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Abstract xi

ESTIMATION D’ERREUR A POSTERIORI POUR DES CALCULS DE STRUCTURE ELECTRONIQUE
PAR DES METHODES AB INITIO ET SON APPLICATION POUR DIMINUER LE COUT DE CALCUL
A posteriori error estimation for electronic structure calculations using ab initio methods
and its application to reduce calculation costs

Abstract

The thesis is concerned with the error analysis of electronic structure calculation. The long term goal is to,
in one hand, derive computable a posteriori error estimator for ab initio methods and, in the other hand,
propose near-optimal computational cost strategy for the numerical calculation of those methods based
on the a posteriori error estimation and the separation of the discretization and iteration error sources.
In the first part of the thesis, we introduce a new well-posedness analysis for the single reference coupled
cluster method based on the invertibility of the CC derivative. Under the minimal assumption that
the sought-after eigenfunction is intermediately normalisable and the associated eigenvalue is isolated
and non-degenerate, we prove that the continuous (infinite-dimensional) CC equations are always locally
well-posed. Under the same minimal assumptions and provided that the discretization is fine enough,
we prove that the discrete Full-CC equations are locally well-posed, and we derive residual-based error
estimates with guaranteed positive constants. The second part of the thesis focus on the application of
a posteriori error estimation to construct near-optimal path when approximating the solution of PDEs.
We firstly apply a probabilistic method to explore an optimal path that minimizes the cost for the
numerical resolution of linear and nonlinear elliptic source problems. Based on the analysis of those
optimal paths, we propose two near-optimal strategies to achieve a given accuracy based on the error
sources decomposition of the error estimator. Finally, we validate the feasibility of those near-optimal
strategies by applying them to the numerical approximation of a nonlinear eigenvalue problem, i.e., the
Gross-Pitaevskii equation.

Keywords: electronic structure theory, coupled cluster method, numerical analysis, non-linear func-
tions, error estimate, Gross-Pitaevskii equation, residual decomposition.

Résumé

La thése porte sur ’analyse des erreurs dans le calcul de la structure électronique. L’objectif & long terme
est, d’une part, de dériver un estimateur d’erreur a posteriori calculable pour les méthodes ab initio et,
d’autre part, de proposer une stratégie de cotit de calcul quasi-optimale pour le calcul numérique de ces
méthodes basée sur I’estimation d’erreur a posteriori et la séparation des sources d’erreur de discrétisation
et d’itération. Dans la premiére partie de la thése, nous introduisons une nouvelle analyse de bien posé
pour la méthode de cluster couplé a référence unique basée sur l'inversibilité de la dérivée CC. Sous
I’hypothése minimale que la fonction propre recherchée est normalisable de fagon intermédiaire et que
la valeur propre associée est isolée et non dégénérée, nous prouvons que les équations CC continues
(en dimension infinie) sont toujours bien posées localement. Sous les mémes hypothéses minimales et a
condition que la discrétisation soit suffisamment fine, nous prouvons que les équations CC discrétes sont
localement bien posées, et nous dérivons des estimations d’erreur basées sur les résidus avec des constantes
positives garanties. La deuxiéme partie de la thése se concentre sur 'application de ’estimation d’erreur
a posteriori pour construire un chemin quasi-optimal lors de I'approximation de la solution d’EDP.
Nous appliquons d’abord une méthode probabiliste pour explorer un chemin optimal pour la résolution
numérique de problémes elliptiques linéaires et non linéaires en minimisant le coiit de calcul. Sur la base
de I’analyse de ces chemins optimaux, nous proposons deux stratégies quasi-optimales pour atteindre une
précision donnée, basées sur la décomposition des sources d’erreur de I’estimateur d’erreur. Enfin, nous
validons la faisabilité de ces stratégies quasi-optimales en les appliquant a I’approximation numérique
du probléme des valeurs propres, c’est-a-dire ’équation de Gross-Pitaevskii.

Mots clés : théorie de la structure électronique, méthode des clusters couplées, analyse numérique,
fonction non linéaire, estimation d’erreur, équation de Gross-Pitaevskii, décomposition du residu.
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Chapter 1

Introduction

Computational quantum chemistry is by now widely regarded as one of the central pillars of
modern chemistry. In quantum chemistry, the behavior of matter is described using wave func-
tions and governed by a so-called Hamiltonian operator acting on a Hilbert space of these wave
functions. In the so-called non-relativistic Born-Oppenheimer setting, the nuclei of the molecule
under study are treated as clamped, point-like particles. The goal is to study the evolution
of the electrons, a field of study called electronic structure theory. In electronic structure cal-
culation, the primary difficulty is the extremely high-dimensionality of solution space, which
depends exponentially on the size of the electronic system. For a system containing @ elec-
trons, the sought-after ground state (i.e., the lowest eigenfunction) of the electronic Hamiltonian
depends on 3@ spatial variables. A naive application of traditional numerical methods such as
finite element approximations or spectral schemes, etc., therefore fails spectacularly. After nearly
a century’s development, a number of ab initio (first principles-based) deterministic numerical
methods for approximating the ground state energy have been constructed. However, even these
methods are well established, many questions pertaining to the mathematical error analysis of
these methods remain unconsidered.

Error estimation is usually classified into two types: the a priori error estimation and the a
posteriori error estimation. A priori error estimates typically have the following form:

|u —un| < CN7F, (1.1)

where u is the exact solution to our problem and u is the approximate solution in a discretisation
space depending on a parameter N > 0 measuring the number of degrees of freedom of this
discretization space, || - || is a certain norm, and C, k are positive constants associated with the
measure of the regularity of u. Estimate (1.1) ensures that the approximation error ||u — uy||
goes to zero as N goes to infinity. In addition, the parameter k indicates the convergence rate of
the discrete solutions towards the exact one. The disadvantage of the above estimate is that the
constant C' is, in general, unknown because it is a function of the unknown solution C' = C(u).
Conversely, a posteriori error estimates typically have the following form:

|lu —un| < P(un,C), (1.2)

where P is a function of the known numerical solution uy and a set of known or computable
data C at a cost lower or similar to the cost spent to determine uy. Estimate (1.2) provides
computable error bounds controlling the difference between our approximate result and the true
solution. In numerical approximation methods such as finite element method (FEM) [109, 6, 34,
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6 CHAPTER 1. Introduction

108, 80] or finite difference method(FDM) [69, 64, 76, 73], it may also provide further information
on the error in different region of the computational domain. This is the case when the bound
P(un,C) appears as a sum of contributions related to a small region of the computational
domain. We can then refine the computational domain where the local error is relatively high.
The estimator is then named ‘indicator’ and the method that stems is known as the adaptive
mesh method.

On the one hand, the long term goal of our work is to derive computable a posteriori error
estimator for ab initio methods and, on the other hand, propose near-optimal computational cost
strategies for numerical calculations of these electronic structure methods. For the error analysis
portion of this work, we introduce a new well-posedness analysis for the single reference coupled
cluster method and we derive residual-based error estimates with guaranteed positive constants.
With regards to improving calculation accuracy with limited resources, we propose two near-
optimal strategies to achieve a given accuracy for the numerical solution of Gross-Pitaevskii type
equations.

In the following sections, we will introduce more in detail into these aforementioned topics
and provide an overview of the content in each chapter.

1.1 The coupled cluster equations

The starting point for a derivation of the coupled cluster (CC) equations is the time-independent
Schrédinger equation: For a system containing () electrons and M nuclei, under the Born-
Oppenheimer approximation, the Hamiltonian operator that describes the electronic behavior is

given by
Q Q M Q
S

Jj=1

S (1.3)

l\D\»—l

where {Z,}M | and{z,}) | are the charges and positions of these M nuclei respectively and
{xi}?zl are the positions of the @ electrons. The behavior of the electrons is determined by the
eigenvalues of the Hamiltonian operator H, i.e.,

HU* = 80" (1.4)

Here the eigenvector U* is the wave function describing the state of the electronic system while the
eigenvalue §* corresponds to the energy of the system under state U*. Of particular importance
in electronic structure calculations is the lowest eigenvalue of H, which is the ground state energy
of the system &¢,q with corresponding state W¢q.

It is well-known that electrons are Fermionic particle and it obeys the so-called Pauli-exclusion
principle. In mathematical term, this means that the wave function ¥ is antisymmetric, i.e.,

U(X1,. ooy Xy o3 Xy XQ) = —U(X1, ..o, Xy oo o5 Xy - . XQ) Vi,j€e{l,...,Q} with i # j.

In order to compute a solution to Equation (1.4), it is necessary to approximate the antisymmetric
wave function. The simplest idea is the separation of variables approach, i.e., to write the wave
function as a product of @) functions, each of which only depends on one space variable {xl}ZQ:1
Unfortunately, following this idea, the resulting wave function is not antisymmetric. In 1926,
Heisenberg [50] and Dirac [36] independently proposed to use Slater determinants to represent the
wave function, these Slater determinants being functions that trivially satisfy the antisymmetric
property. Given @ ortho normal functions of one space variable {gbi(x)}?:l (which we also call
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single particle orbitals), the Slater determinant ® constructed from «[gbi(x)}i@:1 is defined as

1
= ﬁdet (i (Xj))gjzw

D(x1,X2,...,XQ)

with
/ |®(x1,%2, . ..,%Q)|*dx1dxs ... dxg = 1. (1.5)
R3Q

A standard Galerkin discretisation strategy involves approximating the antisymmetric wave func-
tions by selecting a finite number of single particle orbitals {¢;}, (K > Q) and constructing a
finite number of Slater determinants using any ) non identical orbitals. Then the sought-after
ground state wave function W,q is expressed as a linear combination of those Slater determi-
nants and Equation (1.4) reduces to a linear system of equations determining unknown coeffi-
cients appearing in the linear expansion of these Slater determinants. This is known as the full
configuration interaction (Full CI) method.

For practical calculations, the full configuration interaction approximate space is still too
large, i.e., with dimension being (g) Therefore, furthermore simplification must be made to
balance the solution accuracy and computational costs. The fundamental idea of such approaches
is as follows: By selecting a reference determinant ¥g, any other Slater determinant can be viewed
as replacing n (1 < n < @) single particle orbitals by n new orbitals. Conventionally, we call
these @) orbitals used to construct ¥y occupied orbitals and the remaining orbitals unoccupied or
virtual. In the mathematical term, we describe this orbitals replacement action as an excitation
operator acting on ¥y. In addition, we can classify these so-called excited Slater determinants
according to the number of orbital replacements, i.e., single excited Slater determinant, double
excited Slater determinant, triple excited Slater determinant, etc. The space is then restricted
to contain Wy and only specific orders of excited Slater determinants, e.g., the CISD method
containing ¥y and only single and double excited Slater determinants.

One common problem of such truncated CI methods is that they do not satisfy the size
consistency requirement, which is a major concern in electronic structure calculations. The
size-consistency property concerns the additive separability of the energy of a molecular system,
i.e., if we divide a molecular system into two non-interacting subsystems (e.g. separated by an
infinite distance), then the energy of the whole system computed by a size-consistent method
is the sum of the energies of these two subsystems taken separately. Compared to the linear
parameterization used in the truncated CI methods, the coupled cluster (CC) method uses
an exponential parameterization, which fulfills the size consistency condition for the truncated
versions of the coupled cluster method under the assumption that the reference determinant is
multiplicatively separable (see e.g., the work of Andreas Savin in [86] for the meaning of this
term).

For any ® in the Galerkin approximate space that satisfies the so-called intermediate nor-
malisation condition

/ D(x1,X2,...,%Q)Vo(x1,X2,...,XQ)dxX1dX2 ...dxg = 1, (1.6)
R3@

the component ® — ¥, can be expressed as a linear combination of excited Slater determinants.
As each excited Slater determinant can be expressed as an excitation operator acting on W, the
component ¢ — ¥y can also be viewed as a weighted summation of excitation operators, also
known as a cluster operator acting on ¥y, i.e., § = Zueﬂ 8, X, where {0, },cq and {s,},cq are
a sequence of excitation operators and corresponding coefficients respectively and J is an index
set of excitation operators. It is known [87] that for intermediate normalised wave function ®
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there exists a unique cluster operator 7 =" _,t,J, such that

ned
=’ . (1.7)

In this manner, a linear combination of basis vectors is rewritten as an exponential of cluster
operator acting on V. Inserting the above exponential parameterization for ¥* into Equation
(1.4) yields the so-called single reference coupled cluster (CC) equations

Yued, <I,L\I/0,e_‘7*He‘7*\IJO> =0. (1.8)
A solution of problem (1.8) is a sequence of coefficients t* = {t,} ., such that 7 =3_ ¢, X,
After obtaining t*, the corresponding wave function is given by ¥* = ¢’ W, and the energy is

calculated via
& = <x110,e—57 He' xpo>. (1.9)

Similar to CI methods, only the truncated CC methods like the CCSD or CCD methods are
widely used in practical calculation. And one of the major interest of truncated CC methods is
that the size consistency condition still holds [87] under the assumption regarding the reference
determinant presented earlier. In addition, the truncated coupled cluster approximations could
be viewed as classical Galerkin discretisation of the so-called continuous coupled cluster equations
resulting in a set of nonlinear equations.

Our work aims at proving the local well-posedness of both the continuous CC equations and
its Galerkin discretisations. We view the coupled cluster equation as a root-finding problem for
a nonlinear function and we attempt to show the local existence and uniqueness of the roots
t* = {t} },cq of the coupled cluster function.

The mathematical analysis of the coupled cluster equations was begun by Reinhold Schnei-
der and Thorsten Rohwedder in a series of three papers [87, 82, 83]. It is shown that under
some assumptions, the non-linear coupled cluster function is locally, strongly monotone which
can be exploited to prove the local well-posedness of both the continuous CC equations and
its Galerkin discretisations. They also derived optimal error estimates for the coupled cluster
energies using the dual-weighted residual approach of Rolf Rannacher and co-workers [92]. Un-
fortunately, establishing the local monotonicity property requires rather pessimistic assumption
on the closeness of the targeted root t* to 0. Essentially, the local well-posedness analysis and
the resulting error estimates only hold in a perturbative regime t* ~ 0. On the other hand, as
we discuss in more detail in Remark 2.4.2 in Chapter 2.4, in many practical situations where the
CC method is known numerically to yield accurate approximations, the sought-after root t* is
not in the perturbative regime. For such problems, the existing a priori analysis yields estimates
with negative constants. The a priori analysis having failed, there is also no hope of developing
a posteriori error estimates for practical coupled cluster simulations which will be the ultimate
goal of our numerical analysis.

The contribution of our work is to develop a new a priori error analysis for the single reference
coupled cluster equations that is valid under more general conditions. The analysis we present
here— motivated by the existing literature on non-linear numerical analysis (see, for instance,
[12, 96])- is based on the invertibility of the Fréchet derivative of the non-linear coupled cluster
function, which is established using a classical inf-sup-type approach. Compared to the local
monotonicity approach, such an inf-sup condition seem to hold under more general assumptions.

In Chapter 2.4, we show that under the assumption that the sought-after eigenvalue &* of
the electronic Hamiltonian H is non-degenerate and that the corresponding eigenvector ¥* is
intermediately normalisable, then the continuous CC solution t* is unique in its neighborhood
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with the existence of t* being deduced directly from the assumption.

In Chapter 2.5, we consider the discretisation of the continuous CC equations, namely, the
Full-CC equations in a finite basis. We show that under similar assumptions, these discrete
equations are also locally well-posed in the asymptotic limit.

In this work, we focus on the continuous (infinite-dimensional) CC equations and a specific
version of the discrete CC equations, namely, the Full-CC equations in a finite basis. The
extension of our analysis to more general discretisation (the so-called truncated CC equations
[52, Chapter 13]) is a work in progress.

1.2 The optimal path problem and its application

The aim of developing a posteriori error estimators is not only to give computable error bounds,
but also to improve the calculation accuracy. A posteriori error analysis was initially developed
for finite element methods (FEM). In FEM, the computational domain is discretized by a mesh.
The a posteriori error analysis may lead to estimate the error in different regions of the mesh.
Based on the information provided by the a posteriori error estimator, we can refine the mesh in
regions where the error is relatively high or coarsen the mesh where the error is relatively small.
In such a way, computational costs are kept under control while accuracy are still maintained.
This method is known as the adaptive mesh method [100, 7, 72].

For other approximation methods like the planewave (Fourier) approximations studied in
this work, the mesh (collocation) is regular and directly in relation with the number of Fourier
modes. This is the sense in refining it locally. The application of a posteriori error estimation
as an adaptive strategy to improve the calculation accuracy is thus only global and the idea of
improving calculation accuracy thus consists of including gradually more Fourier modes in the
numerical solution process.

In our work, the numerical error is divided into two parts which originate respectively from the
limited degrees of freedom of the discretization space and the limited number of iterations in the
numerical solution process of the discrete non linear problem. For obtaining the approximate
solution achieving target accuracy, a straightforward approach is to first fix a large enough
discretization space and then perform iterative calculations, hoping that after enough number
of iterations the final solution will be accurate enough. In this case, the discretization error is
fixed at the beginning and only the iteration error is reduced during the calculation process.
Of course, the final accuracy is guaranteed but the cost is a much longer computation time or
much more practically consumed computational resources. In such a case, in order to achieve
a target accuracy while minimizing the computational costs, the reduction of the discretization
and iteration errors should be carefully synchronized, this is the idea adopted in our work.

The first step of our work is to explore the best error balance strategy such that the com-
putational costs are minimized while guaranteeing a final calculation accuracy. This portion of
the work is called the optimal path problem and is shown in Chapter 4.3. We name ‘path’ any
possible calculation process that allows to reach the target tolerance:

1. We firstly fix a discretization space and perform several iterations in this space.
2. We continue the calculation in a larger discretisation space with several more iterations.

3. We repeat this process several times until we finally obtain a solution satisfying the accuracy
requirement.

A path collects the information about the choice of discretization spaces and number of iterations
performed in corresponding discretization spaces and outputs it as an array. We explore the
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optimal path which minimizes the computational costs using the probabilistic threshold accepting
(TA) method, which is a variant of the well-known simulated annealing (SA) method [58], with
a simpler structure (see Chapter 4.3).

In this work, we focus on the numerical resolution of Gross-Pitaevskii type equations, a simple
toy but representative problem in quantum chemistry. In the first place, we solve numerically a
simple linear elliptic source problem. For a given accuracy, we apply the TA method to obtain
the optimal path. Displayed in Figure 1.1 is result for a specific chosen of model parameters.
There are two paths in Figure 1.1. The blue line represents the calculation process performing
13 iterations in space N = 100. This is the straightforward but expensive way to perform
the calculation. The red line represents the optimal path, which consists of performing seven
iterations for N = 3, four iterations for N = 4, one iteration for N = 6 and finally one iteration
for N = 100. Compared with the fixed N = 100 path, the optimal path cuts down the total
cost of computation by a factor thirteen. From Figure 1.1, we observe that after jumping from
N =6 to N =100, only 1 iteration for N = 100 is sufficient to achieve the goal accuracy, which
also means that the discretization error gap is easily covered by one iteration after enlargement
of discretization space.

121 >

101

HEmm Path for fixed N =100
B Optimal Path

k-th iteration step
) ©

o

20 40 60 80 100
Discretization Number N

o

Figure 1.1: The optimal path for the linear case

The second step of our work is to explore the mechanism generating the two types of optimal
paths (i.e., for the linear and nonlinear cases) and this part of work is presented in Chapter
4.4. We perform several complementary simulations and compare the results to unlock the key
factor in the iterative scheme determining the form of optimal paths. Based on this discovery, we
give a detailed analysis of the convergence rates of iterative schemes including general iteration
processes and the specific iteration after the enlargement of discretization space. With additional
numerical verification, we confirm the mechanism generating such two types of optimal paths.

Based on our understanding of such optimal path, we next develop simple and computation-
ally cheap strategies that can produce near-optimal paths and this part of our work is presented
in Chapter 4.5. To do so, we apply residual-based a posteriori error estimation for both of the
two source problems and decompose the total residual into so-called discretisation and iteration
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Figure 1.3: Nearly optimal strategies for the eigenvalue problem

residuals, each of which represents a bound of the corresponding source of error. An important
feature of our residual-based estimator is that we can use it to predict both the iteration and
discretisation errors after the enlargement of the discretisation space thus allowing us to select an
appropriate choice of IV for the next iteration. In this case, we can compare the costs and predict
the benefits (the decrease of the residual) in order to pick near-optimal discretization numbers
N in the path. Using these features, we propose two near-optimal strategies and compare the
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resulting near-optimal paths with the optimal one. We show in Figure 1.2 the result of the linear
case as an example. It is readily seen that the computational cost of the near-optimal paths is
very close to the optimal one.

The last step of our work is to apply these two near-optimal strategies to the numerical
solution of eigenvalue problem, the Gross-Pitaevskii equation. This part of work is presented in
Chapter 5. We compare the differences between numerical solutions of the source and this new
eigenvalue problem. We check that the mechanism controlling the form of the original optimal
path in the source problem is also in play in the eigenvalue problem. Finally, we apply the same
near-optimal strategies to the eigenvalue problem. A representative result is shown in Figure
1.3.

While this thesis involves work only on the nonlinear Gross-Pitaevskii-type equations, the
long term goal is to propose near-optimal strategy for the numerical solution of more complex
quantum chemistry calculation method such as the Hartree-Fock equations, the Khon-Sham
eqautions, eventually other ab initio methods.
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Chapter 2

The coupled cluster equations

This chapter presents the results of [49]. This work was carried out in collaboration with Yvon
Maday and Muhammad Hassan.

2.1 Introduction

Computational quantum chemistry is by now widely regarded as one of the central pillars of
modern chemistry, as evidenced by the award of two Nobel prizes (Walter Kohn and John Pople
(1998) [94]; Martin Karplus, Michael Levitt, and Arieh Warschel (2013) [95]) in recent years.
The field is typically thought to have begun with the pioneering work of Walter Heitler and
Fritz London [51] in the 1920s but major, concurrent advances were due to Vladimir Fock,
Douglas Hartree, Egil Hylleraas and John Slater [48, 44, 91, 90, 57, 56] among others. These
first developments were followed by seminal contributions in the post-war period by the likes of
Francis Boys [8], Jiii Cizek [25], George Hall [47], Clemens Roothan [85, 84] and many others (see,
for instance, [15, Chapter 1.2] for a more comprehensive account). The subsequent explosion in
available computing resources which began in the 1970s helped spur a tremendous development
in the field (see, e.g., the development of computer software such as POLYATOM [5], IBMOL
[26], and GAUSSTAN 70 which is still used today [46]), and quantum-chemical simulations are
today routinely performed by thousands of researchers, complementing painstaking laboratory
work on the design of new compounds for sustainable energy, green catalysis, and pharmaceutical
drugs (see, e.g., [35, 65, 68, 33, 53] and the references therein). Indeed, according to the 2021
annual report of the European High Performance Computing Joint Undertaking (EuroHPC-
JU), nearly a quarter of of the simulations running on the supercomputers Karolina and Vega
pertained to chemical and material science simulations, with similar or higher numbers reported
by supercomputing centers in Germany [41], Italy [24], and Switzerland [2].

The goal of quantum chemistry is to obtain a quantitative description of the behaviour of
matter at the atomic scale, i.e., when matter is viewed as a collection of nuclei and electrons.
In the so-called non-relativistic Born-Oppenheimer setting, the nuclei of the molecule under
study are treated as clamped, point-like particles, and the aim is to describe the evolution of the
electrons in the effective electrostatic potential generated by the static configuration of positively
charged nuclei, this field of study being known as electronic structure theory. The behaviour of the
electrons in this situation is governed by the spectrum of the so-called electronic Hamiltonian—
a semi-unbounded, self-adjoint operator acting on an L?-type Hilbert space of antisymmetric
functions. It has been known since the seminal work of Grigorii Zhislin and Aleksandr Sigalov

15
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[105, 106] that for neutral molecules and positively charged ions, the electronic Hamiltonian
possesses a lowest eigenvalue, frequently called the ground state energy, and a great deal of
quantum chemical simulations are concerned with approximating this ground state energy.

The primary difficulty in the numerical computation of the lowest eigenvalue of the electronic
Hamiltonian is the extremely high-dimensionality of the underlying Hilbert space. Indeed, for
a system containing ) electrons, the sought-after ground state of the electronic Hamiltonian
depends on 3@ spatial variables. A naive application of traditional numerical methods such
as finite element approximations or spectral schemes, etc., therefore fails spectacularly, and
specialised approximation strategies have to be developed. Broadly speaking, ab initio (first
principles-based) deterministic numerical methods for approximating the ground state energy
can be divided into three categories, each of which has a vast variety of subcategories and
flavours (see, e.g., [15, Chapter 1| for a concise but comprehensive overview).

e Wave-function methods which focus on approximating directly the ground state of the
electronic Hamiltonian.

e Density functional methods which are based on a reformulation of the minimisation problem
for the electronic Hamiltonian (which acts on functions of 3Q) spatial variables) in terms of
an equivalent minimisation problem over a set of electronic densities (which are functions
of 3 spatial variables).

e Reduced density matrix approaches which are based on the electronic one-body and two-
body reduced density matrices.

The coupled cluster (CC) methodology, which belongs to the class of wave-function methods,
is based on a non-linear ansatz for the sought-after ground state of the electronic Hamiltonian.
In its most common form— the so-called single reference CC method— the unknown ground state
is expressed as the action of an exponential cluster operator, i.e., the operator exponential of
a linear combination of linear maps (so-called excitation operators), acting on a judiciously
chosen reference function (usually a so-called discrete Hartree-Fock determinant). Using this
ansatz the eigenvalue problem for the ground state energy of the electronic Hamiltonian can be
reformulated as a non-linear system of equations for the unknown coefficients appearing in the
linear combination of excitation operators entering the operator exponential. Approximations to
the ground state energy are then obtained by restricting the class of excitation operators that
appear inside the exponential, which leads to a hierarchy of computationally more tractable non-
linear, root-finding problems. Usually these truncations are done on the basis of the excitation
orders (see Chapter 2.2.3 below) and one thus speaks of CCD (double excitation operators only),
CCSD (single and double excitation operators), CCSDT (single, double and triple excitation
operators) and so on.

An important yet subtle concept in these post-Hartree Fock methods (including coupled clus-
ter methods) deals with what is called “size consistency” (see e.g. [93]) and/or “size extensivity”
see e.g. [52]). Intuitively, these properties are meant to describe whether or not the numeri-
cal method under consideration correctly captures the correct scaling properties of the system.
Size-consistency concerns the additive separability of the energy of a molecular system, i.e., if
we divide a molecular system into two non-interacting subsystems (e.g. separated by an infinite
distance), then the energy of the whole system computed by a size-consistent method is the sum
of the energies of these two subsystems taken separately. A size-extensive method, on the other
hand, yields energies that scale linearly with the number of electrons. While these concepts may
appear similar, they are not the same in general, and we refer to [70] for a careful presentation
of these concepts starting from their historical introduction.
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Focusing on the notion of size-consistency, it is well-known that without the exponential struc-
ture of the ansatz wave function, this property cannot be satisfied. On the contrary, as is proven
by Reinhold Schneider in [87], the method we consider in this chapter (SRCC) is size-consistent
under the assumption that the reference determinant is multiplicatively separable (see e.g., the
work of Andreas Savin in [86] for the meaning of this term). Note that, in the vast literature,
other couple cluster methods are said to benefit from size-consistency and/or size-extensivity even
though proofs are missing and no explicit assumption is made about multiplicative separability
of the reference determinant.

Coupled cluster methods were originally introduced in the field of nuclear physics in the
late 1950s by Fritz Coester and Hermann Kummel [27, 28] but were reformulated for use in
quantum chemistry in the following decades by pioneers such as Jifi Cizek [25], Josef Paldus
[74], and Oktay Sinanoglu [89]. The original motivation for introducing such methods was the
fact that they satisfied the size-consistency property under the previously mentioned assumption
regarding the reference determinant. Since size consistency seems to be a vital chemical property
not conserved by some other numerical methods, and in practice, the CC methods seem to work
extremely well, achieving, in many cases, the chemical accuracy of 1 kcal/mol, they quickly found
wide adoption in the quantum chemical community [62]. In particular, the so-called CCSD(T)!
variant, which can be applied to small and medium-sized molecules at a reasonable computational
cost, is widely regarded as the ‘gold standard’ of quantum chemistry [79].

Despite the ubiquitous use of this ‘gold standard’ computational method in the quantum
chemical community, there is a shockingly limited amount of mathematical literature on the
numerical analysis of the coupled cluster methodology. Indeed, a simple search with the keyword
“coupled cluster” on Google Scholar and MathSciNet, two databases that are representative of
the scientific literature as a whole and the subset of mathematical literature thereof, reveals that
there are more than 100,000 articles pertaining to coupled cluster theory of which less than 40
are listed on MathSciNet. Limiting ourselves to the subset of numerical analysis journals, there
are a total seven articles on coupled cluster methods.

The first systematic study of the single reference coupled cluster method from a numerical
analysis perspective was undertaken by Reinhold Schneider and Thorsten Rohwedder slightly
more than ten years ago. In a series of three remarkable papers [87, 82, 83], they were able
to show that the excitation operators that appear inside the coupled cluster exponential are
bounded linear maps between Hilbert spaces of antisymmetric functions with appropriate reg-
ularity and that consequently, the continuous (infinite-dimensional) coupled cluster equations
could be given a precise functional-analytic meaning. The coupled cluster approximations (built
by restricting the class of excitation operators that enter the exponential operator) could thus be
viewed as classical Galerkin discretization of an infinite-dimensional non-linear problem. Schnei-
der also showed that under some assumptions, the underlying non-linear coupled cluster function
is locally, strongly monotone which could exploited to prove the local well-posedness of both the
continuous CC equations and its Galerkin discretisations. Schneider and Rohwedder also derived
optimal error estimates for the coupled cluster energies using the dual-weighted residual approach
of Rolf Rannacher and co-workers [92]. Since this pioneering work, two further contributions have
been published which provide a similar numerical analysis for two other flavours of coupled clus-
ter methods, namely, the extended coupled cluster method [61] and the tailored coupled cluster
method [42] (see also [60]). In addition to the aforementioned contributions which tackle the
coupled cluster equations from a functional analysis perspective, there has been recent interest
in analysing the CC equations using tools from other fields. Thus, the contributions [29, 30] use
concepts from graph theory to present a unified framework for constructing different variants

'Here, the (T) emphasises the fact that triple excitation orders are not initially included in the CCSD(T)
ansatz and are rather treated perturbatively through a post-processing step.
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of coupled cluster methods and topological index theory to study the solutions of the coupled
cluster equations in finite-dimensions. Recently, an additional contribution has appeared which
investigates the root structure of the CC equations using tools from algebraic geometry [43].

While the articles [87, 82, 83, 61, 42] listed above lay the groundwork for a rigorous a priori
error analysis of the coupled cluster methods, they have one rather unfortunate drawback: in all
cases, the well-posedness of the CC equations is established by demonstrating that the underlying
CC function is locally strongly monotone, and this demonstration can only be shown to hold if
the targeted root t* of the CC function is sufficiently close to zero. In other words, the local well-
posedness analysis and the resulting error estimates only hold in a perturbative regime t* ~ 0. On
the other hand, as we discuss in more detail in Remark 2.4.2 in Chapter 2.4, in many practical
situations where the CC method is known numerically to yield accurate approximations, the
sought-after root t* is not in the perturbative regime. For such problems, the existing a priori
analysis yields estimates with nmegative constants! The a priori analysis having failed, there is
also no hope of developing a posteriori error estimates for practical coupled cluster simulations
which, in our opinion, would be the ultimate goal of the numerical analysis.

The aim of the current contribution is to develop a new a priori error analysis for the single
reference coupled cluster equations that is valid under more general conditions. The analysis
we present here— motivated by the existing literature on non-linear numerical analysis (see, for
instance, [12, 96])— is based on the invertibility of the Fréchet derivative of the non-linear coupled
cluster function, which is established using a classical inf-sup-type approach. In contrast to the
local, strong monotonicity approach pioneered by Schneider, our analysis does not require the
sought-after root t* of the coupled cluster function to be close to zero. In our work, we will focus
on the continuous (infinite-dimensional) CC equations and a specific version of the discrete CC
equations, namely, the Full-CC equations in a finite basis (see Chapter 2.5). The extension of
our analysis to more general discretization (the so-called truncated CC equations [52, Chapter
13]) will be addressed in a forthcoming contribution.

The remainder of this part is organized as follows. In Chapter 2.2, we introduce more rigor-
ously the problem formulation, i.e., the electronic Hamiltonian and the Hilbert spaces on which
it acts. In Chapter 2.3, we introduce excitation operators and the coupled cluster ansatz, and we
state the continuous and discrete coupled cluster equations. We begin our analysis in Chapter
2.4 where we prove, under the minimal assumptions that the sought-after eigenfunction is in-
termediately normalizable and the associated eigenvalue is non-degenerate, that the continuous
(infinite-dimensional) CC equations are always locally well-posed. In Chapter 2.5, we analyze a
specific discretization of the CC equations, namely, the Full-CC equations in a finite basis. We
prove under the same minimal assumptions of eigenpair non-degeneracy and CC ansatz valid-
ity that these equations are locally well-posed provided that the discretization is fine enough,
and we derive residual-based error estimates with guaranteed positive constants. Preliminary
numerical experiments indicate that the constants that appear in our estimates are a significant
improvement over those obtained from the local monotonicity approach.

2.2 Problem formulation and setting

Computational quantum chemistry is the study of the properties of matter through modelling
at the molecular scale, i.e., when matter is viewed as a collection of positively charged nuclei and
negatively charged electrons. To formalise the problem setting, we assume that we are given a
molecule composed of M € N nuclei carrying charges {Z,}M | € R, and located at positions
{z,}M | C R3, respectively. We further assume the presence of @ € N electrons whose spatial
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coordinates are denoted by {xz} *, C R3. Throughout this thesis, we will assume that the
Born-Oppenheimer approximation holds, i.e., we will treat the nuclei as fixed, classical particles
and we will focus purely on the quantum mechanical description of the electrons.

In order to describe the behaviour of this system of nuclei and electrons under the Born-
Oppenheimer approximation, we require the notion of several functions spaces. The following
construction is partially based on [81].

2.2.1 Function spaces and norms

To begin with, we denote by L?(R?) the space of real-valued square integrable functions of
three variables, and we denote by H'(R?) the closed subspace of L?(R3) consisting of functions
that additionally possess square integrable first derivatives. Both spaces are equipped with their
usual inner products. Following the convention in the quantum chemical literature, we will
frequently refer to L?(R?) and H!(R3) as infinite-dimensional single particle spaces.

Next, we define the tensor space?

Q
L2 := Q) L*(R?),

j=1

which is equipped with an inner product that is constructed by defining first for all elementary
tensors f,9 € L2 with f = ®;2:1fj and g = ®;9:1gj

Q
fvg H f]7QJ L2 R3 9 (21)

and then extending bilinearly for general tensorial elements of £2.

It is a consequence of Fubini’s theorem that the tensor space -£? is isometrically isomorphic to
the space L2(IR3?) of real-valued square integrable functions of 3Q) variables with the associated
LZ%-inner product. Thanks to this result, we can define the tensor space #' C L2 as the closure
of €5°(R3?) in L2(R3¥) with respect to the usual gradient-gradient inner product on R3%.

In quantum mechanics, a fundamental distinction is made between so-called bosonic and
fermionic particles, the latter obeying the so-called Pauli-exclusion principle and thus being
described in terms of antisymmetric functions. We are therefore obligated to also define tensor
spaces of antisymmetric functions. To this end, we first introduce the so-called antisymmetric
projection operator P*: L2 — L? that is defined through the action

1
VieLZ BU)xe) = g 2L (CDF ey Xn(@):
T€S(Q)

where S(Q) denotes the permutation group of order @, and sgn(w) denotes the signature of

T € S(Q).

2We remind the reader that topological tensor spaces can be defined by taking an orthonormal basis of the
underlying single particle spaces (in this case L?(R3)) and using it to construct the algebraic tensor product vector
space. This vector space is equipped with a tensorial inner product inherited from the single particle function
spaces (in this case the inner product is given by Equation (2.1)). The topological tensor product space is then
obtained by taking the completion of the algebraic tensor product vector space with respect to the norm induced
by the tensorial inner product.
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It is easy to establish that P2 is an L2 -orthogonal projection with a closed range. We
therefore define the antisymmetric tensor spaces £’ [2 C L2 and #! C H#! as

Q
(2= N\ L*(R®) :=ran P* and &' :=L2Na",
j=1
equipped with the (-,-) 2 and (-, )z inner products respectively. We remark that normalised

elements of £ 2 are known as wave-functions, and these are antisymmetric in the sense that for
any f € L2 we have that

f(X1, ey Xy oo, Xy, XQ) = —f(X1, - Xy, Xy L XQ) Vi, jed{l,...,Q} with i # j.

__ In the sequel, we will also occasionally make use of the dual space of F¢'. We therefore denote

F1 = (5‘61)*7 we equip # ! with the canonical dual norm, and we write (-, )71 77— for the
associated duality pairing. Note that higher regularity Sobolev spaces 3?’“, r > 1 can be defined
similarly to #!.

Finally, let us comment on the construction of basis sets for the tensor spaces #' and Fet.
Given an L2-orthonormal, complete basis B := {¢x }ren C H'(R?), we can construct a complete
basis Bg for #1 by setting

Bo = {00 @ 0r @ ... @ dug: ks, kg N,

and it follows immediately that Bg is -L2-orthonormal.
In order to construct a basis for the antisymmetric tensor space 7 1 we must first define a

suitable subset of Bg. To this end, we introduce an index set & C N9 given by

g% = {a:(al,ag,...,aQ)GNQ:al<a2<...<aQ}.

We can thus define the subset CBgd of the basis Bg given by

@gd = {(/ﬁ; = Pay @ Pay @ ... @ Pay: @ = (1, q2,...,0Q) Egg}

A complete basis for the antisymmetric tensor space #! is then given by

Ps®

Bp i={——-—
Sy

: e B4}

1
(I)a(xlax%"',XQ):ﬁ Z (—1)%en(™) ®Q1¢al( y): a=(a1,as,...,aq) € §2
" mes(Q)

Elements of the basis set B are called Slater determinants. For simplicity, given a € ggg
and @, € B, of the form

1 n(m
(I)a(xl,XQ,...,XQ) = ﬁ Z (_1)383 () ®?:1 ¢ai (Xﬂ-(i)),
" 7es(Q)
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we will write ®,, in the succinct form

D, (x1,X2,...,Xq) = det((bai(xj))gj:l.

1
e

2.2.2 Governing operators and problem statement

Throughout this thesis, we assume that the electronic properties of the molecule that we
study can be described by the action of a many-body electronic Hamiltonian given by

Q j-1
_ . 2 . . >
R E Ax; + JE 1 ng 1 |Zn ey | + ]E 1 ZE 1 |Xz — le acting on JL“ with domain #~.

(2.2)

The electronic properties of the molecule that we study are functions of the spectrum of the

electronic Hamiltonian H, and we are therefore interested in its analysis and computation. It is

a classical result (see, e.g., the review article [55]) that the operator H is self-adjoint on L2 with
form domain 7 I and under the additional assumption that Z := 231:1 Zn, = @, it holds that

1. The operator H has an essential spectrum oess of the form oess 1= [X, 00) where —oco <
<0

2. The operator H has a bounded-below discrete spectrum that consists of a countably infinite
number of eigenvalues, each with finite multiplicity, accumulating at 3.

Consequently, under the assumption that Zn 1 Zn 2 @, the electronic Hamiltonian # pos-
sesses a lowest eigenvalue 5 € R, frequently called the ground state energy, such that

(U, HY) -, |
&4 = min - XA 2.3a
G5 ppvedn 9% (2.32)

Any function U¢g € F6! that achieves the minimum in Equation (2.3a) is called a ground state
of H and obviously satisfies

For the purpose of this thesis, we will assume that indeed Z := ny 1 > Q. Note that if the
ground state eigenvalue 8% is simple (which is not always the case), normahsed ground states
Utq (being elements of a real Hilbert space) are unique up to sign.

From a functional analysis point of view, the electronic Hamiltonian H possesses certain

desirable properties, namely continuity and ellipticity on appropriate Sobolev spaces. More
precisely (see, for instance, [103, Chapter 4]),

e The electronic Hamiltonian defined through Equation (2.2) is bounded as a mapping from
5? L to 5‘? -1

~ 1
v ved:  |(@HY) 5 5] < (5+3VQ2)I00n I (24)
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e The electronic Hamiltonian defined through Equatlon (2.2) satisfies the following ellipticity
condition on the Gelfand triple #1 — L2 < #—1:

~ 1 1
Ve e (@H) g, > {00G - (9027 - 7 )0 (25)

An important consequence of the above ellipticity estimate is that the electronic Hamiltonian,
modified by any suitable shift, defines an invertible operator on a subspace of #'. This fact will
be of great importance in our analysis and will be the subject of further discussion in Chapter
2.4 (see Remark 2.4.3).

Remark 2.2.1 (Restriction to function spaces of real-valued, spin-independent functions).

To avoid notational complexity, we have restricted our analysis in this thesis to real-valued
function spaces and we have not taken into account spin variables. The restriction to real-
valued functions does not result in any loss in generality since the governing operator that we
consider, namely the electronic Hamiltonian H defined through Equation (2.2), consists entirely
of real terms, and thus the real and imaginary parts of any eigenfunction of H are themselves
eigenfunctions of H (see, e.g., [15, Chapter 6.1] for a brief discussion of this point).

Our choice to neglect spin is motivated by the same observation, i.e., that the electronic
Hamiltonian does not contain any explicit spin dependencies. Consequently, in order to take
spin variables into account we need simply replace the single particle function spaces

1 1
L*(R®) and H'(R?) with L? (RS X { + 5}) and H* (]R3 X { + 5}) respectively.
Here, L? (IR3 X {:I: }) can be seen as the space of (equivalence classes of) square-integrable
functions of three spatial variables and an additional spin variable s = +1 5, equipped with the
inner product

Vf,gELQ(R?’X{:I:%}): (f,g)LQORSX{i Z fxs )g(x, s) dx,

_:|:1

and an analogous interpretation holds for H* (R3 X {:I:%})

Equipped with the spin-dependent single particle spaces L? (RS X {:I:% }) and H' (RS X {:I:% }),
the spin-dependent tensorial Q-particle function spaces and basis sets can be constructed follow-
ing mutatis mutandis, the procedure described in Chapter 2.2.1 above. QOur subsequent analysis
can then be readily applied to such spin-dependent function spaces without any significant modi-
fications (with only slight modification of the values of some constants appearing in our following
error estimates).

One additional feature of the spin-dependent formalism deserves mention. The analysis that
we present in this contribution frequently requires assumptions on the simplicity of certain eigen-
values of the electronic Hamiltonian H. Unfortunately, considering H as an operator on the full
spin-dependent tensorial space L2 = /\jQzle (]R3 X {:t%}) often introduces degeneracies in these
etgenvalues, and in order to remove these degeneracies, it is necessary to restrict the funtional
setting to a suitable subspace of L2, typically an eigenspace of the so-called z-spin operator (see
[81] for a detailed constmctzon}.

2.2.3 Computing the ground state energy in a finite-dimensional sub-
space
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From a practical point of view, the ground state energy of the electronic Hamiltonian defined
through Equation (2.2) can only be approximated in a finite-dimensional subspace. The most
conceptually simple such approach (albeit tremendously computationally expensive and therefore
not widely used) is known in the quantum chemical literature as Full Configuration Interaction.
In this subsection, we introduce the terminology and briefly discuss the methodology of the full
configuration interaction procedure since the underlying notions will be useful when we discuss
the discrete coupled cluster equations in Chapter 2.5

At its core, the full configuration interaction method (Full-CI) is based on a straightforward
Galerkin approximation of the minimisation problem (2.3a). We will therefore begin by defining
an approximation space. To do so, we fix some K € N with K > @) and assume that we are
given a set {¢;}1<, € H'(R?) of L?(R?)-orthonormal functions. We also introduce an index set

ﬁ]g c {1,...,K}¥ given by
gg = {az(oq,ag,...,on)6{1,...,K}Q:a1 <a2<...<aQ}.

Definition 2.2.1 (Finite Dimensional Single-Particle Basis).

We define the K-dimensional single particle basis Bx C H'(R?) as Bk = {¢; ngl' Addi-
tionally, we define the subspace spanned by this basis set as Xk := span By and we refer to X
as the single particle approrimation space.

Definition 2.2.2 (Finite Dimensional Q-Particle Basis).
We define the JL2-orthonormal, (g)-dimensional Q-particle basis @g C #' as

1
v

Additionally, we define the subspace spanned by this basis set as Vi := span CB% and we refer to
Vi as the Q-particle approximation space.

@g = {@a(xl,xQ, c O XQ) det(gbai(xj))fj:l: a=(a,a,...,00) € gﬁ}

Full Configuration Interaction Approximation of Minimisation Problem (2.3a)
Let the @Q-particle approximation space i be defined through Definition 2.2.2. We seek the
pair(s) (& Yher) € (R, Vi) with [|Uhe]|22 = 1 that satisfies

min <\I”H\P>ﬁlxa?_l and (¥ H‘II;CI>A1 71 = Epcr (¥ \I/;“CI) P VP e Vk.
oA T IR, ’ o Y

8pcy =
(2.6)

Several remarks are now in order.

First, it follows from the variational principle that the minimum in Equation (2.6) satisfies
Bpor > Bas.

Second, in practice the Full-CI minimisation problem (2.6) is very often solved by writing
first the associated Euler-Lagrange equations, i.e., the first order optimality conditions. This
yields a linear eigenvalue problem on the finite-dimensional space ¥ which can, in principle, be
solved through the use of some iterative eigenvalue solver.

Third, despite the fact that the Full-CI methodology (2.6) seems very amenable to numerical
analysis- by virtue of being a Galerkin approximation to the exact minimisation problem (2.3a)-
it has a fundamental computational draw-back: the dimension of the @Q-particle approximation
space Vi grows combinatorially in ) which renders this approach computationally intractable
for @ even moderately large. As a consequence, we are very often forced to introduce further
approximations to the Full-CI methodology.
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We end this section by defining the Full-CI Hamiltonian which will be referenced in Chap-
ter 2.5 below.

Definition 2.2.3 (Full-CI Hamiltonian).

Let the Q-particle approzimation space Vi be defined through Definition 2.2.2 and let the
electronic Hamiltonian H: #' — # =1 be defined through Equation (2.2). We define the Full-CI
Hamiltonian Hy : Vi — Vi as the mapping with the property that for all ¥y, ®x € Vi it holds
that

<\I/KaHK¢)K>VK><U;} = <\I’KaH(I)K>(;’g1Xg?—1- (27)

2.3 Excitation operators and the coupled cluster ansatz

Throughout this section, we assume the setting of Chapter 2.2. Our goal now is to intro-
duce the notions of excitation indices, excitation operators and the coupled cluster non-linear
parameterisation ansatz.

Let us begin by recalling that we have introduced complete single-particle and Q-particle
basis sets B = {¢;}jen C H'(R?) and B, C #' respectively in Chapter 2.2.1. Next, we define
a collection of index sets.

Definition 2.3.1 (Excitation Index Sets).
For each j € {1,...,Q} we define the index set 9; as

g; ;:{(Zl""’zj>:£1<...<£je{1,...,Q} Cl/ndal<...<aj€{Q+1,Q+2,...}}7
1y---5%5

and we say that 9; is the excitation index set of order j. Additionally, we define

and we say that 9 is the global excitation index set.

The excitation index sets {9, }?:1 will be used to construct the so-called excitation and de-
excitation operators which play a central role in post-Hartree Fock wave-function methods for
further approximating the minimisation problem (2.6).

Definition 2.3.2 (Excitation Operators).
Let j € N and let i € 95 be of the form

= (Zl""’zj>:€1 <. .<biedl,...,Qtandar <...<a; €{Q+1,Q+2,...}.
IERERNE ]
We define the excitation operator X, : FL — Fe! through its action on the Q-particle basis

set Bp: For ¥, (x1,...,XQ) = ﬁdet (d),j (xi))in:l, we set

0 if {lr,... . 43 £ {v1, .- vQh
X, =40 if 3am € {a1,...,a;} such that am, € {11,...,v0},

otherwise,
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where the determinant Wj is constructed from ¥, by replacing all functions ¢y, , ... dg; used to
construct U, with functions ¢q,, - .., ¢a; respectively. In addition, W} is an element of the basis
set Bo up to a sign depending on its index ordering.

Definition 2.3.3 (De-excitation Operators).
Let j € N and let u € 9; be of the form

p= <ZZ)€1< <t efl,.. QYandar <...<a; €{Q+1,Q+2...}.
R

We define the de-excitation operator IT' F - Ft through its action on the Q-particle basis
Q
set Bp: For W, (xyq,...,%xq) = —=det (gby] (xz)) i1 We set

ol
0 if {a1,...,a;} ¢ {v1,..., v},
XIw, =<0 if 3 by € {1,...,4;} such that £y, € {v1,...,v0},
W, 0 otherwise,
where the determinant W, is constructed from W, by replacing all functions ¢, , ... da,; used to
construct W, with functions ¢y, , ..., ¢s, respectively. In addition, V, , is an element of the basis

set Ba up to a sign depending on its index ordering.
It is natural to ask how de-excitation operators are related to excitation operators. The

following remark summarises this relationship.
Remark 2.3.1 (Relationship between Excitation and De-excitation Operators).

Consider the setting of Definitions 2.5.2 and 2.3.3. In some sense, each de-excitation operator
reverses the action the corresponding excitation operator. More precisely, it can be shown that
for any p € 4, the de-excitation operator IT HY — Y is the L2- adjoint of the excitation

operator X, - <7€1, i.e.,
_ ' _ R
VO, b e H, Vued: (@,qub )I _ (%‘I’@)ﬁ .

Several properties of the excitation operators can now be deduced. We begin with a remark.

Remark 2.3.2 (Interpretation of @-particle Basis in Terms of Excited Determinants).

It is a simple exercise to show that any Slater determinant in the Q-particle basis set B can
be generated through the action of the excitation operators on a so-called reference determinant
up to a sign depending on its index ordering. More precisely, we define Vo(x1,...,Xg) =

ﬁdet (¢j(xi))gj:1, and it then follows that

Ba :{\Ilo}U{xM\I/(): Megl}U{xH\If()Z MEQQ}U...U{IHWQZ ,uegQ}

= {Wo} U{X,¥o: pc I}, (2.8)

up to a sign depending on the index ordering of the generated determinant. This observation
motivates the following convention and definition.

Convention 2.3.1 (Reference Determinant).

Consider the setting of Remark 2.3.2. In the sequel, we will refer to the function B >
\I’O (Xl, . XQ)
= \/Ldet (gb] (xz))Q _qs L€, the determinant constructed from the first Q) single particle basis

functions {¢l}¢:1 as the reference determinant. Moreover, for any p € 9, we will frequently
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denote W, := X,Vy. Finally, we will often refer to each set {X,Vo: p € 9;} as the set of
j-excited determinants,

Definition 2.3.4 (Orthogonal Complement of the Reference Determinant).
Let the excitation index set 9 be defined through Definition 2.3.1, let the excitation operators
{X,}ueg be defined through Definition 2.8.2, and let ¥o(x1,Xa,...,XQ) = ﬁdet (q§j (xi))szl

denote the reference determinant. Then we define the set @V/\ C B and the subspace 0 C #! as

@;\::{IM\IIO:MGQ}, and
U= (U} = {<I> cH: (B, V) _0}

and we observe that @7\ is a complete, L2 orthonormal basis for 0.

Definition 2.3.5 (Complementary Decomposition of 7 b.
Let the excitation index set 9 be defined through Definition 2.3.1, let the excitation operators
{X,}ueg be defined through Definition 2.8.2, and let ¥o(x1,Xa,...,XQ) = rdet (qu (Xl))?] L

denote the reference determinant. We define Py: JA€1A—> c??j as the °Z’\2-0rthogonal projection
operator onto span{¥,}, and we define Py := 1—Py: #* — #H' as its complement. Additionally,

we introduce the complementary decomposition of the Q-particle space 76! given by
' = span {Uol @V, where we emphasise that V = RanP;. (2.9)

The complementary decomposition introduced through Equation (2.9) will be particularly
important in our subsequent analysis of the coupled cluster method in Chapter 2.4. Let us
emphasise that the construction of these complementary spaces is based on £ 2_orthogonality
rather than 7! orthogonality. This choice is intentional as it simplifies considerably the analysis
in Chapters 2.4 and 2.5. Let us also remark that the projection operators Po: #' — 76! and
P : F1 — 7€' are both, nevertheless, bounded operators with respect to the || - || 71 norm since
they both possess a closed range and a closed kernel.

Returning for the moment to the notion of excitation operators, we see that it is easy to
deduce that each excitation operator X,, u € ¢ is a bounded linear operator from F' to 0L
However, we will frequently be interested in so-called cluster operators which are summations of
the excitation operators X, p € ¥, and such summations need not be bounded operators from

H to #H* or even from L2 to L2. Fortunately, the following result was proven in [82].

Proposition 2.3.1 (Cluster Operators as Bounded Maps on fQ)

Let the excitation index set 9 be defined through Definition 2.3.1 and let t = {t, },cq € (*(9).
Then there exists a unique bounded linear operator T : L2 - fQ, the so-called cluster operator
generated by t, such that T =" _,t,, where the series convergence holds with respect to the

ned
operator norm || - || 2, pa-

Next, we introduce a coefficient subspace of £2(9), i.e, the space of square summable sequences
of real numbers indexed by J, which will limit the class of cluster operators that we consider in
the sequel.

Definition 2.3.6 (Coefficient Space For Cluster Operators).
Let the excitation index set J be defined through Definition 2.3.1 and let £2(9) denote the
space of square summable sequences of real numbers indexed by 9. We define the Hilbert space
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of sequences V.C £2(J) as the set

V= ti= {t,}ues € 2(9): Ztquu cH' (2.10)
ned

equipped with the inner product

Vt,s € V with t:= (t,).cq, 8:= (8,)veg: (s,t)y = [ D su®u, Y t,0, | . (211)

pnedg ved 7

Additionally, we define V* as the topological dual space of V, equipped with the canonical dual
norm

. |<w7t>V*><V{
yx 1= SUp —————

Yw € V*: [lw]
oztev It

)

Some remarks are now in order.

Remark 2.3.3 (Clarification of the Definition of the Coefficient Space).

Consider Definition 2.3.6 of the coefficient space V C (*(J) and let t = {t,},cg € V. We
emphasise here that the assertion Zuey t,V, € H should be understood in the following sense:
there exists Wy € F' C L2 such that U, = Zuea

respect to the L2 norm. In particular, this series convergence does not a priori hold with respect
to the H'-norm, and it is only the limit function Uy that is an element of #'.

t, v, where the series convergence holds with

Remark 2.3.4 (Dual Coeflicient Space).

Consider the setting of Definition 2.3.6. Throughout, this thesis, we will denote by V* the
topological dual space of V equipped with the canonical dual norm. Note that since 1 is dense and
continuously embedded in L2, we can deduce that the coefficient space V is dense and continuously
embedded in (*(9). As a consequence, the inner product (-,-)s2 can be continuously extended to
the duality pairing (-, -yyxy- on V X V*. This fact will be of occasional use in the sequel.

Notation 2.3.2 (Coefficient Sequences and Cluster Operators).

Let t = {t,} cog € V. As mentioned previously, the operator I := Zueﬂ t, X, is known as
the cluster operator generated by t, and it plays a key role in the coupled cluster formalism.

For clarity of exposition, we will adopt the convention of denoting by small bold letters such
as r,s,t, and w, etc., elements of the coefficient space V and denoting by capital curly letters
such as R, 8,T, and W, etc., the corresponding cluster operators with the understanding that
Re=3cqTuXp, $ =2, 84Xy, and so on.

Remark 2.3.5 (Representation of Elements of the Complementary Subspace 17)

Consider the setting of Definition 2.53.6 and recall Definition 2.3.4 of the space 0 c gt
It is not difficult to see that every element &g := Zpeg 5, X, W9 € V generates a sequence
s:={su}ucg €V such that

o= 5, X,T =SV
neg
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Conversely, given any sequence w := {w, },cqg € V, we can define the function @, € U as

Dy = w, X, Vo =W,
negd

Therefore, in the sequel (in particular in Chapter 2.4), we will occasionally write elements of
the space V as, for instance, Sy or Wy where § := Z;Le.a s, X, and W = Zpe.a w, X, for
some sequences 8 :={s,},cog €V and w := {w,}uco € V.

The following theorem now summarises the main properties of the excitation operators
Xy, p € 9 and cluster operators constructed from these excitation operators. The establish-
ment of these properties in infinite dimensions was the main achievement of the article [82]. In
finite-dimensions, where the situation is considerably simpler from a topological point of view,
these results were first proven in the mathematical literature in [87].

Theorem 2.3.3 (Properties of Excitation and Cluster Operators).

Let the excitation index set 9 be defined through Definition 2.5.1, let the excitation operators
{X}ues and de-excitation operators {I,I}Heg be defined through Definitions 2.5.2 and 2.3.3
respectively, and let the Hilbert space V of sequences be defined through Definition 2.3.6. Then

1. For all p,v € 9, it holds that X, ), = X\, X, and IJIJ = IJIJ .

2. Forevery® € F' that satisfies the so-called intermediate normalisation condition (®,¥q) 2
= 1, there exists a unique sequence v = {r,} € V with corresponding cluster operator
R=3,cqTuXy such that

pned

D =Ty + RY,.
3. Lett € V. Then

e The cluster operator I = Zueﬂ t,JX,, is a bounded linear map from H to #' and
there exists a constant 8 > 0 depending only on Q) such that

1l < 1T Nz 00 < BlIEllv-

o The de-excitation cluster T1 = Zuefl
F' and there exists a constant BT > 0 depending only on N such that

tMI;[ is also bounded linear map from FL to

1T 700 < BTNt

o The cluster operator T =Y
from F-1 to g1

ey t, X, has an extension to a bounded linear operator

4. Define the set of operators

Lo={tl+T: to€R, T =Y t,X, suchthat t={t,}cs€V

ned

The following hold:
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o The set £ forms a closed commutative subalgebra in the algebra of bounded linear
operators acting from H to F61 (and also from F=1 to gt L.

o The subalgebra £ is closed under inversion and the spectrum of any £ L =tel +T
is exactly o(L) = {to}.

o Any element in £ of the form T =% _4t,X, with t € V is nilpotent: it holds that

pned
Fetl = .
e The exponential function is a locally €>° map on £, and is a bijection from the sub-
algebra

T: T =) t,X, suchthat t={t,}.cs €V
neg

to the sub-algebra

I+5: T = Ztuxu such that t = {t,},cq €V
neyg

As a consequence of Theorem 2.3.3 (c.f., Properties (2) and (4)), one can prove that any
intermediately normalised element of the @)-particle space can be parameterised through an
exponential cluster operator. More precisely, given the excitation index set J defined through
Definition 2.3.1 and the excitation operators {X,},c¢ defined through Definition 2.3.2, for any
® € #! such that (P, Ug) - = 1, there exists a unique sequence t = {t,},cq € V and a unique
cluster operator 7 =3~ ¢, X, such that

d = e’ V. (2.12)

A proof of this statement in the infinite-dimensional setting can be found in [82] while the
corresponding proof for the finite-dimensional case is given in [87].

Equation (2.12) implies in particular that if the sought-after ground state wave-function
Peg € F6! that solves the minimisation problem (2.3a) is intermediately normalised, then it can
also be written in the form

* T*
\IJGS =€ \IIO,

for some sequence t* = {t;},cq and corresponding cluster operator 7* =3~ ;¢ X,. In other
words, the minimisation problem (2.3a) can be replaced by an equivalent problem which consists
of finding the sequence t* = {t,},cs € V used to construct the appropriate cluster operator 7
that appears in the exponential parametrisation of ¥*. Indeed, it follows from the definition of

Weg and such an exponential cluster operator e”” that
8&se” Wy = 8L Veg = HUGg = He” Wy, and therefore &5g0o = e Hel W,

Recalling now that for any excitation index u € 9, the excited determinant ¥, = X, ¥q is
L2-orthogonal to the reference determinant ¥y, we are led to the continuous coupled cluster
equations.

Continuous Coupled Cluster Equations:
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Let the excitation index set ¢ be defined through Definition 2.3.1 and let the excitation
operators {X,},eg be defined through Definition 2.3.2. We seek a sequence t* = {t},},c0 € V
such that for all v € J we have

<JCV\I'o,e“7 He’ ‘P°>felee—1 =0, where 7" = X, (2.13)
neg

Once Equation (2.13) has been solved, the associated coupled cluster energy &€& is given by

ECo = <\I/o7e_'7*He‘7*\Ifo> where T* = thxﬂ. (2.14)

ned

~ ~ )

HLXFH 1L

Remark 2.3.6 (Solutions to the Continuous Coupled Cluster Equations).

Consider the continuous coupled cluster equations (2.13). Under the assumption that the
ground state wave-function Vas of the electronic Hamiltonian H : F— g1 s intermediately
normalisable with respect to the chosen reference determinant Vg, i.e., it is not orthogonal to
Wy, it is obvious that there exists a corresponding solution to this non-linear system of equations.
Indeed, by Equation (2.12), there exists a sequence t&,g = {t},},cq € V such that Ug = eTas
with Iig = Zueg t, X, and it can readily be verified that this sequence tgg solves exactly
FEquation (2.13), and consequently 8- = 8g.

Of course, tig defined as above need not be the unique solution to the coupled cluster equa-
tions (2.13). In fact, as we discuss in the next Chapter 2.4, every intermediately normalisable
eigenfunction of the electronic Hamiltonian will generate a solution to Equation (2.13). From a
theoretical point of view, this means that only local well-posedness results can be expected to hold
for the continuous CC equations.

The continuous coupled cluster equations are an infinite system of non-linear equations and
thus cannot be solved exactly. Instead, one introduces an approximation of the continuous
coupled cluster equations by considering, instead of the global excitation index J, some finite
subset J, C J and solving only the equations associated with this subset of excitation indices.
This procedure results in the so-called discrete coupled cluster equations.

Discrete Coupled Cluster Equations:

Let the excitation index set ¢ be defined through Definition 2.3.1, let I, C ¢ denote any
finite subset of excitation indices, and let the excitation operators {X,,},.cq be defined through
Definition 2.3.2. We seek a coefficient vector t; = {t}}.cq, € ¢%(9y,) such that for all v € J), we
have

<IV\I/0, eI Hen \IJO> n =0, whereJ, = Z t, X, (2.15)

HLxGo—1
o eI
The associated discrete ground state energy &;, ¢ is given by

,  where 7" = Z t, X, (2.16)

neIp

* -7 T
= (WU n He'n U
8h.cc < 0, ¢ e 0) 21 7

The discrete CC equations will be the subject of further discussion in Chapter 2.5 where we
will analyse their well-posedness for some specific choices of the excitation index subsets and
Q-particle basis sets. For the moment, we conclude this section with a remark on the nature of
the solutions to these discrete equations.
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Remark 2.3.7 (Solutions to the Discrete Coupled Cluster Equations).

Consider the discrete coupled cluster equations (2.15). As in the continuous case, there is
a priori no reason for solutions of Equation (2.15) to be globally unique. Indeed, numerical
experience confirms that solutions to Equation (2.15) are very often not unique (see, e.g., [111,
78, 75, 59, 77]). Nevertheless, in practice the discrete CC equations are solved very frequently
by the quantum chemical community when performing electronic structure calculations, usually
using some type of iterative Newton method, and it is hoped that if one starts from a sufficiently
accurate initial point, then the resulting solution t}, € (?(9y,) of Equation (2.15) approzimates,
in some sense, an exact solution t* of the continuous CC equations (2.13) that generates the
intermediately normalised ground state wave-function. Of course there are no mathematical
guarantees that this procedure works, and the current reputation of coupled cluster methods as
a ‘gold-standard’ in computational quantum chemistry seems to be based mostly on successful
empirical experience.

Having introduced the continuous and discrete coupled cluster equations, the remainder of
this part will be concerned with their (local) well-posedness analysis. We will first analyse the
continuous coupled cluster equations (2.13) in Chapter 2.4, following which we will study a
particular class of the discrete coupled cluster equations (2.15) in Chapter 2.5.

2.4 Well-posedness of the continuous coupled cluster equa-
tions

Throughout this section, we assume the setting of Chapters 2.2 and 2.3, and we recall in
particular the notion of excitation operators and the continuous coupled cluster equations. We
begin by defining the so-called coupled cluster function, which will be the main object of study
in this section.

Definition 2.4.1 (Coupled Cluster function).

Let the excitation index set 9 be defined through Definition 2.53.1 and let the excitation op-
erators { X, }ueg be defined through Definition 2.3.2. We define the coupled cluster function
f:V — V* as the mapping with the property that for all t = {t,},cq,5 = {su}veg € V it holds
that

<s,f( Vxye = <ZS X, W, e He‘cf\I'0> , where fT:ZtMIH.

ved HLxFo—1 ned

Remark 2.4.1 (Justification of the Domain and Range of Coupled Cluster Function).

Consider Definition 2.4.1 of the coupled cluster function. The fact that f is indeed a mapping
fmm V to V* is a direct consequence of the boundedness of the electmmc Hamiltonian H : H —
=1 and the exponential cluster operators e” : F— 90 ande=7  FH — FL. Indeed, for all
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s={sy}ves €Vand allt = {t,},cog €V it holds that

|<S7 f(t)>V><V*

= <Z syxyqfo,e7Heff\1/0>

ved

< H ZSVIV\IIO 7
ved

< Mlslivlle™ llz-1 o 7-1 1H 1l 21 71 le” Tol| 7.

Equipped with Definition 2.4.1 of the coupled cluster function, let us point out that the
continuous coupled cluster equations (2.13) can be re-written in the following weak form.

Weak Form of the Continuous Coupled Cluster equations:

Let the excitation index set ¢ be defined through Definition 2.3.1, let the Hilbert space of
sequences V C £2(9) be defined through Definition 2.3.6, and let the coupled cluster function
f: V= V* be defined through Definition 2.4.1. We seek a sequence t = {t,},cg € V such that
for all sequences s = {8, },cg € V it holds that

(8,(t))vxv- = 0. (2.17)

As we shall see in Chapter 2.5, this point of view will allow us to interpret the truncated coupled
cluster equations (2.15) as Galerkin discretisations of Equation (2.17), which will be useful for
the purpose of the numerical analysis.

The following extremely significant result, proven in [82], establishes a precise relationship
between zeros of the coupled cluster function defined through Definition 2.4.1 (i.e., solutions of the
continuous CC equations (2.17)) and intermediately normalised eigenfunctions of the electronic
Hamiltonian defined through Equation (2.2).

Theorem 2.4.1 (Relation between Coupled Cluster Zeros and Eigenfunctions of Electronic
Hamiltonian).

Let the coupled cluster function f: V — V* be defined through Definition 2.4.1 and let the
electronic Hamiltonian be given by Equation (2.2). Then

1. For any zero t* = {t;},eq € V of the CC function, the function ¥* = 7 W, €
with I = Zueﬂ t, X, is an intermediately normalised eigenfunction of the electronic
Hamiltonian. Moreover, the eigenvalue corresponding to the eigenfunction ¥* coincides

with the CC energy & generated by t* as defined through Equation (2.14).

2. Conversely, for any intermediately normalised eigenfunction ¥* € F! of the electronic
Hamiltonian, there exists t* = {t:}ueg € V such that t* is a zero of the CC function and
U = e Wy € #H' with T* = Zuea t;, X,,. Moreover, the CC energy ¢ generated by
t* as defined through Equation (2.14) coincides with the eigenvalue corresponding to the
eigenfunction U*.

In other words every intermediately normalisable eigenfunction of the electronic Hamiltonian
(2.2) corresponds to a zero of the coupled cluster function defined through Definition 2.4.1 and
vice-versa. The goal of our analysis in this section is to study the nature of these zeros of the
coupled cluster function and, in particular, to derive sufficient conditions that guarantee the
simplicity of the zeros. Indeed, if we know that some t* € V is a simple zero of the coupled
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cluster function, then this will allow us to deduce local invertibility of the coupled cluster function
at t* € V and thereby derive both local uniqueness and local residual-based error estimates for
the CC equations (2.17). Arguments of this nature are standard in the literature on non-linear
numerical analysis (see, e.g., [96, Proposition 2.1] or [12, Theorem 2.1]) and are usually based
on the invertibility of the Fréchet derivative of the non-linear function being studied. The next
step in our analysis therefore will be to study carefully the Fréchet derivative of the coupled
cluster function. Before proceeding with this analysis however, let us comment on the existing
numerical analysis of the coupled cluster equation (2.17).

Remark 2.4.2 (Existing Approaches in the Numerical Analysis of the CC equations (2.17)).

The existing literature on the numerical analysis of coupled cluster methods is rather sparse.
The first numerical analysis of the single reference coupled cluster— in the finite-dimensional
setting— is due to R. Schneider in [87]. The analysis carried out in [87] was then extended to
the infinite-dimensional setting (as considered here) in the subsequent articles [82] and [83]. The
former article showed that the mathematical objects used to formulate the coupled cluster method
(such as excitation operators) are bounded operators on appropriate infinite-dimensional Hilbert
spaces so that the coupled cluster equations can be stated in infinite-dimensions (prior to this
article, the CC equations were always written in a finite-dimensional setting). The article [85]
used these tools and the ideas developed in [87] to perform a numerical analysis of the infinite-
dimensional coupled cluster equations. Additional articles on the mathematical analysis of CC
methods have since appeared, including [61] which studies the so-called extended coupled cluster
method, [42] which studies the so-called tailored coupled cluster method, [30] which studies the
finite-dimensional CC equations using topological degree theory, and [43] which analyses the root
structure of the CC equations using tools from algebraic geometry.

The aforementioned articles have two important features in common: First they are concerned
with the (local) analysis of the ‘ground-state’ zero of the coupled cluster function, i.e., with
the zero t&g such that elas Wy = We.g. This of course makes sense since the vast majority of
coupled cluster calculations are targeted at approximating the ground state energy of the electronic
Hamiltonian.

Second and more importantly, the well-posedness analysis in all of the above articles is based
on proving a local, strong monotonicity property of the coupled cluster function at t,q. Taking
the example of the article [83] whose notation closely aligns with ours, let the coupled cluster
function f: V — V* be defined through Definition 2.4.1. Then it is shown in [83] that for § > 0
sufficiently small, there exists a constant T' such that for all w,s € Bs(t&g) C V it holds that

(w—s,f(w) = [(8))ysy- = Tllw —sllv. (2.18)

If the constant I' can be shown to be strictly positive, then the local monotonicity property
(2.18) immediately yields local well-posedness of both the continuous coupled cluster equations
as well as sufficiently rich Galerkin discretisations thereof3. Quasi-optimal error estimates for
the CC energy can then also be derived using the dual weighted residual approach developed by
Rannacher et al. [4, Chapter 6] .

The main drawback of the above approach is that the actual local monotonicity constant T’
derived from this analysis (see [83, Theorem 3.4]) is of the form:

T =wy |98 — Tas) Nz IH — Easllz s — O (It5s]3) (2.192)

> wy = (B+87) taslly 1 H — 8&sll -1 — O (I1tcsll?) (2.19b)

3 Although this point of view is not taken in these articles, the local monotonicity condition (2.18) essentially
corresponds to proving that the coupled cluster Fréchet derivative at t{,q is a positive definite operator.
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where v > 0 denotes the coercivity constant of the shifted electronic Hamiltonian H — Efg on
{We 3, the constant w € (0,1) is a prefactor depending on ||¥o — Vsl pz, and B, BT are the
continuity constants of the mappings V>t — T : FL — F' and and V> t — Tt G01 — 01
respectively as given in Theorem 2.3.3.

Consequently, the constant T' is positive provided that ||tég|ly s small enough. However,
according to the theoretical analysis in [82], the constants (3,1 grow combinatorially in the
number of electrons @ in the system, and thus as soon as @ ~ 10 or larger, the lower bound
(2.19b) for the constant T' is no longer positive. Similar issues arise in the local monotonicity
constants derived in the other articles [42] and [61].

To make matters worse, even if we rely on the sharper Inequality (2.19a), numerical experi-
ments involving small, relatively well-behaved molecules for which it is well-known (from numer-
ical experience) that the coupled cluster method works well, reveal that (see Table 2.1 below)

H‘%?S - (7§S)T”g?1_>g?1 HH - gas||g?1_>5z?—1 >7.

In other words, the assumptions required to establish local strong monotonicity of the coupled
cluster function, namely, smallness of the amplitude vector norm |[t&g|ly seem restrictive and
not satisfied in many practical examples. As a consequence, the hope of obtaining quantitative
a posteriori error estimates for the coupled cluster equations appears difficult to achieve.

Monotonicity Hartree-Fock CCSD
Coercivity constant I Energy Error | Energy Error
Molecule | constant v | ||theqllv | from Eq. (2.19a) (Hartree) (Hartree)

BeH2 0.3257 0.2343 0.0363 3.50 x 102 3.83x 10714
BH3 0.2903 0.2844 -0.0950 5.40 x 1072 3.74 x 1074
HF 0.3010 0.2038 -0.0083 2.81 x 1072 3.02 x 1075
H20 0.3471 0.2687 0.0249 5.01 x 102 1.18 x 107*
LiH 0.2617 0.1792 -0.0065 2.04 x 1072 1.14 x 107°
NH3 0.3868 0.3074 -0.0325 6.61 x 1072 2.18 x 1074

Table 2.1: Examples of numerically computed local monotonicity constants for a collection of
small molecules at equilibrium geometries. The calculations were performed in STO-6G basis
sets with the exception of the HF and LiH molecules for which 6-31G basis sets were used. In
all cases, the Full-CI solution was taken as the reference solution. To simplify calculations, the
canonical #' norm was replaced with an equivalent norm induced by the mean-field Hartree
Fock operator (see, e.g., [87]).

We begin our analysis with the following proposition whose essence seems known (c.f., [87,
Theorem 4.16], [83, Lemma 3.1] and [29, Lemma 4.6]) but that has not been expressed in the
current form in the existing literature.

Proposition 2.4.1 (Coupled Cluster Fréchet Derivative).

Let the excitation index set 9 be defined through Definition 2.3.1, let the excitation operators
{X,}eq be defined through Definition 2.5.2, and let the coupled cluster function f: V — V* be
defined through Definition 2.4.1. Then,
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o For any t = {t,}ucg €V, the Fréchet derivative Df(t): V. — V* of the coupled cluster
function f at t is the mapping with the property that for all s,w € V with s = {8, },eg and
w = {w,},cq it holds that

(w,Df(t)8)y v~ = <Z w, X, Vo, e” [H,Zsyx,, 67\1/0> , (2.20)
neg ved H1xF-1
where [, -] denotes the commutator and T :=3_ 5 t,X,.

o [V —=V* is a ¥ mapping.

Proof. We start with the proof of the first assertion. This portion of the proof will proceed in
two steps:

e We will obtain an expression for the Gateaux derivative Df(t), t € V of the coupled cluster
function f, and we will show that this agrees with the expression offered by Equation (2.20).

e We will show that the Gateaux derivative is continuous as a function of ¢, i.e., the mapping
t— Df(t): V— V* is continuous.

Let t, s € V be arbitrary. Thanks to Remark 2.4.1, we observe that for any A > 0 it holds
that f(t 4+ hs) € V*. Tt follows that for any A > 0 and any w € V we have that

(w, /(£ + hs) = f(£))vxve = <Z w, X Wo, (e " He” T — ™  HeT) \1/>

neg

Frxgi—1

= <Z w, X, Vo, e’ (e*hé’HehS - H) 67\110> ,

neg FHLxFo—1

where we have denoted § =3 peg SuXyu and we have used the fact that 7 and & commute (see
the first assertion of Theorem 2.3.3).

As a consequence, using once again the commutativity of J and & together with the power
series expansion of the exponential cluster operator, we deduce that

t+h .
lim w, f(E+ 5])1 J®))vxv- _ <§ w0, W, e (SH+HS)69\IJO>
- ned H1xFo—1

6‘7\I/0> .(2.21)
HrxF-1

In order to show that the expression offered by Equation (2.21) defines the Gateaux derivative
Df(t): V — V*, we must show that this operator is bounded. Recalling from Definition 2.3.4, the

subspace U C #! as the orthogonal complement of {Wo}, let us therefore define A (t): U — 1
as

= <Z wﬂxH\PO’ 6_7 [H, Z s, Xy

ned ved

VO e A, VSTo eV withS =Y 8, Xt (D, AM)STy) 71, 71 = (D, e [H,S]e” Tp)

m

We claim that A (t) defines a bounded linear operator. Indeed, a direct calculation shows
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that ¥® € 7' and VST € U with & = 3 5,2, we have

| (®, A(£)STp) | = (@, e T HSe W0) 71 51 — (@677 SHEWy) 5,

HrxqH -1 1y go—1 «F-1

<@l le™ -1 sz 1H e €7 21y IS %ol

+ 7w,

STz [le

Moz 1Hl sz 1€ Yol| 71 »

where we have used the fact that the cluster operators ¢’ and & commute. Next, let us observe
that by definition of the cluster operator & and the norm || - ||y, it holds that [|[SWg||z, = ||s]v.
Consequently, recalling the continuity properties of cluster operators from Theorem 2.3.3 we
deduce that

ST 7 < BTlsllvl@llz = BYIS ol z: 19 Poll 71

where the constant 4 > 0 is independent of §.

Collecting terms now shows that A (t): U — 1 is indeed bounded, and therefore the
Gateaux derivative Df(¢): V — V* is well-defined according to the expression offered by Equa-
tion (2.21). Since t € V was arbitrary, the coupled cluster function f is everywhere Gateaux
differentiable.

It remains to prove that the Gateaux derivative Df(¢) is in fact a Fréchet derivative. To this
end, it suffices to show that the mapping V 5 ¢t — Df(t): V — V* is continuous. To do so, let
{tn}nen C V be a sequence that converges to t. It follows that

lim_|IDf(¢) = Df(ta)llv—y- = lim sup  sup | (w, D (£)s = Df(t)s)y-
n—oo n—oo gy wev
”3HV=1 HwHV:l

_ 1 . . -7 T o—Tn T
_nh_{l;o sup Zup <waru‘1/0,e [H,Zsyl’y}e Uy —e [H,Zsyxy}e \I'0>A i
HLx g1

seV cv
Isllv=1 [[w]v=1 ned ved ved

where for all n € N we denote 7, := > ey (tn)uX,. Adding and subtracting suitable terms
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yields the inequality

T [DA(t) = Df(ta)ll-rv-

< lim sup sup <Z w, X, Vo, (e_j —e_y") [H,Zsyx,,

n—oo
wevV
Isllv=1[lw[v=11 ‘HEI ved

+ lim sup sup <Zwuxu\llo,e_‘7" H,Zsyl}] (6‘7—6‘7") ‘I/0>

n—oo
weV
Isllv=1 |[w|v=1 negd L ved

< lim  sup
n—oo scV

(6_7 — 6_‘7") [H,ZSVIV e’ 0,

llsllv=1 ved H-1
+ lim sup e In [H, Z SVI,,] (6‘7 — 6‘7") U, ,
n—oo scV N
Isllv=1 ved 7
where we have used the fact that ||w|ly = HZ“GQ w, X, ¥ ;?1 by definition.

We can now use the fact that the exponential cluster operator is a locally > mapping on
the algebra of cluster operators (see Theorem 2.3.3) together with the boundedness properties
of the Hamiltonian H and excitation operators to deduce that both of the above limits are zero.
Thus, lim, . ||Df(t) — Df(t,,)||lv—v= = 0, which shows that Df(t): V — V* as defined through
Equation (2.20) is indeed the Fréchet derivative of the coupled cluster function f: V — V* at
teV.

In order to complete the proof of this proposition, we must demonstrate that the second
assertion also holds, namely, that f is a ¥°° mapping from V to V*. To this end, it is sufficient to
observe that higher order Gateaux derivatives of the coupled cluster function can be computed
exactly as the first order Gateaux derivative given by Equation (2.21) with the single commutator
being replaced by nested commutators. The fact that these Gateaux derivatives are also Fréchet
derivatives is deduced in an identical fashion by making use of the fact that exponential cluster
operator is a locally ¥>° map. This completes the proof. O

Proposition 2.4.1 has a number of important consequences that we now state. For the first
result, let us recall from Theorem (2.4.1) that every zero t* € V of the coupled cluster func-
tion is associated with an intermediately normalised eigenfunction ¥* € F! of the electronic
Hamiltonian H: #* — #~! defined through Equation (2.2).

Corollary 2.4.1.1 (Coupled Cluster Fréchet Derivative at Zeros of the Coupled Cluster Func-
tion).

Let the excitation index set 9 be defined through Definition 2.3.1, let the excitation operators
{X}uea be defined through Definition 2.3.2, let the coupled cluster function f: V — V be defined
through Definition 2.4.1, for any t € V let Df(t) denote the Fréchet derivative of the coupled
cluster function as defined through Equation (2.20), lett* = {t} },cq € V denote a zero of the CC

function that generates the intermediately normalised eigenfunction U* € 1 of the electronic
Hamiltonian with corresponding eigenvalue 8*. Then for all s,w € V with s = {s,},cq and
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w = {w,},ecg, it holds that

(w, Df(t*)8)yye = <Zwu3€ Wo, e (H— &%) Zsuxy%> where T 1= " t5.X,.
7

neg ved Ly go—1 ned
(2.22)

Proof. The proof follows by a direct calculation from Equation (2.20) by expanding the com-
mutator, making use of the fact that HU* = & U* = &*¢7 ¥, by definition together with the
commutativity of the cluster operators 7* and & =3 s,X,. O

Consider the setting of Corollary 2.4.1.1. Let us remark here that, thanks to Theorem 2.4.1,
the eigenvalue " which appears in (2.22) coincides with the CC energy ¢ generated by t*
through Equation (2.14). Therefore, when considering expressions of the form (2.22) involving
the CC Fréchet derivative, we may refer to &* as simply the coupled cluster energy associated
with ¢* without reference to the underlying eigenpair of the electronic Hamiltonian.

Corollary 2.4.1.2 (Local Lipschitz Continuity of Coupled Cluster Fréchet Derivative).

Let the coupled cluster function f: V — V be defined through Definition 2.4.1, and for any
t € V let Df(t) denote the Fréchet derivative of the coupled cluster function as defined through
Equation (2.20). Then the mapping V 3> t — Df(t): V — V* is Lipschitz continuous for bounded
arquments, i.e., for any t € V and any any 6 > 0, there exists a constant Li(5) > 0 such that

IDf(#) — Df(s)[[v-v-

t#s€B;(t) Ht - SHV

= Lt((S) < 00.

Corollary 2.4.1.2 follows immediately from the regularity of the coupled cluster function.

Having obtained an expression for the first Fréchet derivative Df(t), t € V of the coupled
cluster function and studied some regularity properties of the mapping V > ¢ — Df(t), the
next step in our analysis will be to study the invertibility of the Fréchet derivative Df at any
zero t* € V of the coupled cluster function. In order to proceed with this analysis, let us first
notice that thanks to the expression offered by Equation (2.22) in Corollary 2.4.1.1, the coupled
cluster Fréchet derivative at any zero t* € V can be described in terms of an operator acting
on a subspace of the infinite-dimensional N-particle space # L. This observation motivates us to
introduce the following operator acting on the space ¢ = {¥}+ C #*' (recall Definition 2.3.4).

Definition 2.4.2 (Operator Induced by Coupled Cluster Fréchet Derivative at ¢*).

Let the excitation index set 9 be defined through Definition 2.5.1, let the excitation operators
{Xu}ues be defined through Definition 2.3.2, let t* = {t; },cq € V be any zero of the coupled
cluster function defined through Definition 2.4.1, let &* be the associated coupled cluster energy
calculated through (2.14), and let the space ¥ C z?fl be defined as in Definition 2.3.4. We define

the operator A(t*): V — F=1 as the mapping with the property that

VPeU: A i=e 7 (H-6)e" U where T =) t:X,. (2.23)
pned
Notation 2.4.2. Let t* € V be any zero of the coupled cluster function defined through

Definition 2.4.1 and let &* be the associated coupled cluster energy calculated through Equation
(2.14).
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o We denote by ag« > 0 the constant defined as

(@, A)V) 71

age = | A({") |5 5. ;= sup  sup

— ~ )
023e0 020er  Pllz ¥z

with the existence of ag« being guaranteed by Proposition 2.4.1.

e For any t € V we denote by Ly: Ry — Ry the so-called ‘Lipschitz continuity function’ as
the mapping with the property that for all § > 0 it holds that

Lt(é) = sup ||Df(t) — Df(s)||V~>V*
t#£s€Bs(t) It — sllv

)

with the existence of the function Ly being guaranteed by Corollary 2.4.1.2.

o We denote by A(t*)t: U — #HL the mapping with the property that for all U €V it holds
that
A =) (H - 8%)e T, (2.24)

and we emphasise that for all \Tl, ® € U it holds that

(@, AT 10 = ()BT s

so that in particular

IA@E) 65 = IAE) 55 = ar-.
Consider now Definition 2.4.2 of the bounded linear operator A (£*): ¥ — = for an arbi-
trary zero t* € V of the coupled cluster function. Since the coefficient space V inherits its inner

product from the inner product on 7 1 it immediately follows that
Df(t*): V—V* is an isomorphism = A(t*): U — U* s an isomorphism.

We claim that the mapping A (t*): ¢ — U* can indeed be shown to be an isomorphism
provided that the zero t* is generated by an intermediately normalisable eigenfunction ¥* € 76!
of the electronic Hamiltonian that corresponds to a simple and isolated eigenvalue. The proof
of this claim, which is the subject of the next theorem, is based on classical functional analysis
arguments, and will proceed in the following steps: Assuming that the zero t* is generated by a
non-degenerate, intermediately normalisable eigenfunction of the electronic Hamiltonian:

1. We will first show that A (t*): 0 — U* is injective. As a consequence of the Hahn-Banach
theorem, we will deduce that the adjoint operator A (t*)': ¥ — U* has dense range.

2. Next, we will show that the operator A ()T ¢ — U* is bounded below. This will imply
that A (t*)7: ¥ — U* is injective, and has closed range.

Combining the above two steps, will allow us to deduce that the adjoint operator A (t*)1: U
U* is an isomorphism, and therefore so too is the operator A (t*): ¢ — U*. Let us emphasise
here that rather than attacking directly the operator A (t*) induced by the Fréchet derivative
of the coupled cluster function at t* € V, we are choosing to analyse its adjoint. This choice is
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motivated by practical reasons: there is a technical difficulty in proving directly the invertibility
of A (t*) which is avoided if we study instead A (t*)1.

Theorem 2.4.3 (Invertibility of Operator Induced by Coupled Cluster Fréchet Derivative at
t*).
Lett* = {t;}ﬂeg € V be associated with a non-degenerate, intermediately normalisable etgen-

pair (8*,0*) € R x 71 of the electronic Hamiltonian H : Fr — G-t defined through Equation
(2.2), i.e.,

HY* = &0~ with 8" simple, isolated and U* =’ W, where T* = thxﬂ.
neg

Then the operator A (t*): 0 — P defined through Definition 2.4.2 is an isomorphism.

Proof. The proof follows the aforementioned two steps. We begin with the injectivity of A (¢*).

Step 1: A(t*): ¥ — U* is injective.

Suppose there exists 0 £ U € ¥ such that ﬂ(t*)\fl =0in 0*, i.e., for all ® € ¥ it holds that

<§>7ﬂ(t*)\fl>ﬁlxﬁ_l = 0. (2.25)

As a first step, we claim that from Equation (2.25) it must follow that A (£*)¥ = 0 in gL,

Recalling the complementary decomposition of 1 given by Definition 2.3.5, we see that it suffices
to prove that

<\I/0,ﬂ(t*)(l7>ﬁlxﬁ_l —0. (2.26)

ansider now the element ® = (77" Uy € #' and recall that we denote by Pg: FH s
the «L2-orthogonal projection operator onto span{¥g} defined through Definition 2.3.5 and we
have defined Pg := 1 — Py. Clearly, we have that Py® # 0 since

~

(@, W) o = (6(57*)T657*\I/0, %) (ey*\IJO,ey*\IJ()) — ||‘1,*||352 =:dy #0. (2.27)

2 - 12
Since U* = 7 W, € #! is by definition an eigenfunction of the electronic Hamiltonian with
associated eigenvalue &%, a direct calculation also reveals that

<</I;,ﬂ(t*)\fl> = <e(57*)fe‘7*\110,e_'7* (H - &%) ej*\fl>

HLx -1 Ferx g1
_ <e~‘7*x1/0, (H — &%) e7*@>

0.

2.28
FLxF-1 ( )
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On the other hand, we also have

<</13,ﬂ(t*)\f/>A ) :<}P’0</15,Jl(t*)\fl>A ) +<Pg&>,ﬂ(t*)\i>

o i = (Pod, A(t)T)
HLxF—1 FLxge—1 HLxFe—1

(2.29)

Frxge—1

where the second equality is due to the fact that A (t*)\fl =0in V" by assumption.
Combining therefore Equations (2.27)-(2.29), we deduce that

Twge—1

FrxF—1

0= <&)’ﬂ(t*)\i>ﬁ Frxq-

<Pocf>,ﬂ(t*)€17> = dy <x1/0,ﬂ(t*)\i>

Since dy # 0, we immediately deduce that Equation (2.26) holds and therefore A (£*)¥ = 0 in
FH~1 as claimed.

Since e~ )" #1 — 1 is a bijection, we next deduce that for all & € 7! it holds that

0= <e<7*>*<1>,ﬂ(t*)(17> ) - <<1>, (H — &%) 67*@%1@_1 :

H1xH—1
The simplicity of the eigenvalue §* now implies that we must have

e’ W e span{¥*}.

Using again the fact that U* = ¢’ ¥, and that e’ : F1 — ' is a bijection, we obtain the
existence of some constant dy € R such that
U = dy,.

Recall however that ¥ € ¢ = {¥}+ by assumption, and therefore we must have Eivo =0 and
thus ¥ = 0. This completes the proof of the first step.

Step 2: A(t*)': ¥ — U* is bounded below.

Let ¥ € U be arbitrary. For any ¥% e {U*}+ C F', i.e., any wave-function U* that is
L2-orthogonal to the eigenfunction U* with associated eigenvalue &*, we define the function

‘quL = PoLe_fT* \I/j_ S 0,

It is straightforward to observe that for all such (’I;\I/J_, it holds that

’<€>%,ﬂ(t*)ﬂfl>

Frxge—1

=0 (2.30)
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We claim that the term (II) is identically zero for any choice of ¥* . To this end, observe that

P()e_j* \Ifj_ = (6_7*\1/1, \I/())f2 \I’() = ( 17 \Il())fz \IIO = P()‘I’j_.

We therefore deduce that

* gt « _—(THT g,
(H):—<]P>O eI (H — 8% e \I/>ﬁlegil

= — (\I/07 \I’i)f2 <\I[O7 e(y*)T (H _ 8*) 67(‘7*)1\I/>
where we have used the fact that Po¥" = (W, ¥ ) 7 ¥o.

Notice however that the second term in the product above satisfies

<\1/0,e<57*>*(H—é;*)e*<~‘7*)*\ff>A ) :<(H—g*)ef’*\p0,e*<ff*>*\i>A =0, (231)
HLxH—1 H—1xFL

where the last step follows from the fact that He” ¥y = HU* = &*U* by assumption. Thus,
the term (II) is identically zero for any choice of ¥* € {¥*}+ C #! as claimed, and we need
only estimate the term (I).

An easy simplification reveals that

(1) = < * (H- &) e*<7*>*\i>ﬁlxﬁfl . (2.32)

Thanks to the ellipticity of the electronic Hamiltonian H: #01 — 1 and the simplicity of
the eigenvalue &7, it is easy to deduce that the shifted Hamiltonian H — &*: #( L #~1 satisfies
an inf-sup condition on {¥U*}+ C #?! (see also Remark 2.4.3 for a detailed argument). In order

to make use of this result and bound the term (I), we need only show that ¥* and e~(7 Y are
both elements of {¥*}+. The former inclusion is true by definition of ¥* and as for latter, we
see that

(ﬂ/*,e_(j*)T\IO = (ey*\llo,e_(‘?*)f(f/) = (\IIO, ‘I’) =0,
12 L2 L2
where we have used the fact that ¥ € U = {U(}+ by definition.

We can therefore deduce from Equation (2.32) that

‘<‘I’17(H —Eee)

sup

" (2.33)
Ut e{w*}+ ||\I/¢H;?1

=y He_(y*)t\fl‘

g’
where v > 0 is the inf-sup constant of the shifted Hamiltonian H — &* on {¥*}+ C L.

Recalling now that ¥ € ¥ was arbitrary and combining the estimates (2.31)-(2.33) with
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Equation (2.30) we obtain that for all ¥ € ¥ it holds that

| <51v>,ﬂ(t*)T(IV/>A R
HLxFe—1
sup = > sup =
0£BeD 11l 72 0T e{wrpt [Pw, [l 72

| [(Fo A ) |

| ()15

'<qfi,(H—g*)e—<7*>T(I7>

sup FLx -1
0A4T* €{T*}+ ||Pé€7y(t*)‘1’i”;?1
Ut (H - & —(7*>"\i>
! sup ‘< l’( )6 FLxFH—1
T Pre T Nl opwn e{uyt 197 Ml 70
g ‘ —(Tg
> . e
IPge=7" | 21 71
Y
> - T
P57 [l 712 1€ Nl g1, 7 ¥z

where the final step follows from the fact that e=(7)": #1 — ¢! is a bijection. Defining now
the constant © € (0,00) as

*\ T =
0 := 11" Nz Py e™ Nz, 7, (2.34)
and recalling that U € ¥ was arbitrary, we deduce that
~ ~ * ~ /'Y ~
VBeD: A Bl > 218,

which completes the proof of the second step.
Comblmng the conclusions of Step 1 and Step 2 we deduce that the adjoint operator

A(t*)T: U — U* is an isomorphism, and from this it follows that the operator A (£*): ¥ — ©*
is also an isomorphism. O

Equipped with Theorem 2.4.3 and recalling the discussion following Notation 2.4.2, we imme-
diately obtain the desired invertibility result for the coupled cluster Fréchet derivative at any zero
t* € V of the coupled cluster function that is associated with a non-degenerate, intermediately
normalised eigenfunction ¥U* € #! of the electronic Hamiltonian.

Corollary 2.4.3.1 (Invertibility of the Coupled Cluster Fréchet Derivative at ¢*).

Let the coupled cluster function f: V — V* be defined through Definition 2.4.1, for anyt € V
let Df(t) denote the Fréchet derivative of the coupled cluster function as defined through Equation
(2.20), let t* € V denote a zero of the coupled cluster function corresponding to an intermediately
normalised eigenfunction U* € 1 of the electronic Hamiltonian H : FL = G with simple,
isolated eigenvalue &%, let v > 0 denote the inf-sup constant of the shifted Hamiltonian H — &*
on {¥*}L C #1, and let © > 0 denote the constant defined through Equation (2.34). Then
Df(t*): V — V* is an isomorphism and it holds that

)
vioy < —.

Df(t*) !
[Df(E*) | 5
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Having completed our study of the coupled cluster Fréchet derivative, we are now finally
ready to state the main result of this section, namely the local well-posedness of the single
reference coupled cluster equations. As mentioned at the beginning of this section, we will do so
by appealing to a classical result from non-linear numerical analysis.

Theorem 2.4.4 (Local Uniqueness of the Coupled Cluster Solution ¢*).

Let the coupled cluster function f: V — V* be defined through Definition 2.4.1, let t* € V
denote a zero of the coupled cluster function corresponding to an intermediately normalised eigen-
function U* € o1 of the electronic Hamiltonian H : FeL — G with simple, isolated eigenvalue
&*, let v > 0 denote the inf-sup constant of the shifted Hamiltonian H — &* on {¥U*}+ C 5‘61, let
© > 0 denote the constant defined through Equation (2.34), let the continuity constant ag= > 0
and the Lipschitz continuity function Ly« : Ry — Ry be defined according to Notation 2.4.2, and
define the constant

Qg

o g
T:= ?23{5’ Le-(0)0° 2Lt*(5)}'

Then f(BT(t*)) is an open subset V*, the restriction of f to Bp(t*) is a diffeomorphism and
for all s € Bp(t*) we have the error estimate

11 C]
S < || — < 2= .
32 /@ <l = slly <2 1(@)ly (235)

In particular, t* is the unique solution of the continuous coupled cluster equations (2.13) in
the open ball B(t*).

Proof. The fact that the image under f of the open ball By (t*) is itself open and that f is a local
diffeomorphism is a direct consequence of the inverse function theorem for Banach spaces (see,
e.g., [66, Chapter 9]) while the error estimate is a direct application of [96, Proposition 2.1]. The
fact that the assumptions of both results are indeed fulfilled by the coupled cluster function f is
a consequence of Proposition 2.4.1 and Corollaries 2.4.1.2 and 2.4.3.1. L

Next, let us comment on the constants that appear in the error estimate offered by Theorem
2.4.4.

Remark 2.4.3 (Interpretation of the Constants Appearing in Error Estimate (2.35)).

Consider the setting of Theorem 2.4.4. From the point of view of a posteriori error quantifi-
cation, it is important to gain a better understanding of the constants v > 0 and © > 0.

Let us recall that the v > 0 is the inf-sup constant of the shifted Hamiltonian H — &* on
{U*}+ C #H'. A crude lower bound for this constant can be obtained through the following
procedure.

We begin by noting that the shifted Hamiltonian H — 8¢ + 1 defines a coercive operator on
g?l.ASince the electronic Hamiltonian is additionally self-adjoint, we can introduce a new norm
on #' by setting

Vo € g0t [@[1Z, := (@, (H — 85 + 1) @) 71 551 5

and it is clear that this new norm is equivalent to the canonical || - ||z, norm, i.e.,

deequiv > 1 such that V@ € et 11®]]]7: < 1Pl 71 < Coquivll|P[l]7:-

equiv
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In particular, the ellipticity of the electronic Hamiltonian given by Inequality (2.5) also holds

with respect to the new ||| - [||: norm and we have
7 * 1 2 2 . 1 2
VO e R (B, (H —E) Bz > 0N, — (9022 — & — 1) 0)2,.  (236)
4Cequiv 4
Moreover, the norm ||| - ||| also induces a new dual norm ||| - ||[7_. on the space F-1,
and this new norm is also equivalent to the canonical dual norm || - || 5_..

Next, we claim that for any ® € {U*}+ C #H" there eists Pgip € {0}t such that

(Paip, (H —8")®) 51 71 = A*||Q>||?f2, where A* := N inEH)P\* — & >0 is the spectral gap at 8".
“eo
AT £E"

(2.37)

To see this, assume that (8*,U*) is the JH eigenpair of the electronic Hamiltonian, ordered
non-decreasingly and counting multiplicity. Then we can write any ® € {U*}L in the form

J+1
o= Z P® + o,
=1

where each Py: FL — 01 denotes the f2—0rthog0nal projector onto the span of the (' eigenfunc-
tion, ®+ = & — Z‘Zill P;®, and we emphasise that P;® = 0 since ® € {¥*}+. Consequently,
for any ® € {U*}+, we may define ®a;p, € {V*}+ as

J—1
O = — Y P+ Py @+ 0,
/=1

and a direct calculation shows that

(Paip, (H — &%) D) > min{&" — ;51,8511 — E}[|@||%, = A7 @]

FrxdH—1 L

where we have used 5_1,8511 to denote the J — 1 and J + 1 eigenvalues of the electronic
Hamiltonian. The claim now readily follows. Additionally, it is readily verified that for any
® € {U*}+ with @i, constructed according to the above procedure, it holds that |||®aip||| 7 =
1]l 7: -

Defining now the constant q :=

A*
Cn (9QZ2 - i) € (0,1) and combining the Estimates

(2.36) and (2.37), we deduce that for all ® € {¥*}L it holds that



46 CHAPTER 2. The coupled cluster equations

(0, (H — 8)®) 7 54 (0, (H = 8)®) 3, 74
sup =q sup
0ATe{W*}+ |H\I’|Hg?1 0ATe{T*}-+ |H\I’|Hg?1

<\Ijv (H - 6*)(I)>fg1 w1

+(1-9q) sup
0ATe{T*}+ |||\I’|Hg?1

(@, (H ~ 8)®) 51, 5+

(@i, (H — 67)0)

S +(1 ) HLxH—1
= q —q
el N
1 1 1
>q ( 12|12 —(9@22—8*—) ||<1>%)
|||(I)|||{7A€1 4Cequiv #t 4 L2
+ (1= gy A2
L, 1
IEE
1
—q [P
4Cequiv #

where the cancellations in the last step occurs due to the definition of g € (0,1).

Recalling now the definition of the constant q, we see that the inf-sup constant vy is lower
bounded by

A*

> : 2.38
4 Coquiv (A* +9Q2% — & — ) (2.38)

v

Two important comments are now in order. First, we expect the lower bound (2.38) to be
rather coarse because of the appearence of the norm equivalence constant coquiv. Note also that

the ' -norm associated with this equivalance constant is given by
Vo e H': @[%: = (2, (H — &&s + 1) @)z, 71 »

i.e., as the norm induced by the shifted Hamiltonian H — &g +1, and there is a priori no reason
that a better equivalence constant cannot be obtained for a differently shifted Hamiltonian, i.e.,
for the operator H — 8fg + v with v > 0 arbitrary.

Second, we observe that if A*, i.e., the spectral gap at &*, approaches zero, then the lower
bound (2.38) that we have derived also approches zero. In fact, the same is true for the inf-sup
constant vy, i.e., A* — 0 implies that v — 0. To see this, assume for simplicity that A* = &* — &
with & denoting the eigenvalue associated with some eigenfunction ¥ # U* € F#'1 of the electronic
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Hamiltonian. It then follows that

‘<‘If7 (H—=8)®) 71,501 ’<\II (H - 8*)‘P>ﬁlxﬁ—1
= inf sup < sup =
0APE{W } o pefur}L Tz 1@ 71 0AVE{w*}L ]|z 1]l 71
‘<\IJ’{IVI> 71y Zp—1
— A FLxH

ozwe{w 3t [[[ W] 7 1197

from which we deduce that A* — 0 indeed implies v — 0.

An important consequence of this observation is that the residual-based CC error estimate
(2.35) that we have derived in this work will degrade as the spectral gap degrades. In particular,
it will not hold for gapless systems for which a more elaborate theory must be developed. A
possible starting point for such a theory could be the Lyapunov-Schmidt construction (see, e.g.,
[12, Chapter V]) which is used in non-linear numerical analysis to study problems that cannot
be analysed using the inverse function theorem. Of course, the applicability of this approach to
the coupled cluster equations is an open question.

Coming now to the constant ©, we see that it is simply the product of two operator norms
involving the exponential cluster operator and its adjoint. Thanks to the continuity of the mapping
Vot e 7W: gl 5 #H1, (and its adjoint) we deduce that these operator norms will be large
when ||t|lv is large, and therefore the residual-based CC error estimate (2.35) is expected to
degrade if ||t|lv is large.

We conclude this section by emphasising, in particular, that if the ground state energy of the
electronic Hamiltonian H: #! — # ! is simple, and the chosen reference determinant ¥ is not
orthogonal to the corresponding ground state wave-function, then the continuous coupled cluster
equations (2.17) are locally well-posed, and we have access to the residual-based error estimates
given by Theorem 2.4.4.

2.5 Well-posedness of the full coupled cluster equations in
a finite basis

Having understood the local well-posedness of the continuous coupled cluster function, the
next step in our analysis is to study the discrete coupled cluster equations (2.15). Unfortunately,
obtaining a local well-posedness result for an arbitrary choice of excitation subset or Q-particle
basis set is a highly non-trivial exercise. Indeed, as the subsequent exposition will show (see
Lemma 2.5.2 and Theorem 2.5.5 below), our discrete local well-posedness analysis depends on
being able to demonstrate that certain discrete inf-sup conditions hold and the establishment
of these conditions for arbitrary discretisations is not obvious. For the purpose of this thesis
therefore, we will limit ourselves to an analysis of the so-called Full-Coupled Cluster equations
in a finite basis. The extension of our analysis to more general discretisations (the so-called
truncated CC equations [52, Chapter 13]) will be addressed in a forthcoming contribution.

Throughout this section, we assume the settings of Chapters 2.2-2.4. In particular, we will
frequently refer to the notions of Chapter 2.2.3. Let {1;};en denote an L?(R?; C)-orthonormal
basis for H1(R?;C). For any K € N, we define By := {1/@-}521 and X := span Bg.

Recall that we denote by @ € N the number of electrons in the system under study. Our goal
now is to use the sets {Bx } xen to construct a sequence of finite-dimensional, nested subspaces
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of the antisymmetric tensor product space F! whose union is dense in #!. To avoid tedious
notation in this construction, we will always assume that K is a natural number such that K > Q.
Proceeding now, exactly as in Chapter 2.2.3, we first introduce for each such K the index set
gfi c {1,...,K}% given by

g9 = {E:(el,ég,...,zQ)e{1,...7K}Q:£1<£2<...<4Q}.

Next, we define for each K the set of £2-orthonormal, Q-particle determinants BL F1 as

1
(Bg = {\I/a(xl,xQ, S XQ) = 7det(¢ai(xj))gj:13 a=(a,a,...,00) € g}?},

VQ!

and we denote, as usual, ¥o(x1,...,Xg) = det(q/;i(xj))?j:l.
It now follows that we can define the sequence {Vx}k>q of subspaces of L as Vg =

span @2, and it holds that

K

VK>Q: dimUK:(KQ

——
>, VEK,>K >Q: Vk, CVUk, and [ J Uk =g'.
K>Q

Equipped with the sequence of finite-dimensional subspaces {Vk } kx>¢ whose union is dense
in 9 L our next task is to introduce a corresponding sequence of finite-dimensional coefficient
spaces {Vk } k> whose union is dense in the Hilbert space of sequences V that was introduced
through Definition 2.3.6. To this end, we require some definitions.

Definition 2.5.1 (Excitation Index Sets For Finite Bases).
For each K and each j € {1,...,Q} we define the index set ¥ as

QJK ::{(Zh.“’é):zl<...<zje{17...,Q} andﬂl<...<€je{Q+1,...,K}},

we set
Q
K ._ K
ok =]t
j=1

and we emphasise that |J 9% = 4, i.e., the global excitation index defined through Definition
K>Q
2.8.1.

Consider Definition 2.5.1 of the excitation index sets ng, je{l,...,Q}. Since each QJK is a
subset of the global excitation index set J defined through Definition 2.3.1, it follows that we can
define for any u € gf(, excitation and de-excitation operators X, : FH' — #'! and Ig: FH— FH!
through Definitions 2.3.2 and 2.3.3 respectively. Moreover, the results of Theorem 2.3.3 can be
applied to these excitation and de-excitation operators, and the following remark summarises
some additional properties of these elementary excitation and de-excitation operators.

Remark 2.5.1 (Properties of Excitation and De-excitation Operators Related to the Index Set
9K,

Let the excitation index set 9% be defined according to Definition 2.5.1. Then the finite-
dimensional Q-particle basis @2 and the finite-dimensional Q-particle approzimation space Vi
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have the decomposition
BL = {Wo} U{X,Vo: pedXY,

Vk :=span {¥q} @ span{.xu\lloz e gK} .

=0
Additionally, for any p,v € 95 and k € 9\ 9% it holds that
XX, € Ve and XX, € Uy
X, X0 ¢ B and  X[X.Wo ¢ BY,
XXy ¢ B and X1, = 0.
Finally, as in Chapter 2.4 we will denote ¥, := X, Vg for any p € gk,

Next we will introduce subspaces of coefficient vectors corresponding to the excitation index
sets {g K } K>0" The following construction is essentially an adaptation of Definition 2.3.6 of the

sequence space V to finite dimensions.

Definition 2.5.2 (Finite-Dimensional Coefficient Spaces).

Let the excitation index set Ix be defined through Definition 2.5.1 for K > Q, and let the
Hilbert space of sequences V be defined according to Definition 2.3.6. We define the Hilbert
subspace of coefficients Vi C'V as the set

Vi i={t:=(t)ues €V: t,=0Vu¢I*}, (2.39)
equipped with the (-, )y inner product.

Notation 2.5.1. Consider Definition 2.5.2 of the Hilbert subspace of coefficients Vi, and let
t € Vi denote an arbitrary element. In the sequel, for clarity of exposition we will frequently
denote t := tg = {t,},cqx. In other words, by an abuse of notation, we will identify Vg with
the set 2 (QK) but equipped with the (-,-)y inner product.

As can be expected, the coefficient subspaces {Vg } k>¢ introduced through Definition 2.5.2

inherit many properties from the @-particle approximation spaces {@Ig} k>q- Indeed, we have
the following lemma.

Lemma 2.5.1 (Deunsity of Finite-Dimensional Coefficient Spaces).

Let the infinite-dimensional Hilbert space of sequences V C £2(9) be defined through Definition
2.3.6 and let the Hilbert subspace of coefficients Vi C 'V be defined through Definition 2.5.2 for
K > Q. Then it holds that

— v
VE,>K >Q: Vg, CcVg, and Uve =v
K=2Q

Proof. The set inclusion is obvious so we focus on proving the density. Note that the density
result would also be obvious had the sequence space V been equipped with the || - ||,z norm.
The density is slightly subtle precisely because we have equipped V with the non-standard || - ||y
norm.
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Recall that the union of the Q-particle approximation spaces {Vk } K> 18 dense in #'. From

this we deduce that the union of the @-particle approximation subspaces {GK} K>q is dense in
span{¥}*, where we remind the reader that Vx = span{¥,: p € 95} ={¥ € Vx: (¥, Vg) s, =
0}.

Consequently, there exists a sequence of functions { Uk } x>¢g with each Uk := ZuegK tff v, e
17;( such that limg o [[Wx — W5||7: = 0. Defining for each K > Q, the sequence tx € Vi as
ti = {tff }uegx, and using the definition of the | - ||y norm now yields the required density. [J

We are now ready to state the discrete coupled cluster equations corresponding to the approx-
imation spaces we have introduced above. As mentioned at the beginning of this section, these
equations are known in the quantum chemical literature as the Full-Coupled Cluster equations
in a finite basis.

Full-Coupled Cluster Equations in a Finite Basis:

Let the excitation index set 9% be defined through Definition 2.5.1 for K > @, let the Hilbert
subspace of coefficients Vi C V be defined through Definition 2.5.2, and let the coupled cluster
function f: V — V* be defined through Definition 2.4.1. We seek a coefficient vector tx € Vi
such that for all coefficient vectors s € Vi it holds that

<SK7 f(tK)>V><V* =0. (240)

The remainder of this section will be concerned with the (local) well-posedness analysis of
Equation (2.40). We begin with a definition.

Definition 2.5.3 (Restricted Coupled Cluster function on Full-CI spaces).

Let the excitation index set 9% be defined through Definition 2.5.1 for K > Q and let the
Hilbert subspace of coefficients Vi C 'V be defined through Definition 2.5.2. We define the
restricted coupled cluster function fix: Vi — Vi, as the mapping with the property that for all
tx,sk € Vi it holds that

(8K, Ik (R ) Vi xvs, = (8K, f (K )) vy -

It is readily seen that solutions ¢}, € Vi to the Full-CC equations in a finite basis (2.40)
are nothing else than zeros of the restricted coupled cluster function fx: Vi — V7. defined
through Definition 2.5.3. The following result, whose proof can, for instance, be found in [87], is
essentially a finite-dimensional analogue of Theorem 2.4.1 and establishes a relationship between
these zeros of the restricted coupled cluster function and intermediately normalised eigenfunctions
of the Full-CI Hamiltonian Hg : Vi — ¢/ defined through Equation (2.7).

Theorem 2.5.2 (Relation between Restricted Coupled Cluster Zeros and Full-CI Eigenfunc-
tions).

Let the restricted coupled cluster function frx: Vi — V7. be defined through Definition 2.5.5,
and let the Full-CI Hamiltonian Hi : Vx — Vs be defined through Equation (2.7). Then

1. For any zero tj, = {t,},cox € Vi of the restricted CC function, the function Wy =
kW, € Uk with T = ZueﬂK t;, X, is an intermediately normalised eigenfunction of
the Full-CI Hamiltonian. Moreover, the eigenvalue corresponding to the eigenfunction U%,
coincides with the discrete CC energy &y oo generated by i as defined through Equation
(2.16).
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2. Conversely, for any intermediately normalised eigenfunction Vi, € Vi of the Full-CI
Hamiltonian, there exists tj; = {t},},eqx € Vi such that tj is a zero of the restricted

CC function and Vi = ’x Wy € Vg with Tt = > pegx 6, Xy, Moreover, the discrete CC
energy 8j oo generated by tic through through Equatwn (2 16) coincides with the eigen-
value corresponding to the eigenfunction Wi

In view of Theorem 2.5.2, the goal of our analysis in this section will be two-fold: first, we
would like to demonstrate, exactly as in the infinite-dimensional case, that solutions t3 € Vg
of the Full-CC equations (2.40) that correspond to non-degenerate eigenpairs of the Full-CI
Hamiltonian are locally unique. Second, we wish to obtain a characterisation of the error between
solutions tj € Vg of the Full-CC equations (2.40) and solutions t* € V of the continuous
coupled cluster equations (2.17). For the latter analysis we will appeal to classical results from
the numerical analysis of Galerkin discretisations of non-linear equations but the former task
is essentially trivial since the Full-CC equations have the same structure as the continuous CC
equations and hence our proofs from Chapter 2.4 can be copied with minor amendments. For
the sake of brevity therefore, we simply state the final result on local uniqueness of solutions to
the Full-CC equations in a finite basis (2.40).

Theorem 2.5.3 (Local Well-Posedness of the Full-Coupled Cluster Equations in a Finite Basis).

Let Vi C V denote the Hilbert subspace of coefficients as defined through Definition 2.5.2
for K > Q, let the restricted coupled cluster function fx: Vi — Vi, be defined through Defi-
nition 2.5.3, let tjc := {t, },cox € Vi denote a zero of the restricted coupled cluster function
corresponding to any intermediately normalised eigenfunction Vi € Vi of the Full-CI Hamil-
tonian Hy: Vi — Vj with non-degenerate eigenvalue &}, let v > 0 denote the inf-sup con-
stant of the shifted Full-CI Hamiltonian Hx — &} on {Ui}+ C Uk, let O > 0 be defined
as Ok = |e 7K)T||1/K_>VK||HDO ek | v with T3 = > peqr 6 Xy, let the continuity constant
agz. > 0 and the Lipschitz continuity function Lg: : Ry — Ry be defined according to Nota-
tion 2.4.2, and define the constant

. YK Qg
T:=T(K) := 1) 2 K .
(%) %nig{ e (00 Lt;(w)}

Then fx (Br(t})) is an open subset of Vi, the restriction of fx to Br(t}) is a diffeomor-
phism, and for all sk € Br(t}) we have the error estimate

11

* K
S - <l — <2 K
2 ors Ifx (8x)lvs, < [[t)e — 8K |lvi > /& (sK)|

Vi - (2.41)

In particular, ty is the unique solution of the Full-Coupled Cluster equations in o finite basis
(2.13) in the open ball Br, (t}).

Proof. The proof is essentially identical to the proof of Theorem 2.4.4 with some obvious mod-
ifications. We first obtain an expression for the Full-CC Jacobian Dfk (tx): Vx — Vi, at any
tx € Vi exactly as in the infinite-dimensional case. Thanks to Theorem 2.5.2, we can deduce
from this expression that the Jacobian Dfk(t}) at any zero tj € Vi of the restricted CC
function has the form

<wK7DfK(tK)sK Vi xVi — < Z w#‘r \Il()v (Hig}k()ey;é Z SDII/\IJO> )

egK vedkK
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for all sx,wx € Vi with sk = {s,},egx and wr = {wy},cox where Tpf 1= 3" gi ¢, X

In analogy with Definition 2.4.2, we can then introduce an operator Ak (ty): Vi — g1
that characterises the action of the Full-CC derivative Dfg (t},) and show that this operator is

an isomorphism from GK to (7}*( exactly as in Theorem 2.4.3. The local-uniqueness result then
readily follows.

O

Consider the setting of Theorem 2.5.3. For very small molecules discretised in minimal basis
sets, it is possible to perform Full-CI calculations and thereby gain access to the derivative Df g (¢)
of the restricted coupled cluster function at t = tyo; € Vg, i.e., at the coeflicient vector thcg
which generates the Full-CI ground state wave-function. It is natural to ask how the bounds that
we have derived compare to the exact norm of the inverse D f]_(l(t;CI). While a comprehensive
numerical study involving state-of-the-art quantum chemistry basis sets for moderately large
molecules, is computationally unfeasible, there is some hope that numerical experiments can be
performed on certain very small molecules using so-called minimal basis sets. A numerical study
of this nature is left to a future contribution but some preliminary numerical results are given in
Table 2.2 and Figures 2.1 and 2.2. Based on these results, the lower bounds that we have derived
seem reasonable at equilibrium but tend to degrade

for the operator norm ||DfI_<1(t1’§CI)||§;<

—)V}(

in the bond dissociation regime.

Monotonicity

constant I
* —1 % —1 VK /O

Molecule | |[ticyllvy | from Eq. (2.19a) | ||Dfg (tFCI)“V}‘(ﬁ»VK VK [OK . =
IDfk (trcD) lvs v

BeH2 0.2343 0.0363 0.3379 0.2568 0.7599
BH3 0.2844 -0.0950 0.3060 0.2081 0.6801
HF 0.2038 -0.0083 0.2995 0.2529 0.8444
H20 0.2687 0.0249 0.3576 0.2789 0.7799
LiH 0.1792 -0.0065 0.2628 0.2164 0.8234
NH3 0.3074 -0.0325 0.4113 0.2784 0.6769

Table 2.2: Examples of numerically computed constants for a collection of small molecules at
equilibrium geometries. The calculations were performed in STO-6G basis sets with the exception
of the HF and LiH molecules for which 6-31G basis sets were used. To simplify calculations,
the canonical #' norm was replaced with an equivalent norm induced by the mean-field Hartree
Fock operator (see, e.g., [87]).

We now turn to the second goal of this section, namely to a study of the error between
solutions ¢t} € Vg of the Full-CC equations (2.40) and solutions t* € V of the continuous
coupled cluster equations (2.17). Since the Full-CC equations are simply Galerkin discretisations
of the continuous CC equations, their local well-posedness can be deduced from classical results
in non-linear numerical analysis. Indeed, we merely have to obtain an appropriate invertibility
result for the coupled cluster Fréchet derivative restricted to the coefficient subspaces {Vi }k>¢
and we must establish that the subspaces {Vi}x>¢ have the approximation property with
respect to V. The latter demonstration is a simple consequence of the density of KL>JQVK inV

which has already been proven in Lemma 2.5.1. We therefore focus on obtaining the required
invertibility result.
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Figure 2.1: Numerically computed constants for the HF molecule at different bond lengths. The
equilibrium bond length is 0.9168 Angstrom. The figure on the right uses a log scale on the
y-axis.
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Figure 2.2: Numerically computed constants for the LiH molecule at different bond lengths. The
equilibrium bond length is 1.5949 Angstrom. The figure on the right uses a log scale on the
y-axis.

We begin by defining projection operators corresponding to the various finite-dimensional
approximation spaces we have introduced.

Definition 2.5.4 (Projection Operators).

Let Vi = span{¥o} U GK C ' denote the finite-dimensional Q-particle approximation space
for K > Q and let Vi C 'V denote the Hilbert subspace of coefficients as defined through Defini-
tion 2.5.2. Then

o We denote by Pk : o — 3?1, the ﬁl-orthogonal projection operator onto Vi and by P
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its complement, i.e., Pﬁ =1-Pg.

e We denote by L : V — V, the (-, -)y-orthogonal projection operator onto Vi and by I3
its complement, i.e., HIL( =1-1Ilg.

Notation 2.5.4 (Cluster Operators Involving Projections).

Consider the setting of Definition 2.5.4 and let t € V. In the sequel, we will frequently
consider cluster operators generated by it or Ilxt. We will therefore use the notation T (Ilx)
and T (I1%) respectively to denote these cluster operators, i.e., we denote

T (k) := Z s, X, where {s,},cox =gt € Vg, and
negkx

T(Ig) = ZTNI# where {r,},cq =gt € V.
ned

We are now ready to state the main technical lemma of this section. We emphasise that the
proof of this lemma assumes that any isolated, simple eigenpair of the electronic Hamiltonian
can be approximated by a sequence of simple eigenpairs of the Full-CI Hamiltonian.

Lemma 2.5.2 (Invertibility of the coupled cluster Fréchet derivative on Vi ).

Let the coupled cluster function f: V — V* be defined through Definition 2.4.1, for anyt € V
let Df(t) denote the Fréchet derivative of the coupled cluster function as defined through Equation
(2.20), let t* € V denote a zero of the coupled cluster function corresponding to an intermediately
normalised eigenfunction U* € ! of the electronic Hamiltonian H : FL — F1 with 1solated,
non-degenerate eigenvalue 8%, let Vi C V denote the Hilbert subspace of coefficients as defined
through Definition 2.5.2 for K > Q, let the Full-CI Hamiltonian Hy: Vi — V% be defined
according to Definition 2.7 and let (¥, 85) € Vk x R be a sequence of simple eigenpairs of the
Full-CI Hamiltonians {Hk }k>q, i.e.,

VO € Vk: (@K,HK\I/}‘QUKX(;;( = 8 (P, Vi) 1 5-1 with &f simple and such that
(2.42)

Jim [0 - Wl =0, Jim |6~ 85| =0.

Then for all K sufficiently large, there exist a constant yx > 0 uniformly bounded below in K,
a constant O > 0 uniformly bounded above in K, a constant ex > 0 such that Klim ek =0, a
— 00

constant wg > 0 such that Klim wi = 1, and we have the estimate
—00

(wr, D ()81 )y s VK Jwi — E)

inf sup
0Fwr Vi otscevie  [Wk(vsk(v

Proof. Firstly, let us remark that the existence of convergent sequence of simple eigenpaires
(Ui, E€5%) € Vk x R satisfying Equation (2.42) is guaranteed by well-known approximability
results for linear eigenvalue problems (see, e.g., 20, Example 5.9]).
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Let wi = {wp},cox, 8k = {8y} cgx € Vi be arbitrary and let the bounded linear operator
A(t*): ¥ — V* be defined according to Definition 2.4.2. It follows from Corollary 2.4.1.1 that

(Wi, DI )31y = (Wi Vo, A )SkcW0) o g1 = (WicWo,e ™7 (H =€) e o)
where Wi 1= 3 o wu Xy and Sk =37 g 84Xy To avoid tedious notation, let us define
Dy = WrV, € UK and g = SV € VK Obviously, we now have

g% " * * (T T
<@W76 T (H*g )657 ¢(§>ﬁ1><{}?71 = <e‘7 @(g,(H*g )6 (‘7 ) ®u)>g’élxg/é71 . (243)

Since ¥* is intermediately normalisable by assumption, there exists I?;) € N such that for all
K > K, the eigenfunction ¥} € Vi is intermediately normalisable. In the remainder of this
proof, we assume that indeed K > K, and we denote by t} := {t;}ueg € Vi the coefficient
vector with the property that U3, = e’ U where Tp = Zuegx t;, X, Let us emphasise here
that since U7}, is an eigenfunction of the Full-CI Hamiltonian, it follows from Theorem 2.5.2 that

t} is a zero of the restricted coupled cluster function fx: Vi — V3. defined through Definition
2.5.3.

Recalling now that @ is arbitrary (due to the fact that the sequence sx = {s,},c9x € Vi
was chosen arbitrarily), we may in particular set for any ®% | € {3+ C Uk

[OFES ]P(J)'eig*(HK)(I)}}VL S ‘7}(,
where 7 *(ITx ) denotes the cluster operator generated by Il t* € Vi (recall Notation 2.5.4) and
we have used the fact that, thanks to the properties of the excitation operators {X,},cg given
by Remark 2.5.1, it holds that e=7 M)W € Vg for any Ui € Vk.

Plugging in this choice of g in Equation (2.43) now yields

(Wi Wo, A(*)Sk Vo) 1 71 = <67*€_:7*(HK)‘I)*K4’(H_ &)e " )T%L? 7
.

:=(I)

* T

:=(1I)

We claim that the term (II) is identically zero. Indeed, using the fact that e” "W, = U* by
assumption, a straightforward calculation shows that

(II) = (\1107 67L7*(HK)(I);(,L)S?2 < \IIQ, (H 8 7(7 (I)W>
&

and the second term in the product above is zero as He” Wy = #HU* =
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It therefore remains to simplify the term (I). To this end, we observe that we can write

— T* (%) & * _ o —(7*)T
(1) = (7 MOy, (H -8 e T @)

(B (- T )

+ (70 —1) @3, (H -8 e T g

:=(IB)

HrxF-1

Focusing first on the term (IB) and using the Cauchy-Schwarz inequality, we may write

T* (% * * — ()t
(IB) > —He W0 1| = 8l |2k sl @ (2.45)
We now claim that in fact
lim ey*(nfi) — HH =0.
K—oo F1 e

Indeed, thanks to the boundedness properties of the excitation operators given in Theo-
rem 2.3.3, it holds that

- (11 T (10 517 Irt™|y |y
le™7 M|, o < 7 Wi ¢ ATt Bl

where the constant 8 > 0 depends only on Q.
Therefore, we need only show that limg_,« [l —e” ()| 5, = = 0. Recall however, that

the exponential function is of class ¥ on the algebra of bounded operators on 7 1 and thus it
suffices to show that

A (17 =T (k) 710 = 0-

But this is an obvious consequence of the density of the coefficient spaces {Vk }x>¢ in V. Indeed,

Jim 7 T () < B Jim_ ¢ — Tt [y = 0. (2.46)
Consequently, combining Equations (2.45) and (2.46), we obtain the existence of a constant
€1,k > 0 with the property that limg_, €1,k = 0 and such that

(IB) > —e1,i )| @5 1 [ ] @0 - (2.47)

Let us now return to the term (IA). Notice that we may write

)

_/&* _oony =)t * g <—(7*)T_ —(T)t 8
(18) = (B, (1~ &) 0y) (@, (1~ 87 (e T @)

:=(TAA) =(IAB)

where we recall from Equation (2.42) that tj = {t},cgx € Vi is the coefficient vector such
that e’x Uy = U5, € Vk.
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We first simplify the term (IAB). Thanks to the Cauchy-Schwarz inequality we may write

_(;-7*)“(

_ —(70)7 (77 &~ * . _
IAB H —€ " H&‘Afl—ﬂ?l € L1 HH & HJ€1—>E}€—1 H(I)KJ-Hglee (bWH[r’t’l'

(2.48)

We now claim that in fact limg_, o He_(j*)T e TR H = 0. Indeed, an easy calcu-

HL—H
lation using the continuity properties of cluster operators given by Theorem 2.3.3, shows the

existence of a constant ﬂT > 0, depending only on @, such that for any K > @ it holds that

(2.49)

He—w*)* _e—mz)*H e

- 7* 7*
o SO0 = TR = - v

The claim now follows by using the convergence of the approximate eigenvector ¥} € Vx to

U* € #! from Equation (2.42). Consequently, we obtain the existence of a constant eo x > 0
with the property that limg_,oc €2,k = 0 and such that

(IB) > *62,K||‘1’§<,L||;?1 ||67(57*)T‘I)w||;?1- (2.50)

Focusing finally on the term (IAA), a simple calculation shows that for any ®y € Vg, we have
that e~ ) @y, € {W% 3+ C Vk. Furthermore, §* is a simple, isolated eigenvalue by assumption
and limg o 8} = &*. Since P K. € {\IIK}J- C Vk is arbitrary, we therefore deduce the existence

of [/(\0 € N sufficiently large such that for all K > I/(\O the shifted Full-CI Hamiltonian Hx — &*
satisfies an inf-sup condition on {¥% }+ C Vk, and as a consequence,

* * (Tt
o a8 o (Phe (T8¢ TR @) o
0#£P5 | €{¥5}+ H‘PKlllggl 0#£P5 | €{ T} }+ ||(I)§(,L||;?1

> VK||€7(@)T¢’W||@U

(2.51)
where v denotes the inf-sup constant of the shifted Full-CI Hamiltonian Hy — &* on {¥%}+ C
Vi for K > KO. For the remainder of this proof, we assume that indeed K > KO.

Notice that this last bound can be written as

e~ (T ~(T5 =T () 7’{ ||e_(‘7*)T

s iz

x| || 70 = viclle
where the inequality follows from the invertibility of the exponential map. Using now a similar
calculation to the one used to obtain Inequality (2.49), it can easily be shown that

limg o0 ||e(7§ =7 | 71,7 = 1. Consequently, we obtain the existence of constant wx > 0 with
the property that limg_, . wx = 1 and such that

* _ ox _(y*)'t
(TAA) <(I)Kvl’(H E7) e mx (I)W>;?1xfe—1 Ve —(T*)t
sup —_— = sup " > —He : (I’“/’Hg?
0#£P5 | {5 }+ H‘PKLHW 0#£P5 | €{T} }+ ”(I)K,L”g?l

(2.52)
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Combining now the estimates (2.43)-(2.52) allows us to conclude that

(wg, Df (") SK )y v (Wi Wo, A(#")Sk Vo) 71 g1
sup = sup
e T Texl ey sl
S . (IAA) + (IAB) + (IB)

0za;,  efui s [Bye 7 M@y | |4,

VKfwk — E1L,K — E2,K | _(7%)t
~ = e T Dyl 5
= Hﬂ”ée’y (HK)HQ1 ||J€1
S VK Jwi — E1,K — €2 K
= T o
||6(‘7 )TH(ﬁlﬁfgl”P(J)_e 7 (HK)|‘3?1_>;?1

@] 21

Defining the constants O := He(V*)T||(7?1H(7?1||Pée_‘7*(nf()||ﬁ1ﬁ(ﬁl, and ex = €1,x + €2,k and
taking the infimum over all coefficient vectors wx € Vg now yields the required estimate. The
fact that the constant © g is uniformly bounded above in K is a consequence of the continuity
properties of exponential cluster operators together with the density of the union of subspaces

KgQVK in V. The fact that the inf-sup constant ~yx is uniformly bounded below in K is a

consequence of the eigenvalue convergence &}, — &* (see also the arguments in Remark 2.4.3). O

Equipped with Lemma 2.5.2, we are now ready to state the final result of this section, which
concerns the error between the ground state solution of the Full-CC equations in a finite basis
(2.40) and the exact solutions of the continuous CC equations (2.17).

Theorem 2.5.5 (Error Estimates for Full-CC in a Finite Basis).

Let the coupled cluster function f: V — V* be defined through Definition 2.4.1, for anyt € V
let Df(t) denote the Fréchet derivative of the coupled cluster function as defined through Equation
(2.20), let t* € V denote a zero of the coupled cluster function corresponding to an intermediately
normalised eigenfunction U* € 1 of the electronic Hamiltonian H : F — FH with 1solated,
non-degenerate ground state eigenvalue &*, let Vi C V denote the Hilbert subspace of coefficients
as defined through Definition 2.5.2 for K > @, let the Full-CI Hamiltonian Hy: Vg — Vj be
defined according to Definition 2.7, for K sufficiently large, let (%, 8}) € Vi X R be a sequence
of simple eigenpairs of the Full-CI Hamiltonians {Hk}k>q, i.¢.,

VOg € Vg (Pre, He Vi) v xvz = Ex(Prc, Vig) 71 g1 with & simple and such that
Jim (9~ Wl =0, Jim (8" — 85| =0,

and let the constants vk ,OKk,ex,wx > 0 be defined as in the proof of Lemma 2.5.2.

Then there exists Ky € N and a constant §g > 0 such that for all K > K, there exists
a unique solution tj; € Vi to the Full-CC equations in a finite basis (2.40) in the closed ball
e ’y J—
Bs, (t*) where 0 = 50M.
Ox

Moreover, there exists a constant C > 0 such that VK > Ky we have the quasi-optimality
result

Ox
———  inf —t* 2.53
VK Jux — Ex sREVK lsxe =], (2:53)
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and we have the residual-based error estimate

e t* <2HD t: ”H t:
Itk 1% f(tk) ey If (Ex)]

e - (2.54)

Proof. As mentioned at the beginning of this section, the Full-Coupled Cluster equations in a
finite basis (2.40) are simply a Galerkin discretisation of the continuous coupled cluster equations
(2.17). Galerkin discretisations of non-linear equations have been widely studied in the literature
on non-linear numerical analysis. In particular, the proof of Theorem 2.5.5 is a direct application
of [12, Theorem 7.1]. We merely have to confirm that the assumptions of [12, Theorem 7.1] hold,
and this amounts to

1. Establishing that the coupled cluster Fréchet derivative at ¢* € V, which we denote Df(t*),
satisfies the discrete inf-sup condition

wyg,Df(t*)s .
Yk > 0: inf sup (wie, DIE)sK )y > Tgk; (2.55)
0w eV oxseve  willvlwsly
2. Establishing that the coefficient subspaces {Vi } x> satisfy the following approximability
condition:
I inf = ¢* — sxflv =0 (2.56)
— —s =0. .
K300 0#sxeVi T2 K

The discrete inf-sup condition (2.55) has been established in Lemma 2.5.2 with constant
VK Jwi —

Tk =
Ok
therefore remains to establish the approximability result (2.56) but this is a simple consequence
of the previously exploited fact that the union of subspaces KEQVK is dense in V together with

°K which will obviously be positive for all K sufficiently large since e — 0. It

the fact that, as shown in the proof of Lemma 2.5.2; the constant vy is uniformly bounded below
in K and the constant O is uniformly bounded above in K. O

We conclude this section with several remarks.

Remark 2.5.2 (Necessity of Assumptions of Lemma 2.5.2 in Theorem 2.5.5).

Consider the setting of Lemma 2.5.2 and Theorem 2.5.5 and recall in particular the assump-
tion that any isolated, simple eigenpair of the electronic Hamiltonian can be approximated by a
sequence of simple eigenpairs of the Full-CI Hamiltonian as expressed through Equation (2.42). It
is readily seen from the proof of Lemma 2.5.2 that this assumption is not required if one considers
invertibility of the CC Fréchet derivative Df(t*) on Vi at t* = t&g. Indeed, in this special case,
the discrete inf-sup condition for the shifted Pull-CI Hamiltonian Hyx — &* on {U%}+ C Uk can
be replaced with the coercivity of the shifted electronic Hamiltonian H — 8%g on {Vig}t C H
In this special case therefore, the proof of Lemma 2.5.2 holds without any assumption beyond
the simplicity of the ground state energy and the intermediate normalisability of the ground state
wave-function. Thus we can deduce the asymptotic local well-posedness of the Full-CC' equations
in a finite-basis (2.17) in a neighbourhood of t&g € V according to Theorem 2.5.5 without any
additional assumptions.

Remark 2.5.3 (Comparing the Conclusions of Theorems 2.5.3 and 2.5.5).
Consider the settings of Theorems 2.5.8 and 2.5.5. Let us emphasise here that, in contrast
to Theorem 2.5.3, Theorem 2.5.5 does not explicitly require that the ground state wave-function
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in Vi of the Full-CI Hamiltonian be intermediately normalisable or that the associated ground
state eigenvalue be simple. Instead these properties are inherited (for K large enough) from
the properties of the exact electronic Hamiltonian H : F — F1 thanks to the density of the
Q-particle approzimation spaces {Vk }k>qg in #1. More significantly, Theorem 2.5.5 provides
error estimates for the Full-CC equations in a finite basis with respect to the zeros of the exact
(infinite-dimensional) coupled cluster function.

Remark 2.5.4 (Error Estimates for the Discrete Coupled Cluster Energies).

It is natural, at this point, to ask whether a priori and residual-based error estimates of the
form (2.53) and (2.54) can be obtained for the Full-CC discrete energies. Quasi-optimal a priori
error estimates for the discrete CC energies have been obtained by Schneider and Rohwedder
[83, Theorem 4.5] using the dual weighted residual-based approach developed by Rannacher and
coworkers [92]. The arguments of Schneider and Rohwedder can readily be seen to apply in our
framework, and the proof and statement of [83, Theorem 4.5] can be thus be copied nearly word-
for-word, the only difference being that the local monotonicity constant that appears in the a priori
error estimate in [83, Theorem 4.5] is replaced with the discrete inf-sup constant that we have
derived in Lemma 2.5.2. The establishment of residual-based error estimates for the discrete CC
energies, which requires considerably more work but can be achieved using the tools developed in
this thesis, will be addressed in a forthcoming contribution.
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Chapter 3

Introduction

The work of Part II was carried out in collaboration with Yvon Maday and Muhammad Hassan.

Numerical methods for solving partial differential equations (PDEs) aim at producing an
approximate solution of a given problem. In many cases, such an approximation is obtained
without guaranteeing the quality of this solution. The error estimation of such approximate
solutions is classified into two types: the a priori and a posteriori error estimation. The a priori
error estimation ensures the convergence of the discrete solutions towards the exact one at a
certain rate that depends on the degrees of freedom. The a posteriori error estimation provides
computable error bounds controlling the difference between the approximate result and the true
solution. For mesh-based methods, a posteriori error estimation also yields the error distribution
in different elements and suggest how to refine the mesh in areas with large error. This is called
an adaptive mesh refinement (AMR) strategy and it is widely used in finite element method
(FEM) [109, 6, 34, 108, 80|.

In the past several decades, a large number of articles about the a posteriori error estimation
have been published, owing to its crucial role in the self-adaptive methods, see e.g., [98, 97,
71, 3, 88] for a more detailed presentation. Our work explores the application of a posteriori
error estimation for quantum chemistry calculations, which describe the state of basic particles
using wave functions and yield the energy of a given through the solution of an eigenvalue
problem involving a Hamiltonian. Due to the extremely high-dimensionality of the solution
space and the very limited computational resources, approximations are widely used in these
numerical calculations. Therefore, a posteriori error estimation can serve as a useful and powerful
mathematical tool yielding the accuracy of approximate solutions.

Many numerical methods for approximating the state and energy of a chemical system consist
of resolving a nonlinear eigenvalue problem. This includes the Gross-Pitaevskii equation which
is studied in our work, the Hartree-Fock equations and the Kohn-Sham equations, etc. For the a
priori error analysis of these equations, we refer to papers [15, 107, 13, 23, 14] and the references
therein. The a posteriori error analysis for nonlinear eigenvalue problems began with [67] and
is followed by [23, 31, 32]. Adaptive refinement methods for nonlinear eigenvalue problem are
studied in [32, 31, 21, 22, 54, 101]. Note that these adaptive methods are based on finite element
discretisations. For planewave discretisations, we have the a posteriori studies in [16, 39] and a
first error balance strategy proposed in [38]. The idea of this error balance strategy is to divide
the numerical approximation error into two sources which originate respectively from the limited
degrees of freedom used in the numerical approximation and the limited number of iterations in
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the numerical solution process. The accuracy is improved by decreasing one of those two error
source according to their contributions in the total error , which is quantified with a residual-
based a posteriori error estimator.

The basic strategy in [38] is formulated as follows:

1. The numerical calculation begins by fixing the degree of freedom and increasing the number
of iterations until the iteration residual is below the discretisation residual.

2. The degrees of freedom is increased by two.
3. Repeat the above process until the target accuracy is achieved.

Of course, the above stopping criteria and the manner of increasing the degrees of freedom might
not be the optimal way of using computational resources. This motivates us to study the optimal
strategy of performing numerical calculations in our work.

Under the same context as in [38], the aim of this work is to study how to design numeri-
cal calculation strategy such that the simulation is performed efficiently, in the sense that the
calculation accuracy and the computational cost are well balanced. Obviously, the accuracy of
a numerical approximation can be improved by simply resolving the problem in a large approx-
imation space and adding more iterations, but this is hardly an optimal use of computational
resources. In our work, we explore the optimal way to distribute the computation resource for
reducing one of the two error sources at all stages of numerical computation. We first explore the
optimal (computationally cheapest) way of achieving a given accuracy of the numerical solution
using a probabilistic method and then propose near-optimal strategy to achieve given accuracy
with a rather low computational cost.

The present work focuses on the numerical solution of Gross-Pitaevskii type equations, a sim-
ple but representative problem in quantum chemistry. With the help of a probabilistic method,
we first explore the optimal way of performing the numerical calculations, the so-called optimal
path. Based on this optimal path, we will summarize some key features of the optimal error
balance process. We then aim at proposing near-optimal strategy such that the finally obtained
numerical solution achieves target accuracy while maintaining rather cheap calculation cost. The
long term goal is to propose near-optimal strategy for the numerical solution of more complex
quantum chemistry methods such as the Hartree-Fock equations, Kohn-Sham eqautions, and
eventually other ab initio methods.

The remainder of these two chapters is organized as follows. In Chapter 4.1, we introduce
a linear elliptic source problem, including the problem description, error analysis and general
numerical solution process. In Chapter 4.2, based on these insights, we transfer this linear elliptic
source problem to the Gross-Pitaevskii source problem by adding a suitable non-linearity, and
we study the solution to this problem. In Chapter 4.3, we introduce the optimal path strategy,
which explores the optimal way of numerically solving these above linear and nonlinear problems.
Chapter 4.4 offers more complementary tests and analyzes the mechanisms that generates these
optimal paths for different problems. In Chapter 4.5, we propose two near-optimal strategies
for resolving both the linear and nonlinear problems. In Chapter 5, we apply directly our
nearly optimal strategies for the numerical solution of the Gross-Pitaevskii equation to verify the
usability of our strategies in solving eigenvalue problem.



Chapter 4

The optimal path problem and
near-optimal strategies

4.1 A linear elliptic source problem

4.1.1 Problem description

In this section, we consider the following energy minimization problem

1 2m 1 2m
E*:min{E(v) ::5/ |VU\2+§ Vv2—<f,v>X,7X,v€X}. (4.1)
0 0

This problem is set on the torus defined as T = R/27Z and X = H'(T) is the Sobolev space
consisting of functions with square-integrable first-order weak derivatives.! In addition, we de-
note by X’ = H~(T) the dual space of X. Besides, we assume that V € HY(T), f € H~1(T)
and that V is bounded from below by Vi,in > 0 . Any solution u € X of the above minimization
problem (4.1) satisfies the following Euler-Lagrange equation

2m 2m
Vv e X, Vu-Vv+/ Vuv = (f,v) x: x - (4.2)
0 0
The above variational formulation is equivalent to the following representation using duality
pairing notation:
Ywe X, (-Au+Vu-—f,v)x x=0, (4.3)

where Aw is defined in the distribution sens and we thus define the linear operator A := —A+V
with domain H?(T) C X and form domain X.

After giving the weak form of this problem, now we show the existence and uniqueness of
the solution ,i.e., there exists a unique solution u € X of the weak problem (4.2), which is, as
consequence, also the unique minimizer of the energy functional F defined in (4.1). The above
result is a direct consequence by applying the Lax-Milgram Lemma [11] in space X with the
bilinear form a: X x X — R

27 27
Vu,v € X,  a(u,v) = Vu-Vov+ Vuw, (4.4)
0 0

IThis space coincides with the space of all functions « in H'(0,27) such that u(0) = u(27).
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and with the linear functional b: X — R

Yoe X, bv)=(f,v)x x- (4.5)

Indeed, it is easily proven that the bilinear form a: X x X — R possesses the continuity and
ellipticity properties on X. More precisely,

e The bilinear form a: X x X — R defined through Equation (4.4) is continuous on X:
Vo,we X, |a(v,w)] < Ballvlla [Jwlla, (4.6)
where 8, = max{1,||V||r=}.
e The bilinear form a: X x X — R defined through Equation (4.4) is coercive on X:
Vo e X, la(v,)] = vallvllipn, (4.7)
where v, = min{1, Viyin }-

Remark 4.1.1.
In the case where f belongs to L*(0,27), we can also interpret the solution of the minimization
problem as follows, it is the solution to the strong problem: find u € H?(0,27)
—Au+Vu=f, onl0,2n], (4.8)

u(0) = u(2m), v (0) = u'(2).

Indeed, we deduce from the reqularity of f thatu € H?(0,2n), which guarantees the well-posedness
of derivative u'. Next, it is straightforward to deduce the boundary condition u'(0) = u'(27).

After showing the existence and uniqueness of the solution v € X to the Equation (4.2), now
we begin the numerical solution of this problem, which aims at finding a numerical approximate
solution in a finite-dimensional subspace Xy C X defined below. Applying the Ritz-Galerkin
discretisation method over X C X yields a linear system of equations which is resolved using
a direct or an iterative method.

In what follows, for the sake of simplicity, we shall restrict our consideration to a specific
form of functions f and V, assume them to be even. Consequently, in our case, both v and u
are even functions, allowing us to naturally reduce X to its even part:

X =H!

even

(T) := {v € H'(T)|v is even function}.

The set of functions {e;: = — cos(iz), i € N*}U{ep: = — %} constitute an orthogonal basis of
X. The Fourier spectral approximation of this weak problem consists of defining the family of
finite-dimensional subspaces (X y)nen of X as

VN eN, Xy :=Span{e;, 0<i<N, i €N}, (4.9)

and looking for discrete solution u in the space X . Let us recall that for real-valued 27-periodic
even function v € X, we can write

Ve e [0,2n], wv(x)= Zf}iei(x), (4.10)
ieN
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where ¥; is the i-th Fourier cosine coefficient of v and is defined as

1 2m
VieN, 0= 7/ v(x)e;(z)dx.
0

s

With this choice of basis at hand, we have a simple expression for the norms (L? or H! or H~!)

of v, i.e.,
27 % %
ol = ([ 42) = (Z) »
0

€N

and for r € {1, —1}, we have the function norm defined as follows

lollur = V7 (Za + >> . (4.11)

i€N
More generally, for any r € R, we define the Sobolev space
HI o (T) == {v: T—Rlv=> de; and » (1+i%)"07 < +oo} : (4.12)
ieN ieN

with corresponding H"-norm defined as

[l = V7 (Z(l + i2)”ﬁ> : (4.13)

€N

Remark 4.1.2.

In what follows, we choose

cos(ix) 2cos(ix)
Ve e [0,2n], V(z)=1+ Z = and  f(z) = Z 005
ieN~ iEN*
Note that ) )
x?  wx oW
2 S R |
Ve € [0,2n], V(z) 1 5 tgth

that can be derived, e.g. from [110, P46]. Consequently, it is easy to check that V € L*>°(T) N
H2¢ (e > 0) and that the mazimum and minimum value of function V over [0,2x] are respec-
tively ||Vl]|pe = 1+ %2 and Viin = 1 — % Besides, f € H-1(T) as follows from the simple

calculation . )
47 2 an \’
Il = <Z =% .r0~1> < (Z lQl) < 0.
iEN* j

After introducing the Fourier spectral approximation, now we state the weak problem in a
finite-dimensional discretisation space setting: For N € N*, find uy € Xy such that

Yoy € Xy, a(un,vn)=b(vy). (4.14)

By the Lax-Milgram Lemma, the above discrete problem has exactly one solution. Besides, the
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solution uy also minimizes the energy functional defined through (4.1) over space Xy,

E(uy) = min E(vy) =: Ex. (4.15)

vNEXN

4.1.2 A priori and a posteriori error estimation

The aim of this section is to perform the a priori and a posteriori analysis. For the a priori error
analysis, the aim is to guarantee the convergence of the discrete solution uy € Xy of problem
(4.14) towards the solution u € X of problem (4.2) when N — oco. The derivation is a direct
application of Céa’s Lemma [19] and we have the following a priori estimation:

ol < 2% i = oy, (4.16)

where 3, is the continuity constant of a: X x X — R defined through (4.6) and =, is the
coercivity constant of a: X x X — R defined through (4.7). Beside, we also have the following
energy estimate.

1 1
3 Yallu = un |l < E(un) = E(u) < Pallu — un |7, (4.17)

indeed we have: for any vy € Xy,

1 1
E(vy) — E(u) = §a(vN7vN) —b(vy) — 3@ u,u) + b(u)
1 1
= ia(vN,vN) —a(u,vy) — §a(u,u) + a(u,u)
1 1
= Ea(vN,vN) —a(u,vn) + §a(u,u) (4.18)
— La(vn. o) — 2a(u,ox) — sa(vy,u) + ~a(u,u)
= 5alon, o) = galu, o) = salvn, ) + sa(u,u
1
= ia(UN —u, N — u),

where in the above derivation we use the fact that v € X is the solution of the weak problem
(4.2) and that the bilinear form a: X x X — R is symmetric. Inserting the discrete solution
uy € Xy into the above expression and using the continuity and coercivity of a: X x X — R in
addition, yields the energy estimate given by Equation (4.17).

For any N € N*, we define IIy: X — Xy being the L2-orthogonal projection operator onto
Xy and we extend it continuously into X’ such that I is defined from X’ to Xy. In addition,
we define its complementary I3 := I — Ily. Then, for any v € X with Fourier expansion

v = E Vieq,

ieN

we have

IIyv = g v;e; and HJ]\}’U = g 0;€5.
0<i<N i>N

The convergence rate of the truncated series I yv towards v depends on the regularity of function
v: for any real numbers r and s with s < r, we have [1§]

1
Yv € HT(T), ||1] _HNUHHS g WHU _HN'U||H7' < WH’U”H?. (4.19)
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Moreover, we point out that the L?-orthogonal projection operator Iy also satisfies the following
H'-orthogonal relation

27

27
Yv e X, Yuy € Xy, V(v —TIIyv) - Vun +/ (v —THyv)wy = 0. (4.20)
0 0

In addition to the above classical a priori error estimate given by Equation (4.16), we also
have the following classical L? error estimate based on the Aubin-Nitsche duality argument (see,
e.g., [9, Theorem 5.4.8]).

Lemma 4.1.1. Let u € X be the weak solution of problem (4.2) and for N € N*, let uy € Xn
be the solution of discrete problem (4.14). Then there exits constant Cy > 0 such that

lu—un|ze < CINHu — uy| g, (4.21)

Remark 4.1.3.

In the following chapters of the thesis, by an abuse of notation, we will use the constant
C1, Cy or C5 several times in different lemmas, theorems. It is important to note that in each
statement, those constants represent different values and each specific value will be defined within
the proof.

Proof. For showing the L? convergence, we firstly introduce the following adjoint problem: find
¢ € X such that

2m
Yoe X, a(v,p)= /0 v(u —up), (4.22)

where a is the bilinear form defined in the weak problem (4.2).

The existence and uniqueness of the solution ¢ is a direct consequence by applying the Lax-
Milgram Lemma. In addition, we have the following classical elliptic regularity result [40]: there
exists constant ¢; > 0 such that

1
ol < EHU—UNHL% (4.23)

Combining the above estimate with Estimate (4.19) and recalling the Galerkin orthogonality
that we have a(u — un,vy) = 0 for any vy € Xy, we deduce that

/O%(U —un)?

= a(p,u —un)

alp — ne,u —uy)

< Balle —Unellm |lu—un|m
< BaN il m2 lu = unm

Ba
ClN

lu — un ||z

N

lu —unlLz lu = unllar,

where (3, is the continuity constant of a: X x X — R defined through (4.6). From the above
derivation we deduce directly (4.21) and we have C; = Ba O

C1

Additionally, we have the following super convergence result.
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Theorem 4.1.1. Let u € X be the weak solution of problem (4.2), for N € N*| let uy € Xy be
the solution of discrete problem (4.14), let Iy : X' — Xn be the orthogonal projection operator
onto space Xy, let V€ H*(T) for some s > L be the potential function in problem (4.2) and let
us denote by r = min{2, s}. Then for N large enough:

e There exits constant Cy > 0 such that

ITyu —un|gr < CoN"27 u — uyl g (4.24)

e There exits constant C3 > 0 such that

ITMnu —uyl|z2 < CaN~""Hu — un|| - (4.25)

Specifically, for our chosen potential function V defined in Remark 4.1.2, we have
ITyu — un|l g < CoN“ T ||u — un || m (4.26)
and )
IMyu —unllzz < C3N~21¢u — un|| g, (4.27)

where € > 0.

Proof. At the first step, using the Galerkin orthogonality relation, we have the following equality:
aluy — Oyu,uy — Myu) = alu — Myu,uy — Tyu). (4.28)

For the left-hand side of Equation (4.28), we have
a(uy — yu, uy — yu) = Yalluy — Dyul|%, (4.29)

where 7, is the coercivity constant of a: X x X — R defined through (4.7). For the right-hand
side of Equation (4.28), using the orthogonality relation (4.20), we deduce that

2m 2m

alu — Oyu,uy — Myu) = V(u—Tyu) - V(uy — Hyu) + Viu—Tyu)(uy — yu)
0 0
2m

= ; V(uw—Tyu)(uy — Hyu)

<|Vilee llu—Tyullzz luny — Tz

(4.30)
For the aim of bounding the term |juy — IInul|r2, we introduce a new adjoint problem: find
¥ € X such that

2m
Yo e X, a(v,d)= / v(uy — Oyu). (4.31)
0

Similarly to the problem (4.22), the existence and uniqueness of the solution 9 is a direct conse-
quence by applying the Lax-Milgram Lemma and there exists ca > 0 such that

192 < c2llun — nul|ze. (4.32)
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And we therefore have

21
lun — a2, = / (un — Tyu)?

0
=a(,uy — Iyu)

= a(19 —IIy%,uny — HN’LL) + (L(HNﬁ,’U,N — HN’LL)
=a(¥—nd,uny — Iyu) + a(liyd, u — Myu)

where the last step comes from the Galerkin orthogonality. Recalling Equation (4.20) and Esti-
mate (4.19), we deduce that

27 27
luy — Tnul|2s = a(¥ — 0, uy — Hyu) + V(OxY) - V(u— Tyu) + VINO(u — I yu)
0 0
27

2m
:a(ﬁ—HNﬁ,uN —HNU)+ VHNﬁ(U—HN’U,) —/ HN(VHNﬁ)(U—HNU)
0 0

27
:a(ﬁfﬂNﬁ,uNfHNu)Jr/ [VHNﬁfﬂN(VHNﬂ)](U7HNU)
0

< Vllze 19 =Tnd| L2 [luy = Tyullpz + [[VIINY = n (VIIND) |22 [lu —Tyul 2.
SN2V iz [9)lm2 uy = Hyullzz + N7 VINI|| e [lu—vu| g
SN2|Vz= [9llaz luy = yullzz + N7 Vg [Hxdlme o — Dyl e
< N2Vl [luy = Oyullfe + 2N 7V|ar [lu—Myullze Jluy — Mvul e,
where the last step comes from Estimate (4.32). For N large enough such that co N 2|V < 1,
it therefore follows that
1
“Nuy — Oyull?s <coN""|Vgr llu — Oyu un — Hyu
5 luv = Tvullz: <e2N77|[Vila- | Nullrz lux = yull (4.33)
luny — Oyullpe <2eoN7"||u — Myu|pe2.
Combining Estimates (4.19), (4.29), (4.30) and (4.33) yields that
2y — Tyulln <2e2N " u — Myl
Vize
<202N_T_2||'U/ — HN’U;H%{M
from which we deduce that
lun = Tyull < esN7EF 7 (Ju = un |l + [lun = Dyullm) (4.34)
1
where ¢3 = (%) *. For N large enough such that csN =271 < %, we have
luny — nul| g < 2esN~2 7w — unl| g1, (4.35)

which demonstrates the Estimate (4.26).

In addition, for N large enough such that 2coN™" < %, combining Estimates (4.21) and
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(4.33) yields that
luny — Tyl <4caN~" 7w — un| g1,

which demonstrates the convergence result (4.27). O

In the first part of this section, we perform the a priori error analysis of this problem. The
a priori analysis bounds the term ||u — uy||g1 by min,exy ||[u — vn| g1, which guarantees the
convergence of the discrete solution uy towards the exact solution u, assuming that uy can
be computed. In the rest of this section, we will derive the a posteriori error analysis. The
a posteriori error analysis aims at providing a bound of |ju — un|| g1 where uy is an available
numerical approximation of the discrete solution uy. In contrast to the a priori analysis, the
a posteriori bound is fully computable and (hopefully) should be cheap to calculate. It is a
function of the approximation solution uy and other computable parameter. There are various
strategies for deriving a posteriori error estimation [96]. In this work, we use the residual-based
a posteriori error estimator and the residual is defined as

R(uy) = —Auy + Vi — f. (4.36)

Here we state the lemma showing that the error is bounded by the residual under a suitable
norm, which is based on the classical estimate for elliptic partial differential equation (see, e.g.,
[99]).

Proposition 4.1.1 (A posteriori error estimation). Let u € X be the weak solution of problem
(4.2), for N € N*, let X be the discrete space defined through (4.9), let B, be the continuity
constant of a: X x X — R defined through (4.6), let v, be the coercivity constant of a: X x X — R
defined through (4.7) and let E: X — R be the energy functional defined though (4.1). Then, for
any uy € Xy we have

% i < IR (437)

a

and

0 < B(in) — B(u) < Lo

< gz 1RGN - (4.38)

Proof. Recalling the bilinear form a: X x X — R and the functional b: X — R defined through
(4.4) and (4.5) respectively, we deduce that

a(uy — u,un —u) = a(uy,uy —u) — a(u, Uy — u)
=a(uy,uy —u) — b(uy —u) —a(u,uy —u) + b(uy — u)
= a(uy,uy —u) = bluy — u)

= (—Auy +Vuy — f,uy —u)X,)X

< | = Auy +Vuy = flla-1lluny — ull g,
where in the above expression we make use of the fact that w € X is the solution of the weak
problem (4.2). Together with the coercivity property of the bilinear form a: X x X — R, we
deduce that

— 1 — —
HUN —u||H1 < 7“ — Auy + Vuny — f”H—l.
a
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For the estimation of the energy error, we make use of the Equation (4.18). Indeed, we have

B(ix) — E(u) = %a(ﬁ}(r @ — ).

Equipped with the continuity constant 3, of a: X x X — R defined through (4.6), we deduce
form the solution error estimate that

Bay) - B(u) < 2

< 35l - ATy + Vi — f-r

4.1.3 Iteration scheme and analysis

In this section, we give the details of numerical solution of this problem. More importantly, in
this section, we introduce the concepts of different error source and following this error balance
idea, we will present the optimal path problem in Chapter 4.3.

Based on the discretized weak problem (4.14), by inserting different test functions {e;}o<j<n
(vectors of the basis chosen in (4.9)), we obtain system of linear equations written in the following
matrix form

ANuN = bN, (439)
where An = [a(e;, €;)]o<i,j<n, bv = [b(e;)]ogj<n and uy is the unknown vector of coefficients
uy = [Ung,Un1,--->Unn]L. Most of the times, the above matrix equation is resolved using
iterative method. In this work, we use the Gauss-Seidel-Relaxation(GSR) method. Starting

from an initial guess u%;, in each iteration step the new vector u’fv“

the following expression:

is calculated from uf%; via

ui = Dy +wLy) ' (1 —w)Ly + Uy)ufy + (Dy +wLy) by, (4.40)

where w is the relaxation factor, Uy, Dy and Ly are respectively the strict upper triangular
component, the diagonal component and the strict lower triangular component of matrix A .
Here, we remark that Uy = L% which will be used in the iterative scheme convergence analysis.
By defining Py := —(Dx +wLy) "} ((1 —w)Ly +Uy) and qy := (Dx +wLy) by, the above
expression can be simplified as the following more general form

ui = Pyuk 4 qn. (4.41)

From the iterative scheme given by Equation (4.41), we know that the converged solution u®
also satisfies this equality
uy = Pyufy +an. (4.42)

Subtracting Equation (4.41) by (4.42) yields that
uhi —uy = Py (ufy —ug). (4.43)
Denoting the iteration error by eﬂ“\, = u?\, — uy yields the following expression which is similar
to the power iteration scheme:
e =Pyek. (4.44)

According to the analysis with the power iteration scheme, it follows that the iteration error eﬂ“\,

goes to 0 as long as the spectral radius of Py is strictly smaller than 1: p(Py) < 1, where the
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spectral radius is defined as maximal of absolute value of all eigenvalues of the square matrix
Py. We denote by vP_ the eigenvector of Py corresponding to the biggest eigenvalue (in
absolute value) which we denote by AP . Supposing that the initial error e}, is decomposed as
linear combination of eigenvectors of the matrix Py and that the coefficient of vE_  is non-zero.

After a large number of iterations, the iteration error €% will behave to be proportional to vE
k+1
and the ratio of iteration error between two successive iterations eévk will be smaller than AP
N
P - Similarly, the above statement holds for iteration increment denoted by

and very close to A

ek := ulf! — uk and this will be checked numerically in next section. Without the restriction

of large number of iterations, we have the following more general expression.

[} = uRlle < [Pyllese [luk —ui e, (4.45)
where || - ||¢2 is the Euclidean vector norm. Note that for any function v € X with corresponding

Fourier coefficients vector v = [v;]o<j<n, we have the following relation:

2 T ol ~2 1 2
VI3 = vTv =3 2F = |l
2

J

Thus, for the sake of simplicity, we also refer ||-||z2 to the 2 Euclidean vector norm. In analogue
to the above relation, we define the H! vector norm in a similar way such that for any function
v € X with corresponding Fourier coefficients vector v = [U;]o<j<n, We have

N

1
I o= Cvae) v = 3 (10432005 = Tl
p=

Therefore, we define the H' (by an abuse of notation) vector norm as

=

IVl == ((Txv)(Twv))® = [ Tavllze, (4.46)

where the matrix Ty is a diagonal matrix with the diagonal part [(1 +j2)%]0<j<N. In addition,
the matrix Ty is invertible and its inverse T;,l is also a diagonal matrix with the diagonal part

[(1+5%) "2 logj<n
In analogue to Estimate (4.45), we have the following estimate

k+1

lu™ = ufllm = [Tyep™

22

= ||TNPNe§V||L2

= [ TNPNTR Tnek |z (4.47)
< TNPNTR |22 [Trekllre

= ”TNPNTJ:Il”L?aLQ ||11§Cv —uy |,

from which we define the matrix norm |[|Py||g1_ 1 as

IPnllgrsm = \//\max ((TNPNTX;l)T(TNPNTX;l)) = Omax(TNPNT ).

Here we lastly remark that the matrix norm ||Py||g1_ g1 is the sharper upper bound of the
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k+1
[ul"™ —uR

luf —uRll 41
that the error decreases faster.

error decrease ratio and it is possible that the true ratio is smaller, which means

Recall that the iterative scheme given by Equation (4.40) for resolving this matrix equation
can be rewritten as follows

(Dy +wLy)uk + (1 —w)Ly + Upy)ul ' = by. (4.48)
And the above expression can be simplified as
ALNUIICV + Ag,Nufv_l =by. (449)

where Ay v =Dy +wLy and Ay v == (1 —w)Ly + Uy. As the above matrix decomposition
of Ay in the GSR scheme, we introduce the following operator decomposition defined in the
continuous space X, corresponding to the discrete matrix decomposition of A .

Proposition 4.1.2. Let a be the bilinear form defined in (4.4) and let (e;);en be the L2-
orthogonal basis of X chosen in (4.9). Then for any v € X written in the form of cosine

series v = iy jej,

e we define the operator A: X — X' as the mapping with the property that

Av=—-Av+ V. (4.50)

e we define the operator D: X — X' as the mapping with the property that

Dv = Za(ej,ej)ﬁjej, (4.51)
jEN

e we define the operator L: X — X' as the mapping with the property that

Lv = ZZa(ei,ej)@jei, (4.52)

ieN j<i
e we define the operator U: X — X' as the mapping with the property that

Uv = ZZa(ei,ej)ﬁjei. (4.53)

€N j>1i

Proof. The proof aims at showing the well-posedness of the above four operators, i.e., showing
that they are mappings defined from X to X'.

Let us begin by showing the well-posedness of operator A, which is a direct consequence of
the continuity of bilinear form a. In fact, for any v, w € X, we have

(Av,w) 5 x = a(v,w) < Ballollr lwl]ar,

where 3, is the continuity constant of a: X x X — R defined through (4.6). And from the above
derivation, we deduce immediately that

Av,w) .,
|Av]|r— = sup v W)

Bt Py M < Ballv]| gt < 00, (4.54)
w ;W



76 CHAPTER 4. The optimal path problem and near-optimal strategies

which proofs that A: X — X' is well defined.

Now we focus on the diagonal operator. Recall the expression of H ! norm defined in (4.11),
for any v =}, ?;je; € X, we have

N

a(e;, e;)?03
1+ 52

1Doll = v [ 30

jeN

[N

Ballejllzn o3

1452

<V Yo

JjeN

[N

(1+5°%)%07
<mha | D
jEN 1+ J
< VBallv|la,
where f3, is the continuity constant of a: X x X — R defined through (4.6).

D[l -1 < VABallv]l < oo, (4.55)

which shows the well-posedness of operator D: X — X’. Next, we show the well-posedness of
operator L: X — X'. For any v =3, y0je; € X, we have

N 2 2
(Zj<i a(ei, ej)vj)
1442

Lol = vr | S

€N

(4.56)

For any ¢ > j > 0, we have

2m
ale, €;) =/ Veie; <[Vl lleillz> llejllze < wl|V|ze. (4.57)
0
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Inserting Estimate (4.57) into (4.56) yields

Nl

(Seilil)”

3
Lol < e Ve | 30

€N

Nl

(E]—Q ﬁ) (Zj<i(1 + j2)ﬁ12‘>

3
<[Vl | Y T5 2
1€EN
. (4.58)
P (ZjeN ﬁ) (ZjeN(l +j2)f’12‘)
<[V | Y T
1€EN
1
1 2
<2V~ lolln (z Hiz)
1€N
< 09,

where we have made use of the Cauchy-Schwarz Inequality in the derivation.

The above inequality shows that L defines a mapping from X to its dual space X’. In the
end, we show the well-posedness of operator U, whose proof is quite similar as the one used for
operator L. For ¢ € N, in both cases where j < i or j > 4, the partial sum of @? is always bounded
by [|v]|%: > jen ﬁ Therefore, we deduce that the mapping U: X — X' is well defined, which
completes the proof. O

Corollary 4.1.1.1. Let operator D, L and U be defined through Proposition 4.1.2 and let w € R
be the relaxation parameter of the GSR iteration scheme. Then we define operator Ay = D +wL
and operator Ay = (1 — w)L + U satisfying A = Ay + As, which corresponds to the matrix
decomposition Ay = Ay + Az v in GSR scheme.

Recall that for any N € N*, Iy : X' — Xy is the extended L?-orthogonal projection operator
onto space X . Here, based on the relation between function uy € Xy and its Fourier coefficient
vector uy, by an abuse of notation, we also refer Iy to the vector projection operator picking
the first N 4+ 1 elements in the coefficient vector uy; corresponding to uy; € Xy (M > N).
Combining with Corollary 4.1.1.1, we deduce immediately that for any N € N*, we have

Ty Ayuby + Ty Aguls ™t = TIn f. (4.59)
In addition, we have the following discretized version of equivalence:

uy € Xy is solution of the weak problem (4.14) <= uy € Xy, IyA(uny) =IxNf.
(4.60)
Moreover, for any N € N, by denoting A; x = IIyA1ly, we have A; v = HyAIIx =
Iy (Ip A1 )Ty = I n Ay pmIIn and this relation also holds if we replace A; by Ay or A.
The error between the exact solution u and our approximate solution u%; obtained after k iter-
ations stems mainly from two sources: the finite number of iterations and the finite-dimensional
discretisation space. According to this idea, we split the total error into iteration error Erjse, and
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discretisation error Erg;s. in two different manners:

luly = ullzr < July = un |l + [luy = ull e, (4.61)

=Eriter (uk;) =Er} .

where uy is the solution of discrete problem (4.14). In this definition, the term uy —u represents
purely the discretisation error without influence of finite number of iterations. From another point
of view, we define these two source errors as:

lufy =l < Jluly = u®llm + Ju® =, (4.62)

=Erdisc(uk;) =Erf .
where u* € X is the approximate solution obtained after performing k iterations via the following
iterative scheme

Ajub + Apuht = (4.63)

In this definition, the term u* — u represents purely the iteration error without influence of

finite-dimensional discretisation space.

The aim of our optimal path problem is, actually, to explore how to balance these two error
sources such that the computation cost to achieve a given accuracy is optimized. It reveals from
Proposition 4.2.1 that the error is bounded a posteriori with a measure of the residual. This
leads naturally to the decomposition of residual such that each part represents one of the error
sources. From the above GSR iterative scheme given by Equation (4.48), it is natural to define
the discretisation residual as

Raise(uky) = Ayl + Agulbt — £, (4.64)
From Equation (4.59), it is clear that we have
Iy Ryisc(ufy) = 0. (4.65)
Then we define the iteration residual as the rest part in the total residual.
River(uly) = R(u}y) — Raisc(uf) = Az (ufy — uy ). (4.66)

After decomposing the residual into two part, we state the following lemma to show that, in
some sense, the two residuals can represent respectively those two error sources.

Lemma 4.1.2. For N € N*, let the total residual be defined through (4.36), let the discretisa-
tion residual be defined through (4.64), let the iteration residual be defined through (4.66), let
Hy: X' — Xn be the orthogonal projection operator onto space Xy and let Uy =1 — 1y be its
complementary.

Let the iteration error and the discretisation error be defined through (4.61), then

(1a) The total residual is bounded from below by the calculation error:
Yalluly = wllm < Rui) a1, (4.67)

where v, 18 the coercivity constant of a: X x X — R defined through (4.7).
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(1b) The iteration residual is bounded above and below by the iteration error:

Y Ericer () < [|Riter ()l -1 <(BY + 2/ TN Azl3 1) Erier (u)

(4.68)
+ HHﬁA2 HHl—)HflEriter(u]]e\]_l%

where yN and By are the coercivity and continuity constant of Ty Ally.

(1c) The discretisation residual is bounded above by the discretisation error and the iteration
error: . N .
| Raise (un) |-+ <[y Avl| o -1 Erjger (uiy)
+ TN Aa |l 1 i1 Erier (uly 1) + BaErfice,

where B, is the continuity constant of a: X x X — R defined through (4.6). Besides, when
the iterations are enough, the discretisation residual is mainly bounded by the discretisation
error.

(4.69)

Let the iteration error and the discretisation error be defined through (4.62), then

(2) The discretisation residual is bounded above by the discretisation error:

(| Raisc (i)l -1 <Al 1 -1 Braise (uke) + | Azl 1o -1 Eraise (ufy ). (4.70)

Proof. Picking uy = u%; in (4.37) yields (4.67). For N € N*, we have
Ty River (wi) -2 < | Ricer (uR) -1 < T River (i) | zr-1 + TN River (ui) -1, (4.71)

where in the above equality we make use of the fact that the L2-orthogonal projection operator
is also H~!-orthogonal. It follows from Equations (4.65) and (4.66) that

Ty Riter (uf) |-+ = [Ty (R(uf) — Raise(ufo) |l
= [Ty R(uf) ||
= [Ty A(uk) = Tn fll -
= Ty A(ul) = TN A(un)|| -1
= ||y ATy (ufy — un)l[ g

where in the above derivation uy is the discrete solution satisfying (4.60). Let yn and Sy be
the coercivity and the continuity constant of 11y Ally. We have

v llufe = unllm < [Ty Ady (uy —un)|g-1 < Bulluf — unllm (4.72)
For the second right-hand side term of (4.71), from the second part of (4.66), we have
ITIN Ricer (uf )| -1 = [Ty Aa(ufy — uy )l

< My Ao (ufy — un)llg-1 + My Az(uy — un)| g

< nAsl i1 lule — wn [+ 1Ty Al gl =l
(4.73)
Inserting Estimates (4.72) and (4.73) into (4.71) yields Estimate (4.68). For the discretisation
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residual, thanks to (4.65) we have

Raise(ufy) =Asufy + Agulit — f
=TIy Ayul, + T Agult — Ty f
=TIx Ayuly + Ty Agul ™t — TIx Auy + iy Auy — Ty f
=TIy Ay (ufy — un) + Ty A (ul " — un) + Iy (Auy — f)
=TIy As (ufy — un) + Ty Az (uf ' — un) + (Aun — f),

where the last equality comes from (4.60). From Estimate (4.54), we have
Ay = - = Ay =)
< Ballun — ull g
Combining the above equations yields

||RdiSC(u§V) [ <[[Tx A, ‘|H1—>H—1Eriter(u]]€v)

i (4.74)
+ TN Azl 11 -1 Erjper (uhy ) + BaErge.

Note that, from the above estimate, we know that when k goes to infinity, the iteration errors
Eriter(u]f\fl) and Eriter(u’f\[) go to zero. Therefore, BaEré\isc is the dominant term in the above
estimate when the number of iterations is large enough.
More simply, we have alternatively
Rdisc(u’]c\l) :Aluljc\{ + A2u§\[il - f
=Ayuk, + Agul Tt — (Aju® 4 AgutY)
=Ai(uly —u®) + Ao (uft —ut ),

with the iteration error and the discretisation error defined through (4.62), we deduce Estimate
(4.70). O

4.1.4 Convergence and stability

In this part, we give a theoretical analysis about the convergence of the iterative scheme given
by Equation (4.41). As mentioned before, the convergence of this iteration scheme is guaranteed
by picking proper parameter w such that the spectral radius of Py is strictly smaller than 1:
p(Px) < 1. Here we give the following convergence analysis result which is inspired by the work
in [102].

Proposition 4.1.3. Let the iteration matriz Py be defined through Equation (4.41), then there
exist wy < 1 and wy > 2 such that for all w1 < w < wy we have p(Py) < 1.

Proof. Let us consider any eigenvalue of matrix Py:
PyvE = XPvP (WP e, vP eCcV ). (4.75)
Recall the explicit expression of Py in (4.40) and we have

(1 —w)Ly 4+ Uy)vP = AP (Dy + wLy)vF. (4.76)
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By multiplying on both sides with (VP)T, we get
(V) (1 = w)Ly + Uy)vP = AP (vF)" (Dyy + wLy)vP. (4.77)

We note incidentally that, in our case, Uy = L%, so that we note by \; = (VP)TLNVP =

(VP)T UxnvP. Besides, we introduce \g = (VP)T DxvP. Hence, for any eigenvalue AP of Py
we have _
(1 — LU))\t + )\t

)\d — wAt
(2 —w)Re(N\) + wIm(Ny)
Ad +wRe(My) +wIm(Ay)

In addition, the ellipticity of the bilinear form a shows that A\g + 2Re(\;) = Ag 4+ \¢ + \; =
(VP)T (Dy +Ly +Uy)vE = <A’UP, vP>X,’X > 0 and from the expression of elements in matrix
Dy, we know that Ay > 0. Hence, for 1 < w < 2,

AP =
(4.78)

(i) if Re(A;) = 0, then \g + wRe(A\;) > wRe(\;) > (2 — w) Re(N;) = 0, hence, |A\P| < 1;
(i) if Re(\;) < 0, then Ay + wRe();) > —(2 — w) Re(X;) > 0, hence, |AF| < 1.

In both cases the spectral radius of Py is smaller than 1. By continuity, this remains true for
w1 < w < wg with some w; < 1 and wy > 2. O

Numerically, we plot the variation of p(Py) as a function of w for N = 10 in Figure 4.1. In
addition, we test for N = 10: by setting w = —0.2 and u}; = 0, we perform 30 GSR iterations
and then plot the variation of associated norm ||u]f\f1 — k|| for k = 1,...,30 in Figure 4.2
and of the energy E(u% ) in Figure 4.3. From Figure 4.2, we note that at the beginning, the
error decreases faster and then the decrease of the term ||uk, — uﬁ,“ |71 is close to a straight line
in log-scale. From the analysis in previous section, we know that this slope corresponds to the
matrix norm ||P x| g1 g and the slope is a bit sharper at the beginning, which means that the
iterations are more efficient at the beginning. This property will also be used when we propose
the nearly optimal strategies in the following part.

4.2 Non linear case

Throughout this section, we assume the setting of Chapter 4.1 for the Sobolev space X and for
function V and f. In this section, we consider the following energy minimization problem:

1 2m 1 2m 1 2m
E* =min{E(v) := 5/0 (Vo)? + 3 ), Vo? + Z/o vt = (fv)x x v E XY (4.79)

And the corresponding variational problem that characterizes a function v € X which minimizes
the above energy is defined as: Find v € X such that

2T 2 2T
Vv e X, Vu-Vv+/ Vuv+/ u3U=<f,v>X,’X. (4.80)
0 0 0

or using the duality pairing notation

Yo e X, (F(u),v)yx x =0, (4.81)
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Figure 4.1: The variation of p(Py) for N = 10 as a function of the relaxation parameter w.
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Figure 4.2: The variation of iteration increment |uf — v’z for N = 10 as a function of

iteration number £ in log-scale.

where the nonlinear operator F': X — X' is defined as
YweX, F)=-Av+Vv+v®—f (4.82)

For proving the well-posedness of this problem, i.e., the existence and uniqueness of the
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Figure 4.3: The variation of energy E(u%;) for N = 10 as a function of iteration number k.

solution, we mainly make use of the property of nonlinear monotone operator. Therefore, we
prove firstly that the operator F': X — X’ is strongly monotone and that the energy functional
defined in (4.79) is weakly coercive. Consequently, with a classical nonlinear functional analysis
result, we prove the existence and uniqueness of the solution for (4.80), which, consequently, also
minimizes the energy functional.

Proposition 4.2.1. Let E: X — R be defined through (4.79), let F': X — X' be defined through
(4.82), which is the functional derivative of E: X — R. Then
The minimization problem

Find w € X such that E(u) = mi}I{l E(v), (4.83)
veE

and the operation equation
Find w € X such that F(u) =0, (4.84)

are equivalent. Besides, both of them have a unique solution.
In addition, let uw € X be the solution of the above two problems. Then we have the following
estimate:

1
[ullzr < 7||f\|H*1, (4.85)
where v = min{1, Vipin} is the coercivity constant of a: X x X — R defined through (4.7).

Proof. The proof is a direct application of Theorem 25.F in [104]. For showing the above well-
posedness result, we need to prove two properties: F': X — X’ is strongly monotone and E: X —
R is weakly coercive.

In the first step, we show the strong monotonicity of operator F': X — X', i.e., there exists
constant vy > 0 such that

Vw,v € X, (F(w) = F),w—v)x x >7r|w- |3 (4.86)
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The proof of the above statement is straightforward: For any w,v € X, we have

2m

(F(w) = F(v),w —v)x, x = ; V(w—v)-V(w—v)+/0WV(w—v)Q—i—/Ow(w‘?—v?’)(w—v)
= u w—v 2 . ’LU—U2 2ﬂ-’LUQ wv ’U2 U)—’U2
= [ = [ V-0t [ o)
= i w —v 2 o ”LU*’U2 1 . w2 U2 w U2 ’LU*’UQ
— [ w0 [ viw—op g [ o) o)
! —v))? g w—v)?
| =0+ [ vw—v)

IV (w = v)[[72 + Vininllw — v]|Z-

WV

>
> Yallw = vl7,

where v, = min{1, Vi,in } is the coercivity constant of a: X x X — R defined through (4.7). This
shows that F': X — X' is a strongly monotone operator.

In next step, we prove the weak coercivity of the energy functional F: X — R, i.e., E(u) = 00
as ||u|lgr — oo on X.

For any v € X, we have
1 27‘( 1 27‘(‘ 1 271'
E(v):f/ (Vv)z—l—f/ sz—l—f/ v4—<f,v>X,X
2 Jo 2 Jo 4 Jo ’
1 27 ) 1 27 )
3 (Vv) +§ Vo' —(f,v)x x
0 0

1
g Vallollzs = L flla— o]l

WV

WV

1
> |yabolln = 1l ol

From the above inequality, we deduce that when ||v||g: — oo, the lower bound of E(v) goes to
infinity. This implies that E(v) goes to infinity, which completes the proof of the weak coercivity.

By checking all the conditions of the above mentioned theorem, finally we obtain the well-
posedness property of our nonlinear problem.

Picking v = u and inserting it into the weak formulation (4.80) yields that

27 27 27
by x =/ (Vu)2+/ Vu2+/ ul
0 0 0
27 27
> / (Vu)? 4+ Vinin / u? (487)
0 0

2’%”“”%“

where v, = min{1, Viyin } is the coercivity constant of a: X x X — R defined through (4.7) and
Vinin is the lower bound of potential function V. From the above estimate, we deduce immediately
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a rough estimation of ||u|| g

1 <fv u> /.
ullgr < 7WX1X
71a H (4.88)
< —flle-1,
Ya
which completes the proof. O

Remark 4.2.1.

Proposition 4.2.1 states the existence and uniqueness of the solution u € H*(T) to the weak
problem (4.81) or the strong problem (4.84). However, the solution u can be more regular.In fact,
if V.e H'(T) (r > ) and f € H*(T) (s > —1), then u € H™(T) with 7 = 2 4+ min{r, s} [10,
45, 63]. Specially, for our chosen potential function V and f defined in Remark 4.1.2, we have
u € HY55¢(T) with € > 0. This property will be used later in the proof of the super convergence
result.

After proving the well-posedness of this problem, the next step is to resolve it numerically in
Xn and get approximate solution u’}v using iterative process. Similarly as in Equation (4.10), we
write the unknown function as a sum of cosine functions and resolve for the truncated Fourier
series coefficient in the discretisation space X .

Now, we introduce the discrete variational problem: For N € N*, find uy € Xy such that

2T 2m

27
Yoy € Xn, Vupy - Voy + Vunvn —|—/ uyvoy = {f, ’UN>X,)X. (4.89)
0 0 0

Using similar argument as in Proposition 4.2.1, the above questions has exactly one solution,
which also minimizes the energy defined through (4.79) over the space Xy,

E(uy) = vz\I;rg)Ile E(vy). (4.90)

4.2.1 A priori and a posteriori error estimation

The aim of this section is to derive the a priori and a posteriori analysis of the nonlinear problem.
Compared to the linear case, we no longer have the continuity or the global Lipschitz continuity
of our nonlinear operator F: X — X', therefore, some uncomputable constant like ||u| g1 are
needed in our a priori error estimator. Fortunately, we still have the strong monotonicity (c.f., the
coercivity in the linear case) and it is straightforward to deduce our a posteriori error estimator.
Now, as a first step, we give the a priori analysis about the convergence of the discrete solution
uny € Xy of problem (4.89) to the solution w € X of problem (4.80), which is based on the Céa’s
Lemma [19] and the proof of [38, Theorem 6.2.1].

Lemma 4.2.1. Letu € X be the weak solution of problem (4.80), for N € N*| letuy € Xn be the
solution of discrete problem (4.89), let yp be the monotonicity constant of operator F: X — X'
and let E: X — R be the energy functional defined though (4.79). Then there exists constant Cy
such that
lu —un|lgr <Cy min |ju — vn||ge. (4.91)
vNEXN

If w e H™(T) with T > 1, then there exists constant Cy > 0 such that

|u—un|m < CoN'TT. (4.92)
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Moreover, there exists constant Cs > 0 independent of N such that for any r < T, we have
lun ||z < Csllul| g (4.93)

In addition, there exists constant Cy such that

1
el —un i < B(un) = E(u) < Callu = un||7- (4.94)

Proof. Firstly, recalling the definition of the energy functional E: X — R, for any vy € Xy, we
have

27 2 27
1 1
E(vn) — E(u) =*/ (Von)? + 5 Vo + */ vy — (fLoN)x0 x
0 2 Jo 4 Jo ’

1 2m 9 1 2m 9 1 2 4
1 27 1 27 1 27
:5/0 (Von)? + 5/0 Vo + 1/0 vy

1 27 1 27 1 27
77/ (Vu)fo/ VU27*/ ut
+ (f,u — UN>X’,X .

Here, with the property that u € X is the weak solution of problem (4.80), we have
1 2 1 2 1 2
E(vy) — E(u) :7/ (Von)? + 7/ Vok + 7/ VN
2 Jo 2 Jo 4 Jo

1 27 1 27 1 2
77/ (Vu)z—f/ Vusz/ ut
2 0 2 0 4 0

27 2m 2m

+ Vu-Vu—uovy + Vu(u—vN)+/ ud(u —vy)

1 9271' 1 ’ 27 f 27 (495)
:7/ (Voy — Vu)? + = V(vy —u)® + f/ (v — 4udvyn + 3u?)

2.Jo 2 Jo 4 Jo

1 2m 9 1 2m 9
== (Voy — Vu)* + = V(oy — u)

2Jo 2Jo

1 27 ) ) 1 27 ) )
+ = (vny —uw)*(oy +u)’ + = u(oy —u)”.
4 Jo 2 /o

By picking vy = un the solution of discrete problem (4.89), we give the first upper bound
estimate of the energy difference in (4.94).

1

2w 1 27 1
E(uy) — E(u) > 5/ (Vuy — Vu)? + 5/ V(uy —u)? > §7F||UN — 3. (4.96)
0 0

According to the variational principle, together with the strong continuity of £ and the density
of Uy—; X~ in H"(T), we have

lim E(uy) — E(u) = lim inf E(v) — E(u) =0, (4.97)

N — o0 N—ooveXy
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Additionally, with (4.96) we conclude that

lim ||u—upy| g =0. (4.98)
N—o00

From the above result, we deduce that the sequence (uy)nyen+ is bounded, i.e., there exists a
constant C,, > 0, such that
VYN e N*,  Jun|m < Ch.

After obtaining the boundedness property of uy, now we give the error estimate of the approxi-
mate solution uy. Recalling the strong monotonicity of the operator F': X — X’ we have
(1) = (F(w) = Flun),u—un)yr x > vellu =yl

Besides, for any vy € X, with the property that u € X is the weak solution of problem (4.81)
and that uy € Xy is the discrete weak solution of problem (4.89), we have

(1) = (F(u) = Fun), u)x: x

= (F(u) _F(UN)»U_UN>X',X
2m 2m
= ; V(u—upn)- -V(u—ovn)+ A V(u—un)(u—ovn)

27
—|—/ (u? 4+ uuyn + ui) (v —uy)(u —vy)
0
27 27
</ |V(u—uN)|-\V(u—vN)|+/ Viu—un|-|u—ovy
0 0

27
+||'U/2+UUN+U§V||LOC/O lu —un|-|u—vN]
27

2
</ V(1= un)| - [V —on) + | V]u—un|- Ju—on|
0 0

2
+ ([JulZoe + lJull o llunl Lo + IIUNII%OQ)/O lu—un|-|u—on]
27

27
g/ V(= un)| - [V —on) + [ VIe—uy|-u—ox]
0 0

27
+ Cén(lullip + llull g llun | o + ||UN||?L11)/0 lu—un|-Ju—vy
<(Ba +3CENC)lu — un |l lu — v |an,

where 8, is the continuity constant of a: X x X — R defined through (4.6) and Cgy is the
Gagliardo Nirenberg type inequality constant?. Combining the above two estimates about the

2This constant depends on the domain of definition [0,27] and a detailed derivation of this constant can be
found in [38, p.165]. In our case, we have
1
2
+ 1) ||| g1

1
Yo € X, o < | —
veX, ol (M 1o
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term(I), we deduce that

ﬁa + 302 0,3
< 7GN||

||U—UN||H1 NS ’UNHHl7 (499)
YF

which gives the a priori estimate of the discrete solution (4.91) with Cy M Let us
recall that Iy : X’ — X is the orthogonal projection operator onto space X . Then inserting
vy = IlIyu into the above estimate yields that

1||u — HNUHHl

uU—u 1 <
lu = unll o (4.100)
< C1N Tullg-,

C
C
from which we deduce Estimate (4.94) with Co = C||ul|g~-

For any vy € Xy, it’s easy to deduce that there exists ¢ > 0 independent of N such that

lon|lEr < eN"7*|lunllae, (4.101)

where r > s. For any r < 7, combining Estimate (4.101) with the a priori error estimate given
by Equation (4.91) yields that
IMyu —un e <eN™ v — unl|
<eN™H(|[Myvu = ull g + flu = un )
KN HOy + V)| TTvu — ul g
<c(Cy + 1) ||ullar,

where in the last step we use similar argument as that used in Estimate (4.100). From the above
derivation we deduce Estimate (4.93).

The last part of the proof is to show the upper bound of the energy difference estimate, which
is deduced from (4.95).

1 1 1
E(un) — E(u) < §Ba\|u un i + 7l + unllzello = un i + llelz v = unl
( Ba + CGNCQ)IIU*UNIIHM

which completes the proof. O

In addition to the above classical a priori error estimate given by Equation (4.16), we also
have the following classical L? error estimate. Similar to the Lemma 4.1.1 and Theorem 4.1.1 in
the linear problem, in the nonlinear case, we also have the following following classical L? error
estimate and super convergence result.

Lemma 4.2.2. Let u € X be the weak solution of problem (4.80) and for N € N* | let uy € Xn
be the solution of discrete problem (4.89). Then there exits constant Cy > 0 such that

lu —un|r2 < CINYu —un| g, (4.102)

Proof. The proof is essentially identical to the proof of Lemma 4.1.1 with some obvious modifi-
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cations. We define the bilinear form as follows:

2m 2m
Vo,we X, d(v,w) = Vv - Vw +/ V'vw, (4.103)
0 0

where V' = V +u? + u3, + vuy. Using now Equations (4.80) and (4.89), we deduce that the
above bilinear form maintains the Galerkin orthogonality:

27

27
Yoy € Xy, a/(u — UN,’UN) :/ V(’LL — "U,N) -Von +/ V(u — ’U,N)’UN
0

0

27
+/ (u? +u3 +uuy)(u — uy)vy
0

27 27

2m
= V(u—uy)-Von + V(u—uN)UN—i—/ (u® — ud)on
0 0 0

=0.

Besides, V' € L*(T) with |[V[|z < [[V|lz~ + [ulli + [lunli~ + [ulli~ [lun]i~ and V*
is bounded from below by the same lower bound Vi, > 0 of function V. Therefore, the new
bilinear form is also continuous and coercive. Then the rest of the proof is identical to that for
Lemma 4.2.2, simply replacing a: X x X - Rbya’: X x X — R. O

Theorem 4.2.1. Let u € X be the weak solution of problem (4.80), for N € N*, let uy € Xy be
the solution of discrete problem (4.89), let Il : X' — Xx be the orthogonal projection operator

onto space Xy and let V' be the potential function in problem (4.80), let V- € H"(T) for some

r > % be the potential function in problem (5.2), let f € H*(T) for some s = —1 and let us

denote by 7 = min{r,2 + s,2}. Then for N large enough:

e There exits constant Coy > 0 such that

ITnu —un|| g < CoN"2 7w — un| g (4.104)

e There exits constant C3 > 0 such that

ITnu — unl||zz < CaN"T " Hu — un] g (4.105)

Specifically, for our chosen V' and f defined in Remark 4.1.2, we have
ITnu — un|[ g < CoN~ 5w — un||m (4.106)

and
ITTyu — un|rz < CsN 34w — un ||, (4.107)

where € > 0.

Proof. The proof is essentially identical to the proof of Theorem 4.1.1 with the bilinear form
defined through (4.103).

One direct consequence of the above change is the regularity of the new potential term
V' =V +u?+ud +uuy: for Ve H” (3 <r)and f € H(T) (s > —1), from Remark 4.2.1 we
know that then v € H'(T) with ¢ = 2 4+ min{r, s} > 1. In addition, from (4.93) we deduce that
uy € HY(T) and ||uy| g+ is uniformly bounded by |u||z¢. Therefore, we have V' € HY(T) for
¢ = min{r,t} = min{r, 2 + s}.
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Considering the above regularity change and combining the proof in Theorem 4.1.1 yields the
super convergence result. O

After showing the a priori error estimate, now we give the a posteriori error estimate with
the nonlinear residual at hand: for any uy € Xy, we define the residual as

R(un) = —Auy + Viy +un° — f. (4.108)

The proof of the following a posteriori error estimate is similar to that for the linear case while
we make use of the strong monotonicity of operator F' instead of the coercivity.

Lemma 4.2.3. Let u € X be the weak solution of problem (4.80), for N € N* | let uy € Xn be a
numerical approzimation solution of discrete problem (4.89), let vr be the monotonicity constant
of operator F: X — X' and let E: X — R be the energy functional defined through (4.79). Then
we have

_ 1 —
lun =l < -l BN -2 (4.109)

We also have the following energy estimate:

__ 1 1 1 _ 1 __
0 < B(@x) - B(w) <& (ﬁa +eagaml + S0l + ) VR
Ve \2 4 Ya
(4.110)
or 11 3
0 < B(N) ~ Blw) <=5 (3 + SCelan [l R -
F (4.111)

20y
3

F

3CEN

+ lun |z [|R(an ) [3r-1 + Iyl IR ()31

Proof. Firstly, we recall the strong monotonicity of the operator F': X — X', we have
(I1) := (F(u) — F(un),u —un) > yrlu —an |7
Besides, we have

(II) = (F(u) = F(un),u — un)
= (=F(un),u—un)
< || = Aun +Vay + (an)® = flla-1 v — unllm,

where in the above equation we use the property that v € X is the weak solution of problem
(4.80).

By combining the above two estimates of the term (IT), we deduce that

. 1 N
lun —ullgr < —|[R(un)|[g-1-
YF

Now we come up to the estimate of the energy. The positivity of the term E(uy)— E(u) is clear
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thanks to the variational principle. Then, from (4.95), we have
1 2m

B(an) — E(u) :2/Oﬂ(va]vv—w)2+; v -y

1 271' N 2 _ 2 1 271' 2 N 2
+ = (uy —u)(uy +u)*+ = u (uy — u)
4 Jo 2 Jo

_ 1 — — 1 .
<GBallan —ullfn + JCexlan +ullf lun — ullf + 5Cexllullfpllen —ullf

| —

<

—~

1 1 — 1 —
5P+ 0 (lanllan + [lulla)® + S CEllullz)llun — ullzs.

(4.112)
Inserting Estimates (4.85) and (4.109) into (4.112) yields the a posteriori energy error estimate
given by Equation (4.110). In addition, by taking the argument v a line back with above set of
inequalities, we can go on and bound the term ||u| g1 using the residual and ||un|| g:

. 1 — 1 — — 1 —
E(un) = B(u) <5Ballun —ullfn + JCexlun +ullf lan — ullf + 5Cexlullfnllen —ullf
1 — 1 N N .
<GBallan —ullfn + JCenClanlla + llon —ulm)* ey — ulf

1 N — .
+ 5 Cen(llun = ullm + an || m)*lan — ullZn

1 3 N _ . —
<(Ba + SCE&Nunllz) lan — ullfn + 2CEllun|la lun = ullf

3 _
+ S Chy i — ullh.

Inserting the a posteriori error estimate for the solution into the above expression yields
(4.111), which completes the proof. O

4.2.2 Iteration scheme and analysis

As in the linear case, in this section, we will give details of the numerical resolution of this
problem. Based on the discretized weak problem (4.89), where uy = >, y(dn)je; and
selecting the basis vectors {e;}o<i<n as test functions vy, we obtain a system of nonlinear
equations represented in the following matrix form

AN(uN)uN :bN, (4.113)

with uy being the unknown vector of coefficients uy = [(an)o, (4n)1,-- -, (an)n]T. Unlike the
linear case, in the nonlinear problem, the matrix A is not constant and depends on uy with a
term generated by fo% u3 vy that we denote by Sy (uy). For the rest part, which is the same
as Ay in (4.39) for the linear case, we still keep the notation of Uy,Dy and Ly, i.e.,

An(uy)=Uyxy+ Dy + Ly + Sny(un).

In the nonlinear case, we still use the Gauss-Seidel-Relaxation(GSR) iterative scheme. Start-

ing from an initial guess u%, in each iteration step the new vector uﬁ,ﬂ is calculated from uk;
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via:
ubf!t =¢ (=(Dy +wLy) ™ (1 —w)Ly + Uy + Sy (uky)) uby + (Dy + wLy) 'by)

4.114
+ (1 76)11]]6\/7 ( )

with w being the relaxation factor and 0 < £ < 1 being a damping factor. Similarly, by defining
PN(U?\]) = —(DN + wLN)_l ((1 —w)LN +Upn + SN(UI;V_I)) and qnN = (DN + wLN)_le,
the above expression can be simplified as

ul = ¢ (Pr(ub)ul +ay) + (1 - ub.

Remark 4.2.2 (Addition of the damping term).

e For the nonlinear problem, if we just make use of the GSR scheme like the one used for
the linear problem, it will be written as follows:

uf! = —(Dy +wLy) 7 (1 = w)Ly + Uy + S (ui))uy + (Dy +wLy) 'by. (4.115)

However, the above scheme may not converge even by picking proper value of relaxzation
factor w, i.e., we select a ‘good’ w such that the spectral radius of Py (uk;) is between 0
and 1 for each iteration, the odd subsequence (u?VjJrl)jeN and even subsequence (u?vj)jeN
generally converge respectively to woqq and Ueyen, Ut Uoqq F Uepen- Lhis phenomenon also
occurs when we apply the Roothaan algorithm to resolve the Hartree-Fock equations [17].
This is why we add an additional damping factor in the iteration process and in this way,

the convergence of this algorithm is assured.

e Here we don’t split matriz An(uy) directly into the diagonal, upper and lower triangular
parts. This is feasible but for the simplicity of the following residual analysis, we separate
the nonlinear term Sy (uy) from the matriz Ay (uy) and divide the rest matriz into three
parts: Dy, Uy and Ly.

Compared to the linear case, in the nonlinear iteration scheme, there is the additional non-
linear term Sy (uk;) in matrix Py (u% ). Hence, there is a slight difference in the convergence
analysis. Compared to relation (4.42) and (4.43) in the linear case, the converged solution uf?

of the nonlinear problem satisfies

u]ovo =£ (—(DN +WLN)_1 ((1 - w)LN + Uy + SN(H?\?)) ujo\,o + (DN +OJLN)_1bN)

- (4.116)
+ (1 =&uy.
Subtracting Equation (4.114) by (4.116) yields that
ub! —u¥ =¢ (—-(Dy +wLy) ™ ((1 - w)Ly + Uy) (uf — uf) (4.117)

~(Dy +wLy) ™" (Sn(uf)uly — Sy (uF)uy)) + (1 - €)(uy —u).

Noting that the matrix multiplication Sy (u%;)uk; in fact produces the vector containing the
Fourier coefficients of function ILy 7 (u%;)? and Sy (u$P)u$e corresponds to function My 7 (u$e)3.
Therefore, we have the correspondence between the term Sy (u%,)uk;, — Sy (u)u$ and function

Oy 7 ((uh)? —Tyr- (uF)?) = Oy 7 ((uh)? + ubuf + (u)?) (v — uy). By denoting
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Sy (uk;, u3¥) the matrix form of the function (uk)? + uku$e + (u¥)?, we deduce that

ufi !t —uR =¢ (-(Dy +wLy) ' (1 —w)Ly + Uy + Sy (uh, uR)) (uk —a))
+ (1= (uf —uy).

By denoting P’y (u%;,u¥) = —(Dy +wLy) 7! (1 — w)Ly + Uy + Sy (6%, u¥)), we obtain

(4.118)

upt! —uf = (P (uf, uf) + (1 - &Iy)(uy — uf).

Therefore, in the nonlinear case, the convergence of the iterative scheme (4.114) depends on the
numerical solution u¥ % and it can’t be achieved by simply picking proper values of £ and w. In
practical calculation, we verify numerically that the spectral radius of the matrix {P’y (uk ou)+
(1 — &)1 is strictly smaller than one to ensure the convergence. Additionally, compare with the
linear case, the convergence rate of the iteration scheme (4.114) also depends on the damping
factor.

After defining the iterative scheme and analyzing its convergence, in the remaining part of
this section, we aim at decomposing the residual according to our iterative scheme and showing
the relation between the residual and the error. Recalling that IIy: X’ — Xy is the orthog-
onal projection operator onto space Xy, we have the following equivalent statements for the
discretized form.

uy € Xy is solution of the weak problem (4.89) <= uy € Xy, UxyF(uy)=0.

Recall that the total residual is defined as R(u%;) := F(u%;). According to the expression of the
iterative scheme given by Equation (4.114), we define the discretisation residual as follows
L 3 (1 k—1
Raisc (ulfy) —gAluN + A2UN +(uf1)? - (E —DAyuy — f
1 (4.119)

ZgAl(u _UN )+R( )

such that compared to the linear case, we maintain the property that

Iy Raise (ufy) = Ty (Avuly + & (Aouft + (Wi )P — f) — (1 — At =0, (4.120)

3
where A; and As are defined in Corollary 4.1.1.1 and we denote by A = Ay + A5. Then we define
the iteration residual as the rest part in the total residual

ther(u?v) R(UI;V) RdiSC(u?V)

1
= Ak + Aguky + (i) — f — EAl(u — kTt — Ajuhst — ATt — (WY 4 f

—(- %)Al(uﬁ, —ul ) Al — ) ()P — ()

(4.121)
Now we state the lemma showing relation between error and residual.

Lemma 4.2.4. For N € N*| et the total residual be defined through (4.108), let the discretisation
residual be defined through (4.119) and let the iteration residual be defined through (4.121).
Let the iteration error and the discretisation error be defined through (4.61), then
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(1a) The total residual is an upper bound for the calculation error:

1 ,
lufy =l < %llR(U?v)llH—la (4.122)

where vg is the monotonicity constant of operator F: X — X'.

(1b) The iteration residual is bounded above and below by the iteration error:

IV Eiter (uly) < || Riter (uly) || -1 < (B + ’”AlHHlHH*l + OEn(lui 122 + lluill e a2

Tl 2)) (Erieer () + Ericer (™))
(4.123)
where YN is the coercivity, B, is the continuity constant of a: X x X — R defined through
(4.6).

(1c) The discretisation residual is bounded above by the discretisation error and the iteration
error:

HRdiSC(“/JCV)”H—l \*HA1||H1—>H 1 (Erlter(uN) + Erlter(uN )) + fa (Erlter(uN )+ ErdlSC)

+ CGN (Eritcr( N ) =+ Erdisc) (3||7.L HL2
+3|Jul 22 (Briger(uhy ) + Erdisc)

2
(Erlter(u]\{ ) + ErdlSC) ) )
(4.124)
where B, is the continuity constant of a: X x X — R defined through (4.6). Besides, when

the iterations are enough, the discretisation residual is mainly bounded by the discretisation
error.

Let the iteration error and the discretisation error be defined through (4.62), then

(2) The discretisation residual is bounded above by the discretisation error:

HRdisc(u?V)”Hfl <*HA1”H1—>H*1 (Erdisc(u?v) + Erdisc( ?\/ 1)) + ||A||H1—>H*1Erdisc(uljg\[_1)

£
+ CQGN Erdiso(ulf\f_l) (ErdiSC(u];V_l)Q + ||U?V_1||L2Erdi80( ) + ” HL2) )
(4 125)
where u* could be obtained by setting an initial condition u® € X and calculated via the
following iterative scheme:

k
%Al(u —uF ) 4 A (R = 1 (4.126)

Proof. Picking uy = uk in (4.109) yields (4.122). For the iteration residual, using Equation
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(4.120), we deduce that

LN Riter (uf) |l -1 < | Riter (uf) | -1 <M Ricer (upy) | -1 + [y Riger (uhy) | -1
S|y (B(uf) = Raise(ui)) -1 + | (1 oy

My Az (uy — uiy ) + iy ((uk)? = (uy™)?) | -0
(4.127)
where Iy : X’ — Xy is the orthogonal projection operator onto space Xy and Iy = I — Iy is
its complementary. It follows from Equation (4.120) that

)HszAl(u —ui )

Iy (R(uf) — Raise(uly)) = Iy R(uk)
ZHNAUN —|—HN(UII€V) —Inf
=TIy Auf, + O (ufy)? — Iy (Auy + (uN)3) (un is solution of (4.89))

= Iy Ay (ufy —uy) + Ty (((uN) +ukun + uy) (u; — un)).

It thus follows that
<HN ( N) RdlSC(ulfv)) 7Ulzcv - UN>X’,X

||“N —un|m

<HNAHN(u§V —un), uﬂ“\, — UN>X',X

||HN< ( N) Rdlsc(uN)) ||H 1 2

=

Tk, = wn
(ML () + uyun +u3) (uy — wn) sy — un) o

luf = unllm

Here we use the fact that the term (u%;)? + ukuy + u3; is always positive to deduce that
TN Riter (uf) | g1 = v llufe — unla, (4.128)

where we recall that vy is the coercivity constant of 11y Ally. For the continuity of Riter(u’f\,),
we firstly rewrite

Riger (ufy) =(1 — %)Al(“N —uy )+ Ap(uf —u ) + (uk)? — (i)’

— Ay — uk) — %Am S AL (k)2 + bl (uh2) (ke — k)
:A(u’f\, —un)+ Aluy — ulfv 1) — %Al(u’f\, —uyn) — %Al(uN — ulfv 1)
(uh)? + ufuiy ™ + (i )?) (uf = un) + ((Wh)? + ufuli ™ + (i )?) (un — ulf ).
(4.129)

For any v € X, we have

27
()2 (s — un),0) = / ()2 (y — un Yo

k k
< vllzelluf — un |z uillz2
< Céx vl w122 Eriger (u),
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from which we deduce that

(uly)?(uly — un),v
| (uh )2 (uh; — un)|| -1 = eS}}lp;&o (5 ||v]\\’\H1 ) < Oy |luls || Eryeer (uhy).  (4.130)
veX,v

By replacing (u%;)? with (ulf\fl)2 or u’f\,uﬁfl, we get similar result. Combing the above argument

with Equation (4.129) yields (4.123).
For the discretisation residual. We have

Raisc(uly) gAl( N —uk )+ Ry
:éAl(u — kN £ RATY) - R(u)
:éAl(u S £ AR )+ (Y
:%Al(u?\,—uN)—i-%Al(uN—uN )b A =)+ Ay — ) Y
(k) by T+ u?) (Wb - )
:éAl(uéﬁV—uN)Jr%Al(uN—uN )+ Al —un) + Alun — u)

(B2 = B =)+ (- w?) (- ).

Using similar argument as the one in Estimate (4.130), we obtain

(i) (it = w)llg— < Cénllun ' I72 (Eriter (uy ") + Eraise) , (4.132)
2
||(ué€\f 1)(“?\! ! U)QHH*1 CGNHUN 1HL2 (Erlter(uN )+ Erdm) ) (4.133)
and , 5
H(UI;V_l — )|l < CGNHUN HI7 (Erlter(ujv )+ Erdl%C) : (4.134)

Combining those arguments yields (4.124). When k goes to infinity, the iteration errors Eriter(ulf\fl)
and Eriter(u’fv) go to zero. Therefore the contribution of the discretisation residual is dominant
in the above estimate when k is large enough.

More simply, we have alternatively

Rdlsc(uN) :*Al( — UN ) + AUN + (ullc\/ 1)3 f

=— Ay (uhy — b + AT (W3 lAl(uk — Pl — AukTt - (uF)3

3 3

1 1 .
— £y — o) = A = ) A =) ) - )
— g Arfuly — o) = A = o) Al )

(B = 3 T )+ T = ) - ),

Using similar argument as what we do in (4.132), (4. 133) and (4.134) and combining with the
new definition of discretisation error Erqisc(u%;) :== uk, — u* yields Estimate (4.125), O
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4.2.3 Convergence and stability

In this part, we aim at showing some numerical results related to the convergence of the GSR
iterative scheme for our discrete nonlinear problem (4.89). As mentioned in remark 4.2.2, without
the damping term the convergence of the GSR iterative scheme given by Equation (4.115) could
not be guaranteed. The following numerical test reveals the oscillation of solution using (4.115):

For N = 100, given u%, = 0 as the initial guess, we perform 40 GSR iterations according
to Scheme (4.115) with w = 1.1 and plot the variation of error |uf, — u% ||z and energy
E(uk%) in Figure 4.4. We observe that the term |uf — u%'(|g: doesn’t converge to 0 and
the oscillation of the energy is obvious from Figure 4.4B. However, we divide the numerical
solution (u;)o<r<ao into the odd part (uar')i1<r<20 and even part (u3F)o<r<z0 and then plot
respectively the variation of error and energy for these two parts in Figure 4.5 and Figure 4.6.
We observe the convergence of the numerical solution respectively for the odd and even part.
Besides, according to the variational principle, it is clear that none of these two subsequences
converge to the discrete solution uy of (4.89).

3.54
— Uk = uf e 01 — E(uf)
3.0 1]
2.5 24
2.0 —34
1.5 —a4
1.0 -5
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
Iteration number k Iteration number k

(A) The variation of ||uk —u% ||z for N =100 as (B) The variation of E(u%) for N = 100 as a func-
a function of iteration number k. tion of iteration number k.

Figure 4.4: The oscillation of nonlinear GSR scheme without damping term.

After explaining the necessity of adding a damping term into the GSR scheme given by
Equation (4.114), now we show one numerical example using (4.114): For N = 100, given
u®, = 0 as the initial guess, we perform 40 GSR iterations with w = 1.1 and £ = 0.25, then
we plot the variation of error [[uf — u% |z and energy F(u%) in Figure 4.7. After inserting
a damping term into the GSR scheme, the convergence of the numerical solutions and of the
energy are checked and the decrease rate of |[u% —uh 1| 1 is also very close to a straight line in
log-scale, which is the same as in the linear case. In the linear case, we know that the decrease
rate of |uk — uk |z is close to the matrix norm |[Py||g1_g1. But in the nonlinear case,
matrix Py (u%;) depends on the current numerical solution. Only under the assumption that
the numerical solution u¥; is close enough to the discrete solution uy, we can deduce that the
decrease rate of the error ||uk, — u’f\leHl is nearly a constant close to Py (upy).
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(A) The variation of |[uar ™ —u2F 1| g1 for N = 100 (B) The variation of E(uir ') for N = 100 as a
as a function of iteration number k. function of iteration number k.

Figure 4.5: The convergence of odd numerical solutions

— Ui = uf 01 — EWg)
2.04
—14
1519
-2
1.0
-3
0.5 —44
0.0 4 =54
25 5.0 7.5 10.0 125 15.0 175 20.0 0.0 25 5.0 7.5 10.0 125 15.0 17.5 20.0
Iteration number k Iteration number k

(A) The variation of ||uif — u 2|z for N = 100 (B) The variation of E(u3) for N = 100 as a func-
as a function of iteration number k. tion of iteration number k.

Figure 4.6: The convergence of even numerical solutions

4.3 Optimal path problem

4.3.1 Introduction

In the above two parts, we give the theoretical well-posedness analysis and some numerical
convergence results of both the linear and the nonlinear problems. In this section, we explore
the optimal error balance strategy such that these above two problems are numerically solved in
an optimal way.

In most cases, the resolution of the above two problems involve firstly fixing a N € N*, then
constructing the discretisation space X and finally solving the problem over X . This discreti-
sation number N which indicates the degree of freedom or the dimension of the discretisation
space (the dimension is N +1) is chosen manually. If we pick N = 10, for example, the numerical
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(A) The variation of ||uk —u% | g1 for N =100 as (B) The variation of E(u%) for N = 100 as a func-
a function of iteration number k. tion of iteration number k.

Figure 4.7: The convergence of numerical solutions with damping term

solution of this problem is rather fast, however, the difference between our numerical solution
and the true solution might be rather big. On the other hand, by picking a larger discretisation
number N, e.g., N = 100, the numerical solution would be closer to the true solution, but it takes
more computation resources to run the calculations. By only giving a target error bound, there
is no evident clue for picking a proper N. It is possible to run a fast calculation but get a solution
without satisfying the target bound or take much longer time for calculation and (luckily) get
an accurate enough solution. Or even worse, we take a long-time calculation but still the final
error is not satisfactory.

The aim of this work is to explore a new strategy to balance the computation resource and
numerical results’ accuracy. The idea is as follows: Firstly, we pick a small Ny, € N* as
the starting point and initialize with U(J)Vm;n = 0. Then we do several GSR iterations until we
obtain a well converged solution in space Xp_, . Next, we continue the numerical solution in a
larger space Xy, (N1 > Npin). Initializing the new series of iterations with the previous ‘well
converged solution’ obtained in Xy, , we continue until obtaining, once again, well converged
solution in space Xy,. By repeating this process several times, finally we can get an accurate
enough solution as desired. In addition, this may save computational resources provided that
initializing iterations with previous well-converged solution diminishes the number of iterations

needed to achieve the target accuracy.

After describing briefly the idea, the next step is to explore how to realize this idea. The first
mission is to know how to switch between different discretisation spaces in a close-to-optimal
way. Fortunately, the two problems studied are both periodic and we use cosine functions to
approximate the unknown soluti%. Recall t/}iat in our numerical solution process, we obtain the

coefficient vector u%; = [(uk )o, (uk )1, ..., (uk)n]T associated with the numerical approximation

solution u%;, = Z;-V:O uﬁ,jej. When we want to switch numerical solution from discretisation space
Xx to space Xn/(N' > N), we just add N — N zeros in the current coefficient vector u%, and

define the resulting vector as u%,:

uly, = [(uk)o, (Wh)1,. .., (uh)N,0,...,0] . (4.135)
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In this way, based on the solution obtained in Xy, we continue the calculation in a larger
discretisation space X/ and at the same time the approximation solution isn’t modified, i.e.,

N’ N N’ N

E 2 § E k
u?vl = UN/ UN/ e]"’ UN/ == (u%)jej :uN.

Jj=0 J=0

j=N+1 =0

Convention 4.3.1. In the rest part of this section, we will frequently present the switch between
two discretisation spaces. We will always denote by Xy the smaller discretisation space with
dimension N+1 and by X - the larger discretisation space with dimension N'+1. For simplicity,
we will use discretisation number N to indicate corresponding discretisation space Xpn, t.€., we
will say the switch from N to N’ to indicate the switch of numerical solution process from
discretisation space Xy to discretisation space Xpy:. Besides, we adapt the convention that
N’ > N for the switch. And for N € N*, we denote the number of iterations carried out in space
Xn by kny or sy (which will be used in the Threshold Accepting simulation).

After knowing how to switch between different discretisation spaces, the next question is to
know how many iterations ky should be performed in the fixed discretisation space X and how
to choose next discretisation space Xpy/. We name ‘path’ any possible calculation process that
reduces the total error until the target tolerance is reached. A path collects the information about
the choice of discretization spaces Xy and number of iterations ky performed in corresponding
discretization spaces and outputs it as an array. In addition, we aim at finding the optimal path
minimizing the computational resources and achieving target accuracy. In our work, we set an
error target for the approximate energy and explore the optimal way of finalizing the solution by
achieving the target accuracy. There are a variety of possible paths and we use a probabilistic
method, the threshold accepting method, to find the optimal path. In the rest of this section, we
will introduce the TA method and present relevant mathematical settings. Finally we will show
the optimal path result for both linear and nonlinear problems and discuss their differences. Here
we remark that the way obtaining optimal path is not of practical use for solving the linear or
the nonlinear source problem. The idea is to guide the intuition to define a possible near-optimal
strategy.

4.3.2 Threshold Accepting method

Threshold Accepting method is proposed by Gunter and Tobias in [37], which is a variant of
the well-known Simulated Annealing(SA) method [58], with its simpler structure and equal per-
formance in some numerical examples. TA and SA are both probabilistic algorithms aiming
at finding global optimum of a given function. Given an initial path, new neighboring path is
generated as small random perturbation of the old path, then the ‘quality’ of those two paths are
compared and the algorithm decides if the new path is kept for next iteration or not. The advan-
tage of those two methods is that they accept new path having bad ‘quality’ with a tolerance,
this is the key for finding the global optimum: sometimes the new path could be a local optimum
and all its neighbors could be regarded as bad paths. By allowing the acceptance of bad paths,
the algorithm can jump out from the local ‘trap’. The difference between those two methods
is the rule for acceptance of bad paths, which is known as annealing schedule. SA accepts bad
path with a probability function which decreases with calculation time. However, TA accepts
bad path with a deterministic tolerance which is replaced by a smaller one after a fixed number
of iterations. Therefore, TA doesn’t need to calculate probabilities to make the decision, which
makes it easier to implement.

In our optimal path problem, we don’t fully copy the algorithm in [37] but with some mod-
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ifications. Here we state the general framework of TA method for our optimal path problem in
Algorithm 1. After showing the algorithm, we will present in detail those functions appearing in
the algorithm.

Algorithm 1 TA Algorithm for optimal path problem.

Input: Choose initial path Sj,; and initial threshold T, fix maximal number of iteration K.
1: while T'> 0 do
2: k=0
while k < K.« do
Snew = Neighbor(.S)
if Cost(Shew) < Cost(S) + T then
S < Shew
end if
end while
9:  Deacrease threshold T until "= 0
10: end while
Output: Optimal path S,

As the first step, we define the error as the energy difference:
ek = BE(u) — E(uy). (4.136)

Here, uy is a converged very fine numerical solution, and in our problem, we set it as uy := u3g.
The notation oo doesn’t means that we do infinite number of iterations, it is the converged
numerical solution uﬂ“\; for fixed N and here k* = 200 is sufficient. In our path, NV varies between
3 and 100, according to the variational principle, we deduce that 6’]“\, is always positive. Besides,
we defined the discretisation energy error as follows.

e = B(uy) — Euy). (4.137)

With the same variational argument, we know that %7 decreases as a function of N and in the
general case it decreases, strongly. What’s more, if we set the target error as, i.e., ¢ = €}, we
can not arrive at the target accuracy without solving numerically the problem in discretization
space Xns (N' > N). In the optimal path problem, we set the goal error as

oo o0
_ €99 T €100

gy =~ (4.138)

We thus have ¢4 > €7, and ¢, close to 55,. Moreover, the total number of iterations for a possible
path is limited such that the computational resources required for probabilistic calculation is
limited. In addition, in this way, we make sure that we will need at least to perform one iteration
for N = 100, which is the maximum discretisation number in the path. And any possible path
has the following general form:

S = {ks, ka,...,k100} (4.139)

From the definition of goal error, we know that kip9 > 1. In addition, the target accuracy
is attained when we have £¥,, < €4. Therefore, in addition to satisfy the accuracy condition,
a path can be tested only when the number of iterations for N = 100 is minimized. This is
equivalent to say that the iteration number kigg is a function of ks, ky,...,kgg: for a random
set {ks, k4, ..., koo}, the corresponding ki is uniquely defined as the smallest iteration number
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for N = 100 such that the final error €% < e,. Therefore, the generation of a path is to firstly
generate the integers set {ks, k4, ..., koo} and then add kj9g which is obtained via calculation.

After defining properly the path, now we come to define the neighbor function which generates
a new path from the old one with a small random perturbation. Firstly we pick a random number
3 < N <99, then for ky, we generate the new neighbor path s by picking a random integer
in the interval [max{kx — 3,0}, ky) U (kn, min{ky + 3, kmax }] such that we add a perturbation
smaller than 3 iterations. Here, we set kpax as the maximal number of iterations, which is
obtained by fixing the discretisation number as N = 100 and choosing kpax as the minimal
number of iterations k such that e§,, < ¢,.

Another important function in the algorithm is the cost function that models the computation
cost. It is based on the number of multiplications of two numbers. Therefore, in the linear
problem, the cost of one iteration is (IV + 1)? for discretisation number N (The dimension of
Xy is N + 1) and the computational cost is proportional to the so-called cost function defined

as follows:
100

Cost(S) = Y kn(N +1)% (4.140)
N=3

For the nonlinear problem, in each iteration, the nonlinear cubic term needs to be updated and
this part of cost is also counted. The cost function of the nonlinear problem is thus defined as:

100
Cost(S) = > kn(N +1)*(N +2). (4.141)
N=3

The above Algorithm 1 is the sequential threshold acceptance method. In our problem, the
dimension of search space is (kmax + 1)°7, therefore it is slow to get the optimal path. To speed
up this process, we run a parallel version of TA on 100 nodes and the algorithm is given in
Algorithm 2. The threshold is initially set to be equal to the initial cost, and it is divided by 6
and after each loop the threshold is subtracted by % of the initial cost.

Algorithm 2 Parallel TA Algorithm for optimal path problem.

Input: Choose initial path Sj,; and initial threshold T, fix maximal number of iteration K.y
and number of nodes n in the network
1: while T > 0 do
if the node is the central node then
distribute initial path to n — 1 worker nodes
run sequential TA algorithm with fixed threshold T’
get the simulation result and gather results from other worker nodes
compare those results and choose the best one as initial path for next loop
end if
if the node is worker node then
receive initial path from central node
run sequential TA algorithm with fixed threshold T
send the simulation result to the central node
end if
13:  decrease threshold T until T'= 0
14: end while
Output: Optimal path S

— =
M2
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4.3.3 Optimal path result

In this subsection, we will present the optimal path result for both the linear case and the
nonlinear case.

121

10

— i i i i el e el i i
- i - i - v - - - w— w—

I Path for fixed N =100
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Figure 4.8: The optimal path for the linear case

Firstly we have the linear optimal path result in Figure 4.8. In this figure, we also add the
path for fixed discretisation number N = 100 for comparison. For the optimal path and the
fixed N path, we both need 13 iterations to achieve the target accuracy. The optimal path is
Sop = {7,4,0,1,0,...,0,1}: we do 7 iterations for N = 3, 4 iterations for N = 4, 1 iteration
for N = 6 and finally 1 iteration for N = 100. The cost is Cost(Sop) = 10,462 compared with
Cost(S100) = 132,613 for fixed N = 100 path. From the expression of the cost function in
(4.140), we know that the major contribution of the cost comes from the iteration for N in the
range of 100, therefore, the solution path is optimized by decreasing as much as possible the
number of iterations for large values of N while maintaining the required final accuracy. In this
linear case, we get rather satisfactory result, this type of optimal path is what we can expect
in the best case: to achieve the target accuracy, we need to do the same number of iterations,>
but only one iterations for N = 100 is needed, most iterations can be realized with much smaller
discretisation number N.

The result of nonlinear problem is shown in the Figure 4.9, and we also indicate the optimal
path in Table 4.1. The cost of the optimal path is Cost(S,p) = 10,216,786. For the path
with fixed N = 100, 15 iterations are needed to achieve the target accuracy and the cost is
Cost(S100) = 15,607,530, hence Cost(Syp) is about % of Cost(S100) and the optimal process
does not help much. This is because nearly half of the iterations for N = 100 are still needed.
Besides, unlike the linear optimal path, in the nonlinear case, iterations for small N doesn’t play
an important role in the optimal path, but iterations for a range of different N are required
before jumping to N = 100.

3Tt seems that in most cases we can find manually some paths similar to the optimal one: 1)The number of
iterations for this path is the same as for theN = 100 case. 2)All the iterations are done for N small except the
last one iteration for N = 100. We are not sure if this is general.
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Figure 4.9: The optimal path for the nonlinear case with damping parameter &.

discretisation number N | 27 | 40 | 52 | 59 | 79 | 98 | 100
Iteration number ky 5 3 1 2 2 1 7

Table 4.1: The optimal path of the nonlinear case.

Remark 4.3.1 (Convergence of threshold accepting (TA) method).

Theoretically, the probability that we obtain the global optimal result through TA method could
approach 1 under the condition that the number of nodes and iterations are large emough and
that the decrease of threshold T is slow [1]. However, in practical calculation, the computation
resources are limited and we can not guarantee that the output of TA calculation is truly the
global optimal path for given problem. Or even worse, the output path could be manually checked
that, unfortunately, it is not the optimal one.

For example, an easy check can be implemented as follows: For any output path S = {ks, k4, ..., k100}
with at least one nonzero element kn(4 < N < 99), we pick one of those nonzero elements
kn(4 < N <99). Then we remove one iteration for N, i.e., k?\/ = ky — 1 and add one iteration
for N=1, ice., kly_y = kn—1+1. And we check if the new path S" = {ks, ..., kNx_1, kN .-, k100}
still satisfies the given accuracy or not. If the new path also works, then we obtain manually a
more optimal path and it is evident that the previous path is not the optimal one.

In our TA calculation, before decreasing the threshold T, we will check if the output varies for
bigger thresholds. The aim is to avoid being stuck in the local ‘trap’. If the path S is always the
same and we verify manually that it is not the optimal one. We will set S’ obtained via the above
described manual check as the new initial path and continue the TA calculation. Even finally the
threshold arrives at T = 0, we still check manually if the output is the optimal one.

For the nonlinear optimal path result in Figure 4.9, we observe that there is no iteration
for small N. In fact, the output TA calculation also contains nmonzero elements ky for small
N. However, after checking manually the output path, we found out that even we remove all
iterations for small N, the path still satisfies the target accuracy. Therefore, we conclude that
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small N doesn’t play an important role in the nonlinear optimal path and plot the final manually-
checked path in Figure 4.9.

From Figure 4.8, we observe that there is a jump from small N to N = 100 and then after 1
iteration the target accuracy is achieved. For small NV, even we do enough iterations to get the
nearly converged solution uy, with the energy error being nearly equal to ey, there still exists
an evident gap between ¢y and the goal error £, = E”Jr% However, 1 iteration for N = 100
is enough to cover this gap. This could be explained by the fact that the gap is not big enough
or that the jump from small N to N = 100 is very efficient.

For checking if the ‘good performance’ of the linear optimal path result originates occasionally
from a ‘suitable’ goal error, we add one more test for the linear optimal path problem: in this
new test, we set the goal error as ¢, = 0.0legg 4+ 0.99¢199 and see if this time we can obtain
similar path as the one in Figure 4.8.

Remark 4.3.2 (Optimized Path).

In the above additional test with €4 = 0.01egg + 0.99¢100, we don’t run TA simulation to get
optimal path result. Not only because TA simulation costs too much time, but also we declare
again that the aim of this test is to see if we can reproduce a similar path as the one in Figure 4.8,
but not to get the optimal path with new e,. We just enter manually the path S = {ks, ..., koo}
to see if we can achieve the target accuracy with kigo = 1. For example, we initialize the path
with kn = kmax with a small N (e.g. N = 3) and evaluate the number of iterations at N = 100
to achieve €4. By including gradually bigger N into the path, less iterations will be needed for
N = 100 and we stop this process when kipo = 1. Next, we continue by replacing iterations
for discretisation number N with smaller discretization numbers (N — 1, N — 2, elc) to get a
manually cheaper path while maintaining kipo = 1 at the same time. Finally, we stop when we
arrive at Npin—s with optimized k3 and we call the manually generated result as optimized path
rather than optimal path.
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Figure 4.10: The optimized path for the linear case with ¢, = 0.01egg + 0.99¢100
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The optimized path is plotted in Figure 4.10. After setting new goal error to be closer to the
discretisation error €199, we need 18 total number of iterations when we perform calculations with
fixed N = 100. For the optimized path, we can still achieve the target error with only 1 iteration
for N = 100, even though this time the range of small N is a bit larger, i.e., 3 < N < 14
compared with 3 < N < 6 in our original linear optimal path. Although, in the optimized
path, more iterations are needed for small N, this part of additional computation costs are
less important when compared to the costs of 1 iteration for N = 100. The result of this
complementary test shows that the most important factor in the linear optimal is the jump from
small N to N = 100: after getting a rather accurate simulation result for small N and jumping
to N = 100, one iteration is enough to get the desired solution.

In this section, we show the optimal path result for both the linear and the nonlinear problems.
In addition, we add one more test for the linear case by modifying the goal error. It seems that
we could always realize an efficient jump in the linear case to reduce the calculation error more
efficiently, which is impossible in the nonlinear case. At instance, we don’t know much about
the mechanism behind those two types of optimal paths. Still, we recall that the aim of this
work is not only to know the optimal path result, but also to propose general strategies for
any given accuracy requirement. Therefore, in next section, we will explore a bit about the
mechanism generating two types of optimal paths and propose general strategies for both linear
and nonlinear problems.

4.4 Complementary simulation results and analysis

4.4.1 Complementary simulation results

In previous section, we show the optimal paths for the linear and the nonlinear problem. In
addition, we also add one more test to show the efficiency of the jump from small discretisation
number N to N = 100 in the linear case. However, it seems that the jump between different
discretisation numbers N (or more precisely, the switch of numerical solution in different dis-
cretisation spaces X ) is less efficient in the nonlinear case. In this section, through a series
of complementary tests, we explore the mechanism controlling the efficiency of jump between
different discretisation numbers N and producing these two types of optimal paths.

Comparing the linear problem and the nonlinear problem, we find two differences in their
iteration schemes: there are the nonlinear term Sy (uy) and the damping parameter 0 < £ < 1
in the nonlinear GSR scheme. According to this observation, we design the following tests and
reveal the key factor by resuming these tests results.

Remark 4.4.1 (Nomenclature of complementary tests).

The nomenclature principle of the following tests is as follows: Firstly, we clarify the type
of problems to be solved: L for the linear problem and NL for the nonlinear problem. Next, we
distinguish the algorithm type used to solve the problem: L for the algorithm without damping
term and NL for the algorithm with damping term. If there are more than one tests corresponding
to the same type of problem and also the same type of algorithm, we will add letters as A or B.
According to this principle, the linear optimal path result in Figure 4.8 corresponds to test for
the type L-L and the nonlinear optimal path result in Figure 4.9 corresponds to test for the type
NL-NL.

Test NL-L-A, in this test, we resolve the nonlinear problem by transferring it into a linear
problem.
—Au+ Vu+ (us5y)?u = f, (4.142)
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where 133, is the converged solution for N = 200. The iteration scheme is the same as (4.40)
and the matrix equation to be solved is

A (uggo)un = by. (4.143)
In Test NL-L-B, we modify the matrix equation as
AN(HNU%O)UN = bN, (4144)

where we recall that Iy : X — X is the orthogonal projection operator onto space Xy
The above two tests remove the influence of damping term. Test L-INL focus on problem
without the existence of nonlinear term: in this test, for resolving the linear problem

—Au+Vu=f, (4.145)
we add damping term into the GSR iteration scheme

™! =€ (—(Dy +wLy) ! (1 - w)Ly + Un) uly + (Dy +wLy) 'by)

4.146
+ (1 - g)u?\h ( )

with 0 < £ < 1. As we stated in previous section, here our aim is to explore the mechanism
controlling the efficiency of the jump but not to obtain the optimal path. Therefore, obtaining
optimized path result is enough. These test results are plotted in Figure 4.11. We classify
all these results into two types: Type L indicating the path type in figure 4.8 and Type NL
indicating the path type in figure 4.9. From these test results, we observe that the existence
of damping term plays the essential role for controlling the efficiency of the jump and thus
producing different types of optimized paths. Furthermore, it seems that the linearity of the
problem doesn’t have important influence to the path types. In both the linear problem and the
nonlinear problem, we can have two path types using different iterative schemes.

Now we know that the jump between different discretisation numbers N is more efficient
for the algorithm without damping term. Therefore, we propose a new GSR algorithm for the
nonlinear problem:
uljcvq + u]f\fQ

u?v—"_l:f(DNerLN)*l <(1w)LN+UN+SN ( 5

>> u]fv + (DN +wLN)’1bN.

(4.147)
After changing the iteration scheme, we can obtain converged result for the discrete nonlinear
problem (4.89) and there is no oscillation of numerical solutions as shown in Figure 4.4. We name
this case as Test NL-L’ and we also plot its optimized path in Figure 4.11. We observe from the
figure that after changing a new algorithm without damping term, we can produce optimized
path of Type L, which is more efficient than the one of Type NL.

As a summary, we also list all different iteration schemes for different problems with corre-
sponding path type in Table 4.2. In this section, we identify the key factor in the iterative scheme
based on numerical calculations. In next section, we will give a theoretical analysis about the
different behaviors of two path types.

4.4.2 Result analysis

In the previous section, we offer some complementary tests and these test results show that the
optimal path behavior relies strongly on the existence of the damping term. Thus, we explore
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Figure 4.11: The complementary tests results

firstly why the jump is so efficient for GSR iterative scheme without damping term.

Here, we recall the error analysis in section 4.1.3 and 4.2.2. In the first place, we focus on
the linear problem, we know that the convergence rate of iteration algorithm is controlled by the
matrix norm of matrix P, which is a constant. However, from Figure 4.8 and Figure 4.10, it is
clear that the first iteration after the jump reduces the iteration error efficiently. Therefore, here
we do a simple test: We solve the linear problem using the iterative scheme given by Equation
(4.40) without damping term. Firstly, we perform 10 iterations for N = 3 and we calculate

E+1_ oo
the ratio W for those 10 iterations. Those values vary between 0.5 and 0.69, which
N N IH
is reasonable because we have 0.698 < ||Ps|| g1 < 0.699. Then we switch from N = 3 to
it —u Il

N’ = 12 and perform 4 iterations. We also calculate the ratio T - for those 4 iterations.
N/ N/ H

The ratios are about 0.057,0.451,0.691,0.693 and we have 0.70 < ||P12|/g1 g1 < 0.701. From
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Table 4.2: List of different paths

Matrix Equation Iteration scheme Path type
A — — Dy +wLy) (1 —w)L
Anty — by uy (NkWN)(( w)f Type L
+Upn)uy + (Dy +wLy) by
N =—¢Dy+wLy) (1 —w)Ly + Uy)ui
Axuy = by uy {(Dy +wLy) 1(( w)Ly ) N)uy Type NL
{(Dy +wLy) by + (1 —&§uy
Pl = — Dy +wLy) (1 -w)L
+ UN)LIN + (DN +UJLN)_ bN
A — Dy +wLy) Y1 —w)L
An(uggo)uy =by B (D k:w v ) iv Type L
+ UN)uN + (DN erLN)* by
ui = — Dy +wLy) (1 —w)Ly + Un+
Ayx(uny)uy =by wFol 4 ouke2 Type L
SN(H))U% + (DN +wLN)71bN
FF1 =1 E=T\\.
u :—f(DN—I—wLN) ((l—w)LN+UN+SN(u ))u
AN(uN)uN = bN N 1 B b N N Type NL
+&(Dy +wLy) by + (1 = §uy

k41
[l —ug I

this simple test, we see that the ratio is very small for the first iteration after

||u]]C\]/ - (1)\]0/ HH1
the jump, which means that this first iteration is very eflicient and from the next iteration the

k+1
bt —ule |l g

ratio becomes closer and closer to ||P12|| g1 g1, which means that these iterations

|‘u§\]/ —Uuny HHl
become less efficient.

710

After the jump from N = 3 to N’ = 12, we have u, = {(ul®)o,...,(ui")s,0,...,0}. In
general, after large enough number of iterations, we assume that the approximate solution uf is
close to the converged solution u$®. In addition, providing that it is also close to IIz3u$s where
II3 is the projection operator picking out the first four _elements, the iteration error can thus
be approximately expressed as ugs — uly ~ {0,...,0,(u$s)4,...,(usS)12}. Then for the first
iteration after the jump, from Equation (4.43), we know that the matrix taking effect is not
P12 but rather P15(I — II3). We have the norm 0.064 < ||P12(I — II3)| g1 g1 < 0.065, which
explains why the first iteration after the jump is more efficient than next iterations for fixed N.
In addition, we do one more test, we put IIsufy as input for N = 3, perform 1 iteration after the

1 oo
jump from N = 3 to N’ = 12 and calculate the ratio L7l PR 0.0526. This result verifies

ud, —u
our explanation that the first iteration after a jump is mAcl)re e%ic?ent because the matrix norm of
the 'true’ part |Py/(I — IIn)| g1 is smaller than [|Py:||g1_ . Lastly, it follows from the
super convergence result (4.26) in Theorem 4.1.1 that the term ||u — IIyuS% || g1 decreases at a
rate of N~it¢ (e > 0)*. Therefore, this term is negligible as long as N and N’ are large enough
and in this linear source problem, we numerically checked that this assumption is satisfied.

In Table 4.2, there are four schemes with Type L path. For the linear case (type L-L or
NL-L), we have three schemes with Type L path. For those three schemes, we verify that the
above argument holds in each scheme. For the nonlinear case, the iterative scheme without the
damping term also produces Type L optimized path. The convergence analysis is similar to the
one in Chapter 4.2.2. By setting £ = 1 and assuming that the algorithm is already well converged

4Here we checked numericaly that the decrease rate of this term is faster that N—2.
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before the jump, i.e., ulfv ~ u’fvﬂ, we obtain
k+1 oo / k oo k oo
uy, s —uy =Pl (uy, uf)(ui —uR),

where P’y is defined in (4.118). The jump efficiency is controlled by the term [P, (I —
IIn)|| g1 g Similarly, in this case, we also checked numerically that the matrix norm ||Py/(I—
IIN)||gr—s g is smaller than ||Py/||gi_gi. The last remark is that for the nonlinear problem,
we also have the super convergence result (4.106) in Theorem 4.2.1, the assumption that the
term ||u® — IIyufy || g1 is negligible is satisfied.

After explaining the efficiency of the jump in Type L path for both the linear and the
nonlinear problems, now we take the linear problem L-NL as example to explain the behavior of
Type NL path. In the case of Type NL path, we have a damping parameter ¢ in the iteration
scheme. In this situation, the jump isn’t efficient anymore. Similarly to the analysis in Chapter
4.2.2, we firstly write the GSR iteration scheme as

ui™ —uF = (P + (1 - OIy)(uf — uR).
Therefore, by denoting that P, = £Py + (1 — €)1, we obtain

[P% (=T [30 i =Amax (TP (I—TIN) TR T (T P (I - TIy)TH))
=Amax (§ (T Py (T In) T ) (T Py (T = TIy) Ty
+ (1= O)XTrn (I - Tn)TRH) T (Tar (I - Ty)Txt)
+ 61— &)(Ty Py (I —Tx)TH) T (T (I —Ty)Trt)
+E1 = (TN (I —Ty)T i) (T Py (T—TIx)Ty7)
=Amax (€ (TP (I~ Iy) T)) T (TP (I - Iy T i)
+(1-€)*T-Tly)
+ (1= (TN Py (I—-Ty)Trr) " (I-Ty)
+E(1 - I —TN) (T Pa (I-TIN)TH),

where the matrix Ty is a diagonal matrix with the diagonal part [(1 + j2)2]ocj<ns. In the
above expression, as in the analysis of Type L path, we assume and have checked numerically for
iterative scheme without damping term that the term ||P nx+(I=TIx) (%1, ;1 = Amax (TP (I—
IN)Ty) (TP (I —TIy)Ty)) is small compared to |[Py+||%:_, ;1. Moreover, it is evident
that the eigenvalue of the matrix (I — IIy) are zero and one. In addition, for e.g., & = 0.25,
combining those above arguments, we claim that the dominant term in the above expression is
Amax (1 = €)*(I —y)) and that [P, (I —IIy)| g1 p is thus close to 1 — & = 0.75. Here we
check numerically the above statement: we calculate 0.757 < ||PY5(I—1I3)|| g1 g1 < 0.758. This
verifies our explanation: After adding a damping term, we need more iterations for N = 100
and 1 iteration is far from being enough. Besides, we need iterations for a range of different N
to gradually decrease the discretisation error. Lastly, we also numerically check that the above
explanation holds for the nonlinear iterative scheme with the damping term.

Here we give a brief summary to finalize this section: we have two optimal path types Type
L and Type NL. The key factor determining the path behavior is the existence of the damping
term. Without the damping term, i.e. the Type L case, the jump is efficient because the decrease
of iteration error is not controlled, temporally, by the spectral radius of P/ but Py/(I — IIy),
which is smaller. For the Type NL case, the efficiency of the jump is degraded because of the
existence of the damping term and the efficiency is mainly controlled by the parameter &.



4.5. Calculation strategy 111

4.5 Calculation strategy

In previous sections, we study the optimal path problem. Then by applying the TA method, we
obtain optimal paths for the linear and the nonlinear problems. Next, we explore the mechanism
of producing two kinds of optimal paths. By adding complementary tests and giving the detailed
explanation, we reveal the critical impact of the damping term on the iterative scheme for
determining the optimal path type. Now, in this section, we aim at proposing general strategies
to solve efficiently these problems under a certain calculation goal.

From these optimal path results in Chapter 4.3 and the analysis in Chapter 4.4, the basic idea
of constructing optimal path strategy is as follows: Let us start with an iterative scheme without
the damping term. Then the strategy is constructed as follows: We fix a discretisation number
N and perform enough number of iterations (the meaning of ‘enough’ will be specified in these
following strategies). Next, we switch to a new discretisation number N and repeat this process
for several different discretisation numbers. Finally, we perform 1 iteration after jumping to the
final discretisation number Ny, which terminates the calculation. After giving some remarks, we
will present our nearly optimal strategies for the linear and the nonlinear problem.

Remark 4.5.1.

e In our previous calculations, we set the goal error as Elfv <egg = 599'*'% Here we recall
that the error is defined as the energy difference ek = E(uk;) — E(uy) and uy, in our case,
is the converged solution for N = 200, i.e., uy = usg,. However, in a more general case,
we only know our approzimate numerical solution u%. Thanks to the a posteriori error
estimation, the difference between the approzimate solution and the unknown true solution
|luk; — ul| is bounded by the residual under a certain norm. Therefore, in a more general
situation, we set the criteria for the residual ||R(uk,)|| < e, where e, here is given a priori

(and not with respect to the knowledge of the error bound for N = 100).

o In the expression of the residual, the potential term V' and the source term f in the operator
A (in the linear case) or in the operator F (in the nonlinear case) are expressed as infinite
sum of cosine functions. Even acting on an approximate solution u’f\,, which is a finite sum
of cosine functions, the residual is still an infinite sum of cosine functions. Therefore, In
our numerical simulation, we will numerically approzimate the residual by truncating it for
the sum of the first 1001 basis vectors (e;)ogi<i000 as defined in (4.9).

4.5.1 Strategy for linear problem

In this subsection, we will propose our strategies for the linear problem. In previous section, we
analyze the mechanism producing two types of optimal paths. For Type L path, we know that
the jump from small N to a larger N’ is efficient because this iteration efficiency is controlled by
the matrix norm ||Px/(I — IIy)| g1 g1, which is smaller than |Py/|| g1 g1. Therefore, let us
start with proposing a calculation strategy based on the above mentioned mechanism in order to
verify that we have well understood the optimal path behavior and that we are able to produce
near-optimal path.

For a very well converged solution u?\, ~ uQ’, we can approximately predict the iteration
error of the first iteration after jumping from N to N’ via the following estimate:

luy: — ol < Px @ = T3l s - [JuF — ui|a,

which means that we can control the error after the first iteration by calculating some terms
independent of the iteration process. One application of this idea is as follows: We take N’ = 100
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as example and the goal is to obtain an approximate solution uj, (only one iteration for N’ = 100
after the jump) such that |[ulgy — ufSo/lm: < g5 Then we can determine the smallest N such
that after the jump from uf; to uly,, we only need one iteration to achieve the goal accuracy.
This is realized by supposing that u%; is well converged to u3® and calculate the smallest N such
that ||P100(I — HN)HH1—>H1 . ||ll?vo — llcl>80||H1 g Eg-

We can also generalize this idea to design a nearly optimal path for achieving a target accuracy
set to the iteration error ||ufy, —u$s,||z: < &, Here we remark that we design the path starting
from Npax = 100 and ending with Ny, = 3. For every jump, given the iteration error accuracy
for N’, we pick the smallest N such that after jumping from N to N’ one iteration is enough to
satisfy the required iteration error. In addition, we consider the difference between the numerical
solution u’fv and the converged solution u$’. Therefore, let us denote by &; the iteration error
tolerance to bound the iteration error, i.e., |[uf — u¥|z: < & and a priori, this tolerance
should be small. It follows that |[uk — u$% |l < |[u — uS|lm + €. Now we start from
N = 100 with the target accuracy [[ulg, — ufSollm: < &4, we pick the smallest N such that
IPioo(X — In)||grosmr - (JuF —uFfollar + &) < e4. Once again, we set the previous N before
the jump as N’ for the next loop and seek for a smaller N for the new jump. If there exist some
N satistying |Pn/(I—IIn)||gipgr - (JJu — ue ||gr + €;) < &, then we pick the smallest value
of N. If not, it means that the iteration error &; is not small enough. We add one GSR iteration
for the fixed N’ and reduce the target accuracy to ||P /|| g1_ g1€;. Then we check if we can pick
a smaller N to realize a jump. If the answer is still no, we just repeat performing GSR iterations
for the fixed N’ until the target accuracy is small enough to realize a jump. Repeating the above
process until, finally, we arrive at N = Ny, = 3.

In fact, even the above strategy produces near-optimal path that spends less computational
resources compared with the optimal path obtained via the probabilistic calculation. This strat-
egy is still expensive to implement: We must calculate the matrix norm ||Py/(I — IIn)|| g1 g
and discretisation error ||[ufy — u$y||g for different N and N’, which is more expensive than
just solving directly the problem with fixed discretisation number N = 100. In addition, in
practical calculation, we won’t calculate u%? for different NV and then set the iteration error value
as target accuracy. Therefore, in our nearly optimal path strategy, we must avoid calculating
the matrix norm for different N. Moreover, the target accuracy is set to the value of the residual
| R(uk;)|| < g4, which is more common in the general case.

In our strategy, the jump criteria is based on the use of the numerical solution residual in
place of errors in H! norm, which is nearly free. Because our goal criteria is ||R(u%;)|| < e, and
we need to calculate the residual after each iteration to know if the target accuracy is achieved.
After obtaining u%;, we calculate its residual R(u%;). By truncating the residual at N’ (N’ > N),
we obtain

HN/R(U?V) = HN/(fAUIfV + VU?V) — HN/f
= Iy Ayulfy + My Aguly — Iy f,
where A; and A are defined through Corollary 4.1.1.1. Besides, for next iteration, if we jump
from N to N’ and perform one GSR iteration to obtain u},, then from (4.59), we have the

following equation
HN/Alu}V, + HN’AQ'U/?V =TIy f.



4.5. Calculation strategy 113

Combing the above two equations yields that

HN/R(’LL’fV) = HN/Al’U,]fV + HN/AQ’LL]fV — 1IN/ f
= Ayul, — Ty Ayl (4.148)
= HN/Al(ulfV — U’}V’)

The above equation shows that by truncating the residual at N’, this part could, in some sense,

represent a substitute of ||uk, — ul, ||z and predict the situation of the next iterative solution

uky, after jumping from N to N’. Besides, for the rest part of the residual Il R(uk;), we have

Iy R(ul) =y (R(uy) — R(u))

=TIy, A(uf; — )

=I5 A(uly — u$) + RS,

where u is the true solution of this problem and we also used the fact that u% is the discrete
solution satisfying condition (4.60). Additionally, we have

Iy R(uly) =1y (R(uf) — RF)

(4.150)

:HN/A(UIJCV — uﬁ,)
Therefore, if we assume that the term I+ A(uk, —u3¥) is dominant in A(uk, —u3¥), then the term
Hﬁ/R(uﬁv) can approximately represent RSJy,. Here, we do one test: For N = 3, we calculate
the residual R and then for N < N’ < 100, we compare [|II%, R || g-1 and |[|RSS ||gz-1. The
result shows that for each N < N’ < 100, we have |1l RS ||g-1 > ||R3% || z-1. This result
shows that after getting a well-converged solution for N = Np,n, we can already predict Ny such
that R;’Vof < 4. The application of this character avoids picking unreasonably big discretisation
number as the destination of jump.

After presenting all relevant formulas, now we propose the first nearly optimal path strategy
in Algorithm 3. After giving a goal accuracy for the residual HR(u’fo)H -1 < &g (hopefully
with k£ = 1), we begin from Ny, = 3 and make several jumps to obtain an approximate solution
satisfying the target accuracy. Here, in the criteria || Rier (uf )| -1 = 55 and ||y, R(uk) || -1 <

. k
M, the value 10 and 3 are parameters to be fitted by experience. Besides, similar to

the relation between Iy, R(u% ) and RS, we also perform the following numerical test: For a well

l| Ratise (ui) [l -1
3 )

converged solution u%;, by picking the smallest N’ such that ||IIx, R(u%)||z-1 <
I R(uf) | g1
” R}vl ” H—1
very close to 3. In addition, the criteria for picking new N makes use of our previous observation
about Ny. In addition, we also set restriction on the jump distance N'—N to avoid picking clearly
unreasonable values of N, e.g., in previous linear optimal path problem, performing iterations
for N = 300 can satisfy the accuracy requirement but the computational cost will increase at
least by a factor of 9 compare to the optimal path. Therefore, after each jump, we record the
jump distance N’ — N. When we obtain next N’ through calculation, we compare the actual
distance N’ — N with four times the previous one to avoid too big jump.

we perform one iteration after jumping from N to N’ and calculate . This ratio is

The inconvenient of the above strategy is that the criteria for picking new N contains two
hand-fitted parameters (10 and 3). Therefore, we try in another strategy to give 'reasonable’
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Algorithm 3 The nearly optimal path Strategy I

Input: target accuracy ||Auk | gz-1 < g4 and Nyin = 3.
1 N= Nmin
2: while ||R(uk)||g-1 > ¢, do
3. while || Riger (uf))||g-1 > 5% and |R(uf)||g-1 > €4 do
4 One GSR iteration
5.  end while
6: if [|[R(uk)||g-1 <&, then
7 break while iteration process
8 end if
9:  Pick Ny as the smallest N such that ||II%, R(u)|z-1 < g4

. Raisc (uf -1
10:  Pick smallest N’ such that ||TIy, R(uk)|| -1 < %
11:  Pick N* = min{N;, N’}
12:  if N* — N is four times bigger than last jump then

13: N« 2N
14: else

15: N + N*
16:  end if

17: end while
Output: Nearly optimal path S and the approximate solution uﬂ‘{,

criteria for picking next N’. We firstly divide the strategy into two parts: the first part con-
taining all the jumps except the last one jumping to the final discretisation number Ny and the
other part only containing the last jump. We make this division because these two parts serve
different purposes. According to the expression of cost function (4.140), for the aim of decreasing
computational costs, we should decrease the number of iterations for big discretisation number,
e.g. only 1 iteration for N = Ny. Therefore, all these rest iterations aim at decreasing the error
(or the residual) at a certain level such that 1 iteration for N = Ny is enough to finalize the
calculation.

For the first part of the path, we want to decrease the error while balancing corresponding
computation costs. Therefore, after obtaining a well-converged solution u%;, we define a efficiency
parameter ky/ to evaluate the efficiency if we pick discretisation number N’ as the destination
of the jump. Then we pick N’ corresponding to the highest value of the efficiency parameter k.
Ideally, the efficiency parameter should be defined as ky: := ﬁ—g, where AR is the variation of

residual after doing K- iterations for N’ such that the iteration residual Riter(ull\(,f" ") satisfies
the stopping criteria and AC' = K+ (N’ + 1) is the increase of computation cost. Nevertheless,
as we said before, it isn’t practical to calculate ky: precisely, which is as expensive as solving
the problem directly for fixed N = 100. Therefore, we need to find a computationally cheap
approximation of this efficiency parameter.

The practical efficiency parameter is defined as

RGO = T RO
(N7 +1)? |

where u%; is the actual numerical solution before jumping. This new definition bases on some
numerical observations.

The first observation is that the spectral radius of Py is nearly a constant with respect to N.
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In fact, theoretically, the spectral radius of Py converges to the operator norm of AflAg and our
numerical test shows that the values of Py for different NV don’t vary much, even for small N.
Moreover, recall that the decrease rate of iteration error is closer and closer to the spectral radius
of Py as the iteration process goes on. So is the iteration residual according to the iteration
residual definition (4.66). Therefore, we can store the iteration residual values for Nj,; = 3. If
we could predict the iteration residual of ul, after jumping from N to N’ and performing 1
iteration, then we could predict the number of iterations K+ needed for the new discretisation
number N’'. Therefore, we did a test: For N = 5, we take u% as input. Then for different
N < N’ <100, we jump from N to N’ and calculate output u},, and the corresponding iteration
residual Ritcr(u}v/). We show the result in Figure 4.12. From Figure 4.12, we observe that the
iteration residual increases for N’ close to initial input V. Then it is nearly a constant for other
choice of output discretisation number N’. Combining the above arguments, if we suppose that
the discretisation number corresponding to the best efficiency locates in the constant iteration
residual value region, then the number of iterations K- is approximately regarded as a constant
for different N’. This explains why we remove the term K- in the denominator of s+ in (4.151).
For the term AR in (4.151), || TI%, R(u%;)|| -1 is used to approximately represent ||R(u§fw)||H71
as discussed previously.

0.026 A
0.024 A
0.022 A1
0.020 A
0.018 A1
0.016 A

0.014

—_— ||F‘,iter(ul%/')||l-r1

0.012 A

20 40 60 80 100
Discretization number N’

Figure 4.12: Iteration residual of u}, for different discretisation number N’.

For the second part of the optimal path, namely, the last jump to Ny, we make use of the
experience result. We estimate the iteration residual and the discretisation residual of u}\,f if
we jump from NN to Ny and perform 1 GSR iteration. Then we jump for IV large enough such
that the sum of the estimated iteration and discretisation residuals are smaller than the target
accuracy. After obtaining ¥, if we jump from N to N ¢ = 100 and perform the last iteration,
the estimation of the discretisation residual of u}\,f is ||HJ1\7fR(u§V)HH_1. However, we could
not connect directly the term Ag (u}\,f — uk;) with R(u%). From the definition of operator A,
in Proposition 4.1.2, it is easy to deduce that the regularity of As is the same as that of the
potential function V, i.e., Ay € L®(T) N H2¢ (¢ > 0) for our chosen V in Remark 4.1.2. Thus
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it follows that

<A2(u11\/f - UIJC\/)70>X,’X

[ As(uly, — uf)llg-1 = sup
vEX,v#£0 ||UHH1
2
Jo " As(uy, —uf)v
= sup
veEX,v#£0 o]l 2
2
I G IO
Ve X o]l (4.152)
_ [Aov| g [luly, — ufllm—
~X
vEX,v#£0 V]| e
[Azlmn vllan lugy, — ufellm—
\UGX,U7$O ]| 1

< Azllar llu, — ulellm—

From the super convergence result in Theorem 4.1.1, we can deduce that uy, —uf ~ (I-IIy)uy;, -
Thus similarly to Estimate (4.19), we have

C
luby, = uflla-r < 5 lluky, —ufellm, (4.153)

where C, > 1 is close to 1 for NV and Ny large enough. Lastly, assuming that the Laplace
operator —A is dominant in Ay, we have

1A (upy, — i)l -1 = |y, — ul|a (4.154)
Combining all these above arguments, we approximately have

1 Riter (uy M- < A2l uy, = ufll -

Cr|| Azl

<=5 luny = uk e (4.155)
Cr | Az|| g2

~ CAalirt g G, — ) i

Based on the above estimate, we perform the following numerical test: We fix Ny = 100 and take

uQy as input for 3 < N < Ny — 1. Then we jump from N to Ny and perform 1 GSR iteration

My RS-
to get u}\,f and HRiter(U}Vf)HHfl. We plot the variation of ||Riter(u}vf)||H,1 and ”Nfng

Oy, R(ub)| -
in Figure 4.13. From this figure, it might be reasonable to use Mﬂ as the estimation

of the iteration residual in our strategy. Combining all these above statements, we propose our
second nearly optimal strategy in Algorithm 4.

After giving our strategies, we do a comparison with the optimal path. Recalling that In
the optimal path problem, the target error is the energy difference 5?\/ <egg = % We
need to transfer it into the residual requirement: Firstly, we fix N = 100 and get uf,, such that
ko < g4 after performing the smallest number of iterations. Then we set ||R(ufo,)|lz-1 as the
target accuracy. Finally, we get our nearly optimal strategies. Together with the optimal path
and the path for fixed N = 100, we plot them in Figure 4.14 and list corresponding computational
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Figure 4.13: Iteration residual of u}; for different discretisation number N.

costs in Table 4.3.

Path | Fixed N =100 | Optimal path | Strategy I | Strategy II
Cost 132,613 10,462 13,126 12,136

Table 4.3: Computational costs of different paths for the linear problem.

Compared to the optimal path Cost(S,p) = 10,462, Strategy I offers an nearly optimal path
with Cost(S1) = 13,126. The main contribution of the cost comes from the iteration for N = 105.
From this result, we know that the jump in Strategy I is still a little large and that it could not
predict Ny precisely. Besides, we have 2 iterations for N = 28, which makes our path a bit
more expensive than the optimal one. Nevertheless, the nearly optimal path is finalized with
only 1 iteration for the largest IV and the cost isn’t far from the optimal one. Strategy II offers
an nearly optimal path with a lower cost Cost(Sy) = 12,136. The second strategy gives a
more accurate prediction, i.e., Ny = 101. In addition, we have more iterations for small N in
Strategy II. However, even we only count these computational costs originating from small N
and compare these costs for strategy I and II, Strategy II still offers a more optimal path. From
this comparison, we know that when we have less iterations for bigger IV, we have a more optimal
path. In conclusion, this result shows that both of our Strategy I and II offer nearly optimal
paths well balancing between the cost and accuracy.

4.5.2 Strategy for the nonlinear problem

In this section, we propose the nonlinear calculation strategy, which is similar to that for the

linear problem. For our nonlinear problem, we have two iterative schemes at hand with different

characters. For the scheme without the damping term, the nonlinear term Sy is constructed

u)R,JrulfV_
2

1
from but not u’fv. For fixed N, the convergence of the iteration process is assured.



118 CHAPTER 4. The optimal path problem and near-optimal strategies

Algorithm 4 The nearly optimal path Strategy II

Input: target accuracy ||Auk | gz-1 < g4 and Nyin = 3.
1 N= Nmin
2: while ||R(uk)||g-1 > ¢, do
3. while || Riger (uf))||g-1 > 5% and |R(uf)||g-1 > €4 do
4 One GSR iteration
5.  end while
6: if [|[R(uk)||g-1 <&, then
7 break while iteration process
8 end if
9:  Pick Ny as the smallest N such that ||II%, R(u)|z-1 < g4
T, R(uf )l gy -1

10: if ||HJ1\7fR(u§“V)HH_1 + —t—F=—— < ¢4 then

11: N +— Nf

12:  else N N N

13: Calculate k' = HR(UN)HH_E;JT{;QRWN)”H” for N < N’ < Ny and pick N’ correspond-
ing to the biggest k.

14: N« N’

15:  end if

16: end while
Output: Nearly optimal path S and the approximate solution uﬂ“\,
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Figure 4.14: Comparison between optimal path and nearly optimal strategies

With this scheme, we have the Type L optimized path result shown in Figure 4.11. For the
scheme with damping term, the convergence of the iteration process for fixed N is also assured.
However, in this situation, there is no efficient jump as explained earlier.

Here we propose two associated strategies for the nonlinear problem. The Strategy I is
associated with the scheme of Type L (without the damping term but with the nonlinear term
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k k—1
uNJruN

Sy constructed from —*—2—). The Strategy II is associated with the scheme of Type NL
(with damping term for iterations with fixed N) but without the damping term for the first
iteration after a jump. For each of those two schemes, the convergence of the solution is achieved
while the jump efficiency is maintained.

Since we propose iterative scheme (4.147) when performing complementary tests in Chapter
4.4, the a posteriori error analysis of this iterative scheme is undertaken. Here before applying
our strategies to these two iterative schemes, we firstly provide the following a posteriori error
analysis of iterative scheme (4.147).

According to the expression of the iterative scheme given by Equation (4.147), we define the
discretisation residual as follows

2
k=1 k=2
Ruisc(ufy) =Aruly + Asufit + (W) kst — f, (4.156)

such that compared to the linear case, we maintain the property that
Iy Raise(ufy) = 0, (4.157)

where A; and A are defined in Corollary 4.1.1.1 and we denote by A = A; + A;. Then we define
the iteration residual as the rest part in the total residual

Riter(uﬂcv) :R(uﬁcv) - RdiSC (UIIC\/')

2
k—1 k—2
_ u +u _
:Alu’fv + Agu’f\, + (ulfv)3 —f— Aluf\, - Azu’fv - <NQN> u’f\, Lyg

2
k k—1 k3 ul !t ul k—1
=As(uy —uy )+ (un)” — [ = 2 U

Wkl 4 gk 2
— As(uly — ) + () — () () ()
=Ap(ufy — uly ") + (W) + (W )2 + ufuiy ) (uf —ui ™)

1
ol 0k — o)

(4.158)
Now we state the lemma showing relation between error and residual.

Lemma 4.5.1. For N € N*, let the discretisation residual be defined through (4.156), let the
iteration residual be defined through (4.158) and let the iteration error and the discretisation
error be defined through (4.61). Then

o The iteration residual is bounded above by the iteration error:
[ Riser (ufr) | -+ <[l A2l i1 (Briser(uy) + Eriger(uy 1))
+ Cen(lui |72 + llullez lun llze + lluy H122) (Eriver (ufy) + Eriger(uy 1))

1 _ _ _ _ _
+ 3 CEnluN e Blluy e + uk*[z2) (Bricer (uy ™) + Bricer (uy ™)) ,
(4.159)
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where Cay is the Gagliardo Nirenberg type inequality constant.

e The discretisation residual is bounded above by the discretisation error and the iteration
error:

| Raise (Wh ) | -1 <AL 51— -1 Bricer (uhe) + || Aa || i1 -1 Eriger (05 1) 4 BaErdise
+ O%y (Eriter (ufy ") + Eraise) (3]|uiy |32
+3|uf e (Eriter(u’f\fl) + Eraqisc)
+ (Eriger (uly ') + Erdisc>2>

+ iCZGNHu]fv_lllm Blluy ez + lun 2l22) (Erier (uf ') + Erier (uf %))
(4.160)
where B, is the continuity constant of a: X x X — R defined through (4.6). Besides, when
the iteration error is small enough, the discretisation residual is mainly bounded by the
discretisation error.

Proof. The proof is similar to that of the Lemma 4.2.4. For the iteration residual, we firstly
rewrite

Rier (ufy) =Aa(ufy — uly ") + ((Wh)? + (Wi ) + ubuly Dl —ul )
1 .
+qul Buly T uy ) (T - el
=Ag(uly —un) + Az(un —uiy ) + ((uh)? + (ufy ) + ulul ) (uby — un)

1
+ (((p)? + (i) +uuy ™) (v —uly ™) + ui Buy +uy ) (g — uw)

1
+qun Buy T ) (uy — U ).
(4.161)
Following similar argument used to establish Estimate (4.130) and combining it with the Equation

(4.161) yields the Estimate (4.159).
For the discretisation residual. We have

2
k=1 k=2
- Uy U -
Raise (ufy) =Arufy + Aguly ' + (N 5 N ) bt — Ay — B

=A; (ufy —un) + Aa(uy = un) + Alun —u) + (((u)* + (uy )2 + wuy )y —w)

1
I T ) - o

:Al(u’f\[ —un)+ Ag(u’f\fl —uyn) + A(uy —u)

+ (3(uy ) = Buly (uy ! )+ (T = w)?) (uy - )

+un Guly )y = e .

1
4

(4.162)
Using similar argument as what we do in (4.132), (4.133) and (4.134), we obtain Estimate (4.160).
When k goes to infinity, the iteration errors Eritcr(uf\,_Q), Eritcr(ulfv_l) and Erje; (u%;) go to zero.
Therefore the contribution of the discretisation residual is dominant in the above estimate when

k is large enough. O
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By truncating the residual, we have the following expression

HN/R(U’JCV) = HN/AlulfV + HN/AQUIJCV + HN/(UIJCV)?) — HN/f7

k k—1
where A; and A are defined in (4.59). For the first scheme with the nonlinear term %,
we have

uk +ukt
HN/Alu}V, + HN/AQUJCV + HN/(N%)2U?V = HN’f- (4163)
By assuming that the iteration error for u’fv is small such that we have uﬂ“\, R u’f\fl, we approxi-

mately have
HN/R(UJ?V) e HN/Aluﬁ; + HN/Aguéﬂv + I N/ (uéﬂv)g — Iy f

~ HN/A1U§€V — HN/Alu}V, (4164)
~ HN/Al(Uﬁcv — U}V/)

For the second scheme, there is no damping term for the first iteration after the jump. So we
have

HN/Alu}V, + HN/AQ’U,?V + HNI (ulfv)Qulfv = HN’f~
Combine with the expression of the projected residual (4.163), we still have

HN/R(UI;V) = HN/AluljcV + HN/AQUI;V + I/ (UIICV)S — HN/f

4.165
=N Ay (uh —uly). ( )

On the other hand, for iterations with damping term (fixed discretisation number N), we have
My Avu — (1= Oy Ay + Ly Azl + €My (uf)* = €lN f,

or

1 1-—
EHNAlu?VJ'_l — %HNAlulfv + HNAguéﬂv + HN(U?VVU?V =1y f.

If we apply the above scheme to the first iteration after the jump (from N to N’), we have

HN/R(UJCV) =HN/A1u’fV + HN/AQUSCV + HNf(uéfV)g — Iy f
=T n Ayl + T Aguly + Ty (uky)3
1—

1
- (EHN/Alu}V/ - TéHN’AluécV + HN/AQUIJCV + HN/(”LLIJCV)?)) (4166)

1
:EHN/Al(u]fV — U).

From the above derivation, we deduce that for the first iteration after a jump, the difference
uky, — u%; depends on the choice of scheme (with or without damping term) and there is a ratio
L between these two cases. This also explains the fact that the first iteration after a jump loss
its effectiveness for the scheme with damping term.

Moreover, in the nonlinear problem, we also test that for N = 3 and N < N’ < 100, we
always have |13, RY||z-1 > ||[R||g-1 . Therefore, in the nonlinear problem, we can also
predict Ny such that HRﬁf l|z-1 < g4. Additionally, for the iteration residual after the jump, the
numerical observation shown in the linear case also holds except that the parameter connecting



122 CHAPTER 4. The optimal path problem and near-optimal strategies

the discretisation residual and the iteration residual is not N? but N!-6 (obtained by trial and
error and corresponding simulation result is shown in Figure 4.15), this difference is caused by
the addition of nonlinear term. Nevertheless, even there is the nonlinear term, the behavior of
the nonlinear problem is similar to that for the linear case and we therefore propose these same
strategies as those in the linear case, in Algorithm 3 and in Algorithm 4, except that the iteration
cost in efficiency parameter (4.151) becomes (N + 1)2(N + 2). Finally, we get these two nearly
optimal paths in Figure 4.16 for the first scheme and Figure 4.17 for the second scheme and we
list all these computational costs in Table 4.4. Similar to the linear problem, for two iterative
schemes conserving the jump efficiency, our two proposed strategies can produce satisfactory
nearly optimal paths. In addition, from Figure 4.15, we know that we overestimate the iteration
residual for the first iteration after jumping from N to Ny = 100. Therefore, the prediction of
Ny is also guaranteed. After jumping to Ny = 100, one iteration is enough to terminate the
path.

Path Fixed N =100 | Strategy I | Strategy II
Cost of Scheme 1 16,648,032 1,279,222 1,150,010
Cost of Scheme 11 15,607,530 1,354,672 | 1,150,070

Table 4.4: Computational costs of different paths for the nonlinear problem.
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Figure 4.15: Iteration residual of u}, for different discretisation number N.

4.6 Generalization of the problem

In previous sections, we study the optimal path problem and analysis the mechanism of the
jump efficiency, which is the key feature determining the optimal path. Then with the help of
the a posteriori error estimation and the residual decomposition, we propose two nearly optimal
strategies, both of which produce satisfactory nearly optimal paths. In this section, we will
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Figure 4.16: Nearly optimal strategies of the first scheme for the nonlinear case
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Figure 4.17: Nearly optimal strategies of the second scheme for the nonlinear case

change the regularity or continuity of the potential function V or the source term f in previous
linear problem (4.2) and nonlinear problem (4.80). The aim of this section is to see if those two
nearly optimal strategies still behave well under such modifications.
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Recall that in the linear problem (4.2) and nonlinear problem (4.80), we pick

Yz €[0,2n], V(z)=1+ Z ; and  f(x) = Z 2(|:)|(S)((§5$)

1EN* 1eN*

cos(ix)
2

The first series of cases begin by setting

Ve e [0,2n], V(z)=1+ Z COS;& and f(z) = Z 2C(|)Z_S|(Tix), (4.167)

1€eN* iEN*

where v = 1.5,2.0 or 2.5 and 7 pick one of the following values {0.01, 0.05, 0.25, 0.5, 1.0}. And
we still use the same iterative scheme for solving the linear or the nonlinear problem with this
new series of parameters.

Similarly as in the optimal path problem, at the beginning the target accuracy is defined as
the energy difference &% < e, = % where e (3 < N < 100) is defined in (4.137). Then
we transfer it into the residual requirement: We fix N = 100 and get uf,, such that €5y, < ¢,
and that k is the smallest number of iterations. Then we set || R¥q||z—1 as the target accuracy.
Finally, we get our nearly optimal paths.

We calculate all above cases with different parameters v and 7 for the linear problem (4.2) with
GSR iterative scheme and the nonlinear problem (4.80) with two iterative schemes mentioned
in Chapter 4.5.2. The behavior of nearly optimal paths for different cases is quite similar: for
each case, the Strategy II can predict accurately the final jump such that Ny is close to the
theoretically smallest one N = 100. However, in some cases, the Strategy I can’t do that, i.e.,
sometimes the final jump can reach N = 130. The behavior of these optimal paths is the same
for both the linear problem and the nonlinear problem with two different iterative schemes.
Therefore, here we just show near-optimal paths with two different choices of parameters for the
linear problem in Figure 4.18. Figure 4.18A is the calculation result for v = 2.5 and 7 = 0.5 and
Figure 4.18B is the calculation result for v = 2.0 and 7 = 0.01 with corresponding computational
costs listed in Table 4.5.

Path6 Fixed N =100 | Strategy I | Strategy II
Cost with v =2.5 and 7 =0.5 163,216 13,524 12,159
Cost with v = 2.0 and 7 = 0.01 122,412 20,359 11,995

Table 4.5: Computational costs of different paths for different parameter values.

In above cases, the regularity of the solution u varies with different values of v and 7 with the
variation of its Fourier coefficients (i;)i € N being regular. In the following test, we introduce
piecewise regularity variations of Fourier coefficients and verify whether our strategies can detect
the connection points. The second series of cases begin by giving the explicit expression of the
discrete solution uiggg = 21160:08 Qe

2 3 —
20.5] ifk=0
~ _ 2 2 .
Uk = { 05 T esoE i 1< K< 40, (4.168)
= if k> 41
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Figure 4.18: Examples of nearly optimal strategies results.

or
e+ e if k=0
) |25.g\ [25.5] B , )
Uk =\ w505 T =255 + TiFzssl T RFs08) if1<k<75. (4.169)
2 if k>176

%3
By inserting the solution with expression (4.168) or (4.169) into the linear problem (4.14) with the
same potential function V', we obtain the source term f’. Then we solve the new linear problem
with new source term f’. Similarly, following the same manner, we can resolve new nonlinear
problem by computing f’ with (4.168) or (4.169). In addition, by varying the parameter v in
the potential function V', we get new series of source term f’.
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(A) Nearly optimal strategies with v = 1.5 and so- (B) Nearly optimal strategies with v = 2.5 and so-
lution (4.168) for the nonlinear problem. lution (4.169) for the nonlinear problem.

Figure 4.19: Examples of nearly optimal strategies results.

We calculate all above cases with different parameters v and f’ for the linear problem (4.2)
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Path6 Fixed N =100 | Strategy I | Strategy II
Cost with v = 1.5 and solution (4.168) 21,850,542 4,523,176 2,696,726
Cost with v = 2.5 and solution (4.169) 83,240,160 67,016,232 | 51,160,092

Table 4.6: Computational costs of different paths for different parameter values.

with GSR iterative scheme and nonlinear problem (4.80) with two iterative schemes mentioned
in Chapter 4.5.2. The behavior of nearly optimal paths for different cases is similar to that for
the first series of calculations: the Strategy II can predict accurately the final jump such that
Ny is close to the theoretically smallest one N = 100. However, in some cases, the Strategy I
can’t do that. In addition, the behavior of these optimal paths is the same for both the linear
problem and the nonlinear problem with two different iterative schemes. The only difference is
that before jumping to Ny, we have both iterations before and after the discontinuous points,
i.e., N =40 for (4.168) and N = 75 for (4.169). Here we just show near-optimal paths with two
different choices of parameters for the nonlinear problem with iterative scheme given by Equation
(4.147) in Figure 4.19. Figure 4.19A is the calculation result for v = 1.5 and solution expression
(4.168) and Figure 4.19B is the calculation result for v = 2.5 and solution expression (4.169)
with corresponding computational costs listed in Table 4.6. In this difficult case, the strategies
are able to detect the special parameter N = 40 and N = 75 and provide as well paths that are
less expensive than plain iterations with NV = 100. Note also that impressively the strategies also
provide only one iteration for the maximum N close to 100. We lastly remark that the above
Figures show that the hand-fitted parameter 3 might not be adapted to different cases shown
above and the study of picking a proper value of this parameter will be a part of future work.



Chapter 5

Application of near-optimal path
strategies to nonlinear eigenvalue
problem

In this chapter, we study the numerical optimal path in the resolution of Gross-Pitaevskii equa-
tion, which is an eigenvalue problem. This is a follow-up work of [38]|, where the authors intro-
duced a separation of a posteriori errors into two parts (iteration and discretisation residuals)
but did not provide an optimal strategy.

5.1 Problem description and error analysis

We consider the following energy minimization problem

E*:min{E(v) ::;/Q(Vv)Q—i-;/QVv2+le/Qv4,v€X,/Qv2:1}, (5.1)

where Q) is the unit cell (0,27) of a periodic lattice R of R and X = H;E () is the Sobolev space
defined as
H5(Q) == {v|a,v € Hj,.(R)|v is 27-periodic},

and X' = H;l(Q) is the dual space of X. Besides, we assume that V € L*(€Q). The well-
posedness of the above energy minimization problem can be found in e.g., [13] and it was shown
that the above energy minimization problem (5.1) has exactly two solutions with opposite signs:
w with w > 0 in Q and —u. Besides, the minimizer u € X of (5.1) is also solution of the Euler
equation expressed in the weak form:

(5.2)

Yo e X, fQVu~Vv+fQVuv+fQu3v:fQ)\uv,
Jou? =1,

127
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where A € R is the Lagrange multiplier associated with the constraint ||u|/z = 1. Moreover, this
weak problem (5.2) is equivalent to the strong problem: find v € X and A € R such that

—Au+Vu+u® = Au
) ’ (5.3)
Jou*=1.
Besides, here we remark that X is the smallest eigenvalue (or in the quantum chemistry termi-
nology, the ground state eigenvalue) of the linear operator A, := —A + V + 2 and it is shown

that this eigenvalue A is simple (see, for instance, the Appendix of [13]). The energy functional
E: X — R is twice differentiable and its second order derivative E” is defined as follows: for any
v,w, z € X, we have

(E"(0)w, 2) xr x = (Avw,2) 5/ x —|—2/ viwz = / Vw-Vz +/ Vwz + 3/ vwz.  (5.4)
Q Q Q Q

Besides, from [38, Lemma 6.2.1], we have the following coercivity and continuity property: there
exists e, Be > 0 such that for any v € X

Yellvllin < ((B”(u) = Nv,v)x x (5:5)
and for any v,w € X,
(B"(u) = Nv,w) xr x < Bellvlla [[wllge, (5.6)
where (u, A) is solution of eigenvalue problem (5.2) with A being the smallest eigenvalue.

Remark 5.1.1.
If Ve Hy(Q) (r> 1), then we have u € H;fr(Q). In what follows, we choose

cos(kx
Ve e [0,2n], V(z)=1+ kl(.01 )

keN*

Here, we pick a more irregular potential function such that the solution is not too regular. In
105 _
addition, we claim that V' € L () N H > Q) (e >0).

In this section, we adapt the setting of Chapter 4.3: we restrict again X to its even part and
define discretization space Xy (N > 0) as in (4.9). Then we state the discretized weak problem
as follows: For N € N*, find uy € Xy such that

{VUN EXN, fQ VUN~VUN+‘[Q VUN’UN+fQU?VUN:fQ )\NUN’UN, (5 7)

Jouk =1.

The solution ux of the above problem (5.7) also minimizes the energy functional defined through
(5.1) over space X,

E(uy) = min E(vy) =: Ey. (5.8)

vNEXN, |lon]l2=1

After defining properly the eigenvalue problem, we will next give the a priori and a posteriori
analysis. Fortunately, the a priori analysis is established in[13] and the the a posteriori analysis
can be found in [39, 38]. The only difference in our work is that the periodic cell is (0, 27) but not
(0,1), which only leads to minor amendments. Therefore, we state directly the main results and
refer the readers to [39, 38| for a detailed proof. Additionally, in our work we will also show the
super convergence property, which is essential for supporting the jump efficiency of the optimal
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path problem.
Before stating the a priori error estimation, we introduce the following adjoint problem which
will be used later: for any w € X', we consider the weak problem: find ¢,, € X such that

Vo e X, ((E"(u) = Now,v)x x = (W0,0) x/ x » (5.9)

where (u, A) is the solution of problem (5.2). With the coercivity property (5.5) and the continuity
property (5.6) at hand, the existence and uniqueness of the solution is proved by applying directly
the Lax-Milgram Theorem. In addition, similarly to Estimate (4.23), here we also have the
following regularity result: there exists constant ¢, > 0 independent of w such that

6wl > < callw]| L2 (5.10)

Remark 5.1.2.
Here we remark the difference originating from different lengths of the unit cell: the Gagliardo-
Nirenberg-type inequality constant. Following the same derivation in [38], we have the following

results:

1
e X, [olie <4/ + vl Tollee,

3
1 1
A4 X o < | — — 41 .
veX, ol <4ﬂ+\/16ﬂ2+) ol

Theorem 5.1.1 (A Priori Analysis, see [38] and eventiually [13]). Let u € X be the weak
solution of problem (5.2) with corresponding eigenvalue X\, for N € N*, let uy € Xn be the
weak solution of problem (5.7) with corresponding eigenvalue Ay, let E: X — R be the energy
functional defined though (5.1), let V'€ HZ(2) for some r > % and let i be defined as

and

_ min{ s — A, 2}
~ 4(min{y — A, 2} + 27| +2)’

where g is the second smallest eigenvalue of A,. Then, we have
e uy converges strongly to u in H'(Q) when N goes to infinity.

o There exists C¥ € R, independent of N such that
nlhux = ulf < Bluy) = B@w) < CFlluy — ulfy. (5.11)
o There exists C* € R, independent of N such that
A= An| < CM(Jluy = ullfp + lun = ullz2). (5.12)
e There exists C3 > 0 independent of N such that

3
N2(r+1)

Anv — Al < (5.13)

e There exists Ny € N and CH! € R, independent of N such that for any N > Ny, N € N*,
we have
luy —ul|gr < CHY min |joxy — ul[g. (5.14)
vNEXN
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e There exists Ny € N and C*? € R, independent of N such that for any N > Ny, N € N*,
we have
lun —ul7: < CPlluy —ullgr min (¢uy—u = dnlm, (5.15)
PNEXN

Corollary 5.1.1.1. Let u € X be the weak solution of problem (5.2) with corresponding eigen-
value A and for N € N*, let uy € Xn be the weak solution of problem (5.7) with corresponding
etgenvalue Ay, then there exits constant C1 > 0 such that

llu —un||L2 gC’;LN_1||u—uNHHl7 (5.16)

Proof. This Corollary is a direct consequence of Estimate (5.15). In fact, for any N > Nj, by
picking ¢ = IIN ¢y —wu, We have

HUN - u||2L2 < CL2||UN - u”Hl”(ZSUN*u - HN(ZS’UIN*UHHI

CL2

< 5 v =l | duy —ull 2
CLQCa

< T llux =l flun = w2,

where we make use of (4.19) and the regularity result of the adjoint problem. From the above
derivation we deduce directly (5.16) with C; = CL2¢,. O

Here we state the super convergence result for which we give a detailed proof following the
same idea as that in Theorem 4.1.1.

Theorem 5.1.2. Let u € X be the weak solution of problem (5.2) with corresponding eigenvalue
A, for N € N*, let uyy € Xn be the weak solution of problem (5.7) with corresponding eigenvalue
An, let TIy: X' — Xy be the extended L*-orthogonal operator onto space Xy, let V€ H*(T)
for some s > % be the potential function in problem (5.2) and let us denote by r = min{2, s}.
Then for N large enough:

e There exits constant Cy > 0 such that

HHNU_UN”Hl < CQN7175‘|U—UN||H1. (517)

e There exits constant C3 > 0 such that
Iy — gz < CsN 7 lu = wy |, (5.18)
where T = min{r + 1, § + 2}.
Specifically, for our chosen potential function V defined in Remark 5.1.1, we have

5.

_5.05
IMnu = unllm, < CoNT75 T lu—un || m (5.19)

and
3.05

IMyu —un|lpz < C3N~"2 T¢lu — un| g1, (5.20)

where € > 0.
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Proof. For any vy € Xy, using Equation (5.7), we deduce that
(B"(u) = M(un —u),on) 5 x = ((Au = A)(un —u),on) 5/ x + 2/ u?(uy — uon
Q

— ((Au — Nun, on) g x +2 / W (ux — oy

:/VUN'VUN+/VUNUN+/U UNUVN — /UNUN
Q Q Q

+ 2/ u?(uy — u)oy
Q

:)\N/quN—/u?’\,vN—l—/uzquN—)\/quN
Q Q Q Q

+ 2/ u?(uy — u)oy
Q

=(Ay — )\)/ UNUN — / (un —u)?(un + 2u)vn
Q Q
(5.21)
Then, for any vy € X we have

(E"(u) = ) (un — Tyu), vn) o x = ((B" (w) = \)(un — ), vn) 5o x + (B (w) = M) (u — Tyu), vn) 50 x
=(A\ny — /\)/QUN’UN — /Q(UN —u)?(uy + 2u)vy
+ /Q V(u—Tyu) - Voy + /Q V(u—Iyu)vy

+3/u2(u—HNu)vN—)\ (u — yu)vy
Q Q

=(A\y — )x)/QuNUN — /Q(uN —u)?(un + 2u)vy

+ / V(v —yu)oy + 3/ u?(u — Myu)vy,
Q Q
(5.22
where the last equality comes from the L? and H' orthogonality. Therefore, by picking vy =
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uny — I yu, it follows from Estimate (5.12) that

(E"(u) = \)(un — Tyu),uy — TIyu) gy =(Ay — A) /Q un(uy — Tyu)
- /Q (un — u)*(un + 2u)(uy — Myu)
+ /Q V(u— Tyu) (uy — Myu)
+3 /Q u?(u — Tyu)(uy — Tyu)
=(Ay — A) /Q un (uy — Tyu)
- /Q (un —u)*(un + 2u)(uy — Myu)

+ / (V+ u? + u?v +uun)(u —un)(uy — Hyu)
Q

—|—/Q(V+3u2)(uN—HNu)2

< CM|lun — ullFp + llun = ullz2)lJun — Tyl 2
+ |V 4+ u? + Ry + vun| o= llu = unllze [luy — nvul| 2
|V 4 30| Lo luy — Mvul|7.

On the other hand, from (5.5) we deduce that 29
(E"(u) = N (un —Tyu),uny —TInu) 5o x 2 Yellun — nul|%:. (5.24)
Combining Estimates (5.23) and (5.24) yields
Yellun —Myulfn SCMllun —ullip + llun — ullr2) luy — Myul e
+ |V +u? +ui +uuylpee lu — un||pe Juy — Tyvul 2 (5.25)

+ HV + 3u2||Loo H’LLN - HNU”%z.
Next, we will give an upper bound of ||luy — IIyu| 2 using ||uny — u||gz. Similar to the proof of
Lemma 4.1.1, we will make use of the adjoint equation (5.9). Thus, we have
i — Tyulf%s = / (uy — Ty (u — Tyu)
Q

= <(El/(u) - /\)(buN—HNw UN — 1_INU>X’}X
= <(EN(U’) - A)(UN - HNU), ¢’LLN—HN'£L - HN¢UN—HNu>X/7X
+((B"(u) = M) (un — Tnw), TN Guy —Tiyu) x7 x -



5.1. Problem description and error analysis 133

It follows from Equation (5.22) by picking vy = Hndu -1y that
lun — Ty ull72 = ((B"(u) = A)(un — TInw), puy —tiyu — INGuy —Tiyu) x7 x
=(I)
+(An — /\)/ UNTIN Guy—Tiyu — / (un —w)?(un + 2u)IN Guy —Tiyu
Q Q

(5.26)

:=(1I) :=(1II)

+ / (V4 36%)(u — Ty ) Ty 11
Q

=(IV)

For the first term, it follows from the continuity property (5.6) and Estimates (4.19) and
(5.10) that
(I) <56HUN - IIN’U’HH1 H(buN*HNu - IINQ/)UN*HNMHH1
<ﬂ6N71||7.L1N - HNUHH1 ”QSMN*HNHHHZ (527)
< Beca N— ||uN — HNu||H1 ||UN — HNu||L2.
—~—
=C1
Next, for the second term, applying Estimate (5.13) and making use of the fact that ||IIx ¢y —11yullr2 <
[Gun—niyullz < |Puy—tiyullmz < callun — Hyul|p2 yield that
(I) SC3 N2 D un | g2 TN Guy —11yal 22
<Ca02>\ N_2(3+1)H’LLN —HN’U,HL2. (528)
C
=l

For the third term (III), using similar argument about Iy, —115+ as that for term (II) yields
that

1 1
(1) < <47T + 672 + 1) lun — ullZs lluy +2ullgr TN Guy 11yl
1 1 ) (5.29)
<[\ g 1) caltn + 20l — s — Dyl

=Cr

Now we come to the term (IV). It follows from the orthogonality relation and the Estimate (4.19)
that

(IV) :A(u — HN’LL) [(V + 3u2)HN¢uN7HN’U«:| — A(u — HN'LL)HN [(V + 3’LL2)HN¢uN7HNu]

<lu — Tnvul| g2 || (V + 3u*) N Guy—tiyu — I [(V + 302N Gy —T1xu] |22
<N lu = Tull g2 [[(V 4 3u) N Guy 1y ul e

SNV + 36| [Ju =Tl 2 (|Guy—tiul a2

<callV + 3u?||gr N7 ([Jlu — un |2 + [Juny — Tnul|p2)[uy — Myull 2,

=Crv
(5.30)
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where in the above derivation we use the regularity analysis that V € H;;(Q) (s > %) implies
u € H;js(Q) and thus V + 3u® € H (). In summary, combing Estimates (5.27), (5.28), (5.29)
and (5.30) yields that

lun = yuf gz SCIN ™ luy — Myul g+ CuN 720 Juy — Myul|z2 4+ Curfluy — w3

+ CrvN""(lu —unl|p2 + [luny — Hnul|p2),
(5.31)
from which we conclude that

(1 — CHN_Z(S—H) — CI\/N_T) ||uN — HNUHL2 SCIN_IH’U,N — HNUHHI + CIIIHUN — UH%z

+ CrvN™"[Ju — un|| 2.
(5.32)
When N is large enough, we have 1 — CpN—20r+1) _ CivN~" > % and we deduce that

||UN — HNU||L2 <201N71 ||uN — HNu||H1 + 20111”11,]\] - U”%z + QClvNirHu — UN”L?- (533)
Combining Estimates (5.25) and (5.33) yields

Yellun = TnulFn < (CMlun = ullfn + (C* + |V +u? + udy + uun|poo)[Jun — ul| 2

IV + 30| o lun — Tnvull ) [Juy — Tvul| 2

< (CMlun — ullFp + (C + ||V 4+ u? + udy + wun]| ) lun — ul 22
IV + 32| e Juy — Tl gr1) (2N~ fuy — Tyl
+2C||lun — UH%z + 2Cv N7 ||u — uN||Lz)

SL2CIN |V + 3u?|| g [lun — Ty a7 + 2|V + 3u?| 1~
(Cullun —ullzz + CrvN7")|[u — un|z2 [[uny — Hyul g
+ 20N (CMluy — w3 + (C* + [V +u? + udy + uun || o) Jun — ul|p2)
lun — Onull g + 2 (CMlun — ulFp + (C + ||V + 4 + uiy + wun || L)

lun = ullz2) (Crullun = ullz2 + CovNT")|lu — unll 2.
(5.34)
Firstly, we claim that for N large enough, we have 7. — 2CiN ||V 4 3u?|| L > %. Next, from
(5.14) we deduce that

||UN — UHHl < CHlllﬂNu — uHH1 < CHlN_lHu”H?,. (535)
Additionally, combining the above estimates with (5.16) yields
lun — ullpe < CLCHINT27"|jul| gasr. (5.36)

From the above two estimates, we conclude the following estimate:

2(Cilluy —ullp2 + Crv N™7)|lu — un |2
<2(CHIC1CH1||u||H2+rN_2_T + CI\/N_T)ClN_l lu — un || g
< 2(011[010H1||u||H2+r + CI\/)Cl N_l_THu — uNHHl.

Z:CV

(5.37)
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CMlun = ullfp + (C* + |V +u® + udy + vuy||ze<) Jun — ul| 2
< (CACMYJull g2 + Oy (CH + |V + 0 + ufy +uun]pe)) N7 uy —uflgr. (5:38)

::CVI

Inserting the above estimate into (5.34) and supposing that N is large enough yields that

%HUN —Iyulfp < (IV + 36?2 CvN T 7"+ 2C1CviN 7?) [luy — ullm [lun — Tvul

+ CVCVIN_Q_THUN — u||%,1
(5.39)
We regard the above expression as inequality for a quadratic polynomial with variable ||uy —
IIyul| g and apply the quadratic formula to calculate the roots of the above polynomial. By
analyzing the decrease rate of each term in the expression of the positive root, we deduce the
quadratic convergence result (5.17). Additionally, by inserting (5.17) into (5.33) and combining
Estimates (5.16) and (5.36) we deduce Estimate (5.18), which completes the proof. O

Before stating the a posteriori error estimation, all relevant elements need to be defined
properly. First of all, we define space of multi-variable X = X x R and defined the function
F: X—> X as

_ 3 _
Vu = (u,\) € X, F@):( Aut Vu +u Mo. (5.40)
Jou? =1
And for any u = (u, A) € X its derivative DF,: X — X/ is defined as
_ 2., _ _
V(v,7) € X, DFu(v,7) = ( Av+ Vo +3uv — Tu )\v> ’ (5.41)
“ 2 [ uv
For u € X such that DF,, is an isomorphism, we give the following notation:
Y= DF Iy x: Ll@)= sup [DFuyly,x, () =[F)ly, (5.42)

vEB(u,a)

where B(u,«) is the ball in X of center u and radius . Apart from the above notation, we
also introduce the following linear eigenvalue problem associated with an available numerical
approximation uy of the discrete solution uy with ||uy|/z2 = 1: Find (vy, un) € X such that

{szv € Xy, JoVun-Vuy+ [, Vonvwn + [, N NN = Jo unvNWN, (5.43)

Jovi =1

Remark 5.1.3.
The numerical approrimation uy is obtained, e.g., using iterative scheme. And the approzi-
mate eigenvalue A\ is obtained via

ﬂ:AW@V+AmefA@€ (5.44)

Therefore, according to the Rayleigh Variational Principle, we always have )TV > ,ug\l,) where ,ug\l,)

is the smallest eigenvalue of problem (5.43). If)T;V = ug\lf), the lowest eigenvalue of (5.43), then

it’s clear that (uy, An) is the solution of weak problem (5.7), i.e., (un,An) = (un, An)-
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Let us denote all the eigenvalues of problem (5.43) by ( (¢ )) - arranged in increasing order

with corresponding L? normalized eigenvector (v%)) N and we denote 5N = Mg\z{) (1) the
i>1

gap between two smallest eigenvalues As remarked before, for uy which is closed enough to the

discrete solution up, we have ,ug\,) < )\ < ,ug\,) and uy close to UN) by picking properly Ugv) but

not — ( . And for (uy, )\N) € X, we define the residual of problem (5.3) as
RN, An) := —Aay + Vi +an° = Avin (5.45)

and we note R; := R(up, )TJ/V) for simplicity. Lastly, we define
Ay = [ Ryun.

With all these notations at hand, now we state the error estimation based on the invertibility of
the derivative DF and we refer the readers to [38, Lemma 6.3.1] for a detailed proof.

Theorem 5.1.3 (Coarse A Posteriori Error Estimation [38]). For N € N, let uy € Xn denote
a numerical approximation solution of the discrete solution uy with X;/\}' being corresponding
eigenvalue obtained via (5.44), let (,ug\i,)) N denote all the eigenvalues of problem (5.43) arranged

121
in increasing order with corresponding L? normalized eigenvector (vj(\lf)) and let 6 = ug\?) —
i>1
(1

uN) denote the gap between two smallest eigenvalues, we define the constant

N2 )V me AV 3N)? — A
CN = min N27—~—1’ — N s

where N
N imin{éz\;,?)}
51\/ = —— —_ —— )
Lmin {8y, 3} + IV + 3(@N)? = Av) -l +1

and (V + 3(un)? — vav)_ is the negative part of V + 3(un)? — Av. Then for n close enough to
uyn such that

~ 1
||v() and /\N—pg\})gmm{ SN, - },

1 . ’
_'U,N”Loo — min ]., )‘ 4

4

and for N large enough such that Cn > 0, DF( ) : X = X isan isomorphism. Besides, by

denoting uy = (un, )\N) and giving the following computable bounds

—~— /1 —
Van S maX{IN (2 + C&l) 7C];1 (1 +IN(2C];1 + 1))}

L(t) < (3\/412 +4(t+2) +4)

if 2vax L (27@(:(@)) < 1, then there exists a unique solution u* = (u*,\*) € B (@, 27@((@))
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satisfying F(u*) = 0 and we have the following a posteriori error estimate
lun = u*llm 4+ [Av = A < 294y | B[l (5.46)

Apart from the above coarse estimate, there is another more accurate error estimate that we
state here and refer the readers to [38, Theorem 6.3.1]for a detailed proof.

Theorem 5.1.4 (More Accurate A Posteriori Error Estimation [38]). For N € N, letuy € Xn

denote a numerical approzimation solution of the discrete solution uy with Ay being correspond-
ing eigenvalue obtained via (5.44), let u € X be the solution of weak problem (5.2) with cor-

responding eigenvalue X, let (u%)) denote all the eigenvalues of problem (5.43) arranged in
i>1

increasing order with corresponding L? normalized eigenvector (v < J(V)) and let §~N = ,LLE\Q,) —,ug\l,)
i>1

denote the gap between two smallest eigenvalues. Then for any o > 1, there exist N, € N such
that for any N > N, and for un close enough to un, the following inequality holds:

1, ~ 1 1 N — — T
§|)\N —Al+ 3 (27r A\ 12 +4> lun —ullr2 [|2un + ul| L + H(V—i—3(u1\f)2 — AN — 1)_

LOO
1 1 1 )
1 T AT =l 2+ ulze [0n = a1+ llan = o llze (M an = ullm
N N
., I ~ _ 120a8) 2P g
+2]| (@) e + a3 3y = ullzz) + An = Al + law = ullze | 1+ 1
N
1 C., 1
+m + BTV N1+THV+3(U'N) ||HT1 <1- E’
(5.47)

@ _ M
By = N — HEN

)

2 1 —~ 1
=+ | (v e - ) - 1)

LOO
My =1+ [[Vlz= + [[ulf~ + A,

and0<r<1,C,. =27 ( + 4) . Under the condition that the above inequality holds, we have
the followmg a posteriori error estimate:

1 —
— [Ty R(un) || g1
N

(1)
2 3, — 2(un
P2 = ) ol + S ol <1+” () sy N )D
BN
i)

% — ull < o (nmmuH_l + H (V +3@n)? — A 1)
LO(}

Remark 5.1.4.
Here, we remark that compared with the coarse a posteriori error estimator, the second error
estimator is not fully computable. In Theorem 5.1.3, the validation condition is 2vygx L ( 274w ((@)) <

1. Even though we can not compute directly vay, and the Lipschitz function L, we still have com-
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putable upper bound of those two terms. As long as the computable upper bound of 2vay, L (27@((@))
s smaller than 1, the validation condition is verified.

5.2 Iteration scheme and analysis

In this section, we give the details of numerical solution of this problem and the convergence anal-
ysis, which is quite different from the source problem in previous chapter. Based on the discretized
weak problem (5.7) where uy = ;.. x (4N )rex with additional constraint [|uy||zz = 1, we se-
lect the basis vectors {e; }o<i<n as test functions vy and obtain a system of nonlinear eigenvalue
equations represented in the following matrix form

5.49
uwluy =771, (5.49)

{AN(UN)UN = TANupN,
where 7 appearing in the equation originates from the basis vector integration fQ ei =7(0 <
k < N). Similar to the nonlinear iterative scheme given by Equation (4.114) in previous chapter,
we have the following decomposition of matrix:

An(uy)=Uxy+ Dy + Ly + Sy(uy),

and we still make use of the Gauss-Seidel-Relaxation (GSR) iterative scheme. By setting an initial
guess (uQ;, \), in each iteration the new eigenpair (u%™, A5™) is calculated from (uf;, \) via
the following process:

( f\,ﬂ) —(Dy +wLy) ™t ((1 —w)LN—l-UN—FSN(u?V)) uk; + 7(Dy + wLy) Ak uk,,
d = ()

N w2|( NS

AGFL = (ubF )T Ay (ol ul

(5.50)
with w being the relaxation factor. Here we remark that in the eigenvalue problem there is no
oscillation of the numerical solutions as indicated in Remark 4.2.2. Therefore, unlike iterative
scheme given by Equation (4.114), we don’t add the damping term in the iterative scheme given
by Equation (5.50). From (5.50), we know that

(u k+1) —(Dy +wLy) ' (1 —w)Ly + Uy + Sy (ufy) — mART) uf,.

Therefore, by denoting Py (uk;, \%) = =(Dy + wLy) ™! ((1 — w)Ly + Uy + Sy (uk)) — AR T),
the above GSR scheme has the following equivalent expression:

(uk1) :?,ZSI)’;*V,/\fv)ufv,
k+1 Uy
u s p e e— 5.51
N W%‘l(ul]s;]Jrl)*HLz ( )
A= (T A (.

The main difficulty for the analysis of the iterative scheme (5.51) relies on the update of matrix
Py (uk, Ak in each iteration. From Estimate (5 12), we know that the convergence rate of
eigenvalue is faster than the eigenvector. When M\%; is close enough to A%, by assuming that the
influence of the nonlinear term Sy (u%;) is small compared to the contribution from other terms,
we can deduce that the decrease rate of the iteration error is bounded by the matrix norm of
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72 |Py(u, X)X |2 P (uf, A%Y). Additionally, we perform the following numerical test:
For N = 100, given u% = (0.01,---,0.01) as the initial guess, we perform 40 GSR iterations
according to Scheme (5.51) with w = 0.2 and plot the variation of eigenvector errors ||u% —u3®|| 1
and eigenvalue errors |\, — A% | in Figure 5.1. From Figure 5.1, firstly we observe the convergence
for both the eigenvalue and eigenvector and the faster convergence of eigenvalue. In addition,
after the first 5 iterations, the variation of the eigenvalue )\’f\, becomes small, i.e., )\’f\, =AY,
and we observe that the corresponding iteration error ||uk — uS?||g: converges to 0 with a near-
constant decrease rate, which is similar to the convergence result of the source problems.

10? A — Uk = Uil 100 4 Ak =2zl
10714
1072 1
1075 4
10774

10-¢ 4

10-1t

(I) g 1‘0 1‘5 2‘0 2‘5 3‘0 3‘5 4‘0 6 é lb 1‘5 2‘0 2‘5 3‘0 3‘5 4‘0
Iteration number k Iteration number k
(A) The variation of |[uf — u3? ||z for N = 100 as (B) The variation of |A% — A%| for N = 100 as a
a function of iteration number k. function of iteration number k.

Figure 5.1: The convergence of nonlinear GSR eigen scheme .

5.3 Strategies and numerical test

In this section, we will explore the optimal path problem for the solution of eigenvalue problem
(5.2). Thanks to the work for the solution of the linear and nonlinear source problems, now we
don’t need to apply probabilistic method to explore the optimal path and then to summarize
the characteristics of the optimal path. In this section, we will skip this time-consuming process
and focus on checking several key properties of the eigenvalue problem such that we can directly
apply the same strategies to give near-optimal paths. First at all, we decompose the total residual
into two parts: the discretization residual and the iteration residual. Recall the definition of the
residual in (5.45) and the iterative scheme given by Equation (5.50), for numerical solution
(uk;, Ak.) and the intermediate solution (u%;)* , we define the discretization residual as
k-1

U 1
Raise (uf, AR) o= Ay [ ufy — —& + R(uf Ak, (5.52)
Mo S T TP A T T
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and the iteration residual as

Riter(ulzifv Aljfv) ::R(uﬁh AI}V) - RdiSC(u?\la )\]fv)

k—1
U 1
=Ay | uf, — —N —|—(uk )3 _ 7(1/“*1)3
( SN SR P N @) TN (5.53)
1
_ )\k _ uk _ 7}\/@71 _ ukl) ;
( NN T ) e Y

where A; and As are defined in Corollary 4.1.1.1.

Next, the first key property to check is the jump efficiency. In fact, the iterative scheme
given by Equation (5.51) also maintains the jump efficiency as for the source problems. Here
we give one numerical example to illustrate the jump efficiency in this case: Firstly, we set the
initial guess for N = 3 as u%; = {0.01,0.01,0.01,0.01} and here we remind the reader that initial
guess can not be zero, otherwise the numerical solution will always be zero. Then, we perform 10

k+1_ oo
iterations for NV = 3 and we calculate the ratio W for those 10 iterations. Those values
N N IlH
vary between 0.23 and 1.27 and the value 1.27 corresponds to the ratio for the first iteration.
Then those rest ratios are all smaller that 1 and they vary from 0.28 to 0.515. With the increase

of iteration numbers, the ratio is closer and closer to 0.515. Then we switch from N = 3 to

k1
! —ul Il

N’ = 12 and perform 4 iterations. We calculate the ratio for these 4 iterations.

Huk ,—uy HHl
The ratios are about 0.072,0.245,0.298,0.425. From this simplg teslg, we observe the same jump
efficiency as in the linear and nonlinear source problems.

The following key property to be checked is the predictability of N;. Recalling Scheme (5.50),

then truncating the residual R(u%;, \%,) at N’(N’ > N) yields that

HN/R(U?V, )‘?V) :HNIAlu?V + HN/AQUIJCV + I - (u’f\,)?’ - /\f“\[uﬁfv
:HN/Alufv - HN/A1(U,}V/)*

=Iy A (uly — (up.)"),

where (u},)x is the intermediate solution obtained via one GSR iteration after the jump from
N to N’. In addition, we have

H]L\,,R(u]f\h )\’j\,) :HﬁA(u?\, —uR) + Hﬁ, ((u’fv)?’ — (u?vof)?)) + R(uy, A)-

Therefore, if we assume that the term ITy: A(uf — u$®) + My ((uf))® — (u$)?) is dominant
in A(uf; — up) + ((uh)® — (u)?), then the term Iy, R(uf;) can represent R3. Here, we do
one test: For N = 3, we calculate the residual R and then for N < N’ < 100, we compare
T, R || -1 and || R3S ||g7-1. The result shows that for each N < N’ < 100, we always have
T4 RS || -1 > [|R%||—1. This result confirms that in the eigenvalue problem, we can also
predict Ny such that R?vof < &g.

According to the above tests, we can already conclude that it’s feasible to apply Strategy I
(Algorithm 3) for the solution of eigenvalue problem. For applying the Strategy II, we still need
to check the behavior of the iteration residual after the jump. The first observation is that the
decrease of the iteration errors for calculations with a fixed N is nearly a constant with respect
to N. Then we do the same test as that for the source problems: For N = 5, we take u$y
as input to calculate output ul,, for different N < N’ < 100 and the corresponding iteration
residual. We plot the result in Figure 5.2. From Figure 5.2, we observe that the iteration
residual increases for N’ close to initial input N and then it’s nearly a constant for other choice
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Figure 5.2: Iteration residual of u}, for different discretization number N'.
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Figure 5.3: Iteration residual of uly, for different discretization number N before the jump.

of output discretization number N’, which is the same as that for source problems. Next, We
fix Ny = 100, take u% as input for 3 < N < Ny — 1, jump from N to Ny, perform one GSR
iteration to obtain output u}vf and calculate the iteration residual ||Riter(u}vf)|| g-1. Then we

T, RS -
plot the variation of ||Riter(u}vf)|\ g-1 and w# in Figure 5.3. Here, the parameter

connecting the discretization residual and the iteration residual is not N2 but N6 which is the
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Figure 5.4: Nearly optimal strategies for the eigenvalue problem

same as that for the nonlinear source case, which indicates that this difference might originate
from the addition of the nonlinear term. From this figure, we conclude that it is reasonable to
add this criteria into our strategy.

Path | Fixed N =100 | Strategy I | Strategy II
Cost 14,567,028 5,227,524 | 1,360,896

Table 5.1: Computational costs of different paths for the eigenvalue problem.

By summarizing all above arguments, we conclude that we can also apply Strategy II for
the numerical solution of our eigenvalue optimal path problem. By setting the goal residual as
€g = 0.5e99 + 0.5e100 and transferring it into the residual requirement, we compare three paths:
path for fixed N = 100 and paths generated by Strategy I and II respectively. We plot the result
in Figure 5.4 and list corresponding computational costs in Table 5.1. From the figure, we see
that both the strategies can finish the path with only 1 iteration for the biggest discretization
number N. Unfortunately, Strategy I can not predict well the last discretization number Ny,
which increase the computational cost but Strategy II still behaves well in this case.
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ESTIMATION D’ERREUR A POSTERIORI POUR DES CALCULS DE STRUCTURE ELECTRONIQUE
PAR DES METHODES AB INITIO ET SON APPLICATION POUR DIMINUER LE COUT DE CALCUL
A posteriori error estimation for electronic structure calculations using ab initio methods
and its application to reduce calculation costs

Abstract

The thesis is concerned with the error analysis of electronic structure calculation. The long term goal is to,
in one hand, derive computable a posteriori error estimator for ab initio methods and, in the other hand,
propose near-optimal computational cost strategy for the numerical calculation of those methods based
on the a posteriori error estimation and the separation of the discretization and iteration error sources.
In the first part of the thesis, we introduce a new well-posedness analysis for the single reference coupled
cluster method based on the invertibility of the CC derivative. Under the minimal assumption that
the sought-after eigenfunction is intermediately normalisable and the associated eigenvalue is isolated
and non-degenerate, we prove that the continuous (infinite-dimensional) CC equations are always locally
well-posed. Under the same minimal assumptions and provided that the discretization is fine enough,
we prove that the discrete Full-CC equations are locally well-posed, and we derive residual-based error
estimates with guaranteed positive constants. The second part of the thesis focus on the application of
a posteriori error estimation to construct near-optimal path when approximating the solution of PDEs.
We firstly apply a probabilistic method to explore an optimal path that minimizes the cost for the
numerical resolution of linear and nonlinear elliptic source problems. Based on the analysis of those
optimal paths, we propose two near-optimal strategies to achieve a given accuracy based on the error
sources decomposition of the error estimator. Finally, we validate the feasibility of those near-optimal
strategies by applying them to the numerical approximation of a nonlinear eigenvalue problem, i.e., the
Gross-Pitaevskii equation.

Keywords: electronic structure theory, coupled cluster method, numerical analysis, non-linear func-
tions, error estimate, Gross-Pitaevskii equation, residual decomposition.

Résumé

La thése porte sur ’analyse des erreurs dans le calcul de la structure électronique. L’objectif & long terme
est, d’une part, de dériver un estimateur d’erreur a posteriori calculable pour les méthodes ab initio et,
d’autre part, de proposer une stratégie de cotit de calcul quasi-optimale pour le calcul numérique de ces
méthodes basée sur I’estimation d’erreur a posteriori et la séparation des sources d’erreur de discrétisation
et d’itération. Dans la premiére partie de la thése, nous introduisons une nouvelle analyse de bien posé
pour la méthode de cluster couplé a référence unique basée sur 'inversibilité de la dérivée CC. Sous
I’hypothése minimale que la fonction propre recherchée est normalisable de fagon intermédiaire et que
la valeur propre associée est isolée et non dégénérée, nous prouvons que les équations CC continues
(en dimension infinie) sont toujours bien posées localement. Sous les mémes hypothéses minimales et a
condition que la discrétisation soit suffisamment fine, nous prouvons que les équations CC discrétes sont
localement bien posées, et nous dérivons des estimations d’erreur basées sur les résidus avec des constantes
positives garanties. La deuxiéme partie de la thése se concentre sur 'application de ’estimation d’erreur
a posteriori pour construire un chemin quasi-optimal lors de I'approximation de la solution d’EDP.
Nous appliquons d’abord une méthode probabiliste pour explorer un chemin optimal pour la résolution
numérique de problémes elliptiques linéaires et non linéaires en minimisant le cotiit de calcul. Sur la base
de ’analyse de ces chemins optimaux, nous proposons deux stratégies quasi-optimales pour atteindre une
précision donnée, basées sur la décomposition des sources d’erreur de I’estimateur d’erreur. Enfin, nous
validons la faisabilité de ces stratégies quasi-optimales en les appliquant a I’approximation numérique
du probléme des valeurs propres, c’est-a-dire ’équation de Gross-Pitaevskii.

Mots clés : théorie de la structure électronique, méthode des clusters couplées, analyse numérique,
fonction non linéaire, estimation d’erreur, équation de Gross-Pitaevskii, décomposition du residu.
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