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Abstract

Superfluidity is a state of matter whose main feature is the absence of viscous flow and

heat transport. It originates from the spontaneous breaking of a U(1) continuous global

symmetry below a critical temperature Tc. The gradient of the Goldstone field associated

to the symmetry breaking determines the superfluid velocity. At finite temperature a

superfluid and a normal fluid component coexist; both of them contribute to charge flow.

Landau predicted that the superfluid becomes unstable at large superfluid velocities. He

determined the critical velocity at low temperature by assuming boost invariance and that

the normal fluid is composed of free bosonic quasiparticles with Bose-Einstein statistics.

Hydrodynamics, on the other hand, gives a valid description of interacting systems at

length- and timescales longer than the typical scales at which local thermal equilibrium

is reached. In this thesis we employ a hydrodynamical approach in order to investigate

the instabilities of superfluids at finite superflow. In particular, we find that a hydrody-

namic collective mode crosses to the upper half complex frequency plane, which signals a

dynamical instability. At the same time, however, this instability is also thermodynamic,

as its onset is controlled by one of the second derivatives of the free energy changing sign.

We study the onset of this instability in two main setups: the “probe limit”, where the

fluctuations of the temperature and the normal fluid’s velocity are frozen, and a complete

approach, which includes them.

In both cases we test our findings with the help of gauge-gravity duality (holography).

Up to our numerical precision, we find agreement between the hydrodynamic modes of

the boundary theory and the quasinormal modes of the gravity theory. We are therewith

able to verify our criterion in a holographic setup.

Most importantly, our criterion, which is formulated in a model-independent way, is ap-

plies to interacting systems irrespective of the strength of interactions, does not rely on

boost invariance and does not assume any specific quantum statistics. As a final check,

we also show that it yields the Landau critical velocity for Galilean superfluids with

Bose-Einstein quasiparticles.
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Résumé en français

La suprafluidité est un état de la matière caractérisé par l’absence de flux visqueux et de

transfert de chaleur. Elle survient lorsqu’une symétrie globale continue de type U(1) est

brisée spontanément. Le gradient du champ de Goldstone associé détermine la vélocité

suprafluide. À temperature non-nulle, le fluide possède une composante normale, qui

contribue également au flot de la charge. Une prédiction célèbre de Landau est que le

système souffre d’une instabilité lorsque la vitesse suprafluide dépasse une certaine valeur

critique. Landau détermina cette valeur dans un régime de basse température en sup-

posant le système invariant sous les transformations de Galilée et que le fluide normal

est constitué de particules libres avec une statistique de Bose-Einstein. Cependant, afin

d’évaluer la vitesse critique selon son critère, il est nécessaire de connâıtre le spectre des

excitations microscopiques.

L’approximation hydrodynamique permet de décrire les systèmes avec interactions aux

échelles d’espace et de temps longues comparées à celles où l’équilibre thermodynamique

est établi localement. Dans cette thèse nous introduisons d’abord le formalisme hydro-

dynamique des systèmes suprafluides et donnons une classification complète des contri-

butions dissipatives. En suite, nous appliquons cette approche hydrodynamique afin de

determiner la vitesse critique des suprafluides.

En particulier, aux grandes valeurs de la vitesse suprafluide, nous trouvons qu’un mode

collectif hydrodynamique passe dans le demi-plan supérieur des fréquences complexes, ce

qui signale une instabilité dynamique. Cette instabilité est en fait d’origine thermody-

namique, car elle est provoquée par un changement de signe d’une dérivée seconde de

l’énergie libre. Elle a lieu lorsque:

ξ + ∂ξns = 0 , (1)

où ξ indique la partie spatiale du gradient du champ de Goldstone et ns la densité de

charge suprafluide.

Nous étudions l’occurrence de cette instabilité dans deux configurations différentes : la

“limite-test”, où la temperature et la vitesse du fluide normal sont figées, et une approche

complète, qui les inclut.
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Dans les deux cas nous vérifions nos résultats à l’aide de la dualité entre théorie de jauge et

de gravité. Formulée en 1997 par Maldacena, cette conjecture postule l’équivalence entre

une théorie de gravité en d+1 dimensions dans un espace asymptotiquement anti-de Sitter

(c’est à dire, à courbature négative constante) et une théorie des champs invariante sous

les transformations conformes (dite “théorie de bord”). En particulier, on peut montrer

qu’une théorie des champs fortement couplée correspond à une théorie de (supra)gravité

classique, décrite par les équations d’Einstein. En outre, on peut décrire une théorie de

bord à temperature finie en étudiant une solution de trou noir des équations d’Einstein.

La temperature et l’entropie du systéme sont données respectivement par la “temperature

de Hawking” et “l’entropie de Bekenstein-Hawking” du trou noir.

D’un point de vue pratique, nous suivons l’approche introduite en 2008 par Hartnoll,

Herzog et Horowitz et considérons une géometrie couplée à un champ de jauge et un champ

scalaire. En dessous d’une temperature critique le champ scalaire forme un condensat en

acquérant une solution non nulle. Il y a donc brisure spontanée d’une symétrie : le

gradient du champ de Goldstone qui en provient correspond á la velocité suprafluide dans

la théorie de bord. Dans la “limite-test” nous negligéons les interactions entre le tenseur

de la métrique et les champs de matière.

Nous trouvons une très bonne concordance entre les fréquences caractéristiques du système

hydrodynamique et les fréquences quasinormales de la théorie de gravitation. Notamment,

nous pouvons constater qu’une fréquence quasinormale va à zéro et acquiert une partie

imaginaire positive quand la condition (1) est satisfaite. Cela nous permet donc de vérifier

notre critère dans un modèle holographique.

Notamment, notre critére (formulé sans référence à un modèle en particulier) est valide

indépendamment du couplage et ne requiert pas d’invariance sous les transformations de

Galilée. En dernier lieu, nous montrons aussi qu’il reproduit la limite de Landau une fois

appliqué à des suprafluides galiléens avec statistiques de Bose-Einstein.
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1 Introduction

Superfluidity is a state of matter characterized by the absence of dissipative flow and

of heat transport at zero temperature [1–3]. It arises from the spontaneous breaking

of a U(1) global symmetry of a scalar field, caused by an order parameter acquiring a

vacuum expectation value. The associated gapless Goldstone mode φ is responsible for

the onset of an associated charge current: the corresponding velocity, i.e. the superfluid

velocity, is proportional to the gradient of the Goldstone: vs ∼ ∇φ. In fact, under U(1)

transformations the Goldstone transforms non-linearly φ → φ + λ and as a consequence

only the superfluid velocity can be measured, not the phase itself.

The conventional phenomenological framework adopted in the description of such systems,

the so-called Landau-Tisza model, describes the coexistence of a superfluid component

with a normal fluid one. At a critical temperature Tc the superfluid component vanishes

and the system transitions to a normal fluid. For 4He, the best-known superfluid, Tc ≈
2.2K. In such a composite system the superfluid component relies on a Bose-Einstein

condensate (BEC). The normal fluid component, on the other hand, consists of the bath

of thermal excitations above the ground state forming the condensate.

On top of the critical temperature superfluids also feature a critical velocity vc. Landau

determined it in terms of the microscopic excitation spectrum of the thermal theory [4–7]:

vc = min
εp
p
. (1.1)

This criterion has a simple formulation; however, in order to apply it, one needs to know

the microscopic details of the system. It is therefore best suited for systems with weakly

interacting degrees of freedom, where the calculation of the energy spectrum ε(p) can be

successfully carried out with field theory methods.

Strongly coupled theories, on the other hand, entail a different approach. Rather than

directly diagonalizing the Hamiltonian in perturbation theory, one usually studies them

by means of effective field theories (EFT). A classical example of an effective field theory,

and the one that we are going to employ in this thesis, is hydrodynamics [4,8,9]. Assum-

ing small perturbations out of thermal equilibrium, it describes the collective excitations

of thermal systems in the low energy limit (or, alternatively, at times and length scales
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much larger than the typical relaxation scales of the underlying microscopic theory).

Another common strategy for tackling strongly coupled systems is the use of dualities. A

prime example thereof is the AdS-CFT correspondence [10–13], or gauge-gravity duality,

which states the equivalence between a d + 1-dimensional gravity theory in an asymp-

totically anti-de Sitter (AdS) geometry and a conformal field theory (CFT) living on its

d-dimensional boundary. To wit, one can send the string coupling to zero, thus obtaining

classical supergravity on the gravity side, while also keeping a large effective coupling

in the boundary theory. This is the so-called ‘t Hooft limit: it allows us to translate

the AdS-CFT correspondence into a duality between a classical gravity theory, governed

by Einstein’s equations of motion, and a hydrodynamic effective field theory. Hence the

jargon “fluid-gravity correspondence”.

In this thesis we make use of both these approaches in order to determine a criterion for

the critical velocity of superfluids that only depends on collective quantities and not on

microscopical degrees of freedom.

In short, we are going to show that the system undergoes an instability when:

∂ξ (ξns) = 0 , (1.2)

where ξ is the norm of the spatial gradient of the Goldstone φ and ns is the superfluid

charge density. We verify this condition both in hydrodynamics and using gauge-gravity

duality. In the latter approach, we use a Lagrangian involving (in its most complete form)

fluctuations of the background metric, of a gauge field and of a complex scalar field, which

will be dual to the fluctuations of the stress-energy tensor, current and condensate re-

spectively.

This criterion, being formulated in terms of collective variables, manifestly holds for

strongly coupled system described by effective theories. It is nevertheless also valid for

weakly coupled systems: we show that it predicts the same critical velocity as the Landau

criterion (2.39) in the case of 4He with roton excitations.

Another relevant point concerns the nature of the instability signalled by (1.2). We

demonstrate that this is a dynamical and a thermodynamical instability at the same

time. In fact, when the criterion is fulfilled the imaginary part of the eigenmodes of the

collective excitations of the system becomes positive, giving rise to perturbations which

grow exponentially at late times. Concurrently, however, the diagonal susceptibility as-

sociated to the superfluid velocity diverges and changes sign, indicating the onset of a

thermodynamical instability.

This, together with the agreement with the Landau criterion (2.39) for 4He, is a non-

trivial check that highlights the power of hydrodynamics as an effective field theory.

The “holographic check” (i.e. the verification by means of gauge-gravity duality) of our
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criterion gives a further assessment of a correspondence that has had an appreciable

success since 2008, when Herzog, Hartnoll and Horowitz published their pioneering pa-

pers [14,15]. In particular, here we are adding a non-zero background superfluid velocity

to the picture, which translates into a finite boundary value of the spatial part of the

gauge field. In spite of its rather technical character, then, such a test of the AdS-CFT

correspondence is significant in and of itself.

In this thesis, after introducing the necessary tools from hydrodynamics and the gauge-

gravity correspondence, we are going to show criterion (1.2) in a handful of frameworks.

As a first example we are going to take a look at the so-called “probe limit”, where we

only consider perturbations to the Goldstone and the chemical potential. We compute

the eigenmodes of the system and derive our criterion (1.2) by determining the value of

ξ for which the imaginary part of one mode becomes positive. On the gravity side of

the AdS-CFT correspondence this amounts to neglecting the backreaction between the

metric and the matter fields. In the probe limit we also present an analytical solution to

the Einstein equations of motion, valid in the limit of small condensate and background

superfluid velocity. We are able to explicitly show the correspondence of such a model

with the hydrodynamical description of probe superfluids, and to check the consistency

of our criterion.

We then proceed with the hydrodynamical description of the full Landau-Tisza model,

including fluctuations of the temperature and the normal fluid velocity. Correspondingly,

on the gravity side we are going to include backreaction. The eigenmodes of the system

are much too involved to be written down, but we are still able to check the validity of

our criterion.

Throughout this thesis we are using natural units; in particular, we set c = ~ = 1. Some

of the results are given in [16], while a more detailed analysis is presented in [17].
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2 Hydrodynamics: an overview

In the introduction to their book [4] Landau and Lifschitz define fluid mechanics as “the

theory of fluids and gases”. Although this definition works for most practical applications,

modern hydrodynamics deserves a more precise framing.

In general, complex systems such as fluids and gases can behave quite differently depend-

ing on the scales at which they are probed. In particular, typical microscopic operators

relax on length- and timescales `th, τth. Thus fast variables, which do no overlap with con-

served operators, decay on short scales, becoming irrelevant for the effective description

of the state at long length- and timescales. This implies that the system can be described

by studying the operators na overlapping with quantities protected by conservation laws.

These operators form the ensemble of the state. 1

2.1 Constitutive relations and frame choice

Assuming thermal equilibrium and the existence of a thermal density matrix ρ one can

define the expectation values 〈na〉 of the conserved operators n̂a:

〈na〉 ≡
1

Z
Tr [n̂aρ] , (2.1)

where Z ≡ Trρ and the trace is taken over a complete set of energy eigenstates of the

system (for instance in the canonical ensemble ρ = e−βH and in the grand-canonical

ensemble ρ = e−βH+Nµ). Then one can write the conservation laws as:

∂t 〈na(t,x)〉+∇ · 〈ja(t, x)〉 = 0 (2.2)

The currents ja are fast variables; as such, their expectation values in the thermal ensemble

can be locally expanded in gradients of the conserved densities:

〈ja〉 = αab 〈nb〉 −Dab∇〈nb〉+O(∇2) (2.3)

1Note that the choice of ensemble is not unequivocal, different ensembles can be used to describe the
same state.
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Such relations are called constitutive relations. They are expressed up to first order in

gradients (or, in Fourier space, momenta). The zeroth order αab terms define an ideal

hydrodynamic system. The first-order terms Dab, on the other hand, are the so-called

transport coefficients. They can be hydrostatic (that is, originating from higher derivative

corrections to the hydrostatic pressure and signalling deviations out of homogeneous equi-

librium), or non-hydrostatic, describing slight deviations out of equilibrium. Furthermore,

they may or may not contribute to entropy production (which has to stay non-negative,

as dictated by the second law of thermodynamics). Those which do are called dissipative

terms. By imposing parity and time-reversal invariance [18] one can show that relativistic

(and Galilean) superfluids do not admit any non-dissipative transport coefficients at first

order in gradients.

Note that the convergence of the hydrodynamic series with contributions at arbitrarily

high orders in gradients is not guaranteed a priori. For the purpose of this thesis we will

assume that a truncation of the series to linear terms in gradients gives a valid low-energy

description of the system at hand.

The constitutive relations are constrained by the symmetries of the system.

First of all, notice that there is usually some ambiguity in the constitutive relations beyond

ideal order: global thermodynamic variables such as temperature, chemical potential, or

fluid velocity, are not well-defined out of equilibrium. Rather, they are to be understood

as parameters occurring in the definition of the conserved densities and the related cur-

rents, which do have a microscopic definition. This leaves room for different, equivalent

definitions of first order hydrodynamics, which come under the name of frame choices. In

relativistic hydrodynamics one can for instance require [4] that the expectation values of

the current and the stress-energy tensor be orthogonal to the fluid velocity. This frame

choice is called the Landau frame [19,20].

In addition, according to the second law of thermodynamics entropy production must be

positive definite. This leads to constraints on the components of the matrix Dab.

Finally, time reversal invariance gives rise to the so-called Onsager relations, which are

essentially symmetry relations between the Green’s functions (which we are going to

introduce in the next sections). As such, they translate into symmetry conditions for

thermodynamic derivatives.

2.2 Susceptibilities and Green’s functions

Hydrodynamics describes deviations from thermodynamic equilibrium. Therefore to-

gether with writing down the constitutive relations the first step in describing a hy-
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drodynamic system is the definition of the pressure, i.e. the first law. It will be written

as

dp =
∑
a

na dsa (2.4)

sa is called the source of na. One can express the fluctuations of the ensemble in terms of

those of the sources. The matrix χab responsible for the change of basis is the susceptibility

matrix :

δna = χab δsb (2.5)

Owing to its definition and recalling that in the grand-canonical ensemble the free energy

density f equals the pressure up to a sign, we see that the susceptibility matrix is the

Hessian matrix of f . As such, a necessary condition for thermodynamic equilibrium is its

positive definiteness. In particular, all of its diagonal components have to be nonnegative.

We can now take a look back at the equations of motion (2.2) and introduce the retarded

Green’s functions GR
ab(t,x) ≡ GR

na,nb
(t,x). Formally, the retarded functions are given by

the commutator of the two operators involved [8, 21–23]:

GR
ab(t− t′,x− x′) ≡ iθ(t− t′) 〈[na(t,x), nb(t

′,x′)]〉 (2.6)

On perturbing the sources at t ≥ 0 by δsi(t,x) the solution of the equations of motion

can be written as:

δ〈na(t,x)〉 =

∫
dt′ddx′GR

ab(t− t′,x− x′) δsb(t
′,x′) (2.7)

From their definition (2.6) one can see that GR(t,k) vanishes at negative times. Hence,

upon Fourier transforming (t, x) → (ω, k), we see that GR(ω,k) is analytic in the upper

half-plane of complex ω.

2.2.1 Onsager relations

Let Θ denote the time-reversal operator, under which any hermitian operator na behaves

as

Θna(t,x)Θ−1 = ηana(−t,x) with the time-reversal eigenvalue ηa = ±1 (2.8)

The expectation value of an operator is taken over a complete set of states (labeled as |φ〉)
with the density operator ρ̂. Imposing that the system be invariant under time-reversal

one gets [H,Θ] = 0 and so ΘHΘ−1 = H. Similarly, Θρ̂Θ−1 = ρ̂.
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We can now compute the correlation function 〈na(t,x)nb(0,x)〉:

〈na(t,x)nb(0,0)〉 ≡
∑
φ

〈φ|ρ̂ na(t,x)nb(0,0)|φ〉

=
∑
φ

〈φ|Θ−1Θ ρ̂Θ−1Θna(t,x)Θ−1Θnb(0,0)Θ−1Θ|φ〉

= ηaηb
∑
φ

〈φ|Θ−1 ρ̂ na(−t,x)nb(0,0)Θ|φ〉

= ηaηb
∑
φ

〈Θφ|ρ̂ nb(0,0)na(−t,x) |Θφ〉

(2.9)

where we exploited the invariance of ρ̂ under time-reversal. The time-reversed states |Θφ〉
form a complete set, so we have

〈na(t,x)nb(0,0)〉 = ηaηb 〈nb(0,0)na(−t,x)〉 (2.10)

We can rewrite 〈nb(0,0)na(t,x)〉 in a similar fashion. We then get:

GR
ab(t,x) = −iθ(t)〈[na|(t,x), nb(0,0)]〉 = −iθ(t) ηaηb 〈[nb(t,−x, na(0,0)]〉 = ηaηbG

R
ba(t,−x)

(2.11)

If the constitutive relations depend on a quantity ξ (such as a magnetic field or, in our

case, the background superfluid velocity) that flips under time-reversal we have

ΘH(ξ)Θ−1 = H(−ξ) (2.12)

giving

GR
ab(t,x, ξ) = ηaηbG

R
ba(t,−x,−ξ) (2.13)

and in Fourier space:

GR
ab(ω,k, ξ) = ηaηbG

R
ba(ω,−k,−ξ) (2.14)

2.2.2 Computation of the Green’s functions

To compute the retarded Green’s functions one first defines a matrix Mab so that the

equations of motion can be written as: 2

∂t 〈na(t,x)〉+Mab δ〈nb(t,x)〉 = 0 (2.15)

2Mab should not depend on time. In order to be able to write the equations of motion as in (2.15),
one should choose a frame where non-ideal contributions to the constitutive relations do not carry time
derivatives. In the rest of this chapter we are going to assume that this is the case.
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In Fourier space:

GR
ab(ω,k) = (1 + iωK−1)ac χcb , (2.16)

with

K ≡ −iω 1 +M. (2.17)

Note that limω,k→0G
R
ab = χab: hence the Onsager relations for the susceptibilities

χab(ξ) = ηaηb χba(−ξ) (2.18)

To show (2.16) we follow Kadanoff and Martin’s approach [19,24]:

• First, we Fourier transform (2.15). 〈δnb(t,x)〉 is only defined for t > 0, so we have to

employ a Laplace transformation in time. In frequency-momentum space we obtain∫ ∞
0

dt eiωt∂tδ〈na(t,k)〉 = −δ〈na(t = 0,k)〉 − iω δ〈na(ω,k)〉 (2.19)

And so (2.15) becomes:

−iω δ〈na(ω,k)〉+Mab δ〈nb(ω,k)〉 = δ〈na(t = 0,k)〉 (2.20)

Recalling the definition of K and χ we can invert this relation and find:

δ〈na(ω,k)〉 = (K−1)abχbc δsb(t = 0,k) (2.21)

• We want to compare this expression with its equivalent formulation in terms of the

retarded Green’s functions GR
ab in frequency-momentum space.

Suppose that at t = 0 we turn off the sources δ〈sb(t,k)〉.3 Then, by definition of

the retarded Green’s functions, we obtain:

δ〈na(t,k)〉 = −
∫ 0

−∞
dt′ eεt

′
GR
ab(t− t′,k) δsb(t

′ = 0,k) , (2.22)

where we imposed that the time dependence of the source is given by an adiabatic

damping eεt
′
. This choice ensures convergence of the Fourier integrals.

3We could as well turn them on at t = 0, and get the same final result. This particular choice comes
from the fact that GR(ω,k) is analytic in the upper half-plane of complex ω; otherwise we would have
to define an analytical continuation in the lower-half plane.
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• The Fourier transformation of the retarded function satisfies:

GR
ab(t− t′,k) =

1

2π

∫ ∞
−∞

dω′GR
ab(ω

′,k) e−iω
′(t−t′) (2.23)

Together with (2.22), after integrating over dt′, this yields:

δ〈na(t,k)〉 = − 1

2π
〈sb(t′ = 0,k)〉

∫ ∞
−∞

dω′GR
ab(ω

′,k)
e−iω

′t

iω′ + ε
(2.24)

• By taking another Laplace transformation we get (again adding a factor e−ε̃t to

ensure convergence):

δ〈na(ω,k)〉 = − 1

2π
〈sb(t′ = 0,k)〉

∫ ∞
−∞

dω′
∫ ∞

0

dtGR
ab(ω

′,k)
eit(ω−ω

′+iε̃)

iω′ + ε

= − 1

2π
〈sb(t′ = 0,k)〉

∫ ∞
−∞

dω′GR
ab(ω

′,k)
1

(ω′ − ε)(ω′ − ω − iε̃)

(2.25)

We evaluate this integral by means of Cauchy’s theorem in the upper half-plane,

where GR
ab(ω,k) is analytic. In the ε, ε̃→ 0 limit we finally find:

δ〈na(ω,k)〉 = − 1

iω
sb(t

′ = 0,k)
(
GR
ab(ω = 0,k)−GR

ab(ω,k)
)

(2.26)

• By comparing (2.26) with (2.21) we finally obtain (2.16).

From (2.7) and (2.26) one can see that the poles of the Green’s functions determine the

eigenfrequencies of the system. In momentum space the poles ω(k) of GR
ab(ω,k) are called

the modes of the system. They are usually written in powers of k ≡ |k|:

ω(k) = v k +
iΓ

2
k2 +O(k3) (2.27)

where v is called the speed of sound and Γ the attenuation constant. In ideal hydrody-

namics ω(k) is real for real k, giving Γ = 0.

Notably, the modes ωj (1 ≤ j ≤ dimension of the ensemble) of the system determine the

propagation of (small) initial perturbations out of equilibrium, which is given by the wave

functions e−iωjt+ikx. One sees that whenever Im(ω) crosses the real axis and becomes

positive a dynamical instability is produced, signalled by the exponential growth in time

of the corresponding perturbation [21].

Note: in complex Fourier space the collision of the hydrodynamic modes with the first

non-gapped non-hydrodynamic mode, as a function of complex wavevector, determines

the radius of convergence of the hydrodynamic series [25–27]. In fact, one can write the
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propagators as a Laurent series around the modes, which are their poles. It is a known

property of Laurent series that their radius of convergence is set by the next pole. If the

latter does not correspond to a hydrodynamic mode, then hydrodynamics will not be able

to describe the physics beyond it.

A final note: practically, one can compute the retarded Green’s functions by means of the

so-called variational method [19].

To do so one couples the currents to external fields sO, so that the variation of the grand

potential 4 Ω ≡ − lnZ (Z being the static partition function) receives contributions of

the form:

Ω→ Ω +

∫
ddx
√
|g| 〈O〉φO (2.28)

Let us take relativistic superfluid hydrodynamics as an example. As we are going to see,

it includes a charge current jµ coupling to a gauge field Aµ, a stress-energy tensor T µν

coupling to a perturbation to the metric gµν and Goldstone field coupling to a scalar

source sφ.

The external fields will appear on the right-hand side of the equations of motion. For

instance, in our case:

∂µj
µ = sφ ∇µT

µν = jρF
ρσ + sφ (∂νφ− Aν) (2.29)

with the antisymmetric field strength tensor Fµν ≡ ∂µAν − ∂νAµ. These relations can be

derived by imposing gauge and diffeomorphism invariance:

• Under a gauge transformation the Goldstone field and the gauge field are shifted by

φ→ φ+ λ and Aµ → Aµ + ∂µλ. Then the action varies by:

S → S +

∫
ddx
√
−g sφλ+

∫
ddx
√
−g jµ∂µλ ∼

∫
ddx
√
−g λ(sφ − ∂µjµ) (2.30)

Imposing invariance we get ∂µj
µ = sφ.

• Similarly, under a diffeomorphism parametrized by a vector θµ the fields are shifted

by their Lie derivative with respect to θµ: φ→ φ+θµ∂µφ, Aµ → Aµ+θρ∂ρAµ+Aρ∂µθ
ρ

and gµν → gµν +∇µθν +∇νθµ. Then upon integration per parts the action varies

by:

S → S +

∫
ddx
√
−g θµ (sφ∂

µφ+ jνF
µν −∇νT

µν) (2.31)

After restoring gauge invariance by shifting ∂νφ → ∂νφ − Aν (the sφA
ν term is

quadratic in the external fields, and thus does not contribute at linear order in

4We work in the grandcanonical ensemble, where the system is assumed to be in thermodynamic
equilibrium with a reservoir with which it can exchange heat and particles. The grand potential Ω =
− lnZ satisfies Ω = U − TS − µN , U being the internal energy.
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perturbation theory) we then obtain the second equation in (2.29).

One then solves the equations of motion and computes the expectation values of the

currents on shell, whose variation with respect to the external fields yields the Green’s

functions.

Starting from the expectation values in thermal equilibrium we define:

J µ ≡
√
|g|〈jµ〉 T µν ≡

√
|g|〈T µν〉 Φ ≡

√
|g|〈φ〉 (2.32)

The factor of
√
−g arises due to the functional form of the action in theories with non-

trivial metric: S =
∫

ddx
√
−gL.

The retarded functions can then be computed as follows:

GR
TµνT ρσ = 2

∂T µν

∂hρσ

∣∣∣∣hαβ 6=ρσ=
Aα=sφ=0

GR
TµνJσ =

∂T µν

∂Aσ

∣∣∣∣hαβ=Aα6=ν
=sφ=0

GR
Tµνφ =

∂T µν

∂sφ

∣∣∣∣
hαβ=Aα=0

(2.33)

The definitions of GR
jµ? and GR

φ? are analogous.

The retarded Green’s functions computed with this procedure are found to agree with

(2.16) up to so-called contact terms, which are independent of ω.

2.3 Instabilities: dynamical and thermodynamic

As we anticipated above, a necessary condition for the system to be in a stable state is

that the imaginary part of the modes be negative. This can be seen by considering the

evolution of the vacuum expectation value of a quantity na in the ensemble, after turning

on a source sb at t = 0.

Recall equation (2.7):

δ〈na(t,x)〉 =

∫
dt′ddx′GR

ab(t− t′,x− x′) δsb(t
′,x′)

= −i
∫

dt′ddx′ θ(t− t′)ρab(t− t′,x− x′) δsb(t
′,x′)

(2.34)

where in the second line we have employed the spectral function ρab [19]:

GR
ab(t− t′,x− x′) ≡ −iθ(t− t′)ρab(t− t′,x− x′)
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The above integral is the convolution of GR
ab with δsb, so upon Fourier transforming this

becomes:

δ〈na(t,x)〉 = −i
∫

dt′ddx′
∫

dωddk e−iω(t−t′)+ik(x−x′)θ(t− t′)ρab(ω,k) δsb(ω,k) (2.35)

We can evaluate the integral over dω by means of Cauchy’s integral theorem. Let us

choose a contour in the upper half plane consisting of the real axis, together with the

half circle ω = Reiθ, with 0 ≤ θ ≤ π and R → ∞. Assuming ρab(ω,k) δsb(ω,k) to fall

off sufficiently quickly at |ω| → ∞, the integral over the whole contour reduces to the

integral over the real axis, which is the one that we want to compute. With Cauchy’s

theorem we find then:

δ〈na(t,x)〉 = − 1

2π

∫
dt′ddx′

∫
ddk eik(x−x′)θ(t− t′)

∑
ωi pole of ρab

Im(ωi)>0

e−iωi(t−t
′)δsb(ωi)Res ρab(ωi)

(2.36)

The Heaviside function θ(t− t′) implies that we have to check whether δ〈na(t,x)〉 is well-

behaved for t→ +∞. But in this limit whenever Im(ω) > 0 we get an exponential growth

in time. Therefore if we assume the perturbation δ〈na(t,x)〉 to be well-behaved at large

times we see that the retarded propagator GR
ab shall not have any poles in the upper half

plane.

Whenever the imaginary part of a hydrodynamic mode crosses over to the upper half

plane one obtains a dynamic instability.

In thermodynamics, on the other hand, instabilities are signalled by the free energy not

being at a minimum anymore.

This condition can be detected by looking at the susceptibility matrix (2.5). Since it is

the Hessian matrix of the free energy, it has to be positive definite for the system to sit in

a (local) minimum of the free energy. This also implies that all its diagonal entries must

be positive.

In this thesis we are going to show that at a critical superfluid velocity ξc one encounters

a dynamical instability signalled by the imaginary part of a hydrodynamic mode crossing

over to the upper half-plane. Together with the imaginary part, also the real part of the

mode is found to undergo a sign change. Furthermore, we demonstrate that this dynamic

instability is also a thermodynamic instability by showing that the susceptibility associ-

ated to the superfluid velocity also changes sign.

Finally we show that our criterion reduces to the well-known Landau criterion for super-

fluids with roton excitations.
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2.4 Superfluid hydrodynamics

Superfluidity is a phase of matter whose main feature is frictionless charge transport

(vanishing shear viscosity). It was first observed in 4He at temperatures below Tc ≈ 2.2K

[4,28,29] and more recently in ultracold atomic gases [30]. It is also expected to take place

inside neutron stars [31], in quark plasma above 1011K and in metals at low temperature

[1].

A relativistic superfluid is a charged fluid with a spontaneously broken global symmetry

(in its simplest form a U(1) symmetry) and a related Goldstone boson. The superfluid

velocity is proportional to the gradient of the Goldstone:

vsν ≡
∂νφ

µ
(2.37)

This makes its spacelike component irrotational: ∇ × µvs = 0, hence the absence of

unbound vortices in the system 5.

The conventional phenomenological framework

adopted in the description of such systems, the so-

called Landau-Tisza model [33,34], considers the co-

existence of a superfluid component with a normal

fluid one. At a critical temperature Tc the superfluid

component vanishes and the system transitions to a

normal fluid. For 4He, the best-known superfluid,

Tc ≈ 2.2K. On the other hand, at T = 0 the charge

fraction carried by the normal component vanishes

and one is left with a pure superfluid.

In such a composite system the charge density asso-

ciated with the superfluid component is given by a

Bose-Einstein condensate (BEC). The normal fluid,

on the other hand, consists of the bath of thermal

excitations above the ground state forming the con-

densate.

Graphical representation of the

U(1) spontaneous symmetry

breaking mechanism.

5The formation of vortices after applying external angular momentum is a quantum effect, stemming
from the fact that the condensate vanishes in the core of the vortex. This effectively change the topology
of the fluid - see [32], section 2.3.1 for more details. The vortices counterbalance the externally applied
angular momentum.
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2.4.1 The Landau criterion

Superfluids become unstable when the relative velocity between the normal fluid and

the superfluid component exceeds a critical velocity vc. A first criterion to compute this

bound was first derived by Landau and is called the Landau criterion [3, 32] .

Let us assume that the superfluid moves through a capillary with velocity vs; εp is its

excitation spectrum in its rest frame. Imposing Galilean boost invariance, its spectrum

in the capillary’s reference frame is given by ε′p = εp + p · vs. At zero temperature, in

order for it not to be energetically convenient to thermally excite the condensate, the

excitation spectrum in the capillary’s rest frame must be nonnegative. Its minimum is

attained when p and vs are antiparallel [3]:

min ε′p = εp − p vs (2.38)

This quantity has to be nonnegative:

vs ≤ vc ≡ min
εp
p

(2.39)

This criterion, albeit generally effective in foreseeing the critical velocity of common su-

perfluids such as Helium 4, has some limitations. First of all, it assumes Galilei invariance,

which is necessary to compute the excitation spectrum in the capillary’s rest frame. Also,

the derivation given above is only valid at low temperatures, and does not take dissipation

into account. From a practical point of view, moreover, in order to actually compute the

bound one needs to know the microscopic theory responsible for the excitation spectrum.

Hence the main purpose of this thesis: to formulate a criterion for the critical

velocity of superfluids which does not rely on the microscopic details of the

system or invariance under boosts.

2.4.2 Relativistic superfluid hydrodynamics

The hydrodynamics of a relativistic superfluid is built upon two background scalar quan-

tities, the chemical potential µ and the temperature T , together with the Goldstone boson

φ and uµ, the normal fluid velocity. It is normed: uµuµ = −1.

The superfluid velocity is proportional to the gradient of the Goldstone, denoted as ξµ:

vsν =
ξν
µ
≡ ∂νφ

µ
(2.40)
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The Josephson relation links the gradient of the Goldstone boson and the chemical po-

tential: 6

uµξµ + µ = 0 (2.41)

Slightly moving out of equilibrium one can modify this relation by adding dissipative

contributions packaged in µdiss:

uµξµ + µ+ µdiss = 0 (2.42)

We define the projector onto the subspace perpendicular to the normal fluid velocity uµ:

∆µν ≡ ηµν + uµuν (2.43)

This allows us to write down the component of the superfluid velocity orthogonal to the

normal fluid velocity:

ζµ ≡ ∆µ
νξ

ν (2.44)

We can now write down the constitutive relations up to linear order in gradients (labeled

by the diss subscript). We will justify the form of the constitutive relations at ideal order

in the box at the end of this section.

The constitutive relation for the current can then be written as:

jµ = nuµ +
ns

µ
ζµ + jµdiss (2.45)

Note that at ideal order, given the Josephson relation (2.41), this is equivalent to writing

jµ = nnu
µ + ns

ξµ

µ
+O(∂) (2.46)

with the normal charge density nn ≡ n− ns.

The stress-energy tensor takes the following form:

T µν = (ε+ p)uµuν + p ηµν + ns

(
ζµuν + ζνuµ +

1

µ
ζµζν

)
+ πµνdiss (2.47)

For example, with zero background superfluid velocity (that is, when the spatial part of

ξµ appears at first order in fluctuations) we consider the following dissipative terms:

jµdiss = − κ
T

∆µν∂ν
µ

T
µdiss = −ζ3 ∂µ (nsζ

µ) πµνdiss = −η σµν , (2.48)

6Following [35], one can express the Josephson relation as the constitutive relation for a higher-form
current, putting all hydrodynamic equations on equal footing. In this thesis, however, we are going to
stick to the conventional formulation of superfluid hydrodynamics.
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where σµν ≡ ∆α
µ∆β

ν

(
∂(αuβ) − ηαβ ∂ρu

ρ

d

)
is the traceless symmetric part of ∂µuν , projected

perpendicular to uµ [36] 7 . η is the shear viscosity, κ the thermal diffusivity and ζ3 the

superfluid diffusivity [37].

The Smarr relation relates energy density, pressure, charge density and entropy density:

ε+ p = nµ+ sT (2.49)

Following [38], it can be proven by recalling that the entropy S, the internal energy E,

the volume V and the charge N are extensive quantities, meaning that E(λz) = λE(z)

(and similarly for S, V , and N) for a scaling parameter λ which rescales the “size” z of the

system. But then the energy is given by E(z) = ∂E(z,λ)
∂λ

∣∣
λ=1

, and therefore E = ∂E
∂λ

∣∣
λ=1

=

(∂E
∂S

∣∣
V,N

S+ ∂E
∂V

∣∣
S,N

V + ∂E
∂N

∣∣
V,S
N)
∣∣
λ=1

(since just as we do for E, we have S(z) = ∂S(z,λ)
∂λ

∣∣
λ=1

etc.).

The first law of thermodynamics states dE ⊃ TdS + µdN − pdV : hence we find E =

TS − pV + µN . Dividing both sides of this equation by V we finally get (2.49) since the

densities are defined as ε ≡ E/V , s ≡ S/V and ρ ≡ N/V .

We impose conservation of the current and the stress-energy tensor:

∂µj
µ = 0

∂µT
µν = 0

(2.50)

Ideal superfluid hydrodynamics: fixing the constitutive relations and the

Josephson equation

In this box we motivate the constitutive relation (2.47) and derive the Josephson

equation (2.41) by imposing that entropy production vanish at ideal level (following

[39]).

First, let us give the most general parametrization for the stress-energy tensor. For

a normal fluid it is just given by T µν = (ε + p)uµuν + p ηµν . Adding the superfluid

component to the picture we can build two symmetric tensors, ζµuν + ζνuµ and ζµζν

and one more scalar, ∂µφ∂
µφ or, equivalently, ζ2 (from the definition of ζµ it follows

that ζµuµ = 0). We can then write:

Tµν = (ε+ p)uµuν + p ηµν + α1ζ
2 ∆µν + 2α2 ζ(µuν) + α3 ζµζν (2.51)

for some coefficients αi(µ, T, ζ
2).

7We define A(µBν) ≡ (AµBν +AνBµ)/2
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We define [39]:

µs ≡ −uµξµ (2.52)

Then (2.44) becomes ζµ = ξµ − µsu
µ.

The constitutive relation for the current is simpler - we assume the normal and su-

perfluid components to carry an amount of charge given by their charge densities:

jµ = nnu
µ + ns

∂µφ

µs
= nuµ + nsζ

µ (2.53)

with the total charge n ≡ nn + ns. Finally, we parametrize the first law as:

dp = sdT + ndµ+
X

2
d(∂µφ∂

µφ+ µ2) (2.54)

where X = X(µ, T, ζ2).

We now make a crucial assumption: entropy is only carried by the normal compo-

nent. In fact, the charge carriers composing the superfluid sit in the Bose-Einstein

condensate, thereby only occupying the ground state: at sufficiently small temper-

ature there will be no disorder in the superfluid component (the total number of

possible microstates being 1) and thus zero entropy. With the entropy density s the

entropy current will then be proportional to the normal fluid’s four-velocity uµ:

jµs = suµ (2.55)

We make use of the equations of motion in order to determine the coefficients αi and

X. Consider the conservation of the current, multiplied by µ:

µ∂µj
µ = 0 (2.56)

With the Smarr relation ε+ p = nµ+ sT it becomes:

µ∂µj
µ = µ∂µ

(
nsζ

µ
)

+ ∂µ
(
(ε+ p)uµ

)
− T∂µ(suµ)− s∂µ(Tuµ)− nuµ∂µµ

= µsµ∂ν
ns

µs

+ µ
ns

µs

∂µ
(
µsζ

µ
)

+ ∂µ
(
(ε+ p)uµ

)
− T∂µ(suµ)− s∂µ(Tuµ)− nuµ∂µµ

(2.57)

Now, we assume the entropy current to be conserved at ideal order, so ∂µ(suµ) = 0.

Extracting T∂µ(suµ) from (2.57) this allows us to write:

T∂µ(suµ) = µsu
ν∂ν

ns

µs

+µ
ns

µs

∂µ
(
µsζ

µ
)
+∂µ

(
(ε+p)uµ

)
−s∂µ(Tuµ)−nuµ∂µµ = 0 (2.58)
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Note that this equation is not automatically equivalent with the equation of motion

µ∂µJ
µ = 0 because of the additional assumption that T∂µ(suµ) = 0. Still, it could

be a trivial equation if the other equation of motion, ∂νT
µν = 0, implied it. To

investigate this, we contract the derivative of the stress-energy tensor with uµ. We

find:

uµ∂νT
µν =uν∂νp− ∂µ

(
(ε+ p)uµ

)
− α1ζ

2∂µu
µ − α2

µs

∂ν(µsn
ν)− µsn

ν∂ν
α2

µs

+
α3

µ2
s

(
1

2
uν∂

ν(µ2
sζ

2)− µsuµuν∂
ν
(
µsζ

µ
)

+ µsζ
µ∂νµs

) (2.59)

where we used that uµuµ = −1 and so uµ∂νuµ = 0.

Now, imposing uµ∂νT
µν = 0 we can substitute for ∂µ ((ε+ p)uµ) in (2.58). Further-

more, from the first law (2.54) we can compute the derivatives of p. We finally get:

T∂µ(suµ) = 0 =
µ2

sX + α3

2µ2
s

uν∂
ν(µ2

sn
2)

+
α2 − α3

2µs

uµuν∂
ν(µsn

µ)

+ µsn
ν

(
− ∂ν

α2

µs

− α3 ∂ν
1

µs

+ µ∂ν
ρs

µs

)
+
µns − α2

µs

∂ν(µsn
ν)

− α1 ζ
2∂ρu

ρ

+
X

2
uν∂

ν(µ2 − µ2
s )

(2.60)

The important point to stress here is that in order to obtain this equation we already

employed the equations of motion: therefore this equation, which describes the con-

servation of the entropy and is an additional requirement that we impose, constrains

αi and X.

We see that in order to let the third and the last line vanish we need µ = µs. This is

the Josephson relation (2.41).

We also find α1 = 0 and α3 = α2 = µns and so X = −α3

µ
= −ns

µ
. We thus recover the

constitutive relation (2.47) for the stress-energy tensor.
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Modified phase frame and entropy production

We work in the so-called modified phase frame. Assuming a dissipative contribution to

the chemical potential as in (2.42) we define:

ξµ0 ≡ ξµ − µdissu
µ

ξ0 ≡
√
−ξ0µξ0

µ
(2.61)

The Josephson relation gives uµξ0,µ = −µ. Furthermore, using ξ0µ instead of ξµ the

definition of ζµ is unchanged: ζµ ≡ ∆µνξν = ∆µνξ0ν .

Notice that in the modified phase frame we can rewrite the constitutive relations (2.45)

and (2.47) as (with f ≡ nsµ):

jµ = nnu
µ + fξ0

µ + jµdiss

T µν = (ρn + p)uµuν + p ηµν + fξ0
µξ0

ν + πµνdiss

(2.62)

Note that, due to the change of frame, the dissipative corrections are in general going to

be different from those defined previously.

In order to write down dissipative coefficients that ensure positivity of entropy production

one first has to compute the entropy current. Starting from the first law (2.89) one can

show that in the modified phase frame its divergence is given by:

∂µj
µ
s = −

(
∂µ
µ

T

)
jµdiss − µdiss ∆µν∂ν

(
f

T
ζµ

)
−
(
∂µ
uν
T

)
πµνdiss , (2.63)

where f ≡ ns/µ. We are going to show this formula in a box at the end of this section.

One can easily check that the formula for entropy production (2.88) does not carry any

time derivatives. This is the main practical advantage of the modified phase frame. In

fact, as we are going to see, it is a natural choice to define jµdiss, π
µν
diss and µs as linear

combinations of the factors they come with in ∂µj
µ
s , since in this way it is immediate to

impose positivity of entropy production. Thus we see that working in the modified phase

frame we can cast the equations of motion as in (2.15).

Moreover, from a formal point of view the ideal level constitutive relations are expressed

in terms of the chemical potential µ, not of uµξµ. Hence the use of ξ0µ, which satisfies

uµξ0µ = −µ, provides for a cleaner formulation of the constitutive relations.

Entropy production in the modified phase frame: derivation

In this box we follow [36] (with a different sign convention for the Josephson relation).
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As a first step we want to show that:

ξ0µ(uρ∂ρ)ξ0
µ + ξ0u

µ∂µξ0 = −µdiss ξµu
ρ∂ρ(u

µ)− ζρ∂ρµdiss (2.64)

We start by computing (up to linear order in µdiss):

ξ0µ(uρ∂ρ)ξ0
µ = ξµu

ρ∂ρξ
µ − µdiss uµu

ρ∂ρξ
µ − ξµuρ∂ρ(µdissu

µ)

uµξµ=−µ−µdiss
= ξµu

ρ∂ρξ
µ − µdiss

(
uµu

ρ∂ρξ
µ + ξµu

ρ∂ρu
µ
)
− µuρ∂ρµdiss

(2.65)

Now consider:

uµξ0
ρ∂ρξ0

µ =uµξ
ρ∂ρξ

µ − µdiss uµu
ρ∂ρξ

µ − uµξρ∂ρ(µdissu
µ)

uµ∂ρuµ=0
= uµξ

ρ∂ρξ
µ − µdiss uµu

ρ∂ρξ
µ + ξρ∂ρµdiss

(2.66)

Now subtract the two terms:

ξ0µu
ρ∂ρξ0

µ − uµξ0
ρ∂ρξ0

µ = ξµu
ρ∂ρξ

µ − uµξρ∂ρξµ

− µdiss ξµu
ρ∂ρu

µ +
(
µuρ − ξρ

)
∂ρµdiss

(2.67)

ξµ is irrotational, so ξµu
ρ∂ρξ

µ − uµξρ∂ρξµ = ξµu
ρ∂ρξ

µ − ξµuρ∂µξρ = 0. Then:

ξ0µu
ρ∂ρξ0

µ − uµξ0
ρ∂ρξ0

µ = −µdiss ξµu
ρ∂ρu

µ +
(
µuρ − ξρ

)
∂ρµdiss (2.68)

So we get:

ξ0µ(uρ∂ρ)ξ0
µ − uµξ0

ρ∂ρξ0
µ = −µdiss ξµu

ρ∂ρu
µ − ζρ∂ρµdiss (2.69)

But:

ξ0u
µ∂µξ0 = ξ0u

µ · 1

2ξ0

(
− 2ξ0

ν∂µξ0ν

)
= −uµξ0

ν∂µξ0ν (2.70)

And so we finally get (2.64). Our goal is to compute the divergence of the entropy

current:

∂µ(suµ) = s ∂µu
µ + uµ ∂µs (2.71)

To this end we rewrite the Smarr relation as:

sT + µnn = ε− µns + p = ρn + p , (2.72)

where ρn ≡ ε−µns. We can then recast the first law as dρn = µ dnn +T ds+ fξ0 dξ0.
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Then:

uµ∂µs =
1

T

(
uµ∂µρn − µuµ∂µnn − fuµξ0∂µξ0

)
(2.73)

And thus:

∂µ
(
suµ
)

=
1

T

(
uµ∂µρn + (ρn + p)∂µu

µ
)
− µ

T

(
uµ∂µnn + nn∂µu

µ
)
− fξ0

T
uµ∂µξ0 (2.74)

Now we can make use of the equations of motion. From the conservation of the

stress-energy tensor (2.62) we obtain (using the Josephson relation uµξ0
µ = −µ)

0 = uν∂µT
µν = uνu

µuν∂µ(ρn + p) + ηµνuν∂µp+ (ρn + p)uνu
µ∂µu

ν + uν∂µ
(
fξ0

µξ0
ν
)

+ uν∂µπ
µν
diss

= −uµ∂µρn − (ρn + p) ∂µu
µ − µ ∂µ

(
fξ0

µ
)

+ fuν ξ0
µ∂µξ0

ν + uν∂µπ
µν
diss

(2.75)

So we can write:

uµ∂µρn +
(
ρn + p

)
∂µu

µ = −µ ∂µ
(
fξ0

µ
)

+ fuν ξ0
µ∂µξ0

ν + uν∂µπ
µν
diss (2.76)

Furthermore current conservation ∂µj
µ = 0 implies:

∂µj
µ = 0 = nn∂µu

µ + uµ∂µnn + ∂µ (fξ0
µ) + ∂µj

µ
diss (2.77)

This yields:

uµ∂µnn + nn∂µu
µ = −∂µ

(
fξ0

µ
)
− ∂µjµdiss (2.78)

Plugging everything together we find:

∂µ
(
suµ
)

=
1

T

(
− µ∂µ

(
fξ0

µ
)

+ fuνξ0
µ∂µξ0

ν + uν∂µπ
µν
diss

)
+
µ

T

(
∂µ
(
fξ0

µ
)

+ ∂µj
µ
diss

)
− ξ0f

T
uµ∂µξ0

=
1

T

(
fuνξ0

µ∂µξ0
ν + uν∂µπ

µν
diss

)
+
µ

T
∂µj

µ
diss −

ξ0f

T
uµ∂µξ0

(2.79)

Using that ∂νξ0
µ − ∂νξ0

µ = O(∂2) this becomes:

∂µ
(
suµ
)

= − f
T

(
uµξ0

ν∂µξ0
ν + ξ0u

µ∂µξ0

)
+

1

T
uν∂µπ

µν
diss +

µ

T
∂µj

µ
diss (2.80)

Now we make use of (2.64) and obtain:

∂µ
(
suµ
)

=
f

T

(
µdiss ξµu

ρ∂ρ(u
µ) + ζρ∂ρµdiss

)
+
uν
T
∂µπ

µν
diss +

µ

T
∂µj

µ
diss (2.81)
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Notice that, as expected, this expression vanishes at linear order in fluctuations.

We can now determine the divergence of the entropy current.

First we compute

f

µ
ζν∂νµdiss = ∂ν

(
f

T
ζνµdiss

)
− µdiss ∂ν

(
f

T
ζν
)

(2.82)

and (using that ζµ = ξ0
µ − µuµ and uµζµ = 0 so that uµ∂νζµ = −ζµ∂νuµ):

f

T
µdissξ0

µuν∂νuµ = − f
T
µdissu

µuν∂νζµ (2.83)

And so:

f

T

(
µdiss ξ0

µuν∂νuµ + ζν∂νµdiss

)
= ∂ν

(
f

T
ζνµdiss

)
− µdiss

(
∂ν

(
f

T
ζν
)

+
f

T
uµuν∂νζµ

)
(2.84)

The last term can be rewritten as:

∂ν

(
f

T
ζν
)

+
f

T
uµuν∂νζµ = ∆µν∂ν

(
f

T
ζµ

)
(2.85)

So that (2.81) finally becomes:

∂µ
(
suµ
)

= −∂µ
(
f

T
ζµµdiss

)
− µdiss ∆µν∂ν

(
f

T
ζµ

)
+
uν
T
∂µπ

µν
diss +

µ

T
∂µj

µ
diss (2.86)

Now we define the entropy current as:

jµs ≡ suµ − µ

T
jµdiss −

uν
T
πµν − f

T
ζµ µdiss , (2.87)

with which we finally recover (2.88):

∂µj
µ
s = −

(
∂µ
µ

T

)
jµdiss − µdiss ∆µν∂ν

(
f

T
ζµ

)
−
(
∂µ
uν
T

)
πµνdiss . (2.88)

Ensemble and sources

A commonly used ensemble is the entropy ensemble, consisting of the timelike compo-

nent of the charge current (which, with vanishing normal fluid velocity, corresponds to

the charge density), entropy density, momentum density and the spatial gradient of the

Goldstone boson ξ ≡ ∇φ:

(jt, s,π, ξ)
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We saw at the beginning of this section that the first law takes the form: [39]

dp = s dT + n dµ− ns

2µ
d(ξ2 + µ2)

= s dT +

(
n+

ns

µ
ξ · u

)
dµ− ns

µ
ξ · (dξ − µ du)

(2.89)

Take the constitutive relation for the current (2.45). At ideal order jt = n + (ns/µ)ζt.

But the Josephson relation (2.41) yields ξt = ξ · u + µ and so ζt = ξt − µ. Thus we can

write:

jt = n+
ns

µ
ξ · u (2.90)

We can then take a look back at the first law (2.89) together with definition (2.4) and

read off the sources (recall that the spacelike part of the normal fluid velocity uµ comes

at first order in fluctuations):

sjt = µ ss = T (2.91)

siξ ≡ hiξ =
nsξ

i

µ
(2.92)

On top of this, the source of the momentum density is, as, usual, the normal fluid velocity:

sπ = u (2.93)

We can now write down the susceptibility matrix χab, so that:
δjt

δs

δπ

δξ

 = χ ·


δµ

δT

δu

δhξ

 (2.94)

Onsager reciprocity fixes some of the susceptibilities. In particular, in the collinear limit

ζ//u//k//êx one finds (ξ ≡ ξx):

∂µns|ξ,T,ux =
ns

µ
− µ

ξ
χnhξ (2.95)

∂Tns|ξ,µ,ux = −µ
ξ
χshξ |µ,T,ux (2.96)
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∂uxns|ξ,µ,T = −µ ∂ξns|µ,T,ux (2.97)

χnπ = −µχnhξ (2.98)

χsπ = −µχshξ (2.99)

χphξ = ∂ξns|µ,T,ux +
ns

ξ
(2.100)

These relations yield the following susceptibility matrix:
δjt

δs

δπx

δξ

 =


χnn + χ2

nhξ
χξξ χns + χnhξχshξχξξ

ξns

µ
−χnhξχξξ

χns + χnhξχshξχξξ χss + χ2
shξ
χξξ 0 χshξ

ξns

µ
0 ε+ p+ ξ

ns
ξ2 µ

χnhξχξξ χshξχξξ µ χξξ



δµ

δT

δux

δhξ


(2.101)

Where

χξξ =
µ

ns + ξ ∂ξns|T,µ,ux
(2.102)

Note that here we are expressing the static susceptibilities at fixed hξ in terms of those

computed at fixed ξ; for instance χ
hξ
nn = χnn + χ2

nhξ
χξξ.

Defining the dissipative coefficients

The contribution of the stress-energy tensor to entropy production (2.88) can be rewritten

as [36]

− 1

T
πµνdiss∂µuν = − 1

T
πµνdissσµν −

1

d T
πµdiss, µ ∂ρu

ρ (2.103)

Note that σµν , by construction, only couples to the traceless part of πµνdiss, which we call

πµνdiss, TL. This implies that the contribution of πµνdiss to entropy production consists of two

independent terms (corresponding to two irreducible representations of SO(1, d)):

∂µJ̃
µ
s = −

(
∂µ
µ

T

)
J̃µdiss + µdiss ∆µν∂ν

(
f

T
ζµ

)
− 1

T
πµνdiss, TLσµν −

1

d T
∂ρu

ρπdiss
µ
µ (2.104)
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This motivates the following definition of the dissipative contributions:
Jµdiss
µdiss

πµνdiss,TL
πρdiss,ρ

 = −


Aµρ Bµ Cµρσ Dµ

Eρ F Gρσ H

Iµνρ Kµν Lµνρσ Mµν

Nρ Q Rρσ S




∆α
ρ∂α

µ
T

∆µν∂ν
(
ns

µT
ζµ
)

1
T
σρσ

1
d T
∂αu

α

 (2.105)

This matrix will have to be positive (semi)definite in order to achieve positivity of entropy

production. In particular, its diagonal elements must be nonnegative.

We work in the transverse frame: uµj
µ
diss = uµπ

µν
diss = 0, so that its elements can be

parametrized as follows:

Aµρ = αA ∆µρ + βA ζ̃
µζ̃ρ (2.106)

Bµ = αBζ
µ (2.107)

Cµρσ = αC
(
P̃ µσ ζ̃ρ + P̃ µρζ̃σ

)
+ βC ζ

µP ρσ (2.108)

Dµ = αD ζ
µ (2.109)

Eσ = αE ζ
σ (2.110)

Gρσ = αG P
ρσ (2.111)

Iµνρ = αI
(
P̃ µρζ̃ν + P̃ νρζ̃µ

)
+ βI ζ

ρP µν (2.112)

Kµν = αK P
µν (2.113)

Lµνρσ = αL P
µνP ρσ + βL ∆µρ∆νσ + γL

(
ζµζ̃σP̃ νρ + ζν ζ̃σP̃ µρ

)
(2.114)

Mµν = αM P µν (2.115)

Nρ = αN ζ
ρ (2.116)

Rρσ = αR P
ρσ (2.117)

F = αF H = αH Q = αQ S = αS , (2.118)

where ζ̃µ ≡ ζµ/
√
ζνζν , P

µν ≡ ζ̃µζ̃ν − ∆µν/d is a traceless, transverse tensor and P̃ µν ≡
∆µν − ζ̃µζ̃ν is the projector onto the subspace orthogonal to both uµ and ζµ.

Onsager reciprocity requires the matrix appearing in (2.105) to be symmetric. We get:

αB = αE αC = αI βC = βI αD = αN αG = αK αH = αQ αM = αR (2.119)

We thus obtain a total of 14 dissipative parameters, as stated in [40].

Note that in the limit of vanishing background superfluid velocity ζµ → 0 the normed

vector ζ̃µ is not well-defined [36], so that one must set αG = αL = 0. After imposing

Onsager invariance this means that the only non-vanishing dissipative contributions to

the constitutive relations will be parametrized by a total of five coefficients: αA, βL, αF ,
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αH and αS.

Imposing Weyl invariance amounts to requiring that the stress-energy tensor be traceless;

in this case this condition translates to αN = αQ = αR = αS = 0, leaving us with a total

of 10 dissipative coefficients after imposing Onsager reciprocity, as in [40]. In the limit of

zero background superfluid velocity this set further reduced to three coefficients: αA, βL

and αF .

In the collinear limit, where the spatial parts of uµ and ζµ are both parallel to the wavevec-

tor, the linearized equations of motion can be written as follows:

−iω


δJ t

δs

δπx

δξ

+ M̃ ·


δµ

δT

δux

δhξ

 = 0 (2.120)

with

M̃ =



αA+βA
T k2 −µ2(αA+βA)+ξ2ns αB

T 2µ
k2 ikn+ (αD+2βC)ξ

3T k2 ik + k2αBξ
T

−µ2(αA+βA)+ξ2ns αB
T 2µ

k2 µ4(αA+βA)+ns(nsαF−2µ2αB)
T 2µ2

k2 iks− (ns(2αG+αH)+(αD+2βC)µ2)ξ
3T 2µ

k2 −k2ξ(nsαF+µ2αB)
T 2µ

ikn+ (αD+2βC)ξ
3T k2 iks− (ns(2αG+αH)+(αD+2βC)µ2)ξ

3T 2µ
k2 2nsξ ik + 6βL+4(αL+αM )+αS

9T k2 ikξ + k2(2αG+αH)
3T

ik + k2αBξ
T

k2ξ(nsαF+µ2αB)
T 2µ

ikξ + k2(2αG+αH)
3T

αF
T k

2


(2.121)

Note that this matrix is Onsager symmetric, as expected.

We see that in the collinear limit the derivative coefficients appear in the equations of

motion in only six independent linear combinations. We can thus set:

σ0 =
αA + βA

T
, ζ1 =

αG + αH
2T

, ζ2 =
αB
T
, ζ3 =

αF
T
, ζ6 =

(αD + βC)

2T
, (2.122)

η =
βL + ξγL

2T
, ζ =

αS + αL + αM − 2ξγL
4T

(2.123)

Notice that since, as we saw above, αG = 0 for vanishing background superfluid velocity,

for a Weyl invariant theory, featuring αH = 0, also ζ1 will vanish at ζµ = 0.

Interestingly, at nonzero superfluid velocity, the bulk viscosity is non-vanishing when

conformal invariance is imposed.

As we mentioned earlier, positivity of entropy production sets bounds on the dissipative

coefficients. In particular, the diagonal components of (2.105) must be nonnegative: here

we can immediately conclude that ζ3, σ0 ≥ 0. Furthermore, all principal minors of (2.105)

must be positive definite. For example, this yields σ0ζ3 ≥ ξ2ζ2
2 .
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Finally, in the collinear case the matrix M̃ describing the equations of motion (2.120)

becomes:

M̃ =


σ0 k

2 −µ2 σ0−nsξ2ζ2
Tµ

k2 ikn+ ξζ6 k
2 ik + k2ζ2ξ

−µ2 σ0−nsξ2ζ2
Tµ

k2 nsξ2(nsζ3+2µ2ζ2)+µ4σ
T 2µ2

k2 iks+
ξ(nsζ1+µ2ζ6)

Tµ
k2 −k2ξ(nsζ3+µ2ζ2)

Tµ

ikn+ ξζ6 k
2 iks+

ξ(nsζ1+µ2ζ6)
Tµ

k2 2nsξ ik + (η + ζb) k
2 ikξk2 ζ1

ik + k2ζ2ξ −k2ξ(nsζ3+µ2ζ2)
Tµ

ikξk2 ζ1 ζ3 k
2

 (2.124)

Kubo relations

The dissipative coefficients can be extracted from the ω → 0, k → 0 behaviour of the

retarded Green’s functions. As we are going to see these relations are especially useful

in the context of the applications of gauge-gravity duality. Simply put, they allow us

to extract the dissipative coefficients appearing in the gradient expansion of the vacuum

expectation values of the boundary theory.

In the collinear limit we have:

σ0 = − lim
ω→0,k→0

1

ω
ImGR

JxJx(ω, k)

ζ1 = − lim
ω→0,k→0

1

kω
ImGR

Txxξx(ω, k)

ξ ζ2 = − lim
ω→0,k→0

1

k
ImGR

Jxξx(ω, k)

ζ3 = − lim
ω→0,k→0

ω

k2
ImGR

ξxξx(ω, k)

ξ ζ6 = − lim
ω→0,k→0

1

ω
ImGR

JxTxx(ω, k)

η + ζb = − lim
ω→0,k→0

1

ω
ImGR

TxxTxx(ω, k)

η = − lim
ω→0,k→0

1

ω
ImGR

TxyTxy(ω, k)

(2.125)

We can check that in the ξ → 0 limit ζ1 vanishes. In fact, we can rewrite the above Kubo

relation as ζ1 = limω→0 ReGR
Txxφ(ω, k = 0). Now, T xx is even under time-reversal, while

φ is odd (since the superfluid velocity is odd and is given by its spatial gradient). Thus

their correlator must be odd. At vanishing wavevector the only background quantity that

is odd under time reversal is ξ itself; hence ReGR
Txxφ(ω, k = 0) must have an expansion in

odd powers of ξ, implying that it vanishes at ξ → 0. This confirms what we saw above,

i.e. that in the limit of vanishing background superfluid velocity only three dissipative

coefficients enter the equations of motion.
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Back to the start: the conductivity

Having defined the propagators, given the constitutive relations and written down the

dissipative coefficients of superfluid hydrodynamics it is now a good time to take a step

back and reflect on the physical implications of the superfluid component.

In particular, we should take a look at the conductivity. It is obtained from the current-

current propagator in the vanishing momentum limit. In superfluid hydrodynamics with

zero background superfluid velocity ξ and a momentum relaxation rate Γ (which appears

in the equation of motion for the momentum density T tx as (∂t + Γ)T tx +∂xT
xx = 0 ) one

can show that it is given by 8: [24, 42]

σ(ω) ≡ i

ω
GJxJx(k = 0, ω) =

1

Γ− iω
n2

n

µnn + sT
+
i

ω

ns

µ
+ σ0 +O(ω) (2.126)

We can see that, in the presence of a finite Γ, the conductivity σ(ω) has a pole at ω = 0

if ns 6= 0. This is indeed a token of superconductivity.

On the other hand, if Γ = 0, σ(ω) does have a pole at ω = 0 even in the absence of

a superfluid component. This feature, however, arises from translation invariance, as an

electric field applied onto a translationally invariant system produces uniform acceleration

[15].

Computing the modes

The hydrodynamic modes ω(k) (2.27) can be computed by solving for:

det(−iω1 + M̃χ−1) = 0 (2.127)

For small values of the wavevector k the modes are sound modes.

Their real part, linear in k, depends on thermodynamic quantities such as the charge and

densities, the temperature and the susceptibilities. The imaginary part, one the other

hand, is quadratic in k and depends on the dissipative coefficients, too.

One commonly identifies two “first sound” and two “second sound” modes, as we are

going to see in the coming section.

2.4.3 Modes in conformal limit with no background superfluid

velocity

At this point it would come natural to write down the modes of superfluid hydrodynamics

with the full set of dissipative coefficients described above. Such modes can be computed;

8Non-dissipative, non-hydrostatic terms contribute to σ at the same order at σ0, see [41] for the case
of hydrodynamic metals. Here we are assuming the absence of such terms.
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their analytic form, however, is too long and complicated to write down.

Nevertheless, the modes do simplify in the limit where the background superfluid velocity

ξ vanishes. In this section we are going to list them in this particular case, for a con-

formal theory: from a qualitative point of view, we would encounter the same types of

mode (two pairs of sound modes and a diffusive mode) with ξ 6= 0, too. Moreover, this is

a demonstration of the power of conformal symmetry, which allows us to derive relations

between the thermodynamic derivatives.

We take (2.48) as the definition of the three dissipative terms which are relevant in this

limit.

As a first step, we recall [39] that in the absence of a background superfluid velocity

conformal symmetry implies that the µ/T ratio is the only available scale invariant back-

ground scalar quantity. Then any scalar can be expressed as a function of µ/T , multiplied

with a power of T (or, equivalently, µ), determining its dimensionality. So, in particular,

p = T d+1f
(µ
T

)
(2.128)

But from the first law (2.89) one gets:

s =
∂p

∂T

∣∣∣∣
µ

n =
∂p

∂µ

∣∣∣∣
T

(2.129)

By further differentiating with respect to µ and T one can verify that: 9

∂s

∂T

∣∣∣∣
µ

= d
s

T
− µ

T

∂s

∂µ

∣∣∣∣
T

∂n

∂µ

∣∣∣∣
T

= d
n

µ
− T

µ

∂s

∂µ

∣∣∣∣
T

(2.130)

Furthermore, one can define the reduced entropy σ as [4]:

σ ≡ s

n
(2.131)

and express the susceptibilities in terms of its thermodynamic derivatives. For instance:

∂s

∂µ

∣∣∣∣
T

=
∂n

∂T

∣∣∣∣
µ

=
n
(
d s− nT ∂σ

∂T

∣∣
µ

)
sT + nµ

(2.132)

9These relations can also be derived by imposing that the trace of the stress-energy tensor vanish:
〈Tµµ 〉 = 0. In fact, under a conformal transformation the (infinitesimal) variation of the metric is propor-

tional to the metric itself: δgµν = λgµν . We can write 〈Tµν〉 = − 2√−g
δΩ
δgµν . But then under a variation

of the metric one has that δΩ = −
√−g

2 δgµν〈Tµν〉 ∝ λgµν〈Tµν〉 ∝ 〈Tµµ 〉. So invariance under conformal
transformations implies that the stress-energy tensor is traceless.
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Writing ω = ck − i
2
Γk2 +O(k3) as in (2.27), one obtains the following modes [8, 43]:

• One diffusion mode:

v = 0 Γ =
2η

sT + µnn
(2.133)

• Two first sound modes:

v = ± 1√
d

Γ =
2(d− 1)η

d(sT + nµ)
(2.134)

• Two second sound modes [37,39,42,44,45] :

v = ± σ2ns

(sT + µnn) ∂σ
∂T

∣∣
µ

Γ =
µ(sT + µn)

T 2 n2 ∂σ
∂T

∣∣
µ

σ0 +
2(d− 1)µns

d(sT + µn)(sT + µnn)
η +

ns(sT + µn)

µ(sT + µnn)
ζ3

(2.135)

Notice that the imaginary parts of the modes are nonpositive, provided the dissipative

coefficients are nonnegative. This, in turn, directly follows from positivity of entropy

production (2.88).
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3 Gauge-gravity duality

The AdS-CFT correspondence was first proposed by Maldacena in 1997 [46]. It posits the

dynamical equivalence between a d + 1-dimensional gravity theory in an asymptotically

anti-de-Sitter (AdS) space and a d-dimensional conformal field theory (CFT). AdS spaces

are maximally symmetric spaces with constant curvature; a theory is called conformal if

it is invariant under conformal maps, i.e. transformations that locally preserve angles.

The original correspondence involves type IIB string theory on AdS5×S5 andN = 4 Super

Yang-Mills theory with gauge group SU(N). Yang-Mills theories are gauge theories with

a non-abelian symmetry group; super Yang-Mills theories make use of supersymmetry to

associate fermionic partners to the bosonic fields. In this case the gauge bosons can be

mapped onto N = 4 different fermionic partners.

Owing to the nature of the theories it links together, the AdS-CFT correspondence is thus

also called “gauge-gravity duality”.

On top of N the main parameters governing the involved theories are the string coupling

gs, the field theory coupling gYM and the AdS curvature radius L.

Writing down the full Yang-Mills Lagrangian is beyond the scope of this introduction; it

will be sufficient to know that the Yang-Mills coupling gYM appears in front of the kinetic

term for the gauge field: L ⊃ −TrFµνF
µν/(2g2

YM). On the other hand, the string coupling

gs is given by the expectation value of the dilaton field in the gravity theory emerging

from the string theory. It controls the genus expansion of string theory scattering (a small

gs suppresses the contributions of topologies with large genus to the scattering amplitude)

and is related to Newton’s gravitational constant in d dimensions Gd by Gd ∼ ld−2
s g2

s , with

ls being the string length.

The coupling of the field theory is related to the string coupling by:

g2
YM = 2πgs (3.1)

Furthermore, the string length ls satisfies the relation

g2
YM ∼

L4

lsgsN
(3.2)
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In particular, one can consider a matrix theory with fields in the adjoint representation

of SU(N). Owing to the two-index structure of the matrix theory the Feynman diagrams

are going to be surfaces with an intrinsic topology. One defines:

λ ≡ g2
YMN = const (3.3)

One can show that the Feynman diagrams go like N2−2GλE−V , with G being the genus of

the surface [12, 47]. In this case one can take the ‘t Hooft limit: N →∞ with g2
YM → 0,

so that λ stays finite. In this case planar diagrams with G = 0 will dominate and N -point

correlation functions factorize [47]:

< O · · ·O >=< O > · · · < O > +O(1/N2) (3.4)

We thus obtain a large-N theory with nontrivial interactions, although we see that cor-

relators behave classically up to subleading corrections in 1/N .

Indeed, from (3.1) and (3.3) we see that the 1/N expansion of the field theory corresponds

to the genus expansion of the string theory: in the N → ∞ limit one recovers classical

string theory.

One can also assume λ to be large. (3.2) and (3.3) imply that in this limit one sends the

string length to zero, yielding classical supergravity on the gravity side of the correspon-

dence. This “strong/weak coupling duality” [13, 48] comes in handy because it allows us

to study strongly coupled conformal field theories in d dimensions by solving the classical

Einstein’s equations of motion in d+ 1 dimensions.

In this thesis we are going to make use of gauge-gravity duality to study the hydrody-

namics of superfluids. Now, a hydrodynamic theory is the effective description at long

distances and late times of the universal behaviour at finite temperature of some under-

lying interacting theory. So far, however, we have not yet mentioned how one can obtain

a thermal theory from a gravitational one. As we are going to see, the main idea will be

to consider a black hole solution of the Einstein equations of motion. One can build a

thermodynamic theory of black holes; most notably, their entropy is proportional to their

area, and one can associate to them a temperature depending on the horizon behaviour

of the metric. This will allow us to construct a finite temperature theory on the asymp-

totically AdS boundary of such a space.

We will do so by establishing a dictionary relating the fields and the propagators on both

sides of the correspondence. In particular, in this thesis we will consider a gravitational

theory coupled to a gauge field and a complex scalar field undergoing spontaneous sym-

metry breaking. The metric fluctuations will be dual to those of the stress-energy tensor

and the gauge field to the current.
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3.1 Prerequisites

3.1.1 Conformal symmetry

Note: this section closely follows some parts of the introduction to conformal symmetry

in Erdmenger and Ammon’s book [12].

Conformal field theories (CFT’s) are invariant under conformal symmetry. The conformal

symmetry group contains the transformations that locally preserve angles: dilatations and

special conformal transformations. Such transformations leave the metric invariant up to

an arbitrary (positive) scale factor:

gµν(x) 7→ Ω(x)−2gµν(x) ≡ e2σ(x)gµν(x) (3.5)

Infinitesimal metric transformations are generated by a vector ξµ:

gµν → gµν +∇(µξν) (3.6)

A Killing vector leaves the metric unaltered. One can show [12] that in d-dimensional flat

spacetime gµν = ηµν any conformal vector ξµ satisfies the conformal Killing equation:

(ηµν∂ρ∂
ρ + (d− 2) ∂µ∂ν) ∂ρξ

ρ = 0 (3.7)

In d > 2 dimensions (in this thesis we will mainly work with conformal field theories in 3

spacetime dimensions) the most general solution to (3.7) may be parametrized as:

ξµ(x) = aµ + ωµνx
ν + λxµ + bµx2 − 2(b · x)xµ (3.8)

From this expression we can extract the generators of the conformal algebra in d > 2

dimensions and read off the generators:

• aµ ⇒ translation: σ(x) = 0. Generator: Pµ = −i∂µ

• ωµνxν ⇒ Lorentz transformation: σ(x) = 0. Note that ωµν = −ωνµ.

Generator: Jµν = i(xµ∂ν − xν∂µ)

• λxµ ⇒ dilatation:. σ(x) = λ. Generator: D = −ixµ∂µ

• bµx2 − 2(b · x)xµ ⇒ special conformal transformation: σ(x) = −2(b · x).

Generator: Kµ = i(x2∂µ − 2xµx
ν∂ν)

33



aµ and bµ have d independent components, while ωµν , being antisymmetric, has d(d−1)/2.

So, together with λ, we are left with (d+ 1)(d+ 2)/2 components. Notice that this is the

dimension of SO(2, d), which gives a hint at the AdS-CFT correspondence.

The only non-vanishing commutation relations between the generators are the following:

[Jµν , Kρ] = i (ηµρKν − ηνρKµ) [Pν , Kµ] = 2i (ηµνD − Jµν) (3.9)

[D,Pµ] = iPµ [D,Kµ] = −iKµ (3.10)

With these commutators one can construct the representations of the conformal algebra.

A field φ(x) has scaling dimension ∆ if:

[D,φ(0)] = −i∆φ(0) , (3.11)

so that under a rescaling x 7→ λx:

φ(x) 7→ φ′(x′) = λ−∆φ(x) (3.12)

But then, using the commutation relations, it follows that:

[D,Pµ φ(0)] = −i(∆− 1)φ(0) and [D,Kµ φ(0)] = −i(∆ + 1)φ(0) (3.13)

Thus one can define primary operators, i.e. operators that are annihilated by Kµ, and

construct a tower of operators of higher dimension (called conformal descendants) by us-

ing Pµ as a creation operator.

The conformal dimension ∆ is subject to unitarity bounds. In particular, for a scalar

operator one can show that ∆ ≥ (d− 2)/2 [12].

Conformal field theories have many interesting properties which we are not going to exam-

ine here. For instance, two- and three-point correlation functions of primary operators are

determined by the scaling dimensions of the fields. In particular, for a primary operator

of dimension ∆, one has:

〈O(x1)O(x2)〉 = (x1 − x2)−2∆ (3.14)

Last but not least, an important feature of conformally invariant theories is that the trace

of the stress-energy tensor vanishes. This can be seen as follows: the stress-energy tensor

is given by the variation of the action with respect to the metric. But then (3.5) gives:

δS = −
√
−g
2

δgµνTµν ∝ Ω−2gµνTµν ∝ T µµ (3.15)
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So in order for the theory to be conformally invariant we need T µµ = 0.

3.1.2 AdS spaces

In this section we are going to follow the standard introduction to AdS spaces given in

textbooks such as [11–13].

AdS spaces are maximally symmetric and feature a negative curvature. In particular, in

d+ 1 dimensions they possess (d+ 1)(d+ 2)/2 Killing vectors (as many as the number of

independent components of the metric). Notice that the the scalar curvature has to be

constant owing to the space being maximally symmetric.

A (d + 1)-dimensional AdS space can be embedded into (d + 2)-dimensional Minkowski

space with metric η̃ = diag(−,+, . . . ,+,−) by imposing the hyperboloid equation (L is

called the AdS radius):

−X2
0 +

d∑
i=1

X2
i −X2

d+1 = −L2 (3.16)

Note that the hyperboloid defined by this equations possesses the isometry group SO(d, 2).

The solution to (3.16) can be parametrized as [12]:

(X0, X i, Xd+1) = L (cosh ρ cos τ, Ωi sin ρ cos τ, cosh ρ sin τ) i = 1, . . . , d (3.17)

The Ωi coordinates parametrize the Sd−1 sphere:
∑d

i=1 Ω2
i = 1. Then the metric takes

the following form:

ds2 =
L2

cos2 θ

(
−dτ 2 + dθ2 + sin2 θdΩd−1

)
(3.18)

where we defined a new coordinate θ by tan θ = sinh ρ. Note that θ ∈ [0, π/2], so in

this way we only cover half of the space. In particular, the AdS boundary is located at

θ = π/2.

Another possible parametrization reads (t ∈ R, r ∈ R+, x ∈ Rd−1):

X0 =
L2

2r
+

r

2L2
(x2 − t2 + L2) X i =

rxi

L
Xd =

L2

2r
+

r

2L2
(x2 − t2 − L2) Xd+1 =

rt

L
(3.19)

These coordinates are called the Poincaré patch. Notice that, since r is positive, they

also only cover half of the space. In this case the metric becomes (ηµν is the Minkowski

metric):

ds2 =
L2

r2
dr2 +

r2

L2
ηµν dxµdxν (3.20)
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The AdS boundary is located at r →∞: in this limit one can rewrite the defining equation

(3.16) as −X2
0 +

∑d
i=1X

2
i −X2

d+1 = 0.

As we are going to do in the rest of this thesis, with a simple coordinate transformation

u ≡ 1/r we obtain:

ds2 =
L2

u2

(
du2 + ηµν dxµdxν

)
(3.21)

In this case the AdS boundary is obviously located at u→ 0.

Notice [13] that this metric is invariant under rescalings (u, xµ) → λ(u, xµ), and under

the transformation (u, xµ)→ (u, xµ)(u2 + ηµνx
µxν). In the u→ 0 limit this last transfor-

mation becomes inversion symmetry.

Now recall that the generating algebra of the conformal group consists of the generator of

dilatations D, those of translations Pi and those of special conformal transformations Ki.

Notably, one can write Ki = IPiI, where I is an inversion: I : xµ → xµ/x2. Therefore we

see that the isometry group SO(d, 2) acts on the boundary as the conformal group in d

dimensions.

Furthermore, note that the continuation of the metric (3.21) to the boundary u = 0

is realized by multiplying it with a defining function which has a second order zero at

u = 0 [12]. The choice of the defining function is not univocal: different defining func-

tions describe boundary metrics related to each other by conformal transformations. The

equivalence class of such boundary metrics is called conformal structure.

The AdSd+1 scalar curvature amounts to

R = −d(d+ 1)

L2
(3.22)

It is then easy to show that the AdS metric satisfies the Einstein equations of motion

with the following cosmological constant:

Λ = −d(d− 1)

2L2
(3.23)

A final note: all theories we consider in this thesis feature gauge symmetries: they are in-

variant under diffeomorphisms and gauge transformations (when adding scalar and gauge

fields to the picture). In particular, we are going to use U(1) gauge transformations,

parametrized by a scalar field, and diffeomorphisms whose infinitesimal version is ob-

tained with a Lie derivative with respect to a vector field.
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3.2 The GKPW prescription

The AdS/CFT conjecture can be expressed as an equality between the generating func-

tional of the conformal field theory on one side and that of the dual string theory on the

other side. This induces a mapping, the so-called field-operator correspondence, between

the fields in the gravity theory and the operators of the CFT.

Let us first consider the simple example of a massless scalar field φ in the bulk. Let φ0

its restriction on the AdS boundary and O the conformal field to which it couples. The

Gubser-Klepanov-Polyakov-Witten (GKPW) prescription links the partition function of

the CFT to the Euclidean gravitational action of the bulk theory: [12,47,49,50]〈
e−

∫
Bdy φ0O

〉
CFTd

= Zstrings in AdSd+1
[φ0] (3.24)

Note that for the right-hand side to be well-defined the boundary field φ0 has to uniquely

determine the bulk field φ. This is a known property of AdSd+1: any square-integrable

solution to the scalar equation of motions is automatically the trivial solution, so that the

boundary condition at infinity φ0 fixes φ in the bulk [49]. In other words, the imposition

of regularity in the bulk is the second boundary condition that fully determines the

solution [23]. (This is strictly the case in Euclidean signature; in Lorentzian signature

there will be two independent solutions, as we are going to see at the end of this chapter).

The generalization for different types of fields is straightforward. For instance a gauge

field AM with boundary restriction Aµ0 on the boundary coupling to a current operator

will produce an action S =
∫
Aµ0Jµ, so the equivalent prescription to (3.24) will be [49]:〈

e−
∫
Bdy A

µ
0Jµ
〉

CFTd
= Zstrings in AdSd+1

[A0] (3.25)

We see that changing the boundary conditions on the gravity side amounts to modifying

the Lagrangian of the dual conformal field theory. Thus the choice of the boundary

conditions has direct physical implications: tuning the leading behaviour of the bulk fields

is equivalent to adjusting the sources of the boundary theory. Moreover, imposing the

correct boundary conditions on the gravity side guarantees the realization of symmetries

in the conformal field theory - for instance gauge invariant boundary conditions ensure

that the CFT propagators respect the Ward identities.

In the classical limit one can take a saddle point approximation to the gravitational path

integral, yielding

e−WCFTd = e−Sbulk (3.26)
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In practice this makes it possible to compute n-point Euclidean correlation functions [48]

by computing the functional derivative of the action with respect to the sources of the

fields. For example the n-point function of a scalar field is given by:

〈O(x1) · · · O(xn)〉 = (−1)n+1 δS
δφ0(x1) · · · δφ0(xn)

∣∣∣∣
φ0=0

(3.27)

3.3 Holographic thermodynamics

Having presented the main ideas behind the AdS-CFT correspondence we can now in-

troduce some notions on holographic thermodynamics, which are necessary in order to

understand the emergence of a thermal theory on the boundary. Such fundamental con-

cepts are the Hawking temperature, the entropy and the free energy of the black hole.

We are going to take a look at the Schwarzschild and Reissner-Nordström black holes as

specific examples.

We denote our coordinates as xM = (u, xµ), where µ runs over d indices.

3.3.1 The Hawking temperature

The temperature of the black hole is identified with the Hawking temperature, which is

computed by imposing periodicity of the Wick-rotated metric at the horizon. Here we are

following [12,13,51]

The metric of a static black hole with spherical symmetry takes the following form:

ds2 = −gtt(r) dt2 +
1

grr(r)
dr2 + r2dΩ2

d−1 (3.28)

A Wick rotation to Euclidean space yields:

ds2
E = gtt(r) dτ 2 +

1

grr(r)
dr2 + r2dΩ2

d−1 (3.29)

At the horizon radius rh both and gtt and gtt vanish, so that for r ≈ rh one can Taylor

expand:

ds2
E ≈ g′tt(r)(r − rh) dτ 2 +

1

grr ′(rh)(r − rh)
dr2 + r2dΩ2

d−1 (3.30)

We define the “polar coordinates” [12]

ρ2 ≡ 4(r − rh)
grr ′(rh)

φ ≡ 1

2

√
grr ′(rh)gtt′(rh) τ (3.31)
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Then

dρ2 =
dr2

grr ′(rh)(r − rh)
dφ2 =

1

4
grr ′(rh)gtt

′(rh) dτ 2 (3.32)

And in the near-horizon region we can write the metric as

ds2
E ≈ ρ2 dφ2 + dρ2 + · · · (3.33)

We see that we can interpret φ as an angular coordinate and ρ as a radial coordinate. In

particular, in order to avoid conical singularities, φ has to be 2π-periodic:

φ ∼ φ+ 2π (3.34)

Converting back to the original coordinates this gives:

τ ∼ τ +
4π√

grr ′(rh)gtt′(rh)
(3.35)

Knowing that the periodicity of imaginary time corresponds to the inverse temperature,

we finally identify the temperature as:

TH =

√
grr ′(rh)gtt′(rh)

4π
(3.36)

Note that the Hawking temperature of a (static) black hole was historically identified

with its surface gravity [52,53].

Let us consider an asymptotically AdS Schwarzschild black hole in d+ 1 dimensions with

a planar horizon as an example. In this case the metric is given by (3.28) with (L being

the AdS radius)

ds2 = − r
2

L2
f(r) dt2 +

L2

r2f(r)
dr2 + dΩ2 (3.37)

with

f(r) = 1− m

rd
(3.38)

and dΩ2 is the angular part of the metric. The horizon radius rh satisfies f(rh) = 0 and

therefore:

m = rdh , (3.39)

so that one finds:

T =
r2
h

4πL2

(
dm

rd+1
h

)
=

d rh
4πL2

(3.40)
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3.3.2 Black hole thermodynamics

One of the motivations of the AdS-CFT correspondence is the realization that the Bekenstein-

Hawking entropy of black holes is proportional to the area of their event horizon:

S =
A

4G
(3.41)

As we are going to see this identity motivates the intuition that the thermal state of the

field theory is dual to a black hole in the bulk. It is instructive to see how this formula

comes about, starting from thermodynamic identities [11–13].

Let us start with the way thermodynamic entropy is computed, starting from the free

energy:

S = −∂F
∂T

= β2 ∂F

∂β
=

(
β
∂

∂β
− 1

)
βF (3.42)

We thus need an expression for the free energy. It is given in terms of the thermodynamic

partition function Z:

F = − 1

β
lnZ(β) (3.43)

Recall the GKPW formula (3.24), linking the gravity partition function to that of the field

theory. In general, the canonical partition function for gravity at temperature T = 1/β

reads

Z(β) =

∫
Dg e−S[g] ' e−S

∗
, (3.44)

where in the classical limit in Euclidean signature we substituted the path integral with

its saddle point approximation (S∗ being the on-shell gravitational action). Then one can

compute the free energy as:

F ' S
∗

β
(3.45)

Formally, one integrates over all metric with appropriate falloff; however, the partition

function can be approximately computed with a saddle point approximation: S∗ = S(g∗),

where g∗ is the metric solves the Einstein equations of motion.

For the purpose of this chapter the action S[g] will be the Einstein-Hilbert (EH) action

for classical gravity in Euclidean signature:

SEH = − 1

16πG

∫
M

dd+1x
√
|g| (R− 2Λ) (3.46)

where R is the scalar Ricci curvature, Λ the cosmological constant and M the manifold

over which the theory is defined. This action, however, does not yield a well-defined vari-

ational problem for the fluctuations of the bulk metric. In fact, after integration by parts
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it still carries terms proportional to the derivatives of the metric, which are incompatible

with Dirichlet boundary conditions. These terms can by canceled by supplementing the

Einstein-Hilbert action with the so-called Gibbons-Hawking-York boundary term [54]:

S = SEH + SGBY = − 1

16πG

∫
M

dd+1x
√
|g| (R− 2Λ)− 1

8πG

∫
∂M

ddx
√
−γ K (3.47)

where γ is the induced metric at the boundary and K = −γµνΓαµνnα is the trace of the

extrinsic curvature (nµ being the normal vector to ∂M).

Even after adding SGHY the action still diverges if the boundary is located at infinity, as is

the case for (asymptotically) AdS spaces. As we are going to see, one adds counterterms

absorbing the divergences of the action, or subtract the action of a reference background.

Example: Schwarzschild black hole

Let us see how this works concretely for a Schwarzschild AdSd+1 geometry [13]. At the

boundary r → ∞ the geometry becomes AdS and so the scalar curvature is given by

(3.22):

lim
r→∞

R = −d(d+ 1)

L2
(3.48)

While the cosmological constant appearing in the EH action (3.46) is

Λ = −d(d− 1)

2L2
(3.49)

Wick rotating the metric (τ = it) we obtain

ds2
E =

r2

L2

(
f(r)dτ 2 + dx2

)
+

L2

r2f(r)
dr2 (3.50)

With limr→∞ f(r) = 1. The determinant of the metric reads:

√
gE =

( r
L

)d−1

(3.51)

We now have to determine the normal vector at the boundary, defined by sending r →∞.

It points in radial direction; since it has to be normed, it is given by

nµ =
r
√
f(r)

L
δµr (3.52)

The induced metric γαβ is the simply the original metric, minus the radial component, so

that its determinant amounts to:√
|γE| =

( r
L

)d√
f(r) −−−→

r→∞

( r
L

)d
(3.53)

41



One can now compute the trace of the extrinsic curvature K = γαβE ∇αnβ = −γαβE Γµαβ nµ.

Since nµ points in radial direction and γαβ has no radial component we only need Γrµν
with µ, ν 6= r. The only non-vanishing Christoffel symbols of interest are then (denoting

with xi all coordinates different from r and τ):

Γrxixi = −r
3f(r)

L4
Γrττ = −

r3f(r)
(
2f(r) + rf ′(r)

)
2L4

(3.54)

Therefore one obtains:

K =

√
f(r)

L

(
d+

rf ′(r)

2f(r)

)
−−−→
r→∞

d

L
(3.55)

We can now compute the counterterm, at leading order in 1/r. For this we only need the

asymptotic value of the Ricci scalar curvature (3.48). Integrating the EH action over dr

we find (to leading order in r):

Sbdy = −d− 1

8πG

∫
∂M

dτdx
rd

Ld+1
= (finite terms)− lim

ε→0

d− 1

8πG

∫ β

0

dτ

∫
Rd−1

dx
ε−d

Ld+1
,

(3.56)

where we have recalled that the limits of integration for Euclidean time are 0 and T = 1/β

and we have parametrized the UV boundary by setting r = ε−1, with ε → 0. We can

absorb this divergence by adding a corresponding counterterm to the boundary action1

Sct ≡
d− 1

8πGL

∫
r→0

dτdx
√
|γE| (3.57)

With this counterterm we can finally perform the integration; recall that the lower inte-

gration limit on r is the horizon radius rh. We get [13]:

S∗ = − 1

4G

(rh
L

)d−1

Vold−1 = − 1

4G

(4π)d−1Ld−1T d−1

dd
Vold−1 , (3.58)

where Vold−1 is the volume enclosed by the d− 1 spatial coordinates x.

So, with (3.45) and (3.36), the saddle point approximation for the free energy is:

F ' TS∗ = − T d

4Gd

(
4πL

d

)d−1

Vold−1 (3.59)

1Note that for d > 2 this is not the only needed correction. Further corrections come in powers of the
curvature of the boundary metric [55,56]. For the purpose of illustrating the computation of the entropy,
though, in this chapter we are restricting ourselves to the leading term.
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We can then compute the entropy:

S = −∂F
∂T

=
1

4G
Vold−1

(
4πLT

d

)d−1

=
1

4G

(rh
L

)d−1

Vold−1 (3.60)

With (3.50) we recognize that we can rewrite this last expression in terms of the horizon

area:

S =
Ahorizon

4G
(3.61)

This is the famous result predicted by Bekenstein and Hawking [57].

Example: Reissner-Nordström black hole

Note: from now on we are going to set 16πG = L = 1 for simplicity’s sake.

By coupling a gauge field to the metric one obtains the so-called Reissner-Nordström

(RN) black hole. In an asymptotically AdSd+1 geometry its bulk action is given by the

Einstein-Maxwell action, which (in Lorentzian signature) reads:

SEM =

∫
dd+1x

√
−g

[(
R + d(d− 1)

)
− 1

4e2
FMNF

MN

]
(3.62)

where FMN = ∂MAN − ∂NAM is the field strength tensor associated to the gauge field.

Assuming the gauge field to be timelike (that is, only At 6= 0), the equations of motion

obtained by extremizing this action are solved by [13]:

ds2 =
r2

L2

(
−f(r)dt2 + dx2

)
+

L2

r2f(r)
dr2 with f(r) = 1 +

Q2

r2d−2
− M

rd
(3.63)

At = µ

(
1− rd−2

h

rd−2

)
(3.64)

The chemical potential µ and Q are related by:

Q =

√
(d− 2)

2(d− 1)e2
rd−2
h µ (3.65)

Note that in the limit e → ∞ we recover the Schwarzschild black hole solution. This is

the so-called “probe limit”. rh denotes the larger root of f(r) and is called outer horizon

radius. It is related to the charge Q and the the mass M of the black hole by:

M = rdh +Q2 r2−d
h (3.66)
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The temperature reads:

T =
d rh
4π
− (d− 2)2 µ2

8π(d− 1) e2 rh
(3.67)

With a similar procedure to the Schwarzschild case one can compute the free energy:

F = −T lnZ ≈ TS∗ = −Vd−1

d

(
4πrd−1

h T +
(d− 2)µ2

e2
rd−2
h

)
(3.68)

We can then compute the entropy density and verify the Bekenstein-Hawking conjecture:

s ≡ −∂F
∂T

∣∣∣∣
µ

= 4πrd−1
h (3.69)

Note that this solution displays finite entropy at zero temperature.

Similarly, the charge density associated with the conserved current of the boundary field

theory is given by:

n ≡ −∂F
∂µ

∣∣∣∣
T

=
d− 2

e2
rd−2
h µ (3.70)

Note that the charge density obtained in this way is proportional to ∂rAt on the boundary,

as prescribed by the holographic dictionary that we are going to introduce in the upcoming

sections.

Having obtained analytical expressions for both s and ρ, together with their sources T

and µ, we can now compute the related susceptibilities. Recall the thermodynamical

definition of susceptibilities: given an ensemble φa, a = 1, · · · , n and its sources sa the

susceptibility χab is the variation of the vacuum expectation value φa with respect to the

source of φb, keeping all other sources constant:

χab =
∂φa
∂sb

∣∣∣∣
sc6=b

(3.71)

Here we find:

χnn =
rd−2
h

e2

(2d(d− 2)(d− 1) e2r2
h + (d− 2)3(2d− 3)µ2)

2d(d− 1) e2r2
h + (d− 2)2 µ2

(3.72)

χss =
32(d− 1)2 πe2rdh

2d(d− 1) e2r2
h + (d− 2)2 µ2

(3.73)

χns = χsn =
8(d− 2)2(d− 1) πµrd−1

h

2d(d− 1) e2r2
h + (d− 2)2 µ2

(3.74)

One can see that the susceptibility matrix is symmetric: χsn = χns, and that the diagonal

susceptibilities χnn and χss are positive, as required by thermodynamic equilibrium.
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The energy density and the pressure can be extracted from the boundary behaviour of the

metric, which is dual to the stress-energy tensor of the field theory. In Fefferman-Graham

coordinates, where grm = r−2δrm, the subleading behaviour of the metric at the boundary

gives the expectation value of the stress-energy tensor in the dual field theory [55].

In particular, as we are going to see in the upcoming chapter, the boundary behaviour of

the metric in d+ 1 dimensions is2:

lim
r→∞

= r2
[
g(0)µν

(
1 +O(r−2)

)
+ r−dg(d)µν

(
1 +O(r−2)

)]
(3.75)

For example for a Reissner-Nordström metric we find [13]:

ε = d〈T 00〉 = d gtt(d) = dM (3.76)

p = d〈T xx〉 = M (3.77)

Notice that 〈T µµ 〉 = 0, as required for a conformal field theory.

Finally, with equations (3.66, 3.67, 3.68, 3.70) one can then check the Smarr law:

ε+ p = sT + nµ (3.78)

3.4 Definition of propagators and quasinormal modes

From now on we are going to set L = 16πG = 1. Moreover, for the sake of consistency

with the upcoming chapters, we are going to use the coordinate u ≡ 1/r, so that the AdS

boundary is located at u → 0. Finally, we assume to be working in AdSd+1 with d odd,

as for even d logarithmic terms arise in the boundary expansion of the fields [58].

3.4.1 Asymptotic behaviour of the fields

In this section we examine the asymptotic behaviour of scalar and gauge field, assuming

that the metric is asymptotically AdS (3.21):

lim
u→0

ds2 =
1

u2

(
du2 + ηµν dxµdxν

)
(3.79)

So that the square root of the metric asymptotes to:

lim
u→0

√
−g = u−(d+1) (3.80)

2If d is odd logarithmic terms appear in the expansion [58]
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Let us start with the simple example of a scalar field φ whose bulk action reads [47]:

Sφ =

∫
dd+1x

√
−g
(
m2φ2 + ∂Mφ∂

Mφ
)

(3.81)

The resulting equation of motion is [59]:

1√
−g

∂M
(√
−g∂M

)
φ = m2φ (3.82)

We assume radial symmetry (that is, the fields only depend on u). On the boundary

equation (3.82) then becomes:(
ud+1∂uu

1−d∂u −m2
)
φ = u2∂2

uφ+ (1− d)u ∂uφ−m2φ = 0 (3.83)

Assuming an asymptotic behaviour φ ∼ u∆ we obtain an equation for the falloff exponent

∆:

∆(∆− d) = m2 (3.84)

which is solved by

∆ = ∆± ≡
1

2

(
d±
√
d2 + 4m2

)
, (3.85)

so that we can write:

φ = φ+u
∆+ + φ−u

∆− (3.86)

for two coefficients φ+ and φ−, which in general are functions of the non-radial coordinates

xµ.

Notice that under dilatations u 7→ λu the scalar field is invariant. Hence the coefficients

transform as:

φ± 7→ λ−∆±φ± (3.87)

In particular, as we are going to see in the coming sections, φ+ gives the vacuum expec-

tation value of the dual field theory operator, which has scaling dimension ∆+ [13, 47],

determined by m2.

One can see that a negative mass does not lead to an instability (that is, φ gets a complex

scaling dimension) as long as:

m2 > m2
BF ≡ −

d2

4
(3.88)

This is the so-called Breitenlohner-Freedman (BF) bound [60,61].

Let us now add a gauge field to the picture. Considering a complex scalar together with
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a gauge field as in [15] the simplest form the bulk part of the action is given by [36,59]:

SAµ,ψ =

∫
dd+1x

√
−g
(

1

4e2
FMNF

MN +m2|ψ|2 + |∂ψ − iAψ|2|
)

(3.89)

From this action one can derive the equations of motion for the scalar and the gauge

field [59]:
1√
−g

(∂M − iAM)
√
−g(∂Mψ − iAMψ) = m2ψ∗ (3.90)

∂M
(√
−gFMN

)
= e2gNKJK (3.91)

With the field strength tensor FMN = ∂MFN − ∂NFM and the current

JM = i (ψ∗(∂M − iAM)ψ − ψ(∂M + iAM)ψ∗) = 2AM |ψ|2 + i (ψ∗∂Mψ − ψ∂Mψ∗) (3.92)

We work in the so-called radial gauge, where Au = 0. Then the above equations of motion

(3.90,3.91) become:

u2∂2
uψ − (d+ 1)u ∂uψ − AµAµψ −m2ψ∗ = 0 (3.93)

∂u(u
3−d ∂uAµ)− 2u2e2|ψ|2Aµ = 0 (3.94)

Assuming the same asymptotic behaviour for ψ and ψ∗: ψ ∼ ψ∗ ∼ u∆ with ∆ as in (3.85)

we see that (3.93) is satisfied if the leading behaviour for the gauge field at infinity is just

a constant. If we then consider the second equation (3.94) without the mixing term we

see that it is indeed solved by

Aµ ∼ α + βud−2 (3.95)

We can now plug this expansion back into (3.94) and see that the mixing term is subleading

in u if m2 < d+ 1:

u2|ψ|2Aµ ∼ u2+d−
√
d2+4m2

(3.96)

So for m2 < 0, as will be the our case in the rest of this thesis, we can retain the asymp-

totic behaviours given by (3.85) and (5.20).

Also, note that a positive squared mass gives the scalar field a diverging boundary be-

haviour. Its dual will then be an irrelevant operator, which, if sourced (i.e. if it gets

a non-vanishing leading coefficient), alters the UV behaviour of the theory, driving the

theory to a different UV fixed point and endangering the asymptotic “AdS-ness” of the

metric [47].

As we are going to soon see in better detail, the subleading component of the fields at
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the boundary give the vacuum expectation values of the operators in the dual conformal

field theory, while the leading components are their sources. For instance the timelike

component At of the gauge field delivers the conserved charge and its associated chemical

potential in the field theory:

At ∼ µ− ρ ud−2 (3.97)

Notice that the Reissner-Nordström solution (3.64) for At shows this behaviour, with

ρ = rd−2
h µ.

Similarly, having a finite background superfluid velocity ∼ ξ means [59]:

Ax = ξ − e2

2

〈
Jx
〉
ud−2 +O(r3) (3.98)

3.4.2 Quasinormal modes and retarded functions

From a practical point of view, in order to make use of gauge/gravity duality one has

to compute the quasinormal modes (QNMs) and the propagators of the operators on the

gravity side.

In finite temperature field theory there are two ways of computing response functions.

The first option is to perform a Wick rotation to Euclidean time, compute the response

functions for complex frequencies, and then analytically continue them to real ones. This,

however, is a rarely viable strategy: one needs to know the correlators at extremely high

precision (basically, analytically) in order for the analytical continuation to deliver ac-

ceptable results [13].

Alternatively, one can directly work in Lorentzian signature. It turns out that, given a

bulk theory with a black hole, one can holographically reproduce the Schwinger-Keldysh

structure of the retarded and advanced propagators of the dual thermal field theory. This

is done by selecting infalling and outgoing solutions to the equations of motion at the

black hole horizon. Here we are not going to prove this construction; instead, we will

limit ourselves to outlining the practical procedure than one has to follow in order to

compute the correlators.

The first step consists in deriving the equations of motion for the background by min-

imizing the bulk action. Once one has solved for the background (usually numerically,

although an analytical approach is possible around Tc [36, 39] or, more generally, in the

long wavelength limit [62–65]) one can compute the QNMs by allowing for small fluc-

tuations of the fields around their background values. The standard procedure is the

following (note that for simplicity we are setting the horizon radius rh = 1) [66]:
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1. One uses a plane wave ansatz for the perturbations to the background fields Λi. :

δΛi = λi(u) e−iωt+ikx (3.99)

Note that one is allowed to use this ansatz if one considers flat spatial sections for

the metric; this will be the case in this thesis.

After imposing (3.99) one linearizes the bulk action in the fluctuations and derives

the corresponding equations of motion for λ(z).

2. One computes the boundary action up to quadratic order in the fluctuations. The

action carries diverging contributions, that need regularizing. This is done by sub-

tracting the diverging part of the action, as we will see in the upcoming section with

the concrete example of the holographic dual to a superfluid system in AdS4.

3. One then writes the quadratic part of the renormalized boundary action as

SB =

∫
B

ci(−ω,−k)F ij(ω, k) cj(ω, k) (3.100)

Recall the definition of the holographic Green’s functions with the GKPW rule

(3.101):

〈O(x1) · · · O(xn)〉 = (−1)n+1 δS
δφ0(x1) · · · δφ0(xn)

∣∣∣∣
φ0=0

(3.101)

This formalism, generalized to multiple fields and naively applied to the boundary

action (3.100) (forgetting about the boundary terms originating from the lower

integral bound, which is the horizon radius), gives 3 [50, 66,68]:

Gij(ω, k) = −2 lim
z→0
F ij(ω, k) (3.102)

From this expression we can also obtain the quasinormal modes ω(k), as the poles

of the propagators [68,69]. As such, they are going to be the poles of Gij(ω, k).

4. In order to obtain the propagators one evaluates the quadratic action (3.102) over the

solutions to the equations of motion with infalling or outgoing boundary conditions

at the horizon [50,70,71]:

lim
u→1

λi = (1− u)iνωλ̃i(1− u) (3.103)

3Note that in the presence of a black hole the procedure outlined here is non-trivial and relies on the
definition of Schwinger-Keldysh correlators at finite temperature. In particular, one takes into account
a second boundary, corresponding to a region of spacetime containing a white hole in the infinite past.
After a careful comparison with the construction of Schwinger-Keldysh correlators in finite-temperature
field theory one can show that (3.102) holds. [12, 13,50,67]
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where the λi(1−u)’s are regular functions of 1−u. In most cases limu→1 λ̃i(1−u) =

const, but for some perturbations (notably the timelike components of the metric

and gauge field) λ̃i vanishes at the horizon.

In general the coefficients in the Taylor expansions of the λ̃i’s in the vicinity of the

horizon are not independent. One can pick the value of a subset of the leading

coefficients; all the others will be fixed via Robin boundary conditions obtained by

expanding the equations of motion in the vicinity of u = 1. The number of available

linearly independent solutions is equal to the amount of free coefficients.

The coefficient ν can be determined by studying the leading terms in the expansion

of the equations of motion around the horizon. It is proportional to the inverse

Hawking temperature [11, 12,47]:

ν = ± 1

4πT
(3.104)

In the probe limit, for example, where the metric is that of an asymptotically AdSd+1

Schwarzschild black hole, ν = ±L2/(d) (with unit horizon radius).

A negative coefficient describes an infalling solution; a positive one, on the other

hand, an outgoing solution. Infalling solutions yield retarded Green’s functions;

outgoing ones give advanced propagators. We can see this by defining a new coor-

dinate [11, 12] (for a Schwarzschild geometry, this amounts to choosing Eddington-

Finkelstein coordinates):

ũ ≡ ln(1− u)

4πT
(3.105)

Notice that the horizon is located at ũ→ −∞ and the boundary at ũ→ 0.

Using the redefined coordinate the near-horizon behaviour (3.103), multiplied with

the plane wave factor (3.99), becomes:

δΛi ∼ e−iω(t∓ũ) (3.106)

A perturbation with a negative exponent will fall into the black hole; conversely, a

positive exponent will describe propagation out of the black hole. It is then intu-

itively clear that a negative exponent is necessary for the computation of retarded

functions: it guarantees that causality is not violated. In other words, the absorp-

tion of perturbations by the black hole is dual to dissipation in the field theory.

5. Different solutions to the equations of motion are determined by different boundary

conditions on the AdS boundary. Physically, this means turning on different sources.

In order to find a solution to the equations of motions with given sources one goes

through the following steps:
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• Imposing one boundary condition for every field would result in redundant

boundary conditions because of gauge- and diffeomorphism invariance. In-

stead, one has to impose gauge-invariant boundary conditions. For instance,

the gauge-invariant boundary condition for the gauge field sets the boundary

value of the electric field.

Alternatively, as we saw above one can obtain linearly independent solutions

by picking the values of a subset of the leading coefficients of the fields at the

horizon.

The two approaches are equivalent. However, note that the number of inde-

pendent solutions obtained in this way will be smaller than that of the fields,

for there will be fewer boundary conditions than there are fields. Hence the

need to make use of pure gauge solutions: these are gauge transformations of

the trivial solution.

For instance, for a geometry coupled to a gauge field and a complex scalar field

(as will be the case in this thesis) the pure gauge solutions can be parametrized

via a scalar field θ and a vector field βM :

δψ = iψθ + βM∂Mψ δψ∗ = −iψθ + βM∂Mψ

δAM = ∂Mθ + (LβA)M

δgMN = (Lβg)MN = ∇MβN +∇NβM

(3.107)

In the probe limit, where one neglects backreaction between the metric and

the matter fields, one can take β = 0 and θ = e−iωt+ikx and the relevant pure

gauge solution takes the following form [66]:

at = −iω ax = ik δψ = iψ δψ∗ = −iψ (3.108)

• A general solution will be a linear combination of the above solutions, including

the pure gauge ones. Labelling the source of fluctuation j for the i-th solution

as `ji (ω, k) the source of the general solution will be given by `i,gen(ω, k) =

`ji (ω, k)cj for some coefficients cj.

In particular, one can set one source to a finite value and all the others to 0. As

we are going to see in detail in the upcoming chapter, the one-point functions

are given by the subleading terms in the horizon expansion of the fields. One

can then variate them with respect to the nonzero source and compute the

corresponding Green’s functions as in (3.102).

• One can set all sources to 0 and maintain a non-trivial general solution if [66]

det `ji (ω, k) = 0 (3.109)
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One computes the modes ω(k) by solving for this equation in powers of k (the

intuition being that the Green’s functions are given by the variation of the

fields with respect to the sources, at general k and ω - if all sources vanish they

diverge). The obtained modes are gauge invariant [66]; this is due to the form

of the pure gauge solution.

Note: If one only wishes to compute the modes one does not have to look for

independent solutions. One defines a grid xi and writes the equations of motion

as a linear problem for the vector f containing the values of the fields at the grid

points. Formally:

D̃(ω, k)f = λ (3.110)

where λ contains the boundary conditions. The modes ω(k) are given by the solution

to det D̃(ω(k), k) = 0. More details are given in the appendix.
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4 Holographic Superfluids

The analysis of superfluids in the context of gauge gravity duality (commonly denoted as

“holographic superfluids”) was laid out in 2008 by Hartnoll, Herzog and Horowitz [14,15]

and has been used extensively over the years [7, 36,37,39,42,44,59,66,72–74].

The Lagrangian that we are going to employ in this thesis was first introduced in 2008 by

Gubser [75] and Hartnoll, Herzog and Horowitz [14, 15]. It involves a metric tensor gMN

coupled to a gauge field AM and a complex scalar ψ. The Lorentzian action is:

S =
1

16πG

∫
dd+1x

√
|g|
[
R− 2Λ− 1

4e2
FMNF

MN − |Dψ|2 − m2

L2
|ψ|2

]
(4.1)

As one can see, the first part is the Einstein-Hilbert action (3.46). From now on we are

going to set the AdS radius L to 1 for simplicity. Furthermore, we set m2 = −2: in this

case the behaviour of the scalar field at the boundary (3.85) will simply involve a linear

and a quadratic term. This Lagrangian can be modified in various ways, for instance by

adding a quartic potential for the scalar field [59].

The equations of motion obtained by extremizing the action (4.1) can be written as

[15,36,59]:

1√
−g

(∂M − iAM)
√
−g
(
∂M − iAM

)
ψ = m2ψ (4.2)

1√
−g

∂M
(√
−gFMN

)
= e2JN (4.3)

RMN −
R

2
gMN + ΛgMN =

1

e2
TMN (4.4)

with the current:

JM ≡ i
(
ψ̄(∂M − iAM)ψ − ψ(∂M + iAM)ψ̄

)
(4.5)

53



5 10 15 20 25
ω/T

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Re(σ)
Re(σ) - T = 0.9 Tc

5 10 15 20 25
ω/T0

50

100

150

200

Im(σ)
Im(σ) - T = 0.9 Tc

Figure 4.1: The real and imaginary parts of the conductivity in the probe limit (i.e.
neglecting backreaction between the metric and the matter fields, and thus not imposing
translation invariance) for T = 0.9Tc. The background scalar field is set to behave as u2

near the boundary.

and the stress tensor:

TMN ≡−
1

2

(
FMJF

J
N +

1

4
gMN FJKF

JK

)
+

1

4

(
(∂M − iAM)ψ (∂N + iAN)ψ̄ +M ↔ N

)
− 1

4
gMN

(
|∂Jψ − iAJψ|2 + 2|ψ|2

)
.

(4.6)

Below a critical temperature Tc the scalar field condensates, leading to spontaneous sym-

metry breaking. We interpret the condensate as the conjugated charge to the chemical

potential µ.

Notably, the conductivity shows the same features that we outlined at the end of chapter

2. In particular, Imσ(ω) features a pole at ω = 0 even without translation invariance [14],

as one can see in Figure 4.1. Furthermore, at ω → 0 the deviation from the normal fluid

behaviour Reσ(ω) = 1 becomes more and more pronounced at lower temperatures, even-

tually reaching Reσ(ω) = 0 at small frequencies, which signals a nondissipative flow [15].

The equations of motion (4.2,4.3,4.4) can be solved either analytically or numerically.

The analytical approach is possible in some limited cases; however, in order to extensively

study the behaviour of such a theory one therefore usually has to resort to a numerical

approach.

As we are going to see, a first simplification is the so-called “probe limit”, that is the large

charge limit: e→∞. In this case the gauge and scalar field decouple from the metric and

one obtains a Schwarzschild black hole. This limit corresponds to freezing temperature
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and momentum fluctuations on the field theory side. Although quantitatively not neces-

sarily accurate, it allows to get a first qualitative understanding of the physics described

by the chosen Lagrangian, especially close to the critical temperature.

4.1 The holographic dictionary for holographic su-

perfluids

In order to compute the vacuum expectation values from (3.101), one realizes that both

sides of the GKPW prescription can be organized into representations of the conformal

group. To wit, the fields appearing in action (4.1) can be related to their dual operators by

simply looking at their transformation properties. Thus varying the renormalized action

with respect to the metric, the gauge field and the phase of the complex scalar field will

respectively yield the vacuum expectation value of stress-energy tensor, the current and

the Goldstone boson on the field theory side. In particular one has [56,58]:

〈O〉 =
1

√−γ(0)

δSren

δψ(0)

(4.7)

〈Jµ〉 =
1

√−γ(0)

δSren

δAµ(0)

(4.8)

〈Tµν〉 =
2

√−γ(0)

δSren

δγµν(0)

, (4.9)

where γµν is the boundary metric and the (0) subscript denotes the leading boundary

behaviour of a given field, stripped of its factors of u, i.e. the source of its dual operator.

We are now going to lay out the computation of the renormalized boundary action for

holographic superfluids. In particular, we are going to see how the various counterterms

arise: this will allow us to compute the vacuum expectation values of the fields and,

consequently, their propagators.

4.2 The renormalized boundary action

For simplicity’s sake we are going to stick to AdS4 and keep the AdS radius L = 1, since

this is the configuration in which we are going to work within this thesis. Furthermore,

we set 16πG = 1.

The AdS boundary ∂Σ is defined by setting u = ε with ε → 0. We work in the radial

gauge (Ar = 0) and in the Fefferman-Graham gauge, where in the vicinity of the boundary
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the metric is parametrized as [12,58]:

ds2 =
du2

u2
+
gµν(u

2, x)

u2
dxµdxν (4.10)

1 The outward pointing normal vector to the boundary is given by:

nM = −u
L
δMu (4.11)

The induced metric on the boundary is simply γµν = gµν/u
2. One can show that gµν can

be expanded in powers of u as follows [55,76]: 2

gµν = g(0)µν + g(0)µν u
2 + · · ·+ g(d)µνu

d (4.12)

Notice that the only odd term in u is the last one (in even bulk dimensions). The other

subleading terms can be recursively determined starting from g(0) [12, 55].

The determinant of the induced metric asymptotes to:

√
|γ| =

√
−γ =

(
L

u

)d
+O(u2−d) (4.13)

We start from action (4.1), setting for simplicity e = L = 1 and d = 3:

S =

∫
dd+1x

√
|g|
(
R− 6− 1

4
FMNF

MN − |Dψ|2 + 2|ψ|2
)

(4.14)

From this action one gets diverging boundary terms. Boundary counterterms are added

in order to cure the divergences without altering the bulk equations of motion.

One goes though the following steps:

• The contribution of the gauge field to the action is finite

From (5.20) we know that near the boundary:

AM = α + βu =⇒ FMν ∼ u0 and FMν ∼ u4 (4.15)

After partial integration we find:

−1

4

∫
dd+1x

√
|g|FMNF

MN −→ −1

2

∫
∂Σ

ddx
√
−γ nMAνFMν ∼ ε0 (4.16)

This term behaves as ε0 and is therefore finite in the ε→ 0 limit and does not need

1Note that here Greek indices denote the d boundary coordinates, while latin indices also include u.
2In odd bulk dimensions logarithmic terms in u are also present in the expansion [58]; we are, however,

working in AdS4 so we do not need to take them into account.
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renormalizing.

• Renormalization of the scalar field part

We know from (3.85) the boundary behaviour of the scalar field. With d = 3 and

m2 = −2 it becomes:

ψ = αu+ βu2 (4.17)

The variation of the contribution to the action proportional to |ψ|2 vanishes for

solutions to the equations of motion; the part proportional to |Dψ|2, however, does

produce a boundary term after partial integration. One has:

|Dψ|2 = gMN (∂Mψ − iAMψ) (∂Nψ
∗ + iANψ

∗)

= AMAM |ψ|2 + ∂Mψ∂
Mψ∗ + iAM (ψ∗∂Mψ − ψ∂Mψ∗)

(4.18)

The first term contains no derivatives and thus will not produce any boundary terms

after partial integration and its variation will vanish if the equations of motion are

satisfied. The boundary contribution obtained from partially integrating the third

term vanishes altogether. The second term, however, gives rise to a nontrivial

boundary contribution [12]:

Sbdy,|Dψ|2 = −
∫
∂Σ

ddx
√
−γ ψ∗nM∂Mψ (4.19)

With (4.11), (4.13) and (4.17) we see that the integrand behaves as

√
−γ ψ∗nM∂Mψ =

|α|2

u
+O(u0) (4.20)

We can absorb this divergence by adding the following counterterm:

Sct,|Dψ|2 ≡ −
∫
∂Σ

ddx
√
−γ |ψ|2 (4.21)

• Renormalization of the metric part

First, in order for the variational problem to be well-defined, one has to subtract

the so-called Gibbons-Hawking-York (GHY) term [54]:

SGHY = 2

∫
∂Σ

ddx
√
−γ K (4.22)

Here K ≡ −γµνΓρµνnρ is the trace of the extrinsic curvature. This correction ensures

that the boundary action will not depend on the derivatives of the metric at the

boundary. This requirement is necessary since we are going to impose Dirichlet

boundary conditions on the metric.
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We can now examine the diverging parts of the boundary action.

First we want to study the boundary behaviour of the bulk Ricci scalar curvature.

With (4.12) one has

Rµν = −d
g(0),µν

u2
+O(u0) (4.23)

Then, on inserting this into the Einstein equations of motion Rµν −Rgµν/2 + Λgµν ,

one finds at leading order in u (recall that Λ = −d(d− 1)/2):

−dg(0),µν −
1

2
Rg(0),µν −

d(d− 1)

2
g(0),µν = 0 =⇒ R = −d(d+ 1) +O(u2) (4.24)

Furthermore, at leading order the trace of the extrinsic curvature behaves as:

K = d+O(u2) (4.25)

Thus, integrating the leading behaviour of
√
|g|(R − 2Λ) over du, and adding the

leading contribution of the GHY term, one finds the following divergence:

Sdbdy = ε−d 2(d− 1)

∫
ddx
√
−γ (4.26)

Hence the corresponding counterterm:

Sct,g(0) ≡ −2(d− 1)

∫
ddx
√
−γ d=3

= −4

∫
ddx
√
−γ (4.27)

In d = 3 boundary dimensions, however, the next-to-leading contribution is propor-

tional to ε−d+2 = ε−1: thus it also diverges and needs to be taken care of. The next

diverging contribution (and, in AdS4, the last one), is given by [55]:

Sd−2
bdy = −(d− 4)(d− 1)

d− 2
ε−d+2

∫
ddx
√
−γ Trg(2)

d=3
= 2

∫
ddx
√
−γ Trg(2) (4.28)

One can show [55] that:

R(γ) = 2(d− 1)ε2 Trg(2) +O(ε4) (4.29)

Inserting this relation into (4.28) we find that in d = 3 boundary dimensions the

next counterterm reads:

Sct,g(2) ≡ −
∫

d3x
√
−γ R(γ) (4.30)

In d = 3 these are all the needed counterterms; in higher dimensions one would have

contributions proportional to higher powers of R(γ),µν , too [12,48,77].
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We therefore obtain the following counterterms [12,37,78]:

Sct =

∫
∂Σ

d3x
√
−γ

(
2K − 4− |ψ|2 −R(γ)

)
(4.31)

And with it the renormalized boundary action is defined as:

Sren = Sbdy + Sct (4.32)

Now we can compute the variation of this boundary metric under a linear perturbation

of the background fields. As we saw in the previous section, this is necessary in order to

compute the vacuum expectation values and the Green’s functions of the dual boundary

theory.

• First, let us consider the part of the Lagrangian solely depending on the gauge field.

Varying the boundary action (4.16) we find:

δSF 2 = −
∫

d3x
√
−γ FMNnM δAM (4.33)

• Now let us variate the complex scalar field. From the counterterm we get:

δS|ψ|2,ct = −
∫

d3x
√
−γ (ψ∗ δψ + ψ δψ∗) (4.34)

After integrating by parts the
√
−g|Dψ|2 term in the boundary action we find:

δS|Dψ|2 = −
∫

d3x
√
−γ gMNnM

(
AN (ψ∗ δψ − ψ δψ∗) + ( δψ∗∂Nψ − δψ ∂Nψ∗)

)
(4.35)

• Let us now variate the boundary metric. Recall the identities:

δ
√
−γ = −1

2

√
−γ γµν δγµν (4.36a)

R(γ) ≡ γµνR(γ),µν (4.36b)

Furthermore, one can show that δK = γρσnµ∂µδgρσ/2 + δγµν Kµν/2. The first

term exactly cancels the contribution of ∂g to the boundary action, obtained after

integration by parts; the second one will contribute to the one-point functions. Then

the variation of the boundary action due to the variation of the boundary metric
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γµν amounts to [37,44]:

δSγ =

∫
d3x
√
−γ δγµν

(
Kµν −R(γ),µν −

1

2
(2K − 4 + |ψ|2 +R(γ)) γµν

)
(4.37)

Summing all the variations together we write:

δSren = δSF 2 + δS|ψ|2,ct + δS|Dψ|2 + δSγ (4.38)

Varying this expression with respect to the fluctuations of the fields we can now obtain

the vacuum expectation values and the propagators of their dual operators.

4.3 One- and two-point functions

First, recall the boundary expansions of the matter fields (the hat denoting the leading

mode of the background solutions):

ψ = u2ψ̂ + uψ(1) + u2ψ(2) (4.39)

Aµ = Âµ + A(0)
µ + uA(1)

µ (4.40)

We denote µ = Â
(0)
t and n = −Â(1)

t , as well as ξ = −Â(0)
x .

Let us start by computing the vacuum expectation value of the scalar field 〈ψ〉:

〈ψ〉 ≡ 1√
−γ(0)

δSren

δψ∗(1)

= − 2

u2

(
ψ + nMg

MN∂Nψ
)

= − 2

u2

(
ψ̂ − u ∂uψ̂ + uψ(1) + u2ψ(2) − uψ(1) − 2u2ψ(2)

)
u→0
= 2

(
ψ̂(2) + ψ(2)

)
,

(4.41)

where we have exploited the fact that nM points in radial direction, that the radial com-

ponent of the gauge field is set to zero and that we have chosen the boundary behaviour

of the background scalar field to be quadratic in u. Notice that, as expected, the coun-

terterms cancel the diverging terms due to ψ(1), proportional to u−1.

Similarly:

〈ψ∗〉 ≡ 1√
−γ(0)

δSren

δψ(1)
= 2ψ̂∗ + 2ψ∗(2) (4.42)
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varying the action with respect to the leading behaviour of the gauge field we get:

〈Jµ〉 ≡ 1√
−γ(0)

δSren

δA
(0)
µ

=
1

u4
nNF

Nµ
∣∣∣
u→0

= ηµνA(1)
ν (4.43)

And in particular:

〈J t〉 = n− A(1)
t (4.44)

We see that the subleading coefficients in the boundary expansion of the scalar and gauge

fields give the expectation values of their dual operators.

Similarly, we obtain the expectation value of the stress-energy tensor by varying the

action with respect to the boundary behaviour of the induced metric. In particular,

Balasubramanian and Kraus showed in [79] that, given the counterterms introduced above,

in an asymptotically AdS4 geometry:

〈T µν〉 ≡ 2√
−γ(0)

δSren

δγ
(0)
µν

= 2

[
Kµν −

(
K + 2 +

R(γ)

2

)
γµν −Rµν

(γ)

]
Adding the contribution from the scalar field to the boundary action (4.38) we have:

〈T µν〉 = 2

[
Kµν −

(
K + 2 +

R(γ)

2
+
ψ2

2

)
γµν −Rµν

(γ)

]
(4.45)

In the Fefferman-Graham gauge (4.12), by direct evaluation of this tensor, one finds

that, up to the contribution of the scalar field, it is proportional to the coefficients of

the subleading terms in the boundary expansion of the metric [55, 76]. Hence the main

advantage of the Fefferman-Graham gauge: it allows to treat the metric like the gauge

and scalar field. 3

For instance, in this gauge the tt-component of the stress-energy tensor reads:

〈T tt〉 = 3
(
γ̂tt(3) + γtt(3)

)
≡ ε+ 3γtt(3) (4.46)

where we define the energy density ε ≡ γ̂tt/3.

As we saw in the last chapter, in a conformally invariant theory the trace of the stress-

energy tensor vanishes: 〈T µµ 〉 = 0. This relation holds here, too. In fact, by inserting the

boundary metric expansion (4.12) into the equations of motion for the fluctuations, one

can show that γ
(3),µ
µ = 0, whence 〈T µµ 〉 = 0.

As we previously saw, further differentiating the one-point functions with respect to the

source we can obtain the propagators [58]. For example, let us consider the gauge field.

3In odd bulk dimensions one has additional contributions to 〈Tµν〉, which depend on g(n), with
n < d [55].
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If we turn off all the sources, except for a
(0)
x , we simply have, up to contact terms [37]:

GR
JxJx = 〈JxJx〉 =

a
(1)
x

a
(0)
x

, GR
JtJx = 〈J tJx〉 = −a

(1)
t

a
(0)
x

(4.47)

We see that the Ward identity kGJxJx + ωGJxJt = 0 is satisfied if ka
(1)
x + ωa

(1)
t = 0.

This does indeed hold, owing to the Maxwell equations of motion (3.90). In fact, to

leading order in u one gets ∂cF
cu = 0. But then, recalling that Au = 0, this gives

∂x∂uAx − ∂t∂uAt = 0. Inserting the boundary behaviour of the gauge field (4.15), to-

gether with the plane wave ansatz, one recovers ka
(1)
x + ωa

(1)
t = 0.

In an analogous way one can compute the other propagators by turning on the corre-

sponding sources. The Ward identities for the propagators related to the stress-energy

tensor hold due to relations between the subleading components of the metric, in the same

fashion as what we just saw for the gauge field. In general, the Ward identities of the

boundary theory are related to the gauge symmetry of the bulk theory [56].

From the Green’s functions one can then extract the dissipative coefficients through Kubo

relations such as those we listed in (2.125). A famous result is the so-called Kovtun-Son-

Starinets (KSS) bound for the ratio of shear viscosity to entropy density for isotropic

boundary field theories dual to the classical Einstein-Hilbert action. With:

η = lim
ω→0

1

ω
GR
TxyTxy(k = 0, ω) (4.48)

In natural units one finds [12,13,80,81]:

η

s
=

1

4π
(4.49)

Note that in general η can be smaller than this “bound” in presence of higher derivative

corrections [82] or explicit breaking translational or rotational invariance. This has been

shown in a range of different setups; for a review of the literature we refer the reader

to [83].
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5 Probe limit

5.1 Hydrodynamics

A first simplified framework is the so-called “probe-limit”, where the fluctuations of the

normal fluid velocity and temperature are frozen. In other words, the only fluctuating

currents are the electric current jµ and the Goldstone field φ, with external source sφ. In

the presence of a background gauge field we define the gauge invariant combination

ξν ≡ ∂νφ− Aν (5.1)

and its transverse part ζµ ≡ ∆µ
νξ

ν . The equations of motion are current conservation and

the Josephson relation:

∂νj
ν = sφ

uνξν + µ+ µdiss = 0.
(5.2)

In the following we are going to work in the collinear limit, where the spacelike component

of ξµ points in the same direction as the wavevector.

The constitutive relation for the current up to first order in gradients makes use of two

independent dissipative coefficients. Keeping the same notation as in (2.122) we write:

jµ = nuµ +
ns
µ
ξµ − σ0∆µν∂νµ− ζ2ξ

µ∂ν

(
ns
µ
ξν
)

(5.3)

Similarly, we parametrize the dissipative contribution to the Josephson relation as:

µdiss = −ζ3∂ν

(
ns
µ
ξν
)
− ζ2ξ

ν∂νµ (5.4)

The superfluid density ns depends on µ and ξ. We write its variation as:

δns =
∂ns
∂µ

∣∣∣∣
ξ

δµ+
∂ns
∂ξ

∣∣∣∣
µ

δξ. (5.5)
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Considering the susceptibilities (2.101) and retricting ourselves to the (n, ξ) sector, we

find that the static susceptibility matrix reads:

χ =

(
χnn + χ2

nhξ
χξξ χnhξχξξ

χnhξχξξ χξξ

)
. (5.6)

Recall that:

χξξ =
µ

ns + ξ ∂ξns|T,µ,ux
. (5.7)

We can cast the equations of motion in the following form:

−iω

(
δn

δξ

)
+ M̃ ·

(
δµ

δhξ

)
= 0 (5.8)

with

M̃ =

(
σ0 k

2 ik + k2ζ2ξ

ik + k2ζ2ξ ζ3 k
2

)
(5.9)

This matrix being symmetric, we see that Onsager reciprocity is satisfied.

The spectrum of linearized fluctuations at small k is given by two sound modes with

dispersion relations:

ω± = v±k + i
Γ±
2
k2 +O(k3) (5.10)

where

v± =
−µχnhξ ±

√
µ(µχ2

nhξ
+ ξ∂ξnsχnn + nsχnn)

µχnn
(5.11)

Γ± = ∓

±2ξ ζ2 +

√
µ(µχ2

nhξ
+ ξ∂ξnsχnn + nsχnn)

µ
ζ3 +

µ√
µ(µχ2

nhξ
+ ξ∂ξnsχnn + nsχnn)

σ0

 v±

(5.12)

Some comments:

• The non-diagonal susceptibility χnhξ is, by construction, odd under time-reversal.

This implies that it can only depend on odd powers of ξ and so that it vanishes at

zero background superfluid velocity: χnhξ(ξ = 0) = 0. In this case the speeds of

sound and attenuation constants reduce to:

v±(ξ = 0) = ±
√

ns
µ2χnn

(5.13)

64



Γ±(ξ = 0) = −ns
µ2
ζ3 −

1

χnn
σ0 (5.14)

• Recall that in order for entropy production to be nonnegative it holds that ζ3, σ0 ≥ 0.

Thus at zero background superfluid velocity ξ = 0 both attenuation constants are

negative: Γ±(ξ = 0) ≤ 0. This ensures hydrodynamic stability, since Imω± ≤ 0.

Notably, v− < 0 when ξ = 0. As we increase ξ, v− increases. Most importantly, v− = 0

when:

∂ξ(ξns) = 0 ⇐⇒ χξξ →∞. (5.15)

For larger ξ, v− > 0 and Γ− > 0. This signals a dynamical instability. At the same

time we see that the instability is also thermodynamic, for the diagonal susceptibility χξξ

diverges and changes sign.

Note that a similar criterion can be used to determine the critical current in superconduc-

tors [84]. Furthermore, the double nature (dynamical and thermodynamic, or “energetic”)

of the instability was already pointed out in [85].

5.2 Holographic approach

The holographic equivalent of the probe limit is obtained by neglecting the backreaction

of the matter fields (in our case, the gauge field AM and the scalar field ψ) on the

metric. This approach is qualitatively valid close to the critical temperature. Indeed,

a low temperature is equivalent to a large chemical potential and gives rise to a larger

condensate, so that the assumption of negligible backreaction between the matter fields

and the metric becomes less justified. Moreover, at T → 0 the condensate was found to

diverge if backreaction was not taken into consideration [15,73].

Formally, we consider the action (4.1) together with the following rescaling:

AM →
AM
e
, ψ → ψ

e
(5.16)

while taking the large charge limit e → ∞. In this limit the complex scalar and gauge

fields do not backreact on the geometry, so that we consider their propagation on a fixed

background.

We work in four bulk dimensions (d = 3). The background metric is given by the

Schwarzschild black hole metric ( we set the horizon radius at z = 1, as well as M = 1)

[12–14]:

ds2 = −f(r) dt2 + f(r)−1 dr2 + r2 dx2 (5.17)
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With

f(r) = r2 − 1

r
(5.18)

In order to numerically solve the equations of motion we choose a coordinate system where

the AdS boundary lies at u ≡ 1/r → 0. In this case the metric reads:

ds2 =
1

u2

((
−1 + u3

)
dt2 +

1

1− u3
du2 + dx2

)
(5.19)

As we already saw, in the u→ 0 limit the boundary behaviour of the gauge field is given

by:

lim
u→0

Aµ = −ξµ − 〈Jµ〉u+ ... (5.20)

Furthermore, choosing m2 = −2 the scalar field has a boundary expansion in integer

powers of u:

lim
z→0

ψ = ψs u+ 〈O〉u2 + ... (5.21)

The coefficient ψs is interpreted as a source for an operator 〈O〉 with dimension 2 [14].

Setting ψs to zero, a solution with 〈O〉 6= 0 signals spontaneous condensation of the order

parameter O.

The sign convention of (5.20) is due to the fact that in hydrodynamics the phase φ of the

complex order parameter must appear in the gauge invariant combination

ξµ = ∂µφ− Aµ (5.22)

so that our choice of a real scalar is equivalent to fixing a gauge in which the chemical

potential and background superfluid velocity is:

µ = lim
u→0

At, ξa = − lim
u→0

Aa. (5.23)

Recalling (3.40) we see that, setting the horizon radius to 1, the Schwarzschild temperature

is fixed:

T =
3

4π
(5.24)

The physically relevant parameter is therefore the temperature-to-chemical potential ratio.

In other words, we measure the temperature in units of µ.

5.2.1 Background equations of motion and fields

Assuming the background scalar to be real (ψ = ψ̄), with the Schwarzschild metric (5.19)

the Maxwell and scalar equations of motion (4.2,4.3) for the background fields take a
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rather simple form:

0 = 2u2Ψ2At − f(u) ∂2
uAt (5.25)

0 = 2u2Ψ2Ax + 3u2∂uAx − f(u) ∂2
uAx (5.26)

0 = u
(
A2
t − f(u)(4u+ A2

x)
)
ψ + (2− 7u3 + 5u6) ∂uΨ + uf(u)2 ∂2

uΨ (5.27)

with f(u) ≡ 1 − u3 and the redefined scalar field Ψ(u) ≡ u2ψ(u). Furthermore, the

Maxwell equation for the radial component of the gauge field gives ψ2Au = 0, so that we

set Au = 0 [59] (i.e. we work in the radial gauge).

Finally, we set the timelike component At of the gauge field to 0 at the horizon, so that

AµA
µ stays finite (and that the Wilson loop associated to the gauge field does not diverge).

5.2.2 Equations of motion for the fluctuations

We perturb the background fields with fluctuations following a plane wave ansatz:

At → At + at(u)e−i(ωt−kx) Ax → Ax + ax(u)e−i(ωt−kx)

ψ → ψ + [σ(u) + iσ̄(u)] e−i(ωt−kx) ψ∗ → ψ∗ + [σ(u)− iσ̄(u)] e−i(ωt−kx)
(5.28)

Linearizing the equations of motion (4.2,4.3) one obtains the equations of motion for the

fluctuations. Notably, one finds two dynamical, second order equations for the scalar field

and its conjugate, and one dynamical equation for each non-zero component of the gauge

field.

One can, however, trade one dynamical Maxwell equation for the first-order constraint

obtained from the u-component of the Maxwell’s equations. One can show that a set

of fields satisfying the two scalar equations, one dynamical Maxwell’s equation and the

constraint automatically solves the other dynamical equation. From a practical point of

view this approach reduces the amount of boundary conditions needed and can guarantee

better numerical stability. It is also used when searching for analytical solutions, as we

are going to see in the coming section. When numerically computing the quasinormal

modes, however, using the constraint produces a larger amount of spurious modes (i.e.

numerical artifacts due to the finite grid size and precision). The modes presented in the

rest of this chapter were computed using the dynamical equations.

As explained in the last chapters, we impose infalling boundary conditions at the horizon:

at = (1− u)1−iω/3
[
a

(0)
t + a

(1)
t (1− u) + ...

]
ax = (1− u)−iω/3

[
a(0)
x + a(1)

x (1− u) + ...
]

σ = (1− u)−iω/3
[
σ(0) + σ(1)(1− u) + ...

]
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σ̄ = (1− u)−iω/3
[
σ̄(0) + σ̄(1)(1− u) + ...

]
(5.29)

Note the additional power of (1− u) in the horizon expansion of at.

The leading terms are not independent. To wit, the constraint equation evaluated at the

horizon implies:

3ka(0)
x + 6iψσ(0) − (3i+ ω)a

(0)
t = 0 (5.30)

Further boundary conditions involving the subleading terms can be derived by expanding

the dynamical equations of motion around u = 1. These are mixed boundary conditions

between the leading values and the derivatives of the fields at the horizon, so that one

usually refers to them as Robin boundary conditions.

At the boundary we impose gauge invariant boundary conditions. In particular, we can

independently fix the leading behaviour of σ and σ̄, but not of the individual components

of the gauge field. Instead, we fix the electric field at the boundary Ex ≡ kat + ωax
∣∣
u=0

.

5.3 Results

5.3.1 Numerical analysis

Location of the instability

Recalling the constitutive relation (5.3) and the boundary behaviour of the gauge field

(5.20) we find:

ξ = − lim
u→0

Ax
ξns

µ
= − lim

u→0
∂uAx (5.31)

These simple relations allow us to plot ξns as a function of the background superfluid

velocity ξ for different values of the chemical potential, as we did in Figure 5.1. For any

µ, the value of ξ where this quantity attains its maximum determines the position of the

instability (5.15).

The next step consists in computing the QNMs and fit them to get the speeds of sound

and the attenuation constants, as we did in Figures 5.2 and 5.3. This data can then

be compared with (5.11), after computing the susceptibilities from the background data
1 and extracting the dissipative coefficients from the k, ω → 0 limit of the correlators

through Kubo relations.

In order to compute the susceptibilities we generated multiple backgrounds, close in pa-

rameter space, and estimated the thermodynamic derivatives by finite differences. We

found a very good agreement between the QNMs and the matched data throughout the

1More details are given in the coming chapter.
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Figure 5.1: nsξ/µ
3 for a range of 21 values of µ between 4.07 and 5.08, corresponding

to T
µ

between 0.998 T
µc

(lowest curve) and 0.8 T
µc

(highest curve). The red crosses indicate
the position of the maximum of each curve, estimated via a polynomial regression. Data
computed on a grid of 16 Chebyshev points, at MachinePrecision. We plot nsξ/µ

3 instead
of nsξ because it is a dimensionless, scale invariant quantity.

ranges of ξ and µ that we considered.

Finally, in Figure 5.3 we can see that the attenuation changes sign together with the

speed of sound, validating the criterion. Moreover, this happens at the same value of ξ

for which nsξ attains its maximum, thus validating our criterion (5.15).

Phase space

One can also plot the phase space of the holographic hydrodynamical theory, as we did

in Figure 5.4. To wit, one can distinguish two stable regions: a stable superfluid region

(coloured in red in the graph), where both attenuation constants in (5.10) Γ± are negative

and a region (in white) where the scalar field does not condense, so that the superfluid

component vanishes. The part of phase space between them is the unstable region and

can be divided in two sections. With growing ξ/µ, one first lands in the region (in

blue) where both speeds of sound are positive. At even larger background superfluid

velocity, one then enters the region (in grey) where the argument of the square root in

(5.11) becomes negative, so that they feature an imaginary part which is linear in the

wavevector k.
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Figure 5.2: v± as a function of the background superfluid velocity for four different chem-
ical potentials. The dots are obtained from a fit of the QNMs (computed with 24 Cheby-
shev grid points and working precision 30); the lines correspond to the hydrodynamic
dispersion relation (5.10), obtained from backgrounds with 24 grid points (precision 60).
The consistency between the two sets of data is quite good already at such small grid
sizes and precisions, with a maximum relative error generally below 10−6 in the range
displayed in this graph. The vertical lines signal, for every value of µ, the value of ξ
where ξns attains its maximum. As one can see at this critical value v− vanishes and
changes sign, validating the criterion (5.15).
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Figure 5.3: The dots correspond to the attenuation constants Γ± as a function of the
background superfluid velocity for four different chemical potentials, obtained from a
fit of the QNMs (computed with 24 Chebyshev grid points and working precision 30).
The lines correspond to the hydrodynamical prediction (5.10). The relative discrepancy
between the two sets of data is below 0.1%, except around the phase transition, where it
lies below 1%. Even more consistent results are achieved at larger grid sizes and precisions.
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As we saw above, the first instability corresponds to the divergence of χξξ. Furthermore,

recalling the susceptibility matrix (2.101) we see that the argument of the square root

in (5.11) is simply µχ
hξ
nn, so that we can identify a similar mechanism to the first one.

This kind of instability, signalled by the insurgence of a complex speed of sound, has

been interpreted as a “two-stream” instability, appearing beyond the Landau critical

velocity [85–87].

0.00 0.05 0.10 0.15 0.20 0.25 0.30

ξ

μ

0.048

0.050

0.052

0.054

0.056

0.058

T

μ

Phase space

No superfluid

Complex velocity

Unstable sound

Stable sound

Figure 5.4: The phase space. The red area features two stable sound modes; beyond the
red line, in the blue area, v− and Γ− change sign, leading to a dynamical instability. In
the grey region Imω acquires a linear contribution in k. In the white region the scalar
field does not condense and the system reduces to a normal fluid. The curves are obtained
from fits of background data, namely the maxima of the curves plotted in Figure 5.1 for
the red line and the speeds of sound computed with the matching procedure described
in the previous section for the blue line. The grey line shows, for a given T/µ ratio, the
value of ξ/µ that gives ψ(0) = 10−7.

5.3.2 Analytical approach near Tc

In the small condensate limit an analytical approach to holographic superfluid hydro-

dynamics is possible. It was first introduced by Herzog in [59] in the probe limit, and

later generalized in [36] by Bhattacharya et al., including backreaction and a background

superfluid velocity.

Although only applicable near the critical temperature, this strategy allows to explicitly
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check the AdS/CFT correspondence. Also, it allows us to achieve a more precise under-

standing of the behaviour of thermodynamical quantities such as susceptibilities near the

phase transition.

In this section we work in an asymptotically AdS5 geometry for consistency with previous

literature. The AdS radius is still set to the unity for simplicity. We choose m2 = −4;

this value of the mass saturates the BF bound (3.88).

In this configuration the leading and subleading modes of the scalar field differ by a factor

of log u [58]:

ψ = u2 log(u/δ)ψs − u2 〈O〉+ ... (5.32)

where δ is a cutoff that we introduce by hand.

The boundary behaviour of the gauge field is given by (5.20):

Aµ = −ξµ − e2u
2

2
〈Jµ〉+ ... (5.33)

We fix the background metric to be that of a Schwarzschild black hole:

ds2 =
1

u2

(
−f(u)dt2 +

du2

f(u)
+ dx2 + dy2 + dz2

)
(5.34)

with f(u) = 1− u4 (setting the horizon radius at uh = 1).

We choose a superfluid velocity pointing along the x-direction and define:

ε ≡ −
√

2〈O〉 ξ ≡ ξx (5.35)

Owing to the five-dimensional bulk geometry, the temperature now reads:

T =
1

π
(5.36)

We assume ε and ξ to come at the same order in perturbation theory. For notational

compactness we set e = 1 and consider O(ι) ≡ O(ε) = O(ξ). Furthermore, we impose

µ = 2 +O(ι).

To leading order in ε and ξ the gauge and scalar fields read:

At =
2

1 + u2
+

(1− 5u2) ε2 + 24(1 + u2) ξ2

48(1 + u2)2
+O(ι4) (5.37)

Ax = −ξ +
ξε2

8(1 + u2)
u2 +O(ι4) (5.38)

ψ =
ε u2

1 + u2
+ ε3

u2(1 + u2) log(1 + u2)− 2u4

48(1 + u2)2
− εξ2 log(1 + u2)

4(1 + u2)
+O(ι4) (5.39)
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Hence we can extract (obtaining ns from (5.3)):

µ = lim
u→0

At = 2 +
ξ2

2
+
ε2

48
+O(ι4) (5.40)

n = 2 lim
u→0

∂2
uAt = 4 +

7

24
ε2 + ξ2 +O(ι4) (5.41)

ns = −µ
ξ
〈Jx〉 =

ε2

2
+O(ι2) (5.42)

Now we can compute the susceptibilities. For instance to leading order we get δn =

2ξδξ + 7
12
εδε and δµ = ξδξ + 1

24
εδε. Hence:

χnhξ ≡
∂n

∂ξ

∣∣∣
δµ=0

= −12ξ (5.43)

Similarly:

χnn = 14 ∂ξns|µ = −24ξ (5.44)

Next, we consider perturbations to this background of the following form:

At = At,0(u) + at(r)e
−iωt+ikx, Ax = Ax,0(u) + ax(u)e−iωt+ikx,

Ψ = ψ(u) + [σ(u) + iσ̄(u)]e−iωt+ikx, Ψ∗ = ψ(r) + [σ(u)− iσ̄(u)]e−iωt+ikx (5.45)

where we have chosen the wavevector to point along the superfluid velocity. Importantly,

while we can use a gauge transformation to set Ψ = Ψ∗ in the background, the fluctuations

of the scalar field and its complex conjugate will be independent.

As u→ 0, the fluctuations can be expanded as:

at → δA
(0)
t +

δJt
2
u2 + ...

ax → δA(0)
x +

δJx
2
u2 + ...

σ → Σ(0)u2 log(u/δ) + Σ(1)u2 + ...

σ̄ → Σ̄(0)u2 log(u/δ) + Σ̄(1)u2 + ... (5.46)

As we did before, at the horizon we impose ingoing boundary conditions (the infalling

exponent being now 1/4 instead of 1/3 as in (5.29) because we are working in AdS5):

at = (1− u)1−iω/4
[
a

(0)
t + a

(1)
t (1− u) + ...

]
ax = (1− u)−iω/4

[
a(0)
x + a(1)

x (1− u) + ...
]

σ = (1− u)−iω/4
[
σ(0) + σ(1)(1− u) + ...

]
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σ̄ = (1− u)−iω/4
[
σ̄(0) + σ̄(1)(1− u) + ...

]
(5.47)

As we saw above, the equations of motion for the fluctuations are three second-order

equations for ax, σ, and σ̄ and one first-order equation for at. As such, in addition to

fixing the four ingoing boundary conditions, we are also able to fix three of the leading

behaviours at the horizon, though not all four. In the following, we are going to pick the

horizon values of a
(0)
x , σ(0) and σ̄(0) at the horizon and determine a

(0)
t as their function [66].

To leading order:

a
(0)
t = −

96a
(0)
x + i

√
2σ

(0)
i

(
48 + ε2(log 2− 1)− 12ξ2 log 2

)
24(4i+ ω)

+ ... (5.48)

For simplicity we choose the three following linearly independent sets of boundary condi-

tions:

{a(0)
x , σ(0), σ̄(0)}I = {1, 0, 0}, {a(0)

x , σ(0), σ̄(0)}II = {0, 1, 0}, {a(0)
x , σ(0), σ̄(0)}III = {0, 0, 1} ,

(5.49)

which lead to three linearly independent solutions X i = {at, ax, σ, σ̄}i for i = {I, II, III}.

The Green’s functions are obtained in the standard way from linear response [24]. Given

two currents Ja and J b with sources sa and sb we write:

δJa = GR
JaJb(ω, k)δsb. (5.50)

Here the sources are the UV boundary values of the fluctuations, δA
(0)
t , δA

(0)
x , δΣ(0) and

δΣ̄(0) (we write them in capital letters to distinguish them from the horizon behaviours).

As we saw in the last chapter, in order to independently vary each source we need to

supplement our three solution with the pure gauge solution, which produces the following

sources:

X IV = {−iω, ik, 0, ψ}. (5.51)

With this solution, any solution for the fluctuating fields can be written as:

X = cIX
I + cIIX

II + cIIIX
III + cIVX

IV (5.52)

In particular we can find the solution corresponding to a particular choice of δA
(0)
t , δA

(0)
x ,Σ(0),

and Σ̄(0) via this method. In the end we find that, turning on the sources δA
(0)
t and δA

(0)
x
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of the gauge field, the subleading modes are given by:

δA
(1)
t = 2k

kδA
(0)
t + ωδA

(0)
x

P

[
−480ω2 − 4iω(37ε2 + 24k(k + 6iξ))

+ (ε2 + 4k2)(7ε2 + 12[k2 − 4ξ2]) +O(ι4)

]
δA(1)

x = −2ω
kδA

(0)
t + ωδA

(0)
x

P

[
−480ω2 − 4iω(37ε2 + 24k(k + 6iξ))

+ (ε2 + 4k2)(7ε2 + 12[k2 − 4ξ2]) +O(ι4)

]
Σ(1) = −24

√
2ε
kδA

(0)
t + ωδA

(0)
x

P
[
k(ε2 + 4k2)− 8ω(ξ + 2ik) +O(ι4)

]
Σ̄(1) =

i
√

2εδA
(0)
x

P

[
−288ω2(k + 2iξ) + k(ε2 + 4k2)(ε2 + 12[k2 − 4ξ2])

− 12iω(ε2(3k + 4iξ) + 16k[k2 + 2ikξ − 2ξ2]) +O(ι4)

]
+
i
√

2εδA
(0)
t

P
[
−960iω2 + 8ω(7ε2 + 24k[2k + 3iξ])− 48k(ε2 + 4k2)ξ +O(ι4)

]
(5.53)

where P is the determinant of the 4 × 4 matrix whose entries are the values of the four

boundary sources for the four solutions in (5.52):

P = −1920iω3 + 16ω2(7ε2 + 12k(7k + 12iξ)) + 24ikω(16k(k + iξ)(k + 2iξ) + ε2[3k + 8iξ])

− 2k2(ε2 + 4k2)(ε2 + 12[k2 − 4ξ2]). (5.54)

The modes are given by the zeros of P . In the limit k � ε, ξ � 1 we find two sound

modes ω± and a gapped mode ωg:

ω± = v±k + i
Γ±
2
k2 +O(k3)

ωg = −i 7

120
ε2 +

18

35
kξ − ik2

(
89

245
+Dg

)
+O(k3) (5.55)

where

v± =
6ξ

7
±
√

14ε2 − 96ξ2

28
, Γ± = ∓v±

462ε2 + 48ξ(8ξ ∓ 9
√

14ε2 − 96ξ2)

49ε2
√

14ε2 − 96ξ2
. (5.56)
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The expression for Dg is rather involved. However, in the limit ξ � ε,

Dg =
2496

343

ξ2

ε2
. (5.57)

We can compare the sound modes with (5.11). With relations (5.43) and (5.44) we

immediately recover the speeds of sound. In order to compute the attenuations Γ± we

also need to extract the dissipative coefficients via the Kubo relations (2.125) (using

ξ = ikφ):

σ0 = − lim
ω→0,k→0

ω

k2
ImGR

JtJt(ω, k)

ξζ2 = − lim
ω→0,k→0

ωReGR
Jtφ(ω, k)

ζ3 = − lim
ω→0,k→0

ω ImGR
φφ(ω, k)

(5.58)

To leading order in ε and ξ we get:

ζ2 = − 216

49ε2
, ζ3 =

52

49ε2
, σ0 = 1 +

1440

49

ξ2

ε2
. (5.59)

Using these expressions we recover the imaginary parts of (5.11).

We are now able to study the instabilities of these modes. In particular, we can see that

when

ξ = ξc ≡
ε

4
√

3
(5.60)

the velocity v− = 0. Taking a look at the attenuation constant we also see that for ξ < ξc,

Γ− < 0, whereas for ξ > ξx, Γ− > 0: this signals a dynamical instability. Furthermore, it

is easily checked that at ξ = ξc:

∂ξ(ξns)
∣∣
ξ=ξc

= 0 (5.61)

which is the criterion introduced above.
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6 The full picture

6.1 Hydrodynamics

6.1.1 Intermediate approach: breaking translations

In the last chapter we considered the probe limit, where we froze the fluctuations of both

the temperature and the normal fluid velocity. As a first step we can turn on δT , but not

δu. In this limit we can describe so-called “dirty” superfluids, where spatial translations

are broken. Such systems where studied in [88] for zero background superfluid velocity.

The equations of motion are described by the matrix given in (2.124) without the third

column and row. To wit:

M̃ =


σ0 k

2 −ξ2ns σ0+nsξ2ζ2
Tµ

k2 ik − k2ζ2ξ

−ξ2ns σ0+nsξ2ζ2
Tµ

k2 nsξ2(nsζ3−2µ2ζ2)+µ4σ
T 2µ2

k2 k2ξ(−nsζ3+µ2ζ2)
Tµ

ik − k2ζ2ξ
k2ξ(−nsζ3+µ2ζ2)

Tµ
ζ3 k

2

 (6.1)

The resulting modes are two sound modes and one diffusive mode. Notably, it is the latter

which now signals the instability. Indeed, we find that it is given by ω = iΓk2/2 with:

Γ = −2
ns + ξ ∂ξns

µ2T 2
(
µχ2

shξ
+ χss(ns + ξ ∂ξns)

) (n2
sξ

2 ζ3 − 2nsµ
2ξ2 ζ2 + µ4 σ0

)
(6.2)

We immediately see that Γ vanishes if ns + ξ ∂ξns = 0. Furthermore, recall that positivity

of entropy production implies that σ0, ζ3 ≥ 0 and σ0ζ3 ≥ ζ2
2ξ

2. This gives:

n2
sξ

2 ζ3 − 2nsµ
2ξ2 ζ2 + µ4 σ0 ≥

(
nsξ
√
ζ3 − µ2√σ0

)2

≥ 0 (6.3)

Therefore, denoting ξc ≡ −ns/∂ξns as in (5.15) and setting:

ξ = ξc + δξ +O(δξ2) (6.4)
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We find:

Γ = 2
ns

ξc µ3T 2χ2
shξ

(
n2

sξ
2
c ζ3 − 2nsµξ

2
c ζ2 + µ4 σ0

)
δξ +O(δξ2) , (6.5)

which implies that Im(ω) becomes positive for δξ > 0, that is, for ξ > ξc.

Analogously to what we saw in the probe limit, then, we are facing here a dynamical

instability, which is also a thermodynamical instability since χξξ = (ns + ξ ∂ξns)/µ. Now,

however, the instability is captured by a diffusive mode and not by a sound mode.

6.1.2 “Full” superfluid hydrodynamics

As we saw at the end of chapter 2 in the ξ = 0 limit, adding the fluctuation δu of the

normal fluid velocity to the picture we obtain two pairs of sound modes, together with

one diffusive mode governed by the shear diffusivity η.

In general, with a non-vanishing background superfluid velocity the modes become much

too involved to be written down. Similarly to what we did in the previous section, however,

one can compute the modes around the critical value found in (5.15) and check whether

one still finds a vanishing mode.

As expected, one does see an instability at ξ = ξc ≡ −ns/∂ξns.

In particular, setting ξ = ξc+δξ+O(δξ2) as before, we find a sound mode ω = vk+iΓk2/2

which is linear in δξ:

v = ν δξ +O(δξ2) (6.6)

ν =
ns s

2

2µ ξc

(
−s2 χnhξ + s χshξ(n+ ξcχnhξ)− ξc nn χ2

shξ

) (6.7)

The attenuation constant Γ can be written as:

Γ =
2µ ξ2

c ν
2

n2
s T

2 s4
γAγBM

AB δξ +O(δξ2) , (6.8)

with

MAB =

 σ0 ξc ζ6 ξc ζ2

ξc ζ6 η ζ1

ξc ζ2 ζ1 ζ3

 (6.9)

and

γA =

 s
(
sT + µ(n+ ξc χnhξ)

)
+ ξc χshξ (sT + 2µnn)

sT χshξ
(s2 µT χnhξ + nssξc(n+ ξc χnhξ)− 2nsnn ξ

2
c χshξ − s T µnχshξ)/µ

 . (6.10)
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Most importantly, the matrix MAB is (semi)positive definite. This follows from positivity

of entropy production, applied to matrix (2.105) in the collinear limit. Thus we see that

for δξ > 0 (i.e. ξ > ξc), the imaginary part of this mode becomes positive, therewith

signalling a dynamical instability.

In the rest of this chapter we are going to test this result on a holographic superfluid. In

contrast to the last chapter, we are now going to include backreaction. This will allow us

to account for the interplay between the fluctuations of the temperature and the normal

fluid velocity and those of the Goldstone field and the chemical potential.

6.2 Holographic check

In the last chapter, in order to study the physics described by the holographic superfluid

action (4.1), we used the Schwarzschild metric: we were neglecting the backreaction

between the metric and the matter fields. Now, however, we want to account for it,

so, assuming that the background superfluid velocity points in x-direction, we write the

background metric as:

ds2 =
1

u2

(
−χ(u)f(u)dt2 + b(u)dx2 + dy2 − 2c(u) dtdx+

1

f(u)
du2

)
(6.11)

Note that in writing the ansatz in this manner we have chosen the normal fluid rest frame,

in which the normal velocity, uµ, points only along the time direction. At the boundary

we want to recover the AdS4 metric (3.21):

lim
u→0

ds2 =
1

u2

(
−dt2 + dx2 + du2

)
(6.12)

In particular, this means that:

lim
u→0

c(u) = 0 lim
u→0

f(u) = lim
u→0

χ(u) = lim
u→0

b(u) = 1 (6.13)

For what concerns the gauge field, as we did in the probe limit we require:

lim
u→0

At = µ lim
u→0

Ax = −ξ , (6.14)

while we set the leading behaviour of the other components of Aµ to 0. Furthermore, as

in the probe limit, we set the source of the background scalar field to zero, i.e. we impose:

lim
u→0

∂uψ = 0 (6.15)
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As we did in the probe limit, we set the horizon radius uh to 1. This choice is convenient

since it simplifies the notation and requires use to vary one less parameter when producing

the numerical background solutions. However, it obscures the dimensionality of the fields,

so that we have to make sure that one is always working with dimensionless variables, as

we are going to see shortly.

At the horizon we want to obtain an asymptotically Schwarzschild geometry:

lim
u→1

c(u) = lim
u→1

f(u) = 0 lim
u→1

χ(u) = lim
u→0

b(u) = 1 (6.16)

As we saw in the probe limit, at the horizon we also need limu→1At = 0 in order for

AMA
M to stay finite.

Note that we recover the 3 + 1-dimensional Schwarzschild metric with c = 0, b = χ = 1

and f(u) = 1− u3.

With this ansatz the temperature (3.36) of the system amounts to:

T =
f ′(1)

√
χ(1)

4π
(6.17)

At the horizon c(1) vanishes, so that the Bekenstein-Hawking entropy density reads:

s = 4π
√
b(1) (6.18)

We work in the collinear limit, where the wavevector k points in the same direction as

the background superfluid velocity: k = kx̂ 1. Working in a gauge where Au = 0 and

δgMu = 0, we perturb the fields in the following fashion 2:

ψ → ψ + [σ + iσ̄]e−i(ωt−kx) ψ∗ → ψ + [σ − iσ̄]e−i(ωt−kx)

Aµ → Aµ + aµe
−i(ωt−kx) gµν → gµν +

1

u2
hµνe

−i(ωt−kx) (6.19)

In the collinear limit we can consistently set all fluctuations to zero apart from at, ax, htt, htx,

hxx and hyy. This follows from symmetry considerations: for instance the spatial part

of the vector htµ is odd under parity, so in the equations of motion it will couple to the

wavevector and the spatial part of the gauge field. But since both of them point in x-

direction, hxy decouples from the other fluctuations.

In general, with the above ansatz the linearized equations of motion are easily found, but

1This choice is motivated by practicality and by the fact that one finds the smallest value for the
critical velocity when the background superfluid velocity and the wavevector are antiparallel, see [3, 7].
Also recall that in the derivation of the Landau criterion (2.39) one finds the critical velocity by assuming
that vs and p be antiparallel.

2As we saw in the probe limit, the Maxwell equation of motion for Au is simply ψ2Au = 0, which is
trivially solved by Au = 0.
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their expressions are too cumbersome to be shown here.

Since we wish to compute retarded Green’s functions, as we saw in Chapter 3 we have

to impose infalling boundary conditions [50], imposing that in the vicinity of the horizon

the fields behave as (1 − u)−iω/4πT . Some fields require one or two additional powers of

(1− u). In particular, we find:

at(u) = (1− u)1−iω/4πT
[
a

(0)
t + a

(1)
t (1− u) + · · ·

]
ax(u) = (1− u)−iω/4πT

[
a(0)
x + a(1)

x (1− u) + · · ·
]

σ(u) = (1− u)−iω/4πT
[
σ(0)
r + σ(1)(1− u) + · · ·

]
σ̄(u) = (1− u)−iω/4πT

[
σ

(0)
i + σ̄(1)(1− u) + · · ·

]
htt(u) = (1− u)2−iω/4πT

[
h

(0)
tt + h

(1)
tt (1− u) + · · ·

]
htx(u) = (1− u)1−iω/4πT

[
h

(0)
tx + h

(1)
tx (1− u) + · · ·

]
hxx(u) = (1− u)−iω/4πT

[
h(0)
xx + h(1)

xx (1− u) + · · ·
]

hyy(u) = (1− u)−iω/4πT
[
h(0)
yy + h(1)

yy (1− u) + · · ·
]
. (6.20)

Inserting this expansion into the equations of motion (4.2,4.3,4.4) we obtain eight dynam-

ical second-order equations, one for every field. Similarly to what we saw in the probe

limit, however, we can trade four dynamical equations for four first-order constraint equa-

tions. In particular, one can show that a set of fields solving the dynamical equations and

satisfying the constraint equations at one value of u will be a solution of the latter in the

whole space [89].

In contrast to what we did in the probe limit, the numerical results presented here are

obtained by replacing four dynamical equations by four constraint equations, the main

practical advantage being the reduced number of boundary condition needed. We explic-

itly checked numerically that the two sets of equations deliver the same results.

In the probe limit we had one boundary condition (5.30) between the leading behaviours

of the fields at the horizon. Now we have four. They are derived by expanding the

equations of motion in the vicinity of u = 1; setting the charge e to 1 they read:

h(0)
xx + b(1)h(0)

yy = 0 (6.21)

a
(0)
t + i

c′(1)ω − 4πT
√
χ(1) k

(4πT − iω) b(1)
a(0)
x +

8πT
√
χ(1)ψ(1)

4πT − iω
σ̄(0) = 0 (6.22)
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h
(0)
tx −

8πT
√
χ(1)ψ(1)Ax(1)

4πT − iω
σ̄(0)− 4πT A′t(1)

4πT − iω
a(0)
x +i

4πT
√
χ(1) k − ωc′(1)

4πT − iω
h(0)
yy = 0 (6.23)

h
(0)
tt +

8πT
(

4πTAx(1)2 + iω (Ax(1)2 − 2b(1))
)
χ(1)ψ(1)

(4πT − iω)(6πT − iω) b(1)
σ(0)

+
8iπT

(
4πTAx(1)

√
χ(1)k + i(8πT − iω)b(1)A′t(1)− ω c′(1)Ax(1)

)√
χ(1)ψ(1)

(4πT − iω)(6πT − iω) b(1)
σ̄(0)

+
8πT

(
4πT

(
χ(1)Ax(1)ψ(1)2 − k

√
χ(1)A′t(1)

)
+ iω A′t(1) c′(1)

)
(4πT − iω)(6πT − iω) b(1)

ax
(0)

+
4πTχ(1) (−4πTk2 + (4πT + iω)Ax(1)2ψ(1)2) + 8πTkω

√
χ(1)c′(1)− ω2c′(1)2

(4πT − iω)(6πT − iω) b(1)
hyy

(0) = 0

(6.24)

As we explained at the end of Chapter 3, at the boundary we impose gauge-invariant

boundary conditions. We have a total of four such conditions. We already encountered

three of them in the probe limit: they set the boundary value of the electric field and of

the scalar sources. Notably, they do not change when taking the backreaction between

the matter and the metric fields into consideration. The fourth one involves the metric

tensor:

2ωk htx + ω2 (hxx − hyy) + k2(hyy − htt)
∣∣∣∣
u=0

(6.25)

Using scale-invariant quantities

In order to compute the modes in hydrodynamics we start by writing the equations of

motion as in (2.124) and build the matrix K as in (2.17). The modes ω(k) are the solutions

of det(K) = 0, since the propagators are built with K−1.

A meaningful test of AdS-CFT correspondence is the comparison between the quasinormal

modes and the hydrodynamic modes of the boundary theory, the so-called “matching” of

the modes. To do so, one has to extract from the boundary theory the thermodynamic

data entering the hydrodynamic equations of motion. In particular, one has to compute

thermodynamic derivatives. In principle, the estimation of derivatives is not complicated:

one can simply resort to computing finite differences. For instance, let us assume that

one wants to compute the derivative of a vacuum expectation value α with respect to the

source β in the vicinity of β = β0. One simply generates a first background solution with

83



β = β0, and then another one with β = β0 + ε (where ε� β0). Then one can estimate:

∂α

∂β
≈ α(β0 + ε)− α(β0)

ε
(6.26)

For a better estimation one can generate multiple backgrounds at various values of β and

apply Runge-Kutta methods, or even produce a whole set of background on a set of values

of β sitting on a Chebyshev grid (see the Appendix for more details). In any case, the

basic idea is still encoded in (6.26).

There is, however, one subtlety compared to the probe limit. Thermodynamic derivatives

with respect to one source are computed keeping all other sources constant. In the probe

limit the hydrodynamics of the system depended on two fluctuations: that of the chemical

potential δµ and that of the superfluid velocity δξ. Now, however, we also have to keep

track of the fluctuation of the temperature δT (as we saw above, we generate the back-

ground solutions in the normal fluid’s rest frame, so δu = 0, and in any case we already

know the susceptibilities of the π-sector (2.101)). The temperature (6.17) depends on the

horizon radius rh and the boundary data ξ and µ. So, in order to vary one of the three

fluctuations independently we should generate solutions with different horizon radii. This

is possible to do, but proves technically cumbersome.

Fortunately, in holography it is only meaningful to measure dimensionless ratios (in fact,

the boundary theory is conformal, so it is invariant under rescalings). We can build two

dimensionless variables out of µ, ξ and T : for instance the ratios ξ̃ ≡ ξ/µ and T̃ ≡ T/µ.

Any dimensionless quantity can be written as a function of these two ratios alone. In par-

ticular, in this work we used the reduced entropy σ ≡ s/n [37] and the superfluid fraction

rs ≡ ns/n. Moreover, we make use of the fact that the boundary theory is conformal,

giving rise to relations between the susceptibilities as we saw in (2.130) for vanishing

background superfluid velocity.

Specifically, in a two-dimensional conformal field theory one finds that:

χss =
ξ2(ns − ξ∂ξns) + µ

(
2sT + µ(µχnn − 2n+ 2ξχnhξ)

)
µT 2

χsn =
µχnn − 2n+ ξχnhξ

T

χshξ =
ξ2∂ξns − ξns + µ2χnhξ

µT

(6.27)
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With:

χnn =
1

µ2(sT + nµ)(sTµ+ nµ2 − nsξ2)

[
µξ3n3 ∂rs

∂ξ̃

∣∣∣
T̃

+ n2T 2(sTµ+ nµ2 − nsξ
2)
∂σ

∂T̃

∣∣∣
ξ̃

+ Tn2ξ(sTµ+ 2nµ2 − nsξ)
∂σ

∂ξ̃

∣∣∣
T̃

+ n2µ2
(
2µ(sT + nµ)− nsξ

2
) ]

(6.28)

χnhξ = − 1

µ(sTµ+ nµ2 − nsξ2)

[
n2Tµ

∂σ

∂ξ̃

∣∣∣
T̃
− n2ξ2 ∂rs

∂ξ̃

∣∣∣
T̃

+ nsnµ ξ

]
(6.29)

∂ξns =
1

sTµ+ nµ2 − nsξ2

[
nsnT

∂σ

∂ξ̃

∣∣∣
T̃
− n(sT + nµ)

∂rs

∂ξ̃

∣∣∣
T̃

+ n2
s ξ

]
(6.30)

In this way we can write any thermodynamic derivative appearing in (2.124) in terms

of derivatives of scale-invariant quantities in a two-parameter space parametrized by the

dimensionless ratios ξ̃ and T̃ (even if the closed-form expressions for the modes are much

too cumbersome to be written down).

6.2.1 Results

As we did in the probe limit, we first plotted nsξ/µ
3 for a range of temperatures (Figure

6.1). Note the µ3 factor, which guarantees that we are plotting a dimensionless ratio.

Compared to the probe limit, which is a valid approximation around Tc, it is now phys-

ically meaningful to investigate lower temperatures, so went we went down to ∼ 0.14Tc.

For every temperature we find the maximum of the curve, which gives the critical velocity

as in (5.15).

We then computed the quasinormal modes for a range of temperatures. As one can see in

Figures 6.2 and 6.3, at the values of ξ/µ where nsξ/µ
3 attains its maximum (signalled by

the dashed vertical lines), one second sound mode does indeed show an instability: both

its real and imaginary part change sign. This happens consistently throughout the range

of temperatures that we took into consideration.

At the same time, the other modes do not show any unstable behaviour, as it can be seen

in Figures 6.4, 6.5, 6.6, 6.7, 6.8 and 6.9.

In Figures 6.2, 6.3, 6.4, 6.5, 6.6, 6.7, 6.8, 6.9 we also plotted the speeds of sound and

the attenuations, as explained in the chapter on hydrodynamics (2.127), computed using

scale-invariant quantities as we saw in the last section (in the plots, the dots correspond

to the QNM data, while the lines represent the speeds of sound obtained by matching).

We observe a very good agreement between the two sets of data; as expected, we found
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< 0.974

Figure 6.1: nsξ/µ
3 for a range of 20 values of temperatures between 0.144Tc and 0.97Tc.

The red crosses indicate the position of the maximum of each curve, estimated via a poly-
nomial regression. Tc is the critical temperature at zero background superfluid velocity;
more precisely, it is the T/µ ratio for a solution close to the phase transition to the normal
phase. Data computed on a grid of 30 Chebyshev points, at precision 30.

the real part of the QNMs to be linear in the wavevector k, while the imaginary part has

a quadratic behaviour (at least in the stable region).

As we saw in the probe limit, for a comparison of the attenuation constants it is neces-

sary to compute the dissipative coefficients through the Kubo relations (2.125). We do

so by taking the ω → 0 limit of the holographic Green’s functions of spacelike quantities,

evaluated at k = 0.

As long as the background is determined up to a very high precision, the speeds of sound

and attenuation constants extrapolated from the QNMs are found to agree very well with

those expected from the boundary hydrodynamics.

Finally we can plot the phase space, see Figure 6.10. This plot is obtained from back-

ground data, but as we just saw we checked the agreement with the QNM is very good.

The stable region is plotted in red, while in the white region the condensate vanishes,

leaving us with a normal fluid. The transition to the first unstable region, in blue, is sig-

nalled by our criterion being fulfilled (5.15). A second instability (grey region) is signalled

by the speeds of second acquiring an imaginary part. As we mentioned in the case of the

probe limit, this corresponds to the “two-stream instability” discussed in [85–87].
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Figure 6.2: Second sound: the speed of sound of the mode signalling the instability, as
a function of ξ/µ, for four different temperatures (T ≈ 0.96Tc, T ≈ 0.77Tc, T ≈ 0.58Tc,
T ≈ 0.39Tc, T ≈ 0.29Tc). The dots are obtained from Re(ω) at k = 10−3 (computed with
50 Chebyshev grid points and working precision 50, except for the lower temperature,
where we used 70 grid points at working precision 70). The lines correspond to the
hydrodynamic dispersion relations solving (2.127), obtained from backgrounds with 110
points for the three lowest temperatures, while for the two highest temperatures we used
70 grid points to evaluate the Kubo formulae and 50 for the thermodynamic derivatives.
The consistency between the two sets of data is quite good, with a maximum relative
error around 10−6 in the range displayed in this graph, for the four hydrodynamic modes.
The vertical lines signal, for every value of T/µ, the value of ξ where ξns/µ

3 attains
its maximum. As one can see at this critical value v− vanishes and changes sign, thus
validating the criterion (5.15)

Note that for T/µ . 0.0139 we find a second region with unstable sound, but real sound

speeds, beyond the area with complex speed of sound.
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Figure 6.3: Second sound: the attenuation constant Γ of the mode signalling the instabil-
ity, as a function of ξ/µ, obtained from the same set of data as Figure 6.2. As one can see
at the critical value of ξ also Γ− vanishes and changes sign, validating the criterion (5.15).
As before, the dots correspond to the QNMs, the lines to the hydrodynamic dispersion
relation (2.127) evaluated with the boundary data. The relative error on the imaginary
parts of the modes is generally around 10−4 on all of the four hydrodynamic modes, as
long as the background is determined to a very high precision.
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Figure 6.4: Second sound: the speed of sound of the stable mode as a function of ξ/µ,
obtained from the same set of data as Figure 6.2.
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Figure 6.5: Second sound: the attenuation constant Γ of the stable mode as a function of
ξ/µ, obtained from the same set of data as Figure 6.2.
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Figure 6.6: First sound: the speed of sound of the positive first sound mode as a function
of ξ/µ, obtained from the same set of data as Figure 6.2.
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Figure 6.7: First sound: the attenuation constant Γ of the positive first sound mode as a
function of ξ/µ, obtained from the same set of data as Figure 6.2.
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Figure 6.8: First sound: the speed of sound of the negative first sound mode as a function
of ξ/µ, obtained from the same set of data as Figure 6.2.

0.05 0.10 0.15 0.20
ξ/μ

0.05

0.10

0.15

0.20

0.25

0.30

-μΓ-

Γ-(ξ/μ), first sound

T

μ
= 0.020

T

μ
= 0.016

T

μ
= 0.012

T

μ
= 0.008

T

μ
= 0.006

Figure 6.9: First sound: the attenuation constant Γ of the negative first sound mode as
a function of ξ/µ, obtained from the same set of data as Figure 6.2.
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Figure 6.10: The phase space for 0.33Tc . T . Tc. The red area features two stable
sound modes; beyond the red line, in the blue area, v− and Γ− change sign, leading to a
dynamical instability. In the grey region Imω acquires a linear contribution in k. In the
white region the scalar field does not condense and the system reduces to a normal fluid.
The curves are obtained from fits of background data, namely the maxima of the curves
plotted in Figure 6.1 for the red line and the speeds of sound computed with the matching
procedure described in the previous section for the blue lines. The grey line shows, for a
given T/µ ratio, the value of ξ/µ that gives ψ(0) = 10−7.
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7 Conclusions and outlook

In this thesis we showed that the Landau criterion for superfluid instabilities can be recast

as a thermodynamic instability. Most importantly, within hydrodynamics this thermody-

namic instability gives rise to a linear dynamical instability. We verified this statement

with the help of the AdS-CFT correspondence.

As a first step we gave a general overview of hydrodynamics and, more specifically, super-

fluid hydrodynamics in the Landau-Tisza framework. We then proceeded by outlining the

features of the AdS-CFT correspondence that are relevant to our analysis, most notably

the computation of the correlators and the quasinormal modes in a thermal theory. Fi-

nally, we were able to find and analyze an instability, arising (for a given temperature) at

a critical value of the background superfluid velocity. We found the same instability both

in the so-called probe limit, where the fluctuations of the temperature and the normal

fluid velocity are frozen, and in full relativistic superfluid hydrodynamics. Our results

were corroborated in both cases by a holographic analysis. We could indeed observe a

very good correspondence between the results yielded by the dual gravity theory and

those obtained using hydrodynamics.

Furthermore, as we show in the Appendix, our criterion matches the Landau criterion for

Galilean superfluids.

The instability that we found is at the same time of dynamical and thermodynamic nature:

it is signalled by the divergence of χξξ, the diagonal susceptibility related to the superfluid

velocity, which eventually changes sign, thereby becoming negative. Most importantly,

we could locate the instability by studying perturbations around thermodynamic equilib-

rium.

A similar analysis was performed in [87]. Furthermore, it was already seen in [7] that

the critical velocity is determined by quasinormal mode vanishing in both its real and

imaginary part.

The same mechanism was found in [90]. By means of a nonlinear simulation in the probe

limit, the authors were able to describe the relaxation of the system from a state with a

superfluid velocity above the critical velocity down to the stable region. The underlying

mechanism was found to be the production of solitons in one spatial dimension, and of

vortex-antivortex pairs in 2D.
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As a final note, our instability bears some resemblance to the Gregory-Laflamme instabil-

ity of black strings [91, 92]. Gregory and Laflamme showed in 1993 that a 5-dimensional

black string can be classically unstable under long wavelength perturbations. The event

horizon will ripple, eventually breaking the black string into a sequence of black holes.

The interesting feature of this instability is that it can be predicted by means of a ther-

modynamic argument for black strings with a compactified fifth dimension of size L. One

can show the ratio of the entropy of the black hole and that of the black string solution

(both of mass M) behaves as

Sblack hole

Sblack string

∝
√

L

M
(7.1)

This implies that for large wavelengths one should expect a phase transition away from

the black string solution. Indeed, such a behaviour can be detected with perturbation

theory around the background solution: there exists a range of wavelengths for which it

is possible to find a regular perturbation which is exponentially diverging in the timelike

coordinate. These are large wavelengths proper to perturbations around equilibrium - a

situation intuitively similar to hydrodynamics. One can thus interpret this behaviour as

the onset of a dynamical/thermodynamic instability, in a similar fashion to what we have

found to take place in superfluids.

Our results could be generalized in a handful of directions.

First, the addition of a transverse component of the wavevector ky (or, equivalently, the

introduction of an angle between the wavevector and the background superfluid velocity)

would be an obvious generalization. The inclusion of momentum relaxation in both the

hydrodynamic and the holographic analysis (following [77]) would also be a valuable ad-

dition to the picture.

One could also consider superfluids on compact spacetimes - for instance a torus or a

sphere, which would describe superfluidity in neutron stars.

A deeper understanding of the validity of superfluid hydrodynamics as an effective field

theory, and its breakdown, could also shed some more light on the process that we have

studied. In particular, it would be valuable to gain a better insight about the role of

vortices and their effective description, following [90]. This would involve writing a super-

fluid hydrodynamic theory which also accounts for free vortices. Such a framework was

developed in [88] and revisited in [35,93] using higher-form symmetries.

Finally, a comparison with experimental data would obviously be interesting. In fact,

our criterion (5.15) for the superfluid instability is formulated in a quite simple way, only

involving macroscopic quantities, that could, in principle, be measured.
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Appendices

Appendix A: Hydrodynamic frames

Here we follow Kovtun’s approach [19,20].

Consider normal fluid hydrodynamics. In equilibrium it is possible to define T , µ and

uµ across the whole system. Once we break equilibrium this is not possible anymore.

We can, however, give valid definitions for the tensors Jµ and T µν : ε(T, µ), p(T, µ) and

ρ(T, µ) will just be parameters entering these definitions. In particular we can redefine

them as long as the expressions for the tensors do not change. We do this by adding

one-derivative terms.

Let uµ denote the fluid velocity with unit norm: uµuµ = −1. We define the projector

onto the subspace of Rd orthogonal to uµ as:

∆µν ≡ ηµν + uµuν (7.2)

The most general constitutive relations can be parametrized as:

T µν = ε̃uµuν + p̃∆µν +
(
qµuν + qνuµ

)
+ τµν (7.3)

Jµ = ρ̃uµ + jµ (7.4)

where qµu
µ = jµu

µ = 0 (qµ and jµ are transverse vectors). Moreover, τµν is taken to be

symmetric, transverse and traceless (dissipative contributions to the T µµ will appear in ε̃

and p̃). Finally, qµ, jµ and τµν are first order in derivatives.

Starting from these relations we obtain:

ε̃ ≡ uµuνT
µν p̃ ≡ 1

d
∆µνT

µν ρ̃ ≡ −uµJµ qµ ≡ −∆µρuνT
ρν jµ ≡ ∆µνJ

ν

(7.5)

These are simply definitions; for instance ε̃ need not exactly coincide with the microscopic

definition of the energy density in equilibrium.

With a different choice of “frame” one shifts T , µ and uµ by linear corrections in derivatives
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(δT (x), δµ(x), δuµ(x) ∼ O(∂)):

T (x)→ T ′(x) = T (x)+δT (x) µ(x)→ µ′(x) = µ(x)+δµ(x) uµ → u′µ(x) = uµ(x)+δuµ(x)

(7.6)

Requiring u′µu′µ = −1 we see that δuµu
µ = 0. This implies:

δε̃ = δp̃ = δρ̃ = 0 (7.7)

δqµ = −(ε̃+ p̃)δuµ δjµ = −ρ̃δuµ δτµν = 0 (7.8)

For example (under a frame redefinition δT µν = δJµ = 0):

jµ ≡ ∆µνJ
ν =⇒ δjµ = δuµuνJ

ν + uµδuνJ
ν +O(∂2)

= −ρ̃δuµ + ρ̃���
��uµδuνu
ν +O(∂2)

(7.9)

qµ ≡ −∆µρuνT
ρν =⇒ δqµ = −ηµρδuνT ρν − uνuρδuµT ρν −(((((

((uνuµδuρT
ρν −(((((

((uµuρδuνT
ρν +O(∂2)

= −p̃δuµ − (ε̃+ p̃− p̃)δuµ = −(ε̃+ p̃)δuµ +O(∂2) ,

(7.10)

where the barred terms cancel because δuµu
µ = 0.

We now see that one can redefine uµ such that, for instance, qµ = 0 (Landau frame [43])

or jµ = 0 (Eckart frame [94]). In the first case we will choose δuµ = qµ/(ε̃ + p̃); in the

latter δuµ = jµ/ρ̃.

Finally, we can ask ourselves whether we can pick a frame where we can identify ε̃, p̃ and

ρ̃ with their ideal order equivalents ε, p, ρ.In a given frame we can write (? = ε, p, ρ):

?̃ = ?(T, µ) + f?̃(∂T, ∂µ, ∂uµ) (7.11)

where the functions f? are first order in derivatives. Let us suppose that we picked δuµ in

order to satisfy some frame condition. We are still free to choose δµ and δT . From (7.7)

we know that ε̃, p̃ and ρ̃ do not change. Therefore:

f ′? = f? −
∂?

∂T

∣∣∣∣
µ

δT − ∂?

∂µ

∣∣∣∣
T

δµ (7.12)

We obtain a system of three linear equations for two variables, δT and δµ. This means

that we can redefine the fields so that two of the three functions fε̃, fp̃ and fρ̃ are set to

0. It is customary to let fε̃ and fρ̃ vanish, effectively setting ε̃ = ε and ρ̃ = ρ.
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In a general frame one can build three independent scalars at first order in derivatives:

∂νu
ν , uν∂νµ and uν∂νµ. Similarly, there are three transverse vectors ∆ν

ρ∂νµ, ∆ν
ρ∂νT and

uν∂νuρ and one transverse traceless tensor σρν ≡ ∆α
ρ∆β

ν (∂αuβ + ∂βuα − 2
3
ηαβ∂σu

σ). This

implies that from ε̃, p̃, ρ̃, qµ, jµ and τµν we get a total of 3+3+3+3+3+1 = 16 independent

coefficients. As we saw above, we can set jµ or qµ (or some linear combination thereof) to

zero, and we can do the same with the dissipative contributions to two of the three scalars

ε̃, p̃ and ρ̃. This procedure eliminates 3 + 3 + 3 = 9 coefficients, leaving us with a total of

seven. Furthermore, the equations of motion ∂µJ
µ = 0 and ∂µT

µν = 0 can be decomposed

in two relations ∂µJ
µ = uµ∂µT

µν = 0 between the three scalars ∂νu
ν , uν∂νµ and uν∂νµ,

as well as one relation ∂µT
µν = 0 between the three vectors ∆ν

ρ∂νµ, ∆ν
ρ∂νT and uν∂νuρ.

This reduces the total count of independent coefficients to 7 − 3 = 4. Finally, imposing

positivity of entropy production one can eliminate one further coefficient, resulting in a

total amount three independent coefficients on-shell [20].

A similar reasoning can be applied to superfluid hydrodynamics.

Appendix B: recovering Landau’s criterion

An interesting point to make is that our criterion correctly reproduces the Landau criterion

for Galilean superfluids (for example 4He with roton excitations). To do so, we consider

Galilean superfluids in the superfluid rest frame. As required by the Galilean boost Ward

identity [95], in the Galilean limit we impose that the momentum density be equal to the

current: gi ≡ T ti = ji (setting the electron charge and the particle mass e = m = 1).

Going to the superfluid rest frame involves boosting from the lab frame to a frame moving

with velocity v̄s, parametrized by coordinates t′ = t, x′ = x− v̄st with ∂′t = ∂t− v̄is∂′i, ∂′i =

∂i. Note that in this rest frame the chemical potential is given by µ0 = µ+ v̄s ·vn− v̄2
s/2.

Given a wavevector q, we write the pressure in the superfluid rest frame (in the ensemble

with fixed vs) as:

p̃ = −T
∫

ddq

(2π)d
ln(1− e−(εq−q·w)/T ). (7.13)

where w ≡ vn − v̄s is the relative velocity between the normal fluid and the superfluid

and εq(µ0, T ) is the dispersion relation of the quasiparticle excitations, which the normal

fluid is made of [3, 96]. It is clear from the form of the pressure that as:

w→ wc ≡ minq
εq(µ0, T )

q
(7.14)
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the susceptibilities will diverge:

lim
w→wc

χ̃ij ∝
∫

ddq

(2π)d
Fij(q, µ0, T )

(εq − q ·w)2
. (7.15)

Notice that smoothness of εq(T, µ0) implies that F is also smooth near wc.

Furthermore, with a similar analysis to what we did in (6.6,6.8) one can show that at

χhh ≡ χ̃−1
vsvs → 0 one sound mode vanishes and becomes unstable, thus validating the

consistency of our criterion, as we showed in [16].

In [97, 98], the critical velocity for which χhh = χ̃vsvs = 0 was related to the Landau

critical velocity in a different thermodynamic ensemble, but only found equality at zero

temperature, assuming a phonon-roton quasiparticle dispersion relation. Here we see that

we do not need to assume any specific dispersion relation.

For more details on Galilean superfluid hydrodynamics we refer the reader to [99–102].

Appendix C: pseudospectral methods

Pseudospectral methods come in handy because they allow to numerically approximate

the solution of differential equations with good precision, while keeping a smaller number

of grid points [103].

Let us consider a general differential equation:

D[f(x)] = 0 (7.16)

where D is a differential operator. Numerical methods are necessary to obtain an approx-

imation of its solution in a given interval when the analytic solution is not available.

Finite element methods divide the interval into a grid and approximate the value of the

function on the n+1-th grid point by means of a quadrature formula relying on the values

of the previously computed points.

On the other hand, pseudospectral methods compute the values of f(x) at once on all

grid points. To do so one picks an orthonormal basis of functions fn(x) on the chosen

interval and formally writes the solution as:

f(x) =
∞∑
n=0

αnfn(x) (7.17)

Determining the coefficients αn is equivalent to finding the solution of the differential

equation. From a practical point of view, one selects a grid of N + 1 points in the chosen
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interval. This allows to determine the coefficients of the first N + 1 basis functions:

f(x) ≈ fN(x) =
N∑
n=0

αnfn(x) (7.18)

The differential equation is exactly solved on the grid points. It is intuitively evident that

a larger number of grid points produces a more accurate approximation of f(x) (although

in practice higher precision may be required with a larger grid).

Note that most of the times the grid points are not equidistant. Instead, their choice

depends on the choice of basis functions. The most commonly used basis functions fn(x)

are the Chebyshev polynomials Tn(x). They are defined by the relation [104]:

Tn(cos θ) = cos(nθ) n = 0, 1, · · · (7.19)

So that on the interval −1 ≤ x ≤ 1 one can write:

Tn(x) = cos
(
n arccos(x)

)
(7.20)

One can show [104] that the optimal choice for the grid points, i.e. the one that minimizes

the difference f(x)− fN(x), is given by the roots of the Chebyshev polynomials of degree

N + 1:

xi = − cos

(
(2i+ 1)π

2(N + 1)

)
i = 0, · · · , N (7.21)

One can see that the grid points get denser near the endpoints, the spacing there being

proportional to 1/N2.

On a general interval a < x < b one defines the map y(x) : [a, b] → [−1, 1]

y(x) =
2

b− a
x+

a+ b

a− b
(7.22)

and sets:

yi = y(xi) (7.23)

The bulk equations of motion presented in this thesis were solved on the [0, 1] interval,

whose two endpoints correspond respectively to the UV AdS boundary and the IR black

hole horizon.

The differential equation (7.16) evaluated at the N + 1 grid points yields N + 1 equations

for the coefficients cn. In practice, however, one does not usually solve for the coefficients

αn. Instead, via decomposition in Chebyshev polynomials, one can show that the values

99



of f ′N(x) on the grid can be obtained from those of fN(x) via a linear map:

f ′N(xi) = (DN)ij fN(xj) (7.24)

with the matrix (DN)ij defined as [105]:

(DN)00 =
2N2 + 1

6
(DN)NN = −2N2 + 1

6

(DN)ii = − xj
2(1− x2

i )
for 1 ≤ i ≤ N − 1

(DN)ji =
ci
cj

(−1)i+j

xi − xj
for i 6= j

(7.25)

with

ci =

1 for 1 ≤ i ≤ N − 1

2 otherwise
(7.26)

Similar matrices can be computed for higher derivatives: one simply has DkN = (DN)k,

where DkN is the matrix corresponding to the kth derivative. Furthermore, D0N =

Id(N+1)×(N+1).

For a linear differential operator the original equation (7.16) is thus reduced to a linear

problem: (
kmax∑
k=0

βk ∂k

)
f(x) = 0 (7.27)

One finds the N + 1 values of f(x) on the grid points by solving for

D̃ij f(xj) ≡

(
kmax∑
k=0

βk (DkN)ij

)
f(xj) = 0 (7.28)

The boundary conditions are implemented by substituting the lines of D̃ corresponding

to the grid points at which the conditions are imposed with new lines corresponding to

the given boundary problems. For instance: a Dirichlet boundary condition f(a) = c is

implemented by setting (D̃)0j = δ0j and by solving the linear system of equations:

D̃ij f(xj) = λi (7.29)

where λi = c δi0. Similarly, a Neumann boundary condition f ′(a) = c is implemented by

setting (D̃)0j = D1j.

A final note about coupled equations: in the case of n differential equations for n functions

f`(x), 1 ≤ ` ≤ n, one proceeds in a similar fashion. One casts the numerical values of
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each function on the grid into a n(N + 1)-dimensional array

f ≡ (f1(x0), · · · , f1(xN), · · · , fn(x0), · · · , fn(xN))T (7.30)

The derivative matrices will be (N + 1)× n(N + 1) matrices. For instance matrix giving

the k-th derivative of f`(x) is:

Dk,` ≡ (0, · · · , Dk, · · · , 0)

↓
`-th position

(7.31)

The final matrix D̃ encoding the system of differential equations will be a n(N+1)×n(N+

1) matrix formed by n building blocks of dimensions (N + 1) × n(N + 1) corresponding

to the individual equations.

Computing the quasinormal modes with pseudospectral methods

Solving for the quasinormal modes (QNMs) of the systems means finding the poles of the

Green’s functions. Equivalently, casting the equations of motion as

D̃(ω, k) f = λ (7.32)

one looks for the values ω(k) that send det D̃ to zero.

Following [106], let us first assume that D̃ is linear in ω:

D̃ = D̃0 + ωD̃1 (7.33)

Imposing det D̃ = 0 is equivalent to solving the generalized eigenvalue problem D̃0f =

−ωD̃1f . This operation is built in in most scientific programming languages. In MathematicaR©

it is implemented in the command Eigenvalues.

In the more general case where D̃ is non-linear in ω

D̃ =
imax∑
i=0

ωiD̃i (7.34)

We can then define the vector

F ≡ (f, ωf, · · · , ωimax−1f) (7.35)
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and recast (7.32) as (finite values of the boundary conditions do not affect the computation

of the modes, so for simplicity we set λ = 0):

DF ≡ (D0 + ωD1)F = 0 (7.36)

with

D0 ≡


D̃0 D̃1 D̃2 . . . D̃imax−1

0 Id 0 . . . 0

0 0 Id . . . 0
...

...
...

. . .
...

0 0 0 0 Id

 D1 ≡


0 0 0 . . . 0 D̃imax

−Id 0 0 . . . 0 0

0 −Id 0 . . . 0 0
...

...
...

. . .
...

...

0 0 0 . . . −Id 0

 ,

(7.37)

thus obtaining a generalized eigenvalue problem as above.
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[7] I. Amado, D. Areán, A. Jiménez-Alba, K. Landsteiner, L. Melgar, and

I. Salazar Landea, Holographic Superfluids and the Landau Criterion, JHEP 02

(2014) 063, 1307.8100.

[8] P. M. Chaikin and T. C. Lubensky, Principles of Condensed Matter Physics.

Cambridge University Press, 1995.

[9] H. Lamb, Hydrodynamics. Dover Books on Physics. Dover publications, 1945.
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Titre : Reconsidérer le critère de Landau : une approche hydrodynamique et holographique des instabilités
des phases suprafluides.
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Résumé : La suprafluidité est un état de la matière
caractérisé par l’absence de flux visqueux et de
transfert de chaleur. Elle survient lorsqu’une symétrie
globale continue de type U(1) est brisée spon-
tanément. Le gradient du champ de Goldstone as-
socié détermine la vélocité suprafluide. Á tempera-
ture non-nulle, le fluide possède une composante nor-
male, qui contribue également au flot de la charge.
Une prédiction célèbre de Landau est que le système
souffre d’une instabilité lorsque la vitesse supra-
fluide dépasse une certaine valeur critique. Landau
détermina cette valeur dans un régime de basse
température en supposant le système invariant sous
les transformations de Galilée et que le fluide normal
est constitué de particules libres avec une statistique
de Bose-Einstein.
L’approximation hydrodynamique permet de décrire
les systèmes avec interactions aux échelles d’espace
et de temps longues comparées à celles où l’équilibre
thermodynamique est établi localement. Dans cette
thèse, nous appliquons cette approche hydrodyna-
mique afin de determiner la vitesse critique des su-
prafluides. En particulier, aux grandes valeurs de la vi-
tesse suprafluide, nous trouvons qu’un mode collectif

hydrodynamique passe dans le demi-plan supérieur
des fréquences complexes, ce qui signale une in-
stabilité dynamique. Cette instabilité est en fait d’ori-
gine thermodynamique, car elle est provoquée par
un changement de signe d’une dérivée seconde de
l’énergie libre.
Nous étudions l’occurrence de cette instabilité dans
deux configurations différentes : la “limite-test”, où la
temperature et la vitesse du fluide normal sont figées,
et une approche complète, qui les inclut.
Dans les deux cas nous vérifions nos résultats à l’aide
de la dualité entre théorie de jauge et de gravité.
Nous trouvons une très bonne concordance entre les
fréquences caractéristiques du système hydrodyna-
mique et les fréquences quasinormales de la théorie
de gravitation. Cela nous permet donc de vérifier
notre critère dans un modèle holographique.
Notamment, notre critére (formulé sans référence à
un modèle en particulier) est valide indépendamment
du couplage et ne requiert pas d’invariance sous les
transformations de Galilée. En dernier lieu, nous mon-
trons aussi qu’il reproduit la limite de Landau une
fois appliqué à des suprafluides galiléens avec sta-
tistiques de Bose-Einstein.
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Abstract : Superfluidity is a state of matter whose
main feature is the absence of viscous flow and heat
transport. It originates from the spontaneous breaking
of a U(1) continuous global symmetry below a critical
temperature Tc. The gradient of the Goldstone field
associated to the symmetry breaking determines the
superfluid velocity. At finite temperature a superfluid
and a normal fluid component coexist ; both of them
contribute to charge flow. Landau predicted that the
superfluid becomes unstable at large superfluid velo-
cities. He determined the critical velocity at low tempe-
rature by assuming boost invariance and that the nor-
mal fluid is composed of free bosonic quasiparticles
with Bose-Einstein statistics.
Hydrodynamics, on the other hand, gives a valid des-
cription of interacting systems at length- and times-
cales longer than the typical scales at which local
thermal equilibrium is reached. In this thesis we em-
ploy a hydrodynamical approach in order to investi-
gate the instabilities of superfluids at finite superflow.
In particular, we find that a hydrodynamic collective
mode crosses to the upper half complex frequency

plane, which signals a dynamical instability. At the
same time, however, this instability is also thermody-
namic, as its onset is controlled by one of the second
derivatives of the free energy changing sign.
We study the onset of this instability in two main se-
tups : the “probe limit”, where the fluctuations of the
temperature and the normal fluid’s velocity are frozen,
and a complete approach, which includes them.
In both cases we test our findings with the help of
gauge-gravity duality (holography). Up to our nume-
rical precision, we find agreement between the hydro-
dynamic modes of the boundary theory and the quasi-
normal modes of the gravity theory. We are therewith
able to verify our criterion in a holographic setup.
Most importantly, our criterion, which is formulated
in a model-independent way, is applies to interacting
systems irrespective of the strength of interactions,
does not rely on boost invariance and does not as-
sume any specific quantum statistics. As a final check,
we also show that it yields the Landau critical velocity
for Galilean superfluids with Bose-Einstein quasipar-
ticles.
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