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Vagues et ondes hydro-acoustiques pour I'alerte précoce de tsunami : modélisation, analyse
et simulation

Résumé

L'objectif de cette these est de proposer des modeles décrivant la génération et la propagation des
ondes acoustiques et des ondes de tsunami générées par les mouvements du fond marin. Lors d'un
tremblement de terre sous-marin générant un tsunami, les ondes acoustiques qui se propagent
dans I'eau peuvent étre considérées comme un précurseur du tsunami. L’étude de ces ondes
acoustiques peut donc permettre d'améliorer les systemes d’alerte précoce aux tsunamis. Nous
commencons par un chapitre introductif décrivant I'état de I'art sur le sujet, ainsi que les
principales notions qui seront abordées. Nous présentons ensuite un modele permettant de décrire
la propagation des ondes acoustiques et des ondes de gravité dans un fluide a surface libre. Les
propriétés mathématiques du modele sont ensuite étudiées, et une discrétisation par la méthode
des éléments finis spectraux est proposée. En particulier, nous montrons que le méme modele
physique peut étre décrit a I'aide d'un autre systeme d'équations portant sur une nouvelle variable.
Afin de mieux décrire les interactions des ondes avec le fond marin, le modele est ensuite étendu
pour étudier un systeme fluide-solide. Pour cette extension, nous présentons son étude
mathématique ainsi qu'une simulation. Enfin, nous utilisons les équations développées au cours
des précédents chapitres pour simuler des cas-tests appliqués a la géophysique.

Mots clés : Modélisation, analyse, simulation, fluide a surface libre, ondes acoustiques

Acoustic-gravity waves in free-surface flows: modeling, analysis and simulation towards
tsunami early-warning systems

Abstract

The aim of the present thesis is to propose models describing the generation and propagation of
acoustic and tsunami waves generated by movements of the seabed. In the event of an
underwater earthquake generating a tsunami, acoustic waves propagating in water can be seen as
a precursor of the tsunami wave. The study of these acoustic waves can therefore lead to
improvements of tsunami early-warning systems. We start with an introductory chapter describing
the state of the art on the subject, as well as the main concepts to be covered. Then, we present
a model describing the propagation of acoustic-gravity waves in a free-surface flow. The
mathematical properties of the model are then studied, and a discretization based on the spectral
finite elements method is proposed. In particular, we show that the same physical model can be
described by an alternative system of equations written for a new variable. In order to describe
more accurately the ocean interaction with the seabed, the model is then extended so as to study
a fluid-solid system. We present the mathematical study and the discretization of this new model.
Finally, the equation that were introduced throughout the previous chapters are used to simulate
test-cases with application to geophysics.

Keywords: Modeling, analysis, simulation, free-surface flow, acoustic waves
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Résumé long en Francais

Dans cette these, nous étudions des modeles linéaires décrivant la propagation des ondes acous-
tiques et des ondes de gravité pour un fluide a surface libre. Lors d'un tremblement de terre
sous-marin générant un tsunami, les ondes acoustiques qui se propagent dans |'eau peuvent étre
considérées comme un précurseur du tsunami. L'étude de ces ondes acoustiques peut donc perme-
ttre d'améliorer les systemes d'alerte précoce aux tsunamis.

La these est divisée en cing chapitres :

Le premier chapitre présente un état de I'art sur la modélisation des ondes acoustiques dans
le contexte de tsunamis générés par des tremblements de terre. Nous commencons par décrire
plusieurs modeles de tsunami et d'ondes acoustiques a différents niveaux de complexité. Un modele
pour la propagation des ondes acoustiques dans un flot moyen est ensuite présenté, car son formal-
isme sera utilisé dans le reste de la thése. Nous décrivons ensuite d'autres modeles de tsunamis,
pour lesquels une importance particuliere est accordée a l'interaction avec le fond marin. Enfin,
nous expliquons les effets de la stratification de I'océan sur la propagation des ondes acoustiques ;
en effet, I'une des nouveautés du modele développé dans la these est qu'il prend en compte cette
stratification.

Le deuxieme chapitre reproduit un article publié (Dubois et al., 2023). Dans cet article, nous
dérivons un modele pour les ondes acoustiques et les ondes de gravité dans un fluide stratifié a
surface libre. Nous montrons comment plusieurs modeles de la littérature, qui ont été présentés
dans le Chapitre 1, peuvent étre considérés comme des cas simplifiés ou des cas limites de ce modele
plus complexe. Nous écrivons également la relation de dispersion associée a ce modele. La relation
de dispersion est un outil utile pour étudier les différents phénomenes physiques pris en compte dans
le modele, comme par exemple la stratification verticale de I'océan et en particulier les variations
verticales de la vitesse du son.

Le troisieme chapitre a pour objet I'analyse et la simulation du modele présenté dans le Chapitre 2.
Nous montrons que le modele physique peut &tre décrit par une formulation alternative, utilisant
une nouvelle variable. Cette nouvelle formulation présente plusieurs avantages, tant du point de
vue mathématique et que pour la simulation numérique. La nouvelle variable peut étre vue comme
un "potentiel généralisé”, au sens ou elle correspond au potentiel de vitesse dans le cas d'un flot
irrotationnel. Nous prouvons que la formulation originale et la nouvelle formulation sont toutes les



Vi Résumé long en Francais

deux bien posées, et qu'elles sont équivalentes. Nous décrivons également la discrétisation des deux
formulations, et donnons un exemple numérique pour illustrer leur équivalence, obtenu avec une
discrétisation par éléments finis spectraux en espace et par différences finies en temps.

Le quatrieme chapitre propose une extension du modele présenté dans le Chapitre 2, permettant
de prendre en compte |'interaction avec le fond marin. L'hypothese d'un sol rigide est remplacée
par celle d'un solide élastique, qui s'étend sous la couche de fluide. Le domaine fluide-solide est
modélisé comme un seul domaine élastique, avec des parametres constitutifs différents pour chaque
sous-domaine. Un systeme linéaire décrivant le mouvement joint du fluide et du solide est ainsi
déduit. Nous montrons que ce systeéme est bien posé, et nous présentons une illustration numérique
obtenue par la méthode des éléments finis spectraux.

Le cinquieme chapitre s'appuie en partie sur une communication présentée a I'assemblée générale
de 'EGU !. Dans ce chapitre, nous présentons des simulations numériques obtenues avec les for-
mulations présentées dans le Chapitres 3. Nous nous intéressons a deux cas de propagation d'onde
dans I'océan. Le premier cas est une figure d'interférence observée pour des ondes acoustiques
générées par un glissement de terrain. Le deuxiéme cas est une illustration du guidage d'onde des
ondes acoustiques, que I'on observe pour certains profils de la vitesse du son.

Ihttps://meetingorganizer . copernicus.org/EGU23/EGU23-15937 . html
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Context of the thesis

Tsunamis are devastating natural hazards, and early warning against potential arrivals remains the
most efficient way to reduce damage. However, they are also quite difficult to detect during their
early stage. Most tsunamis are generated by seabed movements, such as underwater earthquakes or
landslides. While traveling the ocean, a tsunami is usually a wave less than a meter high, with a very
long wavelength and propagating at a high speed; only when it reaches a coast does it becomes
a wave of significant height. Because tsunami waves are not very tall during their propagation,
detecting them visually or with sea-level measurements remains a challenge. In order to alert the
populations at risk, faster signals must be used to forecast the arrival time of a tsunami wave on a
coast. This is the purpose of early-warning systems.

(b) Tsunami from the Tohoku-Pacific Ocean
Earthquake. (Source: Miyako, Iwate Prefecture,
Japan).

(a) A village near the coast of Sumatra after the
Tsunami that struck South East Asia. (Source:
Navy Visual News Service)

Figure 1: Two of the deadliest tsunamis in recent history. (a): The Sumatra tsunami in 2004; (b):
the Tohoku-Oki tsunami in 2011.

Current early-warning systems rely exclusively on monitoring seismic waves. However, in the
last decade, several studies have confirmed that acoustic waves propagating in water, also called
hydro-acoustic waves, carry valuable information about both earthquakes and tsunamis, and that
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they could improve current tsunamis early-warning systems (Nosov and Kolesov, 2007; Yamamoto,
1982). The increased availability of hydro-acoustic recordings related to seismic and landslide events
(Matsumoto et al., 2012; Caplan-Auerbach et al., 2001, 2014) makes it possible to compare theory
and data and brings us closer to practical applications.

In this context, the aim of the present thesis is to

Develop a linear model describing the generation and propagation of acoustic and surface
gravity waves generated by movements of the seabed.

The model is formulated along with a dedicated mathematical framework, allowing us to prove its
well-posedness and solve it numerically using a spectral element method. The obtained model is
used to provide simulations for some geophysical applications. Another aspect that we will inves-
tigate is the modeling of the ocean-earth interaction. The effect of such an interaction on the
waves' generation and propagation is the subject of ongoing research. To contribute to a better
understanding of this topic, the model is extended to include seabed interactions. We present the
mathematical analysis and a numerical approximation for this extended model.

This PhD thesis has been prepared in the ANGE team at Inria Paris and Sorbonne Université,
funded by a fellowship from Région lle-de-France (DIM Mathlnnov), and under the supervision
of Jacques Sainte-Marie (Inria Paris, Ange team) and Sébastien Imperiale (Inria Saclay, M=disim
team). The interdisciplinary nature of both the ANGE team and this topic offered the opportunity
to directly work with experienced geophysicists. Several results presented in this thesis have been
obtained in collaboration with Anne Mangeney (Institut de Physique du Globe de Paris).

The thesis is divided into five chapters.

The first chapter gives a state of the art on the modeling of acoustic waves in the context of
tsunami and underwater earthquakes. We first introduce several models describing the tsunami and
the acoustic waves with different level of complexity. A model for acoustic propagation in a mean
flow is also presented, since its formalism will be used in the remaining of the thesis. Then, we
introduce some models focusing on the earth-ocean interaction. We also describe the effect of the
ocean stratification on the acoustic wave propagation, since one novelty of the model developed in
this thesis is to take the ocean stratification into account. Finally, we present the contributions of
the thesis and relate them to the literature.

The second chapter reproduces a published paper (Dubois et al., 2023), where we derive a model
for acoustic and gravity waves in a stratified, free-surface flow. We show that models from the
literature, which were presented in Chapter 1, can be seen as simplified or limit cases of this more
complex model. We also derive the dispersion relation of the model, reflecting the different phys-
ical processes involved, such as the ocean stratification and the sound speed’s dependency on depth.

The third chapter focuses on the analysis and numerical approximation of the model presented
in Chapter 2. An alternative, more advantageous formulation based on a new variable is intro-
duced. The new variable can be understood as a " generalized potential”, in the sense that the new
variable corresponds to the fluid potential in the particular case of an irrotational flow. We prove
the well-posedness of both formulations, and show that they are equivalent. We also present the
discretization of both formulations and numerically illustrate the equivalence. The results presented
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in this chapter will be submitted as a paper.

The fourth chapter is an ongoing work, where the model presented in Chapter 2 is extended
by taking into account the interaction with the seabed. Instead of assuming a rigid-body seabed,
we consider it an elastic domain below the fluid layer. The fluid-solid system is modeled as one
elastic domain, with different parameters for the fluid and solid sub-domains. We derive a linear
system describing the coupled motion of the fluid and the solid. We show the well-posedness of the
obtained formulation and present a numerical illustration.

The fifth chapter is based, in part, on a communication presented in the European Geoscience
Union General Assembly 2. We show numerical simulations obtained with the formulations presented
in Chapters 2 and 3. We consider two different cases of wave propagation in the ocean, and discuss
the insight obtained from these preliminary results. The first simulation reproduces an interference
pattern observed for acoustic waves generated by a landslide. The second simulation illustrates
the trapping of acoustic waves in the so-called SOFAR channel, an open waveguide forming in the
presence of specific underwater sound speed profiles.

’https://meetingorganizer.copernicus.org/EGU23/EGU23-15937 . html
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In this chapter, we present the state of the art for the physical systems studied in the thesis, and
summarize the contribution made in each chapter. Section 1.1 presents models from the literature
for the propagation of tsunami waves and acoustic waves. In Chapter 2, the model developped in
the thesis will be compared to those models. We also introduce so-called Glabrun equation, which
describes the propagation of acoustic wave in a mean flow, written in Lagrangian coordinates. The
Galbrun equation is closely related to the model developed in this thesis. In Section 1.2, we present
the state of the art on the earth-ocean coupling for the tsunami generation and propagation. The
mathematical analysis of such models is still an open question, and we present in Chapter 4 the
analysis for the fully-coupled model. In Section 1.3, we describe the effect of the ocean stratification
on the acoustic wave propagation, since one novelty of the model developed in this thesis is to take
the ocean stratification into account. Finally, Section 1.4 summarizes the contributions of the
thesis.
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Figure 1.1: The domain Q(t)

1.1 Hydro-acoustic waves for tsunami early-warning systems

In this section, we introduce the various models describing the tsunamis and the acoustic waves.
Since all of the models in this section are derived from the Euler equations with free surface, we
begin with a reminder on this topic. Both tsunami models and underwater acoustics are subjects
too broad to be discussed here in detail, so the introduction that we give here aims only to write the
main equations and giving some notations. We briefly present two tsunami models that are mainly
used in the early-warning system literature, and give some fundamentals on the acoustic equation in
the ocean. We then present three models coupling the two acoustic and gravity waves in the ocean,
and we conclude by a short introduction to the Galbrun equation, which describes the propagation
of acoustic waves in a flow.

1.1.1 The Euler equations for a free-surface flow

In the ocean, the viscosity is generally assumed negligible (Gill, 1982), hence the system is described
by the Euler equations. We consider a portion of the ocean, denoted Q(t). The portion is assumed
small enough to neglect the curvature of the Earth and consider the ocean far away from the coast.
Hence Q(t) is infinite in the horizontal direction. It is bounded in the vertical direction by the free
surface, denoted [, and by the seabed, denoted I',. We assume that the surface and the seabed
can be described as graph of functions, namely the free surface n(x,y,t) and the topography
zp(x, y, t). In the following, we will only consider linear models, so that this assumption is not
problematic. The domain is then described by

Q(t)={(x,y,z) € R3 | zo(x,y, t) <z<n(x,y, t)} (1.1)
The boundaries of the domain I's and [, are respectively described by
Ms(t) = {(x,y.2) eR® | z=n(x,y, 1)}, (1.2)

and
Mo(t) = {(x.y.2) €R® | z=z(x, y, 1)}. (1.3)

The domain as well as its boundary are represented on Figure 1.1.
The Euler equations state the conservation of mass, momentum and energy for a non-viscous
fluid in the time-dependant domain Q(t). The unknowns are the fluid velocity U with components
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U = (u v w)?, its density p, its pressure p, its temperature T, its internal energy e and its entropy s.

op B

E"FV'(,OU)—O, (14)
0

5 (PU)+V - (pU@U) + Vp = pg, (1.5)
0 U|? U|?

3 <p|2| +pe) +V. ((p|2+pe+p)U> =pg-U. (1.6)

Among the five variables p, p, T, e, s, only three are independant. Indeed, those variables are related
by the Gibbs law (Gill, 1982)

@:T$+§@, (1.7)
and by an equation of state of the form
f(o. T,p)=0. (1.8)

Initial and boundary conditions must also be prescribed. Since the initial condition will depend on
the considered case we do not give them here. The boundary conditions describe the continuity of
pressure on the surface and the continuity of normal velocity on the seabed. The pressure above
the ocean is assumed equal to the atmospheric pressure p?(x, y, z, t). The seabed is moving with
a prescribed normal velocity u, = 0:z5, and we denote by n, the unit vector normal to I',. The
boundary conditions read then

U-np=u, onl(t), (1.9)
p=p? onTl(t). (1.10)

Because of the free surface and the moving seabed, the domain ©(t) changes with time. Its
boundary are described with the kinematic boundary conditions,

ax'r] 8><Zb

877 aZb

EJFU' Oym| =0 on Ig(t), §+U~ Oyzp | =0 on Tp(t). (1.11)
-1 -1

An equation for the pressure can be derived from the system (1.4)-(1.8). We denote by ¢ the sound
speed, defined by

op
2= 1.12
‘ <5p>5' (112
and the equation for pressure reads (Gill, 1982)
0
5€+U~Vp+p8v-uzo, (1.13)

1.1.2 Classical models for tsunami

We present two models used for tsunami propagation. Classically, models for tsunami propaga-
tion are obtained from the system (1.4)-(1.11) by assuming that the flow is incompressible and
irrotational. An incompressible fluid is the limit case where the sound speed ¢ goes to infinity.
From Equation (1.13), we have that the assumption ¢ — oo implies V - U = 0. An irrotational
flow satisfies V x U = 0, which implies that U can be written as the gradient of some potential
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¢. This is expressed as U = V¢. The bottom displacement is considered as a perturbation to a
time-independant topography, hence the total topography is decomposed as z,(x, y) + b(x,y, t).

As explained before, tsunami are a small perturbation of water depth compared to the total
ocean depth, and have a long wavelength. Typically, the total ocean height is of the order of a
few kilometers, whereas the raising above the mean sea level is a few dozen centimeters, and the
wavelength is hundreds of kilometers. The first model, used by Saito (2019) and Dutykh and Dias
(2007), uses the small raising assumption to linearize the boundary conditions (1.11). Using the
fact that the flow is irrotational and incompressible, the mass conservation (1.4) becomes a Laplace
equation for the fluid potential. For a flat bottom (z, = 0) and a water height at rest denoted H,
the model reads

2
Ap=0in Q, %—i—g%zo, onz=H, %:% onz=0. (1.14)

The second model used for geophysical flows is the shallow water model. This model makes use
of the assumption that the wavelength of the surface waves is much larger than the total water
depth. Additionnally, the vertical acceleration of the fluid is neglected. With those two assumptions,
one can derive the following non-linear shallow water equations,

OH

o(HU _
(m ), Vi - (HO®0)+ gV(HQ) = —HV,,p* — ghV, Zp, (1.16)

with Vi, = (8x 8y)f. The unknowns are the water height H(x,y,t) = n(x,y,t) — zp(x,y) —
b(x,y, t) and the vertical average of the horizontal velocity U,

_ (U) 1 _ 1 fm

U=(_|, o=— ulx,y,z,t)ydz, v=— v(x,y,z t)dz. (1.17)
v H Zp+b H Zp+b

A great variety of shallow water models can be obtained, for example to include dispersive effects

(Aissiouene et al., 2020). For more details on the shallow water approximation, see Lannes (2013)

and Gerbeau and Perthame (2001).

Either model is used depending on the most significant hypothesis, namely the small perturbation
or the long wave assumption. The potential model (1.14) is a linear model, whereas the shallow-
water model (1.15)-(1.16) is nonlinear. On the other hand, the shallow-water model is depth-
averaged, whereas the potential model describes the fluid is every space dimension.

1.1.3 Acoustic waves in water

In tsunami models, the water is assumed incompressible and the effect of gravity is non negligible.
On the contrary, the usual models for the propagation of acoustic waves in water take the water
compressibility into account and neglect the effects of gravity. Without gravity, the water surface
can deform but there is no surface wave propagation because of the lack of restoring force. The
most simple model for the propagation of acoustic waves is a linear wave equation for the velocity
potential ¢ (Jensen et al., 2011) . It is obtained by the linearization of the system (1.4)-(1.11)
around a state at rest, with no gravity and a homogeneous background density. The sound speed ¢
defined by Equation (1.12) is assumed constant in time. The flow is assumed irrotational and the
perturbations in pressure, density are assumed small. Then the system (1.4)-(1.6) simplifies to a
linear wave equation for ¢,

o)

@*CQACPZO, (118)



1.1. Hydro-acoustic waves for tsunami early-warning systems 9

and the pressure is related to the fluid potential by

__ 9¢
p=—pg (1.19)

For an ocean with a free-surface and a rigid seabed, the linearized boundary conditions yield

p=0, on z=H, V¢-n=0, on z=2z,. (1.20)

The dispersion relation for a simple ocean model. Each model presented in this thesis is cla-
sically studied through its dispersion relation. Dispersion relations are very useful tools for wave
equations, which help gain insight on some characteristics of the model without solving the entire
system of partial differential equations. Even if we have not used them in the thesis (a dispersion re-
lation is derived in Chapter 2 but it is not thoroughly analyzed), for completeness we show how they
are derived in simple cases. We show first how the dispersion relation is obtained for the acoustic
model in the 2D case (x, z). We consider the equation (1.18) and the boundary conditions (1.20).
Using the relation (1.19) between the pressure and the potential, and assuming a flat bottom, the
boundary conditions read for the potential

o9
¢=0, onz=H, a—Z—O, on z=0. (1.21)

If we assume for ¢ a progressive wave of the form
¢ = d(z)e/tkwt), (1.22)
substituting in the equation (1.18) and introducing k2 = w?/c? — k2 yields

d2~ N 2
d—;f+k§¢>:o, kgz%—kf. (1.23)

For k2 < 0, the only solution satisfying the boundary conditions is the trivial solution ¢ = 0. For
k2 > 0 the solution has the form ¢ = Acos(k,z) + Bsin(k,z). With the boundary conditions we
obtain that the solution reads ¢ = Acos(k,z), and that k, must satisfy cos(k,H) = 0, hence

_@m-1)rm 2 = w?  (2m—1)*n?

ke 2H X c? 4H?

m e N*. (1.24)

When w < c(2m — 1)m/(2H), the solution is an evanscent wave of the form ¢(z)e K*Xe~wt.
The minimal frequency at which acoustic waves can propagate, or cut-off frequency, is obtained
for m = 1. It reads wp = cmw/(2H). Such cut-off frequency will also be present in the models
introduced below.

1.1.4 Models for tsunami in compressible water

In the literature, we can distinguish three models for the propagation of tsunami in a compressible
ocean. We describe how each model was obtained and write their corresponding dispersion relations.
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Model 1. The first model, and by far the most used, consists in the acoustic equation for the
fluid potential
o)
o2

coupled with the boundary conditions representing a free-surface and a rigid bottom,

—c?Ap=0 (1.25)

2

%-Fg%zo, onz=H, V(j}-n:%, on z = zp. (1.26)
It can be seen as the coupling of the acoustic equation (1.18) with the free-surface condition (1.14)
of an incompressible fluid subject to gravity. One of the earliest work using this model in the frame
of tsunami propagation was done by Ewing et al. (1950). The coupled acoustic and gravity waves
described with this model are called acoustic-gravity waves. This coupling has been considered as
the standard model to study the applicability of hydro-acoustic waves for tsunami early-warning
systems. Semi-analytical solutions were proposed by Nosov (1999), Nosov and Kolesov (2007) and
Stiassnie (2010). Correlations between the hydro-acoustic signal and some characteristics of the
tsunami, such as its height or its phase velocity, are studied by Yamamoto (1982), Chierici et al.
(2010) and Watada (2013). A depth-integrated version is proposed by Sammarco et al. (2013) to
reduce the computational costs. This approach has been developed in a series of papers (Cecioni
et al., 2014; Abdolali et al., 2015; Gomez and Kadri, 2021).

To write the dispersion relation associated to the model (1.25)-(1.26) in the 2D case (x, z),
we assume a solution of the form of a plane wave ¢(x, z, t) = $(z)e/k*~w) We obtain the same
equation for ¢ as for the purely acoustic case,

d’¢ 2% ) W 2
ﬁ—i—kZd)—O, kz—?—kx, (1.27)

but with different boundary conditions. The boundary conditions for a flat bottom (z, = 0) yield
—w?@(H) + gd'(H) =0, ¢'(0)=0. (1.28)

If k2 <0, then it holds k, = iu for some p > 0, and the solution has the form ¢ = Aet? + Be Hz,
With the boundary conditions we obtain

w(A—B)=0, —w?cosh(uH)+ gusinh(uH) = 0. (1.29)
If k2 > 0, the solution has the form ¢ = Acos(k,z) 4+ Bsin(k,z) and the boundary conditions yield
Bk, =0, w?cos(k;H)+ gk, sin(k,H) = 0. (1.30)

Since neither case sinh(uH) = 0 or sin(k,H) = 0 are solutions, we can express the equations (1.29)
and (1.30) as equations respectively on u and k,,

w? = gutanh(uH), (1.31)
w? = —gk, tan(k,H). (1.32)

For a fixed w?, the equation (1.31) has two solutions £ (w), with po > 0. Similarly, for a fixed w?,
the equation (1.32) has infinitely many solutions +k.,,(w), with m € N* and k., € (mm—7/2, mm).
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The horizontal wavenumbers are then deduced,

w
ko =1\l + ud, (1.33)
w? w? .
kxm: F—kgm, ? Z kzzm, meN , (134)
N w? w? "
kxm: kzzmﬁg' ? < kZQm, m € N*. (135)

The wavenumbers kyo and ks, represent propagating modes, and the wavenumbers /~<Xm are evanes-
cent modes. The modes ky,,, are the same as the ones obtained for the acoustic equation and are
called acoustic modes. The new mode k,q, due to the surface conditions of gravity waves, is called
the gravity mode (Yamamoto, 1982).

Model 2. Another model is proposed by Longuet-Higgins (1950), where the equation is still on
the fluid potential, but includes a gravity term,
2
ng — c?A¢p + gg% =
with the boundary conditions (1.26). This model is obtained by an aymptotic expansion of the
system (1.4)-(1.6) around a state at rest. The derivation is done in the same way as for the
models (1.14), (1.18), but this time neither the compressibility nor the gravity are neglected. In
Longuet-Higgins (1950), an asymptotic development is written to the second order. The first order
corresponds the linear model (1.36), and only few studies have used it in the context of tsunami
early-warning systems (see for example Abdolali et al., 2019). The second order is a nonlinear
model, and it is the starting point of an extensive work to describe the nonlinear interactions
between acoustic and gravity waves (Stutzmann et al., 2012; Kadri and Stiassnie, 2013; Nouguier
et al., 2015).
The dispersion relation is obtained in the same way as for the previous models. In the 2D case,
it reads (Longuet-Higgins, 1950)

0, (1.36)

2 2
g 2 g g o W 2 g
k,Hcoth(k,H) — ——=(kyH)* — =—<H|1—- =—=—= | =0, k= —= —ki— —. 1.37
coth(k:H) Hw2( ) 2c? ( 2w2C2> 0. K c X 2c? (1.37)
The above equation can be written
fu(uH) =0, u>=—kZ. (1.38)

[t can be shown that for a fixed w, the function f,, has one real positive zero ug , infinitly many
imaginary zeros [, and no complex zero. We have then k,o = +iug and k,, = £u,, and the
horizontal wavenumbers read

2 g
ko=\l 2 tH ~ 52 (1.39)
o Jw? g w? S 42 9 *
Km = 2 _kzm_?r ?7kzm+?’ m e N, (140)
- w2 g W, g .
b=\ Kem =@t oz @ Skmt e meN 4

A more complete study of the dispersion relation (1.37) can be found in Abdolali et al. (2019).
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Model 3. The last model, and the most recent one, has been derived in several papers (Dukowicz,
2013; Smith, 2015; Auclair et al., 2021). It consists in a system of first-order equations for the
fluid velocity, and first-order approximations for the density and the pressure. More precisely, the
density is of the form p = g, + 0’ and p = p, + p’, where pj, p, are reference profiles depending
on z only, and o', p’ are the small increments due to the perturbation. The model is derived from
a linearization around a reference state. The reference state is described by the reference profiles
On, Pn, and by a vanishing velocity. The obtained system reads

apnU
O +Vp = —pges, (1.42)
at
8
5§+V-@AD=Q (1.43)
op c?N?

= 4+ V- (ppU) —

ot U €3 = O, (1.44)

where N is the buoyancy frequency (Gill, 1982), defined by

2
o_ (95 9den(2)
N? = <62+ 5 dz ) (1.45)

The system (1.42)-(1.44) is completed with the boundary conditions

U-n=0, onz=2z, %:pthegﬂ on z=0. (1.46)
The model (1.42)-(1.46) is significantly more complex than the models (1.25), (1.36), since it is
written for five scalar unknowns U, p, p, instead of one scalar unknown ¢. On the other hand, this
model is richer, as it includes the gravity and a vertical stratification for the background density and
temperature. This generalisation allows to study the internal waves caused by the stratification of
the fluid.

Inner and surface dispersion relations can be written for the system (1.42)-(1.46). Since the
system is richer than the previous ones, the dispersion relations are more complex. The derivation
and study of the dispersion relations for the three types of waves (acoustic, internal, surface) can
be found in the paper by Auclair et al. (2021).

1.1.5 A model for acoustic waves in a flow: the Galbrun equation

The propagation of acoustic waves in a stratified flow can also be described with the Galbrun
equation. It is obtained by the linearization of the system (1.4)-(1.11) written in Lagrangian
coordinates. For its derivation, we refer to the very complete review from Maeder et al. (2020).
The Galbrun equation is often written for the displacement, denoted d, and reads (Maeder et al.,

2020)
2
d
Po s — VPV d+Vpo(V - d) = V(pociV -d) = F
where py is the background density, po is the background pressure, and F is the source term. The

derivative Dd/Dt stands for

Dd od

—_— = d . 1.47

e = 52+ (Vd) U (1.47)
The Galbrun usually arises in the modelling of acoustic waves in the air (Berriri, 2006; Legendre,
2003; Brazier, 2011) or in helioseismology (Chabassier and Duruflé, 2018). This equation is rarely



1.2. Coupling with the earth and the gravito-elastic models 13

used for hydro-acoustic models, except in the work by Godin (2011). Most of the results are given
for the harmonic problem, but there are also some studies focused on the evolution problem, such as
the work by Bonnet-Bendhia et al. (2006) and Hagg and Berggren (2021). Bonnet-Bendhia et al.
(2006) explain that because of the lack of a natural functional frame, one cannot directly show
that the equation is well-posed. Instead, the mathematical analysis is done on a relaxed problem.
A recent paper by Hagg and Berggren (2021) shows that the solutions to the Galbrun equation
can be computed from the solution to another set of equations, called in their paper the linearized
Euler's equations. They also show existence and uniqueness of solution to the linearized Euler’s
equations in the case of a mean flow tangential to the boundary.

1.2 Coupling with the earth and the gravito-elastic models

In this chapter, we present models from the literature describing the interaction between the earth
and this ocean. The seabed is described by the equations of linear elasticity, that we briefly recall
below. The various models differ mostly by the considered coupling between the fluid equations and
the solid equations. The first model presented is the one commonly used for the tsunami generation,
and is sometimes called passive approach or two-step method. We describe then models based on
the two-step method, and extended to include more physical phenomenons. Fully coupled models,
based on solving simultaneously the fluid and the solid equations, are then presented.

Context. The displacement of the seabed, for example an earthquake or a landslide, does not
produce only surface waves and acoustic waves. Because the earth is not a rigid material, seismic
waves are generated, and this affects both the propagation and generation of tsunami and hydro-
acoustic waves.

The models (1.25), (1.36) and (1.42) for the propagation of hydro-acoustic and surface waves
are all obtained with the assumption of a rigid seabed. However, it was shown by Nosov and Kolesov
(2007) that the assumption of a rigid seabed creates, for the acoustic wavefield, significant differ-
ences with the field data. The models (1.14) and (1.15)-(1.16) describing the tsunami propagation
are also derived with the assumption of a rigid seabed, and this assumption has some effect on the
tsunami prediction (Richard et al., 2023; Abdolali et al., 2019), even if it is relatively small.

The generation of tsunami and acoustic waves are complex processes that are not well under-
stood yet. Several studies (Dutykh and Dias, 2009; Abrahams et al., 2023) indicate that the shape
and height of the tsunami wave near the tsunami source depend very much on the type of coupling
considered with the earth. For the generation of hydro-acoustic waves it was noted by several au-
thors (Krenz et al., 2021) that near the tsunami source it is very difficult to distinguish the acoustic
and the seismic waves. To fully understand the generation mechanism, a description of the rupture
in the earth is therefore needed (Lotto and Dunham, 2015).

The solid earth model. The earth is usually modelled as an elastic material (Dahlen and Tromp,
1998). The equations of linear elasticity for the velocity U and the stress ¥ are

poaa—l:—v; =0, (1.48)
)%
—— =Atr(g(U)) [ +2ueg(U). (1.49)

at
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The tensor € is the linearized strain tensor,

£(U) = %(vu LU,

The parameters A and w are the Lamé parameters. They are related to the pressure waves speed
¢p and shear waves speed ¢, by

X=po(ch—c2), 1=pocs. (1.50)

When considering the coupling of the earth with the ocean, those equations are completed with
coupling conditions stating that the normal velocity U-n and the traction 7 = X - n are continuous.
We refer to Ciarlet (1988) and Dahlen and Tromp (1998) for the derivation of the equations (1.48)-
(1.49). Note that those equations are written in Lagrangian coordinates, on the contrary to the
Euler equations (1.4)-(1.6).

1.2.1 Generation of a tsunami: the passive approach

We start by giving a short description of the classical model used for the generation of a tsunami,
sometimes called the " passive approach”. An analysis of this model was made by Dutykh and Dias
(2007) and Saito (2019). In the classical model, the earth model and the ocean model are solved
separately.

In a first step, the deformation of the seabed is computed from models for the earth crust. The
ocean is not taken into acount here, hence the surface of the earth is considered as a free surface.
The earthquake is modelled as a discontinuity of the velocity field along a surface or a line. The
equations (1.48)-(1.49) together with the description of the discontinuity are solved. The seabed
displacement is then deduced.

In a second step, the tsunami is computed. Either the seabed displacement is directly used as
source term, or the free-surface displacement is computed from the seabed displacement and then
used as a source term for computing the tsunami propagation (Kajiura, 1963).

With the passive approach, the model for the seabed and the model for the hydrodynamics
are decoupled after the initial time. Moreover, this approach relies on the assumption that the
seabed deformation is instantaneous. This is justified by the idea that in many cases, the rupture
mechanism is very fast. However, it was suggested by several authors (Dutykh and Dias, 2009;
Saito, 2019) that slower earthquakes can also generate tsunamis.

1.2.2 Models with partial coupling

We present three models extending the passive approach. The first one aims at taking into account
the interaction with the earth during the tsunami propagation. The second one proposes a more
precise description of the seabed deformation during the tsunami generation. The last model is an
extension of the two-step approach to compute hydro-acoustic waves on the seabed.

Tsunami propagation over a porous layer. Some models propose to consider the seabed as a
porous layer, to account for the damping caused by the earth. One of the early work on this subject
was made by Chierici et al. (2010). By considering an incompressible layer made of sediments
described with the Darcy equation, the authors show that the porous layer acts as a low-pass filter
and modifies the spectral informations of the signal. The same approach is used in Abdolali et al.
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(2015). The authors extend the depth-integrated model, originally derived by Sammarco et al.
(2013) for a rigid bottom, to include the dissipation by a viscous compressible sediment layer. The
obtained model is then used by Abdolali et al. (2017) to reproduce hydro-acoustic wavefields of the
2011 Tohoku-Oki tsunami.

Dynamical models for tsunami in incompressible water. Other models focus on the effect of
the seabed change on the tsunami alone and neglect the water compressibility . Dutykh and Dias
(2007, 2009) put the emphasis on the precise description of the source term. Instead of assuming
that the seabed elevation is instantaneous as in the passive model, a dynamic process is considered.
In their paper, Dutykh and Dias (2007) show that the dynamic approach and the passive approach
predict different water levels and different shapes of the tsunami wave near the tsunami source.
The seabed displacement b is given with the form

b(x,y,t) = bo(x, y)g(t).

A semi-analytic expression for the static displacement by is given and several time dependancies g(t)
are tested. The model for the fluid is the Laplace equation (1.14), which yields a semi-analytical
expression for the free surface. The coupling of the earth and water models is done with the
linearized kinematic condition on the seabed (1.14).

A more complex model is considered in the follow-up paper (Dutykh and Dias, 2009). Again,
the coupling is done through the seabed displacement, but instead of an analytic expression, the
displacement is deduced from an elastic earth model. The elastic equations are written as a second-
order equation for the displacement,

8°d

p@—v-(k(v-d)é + pe (d)) = 0. (1.51)
The earthquake is generated by a discontinuity in displacement along a line for 2D problems, and
on a surface for 3D problems. Similarly to the two-step approach, when computing the seabed
displacement, the ocean is neglected and the seabed is assumed to be a free surface. The ocean
is described with the non-linear shallow water model (1.15)-(1.16). The equations are solved
numerically, with a finite element method for the earth, and a finite volume method for the water.
Compared to the first paper (Dutykh and Dias, 2007), the seabed displacement generated by the
earthquake is more accurate thanks to the elastic earth model.

Superposition method. Saito and Tsushima (2016) propose a method for synthesizing the ocean
bottom pressure. Similarly to the passive approach, the method is divided into several steps. First
the earthquake is simulated in the earth, using for example the elastic equations (1.48)-(1.49). The
water layer is not taken into account for this step, and the earth surface is assumed free. In the
second step, the tsunami is propagated by using the nonlinear shallow water equations. The seabed
displacement is used as a source and the earth is assumed rigid in this step. Finally the results
of the tsunami simulation and the seismic simulation are combined to compute the ocean bottom
pressure p,

P = Pstatic T Pdynamic,  Pstatic = ,009(77 - UEOt)v Pdynamic = _; ggt- (1-52)

The static component pstatic is computed from the sea surface height displacement 1 and the vertical
sea bottom displacement u§°t. The dynamic component is computed from the stress tensor 2. We
refer to Saito (2019) for other related studies on the coupling between the hydro-acoustic waves,

tsunami and seismic waves.
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1.2.3 The fully coupled elastic-acoustic-gravity model

Thanks to increased computational resources, it is now possible to the solve simultaneously the
elastic equations in the earth and the gravito-acoustic equations in the ocean (Maeda and Furumura,
2013; Lotto and Dunham, 2015; Krenz et al., 2021; Lotto et al., 2019). Models coupling the hydro-
acoustic waves and the elastic waves in the earth are already available and efficiently implemented
(Komatitsch and Tromp, 1999). The main novelty of the models presented below is that they take
the gravity into account, necessary to generate a tsunami.

A first model, proposed by Eyov et al. (2013) and further studied by Abdolali et al. (2019), is a
system of linear wave equations for the fluid velocity potential and for the solid dilatation potential
and rotation potential. By studying the associated dispersion relation, they show that the first
acoustic-gravity mode is dominant.

This approach relies on the irrotationality assumption, and other models for more general velocity
profiles were proposed. Maeda and Furumura (2013) assimilate the fluid-solid domain to an elastic
medium with different Lamé coefficients X, u and different densities p in the fluid and the solid
layer. In particular, & = 0 in the fluid layer. The free-surface displacement and the equilibrium
with gravity at rest are explicitly added in the equations by introducing a quasi-static pressure. The
equations of motions for the velocity U and the stress tensor ¥ read

Oxn

au

Par ~V E=0wg| O], (1.53)
0

where p,, is the seawater density, assumed constant. Simulations in 2D and in 3D are presented for
earthquakes with a slow rupture, that are good candidates to produce tsunamis. The simulations
are also used to investigate whether the strength of the different waves are correlated to the source
rupture time.

Another fully-coupled model is proposed by Lotto and Dunham (2015). The author extend the
classical acoustic-elastic equations (Komatitsch and Tromp, 1999) to the tsunami generation by
adding the surface equation for free-surface flows with gravity. In the earth, the equations for the
elasticity are solved in the velocity-stress formulation (1.48)-(1.49). The ocean model consists in a
linear system of equations for the velocity U and the pressure p ,

ou

QE‘FVP—O, (1.54)
0
P o®v.U =0, (1.55)

ot

where ¢ is the sound speed in water and p is the water density, both assumed constant. The
earthquake is generated by a dislocation, namely a displacement discontinuity along a fault line.
An energy equation and the dispersion relation for the fluid layer are given. The model is further
studied by Krenz et al. (2021), which describes its implementation in the software SeisSol, a high-
order earthquake simulation software based on a Discontinuous Galerkin method. The coupling
between the elastic and the acoustic layers is ensured by the continuity of the normal velocity and
the continuity of the traction.

In the study by Abrahams et al. (2023) four models are compared: the fully coupled model by
Krenz et al. (2021), the passive approach, the dynamic approach, and the superposition method of
Saito. The authors show formally that the superposition method is an approximation of the fully
coupled model, with the simplifying assumptions that the water is incompressible and the pressure
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change are hydrostatic and depth-independant. Then the four methods are compared numerically,
with the implementation by Krenz et al. (2021) as the reference solution. They show that when
assuming an elastic earth, the cutoff frequency that existed in the hydro-acoustic models vanishes.

A similar approach is proposed by Richard et al. (2023) to study the effect of the compressibility
of the earth and of the ocean on the propagation of a tsunami. The earth is assimilated to a
visco-elastic fluid with no gravity. For the ocean, a weakly compressible Boussinesqg-type model is
used. The authors show that the depth-integrated equations yield a hyperbolic system. They also
study the energy equation and the dispersive effects of the system. Numerical approximations of
the model show that taking the elasticity of the earth into account creates a delay and a distortion
of the tsunami.

1.3 Water stratification, the SOFAR channel, and T-waves

Most of the models presented above, except for the model (1.42)-(1.46), do not consider in detail
the stratification of the ocean at rest. We recall briefly the equations satisfied by a vertically
stratified fluid at rest. The fluid is described by its density pg, its pressure py and its temperature
To. The quantities are denoted with the underscript 0 to stress the fact that they are time-
independant. Because of the effect of gravity, the fluid with density pg should have a pressure pg
increasing with depth, such that

Vpo = —poges.

Additionnally, it is common in ocean models to consider a background temperature To(z) varying
with depth. The background density, temperature and pressure are also related by an equation of
state of the form

f(po. po. To) = 0.

An equation of state for pure water is given as reference in IAPWS-SR7 (2009). It should be noted
that for oceans the variations of salinity can also be included, which yields additional equations and
a modified equation of state (Boittin, 2019). The speed of sound ¢ can be computed from the
pressure, density and temperature profiles.

If the equation of state has the simpler form

f(Po. po) =0,

the fluid is said to be barotropic. For a barotropic fluid, the pressure is a function of the density
only, or equivalently the variations of the temperature are neglected. The direct consequence of
this assumption is that the sound speed is necessarily constant. We can note that most of the
models presented above share the common assumption of a barotropic fluid. Even though the
model (1.42)-(1.46) does not make this assumption, its study is done for a constant sound speed.

The variable sound speed and the SOFAR channel. In the ocean, the temperature varies with
depth. The upper layers, heated by the sun, are generally warmer than the lower layers. A typical
temperature profile in the ocean is shown in Figure 1.2. The combined effects of the temperature
and pressure change yield a sound speed profile with a minimum around 1 km below the sea surface,
see Figure 1.3-(a). Using ray theory, one can then show (Jensen et al., 2011) that there exists a
layer around the depth of the sound speed minimum in which acoustic waves are trapped. If a ray
enters this layer with a small incident angle, the change in velocity is such that the ray stays trapped
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in the layer, see Figure 1.3-(b). The layer is called SOund Fixing And Ranging channel, or SOFAR
channel.

The SOFAR channel acts as an open waveguide inside the ocean. When considering acoustic
waves travelling over hundreds of kilometers, the reflexion on the sea surface and the seabed
dissipates the energy. Since the waves trapped in the SOFAR channel never reach the surface of
the seabed, they are much less dissipated than the waves outside of it. This mechanism is used
by whales and submarine to propagate sound over very long distances. For the same reason, the
hydro-acoustics sensors are sometimes located in the SOFAR channel (Caplan-Auerbach et al.,
2001).

Possible application to tsunami early-warning system: the T-waves. A possible application of
the SOFAR channel in the context of tsunami was investigated in studies by Ewing et al. (1950) and
Okal et al. (2003). The application relies on the use of the tertiary waves, or T-waves. T-waves
are the seismic waves converted into hydro-acoustic waves, and then propagated in the SOFAR
channel. The generation mechanism of T-waves is an open question, and we refer to the thesis by
Balanche (2010) for a description of the different proposed models. The main difficulty lies in the
fact that waves can propagate in the SOFAR channel if they enter the channel with a relatively low
angle (see Figure 1.3-(b)). This condition does not seem satisfied for acoustic waves coming from
the seabed. The different models cited by Balanche (2010) give various explanations to solve this
apparent contradiction.

1.4 Contributions of the thesis

The contributions of the thesis are organised in four chapters. We first present a model for the
acoustic-gravity waves in a free-surface stratified ocean. Then, we prove that the model is well-
posed, and introduce a potential-based formulation. We also present some numerical illustrations.
The model is then extended in order to take interactions with the solid Earth into account. Finally,
we present some preliminary work on numerical simulations for two geophysical applications, namely
landslide-generated acoustic wavefields and wave trapping in the SOFAR channel.

1.4.1 A model for hydro-acoustic and gravity waves in a stratified free-
surface flow

Chapter 2 reproduces a published paper (Dubois et al., 2023). In this chapter, we propose a model
for the propagation of hydro-acoustic waves in a stratified, free-surface fluid. As mentioned earlier
in this chapter, many models are already available in the literature. However, they all rely on somea
priori modeling choices such as the irrotationality assumption or the barotropic assumption, and the
validity of these assumptions is rarely addressed in the papers where they are used. To understand
the consequences of some of these modeling choices, we intend on preserving as much of the physics
as possible in the model we present.

We propose a method which consists in the linearization of the compressible Euler equations
written in Lagrangian coordinates. The obtained equation is the Galbrun equation for a vanishing
mean flow. One of the advantages of the Galbrun equation, compared to the linearized equations in
Eulerian coordinates, is that the use of Lagrangian coordinates results in a more natural treatment
of the boundary conditions. As a result, the continuity of displacement on the seabed and the
description of the free-surface are obtained in a straightforward way.
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The linearization is done around a state at equilibrium. The velocity, pressure, and density are
respectively decomposed as Ug 4+ U, pg + p, and pp + p. In our case, the state at equilibrium has
no mean flow hence Uy = 0. The state at equilibrium is described by a reference domain

Q0) = {(x,y,z) €R® | zp(x,y) < z < H}, (1.56)
and the initial pressure, density an temperature satisfy
Vpo = pog, po = Tp(po. To), po(H) = p?, (1.57)

where p? is the constant atmospheric pressure. After linearization, we obtain the following system
of equations written on the reference domain Q(0),

po 00 + Vb~ (V)T Vpo = pg, (1.58)
% v -u=0, (1.59)
%erocg v.u=o (1.60)
with the boundary conditions
Unp,=u, only, (1.61)
{ p=0 onls. (1.62)

The first boundary conditions is a non-penetration condition with a source term. It models the
tsunami source as a displacement of the ocean bottom with velocity u,. We denote by ng, the unit
vector normal to the bottom and oriented outwards. The second condition comes from dynamic
condition, where we assume that the surface pressure pg + p is at equilibrium with the atmospheric
pressure p?.
The problem (1.58)-(1.62) is formulated as a second-order system of equations,
8°U

Po o — V (pocgV-U—pogU-e3) — V- (pogU)es =0, inQx[0,T], (1.63)

with boundary conditions
Un,=u, onl,x][0T] V-U=0 onlgx][0,T], (1.64)

and vanishing initial conditions. This wave-like formulation gives a suitable framework for the
mathematical analysis of the model, which we will present in Chapter 3. It also allows us to use
numerical solvers dedicated to wave propagation problems. Finally, from the wave-like formulation
(1.63)-(1.64), we deduce an energy equation associated to the system. We define the following
quadratic functional,

1]6U? 1 g 2
5—/on2‘at dx+2/on(COV~U—COU-e3) dx

1 1
+*/p0Nb(U‘e3)2dX+*/ pog(U«e3)2da, (165)
2 Ja 2 Jr,

where the scalar N, is defined by

_ (.9 05(2)
/\/b(Z) = <CQ(Z)2 + gpo(z)> . (166)
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For physical reasons, the scalar N}, should be positive, which requires additional conditions on the
choice of the initial conditions pg, po and Ty. The square root of Np, denoted N, is called the
buoyancy frequency, or Brunt-Vaisala frequency. Then the functional £ is positive, and satisfies

E& = source terms. (1.67)

We then show how the system (1.63)-(1.64) is related to other hydrodynamic and acoustic
models. Let us first consider the barotropic assumption, namely the assumption that the pressure
and the density are related by p = c?p, where the sound speed ¢ is constant. With this additional
assumption, we show that the flow has a constant curl and that for irrotational initial data, the
flow is irrotational. The flow is then described by the potential 4 such that U = V. The wave
equation reduces then to a scalar equation for the potential,

po 0% .
Cfgw _V(,Oov’(/!) =0, n Q, (168)
VYy-n=u, only, (1.69)
oY oY
2 = =—— —
Q@AY =5 +95 =0 onls (1.70)

This system was studied by Longuet-Higgins (1950).

We now turn our attention to other types of simplified models, and consider two asymptotic
regimes related to the low-Mach limit. The equation (1.63) is written in a non-dimensional form.
First, by choosing characteristic scales adapted to the surface waves, we obtain the incompressible
limit of the equation (1.63). Then, by repeating the process for acoustic waves, we obtain the
acoustic limit. In the incompressible limit, the velocity U is given by

U _ 9
a2 po
and the function ¢ is solution to
Ap =0, ingQ, (1.71)
V- -n=—pggup, on Iy, (1.72)
%0 Oy
a2 9%, 0, onfls, (1.73)

We recover the model (1.14), which is the classical description for irrotational free-surface flows.
In the acoustic limit, the velocity U is given by U = V1, and the potential ¢ is solution to

8% 5 _1 .
57 pocsV - (pg V) =0, in €, (1.74)
VY- -n=upy, only (1.75)
Yv=0, onls (1.76)

We also give energy equations for each case. Another model for which a comparison is interesting is
the current state-of-the-art model (1.25) for the propagation of hydro-acoustic waves. The model
(1.25) can be seen as the acoustic limit (1.74), with an additional term of the form g9, on the
surface condition. This additional term is negligible when considering the acoustic limit, but is kept
to couple the acoustic waves and the surface gravity waves.
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Finally, we write the dispersion relation for the system, with depth-dependent temperature and
sound speed profiles. The dispersion relation between the vertical wave-number k,, the horizontal
wave-number k, and the frequency w is

k22+kX2/\/2;2w2+ w?  1+2D 1&)2
w G
g N2 w? w1,
where S = 2¢}/co and D = pf,/po are length scales associated respectively to the variations of sound
speed and background density. The equation (1.77) is a generalization of the dispersion relation
obtained by Auclair et al. (2021) to the case of a non-constant sound speed. We numerically show
that the stratification has an effect on the dispersion profiles.

In this chapter, we have derived a system describing the propagation of acoustic-gravity waves
in a free-surface fluid. One of the main differences with the models available in the literature is the
use of Lagrangian coordinates, which yields a correct description of the free-surface flow. Moreover,
relatively few assumptions are being made, and some widespread hypotheses, e.g. the barotropic or
irrotational character of the flow, were avoided. Thanks to this approach, many terms representing
different physical phenomena are kept in the wave-like equation. This is well illustrated in the
dispersion relation associated to the system. We also clearly identify the assumptions allowing us
to deduce models well-established in the literature from the presented model. Finally, the wave-like
formulation of the model makes studying its well-posedness convenient, as well as its discretization
using a finite element method. This is the purpose of Chapter 3.

1.4.2 Mathematical analysis and numerical approximation of the model.

Chapter 3 presents the mathematical analysis of the model derived in Chapter 2. The model consists
in a second-order wave-like equation for the velocity U,

02U .
POW—V(poc§V~U—pOgU~e3) —V-(pogU)es =0, inQx][0,T], (1.78)
completed with the following boundary conditions

Un,=u, onl,x][0T] V-U=0 onTlsx]0,T], (1.79)

and vanishing initial conditions. This equation can be seen as a simplified case of the Galbrun
equation, when the mean flow vanishes. From previous works on the Galbrun equation with a
vanishing mean flow, we know that the natural space for the discretization is H(div, 2), and that
the problem is well-posed if the source term is located in the volume (Legendre, 2003; Berriri,
2006). In this case, the boundary conditions are homogeneous.

The first contribution of this chapter is the presentation of an equivalent "dual” formulation
for the propagation of acoustic-gravity waves. To simplify the presentation here, we consider here
volumic source terms. Formally, we call " primal” formulation, or velocity-based formulation, the
Galbrun equation with no mean flow and written for the velocity U,

d’U

o7 TGGU=Fy. (1.80)
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Here, Fy is a volume source term. The operator G is an unbounded operator with adjoint G*. The
operator G is defined by its domain D(G),

D(G) ={U € H(div,Q), |[U-n,=00nT,, U-nge L), 1},
and by
2 (V~U—C%U-ez)
YU e D(G), GU:= NU - es , (1.81)
_g'Yl,s(U)

where 1 s denotes the normal trace on the surface I's. Similarly, we will use later y; », the normal
trace on the bottom I',. We show then that the adjoint G*, with domain D(G*), is defined by

D(G*) = {® = (@, 9,7) € H'(Q) x L*(Q) x L*(Ts) | Vo -n, =0o0n [y, ¢ =+ on T},

and has the epxression

N
Vo € D(G*), P = (v, 9,7), Gd=—-Veo+N <1/) + g(p) €. (1.82)
We call "dual formulation”, or potential formulation, the following equation,
d?o
-+ GG*D = Fg, 1.83
a2 + ® ( )

where F¢ is a source term. The two formulations are equivalent in the sense that if ® is solution
to (1.83), then U = G*® is solution to (1.80) for the source term Fy = G*F¢. The new variable
@ can be seen as a generalized potential for the velocity.

One of the advantages of the formulation (1.83) lies in the numerical approximation of the
equations. Indeed, the natural space for U is H(div, Q) with an homogeneous essential boundary
condition. From a numerical perspective, the approximation of the velocity-based formulation re-
quires to discretize the space H(div, 2), and to impose the essential boundary condition. On the
other hand, the variable @ is in H*(Q2) x L?(2), whose discretization is easier. Moreover, the bound-
ary condition is of Neumann type, and is therefore naturally present in the variational formulation.
Finally, the velocity-based formulation requires two (if 2 C R?) or three (if Q@ C R3) unknowns,
whereas ® only requires two, since the last component is directly deduced form the first one.

The second contribution is related to the boundary conditions. The Galbrun equation is of-
ten studied with homogeneous boundary conditions; however, in our case, the relevant boundary
condition is non-homogeneous, due to the source term. The weak formulation then reads:

d2

(U, U)y + (GU,GU)g =0, VYU e D(G), inD(0,T), (1.84)

Y1.s(U)=up, onT,inD'(0,T). (1.85)
Here, (+,)% and (-, -)g denote the scalar product on the Hilbert spaces H, G, defined by
H=1L2Q)3 G=H(Q)xL2Q) x L*(T,), (1.86)

respectively equipped with the weighted norms

1/2
Ul = (/on|U|2dx) , (1.87)

1/2
P o
|<D||g=( % eaxs [ pottaxt | °ry2ds) = (o). (1.88)
Q G Q r« 9
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We have also introduced the extension G of the operator G. The extension is defined on the domain
D(G) = {U € H(div,Q), | U-n e L2(6Q)},

and has the same expression as G. To show the existence of solutions to (1.84)-(1.85), a first
idea would consist in lifting the source term. However, finding a lifting operator is far from trivial.
Instead, we introduce a relaxed problem for a new unknown. Assume that the solution U to (1.80)
exists and let U, be defined by

U, (t) = e *fU(t).
The equation satisfied by U, reads then

d? - d - - - .
25 (Ua, U)y + 20— (Ua, Uy + (Gala, GaU)g =0, YU €D(G),  in D'([0.T), (189)

dt?
Y1 p(Ug) = e *up, inD'([0,T), (1.90)
where the operator G, : D(G) C H — G x H is defined by

GU
VU e D(G), G, U := ( ) )
al

A lifting operator is defined for the new formulation (1.89)-(1.90). The lifting operator L(up) of a
function up defined on the boundary is

La(ub) = _G;q)b,

where ®, € D(G) is the solution to an elliptic problem, written with the new operator G}, and
dependent on up. Since the operator G}, has a closed range, showing the existence and uniqueness
of solutions to the elliptic problem is rather direct. The solution to the problem (1.89)-(1.90) is
then classically obtained by defining U, o as the solution to the problem

2

2
%(Ua,o, U)H+2a%(ua,o, U)x+(GaUq 0, GaU)g = efo‘t(%La(ub)—azLa(ub), U)
and by setting Uy = Uq0 + G*La(up). The existence of a solution to the relaxed problem (1.89)-
(1.90) implies the existence of a solution to (1.84)-(1.85).

The equivalence between the velocity formulation (1.80) and the potential formulation (1.83)
is then shown. It is first proved for the relaxed formulations; then, for the non-relaxed formulations
it is obtained by passing the relaxation parameter a to the limit o — 0. This last step requires the
use of some energy estimates.

Finally, we show a numerical approximation for a simple test case in 2D in order to illustrate
the equivalence between the two models. Convergence tests indicate that the potential formulation
requires less degrees of freedom than the velocity formulation. This is an additional argument in
favor of the potential-based formulation.

This chapter gives an adapted functional framework for the analysis of the model presented
in Chapter 2. We also introduce a novel approach for the study of the Galbrun equation, in the
particular case of a vanishing mean flow, by defining a potential-based formulation. This new
formulation offers several advantages compared to the classical velocity-based model, both from a
mathematical and a computational point of view. Additionally, the new variable ¢ yields a natural
decomposition for the velocity U,

b (1.91)

©
N
U=Go=G" vy V(p+N<'¢+g(p>e3. (1.92)
v
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Figure 1.4: The domain ©Q, made of two layers: the fluid layer QF and the solid layer Q°. The
boundary of the domain is I'.

In this decomposition, Vg is the irrotational part of the velocity. The decomposition could be used
to quantify the rotational part of the velocity, which is often neglected in hydro-acoustic models.

1.4.3 Gravito-elastic equations

The work presented in this chapter is ongoing. In the previous chapters, the seabed was assumed
to be a rigid-body solid. In Chapter 4, we enrich the model by considering it an elastic half-
plane representing the earth below the fluid layer, representing the ocean. As presented in the
previous sections, such models exist in the literature, but have rarely been the subject of thorough
mathematical analysis.

The main contribution of this chapter is the mathematical analysis of the fully coupled model
with acoustic waves in water, seismic waves in the earth, and gravity. Realistic simulations have
been presented in recent studies (see 1.2), but only rarely is a mathematical analysis presented
alongside them. The mathematical analysis for the whole Earth with an arbitrary number of fluid
and solid layers can be found in the paper by Valette (1986), and in the working paper by de Hoop
et al. (2017). The studied model in both papers is very general, which makes it quite difficult to
read.

We consider a simpler case with only one layer of fluid and one homogeneous layer of solid.
Moreover, since we are interested in tsunamis generation and propagation, only a portion of the
earth is considered, and is assumed small enough to neglect the earth curvature. With these
simplifications, the system is an infinite fluid layer above an elastic half plane, with a topography
between the two layers (see Figure 1.4). The fluid-solid system is modeled as one elastic domain,
with different parameters for the fluid and solid layers. Starting from the equations of motions for
a prestressed elastic domain, and using the same linearization method as in Chapter 2, we derive a
linear system describing the coupled motion of the fluid and the solid. The effect of gravity induces
a pre-stress, which makes the considered equation differ from the classical elastic-acoustic coupling.
In this model, the velocity U is solution to the system of second-order partial differential equations,

o°U
ponV(atQ):F, (1.93)
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where F is a source term; and P is the incremental first Piola-Kirchhoff stress tensor. It is explicitly
written in terms of U,

8:P = (po2V -U — po(V - UL — VUY)) xr + (A : £(U) + VUP) xs. (1.94)

Here, pg is the background density, Pg is the initial stress, also called static stress or prestress,
and £ (U) = 1/2(VU + VU?). In the fluid, the static stress reads P = —pol, where pq is the
backéround fluid pressure. The background sound speed in the fluid is denoted ¢, and can be
depth-dependant. The fourth-order tensor A acting on € is obtained from the linearization of the
constitutive equation. The functions xg, xs are indicator functions, respectively for the fluid and
the solid domain.

The system is completed with the boundary condition on the surface,
0:P-n=0 onT, (1.95)

where n is the unit vector normal to the surface I'. A first variational formulation is obtained by
looking for a solution U(t) € H(£2), and testing the system (1.93) against a function U € H(Q).
The variational formulation then reads: find U(t) € H*(2) such that

(002U(1), U) 20 + /QF ((pog — Po)V - U(t)L + poVU(t)!) : VU dx
+/ (A :€(U(1)) + VU(t)Po) : VUdx = (F,U)y. YU € HY(Q). (1.96)
(o8}

Although the obtained variational formulation is convenient for numerical approximations, it is not
clear whether it is adapted to show the existence and uniqueness of weak solutions. Indeed, the
associated bilinear form is not coercive. We reformulate the problem by introducing a fictitious
hydrostatic pressure in the solid near the fluid-solid interface. We also introduce the functional
space

V:={U € H(div, Q) | Ujgs € H} (), 71(U) € L2(N)}. (1.97)

where 7y; is the normal trace on the surface ['. The variational formulation reads: find U; € V such
that

d? ~ ~ ~ ~
E(pou, U)Lz(Q)z +a(U,U) = (F, U)Lz(Q)s, YU eV, (1.98)
where a is a symmetric bilinear form satisfying the property
a(U, U) + AU = U5 (1.99)

We show then that this second variational formulation is well-posed, provided that some conditions
on the initial stress are met. Moreover, the energy equation

d (1 d /o
= (2(a<u, U) + 8V (0 +a||U|iz(Q)>.) = (F.0) i + o (31Ul ) - (1.100)

dt
gives us a priori estimates for the solution.

We conclude this chapter with a numerical illustration, namely the simulation of a tsunami
generated by a double couple source in the earth.

The model developed in this chapter is a new model for the coupled propagation of acoustic,
gravity and seismic waves. The use of Lagrangian coordinates in the fluid layer ensures that the
transmission condition between the fluid and the solid is preserved during the linearization. Taking
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gravity into account induces a prestress, which makes the analysis more complex. We show that the
model is well-posed and give a priori estimates. To our knowledge, this was not done for any other
fully-coupled models. The numerical simulation serves as a preliminary validation of the model, by
comparing it with simulations from the literature.

1.4.4 Preliminary results for geophysical applications

This chapter presents a preliminary work. The model developed in Chapter 2 is used to simulate two
physical phenomena: the generation of acoustic waves by an underwater landslide, and the wave
trapping SOFAR channel (described in Section 1.3). The literature on the numerical approximation
for both applications is relatively scarce, in particular when one wants to consider the coupling with
water waves.

For the first application, we partially reproduce experimental data studied by Caplan-Auerbach
et al. (2014), namely the spectrogram of pressure fields recorded during a landslide. The spec-
trogram of the recorded pressure contains an interference pattern that is characteristic of those
underwater landslides, caused by the sound reflecting on the surface. Preliminary simulations re-
produce a similar interference pattern in a simplified case. This first result was presented in a talk
at the European Geoscience Union General Assembly *.

The second application is the trapping of acoustic waves in the SOFAR channel. The SOFAR
channel is an open waveguide which can be found in the ocean for particular sound speed profiles.
To synthesize the corresponding pressure field, either the ray theory or the normal mode theory can
be used. However, the first one is valid in high frequency approximations only, and the second one
is generally used for point sources. We show here that the SOFAR channel can be reproduced with
our model for various cases. The first case is a canonical example, where the source is located in
the channel axis. The second case is a preliminary result, working towards the simulation of seismic
waves first converted into hydro-acoustic waves at the solid-fluid interface, and then trapped in the
SOFAR channel. In this preliminary simulation, we show that waves generated near the seabed,
away from the channel axis, can be trapped in the SOFAR channel.

For both of the considered applications, there are, to our knowledge, either few or no simulations
available in the literature. The simulations presented here can help provide a better representation
of the acoustic waves propagation in a complex medium with a stratification and a topography.

Thttps://doi.org/10.5194/egusphere-egu23-15937


https://doi.org/10.5194/egusphere-egu23-15937

28

CHAPTER 1. Introduction




Modelling of acoustic and surface gravity waves in a
stratified ocean

Contents

2.1 Introduction . . . ... . ¢ i i i ittt e e e e e e e e 30

2.2 Linearization of compressible Euler equations in Lagrangian co-
ordinates. . . . . . . i e e e e e e e e e e e e e e e e e 32
2.2.1 Euler equations in Eulerian coordinates . . . . . .. .. .. ... ... 32
2.2.2 Lagrangian description . . . . . . . . ... L L oo 35
2.2.3 Linearization and wave equation . . . . . .. .. ... ... ... ... 37
2.3 Derivation of simplified models . . . .. ... ... .......... 40
2.3.1 The barotropic case . . . . . . . . .. o 40
2.3.2  Two asymptotic regimes of the system . . . . . ... ... . ... ... 42
2.4 The model in Eulerian coordinates . . . . .. ... ... ....... 49
2.4.1 General method . . . . . ... . 49
2.4.2 The model in Eulerian coordinates . . . . . . . ... ... .. ..... 51
2.5 Dispersionrelation . ... ... ... . 00000000 o e e e e 53
2.6 Conclusion and future work . .. ... ... ... . 0000, 57
Appendix . .. L L e e e e e e e e e e e e e e e e e e e e e e e e e e 57
A Derivation of the energy equation . . . . . . ... ... ... ... ... 57
B From the Lagrangian to the Eulerian coordinates . . . . . . . . .. .. 59

This chapter reproduces the following paper: J. Dubois, S. Imperiale, A. Mangeney, F. Bouchut,
and J. Sainte-Marie. Acoustic and gravity waves in the ocean: a new derivation of a linear
model from the compressible Euler equation. Journal of Fluid Mechanics, 970, 2023. doi: https:
//doi.org/10.1017/jfm.2023.595

Abstract: In this paper, we construct an accurate linear model describing the propagation of
both acoustic and gravity waves in water. This original model is obtained by the linearization of
the compressible Euler equations, written in Lagrangian coordinates. The system is studied in the
isentropic case, with a free surface, an arbitrary bathymetry, and vertical variations of the back-
ground temperature and density. We show that our model is an extension of some models from the
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literature to the case of a non-barotropic fluid with a variable sound speed. Other models from the
literature are recovered from our model through two asymptotic analyses, one for the incompressible
regime and one for the acoustic regime. We also propose a method to write the model in Eulerian
coordinates. Our model includes many physical properties, such as the existence of internal gravity
waves or the variation of the sound speed with depth.

2.1 Introduction

Several authors have proposed to use the propagation of acoustic waves in the ocean to detect
tsunamis, as sound travels in water at approximately 1500 m s~! and the velocity of a tsunami wave
is approximately 300 m s~* (Constantin, 2009). The existence of hydro-acoustic signals generated
by tsunami sources such as earthquakes or landslides was shown by Tolstoy (1950). This moti-
vates the mathematical modelling of the propagation of both surface waves — the tsunami — and
underwater acoustic waves, also called hydroacoustic waves, in a compressible formulation.

The idea of using acoustic-gravity waves for tsunami early-warning systems dates back to 1950
(Ewing et al., 1950). A more recent study (Stiassnie, 2010) indicates that the pressure variations
induced by the tsunami are significant enough to be used for the improvement of the tsunami
early-warning systems.

For the description of the propagation of sound in water, the most common model is a linear
wave equation for the fluid potential, i.e. for an irrotational flow (Jensen et al., 2011). When both
surface and acoustic waves are considered, different types of models are available. In his work,
Stiassnie (2010) studies the acoustic equation for the fluid potential coupled with a free-boundary
condition. The three-dimensional acoustic equation is analysed by Nosov and Kolesov (2007) and a
depth-integrated version is proposed by Sammarco et al. (2013) to reduce the computational costs.
This approach was further developed in a series of papers (Cecioni et al., 2014; Abdolali et al.,
2015; Gomez and Kadri, 2021).

Another approach was proposed by Longuet-Higgins (1950) where the equation is still on the
fluid potential, but includes a gravity term. This equation, including second-order terms, made it
possible for the first time to explain the seismic noise generated worldwide by wave interactions in
the ocean Stutzmann et al. (2012). This model was also the starting point of an extensive work to
describe the nonlinear interactions between acoustic and gravity waves (Kadri and Stiassnie, 2013).
In other works, such as those of Smith (2015) and Auclair et al. (2021), the flow is not assumed
irrotational, so that the equations are written for the fluid velocity. They include gravity terms and
a vertical stratification for the background density, temperature and salinity. This generalization
allows to study the internal waves caused by the stratification of the fluid, and dispersion relations
for the three types of waves (acoustic, internal, surface) are obtained.

The above cited works share one or several of the following assumptions : irrotational flow, ho-
mogeneous background density or barotropic fluid, and a constant speed of sound. These modeling
choices have a strong influence on the structure of the equations, resulting in a variety of tools for
their analysis and their numerical approximation. For example, the irrotationality assumption allows
to reduce the number of unknowns, but the validity of this assumption in the compressible case is
not clear. Furthermore, in the models that do not assume irrotational flow, the bed is assumed to
be flat, even though bed variations are a key element impacting tsunami and acoustic wave prop-
agation (Caplan-Auerbach et al., 2014). In the ocean, the choice of a constant sound speed may
be not appropriate since the variation of the sound speed creates the SOFAR channel, a horizontal
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strip in which the acoustic waves propagate with very little energy loss. Quantifying the impact
of these approximations requires the use of simulations based on a more complete model. Finally,
the free-surface equation induces a strong nonlinearity in the system. Indeed, the domain on which
the equations are written depends on the solution to the equations. The common approach for
the linearization of the system consists in writing the linear equations on the unperturbed domain.
However, by doing so, an approximation on the domain is made, in addition to the approximation
made on the solution. It is not clear how to quantify the magnitude of the error made by the two
combined approximations.

The aim of this work is to address these modelling choices by deriving an accurate linear model
as rigorously as possible with only very few assumptions for hydro-acoustic, internal and surface
waves propagating in a fluid over an arbitrary bathymetry. Salinity, thermal dissipation and viscosity
are neglected, and to linearize the equations, we assume that the ocean is at equilibrium and at rest
before the earthquake or landslide occurs, and that the tsunami source induces a small displacement
of the water. In this model, the speed of sound results from the imposed background temperature
profile, so that the effects of the SOFAR channel on the propagation of the hydroacoustic waves
are naturally present. The obtained model is comparable to the model of Auclair et al. (2021);
however, our model includes a bathymetry and a variable sound speed. Moreover, our approach
differs on several aspects as follows.

e The problem is formulated as a second-order equation, which allows the use of numerical solver
dedicated to wave propagation problem such as Specfem (Komatitsch and Tromp, 1999).
Specfem uses spectral finite elements to compute acoustic and/or elastic wave propagations,
and is widely used in the seismology community, for example, to simulate seismic waves
generated by landslides (Kuehnert et al., 2020). In addition to the acoustic waves already
modelled in Specfem, the model proposed in the present paper includes the linear water waves.

e The method used to write the linearization of a free-surface flow is generic and can be applied
to extend the model. A possible extension would include second-order terms (a similar work
was done by Longuet-Higgins (1950) in the barotropic case). Another possibility is to take into
account the interaction with the Earth. In particular, one can consider the elastic deformations
of the ocean bottom that are shown to impact the travel time of tsunami waves (Abdolali
et al., 2019).

Another advantage of having a model with few assumptions is that a cascade of simplified
systems can be obtained from it. We indeed show that with some simplifying assumptions, our
model reduces to the models proposed in the literature. The analysis of these simplifications helps
to understand the mathematical and physical choices made in these models. For example, the most
common model for the propagation of hydro-acoustic waves (Stiassnie, 2010; Nosov and Kolesov,
2007; Sammarco et al., 2013) is recovered from the proposed model by assuming a barotropic fluid
and a constant background density.

We also show that our model and the simplified models are energy-preserving. Our model is
a linear version of the Euler equations, and the equation accounting for the energy conservation
may be modified by the linearization. To ensure that the obtained model is physically relevant, we
check that an equation for the energy conservation holds in the linear case. Beyond this aspect, the
energy preservation allows to write stable numerical schemes (Allaire, 2015). Indeed, the properties
of a numerical scheme are often related to the preservation of a discrete energy. For these reasons,
the energy preservation is a key feature, both in the continuous and in the discrete level.

The paper is organized as follows. In Section 2.2, the compressible Euler equations for a free-
surface flow are written, then the system is transformed in Lagrangian coordinates to keep an exact
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description of the free surface. After linearization, a wave-like equation for the fluid velocity is
obtained and we show that the energy of the system is preserved. In Section 2.3, we show that
with additional assumptions, the model reduces to other linear models from the literature. The
barotropic case is studied, then the incompressible limit and the acoustic limit of the wave equation
are written. In Section 2.4, we present a method allowing to write the model in Eulerian coordinates.
The obtained system can be linearized at the cost of an additional approximation, namely that the
equations have to be restricted to a fixed domain, and we show how to obtain a linear free-surface
condition. Finally, in Section 2.5, we obtain a dispersion relation which includes all of the physical
effects mentioned above. In particular, it is a generalization of the dispersion relation studied in the
work of Auclair et al. (2021) to the case of a varying sound speed.

2.2 Linearization of compressible Euler equations in Lagrangian
coordinates

We derive here a linear model around a state at rest for the isentropic compressible Euler equation
with a free surface and an arbitrary bathymetry, valid for a generic equation of state and a generic
vertical temperature profile. We aim at deriving a model which is physically relevant in the sense
that is preserves or dissipates energy. For this reason, we will analyse the energy equation associated
with this system and show that preservation or dissipation of energy requires a condition on the
fluid stratification that is related to the internal waves.

We consider a portion of the ocean away from the coast and at equilibrium: there is no mean
current and the temperature varies only vertically. In this work, we do not take the presence of
salinity into account; hence, the ocean is assimilated to pure water. The bottom and the surface
of the domain are assumed to be parametrized as graphs, respectively the topography z,(x,y) >0
and the free-surface elevation n(x, y, t). The reference level z = 0 is situated inside the earth at an
arbitrary level. The ground displacement induced by an earthquake or landslide source is assumed
to take place away from the coast, so that the domain is considered infinite in the (x, y) plane, see
Figure 2.1. The domain is assumed to have the following description, for all time t,

Qt) ={(x,y,2) €R® | zo(x,y) < z < m(x,y, t)}. (2.1)

The boundaries of the domain are then defined by

Fs(t) ={(x.y.2) R’ | z=mn(x,y. )}, (2.2)

and
Fo(t) ={(x,y,2) €R® | z = z,(x,y) — b(x,y, t)}. (2.3)

The function b is the source term, namely the normal displacement of the seabed. It can represent,
for example, an earthquake or a landslide. It is assumed that this displacement starts at a time
tp > 0, so that b(x,y,0) =0.

2.2.1 Euler equations in Eulerian coordinates
Equations in the volume

The unknowns are the fluid velocity U, its density p, its pressure p, its temperature T, its internal
energy e and its entropy s.
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(a) The domain Q(0) at rest. (b) The domain Q(t) for t > 0.

Figure 2.1: The domain Q(t): (2.1a) for time t = 0; (2.1b) for time t > 0. In panel (2.1a), typical
profiles for the temperature and the density at rest are drawn.

For future reference, the equations are written for a viscous fluid with thermal dissipation. The
stress tensor of a Newtonian fluid T has the form

T = (—p+AV-U)I +2uD(U), (2.4)

where D(U) is defined by D(U) = (3(8;W + 8;U")); j—x.- and I is the identity matrix in R3. The
heat flux is denoted by q and is a function of p and T.
The conservation of mass, momentum and energy of a Newtonian fluid read, in the domain
Q(t),

Op

&*V'(PU) =0, (2.5)

5 (V) +V - (U © V) + Vp = pg + V(V - U) + V - (2uD(V)),

o ( |uP lu?
at(p2+pe>+v- (( T+pe+p)U

—pg-U+V-(AV-U)+V-(2uD(U)-U)—V-q. (2.7)

The acceleration of gravity is g = —g ez with g > 0 and e3 is the unit vector in the vertical direction,
oriented upwards.

(2.6)

To describe the acoustic waves, we derive an equation for the pressure. Among (p,e, T,p.s),
only two variables are independent because of the Gibbs law and of the equation of state (Gill,
1982). When considering p and s as independent, it is natural to introduce the scalar functions f,
f, and fr satisfying

e=fe(ps), p=1ps) T=rf(ps).

(2.8)
With the Gibbs law (8f./8p = f,/p? and 8f./8s = fr), one has
Oe [ Op Os
at+U-Ve—p2<at+U Vp)+f7<at+U Vs). (2.9)

Using (2.7) — U - (2.6) and (2.9), one obtains as an intermediate step the evolution equation of
the entropy,
Os

pT(5; +U-Vs) =XV -U)?+2uD(U):D(U)-V-q. (2.10)
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Now, since p = f,(p, s) we have

o _ 96 (9 1 o, (o
8t+U Vp= 3o (8t+u vp)+Tp85 8t+U Vs |, (2.11)

hence using (2.5) and (2.10) one obtains

ap _of,
at—l—U-Vp— ap(,oV u)+

Tip% (AM(V-U)*+2uD(U) :D(U) -V -q). (2.12)
At this point, we use the common assumption that the viscous term and the thermal dissipation
can be neglected compared with the advection term (see Lannes, 2013, Chap. 1). With (2.10),
we see that this is equivalent to assuming that the flow is isentropic. Moreover, from physical
considerations, the function f, must satisfy 8,f,(p,s) > 0, hence we can introduce the speed of
sound ¢ defined by

of,
2=_2 : 2.1
2= 52(0.9) (2.13)
Equation (2.12) then reads
5}
a—’;+U-Vp+pc2v-U=0. (2.14)

Equation (2.14) is used for the study of a compressible fluid in the isentropic case, see Gill (1982),
Chap. 4. Note that the speed of sound ¢ can also be viewed as a function of p and T, and in that

case, we have
> ot
c(pT)= En (f(p. 7). £(p, T)) - (2.15)
In practice, we choose to work directly with the expression ¢ = c¢(p, T) tabulated by IAPWS-SR7
(2009). Note that here, the temperature intervenes as a side variable, because it is necessary to
compute the speed of sound. However, we will see later that only the temperature profile of the
state at rest is needed to close the system.

Boundary conditions

The following boundary conditions hold:

{U ‘Np = Up = atb on Fb, (2.16)
p=p? onls. (2.17)

The bottom boundary condition (2.16) is a non-penetration condition with a source term. It models
the tsunami source as a displacement of the ocean bottom with velocity u,. We denote by ny, the
unit vector normal to the bottom and oriented outwards. The second condition (2.17) is a dynamic
condition, where we assume that the surface pressure is at equilibrium with a constant atmospheric
pressure p?. Note that the elevation 7 is a solution of the following kinematic equation:

Ox
on K

§+U~ om| =0 on Ts(t). (2.18)
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Initial conditions and equilibrium state

It is assumed that the initial state corresponds to the rest state, meaning that n(x, y,0) = H with
the elevation at rest H being independent of space and H > z,(x, y); therefore

Q0) = {(x,y,z) e R®| zp(x,y) < z < H}. (2.19)

We choose the following initial conditions for the velocity, the temperature, the density and the
pressure:

U(x,y,z,0)=0, (2.20)
T(x,y,2,0) =To(z), p(x,y,2,0)=po(z), p(x,y, 2, 0)=pz), (2.21)

where Ty, pg, po are functions defined on (0, H) but because of the topography z,(x, y), the func-
tions T, p, p need not to be defined from z = 0 for all (x, y).

When the source term up, vanishes, we have an equilibrium state around U = 0 if the functions
To, Lo, Po satisfy

Vpo = pog, po = Tfp(po, To), po(H) = p°. (2.22)
Hence, if To(z) is given, the system

d
o = 9hp To), z€(0.H), (2.23)
po=p? z=H (2.24)

can be solved to compute pg, and then pg is computed with pg = f,(po, To). Note that, in the
forthcoming section the system (2.5), (2.6), (2.14) with boundary conditions (2.16), (2.17) and
initial conditions (2.20), (2.21) will be linearized around the previously defined equilibrium state.

2.2.2 Lagrangian description

Although most of the works on free-surface flows are done in Eulerian coordinates, the Lagrangian
formalism is sometimes preferred, see for example the paper by Nouguier et al. (2015) and the
references therein, or the work of Godlewski et al. (1999) for a precise derivation of linear models.
Here we choose the Lagrangian description to avoid any approximation on the shape of the domain
when we linearize the equations. The usual approximation made on the surface for the linear models
in Eulerian coordinates consists in evaluating the surface condition on pressure at a fixed height,
rather than at the actual, time-dependant free surface. The kinematic boundary condition is also
replaced by its linear approximation. For the derivation and justification of the approximation, see
Lighthill (1978, Chap. 3).

Let © be the domain of the ocean at a reference time, with its surface boundary s and bottom
boundary . The reference time is chosen before the tsunami generation, so that the surface of
the domain is horizontal. In fact, the following natural choice is made:

Q=0Q(0), Fs=rg0), [,=Tr,0). (2.25)
The position at the reference time of a fluid particle is denoted

E=(&.6.6) e (2.26)
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Figure 2.2: The mapping ¢; between the reference domain Q = Q(0) and the domain Q(t).

At time t, the fluid has moved, the domain is Q(t) and the new position of a fluid particle is
x = (x(&t),y(& t),z(€ t)) € Q(t). We denote by ¢ the transformation from Q to Q(t) that
maps each particle from its reference position £ to its position x at time t (see Figure 2.2 ):

Q=)
¢'{£ e (2.27)

Hence, one has x = ¢(§, t). The transformation is assumed invertible, in particular, we do not
consider the case of wave breaking. We also define the displacement of the fluid. For each fluid
particle with initial position &, its displacement is defined by

d(§, t) =¢(& t) — & (2.28)
The gradient of ¢ with respect to £ is denoted F,
F=V:o (2.29)

and its determinant is denoted J. Both F and J can be expressed as functions of the displacement,
F=1+Ved, J=detF, (2.30)

where V¢ is the gradient with respect to the coordinate system £. For a function X(x, t) defined
on the domain €(t), we introduce X (&, t) defined on 2 by

X(& 1) = X((& 1), 1). (2.31)

Finally, note that the velocity U(€, t) = U(@(€, t), t) is the time derivative of the displacement d,
. od

U= e (2.32)

With this change of coordinates, the system (2.5), (2.6), (2.14) is now defined in the time-
independent reference domain  and it reads

op

—+mvg (JJIF10) =0, (2.33)
a0 L
EJFF TVep = pg, (2.34)
8p pe>

\JI — Ve (JIF'0) =0. (2.35)
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The boundary conditions become

where Ay is a unit vector normal to IA_b and pointing towards the exterior of the domain. The
variables g, p, T satisfy the same equation of state,

b= (5. 7). (2.36)

and the speed of sound is a function of the new variables, ¢ = c(p, ).

2.2.3 Linearization and wave equation

We assume that the source of the tsunami is a displacement of magnitude a at the seafloor occurring
in an ocean at rest as described in Section 2.2.1. In particular, for this rest state, there is no
mean current and the temperature, pressure and density vary only vertically. The magnitude of
the displacement is assumed small compared to the water height H. The ratio of the bottom
displacement amplitude to the water height is denoted € = a/H < 1, and the source term can be
expressed as

p = €lp1 + O(€2). (2.37)

The linearization of Equations (2.33)-(2.35) around the rest state corresponds to the following
asymptotic expansion:

d(¢,t) =edi (¢ t) + O(e?), (2.38)
A€ t) = po(&) +epr(é t) + O(e?), (2.39)
P(€ t) = po(€) +epi(€, t) + O(?). (2.40)

Note that the displacement has no zero order term, because the reference configuration used to
define the Lagrangian description is the state given by the initial conditions. It holds then that
dQ =0, UO =0 and Q:Q(O)

Remark: In comparison with the linearization done by Auclair et al. (2021), where the expan-
sion of the density and the pressure is justified with the decomposition into hydrostatic and non-
hydrostatic components, the asymptotic expansion (2.39) - (2.40) is obtained in a more straight-
forward way. Indeed, it only requires the assumption of a small perturbation.

From the expansion, one deduces the following Taylor expansions for the other functions:

U=c0; +0(?), (2.41)
F=1+¢Ved; + O(e?), (2.42)
Fl=1-¢Ved; +0O(e?), (2.43)

J=1+¢€Ve-d; + O(€?). (2.44)
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Injecting these expressions in Equations (2.33)-(2.35) yields the system

o . . . N

3t (Po + €p1) +€poVe - Uy = O(€?), (2.45)
. oU, To A o A ~ 2

€00~ + (I —eVedy)' Vepo +eVepr = (Po + €p1)g + O(e7), (2.46)
0 A N

57 (Po 1) + €60C(Po, To)Ve - Uy = O(?). (2.47)

By separating the powers of €, we obtain two systems: a limit system when € — 0 and a system
for the first-order corrections. Since the limit system corresponds to the initial conditions described
in Section 2.2.1, the model reduces to the first-order system.

First-order system: a wave-like equation for the velocity

The system for the correction terms reads in Q,

el . L
Pogr + Vebr — (Vedi)T Vepo = prg, (2.48)
op N
% +poVe 0, =0, (2.49)
op _
% + o2 Ve 0, =0, (2.50)
with the boundary conditions
01 . ﬁb = LAIb,1 on IA'b, (251)
pp=0 onf,. (2.52)

In this system, the speed of sound is evaluated at the limit — or background — pressure and tem-
perature, ¢y = c(po, 7A'0). In particular, ¢ can be written as a function of depth. With an adapted
temperature profile, it is then possible to recover the typical speed of sound profile creating the
SOFAR channel.

The pressure p; and density p; can be eliminated in (2.48) thanks to the other equations:
differentiating in time (2.48) and replacing g1 and p; with (2.49), (2.50) we obtain a second-order
equation for Ul,

.00 o - R . - A
POWQ1 — Ve (006 Ve - U1) — (Ve01)” pog+ poVe - U1 g =0 in . (2.53)
Using (2.50), the surface boundary condition (2.52) is formulated for Uy, hence the two boundary
conditions for the wave-like equation (2.53) are

01 “fp=10dp1 on ﬁb, (2.54)
Ve-Up=0 onf. (2.55)

The wave-like equation (2.53) is completed with vanishing initial condition for U;(0) and 8,U;(0).
The system (2.53) includes both gravity and acoustic terms. This equation, which describes the
velocity of a compressible, non-viscous fluid, in Lagrangian description, is called the Galbrun equa-
tion. It is used in helioseismology and in aeroacoustics (Legendre, 2003; Maeder et al., 2020; Hagg
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and Berggren, 2021). However, to our knowledge, this equation has never been used to describe
the propagation of hydro-acoustic waves.

We show now that the system (2.53), (2.54), (2.55) is energy preserving. A model describing a
physical system should either preserve or dissipate energy, and this property makes it also possible to
write a stable numerical scheme. Here the energy equation is obtained by taking the scalar product
of (2.53) with 8;U; and integrating over the domain. After some computations (see Appendix A),

we have J
af = | po(cgVe- U1 — pogU; - e3)
Iy

Olip 1

ot

do, (2.56)

with the energy being the quadratic functional given by
1|00,

&= / Po~

a 2

2 2
L[ (4 N 9
ﬁ d£ + 5‘/62[)0 <COV$ . U]_ — ?OU]. . e3) ds

1 R N 1 P
+ 5/ PoNp (U1 - e3)” d€ + 5/ pog(U; - e3)’do.  (2.57)
Q |—5

The scalar N, is the squared Brunt-Vaisala frequency, defined by

— ]

o(€3)? * gﬁ0(§3) (2:58)

The Brunt-Vaisala frequency, or buoyancy frequency, is closely related to the internal waves that
appear in a stratified medium (Gill, 1982, Chap. 6). In the ocean, the usual values of N, are
approximately 108 rad®s2 (King et al., 2012).

The physical interpretation for the different terms in the energy is clearer when one writes
the wave-like equation (2.53) in terms of the displacement d; instead of the velocity U, Using
d:d; = U; and integrating Equation (2.53) once in time with the vanishing initial conditions for the
displacement, one obtains

Np(&3) = — (

. 0%d;

oz — Ve (P& Ve - di) — (Vedi)T pog+ poVe i g =0 in (2.59)

The exact same steps of Appendix A, with d; instead of Uy, yield the energy equation
d ~ 2 A ~
Egd = [ po(cgVe-dy— pogds - €3) Op,1 do, (2.60)
b

with the energy

1.2 1 [ /. 2
5d=ﬁpo§‘u1| d5+§[P0 (Covg'd1—Agd1'es> d¢
Q Q Co

1 n 1
+ */ PoNp(d; - €3)*dé + =

~ . 2
5 /. - / fog(dy - e5)*do. (2.61)

s

The first term in Equation (2.61) is the kinetic energy. We show that the second term of Equation
(2.61) corresponds to the acoustic energy. First, using Equation (2.50) with the vanishing initial
conditions yields ,6063 - Vedy = —p1. We define then the acoustic pressure

Pa = p1 — Vo - di. (2.62)
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Indeed, in Lagrangian coordinates, the pressure perturbation p; has two contributions: the small
variations in acoustic pressure and the background pressure being evaluated at a new position. With
the definition of p, and Equation (2.24), it holds that for the second term of (2.61)

Ll (. g T L[
§ /on <C0VE . dl — ?Odl . e3) ds = 5 /Q i)\o(’fg df, (263)

which is the usual expression for the acoustic energy (Lighthill, 1978). The last term of (2.61)
is the potential energy associated with the surface waves. Finally, the third term of (2.61) is the
potential energy associated with the internal gravity waves (Lighthill, 1978), under the condition

Ny > 0. (2.64)

When N, is positive, it is denoted N, = N2, where N is the buoyancy frequency. The sign of N,
depends on the choice of the state at equilibrium: gf = dfo/dz has to be negative and satisfy

bl _ g
> =. 2.65
po ~ & (2:65)

With the term in 92/65, we see that the compressibility tends to take the fluid away from its equi-
librium. The stratification of the fluid must be strong enough to counter this effect and keep the
system stable (see the discussion in Gill, 1982, Chap. 3). As a consequence, if one wants the model
to preserve the energy of the system, the background density should not be assumed homogeneous.
In the following, we assume that the fluid has a stable stratification, namely that the function N,
is assumed always positive. We will use the notation N2 in the rest of this paper.

Remark: According to the equation of state (when the salinity is neglected) p = f,(p, T), the
background density varies because of the variations in temperature and in pressure. The tempera-
ture profile can be chosen homogeneous, but the effect of gravity — see Equation (2.24) — prevents
the pressure to be independent of depth. Hence in a model with gravity, the fluid is always stratified
with the density increasing with depth.

Remark: One can notice that the condition (2.65) is not explicit in Equation (2.53). We obtain
this condition when imposing that the energy &y is positive.

2.3 Derivation of simplified models

To compare with existing models, we present several simplifications of our model. We first show that
in the barotropic case, the system (2.53) - (2.55) is equivalent to the first-order scalar equation
of Longuet-Higgins (1950). Our model also reduces to well-known models in the acoustic and
incompressible asymptotic regimes, as demonstrated below. Further numerical implementations of
our model will make it possible to quantify the impact of assumptions made in more simple models,
in particular in the case of acoustic-gravity wave generation by earthquakes or landslides in the
ocean.

2.3.1 The barotropic case

We consider the barotropic case, which is a very common assumption for the study of hydro-
acoustic waves (see for example Longuet-Higgins (1950), Stiassnie (2010)). For a barotropic fluid,
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the pressure is a function of the density only,
fo(p. s) = fo(0) = p.
Then, using Equation (2.22) and the definition of the speed of sound,

ah
dp

ol

Po = Po—~(Po) = —hog = Pots. (2.66)
meaning that the Brunt-Vaiisild frequency vanishes, N2 = 0. This corresponds to the case where
the density is stratified because of the variation of pressure only. To use this equality, we divide
Equation (2.53) by po,

Al . b . .
8721 - V&“ (6§Vg . U1) — <Z26§ + g) v;;‘ -Ujes; + Vg(ul '63)9 =0, (267)
and when Equation (2.66) holds, the equation (2.67) can be simplified and reads
8?0 . . N
thl — Ve (&Ve - U1) + V(U -e3)g =0. (2.68)
Taking the curl of Equation (2.68) yields
82V£ X Ul oA
—pm - =0inQ. (2.69)

With the vanishing initial conditions, we obtain that the velocity of a barotropic fluid is irrotational.
This is a well-known result, since the fluid is also inviscid and subject to a potential force only
(Guyon, 2001, Chap. 7). By the Helmholtz decomposition theorem (Girault and Raviart, 1986),
the fluid velocity is written as the gradient of a potential ¥ defined up to a constant. The expression
U; = V¢4 is used in Equation (2.68) to obtain

Y oY
— — CHA — | =0. 2.7
Ve (G - chev +agy @70)
The potential 1 being defined up to a constant, it can always be sought as the solution of
Y, oY
— — GA — =0. 2.71
ot2 o 511} + 9863 ( )
The equation (2.71) is multiplied by po/&3, and we use g/&§ = —pp/po,
po 0% . oY
= — b0 — Oh—— = 0. 2.72
63 8t2 :00 f’d} pO 6&3 ( )
Additionally, since py depends only on &3, the two last terms can be rewritten,
po 021 R
= _ . =0. 2.73
2o~ Ve (BoVew) (2.73)

Hence, v satisfies a wave equation. The boundary conditions are then deduced from Equations
(2.54) and (2.55),

Vg'{[} . ﬁb = LAIbvl on ﬁb, (274)
Y Y -
A2 = — —
ey = 2 + 9653 Oonls. (2.75)
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The system (2.71),(2.74),(2.75) is the first-order system obtained by Longuet-Higgins (1950). In
Longuet-Higgins (1950), the derivation is quite different since the irrotationality assumption is made
independently from the fact that the fluid is barotropic, and the boundary conditions are obtained
from a linearized surface condition. The linearization made in Longuet-Higgins (1950) gives exactly
the same result as the linearization strategy we have presented.

We show that the system (2.73),(2.74),(2.75) is energy preserving. The equation (2.73) is
multiplied by ;% and integrated by parts,

po O &% /A oY
/526361_“61'2d€+ @'OOV Bt Vi d§
—/ ﬁo%vw-egdcw/ ﬁo%vwmbdazo. (2.76)
g, Ot g, Ot

With the boundary conditions (2.74) - (2.75) and after simplifications it holds

d oY
—Epar = — bo——Up,1 do, 2.77
gz Ebar /rbpoatub,l o (2.77)

where the energy &, is defined by
1 [ po (0%)° 1/A ) 1/ﬁoaw2

Cprar== | == d = d = — (= d¢ 2.78
o 2/@58(@1“ eg [plvuras [ 2(F) e e
The first term of Equation (2.78) is the acoustic energy. Indeed, with (2.14) and (2.66) one can
show that the acoustic pressure p, and the potential 9 satisfy the usual relation p, = —po0:¢

(Lighthill, 1978, Chap.3). The second term of (2.78) is the kinetic energy. Finally, with (2.75),
one sees that the third term of (2.78) is the potential energy of the surface waves. To obtain the
energy equation for the barotropic system (2.73), it is necessary to use the background density
Po even if it does not appear in Equation (2.73). The correct manipulation for writing the energy
equation was found by comparison with the general case described by Equation (2.53).

Finally, note that when assuming a homogeneous density in the equation (2.73), the system
(2.73)-(2.75) reduce to

2
% —2AYp=0inQ (2.79)
Ve -y = (1 on [, (2.80)
%y oY .
w—i—g@—& =0on[s. (281)

and the energy equation (2.78) is not modified by this assumption. However, assuming a homoge-
neous density is not compatible with the derivation of the system (2.73)-(2.75), which relies on the
equality g/é2 = —p,/Po. The model (2.79)-(2.81) can be understood as a barotropic model with
the additional assumption that both —p5 /o and g/&2 are neglected inside the domain.

2.3.2 Two asymptotic regimes of the system

In this section, we write the limit models for two asymptotic regimes of the system (2.53)-(2.55).
We consider the incompressible regime, where the acoustic waves are neglected, and the acoustic
regime, where the effect of gravity is neglected. The wave equation (2.53) is written in non-
dimensional form, and we show that it depends on a small non-dimensional parameter. A simplified
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model is then obtained by passing formally to the limit when the small parameter vanishes. By
making the appropriate choice for the time scale, we obtain first an incompressible approximation,
then an acoustic approximation.

Non-dimensional equation

We introduce the following characteristic scales for the system: a time 7, a horizontal scale L,
a vertical scale H, a density p and a fluid velocity U. Since the speed of sound is not assumed
constant, we denote by C its characteristic magnitude. Finally, the surface waves velocity is of the
order of /gH (Constantin, 2009). We focus on a non-shallow water formulation, hence we take
L = H. For a shallow water version of the equation, one would choose H < L.

Two dimensionless numbers are introduced: the Froude number and the Mach number, respec-

tively defined by
U U
Fr= —, Ma=—. 2.82
Tl c (2.82)
To fix the idea, we choose the following numerical values respectively for the speed of sound, the fluid
velocity and the surface waves velocity: C ~ 1480 ms™!, U ~ 1 ms~! and v/gH ~ 100 m s~ L.

The dimensionless numbers are then
Fr=0.01, Ma=6.10"% (2.83)

The characteristic scale for time will be fixed later, as it will depend on the regime we want to study.
The variables are put in non-dimensional form and the dimensionless variables are denoted with a ~,
except for the space and time variable for the sake of conciseness. The adimensionned domain is
denoted by  and its surface and bottom boundary are respectively [ < and I ,. The non-dimensional
system reads, after simplification by the factor pU,

oo 020, C>_ . _ . 3 - N
%a—t; -1z Ve (PoE2Ve - U1) + %00 (Ve (0; -e3) — Ve - U5 e3) =0, (2.84)
with the boundary conditions
Ui -y =dp1  onflp, (2.85)
Ve-Up=0 onfy, (2.86)

where {ip 1 Is a dimensionless source term.

Incompressible limit

We show that in the incompressible regime, our model is an extension of the classical free-surface
Poisson equation to the case of a variable background density.

To study the incompressible limit, the characteristic time 7 is chosen to follow the surface
waves, which are much slower than the acoustic waves. We take L /T = +/gH. The equation (2.84)

becomes
~ 8201 FI’2 I ~ . ~ ~
po a2 Ma2 Ve (pOCOVE : U1) + Po (Vg (U1 '63) —Ve-Uy e3) =0. (2.87)

The small parameter § = Ma/Fr ~ 6.1072 is introduced in the equation,

. 020 1 o . 3 . .
;30?21 ~ 5 Ve (Po&gVe - U1) + fo (Ve (Ur -e3) — Ve - Uy e3) =0, (2.88)
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and the goal is now to calculate the limit of equation (2.88) when § goes to zero. We make the
following ansatz for U: 5 ~ 5
U, = U1,o+52U1,2+O(53), (2.89)

where 01,0, l~J1,1 and l~11,2 are independent of §. Since Equation (2.88) has only even powers of
0, the term 01,1 is equal to zero. Replacing U, by its ansatz in the wave equation (2.88) and
separating the powers of § yields an equation for each term of the asymptotic development of Uj.
The equation obtained with the terms in =2 reads

Ve (P& Ve - U1) =0, (2.90)
and the equation obtained with the terms in 6° reads

_ 820 L N 5 3 3
POthl'O ~ Ve (Poc3 Ve - Ui2) +Po (Ve (Uro-es) — Ve U es) =0. (2.91)

With the terms in 6° of the boundary conditions, we have
Ve-Uo=0 onfs, (2.92)
01,0 . ﬁb = ﬁb’1 on Fb. (2.93)
Additionally, the terms in 62 of the boundary conditions read
Ve-Uipo=0 onfy, (2.94)
Uio-f,=0 onfy. (2.95)

We show now that the limit model represents an incompressible flow. The Helmholtz decom-
position of Uy o reads
Uio = Vepio0+ Ve X P10, (2.96)

where ;g vanishes on (s and . Injecting the decomposition of lNJLO in Equation (2.90) yields
Ve (P05 Dep10) =0, (2.97)

hence the term inside the gradient is constant in space. Since the velocity lNJl,o is equal to zero at
infinity, we obtain that A¢pq0 =0 in Q (the quantity gpCo being always strictly positive). With the
vanishing boundary conditions for ¢; o, we obtain that ¢ o is equal to zero everywhere in Q. Then,
taking the divergence of 01,0 yields

Ve-Uro=Ve (Ve x910) =0, (2.98)

hence Cll,o is divergence-free.
Now, using the property V - U o in the equation (2.91) and rearranging some terms, we obtain

. 80 L - L L
POT;O — Ve (P03 Ve - Uro) + Ve (BoU10 - €3) — 05 (Ur0 - €3) €3 = 0. (2.99)

Taking the curl of this equation yields

L0010 -
Ve X Po—ppm ~ Po(U1o-e3)es | =0, (2.100)
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This means that these terms can be expressed as the gradient of a potential function defined up to
a constant and denoted —@q,

_ 0%U0

0076t2
The new function @ can be understood as the Lagrange multiplier for the incompressibility con-
straint. However, one must be cautious that @g is not similar to a pressure in this case, and rather
plays the role of a velocity potential, as we will see later in the case of homogeneous density. The
function @q can be expressed differently. By using the definition (2.101) in the equation (2.99), we
have

— (010 - €3) €3 = =V Gp. (2.101)

Ve (—Po — o€ Ve - U1+ U1 - €3) =0, (2.102)
and since the potential @ is defined up to a constant, it can be chosen such that, in 2, we have
Bo = —poC3Ve - Uro + Ui - e3. (2.103)
We deduce from this equality and (2.94) the boundary condition
@o=poU10-e3 onfs. (2.104)

To recover a dimensional system, the terms are multiplied by their corresponding characteristic
scales, and @9 = pU@y is defined. The limit solution Uy g = UU; o satisfies

A~

f’o% — 9pp(U1o-es)es+gVepo=0 in (2.105)
Ve-Uio=0 inQ, (2.106)
with the boundary conditions
Uio-fis=10p1 onlyp, (2.107)
Ve-Uio=0 onfy, (2.108)
®o = poU10-e3 onfy, (2.109)

We show that the model (2.105)-(2.109) preserves an energy. Taking the scalar product of (2.105)
with 8;U1 ¢ and integrating over {2 yields

li/A
2dt on

The last term of Equation (2.110) is integrated by parts. With the vanishing divergence of 01,0
and the bottom condition (2.107) it holds that

9010 3 _ . 80Uy, . Olp
/@9 at .ngodﬁ—/ng(ﬁo ot ez do /ﬁbgcpo at do, (2.111)

N 2
OU o

ot

R 80 U
de~ [ opb(Oso-edes- 520 c+ [ 97210 Veppde =0, (2.110)
Q Q

then @q is replaced in the surface integral using Equation (2.109),

li/A
2dt on

2 N
6U1'0

a0 A
L0 d§ — /QQPE)(ULO -e3)es - Bt d¢

ot

N oU1 0
0 -e3——— -eszdo = D ~ do. 2.112
+/ﬁ59P0U1,0 es—5; esdo /ﬁg(Po 5 90 ( )
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By defining the energy

1 [
5{ncomp = 5[ o
Q

the equation (2.110) can be formulated in the following way:

2

a0 L[ - 1[0 o
L2 -3 [ ambl0o el dir 5 [ gpollug-efdo,  (2113)
Q rS

ot

d By 1
dtgincomp—/l_b gd¥o ot . (2114)

Each term of &jncomp has the same interpretation as in £. Note that the acoustic term of £ is
not present in £incomp. The potential energy associated with the internal waves is also written
differently, as in the formal limit & — oo, the buoyancy frequency reads N? = —ap6/Po.

Remark: The condition |gj|/fo > g/ is no longer required because the destabilizing effects
in the energy equation (2.56) come from the compressibility, and here it is neglected. This can be
seen by formally assuming that the sound speed is infinite, then the squared buoyancy frequency
reads N2 = —gp},/po. Density must still decrease with depth, but can be homogeneous.

The system (2.106)-(2.105) represents an incompressible fluid. However, this system is different
from the classical Poisson equation found in the literature (Lighthill, 1978) because of the assump-
tion of a non-homogeneous background density. For the sake of comparison with other models,
assume now that the ocean at rest has a homogeneous density, gy = 0. Taking the divergence of
Equation (2.105) yields

Ae@o = 0. (2.115)

The boundary conditions are written differently to ease the comparison. The bottom boundary
condition is obtained by taking the scalar product of Equation (2.105) with f,, and replacing the
first term with Equation (2.107) differentiated twice in time,
~ 82ab,l NI ~ ~ ~
—hozn 90p(U10 - €3)es - fi, + gVedo - Ay = 0. (2.116)
For the surface condition, the equation (2.109) is differentiated twice in time and the term in
02,U1 ¢ is replaced with (2.105),

d%9o A L% o
312 90p(U10 - €3) + 98753 =0 onls. (2.117)

With the assumption of a homogeneous density, the boundary conditions (2.116), (2.117) read
then

Ve@o -y = —pogdp1  only, (2.118)
RN 0®o A
— = .. 2.11
oz " 9pg, — 0 onls (2.119)

The Poisson equation (2.115) with boundary conditions (2.118) - (2.119) is the system satisfied by
the velocity flow of an incompressible homogeneous free-surface fluid (Lighthill, 1978, Chap. 3.1).
Note that it was required that gj # 0 in the system (2.53) to obtain an a priori positive energy.
Here this assumption is dropped, however, a rather simple expression for the preserved energy can



2.3. Derivation of simplified models 47

be derived: multiplying Equation (2.115) by 8:@g, integrating by parts and using Equation (2.118)-
(2.119), we obtain

[ 800 %2 g =~ [ Ve vg(aa )de

1 8¢9 6o / . 09q .
“Jrg ot - . (212
/Fs g ot 0Ot2 do + I'b Pog ot (p1 do ( 0)

We define the energy

1 R 1,0¢
Epoisson = 5 </ |V£§0|2 ds +/ ( o )2 ) (2121)
Q s
Then it holds that J "
ESPO/SSOH == / ,00967 lp1 do. (2.122)

By comparison with the energy of the barotropic system (2.78), we see that the first term of
(2.121) is the kinetic energy and the second term of (2.121) is the potential energy associated with
the surface waves.

Acoustic limit

Another possible simplification of the system (2.53) - (2.55) is to keep only the acoustic terms.
This choice is justified for short time scale, because the propagation speed of the acoustic waves
and the gravity waves have different orders of magnitude (Longuet-Higgins, 1950). Here we show
that in the acoustic limit, the model reduces to a classical acoustic equation.

With the time scale L/7 = C, corresponding to the acoustic wave, and with the same small
parameter § = Ma/Fr as before, the system (2.84) becomes

_ 020,

Pogm — Ve (50&2Ve - U1) +6%50 (Ve (U1 -e3) —Ve-Ures) =0 in (2.123)

With the boundary conditions

U, -fip=10p1 onfiy, (2.124)
Ve-Up =0 onfs. (2.125)

As before, we make the following ansatz for Uy:

U, = 01,0 + 5201,2 + 0(53) (2.126)

One can see that the limit term § — 0 for the volumic equation (2.123) is

~ 8201,0 ~ ~D Y
Po—po Ve (P0G Ve - Urp) = 0. (2.127)
Taking the curl of this equation yields
82
(Ve x (BoU1,0)) =0, (2.128)

at?
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hence the curl of ﬁoﬂl,o is affine in time. Moreover, it is equal to zero due to the vanishing initial
conditions. By the Helmholtz decomposition theorem, the term poU; o can be expressed as the
gradient of some function 9o defined up to a constant,

50010 = Veto. (2.129)

By subsituting in equation (2.127), we have

Py . . P
Ve ( 5~ Pt Ve (P01V$¢0)> =0, (2.130)
then it holds that _
%0 _ eV (5" Vo) = 2.1
ot2 — B0y Ve - (By Vetbo) =0, (2.131)

since 9 is defined up to a constant. We need the boundary conditions to conclude. Evaluating
Equation (2.127) at the surface yields

8010 0 . e o N
P78 T ag, (PoC5Ve -Uro) e3 =0 on I's. (2.132)
Using the surface condition (2.125) in (2.132) yields
020 N
o at;O =0 on fs. (2.133)

With the definition of the potential 1[70, it holds that

82V .

2 = 0 on I, (2.134)
hence one has .
Gazﬂz@ = C(t) on [, (2.135)

where C does not depend on space. Moreover, since 9, vanishes at infinity, the constant C is equal
to zero, hence 8@@0 = 0 on [s. With the vanishing initial conditions, this implies that 9o = 0 on
<. To recover a dimensional system, the terms are multiplied by their corresponding characteristic
scales, and 1130 =pUL z/jo is defined. The system reads then

6”40

52 PoiVe - (B Vetho) =0 in Q, (2.136)

with the boundary conditions
Veo - fp=0p1  onfp, (2.137)
Po=0 onfs. (2.138)

The system (2.136)-(2.138) is the classical wave equation for the potential 1, with a propagation
speed ég and a non-homogeneous density.

An energy equation can be obtained by multiplying Equation (2.136) by 8:9/(p0€3) and inte-
grating over the domain. The result reads after an integration by parts

d 1 09 .
Egacoustic = - /fb %%Ub,l dav (2139)
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where the acoustic energy is

~ 2
1 1 (09 1 IS
gaCOuStIC_ 2/@/3063 (81’) d£+§/ﬁglwl/o\ ds. (2.140)

With the same analysis as in the previous cases, one can show that the first term of (2.140) is the
acoustic energy, and the second term is the kinetic energy.

Remark: In Sections 2.3.2 and 2.3.2, the equations (2.115) - (2.119) and (2.136)-(2.138) use
the Lagrangian description whereas the equations from the literature use the Eulerian description.
In the general case, the use of different coordinate systems would cause two problems. First, when
doing the change of coordinates, new terms should appear from the space or time differentiation.
Second, the description of the domain is different, and this implies that the boundary conditions are
not evaluated at the same location. In the next section, we will show that the first problem does
not exist in our case, due to the lack of a background velocity. As for the second problem, the linear
Eulerian models are obtained by evaluating the boundary conditions at a fixed water height. In this
regard, they use the same boundary as if they were in a Lagrangian description of the domain, so
that the comparison remains valid.

The equations with their boundary conditions and the associated energy, for the general model
and its different simplifications, are summarized in Table 2.1.

2.4 The model in Eulerian coordinates

The equations we have been working on are defined on the reference domain Q. However, the linear
equations for the acoustic-gravity waves are generally written in Eulerian coordinates. To compare
our model with those from the literature, the equations must be formulated on the moving domain
Q(t). In this section, we present a method to write the system in Eulerian coordinate.

2.4.1 General method

The aim is to write the equation on a moving domain (t), hence a transformation ¢ : Q —
Q(t) is needed. We start by using a first-order approximation of the real transformation ¢. The
transformation ¢ is developed for small displacements,

(€. t) =€ +edi(€, 1)+ O(e). (2.141)

Let (€, t) = E+e1 (€, t) be its first-order approximation. Here, ¢ is used to define the equivalent
domain and its boundary,

Qs(t) = d’s(Q)r rs,eq = (d’e(fs))r rb,eq = (qbe(ﬁb)) (2-142)

The coordinates on the equivalent domain are written x = (x,y,z). For any generic function
X (€, t) defined in €2, a function X(x, t) is defined in 2. by the following change of variables:

X(x,t) = X(¢:1(x, t), 1), (2.143)

which is equivalent to

X(€t) = X(de(€. 1), 1), (2.144)
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Equation in 2 Boundary conditions Energy
~ QNGH A a2 ~ 2 N ~ Fe 1 N @DH 2 N ~ g ~ 2
General model | o 5 V (po&gV - Un) Uy -fp=10p1, Ty Hm\ ol |50 | + Amod U — m\CH .mwv
Section 2.2.3 N N U, = f 82 0
(Sect ) — 009 ((V(U;-e3) +V-Uses) =0 VoUi=0 T, 1 1
+m\ PN?(U; - e3)? d€ + m\ pog(U; - e3)*do
o) r
O @m@ ~ R i 1 1 /8 2
Barotropic case m% - V- (poVy) =0.=0, mﬁ,ﬁ b= b1 b Epar = m\ Do =2 A%Wv +|Vy|? | dé
(Section 2.3.1) 0 oY + Q@‘@ -0, f. @ 0
U, =vy ot2 &3 +W\ po (OY MQQ
2 Jr. g \ Ot
~ QNQH_O N ~ ~ ~ PN A~ 2
Incompressible Po—32 ~ 9P6(U10 - €3)es Uio o =lp1. s & - w\ b OUso| 9010 -es? | d¢
limit + gV, =0, V-0,0=0 T, incomp =5 Jo \ P01 ot 0fF10 73
(Section 2.3.2) 50 — apnls o - -
N Yo = gpoYi,0 - €3, s 1 A
V-U; =0 +w\ 9po|U1 - e3]? do
jm
Incompressible R
limit, Ago =0, Voo -y =—pog lp1, [p
homogeneous mmm:o g_ . 82pg dPo N 1 2 1 0¢g .,
density AMQQ ar2 = |M<€o B2 + Q@‘Mm =0, T Epoisson = M \0 746_ Qm + \_vym Wnﬂv do
tion 2.3.2)
Lo @m\%o ~ T N ' 2
Acoustic limit T PoC2V - (b5 Vo) = 0, Vo - fip = 0p1, [ 1 1 (1 (6w o
(Section 2.3.2) 0, = Vi, Po=0, [ Eacoustic = 5 \0 A >‘% 2t + [Vaho|= | d€

Table 2.1: Summary of the equations, boundary conditions and energy for the general model and its simplifications. For conciseness the
operator V¢ and A¢ are denoted respectively V and A.
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as long as @, is invertible. Then, if the function X has a first-order approximation X = Xq + eX; +
O(€?), then the function X also has a first-order approximation X = Xy +¢&X; + O(g?) and it holds
that (see Appendix B)

VeXo = VXo, (2.145)
oXo  98Xp
—_— =, 2.146
ot ot ( )
VeXi = (Vedy) VX + VX, (2.147)
X1 80Xy
Sr = 5 TUL VX (2.148)
In the following, when writing the equations satisfied by the free surface of Q., we will also use
tol1) N
a: =eU;. (2.149)

2.4.2 The model in Eulerian coordinates

Using the change of variable (2.144) in the system (2.48)-(2.50) and with the equalities (2.145)-
(2.148), we obtain the following system for Uy, p1, p1, defined in Q.:

ou
poaftlﬂtvm = 09, (2.150)
0
£+V-(poU1)=O. (2151)
6/31 2
g—&-Vpo-Ul +pocg V-U; =0. (2.152)
And pg, po satisfy the limit equations
dpo .
=0 (2.153)
Vpo = pog. (2.154)

To close the system (2.150)-(2.154), boundary conditions should be prescribed. To get a linear
problem, one wants to prescribe this condition on the fixed domain 2. To do so we assume in the
following that the equations (2.150)-(2.154) are defined in Q. It would be true if Q C Q, but
the inclusion is in general not verified. Because of this approximation, errors of order O(g) may be
introduced. For this reason, the system in Lagrangian coordinates should be preferred, at least for
future extension of this work.

Boundary conditions and free surface description

Following the approach of Nouguier et al. (2015), we show that a description for the free surface can
be obtained. In the following, the components of the fluid velocity are denoted U; = (U, U2, U3)T.
The surface is defined by s eq = d)e(fs), and we assume that at each time t, it can be parametrized
as the graph m.. The elevation 7, is a function of x, y and t and can be decomposed in the following
way:

ne(x,y, t) = H+em(x,y, t). (2.155)

From the correspondence between the free surface and the particle displacement, it holds that

P2(€1. &0, H 1) = me(x(€1, &2, H. 1), y(€1, 6, H, 1), t). (2.156)
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Differentiating (2.156) in time and using the equation (2.149) yields

) 8775 B 8775 N 67}5
eU7 (&1, & H, 1) = A eUi(&1.6,H, 1) T eU3(&1,65,H, 1) 3y (2.157)
We use the change of variables ¢ (§, t) = £ +ed1(£. 1),
0 9
EUR(Be(€1, 2, H, 1), 1) = ZE 4 eUN(@e(Er, €2, H 1), 1) A8
ot ox
0
+ eUF(¢e(é1. 62, H, 1), 1) 8";‘9. (2.158)
After a Taylor development and keeping only the terms in ¢, it holds that
0
US(x,y, H t) = %, (2.159)

which is the linearized equation for the free surface. Then the dynamic boundary conditions are
linearized. With the change of variables, the boundary conditions (2.24), (2.51) and (2.52) become

Ui -np=up1 onTlpeq, (2.160)
Po = pa on rs,r:'qv (2161)
pr=0 onlseq. (2.162)

If we linearize (2.162) only, we would miss the first-order term coming from (2.161). From (2.161)
and (2.162), we deduce the boundary condition for the pressure

po+epr=p onlseq. (2.163)
A Taylor development of pg and p; around z = H on [s ¢4 yields
po(H) +e(pr(x. v, H, t) + po(H)m) + O(e?) = p*. (2.164)
After an identification of the powers of g, it holds that
po(H) =p?,  pi(x.y, H.t) = po(x,y, H t)gm(x,y, t). (2.165)
In a similar way, the linearization of Equation (2.160) reads
U3 (x.y. 2) — Ui (x, v, 25) 8xzp — U (X, y. 2) Byzp = tp1(X, . 1). (2.166)

Hence the equations for Uy, p1, p1 can be fully defined on the domain €, with an error in O(e?).
Finally, note that the system (2.150)-(2.152) with the boundary conditions (2.165),(2.166) and
the kinematic condition (2.159) is shown to be energy preserving, locally as well as over a whole
water column (Lighthill, 1978; Lotto and Dunham, 2015).

In this section, we have derived the linear equation in Eulerian coordinates, even though an
approximation on the domain in which the equations are defined was necessary. The computations
of Section 2.4.1 also justify that in the absence of mean flow and with the evaluation of the boundary
conditions at a fixed height, the linear system in Eulerian coordinates is similar to that in Lagrangian
coordinate, up to terms in 0(82). At the same time, the linearization in the Lagrangian coordinates
is better defined. For this reason, the system in Lagrangian coordinates is preferred for the rest of
this work. We conclude this paper with the study of the dispersion relation obtained from Equation
(2.53).
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2.5 Dispersion relation

A key aspect of wave models is the related dispersion relation, which we derive here from Equation
(2.53) and solve numerically. First note that if one defines the equivalent pressure p., the equivalent
density p. and the equivalent velocity U, by

Pe=po+epr, Pe=po+epr, Ue=eUy, (2.167)
then a combination of the equations (2.150)-(2.154) yields the following system for p, p. and Ug:
ou

P07+ Vpe = peg + O(e?), (2.168)
9
ap: + V- (poUe) = O(e?), (2.169)
9
S+ Vpo - Ue + poct V- Ue = O(e?). (2.170)

This system is comparable — up to the terms in O(e?) — to the system studied in the paper by
Auclair et al. (2021). Auclair et al. (2021) thoroughly analyze the dispersion relation for the model
of a stratified compressible fluid with a constant sound speed.

To make the computations clearer, the problem is restricted to a 2-dimensional configuration
in &1 and &3. We also assume that the bottom is flat. Following the approach of Auclair et al.
(2021), the angular frequency w and the horizontal wavenumber frequency kx are defined, and we
seek a solution of the form

U (53) kx 1—w
poUs1 (&1, &5,1) = <U3(£3) fwt) (2.171)
First, Equation (2.53) is written differently to make the unknown poU; appear,
8?poU ) - BNG -
522 - Ve(&3Ve - (po01)) — Ve < 00 5o Uy '63) —gVe - (poUr)es =0 (2.172)

Using the ansatz (2.171) in Equation (2.172) yields

WU + ik, ( e (ik Ut + (U2)) + U3> = (2.173)

w?U? + 65 (ag(/kxﬁl + (03)’) + 05 ( ) + g(ikU* + (UP)) = (2.174)
Using the equation (2.173), the horizontal component U is expressed as a function of the vertical

component, N N
e2D(U3) + (e3 — gD)U?

O' = — ik S 2 (2.175)
where D is a depth scale, defined by
% /\5 + % gg. (2.176)
We also define the quantity .
S= f—é. (2.177)
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Replacing U in the equation (2.174) yields, after some computations,

_ 1 - 2 N D N W 5
(%) + (D + w252> (%) + (‘;’2 + +5 (gz + w)) U=
0

- D? &2 g w?— &k
(2.178)
To write an harmonic equation, the following change of variable is made:
~ ~ " a 1 5
U3(z) = U3(H)F(z) exp </ 2dz’) L a=g5tw S. (2.179)
Then F(0) =0, F(H) =1 and F satisfies the equation
F'+k2F=0 (2.180)
where the vertical wavenumber k., is defined by
N? —w? w? 142D 1
2 2 2
kZ+kXT+?§_W_§w S/
g N w? w? 1,
S|l Ss+———55—=—=—-w'S| =0, (2181
+ (ag+gw2—agk3 oD &Y (2.181)

The equation (2.181) is the dispersion relation for the two wavenumbers k., k. and the frequency
w. It is a generalization of the inner dispersion relation by Auclair et al. (2021) to the case of a
non-constant sound speed. Indeed, with a constant sound speed one has S = 0 and (2.181) is
exactly the inner dispersion relation in Auclair et al. (2021).

Remark. In the most general case, the scalars N, D and S depend on the depth z, hence k,
also depends on z. It is then not clear whether the solution to Equation (2.180) and the profile
U3 can be written explicitly. When k; does not depend on z, as in the study by Auclair et al.
(2021), the expression of the profile U3 is used with the boundary conditions to obtain a boundary
dispersion relation. In our case, k, is not a constant, and the boundary dispersion relation is not
easily deduced.

Numerical approximation of the dispersion relation

An evaluation of the equation (2.181) is possible once the limit state for the pressure and the
density is computed. The differential equation for the pressure (2.22) is numerically solved for the
temperature profile shown in figure 2.3a.

Then the density and the speed of sound are computed from the tabulations given by IAPWS-
SR7 (2009). Figure 2.3b, 2.3c show the obtained density and speed of sound. With these profiles,
the dispersion relation (2.181) is computed. Figure 2.4 shows the contours of the vertical wavenum-
ber as a function of the horizontal wavenumber and the angular frequency, at different depths. For
the sake of comparison, the plotted variables are the adimensionned variables 6, = k.H, 6, = k,H
and log;¢(dy,), where 6, = w+/H/g.

Although Figure 2.4 is close to the one in the paper by Auclair et al. (2021), one can notice the
influence of the ocean depth on the contours. This first result suggests that the variation of the
parameters ¢y, N, D with depth plays a non-negligible role in the waves dispersion.
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Figure 2.3: Temperature, density and sound speed profiles used for the computation of the dispersion
relation where €3 = 0 is the seafloor and £3 = 4000 m is the ocean surface: 2.3a temperature profile
; 2.3b density profile and 2.3c sound speed profile.
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2.6 Conclusion and future work

In this work, we have presented a system describing the propagation of acoustic-gravity waves in a
free-surface fluid over an varying bed (bathymetry) and with a variable sound speed, applicable to
describe in particular hydro-acoustic and tsunami waves generated by earthquakes or landslides in
the ocean. Through a rigorous linearization of the compressible Euler equation, we have obtained a
model able to represent many physical phenomena, such as the SOFAR channel or the propagation
of internal waves. The variety of these phenomena is well represented in the dispersion relation.

In the derivation, only a few assumptions are made and some common simplifying hypotheses
were avoided. In particular, the fluid is not necessarily assumed barotropic and its flow is not assumed
irrotational. Thanks to this approach, many terms representing different physical phenomena are
kept in the wave-like equation. With a numerical approximation, one could then compute their
respective magnitude, and justify which terms can be neglected. Note also that in the present work
the source term is a displacement of the seabed, but this is not restrictive and other source terms
could be used (a change in the surface pressure for example).

With additional assumptions compatible with the derivation of the system, such as considering
a barotropic fluid, or restricting the model to the incompressible regime or to the acoustic regime,
we are able to recover simpler models widely studied in the literature. The mathematical study
of the more complete model can help gain insight on the other ones. For example, we could
clearly identify the assumptions made in the hydro-acoustic waves model used by Stiassnie (2010);
Sammarco et al. (2013) and others. Namely, in those models, the fluid is assumed barotropic,
and the effects of stratification and gravity are neglected inside the domain. The study of the
more complete model also helped to write the conservation of energy in each simplified case. The
linear model in Lagrangian coordinates can also be used to recover the linearized Euler equations in
Eulerian coordinates. This brings a clear understanding of the usual — nevertheless non-satisfactory
— assumption that is used to derive the aforementioned models in Eulerian coordinates.

The wave-like formulation of the model makes it a good candidate for a numerical approximation
by the finite element method. The fact that it preserves an energy suggests that the problem is
well posed, which motivates a more thorough study of the mathematical problem. Numerical
implementation of this model will make it possible to simulate acoustic-gravity waves generated
by earthquakes and landslide sources accounting for the complex bathymetry, thus contributing to
improve early-warning systems. It will also help to quantify the errors made in more simple models,
such as the hypothesis of an irrotational flow. These two aspects will be investigated in a future
work.

Appendix

A Derivation of the energy equation

In this section, an energy equation for the system (2.53) is obtained. Recall that the system (2.53)
reads in €,
. 0°0,
POW -
with the boundary conditions

Ve (po3Ve - U1) — (VeU1) pog + poVe - U1 g =0, (182)

01 ‘Np = ljb’1 on |ﬁb, (183)
Ve-Up =0 onfs. (184)
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By taking the scalar product of (2.53) with 8;U; and integrating over the domain we have

ou, (. o%°0 ou
/Q(Ttl' (’0061-21> - | 5 (Ve (05 Ve - Us)) dé

ou ou
+ | 7 (Ve(Us-es) pog) dé— | - (poVe - Uy ges) dé=0. (185)
Q Q
For the first integral of (185), it holds that
2
ou;

de. (186)

[ ()5

The second term of (185) is integrated by parts, using V€~Ul = 0 on the surface and Uy -f, = {1
at the bottom (hence 8;(Uq - fip) = 8¢ 1),

2| ot

au N
— 871'1 Vg (poC§V5U1) dEZ
Q

1d [ o o2
zdt/QPoCo\Vg'Ul\ d¢

Y
/poCOVg 0, gblda. (187)

For the computation of the two last integral of (185), we define

8U1 6U1

- (Ve(01 - e3) pog) dé — oot

(1) = ; - (PoVe - U1 ges) d¢, (188)

an we denote by fi, the vector normal to the boundary 6S2. Here, (/) is integrated by parts and
reads

A A ou; . o0
(n :/ PogU; - e3 aitl -fpdo — / gU; -e3Ve - (Poaitl)df
a0 Q
a0,
/ bog 5t esVe-Urdé. (189)

The boundary term is simplified using Bt(ﬂl -fip) = Otlip,1 at the bottom. On the boundary [, the
surface is horizontal, hence the normal vector is the unit vector ez, so it holds that

iy o0,
(/):/ pogU; - e3—= ot d0—|—/ pogU; - e3—— ot ez do
b

au
/9U1 esVe - (Po )df /Pog e3Ve -0y dé. (190)

Next we develop the gradient in the third integral of Equation (190). Note that gp depends only
on the vertical coordinate, then we have

o0, ~ 801-e3dﬁ0_ 1d/A T 2
/9U1 &5 “Vebo = /9U1 &5 d& - ot Q/309|U1 es|”,  (191)
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hence we obtain

. dlip1 1d . )
N= [ pog0;-es —22do+>— [ pog|0; -es?d
() /ﬁbpog e U+2dt/ﬁspog| 1-e3|“do

1 S L0 0 %
—Ea/ﬂg%\Uy%Fdf—/QPogUl'esa(vﬁ'ul)de

a0 N
—/pog—at1 e3Ve- U dé. (192)
Q

The two last terms of (192) are put together,

N ~ 60[71 1 d ~ ~ 2

/ = . 7‘d P N d

() /ﬁ, pogU; - e3 5c 90t 5o /r pog|U; - e3|”do
1 d AT 2 d A * X

T odr Qgpo|U1-e3| df—a Q/309U1'e3C€'U1d£- (193)

Summing the terms (186), (187) and (193) yields

2

d 1|00, 1d [ /. g 2
i ol B d —— . _ = . d
dt/Q'OOZ ot €+2dt/QpO <C0v£ U; 60U1 63> ¢
1d ' 9> | 9k 1d X
— A g1 0 U . 2 — 0 d - A, U . 2d
th/on( 1°€3) <€_§+ P £+2dt I_spog( 1-e3)°do
A A toll]
Z/ po (G5 Ve - Ui — pogUs - e3) a‘;'l do, (194)
)
and by defining
2 Al
g 9Po
No=—-|% : 195
g <6§ T > (195)

we obtain the energy equation (2.56).

B From the Lagrangian to the Eulerian coordinates

In this section, we derive the relations between the zero- and first-order approximation in Eulerian
and in Lagrangian coordinates, when differentiating with respect to time or space. First note
that ¢ and ¢, can be expressed in terms of the displacement d. From the assumption of small
displacements, it holds that d = ed; + O(g?), then identifying the powers of € and summing yields

P (€ 1) =€ +edi(€ 1),
From the change of coordinate we have
VeX = (Vede) VX = (I1d +eVedy) VX,
and using this identity for X = Xq 4+ £X; vields
Ve(Xo +€X1) = VXo + € ((Ved1) "V Xo + VX1) + O(€2).
By identifying the powers of g, it holds that
VeXo = VXo, VeX1 = (Vedy) VX + VX
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The same method is used for the time derivative. Starting with

O
ot

X X
E(s. t) = E(d&(é), t)+ (&) VX(@(£). 1),

we obtain after replacing X and X by their first-order approximation,

0Xo . 0X1  0Xo (X1, ody
ot ' ot

- = - - = - R —_— . 2
a7 € ot pn + VXO> + O(e%).

With 8,d; (€, t) = U1(€, t) = Uy (x, t), it holds that

8Xo e ,
81‘+€<8T+U1vxo) +O(€ )

We identify the powers of ¢,

0Xo 0Xo 0Xi 98X
Bt et ot ar 9 VXe
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The content of this chapter will be submitted as a paper under the title " Well-posedness and
potential-based formulation for the propagation of acoustic and tsunami waves" .

Abstract: In this chapter, we study the model presented in Chapter 2, describing the propaga-
tion of acoustic and surface gravity waves. We introduce first the suitable mathematical framework
for the analysis. An alternative formulation, based on a new variable, is then introduced. The
new variable can be understood as a "generalized potential”, in the sense that the new variable
corresponds to the fluid potential in the particular case of an irrotational flow. The new formulation
presents several advantages, both for the analysis and the numerical resolution. We prove then the
well-posedness of both formulations, and show that they are equivalent. Finally, the formulations
are discretized with a spectral element method in space and a finite difference method in time, and

61
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we illustrate numerically the equivalence.

3.1 Introduction

Context and motivation. There is a growing interest for models coupling acoustic waves and
surface gravity waves, since they could greatly improve tsunami early-warning systems. A linear
model describing the propagation of acoustic and gravity waves was presented by Dubois et al.
(2023). This model can be seen as a particular case of the Galbrun equation, with a vanishing
mean flow and a non-homogeneous boundary condition of Dirichlet type. There is a wide literature
concerning the Galbrun equation, however the functional framework for its well-posedness is still
subject to debate (Maeder et al., 2020). Moreover, most of the studies on the Galbrun equation
focus on the harmonic case (see the review made by Maeder et al., 2020, and the references
therein). The literature on the analysis of the evolution problem is scarcer. We refer to the work by
Bonnet-Bendhia et al. (2006), and the paper by Hagg and Berggren (2021). Bonnet-Bendhia et al.
(2006) study the Galbrun equation with a uniform mean flow by using a regularization method.
In their work, Hagg and Berggren (2021) show that the solution to the Galbrun equation can be
deduced from the solution to the linearized Euler equation.

For the case of a vanishing mean flow with homogeneous Dirichlet conditions, it was already
noted by Berriri (2006) that the problem is well-posed in Hg(div, 2), the space of functions defined
on €2, with a squared integrable divergence, and whose normal trace vanishes at the boundary of the
domain. However, the model presented by Dubois et al. (2023) does not fall under this category
because of the presence of a boundary term, and as we will show, the lifting of the boundary term
is not as trivial as one could expect. The frame proposed by Hidgg and Berggren (2021) is adapted
to the model, but it requires to solve first the so-called linearized Euler equations.

In this work, we propose a method for showing existence and uniqueness in the case of a vanishing
mean flow and for non-homogeneous boundary conditions. Moreover, we propose an equivalent dual
problem whose mathematical study and discretisation are more straightforward than the original
formulation. Finally, we present some numerical simulation validating the model by comparison
with the literature, and illustrating the equivalence between both formulations.

The system of partial differential equations. In what follows, the equations are written in
Lagrangian coordinates, and denote by Q2 the reference domain representing an ocean at rest. The
coordinates of  are written (x, z), with the horizontal coordinate x € RY"! d =2 or d = 3.
The domain is unbounded in the horizontal direction and bounded in the vertical direction, with a
fixed surface at z = H and a time-independant topography z,(x) at the bottom, see Fig. 3.1. The
domain is written

Q={(x,2) | xe R, z,(x) <z <H},

and its boundary is denoted I' = 9%2. The topography is assumed to satisfy the following conditions,

2, € WE®(RYY)  and  IH_ >0 such that 0 < z,(x) < H_ < H.

These properties ensure that the domain €2 does not degenerate and is Lipschitz. The surface and
bottom boundaries are respectively

s={(x,H) | xe Rdfl} and Tp={(x,2)|x¢€ RIL 7 = zp(x)}.
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The considered set of partial differential equation has been introduced by Dubois et al. (2023), it
consists in a linear system of equations for the fluid velocity U(x, z, t) and reads

0°U

P0Gz ~ V (pocgV-U—pogU-e,) — V- (pogU)e, =0, inQx[0,T]. (3.1)

Equation (3.1) represents the propagation of the acoustic, internal gravity and surface gravity
waves in a stably stratified fluid. The vector e, = (0 0 1)* is the unit vector along the z-axis. The
constant scalar g > 0 is the acceleration of gravity. The parameters pg and ¢y are respectively the
fluid background density and the sound speed. They depend on z only, and we make the following
assumptions,

po € CH[0,H]) and ¢ € CO([0, H]). (3.2)

The velocity and the density must satisfy some positivity properties, one of which being non-
standard: there exist 8; > 0 and B, > 0 such that, for all z € [0, H],

g dpo(z) &

w@) dz @@

oo(z) >B1, c(z)>B> and N3(z)=-—

The scalar N? is called the Brunt-Vaisila frequency, or buoyancy frequency. It corresponds to the
frequency of the internal gravity waves (Gill, 1982). The case N? < 0 corresponds to a fluid that is
denser above and lighter below, hence it is an unstable equilibrium. Since the linearization is done
around a stable equilibrium we assume in the following N2 > 0. The case N? = 0 corresponds to
the case of a constant temperature, in which case the fluid is called barotropic.

Equation (3.1) is completed with boundary conditions. On the bottom [, the condition repre-
sents a localized displacement of amplitude u, of the seabed, caused for example by an earthquake
or a landslide. On the surface I's, the condition represents a stress-free boundary condition. Here
the stress is a pressure, and is proportional to the divergence of the velocity field. The boundary
conditions read then

U-n,=u, onlyx][0T] V-U=0 onlsx][0,T], (3.3)

where, as usual, n is the outward unitary normal of the domain Q. The regularity of the displacement
up will be stated later. Finally, in our context it is relevant to choose vanishing initial conditions,
which also simplifies the forthcoming analysis,

ou

U(x,z,0) =0, E(X' z,00=0 onQ. (3.4)

The dual problem. It is shown later that the problem (3.1)-(3.3) can be written as an abstract
wave equation using an unbounded linear operator G,

d’U ~

— +G*'GU =0, 3.5
where G* is the adjoint of G and~(~§ is an extension of G. The introduction of this non-symmetric
formulation using the extension G is motivated by the presence of a non-homogeneous essential
condition in the boundary conditions (3.3). The expression (3.5) will be obtained rigorously in what
follows. One originality of this work is to construct and analyse a “dual” wave-like problem for a

new unknown @, satisfying
A Tep i, (3.6)
e =0. )
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Such problem is shown to be equivalent — in a sense given rigorously later — to the problem (3.5).
Moreover, it presents several advantages from mathematical and numerical perspectives. The new
unknown & has three scalar components, ® = (¢, 4,7)", where ¢ and 1 are scalar fields and
Y = @r,. In the computations below, we show that ® is related to the velocity U by the formula

U=-Vp+ N <w + Zw) e, (3.7)

hence it can be seen as a generalized potential. We also show that ¢ and 1 satisfy a second set of
partial differential equations describing the same physical system as (3.1)-(3.3), more precisely

%0 N ) N .

e +cV- (—V(p+ N (¢+ g(p) ez> +g§ —gN (¢+ g(p) =0, inQx[0,T], (3.8)
8% dp 5 N .
W_N§+N <¢+g<p> =0, inQ2x]0,T]. (3.9

The system is completed with the same bottom boundary condition,
N
Un=-Vo-n+N 1[/+§<p (e;-n)=up, onlpx][0,T]. (3.10)

This condition is — mathematically speaking — a natural condition for the potentials (¢, ). It is
easier to consider than condition (3.3), for both the analysis and the discretisation. Finally, the
surface boundary condition involves a second-order time derivative that accounts for gravity waves,

By

e —gU-n=0, onlsx[0,T]. (3.11)

The initial conditions are deduced from (3.4), they read
0 0]
p(x,z,0)= 8—f(x, z,0)=0, %(x,z0)= a—f(x,z, 0)=0 onQ. (3.12)
When d = 3, the system (3.8) - (3.12) involves only two scalar fields (¢ and ), compared to
three for the velocity based formulation (3.1). Moreover, this system is a generalisation to the one

commonly introduced in hydrodynamics (Gill, 1982). Indeed, when considering the barotropic case,
we have N = 0 and the system of partial differential equations (3.8)-(3.9) reduces to

8° ) _

an ~ Ao+ ga—f —0, inQx[0,T] (3.13)
82
a—;f —0, nQx[0T] (3.14)

Because of the vanishing initial conditions, we have that 9 = 0. The system is then described by

the function ¢ only. The boundary conditions are also simplified,

02

2 +9Veo-n=0, on T4x[0, 7] and Ve-n=u, on T,x[0,T]. (3.15)
This simplified system corresponds to the system of equations that was already introduced in the
literature (Dubois et al., 2023; Longuet-Higgins, 1950).
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z
rs zZ = H
Q
——————————————————————————————————————— z=H_
M z = zp(x)
X

Figure 3.1: The domain 2

Organisation of the work. We start by presenting in Section 3.2 the functional spaces and
the operators used for studying the problems (3.1)-(3.4) and (3.8)-(3.12). In Section 3.3, we
study first the potential-based formulation (3.8)-(3.12). Even though this formulation is rather
uncommon we start with this one because the analysis is much more direct than the analysis of
the velocity-based formulation (3.1)-(3.4). The velocity formulation is then studied in Section
3.4. The main difficulty of this section lies in finding a lifting operator for the boundary source
term. The equivalence of the two formulations is proved in Section 3.5. In Section 3.6 we present
a discretisation procedure of the two formulation using spectral finite elements (Cohen, 2001;
Komatitsch and Tromp, 1999) and show some numerical illustrations for the equivalence between
these two formulations.

3.2 Preliminary definitions

Hilbert spaces and trace operators. \We start by introducing the space of H'-functions,
HH(Q) = {p € L3(Q) | Vp € L2 ()},
as well as the usual surjective trace operator
Yo i HH(Q) — HY2(I),

that is the extension to function in H'(Q) of the trace operator ¢ + ©r, defined for smooth
functions. The forthcoming analysis requires the use of the standard space of square integrable
functions with square integrable divergence,

H(div,Q) ={U € L2(Q)? | V-U € L3(Q)}.
The space H(div, Q) is equipped with the usual scalar product
Y (U,U) € H(div, Q) x H(div, ), (U, U)neaivg) = (U, U) 20 + (V- U, V- U)2q),

In the following we use trace operators acting either on I's or on ', only. We introduce the trace
operator acting on the surface

Yos : HH) = HY2(TS),  Yo5(9) = Yo(@)r..
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and the trace operator acting on the bottom

Yob : HH(Q) = HY2(Tb),  Yo.5(0) = Y0(0)r,-

Since [ and I, are “well-separated” — namely the distance between the two boundary is at least
H — H_ that is strictly positive — one can also define a surjective normal trace operators acting
either on 5 or on 'y, only. We introduce the normal trace operator

Y15 0 H(div, Q) — HY2(Ts).

When applied to smooth functions, it corresponds to the operator 1 s(U) = (U-n);r,. For functions
in H(div, Q) the operator 7y, s is defined as follows. We introduce a function x depending on z only,
and satisfying

x € CY([0,H]), x(H)=1, and x(z)=0forz<H_.

The normal trace operator on the surface is then defined by
V (U, ) € H(div, Q) x H'(Q),  (115(U). Y0,s(®))r, = (V- (xU), ©)2() + (XU, V@) 12(0e,

where the duality product between H=Y/2(I'y) and HY2(Iy) is denoted (-,-)r.. In a similar way
we introduce 1 p, the normal trace operator acting on ', only. We denote by (-, -)r, the duality
product between H=/2(I',) and HY/?(I") and define the normal trace for functions in H(div, Q) by
Y (U, @) € H(div, Q) x HY(Q),
(71,6(U), Y0.6(0))r, = (V- (1 = x)VU), @) 120y + ((1 = X)U, V) 20

Finally, for any function U € H(div, ©2), when stating that v; s(U) € L?(I's) we mean that «y; s(U)
is a function in H=1/2(T"s) which can be identified with a function in L?(I's), and that the duality
product reduces to the scalar product in L?(I"s). This can be written as follows,

VYU € H(div,Q), m1,s(U) € L*(Ts) = 3f € L*(Ts) / (71.6(U), Yo.6(0))r. :/r fYo0,6(¢) ds.

When U is smooth, the function f is given by f = (U -n)r_.

The operator G and its extension G. To introduce the operator associated to the evolution
problem (3.1) and the abstract wave equation (3.5), we introduce the Hilbert space H = L?(Q)9
equipped with the following weighted scalar product,

(U, U)y = / poU - U dx. (3.16)
Q
we also define the space G,

G =L23(Q) x L2(Q) x L(Ty), (3.17)
equipped with the weighted scalar product

4 _
Vo= |4 |eg Vb=

€g, ()= p—gwdx+/powz/3dx+/ P14 ds.
y Q & Q r- 9

2

(3.18)
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We first define the operator G used in Equation (3.5). The domain of G is denoted D(G) C H and
is defined by N
D(G) = {U € H(div,Q) | 71.s(U) € L3(Ts)}. (3.19)

The operator G : D(G) C H — G is then defined by
o c§<V~U—C%U-eZ)
VU e D(G), GU= NU - e, . (3.20)
—g71.5(U)

It can be shown that the operator G is closed and densely defined. As already mentioned, it is useful
to see the operator G as an extension of an operator G, defined on the domain D(G) C H, given
by

D(G) = {U € H(div,Q) | 71,s(U) € L*(Ts), 71,5(U) = 0}. (3.21)

We have D(G) C D(G) and defined G so as to satisfy, for all U € D(G), GU = GU, therefore
G(V-u-gu-e)
YU e D(G), GU= NU - e, . (3.22)
—gm,s(U)

The operator G is also densely defined and closed.

The adjoint operators G* and G* and a Green’s formula. Since G and G are densely defined
and closed, their adjoint — denoted respectively G* and G* — exist and are also densely defined and
closed. We give their expression in this section. In the following, the space of smooth functions
with compact support in Q is denoted D(Q).

Theorem 3.1. The operator G* : D(G*) C G — H is defined by
D(G") ={®=(p.¥.7) €G|weH(Q).,7="rs0)}
and, for all ® = (o, 9,v)t € D(G*),
N
G*d=-Veo+N (zl/ + g(p) €. (3.23)

Proof. Let U be a function in D(Q)9, and let & = (¢ 9 )7 belong to D(G*). It holds, by
definition of the adjoint, N
(GU, @)g = (U, G"®)y = (U, U)y,

for some U € H. The equality above is developed using the definition of G,
g ~
(GU, q))g = —<V(po(p), U>Q + /on(/\/ — ?(P)U - ey dx = (U, U)H, (324)
0

where (-, -)q correspond to the duality product in D(Q2). The equality (3.24) shows that V(pp¢)
belongs to L2(2)3, hence, since pg is smooth, ¢ € H*(Q2). Equation (3.24) also shows that

G'd=U= —05 "V (pop) + (N — %(p)ez.
0

The simpler expression (3.23) is obtained by distributing the gradient and using the definition of
the scalar N. [
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The following Green formula holds

Lemma 3.1. For all U € D(G) and ® = (v, 9,v)t € D(G*), it holds

(GU. ®)g + (U, 6" )y = (11,6(U), Y0.5(0))r- (3.25)
Proof. For U € D(Q)? and ® = (¢, 9, ©|r.)t with ¢ and ¥ in D(Q), we have

(éu,cb)g+(u,G*<1>)%:/r o (U ), ds = (72.5(U), Yo.5(0))r,.

We conclude by using the density of D(Q)9 in H(div, Q) and the density of D(Q) in H*(Q2) and in
L2(Q) (see Girault and Raviart, 1986). O

Thanks to the Lemma 3.1 we deduce the expression of G*.
Corollary 3.1. The operator G* : D(G*) € G — H is defined by D(G*) C D(G*) and for all
® € D(G*), G*d = G*d, moreover,
D(G*) ={® = (0. %7 €G | 9 € H(Q), Y0s(®) =7. To.6(0) = 0}. (3.20)

Proof. Since D(G) C D(G), we have the inclusion D(G*) C D(G*) and G* is an extension of G*.
Therefore Lemma 3.1 can be used as follows: for all U € D(G) and ® = (¢, 9,v)t € D(G*), it
holds N N

(GU, ®)g — (U, G"®)y = (71,6(U), Yo,6(0))r, (3.27)
which shows that (71 »(U), Y0.6(¢))r, = 0. Using the surjectivity of the normal trace operator 7y p,

we deduce that g () = 0.
O

The space D(G*) is equipped with the graph norm,
[®]DGey = PG + 1G5
And we have the following result,
Proposition 3.1. There exists a constant C. > 0 such that

©
Vo = (9] € D(G"), [[Plpi) = Cellell)-
5

Proof. In the proof, we use the symbol < for inequalities that hold up to a constant independent
of ®. For ® € D(G*), we have

Po
lolmy < [ Bodx< 03 and Vel < IVolR.
0

It holds, by the triangular inequality,

2 2

N
RS H—w N+ D oe,

+ HN(M gw)ez

H H

hence the norm of the gradient is bounded by [|G*®|3, + [|®|3, which concludes the proof. O

In this section, we have introduced all the necessary operators for the study of the potential-based
problem (3.8)-(3.12) and the velocity-based problem (3.1)-(3.4). The next section is dedicated to
the study of the problem (3.8)-(3.12). We show that the problem is well-posed and that its solution
satisfies an energy equality.
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3.3 Analysis of the potential-based formulation

We recall the system of PDE satisfied by the potentials ¢ and v,

%0 N o N .
WJFCOV- (—W)+N<¢+g<p> ez> +g§—gN (w+g<p> =0, inQx[0,T],
0% op N _
W*N@‘FN (1/J+g(p) —O, in Qx [O,T],
(3.28)
(3.29)
with the bottom boundary condition
N
—Vo-n+N <’l/) + g(p) (ez-n)=up, onlpx[0,T] (3.30)
and the surface boundary condition
2 N
g—tf -9 (—V(p ‘n+ N <1p+ g(p) (es- n)> ‘n=0, onTs¢x][0,T]. (3.31)

The system (3.28)-(3.31) is completed with vanishing initial conditions.

3.3.1 Variational formulation

The natural idea for writing the variational formulation associated to (3.28)-(3.29) consists in
testing (3.28)-(3.29) against a function (@, ¥) € HY(Q) x L2(Q2). After integrating by parts and
using the boundary conditions (3.30)-(3.31), we obtain the problem: given uj, regular enough, find

(i) € L2(0, T; HY(Q) x L3(Q)), % <1";) € L3(0, T; L%(Q)?), (3.32)

solution to
d2 Po . d2 ~
@/ngde+W/onwwdx

N - ~ N
+/on (—V<p+N (zl/+g<p> ez> <—V<p+N <¢+g<p) ez> dx

2

d o . /
+—= [ —pods+
dtz Jr, g b

pouppds =0, V (g) € HY(Q) x L3(Q). (3.33)
The formulation (3.33) will be useful for the numerical approximation. Indeed, the natural spaces
for the discretization are classical: H'(S2) for ¢ and L2(Q) for ¢». Moreover, for d = 3, the velocity
formulation has three scalar unknowns whereas the potential formulation requires only two scalars
unknowns. Finally, the boundary source term appears naturally as a Neumann condition in this
formulation.

However, the existence of a solution to (3.28)-(3.29) cannot be directly proved by standard
methods (see Lions and Magenes, 1972), because of the surface condition (3.31) involving the
second-order time derivative of .
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3.3.2 Existence and uniqueness results

We introduce a new unknown to the problem, denoted v € L?(I's), and we define the vector of
unkowns
(

o(t)
o(t)=[¥(t) | €G. (3.34)
v(t)

From the variational formulation (3.33) we deduce that the problem (3.28) - (3.31) reduces to the
following abstract formulation: assume u, € H(0, T; H=Y/2(I"})) given, find

® e L2(0, T;D(G*)), icb € L%(0,T;0),

dt
solution to

%(@(t), P)g + (G*d(t), G* D)y = £,(t, §), Y € D(G*), inD'(0,T), (3.35)

®(0) = dit ) =0, inQ, (3.36)

where €5, : (0, T) x D(G*) — R is the linear form

Zb(t, CD) = <Ub(t), ’Yovb((p»rb. (337)

Note that if & € D(G*), then =y is the surface trace of ¢, and the equation (3.35) is exactly the
equation (3.33). For the formulation (3.35)-(3.36) we have the following result,

Proposition 3.2. Assume that u, € H'(0, T; H=Y/2(I"})). Then the problem (3.35)-(3.36) has a
unique solution and, up to a modification on zero measure sets,

® € CO([0, T]; D(G*)) N C ([0, T]; G)

Proof. If the data £, has sufficient regularity, the existence and uniqueness of solution to the problem
(3.35)-(3.36) follows directly from standard results, see e.g. Lions and Magenes (1972) and Joly
et al. (2008). More precisely, we need to show that

£, € H(0, T; D(G*)).

First we show that, for almost all t € (0, T'), the form £,(t) is a bounded linear functional on D(G*).
Let ® = (¢, ¥, Y0s(®))t € D(G*). From the continuity of the trace operator, there exists a scalar
Cy > 0 depending only on H, such that

[(€o(t), P)| = [(us(t), Yo.6(@))ry)| < Chllun(®)llg-12¢ryy @l ().
and from Proposition 3.1 we obtain
[(€s(1), D) < CuCH up(t) [l graqr ) | PlID(Ge),

hence £,(t) is bounded. From the continuity in time of up, we have £, € H*(0, T; D(G*)"). O
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3.3.3 Energy identity

An energy identity for the system (3.35)-(3.36) is obtained following the usual approach (Lions and
Magenes, 1972). We define the energy

E(t) = = ([l + G ®[3,).

N =

Taking formally ® = 8,® in the weak formulation (3.35) yields
(07D, 8:P)g + (G*®, G*0:P) 3 = (U, Y0,6(8:0)) b,

which is equivalent to

O (100D}~ (Bett, Yo 5(0) (3.38)

Integrating the above equation from 0 to t and using the vanishing initial conditions yields

E(t) = (up(t), vo.6((1)))p — /Ot<atub(tl)r'YO,b((P(tl)»b dt’. (3:39)

One can show that the identity (3.39) holds for the solutions given by Proposition 3.2 (Joly et al.,
2008). Such inequality is the starting point to derive an estimation of the solution. We give below
such estimate as well as its proof.

Proposition 3.3. There exists C > 0 such that for any solution ® to (3.35)-(3.36),

sup E(t') < C(t? +1)B3(t), (3.40)
t'€[0,t]
Where B is given by
t
B(6)= sup ub(®)llu-vnry + [ 10y o (3.41)
t'€0,t] 0

Proof. Starting with the equation (3.39), we have for the right-hand side

E(t) = (up(t), v0.6((t)))n _/o (Brun(t), Yo.6(e0(t)))pdt’ < B(t) t/SEL[JODt] 170,600 ()| vz -

(3.42)
To estimate the norm on H1/2(Fb), we use the continuity of the trace and Proposition 3.1,

sup [170,6() ()l 1r2(r,y S sup [[P(E)lIp(e). (3.43)
t'€[0,t] t'€[0,t]

where we use the symbol < for inequalities that hold up to a constant independent of ® and t. We
show now that the graph norm in the right-hand side of (3.43) can be bounded by the energy &.
From the definition of the scalar product in D(G*) and the energy, we have

IP(E) By = IPEG + G ()15, < PG +2E(¢). (3.44)

Since the initial conditions vanish, it holds

(1) = / B (1) dt' = |o(1) g < / 16ed (1)l < / V2E(T) dt.
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Using this inequality to simplify (3.44) yields

s 2 2
HdD(t')HzD(G*) < (/o \/2E(r)dr> +2&(t) < (t' sup]\/25(r)> +2&(t").

relo,t
This shows that the graph norm of ®(t’) is bounded by the energy, more precisely,

sup HCD(t’)H%(G*) <2(t2+1) sup E(H).
t'€[0,t] t'€[0,t]

Hence we have

) <V +1)B sup VE), (3.45)

t'€[0,t]
which allows to deduce (3.40) using the Young inequality. O
The well-posedness of the potential-based formulation (3.35) was obtained by standard tools

(Lions and Magenes, 1972) and the only thing to show was that the data £, has enough regularity.
The study of the velocity-based formulation is more involved, and is the subject of the next section.

3.4 Analysis of the velocity-based formulation

The system of partial differential equations for the velocity-based formulation reads: let U be
solution to
8%U

oo — V (0ocgV-U—pogU-e,) — V- (pogU)e, =0, inQx[0,T], (3.46)

with the boundary conditions
Un=u, onl,x][0T] V-U=0 onlsx][0,T] (3.47)

and with vanishing initial conditions.

3.4.1 \Variational formulation and uniqueness result

The variational formulation associated to the evolution problem (3.46)-(3.47) is obtained by testing
the system (3.46) against a function U and integrating over Q. The test function U is chosen such
that its normal trace on I, vanishes. Using the boundary conditions (3.47) we obtain:

> . . ~
—2/p0U(t)de+/poc§ (V-U(t)—%U(t)ez) (V-U—%Uez) dx
dt* Jo Q % 5

+/pON2U(t)~eZG-ezdx+/ pogU(t) -nU -nds = 0. (3.48)
Q s

The formulation above is completed with the non-homogeneous boundary condition U - n = up
on Ip. These formal computations show that the adequate variational formulation to study is the
following: assume up € H(0, T; H=Y/2(I',)) given, and find

- d
UeL?(0.T:D(G)), —UeL?0T:iH)
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solution to )
%(u, )y, + (GU,GU)g =0, YU €D(G), inD(0.T), (3.49)
Y1.5(U) =wup, in(0,7), (3.50)
u(0) = %U(O) —0 nQ (3.51)

Note that compared to Section 3.3.2 we have assumed slightly more regularity in time for the
source term up. This is another drawback of the velocity-field formulation and is due to the nature
of the condition: here the inhomogeneous boundary condition in (3.47) is of essential type (similar
to an inhomogeneous Dirichlet boundary condition). Of course one could weaken this regularity
assumption, however, from our current analysis this would also weaken the regularity of the solution.
It is rather direct — using Lions-Magenes theory (Lions and Magenes, 1972) — to prove the following
result.

Theorem 3.2. The solution to (3.49)-(3.51) is unique.
Proof. The problem (3.49)-(3.51) with up, = 0 amounts to find U(t) € D(G) solution to

C;L;(u, U)y + (GU,GU)g =0, YU eD(G), inD'(0,T), (3.52)

with vanishing initial data. It follows from Lions and Magenes (1972) that this problem has a unique
solution and it is zero. O

Existence and stability results with respect to the data u, are more difficult to obtain because of
the essential inhomogeneous boundary condition. The common approach consists in decomposing
the solution to the non-homogeneous problem U as U = Ug+ L (1), where the function Uy € D(G)
is solution to a homogeneous problem, and the operator L is a lifting operator. We aim to define a
lifting operator in a way that preserves the symmetry between the potential-based and the velocity-
based problems. Hence the lifting should be defined as L(up) = —G*®,, where & € D(GY) is
solution to the elliptic problem

. /e . (9 )
v = () €D with 8= (4] (675 6B = (oo W@ (3.53)
Y

However, in our case, defining such a lifting is not trivial because of the following result.
Theorem 3.3. The range of the operators G and G* are not closed.

Proof. We consider only the case d = 2, and show that there is no scalar C > 0 such that, for all
function U(t) € D(G) N Ker(G)*, it holds

IGUIG > CllUll3. (3.54)

This property implies that the range of G is not closed hence the range of G* also is not closed.
First note that Ker(G) = {0}. Indeed, the kernel of G is defined by

Ker(G) ={U € D(G) | U, =0, 8xUx =0, 71,s(U) = 0},

Hence, for every U = (U, U,) € Ker(G), it holds U, = 0 and Uy is constant in the x direction. Since
the domain is infinite in the x direction, Uy is also equal to zero. Hence D(G*)NKer(G)+ = D(G*).
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Now, let u € D(2) be a function with compact support in R x (H_, H), and for each integer n > 1
let the function u, € D(Q) be defined by u,(x) = u(x,n(z — z)) , with zp = (H — H-)/2. We
have

1
HaxunHLZ(Q) = EHGXU”LZ(Q)r HazUn||L2(Q) = HazUHLZ(Q)-
Then let U, € D(G) be defined by

Oz un(x, 2) n(0;u)(x, n(z — z))
Un(x.2) = <—8Xu,,(x, z)) = (—(8Xu)(x, n(z - z(;))> '

We have GU,, = (—gdxu,, Noxu,, 0)* and

1 1
1GULIIG = ~ IV g? + N2 8xullfzy. IUnll5, = —l10xtllZz(q) + 18zllFz(q)- (3.55)

For n going to infinity we have [[GU,|Z goes to zero and ||U,||3, converges to [0 ull7. g, hence
(3.54) can not hold.
O

Since the range of G is not closed, the bilinear form of the problem (3.53) is not coercive and
the existence of solution is not guaranteed. As a result, we cannot define in a straightforward
way a lifting operator. Instead, we consider in the next section a relaxed version of the problem
(3.49)-(3.51). Thanks to the relaxation we are able to show the existence of the lifting operator.

3.4.2 Existence results
A relaxed formulation

Instead of studying the existence of a solution for problem (3.49)-(3.51), we introduce a relaxed
problem for a new unkown satisfying — assuming that the solution U(t) to (3.49)-(3.51) exists —
fora >0

Ua(t) = etU(t),  in D'(0,T).

The variational formulation for this new unknown is then given by: Assume u, € H2(0, T; H=Y/2(Ip))
given, find

U, € L2(0, T; D(G)), %ua € L0, T;H), (3.56)
solution to
C;"—;(ua, U)y + 2a%(Ua, U)y
+a%(Ug, U)y 4 (GUy, GU)g =0, YU € D(G), inD(0,T), (3.57)
Y1.6(Ua) = € *fup, in (0,7T), (3.58)
u(0) = %U(O) =0, inQ. (3.59)

Lemma 3.2. Let U, be a solution to (3.57)-(3.59). Then e**Uy is the unique solution to (3.49)-
(3.51).
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As an immediate consequence of the lemma above, we have that problem (3.57)-(3.59) has a
unique solution. The relaxed formulation can be written in a more compact form by introducing
the space

G=GxH, ()= ")g+ (. In
and the operators G, : D(G4) = D(G) C H — G, defined by

GU
YU € D(G), GaU:< )
al

The operator Gy : D(G) C H — G is defined similarly. The variational formulation (3.57)-(3.59) is
then equivalent to: find U, with the regularity (3.56) and solution to
d? ~ d ~ ~ ~ ~ o
ﬁ(UQ,U)H+2aE(Ua,U)H+(GaUa,GaU)g =0, YUeD(G,), inD(0,T) (3.60)
Y1.5(Ug) = € %, in (0, 7), (3.61)

Uqa(0) = %UQ(O) =0 inQ. (3.62)

Lifting operator for the relaxed problem

The operators G, and C~§a are densely defined and closed, so are their adjoints G} and 5;. We
have, in particular,

)

D(GL)=D(G*)xH, and V(®,V)eD(G)), G <V

) =G"d+aVeH. (3.63)
Theorem 3.4. The range of the operators G, and G}, are closed.

Proof. Since G, = <G

a/>, we have Ker G, = (). Then, for U € D(Gy) N Ker(Gy)t = D(Gy), it
holds

1GaUllg = GUI[Z + U3, > &?(|U]13,,
which concludes the proof. O

This result is key for constructing a lifting operator. We recall that the kernel of the operator
G}, is a closed subspace of G and we introduce Q, € £(G), the orthogonal projection on Ker (G}).
Then Q2 = Q4 and Q4 is self-adjoint.

Theorem 3.5. Fora <1 we have
Vo eD(Gy)  [Qu®llg + IGLPI5, > a?| ]G,

Proof. Let ® € D(G%). We have || Qa®[|Z2 + ||(I — Qo) ®||Z2 = [|®]|Z, and therefore
1Ga @5 = 1G5 (1 = Qa)®I3, = o (I - Q) P[5

Hence we have

1Qa®Ig + 1G5 @17 > [Qa®llg + a? (I = Qa)®| > o[ |5
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The exact expression of Q4 is of no practical interest in what follows. It has to be noted however
that it is non trivial, in particular, this is due to the fact that Ker G* is an infinite dimensional space.
Thanks to Proposition 3.1, we also have directly the following bound for the H!(£2)-norm,

Lemma 3.3. There exists a scalar C > 0 such that
® - ® 2 2 2
vo = (\) DG win®= (%], 1012 + 162015  Clole,
v

Aiming at defining the aforementioned lifting operator of a data u, € H~*2(T",), we introduce
the following problem: find ®, € D(G}) solution to

@

- o) _ ~ = i =

Vb = (v) D(Gy) with® = (P | . (Qa®s, D)6 + (G5Pb, GZP)3 = (Ub, Yo.0(P))r,-
;)'l

(3.64)

Thanks to Theorem 3.5 and Lemma 3.3, it is classical to show that Equation (3.64) admits

a unique solution ®, € D(G}) that depends continuously on v (it is a standard application of
Lax-Milgram Lemma). We then construct the lifting operator L, € L(L?(T'p), H) by setting

Yup € L2(Tp),  La(up) = —GLp.
Proposition 3.4. The function Ly(up) € H has the following properties:
La(up) € D(Ga),  Gala(up) = Qa®p € Ker (G),  and  vip(Lalup)) = up.
Proof. In the equation (3.64) we choose as test function ® in D(é;). Since ¥o,5(¢) = 0, we obtain
(GEDY, GED) g = —(Qa®p, D), VP € D(G). (3.65)
This implies
Gid, € D(GS) =D(Gy) and  GLGE®, = GoGlidy = —Qu®s = —Gala(us),  (3.66)

where we have used that 5;* = éa since éa is closed and densely defined. To prove the last
property, we use the abstract Green’s formula of Lemma 3.1,

(GEDy, L)y = (GEDy, G D)y + (GLDy, aV )y
= (G(GL®b), D)y — (11.6(GL®b), Yo.0(B))r, + (GLPp, AV ).
Hence we have
(GE®p, GED)py = (Ga(GL®L), D)6 — (Y1.6(GEDL), Y0.6(P))r,.
and with the equations (3.64) and (3.66) we obtain
(GL®p, GED)y = —(Qa®p, D)6 — (11.5(GLPb), Yo.0(B))r, (3.67)
= —(Qa®s, D)6 + (U, Y0.6(®))r,, (3.68)

from which we deduce that v1 (Lo (tp)) = —Y1.6(GEP,) = up.
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Remark 3.1. Assume now that up € L?(0, T; H=Y/2(T",)). The operator L being continuous from
H=Y/2(I"}) to H, one can deduce that

Lo(up) € L%(0, T;H).
Proposition 3.4 can be extended: we have, for almost all t € (0, T),

Lo(up(t)) € D(Ga),  Galalup(t)) € Ker G5, and 1 s(La(up(t))) = up(t).
Moreover, the regularity in time of L(up) depends straigtforwardly on the regularity in time of up.
In particular, B

up € H(0, T HY2(Tp)) = Lo(up) € HX(0, T; D(Gy)). (3.69)
Existence result
We show now the existence of the solution to the relaxed problem.

Proposition 3.5. /f u, € H*(0, T; H='/2(I'},)), the problem (3.60)-(3.62) admits a unique solution.
It satisfies, up to modifications on zero mesure sets,

Uq € CH([0, T]; H) N CO([0, T]; D(Gy)). (3.70)
Proof. Using the lifting operator, we look first for Ug o(t) € P(Gy) such that, for all U € D(Gg),

e - d . -
2 (Ua,Ov U)’H + QO‘E(Ua,Ox U)’H + (Gaua,Ov GaU)G

dt?
d2 —at d —at 1
— E(e La(up)) + 2aa(e La(up)), U )
2 ~
=e d—La(ub) —a?Lq(up), U in D'(0, T), (3.71)
dt? u

d .

Ua,O(O) = Eua'o(O) =0, in Q. (372)

From the remark above, the data is in L2(0, T; D(Gg)). The existence and uniqueness of Uyois a
standard result (see Dautray and Lions, 2000), and U, has the following regularity,

Uoo € CH[0, T]; H) N CO([0, T]; D(Gy)). (3.73)

Let Uy = Uy 0+La(e %tup). Up to a modification on zero-mesure sets, H2(0, T; H) C C1([0, T]; H)
(see Evans, 2004), hence from the regularity of both functions we have

U, € CY{[0, T]; H) N C°([0, T]; D(Gy)). (3.74)

Finally we compute that U, is solution to (3.60). The main part of this computation is classical,
but we give some details for the following term,

(GaUq, GaU)g = (GaUa.0, GaU)g — (Gala(e™®t), GoU)g (3.75)

Since Uqy0 € D(Gq) is holds CEQUQYO = GoUq4 0, hence the first term of (3.75) is replaced using
(3.71). For the second term of (3.75), from the properties of the lifting operator given in Proposition
3.4, it holds B B B _

(Gala(e™™ up), GaU)6 = (G4 (Gala(e™ up)), Uy = 0. (3.76)

O
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3.5 Equivalence of the velocity and the potential formulations

In Sections 3.3 and 3.4, we have proved that both the velocity-based problem (3.49)-(3.51) and the
potential-based problem (3.35)-(3.36) have a unique solution. The aim of this section is to prove
the equivalence between those formulations. More precisely, we will prove the following theorem,

Theorem 3.6. Let u, € H>(0, T; H"Y2(I',)), and let & be the solution to the problem (3.35)-
(3.36) with source term u,. Then U = G*® s the unique solution to the problem (3.49)-(3.51).

A key ingredient in the following analysis is the Von Neumann theorem (Grubb, 2009), that we
recall below for the sake of completeness.

Theorem 3.7 (Von Neumann). If T : D(T) : H — G is a closed densely defined operator, then
T*T is self-adjoint and D(T*T) is dense in D(T).

As already shown in Sec. 3.4.1, the solution to the problem (3.49)-(3.51) should be defined as
the sum of the solution to a homogeneous problem and the lifting of the source term. As presented
in Section 3.4.2, the definition of the lifting requires in turn to consider the relaxed problem (3.60)-
(3.62). For this reason, it is more convenient to prove first the equivalence between the relaxed
problem (3.60)-(3.62) and its dual formulation, that we introduce in the following section. The
equivalence stated in Theorem 3.6 for the non-relaxed problems (3.35)-(3.36) and (3.49)-(3.51) is
then deduced.

3.5.1 Equivalence for the relaxed problem

In this section we recall the relaxed formulation for the velocity problem (3.60), and define the
“dual” problem associated to it. For simplicity, we first consider volumic sources, and show then
how to deduce the equivalence for problems with boundary sources. The relaxed formulation with
a volumic source is: let Fy regular enough, find

Uq € L2(0, T; D(Gg)), %Ua € L0, T;H), (3.77)

solution to
d? ~ d ~ ~
W(Ua. U)H + QO(E(UQ, U)H + (Ganu GaU)G
= (Fy,U)y, YU € D(G,), D'(0,T), (3.78)

U, (0) = %UQ(O) =0 inQ. (3.79)

The dual formulation is defined using the adjoint G, and reads: given Fq regular enough, find
d
®, € L%(0, T;D(GL)), E% € L?(0,T;G)
solution to
d? e d e * * o
F(q)ax D)6 + 2aa(¢a, P) + (GoPa, GoP)n
= (Fo,®)g, V& e D(GL), D'(0,T), (3.80)
d

a(0) = —-®4(0) = 0in Q. (3.81)
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The existence and uniqueness of the solution to the problems (3.78)-(3.79) and (3.80)-(3.81) are
a direct application of well-known results, given e.g. in Dautray and Lions (2000). There exists a
unique solution U, to (3.78)-(3.79), and a unique solution ®,, to (3.80)-(3.81), and they satisfy

U, € CH([0, T, H) N CY([0, T; D(Ga)),  ®o € CH([0, T]; G) N CO([0, T]; D(GY)).
We state now the equivalence between the problems (3.78)-(3.79) and (3.80)-(3.81),

Theorem 3.8. Let &, € D(G}) be the solution to the problem (3.80)-(3.81). If Fe € L2(0, T; D(GL)),
then U, = GL®,, is the unique solution to the problem (3.78)-(3.79), with source term defined by
Fu = G} Fo.

Proof. We introduce the function W, defined by
t

W, (1) :/ &, (t)dt'.
0

Integrating in time (3.80) yields an equation for Wy, for all ® € D(G2),

2 N N - t N
%(wa, ®) + Qa%(\ua, O + (GiWa, Gid)y = (/ Fo(t)dt! &), (3.82)
0

and since we have by construction W,, € C3([0, T]; G) N C([0, T]; D(GZ)), we deduce from (3.82)
that
W, € C°([0, T]; D(GGL)). (3.83)

Now, for all U € D(G%Gq) we set ® = GoU in (3.82). We obtain, using the definition of the
adjoint of G4, Equation (3.83) and the assumption that Fe € L2(0, T; D(G*)),

d2

* 11 d * 11 * 11 t * 11
Z75(GaVa, V) + 20 (G5 Wa, D)y + (GaGiWa, Gal)s = (/0 GLFs(t)dt' U),. (3.84)

Therefore, setting Vo, = G:W,, we have that
Vo € CH[0, T]; H) N C°(]0, T]; P(Gy))
is solution to: for all U € D(G%Gq)

d? . d . . t .
=5 (Vo O) + 20— (Va, )3+ (GaVa, GaU) = (/ GLFo(t)dt' U),,. (3.85)
0

Since G4 is a closed densely defined operator, D(G%G,) is dense in D(G,) by the Von Neumann

theorem, hence (3.85) can be extended to functions in U € D(G,). At this point we have shown
that

t
V, = / Gid,(t)dt,
0
is solution to (3.78)-(3.79), with source term given by
t
Fy :/ G Fo(t')dt.
0

Since Fy is differentiable in time, by construction one can deduce that the time derivative of V is
solution to (3.78) — (3.79) with source term G Fo(t'), which allows us to conclude. O
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We consider now the case of a source term located at the bottom, namely the relaxed problem
(3.60)-(3.61) and its dual formulation: find

d
o, € L2(0, T;D(GL)), Ed"" € L%(0,T;G)

solution to
d—2(¢ 8) +20-2 (0, &)
gz o e T ey Fa e

+(GL®y, GED)y = (e7 %t up, @)y, VO € D(GL), inD'(0,T), (3.86)
D, (0) = 8:94(0) =0 in Q. (3.87)

Since the right-hand side of (3.86) is a bounded linear functional on D(G%) (see the proof of
Proposition 3.2), the solution to (3.86)-(3.87) exists and is unique. The equivalence is deduced
from the case with volumic sources, namely we have the following result,

Proposition 3.6. Let u, € H>(0, T; H~Y/2(I"})), and let &, be the solution to the problem (3.86)-
(3.87). Then Uy = GL®, is the unique solution to the problem (3.60)-(3.62).

Proof. Let @, be the solution to (3.64) associated to the data up. The equation (3.86) can be
written

d? < d 3 F ® ¢
5 (Pa, D) + 20 (P, ®)6 + (Gu®a, GLB)n = & (QuPs, ) + € ' (Ga®s, Go®)yn.
(3.88)
Let g = &, — e~ *td,,. We define
d2 —at d —at —at
F¢ e _W(e d)b) —QaE(e ¢b)+e Qaq)b
d2
= e (a?®, — —— b, + Qudy) € L2(0, T;D(G})),

dt?

then @ is solution to

d? - d
W(q)o, d))G + 20(7

d (®0, ®)g + (G®o, GED)y = (Fo, P)g.

Using Theorem 3.8, the function Ug o defined by Uy o = G5®o € D(G,) is solution to

d2

- d ~ ~ ~
@(Ua,o, U)y +2a—(Uqo, U)y + (GaUq0, GaU)e = (GLFe. U)g,

dt
where, by construction,

* — d2
GaF(p = e at(ﬁLa(Ub) — CYQLQ(Ub)).
This shows that Uy o = G} ®g is indeed the solution of (3.71). It remains only to define, as in the
proof of Theorem 3.5, the function Uy = Uy o+ e % Lo(up) = Ugo— e~ * G D, and observe that
it is solution to (3.60) with the required regularity. O
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We have shown that for the relaxed problems, the solution U, to the velocity-based problem
(3.60)-(3.62) is obtained from the solution ® to the potential-based problem (3.86)-(3.87), thanks
to the relation Uy, = GX®. We aim now to prove a similar relation for the original, non-relaxed
problems (3.49) and (3.35). It should be noted that the dual formulation of the relaxed velocity-
based problem is not a relaxed version of the potential-based problem (3.35)-(3.36). More precisely,
one does not have — unlike the velocity problem — a relation of the form ®(t) = e*!®(t), where ¢
is the solution to (3.35)-(3.36) and @ is the solution to (3.86)-(3.87). Deducing @ from & requires
a limit process where a — 0.

3.5.2 The equivalence for the non-relaxed formulations

At this point we have shown that U, the solution to (3.49)-(3.51), can be expressed as
U=e*U, = e GLo,.

The main idea is now to pass to the limit when o goes to zero in the equality above, to conclude
that U = G*®, where ® is solution to (3.35)-(3.36). Note that the weak convergence

G*q) N *
T 120, TH)

would implies that U = G*®. It is then sufficient to prove that the weak convergence holds and
that the limit @ is solution to (3.35)-(3.36).
Following the same proof as Proposition 3.3, the following estimation can be proved,

1.d t 1,
515 @a(Ol + 20 [ 10u()1} ¥+ F1G20a(0) < B(1) (3.89)

where the inequality above holds up to a constant independent of ®, or the source term up, and
with

t
Ba(t) = sup lle”uu(s)ll-viry + / 18e(e ()l -1,y dE
0

sel0,t
For a < 1, it holds By(t) < B(t), where B(t) is defined in (3.41). When a = 1 we have B, = B.
Therefore, the right-hand side of the estimation (3.89) can be replaced by a positive function
independent of a. For a < 1, we have

d

15 ®a(t)lle +1Ga®Pa(t)ln < B()- (3.90)

From (3.86), we also deduce an estimate of the second order time derivative in the Hilbert space
D(Ga)

d2

(e

Those preliminary observations allow us to state the following result.

o (t)lpeeyy < B(1). (3.91)

Lemma 3.4. The functions G%®,, for o € R* converges weakly in L?(0, T; H) to G*® whena — 0
with ® solution to (3.35)-(3.36).

Proof. Using the estimates (3.90)-(3.91) and the fact that ®,, vanishes at the initial time, we have
that ®,, when considered as a sequence in «, is bounded in the Hilbert space

H?(0, T; D(G%)) N HY(0, T:G) N L3(0, T; D(GL)),
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hence it converges weakly — up to a subsequence — to a function @ in this space. Recall that
the domain of the operator G} is independent of ¢, from the definition D(G}) = D(G*) x H.
Decomposing ® = (¢ V)* and passing to the limit in the formulation (3.86), we obtain

d? ~ - -
W((D' D) + (G*P,G* D)y = (up, P)r, VP = (P 0)' € D(G*)xH, InD(0,T), (3.92)

and
d? ~ = ~
E(V,V)H =0 Vo=(0V) eD(G)xH, inD(0T). (3.93)
Hence @ is solution to (3.35). Equation (3.93) and the vanishing initial conditions give V = 0.
This almost concludes the proof. Indeed, only initial condition must be investigated to conclude.
From the energy estimate (3.90) we also have the weak convergence in H'(0, T; G), therefore, for

all ® € G,

1 -

T T
(¢a(o),&>)G:l/O (= T)(®a, &)) dt — /O%((t—T)(dD,@)G)dt:(¢(0),¢)G,

T E a—0 ?
hence ®(0) = ®,(0) = 0. Similarly, thanks to the weak convergence in H2(0, T; (D(G*) x H)") we

conclude that
o) = Lo, 0)=0
dt Todt T

O

We have shown that ® converges weakly to @, that the limit ¢ is solution to (3.35)-(3.36), and
that GX®, converges weakly to G*®. Then U = G*® is solution to (3.49)-(3.51), which proves
Theorem 3.6.

3.6 Numerical illustration

To illustrate the equivalence between the two formulations, we solve numerically both problems for
the same test case in a 2D domain. The problems are solved with a spectral element method. We
first describe the choice of initial conditions, then we present the discretization. Finally we describe
the test case and give some illustrations.

Initial conditions. As stated in the introduction, the background functions pg, co must satisfy the
following positivity property,

- 2= _Z —N2>0. (3.94)

For the simulation presented here, we choose a simplified case, namely N? and cg are chosen
constant. This gives an ordinary differential equation satisfied by pg,

dpo N2 g\

hence the density profile has the form

N2
po(2) = po(0) exp(—nz), n?= 7 + % > 0. (3.96)
0
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3.6.1 Discretization

For each problem, we present the variational formulation to be discretized and introduce the no-
tations for the finite element approximation. The space discretization is done with a high-order
spectral element method (Komatitsch and Vilotte, 1998; Cohen, 2001), and we give the fully-
discrete scheme based on a second-order discretization in time.

Velocity-based formulation

For the continuous problem (3.49)-(3.51), the velocity is sought in a subspace of H(div,$2). The
discretization of H(div, Q) can be done using e.g. Raviart-Thomas elements (Brezzi and Fortin,
1991). However, the problem is discretized in H(Q)? for the simplicity of implementation. Such
a strategy is certainly not adequate for harmonic problems (Bonnet-Ben Dhia et al., 2007), or
for transient problems with a mean flow (Bonnet-Bendhia et al., 2006). However, for the current
problem we have not observed poor behaviour of the solution with this choice. The following
variational formulation is discretized: find

Uec Cl(o, T];H) N CO([o, T]; HH(Q)) (3.97)

solution to
:—;(U(t), U)y + (GU(t),GU)g =0, YU e HY(Q), Vtelo, T, (3.98)
U(t)-n,=u, a. e onlp Vte][0T] (3.99)

We denote by V, C H(2) the finite-dimensional space obtained by the discretisation of H().
The scalar product in H is approximated using a quadrature formula, and its approximation is
denoted (-, -)%,. Similarly, let (-, -)g, be the approximation of the scalar product on G. We define
the bilinear form a, : Vi, X Vo, — R by

ah(Uh, ljh) = (5Uh, Gﬁh)gh, YU, € Vy, Vl~Jh € V. (3.100)

The finite-element approximation of (3.98)-(3.99) reads: find

U, € CH[0, T]; Hp) N CO([0, T]; Vi) (3.101)
solution to
d? ~ ~ ~
@(Uh,uh)yh—Fah(Uh,Uh) =0, VU,€eV, Vte [O,T], (3.102)
U, -np=upp a e onlp VEe[0,T], (3.103)

where up p, is some discretization of the source term. The boundary condition (3.103) is either
explicitly imposed for a flat bottom, or enforced with a Lagrange multiplier. In this work, we focus
on the case of a flat bottom (z, = 0).

Potential-based formulation

As presented in Section 3.3, we use the variational formulation (3.33). The problem is written as
a coupled system for the variables (¢(t),¥(t)) € HY(2) x L2(2) for all time t € [0, T]. By taking
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test function 9 = 0 in (3.33), the variational formulation reads

d2 Po -~ Po . N2 - N2 ~
dt2 <A(ﬁwwdx+/sgww +/Q/70 V(p—?q)ez : v‘ﬂ_?([)ez dx
L N2 Po -
— | poNYe, - | Vo — —@e, | dx = — —up@, (3.104)
Q g r, 9

and by taking test function ¢ = 0 in (3.33), the variational formulation reads

d? 7 N? 7 2,17 1y
E/ondnpdx—/ﬁpo <V<p— gcpez) - (Nye,) dx+/onN Y dx = 0. (3.105)

We introduce the discretisation of L2(Q), denoted £;(2). The scalar product on L3(R) is
approximated with a quadrature formula, and its approximation is denoted (-, ')£,1(Q). Similarly, the
approximation of the scalar product on L?(I's) is denoted (-, -)z,(r.). The following bilinear forms
are defined for @, @y € Vi and ¥y, Pp, € L4(Q),

My, h(©n, §n) = (%(th ®n) ey + (%%, Bn)eyryy. Mun(W. ) = (po¥, P)gy).  (3.106)
(0. 9) = (Vo — N’pe,, Vo — N°pe,)wn,,  aypn(¥,¥) = (0oN>¥, )y (3.107)
cn(¥, @) = (—poNve,, VG — N@e, )y, . (3.108)

For the source term up,, we introduce the discretisation of the space L?(I',), denoted L£4(p). The

approximation of the scalar product on L2(T') is denoted (-, -)z,(r,). The semi-discrete variational
formulation reads then: find

(0n W) € CO([0, T]; Vi x Ln()), %(cph, W) € CO([0, T]; Ln(Q) x L1()) (3.109)

solution
2

d N - - - -
wmnp,h(wm (Ph) + a(p,h((Ph, (Ph) + Ch(’l/Jh, (ph) = éh(cph), Vo, € Vy, Vte [O, T], (3.110)

d? - ~ - -
me,h(why Yn) + ayn(Wn, Yn) + ca(®n, 0n) =0, Vu € Lp(Q), VEe€[0,T], (3.111)
with £,(@n) = —(po/gup,n, @n)z,ry)- The velocity U is computed from the variables (¢, 9), using
the relation U = G*®. The finite-element approximation used for computing U, reads then:

(Up, Gh)?—th = bw,h(‘th Gh) + b@b,h(why Gh) Vﬁh € Von, (3.112)

where by, : Vi X Vo, — R and by, : L X Vo, — R are the following bilinear forms,

~ N2 ~ ~ ~
b(p,h((Ph, Uh) = _(V(Ph - ?ez(phy Uh)?—th b’zp,h('lph, Uh) = (N’ll)hez, Uh)Hh- (3113)

Spectral element method

For the approximation of the functional spaces and the various bilinear forms involved in both
formulations, we use the spectral element method. The discretization is presented here for 2D
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problems, but the method would be the same for 3D problems. The domain is discretized into
quadrilaterals denoted {Ki}jc1, . ny. The obtained discrete domain is denoted Q, with a discrete
bottom boundary ', ,. The bottom boundary consists in vertices denoted V;, i € {1, ..., Np}. We
denote by K the unit square and F;,i € {1,..., N} the invertible transformation from K to the
quadrilateral K;. Let also V/ be the unit line, and the invertible transformation from V to Viis FiW'
We have then for the discrete domain

Qh:UK,‘, K,'OKJZQ), F,‘(R):K,', (3114)

Con=JV VinVi=0, Fu(V)=V. (3.115)

We now introduce the approximation of the functional spaces. Let Q, 4 be the set of polynomials
with degree r in the x coordinate and degree g in the z coordinate, and let Q, be the set of
polynomials with degree r in the x coordinate. Then £,(£2) and V), are defined as follows,

Vi ={d € CO) | dix,oFi € Qq.r(K)},  Ln(Q) = {¢ € L2() | pi, 0 Fi € Q. (K)}, (3.116)
and the space £;(Ip) is defined as follows,
Ly(Tp) = {d € L2(Ts) | dyy; 0 Fyy € Q(V)}. (3.117)

Each variable is decomposed on the basis of its functional space. For the velocity-based formulation,
we obtain the global vector Uy with two components for each degree of freedom, the mass matrix
My and the stiffness matrix Ky. The semi-discrete scheme corresponding to the finite-element
approximation (3.102) reads

2

%MU U, +KyU, =0, (3.118)
For the potential-based formulation the decomposition on each basis yields the global vectors @y,
Y and upp, as well as the mass matrices My, My, and My, the stiffness matrices Ky, Ky, and
the interaction matrix Cy, . We also obtain the matrices B, By used to deduce the velocity from
the potential, see Equation (3.112). The semi-discrete system corresponding to the finite-element
approximation (3.110)-(3.112) reads

2
@Mwﬁoh + Ky on + Cyyp Yp = —Myp, up,p, (3.119)
d2

72 My¥n + Ky ¥y + Cypn =0, (3.120)

My Up, = Boph + By (3.121)

By using the Gauss-Lobatto quadrature rule for the integral approximations, we obtain mass lump-
ing, meaning that the mass matrices My, M, My, and M, are diagonal.
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Time discretisation

The time interval [0, T] is partitionned into M equal intervals of length At = T/M. The finite-
element approximations (3.118) and (3.119)-(3.120) are discretized in time with a leapfrog scheme.
We consider the sequence {U} € Vo, n}neq1,..my solution to

uptt —2up +upt

M
v At2

+KyU)=0. (3.122)

For the potential-based formulation, we consider the sequences {¢" € Vi}ncqr, my and {¥7 €
Ln}neq1,.my solution to

(pn+1 _ 2(,0” + (pn—l

M, AR + Ky " + Copy " = My, fy, (3.123)
’l,bn+1 _ an + 1,0”71
My, Nz + Ky @" + Chy 0" =0, (3.124)
and the velocity is then computed with
My U} = Byoj + By (3.125)

3.6.2 Numerical example: tsunami and hydro-acoustic waves generation

In order to validate and compare the formulations (3.122) and (3.123)-(3.125), we reproduce the
test case presented by Sammarco et al. (2013). A tsunami is generated by an elevation of the
seabed, in a 2D domain with no topography. Sammarco et al. (2013) consider a model in which the
flow is assumed irrotational, with velocity potential ¢. The vertical distance between the seabed
and the mean water level is denoted h(x, y, t). the background data are all assumed constant and
the model, solved with a finite elements method, reads

0% 5
W —C A¢ =0,
with boundary conditions
o) oo oh
ﬁ—f—gg—o, at z= h(x,y, t), qu-n—ﬁ, at z = 0.

We give now the characteristics of the source term. A 20 km-wide area rises at one meter per
second during one second. The source term takes the form 8:h(x, t) = up(x, t) = f(x)g(t), where
f and g are smoothed rectangular functions.

The tsunami propagates over 50 km. Since we impose no conditions on the lateral boundaries,
the computational domain is much wider to avoid reflections inside the domain of interest.

Convergence analysis. For each formulation, several mesh refinements and elements orders are
tested. The aim is to show that the simulations converge, and to select parameters that are precise
enough and not too costly. We denote by Px, Pz the finite elements orders respectively in the x and
in the z coordinates, and by Nx, Nz the number of mesh subdivision respectively in the x and in the z
coordinates. Several combinations of Px and Pz are tested while keeping Nx and Nz fixed. To show
the convergence, we plot the time evolution of the surface displacement at a point 50 km away
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’PX‘PZ‘ Nx \Nz\ DoFs
2 | 101 | 10 8 526

3 | 101 | 10 | 18 848
5 | 101 | 10 | 41 310
8 | 101 | 10 | 131 058

QO | WIN

Table 3.1: Tested cases for the velocity formulation.
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Figure 3.2: Vertical displacement at x = 50 km for the velocity formulation at different elements
orders.

from the source center. The tsuami is simulated for 50 s, and the computational domain is 101
km long. For the velocity-based scheme, the results are shown in Figure 3.2 and the convergence
is reached for Px = 4, Pz = 5. For the potential-based scheme, the results are shown in Figure 3.3,
and we also plot in Figure 3.4 the vertical displacement of the seabed at the source center. In
Figure 3.3, all tested orders with Px > 3 converge, but we see in Figure 3.4 that for Px < 4 the
vertical velocity exhibits small oscillations. The convergence is reached for Px = 3, Pz = 5.

The total number of degrees of freedom (DoFs) for each case is given in Table 3.1 for the
velocity formulation, and in Table 3.2 for the dual formulation. We see that for the same mesh
refinement and the same elements orders, the potential formulation has more degrees of freedoms-
than the velocity formulation. This is due to the discretization of the discontinuous space L?.

Snapshots and free-surface elevation. From the comparison made in the previous paragraph,
we use Px=4, Pz=5 for the velocity-based formulation and Px=3, Pz=5 for the potential-based

|

)

x [ Pz Nx [ Nz | DoFs |
2 101 | 10 13 353
3 101 | 10 25 584
5
8

101 | 10 | 39 744
101 | 10 | 147 339

QW W|IN

Table 3.2: Tested cases for the potential formulation.
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Figure 3.3: Vertical displacement at x = 50km for the potential formulation at different elements
orders.
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Figure 3.4: Vertical displacement at x = 50 km for the potential formulation at different elements
orders.
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formulation. The tsuami is simulated for 1000 s, and the computational domain is 1051 km long.
The velocity-based formulation has then 428 910 DoFs and the potential-based formulation has
413 094 DoFS. The computational time for the velocity-based formulation was 771 seconds, and
for the potential-based formulation it was 1197 seconds. Here, the potential-based formulation
requires more computational time than the velocity-based formulation. This is because we study
the displacement, which is obtained by integrating in time the velocity. Hence, to compute the dis-
placement as precisely as possible, the velocity is computed at each time step. The system (3.125)
is then solved at each time step, leading to an additional computational cost. The code could be
faster by using an efficient time integration rule which would not require to compute the velocity
at each time step, or by studying the potential associated to the displacement.

Figure 3.5 shows the time evolution of the surface displacement for a point with abscissa 50 km
away from the source center. The orange curve is the displacement de computed from the potential
formulation, and the blue curve is the displacement dy computed from the velocity formulation. The
curves are almost superimposed, which illustrates the fact that both formulations are equivalent.
For comparison, the surface elevation obtained by Sammarco et al. (2013) in shown on Figure 3.6.
The result is very similar to Figure 3.5. In particular, the tsunami arrival times are in good agreement.

Figure 3.7 shows the error |de — dy| between the potential-based and the velocity-based for-
mulations. The error has a magnitude of less than 5 percents, and it oscillates with a period of
approximately 4 second. The error averaged over a period is plotted in the same figure. We see
that the averaged error slowly increases, which could be caused by the time integration: small errors
add up and become non-negligible for large times.

Figure 3.8 shows snapshots of the Eulerian domain near the earthquake at several times. The
Eulerian domain is obtained by deforming the domain at rest with the displacement vector field.
The colors correspond to the magnitude of the vertical velocity. On each snapshot, we see the
permanent deformation of the seabed over [-10 ;10] km caused by the earthquake. The surface
deformation is due to the acoustic waves propagating for early times (t=49s), then in the next two
snapshots (t=147s and t=343s), we see the tsunami propagating in both directions. In the last
snapshot (t=833s), the tunsami is away from the considered domain and it remains only acoustic
waves.

3.7 Conclusion and future work

In this work, we have presented two different formulations for a model describing the propagation
of acoustic-gravity waves in a stratified ocean (Dubois et al., 2023). We have first shown the
well-posedness of both formulations. For the velocity-based formulation, the study is complicated
by the presence of an essential boundary condition of Dirichlet type. To show the existence of
solution, we have introduced an equivalent relaxed problem. We have then proved the equivalence
between both formulation by using energy estimates. For both formulations, a discretization using
the spectral element method is presented, and the schemes are validated on a two-dimensional
numerical test case. The test case also illustrates the equivalence between both formulation. The
numerical illustration suggests that the potential-based formulation is better suited to numerical
approximations, in particular for 3D problems. This formulation is also easier to handle from a
mathematical point of view since it requires no essential boundary condition.
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Figure 3.5: Vertical displacement at x =50 km, computed from the velocity-based (blue) and the
potential-based (orange) formulations.
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Figure 3.6: Vertical displacement at x =50 km, by Sammarco et al. (2013).
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Figure 3.7: Vertical displacement at x = 50 km from the velocity-based and the potential-based
formulations, and absolute error.

As mentioned in the introduction, the velocity-based problem can be seen as the Galbrun equation
with no mean flow. For the Galbrun equation with a mean flow, the choice of the correct functional
framework for the analysis is still an open question. It could be interesting to investiguate whether a
potential-based formulation could be obtained for the Galbrun equation with a mean flow. Moerover,
from a numerical point of view, both the transcient problem with a mean flow and the harmonic
problems — even without mean flow — are known to present spurious modes when discretized in a
simple way (Bonnet-Ben Dhia et al., 2007; Bonnet-Bendhia et al., 2006). One could also study the
discretisation of the potential-based formulation in the harmonic regime and check whether spurious
modes are present.

Finally, it should be noted that the equation (3.7) relating the velocity to the potential yields
a natural splitting between the irrotational and the rotational components of the velocity. The
potential-based formulation could be used to study the contribution of the rotational component in
cases where is is usually neglected.
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Figure 3.8: Snapshots of the displacement obtained with the potential formulation, for the times
t=490s, t=147.1s, t=343.3s, t = 833.8s.



Coupling with the earth: the gravito-elastic equations

Contents
4.1 Introduction . . . . . . . . i i i i i it e e e e e e e e e e 94
4.2 The equations for linear elasticity with a prestress . ... ... .. 95
4.2.1 The equations in Eulerian coordinates . . . . . . ... .. .. ... .. 95
4.2.2  The equations in Lagrangian coordinates . . ... .. .. .. .. ... 96
4.2.3 Linearization around the equilibrium state . . . . . .. .. .. ... .. 98
4.2.4  The linear equations for the fluid-solid system . . . . . . ... ... .. 99
4.3 Mathematical analysis . .. ... ... ... .00 100
4.3.1 A first variational formulation . . . . . . ... ... ... 0L 101
4.3.2 The modified variational formulation . . . . . . .. ... ... .. ... 102
4.3.3 Mathematical analysis of the modified formulation . . .. .. ... .. 107
4.3.4 Energy estimates. . . . .. ... L L L oL oo 110
4.4 Numerical illustration. . . . . . ... ... . 0000000 112
4.5 Conclusion and future work . . ... ... ... ... .. 0000 115
Appendix . . . o i i e e e e e e e e e e e e e e e e e e e e e e e e e e e e e 115
A The bilinear form in the fluid domain . . . . . . .. ... ... .. .. 115
B An expression for the extended density . . . . . ... ... ... 116

Abstract: This chapter presents an ongoing work. We extend the model presented in Chap-
ter 2, so as to take the interaction with the seabed into account. Instead of assuming a rigid
seabed, we consider an elastic domain below the fluid layer. The fluid-solid system is modeled as
one elastic domain, with different parameters for the fluid and solid sub-domains. One novelty of
this work is that the domain is subject to a prestress, accounting for the effect of gravity and initial
stress in the Earth. We first derive a linear system describing the coupled motion of the fluid and
the solid in a prestressed state. We study then the mathematical properties of the model. A first
variational formulation is deduced, however, one cannot show the well-posedness of this formula-
tion. We propose then a second variational formulation, relying on continuous extensions of the
background parameters. We show the well-posedness of the second variational formulation and give
energy estimates. Finally, we present a numerical approximation obtained with a spectral element
method.

93
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4.1 Introduction

The model presented in Chapter 2 uses the assumption of a rigid earth, thanks to the boundary
condition U -n = u, on . This assumption is commonly made in hydro-acoustic models for
tsunami early-warning systems (Longuet-Higgins, 1950; Yamamoto, 1982; Stiassnie, 2010; Kadri
and Stiassnie, 2013).

Several studies have shown the limitations of this assumption for the propagation of hydro-
acoustic waves and tsunamis. Nosov and Kolesov (2007) show that some spectral characteristics
of the bottom pressure are not well reproduced by the classical model for hydro-acoustic waves.
They suggest that taking into account the interaction of the acoustic waves with the earth is crucial
for a correct estimation of the bottom pressure. Other studies, such as the work by Abdolali et al.
(2019), show that the prediction for the tsunami arrival could be slightly improved by assuming an
elastic earth (see also the references cited by Richard et al., 2023). In their work, Abdolali et al.
(2019) study the influence of several parameters on the propagation of tsunami. They use a system
of three scalar wave equations: one for the tsunami, one for the compressional waves (or P-waves)
and one for the shear waves (or S-waves) for the earth. The tested parameters are the effect of
gravity on the water density, the seafloor elasticity and the compressibility of water. By studying the
dispersion relation, the authors show that each parameter can change by a few percent the phase
speed of the tsunami.

A correct modeling of the interaction between the earth and the ocean is also necessary for
a better understanding of the generation of tsunami and hydro-acoustic waves from a seabed
displacement. The generation phase is a complex process where the seismic waves, the acoustic
waves and the tsunami are superimposed (Krenz et al., 2021; Abrahams et al., 2023). One of the
early work on the acoustic-elastic coupling for tsunami generation is done by Maeda and Furumura
(2013). In this work, the authors propose a fully-coupled model for the hydro-acoustic waves, the
tsunami and the seismic waves. The fluid layer is represented by an elastic medium where no shear
wave can propagate (u = 0). The free-surface displacement and the equilibrium with gravity at
rest are explicitly added in the equations by introducing a quasi-static pressure. Numerical example
are then obtained in 2D and 3D with a finite-difference method. Another fully-coupled model is
proposed by Lotto and Dunham (2015). The author extend the classical acoustic-elastic equations
(see for example Komatitsch and Tromp, 1999) to the tsunami generation by adding the surface
equation for free-surface flows with gravity. This model is then extended by Krenz et al. (2021)
to a 3D formulation; an implementation in the software SeiSol is also presented. The 3D model
is used as reference in the study by Abrahams et al. (2023), where four different models for the
generation and propagation of tsunami, hydroacoustic and seismic waves are compared. Richard
et al. (2023) proposes a model combining a weakly compressible Boussinesq model for the ocean
is coupled with visco-elastic equations for the earth. The authors show that the obtained model is
hyperbolic and that it preserves en energy.

To our knowledge, no well-posedness result and no mathematical framework for the analysis of
the above models have been proposed — except from the model proposed by Richard et al. (2023),
which relies on a different equation for the fluid. Moreover, most models neglect the effect of
gravity in the earth while retaining it in the ocean, which may be problematic for the transmission
conditions. We mention the work by Valette (1986) and de Hoop et al. (2017) for the mathematical
analysis of the earth oscillation with fluid and solid layers. Their model consider the whole earth
with an arbitrary number of fluid and solid layers. They show the well-posedness of the system and
give stability estimates. Their analysis could be adapted to the case of a system with one ocean
layer and one seabed layer, however the method used is rather difficult to read.
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In this chapter, we propose a model coupling the tsunami, the hydroacousic waves and the
seismic waves for a layer of compressible, stratified ocean above a layer of elastic earth. In Sec-
tion 4.2, we derive the equations for linear elasticity in a pre-stressed medium by using the same
linearization method as in Chapter 2. The fluid and the solid are considered as two layers of the
elastic medium, with different parameters (in particular & = 0 in the fluid). We present in Section
4.3 the mathematical analysis. For numerical purposes, a first variational formulation is introduced,
but it is not well-posed. We present then a second variational formulation, obtained by introducing
a fictious pressure in the neighbourhood of the fluid-solid interface. For this second formulation, we
prove existence and uniqueness of solution, and give some stability estimates. In Section 4.4, the
first variational formulation is discretized with a spectral element method, and we show a simple
test case.

4.2 The equations for linear elasticity with a prestress

In this section, we show how to derive the gravito-elastic equations for the Earth. The obtained
system is a simplified version of the global Earth model (see e.g. Dahlen and Tromp, 1998) to the
case of a constant gravity acceleration vector, without the Coriolis effect, and considering only a
portion of the Earth.

We start by deriving the equation of linear elasticity for an elastic domain subject to a pre-stress,
caused by the effect of gravity. We recall the nonlinear equation in Eulerian coordinates, then write
them in Lagrangian coordinates, and give the constitutive equations for elasticity with a pre-stress.
The equations are then linearized. Finally, the fluid-solid case is deduced, by considering the fluid
as an elastic solid with a vanishing shear wave velocity.

4.2.1 The equations in Eulerian coordinates

We consider a time-dependant domain €(t), representing a portion of Earth. On the contrary to
the models presented by Valette (1986) and de Hoop et al. (2017), only a small portion of the
Earth is considered. This allows us to neglect the curvature of the Earth and to assume that the
gravitational acceleration is a constant vector. Moreover, since our aim is to focus on the interaction
between the ocean and a portion of earth below it, we only consider the upper layer of Earth as
assimilate it to an infinite half-space, see Figure 4.1. The boundary of Q2 is the free surface, and is
denoted .

The domain is written with the Cartesian coordinates (x, y, z). The variables of the problem are
the density p, the velocity U, and the Cauchy stress tensor T . The equations for the conservation
of mass and momentum read in Q(t) a

op _
16}
5:(PV) + V- (U@ U) =V T = —pge, +S, (4.2)

The vector —ge; is the gravitational acceleration and S is a external force representing the source
of the tsunami, for example a fault slip in the solid layer (Lotto and Dunham, 2015). The external
force is assumed to vanish at initial time, S(x, y,z, t = 0) = 0. The constitutive law relating the
stress tensor to the displacement will be given in Lagrangian coordinates in the next section.
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Figure 4.1: The domain Q(t)

Boundary conditions. \We define the boundary and the transmission conditions. Since the domain
Q2 is semi-infinite, there is only the surface condition. The surface is assumed to be stress-free. We
denote by n the unit vector normal to surface pointing outwards, and the condition reads

I -n=0 onl. (4.3)

Initial state. \We assume that the initial state is a state at rest, namely U(x,y,z,0) = 0. The
domain at initial time is denoted €2(0). We also assume that the source term vanishes for t = 0.
Then the initial state is at equilibrium if the inital stress, denoted by T o, satisfies

V-To=-poge; inQ(0). (4.4)

4.2.2 The equations in Lagrangian coordinates

Following the classical approach (Ciarlet, 1988; Dahlen and Tromp, 1998), the system is studied in
Lagrangian coordinates. This offers two advantages: the linearization process is rigorously justified,
and the resulting model remains valid for a large initial stress (Dahlen and Tromp, 1998).

Notations. We choose a reference domain 2 with coordinates ¢ = (&1.&2,&3). We denote by V¢
the differentiation with respect to the Lagrangian coordinates. The equations (4.1) and (4.2) are
written in the reference domain by using the following change of coordinates: For all time t, we
define the transformation ¢; : Q — Q(t), and for any variable X defined on Q(t), we define the
variable X on 2 by .
X(& 1) = X(x. 1), x=¢(§).

We also define ¢ : (€, t) — ¢:(€). The gradient of ¢ is denoted F , its Jacobian is denoted J, and
we define the displacement d, o

d¢.t)=¢ t)-& E=Vep, J=det(E).

The spatial derivative are transformed by the change of coordinates. For a tensor X it holds

V- X =V (JXET). (4.5)
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In view of the equation (4.5), we define the first Piola-Kirchhoff stress tensor, denoted E by

"o

=JTF . (4.6)
We also define the second Piola-Kirchhoff stress tensor, denoted ; by

£-£

o

_ (4.7)

The tensors i and 2 are symmetric, and E Is in general not symmetric.

Conservation equations in Lagrangian coordinates. The mass conservation reads in Lagrangian
coordinates 0;(Jp) = 0, hence if we denote by g the density at initial time, it holds

Jp = po.
The momentum equation (4.2) is written in Lagrangian coordinates thanks to Equation (4.5),

ou . .
p5; —J Ve P = —pges +S, (4.8)
where ej is the unit vector in the vertical direction oriented upwards. Multiplying Equation (4.8) by

J and using the property Jp = pg yields

a0 . A )
Pogy — Ve (EX) = —poges + JS. (4.9)

Constitutive equations.  The domain is assumed to be an elastic medium. One can then show
(see Dahlen and Tromp, 1998) that the second Piola-Kirchhoff stress tensor is a function only of
the strain,

L =2 (1/2(E'E-1)). (4.10)

System of equations for the nonlinear elasticity. As a summary, the equations read in the
reference domain €2

ou . .

ﬁoa — Ve P = —poges + JS, (4.11)
pJ = po, (4.12)
E :ig (4.13)

a1,
£ (3EE-0) (414

with the boundary condition

JHPET)n=0 on f. (4.15)

The initial conditions for the Lagrangian velocity and the first Piola-Kirchhoff stress tensor are the
same as in Eulerian coordinates, namely

U(0)=0. V¢-P£(0) = —poges.
Notations. In the remaining of this chapter, the equations will always be given in Lagrangian

coordinates. For simplicity, the notation X and the index £ in the operator V¢ are dropped and the
coordinates are denoted x = (x, y, 2).
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4.2.3 Linearization around the equilibrium state

The linearization is done around the initial state, which is assumed to be at equilibrium. We also
choose this initial state to be the reference state, then it holds ¢(x,0) = I.

The equilibrium state. In the equilibrium state, it holds ¢(x,0) = I, hence there is no displace-
ment and no deformation. The domain is assumed to be prestressed. The prestress, denoted ¥ g
is defined by £ o = X (0) the prestress. The momentum equation for the equilibrium state with no
source term S vields the following equation satisfied by the prestress,

V';() = —popge;. (4.16)

The boundary condition yields
2o-n=0. (4.17)

Since there is no deformation, the two Piola-Kirchhoff stress tensors coincide: g = Pg, hence
Po is symmetric. In the following, we assume that the stress tensor X derives from a potential
W(E ., Xo), depending on the deformation £ and on the prestress Zo This assumption differs
from the classical linear elasticity, where no prestress is generally assumed.

Linearization. The linearization corresponds to the following asymptotic expansion,

d=5d1+0(62), p:p0+6p1+0(62)' (4.18)
L =%0+651+0(), P =Po+6P1+0(5). (4.19)

From those expansions one deduces the following expansions for the other variables,
U=6U; +0(6%), F=1+46Vd; +0(6%), J=1+6V-d;+ O(5). (4.20)

The linearization of the relation (4.7) vyields a relation between the two Piola-Kirchhoff stress
tensors,
Pi=X1+VdiXo. (4.21)

The stress tensor linearization is more complex and makes appear a fourth-order tensor (Dahlen and
Tromp, 1998). Using the assumption that X derives from a potential W(F F, Po), the linearization
of the stress tensor reads B -

L =Xo+0A g(d)+0(8%,

where € (dy) = 3 (Vd; 4 (Vd;)?) is the linearized strain tensor, and A is a fourth-order tensor
acting on . Using the relation (4.21) we have

21=A ¢, P1=A g +VdPo. (4.22)

The linear elasticity assumption. The expression of the fourth-order tensor A depends on the
choice of the dependency W (F, P o), see e.g. Shams et al. (2011). We follow here the choices made
by Dahlen and Tromp (1998). The Earth is assumed to be an elastic medium with a pre-stress, and
the first-order stress Y1 is taken as the superposition of an initial stress o and an elastic response
represented by an elastic stress tensor [, o

(A :

Hm

=L+

Z (Pijoxi + Pribij — Pikdji — Pikbir — Pidjx — Pubik) €ki (4.23)
k.l

I\JM—\
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Figure 4.2: The domain Q with a fluid layer QF and a solid layer QF°.

where P is the (/,/)-th component of Py, and the fourth-order elastic stress tensor [ has the
classical expression

1=

tg = Atre)l +2ue. (4.24)

Using the fact that Po and g are symmetric, after computations it holds
1
A g = Xtrg)l +2ue + 5 (tr(€)Po + (Po:g)l) = (Pog +£Po) (4.25)

The first-order system of equations. Replacing all the variables by their ansatz and collecting
the terms in 8 yields the system for the first-order corrections in €2,

oU;
-V-P, = 4.2
P57 V-P1=5, (4.26)
P1=A g +VdiPy, (4.27)
with the boundary conditions on I
P1-n=0, onl. (4.28)
and the initial conditions
U:(0) =0, P1(0)=0, inQ. (4.29)

4.2.4 The linear equations for the fluid-solid system

The system (4.26)-(4.29) is adapted to the case where the domain is composed of a fluid layer
and a solid layer. We consider a domain © composed of a fluid layer Q7 and a semi-infinite solid
layer QS see Figure 4.2. The surface of the fluid domain is denoted I and the interface between
the fluid and solid domains is denoted IF>. In the following, for every quantity X defined on €,
its restriction to QF respectively Q° will be denoted X’ respectively X°. Finally, we denote the
indicator functions of the fluid domain and the solid domain respectively by xs and xfr.

We aim to an earth-ocean model only in the area near the ocean bottom. For this reason, the
solid is assumed to be of homogeneous density. In the water, we have u =0, X\ = pocg, and the
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static stress tensor has the form gg = —pol . From Equation (4.25), the fourth order stress tensor
reads then in QF:
A e =poV-dil —po(V-dil —2¢), (4.30)
hence Py reads in QF:
P1=pocgV -di — po(V - di/ — Vdi). (4.31)

The system (4.26)-(4.27), formulated with the velocity U; and 8;P 1, reads
% —pg'V-P1=py'S in Q, (4.32)
0P 1= (pocgV - Uil — po(V -Uil —VUD)) xr + (A :g(U1) + VU1 Po) xs inQ, (4.33)

Differentiating once (4.32) yields the following second-order equation,

02U, _1 1
at2 — Pg V- (atil) = Pg 8,55 (434)
We recall the boundary condition
0:P1-n=0 onT, (4.35)
and the initial condition
U;(0)=0, inQ. (4.36)

For conciseness, we keep the expression 8;P 1 but it should be noted that 8;P 1 can be replaced by
an expression in Uy using Equation (4.33). To simplify the notations, we define

f=p,'0:S. (4.37)

The system (4.34) with the boundary and initial conditions (4.35), (4.36) is a fully-coupled model
for the propagation for tsunami, hydro-acoustic waves and seismic waves.

Remark 4.1. Transmissions conditions between the fluid and the solid are derived from the above
equations, even if they will not be used in the remaining of this chapter. We denote by nf> the
unit vector normal the the fluid-solid interface. From Equation (4.34), only the divergence of P4
should be well-defined, hence the continuity of the traction P1 - n is expected. o

For the velocity Uy, the minimal regularity in space is less clear, we cannot deduce the trans-
mission condition yet. In the case of two solid layers, the transmission condition would be the
continuity of all components of U. Usually, for fluids, only the divergence of U is well defined.
Then the continuity would be imposed on the normal velocity U - n only. In our case, the required
regularity for the velocity will be given later.

4.3 Mathematical analysis

In this section, we focus on the mathematical analysis of the model. A first variational formulation
for the problem (4.44) is obtained. This first formulation, written with a bilinear form &, will be used
for the numerical approximation, but we show that it is not suited for the mathematical analysis.
We show then that the bilinear form 3 is equal — for smooth functions — to a second bilinear form
denoted a, and that a is coercive in a larger functional space.
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Functional spaces. We start by introducing the necessary functional spaces. We introduce the
space of Hl-functions,
HY(Q) ={p € L*(Q) | Vp € L?(Q)}. (4.38)

By abuse of notation we say that a vector function U or a tensor T are in H1(Q) if all their
components are in H(Q). We also define the space of vector field whose divergence is squared
integrable,

H(div,Q) ={U € L?(Q)* | V-U e L*(Q)}, (4.39)

and the space of tensor fields whose divergence is squared integrable,
H(div,Q) = {T € L*(Q)* | V- T € L*(Q)°}. (4.40)

The spaces HY(Q), H(div, ) and H(div,2) are equipped with their usual scalar products. The
usual normal trace operators are defined on H(div, ) and H(div, 2); for the sake of conciseness,
the normal trace of a function U is denoted by U-n and the duality brackets are written as boundary
integrals. We denote by H the Hilbert space H = L2(Q2)3, equipped with the following weighted
scalar product,

(U,G)H:/onu-ﬁdx. (4.41)

4.3.1 A first variational formulation

We assume that Uq, Ql are smooth functions in time, and we make the following regularity as-
sumption:
Ui: [0, T] = HY(Q), and P;:[0,T]— H(div,Q),

This implies in particular that the normal trace of P 1 is well-defined, so that the boundary condition
(4.35) has a meaning. As we will show later, the assumption U(t) € H*(Q) is too strong, but we
keep it for now to obtain the first variational formulation. The equation (4.34) is multiplied by a

test function U regular enough,
d? ~ ~ ~

The second integral on the left-hand side is integrated by parts,

(;L;(UL U)n +/Q(6t§1) VU dx — /r(atg1 -n)-Uds = (f,U)y. (4.43)

With the stress-free condition (4.35) at the surface, the boundary term vanish. Then ;P is
replaced by its expression (4.33), and we obtain the variational formulation: Find Uy(t) € H*(Q)
such that

C;L:Q(Uly U)x + 43Uy, U) = (f,U)x YU e HY(Q), (4.44)

where 3 is the bilinear form defined by 4 : H1(Q) x H}(Q2) — R and

§(U,ﬁ):/ (pocg—po)v-uv-ﬁdx+/ poVU® : VU dx
QF Q

F

+/ (A :g(U)+VUP) : VUdx. (4.45)
Qs T -
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In the next section, we show the technical difficulties related to the analyis of the formulation
(4.44). We derive then a formally equivalent second variational formulation, written with a second
bilinear form a, and we prove that this second formulation is well-posed in an adequate functional
space. By formally equivalent, we mean that a(U,U) = 4(U, U) for functions in H(2), where
the equality is obtained by algebraic computations and integrations by parts. Since the formulation
(4.44) has a simpler expression, it will be used for the numerical approximation in Section 4.4.

Limitation of the first variational formulation. In the expression (4.45), the first integral over
the fluid domain is written with V-UV - U, which is coercive in H(div, Q) x H(div, Q). However, the
second integral is written with an unusual term for linear elasticity problems, namely poVU? : vU.
This term can be written differently to make more classical operators appear,

VU!: VU =2¢(U;) : g(U) — VU : VU. (4.46)

From the Korn inequality (see e.g. Duvaut and Lions, 1976), it holds for some scalar Cx independant
of U

le (W17 2y + 1U1I72(q) = CrllUlmi()- (4.47)
Without more informations on Ck, we cannot conclude on the existence of a lower bound of the

form
YU!: VU + >\||U||§Ll > CHU”HI(Q), (4.48)

which is needed to prove the existence and uniqueness of solution to (4.44). To our knowledge,
even the sign of VU? : VU is not clear. Moreover, the form VU : VU is continuous in H! x H?!,
but not in a larger space.

4.3.2 The modified variational formulation

In this section, we aim to write a second variational formulation, which will allow us to show the
well-posedness of the problem. We recall first the strong formulation (4.34),

80U,

s — PV (0L1) = F. (4.49)

Testing against a function U with enough regularity yields

d? ~ ~ -
(T +/Q—[V (8P 1)] - Udx = (£, U (4.50)

As presented in Section 4.3.1, the term poVU? : VU is continuous in HY(Q) x H*(Q2), which is
not consistent for the fluid domain, and it has an undefined sign. To avoid this term, the idea is to
compute differently some terms in the fluid domain. We present first the idea for a domain with
only a fluid layer, and show then how the method is extended to the case of a fluid-solid domain.

In a fluid layer only

Assume for now that the domain is composed of a fluid layer only. The layer spans is an infinite
half-plane with surface I". In Equation (4.50), we have then for the term in 8;P;:

/—[V~(8t§1)]~l~de:/ — [V (poc3V - Uil — po(V - Uil —VUD))] -Udx.  (4.51)
Q Q
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If we distribute the divergence only in the second part of the right-hand side, and use the property
V-(V-X] ~ VX =0, (4.52)

we obtain
/7[V~(6t§1)]-l~.ldx:/ f[V-(pocgv-Ulé)]-lNdeJr/[(V-Uli—VUE)Vpo]'lNde. (4.53)
Q Q Q

After some computations (see Appendix A), we obtain the following expression,

/—[V~(6t31)]-t~ldx=/po (COV~U1—gU1-eZ) (COV-G—gﬁ-eZ) dx
Q - Q Co Co

/ 2 " ~ ~

- / 0o (po + 92) U;-e,U-e, dx+/pogU1 -e,U-e,ds. — /pocgv Uy U-e,ds. (4.54)
Q Po G r r

The surface condition (4.35) with the condition pg = 0 on I imply that V-U; = 0 on T, hence the

last boundary term vanish. It is then possible to rewrite (4.50) as

2

<UL, U)y + ar (U1, U) = (F, U)y, (4.55)

where ar is the following bilinear form,

aF(U,G)z/pg (coV-U—gU-ez) (cov-ﬁ—gﬁ-ez) dx+/p0N2U~eZG-ede
Q Co Co Q

+/pogU'eZl~J~ede, (4.56)
-

with N2 = —(gpp/po + g2/c2). The scalar N2 is assumed positive (see the discussion in Chapters
2 and 3). We recognize the weak formulation of the model developped in Chapter 2.

Now, if the domain is composed of a fluid and a solid region, the constitutive law is discontinuous.
Applying the divergence in the first step of the computations would then yield boundary terms, whose
symmetry and positivity are not clear. To extend the integral over QF to an integral over ©, we
introduce continuous extensions of the background density and pressure.

A continuous extension of the background density and pressure.

To use the method described above in the case of a fluid-solid domain, we introduce an extension
of the pressure. The extension is denoted pg; it should be continuous, and we choose it so as to
vanish for z — —oo. We also introduce an extension of the fluid density, denoted pg, so that both

extensions satisfy Vpg = —pgge,, as in the fluid domain.
The solid domain Q° is decomposed into a vertically bounded region Q& and an unbounded
region 2°°. The boundary between Q8 and Q, denoted ', corresponds to z = —hg for some

hg > 0. The decomposition is shown in Figure 4.3. The extensions pg, pg are constructed such that
e 0o and pgy are continuous in €2,
e Vpg = —poge, in Q,

e po=0and pp =0in Q> ,
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Figure 4.3: The decomposition of the domain €.

e po=0,pg=0o0n T,

To satisfy the last condition, the extended pressure is defined by

h
Fo(z) = / Fo(2)gdz. (4.57)

It remains to define pg. Since the fluid density at rest is assumed to depend only on depth, and
the topography is defined by a function z, > 0, we can see pg as a function defined on [0, H]. We
choose the extension to be affine by parts in QB. In order to satisfy both conditions: pg = 0 and
po = 0 on >, we define pp in four parts:

ob(2), 0<z<H,

- a1z + b, —hy/2 <z <0,

pO: 1 1 0/ (458)
arz + by, —hy<z< —ho/z,
0, z < —ho.

The scalars ay, ao, by, bo depend on hg and on pg, they are computed in Appendix B. Hence, pg
and pg are continuous on €2, and it holds Vpy = —pgg e, on €. Finally, it should be noted that by
construction, we have py > 0. The extension pg and pgy are shown in Figure 4.4,

A new expression for the stress tensor

The extended pressure pg is used to rewrite the stress tensor P 1. The stress tensor is written
OtP1=0:P1—po(V-Uil —VU])xs + po(V - Uil — VUT)xz, (4.59)

and using the expression (4.33), it reads

8:P1 = (pocgV - Uil — po(V - Uil — VUY)) xF + 0:PTxs
— po(V -Uil —VUD)xs + po(V - Uil —VU])xs. (4.60)
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Figure 4.4: The functions pg and po.

The terms po(VUL — V - U /) coincide in QF and QF. Using po = 0 in >, we have
8:P1=(pocgV - Uil) xF — po (V- U1l — VU]) + (Gtgf + po(V-Uil —VU})) xs. (4.61)

To reproduce the situation of a fluid-only domain, the stress tensor Qf is decomposed as follows,

~ S —
PT =P +p0c tr(e(U1)) 1, (4.62)

where ¢ is some extension to 2 of the sound speed ¢y. The extension can be discontinuous, but
it should remain strictly positive. It holds then

~ ~ ~ ~S ~
0P 1 = poco’V Uyl — fo (V- Uyl — VUE) + (atgl +po(V - Uyl —vug)) xs.  (4.63)

In this new expression for the stress tensor, the two first terms are defined on the whole domain,
and we can reproduce the computations (4.51)-(4.54) described above. However, there is now the
additional term poVU?! in Q°; it seems that the difficulty is merely shifted from the fluid to the
solid region. Here the important thing to note is that, contrarily to 7, the constitutive law in Q°
will make it possible to control the additional pressure.

The modified variational formulation.

With the new expression (4.63) for the stress tensor, we derive a variational formulation for the
system (4.49). To write the second variational formulation, we introduce the following bilinear form
a,

a(U,U) = aqg(U, U) + as(U, U), (4.64)

where aq is defined by
S . - g - ~ g ~
aq(U,U) = / 00 <COV -U-=U -ez) <C0V -U— ~U~ez) dx
Q Co Co

+/p}NbU~ezﬂ~ezdx+/;36gU~ezl~J~ezdx, (4.65)
Q r
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with N = —(gp0’/fo + 9%/G>), and where as is defined by
as(U, U) :/ (g :§(U1)—|—VUBO—p~o(VUt—V~U[)> - VU dx. (4.66)
s\ T = =

The following equality holds,

Theorem 4.1. For functions U, U € H(R), it holds

3(U,U) = a(U, U). (4.67)

_ o . ~5 _
Proof. First note that when replacing in Equation (4.63) the tensors P and Ql with the expression
(4.33), the equality (4.63) can be understood as an equality for functions U € H(Q):

(PocgV -U = po(V-UL —VU")) xr + (A :g(U) + VUP,) xs
= oG’V UL — fio (V- UL — VUY) + (g L£(U) + VU, P+ po(V - UL —vuf)) xs, (4.68)
with A = A — poco  tre 1.

To show the equality, we start with Equation (4.45). For functions U, U in C°°(£2) with compact
support in €2, integration by parts yields

3(U,U) = —/Q [V ((poc3V - UL + po(VU' — V- UL))xr + (A : £(U) + VUPo)xs)] - Udx
+/[(poC§V~U£+po(VUt~V~UL)-n]~l~st. (4.69)
r

We use the fact that pp = 0 on I, and the equality (4.68). It holds then

é(u,ﬁ):/Q[v(%&2V-UL—%(V-UL—VUt))} -l~Jd5+/|_poc§V-Un~ljds

()
+/Q[v-((§ £(U)+ VUPo+ po(V - UL -~ VU)) xs)| - Udx. (4.70)

(l2)

The first integral is computed as in Equations (4.51)-(4.54), and we have

(/1)—//3?)(53V‘UgU'ez> (aov-ﬁﬁﬁ.ez> dx
Q Co Co

oy ) B B B
—/,50(‘)3+gz)U-eZU~ede+/,c7ogU~eZU-ezds.—/p}c}zv-uU-ezds. (4.71)
Q Po C r r

The second integral is integrated by parts. Because of the indicator function xs, the boundary
term vanishes, yielding

(l2) = —/ (5 1 e(U) + VU1Po + po(V - UL —Vuf)) V- Udx. (4.72)
QS
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On the surface I', we have pg = pg and ¢ = ¢g, hence some boundary terms cancel out. Gathering
all the terms yields then

5(U,G)/;}5<é},v.ugu.ez> <&,V~G€ﬁ~ez> dx
Q Co Co
2

~
—/p~o<p~0—|—g)U-er-ede—i—/ﬁogU-eZU-est
Q Po Co r

—/ (A ce(U)+ VU1 Po+ po(V - UL —VUt)) :VUdx, (4.73)
Qs N T - =
and concludes the proof by density. [

We define now the functional space for the variational formulation. Let ¥V C H be defined by
V={Ue€ H(div,Q), | Ugs € H'(Q°), U-ne L*(N).}. (4.74)
We define the following scalar product on V,

(U,U)V:/ po%u-deJr/ pgg—U.deJr/ poVU : VU dx
OF CO Qs A Qs

+/ pocgv-UV~ljdx+/
QS

W-uvﬁdx+/pogu~nﬁ-n, (4.75)
QF r

The bilinear form (4.64) is well-defined if U € V. The variational formulation reads then: Find U,
satisfying
d
U, € CY([0, T]; H), Ui € Cco([o, TT; V) (4.76)
and solution to

;L:Q(UL U)x +a(U,U) = (f,U)y, YU€V, inD(0,T), (4.77)

with vanishing initial conditions.
Remark 4.2. We can now conclude the remark 4.1: since U € H(div, Q2), the transmission condition

for the velocity is the continuity of the normal velocity U - n*>.

4.3.3 Mathematical analysis of the modified formulation

The aim of this section is to study the properties of the bilinear form a : V x V — R defined by
(4.64)-(4.66). More precisely we will show that, for some a > 0, it holds

a(U,U) + af[U[f3; > U]3. (4.78)
We start with the following property of a.

Proposition 4.1. The bilinear form a:V x V — R is symmetric.
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Proof. The form aq is symmetric, we focus on as. With VU* = 2¢ (U) — VU, it holds

/ (E :g(U)—i—VUBo—ﬁQ(VUt—V-Ui)) . VU dx
QS - - -

:/ ((E—Qﬁo!)Zg(U)+VU1(§o+p~oi)+p~0V-UL):Vl~de. (4.79)
QS

From the expression (4.25) of é and usual identities for symmetric tensors, we obtain
(A :£(U): VU= (A—p6°)V-UV-U+2ue (V) : £(U)
1 ~ 1 ~ ~
=+ EV -UPy :g(U) + EV “UPo: g(U) — (iog(U) +§(U)§o) : g(U). (4.80)

Since P is a symmetric tensor, all terms in (4.80) are symmetric.
O

We show now that a is coercive, under some conditions on the parameters.

Proposition 4.2. For ||P ol 2(qys/ min(X, u) sufficiently small, for X\ > 0, and for u > po, there
exists a scalar o independant of U such that

a(U,U) + & ||U]3, = U3 (4.81)

Proof. For U € V, the term aq reads
2
aQ(U,U):/bE)(EE)V'U_gU'eZ> dx+/pNONb(U-ez)de—&—/ﬁog(U-eZ)2dx
Q 0 Q r
:/@z)éaz(vu)z dx—z/[fogv.Uu.ezdx—/pz)’g(UeZ)?dx
Q Q Q

Jr/raog(UeZ)2 dx.  (4.82)

The third term of the right-hand side is a zero-order term that will be controlled by o?||U]|3,. For
the first two terms, the integrals are decomposed as one part in the fluid domain, and one part in
the solid domain.

/p}&f(V-U)Q dx—z/ﬁogv-UUede
Q Q
:/ pocg(V~U)2dx—2/ pogV - UU - e, dx
QF QF

+/ foc? (V- U) dx72/ 6ogV -UU -e,dx. (4.83)
Qs QS

By the Young inequality, for € > 0, we have

2
72/ pogV - UU - e, dx > 72/ sp0c§|v.u|2dx—2/ P |U e Pdx,  (4.84)
QF QF QF EQGy
hence we have, for some a > 0,
P~ R~
aQ(U,U)—&-aHUII%Z/ (poc — 2epoc2) (V - U)? dx+/ po—2u-de+/ 22 U-Udx
QF OF CO Qs

+/pog(U~eZ)2dx+/ Poco” (V- U)? dx72/ pogV -UU -e,dx. (4.85)
r Qs Qs
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Note that, by construction, pg is negative in some subdomain of Q°.
We recall now the expression (4.66) of as.

aS(U,U)z/ (A :g(U)+vugo—ﬁo(vuf—vU1)) . VU dx. (4.86)
Qs N T - -

Here, A is replaced by its expression. We also use VU? = 2g (U) — VU. We have then

1
as(U,U) = /S (Atre/ +2ue + 3 (tr(e)Po+ (Po:€)l) — (Pog +sP0)> : VU dx
Q

—/ p~0c~02(V~U)2dx+/ (VUPo —po (26(U) —VU -V -UI)) : VUdx. (4.87)
QS QS - - -

After simplifications, it holds

as(U,U):/ (A= poGo” + Po)(V - U / (b —po)e(U) : g(U)dx
+/ (1 (tr(e)Po+ (Po:€e)l)— (Poe +5P0)+VUP0> : VU dx
QS

+/ poVU : VUdx. (4.88)
Qs

Recall that by construction, py > 0. Using the above expression and the inequality (4.85), we have
then for the bilinear form a

2 ~

a(U,U)+a||U|\§£2/ (poc2 — epoc?) (V - U)? dx+/ pog—QU-de—&-/ —_—

QF QF CO Qs
+/pog(U~ez)2 dx—2/ ;%gV-UU-ede+/ (A p0)(V-U)? dx+/ 2(u—po) e (V) : g(U)dx

r Qs Qs Qs - -

1
+/ (2 (tr(e)Po+(Po:g)l) — (Pog +£Po) +VUP0> L VU dx
Qs - - - T T -

+/ poVU : VUdx. (4.89)
(o8

Using again the Young inequality for the term in V - UU - e,, we have

2 ~
a(U,U)+a|IUH§{2/ (0oc2 — £p0c2) (V - U)? dx+/ po%U~de+/ 59"y U dx
OF QF CO Qs
+ [oogU-etixt [ (v 5NV UPdx+ [ 2u- m)e(U) e (U)dx
r QS QS = =
1

+/ (2 (tr(e)Po+ (Po:€)l) — (Pog +£Po) +VUP0> : VU dx

QS - - - -

+/ FoVU : VUdx. (4.90)
Qs
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From the Korn inequality, we have

2 22
pog—QU-UdX-l-/ 9y Udx
() Qs

+ /pog(U -e,)%dx +/ (A + po —eN)(V -U)?dx + 2CK||UHf,1(QS) +/ poVU : VU dx
r Qs Qs

a(U,U) + al|U|3, 2/ (poc2 — epoc?) (V - U)? dx+/
QF

QF

+/ (; (tr(e)Po+ (Bo:€)L) = (Pog +6Po)+VUPo>:Vde. (4.91)
QS

For HQOHfQ(QS)M small enough, the terms in the last integral are controlled by the other terms,

which proves the coercivity.
O

We can now show the well-posedness of the modified variational formulation,

Theorem 4.2. Forf e L}, (0, T;L3(2)), and under the conditions of Proposition 4.2, the problem

(4.77) admits a unique solution with the regularity (4.76). Moreover, it holds
d2
Ui € L2(0, T; V). (4.92)

Proof. Since the bilinear form a is symmetric and satisfies a(U, U) + a?||U|l3z > C||U||y for all
U €V, the theorem is an application of classical results, see for example Dautray and Lions (2000);
Joly et al. (2008). O

4.3.4 Energy estimates.

In the following, we use an energy equality to show that the solution U; depends continuously on
the data f. In the case a(U, U) > 0 this result is standard, however in our case we have the weaker
inequality a(U, U) 4+ o?[|U||3, > 0. We show how the usual proof can be adapted to this case. Let
the energy &£ be defined by

£(t) = 5 (a(Ur(2). UL(D) + 803 (1) B, + UL (D))

Differentiation in time yields

d& d [a?
i a(U,8:Uy) + (82,U1, 0,U1)3 + T <2||U1|%> .
From Theorem 4.1, and integration by parts, we have a(Uy, 0;Uq) = (—pglv (0tP1),06:U1)%,
hence the above equation reads

d& 1 5 d [ao? 5
—= =(=py V- (6:L1),0:U1)3 + (8;U1, 0:U1)p + — | = [Uall3 ) -
dt dt \ 2

Using then (4.49) yields the following equation for the energy,

d&

d (a? 5
E:(f,atul)ﬂ‘f'a 7||U1HH : (4.93)

The energy equation (4.93) is used to obtain estimates on the solution.
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Proposition 4.3. For all time t, we have the estimates

16:U1 (8113, < 2C(ee, T) sup [If(s)II7,,  [U1(t)7 < TC(e T) sup_[If(s)Il3, (4.94)
s€[0,T] s€[0,T]

where 1
C T)= — OLT(1+2OLT).
(. T) 2a €

Proof. Integration from 0 to t of the equation (4.93) yields
' ;o , o 2
E(t) —&£(0) = ; (F,0:U1)3 dt’ + 7|\U1(f)||y - 7||U1(O)HH-
And we have with vanishing initial conditions and with the Cauchy-Schwarz inequality
t
£ < [ 1fll0Us i+ o U (4.95)

The term a?||U4 |7, is bounded by the norm of 8;U;. Indeed, from the vanishing initial conditions
it holds

Uy(t) = / AU () ' — [Us(£)lly < / 10U (£ | dt” (4.96)

Moreover, if we use the Cauchy-Schwarz inequality in the space L2(0, t; H) with ||8;U1]|# and the
constant unit function, we obtain

t t
10Dl < / 90Uyl 0’ < VE / EXTRIERTE (4.97)
0 0

Replacing in (4.95) the second term by (4.97), and using a Young inequality for the first term yields
then, for S(t) = [; [If(¢")]13,dt’,

1 t
£(t) < s+ (2 + oc2t)/ [CONERTS (4.98)
2a 2 0
Using then [|8;U1]3, < 2&, we have
1 t
£(t) < 5o S(1) + a1+ 2aT)/ £(¢)dt’. (4.99)
0
From the Gronwall inequality we have then
1 1 t /
E(t) < 5 SO+ (5 + aT)/ S(t)ex(+2an(t=t) g/ (4.100)
0

Integrating by parts the second term yields
1 t ) 1 1 [t /
(5 +aT)/O S(t/)ea(1+2aT)(t—t) dt/ — _Zs(t) + %/O Hf(t/)||72_[€a(1+2a7_)(t_t) df/, (4101)

hence it holds

1
5(t)g5ea7<1+2a7> sup [[f(t)]|3,. (4.102)
t'e[0,T]

The inequality for ||0:U;]||3 follows directly. For ||U;||% we use again the inequality (4.96), and
obtain

1U1(8)113,
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4.4 Numerical illustration

We give a simple illustration in 2D of the model derived in this chapter. We simulate a tsunami
generated by an earthquake, represented by a double couple inside the earth.

A damping term is added to avoid reflections with the bottom boundary of the domain, hence
the system to be solved is

o’U,
ot?

ou
+d(2)87t1—,oalv'(at§1):3t|:1, (4.103)
where d(z) is a smooth damping function. For the numerical approximation, we consider the

formulation (4.44) with the additional damping term,

d2

~ d ~ ~
72(U1,U)7-[+7(dU1,U)H+/ ((png—po)V'Ulé —&—poVUD VU dx
dt dt QF

+/ (A :€(U1) + VU Po) : VUdx = (f, U)y. (4.104)
QS

Discretization. The formulation (4.104) is discretized with a spectral element method (Ko-
matitsch and Vilotte, 1998), as presented in Chap. 3. In the following, we present the 2D
discretization, since the simulation presented later is in two dimensions (x,z). Let V, be the
finite-dimensional space obtained by the approximation of Hl(Q), and H, be the finite-dimensional
approximation of H. They are defined as follows. Let , be the discrete domain obtained by
meshing the domain © with quadrilaterals (K;)jcq1. vy The reference square is denoted K, and the
transformation from a deformed quadrilateral K to the reference square is denoted f;. We have
then

Qh:UK:’, K,—ij:@, F,‘(/’A()ZK,', (4.105)

The approximations of the functional space are then defined by
Vi ={0€CQ) | bk, 0 Fi € Qo (K)},  Ha={d€L*(Q) |k, oFi € (K)} (4.106)
where Q, , is the set of polynomials with degree r in the x coordinate and degree q in the z coor-

dinate. The scalar product in H is approximated using a quadrature formula, and its approximation
is denoted (-, -)%,. We also define the following bilinear forms defined on Vj x Vy,

aF,h(u,G):/ ((poc2 — po)V - Uil + poVU?L) : VU dx, (4.107)

QF -

as,,,(u,ﬁ)z/ AV - UV - U+ 2ue (Uy) : € (U) dx, (4.108)
Qs - -

bh(U,l~J)=/p0dU-ljdx, (4.109)
Q

where the integrals are approximated by quatrature formulae. The space discretization of the
formulation (4.104) reads then: find Uy, € V}, solution to
d2

- d _ _ _ _ _
W(Uhv Uh)H,,JFEbh(Uhy Up) +arn(Un, Up)+asn(Up, Up) = (Fr, Up)s,,  VYUp € Vi, (4.110)
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where fj, is some discretization of the source term. The functions U, U are decomposed on a basis
for the space Vp,, which yields the global solution vector Uy, the mass matrix M, the mass matrix My
corresponding to the bilinear form by, and the stiffness matrices Kr, Ks corresponding respectively
to the bilinear forms ar, and asp. Using a Gauss-Lobatto quadrature rule yields diagonal mass
matrices M and M.

For the time discretization, the time interval [0, T] is partitionned into M equal intervals of
length At = T/M. The semi-discrete formulation (4.110) is discretized in time using a leapfrog
scheme. We consider the sequence {U} € Vo,n}neq1,..my solution to

Us ' —2UF + Up*!
Nz

Uy — Uit
At

M + My + KrU* + KsUX = MF, (4.111)

Numerical values and source term. We assume that the static stress vanishes in the solid
domain, Eg = 0, and we take the following numerical values,

Pocean = 1000 kg m™3,  pearen = 2670 kg m~3,
c=1500ms™*, A=1.110"kgm*s?, p=5610"%kgmts2.

The computational domain is 900 km long and 18 km deep. The ocean layer and the earth layer
are respectively 3.6 km and 10.8 km thick. The damping function d(z) varies smoothly from 0 to
dmax In a 3.6 km thick damping layer.

Models for the rupture process of an earthquake are available, see for example the models used
by Lotto and Dunham (2015) and Krenz et al. (2021). Here, for simplicity, we choose a simpler
model based on a double couple line source as in Maeda and Furumura (2013), Balanche (2010).
This source term consists in a stress tensor of the form

£ix =90 (5 o).

where g(t) is a function depending on time only. For g(t) we use the single cycle Kiipper wavelet
as in Maeda and Furumura (2013),

OrMy (. wt 1 . 37t
t) = — — = sin — <t<Typ. 4.112
g(t) 167, (sm T 7 Sin T ) , 0 <To ( )

Snapshots and bottom pressure recodings. Figure 4.5 illustrates snapshots of the horizontal
and vertical displacement fields at times t = 10s, t =50s, t =80 s. At time t = 10 s (Figure 4.5-
1), the pressure waves and shear waves propagate in the earth, and the acoustic waves propagate
in the ocean. In the vertical displacement (Figure 4.5-1.b), the influence of the seismic waves on
the acoustic waves is clearly seen: head waves are created in the ocean because of the presence of
the faster seismic waves. At time t = 50 s (Figure 4.5-2), the pressure waves in the earth have
propagated further than the domain. The shear waves in the earth and the acoustic waves are still
visible. In the horizontal displacement figure, we see the tsunami starting to propagate above the
earthquake. At time t = 80 s (Figure 4.5-3), the seismic waves and the acoustic waves are almost
not visible anymore since they have propagated further than the domain. It remains a permanent
displacement in the earth, and the propagating tsunami. Those simulations are in good agreement
to the ones presented by Maeda and Furumura (2013).
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Figure 4.5: Snapshots of the horizontal (figures a) and vertical displacement (figures b) field.
Figures 1a, 1b: t = 10 s, Figures 2a, 2b: t =50 s, Figures 3a, 3b: t =80 s.
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4.5 Conclusion and future work

In this work, we have presented a fully-coupled model for the propagation of tsunamis, hydro-acoustic
and seismic waves. One novelty of the model is that it includes a static stress in the earth and in the
ocean. The second contribution of this work is to prove that the fully-coupled model is well-posed,
under some conditions for the static stress. The model is written as a variational formulation (4.44),
which can be discretized in a rather straightforward way, in particular the transmission condition
between the earth and the ocean does not need special treatment. However, this first formulation
is not adapted for the mathematical analysis. We have then proved that the model can be written
with a second variational formulation, which is well-posed. The numerical illustration show good
agreement with other models from the litterature (Maeda and Furumura, 2013). This work will be
completed with further numerical simulations to test the influence of the pre-stress on the waves
in the fluid and in the solid. Moreover, transparent conditions could be used at the boundaries to
reduce more effectively the non-physical reflections.

The presence of the pre-stress in the ocean is one of the main difficulties for the mathematical
analysis of the model. This difficulty was raised by using an extension of the background pressure.
This approach could be applied on the model with the whole earth, as studied by Valette (1986)
and de Hoop et al. (2017).

Appendix

A The bilinear form in the fluid domain

We show how the bilinear form for a fully fluid domain can be written as a symmetric expression.
The computations are very similar to those made in Section A, however, in Section A they are done
for a particular choice of test function, and for an additional boundary condition on the seabed. For
completeness, we derive the computation in the present case. We start with Equation (4.53), that
we recall here,

(/)z/Q—[V-(@tgl)]dex:/Q—[V-(poC§V~U1£)]-l~de+/Q[(V~U1£—VUﬁ)VPo]'ljdx.

(h) (l2)
(113)

The first integral of the right-hand side is integrated by parts,
(h) = —/pocgv -Uin- Uds +/ (pocgv . Uli) - VU dx. (114)
r Q =

For the second integral of the right-hand side, we use the equilibrium equation (4.36) yielding
Vpo = —pogez,

(1) =~ [ pog¥-Use, - Udx+ [ pog¥(Us-e.)- Uox. (115)
Q Q
The second term of (115) is integrated by parts,

/ pogV (U7 - e;) - Udx = 7/ gU; -e, V- (poﬂ) dx +/pogU1 ~ezl~J -nds (116)
Q Q r

:—/pogul-eZVdex—/gU1-eZINJ-engdx—i—/pogUl-eZG-nds.
Q Q r
(117)
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We have used the fact that the density is vertically stratified: pg = po(€3), hence Vo = pj(£3) €.
The integral (/2) reads then

() = —/ pogV~U1ez-l~de—/ pogul-ezv-ﬁdx—/ gUl-ezﬁ-engdx—i—/pogUl-ezlj-est,
Q Q Q r
(118)
Since n = e, on . Summing the two integrals (/1) and (/) yields

(/)=/pocgv-U1V-de—/pocgv-U1n~l~st—/pogV-U1ez-l~de
Q r Q
—/pogU1~ezV-de—/gU1-ezﬁ~ezp6dX+/pogU1-ezﬁ-ezdS- (119)
Q Q r

This expression can be reformulated as follows,

(/)z/po (coV-Ul—gul-ez> (COV~G—gU-eZ> dx
Q

o Co

/ 2 . - .
—/po <p(3+92) U; -eZU~ede+/pogU1 -e,U-e,ds. —/pOCSV-Ul U-e,ds. (120)
Q Po o r r

B An expression for the extended density

The extensions pg, po are constructed such that pg and pg are continuous in €2, pp = 0 and pp = 0

on M, and Vpg = —poge, in QFB. We look for a extension of the density of the form (see Figure
4.4)
ob(2), 0<z<h,
~ Jaz+by, —hy/2 < z<0,
=Y a4 by, —ho <z < —ho/2,
0, z < —hg.

and the extended pressure is defined by
h
p(2) = [ po()gdz.
z
The continuity of pg imposes that
po(—ho) =0,  po(07) = po(0),  po(—ho/27) = po(—ho/27),
hence we have

20 (0)

b1 =airhy, by = pg(O), ap = —a>+ ho

By construction, pg is continuous on QFE. The constant a, is determined by the condition
po(—ho) = 0.

h —ho/2 0 h
/ 00(z)gdz' = g/ (a1z+ by)dZ' + g/ (a2z + by)dZ + g/ po(2)dzZ'.
ho —ho —ho/2 0



Appendix 117

We denote by E the mean of the density in the fluid domain,

. h
,OoF: 1//70/ 0o-
0

The constant a; is then given by

1 P
azzz;;—(3p§(0)%*4p§),
0

and aj is given by
1 R
mz—;(%@ﬂ4%)
)
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Abstract: [n this chapter, we present some preliminary simulations for geophysical applications.
The simulations are obtained with the model developed in the thesis, and numerically solved with
a high-order spectral element method. The first application is the Lloyd mirror, an interference
pattern which could help the characterization of underwater landslides. The second application is
the wave trapping in the SOFAR channel for waves generated by underwater earthquakes.

5.1 Simulation of acoustic waves generated by landslides

The model developed in Chapter 2 is used to simulate the generation of acoustic waves by an
underwater landslide. Detection and characterization of underwater landslides are usually done
using seismic waves (Moretti et al., 2012; Yamada et al., 2018; Hibert et al., 2011; Brodsky et al.,
2003; Allstadt et al., 2018). On the other hand, there is a growing interest for the use of hydro-
acoustic waves to characterize geophysical events.

Many studies have been conducted on the generation of hydro-acoustic waves by underwater
earthquakes (Gomez and Kadri, 2021; Auclair et al., 2021; Cecioni et al., 2014); however, fewer
studies are dedicated to the waves generated by underwater landslides. We mention the work by

119
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Zy

Figure 5.1: The direct path (in red) and the reflected path (in blue) connecting the source S to
a point P. The location of the reflection (point R) is deduced from the image source S’. The
declination angle 6 is also indicated.

Caplan-Auerbach et Al. (Caplan-Auerbach et al., 2001, 2014), which combines in-field measure-
ments and modeling of acoustic rays. Caplan-Auerbach et al. (2014) suggest that the hydro-acoustic
signals generated by underwater landslides have a characteristic interference pattern. This pattern
could be then used to detect and characterize landslides. In this preliminary work, we partially
reproduce a similar interference pattern using a numerical model.

5.1.1 Detecting an underwater landslide from interference patterns: the
Lloyd mirror

When considering the propagation of acoustic waves in a bounded medium, the reflection on the
boundary can lead to interference patterns called the Lloyd mirror effect (Jensen et al., 2011). To
explain this effect, we consider a simplified case, where the ocean is represented by a 2D domain.
The domain, with coordinates (x, z), is bounded above by a free surface, and the interactions with
the seabed are neglected. The fluid pressure satisfies then the acoustic equation

%p

ﬁ—CQAp:O, p=0 onz=H. (5.1)

An acoustic point source located at (0, zs) emits a wave of the form

p(0, zs, t) = po exp(—iwt), (5.2)

where pg is the pressure magnitude and w is the frequency. If we consider the point source as a

source emitting rays in all directions, and neglect the reflection with the bottom, every point of the

domain is connected to the source by two rays: the direct ray, and the ray reflected by the surface

(see Figure 5.1). The solution p(x, z, t) to Equation (5.1) is then a superposition of both paths,
ikR1  gikR:

p(x, z, t) = Ae™"t (eR -5 > . Ri=VX2+(z—2)% Ro=+vx2+(z+2)% (5.3)
1 2

with the source strength A and the wavenumber k = w/c. To fix the ideas, the pressure field p
given by Equation (5.3) is plotted in Figure 5.2, for k = 66.7 m~!, A =1 Pa.m, and for a fixed
time t. The figure shows the interference pattern generated by the superposition of the direct ray
and the reflected ray at each point.
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Figure 5.2: Interference pattern obtained from Equation (5.3) for k = 66.7 m~!, zg = 0.5 km.
The modulus |p(x, z)| is plotted in log scale.

An approximation of the expression (5.3) for the pressure field p can be obtained when consid-
ering points far away from the source. More precisely, for points with coordinates (R, z) such that
R > z, the expression (5.3) is approximated by

2 .
p(R,z, t) ~ —AEI sin(kzs sinf)e'"Re=wt, (5.4)

where 6 is the declination angle (see Figure 5.1) and depends on the coordinates (x,z). The
expression (5.4) can be used to determine maxima and the minima of the pressure field. The
pressure maxima are |pmax| = 2/R, and they are such that the angle 6, the wavenumber k and the
emitter depth zs satisfy the following relation

™
2kzs'

Similarly, the pressure minima are |pmax| = 0, and they are reached for

sinf=(2m—1)

with m € N*, (5.5)

sin@z(m—l)%, with m € N*. (5.6)
S

The relations (5.5) and (5.6) yield an interference pattern in the space domain (Figure 5.2). They
also yield an interference pattern in the frequency domain, by fixing the angle 8 and computing
the pressure field for a range of frequencies. In particular, we can associate to each point in space
a frequency bandwidth, namely the width between two frequencies corresponding to a minimum
pressure. For a given source depth zs and declination angle 8, the bandwidth Af is given by

c

AF = 2zssinf’

(5.7)

Consequently, when recording the pressure at a fixed point and for a moving source (e.g. a landslide),
the bandwidth Af should vary with time. Caplan-Auerbach et al. (2014) present a spectrogram
computed from a fixed hydrophone. The spectrogram shows an interference pattern as presented
above, with a bandwidth evolving with time. These results suggest that the Lloyd mirror effect
could be used to detect underwater landslides.

Remark: Neglecting the interaction with the seabed is a valid assumption when the sound is
trapped in the SOFAR channel, or when the seabed is very dissipative. Analytic expressions are also
available when taking the interaction with the seabed into account (see Brekhovskikh and Lysanov,
2003).



122 CHAPTER 5. Preliminary results for geophysical applications

Name H x (km) \ z (km) \ Theoretical Af (Hz) ‘
Emitter (E) 0 0 /
Receiver 1 (R1) 5 0.3 2
Receiver 2 (R2) 8 0.3 3
Receiver 3 (R3) 5 1.35 16
Receiver 4 (R4) 8 1.35 26

Table 5.1: Coordinate of the emitter and the receivers, and the theoretical Af obtained with
Equation (5.7)

5.1.2 Reproducing the Lloyd mirror with static emitters

We reproduce here the interference pattern for a static emitter. We consider the 2D case with
coordinates x and z. To illustrate the dependency of the interference bandwidth with the emitter-
receiver distance, we fix the emitter location and record the pressure at two different locations.

For the modeling of hydro-acoustic waves, we use the velocity formulation described in Chapter 3:
find U(t) € H*(Q2) solution to

o2 _ _ g
—Q/poU(t)de+/p0C§ <V-U(t)—92U(t)~ez) (V-U—%U-ez) dx
dt Q Q CO CO

+/poN2U(t)-eZﬁ~ede+/ pogU(t)-nU-nds =0, YUe H(Q), (5.8)
Q

s

satisfying the boundary condition
Un,=u, a eonl, Vtel0T] (5.9)

and with vanishing initial conditions. The discretization of the formulation (5.8) is presented in
Chapter 3. Note that the z-axis is inverted compared to the previous section: in Section 5.1.1,
the z-axis is oriented downwards and the origin z = 0 is located on the surface, whereas in the
formulation (5.8) the z-axis is oriented upwards with the origin z = 0 on the flat seabed. The
source term has the form u,(x, t) = f(x)g(t), where f is a Gaussian function,

f(x) = Aexp (—sZ|x — xo|?) , (5.10)

and g(t) is a white noise with frequencies ranging from 0 to 20 Hz. The function g(t) is plotted in
Figure 5.3. The domain is 2D with coordinates (x, z); it is 150 km long and 1.5 km deep. We use
the values A=1m s !, s, =10 m™! and xo = (75,0) km. The coordinates of the receivers are
given in Table 5.1.

The spectrograms of the recorded pressure for each receiver are shown in Figure 5.4. For com-
parison, the spectrogram of the source term is shown in both figures. In the four spectrograms,
we see that the frequency ranges from 0 to 20 Hz, which is consistent with the emitter spectro-
gram. We also see interference figures. For the receivers R1 and R2, the measured bandwidth is
approximately 2 Hz. For the receivers R3 and R4, the measured bandwidth is approximately 5 Hz.
For the receivers near the surface (R3 and R4), the measured bandwidths do not correspond to
the theoretical bandwidths presented in Table 5.1. One reason for this difference could be that the
theoretical bandwidth is computed by assuming that the reflection with the seabed are negligible.
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Figure 5.3: The source term

Even though the numerical values do not correspond, we note that the measured bandwidth shares
some qualitative properties of the theoretical bandwidth. In particular, the measured bandwidth is
larger for the receivers closer to the surface.

5.1.3 Perspectives

With this first experiment, we have shown that the Lloyd mirror can be reproduced in a simple
setting. However, the simulation does not show a complete agreement with the theory described
by Jensen et al. (2011). One possible explanation could be that different boundary conditions are
used for the seabed. It could be useful to investigate whether a theory for other types boundary
conditions and non-harmonic sources exists, and compare it with the simulation.

To continue the comparison with the field data presented in the study by Caplan-Auerbach et al.
(2014), the same model could be used to simulate a landslide. This will be the subject of a future
work.

Finally, the numerical model used to run the simulations can include topography and depth-
dependent sound speed. The model could be used to investigate the effects of a topography and a
more realistic sound speed profile on the pressure spectrum.

5.2 Wave trapping in the SOFAR channel

In this section, we use the model developed in the thesis to simulate the trapping of acoustic waves
in the SOFAR channel.

The SOFAR channel is an open waveguide forming for specific sound speed profiles in the ocean.
Sound speed profiles are usually depth-dependent due to the variations of background temperature
and pressure in an ocean. For typical temperature profiles, the sound speed presents a minimum
around 1 km below the sea surface. Even though the variations are relatively small (aroud a few
percents), this is enough to influence the sound propagation: because of the continuously changing
sound speed, rayes are refracted and trapped in a channel. This effect is stronger near the sound
speed minimum (Jensen et al., 2011; Brekhovskikh and Lysanov, 2003). Rays trapped in this
channel interact neither with the surface nor with the seabed. As a result, the energy is much
less dissipated, which allows for a propagation over hundreds of kilometers with little energy loss.
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The channel thus acts as an open waveguide. Its is called SOFAR channel (for SOund Fixing And
Ranging) or underwater channel axis.

Johnson et al. (1963) have shown that seismic waves generated by underwater earthquakes
or landslides can be converted into hydro-acoustic waves, and propagate in the SOFAR channel.
Those waves are called tertiary waves, or T-waves. Several studies suggested that T-waves could
add valuable information about underwater seismic events (Ewing et al., 1950; Okal et al., 2003).
However, the conversion of seismic waves into T-waves is not fully understood yet. In particular,
waves can propagate in the SOFAR channel only if they enter the channel with a relatively low
grazing angle, namely the angle between the ray and the channel axis. This condition is hard to
satisfy for configurations with a mild topography (Williams et al., 2006; Balanche, 2010). Several
models were proposed, and in many of them the role of topography was stressed (De Groot-Hedlin
and Orcutt, 1999, 2001).

The ray theory is often used for the study of the SOFAR channel. This theory is valid for high-
frequency waves, namely with a wavelength much smaller than the physical scales of the problem
(Jensen et al., 2011). However, acoustic waves generated by seismic event can be of relatively low
frequency. Another widely used method is the normal mode decomposition: when considering a
point source with a harmonic time dependancy, the acoustic pressure field can be obtained as a sum
of normal modes (Brekhovskikh and Lysanov, 2003).

In this preliminary work, we present simulations of acoustic waves trapped in the SOFAR channel.
The novelty of this work is that it provides illustrations for non point-wise, non-harmonic sources.
We show first numerical simulations for a source located inside the channel axis with different sound
speed profiles. Those simulations validate the numerical model for the wave trapping. Then, we
present a simulation of T-waves. Waves are generated in the ocean near the seabed, and trapped in
the SOFAR channel. This simulation also shows the influence of topography on T-wave propagation.

Sound speed profiles. \We present two methods for computing the sound speed profile. The first
method ensures that all background variables are compatible with the model. Moreover, it allows
to freely choose a temperature profile. For the second method, a canonical profile is used.

Following the derivation of the model, the sound speed is computed as ¢ = (8po/0po)s,. Where
the background pressure pg, density pg and entropy sy are related by an equation of state. We
use the reference equation of state given in IAPWS-SR7 (2009). The starting point is the Gibbs
function, which is expressed as a function of temperature T and pressure p,

7 6
i TO - Tref Po — Pref
9(To, p0)/g" = gk, =" o= 511
(To. po)/ E E ik 7 > (5.11)

Numerical values for the coefficients gj., the references temperatures Trer, T* and pressures pref, p*
are given. The density p is then expressed as functions of the Gibbs energy g,

o(T,p) = gi- (5.12)

Moreover, since those variables are background quantities, they should satisfy the static equilibrium,

dpo

P _ H) = 0. 1

1z pog,  po(H)=0 (5.13)
Choosing a temperature profile Tg and combining Equations (5.12) and (5.13) yields an ordinary

differential equation for py. The obtained pressure is used with the temperature to compute the
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Figure 5.5: Background quantities for a variable temperature: (a) temperature; (b): density; (c):
sound speed profiles. In panel (c), the Munk profile is in dashed line, the profile obtained from
Equation (5.14) is in continuous line, and the constant profile is in dotted line. Here the vertical
axis is oriented upwards, hence 5 km corresponds to the surface, and 0 km to the seabed.

sound speed profile, expressed as a function of the Gibbs energy,

grT
c(T,p)= . 5.14
( P) gp\/(ng)z _ g_[__[_ gpp ( )

Doing so ensures that the background quantity correspond to the static equilibrium used in the
model (see Chapter 2). Figure 5.5 shows a typical temperature profile and the corresponding
density and sound speed, computed using Equation (5.14).

Another way of computing the sound speed is to use the Munk profile (Munk, 1974; Brekhovskikh
and Lysanov, 2003), where the sound speed can be explicitly computed as a function of depth. The
expression depends on the minimal sound speed ¢min, reached at z = zy, and the effective width of
the sound channel B,

- B
278 = 21141075 (5.15)

c(2) = Gl e —n—1), n=2"Z2 e==

For example, for a channel axis with a minimum Gmin = 1480 ms™! at zy = 1.3 km below the
surface and an effective width of B = 1.3 km, the sound speed profile is

— 1300
c(z) =1480(1 +¢e(e"—=n—-1)), n= Zle, € = 0.00737. (5.16)
For comparison, both profiles are shown in Figure 5.5-(c). The constant sound speed profile
c = 1500 ms~! is also plotted. The temperature profile for Equation (5.14) is chosen such that
the sound speed has the same minimum and the channel axis is located at the same depth as the
Munk profile, computed from Equation (5.16).
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5.2.1 Simulation of trapped waves

In this first experiment, we show that the model for acoustic-gravity waves can reproduce the
characteristics of the SOFAR channel. To show the effect of the velocity profile, we show results
for the three different sound speed profiles shown in Figure 5.5-(c). We use the dual formulation
presented in Chapter 3, with a volumic source term of the form Fy = (f, 0)t,

d? Po d? ~
2 chwde+dt2/onw¢dx
N - ~ N
+/ Po (Ver/V (¢+g<p) ez> (V(p+N (1/}+g<p) ez> dx
Q
& @w¢d5+/f¢dx=o v(®)ev. (5.17)
dt Jr, g Q? ' Y CT

The discretization of the formulation (5.17) is presented in Chapter 3. The pressure field is then
computed from the velocity field U using the equation

op

We plot the acoustic energy &, defined with the acoustic pressure p, (see Chapter 2),

2
pa2, with  po=p—Vpy-d=p+pogd-e,. (5.19)

5 =
P PoCh

For the source term, we choose f,(x,z,t) = f(x,z)g(t), where f is a Gaussian beam with
angle 8, and g is a Ricker function,

f(x,z) = faexp(—k(x — x5)?) exp(—k(z — z5)?) cos (2kgm (cos(8)x + sin(8)z)), (5.20)
9(t) = go(4s5t> — 250) exp(—(t — to)s0). (5.21)

The frequency kg represents the width of the beam. The higher kg, the narrower the beam is,
and the limit kg — oo corresponds to a perfect ray. However, a higher frequency requires a larger
number of degrees of freedoms. In the simulations we use k = 50m™2, fy, = 1 m?, t; = 1.5 s,
so =552 go=1sand 8 = —0.17 rad. The source is located at the sound minimum, namely
Xs = 0,zs = 3.750 km. The domain is 2D and rectangular. It is 5 km high, and 45 km long.
Since the source is located in the middle to avoid reflections at the boundary, we show only the
one half of the domain. We compare the same beam propagating in an ocean with three different
speed profiles. The profiles described by Equation (5.14), Equation (5.16) and a constant profile
¢ = 1500 ms~! are compared. The obtained energy maps are shown in Figure 5.6.

The wave trapping is clearly seen in the energy map for the Munk profile (Figure 5.6-a ). The
beam is curved and does not reach the bottom. For the two other sound speed profiles, the beam
reaches the bottom and is then reflected. The reflection is seen on the narrow bands near the
bottom. In the case of the sound speed profile obtained from the temperature (Figure 5.6-b ),
the beam is curved but not as much as with the Munk profile. Finally, for a constant sound speed
(Figure 5.6-c ), the same beam is straight and reflects against the bottom. The Munk profile seems
more adapted to illustrate the effects of the SOFAR channel.
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5.2.2 T-wave propagation from a beam located near the seabed

In this second experiment, we illustrate the fact that waves generated near the bottom can be
trapped in the SOFAR channel. To be trapped in the channel, waves must satisfy two conditions:
they should be emitted above a critical depth, and they have to reach the SOFAR axis with a
sufficiently low grazing angle (Williams et al., 2006). The critical depth corresponds to the depth
Z. such that the sound speed at this depth becomes greater than the sound speed at the surface. For
the Munk profile shown in Figure 5.5-(c), the critical depth is z. = 0. Here, we do not consider the
conversion mechanism from seismic wave to hydro-acoustic wave, and assume that a hydro-acoustic
wave with a low grazing angle is generated near the seabed.

In order for the source term to be above the critical depth, we consider a domain with a
topography (see Figure 5.7). The domain has a mild slope (2%). We use the same formulation
(5.17) and source term as in the previous section. The source term is described by Equation (5.20)-
(5.21). The only difference is that the source is located at xs = 45 km, zs = 1.8 km, see Figure
5.7-(a). The Munk profile is used. For reference, the sound speed profile is plotted in Figure 5.7-(b)
with the same z-axis than the domain.

Depth (km)

T T T
0 20 40 60 80 1500 1525

Range (km) Sound speed (ms~1)
(@) (b)

Figure 5.7: Data for the second simulation: (a) the domain; (b) the Munk sound speed profile,
obtained from Equation (5.16). In panel (a), the cross indicates the center of the source.

The resulting energy map is shown in Figure 5.8. In the downwards slope, the waves reflect only
mildly on the bottom and the surface. On the other hand, for the upwards slope several reflection
both on the surface and the bottom can be seen. This simulation illustrates the strong influence of
topography on the wave propagation.
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Figure 5.8: Acoustic energy density.
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5.2.3 Perspectives

In this section, we have shown that the model can reproduce wave trapping in the SOFAR channel.
The numerical model allows for a great variety of source terms. Moreover, the model developed
in Chapter 4 provides equations for the coupling with an elastic seabed. Hence, those two models
could be used to test the mechanisms proposed in the literature for the generation of T-waves, in
particular concerning the conversion of seismic waves into acoustic waves. One of the mechanism
that could be tested is the one proposed by Balanche (2010).

5.3 Conclusion and future work

In this chapter, we have presented preliminary results demonstrating the ability of the model devel-
oped in the thesis to reproduce simplified test cases for geophysical applications.

It should be noted that the presented model is not well suited for real-life applications: in
particular, the 3D computations can become extremely costly. Running 3D simulations of wave
propagating over dozens of kilometers would require significant modifications in the implementation,
such as using parallel computing and adaptive meshes. Moreover, the derivation of the model
assumes only a vertical stratification, which prevents the use of range-dependent parameters.

However, the implementation allows the use of various source terms, sound speed profiles and
topography. The numerical model can hence be used to provide illustrations in some simplified (2D
and range-independant) cases, which can help for a better understanding of the wave propagation.
Moreover, since the model includes the effects of gravity, it can be used to simulate cases where
the surface or internal gravity waves are of interest, e.g. for a landslide-generated tsunami.

We intend to continue this preliminary work with further simulations. For the first application,
we plan to simulate a landslide and analyze the obtained pressure field. The model could also be
used to investigate the influence of topography on the pressure field. For the second application,
a possible work would be to use the fully coupled earth-ocean model developed in Chapter 4 to
simulate T-waves generation. One possibility would be to test the model proposed by Balanche
(2010). However, more information concerning the relevant scales for this application are required.
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In this thesis, we have presented two models for the generation and propagation of acoustic and
tsunami waves in a stratified, free-surface flow: one for the ocean alone, and one for the coupled
earth-ocean system. The theoretical analysis of those models required the use of original formu-
lations, in the first model due to the role of boundary conditions and in the second model due to
the effect of a pre-stress. Moreover, the theoretical analysis led to a new formulation for the ocean
model. Both models were numerically solved with a spectral element method. With those simula-
tions, the models could be validated against the literature, and new illustration for some geophysical
phenomena were obtained. The work presented in this thesis opens the way for several perspectives,
both for theoretical and numerical aspects:

e Influence of usual hypothesis on the propagation of hydro-acoustic waves. One of the
main advantages of the model developed in Chapter 2 is that it was obtained with very few
modeling assumptions, hence it keeps many terms representing different physical phenom-
ena. This could be used to quantify the magnitude of some terms usually neglected. For
example, we could compute the magnitude of the gravity terms inside the domain. Moreover,
the potential-based formulation provides a natural splitting between the rotational and the
irrotational parts of the velocity. This decomposition could be used to test the hypothesis of
an irrotational flow in different cases, e.g. when there is a bathymetry or when the source
term is rotational.

e Potential-based formulation for the Galbrun equation. For the transient Galbrun equa-
tion, in the particular case of a vanishing mean flow, the potential-based formulation proved
to be more advantageous from a computational and a theoretical point of view. This naturally
raises the question of the existence of such formulation for the case with a mean flow. Ob-
taining the potential-based formulation was possible thanks to the symmetry of the problem,
and the presence of a mean flow breaks this symmetry. For this reason, a potential-based for-
mulation with a mean flow cannot be directly deduced from the case studied in this thesis, and
the existence of such formulation is an open question. Another aspect concerns the harmonic
problem, even without mean flow: for the velocity-based formulation, a naive discretization
generates spurious modes. Those modes exist because of the lack of H-coercivity for the
velocity-based formulation. We have shown that the potential-based formulation is coercive
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in H! x L2, hence one could expect that this formulation does not generate spurious modes
in the harmonic case. This remains to be tested.

The static stress in the earth-ocean model. The model developed in Chapter 4 has the
novelty of taking a static stress in the solid Earth into account. The static stress is written in
a very general form, meaning that the model can account for any static stress satisfying only
two conditions: it should correspond to a static equilibrium, and for the analysis we require
some bound in order to prove well-posedness. The model could then be used to assess the
influence of this static stress on seismic waves, hydro-acoustic waves and tsunamis.

Geophysical simulations. The work on geophysical application, presented in Chapter 5 also
offers many possible continuations. For the first application, we plan to simulate a landslide
and analyze the obtained pressure field. The model could also be used to investigate the
influence of topography on the pressure field. For the second application, a possible study
would be to use the fully coupled earth-ocean model developed in Chapter 4 to simulate T-
waves generation. One possibility would be to test the model proposed by Balanche (2010).
However, we would need to know which scales are relevant for this application.
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Vagues et ondes hydro-acoustiques pour I'alerte précoce de tsunami : modélisation, analyse
et simulation

Résumé

L'objectif de cette these est de proposer des modeles décrivant la génération et la propagation des
ondes acoustiques et des ondes de tsunami générées par les mouvements du fond marin. Lors d'un
tremblement de terre sous-marin générant un tsunami, les ondes acoustiques qui se propagent
dans I'eau peuvent étre considérées comme un précurseur du tsunami. L’étude de ces ondes
acoustiques peut donc permettre d'améliorer les systemes d’alerte précoce aux tsunamis. Nous
commencons par un chapitre introductif décrivant I'état de I'art sur le sujet, ainsi que les
principales notions qui seront abordées. Nous présentons ensuite un modele permettant de décrire
la propagation des ondes acoustiques et des ondes de gravité dans un fluide a surface libre. Les
propriétés mathématiques du modele sont ensuite étudiées, et une discrétisation par la méthode
des éléments finis spectraux est proposée. En particulier, nous montrons que le méme modele
physique peut étre décrit a I'aide d'un autre systeme d'équations portant sur une nouvelle variable.
Afin de mieux décrire les interactions des ondes avec le fond marin, le modele est ensuite étendu
pour étudier un systeme fluide-solide. Pour cette extension, nous présentons son étude
mathématique ainsi qu'une simulation. Enfin, nous utilisons les équations développées au cours
des précédents chapitres pour simuler des cas-tests appliqués a la géophysique.

Mots clés : Modélisation, analyse, simulation, fluide a surface libre, ondes acoustiques

Acoustic-gravity waves in free-surface flows: modeling, analysis and simulation towards
tsunami early-warning systems

Abstract

The aim of the present thesis is to propose models describing the generation and propagation of
acoustic and tsunami waves generated by movements of the seabed. In the event of an
underwater earthquake generating a tsunami, acoustic waves propagating in water can be seen as
a precursor of the tsunami wave. The study of these acoustic waves can therefore lead to
improvements of tsunami early-warning systems. We start with an introductory chapter describing
the state of the art on the subject, as well as the main concepts to be covered. Then, we present
a model describing the propagation of acoustic-gravity waves in a free-surface flow. The
mathematical properties of the model are then studied, and a discretization based on the spectral
finite elements method is proposed. In particular, we show that the same physical model can be
described by an alternative system of equations written for a new variable. In order to describe
more accurately the ocean interaction with the seabed, the model is then extended so as to study
a fluid-solid system. We present the mathematical study and the discretization of this new model.
Finally, the equation that were introduced throughout the previous chapters are used to simulate
test-cases with application to geophysics.

Keywords: Modeling, analysis, simulation, free-surface flow, acoustic waves
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