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Résumé

L’information quantique combine deux domaines scientifiques : la science de l’information,
et la mécanique quantique. Le domaine de l’information quantique cherche à utiliser les
propriétés de la mécanique quantique au service de l’encodage, de la manipulation et de
la mesure d’information. Il est alors possible d’encoder des bits quantiques (qubits) en
utilisant deux états quantiques pour encoder les état logiques |0⟩ et |1⟩. Il est également
possible de produire des états de plus hautes dimensions, encodés sur un plus grand
nombre d’états quantiques (qudits). Parmi les plateformes populaires pour l’encodage
et la manipulation d’information quantique, l’utilisation du photon comme porteur de
l’information quantique confère plusieurs avantages. Tout d’abord, la lumière peut se
propager sur de grandes distances avec peu d’interaction avec l’environnement, tout en
gardant ses qualités d’état quantique. De plus, le développement des communications
optiques aux longueurs d’onde télécom est un atout permettant de mettre au service de
l’information quantique différents outils et composantes optiques accessibles, ainsi que
les réseaux de communications existants. Enfin, il est possible de s’appuyer sur la crois-
sance du domaine de la nanophotonique afin de générer, manipuler ou bien mesurer
des états quantiques. Le photon est également un candidat attractif, car il possède une
variété de degrés de liberté sur lesquels il est possible d’encoder de l’information. Le
degré de liberté pionnier pour cette tache est la polarisation, qui permet d’encoder le |0⟩
et le |1⟩ logique du qubit sur deux états de polarisation orthogonaux. L’utilisation des
degrés de liberté temps et fréquence donne accès à un espace de Hilbert de grande di-
mension pour les états photoniques. Cela autorise l’encodage et le traitement en parallèle
d’un grand nombre de qubits voire de qudits. Dans ce cas, les états logiques sont en-
codés chacun sur un état fréquentiel du photon (sa couleur), ou le temps d’arrivée du
photon (le moment où la détection est effectuée). Le défi est alors de réussir à générer
et de manipuler des états fréquentiels. C’est dans ce cadre que se situe cette thèse sur
la génération et la manipulation d’états quantiques photoniques aux longueurs d’onde
télécom. Nous présentons trois réalisations. La première est une réalisation expérimentale
portant sur la génération efficace de paires de photons par processus non-linéaire du
second et du troisième ordre dans des sources intégrées innovantes : un guide en nio-
bate de lithium sur isolant, en couche mince et à inversion de domaines périodique, et
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un micro-résonateur en silicium sur isolant possédant un intervalle spectral libre de 21
GHz. La deuxième est le développement de concepts, de modèles et d’optimisations
numériques pour la manipulation de qubits et qudits photoniques dans les espaces-temps
fréquence avec des éléments linéaires. Nous utilisons des filtres programmables (PF) et
des modulateurs de phase électro-optiques (EOM). Nous comparons les performances
théoriques de portes à 1 qubit pour deux configurations de composants [EOM-PF-EOM]
et [PF-EOM-PF] dans les deux types d’encodage temps et fréquence. La troisième est la
démonstration expérimentale de portes a un qubit permettant de manipuler des qubits
encodés en fréquence ainsi que la parallélisation de ces portes à plusieurs qubits. Nous
démontrons à l’aide de ces portes la manipulation de qubits fréquentiels issus du micro-
résonateur en Silicium. Nous utilisons la configuration [EOM-PF-EOM] pour implémenter
une porte quantique reconfigurable et accordable. Un seul paramètre variable permet de
passer d’une porte identité à une porte Hadamard, ainsi qu’à un continuum de portes in-
termédiaires. Cette configuration nous permet également d’avoir un contrôle indépendant
sur chacune des portes parallélisées. Nous démontrons la parallélisation de 34 de ces
portes appliquées à 17 états à deux qubits intriqués en fréquence générés par le résonateur.
Nous utilisons ensuite ces portes pour réaliser la tomographie quantique des états in-
triqués et pour mettre en oeuvre un protocole de distribution de clef quantique basé sur
l’intrication des deux photons en fréquence. Nous faisons finalement la démonstration
inédite d’un réseau multi-utilisateur sans nœuds sécurisés en encodage fréquentiel. Cette
expérience constitue une preuve de principe pour la distribution de clé quantique dans le
domaine fréquentiel avec un débit de 2 bits par seconde en simultané pour chacune des
paires d’utilisateurs dans un réseau de 5 utilisateurs.
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Abstract

Quantum information combines two fields of science: information science and quantum
mechanics. Quantum information seeks to use the properties of quantum mechanics to
encode, manipulate, and measure information. The logical states |0⟩ and |1⟩ of quantum
bits (qubits) are encoded on . It is also possible to produce higher-dimensional states en-
coded over a larger number of quantum states (qudits). Among the popular platforms for
encoding and manipulating quantum information, the use of the photon confers several
advantages. First, light can propagate over great distances with limited interaction with
the environment. Furthermore, development of optical communications at telecom wave-
lengths is an asset, enabling us to harness various optical tools and components accessible
at telecom wavelengths and existing communications networks for quantum information.
Finally, it is possible to build on the growth of the field of nanophotonics to generate, ma-
nipulate, or measure quantum states. The photon is also an attractive candidate, as it has
a variety of degrees of freedom on which to encode information. Polarization is a pio-
neer degree of freedom, encoding the logical |0⟩ and |1⟩ of the qubit on two orthogonal
polarization states. . Encoding in time and frequency degrees of freedom gives access
to a high-dimensional Hilbert space for photonic states, enabling parallel processing of
a large number of qubits or even qudits. This is the scope of our work on the gener-
ation and manipulation of photonic quantum states at telecom wavelengths with three
main achievements. The first one is the efficient generation of photon pairs by second and
third-order nonlinear processes in innovative integrated sources: a thin-film, periodically-
poled lithium niobate-on-insulator waveguide, and a silicon-on-insulator micro-resonator
with a free spectral range of 21 GHz. The second one is the development of concepts,
models, and numerical optimizations for the manipulation of photonic qubits and qu-
dits in time-frequency spaces with linear devices. We use programmable filters (PF) and
electro-optical phase modulators (EOM). We compare the theoretical performance of 1-
qubit gates for two configurations [EOM-PF-EOM] and [PF-EOM-PF] in both time and
frequency encoding. The third one is the experimental demonstration of such manipu-
lation of frequency qubits from the silicon microresonator. We use the [EOM-PF-EOM]
configuration to implement a reconfigurable and tunable quantum gate. A single tun-
able parameter is used to go from an identity gate to a Hadamard gate, as well as to a
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continuum of intermediate gates. We then use these gates to perform quantum tomog-
raphy of entangled states and to implement a quantum key distribution protocol based
on two-photon frequency entanglement. Finally, we demonstrate a frequency-encoded
multi-user network without trusted nodes. This experiment constitutes a proof of princi-
ple for quantum key distribution in the frequency domain at a rate of 2 bits per second
simultaneously for each pair of users in a 5-user network.
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Parce que l’enfer c’est pas d’échouer, c’est
de ne pas tout faire pour esssayer.

Ben Mazué, Gaël Faye, Grand Corps
Malade, On a pris le temps, Ephèmère,

2022
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Chapter 1

Introduction

1.1 General context in quantum information

Quantum information bridges two prominent fields of research: information science and
quantum mechanics. Information science is dedicated to processing bits of data for com-
munication and computation. Classical bits are the fundamental units for computing and
communication tasks and are manipulated using logic gates, which perform operations
on these bits of information. Quantum physics has been a revolution that brought new
concepts to understand the behavior of systems at the level of single particles. Quantum
information aims to harness the specifics of quantum mechanics to information science.
Information can be encoded in quantum bits (qubits) i.e. quantum states evolving in a
two-dimensional Hilbert space with two orthogonal basis states called |0⟩ and |1⟩. Con-
trary to its classical counterpart, the qubit can exist in an infinity of coherent linear super-
position of |0⟩ and |1⟩, bringing the hope of massive parallelization and greatly increased
computational power. As a result, numerous works investigate the realization of devices
that can perform quantum information processing tasks.

Several quantum computing platforms have emerged as promising candidates for encod-
ing and manipulating quantum information. Some examples of systems based on atoms,
ions, or superconductors, have achieved remarkable results in the fields of quantum com-
puting and quantum simulation [2, 3, 4]. In contrast with other approaches, the optical
platform offers several key advantages such as low interaction with the environment, and
applications such as quantum communication, quantum computing, and quantum sens-
ing [5, 6, 7, 8, 9, 10, 11]. Capitalizing on technologies from optical telecommunications,
single photons appear as good candidates for distributed applications and linking distant
nodes.

Two key objectives for enabling a photonic quantum computing platform are the genera-
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tion of photonic quantum states and their efficient and scalable processing.

A major technological effort has been put in the direction of controlling single quantum
emitters, enabling the near-deterministic uniform flow of single photons, for instance in
single atoms [12] 2D materials [13, 14, 15] and quantum dots [16, 17]. Such sources repre-
sent a prominent step toward the deterministic generation of single photons, with a near
unity emission probability of high-quality single photons. The challenge for this platform
is the control of the emission wavelength of the single photon sources, emitting mostly
below 900 nm. To reach single photon emission at telecom wavelength, frequency con-
version is possible through non-linear interaction [18, 19, 20]. Furthermore, the quality
of the generated photons depends on the control of the environment around the quan-
tum emitters. They generally necessitate particular working conditions of vacuum and
temperature. Nonetheless, the performances achieved by these sources led to impressive
results, and promising perspectives, placing single emitters as a highly competitive plat-
form for quantum state generation [21, 22].

Alternatively, non-linear media can mediate interaction between light beams of different
frequencies. Through spontaneous parametric down-conversion or four-wave-mixing,
photon pairs can be emitted simultaneously and are correlated in time, space, and fre-
quency. While the generated quantum state is not a single photon state per se, the use
of temporal correlations can enable a heralded single-photon source. Measuring one photon
heralds the presence of the second one, which can then be used for quantum computing
or communication tasks. The photon pair generation via spontaneous processes has the
advantage of functioning at room temperature. Furthermore, emission can be engineered
to generate photons directly at telecom wavelength. While the process is probabilistic,
the ability to integrate such sources provides a very efficient way to design standalone
integrated quantum optics experiments, offering the possibility to generate and process
quantum states in a single chip [23, 24].

When working with photonic qubits, an essential choice is the degree of freedom used to
encode quantum information such as its polarization, space, orbital angular momentum
(OAM), relative time, or frequency [25, 26]. Polarization only allows encoding a single
qubit per spatial mode, and spatial qubits necessitate two spatial modes for one qubit. As
a result, expanding the number of qubits means increasing the size of the experiments.
An intrinsic advantage of time, frequency, and OAM is the access to a large dimensional
space of states permitting the encoding of parallel qubits in a single beam of light. In
comparison to OAM, multiple time and frequency-encoded qubits can coexist in a single
spatial mode, making them more suitable for easy transport through single-mode optical
fibers.
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1.2 Integrated quantum photonics

Integrated photonics is a pivotal technology that miniaturizes and integrates complex op-
tical systems onto a single chip. The optical confinement of light in a waveguide with
a small cross-section enhances interactions with non-linear materials. Several platforms
have emerged for photonic integration, such as silica [27], silicon nitride [28], gallium
arsenide [29], lithium niobate [30, 31], and silicon carbide [32]. In particular, silicon pho-
tonics and lithium niobate are attractive platforms for integrated quantum photonics.

Silicon photonics has become a well-established platform for integrated photonics cir-
cuits as it inherits the mastered techniques from silicon electronics and industry-ready fab-
rication methods. Silicon is also a well-suited material for classical and quantum telecom-
munication, as the transparency window includes the telecom range. Silicon-on-insulator
(SOI) in particular is very attractive as it allows the easy integration of various passive
components. While limited by non-linear losses induced by two-photon absorption com-
pared to silicon nitride, its higher third-order non-linear index makes it more efficient for
photon pair generation. The first use of silicon for photon pair generation was reported in
2006 [33]. As SOI is now processed at an industrial scale, it is possible to harness this tech-
nology for the controlled and reproducible fabrication of photon pair sources [34], as well
as quantum information processing [24]. SOI is thus a platform of choice for integrated
quantum photonics [23].

Lithium niobate is also a material of choice for optical quantum information processing.
Due to its high second-order non-linear index, it has been used in free space configuration
in the form of bulk crystals to generate photon pairs [35, 36]. Its first use for generating
photon pairs in waveguides has been reported in 2001 [31, 37]. Compared to silicon,
it offers a wider transparency range that includes the visible spectrum and enables the
integration of high-speed active optical components through electro-optic effects. Inte-
grating waveguides in lithium niobate is intrinsically difficult, as it is hard to etch with
common dry and wet etching methods, although possible through ion-beam enhanced
etching [38, 39]. Yet, titanium indiffusion and ion implantation have shown to be very
efficient alternatives for the fabrication of lithium niobate waveguides without etching,
altering the refractive index of the material necessary for guiding light in the material
[31, 37]. This technique however limits the confinement of light in the waveguide as the
relative refraction index difference is relatively small. A key step for the efficient, com-
pact, and scalable nanostructuring of lithium niobate is the processing of high-quality
crystalline thin films. One very recent and promising approach for the creation of waveg-
uides is the use of smart cut technology to produce sub-micrometer height thin films of
lithium niobate with high crystalline purity. With such thin films, the difficulty of etch-
ing lithium niobate can be transferred to other materials for creating guiding structures.
For instance, silicon nitride-loaded thin-film lithium niobate waveguide enables the guid-
ing of light in lithium niobate without etching the lithium niobate itself. Recent progress
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has been reported regarding the high-quality integration of optical components on this
platform [40]. For quantum photonics, this platform has the potential to serve numerous
functions, such as photon pair generation [41, 42, 43], and quantum information process-
ing [44, 45, 46]. Finally, a significant advantage of thin-film lithium niobate on insulator is
its ability to integrate with CMOS-compatible materials, such as silicon, enabling hybrid
applications for more scalable and standalone integrated architectures [47, 48, 49].

1.3 Frequency-domain encoding for quantum information

Frequency-bin encoding uses frequency modes of light to encode quantum information,
which offers several advantages

• Harnessing a larger number of frequency modes enables us to encode several qubits
in parallel using a pair of modes for the two states of each qubit

• These qubits can propagate contiguously in a single spatiotemporal mode.

• This encoding also offers an intrinsic robustness to environmental fluctuations.

Frequency-domain manipulation started to be investigated in 2005 and has gained a grow-
ing interest since. Table 1.1 presents a timeline of the works investigating frequency-
domain manipulation through theoretical works, experimental demonstration, either clas-
sical for gates characterization, or applied to quantum experiments, and very recently
on-chip design proposals. This table separates the theoretical works for the manipu-
lation, classical experiments, proof-of-concept, and experiments realized on generated
frequency-bin quantum states. The manipulation of frequency-bin qubits is not trivial
as it necessitates frequency conversion. Two methods, recently investigated since 2005
have been proposed:

Non-linear optical interaction has been demonstrated to perform tunable frequency con-
version between modes that can be separated by large frequency spacing [50, 51]. This
method involving non-linear four-wave mixing requires the use of strong optical pump
fields to tune the desired operation [52, 53].

Frequency conversion can also be achieved by using the electro-optic effect. In [54],
a frequency-coded communication scheme was proposed, using an electro-optic phase
modulator (EOM). In 2017, the seminal work in [55] introduces a theoretical framework
for frequency bin qubits. Within this paper, numerical simulation demonstrates that
EOMs and programmable filters (PF) can enable the realization of a universal set of single
and two-qubit gates for performing quantum computing tasks. This achievement ulti-
mately paves the way for universal quantum computing utilizing frequency-bin qubits.

Two main differences arise between these approaches: i) the qubit spacing: the non-linear
method, enables the manipulation of frequency bins spaced by one order of magnitude
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higher than the electro-optic approach (hundreds of GHz with respect to tens of GHz), and
ii) reconfigurability: the electro-optic approach, through electrical control of the EOMs
and PFs, enable to easily program the devices for any desired operation, whereas non-
linear transformations require a heavy setup for a limited reprogrammability.
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Figure 1.1: Timeline of the several works on frequency-domain manipulation.†: works
from the team in Purdue/Oak-Ridge, ∗: work using silicon on insulator photon pair
sources. Bold references represent works from our team.

An important challenge is the ability to generate frequency-bin quantum states. Semi-
nal experiments in [70, 71, 72] used photon pairs generated from a bulk crystal through
spontaneous parametric down conversion. The two photons spectrums were carved into
frequency bins using a frequency demultiplexer, enabling pioneer results in the domain of
frequency-bin quantum information, with a measure of Bell parameters for frequency-bin
entangled qubits. Capitalizing on the progress of integrated quantum optics, frequency-
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bin quantum states can be generated at telecom wavelength, in straight waveguides, or
micro-resonators. Waveguides can efficiently generate broadband photon pairs that can
be carved into frequency bins with external filtering, and micro-resonators enable the on-
chip generation of equispaced frequency combs.

Frequency-domain quantum information processing has been mainly investigated along
two paths:

• Generation of frequench-domain quantum states. A key challenge for frequency-
encoded information processing is the generation of frequency-bin qubits, with spac-
ing fit for the manipulation with electro-optic devices. Furthermore, to harness the
parallelization, the ability the generate an equispace comb of frequency-bin is nec-
essary. Frequency-bin entangled state generated by photon pair sources has also
been increasingly studied in lithium niobate waveguides [66, 75, 79, 87], silicon ni-
tride [75, 76, 86] and hydex micro-resonators [68]. Very recently, silicon photonics
has enabled, through the fabrication of complex nanostructures, the generatation of
frequency-bin entangled states [81, 84, 88].

• Processing of frequency-domain quantum information. Several theoretical and ex-
perimental studies have demonstrated the manipulation of frequency-bin quantum
states with EOMs and PFs. Arbitrary synthesis of single-qubit gates has been exper-
imentally realized for frequency-bin qubits, reaching high-fidelities [57, 61]. Such
qubit gates can be parallelized to independent frequency-bin qubits [57, 61, 67]. A
post-selected controlled-not gate has been demonstrated [85]. The manipulation
of qudits has also been investigated with an experimental realization of discrete
Fourier transform gate up to three dimensions [57, 75]. As such, the use of EOMs
and PFs offers a versatile approach to frequency-bin manipulation. Beyond the real-
ization of specific quantum gates, an electro-optic approach could lead to the com-
pact design of large-scale scale fully programmable interferometer in the frequency-
domain [60], analogous to standard spatial approaches [89].

This Ph.D. work, conducted between Telecom Paris and the Center of Nanosciences and
Nanotechnology (C2N), proposes to explore both building blocks, by exploiting two novel
sources of light emitting at telecom wavelength, based on two attractive platforms: silicon-
on-insulator, which has proven to be an enabling material for integrated quantum photon-
ics, and lithium-niobate-on-insulator, a promising emerging platform. As the landscape of
frequency-domain information has been increasingly growing, it is now possible to envi-
sion practical uses in quantum information processing. In this manuscript, we implement
a quantum key distribution protocol as a concrete application of frequency-encoding to
the domain of quantum communication.

In Chapter 2, we investigate photon pair generation at telecom wavelength of two novel
integrated sources, based on two promising materials for integrated classical and quan-
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tum photonics: a silicon on insulator micro-resonator, and a periodically-poled thin-film
lithium niobate waveguide on insulator. We first describe the non-linear processes of
spontaneous parametric down-conversion and spontaneous four-wave-mixing. Then we
describe both devices. For the silicon-on-insulator micro-resonator, we characterize the
spectral properties of the micro-resonator. We assess, a small spectral spacing and low
dispersion for the efficient generation of photon pairs at telecom wavelength. For the
periodically poled thin-film lithium-niobate waveguides, we optimize the parameters for
photon pair generation at telecom wavelength. Then for both sources, we characterize
their performances as a heralded single photon source, by computing the emission statis-
tics, heralding efficiencies, single photon purity, and spectral purity.

In Chapter 3, we describe the theoretical and numerical tools enabling the manipulation
of frequency-bin and time-bin encoded qubits with electro-optic modulators (EOM) and
programmable filters (PF). We investigate the synthesis of single qubit gates with time and
frequency encoding, using two combinations of PFs and EOMs. We compare the results of
both combinations and both encodings. Then, we investigate the parallelization of single-
qubit gates. We discuss the limitations and the perspective of improvement through more
complex RF driving of the EOMs. Some sections of Chapter 3 can be skipped for the
understanding of the results in Chapter 4, only requiring the understanding of the func-
tioning of the EOMs and PFs found in Section 3.2, and rationale behind single qubit gate
synthesis in Section 3.3

In Chapter 4, we experimentally realize a tunable single qubit gate for frequency-bin
qubits. We measure its performance and ability to be parallelized to several qubits. We
then apply those gates to the photon pairs generated by the on-chip photon pair sources
presented in Chapter 2. We generate and manipulate frequency-bin entangled state. Us-
ing two parallel single qubit gates, we perform frequency-bin Bell-like interferences and
perform quantum state tomography on frequency-bin qubits, generated by the silicon on
insulator micro-resonator. These parallel gates enable us to realize a proof-of-concept
of a frequency-domain version of a quantum key distribution protocol. Finally, we
perform a frequency-domain version of the Hong-Ou-Mandel experiment using a single
qubit gate, for qubits generated by a periodically-poled thin-film lithium niobate waveg-
uide.

We conclude in Chapter 5 and explore several paths for the continuation of the experi-
ments. We give a tentative broad view of where the frequency-bin manipulation could be
heading. Notably, we present preliminary results on an entanglement swapping protocol
performed on frequency-bin entangled qubits.

The work is presented in the three main chapters, 2, 3, and 4, as well as Section 5.2.
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Chapter 2

On-chip generation of photon pairs at
telecom wavelength

The ability to generate photonic quantum states at telecom wavelengths is a pivotal re-
source in quantum information science and technologies. This capability combined with
standard telecommunication infrastructures, will enable the creation of large-scale quan-
tum networks between distant nodes [90]. Spontaneous parametric down-conversion
(SPDC) and spontaneous four-wave mixing (SFWM) offer methods to produce, at tele-
com wavelength, photon pairs that exhibit correlation across various degrees of freedom.
Exploiting these correlations, one can achieve a single photon source from such a two-
photon state. As the two photons are created at the same time, a heralded single-photon
source is achieved through the measurement of one herald photon.

Photonic quantum information processing requires efficient and high-quality heralded
single-photon sources that need to exhibit efficient generation and high single-photon
purity. Harnessing the recent progress in the domain of integrated quantum optics, var-
ious platforms emerged as promising candidates for such purposes [1]. The materials
listed in Table 2.1 represent viable pathways for realizing integrated photon pair sources.
Each of them offers specific advantages for their guiding properties, non-linear interac-
tion, and transparency windows. We present in this chapter the experimental broadband
generation of photon pairs in silicon and lithium niobate on insulator.

Silicon photonics is a well-established platform for integrated photonics. The ability to
process at an industrial scale enables the production of large-scale integrated circuits,
providing a versatile testbed for quantum photonic [89, 104, 105]. The lack of second-
order coefficient however hinders the ability to integrate active devices. It is nonetheless
an attractive platform for photon pair generation: the third-order non-linearity of sili-
con enables photon pair generation through spontaneous four-wave-mixing [34, 106, 107].
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Material n
dmax [pm/V]

(χ(2))
n2 [m2W−1]
at 1.55 µm

Transparency
[µm]

loss[
dB.cm−1

]

Si 3.8 15 (strained Si) [91] 4.5x10−18[92] 1.1 - 9 0.026 [93]
Si3N4 2 - 2.6x10−19[94] 0.4 - 4 0.01 [95]
GaAs 3.4 170 (d36 [96] at 1 µm) 1.6x10−17[92] 1.0 - 10 0.2 [29]
AlN 2.1 23.2 [97] 2.3x10−19[98] 0.2 - 5 0.6 [99]

LiNbO3 2.21 25.2 [100] 9.1x10−20[101] 0.5 - 4 0.042 [102]
Hydex 1.5-1.9 - 1.15x10−19 [103] 0.2 - 2 0.06 [103]

Table 2.1: Properties of material used for integrated photon pair sources, adapted from
[1]. n: refraction index, dmax is the maximum second order non-linear coefficient, n2 is the
Kerr coefficient at 1.55 µm.

Micro-resonators are particularly interesting structures for photon pair generation. Such
structures enable more intensity to build up, as light undergoes several round trips in the
micro-cavity, thus facilitating more efficient nonlinear interactions with a reduced foot-
print. Additionally, photons are efficiently generated in spectral modes resonant with the
cavity, enabling the generation of narrow-band single photons. Such narrow filtering is
essential for the use of heralded single-photon sources [108]. The generation of photon
pairs in silicon micro-resonator structures was first reported in [34]. Numerous works fol-
lowed, enabling more efficient photon pair generation in micro-resonators leading to ap-
plications in quantum information [109, 110, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120].
The typical free spectral range of such a structure is typically of the order of hundreds of
GHz.

Lithium niobate (LN) has been a pioneeringly material for quantum optics [121]. Its non-
linear and electro-optical properties enable a plethora of applications such as polarization
rotation or electro-optic phase modulation and frequency conversion [46, 122, 123, 124].
For photon pair generation periodically LN is a seminal material, as its strong second-
order nonlinear coefficient enables the spontaneous generation of quantum states at tele-
com wavelength [31]. Recently, the smart-cut technology allowed the realization of high-
quality thin-film from bulk crystal, harnessing the thin-film technology. As such, it places
lithium niobate as a promising platform for integrated photonics and integrated quantum
technologies. Especially, the confinement of light harnessed in those thin films has since
2019 enabled the efficient photon pair generation in waveguides, in etched LNOI waveg-
uide [42, 43, 125], and more recently in micro-resonators [126], or in silicon-nitride-loaded
waveguides [41].

Photon pairs generated in bulk crystals or waveguide structures produce a broad spec-
trum that can be divided into frequency bins using external filtering techniques, such as
frequency demultiplexers or programmable filters. In the case of photon pairs generated
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Work year Frequency spacing Platform Reference

Kues et al. 2017 200 GHz
hydex

Single MR
[68]

Imany et al.† 2018 50 GHz
SiN

Single MR
[76]

Lu et al.† 2022 40 GHz
SiN

Single MR
[86]

Sabattoli et al.∗ 2022 15 GHz
SOI

2 MR
[81]

Borghi et al.∗ 2023 15 GHz
SOI

2 MR
[88]

Clementi et al.∗ 2023 19 GHz
SOI

4 MR
[84]

Mahmudlu et al. 2023 199 GHz
SiN

Single MR
[73]

Henry et al.∗ 2023 21 GHz
SOI

Single MR
[78]

Table 2.2: Frequency spacing achieved with micro-resonator structures for frequency-
domain manipulations. MR: micro-resonators.†: works from the group of Purdue/Oak-
Ridge, ∗: works using SOI micro-resonators.

in micro-resonator structures, the free spectral range (FSR) determines the frequency spac-
ing. Table 2.2 displays the achieved frequency spacing for micro-resonator-based sources.
With single micro-resonators, spacing has been achieved down to 40 GHz in SiN and hy-
dex. Employing complex SOI structures can reduce the frequency spacing to as low as
15 GHz. However, in such structures, the FSR is not constant across the entire spectrum,
reducing the ability to parallelize quantum gates to several qubits.

We aim in this chapter to introduce, and characterize two novel photon pair sources, emit-
ting at telecom wavelength, and fit for frequency manipulation. This chapter is structured
as follows: In Section 2.1, we introduce the concepts of both spontaneous parametric
down-conversion and spontaneous four-wave mixing enabling the photon pair gener-
ation. We discuss the desired statistical properties of a heralded single-photon source.
Then, in Section 2.2, we describe the structures used for photon pair generation: a
silicon-on-insulator (SOI) micro-resonator, and a periodically-poled thin-film lithium nio-
bate on insulator waveguide (LNOI). For the LNOI, we investigate the poling parameters
and optimize them for photon pair generation at telecom wavelength. For the micro-
resonator, we characterize the resonator structure and correlate the resonator properties
with the photon pair emission. Then, in Section 2.3, we characterize both photon pair
sources by assessing key metrics. We assess their efficiency, by measuring the number
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of generated pairs, and their quality by measuring the single photon statistics and their
spectral purity.

2.1 Spontaneous parametric down-conversion and spontaneous
four-wave-mixing processes

In this section, we investigate the two spontaneous processes for photon pair generation
in second-order and third-order non-linear materials, namely spontaneous parametric
down-conversion and spontaneous four-wave-mixing. We first explore the single mode
case in section 2.1.1 and 2.1.2, before considering multimode spectral emission in Section
2.1.4. We then discuss the spectral purity and photon number statistics of a heralded
single-photon source.

2.1.1 Interaction Hamiltonian for the SPDC process

Spontaneous parametric down-conversion is a non-linear process involving three inter-
acting fields

• A pump photon of frequency ωp and wavevector k⃗p,

• A signal photon of frequency ωs and wavevector k⃗s,

• An idler photon of frequency ωi and wavevector k⃗i.

The Hamiltonian describing the non-linear interaction can be expressed in terms of cre-
ation and annihilation operators â†

j and âj, k ∈ {p, s, i} as [127, 128]

ĤSPDC = ih̄κ
(

âi âs â†
pei∆⃗k .⃗L−i∆ω.t + â†

i â†
s âpe−i∆⃗k.⃗L+i∆ω.t

)
. (2.1)

Where κ incorporates the medium geometry and is proportional to the second-order co-
efficient de f f . In Eq. 2.1, ∆⃗k and ∆ω are respectively the phase and energy mismatches
involving the energy and wavevectors of the three interacting fields, defined as

∆⃗k = k⃗p − k⃗i − k⃗s

∆ω = ωp − ωi − ωs
(2.2)

A critical condition is the cancelation of the phase mismatch ∆⃗k = 0. If this condition is
respected, the energy build-up of the generated field increases monotonously with crystal
length. In the presence of phase mismatch, power transfer from the pump to the generated
field initially increases over a coherence length of lc =

π

∆⃗k
, after which the energy exchange

between the pump and the generated beam changes sign, causing the generated power
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to cancel out at 2 × lc. Achieving ∆⃗k = 0 depends on the ability to compensate for the
dispersion in the medium. Such a condition can be achieved using the birefringence of the
medium, and tuning the orientation of the non-linear medium with the interacting pump
field [129]. Alternatively, quasi-phase matching (QPM) can be achieved with a non-zero
∆⃗k. This technique consists of a periodic reversal of the ferroelectric domains, allowing
to change the sign of the χ(2). To achieve QPM, inversion must happen every lc. We can
thus define a poling period, Λpoling = 2lc. Under these considerations, the condition to
achieve quasi-phase matching becomes

kp = ki + ks +
2π

Λpoling
. (2.3)

An interesting point is the possibility of compensating for any values of phase mismatch
as long as the right poling can be engineered. We will see in Section 2.2.1.2 how the engi-
neering of the poling period enables us to achieve QPM for the generation of photon pairs
starting from a specific pump field. Experimentally, QPM can be achieved by stacking lay-
ers of non-linear medium with an inverse orientation direction [130], or directly changing
the material’s properties by applying a strong electric field, that changes the direction of
polarization of the medium. Assuming ∆⃗k = 0 and ∆⃗ω = 0, the Hamiltonian becomes

ĤSPDC = ih̄κ
(

âi âs â†
p + â†

i â†
s âp

)
(2.4)

This Hamiltonian describes two non-linear processes. The first term of the sum corre-
sponds to the sum-frequency generation: two photons of energy ωi and ωs are annihi-
lated to create one photon of energy ωp = ωi + ωs. A particular case of this process is
second harmonic generation (SHG), where the annihilated photons have the same energy
ωi = ωs = ωp/2. The second term corresponds to the SPDC process, where one photon of
energy ωp is annihilated to create two photons of energy ωi and ωs. It is worth noting that
SHG and SPDC both necessitate the same energy and momentum conservation relations.

Because of its high intensity compared to the spontaneously generated photons, the pump
field can be treated as a coherent state of amplitude αp. The interaction Hamiltonian can
be rewritten as :

ĤSPDC = ih̄αpκ
(

âi âs + â†
i â†

s

)
(2.5)

Under these conditions, the two-photon state created by the SPDC process can be written
as [127, 128]

|ψ⟩ = e
1
ih̄ ĤSPDC |0i, 0s⟩ ≈ ζSPDC |0i, 0s⟩+ καp |1i, 1s⟩+

(καp)2

2
|2i, 2s⟩+ · · · (2.6)

Where ζSPDC is the normalization coefficient. From Eq. 2.6, we see that spontaneously, a
photon pair is created with a probability |καp|2. |αp|2 is proportional to the pump power
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Pp. It also appears that double pairs can be created. These events are not desirable, as we
are only interested in generating pairs of single photons.

2.1.2 Interaction Hamiltonian for the SFWM process

The SFWM process involves four interacting fields:

• Two pump photon of frequency ωp and wavevector k⃗p,

• A signal photon of frequency ωs and wavevector k⃗s,

• An idler photon of frequency ωi and wavevector k⃗i.

The Hamiltonian describing the non-linear interaction is [127, 128]

ĤSFWM = ih̄Γ
(

âi âs â†
p â†

pei∆⃗k .⃗L−i∆ω.t + â†
i â†

s âp âpe−i∆⃗k.⃗L+i∆ω.t
)

. (2.7)

In Eq. 2.7, Γ englobes the third-order nonlinearity of the medium, ∆⃗k and ∆ω are respec-
tively the phase and energy mismatch, defined as

∆⃗k = 2⃗kp − k⃗i − k⃗s

∆ω = 2ωp − ωi − ωs
(2.8)

As for SPDC, we wish to have ∆⃗k = ∆ω = 0. Fulfilling ∆⃗k = 0 depends on dispersion in
the medium. As the four interacting fields are close in frequency: ωp ≈ ωi ≈ ωs, phase
matching can thus be achieved by engineering the dispersion in the medium to obtain
zero dispersion for a region centered on the pump wavelength. In integrated structures,
this can be achieved by changing the width or height of the waveguide [131].

Treating the pump as a classical field, we can write the Hamiltonian for a strong pump
pulse as

ĤSFWM = ih̄α2
pΓ
(

âi âs + â†
i â†

s

)
(2.9)

The generated bi-photon state can thus be written as

|ψ⟩ = e
1
ih̄ ĤSFWM |0i, 0s⟩ ≈ ζSFWM |0i, 0s⟩+ Γα2

p |1i, 1s⟩+
(Γα2

p)
2

2
|2i, 2s⟩+ · · · (2.10)

Where ζSFWM is the normalization coefficient. From Eq. 2.6, we see that spontaneously, a
photon pair is created with a probability |καp|4. The photon pair generation probability is
thus proportional to P2

p .
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2.1.3 Comparison of SPDC and SFWM

The two non-linear processes give rise to similar wavefunctions

|ψSPDC⟩ ≈ ζSPDC |0i, 0s⟩+ καp |1i, 1s⟩+
(καp)2

2
|2i, 2s⟩+ · · · (2.11)

|ψSFWM⟩ ≈ ζSFWM |0i, 0s⟩+ Γα2
p |1i, 1s⟩+

(Γα2
p)

2

2
|2i, 2s⟩+ · · · (2.12)

With each process, we produce photon pairs, with a probability increasing with pump
power Pp. The dependency is however different for SPDC and SFWM. The probability of
generating a photon pair is expected to evolve as:

• Pp for photon pairs generated from SPDC,

• P2
p for photon pairs generated from SFWM.

To facilitate the reading, SPDC and SFWM Hamiltonians can be written generally as

ĤPP = ih̄ξ
(

âi âs + â†
i â†

s

)
(2.13)

Where ξ = καp or ξ = Γα2
p respectively for SPDC and SFWM. This Hamiltonian leads to a

wavefunction |ψ⟩
|ψ⟩ ≈ ξ0 |0i, 0s⟩+ ξ |1i, 1s⟩+ ξ2 |2i, 2s⟩+ · · · , (2.14)

where ξ0 is a different normalization coefficient for SPDC and SFWM.

The following section describes notions that are similar for both processes.

2.1.4 Spectral distribution of photon pairs

In previous sections, we assumed photon pair emissions to be in a single mode, with just
one pair of signal and idler photons at frequencies ωi and ωs. However, in practice, pho-
ton pair generation is multimode, allowing signal and idler photons to be emitted across
a range of frequencies, while still satisfying energy conservation relation and resulting in
the following ωi and ωs relationships:

ωi = ωd − ω

ωs = ωd + ω
(2.15)

where ωd represents the degeneracy frequency. In the case of SPDC, ωd = ωp/2, and
the case of SFWM, ωd = ωp. The Hamiltonian describing the multimode generation of
photons can be defined as

ĤPP =
∫

ωi

∫

ωs

dωidωs A(ωi, ωs)ih̄ξ
(

âωs âωs + â†
ωs

â†
ωs

)
, (2.16)
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Where
A(ωi, ωs) = α(ωi, ωs)Φ(ωi, ωs), (2.17)

is the joint spectral amplitude describing spectral correlations between the signal and
idler photon, and is the product of the pump spectral shape α(ωd − ω, ωd + ω) and the
medium’s phase matching function Φ(ωd − ω, ωd + ω), that determines the range of fre-
quencies for which the phase matching is achieved [108, 132]. The multimode photon pair
state is thus expressed as

|ψ⟩ ≈
∫

ωi

∫

ωs

dωidωs A(ωi, ωs)ξ |1ωi , 1ωs⟩ . (2.18)

signalidler

ωp

ωd =
ωp
2

SPDC
ωp

ωd = ωp

SFWM(a) (b)

signalidler

Figure 2.1: Representation of a photon pair spectrum generated by (a): SPDC and (b):
SFWM.

In the next section, we describe how spectral correlations affect the purity of the generated
quantum states.

2.1.5 Spectral purity

A pure photon state corresponds to a well-defined spatiotemporal mode. A high spectral
purity (Pspectral) is essential to perform quantum experiments between independent her-
alded photon sources [108]. Photon pairs generated by SFWM or SPDC usually exhibit
spectral correlation. The detection of the heralding signal projects the heralded idler into
an incoherent mixture of states. As such, for use in heralded quantum experiments, it is
essential to suppress those spectral correlations to achieve a high spectral purity.

Practically, a high purity can be achieved using spectral filtering on the signal and idler
photon, to reduce the spectral correlations. However, this technique comes at the price of
a lower photon rate [133]. Alternatively, engineering the joint spectral amplitude function
can be achieved by using a pulsed pump field. The broadband of the pump reduces the
demand on spectral filtering [108].

To see how spectral correlations affect the spectral purity of a heralded single photon, let
us use the Schmidt decomposition and express Eq. 2.18 as a sum of signal idler quantum
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state generated at the frequencies ωi,n and ωs,n as [134]

|ψ⟩ = ∑
n

√
λn |ωi,n, ωs,n⟩ , (2.19)

where |ωi,n⟩ and |ωs,n⟩ define two sets of eigenmodes. λn are the Schmidt coefficients,
respecting the condition

∑
n

λn = 1 (2.20)

The operation of heralding corresponds to tracing out one photon from the state. Con-
sidering heralding a signal photon with an idler, we can write the density matrix of a
heralded signal photon as

ρs = Tri (|ψ⟩ ⟨ψ|) = ∑
n

λn |ωs,n⟩ ⟨ωs,n| . (2.21)

The degree of spectral correlations can be quantified by computing the Schmidt number,
describing the effective number of populated eigenmodes [135]

K =
1

∑N λ2
n

(2.22)

The spectral purity of such a state is directly linked to the Schmidt number as [136]

Pspectral =
1
K

(2.23)

From this equation, we thus see that to achieve a unit purity, it is necessary to harness K =
1, i.e., each photon populating a single spectral mode. Please note that the measurement
of the spectral purity is described in Section 2.3.5

2.1.6 Photon number statistics

A light source emits photons with certain statistics:

• Poissonian statistics: Coherent light sources, e.g. laser

• Super-Poissonian statistics: Chaotic light sources, e.g. light spontaneously emitted
from an atom

• Sub-Poissonian statistics: Quantum , e.g. single photon sources

Each of the three statistics exhibits specific intensity correlations, that are characterized by
the second-order correlation function g(2)(0). For a light source radiating an electric field
Ê, with the complex components Ê(+)(t) and its complex conjugate Ê(−)(t), the second-
order correlation function is written as [137, 138].
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g(2)(τ) =

〈
Ê(−)(t)Ê(−)(t + τ)Ê(+)(t)Ê(+)(t + τ)

〉

〈
Ê(−)(t)Ê(+)(t)

〉 〈
Ê(−)(t + τ)Ê(+)(t + τ)

〉 , (2.24)

Assuming quantized electro-magnetic fields, we can express the electric field Ê(+) and
Ê(−) as creation and annihilation operators â and â†. Eq. 2.24 becomes [137]

g(2)(τ) =
〈

â† â† ââ
〉

⟨â† â⟩ ⟨â† â⟩ =
⟨n̂(n̂ − 1)⟩

⟨n̂⟩2 = 1 +
⟨(∆n̂)⟩2 − ⟨n̂⟩

⟨n̂⟩2 (2.25)

In Eq. 2.25, ⟨n̂⟩ and ⟨(∆n̂)⟩2 are respectively the mean number of photon and the vari-
ance. The value of g(2)(τ) remains theoretically constant for a photonic mode unaffected
by decoherence. However, a realistic source has limited coherence time resulting in two
limits for

g(2)(τ → ±∞) → 1

g(2)(τ → 0) → 1 +
⟨(∆n̂)⟩2 − ⟨n̂⟩

⟨n̂⟩2

(2.26)

Table 2.3 lists the expected values of g(2)(0) for several probability distributions Pn.

Poissonian Thermal Single photon source

Pn̂ = ⟨n̂⟩n̂

n̂! e−⟨n̂⟩ 1
(⟨n̂⟩+1)

(
⟨n̂⟩

⟨n̂⟩+1

)n̂
Pn̂=1 = 1, Pn̂ ̸=1 = 0

⟨(∆n̂)⟩2= ⟨n̂⟩ 2⟨n̂⟩ 0
Expected g(2)(0) 1 2 0

Table 2.3: Probability distribution and associated values of g(2)(0) for coherent, thermal
and quantum light sources.

The second-order correlation function can be experimentally evaluated with a Hanbury-
Brown and Twiss (HBT) interferometer, presented in Fig. 2.2. This interferometer consists
only of a 50:50 beam splitter whose outputs are directed to two photon detectors. The in-
tensity correlations are then measured by computing a histogram of relative arrival time
at the two detectors. Intuitively, we can already understand the behavior of a single pho-
ton source plugged into this experiment. A single photon arriving at a beam splitter can
only be transmitted or reflected. As such, it can only trigger one detector at a time. For a
true single-photon source, the histogram of relative arrival time at the two detectors ex-
hibits no simultaneous detection, hence a g(2)(0) = 0. Please note that we use the HBT
interferometer in Section 2.3.4 for measuring the single photon purity, as well as in Section
2.3.5 for measuring the spectral purity.
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&

Light source

Figure 2.2: Experimental setup for the measurement of the second order correlation func-
tion.

2.2 Integrated sources for photon pair generation at telecom wave-
length

In this section, we explore the experimental generation of photon pairs at telecom wave-
length using two innovative integrated sources: a silicon-on-insulator micro-resonator
and a periodically poled thin-film lithium niobate waveguide. Our approach begins
with an introduction to these structures and their optimization for photon pair genera-
tion around 1550 nm. For the LNOI waveguide, we optimize the waveguide parameters
and temperature, and for the SOI micro-resonator, we compare the spectral properties of
the resonator with the photon pair emission. Following, we evaluate the performance of
both sources, by assessing key metrics such as generation efficiency through the gener-
ated number of pairs, internal brightness, heralding efficiency, single photon purity, and
spectral purity.

2.2.1 Periodically poled thin-film lithium niobate waveguides-on-insulator

2.2.1.1 Description of the waveguides

This section focuses on a chip comprised of periodically-poled thin-film lithium niobate
waveguides, designed in C2N and fabricated at the Royal Melbourne Institute of Tech-
nology (RMIT). The wafer consists of a 300-nm-thick lithium niobate (LN) film bonded
over a 2-µm-thick buried SiO2 wafer using smart-cut technology. The waveguides consist
of a 400 nm thick layer of silicon nitride (SiN) deposited on top of the LN layer and then
partially etched to a depth of 350 nm. The refractive index of SiN (1.98) is slightly smaller
than LN (2.13 for extraordinary mode at 1550 nm). As such, it laterally confines the optical
mode while leaving most of the light in the lithium niobate layer [139]. A cross-section
of the waveguide is shown in Fig. 2.3, with the simulated transverse profiles for the two
wavelengths of interest, 780 nm for the pump wavelength, and 1550 nm for the photon
pairs. Gold electrodes are deposited on both sides of the waveguide in a comb pattern
as shown in Fig. 2.4 to realize the periodic poling. The teeth of the comb are spaced to
match the desired poling period Λpoling over a certain length Lpoling. Three Λpoling and
four Lpoling are designed, and listed in Table. 2.4. To achieve the periodic poling, electric
pulses of 48 kV/mm are applied for a duration of 10 ms[139].
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λ = 1560 nmλ = 780nmSiO2

SiO2

LiNb03

SiN

w

te

tLN

tSiN

(a) (a)

Figure 2.3: Scheme of the cross-section of the structure. Simulation of intensity mode
profile calculated using Lumerical finite-difference eigenmode solver for (a): 780 nm light
and (b): 1560 nm light. tSiN= 400 nm, te= 350 nm, tLN= 300 nm, w= 2 µm.

Lpoling

Λpoling

...

Figure 2.4: Drawing of a thin film lithium niobate waveguide. The waveguide is dis-
played in darker blue. The domain inversion is represented by a lighter shade of blue
along the waveguide. Λpoling corresponds to the poling period, while Lpoling correspond
to the length of the poling region.

The sample is divided into three groups of waveguides, one for each Λpoling. The three
groups are composed of 10 waveguides: 4 with a poling length of 4800 µm, 2 with a poling
length of 3600 µm, 2 with a poling length of 2400 µm, 2 with a poling length of 1200 µm.
Fig. 2.5.(a) shows a portion of the photonic chip, on which we observe 4 waveguides.
Each waveguide is surrounded by arrays of electrodes. The squares correspond to the
contact electrodes for the external wiring. Fig. 2.5.(b) shows a zoom-in of a waveguide,
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Λpoling (µm) 4.97 4.93 4.87
Lpoling (µm) 4800 3600 2400 1200

Table 2.4: Available poling periods (Λpoling) and poling lengths (Lpoling).

with combs of electrodes used for the poling.

(a) (b) 10 µm500 µm

Poling electrodes

Figure 2.5: (a): Picture of a part of the device. the gold squares are contact electrodes for
the external electrical signal. (b): zoom-in on a waveguide with two combs of electrodes
around the waveguide used for poling.

2.2.1.2 Spontaneous parametric down-conversion in a periodically-poled thin-film lithium
niobate waveguide

The process of photon pair generation in a second-order non-linear material has been de-
scribed in Section 2.1.1. We recall here the condition for achieving quasi-phase-matching
(QPM) presented in Eq. 2.3

k⃗p = ki + ks +
2π

Λpoling
. (2.27)

As shown in Table 2.4, three poling periods are designed in the sample, which restricts the
phase-matching possibilities. However, as the wavevectors’s magnitude is temperature-
dependent, it is possible to tune the temperature to gain flexibility in choosing the param-
eters for the pump, signal, and idler. In this section, we present the optimization of the
poling period, and sample temperature, enabling the degenerate photon pair generation
at telecom wavelength, from a pump laser situated at 780.24 nm.

Directly tuning the parameters based on the generated SPDC signal is challenging due
to the extremely low generated power compared to the input pump. To overcome this
difficulty, we use second-harmonic generation (SHG), which must satisfy the same phase-
matching conditions. We wish to generate the photons using a pump laser Eylsa, from
Quantel, operating at a fixed wavelength of 780.24 nm, and thus producing degenerate
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photons around 1560.48 nm. In this regard, we optimize the waveguide parameters for
the second harmonic generation at 780.24 nm from a pump at 1560.48 nm. Fig. 2.6.(a)
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Figure 2.6: (a):Setup for the second harmonic generation. FA: fiber amplifier, VOA: vari-
able optical attenuator, PC: polarization controller, ML: microlensed fiber, C: collimator,
DM: dichroı̈c mirror. (b): Typical SHG spectrum.

shows the setup used for second harmonic generation. A CW tunable laser at telecom
wavelength (Tunics T100r) is modulated in intensity by a carrier wave at 80 KHz. This
modulation enables the detection of the low-intensity SHG signal using a lock-in am-
plifier. The laser is then power-controlled using an erbium-doped fiber amplifier (FA)
followed by a variable optical attenuator (VOA). The power is monitored using a 1:99
beam splitter, where the 1% is directed to a power meter. The polarization of the pump
laser is controlled by a polarization controller. The light is coupled into and out of the
waveguide using a microlensed fiber. A passive resistive heater is used to control the
temperature of the sample. A collimator AR coated at 780 nm couples light out of the
fiber. The second harmonic is separated from the fundamental pump by a dichroı̈c mirror
(DM), before reaching a photodiode Newport 1801. The signal received by the photodiode
is then mixed with the 80 kHz reference modulation signal from the laser and measured
by the lock-in amplifier. While scanning the wavelength of the pump laser, we measure
the second-harmonic intensity. Fig. 2.6.(b) shows a typical SHG spectrum. To find the
parameters optimizing SHG at 780.24 nm, we measure the central wavelength of the SHG
spectrum as a function of the tuning parameters.

Fig. 2.7.(a) shows the measured SHG maxima as a function of Λpoling. The SHG wave-
length variations are fitted with linear regression, showing an increase of 19 nm per 0.1
µm of the poling period. A poling period of 4.87 allows SHG close to 780 nm. Choosing
this particular poling period, we vary the temperature to observe the behavior of the SHG
spectrum. Results are shown in Fig. 2.7.(b). The SHG wavelength increases with the tem-
perature, with a variation of 0.3 nm/C°. Increasing the waveguide temperature to 53°C
allows us to tune the SHG wavelength to the desired value of 780.24 nm.
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It is worth noting that by cooling the sample, it would be possible to generate SHG using
the other available poling periods. For Λpoling = 4.93 µm which is the next accessible
poling period, at 40°C, the SHG wavelength is 787.71 nm. Achieving second harmonic
generation at 780.24 nm would require cooling the waveguide at a temperature T = -6 °C
and a more complex infrastructure.
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Figure 2.7: Central wavelength of the SHG spectrum for (a): the three available poling
periods for waveguides at a temperature of 40°C, and (b): three waveguide temperatures
a poling period Λpoling=4.87 µm.

The poling length was not studied here as it is not a critical parameter for tuning the
second-harmonic generation. However, a longer poling length leads to a more efficient
generation [140] up to a certain saturation limit. We use the longest poling length avail-
able. To achieve SHG at 780 nm, we therefore use the parameters described in Table 2.5.
We obtain the second-harmonic efficiency by computing the ratio of the second harmonic

Λpoling (µm) Lpoling (µm) T (°C)
4.87 4800 53

Table 2.5: Poling and temperature parameters used for SPDC with LNOI waveguides.

and fundamental wave power, correcting from losses throughout the setup, and find a
maximum value of 230 %.W−1.cm2.

Having optimized the phase matching condition for second harmonic generation at 780.24
nm, we now investigate spontaneous parametric down-conversion starting from this wave-
length.

Fig. 2.8 shows the setup used to observe the SPDC spectrum with an optical spectrum
analyzer. A laser Eylsa Quantel, emitting light at 780.24 nm, is power-controlled with
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Figure 2.8: Setup for the measurement of the SPDC spectrum. VOA: variable optical atten-
uator, PC: polarization controller, ML: micro lensed fiber, OSA: optical spectrum analyzer.

the help of a variable optical attenuator and monitored with a 1:99 beam splitter. Be-
fore the waveguide, the polarization is controlled using paddles. Light is coupled into
and out of the waveguide using a microlensed fiber. The generated SPDC spectrum is
filtered by two RG1000 filters, that suppress the pump wavelength and is then directed
to a Princeton Instrument spectrometer. Fig. 2.9 shows the results of the experiment at
three different sample temperatures: T = 53°C, T = 65°C, T = 80°C. As expected from
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Figure 2.9: Normalized measured SPDC spectra for sample temperatures T=53, 65, and
80 °C. The black vertical line shows the degeneracy point.

the SHG measurements, the degeneracy point is found at 53°C at twice (half) the pump
wavelength (frequency), i.e.: 1560.48 nm (192.113 THz). For the non-degenerate photon
pairs obtained at higher temperatures, we can only measure the signal photon due to
detector cutoff.

In Section 2.3, we characterize the efficiency and quality of this photon pair source.
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2.2.2 Silicon-On-Insulator micro-resonator

In this section, we explore photon pair generation in a silicon-on-insulator micro-resonator.
We describe the micro-resonator structure, followed by a characterization of its spec-
tral properties. This characterization includes an analysis of the resonance modes, their
linewidth and quality factor, and measurement of the free spectral range. Then, we ex-
plore the broadband photon pairs emission and compare it to the previously measured
characteristics of the resonator.

2.2.2.1 Description and characterization of the resonator and parameter optimization

This silicon-on-insulator micro-resonator was designed at C2N and fabricated at ST mi-
croelectronics. A 3D representation of the sample is shown in Fig. 2.10. The resonator is
designed in a folded configuration to limit the footprint of the device to below 0.05 mm2,
and the shape of the curves has been optimized to limit the bending loss. Grating cou-
plers present at both ends of the bus waveguide couple light in and out of the sample. The
waveguides consist of an etched layer of silicon with a height of 300 nm over a 350 nm
layer of buried oxide layer. The 700 nm width of the waveguides has been chosen to reach
the anomalous dispersion regime and achieve a zero dispersion. The bus waveguide is
evanescently coupled to the cavity on a length of 10 µm.

SiO2

Si

Figure 2.10: 3D drawing of the micro-resonator. Fibers couples light in and out of the bus
waveguide through grating couplers. The bus waveguide is evanescently coupled to a
folded cavity.

We measure the spectrum of the cavity using the setup described in Fig. 2.11.(a). The spec-
tral analysis is performed using a tunable laser injected into the bus waveguide through
the input grating coupler, from 1526.83 nm to 1554.12 nm with a 1 pm resolution. Light
is outcoupled into fiber through the output grating coupler of the bus waveguide, and
measured on a powermeter HP437B. As the laser tunes on a cavity mode, light couples
into the ring, resulting in a drop of the signal measured by the photodetector. Fig. 2.11.(b).
shows a portion of the spectrum, from 1537 nm to 1543 nm.
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Figure 2.11: (a): Experimental setup and (b): Measured transmission spectrum of the
cavity.

Looking individually at each cavity mode, we can examine their respective characteris-
tics. We fit each resonance with a Lorentzian function to measure the full-width-half-
maximum (FWHM) ∆ f , and central frequency f0 as

L( f , f0, ∆ f ) ∝
∆ f

( f − f0)2 + ∆ f 2 . (2.28)

Fig. 2.12 shows an example of a Lorentzian fit on a cavity mode centered at 1537.974 nm.
The measured resonance linewidth ∆ f can then be used to compute the external quality
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Figure 2.12: Lorentzian fit of a measured cavity mode.

factor for each cavity mode as

Q =
f0

∆ f
. (2.29)

Fig. 2.13.(a) shows the measured FWHM, with a mean value of 430 ± 240 MHz. Fig.
2.13.(b) the corresponding quality factors. The values vary from 2 × 105 to 8 × 105, with a
mean quality factor around 1540 of 4.75x105.
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Figure 2.13: (a): Measured FWHM of the cavity modes. (b): Corresponding quality fac-
tors.

We then measure the free spectral range (FSR), spectral spacing between two adjacent
cavity modes, linked to the cavity perimeter L, expressed in frequency as

FSR =
c

ngL
. (2.30)

Where c is the speed of light, and ng is the group index of the waveguide. The cavity was
designed with a perimeter L = 3.54 mm, targeting an FSR of 21 GHz. Experimentally, we
measure the FSR by looking at the difference in wavelength or frequency of two consec-
utive modes n and n+1. Taking into account its significance in frequency units for our
subsequent analysis, we measure the FSR as

FSR = fn+1 − fn. (2.31)

Fig. 2.14 shows the measured free spectral range as a function of the wavelength. The
solid black line shows the mean value of the FSR of 21.25 GHz. The shaded green area
highlights the region where the FSR remains within a deviation from its mean value of
less than the mean cavity linewidth of 0.43 GHz, encompassing 85% of all the FSR values.

In the next section, we discuss the SFWM process in this structure. We investigate how
the measured properties of the ring influence the photon pair emission.

2.2.2.2 Spontaneous four-wave-mixing in a silicon-on-insulator micro-resonator

In Section 2.1.2, we introduced SFWM and discussed the energy conservation relation
and phase matching conditions. SFWM generates a pair of signal-idler photons, with
their frequencies symmetrically distributed around a degeneracy frequency ωd, equal to
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Figure 2.14: Free-spectral range as a function of the optical wavelength and frequency. the
solid black line represents the mean free spectral range = 21.25 GHz.

the pump frequency ωp. These signal and idler photons can be emitted at frequencies
ωd − ω and ωd + ω. However, in our case, photon pair generation takes place within
a micro-resonator characterized by a discretized spectrum. In this context, the pump is
tuned to a cavity mode, and the signal and idler photons are emitted on frequency modes
|IN⟩ and |SN⟩ and defined as

|IN⟩ = |ωd − 2πN × FSR⟩
|SN⟩ = |ωd + 2πN × FSR⟩ .

(2.32)

where N ∈ N∗. Each signal and idler mode corresponds to a resonator mode symmetri-
cally positioned with respect to the pump frequency mode, as illustrated in Fig. 2.15. The
two-photon state generated by the micro-resonator cavity is then represented as

|ϕ⟩ =
D

∑
N=1

ANeiαN |IN , SN⟩ , N ∈ N (2.33)

where D is the maximum value of N, limited by either the bandwidth of the devices or the
phase matching, and αN is defined as the biphoton phase associated with each eigenstate
|IN , SN⟩ [76]. The coefficients AN correspond to the probability amplitudes of finding a
photon pair in the Nth signal-idler eigenstate related to the quality factor and the symme-
try between signals and idler, which in turn depends on the fluctuations of the FSR. In
this section, we measure the photon pair generation for several |IN , SN⟩, and correlate the
measurement with the spectral properties of the resonator previously measured.

Our analysis begins by investigating the number of spontaneously emitted photons in
each reachable frequency mode |IN⟩ or |SN⟩ and comparing them with the quality factors
of the corresponding frequency resonances defined as QN

I or QN
S . Subsequently, we assess
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Figure 2.15: Solid line : transmission spectrum from Fig. 2.11. The purple bar corresponds
to the cavity mode on which the pump is tuned. The blue(green) bars correspond to the
cavity modes on which the idler(signal) photons are generated.

the number of correlated signal and idler emitted in symmetrical |IN⟩ and |SN⟩ modes.
This evaluation involves comparing the joint detection of two signal and idler photons
in each eigenstate |IN , SN⟩, with both QN

S and QN
I , as well as considering the symmetry

between the frequencies of the |IN⟩ and |SN⟩ modes relative to the degeneracy frequency
ωd. We introduce the frequency δωN mismatch between each |IN⟩ and |SN⟩ as

δωN = ωi + ωs − 2ωd, (2.34)

where ωi and ωs are the central frequencies of two symmetric signal and idler modes,
derived from the measured transmission spectrum of Fig. 2.15. We compare the measured
number of signal-idler pairs using

• The product of the quality factors of correlated signal and idler QN
I × QN

S

• A figure of merit associated with the difference in frequency f N
di f f = 1 − δωN

max δωN

• The product of both aforementioned factors QN
I × QN

S × f N
di f f

We perform these characterizations using the setup described in Fig. 2.16(a). The pump
consists of a tunable tunics laser T100r tuned on cavity mode ωp= 1540 nm (194.67 THz),
with a nominal power of 10 mW, leading to an on-chip power of 1.1±0.2 mW. A bandpass
filter suppresses the spontaneous emission from the laser with an exfo XTM-50 bandpass
filter (BP). The filtered laser inputs the bus waveguide from a flat-cleaved fiber through a
grating coupler. The photons generated in the resonator exit the chip to a flat-cleaved fiber
via the output grating coupler. We set the angle of the fiber of 15° to the vertical axis to
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maximize transmission at 1540 nm. Two notch filters from AOS suppress the pump laser
light from the output signal. The characteristics of the notch filter are given in Appendix
B.2. A tunable programmable filter (PF) WaveShaper 4000A from Finisar selectively iso-
lates an idler and a signal cavity mode (|IN⟩ and |SN⟩) by applying two bandpass filters
with a 21 GHz bandwidth (see Fig. 2.16(b)) and separates them by sending them into dis-
tinct fibers. The PF also serves as a pump rejection filter. Altogether, the notch filters and
the PF allow a pump rejection larger than 100 dB. A 900 nm notch filter eliminates unde-
sired calibration light coming from the PF. The photons are detected with SNSPDs from
Single Quantum. We process the measured counts and coincidences with a time tagger
Ultra from Swabian Instruments.

Time
Tagger

PF2 NF
@ωp

BF
@ωp

: SNSPDs

Frequency

|IN⟩ |SN⟩

: PC
: NF @ 900 nm

CW laser
@ ωp

(a) (b)

Figure 2.16: (a): Setup for detecting single counts and coincidences from the SOI micro-
resonator. BP: bandpass filter, NF: notch filter, PC: polarization controller. (b): The pro-
grammable filter applies two 21 GHz bandpass filters to select specific signal and idler
mode |IN⟩ and |SN⟩. The two photons are then spatially separated into two distinct fibers.

Fig. 2.17 shows the measured number of single counts in all frequency modes. The single
photon emission is maximal near the pump and decreases as we move away from de-
generacy. We observe up to 50% variations in the measured photon rates. In Fig. 2.18,
we then correlate the results with the corresponding quality factors, which also exhibit
strong variations. The comparison confirms that the frequency modes with the lowest
quality factors are also the ones with fewer single counts.

We now compare the emission of two-photon coincidences associated with each signal
idler pair |IN , SN⟩. We count as coincidences two signal and idler photons detected within
a coincidence window of 1 ns.

Fig. 2.19 shows the coincidence for the generated state |ϕ⟩ projected on the eigenstates
|IN , SN⟩, for N=3 to 83. As for the single photon spectrum, we observe a maximal number
of coincidences for signal-idler pair near the degeneracy and decreasing as N increases.
As mentioned earlier, we wish to compare the coincidences with the quality factors, and
signal idler frequency-mismatch. Figure 2.20 presents the experimentally measured val-
ues of δωN . For most signal-idler pairs, δωN is close to 0, indicating a good degree of
symmetry. However, as N increases, the frequency difference increases, implying that the
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Figure 2.17: Measured single count rate for each cavity mode. as a function of the fre-
quency, wavelength, and signal and idler frequency modes.
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Figure 2.18: Black bars: single counts measured for cavity modes N compared to the
pump cavity mode NP. Blue bars: corresponding Q factors.

resonance frequencies ωi and ωs are not entirely symmetrical.

Fig. 2.21 finally compares the coincidences with various properties of the resonator: Fig.
2.21.(a), the product of the quality factors, Fig. 2.21.(b,) the figure of merit for the detuning
f N
di f f , and finally, Fig. 2.21.(c) the product of the two previous indicators, showing a very

clear correlation.

This figure shows that the quality factor of the resonances and the fluctuation of the free
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Figure 2.19: Measured two-photon coincidences as a function of N going from 3 to 83.
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Figure 2.20: Detuning between the signal and idler frequency modes as a function of the
spacing from the pump resonance.

spectral range play a great role in the photon pair generation process in the cavity. For
the experiments involving the micro-resonator, the difference in coincidence rate between
two signal idler pairs affects the quality of the generated frequency-bin entangled state.
The results allow us to identify the resonator parameters that should be optimized for
quantum information processing applications. Our structure allows the emission of pho-
ton pairs on more than 70 narrow signal-idler frequency modes.

In the next section, we focus on characterizing the two photon pair sources. We first inves-
tigate the efficiency of the photon pair emission by estimating the number of generated
pairs, heralding efficiency, and internal brightness of the two previously introduced pho-
ton pair sources. Then, we investigate the statistics of the sources by examining the single
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Figure 2.21: Correlation between the measured coincidences as a function of N and (a):
the product of the quality factors of the signal and idler cavity modes, (b) the detuning
between signal and idler frequencies, (c): the product of the quality factors and the detun-
ing.

photon purity and spectral purity.

2.3 Heralded single-photon sources

The emission of a photon pair source can be characterized by the following

• The number of generated pairs Np as a function of input power

• The number of detected pairs, compared to the number of single counts from which
we can derive the signal and idler heralding efficiency γI and γS.

• The normalized internal Brightness B, enabling the comparison of our photon pair
sources to the state of the art, independently of the on-chip power and single photon
bandwidth.

Each of these figures of merit is defined and assessed in Section 2.3.3. Working as heralded
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photon pair sources, two parameters are important:

• The single photon purity, assessing the number of photons heralded. This measure-
ment is performed in section 2.3.4

• The spectral purity, assessing the number of frequency modes populated by the her-
alded photons. This measurement is performed in section 2.3.5

Before delving into these characterizations, we first present the experimental setup in sec-
tion 2.3.1, and investigate the temporal correlations between the generated twin photons
in section 2.3.2.

2.3.1 Experimental characterization setup
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Figure 2.22: Experimental setup for the brightness measurement, PC: polarization con-
troller, NF: notch filter, PF: programmable filter, SNSPDs: single photon detectors.

To perform the subsequent measurement, we use the setup described in Fig. 2.22. In order
to spatially separate the two photons from a photon pair, we use wavelength demultiplex-
ing, which is performed by a PF (see Fig. 2.23). The input bi-photon spectrum enters the
PF, which applies symmetrical bandpass filters on the signal and idler part of the spec-
trum. The device then separates the filtered photons into two distinct outputs. For a con-
tinuous spectrum (Fig. 2.23.(a)), the filtering applied by the PF directly shapes the photons
with the chosen bandwidth. For a comb spectrum (Fig. 2.23.(b)), the programmed filter-
ing selects the modes to be transmitted. The bandwidth for a single transmitted mode is
dictated by the linewidth of the cavity mode. For the subsequent experiments, we pro-
gram the PF so that it applies filters with settings described in Table 2.6. The bandwidth of
21 GHz ensures to select a single cavity mode for the SOI micro-resonator. The bandwidth
of 160 GHz for the LNOI waveguide is chosen arbitrarily.

After the filtering stage, the separated signal and idler photons are directed into two su-
perconducting single-photon detectors from single quantum, and the single counts and
coincidences are computed using a time tagger from Swabian instrument.

The next section investigates the signal-idler temporal correlations.
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Figure 2.23: Filtering performed by the PF for (a): a continuous photon-pair spectrum and
(b): a frequency-comb spectrum. The PF then outputs the filtered signal and idler in two
distinct outputs.

Source Central frequencies Filter bandwidth Single photon bandwidth
LNOI 192.113±0.8 THz 160 GHz 160 GHz
SOI 194.670±15×FSR THz 21 GHz 0.43 GHz

Table 2.6: Setting of the filters applied by the programmable filter and final bandwidth of
the photons generated by the LNOI waveguide and the SOI micro-resonator.

2.3.2 Temporal correlation of photon pairs and choice of the coincidence win-
dow

The detection of two correlated signal and idler photons results in coincident detection on
two detectors. However, the signal and idler are generated together within a coherence
time of the photon wavepacket, τc, directly linked to the spectral bandwidth δ f of the
photons as [141]

τc =
1

πδ f
. (2.35)

A coincident detection of correlated signal and idler can thus happen with a relative delay
within this coherence time. To account for this, we define a coincidence window, tcw: two
events recorded within this time window will be considered as a coincidence, as shown
in Fig. 2.24.

To measure the coherence time, and determine the coincidence window, we measure time
histograms based on the time interval between the detections of the two photons. The tim-
ing of the detected click is limited by the electronic jitter of both the detector and the time
tagger, summing up to 120 ps. Fig. 2.25 shows the time delay histogram between the de-
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tection of a signal and idler photon, generated from (a): The SOI micro-resonator and (b):
the LNOI waveguide, where events are binned in time bins of 20 ps. One noticeable as-

Time
Tagger

tcw

Figure 2.24: Principle of the measure of the relative time between two detectors.

pect is the difference in the temporal width between Fig. 2.25.(a) and Fig. 2.25.(b), mostly
due to their different spectral bandwidth, c.f. Table 2.6. The SOI micro-resonator exhibits,
as expected, a coherence time of 530 ps, which is larger than the system jitter. We observe
therefore the Lorentzian temporal shape, corresponding to the Fourier transform of the
cavity mode’s Lorentzian spectral shape. For photons generated by the LNOI waveguide,
the 160 GHz bandwidth results in an expected coherence time of 2 ps, one order of magni-
tude smaller than the combined jitter of the devices. In this case, the coincidence window
is determined by the resolution of the measurement system.
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Figure 2.25: Normalized histogram of the relative arrival time of photons at the signal and
idler detectors for (a): the SOI micro-resonator and (b): the LNOI waveguide.

The time width of the coincidence window tcw is thus not the same for the two sources and
is listed in Table. 2.7. Throughout this manuscript, we keep these values of coincidence
windows.
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Source tcw (ns)
SOI 1

LNOI 0.26

Table 2.7: Time width of the coincidence window tcw for the SOI resonator and LNOI
waveguide.

2.3.3 Relation between photon pairs and heralded single photon performances

The photon pair sources yield an average rate of NP pairs per second. Each signal and
idler photon goes through an optical system characterized by respective transmission γI
and γS

1, and are detected with efficiencies ηI and ηS. In addition to the photons originat-
ing from the pairs, the detectors can register background counts, represented as BCI and
BCS. The photons detected by respective detectors DI and DS are [127]

DI = γIηI NP + BCI ,
DS = γSηSNP + BCS.

(2.36)

Subtracting the background counts we access the signal and idler counts NI and NS

NI = γIηI NP

NS = γSηSNP.
(2.37)

Losses impact the measured counts and coincidences. A single photon detected by one
detector may not lead to coincidences if its twin is lost. The average number of coinci-
dences per second NC is written as a function of transmission, detection efficiency, and
NP as [127]

NC = γIγSηIηSNP. (2.38)

Fig. 2.26 and 2.27 show the measured single counts (a) and coincidences (b), respec-
tively, for the LNOI resonator and SOI waveguide. We observe that the measured quan-
tities evolve linearly as a function of the power for photons generated by the LNOI and
quadratically for the photons generated from the SOI resonator. To estimate the on-chip
power, we compute the loss from the laser source to the chip using the transmission of
the fiber elements and the on-chip couplings. The on-chip coupling is 3.8 dB for the SOI
micro-resonator and 13 dB for the LNOI waveguide.

In both measurements, the background count rate remains constant: BCI = BCS = 800
Hz, representing only 1% of the measured single count rate. The background noise level

1Please note that throughout this chapter, we refer to γi and γs as both the transmission of the setup and
the heralding efficiency
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remains negligible in the coincidence measurement, as a background count rate of 800 Hz
for each detector results in background coincidences of 1 × 10−4 Hz and 6 × 10−4 Hz for
coincidence windows of 1 ns and 0.23 ns, respectively.
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Figure 2.26: Measured (a): single counts and (b): coincidences from the signal-idler pair
by the PPLN LNOI waveguide as a function of on-chip power.
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Figure 2.27: Measured (a): single counts and (b): coincidences from the signal-idler pair
from the SOI resonator as a function of on-chip power.

The heralding efficiencies γI and γS can be deduced by two methods: (i) by measuring
the insertion loss of each optical component of the setup, and (ii) through the numbers of
single counts and coincidences as :

NC

NS
=

γIγSηIηSNP

γSηSNP
= γIηI ⇒ γI =

NC

NSxηI

NC

NI
=

γIγSηIηSNP

γIηI NP
= γSηS ⇒ γS =

NC

NIxηS

(2.39)
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hhhhhhhhhhhhhhhhhSample
Detector efficiencies

ηI ηS

SOI 0.7 ± 0.03 0.7 ± 0.03
LNOI 0.7 ± 0.03 0.3 ± 0.03

Table 2.8: Efficiency of the signal and idler detectors for experiments realized with the
LNOI waveguide and SOI micro-resonator.

The results of the two measurements of γI and γS are compared in Table 2.9, with a good
agreement. As we observe from the table, there is an order of magnitude difference be-
tween the resonator and the waveguide, due to the ring-to-waveguide coupling of the SOI
micro-resonator.

Based on the measurement shown in Figure 2.19, we expect higher coincidence rates than
what was measured in Fig. 2.27 for a similar on-chip power. This is attributed to addi-
tional experimental loss, mainly due to the mechanical alignment of the coupling fibers.
Comparing the expected number of counts to the one measured in Fig. 2.27 for a sim-
ilar on-chip power, we found that the transmission was reduced by a factor of 145000

345000 ≈
0.41±0.02. This excess loss caused a 0.16±0.02 reduction in the expected coincidences,
which matches our observation.

SOI resonator LNOI waveguide
Output coupling -3.7 ±0.1 dB -5.6 ±0.1 dB

PF -3.3±0.2 dB -3.3 ±0.2 dB
Additional setup losses -1.5±0.5 dB -1.5 ±0.5 dB

Resonator-waveguide coupling
(idler ; signal)

-11.79 ; -13.78 ±0.2 dB -

10 × log10(flI) ; 10 × log10(flS)
from loss budget

-20.29 ; -22.2 ±0.9 dB -10.3 ± 0.8 dB

10 × log10(flI) ; 10 × log10(flS)
from single counts and coincidences

-20.9 ; -19.9 dB ± 1.2 -11.02 ; -10.96 ±1.2 dB

Table 2.9: Comparison between the values of γI and γS for the two sources, derived either
from the loss budget or from counts and coincidences.

We now access the generated number of pairs through the measured single counts and
coincidences as [127]

NP =
NIxNS

NC
(2.40)

As it is independent of the setup transmission and detector efficiency, no correction is

1Please note that the measurement with the LNOI waveguide was made first and that one detector was
upgraded before measuring with the SOI micro-resonator.
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needed to access the NP. Fig. 2.28 shows the number of generated pairs NP for (a): the
LNOI waveguide and (b): the SOI micro-resonator. The number of pairs generated on the
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Figure 2.28: Generated number of pairs per second NP as a function of the input power
for (a): the LNOI waveguide and (b): the SOI micro-resonator.

chip depends on input power and single photon bandwidth. To compare the efficiency of
our source with other works, we use the internal brightness B. The definition of B differs
for SPDC and SFWM due to distinct power scaling in these processes. They are defined
as follows

BSPDC =
NP

δ f xPpump
, [pairs.s−1.mW−1.GHz−1]

BSFWM =
NP

δ f xP2
pump

, [pairs.s−1.mW−2.GHz−1]
(2.41)

Where Ppump is the on-chip power and δ f is the bandwidth of the photons, that can be
found for both sources in Table 2.6

Work BSPDC (pairs.s−1.mW−1.GHz−1)
Zhao et al.[43] 4.6 × 105

Chen et al. [125] 5.6 × 105

Elkus e al. [42] 3.4 × 104

This work [41] (3 ± 0.1)× 105

Table 2.10: [LNOI]: Comparison of normalized brightness between our source and several
LNOI sources from in the literature.

While we cannot compare directly the two sources to each other, we compare the mea-
sured values to similar structures in the literature in the tables Table 2.10 and Table 2.11.
The obtained brightness for the LNOI waveguide is of the order of magnitude of similar
works in LNOI waveguide. For the Silicon resonator, we managed to reach some of the
highest values of Brightness. This is partly due to the high-quality factor harnessed by
our resonator, as shown in Table 2.11.
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Work BSFWM (pairs.s−1,mW−2GHz−1) Q
Oser et al. [142] 5 × 105 3x104

Mazeas et al.[143] 1.6 × 106 4x104

Jiang et al.[144] 6.24 × 107 3.47/4.94x105

This work [78] (5.1 ± 3)× 107 4.75x105

Table 2.11: [SOI]: Comparison of normalized brightness between our source and several
SOI micro-resonator sources from in the literature.

2.3.4 Single photon purity

We defined earlier the second-order correlation function g(2)(τ), and how its measure-
ment enables us to distinguish between several classes of light sources. For a single pho-
ton source, we expect to measure g(2)(0) = 0. We thus experimentally assess the g(2)(0)
for our sources as heralded single photon sources. The experimental setup for performing
this measurement is presented in Fig. 2.29. Photons are filtered and separated by a PF.
One photon goes through a HBT interferometer, consisting of a fibered beam splitter, with
one detector placed at each output. As our source is a heralded single-photon source, we
herald the g(2)(0) measurement with the twin photon, directly routed to a third detector.

In this experiment, we record the single counts detected on the heralding detector (blue
path) NH and on the heralded detectors (red paths), NS1 and NS2 . Using the time tagger,
we also record the two-photon coincidences between the heralding detectors and the sig-
nal photons leading to two figures: NH,S1 and NH,S2, and the three-photon coincidences
between the herald, and the two signal detectors, leading to NH,S1,S2 three-photon coinci-
dences per second.

180190200210220 Frequency (THz)

14001450150015501600165017001750wavelength
0.0
0.5
1.0

Sp
ec

tr
al

in
te

ns
it

y
[a

.u
.]

OSA cutoff

1560.48 nm
192.113 THz

53°C65°C80°C

Λpoling=4.87 µm
Lpoling= 4800 µm

T = 53°C

PCLaser
@780.24 nm

Powermeter

VOA

2 NF
@ωp

BF
@ωp

: SNSPDs

: PC
: NF @ 900 nm

Laser
@ 1540 nm

(a)

Frequency

|IN⟩ |SN⟩
(b)

(b)

PF

Time
Tagger

OSA
1%

99%
ML ML

Λpoling=4.87 µm
Lpoling= 4800 µm

T = 53°C

PCLaser
@780.24 nm

Powermeter
1%

99%
ML ML

VOA

Frequency

ωp
2 − ∆ f ωp

2 + ∆ f

(c)

(a)

: SNSPDs

: PC
: NF @ 900 nm

Frequency

|IN⟩ |SN⟩
(b)

PF

Time
Tagger

Frequency

ωp
2 − ∆ f ωp

2 + ∆ f

(c)

0.1 0.2 0.3
On-chip power (mW)

0.5x107

1.0x107

1.5x107

N
P

(p
ai

rs
.s
−

1 )

0.6 0.7 0.8 0.9
On-chip power (mW)

1.0x107
1.2x107
1.4x107
1.6x107
1.8x107

N
P

(p
ai

rs
.s
−

1 )

BS

Figure 2.29: Setup for g(2) measurement. PF: programmable filter, BS: 50:50 beam splitter,
PC: polarization controller, NF: Notch filters, SNSPDs: single photon detectors.

We use the method presented in [145, 146], where the value of g(2)(0) is expressed as

g(2)(0) =
2Pn≥2

P2
n=1

, (2.42)

where Pn=1 and Pn≥2 are the probabilities that, given the detection of a heralding photon,
n heralded single photons are detected. These probabilities are expressed as a function of
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the single and coincidence counts as [127, 146]:

Pn=1 =
NH,S1 + NH,S2

NH
,

Pn≥2 =
NH,S1,S2

NH
.

(2.43)

Fig. 2.30 shows the variation of Pn=1 and Pn≥2 as a function of on-chip power for (a): the
SOI micro-resonator, and (b): the LNOI waveguide. For both sources, there are four orders
of magnitude of difference between the two probabilities. Furthermore, we observe that
the probability Pn≥2 decreases faster than Pn=1 with decreasing power.
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Figure 2.30: Measured probabilities to obtain n heralded photons for (a): the SOI micro-
resonator and (b): the LNOI waveguide as a function of on-chip power.

Fig. 2.31 finally shows the measured values of the heralded g(2)(0) for the two photon
pair sources. For both sources, the value decreases with decreasing power and can reach
g(2)(0) = 0.03. By measuring for lower power, it is possible to reach lower values, at the
price of a lower heralded single-photon rate.

An interesting characterization is the comparison between the obtained values of the her-
alded g(2)(0) and the associated generated number of pairs NP. We plot in Fig. 2.32 the
measured g(2)(0) versus NP divided by the single photon bandwidth δ f , to compare the
two sources.

2.3.5 Spectral purity

As discussed in Section 2.1.5, spectral purity is an important parameter of a heralded
single-photon source. It measures the number of frequency modes populated by the her-
alded single photon, determined by the Schmidt number K. K can be obtained through a
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Figure 2.31: Experimental measurement of heralded g(2)(0) for (a): the SOI resonator and
(b): the LNOI waveguides, as a function of on-chip power.
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Figure 2.32: Heralded g(2)(0) as a function of NP divided by the single photon bandwidth
δ f for both sources. For LNOI, δ f = 160 GHz, For SOI, δ f = 0.43 GHz.

non-heralded second-order correlation measurement, as its value is directly linked to the
non-heralded g(2)(0) [108]

g(2)(0) = 1 +
1
K

. (2.44)

From Eqs. 2.44 and 2.23, it comes that the spectral purity Pspectral is related to g(2)(0) as

Pspectral = g(2)(0)− 1. (2.45)

The experimental setup is presented in Fig. 2.33. One photon from a photon pair is se-
lected and filtered using a programmable filter. It goes through a fibered beam splitter,
with one detector placed at each output.
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Figure 2.33: Setup for measurement of the non-heralded g(2)(0) of the signal photon. PF:
programmable filter, PC: polarization controller, NF: notch filter, SNSPDs: single photon
detectors.

Fig. 2.34 presents the experimental results for the SOI micro-resonator. For a given num-
ber of modes D transmitted by the PF, we plot the associated second-order correlation
function. As expected, the maximum value of the non-heralded g(2)(0) is 2 in the sin-
gle mode case, which characterizes thermal statistics. g(2)(0) decreases as we transmit a
larger number of frequency modes.
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Figure 2.34: Signal photon spectrum filtered by the programmable filter and associated
non-heralded g(2)(τ) for (a): 1,(b): 2, and (c): 3 transmitted frequency modes. Black solid
line correspond to the expected g(2)(τ).

Fig. 2.35 shows the measured (blue dots) and the expected values (black dots) of the non-
heralded g(2)(0) and inferred spectral purities as a function of the number of frequency
modes transmitted by the programmable filter. We remark a good agreement between the
measured and expected values.

Fig. 2.36 finally presents the results for the photons generated by the LNOI waveguide,
filtered by the PF using the smallest achievable bandwidth of 10 GHz. The value of the
non-heralded g(2)(0) only reaches 1.19± 0.02, and hence a spectral purity of Pspectral =
0.19 ± 0.02.
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Figure 2.35: Non-heralded g(2)(0) as a function of the number of transmitted frequency
modes. Light blue dots: measured data, dark blue dots: expected from theory.
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Figure 2.36: measured non-heralded g(2)(τ) for a photon generated by the LNOI waveg-
uide and filtered by a 10 GHz bandwidth filter.

It is worth noting that, as discussed in Section 2.1.5, engineering the pump spectrum, for
instance using a pulsed pump laser with a broader bandwidth, can enable to achieve a
higher value of purity even with a single photon bandwidth of the order of tens of GHz
[68, 108, 147].

Table 2.12 compares our experimental results with works from literature, and the associ-
ated single photon bandwidth and pump bandwidth. A single photon filtering of 20 GHz
would enable a 0.99 spectral purity if pumped by a 200 GHz bandwidth laser.
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Work
MR: Micro-resonator

WG: waveguide
single photon

bandwidth
Pump

bandwidth
Pspectral

Oser et al.
[146]

Silicon
MR

1.3 GHz ∼100 MHz 0.5

Kues et al.
[68]

Hydex
MR

800 MHz 800 MHz 0.92

Samara et al.
[148]

Silicon Nitride
MR

300 MHz 300 MHz 0.97

Hua et al.
[147]

PPLN
WG

25 GHz 142 GHz 0.96

Khodadad
[59]

PPLN
WG

20 GHz 200 GHz 0.99

This work
Silicon

MR
430 MHz ∼100 MHz 0.92

PPLN
waveguide

10 GHz 2.5 MHz 0.19

Table 2.12: Comparison of our measured values of Pspectral with results in similar or related
structures.

2.4 Conclusion on integrated photon pair generation

In this Chapter, we investigated photon pair generation at telecom wavelength using two
state-of-the-art integrated sources, based on two promising materials for integrated quan-
tum photonics :

• A periodically-poled thin-film lithium niobate waveguide

We chose the optimal poling period and waveguide temperature for second-harmonic
generation at 780 nm and photon pair generation at 1560 nm. We investigated the SPDC
degeneracy as a function of the waveguide temperature

• A Silicon-On-Insulator micro resonator

We measured a free spectral range of 21.25 GHz and quality factors of 4.75×105. We
investigated how these parameters influence the photon pair generation. We will see in
Chapter 4 that this small value of FSR is an advantage compared to other works for the
frequency-bin qubit manipulation.

We measured for both sources key parameters for evaluating a photon pair source: the
number of generated pairs, the heralding efficiency, and the single photon purity as a
function of power, assessing internal brightnesses of 3×105 pairs.s−1.mW−1.GHz−1 for
the LNOI waveguides, and 5×107 pairs.s−1.mW−2.GHz−1 for the SOI micro-resonator,
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both comparable to the state of the art. We assessed values of g(2)(0) = 0.03 for both
sources with a generated number of pairs of ≈ 105 pairs per second for the LNOI waveg-
uide and ≈ 107 pairs per second for the SOI micro-resonator. For the SOI micro-resonator,
we also measured a spectral purity of 0.93, necessary for applications involving heralded
single photon sources.

In this chapter, we provided the way to generate photon pairs at telecom wavelength.
Chapter 3 introduces the theoretical models and simulation for the manipulation of sin-
gle photons with time and frequency encoding. In Chapter 4, we utilize the introduced
photon pair sources, together with the manipulation scheme in the frequency domain to
perform quantum optics experiments with these photon pair sources.
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Chapter 3

Parallelizable synthesis of arbitrary
single-qubit gates with linear otics
and time-frequency encoding

Single qubit gates are important elements for quantum information [149]. In quantum
communication, they allow for instance the preparation and measurement of quantum
states to perform quantum key distribution protocols [150]. For quantum computation,
they are applied independently to several qubits, together with two-qubit gates to per-
form quantum algorithms [151].

A single qubit gate is a linear and unitary transformation Û that, when applied to an input
qubit |Ψ⟩, transforms it into an output state |Φ⟩, such that

|Φ⟩ = Û |Ψ⟩ . (3.1)

The Bloch sphere representation in Fig. 3.1, gives an intuitive way to visualize a single
qubit state and single qubit rotation. Each point on the surface of the sphere represents
a possible qubit state. The north and south poles represent the two logical basis states
|0⟩ and |1⟩ used for encoding, and the points on the equator represent all possible equal
superpositions of |0⟩ and |1⟩. An arbitrary qubit state is represented by a vector |Ψ⟩, and
the action of a single qubit gate Û is represented by the dashed line, transforming the
input state into the output state |Φ⟩.
For universal quantum information processing, the fourth Di Vincenzo criterium states
the need for a universal set of quantum gates that enables the realization of any quantum
circuit [152]. Such a set can be composed of a limited number of single and two-qubit
gates [153, 154]. However, for physical implementations, such small sets of gates can
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Figure 3.1: Representation on the Bloch sphere of the action of a single qubit rotation Û
on an input single qubit state |Ψ⟩. |+⟩ and |−⟩ are the superposition states defined as
|+⟩ = |0⟩+ |1⟩ and |−⟩ = |0⟩ − |1⟩

be inefficient if the gate performances are not ideal, as a targeted quantum circuit might
necessitate a large combination of these universal gates.

Alternatively, using arbitrary single-qubit gates enables the reduction of the number of
gates in the circuit. Such a quantum gate should be able to rotate the qubit around the
three axes of the Bloch sphere, for which the three generic rotation matrices Ûx, Ûy, Ûz are
expressed as

Ûx =

(
cos( θ

2 ) sin( θ
2 )

sin( θ
2 ) cos( θ

2 )

)
, Ûy =

(
cos( θ

2 ) −i sin( θ
2 )

i sin( θ
2 ) cos( θ

2 )

)
, Ûz =

(
1 0
0 eiϕ

)
. (3.2)

In practice, qubit gates are implemented by a series of devices, each device performing
a rotation along one of the three axes. For photonic qubits, several degrees of freedom
can be used to encode information, each harnessing different devices to implement these
rotations. Table 3.1 lists several degrees of freedom of the photon, and devices needed
for the realization of rotations with respect to axes of the Bloch sphere. The rotations are
classified into two categories: rotation around the z⃗ axis, which corresponds physically to
a phase shift between the qubit modes, and the rotations along the x⃗ and y⃗, for which a
controlled coupling is required between the two-qubit modes.

The choice of a degree of freedom used for encoding the |0⟩ and |1⟩ determines the ability
to encode qubits in parallel. Time and frequency, degrees of freedom of interest, enable the
encoding of several qubits in a single spatial mode. Scaling the number of qubits therefore
does not require scaling up the setup complexity required for qubit transport. The ability
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Degree of freedom X⃗/Y⃗ rotations Z⃗ rotations
Polarization [155] Half and quarter waveplates combination

Path [89] Directional couplers Phase shifters
Orbital angular momentum [18, 156] Spatial light modulators, q-plates

Time-bin (1) [157]
Directional couplers/

Delay lines
Phase shifters

Time-bin (2) [74] PF EOM
Frequency-bin [55, 74] EOMs PF

Table 3.1: Experimental devices used for the manipulation of qubits encoded in different
degrees of freedom of the photon. PF: programmable filter, EOM: electro-optic modulator.

to manipulate each qubit independently in a single spatial mode is very interesting for the
scalable processing of such parallel qubits. A framework for universal computing using
frequency-bin qubits has been proposed in [55], using optical linear devices acting on time
and frequency domain. The elements used for the manipulation are electro-optic phase
modulators (EOM) and programmable filters (PF). They demonstrate how to use these
devices in serial to synthesize a set of single and two-qubit gates.

In this chapter, we investigate further the synthesis of a single qubit gate with EOMs
and PF, by comparing the performances of the gate synthesis for two configurations of
devices acting on time-bin and frequency-bin qubits. We assess and demonstrate as well
their ability to be parallelized to independent qubits.

We start in Section 3.1, by introducing the Fourier transform relations linking time and
frequency. We define the two spaces of states that will allow us to encode time and fre-
quency qubits. In Section 3.2, we present a model for the action of EOMs and PF acting
on time and frequency modes. We theoretically demonstrate how a PF can be used to
obtain a two-scattering matrix in the time domain. In Section 3.3, we demonstrate the
synthesis of single qubit gates with time and frequency encoding, with two combi-
nations of devices : [EOM-PF-EOM] and [PF-EOM-PF]. We compare our findings to the
literature findings. In Section 3.4, we investigate the parallelization of single-qubit gates
with both configurations in the two encodings. We discuss the limitations of the paral-
lelization and explore the evolution of the performances for more complex RF driving of
the EOMs on time-domain single qubit gates.

3.1 Time-frequency Fourier relations

Time and frequency are conjugate variables. As a result, they are linked by the Fourier
transform. While the space of state is naturally continuous, it is possible to discretize the
time and frequency spaces in bins. At the quantum level, each frequency bin j and time
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bin k are quantum states |ωj⟩ centered at a frequency ωj/2π and |tk⟩ centered on an ar-
rival time tk. We define M as the number of frequency bins and time bins on the respective
bases. Two consecutive bins are separated by a spacing δω for the frequency bins and δt
for the time bins. Physically, the M frequency bins correspond to a total spectral band-
width ∆ω = Mδω, and the M time bins to a temporal bandwidth of ∆t = Mδt. From
the experimental point of view, the total spectral bandwidth will be limited either by the
source or the processing devices.
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Figure 3.2: Representation of the time-frequency relation through Fourier transform. (a):
A frequency bin is expressed as a superposition of time bins. (b): A time bin is expressed
as a superposition of frequency bins.

As we work with discrete spaces of state, we can use the Discrete Fourier transform (DFT)
to link the two conjugate spaces. Each element of the DFT Fk,m is expressed as

Fj,k = exp
(

i
2π

M
jk
)

(3.3)

Using this expression, a time bin can be written as a superposition of frequency bins, and
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conversely for frequency bins as

|tk⟩ ≈
1√
M

M−1

∑
j=0

Fj,k |ωj⟩

|ωj⟩ ≈
1√
M

M−1

∑
k=0

F†
j,k |tk⟩

(3.4)

Fig. 3.2 shows a graphical visualization of the matrix. Throughout this chapter for eas-
ier reading, we will use colors to represent the several spaces and useful matrices. The
color blue represents the frequency space, and green the time space. The FDT matrix is
represented in grey. We label the operators in the time domain with ”˜”

Because of the Fourier transform relation, it is worth noting the link between the bin
separation of one space, and the size of the conjugate space:

δω =
2π

∆t

δt =
2π

∆ω

(3.5)

The following section describes the theoretical model for the manipulation of time and fre-
quency bins using electro-optic phase modulators and programmable filters. With these
devices, we aim to implement arbitrary single-qubit gates acting on frequency and time-
bin qubits.

3.2 Time and frequency domain manipulation with electro-optic
modulators and programmable filters

3.2.1 Programmable Filter

General action of the programmable filter on time and frequency bins

In this section, we introduce the programmable filter (PF). Such a device enables one to
act independently on every frequency bin, to apply an arbitrary attenuation and phase,
enabling a wide range of applications. Throughout this manuscript, this device serves as
a tunable filter and wavelength demultiplexer, properties that use the ability to control
spectral attenuation.

Here, we wish to realize unitary transformations. We thus consider only the ability to
apply arbitrary phase shifts independently on frequency modes. The action UPF of a PF
acting on a frequency mode ωj is expressed as

UPF|ωj⟩ = eiφj |ωj⟩. (3.6)
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Using DFT, it is possible to express the PF action on a time bin. We define ŨPF = FUPFF†
as the transfer matrix of the PF in the time domain. Its action on a time bin is then

ŨPF|tk⟩ =
1
M

M−1

∑
k′=0

M−1

∑
j=0

exp
(

i
2π

M
(k′ − k)j + φj

)
|tk′⟩ , (3.7)

where the full calculations are done in A.1. Fig 3.3 shows a visual representation of the
action of the PF in the spectral and temporal domain.
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Figure 3.3: (a): Action of UPF on frequency modes. (b): Action of ŨPF on temporal modes.

The PF is therefore a scatterer in the time basis, entirely controlled by the phases applied
to the frequency modes.

Two-scattering operation of the PF in the time domain

Our goal is to use this device to act on single qubits. For frequency-bin qubits encoded on
two frequency modes |ωj⟩ and |ωj′⟩, UPF intrinsically acts as a phase gate. For time-bin
qubits, ŨPF scatters light on several time bins. Our goal here is to control the scattering in
the time domain so that for a qubit encoded on two time bins |tk⟩ and |tk′⟩, ŨPF becomes
a two-scattering matrix: a matrix that effectively couples modes in pairs. The action of
such a matrix on a time-bin |tk⟩ should be of the form

ŨPF |tk⟩ = α |tk⟩+ β |tk′⟩ , α, β ∈ C, (3.8)

with |α|2 + |β|2 = 1, (α, β) ∈ C2. We start with no assumption on the ”distance” k − k′

between the two vectors of the qubit subspace. The coefficients α and β can be derived
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from the generalized action of the PF in the time domain

∀(k, k′) ∈ {[0, M − 1]}2, P̃k′,k = ⟨tk′ |ŨPF|tk⟩ =
1
M ∑

j
exp

(
i
2π

M
(k′ − k)j + iφj

)
. (3.9)

Accordingly with Eq. A.5, we set

⟨tk|ŨPF|tk⟩ = α

⟨tk′ |ŨPF|tk⟩ = β
(3.10)

Replacing ⟨tk|ŨPF|tk⟩ ⟨tk′ |ŨPF|tk⟩ by their expression gives




1
M ∑M−1

j=0 eiφj = α,
1
M ∑M−1

j=0 ei2π
mj
M eiφj = β,

∀(p, q) ̸= (k, k), (k + m, k), 1
M ∑M−1

j=0 ei2π
(p−q)j

M eiφj = 0.

(3.11)

The full detail for solving Eq. 3.11 is given in Appendix A.2. We demonstrate that it is
possible to program the PF so that it only couples two time bins |tk⟩ and |tk′⟩, provided
the distance between k and k′ is M/2. As a result, the action of the PF on a time bin |tk⟩
can finally be expressed as

for k ∈ {0,
M
2

− 1}, ŨPF |tk⟩ = |α| |tk⟩ ± i|β| |tk+ M
2
⟩ , |α|, |β| ∈ R,

for k ∈ {M
2

, M − 1}, ŨPF |tk⟩ = |α| |tk⟩ ± i|β| |tk− M
2
⟩ , |α|, |β| ∈ R.

(3.12)

To achieve this, the action of the PF on a frequency mode |ωj⟩ should be programmed
such that

UPF |ωj⟩ =
[
|α|+ |β|e−iπ j

]
|ωj⟩ . (3.13)

Subsequently, the PF matrix in the temporal basis takes the form

ŨPF = eiγ
( |α|I ±i|β|I

±i|β|I |α|I

)
, (3.14)

where I is the identity matrix of dimension M/2.

These results show that using a programmable filter, we can successfully couple two time
bins, without coupling to other modes. Furthermore, the coupling between the modes is
tunable to perform an arbitrary rotation around the y axis of the Bloch sphere.
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Figure 3.4: (a): Action of the ŨEOM on temporal modes (b): Action of UEOM on frequency
modes.

3.2.2 Electro-optic phase modulator

The electro-optic modulator applies a time-dependent phase to the temporal modes. Its
action on a temporal mode |tk⟩ is

ŨEOM |tk⟩ = eiϕ(tk) |tk⟩ (3.15)

Where ϕ(tk) is a phase applied to the corresponding time-bin k. In practice, this phase
is set by a radio frequency (RF) driving applied to the modulator. The Fourier trans-
form defines the unitary action of the electro-optic modulator in the frequency domain as
UEOM = FŨEOMF†. From this calculation, the action of Ẽ on a frequency mode |ωj⟩ is

UEOM |ωj⟩ =
1
M

M−1

∑
j′=0

M−1

∑
k=0

exp
(

i
2π

M
(j′ − j)k + ϕk

)
|ωj′⟩ . (3.16)

Fig. 3.4 shows the visualization of the action of the electro-optic modulator on time
and frequency bins. We thus see that the EOM is a scatterer in the frequency domain.
Engineering the phase applied to each temporal mode |tk⟩ would allow us to manipulate
this scattering. Realistically, the phase is determined by the EOM RF driving. In this work,
we consider sine waves:

ϕ(tk) = µ cos(Ωtk + θ). (3.17)

Here, µ is the phase amplitude of the modulation wave. The modulation frequency sets
the spacing of the frequency modes Ω = δω = 2π/Mδt. In this case, 3.16 can be approxi-
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mated by Bessel functions as [158]

UEOM |ωj⟩ = eiϕc

k=⌈µ⌉+1

∑
k=−⌈µ⌉−1

(eiθ)k Jk(µ) |ωj+k⟩ . (3.18)

For sinusoidal driving, the modulator couples nearby frequency modes. The weight of
the coupling depends on the amplitude µ of the modulation signal.

In the following section, we define the encoding of frequency-bin and time-bin qubits. We
describe the performance metrics assessing the realization of single-qubit gates. We then
investigate two combinations of EOMs and PFs, [EOM-PF-EOM] and [PF-EOM-PF], for
realizing single qubit gates for time and frequency encoding.

3.3 Synthesis of single-qubit gates

3.3.1 Time-bin and frequency-bin qubits

The frequency-bin and time-bin qubits are in a superposition of two quantum states.
When working with individual qubits, we separate our M-dimensional Hilbert space, into
M/2 distinct subspaces. This division is based on the choice of qubit encoding, which is
noted Hω

j in the frequency domain, using two adjacent frequency bins, and Ht
k in the time

domain, using modes separated by M/2 time bins with j, k ∈ [0, M/2 − 1].

Hω
j =

{
|ω2j⟩ , |ω2j+1⟩ , j ∈ [0, M/2 − 1]

}
, ω2j+1 − ω2j = δω,

Ht
k = {|tk⟩ , |tk+M/2⟩ , k ∈ [0, M/2 − 1]} , tk+M/2 − tk =

M
2

δt,
(3.19)

For frequency-bin qubits, the encoding choices are based on the physical limitations of
the devices. An electro-optic modulator couples neighbor modes (see section 3.2.2). For
time-bin qubits, we showed in Section 3.2.1 that the PF can be programmed to achieve a
tunable superposition of two time bins that are M/2 time bins apart, which justifies the
choice of the encoding here.

A single qubit gate is defined as a 2x2 unitary matrix acting on the two modes of the
qubits |0⟩L and |1⟩L, defined for a time-bin and a frequency-bin qubit as

|0⟩L = |ωj⟩ |1⟩L = |ωj+1⟩ , for frequency-bin qubits,

|0⟩L = |tk⟩ |1⟩L = |tk+M/2⟩ , for time-bin qubits.
(3.20)

In this chapter, we aim to realize arbitrary single qubit gates. Such arbitrary unitary can
be written as

Û(a, b, c, d) = eia

(
cos

( c
2

)
e−i( b

2+
d
2 ) sin

( c
2

)
e−i( b

2− d
2 )

sin
( c

2

)
ei( b

2− d
2 ) cos

( c
2

)
ei( b

2+
d
2 )

)

{|0L⟩, |1L⟩}
(3.21)
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Where a, b, c, and d are free parameters. Choosing the set of parameters enables one to re-
alize a particular quantum gate. For instance, the set of parameters {a = π/2, b = 0, c = π/2, d = π/2}
generates the Hadamard gate

H =
1√
2

(
1 1
1 −1

)
. (3.22)

We wish to synthesize such an arbitrary single-qubit gate using a combination of PF and
EOM in serial. For a given configuration, we define the M × M transfer matrix V for
the frequency domain and Ṽ for the time domain, as the product of n PF and n′ EOMs,
depending on many parameters that we globally denote as
Φ ≡ (φ1,0, . . . , φn,M−1, µ1,0, θ1,0, ϕc1,0 . . . µn′,M−1, θn′,M−1, ϕcn′,M−1).

Vj,j Vj,j+1

Vj+1,j Vj+1,j+1
Wj =

eiϕk 0 0 0
0 eiϕk+1 0 0
0 0 eiϕk+2 0
0 0 0 eiϕk+3

... ...

...
...

... ...
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Time
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Ũ0 UMUMŨn+n′
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Figure 3.5: M × M transfer matrices in the (a): frequency and (b): time domain for a
combination of n PF and n′ EOMs.

For each qubit encoded on a pair of modes, we define a submatrix Wj for frequency-bin
qubits and Wk for a time bin qubit k such that

Wj(Φ) =

( ⟨ωj| V̂(Φ) |ωj⟩ ⟨ωj| V̂(Φ) |ωj+1⟩
⟨ωj+1| V̂(Φ) |ωj⟩ ⟨ωj+1| V̂(Φ) |ωj+1⟩

)

W̃k(Φ) =

(
⟨tk| Ṽ(Φ) |tk⟩ ⟨tk| Ṽ(Φ) |tk+ M

2
⟩

⟨tk+ M
2
| Ṽ(Φ) |tk⟩ ⟨tk+ M

2
| Ṽ(Φ) |tk+ M

2
⟩

)
.

(3.23)

Fig. 3.5 visually presents the parametrization of a 2x2 submatrix Wj for frequency bin
qubits and W̃k for time-bin qubits. The matrix V is the matrix product of several unitary
matrices Ux or Ũx, x = {PF, EOM}.

3.3.2 Performance metrics

We aim to evaluate the performance of a synthesized single-qubit operation W, compared
to a target operation T. We define two figures of merit, the probability of success and
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fidelity, enabling us to determine how well our synthesized gate approximates the ideal
target.

The probability of success measures the probability that the photon remains in the compu-
tation space {|0L⟩ , |1L⟩}. Any possibility of photon conversion outside this computational
space will result in a decrease in the probability of success. It is defined as a function of
W and T as

P(W, T) =
Tr(W†W)

Tr(T†T)
. (3.24)

P(W, T) essentially measures the unitarity of the synthesized matrix.

The fidelity F measures the accuracy of the synthesis of the target single-qubit gate. and
is defined as

F (W, T) =
Tr(W†T)Tr(T†W)

Tr(W†W)Tr(T†T)
. (3.25)

3.3.3 Frequency encoding

We summarize recently reported results on the [EOM-PF-EOM] configuration [57, 61, 67,
75]. We provide an exhaustive study of both [EOM-PF-EOM] and [PF-EOM-PF] configu-
rations and compare their performances for single-qubit gate synthesis.

3.3.3.1 [EOM-PF-EOM] configuration

The [EOM-PF-EOM] configuration has been investigated for single qubit gate synthesis in
[57, 61]. In these studies, the experimental realization of the qubit gates involves electro-
optic modulators driven by single-tone RF sine waves. The work in [57] experimentally
demonstrates a frequency-domain Hadamard gate, harnessing an experimental fidelity
F > 0.999. A more exhaustive study of this configuration for arbitrary single-qubit gate
has been investigated in [61]. In this work, they report the ability to perform an arbitrary
single-qubit gate experimentally with fidelities F > 0.99 and probability of success P >
0.85.

3.3.3.2 [PF-EOM-PF] configuration

The [PF-EOM-PF] configuration has been investigated with spectral encoding implement-
ing Hadamard gates for quantum state tomography and probabilistic Hong-Ou-Mandel
[59, 68, 76, 83, 87]. Here, we aim to investigate this configuration further for arbitrary
single-qubit gate synthesis. For this configuration, the transfer matrix V is

V = UPFUEOMUPF. (3.26)
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For a qubit j, ∀j ∈ [0, M/2 − 1] encoded over modes |ωj⟩ and |ωj+1⟩, the synthetized
unitary is

Wj = eiϕc

(
J0(µ)ei(φ1,2j+φ2,2j) e−iθ J1(µ)ei(φ1,2j+1+φ2,2j)

−eiθ J1(µ)ei(φ1,2j+φ2,2j+1) J0(µ)ei(φ1,2j+1+φ2,2j+1)

)
, (3.27)

Let Û(a, b, c, d) be the matrix of an arbitrary unitary as given in Eq. 3.21. One can achieve
an exact synthesis of U over qubit j iff parameters φ match the following set of conditions:

{
J0(µ) = cos (c/2)
J1(µ) = sin (c/2)





φ1,2j =
−d−θ+π+sj

2 mod π

φ2,2j = − b+d
2 + φ1,2j mod π

φ1,2j+1 = sj − φ1,2j mod π

φ2,2j+1 = −sj +
( b−d

2 + φ1,2j
)

mod π.

(3.28)

If the parameters of the programmable filter satisfy the second set of equations, then fi-
delity and success probability do not depend on the qubit number j and are given by

P = J0(µ)
2 + J1(µ)

2, (3.29)

F =

[
J0(µ) cos ( c

2 ) + J1(µ) sin ( c
2 )
]2

J0(µ)
2 + J1(µ)

2 . (3.30)

We obtain the following results




P = 1 ⇔ µ = 0
F = 1 ⇔ J0(µ) sin( c

2 ) = J1(µ) cos( c
2 )

P = F = 1 ⇔ µ = c = 0.

(3.31)

Unit success probability and unit fidelity can only be obtained for phase gates. Fig. 3.6,
displays the performances as a function of the modulation index µ. As expected, increas-
ing µ means increasing the coupling between the two-qubit modes, until eventually reach-
ing the bit-flip gate for µ=2.405 rad. µ=1.435 rad corresponds to an equal splitting between
the two-qubit modes, realizing the Hadamard gate with unit fidelity.

3.3.4 Time encoding

In this section, we examine the synthesis of arbitrary single qubit gates with time-bin
encoding.
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F
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P

Figure 3.6: Fidelity and probability of success for (a): phase gate, (b): Hadamard gate, (c):
Bit flip (X) gate. Fidelity is the blue line, and the probability of success is the black line.

As a reminder, the matrix of the programmable filter and electro-optic phase modulator
for time encoding are noted below as

ŨPF = eiγ
( |α|I ±i|β|I

±i|β|I |α|I

)
; ŨEOM = eiϕc

(
diag{eϕk}0≤k≤ M

2 −1 0
0 diag{e−ϕk}0≤k≤ M

2 −1

)
,

(3.32)
The qubit is encoded over two time bins separated by M/2 modes

|0L⟩k = |tk⟩ |1L⟩k = |tk+M/2⟩ . (3.33)

We investigate in the following sections the conditions needed to realize an arbitrary
single-qubit unitary with both [EOM-PF-EOM] and [PF-EOM-PF] configurations.

3.3.4.1 [EOM-PF-EOM] configuration

This configuration consists of two EOMs with a PF in between. The two EOMs act as
phase shifters in the time domain, i.e.: rotation around the z axis of the Bloch sphere,
whereas the PF acts as a rotation around the x axis. Taking the matrix forms of the PF and
EOM for time encoding in Eq. 3.32, we can compute the matrix product

Ṽ = ŨEOM2 · ŨPF · ŨEOM1 (3.34)

Using Eq. 3.23, the 2x2 matrix for the qubit {|tk⟩ , |tk+M/2⟩} is

∀k ∈ [0, M/2 − 1], Wk = ei(ϕc,1+ϕc,2+γ)

( |α|ei(ϕ1,k+ϕ2,k) ±i|β|ei(−ϕ1,k+ϕ2,k)

±i|β|ei(ϕ1,k−ϕ2,k) |α|e−i(ϕ1,k+ϕ2,k)

)
. (3.35)
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Identification with M(a, b, c, d) yields the following set of conditions for qubit k

{ |α| = cos (c/2)
|β| = sin (c/2)





ϕ1,k + ϕ2,k =
−b−d

2 mod 2π

−ϕ1,k + ϕ2,k + π/2 = −b+d
2 + π mod 2π

ϕ1,k − ϕ2,k + π/2 = b−d
2 mod 2π

−ϕ1,k − ϕ2,k =
b+d

2 mod 2π,

(3.36)

which finally gives 



|α| = cos (c/2); |β| = sin (c/2)
ϕ1,k =

−d
2 − π/4 mod π

ϕ2,k =
−b
2 + π/4 mod π.

(3.37)

As we consider a sinusoidal RF driving, the dephasing applied by the EOM to each tem-
poral mode |tk⟩ is ϕk = µ sin ( 2kπ

M + θ), (∀k ∈ {0, M/2 − 1}), which gives





|α| = cos (c/2); |β| = sin (c/2); with c ∈ [0, π]
ϕ1,k = µ1 sin ( 2kπ

M + θ1) = − d
2 − π

4 mod π

ϕ2,k = µ2 sin ( 2kπ
M + θ2) = − b

2 +
π
4 mod π.

(3.38)

Under these conditions, we can realize an arbitrary single-qubit gate with the [EOM-PF-
EOM] configuration for time-bin qubits. The two-scattering operation realized by the PF
guarantees a unit success probability as |α|2 + |β|2 = 1 for all targeted gates. Achieving
unit fidelity then only relies on achieving the phase conditions. These conditions are easily
fulfilled as ϕ1,k and ϕ2,k can be chosen independently. Performing an arbitrary unitary
quantum gate with unit fidelity and success probability is then possible with the [EOM-
PF-EOM] configuration acting on time-bin qubits.

3.3.4.2 [PF-EOM-PF] configuration

Undergoing the same reasoning as in the previous section, we compute the transfer matrix
Ṽ for the [PF-EOM-PF] configuration

Ṽ = ŨPF2 · ŨEOM · ŨPF1 (3.39)

Ṽ = ŨPF2 · ŨEOM · ŨPF1 = ei(γ2+c+γ1)

(
A diag{eiϕk} − B diag{e−iϕk} ±iC |diag{eiϕk} ± iD diag{e−iϕk}

±iC diag{e−iϕk} ± iD diag{eiϕk} A diag{e−iϕk} − B diag{eiϕk}

)
,

(3.40)

Where
A = |α1||α2|, B = |β1||β2|, C = |α2||β1|, D = |α1||β2| (3.41)
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Using Eq. 3.23, the 2x2 matrix for the qubit {|tk⟩ , |tk+M/2⟩} is

∀k ∈ [0, M/2 − 1], Wk = ei(ϕc,1+ϕc,2+γ)

(
A eiϕk − B e−iϕk ±iC eiϕk ± iD e−iϕk

±iC e−iϕk ± iD eiϕk A e−iϕk − B eiϕk

)
,

(3.42)

Based on the two-scattering property demonstrated in section 3.2.1, a PF acts as a beam-
splitter in the time basis. The following EOM then introduces an arbitrary phase shift
between the two modes of the qubit subspace while the final PF of this configuration acts
as a second arbitrary beamsplitter, completing a Mach-Zehnder interferometric device.
The spatial version of such a Mach-Zehnder has been shown to achieve arbitrary unitary
qubit synthesis [159].

3.3.5 Summary on the single qubit gate synthesis

In Table 3.2, we summarize and compare our findings [74] to results of the literature on
the synthesis of single qubit gates, for two configurations of devices and for time and
frequency encoding.

Arbitrary unitary synthesis for a single qubit

Configuration
Frequency-encoding

{|ωj⟩ , |ωj+1⟩}
Time encoding
{|tk⟩ , |tk+M/2⟩}

[EOM-PF-EOM]

Driving at Ω

[57, 61]
Phase gate : F = 1, P = 1
H gate: F = 1, P = 0.98

Flip gate: F = 1, P = 0.81

[74]
F = 1, P = 1

∀ gates

[PF-EOM-PF]

Driving at Ω

[59, 68, 74, 76, 79, 87]
Phase gate : F = 1, P = 1
H gate: F = 1, P = 0.60

Flip gate: F = 1, P = 0.27

[74]
F = 1, P = 1

∀ gates

Table 3.2: Performances of single qubit gate synthesis for time and frequency encoding,
considering two configurations of EOM and PF, driven by a single RF signal at frequency
Ω.

For the frequency encoding, the EOM is essential to realize rotation around the x or y axis
of the Bloch sphere. However, the larger the rotation angle, the higher the probability
of scattering our photon out of the qubit space. This is visible by the decrease of the
probability of success going from phase to Hadamard, and to bit flip gate. Phase gates
are trivial, only necessitating a single PF whereas bit flip gates are the most demanding.
For the [EOM-PF-EOM] configuration, the presence of a second EOM allows for control
of the scattering of the photon in order to limit the loss in unwanted modes. Adding a
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second harmonic to the fundamental RF signal also allows more controls and an increase
in the probability of success [61]. In the case of the [PF-EOM-PF], increasing the number
of tones driving the EOM does not directly improve the performances. This is due to the
fact that higher RF harmonics couple modes that are farther in frequency.

For the time encoding, both configurations enable the arbitrary synthesis of unitary single
qubit gates, due to the two-scattering operation performed on the time-bin qubits by the
programmable filter. This is a concrete advantage compared to frequency encoding.

In the next section, we investigate the ability to parallelize these single qubit gates.

3.4 Parallelization of single-qubit gates

Time and frequency offer the ability to produce a large number of modes, encoding as
many qubits as the number of available pairs of modes. Considering our initial system of
M=128 modes, it is possible to define M/2= 64 qubits.

In this section, we investigate the number of single-qubit gates that can be parallelized for
each configuration and encoding. The case of the Hadamard gate is particularly examined
for time-bin encoding, where we study the achieved performances with more elaborate
RF driving.

3.4.1 Frequency encoding

3.4.1.1 Problematic for the parallelization of frequency-bin qubits

The idea of parallelization is to apply frequency-domain single qubit gates to adjacent
qubits. This is possible only if the realized transformation does not induce any coupling
between the two neighbor qubits. We thus define crosstalk as the probability of finding
the initial photon in a frequency mode outside the computational space. Such crosstalk
is unavoidable for frequency-bin quantum gates, as the EOM couples several neighbor
modes. It is interesting to find out how many frequency modes should be left unused
between two qubits to reduce crosstalk to an acceptable value. These unused modes are
often called guard modes.

Two qubits separated by k guard modes will then be encoded on frequency modes {|ωj⟩ , |ωj+1⟩}
for the first qubit and {|ωj±k⟩ , |ωj+1±k⟩} for the second one. Let us compare in the follow-
ing sections the minimum amount of guard modes needed for the parallelization of two
adjacent quantum gates, with the two configurations.

3.4.1.2 [EOM-PF-EOM] configuration

The parallelization of synthesized Hadamard gate as a function of the number of guard
modes has been experimentally investigated with a single sine wave RF driving in [57].
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Two-mode spacing is sufficient to keep a fidelity F > 0.99 and probability P > 0.97,
ensuring a probability of finding a photon out of the computational space below 3%.

In [67], it is shown that adding a second harmonic to the RF driving signal allows to paral-
lelize two Hadamard gates with no guard modes between them. To realize this operation,
the PF must act on a larger number of modes: 10 modes have to be added before and
after the two Hadamard gates for the interferences to happen, requiring a total of 24 fre-
quency modes. For a space of state of M=128 frequency modes, 10 Hadamard gates are
parallelized.

3.4.1.3 [PF-EOM-PF] configuration

Let us define a threshold for the crosstalk we tolerate. We consider that two qubits are
independent if the crosstalk between them is lower than 10−3.

The number of guard modes needed to achieve this crosstalk threshold depends on the
considered operation. For a phase gate necessitating no coupling between the qubit
modes, no guard modes are necessary. For other gates, the number of guard modes in-
creases with the modulation index of the EOM. As such, we compute the number of guard
modes needed for the gate demanding the highest modulation index: the bit flip gate.

|ωj−10⟩ |ωj−5⟩ |ωj⟩ |ωj+5⟩ |ωj+10⟩
Relative frequency modes

C
ro

ss
ta

lk

10−7

10−5

10−3

10−1

Figure 3.7: Probability distribution of a photon initially in |ωj⟩ after a bit-flip gate. The
horizontal red line corresponds to a crosstalk threshold of 10−3.

Fig. 3.7 shows the probability distribution of the light in the modes neighboring ωj. The
computational space is represented by the grey bars. As anticipated with a bit flip gate,
when a photon is initially in state |ωj⟩, it predominantly transitions to the frequency mode
|ωj+1⟩. The blue bars correspond to the crosstalk which decreases as we move away from
the qubit space. The red horizontal line delimits the 10−3 threshold and shows that 6
frequency modes are necessary to isolate two qubits for this bit-flip gate. Considering both
the computational space and guard modes needed, one qubit takes an effective range of 8
frequency modes. For a system of 128 modes, it is then possible to parallelize 16 quantum
gates.
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3.4.2 Time-encoding

3.4.2.1 Problematic for the parallelization of time-bin qubits

To parallelize single qubit gates, we need the processing devices (EOM and PF) to act sim-
ilarly on all parallel qubits. The PF allows a tunable two-mode splitting between modes
|tk⟩ and |tk+M/2⟩. The sine wave driving the EOM cannot apply the same phase value to
each temporal mode |tk⟩. As such, for single-qubit gates necessitating given phase con-
ditions, only a limited number of qubits can reach maximum fidelity. Fig. 3.8 illustrates
the phase pattern applied by the EOM driven by a single RF tone to the time bins (black
line). The dark blue line corresponds to an arbitrary target phase. For a single RF tone,
the EOM can apply the target phase value to only two qubits.

To increase the tolerance on the performances of parallel gates, we introduce a fidelity
threshold Fth. We will consider that a qubit gate is successfully realized if F ≥ Fth. In
Fig. 3.8, this notion of threshold is graphically shown with the light blue region around
the targeted ϕ. This region corresponds to the phases allowing it to reach a fidelity above
the threshold. The more tolerance we have on this threshold, the more qubits satisfy this
condition. In this work, we choose a fidelity threshold of Fth = 0.99. With time-bin qubits,
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ϕ realizing F = 1 ϕ realizing F ≥ Fth

Figure 3.8: Phase applied by the EOM to each temporal modes |tk⟩. Two qubits are en-
coded over the modes |tk⟩ and |tk+M/2⟩. The solid blue represents the phase condition
needed to achieve maximal fidelity for a given operation. The light blue area corresponds
to the phase leading to the same operation with a fidelity > Fth.

we investigate the ability to parallelize two particular single-qubit gates: the phase gate
and the Hadamard gate.
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3.4.2.2 Parallelization of phase gates

In this section, we aim to compute the maximal number of gates whose fidelities reach the
fidelity threshold. We start by recalling the matrix form of a phase gate

M(ν) =

(
1 0
0 e−iν

)
. (3.43)

As the phase gate corresponds to a relative phase between the qubit modes, a single mod-
ulator alone can carry this operation. When considering both [PF-EOM-PF] and [EOM-
PF-EOM] configurations, we derive the set of parameters needed to synthesize the phase
gate. We use the synthesized matrix in Eq. 3.35 and Eq. 3.42, and derive the following
sets of parameters for performing a phase gate





|α| = 1; |β| = 0,
∀k ∈ [0, M/2 − 1] ϕ1,k + ϕ2,k =

ν
2 mod 2π,

∀k ∈ [0, M/2 − 1] ϕ1,k+M/2 + ϕ2,k+M/2 = − ν
2 mod 2π,

ϕc1 + ϕc2 + γ = − ν
2 mod 2π,

(3.44)

for the [EOM-PF-EOM] configuration, and




|α1| = 1; |β1| = 0,
∀k ∈ [0, M/2 − 1] ϕk = µ sin ( 2kπ

M + θ) = ν
2 mod 2π,

ϕc + γ1 + γ2 = − ν
2 mod 2π,

(3.45)

or 



|α1| = |α2| = 0; |β1| = |β2| = 1,
∀k ∈ [0, M/2 − 1] ϕk = µ sin ( 2kπ

M + θ) = − ν
2 mod 2π,

ϕc + γ1 + γ2 = − ν
2 mod 2π,

(3.46)

for the [PF-EOM-PF] configuration. These three sets of equations lead to the same synthe-
sized matrix and thus lead to the same performances. The fidelity of a phase gate applied
to a qubit k can be computed ∀ν using Eq. 3.25 (c.f. Appendix A.3), and expressed as

∀k ∈ [0, M/2 − 1] Fk = cos2
(

ϕk −
ν

2

)
. (3.47)

The number of qubits N for which Fk ≥ Fth is given by (see Appendix A.3)

N =

⌊
M
2π

[
π

2
− arcsin

(
ν
2 − arccos

(√Fth
)

ν
2 + arccos

(√Fth
)
)]⌋

. (3.48)

N depends on the desired phase ν, and increases when the threshold decreases.
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Figure 3.9: Phase gates parallel synthesis with time encoding: maximum number of gates
synthesized in parallel with a fidelity better than Fth for four levels of accuracy as a func-
tion of the required gate z-rotation angle. This dependency holds for both [EOM-PF-EOM]
and [PF-EOM-PF] configurations. Phase step is π · 10−4.

3.4.2.3 Parallelization of Hadamard gate

In the case of the Hadamard gate, the matrix form is :

H =
1√
2

(
1 1
1 −1

)
. (3.49)

As this gate requires coupling between the two-qubit modes, the [EOM-PF-EOM] and [PF-
EOM-PF] configurations will not give the same results. The parameters corresponding to
a single Hadamard gate for a qubit k are

{
|α| = |β| = 1√

2
∀k ∈ [0, M/2 − 1] ϕk = µ sin ( 2kπ

M + θ) = π
4 mod π.

(3.50)

To simplify notations, we index the parameters corresponding to the two configurations,
[EOM-PF-EOM] and [PF-EOM-PF], by EPE and PEP, respectively in the following equa-
tions. We define F (EPE)

k F (PEP)
k as the fidelity of a gate applied to a qubit k for the two

configurations. The calculation, found in Appendix A.4, leads to the following

∀k ∈ [0, M/2 − 1] F (EPE)
k = sin4

(
ϕk +

π

4

)
(3.51)

for the [EOM-PF-EOM] configuration, and

∀k ∈ [0, M/2 − 1] F (PEP)
k = sin2

(
ϕk +

π

4

)
(3.52)
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for the [PF-EOM-PF] configuration. The fidelity of the gate is higher than Fth only for
certain values of ϕk:

π

4
− ∆νEPE ≤ ϕk ≤

π

4
+ ∆νEPE,

π

4
− ∆νPEP ≤ ϕk ≤

π

4
+ ∆νPEP. (3.53)

For the [EOM-PF-EOM] and [PF-EOM-PF] configuration, where ∆νEPE = π
2 − arcsin (Fth

1/4)

and ∆νPEP = π
2 − arcsin (Fth

1/2).

The corresponding number of qubits realizing the Hadamard gate with a fidelity above
Fth are respectively NEPE and NPEP for the two configurations (see Appendix A.4)

NEPE =
M
π

⌊
π

2
− arcsin

(
π
4 − ∆νEPE
π
4 + ∆νEPE

)⌋
+ 1;

NPEP =
M
π

⌊
π

2
− arcsin

(
π
4 − ∆νPEP
π
4 + ∆νPEP

)⌋
+ 1.

(3.54)

Fig. 3.10 displays NPEP and NEPE as a function of Fth. We note that the performance is
slightly better for the [PF-EOM-PF] configuration than the [EOM-PF-EOM].
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Figure 3.10: Number of gates realizing Hadamard operation with a fidelity above thresh-
old as a function of Fth.

3.4.2.4 Improving the parallelization of Hadamard gate with more complex RF driving

The number of gates realizing an operation with a fidelity above Fth can be improved
by adding more RF harmonics of the fundamental frequency Ω in the signal driving the
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EOM. As stated at the beginning, we need the electro-optic modulator to act similarly for
each qubit. A square signal allowing to apply a phase ϕ from mode t0 to tM/2−1 and a
phase −ϕ from mode tM/2 to tM would achieve such a function. The Fourier decomposi-
tion of this signal is

ϕ(t) =
N

∑
m=0

µ

2m + 1
sin ((2m + 1)Ωt) (3.55)

The limited bandwidth of the EOM implies truncating this series. We compare the exact
truncature of a square signal to an approximated one, where the amplitude of the sine
waves is chosen freely.

ϕ(t) =
N

∑
m=0

µn sin ((2m + 1)Ωt) (3.56)

Using a minimization algorithm, we optimize the amplitudes µn of the sine waves in order
to maximize the number of parallel quantum gates that achieve the Hadamard operation
with maximum fidelity.

Fig. 3.11 shows the number of parallel Hadamard gates, as a function of the number of
tones driving the electro-optic modulators. The light blue lines correspond to the num-
ber of Hadamard achieving a fidelity above Fth for an exact truncature of a square, and
the dark blue lines correspond to the approximated optimized truncature. The solid and
dashed lines correspond respectively to the [PF-EOM-PF] and [EOM-PF-EOM] configu-
rations.
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Figure 3.11: Number of qubits with fidelity above threshold as a function of fidelity
threshold for [EOM-PF-EOM] (light blue) and [PF-EOM-PF] (dark blue) configurations
with a single frequency RF modulation.
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When driving with more than one tone, the performances are better for the optimized
square truncature, especially for the [EOM-PF-EOM] configuration. Realistically, as this
optimization considers adding odds harmonics, adding two tones is challenging with
available commercial devices. With a qubit spacing of 20 GHz, it would require driving
the EOMs at a RF frequency of 60 GHz.

3.4.3 Summary on the parallelization

In this section, we investigated the parallelization of single-qubit gates to frequency-bins
and time-bin qubits qubits. We summarize the results in Table. 3.3.

Arbitrary unitary synthesis for a single qubit

Configuration
Frequency-encoding

{|ωj⟩ , |ωj+1⟩}
Time encoding
{|tk⟩ , |tk+M/2⟩}

[EOM-PF-EOM]

Driving at Ω

Driving at 2Ω (Freq)
Driving at 3Ω (Time)

N=16

Phase gate : F = 1, P = 1
H gate: F = 1, P = 0.98
X gate: F = 1, P = 0.81

Success probability improved

N with F > 0.99, P = 1

NH=24
NX=64

NH=44
NX=64

[PF-EOM-PF]

Driving at Ω

Driving at 2Ω (Freq)
Driving at 3Ω (Time)

N=16

H gate: F=1, P=0.60
X gate: F=1, P=0.27

No improvement

N with F >0.99, P=1

NH=28
NX=64

NH=47
NX=64

Table 3.3: Comparison of the success probabilities of single qubit arbitrary unitary syn-
thesis with [EOM-PF-EOM] and [PF-EOM-PF] configurations for single tone driving at Ω
of the EOMs and for two encodings, with unit fidelities. The bold characters corresponds
to our results reported in this work.

For frequency encoding, as stated in Section 3.4.1.1, the parallelization is limited by the
ability of the electro-optic modulator to keep light in the computational space. As such,
the number of qubits that can be processed in parallel depends on the number of guard
modes needed between qubits. For both configurations the number of guard modes
needed for parallelizing two gates is found to be 8, leading to the parallelization of 16
Hadamard gates, for a system of 128 frequency modes.
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For time encoding, crosstalk is not a limiting parameter, as the two-scattering matrix per-
formed by the PF ensures a deterministic coupling between only two time bins. As such,
every qubit will operate with a unit probability of success. Fidelity is the limiting parame-
ter. We find that the [PF-EOM-PF] configuration performs better than the [EOM-PF-EOM]
configuration, allowing to parallelize 28 quantum gates with a fidelity exceeding the fi-
delity threshold, Fth ≥ 0.99, compared to 24 for the [EOM-PF-EOM] configuration.

When comparing the two encoding methods, it is intriguing to note that in both cases,
parallelization is solely restricted by the electro-optic phase modulator (EOM). Another
notable aspect is that the capacity to parallelize gates is constrained through the probabil-
ity of success in the frequency domain, and the fidelity in the time domain. It is possible
to get unit fidelity for each parallelized gate in the frequency domain, with a probability
of success that depends on the gate. Conversely, for the time domain, it is possible to get
a unit probability of success, for each parallelized gate, with a fidelity that depends on the
gate.

3.5 Conclusion on the synthesis of single-qubit gates for time
and frequency encoding

This chapter described the theoretical framework for the manipulation of frequency-bin
and time-bin qubits.

The EOM is a diagonal matrix in the time domain, and the PF is a diagonal matrix in
the frequency. Through the Fourier transform relation, each component is a scatterer in
the conjugate space. The modulator has a programmability limited by the RF bandwidth.
With a single sine way driving, the scattering of the EOM in the frequency domain is
modeled by Bessel functions, coupling neighbor frequency bins. For time encoding, we
show that the PF can act as a unitary beam splitter between two time bins separated by
M/2 time bins. As a result, we encode frequency-bin qubits over two adjacent spectral
modes, and time-bin qubits over two time bins separated by M/2 temporal modes.

We compare the performances of two device configurations, [EOM-PF-EOM] and [PF-
EOM-PF]. For frequency encoding, we compare our results with the literature. For time-
bin encoding, we obtain a unit probability of success and fidelity for any arbitrary unitary
for both configurations.

We focused on the parallelization of such single qubit gates. We define for both encoding
the limitation on the parallelization, both rising from the limited bandwidth of the EOM.
For frequency-bin qubits, scattering of the EOM introduces crosstalk in modes close to the
qubit space. As such, we find it sufficient to keep six guard modes between two qubits
to ensure crosstalk below 10−3 between two qubits. For time encoding, the limit on the
bandwidth of the EOM constrains the number of gates reaching a fidelity above a given
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threshold Fth. We investigate the driving of the modulator with a single sine wave, and
then with a more complex driving. For Fth=0.99, we assess the parallelization of 24 and 28
Hadamard gates for respectively the [EOM-PF-EOM] and the [PF-EOM-PF] configuration
with single tone RF driving. This result increased to respectively 44 and 47 with dual-tone
RF driving.

We have noticed interesting works that go further than single qubit gates. In the frequency
domain, a heralded controlled-Z gate has been proposed in [55]. More recently in [85], a
frequency-encoded controlled-not gate has been implemented using the [EOM-PF-EOM]
configuration. With this method, they realize a post-selected controlled-not gate with a
fidelity of 0.99 and a probability of success of 0.04.

Another way of exploration is the use of qudits for quantum information processing [160].
In the frequency domain, a discrete Fourier transform gate for a qudit of dimension 3 has
been realized in [57]. More recently, in [75], numerical solutions have been found to enable
such a discrete Fourier transform gate for qudits of dimension up to d=10. For time-bin
encoding, replacing the 2-scattering operation with a scattering extended to more modes
would enable the manipulation of higher-dimensional time-bin quantum states.
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Experimental processing of
frequency-bin qubits

Frequency-domain quantum information processing has gained a lot of interest in the
past years, due to the programmability offered by off-the-shelf fibered PFs and EOMs.
In Chapter 3, we introduced the theoretical and numerical models for the synthesis of
single-qubit gates. At the beginning of this Ph.D. thesis, in 2020, only two groups were in-
vestigating frequency-domain information processing with electro-optics modulators and
programmable filters, in Oak Ridge/Purdue (United States) and Varennes (Canada). The
experimental investigations were mainly directed toward the manipulation of frequency-
bin qubits and qutrits (qudit of dimension three) [57, 61]. These manipulation schemes en-
abled realization of Hong-Ou-Mandel experiments (HOM) with photons generated from
commercial lithium niobate waveguides [66, 87], quantum state tomography of frequency-
bin entangled states generated by silicon nitride micro-resonators and hydex micro-resonators
[68, 76], two-qubit gates [85], and deterministic two-qudit gates [64], where the action of
a time-bin qudit is controlled with a frequency-bin qudit.

The interest in frequency-domain quantum information processing has been steadily grow-
ing since 2020, with the emergence of new groups in Hanover [59, 73] and Jena [79] (Ger-
many), Pavia (Italy) [81, 84, 88], and us (France) [74, 78], as well as ongoing works from
the team in Oak Ridge/Purdue [67, 75, 86]. The experimental demonstrations have been
directed toward the efficient generation and characterization of higher-dimensional quan-
tum states [75, 79, 86, 88], heralded Hong-Ou-Mandel experiments and Bell-state analyz-
ers [59, 67]. As the landscape of frequency-domain information has been increasingly
growing, it is now possible to envision practical uses in quantum information processing.

One mature application of quantum information processing is quantum key distribution
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Work Configuration Dimensionality Demonstrations

Kues et al. [68] PF-EOM-PF 2 to 4
Tomography,

Bell-like interferences
Lu et al. [57] † EOM-PF-EOM 2 to 3 Gate characterization

Imany et al. [76]† PF-EOM-PF 2 to 3
Tomography,

Bell-like interferences

Lu et al. [66]† EOM-PF-EOM 2
HOM,

Tomography
Imany et al. [87] PF-EOM-PF 2 HOM

Lu et al. [85]† EOM-PF-EOM 2 Two-qubit gate

Imany et al. [64]† PF (frequency)
delay lines (time)

32 (frequency)
3 (time)

Deterministic hyper-encoded
two-qudit gates

Lu et al. [61]† EOM-PF-EOM 2
Arbitrary single-qubit

rotation

Khodadad et al. [59] PF-EOM-EOM 2
HOM between

heralded single photons
Lingaraju et al. [67]† EOM-PF-EOM 2 Bell state measurement

Lu et al. [75]† EOM-PF-EOM
2 to 3 exp.
2 to 9 sim.

gate characterization
qudit manipulation

Lu et al. [86]† PF-EOM-PF 2 to 8 Tomography
Sabattoli et al. [81]∗ EOM 2 Tomography
Clementi et al. [84]∗ EOM 2 Tomography

Mahmudlu et al. [73] PF-EOM-PF 2 to 4 Tomography

Ponce et al. [79] PF-EOM-PF 2 to 6
Bell-like

interferences
Borghi et al. [88]∗ EOM 2 to 4 Tomography

This work

∗

EOM-PF-EOM 2

Parallelization of
34 single qubit gates

Bell-like
interferences
Tomography

QKD protocol
Proof-of-concept of
quantum network

HOM

Table 4.1: List of the experimental works performed with frequency-encoding using
fibered EOMs and PFs. The double line separates works published before and after this
Ph.D. thesis. HOM: Hong-Ou-Mandel. †: works from the team in Purdue/Oak Ridge, ∗:
frequency-domain experiments on photons generated by SOI micro-resonator structures.
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(QKD) protocols. Most QKD protocols rely on the distribution of single photons [150]
or entangled states [161]. Usual implementations of such QKD protocols use polariza-
tion and time-bin entanglement. However, in practical implementations, environmental
fluctuations can induce uncontrolled change in the quantum states. Tackling this prob-
lem usually requires an active stabilization scheme. The intrinsic quantum state stability
offered by frequency encoding suppresses the need for such stabilization schemes.

However, realizing such a protocol requires two major elements: experimental realization
of single-qubit operations acting independently on frequency bin qubits, measuring the
state of the qubits, and generating frequency-encoded qubits adequate for such manipu-
lation.

This chapter uses the results presented in the two previous chapters. We perform an ex-
perimental synthesis of a tunable single qubit gate for frequency-bin qubits, using the
formalism introduced in Chapter 3. We then conduct experiments with these synthesized
quantum gates applied to the photons generated by the integrated sources described in
Chapter 2. In section 4.1, we investigate the experimental realization and characteriza-
tion with classical light of a tunable single qubit gate. Then, in section 4.2, we assess
the parallelization of these single qubit gates, and the experimental considerations to
achieve this goal. We investigate the number of guard modes needed for the paralleliza-
tion of two adjacent single qubit gates. We furthermore explore the parallelization of
Hadamard gates applied to two contiguous qubits. In section 4.3, we report the gen-
eration of frequency-entangled qubit pairs from the silicon on insulator ring resonator
introduced in Chapter 2. We perform Bell-like interference and quantum state tomog-
raphy, and we parametrize the four Bell states using the frequency-domain qubit gates
introduced in Chapter 3. In section 4.4, we investigate the broadband frequency-bin
qubit generation, allowed by the broadband spectrum and low-FSR of our photon pair
source. We parallelize the quantum state tomography to 17 parallel frequency-bin entan-
gled qubit pairs and perform a proof-of-concept of a fully connected network. With our
source, we show the ability to generate a five-user trusted-node free connected network,
where each pair of users exchange secret keys with a local rate of 1 bit per second. We
use photon pairs generated by the LNOI waveguide, to perform a frequency-domain ver-
sion of the Hong-Ou-Mandel experiment. Finally, section 4.6 provides a conclusion to this
chapter.

4.1 Tunable single qubit gate

We present in this section the frequency manipulation possibilities of an increasing num-
ber of devices. We start by characterizing a single EOM. Then, we investigate the temporal
synchronization between two EOMs in series. Then, we investigate the EOM-PF-EOM for
the realization of a tunable single qubit gate and assess its performance, by measuring the
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fidelity and success probability of the realized operation. We then utilize this single qubit
gate in a frequency-version of the Mach-Zehnder interferometer.

4.1.1 Characterization of a single electro-optic phase modulator

In Chapter 2, we introduced the electro-optic phase modulator (EOM) as a device that
applies a time-dependent phase shift to the optical field. The Fourier transform of a
time-domain dependent phase shift leads to frequency domain scattering. Physically, this
phase change is induced by applying a time-dependent voltage V(t) with a RF generator.
The applied voltage changes the refractive index of the electro-optic material and, thus,
the path length seen by the optical field. If V(t) is a sine wave with a peak voltage V0 at a
frequency Ωm, the time-dependent RF sine wave can be written as

V(t) = V0 cos (Ωmt + θ) . (4.1)

The time-dependent phase imprinted on the optical field is then

ϕ(t) = µ cos (Ωmt + θ) . (4.2)

This equation is similar to the equation presented in 3.17. The relation between the ap-
plied voltage and the obtained modulation index µ is

µ = V0
π

Vπ
. (4.3)

The proportionality factor π
Vπ

between V0 and µ incorporates various aspects, including
the non-linear efficiency and the geometry of the modulators. In our analysis, the voltage
V0 is the nominal voltage set on the generator. Vπ is the voltage that must be applied by
the generator to achieve µ = π, accounting for the losses in the RF setup.

We must measure the Vπ, in order to map the input voltage to the modulation index.
We use the setup presented in Fig. 4.1.(a). A continuous wave laser is sent into a mod-
ulator, driven by an RF sine wave of amplitude V0. We use a programmable filter as a
21 GHz bandpass filter tuned successively at the frequencies ω0 + n · Ωm, for n ∈ {-2,-
1,0,1,2}, where ω0 is the frequency of the laser. The light intensity In of each frequency
mode ω0 + n × Ωm is then measured by a photodiode. We repeat this measurement for
several nominal peak voltages. Fig. 4.1.(b) shows the experimental results (dots) and fit
to Bessel functions using Eq. 3.18. The measured intensity is normalized with respect
to the intensity at the frequency mode ω0 when no voltage is applied to the modulator.
As the voltage of the RF sine wave increases, the fraction of light in the initial mode ω0
decreases to populate the neighboring modes. The solid line corresponds to fits with the
Bessel function, with Vπ as the adjustable parameter. For this particular modulator, the
determined value is Vπ = 11.28± 0.08 V, for a modulation frequency Ωm= 21 GHz.
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Figure 4.1: (a): Setup for the characterization of an EOM. CW laser: continuous wave laser,
PC: polarization controller, EOM: electro-optic modulator, PF: programmable filter, PD:
photodetector, with the spectra corresponding to each steps. (b) Variation of the intensity
at frequencies ω0 + nΩm for n∈ {−2, · · ·, 2}, as a function of the nominal voltage. Dots
are experimental results, and solid lines are simulations using Eq. 3.18.

From the theory, we expect the light intensity to be converted symmetrically to the modes
around ω0, i.e. In = I−n. However, we experimentally observe an asymmetry between
light converted in the upper and lower modes. The possible explanation for this asym-
metry is the strain applied to the modulator for high RF power. To quantify this effect,
we measure the ratio between the intensities of light in the symmetric modes I−1/I+1,
as shown in Fig. 4.2. The dots represent the experimental data, and the solid line cor-
responds to the expected symmetry I−1/I+1 = 1. At low voltages, the low measured
intensities lead to high uncertainties. The ratio is close to 1 for voltage values under 2
V and decreases for higher values. This effect is a source of imperfection and leads to a
reduction of the performances of the synthesized gates presented in section 4.1.3.

Throughout this manuscript, we use the EOMs to reach specific values µ. As the modu-
lators have different values of Vπ, we adapt the nominal voltage of the driving RF signal
for each modulator to obtain a specific modulation index. We only give the targeted mod-
ulation index needed for the experiments. We list in Appendix B.1 the correspondence
between the modulation index and nominal voltage for each modulator. In the following
section, we focus on a system composed of two modulators in series. As these devices ap-
ply time-dependent phase shifts, we investigate the synchronization between two EOMs.

4.1.2 Two daisy-chained EOMs

If we consider two modulators EOM1 and EOM2 in series, each applies a time-dependent
phase shift to an incoming photonic field, respectively ϕ1(t) = µ1 · cos (Ωmt + θ1) and
ϕ2(t) = µ2 · cos (Ωmt + θ2). The light exits the second modulator acquiring an overall
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Figure 4.2: Ratio between the intensity of the light converted in the frequency band ω0 −
1 × Ωm and the band ω0 + 1 × Ωm. Dots are experimental points, and the solid line is the
expected constant value.

phase
Φ(t) = ϕ1(t) + ϕ2(t). (4.4)

By adjusting the relative phase between the two modulators (θ2 − θ1), we can control the
amplitude of the overall modulation phase from 0 to µ1 + µ2. As it is similar to changing
either θ1 or θ2, we set θ1 = 0, and define the relative phase as θ, applied by the second mod-
ulator. If the two time-dependent phase shifts have the same amplitude (µ1 = µ2 = µ)
and are in phase (θ = 0°), the two phases add up, resulting in the optical phase gain-
ing twice the RF signal applied by one modulator. If the two signals are out of phase
(θ = 180°), they cancel each other out, and the optical field experiences no phase change.
However, experimentally, while traveling through the optical fiber linking two EOMs, an
optical field acquires an additional phase that needs to be accounted for.

To investigate this behavior, we use the setup in Fig. 4.3.(a) A continuous wave laser is
injected at frequency ω0 = 194 THz into the two modulators system. We drive both mod-
ulators with the respective RF driving amplitudes V1 and V2 so that the modulation index
seen by the optical field is µ = 0.816 for both devices. We control the synchronization of
both EOMs by changing the phase between both RF signals θ, which can be arbitrarily set
by the RF driver. A PF is used as a 21 GHz bandpass filter to select the laser frequency
ω0. The intensity is measured by a photodiode Newport 1811. Fig. 4.3.(b) shows the ex-
perimental results (dots) and simulated results (dashed line ). When the two modulators
are in phase, the optical field is modulated with a sine wave of amplitude 2µ, resulting
in most of the light converted in neighbor modes. When the two modulators are out of
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Figure 4.3: a. : Experimental setup for the characterization of the temporal phase depen-
dence of two daisy-chained EOMs. PC: polarization controller, PF, programmable filter,
PD: photodiode. b. : Experimental results and fit to the theory of the intensity of light in
the mode ω0 varying with the phase θ set on the RF generator.

phase, the two modulations cancel out and a maximum intensity is observed at ω0. The
phase needed to be applied to EOM2 for the modulators to be out of phase is θ = 337.7°
± 0.1°. Compared to the expected value of 180°, it means that the fiber induces an addi-
tional phase of 157.7°. This phase is also dependent on the optical frequency, as chromatic
dispersion occurs in the fibers, as further discussed in 4.2. In the next section, we will
complete our daisy-chained EOMs with a programmable filter placed between the two
modulators to synthesize a tunable frequency-domain quantum gate.

4.1.3 Experimental synthesis of a tunable single qubit gate

In this section, we characterize a configuration of two electro-optic phase modulators and
one programmable filter in a [EOM-PF-EOM] configuration to perform quantum gates on
frequency-bin qubits. This set of devices acts as a multipath frequency-domain interfer-
ometer, where the PF allows tuning the interferences between the several frequency-bins,
achieving controlled single qubit operations [55, 74]. While it is possible to realize an ar-
bitrary unitary with this combination, in this section we are interested in synthesizing a
tunable operation that can smoothly go from Identity (I) to Hadamard (H) operation, for
which the matrix form is

I =
(

1 0
0 1

)
, H =

1√
2

(
1 1
1 −1

)
. (4.5)

For this particular configuration, the only tunable parameter controlling the performed
operation is the relative phase between the frequency modes applied by a PF. The RF
frequency is equal to the qubit spacing chosen to be 21 GHz. It is worth noting that this
scheme works for any qubit spacing larger than the programmable filter resolution, and
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lower than the RF bandwidth of the devices. Fig. 4.4 shows the phase imprinted by

δf

p
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e

Frequency

Figure 4.4: Representation of the phase mask that needs to be applied by the pro-
grammable filter to realize a tunable operation. The red bars represent the qubit modes,
and the grey bars represent neighbor frequency modes.

the programmable filter. The qubit is encoded on two frequency modes: ω0 and ω1 =
ω0 + Ωm, here represented by the red bars. As the modulators have the same amplitude
and are out of phase, we expect that no modulation appears when α=0. As we raise α,
the interference pattern changes, up to α = π rad, where we expect an equal splitting
between the two qubit modes.
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Figure 4.5: Setup for the characterization of the tunable quantum gate. CW laser: con-
tinuous wave laser. PC: polarization controller, PD : photodetector. EOM: electro-optic
modulators, PF: programmable filters.

To characterize the behavior of the [EOM-PF-EOM] configuration for realizing a tunable
quantum gate, we utilize the experimental setup depicted in Fig. 4.5. A continuous
wave laser at frequency ω0 emulates a qubit in the logical 0. The electro-optic modu-
lators (EOMs) are driven by signals with the following parameters according to previous
implementations [57, 61]

µ = 0.816 rad, θ = 180 deg. (4.6)

PF1 imprints the phase mask shown in Fig. 4.4, with the parameter α tunable from 0 to 2π
radians. Downstream of the [EOM-PF-EOM] elements, another programmable filter acts
as a tunable bandpass filter to sequentially measure the light intensity in the frequency
modes ω0 and ω1. We normalize the measured intensities by a reference value obtained
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when the modulators are off, and the PF applies a flat phase. This normalization allows us
to characterize the performances of the gates independently from the insertion loss of the
devices. Although it will not change the fidelity, insertion loss impacts the probability of
success. With 3.5 dB of insertion loss for the PF and 2.5 dB for the EOMs, the transmission
of the [EOM-PF-EOM] configuration is ≈11%.

The experimental results are presented in Fig. 4.6. In Fig. 4.6.a., we observe the normal-
ized intensity transmitted in the two qubit modes as a function of α. As expected, when
α = 0, most of the light is transmitted in the frequency mode ω0, realizing the Identity
transformation, and when α = π, the intensity is evenly split between the two frequency
modes, realizing the Hadamard transformation. All intermediate operations can be con-
trolled. The Identity operation is obtained for all α = 2nπ, n ∈ N.
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Figure 4.6: a.: Normalized intensity transmission in the frequency modes ω0 and ω1 =
ω0 + Ωm as a function of the tuning parameter α. b.: fidelity of each realized rotation to
simulated ones. c.: black dots: measured success probability of the gate, blue dashed line:
theoretical success probability, black dashed line: theoretical success probability corrected
to fit the experimental points.

Fig. 4.6.b. shows the fidelity of each realized rotation compared to the ideal ones. Each
gate exceeds a fidelity of 0.9997 ± 0.0006. Fig. 4.6.c. shows the measured success proba-
bility (dots), numerical simulations (dashed blue line), and numerical simulations multi-
plied by 0.93, to fit the experimental results (dashed dark line). We compute the fidelity
and probability of each gate using Eq. 3.25 and Eq. 3.24. From the simulation, we observe
that the Identity operation (α=0) should lead to a unit fidelity and probability of success,
and the Hadamard operation (α=π) should lead to a unit fidelity and a success probabil-
ity of 0.9748 [61]. We experimentally do not reach the expected success probabilities, as
shown by the difference between the simulated results (dashed light blue line) and exper-
imental points (dots). The measured success probability only reaches ≈ 0.93 for Identity.
One explanation for this diminution is the imperfect behavior of the modulators: asym-
metry in the distribution of light in the symmetric modes observed in Fig. 4.2. This results
in imperfect interferences which impacts the performance of the synthetized gate.

The theoretical limit of 0.9748 for the success probability of the Hadamard operation is
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due to light scattering in modes outside of the qubit space. It is then interesting to look at
how much light is lost. We examine the crosstalk for the Hadamard operation, for which
it is maximal. Using the same setup as in Fig. 4.5, we measure the 14x14 transfer matrix of
a Hadamard gate applied to a qubit and the 6 neighbor modes on each side. Each matrix
coefficient Ci,j is measured by tuning the laser on the frequencies ω0 + iΩm, and applying
a bandpass filter on PF2 centered at ω0 + jΩm, with i, j∈ {−6, · · ·, 7}.
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Figure 4.7: (a): Measured normalized transfer matrix for a 14x14 frequency space. (b):
Distribution of the transmission on frequency modes ω0 + jΩm when light is injected in
the frequency modes ω0.

Fig. 4.7.(a) displays the measured intensity transfer matrix, where a Hadamard operation
is applied to a qubit. Each row represents the normalized intensities measured in the
frequency modes ω0 + jΩm, when light is injected in mode ω0 + iΩm. j ∈ {−6, · · ·, 7}.

We examine experimentally the crosstalk, as defined in 3.4.1.1. In this regard, we look
at the normalized intensity distribution in each frequency mode ωj = ω0 + jΩM, when
injecting light in the frequency mode ω0. The experimental measure of the crosstalk is
presented in Fig. 4.7.(b). In the computational space, we find most of the light, equally
distributed between the two computational modes, as expected from the action of the
Hadamard gate. Crosstalk can be observed in the modes outside the computational space.
By maintaining two guard modes between two qubits, the crosstalk can be reduced to
below 10−3.

In this section, we explore how setting the [EOM-PF-EOM] configuration to a Hadamard
gate can be utilized to construct a MZI interferometer in the frequency domain.
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4.1.4 Frequency-domain Mach-Zehnder interferometer

A Mach-Zehnder interferometer is a spatial domain interferometer, consisting of two 50:50
beam splitters, and a phase shifter present in one arm. A scheme of principle is presented
in Fig. 4.8. This structure is very useful for path-encoded quantum information, as one
Mach-Zehnder implements an operation tunable from Identity (ϕ = 0) to the bit-flip gate
(ϕ = π), with the Hadamard gate (ϕ = π/2) in between.

0 0

1

Figure 4.8: Scheme of a spatial Mach-Zehnder interferometer. Light input in the upper
path and the output is a superposition of the upper and lower path, controlled by the
phase ϕ.

In terms of logic gates, this structure requires two Hadamard gates for the beam splitters
and a phase gate. It is possible to implement this interferometer, using frequency-domain
qubit gates. Because of the limited available resources at the time of the experiment,
we could not use [EOM-PF-EOM] setups for both Hadamard gates. A simple setup was
used for the input of the interferometer, with just one EOM and one PF [59, 87]. Fig.
4.9 presents the setup of the experiment and the representation of the action of devices
in the frequency domain along the experiment. A CW laser generates light in a single
frequency mode at ω0. An EOM creates a frequency-bin superposition, and the PF filters
out the undesired frequencies. Using a modulation index of µ = 1.435 would result in a
probabilistic Hadamard gate [87]. However, we can only experimentally drive our EOM
with a maximal modulation index of µ ≈ 1.3, c.f. Fig. 4.1. We must apply an additional
attenuation with PF1 to create a true equal splitting between the two frequency modes.
This PF also applies a relative phase ϕ between the two frequency modes. The [EOM-
PF-EOM] configuration acts as the second 50:50 beam splitter. PF2 selects the measured
frequency mode, ω0 or ω1, and we measure the output signal with a power meter. Fig.
4.10 shows the experimental result. Looking at the light output in both frequency modes,
we change the relative phase applied by PF1 to tune the superposition from 100:0 to 0:100.
The visibility of the interference is 0.98. As we measure a fidelity above 0.99 for the [EOM-
PF-EOM] configuration performing 50:50 beam splitting, the limitation on the visibility
could come from the first 50:50 beam splitter realized with EOM1 and PF1.

We have shown that with our choice of parameters, the [EOM-PF-EOM] setup enables a
smooth tuning from Identity to Hadamard. Using a different combination of parameters
for the EOMs and PF, it is possible to realize an arbitrary rotation over the whole Bloch
Sphere i.e.: go beyond the Hadamard gate, up to a bit flip. However, a bit flip would
require a modulation index of µ = 3.28 rad, which is twice the maximum modulation
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Figure 4.9: Experimental setup for the frequency-domain Mach-Zehnder interference with
classical light, and associated spectrums. PC: polarization controller, PF: programmable
filter, EOM: electro-optic modulator, PD: photodetector.

index that we can reach (µ ≈ 1.3).
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Figure 4.10: Experimental measurement of Mach-Zehnder interferences.

This [EOM-PF-EOM-PF-EOM] configuration of Fig. 4.9 requires however more devices
and is thus more lossy (18 dB) than the [EOM-PF-EOM] configuration alone (9.5 dB) This
tremendously hinders the performances for single photon applications.

This section focussed on the experimental synthesis of single-qubit gates. In the next
section, we investigate the parallelization of these single qubit gates, using the same set
of devices.
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4.2 Parallelization of single-qubit gates

We now explore the parallelization of Hadamard gates to independent qubits. First, we
verify that two guard modes are indeed sufficient for separating two neighbor qubits, as
investigated in Section. 4.1.3. Then, we investigate the broadband parallelization of such
a single qubit gate. We show that chromatic dispersion in the fibers needs to be compen-
sated. We then look at the performances of Hadamard gates functioning throughout the
C-band. Finally, we perform numerical simulations to explore the parallelization of the
Hadamard gate on two contiguous frequency-bin qubits.

4.2.1 Independent tunable single-qubit gates

It is desirable to manipulate independently many qubits with a single set of devices. In
section 4.1.3, we determined that a two-mode spacing between qubits could provide a
crosstalk ≤ 10−3. Fig. 4.11.a. shows the square pattern is repeated so that the same
quantum gate is performed on all the qubits processed in parallel. Fig. 4.11.b. shows how
to implement different quantum gates for each qubit independently.
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Figure 4.11: Phase pattern (blue) applied by the programmable filter of the [EOM-PF-
EOM] configuration. The qubit modes (red) are separated by two guard modes (grey).
(a): the same quantum gate is performed for all the considered qubits. (b): every qubit
undergoes a different transformation.

To investigate the parallelization ability of our [EOM-PF-EOM] configuration, we exper-
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imentally implement a similar phase mask as Fig. 4.11.a. with the PF. We chose α = π
rad thus applying three Hadamard gates to three independent qubits. Using the setup in
Fig. 4.5, we measure the intensity transfer matrix of a 14x14 frequency space, compris-
ing the three qubits. Fig. 4.12 shows the intensity transfer matrix. We observe the three
Hadamard operations for which the fidelity exceeds 0.999.
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Figure 4.12: Measured normalized intensity transfer matrix of a 14x14 frequency space,
where three Hadamard gates are applied to three qubits, separated by two guard modes.

It is important to verify whether the crosstalk between qubits separated by two guard
modes remains below 10−3 while applying the three Hadamard gates. For this purpose,
we examine the intensity distribution on each frequency mode by injecting light into the
logical 0 of qubit 2. As qubit 2 is surrounded by two neighboring qubits it allows us to
investigate the crosstalk from qubit 2 to its closest neighbors. The intensity distribution in
Fig. 4.13 is similar to the one displayed in Fig. 4.7. The crosstalk below 10−3 is preserved
in qubits 1 and 3. A tradeoff needs to be made between crosstalk and the number of
qubits processed in parallel. The closer the qubits, the more processed qubits in a given
bandwidth, but also the higher the crosstalk. In this experiment, the three qubits subspace
uses 10 frequency modes, with each mode spaced by 21 GHz. The total frequency span
amounts to 210 GHz (1.57 nm).

We showed that it is possible to parallelize quantum gates by changing the phase mask
of the programmable filter. However, this holds only if all other parameters of the quan-
tum gate remain fixed for every optical frequency. For instance, the modulation index is
independent of the wavelength, but the relative phase between the two modulators is im-
pacted by chromatic dispersion, which causes a frequency-dependent temporal phase. As
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Figure 4.13: distribution of the transmission surrounding qubit 2 (grey bars) measured
when injecting light into logical 0 of qubit 2 state. X-axis: frequency modes relative to
qubit 2’s logical 0.

we require the temporal phase between the EOMs to be fixed at 180°, we need to compen-
sate for this dispersion. To measure the amount of chromatic dispersion D in our system,
we use the setup depicted in Fig. 4.14. A tunable laser is sent into the [EOM-PF-EOM]
group. The modulators are driven by sine waves. The voltages are chosen so that the
modulation index is µ=0.816 rad for both modulators. PF2 applies a passband a 21 GHz
filter at the laser frequency. For each optical frequency, the relative phase θ of the mod-
ulators is tuned from 0 to 360°, by the RF Generator. Fig. 4.15 shows the experimental
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Figure 4.14: Setup for the measure of the achromatic dispersion in the [EPE] configuration.

results. In Fig. 4.15.a. we observe for each optical frequency an interference pattern, simi-
lar to Fig. 4.3.(b). Dispersion adds an extra phase that shifts the position of the maximum
and minimum. This phase is related to the dispersion term as

θdisp( f ) = θ0 + 360 × c × D
T

(
1
f
− 1

f0

)
(4.7)
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Where θdisp( f ) is the extra frequency-dependent phase, θ0 is the phase leading to the
maxima for the interference pattern at frequency f0, D is the amount of dispersion in the
system, c is the speed of light and T = 2π

Ωm
is the RF modulation period. Fig. 4.15.b. shows

the phase θ that needs to be applied to reach the maximum, i.e. perfectly synchronize the
two modulators out of phase. We can fit this variation with a dispersion of 0.4 ps/nm,
using Eq. 4.7.
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Figure 4.15: (a): Variation of the intensity in the mode ω0 with the relative phase on EOM2,
as shown in Fig. 4.3, for several optical frequencies. (b): phase value corresponding to the
maximum of the interference for each optical frequency (dots), fitted with a dispersion of
0.4 ps/nm (solid line).

With the programmable filter of the [EOM-PF-EOM] configuration, we apply a negative
dispersion phase mask to correct for this positive dispersion. We repeat the experiment
with the applied negative dispersion of -0.4 ps/nm. The results of this experiment are
shown in Fig. 4.16. Fig. 4.16.a. shows the interference pattern for each optical frequency.
It is clear in this plot that the maximum is reached for a stable value θ for each optical
frequency. Again, we can look at the position of the maxima for each wavelength, shown
in Fig. 4.16.(b). It corresponds to a residual dispersion of 0.032 ps/nm. Using this -0.4
ps/nm negative dispersion correction, we have suppressed chromatic dispersion by one
order of magnitude.

For any phase pattern necessary for the tunable quantum gates, this dispersion correction
is taken into account as a phase background. Fig. 4.17 shows how this affects the phase
pattern applied to a qubit (red vertical bars) in the case of the Hadamard gate. The black
dashed line represents the dispersion correction, while the solid blue line corresponds
to a phase mask producing a π rad phase shift between the qubit modes. Using this
compensation scheme, we evaluate the fidelity and success probability of a Hadamard
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Figure 4.16: (a): Variation of the intensity in the mode ω0 with the relative phase on
EOM2, as shown in Fig. 4.3, for several optical frequencies with a negative dispersion of -
0.4 ps/nm is applied by the programmable filter of the [EOM-PF-EOM] configuration. (b):
phase value corresponding to the maxima of the interference for each optical frequency
(dots), fit with a dispersion of 0.032ps/nm (solid line).

ω0 ω1ω−1ω−2 ω2 ω3
-2

0

2

4

Frequency modes

Ph
as

e
(r

ad
)

Figure 4.17: Solid line: phase pattern that needs to be applied by the quantum gate to ap-
ply a Hadamard gate on a qubit, taking into account the dispersion (dashed line). The red
(greys) bars correspond to modes inside (adjacent to) the computational space. Frequency
of the qubit modes are ω0 =195 THz and ω1 =195+Ωm THz.
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gate applied on frequency bins qubit over all the C band. The results are shown in Fig.
4.18, where we obtain fidelities ≥ 0.999±0.002 and success probabilities ≥0.942±0.002.
The lower success probabilities compared to the state-of-the-art (P=0.9748) are attributed
to the imperfections of the modulators. We also notice that the probability is 2% higher
than experiments in section 4.1.3, attributed to a better tuning of the EOMs parameters.
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Wavelength (nm)

192193194195196
Frequency (THz)

0.94
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1.00

Fidelity
Success ProbabilityF

P
,

Figure 4.18: Success probability and fidelity of the Hadamard gate performed on 11
frequency-bin qubits distributed all over the PF bandwidth.

In this section, we showed the parallelization of independent Hadamard gates. These
gates need a minimal amount of 2 guard modes to be isolated from each other by at least
30 dB. However, it is interesting to investigate the case of two Hadamard gates with no
guard modes. The next section focuses on the parameters optimization of the quantum
gate, for the same set of devices, and a single-frequency RF sine wave.

4.2.2 Hadamard gates with no guard modes

It is possible to synthesize such contiguous Hadamard gates with the [EOM-PF-EOM]
configuration using multi-tone RF driving [67]. In this paper, the two transformations
exhibit a fidelity F = 0.999999 and a success probability of P = 0.9310. Here, we aim to
synthesize this transformation by driving the EOM with a single RF tone at frequency Ωm.
The [EOM-PF-EOM] combination has several free parameters that we can optimize: two
modulation indices and two phases for the EOMs (µ1, θ1, µ2, θ2), and 18 phases for the PF
(ϕ0, · · ·, ϕ17).

We numerically simulate the devices using tools developed in Chapter 3 on an 18x18
frequency space centered on the two Hadamard gates. Therefore, for the optimization
process, a Particle Swarm Optimization algorithm was used, as it gave the best results,
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and is similar to the work reported in [61]. We use the bi-stage optimization function as
in [61]

F(x) =
{ P log10(1 −F ) if F ≤ 0.99

−4 ×P if F ≥ 0.99
(4.8)

This objective function optimizes both the fidelity and success probability of the opera-
tion. In the first stage, the optimization highly concentrates on optimizing the fidelity until
F > 0.99. When the fidelity reaches this threshold, the function maximally optimizes the
probability of success. We target the following amplitude transfer matrix

T =
1√
2




1 1 0 0
1 −1 0 0
0 0 1 1
0 0 1 −1


 , (4.9)

corresponding to two Hadamard gates applied on two frequency qubits with no guard
modes in between. Fig.4.19 shows the optimum parameters for the phase applied by the
PF (a) and for the EOMs settings (b). The simulated transfer matrix is presented in Fig.
4.20. The black outlines represent the ideal values of Eq. 4.9. The numerical optimization
leads to a fidelity of 0.92 to the targeted matrix and a success probability of 0.97. We then
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Figure 4.19: Optimized phases of the PF (a.) and parameters of the EOMs (b.) for the
synthesis of two side-by-side Hadamard gates. In b. T is the period of the the RF wave T=
2π
Ωm

.

apply these settings to the experimental setup and measure the experimental intensity
transfer matrix of the gate.

Fig. 4.21 compares the numerical simulation to the experimental data. As we experimen-
tally measure an intensity, we plot in Fig. 4.21.(a) the simulated intensity transfer matrix,
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and Fig. 4.21.(b) shows the measured intensity transfer matrix. The black outlines corre-
spond to the theoretical values. For intensity, we expect values of 0.5 for each bar. The
fidelity to the target transformation in Eq. 4.9 is F = 0.94 and the success probability is
P = 0.95 for the 4-dimensional transformation. Individually, the fidelity and probability
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Figure 4.20: Numerical results of the simulation of two side-by-side Hadamard gates. (a):
Real part of the matrix, (b): imaginary part of the matrix. Black outlines correspond to the
expected values.

of success for the two 2x2 operations are F1 = 0.999 ± 0.002 and F2 = 0.999 ± 0.002.
The success probabilities are P1 = 0.912 ± 0.002 and P2 = 0.882 ± 0.002. These results
show a slight improvement in performances for two adjacent Hadamards compared to
[57], where a fidelity of 0.983 and a probability of success of 0.86 with a single sine wave
driving of the EOMs were reported. With the same set of devices, we can find solutions
that exhibit better performances both numerically and experimentally. As expected, driv-
ing the modulators with a sum of two RF harmonics exhibits better performance [67] with
a higher fidelity (F = 0.99999) and the same order of success probability (P = 0.9310).
However such realization necessitates a higher bandwidth RF generator to drive the sec-
ond harmonics and a high bandwidth modulator.

As investigated in the previous section, it is important to look at the crosstalk between the
two gates. We infer the isolation of the two qubits of 13 dB. It’s important to mention that
our experiment only needs one RF sine wave. This method can be used to perform two
Hadamard with no guard modes when the second harmonics cannot be generated easily
by generator.
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Figure 4.21: (a): Intensity transfer matrix of the numerically simulated transformation of
the two side-by-side Hadamard gates. (b): Experimentally measured Intensity transfer
matrix. Outlines correspond to expected values from Eq. 4.9.

4.3 Frequency entangled qubit pairs

4.3.1 Entangled state parametrization

In chapter 2, we studied the photon pair generation in a SOI micro-resonator. The gen-
erated photon pairs are emitted symmetrically around the pump frequency in a coherent
superposition described by the state

|ϕ⟩ = 1√
D

D

∑
N=1

ANeiαN |IN , SN⟩ . (4.10)

This is a D-dimensional frequency-bin entangled state. We choose to parametrize frequency-
entangled qubit pair states using the principle depicted in Fig. 4.22. Out of all the possi-
ble resonances in which a signal and idler can be simultaneously emitted, we use a pro-
grammable filter to keep only two adjacent pairs and encode our signal and idler qubits.

The two qubits are encoded on adjacent frequency modes |IN=n⟩ and |IN=n+1⟩ for the
idler qubit, and |SN=n⟩ and |SN=n+1⟩ for the signal qubit. For convenience, It is useful to
define a logical |0⟩ and |1⟩ for each qubit, with n being the signal idler pair |Sn⟩ and |In⟩.
For the following experiment, we chose n=34. The encoding of the following

|0I
n⟩ = |In⟩

|1I
n⟩ = |In+1⟩
|0S

n⟩ = |Sn⟩
|1S

n⟩ = |Sn+1⟩ .

(4.11)
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Figure 4.22: Preparation of a two-qubit entangled state from the high dimensional entan-
gled state generated by the SOI micro-resonator. A programmable filter applies passband
filters centered on 4 resonator modes and with a bandwidth ∆ω=FSR. We encode the |0⟩
s and |1⟩s of the two qubits on the N = n and N = n + 1 modes respectively.

Taking this encoding into account, we define the two-qubit entangled state as

|ϕn⟩ = An
0 |0I

n, 0S
n⟩+ ei∆αn An

1 |1I
n, 1S

n⟩ , (4.12)

∆αn represents the difference between the biphoton phases αn and αn+1, while An
0 and An

1
represent An and An+1, respectively.

When we introduced the SOI micro-resonator, we noticed a variation in the number of
coincidences between contiguous signal-idler pairs. To generate a maximally entangled
state, we need to ensure that An

0 is equal to An
1 . To do this, we correct the contributions of

each qubit in the following way [76]:

• if An
0 > An

1 , we attenuate An
0 ,

• if An
1 > An

0 , we attenuate An
1 ,

so that ultimately, An
0 = An

1 . The adjustments are done using a programmable filter, which
applies the necessary attenuation to the signal and idler of the photon pair that requires
it. It is worth noting that applying attenuation does not change the intrinsic purity of the
generated states, as we post-select two-photon events. Therefore, if both coefficients are
equal, we can represent the generated state as

|ϕn⟩ =
1√
2

(
|0I

n, 0S
n⟩+ ei∆αn |1I

n, 1S
n⟩
)

, (4.13)

4.3.2 Using parallelizable frequency-domain quantum gates to parametrize
the four Bell states

We first want to check that the two generated photons are indeed entangled in frequency.
To this end, we first perform Bell-like two-photon interferences. Contrary to Hong-Ou-
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Mandel interferences, where the two photons interact at a beam splitter, used to charac-
terize their indistinguishability, these interferences assess the non-local property and give
us a lower bound on the entanglement of the corresponding photons.

PF2

: SNSPD

: PC
signal

Frequency

idler H

H

ϕ

&

[EOM-PF-EOM]

PF1

Time
Tagger

(a)

(b)

|1I
n⟩

|0I
n⟩

|1S
n⟩

|0S
n⟩

Figure 4.23: (a): Quantum gate representation of the two-photon interferences. The qubit
modes 0 and 1 are encoded on adjacent resonance modes. A phase gate applies a phase
ϕ between the idler qubit modes to control the interferences. The Hadamard gate allows
the measurement of qubits on the superposition basis. we project each qubit on the qubit
mode 0. (b): experimental setup for the two-photon interferences. PF: Programmable
filter, EOM: electro-optic modulator, SNSPD: single-photon detectors, PC: polarization
controller.

A scheme of the principle of the experiment is presented in Fig. 4.23.a. and the associated
setup in Fig. 4.23.b. The state generated by the resonator is carved by a first programmable
filter PF1 to parametrize the entangled qubit pair state as

|ϕn⟩ =
1√
2

(
|0I

n, 0S
n⟩+ ei∆αn |1I

n, 1S
n⟩
)

. (4.14)

PF1 applies a relative phase ϕ between the two idler qubit modes. The generated state
thus becomes:

|ϕn⟩ =
1√
2

(
|0I

n, 0S
n⟩+ ei(∆αn+ϕ) |1I

n, 1S
n⟩
)

. (4.15)

Then, the [EOM-PF-EOM] group is programmed to perform a Hadamard operation on
both qubits. From Fig. 4.23, we see that the state |1S

n⟩ is higher in frequency than the state
|0S

n⟩. For the idler qubit, the logical state |1I
n⟩ is lower in frequency than state |0I

n⟩. This
creates a difference in how the Hadamard operation must be applied to each qubit. In the
previous sections, the encoding method was chosen such that ω1 = ω0 + Ωm. An inverse
encoding means switching the rows and columns of the Hadamard gate. We define a
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Hadamard gate for the signal (HS) and the idler (HI) qubit as

HS =
1√
2

(
1 1
1 −1

)
HI =

1√
2

(−1 1
1 1

)
. (4.16)

Applying these two transformations to their respective qubits gives

HI ⊗ HS |ϕn⟩ =
1

2
√

2

[
(− |0I

n, 0S
n⟩+ |1I

n, 0S
n⟩ − |0I

n, 1S
n⟩+ |1I

n, 1S
n⟩)

+ei(∆αn+ϕ)(− |1I
n, 1S

n⟩ − |0I
n, 1S

n⟩+ |1I
n, 0S

n⟩+ |0I
n, 0S

n⟩)
]

.
(4.17)

A last programmable filter (PF2) projects the qubit pair on the two-photon state |0I
n⟩ |0S

n⟩.

⟨0I
n, 0S

n| HI ⊗ HS |ϕn⟩ =
1√
2
−1 + ei(∆αn+ϕ)

2
. (4.18)

The corresponding probability evolves as a function of the phase applied on the idler
photon as

| ⟨0I
n, 0S

n| HI ⊗ HS |ϕn⟩ |2 =
1
2
(1 − cos(∆αn + ϕ)) . (4.19)

Such interferences are the witness of frequency-bin entanglement.

PF2 also spatially separates the two-photon modes and sends them to two distinct SNSPDs.
The two-photon measurement is done by recording the coincident clicks between the two
detectors within a 1 ns coincidence window. The coincidences are processed using a
Swabian Time Tagger Ultra. Fig. 4.24 shows the measured variation of two-photon co-
incidences as a function of the relative phase applied to the idler qubit. We fit the experi-
mental points with a formula adapted from Eq. 4.19 as

N̄ (1 − V0cos(ϕ + ∆α)) (4.20)

Where N̄ is the mean number of coincidences, and V0 is the visibility of the interference.
We obtain V0=0.85. The minimum number of coincidences was experimentally reached at
a phase ϕ = −0.27 rad (-15°) corresponding to −∆αn.

The setup presented in Fig. 4.23 can be seen in two ways. First, as the measurement
of the quantum states, where the photons are sent to two parties who measure each of
them independently. This is the usual point of view used for quantum key distribution.
Another way of seeing this experiment is that it allows the parametrization of any of the
four Bell states. Starting from a |ϕ+⟩ state, applying a phase gate on one of the qubits
allows us to change the initial state from |ϕ+⟩ to |ϕ−⟩. Moreover, the combined actions of
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Figure 4.24: Two photon interferences for frequency-entangled qubits. The experimental
points (dot) are fitted with a sine curve (refer to text).

the phase and the Hadamard gates allow to generate anti-symmetric |ψ−⟩ state. We can
see from Eq. 4.17 that if we take the particular case of ϕ = 0, we find

HI ⊗ HS |ϕn⟩ =
1

2
√

2

[
(− |0I

n, 0S
n⟩+ |1I

n, 0S
n⟩ − |0I

n, 1S
n⟩+ |1I

n, 1S
n⟩)

− |1I
n, 1S

n⟩ − |0I
n, 1S

n⟩+ |1I
n, 0S

n⟩+ |0I
n, 0S

n⟩
]

.
(4.21)

As the |0I
n, 0S

n⟩ and |1I
n, 1S

n⟩ terms cancels out, which leaves us with

HI ⊗ HS |ϕn⟩ =
1√
2

(
|1I

n, 0S
n⟩ − |0I

n, 1S
n⟩
)
= |ψ−⟩ (4.22)

In the following section, we perform quantum state tomography on a prepared |ϕ+⟩. To
parametrize this state, we consider that we initially compensate for any phase shift com-
ing from the bi-photon phase, or the asymmetric action of HI and HS, by automatically
adding a phase of π + ∆αn between the idler qubit modes of each considered |ϕ+

n ⟩ states.
For the particular case of the two-qubit state |ϕ+

n=34⟩, the initial phase to apply, to create
the desired state is 3.41 rad (195°).

4.3.3 Quantum State Tomography of a frequency-entangled qubit pair

The generated quantum state can be further characterized by reconstructing the experi-
mental density matrix, using quantum state tomography. The principle of the experiment
is to perform a series of projective measurements of the generated state. From these mea-
surements, we reconstruct the density matrix of an input quantum state. Here we focus
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on a particular |ϕ+⟩ entangled state written as

|ϕ+
n ⟩ =

1√
2

(
|0I

n, 0S
n⟩+ |1I

n, 1S
n⟩
)

. (4.23)

The corresponding density matrix in the
{
|0I

n, 0S
n⟩ , |0I

n, 1S
n⟩ , |1I

n, 0S
n⟩ , |1I

n, 1S
n⟩
}
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Figure 4.25: (a): Experimental setup for the quantum state tomography. PF1 parametrizes
the entangled photon pair state and applies the phase mask shown in red in (b). The
[EOM-PF-EOM] configuration applies either Hadamard or Identity on the qubits. The
two photons are projected on one basis states selected by PF3, as shown in (c), where
p,q∈ {N, N + 1}.

ρ̂ = |ϕ+
n ⟩ ⟨ϕ+

n | =




0.5 0 0 0.5
0 0 0 0
0 0 0 0

0.5 0 0 0.5


 . (4.24)

To experimentally reconstruct the density matrix of a quantum state, we perform projec-
tions on four basis states among six vectors of the three orthogonal bases that we recall
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here
Z : {|0x

n⟩ , |1x
n⟩}

X :
{
|+⟩ = 1√

2
(|0x

n⟩+ |1x
n⟩) , |−⟩ = 1√

2
(|0x

n⟩ − |1x
n⟩)
}

Y :
{
|+i⟩ = 1√

2
(|0x

n⟩+ i |1x
n⟩) , |−i⟩ = 1√

2
(|0x

n⟩ − i |1x
n⟩)
}

.

(4.25)

Where x ∈ {S, I}. Fig.4.25 depicts the setup for the experiment. The setup is similar to

phase gate (ϕ) Parametrized operation Measurement basis vector used for tomography
0 Identity Z |0x

n⟩, |1x
n⟩

0 Hadamard X |+x
n⟩

π
2 Hadamard Y |+ix

n⟩

Table 4.2: Parameters of the phase gate and tunable gate to project the photon state on the
three measurement bases.

the two-photon interferences. However, in this case, the first PF also applies a phase gate
on the signal photon. The combination of the phase gate and tunable gate allows one
to choose the basis states on which to project. Using the parameters from Table 4.2, we
project the state of the photon pair in all possible products of the four states

|0⟩ , |1⟩ , |+⟩ , |+i⟩ . (4.26)

We report the results of the 16 projective measurements (two photons and four possible
states) in Table 4.3.

Projections Coinc. Projections Coinc.
C0,0 1548 C+,0 716
C0,1 36 C+,1 767
C0,+ 622 C+,+ 1275
C0,+i 663 C+,+i 608
C1,0 22 C+i,0 837
C1,1 1553 C+i,1 695
C1,+ 692 C+i,+ 723
C1,+i 664 C+i,+i 42

Table 4.3: Coincidences for the two-photon projections Ca,b integrated for 125 seconds,
in a coincidence window of 1 ns, corresponding to the temporal width of the photon
wavepacket.
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Fig. 4.26 shows the density matrix reconstructed using Maximum likelihood estimation
methods [162]. Comparing it to the density matrix of a maximally entangled state |ϕ+⟩ =

1√
2

(
|0S

34⟩ |0I
34⟩+ |1I

34⟩ |1I
34⟩
)

we obtain a fidelity F = 0.961 ± 0.007.
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Figure 4.26: Experimental reconstruction of the density matrix of a |ϕ+⟩ frequency-bin
entangled state. (a): real part, (b): imaginary part.

To calculate the error bar on the fidelity, a Monte Carlo process is used. The noise is
assumed to be Poissonian, which means the total number of coincidences registered for
each measurement can be associated with a Poisson distribution with an average N. We
attribute to each measurement a Poisson distribution associated with a standard devia-
tion. We sample over multiple distributions and compute the fidelity for each iteration.
The standard deviation gives us the error bar on our fidelity.

4.4 Frequency-entanglement-based fully-connected quantum net-
works

In this section, we provide a concrete application of frequency-domain information pro-
cessing for a proof of concept of a trusted-node-free fully connected network. We use the
broadband photon-pair generation from the SOI micro-resonator to encode 17 frequency-
bin entangled qubit pairs. Using 34 parallel single qubit gates previously introduced, we
assess their fidelity to |ϕ+⟩ entangled state. Then, we measure the performances of each
entangled qubit pair for a BBM92 quantum key distribution protocol used to link pairs of
users in a quantum network.

A quantum network is represented as a graph, where vertices correspond to quantum
nodes i.e.: users, and edges are quantum links i.e.: quantum optical channels, as illus-
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trated in Fig. 4.27. A fully connected network is a configuration in which every user is
connected to every other user as shown in Fig. 4.27.

Here each link consists of a photon pair shared between two users. If each link is estab-
lished by an independent photon source, the number of sources scales quadratically with
the number of users [163, 164]. Active time switching can be employed to consecutively
create a link between each user [165, 166] for a limited time, and thus lower the demand
on resources.

Quantum node

Quantum link

N=3(a) N=4(b) N=5(c)

Figure 4.27: Representation of a quantum network. The squares represent the quantum
nodes, and the red lines represent the quantum links.

Frequency demultiplexing is a technique that can harness this challenge. A broadband
photon pair source correlated in frequency can be used to generate all the necessary links
of a quantum network. Using demultiplexing, frequency channels are allocated to each
user pair. As no switching is required, the communication between two parties can be
done continuously.

Fig. 4.28 displays the rationale behind a fully connected network. The communication
protocol between two parties is based on the BBM92 protocol [161]. In this protocol, each
party receives one photon originating from an entangled photon pair source. Fig. 4.28.(a)
shows the bandwidth allocation for three entangled photon pairs. Two spectrally cor-
related photons are emitted symmetrically around the degeneracy and represented by
signal and idler bars with the same color. Fig. 4.28.(b) shows the physical implementation
of the quantum links. The source generates the two-photon states, and the channels are
demultiplexed and sent to each user so that every user shares a photon pair with every
other user. Fig. 4.28.(c) shows the communication layer, where each node corresponds to
a user and each edge is an entanglement link corresponding to a distributed photon pair.

In previous implementations or proofs of the concept of a fully connected network, entan-
glement is based on either polarization [167, 168, 169] or time-bin [170, 171, 172]. As stated
in the introduction, the frequency domain provides a unique advantage that would pre-
vent the need for active stabilization in real implementations. In this section, we thus aim
to practically use frequency encoding and the parallelization of single-qubit gates permit-
ted by the [EOM-PF-EOM] configuration to realize a proof-of-concept of a fully-connected
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Figure 4.28: (a): A photon pair source produces spectrally correlated entangled photons.
(b): physical layer: These photons, can be demultiplexed and distributed among users.
(c): Communication layer: Each user is connected by links corresponding to two photons
from the same entangled pair.

network.

4.4.1 Parallel encoding of 17 frequency-bin entangled photon pairs

In our proof of concept of a fully connected network, the users share frequency-entangled
qubit pairs and perform measurements using the [EOM-PF-EOM] configuration. Each
qubit is encoded on pairs of resonances. To comply with the results of section 4.2 on
parallelization, each qubit needs to be separated by two guard modes.

Fig. 4.29 shows single count rates for cavity modes around the pump frequency, from N=3
to N=25 for each side. The frequency-bin qubits are encoded in two adjacent frequency
modes, as depicted by the colored bars. A frequency-bin entangled state is represented by
a signal and idler qubit with the same color. The black bars correspond to guard modes
modes. The ideal states we wish to parametrize are |ϕ+⟩ states of the form

|ϕ+
n ⟩ =

1
2
(|0I

n, 0S
n⟩+ |1I

n, 1S
n⟩ . (4.27)

We parametrize each frequency-bin entangled pair using the method in section 4.3.1. To
specifically generate |ϕ+⟩ states, we correct for the bi-photon phases, where the correc-
tion to apply for each qubit pair is displayed in Fig. 4.31. Each value is measured by
performing Bell-like interferences.

We now perform quantum state tomography to measure the fidelity to the targeted state,
following the method in Section 4.3.3, for each qubit pair. The experimentally measured
fidelities are depicted in Fig. 4.32. Fgeq0.8 for 12 out of 17 entangled qubit pairs. The
lower fidelities for the five remaining qubit pairs correlate with the signal-idler pairs with
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Figure 4.29: Single count spectrum as a function of the frequency modes. We encode
the qubits on adjacent frequency modes. The four modes corresponding to an entangled
pair have the same color. The black bars represent the modes that are not used for the
encoding.
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Figure 4.30: Coincidence rate for the two-photon state projected on ⟨IN , SN | for values of
N from N = 3 to N = 83. Two bars with the same color correspond to signal idler mode
pairs used for encoding. The black lines correspond to the guard modes, or modes not
used to encode the two-qubit states.

the lowest coincidence rates in Fig. 4.30. Due to the low signal-to-noise ratio in these
regions, more errors were induced leading to low fidelities.
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Figure 4.31: Experimental measured offset phase of the two-photon state for the 17 entan-
gled qubit pairs.

4.4.2 Performances estimation of the BBM92 protocol in a frequency-entanglement
based QKD network

Having parametrized 17 frequency-bin entangled qubit pairs, we assess their performances
under a frequency-domain version of a BBM92 protocol. The two users of a link choose
independently and randomly to measure the photon in two bases out of the three defined
in 4.25.

• the Z basis : |0⟩, |1⟩
• the X basis : |+⟩, |−⟩

As a measurement is only valid if the two photons are measured on the same basis, we
look at the quantum correlation in the Z and the X basis. For each projection, we measure
several coincidences Ci,j where i and j ∈ {0, 1,+,−} are the states on which the photons
are projected. The number of coincidences per basis is [173]

CZ = C0,0 + C0,1 + C1,0 + C1,1 (4.28)
CX = C+,+ + C+,− + C−,+ + C−,−. (4.29)

The raw coincidence rate exchanged by two parties is equal to [173]

Rraw =
1
2
(CZ + CX)

τ
. (4.30)
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Figure 4.32: Measured fidelity to a |ϕ+⟩ state for each frequency-bin entangled qubit pair
state.

where τ is the integration time. The qubit error rate (QBER) is the ratio of accidental to
total coincidences over the two bases. In the case of a |ϕ+⟩ entangled state, the QBER is
expressed as

e =
C0,1 + C1,0 + C+,− + C−,+

CZ + CX

(4.31)

Finally, we can compute the sifted key rate between two users as [174, 175]

Rsi f t =
1
2

Rraw (1 − f (e)H2(e)− H2(e)) . (4.32)

Rraw is the total number of coincidences exchanged by the two users. The factor 1
2 ac-

counts for the fact that the two users choose on average the same basis half of the time.
f (e)H2(e) + H2(e) corresponds to the fraction of the key that needs to be discarded as
a result of noise, coming from either environment or eavesdropping. f (e) corresponds
to the efficiency of the error correction code [175]. H2(e) is the binary entropy function
H2(e) = −e × log2(e)− (1 − e)log2(1 − e)

In Fig. 4.33.(a), we can see the number of raw coincidences Rraw and the qubit error rate
QBER for each accessible pair. To be useful, a given pair must have a QBER lower than
11% [175]. Out of the 17 accessible pairs, only 12 satisfy this condition.The sifted key rate
between each user pair is derived from the raw coincidences Rraw, and the QBER using
the method in [173]. Fig. 4.33.(b) displays the measured sifted key rate for each pair of
users for each usable pair. The inset in Fig. 4.33.(b) illustrates how the distribution of 10
photon pairs can be used to create a node-free quantum network of 5 users.
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Figure 4.33: (a): Raw coincidences (bars) and qubit error rate (QBER) (dots) between two
users, and (b): sifted key rate as a function of n, spectral detuning from the pump.

4.4.3 Scalability and possible improvements

In this proof of principle experiment, the achieved key rates (0.5 to 2.5 bits/second) are
limited by the performances of the source, as well as the insertion loss of the devices (14 dB
for the 3 PFs and the 2 EOMs). Integrating these components on the same chip would help
to limit losses and improve overall performance. This particular way of improvement is
discussed in section 5.5.

A real-world realization would necessitate an upgrade of the available equipment. In our
laboratory, we possess 4 detectors. If U users want to communicate simultaneously, they
need to register both basis states of each received qubit, which requires two detectors per
qubit. Therefore, the number of detectors required scales as 2U × (U − 1). To reduce
this demand to just one detector per user, we can use frequency-to-time mapping. In-
stead of resolving frequencies, we would look at the time of arrival of each photon and
allocate one time bin for each frequency bin. This technique leverages the scalability of
frequency encoding and measurement scalability of time encoding. To achieve this, we
could use dispersive fibers to delay frequencies relative to each other. For this scheme to
eliminate reliance on polarization, both involved parties must have measurement systems
that are polarization-independent. The modulator currently used in our experiments is
polarization-dependent. Nonetheless, a polarization-insensitive electro-optic modulator
that combines two polarizing beam splitters and two modulators to achieve polarization-
insensitive electro-optic modulation has already been demonstrated in [176].

A perspective of this work is to encode information into higher-dimensional entangled
quantum states, which can readily be produced from our SOI micro-resonator. We discuss
this in the perspectives section 5.4.
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4.5 Hong-Ou-Mandel in the frequency domain

We also use the [EOM-PF-EOM] setup to perform a Hong-Ou-Mandel interference on
photon pairs generated by the LNOI waveguide presented in chapter 2. The Hong-Ou-
Mandel (HOM) [177] measures the degree of indistinguishability of two single photons.
Usually, the HOM experiment consists in injecting two photons on the two inputs of a
beamsplitter. If they are indistinguishable except for their spatial mode, they exhibit
bunching and exit at the same output. Here we perform this experiment with photons
encoded in frequency bins.

Frequency-domain Hong-Ou-Mandel experiments have been performed using different
configurations. In [66], the mixing was achieved by employing the [EOM-PF-EOM] con-
figuration. Alternatively, a single EOM was utilized [59, 87]. In another approach, third-
order non-linear methods for frequency mixing were implemented [53]. Here, we utilize
the [EOM-PF-EOM]. An EOM can also be used to translate the frequency of one photon
with respect to the other, by using spectral sheering as in [178], instead of a frequency
beam splitter that translates the frequency of both photons.

In the frequency version of the HOM experiment, the two photons are initially in two
distinct frequency modes. The two-photon state is written as

|Ψ⟩ = |1ω0⟩ |1ω1⟩ = â†
ω0

â†
ω1

|0ω0⟩ |0ω1⟩ , (4.33)

If we apply a Hadamard gate, programmed with the [EOM-PF-EOM] on the two fre-
quency modes ω0 and ω1, the two photons output the configuration in the following state

|Ψ⟩ = 1
2
(|2ω0⟩ |0ω1⟩+ |0ω0⟩ |2ω1⟩) (4.34)

As we observe, both photons output in the same frequency mode. As such, the coinci-
dences between the two output modes, exhibit a dip.

We realize the experiment using the setup shown in Fig. 4.34.(a) The frequency beam
splitter is realized using the [EOM-PF-EOM] configuration.

To comply with the limitations on the frequency spacing allowed by the modulators, we
choose a frequency spacing of δω = 2π × 25 GHz lower than the maximum frequency of
the RF generator (33 GHz), allowing us to perform the frequency conversion used for the
Hong-Ou-Mandel. Consequently, using a first PF, we carve the signal and idler photons
to parametrize them in frequency modes |ω0⟩ and |ω1⟩ situated at ωd ∓ δω/2 GHz, as
shown in Fig. 4.34.(b). Both selected spectral bands have a bandwidth of 13 GHz and are
separated by 25 GHz.

The two photons output the first PF in the same fiber, directed into the [EOM-PF-EOM]
configuration, performing a tunable quantum gate over the two frequency modes ω0 and
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Figure 4.34: (a).: Setup for the frequency-domain Hong-Ou-Mandel experiment between
correlated photons generated from the LNOI waveguide. (b): Filters applied on the two
photons, defining two frequency bins placed at frequencies ωd − δω
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2 with a

bandwidth of 17 GHz.

ω1. A final PF separates the two modes and sends them in two fibers, directed to single
photon detectors. The coincidences are then computed using a time tagger.

The HOM interference is controlled by the tuning parameter α of the quantum gate. When
α = 0 rad, the operation performed is Identity. Therefore, the two photons remain in their
respective frequency mode. When α = π, we create a 50:50 frequency beam splitter,
similar to a 50:50 beam splitter. In that case, we expect to observe a bunching of the
two photons in one of the frequency modes. At this point, we do not expect to observe
coincidences between the two outputs.

Fig. 4.35 shows the evolution of the number of coincidences between the two spectral
modes as a function of the tuning parameter α. The decrease of the coincidences proves
on the one hand that the source operates in a regime where the double pairs are negligible
and on the other hand, that the operation performed by the quantum gate, when α = π,
is indeed a Hadamard operation. We observe a visibility of 0.98 ± 0.01

Table 4.4 compares our results with the previous realizations of this experiment. Our
experiment shows that our experiment performs similarly to the state of the art, with a
better coincidence rate than in [66] with the same configuration.

This experiment was only performed with photons generated by the lithium niobate
waveguide. It would not be possible with the SOI micro-resonator, as the pump contami-
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Figure 4.35: Measuremeent of the Hong-Ou-Mandel interference in the frequency domain
using a tunable frequency-domain quantum gate. Dots are experimental points, and the
dashed line corresponds to the expected values calculated with the model presented in
Chapter 3.

Work HOM visibility Method Coinc. per seconds
Lu et al. [66] 0.971 ± 0.007 EOM-PF-EOM 1.3

Imany et al. [87] 0.84 ± 0.02 EOM 0.6

Joshi et al. [53] 0.90 ± 0.04
Third-order

non-linear conversion
0.75

Wright et al. [178] 0.93 ± 0.02 EOM : spectral shearing 200
This work 0.98 ± 0.02 EOM-PF-EOM 3

Table 4.4: Several methods used to perform a frequency-domain Hong-Ou-Mandel exper-
iment, and the associated measured visibilities.

nates frequency modes close to the degeneracy, ωd = ωp. On the contrary, the degeneracy
frequency for the SPDC process is ωd = ωp/2, far enough from the pump frequency.

4.6 Conclusion on the experimental manipulation of frequency-
bin qubits

In this chapter, we synthesize a tunable, single qubit gate acting on frequency-bin qubits.
With this quantum gate, we performed a frequency-domain version of a Mach-Zehnder
interferometer. Concerning the parallelization of such frequency-bin quantum gates. We
showed that by controlling the PF, it is possible to apply independent quantum gates to
different qubits. We show that two guard modes between two qubits are sufficient to
ensure a crosstalk lower than 10−3 between two neighbor qubits.

We used two of these parallelizable quantum gates to characterize a two-qubit entangled
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state, generated from a SOI micro-resonator. We performed quantum state tomography
and assessed a fidelity of F = 0.961 ± 0.007. Thanks to the small FSR of our resonator (21
GHz) we generalized the encoding method, and the parallelization of quantum gates al-
lowed us to generate several frequency-bin entangled two-qubit pairs, and perform quan-
tum state tomography on each pair, ensuring a fidelity F ≥0.8 for 12 frequency-bin en-
tangled states.

Using these 12 frequency-bin entangled pairs, we perform a proof-of-concept of a fully
connected network. By performing correlation measurement, we can infer an exchanged
coincidence rate and a qubit error rate, leading to an average sifted key rate of 1 bit/s for
each link of the network, successfully creating a 5-users fully connected network.

Finally, using a tunable single qubit gate, we realize a Hong-Ou-Mandel experiment on
photons generated by the LNOI waveguides. The access to frequency modes near the
degeneracy of the SPDC process enables us to encode the signal and idler photons on two
frequency bins separated by 25 GHz. Tuning the [EOM-PF-EOM] to apply a tunable gate
from Identity to Hadamard allows us to observe a Hong-Ou-Mandel dip of visibility of
97%.
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Conclusion and perspectives

5.1 Summary of results

In this manuscript, we harnessed photonics qubits to process quantum information in the
frequency domain at telecom wavelengths. Spectral encoding offers advantages toward
more scalable quantum information processing. Our investigation includes theoretical,
numerical, and experimental advances. We characterized two novel photon pair sources
at telecom wavelength and demonstrated their performances as heralded single photon
sources. We described the theoretical framework for synthesizing single qubit gates with
time-bin and frequency-bin encoding. We experimentally synthesized single qubit gates
for frequency-bin qubits. We used the synthesized gates on quantum states generated by
integrated photon pair sources, leveraging the resource efficiency and flexibility offered
by frequency-domain quantum information processing.

In more details, we investigated photon pair generation at telecom wavelength using two
novel integrated sources: thin-film lithium niobate waveguides and a silicon-on-insulator
micro-resonator. Compared to other sources based on LN thin film where the LN is
etched, here the waveguide is defined by first depositing a thin layer of SiN on top of
LN, followed by a shallow etching of SiN, leveraging the well-established etching tech-
nics for silicon nitride. With this structure, we report the generation of photon pairs at
telecom wavelength on more than 170 nm (21 THz), obtaining an internal brightness of
3 × 105pairs.s−1.mW−1.GHz−1 . For the silicon-on-insulator micro-resonator, we mea-
sured the spectral properties of the cavity. We assessed a free spectral range of 21.25 GHz,
smaller than previous works on the generation of frequency-bin qubits in a single ring,
making the generated photons fit for encoding frequency-bin qubits. Despite the high cav-
ity perimeter, necessary for the low free spectral range, the photon pairs are emitted effi-
ciently due to the high quality factor of 4.75×105, reaching an internal brightness of 5×107
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pairs.s−1.mW−2.GHz−1 comparable to the state of the art for silicon micro-resonators with
higher free spectral range. For both sources, we assessed values of g(2)(0) = 0.03 showing
good single photon purity.

We then performed a theoretical study of all the possibilities to manipulate time and fre-
quency bin qubits using electro-optic phase modulators and programmable filters in a
3-device configuration. The EOM is a scatterer in the frequency domain whereas the PF
is a scatterer in the time domain. For each device, the scattering is controlled through
Fourier transform manipulation in the conjugate space. In particular, we demonstrated
that the PF acts as a two-scattering matrix coupling time bins in pairs, and enabling a
unitary tunable rotation of time-bin qubits around the y axis of the Bloch sphere. We
investigated two combinations of devices, [EOM-PF-EOM] and [PF-EOM-PF], acting on
time-bin and frequency-bin qubits. The synthesis of arbitrary single-qubit gates is possi-
ble for each configuration and both encodings. We then investigated the parallelization of
such qubit gates to independent qubits. For frequency encoding, guard modes between
qubits are necessary to minimize the crosstalk. For time-bin qubits, the two-scattering
operation performed by the PF in the time domain allows to suppress crosstalk between
contiguous qubits, necessitating therefore no guard modes. We demonstrated the ability
to parallelize 24 Hadamard gates with the [EOM-PF-EOM] configuration, and 28 for the
[PF-EOM-PF] configuration for time-bin qubits. Finally, we showed that increasing the
complexity of the RF signal driving the EOMs increases the number of successful paral-
lelized operations. For time-bin encoded qubits, a square wave is the optimal form of
signal for the exact parallelization of single-qubit gates.

We experimentally realized single qubit operations for frequency-bin qubits, performing a
rotation around the x axis of the Bloch sphere, tunable from identity and Hadamard gate.
These gates are core building blocks of quantum information protocols. We investigated
the crosstalk of the synthesized gates and found that 2 frequency modes were sufficient
to ensure a minimal crosstalk of 10−3 between each qubit. Under this condition, these
tunable qubit gates can be applied independently to parallel qubits. We then used the
tunable single qubit gates on frequency-bin quantum states generated by the SOI micro-
resonator and the LNOI waveguide. We conducted a frequency-domain version of the
Hong-Ou-Mandel experiment, measuring a visibility of 0.98±0.02, showing high indis-
tinguishability of the interacting photons. We performed two-photon interferences and
quantum state tomography, reaching a fidelity to a |ϕ+⟩ of 0.961±0.007. The broadband
generation of photon pairs offered by our SOI micro-resonator, and the ability to paral-
lelize tunable single quantum gates allowed us to assess the fidelity to a |ϕ+⟩ entangled
state for 17 frequency-bin entangled states. We proposed for the first time a proof-of-
concept of a trusted-node-free fully-connected network with frequency-encoded qubits,
leveraging the intrinsic advantages of frequency-encoding stability for such applications.

All these results represent a step toward more scalable frequency-domain information
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processing. The sources presented in this manuscript demonstrated a scalable way to
generate frequency-bin qubits, defined in tightly spaced frequency modes, and enabling
an easier manipulation using standard off-the-shelf electro-optic modulators. At the start
of my Ph.D. in 2020, the manipulation of frequency-bin qubits using EOMs and PFs was
only investigated by two groups. Only one group had reported the experimental arbitrary
synthesis of single-qubit gates with classical light. Since then, the work in this domain
has experienced a very fast growth, mostly in the domain of quantum computation. This
manuscript reports the generation and manipulation of frequency-bin qubits. Together
with photon pair generation in state-of-the-art integrated sources, we performed recon-
figurable experiments and proposed a concrete application of frequency-encoding to the
domain of quantum communication.

The last sections of this manuscript aim to give an insight into the perspectives of this
work, through preliminary results on experiments that I initiated during my Ph.D. and
are now the backbones of the next Ph.D. projects. Finally, I present perspectives on the
integration of frequency-bin manipulation schemes.

In Section 5.2, we investigate a protocol of entanglement swapping for frequency-bin
qubits. Section 5.4 will present the perspective of using frequency-bin entangled qu-
dits, quantum states in a superposition of more than two frequency bins, to reach longer
distances between two quantum nodes in quantum communication protocols. We then
discuss in Section 5.5 the perspective for frequency-bin manipulation, with integrated
photonics. We discuss about promising experimental works and theoretical proposals
realizing the manipulation of frequency-bin qubits and frequency-bin qudits.

5.2 Entanglement swapping of frequency-bin qubits

In Chapter 4, we performed a quantum key distribution protocol based on the distribution
of a two-photon frequency-bin entangled state. A perspective to the results presented in
this thesis is the realization of more complex quantum communication protocols. In this
section, we present preliminary results on a frequency-domain version of an entangle-
ment swapping protocol realized with frequency-bin qubits.

Entanglement swapping aims to entangle two photons that never interacted. This appli-
cation plays a pivotal role in quantum communications, as it is an essential component of
quantum repeaters [179]. Such a device would help to achieve longer-distance quantum
communication between two parties. Entanglement swapping is usually implemented
with polarization-encoded qubits [180] or time-bin qubits [148, 181]. Recently, entangle-
ment swapping has been demonstrated for frequency entangled qubits, where the Bell
state measurement is performed by a spatial beam splitter [65]. In this section, we present
a method to realize entanglement swapping using electro-optic quantum gates. We per-
form the calculation leading to the entanglement swapping and present the preliminary
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results of the experiment. Combining EOMs and PF, it is possible to realize a complete
Bell-state analyzer for frequency bin qubits [67].

Photon pair source Photon pair source

Charlie
Bell state measurement

Alice Bob

|ϕ1⟩ = 1√
2

(
|0A, 0C1⟩+ |1A, 1C1⟩

)
|ϕ2⟩ = 1√

2

(
|0B, 0C2⟩+ |1B, 1C2⟩

)

|0A⟩ or |1A⟩ |0B⟩ or |1B⟩

Figure 5.1: Representation of the entanglement swapping protocol: two sources of two-
qubit entangled states.

Fig. 5.1 shows the principle of this protocol. Alice and Bob are two parties that wish to
communicate but are too far apart for a direct quantum link, and Charlie is at an inder-
mediate node. Two independent sources produce two-photon entangled states, |ϕ1⟩ =

1√
2

(
|0A, 0C1⟩ + |1A, 1C1⟩

)
and |ϕ2⟩ = 1√

2

(
|0B, 0C2⟩ + |1B, 1C2⟩

)
. The first pair is shared

between Alice and Charlie, and the second one between Charlie and Bob. When Charlie
performs a Bell-state measurement on the two photons belonging to different pairs, the
photons of Alice and Bob are projected on an entangled state.

Entanglement swapping experiments involve the measurement of four-photon coinci-
dences. As such, any source of loss in the setup is detrimental to the measured counts.
For instance, the setup proposed in [67] based on the [EOM-PF-EOM] configuration in-
duces a transmission of 11%, if we calculate it from the insertion loss of our own devices.
Here we wish to perform a more resource-efficient version of the Bell-state measurement
performed by a single EOM with a transmission of 56%.

To perform this proof-of-principle of the entanglement swapping protocol, we generate
frequency-bin entangled states from the SOI micro-resonator. The two pairs originate
from the same source and are encoded on interleaved frequency modes as

|ϕ1⟩ =
1√
2
(|I10, S10⟩+ |I12, S12⟩) , (5.1)

|ϕ2⟩ =
1√
2
(|I11, S11⟩+ |I13, S13⟩) (5.2)
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|I11⟩

|I12⟩

|M0⟩

|M1⟩
|I13⟩

|M0⟩

|M1⟩

UEOM UPF

Figure 5.2: Sketch of the frequency-domain action of the devices for the Bell state mea-
surement EOM: electro-optic modulator, PF: programmable filter.

The four-photon state is then the tensor product

|ϕ1⟩ ⊗ |ϕ2⟩ =
1
2
(|I10, S10⟩ |I11, S11⟩

+ |I10, S10⟩ |I13, S13⟩
+ |I12, S12⟩ |I11, S11⟩
+ |I12, S12⟩ |I13, S13⟩)

(5.3)

Alice receives the signal photon from the photon pair |ϕ1⟩, encoded on the frequency
modes |S10⟩ and |S12⟩. Bob receives the signal photon coming from the photon pair |ϕ2⟩,
encoded on the frequency modes |S11⟩ and |S13⟩. The two idler photons are sent to Charlie
who performs a Bell state measurement.

Fig. 5.2 illustrates a frequency-domain representation of the Bell state measurement setup.
An EOM converts light from the modes I10 and I11 to a frequency mode |M0⟩, and from
the modes I12 and I13 to a frequency mode |M1⟩. The modulation index µ = 1.2 of the RF
driving is such that only frequency conversion to the first neighbors is significant. Under
these considerations, the action of the EOM on the initial state of Eq. 5.3 is

UEOMI |ϕ1⟩ |ϕ2⟩ =
J1 J−1

2
[
|M0, S10⟩ |M0, S11⟩+ |M0, S10⟩ |M1, S13⟩+

|M1, S12⟩ |M0, S11⟩+ |M1, S12⟩ |M1, S13⟩
]

(5.4)
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PF
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Time
TaggerCW

Tunab le
PC

SOI
Resonator

NF Alice's projection

Bob's projection

Figure 5.3: Setup for the measurement in the natural basis of the entanglement swapping.
NF: notch filter, PF: programmable filter, BSM: Bell state measurement (cf Fig. 5.2).

Where J1 and J−1 are the probability amplitudes of converting a photon from its original
frequency mode to the first neighbors. Subsequently, a programmable filter (PF) is used
for postselecting the modes ⟨M0| and ⟨M1|, and spatially separating them into two distinct
fibers.

UPF UEOMI |ϕ1⟩ |ϕ2⟩ = ⟨M0| ⟨M1|UEOMI |A⟩ |B⟩ =
J1 J−1

2
[
⟨M0| ⟨M1| |M0, S10⟩ |M1, S13⟩+

⟨M0| ⟨M1| |M1, S12⟩ |M0, S11⟩
]

(5.5)

The state |ψpost⟩ shared between Alice and Bob is maximally entangled.

|ψpost⟩ =
J1 J−1

2
[
|S10⟩ |S13⟩+ |S12⟩ |S11⟩

]
(5.6)

The experimental setup to perform the entanglement swapping experiment is presented
in Fig. 5.3. The four photons are generated by the silicon on insulator micro-resonator,
and the residual pump is filtered by a Notch filter. The programmable filter (PF) prepares
the four photons by selecting the respective signal and idler modes. The two idler photons
are sent to Charlie for the BSM. Our first measurement to verify entanglement swapping is
a correlation measurement between Alice and Bob, conditioned on Charlie’s coincidence
detection. A time tagger computes the four-fold coincidences between Charlie, Alice, and
Bob.

From Eq. 5.6, we expect that two combinations of projective measurement give rise to
coincident clicks between Alice and Bob, while the two other projective measurements
are expected to give no coincident clicks. The results of the measurement are given in
Fig. 5.4. The coincidences are measured for four hours for each measurement, with a
maximum number of 21 four-fold coincidences for the projection ⟨S10, S13|ψpost⟩.
The figure shows the normalized coincidences for the four possible outputs. The bars
correspond to the measurement and the dashed outline corresponds to the expected val-
ues. We see clear correlations as expected from the theoretical results, which means that
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Figure 5.4: Projective measurement in the natural basis for Alice and Bob, conditioned by
the coincidence detection of Charlie.

the two signal photons, initially uncorrelated, are now correlated in frequency. The error
bars are calculated using the square roots of the measured coincidences. Improving the
measurement would necessitate a longer integration time, which is challenging for setup
stability reasons.

While this measurement shows a clear correlation sign, measuring coincidences on the
superposition basis is necessary to assess entanglement. For this purpose, the setup for
Alice and Bob needs to be modified, with at least one EOM and one PF each. We have
implemented the proposed setup in Fig. 5.5. No significant results were obtained so far
because of the low number of events recorded. In the coming months, we plan to improve
the setup stability and control the losses to increase the number of events.

PF

BSM

Time
TaggerAlice's projection

Bob's projection

Figure 5.5: Setup for the correlation measurement in the superposition basis.

This experiment would enable for the first time a full frequency-domain entanglement
swapping experiment, contrary to the work in [65], where the Bell state is performed with
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a spatial beam splitter.

5.3 Further applications of frequency encoding

Our first successful manipulation of frequency-bin qubits motivated us to try more trans-
positions of data processing to the frequency domain. We briefly mention here two exper-
iments for which our preliminary results were encouraging.

5.3.1 Frequency-domain ghost imaging

The ghost imaging technique combines information from two detectors to reconstruct an
object’s image when resolving detectors are unavailable in the desired wavelength range.
One detector collects photons that illuminate the object but cannot resolve it. The other
detector collects photons that do not interact with the object but instead provides the
necessary degree of freedom for imaging it. The light measured by each detector needs
to be correlated so that we can reconstruct the image using the information from the two
detectors. Therefore, photon pair sources are particularly suited, as the two generated
photons possess correlation in various degrees of freedom. As such, several ghost imaging
experiments have been demonstrated with photon pairs in degrees of freedom such as
space [182] and time [183].

In the spectral domain, the object can be a spectral intensity pattern produced with a pro-
grammable filter. We reconstruct the spectral pattern using the spectral correlation [184].
Fig 5.6 displays the setup and findings of our frequency-domain ghost imaging exper-
iment. A periodically poled lithium niobate waveguide generates frequency-correlated
signal and idler pairs. The signal photon sees the object that we wish to reconstruct and is
then measured by a non-frequency-resolving detector. The idler photon can be resolved
with a resolution of up to 20 GHz. We conducted the ghost imaging experiment using
two techniques to resolve the idler photon spectrum and check how it images the object
with which it did not interact. First, we measured the two-photon coincidences between
the non-resolved signal and the idler photon for each 20 GHz idler frequency bin. The
results of this experiment are presented in Fig. 5.6.(a). Secondly, we applied 11981 ran-
dom filters to the idler photon. The results of this experiment are shown in Fig. 5.6.(b).
Both methods were successful in reconstructing the spectral object. Therefore, our im-
plementation represents a first-of-a-kind realization of a ghost imaging experiment in the
frequency domain.

5.3.2 Data classification with an optical processor

In integrated photonics, machine learning applications have been demonstrated with de-
grees of freedom such as space [185], and transverse modes [186]. The optical processor
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Figure 5.6: Setup and results of ghost imaging experiments. Broadband photons are gen-
erated by the LNOI waveguide, and directed to a PF where the spectral pattern is applied
to the signal photon. The idler photon can be spectrally resolved with narrow-band filters
with a minimal bandwidth of 20 GHz. (a): A first way to reconstruct the spectral pat-
tern is to continuously scan the central frequency of the idler’s narrow filter and collect
the two-photon coincidences between the two detectors. (b): Alternatively, we randomly
select 20 GHz wide bins from the idler spectrum and measure the resulting two-photon
coincidences. With a large number of trials, it is possible to reconstruct the spectral pat-
tern by pondering the random filters with the number of obtained coincidences. Here we
show a reconstruction with 11981 trials. fd = 192.113 THz is the degeneracy frequency

is composed either of beam splitters and phase shifters for the spatial degree of freedom,
or of phase masks and spatial light modulators for transverse modes.
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We performed a proof-of-concept modelization and experiment to classify data using an
optical frequency processor with EOMs and PFs. The experimental setup and preliminary
results are shown in Fig. 5.7. The implemented algorithm classifies two types of flowers
based on the length and width of their petals and sepals, which compose a four-parameter
space. We generate a four-frequency mode comb by sending a laser into an EOM and a
PF. Each of the four flower parameter is then encoded as a phase on a frequency mode via
this first PF. After data encoding, the light passes through an optical frequency processor
consisting of EOMs and PFs arranged in a [EOM-PF-EOM-PF-EOM] configuration. We
measure the intensity in each frequency mode and normalize the intensities to obtain
a probability distribution {Pi} to find light in a given frequency mode. We associate a
weight Wi to each Pi. These weights are part of the optimized parameters along with
PFs phases, EOMs modulation indices and phases. The output of the machine learning
algorithm is a single number, S = ∑3

i=0 Pi × Wi.

We split the flower dataset into two sections. One section is used to train the optical
frequency processor, and the other section is used to test the trained system. For the
training phase, we used the Scikit library in Python. The training set is processed by
the optical processor, which provides new parameters and weights based on the success
rate of trained objects for each iteration. This process continues until the optimization is
complete and the best parameters are found. Results from numerical simulation and ex-
perimental implementation after optimization when fed with the test part of the dataset
are shown in Fig. 5.7.(b) and (c). We managed to classify successfully two types of flow-
ers, both numerically and experimentally, offering a first-of-a-kind application of optical
frequency-encoding to a machine-learning problem.

5.4 Quantum key distribution protocol with frequency-entangled
qudits

In quantum key distribution, harnessing high-dimensional quantum states defined as qu-
dits offers advantages compared to qubits.

Encoding information on more than two quantum states allows to carry more than one
bit per photon [187]. The main feature of using qudits for quantum key distribution is the
robustness of such states to the environment [188, 189]. The amount of information shared
between Alice and Bob, exchanging a pair of frequency-entangled qudits of dimension D,
generalized from Eq. 4.32 is expressed as [190]

RD
si f t =

1
2

Rraw (log2(D)− HD(e) f (e)− HD(e)) . (5.7)

HD(e) = −e × log( e
1−D ) − (1 − e)log(1 − e) is the binary entropy function generalized

to D dimensions. The impact of expanding the dimension of the quantum state on the
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Figure 5.7: (a): Experimental setup for the classification algorithm. A comb of four fre-
quency modes is created by sending a laser in a combination of EOM and PF. Each of
the four parameters is encoded as a phase on each frequency mode. The data is then
processed by the optical frequency processor. After that, the intensity is measured and
transformed into a probability distribution. (b): numerical optimization performed using
EOMs and PFs modelized with the Fourier transform model of Chapter 3. (c): Experi-
mental results.

information per photon exchanged by two parties is given in Fig. 5.8. The quantity of
information per photon increases with the dimensionality of the qudit. The QBER thresh-
old over which the communication rate vanishes also increases. This increase in the QBER
threshold would enable a higher tolerance for environmental noise and ultimately an in-
crease in the achievable distance in a quantum key distribution protocol.

To manipulate frequency-bin qudits, it is possible to use setups as simple as a single
electro-optic modulator [68, 73, 75, 76, 86, 88]. The manipulation of frequency-bin qudits
is possible if electro-optic bandwidth is high enough, using the [EOM-PF-EOM] config-
uration [75]. This perspective is being investigated by George Crisan in his Ph.D. in the
GOSS group at C2N as a continuation of this Ph.D. thesis. A very promising outcome
would be the possibility of harnessing the high density of frequency modes offered by the
SOI micro-resonator for both high-dimensional frequency encoding and spectral demul-
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tiplexing.

5.5 Recent progress of on-chip integration for the manipulation
of frequency bin quantum states

This work presented the ability to manipulate quantum states in the frequency domain,
using fibered off-the-shelf devices. Two main limitations appeared, however.

Insertion loss:
The devices used in this manuscript exhibit an insertion loss of 2.5 dB for the modulators,
mainly due to fiber-to-waveguide coupling, and 3.3 dB for the programmable filters. For
instance, the [EOM-PF-EOM] configuration has an insertion loss of around 9 dB (11%
transmission).

Resolution and bandwidth:
The technical limitations of the devices restrict the frequency spacing that can be accessed.
On the one hand, the limited bandwidth of the EOM does not allow to couple frequency
modes spaced by more than a few tens of GHz. On the other hand, the limited resolution
of the PF does not allow to resolve frequency modes spaced by less than 10 GHz.

Integrating the tools needed for frequency-domain manipulation on a single chip would
allow overcoming these limitations. Some interesting designs have been recently re-
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ported:

Integrating the [EOM-PF-EOM] configuration

In the direct continuity of the work presented in this manuscript, a design was proposed in
[62] in order to integrate into a single photonic chip the [EOM-PF-EOM] configuration. In
this design, modulators would consist of the hybrid integration of the lithium niobate on
silicon. The integration of the PF relies on arrays of resonators acting as add-drop filters
to separate and recombine frequencies. Thermal or electro-optic phase shifters would
apply a spectral phase on each frequency mode. Such a design would enable lower mode
spacing, limited only by the ability to realize micro-resonators with high quality factors.
As a consequence, the EOMs could be driven by arbitrary waveform generators.

Another example of recent progress is the realization of electro-optic modulators with
bandwidths of >100 GHz, harnessing wider mode spacing between the qubit modes [44,
46]. This integrated approach would thus increase the overall transmission from 11% for
the fibered devices in our implementation to 75%.

Other integration possibilities

Other groups have proposed designs and performed experiments to manipulate frequency-
bin qubits, using only electro-optic manipulation with no PF devices. In [191], a tunable
frequency beam-splitter is realized by using a pair of modulated LNOI ring resonators.
The coupling between the two frequency modes is tuned by the power of the RF driving.
The success probability and fidelity of the tunable operation exceed 0.9 for all rotation
angles. The work expands by showing the ability to realize wider frequency shifts us-
ing a more complex design, and experimentally demonstrate frequency shifting between
modes 120 GHz apart. In [60], a similar approach is proposed to perform arbitrary lin-
ear transformation in the frequency domain. They show the possibility to perform any
given NxN transformation with high fidelity using a combination of N rings. Third-order
non-linearities can also be harnessed for the on-chip processing of frequency-bin qubits.
A proposed design in [63] demonstrates the possibility of both generating photon pairs
and processing them in the frequency domain using a silicon-nitride integrated circuit. In
this case, the frequency-bin operation is tuned by an optical pump, through four-wave
mixing. The on-chip generation of more complex frequency-domain quantum states has
also been proposed using silicon photonics. In [192], a design based on multiple silicon-
micro-resonator photon pair sources, and add-drop filters would enable the generation
of three-photons and four-photons frequency-bin entangled states. Finally, recent experi-
mental work showed the possibility of harnessing the LNOI technology for both the gen-
eration and frequency-domain manipulation of frequency-bin qubits [193]. In this work, a
modulated lithium niobate on insulator microresonator with a periodically poled section
is used both for the generation of frequency-entangled pairs and for their manipulation.
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A notable advantage of integrated frequency-domain manipulation is the ability to real-
ize complex linear interferometers. In the frequency domain, the number of integrated
optical components needed to realize an N modes interferometer scales as O(N ). This is
in contrast to standard path-encoded interferometers, which scale as O(N 2)[60].

All these works offer bright perspectives for the integration of frequency domain process-
ing.
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tion of active routing of entanglement in a multi-user network. Optics Express,
21(23):29013, November 2013.

[166] X.-Y. Chang, D.-L. Deng, X.-X. Yuan, P.-Y. Hou, Y.-Y. Huang, and L.-M. Duan. Ex-
perimental realization of an entanglement access network and secure multi-party
computation. Scientific Reports, 6(1):29453, July 2016.

[167] Siddarth Koduru Joshi, Djeylan Aktas, Sören Wengerowsky, Martin Lončarić, Se-
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[169] Sören Wengerowsky, Siddarth Koduru Joshi, Fabian Steinlechner, Hannes Hübel,
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Appendix A

Calculations for Chapter 3

A.1 Generalised expressions for component action in the time
Basis

Consider the action of a single PS in the time basis. For this, recall that in the spectral
mode-basis, the PS-matrix has a representation of the form:

UPF =




1 0 . . . 0
0 eiφ1 . . . 0
...

...
. . .

...
0 0 . . . eiφM−1


 (A.1)

where, φ1, . . . , φM−1 denote the real phases applied to the frequency modes. The equiva-
lent expression in the time basis:

ŨPF = F · UPF · F† =
1
M




1 1 1 . . . 1
1 ξ ξ2 . . . ξ(M−1)

1 ξ2 ξ4 . . . ξ2(M−1)

...
...

...
. . .

...
1 ξ(M−1) ξ2(M−1) . . . ξ(M−1)2




×




1 0 0 . . . 0
0 eiφ1 0 . . . 0
0 0 eiφ2 . . . 0
...

...
...

. . .
...

0 0 0 . . . eiφM−1







1 1 1 . . . 1
1 ξ−1 ξ−2 . . . ξ−(M−1)

1 ξ−2 ξ−4 . . . ξ−2(M−1)

...
...

...
. . .

...
1 ξ−(M−1) ξ−2(M−1) . . . ξ−(M−1)2



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=
1
M




1 eiφ1 eiφ2 . . . eiφM−1

1 ξeiφ1 ξ2eiφ2 . . . ξ(M−1)eiφM−1

...
...

...
. . .

...
1 ξ(M−1)eiφ1 ξ2(M−1)eiφ2 . . . ξ(M−1)2

eiφM−1




×




1 1 1 . . . 1
1 ξ−1 ξ−2 . . . ξ−(M−1)

1 ξ−2 ξ−4 . . . ξ−2(M−1)

...
...

...
. . .

...
1 ξ−(M−1) ξ−2(M−1) . . . ξ−(M−1)2




(A.2)

where, ξ = ei(2π/M). This expression can be expressed more compactly as

∀k, k′ ∈ [0, M − 1] ŨPF k,k′ =
1
M

M−1

∑
j1=0

ξ(k
′−k)j1 eiφj1 . (A.3)

The matrix of the EOM is diagonal in the time basis

∀k′, k′′ ∈ [0, M − 1] ŨEOM k”,k′ = δk′′k′eiϕk′ (A.4)

A.2 Derivation of the two-scattering matrix with the PF

Our goal is to use this device to act on single qubits. For frequency-bin encoded on two
frequency modes |ωj⟩ and |ω′

j⟩, UPF acts as a phase gate. For time-bin qubits, ŨPF scatters
light on several time bins. We wish to program time the scattering.For a qubit encoded on
two time bins |tk⟩ and |t′k⟩, we wish the action ŨPF on a time bin |tk⟩ to be

ŨPF |tk⟩ = α |tk⟩+ β |tk′⟩ ., α, β ∈ C, (A.5)

with |α|2 + |β|2 = 1, (α, β) ∈ C2. We start with no assumption on the ”distance” k − k′ be-
tween the two vectors of the qubit subspace. The coupling constants between time modes
can be derived from the Fourier transform of the pulse shaper action in the frequency
domain

∀(k, k′) ∈ {[0, M − 1]}2, P̃k′,k = ⟨tk′ |ŨPF|tk⟩ =
1
M ∑

j
exp

(
i
2π

M
(k′ − k)j + iφj

)
. (A.6)

where φj is the phase applied by the PS to the frequency mode |ωj⟩ that we want to
determine for j ∈ [0, M − 1].
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



1
M ∑M−1

j=0 eiφj = α,
1
M ∑M−1

j=0 ei2π
mj
M eiφj = β,

∀(p, q) ̸= (k, k), (k + m, k), 1
M ∑M−1

j=0 ei2π
(p−q)j

M eiφj = 0.

(A.7)

Let eiφj = Ajα + Bjβ . Eq. (A.7) becomes

{
∑M−1

j=0 Ajα = Mα

∑M−1
j=0 ei2π

mj
M Bjβ = Mβ

(A.8)

These equations can be satisfied by choosing Aj = 1 and Bj = e−i2π
mj
M , which finally gives

∀j ∈ [0, M − 1], eiφj = α + βe−i2π
mj
M (A.9)

Then the unitarity of the PS matrix enforces the following relation

∀j ∈ [0, M − 1], |α|2 + |β|2 + 2ℜe{αβ∗e−i2π
mj
M } = 1 (A.10)

The case j = 0 imposes αβ∗ to be purely imaginary. Therefore we can set α = |α|eiγ and
β = ±i|β|eiγ, which yields a new unitarity condition

∀j ∈ [0, M − 1], ℑm{e−i2π
mj
M } = 0 (A.11)

which sets m = M/2.
It is therefore possible to choose settings of the PS so that it scatters the energy of mode
|tk⟩ only into the two modes |tk⟩ and |tk+M/2⟩. In the frequency basis

∀j ∈ [0, M − 1], ÛPS |ωj⟩ =
[
α + βe−iπ j

]
|ωj⟩ (A.12)

Finally, we obtain
{ ∀k ∈ [0, M/2], ÛPS |tk⟩ = α |tk⟩+ β |tk+M/2⟩

∀k ∈ [M/2, M − 1], ÛPS |tk⟩ = β |tk⟩+ α |tk−M/2⟩ .
(A.13)

Subsequently, the PS matrix takes the following form in the time basis:

ŨPF = eiγ
( |α|I ±i|β|I

±i|β|I |α|I

)
(A.14)

where I is the identity matrix of dimension M/2.

168



CHAPTER A – CALCULATIONS FOR CHAPTER 3

A.3 Phase gate

The matrix of phase gates is of the form

M =

(
1 0
0 e−iν

)
. (A.15)

From the expression of the Wk matrix corresponding to the [EOM-PF-EOM] and [PF-
EOM-PF], we derive a set of conditions on the component parameters for the paralleliza-
tion, first for the [EOM-PF-EOM] configuration





|α| = 1; |β| = 0
∀k ∈ [0, M/2 − 1] ϕ1,k + ϕ2,k =

ν
2 mod 2π

∀k ∈ [0, M/2 − 1] ϕ1,k+M/2 + ϕ2,k+M/2 = − ν
2 mod 2π

ϕc1 + ϕc2 + γ = − ν
2 mod 2π.

(A.16)

As ϕi,k+M/2 = −ϕi,k, we need only write




|α| = 1; |β| = 0
∀k ∈ [0, M/2 − 1] ϕk,1 + ϕk,2 = µ1 sin ( 2kπ

M + θ1) + µ2 sin ( 2kπ
M + θ2) =

ν
2 mod 2π

ϕc1 + ϕc2 + γ = − ν
2 mod 2π.

(A.17)
The two modulators act as one. It is then sufficient to consider only one modulator. We
can write the previous set of equation as





|α| = 1; |β| = 0
∀k ∈ [0, M/2 − 1] ϕk = µ sin ( 2kπ

M + θ) = ν
2 mod 2π

ϕc + γ = − ν
2 mod 2π.

(A.18)

In the same way, conditions can be found on the component parameters for the [PF-EOM-
PF] configuration.





|α1| = |α2| = 1; |β1| = |β2| = 0
∀k ∈ [0, M/2 − 1] ϕk = µ sin ( 2kπ

M + θ) = ν
2 mod 2π

ϕc + γ1 + γ2 = − ν
2 mod 2π.

(A.19)

or 



|α1| = |α2| = 0; |β1| = |β2| = 1
∀k ∈ [0, M/2 − 1] ϕk = µ sin ( 2kπ

M + θ) = − ν
2 mod 2π

ϕc + γ1 + γ2 = − ν
2 mod 2π.

(A.20)

These three sets of equations lead to the same synthesized matrix and therefore to the
same formula for the fidelity. The fidelity of each qubit k undergoing a phase change ϕk
can be computed with the parameters for phase gates using Eq. 3.25 as

∀k ∈ [0, M/2 − 1] Fk = cos2
(

ϕk −
ν

2

)
. (A.21)
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Each qubit will not realize the gate with the same fidelity, as this fidelity depends on the
value of the phase at a each time k. We now compute the maximum number of qubits
realizing the transformation with a fidelity better than a threshold Fth For each qubit k,

Fk ≥ Fth ⇒ cos2
(

ϕk −
ν

2

)
≥ Fth. (A.22)

Solving this inequation and replacing ϕk by its expression, we find

ν

2
− arccos

(√
Fth

)
≤ µ sin

(
2πk
M

+ θ

)
≤ ν

2
+ arccos

(√
Fth

)
. (A.23)

The maximum value that the sine can take is bounded by the upper bound. We thus set
the modulation index to this upper bound µ = ν

2 + arccos
(√Fth

)
. Eq. (A.23) can then be

rewritten as a condition on k:

M
2π

arcsin

(
ν
2 − arccos

(√Fth
)

ν
2 + arccos

(√Fth
)
)
− θ ≤ k ≤ M

2
− M

2π
arcsin

(
ν
2 − arccos

(√Fth
)

ν
2 + arccos

(√Fth
)
)
− θ.

(A.24)

The number N of qubit k realizing the transformation with a fidelity over Fth is thus given
by

N =

⌊
M
2π

[
π

2
− arcsin

(
ν
2 − arccos

(√Fth
)

ν
2 + arccos

(√Fth
)
)]⌋

. (A.25)

The additional factor 1
2 comes from the fact that we consider only half the the values k, as

we divide our 128 dimensional sate of space in 64 two dimensional subspaces

N decreases with increasing ν showing that the limitation comes from the phase of the
EOM.

A.4 Number of parallel Hadamard gates above fidelity threshold

The Hadamard gate requiring both phase change and energy splitting between the two
modes of the qubit subspace is therefore among the most difficult to synthesize.

Let us calculate the number of qubits realizing the Hadamard gate with performances ex-
ceeding Pth and Fth in [PF-EOM-PF] and [EOM-PF-EOM] configurations: the parameters
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corresponding to a single Hadamard gate for qubit k are
{

|α| = |β| = 1√
2

∀k ∈ [0, M/2 − 1] ϕk = µ sin ( 2kπ
M + θ) = π

4 mod π.
(A.26)

By using the same method as for the phase gates, we can determine the fidelity achieved
for each qubit k as

∀k ∈ [0, M/2 − 1] F (EPE)
k = sin4

(
ϕk +

π

4

)
(A.27)

∀k ∈ [0, M/2 − 1] F (PEP)
k = sin2

(
ϕk +

π

4

)
(A.28)

for respectively [EOM-PF-EOM] and [PF-EOM-PF] configurations.

As for the phase gate, we look at the greater number of qubits that can realize the Hadamard
transformation for [EOM-PF-EOM] and [PF-EOM-PF] configurations. By starting with
Eqs A.27 and A.28, we find,

for the [EOM-PF-EOM] configuration

−π

4
+ arcsin

(
F 1/4

th

)
≤ ϕk ≤ 3

π

4
− arcsin

(
F 1/4

th

)
, (A.29)

and for the [PF-EOM-PF] configuration

−π

4
+ arcsin

(
F 1/2

th

)
≤ ϕk ≤ 3

π

4
− arcsin

(
F 1/2

th

)
. (A.30)

Introducing ∆νEPE = π
2 − arcsin (Fth

1/4) and ∆νPEP = π
2 − arcsin (Fth

1/2), this reads

π

4
− ∆νEPE ≤ ϕk ≤

π

4
+ ∆νEPE,

π

4
− ∆νPEP ≤ ϕk ≤

π

4
+ ∆νPEP. (A.31)

Similarly to the phase gate calculation, we find the maximum number of qubits achieving
the Hadamard transformation with a fidelity over Fth for both configurations

NEPE =
M
π

⌊
π

2
− arcsin

(
π
4 − ∆νEPE
π
4 + ∆νEPE

)⌋
+ 1; NPEP =

M
π

⌊
π

2
− arcsin

(
π
4 − ∆νPEP
π
4 + ∆νPEP

)⌋
+ 1.

(A.32)
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Appendix B

Experimental techniques

B.1 Correspondance between nominal voltage and modulation
index for the electro-optic modulators

This section present the characterization done for the several modualator used in the ex-
periments.
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Figure B.1: Characterization of the electro-optic modulator serial number N°:118-44-15,
with a meadures Vπ= 11.234 VPP
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Figure B.2: Characterization of the electro-optic 188-44-13, with a meadures Vπ= 11.237
VPP

B.2 Transmission spectrum of the notch filters for pump rejec-
tion

This section presents the characteristics of the notch filter used to filter the residual pump
laser from the photon pair stream for the silicon-on-insulator micro-resonator. Togetehr
with the programmable filters, each enabling a filtering of the pump of >45 dB they ensure
at least a rejection of > 105 dB.
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Figure B.3: Transmission spectrum of the second notch filtered centered at 1540 nm. The
rejection is of 25 dB
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Figure B.4: Transmission spectrum of the second notch filtered centered at 1540 nm. The
rejection is of 38 dB
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Titre : Traitement quantique de l’information dans le domaine des fréquences d’états photoniques quantiques
multimodes générés par des sources intégrées aux longueurs d’ondes télécom

Mots clés : Information quantique, multimode, portes quantiques, optique quantique, qubits fréquentiels

Résumé : En information quantique, un encodage
sur les degrés de liberté temps et fréquence donne
accès à un espace de Hilbert de grande dimen-
sion pour les états photoniques ce qui autorise le
traitement en parallèle d’un grand nombre de qu-
bits voire de qudits. C’est dans ce cadre que se
situe cette thèse sur la génération et la manipula-
tion d’états quantiques photoniques aux longueurs
d’onde télécom. Nous présentons trois réalisations.
La première est la génération efficace de paires de
photons par processus non-linéaire du second et du
troisième ordre dans des sources intégrées inno-
vantes : un guide en niobate de lithium sur isolant,
en couche mince et à inversion de domaines per-
iodique, et un micro-résonateur en silicium sur iso-
lant possédant un intervalle spectral libre de 21 GHz.
La deuxième est le développement de concepts, de
modèles et d’optimisations numériques pour la mani-
pulation de qubits et qudits photoniques dans les es-
paces temps fréquence avec des éléments linéaires.
Nous utilisons des filtres programmables (PF) et des
modulateurs de phase électro-optiques (EOM). Nous
comparons les performances théoriques de portes
à 1 qubit pour deux configurations de composants

[EOM-PF-EOM] et [PF-EOM-PF] dans les deux types
d’encodage temps et fréquence. La troisième est la
démonstration expérimentale d’une telle manipulation
de qubits fréquentiels issus du microrésonateur en Si-
licium. Nous utilisons la configuration [EOM-PF-EOM]
pour implémenter une porte quantique reconfigurable
et accordable. Un seul paramètre variable permet de
passer d’une porte identité à une porte Hadamard,
ainsi qu’à un continuum de portes intermédiaires.
Nous démontrons la parallélisation de 34 de ces
portes appliquées à 17 états à deux qubits intriqués
en fréquence générés par le résonateur. Nous utili-
sons ensuite ces portes pour réaliser la tomographie
quantique des états intriqués et pour mettre en oeuvre
un protocole de distribution de clef quantique basé sur
l’intrication des deux photons en fréquence. Nous fai-
sons finalement la démonstration inédite d’un réseau
multi-utilisateur sans nœuds sécurisés en encodage
fréquentiel. Cette expérience constitue une preuve de
principe pour la distribution de clé quantique dans le
domaine fréquentiel avec un débit de 2 bits par se-
conde en simultané pour chacune des paires d’utili-
sateurs dans un réseau de 5 utilisateurs.

Title : Frequency-domain quantum information processing with multimode quantum states of light from inte-
grated sources at telecom wavelengths

Keywords : Quantum information, multimode, quantum gates, quantum optics, frequency qubits

Abstract : In quantum information, encoding in time
and frequency degrees of freedom gives access to
a high-dimensional Hilbert space for photonic states,
enabling parallel processing of a large number of qu-
bits or even qudits. This is the scope of our work on
the generation and manipulation of photonic quantum
states at telecom wavelengths with three main achie-
vements. The first one is the efficient generation of
photon pairs by second and third-order nonlinear pro-
cesses in innovative integrated sources: a thin-film,
periodically-poled lithium niobate-on-insulator wave-
guide, and a silicon-on-insulator micro-resonator with
a free spectral range of 21 GHz. The second one is
the development of concepts, models, and numerical
optimizations for the manipulation of photonic qubits
and qudits in time-frequency spaces with linear de-
vices. We use programmable filters (PF) and electro-
optical phase modulators (EOM). We compare the

theoretical performance of 1-qubit gates for two confi-
gurations [EOM-PF-EOM] and [PF-EOM-PF] in both
time and frequency encoding. The third one is the
experimental demonstration of such manipulation of
frequency qubits from the silicon microresonator. We
use the [EOM-PF-EOM] configuration to implement a
reconfigurable and tunable quantum gate. A single tu-
nable parameter is used to go from an identity gate
to a Hadamard gate, as well as to a continuum of
intermediate gates. We then use these gates to per-
form quantum tomography of entangled states and to
implement a quantum key distribution protocol based
on two-photon frequency entanglement. Finally, we
demonstrate a frequency-encoded multi-user network
without trusted nodes. This experiment constitutes a
proof of principle for quantum key distribution in the
frequency domain at a rate of 2 bits per second simul-
taneously for each pair of users in a 5-user network.
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