of

“neighboring-preserving quantum encodings” and showcase how quantum differential privacy can

be employed to safeguard the privacy of the underlying classical input data, particularly within the

context of hybrid classical-quantum algorithms. Finally, we explore the connections between privacy,

robustness to adversarial attacks, and generalization in machine learning.
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A unifying framework for differentially private quantum algorithms. In Chapter 8 we revisit

the notion of quantum differential privacy [ZY17a, AR19] and demonstrate that quantum noise can

enhance the privacy of classical data embedded in quantum states. To this end, we give a novel and

general definition of neighbouring quantum states. We demonstrate that this definition captures the

underlying structure of quantum encodings and can be used to provide exponentially tighter privacy

guarantees for quantum measurements. Our approach exploits both classical and quantum noise

and is motivated by the noisy nature of near-term quantum devices. Finally, we complement our

theoretical findings with an empirical estimation of the certified adversarial robustness ensured by

differentially private measurements. Our results hinges on a novel result on quantum divergences,

namely the advanced joint convexity of the quantum hockey-stick divergence, whose proof is delayed

to Chapter 11.

Quantum differential privacy in the local model. Chapter 9 focuses on quantum differential

privacy in the local model. We establish an equivalence between quantum statistical queries and

quantum differential privacy in the local model, extending a celebrated classical result to the quantum

setting [KLN+11b]. Furthermore, we derive strong data processing inequalities for the quantum

relative entropy under local differential privacy and apply this result to the task of asymmetric

hypothesis testing with restricted measurements. Finally, we consider the task of quantum multi-

party computation under local differential privacy. As a proof of principle, we demonstrate that parity

functions are efficiently learnable in this model, whereas the corresponding classical task requires

exponentially many samples.

In the concluding Chapter 10, we present a series of open questions that emerge from our findings,

with the aspiration of igniting future research endeavors.

1.2 Additional remarks

The thesis is based on the following articles.

• [ADK23] – Armando Angrisani, Mina Doosti and Elham Kashefi. “A unifying framework for

differentially private quantum algorithms.” arXiv preprint arXiv:2307.04733

(previous version: [ADK22] – Armando Angrisani, Mina Doosti and Elham Kashefi. “Differential

privacy amplification in quantum and quantum-inspired algorithms” arXiv:2203.03604)

This work overlaps with Chapters 7 and 8.

• [AK22a] – Armando Angrisani and Elham Kashefi. “Quantum local differential privacy and

quantum statistical query model.” arXiv preprint arXiv:2203.03591

This work overlaps with Chapter 9.
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• [Ang23] – Armando Angrisani. “Learning unitaries from quantum statistical queries.” arXiv

preprint arXiv:2310.02254

This work overlaps with Chapter 6.

• [MAE+23] – Antonio Anna Mele, Armando Angrisani, Jens Eisert, Soumik Ghosh, Sumeet

Khatri, Yihui Quek and Daniel Stilck França. “Noise-induced absence of barren plateaus: Non-

unital noise can be a friendly foe.”

This work overlaps with Chapters 4 and 5.

Armando Angrisani is the leading author and main contributor of [AK22a] and [ADK23]. Armando

Angrisani contributed to [MAE+23] by conceiving and proving results concerning quantum kernels

and by proving results concerning the limitations of variational quantum algorithms in the the

high-noise regime, supporting the “effective depth” picture.

The following first-author article is excluded from the present thesis.

• [ACK21] – Armando Angrisani, Brian Coyle, and Elham Kashefi. “Probably approximately

correct quantum source coding.” arXiv preprint arXiv:2112.06841.
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Quantum mechanics is a beautiful generalization of the laws of probability: a generaliza-

tion based on the 2-norm rather than the 1-norm, and on complex numbers rather than

nonnegative real numbers. It can be studied completely separately from its applications

to physics (and indeed, doing so provides a good starting point for learning the physical

applications later). This generalized probability theory leads naturally to a new model of

computation – the quantum computing model – that challenges ideas about computation

once considered a priori, and that theoretical computer scientists might have been driven

to invent for their own purposes, even if there were no relation to physics. In short, while

quantum mechanics was invented a century ago to solve technical problems in physics,

today it can be fruitfully explained from an extremely different perspective: as part of

the history of ideas, in math, logic, computation, and philosophy, about the limits of the

knowable.

-Scott Aaronson, Quantum Computing Since Democritus

T
his thesis delves into three core domains of computer science: quantum computing, learning

theory, and differential privacy. Here, we present a concise introduction to quantum com-
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CHAPTER 2. A GENTLE START TO QUANTUM COMPUTING

puting, designed with a computer science audience in mind. Our objective is to facilitate the

connection between the classical and quantum communities.

In this context, it is possible to introduce quantum computation and information without making

direct reference to physics, as demonstrated, for example, in [Wat18]. However, we contend that

achieving a balance between physical intuition and mathematical tools is a more desirable approach.

Indeed, a grasp of the following foundational physical concepts is sufficient to comprehend the

workings of quantum algorithms.

1. Quantization of physical parameters: some physical attributes, such as the energy and mo-

mentum of elementary particles, exhibit quantization, meaning they can only assume values

from a discrete set. Consider the model of the atom illustrated in Figure 2.1. When electrons

are measured, they can be found only in a finite set of orbits.

2. Superposition: the state of a quantized physical parameter can be expressed through a con-

cept known as a “quantum superposition”. In the context of electronic levels within an atom,

this notion corresponds to the idea that an electron can “exist in multiple electronic states

simultaneously”, each state having a specific amplitude. However, it is important to note that

this intuition, while helpful, lacks precision; expressing it rigorously requires the formalism of

linear algebra and complex numbers.

3. Probabilistic nature of quantum states: the amplitude of a quantum superposition comes

with an associated probability distribution, which we denote as p(·). Prior to measurement,

the electron’s state exists in a superposition, spanning the possible orbits. Upon measurement,

the electron collapses into the i -th orbit with a probability of p(i ).

The detection of these intriguing effects might not be immediately apparent. The reader might

wonder why we should be concerned if an electron is in a superposition of states, as long as we

ultimately observe it in a single state from a finite set.

However, it is crucial to recognize that classical and quantum states evolve differently over

time. Ignoring quantum effects can lead to seemingly paradoxical phenomena. The celebrated

double-slit experiment is a prime illustration of wave-particle duality: photons behave as waves

when unobserved, yet exhibit particle-like behavior upon measurement. This peculiar behavior

underscores the significance of understanding quantum effects in various physical phenomena.

2.1 Qubits

The foundation of quantum computing lies in qubits, which are the quantum counterparts of classical

bits. Consider a 2-dimensional Hilbert space C2 over the field C. In this space, we have a physical

system capable of assuming two mutually exclusive classical states, such as those illustrated in Figure

2.1. These states can be represented by the orthonormal vectors |0〉 := (1,0)⊺ and |1〉 := (0,1)⊺. This

pair, {|0〉 , |1〉}, serves as a basis for C2 and is commonly referred to as the “computational basis”.

10
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While a classical bit can only be in either state |0〉 or |1〉, a qubit can exist in any normalized

complex superposition of |0〉 and |1〉. This superposition can be expressed as:

|ψ〉 :=α |0〉+β |1〉 =
(
α

β

)
, (2.1)

where α and β are complex numbers, and |α|2 +|β|2 = 1.

In the context that follows, we will refer to vectors of the form α |0〉+β |1〉 as “quantum states” or

simply “states”. As the normalization condition holds, a qubit’s state induces a probability distribution,

denoted as p : {|0〉 , |1〉} → [0,1], where:

p(|0〉) = |α|2

and

p(|1〉) = |β|2.

2.2 Measurements

Compared to classical bits, qubits contain a wealth of information, represented by two real para-

meters. A state like α |0〉+β |1〉 is described by two complex numbers, which correspond to four

real numbers. Importantly, the normalization is fixed, and the external phase does not produce any

physical effect, i.e., |ψ〉 = e iα |ψ〉 for any α ∈R. Consequently, two real parameters are sufficient to

describe a qubit.

However, this information is not directly accessible. Given a qubit in the state α |0〉+β |1〉, we

can perform a measurement in the computational basis. As a result, the qubit collapses to |0〉 with

probability |α|2 and to |1〉 with probability |β|2, in accordance with Born’s rule. Should we measure

the qubit again, it will be found in the same state. The measurement process is depicted in the circuit

below:

|ψ〉 |r 〉
Where

|r 〉 =
 |0〉 with probability |α|2

|1〉 with probability |β|2

As depicted in Figure 2.1, an electron orbiting an atom can represent a physical system with two

classical states. When measured, the electron can be found either in the “ground” state |0〉 or the

“excited” state |1〉. However, quantum mechanics allows intermediate states, such as |+〉 := (|0〉+
|1〉)/

p
2 , to exist as well. Furthermore, quantum mechanics permits a broader class of measurements

known as “positive operator-valued mesure” (POVM) measurements, which we define in Chapter 3.

11



CHAPTER 2. A GENTLE START TO QUANTUM COMPUTING

Figure 2.1: An atom with 2 electronic orbits, denoted as the states |0〉 and |1〉. This 2-level system is a
physical realization of the qubit.

2.3 Multipartite Systems

Now, let’s consider a system consisting of two distinct qubits. Each qubit resides in its respective

Hilbert space, denoted as H (1) for the first qubit and H (2) for the second. These spaces can be

combined using the tensor product operation, resulting in a new Hilbert space H (1) ⊗H (2). The

elements of H (1) ⊗H (2) are superpositions in the form:

φ1 |00〉+φ2 |01〉+φ3 |10〉+φ4 |11〉 ,

where ∀i :φi ∈C and
∑

i |φi |2 = 1. Similarly, the tensor product of two quantum states, α1 |0〉+
β1 |1〉 ∈H (1) and α2 |0〉+β2 |1〉 ∈H (2), is:

(α1 |0〉+β1 |1〉)⊗ (α2 |0〉+β2 |1〉) =α1α2 |00〉+α1β2 |01〉+β1α2 |10〉+β1β2 |11〉 .

Notably, there are elements in H (1) ⊗H (2) that cannot be decomposed into tensor products

of states in H (1) and H (2). These non-decomposable states are called “entangled” and exhibit a

“non-local” behavior, which is a distinctively quantum phenomenon.

Suppose two parties, Alice and Bob, share an entangled state, such as the Einstein-Podolsky-Rosen

(EPR) pair:

1p
2
|00〉+ 1p

2
|11〉 .

If Alice possesses the first qubit, and Bob holds the second one, measuring Alice’s qubit and

obtaining |1〉 results in the collapse of Bob’s qubit to |1〉, even if Alice and Bob are arbitrarily distant

from each other. This effect is considered non-local. However, Alice’s measurement cannot transmit

any information to Bob, as dictated by the “No-communication theorem”. Nonetheless, sharing an

EPR pair can offer advantages for various problems, with the most famous being the “CHSH game”,
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introduced in [CHTW04]. In this game, Alice and Bob are given input bits x and y , and their objective

is to output bits a and b such that:

a ⊕b (2.2)

In the absence of communication and without any prior entanglement between the parties, their

chances of winning are limited to a maximum probability of just 3/4. However, when they do share an

EPR pair, their winning probability significantly improves, reaching approximately cos(π/8)2 ≃ 0.85.

2.4 Quantum gates

Quantum gates, the quantum counterparts of classical logic gates, play a pivotal role in quantum

computing. A quantum gate, denoted as U , is responsible for defining a unitary transformation that

operates on a set of d qubits. This transformation is described as:

U : H (1) ⊗·· ·⊗H (d) −→H (1) ⊗·· ·⊗H (d)

Typically, d is a small number, most commonly 1, 2, or 3. The fundamental property of unitarity

ensures that quantum gates preserve the normalization of quantum states.

In the realm of quantum mechanics, only linear operations are permissible when manipulating

quantum states. These unitary transformations are accurately depicted using unitary matrices. It’s

important to note that the inverse of a unitary matrix, denoted as U−1, corresponds to its conjugate

matrix, denoted by U †. As a result, quantum gates are reversible operations.

In stark contrast to this, the only irreversible operation in quantum computing is the measure-

ment. Consequently, there exist classical gates, such as the AND and OR gates, which lack direct

quantum counterparts due to their inherently irreversible nature.

We provide here some examples of single-qubit quantum gates. I , X ,Y and Z are known as the

Pauli gates, while H is the Hadamard gate.

I =
[

1 0

0 1

]
X =

[
0 1

1 0

]
Y =

[
0 −i

i 0

]
Z =

[
1 0

0 −1

]
H = 1p

2

[
1 1

1 −1

]

We introduce the following 2-qubit gates, known as Controlled Z (C Z ) and Controlled X (C X ).

C Z =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1

 C X =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


The C X gate, also called control-NOT is usually denoted with the following symbol.

•
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Figure 2.2: Quantum circuit to create the EPR pair.

In general, a controlled unitary CU acts as follows: it leaves unchanged the first qubit; if the first

qubit is |0〉, it leaves unchanged also the second qubit, otherwise it applies U to the second qubit.

We introduce as well the phase shifter gate P ,

P (α) =
[

1 0

0 e iα

]
.

The parametric gates presented below play a variational quantum algorithms.

Rz (α) =
[

e−i α2 0

0 e i α2

]
Rx (α) =

[
cos

(
α
2

) −i sin
(
α
2

)
−i sin

(
α
2

)
cos

(
α
2

) ]

C Z (α) =


1 0 0 0

0 1 0 0

0 0 e−i α2 0

0 0 0 e i α2

 C X (α) =


1 0 0 0

0 1 0 0

0 0 cos
(
α
2

) −i sin
(
α
2

)
0 0 −i sin

(
α
2

)
cos

(
α
2

)


Observe that i Rx (π) = X , i Rz (π) = Z , iC X (π) =C X and iC Z (π) =C Z .

2.5 The circuit model

A quantum algorithm is usually described by a quantum circuit, that is a finite directed acyclic graph

whose nodes are either input/output nodes or quantum gates. As an illustrative example, we present

in Figure 2.2 the circuit producing the EPR pair.

Notably, the extensive array of existing quantum gates need not be exhaustively considered. The

Solovay-Kitaev Theorem ([CLSZ95], Appendix 3) provides a crucial insight, indicating that our focus

can be narrowed down to a small set of gates. Specifically, it implies the universality of the gate

set G = {C X , H ,P (π/8)} for quantum computation. This universality guarantees that any quantum

circuit can be approximated by another circuit using gates from G with only a logarithmic slowdown.
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Q
uantum information science has experienced a rapid development over the last three

decades. A comprehensive introduction to this discipline would undoubtedly exceeds the

space of this chapter. Given this fact, we cover selected topics and tools that are used during

this thesis, in order to provide a self-contained exposition. For an extensive treatment of the subject,

we refer instead to [NC10, Wil13, Wat18].

3.1 Preliminaries

We start by introducing the mathematical notation. For a vector x = (x1, . . . , xn), we denote as ∥x∥p

its p-norm, where ∥x∥p = (
∑n

i=1 |xi |p )1/p for 1 ≤ p <∞ and ∥x∥∞ = maxi ∥xi∥. It is convenient to

introduce also the 0-norm (which is technically not a norm): ∥x∥0 = |{i : xi ̸= 0}|, which is the number

of the non-zero entries of x . For n ≥ 1, we will write [n] = {1,2, . . . ,n}. Given T ⊆ [n], we will write

T := [n]\T . We will denote the 2n×2n identity matrix as In and we may omit the index n when is clear

from the context. For a matrix A, we will denote as A[i , j ] or Ai j the entry corresponding to the i -th

row and the j -th column. We will use the indicator string S = (x1, x2, . . . , xk ,∗,∗ . . . ,∗) to denote the

set of n-bit strings whose first k elements are x1, x2, . . . , xk , i.e. S = {(t1, t2, . . . , tn)| ∀i ∈ [k] : xi = ti )}.

Given a random variable X sampled according to a distribution ν, we will denote by Eν[X ] its

expected value and its variance by Vν[X ], and omit the index ν when it’s clear from the context.
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For two probability distributions P ,Q over a domain X , we denote their total variation distance as

|P −Q|tv = 1
2

∑
x∈X |P (x)−Q(x)|.

Basic definitions. Let {|0〉 , |1〉} be the canonical basis of C2, and Hn = (C2)⊗n be the Hilbert space

of n qubits. For x = x1x2 . . . xn ∈ {0,1}n , we denote the computational state |x〉 = ⊗n
i=1 |xi 〉 and, in

particular, we write |0n〉 = |00. . .0〉. We use the bra-ket notation, where we denote a vector v ∈ (C2)⊗n

using the ket notation |v〉 and its adjoint using the bra notation 〈v |. For u, v ∈Hn , we will denote

by 〈u|v〉 the standard Hermitian inner product u†v . A quantum (pure) state is a normalized vector

|v〉, i.e. | 〈v |v〉 | = 1. Let Ln be the subset of linear operators on Hn , with I representing the identity

operator, and let On ⊂Ln be the subset of self-adjoint linear operators on Hn . We denote by OT
n ⊂On

be the subset of traceless self-adjoint linear operators on Hn , by O+
n ⊂On the subset of the positive

semidefinite linear operators on on Hn and by by Sn ⊂O+
n the set of the quantum states of Hn , i.e.

Sn := {ρ ∈Ln : ρ ≥ 0,Tr[ρ] = 1}. We denote by Un the unitary group, that is the set linear operators

U ∈ Ln satisfying UU † = U †U = I , and we denote by Id : Ln → Ln the identity map. For any

operators A,B ∈Ln , let 〈A,B〉, denote the normalized Hilbert-Schmidt inner product,

〈A,B〉 = 1

2n Tr
[

A†B
]
= 1

2n

∑
i , j∈{0,1}n

A∗
i , j Bi , j . (3.1)

We define the canonical maximally entangled state as |Ω〉 = 1p
2n

∑
i , j∈{0,1}n |i , i 〉.

Operators on tensor spaces. We also introduce a further notation for tensor products of k Hilbert

spaces. We define by L k
n be the subset of linear operators on H ⊗k

n . In particular, for k = 2, the identity

I and the Flip operator F associated to a tensor product of two Hilbert spaces are defined as

I := ∑
i , j∈{0,1}n

|i , j 〉〈i , j |, F := ∑
i , j∈{0,1}n

|i , j 〉〈 j , i |. (3.2)

Notably, they satisfy the following properties:

I
(|ψ〉⊗ |φ〉)= |ψ〉⊗ |φ〉 , F

(|ψ〉⊗ |φ〉)= |φ〉⊗ |ψ〉 , (3.3)

for all |ψ〉 , |φ〉 ∈Hn .

Let X AB be an operator acting on a tensor product Hilbert space H A ⊗HB , and let {|l〉B } be an

orthonormal basis for HB . Then the partial trace over the Hilbert space HB is defined as follows:

TrB [X AB ] =∑
l

(I A ⊗〈l |B )X AB (I A ⊗|l〉B ). (3.4)

Measurements. The most general class of measurements that we can perform on mixed states are

the POVM (Positive Operator Valued Measure) measurements. Although they can be represented as

channels, it is convenient to define them separately. In the POVM formalism, a measurement M is
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given by a list of d ×d positive semidefinite matrices (M1, . . . ,Mk ), which satisfy
∑k

i=1 Mi = I . Each

Mi is called POVM element. The measurement rule is:

Pr[M returns outcome i on input ρ] = Tr(Miρ).

We denote as M (ρ) the distribution over [k] induced by performing M on the state ρ. Thus we have

E[M (ρ)] =∑k
i=1 i ·Tr(Miρ). Moreover, we denote by range(M) the set of possible outcomes of M .

3.2 Ensembles of states and unitaries

In this section, we will introduce ensembles of states and unitaries of particular interest. Throughout

this thesis, we will use the terms “distribution” and “ensemble” interchangeably. We will sometimes

define an ensemble as a set of parametrized unitaries, for instance {U (θ)}θ∈Θ. In this case, the

associated distribution is the one obtained by sampling θ uniformly at random fromΘ.

3.2.1 Haar measure and t-designs

We start by providing some rudimentary notions about the Haar measure µn , which can be thought

as the uniform distribution over the unitary group Un . For a comprehensive introduction to the Haar

measure and its properties, we refer to [Mel23].

Definition 3.1 (Haar measure). The Haar measure on the unitary group Un is the unique probability

measure µn that is both left and right invariant over the set Un , i.e., for all integrable functions f and

for all V ∈Un , we have:∫
Un

f (U )dµn(U ) =
∫
Un

f (UV )dµn(U ) =
∫
Un

f (V U )dµn(U ). (3.5)

Given a state |φ〉, we denote the k-th moment of a Haar random state as

E|ψ〉∼µn

[
|ψ〉〈ψ|⊗k

]
:= EU∼µn

[
U⊗k |φ〉〈φ|⊗k U †⊗k

]
. (3.6)

Note that the right invariance of the Haar measure implies that the definition of E|ψ〉∼µn

[|ψ〉〈ψ|⊗k
]

does not depend on the choice of |φ〉.

In numerous scenarios, random unitaries and states are drawn from distributions that effectively

capture solely the lower-order statistical properties of the Haar measure. A prime example of this

is the exploration of the well-documented barren plateaus phenomenon [MBS+18]. This naturally

brings us to the concept of (unitary) k-designs, for integers k ≥ 1 [DCEL09].

Definition 3.2 (Unitary k-design). Let ν be a probability distribution over the unitary group Un . The

distribution ν is unitary k-design if

EV ∼ν
[

V ⊗k X V †⊗k
]
= EV ∼µn

[
V ⊗k X V †⊗k

]
, (3.7)

for all linear operator X ∈L k
n .
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Informally, we say that ν and µn “agree” up to the first k-moments. State k-designs are defined

analogously.

Definition 3.3 (State k-design). Let ν be a probability distribution over the set of quantum states Sn .

The distribution ν is said to be a state k-design if

E|ψ〉∼ν
[
|ψ〉〈ψ|⊗k

]
= E|ψ〉∼µn

[
|ψ〉〈ψ|⊗k

]
. (3.8)

We will now give the expressions of the first two moments of the Haar measure in terms of the

identity and swap operator. Given X ∈Ln , we have

EU∼µn

[
U XU †

]
= Tr[X ]

I

2n . (3.9)

Given X ∈L 2
n , we have

EU∼µn

[
U⊗2XU †⊗2

]
= Tr[X ]−2−n Tr[FX ]

22n −1
I+ Tr[FX ]−2−n Tr[X ]

22n −1
F. (3.10)

The first two moments of the Haar measure occur in many calculations involving random states

sampled from a 2-design, particularly in Chapters 4, 5 and 6 of this thesis.

Example 3.1. The Pauli group Pn forms a 1-design. This can be checked by expanding an arbitrary

operator X ∈Ln in the Pauli basis:

1

4n

∑
P∈Pn

P X P † = 1

8n

∑
Q∈Pn

∑
P∈Pn

PQP † Tr[XQ] = Tr[X ]
I

2n , (3.11)

where we used the fact the all non-identity Pauli strings commute with half Pauli strings and anti-

commutes with the other halfs, therefore
∑

P∈Pn
PQP † = 4n if Q = I and 0 otherwise.

Example 3.2 (Overlap of random states). From Equation 3.9, we can immediately compute the

overlap between two random states. Let ν be a state 1-design. We have,

Eρ∼ν,σ∼νTr[ρσ] = Tr

[(
I

2n

)2]
= 1

2n . (3.12)

3.2.2 Locally scrambled ensembles

Along with t-designs, another important family of unitaries (and states) is the one of locally scrambled

ensembles, introduced in [CHE+23].

Definition 3.4 (Locally scrambled ensembles). An ensemble of n-qubit unitaries is called locally

scrambled if it is invariant under pre-processing by tensor products of arbitrary local unitaries. That

is, a unitary ensemble ULS is locally scrambled if for U ∼ULS and for any fixed U1, . . . ,Un ∈U1 also

U (
⊗n

i=1 Ui ) ∼ULS. Accordingly, an ensemble SLS of n-qubit quantum states is locally scrambled if it

is of the form SLS =ULS |0n〉 for some locally scrambled unitary ensemble ULS.
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3.2. ENSEMBLES OF STATES AND UNITARIES

Notable examples of locally scrambled ensembles are the products of random single-qubit

stabilizer states and the products of Haar random k-qubit states, which, in particular, include Haar

random n-qubit states the products of Haar random single-qubit states. We emphasize that the above

families include both product states and highly entangled states. This definition is motivated by a

phenomenon referred as out-of-distribution generalization. First, we briefly discuss the intuition

behind in-distribution generalization. In most learning tasks, an agent, or learner, is provided some

data sampled from a distribution P used during the a training phase, and subsequently tested

according the same distribution P during the testing phase. This corresponds to the intuition that

a fair examination of a student should adhere to the materials she encountered during the course,

rather than covering a totally unrelated topic. Thus, if the testing distribution is Q ̸=P , providing an

accurate learning algorithm often becomes an insurmountable task. In this scenario, say that a learner

that produces an accurate prediction has achieved out-of-distribution generalization. Instances of

this problems have been addressed in (classical) machine learning with “transfer learning” techniques

[PY10]. In the quantum setting, out-of-distribution generalization is achievable when P ,Q are locally

scrambled distribution over states. To state this result, we first need to introduce the following notion

of expected risk, also employed in Chapter 6. For U ,V ∈Un , we define

Rν(U ,V ) := E|ψ〉∼ν
[∥∥∥U |ψ〉〈ψ|U † −V |ψ〉〈ψ|V †

∥∥∥2

tr

]
, (3.13)

where we can think U as an unknown unitary, V as the unitary output by the learner and ν as the

testing distribution. Then the goal of the learner is to output the unitary V minimizing the expected

risk. Surprisingly, the expected risks with respect to all locally scrambled ensembles are within a

constant multiplicative factor.

Lemma 3.1 ([CHE+23], Lemma 1). For any ν ∈SLS and U ,V ∈Un ,

1

2
Rµn (U ,V ) ≤ 2n

2n +1
Rν(U ,V ) ≤Rµn (U ,V ). (3.14)

As also argued in [CHE+23], this result holds for a larger family of ensemble agrees with a locally

scrambled one up to and including its (complex) second moments.

3.2.3 Collision probability and anticoncentration

Given an ensemble of states ν, it is fruitful to look at the distribution induced by a computational

measurement. In particular, we define the scaled collision probability of ν as

Z (ν) := 2n ·Eρ∼ν
[ ∑

x∈{0,1}n

Tr[ρ|x〉〈x|]2

]
−1. (3.15)
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Let Z y be Pauli strings in {I , Z }⊗n associated to n-bit the binary string y , i.e. Z y =⊗
i∈{0,1}n Z yi , where

Z 0 = I and Z 1 = Z . We can expand each computational basis state in the Pauli basis:

2n
∑

x∈{0,1}n

Tr[ρ|x〉〈x|]2 = 1

2n

∑
x∈{0,1}n

Tr

[ ∑
y∈{0,1}n

(−1)x·yρZ y

]2

(3.16)

= 1

2n

∑
y ,z∈{0,1}n

Tr[ρZ y ]Tr[ρZ z ]

( ∑
x∈{0,1}n

(−1)x·(y+z)

)
= ∑

y∈{0,1}n

Tr[ρZ y ]2, (3.17)

where we used the identity
∑

x∈{0,1}n (−1)x·(y+z) = δy z 2n . This immediately implies the following

characterization of the scaled collision probability:

Z (ν) = 2n ·Eρ∼ν
∑

P∈{I ,Z }⊗n

Tr[ρP ]2 −1. (3.18)

We say that ν exhibits the anti-concentration property if

Z (ν) =O(1). (3.19)

3.2.4 Approximate scrambling

A further property of quantum ensembles is the presence (or lack) of scrambling. The notion of

scrambling also arises in the black-hole information paradox [LSH+13] and refers to the process

of mapping most initial pure product states to states that are highly entangled [BF12, BF15]. From

the standpoint of Pauli basis, scrambling tends to reduce the mass of low-weight Pauli strings, as

demonstrated in the example below. We revisit the definition of scrambling given in [HM23].

Definition 3.5 (Approximate scrambler). Let k ≤ n a positive integer. An ensemble of unitaries µ is

an (ε,k)-approximate scrambler if for any density matrix ρ ∈Sn and subset S of qubits with |S| ≤ k.

EU∼µ
∥∥∥∥ρS(U )− I

2|S|

∥∥∥∥2

1
≤ ε, (3.20)

where ρS(U ) = TrS U |0n〉〈0n |U †

Example 3.3 (Scrambling wipes out low-weight Paulis). We will now derive an implication of the

definition of ε-approximate scrambler, restating an argument given in [BF12, BF15]. Let k = |S|. We

first rewrite the squared 2-distance in terms of the Pauli strings.

∥∥∥∥ρS(U )− I

2k

∥∥∥∥2

2
=

(
Tr[ρS(U )2]− 1

2k

)
(3.21)

= 1

2k

(
1

2k
Tr

[ ∑
P∈Pk

Tr[PρS(U )]P

]2

−1

)
= (3.22)

= 1

2k

∑
P∈Pk

Tr[PρS(U )]2 − 1

2k
= 1

2k

∑
P∈Pk \{I }

Tr[PρS(U )]2. (3.23)
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By the Cauchy-Schwartz inequality, the squared 1 and 2-distances are within a factor 2k :∥∥∥∥ρS(U )− I

2k

∥∥∥∥2

1
≤ 2k

∥∥∥∥ρS(U )− I

2k

∥∥∥∥2

2
≤ 2k

∥∥∥∥ρS(U )− I

2k

∥∥∥∥2

1
. (3.24)

Thus, ∑
P∈Pk \{I }

Tr[PρS(U )]2 ≤ 2k ·ε. (3.25)

Thus the contribution of the Paulis with weight smaller than k is at most 2k ·ε.

3.2.5 Pauli invariant ensembles

We conclude this section with a property of measures over n-qubit unitaries that are invariant under

right or left multiplication of random Pauli. So, in particular, this includes circuits whose initial layer

consists in Haar-random single-qubit gates. In particular, 2-design property implies Pauli invariance,

but not the converse. The following is a variant of the results of Ref. ([AGL+23a], Lemma 2).

Lemma 3.2 (Pauli invariant distributions). Let D be any distribution over n-qubit unitaries that is

invariant under right-multiplication of random Pauli, i.e., for any measurable function F ,

EU∼D[F (U )] = 1

4n

∑
P∈Pn

EU∼D[F (U P )]. (3.26)

Then for any P ,Q ∈Pn such that P ̸=Q, we have

EU∼D[U PU † ⊗UQU †] = 0. (3.27)

Similarly, assuming left-invariance instead of right-invariance, for any P ,Q ∈Pn such that P ̸=Q, we

obtain

EU∼D[U †PU ⊗U †QU ] = 0. (3.28)

Proof. We will prove only the first statement, as the proof of the second is analogous. First, let us use

the invariance under right-multiplication of random Pauli operators

EU∼D[U PU † ⊗UQU †] = 1

4n

∑
R∈Pn

EU∼D

[
U RPRU † ⊗U RQRU †

]
(3.29)

= 1

4n EU∼D

[
U⊗2

( ∑
R∈Pn

RPR ⊗RQR

)
(U †)⊗2

]
.

It suffices to show that ∑
R∈Pn

RPR ⊗RQR = 0. (3.30)

Let 〈〈P ,Q〉〉 := 1[P and Q anticommute], so that∑
R∈Pn

RPR ⊗RQR = ∑
R∈Pn

(−1)〈〈P ,R〉〉+〈〈Q,R〉〉P ⊗Q (3.31)

= ∑
R∈Pn

(−1)〈〈PQ,R〉〉P ⊗Q = 0,

where the last line follows from the fact that PQ is not identity, and therefore commutes with half

Paulis and anticommutes with the other half. ■
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3.3 Distances and divergences over quantum states

We provide a concise introduction to different measures of distance and divergences used for com-

paring quantum states in various contexts.

3.3.1 Schatten p-norms

Schatten p-norm can be used to define distances between linear operators. The Schatten p-norm of

an operator A ∈Ln is given by

∥A∥p := [Tr
{|A|p}

]1/p ,

where |A| :=
p

A† A and p ≥ 1. For each p ∈ [1,∞], we consider the dual index q such that 1
p + 1

q = 1.

The Hölder inequality gives:

Tr
{

A†B
}
≤ ∥A∥p∥B∥q . (3.32)

For two quantum states ρ,σ ∈Sn , the trace distance is defined as follows:

∥ρ−σ∥tr := 1

2
∥ρ−σ∥1. (3.33)

Notably, the trace distance admits the following variational characterization:

∥ρ−σ∥tr = max
0≤M≤I

Tr[M(ρ−σ)]. (3.34)

The above maximization is with respect to all positive semi-definite operators M ∈Ln that have their

eigenvalues bounded from above by one. Another key feature of the trace distance is its invariance

under unitary evolution.

∥UρU † −UσU †∥tr = ∥ρ−σ∥tr. (3.35)

Moreover, it is convenient to write the following spectral decomposition

ρ−σ=∑
i
λi |i 〉〈i | = X +−X −,

where X + and X − denote respectively the positive part and the negative part of ρ−σ, i.e.

X + := ∑
λi>0

λi |i 〉〈i | , X − := ∑
λi<0

λi |i 〉〈i | .

In particular, the following identities can be easily verified:

∥ρ−σ∥tr = Tr(X +) = Tr(X −). (3.36)

3.3.2 The quantum Wasserstein distance of order 1

We adopt the definition of quantum Wasserstein distance of order 1 proposed in [DPMTL21a]. This

is based on the following notion of neighbouring quantum states, which also arises in the context

of differentially private measurements [AR19]. We say that ρ and σ ∈ Sn are neighbouring if they
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coincide after discarding one qubit, i.e., if Tri ρ = Tri σ for some i ∈ [n]. The quantum W1 distance

between the quantum states ρ and σ of Hn is defined as

W1(ρ,σ) = min
( n∑

i=1
ci : ci ≥ 0,ρ−σ=

n∑
i=1

ci

(
ρ(i ) −σ(i )

)
, (3.37)

ρ(i ),σ(i ) ∈Sn ,Tri ρ
(i ) = Tri σ

(i )
)
. (3.38)

Intuitively, the distance W1(ρ,σ) is associated to the number of local operations needed to turn ρ

into a state close to σ in trace distance. The W1 distance is induced by the associated quantum W1

norm. For X ∈OT
n , we define

∥X ∥W1 =
1

2

(
n∑

i=1
∥X (i )∥1 : X (i ) ∈OT

n ,Tri X (i ) = 0, X =
n∑

i=1
X (i )

)
. (3.39)

The quantum W1 norm and the trace norm are always within a factor n,

n

2
∥X ∥1 ≤ ∥X ∥W1 ≤

n

2
· ∥X ∥1. (3.40)

We also need the following technical lemma that can be used to upper bound the quantum W1

distance under the action of a local evolution.

Lemma 3.3 (Proposition 5, [DPMTL21a]). Let I ⊆ [n], and let ρ,σ ∈Sn such that TrI ρ = TrI σ,

W1(ρ,σ) ≤ |I |d
2 −1

d 2 ∥ρ−σ∥1. (3.41)

We will employ the contraction coefficient of a channelΦwith respect to the quantum W1 distance,

defined as

∥Φ∥W1→W1
:= max

ρ ̸=σ∈S (C2n )

W1(Φ(ρ),Φ(σ))

W1(ρ,σ)
= max

X∈OT
n ,

∥X ∥W1=1

∥Φ(X )∥W1 . (3.42)

Note that contraction coefficient ∥ · ∥W1→W1 is not in general bounded by 1, as the W1 does not satisfy

a data-processing inequality for all channels. However,Φ is a layer of of k-qubit gates, the contraction

coefficient ofΦ can be bounded by light-cone argument as follows

∥Φ∥W1→W1 ≤
 1 if k = 1,

3
2 k if k > 1 ([DPMTL21a], Proposition 13).

(3.43)

And thus a layer of two qubit gates has contraction coefficient at most 3. For instance, consider a

local channel N (X ) = (1−p)X +Tr[X ]σ for a qubit state σ ∈S (C2). As proven in [DPMTL21a], the

contraction coefficient of corresponding tensor power channel can be computed exactly,

∥N ⊗n∥W1→W1 = (1−p). (3.44)

For other kinds of local noise, computing the exact expression of the contraction coefficient can

be a complicated task, and thus we need to resort to coarse upper bounds. If N is a single-qubit

channel, the contraction coefficient of the tensor power channel N ⊗n can be upper bounded by the

diamond distance between N and a suitable 1-qubit channel E . In particular, we recall a result given

in Ref. [DPMTL21a].
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Proposition 3.1 (Proposition 11, [DPMTL21a]). LetΦ be a quantum channel on Cd with fixed point

ω ∈S1 and let E the quantum channel on Cd that replaces the input state with ω. Then,

1

2
∥Φ−E ∥1→1 ≤ ∥Φ⊗n∥W1→W1 ≤ ∥Φ−E ∥⋄ ≤ 2∥Φ−E ∥1→1, (3.45)

where we recall that for any single-qubit linear map F ,

∥F∥1→1 = max
ρ∈S1

∥F (ρ)∥1, (3.46)

∥F∥⋄ = max
ρ∈S2

∥F ⊗ I2(ρ)∥1. (3.47)

We also define the quantum Lipschitz constant of a self-adjoint linear operator H ∈On :

∥H∥L = max
i∈[n]

(max(Tr[H(ρ−σ)] : ρ,σ ∈Sn ,Tri ρ = Tri σ)). (3.48)

From the definition of W1 distance, we can readily derive that

Tr[H(ρ−σ)] ≤ ∥H∥LW1(ρ,σ). (3.49)

The quantum Lipschitz constant is particularly useful to determine concentration inequalities of

noisy states [DPMRF23]. In particular, the maximally mixed state satisfies the following Gaussian

concentration inequality for every observable O,

Pr
I /2n

[∣∣∣∣O − Tr[O]

2n

∣∣∣∣≥ an

]
≤ exp

(
− a2n

∥O∥L

)
. (3.50)

3.3.3 Rényi divergences

In the classical setting, for two probability measures P ,Q the Rényi divergences of order α ∈ (1,∞)

are defined as

Dα(P∥Q) = 1

α−1
logEx∼Q

(
P (x)

Q(x)

)α
,

where we adopt the conventions that 0/0 = 0 and z/0 =∞ for z > 0. In the limit α→ 1, the Rényi

divergence reduces to the relative entropy, also known as the Kullback-Leibler divergence, i.e.

limα→1 Dα(P∥Q) = D(P∥Q) = Ex∼P log P (x)
Q(x) . Moreover, by taking the limit α → ∞, we obtain the

max-divergence

D∞(P∥Q) = sup
S⊆supp(Q)

log
P (S)

Q(S)
.

We will also need the related smooth max-divergence,

Dδ
∞(P∥Q) = sup

S⊆supp(Q):P (S)≥δ
log

P (S)−δ
Q(S)

.

We emphasise that Dδ∞(P∥Q) ≤ ε if and only if for every subset S,

P (S) ≤ eεQ(S)+δ.
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Notably, the (smooth) max-divergence occurs in the definition of differential privacy.

Now we introduce divergences for quantum states. We make use of the quantum Petz-Rényi

divergences [MH11, MLDS+13] of order α ∈ (1,∞). For two states ρ,σ such that the support of ρ is

included in the support of σ, they are defined as

Dα(ρ∥σ) = 1

α−1
logTr[ρασ1−α].

In case the support of ρ is not contained in that of σ, all the divergences above are defined to be +∞.

In the limit α→ 1, the quantum Petz-Rényi divergence reduces to the quantum relative entropy, i.e.,

limα→1 Dα(ρ∥σ) = D(ρ∥σ) = Tr[ρ(logρ− logσ)]. We also consider the divergence obtained by taking

the limit α→∞, known as quantum max-divergence,

D∞(ρ∥σ) = inf{λ : ρ ≤ eλσ},

and the related quantum smooth max-divergence [HRF23],

Dδ
∞(ρ∥σ) = inf

ρ∈Bδ(ρ)
D∞(ρ∥σ),

where Bδ(ρ) = {ρ : ρ† = ρ ≥ 0∧∥ρ−ρ∥1 < 2δ}. Similarly to its classical counterpart, the quantum

(smooth) max-divergence plays a central role in this thesis as it occurs in the definition of differentially

private quantum channels.

The (standard) joint convexity of the Rényi divergence for α ∈ [0,∞] is proven in [vEH14] (Theo-

rem 13). For the max divergence have

D∞(
∑

i
λi Pi∥

∑
i
λi Qi ) ≤ max

i
D∞(Pi∥Qi ).

For the smooth max divergence, we can easily prove the statement from scratch. Assume Pi (x) ≤
eεQi (x)+δ: ∑

i
λi Pi (x) ≤∑

i
λi (eεQi (x)+δ) = eε

(∑
i
λi Qi (x)

)
+δ.

3.3.4 The measured Pinsker’s inequality

We provide an alternative version of the popular Pinsker’s inequality [HOT81], where the quantum

relative entropy is replaced by the measured relative entropy. As the proof is almost identical to the

one of the (standard) quantum Pinsker’s inequality, this can be regarded as a folklore result. We

include it here since we were unable to find an appropriate reference.

Lemma 3.4 (Measured Pinsker’s inequality). For ρ,σ quantum states, the following inequality holds:

∥ρ−σ∥2
tr ≤

1

2
DM (ρ∥σ),

where DM (ρ∥σ) is the measured relative entropy.
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Proof. Recall the variational interpretation of the trace distance as a probability difference:

∥ρ−σ∥tr = max
0≤Λ≤I

Tr[Λ(ρ−σ)] = |M (ρ)−M (σ)|tv,

where M = (Λ∗, I −Λ∗) andΛ∗ = argmax0≤Λ≤I Tr[Λ(ρ−σ)]. The classical Pinsker’s inequality yields:

|M (ρ)−M (σ)|2tv ≤
1

2
D(M (ρ)∥M (σ)) ≤ 1

2
DM (ρ∥σ),

where the second inequality follows from the definition of measured relative entropy. This proves the

lemma. ■

The standard inequality can be deduced by noting that DM (ρ∥σ) ≤ D(ρ∥σ).

3.3.5 The quantum hockey-stick divergence

The quantum hockey-stick divergence was first introduced in [SW12], in the context of exploring

strong converse bounds for the quantum capacity, and further investigate in [HRF23] in the context

of quantum differential privacy. It is defined as

Eγ(ρ∥σ) := Tr(ρ−γσ)+, (3.51)

for γ ≥ 1. Here X + denotes the positive part of the eigendecomposition of a Hermitian matrix

X = X +−X −. In [SW12] it was noted that this quantity is closely related to the trace norm via

Eγ(ρ∥σ) = 1

2
∥ρ−γσ∥1 + 1

2
(Tr(ρ)−γTr(σ)), (3.52)

so for ρ,σ quantum states, E1(ρ∥σ) = 1
2∥ρ−σ∥1 equals the trace distance. We also state some useful

properties of the hockey-stick divergence proven in ([HRF23], Proposition II.5).

• (Triangle inequality) For γ1,γ2 ≥ 1 and ρ,σ ∈Sn , we have

Eγ1γ2 (ρ∥σ) ≤ Eγ1 (ρ∥τ)+γ1Eγ2 (τ∥σ). (3.53)

• (Convexity) Let γ1,γ2 ≥ 1, ρ =∑
x p(x)ρx and σ=∑

x q(x)σx with ρx ,σx ∈Sn , we have

Eγ1γ2 (ρ∥σ) ≤∑
x

p(x)Eγ1 (ρx∥σx )+γ1Eγ2 (p̃∥q̃), (3.54)

where p̃ and q̃ are non-normalised distributions p̃(x) = p(x)Trσx and q̃(x) = q(x)Trσx , respec-

tively. This also implies convexity and joint convexity.

• (Stability) For γ≥ 1 and ρ,σ,τ ∈Sn , we have

Eγ(ρ⊗τ∥σ⊗τ) = Tr[τ]Eγ(ρ∥σ). (3.55)
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3.4 Quantum channels

An n-qubit ideal quantum circuit can be represented by a unitary operator U ∈Un . However, this

representation does not captures the imperfections of real devices, which often manifests as in-

coherent noise and hence irreversible operations. General evolutions of quantum states can be

represented as quantum channels. Quantum channels bridge in a unified formalism both unitary

operators and classical channels, similary to how density matrices incorporate both quantum pure

states and classical probability distributions. We define a quantum channel N : Ln → Lm as a

linear, completely positive and trace-preserving map. Complete positivity means that for all positive

operators σ ∈L ((C2)⊗n ⊗Cd ), for any d ∈N, the operator N ⊗ Id(σ) is positive. Trace-preservation,

i.e. Tr(N (A)) = Tr(A) for any A ∈Ln , corresponds to the conservation of probabilities. We say that

a quantum channel N is unital if it preserves the identity, i.e. if N (I ) = I , and non-unital other-

wise. Any quantum channel N over n-qubit can be represented in terms of 2n ×2n Kraus operators

K1,K2, . . .K4n ∈Ln , i.e.,

N (·) =
4n∑

i=1
Ki (·)K †

i , (3.56)

where the condition
∑4n

i=1 K †
i Ki = I is needed to satisfy trace-preservation. For a unitary channel

U (·)U †, all Kraus operators but one are zeros.

Example 3.4 (Depolarizing channel). The n-qubit depolarizing channel N
(dep)

p is a channel acting as

identity with probability 1−p and returning the maximally mixed state with the remaining probability.

Thus for A ∈Ln , we have

N
(dep)

p (A) = (1−p)A+p ·Tr[A]
I

2n . (3.57)

Since the Pauli group Pn forms a 1-design (Example 3.1), we can rewrite the channel as follows

N
(dep)

p (A) = (1−p)I AI +p · 1

4n

∑
P∈Pn

PAP (3.58)

=
(
1−p + p

4n

)
I AI + p

4n

∑
P∈Pn \{I }

PAP , (3.59)

which immediately yields the expression of the 4n Kraus operators,

Ki =


√
1−p + p

4n I for i = 1,
p

p
2n Pi for i > i , where Pi ∈Pn \ {I }.

(3.60)

∗ ∗ ∗

In this thesis we will also employ two alternative representations of quantum channels, based

respectively on the Pauli Transfer Matrix and the Choi-Jamiolkowski isomorphism.
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3.4.1 The Pauli Transfer Matrix

As previously discussed, the Pauli strings form an orthonormal basis for the (scaled) Hilbert-Schimdt

inner product, therefore we can represent states as a linear combination of Pauli strings. As a con-

sequence, a quantum channel N is fully determined by its action on Pauli strings. Then the Pauli

Transfer Matrix (PTM) of N is a 4n ×4n matrix whose entries are

tP ,Q = 1

2n Tr[QN (P )]. (3.61)

Then the action of N on P ∈ Pn can be expressed concisely as N (P ) = ∑
Q∈Pn

tP ,QQ. Trace-

preservation implies that

tP ,I = 1

2n Tr[N (P )] = 1

2n Tr[P ] =
 1 if P = I

0 otherwise.
(3.62)

Example 3.5 (Depolarizing channel). To compute the Pauli Transfer Matrix of the n-qubit depolariz-

ing channel N
(dep)

p , it suffices to plug a non-identity Pauli string P ∈Pn \ {I } in the definition of the

channel and observe that

N
(dep)

p (P ) = (1−p)P , (3.63)

and therefore

∀P ,Q ∈Pn \ {I } : tP ,Q = δP ,Q (1−p), (3.64)

where δP ,Q is the Kronecker’s delta.

Example 3.6 (Amplitude damping channel). The single-qubit amplitude damping channel N
(amp)

q

is defined by the following Kraus operators:

K0 =
(

1 0

0
√

1−q

)
, K1 =

(
0

p
q

0 0

)
. (3.65)

Therefore a single-qubit linear operator X undegoes the following transformation:

X =
(

x00 x01

x10 x11

)
7→N

(amp)
q (X ) =

(
x00 +qx11

√
1−q x01√

1−q x10 (1−q)x11

)
. (3.66)

Replacing X with the single-qubit Pauli operators yields the entries of the Pauli Transfer Matrix. Other

than tI ,I = 1, the non-zero PTM elements are

tI ,Z = q , tX ,X = tY ,Y =√
1−q , tZ ,Z = 1−q . (3.67)

Example 3.7 (Purity of the evolution of the single-qubit maximally mixed state ). We will now

compute the purity of the state obtained by applying the single-qubit channel N on the maximally

mixed state.

1

4
Tr[N (I )2] = 1

4
Tr[(I + tI ,X X + tI ,Y Y + tI ,Z Z )2] = 1

2
(1+ t 2

I ,X + t 2
I ,Y + t 2

I ,Z ). (3.68)
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3.4.2 The Choi-Jamiolkowski isomorphism

Furthermore, we can represent a channel with its dual state, known as Choi-Jamiolkowski state, or

simply Choi state [Cho75, Jam72]. This will play a central role in several algorithms proposed in

Chapter 6. The Choi state J (N ) can be prepared by first creating the maximally entangled state

on 2n qubits, which we denoted by |Ω〉, and then applying N on half of the maximally entangled

state. This is equivalent to preparing n Einstein–Podolsky–Rosen (EPR) pairs 1p
2

(|00〉+ |11〉) (which

altogether forms 2n qubits) and applying the channel N to the n qubits coming from the second

half of each of the EPR pairs. We have

J (N ) = Id⊗N (|Ω〉〈Ω|) = 1

2n

∑
i , j∈{0,1}n

|i 〉〈 j |⊗N (|i 〉〈 j |). (3.69)

We emphasize that the n EPR pairs may be prepared with a constant depth circuit. If N =U (·)U † is a

unitary channel, the Choi state J (N ) is pure and we denote it by J (N ) = |v(U )〉〈v(U )|.

Example 3.8 (Choi states of Paulis). The Choi states of Pauli strings are of particular interest. First,

we note that the Choi states of the single-qubit Pauli operators are proportional to the Bell basis:

|v(I )〉 = 1p
2

(|00〉+ |11〉), |v(X )〉 = 1p
2

(|01〉+ |10〉) (3.70)

i |v(Y )〉 = 1p
2

(|01〉− |10〉), |v(Z )〉 = 1p
2

(|00〉− |11〉). (3.71)

Hence, the set {|v(I )〉 , |v(X )〉 , |v(Y )〉 , |v(Z )〉}⊗n forms an orthonormal basis for 2n-qubit pure states

with respect to the inner product | 〈·|·〉 |.

Example 3.9 (Purity of the Choi state of a single-qubit channel). It is convenient to express the purity

of the Choi state of a single-qubit channel N in terms of the elements of the Pauli Transfer Matrix.

First, recall that Choi state can be expressed as follows:

J (N ) :=N ⊗ I

(
1

2
(|00〉〈00|+ |00〉〈11|+ |11〉〈00|+ |11〉〈11|)

)
(3.72)

=1

4
(N (I )⊗ I +N (X )⊗X −N (Y )⊗Y +N (Z )⊗Z ), (3.73)

where we expanded the Bell state in the Pauli basis. Now recall that in general N (Q) =∑
P∈{I ,X ,Y ,Z } tQ,P P .

Hence we can express the purity of the Choi state as:

Tr[J (N )2] = 1

16

∑
P

Tr[N (P )2 ⊗ I ] = 1

16

∑
P ,Q

t 2
P ,Q Tr[I ⊗ I ] = 1

4

∑
P ,Q

t 2
P ,Q . (3.74)

∗ ∗ ∗

As the name suggests, the mapping from channels to states N ↔ J (N ) is an isomorphism and

therefore it induces a distance over channels, previously introduced in [BY23]. In particular, we define

D(M ,N ) := 1p
2
∥J (N )−J (M )∥2 (3.75)
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When the channels N = U (·)U † and M = V (·)V † are unitary, we simply write D(U ,V ) instead of

D(U (·)U †,V (·)V †). Since for pure states the 1-distance and the 2-distance are equal up to a scaling

factor, we also obtain,

D(U ,V ) = ∥|v(U )〉〈v(U )|− |v(V )〉〈v(V )|∥tr =
√

1−|〈v(U )|v(V )〉 |2 . (3.76)

We remark that closely related distance have also appeared in other works. In particular, the pseudo-

distance dist(U ,V ) of [CNY23] and D(U ,V ) are within a constant factor
p

2 . We now state a useful

result relating D(U ,V ) to the expected risk Rν(U ,V ) introduced in Section 3.2.2. First, we generalize

the definition from unitaries to quantum channels.

Rν(M ,N ) := 1

2
E|ψ〉∼ν

[∥∥M (|ψ〉〈ψ|)−N (|ψ〉〈ψ|)∥∥2
2

]
, (3.77)

It is immediate to see that Rν(U (·)U †,V (·)V †) =Rν(U ,V ), thus this generalization is consistent with

the definition given for unitaries. We now rephrase a result of [BY23] according to our notation.

Lemma 3.5 ([BY23], Proposition 15). For quantum channels M ,N , it holds that

Rµn (M ,N ) = 2n

2n +1
D(M ,N )2 + 1

2n(2n +1)
∥M (I )−N (I )∥2

2 (3.78)

Note that the last term is 0 if M ,N are unital. Therefore, D(M ,N ) is an “average-case” measure

of the distance between quantum channels, and it is closely related to task of learning the action of a

channel on a Haar-random state. For unitary channels, Lemma 3.1 swiftly extends this guarantee to

all locally scrambled ensembles of states.

3.4.3 Adjoint channels

Every quantum channel admits a dual transformation referred as the adjoint, or dual, channel. While

quantum channels model evolution of quantum states, the adjoint channels capture the evolution of

observables in the so-called Heisenberg picture. For a quantum channel N , we define its adjoint N †,

as the unique linear map satisfying the following for all A,B ∈Ln :

Tr[N (A)B ] = Tr[AN †(B)] (3.79)

Since quantum channels are trace-preserving, adjoint channels are always unital. This can be seen

with simple manipulations

Tr[A] = Tr[N (A)] = Tr[IN (A)] = Tr[N †(I )A] =⇒ N †(I ) = I . (3.80)

In general, an adjoint channel may not been trace-preserving. Moreover, the adjoint channel N † is

trace-preserving if and only if the channel N is unital. This comes as an immediate consequence of

the following identity,

Tr[N †(A)] = Tr[N (I )A]. (3.81)
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Given this definition, it’s natural to ask whether the Pauli Transfer Matrices of N and N † are related.

We can easily verify that each matrix is the transpose of the other one. In other words, we have, for all

P ∈Pn ,

N (P ) = ∑
Q∈Pn

tP ,QQ and N †(P ) = ∑
Q∈Pn

tQ,PQ. (3.82)

It is easy to see that N
(dep)

p =N
(dep)†

p , i.e. the depolarizing channel and its adjoint coincide. This is a

consequence of the fact that the Pauli Transfer Matrix of the depolarizing channel is diagonal.
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-

T
his Chapter introduces several technical tools for the analysis of variational quantum algo-

rithms on noisy near-term devices, which will be employed throughout the rest of the thesis.

We start by considering the combined effect of a random unitary followed by an arbitrary

noise channels, which has been extensively studied in [QFK+22]. Subsequently, we examine a model

of noisy circuit, where the noise acts as a tensor power of local channels interspersing the unitary

layers, and we discuss the decay of purity within this model [HRF22, DPMRF23]. We also consider the

evolution of the quantum Wasserstein distance of order 1 in noisy random circuits, providing novel

upper bounds on the average contraction coefficients. Finally, give a concise proof of noise-induced

cost concentration under unital noise, which was previously studied in [WFC+21].

4.1 Purity and overlap change after one noisy gate

It is insightful to consider the intertwined effect of random unitaries and noisy channels. We consider

a n-qubit random unitary U sampled from a 2-design ν, followed from an arbitrary channel N ,
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CHAPTER 4. MODELING NEAR-TERM NOISY QUANTUM DEVICES

representing the action of noise. For two arbitrary input states ρ0,σ0, we have

ρ =N
(
Uρ0U †

)
, (4.1)

σ=N
(
Uσ0U †

)
. (4.2)

We are interested in the purity of those states and their overlap, which will play a central role in

several technical results of Chapter 5. Their values have been computed in prior work, hinging on

Eq. 3.10. We state the final result and refer to ([QFK+22], Section VII) for further details. We have

EU∼µn Tr
[
ρσ

]= (
22n

22n −1
− 2n

22n −1
Tr

[
ρ0σ0

])
Tr

[
N

(
I

2n

)2]
+

(
22n

22n −1
Tr[ρ0σ0]− 2n

22n −1

)
Tr

[
J (N )2] .

(4.3)

And thus the expression of the purity readily follows,

EU∼µn Tr
[
ρ2]= (

22n

22n −1
− 2n

22n −1
Tr

[
ρ2

0

])
Tr

[
N

(
I

2n

)2]
+

(
22n

22n −1
Tr[ρ2

0]− 2n

22n −1

)
Tr

[
J (N )2] .

(4.4)

The above expressions can be combined together to upper bound the expected 2-distance between ρ

and σ. By ([QFK+22], Proposition 3), we have

∥∥ρ−σ∥∥2
2 = Tr

[
ρ2]+Tr

[
σ2]−2Tr

[
ρσ

]
(4.5)

= 2n

22n −1

(
2n Tr[J (N )2]−Tr

[
N

(
I

2n

)2])∥∥ρ0 −σ0
∥∥2

2 . (4.6)

Example 4.1 (Average distance under the amplitude damping noise). We evaluate the upper bound

above for the single-qubit case, assuming that N =N
(amp)

q is the amplitude damping channel of

noise rate q . From Examples 3.6, 3.7, 3.9, we obtain

Tr

[
N

(amp)
q

(
I

2

)2]
= 1

2
(1+q2), (4.7)

Tr

[
J
(
N

(amp)
q

)2
]
= 1−q + q2

2
. (4.8)

By plugging these values inside Equation 4.6, we have

∥∥ρ−σ∥∥2
2 =

1

3
(q −1)(q −3)

∥∥ρ0 −σ0
∥∥2

2 . (4.9)

4.2 The interspersed model

Let Ui =Ui (·)U †
i

Φθ :=N ⊗n ◦UL ◦N ⊗n ◦ · · · ◦N ⊗n ◦U1(|0n〉〈0n |) (4.10)

V is a 2-qubit parameterized unitary V (θl ) := e−iθl Hl with l ∈ [m].
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Figure 4.1: Example of a noisy quantum circuit on n = 4 qubits

Cost functions and derivatives. We now define j ∈ [L], and define

ΦA :=N ⊗n ◦UL ◦ · · · ◦N ⊗n ◦U j , (4.11)

ΦB :=N ⊗n ◦U j−1 ◦ · · · ◦N ⊗n ◦U1. (4.12)

Therefore, we haveΦθ =ΦA ◦ΦB . Let µ ∈ [m] a parameter corresponding to a 2-qubit gates in the j -th

layer of the circuit. We now give the following lemma, which is also implicit in the proof of ([WFC+21],

Theorem 1).

Lemma 4.1 (Derivative). Let us denote the partial derivative with respect the parameter θµ as ∂µ := ∂
∂θµ

,

then we have

∂µC (θ) = i Tr
[
ΦB (ρ0)

[
Hµ,Φ†

A(H)
]]

. (4.13)

Proof. We can represent the cost function as

C (θ) := Tr
[
Φθ(ρ0)H

]= Tr
[
ΦA ◦ΦB (ρ0)H

]= Tr
[
ΦB (ρ0)Φ†

A(H)
]

. (4.14)

Here, the adjoint ofΦA(H) can be expressed as

Φ†
A(H) =U †

j

(
N †⊗n ◦ · · · ◦U †

D ◦N †⊗n(H)
)

U j , (4.15)

where U j is the unitary layer of brickwork circuit that contains the 2-qubit unitary UV (θµ) where U

is a 2-qubit gate and V is a 2-qubit parametrized unitary of the form V (θµ) = e−iθµHµ . By taking the

partial derivative with respect the parameter θµ, we have

∂µC (θ) = Tr
[
ΦB (ρ0)∂µ(Φ†

A(H))
]

(4.16)

= i Tr
[
ΦB (ρ0)HµΦ

†
A(H)

]
− i Tr

[
ΦB (ρ0)Φ†

A(H)Hµ

]
= i Tr

[
ΦB (ρ0)

[
Hµ,Φ†

A(H)
]]

,

where we have used the fact that ∂µe−iθµHµ =−i Hµe−iθµHµ . ■

4.2.1 Purity decay in noisy circuits

In this section we consider a circuit interspersed by local noise as in Figure 4.1 and we study the decay

of purity of the output state. We will deal with the cases of unital and non-unital noise separately.
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Unital noise. We will restrict our attention to the local Pauli noise, though similar results also hold

for more general families of unital noise. Following [WFC+21], the coefficients of the Pauli Transfer

Matrix of a local Pauli noise channel N are of the form

tPQ =
 cP if P =Q

0 if P ̸=Q,
(4.17)

where cI = 1 by unitality, and cX ,cY ,cZ ∈ (−1,1). The noise strength, or noise rate, is characterized by

the following parameter,

c =
√

max{|cX |, |cY |, |cZ |} . (4.18)

Thus, the decay 2-Rényi relative entropy (and therefore the purity) can be expressed in terms of the

noise strength c.

Lemma 4.2 ((Corollary 5.6, [HRF22]),(Supplementary Lemma 6, [WFC+21])). Let C a noisy circuit

interspersed by m layers of local Pauli noise of noise rate c Denote by ρ =C (ρ0) the output state of the

noisy circuit. Then,

D2

(
ρ
∥∥∥ I

2n

)
≤ c2mD2

(
ρ0

∥∥∥ I

2n

)
≤ c2mn. (4.19)

This readily implies the following upper bound on the purity

Tr[ρ2] ≤ 2n(c2m−1). (4.20)

We also note that the depolarizing noise N
(dep)

p of noise rate p can be recovered as a special case

by setting cX = cY = cZ = (1−p)2.

Non-unital noise. We will now upper bound the purity of the state produced by a circuit intersperse

by non-unital noise. In particular, by mean of the data-processed triangle inequality ([CMH17],

Theorem 3.1), the authors of [SFGP21, DPMRF23], obtained an upper bound on the purity of the

output of a non-unital channel, which is exponentially small in n when the unital component of the

noise “dominates” the unital one. In particular, we derive the following corollary for the special case

of the amplitude-depolarizing noise model.

Corollary 4.1 (Corollary of ([SFGP21], Lemma 1) or ([DPMRF23], Lemma C.1)). Let C a noisy circuit

interspersed by m layers of local noise, either of the form N
(dep,amp),⊗n

p,q or N
(amp,dep),⊗n

q ,p . Denote by

ρ =C (ρ0) the output state of the noisy circuit. Then,

D2

(
ρ
∥∥∥ I

2n

)
≤ n

(
(1−p)2m +q

1− (1−p)2m

2p −p2

)
:= n ·δm . (4.21)

This readily implies the following upper bound on the purity

Tr[ρ2] ≤ 2n(δm−1). (4.22)
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Proof. We first recall that Tr[ρ2] ≤ 2−n+D2(ρ∥I /2n), then first bound implies the second. We note the

following

D∞
(
N

(amp)⊗n
q

(
I

2n

)∥∥∥ I

2n

)
= nD∞

(
N

(amp)
q

(
I

2

)∥∥∥ I

2

)
= nq . (4.23)

Then the bound D2
(
ρ∥I /2n

)
follows from a direct application of ([DPMRF23], Lemma C.1). ■

Analogous results can be proved by replacing the depolarizing noise with Pauli noise, or substituting

the amplitude-damping noise with other kinds of non-unital noise. Note that the term δm converges

exponentially fast to q/(2p −p2), and thus in this regime the bound is non-trivial if q ≤ 2p − p2.

Moreover, for this regime of the noise, if m ≥ c · logn for a sufficiently large constant c , we obtain that

Tr[ρ2] = 2−Ω(n). Moreover, if p > 0 and q is a sufficiently small constant, the purity is exponentially

small even after a single layer of noise.

4.3 Average contraction coefficients for the W1 distance

We will now consider a more general case, where the noise is modeled an arbitrary local channel

preceded by a single-qubit gate drawn from a 2-design. The presence of local 2-design is a minimal

assumption in our setting and it has the advantage of simplifying the analysis thanks to the Schur-

Weyl duality.

Proposition 4.1. Let N be a local channel and let U1,U2, . . .Un be random single-qubit gates drawn

from a local 2-design. We will denote U =⊗n
i=1 Ui . Then the average contraction coefficient of N ⊗n ◦

U (·)U † can be upper bounded as follows:

EU∥N ⊗n ◦U (·)U †∥W1→W1 ≤ min

{
1,

√
4

3

∑
P ,Q∈{X ,Y ,Z }

t 2
P ,Q

}
. (4.24)

Proof. We first need to extend Proposition 3.1 to encompass the presence of random gates. Define E

as the channel mapping any single-qubit states to N
( I

2

)
. Let X = ρ−σ the difference between two

states, such that Tri ρ = Tri σ, and hence Tri X = 0. Assume without loss of generality that i = 1. We

notice that (E ⊗ In−1) (X ) = 0. Therefore,

EU∥N ⊗n ◦U (X )U †∥W1 =
1

2
EU∥N ⊗n ◦U (X )U †∥1 ≤ 1

2
EU1∥(N ◦U1(X )U †

1 ⊗ In−1)(X )∥1 (4.25)

=1

2
EU1∥((N ◦U1(·)U †

1 )⊗ In−1)(X )∥1 (4.26)

≤1

2
EU1∥(N ◦U1(·)U †

1 )−E ∥⋄∥X ∥1 ≤ EU1∥(N ◦U1(·)U †
1 )−E ∥⋄ (4.27)

≤2EU1∥(N ◦U1(·)U †
1 )−E ∥1→1, (4.28)
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which completes the first part of the proof. Moreover, the induced 1-norm can be upper bounded as

follows

EU1∥N ◦U1(·)U †
1 −E ∥1→1 = EU1 max

ρ∈S (C2)
∥N ◦U1(ρ)U †

1 −E (ρ)∥1 (4.29)

= EU1

∥∥∥∥N ◦U1(ρU1 )U †
1 −N

(
I

2

)∥∥∥∥
1
≤p

2EU1

∥∥∥∥N ◦U1(ρU1 )U †
1 −N

(
I

2

)∥∥∥∥
2

(4.30)

=
p

2EU1

√
Tr

[(
N ◦U1(ρU1 )U †

1

)2
]
+Tr

[
N

(
I

2

)2]
−2Tr

[
N ◦U1(ρU1 )U †

1 N

(
I

2

)]
, (4.31)

where ρU1 is the state realizing the maximum for a fixed U1. A well-known consequence of the Schur-

Weyl duality is that we can express the the first and second moments of Haar-random state as a

weighted sum of identity and SWAP operators (Equations 3.9, 3.10). In particular this holds if we

replace the Haar-random unitary with a 2-design. This allows us to write

EU1 Tr

[
N ◦U1(ρU1 )U †

1 N

(
I

2

)]
= 2Tr

[
N

(
I

2

)2]
, (4.32)

and proceeding as in (Section VII.A, [QFK+22]),

Tr

[(
N ◦U1(ρU1 )U †

1

)2
]
=

(
4

3
− 2

3
Tr

[
ρ2

U1

])
Tr

[
N

(
I

2

)2]
+

(
4

3
Tr

[
N

(
I

2

)2]
− 2

3

)
Tr

[
J (N )2] (4.33)

= 2

3

(
Tr

[
N

(
I

2

)2]
+Tr

[
J (N )2]) , (4.34)

where we used the fact that the maximizer of the induced 1-norm is a pure state and J (N ) is the

Choi-Jamiolkowski state of the channel N , i.e., J (N ) := (N ⊗ I )(|Ω〉〈Ω|). Putting all together and

applying Jensen’s inequality, we obtain

EU1∥N ◦U1(·)U †
1 −E ∥1→1 ≤

√
4

3
Tr

[
J (N )2

]− 2

3
Tr

[
N

(
I

2

)2]
. (4.35)

We can express the purities of N (I /2) and J (N ) in terms of the parameters of the Pauli Transfer

Matrix. By direct calculation (Examples 3.7, 3.9), we get

Tr
[

J (N )2]= 1

4

∑
P ,Q∈P1

t 2
P ,Q , (4.36)

Tr

[
N

(
I

2

)2]
= 1

2

(
1+ t 2

I ,X + t 2
I ,Y + t 2

I ,Z

)
. (4.37)

and then,

EU1∥N ◦U1(·)U †
1 −E ∥1→1 ≤

√
1

3

∑
P ,Q∈{X ,Y ,Z }

t 2
P ,Q , (4.38)

which yields the desired results. ■

We note that this procedure involves several coarse upper bounds and thus it does not improve the

existing results on the contraction coefficient of the depolarizing and amplitude damping channels.
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However, it produces a general and simple bound which can be of practical utility, since the exact

calculation of the contraction coefficients is often not straightforward. This also demonstrates that

the effective depth picture is not a feature of depolarizing or amplitude noise, but it may arise under

a broad class of noise models.

4.4 A concise proof of noise-induced cost concentration

The most infamous instances of exponential concentration are the so-called barren plateaus, which

corresponds to a dramatically flat landscape of the cost function, or, alternatively, to the gradient of

the cost function being exponentially concentrated around zero with exponentially high probability.

Note that two distinct expectations are involved in this definition .

First, we recall the cost function is itself defined as the expectation of an observable O with

respect to the output state of a parametrized channel Cθ.

C (θ) = Tr
[
OCθ(ρ0)

]
, (4.39)

where ρ0 is the initial state of the circuit, which is typically ρ0 = |0n〉〈0n |. The goal is then to find the

value of the parameter θ minimizing the cost function. A common avenue consists in performing

the popular gradient-descent algorithm [PJSPP21], but analogous trainability issues arise also with

alternative optimizers [ACC+21].

Second, we note that the implementation of those optimizers requires an initial choice of θ, that

is often set uniformly at random, giving rise to a further expectation.

Given this preliminary remarks, we provide the definition of exponentially concentrated cost

function.

Definition 4.1 (Exponential concentration of cost function). We say that a cost function C is expo-

nentially concentrated if

Vθ [C (θ)] = 2−Ω(n). (4.40)

We remark that the variance can be expressed as Vθ [C (θ)] = Eθ
[
C (θ)2

]−Eθ [C (θ)]2, thus upper

bounding Eθ
[
C (θ)2

]
suffices for our scope. In addition, in absence of noise and under very general

assumptions, we have that Eθ
[
C (θ)2

]= 0. Moreover, the bound on the variance can be translated to

an high probability by means of Chebyshev’s inequality. We now give the closely related notion of

barren plateaus.

Definition 4.2 (Barren plateaus). A cost function C exhibits barren plateaus if

Vθ [∥∇θC∥2] = 2−Ω(n). (4.41)

It is fruitful to write the observable O in the expression of the cost function as a sum of Pauli

strings, O =∑
P∈Pn

cP P , where cP ̸= 0 for at most polynomially many Paulis. In the following lemma,

we show that studying the behaviour of the Paulis is enough to prove that the cost function is

exponentially concentrated.
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Lemma 4.3 (Pauli concentration suffices). Let S ⊆Pn be of subset of Pauli strings of size |S | = k, ν

be a distribution over unitaries and O =∑
P∈Pn

cP P an observable. Then

EU∼ν
[

Tr[OUρU †]2
]
≤ k · ∑

P∈Pn

c2
PEU∼ν

[
Tr[PUρU †]2

]
. (4.42)

Moreover, if ν is invariant to left-hand multiplication of random Paulis, we have the the following

identity

EU∼ν
[

Tr[OUρU †]2
]
= ∑

P∈Pn

c2
PEU∼ν

[
Tr[PUρU †]2

]
. (4.43)

Proof. The first result is a consequence of the inequality (
∑k

i=1 xi )2 ≤ k
∑k

i=1 x2
i , which is a special

case of Minkowski’s inequality. As for the second result, we can rearrange the expression as follows

EU∼ν
[

Tr[U †OUρ]2
]
= ∑

P ,Q∈Pn

cP cQEU∼νTr[U †PUρ]Tr[U †QUρ] (4.44)

= ∑
P ,Q∈Pn

cP cQEU∼νTr
[
U †PU ⊗U †QUρ⊗2

]
= ∑

P∈Pn

c2
P Tr[PUρU †]2, (4.45)

where the last identity is a consequence of Lemma 3.2. ■

Lemma 4.4. For ρ ∈Sn ,P ∈Pn , we have

Tr[Pρ]2 ≤ 2D2(ρ∥I /2n)

Proof. Recall the characterizations of the purity:

2−n+D2(ρ∥I /2n ) = Tr[ρ2] = 1

2n

∑
P

Tr[Pρ]2 = 1

2n + 1

2n

∑
P ̸=I

Tr[Pρ]2. (4.46)

Hence for P ̸= I ,

Tr[Pρ]2 +1 ≤ ∑
P ̸=I

Tr[Pρ]2 +1 ≤ 2D2(ρ∥I /2n ). (4.47)

Since x
1+x ≤ log(1+x) and Tr[Pρ]2 ≤ 1,

Tr[Pρ]2

2
≤ log(Tr[Pρ]2 +1) ≤ D2(ρ∥I /2n). (4.48)

■

Remark that if ρ is a state produced by a circuit interspersed with layers of unital noise, the D2(ρ∥I /2n)

goes to zero exponentially fast. In particular, for local Pauli noise we have at depth L:

Tr[Pρ]2 ≤ 2n(1−p)2L . (4.49)

Combined with Lemma 3.2, this readily gives the desired result.
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Theorem 4.1. Let O =∑
P∈S ⊆Pn

cP P with
∑

P∈Pn
c2

P = poly(n), |S | = poly(n) and let ρ the output of

depth-L circuit interspersed with local Pauli channels N (Pauli)⊗n
p . Then the cost function satisfies the

following concentration inequality,

Tr[Oρ]2 ≤ poly(n)(1−p)2L, (4.50)

which for L ≥ c ·n for a sufficiently large constant c yields

Tr[Oρ]2 ≤ 2−Ω(n). (4.51)
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Hofstadter’s Law: It always takes longer than you expect, even when you take into account

Hofstadter’s Law.

-Douglas Hofstadter

N
ear-term quantum devices are plagued by noise. The presence of multiple sources of errors

during the implementation of quantum algorithms brings catastrophic effect, voiding the

utility of most algorithms that could achieve exponential quantum advantage on fault-

tolerant devices. Given this scenario, variational quantum algorithms are reputedly one of the

most promising approach on near-term devices, due to their supposed robustness to hardware

errors. [Pre18a, SKCC20, RCA+22]. Yet, they are not immune to a number of trainability issues, which

can arise due to different causes. Broadly speaking, variational quantum algorithms are based

on parametrized families (or ensembles) of unitaries, which we denote by {U (θ)}θ∈Θ for a given

parameter spaceΘ. Given a distribution D overΘ, we also have a conditional distribution over Un .

With an abuse of notation, we denote by {U (θ)}θ∈Θ both the family of unitaries and the conditional
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distribution over Un . When not otherwise stated, we will implictly assume that the parameter θ is

sampled uniformly at random overΘ.

The ensemble {U (θ)}θ∈Θ plays a twofold role in variational quantum algorithm. On one hand we

need such ensemble to be “rich” enough to hold the potential of a quantum advantage. This can be

ensured for instance from the fact that sampling from {U (θ)}θ∈Θ is classically hard on average. On

the other hand, an overly expressive ensemble may render the training process extremely complex,

as we will detail in the following of this Chapter. While lack of trainability comes in several flavors,

most of these instances are facets of the exponential concentration phenomenon. Particularly, we

individuate two main families of (exponential) concentration:

• ensemble-induced concentration arises due to the properties of the ensemble {U (θ)}θ∈Θ, for in-

stance its closeness to a (global) 2-design, or the output state being highly entangled [MBS+18,

MKW21, CSV+21, TWH22, HSCC22]. In this Chapter we will discuss the implications of other

properties of the ensemble on the trainability of quantum kernel methods.

• noise-induced concentration arises due to the presence of sources of noise in the circuit

implementing the ideal unitary U (θ). The catastrophic impact of unital noise on trainability

has been previously investigated in [WFC+21, TWH22]. In this Chapter, we will show that a

more realistic noise model, accounting for a non-unital perturbation, leads to qualitatively

different scenarios, allowing the trainability of certain kinds of variational quantum algorithms.

A possible avenue to mitigate ensemble-induced concentration is to envision a different ini-

tialization strategy for the parameter θ, thus implementing a different distribution over unitaries

{U (θ)}θ∈Θ [GWOB19]. Conversely, noise-induced concentration may arise independently of the distri-

bution over {U (θ)}θ∈Θ, making it a more fearsome threat to the training process. In fact, the presence

of noise-induced concentration is closely related to the hardness of error-mitigation, which can be a

computationally unfeasible task even at very shallow depth [QFK+22].

Exponential concentration. To understand why exponential concentration prevents trainability,

assume that two random variables X and Y are exponentially concentrated around the same value µ,

with an exponentially high probability. Then there exists δ ∈ 2O(−n) such that

Pr[|X −µ| ≥ δ],Pr[|Y −µ| ≥ δ] ∈ 2−Ω(n), (5.1)

and therefore

Pr[|X −Y | ≥ 2δ] ∈ 2−Ω(n). (5.2)

For instance, X and Y may represent the norm of the gradient of a cost function evaluated for two

different parameters, and one could be interested in finding the parameter optimizing such norm.

In the most general case, we need Θ
(
ε−2

)
samples of a random variable to recover its value up to
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additive error ε. Therefore, distinguishing X from Y is information-theoretically hard, as it would

require exponentially many samples.

Whereas exponential concentration is ubiquitous in variational quantum algorithms, throughout

this chapter we focus on a particular family of algorithms based on quantum kernels. Despite some

encouraging positive results concerning their performance [LAT21, HCT+19], quantum kernel meth-

ods are subject to a number of trainability issues. Specifically, the authors of [TWH22] showed that

their trainability can be compromised by a number of factors, including unital noise, expressibility

and entanglement. Significantly, previous research has not considered the inclusion of non-unital

perturbations in the noise model. This leads us to a fundamental question:

Question 1. What is the impact of more realistic sources of noise on variational quantum algorithms?

We will address this question by examining its effects on both fidelity and the projected quan-

tum kernels. Furthermore, we will revisit the noiseless scenario, seeking out additional sources of

untrainability.

Our contributions. On one hand, we will provide novel concentration bounds for quantum ker-

nels, effectively constraining the potential quantum advantage, and thereby contributing to a more

comprehensive understanding of the limitations of these methods.

• In the noiseless case, we show that fidelity quantum kernels exhibit exponential concentration

if the associated ensemble {Ux }x∈X is invariant to right-hand multiplication of random Paulis

or if its scaled collision probability is constant.

• When the circuit is interspersed by local noise, either unital or non-unital, we demonstrate

that the fidelity quantum kernels incur in exponential concentration at any depth, significantly

tightening prior results established in the unital noise regime.

On the other hand, we find that projected quantum kernels behave qualitatively differently under

non-unital noise.

• Projected quantum kernels do not experience exponential concentration if the circuit is in-

terspersed with local non-unital noise. This is in stark contrast with all prior untrainability

results on noisy variational quantum algorithms. In particular, our results holds for a mixture

of amplitude damping noise and depolarizing noise, with rates respectively q and p, provided

that q = 1/poly(n).

Our result indicates that non-unital perturbations should be taken into account in the analysis

of variational quantum algorithms, and that the model of local Pauli noise may be excessively

pessimistic. Moreover, we provide a further conceptual contribution, by conjecturing the existence

of an “effective depth” noisy circuit. Given a random noisy circuit with super-logarithmic depth, we

conjecture that only the last portion of the circuit of depth O(logn) bears a significant influence
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on the output state. While we do not prove this statement in the most general case, we provide a

proof for the high-noise regime, which holds under the assumption that p or q exceeds some fixed

constant threshold. Our argument hinges on the contraction coefficients of the quantum Wasserstein

distance of order 1.

5.1 The model

Consider an n-qubit data-embedding channelΦx parametrized by a point x ∈X , so that

ρ(x) =Φx (ρ0), (5.3)

where ρ0 is the initial state of the circuit, usually set as ρ0 = |0n〉〈0n |. A kernel κ : X ×X → R+ is

a similarity measure between pair of points x, y ∈ X . In particular, quantum kernels rely on the

quantum embedding scheme described in the Equation 5.3 above. We consider the fidelity quantum

kernel [HCT+19, Sch21], defined as

κFQ (x, y) = Tr[ρ(x)ρ(y)] (5.4)

The projected quantum kernel [HBM+21] is defined as

κPQ (x, y) = exp

(
−γ

n∑
k=1

∥ρk (x)−ρk (y)∥2
2

)
, (5.5)

where ρk (x) = Trk ρ(x) is the reduced density matrix of the k-th qubit. Kernel-based learning methods

are notable for their capacity to transform data from the original space X into a higher-dimensional

feature space, which in our case coincides with the a 2n-dimensional Hilbert space. In this new feature

space, inner products are computed, enabling the training of decision boundaries like support vector

machines, as explained in reference [Sch21].

V (-3)(x) V (9)(x)|0〉

V (-2)(x) V (8)(x)|0〉

V (-1)(x) V (7)(x)|0〉

V (0)(x) V (6)(x)|0〉 N

N

N

N

N

N

N

N N

N

U (1)(x)

U (2)(x)

U (3)(x)

U (4)(x)

U (5)(x)

Figure 5.1: Example of a noisy quantum circuit on n = 4 qubits with two-qubit and single-qubit
gates, parametrized by the input vector x ∈X . A pair of single-qubit noise channels N follow each
two-qubit gate. The circuit begins and ends with a layer of noiseless single-qubit gates. This model
contains minimal assumptions on the circuit architecture, and it coincides with the one adopted in
[DHJB21].
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Kernel-based supervised learning

To better suite our results, we sketch how kernel methods can be used to perform supervised learning.

We consider a training set of labelled inputs S = {
x(i ), f

(
x(i )

)}
i∈[m], where f (·) is some unknown

function that we want to learn. Thus our goal is to find a function h approximating f . Thanks to

the Representer Theorem (see, for instance, [SSBD14], Theorem 16.1), the optimal function can be

expressed as follows

h(z) =
m∑

i=1
aiκ

(
x(i ), z

)
, (5.6)

where the a = (a1, a2, . . . , am) is a vector of parameters to be optimized with respect to a suitable loss

function.

Then, to enable the implementation of kernel methods, it is necessary to estimate the Gram

matrix. This matrix, denoted as G , comprises the kernels derived from pairs of inputs within the

training set x(1), x(2), . . . , x(m), and is defined as:

∀i ∈ [m] : G [i , j ] = κ
(
x(i ), x( j )

)
(5.7)

We recall that kernels exhibit exponential concentration with respect to a distribution D over X , if

there exists a real number µ ∈R and a value δ ∈ 2−O(n) such that

Pr
x,y∼D

[|κ(x, y)−µ| ≥ δ] ∈ 2−Ω(n). (5.8)

In this case, all the entries of the Gram matrix are exponentially close to µ with exponentially high

probability, making the optimization of the vector a an information-theoretically hard task.

5.1.0.1 Assumption on the training data distribution

Assume that each point in the training set is sampled from a distribution D : X → [0,1] and denote

by ν′ the corresponding induced distribution over quantum channels. Then we make the following

assumptions over ν′:

1. each layer is invariant under post-processing by a layer of single-qubit Clifford gates;

2. moreover, the circuit is ended by a layer of single-qubit Clifford gates sampled uniformly at

random.

The second and third assumptions will play a pivotal role in the proof of absence of exponential

concentration for the projected quantum kernels. We also remark that these assumptions could be

further relaxed, since our computation only involve (up to) fourth moments.

5.1.1 A technical lemma

Prior to delving into the analysis of quantum kernels, we give the following technical tool, which will

be employed in the following.
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Table 5.1: Fidelity quantum kernel

Noise model Exponential concentration
Noiseless [Our work],[TWH22] Yes
Unital noise at linear depth [TWH22] Yes
Unital and non-unital noise at any depth depth [Our work] Yes

Table 5.1 resumes the exponential concentration results for the fidelity quantum kernels, which arise
both for the noiseless case and for the noisy case. Our work extends the analysis to non-unital

sources of noise, and demonstrates that exponential concentration arises at any depth.

Table 5.2: Projected quantum kernel

Noise model Exponential concentration
Noiseless [TWH22] Yes
Unital noise at linear depth [TWH22] Yes
Non-unital noise at any depth [Our work] No

Table 5.2 illustrates that if a state is prepared by a non-unital noisy-random quantum circuit, the
expectation value of projected quantum kernels does not exhibits exponential concentration at any
depth around a fixed value. This stands in stark contrast to the noiseless and unital noise regimes.

Lemma 5.1 (Adapted from ([TWH22], Theorem 3)). The following inequality holds,

|1−κPQ (x, y)| ≤ γ
n∑

k=1

(
2

∥∥∥∥ρk (x)− I

2

∥∥∥∥2

2
+2

∥∥∥∥ρk (y)− I

2

∥∥∥∥2

2

)
. (5.9)

Proof. We can rearrange the projected quantum kernel as follows:

|1−κPQ (x, y)| =
∣∣∣∣∣1−exp

(
−γ

n∑
k=1

∥ρk (x)−ρk (y)∥2
2

)∣∣∣∣∣ (5.10)

≤ γ
n∑

k=1
∥ρk (x)−ρk (y)∥2

2 (5.11)

≤ γ
n∑

k=1

(∥∥∥∥ρk (x)− I

2

∥∥∥∥
2
+

∥∥∥∥ρk (y)− I

2

∥∥∥∥
2

)2

(5.12)

≤ γ
n∑

k=1

(
2

∥∥∥∥ρk (x)− I

2

∥∥∥∥2

2
+2

∥∥∥∥ρk (y)− I

2

∥∥∥∥2

2

)
, (5.13)

where the first inequality is due to the standard inequality 1−e−t ≤ t , the second inequality is due to

the triangle inequality, the third inequality is due to the fact that (s + t )2 ≤ 2s2 +2t 2. ■

5.2 Ensemble-induced concentration

We now provide several examples of exponential concentration arising due to properties of the

ensemble {Ux }x∈X . For all x ∈ X , let ρ(x) =Ux |0n〉〈0n |U †
x . In the related work from [TWH22], the
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authors showed that exponential concentration of quantum kernels can be caused from the closeness

to a global 2-design. Moreover, the fidelity quantum kernel incurs in exponential concentration when

the encoding circuit is the product of local unitaries, and the projected quantum kernels is expo-

nentially concentrated when the state ρ(x) is highly entangled. We first notice that the scrambling

properties of random quantum circuits can be related the concentration of the projected quantum

kernel.

Proposition 5.1 (Scrambling-induced concentration). If {Ux }x∈X is an (ε,1)-approximate scrambler,

then

|1−κPQ (x, y)| ≤ 4γnε. (5.14)

Proof. The result readily follows by combining Lemma 5.1 with the definition of approximate scram-

bler (Definition 3.5). ■

Theorem 5.1 (Concentration induced by Pauli invariance). Let x ∈X such that the ensemble {Ux }x∈X

is invariant under right-hand multiplication of Pauli in {I , X }⊗n . Then the fidelity quantum kernel is

exponentially concentrated:

Ex,yκ
FQ (x, y) ≤ 1

2n . (5.15)

Proof. The fidelity quantum kernels can be rearranged as follows

κFQ (x, y) = Tr[ρ(x)ρ(y)] = Tr[Ux |0n〉〈0n |U †
xUy |0n〉〈0n |U †

y ] (5.16)

= |〈0n |U †
xUy |0n〉 |2. (5.17)

By Pauli invariance of the ensemble {Ux }x∈X , we have,

∀ℓ ∈ {0,1}n : Ex,y | 〈0n |U †
xUy |0n〉 |2 = Ex,y | 〈ℓ|U †

xUy |0n〉 |2 (5.18)

Conservation of probabilities implies

2nEx,y | 〈0n |U †
xUy |0n〉 |2 = ∑

ℓ∈{0,1}n

| 〈ℓ|U †
xUy |0n〉 |2 (5.19)

≤ ∑
ℓ∈{0,1}n

| 〈ℓ|U †
xUy |0n〉 | = 1 (5.20)

Thus rearranging gives the desired result:

Ex,yκ
FQ (x, y) = Ex,y | 〈0n |U †

xUy |0n〉 |2 ≤ 1

2n . (5.21)

■

This result demonstrate that exponential concentration may arise even for very simple encodings.

For instance, if y = (θ1,θ2, . . . ,θn) is sampled uniformly at random from [0,2π)n , it’s easy to see that

the following encoding satisfies the hypothesis Theorem 5.1:

ρ(y) = ⊗
k∈[n]

RX (θk ) |0〉
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An analogous result for a similar product encoding was also given in ([TWH22], Proposition 1).

However, our approach provides further insight by connecting the exponential concentration with

Pauli invariance. Moreover, we also argue that the assumption on Pauli invariance can be relaxed to

the following condition,

∀ℓ ∈ {0,1}n : Ex,y | 〈0n |U †
xUy |0n〉 |2 ≤β ·Ex,y | 〈ℓ|U †

xUy |0n〉 |2, (5.22)

for β/2n = 2Ω(−n).

In addition, we show that ensembles with low collision probability are also more prone to

exponential concentration. This result is consistent with the literature on barren plateaus, and

particularly with [Nap22], which drew a connection between anticoncentration and barren plateaus

for global cost function. We recall that an ensemble anticoncentrates if its scaled collision probability

is at most constant, as discussed in details in Section 3.2.3.

Theorem 5.2 (Concentration induced by low collision probability). Let x, y two random points

sampled independently and uniformly at random from X , and denote by ν the distribution of the

ensemble
{

U †
xUy

}
x,y∈X

. Let Z (ν) be the scaled collision probability of the ensemble ν, i.e.

Z (ν) := 2n ·Eρ∼ν
[ ∑

i∈{0,1}n

Tr[ρ|i 〉〈i |]2

]
−1. (5.23)

Then the fidelity quantum kernel satisfies the following inequality,

Ex,yκ
FQ (x, y) ≤ Z (ν)+1

2n . (5.24)

Proof. The fidelity quantum kernels can be rearranged as follows

κFQ (x, y) = Tr[ρ(x)ρ(y)] = Tr[Ux |0n〉〈0n |U †
xUy |0n〉〈0n |U †

y ] (5.25)

= |〈0n |U †
xUy |0n〉 |2. (5.26)

By definition of scaled collision probability we have:

Z (ν) = 2nEx,y
∑

ℓ∈{0,1}n

| 〈ℓ|U †
xUy |0n〉 |2 −1 ≥ 2nEx,y | 〈0|U †

xUy |0n〉 |2 −1 (5.27)

And rearranging yields

Ex,yκ
FQ (x, y) ≤ Z (ν)+1

2n (5.28)

■

Several upper bounds on the value of the collision probability for several families of random circuits

can be found in the previous literature, such as [DHJB22]. In particular, they showed that random

circuits based on the 1D or the complete-graph architecture anticoncentrate at logarithmic depth,

and conjectured the same to hold also for all regularly connected architectures. Moreover, for all

these family of circuits, the RHS of Eq. 5.24, i.e. the collision probability, is exponentially small even

at constant depth.
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5.3 Noise-induced concentration

As previously noted in [TWH22], both fidelity and projected quantum kernels can suffer from noise-

induced exponential concentration under the action of unital noise. Here, we improve their bound in

a twofold way for the case of the fidelity quantum kernel:

• first, our upper bound on fidelity quantum kernels converges to an exponentially small value

double exponentially fast in the number of layer, whereas the prior bound predicts an expo-

nentially fast convergence rate;

• second, we show that this convergence is attained even under the action of non-unital noise,

provided that the unital component of the noise “dominates” the non-unital one.

First of all, we recall the definition of the following noise channel, obtained by composing the

depolarizing channel of noise rate p and the amplitude damping channel of noise rate q .

N
(dep,amp)

p,q :=N
(dep)

p ◦N
(amp)

q (5.29)

N
(amp,dep)

q ,p :=N
(amp)

q ◦N
(dep)

p (5.30)

Our result follows as a simple consequence of Corollary 4.1.

Proposition 5.2 (Noise-induced concentration). Let Φx ,Φy two noisy circuits interspersed by m

layers of local noise, either of the form N
(dep,amp),⊗n

p,q or N
(amp,dep),⊗n

q ,p . Denote by ρ(x) =Φx (ρ0) and

ρ(y) =Φy (ρ0) the output states of the noisy circuits. Then the fidelity quantum kernel κFQ (x, y) satisfies

the following upper bound.

κFQ (x, y) ≤ 2n(δm−1), (5.31)

|1−κPQ (x, y)| ≤ 2γn2δm (5.32)

where δm = (1−p)2m +q 1−(1−p)2m

2p−p2 .

Proof. The Cauchy-Schwarz inequality implies that the fidelity quantum kernel can be upper

bounded by the purities of the output states:

Tr[ρ(x)ρ(y)] ≤
√

Tr
[
ρ(x)2

]
Tr

[
ρ(y)2

]
. (5.33)

As for the projected quantum kernel, we have:∥∥∥∥ρk (x)− I

2

∥∥∥∥2

2
= Tr[ρk (x)2]−2

Tr[ρk ]

2
+ Tr[I ]

22 (5.34)

= Tr[ρk (x)2]− 1

2
≤ 1

2

(
2D2(ρ∥I /2n ) −1

)
≤ D2(ρ∥I /2n)

2
. (5.35)

|1−κPQ (x, y)| ≤ 2γnD2(ρ∥I /2n). (5.36)

Thus the desired results follows by invoking Corollary 4.1. ■
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We emphasize that for q = 0, our bound predicts that the kernel κFQ (x, y) is at most 2−n(2p−p2) =
2−Ω(n), even after a single layer of noise, whereas ([TWH22], Theorem 3) only predicts that |κFQ (x, y)−
1/2n | ≤ (1−p)2 =Θ(1). Moreover, for constant q > 0, κFQ (x, y) = 2−Ω(n) at depth m as soon as δm < 1.

Crucially, δm converges exponentially fast in m to its limiting value q/(2p −p2), which makes the

convergence of the upper bound in Proposition 5.2 double exponentially fast.

On the other, the upper bound for the projected quantum kernel recovers the one in [TWH22] for

q = 0, and moreover predicts exponential concentration at linear depth if q = 2Ω(−n). We emphasize

that, for larger values of q , the upper bound does not predict exponential concentration. This suggests

that projected kernels are less prone to noise-induced concentration, especially in the non-unital

regime. In the next section, we will support this intuition by upper bounding κPQ (x, y), which is

equivalent to lower bounding |1−κPQ (x, y)|.

5.4 Absence of exponential concentration for the projected quantum

kernel under non-unital noise

We will now show that projected kernels behave in a fundamentally different way under the action of

non-unital noise. In this section, we make use of the notation ∥t∥2
2 := t 2

I ,X + t 2
I ,Y + t 2

I ,Z .

Theorem 5.3 (Variance). We have,

Varx,x ′
n∑

k=1

[∥ρk (x)−ρk (x ′)∥2
2

]≥Ω(n∥t∥4
2). (5.37)

Proof. For the scope of this proof, we only need to consider the last two layers of unitaries and the

last layer of local noise. In particular, we will use the fact that the last layer is a tensor product of

random single-qubit Cliffords, and the second-to-last layer is invariant under post-processing by

tensor products of random single-qubit Cliffords.

Thus, we can re-express the reduced states ρk (x) and ρk (x ′) as follows

ρk (x) =VxN
(
Ṽx ρ̂(x)Ṽ †

x

)
V †

x , (5.38)

ρk (x ′) =Vx ′N
(
Ṽx ′ ρ̂(x ′)Ṽ †

x ′

)
V †

x ′ , (5.39)

where Vx ,Vx ′ ,Ṽx and Ṽx ′ are single-qubit Cliffords. We denote by ρ̂(x) and ρ̂(x ′) the states obtained

after the action of the first L−1 layers of the noisy circuits and after tracing out all the qubits except

from the k-th.

Throughout this proof, we will consider the conditional expectation with respect to the following

event:

A = {Vx =Vx ′}, (5.40)

that is, we condition upon the last gate acting on the k-th qubit being the same for both the classical

inputs x and x ′. Since Vx and Vx ′ are single-qubit Cliffords sampled uniformly at random from Cl(1),

the event A happens with constant probability: Pr[A] = |Cl(1)|−1 =Θ(1).
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First, we notice that the expected purities of ρk (x) and ρk (x ′) do not change if we condition on

the event A:

Ex Tr[ρk (x)2] = Ex ′ Tr[ρk (x ′)2] = Ex {Tr[ρk (x)2]|A} = Ex ′{Tr[ρk (x ′)2]|A}. (5.41)

Moreover, since the Clifford group forms a 1-design, the expected overlap takes the value

Ex,x ′ Tr[ρk (x)ρk (x ′)] = Tr

[(
I

2

)2]
= 1

2
. (5.42)

Similarly, conditioning on A we obtain

Ex,x ′{Tr[ρk (x)ρk (x ′)]|A} = (5.43)

Ex,x ′ Tr[N
(
Ṽx ρ̂(x)Ṽ †

x

)
N

(
Ṽx ′ ρ̂(x ′)Ṽ †

x ′

)
] (5.44)

=Tr

[
N

(
I

2

)2]
= 1+∥t∥2

2

2
. (5.45)

Therefore, the difference between Ex,x ′
{∥ρk (x)−ρk (x ′)∥2

2|A
}

and Ex,x ′∥ρk (x)−ρk (x ′)∥2
2 can be ex-

pressed as

Ex,x ′{|ρk (x)−ρk (x ′)∥2
2|A}−Ex,x ′∥ρk (x)−ρk (x ′)∥2

2 (5.46)

=2Ex,x ′{Tr[ρk (x)ρk (x ′)]|A}−2Ex,x ′ Tr[ρk (x)ρk (x ′)] (5.47)

=2Tr

[
N

(
I

2

)2]
−2Tr

[(
I

2

)2]
= ∥t∥2

2 (5.48)

This immediately translates into a lower bound on the variance of ∥ρk (x)−ρk (x ′)∥2
2 with respect to

the random gates Vx ,Vx ′ ,Ṽx ,Ṽx ′ . Let µ := Ex,x ′
[∥ρk (x)−ρk (x ′)∥2

2

]
. We have

VarVx ,Vx′ ,Ṽx ,Ṽx′
[∥ρk (x)−ρk (x ′)∥2

2

]
(5.49)

=EVx ,Vx′ ,Ṽx ,Ṽx′
[
(µ−∥ρk (x)−ρk (x ′)∥2

2)2]] (5.50)

=Pr[A]
(
µ−E[∥ρk (x)−ρk (x ′)∥2

2|A]
)2 +Pr[A]

(
µ−E[∥ρk (x)−ρk (x ′)∥2

2|A]
)2

(5.51)

≥Pr[A]
(
µ−E[∥ρk (x)−ρk (x ′)∥2

2|A]
)2 = Pr[A]∥t∥4

2 ≥Ω(∥t∥4
2). (5.52)

We can easily lower bound the variance of the sum of all the terms, i.e.,
∑n

k=1

[∥ρk (x)−ρk (x ′)∥2
2

]
,

Varx,x ′
n∑

k=1

[∥ρk (x)−ρk (x ′)∥2
2

]≥ VarVx ,Vx′ ,Ṽx ,Ṽx′

n∑
k=1

[∥ρk (x)−ρk (x ′)∥2
2

]
(5.53)

≥ n · min
k∈[n]

VarVx ,Vx′ ,Ṽx ,Ṽx′
∥ρk (x)−ρk (x ′)∥2

2 ≥Ω(n∥t∥4
2) (5.54)

■

The lower bound computed above can be transferred to the projected quantum kernels by a McLau-

rin’s expansion with a first-order approximation. Whenever the term γ
∑n

k=1 ∥ρ(x)k −ρ(x ′)k∥2
2 ≪ 1,

we have

κPQ (x, x ′) ≈ 1−γ
n∑

k=1
∥ρ(x)k −ρ(x ′)k∥2

2, (5.55)

therefore,

Varx,x ′κPQ (x, x ′)≳Ω
(
nγ2∥t∥4

2

)
. (5.56)
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5.5 The “effective depth” noisy circuit

Theorem 5.3 shows that projected quantum kernels do not exhibit exponential concentration at

any depth, provided that the circuit layers are interspersed by local noise with a sufficiently strong

non-unital component. However, it should be noted that this result does not bring any guarantee

on the performance of the quantum kernel methods. As exponential concentration implies that

estimating the entries of the Gram matrix requires exponentially many samples, the absence of such

concentration is merely a necessary condition for trainability. In particular, we emphasize that the

proof of Theorem 5.3 involves only the last two layers of the encoding circuit. This shows that, despite

the presence of noise, the Gram matrix is sensitive to the classical information encoded in the final

layers of the circuits. However, the information encoded in the early layers of the circuit could still be

irremediably corrupted by the action of the noise.

In the following we will provide some insights in favor of the existence of an “effective depth”

circuit, i.e., that the output is highly influenced by the last m layers of the circuit, where m is a

function of the noise strength, while the initial ones have a marginal impact. In particular, no matter

the depth of circuit, the “effective depth” will be bounded by O (logn) if the noise is constant.

5.5.1 A Wasserstein distance approach

While we will not provide a general proof of the “effective depth” picture, we will prove it for certain

ranges of the noise strength, i.e., if the parameters p, q of the depolarizing and amplitude damping

channels exceed some constant threshold. To this end, we will upper bound the trace distance of

the outputs of two arbitrary input states, by resorting to the contraction coefficients the quantum

Wasserstein distance of order 1, introduced in Ref. [DPMTL21a]. We remark that similar kinds of

reverse threshold theorems have already appeared in the literature. For instance, let ρ,σ the outputs of

an m-depth circuit obtained from two arbitrary input states. Assuming that the circuit is interspersed

with local depolarizing noise with constant noise strength p > 2/3, ([HRF23], Proposition IV.8) showed

that ∥ρ−σ∥1 ≤ 2Ω(−m), complementing previous bounds of [Raz03, KRUDW08]. Moreover, for the

global depolarizing noise with p an arbitrarily small constant, the result of [Rag03] implies that

∥ρ−σ∥1 ≤ 2Ω(−m). For non-unital noise, if the noise strength is an arbitrarily small constant, [FMHS22]

showed that the trace distance is exponentially small at exponential depth, with implications for the

space overhead of quantum error correction.

Our bounds extends the results of [HRF23] from the local depolarizing noise to a broad class of

local non-unital channels, assuming that the local noise is preceded by a single-qubit gate drawn

from a 2-design. Moreover, we note that an analogous result holds for the amplitude damping noise,

even in absence of randomness. We emphasize that both these bounds require the noise strength

to be above a certain threshold. We start by recalling that the Wasserstein distance of order 1 and

the trace distance are within a factor n. This property is particularly suitable for our goals, as we aim

at proving that the outputs of a noisy circuit are exponentially close for any arbitrary pair of initial
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states, and thus the factor n is of little importance in our setting. As in Ref. [HRF23], our argument is

based on the contraction coefficient ∥ ·∥W1→W1 . Importantly, as showed in Ref. [DPMTL21a], ifΦ is a

layer of of k-qubit gates, the contraction coefficient ofΦ can be bounded by light-cone argument as

follows

∥Φ∥W1→W1 ≤
 1 if k = 1,

3
2 k if k > 1 ([DPMTL21a], Proposition 13).

(5.57)

And thus a layer of two qubit gates has contraction coefficient at most 3. Moreover, ∥N (dep)⊗n
p ∥W1→W1 =

1−p, which readily implies ([HRF23], Proposition IV.8). If N is a single-qubit channel, the contrac-

tion coefficient of the tensor power channel N ⊗n can be upper bounded by the diamond distance

between N and a suitable 1-qubit channel E , as detailed in Proposition 3.1. This yields the following

result.

Proposition 5.3. Let c be a positive constant and let C a noisy circuit consisting in m layers of 2-qubit

gates interspersed with local noise, either of the form N
(dep,amp),⊗n

p,q or N
(amp,dep),⊗n

q ,p . Then, if

min{1−p,2(1−p)(1−q)} ≤ c

3
, (5.58)

we have

W1(C (ρ),C (σ)) ≤ ∥C (ρ)−C (σ)∥1 ≤ 2cmW1(ρ,σ) ≤ ncm∥ρ−σ∥1. (5.59)

for all ρ,σ ∈Sn . This implies that W1 distance decays exponentially fast in m if c < 1.

Proof. If q = 0, the result coincides with ([HRF23], Proposition IV.8). We note that the result in

Ref. [HRF23] still holds if q ̸= 0, as local channels do not increase the W1 distance. Moreover, as

showed in (Proposition 12, [DPMTL21a]), the contraction coefficient of the depolarizing noise is

(1−p).

It remains to upper bound the contraction coefficient of the amplitude damping channel. By

(Proposition 11, [DPMTL21a]), it suffices to upper bound ∥N (amp)
q −N

(amp)
1 ∥⋄, where N

(amp)
1 is the

channel sending all states to |0〉〈0|. By [PP21], this is at most 2(1− q), and hence the contraction

coefficient of the amplitude damping channel is at most min{1,2(1−q)}. Finally, we recall that the

contraction coefficient of the layer of unitaries is at most 3 from ([DPMTL21a], Proposition 13).

Multiplying all the contraction coefficients and iterating over m layers yields the desired result:

∥C (ρ)−C (σ)∥1 ≤ 2W1(C (ρ),C (σ)) ≤ 2cmW1(ρ,σ) ≤ ncm∥ρ−σ∥1. (5.60)

■

For a general noise channel N , we can provide a similar result by making further assumptions

on the circuit randomness.
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Figure 5.2: Here we provide a pictorial representation of the “effective depth” noisy circuit. We
conjecture that the final state ρ(x) =Φx (ρ0) bears little information about the initial portion of the
circuit. In the context of cost function-based variational machine learning, this also implies that the
parameters encoded in this initial portion are not trainable.

Proposition 5.4. Let c be a positive constant and let C a noisy circuit consisting in m layers of 2-qubit

gates interspersed with local noise, modeled by the channel N ⊗n . Then, if√
4

3

∑
P ,Q∈{X ,Y ,Z }

t 2
P ,Q ≤ c

3
, (5.61)

where
{

tP ,Q
}

P ,Q∈P1
are the entries of the Pauli Transfer Matrix of the channel N . Let ν be the distribu-

tion over the circuit gates, and assume that each 2-qubit gate is sampled from a local 2-design.

EνW1(C (ρ),C (σ)) ≤ Eν∥C (ρ)−C (σ)∥1 ≤ 2cmW1(ρ,σ) ≤ ncm∥ρ−σ∥1. (5.62)

for all ρ,σ ∈Sn . This implies that expected W1 distance decays exponentially fast in m if c < 1.

Conjecture 5.1. Let C be a noisy circuit consisting in m layers of 2-qubit gates interspersed with local

noise, either of the form N
(dep,amp),⊗n

p,q or N
(amp,dep),⊗n

q ,p . Moreover, assume that each 2-qubit gate is

sampled independently from a local 2-design. Then if p, q =Ω(1), for all ρ,σ ∈Sn , we have

E∥C (ρ)−C (σ)∥tr ∈ 2Ω(−n) (5.63)

5.5.2 Kernel-based algorithms in the high noise regime

We will now draw an inference from Proposition 5.3 by applying it to the realm of projected quantum

kernels. This analysis reveals that the data stored in the initial layers of the circuit diminishes signifi-

cantly in influence, akin to being “forgotten”, in the resulting Gram matrix, provided that the noise

rates exceeds some fixed thresholds.
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Theorem 5.4. Let x = (x1, x2, . . . , xd ), y = (y1, y2, . . . , yd ) ∈X two input vector such that ∀i ̸= j : xi = yi ,

i.e. x and y coincides up to the j -th entry. Let c be a positive constant and let Φx ,Φy a noisy circuit

parametrized by x and y, consisting in m layers of 2-qubit gates interspersed with local noise, either of

the form N
(dep,amp),⊗n

p,q or N
(amp,dep),⊗n

q ,p . Assume that the j -th entry of the input vector is encoded in

the ℓ-th layer. Then, if

min{1−p,2(1−p)(1−q)} ≤ c

3
, (5.64)

we have

|1−κPQ | ≤ γn3c2(m−ℓ). (5.65)

In particular, if m ≥ t ·n+ℓ for a sufficiently large constant t and γ ∈O(poly(n)), we have the following

upper bound on the variance

|1−κPQ | ∈ 2−Ω(n). (5.66)

Proof. We letΦx =Φ(A)
x ◦Φ(B)

x , whereΦ(A)
x represents the evolution of the last m −ℓ layers andΦ(B)

x

represents the evolution of the first ℓ layers, and analogously we let Φy = Φ(A)
y ◦Φ(B)

y . We denote

Φ(A) :=Φ(A)
x =Φ(A)

y . We have,

ρ(x) =Φ(A) ◦Φ(B)
x (ρ0), (5.67)

ρ(y) =Φ(A) ◦Φ(B)
y (ρ0), (5.68)

AsΦ(A)
x has depth m −ℓ, by Proposition 5.3 we obtain

∥ρk (x)−ρk (y)∥tr ≤ ∥ρ(x)−ρ(y)∥tr ≤ ncm−ℓ. (5.69)

Therefore,

|1−κPQ (x, y)| =
∣∣∣∣∣1−exp

(
−γ

n∑
k=1

∥ρk (x)−ρk (y)∥2
2

)∣∣∣∣∣ (5.70)

≤ γ
n∑

k=1
∥ρk (x)−ρk (y)∥2

2 ≤ γ
n∑

k=1
∥ρk (x)−ρk (y)∥2

2 (5.71)

≤ γn3c2(m−ℓ). (5.72)

■

5.5.3 Cost-based algorithms in the high noise regime

In a similar manner, we can tailor Proposition 5.3 to the specific scenario of cost-based algorithms.

This specialized analysis yields a result akin to the concept of “barren plateaus”, particularly in

relation to the trainable parameters situated within the early layers of a noisy circuit. It demonstrates

how these parameters have limited influence on the overall outcome.
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Theorem 5.5. Let c be a positive constant and let C a noisy circuit consisting in m layers of 2-qubit

gates interspersed with local noise, either of the form N
(dep,amp),⊗n

p,q or N
(amp,dep),⊗n

q ,p . Assume that the

gates composing C are parametrized by a vector (θ). Denote the output state by ρ (θ) :=C (|0n〉〈0n |).

Let H be a an observable with ∥H∥ ≤ 1, and let C (θ) := Tr(Hρ (θ)) be the associated cost function. Let

∂µC (θ) be the gradient of the cost function with respect to a parameter µ encoded in the j -th layer.

Then, if

min{1−p,2(1−p)(1−q)} ≤ c

3
, (5.73)

we have

|∂µC (θ) | ≤ ncm− j . (5.74)

In particular, if m ≥ t ·n + j for a sufficiently large constant t , we have the following upper bound on

the variance

Var[∂µC (θ)] ≤O(2−n). (5.75)

Proof. Recall that Proposition 5.3 implies for an m-depth circuit C and for two arbitrary states ρ,σ,

1

2
∥C (ρ)−C (σ)∥1 ≤ ncm . (5.76)

More generally, we can write the noisy circuit as C =ΦA ◦ΦB , where ΦA represents the evolution

of the last m − j layers and ΦB represents the evolution of the first j layers. Then for a traceless

self-adjoint linear operator X we can write,

∥ΦA(X )∥1 ≤ 2∥ΦA(X )∥W1 ≤ 2cm− j∥X ∥W1 ≤ ncm− j∥X ∥1. (5.77)

where ΦA is the channel corresponding to the last L − j layers of the noisy circuit and ΦB is the

channel corresponding to the first j layers. Recall that the gradient with respect to a parameter µ

encoded in the j -th layer is proportional the expectation of a suitable observable as

|∂µC (θ) | =
∣∣∣Tr

[
ΦB (ρ0)

[
Hµ,Φ†

A(H)
]]∣∣∣ (5.78)

=
∣∣∣Tr

[
Φ†

A(H)
[
ΦB (ρ0), Hµ

]]∣∣∣= ∣∣Tr
[
HΦA

([
ΦB (ρ0), Hµ

])]∣∣
≤ ∣∣∥H∥∞

∥∥ΦA
(
i
[
ΦB (ρ0), Hµ

])∥∥
1

∣∣≤ ncm− j∥H∥∞
∥∥[
ΦB (ρ0), Hµ

]∥∥
1 ,

where the first inequality is Holder’s inequality , and the second one follows from the definition of

contraction coefficient. We can also bound the 1-norm of the commutator as∥∥[
ΦB (ρ0), Hµ

]∥∥
1 ≤2max{∥ΦB (ρ0)Hµ∥1,∥HµΦB (ρ0)∥1} = 2 max

∥R∥∞=1

∣∣Tr(ΦB (ρ0)HµR)
∣∣ (5.79)

≤2 max
∥R ′∥∞=1

∣∣Tr(ΦB (ρ0)R ′)
∣∣= 2∥ΦB (ρ0)∥1 ≤ 4.

Thus, if L ≥ t ·n+ j for a sufficiently large constant t , then |∂µC (θ) | ≤O(2−n) , i.e., the gradient ∂µC (θ)

is exponentially concentrated around 0 for each value of θ. We can also transfer this bound to the

variance by Popoviciu’s inequality,

Var[∂µC ] ≤O(2−n). (5.80)

■
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I
n the previous section, we discussed how noise can degrade the performance of variational

quantum algorithms. In particular, we modeled noise as a series of local channels interspersed

in-between the quantum gates, therefore perturbing the ideal unitary evolution of the input

state. In this section, we study a distinct but related model, meant to capture the capabilities of

a learner with modest quantum resources. Particularly, in the quantum statistical query (QSQ)

model, we consider a learner without quantum memory that can only access noisy estimates of

the expected values of chosen observables on an unknown initial state. We will show that several

algorithms for learning unitaries from oracle access can be fruitfully rephrased in this model. Our

methods hinge on a novel technique for estimating the Fourier mass of a unitary on a subset of Pauli

strings with a single quantum statistical query, generalizing a previous result for uniform quantum

examples. Exploiting this insight, we show that the quantum Goldreich-Levin algorithm can be

implemented with quantum statistical queries, whereas the prior version of the algorithm involves

oracle access to the unitary and its inverse. Furthermore, we demonstrate that O (logn)-juntas and

quantum Boolean functions with constant total influence are efficiently learnable in our model, and

constant-depth circuits are learnable sample-efficiently with quantum statistical queries. On the

other hand, all previous algorithms for these tasks require direct access to the Choi-Jamiolkowski

state or oracle access to the unitary. Additionally, our upper bounds imply the efficient learning of

those classes of unitaries with respect to locally scrambled ensembles. We also demonstrate that,
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despite these positive results, quantum statistical queries lead to an exponentially larger sample

complexity for certain tasks, compared to separable measurements to the Choi-Jamiolkowski state.

In particular, we show an exponential lower bound for learning a class of phase-oracle unitaries and a

double exponential lower bound for testing the unitarity of channels, adapting to our setting previous

arguments for quantum states. Finally, we propose a new definition of average-case surrogate models,

showing a potential application of our results to hybrid quantum machine learning.

6.1 Motivation and context

Learning the dynamic properties of quantum systems is a fundamental problem at the intersection

of machine learning (ML) and quantum physics. In the most general case, this task can be achieved

under the broad framework of quantum process tomography (QPT) [CN97]. However, QPT can be

extremely resource-intensive, as learning the entire classical description of a unitary transformation

requires exponentially many queries [GJ14] in the worst case. This complexity can be significantly

reduced if the unitary is not completely arbitrary, but instead it belongs to a specific class. For

instance, this approach has been fruitfully adopted for quantum Boolean functions [MO10], quantum

juntas [CNY23, BY23] and quantum circuits with bounded covering numbers [FQR22]. On the other

hand, the complexity of quantum process tomography could be drastically reduced if we restrict

our attention only on local properties of the output state, as recently demonstrated in [HCP22].

Another scenario of interest is the one of property testing, where the learner is not asked to retrieve

the classical description of the target process, but solely to test whether is satisfies some specific

property [MdW13]. A further figure of merit in quantum process learning is the type of resources that

the learner is allowed to use. For the special case of unitary transformations, the learner is usually

given oracle access to the target unitary U and its inverse U †, or, alternatively, to the corresponding

Choi-Jamiolkowski state. In this chapter we consider this latter approach and we ask the following

question:

Which classes of unitaries are efficiently learnable with noisy separable binary measurements of the

Choi-Jamiolkowski state?

This question is motivated by near-term implementations of quantum algorithms, which involve

several sources of noise and severely limited entangling capacity [Pre18a]. To this end, we adopt the

model of quantum statistical queries (QSQs), previously introduced in [AGY20] as an extension of

the (classical) statistical query model [Kea98a]. In the QSQ model, we consider a learner without

quantum memory that can only access noisy estimates of the expected values of chosen observables

on an unknown initial state. As noted in [AHS23], this is essentially equivalent to performing noisy

separable binary measurements. Thus our leading question can be rephrased as follows.

Question 2. Can we employ quantum statistical queries to learn quantum dynamics?
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Interestingly, several concept classes such as parities, juntas function, and DNF formulae are

efficiently learnable in the QSQ model, whereas the classical statistical query model necessitates

an exponentially larger number of samples. Despite these positive results, resorting to quantum

statistical queries can be considerably limiting for some tasks. In particular, the authors of [AHS23]

have established an exponential gap between QSQ learning and learning with quantum examples in

the presence of classification noise. Quantum statistical queries have also found practical applications

in classical verification of quantum learning, as detailed in [CHI+23]. Furthermore, they have been

employed in the analysis of quantum error mitigation models [QFK+22, AHS23] and quantum neural

networks [DHL+21a]. Alternative variations of quantum statistical queries have also been explored

in [HIN+23, GL22, NIS+23]. Moreover, the connection between quantum statistical queries and

quantum differential privacy was investigated in [AGY20], and an equivalence between quantum

statistical query learning and quantum local differential privacy [AK22a] .

Our contributions. In this chapter we demonstrate that several classes of unitaries are efficiently

learnable with quantum statistical queries with respect to their Choi state. In particular, we show

our result for a natural distance over unitaries induced by the Choi-Jamiolkowski isomorphism and

previously adopted in [MdW13, BY23]. It is crucial to note that this distance choice enables the

prediction of a target unitary’s action on a randomly sampled input state from a locally scrambled

ensemble [CHE+23].

To provide a more accessible overview of our upper bounds, we will offer an informal descrip-

tion. Unless explicitly stated otherwise, the tolerance of a quantum statistical query is, at least,

polynomially small.

• Constant depth circuits are learnable with polynomially many quantum statistical queries

(Theorem 6.2).

• Quantum O (logn)-juntas are efficiently learnable with polynomially many quantum statistical

queries (Theorem 6.3).

• Quantum Boolean functions with constant total influence are efficiently learnable with polyno-

mially many quantum statistical queries (Theorem 6.5). In order to prove this result, we show

that the quantum Goldreich-Levin algorithm can be implemented with quantum statistical

queries (Theorem 6.4).

While these positive results show that a wide class of unitaries can be efficiently learned in our model,

we also argue that resorting to quantum statistical queries leads to an exponentially larger sample

complexity for certain tasks. In particular, we give the following lower bounds.

• There is a class of phase oracle unitaries that requires exponentially many quantum statis-

tical queries with polynomially small tolerance to be learnt below distance 0.005 with high

probability (Theorem 6.6);
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• Estimating the unitarity of a quantum channel with error smaller than 0.24 and polynomially

small tolerance requires double-exponentially many quantum statistical queries (Theorem 6.7).

Moreover, prior results imply that both tasks can be efficiently performed with polynomially many

copies of the associated Choi-Jamiolkowski state [MdW13, ABDY22]. In Section 6.3.3.1, we comple-

ment our theoretical findings with a numerical simulation the quantum Goldreich-Levin algorithm

implemented with quantum statistical queries. Finally, in Section 6.5 we suggest a potential applica-

tion of our results to hybrid quantum machine learning. Prior work [SEM23, JGM+23] showed that

certain quantum learning models can be replaced by classical surrogates during the prediction phase.

We argue that the learning algorithms provided in the present chapter can also serve to this scope. To

this end, we extend the definition of classical surrogates from the worst-case to the average-case.

Related work. Our results generalize prior work in two ways. On one hand, we show that several

classes of unitaries are learnable in the QSQ model, while all previous results involved the access

to stronger oracles. The adoption of a weaker oracle is particularly advantageous for near-term

implementation, since the definition of QSQs accounts for the measurement noise. On the other

hand, we demonstrate that prior QSQ algorithms for learning classical Boolean functions can be

generalized to unitary learning. In particular, the authors of [CNY23] demonstrated that k-junta

unitaries can be effectively learned using O (4k ) copies of the Choi state. Furthermore, the quantum

Goldreich-Levin algorithm, as initially proposed in [MO10], relies on oracle access to both the

target unitary and its inverse. This quantum algorithm builds upon the foundations of the classical

Goldreich-Levin algorithm, first introduced in [GMW87].

Furthermore, an algorithm for learning classical k-junta functions with O (2k ) uniform quantum

examples was provided in [AS07], and the authors of [AGY20] demonstrated that several classes of

quantum Boolean functions are learnable with quantum statistical queries with respect to uniform

quantum examples. In particular, they showed that classical k-junta functions are learnable with

O (2k +n) quantum statistical queries, and moreover that the (classical) Goldreich-Levin algorithm

can be implemented in the QSQ model. In a subsequent work [AHS23], it was demonstrated that the

output of constant-depth circuits is learnable with poly(n) quantum statistical queries and provided

several hardness results for the QSQ model. Specifically, the authors showed an exponential lower

bound for learning a class of classical Boolean functions, and a double exponential lower bound for

testing the purity of a target state.

Moreover, a simultaneous work [WD23] devised a general QSQ oracle for learning quantum

processes where a learner can select both the input state and the measurement, showing that the

algorithm for learning arbitrary quantum processes from [HCP22] can be implemented in their

model.
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6.1.1 Fourier analysis on the unitary group

Let U ∈Un a unitary and consider the Pauli expansion U =∑
P∈Pn

ÛP P . We observe that the corre-

sponding Choi state |v(U )〉 admits an analogous expansion with the same coefficients:

|v(U )〉 =
(

In ⊗ ∑
P∈Pn

ÛP P

)(
1p
2n

∑
i∈{0,1}n

|i , i 〉
)
= ∑

P∈Pn

ÛP |v(P )〉 . (6.1)

We now recall the notion of influence of qubits on linear operators, introduced in [MO10] in the

context of Hermitian operators and further developed in [CNY23, RWZ22]. The related influence

of variables is widely used in the analysis of Boolean functions [O’D21]. We define the quantum

analogue of the bit-flip map as superoperator on Ln :

d j := I⊗( j−1) ⊗
(

I − 1

2
Tr

)
⊗ I⊗(n− j ). (6.2)

Then for P =⊗n
i=1 Pi ∈Pn , we have

d j P =
 P if P j ̸= I ,

0 if P j = I .
(6.3)

For a linear operator A ∈Ln , A =∑
P∈Pn

ÂP P , we have

d j A = ∑
P :P j ̸=I

ÂP P . (6.4)

For p ≥ 1, we denote by Infp
j (A) := ∥d j A∥p

p the Lp -influence of j on the operator A. For S ∈ [n],

we denote by Infp (A) :=∑n
j=1 Infp

j (A) the associated total Lp -influence. We will often omit the index

p when p = 2. Following [CNY23], we also define the influence of a subset of qubits S ∈ [n] as

InfS(A) = ∑
P∈Pn :

supp(P )∩S ̸=;

|ÂP |2. (6.5)

We observe that Inf j (A) = Inf{ j }(A) = ∑
P∈Pn :P j ̸=I |ÂP |2, as expected. Intuitively, the influence of a

unitary U on a subset of qubits is a quantitative measure of the action of U on such subset.

6.2 The model

We first give the definition of the QSQ oracle. For a state ρ ∈Sn , the QStatρ oracle receives as input

an observable O ∈Ln ,∥O∥ ≤ 1 and a tolerance parameter τ≥ 0, and returns a τ-estimate of Tr[Oρ],

i.e.

QStatρ : (O,τ) 7→ Tr[ρO]±τ. (6.6)

A typical choice of the target state is the uniform quantum example |ψ f 〉 := ∑
x∈{0,1}n

1p
2n |x, f (x)〉,

for a suitable Boolean function f : {0,1}n → {0,1}, which was first introduced in [BJ95] and widely
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employed in previous works on quantum statistical query learning [AGY20, AHS23]. In this case, we

will shorten the notation to QStat f =QStat|ψ f 〉〈ψ f |. To adapt their framework to our goal of learning

unitaries, we need to devise an alternative input state. A natural choice is the Choi-Jamiolkowki state,

which found many applications in prior work about unitary learning [CNY23], and more broadly

process learning [Car22], motivating its adoption in the context of quantum statistical query. For

brevity, we will write QStatU instead of QStat|v(U )〉〈v(U )|. We now detail the mutual relationship

between the oracle QStatU and the previous oracles defined in terms of quantum examples. To this

end, we consider two unitaries implementing f , notably the bit-flip oracle U f and the phase oracle

V f . We have,

∀x ∈ {0,1}n , y ∈ {0,1} : U f |x, y〉 = |x, y ⊕ f (x)〉 , (6.7)

∀x ∈ {0,1}n : V f |x〉 = (−1) f (x) |x〉 (6.8)

In particular we note that |ψ f 〉 = 1p
2n U f

∑
x∈{0,1}n |x,0〉. We show that QStat f can be simulated by

QStatU f and conversely QStatV f can be simulated by QStat f . The first result shows that our frame-

work generalizes the previous one based on quantum examples, while the second one allows us to

transfer lower bounds from classical Boolean functions to unitaries, as formalized in Theorem 6.6.

Lemma 6.1 (Relations between QSQ oracles). Let f : {0,1}n → {0,1} a Boolean function and consider

the bit-flip oracle U f and the phase oracle V f . Then for every observable A ∈ Ln+1, there exists an

observable A′ ∈L2n+2 such that

〈ψ f |A|ψ f 〉 = 〈v(U f )|A′|v(U f )〉 . (6.9)

and, similarly, for every observable B ∈L2n , there exists an observable B ′ ∈Ln+1 such that

〈v(V f )|B |v(V f )〉 = 〈ψ f |B ′|ψ f 〉 . (6.10)

Proof. The first result follows by selecting A′ = In ⊗|0〉〈0|⊗ A. As for the second result, we can write

the following expansion B =∑
P ,Q∈Pn

cP ,Q |v(P )〉〈v(Q)|. From ([MO10], Proposition 9), we know that

|v(V f )〉 =∑
x∈{0,1}n �f (x) |v(Z x )〉, where we denoted Z x :=⊗

i∈[n] Z xi , with Z 0 = I and Z 1 = Z . Hence

〈v(U f )|B |v(U f )〉 = ∑
x∈{0,1}n

c2
Z x ,Z x

�f (x)
2

. (6.11)

Now, consider the observable T =∑
x∈{0,1}n cZ x ,Z x |x〉〈x| ∈Ln and define

B ′ = H⊗(n+1)(In ⊗|1〉〈1|) ·T · (In ⊗|1〉〈1|)H⊗(n+1), (6.12)

which is equivalent to perform the Fourier transform on |ψ f 〉, post-selecting on the last qubit being 1

and finally applying T on n qubits. The Fourier transform and the projection on |1〉〈1| give rise to

|ψ̂ f 〉 =
∑

x∈{0,1}n

�f (x) |x〉 . (6.13)
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Then the desired result follows by noting that

〈ψ f |B ′|ψ f 〉 = 〈ψ̂ f |T |ψ̂ f 〉 =
∑

x∈{0,1}n

c2
Z x ,Z x

�f (x)
2

. (6.14)

■

We argue that this choice of the oracle is particularly suitable for learning the unitary evolution of

states sampled from locally scrambled ensembles. This comes as a direct consequence of Lemmas 3.1

and 3.5, that together imply the following proposition.

Lemma 6.2. For quantum unitaries U ,V ∈Un and ν ∈SLS a locally scrambled ensemble of states, it

holds that
1

2
D(U ,V )2 ≤Rν(U ,V ) ≤ D(U ,V )2, (6.15)

where D(U ,V )2 = 1−|〈v(U )|v(V )〉 |2.

We also introduce the following notion of learnability of classes of unitaries with quantum

statistical queries.

Definition 6.1 (Unitary learning with QSQs). Let ε ∈ [0,1], C ⊆ Un a class of unitaries and ν an

ensemble of n-qubit states. We say that C is efficiently ε-learnable with quantum statistical queries

with respect to ν if, for all U ∈ C , there exists an algorithm A that runs in time poly(n), performs

poly(n) queries to the oracle QStatU with tolerance at least 1/poly(n) and outputs a unitary V ∈Un

such that

Rν(U ,V ) ≤ ε. (6.16)

We emphasize that all the algorithms proposed in this chapter are proper learners, in the sense

that they output a unitary V ∈C . Moreover, they are classical randomized algorithms, as they use no

other quantum resource apart from the query access to QStatU . The QSQ model is considerably more

restrictive than the oracle access model, where a learner has the freedom to implement the unitary U

and its inverse U † on an arbitrary input state. Then, every algorithm implementable with QSQs can

be also implemented with oracle access, but the converse it is not true in general. In particular, we

demonstrate in Theorem 6.6 that there is a class of unitaries that is efficiently learnable with direct

access to the Choi state, but requires exponentially many quantum statistical queries.

6.3 Learning classes of unitaries with quantum statistical queries

Our results are based on the following technical lemma, which extends ([AGY20], Lemma 4.1) to

unitary operators. In particular, this lemma allows us to estimate the influence of subset of qubits

defined in Eq. 6.5.
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Lemma 6.3 (Learning the influence of a subset with a single QSQ). Let A ∈Un be a unitary operator

and QStatA be the quantum statistical query oracle associated to the Choi state |v(A)〉. There is a

procedure that on input a subset of Pauli strings T ⊆Pn , outputs τ-estimate of
∑

P∈T |ÂP |2 using one

query to QStatA with tolerance τ.

Proof. Let M =∑
P∈T |v(P )〉〈v(P )|. We note that

〈v(A)|M |v(A)〉 =
( ∑

P∈Pn

Â∗
P 〈v(P )|

)( ∑
Q∈T

|v(Q)〉〈v(Q)| ∑
P∈Pn

ÂP |v(P )〉
)

(6.17)

=
( ∑

P∈Pn

Â∗
P 〈v(P )|

)( ∑
Q∈T

ÂQ |v(Q)〉
)
= ∑

P∈T
|ÂP |2. (6.18)

Thus a single query to QstatA with input (M ,τ) yields the desired outcome. ■

Remark 6.1 (Computational efficiency). We observe that the circuit implementing the measurement

M =∑
P∈T |v(P )〉〈v(P )| can have exponential depth in the worst case. However, in some cases, even if

the set T has exponential size, we can implement M with a poly(n) circuit. For instance, the influence

of the j -th qubit Inf j (A) can be expressed as

Inf j (A) = ∑
P∈Pn :
P j ̸=I

|ÂP |2 = 1− ∑
P∈Pn :
P j=I

|ÂP |2. (6.19)

Thus it suffices to estimate the expected value of |v(I )〉 j 〈v(I )| j ⊗ In−1. More generally, we can con-

sider the indicator string S= (x1, x2, . . . , xk ,∗,∗ . . . ,∗) to denote the set of n-bit strings whose first k

elements are x1, x2, . . . , xk , i.e. S= {(t1, t2, . . . , tn) ∈ {0,1,2,3}n | ∀i ∈ [k] : xi = ti }. Then we have,∑
P∈S

|v(P )〉〈v(P )| = |v(σx1 ⊗σx2 ⊗·· ·⊗σxk )〉〈v(σx1 ⊗σx2 ⊗·· ·⊗σxk )|⊗ In−k , (6.20)

which again can be implemented by a poly(n) circuit.

We will also need a further technical tool, which is an implementation of state tomography with

quantum statistical queries, also previously exploited in [AHS23] for learning the output of shallow

circuits. Here we propose a refined argument for the special case of pure states. Since the complexity

is exponential in the number of qubits, this primitive can be used to efficiently estimate the reduced

states of subsets of logarithmic size.

Lemma 6.4 (State tomography). Let ρ ∈Sn . There exists an algorithm that performs 4n queries to the

oracle QStatρ with tolerance at least ε ·4−n and returns a state ρ̂ such that

∥ρ− ρ̂∥2 ≤ ε. (6.21)

Moreover, if ρ = |ψ〉〈ψ| is a pure state, there exists an algorithm that performs 4n queries to the oracle

QStatρ with tolerance at least ε ·2−n/2 and returns a pure state |ψ̂〉 such that

∥ρ−|ψ̂〉〈ψ̂|∥tr ≤ ε. (6.22)
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Proof. We perform a state tomography by querying all 4n−1 non-identity Pauli strings with tolerance

τ= ε ·4−n . For all P ∈Pn , denote the obtained outcome by

oP = Tr[Pρ]±τ

and set xP = min{oP ,1}. Denote the estimated state by

ρ̂ := 1

2n

(
I + ∑

P∈Pn \I
xP P

)
. (6.23)

This allows to upper bound the distance between the partial state ρ and its estimate ρ̂.

∥ρ− ρ̂∥2
2 =Tr

[
(ρ− ρ̂)2]= 1

4n Tr

[( ∑
P∈Pn \I

(Tr[Pρ]−xP )P

)2]
(6.24)

= 1

2n

∑
P∈Pn \I

(Tr[Pρ]−xP )2 ≤ 2nτ2, (6.25)

where we used the inequality (x + y)2 ≤ 2(x2 + y2). Then picking τ= ε/
p

2n gives the desired result.

We now delve into the case where the input state is pure. Thanks to ([CCC19], Theorem 1), and since

ρ = |ψ〉〈ψ| has rank 1, we obtain the following bound for the 1-distance:

∥ρ− ρ̂∥1 ≤
√

2n

2n +1
∥ρ− ρ̂∥2 ≤ ε. (6.26)

We now consider the dominant eigenstate of ρ̂, denoted by |ψ̂〉, which can be computed in poly(2n)

time. By ([MGN20], Proposition 2) we know that |ψ̂〉〈ψ̂| is the unique closest pure state to ρ̂. Since ρ

is also a pure state, this immediately implies

∥∥|ψ̂〉〈ψ̂|−ρ∥∥
tr ≤

∥∥|ψ̂〉〈ψ̂|− ρ̂∥∥
tr +∥ρ− ρ̂∥tr (6.27)

≤2∥ρ− ρ̂∥tr ≤ ε, (6.28)

■

6.3.1 Appetizer: learning constant-depth circuits

As a first application of the tools introduced before, we show that very shallow circuits are learnable

sample-efficiently with QSQs according to a locally scrambled distribution. We will rely on the

following recent result of [YW23], which essentially shows that “learning marginal suffices”, i.e.

learning the k-reduced density matrices of a state produced by a shallow circuit allows to perform a

state tomography.

Theorem 6.1 (Adapted from [YW23], Theorem 4.3). Let ψ= |ψ〉〈ψ| a state produced by a circuit of

depth at most D. For any state ρ, one of the following conditions must be satisfied: either ∥ρ−ψ∥tr < ε;

or ∥ρs −ψs∥tr > ε2/n for some s ⊆ {0,1, . . . ,n −1} with |s| = 2D .
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An application of this result was also given in [AHS23], where the authors showed that the class

of n-qubit trivial states is learnable with poly(n) quantum statistical queries. We now extend their

result from states to unitaries.

Theorem 6.2 (Learning constant-depth circuits via QSQs). Let C the class of O (1)-depth circuits.

Then for all U ∈C , there exists an algorithm that makes poly(n) queries to QStatU with tolerance at

least ε2

4n ·2−D/2 and returns a unitary W ∈Un such that

D(U ,W ) ≤ ε. (6.29)

Proof. Let D be the depth of the circuit. First, we consider the Choi state |v(U )〉 = I ⊗U |Ω〉 and recall

that |Ω〉 can be produced with a circuit of depth 2 over 2n qubits. Then we have |v(U )〉 =V |02n〉 for

a suitable unitary V ∈ U2n implemented by a circuit of depth D +2. Let k = 2D+2. Then it suffices

to learn all the k-local reduced density matrices of the states |v(U )〉. There are
(2n

k

) = O
(
n2D

)
of

them and each of them is learnable in trace distance with accuracy ε2

2n by performing 4D+2 quantum

statistical queries with tolerance ε2

4n ·2−D/2 by means of Lemma 6.4. We can thus determine thanks to

Theorem 6.1 a state |v(W )〉 such that ∥|v(W )〉〈v(W )|− |v(U )〉〈v(U )|∥tr ≤ ε. This immediately implies

Eq. 6.29 by Lemma 6.2. ■

6.3.2 Learning quantum juntas

A unitary U ∈Un is a quantum k-junta if there exists S ⊆ [n] with |S| = k such that

U =VS ⊗ IS

for some VS ∈ Uk . For a Pauli string P = ⊗
i∈[n] Pi ∈ Pn , we denote the reduced string as PS =⊗

i∈S Pi ∈Pk . We now consider the Pauli expansions U =∑
P∈Pn

ÛP P and VS =∑
PS∈Pk

V̂PS PS . Their

coefficients satisfy the following relation.

ÛP = 1

2n Tr[U P ] = 1

2n Tr[VSPS]Tr[PS IS] =
 V̂PS if supp(P ) ∈ S,

0 else.

As for the Choi state, we have

|v(U )〉 = ∑
P∈Pn

ÛP |v(P )〉 = ∑
supp(P )∈S

V̂PS |v(PS ⊗ IS)〉 = |v(VS)〉 |v(IS)〉 .

We will now show that quantum k-juntas are efficiently learnable in our model. Our proof combines

the techniques used in [CNY23] for learning quantum k-juntas from oracle access and the ones used

in [AGY20] for learning (classical) k-juntas with quantum statistical queries. Note that the algorithm

given in ([CNY23], Theorem 28) has query complexity independent of n. Crucially, their algorithm

involves a Pauli sampling as a subroutine to estimate the support of the Pauli strings with non-zero

Fourier coefficients. We replaced this procedure by estimating the influences of each qubit by means

of Lemma 6.3, introducing an additional factor n in the query complexity.
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Algorithm 1 Learning quantum k-juntas with statistical queries

for i = 1 to n do
Estimate Inf2

i (U ) with a quantum statistical query with accuracy ε2/(20k) and store the result in
the variable αi .
end for
Define the subset T = {

i ∈ [n] :αi ≥ ε2/(16k)
}

and consider the set T2, which includes the qubits in
T and the associated qubits in the dual space.
for P ∈P |T2| do

Produce an estimate op of

Tr[P · |v(I⊗(n−ℓ))〉〈v(I⊗(n−ℓ))| · (|v(U )〉〈v(U )|) · |v(I⊗(n−ℓ))〉〈v(I⊗(n−ℓ))|]

with a quantum statistical query with tolerance 2−ℓε/3.
Set xP = min{oP ,1}.

end for
Reconstruct the density matrix ρ̂T = 1

22ℓ

(
I⊗2ℓ+∑

P∈P2ℓ\I⊗2ℓ xP P
)

and compute its dominant eigen-

state |ψ̂T 〉.
Compute W such that |v(W )〉 := |ψ̂T 〉
return W ⊗ I⊗(n−ℓ).

Theorem 6.3 (Learning quantum k-juntas via QSQs). Let U be a quantum k-junta. There is a

poly(n,2k ,ε)-time algorithm that accesses the state |v(U )〉 viaQStatU queries with tolerance poly(2−k ,ε)

and outputs a unitary Ũ such that

D(U ,Ũ ) ≤ ε. (6.30)

Proof. Throughout this proof, we will use the following notation to deal with the reduced Choi

state with respect to a given subset of the qubits. Recall that the Choi state is a state over a set of

2n qubits, which we label as {i1, i2, . . . , in , i ′1, i ′2, . . . , i ′n}. For S = {i j+1, i j+2, . . . } ⊆ {i1, i2, . . . , in} we will

denote S2 := {i j+1, i j+2, . . . }∪ {i ′j+1, i ′j+2, . . . }. Clearly, |S2| = 2|S|.
Our algorithm consists in two separate steps: first we perform n QStatU queries with tolerance

Θ(ε2/k) to learn a subset T ⊆ [n] containing all the variables i for which Inf2
i (U ) ≥ ε2/(16k). Next we

will define a reduced state on the subset T2 and we will learn it by performing a state tomography

with 42|T |−1 QStatU queries with toleranceΩ(ε4−2k ).

Let U be a quantum k-junta over the subset Q ⊆ [n]. Then, it is not hard to see that Inf2
i (U ) = 0

if i ̸∈Q. For each j ∈ [n], we use Lemma 6.3 to estimate Inf2
j (U )±ε2/(20k) via a single QstatU query.

Suppose the outcomes of these queries are α1, . . .αn , and let

T = {
i ∈ [n] :αi ≥ ε2/(16k)

}
.

We observe that T ⊆Q, as Inf2
i (U ) = 0 implies thatαi ≤ ε2/(20k). On the other hand, for every i ∈Q \T ,

we have that Inf2
i (U ) < ε2/(8k). Assume by contradiction that i ̸∈ T and Inf2

i (U ) ≥ ε2/(4k). Then we

have:

αi ≥ Inf2
i (U )− ε

20k
> ε2

16k
,
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contradicting the fact that i ̸∈ T . As a consequence,

∑
i∈T

Inf2
i (U ) = ∑

i∈Q\T
Inf2

i (U ) ≤ k · ε
2

8k
= ε2

8
, (6.31)

where the inequality follows from |Q| ≤ k.

We now describe the second phase of the learning algorithm. Let |T | = ℓ and consider the identity

operator I⊗(n−ℓ) acting on the subset T . Let ρ be the state obtained by measuring |v(U )〉 according to

the projectors
(|v(I⊗(n−ℓ))〉〈v(I⊗(n−ℓ))| , I⊗(n−ℓ) −|v(I⊗(n−ℓ))〉〈v(I⊗(n−ℓ))|), and then conditioning on

the first outcome,

|ψ〉 :=
(
I⊗(ℓ) ⊗|v(I⊗(n−ℓ))〉〈v(I⊗(n−ℓ))|) |v(U )〉∣∣(TrT2 〈v(U )|) |v(I⊗(n−ℓ))〉∣∣ := |v(V ⊗ I⊗(n−ℓ))〉 ,

where in the last line we introduced the ℓ-qubit unitary V such that |ψ〉 is the state isomorphic to

V ⊗ I⊗(n−ℓ). We make the following claim on the distance between U and V ⊗ I⊗(n−ℓ), which we will

prove in the following.

Claim 6.1. D(U ,V ⊗ I⊗(n−ℓ)) ≤ ε/2.

Denote ρ := |ψ〉〈ψ|. We will learn ρT2 = TrT2
[ρ] by performing a state tomography via QStat

queries on a reduced state of 2ℓ qubits. To this end, we query all 42ℓ−1 non-identity Pauli strings

with support on T with tolerance τ= ε2−2ℓ−1. For all P ∈P2ℓ = {I , X ,Y , Z }⊗2ℓ, denote the obtained

outcome by

oP = Tr[P · |v(I⊗(n−ℓ))〉〈v(I⊗(n−ℓ))| · (|v(U )〉〈v(U )|) · |v(I⊗(n−ℓ))〉〈v(I⊗(n−ℓ))|]±τ

and set xP = min{oP ,1}. Denote the estimated 2ℓ-qubit state by

ρ̂T = 1

22ℓ

(
I⊗2ℓ+ ∑

P∈P2ℓ\I⊗2ℓ

xP P

)
.

Let |ψ̂T 〉 be the dominant eigenstate of ρ̂T and let W be the unitary encoded by the state |ψ̂T 〉, i.e.

let |v(W )〉 := |ψ̂T 〉. We make a further claim and we delay its proof to the end.

Claim 6.2. D(V ,W ) ≤ ε/2.

Then the theorem follows by combining Claims 6.1 and 6.2 with the triangle inequality and letting

Ũ =W ⊗ I⊗(n−ℓ). ■

We present the proofs of Claims 6.1 and 6.2 below.

Proof of Claim 6.1 Recall that U =UQ ⊗ IQ is a k-junta which acts non trivially only on the set Q and

that T ⊆Q is the set of qubits with non-negligible influence learnt by the algorithm. It is sufficient to
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show that dist(UQ ,V ) ≤ ε/2. First, we observe that |v(U )〉 = |v(UQ )〉⊗ |v(I⊗(n−k))〉. We will need the

following decomposition of |v(UQ )〉:

|v(UQ )〉 = ∑
PQ∈Pk

ÛPQ |v(PQ )〉 = ∑
PQ∈Pk

supp(PQ )∩T=;

ÛPQ |v(PQ )〉+ ∑
PQ∈Pk :

supp(PQ )∩T ̸=;

ÛPQ |v(PQ )〉 , (6.32)

where ÛPQ = ÛPQ⊗In−k . Similarly, we can expand |v(V )〉⊗ |v(I⊗(k−ℓ))〉 as follows

|v(V )〉⊗ |v(I⊗(k−ℓ))〉 = ∑
PQ∈Pk

supp(PQ )∩T=;

ÛPQ |v(PQ )〉+ ∑
PQ∈Pk :

supp(PQ )∩T ̸=;

ÛPQ |v(I⊗k )〉 (6.33)

Recall that the total influence of the qubits in T is at most ε2/8. This immediately implies a lower

bound on the inner product between |v(V )〉⊗ |v(I⊗(k−ℓ))〉 and |v(UQ )〉.∣∣∣(〈v(V )|⊗〈v(I⊗(k−ℓ))|
)
|v(UQ )〉

∣∣∣= ∑
PQ∈Pk :

supp(P )∩T ̸=;

|ÛPQ |2

=1− ∑
PQ∈Pk :

supp(P )∩T ̸=;

|ÛPQ |2 ≥ 1− ε2

8
,

where the inequality is a direct application of Eq. 6.31. We can now prove the desired result

D2(U ,V ⊗ I⊗(n−ℓ)) = D2(UQ ,V ⊗ I⊗(k−ℓ)) = 1−|〈v(V )〉 |v(UQ )|2 ≤ ε2

4
,

where we used the stability of D(·, ·) under tensor product. ■

Proof of Claim 6.2 We just need to ensure the following:

∥ρ̂T2 −ρT2∥2 ≤ ε

2
. (6.34)

We first make a preliminary observation. Let cP := Tr[PρT ]. Then,

(xp − cp )2 ≤
(
cp
ε2

8
+τ

)2

(6.35)

This allow to upper bound the distance between the partial state ρT2 and its estimate ρ̂T2 .

∥ρT2 − ρ̂T2∥2
2 =Tr[(ρT − ρ̂T )2] = 1

16ℓ
Tr

[( ∑
P∈P2ℓ\I⊗2ℓ

(cP −xP )P

)2]
(6.36)

= 1

4ℓ
∑

P∈P2ℓ\I⊗2ℓ

(cP −xP )2 ≤ 2

4ℓ

( ∑
P∈P2ℓ\I⊗2ℓ

ε4

64
c2

p +τ2

)
≤ ε4

32
+4ℓτ2, (6.37)

where we used the inequality (x+ y)2 ≤ 2(x2+ y2) and the fact that the purity Tr
[
ρ2

T2

]
= 4−ℓ

∑
P∈P2ℓ

c2
P

is bounded by 1. Then picking τ= 2−ℓε/3 ensures the desired upper bound. By proceeding as in the

proof of Lemma 6.4, we have

D(V ,W ) ≤ ε

2
, (6.38)

as desired. ■
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6.3.3 Learning quantum Boolean functions

A quantum Boolean function A is defined as a Hermitian unitary operator [MO10], i.e. an operator

satisfying

A A† = A† A = A2 = I . (6.39)

Notably, Pauli strings P ∈ Pn are Quantum Boolean and the unitary evolution (in the Heisenberg

picture) of a Quantum Boolean function A is also Quantum Boolean. This can be easily checked by

replacing A with U † AU into the above equation. A key property of quantum Boolean functions is

that their Fourier coefficients are all real, i.e.

∀P ∈Pn : ÂP ∈R. (6.40)

We will now demonstrate that the quantum Goldreich-Levin (GL) algorithm ([MO10], Theorem

26) can be implemented via quantum statistical queries. Whereas the original algorithm requires

oracles queries to the target unitary U and its adjoint, we show that the weaker access to QStatU

suffices. A similar result was also established for uniform quantum examples ([AGY20], Theorem 4.4),

which are quantum encodings of classical Boolean functions. While we will employ Theorem 6.4 for

learning quantum Boolean functions, we remark that it does not require the target operator to be

Hermitian and it could find broader applications for learning other classes of unitaries.

Theorem 6.4 (Quantum Goldreich-Levin using QSQs). Let A ∈Un be a unitary operator and QStatA

be the quantum statistical query oracle associated to the Choi state |v(A)〉. There is a poly(n,1/γ)-

time algorithm that accesses A via queries to QStatA with tolerance at least γ2/4 and outputs a list

L = {P (1),P (2), . . . ,P (m)} ⊆Pn such that:

1. if |ÂP | ≥ γ, then P ∈ L;

2. and for all P ∈ L, |ÂP | ≥ γ/2.

Proof. Our algorithm closely follows the one proposed in [MO10]. The only difference is that, for

each subset T ⊆ {0,1,2,3}n , the oracle queries to A and A† are replaced by a QstatA query that outputs

a (γ2/4)-estimate of
∑

P∈T |ÂP |2, as in Lemma 6.3. The remaining part of the quantum Goldreich-

Levin algorithm does not involve oracle access to A or A†, thus the rest of the proof coincides with

the one of Theorem 26 in [MO10]. ■
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Algorithm 2 Quantum Goldreich-Levin algorithm with statistical queries
L ← (∗,∗, . . . ,∗)
for k = 1 to n do

for each S ∈ L,S = (P1,P2, . . . ,Pk−1,∗,∗, . . . ,∗) do
for Pk in {I , X ,Y , Z } do

Let SPk = (P1,P2, . . . ,Pk−1,Pk ,∗,∗, . . . ,∗).
Estimate

∑
P∈SPk

|ÂP |2 to within γ2/4 with a QStat query.

Add SPk to L if the estimate of
∑

P∈SPk
|ÂP |2 is at least γ2/2.

end for
Remove S from L.

end for
end for
return L

The GL algorithm returns a list of “heavy-weight” Fourier coefficients. If A is a quantum Boolean

function, we can easily recover the values of those coefficients, up to a global sign. We prove this

result in the following lemma.

Lemma 6.5. Let A = ∑
P ÂP P a quantum Boolean function and let L ⊆ Pn a list of Pauli strings.

Assume that |ÂP | > τ/2 for all P. There is a procedure running in time O (|L|) that accesses the state

|v(A)〉 via QStatA queries with tolerance at least τ2 and outputs some estimates
{
B̂P |P ∈ L

}
such that

1. for all P ∈ L, B̂P =±ÂP ±τ

2. for all P ,Q ∈ L, sgn
(
B̂P B̂Q

)= sgn
(

ÂP ÂQ
)
,

where sgn(·) is that function that on input x ∈R returns the sign of x.

Proof. By Lemma 6.3, we can estimate the values of Â2
P up to error τ2 via aQStat query with tolerance

τ2. Let B̂ 2
P be such estimates. Then we have that

|B̂P | ≤
√

A2
P +τ2 ≤ |ÂP |+τ, (6.41)

which proves the first part of the lemma. It remains to estimate the signs of the coefficients, up to

a global sign. Let P∗ = argmax B̂ 2
P∗ , that is the largest estimated squared coefficient. We arbitrarily

assign the positive sign to this coefficient, i.e. we let B̂P∗ =
√

B̂ 2
P∗ . For each other coefficient P ̸= P∗,we

assign the sign with the following procedure. We first define the following observables M+ and M−,

M+ := (|v(P∗)〉+ |v(P )〉)(〈v(P∗)|+〈v(P )|) , (6.42)

M− := (|v(P∗)〉− |v(P )〉)(〈v(P∗)|−〈v(P )|) . (6.43)
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We now compute the expected values of M+ with respect to |v(A)〉:

µ+ := 〈v(A)|M+ |v(A)〉 = (6.44)

=
( ∑

Q∈Pn

ÂQ 〈v(Q)|(|v(P∗)〉+ |v(P )〉))((〈v(P∗)|+〈v(P )|) ∑
Q∈Pn

ÂQ |v(Q)〉
)

(6.45)

= (ÂP∗ + ÂP )2, (6.46)

and, similarly, for M−,

µ− := 〈v(A)|M− |v(A)〉 = (6.47)

=
( ∑

Q∈Pn

ÂQ 〈v(Q)|(|v(P∗)〉− |v(P )〉))((〈v(P∗)|−〈v(P )|) ∑
Q∈Pn

ÂQ |v(Q)〉
)

(6.48)

= (ÂP∗ − ÂP )2. (6.49)

So if ÂP∗ and ÂP have the same sign, µ+ >µ− and vice-versa. Moreover, |µ+−µ−| = 4
∣∣ÂP ÂP∗

∣∣> τ2.

Then we can tell whether µ+ >µ− by querying the oracle QStatA with the observable M+−M− and

tolerance τ2. If the output is positive, then we can conclude that µ+ >µ− and assign B̂P positive sign,

and vice-versa if the output is negative. This proves the second part of the theorem.

■

We can now finally provide a QSQ algorithm for learning quantum Boolean functions. We closely

follow the proof of ([RWZ22], Proposition 6.7), which provide an analogous learning algorithm for

quantum Boolean functions under oracle query access.

Theorem 6.5 (Learning Quantum Boolean Functions with QSQs). Let A be a quantum Boolean

function. There is a poly(n,2k )-time algorithm that accesses the state |v(A)〉 via QStatA queries with

tolerance at leastΩ(4−k ) and outputs a quantum Boolean function A′ such that min{∥A− A′∥2,∥A+
A′∥2} ≤ ε, where

k ≤ k(ε) =

 Inf1(A)2 ·e
48Inf2(A)

ε2 log 2Inf2(A)
ε if Inf2(A) ≥ 1,

Inf1(A)2 · Inf2(A)
−1 ·e

48Inf2(A)
ε2 log 2

p
Inf2(A)
ε else.

(6.50)

Proof. We can adapt the proof of Proposition 6.7 in [RWZ22] to the QSQ setting by replacing all the

oracle access queries to A with queries to QStatA . In particular, this involves the implementation

of the GL algorithm with the parameter γ =Θ(ε2−k ). This can be done in time poly(n,2k ,ε−1) via

quantum statistical queries with toleranceΘ(ε24−k ) by Theorem 6.4. Moreover, we need to evaluate

O (4k ) Fourier coefficients with accuracy ε4−k . By Lemma 6.5, this can be done, up to a global sign,

in time O (4k ) with quantum statistical queries queries with tolerance O (ε24−k ). The remaining part

of the proof doesn’t involve oracle access queries, and then is identical to the one of ([RWZ22],

Proposition 6.7). ■

74



6.3. LEARNING CLASSES OF UNITARIES WITH QUANTUM STATISTICAL QUERIES

Remark 6.2. Theorem 6.5 allows us to learn a quantum Boolean function in Hilbert-Schimdt distance,

up to a global sign. In other terms, given a target observable A, we can estimate B such that either

B or −B is close to A in Hilbert-Schmidt distance. This enables the prediction of the norm of the

expected value for an arbitrary state. This follows by an application of Holder’s inequality.

∣∣|Tr[Aρ]|− |Tr[Bρ]|∣∣≤min
{∣∣Tr[(A−B)ρ]

∣∣ ,
∣∣Tr[(A+B)ρ]

∣∣} (6.51)

≤min{∥A−B∥2,∥A+B∥2} · ∥ρ∥2 ≤ ε. (6.52)

If instead we are interested to the unitary evolution performed by A on a random state, we can

observe that:

D(A,B) ≤ 1p
2n

min
θ∈[0,2π)

∥e iθA−B∥2 ≤ 1p
2n

min{∥A−B∥2,∥A+B∥2}, (6.53)

where the first inequality is proven in (Lemma 14, [BY23]). Moreover, the accuracy guarantees of

Theorem 6.5 are cast in terms of Inf1(A), Inf2(A). These parameters can be bounded for an observable

evolved by a shallow circuit (in the Heisenberg picture), by using a variant of the light-cone argument,

as done in ([RWZ22], Section 6.1). We now introduce some further notation to state their claim. For

any j ∈ [n], let N j ⊆ [m] be the minimal set of qubits such that
Tr j

2

(
U

TrN j

2|N j | (O)U †
)
=

(
U

TrN j

2|N j | (O)U †
)

for any O ∈ Ln and denote L := maxi |{ j : i ∈ N j }|. Then, if O is a quantum Boolean function with

Inf1(O), Inf2(O),∥O∥2 =O (1), and U is a unitary with L =O (1), we can learn evolution in the Heisen-

berg picture U †OU by means of Theorem 6.5 by picking k =O (1). This ensures that the algorithm

runs in poly(n) time and that the statistical queries have constant tolerance.

6.3.3.1 Numerical result

We complement our analysis with a numerical simulation of the proposed algorithm for learning

quantum Boolean functions. Given a 4-qubit random unitary U , implemented by a circuit consisting

in 2 layers of Haar-random gates and a Pauli string P , we considered the quantum Boolean function

U †PU . We implemented the quantum Goldreich-Levin algorithm with quantum statistical queries

to estimate the high-weight Pauli coefficients of U †PU , and then we estimated their values, up to a

global sign, by means of Lemma 6.5. Finally, we used the estimated quantum Boolean function to

output an approximation of |Tr[PU |0〉〈0|U †]|, as depicted in Figure 6.1. For each quantum statistical

query with tolerance τ, we computed the expected value exactly and added a noisy perturbation,

which we sampled from a normal distribution with mean zero and variance τ2/4. We tested our

algorithm on the observables in {I , Z }⊗4, and we did not witness a significant dependence between

the performance and the locality of the observable. The choice of a shallow circuit is motivated by the

results in [RWZ22], which establish a connection between the performance of the Goldreich-Levin

algorithm to the complexity of the underlying circuit, as also discussed in Remark 6.2.
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Figure 6.1: Average performance of the Goldreich-Levin algorithm implemented with quantum
statistical queries to the Choi-Jamiolkowski state. We tested the algorithm on 10 random 4-qubit
random unitaries, in predicting the absolute value of the outcome of Z observables on the unitary
evolution of computational basis states. Each random unitary consists in 2 layers of Haar-random
gates. We plotted the average error as a function of 1/γ, i.e. the inverse of the threshold of Algorithm 2.
We set the tolerance of the quantum statistical queries as γ2/4.

6.4 Exponential separations between QSQs and Choi state access

We will now prove a lower bound for learning Choi states with QSQs, and derive from it an exponential

separation between learning unitaries from QSQs and learning unitaries with Choi state access. To

this end, we combine Lemma 6.1 with an argument given in [AHS23] and based on the following

concept class (of classical functions):

C = {
f A : {0,1}n → {0,1}, f A(x) = x⊤Ax mod 2 | A ∈ Fn×n

2

}
(6.54)

Theorem 6.6 (Hardness of learning phase oracles). The concept class of phase oracle unitaries V f A , i.e.

{V f A | A ∈ Fn×n
2 } (6.55)

requires 2Ω(n) many quantum statistical queries to QStatV f A
of tolerance 1/poly(n) to be learnt below

distance D < 0.05 with high probability.

Proof. Our proof is based on the one of ([AHS23], Theorem 17). Their statement is analogous, with

the class of quantum examples |ψ f A 〉 replacing that of unitaries V f A . The only things we need to prove

are the following

∥|v(V f A )〉〈v(V f A )|−EB |v(V fB )〉〈v(V fB )|∥tr ≥ 1−
p

17/32 , (6.56)

max
M :∥M∥=1

VA Tr
[
M |v(V f A )〉〈v(V f A )|]= 2−Ω(n) (6.57)

76



6.4. EXPONENTIAL SEPARATIONS BETWEEN QSQS AND CHOI STATE ACCESS

and then the result follows from ([AHS23], Theorem 16). The first line follows by checking that

∥|v(V f A )〉〈v(V f A )|−EB |v(V fB )〉〈v(V fB )|∥tr = ∥|ψ f A 〉〈ψ f A |−EB |ψ fB 〉〈ψ fB |∥tr ≥ 1−
p

17/32 , (6.58)

Where the lower bound is proven in [AHS23]. As for the variance, we notice the following

VA Tr
[
M |v(V f A )〉〈v(V f A )|]=EA Tr

[
M |v(V f A )〉〈v(V f A )|2]−EA Tr

[
M |v(V f A )〉〈v(V f A )|]2 (6.59)

=EA Tr
[
M ′|ψ f A 〉〈ψ f A |2

]−EA Tr
[
M ′|ψ f A 〉〈ψ f A |

]2 = 2−Ω(n), (6.60)

where the observable M ′ is the one obtained following the procedure of Lemma 6.1 and the upper

bound follows again from [AHS23]. ■

On the other hand, the unitary V f A is efficiently learnable from separable measurements to Choi

states. This is an immediate consequence of a result given in [ABDY22], saying that the func-

tion f A is efficiently learnable from separable measurements to phase states, defined as |φ f A 〉 =
2−n/2 ∑

x∈{0,1}n (−1) f A(x) |x〉. We observe the |v(V f A )〉 = 2−n/2 ∑
x∈{0,1}n (−1) f A(x) |x, x〉, then adapting the

argument to Choi states is straightforward.

We also provide a double exponential lower bound for testing properties of channels, hinging on

a lower bound for testing purity of states given in [AHS23]. First, recall that the unitarity [WGHF15,

CDWE19] of a quantum channel is defined as

u(N ) := 2n

2n −1
E|ψ〉∼µn Tr

[
N (|ψ〉〈ψ|)2]− 2n

2n −1
Tr

[
N

(
I

2n

)2]
(6.61)

Theorem 6.7 (Hardness of testing unitarity). Let A be an algorithm that estimates with high proba-

bility the unitarity of a quantum channel N with error smaller than 0.24 using QstatN queries with

tolerance at least τ. Then A must make at least 2Ω(τ22n ) such queries.

Proof. Assume the existence of an algorithm A contradicting the statement of the theorem. We will

prove the theorem by contradiction, by first showing that the unitarity is closely related to the purity

of the Choi state J (N ), and then applying the lower bound for testing purity given in ([AHS23],

Theorem 25).

E|ψ〉∼µn Tr
[
N (|ψ〉〈ψ|)2]= E|ψ〉∼µn Tr

[
FN ⊗2(|ψ〉〈ψ|⊗2)

]
(6.62)

= Tr
[
FN ⊗2(E|ψ〉∼µn |ψ〉〈ψ|⊗2)

]= Tr

[
FN ⊗2

(
I+F

2n(2n +1)

)]
(6.63)

= Tr

[
FN ⊗2

(
F

2n(2n +1)

)]
+Tr

[
FN ⊗2

(
I

2n(2n +1)

)]
(6.64)

= Tr

[
FN ⊗2

(
F

2n(2n +1)

)]
+Tr

[
N

(
I

2n

)2] 2n

(2n +1)
(6.65)

Then we can rearrange the unitarity as follows

u(N ) = 1

4n −1
Tr

[
FN ⊗2 (F)

]− 1

4n −1
Tr

[
N

(
I

2n

)2]
(6.66)
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We can also use the Kraus representation N (·) =∑
ℓKℓ(·)K †

ℓ
and write

Tr
[
FN ⊗2 (F)

]= ∑
ℓ,ℓ′

Tr
[
F(Kℓ⊗Kℓ′)F(K †

ℓ
⊗K †

ℓ′)
]

(6.67)

= ∑
ℓ,ℓ′

|Tr[KℓK †
ℓ′ ]|2 = 4n Tr[J (N )2], (6.68)

where the last two identities are proven in ([QFK+22], Eqs. 160-164). Putting all together, we obtain:

4n

4n −1
Tr[J (N )2]− 1

4n −1
≤ u(N ) ≤ 4n

4n −1
Tr[J (N )2] (6.69)

Thus the unitarity of N and the purity of J (N ) are within an exponentially small additive terms.

Then the algorithm A would estimate the purity of J (N ) with error smaller than 0.24+1/(4n −1)

with less than 2Ω(τ22n ) queries, contradicting ([AHS23], Theorem 25). ■

It’s easy to see that the unitarity can be estimated with O (1) joint measurements to the Choi state or

O (2n) separable measurements to the Choi state . This can be shown invoking previous upper bounds

for purity estimation [MdW13, CCHL22b] and exploiting again the connection between unitarity and

the purity of the Choi state.

6.5 Application: Classical Surrogates

In this section we discuss a potential application of our results to quantum machine learning. We

will consider particularly variational quantum algorithms for approximating a classical function

f : X → R. For a broad class of such algorithms [SK19, Sch21], the prediction phase can be cast

as follows: the input x ∈X is encoded into a quantum state with a suitable feature map x 7→ ρ(x),

which evolves according to a parametric channel Uθ and subsequently is measured with a local

observable O. Hence, the parametric circuit induces a hypothesis function h(·), which associates x to

the following label

h(x) = Tr[OUθ(ρ(x))]. (6.70)

Thus, given a distribution D over X , the goal is to find a parameter θ∗ satisfying the following:

Ex∼D |h(x)− f (x)| = Ex∼D |Tr[OUθ∗(ρ(x))]− f (x)| ≤ ε, (6.71)

where ε is a small positive constant. Given a set of examples (x1, f (x1)), (x2, f (x2)), . . . , (xm , f (xm))

one can then train this model in a hybrid fashion and select a parameter θ. Then the label of an

unseen instance xm+1 can be predicted with accuracy ε preparing O (ε−2) copies of the state Uθ(ρ(x))

and measuring the observable O.

A recent line of research showed that, in some cases, one can fruitfully perform the prediction

phase with a purely classical algorithm, that goes under the name of classical surrogate [SEM23]. So

far, the proposed approaches rely on the classical shadow tomography [JGM+23] and the Fourier
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analysis of real functions [LTD+22, SEM23], which can be applied to the general expression of quan-

tum models as trigonometric polynomials. Here we argue that the QSQ learning framework can

find application in the quest for surrogate models, introducing more flexibility in the surrogation

process. Particularly, [JGM+23] resorts to a flipped model of quantum circuit where the parameter θ

is encoded in a quantum state, subsequently measured by a variational measurements depending on

the x . While this model can provide quantum advantage for specific tasks, it would be interesting

to obtain similar results beyond the flipped circuit model, and specifically for the setting where the

instance x is encoded before the parameter θ. This goal can be achieved through the algorithms

discussed in the present chapter, since they do not require the unitary to be a flipped a circuit.

However, the distance over unitaries we adopted brings accuracy guarantees for the prediction only

when the input state is sampled from a locally scrambled ensemble. Thus, we need to extend the

definition given in [SEM23] to incorporate the input distribution D.

Definition 6.2 (Worst-case and average-case surrogate models). Let ε≥ 0 and 0 ≤ δ≤ 1. A hypothesis

class of quantum learning models F has a worst-case (ε,δ)-classical surrogate if there exists a process

S that upon input of a learning model f ∈F produces a classical model g ∈G such that

Pr

[
sup
x∈X

∥ f (x)− g (x)∥ ≤ ε
]
≥ 1−δ, (6.72)

for a suitable norm on the output space Y . Similarly, we say that F has an average-case (ε,δ)-classical

surrogate if there exists a process S that upon input of a learning model f ∈F produces a classical

model g ∈G such that

Pr[Ex∼D∥ f (x)− g (x)∥ ≤ ε] ≥ 1−δ. (6.73)

The process S must be efficient in the size of the quantum learning model, the error bound ε and

the failure probability δ.

In particular, it is easy to see that if the conditional distribution of the states ρ(x) is locally

scrambled, then we can produce an average-case classical surrogate of f (x) = Tr[OUθρ(x)] via

QSQs by means of Theorems 6.2,6.3,6.5 . For instance, if D is the uniform distribution over [6]n , the

ensemble {|φ(x)〉}x defined as follows is locally scrambled. We have:

|φ(x)〉 =
n⊗

i=1
|φ(xi )〉 where |φ(xi )〉 =



|0〉 if xi = 1

|1〉 if xi = 2

|+〉 if xi = 3

|−〉 if xi = 4

|y+〉 if xi = 5

|y−〉 if xi = 6.

(6.74)

While this example is just meant to motivate our definition of average-case surrogate models, the

quest for quantum encodings mapping a target distribution over X to a locally scrambled distribution
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would be of primary importance for the design of surrogation processes. We also remark that worst-

case surrogate models could be found by means of the quantum Goldreich-Levin algorithm, and

in particular by exploiting the fact the unitary evolution in the Heisenberg picture of a Pauli string

P ∈ Pn , i.e. U †
θ

(P ) = U †
θ

PUθ, is a quantum Boolean function. This follows from the fact that the

accuracy guarantees of Theorem 6.5 expressed in Hilbert-Schimdt distance can be transferred to an

arbitrary state, as noted in Remark 6.2. This will allow learning U †
θ

(P ), up to a multiplicative sign,

and hence to predict functions of the form

h(x) = ∣∣Tr[PUθ(ρ(x))]
∣∣ . (6.75)
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Is a secret still a secret if everyone knows it?

- George R. R. Martin, A Clash of Kings – Tyrion Lannister

I
n recent years, the availability of large datasets and advanced computational tools has sparked

progress across various fields, including natural sciences, medicine, finance, and social sciences.

This advance came also with privacy concerns since even the release of aggregated data can com-

promise the sensitive information contained in the original dataset. This poses a significant challenge

for the researcher, who must adopt privacy-preserving techniques to avoid the exposure of private

data. This motivated the quest for a robust framework to assess privacy, that eventually led to the wide

adoption of differential privacy as the de facto standard for ensuring privacy both in statistical data

analysis and machine learning applications [DMNS06, DR14, CDE+23, CMS11b, ACG+16, PAE+16,

BTT18]. Notably, the Census Bureau of United States adopted differential privacy [Abo18, AACM+22],

and several industrial applications were also deployed [CJK+18, RSP+21, XZA+23].
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In this Chapter we will first review some competing notions of privacy and show that they can lead

to impressive privacy breaches [NS07], and thus provide a self-contained introduction to differential

privacy, highlighting some previous applications to quantum computation.

Intuitively, a differentially private algorithm A (·) can learn a statistical property of a dataset con-

sisting of n elements, yet it leaks almost nothing about each individual element. In other words, given

two inputs x and x ′ which are very close according to some chosen metric, the output distributions

A (x) and A (x ′) should be almost indistinguishable. We call x and x ′ neighbouring inputs. If x and

x ′ represent datatsets about n individuals, then it’s customary to consider x and x ′ neighbouring

if one of such individuals is present in x and absent in x ′. Then, if A (·) is differentially private, the

output alone doesn’t allow for inferring whether the input contained a given individual. This goal is

pursued by combining various techniques, that usually involve randomising the input or perturbing

the output by adding noise. The challenge is then to achieve the desired level of privacy by adding

less noise as possible, hence preserving accuracy.

Apart from privacy-preserving data analysis and machine learning, differential privacy has also

found several applications in other fields of computer science such as statistical learning theory

[KLN+11a, WLF16, BLM20, AQS21], adaptive data analysis [DFH+15, BNS+21, FS17] and mechanism

design [MT07].

7.1 Anonymization or pseudonymization?

One of the main goals of privacy-preserving techniques is to protect personal identifiable information,

or personal data, within a publicly accessible dataset. The EU General Data Protection Regulation

(GDPR)[gdp] defines personal data as follows:

‘Personal data’ means any information relating to an identified or identifiable natural

person (‘data subject’); an identifiable natural person is one who can be identified,

directly or indirectly, in particular by reference to an identifier such as a name, an

identification number, location data, an online identifier or to one or more factors

specific to the physical, physiological, genetic, mental, economic, cultural or social

identity of that natural person.

Thus, the wide scope of personal data accounts for biometric, demographic and financial information,

but also less explicit information such as daily habits, judgements and opinions, including political

beliefs. Then privacy-preserving techniques aim at anonymizing personal data, that is preventing

any possible association between the individuals and their personal data. To this end, privacy

specialists have devised a number of different techniques. Whereas some of them, such as differential

privacy, come with robust security guarantees, several methods are based on non-rigorous heuristics.

The latter category includes the so-called pseudonymization technique. As the name suggests, this

technique does not achieve the goal of fully anonymizying the personal data, but instead it provides

a partial obfuscation. Pseudonymization can be achieved by replacing all the personal identifiable
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information with artificial identifiers, called pseudonyms. This heuristic makes the record less

identifiable, without compromising its utility. Moreover, the European Data Protection Board and the

European Commission endorsed the adoption of pseudonymization as a state-of-the-art measure for

the compliance of GDPR. In particular, GDPR provides the following definition of pseudonymization:

‘Pseudonymization’ means the processing of personal data in such a manner that the

personal data can no longer be attributed to a specific data subject without the use of

additional information, provided that such additional information is kept separately and

is subject to technical and organisational measures to ensure that the personal data are

not attributed to an identified or identifiable natural person.

Thus, by the definition, this technique is effective when the malicious party does not hold any addi-

tional information, which is a rather optimistic scenario. To see why, we can consider one of the most

spectacular de-anonymization attack of the last few years, namely the one performed on the Netflix

Prize Dataset by Arvind Narayanan and Vitaly Shmatikov [NS06]. The Netflix Prize was a competition

held from 2006 to 2009, whose participants were asked to design an algorithm to predict user ratings

for films, based exclusively on previous ratings. To this end, a “pseudonymized” training set was

publicly released, where the users’ identities were replaced by random numbers. The competition

was cancelled in 2010 due to a class action lawsuit against Netflix, based on privacy concerns, in par-

ticular those arising from the vulnerabilities exposed by the attack performed in [NS06]. Such attack

is based on a fairly simple intuition: in order to break pseudonymization, one only needs to retrieve

some background knowledge about the user ratings. This can be easily obtained, for instance, from

other publicly accessible ratings datasets, such as the Internet Movie Database (IMDb). Comparing

the ratings on IMDb with the Netflix dataset, the researchers were able to perform a so-called linkage

attack, and therefore recognise the Netflix records of known users, disclosing potentially sensitive

information, such as their political beliefs.

Privacy breaches akin to the one described have been documented on other occasions as well.

For instance, incidents involving the Massachusetts Group Insurance Commission in the mid-1990s

and the web portal America Online in 2006 serve as cautionary tales. For a more comprehensive

discussion on this topic, we refer the reader to [Ohm09].

The obvious shortcomings of pseudonymization led to the establishment of differential privacy

as a more robust framework to protect sensitive data. In the words of Cynthia Dwork, differential

privacy can be succinctly described as follows:

Differential privacy describes a promise, made by a data curator to a data subject: you

will not be affected, adversely or otherwise, by allowing your data to be used in any study,

no matter what other studies, data sets, or information from other sources is available.

In the following section we will introduce the basic notions of differential privacy, showing how the

informal definition above can be translated in a rigorous mathematical theory. Whereas no technique

achieve a perfect anonymization while keeping the usability of the data, we will see that differential
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privacy has the advantage to provide a quantitative measure of the tradeoff between anonymization

and usability.

7.2 Mathematical foundations of differential privacy

We concisely introduce the definition of differential privacy. For a comprehensive introduction to

the topic, we refer to [DR14], [Vad17] and [CDE+23]. Throughout this thesis, we’ll denote by ∼ the

neighbouring condition, i.e. a relationship between two inputs, consisting of either classical vectors

or quantum states. We’ll write
Q∼ when we want to emphasise that the neighbouring relationship

refers to quantum states. The choice of the relationship is problem-dependent. In many practical

cases, it’s convenient to say that two binary vectors x, x ′ ∈ {0,1}n are neighbouring if their Hamming

distance is at most one, i.e.

x ∼ x ′ ⇐⇒ dH (x, x ′) ≤ 1.

In alternative, we can select a p-norm and a threshold γ≥ 0 and opt for the following neighbouring

relationship:

x ∼ x ′ ⇐⇒ ∥x −x ′∥p ≤ γ.

We say that a randomised algorithm A (·) is (ε,δ)-differentially private (DP) if for all x ∼ x ′ and for all

S ⊆ range(A ), it satisfies

Pr[A (x) ∈ S] ≤ eεPr[A (x ′) ∈ S]+δ.

We say that A (·) is ε-DP when it is (ε,0)-DP. Equivalently, differential privacy can be defined in terms

of hockey-stick divergence Eγ and the smooth max-relative entropy (or smooth max-divergence)

Dδ∞:

A is (ε,δ)-DP ⇐⇒ ∀x ∼ x ′ : Eeε(A (x)∥A (x ′)) ≤ δ ⇐⇒ ∀x ∼ x ′ : Dδ
∞(A (x)∥A (x ′)) ≤ ε, (7.1)

where the (classical) hockey-stick divergence Eγ between two distributions P and Q is defined as

follows [PPV10]:

Eγ(P∥Q) := 1

2

∫
|dP −γdQ|− 1

2
(γ−1),

for γ ≥ 1. These information-theoretic divergences can be thought of as a measure of closeness

between distributions, thus these reformulations are consistent with the intuition that private algo-

rithms map neighbouring inputs to “close” output distributions. Differential privacy with δ= 0 is

also referred to as pure differential privacy, whereas the case with δ ̸= 0 is referred to as approximate

differential privacy. Roughly speaking, an (ε,δ)-DP algorithm can be thought of as an algorithm that

is ε-DP with probability 1−δ. We remark that this intuition is slightly imprecise, and thus we refer to

the following references for a more detailed explanation [BS16, Mei18, Vad17].

It’s also worth noticing that the max-divergence corresponds to the Rényi divergence of order ∞.

Thus, it’s possible to relax pure differential privacy by replacing the max-divergence with the Rényi
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divergence of order α, for α≥ 1 [Mir17]. We say that A is (α,ε)-RDP (Rényi differentially private) if

for all x ∼ x ′,
Dα(A (x)∥A (x ′)) ≤ ε.

As a consequence, for all S ⊆ range(A ), we have

Pr[A (x) ∈ S] ≤ eεPr[A (x ′) ∈ S](α−1)/α.

If A is (α,ε)-RDP then it is also (ε+ log(1/δ)
α−1 ,δ)-DP for any 0 < δ< 1. Similarly, if A is (ε,0)-DP then it

is also (α,2αε2)-RDP for any α≥ 1.

7.2.1 Privacy via classical noisy channels

Now we present two widely used mechanisms that ensure differential privacy by injecting noise

into the output. To this end, we introduce two classical channels ΛL ,b : R→ R and ΛG ,σ : R→ R,

that corresponds to an additive noise coming from either the Laplace distribution of scale b or the

Gaussian distribution of variance σ2, both centred in zero. The channels are defined as follows:

ΛL ,b(x) = x +η where η∼ 1

2b
exp

(
−|η|

b

)
(Laplace channel) (7.2)

ΛG ,σ(x) = x +ζ where ζ∼ 1

σ
p

2π
exp

(
− ζ2

2σ2

)
(Gaussian channel) (7.3)

Let f : X →R be a scalar function. We define the sensitivity of f as

∆ f := max
x,x ′∈X

x∼x ′

| f (x)− f (x ′)|. (7.4)

We can use either the Laplace or the Gaussian channel to ensure differential privacy, by calibrating

the noise rate with respect to the sensitivity of the target function. ThenΛL ,b( f (·)) is ε-DP if b ≥∆/ε.

Similarly,ΛG ,σ( f (·)) is (ε,δ)-DP if σ2 ≥ 2ln(1.25/δ)∆2/ε2. The addition of Laplace noise is referred to

as Laplace mechanism [DMNS06], whereas the addition of Gaussian noise is referred to as Gaussian

mechanism [DR14]. Both mechanisms can also be analysed within the relaxed framework of Rényi

differential privacy [Mir17].

7.3 Local differential privacy

An algorithm A is (ε,δ)-locally differentially private (LDP) if it is (ε,δ)-differentially private and,

moreover, every possible pair of inputs x, y are considered neighboring. In other terms, for all x, y

and for all S ⊆ range(A ), we have

Pr[A (x) ∈ S] ≤ eεPr[A (y) ∈ S]+δ, (7.5)

and therefore

A is (ε,δ)-LDP ⇐⇒ ∀x, y : Eeε(A (x)∥A (y)) ≤ δ ⇐⇒ ∀x, y : Dδ
∞(A (x)∥A (y)) ≤ ε. (7.6)
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Local differential privacy brings a considerably stronger notion of security and it usually employed

when a dataset is managed by an untrusted curator. For instance, let x1, x2, . . . , xk be the personal data

of k distinct parties, and let C be a curator that wants to collect such data to conduct a research. To

this end, each party will randomize its own personal data via an (ε,δ)-LDP algorithm A . Denote by zi

the output obtained by the i -th party, i.e. zi ∼A (xi ). Then the curator receives as input z1, z2, . . . , zk

and outputs a value Y . By robustness to post-processing, we have, for all i ∈ [k], and for all xi , yi ,

Pr[C (z1, z2, . . . , zk ) = Y |x1, x2, . . . , xi , . . . , xk ] (7.7)

≤ eεPr[C (z1, z2, . . . , zk ) = Y |x1, x2, . . . , yi︸︷︷︸
replaced element

, . . . , xk ]+δ. (7.8)

In particular, this holds even if the curator releases the entire randomized dataset, i.e. if C is the

identity function. In this case, we can regard z1, z2, . . . , zk as a synthetic dataset, that is a new dataset

generated from the original one, which can be reused multiple times without compromising the

privacy the individuals represented in the original dataset. Clearly, synthetic data generation is useful

if the old and new datasets share some meaningful statistical property, for instance if k-th moments

of the associated distribution are sufficiently close.

7.3.1 Randomized response

We now introduced the most popular approach to local differential privacy, that is the randomized

response mechanism. Surprisingly, randomized response is older than differential privacy itself, as

this method as been devised in 1965 in the context of structured survey interviews by the economist

and statistician Stanley L. Warner [War65]. As Warner observed, the individuals in a sample survey

may be reluctant to respond faithfully for several reasons, and may even deliberately provide a false

information. Then, the author of the survey could instead propose the interviewee to perform the

following experiment. Assume that the interview consists in a yes-no question and that the correct

answer is “yes” and let p > 1
2 .

1. With probability p, the interviewee responds “yes”, therefore providing the correct information.

2. With the remaining probability 1−p, the interviewee responds “no”.

Collecting answers from a sufficiently large sample of N individuals, the interviewer can approxi-

mately estimate the frequency f of the population for which “yes” is the correct answer. To this end,

it suffices to observe that the expected number of “yes” answers in the survey is

1

N
·E[number of participants responding “yes”] = p f + (1−p)(1− f ) (7.9)

= f (2p −1)+1−p. (7.10)

Thus, by standard concentration of measure, it is easy to see that f can be estimated up to additive

error ε with N =Θ(ε−2(2p −1)−1) samples. We will now turn to the analysis of the privacy guarantees.
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For convenience, we set p = eε

1+eε . Then we have

Pr[“yes” answer | ground truth is “yes”] = Pr[ “no” answer| ground truth is “no”] = eε

1+eε
, (7.11)

Pr[“yes” answer | ground truth is “no”] = Pr[ “no” answer | ground truth is “yes”] = 1

1+eε
. (7.12)

Rearranging, we obtains

Pr[ “yes” answer | ground truth is “yes”] = eεPr[ “no” answer| ground truth is “yes”], (7.13)

Pr[ “yes” answer| ground truth is “no”] = eεPr[“no” answer | ground truth is “no”], (7.14)

which prove that the randomized response mechanism with p = eε

1+eε is ε-LDP.

This method can be easily extended beyond the binary case. Assume that the possible answers

belong to the set [k] = {1,2, . . . ,k} and that the correct answer is j . Then the k-ary randomized

response works as follows.

1. With probability eε

k−1+eε , the interviewee provides the correct answer j .

2. With the remaining probability, the interviewee provides a random answer sampled uniformly

from [k] \ { j }.

The privacy analysis is identical to the one of the binary case. As for the analysis of the accuracy, we

refer to [KOV14, KBR16] for an extensive treatment.

7.3.2 Information-theoretic interpretation of local privacy

Local differential differential privacy poses a severe constraint on the amount of information that can

be conveyed to the curator. From an information theory perspective, such data shrinkage admits a

strikingly simple interpretation: local differential privacy is equivalent to a contraction of the hockey-

stick divergence [AAC21a]. In particular, for two discrete distribution P and Q with equal support on

a set X , we have

A is (ε,δ)-LDP ⇐⇒ Eeε(A (P )∥A (Q)) ≤ δEeε(A (P )∥A (Q)), (7.15)

where A (P ) is the distribution obtained by applying the algorithm A on an input sampled from P .

Crucially, the hockey-stick divergence underlies a wide family of divergences, known as f -divergences,

in a sense that any arbitrary f -divergence can be represented by an integral sum of hockey-stick

divergences [Csi64]. Recall that, for a twice differentiable convex function f on non-negative reals

with f (1) = 0, the associated f -divergence is defined as

D f (P∥Q) := ∑
x∈X

Q(x) f (P (x)/Q(x)). (7.16)

Then by ([SV16], Proposition 3) we have

D f (P∥Q) =
∫ ∞

1
f ′′(γ)Eγ(P∥Q)+γ−3 f ′′(γ−1)Eγ(Q∥P )dγ. (7.17)
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Hinging on this result, it is possible to extend Equation 7.15 to all f -divergences, as showed in

([AAC21a], Lemma 1). For any pair of distributions P ,Q over X , we have

A is (ε,δ)-LDP =⇒ D f (A (P )∥A (Q)) ≤ (1− (1−δ)e−ε) ·D f (A (P )∥A (Q)). (7.18)

This result has far-reaching implication. In particular, we recall that the relative entropy, also referred

as Kullback-Leibler (KL) divergence, is an f -divergence with f (x) = x log x. Since the relative entropy

plays a central role in hypothesis testing, Equation 7.18 can be used to show a “differentially private”

version the celebrated Chernoff-Stein lemma, as we detail below. Furthermore, several implications

to private estimation theory are discussed in [AAC21a].

7.3.3 Private hypothesis testing

We will now focus on the widely recognized problem of binary hypothesis testing with the additional

constraint of local differential privacy. Let P ,Q two distributions over X , which are usually referred

as the null hypothesis and the alternative hypothesis, respectively. Consider a scenario where we

have n independent and identically distributed (i.i.d.) samples denoted as x1, x2, . . . , xn , drawn either

from P or Q, and we want to distinguish between these two possibilities. Moreover, we assume that

each xi is subsequently transformed into zi =Ai (xi ) where Ai is a suitable (ε,δ)-LDP algorithm. The

algorithms A1,A2, . . . ,An can be chosen in an interactive fashion. Given a decision rule, that is a

randomized algorithm T that takes as input z1, z2, . . . , zn and outputs either P or Q. We denote by

αε,δ
n (T ) the probability of outputting Q when the underlying distribution is P (type I error), and vice

versa we βε,δ
n (T ) the probability of outputting P when the underlying distribution is Q (type II error).

To achieve the ideal balance between type I and type II error probabilities, we set a constant τ ∈ (0,1)

and define the following quantity:

βε,δ
n,τ := min

T

{
βε,δ

n (T )
∣∣∣αε,δ

n (T ) ≤ τ
}

. (7.19)

The following asymptotic lower bound on βε,δ
n,τ was provided in ([AAC21a], Corollary 4),

lim
n→∞

1

n
logβε,δ

n,τ ≥−(1− (1−δ)e−ε) ·D(P∥Q) (Private Stein’s lemma). (7.20)

It is insightful to compare this result with the asymptotic limit obtained without the privacy constraint,

i.e. when δ= 1. Denote by βn,τ :=βε,1
n,τ the coefficient associated to the non-private case. Following

([Cov99], Theorem 11.8.3), we have

lim
n→∞

1

n
logβn,τ =−D(P∥Q) (Chernoff-Stein’s lemma). (7.21)

Combining these two results, we obtain that, for sufficiently large values of n, the constraint of local

differential privacy leads to an increase in sample complexity of a factor 1− (1−δ)e−ε. In Chapter 9,

we will prove a quantum analogue of the private Stein’s lemma, which holds for small value of the

privacy parameter ε. We achieve this goal by proving new entropy inequality for the quantum relative

entropy under local privacy.
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7.3.4 Equivalence with statistical query learning

As demonstrated in the work of Kasiviswanathan et al. [KLN+11b], local differentially private algo-

rithms can be effectively characterized by means of statistical queries, a concept originally introduced

in [Kea98b]. To elucidate this finding, we shall first provide some essential definitions. Consider a

probability distribution D defined over a domain X .

A statistical query (SQ) oracle, denoted as SQD , accepts as input a function g : X → [−b,b] and a

tolerance parameter τ ∈ (0,1), yielding an output value v that adheres to the following condition:

|v −Eu∼D[g (u)]| ≤ τ. (7.22)

A statistical query (SQ) algorithm interacts with the distribution D by employing the SQ oracle SQD .

We are now ready to state the equivalence result of [KLN+11b].

Theorem 7.1. Let (x1, x2, . . . , xn) ∼Dm be a set of points sampled i.i.d. from the distribution D. Then if

m ≥ c · log(1/β)b2

ε2τ2 , there exists a pair of algorithm A and B such that:

1. A satisfies ε-local differential privacy;

2. B receives as input A (x1),A (x2), . . . ,A (xn) and approximates Eu∼D [g (u)] within additive error

±τ with probability at least 1−β.

Theorem 7.2. Let A be an ε-LDP algorithm that takes as input a point x sampled from the distribution

D. Then there exists a statistical query (SQ) algorithm that in expectation makes eε queries to SQD

with accuracy τ = Θ(β/(e2ε)), such that the total variation distance between A ’s and B’s output

distributions is at most β.

7.4 Quantum differential privacy

More recently, the major influence of quantum computing and quantum information has led to the

exploration of differentially private quantum algorithms. Since many near-term quantum algorithms

involve a classical optimiser as a subroutine, one possible approach consists in privatising such

optimiser and leaving the rest of the algorithm unchanged. This strategy is adopted in [SMT17,

LLD21, DHL+22, WCY23].

Alternatively, we can rely on several notions of quantum differential privacy. Quantum differential

privacy allows the design of private measurements and channels combining classical and quantum

noise. This is extremely relevant with the emergence of Noisy Intermediate Scale Quantum devices

(NISQ) today [Pre18b]. The noisy nature of these devices on the one hand, and the potential capabili-

ties of quantum algorithms, on the other hand, make such quantum or hybrid quantum-classical

mechanisms, an interesting subject of study from the point of view of privacy. Several efforts has

been made in this area of research, including [ZY17b, AR19, HRF23, Far23, NGW23]. Furthermore,

the connection between machine learning and differential privacy [FS17, LAG+19] suggests that
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exploring quantum differential privacy can lead to intriguing insights into the capabilities of quantum

machine learning.

One of the main challenges in translating the definition of DP in the quantum setting is to

characterise the notion of neighbouring quantum states, i.e. choose the right metric to measure

the similarity between the input states. The first notion of quantum differential privacy was pro-

posed in [ZY17b] and it’s based on bounded trace distance, whereas the definition introduced in

[AR19] is based on reachability by a single-qudit operation. Another possible definition is based

on the quantum Wasserstein distance of order 1. This metric was introduced in [DPMTL21b] and

the authors mention quantum differential privacy as one potential application of their work. Fur-

thermore, quantum private PAC learning has been defined in [AGY20] and a quantum analogue of

the equivalence between private classification and online prediction has been shown in [AQS21].

Moreover, an equivalence between learning with quantum local differential privacy and quantum

statistical query (QSQ) learning was provided in [AK22b]. Other authors compared classical and

quantum mechanisms in the context of local differential privacy [YH20, Yos21]. Building upon these

prior contributions, we aim at establishing a general framework for differentially private quantum

algorithms, providing a more general definition of neighbouring quantum states and attaining better

privacy guarantees combining classical and quantum noisy channels.

7.4.1 Definition and properties

Let ρ,σ two neighbouring quantum states, i.e. ρ
Q∼σ. We’ll discuss appropriate neighbouring condi-

tions for quantum states in the next sections and for the moment we use the letter Q as a placeholder.

We also say that ρ and σ are Q-neighbouring in order to emphasise that we selected a suitable

relationship Q over quantum states. Following [ZY17b, HRF23], we say that a quantum channel C (·)
is (ε,δ)-DP if for all ρ

Q∼σ, for all POVM M = {Mm} and for all m, we have that

Tr[MmC (ρ)] ≤ eεTr[MmC (σ)]+δ.

As in the classical case, this can be equivalently expressed in terms of the quantum hockey-stick

divergence or the quantum smooth max-relative entropy:

C is (ε,δ)-DP ⇐⇒ ∀ρ,σ : ρ Q∼σ : Eeε(C (ρ)∥C (σ)) ≤ δ (7.23)

⇐⇒ ∀ρ,σ : ρ Q∼σ : Dδ
∞(C (ρ)∥C (σ)) ≤ ε, (7.24)

where the quantum hockey-stick divergence Eγ is defined as follows:

Eγ(ρ∥σ) := Tr(ρ−γσ)+, (7.25)

for γ ≥ 1. Here X + denotes the positive part of the eigendecomposition of a Hermitian matrix

X = X + − X −. We refer to Lemma III.2 in [HRF23] for more details. A special case of particular

interest is the one of quantum-to-classical channels (i.e. POVM measurements), mapping states
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to probability distributions. For a measurement M , denote as M (ρ) the probability distribution

induced by measuring M on input ρ. Quantum differential privacy shares many useful properties

with classical differential privacy. Notably, it is robust to parallel composition and post-processing

(also referred to as sequential composition).

Proposition 7.1 (Adapted from Corollary III.3, [HRF23]). The following properties hold.

• (Post-processing) Let A be (ε,δ)-differentially private and N be an arbitrary quantum channel,

then N ◦A is also (ε,δ)-differentially private.

• (Parallel composition) Let A1 be (ε1,δ1)-differentially private and A2 be (ε2,δ)-differentially

private. Define that ρ1 ⊗ ρ2
Q∼ σ1 ⊗σ2 if ρ1

Q∼ σ1 and ρ2
Q∼ σ2. Then A1 ⊗A2 is (ε1 + ε2,δ)-

differentially private on such product states, with δ= min{δ1 +eε1δ1,eε2δ1 +δ2}.

Moreover, if A1 and A2 are quantum-classical channels (measurements), we have that A1 ⊗A2

is (ε1 +ε2,δ1 +δ2)-differentially private.

Proof. The proposition coincides with Corollary III.3 in [HRF23], except for the final statement about

the parallel composition of differentially private measurements. Since the output of a measurement

is a classical distribution, the proof of this part is identical to the one of Theorem 3.16 in [DR14]. ■

In short, the composition theorem ensures that performing k times an ε-DP algorithm is (εk)-

differentially private, and then the privacy budget scales as the number of repetitions k. However,

under mild assumptions, this scaling can be improved to O(
p

k ). This result is called advanced com-

position (we refer to Theorem 3.20 in [DR14] for the classical case). Moreover, advanced composition

holds also for quantum measurements under suitable assumptions (Theorem 6, [ZY17b]).

Rényi quantum differential privacy has also been defined in [HRF23]. Due to the non-commutative

nature of quantum mechanics, the quantum generalisation of the Rényi divergence is not unique.

However, we don’t need to fix a particular definition of the quantum Rényi divergence, since we can

define Rényi quantum differential privacy in terms of an arbitrary family of Rényi divergences Dα, as

defined in [Tom15]. Thus, a quantum channel C is (ε,α)-Rényi differentially private if

sup
ρ∼σ

Dα(C (ρ)∥C (σ)) ≤ ε.

7.5 Relation with gentle measurements

The growing interest in quantum differential privacy is notably spurred by its remarkable connection

with the concept of quantum gentle measurements, as discovered by Aaronson and Rothblum in

their work [AR19]. In this section, we will delve into their findings.

At the heart of quantum theory lies the fundamental principle known as the “information-

disturbance” tradeoff. It is a well-established principle that any measurement of an arbitrary quantum

state necessarily perturbs or disturbs that state to some extent. However, exceptions exist when
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dealing with specific state families, such as when we have a guarantee that a state, say |ψ〉, belongs to

a particular set, like |0〉 , |1〉. In such cases, a computational measurement can discriminate between

the states without perturbing them.

In the realm of quantum measurements, one often encounters the terms “gentle” for measure-

ments causing low disturbance and “weak” or “trivial” for those yielding minimal information. The

literature offers various rigorous definitions for these concepts. In particular, Aaronson and Rothblum

provide the following definition.

Definition 7.1 (Gentleness). Given a set S ⊆Sn of quantum mixed states and a parameter α ∈ [0,1],

we say that an implementation of a measurement M is α-gentle on S if for all states ρ ∈ S, and all

possible outcomes y of applying M to ρ, we have

∥ρ−ρ′∥tr ≤α, (7.26)

where ρ′ is the post-measurement state.

The following theorem shows a connection between gentleness and quantum local differential

privacy. We remark that in [AR19], local differentially private measurements are referred as trivial

measurements.

Theorem 7.3 ([AR19], Lemmas 23, 26). Let ε≤ 1 and α≤ 1
4.01 .

1. M satisfies ε-local differential privacy =⇒ M is O(ε)-gentle on all states.

2. M is α-gentle on product states =⇒ M satisfies O(α)-local differential privacy on product states.

Moreover, we also review the following connection between gentle measurements and quantum

differential privacy beyond the local model. It’s important to note that, in contrast to the local

differential privacy scenario, this connection is applicable exclusively to product states. In this

particular context, the concept of neighboring quantum states is based on the convertibility via local

operations.

Theorem 7.4 ([AR19], Lemmas 28, 32). Let ρ ∼σ if there exists i ∈ [n] such that Tri ρ = Tri σ. Let ε≤ 1

and α≤ 1
4.01 .

1. M is a product measurement and it satisfies ε-differential privacy on product states =⇒ M is

O(ε
p

n )-gentle on product states

2. M is a α-gentle on all states =⇒ M satisfies O(α)- differential privacy.

Building upon this profound connection, Aaronson and Rothblum introduced a novel algorithm

for shadow tomography of quantum states. We recall that the task of shadow tomography consists in

the estimation of the expected outcomes of a predetermined set of measurements on an unknown

quantum state. Similar ideas based on gentleness were also employed in subsquent works on learning

quantum states and channels [BO21, FQR22].
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7.6 From quantum to classical differential privacy

We will now elucidate how quantum differential privacy can serve as a proxy for safeguarding the

privacy of classical data when it is encoded within a quantum state. To begin, we present an initial

definition.

Definition 7.2 (Privacy-preserving quantum encodings). Let X a set equipped with a neighboring

relationship ∼. A quantum encoding ρ(·) is Q-neighboring-preserving if

x ∼ x ′ =⇒ ρ(x)
Q∼ ρ(x ′).

The following proposition formalizes the intuitive fact that Q-neighboring-preserving encodings

can be used to transfer privacy guarantees and ensure the privacy of the underlying classical input.

Proposition 7.2 (Transferring privacy guarantees). Let ρ(·) a quantum encoding, i.e. a function

mapping a classical vector x ∈ X to a quantum state ρ(x). Assume X is equipped with a neigh-

boring relationship ∼ and Sn is equipped with a neighboring relationship
Q∼. Assume that ρ(·) is

Q-neighboring-preserving. Let M be a measurement. We have,

M is (ε,δ)-DP with respect to
Q∼ =⇒ M (ρ(·)) is (ε,δ)-DP with respect to ∼.

Proof. The proposition follows from the definition of differential privacy. Assuming M (·) is (ε,δ)-DP,

we have

∀σ,σ′ :σ Q∼σ′, ∀S ⊆ range(M ) : Pr[M (σ) ∈ S] ≤ eεPr[M (σ′) ∈ S]+δ.

Since ρ(·) is Q-neighboring-preserving, the above inequality still holds if we set σ := ρ(x) and σ′ :=
ρ(x ′) for x ∼ x ′. Moreover, we replace range(M ) with range(M ◦ρ(·)) (we can do it since range(M ◦ρ(·))

is a subset of range(M )). The result readily follows.

∀x, x ′ : x∼x ′, ∀S ⊆ range(M ◦ρ(·)) : Pr[M (ρ(x)) ∈ S] ≤ eεPr[M (ρ(x ′)) ∈ S]+δ.

■

The above theorem suggests a path for deploying quantum private algorithms on classical data.

Notably, building upon this result, the authors of [YLLP23] explored the level of DP ensured by the

global depolarizing channel for several noise magnitudes and multiple quantum encodings.

7.7 Certified adversarial robustness

Now, we outline the connection between differential privacy and adversarial robustness, which has

been previously established in [LAG+19] and extended to the quantum setting in [DHL+21b, Hir23,

HTY+23]. We consider a slightly different setting, known as k-class classification, where a classification

algorithm A outputs a label y ∈ [k] on input x . For instance, for k = 2, we can consider an algorithm

that outputs label 1 if x represents a dog and 2 if x represents a cat. Consider k observables O1, . . . ,Ok ,

and assume, for simplicity, that their spectrum lies in [0,1]. The algorithm A works as follows.
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1. On input x , for each i ∈ [k], the algorithm measures the observable Oi on the state ρ(x ,θ) m

times and stores the outcomes in y (i )
1 , . . . , y (i )

m .

2. For each i ∈ [k], let y (i ) =∑m
j=1 y (i )

j .

3. A returns the index i∗ ∈ [k] such that i∗ = argmax y (i ).

We adopt Proposition 1 in [LAG+19] to the quantum setting.

Proposition 7.3 (Robustness condition). Let β ∈ (0,1]. Let ρ(·,θ) be Q-neighbouring-preserving and

assume that each of the m measurements in step (1) satisfies (ε,δ)-DP with respect to Q-neighbouring

quantum states. For any input x , if for some i ∈ [k],

y (i ) > e2εmax
j ̸=i

y ( j ) + (1+eε)δ+
√

2

m
log

(
4k

β

)
, (7.27)

then the algorithm A satisfies, for all x ∼ x ′′′

Pr[A (x) =A (x ′′′)] ≥ 1−β.

In this case, we say that the classifier A is β-robust to adversarial attacks.

Proof. Let x ∼ x ′′′. Since ρ(·,θ) is Q-neighbouring-preserving, ρ(x ,θ)
Q∼ ρ(x ′′′,θ). The assumption that

each measurement satisfies (ε,δ)-DP implies

∀i ∈ [k],∀F ⊆ range(Oi ) : Pr
ρ(x ,θ)

[Oi ∈ F ] ≤ eε Pr
ρ(x ′′′,θ)

[Oi ∈ F ]+δ.

We first need to prove the following inequality. For all i ,

Tr[Oiρ(x ,θ)] ≤ eεTr[Oiρ(x ′′′,θ)]+δ. (7.28)

Recall that the expectation of a non-negative random variable X can be expressed as

E(X ) =
∫

t≥0
Pr[X > t ]d t .

Combining this with differential privacy, we obtain

Tr[Oiρ(x ,θ)] =
∫

t≥0
Pr

ρ(x ,θ)
[Oi > t ]d t

≤ eε
∫

t≥0
Pr

ρ(x ′′′,θ)
[Oi > t ]d t +δ= eεTr[Oiρ(x ,θ)]+δ,

which proves (7.28). It remains to show that the discrepancy between y (i ) = 1
m

∑m
j=1 y (i )

j and of

Tr[Oiρ(x ,θ)] is small enough with high probability. To this end, we can use concentration of measure.

By Chernoff-Hoeffding’s bound,

Pr

[∣∣∣∣∣ 1

m

m∑
j=1

y (i )
j −Tr[Oiρ(x ,θ)]

∣∣∣∣∣≥ t

]
≤ 2e−2mt 2

.
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and thus y (i ) = Tr[Oiρ(x ,θ)]±t with probability at least 1−2e−2mt 2
. Denote by ỹ (1), . . . , ỹ (k) the average

of the measurements on the state ρ(x ′′′,θ). By union bound, with probability at least 1−4ke−2mt 2 =
1−β we have that

∀i ∈ [k] :
(

y (i ) = Tr[Oiρ(x ,θ)]± t
)
∧

(
ỹ (i ) = Tr[Oiρ(x ′′′,θ)]± t

)
. (7.29)

Assume, by contradiction, that A (x) ̸= A (x ′) and (7.29) hold simultaneously Since A (x) ̸= A (x ′),

there exists i ̸= i ′ such that

y (i ) > max
j ̸=i

y ( j ) and ỹ (i ′) > max
j ̸=i

ỹ ( j ).

Putting them all together, we have

ỹ (i ) ≥ Tr[Oiρ(x ′′′,θ)]− t ≥ e−ε(Tr[Oiρ(x ,θ)]− t )−e−εδ

≥ e−ε(y (i ) −2t )−e−εδ> max
j ̸=i

eεy ( j ) +δ

≥ max
j ̸=i

ỹ ( j ) ≥ ỹ (i ′)

Thus we obtained ỹ (i ) > ỹ (i ′) contradicting the assumptions A (x) ̸=A (x ′). This proves that A (x) =
A (x ′) with probability at least 1−β. ■

It’s easy to see how the above proposition is related to adversarial attacks. Assume that an

adversary has the capabilities of tampering with the input x by replacing it with x ′′′ such that x ∼ x ′′′.
We remark that there’s no unique way of choosing the neighbouring relationship in this context, as it

is closely related to the capabilities of the adversary. Under the same assumptions of Proposition 7.3,

the adversarial attack doesn’t alter the output with high probability. The condition expressed in (7.27)

can be interpreted as the classifier being “fairly confident” about its prediction. We also remark that

Proposition 7.3 can be applied to virtually any algorithm A , even in the absence of an explicit private

mechanism, since all algorithms are by default (0,τ)-DP with respect to neighbouring states with

trace distance bounded by τ. This can be easily checked from the properties of the trace distance.

Following [LAG+19], given a distribution D over labeled inputs of the form (x , f (x)), we can define

the certified accuracy R(A ) of an (ε,δ)-DP algorithm A as follows

R(A ) := Pr
(x , f (x))∼D

[(
i∗ = f (x)

)∧(
δ< y (i∗) −e2εmax j ̸=i∗ y ( j ) − g (k,β,m)

1+eε

)]
,

where g (k,β,m) :=
√

2m−1 log
(
4k/β

)
and i∗ = argmax y (i ). In other terms, R is a lower bound on

the probability that an instance is classified correctly and the classification is β-robust to adversarial

attacks. We remark that R can be easily estimated by computing the fraction of the test set that is

classified correctly and, simultaneously, satisfies (7.27).
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7.8 Generalization

We conclude by recalling the connection between differential privacy and generalization. Given a

randomised algorithm M : X m ×X → [0,B ] and two datasets S,S′ ∈ X m we define the following

quantity:

ES[M(S)] := 1

m

∑
z∈S

EM [M(S, z)], ES′ [M(S)] := 1

m

∑
z ′∈S′

EM [M(S, z ′)].

Lemma 7.1 (Lemma 6.4, [FS17]). Let S ∈X m and x ∈X . Let M be an algorithm that on input (S, x)

outputs a value y ∈ [0,B ]. Assume that M is (ε,δ)-differentially private with respect to S, where S ∼ S′

if they differ in at most one entry. Let P be an arbitrary distribution over X . Then:

ES,S′∼P m [(ES′ [M(S)])k ] ≤ ek2εES∼P m [(ES′ [M(S)]+kδB)k ].

We also define EP [M(S)] := Ez∼P , M [M(S, z)]. Clearly,

ES′∼P n [ES′ [M(S)]] = EP [M(S)].

Moreover, as noted in [FS17], standard concentration inequalities implies that ES′[M(S)] is

strongly concentrated around EP [M(S)]. Note that for M(S, (x, y)) = ℓ(M ′(S, x), y), ES [M(S)] = ES [ℓ(M ′(S))]

and EP [M(S)] = EP [ℓ(M ′(S))], in other words these are exactly the empirical and the expected loss

of the predictor given by M ′.
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Poetry is the synthesis of hyacinths and biscuits.

- Carl Sandburg

I
n this Chapter, we propose a novel and general definition of neighboring quantum states. We

demonstrate that this definition captures the underlying structure of quantum encodings and

can be used to provide exponentially tighter privacy guarantees for quantum measurements.

Our approach combines the addition of classical and quantum noise and is motivated by the noisy

nature of near-term quantum devices.

Moreover, we also investigate an alternative setting where we are provided with multiple copies of

the input state. In this case, differential privacy can be ensured with little loss in accuracy combining

concentration of measure and noise-adding mechanisms. Finally, we complement our theoretical

findings with an empirical estimation of the certified adversarial robustness ensured by differentially

private measurements.
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8.1 Motivation: connecting neighboring relationships with quantum

encodings

Our motivation stems from a practical goal: the development of quantum algorithms satisfying differ-

ential privacy with respect to a classical input x. We assume that this input belongs to a set equipped

with a neighboring relationship. Furthermore, we focus on quantum algorithms that incorporate

a quantum encoding subroutine, wherein the classical input x undergoes a transformation into a

quantum state denoted as ρ(x).

As a result, we aim to establish a quantum neighboring relationship that mirrors the inherent

classical neighboring relationship. Specifically, we demand the following key property:

x and x ′ are neighboring =⇒ ρ(x) and ρ(x ′) are neighboring. (8.1)

It is easy to see why the above property is extremely useful. If an algorithm A is ε-differentially

private with respect to ρ(x), then A ◦ρ is ε-differentially private with respect to x (this is stated more

formally in Proposition 7.2). In the meantime, we want to avoid neighboring relationships that are

excessively loose, as this would make the output almost independent of the input. Certainly, the

simplistic notion of a universal neighboring relationship that designates all states as neighbors may

technically meet the criteria defined in Equation 8.1. However, it would significantly compromise the

overall accuracy, as the outputs of any pair of inputs ρ,σwould be be ε-close in quantum max-relative

entropy. Another paradigmatic example of a “pathological” relationship is the one based on constant

trace distance:

ρ and ρ′ are neighboring ⇐⇒ ∥∥ρ−ρ′∥∥
tr ≤ τ=Θ(1). (8.2)

To fix the ideas, let τ= 0.1. It’s easy to see that for any pair of states ρ,σ we can build a sequence

ρ0,ρ2, . . . ,ρ10, such that  ρ0 = ρ
ρ10 =σ

and for all i , ρi ∼ ρi+1. (8.3)

In particular, it suffices to let:

ρi =
(
1− i

10

)
ρ+ i

10
σ. (8.4)

By triangle inequality, the outputs of ρ and σ will be (10ε)-close in quantum max-relative entropy.

This severely curtails the potential of private algorithms. Irrespective of the input states, the resulting

distribution of outputs would exhibit an extreme concentration around a single value. A more

comprehensive examination of this issue is provided in Section 8.7.

Remarkably, existing quantum neighboring relationships satisfy these essential criteria for only a

select few quantum encodings. This presents a significant limitation, as this property is fundamental

to the framework of differential privacy, and the quantum domain involves a diverse array of quantum

and classical data types. To address this challenge, it has become imperative to devise a more
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inclusive approach capable of accommodating various encodings. Thus, we introduce a generalized

neighboring relationship designed to facilitate the application of a broad spectrum of algorithms,

spanning both near-term and long-term quantum computing contexts. Our findings shed new light

on the following fundamental question.

Question 3. Can we leverage quantum noise to guarantee properties like differential privacy and

robustness to adversarial attacks?

8.2 Overview of main results

Within the domain of quantum differential privacy, we tackle several technical problems, and our

approach is to resolve them within a comprehensive framework, leveraging a diverse set of tools and

techniques drawn from the field of quantum information. The following provides an overview of our

principal contributions.

Improved privacy bounds for noisy channels. Our first contribution consists of tighter privacy

guarantees for a general family of noisy channels, which includes local Pauli noise and particularly as

a special case, the depolarising channel. To this end, we prove the advanced joint convexity of the

quantum hockey-stick divergence. Moreover, we provide a tighter analysis of the privacy of quantum

measurements post-processed with classical stochastic channels, such as the Laplace or Gaussian

noise. This approach allows us to be able to study both classical and quantum noisy mechanisms for

differential privacy, within a unified framework.

Generalized neighboring relationship. Our second contribution is a generalized neighboring

relationship, that allows us to recover the previous definition as special cases. We demonstrate how to

design differentially private measurements according to this definition by introducing both classical

and quantum noise into the computation. Notably, we show that local measurements can be made

differentially private by adding a modest amount of noise. Our work is the first to incorporate the

locality and in the analysis of quantum differential privacy.

Privacy-utility tradeoff for quantum differential privacy. There exists an unavoidable tradeoff

between the desired level of privacy and the resulting loss in accuracy. Here, we make a crucial

observation: different neighboring relationships have different tradeoffs. In particular, this limits the

applicability of neighboring relationships based solely on the bounded trace distance. We also show

no-go results for pure quantum differential privacy under the Wasserstein distance of order 1.

Private estimation with multiple copies. We provide differentially private mechanisms for esti-

mating the expected values of observables given m copies of a quantum state. These mechanisms

can find applications in privatising the results of experiments on physical devices where estimating

the expectation value is the main figure of merit.
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Applications. Our results can be applied to variational quantum algorithms and other quantum

machine learning models to enhance or certify privacy. We specifically focus on certified adver-

sarial robustness through differential privacy and we perform numerical simulations to assess the

robustness to adversarial attacks of private quantum classifiers.

8.3 Organization

This Chapter is organised as follows. In Section 8.4 we introduce our generalized framework for

quantum differential privacy and we discuss its properties. Within this formal framework, we prove

several results. Starting with Section 8.5, we provide several improved privacy bounds for the case

where the neighboring relationship is specified with a bounded trace distance between quantum

states. We then turn to the unique properties of our framework in Section 8.6 which allows us to

study local measurements as quantum differentially private mechanisms, as well as addressing the

question of how quantum and classical noise can be studied together in the context of differential

privacy. In Section 8.7 we define the cost of differential privacy and benchmark different approaches

and notions of neighboring, under this lens, providing negative and positive results which clarify

and justify the applicability of our framework. In Section 8.8 we introduce mechanisms for privately

estimating expectation values. Finally, in Section 8.9, we discuss applications of some of our results

in quantum machine learning, particularly for certified adversarial robustness, and we support our

theoretical findings with numerical simulations.

8.4 Generalized neighboring relationship

In this section, we present the cornerstone of our work, which is a general definition of neighboring

quantum states.

Definition 8.1. Let ρ,σ ∈Sn and let Ξ⊂ P ([n]), i.e. let Ξ be a collection of subsets of [n]. Let τ> 0 be

a parameter. We say that ρ and σ are (Ξ,τ)-neighboring and we write ρ
(Ξ,τ)∼ σ if

∃I ∈Ξ : TrI ρ = TrI σ ∧ ∥ρ−σ∥tr ≤ τ. (8.5)

IfΞ= {I : I = {i , i +1, . . . , i +ℓ} for some i }, i.e. each subset I is a collection of ℓ consecutive integers

(modulo n), we say that ρ and σ are (ℓ,τ)-neighboring and we write ρ
(ℓ,τ)∼ σ . When Ξ = {[n]}, we

simply write ρ τ∼σ and we say that ρ and σ are τ-neighboring.

This definition of neighboring states extends those used in previous works. In [ZY17b, DHL+21b,

HRF23], two states are neighboring if they have bounded trace distance τ, i.e. if they are τ-neighboring.

Moreover, setting ℓ= 1 and τ= 1 we recover the definition of quantum differential privacy based on

convertibility by local measurements, used in [AR19].

This notion is particularly suitable to handle local measurements, i.e. measurements expressible

as sums of local terms, as we show in Section 8.6. We remark that local measurements are of particular
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Table 8.1: As we discuss in details in Appendix 11.2, the encodings above are (Ξ,τ)-neighboring-
preserving for appropriate Ξ and τ depending on the encodings. We assume that the initial vectors x
and x ′′′ are neighboring if ∥x −x ′′′∥0 ≤ γ0, ∥x −x ′′′∥1 ≤ γ1 and ∥x −x ′′′∥2 ≤ γ2. We also assumed that the
Hamiltonian encoding is implemented by a 1D circuit of depth at most L.

ENCODING ρ(·) maxI∈Ξ |I | τ

AMPLITUDE ENCODING n γ2

ROTATION ENCODING γ0 1
1D-HAMILTONIAN ENCODING 2Lγ0 O(1)γ1

1D-HAMILTONIAN ENCODING (LOW NOISE) 2Lγ0 O(1)
p

n exp(−L)
1D-HAMILTONIAN ENCODING (HIGH NOISE) 2Lγ0 O(1)exp(−L)γ1

interest since they can be considered practically feasible measurements for extracting classical

information from quantum data (or quantum systems) [HKP20]. They also play a major role in

variational learning algorithms as they are provably resilient to barren plateaus [CSV+21].

On the other hand, several encodings widely used in quantum machine learning are (Ξ,τ)-

neighboring-preserving, for appropriate choices of (Ξ,τ). We include upper bounds for maxI∈Ξ |I |
and τ in Table 8.1. We delay to Section 11.2 the definition of the various encodings and the proof of

upper bounds.

We also show that the notion of (Ξ,τ)-neighboring states degrades gently under quantum post-

processing, assuming that the post-processing channel has a bounded light-cone, as defined below.

Given a quantum channelΦ acting on n qubits, we define its light-cone as follows: first, for any qubit

i , we denote by Ii the minimal subset of qubits such that TrIi Φ(ρ) = TrIi Φ(σ) for any two n-qubit

states ρ and σ such that Tri (ρ) = Tri (σ). Then, the light-cone ofΦ is defined as

|I | := max
i∈[k]

|Ii |. (8.6)

Proposition 8.1 (Robustness to quantum post-processing). Let ρ and σ be two (Ξ,τ)-neighboring

states and consider a channel Φ with light-cone bounded by K . Then Φ(ρ) and Φ(σ) are (Ξ′,τ)-

neighboring, where

max
I∈Ξ′ |I | ≤ K max

I∈Ξ
|I |. (8.7)

Proof. The proposition follows from the fact that the trace distance is non-increasing and from the

definition of light-cone provided above. We have

1

2
∥Φ(ρ)−Φ(σ)∥1 ≤ 1

2
∥ρ−σ∥1 ≤ τ (8.8)

Moreover,

TrJ ρ = TrJ σ (8.9)

for J ∈Ξ. Since the channelΦ has bounded light-cone K , there exists J ′ ⊆ [n]

TrJ ′ ρ = TrJ ′σ (8.10)
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where |J ′| ≤ K |J |. This implies the desired result. ■

We conclude this section by observing that our definition can be easily related to the quantum

Wasserstein distance of order 1. Combining Lemma 3.3 and Eq. 3.40, we obtain

ρ
(Ξ,τ)∼ σ =⇒ W1(ρ,σ) ≤ min

{
max
I∈Ξ

|I |3
2
τ,nτ

}
. (8.11)

It’s natural to ask whether it would be convenient to define neighboring quantum states in terms

of the W1 distance. The answer to this question is twofold. On the one hand, when we dispose of a

single copy of the input state, the W1 distance leads to a suboptimal tradeoff between privacy and

accuracy, as we show in Theorem 8.7. On the other hand, when we dispose of multiple copies of the

input state, neighboring quantum states can be suitably defined in terms of the W1 distance. We will

discuss this alternative setting in Section 8.8.

8.5 Improved privacy for states with bounded trace distance

Before dealing with the general case of (Ξ,τ)-neighbouring states, we provide several new results for

τ-neighbouring states, i.e. states with trace distance bounded by τ. This corresponds to the definition

previously explored in [ZY17b, HRF23]. In particular, we provide tighter guarantees for two private

mechanisms, namely a generalized noisy channel and the addition of classical noise on the output

of a quantum measurement. Following the convention used in [HRF23], we state the results of this

section using the quantum hockey-stick divergence.

Lemma 8.1. Let Np (·) = p I
2n + (1−p)M (·) a channel. For 0 ≤ p ≤ 1 and γ≥ 1 we have

Eγ′(Np (ρ)∥Np (σ)) ≤ (1−p)(1−β)Eγ(ρ∥I /2n)+ (1−p)βEγ(ρ∥σ), (8.12)

where γ′ = 1+ (1−p)(γ−1) and β= γ′/γ.

Proof. The result follows from Lemma 11.2 by plugging ρ0 = I /2n , ρ1 = ρ and ρ2 =σ. ■

Recall that from Lemma IV.1 in [HRF23] we have that for the depolarising noise (hence for M = Id)

and for any γ≥ 1,

Eγ(Np (ρ)∥Np (σ)) ≤ max
{

0,(1−γ)
p

2n + (1−p)Eγ(ρ∥σ)
}

. (8.13)

In the following theorem, we extend this previous bound to an arbitrary channel M and we combine

it with Lemma 8.1.

Theorem 8.1. Let Np (·) = p I
2n + (1−p)M (·) a channel. For 0 ≤ p ≤ 1 and γ′ ≥ 1 we have

Eγ′(Np (ρ)∥Np (σ)) ≤ (8.14)

min
{

(1−p)(1−β)Eγ(ρ∥I /2n)+ (1−p)βEγ(ρ∥σ),max
{

0,(1−γ′) p

2n + (1−p)Eγ′(ρ∥σ)
}}

. (8.15)

where γ= 1+ (γ′−1)/(1−p) and β= γ′/γ.
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Proof. Lemma 8.1 implies that

Eγ′(Np (ρ)∥Np (σ)) ≤ (1−p)(1−β)Eγ(ρ∥I /2n)+ (1−p)βEγ(ρ∥σ), (8.16)

Then it remains to show that

Eγ′(Np (ρ)∥Np (σ)) ≤ max
{

0,(1−γ′) p

2n + (1−p)Eγ′(ρ∥σ)
}

. (8.17)

The proof closely follows the one of Lemma IV.1 and Lemma IV.4 in [HRF23]. We have

Eγ′(Np (ρ)∥Np (σ)) (8.18)

= Tr((1−γ′)p
I

2n + (1−p)M ((ρ−γ′σ)))+ (8.19)

= TrP+((1−γ′)p
I

2n + (1−p)M ((ρ−γ′σ))), (8.20)

where P+ is the projector onto the positive subspace of ((1−γ′)p I
2n + (1−p)M ((ρ−γ′σ))). Observe

that

Eγ′(Np (ρ)∥Np (σ)) > 0 ⇒ TrP+ ≥ 1. (8.21)

Considering this case we get

Eγ′(Np (ρ)∥Np (σ)) (8.22)

= (1−γ′) p

2n TrP++ (1−p)(TrP+(M (ρ−γ′σ))) (8.23)

≤ (1−γ′) p

2n + (1−p)Eγ′(M (ρ)∥M (σ)) (8.24)

≤ (1−γ′) p

2n + (1−p)Eγ′(ρ∥σ) (8.25)

≤ (1−γ′) p

2n + (1−p). (8.26)

Note that for sufficiently large γ′ the upper bound could become negative, but one can easily check

that in this case Eγ′(Np (ρ)∥Np (σ)) = 0 implying that we are in the other case.

■

For single-qubit product channels, we give the following bound:

Theorem 8.2. Let Np (·) = p I
2 + (1−p)M (·) a single-qubit channel. For 0 ≤ p ≤ 1 and γ′ ≥ 1 we have

Eγ′(N
⊗k

p (ρ)∥N ⊗k
p (σ)) ≤

(8.27)

min

{
(1−pk )(1−β)Eγ(ρ∥I /2k )+ (1−pk )βEγ(ρ∥σ),max

{
0,(1−γ′) pk

2k
+ (1−pk )Eγ′(ρ∥σ)

}}
.

(8.28)

where γ= 1+ (γ′−1)/(1−p) and β= γ′/γ.
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Proof. It suffices to note that N ⊗k
p can be rearranged as:

N ⊗k
p (·) = pk I

2k
+ (1−pk )M ′(·), (8.29)

where M ′ is a quantum channel. Then the result follows from Theorem 8.1. ■

These first two technical results show that several quantum noisy channels contract the quantum

hockey-stick divergence. This can be used to prove that those channels ensure quantum differential

privacy for τ-neighbouring states. In particular, we derive the following corollaries, that improve

Lemma IV.2 and Lemma IV.5 in [HRF23].

Corollary 8.1. Let Np (·) = p I
2n +(1−p)M (·) a channel. Np is (ε,δ)-DP with respect to τ-neighbouring

states with

δ≤ max
{

0,(1−eε)
p

2n + (1−p)τ
}

. (8.30)

Let γ= 1+(eε−1)/(1−p) andβ= eε/γ. Under the additional assumption that the input state ρ satisfies

Eγ(ρ∥ ρ
I /2n ) ≤ η, we also have

δ≤ (1−p)(1−β)η+ (1−p)βτ. (8.31)

Determining whether Equation 8.31 yields a clear advantage over Equation 8.30 is not a straight-

forward task. To shed light on this matter, we have plotted Figure 8.1, in which both bounds for δ are

graphically represented as functions of ε, considering a specific set of parameters. Our observation

reveals that neither bound consistently outperforms the other. Therefore, the selection of the appro-

priate bound will depend on the specific value of ε. An upper bound of δ as a function of ε is also

referred to as privacy profile, a concept introduced in [BBG18].

Corollary 8.2. Let Np (·) = p I
2 + (1−p)M (·) single-qubit a channel. N ⊗k

p is (ε,δ)-DP with respect to

τ-neighbouring states with

δ≤ max

{
0,(1−eε)

pk

2k
+ (1−pk )τ

}
. (8.32)

Let γ = 1+ (eε−1)/(1− pk ) and β = eε/γ. Under the additional assumption that the input state ρ

satisfies Eγ
(
ρ
∥∥∥ I

2k

)
≤ η, we also have

δ≤ (1−pk )(1−β)η+ (1−pk )βτ. (8.33)

Bounding privacy with the purity. Our results improve the prior bounds under the additional

assumption that the divergence Eγ
(
ρ∥I /2n

)
is relatively small. The value of Eγ

(
ρ∥I /2n

)
can be

thought as a “distance” between the state ρ and the maximally mixed state, thus small values of

Eγ
(
ρ∥I /2n

)
are associated to high levels of noise. Hence, we can connect it to the purity Tr

[
ρ2

]
of the

state ρ, or the related D2 divergence. By definition, we have

Tr
[
ρ2]= 2−n+D2(ρ∥I /2n ). (8.34)
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The hockey stick divergence and the Rényi divergence satisfy the following relationship ([Tom15],

Proposition 6.22)

Eeε
(
ρ∥I /2n)≤ δ, (8.35)

where ε= D2
(
ρ∥I /2n

)− log
(
1−

p
1−δ2

)
≤ D2

(
ρ∥I /2n

)+ log
(
2/δ2

)
. We also note that two states

with low purity are also close in hockey-stick divergence:

Eγ(ρ∥σ) ≤ E1(ρ∥σ) ≤ E1
(
ρ∥I /2n)+E1

(
σ∥I /2n)

. (8.36)

And then E1
(
ρ∥I /2n

)= 1
2

∥∥ρ− I /2n
∥∥

1 can be bounded either with the quantum Bretagnolle Huber

inequality (Lemma 11.1) or the Pinsker’s inequality. Now, we show how Corollary 8.1 and Corollary 8.2

can be rephrased in terms of the purity of the input state.

Corollary 8.3. Let Np (·) = p I
2n + (1− p)M (·) a channel that acts on state ρ with bounded purity

Tr[ρ2] ≤ ζ< 1. Let γ= 1+ (eε−1)/(1−p), β= eε/γ and η=
√

2nζ
1

log2γ−1 . Then Np is (ε,δ)-DP with

respect to τ-neighbouring states with

δ≤ (1−p)(1−β)η+ (1−p)βτ. (8.37)

Proof. The proof follows by plugging the relation between purity and hockey-stick divergence into

Corollary 8.1. We have

D2(ρ∥I /2n) ≤ log2(ζ)+n, (8.38)

and hence, by Equation 8.35,

Eγ(ρ∥I /2n) ≤
√

2nζ
1

log2γ−1 := η, (8.39)

which satisfies the hypothesis of Corollary 8.1. ■

Proceeding in a similar way can also prove a purity-based bound for local channels.

Corollary 8.4. Let Np (·) = p I
2n + (1−p)M (·) a single-qubit channel and assume that N ⊗k

p acts on

state ρ with bounded purity Tr[ρ2] ≤ ζ< 1. Let γ= 1+ (eε−1)/(1−pk ), β= eε/γ and η=
√

2nζ
1

log2γ−1 .

Then Np is (ε,δ)-DP with respect to τ-neighbouring states with

δ≤ (1−pk )(1−β)η+ (1−pk )βτ. (8.40)

8.5.1 Privacy via classical post-processing

Now, we show that the output of a quantum measurement can be privatised by adding classical

noise. This finding is especially intriguing for two primary reasons. First, it offers a practical method

for applying well-established tools and techniques from classical differential privacy to protect the

outputs of quantum algorithms. Second, it enables us to combine classical noise with the output

distributions resulting from quantum measurements.
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Figure 8.1: In this figure we compare the former upper bound from [HRF23] (Equation 8.30) with
the novel upper bound provided in this section (Equation 8.31). We emphasise that each bound
outperforms the other for some values of ε. We assumed that the input state satisfy D2(ρ∥I /2n) ≤
0.5,n = 15 and p = 0.5. The upper bound on τ is derived from ∥ρ−σ∥1 ≤ ∥ρ− I /2n∥1 +∥ρ− I /2n∥1 ≤
2
√

2D2(ρ∥I /2n) , i.e. combining the triangle inequality and the Pinsker’s inequality.

Moreover, we remark that our analsys accounts for both quantum and classical noise. We do so

by recognizing that quantum noisy channels reduce the trace distance between any two quantum

states. Furthermore, the level of differential privacy achieved by adding classical noise is inversely

proportional to the trace distance between neighboring states.

Lemma 8.2. Let ρ,σ such that ∥ρ−σ∥tr ≤ τ. Let M be a POVM measurement andΛ a classical channel

such that ∀x, x ′ ∈ range(M) : Eeε(Λ(x)∥Λ(x ′)) ≤ δ. Then we have that

Eeε′ (Λ(M(ρ))∥Λ(M(σ))) ≤ τδ, (8.41)

where ε′ = log(1+τ(eε−1)), which for small ε gives ε′ ≃ τε.

Proof. Let ν := M(ρ) and ν′ := M(σ). We have that

|ν−ν′|tv := η≤ τ, (8.42)

which follows from the data processing inequality. Moreover, there always exists some distributions

ν0,ν1,ν′1 such that

ν= (1−η)ν0 +ην1, ν′ = (1−η)ν0 +ην′1. (8.43)

The above identities are discussed in detail in ([BBG18], Section 3). We also have,

max{Eeε(Λ(ν1)∥Λ(ν0)),Eeε(Λ(ν1)∥Λ(ν′1))} ≤ δ (8.44)
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This follows by noting that ν0,ν1,ν′1 are supported in range(M) and applying the (standard) joint-

convexity of the hockey-stick divergence. By advanced joint convexity (Lemma 11.2), we have that for

all states ρ0,ρ1,ρ2 and γ′ = 1+ (1−p)(γ−1),

Eγ′(pρ0 + (1−p)ρ1∥pρ0 + (1−p)ρ2) ≤ (1−p)(1−β)Eγ(ρ1∥ρ0)+ (1−p)βEγ(ρ1∥ρ2), (8.45)

Then,

Eeε′ (Λ(M(ρ))∥Λ(M(σ))) ≤ τδ. (8.46)

■

Lemma 8.2 is stated in terms of a general classical noisy channel. In the following theorem we

consider the special cases of the Laplace and Gaussian mechanisms, two noisy channels widely used

in many differentially private classical algorithms and defined in Section 7.2.

Theorem 8.3. Let M a measurement whose possible outcomes are in the range [a, a +∆] for a ∈R.

• (Laplace mechanism) Let ΛL ,b the Laplace noise of scale b. Then ΛL ,b(M(·)) is ε′-DP with

respect to τ-neighbouring states, where

ε′ = log(1+τ(e∆/b −1)). (8.47)

• (Gaussian mechanism) Let ΛG ,σ the Gaussian noise of variance σ2 ≥ 2ln(1.25/δ)∆2/ε2. Then

ΛG ,σ(M(·)) is (ε′,δ′)-DP with respect to τ-neighbouring states, where

ε′ = log(1+τ(eε−1)) and δ′ = τδ. (8.48)

Proof. The theorem follows by replacing the channelΛ in Lemma 8.2 with the Laplace and Gaussian

noise, respectively. ■

8.5.2 Implications for quantum-inspired sampling

As the trace distance generalizes the total variation distance, the range of applicability of Theorem 8.3

includes also classical algorithms. In particular, we show here an application for private quantum-

inspired sampling. In quantum-inspired algorithms [Tan19, Tan21, GLT18, CLW18, CGL+20], a clas-

sical vector u ∈C2n
is accessed through quantum-inspired sampling: i.e. an entry ui is sampled with

probability proportional to |ui |2. This is equivalent to encoding u into the state

|u〉 = 1

∥u∥2

∑
i∈{0,1}n

ui |i 〉 , (8.49)

and performing a computational-basis measurement. Let pu be the distribution induced by such

measurements. Say that u ∼ u′ if u and u′ differ in only one entry. In particular, let ui = u′
i for all i ̸= j .

|∥u∥2
2 −∥u′∥2

2| =
∣∣∣∣∣∑

i
|ui |2 −

∑
i
|u′

i |2
∣∣∣∣∣ (8.50)

≤
∣∣∣∣∣∑
i ̸= j

|ui |2 −
∑
i ̸= j

|u′
i |2 +|u j |2 −|u′

j |2
∣∣∣∣∣≤ max{|u j |2, |u′

j |2} (8.51)

107



CHAPTER 8. A UNIFYING FRAMEWORK FOR QUANTUM DIFFERENTIAL PRIVACY

It’s easy to see that pu and pu′ are close in total variation distance.

|pu −pu′ |tv = 1

2

∑
i

∣∣∣∣∣ |ui |2
∥u∥2

2

− |u′
i |2

∥u′∥2
2

∣∣∣∣∣ (8.52)

≤ 1

2

(∑
i ̸= j

|ui |2
∣∣∣∣∣ 1

∥u∥2
2

− 1

∥u′∥2
2

∣∣∣∣∣+
∣∣∣∣∣ |u j |2
∥u∥2

2

−
|u′

j |2

∥u′∥2
2

∣∣∣∣∣
)

(8.53)

≤ 1

2

(
min{∥u∥2

2,∥u′∥2
2}

max{|u j |2, |u′
j |2}

∥u∥2
2∥u′∥2

2

+ |u j |2
∥u∥2

2

+
|u′

j |2

∥u′∥2
2

)
(8.54)

≤ 3

2
max

{
|u j |2
∥u∥2

2

,
|u′

j |2

∥u′∥2
2

}
:=α. (8.55)

Then, by subadditivity of the total variation distance,

|p⊗m
u −p⊗m

u′ |tv ≤ mα. (8.56)

We will show the intuitive fact that quantum-inspired sampling amplifies differential privacy.

First, we can consider the encoding u 7→ p⊗m
u and derive the following special case of Theorem 8.3.

Corollary 8.5. Let u,u′ be neighbouring if they differ in at most one entry. Consider the oracle Ou

that returns a ui with probability |ui |2
∥u∥2

2
. For a ∈R and ∆≥ 0, let S a randomised algorithm with range

[a, a +∆] that makes m queries to Ou and assume that 3
2
|u j |2
∥u∥2

2
≤α.

• (Laplace mechanism) LetΛL ,b the Laplace noise of scale b. ThenΛL ,b(S (·)) is ε′-DP, where

ε′ = log(1+αm(e∆/b −1)). (8.57)

• (Gaussian mechanism) Let ΛG ,σ the Gaussian noise of variance σ2 ≥ 2ln(1.25/δ)∆2/ε2. Then

ΛG ,σ(S (·)) is (ε′,δ′)-DP, where

ε′ = log(1+αm(eε−1)) and δ′ =αmδ. (8.58)

The approach described above is tailored to noise-adding mechanisms. In Section 11.3 we provide

a more general result that applies to any private mechanism and it builds upon prior work on privacy

amplification by subsampling [BBG18, Ull17].

8.6 Differential privacy for (Ξ,τ)-neighboring states

While in Section 8.5 we provided tighter bounds for quantum differential privacy with respect to

states with bounded trace distance, here we add two additional ingredients: the locality of the

measurements and the generalized neighboring relationship defined in Section 8.4. Under these

stronger assumptions, we can improve the privacy guarantees of local noisy channels and classical

post-processing. First, we need to introduce the following quantity.
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Definition 8.2 (Worst-case quantum sensitivity). Let O be an observable expressed as a weighted

sum of Pauli operators, O =∑
P∈Pn

cP P . Let I ⊆ [n] and consider the subset SI of all the Pauli strings

that act non trivially on I . The worst-case quantum sensitivity of O with respect to I is defined as

∆(O;I ) := 2
∑

P∈SI

|cP |. (8.59)

Let Ξ⊆ P ([n]), i.e. Ξ is a collection of subsets of [n]. The worst-case quantum sensitivity of O with

respect to Ξ is defined as

∆Ξ(O) := max
I∈Ξ

∆(O;I ). (8.60)

We will omit the index Ξ and simply write ∆(O) when there is no ambiguity.

So, if O = ∑n
i=1 Zi and Ξ= {{1}, {2}, . . . , {n}}, the worst-case quantum sensitivity equals ∆(O) = 2.

This is consistent with the fact that, if ρ and σ satisfy Tr j ρ = Tr j σ, then all the terms but Z j induce

the same distributions when measured on either ρ or σ. Moreover, the outcome of term Z j will

be either 1 or −1, then it belongs to an interval of length 2. We can also consider the more general

case where Oℓ =
∑n

i=1

⊗i+ℓ−1
j=i Z j and Ξ= {{i , i +1, . . . , i +k}| for i = 1,2, . . . ,n −k}. It’s easy to see that

∆(Oℓ) = 2k +4ℓ−4.

We can now state the first result of this section, concerning a class of local noisy channels, which

includes the local Pauli noise.

Theorem 8.4 (Generalized private measurement via local noisy channels). Let O = ∑
P cP P be an

observable consisting of a weighted sum of commuting Pauli operators, and let O the quantum-to-

classical channel implementing a measurement of O. Let M an arbitrary single qubit channel and

let N (·) = pI /2+ (1−p)M (·). Let k = maxI∈Ξ |I |. Then O ◦N ⊗n satisfies (ε,δk )-DP with respect to

(Ξ,τ)-neighboring states, where

δk ≤ max

{
0,(1−eε)

pk

2k
+ (1−pk )τ

}
. (8.61)

Let γ= 1+(eε−1)/(1−p) and β= eε/γ. Under the additional assumption the the input state ρ satisfies

Eγ(ρ∥I /2n) ≤ η, the following inequality also holds

δk ≤ (1−pk )(1−β)η+ (1−pk )βτ. (8.62)

Proof. Since ρ
(Ξ,τ)∼ σ, there exists I ∈Ξ such that

TrI ρ = TrI σ and |I | ≤ k. (8.63)

We also have

N ⊗n(ρ) = p |I |
(
TrI M (ρ)⊗ I

2|I |

)
+ (1−p |I |)M ′(ρ), (8.64)

for a suitable channel M ′. This stems from the fact that with probability p |I |, the reduced state of

the subset I is mapped to the maximally mixed state I /2|I |.
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Then, the measurement O can be implemented by measuring each qubit in a different Pauli

basis and then performing classical postprocessing. As quantum differential privacy is robust to

postprocessing, we only need to prove that Pauli measurements preserve (ε,δk )-DP. We can assume

without loss of generality that the qubits in the subsystem I c := [n] \I are measured first, since we

assumed that O is a weighted sum of commuting Pauli operators, and hence the measurement order

does not alter the overall statistics.

Assume that measuring the subsystem I c produces the outcome y ∈ {±1}n−|I |. Equation 8.63

implies that

py := Pr[y is obtained on input ρ] = Pr[y is obtained on input σ]. (8.65)

So measuring the qubits in I c does not allow to distinguish between ρ and σ.

Denote by ρy the post-measurement state produced by measuring the system I c and obtaining

outcome y . Let Ty be the quantum channel mapping ρ to ρy . We now show that the channel

TrI c ◦Ty ◦N ⊗n preserves (ε,δk )-differential privacy.

TrI c Ty (N ⊗n(ρ)) (8.66)

= p |I | TrI c Ty

(
TrI M (ρ)⊗ I

2|I |

)
+ (1−p |I |)TrI c Ty (M ′(ρ)) (8.67)

= p |I | I

2|I | + (1−p |I |)TrI c Ty (M ′(ρ)) (8.68)

:= p |I | I

2|I | + (1−p |I |)M ′′(ρ). (8.69)

where the second equality follows from Ty

(
TrI M (ρ)⊗ I

2|I |

)
= TrI Ty (M (ρ))⊗ I

2|I | and we defined

M ′′ := TrI c ◦Ty ◦M ′. By Corollary 8.2,

Eeε(TrI c Ty (N ⊗n(ρ))∥TrI c Ty (N ⊗n(σ))) ≤ δk . (8.70)

So far, we have proved (ε,δk )-differential privacy conditioning to a fixed value of y . In order to

prove that measuring O on N ⊗n(ρ) preserves (ε,δk )-DP, it is sufficient consider the outcome y and

the partial post-measurement state TrI c Ty (N ⊗n(ρ)). Thus we need to ensure that

Eeε

(∑
y

py (TrI c Ty (N ⊗n(ρ))⊗|y〉〈y |)
∥∥∥∑

y
py (TrI c Ty (N ⊗n(σ))⊗|y〉〈y |)

)
≤ δ(ε,k) (8.71)

We also have, for all γ≥ 1,

Eγ

(∑
y

py (TrI c Ty (N ⊗n(ρ))⊗|y〉〈y |)
∥∥∥∑

y
py (TrI c Ty (N ⊗n(σ))⊗|y〉〈y |)

)
(8.72)

≤∑
y

py Eγ
(
TrI c Ty (N ⊗n(ρ))⊗|y〉〈y |∥TrI c Ty (N ⊗n(σ))⊗|y〉〈y |) (8.73)

≤∑
y

py Eγ
(
TrI c Ty (N ⊗n(ρ))∥TrI c Ty (N ⊗n(σ))

)
(8.74)

≤ max
y

Eγ
(
TrI c Ty (N ⊗n(ρ))∥TrI c Ty (N ⊗n(σ))

)
, (8.75)
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where the second line follows from the convexity of the hockey-stick divergence (Equation 3.54) and

the third line follows from the stability of the hockey-stick divergence (Equation 3.55). Combining

Equation 8.70 with Equation 8.72 gives the desired result:

Eeε(O (N ⊗n(ρ))∥O (N ⊗n(σ))) ≤ δk . (8.76)

■

We emphasize that the number of qubits n appearing in the guarantees of Corollary 8.2 is now

replaced by k = maxI∈Ξ |I |. Thus if k = polylog(n), this new bound is exponentially tighter than

the previous one. In a similar fashion, we can adapt Theorem 8.3 to the generalized neighboring

relationship, by employing the worst-case quantum sensitivity introduced in Definition 8.2.

Theorem 8.5 (Generalized private measurement via classical post-processing). Let ρ and σ two

(Ξ,τ)-neighboring quantum states, i.e. ρ
(Ξ,τ)∼ σ. Let O be an observable, and denote O as a quantum-

to-classical channel implementing a measurement of O.

• (Laplace mechanism) LetΛL ,b the Laplace noise of scale b. ThenΛL ,b(O (·)) is ε′-DP with respect

to (Ξ,τ)-neighboring states, where

ε′ = log(1+τ(e∆(O)/b −1)). (8.77)

• (Gaussian mechanism) Let ΛG ,σ the Gaussian noise of variance σ2 ≥ 2log(1.25/δ)∆(O)2/ε2.

ThenΛG ,σ(O (·)) is (ε′,δ′)-DP with respect to (Ξ,τ)-neighboring states, where

ε′ = log(1+τ(eε−1)) and δ′ = τδ. (8.78)

Proof. Proceeding as in the proof of Theorem 8.4, consider I ∈Ξ such that TrI ρ = TrI σ and let

SI be the subset of all the Pauli strings that act non trivially on I . Thus, we can decompose O as

O =O1+O2, where O1 =∑
P ̸∈SI

cP P and O2 =O−O1 =∑
P∈SI

cP P . Assume without loss of generality

that O1 is measured first. Since TrI ρ = TrI σ and O1 acts non trivially only on I c = [n] \I , then this

measurement produces no loss of privacy, i.e.

∀y : p(y) := Pr
ρ

[O1 = y] = Pr
σ

[O1 = y]. (8.79)

Observe that O2 is a measurement whose output is comprised into [−∆(O)/2,∆(O)/2]. Moreover, let

ρy be the post-measurement state obtained when O1 returns outcome y . As the trace distance is

non-increasing, we have,

∥ρy −σy∥tr ≤ ∥ρ−σ∥tr ≤ τ, (8.80)

Conditioning on input y , the output of O =O1 +O2 lies in [y −∆/2, y +∆/2]. Then Theorem 8.3 yields

Eeε′

(∑
y

p(y)ΛL ,b(O (ρy ))
∥∥∥∑

y
p(y)ΛL ,b(O (ρy ))

)
(8.81)

≤ max
y

Eeε′
(
ΛL ,b(O (ρy ))∥ΛL ,b(O (ρy ))

)≤ 0. (8.82)
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for ε′ = log(1+τ(e∆(O)/b −1)). Similarly, replacing the Laplace noise with the Gaussian noise and

applying again Theorem 8.3,

Eeε

(∑
y

p(y)ΛG ,σ(O (ρy ))
∥∥∥∑

y
p(y)ΛG ,σ(O (ρy ))

)
(8.83)

≤ max
y

Eeε
(
ΛG ,σ(O (ρy ))∥ΛG ,σ(O (ρy ))

)≤ δ′, (8.84)

where σ2 ≥ 2log(1.25/δ)∆(O)2/ε2, ε′ = log(1+τ(eε−1)) and δ′ = τδ. ■

We observe that similar results can be derived for multiple sources of noise, beyond the Laplace or

the Gaussian channels, along the lines of Lemma 8.2. We leave it to the reader to extend Theorem 8.5

to alternative stochastic channels.

8.7 The cost of quantum differential privacy

Differential privacy, both in the classical and in the quantum setting, can be achieved by introducing

noise into the computation, thus reducing the final accuracy. Intuitively, large values of ε can be

attained with little loss in accuracy, while for ε= 0 the output is totally independent of the input. In

particular, if an algorithm is ε-DP with respect to Hamming distance, we have that

∀x, x ′ : D∞(A (x)∥A (x ′)) ≤ εn, (8.85)

thus if ε=O(1/n), any pair of inputs (not necessarily neighboring) are mapped to outputs O(1)-close

in max-divergence. This result follows from the fact that the max-relative entropy satisfies the triangle

inequality (both in the classical and in the quantum cases), i.e. ∀ρ1,ρ2,σ : D∞(ρ1∥ρ2) ≤ D∞(ρ1∥σ)+
D∞(σ∥ρ2). We can pick a sequence of n+1 inputs x0, x1, . . . , xn such that x = x0, x ′ = xn and xi ∼ xi+1.

Then iterating the triangle inequality yields Equation 8.85. However, for most applications ε can be

chosen as a constant independent of n, avoiding this undesired concentration of the output around

a unique value.

A vast portion of the literature about differential privacy is devoted to optimising the tradeoff

between the value of ε and the loss in utility. In this section we make a crucial observation: the

privacy-utility tradeoff doesn’t depend solely on the value of ε, but also on the notion of neighboring

inputs. Thus, the privacy-utility tradeoff is an important figure of merit for the comparison of different

approaches to quantum differential privacy.

In particular, we argue that some prior definitions of neighboring quantum states suffer from

a poor tradeoff between privacy and accuracy, leading to a suboptimal scaling with respect to the

number of qubits n. This is the case, for instance, if we require two neighboring states to have

bounded trace distance τ = Θ(1). We also provide a similar result for the Wasserstein distance of

order 1.
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8.7.1 Concentration inequalities for private measurements

It’s well known that noisy quantum algorithms suffer from severe limitations, that often hinder quan-

tum advantage. Prior works [FGP21, DPMRF23] showed that, if the noise exceeds a given threshold,

the output of noisy devices is concentrated around the maximally mixed state, and then it can be

efficiently approximated with a classical computer. Since quantum differential privacy involves

the injection of noise, it’s not surprising that similar concentration inequalities hold for quantum

private algorithms. In the remainder of this section, we will show how this concentration affects the

accuracy of private measurements. For the sake of simplicity, we will state our results in terms of

simple, local observables such as O =∑n
i=1 Zi . Similar results can be obtained for any observable with

bounded Lipschitz constant, as also discussed in [DPMRF23], but our choice is sufficient to display

the shortcomings of a poor choice of the neighboring relationship. If we measure O on the maximally

mixed state I /2n , the outcome satisfies a Gaussian concentration inequality [DPMRF23]:

Pr
I /2n

(|O| ≥ an) ≤ K e−a2n , (8.86)

for K = 1. So, if a state ρ satisfies D∞(ρ∥I /2n) ≤ ε, the definition of the quantum max-relative entropy

yields,

Pr
ρ

(|O| ≥ an) ≤ eε Pr
I /2n

(|O| ≥ an) ≤ K ′e−a2n , (8.87)

where K ′ = eε. For the sake of simplicity, throughout this section, we consider the special case of

pure differential privacy, i.e. (ε,0)-DP, but our results can be suitably extended to the more general

approximate differential privacy, i.e. (ε,δ)-DP, under the assumption that δ≪ 1.

Consider a quantum channel A (·) and assume for the sake of simplicity that A is unital, i.e.

A (I ) = I . We show that different neighboring relationships
Q∼ have a disparate impact on the accuracy.

The first result is devoted to states with bounded trace distances.

Theorem 8.6 (Concentration inequality for bounded trace distance). Consider the observable O =∑n
i=1 Zi and let A be a unital quantum channel satisfying ε-DP with respect to τ-neighboring states,

i.e. D∞(A (ρ)∥A (σ)) ≤ ε if 1
2∥ρ−σ∥1 ≤ τ. Assume τ = Θ(1). Then, for any input state ρ, the output

A (ρ) satisfies the following concentration inequality:

Pr
A (ρ)

(|O| ≥ an) ≤ K ′e−a2n , (8.88)

where K ′ = eO(ε).

Proof. For two arbitrary quantum states, we have

∀ρ,σ : D∞(A (ρ)∥A (σ)) ≤ ε/τ. (8.89)

This can be seen by building the following chain :

ρi = ρmax(0,1− iτ)+σmin(1, iτ) (8.90)
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We note that 1
2∥ρi −ρi+1∥1 ≤ τ which implies D∞(A (ρi )∥A (ρi+1)) ≤ ε. Then Equation 8.89 can be

deduced by iterating the triangle inequality. Combining it with Equation 8.87, we obtain

∀ρ : Pr
A (ρ)

(|O| ≥ an) ≤ K e−a2n , (8.91)

where K = eε/τ = eO(ε). ■

To showcase the implications of the Theorem 8.6, we set τ= 0.1 and we consider ρ := |1n〉〈1n |. We

remark that ρ is an eigenvector of O, with eigenvalue n. However, instead of measuring O directly, we

can post-process ρ with a ε-DP channel A as defined in the statement of the theorem. Set ε= 1. In

order to achieve an error smaller than, say, 0.5n, we need to ensure that the outcome is larger than

0.9n. Then Theorem 8.6 implies that the error is larger than 0.5n with high probability:

Pr
A (ρ)

(|n −O| ≤ 0.5n) = Pr
A (ρ)

(O ≥ 0.5n) ≤ Pr
A (ρ)

(|O| ≥ 0.5n) ≤ e10−0.25n (8.92)

and hence setting n = 100 we obtain

Pr
A (ρ)

(|n −O| ≤ 0.5n) ≤ 3×10−7. (8.93)

Now, we provide a similar result for another neighboring definition. In [DPMTL21b], the authors

extend the Wasserstein distance of order 1 (or W1 distance) to quantum states and suggest quantum

differential privacy as a potential application of their work. Recall that the W1 distance between the

quantum states ρ and σ of Hn is defined as

W1(ρ,σ) = min
( n∑

i=1
ci : ci ≥ 0,ρ−σ=

n∑
i=1

ci

(
ρ(i ) −σ(i )

)
, (8.94)

ρ(i ),σ(i ) ∈Sn ,Tri ρ
(i ) = Tri σ

(i )
)
. (8.95)

The following theorem shows that the W1 distance leads to the following undesired concentration

inequality.

Theorem 8.7 (Concentration inequality for bounded W1 distance). Consider the observable O =∑n
i=1 Zi and let A be a unital quantum channel satisfying ε-DP with respect stated with W1 distance

bounded by 1, i.e. D∞(A (ρ1)∥A (ρ2)) ≤ ε if W1(ρ1,ρ2) ≤ 1. Then, for any input state ρ, the output

A (ρ) satisfies the following concentration inequality:

Pr
A (ρ)

(|O| ≥ an) ≤ K ′e−a2n , (8.96)

where K ′ = eε(n −e−ε(n −1)).

Proof. Quantum differential privacy with respect to bounded Wasserstein distance of order 1 can be

expressed as:

W1(ρ1,ρ2) ≤ 1 =⇒ D∞(A (ρ1)∥A (ρ2)) ≤ ε. (8.97)
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We show that even this definition causes the output state to be highly concentrated around zero,

independent of the input state. In particular, we show that for two arbitrary quantum states ρ and σ,

we have

∀ρ,σ : D∞(A (ρ)∥A (σ)) ≤ ε′, (8.98)

where ε′ = ε+ log(n −ne−ε+ e−ε). This can be seen considering the mixture ρ′ := (
1− 1

n

)
ρ+ σ

n and

noting that W1(ρ,ρ′) ≤ 1. Then, by the definition of ε-differential privacy,(
1− 1

n

)
Tr[MmA (ρ)]+ 1

n
Tr[MmA (σ)] (8.99)

= Tr[MmA (ρ′)] ≤ eεTr[MmA (ρ)] (8.100)

And thus

Tr[MmA (σ)] ≤ eε(n −e−ε(n −1))Tr[MmA (ρ)] (8.101)

= eε
′
Tr[MmA (ρ)], (8.102)

which implies Equation 8.98. Then, for any input ρ, A (ρ) is ε-close to the maximally mixed state in

quantum max-relative entropy, up to additive logarithmic factors. Applying Equation 8.87 yields

Pr
A (ρ)

(|O| ≥ an) ≤ K ′e−a2n , (8.103)

where where K = eε
′ = eε(n −e−ε(n −1)). ■

Proceeding similarly as for the trace distance, set ρ := |1n〉〈1n | and ε= 1. Theorem 8.7 implies that

Pr
A (ρ)

(|n −O| ≤ 0.5n) = Pr
A (ρ)

(O ≥ 0.5n) ≤ Pr
A (ρ)

(|O| ≥ 0.5n) ≤ (en − (n −1))e−0.25n (8.104)

and hence setting n = 100 we obtain

Pr
A (ρ)

(|n −O| ≤ 0.5n) ≤ 2.4×10−9. (8.105)

Then the above example can be considered as a no-go result concerning (ε,0)-DP under Wasserstein

distance of order 1. We emphasise that the main argument of Theorem 8.7 is based on the construc-

tion of a classical mixed state, and then it holds both for the classical and the quantum W1 distance.

On the other hand, one could define the neighboring relationship solely on pure states and hence

overcome our no-go result. However, it is not obvious whether this definition can lead to a good

privacy-utility tradeoff. We leave this possibility as an open problem for future explorations.

We also remark that (0,δ)-DP under the W1 distance is equivalent to (0,δ)-DP with respect to (1,1)-

neighboring quantum states. Assume that a channel A is (0,δ)-DP with respect to (1,1)-neighboring

quantum states and let M = (M1, . . . , Mk ) be a POVM measurement

∀ρ1
(1,1)∼ ρ2∀S ⊆ [k]

∑
j∈S

Tr
[
M j (A (ρ1)−A (ρ2))

]≤ δ. (8.106)
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Then, ∑
j∈S

Tr
[
M j (A (ρ)−A (σ))

]≤ ∑
j∈S

n∑
i=1

ci Tr
[

M j (A (ρ(i ))−A (σ(i )))
]

(8.107)

=
n∑

i=1
ci

∑
j∈S

Tr
[

M j (A (ρ(i )) −A (σ(i )))
]
≤

n∑
i=1

ciδ=W1(ρ,σ)δ, (8.108)

where the last inequality follows fromρ(i ) (1,1)∼ σ(i ). Since (1,1)-neighboring states satisfies W1(ρ,σ) ≤
1, the equivalence follows.

8.7.2 A positive result for (ℓ,τ)-neighboring states

We conclude this section with a positive result: adopting the definition introduced in Section 8.6, we

can privately sample from an observable that approximates O =∑n
i=1 Zi , with a small loss in accuracy.

We remark that the special case ℓ= τ= 1 has already been studied in [AR19].

Theorem 8.8 (Efficient private measurement for (ℓ,τ)-neighboring states). Let O be the quantum to

classical channel implementing a measurement of the observable O =∑n
i=1 Zi . Assume that a state ρ

satisfies

Pr
ρ

[|O −〈O〉ρ| > a] ≤ b. (8.109)

and let α := 2ℓ
log((eε−1)τ−1+1) ≈ 2ℓτε−1. Then there exits a a quantum-to-classical channel Oε such that:

1. Oε is ε-DP with respect to (ℓ,τ)-neighboring states.

2. The following concentration inequality holds:

Pr[|Oε(ρ)−〈O〉ρ| > a + tα] ≤ b +e−t . (8.110)

Proof. Let ΛL be the Laplace noise of magnitude α. The first part of the theorem follows directly

from Theorem 8.3, by choosing Oε =ΛL ◦O . Moreover, if Y ∼ Lap(α), then

Pr[|Y | > t ·α] = e−t . (8.111)

Define the event E = {|Y | ≤ tα}. Then we have

Pr[|Oε(ρ)−〈O〉ρ| > a + tα] (8.112)

≤ Pr[|Oε(ρ)−〈O〉ρ| > a + tα|E ]Pr[E ]+Pr[|Oε(ρ)−〈O〉ρ| > a + tα|E ]Pr[E ] (8.113)

≤ Pr
ρ

[|O −〈O〉ρ| > a]+Pr[|Y | > t ·α] ≤ b +e−t . (8.114)

■

So, in particular, ρ = |1n〉〈1n |, we have that Prρ[O = 〈O〉ρ] = 1 since ρ is an eigenvector of O. Then

Theorem 8.8 yields

Pr[|Oε(ρ)−n| < t ·α] ≥ 1−e−t . (8.115)

Finally, we plot the upper bounds derived in this section in Figure 8.2 and Figure 8.3.
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Figure 8.2: Upper bounds on the quantum max-relative entropy between any two states under 1-DP
for several neighboring relationships and various values of n.

Figure 8.3: Upper bounds on the probability of achieving error lower than 0.5n for a measurement of
1
n

∑n
i=1 Zi on the state |1n〉, for several neighboring relationships and various values of n. We assumed

the input state undergoes a 1-DP channel.
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8.8 Privacy-preserving estimation of expected values

In this section, we provide differentially private mechanisms for estimating the expected values

of observables given m copies of a quantum state. Despite their similarities, performing private

measurements on a single state and privately estimating the expected value of these measurements

given many copies are inherently different tasks. In principle, we could perform an ε-DP measure-

ment on each copy and then average the results. Then the overall algorithm satisfies (ε′,δ′)-DP with

ε′ ≈ ε√m log(1/δ′) by advanced composition (Theorem 6 in [ZY17b]).

However, this approach is highly suboptimal as the privacy loss (i.e. the parameter ε) grows asp
m . We present here a simpler and more efficient approach based on the concentration of measure,

whose privacy loss decreases as m increases. Given an observable O and set of quantum states

equipped with a relationship denoted as
Q∼, we’ll define the average quantum sensitivity of O as

follows:

∆(O) = max
ρ

Q∼σ
Tr{O(ρ−σ)}. (8.116)

Notably, we will present a simple technique whose privacy loss is proportional to ∆(O)+p
1/m . This

newly defined quantity is closely related to other notions introduced in prior work. Remark that the

Lipschitz constant [DPMTL21b] can be recovered as a special case by considering as Q-neighboring

the states with W1 distance at most one, i.e. ρ
Q∼σ ⇐⇒ W1(ρ,σ) = 1. Moreover, if a quantum encoding

ρ(·) is Q-neighboring-preserving, then the above can be related to the classical definition of sensitivity

introduced in Equation 7.4. Consider the function f (x) = Tr{Oρ(x)}, then

∆ f = max
x∼x ′ | f (x)− f (x ′)| ≤ max

ρ(x)
Q∼ρ(x ′)

|Tr(O(ρ(x)−ρ(x ′))| ≤ max
ρ

Q∼σ
|Tr(O(ρ−σ))| :=∆(O) (8.117)

We now prove that there exists a simple differentially private algorithm consisting of measure-

ments and classical post-processing that gives a suitable tradeoff between sensitivity and privacy. We

first consider a general post-processing channel and then we provide more concrete bounds for the

Laplace and Gaussian noises.

Theorem 8.9. Consider a neighboring relationship
Q∼ over the set of quantum states Sn . Let ρ⊗m be a

collection of m copies of a quantum state ρ ∈ Sn and O an observable. LetΛ(·) be a classical channel

with the following property. For δ′ ∈ (0,1] and x, x ′ ∈R,

|x −x ′| ≤∆(O)+
√

m−1 log(4/δ′) =⇒ Eeε(Λ(x)∥Λ(x ′)) ≤ δ. (8.118)

Consider the following algorithm A :

1. Measure O on each copy of ρ and collect the outcomes y1, . . . , ym .

2. Compute the average µ̂= 1
m

∑m
i=1 yi and outputΛ(µ̂).
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Then the algorithm A is (ε,δ+δ′)-DP.

Proof. Consider two neighboring quantum states ρ
Q∼σ. For X ∈ {ρ,σ}, let µ̂X the average obtained

on input X ⊗m . By Chernoff-Hoeffding’s bound,

Pr

[∣∣µ̂X −Tr[OX ]
∣∣≥ t

2

]
≤ 2e−mt 2

. (8.119)

Hence, by union bound,

Pr[E ] ≤ δ′ := 4e−mt 2
, (8.120)

where E is the following event:

E :=
{(∣∣µ̂ρ−Tr[Oρ]

∣∣≥ t

2

)
∨

(
|µ̂σ−Tr[Oσ]| ≥ t

2

)}
. (8.121)

Conditioning on the complementary event E and observing that t =
√

m−1 log(4/δ′) , we have,

|µ̂ρ− µ̂σ| ≤ |µ̂ρ−Tr[Oρ]|+ |Tr[Oρ]−Tr[Oσ]|+ |Tr[Oσ]− µ̂σ| (8.122)

≤∆+ t =∆+
√

m−1 log(4/δ′) . (8.123)

This implies that, conditioning on E ,

Eeε(Λ(µ̂ρ)∥Λ(µ̂σ)) ≤ δ, (8.124)

equivalently, we have

∀S : Pr[Λ(µ̂ρ) ∈ S|E ] ≤ eεPr[Λ(µ̂σ) ∈ S|E ]+δ. (8.125)

Then we also have that, for all S

Pr[Λ(µ̂ρ) ∈ S] = Pr[Λ(µ̂ρ) ∈ S|E ]Pr[E ]+Pr[Λ(µ̂ρ) ∈ S|E ]Pr[E ] (8.126)

≤ Pr[Λ(µ̂ρ) ∈ S|E ]+δ′ ≤ eεPr[Λ(µ̂σ) ∈ S|E ]+δ+δ′ (8.127)

≤ eεPr[Λ(µ̂σ) ∈ S]+δ+δ′. (8.128)

■

Finally, plugging the Laplace and the Gaussian channels in Theorem 8.9, we obtain the following

corollary.

Corollary 8.6. Let A ,ρ⊗m and O as in Theorem 8.9 and let∆ :=∆(O). The following privacy guarantees

hold.

• (Laplace noise) Let ΛL ,b the Laplace channel of scale b := (∆+
√

m−1 log(4/δ′) )/ε. Then the

algorithm A is (ε,δ′)-DP.

• (Gaussian noise) LetΛG ,σ the Gaussian channel of variance

σ2 ≥ 2log(1.25/δ)(∆+
√

m−1 log(4/δ′ )2/ε2. (8.129)

Then the algorithm A is (ε,δ+δ′)-DP.
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Table 8.2: Here we summarize the results of Section 8.8.1. For each neighboring relationship over
quantum states, we list the corresponding average quantum sensitivity ∆(O) of an observable O.

ρ
Q∼σ ∆(O)

∥ρ−σ∥p ≤ τ τ∥O∥q
1
2∥ρ−σ∥1 ≤ τ τ∥O∥1

W1(ρ,σ) ≤ τ ∥O∥Li pτ

ρ
(Ξ,τ)∼ σ min{ 3

2∥O∥Li p maxI∈Ξ |I |τ,∥O∥Li p nτ}

8.8.1 Bounding the average quantum sensitivity

Here we provide several bounds for the quantum sensitivity based on different neighboring rela-

tionships. The first bound is based on Hölder’s inequality, i.e. |Tr(LR)| ≤ ∥L∥p∥R∥q for p−1 +q−1 = 1,

where ∥ · ∥p is the Schatten p-norm. Say that ρ
Q∼σ if ∥ρ−σ∥p ≤ τ. Then applying Hölder’s inequality

yields

∆(O) ≤ ∥O∥qτ. (8.130)

For the special case of p = 1 (which corresponds to the trace distance) a stronger bound holds:

∆(O) = max
ρ,σ:∥ρ−σ∥1≤τ

Tr[O(ρ−σ)] ≤ 1

2
∥O∥∞∥ρ−σ∥1 ≤ τ

2
∥O∥∞. (8.131)

We can also consider a neighboring relationship based on the Wasserstein distance of order 1, i.e.

ρ
Q∼σ if W1(ρ,σ) ≤ τ. Then the quantum sensitivity is proportional to the Lipschitz constant.

∆(O) = max
ρ,σ:W1(ρ,σ)≤τ

Tr{O(ρ−σ)} ≤ ∥O∥Li pτ. (8.132)

By Lemma 3.3, we also have that if ρ
(Ξ,τ)∼ σ, then W1(ρ,σ) ≤ 3

2 maxI∈Ξ |I |τ. This implies

∆(O) = max
ρ,σ:ρ(Ξ,τ)∼ σ

Tr{O(ρ−σ)} ≤ 3

2
∥O∥Li p max

I∈Ξ
|I |τ. (8.133)

The above bounds for ∆(O) are listed concisely in Table 8.2.

8.9 Private quantum machine learning

In this section, we demonstrate the applications of the results and tools we derived so far to variational

quantum algorithms for machine learning. Let ρ(θ; x) be the output of a variational quantum circuit.

We will assume that the parameters θ are trained using a suitable (classical) dataset S = (s(1), . . . , s(m)).

Given a test set X , we’re asked to approximate a function f : Rd →R. Thus, we can use variational

quantum algorithms to find a set of parameters θ that satisfy

∀x ∈X : f (x) ≃ Tr(Oρ(θ; x)), (8.134)

where O is a suitable observable. Given this simple scenario, differential privacy can come in different

flavours.
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• Let x = (x1, . . . , xd ) ∈ X be the input vector. Given a neighboring relationship x ∼ x ′′′, we can

ensure differential privacy with respect to the input x . This is particularly useful when x

contains the sensitive information of multiple individuals or when x might be corrupted by an

adversarial attack.

• In the alternative, we can require differential privacy with respect to the training set S =
(s(1), . . . , s(m)), where S ∼ S′ if they differ only in a single entry s( j ). This notion of privacy is

meant to protect the sensitive information of the individuals who compose the training set.

Furthermore, it also enhances generalisation, i.e. it allows to upper bound of the discrepancy

between the error on the training set and the generalisation error.

8.9.1 Private evaluation with respect to the input x

Given a suitable notion of neighboring inputs x ∼ x ′′′, we want to find a neighboring relationship over

quantum states
Q∼ such that ρ(·,θ) is Q-neighboring-preserving. In other terms, we need to ensure

that

x ∼ x ′′′ =⇒ ρ(x ,θ)
Q∼ ρ(x ′′′,θ). (8.135)

First, we select the relationship Q according to Table 8.1. If a single copy of ρ(x ,θ) is available, we

can make the measurement differentially private either by adding a final quantum noisy channel

(Theorem 8.4) or by classical post-processing (Theorem 8.5). If, instead, we’re able to prepare multiple

copies of ρ(x ,θ), it’s convenient to post-process the average outcome with classical noise. Then

differential privacy is guaranteed by Corollary 8.6.

Numerical results. Finally, we complement our theoretical analysis with a numerical simulation

implemented in PennyLane. We consider a classification task based on the first two classes of the

famous IRIS dataset and each input x = (x1, x2, x3, x4) is susceptible to be perturbed by an adversarial

attack. We assume that the adversary can select a single entry xi and map it to x ′
i with |xi −x ′

i | ≤ τ,

for some threshold 0 ≤ τ≤ 1. We trained a simple 4-qubit binary classifier, based on the variational

circuit depicted in Figure 8.4, whose gates are parametrised by a trainable vector θ and the input

vector x . Hence, the output is measured according to O = 1
8

∑4
i=1(Zi +1) and the classifier outputs 0

if the outcome is larger than 0.5 and 1 otherwise. It’s easy to see that this encoding is (1,τ)-privacy-

preserving with respect to the neighboring definition induced by the adversarial attack. The circuit is

ended by a final layer of local depolarising noise N ⊗n
p , which ensures (ε,δ1)-differential privacy with

respect to (1,τ)-neighboring states, with δ1 defined as in Theorem 8.4. We trained the model with

the Adam optimiser [KB14] with several noise levels p and then we used the test set to estimate the

certified accuracy for each p, and we plotted it against the threshold τ in Figure 8.5. The results show

that the noise level should be set according to attack threshold τ, as for τ≤ 0.2 the circuit with p = 0.1

outperforms the others, while for τ≥ 0.2 the circuit with p = 0.3 achieves the best certified accuracy.

Our simulation differs from previous experiments in multiple ways. First, we remark that our

simulation combines local noisy channels with the novel neighboring relationship we introduced in
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Figure 8.4: The parametric quantum circuit used in the simulation. We placed the encoding gates
after the trainable gates in order to produce a (1,τ)-neighboring-preserving encoding. The output
state is measured according to the observable O = 1

8

∑4
i=1(Zi +1).

Figure 8.5: This plot contains the values of the certified accuracy estimated for various noise levels p
and various attack thresholds τ.

the present Chapter. In contrast to this, the simulation in [DHL+21b] is based on τ-neighboring states

and ensures privacy via multiple layers of global depolarizing noise. On the other hand, [HTY+23]

combines local noisy channels with τ-neighboring states, resulting in privacy guarantees that degrade

exponentially fast as the number of qubits increases. This stems from the fact that in Lemma 3 in

[HTY+23], the authors show quantum differential privacy with ε= log(1+τ/pn) ≃ τ/pn . In addition,

both [DHL+21b] and [HTY+23] are based on ε-differential privacy while Proposition 7.3 is stated in

terms of (ε,δ)-differential privacy. This is particularly useful to assess the certified accuracy of various

noise regimes, including the case with no noise at all (p = 0).
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8.9.2 Private prediction with respect to the training set S

Training a variational quantum algorithm involves finding a set of parameters θ∗∗∗ that minimizes

a loss function L (θ,S) = 1
m

∑m
i=1 Tr{O(yi )ρ(θ; x i )} = 1

m

∑m
i=1ℓ(θ, si ) with respect to a given training

set S = (s1, . . . , sm) where si = (x i , yi ). In this setting, we let S and S′ be neighboring if ∃i ∈ [m],∀ j ̸=
i : s j = s j , i.e. if they differ in at most one element. Despite the existence of quantum algorithms

for optimising a loss function, they’re often not suitable for near-term devices. In most near-term

applications, a variational quantum circuit is paired with a classical optimiser. Thus, standard

techniques for differentially private (classical) optimisation can be adapted [BST14, ACG+16]. For

instance, [WCY23] implements the algorithm for private stochastic gradient descent (SGD) provided

in [ACG+16] to optimize the parameters of a variational quantum circuit, achieving good empirical

performance. The technique provided in [ACG+16] involves a procedure known as gradient clipping,

which consists in rescaling the gradient ∇θℓ(θ, si ) to ensure that its ℓ2 norm is bounded by a suitable

constant C , i.e. ∥∇θℓ(θ, si )∥2 ≤C . Then, privacy is ensured by the addition of Gaussian noise with

variance proportional to C 2 on each estimate of the gradient. Instead of clipping the gradient,

alternative techniques such as [BST14], estimates an upper bounds U B , where

∀θ : ∥∇θℓ(θ, si )∥2 ≤U B . (8.136)

and add Gaussian noise proportional to U B 2 on each estimate of the gradient.

Here we show that U B can be easily estimated for some classes of variational quantum circuits.

Assuming ℓ is differentiable with respect to θ we have

|ℓ(θ, si )−ℓ(θ′′′, si )| ≤U B∥θ−θ′′′∥ℓ2 =⇒ ∥∇θℓ(θ, si )∥2 ≤U B . (8.137)

For θ = (θ1, . . . ,θd ), assume that each coordinate θ j is encoded via a single gate Hamiltonian

encoding, i.e. e−iθ j H j with ∥Hi∥2 ≤ 1 . Moreover, assume that the output state is produced by a 1D

circuit with bounded depth L (and thus the light-cone of each single qubit gate is upper bounded by

2L). As shown in Appendix 11.2, the Hamiltonian encoding ρ(·, si ) is (Ξ,τ)-neighboring-preserving,

where

τ≤
√

d

2
∥θ−θ′′′∥2 and max

I∈Ξ
|I | ≤ 2L. (8.138)

Hence, we have

|ℓ(θ, si )−ℓ(θ′′′, si )| ≤ |Tr{O(yi )ρ(θ; x i )−Tr{O(yi )ρ(θ′′′; x i )}| (8.139)

≤ ∥O(yi )∥Li pW1(ρ(θ; x i ),ρ(θ′′′; x i )) ≤ 3L

√
d

2
∥O(yi )∥Li p∥θ−θ′′′∥2. (8.140)

And then

∀θ : ∥∇θℓ(θ, si )∥2 ≤ 3L

√
d

2
∥O(yi )∥Li p . (8.141)
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Locally differentially private (LDP) measurements were introduced in [AR19] and referred as

nearly trivial measurements. Informally, the output of a LDP measurement weakly depends on the

input state, and this is often ensured by the injection of noise. This comes with desirable privacy

guarantees, along with an increased sample complexity for many computational tasks. Considering

the detrimental impact of noise on quantum algorithms, the following question naturally arises.

Question 4. Can we attain an exponential quantum speed-up under the stringent constraint of local

differential privacy?

Throughout this Chapter we will argue that certain computational tasks are unfeasible under this

strict notion of privacy, while others can be efficiently performed. Specifically, we will demonstrate

that local differential privacy is compatible with exponential quantum speed-up for specific tasks.

Our contributions. Our first set of contributions consists in several entropic inequalities for locally

differentially private channels (Section 9.1). In particular, we provide a strong data processing inequal-

ity for the quantum relative entropy under locally differentially private measurements. In Section 9.2,

we provide a quantum version of the equivalence between learning under local differential privacy
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and statistical query learning, answering an open question posed by [AQS21]. As a corollary, we also

obtain an exponential separation between learning under quantum local differential privacy and

learning with separable measurements, resolving an open question posed by [AR19]. Furthermore,

in Section 9.3.1, we provide an application of the aforementioned entropic inequalities to the task of

asymmetric hypothesis testing with restricted measurements. Our result is a quantum analogue of the

private Stein’s lemma ([AAC21a], Corollary 4). Finally, in Section 9.3.2 we investigate the problem of

learning from quantum data in a distributed setting under local differential privacy. We demonstrate

that parity functions are efficiently learnable in this model, whereas the corresponding classical task

requires exponentially many samples [KLN+11a].

Related work. The task of quantum hypothesis testing under local differential privacy has also

been recently explored in a simultaneous work by [HT23]. We emphasize that Theorem 9.3 provides

a quadratic improvement over ([HT23], Corollary 5.14) for small values of the privacy level ε. It is also

worth noting that the results in [HT23] extend beyond measurements to encompass private quantum

channels.

9.1 Entropic inequalities under local privacy

A crucial fact in quantum information theory is that many physical quantities are monotone under

the application of a quantum channel. For instance, the quantum relative entropy satisfies the

following data-processing inequality (DPI), for all states ρ,σ and for every channel N :

D(N (ρ)∥N (σ)) ≤ D(ρ∥σ). (9.1)

Furthermore, the same property is shared by the hockey-stick divergences, and in particular by the

trace distance. When the inequality is strict, we say that a given divergence satisfies a strong data-

processing inequality (SDPI) with respect to the channel N . We also define the following contraction

coefficients, also previously considered in [LR99, HR16, HRF22, HRF23].

η(N ) := sup
ρ,σ

D(N (ρ)∥N (σ))

D(ρ∥σ)
and ηγ(N ) := sup

ρ,σ

Eγ(N (ρ)∥N (σ))

Eγ(ρ∥σ)
. (9.2)

where γ≥ 1. Recall that E1(ρ∥σ) = ∥ρ−σ∥tr and hence η1(N ) is the contraction coefficient for the

trace distance. If N satisfies (ε,δ)-LDP, then its contraction coefficient ηγ can be upper bounded as

follows ([HRF23], Theorem II.2 and Corollary V.1):

ηeε(N ) ≤ δ and ηγ(N ) ≤ϕ(ε,δ), (9.3)

where ϕ(ε,δ) := 1−e−ε(1−δ). More broadly, we can also consider inequalities involving two distinct

divergences. For instance, every ε-LDP channel N satisfies:

DM (N (ρ)∥N (σ)) ≤ 2ε∥N (ρ)−N (σ)∥tr ≤ 2ε(1−e−ε)∥ρ−σ∥tr, (9.4)
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where the first inequality is due to ([HRF23], Lemma III.6) and the second inequality follows from

Eq. 9.3. We will now prove an analogous result, where the measured relative entropy is replaced by

the quantum relative entropy.

Proposition 9.1. For all states ρ,σ we have

D
(
ρ∥σ)+D

(
σ∥ρ)≤ [Dmax(ρ∥σ)+Dmax(σ∥ρ)]∥ρ−σ∥tr (9.5)

Proof. Recall that we can write the decomposition ρ −σ = X + − X −, where X + and X − denote

respectively the positive part and the negative part of ρ−σ. We start by rearranging the expression of

the quantum relative entropy as follows

D
(
ρ∥σ)+D

(
σ∥ρ)= Tr

[
ρ

(
logρ− logσ

)]+Tr
[
σ

(
logσ− logρ

)]
(9.6)

= Tr
[(
ρ−σ)(

logρ− logσ
)]= Tr

[(
X +−X −)(

logρ− logσ
)]

(9.7)

= Tr
[

X + (
logρ− logσ

)]+Tr
[

X − (
logσ− logρ

)]
. (9.8)

By definition of max-relative entropy, ρ ≤ eDmax(ρ∥σ)σ. Since the logarithm is an operator monotone

function, we have that logρ ≤ log
(
eDmax(ρ∥σ)σ

)= Dmax(ρ∥σ)I + logσ. Similarly, we also have logσ≤
Dmax(σ∥ρ)I + logρ. Putting all together, we obtain

D
(
ρ∥σ)+D

(
σ∥ρ)≤ Dmax(ρ∥σ)Tr

[
X +]+Dmax(σ∥ρ)Tr[X −] (9.9)

= [Dmax(ρ∥σ)+Dmax(σ∥ρ)]∥ρ−σ∥tr, (9.10)

where the equality follows from Tr
[

X +]= Tr[X −] = ∥ρ−σ∥tr. ■

We remark that an analogous result has also been recently presented in ([HT23], Eqs. 5.25-27).

However, in [HT23] the sum D
(
ρ∥σ)+D

(
σ∥ρ)

is replaced by D
(
ρ∥σ)

. Thus, our result is tighter of a

factor 2 when the goal is to upper bound the sum D
(
ρ∥σ)+D

(
σ∥ρ)

.

A simple application of Eq. 9.3 to Proposition 9.1 yields the following corollary, which generalizes

Eq. 9.4.

Corollary 9.1. Let N an ε-LDP channel. Then for all states ρ,σ we have

D
(
N (ρ)∥N (σ)

)+D
(
N (σ)∥N (ρ)

)≤ 2ε(1−e−ε)∥ρ−σ∥tr. (9.11)

We now derive yet another improved version of Eq. 9.4, by generalizing Lemma 1 in [DJW13] to

the quantum setting.

Lemma 9.1. Let M = {Mx }x∈X be an ε-LDP POVM measurement. Then for all states ρ,σ we have

D
(
M (ρ)∥M (σ)

)+D
(
M (σ)∥M (ρ)

)≤ eε(1−e−ε)2∥ρ−σ∥2
tr. (9.12)

Moreover, for every ε-LDP channel N and for all states ρ,σ,

DM
(
N (ρ)∥N (σ)

)≤ eε(1−e−ε)2∥ρ−σ∥2
tr, (9.13)

where DM (·∥·) is the measured relative entropy.
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Proof. Let px = Tr(Mxρ) and qx = Tr(Mxσ).

D(M (ρ)∥M (σ))+D(M (σ)∥M (ρ)) (9.14)

=∑
x

px log
px

qx
+∑

x
qx log

qx

px
=∑

x
(px −qx ) log

px

qx
. (9.15)

We want to upper bound |px −qx | = |Tr(Mx (ρ−σ))|. Let ρ−σ= X +−X −, where X + and X − denote

respectively the positive part and the negative part of ρ−σ. We can also write the spectral decompo-

sitions X + =∑
y∈Y λy |y〉〈y | and X − =∑

z∈Z τz |z〉〈z|. First, we upper bound px −qx = Tr(Mx (ρ−σ))

Tr(Mx (X +−X −)) = Tr

(
Mx

( ∑
y∈Y

λy |y〉〈y |
))

−Tr

(
Mx

( ∑
z∈Z

τz |z〉〈z|
))

(9.16)

≤ max
y∈Y

Tr(Mx |y〉〈y |)
( ∑

y∈Y

λy

)
−min

z∈Z
Tr(Mx |z〉〈z|)

( ∑
z∈Z

τz

)
(9.17)

= ∥ρ−σ∥tr

(
max
y∈Y

Tr(Mx |y〉〈y |)−min
z∈Z

Tr(Mx |z〉〈z|)
)

(9.18)

≤ ∥ρ−σ∥tr max
y∈Y

Tr(Mx |y〉〈y |)(1−e−ε), (9.19)

where the second equality follows from the identities Tr[X +] = ∑
y∈Y λy = ∥ρ−σ∥tr and Tr[X −] =∑

z∈Z τz = ∥ρ−σ∥tr, and the last inequality follows from ε-LDP. Proceeding in an analogous way, we

derive the following lower bound.

Tr(Mx (X +−X −)) ≥ min
y∈Y

Tr(Mx |y〉〈y |)
( ∑

y∈Y

λy

)
−max

z∈Z
Tr(Mx |z〉〈z|)

( ∑
z∈Z

τz

)
(9.20)

= ∥ρ−σ∥tr

(
min
y∈Y

Tr(Mx |y〉〈y |)−max
z∈Z

Tr(Mx |z〉〈z|)
)

(9.21)

≥ ∥ρ−σ∥tr max
z∈Z

Tr(Mx |z〉〈z|)(e−ε−1), (9.22)

where we applied again the identities Tr[X +] = Tr[X −] = ∥ρ−σ∥tr and ε-LDP. We can now provide an

upper bound for |Tr(Mx (ρ−σ))|:

|Tr(Mx (ρ−σ))| = |Tr(Mx (X +−X −)| = max{Tr(Mx (X +−X −),Tr(Mx (X −−X +)} (9.23)

≤ ∥ρ−σ∥tr(1−e−ε) max
y∈Y ∪Z

Tr(Mx |y〉〈y |), (9.24)

Recall that, for a,b ∈R+ ([DJW13], Lemma 4),

log
a

b
≤ |a −b|

min{a,b}
(9.25)

Thus,

log
px

qx
≤ |px −qx |

min{px , qx }
= |Tr(Mx (ρ−σ))|

min{Tr(Mxρ),Tr(Mxσ)}
(9.26)

≤ ∥ρ−σ∥tr(1−e−ε)maxy∈Y ∪Z Tr(Mx |y〉〈y |)
min{Tr(Mxρ),Tr(Mxσ)}

≤ eε(1−e−ε)∥ρ−σ∥tr, (9.27)
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where we applied ε-LDP in the last inequality. Putting all together,

D(M (ρ)∥M (σ))+D(M (σ)∥M (ρ)) (9.28)

≤ eε(1−e−ε)∥ρ−σ∥tr

(
∥ρ−σ∥tr(1−e−ε) max

y∈Y ∪Z
Tr(Mx |y〉〈y |)

)
(9.29)

≤ eε(1−e−ε)2∥ρ−σ∥2
tr, (9.30)

where the last inequality follows from maxy∈Y ∪Z Tr(Mx |y〉〈y |) ≤ 1. We proved the first part of the

lemma. As for the second part, let M̂ the POVM measurement that maximizes D(N (M̂ (ρ))∥N (M̂ (σ))).

Then the desired result follow from the definition of measured relative entropy.

DM (N (ρ)∥N (σ)) = D(N (M̂ (ρ))∥N (M̂ (σ))) (9.31)

≤ D(N (M̂ (ρ))∥N (M̂ (σ)))+D(N (M̂ (σ))∥N (M̂ (ρ))) (9.32)

≤ eε(1−e−ε)2∥ρ−σ∥2
tr. (9.33)

■

We observe that, for small values of ε, Lemma 9.1 is quadratically tighter in ∥ρ−σ∥tr with respect

to Eq. 9.4. A simple application of the “measured” Pinsker’s inequality (Lemma 3.4) to Lemma 9.1

yields the following corollary.

Corollary 9.2. Let M = {Mx }x∈X be an ε-LDP POVM measurement. Then for all states ρ,σ we have

D
(
M (ρ)∥M (σ)

)+D
(
M (σ)∥M (ρ)

)≤ eε

2
(1−e−ε)2DM (ρ∥σ), (9.34)

where DM (·∥·) is the measured relative entropy. Moreover, for every ε-LDP channel N and for all

states ρ,σ,

DM
(
N (ρ)∥N (σ)

)≤ eε

2
(1−e−ε)2DM (ρ∥σ). (9.35)

9.2 Learning under local privacy is equivalent to QSQ learning

In this section we show an equivalence between locally differentially private measurements and

quantum statistical queries, answering an open question posed in ([AQS21], Question 7). In particular,

we will prove that quantum statistical queries can be efficiently simulated by differentially private

measurements, and vice versa, differentially private measurements can be efficiently simulated

by quantum statistical queries. The latter result is less intuitive and relies on a rejection-sampling

argument. The classical analog of the equivalence was proven in the seminal paper of [KLN+11a].

Interestingly, this result readily implies an exponential separation between learning under quantum

local differential privacy and learning with separable measurements, answering an open question

posed in ([AR19], Question 4).
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9.2.1 Simulation of QStat queries with locally differentially private measurements

We first show that quantum statistical queries can be simulated efficiently with LDP measurements.

The result follows by iterating the Laplace measurement defined in Section 7.4.1 and using concen-

tration of measure.

Theorem 9.1. If m ≥ c · log(1/β)k2

ε2τ2 for a sufficiently large constant c, then AM ,ε (Algorithm 9.2.1)

approximates µ = E[M (ρ)] within additive error ±τ with probability at least 1−β. Moreover, each

measurement performed by AM ,ε satisfies ε-local differential privacy.

Proof. The proof closely follows the one of Lemma 5.6 in [KLN+11a]. Algorithm 9.2.1 implements

the Laplace measurement M Lap,ε on each copy of ρ and then averages the results. We first show

that 1
m

∑
i yi is concentrated around µ := E[M (ρ)]. By the Chernoff-Hoeffding bound for real-valued

variables,

Pr

[∣∣∣∣∣ 1

m

m∑
i=1

yi −µ
∣∣∣∣∣≥ τ

2

]
≤ 2exp

(
−τ

2m

2k2

)
. (9.36)

The contribution of the Laplace noise can also be bounded via a standard tail inequality. By Lemma

A.3 in [KLN+11a],

Pr

[∣∣∣∣∣ 1

m

m∑
i=1

ηi

∣∣∣∣∣≥ τ

2

]
≤ exp

(
−τ

2ε2m

4k2

)
(9.37)

And thus by union bound,

Pr[|µ̂−µ| ≥ τ] ≤ 2exp

(
−τ

2m

2k2

)
+exp

(
−τ

2ε2m

4k2

)
≤ 3exp

(
−τ

2ε2m

4k2

)
, (9.38)

where µ̂ := 1
m

∑m
i=1(yi +ηi ). This implies that O

(
log(1/β)k2

ε2τ2

)
samples are sufficient to ensure that µ̂

approximates µ within additive error ±τ with probability at least 1−β. Moreover, each Laplace

measurement M Lap,ε satisfies ε-local differential privacy. ■

Theorem 9.1 can be easily extended to the case where an algorithm B makes t queries to a QSQ

oracle QStatρ . In order to simulate B, it’s sufficient to simulate each QStat query (M ,τ) by running

AM ,ε with parameters β′ =β/t and m′ = c · log(1/β′)k2

ε2τ2 on m′ (unused) copies of ρ. Then the simulation

requires m′ · t copies and produces the same output as B with probability at least 1−β.

The above result generalizes Theorem 6.5 in [AGY20], as this previous result shows the quantum

statistical queries can be simulated by (standard) differentially private measurements. Our result

holds under local differential privacy, which provides stronger security guarantees, and thus implies

the result of [AGY20]. From a practical standpoint, the two results differ as we randomize each

outcome yi , while in [AGY20] only the final average is randomized by a single injection of Laplace

noise.

Combined with the upper bounds provided in [AGY20] and [AHS23], Theorem 9.1 readily implies

that a wide family of concepts is learnable from quantum examples under local differential privacy,

including parities, k-juntas, DNF functions and of n-qubit trivial states, i.e. the states obtained by

applying an arbitrary constant depth circuit to the initial state |0n〉.
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Algorithm 3 A quantum ε-LDP algorithm AM ,ε that simulates QStatρ

Input ρ⊗m , a k-ary POVM M .
Output An estimate of E[M (ρ)] up to additive error τ.

1. Perform the (non-private) measurement M on each copy of ρ and let y1, y2, . . . , ym be the
outcomes.

2. Sample η1,η2, ...ηm i.i.d. from the Laplace distribution centered in 0 and with scale parameter
(k −1)/ε.

3. Return µ̂ := 1
m

∑m
i=1(yi +ηi ).

9.2.2 Simulation of locally differentially private measurements with QStat queries

It remains to show that locally differentially private measurements can be simulated efficiently with

quantum statistical queries. We will prove it using a rejection-sampling algorithm, along the lines of

[KLN+11a].

Theorem 9.2. Let M be an ε-LDP measurement. Then Bε (Algorithm 9.2.2) in expectation makes

O(eε) queries to QStatρ with accuracy τ = Θ(β/e2ε) and the total variation distance between Bε’s

output distribution and M (ρ) is at most β.

Proof. The proof can be readily adapted from that of its classical counterpart, as presented in

([KLN+11a], Lemma 5.8). However, for the sake of thoroughness, we choose to include the entire

argument. We want to sample from a distribution ν(·) that is within a small total variation distance

from p :=M (ρ). To this end, we will prove a stronger statement, by ensuring that, for all w ∈ [k], ν(w)

is a multiplicative approximation of p(w). In particular, we show that:

ν(w) ∈ (1±2β)p(w) (9.39)

Note that this directly implies the following:

|p −ν|tv = 1

2

∑
w∈[k]

|p(w)−ν(w)| ≤ 1

2

∑
w∈[k]

2β ·p(w) =β. (9.40)

Let M ′, q(w) and τ as in Algorithm 9.2.2. Observe the following:

E[M ′(ρ)] = 1−q(w)

q(w)(eε−e−ε)
p(w)− q(w)

q(w)(eε−e−ε)
(1−p(w)) (9.41)

= (1−q(w))p(w)−q(w)(1−p(w))

q(w)(eε−e−ε)
= p(w)−q(w)

q(w)(eε−e−ε)
. (9.42)

Thus,

v = p(w)−q(w)

q(w)(eε−e−ε)
± 2β

3e2ε . (9.43)
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This allows us to upper and lower bound the probability p̃(w) defined in Step 3 of the algorithm:

p̃(w) = p(w)

(
1± 2β

3e2ε

q(w)

p(w)
(eε−e−ε)

)
. (9.44)

By ε-local differential privacy,

e−ε ≤ q(w)

p(w)
≤ eε. (9.45)

Putting all together we obtain

p̃(w) = p(w)
(
1±φ)

, (9.46)

where we set φ := 2β
3 . Having established Eq. 9.46, we can show that the algorithm works as desired.

First, we notice that the probability introduced in Step 4 of the algorithm is well defined, as Eq. 9.46

and ε-local differential privacy guarantee that p̃(w)
q(w)(1+φ)eε

is at most 1. In a given iteration of the

algorithm, any particular element w is output with probability q(w) · p̃(w)
q(w)(1+φ)eε =

p̃(w)
(1+φ)eε and the

probability that the given iteration terminates is then pter mi nate =∑
w

p̃(w)
(1+φ)eε , which is in 1±φ

(1+φ)eε by

Eq. 9.46. It’s easy to see that, if the algorithm terminates in the current iteration, the element w is

returned with probability

Pr
[

w output in the i th iteration
∣∣∣i th iteration produces output

]
(9.47)

= Pr
[
w output in the i th iteration

]∑
w ′∈[k] Pr

[
w ′ output in the i th iteration

] (9.48)

= p̃(w)

(1+φ)eεpter mi nate
∈ 1±φ

1±φp(w). (9.49)

Since φ≤ 1/3, we obtain

Pr
[

w output in the i th iteration
∣∣∣i th iteration produces output

]
∈ (1±3φ)p(w). (9.50)

As a consequence, if the i th iteration returns output w , the total variation distance between the

distribution of w and p(·) will be at most 3
2φ=β by Eq. 9.40. It remains to upper bound the expected

number of quantum statistical queries. Recall that each iteration terminates with probability at least
1−φ
1+φe−ε, hence the expected number of iterations is at most 1+φ

1−φeε ≤ 2eε. Since a single QStat query is

performed during each iteration, the total expected QSQ query complexity is O(eε). ■

As for the other direction of the equivalence, also Theorem 9.2 can be extended to the case where an

algorithm A accesses t (unused) copies of a state ρ via ε-LDP measurements M (1),M (2), . . . ,M (t ). In

order to simulate A , it’s sufficient to simulate each ε-LDP measurement M (i ) by running Bε(M (i ))

with parameters β′ = β/t . Then the output distribution of the simulation and the output distribu-

tion of A are within a total variation distance at most β. In the classical counterpart of this result

[KLN+11a], the authors provide separate proofs for the adaptive and non-adaptive cases, as they

assume that the algorithm A might reuse some portions of the input dataset. However in our proof

we don’t need to treat the two cases separately, as we assumed that each measurement is performed

on a new copy of the input state ρ.
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Algorithm 4 A QSQ algorithm BM ,ε(β,QStatρ) that simulates an ε-LDP measurement M

Input Oracle access to QStatρ , ε ≥ 0, β ≥ 0, an ε-LDP measurement M = (M1,M2, . . . ,Mk ) with
outcomes in [k].
Output A number w ∼ ν, such that ν(w) ∈ (1±2β)p(w).

1. Apply M to a fixed input, for instance the all-zeros state |0〉 := |00...0〉. Let w ∼ E (|0〉〈0|) be the
outcome.

2. Define q(w) := Tr{Mw |0〉〈0|} and M ′ = (M ′
0,M ′

1), where M ′
0 := Mw and M ′

1 := I −Mw . M ′
0

corresponds to the outcome 1−q(w)
q(w)(eε−e−ε) and M ′

1 to the outcome − q(w)
q(w)(eε−e−ε) . Let τ= 2β

3e2ε .

3. Query the oracle QStatρ(M ′,τ) to compute v ∈ E[M ′(ρ)]±τ. Define the probability:

p̃(w) = vq(w)(eε−e−ε)+q(w). (9.51)

4. Output v with probability
p̃(w)

q(w)
(
1+ 2β

3

)
eε

. (9.52)

5. With the remaining probability, repeat from Step 1.

Theorem 9.2 enables the transfer of lower bounds from the QSQ model to quantum local differen-

tial privacy. In particular, ([AHS23], Theorem 17) shows that learning the following class in the QSQ

model requires exponentially many samples,

C =
{
|ψA〉 = 1p

2n

∑
x∈{0,1}n

|x, (xTAx) mod 2 : A ∈ Fn×n
2 〉

}
. (9.53)

On the other hand, this class is efficiently learnable using separable measurements [ABDY22] and

entangled measurements with classification noise [AHS23]. Specifically, this immediately implies an

exponential separation between learning under quantum local differential privacy and learning with

separable measurements, resolving an open question in ([AR19], Question 4).

9.3 Testing and learning quantum states under local privacy

We will now explore the effect of local differential privacy in the settings of quantum hypothesis

testing and quantum multi-party learning. Intuitively, as local differential privacy is ensured by

the injection of noise, this will increase the sample complexity in a testing or learning task. We

confirm this intuition by providing a converse bound on the achievable rate for quantum hypothesis

testing under local differential privacy. On the other hand, we also demonstrate that quantum local

differential privacy is compatible with exponential quantum advantage. As a proof of principle, we

prove that parity functions can be learned from quantum examples under local differential privacy.
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9.3.1 Private hypothesis testing

Here we demonstrate an application of the informatic-theoretic results of Section 9.1 to the rich field

of quantum hypothesis testing. We study the distinguishability of two quantum states ρ and σ using

a restricted class of measurements, i.e. locally differentially private measurements performed on a

single copy of the input state. In particular, we’ll consider the task of asymmetric hypothesis testing,

where one wants to minimize the rate of false positives (type-1 error) subject to a constraint on the

rate of false negatives (type-2 error). We will adopt the framework developed in [BHLP14], which

extends hypothesis testing to the setting of restricted measurements. Our result can also be regarded

as a quantum version of the “private Chernoff-Stein lemma” provided in [AAC21b].

Let ρ and σ be two quantum states acting on some Hilbert space H . Given either n copies

of ρ or n copies of σ, we want to design a test which distinguishes the two possibilities. For an

acceptance operator M n (i.e. a POVM element acting on n copies of the input state), we define the

error probabilities as follows

αn(M n) := Tr((I −M n)ρ⊗n) (type-2 error),

βn(M n) := Tr(M nσ⊗n) (type-1 error).

Then for 0 < τ< 1, define

βτn := inf
M n

{βn(M n) :αn(M n) ≤ τ} (9.54)

and the asymptotic optimal error exponent

E(ρ,σ) := lim
τ−→0

lim
n−→∞− logβτn

n
. (9.55)

The quantum Stein’s lemma [HP91] says that

D(ρ∥σ) = E(ρ,σ). (9.56)

As shown by [ON05], the “strong converse” Eq. 9.56 also holds. This can be thought of as showing

that Eq. 9.56 is satisfied also when the limit of τ−→ 0 in Eq. 9.54 is replaced by any fixed τ ∈ (0,1). To deal

with the restricted case where only single-copy ε-LDP measurements are allowed, we’ll need to define

the following quantities, introduced in [BHLP14]. Consider the infinite set S = (S1,S2, . . . ,Sn , . . . ),

where each Sn is a set of measurements over H ⊗n . We define:

DSn (ρ∥σ) := sup
M∈Sn

D(M (ρ⊗n)∥M (σ⊗n))

n
. (9.57)

DS(ρ∥σ) := lim
n−→∞DSn (ρ∥σ). (9.58)

In analogy with Eq. 9.54 and Eq. 9.55, we have

βτn(S) := inf
M∈Sn

{βn(M ) :αn ≤ τ}, (9.59)

ES(ρ,σ) := lim
τ−→0

lim
n−→∞− logβτn(S)

n
. (9.60)

We are now ready to upper bound ES(ρ,σ) for the case of locally differentially private measure-

ments.

134



9.3. TESTING AND LEARNING QUANTUM STATES UNDER LOCAL PRIVACY

Theorem 9.3 (Private quantum Stein’s lemma). Let ρ and σ be two quantum states acting on some

Hilbert space H . Let Sε be a set of ε-LDP measurements over H . Moreover, for every n ≥ 1, define the

following convex hull

Tn = conv{T1 ⊗·· ·⊗Tn : T1, . . . ,Tn ∈ Sε}, (9.61)

and thus let T = (T1,T2, . . . ,Tn , . . . ). The following inequality holds:

ET(ρ,σ) ≤ eε

2
(1−e−ε)2DM (ρ∥σ), (9.62)

where DM (·∥·) denotes the measured relative entropy.

Proof. The theorem follows combining the results of [BHLP14] with Corollary 9.2. In particular,

([BHLP14], Theorem 16) implies that

ET(ρ,σ) = DT(ρ∥σ). (9.63)

Recall that

DT(ρ∥σ) = lim
n→∞ sup

M∈Tn

D(M (ρ⊗n)∥M (σ⊗n))

n
. (9.64)

Observe that M =∑m
i=1λi (M (i )

1 ⊗·· ·⊗M (i )
n ) for some non-negative coefficients such that

∑
i λi = 1

and M (i )
1 , . . . ,M (i )

n ∈ Sε. Recall that the quantum relative entropy enjoys joint convexity and additivity

with respect to product states. Thus,

D(M (ρ⊗n)∥M (σ⊗n)) = D

(
m∑

i=1
λi (M (i )

1 ⊗·· ·⊗M (i )
n )(ρ⊗n)

∥∥∥ m∑
i=1

λi (M (i )
1 ⊗·· ·⊗M (i )

n )(σ⊗n)

)
≤∑

i , j
λi D

(
M (i )

j (ρ)
∥∥∥M (i )

j (σ)
)
≤ n ·max

i , j
D

(
M (i )

j (ρ)
∥∥∥M (i )

j (σ)
)

≤ n · eε

2
(1−e−ε)2DM (ρ∥σ),

(9.65)

where the last inequality follows directly from Corollary 9.2. Finally, combining Eq. 9.64 and Eq. 9.65

yields

DT(ρ∥σ) ≤ lim
n→∞

n

n
· eε

2
(1−e−ε)2DM (ρ∥σ) = eε

2
(1−e−ε)2DM (ρ∥σ), (9.66)

and hence the theorem follows.

■

9.3.2 Private multi-party learning from quantum data

We will now discuss the applications of quantum local differential privacy to the setting of multi-party

computation (MPC). In many real-world scenarios, multiple parties share their data to collectively

compute a function. The goal is then to achieve the best possible accuracy under some security

constraints. One way to formulate the security requirement is to ask that each party learns nothing

more about the other parties’ data than can be learned from the output of the function computed.
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This approach is adopted by the framework of secure multi-party computation (SMPC), both in the

classical [Yao86, GMW87] and in the quantum setting [CGS02, DGJ+20]. The main shortcoming of

SMPC is that the security guarantees are dependent on the auxiliary information disposed by the

adversary. For instance, if k parties collectively compute an average, k −1 malicious parties can

collaborate to infer the data of the remaining party.

To overcome these limitations, we can adopt the framework of secure multi-party differential

privacy, defined in [KOV15]. In particular, we will consider a model where the input state ρ1 ⊗ρ2 ⊗
·· ·⊗ρk is distributed among k quantum parties P1,P2, . . . ,Pk , such that the i -th party P i holds the

state ρi and disposes of a quantum computer. The parties are allowed to share classical information.

In order to protect the private information contained in ρi , we require that the each P i accesses the

state ρi through an ε-local differentially private measurement Mi for some suitable ε> 0. Thus, for

all i , for any possible output y , and for all input states ρi ,σi , we have

Pr[Mi (ρi ) = y] ≤ eεPr[Mi (σi ) = y]. (9.67)

One potential concern with this setting is that the injection of noise can severely limit the

usefulness of the computation, hence it is no clear a priori whether a quantum speed-up can be

achieved under these constraints. To address this issue, we show that that parity functions can be

efficiently learned from quantum examples in a multi-party setting under local differential privacy.

Classically, learning parity under local differential privacy requires exponentially many samples

[KLN+11a].

For s ∈ {0,1}n , the corresponding parity function c : {0,1}n → {−1,1} is defined c(x) = (−1)s·x . Let

b1, . . . ,bk random binary strings in {±1}n , such that each bi
x equals 1 with probability 9/10 and −1

with probability 1/10. Each party P i holds the following quantum state:

|ψi 〉 =
√

1

2n

∑
x∈{0,1}n

|x,c(x) ·bi
x〉 . (9.68)

We remark that this definition slightly differs from the one considered in ([AGY20], Lemma 4.2),

as their definition doesn’t involve the random vector bi . Instead, in our model each party holds a

different input state. The vector bi can be either regarded as classification noise or as some sensitive

information regarding the i -th party. In the latter case, the adoption of local differential privacy

is extremely natural, as it significantly limits the information about bi that can be inferred by a

malicious adversary, even disposing of auxiliary information.

Proposition 9.2. Let s ∈ {0,1}n and |ψ1〉 , |ψ2〉 , . . . , |ψk〉 as defined above and assume that the parties

P i ’s can communicate via a classical channel. Provided that k ≥ c ·nε−2 log(1/β) for a sufficiently

large constant c, there is an efficient quantum algorithm A that computes the string s with probability

at least 1−β. A consists solely in ε-LDP measurements on the states |ψi 〉’s, classical communication

and classical post-processing.
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Proof. The proof is similar to the one of ([AGY20], Lemma 4.2). It is not hard to see that Inf j (c) = 1

for all j ∈ supp(s) and Inf j (c) = 0 otherwise. As shown in [AGY20], there is a quantum measurement

M j implementable in poly(n) gates such that

〈ψ|M j |ψ〉 = Inf j (c), (9.69)

where |ψ〉 =
√

1
2n

∑
x∈{0,1}n |x,c(x)〉. Moreover, the expected trace distance between |ψ〉 and |ψi 〉 can

be bounded as follows:

Ebi ∥|ψ〉〈ψ|− |ψi 〉〈ψi |∥tr = Ebi

[√
1−〈ψi 〉ψ

]
=

√
1−

p
1−1/10 < 1

4
, (9.70)

where we took the expectation over the randomness of the string bi . By the property of the trace

distance, ∣∣Ebi 〈ψi |M j |ψi 〉− Inf j (c)
∣∣< 1

4
. (9.71)

Then the algorithm A estimates Inf j (c) by asking m > 64 ·ε−2 log(3/β) parties to perform a Laplace

measurement M Lap,ε
j on their state |ψi 〉 and averaging the outcomes ŷ1, ŷ2, . . . , ŷm . We denote their

average by µ̂ = 1
n

∑m
i=1 ŷi . We can write ŷi = yi + η, where yi ∼ Ebi 〈ψi |M j |ψi 〉 and η ∼ Lap(1/ε).

Proceeding as in the proof of Theorem 9.1, we can show by concentration of measure that

µ̂= Ebi 〈ψi |M j |ψi 〉±1/4, (9.72)

with probability at least 1−β. Then the outcome µ̂ is in the interval (1/2,3/2) if j ∈ supp(s), otherwise

is in (−1/2,1/2). Thus we can determine whether j ∈ supp(s). Repeating the procedure for all j ∈ [n]

on m unused states |ψi 〉’s, we can determine the string s. This requires k to scale as O(nε−2 log(1/β)).

■
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There is nothing more vivifying than a hypothesis.

- Primo Levi, The Periodic Table

T
his thesis has tackled several challenges at the heart of quantum computing on noisy near-

term devices. It has addressed pressing issues surrounding the impact of noise on quantum

computation and the exciting prospects of quantum differential privacy in machine learning.

In doing so, it has not only revealed valuable insights but has also left a roadmap for future research

in the field of quantum computing and quantum information.

Now, we provide a set of takeaway messages that can inform and drive future research in the field.

• Depolarizing noise, and more broadly, local Pauli noise, serves as an idealized model that

simplifies the complex features of noisy near-term devices. However, it falls short in capturing

all the nuances of noisy variational quantum algorithms when confronted with real-world

noise scenarios. Notably, local quantities like the projected quantum kernels exhibit distinct be-

haviors under the influence of unital and non-unital noise. As a result, it becomes imperative to

reevaluate and extend previous research, which predominantly relies on the depolarizing noise

model, such as [CCHL22a, AGL+23b], to encompass the effects of non-unital perturbations.

• The quantum statistical query model provides a solid and reliable framework for designing

learning algorithms tailored to quantum dynamics. Importantly, numerous algorithmic con-

cepts originally designed for learning classical functions from quantum examples can be

seamlessly adapted for the task of quantum process learning. This implies that the intrinsic
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noise associated with quantum measurement implementation does not always hinder the use

of quantum algorithms.

• Considering the inherent noise in near-term quantum devices, a comprehensive evaluation of

their performance should take into consideration aspects like privacy and robustness against

adversarial attacks. We introduced a novel framework for analyzing differential privacy within

quantum algorithms, which encompasses the influence of both classical and quantum noise,

along with various distinct quantum encodings. Our findings highlight that ensuring privacy

necessitates a creative approach in defining an appropriate quantum neighboring relationship.

Relying on conventional metrics, such as the trace distance or quantum Wasserstein distance

of order 1, could yield significantly suboptimal results.

In addition, our research has provided insight into the interplay between privacy and quantum

advantage. We have shown that even when significant noise is introduced, as is the case in

local differential privacy, quantum speed-ups for certain problems can still be achieved.

10.1 Future directions

We distill several open questions and conjectures concerning the topics undertaken in the present

thesis.

Variational quantum algorithms under non-unital noise While we have contributed fresh insights

into the trainability of quantum kernels under non-unital noise and introduced the concept of

an “effective depth circuit”, there are still several gaps in our understanding before we can fully

comprehend the entire scenario. For the sake of clarity and convenience, we reiterate our conjecture

that have yet to be proven.

Conjecture 1. Let C be a noisy circuit consisting in m layers of 2-qubit gates interspersed with local

noise, either of the form N
(dep,amp),⊗n

p,q or N
(amp,dep),⊗n

q ,p . Moreover, assume that each 2-qubit gate is

sampled independently from a local 2-design. Then if p, q =Ω(1), for all ρ,σ ∈Sn , we have

E∥C (ρ)−C (σ)∥tr ∈ 2Ω(−n) (10.1)

Quantum statistical query learning

1. The main workhorse for QSQ learning classical Boolean functions is Fourier analysis. While

Fourier analysis is usually cast under the uniform distribution, the µ-biased Fourier analysis

can be applied to every product distribution. In particular, µ-biased Fourier sampling can be

used to learn linear functions [Car20] and DNFs [KRS19] under product distributions with

quantum examples. Can we extend these results to the QSQ model?
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2. In analogy with the previous question, we ask whether we can learn the action of unitary

operators on ensembles of states that are not locally scrambled. For this, it might be fruitful

to define the following generalization of the Choi-Jamiolkoski state, analogous to a quantum

example under a non-uniform distribution:

|vD (U )〉 = (I ⊗U )
∑

x∈{0,1}n

√
D(x) |x, x〉 , (10.2)

where D is a suitable distribution over {0,1}n . A natural approach would be to extend the µ-

biased Fourier analysis to the unitary group. We ask this question both for quantum statistical

queries and more powerful oracles.

3. Which classes of channels can be learned with quantum statistical queries?

4. What is the power of quantum statistical queries for testing properties of unitaries (and more

broadly channels)? While we provided a double exponential lower bound for testing unitarity,

quantum statistical queries might suffice for testing other relevant properties.

5. Following [HIN+23, NIS+23], we can restrict our model to diagonal measurements. Which

classes of channels are learnable under this restricted model?

Quantum differential privacy

1. Our analysis focused on the privacy guarantee of unital noise channels. What are the privacy

guarantees of local amplitude damping noise with respect to the generalized neighboring

relationship introduced in this these?

2. Although numerous numerical assessments of the adversarial robustness of quantum algo-

rithms have been conducted [DHL+21a, ADK23], there is a compelling need for a systematic

analysis on real quantum devices. Such an analysis would delve into the robustness arising

from the presence of realistic quantum noise.

3. In a recent study, it was concluded that expressive variational quantum circuits offer inher-

ent privacy within the context of federated learning [KHL+23]. Their definition of privacy

essentially aligns with preventing the server from executing a reconstruction attack on the

underlying input data. This leads to the following question: can these findings be reformulated

within the framework of differential privacy?

4. Can we attain a quantum advantage for a real-word learning task under local differential

privacy?
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11.1 Improved bounds for quantum divergences

We present two technical contributions that establish tighter bounds for quantum divergences.

First, we prove here a quantum version of the Bretagnolle-Huber (BH) inequality [BH78, Can22].

The proof closely follows the one of the classical BH inequality, and for this reason the quantum

BH can be regarded as a folklore result. However, we include here the complete proof since, to the

best of our knowledge, it does not appear in any previous reference. We remark that a different

quantum generalisation of the BH inequality result was provided in [PC18] in the context of local

measurements.

Lemma 11.1 (Quantum Bretagnolle-Huber inequality). For every ρ,σ we have

1

2
∥ρ−σ∥1 ≤

√
1−e−D(ρ∥σ) (11.1)

Proof. We define the following quantity

U := ρ−1σ, (11.2)

V := (U − I )+, (11.3)

W := I +V −U = (U − I )−. (11.4)
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It’s well known that

Tr(ρV ) = Tr(σ−ρ)+ = 1

2
∥ρ−σ∥1, (11.5)

Tr(ρW ) = Tr(σ−ρ)− = 1

2
∥ρ−σ∥1. (11.6)

Moreover, remark that (1+V )(1−W ) =U and hence logU = log(I +V )+ log(I −W ). Applying the

Jensen’s inequality, we obtain

−D(ρ∥σ) ≤ Tr[ρ log(ρ−1σ)] = Tr[ρ logU ] (11.7)

= Tr[ρ log(I +V )]+Tr[ρ log(I −W )] ≤ logTr[ρ(I +V )]+ logTr[ρ(I −W )] (11.8)

= log(1−Tr[ρV ])+ log(1−Tr[ρW ]) = log

(
1− 1

2
∥ρ−σ∥2

1

)
. (11.9)

Exponentiating both sides, rearranging and taking the square root, proves the lemma. ■

Building upon [BBG18], we prove a quantum version of the advanced joint convexity of the

hockey-stick divergence.

Lemma 11.2 (Advanced joint convexity of the quantum hockey-stick divergence). For all states

ρ0,ρ1,ρ2 and γ′ = 1+ (1−p)(γ−1), we have

Eγ′(pρ0 + (1−p)ρ1∥pρ0 + (1−p)ρ2) ≤ (1−p)(1−β)Eγ(ρ1∥ρ0)+ (1−p)βEγ(ρ1∥ρ2), (11.10)

where β= γ′/γ.

Proof. Recall that

Eγ(ρ∥σ) := Tr(ρ−γσ)+ = 1

2
∥ρ−γσ∥1 + 1

2
(1−γ). (11.11)

We have

Eγ′(pρ0 + (1−p)ρ1∥pρ0 + (1−p)ρ2) = Tr[pρ0 + (1−p)ρ1 −γ′(pρ0 + (1−p)ρ2)]+ (11.12)

= Tr[pρ0 + (1−p)ρ1 − (1+ (1−p)(γ−1))(pρ0 + (1−p)ρ2)]+ (11.13)

= (1−p)Tr[ρ1 −γ(ρ0(1−β)+βρ2)]+ = (1−p)Eγ(ρ1∥ρ0(1−β)+βρ2) (11.14)

≤ (1−p)(1−β)Eγ(ρ1∥ρ0)+ (1−p)βEγ(ρ1∥ρ2), (11.15)

where the inequality follows from the (standard) joint-convexity of the quantum hockey-stick diver-

gence. ■
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11.2 Quantum encodings

Quantum encodings, also known as quantum feature maps or quantum embedding, are classical-

to-quantum functions mapping vectors to quantum states. In this section, we review some popular

encodings and highlight their connection with various quantum distances and neighbouring relation-

ships. We refer to [Sch21] for more details about the encodings and their corresponding kernel (i.e.

the value of |〈ψx |ψx ′′′〉|2 for two vectors x , x ′′′). Throughout this section, we will show that encoding

vectors close in various p-distance leads to states that are either close in trace distance or that can be

mapped one into the other by a local operation.

Amplitude encoding. A normalised vector x = (x1, . . . , x2n ) ∈C2n
, ∥x∥2 = 1 can be represented by

the amplitudes of a quantum state |ψx〉 via

x 7→ |ψx〉 =
2n∑

j=1
x j | j 〉 . (11.16)

For two normalised vectors x , x ′′′ we have

|〈ψx |ψx ′′′〉| = |x†x ′′′| =
∣∣∣∣1− 1

2
∥x −x ′′′∥2

2

∣∣∣∣ , (11.17)

where the second identity holds for any pair of normalised vectors. Hence,

1

2
∥|ψx〉〈ψx |− |ψx ′′′〉〈ψx ′′′ |∥1 =

√
1−|〈ψx |ψx ′′′〉|2 (11.18)

=
√

1−|x†x ′′′|2 =
√

1−
(
1− 1

2
∥x −x ′′′∥2

2

)2

(11.19)

≤ ∥x −x ′′′∥2. (11.20)

Rotation encoding. Rotation encoding is a qubit-based embedding without any normalisation

condition. Given a vector x in the hypercube [0,2π]⊗n , the i th feature xi is encoded into the i th qubit

via a Pauli rotation. For example, a Pauli-Y rotation puts the qubit into state |qi (xi )〉 = cos(xi ) |0〉+
sin(xi ) |1〉. The data-encoding feature map is therefore given by

φ : x → ρ(x) := |φ(x)〉〈φ(x)| with |φ(x)〉 =
1∑

q1,...,qn=0

n∏
k=1

cos(xk )qk sin(xk )1−qk |q1, . . . , qn〉 . (11.21)

Let I = {i : xi ̸= x ′
i }. We have that |I | = ∥x −x ′′′∥0. We immediately see that

TrI ρ(x) = TrI ρ(x ′′′). (11.22)

145



CHAPTER 11. SUPPLEMENTARY MATERIALS

Hamiltonian encoding. Let x = (x1, . . . , xN ) ∈ RN be a vector. Following [BFH23], consider the

following parameterised quantum circuit

|ψ(x)〉 =U1(x1) · · ·UN (xN ) |ψ0〉 , (11.23)

consisting of N parametric unitary operators Ui (xi ) ∈Un acting on the initial state |ψ0〉. Let ρ(x) :=
|ψ(x)〉〈ψ(x)|. These unitaries can also be written as U j (x j ) = e−i x j H j , where the Hamiltonian Hi =
H †

i generates the gate Ui . The following result shows that quantum circuits are robust to slight

perturbation of the classical parameters.

Lemma 11.3 (Adapted from Theorem 2.2, [BFH23]). Let x , x ′′′ ∈RN . U (θ) = e−iθH . For any initial state

|ψ0〉 we have

∥|ψ(x)〉〈ψ(x)|− |ψ(x ′′′)〉〈ψ(x ′′′)|∥2 ≤
N∑

i=1
∥Hi∥2|xi −x ′

i | ≤ ∥x −x ′′′∥1 max
i

∥Hi∥2. (11.24)

Remark also that for ρ,σ pure states we have ∥ρ−σ∥1 =
p

2∥ρ−σ∥2 and for any vectors x, x ′ ∈RN

we have ∥x −x ′′′∥1 ≤
p

N ∥x −x ′′′∥2. Then we have:

1

2
∥ρ(x)−ρ(x ′′′)∥1 ≤

√
1

2
∥x −x ′′′∥1 max

i
∥Hi∥2 (11.25)

≤
√

N

2
∥x −x ′′′∥2 max

i
∥Hi∥2. (11.26)

It’s easy to see that the circuits U (x) and U (x ′′′) coincides excepts for ∥x − x ′′′∥0 gates. In order to

investigate the local structure of the output, we need to introduce some assumptions on the circuit

architecture. For instance, assuming that the circuit has 1-dimensional connectivity and depth L,

there exists I ⊆ [n], |I | ≤ 2L∥x −x ′′′∥0, such that

TrI ρ(x) = TrI ρ(x ′′′). (11.27)

11.2.1 Noisy encodings

A case of interest is when the circuit U (x) is interspersed of L layers of local Pauli noise Pq . Let Cx be

the channel describing the composition of unitaries and noise:

Cx (ρ0) =P ⊗n
q ◦UN (xN )(·)UN (xN )† ◦P ⊗n

q ◦ · · · ◦P ⊗n
q ◦U1(x1)(ρ0)U †

1 (x1), (11.28)

where Pq represent a local Pauli noise channel with noise strength q . Then by Lemma 4.2, we get:

D2(Cx (ρ0)∥I /2n) ≤ q2Ln. (11.29)

and by Pinsker’s inequality,

1

2

∥∥∥Cx (ρ0)− I

2n

∥∥∥
1
≤

√
q2Ln

2
. (11.30)
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Alternatively, by the quantum Bretagnolle-Huber inequality (Lemma 11.1),

1

2

∥∥∥Cx (ρ0)− I

2n

∥∥∥
1
≤

√
1−exp(−q2Ln) . (11.31)

And by the triangle inequality

1

2
∥Cx (ρ0)−Cx ′′′(ρ0)∥1 ≤ 2min


√

q2Ln

2
,
√

1−exp(−q2Ln)

 . (11.32)

High noise regime Now, assume that ρ(·) is an encoding post-processed by a channel A , consisting

in L layers such that each of them has light-cone I and its followed by local depolarising noise with

noise parameter p. If p satisfies 2|I |(1−p) < 1, we have from ([HRF23], Proposition IV.8),

1

2
∥A (ρ(x))−A (ρ(x ′′′))∥1 (11.33)

≤ (2|I |(1−p))LW1(ρ(x),ρ(x ′′′)) (11.34)

For ρ(x)
(Ξ,τ)∼ ρ(x ′′′) we have

1

2
∥ρ(x)−ρ(x ′′′)∥1 ≤W1(ρ(x),ρ(x ′′′)) ≤ min

{
max
I∈Ξ

|I |3
2
τ,nτ

}
. (11.35)

11.3 Private quantum-inspired sampling

Our argument is similar to the one of (Problem 1.b, [Ull17]) for uniform subsampling, but we include

the complete proof here for clarity. Given a normalised vector x = (x1, . . . , xn) ∈Cn , let |x〉 :=∑n
i=1 xi |i 〉

be the amplitude encoding defined in the previous section.

Theorem 11.1 (DP amplification by quantum-inspired sampling). For any x ∈Cn , let s = (s1, . . . , sm) be

the measurement outcomes in the computational basis of |x〉⊗m . Denote S as the sampling mechanism

that maps x into s. Let A be a (ε,δ)-DP algorithm that takes only s as input. Then A ′ = A ◦S is

(ε′,δ′)-DP, with ε′ = log(1+ (eε−1)m(α+β)) and δ′ = δm(α+β).

Proof. We will use T ⊆ {1, . . . ,n} to denote the identities of the m-subsampled elements s1, . . . , sm

(i.e. their index, not their actual value). Note that T is a random variable and that the randomness

of A ′ := A ◦S includes both the randomness of the sample T and the random coins of A . Let

x ∼ x ′ be adjacent datasets and assume that x and x ′ differ only on some row t . Let s (or s′) be a

subsample from x (or x ′) containing the rows in T . Let F be an arbitrary subset of the range of A ).

For convenience, define p = (α+β)m. Note that, by definition of quantum amplitude encoding and

by union bound,

Pr[i ∈ T ] ≤ m ×Pr[|x〉 collapses to state |i 〉] ≤ m(α+β) := p (11.36)
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To show (log(1+p(eε−1)), pδ)-DP, we have to bound the ratio

Pr[A ′(x) ∈ F ]−pδ

Pr[A ′(x ′) ∈ F ]
≤ p Pr[A (s) ∈ F |i ∈ T ]+ (1−p)Pr[A (s) ∈ F |i ̸∈ T ]−pδ

p Pr[A (s′) ∈ F |i ∈ T ]+ (1−p)Pr[A (s′) ∈ F |i ̸∈ T ]
(11.37)

by p(1+ (eε−1)). For simplicity, define the quantities

C = Pr[A (s) ∈ F |i ∈ T ] (11.38)

C ′ = Pr[A (s′) ∈ F |i ∈ T ] (11.39)

D = Pr[A (s) ∈ F |i ̸∈ T ] = Pr[A (s′) ∈ F |i ̸∈ T ]. (11.40)

We can rewrite the ratio as

Pr[A ′(x) ∈ F ]−pδ

Pr[A ′(x ′) ∈ F ]
= pC + (1−p)D −pδ

pC ′+ (1−p)D
. (11.41)

Now we use the fact that, by (ε,δ)-DP, C ≤ min{C ′,D}+δ. Plugging all together, we get

pC + (1−p)D −pδ≤ p(eεmin{C ′,D})+ (1−p)D (11.42)

≤ p(min{C ′,D}+ (eε−1)min{C ′,D})+ (1−p)D (11.43)

≤ p(C ′+ (eε−1)(pC ′+ (1−p)D))+ (1−p)D (11.44)

≤ (pC ′+ (1−p)D)+p(eε−1))(pC ′+ (1−p)D) ≤ (1+p(eε−1))(pC ′+ (1−p)D), (11.45)

where the third-to-last line follow from min{x, y} ≤αx + (1−α)y for every 0 ≤α≤ 1. To conclude the

proof, we rewrite the ratio and get the desired bound.

Pr[A ′(x) ∈ F ]−pδ

Pr[A ′(x ′) ∈ F ]
≤ 1+p(eε−1). (11.46)

■
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