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École doctorale de l’Institut Polytechnique de Paris (ED IP Paris)
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ABSTRACT

EXPERIMENTAL ANALYSIS AND MODELING OF

POROUS NiTi SHAPE MEMORY ALLOYS

Porosity brings new features to NiTi SMAs, and raises its potential for biomedical

applications. Although different techniques are provided in the literature for manufac-

turing porous NiTi samples, the subject is still open to further investigation to achieve

superior shape memory characteristics. Based on this, the aim of the thesis is to ana-

lyze and model the mechanical behavior of porous NiTi SMAs. First, NiTi compacts

were produced using spark plasma sintering. After sintering, because the samples did

not show the expected pseudoelastic behavior, they were systematically subjected to

heat treatment. The transformation behavior and the phase composition were analyzed

using DSC and XRD. These characterization gave an insight to the micro-structure af-

ter heat treatment. Then, instrumented micro-indentation was carried out to measure

the hardness that was altered by aging. Selected samples that were tested under uni-

axial compression showed an enhancement in the pseudoelasticity of the SPSed NiTi

that was heat-treated. In the modeling part, a macro-scale phenomenological model is

proposed for the mechanical behavior of the porous NiTi by using poromechanics. The

model considers the porous medium as a skeleton that consists of a solid matrix and

connected porous space. The porosity is included as an internal state variable. Both the

pseudoelastic and plastic deformations were considered. The phenomenological model

was implemented into Abaqus through a UMAT, and validated using experimental re-

sults available in the literature, as well as the numerical results obtained from the unit

cell (UC) technique used in this study. The model proposed in this thesis represents

the mechanical behavior of porous SMAs with reasonable accuracy with a significant

reduction in numerical cost when compared to the UC approach. The model can be

especially useful in possible biomedical applications.
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RÉSUMÉ

Les expériences montrent que la porosité apporte de nouvelles fonctionnalités

aux alliages à mémoire de forme NiTi (AMF) telles qu’une rigidité et une densité

faibles. Le NiTi poreux biocompatible, en particulier avec le comportement pseudo-

élastique, a un grand potentiel pour les applications d’implants dans le corps humain.

Bien que différentes techniques soient fournies dans la littérature pour fabriquer des

échantillons de NiTi, le sujet est toujours ouvert pour une enquête plus approfondie afin

d’obtenir des caractéristiques de mémoire de forme supérieures à partir du matériau.

Sur cette base, l’objectif de la thèse est d’analyser et de modéliser le comportement

mécanique des alliages NiTi poreux à mémoire de forme. Des compacts poreux de NiTi

ont été produits à l’aide d’un frittage par plasma d’étincelle et testés sous compres-

sion uniaxiale pour observer l’effet de la pseudo-élasticité et de la mémoire de forme.

Après frittage, les échantillons n’ont pas montré le comportement pseudo-élastique

attendu et ils ont été soumis à un traitement thermique et à une caractérisation

supplémentaires. Une large gamme d’homogénéisation et/ou de vieillissement a été

appliquée à différentes températures et durées, et l’effet du traitement thermique sur

le comportement pseudo-élastique du SPSed NiTi a été systématiquement étudié. Le

comportement de transformation a été observé à l’aide d’une calorimétrie à balayage

différentiel et la composition de phase a été identifiée à l’aide de la diffraction des rayons

X (XRD). Ces caractérisations ont permis de mieux comprendre la microstructure des

échantillons SPSed après traitement thermique. Ensuite, le comportement mécanique

des échantillons a été étudié. Une micro-indentation instrumentée a été réalisée pour

mesurer la dureté altérée par le vieillissement. Des spécimens sélectionnés ont été testés

sous compression uniaxiale et les différences dans leur comportement pseudo-élastique

ont été montrées sur des diagrammes contrainte-déformation. En fin de compte, une

amélioration de la réponse pseudo-élastique des échantillons de NiTi frittés par plasma

d’étincelle a été observée, et l’effet du traitement thermique a été discuté. Dans la par-

tie modélisation, un modèle phénoménologique à macro-échelle a été proposé pour le

comportement mécanique des AMF poreux en utilisant une approche poromécanique.
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Le nouveau modèle phénoménologique considère le milieu poreux comme un squelette

constitué d’une matrice solide et d’un espace poreux associé. Le modèle a été construit

à partir d’un modèle SMA dense (modèle de Zaki-Moumni) dans lequel la porosité a

été incluse comme variable d’état interne. Les déformations pseudo-élastiques et plas-

tiques ont été prises en compte et le modèle a été implémenté dans Abaqus via un

sous-programme de matériau défini par l’utilisateur (UMAT) en utilisant le schéma

d’intégration d’Euler arrière implicite. Le modèle phénoménologique a été validé

à l’aide des résultats expérimentaux disponibles dans la littérature et des résultats

numériques obtenus à partir de la technique de cellule unitaire utilisée dans cette étude.

La réponse contrainte-déformation uniaxiale a été capturée dans une large mesure avec

une réduction significative du coût numérique par rapport à l’approche par cellule

unitaire. Le modèle proposé représente le comportement mécanique des SMA poreux

avec une précision raisonnable et pourrait être particulièrement utile dans d’éventuelles

applications biomédicales des AMF.
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ÖZET

Gözeneklilik, NiTi ŞHA’lara ek özellikler getirerek malzemenin biyomedikal uygu-

lamalar için potansiyelini artırmıştır. Gözenekli NiTi parçaların üretimi için literatürde

çeşitli teknikler sunulmakla birlikte şekil hafızası anlamında üstün özellikler elde etmek

için daha fazla araştırmaya ihtiyaç vardır. Buna dayanarak, gözenekli NiTi ŞHA’ların

mekanik davranışını analiz etmek ve modellemek amaçlanmıştır. İlk olarak, kıvılcım

plazma sinterleme yöntemi ile sıkıştırılmış NiTi numuneleri üretilmiştir. Sinterlemeden

sonra numuneler beklenen super-elastik davranışı göstermemiş ve sistematik olarak ısıl

işleme tabi tutulmuşlardır. Faz dönüşüm özellikleri ve mikro bileşenler DSC ve XRD

kullanılarak gözlemlenmiş, bu karakterizasyonlar mikro yapıya dair bir fikir vermiştir.

Yaşlanma işlemi ile değişen malzeme sertliğini ölçmek için mikro sertlik ölçümü yapılmış

ve belirli numuneler tek eksenli sıkıştırma altında test edilmiştir. Sinterlenmiş NiTi’nin

süper-elastik davranışında bir iyileşme gözlemlenmiş ve de ısıl işlemin etkisi rapor

edilmiştir. Tezin modelleme bölümünde, gözenekli ŞHA’ların mekanik davranışı için

poromekanik yaklaşım kullanılarak makro ölçekli fenomenolojik bir model geliştirlmistir.

Modelde, gözenekli ortam katı bir matris ve bağlantılı gözenekli boşluktan oluşan

bir iskelet yapısı olarak kabul edilmiş ve gözeneklilik modele bir iç durum değişkeni

olarak dahil edilmiştir. Hem süperelastik hem de plastik deformasyonlar modele dahil

edilmiştir. Gözenekli ŞHA’ların davranışını Abaqus’te modellemek için bir kullanıcı

tanımlı malzeme alt programı geliştirilmiştir. Model, literatürdeki deneysel sonuçlar

ve bu çalışmada uygulanan birim hücre tekniğinden elde edilen sayısal sonuçlar kul-

lanılarak doğrulanmış; gözenekli ŞHA’ların mekanik davranışı makul bir doğruluk ve

birim hücre yaklaşımına kıyasla numerik maliyette önemli bir azalma ile temsil edilmiştir.

Modelin ozellikle biyomedikal uygulamalarda oldukça yararlı olabileceği gösterilmiştir.
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1. INTRODUCTION

1.1. Introduction and motivation

Shape memory alloys (SMAs) are a special group of materials that sustain large

deformations through martensitic phase transformation between austenite (A) and

martensite (M) solid phases. Among various compositions, Nickel-Titanium (NiTi)

is the most widely used SMA [5, 9]. Similar to its dense form, the porous NiTi is

expected to show a similar shape memory behavior. Therefore it is considered an at-

tractive candidate for engineering applications such as aerospace and biomedical. In the

literature, there is a particular interest in the biomedical applications of porous NiTi

alloys. Bone fixation plates or screws, teeth root replacements, cervical and lumbar

vertebral implantations are examples among numerous implant applications of porous

NiTi alloys [1, 10–13]. Figure 1.1 shows a commercial application of a cervical and a

lumbar spine implants made of porous NiTi [1].

Figure 1.1: a) Cervical spine and b) lumbar spine implants made of porous NiTi [1].

An ideal material for a biomedical application must have mechanical properties

that are similar to those of human body. Figure 1.2 shows the comparison of the

stress-strain diagram of NiTi with human bone and tendon together with stainless

steel, a widely used implant material. It is observed that NiTi’s mechanical behavior

is similar to the bone as a result of its pseudoelastic behavior. The pseudoelastic NiTi

can sustain relatively large deofrmations and absorb a significant amount of energy
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when mechanically loaded.

Figure 1.2: Stress-strain curves of stainless stell, NiTi, bone and tendon [1].

Porosity adds new features to the biocompatible NiTi, and increases its potential

for hard-tissue implantation. The elastic modulus mismatch between a NiTi implant

and the human bone may result in a severe problem that is called “stress shielding”

(low transmission of the load from the implant to the bone tissue) and porosity is a way

to overcome this problem. It also promotes cell in-growth and decreases the effective

density, hence the mass of an implant body. Therefore, the mechanical performance

of NiTi implants can be altered by controlling the amount of porosity, the size of the

pores, shape, and distribution [1, 11].

NiTi alloys are manufactured using different techniques in either dense or porous

form. Additive manufacturing is the cutting-edge technology to produce near net-

shaped products, but, it is still possible to produce porous NiTis using conventional

powder metallurgy (PM) techniques with a wide range of pore size and distribu-

tion [11, 14–17]. The most common techniques are Conventional Sintering (CS), Self-

propagating High Temperature Synthesis (SHS), Hot Isostatic Pressing (HIP), Spark

Plasma Sintering (SPS) and Metal Injection Molding (MIM) [11]. They differ from

each other by the application of heat and pressure, and differences occur in the final

microstructure. Powder metallurgy of NiTi alloys can be carried out from either el-

emental or pre-alloyed NiTi powder; the later one increasing the homogeneity of the
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final sample [11]. Despite its many advantages, the powder metallurgy processing of

NiTi also has some disadvantages such as the formation of a brittle oxide layer or the

difficulty of producing dense samples. Although different techniques are available for

manufacturing porous NiTi, the subject is still open to further investigation to achieve

superior shape memory behavior. For example, obtaining the pseudoelastic behavior

from a porous NiTi is important for biomedical applications. Based on this, the aim of

the PhD thesis is to investigate and model the mechanical behavior of powder processed

porous NiTi shape memory alloys, especially the pseudoelastic one. In this study, NiTi

samples are manufactured using the powder metallurgy technique and they are sub-

jected to various heat treatments to obtain the expected pseudoelastic behavior. The

microstructure of the samples is analyzed and their mechanical behavior is studied.

Based on the experimental observations obtained in this study and other studies in the

literature, a new constitutive model is proposed to study the mechanical behavior of

porous NiTi alloys.

1.2. Martensitic Transformation and Shape Recovery

Martensitic phase transformation is the origin of the unique behavior of NiTi

shape memory alloys. It is a diffusionless thermoelastic transformation between austen-

ite and martensite solid phases which have different crystal arrangements. Therefore,

the shape change and recovery are the results of the change in the material’s crystal

structure [5].

Figure 1.3 is a good representation of the transformation paths between the par-

ent austenite and the low-symmetry martensitic phases. The martensite is the low

temperature phase whereas the austenite is more stable above a certain temperature

(A0
f ). The stress-free transformation from austenite to martensite under a thermal

load is known as self-accommodation of martensite (path 1) in which all variants of

martensite may coexist. This transformation does not create any macroscopic shape

change. The martensite variants orient into a favorable direction if a mechanical load

is applied, and return into the self-accommodated shape by unloading as shown by the
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paths 2 and 3. The stress or temperature values in the figure show the critical values

at which the austenite or martensite phases are thermodynamically stable. [5].

Figure 1.3: Schematic diagram of phase transformation [2].

The shape memory effect (SME) happens through a series of thermal or mechan-

ical loading/unloading (paths 1-2-3-1 in Figure 1.3). An originally austenitic SMA

is transformed into the self-accommodated martensite by decreasing the temperature

without any macroscopic shape change (1). The self-accommodated martensite is then

transformed into the oriented (detwinned) martensite above a certain stress (2) and

then unloaded elastically where a macroscopic shape change is observed (3). If in this

unloaded state, the temperature is increased above a critical value known as austenite

finish temperature A0
f , the oriented martensite is transformed back into the parent

austenitic phase by recovering the whole deformation (1). This phenomenon is known

as one-way shape memory effect. There is another phenomenon called two-way shape

memory effect (path 4 in Figure 1.3) for which the material is trained to remember its

shape in the martensitic phase as well. The two-way shape memory effect is not studied

in this thesis, however, further information can be found in the literature [5, 18–20].

Another important behavior of the NiTi SMA is the pseudoelastic one (path 5

in Figure 1.3) which is observed through a stress induced martensitic transformation

given that the temperature of the material is higher than or around A0
f . Above A

0
f , the
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initially austenitic material starts to deform elastically up to a certain stress value after

which the phase transformation starts and continues gradually until full martensite is

achieved. The martensitic phase can further be deformed elastically; if the material is

unloaded before reaching the yield point, the deformation is totally recovered although

the loading and unloading paths differ from each other as shown in Figure 1.4. σMs,

σMf , σAs and σAf represent the start and the finish stresses of forward (from A to M)

and reverse (from M to A) martensitic transformations, respectively.

Figure 1.4: Representation of pseudoelastic stress-strain diagram.

It must be noted that the pseudoelastic behavior is not readily observed in NiTi

alloys. There are two important factors that affect the pseudoelastic behavior. One

is the austenite finish temperature, and the other one is the yield strength of the

alloy. The yield strength must be high enough to prevent the material from plastic

deformation before the martensitic transformation takes place [21]. It is shown in the

literature, and in this study that plastic deformation may accompany the martensitic

transformation. Therefore, NiTi alloys are post-processed by different techniques such

as cold work, annealing, or aging to control [5,21] to increase the resistance of the alloy

to plastic deformation.
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1.3. Mechanical Behavior of Porous NiTi Alloys

Pores have significant effects on the mechanical properties of NiTi alloys such as

stiffness or strength. The main reason behind this is attributed to the stress concentra-

tion and the reduced loading area due to pores [1, 22]. In a porous SMA, the marten-

sitic transformation takes place in some micro-regions around pores, hence resulting in

early transformation of the austenite and martensite. There are several experimental

studies showing the differences in the effective stiffness and the strength [3, 7, 22–28].

Figure 1.5 provides experimental results from the literature for the Young’s modulus

and compressive strength of porous NiTis compared to human bone. Both decreases

with increasing porosity and approaches to the elastic modulus and the strength of the

bone. Experimental and numerical studies have shown that the relationship between

the porosity and the stiffness and strength can be represented by a polynomial fit.

Figure 1.5: Effect of porosity on the elastic modulus and the compressive strength of

NiTi alloys studied by a) Greiner et al. [3] and b) Zhang et al. [4].

Porous SMAs are generally investigated under uniaxial compression because they

are mainly exposed to compressive loading in biomedical applications. Zhao et al. [7]

performed the pioneering works, and studied the mechanical behavior of 13% and 25%

porous NiTi samples produced by spark plasma sintering. The samples were tested

under uniaxial compression. The stress plateau shifted down and the slope of the

elastic portion decreased with increasing porosity. It is also stated that the amount of
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phase transformation decreases with increasing porosity due to a weak interconnection

between NiTi powders. Similarly, Greiner et al. [3] reported a pseudoelastic behavior

in 6-16% porous NiTi alloys that depended on heat treatment. Lagoudas et al. [28]

investigated NiTi samples with 40-50% porosity under uniaxial compression, a gradual

phase transformation was observed from austenite to martensite which manifested itself

by a gradual change in the tangent modulus of the stress-strain curve. Chen et al.

[29] fabricated NiTi samples of different porosity (%2.7-%36) by using conventional

sintering and they reported a non-linearity in pseudoelastic loops and attributed this

to the elastic buckling of cell walls. A similar result was achieved by Li et al. [30] for

the uni-axial compression of the %37.3 and %44.5 porous samples which were produced

by conventional sintering using temporary space holders; there was no stress plateaus

during forward and reverse transformations.

Figure 1.6: Uni-axial compression of NiTi alloys obtained by a) Yuan et al. [1], b)

Zhang et al. [4].

In addition to the martensitic transformation, porous SMAs may undergo si-

multaneous plastic deformation at lower nominal stresses compared to dense SMAs

[3, 8, 24, 25, 31]. Figure 1.6 shows the stress-strain diagrams of NiTi specimens with

varying porosity [1, 4]. The recoverable strain decreases with increasing porosity and

applied loading: for example, the 30% porous material recovers around 4% strain which

significantly reduces when the porosity is increased to 45%.
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In the literature, there are different approaches to model the effective (equiva-

lent) behavior of porous SMAs. Some researchers have used micro-mechanical aver-

aging techniques by considering pores as inclusions in the dense SMA matrix [32–36].

They approximated the constitutive behavior by different homogenization techniques.

In some studies, finite element method is employed; a unit-cell consisting of an empty

space and a SMA matrix is loaded [8,37–40]. The matrix part is modeled using previ-

ously developed constitutive models for the SMAs. Different boundary conditions are

applied depending on the symmetry of the problem. A single unit cell or series of unit

cells are used to represent global behavior. Some researchers performed a numerical

reconstruction of porous structures to represent random distribution of pores [41–43].

The pores are introduced into the finite element models as low or almost zero-stiffness

elements or as voids with specific geometries. These techniques give good estimates

of the global stress-strain, and they are especially useful to observe the deformation

around pores. However, the UC models bring a significant computational cost depend-

ing on the UC geometry and the number of elements [40].

There are a few phenomenological models that investigate the mechanical be-

havior of porous SMAs. In general, the phenomenological models that are originally

developed for metallic foams are modified [44,45]. Yield functions are derived by con-

sidering a macroscopic, inelastic volumetric strain which is observed due to the effect

of hydrostatic pressure. Deshpande et al. [44] are the early researchers who experimen-

tally studied the yielding of metallic foams and who proposed a new yield criterion that

depends on the first two stress invariants, namely the equivalent and mean stresses.

Ashrafi et al. [46] implemented the yield function proposed by Deshpande et al. [44] into

a phenomenological model for porous SMAs within the framework of irreversible ther-

modynamics. Their model was validated using computational results obtained from

a 3D finite element analysis with low stiffness elements representing porosity. The

model was later developed by including the plasticity, and the results were compared

to some experimental results in the literature, and a good agreement was obtained [47].

Similarly, Olsen and Zhang [48] proposed the Gurson [49] type yield function for the

phase transformation and the plastic deformation in porous SMAs. Cisse et al. [40]
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developed a phenomenological constitutive model for architectured cellular iron based

shape memory alloys (AC Fe-SMAs) in the framework of generalized standard mate-

rials with internal constraints [50]. The strain tensor is decomposed into hydrostatic

and deviatoric components for both the phase transformation and the plastic deforma-

tions, and the yield functions are modified accordingly. More recently, Viet et al. [51]

developed a phenomenological model based on the ZM SMA model [20]. Their model

includes a damage parameter which introduces the effect of porosity on the stiffness

and the hardening of the material.

1.4. Objectives and Outline

The potential of porous NiTi SMAs to be used in biomedical applications has

been clearly studied in the literature. Their commercial applications are still lim-

ited when compared to applications of Titanium or stainless steel due to the complex

thermo-mechanical behavior and/or high post-processing cost of NiTi alloys [52]. For

this reason, the fabrication and processing of porous NiTi alloys have attracted great

interest from scientists. In this study, the aim is to investigate the phase transforma-

tion characteristics of NiTi samples prepared by powder metallurgy and to develop

a macroscopic phenomenological model which describes the mechanical behavior of

porous NiTi alloys, especially the pseudoelastic one. The thesis is organized as follows:

Chapter 2 provides information about the fabrication of NiTi compacts through

spark plasma sintering. The NiTi compacts are subjected to various heat-treatments

to observe changes on their microstructure, hence to observe the phase transformation

of the SPSed NiTi. A systematic investigation has been provided by using calorimetric

and microscopic analyzes. It is shown that the SPSed NiTi samples respond to heat

treatment similar to dense ones provided in the literature; the phase transformation

temperatures and the sequence are altered by homogenization and aging. The exper-

imental results provided in Chapter 2 provide a significant basis to understand the

mechanical response of the material which is discussed in Chapter 3. In Chapter 3,

the micro-indentation and uni-axial compression tests are presented, and the material
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is analyzed from the pseudoelastic and the shape memory point of view. The SPSed

and heat treated NiTi has shown very good SME while the pseudoelastic strain recov-

ery was partial. The pseudoelastic behavior of the heat treated samples are compared

in different categories, and the heat treatment-pseudoelasticity relation of the SPSed

samples is discussed.

In Chapter 4, a new phenomenological model is proposed for the mechanical be-

havior of porous NiTi alloys. Starting from an SMA model developed by Zaki and

Moumni [20,53] and by using the poromechanics approach developed by O. Coussy [6],

the new effective model includes the porosity as an additional internal state variable.

The phenomenological model accounts for phase transformation and plasticity; it is im-

plemented into Abaqus through a user-defined material subroutine (UMAT), and used

to study the uni-axial stress-strain response of porous NiTi samples from literature.

The global response is captured in a great extent, and further simulation is performed

to show model capabilities.

In Chapter 5, the uni-axial behavior of the porous NiTi alloys is studied with the

unit-cell method. The phenomenological SMA model of Zaki and Moumni [20, 53] is

implemented into Abaqus to model the solid part of the unit-cells. The simulations

obtained with the unit-cell method are then used to make a numerical validation of

the effective (equivalent) phenomenological model which is developed in this study. In

addition, the modeling approaches presented in Chapter 4 and Chapter 5 are compared.

Chapter 6 outlines conclusions of the present work and suggestions for future direction.
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2. FABRICATION, HEAT TREATMENT AND

CHARACTERIZATION OF SPARK PLASMA SINTERED

NiTi ALLOY

This chapter presents the fabrication, heat treatment and characterization of

NiTi compacts. The samples were prepared using spark plasma sintering and then

were subjected to a wide range of heat treatment to observe the changes in the micro-

structure and the phase transformation. The transformation characteristics were ob-

tained from differential scanning calorimetry (DSC); phase composition was identified

using X-ray diffraction (XRD), and the results were supported with scanning electron

microscopy (SEM) and energy dispersive X-ray analysis (EDX). In general, the SPSed

NiTi responded to homogenization and aging similar to the bulk NiTi in the literature.

Transformation temperatures were altered and different transformation paths among

austenite, martensite and R-phases were observed as a results of heat treatment.

2.1. Introduction

In the literature, most of the works on the SPS processed NiTi alloys focus on

densification and microstructural (phase) evaluation [54–58] while studies on the me-

chanical behavior, especially on the pseudoelasticity and shape memory effect, are

limited. For the pseudoelastic response, NiTi must be loaded at a temperature around

its critical austenite finish temperature (Af ), and the yield strength must be high

enough to prevent plastic deformation [21]. Both criteria depend on the phase compo-

sition. After sintering, NiTi compacts are cooled in a large temperature interval which

results in uncontrolled formation of secondary phases such as Ti2Ni, Ti3Ni4 or TiNi3,

and an important contribution to the pseudoelastic behavior comes from the precip-

itation of Ti3Ni4 [5, 59]. Homogeneous and coherent precipitation of Ti3Ni4 increases

the resistance against plastic deformation by the internal stress field generated around

precipitates [5,21,60–63]. Therefore, SPSed NiTi samples need post thermal treatment

to control the microstructure, hence the phase transformation characteristics.
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In the literature, there are a few studies in which the pseudoelastic behavior of

spark plasma sintered NiTi alloys is shown. Zhao et al. [7] have produced NiTi samples

using SPS starting from pre-alloyed Ti-50.9 at.% Ni powders. Their dense and 13%

porous samples showed a pseudoelastic stress-strain loop under uniaxial compression

after a short time aging (30 minutes at 320◦C then water quenched). Similar sintering

and heat treatment processes were repeated by Nemat-Nasser et al. [64] who observed

similar results with 12% porous sample. Later, Butler et al. [65] produced highly dense

NiTi wires through spark plasma sintering and extrusion starting from fine elemental

powders. Although their as-SPSed samples showed transformation peaks in differential

scanning calorimetry (DSC), they applied 15 minutes of aging at 500◦C which resulted

in the expected pseudoelastic behavior under tension. Soba et al. [66] sintered elemental

Ni-Ti powders by mixing them with TiO2 powders to increase the strength. The

sintered compacts with 99.9% relative density were then hot extruded, solutionized at

1000◦C, and aged at 500◦C for an hour. The heat treated bars were then tested under

uniaxial tension up to 3% maximum strain; although there were no clear stress plateau

during unloading, a 100% strain recovery was achieved. Lately, Salvetr et al. [67]

studied the influence of heat treatment on the microstructure and the mechanical

properties of a spark plasma sintered NiTi alloy, testing the specimens under high strain

rate compression, and comparing their ultimate compressive strengths; but there was

no discussion of the pseudoelastic behavior.

Previous works show that spark plasma sintered NiTi is expected to show a

pseudoelastic loop similar to the one seen from bulk NiTi up to 12 − 13% porosity

[7,64–66]. With increasing porosity, however, the pseudoelastic response starts to differ

and the recovery from deformation decreases [4, 25, 26, 68–70]. Either highly dense or

porous, the SPSed NiTi is heat treated to enhance its pseudoelastic behavior, and

there is a need to discuss the effect of heat treatment on its pseudoelastic behavior.

The pseudoelastic behavior of NiTi alloys processed by hot isostatic pressing (HIP)

and selective laser melting (SLM) has been studied by McNeese et al. [71] and Saedi

et al. [72] respectively. But there is no work in the literature on the heat-treatment-

pseudoelasticity relation of SPSed NiTi, especially the effect on the full recovery from



14

strain. In this chapter, the characterization of heat treated NiTi compacts are provided

while the heat treatment-pseudoelasticity relation is discussed in Chapter 3.

2.2. Spark Plasma Sintering

When spark plasma sintering (SPS) is applied to metallic powders it provides

rapid fabrication compared to other sintering techniques such as conventional sintering

(CS), hot isostatic pressing (HIP) or self-propagating high temperature synthesis (SHS)

[11]. During SPS, powders are consolidated through simultaneous application of heat

and pressure; the temperature is uniformly increased through pulsed DC current along

with uniaxial pressure applied through graphite dies [56,73]. In this work, pre-alloyed

Ti-50.7 at.% Ni powder of 100-150 µm nominal diameter (purchased from TLS Technik

GmbH, Bitterfeld Germany) was consolidated using DR SINTER Fuji 515-S LAB Spark

Plasma Sintering as shown in Figure 2.1. The powder was placed in a graphite die

covered with graphite paper, heated in a vacuumed chamber at 100◦C/min rate, held

at the target temperature for 5 minutes, and then cooled down to room temperature.

Figure 2.1: Spark plasma sintering setup.
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Table 2.1 shows sintering parameters, the range of final dimensions and porosity.

Average porosity, fp, of cylindrical compacts were calculated using fp = 1 −m/(ρV )

where m is the powder mass, ρNiT i = 6.45 g/cm3 is the theoretical density of bulk

NiTi, and V is the end volume of a cylinder.

Table 2.1: Sintering parameters, resulting dimension and porosity of cylindrical com-

pacts.

High density compact Low density compacts

Powder mass (g) 5.50 5.00 4.55 4.13 6.45

Mold diameter (mm) 8 8 8 8 10

Punch pressure (MPa) 60 60 60 60 38

Target temperature (◦C) 1000 850 700 560 560

Duration at target temp. (min) 5 5 5 5 5

Final Length (mm) 17 16 15.3 15.9 18

Average porosity (%) < 1 3.58 8.23 19.84 29.23

The sintering temperature and pressure were determined from the literature:

Zhao et al. [7] have reported dense compacts by sintering NiTi powders of similar size

at 850◦C, 50 MPa for 5 minutes. However, when compared to the sintering parameters

and the resulting porosity provided by Zhao et al. [7], in this work, remarkably higher

temperature and pressure (1000◦C, 60 MPa) were required to decrease the porosity in

this work. Zhao et al. [7] did not share the dimensions of the sintering mold which are

known to affect the sintering parameters, resulting porosity and microstructure [74].
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Figure 2.2: Sample pressure and temperature profile recorded during sintering.

The average porosity increases significantly by decreasing the temperature or

pressure: a porosity level up to 29% was achieved by changing the sintering parameters

as shown in Figure 2.2. Figure 2.3 shows the optical microscope image of the sample

with 29% average porosity. Boundaries of the powders are still visible as a result of

weak sintering at low temperature and pressure.

Figure 2.3: Optical microscope image of the sintered NiTi with 29% global porosity.
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2.3. Heat Treatment and Calorimetric Analysis

Heat treatment is a series heating and cooling processes applied on metals and

alloys to achieve desired properties by altering the microstructure. For NiTi alloys, heat

treatment is an effective way of controlling the phase transformation characteristics and

the strength, hence the mechanical behavior of the alloy. Figure 2.4 shows the phase

diagram of Ni-Ti binary system. The main interest is around the center region where

the equi-atomic composition is bounded by Ti2Ni and TiNi3 phases. It is also shown

that there is a meta-stable intermediate phase, Ti3Ni4, which appears after a short time

aging of NiTi between 300−600◦C, and plays a significant role on NiTi’s pseudoelastic

behavior [5].

Figure 2.4: Phase diagram of Ni-Ti alloy [5].

In this study, high density NiTi samples were subjected to different combinations

of homogenization and aging to observe the changes on phase transformation charac-

teristics and the pseudoelastic behavior. The target of homogenization is to dissolve

possible secondary phases or precipitates (e.g. Ti2Ni, TiNi3 and Ti3Ni4) that may
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form during sintering, thereby better controlling the aging process. Subsequent aging

of NiTi alloys enhances the pseudoelastic behavior if a coherent precipitation of Ti3Ni4

in small sizes is achieved [60,63].

From NiTi compacts, 20−60 mg samples were cut for heat treatment and calori-

metric tests. They were either first homogenized at 1000◦C and then aged, or directly

aged between 320−600◦C in an oven operated under air. The heat treatment categories

that were used for the calorimetric analyzes are listed below:

• 1 h of direct aging in 320− 500◦C temperature range,

• 2 h of homogenization and then 1 h of aging in 350− 600◦C temperature range,

2 h of homogenization and then aging from 30 minutes to 3.5 h at 500◦C,

• 5 h of homogenization and then 24 h of aging at 350◦C.

After either homogenization or aging, the samples were water quenched using tap water,

and then mechanically polished using 500 grit silicon-carbide papers. Effect of heat

treatment on transformation temperatures and paths were studied with a Setaram-131

differential scanning calorimeter at 10◦C/min heating and cooling rate according to

ASTM F2004-17 [75].

First, DSC plot of powders is plotted in Figure 2.5 where multi step transfor-

mation is observed during both heating and cooling. A literature survey made for

multi-step transformation of NiTi powders showed that it was encountered by many

researchers, and it was attributed to differences in the powder size or uneven composi-

tion [76–80]. It is known that a small deviation in the Ni concentration for NiTi alloys

with more than 50.5 at.% Ni results in significant changes in transformation temper-

atures [5, 81]. In our study, Ni concentration of the powder was 50.7 at.%, and the

powder size differed between 100-150 micrometers. The transformation peak which is

observed around 25◦C during heating may also result from an R-phase transformation,

however it was not detected by the X-ray diffraction analysis of the powders performed

around that temperature; the XRD spectrum of the powders matched perfectly with
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austenite and martensite phases (see in section 2.4). Therefore, this multi-step trans-

formation of powders is attributed to sources of heterogeneity as outlined above. The

powders are expected to be a mixture of austenite and martensite phases around room

temperature.

Figure 2.5: DSC plot of powders.

DSC plots of sintered and heat treated samples are shown in Figures 2.6, 2.7

and 2.8. The alloy that was not heat treated exhibited weak transformation peaks as

shown in Figure 2.6; the austenite finish temperature was expected to be higher than

80◦C. The sintered alloy was subjected to a 30 min. of direct aging. Zhao et al. [7]

and Nemat-Nasser et al. [64] observed the full pseudoelastic behavior from a similarly

heat treated spark plasma sintered pre-alloyed Ti-50.9 at.% Ni powder under uniaxial

compression. As seen in Figure 2.6, the material tested in this study did not show any

clear transformation peak after the same treatment. Figure 2.6 shows the evolution in

the DSC plots up to 1 h aging at different temperatures. The phase transformation

peaks become visible by 1 h aging at 350◦C. When the aging temperature was increased

from 350◦C to 400 − 500◦C, the phase transformation was more pronounced. The

transformation curve is wavy and continues gradually in a large temperature interval

when compared to the DSC plots of the samples that were first homogenized and then
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aged as presented in Figure 2.7. This type of multi-step transformation of NiTi was

explained by a inhomogenous distribution of Ti3Ni4 precipitates and other phases in

the literature [60, 62].

Figure 2.6: DSC plots of the samples subjected to direct aging treatment. (Curves of

no heat-treated sample and the material after aging for 30 min. at 320◦C are shown

for comparison).

DSC plots of the samples that were first homogenized for 2 h and then aged for

an hour in a 350-600◦C temperature range are provided in Figure 2.7. After 2 h of

homogenization, two distinct transformation peaks (one in the heating range, another

one in the cooling range) were observed in the DSC plot which is typical for bulk

NiTi alloys that are not subjected to aging treatment. Under certain temperature

and duration, aging promotes the R-phase transformation that manifests itself with a

small temperature hysteresis between forward and reverse transformation peaks on the

DSC plot [60,63,82]. DSC results obtained from the samples which were aged between

350 − 500◦C after 2 h of homogenization exhibited the characteristic transformation

peaks between austenite and R-phases which were more clearly visible on the DSC

plot of the sample corresponding to aging at 500◦C. The R-phase formation through
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aging is expected until around 600◦C according to the phase diagram of NiTi [5]. The

DSC plot corresponding to 2 h of homogenization plus 1 h of aging at 600◦C showed

one-step transformation between austenite and martensite phases similar to the only

homogenized one, (this result is consistent with the literature [5,63,82]). 350◦C, 400◦C

and 450◦C aging temperatures did not show significant changes in the DSC plots:

their transformation peaks were found to be in the temperature range of 20 − 40◦C,

and mainly one-step transformation between austenite and R-phases was observed. At

500◦C aging temperature, a second transformation peak indicating the transformation

from R-phase to martensite was detected near the lower temperature edge, however,

the peak intensity was small to recognize in Figure 2.7.

Figure 2.7: DSC plots of the samples subjected to 2 h of homogenization and then 1 h

of aging treatment. The small vertical arrows indicate the austenite finish temperature

(Af ).

Figure 2.8 shows the evolution of transformation peaks with time while keeping

the aging temperature at 500◦C. After 2 h of aging, the second transformation peak

from R-phase to martensite became more pronounced. This two stage transformation
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behavior that was initially observed in cooling also appeared in heating by increasing

the aging time to 3.5 h. In addition, the Af temperature significantly increased by 3.5

h of aging (around 25 ◦C) at 500◦C. This result was attributed to a possible decrease

in the Ni concentration of the matrix due to the growing size of Ti3Ni4 precipitates by

increasing the aging time. The increase in the precipitate size when aging NiTi alloys

at 500◦C was reported by Gall et al. [61] and Aboutalebi et al. [82] earlier.

Figure 2.8: DSC plots of the samples subjected to 2 h of homogenization and then

aging at 500◦C by varying time. The small vertical arrows indicate the austenite finish

temperature (Af ).

It is known that more secondary phases may dissolve into the matrix by increas-

ing the homogenization time [83]. In some studies, longer homogenization or aging of

NiTi alloys are performed [83–85]. After 5 h of homogenization, transformation peaks

disappeared from the DSC plot as shown in Figure 2.9 and the material did not undergo

any phase transformation in the studied temperature range. Figure 2.9 also shows the

DSC plot obtained from the sample that was aged for 24 h at 350◦C after homogeniza-

tion. The Af temperature was found to be around 55◦C which is significantly higher

than the ones obtained from the samples subjected to short time homogenization and
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aging treatments. The evolution of the phases by increasing the aging time from 1 to

24 h is discussed in the following sections.

Figure 2.9: DSC plots of the samples subjected to 5 h of homogenization and then 24

h of aging at 350◦C (The fluctuation around 75◦C on the upper DSC plot in blue was

attributed to an experimental noise that has been observed a few other times with the

same DSC equipment.).

2.4. Phase Identification Through X-Ray Diffraction, SEM and EDX

Phase composition of the samples were further analyzed using X-ray diffraction,

scanning electron microscopy (SEM) and energy dispersive X-ray analysis (EDX). A

Rigaku D/MAX-Ultima X-ray diffraction (XRD) equipment with a Cu-Kα anode was

used around room temperature (20-25◦C) in the range of 0◦ to 90◦ 2θ. Figure 2.10

shows the X-ray diffraction pattern of the initial powder. A mixture of the austenite-

martensite phases was expected around room temperature according to the DSC plot

in Figure 2.5. The XRD pattern of the powder matched perfectly with the theoretical

austenite and martensite peaks; there was no impurity in the starting material.
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Figure 2.10: X-ray diffraction pattern of powder.

Figures 2.11 and 2.12 show the phase composition of the as-sintered sample by

X-ray diffraction and scanning electron microscopy (SEM). Only the main peak area

between 40-45 2θ was shown for a better focus. The XRD spectrum of the as-sintered

sample revealed the presence of austenite and martensite phases together at room

temperature. Twinned structure of the martensite was visible in the SEM image in

Figure 2.12, dark gray spots observed under SEM were matched with Ti2Ni (Ti4Ni2Ox)

phase as presented in the literature [66,71,80,86,87] which was also supported by the

results of energy dispersive X-ray analysis (EDX). The composition of the matrix was

found to be Ti-49.8 at.% Ni while the composition of the dark gray spots was Ti-

38at.%Ni which is very close to the theoretical atomic composition of Ti2Ni. These

regions were assumed to be a Ni-rich solution of Ti2Ni phase. Ti2Ni was also detected

by XRD with a low intensity as shown in Figure 2.11, no Ti3Ni4 nor TiNi3 phases were

detected by XRD.



25

40 41 42 43 44 45

2  (degree)

in
te

n
s

it
y

 Ti
2
Ni

NiTi (M)

 NiTi (A)

° 
 

° 
° 

 

° 

 

Figure 2.11: X-ray diffraction pattern of as-sintered sample.

Figure 2.12: SEM image of as-sintered sample.

XRD results of the heat treated samples are presented in Figures 2.13-2.15. Figure

2.13 shows a sharp decrease in the main austenite peak after 1 h of direct aging when

compared to the XRD spectrum of the as-sintered specimen. The DSC plots in Figure

2.6 show that the samples are expected to be a mixture of different phases (austenite,

martensite and R-phases) at around room temperature, with a low austenite fraction.

The slight XRD peak which showed up near 42◦ might be due to both a small fraction
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of the austenite phase [88] or R-phase diffraction that occurs between 42-43◦ [89, 90].

On the other hand, there was not much difference in the XRD spectrum of the directly

aged samples.
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Figure 2.13: X-ray diffraction patterns of samples subjected to 1 h of direct aging.

Figure 2.14 shows XRD patterns obtained from the samples subjected to 2 h of

homogenization plus 1 h of aging in the temperature range of 350− 600◦C. The XRD

spectrum of the sample that was only homogenized contains austenite and martensite

main phases with a high austenite intensity. The sample that was first homogenized and

then aged at 600◦C yielded a similar XRD spectrum. It is consistent with the results

obtained from the DSC study; both samples were mainly in the austenitic phase at

room temperature. The samples that were subjected to aging between 350-500◦C were

expected to be a mixture of austenite and R-phases according to their DSC plots in

Figure 2.7. The XRD analysis also detected martensite peaks. It was shown in the

literature that XRD can detect smaller volume fraction of phases when compared to

thermal analyzes [91]. In general, XRD spectrum of the samples that were homogenized

and then aged by 1 h at 350− 400− 500◦C were close, there was no secondary phase

detected other than Ti2Ni.
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Figure 2.14: X-ray diffraction patterns of samples subjected to 2 h of homogenization

and 1 h of aging.

Figure 2.15 shows evolution of the XRD spectrum by increasing the heat treat-

ment duration at 350◦C constant aging temperature. The samples were subjected to

5 h of homogenization and then aging for 1, 5, 18 and 24 h. After 5 h of homogeniza-

tion, there were austenite and martensite phase peaks in the XRD spectrum. There

was an evident increase in the intensity at the peak locations of free Ni element af-

ter 1-5 h of aging. The increase of the intensity and a relative angular shift of the

peak location around 44.6◦ was attributed to a possible Ni release into the matrix.

By increasing the aging time to 18-24 h, the intensity decreased, and a peak splitting

was observed between 42-43◦ indicating the R-phase formation, a possible outcome of

Ti3Ni4 precipitation in Ni-rich NiTi alloys achieved by heat treatment [60,89].
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Figure 2.15: X-ray diffraction patterns of samples subjected to 5 h of homogenization

and aging at 350◦C for different duration.

2.4.1. Surface Oxidation

For biomedical applications of NiTi alloys, the release of Ni is an important

concern since it may cause toxic or allergic reactions in the human body. Generally,

a thin surface oxide layer prevents excessive Ni release into the body and protects the

NiTi structure from corrosion [92]. Thermal oxidation in the air or water results in such

an oxide layer over the NiTi surface. In the literature, formation of the oxide layer, and

its effects on the corrosion behavior of the NiTi are studied by some researchers [92–94].

It is shown that oxidation takes place at both elevated temperatures around 1000◦C

and around 300-600◦C at which shape setting of NiTi SMAs is performed [93,95,96].

In addition to the corrosion resistance, surface oxidation has other outcomes.

Figure 2.16 shows the SEM image of the cross-section of a sintered sample after it was

subjected to a thermal treatment (5 h of homogenization at 1000◦C and 24 h aging at

350◦C). EDX analysis reveals the Ti-based oxidation, and resulting composition layers

along the sample’s edge. A significant oxidation due to the long-time heat treatment
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resulted in Ti depletion through the sample. The thin layer of Ni-rich TiNi3 phase is

explained by this mechanism.

Figure 2.16: Cross-section of the sample subjected to 5 h of homogenization and 24 h

aging at 350◦C. Image taken from SEM.

SEM and EDX analyzes reveal the presence of a composite layer between the

inner TiNi3 and the outer oxide layers. Figure 2.17 shows EDX measurements at

different points inside the composite layer. EDX has detected Ti2Ni (point A) which

is usually found in oxide form, and solid solution of Ni with Ti (point B: ∼92 at.%

Ni and ∼6 at.% Ti). These results are found in accordance with the results provided

by Mahmud et al. [94]. Different compositions around the NiTi matrix due to heat

treatment were also presented in their work.
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Figure 2.17: Composition changes near the composite layer of the sample subjected to

5 h of homogenization and 24 h aging at 350◦C.

Although the oxide, composite and TiNi3 layers are very thin when compared

to the NiTi matrix, Mahmud et al. [94] has shown that Ti depletion may continue

gradually through the center of the matrix depending on the time and the temperature

of thermal exposure. They showed that after 24 h of heating at 1000◦C, there were no

phase transformation. Although it was not investigated in this thesis, the sample that

was homogenized at 1000◦C for 5 h is susceptible to have a significant zone affected by

the oxidation.

2.5. Conclusions

In this chapter, a systematic study to observe the effects of thermal treatment

on the microstructure of NiTi samples fabricated by spark plasma sintering was pro-

vided. The SPSed NiTi responded to homogenization and aging similar to bulk NiTi;

changes in the transformation sequence among austenite, martensite and R-phases were

observed in the results of DSC and XRD. The DSC plots showed significant hetero-

geneity for the samples subjected to direct aging without prior homogenization. The
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homogenized samples resulted in more distinct transformation peaks.

In general, DSC plots of the samples that were subjected to short time homoge-

nization and aging treatments showed typical R-phase transformation peaks that are

observed in aged hardened NiTi alloys. The R-phase formation was clearly detected by

the XRD plot of the sample which was subjected to 5 h of homogenization and then

24 h of aging at 350 ◦C. Studies in the literature show that Ti3Ni4 precipitation is

an expected outcome of aging in Ni-rich NiTi alloys. Although the X-ray diffraction

could not detect Ti3Ni4 precipitates, the form of the DSC plots supported the R-phase

formation which is a natural outcome of precipitation by aging. According to other

works found in the literature, XRD may not detect the precipitates when they are in a

very small size. The age hardening mechanism is also investigated in Chapter 3. The

experimental results presented in this chapter provide a significant basis to understand

the mechanical response of the alloy which is presented in Chapter 3.
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3. MECHANICAL BEHAVIOR OF THE SPARK PLASMA

SINTERED NiTi ALLOY

After the heat treatment and microscopic evaluation, the NiTi samples are fur-

ther analyzed in terms of the mechanical behavior: they are tested under instrumented

micro-indentation and uni-axial compression. The psesudoelastic strain recovery of

the samples increased after heat treatment, but in general the material has shown

partial-pseudoelastic behavior which is associated to low Ni concentration of the ma-

trix. On the other hand, a very good shape memory effect was observed from each

category of heat treatment. The residual strain at the end of the martensitic orien-

tation experiment was mostly recovered by heating up the specimens above Af . The

indentation measurements have shown that the age hardening mechanism was effective

on the SPSed NiTi samples when there is prior homogenization.

3.1. Introduction

High yield strength is one of the criteria for the pseudoelastic behavior of NiTi

alloys [5, 21]. Hardness measurements through instrumented micro-indentation are

used to observe the effect of heat treatment on the strength of the SPSed NiTi alloy.

According to the results found in literature, aging has an effect on the hardness of

NiTi alloys by two main reasons. First, Ti3Ni4 precipitates alter the transformation

temperatures by changing the Ni concentration of the matrix. As the difference be-

tween martensite start temperature and the test temperature increases, the resistance

to martensitic transformation is enhanced, hence the increase of hardness. On the

other hand, hardness is maximum at a small precipitate size. Therefore, assessment

of hardness measurements must be done by considering both the martensitic phase

transformation and the age hardening mechanisms [61,63,97].

In this chapter, SPS processed and heat-treated NiTi samples are investigated in

terms of their mechanical behavior. The samples were subjected to instrumented micro-
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indentation to observe the effect of heat treatment on the hardness which is known to

have a significant effect on the pseudoelastic behavior. Later, the samples were tested

under uni-axial compression to observe the stress-strain responses during both the

martensitic orientation and pseudoelastic deformation. The stress-strain response of

the alloy as a result of different heat treatment is discussed in the following sections.

3.2. Instrumented Micro-indentation

Hardness measurements were carried out using a Ficherscope-HM2000 instru-

mented micro-indentation equipment with a diamond Vickers indentor. The sintered

samples were cut into small sizes, hot mounted using an epoxy resin, and then mechan-

ically polished starting with grit papers followed by diamond pastes until 1 µm final

polish prior to testing. Indentation was performed at ambient temperature, around

27◦C, where the samples were mostly in a mixed austenite - martensite or R-phase

structure according to their DSC results. Load was increased from zero to 1000 mN in

20 s, and then decreased to zero at the same speed.

Figure 3.1 shows the indentation profile between edges of a sample which was

subjected to 5 h of homogenization. The indents near the edges of the sample are

visibly smaller than the interior ones; the reason might be the oxidation during long

time homogenization of the sample in the air atmosphere. SEM-EDX observations

presented in Chapter 2 reveal the changes in the composition near the sample edges. For

that reason, the samples were indented at 10 random points; average Vickers hardness

and percent of recovered energy were recorded. Measurements were performed in three

categories: 1 h aged samples, 2 h homogenized and then 1 h aged samples, and finally

the samples aged at 350◦C for different duration. Hardness and energy recovery ratio

are provided in Figures 3.2-3.4.
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Figure 3.1: Indentation profile on 5 h homogenized sample.

As shown in Figures 3.2-3.4, hardness and energy recovery follow the same trend

in every heat treatment category; higher hardness accompanies higher energy recovery

ratio. In general, average Vickers hardness and energy recovery ratios were found to be

in the range of 200-250 HV and %25−35 respectively except for one sample which was

subjected to long-time homogenization and aging at 350◦C. Hardness of the as-sintered

sample (∼ 250 HV) was in the same order with NiTi alloys that were loaded to the same

level in other studies. However, larger deviations were observed in the measurements

of some specimens when compared to the ones provided in the literature [61, 72].

After 1 h of direct aging, there was no increase in the hardness compared to the

as-sintered specimen as shown in Figure 3.2. It was at a maximum at 400◦C aging

temperature, as well as the percent of recovered energy. However, it is difficult to

explain the differences in the hardness measurements of the samples in this group;

first, it is unclear which phase was dominant during indentation of the samples by

looking at their DSC plots, and their XRD spectrum were very close.
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Figure 3.2: Vickers hardness and percentage of recoverable energy after 1 h direct

aging at different temperatures. Error bars represent the standard deviations in 10

measurements.

Figure 3.3 shows that the hardness and the energy recovery ratio decreased con-

siderably by 2 h of homogenization. Usually, homogenization treatment results in

softening of NiTi alloys due to dissolution of secondary phases such as Ti2Ni [83] as

it was the case in this study. Further aging for an hour, in 350 − 600◦C temperature

range, did not result in a significant change in terms of hardness and energy recovery
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ratio. A relatively higher energy recovery was achieved by aging at 600◦C as shown in

Figure 3.3. The DSC plots in Figure 2.7 and the XRD spectrum in Figure 2.14 show

that the samples which were subjected to 2 h of homogenization, and 2 h of homoge-

nization plus 1 h of aging at 600◦C were mainly in the austenitic phase at the beginning

of the indentation test. Therefore, higher deformation recovery was attributed to the

reversible martensitic transformation instead of precipitation hardening.
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Figure 3.3: Vickers hardness and percentage of recoverable energy after 2 h homoge-

nization at 1000◦C and then 1 h aging at different temperatures. Error bars represent

the standard deviations in 10 measurements.
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Figure 3.4: Vickers hardness and percentage of recoverable energy after aging at 350◦C

for different duration. Error bars represent the standard deviations in 10 measurements.

Strength of the alloy did not increase by the first two groups of heat treatments.

In the third group of indentation analyzes, the material was subjected to aging at 350◦C

for various hours. The samples were either first homogenized for 5 h and then aged

or directly aged from 1 to 24 h. The most significant enhancement in the hardness

and the energy recovery ratio was achieved by increasing the aging time to 24 h as

shown in Figure 3.4; the material that was first homogenized for 5 h and then aged for
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24 h exhibited around 325 Vickers hardness, and %40 of energy recovery ratio. It is

important that hardness and energy recovery ratio did not increase in the same way

without homogenization prior to aging; the hardness achieved by 24 h of direct aging

treatment was in the same level with the as-sintered one.

3.3. Uniaxial Compression

Cylindrical compression test specimens were machined from the sintered com-

pacts with an L/d ratio of two (5 mm diameter, 10 mm length). The specimens were

subjected to three different heat treatments to see the differences in their deforma-

tion under uniaxial compression: 1 h of direct aging; 2 h of homogenization and then

1 h of aging; 5 h of homogenization and then 24 h of aging, all samples being aged

at 350◦C. The samples were heated up to 100◦C and then cooled down to the test

temperature prior to uniaxial compression to increase the amount of austenite at the

initial state. Compression tests were performed at 10−3 s−1 strain rate, until around

4% global strain, with a 30 kN Instron-5960 loading machine equipped with an en-

vironmental chamber controlling the temperature (see Figure 3.5). Each sample was

compressed twice: first at a temperature 5◦C above Af to observe the pseudoelastic

behavior. Second test was performed at room temperature (27◦C), that is below Af , to

observe the shape memory effect. The displacement data were directly obtained from

the machine and the correction for the setup compliance was obtained experimentally

as suggested by Instron.
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Figure 3.5: Instron setup for the compression tests (including oven).

3.3.1. Pseudoelastic Behavior

Figures 3.6-3.7 show the stress-strain responses of the samples which were tested

above their Af . In general, some residual strain was observed at the end of a partial-

pseudoelastic loop which was not fully plastic. A significant portion of the residual

strain was removed by re-heating the samples above Af , and then cooling to the room

temperature as shown by the red arrows on the stress-strain diagrams. It should be

noted that the phase transformation of the sample which was subjected to 1 h of direct

aging at 350◦C continued gradually in a large temperature interval (see Figure 2.6).

Therefore, that sample was loaded at 45◦C which is 5◦C above the temperature that

corresponds to the end of the main transformation peak which is observed during heat-

ing. At that temperature, the alloy was expected to be in austenite-martensite mixed
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structure. Therefore, the minimum strain recovery was achieved from the uniaxial

compression of this specimen among all specimens that were tested in this study.
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Figure 3.6: Stress-strain diagram at Af + 5◦C obtained from the sample subjected to

1 h of direct aging at 350◦C. The residual strain at the end of unloading is presented

inside the figure. Arrow represents the strain recovery by re-heating the sample until

100◦C and then cooling to room temperature.

The specimen that was subjected to 2 h of homogenization and then 1 h of aging

at 350◦C was expected to be in complete austenite phase at 45◦C according to its DSC

plot. The strain recovery achieved from this specimen was higher than the one that

was directly aged as shown in Figure 3.7. However, the maximum pseudoelastic strain

recovery was achieved from the specimen that was subjected to 5 h of homogenization

and then 24 h of aging at 350◦C; around 50% of the deformation was recovered globally

as shown in Figure 3.8.
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Figure 3.7: Stress-strain diagram at Af + 5◦C obtained from the sample subjected to

2 h of homogenization and then 1 h of aging at 350◦C. The residual strain at the end

of unloading is presented inside the figure. Arrow represents the strain recovery by

re-heating the sample until 100◦C and then cooling to room temperature.
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Figure 3.8: Stress-strain diagram at Af + 5◦C obtained from the sample subjected to

5 h of homogenization and then 24 h of aging at 350◦C. The residual strain at the end

of unloading is presented inside the figure. Arrow represents the strain recovery by

re-heating the sample until 100◦C and then cooling to room temperature.



43

3.3.2. Shape Memory Effect

The shape memory effect of a spark plasma sintered NiTi alloy was previously

studied by Samal et al. [98] in bending mode; around 3% strain recovery was achieved

by heating up the specimens after unloading. In this study, the SME of the spark

plasma sintered NiTi is observed under uni-axial compression; resulting stress-strain

curves are presented in Figures 3.9-3.11.

At room temperature, the specimens were expected to be mostly in the martensite

or R-phase, and the expected deformation mechanism was the martensitic reorienta-

tion. At the end of unloading, there was around 3% of residual strain which was almost

completely recovered by reheating the specimens until around 100◦C and then cooling

back to room temperature. Although the pseudoelastic behavior was partial, the spec-

imens from each category of heat treatments showed almost complete shape memory

effect.
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Figure 3.9: Stress-strain diagram at room temperature obtained from the sample sub-

jected to 1 h of direct aging at 350◦C. The residual strain at the end of unloading

is presented inside the figure. Arrow represents the strain recovery by re-heating the

sample until 100◦C and then cooling to room temperature.
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Figure 3.10: Stress-strain diagram at room temperature obtained from the sample

subjected to 2 h of homogenization and then 1 h of aging at 350◦C. The residual strain

at the end of unloading is presented inside the figure. Arrow represents the strain

recovery by re-heating the sample until 100◦C and then cooling to room temperature.
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Figure 3.11: Stress-strain diagram at room temperature obtained from the sample

subjected to 5 h of homogenization and then 24 h of aging at 350◦C. The residual

strain at the end of unloading is presented inside the figure. Arrow represents the strain

recovery by re-heating the sample until 100◦C and then cooling to room temperature.
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3.4. Discussion and Conclusions

The effect of heat treatment on the mechanical behavior of the SPS processed

NiTi alloy is discussed by using the experimental results provided in Chapters 2 and

3. The following conclusions are obtained:

The pseudoelastic experiments showed that the material did not fully recover from

the deformation after compression; some of the deformation was recovered back by re-

heating the samples above Af and then cooling back to room temperature. Therefore,

the residual strain might be due to some amount of blocked martensite plates in addi-

tion to a plastic deformation accompanying the phase transformation. In the literature,

the full pseudoelastic behavior of NiTi alloys obtained through powder metallurgy was

observed by a few researchers for alloys with either higher Ni concentration [7, 64] or

produced with finer powders [65, 66]. A similar result was reported by McNeese et

al. [71] for the uniaxial compression of NiTi samples processed by HIP. They observed

significant residual strain after uniaxial compression of the samples tested above their

Af . The behavior was named as partial pseudoelastic, and it was attributed to the Ni

concentration of the matrix (49 at.% Ni). In this study, the EDX analysis of the sample

which has shown the maximum pseudoelastic strain recovery also revealed 49-50 at.%

Ni concentration.

When the specimens were compared in three categories, the pseudoelastic strain

recovery achieved by direct aging or short time homogenization and aging treatments

were lower. The maximum recovery was achieved from the specimen that was subjected

to 5 h of homogenization plus 24 h of aging at 350◦C. Micro-indentation results showed

that longer aging yielded the maximum hardness and energy recovery ratio, and it was

the only case where the hardness increased considerably. DSC results in Figure 2.9

show that the sample was mostly in R-phase at the temperature when indentation was

performed, therefore, the high energy recovery obtained from the micro-indentation

test cannot be solely related to the reversible transformation between austenite and

martensite phases. A certain amount of coherent Ti3Ni4 precipitation must be present
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which enhances the resistance of the material against plastic deformation increasing

the hardness and energy recovery. It is important that the long time aging treatment

without prior homogenization did not result in the same age hardening mechanism

showing the importance of increasing the homogeneity of the SPSed samples before

aging.
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4. CONSTITUTIVE MODELING OF POROUS SHAPE

MEMORY ALLOYS USING POROMECHANICS

4.1. Introduction: Continuum Approach

Poromechanics is the area in which the mechanical behavior of porous materials

is studied under the effect of a fluid saturating the porous space. Pioneering works

were conducted especially in soil mechanics by considering the porous medium as a

superposition of two continuous media: The first one is the skeleton made of a solid

matrix comprising the empty porous space while the second one is the fluid saturating

the porous space as shown in Figure 4.1 [6]. In this study, the poromechanics approach

developed by O. Coussy [6] will be used as a fundamental reference when developing

a macro-scale constitutive model describing the mechanical behavior of porous SMAs

although there is no fluid in the porous space; only the skeleton particle will be modeled.

The model can be improved by including state equations of a saturating fluid to study

porous SMA structures placed in a fluid, e.g. SMA implants embedded in human

bodies.

Figure 4.1: Porous medium: superposition of two continuous media [6].
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4.2. Skeleton Deformation

The porosity of a material point, i.e. of a representative volume element (RVE),

is defined as the ratio of the volume of the porous space to the total volume of the

RVE. At that point, one can use the initial or the deformed volume of the RVE which

leads to Lagrangian and Eulerian representation of the porosity [6]. Before proceeding

with the formulas of skeleton deformation, the following definitions will be made:

ϕ0 represents the porosity of the RVE in the undeformed (initial) state. It is

calculated as the ratio of the volume of pores in the undeformed configuration to the

total initial volume of the RVE.

ϕ0 =
V pore
0

V tot
0

(4.1)

On the other hand, ϕl represents the porosity of the RVE in the deformed (final) state.

It is calculated as the ratio of the volume of pores in the deformed configuration to the

total initial volume of the RVE.

ϕl =
V pore
f

V tot
0

(4.2)

ϕe also represents the porosity of the RVE in the deformed state. In contrast to ϕl, ϕe

is calculated as the ratio of the volume of pores in the deformed configuration to the

total volume of the deformed RVE.

ϕe =
V pore
f

V tot
f

(4.3)

Note that

Vf = JV0 (J = detF ) (4.4)

where V0 and Vf are the total initial and total final volumes of the RVE. The superscript
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“tot” will be omitted for simplicity.

One can obtain the following relation between ϕl and ϕe by using Equation 4.4.

ϕl

ϕe

=
Vf
V0

= J

⇒ ϕl = Jϕe (4.5)

Under infinitesimal deformation,

J ≃ 1 + tr(ε) (4.6)

⇒ Vf ≃ (1 + tr(ε))V0 (4.7)

Analogous to Eqn. 4.7, the following can be written for the skeleton volume:

V s
f = (1 + tr(ε)s)V s

0 (4.8)

where the superscript ‘s’ signifies solid (matrix). Using the definitions of porosity with

respect to the initial and the final volumes, the volume of the solid (matrix) part can

be related to the overall volume of the RVE as follows:

V s
f =(1− ϕe)Vf

=Vf − ϕeVf

=Vf − ϕlV0 (4.9)

and

V s
0 = (1− ϕ0)V0 (4.10)
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Equations 4.8-4.10 yield the following relation for the volume balance in the RVE.

tr(ε) = (1− ϕ0)tr(ε)
s + ϕl − ϕ0 (4.11)

According to Equation 4.11, there are two sources of dilatation in the RVE: one is due

to dilatation of the solid part while the other one is due to the change in the porosity.

Equation 4.11 will act as a kinematic constraint on the RVE of a porous SMA, relating

the strain tensor and the porosity. In the rest of the chapter, ϕl will be written as ϕ

for simplicity.

4.3. Phenomenological Model

4.3.1. Generalized Constitutive Behavior of Shape Memory Alloys

As a first attempt, the constitutive behavior of the SMAs can be written in the

following form:

σ = Keqv : ε
el (4.12)

where Keqv is the equivalent elastic stiffness tensor of the SMA’s representative volume

element, and εel is the linear elastic part of the strain (the details of the inelastic

constitutive relation is given in Appendix A.1 ).

An additive decomposition of the strain is done, and εel is obtained by subtracting

the inelastic strain from the total one [99]. Here, the plastic slip and martensitic phase

transformation are considered possible sources of inelastic deformation. As a result,

the elastic strain is defined as follows:

εel = ε− εpl − εtr (4.13)

where εpl and εtr represent the plastic and transformation strains, respectively. There-
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fore, the stress-strain equation for the SMA is written as

σ = Keqv : (ε− εpl − εtr) (4.14)

In the calculation of stress, Keqv, ε
pl and εtr are needed. In this work, a macro-scale

phenomenological model is adopted to calculate them. First, an RVE is defined for the

porous SMA medium (skeleton), and then a thermodynamic framework is provided.

Details of the phenomenological approach are presented in the following sections.

4.3.2. Representative Volume Element and The Decomposition of Strain, ε

The representative volume element is based on Reuss model as shown in Figure

4.2. It is composed of porous austenitic and martensitic regions under the effect of the

same external stress. The porosity is assumed to be uniform in both the austenitic and

the martensitic regions (ϕA = ϕM = ϕ).

Figure 4.2: Reuss model for the porous RVE.

Deformation of the RVE, i.e. the SMA skeleton, is analyzed by considering both

the deformation of its matrix and the porosity. The total deformation of the RVE can

be divided into its austenitic and martensitic parts as follows:

εRV E = (1− z)εA + zεM (4.15)
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where εA and εM signifies the local strain tensors in the porous austenitic and marten-

sitic regions including the volumetric change due to porosity. According to Equation

4.11, a strain tensor ε can be decomposed into its deviatoric and hydrostatic parts as

follows:

ε =ε
′
+
tr(ε)

3
I

=ε
′
+

1

3

[
(1− ϕ0)tr(ε

s) + ϕ− ϕ0

]
I (4.16)

where symbol (
′
) signifies that the tensor is deviatoric. Therefore,

εRV E =
[
(1− z)ε

′

A + zε
′

M

]
+

1

3

[
(1− ϕ0)

[
(1− z)tr(εsA) + ztr(εsM)

]
+ ϕ− ϕ0

]
I (4.17)

Two parts of Equation 4.17 will constitute the kinematical constraints of the phe-

nomenological model as follows:

ε
′

RV E =
[
(1− z)ε

′

A + zε
′

M

]
(4.18)

tr(εRV E) =

[
(1− ϕ0)

[
(1− z)tr(εsA) + ztr(εsM)

]
+ ϕ− ϕ0

]
(4.19)

z, ε
′
A, ε

′
M , tr(εsA), tr(ε

s
M) and ϕ are naturally introduced into the phenomenological

model as internal state variables (ISVs). Based on the experimental results in the

literature, and the ones provided in Chapter 3, plastic deformation and martensitic

phase transformation are considered as the inelastic deformation mechanisms in the

constitutive modeling of porous SMAs. Therefore, εori and εpl are also introduced as

ISVs. In addition, the total change in the porosity can be divided into elastic and

plastic parts:

ϕ− ϕ0 = ϕel + ϕpl (4.20)

where ϕpl represents the inelastic change in the porous volume [6]. Although there

is no experimental data available to simulate the plastic deformation of pores, it is
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also included as an ISV in the formulation by considering future studies based on the

proposed model.

Incompressible Matrix Assumption:

If the volume change of the matrix is neglected when compared to the volume change

of pores (tr(ε)s ∼= 0), it can be written that

tr(εRV E) = ϕ− ϕ0 (4.21)

Therefore, ϕ− ϕ0 is the only source of the volumetric strain in the RVE. In this case,

Equations 4.18 and 4.19 reduce to

ε
′

RV E =
[
(1− z)ε

′

A + zε
′

M

]
(4.22)

tr(εRV E) =
(
ϕ− ϕ0

)
(4.23)

From now on, the subscript RV E will be removed for simplicity, and ε will represent

the total strain of the RVE.

4.3.3. Summary of Generalized Standard Materials

The generalized standard materials (GSM) framework [50] allows the calculation

of the internal variables during inelastic deformation. In this thesis, the phenomenolog-

ical SMA model of Zaki and Moumni [20,53], within the framework GSM with internal

constraints is modified to model the mechanical behavior of porous SMAs (the original

model is summarized in Appendix A). In the GSM framework, the mechanical behav-

ior of a material is obtained using two potentials, namely a free energy potential (e.g.

Helmholtz free energy) and a dissipation pseudo-potential. The free energy potential

(ψ), which is a function of the external variables (like ε and T ) and a set of dissipative

(α) and/or non-dissipative (β) internal state variables (ISVs) is used in deriving the
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state equations and thermodynamic forces (Aα), as shown below:

σ =
∂ψ

∂ε
, Aα = −∂ψ

∂α
, 0 =

∂ψ

∂β
(4.24)

The dissipation pseudo-potential (D), a function of dissipative internal variables and

their flux (α, α̇), relates the flux and the thermodynamic forces associated with the

evolution of these variables. In the idea of generalized standard materials, the non-zero

thermodynamic forces, Aα, are sub-gradients of the dissipation pseudo-potential:

Aα ∈ ∂D

∂α̇
(4.25)

whereD must be a non-negative, convex, lower semi-continuous function, and minimum

at ε = 0 to automatically satisfy the second law of thermodynamics.

Definition of the energy potentials and complete derivation of the phenomeno-

logical model are presented in the following sections. The details about the GSM

framework can be found in [20,50,100].

4.3.4. State Equations

In the phenomenological modeling, state equations in 4.24 are derived from the

Clausius-Duhem inequality [101]. For the skeleton deformation in the poromechanics

formulation, the Clausius-Duhem inequality is formulated in the following form [6]:

Φs = σ :
dε

dt
+ p

dϕ

dt
− s

dT

dt
− dψ

dt
≥ 0 (4.26)

The second term in the inequality comes from the fluid-skeleton interaction through

the fluid pressure p. By separating the strain into its deviatoric and hydrostatic parts,
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the dissipation inequality is written as

Φs = σ
′
:
dε

′

dt
+

1

3
tr(σ)

dtr(ε)

dt
+ p

dϕ

dt
− s

dT

dt
− dψ

dt
≥ 0 (4.27)

The complete set of the external and internal state variables used in this model is given

below:

ψ = ψ
(
ε

′
, T, ε

′

A, ε
′

M , T, ϕ, z, εori, εpl, ϕpl

)
(4.28)

By taking partial derivatives of the Helmholtz free energy with respect to its variables,

Equation 4.27 takes the following form:

Φs =
dε

′

dt

[
σ

′ − ∂ψ

∂ε′

]
+
dtr(ε)

dt

[tr(σ)
3

− dψ

dtr(ε)

]
+
dϕ

dt

[
p− dψ

dϕ

]
+
dT

dt

[
− s− ∂ψ

dT

]
− ∂ψ

∂ε
′
i

∂ε
′
i

∂t
− ∂ψ

∂z

∂z

∂t
− ∂ψ

∂εori

∂εori
∂t

− ∂ψ

∂εpl

∂εpl
∂t

− ∂ψ

∂ϕpl

∂ϕpl

∂t
≥ 0 (4.29)

where i = A,M . From the inequality above, state equations and thermodynamic forces

can be derived as follows:

σ
′
=
∂ψ

∂ε′ (4.30)

tr(σ)

3
=

∂ψ

∂tr(ε)
(4.31)

p =
∂ψ

∂ϕ
(4.32)

s = −∂ψ
∂T

(4.33)

0 =
∂ψ

∂ε
′
i

i = A,M ; (4.34)

Az = −dψ
dz
, Atr = − dψ

dεori
, Aεpl = − dψ

dεpl
, Aϕpl

= − dψ

dϕpl

(4.35)

The incompressible matrix assumption yields the following:

dtr(ε)

dt
=
dϕ

dt
(4.36)
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Therefore, Equations 4.31 and 4.32 reduce into a single state equation in the following

form:

tr(σ)

3
=
dψ

dϕ
(4.37)

For the explicit derivation of the state equations and thermodynamic forces, a free

energy potential and a dissipation pseudo-potential must be defined.

4.3.5. Free Energy and Lagrangian

Helmholtz free energy function, ψ, is constructed as a sum of the following energy

contributions:

• Energy contributed by austenite as a result of its elastic deformation. It is pro-

portional to the volume fraction of austenite (1− z),

• Energy contributed by martensite as a result of its elastic deformation, and C(T ),

the heat density of phase transformation. The sum is proportional to the volume

fraction of martensite (z),

• Energy contributed due to total volumetric deformation of the RVE.

• Hardening energy due to the interaction between austenite-martensite or different

variants of martensite,

• Hardening energy due to plastic deformation in the matrix,

• Hardening energy due to inelastic deformation of pores.

Experimental evidence shows that porosity has an effect on both the stiffness and the

hardening of the material. Considering these effects, the proposed free energy function
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is given below:

ψ = (1− z)

(
µ̄A(ϕ)(ε

′

A − εpl) : (ε
′

A − εpl)

)
(4.38)

+ z

(
µ̄M(ϕ)

[
(ε

′

M − εpl − εori) : (ε
′

M − εpl − εori)
])

+

(
1

2
K̄eq(ϕ, z)(ϕ− ϕ0 − ϕpl)

2

)

+ F(ϕ)

(
zC(T ) +

(
G
z2

2
+
z

2

[
αz + β(1− z)

][2
3
εori : εori

])
+
H1

2
(
2

3
εpl : εpl) +

1

2
H2ϕ

2
pl

)

where

C(T ) = ζ(T − Af0) + κ (4.39)

ζ, κ, α, β and G are material parameters related to phase transformation and ori-

entation as explained in [20]. H1 and H2 are linear kinematic hardening coefficients

corresponding to deviatoric and hydrostatic components of plastic deformation. µ̄A, µ̄M

and K̄eqv are the effective shear modulus of the porous austenitic and porous marten-

sitic regions and the overall effective bulk modulus of the RVE. F(ϕ) is a function to

be determined which will introduce the effect of porosity on the hardening. A function

in the form of

F(ϕ) = (1− ϕ)x (4.40)

is proposed. Numerical simulations are found in accordance with the experimental

results when x = 2 is used.
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A constraints potential, ψL, is constructed with the following constraints:

(1− z)εA
′
+ zεM

′ − ε
′
= 0 (4.41)

ε0 −
√

2

3
εori : εori ≥ 0 (4.42)

z ≥ 0; (1− z) ≥ 0 (4.43)

ϕ ≥ 0; (1− ϕ) ≥ 0 (4.44)

where ε0 determines the limit of inelastic deformation through martensitic orientation.

The constraint equations yield the following constraints potential:

ψL =− λ :
[
(1− z)ε

′

A + zε
′

M − ε
′]− µ

[
ε0 −

√
2

3
εori : εori

]
− ν1z − ν2(1− z)

− ν3ϕ− ν4(1− ϕ) (4.45)

where λ, µ and νi are Lagrange multipliers. The unilateral constraints µ and νi must

obey the following complementary conditions, known as Kuhn-Tucker conditions [99]:

µ ≥ 0, µ(ε0 − εeqvori ) = 0 (4.46)

ν1 ≥ 0, ν1z = 0 (4.47)

ν2 ≥ 0, ν2(1− z) = 0 (4.48)

The sum of the free energy function and the constraints potential constructs the La-

grangian, L = ψ+ψL, which is then used to obtain the state equations and thermody-

namic forces. As a result, deviatoric and hydrostatic parts of the stress-strain relation

are obtained as follows:

s = 2µ̄eqv(ε
′ − εpl − zεori) (4.49)

tr(σ)

3
= K̄eqv(ϕ− ϕ0 − ϕpl)− P (4.50)
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where s is the deviatoric part of the stress tensor,

µ̄eqv =

(
1− z

µ̄A

+
z

µ̄M

)−1

, K̄eqv =
Ēeqv

3(1− 2ν)
(4.51)

and

P =

(
(1− z)

µ̄2
A

+
z

µ̄2
M

)
µ̄2
eqv(ε

′ − εpl − zεori) : (ε
′ − εpl − zεori) +

1

2

∂K̄eqv

∂ϕ
(ϕ− ϕ0 − ϕpl)

2

+
∂F
∂ϕ

(
zC(T ) +G

z2

2
+
z

2

[
αz + β(1− z)

][2
3
εori : εori

]
+
H1

2
(
2

3
εpl : εpl) +

1

2
H2ϕ

2
pl

)
(4.52)

Equations 4.49 and 4.50 are in a similar form with the stress-strain relations obtained

by O. Coussy [6] for the porous elasto-plasticity. The term denoted by P is a pressure-

like term similar to the fluid pressure in the poromechanics formulation. Since the

RVE is emptied of fluid in this work, P is expected to be small as it is confirmed by

numerical observations.

The thermodynamic forces are explicitly written as follows:

Az =
1

2

ELMA

(1− ϕ)
s : s+ s : εori + (1− ϕ)

(
− C(T )−Gz − [αz + β(

1

2
− z)][

2

3
εori : εori]

− 1

2
K2

eqv

( 1

KA

− 1

KM

)
(ϕ− ϕ0 − ϕpl)

2

)
(4.53)

where

ELMA = (1 + ν)

[
1

EM

− 1

EA

]
(4.54)
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and,

Aεpl = s− 2H1

3
(1− ϕ)εpl (4.55)

Atr = sz − 2

3
z(1− ϕ)(αz + β(1− z))εori −

2

3
µ

[
εori√

2
3
εori : εori

]
(4.56)

Aϕpl
= K̄eqv(1− ϕ)(ϕ− ϕ0 − ϕpl)−H2(1− ϕ)ϕpl

4.3.6. Dissipation Pseudo-potential and Limit Functions

The evolution of the dissipative internal variables will be obtained through the

use of a dissipation pseudo-potential. The pseudo-potential for the bulk SMA in [53]

is modified as follows:

D =D(ż, ε̇ori, ε̇pl, ϕ̇pl) (4.57)

=(1− ϕ)k

([
a(1− z) + bz

]
|ż|+ z2Yori

√
2

3
ε̇ori : ε̇ori

+
[
(1− z)Y A

pl + zY M
pl

]√2

3
ε̇pl : ε̇pl + Yϕpl|ϕ̇pl|

)

where k, a, b, Yori, Ypl
A,M and Yϕpl are positive materials constants. A simple for-

mulation is adopted for the evolution of ϕpl; Yϕpl controls the critical value for the

plastic deformation of pores under pure hydrostatic loading. The multiplier (1 − ϕ)k

is proposed to introduce the effect of porosity on the onset of phase transformation

and plastic deformation; k = 2 is used for the numerical calculations since experimen-

tal studies show that a polynomial fit of order two can represent the change in the

compressive strength of the porous SMAs [3,4].

Finally, limit functions are obtained using Aα ∈ ∂D
∂α̇

as outlined in section 4.3.3:
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For forward phase transformation:

F 1
z =Az − (1− ϕ)k[a(1− z) + bz] ≤ 0 (4.58)

For reverse phase transformation:

F 2
z =− Az − (1− ϕ)k[a(1− z) + bz] ≤ 0 (4.59)

For martensite orientation:

Ftr =

∥∥∥∥Atr

∥∥∥∥
VM

− (1− ϕ)kz2Yori (4.60)

For plastic deformation in the matrix:

Fpl =

∥∥∥∥Apl

∥∥∥∥
VM

− (1− ϕ)k
[
(1− z)Y A

pl + zY M
pl

]
(4.61)

and for plastic deformation in the pores (expansion):

F 1
ϕpl

= Aϕpl
− (1− ϕ)kYϕpl

(4.62)

similarly for plastic deformation in the pores (shrinkage):

F 2
ϕpl

= −Aϕpl
− (1− ϕ)kYϕpl

(4.63)

In ZM model [20, 53], the limit function governing the martensite orientation is
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simplified as follows:

Fori =
Ftr

z
=

∥∥∥∥Aori

∥∥∥∥
VM

− (1− ϕ)kzYori (4.64)

=

∥∥∥∥s− 2

3
(1− ϕ)(αz + β(1− z))εori −

2

3

µ

z

[
εori√

2
3
εori : εori

]∥∥∥∥
VM

− (1− ϕ)kzYori

During phase transformation, martensite is assumed to be completely oriented as soon

as it is formed. In terms of modeling, it means

ε0 =

√
2

3
εori : εori (4.65)

In this case, the limit function for orientation is reduced to the following:

Fori =

∥∥∥∥s− 2

3ε20
(1− ϕ)(σ : εori)εori

∥∥∥∥
VM

− (1− ϕ)kzYori (4.66)

Complementary laws:

Evolution of εpl and εori must follow the normality rule:

ε̇ori = η
∂Fori

∂Xori =
3

2
η
Xori

Xori
V M

= ηN ori; η ≥ 0, Fori ≤ 0, ηFori = 0 (4.67)

and

ε̇pl = γ
∂Fpl

∂Xpl
=

3

2
γ
Xpl

Xpl
V M

; = γN pl γ ≥ 0, Fpl ≤ 0, γFpl = 0 (4.68)

and governed by the following set of complementary conditions, known as Kuhn-Tucker
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conditions [99]:

ż ≥ 0, F 1
z ≤ 0, żF 1

z = 0 (4.69)

ż ≤ 0, F 2
z ≤ 0, żF 2

z = 0 (4.70)

η ≥ 0, Fori ≤ 0, ηFori = 0 (4.71)

γ ≥ 0, Fpl ≤ 0, γFpl = 0 (4.72)

ϕ̇pl ≥ 0, F 1
ϕpl

≤ 0, ϕ̇plF
1
ϕpl

= 0 (4.73)

ϕ̇pl ≤ 0, F 2
ϕpl

≤ 0, ϕ̇plF
2
ϕpl

= 0 (4.74)

4.4. Equivalent Stiffness of Porous RVE

In reality, all the engineering materials are heterogeneous containing different

sources of heterogeneity with different length scales. Therefore, homogeneity or het-

erogeneity of a material depends on the considered length scale. From the engineering

point of view, bulk, in other words, average characteristics of a microscopically hetero-

geneous medium can be more meaningful for certain problems. In this connection, a

material is called ”macroscopically homogeneous” if the averages taken over a certain

length scale are consistent with the overall behavior of the material [102].

4.4.1. Mori-Tanaka Homogenization

In this model, the Mori-Tanaka homogenization technique is used to estimate the

effective properties of the porous RVE, namely µ̄eqv and K̄eqv. It is a common technique

especially for the estimation of average properties of composite materials. It is based

on Eshelby’s equivalent inclusion theory. The M-T equivalent stiffness tensor for any

heterogeneous medium is derived as

C̄MT =
N∑
r=0

frC
rAr

(
N∑
r=0

frA
r

)−1

(4.75)
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where fr and Cr represent the volume fraction and the stiffness tensor of individual

phases in the medium, respectively. Ar is a strain concentration tensor; it is a function

of the Eshelby tensor Sr which depends on the stiffness of matrix and the shape of

inclusions [102,103].

In the problem studied here, the pores are inclusions with zero stiffnesses. The

RVE’s equivalent stiffness estimation is done by averaging the bulk properties of austen-

ite and martensite phases (µ̄i, κ̄i) with the volume fraction of pores (ϕ). The model

has an advantage of introducing the information of pore shape through Eshelby tensor.

To simplify the derivation and the numerical implementation of analytical equations,

spherical shape is assumed for the pore geometry. As a result, µ̄i and K̄i are estimated

with the following relations:

µ̄i =
(1− ϕ)(9µiκi + 8µ2

i )(
9κi + 8µi + 6ϕ(κi + 2µi)

) (4.76)

K̄i =
4κiµi(1− ϕ)

4µi + 3ϕκi
(4.77)

which are then used in Equation 4.51 to estimate µ̄eqv and κ̄eqv of the RVE.

4.5. Numerical Implementation and Algorithmic Setup

To simulate the isothermal loading of a porous SMA body using ABAQUS fi-

nite elements package, the phenomenological model is implemented into a user-defined

material subroutine (UMAT) using Fortran programming language. The loading his-

tory is divided into N increments; starting from the known initial state (n = 0), the

problem is solved iteratively for n = 1...N using the elastic predictor-plastic corrector

method (return mapping algorithm-RMA). The problem is transformed into a discrete

formulation using implicit backward-Euler integration scheme [99]. In this thesis, εori

is assumed to be completely oriented as soon as it is formed and also assumed pro-

portional to the stress deviator for the applications of uni-axial loading/unloading to

reduce the number of test cases.
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The numerical algorithm is summarized below. n represents the increment num-

ber while (k) is the number of iterations:

• Assume elastic increment and calculate the trial stress:

z
(0)
n+1 = zn, ε

(0)
pl n+1

= εpln, ϕpl
(0)
n+1 = ϕpln, K̄eqv

(0)

n+1 = K̄eqvn

σ
(0)
n+1 = K̄eqv

(0)

n+1 :

[
εn+1 − z

(0)
n+1ε

ori
n+1 − ε

pl(0)
n+1 −

ϕpl
(0)
n+1

3
I

]
(4.78)

• During an elastic loading, limit functions must satisfy:

Fi

(
σ

(k)
n+1, z

(k)
n+1, ε

(k)
pl n+1

, ϕpl
(k)
n+1

)
≤ 0 (4.79)

where Fi represents Fz, Fpl and Fϕpl
respectively. When an inelastic deformation

mechanism is active, the limit function reduces to equality, and the stress incre-

ment must be corrected by calculating the increments of ISVs. To calculate the

increments, the limit functions are approximated using first-order Taylor series

expansions in the neighborhood of

(
σ

(k−1)
n+1 , z

(k−1)
n+1 , ε

(k−1)
pl n+1, ϕpl

(k−1)
n+1

)
:

F k−1
i +

∂Fi

∂σ

k−1

: ∆σk +
∂Fi

∂z

k−1

∆zk +
∂Fi

∂εpl

k−1

: ∆εkpl +
∂Fi

∂ϕpl

k−1

∆ϕk
pl = 0 (4.80)

In equations above, the n + 1 subscript is eliminated for better readability, and

∆α(k) = α(k) − α(k−1) is the increment of a variable α at iteration k.

The normality rule in discrete form can be written as:

∆εpl
(k) = γ(k)N

(k)
pl (4.81)

where γ(k) is the discrete inelastic multiplier used to express the discrete normality

rule at iteration k. N pl is approximated at iteration k by its value at the previous
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iteration, with the initial values corresponding to an elastic prediction. Therefore,

F k−1
i +

∂Fi

∂σ

k−1

: ∆σk +
∂Fi

∂z

k−1

∆zk + γk
∂Fi

∂εpl

k−1

: N k−1
pl +

∂Fi

∂ϕpl

k−1

∆ϕk
pl = 0

(4.82)

Noting that ∆ϕ = ∆ε = 0 between two iterations, ∆σk can be written as

∆σk =∆K̄eqv
k
: εel + K̄eqv : ∆εkel −∆P kI (4.83)

=∆zk
∂K̄eqv

∂z
: εel + K̄eqv :

(
−∆εkpl −∆zkεori −

∆ϕk
pl

3
I

)
−∆P kI

=

(
∂K̄eqv

∂z
: εel − K̄eqv : εori

)
∆zk − K̄eqv : ∆εkpl −

1

3
(K̄eqv : I)∆ϕ

k
pl −∆P kI

∆z(k), γ(k) and ∆ϕ
(k)
pl are solved simultaneously by replacing Equation 4.83 into

the equation set in (4.82).

• Derivation of a continuous material Jacobian:

Jn+1 =

(
dσ

dε

)
n+1

(4.84)

where the time-continuous stress–strain relation is

dσ =K̄eqv : dεel + dK̄eqv : εel − dPI (4.85)

=K̄eqv :

(
dε− dzεori − dεpl −

1

3
dϕplI

)
+

(
∂K̄eqv

∂ϕ
(I : dε) +

∂K̄eqv

∂z
dz

)
: εel − dPI

One needs to write dz, dγ and dϕpl in terms of dε by using consistency enforcement

between two increments (dFz = dFpl = dFϕpl
= 0). It gives:

J =K̄eqv +

(
∂K̄eqv

∂ϕ
: εel

)
⊗ I +

((
K̄eqv,z : εel − K̄eqv : εori

)
⊗ Jz

)

−

(
(K̄eqv : N pl)⊗ Jγ

)
− 1

3

(
(K̄eqv : I)⊗ Jϕpl

)
(4.86)
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where

J z =(C−1)1jF j (4.87)

Jγ =(C−1)2jF j (4.88)

Jϕpl
=(C−1)3jF j (4.89)

and

F =


−K̄eqv : F z,σ − (F z,σ : ∂K̄eqv

∂ϕ
: εel + Fz,ϕ)I

−K̄eqv : F pl,σ − (F pl,σ : ∂K̄eqv

∂ϕ
: εel + Fpl,ϕ)I

−Fϕpl,ϕI

 (4.90)

and

C =

(
F z,σ :

(
K,z :εel−K:εori

)
+Fz,z

) (
−F z,σ :K:Npl

) (
− 1

3
F z,σ :K:I+Fz,ϕpl

)
(

F pl,σ :
(
K,z :εel−K:εori

)
+Fpl,z

) (
−F pl,σ :K:Npl+F pl,εpl

:Npl

) (
− 1

3
F pl,σ :K:I

)
(

Fϕpl,z

) (
−

) (
Fϕpl,ϕpl

)
(4.91)

The algorithm of the numerical model is summarized in Figure 4.3.
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Figure 4.3: Return mapping algorithm for UMAT used in porous SMA modeling.

4.6. Results

In this section, the mechanical behavior of porous NiTi alloys from literature

is simulated using the effective phenomenological model. The first simulation (Case-
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1) is performed for spark plasma sintered NiTi alloys produced by Zhao et al. [7].

And, the second simulation is performed for additively manufactured (selective laser

melting) NiTi alloys produced by Saedi et al. [27]. A porosity range of 0-45% is studied

numerically. The uniaxial stress-strain simulations are performed in Abaqus by using

an 8-node hexahedral element with reduced integration; the element is fixed from one

end, and subjected to displacement or force controlled loading-unloading at the other

end. Stress-strain results are used to validate the phenomenological constitutive model,

and further simulations are performed to show the model’s capabilities.

4.6.1. Case-1: Uni-axial Compression of a Porous NiTi Alloy Produced by

Spark Plasma Sintering

The first simulation is performed to obtain the stress-strain response of a 13%

porous NiTi alloy tested by Zhao et al. [7] under uni-axial compression. The material

parameters used for the model are listed in Table 4.1. Here, plasticity effects are

not considered since the strain was totally recovered at the end of the experimental

stress-strain curves in [7].

First, stress-strain response of the dense sample is simulated to validate selection

of the material parameters used in the phenomenological model. The results provided

in Figure 4.4 show that the pseudoelastic stress-strain loop can be simulated well using

the material parameters listed in Table 4.1.
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Table 4.1: Material parameters used for finite element simulations of the porous NiTi

alloy produced by Zhao et al. [7].

Parameter Value Parameter Value

EA 66580 MPa ν 0.3

EM 54000 MPa G 10 MPa

α 2000 MPa ε0 0.025

β 4000 MPa ζ 0.0.2547 MPaK−1

Af0 316.27 K T 331.15 K

a 3.42 MPa b 3.40 MPa

κ 2 MPa H1 -

Y A
pl - Y M

pl -

H2 - Yϕpl -

x 2 k 2
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Figure 4.4: Simulation of the uni-axial stress-strain curve of the dense NiTi sample

in [7] using phenomenological model.

Later, the initial porosity of the element is set to 13% and the stress-strain sim-

ulation is performed for the porous NiTi sample. The results are compared with the

experimental ones as shown in Figure 4.5. The stress-strain curve obtained with the
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effective model provides a very good match to the experimental results of Zhao et

al. [7]. The model captures the changes in the pseudoelastic stress-strain loop of the

NiTi alloy under the effect of porosity.
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Figure 4.5: Simulation of the uni-axial stress-strain curve of 13% porous NiTi sample

in [7] using the effective phenomenological model.

The effective model is further tested under multi-axial loading, specifically the

combined tension/torsion loading. The butterfly shaped, strain controlled loading in-

put is shown in Figure 4.6.a. Figures 4.6 b-d show numerical results in terms of axial

and shear strains/stresses, volume fraction of martensite and porosity. The form of the

stress-strain curves are similar to the ones of bulk SMAs provided by Gu et al. [104].

It is shown that the UMAT written for the effective phenomenological model of porous

SMAs give reasonable results under multi-axial loading as well.
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Figure 4.6: Numerical predictions of the model under strain controlled tension/torsion

loading: a) Butterfly shape loading input (combination of axial and shear strains from

1 to 10), b) axial vs shear stress response, c) shear strain vs shear stress response, d)

evolution of martensite volume fraction, e) evolution of porosity.



74

4.6.2. Case-2: Uni-axial Compression of a Porous NiTi Alloy Produced by

Additive Manufacturing

32% and 45% porous SLM-processed NiTi alloys were tested by Saedi et al. [7] un-

der uni-axial compression. The material parameters used for the SLM processed NiTi

samples [8] are listed in Table 4.2; they are obtained from the experimental results pro-

vided in [8] and [51]. Since there is no distinct plastic region on the stress-strain curve

of the dense sample, it is assumed that plastic deformation and phase transformation

take place simultaneously as commonly accepted in the literature [105,106]. In [8], no

data was provided regarding pure inelastic deformation of the material, therefore, yield

strength and hardening parameters are assigned to obtain a good correlation between

the experimental and numerical stress-strain curves of the dense sample. In addition,

plasticity is considered only in the matrix because there is no data available in the

literature to compare the plastic deformation of pores.

Table 4.2: Material parameters used for finite element simulations of the porous NiTi

alloy produced by Saedi et al. [8].

Parameter Value Parameter Value

EA 43645 MPa ν 0.3

EM 378210 MPa G 10 MPa

α 1785 MPa ε0 0.0385

β 2857 MPa ζ 0.128 MPaK−1

Af0 280.15 K T 310.15 K

a 8.35 MPa b 8.90 MPa

κ 4.27 MPa H1 25000 MPa

Y A
pl 400 MPa Y M

pl 500 MPa

H2 - Yϕpl -

x 2 k 2

First, pseudoelastic response of the bulk sample is simulated to validate the se-

lection of material parameters similar to Case-1. The simulation results are presented
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in Figure 4.7 showing a good agreement with the experimental ones.
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Figure 4.7: Simulation of the uni-axial stress-strain curve of the dense NiTi sample

in [8] using phenomenological model.

Figure 4.8 shows the stress-strain simulation of the selective laser melted (SLMed)

NiTi alloy with 32% porosity. Again, the numerical results obtained with the effective

phenomenological model are very close to the experimental results. The only notable

difference between the model results and the experimental one is observed around

the start of reverse phase transformation; the simulation under-estimates the stress

level for the reverse transformation. The gradual change in the stress during reverse

transformation might be due to the effect of coupling between phase transformation

and plasticity [106] which is not included in the current version of the phenomenological

model.
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Figure 4.8: Simulation of the uni-axial stress-strain curve of 32% porous NiTi sample

in [8] using the effective phenomenological model.

In addition to the global stress-strain simulation, internal variables can be ob-

served throughout the loading history. Figure 4.9 shows the evolution of martensitic

volume fraction and plastic strain along the loading axis in case-2. The model works

for simultaneous evolution of phase transformation and plasticity. The austenite first

transforms into martensite by around 50%, and then totally recovered by the reverse

phase transformation during unloading. The evolution of porosity obtained from the

simulations in case-2 is plotted in Figure 4.10. The porosity changes continuously;

it first increases, and then decreases depending on the loading direction. There is a

negative volumetric dilatation during loading part of the curve due to compression, it

is totally recovered during unloading since the plastic deformation was only considered

in the matrix due to lack of experimental data regarding plastic deformation of pores.

In addition, the rate of change is slower when there is phase transformation or plastic

deformation since there is no significant change in the stress in that time.
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Figure 4.9: Numerical simulations of simultaneous evolution of phase transformation

and plastic strain for 32% NiTi.
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Figure 4.10: Numerical simulations of the evolution of porosity for 32% NiTi.

The effect of porosity level on the pseudoelastic loop of the NiTi alloy is pre-

sented through comparison of the stress-strain curves in Figure 4.11. It is shown that

the model simulates the changes observed on the experimental stress-strain curve with
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a good accuracy. The effective stiffness and the critical stresses for phase transfor-

mation decrease by increasing porosity, the simulations deviate from the experimental

results when the porosity is large. The phenomenological model does not capture the

stress-strain curve well for the 45% porous NiTi sample. A similar result was reported

by Viet & Zaki [51] with their own phenomenological model for porous SMAs based

on a scalar damage parameter, d. The model developed in this thesis provides stress-

strain simulations very close to the ones provided by Viet & Zaki [51] with additional

predictions of residual strains at the end of the unloading curves. It must be noted that

the Mori-Tanaka homogenization is known to be more successful for smaller amounts

of porosity. In addition, the effective model assumes a spherical pore shape for the

simulations to simplify numerical application; the model can be improved by consid-

ering different pore shapes in the Mori-Tanaka homogenization. The possibility to

change the pore shape in numerical calculations makes the phenomenological model

very attractive for shape optimization studies of SMAs.
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Figure 4.11: Pseudoelastic loops of the NiTi in [8] for different porosity.

A closer look at the effect of porosity on the compression strength and the elastic

modulus is presented in Figures 4.12 and 4.13. The numerical results are obtained from

the stress-strain curves given in Figure 4.11. Experimental and numerical results are
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presented together to make a comparison. Additional simulations are performed with

the effective phenomenological model by considering 10 and 25% initial porosity, and

their results are included in Figures 4.12 and 4.13. The solid lines represent polynomial

fits to the experimental results. It is shown that the second order polynomial, (1−ϕ)2,

introduced in the dissipation pseudo-potential in Equation 4.57 is a reasonable selection

to capture the onset of phase transformation. The numerical results are very close to

the experimental ones even in the range of the compression strength of the human

bone [4]. The critical stress is captured well for all porosity values. On the other hand,

the stiffness predictions based on Mori-Tanaka homogenization are more successful

for small amounts of porosity as shown in Figure 4.12. The model can be improved

in terms of the stiffness estimation which is especially important when using porous

NiTis for biomedical applications such as the human bone.
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Figure 4.12: The effect of porosity on elastic modulus. Dotted lines indicate the

thresholds for the human bone according to the literature.
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82

5. MODELING OF POROUS SHAPE MEMORY ALLOYS

USING UNIT-CELLS

5.1. Introduction

A unit-cell (UC) is the smallest volume element that is used to represent the

overall microstructure of a medium. For the porous materials or architectured cellular

foams, a unit-cell geometry that consists of an empty space (void) in a solid SMAmatrix

is used as the representative element [8, 38–43]. The matrix part is modeled with

a phenomenological constitutive model of bulk SMAs, and the effective (equivalent)

material behavior is predicted from the volume-averaged properties of the UC. The

UC can also be used as a sub-element in constructing a complex 3D structure. It can

be useful to observe the local deformation of the structure while it is computationally

tedious to create and simulate complex lattice structures.

In general, a unit-cell is used to represent a periodic microstructure with its

repeating placements as shown in Figure 5.1. The same microstructure can be repre-

sented with different unit-cells, however, for finite element analyzes, it would be more

preferable to use the smallest possible unit-cell and existing symmetry BCs. Li [107]

details the selection of boundary conditions to obtain a correct representation of the

micro-structure and the loading. For the periodic microstructure in Figure 5.1, which

is under uni-axial loading, a suitable unit-cell, and necessary symmetry BCs are pre-

sented. A unit-cell without such reflection symmetries requires BCs in the form of

equations relating displacements of opposite edges. It is then necessary to eliminate

the rigid body motion by constraining the displacement of an arbitrary node [108].
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Figure 5.1: Schematic of a 2D periodic microstructure and unit-cell representation.

A unit-cell model can give good estimates of the deformation of architectured

structures including SMAs. A pioneering work has been conducted by Cisse et al. [109]

for architectured cellular Fe-based SMAs. The simulations obtained with the unit-cell

approach is then used to make a numerical validation of their effective phenomenologi-

cal model. A similar approach is performed in this chapter: The stress-strain response

of the porous SMAs studied in Chapter 4 (Case-1 and Case-2) are simulated using the

unit-cell method, and results are used to make a numerical validation of the newly

developed effective (equivalent) phenomenological model. In addition, the modeling

approaches are compared in terms of their advantages and disadvantages.
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5.2. Simulation Using Unit-cell

Unit cell geometries are selected according to the specific microstructure of sam-

ples resulting from the powder metallurgy technique used. For each simulation, a

single unit-cell is prepared using Abaqus, and appropriate symmetry boundary con-

ditions are applied assuming periodic microstructure. Although the microstructure of

sintered samples is not periodic, it will be shown that the unit-cell approach is still a

good approximation, and gives good estimates of the effective mechanical behavior.

The solid part of the unit-cells is modeled using the phenomenological SMA

model of Zaki and Moumni [20, 53] that includes phase transformation and plasticity

phenomena. A summary of the phenomenological model can be found in Appendix A.

5.2.1. Case-1: Uni-axial Compression of a Porous NiTi Alloy Produced by

Spark Plasma Sintering

To simulate the stress-strain response of the spark plasma sintered porous NiTi

alloy [7], a unit-cell geometry is proposed by Karamooz et al. [38] by modeling the

NiTi powders as spheres penetrated into each other through the sintering process. The

unit-cell is modeled in Abaqus to obtain 13% porosity as shown in Figure 5.2. It

has 3 symmetry planes; the normal translational degree of freedom is set to zero on

x = 0, y = 0 and z = 0 planes, while x = L, y = L and z = L planes are forced to

remain planar to supply periodic boundary conditions [38,107]. The UC is loaded and

unloaded with a pre-defined displacement to simulate the uni-axial compression test.

C3D10M elements (10-node modified tetrahedron, with hourglass control) are used to

mesh the UC geometry. The global stress is calculated by averaging the axial stress in

each element over the unit-cell domain (including the porous space).
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Figure 5.2: Geometry, boundary conditions and mesh on the UC used for case-1.

The material parameters needed for the unit cell model are listed in Table 5.1.

These parameters are common to those listed in Table 4.1; there were additional pa-

rameters in Table 4.1 due to introduction of porosity as an internal state variable in

the effective phenomenological model. Plasticity is not taken into account since there

is no residual strain at the end of the stress-strain diagram obtained experimentally.

Table 5.1: Material parameters used for finite element simulations of the NiTi alloy

produced by Zhao et al. [7]

.

Parameter Value Parameter Value

EA 66580 MPa ν 0.3

EM 54000 MPa G 10 MPa

α 2000 MPa ε0 0.025

β 4000 MPa ζ 0.0.2547 MPaK−1

Af0 316.27 K T 331.15 K

a 3.42 MPa b 3.40 MPa

κ 2 MPa H1 -

Y A
pl - Y M

pl -
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Figure 5.3 shows the stress-strain diagram of 13% porous NiTi sample, and its

simulation obtained with the unit-cell model. The numerical and experimental curves

are found in good agreement. Although the unit-cells are designed for periodic mi-

crostructures, the numerical results showed that the unit cell approach can also provide

reasonable predictions for the mechanical behavior of non-periodic structures (statis-

tically homogeneous microstructures). It is important that the numerical results ob-

tained using the unit-cell model are also very close to the numerical results obtained

using the effective phenomenological model in Chapter 4. Both numerical approaches

are found powerful in estimating the global stress-strain diagram of the NiTi sample

with 13% porosity.
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Figure 5.3: Simulation of the uni-axial stress-strain curve of 13% porous NiTi sample

in [7] using UC model.

5.2.2. Case-2: Uni-axial Compression of a Porous NiTi Alloy Produced by

Additive Manufacturing

A unit-cell geometry which is proposed by Saedi et al. [8] is used. Figure 5.4 shows

the UC geometry of the SLMed NiTi with 32% porosity. Similar to Case-I, it has 3

symmetry planes; the normal translational degree of freedom is set to zero on x = 0,
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y = 0 and z = 0 planes, while x = L, y = L and z = L planes are forced to remain

planar to supply periodic boundary conditions. The UC is loaded and unloaded with a

pre-defined pressure on the top surface. C3D10M elements are used by increasing the

mesh density near curved edges. The global stress is calculated by dividing the applied

stress with the projected area of the UC as performed by Saedi et al. [8].

Figure 5.4: Geometry, boundary conditions and mesh on the UC used for case-2.

The material parameters used for the SLM processed NiTi samples [8] are listed

in Table 5.2. Again, the parameters listed in Table 5.2 are common to those in Table

4.2 except for several additional parameters in Table 4.2.
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Table 5.2: Material parameters used for finite element simulations of the NiTi alloy

produced by Saedi et al. [8].

Parameter Value Parameter Value

EA 43645 MPa ν 0.3

EM 378210 MPa G 10 MPa

α 1785 MPa ε0 0.0385

β 2857 MPa ζ 0.128 MPaK−1

Af0 280.15 K T 310.15 K

a 8.35 MPa b 8.90 MPa

κ 4.27 MPa H1 25000 MPa

Y A
pl 400 MPa Y M

pl 500 MPa

The stress-strain simulation obtained with the UC model for 32% porous NiTi

sample is shown in Figure 5.5. Again, the UC model has shown a good agreement

with the experimental and the numerical results obtained using the effective model,

even when there is plastic deformation. The only notable difference between the nu-

merical and the experimental curves is observed around the start of reverse phase

transformation; the unit-cell simulation under-estimates the stress level similar to the

effective phenomenological model. The gradual change in the stress during reverse

transformation might be due to the effect of coupling between phase transformation

and plasticity [106] which is not included in the phenomenological models.
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Figure 5.5: Simulation of the uni-axial stress-strain curve of 32% porous NiTi sample

in [8] using UC model.

5.2.3. Comparison of Modeling Approaches: Effective Phenomenological

Model vs Unit-Cell Model

In general, numerical results obtained using the effective phenomenological model

and the unit-cell model are found very close. Both modeling techniques can be used

when predicting the global stress-strain behavior of porous NiTi alloys. On the other

hand, the unit-cell approach allows to observe local stress-strain distribution around

pores. Figure 5.6 shows the distribution of the axial stress and the martensitic volume

fraction on the UC of 13% porous NiTi sample at the end of the loading step. As shown

in the figure, the stress, as well as the phase transformation, are locally at a minimum

on the free surfaces of the RVE, i.e., on the pore walls. They are higher around the

regions that represent contact surfaces of the powders during the sintering process.

When compared to the unit-cell approach, the effective phenomenological model can

only provide average results of the stress, or internal variables. However, there is a

significant computational cost when using the UC model which makes the effective

phenomenological model more advantageous for observations on bulk properties. The
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effective model gives the simulation results in Figure 5.3 in 1-2 seconds with a single

element while the unit-cell model gives the results in 567.50 seconds with 2730 elements

(0.01 increment size is kept constant for both simulations). Complex geometries and

the number of elements used in UC models increase the computation time while a very

close and rapid simulation can be achieved using the effective phenomenological model.

Figure 5.6: Distributions of a) axial stress and b) martensitic volume fraction in the

UC at the end of the loading step.

In Figure 5.7, numerical approaches are compared in terms of their predictions on
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the evolution of porosity. To estimate the evolution of the porosity using the unit-cell

model, the total volume of the unit cell (Vtot) and its solid part (V s
tot) at each increment

are needed. The total volume of the solid part can be calculated as sum of the element’s

volumes provided as a field output by Abaqus. The total volume of the unit-cell is

approximated by multiplying the edge lengths (Lx, Ly, Lz) of the UC at each increment.

The porosity is then calculated with the formula ϕ = (Vtot − V s
tot)/Vtot. On the other

hand, the porosity is an internal state variable in the effective model, therefore, it

is automatically recorded as a user-defined variable through the UMAT. According

to Figure 5.7, the numerical results are close to each other; there is a maximum 7%

difference between the numerical predictions of the models.
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Figure 5.7: Numerical predictions of the unit-cell and the equivalent models for the

evolution of porosity during loading/unloading of initially 13% porous NiTi alloy.

As a conclusion, the phenomenological model proposed in Chapter 4 is validated

using both experimental results from literature and the numerical results obtained from

the unit-cell model. The effective model can provide numerical estimates very close

to the unit cell model. When compared to the unit-cell modeling, it is found very

practical to estimate the global results of porous SMAs such as stress-strain, phase

transformation or evolution of porosity.
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6. CONCLUSION

This thesis provides a comprehensive investigation of the shape memory charac-

teristics and the mechanical behavior of NiTi alloys produced using powder metallurgy.

The experimental part of the study contributes to the literature of spark plasma sin-

tered NiTi alloys by analyzing the effect of heat treatment on phase transformation,

pseudoelastic deformation and shape memory effect. In the modeling part, a new con-

stitutive model for the mechanical behavior of porous NiTi SMAs is proposed. Main

findings of the present work and the future direction are summarized as follows:

Transformation characteristics of the powder manufactured NiTi alloy depends

on many parameters related to the initial powder, and its processing. The sintering

parameters applied to the present NiTi powders to increase sample density were sig-

nificantly different from those reported in the literature for a similar powder size. It is

recognized that even the size of the sintering mold has a significant effect on the sinter-

ing parameters, hence the resulting microstructure and the shape memory behavior. In

this study, NiTi compacts did not show the shape memory characteristics readily, and

needed to post-treatment after spark plasma sintering. The sintered compacts were

heat treated in three categories: in the first category, the samples were subjected to

aging around an hour, without any homogenization. In the second category, the sam-

ples were subjected to 2 h of homogenization and then an hour of aging. In the third

category, the samples were subjected to longer homogenization (5 h) and aging (1-24

h). Effect of different aging temperatures and duration were tested through various

analyzes. According to the results, the spark plasma sintered NiTi alloy responded

to heat treatment similar to the bulk NiTi in the literature. The calorimetric (DSC)

and microscopic (XRD, SEM, EDX) analyzes have shown the microstructural evolu-

tion: aging without prior homogenization resulted in a heterogeneous microstructure,

therefore, identification of the transformation sequence and the temperatures were dif-

ficult. Homogenization and then aging in a certain temperature interval resulted in

the DSC plots with expected phase transformation peaks between austenite, marten-
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site and R-phases. The target of aging was to achieve the age (precipitation) hardening

mechanism, therefore to increase the strength of the alloy. In NiTi alloys, precipitation

hardening is accompanied with formation of the intermediate R-phase. DSC plots of

the homogenized and then aged samples have shown the indication of the R-phase for-

mation. The R-phase was clearly detected in the XRD spectrum of the sample which

was subjected to 5 h of homogenization, and then 24 h of aging at 350◦C. The effect

of age hardening was quantified by the hardness measurements obtained through in-

strumented micro-indentation; this heat treatment yield a pronounced increase in the

hardness. It is important that the age hardening mechanism was only effective when

the samples were subjected to homogenization treatment prior to aging.

Stress-strain responses of the heat treated samples were tested through uniaxial

compression. According to the results, the pseudoelastic strain recovery was improved

through heat treatment in accordance with the hardening mechanism. The highest

strain recovery was achieved from the sample which was subjected to the long time ho-

mogenization and aging, which increased the hardness. Nevertheless, the samples have

shown partial pseudoelastic behavior. It was attributed to the low Ni concentration

in the NiTi matrix (49-50 at.%) according to EDX measurements. The EDX analyzes

also showed that the long time heat treatment in the air has resulted a severe oxidation

on the specimen surface. The surface oxidation of NiTi alloys is a common technique

to prevent excessive Ni release from the matrix, which is critical for biomedical applica-

tions. However, an initial heat treatment of the SPSed NiTi in a vacuum environment,

and then a short time aging in the air would be more preferential since severe oxi-

dation might affect the inner microstructure as well. According to the experimental

analyzes mentioned above, lower powder size, higher Ni concentration and eliminating

excessive oxidation were found favorable to enhance the shape memory characteristics,

especially the pseudoelastic behavior, of NiTi alloys obtained through spark plasma

sintering. Finally, it is observed that the SPSed NiTi shows almost a perfect shape

memory effect. The residual strains at the end of unloading were removed by reheating

the samples above Af , and then cooling back to the room temperature regardless of

the heat treatment applied.
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In Chapters 4 and 5, the mechanical behavior of porous NiTi alloy is studied nu-

merically. A new phenomenological (effective) model has been proposed which includes

the porosity as an internal state variable similar to the poromechanics approach devel-

oped by O. Coussy [6]. The effective model was validated using experimental results

from the literature, and numerical results obtained from the unit cell method presented

in Chapter 5. It is shown that the uniaxial stress-strain simulations obtained with the

effective model provides a good agreement with the experimental data, as well as with

the predictions of the unit cell model, when there is inelastic deformation as well. The

proposed model is found a more practical way to estimate the global behavior of porous

NiTi alloys since the unit cell technique requires a significant computation time. On the

other hand, the effective model cannot provide local stress-strain distribution around

the pores which can be studied by using the unit cell model. The numerical results

obtained with the effective phenomenological model can be improved by considering

different pore shapes through the micromechanical homogenization technique (Mori-

Tanaka) adopted in the model. It gives a great potential to the phenomenological

model to study on the shape optimization of porous NiTi alloys. On the other hand,

simulation of more complex loading cases, including the plastic deformation of pores,

with the proposed model can be considered as a future study.

The phenomenological model, together with Mori-Tanaka homogenization, ap-

proximates the effective stiffness of porous structures in a reasonable extent. However,

the model results deviate from the experimental ones when the porosity increases;

the Mori-Tanaka homogenization appears to be more powerful for smaller amounts of

porosity. A future study can be carried out to improve the predictions of the model

for the effective stiffness when the porosity is larger. On the other hand, the numerical

results obtained for the compressive strength of the porous NiTis were very close to the

experimental results; the model were successful even in the range of the compressive

strength of the human bone.

The poromechanics-based formulation can be very useful in possible biomedical

applications of porous NiTi SMAs. It would be of special importance to combine the
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present model, which is based on the skeleton deformation, with fluid state equations

to simulate the mechanical behavior of NiTi-based implants under real operating con-

ditions (in the human body). The capability of the effective model to differentiate the

deformation of the skeleton and the pores is worth noting.
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D. Stöver, “Powder metallurgical fabrication processes for NiTi shape memory

alloy parts”, Materials Science and Engineering: A, Vol. 337, No. 1-2, pp. 254–

263, 2002.

15. Zhu, S., X. Yang, F. Hu, S. Deng and Z. Cui, “Processing of porous TiNi shape

memory alloy from elemental powders by Ar-sintering”, Materials Letters , Vol. 58,

No. 19, pp. 2369–2373, 2004.

16. Van Humbeeck, J., “Additive manufacturing of shape memory alloys”, Shape

Memory and Superelasticity , Vol. 4, No. 2, pp. 309–312, 2018.

17. Torres, Y., J. J. Pavón, I. Nieto and J. A. Rodŕıguez, “Conventional powder
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APPENDIX A:

A.1. Theoretical Background on Constitutive Modeling

A.1.1. Thermoelastic Constitutive Relation

In thermoelasticity, thermodynamics and continuum mechanics are used together

to determine the equilibrium state of a body by a finite number of independent vari-

ables, namely macroscopic (state) variables such as temperature (T ) and strain (εij).

When studying the deformation of solids, Helmholtz free energy ψ(εij, T ) is used

as a thermodynamic potential, related to the internal energy u(εij, s) by the following

equation:

ψ = u− Ts (A.1)

By differentiating the free energy

dψ = du− sdT − Tds (A.2)

and using

du = σijdεij + Tds (A.3)

the incremental change of Helmholtz free energy is written as

dψ = σijdεij − sdT (A.4)

This relation indicates the physical meaning of Helmholtz free energy: the incremental

change in Helmholtz free energy is equal to the energy available to do work at constant
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temperature.

Since dψ is a total differential, following relations can be written:

∂ψ

∂T
=− s (A.5)

∂ψ

∂εij
=σij (A.6)

As shown, Helmholtz free energy is used as the thermodynamic potential for determin-

ing σij and s when εij and T are chosen as independent state variables [110].

The free energy ψ must therefore be formulated in terms of strain and temper-

ature; it is needed in the derivation of stress-strain relation of thermoelastic bodies.

Expansion of ψ(εi,j, T ) in the vicinity of (ε0ij, T
0), i.e. the reference state, up to second

order terms gives

ψ(εi,j, T ) = ψ0(ε0ij, T
0) +

(
∂ψ

∂εij

)
T 0

: (εij − ε0ij) +

(
∂ψ

∂T

)
ε0ij

(T − T 0)

+
1

2
(εij − ε0ij) :

(
∂2ψ

∂εij∂εmn

)
T 0

: (εmn − ε0mn)

+
1

2

(
∂2ψ

∂T 2

)
ε0ij

(T − T 0)2 +

(
∂2ψ

∂εij∂T

)
ε0ij ,T

0

: (εij − ε0ij)(T − T 0) (A.7)

where ε0ij = 0 assuming initially stress free state. Using Equations A.5 and A.6 in

Equation A.7:

ψ(εi,j, T ) =ψ
0(ε0ij, T

0) + σ0
ij : εij − s0(T − T 0) +

1

2
εij :

(
∂σmn

∂εij

)
: εmn

− 1

2

(
∂s

∂T

)
ε0ij

(T − T 0)2 −
(
∂s

∂εij

)
ε0ij ,T

0

: εij(T − T 0) (A.8)

Thermodynamic relations give [110]:

(
∂s

∂T

)
εij

=

(
∂u

∂T

)
εij

=
cv
T

(A.9)
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and

−
(
∂s

∂εij

)
T

=

(
∂σij
∂T

)
εij

= −κTα0δij (A.10)

where cv and κT are the specific heat and the thermal expansion coefficient. Therefore,

ψ(εi,j, T ) =ψ
0(ε0ij, T

0)− s0(T − T 0) +
1

2
εij :

(
∂σmn

∂εij

)
: εmn −

c0v
2T 0

(T − T 0)2

− κTα0εijδij(T − T 0) (A.11)

Introducing the following relation for linear-elastic materials:

∂σmn

∂εij
= Kmnij (A.12)

where Kmnij represents the elastic stiffness tensor, and εijδij = εkk, the free energy

function can be written as follows:

ψ(εi,j, T ) =ψ
0(ε0ij, T

0)− s0(T − T 0) +
1

2
εijKmnijεmn −

c0v
2T 0

(T − T 0)2

− κTα0εkk(T − T 0) (A.13)

Using Equation A.6, the thermoelastic stress-strain relation for anisotropic materials

is derived as follows:

σmn = Kmnijεij − κTα0δmn(T − T 0) (A.14)

For the isotropic case, using Lame constants, the stress-strain relation for linearly

elastic and homogeneous medium can be written as

σmn = 2µεmn + λεkkδmn − (3λ+ 2µ)α0δmn(T − T 0) (A.15)

In terms of engineering constants, E and ν, the stress-strain relation takes the following
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from:

σmn =
E

1 + ν

[
εmn +

ν

E
σkkδmn −

1

3
α0(T − T 0)δmn

]
(A.16)

Similarly, the strain can be written as

εmn =
1 + ν

E
σmn −

ν

E
σkkδmn +

1

3
α0(T − T 0)δmn (A.17)

In Equation A.17, the last term represents the strain due to thermal expansion or

contraction of a thermoelastic body.

The elastic part of strain can be obtained by subtracting the thermal part from

the total one as follows:

εelmn = εmn − εthmn (A.18)

Therefore,

εelmn =
1 + ν

E
σmn −

ν

E
σkkδmn (A.19)

which can be written in the tensor form as

εel = M : σ or σ = K : εel (A.20)

where stiffness (K) and compliance (M ) tensors are functions of the engineering con-

stants E and ν.

Equation A.20 is in the form of the stress-strain relation derived for linear elastic

bodies. It is shown by this derivation that this stress-strain relation can also be used for

inelastically deformed bodies as long as the strain tensor represents the linear elastic

portion of the total strain.
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A.2. Summary of the Phenomenological SMA Model of Zaki and Moumni

In the followings, the summary of the phenomenological SMA model developed by

Zaki and Moumni will be summarized. Additional detail can be found in [20] and [53].

Helmholtz free energy:

For the SMAs, the Helmholtz free energy is written as:

ψ
def
=ψ(T, εA, εM , z, εori, εpl)

=(1− z)

(
1

2
(εA − εpl) : KA : (εA − εpl)

)
+ z

(
1

2
(εM − εori − εpl) : KM : (εM − εori − εpl)

]
+ C(T )

)
+

(
G
z2

2
+
z

2

[
αz + β(1− z)

][2
3
εori : εori

])
+
H1

2
(
2

3
εpl : εpl) (A.21)

that gives the following stress-strain relation

σ = Keqv : (ε− zεori − εpl) (A.22)

where

Keqv =

[
(1− z)K−1

A + zK−1
M

]−1

(A.23)

, and the thermodynamic forces:

Az =
1

2

(
ELMAs : s+ (

1

3
ELMA + PMA)tr(σ)

2

)
− C(T ) + s : εori

−Gz − [αz + β(
1

2
− z)][

2

3
εori : εori] (A.24)

Aori = sz − 2

3
z(αz + β(1− z))εori −

2

3
µ

[
εori√

2
3
εori : εori

]
(A.25)

Apl = s− 2

3
H1εpl (A.26)
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Dissipation pseudopotential:

A dissipation pseudopotential is defined as follows:

D =
[
a(1− z) + bz

]
|ż|+ z2Yori

√
2

3
ε̇ori : ε̇ori +

[
(1− z)Y A

pl + zY M
pl

]√2

3
ε̇pl : ε̇pl(A.27)

Limit functions:

Limit functions for the phase transformation and the plasticity are derived as

follows:

For forward phase transformation:

F 1
z =

1

2

(
ELMAs : s+ (

1

3
ELMA + PMA)tr(σ)

2

)
− C(T ) + s : εori −Gz − [αz

+ β(
1

2
− z)][

2

3
εori : εori]− [a(1− z) + bz] ≤ 0 (A.28)

For reverse phase transformation:

F 2
z =− 1

2

(
ELMAs : s+ (

1

3
ELMA + PMA)tr(σ)

2

)
+ C(T )− s : εori +Gz + [αz

+ β(
1

2
− z)][

2

3
εori : εori]− [a(1− z) + bz] ≤ 0 (A.29)

For martensite orientation:

Ftr =

∥∥∥∥Aori

∥∥∥∥
VM

− z2Yori

=

∥∥∥∥sz − 2

3
z(αz + β(1− z))εori −

2

3
µ

[
εori√

2
3
εori : εori

]∥∥∥∥
VM

− z2Yori] ≤ 0 (A.30)
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For plastic deformation:

Fpl =

∥∥∥∥Apl

∥∥∥∥
VM

−
[
(1− z)Y A

pl + zY M
pl

]
=

∥∥∥∥s− 2

3
H1εpl

∥∥∥∥
VM

−
[
(1− z)Y A

pl + zY M
pl

]
≤ 0 (A.31)

The limit function governing the martensite orientation is simplified as follows

[20]:

Fori =
Ftr

z
=

∥∥∥∥Aori

∥∥∥∥
VM

− zYori

=

∥∥∥∥s− 2

3
(αz + β(1− z))εori −

2

3

µ

z

[
εori√

2
3
εori : εori

]∥∥∥∥
VM

− zYori (A.32)

Martensite is assumed to be completely oriented as soon as it is formed. In terms

of modeling, it means

ε0 =

√
2

3
εori : εori (A.33)

In this case, the limit function for orientation is reduced to the following:

Fori =

∥∥∥∥s− 2

3ε20
(σ : εori)εori

∥∥∥∥
VM

− zYori (A.34)

Complementary laws:

The evolutions of εori and εpl follow the normality rules presented in Equation
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4.67 and 4.68, and the complete set of complementary laws are listed below.

ż ≥ 0, F 1
z ≤ 0, żF 1

z = 0 (A.35)

ż ≤ 0, F 2
z ≤ 0, żF 2

z = 0 (A.36)

η ≥ 0, Fori ≤ 0, ηFori = 0 (A.37)

γ ≥ 0, Fpl ≤ 0, γFpl = 0 (A.38)

A.2.1. Numerical Implementation and Algorithmic Setup

Incremental formulation:

The phenomenological model is implemented into a user defined material subrou-

tine (UMAT) using fortran programming language, similar to the procedure outlined

in Chapter 4. The applied loading is divided into N increments; starting from the

known initial state (n = 0), the problem is solved iteratively for n = 1...N using elastic

predictor-plastic corrector method (return mapping algorithm-RMA). The continuum

problem is transformed into a discrete formulation using implicit backward-Euler in-

tegration scheme. The formulation is summarized below; n represents the increment

number while (k) is for the iteration.

• Assume elastic increment and calculate trial stress:

z
(0)
n+1 = zn, ε

ori(0)
n+1 = εorin , ε

pl(0)
n+1 = εpln , Keqv

(0)
n+1 = Keqvn

σ
(0)
n+1 = Keqv

(0)
n+1 :

[
εn+1 − z

(0)
n+1ε

ori(0)
n+1 − ε

pl(0)
n+1

]
(A.39)
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• During elastic loading, limit functions must satisfy:

Fz

(
σ

(k)
n+1, z

(k)
n+1, ε

(k)
pl n+1

, ε
(k)
orin+1

)
≤ 0 (A.40)

Fpl

(
σ

(k)
n+1, z

(k)
n+1, ε

(k)
pl n+1

, ε
(k)
orin+1

)
≤ 0 (A.41)

Fori

(
σ

(k)
n+1, z

(k)
n+1, εpl

(k)
n+1, ε

(k)
orin+1

)
≤ 0 (A.42)

When an inelastic deformation mechanism is active, its limit function reduces

to an equality, and the stress increment must be corrected by calculating the

increments of ISVs. To calculate the increments, the limit functions are ap-

proximated using first-order Taylor series expansions in the neighborhood of(
σ

(k−1)
n+1 , z

(k−1)
n+1 , εpl

(k−1)
n+1 , ε

(k−1)
ori n+1

)
:

F k−1
z +

∂Fz

∂σ

k−1

: ∆σk +
∂Fz

∂z

k−1

∆zk +
∂Fz

∂εpl

k−1

: ∆εkpl +
∂Fz

∂εori

k−1

: ∆εkori = 0

(A.43)

F k−1
pl +

∂Fpl

∂σ

k−1

: ∆σk +
∂Fpl

∂z

k−1

∆zk +
∂Fpl

∂εpl

k−1

: ∆εkpl +
∂Fpl

∂εori

k−1

: ∆εkori = 0

(A.44)

F k−1
ori +

∂Fori

∂σ

k−1

: ∆σk +
∂Fori

∂z

k−1

∆zk +
∂Fori

∂εpl

k−1

: ∆εkpl +
∂Fori

∂εori

k−1

: ∆εkori = 0

(A.45)

In equations above, the n + 1 subscript is eliminated for better readability, and

∆α(k) = α(k) − α(k−1) is the increment of a variable α at iteration k.

The normality rules in discrete form can be written as:

∆εpl
(k) = γ(k)N

(k)
pl (A.46)

∆εori
(k) = η(k)N

(k)
ori (A.47)

where γ(k) and η(k) are the discrete inelastic multipliers used to express the dis-
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crete normality rules at iteration k. N pl and N ori are approximated at iteration

k by their values at the previous iteration, with the initial values corresponding

to an elastic prediction. Therefore,

F k−1
z +

∂Fz

∂σ

k−1

: ∆σk +
∂Fz

∂z

k−1

∆zk + γk
∂Fz

∂εpl

k−1

: N k−1
pl + ηk

∂Fz

∂εori

k−1

: N k−1
ori = 0

(A.48)

F k−1
pl +

∂Fpl

∂σ

k−1

: ∆σk +
∂Fpl

∂z

k−1

∆zk + γk
∂Fpl

∂εpl

k−1

: N k−1
pl + ηk

∂Fpl

∂εori

k−1

: N k−1
ori = 0

(A.49)

F k−1
ori +

∂Fori

∂σ

k−1

: ∆σk +
∂Fori

∂z

k−1

∆zk + γk
∂Fori

∂εpl

k−1

: N k−1
pl + ηk

∂Fori

∂εori

k−1

: N k−1
ori = 0

(A.50)

The equation set in A.48- A.50 is written in the array form for the ease of nu-

merical implementation:


C11 C12 C13

C21 C22 C23

C31 C32 C33



∆zk

γk

ηk

 =


−F k−1

z

−F k−1
pl

−F k−1
ori

 (A.51)

where

C11 = −F z
k−1
,σ : Kk−1

eqv : Rk−1 + Fz,z
k−1 (A.52)

C12 = −F z
k−1
,σ : Kk−1

eqv : N k−1
pl + F z

k−1
,ϵpl

: N k−1
pl (A.53)

C13 = −F z
k−1
,σ : Kk−1

eqv : zN k−1
ori + F z

k−1
,ϵori

: N k−1
ori (A.54)

C21 = −F pl
k−1
,σ : Kk−1

eqv : Rk−1 + Fpl,z
k−1 (A.55)

C22 = −F pl
k−1
,σ : Kk−1

eqv : N k−1
pl + F pl

k−1
,ϵpl

: N k−1
pl (A.56)

C23 = −F pl
k−1
,σ : Kk−1

eqv : zN k−1
ori + F pl

k−1
,ϵori

: N k−1
ori (A.57)

C31 = −F ori
k−1
,σ : Kk−1

eqv : Rk−1 + Fori,z
k−1 (A.58)

C32 = −F ori
k−1
,σ : Kk−1

eqv : N k−1
pl + F ori

k−1
,ϵpl

: N k−1
pl (A.59)

C33 = −F ori
k−1
,σ : Kk−1

eqv : zN k−1
ori + F ori

k−1
,ϵori

: N k−1
ori (A.60)
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The time discrete stress-strain relation is obtained as

∆σk = −Kk−1
eqv :

[
Rk−1∆zk + γkN k−1

pl + zk−1ηkN k−1
ori

]
(A.61)

where

Rk−1 =

([
K−1

M −K−1
A

]
: σk−1 + εk−1

ori

)
(A.62)

Therefore, ∆zk, γk and ηk can be calculated by using the available matrix oper-

ations in Fortran’s mathematical library.

• Derivation of a continuous material Jacobian:

Jn+1 =

(
dσ

dε

)
n+1

(A.63)

where the time-continuous stress–strain relation is

dσ = Keqv :

[
dε−Rdz − γN pl − zηN ori

]
(A.64)

The load increment must satisfy dFz = dFpl = dFori = 0. Therefore:

∂Fz

∂σ
: dσ +

∂Fz

∂z
dz +

∂Fz

∂εpl
: γN pl +

∂Fz

∂εori
: ηN ori = 0 (A.65)

∂Fpl

∂σ
: dσ +

∂Fpl

∂z
dz +

∂Fpl

∂εpl
: γN pl +

∂Fpl

∂εori
: ηN ori = 0 (A.66)

∂Fori

∂σ
: dσ +

∂Fori

∂z
dz +

∂Fori

∂εpl
: γN pl +

∂Fori

∂εori
: ηN ori = 0 (A.67)

Using Equations A.65-A.67 together with Equation A.64, the Jacobian is derived

as follows.

J =Keqv −
(
Keqv : R

)
⊗
(
Cinv(1, :)F

)
−
(
Keqv : N pl

)
⊗
(
Cinv(2, :)F

)
− z

(
Keqv : N ori

)
⊗
(
Cinv(3, :)F

)
(A.68)
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Cinv is the inverse of the coefficient matrix whose elements are provided above.

And,

F =


−K̄eqv : F z,σ

−K̄eqv : F pl,σ

−K̄eqv : F ori,σ

 (A.69)

The algorithm of the numerical model is presented in Figure A.1.
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Figure A.1: Return mapping algorithm for UMAT used in dense SMA modeling.
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tion d’échantillons poreux de NiTi, le sujet est tou-
jours ouvert pour une étude plus approfondie afin
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