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0.1 Notations and Conventions

In the following discussion we will often use Dirac’s bra-ket notation to denote rank-one
operators. To define it in short, we understand |z) to be a vector in some Hilbert space
C™ and (z| to be its dual vector. Then for two vectors x,y € C™ we define the rank one
operator |x)(y| by-
) {yl(2) = (ylz)x

for any z € C". The space of n x n and n x m matrices will be denoted by M, (C) and
My, m(C) respectively. If {e;}7; is the standard basis of C" and {Ej;;1 <4,j < n} is the
standard matrix units (i.e. 1 at ij-th position and zero everywhere else) then one can easily
verify that F;; = |e;)(e;|. We will use Lin(M,(C), M,,(C)) to denote the set of all linear
maps from M, (C) to My, (C). If n = m we will abbreviate it to Lin(M,(C)). We will
frequently use the notation M, (C)* which is defined by M, (C)* := {A*: A € M,,(C)}.



Chapter 1

Introduction

Two basic ingredients of any information theory whether it is classical or quantum, are
the information we want to communicate and a medium or channel to communicate. The
information is a set of elements and a channel is a map on that information set. Now in
the formalism of quantum mechanics every system corresponds to a Hilbert space which
is usually taken to be of finite dimension in quantum information theory. For a system
corresponding to a Hilbert space of dimension n, say C”, all the information of a quantum
system is encoded in a quantum state which is mathematically represented by a positive
matrix p € M, (C) of trace 1. A quantum channel S is then a map which takes a state p
as an input and produces another state S(p) in some system represented by the Hilbert
space C™ of certain dimesnion m (or the same system C™). To formalise, we need a map
S : M,(C) — M,,(C) that takes a positive matrix of M, (C) to a positive matrix of M,,(C)
and which preserves the trace of the input matrix. There are sufficient reasons to assume
this map S to be linear. A non-linear map will violate the notion of locality i.e. the idea
that any spatially localised action does not immediately influence distant parts (see sec.
1.4, [Woll2]). So we see that it requires our channel S to be a linear positivity and trace
preserving map. But it turns out that such assumptions are not sufficient. What we need a
stronger notion of positivity for S. Suppose we adjoin another system of dimension k& (e.g.
ancilla, environment) to our initial system so that the joint system is represented by the
Hilbert space C*¥®C™. We want our channel S to act on the initial system without affecting
the ancillary system i.e. S : M,(C) — M,,(C) is a linear, trace and positivity preserving
map such that the augmented map (Idy ® S) : My(C) @ M,(C) — My(C) ® M,(C) is
also positivity preserving. Such an S is called k-positive. The dimension of the ancillary

system could be any natural number k. Thus, we need (Idy ® S) : My(C) ® M,(C) —

7



8 CHAPTER 1. INTRODUCTION

M. (C) & M,,(C) to be positivity preserving for any natural number k. Such linear maps
are called completely positive maps. With all these above ideas the quantum channel turns
out to be a completely positive trace preserving linear map. Among all the various ways to
define positivity of a linear map completely positive maps are most well understood object
both mathematically and physically [Kra70]. The k positive maps or just the positive map
lack the direct physical interpretation. But nonetheless they are very much important yet
not so well understood objects in mathematics or mathematical quantum information.
Entanglement is a phenomenon lying at the heart of quantum mechanics. It is one of the
key properties which makes quantum mechanics completely different from any classical
theory. To put it in simple terms- if we have two systems, possibly spatially separated,
then unlike the classical case it is not possible to treat each system as an individual
subsystem if they share a joint entangled state. We need to treat the two systems as a
whole. If we perform any measurement on one subsystem then it immediately affects our
description of the other subsystem and this has surprising consequences that do not occur
for classically correlated systems. Positive or k-positive maps are deeply related to the
entanglement theory as the k-entangled states are dual objects of k positive maps if we

define a suitable duality between the spaces M, (C) ® M,,(C) and Lin(M,(C), M,,(C)).

Another crucial role that the positive linear maps plays is to describe the dynamics of
open quantum system. If a sub-atomic particle is not interacting with the environment
then we call the system to be closed. The dynamics of such system is described by the
Schrodinger’s wave equation. If p represents the quantum state of a closed system at
the time ¢ = 0 then the state of the system at then after some time ¢ > 0 is given by
pt = UjpU, for some one parameter group of unitary operators {U; : t € R}. Stone’s
theorem says that there is a unique Hermitian operator H (called the Hamiltonian) such
that U, = exp (itH) (see theorem 4.3.11, [App19]). This H is the generator of the one
parameter group of unitaries U;. But if the system is interacting with the environment
then we have to take into account the joint system of (environment + initial open system).
Locally the dynamics of such open system is decribed by one-parameter semigroup of
completely positive maps. Mathematically, this is a consistent description with respect
to the Schrodinger’s unitary evolution theory since a famous result of Stinespring, known
as the Stinespring dilation theorem (see theorem 2.2, [Woll2]) says that such any such
semigroup of completely positive map can be extended to a unitary evolution of a bigger

space. To put it in other way, if we consider the (open system + environment) to be a
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closed system, any dynamics of initial system described by the semigroup of completely
positive maps corresponds to a dynamics of the bigger joint system described by unitary
operators. It was proved by Lindblad, Gorini, Kossakowski, Sudarshan(LKGS) [Lin76]
[GKST76] that a semigroup of linear maps (exp (t®))¢>0 on M, (C) describes a semigroup
of completely positive, identity preserving map if and only if

k
O(X) =i[H, X]+ Y {V;XV; = S(VJV;X + XViV;)}
j=1
for some Hermitian matrix H (Hamiltonian) and a set of matrices (%)?:1 C M, (C).
So to summarise the two models- the dynamics of closed and open system respectively
are connected by the Stinespring’s dilation theorem and what Stone’s theorem stands for
closed quantum system i.e. to describe the generator, LKGS’s theorem does the analogous

thing for open quantum system.

1.1 Presentation of the Thesis

The second chapter briefly discusses the existing results on different cones of positive op-
erators which are very much important to both operator theory and quantum information.
These are mostly works of Choi[Choi75], Kraus[Kra70], De Pillis[Pil67], Jamiotkowski[Jam72],
Skowronek, Stgrmer, Zyczkowski [SSZ09], Ranade, Ali [RA07]. We will begin with the
notion of quantum state, separability and entanglement. Then we will start with the con-
jugate map Adg : X — S*X S, the simplest of the positive maps and will gradually try to
introduce different positive cones of operators. The third chapter discusses the nice error
basis and its constructions which are mainly the results E. Knill, A. Klappenecker, M.
Rotteler [Kni96], [KR02],[KRO5].

The last two chapters of the present thesis i.e. the chapter 4 and the chapter 5 consist
of the research works that we have done. Our main motivations of the work for this thesis
are two questions. First, does having a good basis of the space Lin(M,(C)) the space of
linear maps on M, (C), help to understand positivity of a linear map? Second, can we
characterise the semigroup of k-(super)positive maps in terms of its generator, similar to
the LKGS result for the completely positive semigroup? Chapter 4 is devoted to the first
question and Chapter 5 to the second.

Chapter 4 is based on our paper [BCF23(ii)]. In this chapter, we take advantage of the

notion of nice error basis(NEB) of M, (C) to construct a conveninent basis of the space
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Lin(M,(C)). A nice error basis is a unitary projective representation {m, € U(n) : g €
G} of a group G of order n? such that the trace of each such representative g 18 zero
except for g = 1, the group identity element. The projective representation is a twisted
homomorphism by a 2-cocycle i.e. my.m, = w(g, h)mg, for any g,h € G and a 2-cocycle
map w : G X G — C (see def. 3.2.1). Such a set of unitary matrices forms an orthogonal
basis of M,,(C) with respect to the Hilbert-Schmidt inner product. Now consider the map
T : M,(C)® M}(C) 5 A® B* — Ty p+~ € Lin(M,(C)) where the linear map T4 p~ is
given by Ty g~ : X — AXB* for any X € M,(C). The map T can be extended linearly
to a Hilbert space isomorphism between the space M, (C) ® M, (C)* and Lin(M,(C)).
So if {B; : 1 < i < n?} is a basis of M, (C) then {TBhB; 11 < i,5 < n?}is a basis of
Lin(M,,(C)). In particular if we take an NEB {7, : ¢ € G} as a basis of M, (C) then
{Tyy = m()my, + 2,y € G} is a basis of Lin(M,(C)). What is more {T%, : 2,y € G}
is also an NEB of Lin(M,,(C)) if we identify the space with M, 2(C). As an example of
NEB we will do the computation with Weyl operators {W, : x € Z,, X Z,} (see subsection
3.2). We decompose a linear map o on M, (C) with respect to an NEB {7}, : z,y € G}

2 x n? decomposition coefficient matrix D, (or

Le. a=3%,  coDal(z,y)Tsy to obtain an
a kernel on G x G). We now try to characterise different positivity properties of o with

respect to D,. We will prove the following result on 1-positivity-

Theorem 1.1.1. Let {B;},—15 n2 be a basis of M,(C). Consider a linear map o €
L(M,(C)) of form a(X) =>_ ’ Do (z,y) B X B,,. Then « is

n
z,y=1

1. Hermitianity preserving if and only if D, is Hermitian.
1. positive if and only if for any v,w € C",
(v@w,a(v@w)) >0

n2

where & =703 1 1 Da(2,y)(By ® By) and 7(u®v) =v®u is the flip operator.

We will show a characterisation of complete positivity-
Theorem 1.1.2. A linear map « € Lin(M,,) is a completely positive map with Kraus rank
r if and only if the corresponding coefficient matriz D, € M,2(C) is positive semi-definite
of rank r.

One should observe the similarity of the properties of D, and Choi-Jamiotkowski ma-

trix Cy. We will also show the following correspondence between D, and Choi matrix

Ca
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Proposition 1.1.1. If T, , is defined with respect to the Weyl operators and if « is of the
form a = Zz,yGanZn Do (z,y)Tyy, then its Choi-Jamiotkowski matriz is given by
s(22, 01
Ca(U,UJ) - Z gDa((”Q _Ula$2)7(w2 _wlva)))

JJQ,yQEZn %(y2’ wl)

forv,w € Z, x Z,. Conversely, D, can be computed from the Choi-Jamiotkowski matriz
via

Dalry) =+ 3 :((gz’z))ca((a,a—l—xl),(b,b—i—yl))
a,b€Zn, ’

forx,y € Zy X Z,.
We will also characterise complete co-positivity of a.

Theorem 1.1.3. A linear map « € Lin(M,(C)) is completely co-positive iff the convolu-

tion product

Z x(p, & - p) Tr(WWq) Doz — p,y — q)

aci, x(¢,y —q)

1§ positive semi-definite.

We will show a characterisation of entanglement breaking map for the special case of

dimension n = 2.

Corollary 1.1.1. A linear map o € Lin(My) is 1-super positive iff Do = > " |1;){l;]
where l; = (1;(1),...,1;(4)t is a vector in C* satisfying 1;(1)* = Ei:z 1 (k)%

The final chapter i.e. chapter 5 is based on our paper [BCF23(i)]. This chapter of the
present thesis is about the second question we posed on the topic of one parameter semi-
group of positive operators. We were motivated by the Lindblad, Gorini, Kossakowski,
Sudarshan’s theorem on the characterisation of the generator of a semigroup of completely
positive maps to ask if it is also possible to give a characterisation of semigroup of other
positive maps e.g. k-(super)positive maps. For this we generalise a result of M. Schiirmann
[Sch85] on the Schoenberg type correspondence of unital semigroup to its non-unital ver-

sion. We prove the following result

Theorem 1.1.4. Let A be a real Banach algebra with a closed conver cone C' C A with
non-empty interior. Let ag € C be an idempotent such that for any ¢ € C, we have
apcag € C.

We assume furthermore that for any c € C' we have ¢ € C for n > 1.

Then, for any b € A such that bag = agb = b, the following statements are equivalent.
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(1) b is ag-conditionally positive on C°, i.e., p(b) > 0 for all ¢ € C° with ¢(ag) = 0.
(if) exp,, (tb) :=lim, o0 (ag + %’)n € C forallt>0.

The reason we couldn’t use the Schiirmann’s original result directly was that in his
version of the result the cone contained the unit of the Banach algebra and the semi-
group started at the unit element. But if we wish to consider a general positive cone in
Lin(M,(C))* then it does not necessarily contain the identity map. For example, the
cone of k-super positive maps (or also known as k-partially entanglement breaking map)
does not contain the identity map for £ < n. So a semigroup of k-super positive maps can
not start at the identity map at ¢ = 0. With the non-unit version of the Schoenberg type

correspondence mentioned above we will prove the following result.

Theorem 1.1.5. Let
A =Lin(M,(C))** = {T € L(Myn,M,);Tox =0T}

and let C C A be one of the cones of k-positive, completely positive or k-super positive
maps,
Fiz an idempotent map &g € C. Then for ¥V € A with Vo ®yg = &go W = VU the

following are equivalent.

(i) We have expg, (t0) = ®g + 322 EY" < C for all t > 0;

n!

(ii) U is ®g-conditionally positive on C°, i.e., we have

YoeC° (v,89)=0 = (v,¥)>0.

In particular we have the following characterisation of the generator of a semigroup of

k-positive maps-

Corollary 1.1.2. ¥ = Tg with S = Y. A; ® B; € (M, ® M")%* generates a semigroup
T, = exp(tV), t > 0, of k-positive maps if and only if

YV € My, (rank(V) <k and Tr(V)=0) = > Tr(AV*)Tr(BV) > 0.

We can also retrieve the LKGS theorem using this characterisation. We will end the
present thesis by our discussion on few examples of semigroup of positive operators gener-
ated by the depolarising channel P, transposition 7', conditional expectation onto diagonal

C' and identity Id i.e. the semigroup expt(aP + ST + vC + 61d), where a, 8,7,6 € R.
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1.2 Notations and Conventions

In the following discussion we will often use Dirac’s bra-ket notation to denote rank-one
operators. To define it in short, we understand |z) to be a vector in some Hilbert space
C™ and (z| to be its dual vector. Then for two vectors x,y € C™ we define the rank one
operator |x)(y| by-

) (yl(2) := (ylz)x

for any z € C". The space of n x n and n x m matrices will be denoted by M, (C) and
My, m(C) respectively. If {e;}* is the standard basis of C" and {E;;;1 < 7,5 < n} is
the standard matrix units (i.e. 1 at ij-th position and zero everywhere else) then one can
easily verify that E;; = |e;)(e;|. We will denote Lin(M,(C), M,,(C)) the set of all linear
maps from M, (C) to M,,(C). If n = m we will abbreviate it to Lin(M,,(C)). We will
frequently use the notation M, (C)* which is defined by M, (C)* := {A*: A € M, (C)}.
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Chapter 2

Positive Cones

We recall some definitions and basic facts on cones.

Definition 2.0.1. A subset C' of a topological vector space V over R is called a conver
cone or just cone if there is no confusion if for any two elements x,y € C and a > 0 we
have ax +y € C. Furthermore, we call a cone solid if it has nonempty interior and it is

pointed if C' N (—C) = {0}.

Definition 2.0.2. For a cone C CV we define its dual cone C°,
C°:={2eV{z,x) >0,z €C}

where V' is the topological dual space of V.

The following results are well known so we mention without proof (see Lemma 3.2,

Corollary 3.3 [ATO07]).

Proposition 2.0.1. Let C be a closed convex cone in R™. Then the following statements

are equivalent:
a. C is pointed i.e. CN(—C) = {0}.
b. C° —C° =R".
c. C° has non-empty interior.
d. span(C°) =R" .

If we assume C' is closed (which is the case for all cones we give as examples) the
same results hold if we replace C' by C° in the above proposition via the Bipolar theorem

(C°)° = C (see theorem 5.5, [Sim11]).

15
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2.1 Quantum States In M,(C)

Let ‘H be a Hilbert space of dimension n. A pure state of H is a vector |z) in H such that
|z|| = 1. We can also associate to the unit vector x the rank one projection P, € M, (C)
onto the subspace generated by the unit vector x € H. Upto the bijection |x) <> P, we
use the term pure state to denote both |z) and P,. We say a state is mized if it is convex

combination of pure states i.e. p € M,,(C) is a mixed state if

' T
p= Z APy, and Z A =1,
k=1 k=1

where P,, is the projection onto the subspace generated by |z). In general, a quantum
state p is described by a positive semi-definite operator on H = C” of trace 1 which is also
called a density matriz. This does not lead to confusion since any such positive matrix of
trace 1 has the spectral decomposition of the above mentioned form. The trace condition
is important for describing a physical system but as we can always normalise a positive
matrix when ever it is convenient we can easily get rid of it. So by a state or density matrix
(non-normalised)p € M, (C), we usually understand it as a positive matrix p > 0. The
collection of such non-normalised states will be denoted by M, (C)*. If we denote the set
of all Hermitian ( or self-adjoint) matrices of M,,(C) by M:3*(C) then M, (C)™ C M:*(C).
Observe that M$?(C) is a vector space over R of dimension n?.

Now let’s consider a composite quantum system of two subsystem H4 = C™ and
Hp = C™. The joint quantum system is described by the tensor product of individual
subsystems i.e. Hq @ Hp = C" @ C™. We denote by (M, (C) @ M,,(C))** the real linear
space of self-adjoint operators and by (M, (C) ® M,,(C))* the set of all positive operators
on C" ® C™. One obvious way to construct a state or density operator on the joint
system is to consider the convex combinations of tensor products of density operators of
individual subsystems. But not all density operator of the joint system can be expressed

in that manner.

Definition 2.1.1 (Separable state/Entangled state). A state p € (M,(C) @ M,,(C))™
for some n,m € N is called separable if and only if there exists finite sets of states
{pgl)}ig C M,(C)*, {pZ@)}ie[ C M,,,(C)" and non-negative numbers {p;}icr such that

1 2
p= Zigpmﬁ ) ®p£ ) and Yicrpi =1L

It is called entangled if it can not be expressed in the above manner.

There is an obvious isomorphism between C™ @ C™ and the space of all linear maps
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from C" to C™ ie. Lin(C",C™) = Mym(C). If {e;}_; and {f;}]L, are two orthonormal
bases of C" and C™ respectively then for any vector ) =}, ; z5]e;) ® |f;) € C" @ C™
the corresponding matrix X =}, @jl€;)(f;| € My (C) is called the matrisation of the
vector z. Conversely, for any matrix X € Lin(C™, C™) of the above form the corresponding

vector x € C™ @ C™ is called the wvectorisation of X.

Theorem 2.1.1 (Schmidt decomposition). For each non-zero vector x € C" @ C™ there
exists positive numbers A1, Aa, . .., As for some 1 < s < min(n,m) and orthonormal systems
(Pi)1<i<s € C™, (i)1<i<s C C™ such that
) = > Nildi) @ ),
1<i<s
where \; satisfies > i A2 = ||z||>. The number s is unigely determined and so are numbers

(A, ..., As) if we require that \y > ... > As.

Proof. Let {le;) : 1 < i < n} and {|f;) : 1 < j < m} be two bases of C" and C™
respectively. Any vector z € C"®@C™ can be written in the form |z) = > 71 | Y700 | zy5]e;)®

n,m
ij=1

| fj) with respect to these bases. Let X =" xijlei)(f;| be the matrisation of the vector
x and let r be its rank. Consider the singular value decomposition X = UDV™, where
U = (ij)nxn is an unitary matrix of order n, D = (Ajj)nxm is a diagonal matrix of rank
s and V' = (vjj)mxm is an unitary matrix of order m. If we vectorise X now with respect
to this decomposition then we have
) = > wirAwvjile) © |£)
ij.k

=" Nilow) @ i),
k=1

where the set of vectors {|¢) : 1 < k < s} and {|¢) : 1 < k < s} constitute orthonormal
set in C" and C™ respectively, since U,V are unitaries. That |z]|? = >_;_; A2, follows

directly now from the computation of (z|z). O

The number s is called the Schmidt rank of the vector x and denoted by SR(z) and
AL, ..., As are called Schmidt coefficients of |z)..

Corollary 2.1.1. Let (u;)i<i<s and (vi)1<i<s be two systems of not necessarily orthogonal

vectors in C" and C™. Then SR (> _;ui ®@v;) < s.

Proof. The Hilbert spaces spanned by the systems (u;)1<i<s and (v;)1<i<s are of dimension

at most s. So the result follows directly from the Schmidt decomposition theorem. O
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Corollary 2.1.2 (Purification lemma). Let p € M, (C)" be a density operator. Then there
always exists k > 1 and a pure state |®) € C"@CF, k > rank(p), such that p = Tra(|®)(®]),

where Tro is the partial trace with respect to the second tensor factor.

Proof. Suppose the spectral decomposition of the density operator p € M,,(C)™ is of the

form
p="_ Xiloi) (i,
i=1

where r is the rank of p. Now the recipe to cook up |¢) follows directly from the Schmidt
decomposition theorem. We take {1;}I_; an orthonormal system in the space Ck, where

k > r. We define

@) = > VAildi) ® [h).
=1

Therefore we have

Tra(|®)(P@]) = Tro Z VA1) (D] @ [i) (15

3,j=1

i,j=1

=Y " Nila) (il = p.
i=1

2.2 Positive Cones In M,(C) ® M,,(C)

It is easy to see that the set of all separable states of C" ® C™ form a closed convex

cone. We denote this cone Sep(C™,C™). If p = Zielpipgl) ® pZ(Q) is separable then we
(1) (2

pgl) = >, 120 (@] and p§2) =, Iy (yU)|. So we can write p = 3 |2¥) (2| @
ly9))(y9)|. Thus we see that the cone Sep(C™, C™) is generated by the elements of the

can find the spectral decomposition of each p;”’ and p;”’ in terms of rank one projections

form |z)(z| ® |y)(y] = |z @ y){x @ y|. So we find that
Sep(C",C™) =Conv{lz @ y)(zRy|: 2@y e C"@C"}.

Since z ® y has Schmidt rank 1 we can say that the cone of separable states is the
convex hull of the projections onto vectors of Schmidt rank 1. So if a bipartite state

p € (M,(C) ® M, (C))" is entangled then we can spectral decompose the state into
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convex combination of rank one projections onto vectors such that at least one of the
vectors has Schmidt rank > 1. We can use the maximal Schmidt rank of such vectors
in the spectral decomposition of a bipartite state to categorise different entangled states.

This motivates to define the cone of k-entangled states.

Definition 2.2.1 (k-Entangled operator). Let k be a positive integer. A state p €
(M, (C) @ M, (C))* is called k-entangled operator iff it belongs to the set

k
k-Ent(C™,C™) = Conv Z v @ yi)(a; @y« {ai i, C C, {yj};?:l ccm
ij=1
Observe that for k& = 1, 1-Ent(C™,C™) = Sep(C™,C™) the cone of separable states.
Since SR(Z@:1 z; ®y;) < k, equivalently p is k-entangled iff the Schmidt rank of its eigen

vectors < k i.e.
k-Ent(C",C™) = Conv {|v)(v| : v € C" @ C™,SR(v) < k}

We can check that k-Ent(C",C™) is a closed convex cone for each k& € N. It is obvious
that if K = min{n, m} then k-Ent(C",C™) = (M, (C) ® M,,(C))". It also follows from the
definition that k-Ent(C™, C™) C (k+1)-Ent(C™,C™). In fact, the inclusion is strict. Let
v € C" ® C™ be a vector with SR(v) = k + 1. Obviously, |v)(v| € (k + 1)-Ent(C",C™).
Let’s assume we can write |v)(v| = Zé:l |v;){v;|]. This equality can only hold if each v; is
a scalar multiple of the vector v. Therefore SR(v;) can not be less than k£ + 1 and thus
|v)(v| ¢ k-Ent(C"™,C™).

For any two elements A, B € M, (C)® M,,(C) we can define the Hilbert-Schmidt inner
product of A and B by

(A, B) := Tr(AB").

If we restrict our attention to the real linear space (M, (C)® M,,(C))** then we can define
(A, B) := Tr(AB")

We now try to find the dual cone of k-Ent with respect to the Hilbert-Schmidt inner
product on (M, (C) ® M,,(C))**. Since the positive rank 1 operators with range vector
having Schmidt rank < k, generate the cone of k-entangled states, it suffices to work with

such generators. Let p = Zf,j:l |z; ® yi)(z; ® y;] € k-Ent(C",C™) and ¢ € M,(C) ®
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M,,(C). Then the scalar product of two

k k
0<(p,9) = <Z |73 @ yi) (x; ®yj|,¢> = > Tr (o ® yi)(d(z; ® y5))

i,5=1 i,j=1
k
T yj> .
=1

This motivates us to define the k—block positive operators. The set of all such operators

k k
= (m®yld(r; @) =<in®y@-
=1

4,j=1

forms the dual cone of the cone of k— entangled operators.

Definition 2.2.2 (k-Block positive operator). An operator p € (M, (C)® M,,(C)) is called
k-Block positive if for any {z;}¥_, € C" and {y; }] 1 C C™ we have

k k
<in®y¢p ij®yj >20.
i=1 j=1

Equivalently, (v|p|v) > 0 for all v € C* ® C™ with SR(v) < k. We denote the set of all
such operators by k-BP(C", C™).

Note that the defining property of k-Block positivity implies that such operators are
Hermitian i.e. k-BP(C",C™) C (My,(C) ® M,,(C))* (see A2, [Sko08]). It is clear from
the definition that if ¥ = min{n, m} then k-Block(C",C™) = (M,, ® M,,)" and we have

the following inclusion
1-BP(C™,C™) D 2-BP(C",C™) D ... D min(m, n)-BP(C",C™) = (M,, ® M,,,)*.

In fact, all the above inclusions are strict since its dual cones follow strict inclusion. We

can write

k-Ent(C",C™)° = k-BP(C",C™),

and since all these cones are closed, by the Bipolar theorem (theorem 5.5, [Sim11]) we

have

kE-BP(C",C™)° = k-Ent(C",C™).
We summarise the chain of inclusions of positive cones in M, (C) @ M,,(C):

Sep(C™,C™) C k—Ent(C",C™) C (M,(C)®M,,(C))" c k—BP(C",C™) C 1-BP(C",C™).

2.3 Positive Cones In Lin(M,(C), M,,(C))

Definition 2.3.1 (Hermitianity preserving map). A linear map S € Lin(M,,, M,,) is called
Hermitianity preserving iff S(M3%(C)) C M3i¢(C). We denote the set of all Hermitianity
preserving linear maps from My, (C) to M,,(C) by Lin(M,,, M,,)**
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It is easy to see that Lin(M,, M,,)** is a R linear space (but not C linear).

Lemma 2.3.1. A linear map S € Lin(M,(C)) is Hermitianity preserving if and only if
S(X*) = S(X)* for any X € My(C). In particular, if (E;)1<;<p2 is a basis of M,(C),
this is the case, if and only if S(EF) = S(E;)* for all 1 <i < n?.

Proof. Suppose the condition S(X*) = S(X)* holds for any X € M,(C). Then for
an H € M:*(C) we have S(H) = S(H*) = S(H)* which shows that S(H) € M;*(C).
Conversely, we assume that S(M;*(C)) C M;2(C). For any X € M,,(C) we can decompose

it into sum of two Hermitian elements i.e. X = Hy + iHs. So we have

S(X*) = S(Hy — iHs) = S(Hy) — iS(Hy) = S(Hy)* — iS(Hs)*

= (S(Hy) +1iS(H2))* = (S(H1 4+ iHy))" = S(X)*
O

Example 2.3.1. Conisder the linear map M,(C) > X — A*X'A € M,,(C) for some
n X m matriz A. Then it is easy to see that the map is Hermitianity preserving. In fact,
De Pillis showed that any Hermitianity preserving linear map S € Lin(M,, M,,) will be
of the form S(X) = >I_, c;A; X' A; for any X € M,(C), where ¢;’s are real numbers and

A;’s certain n x m matrices [Pil67].
Similar to the Hermitianity preserving maps, we define the positivity preserving maps.

Definition 2.3.2. A linear map T € Lin(M,,, M,,(C)) is called positive iff T(M,(C)*) C
M, (C)T. We denote the set of all positive map from My(C) to M,,(C) by P1(n,m)

It is easy to see that Pi(n,m) is a convex cone in Lin(M,,, M,,),

Example 2.3.2.  i. The transposition map T : M,(C) > X — X' € M,(C) with

respect to a fized orthonormal basis of C™ is a positive map.

ii. For any n x m matriz V the conjugate map Ady : M,(C) 5 X — V*XV € M,,(C)
is a positive map. Indeed, if X € M,(C)* then there exists C € M,(C) such that
X = C*C. Therefore Ady (X) =V*XV =V*C*CV = (CV)*CV, which is positive.

If H is a Hermitian matrix in M, (C) then we can write it as H = P, — P, for some
positive matrices Py, P» € M,,(C). Indeed, we can define |H| := (H*H )% using functional
calculas. Then P; := |H‘T+H and Py := |H|T_H If S € Pi(n,m) then S(H)* = S(P)* —
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S(Py)* = S(P1) — S(P;) = S(H). So we see that any positive map is also Hermitianity
preserving. So we can think of Pj(n,m) as a convex cone inside the R linear space
Lin(M,,, M,,)%.

2.3.1 Choi-Jamilokowski Isomorphism

Let’s equip the space M, (C) with Hilbert-Schmidt inner product (A, B) := Tr(AB*). De
Pillis [Pil67] and Jamiotkowski [Jam72] considered a map J; : Lin(M,(C), M,,(C)) —
M, (C) ® M, (C) characterised by the property that

<j1 (S)’ A* ® B>M7L®M’HL - <S(A)7 B>Mm
holds for any A € M, (C), B € My, and T € Lin(M,,(C), M,,(C)). De Pillis proved that

Lemma 2.3.2. The map Jp is uniquely defined and an isometric isomorphism between the
spaces Lin(M,(C), M,,(C)) and M,(C) @ M,,(C). Moreover, for any orthonormal basis
(Ei)1<i<n2 of My, (C) and every operator S € Lin(M,(C), M, (C)) we have

TL2
Ji(S) =) Ef @ S(E).
i=1
Theorem 2.3.3. A linear map S € Lin(M,,(C), M,,(C)) is
i. Hermitianity preserving iff J1(S) € My, (C) ® My, (C) is Hermitian.

it. positive iff (v @ w), J1(S)(v @ w)) > 0 holds for any v @ w € C" ® C™.

Proof. The first claim was proved by De Pillis [Pil67] and Jamiotkowski [Jam72] showed

the second one. O

A more useful variant of the above isomorphism was proposed by Choi in his paper
[Choi75]. Instead of taking any orthonormal basis of M, (C) we take the standard basis
(Eij)i<ij<n, where E;; is the matrix whose 7™ is 1 and zero elsewhere. We consider the
modified Jamiotkowski isomophism or popularly known as Choi-Jamiotkowski isomorphism
J2 : Lin(M,(C), M,,(C)) — M, (C) ® M,,(C) defined by

J(S)= > Ey;®S(Ey)
1<i,j<n

Theorem 2.3.4. A linear map S € Lin(M,(C), M,,(C)) is

i. Hermitianity preserving iff J2(S) is Hermitian.
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ii. positive iff (v @ w), Jo(S)(v @ w)) > 0 holds for any v @ w € C" ®@ C™.

Proof. S € Lin(M,,(C), M,,(C)) is Hermitianity preserving if and only if

= Z E* ®S ZE_]’L®S ZE]’L®S ﬂ ‘72(5)

ij=1 ij=1
It proves the claim of the first part of the theorem.

The proof of the second part is similar to the original proof of theorem 2.3.3 by
Jamiotkowski. The proof below is taken from K. S. Ranade and M. Ali’s paper [RA07].
Let S be a linear map in Lin(M,,, M,,). Tt is positive iff for any X € (M, (C))*", S(X) is
positive in M,,(C). Since any positive matrix X has the spectral decomposition into real
linear combinations of rank one projections, S is positive is equivalent to the fact that
S(|z)(x|) is positive for any = € C™. We write the basis decomposition of the projection

|z) (x| with respect to the standard basis {£;;}7;_; of M, (C)-

2ol = D (o)) By ) By = 3 Te(ja el By ) iy = D (o Byge) By

i 1] i
So S(|z)(z|) = >_;;(z, Eijz)S(E;j). Therefore we have that S(|z)(z|) is positive if and
ounly if } .. (z, Eyjz)(y, S(Eij)y) is positive for any y € My, (C).

(id®S) ZEij®Eij x®y>

ij

> (x, Eya)(y, S(By)y) = <96 ®y

= (z®y, Ja(5)(r®y))

Thus, S is positive iff (x ® y, J2(5)(z ® y))ge0 for any z € C" and y € C™. O

We have isomorphism between real linear spaces Lin(M,,, M,,)%* and (M,, ® M,,)%*

2.3.2 Positive Cones In Lin(M,(C), M,,(C))

For any operator V' € M, ,,(C) we define the elementary positive map or also known as
the conjugate map Ady : M, (C) — M,,(C) by Ady(X) := V*XV for any X € M,(C).
It is known that such maps generate an extreme ray of the cone of positive maps from

M,,(C) to M,,(C) [Sto63].

Definition 2.3.3 (k-Super Positive Map). Let k be a positive integer. The convex cone
generated by the conjugate maps Ady for V- € My, m(C) of rank(V') < k, is called the cone

of k-super positive maps i.e. A linear map S € Lin(M,(C), M, (C)) is k-super positive if
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and only if it is of the form S = >"._, Ady, for some {V;}I_; C My, 1n(C) with rank(V;) < k
for each i. We denote the cone by Sk(n,m). In case n = m and there is no confusion

about the dimension, we denote it simply by Sg.
It is clear that Sk(n,m) C Sg+1(n,m) C P1 C Lin(M,,, M,,)** for any integer k > 1.

Proposition 2.3.1. J>(Ady) = Caq, = |v)(v], where v € C" @ C™ is the vectorisation
of the matriz V- € My m(C) i.e. if V =37, vi5]i)(j| € My,m(C) then ils vectorisation is
given by [v) := 3, v;li) @ |7) € C* @ C™.

Proof. Suppose the matrix V' is given by V' = >, ;v;i)(j| € Mym(C), where |i)s (or |j)s)
are standard basis of C" (or C™). We have

Cady = Y Ip){al @ [ D wili) il | Ip)(al | D vmalk) (Ul
P irj Kl
= Z Ip){q| ® Z Z SipOqrVijvr|g) (|
P i ki

= " Ip) gl ® Y Tpvgli) ]
P.q gl

=Y vy @ i) | [ D vald @l | = [v)(v].
D,J q,!
Il

Since the rank of V' is equal to the Schmidt rank of its vectorisation |v) we see that the
image of the cones of k-super positive operators under the Choi-Jamiotkowski isomorphism
are the states (unnormalised) which are convex sum of rank one projections onto vectors

in C" ® C™ having Schmidt rank at most k. Thus we have the following corollary.
Corollary 2.3.1. J2(Sk(n,m)) = k—Ent(C™,C™). In particular, J2(S1(n,m)) = Sep(C™,C™).

If we define the Hilbert-Schmidt scalar product on the real linear space Lin(M,,, M,,)**
i.e. for any two linear map R, S € Lin(M,, M,,)* by (R, S) := Tr(CrC%) then it is easy
to see that for any A ® B € (M, (C) ® M,,(C))** we have (A ® B,Cg) = (B, S(A)). We
now find the dual cone of Si(n,m) in Lin(M,, M,,)%*.

Theorem 2.3.5. A linear map S € Lin(M,(C), M,(C))** belongs to the dual cone
Sk(n,m)° if and only if (idy ® S) : M(C) @ M, (C) = My(C) ® My,(C) is positive.
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Proof. Let Ady be a map in Si(n,m) so that the Choi matrix of it is of the form Caq, =
|v)(v| where v = >, 2; ® y; € C" @ C™ whose Schmidt rank is at most k. For any

S : M,(C) — M,,(C) Hermitianity preserving linear map, we have

(Ady, S) = (Cag,Cs) = <Z|Iz (5] @ [ya) (ys, CS>

4,7

.
—_

7]:
k

= > (lwidwsls Sl (@51))
_

941 @ Ly (s, 10| @ Sl )

-

&,
I
—_

k
[6) (i1 @ lya w1, D lidil @ S(!wi><xj\)> :

1 ij=1

<.

I

J

Putting ¢ = 3% i) @ yi) € CF @ C™ and ¢ = S8 i) ® |2;)CF @ C™ we see that

(Adv, S) = (16)(@], (i ® $)[¥) (] ) = (6, (i @ S)([E) (¥ ])e)-

It shows that S is in the dual cone S(n,m) if and only if (id; ® S) : My (C) @ M,(C) —
My (C) ® M,,(C) is positive (see [Kye22]). O

The previous proposition motivates to define the dual cone of Si(n,m) in the following

manner

Definition 2.3.4 (k-Positive map). A linear map S : M, (C) — M,,(C) is called k-positive
if and only if the map (idy ® S) : My (C) ® My, (C) — My(C) ® M,,(C) is positive. The set

of all such linear maps will be denoted by Py(n,m).
Example 2.3.6. See lemma 2.5.2 and 2.5.1.

Considering My (C) as embedded in Mj1(C) it follows that we have the inclusion
Pr+1(n,m) C Pr(n,m). In fact, Chrusciniski and Kossakowski showed that the inclusion
is strict for k& < min(m,n) i.e. Pry1(n,m) C Pr(n,m) [CK09]. It is also not difficult to
see that Py(n,m) is a convex cone in Lin(M,, M,,)**. For k = 1 it is simply the cone of

positive operators P;(n, m) which we introduced earlier.

Theorem 2.3.7. A linear map S € Lin(M,(C), M,,(C)) is k-positive if and only if
(v, J2(S)v) >0 for any vector v € C* @ C™ such that SR(v) < k.

Proof. The proof is taken from the M. Ali and K. S. Ranade’s paper [RA07]. By the

definition, a linear map S : M,(C) — M,,(C) is k-positive for some positive integer k
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iff (idy ® S) : Mi(C) ® M,(C) — M(C) ® M,,(C) is positive. The idea is to apply
Jamiotkowski’s result- theorem 2.3.4 to verify the positivity of (id;y ® S). Consider the
Hilbert spaces C*¥ @ C™ and C*¥ @ C™ corresponding to the matrix algebras M ® M,, =2
My (M, (C)) and My ® M,, = My (M,,(C)). Theorem 2.3.4 tells us that (id; ®.5) is positive
if and only if (z ® y, Jox(idr, ® S)(x @ y) > 0 for any x € C*¥®C" and y € C*F ® C™, where
ok » Lin(Mjy, @ My, My, @ My,) — (M, @ M) ® (M, ® Myy,) is the modified Jamiotkoswki
isomorphism on the respective spaces. Let (e;)i; and (fg) ’gczl be the standard orthonormal
bases of C" and CF respectively. Therefore we have (lei)(es])i ;=1 and (]fg><fh])’;’h:1—
the corresponding standard orthonormal bases of M,,(C) and My (C) respectively. With
respect to these bases the Choi matrix or the image of the Jamiotkowski isomorphism of

(idy ® S) is given by
k n
Fonlide @ 8) = 3 S 1)l @ leles] @ [idi @ 8] (1)l @ lea)es])-
g,h=1i,j=1

Any vector z € C* @ C" can be written as z = Z’;Zl fp ® x, with elements z, € C".
Similarly for y € CF @ C™, we write y = Z];:l fq ® yq, where y, € C™. Therefore,
TRy = Z];,qzl Ip ®zp @ fq ®yq. We compute

( @y, Jok(ide ® S)(z @ y))
= Z <<fp®xp)®(fq®yq) <<fh7fr>fg®<ej7xr>€i)®(<fh7fs>fg®S(’6i><€j‘)ys)>

1,9,9,h.p,q

= ) Onelns(fps fo) (e ) @p, ) (fg Fo) (Wa> S(lei) (e5])ys)
4,7,9,h,p,q,r,s

= Z OnrOnsOpgOag (Tp ® Yq. |ei)(ej| ® S(lei)(ej|)zr @ ys)
4,7,9,h,p,q,r,s

= {1y @ g, Fa(S)zr @ ys) = (v, Ta(S)v),
p,’!‘

where v = Z’;Zl xp ®yq. By the corollary 2.1.1 SR(v) < k. Hence the claim is proved. [

Definition 2.3.5 (Completely positive map). A linear map S : M, (C) — M,,(C) is called
completely positive if and only if it is k-positive for any positive integer k. We denote the

set of completely positive map from My, (C) to M,,(C) by CP(n,m).

Example 2.3.8. Consider the conjugate map Ady € Lin(M,, M,,) for some nxm matriz
V. We already know that it is a positive map. For any positive integer k, (idx @ Ady) =

Adj, v, where Iy, is the k x k identity matriz. It shows that id, ® Ady is positive on



2.3. POSITIVE CONES IN Lin(M,(C), My,(C)) 27

My (C) @ M, (C) for any positive integer k. Thus Ady is completely positive. In fact, any

convexr combination conjugates maps are completely positive.

Corollary 2.3.2. A linear map S € Lin(M,(C), M,,(C)) is completely positive if and

only if it is min{n, m}-positive.

Proof. By the defition of complete positivity a linear map S is completely positive iff it is
k-positive for all kK € N. Again by the previous theorem a linear map is k-positive iff it is
positive on all vectors of Schmidt rank at most k. But any vector of C" ® C™ has Schmidt
rank at most min{n,m}. Thus if S is min{n, m} positive then it is completely positive.

The other direction is obvious. O

Corollary 2.3.3 (Choi’s 1st theorem). A linear map S € Lin(M,(C), M,,(C)) is com-
pletely positive if and only if the corresponding Choi matriz Cs := J2(S) is positive semi-
definite.

Proof. 1t follows directly from the theorem 2.3.7 that a linear map S : M, (C) — M,,(C)
is completely positive if and only if its Choi matrix Cs := J2(S) is positive semi-definite

on vectors of arbitrary Schmidt rank in C* @ C™. O

This result is known as the channel-state duality was proved by M. D. Choi (see
theorem 2, [Choi75]). We have seen in the example 2.3.8 that any convex combination of
conjugate map Ady is completely positive. Now we can ask the converse question i.e. if
any completely positive map is a convex combination of some conjugate maps. Choi and

Kraus proved that the answer is positive [Choi75], [Kra70].

Theorem 2.3.9 (Kraus Decomposition). A linear map S € Lin(M,(C), M,,(C)) is com-

pletely positive if and only if there exists operators Vi,Va, ...,V € My, 1, (C) such that

,
S=> Ady,
i=1
Proof. By the corollary 2.3.2 and theorem 2.3.5

S €CP(n,m) <= S is min{n, m}-positive <= S € Spin{n,m}(n,m)°.

So we have CP(n,m) = Spin{nm}(n,m)°. Since the Choi matrix corresponding to a
completely positive map is positive semi-definite (corollary 2.3.3), for any two map R, S €
CP(n,m)

(R,S) = (Cr, Cg) > 0.
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It shows that the cone of completely positive map C'P is actually self dual implying that

CP(n,m) = Spmin{n,m}(n, m). Hence, the claim is proved. O

Remark 2.3.10. An alternate way to prove the theorem without using the duality is to

utilise the Choi’s 1st theorem directly and the spectral theorem.

The operators V;’s in the Kraus decomposition are known as Kraus operators corre-
sponding to the CP map S. But they are not unique. For example, consider a CP map
S on M, (C) represented by two Kraus operators {Vi,V2} ie. S = Ady; + Ady,. Let
(uij)?,jzl be a unitary matrix. If we define two new operators \71 = w11 V1 + u1aVs and

Va = 91 Vi + u22Va then it can be easilt checked that Ady, + Ady, = Ad‘;1 + Ad%.

Theorem 2.3.11 (Choi’s second theorem). Two sets of Kraus operators {V;}jc; and

Vi e represent the same map S = Ady, = Ady, iff there exists a unitary
J leL %

jeJ

U = (ui;) such that V; = 3, u;Vi, where the smaller set is padded with zeros.
We need the following proposition to prove the theorem.

Proposition 2.3.2. Let p € M, (C)" with two decomposition p = > %, |v;){v;| = ?:1 |w;) (wj].
Then there exists an isometry U = (u;j) € My, (C) i.e. U*U = Id,, such that

p
w; = E uijvj.
j=1

Proof. Without loss of generality let’s assume p < ¢q. We construct two purifications of
p, say 1 and g of the form ¢ = Y P | |v;) ® |i) and 1y = gzl lwj) @ |j), where
{]7) : 1 <1 < p} is an orthonormal basis of CP- the dilation space of p of dimension p
and since p < ¢ we can extend the same orthonormal set to an orthonormal basis of CY,
the dilation space of p of dimension ¢, considering CP is embedded in C?. We know that
two such purifications differ by isometry i.e. ¥9 = (id ® U)y; where U : CP — C? is an
isometry. Taking the scalar product with a basis vector |i) on the second tensor factor

gives w; = E?Zl UijVj O

Proof of Choi’s 2nd theorem. If S has two Kraus representations
S= Y Al = Y Ady,
jeJ leL
then the corresponding Choi matrices is given by Cs = > . ;|vj){vj| = 32 |0) (0.

The previous proposition implies that there is an isometry U = (u;;) such that v, =
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Zj wjv5. Since by the proposition 2.3.1 Vj is just the matrisation of |v;) we obtain that
f/l = Zj ulej. O

The minimum number of Kraus operators required to express a completely positive
map in its Kraus decomposition forms is called the Choi-Kraus rank of the corresponding

CP map. More precisely,

Definition 2.3.6 (Choi-Kraus rank). Let S be a completely positive map on M, (C). Then
the Choi-Kraus rank of S is defined as
q
ckr(S) = min{q EN:S=> Ady,V; € Mn(C)} .
i=1
Theorem 2.3.12. Let S be a completely positive map on My (C) and Cg := J2(S) be its
Choi matriz. Then ckr(S) = rank(Cg).

Proposition 2.3.3. Let S be a 1-super positive map from M, (C) to M,(C) i.e. S €
S1(n,m) if and only if for any k > 1 and any bipartite state(non-normalised) p € (M (C)®
M, (C)*, (Idx ® S)(p) is separable.

Proof. Let p € (My(C) ® M,(C))* for some fixed k¥ > 1. By the Choi-Jamiotkowkski
isomorphism and Choi’s theorem there is a unique completely positive map R : My (C) —
M,,,(C) such that Cr = Jo(R) = (Id; ® R)(Z” 1 Bij ® Eij) = p, where Ej;’s are matrix
units of My (C). Therefore,

(Idy © S)(p) = (Idy ® ) o (Idy ® R) ZEU®EW (Id® S o R) ZEU@EU
i,5=1 ij=1

It is easy to see that So R € Si(k,m) for if S = 3%, Ads; and R = >°{_; Adg, then
SoR =31 Adg,s;, where rank(R;S;) < min{rank(R;), rank(S;)} = 1. Since we know
by the corollary 2.3.1 that J2(S1(n,m)) = Sep(C",C™) therefore, (Idy® So R)(>_; ; Eij @
E;;) = J2(S o R) which is separable and thus (Id; ® S)(p) is separable.

Conversely, suppose for for any ¥ > 1 and p € (Mg(C) ® M,(C))" we have that
(Idx ® S)(p) is separable. We need to prove that S € S;(n,m). So it suffices to show that

J2(S) € Sep(C",C™). For k =n we take the maximally entangled state p = >1',_; Eij ®
E;; > 0, where Ej;;’s are matrix units of M, (C). By our assumption (Idn®S)(Z” B ®
Eij) = J2(S) is separable. O

This motivates to define the entanglement breaking channel or more generally the

k-entanglement breaking map.
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Definition 2.3.7 (Entanglement Breaking Map). A linear map S € Lin(M,,(C), M,,(C))
is called entanglement breaking if (Idx @ S)p is separable for any p € (My(C) @ M,(C))*
and for any k > 1. We denote the set of all entanglement breaking maps by EB(n,m).

Proposition 2.3.3 shows that EB(n,m) = S1(n, m).

Definition 2.3.8 (k-Entanglement Breaking Map). A linear map S € Lin(M,, M,,) is
called k-entanglement breaking if it is k-positive and (idy @ S)X is separable whenever

X € (Mg ® M,)*. We denote the cone of k-entanglement breaking maps by EBj(n,m).
With the cones defined above we have the following chain of inclusions

(1) EB(TL, m) = 81 (TL, m) C Sk (na m) C Smm{n,m} (n7 m) = C/P(TL7 m) = szn{n,m} (na m) -
Pr(n,m) C Pi(n,m),

(ii) EB(n,m) = EBpingm,n}(n,m) C EBR(n,m) C Pr(n,m) C Pi(n,m),
(iii) €B(n,m) = Si(n,m) C Sg(n,m) C EBk(n,m)° C Pi(n,m).

Proposition 2.3.4. The cones Py, Sk, EBy, EBY C Lin(My, M), k = 1,...,n, are

closed, pointed and solid. Furthermore they are stable under composition.

Proof. Stability under composition is easy to check for k-positive maps and therefore for
CP maps. For k-superpositive maps, if S, T € St have Kraus representations
P q
S(X)=> L;XL; and T(X)=)> K;XKj,
i=1 j=1
with Kraus operators of rank less than or equal to k, then so does their composition SoT,

SoT(X) =)

=17

q
(K;Li)* X K; Ly,

—

since rank(K;L;) < min{rank(L;),rank(K;)} < k. For the stability of composition of
k-entanglement breaking maps, see [DMS21, Theorem 5.4]. For the dual cone By, it
follows from the characterisation given in [DMS21, Equation (3.5), Theorem 3.11]. Indeed,
suppose that S; are limits of convex combinations of the form given in [DMS21], i.e., S; =
lim )\g)I‘g)o\I/,(f), with Fl(f) : M, — M, positive and \Ill(f) : M,, — M}, completely positive
for i = 1,2 (where we suppressed the index for the limit). Then FI(,I)o\IJI(,l)oFZ(?) : My — M,
is again positive, and so

05, AP (10w 1) o

p,p



2.4. EQUIVARIANCE AND K-POSITIVITY 31

is again of the form given in [DMS21, Equation (3.5), Theorem 3.11].

To show that all these cones are solid (i.e., C' + (—C) = Lin(M,,, M,,), or, equivalently,
they have non-empty interior) and pointed (i.e., C' N (—C) = {0}), we will show below in
Lemma 2.3.3 that the depolarising channel P : M, — M,,, P(X) = Tr(X) I, is in the
interior of & = £B. Since all other cones contain £B, they are also solid. Which implies

that they are pointed, as duals of solid cones. ]

Lemma 2.3.3. The depolarising channel P : M, — M,,, P(X) = Tr(X)11,, belongs to

the interior of the cone Sy = EB of entanglement breaching maps.

Proof. We will use the duality between €8 = §; and PM = P;. To show that P belongs

to the interior of £B, it is sufficient to show that
VIle PM=EB°,T#0 = (T,P)>0.

Let T' € PM such that (T', P) = 0. Choose an orthonormal bases (u;);=1,.., of C". Then

the set of rank 1 operators (]ui><uj|)ij:1 __, is an orthonormal basis of M,, and we have

0=<T7P>=n12§: <T(\ui><uj’) P (Jui) (uj] > 32%( (Jus) ulD)
J=1 5;]171

Since T is positive map, each term in this sum is positive, and therefore has to vanish.

Since the orthonormal basis (u;)i=1,...» is arbitrary, this implies
Vu e C", Tr(T(|u><u|)) =0.

and therefore T' = 0. O

2.4 Equivariance And k-Positivity

Given a linear map S € Lin(M,(C), M,,(C)), it is computationally easy to decide if it is
completely positive but very difficult to decide if it is k-positive for some k& < min{n,m}.
Since SF

of My(C) and M, (C) respectively, we know that the km x km matrix [S(Eij)]ﬁjzl =

i1 Eij ® Eij € Mi(C) ® M, (C) is positive, where Eij and E;; are matrix units

Zf i1 E;; ® S(F;j) is positive. The converse is of course not true in general. B. Collins,
H. Osaka and G. Sapra showed that the converse holds for a special case- if the map S

satisfies some equivariance property [COS18|[BCS20].

Definition 2.4.1. A linear map S € Lin(M,(C), M,,(C)) is called
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i. equivariant if for any unitary U € M, (C) there exists V € M,,(C) (not necessarily

unitary) such that following equality holds
SUXU*) =VS(X)V*
for all X € M, (C).
1. unitarily equivariant if V in the above defition can be chosen to be a unitary.

ii. (a,b)-unitarily equivariant if m = n(*t® and M,,(C) = M,(C)®* @ M,(C)®* such
that for any unitary U € M, (C)

S(UXU*) = (U @ U)X (U @ UP)*

Example 2.4.1. i. Any x-homomorphism or x-anti-homomorphism on a finite dimen-

stonal matrix algebra is equivariant.

it. Let A € My(C) be an invertible matriz. Define the linear map Sa : My (C) — M, (C)
by
Sa(X):=A"XA
for any X € M, (C). Then,

SA(UXU*)=A"UXU*A
= AU(A") N A* XA AU A
= (A" U(A) ) Sa(X) (AU (A TH"
It shows that Sa is equivariant and if A is unitary then Sa is unitarily equivariant.

iti. B. V. R. Bhat characterised all (0,1)-unitarily equivariant maps [Bhat11]. More
precisely, he showed that any linear map S on M, (C) which verifies the following
equality
S(UXU*)=US(X)U*

for any unitary U € M, (X) and any X € M, (C), is of the form
S =ald+ P

for some a, 8 € C, where Id is the identiy map and P is the depolarising channel.
It follows directly from this result that any (1,0) unitarily equivariant map @ is of
the form

Q=aol+pP



2.4. EQUIVARIANCE AND K-POSITIVITY 33

for some a, 8 € C, where T is the transposition map.
Collins, Osaka, Sapra proved the following results-

Lemma 2.4.1. Let S € Lin(M,(C), M,,,(C)) be a map with equivariance property. If
S(E11) > 0, where Eyy is a matriz unit in M, (C) then S is positive.

Proof. Tt suffices to show that S(p) is positive for any rank-one projection p € M, (C).
Since two Hermitian matrices are unitarily equivalent if and only if they have the same
eigenvalues (counting multiplicities), F1; and p are unitarily equivalent. So there exists
a unitary U € M,(C) such that p = UE;;U*. This implies S(p) = V.S(E11)V* by the
equivariance property of S. Since S(Ej1) > 0 we have V.S(F11)V* > 0 which prove the

claim. O

Theorem 2.4.2 (Collins, Osaka, Sapra, 2018). Let S € Lin(M,(C), M, (C)) be a self-
adjoint linear map which verifies the equivariance property. Then for k < min{n,m}, S
18 k-positive if and only if the block matriz [S(Eij)}ﬁjzl is positive, where (E;j)s are the
matriz units of M,(C).

Proof. We have already seen that if S is k positive then [S (EU)]’;C j—1 is positive. For the
converse it suffices to prove that (id; ® S)(p) is positive for any rank one projection p in
M;,(C) ® M,(C). Let p = |z)(x| for some |z) € CF ® C" with ||z|| = 1. We write the

Schmidt decomposition of |x),

T

o) = (U e V*) Y cli) @),

i=1
where {|i) : 1 < ¢ < n} is the standard basis of C", ¢;’s are positive real numbers with
>or c? = 1, U and V unitaries arising from the singular value decomposition of C the

matrisation of the vector |x) € C* @ C". Therefore,
p=la)el = U V)| Y agliyileliil | (Ue V).
ij=1

Denoting X = 377 ., cicj|i) (j| ® [i)(j| we can write

p=UVHXU V"
It is easy to see that if S satisfies the equivariance property so does (id; ® S). Thus,

(id, ® S)(p) = (idp®@S)[(UR VXU V")

= (V1 ® VQ)(idk X S)(X)(Vl & VQ*)*
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We now show that (idy ® S)(X) is positive to conclude the argument. Suppose the block

matrix [S(Eij)]ﬁjzl is positive. Then,

(idy @ S)(X) = > cicyli)(jl @ S(Ji)(4])
i,j=1

= [S(cic; Ei)lE iz

= [eic;S(E))f j=1

= [Cicj]ﬁjzl © [S(Eij)]ﬁjzla

where ® denotes the Schur product of two matrices. The last term being the Schur product

of two positive matrices, it is again positive. This proves the claim.

2.5 A 4-Parameter Family Of Maps

We take the linear combinations of some well known maps e.g. depolarizing channel,
transpose, or map which is conditional expectation onto diagonal and discuss the criterion
of positivity, k-positivity or complete positivity of such combinations. Later we can use
these examples to generate identity preserving semigroups, which are of our ineterest. We
have already defined the depolarising channel in Lemma 2.3.3. as a linear map P : M,, —

M, satisfying

P(X)=-Tv(X)I,
n
We have
P =2 S e Xeplenenl = 3 —lend el % (= lendiesl)
T Ja]kkz—‘\/ﬁkj \/ﬁkJ’
7,k=1 7,k=1

which shows that P € S = £B. The Choi-Jamiotkowski matrix of P is

C Z ® P(E lzn:D@E e

P—]k1 7k njk:1 37 kk—nn n-

We consider also the transposition map, T(X) = X T Tt is known that T is positive,
but not 2-positive, i.e.

T € P, T & Ps,

for n > 2. The Choi-Jamiotkowski matrix of 7T is

CT— ZEjk(X)T( jk ZE]k®Ekj
Jik=1 7,k=1
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Conditional expectation onto the the diagonal: Consider the linear map D : M, — M,
D(X) = (6jkrjk)1<jrk<n for X = (zjr)i1<jr<n € M,. This map is the conditional expec-
tation onto the *-subalgebra of diagonal matrices (w.r.t. the standard basis).

We have

D(X) = lej){ej|X]e;) (el
j=1

which shows that D € §§ = €B.

We can furthermore show that D belongs to the boundary of CP, and therefore also
to the boundary of £B. Indeed, denote by C' € M,, that matrix that cyclically permutes
the vectors of the standard basis,

€j+1 1f1§]§n—1,
C'ej = €Cjp1 =
e1 if j = n,
where we use @ to denote the addition modulo n in {1,...,n}. Then the completely

positive map T¢ with To(X) = CXC* acts as
To(Ejk) = Ejo1ke1-

Thus we have

n n

(To, D) = Y Te(To(Ej) D(Ej)) = Y Tr(Ejeje1Ej;) = 0.
Jk=1 j=1

The Choi-Jamiotkowski matrix of D is
n n
CD == Z Ejk ® D(Ejk) = ZE]‘]‘ & Ejj.
jk=1 =1
We have

n
Crqg = Z Ejk X Ejkz-
Ji.k=1

We are interested in the 4 parameter family of linear maps- aP 4+ 8D + T + 61d for
a,B,7,0 € R. We need the real parameters so that the family of maps is Hermitianity
preserving. These are exactly the linear maps on M, (C) that are invariant under the
action of the hyperoctahedral group as signed permutations and have been considered
from that perspective in [JPPY23]. We wish to decide to which cone it belongs depending
on the real values of the coefficients. We can easily check that the Choi-Jamiotkowski
matrices Cp,Cp,Cr,Crqg € M, ® M,, commute. Therefore, we can simultaneously diag-

onalise these four matrices. The minimal polynomials of Cp, Cr,Crs have degree two,
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and these matrices have two distinct eigenvalues. Computing the traces, we also get the

multiplicities.
Eigenvalues of Cp p=0 p=1
dimker(Cp — pl, ® I,) n?—n n
Figenvalues of Cp o=-1 c=1

dimker(Cr — oI, ® I,) | 3(n® —n) | 3(n? +n)

Eigenvalues of Cjy T=0 T=n

dimker(Crg — 71, ® I,) n?—1 1

In particular, C74 is a multiple of the orthogonal projection onto €2 = Z?Zl ej ®e;, which
is also an eigenvector for the other matrices.

Denote by
V(p,o,7) ={veC"®@C": Cpv = pv,Crv = ov,Crqv = Tv}

the joint eigenspaces of Cp, Cp, Crqy. We can verify that, V(p, o, 7) is non-null correspond-

ing to the four triples (p,o,7) = (0,—1,0),(0,1,0),(1,1,0), (1,1, n).
Proposition 2.5.1. Let o, 3,7,6 € R and set
O(a, B,7,0) = aP + D +~T + 61d.
Then ® is completely positive if and only if «, 8,7, satisfy the inequality
a > max{n|y|, —n(B +7), —n( +~) — n’s}.

Proof. We check that the Choi-Jamiotkowski matrix Cq;(a7 By,8) = aCp+pBCp+~vCr+0CHy
of Cg(a,p,,5) has eigenvalues

Sy 249, S4B+, S4B4v+ms,

n n n n
corresponding to the four triples (p,o,7) = (0,—1,0),(0,1,0),(1,1,0),(1,1,n) with non-

trivial eigenspaces. O

Restricting to equivariant maps as in the terminology of [BCS20] (see also [COS1S,
Theorem 2.2]) we can also characterize the k-positivity criterion of the above mentioned

family.
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(1,0)-Unitarily Equivariant Case - Linear Combinations Of Identity And De-

polarising Channel

The identity map and the depolarising channel are (1,0)-unitarily equivariant map. For

Dos=aP +0Id, Dy5(X) =6X + 2Tr(X)I, we
Do s(UXU*) =Ud, 5(X)U*,

for all U, X € M,, with U unitary.
Let 1 < k < n. By the theorem 2.4.2, ®, s is k-positive, if and only if

k k k
k «
C) = By @ ®ap(By) =Y Ey® = ST @146 Y By ® By € My © M,
ij=1 ij=1 ij=1

is positive, where L(lk) = Zle FE;; € M,.

2
Note that Cg?l = 2?,;’:1 E;;® E;j commutes with Iy(Lk)®In, satisfies (Cg?) = kC’g?l,

and is a multiple of the orthogonal projection onto € = Zle e; ® e;. One can show that

the eigenvalues of Cgi)é = %L(lk) ® I, + 5C’g?1 are given by

k) \ a o
spec(C%’l) = {0, i + ké} .
We summarize our results in the following Lemma.

Lemma 2.5.1. ([Tom85, Theorem 2]) Let ., 6 € R. The linear map @ 5 is k-positive iff
(k)

the matriz C'% , is positive iff a, 0 satisfy the following two inequalities

(0,1)-Unitarily Equivariant Case - Linear Combinations Of Transposition And

Depolarising Channel

The transposition and the depolarising channel are (0, 1)-unitarily equivariant (in the
terminology of [BCS20, Definition 1.1 (iii)]. For ¥u, = aP + T, ¥y (X) = 7 XT +
STr(X) I, we have

Vo (UXU*) = UV, (X)UT,
for all U, X € M,, with U unitary.

By [BCS20, Theorem 2.4], ¥, is k-positive, if and only if

k k
(6%
C\(Ifkiv =) Eij @ Uay(By) = Efy(f) ®Iy+v Y Eij®Eji € My ® M,
3,j=1 ij=1
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is positive, where I\") = S8 By € M,,.
Note that C\(I,k) = Zk E;; ® Ej; satisfies

0,1 3,j=1

1M @ 1,080

0,1

k) _ ~k) k&
Cyy, = o%,lzg )@ I,

and (C\(I,k) 2=t  Ei®E;= I @ 1. which implies

0,1 3,j=1

spec(C\(I,l)’l) ={0,1} and Spec(C\(I,k )={-1,0,1} for k > 2.

)
0 0,1
We see that the eigenvalues of C\(I,kiﬂ = %L(Lk) &I, + ’yC‘(I,kO),l are

o o a o «
spec(Cl(I/liﬁ) = {0, gy + ’y} and spec(C\(Ijkjw) = {07 — +y,— — fy}

n

for k£ > 2.

Therefore we have the following Lemma.
Lemma 2.5.2. ([Tom85, Theorem 3]) Let a,y € R. The linear map ¥, ~ is
1. I-positive iff « > 0 and oo > —nry.

i1. k-positive for k > 2, iff a > nlvy|.
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Error Basis

The Pauli matrices are set of 2 x 2 Hermitian, unitary matrices

10 0 1 o =i o
oo = y 01 = y 02 =35 y 03 =35
01 1 0 i1 0 0 —1

N[

They were first introduced by Pauli to describe quantum spin of a subatomic particle
interacting with the external electromagnetic field. But they found a crucial role for

quantum error correcting codes. They satisfy the following relations

2 _ 2 _ —
O, =04, Op0q= —0q0p, Op0q = 10700

if (p,q,7r) € {(1,2,3),(2,3,1),(3,1,2)}. Moreover, except for the identity each Pauli ma-
trix has trace zero. Due to this trace condition, together with the above identities they
form an orthonormal basis (up to a scaling) of My (C) with respect to the Hilbert-Schmidt
scalar product. The Pauli matrices model the sign and bit flip errors in the case of 2
dimensional error correcting codes. To generalise them in higher dimension, Schwinger

(1960), Knill (1996), Werner (2001) introduced the idea of unitary error basis.

Definition 3.0.1 (Unitary Error Basis). An Unitary Error Basis (UEB) of M, (C) is a

family of n X n unitary matrices {Uz}fil such that
Tr(U;U;) = dijn.
If we equip the vector space M, (C) with the Hilbert-Schmidt inner product
(A,B) :=Tr(A*B)

then the UEB becomes an orthonormal basis (upto a scaling) of M, (C).

39
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Definition 3.0.2. Two UEB’s By and Bs are said to be equivalent iff
i. there exist unitaries Wy, Wy € U(n)
1. there exist constant cy € C for U € By

such that

By = {CUW1UW2; U e Bl}.
Lemma 3.0.1. Any unitary error basis in dimension 2 is equivalent to the Pauli basis.

Proof. Let & = { A, A, A3, A4} be an arbitrary unitary error basis of dimension 2. This
error basis is equivalent to a basis of the form {I,,,diag(1, —1), B3, B4}. Indeed, we can
multiply all matrices in £ from the left with A} to get an equivalent error basis which
contain identity. By the orthogonality condition the rest of the non-identity matrices have
trace zero. A change of basis and multiplication by scalar allows us to reduce the second
matrix to diag(1l, —1) without changing the identity matrix.

Again due to the orthogonality condition, the diagonal elements of Bs, By are zero.
We can assume they are of the form Bz = anti-diag(1, ) and B, = anti-diag(1,e~") for
some 6 € R since we are allowed to multiply the matrices with scalars. Conjugating the
matrices with diag(1,e =%/ 2) yeilds the Pauli matrices up to scalar multiples. Hence & is

equivalent to the Pauli basis.

Two fundamentally different constructions of UEB are known. One is combinatorial in
nature known as shift and multiply basis(SMB) introduced by Werner[Wer(01] and another
is more algebraic in nature, known as nice error basis(NEB) [Kni96]. We will first briefly
discuss the shift and multiply basis and mainly focus on the construction of nice error

basis as we will use them later to study different positive maps and quantum channels.

3.1 Shift And Multiply Basis

We recall that a Latin square is a n X n matrix such that each element of the set Z,, occurs

exactly once in each row and column.
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Example 3.1.1.

2 31
1 2 3
3 1 2

A complex Hadamard matriz H of order n is a n X n complex matrix such that
1. |Hijj| =1for 1 <i,j5 <n.
2. H*H =nl,

For example, for any n € N we can define the following Hadamard matrix of order n

2mikl
(H)wi =eXp< " )

Definition 3.1.1. Let H= {H(j); 1 < j < n} be a finite sequence of Hadamard matrices

and L be a Latin square of order n. A shift and multiply basis B associated to L and H is

given by the unitary matrices
By = JDjdiag(HZ(,g') 0<k< n) fori,j € Zn,

where Pj denotes the permutation matriz with entries given by P;j(L(j, k), k) =1 fork € Zy,

and zero elsewhere.

If we label the standard basis of C™ by the set {|k);k € Z,} then we can verify the

action of B'LJ on the basic vectors of C"-
) ik Js .

Lemma 3.1.1 (Werner). B = {B;;;1 <,j <n} is a UEB (known as Shift and Multiply

basis associated to L and H).

Proof. 1t is sufficient to show that B is an orthogonal system with respect to the Hilbert-
Schmidt inner product i.e. Tr(B;;By) = 0 if (i,7) # (k,). If j # [ then the matrix P} P
has vanishing diagonal which implied that Tr(ijBkl) = 0 for any choice of ¢ and k. If
j =landi# k then Tr(B};By) is equal to the inner product of i-th and k-th row of the
complex Hadamard matrix HU), hence Tr(B;;Br) = 0. O
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Example 3.1.2. For n = 3, let’s take the following Latin square L and Hadamard matrix

0 1 2 1 1 1
L=12 01 and H=11 w 2|,
120 1 w? w
where w is a third root of unity. We can check that the three permutation matrices corre-

sponding to the Latin square L are

100 010 001
PB=10 1 0,AA=1{0 0 1| and Po=1{1 0 0
001 100 010

Now we can construct the shift and multiply basis according to the definition 3.1.1. For

example the basis By, and Bio are given by

010 0 0 w?
Bor=1(0 0 1|,Bi2=1|1 0 0
1 00 0 w 0

3.2 Nice Error Basis
The other type of unitary error basis was introduced by E. Knill [Kni96], called nice error
basis(NEB). We first recall the definiton of a NEB.

Definition 3.2.1. Let G be a group of order n? for some natural number n. A nice error

basis (NEB) on C" is a set of unitary operators E = {py € U(n) : g € G} such that

1. py is the identity matriz, where 1 denotes the identity element of the group G.
2. Tl“(pg) = n5971.

3. pgpn = w(g, h)pgn, where w(g, h) is a scalar.

For such a set of operators the labelling group G is called the index group of the corre-

sponding NEB.

Conditions (1) and (3) simply tell us that the representation p is a projective repre-
sentation. If we equip M, (C) with the inner product (A4, B) := Tr(A*B) then condition

(2) ensures that F is an orthonormal set since

(pg: ) = Tr(phpn) = w(g™, 9) " Tr(pg-1pn) = w(g™ 9) " wlg™", A)Tr(pg-1p)

=w(g™ 9) Tw(g™", h)ndg.
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Comparing the dimension it follows that E is an orthonormal basis (upto a scaling) of
M, (C). It follows that 7 is an irreducible representation. Recall that a 2-cocycle is a

function f: H x H — C, where H is a group, verifying the relation

f(a> bc)f(ba C) = f(aa b)f(abv C)

for any a,b,c € G. In the case of a NEB the associativity of the index group G implies

that function w : G x G — C is a 2-cocycle. Indeed for any g, h,k € G we have

(pgpn)pk = pg(pPrpK)

- OJ(g,h)W(gh, k)pghk = w(gvh’k)w(h7 k)pghk'

If we normalise each 7, so that det(my) = 1 then w(g, h) becomes an n-th root of unity
for any g,h € G.

Recall that the character corresponding to an irreducible representation of a group G
is called an irreducible character of GG. If the irreducible representation is projective with

2-cocycle « then the corresponding character is called an irreducible « character of G.

Theorem 3.2.1. Let o be a 2-cocycle and let x be a irreducible o character of the group

G. Then x(1)% < |G : Kery| with equality iff x(g) = 0 for all g € G /Kery.

Proof. See corollary 11.13, [Kar94| O

Theorem 3.2.2 (Theorem 1, [KR02]). Let £ = {n(g);g9 € G} be a set of unitary matrices
indexed by the a finite group G. Then £ is a NEB iff m is a unitary faithful irreducible

projective representation of order |G|Y/2.

Proof. If £ is a nice error basis then we have already seen that 7 is an unitary irreducible
projective representation of degree |G| 2. The condition (2) of the definition of NEB ensures
that the projective representation is faithful i.e. no p, is scalar multiple of identity except
for g = 1. Conversely, if p is an irreducible faithful projective representation of order |G |%
then by the previous theorem the extremal degree condition tr(p(1)) = |G ]% implies that
tr(p(g)) = 0 holds for any g € G/Ker(p). It follows that p satisfies the condition (ii) of
the definition of a NEB. O

Characterisation Of Abelian Index Group

As a consequence of theorem 3.2.2, Klappenecker and Roétteler characterised all the index
groups which are anbelian [KR02]. They used a classical result of group representation

theory by Frucht. A group G is called of symmetric type if G = H x H for some group H.
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Theorem 3.2.3 (Frucht, 1931). A finite abelian group admits a faithful unitary irreducible
projective representation iff it is of symmetric type. The degree of the representation is

’G|1/2.
Proof. See [Fruc31]. O

Theorem 3.2.4. If a NEB £ has an abelian index group G then G is of symmetric type.

Conversely, any finite abelian group of symmetric type is a index group of a NEB.

Proof. We have seen in the theorem 3.2.2 that an NEB £ can be viewed as an irreducible
faithful projective representation of a group G. By the theorem of Frucht a finite abelian
group GG admits such a representation if it is of symmetric type i.e. G = H x H for
some group H and conversely, any symmetric group G will have an irreducible, faithful,

projective representation of degree |G \% O

Characterisation of Non-abelian Index Group

The characterisation of an non-abelian index group is more difficult than the abelian case.
To study this case Knill [Kni96] considered a slightly bigger group than the index group,

known as the abstract error group.

Definition 3.2.2. Let G be an index group and € = {ng;9 € G} be a NEB. Then the

group H generated by my’s i.e. H := (my) is called abstract error group.

In general it may not be finite but if we multiply each 7, by a suitable scalar ¢, such

that det(cymy) = 1 then we get an equivalent error basis
E ={n'(g9) :==cymy: g € G}

for which the abstract error basis H' becomes finite. Indeed, in such case the value of

w(g, h) for each g, h € G becomes an n-th root of the unity.
1 = det(my)det(m;,) = w(g, h)"det(myy) = w(g, h)".

So after this normalisation the corresponding abstract error group H’ can have at most

2 = n3. So without any loss of generality we can assume any abstract error

order n X n
group H to be of finite order. If € is a primitive n-th root of the unity then we can write

the abstract error group H as

H={n,:9€G,0<i<n-—1},
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with the group operation
(ém).(Fmh) = (g, B)gn.

If T is the cyclic group generated by the values of w then the abstract error group H

can be identified with the group G, := T x G where the group operation is given by

(a,g) o (b, h) := (abw(g, h), gh)

The map G, : (a,g) — g € G is a surjective homomorphism with kernel {(a,1);a € T} =
T. The group G, is called the w-covering group of G [Kar93]. Recall that if G and N

are two groups then H is called an extension of G by N if there is a short exact sequence
1 —sNSHLG—1

i.e g is monomorphism, f is epimorphism and Kerf = Img. When ¢(N) lies in the centre
of the group H it is called a central extension of G. Following the previous discussion it
is easy to see the abstract error group H =2 G, := T x G is a central extension of GG, the
index group, by T

1—T7T—G, —G—1

The main motivation of studying the abstract error group will be clear soon. The idea
is that if we have a central extension of a group then any projective representation of a
group lifts to an usual representation of its central extension. Since we have already seen
that the abstract error group is a central extension of the index group, characterising the

abstract error group will be sufficient to study an index group.

Definition 3.2.3 (lifting a projective representation to central extension). Let A, G and

G* be three groups such that G* is an extension of G by A,
14— ba

Given a projective representation of G, m : G — GL(V'), we say 7 lifts to an ordinary

representation 7 : G* — GL(V') of G* if
i. m(a) is scalar matriz for any a € A.

it. there is a section p: G — G* of f (i.e. u(1) =1 and fopu = Id) such that for all
ged
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Theorem 3.2.5. Let w be a 2-cocycle and G, be the w covering group of G. Then every

w projective representation of G lifts to a ordinary representation of G, .

Proof. If 7 is a projective representation of G then we define the ordinary representation
™ of G, =T x G by

T (9)(e',9) = e'n(g).
We define the section map p : G — G* by u(g) = (1,9) for any g € G. It is easy

to see now that for any g € G, 7(g) = 7*(u(g)) and we have 7*(¢’,1) = €'I,,. Since
T={(e,1):1<i<n—1},it follows that 7* is a lift of 7. O

We see that characterising the index group is equivalent to the characterisation of the
abstract error group which is nothing but the central extension of the index group. It
was A. Klappenecker and M. Rotteler who characterised all the abstract error groups as a

central extension of an index group by a group of central type with cyclic center [KR02].

Definition 3.2.4. A group H is called group of central type if there exists an ordinary
irreducible character x of H such that x(1)?> = |H : Z(H)|, where Z(H) is the center of

the group H.

Before we discuss the result of Klappenecker and Rotteler we need the following well
known results on finite group representation theory, which we will mention without any
proof as they are out of the scope of this thesis.

Let G be a finite group and x a character corresponding to a representation of the

group G. We call the center of the character the set

Z(x) ={9€G:|x(g)=x(D)}

Lemma 3.2.1. If x is an irreducible character of the group H then x(1)2 < |H : Z(x)|.

Equality occurs if and only if x vanishes on G — Z(x).
Proof. Corollary 2.30, [Iss76]. O

Remark 3.2.6. Since we know that Z(H) = N{Z(x) : x € Irr(H)}, where Irr(H) denotes
the set of all irreducible characters of H, it follows from the above mentioned lemma that

x(1)2 < |H : Z(H)|. Equality can occur and when it does we have Z(x) = Z(H)

Theorem 3.2.7 (Klappenker & Rottler, 2002). A group H is an abstract error group if
and only if it is a group of central type with cyclic centre Z(H).
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Proof. If H is an abstract error group then it is isomorhphic to a w-covering group of
an index group G which has an irreducible faithful projective representation 7 of order
]G|% with 2-cocycle w (cf. theorem 3.2.2). In particular, G = H/T for some cyclic
central subgroup T of H generated by a primitive nth root of the unity. Each projective
representation of G lifts to an ordinary representation of H of same degree. So there
exists an irreducible ordinary representation of H and the corresponding character x
of H with x(1) = |H : T \% Since each irreducible charcater satisfies the inequality
x(1)? < |H : Z(H)| (see remark 3.2.6) and we already know that T C Z(H) we have
T = Z(H). Thus, H is a group of central type with cyclic center.

Conversely, Suppose H is a group of central type with cyclic center. It was shown in a
seminal work of Pahling [Pah70] that H has a faithful irreducible unitary representation
o of degree |H : Z(H)|% Let G = H/Z(H) and denote by W = {z, : g € G} a set of

coset representative of Z(H) in H. Now define a projective representation

m(g) = o(zg).

The projective representation 7 is unitary, irreducible and faithful of degree |G \% There-
fore, by theorem 3.2.2 GG is an index group of an NEB. Finally, since H is isomorphic to

a w covering group of G, H is an abstract error group. O

We present in the next result a recipe to obtain an index group from a group of central

type. But we need the following lemma before moving on.

Lemma 3.2.2. Let H be a group and x be an irreducible character of G. Then Z(H /Kery) =

Z(x)/Kery. Moreover, Z(x)/Kerx is a cyclic group.
Proof. Lemma 2.27, [Iss76] O

Theorem 3.2.8. Let H be a group of central type. Then the group
(H/Kerx)/(Z(H)/Kery) = H/Z(H) is an index group.

Proof. Let H be a group of central type with an irreducible character y which satisfies
x(1)> = |H : Z(H)| then Z(x) = Z(H) (see remark 3.2.6). Therefore we have that
Z(H/Kerx) = Z(H)/Kery by Lemma 3.2.2. For each h € (H/Kerx)/(Z(H)/Kery) we

choose a coset representative ¢(h) in H/Kerx. Let us denote m, = X, (¢(h)). Therefore

we have

T = X(o(h)X(d(k)) = X(d(h)p(k)) = X(P(hk)zn),
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where 2,1, € Z(H)/Kery. X,(Z(H)/Kery) consists of scalar multiples of identity only.
So we obtain 7.7y = X(¢(hk))X(znk) = w(h, k)T, where w(h,k) € C. Since the
representation is irreducible, all the 7, spans M, (C) for some n € N. Using isomorphism
theorem we get (H/Ker x)/(Z(H)/Ker x) = H/Z(H). As we know the character x
vanishes outside Z(H), it follows that Tr(m;,) = 0 except at the identity. So we find that

(H/Kery)/(Z(H)/Keryx) = H/Z(H) is an index group if H is a group of central type. [

Examples: We present here two examples to briefly clarify the previous result- one

with an Abelian index group and another with a non-Abelian index group.

i. The group of unit quaternions @ = {=£1, +i,£j, £k} (with multiplication as the
group operation) has eight elements and five irreducible representations (up to equiv-

alence), which we can choose as

o ooi(i)=1, oy

op : ox(i)=—-1=0

k
0 1 0 -1
T o om(i) = , m(d) =
i 0 1 0

1) =1| i |=i|j |—j| k |—k| dim

We see that

ker(XTr) = {1}7

Z(Xﬂ') = {17_1}:Z(Q)‘

Q is a group of central type: its center is Z(Q) = {—1,1} and it has a |Q/Z(Q)|"/?-

dimensional irreducible representation. We have Q/Z(Q) = Zg x Zs.
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The 2-cocycle w : Zo X Zo — T is given by the relations

m(g91)7(g2) = w(g1, 92)7(g192),

for g1, go € Zo. If we write Zg x Zs = {(£1,£1)} multiplicatively and choose

m(+1,+1) = 7(1) = Iq,
0 1
m(+1,-1) = (i) = ( ,
1 0
0 —1
m(—1,+1) = =(j) = (
1 0
i1 0
m(—1,-1) = =(k)= (
0 —z
We get
w (+1,+1) (+1,-1) (=1,41) (=1,-1)
(+1,41) 1 1 1 1
(+1,-1) 1 -1 1 -1
(—1,+1) 1 -1 -1 1
(—=1,-1) 1 1 -1 -1

ii. Klappenecker and Rotteler construceted an example of NEB corresponding to a non-
commutative index group which we briefly mention here. Consider the group H,, for

some n € N, generated by the composition of the maps
T:x—x+1(mod 2") and a:z~— Sz(mod 2").
If A:=(7r) and B := (a) then H,, = A x B.

Theorem 3.2.9. The group H,, is a group of central type of order 222 with cyclic
center Z(H,) = (2" ). The index group H,/Z(H,) is non-Abelian for n > 5.

Proof. See theorem 5, [KR02]. O
Let ¢ : Z/2"Z — C be a map defined by

b(x) = exp (27;? )

Then the diagonal matrix

m(7) = diag(6(0), 6(1),..., (2" ~ 1))
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and the shift

0 1 0 0]

00 1 0
m(a) =

000 ... 1

100 ... 0

define an ordinary faithful irreducible representation of H,,. The NEB corresponding

to the index group H,/Z(H,) is given by

E={r(n)fr(a):0<kl<2"2-1}.

NEB and SMB from Discrete Weyl Operators

An open problem posed by Schligemann and Werner was if each NEB is equivalent to a
SMB. Klappenecker and Rétteler showed the answer to be negative [KR05]. We discuss
here an important class of example called Weyl operators which is both SMB and NEB.
We define »((+,-)) a fixed symmetric nondegenerate bicharacter on Z,, x Z, i.e., a function

#(,) 2 Zy, X Zp — C such that
(i) |s(z,y)| =1, for all x,y € Zj,
(ii) Symmetry: »(x,y) = »(y,x), for all x,y € Zj,
(iii) Non-degeneracy: »(z,y) =1 for all y € Z,, iff z = 0,
(iv) Character: »(x,y+ z) = x(x,y) - #(z, 2).
In general Z, can be replaced by an arbitrary Abelian finite group

Example 3.2.10. We can take

2mikt
N

%(k,ﬂ)zexp( ) , k.l € Zy.

Fix an orthonormal basis

{lz);z € Zn}

of C™. We define two unitary representations U and V of Z, on C™, by the relations

Udlz) = [z +a),

Valz) = s(a,z)|x),
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for x,a € Zy,.

The operators U,, V3, a,b € Z,, satisfy the Weyl commutation relations
UaUp = Ua+b7 VoV = Va—i—ba WU, = %(a, b)UaWy

for a,b € Zy,.
We define the Weyl operators
Wa,b = Ua%

for a,b € Z, [Wat18]. The matrix coefficients of a Weyl operator W, ; w.r.t. to the basis
{|z);x € Z,,} are given by

<y’Wa,b’x> = %(bvx)6y,a:+a7 T,y € va

or, equivalently,
Wap = Z #(b,z) |z + a){x|. (3.2.1)
zeG

It is straightforward that they satisfy the following relations,

Wa,bW:c,y = %(67 x)Wa+m,b+y;
wb = Wa_bl = x(a,b)W_4 4,
»#(b, )
Wo Wy WV = Wy,
b Y a,b %(a,y) Y

for a,b,x,y € Zy.
It follows that

{n_1/2Wa,b; a,be G}

is an NEB of M,,(C), since

Tr(Wap) = Y (2] UsVplz) = e (3.2.2)
z€lp n ")‘ o) 0 else,

and

TI'(W;yWa,b) = TI‘(((Q}, y))W—x,—yWa,b)
= ((x—a,9)Tr(Wa—zp—y)
N if (a,b) = (z,y),

0 else.
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Here we used the orthogonality of the characters,

Z s(a, x)x(b,x) = ndgp.

2€Ln =x(b—a,r)

The following Fourier expansion shows how to express any element X € M, (C) in

terms of the o.n.b. {n~Y/2W, ;;a,b € G}. For all X € M, (C) we have

X ==Y Tr(W;,X)Way.
CL,bEZn



Chapter 4

Error Basis and Quantum Channel

In this chapter we will use use nice error basis, in particular the Weyl operators to construct
a convenient basis of Lin(M,(C)). We want to decompose any linear map with respect to

2 % n? coefficient matrix. We will then characterise the

such convenient basis to obtain an n
positivity, complete positivity, complete co-positivity in terms of that coefficient matrix.
We will also establish the connection between the Choi matrix of a linear map on M, (C)
and the coefficent matrix that we have found. The discussion and the results of this chapter

are based on our paper [BCF23(ii)], co-authored by Uwe Franz and B. V. Rajarama Bhat.

4.1 Convenient Basis Of Lin(M,(C))

For a pair of matrices A, B € M,,(C) we define a linear map T4 p : M, (C) — M, (C) by
Tap(X)=AXB", for X € M, (C).
Proposition 4.1.1. The map M,,(C) x M, (C) > (A, B) — Tx p € Lin(M,(C)) extends to

a unique isomorphism of *-algebras T : M,,(C)®@ M, (C)* 5 A® B* — T4 p € Lin(M,(C)),

which is also an isomorphism of Hilbert spaces.

The above proposition shows that if {B;;1 < i < n?} is a basis of M,,(C) and we define
T;;(X) == B;XBj for any X € M,(C) then {T;; € Lin(M,(C));1 <4,j < n?} is a basis of
Lin(M,(C)). Taking an NEB as a basis of M, (C) has the added advantage that in that
case T;; also becomes an NEB in Lin(,(C)).

Lemma 4.1.1. Let {%ﬂ'g; g € G} be an NEB of M,(C) corresponding to an index group
G. Define the linear map Ty, : M, (C) — M,(C) by

Ty y(X) i= m Xy,

93
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Then the {1T, 2,y € G} is an NEB of Lin(M,(C)) with the index group G x G and
2-cocycle w” : (G x G) x (G x G) — T given by

L o o
) ) = ST

Proof. 1t is trivial to check that 771 = Id where 1 is the identity element of G'. To check

the trace condition, we compute

Trvin(a () (To) = D (G Ty G1) = D Trag, e (1) Gl il )
= D (ilmali) (jlmy|j) = Te(ma) Te(my) = 0?6101y,
where {|#)(j|1 < 4,5 < n} is the set of matrix units of M,,(C). This shows that trace of

each operator T}, is zero except for the identity. For any X € M, (C) and z,y,2’',y € G
7y

we see that

w(z', x) w(z', z)
Ty 0Ty y(X) = 7rm’7r$X7ry y = mﬁm 1X7ry 'y mTr’m,y’y<X)a
which proves the claim about the 2-cocycle w’ O

The next proposition follows immediately since any NEB forms an ONB of the asso-

ciated space of linear maps.

Proposition 4.1.2. The set {1T, ,;x,y € G} forms an orthonormal basis of Lin(M,,(C))
with respect to the Hilbert-Schmidt inner product.
Let a € Lin(M,(C)) and {B;;1 < i < n?} be a basis of M,(C). Since T;;(defined

above ) forms a basis of Lin(M,,(C)) we can decompose « as

a(X)= Y Da(i,j)B:XB;. (4.1.1)
1<i,j<n?

In particular, if we take an NEB {%M;x € G} as a basis of M,(C) we can explicitly

compute the coefficient matrix D,,.
1 1 i}
= ;Da(aﬁ, Y)Tey(X) = % Do (z,y)me X (4.1.2)

for all X € M,(C). Using the orthonormality of the basis 27}, , and NEB {%ﬂg; g€ G}
of M, (C), we have D, (z,y) = (Txy, Q) Lin(M, (C)) 1-€-

Dalw,y) = ~TH(T} ,0)
= 22 zy(Tg), (Tg))
gEG’

= ZTr Ty, T a(Tg)). (4.1.3)

geG
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Here T denotes the involution applied on T w.r.t the Hilbert-Schmidt inner product on
Lin(M,,(C)). If we use the Weyl operators as the nice error basis for defining T} , i.e.
Tpy(X) = W, XW; for x,y € Zy, X Ly, then we can compute the coefficient D, in (4.1.3),
using {|a)(b|;a,b € Z,} as an o.n.b of M, (C)

Dalesy) = = 3 (Wit alWia(a) @)
a,beG

_ %Z s(y2,b) <a+m1‘a(\a><b1)’b+y1>, (4.1.4)

a,beG %<x2 ’ a)

for x = (131,552))?/ = (y17y2)'

Lemma 4.1.2. Let o, B € Lin(M,(C)) with coefficients (Do(2,y))zyec and (Dg(z,y))zyea
respectively, as defined in the equation (4.1.2). Then the coefficients of their composition

ao 3 are given by

Doog(z,y) = > w(p,zp”Hw(q,y4~ ) Dalp, ¢) Da(p~ 2, q 'y),

P,q€G
forx,y € G
Proof. We have
aoB(X) = Z Do (p, q)mp Z Ds(p', ¢ )my X7y | 7
PgEG p',q'€G
= Y wp.p)w(a,¢)Dalp, ) Ds, ¢ )rpy Xy
p,0',4,9'€G

= Y| D w.p ' v)w(e, ¢ ) Dalp, ) Dplp 'z, g7 y) | m Xy,
z,yeG \p,qeG

DaoB

which completes the proof. ]

We can define two different involutions on Lin(M,(C)). The first comes from the

Hilbert-Schmidt inner product and is characterised by the condition
(X,a(Y)) = (o!(X),Y)

for all X,Y € M,(C).
The second is inherited from the involution in M,,(C) and defined by o (X) = a(X*)*.
Both involutions are conjugate linear, but only the first is anti-multiplicative, whereas

the second is multiplicative, i.e., we have

(@aoB)f=pToal, (aop)# =a%op#



56 CHAPTER 4. ERROR BASIS AND QUANTUM CHANNEL
for a, 8 € Lin(M,(C)).

Proposition 4.1.3. Let a € Lin(M,(C)). We have

w(z,z7!
Dyi(2,y) = ————3 Dal(z™t y~!
o) = S D)
and
Da#(l',y) = Da(yal')
forx,y e G.
Proof. 1t is easy to see that for any x,y € G we have T;I,y = Zg:zngw*,y”' Applying

the involution t on the decomposition of a in (4.1.2)

-1
—_— w(r, 2™ ) ———
al = Z Da(x>y)TwT,y = Z HDa(xa y)T:pfl,yfl
z,yeG z,yeG vy
the first claim follows. Similarly, we can trivially check that Tf y = 1y, for any z,y € G.

Then the second claim follows by applying # on the decomposition (4.1.2)

04# = Z Da(%y)Tfy = Z Da(xay>Ty,z
I,yGG x,yEG

4.1.1 Examples

Here we compute the kernel or the n? x n? matrix D, corresponding to different positive
maps o € Lin(M,,(C)) which are important in quantum information. We use {17, ;z,y €
G} as an o.n.b of Lin(M,(C)) where G is an index group corresponding to an NEB
{ﬁwx; z € G}.

Identity map: The identity map corresponds to the kernel Dig(x,y) = ndi 01, for

x,y € G as we can write

X =mXn] = - Z n51’1517y7rxX7r;.
r,yeG
Depolarising Channel: Let P € Lin(M,(C)) be the diagonal sum P = 1 > gec Lyg-
For any h € G and X € M,(C) we have

1 . 1 w(h,h=1) .
mhP(X) = - Zw(h,g)ﬂthﬂg and P(X)m, = - Z 7g7TgX7Thflg.

g g
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After a change of variable we can write P(X)m, = %Zg %W@X m,. Using the

definition of 2-cocycle

w(h,h™1) B w(h, 1)

T hg) ~ kDL gatng 9

Thus we see that P(X) commutes with every basis element 7, on M,(C). So we con-
clude that P(X) = cI,, for some ¢ € C. Computing the trace of both sides we find that
¢ = Tr(X). Therefore we see that the map P, defined as the diagonal sum of the oper-
ators Ty 4, is actually the depolarising channel which corresponds to the identity matrix

Dp(z,y) = 165, where z,y € G.

Transposition: Let T' € Lin(M,(C)) be the transposition map given by X + X*. We

compute the n? x n? matrix Dy corresponding to the transposition map. For anyz,y € G

we have
1 1 Sl
Dr(e,y) = ~(TeyIT) = — 3 Te((Teal)G) TIi) (G
1<i,5<n
1 15) K1\ /s
= — T
= > (i) il )
1<i,j<n
1
=ED DIUL=REEARITY
1<i,j<n
1 KU S | |
= = 37 (ilmliilm i) = ~Tr(rer,)
1<i,j<n

In particular, if we take the Weyl operators {W,;a,b € Z,} as the chosen NEB and
{li);1 € Zy,} as the standard basis of C" then

1 ) . 1 ) .
Dr((a,b), (c,d)) = — > W5 la) (i Wealg) = - > x(a,b)x(=b, )x(d, 5)di j—abicti-
i,j€0n 1,j€Ln
So we have

% Eiezn x(a,b)x(d—b,i+a) if c=—a,

Dr((a,b), (¢, d)) = X o

Conditional Expectation onto Diagonal: Consider the linear map C : M, (C) —
Mn(C), C(X) = (6ij$ij)1§i,j§n for X = (:Eij)lgi,jgn € Mn((C) This map is a conditional

expectation onto the *-subalgebra of diagonal matrices with respect to the standard basis.
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We compute the coefficient matrix D¢ of the map C. For any z,y € G

Dele,y) = {Tey|C) = (T2l 1) Cli) ]

Tr(my|5) (il ]d) (4])
1<i,

= (lmyli) = *Tr(C(TFSZ)C(Try))-
"<

MM

IA

n

In particular, taking the Weyl operators as NEB gives

%ZjeZnX(d_bvj) ifc=a=0,

0 otherwise.

DC((CL’ b), (67 d)) =

4.2 Correspondence between Choi matrix ', and D,

Recall that the Choi-Jamiotkowski matrix of a map « € Lin(M,,(C)) is the n? x n®-matrix
defined by

Co= Y Ejp®a(Ej) € My(C) ® My(C) = M,2(C).
4,k=1

It is known that a € Lin(M,(C)) is completely positive (CP) iff C, is positive. Further-

more, a € Lin(M,(C)) is k-positive if and only if
(v,Cov) >0

for all v € C"®@C™ with Schmidt rank not more than k [RA07, SSZ09]. For any completely

positive map « we have the Kraus decompositon

o = iAdLj
7=1

for some matrices L; € M, (C), where for any X € M,(C) the conjugate map Ady, is given
by Adp,(X) =L;X L7. The minimum number of Adp, required to express « as its Kraus
decomposition is called the Kraus rank of a. We call o 1-super positive or entanglement
breaking iff rank(L;) = 1 for any j. The linear map « is called completely co-positive iff
T o « is completely positive, where T is the transposition map.

We can switch from C, to D, by a change of basis.

Proposition 4.2.1. If T, , is defined with respect to the Weyl operators then the Choi-

Jamiotkowski matrixz of T, is given by

(z2,11)
CTz,y (U, w) = %(y2 7w1)6v1+z1,v25w1+y1,w2,
)



4.2. CORRESPONDENCE BETWEEN CHOI MATRIX C, AND D, 59

for x = (z1,22),y = (y1,92), v = (v1,v2), w = (w1, w2) € Zp X Zyn. More generally, if o is
of the form o = Zz,yeznxzn Do (z,y)Ty,y, then its Choi-Jamiotkowski matriz is given by

Calw) =+ S 229 by (4 iy ), (w — w1, 10)),

n x2,y2€G %(y% wl)

forv,w € Zy X Zy,. Conversely, the coefficients from the equation (4.1.4) can be computed

from the Choi-Jamioltkowski matriz via

Dy (z,y) = l Z j:((gz’z))ca((a,a—i-afl), (b,b+ y1))
a,beG ’

forx,y € Zy X L.

Proof. Using Formula (3.2.1), we get

1
Wy = ———|d)(d +
/ deZM(y%d)x vl

and
Ty (la)l) = 202

for a,b € Zy,, x,y € Zy, X L. So, if we choose {|a);a € Z,} as a basis of C", we can write

|a+$1><b+yl‘7

the corresponding matrix units as |a)(b|, a,b € Z,,, and we get

Or, = Y la)(b]® Tuy(la)(0l)

a,bEZn

Z %(.’I)270) |(a’a +x1)><(b,b+y1)|7

a,bEZn %(y2 ’ b>

which proves the first claim of the proposition.

For a = 1 > vyt xzn Dal(@,y) Ty, this yields

n

Comr Y Y Do) 2t )0+ )

> b
2,yE€Zn X Tons a,bELn, (42,0)

Calosw) = &= 32 2B (0 — un, ), (g, 10).

x2,Yy2€%n, #(y2,w1)

For the converse we use the equation (4.1.4),

Do(z,y) = 711bZGz((;/zjz))<a—i—xl’a(laﬂb\)‘b—i—y1>
- L X 2l a] | X Calea @m)lanl) b+ m)
v n(x9,a) i
= % Z z((i/z’z))Ca((a,a—Fxl),(b,b—H/l))u

a,b€Zn,
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where we used the identity

a(la)pl) = D Cal(a,g), (b, h))]g)(hl.

g,heG

4.3 Characterisation of positive and completely positive maps

Theorem 4.3.1. Let {B,},—12 n2 be a basis of My(C). Consider a linear map o €
Lin(M,(C)) of the form a(X) = ny:l Do(z,y)B: X B;,. Then o is

1. hermiticity preserving if and only if D, is Hermitian.
1. positive if and only if for any v,w € C",

(v w,a(vew)) >0

2

where & =T o) Do (,y)(Bz ® By) and 7(u ® v) = v ®@u is the flip operator.

n
z,y=1

Proof. a € Lin(M,(C)) is hermiticity preserving iff a(X*)* = a(X) i.e. o = a. Compar-
ing the coefficient matrix of both sides the first claim follows directly from the proposition
4.1.3.

On the other hand, « is positive if and only if it maps rank one projections to positive

operators. i.e. for all v,w € C

0 < (v, a(|u){u|)v) = <U,ZDa(x,y)BI|u><u|B;v>

$7y

= Z Do (z,y)(v, Byu)(u, Byv)

x?y

= <u®v,ToZDa(aﬁ,y)Bx ®B;(u®v)> = (u®v,a(u®v)).
zy

O]

Theorem 4.3.2. A linear map « € Lin(M,(C)) is a completely positive map with Kraus
rank v if and only if the corresponding coefficient matriz D, € M,2(C) as defined in

(4.1.1), is positive semi-definite of rank r.

Proof. Let {By;x = 1,...,m%} be a basis of M,(C). a € Lin(M,(C)) is CP with Kraus

rank 7 then there exists {L; € M, (C);1 < j < r} such that a can be written as Kraus
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decomposition
,
a= Z Ady,,
j=1

where Ady; is the conjugate map given by Ad;(X) = L; XL} for any matrix X € M, (C).
Since the map Lin(M,(C)) 3 a — D, € M,2(C) is a linear isomorphism, we have D, =
Z;Zl DAdL]-' We can expand each L; with respect to the basis {By;x = 1,...,n%} and
write L; = Zil lj(z)B,. Therefore we get

*

TZ2 ’I’Zz
Adp (X) =L XL = (Y Li(2)B. | X [ D 1;()Ba
z=1 z'=1

n2
= > 1;(2)l;(')B.X B},
z,2'=1
We find that Daq, is a rank one operator given by
J
Daar, = 1)1

where [; = (1;(1),1;(2),...,1;(n?))! is a vector in C"*. Thus D, = > =1 |1j)(l;] is a positive
semi-definite operator of rank r.

Conversely, assume that D,, is positive semi-definite with rank r. So there exists vectors
01,02, ...,v € C"° such that D, = > =1 1vi){vjl. If we denote {|z);x = 1,...,n?} the

standard basis of C™* then

T T

Da(x,y) = Y (zloj)vsly) = Y _(xlo;){yloy).

j=1 j=1

Therefore we can write the equation (4.1.1) as

aX) = 3 Y el Wl B X B,

z,y=1 j=1

= Z Z((w\vj)Bz)X(<y’Uj>By)*
zy=1j=1

= Y S talo)B. | X [ Y v B,
j=1 \=z=1 y=1

If we denote L; = 37, (z|vj) By then we get a(X) = > %_; L; XL}, which shows that a

is completely positive with Kraus rank r. ]

We remark here that the similar result was obtained by Poluikis and Hill from a

different approach [PH81|. But our approach has the advantange that coefficient matrix
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corresponding to the composition of two linear maps becomes the convolution type product
of their individual coefficient matrices. This composition law can be used to characterise

the completely co-positive maps too.

Corollary 4.3.1. A linear map « € Lin(M,,(C)) is completely co-positive iff the convolu-

tion product

> Mp.x = p) Tr(WpWy) Doz — p,y — q)

D,q€ELn XL, x(¢,y — )

18 positive semi-definite.

Proof. The linear map « is co-CP iff the composition with transposition T o « is CP.
Using the Theorem 4.3.2, we see that T' o« is CP iff the coefficient matrix Do, is positive

semi-definite. In particular, in the decomposition 7' o o w.r.t the Weyl operators

1
TOO[(X) = — Z DTana:XW;7
T YELn X Ip,

the coefficient matrix Dy, is positive semi-definite. We use the Lemma 4.1.2 and the
coefficients we have found for transposition in example 4.1.1 to compute the coefficient

Dyo, which complete the claim. ]

Corollary 4.3.2. A linear map o € Lin(M2(C)) is 1-super positive iff Do = > " |1;){1;]
where 1; = (1;(1),...,1;(4))! is a vector in C* satisfying 1;(1)* = Ei:2 L (k).

Proof. Since « is 1-super positive in My (C), there exists matrices Ly, Lo, ..., L, € My(C)

of rank 1 such that o = 77 Adr,. We can decompose each L; w.r.t the Pauli basis

to obtain L; = Z?Zl lj(k)o. After this decomposition L; has the form

1| L) +15(4) 15(2) —il;(3)
21052) +il;(3) (1) — 1(4)

L; has rank 1 iff det(L;) = 0 i.e. 1;(1)% = 1;(2)? 4+ 1;(3)? + 1;(4)%. We have already seen
that in the proof of 4.3.2 that DAdLj = |l5)(l;|, which completes the claim. O

Proposition 4.3.1. A linear map o : M, (C) — M,,(C)
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(a) is trace preserving if and only if

Z w(x, g)Da(x,2g9) = 014

zeG

forall g € G.

(b) is unit preserving if and only if

~1
Z %Da(x, 2 la) =61,
= w(z=lz,x712)

forall z € G.

Proof.

(a) Since {my;g € G} forms a basis of M,, the map « is trace preserving iff Tr(a(my)) =
Tr(my) for all g € G. Now

wl(T wlT -1
Tra(ry) = 3 Dl ) 2 LAY i, )

Substituting zg = y we get

ZW(I’,Q)D&(I’,ZUQ) = Tr(ﬂ'g) = 61,9
zelG

for all g € G.

(b) By definition « is unit preserving iff a(l,,) = I,,.

. w(z,y")
a(l,) = Z Da(:vay)ﬂ'xﬂ'y = Z ﬁDa(l'ay)ﬂxy*1
z,yeG r,yeG vy

-1
-y _w@8T2) b,
w

1. -1
s (z7lx,z=1z)

Comparing the coefficients we get

-1
w

= (z71z,2712)

for all z € G. O
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Chapter 5

Semigroup Of Different Positive
Maps

The following discussion is based on our paper [BCF23(i)], co-authored by Uwe Franz and
B. V. Rajarama Bhat. Let V be a Banach space and £(V') be the algebra of all bounded

linear operators on V. We recall the definition of a semigroup of linear operators-

Definition 5.0.1. A unital semigroup of operators on V is a family of bounded linear

operators on (Ty)i>0 on V such that
i. To =1d,
1. Tyas=Tr 0Ty fort,s >0,
141. the map t — T} 1s continuous.

Remark 5.0.1. We remark here that the third condition which imposes certain continuity
on the semigroup (T;)i>0 can be replaced by weaker conditions of continuity e.g. strong
continuity (Cy semigroup), ultra weak continuity. However, as we will work on finite
dimension it will be enough to restrict our discussion on norm continuity of the semigroup

of linear maps.

It is well known that there exists an operator A € L(V') such that T; = exp (tA) for
t > 0. Such an operator A is called the generator of the semigroup of linear operators
(Ti)¢>0 (see prop. 9.4, [BFR17]). Even if we weaken the continuity condition (iii) by
replacing the norm continuity by strong continuity existence of closed densely defined

generators follows from Hill-Yoshida theorem (see theorem 2.2.5, [App19]).

65
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On finite dimension, let’s consider a semigroup of operators T} : M, (C) — M, (C). We
call it an n-level quantum dynamical semigroup of linear maps if it preserves identity i.e.
Ti(I,) = I,, and each T} is a completely positive map for ¢ > 0. The following result was
proved by Lindblad, Gorini, Kossakowski and Sudarshan [Lin76][GKST76].

Theorem 5.0.2. A semigroup of linear operators Ty = exptWV is a quantum dynamical

semigroup if and only if the generator W has the form

k
W(X) = ilH, X]+ Y VXV = SV ViX + XVV)
j=1

Motivated by this result we were interested to see if it is possible to characterise the
generator of semigroups of k-(super)positive maps.

Let A be a unital algebra with unit 1. Let C be a cone inside the topological dual
space A’. Then an element a € A is called conditionally positive on C' if ¢(a) > 0 for any
¢ € C such that ¢(1) = 0. Michael Schiirmann proved the following result [Sch85]

Theorem 5.0.3. Let A be a real Banach algebra with unit 1. Denote by A’ the topological
dual of A. Let C be a closed convex cone with non-empty interior such that ¢ € C implies
that ¢ € C for all n > 0 (where ® = 1). Then for an element a € A the following

statements are equivalent
1. a 1s conditionally positive on the dual cone C°.
it. exp (ta) € C for all t > 0.

We could use apply this result to characterise the generator of semigroup of k-positive
maps or k-super positive maps but the problem was that for £ < n the identity map is not
a k super positive map. So a semigroup of k-super positive maps can not be Id at time

t = 0. It compels us to consider a non-unital semigroup of linear maps.

5.1 Non-unital Semigroups

We will be interested in semigroups of linear operators (73):>0 (on some Banach space V),
which do not start from the identity, i.e. we have T Ty = T4 for all s,¢ > 0, but not
necessarily Ty = id. We still want ¢ — T} to be continuous.

The semigroup property implies

¢ =Ty
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i.e., Ty is idempotent. Then we can decompose V as V = Im(Ty) @ Ker(Tp), where
IIn(T()) = To(V) = Ker(idV—Tg), and Ker(To) = Im(idv—Tg) = (idv—T())(V) We assume
that Tj is bounded, so both subspaces are closed. With respect to this decomposition Tj

has the form
idpm(r,) O
0 0
Furthermore, the semigroup property implies To7; = Ty 1y = T3 for all t > 0. Therefore

Ker(Tp) € Ker(7y) and Im(73) C Im(Tp).
W.r.t. the decomposition V' = Im(7y) @ Ker(7p) we can write the 7} as
T, 0
0 0

T, =

with some linear operators Ty € B(Im(Tp)), which form a continuous semigroup (7 t)t>0
with initial value Ty = Idym(1y)- This allows to extend classical result on unital semigroups
to the non-unital case.

In our examples, if Ty is a conditional expectation onto some unital *-subalgebra,
then we are lead to study semigroups (Tt)tzo that preserve the corresponding cones of
To(M,,) C M,,.

But in general Ty need not be a conditional expectation, as the example in the following

subsection shows.

5.1.1 Examples Of k-Positive Semigroups

Since the identity map id : M,, — M, is not k-superpositive for k < n, there exist no k-
superpositive semigroups (1} : M,, — M,,)¢>0 with Ty = id. But there do exist semigroups
of k-superpositive linear maps on M, that start with an idempotent k-superpositive map
Ty. Very simple examples are given by To(X) = PX P with P a k-dimensional orthogonal
projection.
Another class of examples are semigroups 13 : Mo ® M,, — My ® M, of the form

A B Si(A) 0

C D 0 a(St(A))
with (St)i>0 a k-superpositive semigroup acting on M, and « : M, — M, any k-
superpositive linear map. If « is not a *-homomorphism, then Ty is a k-superpositive

idempotent whose image is not a *-subalgebra, and so Ty is not a conditional expectation.
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5.2 A Schoenberg Type Correspondence For General Non-

unital Semigroups

We give a non-unital version of Schiirmann’s result [Sch85, Lemma 2.1].
For X a Banach space, we will denote by Bxs and Sx the unit ball and the unit sphere
of the dual space X’. If C C X is a cone in X then C° denotes the dual cone in X', i.e.

C°={peX';VveC o) >0}
Note that we have (for C' a closed convex cone)
(co)yr =c.

Theorem 5.2.1. Let A be a real Banach algebra with a closed convex cone C C A with
non-empty interior. Let ag € C be an idempotent such that for any ¢ € C, we have
apcag € C.

We assume furthermore that for any c € C' we have ¢ € C for n > 1.

Then, for any b € A such that bag = agb = b, the following statements are equivalent.
(1) b is ag-conditionally positive on C°, i.e., p(b) > 0 for all ¢ € C° with ¢(ap) = 0.
(i) expg, (tb) == limyse0 (a0 + )" € C for all t > 0.

Proof. (ii)=-(i): This follows by diffentiation at t = 0. If ¢ € C° is such that p(ag) = 0,
then

(O)) _ P—{rol %sp(expao(tb)) >0,

t>0

(i)=-(ii): We have

(5.2.1)

n—oo

th\" L (th)"
eXpg (tb) := lim (ao + n) —a+ > (n?
n=1 '

and we want to show that this quantity is positive for t > 0 if b satisfies condition (i).
Without loss of generality we can take t = 1.
We will prove in four steps that exp, (b) is positive.

Step I: For any interior point ¢ € C' there exists d > 0 such that

Yo e C°  p(c) > dlle|.
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Indeed, let ¢ € C' be an interior point. Then there exists § > 0 such that ¢+ 6B C C,

where B4 is the unit ball in A. Therefore for v € By,
p(c£dov) >0,

and

p(c) = 6 sup [p(v)| = d[lell.
vEB/

Step II: for any p > 0 there exists n > 0 such that
Vo € C°NBar, ¢lag) <n = p(b) > —p.
Indeed, fix p > 0 and set

and ¢(b) < —p}

o 1
Vo) = {ip € C° N Buaiglan) <

By the ag-conditional positivity of b w.r.t. C°, we have

() Valp) = 0.

n>1
Since C° N By is compact by the Banach-Alaoglu theorem in the weak-* topology, and

since the V,,(p) C C° N By are weak-* closed, there exists ng € N such that V,,(p) = 0.
Take n = %

n

Step III: For any € > 0 and ¢ € C' an interior point, there exists ng € N such that for all

nzn()a

b
Yo e C° N Sa, ¢<a0+ ffc)zo,

where S, denotes the unit sphere in A’. Let § > 0 be the real number guaranteed by
Step I such that ¢(c) > d||p|| for all p € C°. Let n > 0 be the real number guaranteed by
Step II such that for all ¢ € C° N By with p(ag) < n we have p(b) > —&d.

Let ¢ € C° NSy . We distinguish two cases, according to the value of ¢ on ay.

Case p(ap) < n: in this case we have

1
—(cp(b) +& cp(c)) > 0.
M~ NN~ ~—~
>0 >—ed >
Case ¢(ag) > n: now we get

b+ec 1 b+ec
) = glan) + e +-0) 2 - 2,
Ne—— N n

© <a0 +
>n

. . L. b+-ec
which is positive as soon as n > w



70 CHAPTER 5. SEMIGROUP OF DIFFERENT POSITIVE MAPS

Step IV: By the Bipolar theorem, this means that for any € > 0 and ¢ € C an interior

point there exists an ng € N such that for all n > ng, ap + % € C. Then we have

ap (ap + ¥ ag = ag + M2 € O

Since C' is stable under taking powers and closed, we get

n—o00 n

. b+ gapcaop "
exp,, (b + €apcap) = lim (a9 + ——— | €C.

To conclude the proof we let € \ 0. O

5.3 Application To The Semigroups Of k- (Super)Positive
Maps

Now we apply Theorem 5.2.1 to the algebra Lin(M,,(C))** of hermitianity preserving linear

maps from M, to M,.

Theorem 5.3.1. Let
A = Lin(M,(C))** = {T € Lin(M,(C)); Tox = xo T}

and let C' C A be one of the cones Py = PM,Pa, ..., Pn_1,Pn=CP =35,,S—1,--.
Sy, 81 =EB,EB,1,...EB;.
Fiz an idempotent map &9 € C. Then for ¥V € A with Vo ®yg = Ggo W = VU the

following are equivalent.

(i) We have expg, (t¥) = ®o + > -7, EY < C for all t > 0;

n!

(ii) U is ®g-conditionally positive on C°, i.e., we have

YoeC? (v,80)=0 = (v,¥)>0.

Proof. The hermitianity preserving maps on M,, form a real Banach algebra, when we
equip it with the norm induced by the operator norm on M,, = Lin(C", C").

Proposition 2.3.4 ensures that all the cones are convex, solid, pointed and stable under
composition. Furthermore, they are closed under composition, so we have §°* € C' and
TooSoTye C forany S, Ty € C and n > 1.

Therefore, we can apply Theorem 5.2.1 to any pair (7p,.S), with T an idempotent in
C and S € A such that SoTy =1TpoS =5, and the result follows. O

In particular, if we take the cone of k-positive maps we obtain the the following result-
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Corollary 5.3.1. Take C =Py with k € {1,...,n} and Ty =1d = T1g;.
A semigroup Ty = exp(tS) with generator S = Ty where W = >  A; @ B; € (M, ®

MyP)%2 ) consists of k-positive maps for all t > 0 if and only if
YV € My, (rank(V) <k and Tr(V)=0) = > Tr(AV*)Tr(BV) > 0.

Proof. Here we consider unital semigroups, i.e., Ty = Id, which belongs to Py, for all £ > 1.
Furthermore, the condition S o Ty = Ty o S = S now holds for any S € Lin(M,,, M, )"er.
We know that

C° =Py = 8 = convex hull of {Tygy+;V € M,,rank(V) < k},

cf. [SSZ09].
Note that
(Tygvs,1d) = Te(V* @ V) = |Te(V)|?,
since, by Proposition 4.1.1, T is an isomorphism of Hilbert spaces.
By Theorem 5.3.1, exp(tS) € Py for all ¢ > 0, iff S is Id-conditionally positive on
Sk =Py, ie. ,if
Let us check that it is sufficient to verify this for ¢ € {Tygy~;V € M,,rank(V) < k}.

Indeed, this set generates Si. And, since for a convex combination ¢ = > \;T Vv with

Ai >0, >\ =1, we have

<Z >\¢Tv¢®m*71d> =Y ATV @ Vi) = > M[Tr(Vi),
we see that the condition (p,Id) = 0 is satisfied for a convex combination iff it is satisfied

for each term.

If S =Ty with W =3 A; ® B; € (M, ® My")**, then
(TvevTw) = (Vo VW) =Tr (V'4;® VB;) = Tr(4;V")Tr(B;V),
which completes the proof. ]

Let {B;};—1,. n2 be an orthonormal basis of M, such that By = I,, and Tr(B;) = 0 for

2 < j < n?. Taking {B; ® Bj}Z,qul as a basis of M,, @ My?, or equivalently {B; ® B Z;:l

of M,, ® M further we write S = Zijl D;;B; ® B;f, where D;; is a n? x n? matrix in C,
so that the map T is given by

TL2
U(X)=Ts(X)= Y DiyBiXB; (5.3.1)
ij=1
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for all X € M,,. The semigroup exp (t¥) is Hermitianity preserving if and only if the

generator T is hermitianity perserving if and only if the matrix (D;;) is hermitian.

Proposition 5.3.1. A semigroup T; = exptV is completely positive if and only if the
matriz (Dij)?j-:l is hermitian and for any v = (0,ve,v3, -+ ,v,2) € C" we have
2
<”|(Dij);fj=1U> >0,
Proof. Let V be a n x n matrix with the basis decomposition V = zg‘il v;B;. The trace
conditions on Bj;’s implies that Tr(V') = 0 if and only if v1 = 0. By a direct application of
Corollary 5.3.1 we see that the map T with S = Z;i:l B; @ B} generates a completely
positive semigroup (i.e. n positive) if and only if for any V' € M,, with Tr(V') = 0, we have

Z?j’:l DijTr(B,»V*)Tr(B;V) > 0. Writing the basis decomposition of V' in this condition,

we obtain
TLQ n2
(V(O,UQ,Ug, s ,Unz) S an) = Z Z Dz‘jlfkvlTr(BiBZ)Tr(BjBl) > 0.
1,=2 k,1=2

Because of the orthonormality of the basis B;’s, Tr(B;B;};) = 6;, and Tr(B]"fBl) = 0;;. Thus
the above condition becomes
n2 TL2 n2
Z Z Dijﬁkvléikéﬂ = Z D;jviv; > 0,
i,j=2k,1=2 i,j=2

which is the desired result. O

From this result we can re-derive the Lindblad[Lin76], Gorini, Kossakowski, Sudar-

shan’s theorem [GKS76] on genereator of CP semigroup.

Theorem 5.3.2. An identity preserving semigroup exp (tW)) will be completely positive
for all time t > 0 if and only if the generator ¥ has the form
~ 1
W(X) =ilH, X]+ ) {V/XV; = S(;V;X + XViV;)}
j=1

for all X € M, where H is an hermitian matriz and V € M,.

Proof. We use the basis decomposition 5.3.1 of the generator ¥

2 2 2

n n n
U(X)=DuX+) DaBiX+) DiXBj+ ) DiBiXB]
=2 7=2 i,j=2

As (Dj;) is hermitian, if we denote W := 3.7, Dyt B; and & := Dy then W* = 3", Dy B}

and x is a real number. From the previous proposition 5.3.1 we know that (Dij)?j-:2 is
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a positive matrix. Therefore there exists Ay, Ag, ..., Ay € M,2_; such that (Dij)Z;ZQ =

ALAT + Ay A5 + .+ AR AL If we write A, = (ar(p, ¢)) then in terms of the coefficients of

the matrix A, we have

n2

k
Z +(4,p)-

Substituting these in the above expression of ¥ and regrouping the terms we obtain

2 n

\IJ(X)_/{X+WX+XW*+ZnZ(Z i)X(iaT(j,p)Bj)*
j=2

r=1p=2 =2
n? k
— kX WX + XW* + Z > Vo XV,
p=2r=1

where V,, ;. := Z:iQ ar(i,p)B;. That the semigroup preserves the identity is equivalent to

the generator mapping it to zero i.e. W([,) = 0. Plugging this condition we get
LD D RN

So we can set W = iH — 3k — 1 Z > VorVyy, where H is a Hermitian matrix and

substituting it in the above expression of \I/(X ), we have

\II(X)—/ﬁX—i—(zH—fﬂ—fZZV Vo) X—i—X(—zH—f/i—fZZ o Voir
22 Ve XV
p T

=X Y VX, (Vi X £ XV 0) )

5.4 Positive Semigroups On M(C)

In [Car04] positive semigroup has been characterized in terms of the generator of the
semigroup. Here we give another characterization of the same, following the discussion

above. The Pauli matrices are unitary matrices
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which form an orthogonal basis of My with respect to Hilbert-Schmidt inner product.

Moreover, they satisfy the following relations

2 _ ;2 — —
O, =04, O0p0q= —0q0p, Op0q = 10700

if (p,q,7) € {(1,2,3),(2,3,1),(3,1,2)}. Decomposing a matrix V with respect to these

basis i.e V = Z;’):O vp0p, We observe that V' has the form

1 |vo+wvs v —ive

2 V] +1vy vy — U3

It is easy to see that
(i) V has trace zero if anf only if vy =0,
(ii) it has rank one if and only if det(V) = 0 i.e. v3 = v} + v3 + v3.

For a semigroup exp (t®) on My we can write the generator again in terms of Pauli basis
as in 5.3.1-

3
® =Ts, where S = Z Dy q0p @ 0y.
p,g=0

Proposition 5.4.1. A semigroup exp (t®) is positive if and only the matriz (qu);qzo 18

hermitian and for all v = (v1,va,v3) € C3 with v? 4+ v3 + v3 = 0 we have
(v](Dypg)3 4=1v) > 0 (5.4.1)

where (qu)f’),q:1 is the 3 x 3 submatrixz of the matriz (Dij)ij:()? defined above. Moreover,
it is identity preserving if and only if the following relations are satisfied,

3
> Dpp =0, and (Dpo + Dop) + i(Dgr — Dyg) =0
p=0

for (p,q,7) € {(1,2,3),(2,3,1),(3,1,2)}.

Proof. As a direct application of coroallary 5.3.1 it follows that the semigroup exp (t®) is
positive if and only if for any V' € My with rank(V) =1 and Tr(V) =0

3
> DpyTr(o, V) Tr(ogV) > 0 (5.4.2)
P,q=0

As we observed, expanding V' in the Pauli basis V = Z?:o v;jo; the rank and trace

conditions translate into vg = 0 and Z?:l v]2- = 0. Plugging this decomposition of V' in
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the expression 5.4.2 it becomes

3 3 3 3
Z Z quﬁjvar(GpUj)Tr(Uqu) = Z Z @jvkdmqu
P,q=0 j,k=0 P,4=0 j,k=0
138
1 Z Dypqvpvg = 0,
p,q=1

which gives the desired inequality.
To obtain the conditions of hermitianity and identity preserving property, it is easy to

see that

(i) exp (t®) is hermitianity preserving if and only if the generator ® = Tg has the same

3

property, which is equivalent to the matrix (Dpq);, ,—

o being hermitian.

(ii) The semigroup preserves identity if and only if the generator ® takes identity to zero

i.e. Ts((To) =0.

5.5 A General 4-Parameter Family Of Semigroups

Now we discuss as an example the semigroup generated by 4 parameter family L = aP +
BD +~T + 61d and time evolution for specific cases in My. As all the operators P, D, T, 1d

commute, the semigroup generated is given by

ty _ ,—ty
ets(e e)

exp (tL) =e! P+ (el — 1) P 4 0 (P — 1)D + T

w5 (€7 +e)
et T 1)

1
5 d

_l’_

5.5.1 The Depolarising Channel

We consider the semigroup T, s = expt(aP + 6Id). This semigroup is again a linear

combination of the operator P and identity,

_ _ ot at 5t
Tos(t) = exp (t(aP 4 61d)) = e”(e* — 1) P+ ¢°* 1d,
which, by Lemma 2.5.1, is k-positive iff

a(t)>0 and 6(t) > _CZ(:L)

This condition is satisfied for all t > 0 iff e > 1 for all t > 0 iff a > 0.
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If we consider the identity preserving semigroup generated by the operator P and the
identity operator i.e. the semigroup 7, _,. we can see that it is a convex combination of

P and the identity opearator
To,—o = expta(P —1d) = (1 — e )P + e "Id.

which is completely positive for all £ > 0 iff &« > 0. What is more, in this case the
semigroup converges to P as t — oo, which we know by Lemma 2.3.3 to be an interior
point of the cone £B or 1-superpositive. So if a > 0, the semigroup 7i, _, enters the cone

EB in finite time ¢; > 0. The Choi matrix of the semigroup is given by

3(1+et) 0 0 et
Or = 0 3(1—et) 0 0
0 0 s(1—e') 0
e 0 0 (14 e

To decide when the semigroup enters £B we use Peres-Horodeci (or PPT) criterion. If T'

is the transpose map then

[L(1 4 1) 0 0 0
0 (1 —et) et 0
(Id ® T)Oexp (tL) =
0 et s(1—et) 0
0 0 0 s(1+e')]

So T, —o is in EB if and only if Cr,, _, is separable if and only if (Id® T')Cr, _,, is positive
(by PPT criterion, see [Per96],[HHH96]). We can easily check that the above matrix is

positive iff the determinant

= _§€72m —2etv 4 1.

%(1 _ efta) 4

is positive. Replacing by o = e~ in the above expression, we observe that the polynomial
—%mz — 2z + 1 has the positive root xg := —% + 2% in the interval [0, 1]. The polynomial
is positive on the interval [0, z¢] and negative on [z¢,1]. Thus the semigroup enters the

cone S at the time
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5.5.2 Transposition

We consider the identity preserving semigroup generated by the transposition and the
depolarizing channel i.e. by the generator L = aP + T — (a + «)1Id, for o,y € R. Since

all the quantities T, P, Id commutes we have

exp(tL) = exp(ty(T — Id)) exp(ta(P — Id))

e 1 + €f2t’y 1— ef2t'y

—¢ " ————Id+e " ——
e 5 +e 5

T+ (1—-e"™P,
which is a convex combination of the Id,T and P.

If we take a,y > 0, then in general it is a positive semigroup but not necessarily
completely positive.

If the parameter @ = 0 then the semigroup is just convex combination of Id and T,
which converges to 3(Id + T') as t — oo.

If @ > 0, then the semigroup eventually becomes completely positive, even 1-superpositive

as it converges to P.

We compute the Choi matrix of of the semigroup exp (tL),

Cexp t) = ptCa + 1Cr + 11Cp, (5.5.1)

_ —2ty _ __ 2ty _ .
where p; = e to‘HeT, [y =€ to‘leT and v, = (1 — e~ '), Using the same arguments

as in Proposition 2.5.1, the Choi matrix is positive iff the eigenvalues 7t — y; and 7* + py
are positive. Combining these two conditions, we conclude that the semigroup exp (tL)

becomes CP at time ¢ iff
“ > | ie. 2(e® —1) >n|l —e |,
n

The above inequaility shows that even if v >> «a > 0 it is possible that the semigroup not
CP for certain time but ultimately becomes CP and then superpositive after finite time. If

v = a > 0 then substituting z = e* in the above inequality gives the following criterion,

223 — (2 +n)z? +n > 0.

The polynomial p(z) = 223 — (2 4+ n)z? 4+ n has two positive roots- 1 and 2HYV7=+8n ”ergn, and

p(x) > 0 for x > nAV=+8n W. The root 1 corresponds to the time ¢ = 0. So the semigroup

becomes CP at time ¢ = éln @'
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We can find the time when the semigroup becomes 1-superpositive using again PPT
criterion for the case Ma(C).

Pt + He + %Vt 0 0 Lt
0 v pe 0
(Id ® T)Cexper = ?
0 Pt %Vt 0
i Lo 0 0 pe+pm+ %Vt_
sV P
The above matrix is positive iff the determinant L= 1vE — p} is positive, which
Pt
gives the condition

2 S eta _ e—Qt’y'

(5.5.2)
If v = a > 0 then substituting x = e

'@ in the abive inequality gives that

x3—2x2—120.

If £ is the positive root of the polynomial then we see that at the time to = %lnf the
semigroup becomes 1-superpositive.
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Abstract: In the first three chapters of this thesis we discuss the existing notions of different positivity of a
linear map between matrix algebras e.g. k-positivity, complete positivity, k-superpositivity, separable and
entangled quantum state, unitary error basis and their constructions etc. We discuss the relation between
different positive cones, and their duals in detail. In the last two chapters, we present our results on the
topic. We try to characterise different positive maps using a suitable basis of the space of linear maps
between matrix algebras. The Weyl operators give a convenient basis of matrix algebra which is also
orthonormal with respect to the Hilbert-Schmidt inner product. The properties of such a basis can be
generalised to the notion of a nice error basis(NEB), as introduced by E. Knill. We can use an NEB of
matrix algebra to construct an NEB for the space of linear maps between matrix algebras. Any linear map
will then correspond to a coefficient matrix in the basis decomposition with respect to such basis.
Positivity, complete (co)positivity or other properties of a linear map can be characterised in terms of such
coefficient matrix. Finally, we will characterise the one parameter semigroup of different positive maps in
terms of its generators. We prove a Schoenberg-type correspondence for non-unital semigroups which
generalises an analogous result for unital semigroup proved by Michael Schiirmann. It characterises the
generators of semigroups of linear maps on matrix algebra which are k-positive, k-superpositive, or k-
entanglement breaking. We present some concrete examples of semigroup of operators and study how
_their positivity properties improve with time.

Keywords: Positive operators, Quantum information, Quantum channel, Semigroup of positive
operators, Nice error basis, Semigroup of k-positive maps

Résumé: Dans les trois premiers chapitres de cette thése, nous discutons des notions existantes de
différentes positivités d'une application linéaire entre des algébres de matrices, par exemple la k-positivité,
la positivité compléte ou le canal quantique, la k-superpositivité, état quantique séparable et intriqué, la
base d'erreur unitaire et leurs constructions etc. Nous discutons en détail de la relation entre les différents
cones positifs et leurs duals. Dans les deux derniers chapitres, nous présentons nos résultats sur le sujet.
Nous essayons de caractériser différentes applications positives en utilisant une base appropriée de I'espace
des applications linéaires entre les algébres de matrices. Les opérateurs de Weyl donnent une base pratique
de T'algebre des matrices qui est également orthonormée par rapport au produit scalaire de Hilbert-
Schmidt. Les propriétés d'une telle base peuvent étre généralisées a la notion de "nice error basis" (NEB),
telle qu'introduite par E. Knill. Nous pouvons utiliser une NEB de I'algébre des matrices pour construire
une NEB pour l'espace des applications linéaires entre algébres de matrices. Toute application linéaire
correspondra alors a une matrice de coefficient dans la décomposition de la base par rapport a cette base.
La positivité, la (co)positivité complete ou d'autres propriétés d'une application linéaire peuvent étre
caractérisées en termes de cette matrice de coefficients. Enfin, nous caractériserons le semigroupe a un
parametre de différentes applications positives en fonction de ses générateurs. Nous prouvons une
correspondance de type Schoenberg pour les semigroupes non-unitaires qui généralise un résultat analogue
pour les semigroupes unitaires prouvé par Michael Schiirmann. Elle caractérise les générateurs des
semigroupes de applications linéaires sur l'algebre des matrices qui sont k-positifs, k-superpositifs, ou k-
rupture d'enchevétrement. Nous présentons quelques exemples concrets de semigroupes d'opérateurs et
¢tudions comment leurs propriétés de positivité peuvent s'améliorer avec le temps.

Mots-clés : Opérateur Positif, Canal quantique, Information quantique, Semigroupe d'opérateurs
positifs, Base d’erreur, Semigroupe d’operateurs k-positifs
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