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Abstract 
 

Molecular tagging velocimetry (MTV) is an optical, non-intrusive measurement technique, 

which has been widely used for gas and liquid flow visualization. The velocity measurement is 

realized by recording the temporal evolution of photoluminescence emission of tracer molecules, 

such as acetone vapor, which follow the gas flow. In this work, MTV was used for measuring 

velocity fields of rarefied gas flows in a millimetric channel. However, it is necessary to couple 

the molecular displacement measurements to a reconstruction method based on the advection-

diffusion equation, in order to correctly extract the velocity profiles of the flow. In order to 

successfully implement this method, a correct estimation of the diffusion coefficient of the tracer 

molecules is necessary. Nevertheless, there is currently no definitive agreement in the literature 

regarding the value of the kinetic diameter of acetone, which compromises also the estimation of 

the diffusion coefficient. In this thesis, the diffusion coefficient was measured by recording the 

temporal evolution of the widening tagged line of acetone vapor. This work also offered an indirect 

experimental estimation of the kinetic diameter of acetone. This measurement helped us to 

improve the velocimetry measurements obtained via MTV in a novel transparent channel at low 

pressures. 

 

Keyword: Molecular tagging velocimetry, rarefied gas flows, slip velocity, acetone, molecular 

diffusion, kinetic diameter  
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Résumé 
 

La vélocimétrie par marquage moléculaire (MTV) est une technique de mesure optique non 

intrusive, qui a été largement utilisée pour la visualisation des écoulements de gaz et de liquide. 

La mesure de vitesse est réalisée en enregistrant l'évolution temporelle de l'émission 

photoluminescente de molécules traceurs, telles que la vapeur d'acétone dans le cas des gaz, 

portées par l’écoulement. Dans ce travail, la MTV a été utilisée pour mesurer les champs de 

vitesses des écoulements de gaz raréfié dans un canal de dimensions millimétriques. Cependant, il 

est nécessaire de coupler les mesures de déplacement moléculaire à une méthode de reconstruction 

basée sur l'équation d'advection-diffusion pour extraire correctement les profils de vitesse de 

l'écoulement. Afin de mettre en œuvre avec succès cette méthode, une estimation correcte du 

coefficient de diffusion des molécules traceuces est nécessaire. Néanmoins, à l'heure actuelle, il 

n'y a pas d'accord définitif dans la littérature en ce qui concerne la valeur du diamètre cinétique de 

l'acétone, ce qui compromet également l'estimation du coefficient de diffusion. Dans cette thèse, 

le coefficient de diffusion a été mesuré via l'enregistrement de l'évolution temporelle de 

l'élargissement de la ligne de traceur activée par un faisceau laser UV. Ce travail offre également 

une estimation expérimentale indirecte du diamètre cinétique de l'acétone. Cette mesure nous a 

permis d'améliorer les mesures de vélocimétrie obtenues par MTV dans un nouveau canal 

transparent adapté à des conditions de basse pression. 

 

Mots-clés : Vélocimétrie par marquage moléculaire, écoulement de gaz raréfié, vitesse de 

glissement, acétone, diffusion moléculaire, diamètre cinétique 
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Nomenclature 
Roman letters  

Symbols Description  Units  

𝐴𝐴 Area of the cross-section [m2] 

𝑎𝑎 Channel aspect ratio [-] 

𝑎𝑎𝑖𝑖 Fitting coefficients [-] 

𝑏𝑏 Channel width [m] 

𝐶𝐶 Conductance of the gas system [m3] 

𝐶𝐶1, 𝐶𝐶2 Slip velocity boundary condition 

coefficients 

[-] 

𝑐𝑐 Total velocity [ms-1] 

𝑐𝑐′ Molecular thermal velocity [ms-1] 

𝑐𝑐′�  Mean thermal velocity magnitude [ms-1] 

𝑐𝑐𝑟𝑟 Relative molecular velocity [ms-1] 

𝐷𝐷 Diffusion coefficient [m2s-1] 

𝐷𝐷𝑚𝑚 Measured results of diffusion coefficient [m2s-1] 

𝑑𝑑𝑚𝑚,𝑎𝑎𝑎𝑎𝑎𝑎 Mean value of the measured kinetic 

diameter 

[m] 

𝐸𝐸 Laser fluence [J m-2] 

𝐸𝐸1,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 Initial results measured by laser energy 

detector 1 

[J] 

𝐸𝐸2,𝑖𝑖𝑚𝑚𝑎𝑎 Results measured by laser energy 

detector 1 during image acquisition 

[J] 

𝐸𝐸2,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 Initial results measured by laser energy 

detector 2 

[J] 

𝐹𝐹 Force [N] 

𝑓𝑓(𝑥𝑥) Gaussian fitting [-] 
f(x)max Gaussian peak [-] 
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𝐺𝐺 IRO gain [-] 

𝐻𝐻 Channel height [m] 

𝐼𝐼𝑓𝑓,𝑝𝑝ℎ Luminescence emission rate 

 

[ph m-2] 

𝑘𝑘1 rate constant of linear decay [s-1] 

𝑘𝑘𝐵𝐵 Boltzmann constant [m2 kg s-2 K-1] 

𝑘𝑘𝑖𝑖𝑟𝑟 Non-radiative constant [s-1] 

𝑘𝑘𝑖𝑖𝑟𝑟,𝑇𝑇1 Internal non-radiative rate constant in the 

triplet state 

[s-1] 

𝑘𝑘𝑝𝑝ℎ Phosphorescence emission rate constant [s-1] 

𝑘𝑘𝑄𝑄 Quenching rate constant per quencher 

molecule density 

[s-1] 

𝑘𝑘𝑟𝑟 Radiative rate constants [s-1] 

𝑘𝑘𝜆𝜆 Mean free path coefficient [-] 

𝑘𝑘𝜈𝜈 Collision rate coefficient [-] 

𝐿𝐿 Channel length [m] 

𝐿𝐿𝐶𝐶 Characteristic length [m] 

𝐿𝐿𝐶𝐶,𝑚𝑚𝑖𝑖𝑖𝑖 Minimum of the characteristic length [m] 

𝑀𝑀 Molar mass [kg mol-1] 

𝑀𝑀2 M square of the laser beam [-] 

𝑚𝑚 Molecular mass [kg] 

�̇�𝑚 Mass flow rate [kg s-1] 

�̇�𝑚𝐶𝐶𝐶𝐶 Mass flow rate measured from constant 
volume technique 

[kg s-1] 

𝑁𝑁𝑖𝑖 Number of averaged images [-] 

𝑁𝑁𝑙𝑙 Number of laser pulses per image [-] 

𝑛𝑛 Number density [m-3] 

𝑛𝑛𝑎𝑎𝑎𝑎𝑎𝑎 Number density of absorbing molecules [m-3] 

𝑛𝑛𝑖𝑖𝑎𝑎 Number of independent variables [-] 

𝑛𝑛𝑄𝑄 Molecular density of quenching species [m-3] 
𝑛𝑛𝑇𝑇 Molecular density of triplet molecules [m-3] 
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𝑛𝑛𝑇𝑇1 Temporal concentration of triplet acetone 

molecules 

[m-3] 

𝑛𝑛𝑥𝑥 Number of pixels in x-axis [-] 

𝑝𝑝 Absolute Pressure [Pa] 

𝑝𝑝1(𝑡𝑡) Pressure from sensor 1 [Pa] 

𝑝𝑝1,0(𝑡𝑡) Pressure from sensor 1 at the beginning 

of the flow 

[Pa] 

𝑝𝑝2(𝑡𝑡) Pressure from sensor 2 [Pa] 

𝑝𝑝2,0(𝑡𝑡) Pressure from sensor 2 at the beginning 

of the flow 

[Pa] 

𝑝𝑝𝑚𝑚 Mean pressure [Pa] 

𝑝𝑝𝑖𝑖𝑖𝑖 Inlet pressure [Pa] 

𝑝𝑝𝑜𝑜𝑜𝑜𝑖𝑖 Outlet pressure [Pa] 

𝛥𝛥𝑝𝑝 Pressure difference [Pa] 

𝑅𝑅 Gas constant [JK-1mol-1] 

𝑅𝑅𝑆𝑆 Specific gas constant [m2s-2K-1] 

𝑟𝑟 Distance between the center of two 

molecules 

[m] 

𝑆𝑆  Gaussian peak [-] 

𝑆𝑆0 Ground singlet state [-] 

𝑆𝑆1 First excited singlet state [-] 

𝑆𝑆2 Second excited singlet state [-] 

𝑆𝑆𝑖𝑖  Excited singlet state [-] 

𝑠𝑠𝑠𝑠𝑠𝑠𝑝𝑝𝑠𝑠𝑙𝑙𝑜𝑜𝑙𝑙 Lower border of the slope uncertainty [m2s-1] 
𝑠𝑠𝑠𝑠𝑠𝑠𝑝𝑝𝑠𝑠𝑜𝑜𝑝𝑝 Upper border of the slope uncertainty [m2s-1] 

𝑇𝑇 Thermodynamic Temperature [K] 

𝑇𝑇0 Reference temperature [K] 

𝑇𝑇1 Triplet excited state [-] 

𝑡𝑡 Delay time [s] 

𝑡𝑡0 Starting moment of the experiment [s] 

𝑡𝑡𝐶𝐶𝐶𝐶𝐶𝐶 Exposure time of the CCD detector [s] 
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𝛥𝛥𝑡𝑡𝑎𝑎𝑎𝑎𝑖𝑖𝑔𝑔 IRO gate time [s] 

𝑈𝑈𝑟𝑟,𝐶𝐶𝑚𝑚 Relative uncertainty of diffusion 
coefficient 

[-] 

𝑈𝑈𝑟𝑟,𝑑𝑑𝑚𝑚  Relative uncertainty of kinetic 
diameter 

[-] 

𝑈𝑈𝑟𝑟,𝑝𝑝 Relative uncertainty of pressure [-] 
𝑈𝑈𝑟𝑟,𝑎𝑎𝑙𝑙𝑜𝑜𝑝𝑝𝑔𝑔 Relative uncertainty of slope [-] 
𝑈𝑈𝑟𝑟,𝑇𝑇 Relative uncertainty of temperature [-] 
𝑢𝑢 Bulk macroscopical velocity of the gas 

flow 

[ms-1] 

𝑢𝑢�2𝐶𝐶 Mean velocity on a cross section [ms-1] 

𝑢𝑢𝑐𝑐𝑝𝑝 Centerline Poiseuille axial velocity [ms-1] 

𝑢𝑢�𝐶𝐶𝐶𝐶 Mean velocity on the center cross section 

obtained by dynamic constant volume 

technique 

[ms-1] 

𝑢𝑢𝑎𝑎𝑎𝑎𝑎𝑎 Real velocity of the gas flow at the wall [ms-1] 

𝑢𝑢�𝑀𝑀𝑇𝑇𝐶𝐶 Mean velocity of the velocity profile 

obtained by molecular tagging 

velocimetry technique 

[ms-1] 

𝑢𝑢𝑎𝑎 Gas velocity out of the Knudsen layer [ms-1] 

𝑢𝑢𝑎𝑎𝑙𝑙𝑖𝑖𝑝𝑝 Slip velocity [ms-1] 

𝑢𝑢𝑎𝑎𝑜𝑜𝑜𝑜𝑖𝑖𝑑𝑑 Local speed of sound [ms-1] 

𝑢𝑢𝑙𝑙𝑎𝑎𝑙𝑙𝑙𝑙 Velocity of the wall [ms-1] 

𝑉𝑉0 Coefficient of volume [m3] 

𝑉𝑉1 Volume of gas tank 1 [m3] 

𝑉𝑉2 Volume of gas tank 2 [m3] 

𝑉𝑉𝑐𝑐 Collection volume [m3] 

𝑉𝑉𝑖𝑖  Vibrational energy levels [-] 

𝑥𝑥,𝑦𝑦, 𝑧𝑧 Spatial coordinates [m] 
 

Greek letters 
Symbols Description  Units  
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𝛼𝛼𝑖𝑖 Adjusting parameter  [-] 

𝛽𝛽𝑜𝑜1 Correction factor on slip velocity [-] 

𝛾𝛾 Ratio of the specific heats of the gas [-] 

𝛿𝛿 Mean molecular spacing [m] 

ϵFWHM Uncertainty of FWHM [m] 
𝜖𝜖𝑅𝑅 Resolution error [m] 
𝜖𝜖𝑖𝑖 Uncertainty of delay time [s] 
𝜖𝜖t−t0 Uncertainty of time difference [s] 
ϵ𝜎𝜎𝑥𝑥 Uncertainty of standard deviation [m] 
𝜖𝜖𝜎𝜎𝑥𝑥2 Uncertainty of variance [m2] 
𝜖𝜖𝜎𝜎𝑥𝑥,0

2  Uncertainty of variance at initial time [m2] 
𝜖𝜖𝜎𝜎𝑥𝑥2(t)−𝜎𝜎𝑥𝑥,0

2    Uncertainty of variance difference [m2] 
𝜂𝜂𝑜𝑜𝑝𝑝𝑖𝑖 Quantum yield [-] 

𝜅𝜅, 𝜂𝜂 Constant values of the force [-] 

𝜆𝜆 Mean free path [m] 

𝜆𝜆𝑔𝑔𝑥𝑥 Excitation wavelength [m] 

𝜆𝜆𝑖𝑖 Wavelength of the laser idler laser beam  [m] 

𝜆𝜆𝑝𝑝 Wavelength of the pump laser beam [m] 

𝜆𝜆𝑎𝑎 Wavelength of the signal laser beam  [m] 

𝜇𝜇 Dynamic viscosity [Pa s] 

𝜇𝜇0 Gas viscosity at reference temperature [Pa s] 

𝑣𝑣𝑟𝑟𝑎𝑎𝑖𝑖𝑔𝑔 Collisional frequency or collision rate [s-1] 

𝜉𝜉 Velocity slip length or coefficient of slip [m] 

Π Pressure ratio between the inlet and the outlet of 

the channel 

[-] 

𝜌𝜌 Density [kg m-3] 

𝜎𝜎𝑓𝑓,𝑝𝑝ℎ Molecular absorption cross-section of the tracer [m2] 

𝜎𝜎𝑇𝑇 Total collision cross-section [m2] 

𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶 Tangential accommodation momentum 

coefficient 

[-] 

𝜎𝜎𝑥𝑥2(t) Evolution with time of the variance of the tagged 

molecules distribution of the tagged line 

[m2] 
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𝜎𝜎𝑥𝑥,0
2  Variance of the tagged line at the beginning of 

the experiments 

[m2] 

𝜏𝜏 Characteristic time of intermolecular collisions [s] 

𝜏𝜏𝑓𝑓 Characteristic time of the flow [s] 

𝜏𝜏𝑙𝑙𝑓𝑓 Lifetime of the luminescent signal  [s] 

𝜏𝜏𝑝𝑝ℎ Time of phosphorescence [s] 

𝜏𝜏𝑇𝑇1 Triplet lifetime [s] 

𝜙𝜙𝑓𝑓,𝑝𝑝ℎ Quantum yield [-] 

Ψ𝑖𝑖 Base functions for velocity distribution [-] 

Ω𝑖𝑖 Coefficients for 2D velocity profile [-] 

𝜔𝜔 Coefficient of IPL collisional model [-] 

 

Non-dimensional number 
𝐾𝐾𝑛𝑛 Knudsen number 
𝑀𝑀𝑎𝑎 Mach number 

𝑅𝑅𝑠𝑠 Reynolds number 

 

Subscripts 
Ac Acetone 

n Direction normal to the wall 

s Direction tangent to the wall 

f Fluorescence 

ph Phosphorescence 

min Minimum 

in Channel inlet 

out Channel outlet 

 

Acronyms 

APART Air photolysis recombination tracking 

AR Anti-reflective 
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CCD Charge-coupled device 

CV Constant volume 

DCVT Dynamic constant volume technique 

DSMC Direct Simulation Monte Carlo 

FLEET Femtosecond laser electronic excitation tagging 

FOV Field of view 

FWHM Full width at half-maximum 

HEX Heat exchanger 

HS Hard-sphere 

IC Integrated circuit 

ICCD Imager Intense progressive scan charge-coupled 

device 

IPL Inverse power law 

IRO Intensified relay optics 

KL Knudsen Layer 

LDV Laser Doppler velocimetry 

LIF Laser induced fluorescence  

LIP Laser induced phosphorescence  

LIPA Laser induced photochemical anemometry 

L-J Lennard-Jones 

LOC Lab-on-a-chip 

MAVs Micro aerial vehicles 

MCP micro channel plate 

MEMS Micro-electro-mechanical systems 

MM Maxwell molecules 

MT Molecular tagging 

MTT Molecular tagging thermometry 

MTV Molecular tagging velocimetry 

NTV Nitric oxide tagging velocimetry 

OOC Organ on a chip 

OTV Ozone tagging velocimetry 
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PHANTOMM Photoactivated non-intrusive tracing of molecular 

motion 

PIV Particle image velocimetry 

PLIF Planar laser-induced fluorescence 

POCT Point-of-care testing 

PTU Programmable timing unit 

RBC Red blood cells 

RELIEF Raman excitation plus laser-induced electronic 

fluorescence 

SC Semiconductor 

SEM Scanning-electronic-microscope 

SNR Signal-to-noise ratio 

SSE Sum of Squared Errors 

SST Sum of Squares Total 

TMAC Tangential accommodation coefficient 

TTA Triplet-triplet annihilation 

UV Ultraviolet 

VENOM Vibrationally excited nitrous oxide monitoring 

VHS Variable hard-sphere 

VSS Variable soft-sphere 
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Chapter 1 Introduction 
1.1 MEMS technology 

 Micro-electro-mechanical systems (MEMS) are micrometric devices combining mechanical 

and electrical components which are mainly manufactured through micromachining techniques on 

silicon chips [1].  

Compared to traditional macroscopic devices, MEMS have numerous attractive properties, 

such as small scale, lightweight, low volume, low energy consumption, low reagent consumption, 

low-cost, high system integration with electrical or electronic circuits, high resonance frequency, 

and multifunctionality [2]. The characteristic sizes can range from several millimeters to several 

micrometers. The MEMS concept dates back to the early 1960s [2], while its practical expansion 

to different applications was mainly due to electronics miniaturization, originating from the great 

development of semiconductor and integrated circuit (IC) technology. The micro motor, created 

by Fan et al in 1988 [3], represents the commencement of the micromachining technique (Figure 

1.1).  

 

 
Figure 1.1. The scanning-electronic-microscope (SEM) image of the micro motor with 12-stator, 4-rotor-pole. The 

spacing between the stator and rotor is 6 μm. Reproduced from [3].  
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 Historically, the MEMS fabrication was mainly based on IC fabrication techniques, involving 

materials such as silicon which had attractive properties, such as strong strength, conductivity, 

high robustness and so on. However, in recent years new varieties of materials, like polymers and 

glass, are used in MEMS devices fabrication in order to satisfy the increasing scientific and 

industrial requirements [1]. The main micro fabrication technique for MEMS manufacturing is 

based on lithographic technologies, bulk micromachining, surface micromachining, and LIGA 

techniques [1; 4].  

During recent years, MEMS have experienced rapid development due to their unique 

advantages for a great variety of applications in several research and commercial fields [1; 4]. The 

potential market is today estimated in the order of billions of dollars. The earliest commercial 

applications are MEMS pressure sensor and accelerometers, which were widely used in the 

automotive industry [1].  Other traditional usages of MEMS devices were mainly focused on micro 

sensors, micro actuators, accelerometers, RF switches, etc. [5]. Nowadays, the application of 

MEMS devices has spread to much wider fields covering aerospace, military, microfluidics, 

read/write heads in computer storage systems and other micro device components. 

 

1.2 MEMS-based microfluidic devices 
Nowadays the MEMS technology has largely spread in the microfluidic scientific domain for 

fluid manipulation, such as the biomedical, chemical process, aeronautics, energy, automobile 

fields [6]. The advantages of using microfluidic devices are mainly related to their small scale, low 

energy consumption, high throughput and multifunctionality. The microfluidic devices could be 

divided into four main categories, which are micropumps, microvalves, microneedles, and 

micromixers [1]. To be more specific, the flows circulating inside microfluidic devices can also 

be divided into two other categories consisting of liquid and gas flows. The focus of the following 

sections will be around gas flows.  

1.2.1  Microfluidics in biomedical application 
  The last decade has witnessed a considerable growth in biomedical or biological MEMS 

(BioMEMS). BioMEMS is a combination of MEMS technology and biological or biomedical 
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applications. The integrated multifunctional BioMEMS system is also called lab-on-a-chip (LOC), 

also known as micro-total analysis systems (μTAS).  LOC devices are defined as a single chip 

combining a series of laboratory functions in a domain of several millimeters or several 

centimeters. According to the definition, the LOC system has the advantage in its high integration, 

miniaturization, automation, and parallel running of different analysis, which can offer a low-cost, 

quick-response, efficient-control, and high-performance biochemical analysis.  Microfluidic based 

LOC devices can cover the whole laboratory functions on a single chip. Two typical microfluidic 

based LOC systems are point-of-care testing (POCT) and organ on a chip (OOC). 

Several OOC platforms have been developed to reproduce cellular microenvironment for 

various organs and tissues.  Benam et al. [7] has proposed a “small airway-on-a-chip” model for a 

lung-on-a-chip platform to mimic the Asthma by epithelium exposure to interleukin-13 (IL-13) for 

acquiring in vivo like responses to therapeutics.  As demonstrated in Figure 1.2, the ‘lung small 

airway-on-a-chip’ could be mainly divided into three parts, from the top to the bottom, the air 

channel whose width and height are both 1 mm to mimic the human bronchiole, mucociliary 

bronchiolar epithelium layer, and the fluid flow channel. These devices might also contribute to 

lower the cost and time response of diagnostics in respect to large scale incidents, such as the 

global pandemic of COVID-19 [8] and or the study of the Influenza Virus evolution [9]. 

 

 
Figure 1.2 The sketch of lung small airway-on-a-chip. Reproduced from [7-9]. 

  

1.2.2  Microfluidics in aeronautics and spatial application  
Microfluidics has become an important tool for aeronautical and space applications. 

Following, some examples will be listed.  Pressure distributions were studied along micro aerial 

vehicles (MAVs)  for aerodynamic shape design optimization, covering the information on 
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minimum pressure point, shake wave position and the air separation on the surface of aircraft  [4]. 

A flexible microfluidic sensor was developed by Wang et al. [10] for aerodynamic pressure 

measurement on the aircraft surface (Figure 1.3.a). In order to advance the efficiency of aircraft 

from the view of skin friction drag, Hughes et al. [11] created a microfluidic sensor for local wall 

shear stress measurement. The sensor measurements were cross-verified by micro-PIV technique.  

 With the emergence of micro or nano spacecraft and satellites, the micro propulsion system 

needs to offer low thrust to maintain precise altitude control [12]. A 1-mN-class cold gas thruster 

was created by Janson et al in 1999 [13], which consists of two identical micro nozzles and two 

commercial silicon MEMS valves (Figure 1.3.b).  The main component is the micro nozzle, which 

has a throat diameter of 100 µm and a length of 1 mm, fabricated by laser-processed Foturan 

technique (Figure 1.3.c).  

 

 
Figure 1.3 (a) The sensing mechanism of flexible microfluidic sensor; (b) A cold gas thruster; (c) Photo of a laser-

machined nozzles. Reproduced from [10; 13]. 
 

A microfluidic system based on diverse industrial chemical sensors was integrated within an 

MAVs by Andrikopoulou et al. for monitoring and mapping outdoor air pollution(ELCOD 

Endurance Low Cost Drone Project) [14]. This integration can offer a comprehensive and global 

air measurement in the troposphere range. The microfluidic device inside the integrated 

measurement system was mainly used to maintain a proper flow rate environment for the micro 

sensors sampling. 

Micro-jets have been used to decrease flow separation and skin friction, and to increase heat 

transfer on airfoils or other elements [4; 15]. Kumar and Alvi [16] confirmed that micro-jets based 
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actuators were promising for effective flow separation control in internal flows, such as inlets and 

channels in aircraft propulsion, and external flows, such as  aircraft wings. The work of 

Khobragade et al. [17] also verified the effectiveness of micro-jet control in postponing flow 

separation for rocket science applications. The capability of the micro-jet array actuation method 

to decrease skin friction was validated by the work of Aubrun et al. [18]. The experimental work 

of Saliba et al. [19] proved that the pulsed impinging micro-jet can enhance the heat transfer for 

accelerating the cooling on heated boards. 

1.2.3 Knudsen pump  
Micro-pumps play an important role in the microfluidics actuation control. They can be 

classified as mechanical (moving parts) and non-mechanical (no-moving parts). For the non-

mechanical cases, the driving force can come from thermal, chemical, electric, or magnetic effects. 

Without the moving part, non-mechanical micropumps have increased stability, sensitivity, life 

span and structure simplicity [20]. Knudsen pumps are a typical example of gas flow transport by 

using solely a temperature gradient along a confined rarefied gas flow [20-23]. These pumps (or 

compressors) are widely applied to vacuum generation, fluid delivery and gas separation.  

 

 
Figure 1.4 (a) one stage Knudsen pump; (b) 48-stage Knudsen pump; (c) 162-stage Knudsen pump. Reproduced 

from [24-26]. 
 

The first single stage Knudsen pump, was fabricated completely on silicon wafer in 2005 [24], 

integrated with two capacitive pressure sensors. The smallest dimension of the channels was 10 

μm. This Knudsen pump was able to decrease the pressure in an 8 × 10-5 mm3 chamber to 46.6 kPa 

within just two seconds for a compression ratio of 2.  However, this single stage Knudsen pump 

cannot work with larger volumes.  In order to increase the devices efficiency, a 48-stage Knudsen 
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pump with integrated Pirani gauges was created in 2012 [25]. The pressure drop for this device 

was considerably larger: more than 93.3 kPa of pressure difference could be achieved (smallest 

channel height h = 0.15 μm), for a maximum compression ratio of 50. In 2014, the same group 

proposed a 162- stage KP (smallest channel height of 0.1 μm), for a maximum compression ratio 

of 950, from 760 Torr to around 0.9 Torr [26].  Figure 1.4 compares the structure of single stage, 

48-stage and 162-stage Knudsen pump. 

   Baier and co-authors [27] studied the gas separation phenomenon of binary gas mixtures 

(Helium–Xenon) along the Knudsen pump induced by a Crookes radiometer via direct simulation 

Monte Carlo (DSMC).  Their work investigated the different behavior of the individual species in 

transport induced by composition, temperature, and pressure gradients. Gas separation was 

successfully accomplished in a model separation column inspired by opposing fluxes driven by 

thermal and pressure gradients, with a Knudsen number near unity. This study is important when 

utilizing the Knudsen pump to transport gas mixtures to a sensor surface, the detection properties 

of the sensor system can be affected by the preferential movement of different species in the gas 

mixture.   

1.2.4  Micro heat exchangers 
Due to its high heat transfer efficiency, micro heat exchangers, also known as μHx or 

microHEXs, have gained great interest among the industrial and scientific communities. The micro 

heat exchangers are most commonly used for cooling electronic components, MEMS or MOEMS 

[6].  

Yang et al. have developed a gas-to-gas double layer μHx to study the behavior of gas flow 

and heat transfer through microHEXs by means of both experimental and numerical methods [28]. 

As shown in Figure 1.5, 133 microchannels were fabricated on a PEEK layer. Based on this new 

design, a study on the gas forced convection at the microscale verified the applicability of the 

recent conventional theory in respect to convective heat transfer in gas micro flows. 
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 Figure 1.5. (a) A double layer Micro heat exchangers (μHx) created; and (b) zoomed view of single layer. 

Reproduced from [29].  
 

     A novel design of low-temperature flue-gas heat exchanger with micro pipe array was 

proposed in the work of Yang et al [29]. Experimental work in a practical cold environment 

showed that the heat exchanger integrated with a micro heat pipe array had a higher thermal 

efficiency than traditional heat exchangers. The internal dimensions and the integrated structure 

of the micro heat pipe array is presented in Figure 1.6. 

 
Figure 1.6. (a) Internal dimension of the microtube and (b) the sketch of the structure of micro heat pipe array. 

Reproduced from [29]. 
 

1.3 Scale effects in microsystems   
The physical properties in micro systems are quite different from the macro systems. A classic 

example that demonstrates the difference of the physical behavior between micro and macro-scale 
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can be illustrated by means of the very first manufactured micro-motor [3]. It was discovered that 

for this application the frictional force at the microscale does not obey traditional frictional laws. 

Friction was proportional to the contact surface area between the micro-motor and the substrate 

instead of the applied normal force [5]. In general, when the scales are reduced, such as in the case 

of MEMS, the surface forces begin to be preponderant in respect to the body forces. Body forces 

are proportional to the third power of the characteristic length of the system, while surface forces 

rely on the first power or the second power of the length. Therefore, the surface-to-volume forces 

ratio is inversely proportional to the length scale of the system, thus having a big impact at the 

microscale. 

 

1.4  Gas micro flows   
In gas microflows, the gas can be in a state of rarefaction. Rarefaction increases when the 

scale of the microsystem is reduced and this effect will influence the macroscopic thermodynamic 

and kinematic properties of the gas flow. If the gas is rarefied, local thermodynamic disequilibrium 

will appear in the flow due to a low number of intermolecular collisions in respect to molecular 

collisions with the surfaces bounding the flow. Most of the applications that work with micro gas 

flows, relate to the slip flow rarefaction regime (low rarefaction). In this rarefaction regime, one 

can observe an evident thermodynamic non-equilibrium state of the gas in the vicinity of the walls. 

This produces a macroscopic velocity slip and  temperature jump at the wall [30]. These rarefaction 

effects dramatically affect the mass and heat transfer at the micro scale, hence, an accurate 

modeling of the thermodynamic disequilibrium at the wall is vital for an accurate prediction of the 

mass flow rates and heat fluxes within the microdevice in order to improve the energy efficiency 

or optimize the energy consumption of such devices (rarefaction will be treated in more details in 

Chapter 2).   

1.5  The motivation of this thesis  
It is necessary to realize experimental observations on the rarefaction effects in order to verify 

the theoretical and numerical models of the boundary conditions proposed in the literature [31]. 

However, it is still a challenge to provide accurate local measurements on velocity and temperature 

distributions in gas microflows [32]. Most of the experimental analyses available in the literature 
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in channels are carried out by measuring global quantities, such as the mass flow rate, inlet and 

outlet pressures, and temperatures, which can only indirectly quantify the effects given by the 

velocity slip and temperature jump at the wall [33; 34].  

To the best of our knowledge, there is not enough available experimental data on local velocity 

fields in the vicinity of the wall for confined microflows. The objective of this thesis was to obtain 

local velocity measurements for the case of confined rarefied gas flows. The Molecular Tagging 

Velocimetry (MTV) technique is based. The technique is based on a well-known photo-

luminescent phenomenon: the flow is seeded with molecules at the vapor state which can absorb 

and re-emit light (fluorescence and phosphorescence). A comparison between the initial tagged 

line and the distorted line allows determining the displacement of the molecules in space and thus 

reconstructing a velocity profile.  

The MTV technique has been successfully implemented for velocity measurements in a 

millimetric channel at low pressures [35]. These thermodynamic conditions corresponded to slight 

slip regime. However, low pressures are a source of higher molecular diffusion, which prevents 

computing experimental velocity profiles by simply dividing the displacement profile by the time 

of flight of the molecules. It was demonstrated that for higher pressures (continuum regime) 

velocity profiles can be correctly obtained through a reconstruction method which is based on the 

advection diffusion equation [36; 37].  Nevertheless, the reconstruction method has failed up to 

now to retrieve correct velocity profiles at low pressures. One source of great uncertainty for what 

concerns the correct application of the reconstruction method relies on knowing the correct values 

of diffusion coefficient at the required pressure, unfortunately, there is no clear consensus in the 

literature on the kinetic diameter values for the most common tracers, therefore calculating correct 

diffusion coefficients from the Chapman-Enskog equation can be troublesome. Motivated by this 

practical necessity, experimental work was conducted to measure the diffusion coefficient of 

acetone at low pressures. Moreover, measurements of velocity profiles by using the measured 

diffusion coefficients will be presented. The measurements were obtained for microflows in a 

newly fabricated millimetric channel which improved the previous one in terms of better control 

on the internal section geometries and dimensions and a leakage-free environment. 

 



Molecular Tagging Velocimetry for exploring rarefied gas flows 

 

10 
 
 

 

1.6 Structure of the thesis 
      The content of this thesis is organized into six chapters.  

 In chapter 2, the mathematical model, used to evaluate the experimental data, was mainly 

discussed.  In this chapter, the definition of the important terms was described, such as dilute gas, 

collisions, mean free path, and rarefaction effect. Then, the analytical solution of rarefied 

Poiseuille flow were mainly discussed, considering different boundary conditions, and confined 

environment. Finally, the theoretical discussion on flow of gas mixture and diffusion effect was 

proposed. 

Chapter 3 mainly reviewed the state of art of the molecular tagging velocimetry technique.  A 

relatively comprehensive comparison between MTV technique and other popular velocimetry 

technique was presented in order to further explain why MTV technique is the most suitable 

technique for the specific need in this work.  Then, the mechanism of molecular tagging and latest 

state of MTV application was debated. 

 In chapter 4, the experimental and post-processing methodology, and results of diffusion 

measurement of acetone vapor were mainly proposed.  In this chapter, the necessity of this study 

was firstly introduced and the advantage of molecular tagging technique for this specific target 

was also reviewed. Later, the experimental setup and data treatment method were presented in 

detail.  While dealing with the measured results, there are several important evolution parameters 

to be considered, the characteristic of photoluminescence of gaseous acetone, the mechanism of 

laser excitation, the quality of the image and curve fitting.  

Chapter 5 mainly presents the experimental methodology and results of applying MTV 

technique to a novel channel at low pressure. The specific gas circuit and experimental 

methodology for MTV application was introduced at the commence. The post-processing method 

was improved while working with a novel transparent channel, especially the channel size 

measurement and channel wall detection method. The three-dimensional numerical simulation of 

the rarefied gas flow along the whole channel was conducted.  

Chapter 6 summarized and evaluated all the work presented in this thesis. The direction and 

future work for further improvement of applying MTV work for rarefied gas flow were also 

discussed. 
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Chapter 2 Mathematical models of rarefied gas flow 
2.1 Dilute gas 

For the purpose of this thesis, it is of great interest to discuss the properties of gas at the 

molecular scale since for specific thermodynamic conditions, the gas might be considered as 

rarefied. This happens predominantly for gas flows at the microscale and at low-pressure.  It is 

thus necessary to introduce several important microscopic characteristic lengths, such as the mean 

molecular or kinetic diameter 𝑑𝑑, the mean molecular spacing 𝛿𝛿, and the mean free path 𝜆𝜆 [6; 30] 

(Figure 2.1).   
 

 
Figure 2.1. Semantics of the classical characteristic length scales at the molecular level. Figure from Colin et al. [1]. 

 

The number density 𝑛𝑛 refers to the number of molecules per unit volume. The number density 

is dependent on the pressure and temperature, however independent of the composition of the gas 

[38]. The inverse 1/𝑛𝑛 can represent the average volume available for one single molecule. 

Therefore, the mean molecular spacing 𝛿𝛿 is defined as: 
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𝛿𝛿 =
1
√𝑛𝑛3  . (2.1) 

A gas is thus in dilute conditions when the mean molecular spacing is much larger than the 

molecular diameter: 

𝑑𝑑 ≪ 𝛿𝛿  . (2.2) 

On the contrary, if Eq.(2.2) is not satisfied, the medium can be considered as a dense gas.  

The mean free path can be defined as the average distance that a molecule travels between 

two successive collisions. Mean free path and collision frequency are two important parameters to 

define the spatial and temporal scales of the intermolecular collision effects, when associated with 

number density, mass, size, velocity, and internal sate of each molecule. Mean free path is also a 

key parameter to describe the rarefaction effect. 

A dilute gas can be described also via macroscopic thermodynamic parameters and its 

thermodynamic state is defined by the ideal gas state equation [6],  

𝑝𝑝 = 𝑛𝑛𝑘𝑘𝐵𝐵𝑇𝑇 , (2.3) 

where 𝑝𝑝 is the absolute pressure, T is the thermodynamic temperature and 𝑘𝑘𝐵𝐵 is the Boltzmann 

constant.  

2.2 Intermolecular collisions 
Based on Eq. (2.2), the distance between two adjacent molecules is significantly large in a 

dilute gas. Generally, the intermolecular forces can be neglected [6]. The motion of molecules can 

be characterized by constant velocity on straight trajectories. A binary intermolecular collision 

takes place when a molecule enters the cross-section zone of another molecule. In a dilute gas, the 

main form of intermolecular interactions is a binary elastic collision [6; 38-40]. The reason why 

intermolecular collisions are ‘binary’ is that the collision always happens between two molecules 

instead of ternary collisions (three-body collisions) in a dilute gas.  An elastic collision means that 

there is no exchange of internal or translational energy caused by chemical reactions [6; 38]. The 

only possible energy exchange relates to kinetic energy. The mass, momentum and energy 

conservation equations are used to calculate the intermolecular collision dynamics in a dilute gas. 

 The definition of the mean free path is also dependent on the choice of the collision model.  

The mean free path can be defined as the ratio of the mean thermal velocity magnitude 𝑐𝑐′�  to the 

collision rate 𝑣𝑣𝑟𝑟𝑎𝑎𝑖𝑖𝑔𝑔, 
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𝜆𝜆 =
𝑐𝑐′�

𝑣𝑣𝑟𝑟𝑎𝑎𝑖𝑖𝑔𝑔
=
�8𝑅𝑅𝑆𝑆𝑇𝑇

𝜋𝜋
𝑣𝑣𝑟𝑟𝑎𝑎𝑖𝑖𝑔𝑔

 . (2.4) 

The mean thermal velocity magnitude is the average value of the molecular thermal velocity 

𝑐𝑐′, which is defined as the difference between the total velocity 𝑐𝑐 and bulk macroscopical velocity 

𝑢𝑢 of the flow.  

Different molecular models have been introduced in the literature in order to describe the 

electromagnetic potential of molecules for the purpose of correctly computing molecular collisions. 

The action of the molecular potential on other molecules can be translated via a force 𝐹𝐹 which is 

repulsive for small distances and attractive for large distances. The real physical behavior of this 

force is of a complex nature, where its value for some models is defined as a function of the 

distance between molecules. The most used collision models are inverse power law (IPL), hard-

sphere (HS), variable hard-sphere (VHS), variable soft-sphere (VSS) and Lennard-Jones (L-J). 

For example, the inverse power law (IPL) model is a classic collision model, which is also 

called the center point of repulsion model. Only the repulsive component of the force 𝐹𝐹  is 

considered in this model, which can be expressed by: 

𝐹𝐹 =
𝜅𝜅
𝑟𝑟𝜂𝜂

, (2.5) 

where 𝑟𝑟  represents the distance between the center of two molecules, 𝜅𝜅 and 𝜂𝜂 are constant values 

indicating that the force is inversely proportional to the intramolecular distance with a constant 

power. The collision model can also define the dynamic viscosity 𝜇𝜇 , which is a function of 

temperature, mean molecular diameter and the total collision cross-section 𝜎𝜎𝑇𝑇 = 𝜋𝜋𝑑𝑑2  in the 

collision plane. 

 A specific case of the IPL model is the hard sphere model, which is the simplest collision 

model. HS considers the molecular interaction as a purely elastic collision when two molecules 

are in contact with one another, that is when the distance between the centers of the two molecules 

is equal to the molecular diameter. For this specific case, 𝜂𝜂 tends to infinity in Eq.  (2.5). 

Although the HS model can simplify the mathematical issue, in real gas, the collision cross 

section is inversely proportional to the relative velocity 𝑐𝑐𝑟𝑟 between two colliding molecules [39; 

40].  Bird [38] proposed a variable hard sphere model which partially solved this issue, since via 

this model the molecular diameter becomes a function of the relative molecular velocity. In order 

to improve the HS model and VHS model, Koura and Matsumoto [41; 42] proposed the variable 



Molecular Tagging Velocimetry for exploring rarefied gas flows 

 

14 
 

soft sphere model. The VSS model considered the variation in diameter for gas mixtures and the 

essential role of diffusion. The implementation of the VHS model is quite complex. Some models 

can include a long-range attractive component of the force at large distances between two 

molecules via combining a repulsive/attractive potential, such as the Lennard-Jones potential. 

A second specific case of the IPL model is the Maxwell molecules (MM) model (𝜂𝜂 = 5). In 

MM model, the collision frequency is not dependent on 𝑐𝑐𝑟𝑟. However, the viscosity in MM model 

has a linear relationship with temperature, which is not realistic. Due to this unrealistic 

characteristic, the MM model has notable limitations [40]. Table 2.1 summarizes key coefficients 

in several classic IPL models. 

 
Table 2.1 Force 𝐹𝐹, dynamic viscosity 𝜇𝜇, collision rate 𝜈𝜈𝑟𝑟𝑎𝑎𝑖𝑖𝑔𝑔 , and mean free path 𝜆𝜆 for classic IPL collision models. 

Adjusting parameter 𝛼𝛼 is introduced for the VSS model and dependent on the gas species. 
IPL model 𝜂𝜂 𝜔𝜔 𝑘𝑘𝜈𝜈 𝑘𝑘𝜆𝜆 

Hard Sphere (HS) ∞ 1
2

 
5
4

 
16

5√2𝜋𝜋
≅ 1.277 

Variable Hard 
Sphere (VHS) 

𝜂𝜂 𝜂𝜂 + 3
2(𝜂𝜂 − 1)

 
30

(7 − 2𝜔𝜔)(5 − 2𝜔𝜔)
 

2(7 − 2𝜔𝜔)(5 − 2𝜔𝜔)
15√2𝜋𝜋

 

Maxwell molecules 
(MM)  

5 
1 2 �2

𝜋𝜋
≅ 0.7979 

Variable Soft 
Sphere (VSS) 

𝜂𝜂 𝜂𝜂 + 3
2(𝜂𝜂 − 1)

 
5(𝛼𝛼 + 1)(𝛼𝛼 + 2)

𝛼𝛼(7 − 2𝜔𝜔)(5 − 2𝜔𝜔)
 

4𝛼𝛼(7 − 2𝜔𝜔)(5 − 2𝜔𝜔)
5(𝛼𝛼 + 1)(𝛼𝛼 + 2)√2𝜋𝜋

 

 

Once the molecular model has been defined, some transport parameters of the flow can be 

computed, such as the dynamic viscosity, which is a function of temperature  

𝜇𝜇 = 𝜇𝜇0 �
𝑇𝑇
𝑇𝑇0
�
𝜔𝜔

, (2.6)  

where 𝜔𝜔 is a parameter that depends on the molecular model, e.g., 𝜔𝜔 = 1 for the MM model and 

𝜔𝜔 = 0.5 for the HS model, and 𝜇𝜇0 is the gas viscosity at reference temperature 𝑇𝑇0. 

To conclude, both the mean free path and the collision rate can be expressed through 

macroscopic thermodynamic quantities, such as 

𝜆𝜆 = 𝑘𝑘𝜆𝜆
𝜇𝜇�𝑅𝑅𝑎𝑎𝑇𝑇
𝑝𝑝

, (2.7) 

𝑣𝑣𝑟𝑟𝑎𝑎𝑖𝑖𝑔𝑔 = 𝑘𝑘𝑎𝑎
𝑝𝑝
𝜇𝜇

, (2.8) 
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where 𝑘𝑘λ  is the mean free path coefficient and 𝑘𝑘𝜈𝜈  is the collision rate coefficient and both 

coefficients depend on the molecular model used. 

 

2.3 Gas-surface collisions  
The interaction between gas molecules and body surfaces gives rise to the drag, the lift, the 

force moment, and the heat transfer between the gas flow and the body surface [40].   

 Several gas-surface interaction models were proposed to describe the molecular motion a 

posteriori of a collision with a solid surface. One of the most popular and classic gas-surface 

interaction models is the one proposed by Maxwell [43]. In this model, the reflection of incident 

molecules on the solid body surface is modeled as an elastic sphere reflecting on an entirely elastic 

surface (Figure 2.2). In this context, Maxwell assumed that there were two limit cases of gas-wall 

interactions: the specular reflection and the diffuse reflection.  

  The specular reflection of molecules is much like a light ray reflecting on a mirror (Figure 

2.2(a)). Only the normal component (to the surface) of related velocity reverses its direction.  The 

molecular velocity vector intensity does not change, only its sign is changed to the opposite, which 

represents a change in direction normal to the wall. The components of the relative velocity parallel 

to the solid surface do not change, that is no tangential momentum exchange takes place between 

the molecules and the solid surface. For this case, also the total energy exchange between the 

molecules and solid surface equals zero. The specular reflection condition is an unrealistic 

assumption for industrial applications. 

The complete diffuse reflection, so-called diffuse reflection with full accommodation, 

assumes that statistically the molecules leave the surface with the same tangential momentum 

accommodation coefficient of the solid surface (Figure 2.2(b)). The latter case scenario of diffuse 

accommodation at the wall is a more probable assumption for gas/surface interactions than the 

specular one.  

The Maxwellian gas/surface interaction model (Maxwellian kernel), allows all possible 

configurations between specular and diffuse reflection. The tangential accommodation momentum 

coefficient (TMAC or 𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶) translates the different possible states of gas/surface interactions, 

being 𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶  = 1 a full diffuse interaction at the wall, while 𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶  = 0 a full specular one.  The 

values are dependent on the surface roughness, the surface material, and the gas molecular 
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structure [39]. If the TMAC value is in between 0 and 1, only a fraction (1 − 𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶) of molecules 

are reflected secularly from the surface.   

 

 
 Figure 2.2. Schematic of (a) specular and (b) diffusive reflection of a molecule on a solid body surface. Figure from 

Colin et al. [6]. 
 

2.4 Rarefaction effects 
In gas microfluidics, when the characteristic length of the device is of the same order of 

magnitude of the mean free path of the gas, rarefaction effects can modify substantially the 

kinematic and thermodynamic fields of the gas flow in respect to continuum gas flows [39]. 

Rarefaction effects can also be found at high altitude due to decreased atmospheric density (low 

pressure), e.g. rarefaction models are typically used to simulate atmospheric re-entry of space 

vehicles [44].  

The continuum model assumption, also known as macroscopic model, assumes that a gas can 

be considered as a continuous medium.  If rarefaction is strong, the continuum model can fail, and 

a molecular model is needed to describe the gas flow. The continuum assumption disregards the 

molecular discontinuities of matter and thus averages microscopic properties over a small 

sampling volume. In classic fluid mechanics, the variations of all macroscopic quantities, such as 

velocity, pressure, temperature, density (𝜌𝜌) ,  are considered to be continuous from point to point 

within the flow domain.  

For satisfying the continuum medium assumption, the averaged macroscopic parameters 

should be not affected by microscopic fluctuations within the small sampling volume. As a result, 

the size of the sampling volume should be large enough in order to eliminate microscopic 

fluctuations, and small enough to identify the important macroscopic variations, like velocity and 

pressure gradients (Figure 2.3).  
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Figure 2.3. The dependence of the validity of the continuum assumption on the presence of a balanced representative 

sampling volume (shaded middle ground zone). Figure from Kandlikar et al.  [39]. 
 

Inside the sampling volume, the gas is considered to be in thermodynamic equilibrium, this is 

achieved if the molecular collision frequency is high in respect to the perturbations of the flow. In 

this case, the characteristic time of intermolecular collisions (𝜏𝜏 ∝ 1/𝜈𝜈𝑟𝑟𝑎𝑎𝑖𝑖𝑔𝑔) needs to be smaller 

than the macroscopic characteristics times of the gas flows. As defined by Eq. (2.4), the collision 

frequency (or characteristic time of collision) is directly related to the mean free path of the gas, 

thus the rarefaction regime of the medium can be obtained by comparing this parameter to the 

characteristic length of the sampling volume. Therefore, the non-dimensional parameter Knudsen 

number Kn, which is defined as the ratio of the molecular mean free path (λ) and the characteristic 

length of the system (𝐿𝐿𝐶𝐶 ) 

𝐾𝐾𝑛𝑛 =
𝜆𝜆
𝐿𝐿𝐶𝐶

≪ 1 , (2.9) 

can gives us a quantification of the rarefaction effect. Rarefied flows have a preponderant 

transmission of kinematic or thermodynamic information through gas/surface collisions rather 

than via intermolecular collisions. These flows are thus characterized mainly by having a 

momentum or thermodynamic disequilibrium in the proximities of the walls. 

Let us add, that as expressed by Eq. (2.7), the mean free path 𝜆𝜆  is affected by the 

thermodynamic conditions in the flow, thus by modifying pressure and temperature one can affect 
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the rarefaction regime in devices that have relatively large dimensions. The rarefaction regimes 

can be classified as follows [30] (Figure 2.4): 

i. Continuum (hydrodynamic) regime (Kn < 0.001) 

The gas can be considered as a continuum medium and the flow can be modeled via the 

Navier-Stokes-Fourier equations by imposing classical no-slip boundary conditions.  

ii. Slip flow regime (0.001 < Kn < 0.1) 

In this moderate rarefied regime, the classical continuum assumptions hold. The Navier-

Stokes-Fourier equations can be used if accompanied by the appropriate velocity-slip and 

temperature-jump boundary conditions at the walls.  

iii. Transitional regime (0.1 < Kn < 10) 

The continuum assumptions are invalid. A statistical molecular description is needed for 

simulating the gas flow, such as the Boltzmann equation, kinetic models, or direct simulation 

Monte Carlo (DSMC). In this regime, intermolecular collisions are still to be considered.  

iv. Free molecular regime (Kn > 10) 

This is the highest level of rarefaction achievable. Intermolecular collisions are negligible in 

respect to gas/surface collisions. Modeling a gas flow in free molecular regime is rather simple, 

since there is no need to consider intermolecular collisions. 

In classic microsystems, gas flows are often in the slip flow regime or early transition regime, 

which corresponds to the Knudsen number ranging from 0.001 to 0.1 [39; 45]. Analytical or semi-

analytical models can be used to represent these rarefied gas flows in simple geometries.  

 

 
Figure 2.4. Flow regimes and corresponding mathematical models as a function of the Knudsen number. Figure 

from Agrawal et al. [46]. 
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2.5 Slip regime boundary conditions 
When the gas is rarefied, molecular collisions at the wall are preponderant in respect of 

intermolecular collisions at the bulk of the flow, thus thermodynamic and kinematic disequilibrium 

phenomena arise on the wall. These effects significantly affect the macroscopic velocity and 

temperature distributions of the flow. Two dominant effects take place: velocity-slip and 

temperature-jump at the wall. These effects are significantly dependent on the nature of the wall 

and the characteristics of the gas molecules. Let us underline that no matter the level of rarefaction 

of the flow, a local thermodynamic disequilibrium region always exists in the proximities of the 

wall (Knudsen layer). The thickness of the Knudsen layer (KL) is on the order of the mean free 

path. These effects can be neglected when the mean free path is small in respect to the characteristic 

length of the device, while they must be considered when the depth of the KL is of the same order 

of magnitude of the device. In slip regime, velocity slip and temperature jump near the wall can 

be described by modifying the classic NS boundary conditions. A general definition of the first 

order boundary condition that describes velocity slip at the wall for isothermal flows can be 

expressed as 

𝑢𝑢slip = 𝑢𝑢s − 𝑢𝑢wall = 𝜉𝜉 ∂𝑜𝑜s
∂𝑖𝑖
�
w

, (2.10)

where 𝑢𝑢slip represents the slip velocity, 𝑢𝑢s is velocity of the gas flow, 𝑢𝑢wall is the velocity of the 

wall, the index 𝑠𝑠 represents the direction tangent to the wall, while n represents the direction 

normal to the wall, and 𝜉𝜉  represents the velocity slip length or the so-called coefficient of slip [39; 

45]. Knudsen layer and slip velocity are illustrated in Figure 2.5, 𝑢𝑢𝑎𝑎𝑎𝑎𝑎𝑎 represents the real velocity 

of the gas flow at the wall, 𝑢𝑢𝑎𝑎 represents the gas velocity out of the Knudsen layer. The velocity 

difference �𝑢𝑢gas − 𝑢𝑢wall � does not correspond to the slip velocity. In the general assumption, slip 

velocity represents the virtual velocity for accurately predicting the velocity distribution outside 

the Knudsen layer.  
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Figure 2.5. Schematic for structure of Knudsen layer, and slip velocity near the wall. Figure from Kandlikar et 

al.[39]. 
 

The velocity slip length can be defined as 

𝜉𝜉 = 𝛽𝛽𝑜𝑜1
2 − 𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶
𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶

𝜆𝜆 , (2.11) 

where 𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶  is the tangential accommodation coefficient (Section 2.3) and 𝛽𝛽𝑜𝑜1 is a corrective 

coefficient, which is added for a precise description of velocity distribution out of the Knudsen 

layer based on the numerical work of Cercignani et al. [47]. Unlike the initial model proposed by 

Maxwell, 𝛽𝛽𝑜𝑜1 has a minor deviation from unity. The value of 𝛽𝛽𝑜𝑜1 is dependent on the choice of 
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mean free path coefficient, which has various values (Table 2.1). First-order boundary conditions 

are adequate for the slip flow regime (Kn < 0.1).  

Higher-order boundary conditions are necessary for rarefaction regimes at higher Kn. A 

general form of the second order slip boundary conditions can be expressed by: 

𝑢𝑢slip = 𝑢𝑢𝑎𝑎 − 𝑢𝑢𝑙𝑙𝑎𝑎𝑙𝑙𝑙𝑙 = 𝐶𝐶1𝐾𝐾𝑛𝑛 �
∂𝑢𝑢𝑎𝑎
∂𝑛𝑛

�
𝑙𝑙
− 𝐶𝐶2𝐾𝐾𝑛𝑛2 �

∂2𝑢𝑢𝑎𝑎
∂n

�
𝑙𝑙

, (2.12) 

where the values of 𝐶𝐶1 and 𝐶𝐶2 have been obtained in the literature via analytical, numerical, and 

experimental approaches (Table 2.2). Let us point out that there is still no general consensus on 

the value of the second-order term 𝐶𝐶2.    

 
Table 2.2 Slip coefficients acquired via different methods for main models for second-order boundary condition 

(𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶 = 1). 
References (Author, year) 𝐶𝐶1 𝐶𝐶2 

Maxwell, 1879 [43] 1 0 

Schamberg, 1947 [48] 1 -5π/12 

Chapman and Cowling, 1952 [49] 𝜅𝜅0(≈ 1) 𝜅𝜅02/2(≈ 1/2) 

Deissler, 1964 [50] 1 -9/8 

Cercignani, 1964 [51] 1.1466 -0.9756 

Hsia and Domoto, 1983 [52] 1 -1/2 

Mitsuya ,1993 [53] 1 -2/9 

Karniadakis and Beskok, 2002 [48] 1 1/2 

Hadjiconstantinou, 2003 [54] 1.11 -0.61 

Pitakarnnop et al., 2010 [33] 1.1466 -0.647 

Cercignani and Lorenzani, 2010 [55] 1.1209 -0.2347 

Lorenzani, 2011 [56] 1.1366 -0.69261 

 

2.6 Analytical solutions of pressure driven flow in slip regime 
Hereafter two Poiseuille flow analytical solutions are described. These solutions are used in 

this work for comparison against the experimental results produced. It is possible to obtain 

analytical solutions of pressure driven gas flows in simple geometries by solving the system of 

fundamental equations of conservation of mass, conservation of momentum (Navier-Stokes 

equation) coupled to the modified boundary conditions for slip flow and the ideal gas equation of 

state. In the following analytical description, the pressure-driven flow is assumed as laminar, 

steady, isothermal, and fully developed. The schematic of the channel geometry is sketched in 
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Figure 2.6. In Figure 2.6, 𝐻𝐻 is the channel height, 𝑏𝑏 is the channel width, 𝐿𝐿 is the channel length. 

The axis of the channel is represented by coordinate x axis, and the cross-sectional plane lies in 

the (y,z) plane. 

 

 
Figure 2.6. Channel geometry sketch. The Cartesian coordinates systems for the channel (a) and cross-section (b). 

 

The Knudsen number in this thesis is defined as the mean free path over the minimal 

characteristic length  

𝐾𝐾𝑖𝑖 =
𝜆𝜆

𝐿𝐿𝐶𝐶,𝑚𝑚𝑖𝑖𝑖𝑖
=
𝜆𝜆
𝐻𝐻

. (2.13) 

2.6.1 Poiseuille flow between two parallel flat plates  
The flow through a rectangular channel can be considered as a planar Poiseuille flow between 

two infinite parallel plates if the aspect ratio (𝑎𝑎 = 𝐻𝐻/𝑏𝑏) of the cross-section of the microchannel 

is sufficiently small (b ≫ H). For this case, the conservation of momentum expression can be 

simplified as 

d2𝑢𝑢
d𝑦𝑦2

=
1
𝜇𝜇

d𝑝𝑝
dx

 . (2.14) 

By using the second-order boundary condition (Eq.(2.12)), and the condition of symmetry on 

the axis of the flow, the dimensionless solution of the velocity profile is 

𝑢𝑢∗ = 1 − 4𝑦𝑦∗2 + 4𝐶𝐶1Kn + 8𝐶𝐶2Kn2,   

where the non-dimensional quantities are defined as  
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y∗ =
𝑦𝑦
𝐻𝐻
∈ �−

1
2

,
1
2
� 

𝑢𝑢∗ =
𝑢𝑢
𝑢𝑢𝑐𝑐𝑝𝑝

, (2.15) 

being  𝑢𝑢𝑐𝑐𝑝𝑝 = −𝐻𝐻2

8𝜇𝜇
𝑑𝑑𝑝𝑝
𝑑𝑑𝑥𝑥

 the centerline velocity of Poiseuille flow in the case of flow in hydrodynamic 

regime (no-slip). Figure 2.7 illustrates different velocity profile solutions by changing the values 

of 𝐶𝐶1 and 𝐶𝐶2 [57].  

 
Figure 2.7. Normalized velocity profile of planar Poiseuille flow at different Knudsen number with different slip 
boundary conditions (Eq.(2.19)). (a) No-slip boundary condition ( 𝐶𝐶1 = 𝐶𝐶2 = 0 ),  (b) First-order slip boundary 

condition (𝐶𝐶1 = 1 ,𝐶𝐶2 = 0, Maxwell [58]), (c) Second-order slip boundary condition (𝐶𝐶1 = 1.1466 , 𝐶𝐶2 = 0.9576, 
Cercignani [51]). Figures from Silva et al. [57].  

 

From the velocity profile solution, it is thus possible to obtain the mass flow rate expression 

�̇�𝑚 = 𝐴𝐴𝑢𝑢�(𝑥𝑥)𝜌𝜌(𝑥𝑥) = −
𝑏𝑏𝐻𝐻3

8𝜇𝜇
𝑑𝑑𝑝𝑝
𝑑𝑑𝑥𝑥

𝑝𝑝
𝑅𝑅𝑇𝑇

�
2
3

+ 4C1𝐾𝐾𝑛𝑛 + 8𝐶𝐶2𝐾𝐾𝑛𝑛2� , (2.16) 

where 𝐴𝐴 = 𝑏𝑏𝐻𝐻 represents the area of the cross-section. A more practical expression of �̇�𝑚 can be 

obtained by integrating Eq.(2.16) along the channel length. Since the mean free path is always 

inversely proportional to the pressure, it is possible to state that along the axis of the channel the 

quantity 𝐾𝐾𝑛𝑛(𝑥𝑥) ⋅ 𝑝𝑝(𝑥𝑥) remains constant, thus it is possible re-write the expression as a function of 

𝐾𝐾𝑛𝑛out ⋅ 𝑝𝑝out , which corresponds to values at the outlet of the channel. The integration can thus be 

expresses as   

�̇�𝑚 =
1
𝐿𝐿
�  
𝐿𝐿

0
�̇�𝑚d𝑥𝑥 = −

𝑏𝑏𝐻𝐻3

8𝜇𝜇𝐿𝐿
1
𝑅𝑅𝑇𝑇

�  
𝑝𝑝𝑜𝑜𝑜𝑜𝑜𝑜

𝑝𝑝𝑖𝑖𝑖𝑖
��

2𝑝𝑝
3

+ 4𝐶𝐶1𝐾𝐾𝑛𝑛𝑜𝑜𝑜𝑜𝑖𝑖 𝑝𝑝𝑜𝑜𝑜𝑜𝑖𝑖 +
8𝐶𝐶2𝐾𝐾𝑛𝑛𝑜𝑜𝑜𝑜𝑖𝑖2 𝑝𝑝𝑜𝑜𝑜𝑜𝑖𝑖2

𝑝𝑝
�� d𝑝𝑝. (2.17) 

And the dimensional and dimensionless solutions are: 

�̇�𝑚 =
𝐻𝐻3𝑏𝑏
8𝜇𝜇𝐿𝐿

𝑝𝑝out 
2

𝑅𝑅𝑇𝑇
�
Π2 − 1

3
+ 4𝐶𝐶1𝐾𝐾𝑛𝑛out (Π− 1) + 8𝐶𝐶2𝐾𝐾𝑛𝑛out 

2 lnΠ� , (2.18) 
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�̇�𝑚∗ =
�̇�𝑚

𝐻𝐻3𝑏𝑏
8𝜇𝜇𝐿𝐿

𝑝𝑝out 
2

𝑅𝑅𝑇𝑇 �Π
2 − 1

3 �
= 1 + 12𝐶𝐶1𝐾𝐾𝑛𝑛out 

1
Π + 1

+ 24𝐶𝐶2𝐾𝐾𝑛𝑛out 
2 lnΠ

Π2 − 1
, (2.19) 

where Π = 𝑝𝑝in /𝑝𝑝out is the pressure ratio between the inlet and the outlet of the channel.  

2.6.2 Poiseuille flow in a rectangular channel 
For a rectangular channel with a higher aspect ratio ( 𝑎𝑎 > 0.01 ) the influence of the lateral 

walls becomes significant. Thus a three-dimensional rectangular channel model is needed since 

the axial velocity 𝑢𝑢(𝑦𝑦, 𝑧𝑧) depends both on the y and z position [30]. For this case, the momentum 

conservation equation can be expressed as: 

𝑑𝑑2𝑢𝑢
𝑑𝑑𝑦𝑦2

+
𝑑𝑑2𝑢𝑢
𝑑𝑑𝑧𝑧2

=
1
𝜇𝜇
𝑑𝑑𝑝𝑝
𝑑𝑑𝑥𝑥

, (2.20) 

and its dimensionless form as 

𝑎𝑎2
∂2𝑢𝑢∗

∂𝑦𝑦∗2
+
∂2𝑢𝑢∗

∂𝑧𝑧∗2
= −1, (2.21) 

where the dimensionless variables are defined as  

𝑦𝑦∗ =
𝑦𝑦
𝐻𝐻
2

, 𝑧𝑧∗ =
𝑧𝑧
𝑏𝑏
2

,𝑢𝑢∗ =
𝑢𝑢

2𝑢𝑢𝑐𝑐𝑝𝑝
. 

Consequently, the slip boundary conditions are to be applied on the lateral walls 𝑧𝑧 = ±𝑏𝑏/2 and 

𝑦𝑦 = ±𝐻𝐻/2  in addition to the symmetric condition on the axis of the channel.  

 

 
Figure 2.8. Double-parabolic velocity profile in a rectangular channel. Figure from Winer et al. [59]. 

 

Within a rectangular channel, the first-order boundary conditions can be expressed as: 

𝑢𝑢∗|𝑦𝑦∗=1 = −𝛽𝛽𝑜𝑜1
2 − 𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶
𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶

2𝐾𝐾𝑛𝑛
∂u∗

∂𝑦𝑦∗
�
𝑦𝑦∗=1

, (2.22) 
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𝑢𝑢∗|𝑧𝑧∗=1 = −𝛽𝛽𝑜𝑜1
2 − 𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶
𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶

2𝐾𝐾𝑛𝑛′
∂u∗

∂𝑧𝑧∗
�
𝑧𝑧∗=1

, (2.23) 

with the symmetric condition: 
∂u∗

∂𝑦𝑦∗
�
𝑦𝑦∗=0

= 0, (2.24) 

∂u∗

∂𝑧𝑧∗
�
𝑧𝑧∗=0

= 0, (2.25) 

In the work of Ebert and Sparrow [60], a single Fourier series form of velocity distribution 

was proposed as : 

𝑢𝑢∗(𝑦𝑦∗, 𝑧𝑧∗) = −�  
∞

𝑖𝑖=1

Ψ𝑖𝑖(𝑧𝑧∗) cos(𝛼𝛼𝑖𝑖𝑦𝑦∗) , (2.26) 

where 𝛼𝛼𝑖𝑖 are a series of eigenvalues, and Ψ𝑖𝑖 is a function of position 𝑧𝑧∗. In order to satisfy the slip 

boundary condition (Eq. (2.39) and (2.44)) and prevent the emergence of a trivial velocity solution, 

𝛼𝛼𝑖𝑖 and Ψ𝑖𝑖 should satisfy the following equations: 

𝛼𝛼𝑖𝑖tan 𝛼𝛼𝑖𝑖 = 𝛽𝛽𝑜𝑜1
𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶

2 − 𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶
1

2𝐾𝐾𝑛𝑛
, (2.27) 

� 
∞

𝑖𝑖=1

Ψ𝑖𝑖(𝑧𝑧∗) �cos (𝛼𝛼𝑖𝑖) − 2𝛼𝛼𝑖𝑖𝛽𝛽𝑜𝑜1
2 − 𝜎𝜎𝑇𝑇
𝜎𝜎𝑇𝑇

𝐾𝐾𝑛𝑛sin 𝛼𝛼𝑖𝑖� = 0. (2.28) 

Based on Eq.(2.35) and Eq.(2.47), a solution of Ψ𝑖𝑖 can be expressed as:   

Ψ𝑖𝑖 = −
Ω𝑖𝑖
𝛼𝛼𝑖𝑖2

�1 −
cosh �𝛼𝛼𝑖𝑖𝑧𝑧

∗

𝑎𝑎 �

cosh �𝛼𝛼𝑖𝑖𝑎𝑎 � + 2𝛽𝛽𝑜𝑜1 �
2 − 𝜎𝜎𝑇𝑇
𝜎𝜎𝑇𝑇

�𝐾𝐾𝑛𝑛𝛼𝛼𝑖𝑖 sinh �𝛼𝛼𝑖𝑖𝑎𝑎 �
� , (2.29) 

with 

Ω𝑖𝑖 =
2 sin𝛼𝛼𝑖𝑖

𝛼𝛼𝑖𝑖 + sin𝛼𝛼𝑖𝑖 cos𝛼𝛼𝑖𝑖
. (2.30) 

 

From the work of Aubert and Colin [61], the second-order slip boundary conditions can be 

defined in a normalized expression:  

𝑢𝑢∗|𝑦𝑦∗=1 = −
2 − σTMAC
σTMAC

2Kn
∂𝑢𝑢∗

∂𝑦𝑦∗
�
𝑦𝑦∗=1

−
9
4

Kn2 �𝑎𝑎2
∂2𝑢𝑢∗

∂𝑦𝑦∗2
�
𝑦𝑦∗=1

− 1� , (2.31) 

and 
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𝑢𝑢∗|𝑧𝑧∗=1 = −
2 − σTMAC
σTMAC

2𝑎𝑎Kn
∂𝑊𝑊∗

∂z∗
�
𝑧𝑧∗=1

−
9
4

Kn2 �
∂2𝑊𝑊∗

∂𝑧𝑧∗2
�
𝑧𝑧∗=1

− 1� (2.32) 

Since the single Fourier series velocity distribution proposed by Ebert and Sparrow [60] does 

not satisfy the second-order boundary conditions. Based on the boundary conditions (Eq.(2.31), 

Eq.(2.32)), Aubert and Colin [61] proposed the double Fourier series normalized velocity 

distribution: 

𝑢𝑢∗(𝑦𝑦∗, 𝑧𝑧 ∗) = �  
∞

𝑖𝑖,𝑗𝑗=1

𝐴𝐴𝑖𝑖𝑗𝑗𝑁𝑁𝑖𝑖𝑗𝑗 cos �𝜑𝜑𝑖𝑖
𝑦𝑦∗

𝑎𝑎∗
� cos�𝜓𝜓𝑗𝑗𝑧𝑧∗� +

9
4
𝐾𝐾𝑛𝑛2, (2.33) 

with 
𝐴𝐴𝑖𝑖𝑗𝑗𝑁𝑁𝑖𝑖𝑗𝑗

=
1

𝜑𝜑𝑖𝑖2 + 𝜓𝜓𝑗𝑗2
�

4sin (𝜑𝜑𝑖𝑖/𝑎𝑎)sin 𝜓𝜓𝑗𝑗
𝜑𝜑𝑖𝑖𝜓𝜓𝑗𝑗

+
9

22 − 𝜎𝜎
𝐾𝐾n�

sin (𝜑𝜑𝑖𝑖/a)cos 𝜓𝜓𝑗𝑗
𝜑𝜑𝑖𝑖

+
cos (𝜑𝜑𝑖𝑖/a)sin 𝜓𝜓𝑗𝑗

𝜓𝜓𝑗𝑗
��

× ��
1
a

+
cos (𝜑𝜑𝑖𝑖/a)sin (𝜑𝜑𝑖𝑖/a)

𝜑𝜑𝑖𝑖
��1 +

sin 𝜓𝜓𝑗𝑗cos 𝜓𝜓𝑗𝑗
𝜓𝜓𝑗𝑗

�

+
9

42 − 𝜎𝜎
𝐾𝐾n�cos2 𝜓𝜓𝑗𝑗 �

1
𝑎𝑎∗

+
cos (𝜑𝜑𝑖𝑖/a)sin (𝜑𝜑𝑖𝑖/a)

𝜑𝜑𝑖𝑖
�

+ cos2 �
𝜑𝜑𝑖𝑖
a
� �1 +

sin𝜓𝜓𝑗𝑗 cos𝜓𝜓𝑗𝑗
𝜓𝜓𝑗𝑗

���
−1

. (2.34)

 

In order to satisfy the second-order boundary conditions Eq.(2.31) and Eq.(2.32),  and  need 

to be the solutions of following equations: 

1 − 2𝐾𝐾𝑛𝑛
(2 − 𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶)

𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶
𝜓𝜓𝑗𝑗 tan𝜓𝜓𝑗𝑗 −

9
4
𝐾𝐾n2𝜓𝜓𝑗𝑗2 = 0, (2.35) 

and 

1 − 2𝐾𝐾𝑛𝑛
(2 − 𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶)

𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶
𝜑𝜑𝑖𝑖 tan

𝜑𝜑𝑖𝑖
a
−

9
4
𝐾𝐾𝑛𝑛2𝜑𝜑𝑖𝑖2 = 0. (2.36) 

The velocity solution with second-order slip boundary conditions (Eq.(2.31) and Eq.(2.32)) are 

suitable for any aspect ratio. 

 The mass flow rate �̇�𝑚 = ∬  (Σ) 𝑢𝑢𝜌𝜌  through each cross-section can be defined by: 

�̇�𝑚 =
𝑏𝑏𝐻𝐻4𝑝𝑝out2

4𝑎𝑎𝜇𝜇𝑅𝑅𝑇𝑇𝐿𝐿
�
𝑎𝑎1
2

(Π2 − 1) + 𝑎𝑎2𝐾𝐾𝑛𝑛𝑜𝑜𝑜𝑜𝑖𝑖(Π − 1) + 𝑎𝑎3𝐾𝐾𝑛𝑛out2 ln Π� , (2.37) 

where the coefficients 𝑎𝑎1, 𝑎𝑎2, and 𝑎𝑎3 are dependent on aspect ratio of the cross-section and 𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶  , 

whose values can be found in the references [39]. 
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2.6.3 Compressibility and rarefaction effects on pressure distribution  
 The pressure distribution of rarefied gas flow in a channel can be significantly affected both 

by compressibility and rarefaction. In 1965, Ebert & Sparrow [60] emphasized the compressibility 

effect on the axial pressure drop. In their work, they proposed that compressibility can enhance 

pressure drop mostly via increasing the viscous shear instead of increasing the momentum flux. 

An analytical solution was derived with a first-order correction of wall slip also considering 

compressibility effect. Both in the work of Prud’homme et al. [62] in 1986 and Van den Berg [63] 

in 1993 proposed that compressibility has a significant effect on the pressure drop inside a channel, 

that is a nonconstant-pressure gradients exists, even without rarefaction effect. Also in 1993, 

Beskok and Karniadakis [64] proposed that rarefaction effect can simultaneously enhance the mass 

flow rate in the channel through slip and thermal creep effects. In 1997, Arkilic and co-authors 

[65] found that the effect of slip can lead to an increase in the observed mass flow with a decrease 

in pressure ratio. A novel solution of pressure distribution was proposed by Arkilic considering 

both rarefaction and compressibility effect.  

However, the analytical solution proposed by Ebert & Sparrow and Arkilic et al. are quite 

sophisticated. In 2001, Aubert & Colin [61] propose a simpler mathematical approach to describe 

the pressure distribution along centerline of channel both considering compressibility and 

rarefaction effect. The dimensionless pressure distribution along x-axis can be described by the 

following polynomial equation:  

𝑝𝑝∗2 + 𝛼𝛼1𝑝𝑝∗ + 𝛼𝛼2 + 𝛼𝛼3𝑥𝑥∗ = 0, (2.38) 

with normalized quantities 

𝑝𝑝∗ =
𝑝𝑝
𝑝𝑝𝑜𝑜𝑜𝑜𝑖𝑖

 , 𝑥𝑥∗ =
𝑥𝑥
𝐿𝐿

 , 

and parameters 

𝛼𝛼1 = 24𝛽𝛽𝑜𝑜1
2 − 𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶
𝜎𝜎𝑇𝑇𝑀𝑀𝑇𝑇𝐶𝐶

𝐾𝐾𝑛𝑛𝑜𝑜𝑜𝑜𝑖𝑖;𝛼𝛼2 = −Π(Π + 𝛼𝛼1);𝛼𝛼3 = (Π − 1)(Π + 1 + 𝛼𝛼1).  

This solution enables the analysis of the separate effects on pressure distribution due to 

compressibility or rarefaction. Rarefaction and compressibility affects oppositely on the pressure 

distribution curves, higher rarefaction decrease the curvature in pressure distribution (Figure 2.8 

left), while higher pressure ratios can increase the non-linearity (Figure 2.8 right) [39]. 
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Figure 2.9. The effect of rarefaction (Left) and compressibility (Right) on pressure distribution along the centerline 

of a channel. Reproduced from [65] (Left) and [66] (Right).  
 

In a conclusion, the actual pressure distribution along the channel axis shows a non-linear 

behavior (Figure 2.9). When evaluating pressure distribution in microchannels, both 

compressibility and rarefaction should be considered.  

 

2.7 Conclusion 
 In this chapter, we have reviewed the present mathematical models to describe rarefied gas 

flows in microchannels.  Firstly, we have discussed the importance of rarefaction effects in low-

pressure and micro gas flow. The intermolecular collision models and the mean free path definition 

methods are discussed in details. The key part of this chapter is the slip boundary conditions and 

analytical solutions for gas flow in slip flow regime (0.001 < 𝐾𝐾𝑛𝑛 < 0.1 ). The author also 

summarized and discussed analytical solutions considering different slip boundary conditions of 

velocity distribution, pressure distribution, and mass flow rates in a rectangular channel. In the 

next chapters, we will introduce a promising experimental technique which allows measurements 

of slip velocity near the wall. 
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Chapter 3 Molecular tagging velocimetry technique 
The molecular tagging velocimetry technique (MTV) is an excellent tool to obtain local 

measurements of velocity, temperature, and pressure in confined gas flows. This chapter mainly 

introduces the state of art on MTV and more generally on optical velocimetry techniques devoted 

to gas micro flows.   

3.1 Introduction to optical velocimetry techniques 
The flow visualization measurement techniques can be separated mainly into intrusive and 

non-intrusive techniques. On the one hand, intrusive techniques induce a modification of the 

kinematic and thermodynamics parameters of the flow while performing the measurement, typical 

examples could be the pitot tube or hot-wire anemometers since these sensors inevitably bring a 

direct  disturbance into the measured flow, like distortion and shockwaves [67]. This specificity 

can be considered as a major drawback for gas flows in micrometrical confined systems. On the 

other hand, less intrusive or non-intrusive techniques are able to offer local measurements with no 

direct interaction with the flow, such as laser diagnostics techniques [68], which comprehend 

particle image velocimetry (PIV) [69-71], Laser Doppler velocimetry (LDV) [72-74], and 

molecular tagging velocimetry (MTV) [75]. PIV and LDV reconstruct velocity fields from the 

measurement of the displacement of particles seeded in the flow, while MTV follows the 

displacement of fluorescent and phosphorescent gas molecules seeded in the flow. Since 

introducing solid particles in a confined gas micro flow can be consider as intrusive, the molecular 

tagging counterpart offers great advantages at this scale. The comparison between the main non-

intrusive laser-based diagnostics techniques is summarized in Tab 3.1. 
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Table 3.1. The measurement properties comparison between μPIV, LDV, and μMTV technique. 
Measurement technique  μPIV μMTV LDV 

Tracers  Nano-sized particles  Molecules Particles 

Illuminated test section  Plane or volume  Line or grid  Single point 

Measurement resolution 
definition parameters  

Depth of the test section  Diameter of the laser 
beam  

Diameter of the laser 
beam 

Limitations  Difficulty in generating 
nano-sized particles, high 
background noise from 
particles out of focus or 

test section, highly 
sensitive to Brownian 

noise, unavoidable 
scattered light noise near 

the wall, difficulty in 
following the high-speed 
flow because of particle 

lag effects, particle 
sedimentation on the 

walls. 

The resolution is limited 
to the minimum diameter 

of laser beam, the 
uncertainty brought by 

high molecular diffusion  

Only averaged velocity at 
single point can be 

acquired. If velocity 
distribution are necessary, 
a complex optical system 

are necessary.  

Advantages  Suitable for microliquid 
flow  

Direct velocity 
measurement of the gas, 

avoid the limitations 
brought by seeding 
particles, Red-shift 
phenomenon, long 

luminescence lifetime  

Strong light scattering 
signals  

 

3.1.1 Particle image velocimetry 
The velocity fields provided by the PIV technique correspond to velocity measurements 

realized on seeded tracer particles. The velocity measurements are obtained by optically acquiring 

a series of pictures which are taken at certain time intervals. An intense light source is necessary 

in order to have a sufficiently intense signal for the acquisition of the scattered light coming from 

the tracer particles, or to have an elevated contrast between dark particles and illuminated areas of 

the channel. The velocity vectors are deduced from the particle displacement over two sperate time 

intervals. The typical PIV experimental setup is illustrated in Figure 3.1. Usually, the test section 

is illuminated by a light sheet obtained from a laser source. The camera is positioned perpendicular 

to the sheet plane for signal acquisition purposes. Several other different configurations of this 
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technique have been proposed in the literature [18; 70; 71; 76]. At the micro-scale the technique 

is called micro particle image velocity (μPIV) [69]. 

 

 

 
Figure 3.1. Typical PIV experimental arrangement. Reproduced from [77]. 

 

The main difficulty in respect to applying this technique to confined gas micro flows is related 

to the seeded particles themselves, which can i) modify the characteristics of the flow in such 

confined environments (particle diameter, particle concentration ) and/or ii) insufficiently track 

the flow , e.g. rarefied gas flows  [78]. The diameter of the particles should not be too big in order 

to follow the flow motion, and not too be small for avoiding Brownian motion and ensure the 

signal intensity of the light scattering [73]. Also, the light scattering near the wall is also a source 

of noise during acquisition [79], together with the uncertain behavior of particles in the near-the-

wall region, making parameters such as the slip velocity at the wall of very difficult extraction. In 

order to obtain velocity fields in gas micro flows, the particle sizes should decrease to the order of 

hundreds of nanometers, which increase the difficulty of displacement acquisition and increase the 
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Brownian motion. Although μPIV has been widely applied in micro liquid flow [71; 76; 80], these 

limitations prevent its application to gas micro flows [45; 81; 82].  

3.1.2 Laser doppler velocimetry 
Contrarily to the PIV and MTV technique, the laser doppler velocimetry (LDV) technique 

can acquire velocity data just in a single point. As described in the previous section, the same 

limitations of seeding particles inside confined micro flows are to be considered also for this 

technique. In a typical LDV experimental setup, as shown in Figure 3.2, a fringe pattern with 

periodic bright and dark stripes is formed by two coherent continuous focused laser lights. The 

measured velocity is dependent on the spacing between two fringes and the frequency of the 

scattered light created by the seeding particles passing through the fringes [73].  

 

 
Figure 3.2. A schematic of the LDV experimental setup. Reproduced from [73]. 

 
Kerherve et al. [74] used the single-point and two-point LDV measurement to get the flow 

properties of a Mach 1.2 cold supersonic jet.  The radial distribution of mean axial velocity was 

obtained by the single-point LDV. The two-point LDV measured the velocity correlation tensors. 

Even with a multi-point LDA measurement, it is not possible to measure a complete velocity 

profile or the local velocity near the wall. Matsunuma and coworker [83] used LDV technique to 

measure the temporal distribution of time-averaged relative velocity of unsteady gas flow with low 

Reynolds number near and in a turbine rotor, in order to understand the correlation between turbine 

stator wake and gas flow in the turbine rotor. Kyoden et al. [84] proposed a multipoint laser 

Doppler velocimetry (MLDV) system to measure the velocity distribution of blood flow in a 
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continuously expanding intersection region with high spatial and temporal resolution. The basic 

idea of velocity distribution measurement by MLDV is still based on single-point LDV. In order 

to accurately measure velocity at multi-points simultaneously, the system was based on a cross-

sectional MLDV (CS-MLDV) [85] with a much complex and precise optical system, mainly 

including two laser sheets created by a complicated light transmission system and an array of 

optical fibers as multi receiving points (Figure 3.3). The main limitation of LDV other than the use 

of seeded particles, can be considered as the complexity introduced by the experimental setup and 

methodology. 

 

 
Figure 3.3. Sketch of CS-MLDV setup. (a) Isometric view and (b) the optical fiber array. Reproduced from 

[84; 85]. 

 

3.2 Molecular tagging velocimetry technique 
The molecular tagging velocimetry technique is a non-intrusive quantitative velocity field 

measurement technique. It can be both applied to liquid and gas flows. It consists on acquiring the 

signal emitted by tracer molecules. The emitted light is obtained by exciting the tracer molecules 
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through a pulsed laser beam at a specific wavelength. The position of the molecular tracer is 

recorded at successive time intervals (Figure 3.4). The velocity vectors can be obtained through 

reconstruction algorithms.  

 
Figure 3.4. Molecular tagging velocimetry technique mechanism. Reproduced from [79].  

 

This technique can be considered as the molecular counterpart of PIV [4; 86]. However, the 

molecular nature of the tracer overcomes the limitations encountered by seeding the flow with 

particles. Since μMTV is a molecular-based technique, the problem caused by the seeding particles 

in the flow tracking of μPIV or LDV are avoided. Another advantage is that the acquired 

photoluminescence signal has a different wavelength in respect to the laser shots used for 

excitation, which is the so-called red-shift phenomenon [79]. Making it thus easy to distinguish 

the laser induced fluorescence (LIF) or phosphorescence (LIP) in respect to noise generated by the 

incident laser source. For these reasons, MTV is one of the most promising techniques for 

measuring local velocity fields in confined flows at the micrometric scale. Different variants of 

MTV techniques exist: 

• Direct phosphorescence MTV (implemented in this work) is to be considered as the more 

straightforward variant of this technique, since it requires only one photon source. 

Normally, only one single laser beam is required to tag tracer molecules along a line [35; 

37; 81; 87], but grid configurations are also possible [88]. Different implementations of the 

MTV technique can be found in the literature (summary at Table 3.2):  
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• Laser induced photochemical anemometry (LIPA) or laser photochemical velocimetry 

(LPV) relies on measuring the absorbance of a photochromic dye tracer [75]. To the best 

of our knowledge this MTV technique is limited to liquid flows. 

• Raman excitation coupled to laser-induced electronic fluorescence (RELIEF) has been 

used in the past for molecular tagging air flows [89; 90]. The technique requires three 

photon sources with different frequencies, two for tagging and one for interrogating, which 

is quite complicated to implement. In addition, its use is limited to oxygenated flows. 

• Photo-activated nonintrusive tracking of molecular motion (PHANTOMM) technique, 

requires two or three laser sources. The initial excitation pulse is used to produce the tracer, 

which is tracked by detecting emitted light, instead of transmitted light as in the case of 

LIPA. Although this technique was initially developed for liquid flows, gas phase flows 

can also be imaged by the PHANTOMM technique (or its variants). Tracers can vary from 

ozone in the oxygen tagging velocimetry (OTV) technique [91], and nitric oxide generated 

from nitrous oxide in the N2O MTV technique [92]. As the common mechanism of these 

variants are based on the fluorescence and not on the phosphorescence of a tracer, and 

because of the intense and short lifetime of fluorescence, the technique is very little sensible 

to oxygen quenching, which is an advantage. However, the relative low lifetime of the 

generated tracers limits its use to high-velocity gas flow, typically supersonic gas flows. 

 
Table 3.2. Comparison between different MTV mechanisms. 

MTV 
technique 

LIPA RELIEF PHANTOMM MTV by direct 
phosphorescence 

Measurement 
mechanism 

Detecting absorbance Vibrational excited 
state fluorescence 

Photoproduct 
fluorescence 

Re-emitted 
phosphorescence 

Tracer Photochromic dye Oxygenated flows Laser dye Non oxygenated 
flows 

Advantages Reusable tracer, long 
tracer lifetime 

Ability to measure 
supersonic and 
subsonic flow 

Can be used in both 
gas and liquid phase, 
insensible to oxygen 

quenching 

Simplicity in setup, 
long luminescence 

lifetime; 

Limitations Only limited to liquid 
flows 

A complicated setup, 
three photon sources 
in need, only limited 
to oxygenated flows 

A complicated setup - 
two or three laser 

sources in need, low 
luminescence lifespan 

Quite sensitive to 
oxygen and gaseous 

water 
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3.2.1 Photoluminescent principle of MTV 
  MTV is based on following in time the fluorescence and phosphorescence signal of tracer 

molecules after laser excitation. These are well-known photoluminescent phenomena and they are 

based on the absorption of a photon at a specific wavelength and the re-emission of a photon in 

the visible spectrum. An efficient approach for describing the molecular energy absorbance and 

energy emission after excitation is the Jablonski diagram, which represents the energy level 

variation process of molecules (Figure 3.5). If the molecule absorbs a photon, an energy “jump” 

is produced from the ground state (𝑆𝑆0) to an upper electronic state (excited molecule, 𝑆𝑆1, 𝑆𝑆2, …). 

The lowest energy level of each electronic state corresponds to the vibrational ground state, inside 

an electronic state the molecule can have different vibrational states. Once the molecule is in its 

excited state, it necessarily comes back to its initial ground state through radiative (light-emission) 

or non-radiative transitions. The radiative transition corresponds to fluorescence and 

phosphorescence, while the non-radiative transition can be of a vibrational relaxation nature.  

 

 
Figure 3.5. Energy diagram showing absorption of photon and the processes involved in the emission of light as 

fluorescence and phosphorescence. 
 

- Absorption: the tracer molecule absorbs energy provided by the photon at a specific 

wavelength. Through this exchange, the molecule is able to reach a novel energy state. 

Depending on the nature of specific tracer molecule, the required energy between two 
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different energy states is well defined, thus only specific wavelengths of laser are absorbed 

by the molecule and can thus be used for excitation. This specific requirement underlines 

the necessity of knowing the absorption spectrum of each tracer molecule [93]. The 

absorption process happens very quickly, its time scale is on the order of 10−15 s. The very 

initial molecular electronic state is in the ground singlet state 𝑆𝑆0  before exposure to a 

specific wavelength of light, after the absorption, the low-lying electrons jump to an excited 

electronic state (higher energy level) 𝑆𝑆𝑖𝑖 (𝑖𝑖 ≥ 1) and excited vibrational state. For example, 

𝑆𝑆1 is the so-called electronic first excited singlet state. 

- Vibrational relaxation and internal conversion (non-radiative transitions): at higher energy 

states (𝑆𝑆𝑖𝑖) the molecule is metastable. This occurs since the molecule is in thermodynamic 

disequilibrium in respect to the surrounding environment, thus it has to exchange energy 

with the surroundings to come back to its equilibrium ground state (𝑆𝑆0).The energy stored 

in the excited state can be dissipated through vibrational relaxation and internal conversion. 

Both these relaxation modes do not remit a photon, but relax through heat dissipation to a 

novel vibrational state. This implies that an excited molecule has higher temperature that 

its surroundings (local temperature rise). The triggering event for relaxation through heat 

dissipation is molecular collisions. The vibrational relaxation is very fast, that is in between 

10−14  and 10−11 s. The molecule relaxes to different vibrational states within the same 

electronic state.  The probability of this kind of dissipation is quite high and it is directly 

linked to this very fast transition. Internal conversion is a transition to a lower vibrational 

state belonging to another electronic state. The internal conversion is more probable to 

happen when the exited electronic state is higher than 𝑆𝑆1. The internal conversion occurs 

in the same time scale of the vibrational relaxation, however, the internal conversion to the 

ground state can be slower allowing for other energy relaxation modes to occur at its place.  

- Fluorescence (radiative transition): once the molecule is excited at a higher electronic state, 

it can fall back to the ground state 𝑆𝑆0 by emitting a photon. The most probable fluorescence 

transition is a 𝑆𝑆1 →  𝑆𝑆0 transition. Compared to the lifespan of the possible non-radiative 

relaxation, the lifespan of fluorescence is much slower, in the order of 10−9 to 10−7 s, 
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nearly four orders of magnitude slower than vibrational relaxation. The wavelength of the 

emitted fluorescence corresponds to the energy difference between the vibrational state at 

𝑆𝑆1 and the vibrational state at 𝑆𝑆0, the energy of the emitted photon is always lower than the 

energy of exciting photon. The energy loss between exciting photon and photon emission 

is caused by vibrational relaxation and internal conversion. Since the molecule can move 

down to multiple vibrational states, the fluorescence emission spectrum can contain a wide 

wavelength range (Section 3.2.3). 

- Phosphorescence (radiative transition): this radiative emission involves an intersystem 

crossing, where the spin multiplicity varies from an excited singlet state to an excited triplet 

state (𝑆𝑆1 → 𝑇𝑇1). From here on the molecule decays to the ground state, emitting a photon 

(𝑇𝑇1 → 𝑆𝑆0). Due to the intersystem crossing, the phosphorescence emission is the slowest 

transition, that is between 10−4  to 10−1  s. The energy difference between 𝑆𝑆0  and 𝑆𝑆1 is 

larger than the one between 𝑆𝑆0 and 𝑇𝑇1, thus the phosphorescence emission wavelength is 

higher than fluorescence. 

From the perspective of the state transition, the time scale underlines the probability of each 

energy transformation process to occur. An occurrence is more probable to happen when the 

characteristic time of the transition is shorter. Based on the point of velocimetry measurements, 

the time scales of light emission are of critical importance. Tab 3.3 summarizes the time scale of 

the main radiative and non-radiative process, being phosphorescence the phenomenon with the 

most suitable lifetime for measurements in confined gas flows. 

 
 Table 3.3. The time scale of each transition state. 

Transition Time Scale 

Absorption 10-15 s 

Internal conversion 10-14 s - 10-11 s 

Vibrational relaxation 10-14 s - 10-11 s 

Fluorescence 10-9 s - 10-7 s 

Intersystem crossing 10-8 s – 10-3 s 

Phosphorescence 10-4 s - 10-1 s 
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3.2.2 Intensity and lifetime of LIF and LIP 
Fluorescence and phosphorescence can be laser induced. As described by Thurber et al. 

[94], the signal obtained from a fluorescence emission depends on several parameters: 

𝐼𝐼𝑓𝑓,𝑝𝑝ℎ = 𝜂𝜂𝑜𝑜𝑝𝑝𝑖𝑖
𝐸𝐸

ℎ𝑐𝑐/𝜆𝜆𝑔𝑔𝑥𝑥
𝑑𝑑𝑉𝑉𝑐𝑐𝑛𝑛abs(𝑇𝑇)𝜎𝜎𝑓𝑓,𝑝𝑝ℎ(𝜆𝜆,𝑇𝑇)𝜙𝜙𝑓𝑓,𝑝𝑝ℎ(𝜆𝜆,𝑇𝑇), (3.1) 

where 𝜂𝜂𝑜𝑜𝑝𝑝𝑖𝑖 is the overall efficiency of the collection optics (quantum yield), 𝐸𝐸 is the laser fluence, 
ℎ 𝑐𝑐
𝜆𝜆𝑒𝑒𝑥𝑥
  is the energy of a photon at excitation wavelength 𝜆𝜆𝑔𝑔𝑥𝑥, and 𝑑𝑑𝑉𝑉𝑐𝑐  is the collection volume. The 

temperature-dependent quantities are the number density 𝑛𝑛𝑎𝑎𝑎𝑎𝑎𝑎  of absorbing molecules, the 

molecular absorption cross-section 𝜎𝜎𝑓𝑓,𝑝𝑝ℎ  of the tracer, and the quantum yield 𝜙𝜙𝑓𝑓,𝑝𝑝ℎ. Note that both 

𝜎𝜎𝑓𝑓,𝑝𝑝ℎ  and 𝜙𝜙𝑓𝑓,𝑝𝑝ℎ depend on the excitation wavelength 𝜆𝜆𝑔𝑔𝑥𝑥 as well as on the temperature 𝑇𝑇. Eq. (3.1) 

can also be extended to phosphorescence emission, and the subscripts f and ph represent 

fluorescence and phosphorescence, respectively. 

The quantum yield depends on the exciting light wavelength, temperature, pressure, 

conversion velocity, and gas composition [95]. The quantum yield can be modeled as 

𝜂𝜂𝑜𝑜𝑝𝑝𝑖𝑖 =  
𝑘𝑘𝑟𝑟

𝑘𝑘𝑟𝑟 + 𝑘𝑘𝑖𝑖𝑟𝑟
(3.2) 

where 𝑘𝑘𝑟𝑟 and 𝑘𝑘𝑖𝑖𝑟𝑟 are the radiative and non-radiative rate constants, respectively. These quantities 

can be directly correlated to the lifetime 𝜏𝜏𝑙𝑙𝑓𝑓 of the luminescent signal  

𝜏𝜏𝑙𝑙𝑓𝑓 =  
1

𝑘𝑘𝑟𝑟 + 𝑘𝑘𝑖𝑖𝑟𝑟
(3.3) 

According to the Eq.(3.2) and Eq.(3.3), the quantum yield of fluorescence is higher than 

phosphorescence, while the lifetime of fluorescence is lower than phosphorescence. This is due to 

the fact that for fluorescence the radiative rate constant 𝑘𝑘𝑟𝑟 ≈109 s-1 is higher than its non-radiative 

constant 𝑘𝑘𝑖𝑖𝑟𝑟 . While the radiative rate constant of phosphorescence is comparable to its non-

radiative counterpart [79].  

3.2.3 Tracer choice and behavior  
Acetone is one of the most frequently-used molecular tracers for MTV, because of its 

appealing physical characteristics and luminescence properties [4; 35-37; 81; 86; 87; 93; 95-101].  
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Since acetone is a least toxic molecular tracer compared to diacetyl and toluene, no specific 

protection is required while dealing with acetone. Acetone is also a low-cost choice. 

The molecular composition of acetone is (CH3)2CO, which is the simplest and smallest 

molecule in the ketone family being its molar mass of 58.8 g/mol. The saturation pressure of 

gaseous acetone is around 24 kPa at room temperature [102], which offers the possibility of 

relatively high-pressure experimental conditions at the gaseous state. 

 

 
Figure 3.6. Gaseous acetone absorption spectrum.Reproduced from [95]. 

 

Gaseous acetone has a broad absorption spectrum, from 225 nm to 325 nm (UV light) [95], 

and the peak is around 275 nm (Figure 3.6). The emitted photons after excitation are mostly in the 

visible spectrum, ranging from 350 to 550 nm. To the best of our knowledge, the results on the 

absorption and emission spectrum of gaseous acetone is lacking in the literature [45; 102]. 

Nevertheless, even if the absorption peak of acetone is at around 275 nm, it has been observed that 

the highest emission peak is obtained for an incident monochromatic light source of around 310 

nm [93]. The phosphorescence signal of gaseous acetone can be observed even at 0.1 ms [93], 

while the fluorescence signal can last at most 4 ns. Previous work realized by our group, showed 

that the phosphorescence signal emitted acetone vapor is still strong and durable also for partial 

pressures of acetone as low as 50 Pa in gas mixture [93], making it a more than effective tracer to 

be employed in rarefied gas flows. The intensity of laser-induced fluorescence and 

phosphorescence is both linear with the laser energy while not reaching its saturation state. An 
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oxygen-free environment is required since the acetone photoluminescence signal can be strongly 

quenched by oxygen [95]. 

 

3.3 MTV applications to gas flows 
 Due to its appealing characteristics, the MTV technique is considered as an effective tool for 

mini or micro liquid [103-107] and gaseous flows [81; 86; 100; 108-112]. In this section we will 

review the existing state of the art on external rarefied gas flows and internal gas flows in 

hydrodynamic conditions at the millimetric scale [90; 108; 113-115], and internal rarefied gas 

flows in mini-channels [35-37; 81; 93].   

3.3.1 MTV application on external gas flows 
MTV was used by Lempert et al [100],[116] in order to obtain two dimensional velocity maps 

of free jet flows at the exit of a supersonic micro-nozzle. The nozzles were inserted and then tested 

inside a visualization chamber  (Figure 3.7) and the velocity fields were acquired by tagging a 

single line at several positions along the nozzle axis [116]. The experimental results were in good 

agreement with DSMC numerical results. The accuracy of velocity measurement can reach a 3.5% 

fractional uncertainty. This research verified the ability of acetone-based MTV diagnostics for the 

application of supersonic external micro gas flow by laser induced fluorescence. 
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Figure 3.7. Acetone-based MTV application on external micro-jet flow: (a) the schematic of experimental apparatus; 

(b) photograph of the Mach 2 micronozzle; (c),(d) MTV images collage of individual images obtained at tagging 
positions along the nozzle exit with different pressure conditions. Reproduced from [100; 116]. 

 

Bathel and coworkers [115] used Nitric-oxide (NO) MTV to measure velocity profiles of a 

hypersonic flow via planar laser-induced fluorescence (PLIF). The velocity was acquired from the 

cross-correlation analysis of the deformation of a single tagged line displacement as the gas 

advection occurs. The images were acquired by a single double-frame camera. A new gating 

method was applied to get images with and without delay time in order to prevent the hardware 

limitation of the camera. The spatial, temporal, and signal uncertainty were also calculated. This 

novel experimental and post-processing method were successfully applied to acquire the velocity 

distribution and uncertainties for of Orion CEV yaw RCS jet and a 10 deg half-angle wedge in a 

gas air flow with Mach number as 10. The MTV measurement results on Orion CEV yaw RCS jet 

are shown in Figure 3.8. 
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Figure 3.8. MTV application in Orion CEV: (a) the model of Orion CEV with  close-up of yaw RCS jet, (b) test 

section, (c) undelayed displacement image acquired by MTV, (d) delayed displacement image acquired by MTV, 
and (e) measured average velocity with uncertainty results. Reproduced from [115]. 

 

3.3.2 MTV application on millimetric internal gaseous flow  
The works that are going to be presented hereafter, were realized in rectangular channels 

using one dimensional molecular tagging velocimetry (1D-MTV). Although 1D-MTV has some 

limitations compared with 2D-MTV and stereoscopic (3D-) MTV, its advantages are also 

considerable, in respect to simpler implementation and a higher spatial resolution in the vicinity 

of the wall [37; 117]. This is why 1D-MTV is considered to be a promising technique for capturing 

velocity slip at the wall in slightly rarefied regimes. A classical schematic of 1D-MTV mechanism 

is summarized in Figure 3.9, which comprises an excitation laser, an intensified CCD camera, the 

rectangular channel and related gas system to create the internal flow.   
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Figure 3.9. 1D-MTV mechanism. Reproduced from [37]  

 

Samouda et al. [81; 87; 118] were the first to measure confined internal gas flows velocity 

profiles with μMTV by direct phosphorescence inside a rectangular channel of  1 × 5  mm2 cross-

section. The rectangular duct was a multiple material design with two optical accesses both for 

laser excitation and emitted light collection. Acetone vapor was chosen as tracer due its long 

luminescence lifespan. The experimental measurement of the velocity distribution at atmospheric 

pressure was comparable to the compressible Poiseuille flow in rectangular duct. However, the 

experimental results pointed out an unexpected velocity slip at the wall in hydrodynamic regime 

(Figure 3.10 (b), (c)).  

Later on, Yamaguchi et al. [82] was the first to measure a confined internal gas flow at the 

microscale with  a dual-laser μMTV by photoproduct fluorescence using nitric oxide (NO) as tracer. 

This work demonstrated that the experimental results of velocity profile in rectangular 

microchannel whose height was 513 μm and micronozzle whose throat width was 100 μm by 

μMTV at approximately atmospheric pressure and room temperature, which were only 

qualitatively comparable to numerical results. The work of Yamaguchi and coworkers validated 

the feasibility of dual-laser μMTV technique in velocity distribution measurements of the internal 

micro gas flows. Yamaguchi’s results, even if of great interest, had still great uncertainties in 

respect to the theoretical velocity profiles to be expected for a classic Poiseuille flow and did not 
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show the ability of this dual-laser μMTV technique to measure the slip velocity of the rarefied 

micro gas flow, since all the measured micro gas flow were in continuum flow.  

 

 
Figure 3.10. Unexpected molecular slip on the wall. (a) Molecular slip at the wall caused by Taylor dispersion; 
Experimental measurement results (red dashed line) of velocity  profile of acetone-argon gas mixture flow in the 

middle plane of a rectangular channel compared with the corresponding theoretical results (blue solid line), 
indicating the initial tagged line (red solid line): (b) mean pressure 𝑝𝑝𝑚𝑚 = 50 𝑘𝑘𝑘𝑘𝑎𝑎, pressure difference ∆𝑝𝑝 = 195 𝑘𝑘𝑎𝑎, 

(c) mean pressure 𝑝𝑝𝑚𝑚 = 30 𝑘𝑘𝑘𝑘𝑎𝑎, pressure difference ∆𝑝𝑝 = 220 𝑘𝑘𝑎𝑎. Reproduced from [37; 81].   
 

In the first MTV experimental data of gaseous flows in a millimetric rectangular channel  [81; 

87; 118], the velocity profile was simply deduced from the derivative in time of the streamwise 

displacement profile. With this approach the velocity profiles appeared more flattened than the 

expected theoretical velocity profile and an unexpected velocity slip was observed at the wall in 

(Figure 3.10 (b), (c)). The unexpected additional molecular displacement at the wall even for 

continuum flow was caused by the combined effect of diffusion and advection, which is commonly 

known as Taylor dispersion (Figure 3.10 (a)). This is also the reason for the unexpected non-zero 

velocity profile (Figure 3.10 (b), (c)).  
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Frezzotti et al. [36] verified via DSMC that the diffusion of tracer molecules can lead to a 

non-parabolic displacement profile. This effect increases with decreasing pressure. The authors 

proposed a velocity reconstruction method, based on the advection-diffusion equation, able to 

extract the velocity field from a displacement field by considering Taylor dispersion. The method 

was validated via DSMC for Kn < 0.1. 

Si-Hadj-Mohand et al. [37] applied the reconstruction method to μMTV experimental data 

and successfully measured gas velocity profiles of  Poiseuille flows in a rectangular channel, 

whose depth was of 960 μm. Velocity profiles of acetone-seeded helium flow were correctly 

extracted at atmospheric and sub-atmospheric pressures down to a minimum average pressure of 

42 kPa (Figure 3.11). The measured velocity profiles were quantitatively validated by numerical 

results. However, the experimental results obtained were still limited to hydrodynamic regime. 
 

 
Figure 3.11. Comparison between experimental results of acetone-seeded helium flow at 𝑝𝑝𝑚𝑚= 42 kPa extracted from 

different method: reconstruction method (blue solid line), simple division from measured displacement profile by 
time of flight (red dashed line). Reproduced from [37] . 

 



 Molecular Tagging Velocimetry for exploring rarefied gas flows 
 

 

47 
 
 

 

3.3.3 MTV for rarefied gas flows 
In order to study the rarefied gas flow in slip regime, Fratantonio et al. [93] studied the 

lifetime and intensity of phosphorescence emitted by acetone and diacetyl vapor at low pressure.  

This work demonstrated that the maximum phosphorescence signal intensity that could be 

obtained by exciting acetone did not correspond to the absorption peak wavelength of acetone.  

The authors proved that acetone vapor excited at 310 nm and diacetyl vapor excited at 410 nm 

could be used in order to obtain a more intense and durable phosphorescence signal even for low 

pressures. The investigated pressures allowed reaching slip regime conditions for gas-tracer 

mixture flows in a 1-mm deep rectangular channel. The experimental results of this work also 

proved that acetone and diacetyl vapor were more than suitable candidates for applying MTV in 

internal gas flows at low concentrations. This work was also coupled with a numerical analysis 

obtained via DSMC that proved that the equipment processed by the team was sufficient in order 

to extract velocity profiles of rarefied gas flows.  

Later on, Fratantonio et al. [35] measured via µ-MTV velocity profiles in a slightly rarefied 

acetone-helium mixture (the molar fraction of acetone vapor was 20%, the partial pressure is 

around 184 Pa) at around 1 kPa in a 1-mm deep rectangular channel. The Kn number range was 

comprised between 0.008 and 0.014. A good agreement was reached between the measured 

average velocity by MTV and average velocity offered by simultaneous measurements of mass 

flow rate via constant volume (CV) technique. The observed temporal evolution of displacement 

profiles of rarefied gas flow acquired by MTV are illustrated in Figure 3.12. This work reports the 

very first flow visualizations of an acetone-helium gas mixture in a confined domain and in the 

slip flow regime. In this work also preliminary results of the slip velocity at the wall were computed 

from the MTV data by means of the reconstruction method provided by Frezzotti et al. [36]. The 

velocity slip results, which are the first in its genre, are qualitatively in good agreement with theory. 

However, in order to be able to obtain information in respect to gas molecular interactions with 

the surface, further work needs to be realized in respect of measuring velocity slip at the wall with 

low uncertainty.    
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Figure 3.12. Displacement profile evolution with time acquired by MTV: rarefied acetone-helium flow at around 1.6 
kPa with Knudsen number as 0.008, the acquisition time after laser excitation was (a) 20 μs, (b) 30 μs, (c) 40 μs, and 

(d) 50 μs. Reproduced from [35]. 
 

The experimental work of Fratantonio et al. [35] also demonstrated that in non-rarefied flows 

and for pressure conditions at which the effects of the molecular diffusion on the evolution of the 

molecular displacement profile were limited, the reconstruction method could provide a correct 



 Molecular Tagging Velocimetry for exploring rarefied gas flows 
 

 

49 
 
 

 

velocity profile along the channel height and could correctly predict a negligible slip velocity at 

the wall. However, when the gas pressure was low enough (slip regime) the Taylor dispersion 

significantly distorted the tagged line, and thus the reconstruction method was unable to provide 

accurate information of the local velocity near the wall.  Preliminary analysis [35; 37] revealed 

that the reconstruction method has a significant sensitivity to the height of the channel 𝐻𝐻 and 

diffusion coefficient 𝐷𝐷 of the tracer molecules through the carrier gas. Furthermore, Figure 3.13 

illustrates the importance of correctly applying the reconstruction method, since the measured 

velocity profiles by simply following the macroscopic molecular trajectory in time are not 

representative of the gas flow.  

 

 
Figure 3.13. Reconstructed velocity profile at high pressure and at low pressure: displacement profile of acetone-

argon flow at (a) 28 kPa and (b) 6 kPa acquired at 50 μs after laser excitation, velocity profile extracted from 
reconstruction method (orange circle) and displacement divided by time of flight (blue square) corresponding to 

overall pressure 28 kPa (c) and 6 kPa (d), separately. Reproduced from [35].  
 



 Molecular Tagging Velocimetry for exploring rarefied gas flows 
 

 

50 
 
 

 

3.4 Conclusions  
In this chapter, a state of the art on the optical velocimetry technique was presented, The 

MTV technique was compared with PIV and LDV techniques. From this comparison it was 

possible to argue that the MTV advantages are considerable, especially for measuring local 

velocity fields near the wall of hydrodynamic and rarefied gas flows. Of crucial importance is the 

choice of the molecular tracer to be employed, thus a summary of the most important 

photochemical processes was proposed. Furthermore, some applications of the MTV technique for 

external and confined flows were presented. A special focus was realized in respect to rarefied gas 

flows. As a conclusion, it is important to notice that further efforts need to be realized in order to 

better characterize the sensitivity of the post-processing algorithm and to improve the accuracy on 

the measurements. In order to apply the reconstruction methodology, of great importance is the 

correct determination of the diffusion coefficient of the tagged molecules. Since no consensus is 

to be found in the literature in respect to diffusion of acetone or diacetyl in single species or gas 

mixtures flows, further work is needed on the subject. This is why an original experimental setup 

based on the molecular tagging technique was developed in situ in order to measure diffusion 

coefficients of acetone non-intrusively for non-confined flows. To conclude, it is possible to argue 

that the present state of the art sufficiently demonstrates the ability of the MTV technique to obtain 

local measurements in rarefied gas flows. In the next chapter, the detailed description of the 

experimental setup is presented. 

 



 
 
 

 

51 
 
 

 

Chapter 4 Measurements of diffusion coefficient 

and kinetic diameter of acetone vapor via 

molecular tagging 
As discussed in the last chapters, the molecular tagging technique is a promising methodology 

for local velocity and temperature measurement of rarefied gas flow. MT has been successfully 

applied to velocimetry measurements in mini-channels from continuum to slightly slip regime 

(lower pressures).  A reconstruction method based on Taylor dispersion was developed to extract 

the velocity profile from displacement profiles by considering the diffusion effect of the tracer 

molecules through the carrier gas. The reconstruction method succeeded in extracting correct 

velocity profiles in continuum flow, however, failed in the slip regime. One possible cause of the 

divergence between results provided by the reconstruction method and theory can be related to an 

incorrect estimation of the diffusion coefficient, caused by a large discrepancy in the kinetic 

diameter value of acetone vapor in the literature. In this chapter, on the basis of MT, we optically 

measured the diffusion coefficient of acetone for a large pressure range. Indirectly, through the 

Chapman-Enskog equation, the kinetic diameter of gaseous acetone was estimated. The 

measurements were realized by recording the temporal evolution of the spatial photoluminescence 

distribution of acetone vapor.  

4.1 Kinetic diameter and diffusion coefficient of gaseous acetone  
Provided that the kinetic diameter of the molecule is known, via the Chapman-Enskog 

diffusion equation [119] it is possible to calculate the diffusion coefficient of gas at fixed 

thermodynamic conditions as 

𝐷𝐷 =
3√𝜋𝜋

8
�𝑘𝑘𝐵𝐵 𝑇𝑇

𝑚𝑚
𝑘𝑘𝐵𝐵𝑇𝑇

√2𝜋𝜋𝑑𝑑2𝑝𝑝
, (4.1) 

where 𝑑𝑑 is the kinetic molecular diameter. 
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However, in the literature there is a large discrepancy in respect to the correct estimation of 

the kinetic diameter value for acetone. Initially, when applying the reconstruction method to our 

molecular tagging data, the value provided by Van der Perre et al.[120], that is 𝑑𝑑 =  470 pm, was 

considered to be appropriate, since it was also supported by several other authors [121; 122]. 

However, at lower pressures, the reconstruction method started failing and we started questioning 

if the value provided by [1] was still appropriate. Other works provided quite different estimations 

of the gaseous acetone kinetic diameter and its value ranged between 460 pm and 730 pm (Table 

4.1). These discrepancies in the molecular diameter introduce relative deviation on the value of 

diffusion coefficient 𝐷𝐷 that can be as large as 100%.  

 
Table 4.1. Kinetic diameter of gaseous acetone molecules published in the literature and the corresponding diffusion 

coefficient value at 𝑝𝑝 = 1 kPa, 𝑇𝑇 = 293 K computed via Eq.(4.1). 
References Kinetic diameter of acetone (pm) Diffusion coefficient at p = 1 kPa (m2/s)      

Hu et al. [123] 460 5.8565 × 10−4 

Frezzotti et al. [35] 730 2.3254 × 10−4 

Nadykto & Yu [124] 616 3.2658 × 10−4 

Bowen et al. [125] 416 7.1609 × 10−4 

Almy & Anderson [96] 590 3.5600 × 10−4 

 

That is why it was of crucial importance for the purpose of obtaining reliable velocity 

measurements via MTV, to shed light on the correct estimation of the diffusion coefficient at low 

pressures. In this chapter we present new experimental measurements of diffusion coefficient via 

molecular tagging technique and an indirect estimation of the kinetic diameter of acetone vapor 

through the Chapman-Enskog equation. The diffusion effect can be represented by the temporal 

evolution of spatial broadening of the tagged line of tracer molecules. The experimental setup and 

methodology are summarized in Section 4.2 and Section 4.3, separately. The measured results are 

described in Section 4.4. 
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4.2 Experimental setup 
The main objective of the experimental work described in this chapter was to visualize the 

self-diffusion of gaseous acetone after laser excitation inside a visualization chamber. The static 

thermodynamic conditions of the tracer were regulated during the whole duration of one 

experiment. The main elements of the experimental setup used in this work can be classified as 

laser and optics (Section 4.2.1 & 4.2.2), acquisition system (Section 4.2.3), and gas circuit (Section 

4.2.4). 

4.2.1 Laser system 
As discussed in Chapter 3, one of the most popular tracers used for gas flow visualization 

studies is acetone vapor [35; 37; 108]. In this thesis, an OPOlette HE355LD (Figure 4.1) laser was 

used for all the experiments, since it allowed us to provide the proper wavelength excitation for 

acetone vapor, which was set to 310 nm, for obtaining an optimum signal intensity and 

phosphorescence lifetime [93]. 

 

  
Figure 4.1. OPOlette HE355 LD. Figures from Opotek Inc. 

 

The laser system with Optical Parametric Oscillators (OPO) technology is a passive, non-

linear optical device, which converts the output of a pump laser into two beams of longer 

wavelengths, Signal, and Idler beam. The OPO device consists of a non-linear optical crystal 
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placed within an optical cavity. The high-intensity pump laser beam at frequency 1/𝜆𝜆𝑝𝑝 is injected 

into the cavity containing the non-linear crystal. As a result of the interaction between the laser 

radiation and the crystal, two beams at different frequencies 1/𝜆𝜆𝑎𝑎 (Signal) and 1/𝜆𝜆𝑖𝑖 (Idler) are 

generated, the relationship between 𝜆𝜆𝑝𝑝 , 𝜆𝜆𝑎𝑎  and 𝜆𝜆𝑖𝑖  is 1/𝜆𝜆𝑝𝑝  =  1/𝜆𝜆𝑎𝑎  +  1/𝜆𝜆𝑖𝑖  (Figure 4.2). The 

OPOlette laser that we used is a tunable laser system, and the pump laser wavelength is 355 nm. 

Thus, we could get the output signal wavelength in the ultraviolet (210-355 nm) and visible (410-

710 nm) ranges, also the idler laser in the infrared (710-2400 nm) range.  

A precise synchronization between triggering the laser pulse and recording the images was 

needed. The software to operate and trigger the laser provided by the laser manufacturer (La 

Vision®). The OPOlette laser could provide a repetition rate of 10 Hz or 20 Hz. The main technical 

features of the laser system are summarized in Table 4.2. The beam quality factor, 𝑀𝑀2, is provided 

by the manufacturer only for laser beam at 500 nm. 

 

 

 
Figure 4.2. Mechanism of OPOlette laser.  

 
Table 4.2. Main technical features of OPOlette HE355 laser. 

Wavelength 210-355 / 410-710 nm 

Pulse duration 7 ns 

Repetition rate 10 or 20 Hz 

Beam diameter at the exit 4 mm 

Highest energy at 450 nm 8 mJ 

𝑀𝑀2 at 500 nm 3.94 

Beam divergence < 0:5 mrad 
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4.2.2 Beam focusing and laser energy monitoring devices 

The laser beam had to be focused inside the visualization chamber so that the excited 

molecules remained in the field of view (FOV) of the camera during the whole duration of one 

diffusion experiment.  This required a thin laser beam diameter at the commencement of the 

experiments. The OPOlette system provided a laser beam of a 4 mm diameter, thus an optical path 

was necessary to focus (reduce) the laser beam into the visualization chamber. However, if the 

laser diameter is greatly focalized this might cause damages to the optical accesses of the gas 

chamber. This is why an equilibrium between laser focalization and laser energy was needed in 

order to protect the integrity of the optical accesses.  

 

 
Figure 4.3. The schematic optical path for laser alignment and energy detection. 

 

For these reasons, we used a series of optics in front of the OPOlette laser, composed of a 

diaphragm valve and a plano-convex lens to focus the laser beam.  A pair of laser energy detectors 

were used to monitor the laser energy variation during the experiments. Finally, a pair of mirrors 

were placed at 45°, in a Z-Fold configuration, in order to align the UV beam. Figure 4.3 shows the 

optical system, red solid lines represent the optical path passing through the optics. Let us underline 

that it is also important to avoid the laser beam reflections back into the laser system. This might 
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damage the OPOlette laser. For this reason, the optical system should be positioned far enough 

from the laser system exit to avoid dangerous reflections.  

 

 
Figure 4.4. Plano-convex lens working distance definition with laser alignment paper. (a) An example of laser burn 
mark with working distance as 15.1 cm; (b) Laser beam diameter evolution with working distance of plano-convex 

lens.  
 

The diaphragm valve controls mechanically the diameter of the laser beam at the exit of 

the OPOlette laser. It decreases the diameter of the laser beam when decreasing the diaphragm 

dimension. The diaphragm valve also helps to prevent the idler beam. To further reduce the beam 

waist of the laser, a plano-convex lens was used in order to focus the laser beam into the 

visualization chamber. The asymmetry character of plano-convex lens also allows to reduce 

spherical aberrations. There is an anti-reflective (AR) coating on the lens surface, which can 

increase the transmission of UV light. The focusing length of the plano-convex lens, provided by 

manufacturer, is 15 cm for a 266 nm wavelength, while at 310 nm, the focal length was measured 

to be 14.7 cm. The focusing distance of the plano-convex lens at a wavelength of 310 nm was 

defined with a laser alignment paper (black burn paper). The laser beam burns the laser alignment 

paper and leaves a mark. The shape of the burn marks can indicate the profile of the laser beam. 

The laser beam profile of the OPOlette laser was considered to be a perfect Gaussian distribution, 

however, the measurements showed a slightly elliptical shape (Figure 4.4 (a)). The optimum 

focalizing distance of the plano-convex lens was defined by comparing the dimension of the major 

axis of the ellipse-shape in respect to different focalizing distances. The measurements were 
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realized for same laser energy and paper burning time. The final value is the average value of 

several tests. The beam waist diameter evolution with varying plano-convex lens working distance 

is shown in Figure 4.4 (b).  

Pyroelectric laser energy detectors Gentec-EO® were used for real-time monitoring of the 

energy stability of the UV laser beam during the experiments before and after passing through the 

visualization chamber (Figure 4.3). The full-scale energy density of the sensor varied from 8 to 1 

J cm-2 at 1064 and 266 nm, respectively. While the sensitivity provided by the manufacturer was 

103 V/J at 1064 nm, with an uncertainty of ±3% expressed with a 95% level of confidence. In 

average, the measured values ranged between 30 and 70 μJ in this study. In order to reduce the 

laser fluctuations, the laser system needed to warm up during around 50 minutes before use. Other 

characteristics provided by the manufacturer are presented in Table 4.3. As shown in Figure 4.3, 

the laser energy was monitored in front (𝐸𝐸1,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖) and on the back (𝐸𝐸2,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖) of the visualization 

chamber under vacuum conditions, and while performing the experiments on the back of the 

visualization chamber (𝐸𝐸2,𝑖𝑖𝑚𝑚𝑎𝑎). By these means it was possible to calculate the laser energy loss 

due to the optics and acetone absorption.  

 
Table 4.3. Main technical features of energy detector. 

Spectral range for measurement 193 to 2100 nm 

Maximum repetition frequency 
(for pulsed laser) 

300 Hz 

Energy sensitivity 103 V/J at 1064 nm 

Energy calibration uncertainty ± 3% of measured value 

Maximum energy density 8 to 1 J cm-2 at 1064 and 266 
nm, respectively 

Aperture width of sensor 9 mm 

Aperture height of sensor 9 mm 

 

4.2.3 Acquisition system 
The image acquisition system was composed of a photodetector with a 25-mm intensified 

relay optics (IRO) and a 12-bit Imager Intense (LaVision®) progressive scan charge-coupled 

device (CCD), the overall system is defined as ICCD. The internal structure of the ICCD could be 

divided into six parts: 1) the external lens system for collecting the emitted light of the tagged 
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tracer; 2) the photocathode, which converts the incident photons into electrons; 3) the micro 

channel plate (MCP), which amplifies the electron flux generated by the photocathode; 4) the 

phosphor plate, which reconverts in “green” photon the electron bombarding coming from the 

MCP; 5) the lens coupling system, which collects the light emitted by the phosphor plate; 6) the 

CCD, which accumulates electrical charges proportionally to the light received. The schematic of 

the internal structure of ICCD is shown in Figure 4.5 (b). 

 

 
Figure 4.5. The photo of ICCD system (a) and schematic of the internal structure of the ICCD from LaVision® (b). 

Figure from LaVision® documentation. 
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i. External lenses 

The external lenses collect the photoluminescent light emitted by the tracer. The optical 

system was composed of two external 105 mm f: 2.8 and inverted 28 mm f: 2.8 Micro Nikkor® 

lenses. At low pressure, the fluorescence and phosphorescence signal are very low, thus, the two 

objectives were set to the maximum aperture. The focal length was measured to be 32.3 cm. 

ii. IRO 

The IRO is an electro-optical device which provides the amplification of the light received 

and high-speed gating imaging. It is an essential element for the detection of phosphorescence of 

acetone vapor at low pressures, since the low tracer concentration and the high molecular diffusion 

weakens the signal intensity. The IRO is composed by a photocathode which is a photoelectric 

device that emits electrons when it is hit by an incident photon. The physical properties and 

capacity of S20 photocathode mounted on the ICCD allows minimum gate times of 100 ns. The 

lifetime of ICCD is also mainly determined by the photocathode. 

 The electrons emitted by the photocathode are multiplied by the MCP, which is a circular 

plate of 25-mm diameter, of 400-μm thickness, and formed by more than 1 million microchannels 

of 6 μm in diameter. The regulation of the MCP voltage difference provides the control on the 

intensity of the light amplification, that is the gain 𝐺𝐺 of the IRO. The electrons coming out from 

the MCP micropores are accelerated towards the P46 phosphor plate. Differently from the photon-

electron conversion of the photocathode or of the CCD, the electron-photon conversion provided 

by the phosphor plate amplifies the signal, and for each received electron, more than one photon 

is generated. The photons emitted by the phosphor plate are collected by a system of lenses and 

directed towards the cells of the CCD. Differently from the external optical collector, the projected 

image is not inverted. While the minimum exposure time of a CCD is usually of the order of 

milliseconds, the image intensifier can reduce the exposure to a hundred of nanoseconds by means 

of an electronic shutter device. 

iii. CCD 

At last, photons collected by the lenses system arrive at the charge-coupled device. The CCD 

accumulates internal charges proportional to the received light. The spatial resolution was 1376 
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(horizontal) × 1040 (vertical) pixels. For the specific case of the lenses used, the size of each 

single cell of the CCD is 3.8 × 3.8 μm2, which provided a field of view of 5.23 × 3.95 mm2. The 

maximum photon-electron conversion is 65% when incident photons have a wavelength of 500 

nm. The signal conversion, from analogy to digital, is accomplished by the line-by-line readout 

process as shown in Figure 4.6. 

 

 
Figure 4.6. Readout process in each single cell of the CCD. Figure from LaVision® documentation. 

 

Binning is a process that combines several adjacent pixels into a single larger pixel. The 

process of  2 × 2 and 4 × 4 binning are illustrated in Figure 4.7. The aggregation of pixels reduces 

the amount of data, thus simplifying the image processing, and increasing the read-out speed. 

Binning also decreases the readout noise, therefore, the value of signal-to-noise-ratio (SNR) is 

increased, for example, a 4 × 4 binning will increase the SNR of 16 times. Only when the light 

intensity is low enough like our case, the readout noise could not be neglected.  

Most of the work in this study is obtained employing a 4 × 4 binning whereas at cost of spatial 

resolution, that is the size of a single pixel increases from 3.8 × 3.8 μm2 to 15.2 × 15.2 μm2.  

 

 
Figure 4.7. Combination of photosites by binning. 
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4.2.4 Gas circuit 
The main part of the gas system used in this study is the visualization chamber. Since acetone 

vapor has a saturated vapor pressure of 24 kPa at 20 °C, the experiments can be realized from this 

pressure down to several hundred Pascals. The visualization chamber had the goal of keeping gas 

in static thermodynamic conditions while providing optical accesses for the laser tagging line and 

signal acquisition. The chamber is fabricated with aluminium alloy, which is chemically 

insensitive to acetone vapor. The laser access and exit are made of Suprasil®, a fused silica grade 

UV transparent material [87]. The optical access for the camera is the Borofloat® glass plate, 

located on top side of the gas chamber, which is thermally stable glass grade and has a very good 

chemical resistance to acetone (Figure 4.8 (a)). This chamber is also suitable for molecular tagging 

thermometry applications. This passing-through design both reduced the reflections of the laser 

beam inside the chamber and permitted a real-time control of the energy of the laser via an energy 

detector located at the end of the optical path. 

 

 
Figure 4.8. Visualization chamber: (a) External look and (b) inside structure.  
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Figure 4.9. Physical photo (top) and Schematic (bottom) of experimental setup for phosphorescence analysis. 

 



 Molecular Tagging Velocimetry for exploring rarefied gas flows 
 

 

63 
 
 

 

The configuration of the experimental setup is shown in Figure 4.9. The different components 

are connected via Swagelok® fittings and Kalrez® O-rings to ensure good sealing properties. The 

connecting elements are chemically compatible with acetone molecules. Two Inficon® 

capacitance diaphragm sensors with different scales (P1 of 100 torr, P2 of 10 torr) were used to 

monitor pressure inside the gas chamber. The 100 torr sensor could be replaced to a 1000 torr 

sensor depending on the pressure range that we investigated. The 10 Torr pressure sensor was used 

to monitor the leakages and the temporal stability of the chamber at low pressures. The resolution 

of the pressure sensors is 0.03% of the full scale, and the uncertainty on the measurements is 0.15% 

of the reading. The minimum characteristic time response of these sensors is 30 ms, smaller than 

the characteristic time of pressure variations recorded during the image acquisition process, which 

is in the order of minutes. 

The gas chamber was connected to a tank containing liquid acetone at room temperature. The 

acetone tank was kept in a vertical position in order to guarantee that only acetone vapor is drown 

into the chamber. The thermodynamic conditions in the inlet gas line were monitored via pressure 

sensor P3. Two GEFI® rotary vacuum pumps were used to regulate the pressure of the system. 

Vacuum pump 1 was used to evacuate the visualization chamber while vacuum pump 2 was used 

for controlling pressure in the gas line. All the valves were Pfeiffer® valves, except for valve V6, 

which was a HEF® dosing valve for precisely controlling the amount of acetone vapor introduced 

into the gas chamber.   

 

4.3 Experimental Methodology  
Diffusion experiments were performed inside a static visualization chamber filled with 

acetone at stationary thermodynamic conditions. The investigated pressure range was between 500 

Pa and 10 kPa at room temperature 𝑇𝑇 = 294 ± 0.5 𝐾𝐾.  The starting moment of the experiment (𝑡𝑡0) 

corresponded to the UV laser beam excitation of acetone molecules inside the chamber. After 

excitation, the acetone tracer emits light in the visible spectrum. The luminescent signal was used 

to visualize and measure the macroscopic displacement of the molecules. The phosphorescent 

emission can last up to the millisecond range, depending on the molecular concentration, which is 
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enough to measure molecular diffusion. After the initial tagging instant, the signal acquisition was 

realized at 0.005 µs, 0.5 µs, 1 µs, 2.5 µs, then every 2.5 µs until 10 µs, then every 10 µs until 100 

µs and finally every 50 µs until 500 µs for a total of 24 acquisitions per each experiment. Typically, 

the maximum time intervals used in previous MTV works were of 50 µs for pressures as low as 

180 Pa of partial pressure of acetone in the gas mixture [15]. Thus, the time intervals used in these 

experiments are definitively longer than what can be found in the literature. 

4.3.1 Static thermodynamic conditions   
Static and well-controlled thermodynamic conditions are needed in the visualization chamber 

during the experiments. Before the beginning of one experimental campaign experiment, the 

chamber was vacuumed during 2-days in order to remove any unwanted gas molecules trapped by 

the walls of the chamber, especially oxygen which is a catalyser for quenching the luminescent 

signal of acetone. This procedure is also applied to all the connection elements of the gas circuit.  

 
Table 4.4. Pressure variation over time during the image acquisition process 

Mean (Pa) Standard Deviation 
(Pa) 

Max Value (Pa) Min Value (Pa) Percentage 
Variation (%) 

587 11.3 606.5 567.5 ±3.3 

1098.8 14.6 1124.1 1073.5 ±2.3 

1530.9 9.7 1547.7 1514.1 ±1.1 

2015.6 7.3 2028.3 2002.8 ±0.6 

2504.1 10.3 2522.1 2486.2 ±0.7 

3006.4 5.2 3015.4 2997.4 ±0.3 

3475.3 8.2 3489.5 3461.1 ±0.4 

4015.9 2.1 4019.6 4012.3 ±0.1 

4493 6.5 4504.3 4481.7 ±0.3 

4988.1 0.3 4988.6 4987.5 ±0.0 

5995.3 2.2 5999.1 5991.5 ±0.1 

6909 17.7 6939.6 6878.3 ±0.4 

8076.2 15.9 8103.8 8048.7 ±0.3 

9011.6 16.5 9040.2 8983 ±0.3 

10028.3 16.4 10056.7 9999.9 ±0.3 
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Theoretically pressure should remain constant during one experiment. However, absorption 

and desorption of acetone molecules in respect to the inner walls of the visualization chamber and 

leakages of air might affect slightly the pressure stability. Measurements showed a slight variation 

of pressure in the chamber (Table 4.4).  The variation was calculated as |Final Value - Initial Value| 

/ (2*Mean Value), which indicates how pressure varied during one experiment.  The strongest 

pressure variation was found at lower pressures for a maximum of ±3.3% variation in respect to 

the nominal pressure, while the variation was always lower than ±1% for pressures higher than 1.5 

kPa. 

4.3.2 The on-chip integration technique   
Since the luminescent signal provided by the tracer after laser tagging was very low, the signal 

acquisition was realized through an on-chip integration technique [37]. By utilizing this technique, 

it is possible to integrate more than one laser pulse in each single image. To integrate more laser 

pulses, the CCD shutter keeps open, until we collect enough number 𝑁𝑁𝑙𝑙  of laser pulses in one 

image. Several 𝑁𝑁𝑖𝑖 images are then averaged together to form one final image (Figure 4.10). The 

main parameters to be set were:   

1) The exposure time of the CCD detector is 𝑡𝑡𝐶𝐶𝐶𝐶𝐶𝐶 and it stays open during the whole duration of 

one experiment, being the IRO gate the real exposure time to the luminescent signal.  

2) The gate time 𝛥𝛥𝑡𝑡𝑎𝑎𝑎𝑎𝑖𝑖𝑔𝑔 is the duration of the IRO opening, during this time interval the signal is 

integrated on the CCD. Let us remind here, that the IRO has the goal of intensifying the 

luminescent signal for it to be “seen” by the CCD. 

3) The delay time 𝑡𝑡 is the time between the laser Q-switch trigger and the IRO trigger, in other 

words the delay between the laser shot and start of image acquisition.  

4) 𝑁𝑁𝑙𝑙 is the number of laser shots per image;  

5) 𝑁𝑁𝑖𝑖 is the number of images, which are then averaged to provide a final image; 

6) The IRO gain 𝐺𝐺 is the signal amplification; 

     



 Molecular Tagging Velocimetry for exploring rarefied gas flows 
 

 

66 
 
 

 

 
Figure 4.10. Sequence of operations for image acquisition. 

 
Figure 4.11 Example of a raw image of the tracer luminescence induced by laser beam. 

 

 For the current experiments, the IRO amplification is always set at its maximum for 

phosphorescence signal acquisition (delay time 𝑡𝑡 > 5𝑛𝑛𝑠𝑠), which means G = 100%. The signal to 
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noise ratio (SNR) is increased by averaging a large number of images. The CCD exposure time 

𝑡𝑡𝐶𝐶𝐶𝐶𝐶𝐶   is defined indirectly by the quantitative value of 𝑁𝑁𝑙𝑙 and the laser repetition rate. The whole 

acquisition time is thus determined by 𝑡𝑡𝐶𝐶𝐶𝐶𝐶𝐶 times 𝑁𝑁𝑖𝑖. A typical acquisition example is given in 

Figure 4.11 which images the luminescence emission of pure acetone vapor at 𝑝𝑝 = 2 kPa for a 

delay time 𝑡𝑡 =  7.5 𝜇𝜇𝑠𝑠  , 𝑁𝑁𝑙𝑙  =  100 , 𝑁𝑁𝑖𝑖 = 30 , 𝛥𝛥𝑡𝑡𝑎𝑎𝑎𝑎𝑖𝑖𝑔𝑔 = 100 𝑛𝑛𝑠𝑠 , and 𝐺𝐺 = 100% with a laser 

repetition rate of 20 Hz. In these conditions 𝑡𝑡𝐶𝐶𝐶𝐶𝐶𝐶 =  5 𝑠𝑠, and the total image recording time is 

𝑡𝑡𝐶𝐶𝐶𝐶𝐶𝐶 × 𝑁𝑁𝑖𝑖 = 150 𝑠𝑠. 

4.3.3 Image post-processing procedure  
In this work the number of laser shots per images was 𝑁𝑁𝑙𝑙 = 100, and the averaged images 

per experiment was 𝑁𝑁𝑖𝑖 = 30. The duration of a single signal acquisition (IRO shutter open), or 

gate time, was set to Δ𝑡𝑡𝑎𝑎𝑎𝑎𝑖𝑖𝑔𝑔 = 500 𝑛𝑛𝑠𝑠, while the IRO amplification gain was set to 𝐺𝐺 = 100%. 

As shown in our previous work [35; 99], the emitted signal distribution after excitation 

corresponds to the light distribution of the laser beam, which corresponds to a Gaussian profile 

𝑓𝑓(𝑥𝑥, 𝑡𝑡) = 𝑎𝑎1(𝑡𝑡) + 𝑎𝑎2(𝑖𝑖)
�2𝜋𝜋𝑎𝑎3(𝑖𝑖)

𝑠𝑠−
(𝑥𝑥−𝑎𝑎4)2

2𝑎𝑎3(𝑜𝑜) , (4.2)

where 𝑎𝑎1 , 𝑎𝑎2 , 𝑎𝑎3 , and 𝑎𝑎4  are the fitting parameters of the Gaussian function [93]. The 𝑎𝑎1(𝑡𝑡) 

parameter represents background emission offset caused by excited tracer molecules out-of-beam 

or adsorbed by the internal walls, which is never zero and decreases in time. Coefficient 𝑎𝑎2(𝑡𝑡) 

stands for the amplitude of the Gaussian signal, whose time evolution is strictly linked to the 

phosphorescence lifetime of the excited tracer, the variation of this parameter in time is also 

affected by the diffusion mechanisms. Parameter 𝑎𝑎3(𝑡𝑡), which can be considered as the most 

important parameter of these experiments in this chapter, corresponds to the variance of the 

Gaussian function and its evolution in time gives information about the diffusion rate of the excited 

tracer molecules. This parameter directly represents how the tagged line profile is broadening with 

time. Finally, parameter 𝑎𝑎4  represents the position of the Gaussian peak. The value of 𝑎𝑎4  can 

slightly differ in each acquisition, caused by the possible small fluctuations in the position of the 

laser beam and small undulations in the laser energy evolution [93], the accurate measurement of 

𝑎𝑎4(𝑡𝑡) is underlying for the MTV technique. 
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Another parameter of interest is the Gaussian peak value, which corresponds to the highest 

intensity of the photoluminescence signal at every instant, and it can be defined as 

𝑆𝑆𝑚𝑚𝑎𝑎𝑥𝑥 = 𝑓𝑓(𝑎𝑎4, 𝑡𝑡) = 𝑎𝑎1(𝑡𝑡) +  
𝑎𝑎2(𝑡𝑡)

�2𝜋𝜋𝑎𝑎3(𝑡𝑡)
, (4.3) 

From Eq. (4.3) we can notice that at a certain 𝑡𝑡, the Gaussian peak value is mainly based on 

the 𝑎𝑎1, 𝑎𝑎2, 𝑎𝑎3. The Gaussian peak is mainly affected by the phosphorescence lifetime and diffusion 

effect; thus, this parameter can give us important information on the exploitable signal on the full 

measured pressure range.  

Inside the visualization chamber, the laser was focused to a 175 μm beam waist. The beam 

diameter was determined by the full width at half maximum (FWHM),  

FWHM = 2�2 ln 2𝑎𝑎3(𝑡𝑡) , (4.4) 

which was calculated via the signal acquisition of the fluorescence distribution at the beginning of 

the experiment (𝑡𝑡 = 5𝑛𝑛𝑠𝑠). 

An example of diffusion measurements at constant pressure via the molecular tagging 

technique at different instants is presented in Figure 4.12. Via this optical technique it was possible 

to follow in time the emitted light of acetone molecules and to measure its evolving distribution 

with time due to diffusion effects. The acquired raw images are shown in the odd-numbered rows 

of Figure 4.12, while the post-treated Gaussian profiles are shown in the even-numbered rows. The 

Gaussian profiles were obtained by averaging the signal acquired by every pixel along the y-

direction. This procedure decreased the statistical fluctuations of the light emission distribution. 

As a matter of example, at 𝑝𝑝 = 1000 𝑘𝑘𝑎𝑎 the FWHM beam diameter evolved due to diffusion from 

around 175 μm at 𝑡𝑡 = 0.005 µ𝑠𝑠 to around 1376 μm at 𝑡𝑡 = 500 µ𝑠𝑠.  

 



 Molecular Tagging Velocimetry for exploring rarefied gas flows 
 

 

69 
 
 

 

 
Figure 4.12. Temporal evolution of photoluminescence signal images and corresponding light distribution profile 

(blue solid line) for p = 1000 Pa. 
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Figure 4.13. Experimental results at 𝑝𝑝 = 1 kPa. (a) Gaussian fitting of the emission profile evolution with time 

normalized by each Gaussian peak; (b) linear fitting to variance variation over time from Figure 4.13 (a). 
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Figure 4.14. Temporal evolution of variance and corresponding linear fitting for different pressures p = 1 kPa  , 2.5 

kPa, 4 kPa and 8 kPa. Left: up to a delay time of 300 µs; Right: zoom on the early delay times up to 20 µs.. 
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The diffusion coefficient calculation was realized through the Einstein-Brownian motion 

equation, which relates the diffusion coefficient to the evolution with time of the variance of the 

tagged molecules distribution of the tagged line, as 

𝜎𝜎𝑥𝑥2(t) = 2𝐷𝐷𝑚𝑚(𝑡𝑡 − 𝑡𝑡0) + 𝜎𝜎𝑥𝑥,0
2 , (4.5) 

where 𝜎𝜎𝑥𝑥2(t) =  𝑎𝑎3(𝑡𝑡) is the variance evolution with time, 𝐷𝐷𝑚𝑚 represents the measured results of 

diffusion coefficient, 𝑡𝑡 is the time after the laser excitation,  σx,0
2  is the variance of the initial light 

distribution at 𝑡𝑡 = 𝑡𝑡0 [126]. This equation implies that the variance should evolve linearly with 

time, with a slope proportional to the diffusion coefficient. Therefore, the experimental results of 

diffusion coefficient can be extracted from the slope of the linear fitting to the temporal evolution 

of variance. As an example, Figure 4.13 (a) illustrates the variation with time of the tagged line 

distribution at constant pressure p = 1 kPa from the time of tagging to 500 µs later. The Gaussian 

shape is modified in time by molecular diffusion. A linear fit is then used in order to characterize 

the variance evolution with time and thus extract diffusion. 

 

4.4 Measurement results of diffusion coefficients and kinetic 

diameter   
4.4.1 Linear evolution of variance over time  

The Gaussian distribution fitting equation (Eq.(4.2)) was applied to the experimental 

acquisitions of the tagged line at different instants for a large pressure range. To the best of our 

knowledge, the time range of phosphorescent signal acquisitions presented in this work is the 

longest one currently available in the literature for such a wide range of low pressures. In Figure 

4.13 (a), the results are presented by normalizing the acquired signal with the peak value of the 

Gaussian distribution (𝑆𝑆𝑚𝑚𝑎𝑎𝑥𝑥) at each time delay. From the Gaussian fitting, it was possible to 

extract the variance at different times, 𝜎𝜎𝑥𝑥2(t) =  𝑎𝑎3(𝑡𝑡). As shown in Figure 4.13 (b), a linear 

equation was then used to fit the variance evolution with time, which slope can be directly linked 

to the diffusion coefficient. The experimental results verify for a wide temporal range the linear 

behaviour of the variance evolution with time, as predicted by the Einstein-Brownian (Eq.(4.5)). 
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The same method was applied to a wide pressure range, demonstrating the efficiency of the 

technique (Figure 4.14). 

 

 
Figure 4.15. Temporal evolution of variance, 𝑅𝑅2 and SNR at p = 1 kPa, 2.5 kPa, 4 kPa and 8 kPa. 
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4.4.2 The quality of Gaussian fitting and light emission image   
A regression model was used to fit the Gaussian equation to the signal distribution, the 

parameter R-squared (𝑅𝑅2) was employed to evaluate the quality of the fit [127] 

𝑅𝑅2 =  1 −
𝑆𝑆𝑆𝑆𝐸𝐸
𝑆𝑆𝑆𝑆𝑇𝑇

, (4.6) 

where SSE represents the Sum of Squared Errors, SST is the Sum of Squares Total. SSE is the 

sum of the squared differences between the actual experimental results and predicted fitted results. 

SST is a statistical term, defined as the sum of squared differences between the practical dependent 

variables and its overall mean. The value of R2 can range between 0 and 1, with R2 = 1 

corresponding to a perfect match between experimental data and the fitting function. For all 

pressures investigated, the experimental sample size 𝑛𝑛𝑥𝑥  =  344, which is the number of pixels 

along the x-axis direction of the image, was constant. The 𝑥𝑥 − 𝑎𝑎𝑥𝑥𝑖𝑖𝑠𝑠 corresponded to the transversal 

direction in respect to the laser beam trajectory. Some researchers [128; 129] have suggested that 

the adjusted R-squared value is a more accurate fitting evaluation parameter as an improved 

version of R-squared, 

𝐴𝐴𝑑𝑑𝐴𝐴𝑢𝑢𝑠𝑠𝑡𝑡𝑠𝑠𝑑𝑑 𝑅𝑅2 =  1 −  (1 −  𝑅𝑅2)
𝑛𝑛𝑥𝑥  −  1

𝑛𝑛𝑥𝑥  − 𝑛𝑛𝑖𝑖𝑎𝑎   −  1
, (4.7) 

where 𝑛𝑛𝑥𝑥 is the sample size, and 𝑛𝑛𝑖𝑖𝑎𝑎 is the number of independent variables. For the experimental 

data discussed in this chapter, since 𝑛𝑛𝑖𝑖𝑎𝑎  = 1, the Adjusted R-squared and R-squared almost 

coincide to the same value.   

The experimental signal to noise ratio was used, too, to estimate the quality of the acquired 

signal. In this chapter, 𝑆𝑆𝑁𝑁𝑅𝑅 was defined as the ratio between the Gaussian peak 𝑆𝑆𝑚𝑚𝑎𝑎𝑥𝑥  and the 

background emission offset of the image 𝑎𝑎1(𝑡𝑡), 

𝑆𝑆𝑁𝑁𝑅𝑅(𝑡𝑡) =  
𝑆𝑆𝑚𝑚𝑎𝑎𝑥𝑥
𝑎𝑎1(𝑡𝑡)

. (4.8) 

The overall quality of the experimental data was evaluated based on the R2 and SNR 

parameters. Low values of 𝑅𝑅2 and SNR implied that the Gaussian fitting represented poorly the 

signal distribution and that the intensity of emitted light is too weak for obtaining reliable 

information from the acquired images, respectively.  
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As an example, Figure 4.15 summarizes the temporal evolution of the variance, 𝑅𝑅2 and 𝑆𝑆𝑁𝑁𝑅𝑅 

at every instant of one experiment for four different pressures. As it can be seen from this figure, 

both the 𝑅𝑅2 and 𝑆𝑆𝑁𝑁𝑅𝑅 parameters decrease with time, and it was therefore necessary to delimit a 

time range of confidence where the quality of the acquired dataset could be considered exploitable 

for the full range of the investigated pressures. In the context of extracting the diffusion coefficient 

from the acetone phosphorescence signal, we have considered that the acquired data was 

trustworthy until 100 𝜇𝜇𝑠𝑠  after the laser excitation for the whole set of experiments, which 

guarantees a minimum SNR of 2.1 and a minimum R2 of 0.75 . 

4.4.3 Triplet-triplet annihilation 
In accordance with the Einstein-Brownian equation (Eq.(4.5)), for relatively low pressures, 

the experimental data provided a variance 𝜎𝜎𝑥𝑥2(t) that evolved linearly with time, from the initial 

tagging instant onwards. Nevertheless, at higher pressure, a pronounced non-linear behavior of the 

variance with time was observed immediately after the initial tagging instant (Figure 4.14).  

The non-linear behavior of the variance with time could be related to the occurrence of triplet-

triplet annihilation (TTA), a phenomenon that consists in de-excitation of molecules in the triplet 

state via intermolecular collisions with other triplet molecules. This could explain why the non 

linear variation was more evident at higher pressures, since the collision frequency increases due 

to relatively high molecular concentration. The triplet state is a meta-stable energy level from 

which a molecule can transit to the ground state either through the emission of one photon 

(phosphorescence) or through a non-radiative de-excitation process, such as TTA. In the same way 

that oxygen is considered to be an efficient molecular quencher due to its paramagnetic 

characteristics, acetone or diacetyl in its tripelet state can produce self-quenching [102; 130].  

It is possible to summarize the specific light-induced reaction pathways of acetone vapor 

after laser excitation:  

Ac + ℎ𝑣𝑣 → 1Ac, (4.9a) 
1Ac → Ac + ℎ𝑣𝑣f , (4.9𝑏𝑏) 
1Ac → 3Ac, (4.9c) 

3Ac → Ac + ℎ𝑣𝑣ph , (4.9𝑑𝑑) 
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3Ac + 𝑄𝑄 → Ac, (4.9𝑠𝑠) 
3Ac + 3Ac → Ac∗ + Ac, (4.9𝑓𝑓) 

where Ac represents the acetone molecules in ground state, 1Ac, 3Ac, Ac* corresponds to acetone 

molecules in the singlet state, triplet state, and ground vibrational state; ℎ𝑣𝑣, ℎ𝑣𝑣f , ℎ𝑣𝑣ph represent 

the energy absorbed from the laser shot, emitted light in the form of fluorescence and 

phosphorescence, respectively; 𝑄𝑄 can be considered as another molecular species, such as oxygen .   

After laser exication, acetone molecules at the ground-state are excited to a singlet-state 

energy level (Eq.(4.9a)). A portion of this excited molecules will emit fluorescence and come back 

to the ground-state (Eq.(4.9b)). A portion of the excited molecules in the singlet-state will transfer 

to a triplet-state energy level through intersystem crossing transitions (Eq.(4.9c)). A portion of 

triplet molecules will choose to emit phosphorescence and come back to the ground-state 

(Eq.(4.9d)). Other triplet molecules will be quenched by other molecular species, such as oxygen 

and come back to ground state (Eq.(4.9e)). While other triplet molecules will come back to its 

ground vibrational state and ground-state after colliding with other triplet molecules (Eq.(4.9f)) 

(triplet-triplet annihilation).  

To the best of our knowledge, the influence of TTA on the light distribution evolution with 

time from an initial Gaussian distribution still remains unexplored for gaseous acetone, while some 

work has been conducted for diacetyl vapor [27]. Due to their similar molecular structure, diacetyl 

can be considered as an adequate reference for acetone. In [27] a theoretical model was proposed 

for predicting the light emission distribution after molecular tagging in the case of diacetyl vapor 

by considering several de-excitation processes, including TTA. The model considered radiative 

de-excitation (phosphorescence), quenching generated by inter-species collisions (usually oxygen) 

and self-quenching generated by triplet acetone molecules collisions. The time evolution of the 

triplet population concentration was defined as  
∂𝑛𝑛𝑇𝑇1
∂𝑡𝑡

= −𝑘𝑘1𝑛𝑛𝑇𝑇1 − 𝑘𝑘𝑇𝑇𝑇𝑇𝑇𝑇𝑛𝑛𝑇𝑇1
2 + 𝐷𝐷∇2𝑛𝑛𝑇𝑇1 , (4.10) 

where 𝑛𝑛𝑇𝑇1 represents the temporal concentration of triplet acetone molecules, 𝑘𝑘1 = 𝑘𝑘𝑝𝑝ℎ + 𝑘𝑘𝑖𝑖𝑟𝑟,𝑇𝑇1 +

𝑛𝑛𝑄𝑄𝑘𝑘𝑄𝑄  represents the rate constant of linear decay, comprising radiation 𝑘𝑘𝑝𝑝ℎ and quenching caused 

by molecular collisions between acetone molecules 𝑘𝑘𝑖𝑖𝑟𝑟,𝑇𝑇1(Internal non-radiative rate constant in 
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the triplet state) and other species 𝑘𝑘𝑄𝑄,  𝑛𝑛𝑄𝑄 indicates the concentration of other molecular species, 

𝑘𝑘𝑇𝑇𝑇𝑇𝑇𝑇  is the triplet-triplet annihilation reaction, 𝐷𝐷 is the diffusion coefficient. The value of 𝑘𝑘𝑇𝑇𝑇𝑇𝑇𝑇 

for acetone vapor, has not been found out in the literature. 

Due to the non-linear TTA term, this equation cannot be reduced to the Einstein-Brownian 

equation which considers a linear variance evolution with time. That is why for low pressures, the 

𝑘𝑘𝑇𝑇𝑇𝑇𝑇𝑇𝑛𝑛𝑇𝑇1
2  term becomes weaker faster. Sidebottom et al. [131]pointed out that also high laser 

energies could increase the triplet population, being this a catalyser for TTA. Thus, in order to 

avoid a nonlinear variation of the variance with time, low pressures and low laser energies are 

needed. In respect to the current experimental work, the non linear variation with time of variance 

tended to disappear after some time. Diffusion in this case had a positive effect since it diluted 

with time the concentration of triplet molecules close to the initial tagged line. In the current study 

it was observed that the non linear variation lasted until 20µs from the initial tagging line for all 

pressures. For low pressures the detected non-linear range was shorter, or even non detectable for 

the lower pressures. This observation coincided with the work of Mirzaei et al [27]. 

4.4.4 Local heat releasement in molecular tagging  
Another potential factor of interest to be considered for explaining the non-linear behavior is 

the influence of temperature increase due to molecular absorption at the laser shot.  The presence 

of local gas heating caused by laser absorption has been witnessed in several techniques, such as 

air photolysis recombination tracking (APART) [132], vibrationally excited nitrous oxide (NO) 

monitoring (VENOM) [133], ozone tagging velocimetry (OTV) [91], Raman excitation plus laser-

induced electronic fluorescence (RELIEF) [90] and femtosecond laser electronic excitation 

tagging (FLEET) [134; 135]. The energy absorbed by the molecule is dissipated via heat 

generation due to inter-molecular collisions, electronic excitation, dissociation [136], and chemical 

reactions [137]. Local heat depends on the tracer molecular species, that is the absorption spectra 

and the different excitation processes (e.g. energy transformation rate between internal and 

translational degree of freedom), laser energy density [138] and collision frequency [137]. 

The work of Limbach et al. [135] verified there was a correlation between the temperature 

rise caused by local heating and the beam width widening, changes in the evolution with time of 
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the spatial profile of the beam and the signal intensity. They also proposed that at early time (first 

microseconds), the widening of tagged line is mainly dominated by hydrodynamic expansion, 

which verifies the linear correlation between line widening and initial temperature rise. The local 

heat can also create flow perturbation, such as shock waves and a high-temperature area with low 

density. This is why, low-energy laser pulses should be preferred in order to avoid local heat [111; 

135]. The enhanced beam waist of [26] can be associated to the increasing laser energy in the work 

of DeLuca et al. [139].  Beam width widening and larger temporal widening of tagged line was 

also verified by Bominarr et al.’s work [137]. This unexpected beam width increase was also due 

to vertical convection engendered by density gradients in the gas. This work also mentioned that 

the temperature rise was the reason for the variance of gaussian profile of tagged line evolves 

nonlinearly with time at high pressures and early delay time. This experimental finding has highly 

agreement with the non-linear behavior in our experimental results. 

Burns et al. [140] verified that buoyancy caused by local heat had no substantial effect on the 

velocity or trajectories measurement by PLEET, and only vertical velocity were slightly altered 

but with a 1000 K temperature rise. The buoyancy had no impact on the PLEET signal, and the 

lifetime of PLEET signal had an inverse correlation with pressure and temperature. The work of 

New-Tolley et al. [141] verified that the local heat effect on velocity measurement by FLEET can 

be neglected in boundary layer of laminar flow, however, numerical work pointed out that it can 

be a partial reason of an artificial increase of the thickness of shear layer.    

Since temperature variations modify molecular diffusion (Eq. 4.1), the temperature rises 

generated by laser beam absorption increase the speed at which the variance evolves with time 

[137]. This conclusion corroborates the findings of our work, for which we observed a rapid 

increase of the variance immediately after the laser excitation. Nevertheless, this effect may be 

relevant only for the first few microseconds following the excitation since the temperature rise is 

limited [142] and  the heat is rapidly dissipated through intermolecular collisions, especially at 

relatively high pressure. 
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4.4.5 Effective time internal choice 
In the current work, experimental data showed that the non-linear trend for the variance 

disappeared after a certain time. This can be explained by the diffusion of the excited molecules 

towards the outskirts of the initial tagged line, which locally decreases the triplet population, thus 

reducing the strength of the TTA phenomenon. Also, the initial local temperature rise drops back 

to ambient temperature. Hence, after analyzing the entirety of the dataset at our disposal, it was 

concluded that the non-linear effects vanished after 20 µs after laser excitation for the here studied 

pressure range. This time interval is in agreement with the findings of [103; 142].  

 

 
Figure 4.16. Summary of the linear fittings for the entire range of pressures studied at 𝑡𝑡0 = 20 𝜇𝜇𝑠𝑠, 𝜎𝜎𝑥𝑥,0

2 = 𝜎𝜎𝑥𝑥2(𝑡𝑡0 =
20𝜇𝜇𝑠𝑠). 

 

In order to define the upper time limit to be used for the diffusion coefficient measurement. 

The SNR and R-squared parameters were used. The upper limit was chosen to be 100 µs. This is 

in accordance with the characteristic lifetime of phosphorescence which can be defined by 

𝜏𝜏𝑇𝑇1 =
1

k𝑝𝑝ℎ + 𝑘𝑘𝑄𝑄,𝑇𝑇1 + 𝑘𝑘𝑖𝑖𝑟𝑟,𝑇𝑇1
. (4.11) 



 Molecular Tagging Velocimetry for exploring rarefied gas flows 
 

 

80 
 
 

 

For both acetone [143] and diacetyl [131], the typical time of phosphorescence is around 

𝜏𝜏𝑝𝑝ℎ  =  1/𝑘𝑘𝑝𝑝ℎ  =  10 𝑚𝑚𝑠𝑠. However, for acetone, the lifetime 𝜏𝜏𝑇𝑇1 of the phosphorescence emission 

and, equivalently, of the triplet population is approximately 200 𝜇𝜇𝑠𝑠 [95]. In the work of Kaskan & 

Duncan [97], the experimental data of phosphorescence lifetime of acetone vapor is between 200 

and 250 µs, which varies with different pressures because of TTA. In a conclusion, the value of 

phosphorescence lifetime for acetone vapor is around 200 𝜇𝜇𝑠𝑠, which is quite close to the upper 

limit of our effective time internal. 

Based on these considerations along with those of the previous paragraph, we selected the time 

range 20-100 µs that follows the laser excitation as the time interval for which the non-linearity 

on the variance can be considered negligible and the quality of the images is high enough for the 

purpose of measuring the variance of the signal. 

By fitting Eq. (4.5) to the variance evolution with time measurements in the 20-100 µs time 

range (Figure 4.14), the self-diffusion coefficient of acetone was extracted for pressure values 

between 500 Pa and 10 kPa. The considered time range contains 9 data points for the variance at 

each pressure but for the sake of completeness we reported in (Figure 4.14) the extended dataset 

of the measured variance, from 5 ns to 300 μs.  It can be noticed that the measurements are of high 

quality until 100 µs, since they respect the acquisition ranges established by R2 and SNR. While 

for delay times larger than 100 µs the measured variance is characterized by larger fluctuations. A 

summary of the linear fitting functions measured for a larger range of pressure was presented in 

Figure 4.16. Let us remind here, that the slope of the linear fitting is directly proportional to the 

diffusion coefficient. 

4.4.6 Measurement results of diffusion coefficient and kinetic diameter  
The diffusion coefficient (𝐷𝐷𝑚𝑚) was computed from the linear fitting slope measurement via 

the Einstein-Brownian equation (Eq.(4.5)). Thus, the calculation formula for the measured value 

of diffusion coefficient was defined as 

𝐷𝐷𝑚𝑚 =
𝜎𝜎𝑥𝑥2 − 𝜎𝜎𝑥𝑥,0

2

2(𝑡𝑡 − 𝑡𝑡0) . (4.12) 
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The experimental results of 𝐷𝐷𝑚𝑚 were presented in Figure 4.17(a), which are compared with 

the theoretical predictions obtained from the Chapman-Enskog equation (Eq.(4.1)) by using the 

kinetic diameter values found in the literature (Table 4.1). The data is presented in a logarithmic 

scale, and the slope of dashed lines corresponds to a dependency 1/p of the diffusion coefficient 

with the pressure. The results show that the diffusion coefficient decreased with pressure for most 

of the pressure range considered, but the monotonicity of Dm is lost for about p > 5 kPa. The 

measured diffusion coefficient also showed a linear behavior (in logarithmic scale) for 1 kPa < p 

< 5 kPa, but with a slope that is different than the Chapman-Enskog theory. Instead of being 

proportional to p-1 , the measured 𝐷𝐷𝑚𝑚 resulted to be a different power law of the pressure, i.e., pa 

with 0 > a > -1. This unexpected behavior could be the result of more complex intramolecular 

phenomena that occur following the laser, such as the TTA or local heating. This behavior can 

also be related to the uncertainty of the measurement. 

From the measured diffusion coefficient values and Chapman-Enskog equation (Eq.(4.1)) it 

was possible to indirectly extract the kinetic diameter (𝑑𝑑𝑚𝑚) of gaseous acetone,  

𝑑𝑑𝑚𝑚 = �3√𝜋𝜋
8

�𝑘𝑘𝐵𝐵 𝑇𝑇
𝑚𝑚

𝑘𝑘𝐵𝐵𝑇𝑇
√2𝜋𝜋𝐷𝐷𝑚𝑚𝑝𝑝

 , (4.13) 

where both p and temperature T can be assumed as constant during one experiment. 

The indirect experimental measurements of kinetic diameter of acetone vapor for each 

measured diffusion coefficient were demonstrated in Figure 4.17 (b). Since Dm does not follow the 

expected trend, dm is not constant with pressure.  Nevertheless, it can be observed that at lower 

pressures (p ≤ 5 kPa) the measured dm is within the range of acetone kinetic diameter values 

reported in the literature. Only for pressures p > 5 kPa the measured Dm are higher than the values 

calculated with the smallest kinetic diameter available from the literature, d = 416 pm [23].The 

mean  𝑑𝑑𝑚𝑚,𝑎𝑎𝑎𝑎𝑎𝑎 of all measured kinetic diameter dm is 436 pm, which is in good agreement with the 

predictions of [123] and [125]. The relatively large discrepancies on the diffusion coefficients 

recorded in the high-pressure range could be due to the inaccuracies related to the non-linear 
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behavior of the variance evolution with time. At higher pressures, molecular diffusion is smaller 

and the variation in time of the signal profile’s variance changes slower in time. 

 

 
Figure 4.17. (a) Measured diffusion coefficient 𝐷𝐷𝑚𝑚 (blue circles) as a function of the pressure compared to the 

corresponding theoretical values (dashed lines) in logarithmic scale; (b) kinetic diameters 𝑑𝑑𝑚𝑚 calculated from 𝐷𝐷𝑚𝑚 by 
means of the Chapman-Enskog equation (orange squares) as a function of the pressure and compared to the values 

(dashed lines) found in the literature (Table 4.1) in logarithmic scale. 
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4.4.7 Uncertainty calculation of the measured parameters 
The spatial resolution of CCD is known as 15.2 μm, the resolution error 𝜖𝜖𝑅𝑅 is 0.5*15.2 = 7.6 

μm. The tagged line width can be represented by FWHM of the peak. The FWHM is defined as 

the difference of the position x1 and x2, whose corresponding value f(x1) and f(x2) is half of 

Gaussian peak f(x)max. The FWHM is also related to standard deviation according to  

FWHM = 𝑥𝑥2 − 𝑥𝑥1 = 2√2 ln 2𝜎𝜎𝑥𝑥 . (4.14) 

The uncertainty of the position x1 and x2 is 𝜖𝜖𝑅𝑅 , separately. Based on the propagation of 

uncertainty principle [144], the uncertainty of FWHM can be defined as  

ϵFWHM = √2 𝜖𝜖𝑅𝑅 = Δ�2√2 ln 2𝜎𝜎𝑥𝑥�. (4.15) 

We can derive the uncertainty of standard deviation (ϵ𝜎𝜎𝑥𝑥)  

ϵ𝜎𝜎𝑥𝑥 =
𝜖𝜖𝑅𝑅

2√ln 2
. (4.16) 

We assume that variance measured at different delay time is uncorrelated. Following the 

propagation of uncertainty principle, the uncertainty of variance 𝜖𝜖𝜎𝜎𝑥𝑥2  can be expressed by: 

𝜖𝜖𝜎𝜎𝑥𝑥2 = �
𝑑𝑑�𝜎𝜎𝑥𝑥2(t)�

𝑑𝑑 �𝜎𝜎𝑥𝑥 (t)�
� ϵ𝜎𝜎𝑥𝑥 = |2𝜎𝜎𝑥𝑥(𝑡𝑡)|ϵ𝜎𝜎𝑥𝑥. (4.17) 

The uncertainty of variance at 𝑡𝑡 =  𝑡𝑡0 is  

𝜖𝜖𝜎𝜎𝑥𝑥,0
2 = �2𝜎𝜎𝑥𝑥,0�Δ�ϵ𝜎𝜎𝑥𝑥�. (4.18) 

The uncertainty of variance difference can be defined as 

𝜖𝜖𝜎𝜎𝑥𝑥2(t)−𝜎𝜎𝑥𝑥,0
2   = � 𝜖𝜖𝜎𝜎𝑥𝑥2

2 + 𝜖𝜖𝜎𝜎𝑥𝑥,0
2
2  = 2ϵ𝜎𝜎𝑥𝑥�𝜎𝜎𝑥𝑥2(t) + 𝜎𝜎𝑥𝑥,0

2 . (4.19) 

The relative uncertainty of variance difference decreases as the value of the variance 

difference increases. From Figure 4.14, we can see that the value of the variance difference tends 

to increase linearly with time. Thus, the relative uncertainty of the variance difference decreases 

with increasing time at each pressure. As the diffusion coefficient value decreases with increasing 

pressure, the order of magnitude of the variance difference decreases with increasing pressure 

(Figure 4.14). The relative uncertainty of the variance difference increases with pressure. 
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It can be concluded that the relative uncertainty of the measured variance difference is 

negatively correlated with time and positively correlated with pressure. This tendency is 

reasonable. The uncertainty in variance difference is based on the spatial resolution of the CCD 

and temporal precision from PTU. The resolution ability of the apparatus is fixed, and as the 

measurement value becomes larger, the resolution accuracy becomes higher. This relative 

uncertainty of variance and time difference also supports our choice to choose effective data at 

high delay time and low pressures.  

It is known that the delay time has an accuracy of 5 ns, corresponding to the PTU's precision 

for synchronizing the temporal signals [35]. The uncertainty of delay time can be assumed as 𝜖𝜖𝑖𝑖 = 

5 ns. The delay time is also considered as an uncorrelated variable. The minimum uncertainty of 

time difference can be expressed as: 

𝜖𝜖t−t0 = �𝜖𝜖𝑖𝑖2 + 𝜖𝜖𝑖𝑖0
2 = √2𝜖𝜖𝑖𝑖. (4.20) 

Since the measured diffusion coefficient is determined by the slope of the variance difference 

over the time difference (Eq.(4.12)). The uncertainty of the slope is determined by the maximum 

uncertainty range of slope defined within the uncertainty range of variance difference and time 

difference. The upper border of the slope uncertainty can be defined as maximum value of 𝜎𝜎𝑥𝑥2(t) −

𝜎𝜎𝑥𝑥,0
2  over the minimum value of 𝑡𝑡 − 𝑡𝑡0  

𝑠𝑠𝑠𝑠𝑠𝑠𝑝𝑝𝑠𝑠𝑜𝑜𝑝𝑝 =
𝜎𝜎𝑥𝑥2(t) − 𝜎𝜎𝑥𝑥,0

2 + 𝜖𝜖𝜎𝜎𝑥𝑥2(t)−𝜎𝜎𝑥𝑥,0
2   

𝑡𝑡 − 𝑡𝑡0 − √2𝜖𝜖𝑖𝑖
. (4.21) 

Similarly, the lower border value of the slope uncertainty can be expressed as: 

𝑠𝑠𝑠𝑠𝑠𝑠𝑝𝑝𝑠𝑠𝑙𝑙𝑜𝑜𝑙𝑙 =
𝜎𝜎𝑥𝑥2(t) − 𝜎𝜎𝑥𝑥,0

2 − 𝜖𝜖𝜎𝜎𝑥𝑥2(t)−𝜎𝜎𝑥𝑥,0
2   

𝑡𝑡 − 𝑡𝑡0 + √2𝜖𝜖𝑖𝑖
. (4.22) 

An example the slope uncertainty border is shown in Figure 4.18. The relative uncertainty of 

slope can be defined as: 

𝑈𝑈𝑟𝑟,𝑎𝑎𝑙𝑙𝑜𝑜𝑝𝑝𝑔𝑔 =
𝑠𝑠𝑠𝑠𝑠𝑠𝑝𝑝𝑠𝑠𝑜𝑜𝑝𝑝 − 𝑠𝑠𝑠𝑠𝑠𝑠𝑝𝑝𝑠𝑠𝑙𝑙𝑜𝑜𝑙𝑙

2𝑠𝑠𝑠𝑠𝑠𝑠𝑝𝑝𝑠𝑠
. (4.23) 

The relative uncertainty of measured diffusion coefficient can be expressed as: 
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𝑈𝑈𝑟𝑟,𝐶𝐶𝑚𝑚 =
1
2
𝑈𝑈𝑟𝑟,𝑎𝑎𝑙𝑙𝑜𝑜𝑝𝑝𝑔𝑔 . (4.24) 

The relative uncertainty of diffusion coefficient (𝑈𝑈𝑟𝑟,𝐶𝐶𝑚𝑚) at each pressure is summarized in 

Table 4.5. 

 

 
Figure 4.18. An example to show the measured slope (red dashed line) and its possible upper and lower border of 

uncertainty range (black dotted line) at p = 1 kPa. 
 

The calculation of measured kinetic diameter can be expressed as  

𝑑𝑑𝑚𝑚 = �3√𝜋𝜋
8

�𝑘𝑘𝐵𝐵 𝑇𝑇
𝑚𝑚

𝑘𝑘𝐵𝐵𝑇𝑇
√2𝜋𝜋𝐷𝐷𝑚𝑚𝑝𝑝

 = 𝑐𝑐𝑑𝑑𝑇𝑇0.75𝐷𝐷𝑚𝑚−0.5𝑝𝑝−0.5, (4.25) 

where cd is a constant 
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𝑐𝑐𝑑𝑑 = � 3
16

�2𝑘𝑘𝐵𝐵3 
𝜋𝜋𝑚𝑚

.  

Table 4.5. Measured quantities with corresponding relative uncertainty. 

𝑝𝑝 ± 𝑈𝑈𝑟𝑟,𝑝𝑝([Pa]) 𝐷𝐷𝑚𝑚 ± 𝑈𝑈𝑟𝑟,𝐶𝐶𝑚𝑚([m2/s]) 𝑑𝑑𝑚𝑚 ± 𝑈𝑈𝑟𝑟,𝑑𝑑𝑚𝑚([pm]) 

587.0 ± 1.93% 0.000832 ± 4.55% 505.0 ± 2.47% 

1098.8 ± 1.33% 0.000305 ± 8.46% 610.0 ± 4.28% 

1530.9 ± 0.634% 0.000289 ± 8.86% 530.6 ± 4.44% 

2015.6 ± 0.362% 0.000263 ± 9.4% 484.7 ± 4.71% 

2504.1 ± 0.411% 0.000234 ± 9.92% 460.8 ± 4.97% 

3006.4 ± 0.173% 0.000197 ± 11.6% 459.2 ± 5.81% 

3475.3 ± 0.236% 0.000181 ± 12.1% 444.8 ± 6.07% 

4015.9 ± 0.0523% 0.000167 ± 12.7% 431.0 ± 6.37% 

4493.0 ± 0.145% 0.000146 ± 13.5% 435.6 ± 6.75% 

4988.1 ± 0.00601% 0.0000973 ± 20.6% 506.6 ± 10.3% 

5995.3 ± 0.0367% 0.000139 ± 14% 386.3 ± 6.99% 

6909.0 ± 0.256% 0.000167 ± 12.4% 329.0 ± 6.21% 

8076.2 ± 0.197% 0.000125 ± 15.8% 351.9 ± 7.92% 

9011.6 ± 0.183% 0.000144 ± 14.8% 309.4 ± 7.39% 

10028.3 ± 0.164% 0.000132 ± 15.9% 307.3 ± 7.97% 

 

Based on the propagation of uncertainty principle, the relative uncertainty of measured kinetic 

diameter can be defined by: 

𝑈𝑈𝑟𝑟,𝑑𝑑𝑚𝑚 = ��0.75𝑈𝑈𝑟𝑟,𝑇𝑇�
2

+ �0.5𝑈𝑈𝑟𝑟,𝐶𝐶𝑚𝑚�
2

+ �0.5𝑈𝑈𝑟𝑟,𝑝𝑝�
2

, (4.26) 

where 𝑈𝑈𝑟𝑟,𝑑𝑑𝑚𝑚 , 𝑈𝑈𝑟𝑟,𝑇𝑇, and 𝑈𝑈𝑟𝑟,𝑝𝑝 represent the relative uncertainty of measured kinetic diameter, 

temperature, and pressure, separately. The temperature is the measured room temperature of the 

thermostat room, whose uncertainty is constant at 0.5 K. The value of 𝑈𝑈𝑟𝑟,𝑇𝑇 keeps constant as 0.17%. 

Apart from the pressure sensor's uncertainty acetone vapour absorption and desorption should also 

be considered when estimating the pressure uncertainty. The uncertainty of pressure is defined as 

the standard deviation of pressure variation during image acquisition. As shown in Table 4.5, the 
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value of 𝑈𝑈𝑟𝑟,𝑝𝑝 decreases with increasing pressure. The maximum value of 𝑈𝑈𝑟𝑟,𝑝𝑝 is no more than 

1.92%, quite smaller compared to the value of 𝑈𝑈𝑟𝑟,𝐶𝐶𝑚𝑚 .  Thus, the tendency of 𝑈𝑈𝑟𝑟,𝑑𝑑𝑚𝑚  is mainly 

determined by 𝑈𝑈𝑟𝑟,𝐶𝐶𝑚𝑚. As shown in Figure 4.17 (b) and Table 4.5, the value of 𝑈𝑈𝑟𝑟,𝑑𝑑𝑚𝑚  shows similar 

tendency like 𝑈𝑈𝑟𝑟,𝐶𝐶𝑚𝑚, negatively correlated with pressure. The maximum value also occurs when 

pressure equals 5 kPa. The mean value of kinetic diameter is 𝑑𝑑𝑚𝑚,𝑎𝑎𝑎𝑎𝑎𝑎 = 437 ± 26.2 pm (6.18%), 

whose range is closely aligned with the predictions of [123] and [125].      

 

4.5 Conclusions 
This work proves that an optical technique such as molecular tagging is an efficient tool for 

providing measurements of diffusion coefficients. To the best of our knowledge, this work 

presented the first measurements of self-diffusion coefficients of gaseous acetone via this 

technique. A pressure range from 500 to 10000 Pa was investigated at room temperature. The 

diffusion coefficients obtained are in good agreement with data found in the literature, especially 

for pressures lower than 5 kPa. However, the measured diffusion coefficients do not follow the 

Chapman-Enskog equation and a different power law seemed to describe the relationship p-Dm. 

Consequently, we inferred an acetone kinetic diameter that unexpectedly decreases with pressure. 

These findings may also be a confirmation that the wide range of values registered in literature of 

diffusion measurements may be dependent on the choice of the measuring technique and the range 

of pressures investigated. At higher pressures (p > 5 kPa) our measured Dm were higher than the 

values inferred from the kinetic diameters found in the literature, which corresponds to a measured 

kinetic diameter as low as 300 pm (Figure 4.17 (b)). At higher pressure, the TTA phenomenon is 

stronger and the accurate extraction of the diffusion coefficient from the time evolution of the 

signal’s variance via an optical technique may require a model that considers the most important 

intramolecular processes governing the triplet population. The optical signal acquired does not 

correspond strictly to the diffusion case of the Eistein-Brownian formula, especially in the time 

interval where the variance appears to evolve in a non-linear manner with time.  
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Chapter 5 Application of MTV technique to 

rarefied gas flow at slip regime 
5.1 Experimental setup for MTV technique at low pressures  

The molecular tagging velocimetry technique experimental setup is similar to the setup 

presented in the previous chapter. However, it needs to be adapted in order to use it for rarefied 

gas flows in rectangular channels. Apart from the requirements for the static chamber, the 

experimental setup must meet several additional requirements: 

1) A channel with optical access replaces the visualization chamber; 

2) Controlled thermodynamic conditions must be imposed at the entrance of the channel; 

3) High flow rates are necessary in order to achieve a detectable displacement profile; 

4) The fluctuation of the mass flow rate through the channel must be small enough for the 

corresponding acquisition time during one experiment. 

In this work, the MTV measurement was verified via the constant volume technique.  

Eventually, the experimental setup could be suitable for both molecular tagging velocimetry and 

thermometry applications.  

5.1.1 Gas circuit for MTV 
  The experimental setup is illustrated in Figure 5.1. In respect to the gas system used for the 

static gas chamber, two big gas tanks were added at the upstream (T1) and downstream (T2) of the 

channel. Each tank had a volume of around 90 L [35; 102]. In order to create a one-directional 

pressure-driven flow from T1 to T2 through the channel, the pressure at T1 is always higher than 

the pressure at T2. A tank containing carrier gas such as helium was used to create gas-vapor 

mixtures. The vacuum pump 1 served to evacuate the channel and T1. Vacuum pump 2 served to 

evacuate the gas mixing line (tracer reservoir and carrier gas tank) and T1. 

 
 



Molecular Tagging Velocimetry for exploring rarefied gas flows  
 

 

89 
 
 

 

 
Figure 5.1. The sketch of gas system for implementation of MTV technique.  

 

 The pressure sensors located at different positions in this gas system were the same type 

described in Chapter 4. Here, pressure sensors P1 was employed for recording the static pressure 

at the inlet of the channel, while P2 was used to measure the static pressure at the outlet of the 

channel and at the downstream tank T2. Pressure sensor P3 monitored the outgassing of the acetone 

reservoir and the gas mixing line. Pressure sensor P4 measured the static pressure of the upstream 

reservoir T1. Through P1 and P4, it was verified that the pressure of T1 was always identical to 

the pressure at the inlet of the channel.  

The gas mixture concentration was regulated through the pressure sensors. From an initial 

complete vacuum in the system, acetone vapor was introduced in Tank 1 to a desired partial 

pressure (which coincided with the total pressure in the tank). From here on, a carrier gas was 

introduced in Tank 1. By monitoring the total pressure, the concentration of each species could be 

deduced.  
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Three kinds of valves were used in the gas circuit i) Pfeiffer® DVC0 16PX electropneumatic 

valves (V1, V2) for controlling the flow in the channel, ii) HEF® dosing valves (V5, V6) for 

controlling the concentration of each species in the gas mixture, iii) Pfeiffer® ball valves for 

general purposes.  

5.1.2 Channel   
Velocimetry measurements were performed in a newly designed millimetric rectangular 

channel. The channel fulfilled the requirements as follows: i) good sealing properties in order to 

work at low pressures; ii) chemical resistance to acetone vapor; iii) optical access for tagging and 

acquisition; iv) controlled dimensions of the cross-section.  

The main body of the channel consisted of three main parts, all of which were transparent 

materials.  The laser entrance and exit were fabricated in Suprasil ®, the acquisition optical access 

was fabricated in borosilicate (Figure 5.2).  

 

 
Figure 5.2. The transparent channel. (a) the photo of the channel with the flexible hoses, electropneumatic valve at 

the two side of the channel; (b) schematic of inside structure of the channel.  

 

The connection between all the different parts was made by adhesive Araldite® 2014-2, which 

is resistant to most chemicals, such as acetone, water, high temperature and could also guarantee 

good sealing properties at low pressures. Furthermore, Araldite® 2014-2 produced very little out-

gassing at low pressures. The curing of the adhesive was realized at room temperature. Unlike 

channels used in previous works [35; 102], this novel design ensured a constant cross-section along 
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the full length of the channel and a leakage-free environment. A further improvement consisted in 

having an optical access along the whole length of the channel, thus velocity profile measurements 

were possible at every cross-section. Laser reflections inside the channel were negligible since the 

whole channel was transparent.  

The transparent channel was connected to the gas circuit through two flanges which were 

glued into the channel (Figure 5.3). In order to protect the connection between the flange and the 

borosilicate body, a pair of adjustable-length metal hoses were introduced between the flange and 

the electropneumatic valves V1 and V2. The valves served to regulate the inflow of gas in the 

channel. The electropneumatic valves could be remotely operated, this allowed less vibrations in 

the system at opening and closure. The channel and the valves were supported by a metallic 

platform.  

 

 
Figure 5.3. Adding adhesive to increase the sealing of the channel. 

 

The sealing properties of the channel were checked with a Pfeiffer® ASM310 portable helium 

detector. Via this detector it was possible to detect leakage areas by locally spraying helium with 

a pistol. For a more local leak detection, alcohol drops were used on the external surface of the 

channel. Liquid drops appearing in the system after depositing a drop of alcohol was another sign 
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of local leakage. The use of high vacuum grease on the outer surface of the channel was avoided 

since the grease could be easily sucked into the inner sections of the channel at high vacuum.  If 

necessary, adhesive was added to improve the sealing of the channel (Figure 5.3). The final leak 

rate value of the channel was measured to be around 1.2e-10 mbar l/s (indicated value read from 

the leak detector), and the pressure variation rate in the channel was 4.8 Pa/h. 

5.1.3 Channel internal cross-section 
The definition of the channel wall position was of vital importance for a correct and accurate 

measurement of slip velocity. The channel wall detection was particularly challenging since the 

channel was fully transparent. Different methods were employed: 

i) The internal dimensions of the channel were measured via an X-ray tomography. For the cross-

section size measurement, five images were acquired every 40 mm from the central position 

(Figure 5.4 (a)). Each image had a pixel size of 85.62µm x 85.62 µm (Figure 5.4 (a)), 7.71µm x 

7.71 µm (Figure 5.4 (b)), and 7.97 µm x 7.97 µm (Figure 5.4 (c)), separately. The height (H) of 

the channel was measured in six different positions via imageJ on each image. Therefore 30 

measurements were obtained at different positions of the axis of the channel (Table 5.1). The mean 

value of the height measurements resulted in H=1619 μm. The width of the channel was measured 

in the same manner resulting in b=7460 μm. The two white lines in Figure 5.4 (c) may indicate the 

air gap between the Suprasil glass top and bottom and the borosilicate glass corpus, which exists 

due to unavoidable gaps between the connection of different parts. The length of the channel is L= 

20.9 cm. It was observed from the measurements that the channel height was smaller at its center, 

while larger at the two ends. This could be caused by uncertainties introduced by the focal point 

of the image which was positioned in the middle of the channel height and width. 
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Figure 5.4. Tomography image of the channel. (a) The whole channel in the view of ICCD, each pixel represents 

85.62 μm; (b) Measurement of the channel height, each pixel represents 7.71 μm; (c) Measurement of the channel 

width, each pixel represents 7.97 μm; (d) Cross-section of the channel. 

 
Table 5.1. The 30 measurements of channel height via tomography   

 Image 1 [µm] Image 2 [µm] Image 3 [µm] Image 4 [µm]  Image 5 [µm] 

1 1712 1588 1565 1557 1688 

2 1704 1588 1550 1557 1688 

3 1681 1604 1542 1550 1727 

4 1673 1611 1573 1542 1712 

5 1681 1627 1588 1534 1673 

6 1665 1604 1565 1550 1673 

Edge 

Method 
1697 1629 1581 1559 1586 

 

ii) Two edge detection algorithms (MATLAB®) were applied to the tomography images. The 

Canny algorithm uses the derivative of the Gaussian filter to compute the gradient of the channel 

wall image. The edges are detected by finding the local maximum value of the image gradient. 

This algorithm can find a strong and a weak edge by using two thresholds (Figure 5.5 (a)). The 

Roberts algorithm was tested, too, and it seemed to give the best results in terms of stability. 
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Roberts algorithm finds edges at those points where the gradient of the image intensity matrix is 

maximum (Figure 5.5 (b)). From here on, a linear fitting was implemented to detect the edges and 

thus, the corresponding height of the channel. The edge detection algorithm and post-processing 

method were implemented to all the tomography images (Figure 5.6). The mean value of channel 

height for each image is reported in Table 5.1. Since the tomography optics were focused in the 

center of the channel, the central image was considered the one with less uncertainty (Image 3, H 

= 1581 µm). Furthermore, it is possible to observe from the bottom images of Figure 5.7 that the 

inside of the channel may not be perfectly straight along the axis of the channel. 

 

 
Figure 5.5. Edge detection method choice. Edge detection results by using Canny method (a) and Roberts method 

(b). 

 

 
Figure 5.6. Channel wall boundary extraction from Robert method. (a) Linear fitting (black solid line) to the two 

channel wall boundaries (open circles); (b) Channel height measurement results. 
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 Figure 5.7. Edge detection algorithm on tomography images at different position along the channel. (a) The 

schematic of test section on different positions along the channel axis;(b), (c), (d), (e), (f) Channel height results 

along its test section corresponding to image 1,2,3,4,5 separately in (a).   
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iii) Measurements were obtained via a method based on a cold light source and image acquisition 

through the same lenses used for MTV. As shown in Figure 5.8 (a), the cold light source was put 

in front of the transparent channel, the angle of the lamp was precisely adjusted and tested until 

the edge of the channel could be identified (Figure 5.8 (b)).  

 

 
Figure 5.8. Experimental method for definition of channel wall position with cold light source. (a) Experimental 

setup; (b) Typical image of wall boundary took with cold light source, acquisition parameters: 𝛥𝛥𝑡𝑡 = 5 ns, 𝛥𝛥𝑡𝑡𝑎𝑎𝑎𝑎𝑖𝑖𝑔𝑔 = 

100000 ns, 𝑁𝑁𝑙𝑙 = 100, 𝑁𝑁𝑖𝑖 = 10, and 𝐺𝐺 = 40% with a 4 × 4 binning. 

  

The 3D-mapping of the raw images showed that the position of the channel walls 

corresponded to the position of two peaks (Figure 5.8 (b) and Figure 5.9 (b)). After processing the 

images through the Canny method, the wall positions were easily identifiable (Figure 5.9 (d)). The 

corresponding estimated channel height was 𝐻𝐻  =1626 µm. The spatial resolution of the 

measurements was linked to the pixel dimension of 15.2 μm. Furthermore, this method improved 

the adjustments to be made in respect to the orientation of the channel in respect to the acquisition 

optical path. Since the channel wall, obtained by the edge detection, does not have any visible 

angle, it was possible to deduce that the channel is perpendicular and centred in respect to the 
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optical path of the IRO lenses. The edge detection algorithm and cold light source can also help to 

identify where the channel wall is. 

 

 
Figure 5.9 Edge detection implemented to the bottom image acquired by cold light source. (a) Upper half of the raw 

image; (b) 3D-mapping of the intensity image from (a); (c) The gray-scale image of (a); (d) the gray scale image 

after edge detection algorithm to tell where the channel wall is.  

 

Although the novel channel had many advantages, the transparent design also brought some 

limitations. One big drawback was related to the correct channel wall detection during the velocity 

fields measurements. This issue was greatly improved by positioning a black paper cover along 

the whole thickness of the channel walls (Figure 5.10). The main target of the cover is to avoid 

light noise from the surrounding area, like reflection or refraction from other elements. On the top, 

front and back surfaces, black paper was cut to the size of the optical access. The bottom piece of 

the window was just a pure black paper. 
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Figure 5.10. Light-absorbing window fabricated in black paper. 

 

5.1.4 Optical path 
Some new elements were introduced in the optical path in respect to those already discussed 

in the previous chapter. A flat 50: 50 TECHSPEC® UV Plate laser beam splitter was implemented 

before the reflection mirrors in order to measure the energy of the laser during the MTV 

experiments (Figure 5.1 and 5.11). The beam splitter allows optimal performance ranging from 

250 - 450 nm.  

 
Figure 5.11. Schematic of the function of plat beam splitter.  

 

Additionally, a Thorlabs ® BE02-UVB beam expander was used before the plano-convex 

lens in order to improve the laser beam focusing (Figure 5.12). The AR-coating on the lens allows 
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working with wavelength from 240 to 360 nm. The sliding lens on it can help to adjust the 

collimation of the laser beam. The beam expander has a fixed double laser beam magnification. 

When the diameter of the incident light passing through the plano-convex is two-times larger, the 

outgoing light beam is two times thinner. The beam expander can help increase the laser beam 

focusing power. 

 

 
Figure 5.12. Beam expander. 

 

5.2 Experimental methodology  
5.2.1 T1-Channel-T2 and T1+T2-Channel experimental strategy 

Since the goal of this work was to study rarefied gas flows, sub atmospheric pressures needed 

to be imposed between inlet and outlet of the channel. This might be of somehow difficult 

achievement if the experimental conditions need to be stationary.  

Method A: Tanks T1 and T2 are positioned at both ends of the channel (Figure 5.1). During one 

experiment the T1-channel-T2 configuration works as a closed system. The methodology here 

employed in order to engender a Poiseuille flow in the channel coincides with the constant volume 

methodology [145]. The pressure in T1 is always larger than T2, that is 𝑝𝑝1(𝑡𝑡) > 𝑝𝑝2(𝑡𝑡). Once an 
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initial pressure difference has been imposed between the two tanks, the thermodynamic system 

relaxes to a final equilibrium state where Δ𝑝𝑝 = 𝑝𝑝1 − 𝑝𝑝2 = 0.  The pressure 𝑝𝑝1 is decreasing from 

its maximum to its minimum and 𝑝𝑝2 is increasing from its minimum to its maximum. A typical 

example of pressure variation with time at the two ends of the channel is shown in Figure 5.13. 

The temporal variation of pressure is dependent on the initial pressure difference Δ𝑝𝑝(𝑡𝑡0) and the 

volume ratio between T1 and T2. When the value of Δ𝑝𝑝(𝑡𝑡0) and tank volume ratio V1/V2 is known, 

the pressure variation can be calculated if the conductance of the channel is known [145].  In our 

experiments, the two tanks have equal volumes (V1/V2≈1), thus during the totality of one 

experiment the mean pressure 𝑝𝑝𝑚𝑚(𝑡𝑡) = 1
2

(𝑝𝑝1 + 𝑝𝑝2)  remains constant (Figure 5.13 (b)). 

Furthermore, the pressure difference variation with time can be expressed as  

Δ𝑝𝑝(𝑡𝑡) = Δ𝑝𝑝(𝑡𝑡0) exp�−
𝑡𝑡
𝜏𝜏𝑓𝑓
� , 𝜏𝜏𝑓𝑓 =

𝑉𝑉0
𝐶𝐶

,𝑉𝑉0 =
𝑉𝑉1𝑉𝑉2
𝑉𝑉1 + 𝑉𝑉2

(5.1) 

where 𝜏𝜏𝑓𝑓 is the characteristic time of the flow and C is the conductance which depends on the 

channel geometry and mean rarefaction [6]. Our experiments verified the exponential decay of the 

pressure difference variation with time (Figure 5.13(b)), thus the value of 𝜏𝜏𝑓𝑓 could be obtained by 

fitting the exponential function to the experimental data. Since the volume of the tanks is known 

the conductance of the channel can be inferred.  

 Method B: a Poiseuille flow can be generated along the channel also in a slightly different manner. 

In the T1+T2-channel case scenario, the two tanks are positioned at the inlet of the channel and a 

vacuum pump is used to create a Poiseuille flow (open system). This strategy allows to create a 

great gas mass inertia at the inlet of the channel (180 liters), thus when pumping through the 

channel, pressure is considerably stable in the upstream volume during one experiment [35; 102]. 

Through this strategy it is possible to obtain quasi-stationary flow conditions in the system (Figure 

5.14).  

The current molecular tagging velocimetry experiment allows measurements for flows in 

stationary conditions. Thus, if the limit conditions of the flow evolve with time this might not be 

the case. In order to be able to acquire stationary flow conditions, the image acquisition has to be 

sufficiently short (low number of laser shots 𝑁𝑁𝑙𝑙).  
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Figure 5.13. A typical example of pressure variation over time of T1-Channel-T2 method, when the initial pressure  

𝑝𝑝1,0 = 15 kPa, 𝑝𝑝2,0= 1.4 kPa, pure acetone vapor flow. (a) Temporal evolution of 𝑝𝑝1 and 𝑝𝑝2; (b) Temporal evolution 

of pressure difference and mean pressure.  

 

.  

Figure 5.14. A typical example of pressure variation over time of T1+T2 Channel method, when the initial pressure  

𝑝𝑝1,0 = 15 kPa, 𝑝𝑝2,0= 0, 𝑝𝑝2 will jump to a high pressure when flow begins, pure acetone vapor flow. (a) Temporal 

evolution of 𝑝𝑝1 and 𝑝𝑝2; (b) Temporal evolution of pressure difference and mean pressure.  
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5.2.2 Dynamic constant volume technique 
The present experimental configuration allows us to apply the constant volume technique [145] 

to measure the mass flow rate along the channel at every instant of one experiment. If the pressure 

difference imposed along the channel varies with time also the flow velocity and mass flow rate 

follow the same trend. From the mass flow rate measurements obtained via the constant volume 

technique, it is possible to extract the mean velocity of the flow for a given cross-section. This can 

cross-validate the velocity measurement results acquired via MTV technique. As reported in the 

literature [145] the mass flow rate can be obtained from our experiments as: 

�̇�𝑚𝐶𝐶𝐶𝐶(𝑡𝑡) = −
𝑉𝑉0
𝑅𝑅𝑎𝑎𝑇𝑇

𝑑𝑑�Δ𝑝𝑝(𝑡𝑡)�
𝑑𝑑𝑡𝑡

. (5.2) 

Thus, the mean velocity of the flow in a single cross section can be expressed as  

𝑢𝑢�𝐶𝐶𝐶𝐶,2𝐶𝐶(𝑥𝑥, 𝑡𝑡) =
�̇�𝑚𝐶𝐶𝐶𝐶(𝑡𝑡)𝑅𝑅𝑆𝑆𝑇𝑇
𝐻𝐻𝑏𝑏𝑝𝑝(𝑥𝑥, 𝑡𝑡)

, (5.3) 

where 𝑢𝑢�𝐶𝐶𝐶𝐶,2𝐶𝐶(𝑥𝑥, 𝑡𝑡) corresponds to a fully developed mean velocity of a two-dimensional Poiseuille 

flow and 𝑝𝑝(𝑥𝑥, 𝑡𝑡) represents pressure distribution along x-axis (centreline of the channel). 

However, as explained in [6], the measured MTV value of the average velocity in the channel 

corresponded to the average of the velocity profile in the plane where the camera was focused, that 

is the centre of the channel, z = 0, x = L/2). The relation between these two velocities can be 

approximated as [102]:   

𝑢𝑢�𝐶𝐶𝐶𝐶,2𝐶𝐶(𝑡𝑡) = 1.14𝑢𝑢�2𝐶𝐶 �𝑥𝑥 =
𝐿𝐿
2

, 𝑡𝑡� = 1.14 𝑢𝑢�𝐶𝐶𝐶𝐶 , (5.4) 

where 𝑢𝑢�2𝐶𝐶  is the two-dimensional velocity distribution on a cross-section, 𝑢𝑢�𝐶𝐶𝐶𝐶  is the mean 

velocity of the velocity profile in the centre plane where MTV were measured.  

5.3 Experimental results for MTV  
Velocity fields of pure acetone vapor flows were measured in hydrodynamic regime. The 

hereafter presented measurements were obtained with the T1-channel-T2 configuration. The initial 

pressure differences imposed between inlet and outlet of the channel were 𝑝𝑝1,0 = 2kPa, 𝑝𝑝2,0 = 1 

kPa. The pressure variation with time during one experiment is represented in Figure 5.17 (a). The 

laser shots frequency was 20 Hz and the number of laser shots per image was set to 𝑁𝑁𝑙𝑙 = 100. Thus, 
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the acquisition of one image needed around 5s. The gain was set at its maximum (𝐺𝐺 = 100%) and 

𝛥𝛥𝑡𝑡𝑎𝑎𝑎𝑎𝑖𝑖𝑔𝑔 was set at 500 ns. The spatial resolution of the acquisition corresponded to a 4 × 4 pixels 

binning. Measurements were realized for four different delay times 𝑡𝑡 = 20 μs, 30 μs, 40 μs, 50 μs. 

𝑁𝑁𝑖𝑖 = 10 images were averaged for each measurement. Since the flow is quasi stationary (Fig. 5.13), 

in order to have the same thermodynamic limit conditions on the channel, the experimental run 

needed to be repeated 𝑁𝑁𝑖𝑖  times. The image acquisition strategy was thus a vertical averaging 

method as shown in Figure 5.15 [102]. The procedure had to be repeated for each delay time 

investigated, therefore 40 experimental runs were realized by imposing the same thermodynamic 

initial conditions at the two ends of the channel. A totality of 800 raw images were treated for the 

whole experimental campaign.  

 
Figure 5.15. The schematic of ‘vertical’ image averaging strategy. Figure from Fratantonio [102].   

 

As shown in Figure 5.16 (a), during the acquisition of one image (5s) the pressure difference 

between inlet and outlet of the channel decreased, while the mean pressure was stable. Thus, even 

if some systematic uncertainty was introduced in the velocity profile measurements, they could be 

quantified. The maximum pressure difference deviation during one image acquisition from its 

initial starting point is around 40 Pa. Considering that the accuracy of the pressure sensor is around 
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±20 Pa for the current pressure reading range, this pressure difference variation during one image 

seems acceptable.  

The post-processing procedure detailed in Chapter 4 was implemented to the acquired images 

for velocity profile extraction. The channel wall position was measured as established in section 

5.1.3. One single image of the displacement profile is shown in Figure 5.16 (b). Averaging along 

10 images increases the overall quality of the image.  

 

 
Figure 5.16. One raw image acquisition of pure acetone flow with  𝑝𝑝𝑚𝑚 = 1481 Pa, Δp = 381 Pa, 𝑡𝑡 = 30 μs, 𝛥𝛥𝑡𝑡𝑎𝑎𝑎𝑎𝑖𝑖𝑔𝑔 = 

500 ns, 𝑁𝑁𝑙𝑙 = 100, 𝑁𝑁𝑖𝑖 = 1, and 𝐺𝐺 = 100% with a 4 × 4 binning. (a) Temporal evolution of mean pressure and pressure 

difference during one raw image acquisition duration; (b) One raw image of displacement profile. 

  

The displacement profile corresponding to each delay time was extracted (Fig 5.17). As 

indicated in chapter 4, a gaussian function was used to fit the photoluminescent signal at each 

horizontal line (y = constant). The peak of the gaussian fitting was used to follow the tracer 

displacement for velocimetry applications. Figure 5.17 shows the final averaged image and 

gaussian peaks of each horizontal lines at different delay times. It is possible to observe in these 

images how some photoluminescence is emitted also from the wall. Thus, the information used in 

order to apply the reconstruction method [35-37] was restrained to the channel inner dimensions.  

The mean velocity of the flow measured via MTV was compared to the dynamic constant 

volume technique (DCVT) measurements. The peculiarity of this experimental method is that both 

measurements are realized exactly at the same time.  Table 5.2. resumes the values obtained via 
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MTV and DCVT. One can see that there is a good agreement between both measurements. 

Nevertheless, there is still a relatively high uncertainty associated to the MTV method, especially 

in respect to obtaining slightly different values of mean pressure at different delay times.  

 

 
Figure 5.17. MTV acquisitions of pure acetone vapor flow with displacement profile with 𝑝𝑝𝑚𝑚 = 1481 Pa, Δp = 381.0 

Pa, Kn=0.00075, Δ𝑡𝑡𝑔𝑔𝑎𝑎𝑡𝑡𝑠𝑠 = 500 ns, 𝑁𝑁𝑠𝑠 = 100, 𝑁𝑁𝑖𝑖 = 1, and 𝐺𝐺 = 100% with a 4 × 4 binning. (a) 𝑡𝑡 = 20 μs, (a) 𝑡𝑡 = 30 μs, 

(a) 𝑡𝑡 = 40 μs, (a) 𝑡𝑡 = 50 μs, 
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Table 5.2. Comparison of mean velocity between MTV and CV technique 

𝒖𝒖𝑴𝑴𝑴𝑴𝑴𝑴������� （m/s） 

Pressure 

difference (Pa) 
381.0 284.6 235.4 194.7 161.0 

20 μs 30.63  28.31  21.77  23.41  29.86  

30 μs 34.18  27.85  24.01  17.93  17.38  

40 μs 34.29  29.68  23.07  20.35  16.24  

50 μs 36.10  31.65  24.62  21.92  17.56  

𝒖𝒖𝑪𝑪𝑴𝑴�����  37.48 31.00 25.64 21.21 17.54 

 

 

5.4 Conclusions 
In this chapter, we described the experimental setup and experimental method used for 

applying the MTV technique to rarefied gas flows. Specifically, a great effort has been done in 

respect to designing and fabricating a new transparent channel. The advantages and disadvantages 

of this new device were analysed, such as the difficulty of correctly detecting the inner wall of the 

channel. An original method based on edge detection algorithm was proposed to better identify 

the wall position. The experimental setup was adapted for realizing measurements via the dynamic 

constant volume technique in parallel of MTV. This possibility was interesting enough since it 

offered and excellent tool for indirectly verifying the molecular tagging measurements. This was 

a preliminary study, since implementing the new transparent channel was a real challenge. Thus, 

on this basis, future work will be focused on obtaining better experimental results of velocity fields 

for rarefied gas mixture flows with the same channel.   
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Chapter 6 Conclusions and perspectives 
The work in this thesis was mainly focused on obtaining a more accurate and precision-

controlled MTV measurement of rarefied gas flow in a rectangular channel when implementing 

the reconstruction method. 

 It has been verified in previous works that the combined effect of molecular diffusion and 

advection prevents the extraction of local velocity profiles by simply dividing the molecular 

displacement by the time of flight [81]. A reconstruction algorithm was proposed by Frezzotti et 

al. [36] to obtain a correct extraction of the velocity profile, nevertheless the reconstruction method 

is extremely dependent on the diffusion coefficient [36]. At relatively high pressures, the 

reconstruction method gives satisfactory results [35; 37], however, at low pressures, the 

reconstruction algorithm has failed to accurately provide velocity profiles matching theory [35]. 

A possible source of uncertainty comes from the method’s strong sensitivity to the diffusion 

coefficient value, thus this parameter needs to be well-characterized. 

Nevertheless, the diffusion coefficient in confined flows is of difficult estimation and new 

experimental methods are needed in order to measure this parameter. At the moment, the diffusion 

coefficient calculation is based on a correct knowledge of the kinetic diameter of the molecular 

species, however, little information is available for what concerns complex tracer molecules such 

as acetone. In the experimental work presented in Chapter 4, measurements of the molecular 

diffusion coefficient and of the molecular kinetic diameter of gaseous acetone were obtained 

through molecular tagging, which is an optical technique. To the best of our knowledge, this work 

presented the first measurements of self-diffusion coefficients of gaseous acetone via an optical 

technique. The measurements consisted in following the displacement of phosphorescent 

molecules from an initially tagged center line. The distribution of the emitted signal was quantified 

through gaussian fitting functions at different moments of the experiment. The diffusion 

coefficient extraction was realized through the Einstein-Brownian diffusion equation which relates 

the gaussian variance evolution with time to molecular diffusion. From the diffusion coefficient 

measurements, an indirect experimental estimation of the kinetic diameter of gaseous acetone was 

obtained, too. The pressure dependency of diffusion coefficient was verified based on the pressure 
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range from 500 to 10000 Pa at room temperature. Even if the experimental results are in the range 

of data available in the literature, these values have still to be tested in a real case scenario of 

reconstruction method for MTV applications. A rigorous sensitivity analysis was conducted based 

on R-squared and SNR was proposed and utilized both considering the goodness of the curve 

fitting and image quality. A rigorous procedure was discussed to define the time range of interest 

based on theory and signal quality.  

A detailed analysis was realized over the curious behavior of the variance evolution with time 

after initial tagging, which was expected initially to be linear with time during the full duration of 

one experiment. The non-linear behavior of the variance evolution over time at early time and high 

pressure was explained local luminescence quenching coming from triplet triple annihilation. A 

second explanation was related to local heating after laser excitation. This effect was especially 

evident at high pressures. This effect can affect greatly the behavior of the variance variation with 

time and it is thus to be avoided when extracting diffusion coefficients through the classic Einstein-

Brownian equation, since results do not follow the theoretical predictions of the Chapman-Enskog 

equation. The experimental results also indicate a possible pressure dependency of acetone kinetic 

diameter, this could be an explanation over the high range of values that are found in the literature.   

However, further investigation is required to understand if the evolution of the kinetic 

diameter with pressure is either a real physical phenomenon or just an error bias caused by higher 

inaccuracies for the higher-pressure data and/or uncertainties on the experimental conditions inside 

the test section. Investigations will be carried in order to consider TTA and local heating when 

modeling the signal distribution evolution in space due to diffusion. A new experimental campaign 

will be realized for acetone and diacetyl at large pressure ranges, especially in the 100 Pa to 1000 

Pa, were the non-linear behavior of variance with time can be considered negligible. Diffusion 

measurements for different gas temperatures in respect to ambient temperature will also be 

obtained. 

As described in Chapter 5, a new transparent rectangular channel was designed and fabricated 

to improve the extent of the possible test sections to be monitored. With the current design it was 

potentially possible to investigate the flow along the full length of the channel. In respect to 

previous designs, the sealing properties of the channel were improved. The inner cross-section of 

the channel was measured via X-ray tomography. Furthermore, an edge detection method was 

used to measure the channel height at different positions. However, the channel height was not 
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constant along its full length. This may be caused by the uneven application of adhesive between 

different parts of the channel. One of the main limitations coming with the transparent channel 

was the interference from surrounding light. An outer black mask was a good solution to avoid 

this problem. The task of defining the position of the wall of the channel during experiments is of 

a certain difficulty, too. A new experimental method with cold light source and edge detection 

method was used to identify their position. 

Due to the quasi-stationary nature of the experimental methodology used for creating a 

Poiseuille flow at low pressures along the channel, a ‘vertical’ image averaging acquisition method 

was tested for the first time. This method was successfully applied in a non-rarefied pure acetone 

flow. A dynamic constant volume technique measurement was operated at the same time. A good 

agreement was obtained between the different experimental methods. This possibility was 

interesting enough since it offered and excellent tool for indirectly verifying the molecular tagging 

measurements. The preliminary efforts realized in respect of using Molecular Tagging have been 

at the moment of great help in the perspective of future works. However, implementing the new 

transparent channel was a real challenge. Thus, on this basis, future work will be focused on 

obtaining better experimental results of velocity fields for rarefied gas mixture flows with the same 

channel.   

Future work will also focus on using MT for gas mixture purposes, since through the 

technique it is also possible to measure molecular concentrations along the channel. There is a 

huge difference between the molar mass of tracer vapor acetone and carrier gas helium. Although 

the mole fraction of tracer and gas is constant in the upstream and downstream reservoir (T1, T2) 

in our experimental strategy, when the rarefied gas mixture flowing through the channel, lighter 

gas molecule diffuse faster, which cause the separation of the two species. The diffusion flux can 

be caused not only by a mole fraction gradient, but also by pressure and temperature gradients 

causing two species to have different mean velocities even if the chemical composition of the 

mixture is uniform. This velocity difference leads to a separation of species, which is very 

important to understand in practice. The core question is that whether this velocity difference can 

be measured by us. In our MTV works, we can measure the velocity profile of the tracer, and the 

acetone concentration in the gas mixture. Both the numerical and experimental work are necessary 

to understand the species separation phenomenon.  
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Another perspective for the future work will be applying MTV to rarefied gas flows in more 

complex situations, such as channels containing obstacles inside the rectangular channel or 

periodic flows. The flow behavior should be predicted by CFD tools-FVM or DSMC. The shape 

of obstacle can be rectangular (cube, cuboid), triangular (pyramid), etc. [146]. The geometry of 

the channel with obstacle can be first by 2-D then improved to 3-D. The flow regime can start with 

continuum regime then improve to rarefied regime. To conclude, several options and perspectives 

are possible, being the most interesting one the use of molecular tagging in micrometric confined 

gas flows, which is still a cumbersome task to realize.   
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Appendix A 
Outgassing experimental procedures 
In order to provide an oxygen-free environment, the following procedure is mandatorily (Figure 

4.9): 

1) all the valves keep closed at the beginning; 

2) vacuum pump 1 and 2 keeps working; 

3) open valve V3, V2 and create vacuum inside the chamber; 

4) open the valve V8, V7, V5, V14, V4, and fully open valve V6 until the gas line is full of the 

acetone vapours and air hided inside each element; 

5) once the numerical values read from P3 do not change any more, which means the pressure 

inside the gas line is quite stable, close the valve V8 and open valve V14 to create vacuum 

inside the gas line again; 

6) the step 4 and 5 repeated several times to reach fully outgassing. 
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Appendix B 
Measured laser energy and Absorption cross sections 

A low laser energy value is preferred in order to protect the optical access of gas chamber and 

avoid TTA process or local temperature rise. A high stability of laser energy is also in need. It is 

necessary to precisely control and monitor the laser energy during image acquisition process. 

As measurement strategy described in Section 4.2.2, the measured results obtained by laser 

energy detector 2 in the back of the gas chamber during the image acquisition 𝐸𝐸2,𝑖𝑖𝑚𝑚𝑎𝑎  (𝑡𝑡 =

20𝜇𝜇𝑠𝑠~100𝜇𝜇𝑠𝑠 ). The evolution of the three measured variables with pressures are summarized in 

Figure B.1. From this figure,  𝐸𝐸1,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 can be taken as a constant among all the experiments, which 

is obtained before the OPOlette laser and image acquisition. The mean value of 𝐸𝐸1,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 among all 

the pressure range is 33.1 𝜇𝜇𝜇𝜇, whose standard deviation is 0.9129 μJ, exactly within the uncertainty 

range. Thus, the induced laser energy at different pressure can be considered as a constant.  
 

 
Figure B.1. Three measured averaged laser energy parameters evolve with pressure.  

 

While the laser energy measured in the back of the chamber, both 𝐸𝐸2,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 and 𝐸𝐸2,𝑖𝑖𝑚𝑚𝑎𝑎 before 

and during the image acquisition when the gas chamber was filled with acetone vapor at different 

pressure, show a tendency to decrease linearly with increasing pressure. Since 𝐸𝐸1,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  can be 

regarded as a constant, the ratio between 𝐸𝐸2,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 and 𝐸𝐸1,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 and the ratio between 𝐸𝐸2,𝑖𝑖𝑚𝑚𝑎𝑎 and 𝐸𝐸1,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 
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can also show a linear decrease tendency. A linear fitting is also performed on 𝐸𝐸2,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖/𝐸𝐸1,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 and  

𝐸𝐸2,𝑖𝑖𝑚𝑚𝑎𝑎/𝐸𝐸1,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖. The results of the ratios are illustrated in Figure B.2. The difference between 𝐸𝐸2,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 

and 𝐸𝐸2,𝑖𝑖𝑚𝑚𝑎𝑎 is due to the fact that the OPOlette laser shows a decreasing trend under long continuous 

emission. For 𝐸𝐸2,𝑖𝑖𝑚𝑚𝑎𝑎 ,the recording duration which is the image acquisition time is around 23 

minutes (1350 s) in total. The recording duration for 𝐸𝐸2,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 and 𝐸𝐸1,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 is both only 5 min, in order 

to obtain the exact ratio of the laser energy ratio between the incoming laser and the outgoing laser 

of the gas chamber. This explain the reason why 𝐸𝐸2,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 is larger than 𝐸𝐸2,𝑖𝑖𝑚𝑚𝑎𝑎.  

 

 
Figure B.2 Linear fitting to 𝐸𝐸2,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖/𝐸𝐸1,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 and  𝐸𝐸2,𝑖𝑖𝑚𝑚𝑎𝑎/𝐸𝐸1,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖. 

 

This linear decrease can be explained by the Beer-Lambert law, the relationship between the 

laser energy measured in the back of the gas container 𝐸𝐸2 and laser energy measured before the 

gas container 𝐸𝐸1 can be described as 
𝐸𝐸2
𝐸𝐸1

= 𝑠𝑠−𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎𝑙𝑙𝑖𝑖, (B. 1) 

where  𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎 is the absorption cross-section of the absorbing species, 𝑠𝑠 is the optical length of 

the medium, 𝑛𝑛 =  𝑝𝑝
𝑘𝑘𝐵𝐵𝑇𝑇

 is the number density.  

We assume that, in our case, during the laser excitation and light emission, the incident laser 

energy 𝐸𝐸1, pressure 𝑝𝑝, and bulk temperature 𝑇𝑇 can be considered as constant. 

  In that case, we can derive the following equation 
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𝐸𝐸2 (𝑝𝑝 = 500𝑘𝑘𝑎𝑎)
𝐸𝐸1

= 𝑠𝑠−𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎𝑙𝑙𝑖𝑖0 , 

𝐸𝐸2 (𝑝𝑝 = 10000𝑘𝑘𝑎𝑎)
𝐸𝐸1

= 𝑠𝑠−𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎𝑙𝑙20𝑖𝑖0 , 

𝐸𝐸2(𝑝𝑝 = 10000𝑘𝑘𝑎𝑎)
𝐸𝐸2(𝑝𝑝 = 500𝑘𝑘𝑎𝑎) =

𝑠𝑠−𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎𝑙𝑙20𝑖𝑖0
𝑠𝑠−𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎𝑙𝑙𝑖𝑖0

= 𝑠𝑠−𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎19𝑙𝑙𝑖𝑖0 , (B. 2) 

where 𝑛𝑛0 represents the number density at p = 500 Pa. Based on the design blueprint of the 

gas chamber, the distance between the two Suprasil windows is 0.04568 m. The results of 𝐸𝐸2 are 

acquired from the linear fitting of 𝐸𝐸2,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  (Figure B.2). We can calculate the absorption cross-

section of acetone vapor at 𝑇𝑇 = 294 K, 𝜆𝜆𝑠𝑠𝑥𝑥 = 310 𝑛𝑛𝑚𝑚 

𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎 = −
ln �𝐸𝐸2(𝑝𝑝 = 10000𝑘𝑘𝑎𝑎)

𝐸𝐸2(𝑝𝑝 = 500𝑘𝑘𝑎𝑎) �

19𝑠𝑠𝑛𝑛0
. (B. 3) 

The calculated absorption cross-section of acetone vapor at 294 K is 𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎 = 1.1785 ×

10−24 𝑚𝑚2 , which is close to the value proposed by Lozano and coworkers [95], which is 

 4.7 × 10−24 𝑚𝑚2  at 𝑇𝑇 = 293 K, with an excitation wavelength of 275 nm. The measured value in 

this thesis and the values in the literature are of the same order of magnitude. Since absorption 

cross-section is a function of both excitation wavelength and gas temperature. The difference of 

wavelength and temperature in different study can explain the deviation between the values. The 

relationship between absorption cross-section and the excitation wavelength were already 

discussed in Section 3.2.2 and 3.2.3. 

A possible limitation in the experimental measurement of absorption cross-section in this 

thesis is that we did not consider the energy loss due to other optics, such as laser energy absorbed 

by two Suprasil access, plano-convex lens, mirrors, etc. However, we can consider this problem 

in a pure mathematical way, as expressed by:  

𝐸𝐸2(𝑝𝑝 = 10000𝑘𝑘𝑎𝑎) + 𝐶𝐶𝑜𝑜
𝐸𝐸2(𝑝𝑝 = 500𝑘𝑘𝑎𝑎) + 𝐶𝐶𝑜𝑜

=
𝐸𝐸2(𝑝𝑝 = 10000𝑘𝑘𝑎𝑎)
𝐸𝐸2(𝑝𝑝 = 500𝑘𝑘𝑎𝑎) , (B. 4) 

in which 𝐶𝐶𝑜𝑜  is the energy loss due to the optics. Eq.(B.4) holds mathematically, thus our 

measurement make sense. Future work can also be done to measure 𝐸𝐸1 , 𝐸𝐸2  in visualization 

chamber without any gas (pure acetone vapor) in it. 
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Appendix C 
Binary gas mixture flow properties calculation  

It is underlying to calculate the flow properties of gas mixture flow for numerical and 

experimental work. Based on the previous work [35; 102], it is known that the pressure of rarefied 

pure acetone flow, which has a high Knudsen number, is too low to be exploited. The gas mixture 

composed of a lightweight carrier gas, such as helium or argon, and acetone vapor with a relatively 

high pressure can also reach a higher Knudsen number.  The work of Sharipov showed that if there 

exists a large difference between molecular mass of two species, the approach for a single species 

will not be efficient for the gas mixture [147].  

Here we introduce the specific approach to define the important properties of binary gas 

mixture. From the work of Bird [38], the mean free path for the binary gas mixture can be defined 

by: 

𝜆𝜆 = �̅�𝜆 = � 
2

𝑖𝑖=1

��
𝑛𝑛𝑖𝑖
𝑛𝑛
� 𝜆𝜆𝑖𝑖� = � 

2

𝑖𝑖=1

𝜒𝜒𝑖𝑖

∑  2
𝑗𝑗=1 𝑛𝑛𝑗𝑗𝜋𝜋𝑑𝑑𝑖𝑖𝑗𝑗2 �

𝑚𝑚𝑖𝑖 + 𝑚𝑚𝑗𝑗
𝑚𝑚𝑗𝑗

, (𝐶𝐶. 1)
 

with the tracer concentration:  

𝜒𝜒𝑖𝑖 =
𝑛𝑛𝑖𝑖
𝑛𝑛

 

total density of the gas mixture: 

𝑛𝑛 = �𝑛𝑛𝑖𝑖,
2

𝑖𝑖=1

 

distance between the molecule centres: 

𝑑𝑑12 = (𝑑𝑑1+𝑑𝑑2)
2

, 

in which the indices 1 and 2 refers to the tracer vapor and carrier gas, respectively. 

The molar mass of the mixture M can be defined as: 

𝑀𝑀 = � 
2

𝑖𝑖=1

𝑛𝑛𝑖𝑖
𝑛𝑛
𝑀𝑀𝑖𝑖 . (𝐶𝐶. 2) 

The specific ideal gas constant can also be described in the equation: 

𝑅𝑅𝑎𝑎 = 𝑐𝑐𝑝𝑝 − 𝑐𝑐𝑎𝑎 (𝐶𝐶. 3) 
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where 𝑐𝑐𝑝𝑝 is the specific heat at constant pressure and 𝑐𝑐𝑎𝑎 is specific heat at constant volume.  The 

specific heats remain constant for an ideal gas.  In that case, we can have the ratio of the specific 

heats: 

𝛾𝛾 =
𝑐𝑐𝑝𝑝
𝑐𝑐𝐶𝐶 

(𝐶𝐶. 4) 

Then the specific heats of an ideal gas can be given by: 

𝑐𝑐v =
1

𝛾𝛾 − 1
𝑅𝑅𝑆𝑆 (𝐶𝐶. 5) 

𝑐𝑐p =
𝛾𝛾

𝛾𝛾 − 1
𝑅𝑅𝑆𝑆 (𝐶𝐶. 6) 

The specific heats of gas mixture can be expressed by: 

𝑐𝑐𝑝𝑝 = � 
2

𝑖𝑖=1

𝑛𝑛𝑖𝑖
𝑛𝑛
𝑐𝑐𝑝𝑝,𝑖𝑖, (𝐶𝐶. 7) 

𝑐𝑐𝐶𝐶 = � 
2

𝑖𝑖=1

𝑛𝑛𝑖𝑖
𝑛𝑛
𝑐𝑐𝐶𝐶,𝑖𝑖. (𝐶𝐶. 8) 

The specific heat ratio of the gas mixture can be defined as: 

𝛾𝛾 =
∑  2
𝑖𝑖=1

𝑛𝑛𝑖𝑖
𝑛𝑛

𝛾𝛾𝑖𝑖
𝛾𝛾𝑖𝑖 − 1𝑅𝑅𝑎𝑎,𝑖𝑖

∑  2
𝑖𝑖=1

𝑛𝑛𝑖𝑖
𝑛𝑛

1
𝛾𝛾𝑖𝑖 − 1𝑅𝑅𝑎𝑎,𝑖𝑖

, (𝐶𝐶. 9) 

with the specific ideal gas constant 

𝑅𝑅𝑎𝑎,𝑖𝑖 =
𝑅𝑅univ 

𝑀𝑀𝑖𝑖
. 

The specific ideal gas constant of the gas mixture can be expressed as: 

𝑅𝑅𝑎𝑎 =
𝑅𝑅univ 

𝑀𝑀
. (𝐶𝐶. 10) 

Compared to the Eq.(C.1) proposed by Bird, Sharipov and Kalempa [148] proposed a simpler 

approach to calculate the mean free path  as following: 

𝜆𝜆 =
√𝜋𝜋𝜇𝜇
2𝑝𝑝

�
2𝑘𝑘𝑇𝑇
𝑚𝑚

�
1
2

, (𝐶𝐶. 11) 

where μ is the viscosity of the mixture, p and T are the pressure and temperature of the gas 

mixture. The mean molecular mass m can be expressed as: 
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𝑚𝑚 = � 
2

𝑖𝑖=1

𝑛𝑛𝑖𝑖
𝑛𝑛
𝑚𝑚𝑖𝑖. (𝐶𝐶. 12) 

Eq.(C.7) is actually Eq.(2.7) when we choose to use Maxwell molecules model, that is 𝑘𝑘𝜆𝜆= �2
𝜋𝜋
 . 
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