
HAL Id: tel-04542879
https://theses.hal.science/tel-04542879

Submitted on 11 Apr 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

New approach for electrostatic interactions at
metal/liquid interfaces and applications for the

graphene/water couple.
Anton Robert

To cite this version:
Anton Robert. New approach for electrostatic interactions at metal/liquid interfaces and applications
for the graphene/water couple.. Theoretical and/or physical chemistry. Université Paris sciences et
lettres, 2022. English. �NNT : 2022UPSLE027�. �tel-04542879�

https://theses.hal.science/tel-04542879
https://hal.archives-ouvertes.fr


 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Préparée à l’École Normale Supérieure 

 

Nouvelle approche des interactions électrostatiques              
aux interfaces métal/liquide                                                            

et applications pour le couple graphène/eau  

Soutenue par 

Anton ROBERT  
Le 28/09/2022 

Ecole doctorale n° 388 

Chimie physique et chimie 
analytique de Paris centre 

Spécialité 

Chimie Physique 

Composition du jury : 
 
 

Benjamin ROTENBERG 
DR2, Sorbonne Université   Président 

Marie-Pierre GAIGEOT 
Professeur, Université d’Évry   Rapporteure  

 

Nicolás LORENTE 
Professeur, Universidad del País Vasco      Rapporteur 
 

Benoit COASNE 
DR2, Université Grenoble-Alpes  Examinateur 
 

Hélène BERTHOUMIEUX 
CR, Sorbonne Université   Invitée 
 

Marie-Laure BOCQUET 
DR2, École Normale Supérieure   Directrice de thèse 



T H È S E D E D O C T O R AT D E L’ U N I V E R S I T É D E R E C H E R C H E PA R I S

S C I E N C E S E T L E T T R E S

préparée à l’École Normale Supérieure par

anton robert

NEW APPROACH FOR ELECTROSTATIC INTERACTIONS

AT METAL/LIQUID INTERFACES

AND APPLICATIONS FOR THE GRAPHENE/WATER COUPLE

NOUVELLE APPROCHE DES INTERACTIONS ÉLECTROSTATIQUES

AUX INTERFACES MÉTAL/LIQUIDE

ET APPLICATIONS POUR LE COUPLE GRAPHÈNE/EAU

Dirigée par

marie-laure bocquet

École doctorale de Chimie Physique et de Chimie Analytique de Paris Centre (ED 388)

September 2022



© Copyright by Anton Robert, 2022.

All rights reserved.



À Ariane,



AVA N T- P R O P O S E T R E M E R C I E M E N T S

Caminante, no hay camino, se hace camino al andar1.

Antonio Machado

Ce travail s’est effectué à l’interface entre deux domaines de la matière

condensée : une discipline qui étudie les métaux et l’autre les liquides.

Je crois que mon absence de spécialité m’a été profitable, car j’ai porté le

même intérêt envers les deux communautés. L’originalité de l’approche

présentée dans cette thèse réside peut-être dans le mélange pragmatique

d’outils d’origines diverses. Pourvu que le lecteur soit tolérant à l’usage

détourné des siens. Pourvu qu’il ne se lasse pas trop vite d’instruments qu’il

ne connaît peut-être pas encore. Cette thèse n’est pas une juxtaposition de

travaux séparables, aucun chapitre n’est réellement hermétique. La volonté

de plonger le lecteur dans un nouvel “univers”, pédagogiquement d’abord,

en s’appuyant ensuite sur des chapitres entiers, est assumée. Ce manuscrit est

écrit en anglais afin d’être accessible à un plus grand nombre de scientifiques.

Je remercie chaleureusement ma directrice de thèse, Marie-Laure Bocquet,

qui m’a mis le pied à l’étrier il y a quelques années déjà. Dès 2017, entre

deux cours de chimie, je passais au pôle théorie avec mon ordinateur pour

lui montrer mes calculs DFT ! Grâce à elle, j’ai beaucoup appris au fil de

ces années, non seulement sur la science, mais aussi sur la recherche. Cette

thèse aurait été complètement différente sans une collaboration de presque

deux ans avec Nikita Kavokine et Lydéric Bocquet, à qui je suis grandement

redevable. Je remercie une deuxième fois Lydéric Bocquet pour avoir permis

cette thèse, en la finançant. Je tiens aussi à remercier Hélène Berthoumieux

pour notre collaboration lors de cette troisième année de thèse.

Il y a d’autres personnes que j’aimerais remercier et qui ont indirectement

contribué à ce travail. Je dois beaucoup à Maximilien Levesque, sa vision du

travail, son goût pour le code, sa bonne humeur et sa créativité qui m’ont

inspirés. Je pense aussi à Benoit Grosjean, sa patience et sa pédagogie il y

a quelques années. Merci à Daniel Borgis, qui est toujours prêt à parler de

liquides avec passion. Un grand merci aux professeurs que j’ai eu la chance
1 Marcheurs, il n’y a pas de chemin, le chemin se fait en marchant.



d’avoir et qui m’ont fait adorer la chimie théorique : Rodolphe Vuilleumier,

Damien Laage et Benjamin Rotenberg.

Un grand merci à Jules et Maxime, des amis présents2 dans les moments

difficiles. Merci à Yann pour les cours d’analyse complexe entre deux parties

d’échecs et à Léa pour ses explications limpides des équations de Maxwell

jusqu’au bout de la nuit. Presque trois ans de colocation entre amis scien-

tifiques qui resteront gravés à jamais. Merci à Bertin pour ses visions sages

et rafraîchissantes du monde académique. Merci à mes parents d’entretenir

des visions si opposées de la science parce qu’elles nourrissent la mienne.

Anjan, ton exigence de créativité alimente nos recherches et notre quotidien.

Un dernier grand merci aux membres du jury pour leurs questions durant

de la soutenance et de leurs intérêts pour ce travail. Merci au président du

jury pour ses corrections détaillées qui m’ont permis de corriger un certain

nombre d’erreurs dispersées.

2 On me dira qu’il est plus facile pour un ami d’être présent quand il travaille dans le même
bureau.



Abstract

A theoretical framework is introduced to tackle electrostatics interactions at

metal/liquid interfaces. By adopting a microscopic perspective, we displace

the electrostatic problem in resolving an integral equation for the linear

response function of the interfacial system. By describing the liquid’s charge

fluctuations and dielectric response in the framework of quantum field theory,

we inherit new concepts to deal with collective interactions at the mean-field

level. The precision and versatility of our approach allow us to scrutinize

carbon interfaces, taking into account the specificity of their electronic band

structures. This method is then used to study the mean force potential of an

aqueous ion at the graphene interface, the electronic band gap of a solvated

carbon nanotube, the van der Waals interactions between a metal and a liquid,

and solid/liquid friction coefficients. The validity of mainstream hypothesis

regarding time and length scales decoupling at metal/liquid interfaces can

be systematically challenged.
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G E N E R A L I N T R O D U C T I O N

This thesis is motivated by a new enthusiasm for nanofluidics: studying

fluids in nanochannels. This recent field, as many others before it, comes to

the fore [1] because experimental measurements are nowadays technolog-

ically possible. Let us briefly dwell on those achievements to realize how

extraordinary they are. Indeed, one could reasonably think that probing

fluid velocities on this scale — one billionth of a meter — is unrealistic. One

can even question the word “fluid”: what is going out of a nanometer pipe

looks much more like a “crowd” of water molecules rather than the familiar

water jet from the kitchen tap (see Fig. 1a). How can we build such a small

pipe? How to control what goes in there? How to detect what goes out and

at which speed? We will not answer those questions in this work, but we

first want to underline how amazed we are by the experimental setups and

measurements that give rise to the theoretical questions we tackle — see Fig.

1b. To cite a few of those pioneers works, we refer to [2, 3, 4, 5, 6].

Figure 1: Nanofluidics in a nutshell. (a) A special pipe (a carbon nanotube or CNT)
with water molecules flowing through it. (b) Experimental setup to measure water
flow inside a CNT with a pipette. The CNT is glued on the outside to focus the water
flow inside the tube. The image is taken from [6]. (c) Transport matrix coefficients in
nanofluidics. See text for identification of driving forces and observables. The image
is taken from [7].

Why is nanofluidic a field worth working in? The global need for clean

and renewable energy motivates scientific research in diverse areas. Nanoflu-

idics has made promises because phenomena generating electric currents

with salt concentration gradients — like diffusio-osmosis3 — occur in those

tiny pipes. Similar exotic processes suggest some solutions for water desali-

nation/filtration. Those applications are discussed in length in [8].

Why do liquids behave strangely in nanochannels? In nanofluidics,

peculiar effects stem from the increasing surface/volume ratio for the liquid.
3 Process in which a difference in salt concentration between two reservoirs linked by a nanometer

pipe induces a net ionic current by differential ionic interaction strength with the surface of the
pipe. More can be found in [7].



In fact, like with the rise of microfluidics, reducing the length scale changes

the relevant physical interactions [9]. To understand this, we need to look at

the transport matrix coefficient (see Fig. 1c). Without non-diagonal terms,

it independently links driving forces (respectively pressure drop, chemical

potential difference, electric field) to their ad hoc observables (resp. solvent

flux, excess solute flux, ionic current). However, surface effects increase the

contribution of the non-diagonal terms, which opens new perspectives to

generate, for instance, an ionic current with a salt concentration. In order to

identify those cross-terms, one needs to accurately describe the pipe/liquid

interface, hence the relevance for theoretical chemists to study those systems.

The nanofluidics community now appreciates the efforts of solid-state

physics in developing instruments capable of manipulating 1D or 2D ma-

terials. Graphene has undeniably the leading role among those so-called

2D vdW materials and their assemblies [10]. Interestingly, the long-awaited

emergence of devices allowing reliable measurements of tiny flows can be

traced back to its birth [11], around 2004. A single graphene sheet is ex-

perimentally challenging to isolate, and one usually prefers to use one of

its allotropic forms to build nanofluidic devices: (single/multi-wall) carbon

nanotubes (CNTs), few layers of graphene (FLG), or graphite. Note that a

geometrically similar material — the hexagonal boron nitride (hBN)— is also

used.

The differences between CNTs and boron-nitride nanotubes in nanoflu-

idics illustrate the importance of the liquid/pipe or ion/pipe-specific inter-

action [4, 6]. However, in molecular mechanics (MM), graphene and hBN

are relatively identical, and their interaction with water merely differs by the

parametrization of the Lennard-Jones (LJ) potential between nuclei. More

sophisticated approaches should therefore tackle this apparent oversimplifi-

cation [12, 13].

Graphene and hBN more fundamentally differ in their response to an

electromagnetic field. Whereas graphene is a semi-metallic material, hBN is

insulating. Simulation methods are very reliable for insulating solids in their

most accurate ab initio molecular dynamics (AIMD) form. A recent work

dedicated to the hBN/water interface has revealed some of its secrets [14],

so we will not dwell on it in this work. In contrast, there can be some doubts

about the reliability of AIMD simulations in tackling metal interfaces for

several reasons. Their high computational cost prevents using a simulation

box larger than the typical electronic correlation length. For the same reason,

it is challenging to consider the presence of ions at low concentrations.

Besides the phenomenological ansatz for the exchange-correlation energy

in the density functional theory (DFT) electronic calculations, the dynamics



also rely on the Born-Oppheinmer approximation (BOA). The latter can be

violated for molecules at metallic interfaces because of the continuum of the

electronic levels at the Fermi level [15]. In fact, in the case of graphene, water

molecules are not needed for the BOA to break down [16].

In this thesis, we shall therefore focus on the graphene/water interface

and try to gain analytical insights on the specificities of this couple. The

goal is of course not to obtain quantitative answers, but rather to identify

and estimate the contributions of so far overlooked “second-order” effects.

We need a general and elastic framework that can tackle the electrostatic

interactions between electrons and polar molecules at the metal/liquid in-

terface. Surprisingly, we have found only one way to tackle this interface

analytically in the literature! It is the classical continuum electrostatic ap-

proach that merely describes water by its bulk dielectric constant4. Therefore,

this prompted us to think about electrostatics from a completely different

perspective, a microscopic one. The elaboration of this versatile framework

and the derivation of some critical physical observables within it may be the

essential parts of this work, considering the “loophole” in the literature.

In the late ’70s, many efforts were dedicated to grasping the metal/dielectric

interface in the presence of ions by analytical methods. This work was partly

conducted by A.A. Kornyshev and crystallized in [17] and [18]. Many in-

sights were given, such as the crucial role of the non-local dielectric response

of polar liquids near interfaces. This method is still used [19, 20] nowadays.

Nevertheless, today’s relatively weak interest in analytical methods to tackle

those arduous systems5 is due to the rise of computational chemistry and,

most importantly, its large development in the ’80s6. As mentioned, quantum

simulations have been and still are unrivaled in gaining insights into the

graphene/water interface (see e.g. [12, 22, 23, 24, 13]). However, their cost

and the reduced simulation time and size constrain the system’s largest and

slowest collective motion of dipoles/charges.

Classical molecular dynamics or molecular mechanics (MM) have come

to the rescue with semi-classical approaches to remediate those issues. Due

to their intrinsic lack of metallicity, they introduce parametrized models that

mimic the metal’s polarization — see, e.g. [25] for graphene. A general

approach [26] has received much interest. It consists in conferring to the

metal’s atoms a fluctuating Coulomb charge that is imposed at each time
4 We will show in this work that the more sophisticated approach [17] that allows the dielectric

to have a non-local dielectric response — the one mentioned in the next paragraph — fails for
the case of water: it cannot be used! Of course, other methods could exist, but we do not know
about them.

5 “God made the bulk; surfaces were invented by the devil.” — Wolfang Pauli as quoted in
Growth, Dissolution, and Pattern Formation in Geosystems (1999) by Bjørn Jamtveit and Paul
Meakin, p. 291

6 See the preface of [21] for a short history about “computer experiments”.



step of the simulation to maintain a constant potential at the electrode7.

Going beyond the perfect conductor model, it can even confer an effective

Thomas-Fermi (TF) type of screening to the metal [30].

Nevertheless, the specificity of metals lies within their band structure.

Graphene is semi-metallic and behaves like a metal on a long wavelengths

and like an insulator on shorter ones. This property seems a priori difficult

to infer in a classical Hamiltonian beyond a TF model. Moreover, the opti-

mization procedure for the atomic charges in the metal plays the same role as

the BOA in AIMD. Therefore, despite those recent achievements, questions

are still unanswered. It is useless to say that our role can only be limited to

qualitative analytical support. We will question the implicit hypotheses in

building those models. We point out that from the solid-state point of view,

the graphene communities seem to have ignored the role of the dielectric

environment beyond the local electrostatic case. We will see that there is

room to refine the evaluation of observables such as electronic conductivities,

plasmons dispersions, or electronic band gaps for solvated semi-conductors

with a better description of the metal/liquid interface.

To summarize, our work elaborates a practical approach to electrodynam-

ics at the metal/liquid interface (part i). It shall be general enough to tackle

several open questions regarding “second-order” effects that are usually

ignored in modeling the graphene/water interface. Therefore, in part iii, we

will obtain formulas of several physical observables and study:

• the potential of mean force of an ion at the graphene/water interface

• the electronic band gap of a solvated CNT

• the metal/liquid friction and its non-adiabatic contribution at the car-

bon/water interface

To a less extent, we will also encounter the plasmon dispersion of solvated

graphene, the dielectric response of a water slab under a static electric field,

and the interfacial vdW energy at the metal/liquid interface. We compute

the elementary bricks of our framework for water and graphene (and FLG)

in part ii.

7 For a detailed description of current semi-classical simulation methods, the reader is referred to
[27] and to [28, 29] for more details about the constant potential method.



Part I

T H E M E TA L / L I Q U I D T H E O R E T I C A L

F R A M E W O R K



In this first part, we lay out the basis of the theoretical framework we use

throughout this thesis. In both the solid and liquid communities, interfaces

are tackled from a specific point of view, usually using a trivial model for the

other medium8. The difficulty arises from treating both media with the same

rigor9. A common framework prevents us from making unjustified premises

that are nevertheless rightfully introduced in treating the liquid or the solid

separately.

As will (hopefully) become clear at the end of it, our work consists

in describing the metal/liquid interface using the framework of quantum

field theory The gain is attractive because it unlocks the possibility of using

decades-long physical and mathematical tools. How can a quantum field

describe a purely classical liquid? This part’s driving question requires

adopting a microscopic point of view regarding electrostatic interactions in

liquids.

Being convinced that theoretical chemists could benefit from this frame-

work, an effort has been dedicated to writing this part so that it does not

require an a priori knowledge of the quantum field framework. To the cost of

the mathematical rigor and completeness, we introduce Feynman diagrams

because we find them to play a central role in practice. New diagrams for

liquids are introduced when needed, and rules for constructing them are

simplified for our work. Two chapters are included in this part. Chapter 1

introduces the physical concepts at play for the liquid and the solid. Chapter

2 gives the Hamiltonian of the interface and tackles the classical/quantum

incompatibility. The “rules” summarized at the end allow us to compute

the observables in part iii. For a brief recap of the standard approach to

electrostatics, refer to the appendix A.1

8 Very schematically, we consider the two communities represented by those two famous textbooks
[31, 32].

9 Interestingly, with all its limits, especially for water, the existing method[17] puts the dielectric
and the metal on an equal footing.



1
P H Y S I C A L C O N C E P T S

1.1 response to a perturbation

1.1.1 Response function

We consider a thermodynamically closed system such that the term ex-

ternal refers to something that is not a part of the physical system under

scrutiny. Under the application of a perturbating external electrostatic poten-

tial fext(x, t), it responds by generating a charge density deviation nind(x, t)

— therefore induced by the latter. We will focus on the statistically averaged

— denoted h.i — deviation produced by the system, in space-time — denoted

for short by 1 ⌘ (x1, t1). Linear response theory relates both quantities via

the response function c — or susceptibility —, as follows:

hnind(1)i =
ˆ

d2c(12)fext(2). (1)

The total charge density of the system n = n0 + nind might not be equal

to nind if, without the external perturbation, an inhomogeneity is already

present in the system. In turn, the mean induced charge density creates an

averaged induced electrostatic potential find that can be written

hfind(1)i =
ˆ

d2v(12)hnind(2)i. (2)

Here we have used the Green’s function method [33] to solve Poisson’s equa-

tion so that the kernel is the Coulomb interaction between two particles of

elementary charge (we use e = 1) in vacuum:

v(12) =
1

4pe0

d(t1 � t2)
|x1 � x2|

, (3)

where e0 is the dielectric permittivity of the vacuum. Accordingly, we

write Eq. 2 for the external potential fext that arises from an external

charge density next. The statistically averaged total potential in the system is

hftoti = fext + hfindi. Combining Eq. 1 and Eq. 2 we can write the Green’s

function — or the screened Coulomb potential — of the system w(12) as

w(110) = v(110) +
¨

d2d3v(12)c(23)v(310). (4)

7



1.1 response to a perturbation 8

The linearity of Poisson’s equation makes the introduction of w helpful

because the total potential reads1

hftot(1)i =
ˆ

d2w(12)next(2). (5)

Those last two equations directly establish the link between the averaged

total potential hftoti in the system and c, its two-point susceptibility. Re-

garding the general structure of w in Eq. 4, we see that two objects are

linked by the operation [ f ⇤ g] (1) =
´

d2 f (12)g(2). To prepare for future

complexifications, we represent by a diagram the bare potential v and c

2
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<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit> = v(1, 2)

<latexit sha1_base64="EVzJXk6qpCDW5f/+yPk3c+1f95s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CVahgpTdKuhFKHjxWMF+QLuUbJptQ7PZkGQLZemP8OJBEa/+Hm/+G9N2D9r6YODx3gwz8wLJmTau++3k1tY3Nrfy24Wd3b39g+LhUVPHiSK0QWIeq3aANeVM0IZhhtO2VBRHAaetYHQ/81tjqjSLxZOZSOpHeCBYyAg2VmrdjcveZfWiVyy5FXcOtEq8jJQgQ71X/Or2Y5JEVBjCsdYdz5XGT7EyjHA6LXQTTSUmIzygHUsFjqj20/m5U3RulT4KY2VLGDRXf0+kONJ6EgW2M8JmqJe9mfif10lMeOunTMjEUEEWi8KEIxOj2e+ozxQlhk8swUQxeysiQ6wwMTahgg3BW355lTSrFe+q4j5el2pnWRx5OIFTKIMHN1CDB6hDAwiM4Ble4c2Rzovz7nwsWnNONnMMf+B8/gBt5Y43</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

= �(1, 2)
<latexit sha1_base64="4T0lZKVcPj8ujyASpgdE9i1Pd28=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CVahgpTdKuhFKHjxWMF+wHYp2TTbhmaTJckKZenP8OJBEa/+Gm/+G9N2D1p9MPB4b4aZeWHCmTau++UUVlbX1jeKm6Wt7Z3dvfL+QVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/O/M4jVZpJ8WAmCQ1iPBQsYgQbK/k3qEdGrOqd18/65Ypbc+dAf4mXkwrkaPbLn72BJGlMhSEca+17bmKCDCvDCKfTUi/VNMFkjIfUt1TgmOogm588RadWGaBIKlvCoLn6cyLDsdaTOLSdMTYjvezNxP88PzXRdZAxkaSGCrJYFKUcGYlm/6MBU5QYPrEEE8XsrYiMsMLE2JRKNgRv+eW/pF2veRc19/6y0jjJ4yjCERxDFTy4ggbcQRNaQEDCE7zAq2OcZ+fNeV+0Fpx85hB+wfn4BuePj5k=</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit>

1�
<latexit sha1_base64="ectbk4SXoHKVswr+DAIXVgUDono=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbRU0lU0GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68M565YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpySDcFbfHmZNC+q3mXVvb+q1E7yOIpwBMdwDh5cQw3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB9JyjMo=</latexit>

1�
<latexit sha1_base64="ectbk4SXoHKVswr+DAIXVgUDono=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbRU0lU0GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68M565YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpySDcFbfHmZNC+q3mXVvb+q1E7yOIpwBMdwDh5cQw3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB9JyjMo=</latexit>

w(1, 1�) =
<latexit sha1_base64="nvtlReGAbx+/i2OhYVS8wcxqrFw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CVaxgpSNCnoRCl48VrAf0C4lm2bb0Gx2TbJKWfonvHhQxKt/x5v/xrTdg1YfDDzem2Fmnh8Lro3rfjm5hcWl5ZX8amFtfWNzq7i909BRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7ye+M0HpjSP5J0ZxcwLSV/ygFNirNR6LOMTfHR81S2W3Io7BfpLcEZKkKHWLX52ehFNQiYNFUTrNnZj46VEGU4FGxc6iWYxoUPSZ21LJQmZ9tLpvWN0aJUeCiJlSxo0VX9OpCTUehT6tjMkZqDnvYn4n9dOTHDppVzGiWGSzhYFiUAmQpPnUY8rRo0YWUKo4vZWRAdEEWpsRAUbAp5/+S9pnFbwWcW9PS9VD7I48rAH+1AGDBdQhRuoQR0oCHiCF3h17p1n5815n7XmnGxmF37B+fgGz1iOaA==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit> 2

<latexit sha1_base64="TiWfjM49+mShxnoBhTejYXkGtIE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86pSP8vjKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPc8WMmg==</latexit>

, (6)

and define their diagrammatic link by the operation ⇤. Therefore, we can

represent the Green’s function as follows2
<latexit sha1_base64="TiWfjM49+mShxnoBhTejYXkGtIE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86pSP8vjKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPc8WMmg==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit> = v(1, 2)

<latexit sha1_base64="EVzJXk6qpCDW5f/+yPk3c+1f95s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CVahgpTdKuhFKHjxWMF+QLuUbJptQ7PZkGQLZemP8OJBEa/+Hm/+G9N2D9r6YODx3gwz8wLJmTau++3k1tY3Nrfy24Wd3b39g+LhUVPHiSK0QWIeq3aANeVM0IZhhtO2VBRHAaetYHQ/81tjqjSLxZOZSOpHeCBYyAg2VmrdjcveZfWiVyy5FXcOtEq8jJQgQ71X/Or2Y5JEVBjCsdYdz5XGT7EyjHA6LXQTTSUmIzygHUsFjqj20/m5U3RulT4KY2VLGDRXf0+kONJ6EgW2M8JmqJe9mfif10lMeOunTMjEUEEWi8KEIxOj2e+ozxQlhk8swUQxeysiQ6wwMTahgg3BW355lTSrFe+q4j5el2pnWRx5OIFTKIMHN1CDB6hDAwiM4Ble4c2Rzovz7nwsWnNONnMMf+B8/gBt5Y43</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

= �(1, 2)
<latexit sha1_base64="4T0lZKVcPj8ujyASpgdE9i1Pd28=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CVahgpTdKuhFKHjxWMF+wHYp2TTbhmaTJckKZenP8OJBEa/+Gm/+G9N2D1p9MPB4b4aZeWHCmTau++UUVlbX1jeKm6Wt7Z3dvfL+QVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/O/M4jVZpJ8WAmCQ1iPBQsYgQbK/k3qEdGrOqd18/65Ypbc+dAf4mXkwrkaPbLn72BJGlMhSEca+17bmKCDCvDCKfTUi/VNMFkjIfUt1TgmOogm588RadWGaBIKlvCoLn6cyLDsdaTOLSdMTYjvezNxP88PzXRdZAxkaSGCrJYFKUcGYlm/6MBU5QYPrEEE8XsrYiMsMLE2JRKNgRv+eW/pF2veRc19/6y0jjJ4yjCERxDFTy4ggbcQRNaQEDCE7zAq2OcZ+fNeV+0Fpx85hB+wfn4BuePj5k=</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit>

1�
<latexit sha1_base64="ectbk4SXoHKVswr+DAIXVgUDono=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbRU0lU0GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68M565YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpySDcFbfHmZNC+q3mXVvb+q1E7yOIpwBMdwDh5cQw3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB9JyjMo=</latexit>

1�
<latexit sha1_base64="ectbk4SXoHKVswr+DAIXVgUDono=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbRU0lU0GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68M565YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpySDcFbfHmZNC+q3mXVvb+q1E7yOIpwBMdwDh5cQw3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB9JyjMo=</latexit>

w(1, 1�) =
<latexit sha1_base64="nvtlReGAbx+/i2OhYVS8wcxqrFw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CVaxgpSNCnoRCl48VrAf0C4lm2bb0Gx2TbJKWfonvHhQxKt/x5v/xrTdg1YfDDzem2Fmnh8Lro3rfjm5hcWl5ZX8amFtfWNzq7i909BRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7ye+M0HpjSP5J0ZxcwLSV/ygFNirNR6LOMTfHR81S2W3Io7BfpLcEZKkKHWLX52ehFNQiYNFUTrNnZj46VEGU4FGxc6iWYxoUPSZ21LJQmZ9tLpvWN0aJUeCiJlSxo0VX9OpCTUehT6tjMkZqDnvYn4n9dOTHDppVzGiWGSzhYFiUAmQpPnUY8rRo0YWUKo4vZWRAdEEWpsRAUbAp5/+S9pnFbwWcW9PS9VD7I48rAH+1AGDBdQhRuoQR0oCHiCF3h17p1n5815n7XmnGxmF37B+fgGz1iOaA==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit> 2

<latexit sha1_base64="TiWfjM49+mShxnoBhTejYXkGtIE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86pSP8vjKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPc8WMmg==</latexit>2
<latexit sha1_base64="TiWfjM49+mShxnoBhTejYXkGtIE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86pSP8vjKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPc8WMmg==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit> = v(1, 2)

<latexit sha1_base64="EVzJXk6qpCDW5f/+yPk3c+1f95s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CVahgpTdKuhFKHjxWMF+QLuUbJptQ7PZkGQLZemP8OJBEa/+Hm/+G9N2D9r6YODx3gwz8wLJmTau++3k1tY3Nrfy24Wd3b39g+LhUVPHiSK0QWIeq3aANeVM0IZhhtO2VBRHAaetYHQ/81tjqjSLxZOZSOpHeCBYyAg2VmrdjcveZfWiVyy5FXcOtEq8jJQgQ71X/Or2Y5JEVBjCsdYdz5XGT7EyjHA6LXQTTSUmIzygHUsFjqj20/m5U3RulT4KY2VLGDRXf0+kONJ6EgW2M8JmqJe9mfif10lMeOunTMjEUEEWi8KEIxOj2e+ozxQlhk8swUQxeysiQ6wwMTahgg3BW355lTSrFe+q4j5el2pnWRx5OIFTKIMHN1CDB6hDAwiM4Ble4c2Rzovz7nwsWnNONnMMf+B8/gBt5Y43</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

= �(1, 2)
<latexit sha1_base64="4T0lZKVcPj8ujyASpgdE9i1Pd28=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CVahgpTdKuhFKHjxWMF+wHYp2TTbhmaTJckKZenP8OJBEa/+Gm/+G9N2D1p9MPB4b4aZeWHCmTau++UUVlbX1jeKm6Wt7Z3dvfL+QVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/O/M4jVZpJ8WAmCQ1iPBQsYgQbK/k3qEdGrOqd18/65Ypbc+dAf4mXkwrkaPbLn72BJGlMhSEca+17bmKCDCvDCKfTUi/VNMFkjIfUt1TgmOogm588RadWGaBIKlvCoLn6cyLDsdaTOLSdMTYjvezNxP88PzXRdZAxkaSGCrJYFKUcGYlm/6MBU5QYPrEEE8XsrYiMsMLE2JRKNgRv+eW/pF2veRc19/6y0jjJ4yjCERxDFTy4ggbcQRNaQEDCE7zAq2OcZ+fNeV+0Fpx85hB+wfn4BuePj5k=</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit>

1�
<latexit sha1_base64="ectbk4SXoHKVswr+DAIXVgUDono=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbRU0lU0GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68M565YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpySDcFbfHmZNC+q3mXVvb+q1E7yOIpwBMdwDh5cQw3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB9JyjMo=</latexit>

1�
<latexit sha1_base64="ectbk4SXoHKVswr+DAIXVgUDono=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbRU0lU0GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68M565YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpySDcFbfHmZNC+q3mXVvb+q1E7yOIpwBMdwDh5cQw3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB9JyjMo=</latexit>

w(1, 1�) =
<latexit sha1_base64="nvtlReGAbx+/i2OhYVS8wcxqrFw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CVaxgpSNCnoRCl48VrAf0C4lm2bb0Gx2TbJKWfonvHhQxKt/x5v/xrTdg1YfDDzem2Fmnh8Lro3rfjm5hcWl5ZX8amFtfWNzq7i909BRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7ye+M0HpjSP5J0ZxcwLSV/ygFNirNR6LOMTfHR81S2W3Io7BfpLcEZKkKHWLX52ehFNQiYNFUTrNnZj46VEGU4FGxc6iWYxoUPSZ21LJQmZ9tLpvWN0aJUeCiJlSxo0VX9OpCTUehT6tjMkZqDnvYn4n9dOTHDppVzGiWGSzhYFiUAmQpPnUY8rRo0YWUKo4vZWRAdEEWpsRAUbAp5/+S9pnFbwWcW9PS9VD7I48rAH+1AGDBdQhRuoQR0oCHiCF3h17p1n5815n7XmnGxmF37B+fgGz1iOaA==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit> 2

<latexit sha1_base64="TiWfjM49+mShxnoBhTejYXkGtIE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86pSP8vjKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPc8WMmg==</latexit>

v(12)
<latexit sha1_base64="CH8SyiC1fWqYgwNYyrhesaU6ZgA=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjTBC9lFEz2SePGIiQsksCHd0oWGbrtpuyRkw2/w4kFjvPqDvPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfD/32xOqNJPiyUwTGsR4KFjECDZW8idVr37VL1fcmrsAWideTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlXqppgkmYzykXUsFjqkOssWxM3RplQGKpLIlDFqovycyHGs9jUPbGWMz0qveXPzP66YmugsyJpLUUEGWi6KUIyPR/HM0YIoSw6eWYKKYvRWREVaYGJtPyYbgrb68Tlr1mnddcx9vKo2LPI4inME5VMGDW2jAAzTBBwIMnuEV3hzhvDjvzseyteDkM6fwB87nD4JDjbo=</latexit>

�(0)(12)
<latexit sha1_base64="PkP/5iZdO9B7BSK0Sot1xwV6IDA=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRjSBC+miiR5JvHjERMAEFtItXWjodjdtV0M2/A8vHjTGq//Fm//GAntQ8CWTvLw3k5l5fiy4Nhh/O7m19Y3Nrfx2YWd3b/+geHjU0lGiKGvSSETqwSeaCS5Z03Aj2EOsGAl9wdr++Gbmtx+Z0jyS92YSMy8kQ8kDTomxUq9LR7yXlnFlWnZrlX6xhKt4DrRK3IyUIEOjX/zqDiKahEwaKojWHRfHxkuJMpwKNi10E81iQsdkyDqWShIy7aXzq6fo3CoDFETKljRorv6eSEmo9ST0bWdIzEgvezPxP6+TmODaS7mME8MkXSwKEoFMhGYRoAFXjBoxsYRQxe2tiI6IItTYoAo2BHf55VXSqlXdiyq+uyzVz7I48nACp1AGF66gDrfQgCZQUPAMr/DmPDkvzrvzsWjNOdnMMfyB8/kDYJ6RBQ==</latexit>

w(11�)
<latexit sha1_base64="iugendxG3jepoQEjJCRuftoeM2Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CVaxXspuFfRY8OKxgv2AdinZNNvGZpMlySpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywupn6rUeqNJPi3oxj6kd4IFjICDZWaj6VPe/svFcsuRV3BrRMvIyUIEO9V/zq9iVJIioM4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWChxR7aezayfo1Cp9FEplSxg0U39PpDjSehwFtjPCZqgXvan4n9dJTHjtp0zEiaGCzBeFCUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oIINwVt8eZk0qxXvouLeXZZqJ1kceTiCYyiDB1dQg1uoQwMIPMAzvMKbI50X5935mLfmnGzmEP7A+fwB43aN6w==</latexit>

. (7)

Box 1: Eq.1 to Eq. 5 can be written by introducing the non-local microscopic

dielectric function that relates hftoti and fext as follows:

hftot(1)i =
ˆ

d2#�1(12)fext(2). (8)

Using hftoti = fext + hfindi and Eq. 4, we obtain

#�1(110) = d(1 � 10) +
ˆ

d2v(12)c(210). (9)

1.1.2 Mean field correction: from c(0) to c.

To build the response function c of a system containing indistinguishable

particles, we start from the simplest possible version and enrich the descrip-

tion from it. The first — drastic — physical assumption is to consider that

the particles are independent, so we first construct the non-interacting response

function c(0) using a microscopic model. Enriching the description of the

system requires considering interparticle interactions. In this work, we use a

mean-field approach. Be it for electrons in a metal [31] or in simple liquids
1 The choice e = 1 makes w(12) also equal to (i) the electrostatic potential in 1 due to a positive

test charge in 2, (ii) the potential energy between two charges of same sign in 1 and 2.
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[32], the mean-field method is a well-known renormalization scheme for

homogeneous media to take into account the collective behavior of particles.

It amounts to considering that independent particles respond to the external

potential fext plus the mean polarization potential hfpoli = vinter ⇤ hnindi of

the other similar particles — here vinter is the interparticle potential. In other

words, the mean induced charge density is given by the sum of the two

contributions:

hnind(1)i =
ˆ

d2c(0)(12)


fext(2) +

ˆ
d3vinter(23)hnind(3)i

�
. (10)

The integral equation captures the recursive nature of this interparticle

renormalization scheme for the response function c which can also be written

=<latexit sha1_base64="4RJMQ9icUk4rDXV6qZeIzDsS8dE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSp4KokKehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObNKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1lx61fl6mkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIRxjKU=</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

...
<latexit sha1_base64="H+6pvewqDctuf7cwUPpbzpWGwy0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFbBU0hU0GPBi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d2r7h88miTTjDdZIhPdDqnhUijeRIGSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2ile9d1e9Wa53ozkGXiF6QGBRq96le3n7As5gqZpMZ0fC/FIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwug5yodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BD8xZeXyeO561+43t1lrX5SxFGGIziGM/DhCupwCw1oAoMBPMMrvDnSeXHenY95a8kpZg7hD5zPH0OIjQY=</latexit>

=<latexit sha1_base64="4RJMQ9icUk4rDXV6qZeIzDsS8dE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSp4KokKehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObNKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1lx61fl6mkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIRxjKU=</latexit> +
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

vinter
<latexit sha1_base64="M3IolZdL93lhvv2qyTCc6ko8BJk=">AAAB+nicbVBNS8NAEN34WetXqkcvwSp4KokKeix48VjBfkAbwmY7bZduPtidVEvMT/HiQRGv/hJv/hs3bQ7a+mDg8d4MM/P8WHCFtv1trKyurW9slrbK2zu7e/tm5aClokQyaLJIRLLjUwWCh9BEjgI6sQQa+ALa/vgm99sTkIpH4T1OY3ADOgz5gDOKWvLMysRLewiPmPIQQWZZ2TOrds2ewVomTkGqpEDDM796/YglAYTIBFWq69gxuimVyJmArNxLFMSUjekQupqGNADlprPTM+tUK31rEEldIVoz9fdESgOlpoGvOwOKI7Xo5eJ/XjfBwbWrn4oThJDNFw0SYWFk5TlYfS6BoZhqQpnk+laLjaikTKeg8hCcxZeXSeu85lzU7LvLav2kiKNEjsgxOSMOuSJ1cksapEkYeSDP5JW8GU/Gi/FufMxbV4xi5pD8gfH5A+H9lEs=</latexit>

�(0)
<latexit sha1_base64="Zpjh9yXAZ1Be5Y/7OQhhF0f0SsY=">AAAB8nicbVBNS8NAEN34WetX1aOXxSrUS0lU0GPBi8cK9gPSWDbbTbt0sxt2J0IJ/RlePCji1V/jzX/jps1BWx8MPN6bYWZemAhuwHW/nZXVtfWNzdJWeXtnd2+/cnDYNirVlLWoEkp3Q2KY4JK1gINg3UQzEoeCdcLxbe53npg2XMkHmCQsiMlQ8ohTAlbye3TEH7Oaez4t9ytVt+7OgJeJV5AqKtDsV756A0XTmEmgghjje24CQUY0cCrYtNxLDUsIHZMh8y2VJGYmyGYnT/GZVQY4UtqWBDxTf09kJDZmEoe2MyYwMoteLv7n+SlEN0HGZZICk3S+KEoFBoXz//GAa0ZBTCwhVHN7K6YjogkFm1Iegrf48jJpX9S9y7p7f1VtnBZxlNAxOkE15KFr1EB3qIlaiCKFntErenPAeXHenY9564pTzByhP3A+fwDkqZA9</latexit>

, (11)

or, for the last time in equation,

c(110) = c(0)(110) +
¨

d2d3c(0)(12)vinter(23)c(310). (12)

Note that the introduction of c is a short-cut notation for an infinite number

of “convolutions” between c(0) and vinter, which are the elementary bricks.

Indeed, by writing the beginning of the infinite sum

=<latexit sha1_base64="4RJMQ9icUk4rDXV6qZeIzDsS8dE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSp4KokKehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObNKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1lx61fl6mkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIRxjKU=</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

...
<latexit sha1_base64="H+6pvewqDctuf7cwUPpbzpWGwy0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFbBU0hU0GPBi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d2r7h88miTTjDdZIhPdDqnhUijeRIGSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2ile9d1e9Wa53ozkGXiF6QGBRq96le3n7As5gqZpMZ0fC/FIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwug5yodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BD8xZeXyeO561+43t1lrX5SxFGGIziGM/DhCupwCw1oAoMBPMMrvDnSeXHenY95a8kpZg7hD5zPH0OIjQY=</latexit>

=<latexit sha1_base64="4RJMQ9icUk4rDXV6qZeIzDsS8dE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSp4KokKehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObNKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1lx61fl6mkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIRxjKU=</latexit> +
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

vinter
<latexit sha1_base64="M3IolZdL93lhvv2qyTCc6ko8BJk=">AAAB+nicbVBNS8NAEN34WetXqkcvwSp4KokKeix48VjBfkAbwmY7bZduPtidVEvMT/HiQRGv/hJv/hs3bQ7a+mDg8d4MM/P8WHCFtv1trKyurW9slrbK2zu7e/tm5aClokQyaLJIRLLjUwWCh9BEjgI6sQQa+ALa/vgm99sTkIpH4T1OY3ADOgz5gDOKWvLMysRLewiPmPIQQWZZ2TOrds2ewVomTkGqpEDDM796/YglAYTIBFWq69gxuimVyJmArNxLFMSUjekQupqGNADlprPTM+tUK31rEEldIVoz9fdESgOlpoGvOwOKI7Xo5eJ/XjfBwbWrn4oThJDNFw0SYWFk5TlYfS6BoZhqQpnk+laLjaikTKeg8hCcxZeXSeu85lzU7LvLav2kiKNEjsgxOSMOuSJ1cksapEkYeSDP5JW8GU/Gi/FufMxbV4xi5pD8gfH5A+H9lEs=</latexit>

�(0)
<latexit sha1_base64="Zpjh9yXAZ1Be5Y/7OQhhF0f0SsY=">AAAB8nicbVBNS8NAEN34WetX1aOXxSrUS0lU0GPBi8cK9gPSWDbbTbt0sxt2J0IJ/RlePCji1V/jzX/jps1BWx8MPN6bYWZemAhuwHW/nZXVtfWNzdJWeXtnd2+/cnDYNirVlLWoEkp3Q2KY4JK1gINg3UQzEoeCdcLxbe53npg2XMkHmCQsiMlQ8ohTAlbye3TEH7Oaez4t9ytVt+7OgJeJV5AqKtDsV756A0XTmEmgghjje24CQUY0cCrYtNxLDUsIHZMh8y2VJGYmyGYnT/GZVQY4UtqWBDxTf09kJDZmEoe2MyYwMoteLv7n+SlEN0HGZZICk3S+KEoFBoXz//GAa0ZBTCwhVHN7K6YjogkFm1Iegrf48jJpX9S9y7p7f1VtnBZxlNAxOkE15KFr1EB3qIlaiCKFntErenPAeXHenY9564pTzByhP3A+fwDkqZA9</latexit>

,

(13)

we can observe that we have re-organized an infinite number of diagrams

involving only c(0) and vinter. We will say that we have renormalized c(0) by

the interactions of the similar particles. Turning to the topographic structure

of w, when the diagram depicted by c is decomposed, it enumerates all

diagrams that can be built with c(0) and vinter, that start and end with a

Coulomb “leg” v2.
2 It is like enumerating all possible ricochets on the independent particles in the system.
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1.2 important examples

1.2.1 Example 1: Non-local electrostatics in dielectrics

Here we want to find the electrostatic potential in a dielectric system, in

which we have introduced a point charge. We confer to the dielectric system

a spatial dispersion — we also say that the dielectric response is non-local —

: the density response in one location depends on the perturbing potential in

another. In contrast, continuum electrostatics considers local media, depicted

solely by their dielectric constant #w. The index “w” stands for a dielectric

material in the general case. We have water in mind for applications. We

use Eq. 7, but we introduce a new diagram for the response function of a

dielectric media cw — and leave out the other for metals (electrons to be

more precise). It reads

+
<latexit sha1_base64="DkcjwFPDjDv1b+vSYlzSwQZrlNY="></latexit>

=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit>

=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit> +
<latexit sha1_base64="DkcjwFPDjDv1b+vSYlzSwQZrlNY="></latexit>

=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit> +
<latexit sha1_base64="DkcjwFPDjDv1b+vSYlzSwQZrlNY="></latexit>

w

=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit> +
<latexit sha1_base64="DkcjwFPDjDv1b+vSYlzSwQZrlNY="></latexit>

ww
<latexit sha1_base64="p9vbe6SYqa5M+jia3XX/UvW4tXU="></latexit>

�(w)
e

<latexit sha1_base64="BcUY+rKUAOxhcwo2OW0IqA/mRdU="></latexit>

w
<latexit sha1_base64="VMfFDpLzxGOaPOsrfagWw8gn+IM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cq9gPaUjbbTbt0swm7E6WE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDPPj6Uw6LrfTmFldW19o7hZ2tre2d0r7x80TZRoxhsskpFu+9RwKRRvoEDJ27HmNPQlb/njm8xvPXJtRKQecBLzXkiHSgSCUbTS/VOpX664VXcGsky8nFQgR71f/uoOIpaEXCGT1JiO58bYS6lGwSSflrqJ4TFlYzrkHUsVDbnppbNLp+TUKgMSRNqWQjJTf0+kNDRmEvq2M6Q4MoteJv7ndRIMrnupUHGCXLH5oiCRBCOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzFl5dJ87zqXVTdu8tK7SSPowhHcAxn4MEV1OAW6tAABgE8wyu8OWPnxXl3PuatBSefOYQ/cD5/ABDrjPM=</latexit>

w
<latexit sha1_base64="VMfFDpLzxGOaPOsrfagWw8gn+IM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cq9gPaUjbbTbt0swm7E6WE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDPPj6Uw6LrfTmFldW19o7hZ2tre2d0r7x80TZRoxhsskpFu+9RwKRRvoEDJ27HmNPQlb/njm8xvPXJtRKQecBLzXkiHSgSCUbTS/VOpX664VXcGsky8nFQgR71f/uoOIpaEXCGT1JiO58bYS6lGwSSflrqJ4TFlYzrkHUsVDbnppbNLp+TUKgMSRNqWQjJTf0+kNDRmEvq2M6Q4MoteJv7ndRIMrnupUHGCXLH5oiCRBCOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzFl5dJ87zqXVTdu8tK7SSPowhHcAxn4MEV1OAW6tAABgE8wyu8OWPnxXl3PuatBSefOYQ/cD5/ABDrjPM=</latexit>

w w

�w
<latexit sha1_base64="I5/O7YooleC406ANrUzR9zOseFY="></latexit>

.

(14)

If the dielectric is homogeneous and isotropic the response function

only depends on absolute distances and time differences — i.e. cw(12) =

cw(|x1 � x2|, t1 � t2). Convolutions are easier to perform as products in

Fourier space: the system being translationally invariant, cw has a diagonal

representation in reciprocal space3 — k is the vector in the dual space. The

time integration in Eq. 1 gives that the induced charge does not depend on

time and that the relevant response quantity is the zero-frequency component

of the spatially Fourier transformed and radially averaged response function

cw(k) = cw(k, w = 0). Using Eq. 14, we obtain

ww(k) = v(k) + v(k)cw(k)v(k) = v(k) [1 � c̄w(k)] (15)

where we have noted the Fourier transform of the Coulomb potential v(k) =

1/e0k2 and introduced the dimensionless longitudinal susceptibility c̄w(k) —

see Box 2.

3 see appendix A.2 for a short recap about this crucial point.
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Box 2: Whereas in the condensed matter community [31] the response

function c is used, the liquid community [32] usually deals with the

dimensionless susceptibility c̄. Both are linked by

c̄(12) = �

ˆ
d3v(13)c(32). (16)

In Fourier space, for the homogeneous, isotropic system, it reads c(k) =

�e0k2c̄(k). The origin of such a discrepancy can be traced back to the

objects under scrutiny in both research domains. For the liquid community,

the standard limiting case is the dipolar fluid, and one uses the polarization

field ik · P(k) = nw(k) (using Eq. 263). It explains the k2 factor in the

respective correlation functions — e0 for homogeneity and minus sign so

that c̄(k) > 0.

The electrostatic potential ftot(x) of a point charge at the origin can be

written

ftot(x) =
ˆ

d3k
(2p)3 e�ikxww(k) (17)

=
ˆ +•

0

dk
2p2 k2 j0(kx)ww(k) (18)

=
1

4pe0x


1 �

2
p

ˆ +•

0
dkc̄w(k)

sin(kx)
k

�
. (19)

where j0 is the first spherical Bessel function. We can check that if c̄w(k) = 0,

we obtain the unscreened Coulomb potential ftot = fext. Also, if we use the

long-wavelength limit of the susceptibility, as is usually the case in continuum

electrostatics, we have c̄(k) = c̄(k = 0) = 1 � 1/#w, and we obtain

ftot(x) =
1

4pe0#wx
, (20)

that is the long-range Coulomb potential attenuated by the dielectric constant

#w. We keep in mind that :

• the long-wavelength limit – i.e. k ! 0 — of non-local electrostatics

gives the results of continuum electrostatics.

• for a dielectric system #w(k ! 0) = #w.

• the potential of an ion in the dielectric is attenuated by #w but remains

long-range.
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1.2.2 Example 2: Thomas-Fermi screening

In contrast to dielectrics, metals have mobile charge carriers, free electrons.

The simplest Sommerfeld model of a metal assumes free and independent

electrons that nevertheless respect Pauli’s exclusion principle. The implicit

nuclei preserve the charge neutrality. A given number of electrons, half

spin-up and, half spin-down so that there is no magnetization, are included

in a box of length L. The electrons cannot see each other, like in the perfect

gas. Solving Schrödinger’s equation

�
h̄2

r2

2m
yk(x) = ekyk(x), (21)

where m is the bare electronic mass, gives that eigenfunctions are plane

waves yk(x) = e�ikx/L3/2 that are quantized with a — labeling index —

wavevector k = 2p/L(nex + mey + lez) and energies ek = h̄2k2

2m . Electrons

fill up the eigenstates with the lowest kinetic energy. At zero temperature,

for large L, we define the Fermi wavevector kF such that all states with

|k| < kF are filled and not the others. The homogeneous density of electrons

is therefore equal to

n0
e =

2
V

Â
k

Q(kF � |k|) = 2
ˆ

d3k
(2p)3 Q(kF � |k|) =

k3
F

3p2 (22)

where Q is the Heaviside function, and to obtain the last equality, one

can refer to the details of Eq. 17. We use the index “e” for the electrons

in the metal. A non-zero temperature would smear out the Fermi-Dirac

distribution but is irrelevant for now. In the ground state, the chemical

potential is constant all over space and indicates the energy of the highest

filled electronic state. It is also called the Fermi energy because µ = EF =
h̄k2

F
2m

in the absence of external potential. When a external potential is applied,

the kinetic Fermi energy EF plus the (electrostatic) potential energy ftot are

equal to the chemical potential:

µ =
h̄k2

F
2m

+ ftot(x) (23)

The latter is constant all over space and equal to its value at infinity by

continuity and the equilibrium condition. Therefore, if ftot(x) is inhomoge-

neous, so is the Fermi energy, or the Fermi wavevector kF(x), or the electronic

density ne(x) according to Eq. 22. Combining Eq. 22 and Eq. 23 , we obtain

ne(x) =
1

3p2

✓
2m
h̄2 [µ � ftot(x)]

◆3/2
(24)
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The spatially varying Fermi wavevector is introduced in an ad hoc manner.

Nevertheless, this non-linear equation illustrates the self-consistent iterations

that one needs to make to solve the problem. Indeed, it is crucial to under-

stand that ftot contains the externally applied potential but also the induced

one that depends on ne. We can look at the linear response using charge

separation nind = ne � n0
e. Assuming that the chemical potential far from the

perturbation EF is large compared to ftot — that we do not know a priori —,

that is EF � ftot(x), we obtain

nind(x) ' �
3
2

n0
e

EF
ftot(x) (25)

Finally, going to reciprocal space and using ftot = find + fext and Eq. 2 —

i.e. find(k)e0k2 = nind(k), we can obtain an equation where ftot(k) appears

on both sides, and that is solved to give

ftot(k) =
fext(k)
#e(k)

; #e(k) = 1 +
k2

TF
k2 ; kTF =

✓
4kF
pa0

◆1/2
; (26)

where the a0 =
⇣

m/4pe0h̄2
⌘�1

is the Bohr radius and kTF the TF wavevector.

We have obtained the TF dielectric function #e(k) for the free electron gas.

Having the knowledge of the dielectric function in Eq. 26, we can obtain

the corresponding response function ce(k) = �e0k2 [1 � 1/#e(k)] (see Box 1

and 2). We find

ce(k) =
c

(0)
e (k)

1 � v(k)c
(0)
e (k)

, (27)

where c
(0)
e (k) = �e0k2

TF. We have met this quantity in Eq. 25 when we

related the total potential to the induced charge density in the linear response

approximation: nind(k) = c
(0)
e (k)ftot(k). Eq. 27 reveals the self-consistent

nature of the problem:

nind(k) = c
(0)
e (k) [fext(k) + find(k)] (28)

=
h
c

(0)
e (k) + c

(0)
e (k)v(k)ce(k)

i
fext(k) (29)

= ce(k)fext(k) (30)

where we have used find(k) = v(k)nind(k) = v(k)ce(k)fext(k). The last

equality of Eq. 28 is nothing but Eq. 11 with vinter = v so that c
(0)
e (k) =

�e0k2
TF is actually the non-interacting susceptibility in this case. We under-

stand with the Sommerfeld model of free electrons, how the local character

of c
(0)
e (x) = �e0k2

TFd(x) is implicitly assumed by the introduction of kF(x) —

each point in space is a small electron gas with given Fermi wavevector.
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Turning to the computation of the electrostatic potential of point charge,
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. (31)

Using Eq. 31 and Eq. 17, we can compute the total potential for the metallic

system in real space when we place a charge at the origin. It reads

ftot(x) =
1

4pe0x
2
p

ˆ +•

0
dk

k sin(kr)
k2 + k2

TF
=

1
4pe0

e�kTFx

x
, (32)

where we can check that for kTF = 0 (i.e. no electrons), we obtain ftot(x) =

fext(x). This potential is short-range due to the exponential damping and

bears the name of the Yukawa potential. It is the complete analog of the Debye

screening in electrolytes. The presence of mobile charges (e.g., electrons in

metals) directly impacts the screening effect, which can be traced back to the

behavior of #e(k) for k ! 0. We keep in mind that:

• for a homogeneous, isotropic metal: #e(k ! 0) ! +•.

• for a TF screening, #e(k) = 1 + k2
TF/k2.

• the potential of an ion is exponentially damped.

1.2.3 Example 3: A semi-infinite medium

As the last example, we now consider a semi-infinite medium (metallic or

dielectric) that occupies the half-space z < 0 and examine the consequences

of the symmetry breaking in one direction on the Green’s function of the

system w. Looking at the invariances and symmetries of the system, we

can work in Fourier space in the plane. In cylindrical coordinates, we use

x = (r, z) and k = (q, qz). We look for w(q, z, z0). We focus on the static case

and assume isotropy and homogeneity in translationally invariant interface.

From Eq. 14 or Eq. 31, we obtain

w(q, z, z0) = v(q, z, z0) +
¨

dz1dz2v(q, z, z1)c(q, z1, z2)v(q, z2, z0) (33)

where the two-dimensional Fourier transform of the Coulomb potential reads

v(q, z, z0) =
e�q|z�z0 |

2e0q
. (34)
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Figure 2: Schematic representation illustrating the role of the surface response
function g(q) – here in the case of a metallic medium. A point charge in z > 0 exerts
an external potential fext on the medium in the lower-half plane. The latter induces
back a potential find on the test charge.

We ought to note several important points. First, it is crucial to note that

the susceptibility appearing in Eq. 33 is the two-point response function of the

semi-infinite dielectric medium c. Therefore, its expression is far from obvious,

and it has a priori no relation with the susceptibility of the bulk system.

Second, because all the elements of the dielectric material are in the half-

space z < 0, the integration in Eq. 33 is restricted to z1, z2 < 0. However, this

is taken into account in the response function c(q, z1, z2) µ Q(�z1)Q(�z2).

Finally, if we probe the dielectric material from outside, for example, if we

put an external point charge outside the material (i.e. z0 > 0 ) and we look

at the potential ftot from outside the material (z > 0), then the sign of the

absolute value in Eq. 34 is known, and Eq. 33 reduces to

w(q, z, z0) =
e�q|z�z0 |

2e0q
�

e�q(z+z0)

2e0q
g(q) z, z0

� 0, (35)

where we have introduced a dimensionless central quantity that we call the

surface response function (SRF), and that reads:

g(q) =
�1

2e0q

¨
dz1dz2eq(z1+z2)c(q, z1, z2). (36)

Eq. 35 and Eq. 36 are two complementary definitions of the SRF. The former

refers to the phenomenological macroscopic/electrostatic definition, whereas

the latter is the link to its microscopic expression. Be it for the conducting

or dielectric medium, g(q) acts as a reflecting coefficient for an external

potential that arises from a charge density situated outside the medium

(see Fig. 2). For instance, for a perfect metal, ge(q) = 1 and Eq. 35 gives

the well-known corresponding image-charge potential for a point charge at

altitude z0, that is

find(r = 0, z0) = �
1

4pe0

ˆ +•

0
dqge(q)e�2qz0 =

�1
4pe0(2z0)

. (37)
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To focus on the reflection coefficient aspect of g(q), we can also use Eq. 35 to

write

find(q, z = 0, w) = �g(q, w)fext(q, z = 0, w), (38)

where we generalized our results to the dynamical case.

Box 3: We can gain valuable insights by looking at the passage from Eq. 33

to Eq. 35. As long as we look at a semi-infinite medium from the outside,

Gauss’s law tells us that the electrostatic potential arising from it can be

considered to be the one of a charged plate situated at its surface, with the

adequate two-dimensional surface charge density.

Let us find the electrostatic limit of the surface response function g(q !

0, w). We have seen that in the long-wavelength continuum limit, the medium

in the lower half-space is local and can therefore by described by the dielectric

function #(w). Accordingly, the electrostatic problem can now be formulated

as a standard boundary condition problem. In that limit, the constitutive

relation of Eq. 264 reduces to D(z, w) = �e0#(w)rf(z, w) for z  0 — note

that #(w) = 1 for z > 0. What is the form of the potential f in the entire

space? First, the perturbating external charge density in z0 leads to a total

potential in the space 0  z  z0 that can be read from Eq. 35 using z0 = z0.

On the other hand, the potential must vanish for z ! �• and therefore can

be written as f = C0eqz/2e0q for z  0 with C0 a constant. The electrostatic

boundary conditions [33] are the continuity of the potential and displacement

field’s normal component in the absence of surface charges. It leads to two

equations:

f continuous : 1 � g(q ! 0, w) = C0; (39)

Dz continuous : 1 + g(q ! 0, w) = #(w)C0. (40)

Solving for g(q ! 0, w) gives

g(q ! 0, w) =
#(w) � 1
#(w) + 1

, (41)

from which we recover the classical image charge reflection coefficient [33].



2
F O R M A L D E S C R I P T I O N

2.1 metal and liquid respective hamiltonians

We introduce crucial notations to describe interactions between particles. We

use the following functional

U
⇥

fi, gj
⇤

= (1 �
dij

2
)
¨

d1d2 fi(1)v(1, 2)gj(2) (42)

where fi (or gj) is a scalar or an operator describing the element i 2

{e, n, w, m}1. The prefactor with the Kronecker symbol prevents double

counting when i = j2. We write Uij = U
⇥
ni, nj

⇤
. We separate the average

charge density n0
i = hnii from the charge density deviation dni such that

ni = n0
i + dni. Inserting in Uij, it reads

Uij = Uhji
i + (1 � dij)Uhii

j + dUij � U0
ij (43)

where dUij = U
⇥
dni, dnj

⇤
, U0

ij = U
h
n0

i , n0
j

i
and Uhji

i = U
h
ni, n0

j

i
. U0

ij is a

constant static term that we remove from now on. On the other hand, Uhji
i

is the one-particle mean-field potential exerted by j on i whereas dUij is a

two-particle term.

2.1.1 Metal Hamiltonian Ĥm

We first ignore the liquid part. We use a bosonic operator to depict the

nuclear charge density of the ions in the solid n̂n(1). The creation Y†(1) and

annihilation Y(1) Fermi fields gives the electronic charge density n̂e(1) =

Y†(1)Y(1). We prepare the metallic slab to “welcome” a liquid on its surface.

To that end, we show the different ways the polar liquid can couple to the

surface: static and dynamic contributions for the nuclei and the electrons.

The idea is to express the Hamiltonian of the metal Ĥm as a sum of two
1 n stands for the nuclei and m = e + n stands for the metal
2 with the convention of the correct ordering for the fermion fields (creation on the left) such that

Û [n̂e, n̂e] = 1
2
˜

d1d2Y†(1)Y†(2)v(1, 2)Y(1)Y(2).

17
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separate but effective Hamiltonians, one for electrons and one for the nuclei.

The Hamiltonian of the metal Ĥm reads

Ĥm = T̂e + T̂n + Ûee + Ûnn + Ûen (44)

where T̂i is the kinetic operator (one particle term) of i. Inserting Eq. 43 in

Eq. 44, we obtain

Ĥm = ĤHF
e + ĤHF

n + dÛee + dÛnn + dÛen. (45)

For the electrons, the Hartree-Fock (HF) Hamiltonian ĤHF
e reads

ĤHF
e = Ĥ(0)

e + Ûhei
e ; Ĥ(0)

e = T̂e + Ûhni

e . (46)

Ĥ(0)
e is the quadratic Hamiltonian that contains the fixed lattice potential. It

can be build with a tight-binding model. Ûhei
e the Hartree term that depends

on n0
e

3. ĤHF
n is given by Eq. 46 after the replacement e � n.

Eq. 45 does not separate the electronic and nuclei contributions because

of dÛen. Doing so requires an approximation that we have not made so far.

The idea is that dn̂e comes from an external perturbation which arises from

dn̂n. We cannot relate both instantaneously, but we know their relationship

in average: it is given by linear response theory (see Eq. 1). Combining Eq. 1,

Eq. 2 and replacing the average by the instantaneous deviation, we obtain

dn̂n(1) =
¨

d2d3cn(12)v(23)dn̂e(3). (47)

Inserting Eq. 47 in dÛen gives for

dÛ(n)
ee = dÛee +

1
2

dÛen =
1
2

¨
dn̂e(1)wn(1, 2)dn̂e(2), (48)

with wn given by (see also Eq. 4)

wn(110) = v(110) +
¨

d2d3v(12)cn(23)v(310). (49)

Eq. 49 gives the Coulomb potential screened by the nuclei. We use the other

half of dÛen in Eq. 48 to write Eq. 47 with e � n. Inserting Eq. 48 and its

counterpart for e � n in Eq. 45 reads

Ĥm = ĤHF
e + ĤHF

n + dÛ(n)
ee + dÛ(e)

nn , (50)
3 Standard HF calculations find the solution of the Schrödinger equation self-consistently by

inserting the electronic density n0
e — reconstructed with the wavefunctions — in Ûhei

e at each
iteration.
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that is now separable. Eq. 50 is not an explicit expression because it contains

a time integral (see Eq. 48). As noted in [34], an explicit Hamiltonian can be

obtained by using an adiabatic approximation:

wn(12) =
ˆ

dw

2p
e�iw(t2�t1)wn(x1, x2, w) ' wn(x1, x2, w = 0)d(t1 � t2). (51)

In contrast to typical solid-state studies where non-adiabatic effects are at the

center of the interest, our work, focusing on liquid-metal coupling, welcomes

this “intra-metallic” adiabatic approximation. The result is that electrons and

nuclei are decoupled, and their interplay with the liquid can be evaluated

separately.

2.1.2 Liquid Hamiltonian Hw

We now ignore the metallic part. Considering the electronic density of the

liquid’s molecules is prohibitive. We model them as indiscernible classical

rigid objects composed of three-point-like partial charges, and use a classical

framework. We consider the classical charge density field of water nw. We

write Hw as follows:

Hw = Tw + Kw + Uww, (52)

where Tw is the one-point charge kinetic term and Kw = Cw + Uother
ww contains

a constraint term Cw that keeps molecules rigid and interparticle interactions

Uother
ww that are not Coulombic (e.g. short-range). The definition of Uother

ww

can be obtained by replacing v by vother
w in Eq. 42. Introducing Ueff

ww =

Uother
ww + Uww (i.e. v $ veff

w in Eq. 42), we have

Hw = H(0)
w + dUeff

ww (53)

where H(0)
w = Tw + Cw is the non-interacting molecular or ideal part of the

Hamiltonian. In the absence of an external potential we have used n0
w = 0.

We can rewrite dUeff
ww as

dUeff
ww =

1
2

¨
d1d2dnw(1)veff

w (12)dnw(2). (54)

We look for an instantaneous interaction veff
w (12) µ d(t1 � t2) to build dUeff

ww.

We suppose that we know how the liquid responds to perturbations. Our

strategy is to express veff
w with the response function of the liquid. To do so,
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we assume that dnw has Gaussian spatial fluctuations. We consider the static

case because we look for an instantaneous interaction. Hw reads

Hw =
1
2

¨
dx1dx2dnw(x1)Mw(x1, x2)dnw(x2), (55)

where Mw is a Gaussian kernel. To find Mw, we write the partition function

Zw where we add a generic external potential fext (a source term) to generate

the moments of dnw. It reads4

Zw =
ˆ

D [dnw] e�bHw�bdnwfext =
ˆ

D [dnw] e�
1
2 bdnw Mwdnw�bdnwfext , (56)

where b = 1/kBT. By functional differentiation of the partition function, we

obtain

hdnw(x1)i0 =
�1
Zw

dZw
dbfext(x1)

����
fext=0

(57)

where h.i0 therefore means the phase space average in absence of external

potential: fext = 0. We also obtain

dhdnw(x1)i
dfext(x2)

=
�1
Zw

d2Zw
dbfext(x1)dfext(x2)

����
fext=0

(58)

= �bhdnw(x1)dnw(x2)i0 (59)

= �M�1
w (x1, x2), (60)

where we have used a functional Gaussian integration property in the last

step. In the following, we call static structure factor the following correlation

function:

Sw(x1, x2) = hdnw(x1)dnw(x2)i0. (61)

Using the fluctutation-dissipation theorem [35] (FDT), we have5 �bSw(x1, x2) =

cw(x1, x2, w = 0). Inserting in Eq. 59 and Eq. 61, we obtain Mw =

�c�1
w (w = 0). Reinserting in Eq. 55 gives

Hw = �
1
2

¨
dx1dx2dnw(x1)c�1

w (x1, x2, w = 0)dnw(x2). (62)

Integrating Eq. 58, we obtain

hdnw(x1)i =
ˆ

dx1cw(x1, x2, w = 0)fext(x2) (63)

and recover the results of linear response theory in Eq. 1 for a static

external potential. c�1
w is the inverse response function of the system —

4 We used in the exponent the notation
´

d1 f (1)g(1) = f g and
´

d1d2h(1) f (12)g(2) = h f g.
5 It is discussed in details in the following. One can refer to Eq. 299 for the proof.
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´
d2c�1

w (1, 2)cw(2, 10) = d(1 � 10). Eq. 55 to Eq. 58 are also valid for the

ideal part:

H(0)
w = �

1
2

¨
dx1dx2dnw(x1)

h
c

(0)
w

i�1
(x1, x2, w = 0)dnw(x2), (64)

We underline that cw is the response function of the liquid slab and c
(0)
w

is the ideal or non-interacting response function of the liquid slab. Using

dUeff
ww = Hw � H(0)

w with Eq. 55 and Eq. 64, we obtain

veff
w (x1, x2) =

h
c

(0)
w

i�1
(x1, x2, w = 0) � c�1

w (x1, x2, w = 0). (65)

By inserting Eq. 65 in the mean-field renormalization equation Eq. 12,

we find that it is satisfied for vinter = veff
w in the static case. We conclude that

veff
w is the charge-charge mean-field potential in the liquid. It prompts us to

introduce a diagram for the response function of the liquid. We introduce a

white ball-and-stick representation for c
(0)
w and cw. The mean-field equation

Eq. 11, for the case of a water slab alone reads

=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit> +
<latexit sha1_base64="DkcjwFPDjDv1b+vSYlzSwQZrlNY="></latexit>

�(0)
w
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ve�
w
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.

(66)

The link between our expression of Hw in Eq. 62 and functionals for polar-

ization of dielectrics, can be found in appendix B.2.

2.2 quantum field description of the liquid

2.2.1 The quantum/classical incompatibility

We try to assemble both Hamiltonians Ĥm and Hw. We write Ĥ = Ĥm +

Hw + Ûwm using n̂m = n̂e + n̂n. Using Eq. 43, we write

Ĥ = Ĥhwi

m + Hhmi

w + dÛwm, (67)

where Ĥhwi

m = ĤHF
m + Ûhwi

m + dÛ(n)
ee + dÛ(e)

nn and Hhmi

w = Hw + Uhmi

w are the

Halmiltonians of both subsystems in the presence of the other. With Ĥ given

by Eq. 67, we can evaluate its expectation value and, specifically, the one

of dÛwm. Taking either the quantum or classical phase space average, we

obtain hdÛwmi = 0. Is there something wrong?

A way to answer is to find what we obtain by minimizing hĤi in the

quantum and classical phase space alternatively. We find the minimum
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average energy of the system in a self-consistent way because evaluating

n0
w requires the first guess for n0

m to build f0
m, which in turn gives f0

w to be

applied to the metal and so on. However, we do not get the instantaneous

energy of the system. Why are the two phase spaces incompatible? One deals

with quantum operators and commutators, whereas the second only treats

scalars, so they use different algebra. We scratch the surface of questions

that theoretical physicists would like to answer regarding the unification of

theories that works well on different scales.

What if we arbitrarily choose the quantum phase space? After all, although

the classical framework cannot deal with operators, the quantum one accepts

classical scalars. We would use dnw as an external potential that acts on the

metallic surface, but we would ignore how the liquid respond to the deviation

of metallic charge dn̂m. Note, however, the subtelty that if a static external

potential (say an ion in the liquid) produces dn̂m, the liquid would still be

blind to it, unless it is incorporated back in n0
m and follows the self-consistent

cycle to minimize hĤi. To couple both media (and to go beyond the BOA),

both media should “see” each other at once in the same framework.

Is it possible to find a common framework? It may now be clear that the two

closed media can only mutually perturb each other using an electrostatic

potential. The response function, well-defined in both the quantum and

classical framework, processes the latter. Thus, there is no way for one

medium to tell if the other needs a quantum or a classical description.

Therefore, although the computation of the response functions is different for

the metallic or liquid part, we must be able to find a common framework to

treat this problem. We can take the quantum one to deal with electrons and

phonons, but we need to make room for the liquid part, as discussed.

From where do we start? The key observation is that we have the dynamical

equation for the metallic part (Schrödinger equation) but not for the liquid

part. Indeed, so far, we have imposed the static dielectric response of the

liquid thanks to the introduction of an instantaneous effective potential veff
w .

Accordingly, we cannot yet tackle time-dependent external perturbation. The

very attractive way to proceed is to generalize Eq. 65 to an arbitrary frequency.

After inverse Fourier transform, it reads veff
w (12)

false
=
h
c

(0)
w

i�1
(12) � c�1

w (12).

However, this would imply using Eq. 58 and 61 that cw(12)
false
= �bS(12)

, which we know to be false because it violates the FDT (i.e. the response

function is not the structure factor). We need to find something else.
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2.2.2 A fictitious quantum operator n̂w

In 1973, Martin, Siggia, and Rose (MSR) formulated classical statistical

dynamics in the aspect of interacting quantum fields [36]. This was verified

and used since [37, 38, 39]. The underlying complexity of the formulation

and the scarce non-linearities in simple liquids might have led the liquid

community to ignore such formulation. However, in our case, we describe the

liquid by its charge density with Gaussian fluctuations, and the difficulties

are greatly reduced. Starting from a generic Hamiltonian of a dielectric

material and imposing a dissipative dynamic, we show in appendix B.3

how we can encompass this structure in the form of an out-of-equilibrium

quantum field action [40, 41, 42].

We imposed the dynamics, but one can now grasp how this can be gen-

eralized to an arbitrarily complex Gaussian dynamics. The key aspect of

the derivation is introducing the auxiliary charge density field, as revealed

in [36]. The origin of such doubling to mimic quantum field theory can be

understood by the lack of commutators and anticommutators in the classical

paradigm. They contain information on the response to external perturba-

tions and the amplitude of the fluctuations when considered observables.

Also, time ordering appears naturally in all possible correlation functions

one can build using them. On the contrary, the classical formulation sweeps

up those albeit physical subtleties, and the linear response is given by the

Poisson bracket [43], a more complicated formulation of response functions

in a way. From now on, response and fluctuation amplitudes are simple

correlation functions of the real nw and auxiliary ñw fields.

Why do past and future distinguished in a non-equilibrium situation?

Perturbation theory needs a reference state to compute observables. It is

usually the one where the perturbation is turned off. In classical or quantum

linear response theory at equilibrium, the interactions are switched on and

off adiabatically to recover the same initial and final state for t ! �• and

t ! +•. This assumption is challenged in a non-equilibrium situation. For

instance, for two media in relative motion, if one happens to be centered

in x(t) = vt, it is not at the same place for t ! �• and t ! +• and the

final state differs from the initial one. This subtlety requires to propagate the

wavefunctions forward and back in time to reach the same initial and final

state. The doubling of the fields stems from this doubling of forward and

backward propagation. The reader can refer to [42] for the details.

The observation that results from this derivation is that the central quan-

tities appearing in the partition function are the three response functions:

retarded, advanced, and Keldysh. In this framework, a field, be it an operator
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or a scalar, is solely represented by its response functions. In return, it means

that we can introduce a fictitious bosonic quantum operator n̂w for the charge

density of point charges in the liquid. Its response functions in the quantum

framework are defined by the classical ones as follows:

cR
w(12) = �

i
h̄

Q(t1 � t2) h[n̂w(1)n̂w(2)]i = �
i
h̄
hnw(1)ñw(2)i (68)

cA
w(12) = �

i
h̄

Q(t2 � t1) h[n̂w(2)n̂w(1)]i = �
i
h̄
hñw(1)nw(2)i (69)

cK
w(12) = �

i
h̄

h{n̂w(1)n̂w(2)}i = �
2i
h̄

hnw(1)nw(2)i (70)

Therefore, as long as the classical polar fluid has Gaussian fluctuations, we shall

describe it in quantum field theory by a fictitious bosonic operator n̂w with prescribed

response functions. For a classical system, cA(12) = cR(21) is implicit. This

is not case for the quantum correlation function because operators do not

commute. To keep the anticommutator’s structure of the Keldysh correlation

function, the structure factor is multiplied by two: cK
w(12) = �

2i
h̄ Sw(12)6.

For the homogeneous, isotropic and infinite system, at equilibrium, the FDT

is now given by

cR(k, w) � cA(k, w) = tanh(
h̄w

2kBT
)cK(k, w) (71)

from which we recover Imc(k, w) = �
w

2kBT S(k, w) in the classical limit of the

FDT — i.e. h̄ ! 0. Recall that the response function we have encountered

so far is cR = c — as obtained in appendix B.3. The consequence of Eq. 71

is that, at equilibrium, the three response functions are linked and that the

knowledge of cR — note that cA(w)⇤ = cR(w) — is enough to describe the

entire system. For future reference, following [44], we shall also rotate by

p/4 the matrix that gathers the response functions. It reads7

X = LX�p/4L† =

0

@cR cK

0 cA

1

A . (72)

This simple operation makes the diagrams very useful for an out-of-equilibrium

situation too. Indeed, at the beginning of this part, we defined the diagram-

matic link between scalar functions f and g to be [ f ⇤ g] (1) =
´

d2 f (12)g(2),

at equilibrium (see Eq. 7). For an out-of-equilibrium situation, f and g can be

matrices, say F and G (such as defined in Eq. 72). We extend this definition

by stating that the diagrammatic link requires a matrix multiplication in
6 assuming n0

w = 0.
7 We use L = 1p

2

✓
1 �1
1 1

◆
and X�p/4 is defined in appendix B.3.
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this matrix space. For instance, [F ⇤ G] (1) =
´

d2F (12) · G(2) has a matrix

structure with

[F ⇤ G]R/A (1) =
ˆ

d2 f R/A(12)gR/A(2)

[F ⇤ G]K (1) =
ˆ

d2
⇣

f R(12)gK(2) + f K(12)gA(2)
⌘

. (73)

We refer to [42] for the proof of this statement. We can check from Eq. 73

that if F and G follow the FDT, then F ⇤ G does too. We keep in mind that

an element i can be represented by its response function Xi and that, at

equilibrium, the matrix structure Xi can be reduced to the scalar ci = cR
i

function.

2.3 our framework

2.3.1 Vacuum gap

In this section, we discuss the microscopic physical/chemical details of the

metal/liquid interface. If the frontiers orbitals of the two media are energet-

ically separated, the effective electron-electron interactions between liquid

molecules and metal’s electrons are merely governed by the Pauli exclu-

sion principle. This short-range repulsion force prevents electronic clouds

from overlapping. Fig. 3a shows the drastic decrease of the plane-averaged

electronic density at the interface between the graphene and water — for

one snapshot taken randomly at equilibrium from an ab initio molecular

dynamics (AIMD)8. It prompts us to model the interface as two separated

closed systems, thus neglecting charge transfer9. Quantum chemistry calcu-

lations, showing no band mixing when a single water molecule is adsorbed

on graphene, support this hypothesis [45, 23].

We model the drastic decrease in electronic density between the two

media by a vacuum gap of thickness d ⇠ 1Å (see inset of Fig. 3a). If

we describe both media so well that we recover the exact shape of the

charge densities that vanish on an impenetrable plane, we will use d = 0 Å.

Otherwise, if we resort to a simplified version of the charge density profiles,

we will adjust the thickness d > 0 to model this effective vacuum gap (see

Fig. 3b). From an electrostatic perspective, this gap model the low dielectric

region between both media due to the absence of charges. The consideration

of this impenetrable plane is crucial in our microscopic description of the
8 see methods in appendix B.1
9 This hypothesis may need to be challenged depending on the nature of the metal/liquid

interface.
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Figure 3: Schematic drawing of the metal/liquid interface. (a) From a quantum per-
spective, the zoom shows the electronic density near the interface between graphene
and water. It is obtained with a static DFT calculation on a snapshot taken randomly
at equilibrium. We fix an altitude for the impenetrable plane (d = 0). (b) From a
classical or practical modeling perspective, a vacuum gap d > 0 is introduced. The
image is a snapshot from an interfacial MM simulation.

dielectric. A liquid molecule should never not be cut in two by this plane10 —

see more details in Appendix B.2.

Our description is limited to scales larger than the lattice spacing near the

interface. From a purely practical point of view, due to the discrete lattice

structure of the solid, one cannot describe small scales without introducing

specificities due to lattices. It means adding local-field effects that burden

the mathematical description. The rigorous criteria on in-plane wavevectors

would be q ⌧ 2p/a, with a the lattice spacing. The introduction of the

vacuum gap d relaxes this restriction because it cuts off the electrostatic

interactions between the solid and the liquid at wavevectors q ' 1/d .

2.3.2 Hamiltonian of the interface

Turning back to the Hamiltonian in Eq. 67, we now replace nw by n̂w

and rearrange the terms to prepare many-body perturbation theory. The

Hamiltonian of the system Ĥ = Ĥ0 + Ĥint can always be decomposed in a

quadratic part Ĥ0 and and interaction part Ĥint such that we will note hOi =

Tr(e�bĤO) the expectation value of an operator O and h.i0 = Tr(e�bĤ0 ·).

We do not to study the role of nuclei (phonons), because they are a priori

well-descibed by AIMD or MM. We left the study of their non-negligeable

role for future work and merely consider the frozen lattice. With dnn = 0, we

obtain cn = 0 and wn = v. Using Eq. 67, we obtain Ĥ0 = Ĥhwi

0e + Ĥhmi

0w , with

Ĥhwi

0e = T̂e + Ûhni

e + Ûhwi

e Ĥhmi

0w = Ĥ(0)
w + Ûhmi

w . (74)
10 In a bulk MD simulation, periodic boundary conditions lead to surface charges at the edge of a

simulation box because some molecules are cut in two at each time step. Here, we put a hard
wall at a some altitude. We call it the impenetrable plane because it acts also on the electrons.
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We underline the presence of Ûhwi

e and Ûhmi

w in the quadratic Hamiltonians.

They point to the necessity to make recursive static calculations to obtain n0
w

and n0
e. The non quadratric terms are gathered in Ĥint and read:

Ĥint = Ûhei
e + dÛee + dÛeff

ww + dÛwe. (75)

Ûhei
e is the one-particle Hartree term that requires self-energy calculations to

evaluate the exchange-correlation contribution (see chapter 7). The remaining

two-particles operators have been clearly identified.

2.3.3 Some practical rules

In this part i, we gathered the physical concepts and the mathematical

tools to tackle the electrostatic interactions at interfaces following standard

diagrammatics. In a nutshell, our approach hijacks the electron-phonon

problem in quantum field theory to address metal/liquid interfaces.

We have laid out a systematic way of addressing the problem that we

shall adopt and summarize it here, for two elements, “i” and “j” — that can

be electrons (e) or liquid molecules (w). Chapter 2 prompts us to:

• Minimize self-consistently Ĥhji
0i and Ĥhii

0j and obtain n0
i and n0

j .

• Fill the matrices X
(0)
i and X

(0)
j with the adequate response functions

computed with respect to Ĥhji
0i and Ĥhii

0j . Only ci/j = cR
i/j is needed at

equilibrium.

This work will be done in the next part ii for water and graphene/few-layers

graphene. We now state how to assemble the response functions to find

practical observables. In chapter 1, we have guessed that

• For a response function Xij ⌘
q

n̂in̂j
y11: draw all possible linked dia-

grams with X
(0)
i and X

(0)
j that start with X

(0)
i and end with X

(0)
j . The

nature of links are given by the potential between “i” and “j” in Ĥint.

• For the screened Coulomb potential w: draw all possible linked dia-

grams with X
(0)
i and X

(0)
j that start and end with a Coulomb leg v.

The nature of links are given by the potential between “i” and “j” in

Ĥint.

To present the results in a physically transparent way:

• Organize the diagrams to make renormalized response functions appear

— see e.g. Eq. 114
11 a short notation for the Keldysh matrix such as the one of Eq. 72. If i=j this is Xi
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• Write down the equation by reading the diagrams; a link is defined by

the operation ⇤.

Several observables are derived in part iii. For now, we build the response

functions of water and graphene/FLG.



Part II

M O D E L I N G WAT E R A N D G R A P H E N E
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In this part, we aim to construct the response function of water and

graphene — and few-layers graphene (FLG) — at interfaces. We look for the

retarded response function c(q, z, z0, w) = cR(q, z, z0, w). Regarding water,

we introduce two original approaches that can be generalized for other

dielectric media. We first obtain the dynamic SRF gw(q, w) by carrying MD

simulations. We then construct a microscopic model for the static response

function of a water slab cw(q, z, z0). For FLG, we progress from a tight-

binding (TB) model exploring the advantages of Wannier functions. We

follow a strategy developed during the rising era of computers [46] to obtain

the complete response function ce(q, z, z0, w) of FLG. We restrain, in this case,

our discussion to the SRF ge(q, w).



3
I N S I G H T S F R O M M M S I M U L AT I O N S

All simulations were carried out using the LAMMPS software [47]. We used

the SPC/E water model [48] with the SHAKE algorithm [49, 50]. The simu-

lations were carried out in the canonical (NVT) ensemble, with a stochastic

CSVR thermostat [51] with time constant 1 ps maintaining a temperature

T = 298.15 K. We used a timestep of 2 fs, and atomic positions were written

out every 4 fs. Electrostatic interactions were calculated with a particle-mesh

Ewald summation with a Coulomb cutoff of 1.4 nm.

3.1 bulk simulation

3.1.1 Methods

The bulk simulation uses N = 8000 water molecules. The volume of the

simulation box is adjusted in the NPT ensemble to yield a mass density r =

0.99715 g · cm�3. The resulting volume is V = (64.145)3Å3. The simulation

is equilibrated in the NVT ensemble for 200 ps, and the subsequent 20 ns are

used for analysis.

The simulation is split into Ns = 20 pieces of length Dt = 1ns, and the

results obtained from each of the pieces are averaged to obtain the final

result. The accessible frequencies are thus from 1 GHz to 62.5 THz. At every

sampled time t, we compute the Fourier-transformed water charge density

nw(k, t) = Âi cie�ikxi(t), with the index i running over all the charged sites

of the SPC/E water molecules, and ci the corresponding partial charge. We

define the dynamic charge structure factor according to

Sw(k, w) =
1
V

ˆ +•

�•
dthnw(k, t)nw(�k, 0)ie�iwt, (76)

31
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where V is the volume of the simulation box. Then, the classical FDT gives

the susceptibility c̄ in the classical limit1:

Im c̄w(k, w) =
1

e0k2
w

2kBT
Sw(k, w). (77)

The susceptibility is related to the dielectric permittivity according to c̄w(k, w) =

1 � 1/#w(k, w). We therefore require also the real part of the susceptibility,

which can be determined through a Kramers-Krönig relation (see Eq. 298)

that reads

Rec̄w(k, w) = P

ˆ +•

�•

dw0

p

Imc̄w(k, w0)
w0 � w

, (78)

where P indicates that the principal part of the integral is taken. In practice,

the structure factor in Eq. 76 is computed from the simulation data by making

use of the Wiener-Khinchin theorem. The resulting spectra is convoluted

with a Gaussian filter of half-width 50 GHz. This allows for some smoothing

of the spectra, while not affecting their low-energy region, since the spectra

are constant below 200 GHz. Then, spherical averaging is performed over

the quantity |dnw(k, w)|2/k2. This gives

Imc̄w(k, w) =
1

e0V

w

2kBT
1

DtNsamples

Nsamples

Â
k0

k|k0 |<k+dk

|dnw(k0, w)|2

|k0|2
. (79)

Warning: the definition and relevance of c̄•
w (q) becomes clear only in part iii.

One can skip the following paragraph if read for the first time. The results of Fig.

21a show the computation of the integral in Eq. 141. We show how it can be

computed using MD simulations. The idea is to realize that c̄•
w(q) can be

expressed as follows:

c̄•
w(q) =

�1
2e0q

¨ +•

�•
dz1dz2c•

w(q, z1, z2)e�q(|z1|+|z2|). (80)

Following the FDT, we compute c̄•
w(q) = �bS•

w(q), in the bulk simulation,

where S•
w(q) = 1

A

D
|n•

w(q)|2
E

. Here, n•
w(q) = Âi cie�iqri e�q|zi | according to

Eq 80. The origin of the vertical axis is unimportant due to the periodic

boundary conditions.
1 The discussion whether it is technically appropriate for water that has modes with frequecies

larger than kBT/h̄ can be found in [52]. In fact, using the quantum FDT would require to
dissymetrize the structure factor that is time-reversible Sw(k, w) = Sw(k, �w) by definition of
the use of MD. We ignore this correction and fully assume the “classical” limits of MM. We can
expect the contribution from the high frequencies peaks to be slightly overestimated by a factor
of (bh̄w/2)/ tanh(bh̄w/2).
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3.1.2 Results

The dispersion for the SPC/E water model is known [52], and we only

report the long-wavelength limit of the relevant response functions in Fig. 4.

Regarding the imaginary parts of c̄w(w) and #w(w) (respectively blue and

green in Fig. 4a), they both exhibit in the low-frequency region w < kBT/h̄ a

Debye relaxation peak. Despite historical controversies [53], Debye relaxation

in water involves translational and rotational modes of single molecules and

collective long-range dipole-dipole interactions. For a relaxation timescale of

tD in #w(w), the one of c̄w(w) is roughly #w = 71 — the dielectric constant of

SPC/E water – times shorter. Indeed, using #w(w) = 1 + #w�1
1�iwtD

= #w�iwtD
1�iwtD

,

we see that the imaginary pole of #w(w) is at 1/tD and the one of 1/#w(w) is

at #w/tD. At interfaces, a relevant response function is the long-wavelength

limit of the SRF of the semi-infinite water medium, that is gw(w). Using the

same Debye model, we find that the imaginary pole is at (#w + 1)/2tD. This

is confirmed by Fig. 4a — see orange curve.
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Figure 4: Dynamical response functions of water (SPC/E) in the long-wavelength
limit. The dashed lines stems form the model introduced in Eq. 81. Imaginary (a) and
real part (b) (and zoom in the inset). We use c̄w(w) = c̄w(k ! 0, w) = 1 � 1/#w(w)

and gw(w) = gw(q ! 0, w) = #w(w)�1
#w(w)+1 .

In the high frequency region, we find that c̄w(w) and #w(w) also exhibit

a resonnance. The resonnant frequencies — we note wT the one of #w(w) (“T”

for transverse) and wL for the one of c̄w(w) (“L” for longitudinal) — are

close, but not exactly the same. It is an important detail of water dynamics
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because the difference in the transverse and longitudinal resonances, called

the LO-TO splitting, is a characteristic of polar solids [54]. We prefer a more

continuous interpretation of the solid/liquid transition that do not resort to

solid-state tools. The relatively low (g < wT/2) damping coefficient g of the

oscillator at frequency wT confers to the libration peak of water a relatively

long (few oscillations before being damped) lifetime. It is a phonon-like

characteristic, usually imposed by the crystal lattice in solids (g ! 0). In

water, this originates from the cage-like structure of the tetrahedric hydrogen

bond structure.

Using a damped harmonic oscillator model is not possible to account

for the observed ratio of wLof wT because the crucial Debye peak, that is

responsible for the high dielectric constant of water, cannot be ignored.

However, using a reformulated expression [55] of the dielectric function

#w(w) =
w2

L�w2�i0+w

w2
T�w2�i0+w

of a damped harmonic oscillator, we can infer wL

using our data and check the consistency with the pole obtained at the

surface. After some straighforward algebra, we expect the pole of gw(w)

at wS =
q

w2
L+w2

T
2 . To insert quantitative values, we refer to the real part

of the response functions in Fig. 4b. The maxima of the imaginary parts

are the zero of the real parts from which we can read bh̄wT = 3.11 and

bh̄wL = 4.4 (see the two extreme red dots in the inset of Fig. 4b). We obtain

bh̄wS = 3.81 that we report by another red dot (the middle one) in the inset

of Fig. 4b. It quantitatively matches the intersection of the orange curve with

the horizontal axis and attests to our model’s relevance.

Those two accurate but separate models tackling the low and high-

frequency regions prompt us to introduce a common one. We find a compact

expression with the three parameters g, wT, and tD (see Table 1) that can

reproduce nearly quantitatively all spectra. It reads:

#w(w) = 1 +
#w � 2

1 � iwtD
+

w2
T

w2
T � w2 � igw

. (81)

We report the model with dashed lines in Fig. 4, for the three response

functions. The region near bh̄w ' 1 is the less accurately described, but this

is also the case in MM due to the use of a non-polarizable force field [54].

1/tD wT g

kBT/h̄ 3.11⇥10�3 3.11 1.36

Table 1: Parameters of the water dielectric function of SPC/E water #w(w).
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3.2 interface simulations

3.2.1 Methods

Figure 5: Snapshots of the interface simulation. The surface area is 128.316 ⇥

123.490 Å2 and the number of water molecules is N = 20200.

The interface simulation is carried out with N = 20200 water molecules.

The solid surface consists of three graphene layers (with ABA stacking), with

surface area 128.316 ⇥ 123.490 Å2, and the simulation box height was 6.5 nm.

The positions of the carbon atoms are frozen. The direction normal to the

surface was aperiodic, and spurious slab-slab interactions are removed. A

reflective wall is placed close to the top edge of the box to prevent gaseous

water molecules from crossing the top boundary. We use two sets of Lennard-

Jones (LJ) parameters for the water-carbon interaction, to which we refer to as

“Werder” and “Aluru”, listed in Table 2. We exhibit the results for the Aluru

force field because it is based on first-principle calculations. The simulation

is equilibrated in the NVT ensemble for 200 ps, and the subsequent 6 ns are

used for analysis.

Name eCO (kcal/mol) sCO (Å) eCH (kcal/mol) sCH (Å)

Werder [56] 0.0937 3.19 - -

Aluru [57] 0.0850 3.436 0.0383 2.69

Table 2: Lennard-Jones force-field parameters for the carbon-water interaction.

The simulation is split into Ns = 60 pieces of length Dt = 0.1 ns, and the

results from each of the pieces are then averaged. The accessible frequencies
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are from 10 GHz to 62.5 THz. At every sampled time t, we computed the

Fourier-Laplace transform of the water charge density

ns
w(q, t) = Â

i
cie�iqri(t)e�qzi , (82)

with the index i running over all the charged sites of the SPC/E water

molecules, and ci the corresponding charge. According to Eq. 36, the

dynamic surface charge structure factor reads

Ss
w(q, w) =

1
A

ˆ +•

�•
dthdns

w(q, t)dns
w(�q, 0)ie�iwt, (83)

with A the surface area, and dns
w = ns

w � hns
wi. Note that including hns

wi

does not change the computed quantity. We then obtain the imaginary part

of the SRF with the classical FDT:

Imgw(q, w) =
1

2e0q
w

2kBT
Ss

w(q, w), (84)

In practice, the structure factor in Eq. (83) is computed from the simulation

data by making use of the Wiener-Khinchin theorem. The resulting spectra

are convoluted with a Gaussian filter of half-width 50 GHz. Then, radial

averaging is performed over the quantity |ns
w(q, w)|2/q.

3.2.2 Results for f0
w

The mean charge density profile n0
w(z) = n0

w(q ! 0, z) is computed to

obtain f0
w(z). Recall that we need to include it in Ĥ(0)

e — to find graphene’s

electronic states. By successive integrations of Poisson’s equation in one

dimension, we get:

f0
w(z) = �e�1

0

ˆ z

0
dz1

ˆ z1

0
dz2n0

w(z2). (85)

Also, note that the normal polarization density reads P0
?
(z) = �

´ z
0 dz0n0

w(z0).

The results are shown in Fig. 6. Due to the mean charge density’s inhomo-

geneity (see Fig. 6a), f0
w(z) 6= 0. The mean static electric field in Fig. 6b

reaches ±1 V. nm�1 near the surface, which agrees with the value experimen-

tally probed for water above graphene, using electrostatic force microscopy

[58]. Fig. 6c gives several essential insights into f0
w(z).

First, f0
w(z) = 0 for z outside the water medium. It stems from the

charge neutrality of water. Indeed, the dipole layering of water can be

schematically modeled by three or four infinite charged plates whose surface
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Figure 6: Mean charge density (a), polarization (b) and electrostatic potential (c) at
graphene-water interface for the SPC/E model.

charge adds up to zero. The electric field and electrostatic potential seen

outside this charged plate system is zero using Gauss’s law. Therefore, while

n0
w 6= 0 is due to Ûhmi

w 6= 0 because of the LJ interactions, we can write

Ûhwi

e = 0. Equivalently, graphene cannot be doped (a shift in the free charge

concentration) by the mere presence of unsalted water. Finally, we conclude

that the recursive static calculations required by Eq. 74 can be restricted to

the first step: n0
m gives f0

m, which gives n0
w.

Second, the value of f0
w(z ! •) = �0.3V and minimum minz f0

w ' �1V

(Aluru) puts into perspective the hypothesis in [59] asserting that the water

makes graphene metallic. The authors support that the nearly free electron

band at the G point of graphene’s Brillouin zone is pushed down to the Fermi

level, assuming f0
w(z ! •) = �9V. Our results show that it seems largely

overestimated at room temperature. We can neglect the s band of graphene

at the G point and reaffirm the validity of the closed system hypothesis. For

lower temperature, an ice-like structure of oriented dipoles could however

produce this high potential [45].

Last, f0
w(z) is the electrostatic potential felt by a point charge at the inter-

face if the relatively homogeneous water structure is not disturbed. It is not a

realistic point of view because water rearranges around an ion and therefore

does not apply f0
w(z). In fact, we need to consider the electrostatic potential

at the center of a LJ cavity. It has been computed here [60], for graphene. The

mean average potential variations are of the order of the thermal energy with

the distance to the surface due to the compensating orientations of the water

molecules surrounding the ion. To a first approximation, it can be neglected.

However, it is a source of charge asymmetry (anion/cation) at the interface.
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3.2.3 Results for gw(q)

In this paragraph, we aim to identify the static SRF of water — i.e. gw(q)

— at the graphene interface. The computation of Ss
w depends on the origin

along the vertical axis, which we take to be the one of the top graphene layer.
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Figure 7: Surface response function gw(q) of water. (a) Comparison of the hydro-
gen density profile along the graphene/water interface for the Werder (green) and
Aluru (orange) force field. (b) Obtention of dWerder = 1.3Å and dAluru = 1.74Å by
considering the fastest convergence of gw(q) for q ! 0. (c) Gaussian fit of the gw(q)
at graphene interface (l = 0.35Å).

We compute gWerder
w (q) and gAluru

w (q) for the two different force fields

and show the results in Fig. 7. To compare both quantities, we put them on

an equal footing regarding the actual microscopic vacuum gap thickness d.

We set the difference dAluru � dWerder = 0.44Å by equating gWerder
w (q)e2qdWerder

and gAluru
w (q)e2qdAluru in the long-wavelength limit q ! 0. It makes the charge

(or hydrogen) distribution for both force fields to start at the same altitude,

as shown in Fig. 7a. To visualize and model both quantities, we also set the

absolute value dWerder by imposing the fastest convergence of gw(q) with

q ! 0. This imposes a horizontal asymptote in q = 0 (see Fig. 7b). We obtain

dWerder = 1.3Å. To model those results, taking into both force fields, we use

a simple Gaussian model:

gw(q)e2qd =
#w � 1
#w + 1

e�q2l2
. (86)

The value of d is interface-dependent and defines the thickness of the vacuum

gap. As a reference, we keep in mind d = dWerder+dAluru
2 = 1.52Å. We use

l�1 = qw = 2.86Å�1. The fit is shown in Fig. 7c.

3.2.4 Results for gw(q, w)

To fully characterize the SRF, we turn to the dynamics. To avoid differences

between the SRF that arise from static considerations, we focus on the
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renormalized quantity gw(q, w)/gw(q). The long-wavelength limit2 of this

quantity can be checked using three different ways: two different force fields

(for the interfacial simulations) and one bulk simulation (using the orange

curve in Fig. 4). The results are shown in Fig. 8a.
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Figure 8: Imaginary part of the dynamical SRF gw(q, w)/gw(q). (a) Long-wavelength
limit for two force fields model and theoretical prediction. (b) 2D map showing the
frequency-resolved dispersion of the surface response. The left panel is the simulation
data for the Aluru force field and the right one is the proposed model. Black arrows
relate the two peaks in (a) and (b).

Remarkably, we find that the dynamical SRF for the Aluru and Werder

force fields overlap with the theoretical prediction: the specificity of the static

surface potential disappears. It prompts us to build a dynamical model

starting from the dielectric function model in Eq. 81. The dispersion relation

obtained in the simulation is given in Fig. 8b (left panel). We schematically

gather the negative dispersion of the high-frequency peak from those data,

its increasing damping, and its decreasing contribution to the total spectra.

At the same time, the low-frequency Debye peak disperses positively, and

its relative contribution to the dynamics increases. It roughly happens on

the length scale qdOH ' 1. We suggest to model the dielectric function as

follows

#w(q, w) = 1 +
#w � 1 � e�q2d2

OH/2

1 � iwtD(q)
+

w2
T(q)e�q2d2

OH/2

w2
T(q) � w2 � ig(q)w

, (87)

with the parameters dispersion given in Table 3.
2 For interfacial simulations, the smallest accessible wavevector is qmin = 2p/ max(Lx , Ly) =

0.049Å�1.
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1/tD(q) wT(q) g(q)

Dispersion t�1
D (1 +

q2d2
OH

2 ) wTe�q2d2
OH/2 g(1 +

q2d2
OH

2 )

Table 3: Dispersive relation for the parameters of the waterr dielectric function.

The characteristic length scale dOH can be understood as the transition

between collective and individual dynamics. The libration peak describes

a collective “phonon-like” fast oscillation mode that requires several water

molecules. Therefore, it disappears for sub-molecular wavelength — i.e.

q > 1/dOH. In contrast, the Debye peak has a collective and individual

molecular contribution. For q > 1/dOH, the collective, slow (wtD ⇠ 1) ones

are filtered out, and the fast unimolecular ones dominate.

Eq. 87 gives Eq. 81 for q ! 0. Also the limits #w(q ! 0, w) = #w(w) and

#w(w ! 0) = #w are ensured. However, we underline that Eq. 87 does not

model the bulk dielectric function #w(k, w)3. Our work finally produces a

general model for the SRF of water that reads

gw(q, w)e2qd =
#w(q, w) � 1
#w(q, w) + 1

e�q2l2
. (88)

The right panel of Fig. 8b shows that the dynamical modeling captures the

simulation’s essential features using the Aluru force field parameters (left

panel). The Werder force field dynamics are very similar (not shown).

We have carried out slab simulations to find if those results would change

for water under finite confinement. We find that as long as the size of the

water slab is larger than 1 nm, the results are identical. The results are

reported in appendix C. As long as the size of the water slab is larger than 1

nm, the results are identical.

3 One can easily check that 8q, #w(q, w = 0) = #w.



4
M I C R O S C O P I C WAT E R M O D E L

4.1 water model

In this part, we build a versatile microscopic model for water. It relies on the

construction of the non-interacting response function c
(0)
w and the effective

potential between molecules veff
w (see Eq. 65). We scrutinize the bulk medium

before tackling the water slab.

4.1.1 Water bulk

Herein, we build the response function cw of an homogeneous, isotropic,

bulk water medium. Using Eq. 66, the effective charge-charge electrostatic

potential in bulk water vinter = veff
w can be written

veff
w (k) =

1

c
(0)
w (k)

�
1

cw(k)
, (89)

The FDT gives c
(0)
w (k) = �bS(0)

w (k) where b = 1/kBT and S(0)
w (k) is the

single-molecule – or “self” – charge structure factor, and cw(k) = �bSw(k),

Sw(k) the charge structure factor of the liquid. Here, we apply this framework

to the widely-used 3 point-charge model of water, SPC/E [48]. The analytical

expression of S(0)
w (k) is given in Eq. 310. The second term can be computed

in MM — e.g. the result of [61] computing the polarization response function

c̄w(k) = �cw(k)/e0k2 that is reported in Fig. 9. The sharp peak of c̄w(k)

centered at k ' 3Å illustrates the nonlocal and over-screening properties1

of water [63]. From the numerical knowledge of veff
w (k) using Eq. 89, we

suggest an ansatz.

We work with 1/#eff
w (k) = veff

w (k)/v(k). First, the long-wavelength limit

of #eff
w (k) can be expressed analytically as shown in appendix D.2. We obtain

1 A system’s screening ability is its faculty to moderate the external force it undergoes. In order
to damp the external electric field of, say, a point charge in an infinite homogenous medium, the
induced charge density must generally be of opposite sign closed to the test charge. Thus, it is
usually the case that the total electric field ftot is smaller than fext. However, there is no physical
reason why the system cannot locally overreact to the original perturbation. In other words, it is
also possible that the electric potential induced in the system is locally larger than the external
one. For example, in the case of a homogenous isotropic system that can be described with
dielectric function #(k) (here in Fourier space) , the total potential reads ftot(k) = fext(k)/#(k)
and the stability criteria – see e.g. [62]– reads #(k) > 1 or #(k) < 0 . It means that the external
potential cannot be plainly amplified (i.e. with the same sign), but that some wavelengths can
be overscreened (i.e. #(k) < 0 or c̄(k) > 1).

41
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Figure 9: Susceptiblity of SPC/E water obtained with MD [61] and with the theoretical
model for (a) varying k with g = 0.99 and (b) varying g with k = 1.65Å�1. We show
the dimensionless quantities c̄w(k) = �cw(k)/e0k2.

#eff
w (k ! 0) = #eff

w ' 1.04 (for SPC/E water). For the remaining wavelengths,

and with the help of the MD results shown in Fig. 9, we suggest the following

ansatz:

#eff
w

#eff
w (k)

= 1 �
k2

k2 + k2 � g
k2

k2
e�k2/2k2

p
2p

, (90)

with the inverse screening length k and the prefactor g as parameters. The

values of (k, g) are adjusted to reproduce the position and the amplitude

of the over-screening peak of c̄w. The effect of those parameters on c̄w(k)

is shown in Fig. 9. The experimental spectra [63] shows a less intensive

peak that can be easily fitted by tuning down g. The second peak of c̄w(k)

around k ' 5Å�1can also be included to refine the model, but we expect

no important change on the long-range collective dielectric response of

water. The ansatz ensures cw(k) ! c
(0)
w (k) for k ! •. We have found

that k = 1.65Å and g = 0.99 can reproduce the spectra of SPC/E water.

We plot the polarization response function derived from our framework,

1/c̄w(k) = 1/#eff
w (k) + 1/c̄

(0)
w (k) (orange curve, Fig.10a) and compare it to

MD results for validation. It shows that this model captures nicely the

dielectric properties of bulk water. The expression of veff
w in real space is

given in Eq. 315.

4.1.2 Water slab

We turn to the dielectric response of a water slab confined between two

infinite flat interfaces located in z = 0 and z = L respectively (see the sketch
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Figure 10: Dielectric response functions of water. (a) Susceptiblity of SPC/E water
obtained with MD Jeanmairet et al. [61] and with the theoretical model for (eeff

w '

1.04 , k = 1.65Å�1, g = 0.99) . We show the dimensionless quantities c̄w(k) =
�cw(k)/e0k2. (b) Schematic drawing of the water slab and of the two considered
molecular density profiles n0(z) for L = 3nm. The inset shows the two parameters of
the smoothed step function model for n0(z): the vacuum distance (d0) and the width
(s0). (c) Local dielectric susceptibility c̄w(z) of the slab Pz = c̄w(z)Dz corresponding
to the molecular profile n0(z), we use s0 = .3Å.

in Fig. 10b). Assuming equiprobable orientation of water molecules in the

slab, we show in appendix D.3 that we can write

c
(0)
w (q, z, z0) ' �b

p
n0(z)n0(z0)

n0
S(0)

w (q, |z � z0
|) (91)

where S(0)
w (q, |z � z0|) =

´ dqz
2p eiqz |z�z0 |S(0)

w (k) and n0(z) is the molecular den-

sity profile that converges to bulk density n0 in the middle of the channel

(see Fig. 10b). We assume that water molecules interact in the slab between

themselves as they would in the bulk, so the slab-geometry effective potential

veff
w (q, |z � z0|) can be obtained by Fourier transforming Eq. 90 (see Eq. 317

in appendix D.2).

Obtaining cw(q, z, z0) requires to solve the mean-field intergral equation

in Eq. 66. We resort to matrix multiplications — now, and for all subsequent

computations — in the discretized space along z and z0. The (i, j)th element

of the matrix M[zi, z0

j] is given by the function m(q, zi, z0

j). The solution of Eq.

66 reads

Xw = (1 � X(0)
w Veff

w [dz]2)�1X(0)
w (92)

where dz = 0.02Å is the converged grid spacing and where a matrix of

size bL/dzc2 has been inversed. We rely on the condition that an homo-
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geneous external potential cannot induce a charge density disturbance (i.e.´
dz0c

(0)
w (z, z0) = 0) to fill the matrix X(0)

w . This can be checked in bulk and

imposed at altitudes close to the molecular density depletion. Therefore,

in order to obtain the entire matrix X(0)
w and avoid numerical integration

errors due to the Dirac delta functions, we fill the non-diagonal entries of

X(0)
w according to c

(0)
w (q, z, z0) = �bS(0)

w (q, z, z0) and impose that all lines and

columns sum to 0 to fill the diagonal.

4.2 two applications

4.2.1 Local susceptibility at interfaces

Theory

As an intermediate check to validate our approach, we derive the local

dielectric susceptibility c̄w(z), relating the response polarization field Pz(z)

to a constant excitation D = Dzez.

Within the standard approach of electrostatics, using Eq. 264 for a

constant D, gives E(z) = e0#(z) · D, where # is the dielectric tensor. At a

translationally invariant interface, # is diagonal [64]2. Therefore, we obtain

Ez(z) = #�1
?

(z)
Dz
e0

. (94)

Using e0Ez(z) = Dz � Pz(z), we find the local susceptibility c̄w(z) = 1 �

#�1
?

(z) with Pz(z) = c̄w(z)Dz.

On the other hand, we microscopically construct the external electric field.

We place two infinite plates of opposite surface charge that sandwich from

very far the system under scrutiny. The system of finite size experiences

fext(z) = �
Dz
e0

(z �
L
2 ) plus a constant that we set to zero. The electric field in

the system reads Ez(z) = �
d
dz ftot(z). Using Eq. 8, ftot and fext are linked

as follows3:

ftot(z) =
ˆ L

0
#�1

w (q ! 0, z, z0)fext(z0)dz0. (96)

2 It reads

#(z) =

0

@
#k(z) 0 0

0 #k(z) 0
0 0 #?(z)

1

A . (93)

3 From Eq. 9, recall that

#�1
w (q, z, z0) = d(z � z0) +

ˆ
dz1v(q, z, z1)cw(q, z1, z0). (95)
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We now link #�1
w (q, z, z0) to #�1

?
(z). We differentiate Eq. 96, use Eq. 94 and

all formulas in the preceeding paragraph to obtain

#�1
?

(z) =
d
dz

"ˆ L

0
dz0#�1

w (q ! 0, z, z0)

✓
z0

�
L
2

◆#
, (97)

and therefore c̄w(z).

Results

The slab molecular density profile n0(z) is an input of the model (see Eq. 91)

and we first consider a generic smoothed step function model:

n0(z) =
n0
4


tanh(

z � d0
s0

) + 1
� 

tanh(
L � z � d0

s0
) + 1

�
. (98)

It captures the vacuum layer between the fluid and the surface (encoded

by d0) and the width (s0) of the fluid interface (inset of Fig. 10b). We

have converged L ! • and used L = 3nm. In agreement with previous

results [32], the susceptibility calculated in this framework and plotted

in Fig. 10c presents an alternation of overresponding (c̄w(z) > cb) and

underresponding (c̄w(z) < cb) layers before reaching its bulk value cb =

1 � 1/#w for z > 1.25 nm.

The effect of the smoothness parameter is shown in Fig. 11a. We observe

that steeper the density profile is, the sharper c̄w(z) near the surface. The

agreement with the Landau-Ginzburg model introduced in [65] is excellent

for s0 = 0.2Å. Refining n0(z) by extracting the hydrogen density from the

MD simulations (see Fig. 10b, where we use the Werder force field hydrogen

profile) induces minor modifications in c̄w(z) (dotted line in Fig. 10c). For

future references, we will use the first density model and fix s0 = 0.3Å (see

also appendix D.4 and [65]).
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Figure 11: (a) Local dielectric susceptibility of the slab Pz = c̄w(z)Dz computed
from the non-local response function cw(q, z, z0) with varying smoothness of the step
function s0 and compared with Landau-Ginzburg model of Ref. [65].
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4.2.2 On the effective dielectric constant

Theory

In the recent literature [65, 66, 67], we have found some recent interest in the

effective dielectric constant #eff of a L nm thick water slab. In the following,

by resolving the electrostatic potential ftot(z), we show that it is poorly

defined from a microscopic perspective.

The effective dielectric constant relates the potential difference between

the two ends of the water slab as follows

1
#eff

=
1
L

ˆ L

0
dz#�1

?
(z) =

e0 [ftot(L) � ftot(0)]
�DzL

. (99)

We have used Eq. 97 for the last step. ftot is actually simpler to compute in

our framework because it does not require the numerical gradient. From Eq.

96 obtain

e0ftot(z)
�Dz

=
ˆ L

0
#�1

w (q ! 0, z, z0)

✓
z0

�
L
2

◆
dz0. (100)

Results

We show ftot(z) in Fig. 12a for a slab of L = 4nm. We have used a large value

d0 = 5Å to observe the potential at the borders of the water slab, situated in

d0 and L � d0 — see also black lines in Fig. 12a. As expected, we find a slope

of 1 in vacuum and 1/#w in the bulk region — see orange triangles. The

non-monotonic variation of the potential is due to the non-local properties of

water at the interface, as previously noted in Fig. 10.
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Figure 12: Electrostatic potential ftot(z) for (a) L = 4nm and d0 = 5Å to see the
potential in vacuum (b) with d0 = 0.88Å and varying size L to make #eff = #w 8 L.
We use dz = 0.005. The orange triangle is a guide for the eye, to understand the
slopes.

We compute Eq. 99 as the difference between two extreme points. How-

ever, what are the two extreme points? According to Eq. 99, we should use
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z = 0 and z = L. In this case, the results would highly depend on d0 because

the slope in the vaccum is #w times higher than in bulk. A more intuitive

choice is to take the two points that delimitate the water slab: z = d0 and

z = L � d0
4. It turns out that it makes #eff negative — see intersection of the

dark and blue curve in Fig. 12a —, layers of water dipoles overscreen the

external potential. As L grows, #eff retrieve a positive sign and converges to

#w for L ! •. Without any specific definition of d0, #eff can take any value

(see Fig. 12b for #eff = #w, 8 L). In a real experiment that probes #eff, water

is contained in a slit made of another material such that a vacuum gap does

exist.

To understand the effect of d0, we first extract a d0-independent result.

From Eq. 100, we express analytically the q ! 0 limit. After some straight-

forwards steps5 we obtain the result in agreement with [64]. Introducing

1/#eff = 1 � ceff, we obtain

ceff =
�1
e0L

ˆ ˆ
dz1dz2

✓
z1 �

L
2

◆
cw(q = 0, z1, z2)

✓
z2 �

L
2

◆
(101)

= �
b

e0

h
hP2

?
i0 � hP?i

2
0

i
. (102)

The polarization of the slab in the perpendicular direction reads P? =´
dz
⇣

z �
L
2

⌘
nw(z). We use s0 ! 0 (heaviside step function in Eq. 98) and

compute ceff following Eq. 101 for increasing L. The results are given in Fig.

13a. ceff decreases with L and converges to ceff ! 1 � 1/#w for L ! •. The

overscreening transition (ceff > 1) occurs at L ' 7nm. As discussed, it gives

#eff < 0 for small slabs if the vacuum gap d0 is ignored.

A dielectrically dead water layer at interfaces (#surf
w = 2.1 on a distance of

0.7 nm) has been postulated to understand an anomalous dielectric constant

of water in nanometric channels [66]. According to our results, this explana-

tion could be misleading as it does not account for the oscillating potential

in Fig. 13a, which is not linear with a slope of 1/#surf
w .

Nevertheless, let us assume a continuous slope of 1/#w in the entire slab

(local continuous media). The effect of the vacuum gap d0 gives with a

simple capacitor model:

1
#eff

=
2d0
L

+
L � 2d0

L#w
. (103)

4 Of course, replacing L by L � 2d0 in the denominator of Eq.99.
5 make a sinh(q [z1 � L/2]) appear using the difference f(L) � f(0) and the use the limit q ! 0.
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The result for #eff(L) is shown in Fig. 13b with the experimental data of

[66]. The simple model fits the measurements reasonably well. However, the

overall trend is solely due to the vaccum gap d0.
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Figure 13: Evolution of dielectric properties of water with L. (a) Computation of
ceff using Eq. 101. No dependency on d in this case and we use a heaviside step
function (s0 ! 0) for the molecular profile (b) Experimental data [66] and capacitor
model with a vacuum gap of d0 = 3Å and constant dielectric constant of SPC/E
water #w = 71.

In short, in our microscopic formalism, #eff highly depends on the vac-

uum gap d0. It can be positive, negative, infinite or equal to #w and in-

crease/decrease/be constant with L. It is a poor observable from a mi-

croscopic perspective. We also argue that its use might be misleading in

grasping the non-local behavior of water at interfaces.
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F E W- L AY E R S G R A P H E N E M O D E L

5.1 rpa response function

5.1.1 Wannier functions

Warning: in this chapter, k is a two-dimensional wavevector.

In this part, we consider a metallic slab in the lower half-space z < 0, at

temperature T. We aim to compute its response function ce and its SRF ge

with a tight-binding (TB) model. The interface is translationally invariant, and

electronic states are labeled with a continuous two-dimensional wavevector k

belonging to the Brillouin zone. We neglect the corrugation due to the lattice

and therefore ignore local-field effects as discussed in 2.3.1. Two electrons

with opposite spin can occupy a state labeled with a band index n. The Fermi

field reads Y(x) = Ânk ynk(x)ĉnk where ynk(x) is the wavefunction of the

electron in state (nk) and ĉnk is the fermionic annihilation operator. The

electronic density operator reads n̂e(x) = Y†(x)Y(x), with x = (r, z). The

quadratic hamiltonian reads Ĥ(0)
e = Ânk enk ĉ†

nk ĉnk. The wavefunctions are

decomposed on Wannier functions:

ynk(x) =
1p
Np

Â
kp

e�ikRp dk
nkf(r � tkp, z � zk), (104)

where k labels the atomic sites at position tk in the two-dimensional unit

cell of the material, p labels the Np cells at position Rp in the plane, and

tpk = Rp + tk . We consider one electron per atomic orbtital f that have the

same form. We neglect the overlap integral between two neighboring atomic

site. The normalization of wavefunction
´

dx|ynk(x)|2 = 1 therefore requires

Âk |dk
nk|2 = 1. The coefficients dk

nk and the eigenenergies enk solve the

Schrödinger equation Ĥ(0)
e |ynki = enk|ynki. Note that the number of sites in

the unit cell, Nk , increases when the medium grows in the direction normal

to the surface. The Fourier-transform of the electronic density operator reads

n̂e(q, z) = Â
nµk

l
µn
k+qk(z)ĉ†

µk+q ĉnk. (105)

49
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To obtain Eq. 105, we have used the crystal momentum conservation as

detailed in appendix E.1. The coefficient l
µn
k+qk(z) is given by

l
µn
k+qk(z) = hyµk+q|e�iqr

|ynki(z) (106)

=
ˆ

dry⇤

µk+q(x)ynk(x)e�iqr

Eq.104
= Â

k
uq(z, k)(dk

µk+q)⇤dk
nk (107)

where the last line is obtained after insertion of Eq. 104. (see also appendix

E.1). The in-plane Fourier transform of the electronic density on site k, that

reads

uq(z, k) = uq(z + zk , 0)e+iq·tk uq(z, 0) =
ˆ

dre�iqr
|f(r, z)|2. (108)

5.1.2 Non-interacting response function c
(0)
e

Using Eq. 68, we obtain after Fourier transformation:

c
(0)
e (q, z, z0, t) = �

i
h̄

Q(t)
A

⌧⇥
n̂e(q, z, t), n̂e(�q, z0, 0)

⇤�

0
(109)

where [., .] is the anticommutator, Q the Heaviside function. We use Matsub-

ara’s framework [31] to compute c
(0)
e at T = 0 K. Those steps are detailed in

appendix E.2. We find

c
(0)
e (q, z, z0, iWm) =

kBT
A

Â
nµk

Â
ikn

l
µn
k+qk(z)G(0)

n (k, ikn)... (110)

...G(0)
µ (k + q, ikn + iWm)l

nµ
kk+q(z0),

that we now detail. First, c
(0)
e (q, z, z0, iWm) is linked to the Fourier transform

of c
(0)
e (q, z, z0, w) by analytic continuation along the real axis iWm ! w + ih

with h = 0+. Second, G
(0)
n (k, ikn) = (ikn � enk)�1 is the Matsubara single–

particle Green’s function. Third, the summation is over fermionic Matsubara

frequencies kn = p(2n + 1)kBT/h̄.

We open a parenthesis to appreciate how Feynman diagrammatics, adapted

to the Matsubara formalism, saves us a lot of tedious work to obtain Eq.

110. We first define two symbols: (i) the line diagram as the single-particle
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Green’s function propagator, (ii) the Coulomb vertex l
µn
k+qk(z) of Eq. 106

that couples two eigenstates due to the Coulomb interaction. It reads

q
<latexit sha1_base64="3qdYW6gWVQkDs1bJWrzG2CXu4tc="></latexit>

�k
<latexit sha1_base64="qHn8FcTFV/5up11lbmV4C0HDSfI="></latexit>

µk + q
<latexit sha1_base64="QCNUdRPZUZGGV9rX8UPo7huL8A8="></latexit>

z
<latexit sha1_base64="kKeHkY73U6aZ7cVpH/HGgTslTPE="></latexit>

�µ�
k+qk(z) =

<latexit sha1_base64="8DXOosw1ADGFFeMXTPcZEA7cnig="></latexit>

G
(0)
� (k, ikn) =

<latexit sha1_base64="3HfvC/B4OUZpO+0FNWA+ZijVurI="></latexit>

, (111)

from which we can represent the non-interacting response function c
(0)
e from

Eq. 110 as follows

(µk + q, ikn + i�m)
<latexit sha1_base64="L+JmzVapVz3xm4bST8ijup3G7To="></latexit>

(�k, ikn)
<latexit sha1_base64="TKOLKqMlB0XNwAG0JyqfQHQeR6A="></latexit>

z�
<latexit sha1_base64="3n1lU9YW1m+kvYokHJKHd3IInmI="></latexit>

z
<latexit sha1_base64="muyd9iDoeJLfuLio7cq/1ey93XE="></latexit>

�(0)
e (q, z, z�, i�m) =

<latexit sha1_base64="9GhfBcnufX1zmWPdbsvoPWKwRm4="></latexit>

. (112)

Note that (i) there is a conservation of momentum and energy at each vertex,

and (ii) the dummy indices are summed up — that we will use again. All

terms appearing in the diagrams are multiplied as shown in Eq. 110.

Using standard Matsubara summations [31], we simplify Eq. 110. By

taking the analytic continuation on the real axis iWm ! w + ih, we obtain

c
(0)
e (q, z, z0, w) =

�gs
A

Â
nµk

l
µn
k+qk(z)

nF(eµk+q) � nF(enk)

w + ih � (eµk+q � enk)
l

nµ
kk+q(z0),

(113)

where the factor gs = 2 comes from the spin degeneracy and nF is the

Fermi-Dirac distribution function.

Eq. 113 has to be distinguished from the formula usually found in the

literature. The wavevectors k and q lie in the plane. The number of bands

increases as the material becomes thicker in the vertical direction. In the limit

of an infinite medium in this direction, we would label the bands differently,

using n = kz and µ = kz + qz. Conservation of momentum in this direction

would then impose q0
z = �qz, and the textbook bubble diagram would be

obtained.

5.1.3 RPA equation

We now use Eq. 11 to renormalize c
(0)
e by the interparticle effective potential

vinter. A special case of mean-field renormalization is the random phase

approximation (RPA) [68]. It is equivalent to identifying the interparticle
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mean-field potential with the direct potential — e.g. vinter = v. We confer the

hatched diagram to the RPA response function for electrons (ce) that reads

=<latexit sha1_base64="4RJMQ9icUk4rDXV6qZeIzDsS8dE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSp4KokKehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObNKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1lx61fl6mkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIRxjKU=</latexit> +
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. (114)

To solve Eq. 114, we proceed by matrix inversion. Again, using the matrix

notations — i.e. M [z, z0] = m(q, z, z0, w) — we find

Xe = (I � X(0)
e Vdz2)�1X(0)

e . (115)

However, in contrast to the dielectric case, computing c
(0)
e (q, z, z0, w) with

the help of Eq. 113 is not numerically straightforward. The grid in (z, z0)

requires at least bNc/2dzc2 evaluations of Eq. 113, where Nc/2 is about slab

height and dz the grid spacing. Consequently, we change the basis set and

take advantage of Wannier functions as suggested for the bulk case in [46].

It was also suggested for the case of a finite slab [69], but never applied for

carbon materials to our knowledge.

5.1.4 Basis change

Herein, we change the (z, z0) grid to the local atomic sites (k, k0) basis.

Inserting Eq. 107 in Eq. 113, we obtain that X(0)
e = UqX̃(0)

e U†
q where

c̃
(0)
e (q, k, k0, w) =

�gs
A

Â
nµk

(dk
µk+q)⇤dk

nk
nF(eµk+q) � nF(enk)

w + ih � (eµk+q � enk)
dk0

µk+q(dk0

nk)⇤.

(116)

Inserting X(0)
e = UqX̃(0)

e U†
q in Eq. 115, we find that Xe = UqX̃eU†

q with

X̃e = (I � X̃(0)
e Ṽe)

�1X̃(0)
e . (117)

Here we have introduced the site-site interaction matrix Ṽe = U†
qVUq that

reads

ṽe(q, k, k0) =
1

2e0q

¨
dzdz0u⇤

q(z, k)e�q|z�z0 |uq(z, k0). (118)

We have expressed the RPA equation Eq. 114, in the basis of local atomic

sites. If Nk is the number of sites in the two-dimensional unit cell, then we

have to compute N2
k times Eq. 116. In order to compute the SRF, we use that

Xe = UqX̃eU†
q, Eq. 36 and Eq 108. It reads
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g(q, w) =
���us

q

���
2
Â
kk0

c̃e(q, k, k0, w)e+iq·(tk�tk0 )�q(zk+zk0 ) (119)

where us
q =
´

dzeqzuq(z, 0) =
´

dxe�iqreqz|f(x)|2.

5.2 tight-binding models

5.2.1 Graphene
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<latexit sha1_base64="cmQUDikhVelKtOXmbFNp1znuftM="></latexit>

a2
<latexit sha1_base64="RAIn5fdkO5+vjzBSI4Aj4FL7JdI="></latexit>

�
<latexit sha1_base64="ghRy1zioUECDgc28Rj+Xk7Co7Ac="></latexit>

a1 =
a

2
(
p

3, 1)
<latexit sha1_base64="IzVA7UdnkvSJ4oPUlvfroz5Frao="></latexit>

a2 =
a

2
(
p

3, �1)
<latexit sha1_base64="kasJMdBG2f6FxCBWn5Gj8Y4yA8E="></latexit>

A
<latexit sha1_base64="Ir9J6Oa+SGQPnrhHlMOETx11EcQ="></latexit>

B
<latexit sha1_base64="yPTc0dLumtTZtoyCHOun+m+IIZ4="></latexit>

�0
<latexit sha1_base64="T6v8fzfSvLSflncp+skATzABCKs="></latexit> �1

<latexit sha1_base64="PyhL827OdC3UoV9hL+oeE2r3Iis="></latexit> �5
<latexit sha1_base64="RDWyW+Gl0OHyLz+a6pvMoawqXAo="></latexit>

�2
<latexit sha1_base64="Uk2IMUd5wPKjJCi5Ye5aw0iXmvw="></latexit>

�3
<latexit sha1_base64="nEDw0F+yy3PoHaxDMYIXsWl+OXg="></latexit>

�4
<latexit sha1_base64="Ts5xfI8iF+NIgmEmJyEr0ff2XPo="></latexit>
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Figure 14: Tight-binding model for graphene and few-layers graphene. (a) Lattice
vectors (a1, a2) of graphene with two sites (A, B) per unit cell that are linked by
the vector t. The chemical bonds are highlighted and defined by the vectors t,
t � a1,t � a2. The covalent bond strength g0 = hfB,0|Ĥ

(0)
e |fA,0i is represented. (b)

Other coupling parameters between different sites in the SWMC [70] TB model.

For the tight-binding model of graphene [71], the lattice vectors (see

Fig. 14a) read a1 = a
2 (

p
3, 1) and a2 = a

2 (
p

3, �1) in real space and b1 =
2pp

3a
(1,

p
3) and b2 = 2pp

3a
(1, �

p
3) in reciprocal space. Here, a =

p
3dcc with

dcc = 1.42Å the carbon-carbon distance. There are two carbon atoms in the

unit cell such that the first one (site A) is placed at the origin and the second

(site B) at a vector t = (a1 + a2)/3 from it. The Hamiltonian is limited to

nearest-neighbor (NN) interactions. It reads

Ĥ(0)
e = �g0 Â

k
Â

k0 p02NN(k)

|fk,0ihfk0 ,p0 |,

where |fk,pi = |f(r � tkp, z � zk)i and g0 is the NN covalent bond strength.

We project Schrödinger’s equation Ĥ(0)
e |ynki = enk|ynki on |fA,0i and |fB,0i



5.2 tight-binding models 54

— where |ynki is defined in Eq. 104 — to obtain the coefficients dk
nk for

k = A, B. We obtain, with f (k) = 1 + e�ika1 + e�ika2 ,

8
><

>:

�g0 f (k)dB
nk = enkdA

nk

�g0 f ⇤(k)dA
nk = enkdB

nk

. (120)

With qk = arg f (k), Eq. 120 gives dB
nk = ±e�iqk dA

nk. Moreover, the normal-

ization condition for the wavefunction leads to dA
nk = 1/

p
2. Therefore, we

label the two energy bands with the index n = ±1 and write dB
nk = ne�iqk dA

nk.

The wavefunction reads

ynk(x) =
1p
Np

Â
kp

eikRp
⇣

f(r � Rp, z) + ne�iqk f(r � t � Rp, z)
⌘

, (121)

where f(x) = k5/2
c z

p
32p

e�
kc |x|

2 is the pz carbon orbital with kc = 3.18/a0 [72] —

a0 is the Bohr radius.

Having obtained the coefficients dk
nk, we reinsert them in Eq. 120 to find

the eigenenergies enk = ng0| f (k)|. Filling the bands of graphene with the

two available electrons means that the n = �1 band is occupied but not the

n = +1, at T = 0 K. The Fermi level, in an undoped situation, is therefore

at the top of the valence band. This is also the bottom of the conduction

band (where | f (k)| = 0). This condition is fulfilled in two special points

K = (b1 � b2)/3 and K0. Ignoring the differences between the two valleys,

we scrutinize the energy bands near K, for k = K + dk.

After some straightforward algebra, we find | f (k)| '
p

3a|dk|/2 for

|dk| ⌧ |K|. This conical behavior of the energy bands is responsible for the

semimetallic properties of graphene. Reducing the tight-binding model to

the linear behavior near the independent K and K0 points is called the Dirac

approximation. This approximation is excellent for computing the response

function of graphene ce, even at large wavevector — i.e., for |q|⇠ 1/a [73].

Therefore, in the following, we introduce the Fermi velocity vF =
p

3ag0/2h̄

and write the eigenstates1

enk ' nh̄vF|k � K| for |k � K| ⌧ 1/a. (122)

We now search for the Coulomb potential coupling matrix element be-

tween different electronic states. It is defined in Eq. 105 and Eq. 106 and reads

l
nµ
kk+q(z) = U0(z)

2

⇣
1 + nµe�i(qk+q�qk)

⌘
with U0(z) '

k3
c z2

16

⇣
1 + kc|z|

⌘
e�kc|z|

that is valid for q ⌧ kc. In this work, we may invoke the argument of the

small spatial extent of the carbon pz orbital — i.e. kca0 = 3.18 — to make
1 It is also valid near K0.
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the 2D approximation using
´ +•
�• dzU0(z) = 1 or even U0(z) ' d(z). In

those cases, we may use l
nµ
kk+q =

´
dzl

nµ
kk+q(z) such as the coupling matrix

element squared reads

|l
nµ
kk+q|

2 =
1
2

✓
1 + nµ

k · (k + q)
|k||k + q|

◆
. (123)

5.2.2 FLG

We use the Slonzcewski-Weiss-McClure (SWMC) model [70] to describe few-

layers graphene (FLG). Graphene layers, arranged in the Bernal stacking

(ABAB..), are separated by a distance c/2 = 3.35Å (see Fig. 14b). In the limit

of N ! •, it is graphite. The interaction between sites is truncated at the

first NN within the same layer and second NN between layers. The unit

cell contains 4 atoms situated at t0 = 0, t1 = t, t2 = �
c
2 ez, t3 = �t �

c
2 ez.

The primitive pattern includes three graphene layers (ABA) — we thus use

t4 = �cez and t5 = t � cez. The interaction parameters gi are indicated in

Figure 14, and their values are given in Table 4.

TB paramaters g0 g1 g2 g3 g4 g5 D

eV 3.16 0.39 �0.02 0.315 0.044 0.038 �0.008

Table 4: Tight-binding paramerters for the SWMC model of FLG [70].

The Hamiltonian, whose eigenvalues and eigenvectors are given by

Ĥ(0)
e |ynki = enk|ynki, is written in a matrix form. The primitive pattern

reads

Ĥ(0)
e (k) =

0

BBBBBBBBBB@

D f (k)g0 g1 f ⇤(k)g4 g5 0

f ⇤(k)g0 0 f ⇤(k)g4 f (k)g3 0 g2

g1 f (k)g4 D f ⇤(k)g0 g1 f (k)g4

f (k)g4 f ⇤(k)g3 f (k)g0 0 f (k)g4 f ⇤(k)g3

g5 0 g1 f ⇤(k)g4 D f (k)g0

0 g2 f ⇤(k)g4 f (k)g3 f ⇤(k)g0 0

1

CCCCCCCCCCA

(124)

and |ynki =
�
d0

nk, d1
nk, ..., d2N

nk
�

. It contains Nk = 2N lines and rows with N

the number of graphene layers. The band label index n runs from 1 to 2N.

The eigenenergies for an increasing number of layers are given in Fig. 15.

For graphene, Eq. 122 is verified and for N > 1, the angular dependency qk

can longer be ignored, and analytical results cannot be obtained even near

the K point.
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Figure 15: Evolution of the band structure near the K point for FLG. The number of
graphene layers N are stacked in the Bernal configuration (ABA...). For each band,
we represent Nqk = 20 angles for the same norm of k = |k|.

Given a wavevector q, we diagonolize Ĥ(0)
e for every couple (k, k + q) to

obtain the eigenenergies and eigenvectors required to calculate c̃
(0)
e in Eq.

116. We compute

c̃
(0)
e (k, k0) = �gsgv

ˆ kmax

0

dk
2p

k
ˆ 2p

0

dqk
2p Â

nµ
.... (125)

...(dk
µk+q)⇤dk

nk
nF(eµk+q) � nF(enk)

w + ih � (eµk+q � enk)
dk0

µk+q(dk0

nk)⇤,

where and gs = gv = 2 is the spin and valley degeneracy. Note that the

coefficients dk
nk are orthonormalized. Regarding the U matrix, we shall focus

on small wavevectors where q|t| ⌧ 2p and use the approximation U0(z) '

d(z). Therefore, with zk = c
2 bk/2c we read ṽe(k, k0) = 1

4pe0
2p
q e�q|zk�zk0 |. The

SRF — that does not depend on the angle of q — reads, using Eq. 119,

ge(q, w) = Âkk0 c̃e(k, k0)e�q(zk0+zk).

5.3 results

5.3.1 Numerical details

We use dk = 10�3/a and kmax = 1/a. The angular grid is composed of

Nqk = 20 angles. We fix h = 5meV. If analytic expressions are invoked

[74, 75], they are obtained in the T = 0 K limit. We verified that our code

reproduces the analytical results of graphene in this limit [74] and focus on

room temperature T = 300 K.
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5.3.2 Graphene

In this section, we qualitatively discuss the electronic properties of graphene

(N = 1) with the help of Fig. 16.

Fig. 16a shows ge(q) for intrinsic graphene at T = 0 K and T = 300

K, along with three curves of extrinsic graphene (EF 6= 0) at T = 0 K. The

constant black dashed curve shows that intrinsic graphene at T = 0 K acts

like a dielectric, that is ge(q) = 1 � 1/#e with #e the dielectric constant of the

material. Indeed, there is no free electrons for EF = 0 and T = 0K (see Fig.

15 for N = 1).
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Figure 16: Surface response function (SRF) of graphene ge(q, w). (a) Static SRF
ge(q) = ge(q, w = 0) of intrinsic graphene at T = 0K (black dashed curved), at
T = 300K (black curve) and for various doping level EF at T = 0K (dashed dotted
curve). Evolution of the (b) real and (c) imaginary part of ge(q, w) with wavevector
and temperature.

For T = 300 K, mobile charge carriers are present at the Fermi level

due to thermal smearing. Fig. 16a shows that graphene has a metallic

behavior — i.e., ge(q) ! 1 for q ! 0 — at this temperature. Can we define

an effective Fermi surface area at T = 0 K, that relates the properties of room

temperature graphene? Fig. 16a shows ge(q) for extrinsic graphene with

varying EF = h̄vFkF. We find that EF ' kBT ' 25 meV at T = 0 K roughly

mimics an effective electron concentration at T = 300 K for EF = 0. We could

therefore benefit from an analytical formula at T = 0 K.

Using the small spatial extent of the pz orbitals of graphene, we use the

2D approximation for graphene:

c
(0)
e (q, z, z0) ' d(z)d(z)

ˆ
dz
ˆ

dzc
(0)
e (q, z, z0) = d(z)d(z)c

(0)
e (q). (126)
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Using Eq. 126 and Eq. 113, an analytical formula exists for c
(0)
e (q, w) [74], at

T = 0 K. We provide the expression of c
(0)
e (q) in Eq. 345. Solving Eq. 114

and using Eq. 36, we obtain

ge(q, w)
2D
=

�c
(0)
e (q, w)/2e0q

1 � c
(0)
e (q, w)/2e0q

= 1 �
1

#e(q, w)
, (127)

Introducing the TF wavevector qTF = gsgvkF/4pe0h̄vF, and inserting Eq. 345

in Eq. 127, we obtain

ge(q < 2kF) =
qTF

q + qTF
ge(q & qTF) = 1 �

1
#e

(128)

with #e ' 1 + gsgv/32e0h̄vF ' 4.4. The form of ge(q < 2kF) is similar to the

one of a 2D TF metal — with #e(q) = 1 + qTF
q [76]. For EF = kBT, we can

keep in mind

qTFa ' 0.08 (129)

with a = 2.46Å. Eq. 128 shows the peculiar semi-metallic properties of

graphene. Depending on the external perturbation’s wavelength, it acts as a

metal or as an insulator. It is difficult to translate this behavior in real space.

This behavior can be traced back to the presence of the Dirac cones in the

zero-gap band structure of graphene2.

Turning to Fig. 16b, we scrutinize the dynamical SRF of graphene in the

low-frequency region 0 < h̄w < 200meV. Fig. 16b and Fig. 16c show that

ge(q, w) ' ge(q) for w < vFq. In fact, at T = 0 K, only interband transitions

can cancel out the denominator in Eq. 125 — for h̄w = e+k+q � e�k � vFq.

At room temperature, this strict condition is relaxed and dissipation occurs

even at low frequencies so that Imge(q, w) µ w with varying proportionality

coefficient that monotically decreases with increasing q.

5.3.3 FLG

Turning to the electronic properties of FLG with Fig. 18, we focus on

discussing the qualitative evolution of the SRF with N. Fig. 18 shows the

static SRF for N = 2 to N = 4, which quickly converges. Fig. 18 also shows

(i) the SRF of intrinsic graphene at T = 0 K with a dashed black line, and (ii)

the analytical SRF of bilayer graphene (BLG) [75] with a gray dashed line.
2 We note in passing that a recent study [77] has studied the water-graphene interface using the

perfect-metal or “mirror” approximation for graphene — i.e., ge(q) = 1. The approximation
seems drastic by looking at Eq. 128.
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Figure 17: Static SRF of FLG. The curves are shown for N = 2, 3, 4 and superimposes
with the latter for N � 4. The black (red) dashed line is the analytical model for
graphene [74] using EF = 0 and EF = (h̄vF)2m log 4. The grey dashed line is the BLG
model [78], ge(q) = qs

q+qs
.

The latter model considers a 2D material with two parabolic bands — i.e.,

enk = nh̄2k2/2m⇤ where m⇤ = g1/2v2
F. Within this model, the SRF reads

gBLG
e (q) =

qs
qs + q

, (130)

with qs = 4m⇤ log 4/4pe0, and is shown with a gray dashed line in Fig. 173.

We keep in mind:

qsa ' 0.8. (131)

The BLG model captures ge(q) for N � 2 and q ! 0. However, this result

is different from the one of graphene, even at room temperature (see Fig.

16a). The striking difference between graphene and FLG for q ! 0 can be

understood by comparing Eq. 129 and Eq. 131 — i.e., qs/qTF ' 10. The

limit q ! • for the SRF ge(q) of FLG has to be the one of graphene (N = 1)

because the RPA correction vanishes, and only the immediate vicinity of the

surface matters. The BLG model does not capture this crucial limit. However,

Fig. 17 shows that the SRF for N � 4 converges to ge(q) = 1 � 1/#e of

graphene. Therefore, to describe the static SRF of FLG shown in Fig. 17, we

suggest to use an effectively doped graphene layer, with qTF = qs at T = 0

K4. It ensures the correct limit for q ! 0 and q ! +• — see red dashed line

in Fig. 17.

Turning to the dynamical SRF of FLG, the complexity of eigenenergies

in Fig. 15 prevents us from gaining valuable analytical insights. Fig. 18a

and Fig. 18b warn us against naive arguments regarding the number of

available states in the low-energy region and the intensity of Imge(q, w). Fig.
3 It is therefore equivalent to the 2D TF metal with qTF = qs.
4 It corresponds to an effective doping level of Eeff

F = 0.27 eV.
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Figure 18: Surface response function ge(q, w) of FLG from N = 1 (graphene) to
N = 8. Evolution of the (a) real and (b) imaginary part of ge(q, w) with the number
of layers for qa = 0.01 at T = 300K. (c) Imge(q, w) for qa = 0.1 and increasing number
of layers.

18c shows the convergence with N, for qa = 0.1. We will therefore use raw

numerical values if we use the dynamical SRF of FLG.
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6
I O N I C P O T E N T I A L O F M E A N F O R C E AT I N T E R FA C E S

The presence of charges in a wet nanometric channel constituted of graphene

sheets leads to exotic ionic behaviors [4, 79, 80, 81]. They are at the cor-

nerstone of energy storage applications [82] and blue energy harvesting [8].

Although experimental data [83, 84] regarding specific graphene-ion interac-

tions in water are still few, the limits of MM to describe those interfaces have

been established [85], and the need to describe the system with the same

rigor as metal/liquid interfaces [27] has been acknowledged. State-of-the-art

quantum calculations combined with solvation codes [86, 87, 88] and even

fully explicit AIMD methods [22, 24] have been carried out very recently,

but their computational cost remains prohibitive for systematic investiga-

tions. On the other hand, although recent semi-classical numerical studies –

mimicking the behavior of electrons classically — have described graphene

using a perfect metal [77], a TF [30, 89], and an all-atomistic polarizable force

field [85, 90] model, they still ignore the peculiar semimetallic band struc-

ture of graphene and resort to ad hoc surface polarization models. Lastly,

analytical approaches such as continuum electrostatics [33, 60] evaluate the

well-known attractive “image-charge” electrostatic potential in a dielectric

medium. Spatial correlations of both the fluid and the metal can a priori be

included [17, 18, 19, 80] to investigate microscopic effects. However, in our

view, this method1 has not widely been used because of three reasons:

• It uses the phenomenological “specular reflection approximation” (SRA)

that lacks physical grounds.

• The self-consistent electrostatic problem is not addressed — i.e. liquid

does not “see” the metal and vice-versa.

• It cannot be used for some media, such as water — i.e., the potential

diverges.

To our knowledge, the last limit has not been pointed out in the literature.

We first prove this statement. Then, we suggest a new method to find the

potential of an ion at a metal/dielectric interface by deriving a Hedin’s-like

equation thanks to our work in part i. We apply this method to find the
1 Other approximations were initially suggested [91], but they consist of cruder approximations

that are not satisfactory from a conceptual point of view (such as the dielectric response of a
slab identical to the one of the bulk medium). It also appears that only the SRA has traveled
“through the ages” [19, 80].

62
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PMF of ions in a nanometric channel made of two graphene sheets filled

with water and finally conclude on the limits of the TF model to describe

graphene.

6.1 limits of existing approaches

6.1.1 The specular reflection approximation (SRA)

The SRA was first introduced to address the anomalous skin effects on

metallic surfaces [92]. The idea is to express the non-local dielectric tensor

of the semi-infinite medium in terms of the same quantity for the infinite

medium. It gives up on the possibility of changing the response function of,

e.g., the liquid, depending on the nature of the solid. It also considers that

the medium terminates abruptly at the interface in z = 0. In the standard

approch, the constitutive relation (Eq. 264) is fed with the specific dielectric

tensor # shown in Eq. 93. Let us consider a single semi-infinite medium in

the lower half-space. The dielectric tensor reads:

#? (r, z1, z2) = #? (r, |z1 � z2|) � #? (r, z1 + z2)

#k (r, z1, z2) = #k (r, |z1 � z2|) + #k (r, z1 + z2)
(132)

for z1, z2  0, where ? stands for the direction normal to the interface. Here

the dielectric function on the right-hand side is the bulk one. Eq. 132 is not

physically transparent because it is a phenomenological ansatz. Nevertheless,

it has the advantage of being correct in the long-wavelength limit [93] and

the electrostatic problem can be solved using the cosine convolution theorem

with the appropriate boundary conditions [17].

In the following, we solve the electrostatic problem under the SRA, using

Green’s functions. We do not resort to Eq. 132, but obtain identical results.

We believe our original approach is physically more transparent, facilitating

the understanding of the SRA’s limits.

6.1.2 The Green’s function of the semi-infinite medium

We look for the Green’s function w of a generic semi-infinite medium situated

in the lower half-space z  0, such as the one defined in Eq. 33. The medium

terminates abruptly in z = 0, the upper-half space is a vacuum. For a point

charge in the medium, z0  0, the electrostatic potential seen from outside in

z � 0 can be written2

2 We omit the index q is this section.
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w(z, z0) = e�qzw(0, z0) z � 0, z0
 0. (133)

Identically, in the opposite case of a point charge outside the medium, we

have

w(z, z0) = w(z, 0)e�qz0

z  0, z0
� 0, (134)

which is also obtained considering the symmetry w(z, z0) = w(z0, z) of the

Green’s function [33]. The case z, z0 � 0 is given in Eq. 35. It reads

g(q) = �
Dw(0, 0)
v(0, 0)

(135)

with Dw = w � v. By continuity of w, Eq. 133, Eq. 134, and Eq. 135 are

obtained once the case z, z0  0 is dealt with. We now tackle this case.
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Figure 19: Illustration of the physical assumptions underlying the SRA. The corre-
sponding equations for the first line are Eq. 136 (left) and Eq. 137 (right). External
sources are in red and the zone at which the electrostatic potential is evaluated are in
bright blue.

The gist of the idea is presented with the help of Fig. 19. We consider

an infinite water medium with two test charges symmetrically placed in z0

and �z0 for a fictitious interface in z = 0. The system can also be considered

as two semi-infinite media in contact. We introduce the Green’s function of

the infinite system w•(z, z0) = w•(|z � z0|) that we consider to be known.

We express the electrostatic potential f(z) stemming from the two charges

in a point z  0, using two different ways. The simplest way is to use the

linearity of Poisson’s equation and superpose the external perturbations (see

Fig 19 upper-left cartoon), that is

f(z) = w•(z, z0) + w•(z, �z0). (136)
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The second way consists in adopting the two semi-infinite media picture.

We focus on the one in the lower half-space because we are looking for

its Green’s function — that is w(z, z0) for z, z0  0. First, we separate the

screening contribution of the lower semi-infinite medium to the point charge

in z0 from the remaining contribution, that is f(z) = w(z, z0) + .... What is

missing?

Using Eq. 134 and the insights in Box 3, we can consider that the lower-

half medium reacts to a surface charge density applied by the upper-half

medium, that is f(z) = w(z, z0) + w(z, 0) ⇥ surface charge. From which

external source does this surface charge exists? It is from the charge in �z0

that is screened by the infinite medium (see second line of Fig. 19) — and not

only the upper-half one. Therefore, (see also Fig 19 second cartoon), we read

f(z) = w(z, z0) + w(z, 0)
w•(0, �z0)

v(0, 0)
. (137)

We divided by the bare Coulomb potential to obtain the surface charge

instead of the screened potential at the interface. Equating Eq. 136 and

Eq. 137 and evaluating in z0 = 0 allows to solve the equation for w(z, 0).

Reinjecting into Eq. 137 and equating once again gives

w(z, z0) = w•(z, z0) + w•(z, �z0) �
2w•(z, 0)w•(0, �z0)

v(0, 0) + w•(0, 0)
z, z0

 0 (138)

which is the main result of this paragraph. Eq. 138 is obtained in [17] if one

solves the (difficult) non-local electrostatic problem, using the dielectric tensor

given in Eq. 132. Our approach reveals the implicit physical assumptions

that are made using Eq. 132 and sheds light upon this approach.

6.1.3 Limits of the SRA

Opening the black box in Eq. 132 also helps to understand why it does not

work for a case of study, water. First, we precise the expression of w•. It is

obtained with Eq. 33, replacing the response function of the semi-infinite

medium c(z, z0) by the one of the infinite medium c•(|z � z0|). It gives,

w•(z, z0) = v(z, z0) +
ˆ +•

�•

dqz
2p

v(k)c(k)v(k)e�iqz(z�z0) (139)

= v(z, z0) � v(0, 0)c̄•(q, |z � z0
|) (140)

with
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c̄•(q, z) =
2
p

ˆ +•

0

dqzqc̄(k)
q2 + q2

z
cos(qzz). (141)

For completeness, we give the expression of the SRF in Eq. 35 that reads

g(q) =
c̄•(q)

2 � c̄•(q)
, (142)

where c̄•(q) = c̄•(q, z = 0). Using Eq. 138, we find that

SRA can be used , 8 q, c̄•(q) < 2 (143)
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Figure 20: Computation of c̄•(q) for SPC/E water. For z = 0, Eq. 141 is transformed
into Eq. 80 and computed for SPC/E water direclty from an MD simulation as a
correlation function (see details in 3.1.1). The condition 8 q, c̄•

w(q, 0) < 2 is not met.
We add the specific LG fit with (a, l) = (0.9989, 0.35Å).

How to test Eq. 143? The integral in Eq. 141 does not behave nicely for

q ! 0; numerical integration starting from a model of c̄(k) is adventurous.

We find that c̄•(q) can be expressed as a correlation function and directly

computed in a MM simulation of bulk SPC/E water molecules. The correla-

tion function and the numerical details are given in 3.1.1 and specifically in

Eq. 80 which is obtained from Eq. 141. The results are reported in Fig. 20.

We observe that c̄•
w(q) > 2 for a large range of wavevectors: the SRA cannot

be used for SPC/E water. Using the experimental spectra [63] for c̄(k) as

input of Eq. 141 leads to the same conclusion.

What is the reason for that? From Eq. 141, we find that c̄(k) needs to be

larger than 2 for a “large” range of wavevectors. This means that the bulk

medium is able to largely over-screen an external response on large range of

wavevectors. We can write

8 k, c̄(k) < 2 ) SRA can be used. (144)

Eq. 144 means that the overscreening condition (i.e. c̄(k) > 1) is not sufficient

to prevent the use of the SRA. This divergence can be traced back to the
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self-consistent Eq 137. When the ions in z0 and �z0 come close the interface

z0 ! 0, Eq. 136 states that the potential on the infinite system is the one of a

point charge with a partial charge multiplied by 2 — i.e. f(z) = 2w•(z, 0)

—, regardless of the value of c̄•(q). In contrast, Eq. 137 states that it is zero

if c̄•(q) = 2 because we subsequently consider the overscreening of the two

semi-infinite media.
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Figure 21: Limits of the specular reflection approximation. (a) (b) Bulk Landau-
Ginzburg susceptibility c̄w(k) for various a. (b) Landau-Ginzburg susceptibility
c̄•

w(q) for various a. Note that c̄w(0) = c̄•
w(0) = 1 � 1/#w with #w = 71.

To find a versatile result regarding the limits of the SRA, we adopt a

Landau-Ginzburg model [94] to build c̄(k) for a dielectric medium and com-

pute Eq. 141 analytically. We use a model that encompasses overscreening

[65]. The susceptibility reads3:

c̄w(k)
c̄w(0)

=
1

1 � 2a2l2k2 + l4k4 . (145)

The characteristic length l gives the position of the maximum of c̄(k) and

a < 1 gives the intensity of the peak (see Fig 21a). Eq. 145 only depends on

lk so that we can find a condition for the SRA’s validity independent of l.

We express the condition in Eq. 143 as a condition on a. Inserting Eq. 145

in Eq. 141, we compute the integral analytically in Appendix F.1. The result

for c̄•(q) is provided in Eq. 348 and shown Fig. 21b. To linear order in q,

we find

c̄•
w(q)

c̄•
w(0)

= 1 +
lq

2
p

1 � a
+ O(l2q2). (146)

We need 1 � a ⌧ 1 to make c̄•(q) > 2. Using Fig. 21, we find

SRA can be used , a . 0.93. (147)
3 The LG Hamiltonian of the microscopic polarization reads: H [P] =

1
2e0

´
dx
h
rP2 � K2 (r · P)2 + p4 (r (r · P))2

i
. We have used a = Kp

2p
c̄1/4

w (0) and l = pc̄1/4
w (0)

and c̄w(0) = 1/(1 + r).
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For water, the result of c̄•
w(q) computed in MM is fitted with the two-

parameters LG model (see Eq. 145). We find an excellent agreement for

a = 0.9989 and l�1 = qw = 2.86Å�1 as long as ql < 1 (see Fig. 7c).

Having established the limits of the SRA, we now overcome them using

the tools developped in part i.

6.2 self-consistent hedin’s-like equations

Hedin proposed [95] an approach to tackle the electron-phonon problem

by obtaining a well-known set of self-consistent equations. We have seen

in part i how to represent a classical polar liquid by a bosonic operator in

the quantum field framework. Therefore, we obtain the same equations for

the metal/liquid interface problem. We focus on the screened potential w

in the following. We ignore some corrections that are present in Hedin’s

framework (self-energy and vertex corrections) for simplicity, but they can be

incorporated as well (see e.g., chapter 7). A rigorous mathematical derivation

can be found in the original article [95] or more recently in [96].

We follow the rules fixed in 2.3.3 for enumerating diagrams. In practice,

our approach consists of writing diagrams by hand and finding ways to

express them in a compact form. The physical relevant insights only come a

posteriori. The automaticity of the approach is a significant advantage of the

diagrammatic approach. We do not detail the steps in obtaining Eq. 149 as

they result from systematic computations using the rules in 2.3.3. Note that

adding phonons can be done easily following the same scheme4.

6.2.1 Green’s function at interfaces

There are two convenient ways of organizing diagrams when treating elec-

trons and liquid molecules. Here, we chose to separate the contribution of

the liquid because it will be relevant to understand the different contributions

to a PMF5.

The Green’s function of the liquid slab ww is given in Eq. 14. The response

function of electrons c
(0)
e can now be renormalized at the mean field level —

see Eq. 11. However, the electrons now interact via the Coulomb potential
4 For n elements, it adds up in enumerating all paths on a complete looped graph with n vertices.

Surprisingly, we did not find this remark in the literature, maybe because those graphs represent
complex equations making the cases n � 3 already too complicated if we think about the
physical aspect. However, encompassing an entire graph in the form of Eq.149, that is in terms
of its “renormalized” vertices, could be very convenient for some fields outside many-particle
physics... work in progress.

5 We use the other “smart” way of organizing the diagrams in the next chapter.
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screened by water so that vinter = ww. This means that we need to introduce

the in situ response function of electrons c(w)
e that reads

+
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All diagrams starting and ending with the Coulomb “leg” v are contained by

expressing w as follows
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.

(149)

.

6.2.2 Special case of the slit geometry

Until now, our work does not depend on geometry. If the system has one

interface, Eq. 149 can be written in terms of the well-identified response

function c(w)
e . In contrast, when two interfaces are present, c(w)

e is the

response function for the whole electronic part, the two metals with a channel

filled with the liquid in between. We understand it is a poor choice because

computing the response function of “two metallic plates separated by a water

slab of length L” is tedious. It is simpler to decompose it in terms of the

non-interacting response function of the two metals, taken separately with

some adequate renormalizations.

Naively, we would like to split the electronic response into two parts, one

for the electrons at the bottom # of the channel and one for the electrons at

the top " that is

=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit>

=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit>

=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit>

=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit>

+
<latexit sha1_base64="DkcjwFPDjDv1b+vSYlzSwQZrlNY="></latexit>

=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit> +
<latexit sha1_base64="DkcjwFPDjDv1b+vSYlzSwQZrlNY="></latexit>

+
<latexit sha1_base64="DkcjwFPDjDv1b+vSYlzSwQZrlNY="></latexit>

+
<latexit sha1_base64="DkcjwFPDjDv1b+vSYlzSwQZrlNY="></latexit>

W W W+
<latexit sha1_base64="DkcjwFPDjDv1b+vSYlzSwQZrlNY="></latexit>

W W W

W W W W

=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit> +
<latexit sha1_base64="DkcjwFPDjDv1b+vSYlzSwQZrlNY="></latexit>

W W W W

w W W W W

, (150)

where the diagrams on the right-hand side are the renormalized response

functions for the metal in z  0 (bottom, #) and at z � L (top, "). The

diagram on the left-hand side is our first guess. The correct result is not

that simple because we neglected cross-correlations. Indeed, according to

the aforementioned rules, we miss some diagrams in w and need to combine

top and bottom response functions in all possible ways. We can separate all
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combinations into four categories depending on their first and last diagram

("","#, #", ##). The task is easier if we introduce the cross-correlation
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and its mean-field renormalized analogue
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This gives the first two independent integral equations (Eq. 152 can also be

written for "#) and the remaining two read
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— and the same for "". Assembling the four categories gives the response

function that we look for and
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.

(154)

It can be checked that if L ! •, the cross-susceptibilities are 0 and our guess

is correct — i.e., Eq. 154 and Eq. 150 are equal.

6.3 coupled interactions at ionic graphene/water interface

In this section, we use the results of section 6.2, the microscopic water model

developed in chapter 4, and the graphene SRF obtained in chapter 5, to study

the PMF of an ion in a nanometric slab of water — of length L — confined

between two graphene sheets.
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6.3.1 Potential of mean force (PMF)

The Coulomb free energy of the interfacial graphene/water system, when a

spherical test charge next(x) = ±d(b � |x � z0ez|)/4pb2 of radius b is placed

in the channel reads[33]

F(z0) =
1
2

¨
dxdx0next(x)Dw(x, x0)next(x0), (155)

where Dw = w � v and w is the Green’s function of the interfacial system.

We define the PMF as DF(z) = F(z) � F(L/2). To gain insights into the

water and electronic contributions to the PMF, we can further decompose

the free energy contribution into two terms: F = Fe + Fw, where Fw solely

contains the contribution of water as in an air/water interface replacing w

by ww in Eq. 155.
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Figure 22: (a) Computed Feynman diagrams included in the Green’s functions for
various approximations. The colors of w match the one of curves in Fig. 23. The
dashed line represents the Coulomb potential. The hatched bubble diagram depicts
ce. (b) Schematic illustration of the screening in the different cases (see text for
interpretation).

We gradually introduce coupled interactions in three steps labeled uncou-

pled, semi-coupled and fully-coupled to build w from the knowledge of ce

and cw. Fig. 22 reports the computed Feynman diagrams and the sketched

coupling scenarios. First, we consider the uncoupled case, where water and

graphene are blind to each other such that w is separable:

wuncoupled = ww + v ⇤ ce ⇤ v. (156)

Second, we consider the semi-coupled scenario where the polarization charge

on the graphene surface results from the potential exerted by the ion and

surrounding water molecules. It is the sum of the bare ionic potential and
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the one induced by the solvating structure of dipoles, that is, the screened

potential that is obtained by the water slab Green’s function ww and therefore

wsemi-coupled = ww + ww ⇤ ce ⇤ ww. (157)

It is equivalent to an interfacial semi-classical simulation adding a self-

consistent optimization of the surface polarization at each time step, taking

into account fixed — and equal to their values in the vacuum — site-site

interactions of the atomistic model of the metal. Finally, the last fully-coupled

case unveils the presence of the polar liquid for electrons of the solid. At the

mean-field level, electron-electron interactions are effectively modified due

to the presence of water. We introduce the in situ response function of the

metal c
(w)
e , which is built from Eq. 11 with vinter = ww. The most refined

Green’s function systems therefore reads

wfully-coupled = ww + ww ⇤ c
(w)
e ⇤ ww. (158)

With the different w expressions for the uncoupled, semi-coupled and

fully-coupled cases respectively, three different PMFs can be computed using

Eq. 155. Note that the double integration of Eq. 155 is made in Fourier space

and by matrix multiplication6. The (i, j)th element of the matrix M[zi, z0

j]

is given by the function m(q, zi, z0

j). We obtain ww = v + vcwv in a matrix

form, as detailed in chapter 4. For the smoothed step function model of

n0(z), we use s0 = 0.3Å and d0 = 1.3Å(= dWerder), as discussed in 4.2.1. For

graphene (see chapter 5), we use the 2D approximation — see Eq. 126— and

the analytic form of c
(0)
e at T = 0 K — see Eq. 345 — with an effective Fermi

level of EF = 25 meV to take into account temperature. We find a negligible

impact of EF on the PMF. Refinements due to long-range graphene-graphene

interactions are detailed in appendix F.2. We converge the PMFs for L ! +•

and use L = 6nm.

6.3.2 Comparison with AIMD simulations

Fig. 23a displays the resulting different computed profiles for DF for one

single positive charge of radius b = 2 Å, together with a reference curve

computed recently from an AIMD study for K+ solvated in a 2nm thick

water slab on graphene [24]. For sake of comparison, we shift the ab initio

6 Using Next[z] = J0(q
p

b2 + (z � z0)2)/2b with J0 being the zeroth order Bessel function, we
compute F(z0) = 1

2
´ +•

0
dq
2p q

⇥
N†

ext(W � V)Next
⇤
(q), for the three Green’s functions, in log-log

space using q = eyEF/vF , y 2 [�1, 8] and Ny = 100 for convergence. Note that V[z, z0] =

e�q|z�z0 |/2e0q.
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Figure 23: (a) PMF of K+ at the graphene-water interface. We model K+ by a sphere
a radius b = 2Å and compare our results with ab initio simulation results [24]. The
right side of the ab initio data depicts the part of the PMF that is repulsive for K+

due to the presence of the hidden air interface at z ' 1.8 nm [97]. (b) Detailed
contributions to the PMF from water (b1) and from graphene (b2) with varying ionic
radius. The ionic center is placed at increasing altitude x = (0, 0, z + b) for increasing
radius. (b3) Comparative PMF for three alkali ions. The PMF for Li+ (resp. Cs+) is
obtained using b = 1Å (resp. b = 3Å).

PMF such that it is vanishing in the middle of the water slab, for z around 1

nm (black dots, Fig. 23a). The water contribution DFw shows the expected

repulsive behaviour of the ion at an air/interface (blue curve, Fig. 23a).

Concerning the graphene/water interface, the uncoupled PMF profile

(red curve, Fig. 23a) is strongly attractive and presents oscillations with small

amplitudes near the surface stemming from the non-local dielectric response

of water that is crucial at interfaces.

Indeed, by taking the long-wavelength limit for the description of water

henceforth solely described by its dielectric constant #w, we can confirm the

large magnitude of the error on the PMF near the surface. For an infinite

channel height L ! •, we have

ww(q, z = 0, z = 0) =
1 � gw(q)

2e0q
, (159)

where gw(q) is the SRF of water as defined in Eq. 36. Taking the long-

wavelenght limit for gw(q) (see Eq. 41), we obtain that Eq. 159 is the

Coulomb potential attenuated by a factor #⇤
w = (#w + 1)/2. Moreover, using

Eq. 158, we obtain

w(q, z, z0) = ww(q, z, z0) + ww(q, z, 0)c
(w)
e (q)ww(q, 0, z0). (160)
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Close to the surface, for z ' z0 ' 0, if we take the long-wavelength limit

according of Eq. 159, the second electronic term on the r.h.s. of Eq. 160 is

reduced by a factor a roughly (#⇤
w)2 ' 1600, as first noticed in [18].

The uncoupled PMF deviates a lot from the ab initio plot. Interestingly,

this strong difference quantifies the large error which is made in MM simula-

tions when the same pairwise ion-carbon potential is used in vacuum and in

water [85].

Moving to the semi-coupled PMF profile (orange curve, Fig. 23a), its

energy position is shifted to positive values fingerprinting a long-range repul-

sion and a net reduction of the graphene-ion interaction due to surrounding

water molecules. This effect has been already observed in semi-classical

simulations [77, 85, 98] using ad hoc surface polarization models. The ionic

potential attenuation due to water molecules, evaluated by detailing the

electronic contribution in appendix F.3, is in very good agreement with the

results of [85].

Finally, the fully-coupled PMF curve (green curve in Fig. 23a) reveals a

re-amplification of the wall-ion attraction by several thermal energy units and

matches almost quantitatively the ab initio PMF. It is the key finding of our

approach. The nice agreement suggests that our semi-analytical approach

incorporating electrostatics in a self-consistent way can reproduce some key

features of the state-of-art reference PMF like the position and amplitude of

the three local minima. The origin of the oscillations will be associated later

with the hydration shells of the cation.

To qualitatively rationalize the stabilizing effect in the fully-coupled

case, we first need to picture a metallic sheet with independent electrons

— responding with c
(0)
e . The unphysical absence of repulsive interaction

between charge carriers makes them accumulate to one point to screen the

ionic potential. Thanks to electron-electron interactions, a finite polarization

charge can accumulate on the surface, as shown by the uncoupled case

cartoon in Fig. 22b. Water molecules screen the ionic potential and reduce

the polarization charge (semi-coupled case Fig. 22b). However, in the last

fully-coupled case, water’s presence effectively reduces electron-electron

interactions — by roughly a factor of #⇤
w for far apart electrons, as shown in

Eq. 159. As a result, the polarization charge gets re-amplified, and so does

the surface-ion screened potential.

6.3.3 Alkali series

We now investigate the variations of the PMF with the ionic radius b. We first

explore a vast continuous range of radii to qualitatively understand its role
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on water DFw and surface DFe contributions to the PMF. Then, considering

that b = 2 Å accurately describes K+, we highlight the adsorption profiles of

a smaller and a larger cation, that is for Li+ using b = 1 Å and Cs+ using

b = 3 Å. Fig. 23b1 shows that water repels more strongly smaller ions from

the interface. It can be understood by considering the hydrated radius of

the cations that is inversely proportional to the ionic radius [99]. Coming

from the bulk, Li+is the first to break its solvation shell. Fig. 23b2 compares

the non-monotonic surface contribution DFe for the series of ions, which

center is shifted so that the available space for water molecules between

ion and surface is equal for each ion. We link the increasing attraction for

smaller radii to the ordering degree of the hydration shells. In the limit of

poorly structured hydration shells – e.g. for Cs+– we find the monotonic

surface-ion potential of an attenuated charge in a vacuum. The opposite limit

is a point charge with three highly ordered hydration shells. It gives rise to

three special places where ice-like water, with low permittivity, is practically

transparent to the potential stemming from the polarization charge on the

graphene surface. Summing both contributions in Fig. 23b3 for three cations

in the alkali series leads to complex profiles that cannot be easily rationalized.

However, we observe that for increasing radius, the three local minima are

stabilized and shifted away from the surface, which is in agreement with

capacitance experiments [84] and recent quantum simulations [87].

6.3.4 On the Thomas-Fermi modeling of graphene

The change of the surface’s screening properties in the dielectric medium

has been systematically ignored in previous analytical studies because they

did not tackle the microscopic problem. For the case of graphene, we have

shown that it is a crucial phenomenon captured thanks to considering a

relatively accurate description of the collective properties of electrons and

water. It raises the question of whether the electronic/dipolar coupling at

the graphene/water interface can be captured with a metal/water — and

not semi-metal/water — modeling of the interface. To answer this question,

we model graphene as a two-dimensional TF metal and try to obtain similar

PMFs.

Gaining insights analytically to grasp the eventual differences between the

metallic and semi-metallic structures, we introduce the fictitious system that

describes a point charge b ! 0 in a vacuum (L ! •) above the “fictitiously

solvated” graphene sheet. It amounts to considering the system described

by the Green’s function wfictitious = v + v ⇤ c
(w)
e ⇤ v. We denote by DF(fic)

e the
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surface contribution to the PMF of the fictitious system, and using Eq. 160

we obtain

DF(fic)
e (z0) = �

1
4pe0

ˆ +•

0
dqg(w)

e (q)e�2qz0 , (161)

where g(w)
e (q) = �c

(w)
e (q)/2qe0. DF(vac)

e is the similar quantity for the

analog real system that considers an unsolvated graphene sheet — i.e., ge

instead of g(w)
e in Eq. 161. We have introduced the SRF of the metallic

medium ge(q), its renormalized analog7

g(w)
e (q) =

ge(q)
1 � gw(q)ge(q)

, (162)

and therefore the one of the polar liquid gw(q) — see Eq. 86 with d = d0.

Eq. 161 reveals that |DF(fic)
e | > |DF(vac)

e | because the denominator of Eq. 162

can be expressed as an infinite sum of contributions that adds to DF(vac)
e .

Those successive powers of gw(q)ge(q) corresponds to an infinite number

of convolutions between response functions of the liquid and graphene and

therefore depends on the (semi-)metal/liquid couple. It can be understood as

a mutual screening process: the polarization charge on the surface is screened

by water molecules so the former is magnified and the latter readapt, etc.

The difference between the SRF of graphene (Eq. 127) and the one of a 2D

TF metal — i.e., ge(q) = qTF/(q + qTF) — such as BLG, have been detailed

in chapter 5. We compare those two cases in the following (respectively

denoted G and TF). However, we use two values for qTF. The case TF(G) uses

qTF from Eq. 129 and the case TF(BLG) uses qTF = qs from Eq. 131.
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Figure 24: Role of the surface polarization model of graphene on the ionic PMF. (a)
PMF for G (plain lines), TF(G) (dashed lines) and TF(BLG) (dashed dotted lines). The
ion is in a vacuum (blue) and in the fictitious system (orange) (b) Product of SRFs
ge(q)gw(q).

7 It can be obtained with Eq. 148 for a 2D metal. In fact this is valid for a 3D metal as well (see
next chapter).



6.3 coupled interactions at ionic graphene/water interface 77

Fig. 24a shows DF(fic)
e and DF(vac)

e for the three cases. Unsurprisingly,

we find that even in the vacuum, TF(G) does not correctly describe ion

adsorption. However, a routine procedure of semi-classical simulations is

first to fit parameters for the ion-metal potential in vacuum against results

from quantum calculations. Here, this amounts to considering the TF(BLG)

case in Fig. 24a, where we have tuned qTF = qs to reproduce the amplitude

of the graphene-ion interaction in a vacuum near the surface. Turning to

the fictitious system, Fig. 24a shows that DF(fic)
e is largely overestimated. We

conclude that describing the ion-graphene potential near the surface both in

a vacuum and in water using the same TF model is impossible.

We trace back this observation in the quantity gw(q)ge(q), that Eq. 161

and Eq. 162 prompt us to scrutinize. Fig. 24b shows this product for the

three models. It points to the fact as long as 2qTFd0 < 1, a metal will mainly

“see” the polar liquid’s macroscopic dielectric constant #w. For graphene,

in addition, the intermedium distance d gets imprinted in the solvated SRF

g(w)
e (q), albeit the length scale decoupling 2qTFd ⌧ 1. It can be traced back

to the semi-metallicity of graphene, more precisely to the presence of the

Dirac cones in the zero-gap band structure of graphene. As a result, the

dielectric response of graphene cannot be easily isolated from its aqueous

environment, and the amplification of the surface-ion potential due to the

presence of water cannot be quantitatively evaluated using a metallic model

for graphene.

Conclusion

After highlighting the limits of current approaches, we built a self-consistent

theoretical framework that permits us to investigate ionic adsorption ana-

lytically at the graphene/water interface. By including graphene’s peculiar

semi-metallic band structure, building a microscopic model for interfacial

water, and considering the mutual screening of the two materials, we ob-

tained results that are in excellent agreement with expensive quantum free

energy perturbation methods at a negligible computational cost.

Our PMF predictions for the alkali series agree with experimental obser-

vations and permit us to distinguish the liquid water and graphene surface

contributions. Beyond the particular case of graphene, our study shows that

the attenuation of electron-electron interactions by the surrounding dielectric

medium plays an essential role in the adsorption of ions at the metallic

interfaces. It suggests that local models of surface polarization miss some

critical physical ingredients.
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For the particular case of graphene and water, the vacuum gap thickness

d changes the screening properties of graphene in constrat to a typical

metal with wavevector 2qTFd < 1. This phenomenon can only be correctly

apprehended if the semi-metallic properties of graphene are included, at

least by considering its band structure at the RPA level. We find impossible

to model graphene with a TF model that is valid both in water and vacuum.



7
B A N D G A P O F WAT E R - F I L L E D C A R B O N N A N O T U B E S

CNTs are promising materials for numerous applications ranging from

microelectronics [100, 101] to optical sensors [102] and solar cells [103]. Most

of these potentials can be traced back to the electronic properties [71] of

CNTs. Experimental and theoretical works are abundant because CNTs

are affordable and composed of carbon atoms only. As a key example,

theoretical predictions [104, 105] in the field of exciton photophysics [106]

need an accurate description of electron-electron interactions to correctly

evaluate the binding energies of these quasiparticles, measured in Raman

spectroscopy or fluorescence experiments [107, 108].

The strength of the interaction between charge carriers is crucial because

it defines the band-gap of the semiconducting CNT. To compute the band

gap value defined by a TB model of graphene combined with a zone-folding

approximation, the exchange and correlation electronic energy are estimated

via many-body calculations: the so-called GW scheme. In those carbon

structures, band-gap variations by a factor as significant as 200% are expected

[104] and observed [109], so they are, in fact, crucial.

In most applications, the dielectric environment of semiconducting CNTs

is not a vacuum. Its band-gap varies because the liquid or substrate addi-

tionally screens the Coulomb interaction between electrons. There has been

experimental evidences [110, 111, 112, 113] of the excitonic binding energy

redshift and theoretical explanation for the latter [114, 115, 116]. Neverthe-

less, state-of-the-art models [117] that fit experimental data [118] require the

introduction of an effective dielectric constant that depends on a prefactor,

the radius of the CNT, the exciton radius and three fitted exponents. It

leaves room for improvement, but the difficulty arises from the fact that only

exciton binding energies are easily accessible and do not depend only on

the electronic band gap. In a pioneer work, Ando [115] calls for a more

elaborated model:

“the sensitive dependence of the environment effect [...] makes

the dielectric continuum model marginally valid and may necessi-

tate more elaborate calculations explicitly including microscopic

structure of surrounding materials.”

We have developed a framework that includes the non-local behavior of the

liquid. Therefore, we focus on the crucial first step in evaluating excitons

79
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binding energies in the following: we express the band gap of a CNT

immersed in a liquid. It paves the way towards the precise evaluation of

band gaps, using adequate evaluation of SRFs. More generally, this work

gives an enriched description of surrounding liquids in solid-state condensed-

matter studies.

7.1 gw approximation and band gap of cnts

7.1.1 GW approximation

The single-particle Green’s function G follows the Dyson equation that reads

�
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(163)

where G(0) is the non-interacting Green’s function. Hedin [119] has given

a self-consistent expression of the self-energy as a functional the Green’s

function S [G]. However, in practice, a common approach is using the GW

approximation. It is known [120, 121] that the most straightforward G(0)w

approximation better evaluates the bang gap. In the following we therefore

compute

�
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. (164)

Note that the bended line is nothing but the screened potential w, as defined

in Eq. 149.

7.1.2 From graphene to CNTs

We first obtain S for graphene in the Matsubara framework (see appendix

G). Then, we make the zone-folding approximation (see appendix G.2) and

consider a CNT as a rolled graphene ribbon. We ignore the local curvature

of the carbon-carbon bonds. It is a very good approximation for CNTs with
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radii R � 2 nm [71]. We change our spatial notations (see appendix G.2). In

cylindrical coordinates, x = (r, j, z), The Fourier transform reads

f (r, z) =
ˆ L

0

ˆ 2p

0
djdy f (x)e�i(jl/R+pz); f (x) =

1
2pL Â

l,p
f (r, l, p)e+i(jl/R+pz)

(165)

where z = (l, p) refers to a wavevector that has continuous component p

along the translational vector T of the CNT — aligned with the CNT axis

of length L — and a component l/R along with the chiral vector C with

|C| = 2pR — with l being an integer. The wavefunctions ynz(x) of the CNT

have eigenenergies enz = nh̄vF
p

k2(l) + p2 with n = ±1, k(l) = (s/3 + l)/R

and s = ±1 for semiconducting CNTs (see Fig. 25a).

Green’s functions in Matsubara’s framework follow the Dyson equation

1
Gn(z, ikn)

=
1

G
(0)
n (z, ikn)

� Sn(z, ikn) (166)

with 1/G
(0)
n (z, ikn) = ikn � enz and where kn = p(2n + 1)kBT/h̄ are fermionic

frequencies. The RPA self-energy in the G(0)w approximation (see also

[104, 114, 115]) and at temperature T = 1/bkB reads

Sn(z0, ikn) =
�kBT
2pLy

Â
µz

Â
iWm

|l
nµ
z0,z0+z |

2
G

(0)
µ (z0 + z, ikn + iWm)w(z, iWm),

(167)

where w(z, iWm) = w(r = R, r0 = R, z, iWm) is the Fourier–transformed

screened Coulomb potential on the cylinder1. It is given by

w(z, iWm) =
ˆ +•

�•
dw

Imw(z, w)
w � iWm

. (168)

7.1.3 Electronic band gap

Sn contains a static exchange and a dynamical correlation term: Sn(ikn) =

SX
n + SC

n (ikn). We use v instead w(ikn) in Eq. 167 to obtain SX
n . The correla-

tion term is also split SC
n (ikn) = SC(static)

n + SC(dyn)
n (ikn). We use Dw instead

of w(ikn) in Eq. 167 to obtain SC(static)
n . According to [114], gathering all static

terms is enough to correctly evaluate the band gap. However, Ando a priori

excluded the fluid dynamics. It raises the question of whether non-adiabatic

1 Note that l
nµ
z0,z0+z =

´
dxy⇤

nz0
(x)yµz0+z (x)e�i(py+lj/R) in analogy to Eq. 106. We have used the

equivalent of the 2D approximation for the CNT (see appendix G.2).
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effects affect the electronic band gap of CNTs. One needs to compute all

terms to answer. After the Matsubara summation in Eq. 167, we obtain

Sn(z0, E) =
�1

2pLy
Â
µz

|l
nµ
z0z0+z |

2
ˆ +•

�•

dh̄w

p

⇥
nB(w) + nF(eµz0+z)

⇤
Imw(z, w)

h̄w � (eµz0+z � E) + ih
.

(169)

This is our most general result2. It can be computed once w(z, w) is obtained.

Following [114], we ignore the dynamics and evaluate the static terms.

The Matsubara summation in Eq. 167 leads to

SX
n (z0) + SC(static)

n (z0) =
�1

2pL Â
µz

|l
nµ
z0,z0+z |

2nF(eµz0+z)w(z). (170)

We insert the expression of |l
nµ
z0,z0+z |

2 from Eq. 1233. The band-gap reads

Eg = E(0)
g + DEg where the TB band gap reads E(0)

g = 2h̄vF/3R. After some

straighforward steps, using Eq. 170 to compute DEg = S+(z0) � S�(z0)

with z0 = (0, 0), leads to

DEg =
+•

Â
l=�•

ˆ +•

�•

dp
(2p)2

sk(l) tanh(
be+z

2 )
p

k(l)2 + p2
w(z). (171)

Eq. 171 diverges logarithmically with the cutoff: the width the graphene’s

Dirac cone. We follow the “trick” in [114]. We choose a radius-dependent

cutoff x0/R so that Eg/E(0)
g does not depend on R, at T = 0K. By restricting

their range of validity for R . 10nm, the results only slightly depend on x0
4.

7.2 screened coulomb potential

7.2.1 Isolating the electronic contribution

To obtain the screened static potential w, we can use Eq.149. However, and

this is a crucial advantage of our approach, there are 2 compact ways of
2 nB and nF are the Bose-Einstein and Fermi-Dirac distributions, respectively.
3 Adapted to the cylindrical, it reads |l

nµ
z0,z0+z |

2 = (1 + nµ z0 ·(z0+z)
|z||z+z0 |

)/2.
4 The idea is to be in the flat region of the logarithm while still keeping a physically relevant

cutoff. We use the cutoff function ha(x) =
xa

0
xa

0 +xa with x0 = 5 and a = 4 and compute

DEg =
1

2p Â
l

sk(l)
ˆ +•

0

dx
p

w(l, x|k(l)|)
p

1 + x2
ha(|k(l)|R

p
1 + x2). (172)

in log-log space, x = ey, y 2 [�10, log(8x0)] and Ny = 50.
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expressing w. In contrast to Eq. 149, we now highlight the electronic part

(recall the expression of we from Eq. 31). It gives
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where the liquid response function renormalized by the presence of the metal

c
(e)
w reads
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so that water molecules effectively interact with veff(e)
w
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7.2.2 A CNT in aa vacuum

We consider a CNT in a vacuum — i.e., w = we. In cylindrical coordinates,

the Coulomb potential reads[33]

v(r, r0, z) =
1
e0

Il(|p|r<)Kl(|p|r<), (176)

where Il and Kl are modified Bessel function of the first and second kind

respectively (of order l). Also r< = min(r, r0) and r> = max(r, r0). For

a given CNT of radius R, we note v(z) = Il(|p|R)Kl(|p|R)/e0. Writing

down Eq. 31 using the small spatial extent of the pz carbon orbitals reads

we(z) = v(z) + v(z)ce(z)v(z)5. We recover the relations between the re-

sponse functions in the 2D planar case:

we(z) =
v(z)
#e(z)

;
1

#e(z)
= 1 + v(z)ce(z); ge(z) = 1 �

1
#e(z)

. (178)

Within the RPA, #e(z) = 1 � v(z)c
(0)
e (z) where c

(0)
e (z) is defined like in Eq.

177. We do not resort to the zone-folding approximation for the response

5 We have used ce(r, r0, z) '
1

rr0 d(r � R)d(r0 � R)ce(z) and

ce(z) =
¨

dr1dr2r1r2ce(r1, r2, z). (177)
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function c
(0)
e (z), because it makes all CNTs semi-metallic6. We compute

c
(0)
e (z) following chapter 5. Adapting Eq. 113 to the static and cylindrical

case, we obtain

c
(0)
e (l, p) = �

gs
2p Â

s
Â
nµ

Â
m

ˆ +•

�•

dk
2p

|l
µn
z0+z,z0

|
2 nF(eµ(m+l,k+p)) � nF(en(m,k))

eµ(m+l,k+p) � en(m,k)
.

(180)

The sum over the s = ±1 symbol stems from the K and K0 contributions.
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Figure 25: Eigenenergies and static dielectric function of CNTs. (a) Eigenenergies of
a semiconducing CNT (s = +1) normalized by the band gap E(0)

g . (b) Evolution of
#e(l, p) with angular momentum l at T = 0 K (no radius dependency).

Fig. 25b shows the dielectric function #e(z), at T = 0K. It only depends

on pR and l. For l 6= 0, #e(l, p) ' #e(l, p ! 0). Acccordingly, a CNT

responds like a dielectric for an excitation along its circumference. The l = 0

term quantifies intraband and interband (between bands depicted with the

same color in Fig. 25a) transitions. For pR > 1, the finite band mass7 near

the K point is not seen and we recover the results of graphene. Using the

zone-folding approximation (see Eq. 179), we find #e(l = 0, p ! •) = #e,

for R ! •. For pR < 1, at T = 0 K, intraband transitions are suppressed
6 Even if we do not resort to this approximation, it is instructive to link #e(z) with the planar

dielectric function #e(q). In the available orthonormal basis, we can decompose an “in-plane”
wavevector qz = l

R
C
|C|

+ p T
|T|

for the CNT. Comparing the planar and cylindrical expression
for the linear response (Eq. 1) we obtain that r0ce(r, r0, z) = ce(qz , r � R, r0 � R) equating
both equations. Further, making the 2D approximation or its cylindrical equivalent, we obtain
c

(0)
e (z) = Rc

(0)
e (qz ). The zone-folding approximation for the response functions therefore links

the dielectric function of the CNT with the response function of graphene as follows:

#e(z) = 1 � Rv(z)c
(0)
e (qz ) (179)

In the limit R ! •, we should recover the response function of graphene. In fact, writing
r = R + z1, r0 = R + z2 and taking the limit R ! • gives

v(r, r0, z) ���!
R!•

dl
2p

|p|R
e�|p||z1�z2 |.

Therefore, we recover the graphene dielectric function for R ! •, with only the l = 0 terms
remaining. More details can be found here [122].

7 what makes the band parabolic.
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because the Fermi level is in the band gap — i.e., #e(l = 0, p ! 0) = 1. Eq.

172 using we(z) = v(z)/#e(z) gives

Eg

E(0)
g

= 2.3 , (181)

in agreement with [114, 123].

At T = 300 K (see Fig. 42 in appendix G.2), the l = 0 component is

radius-dependent. For large gap CNTs (i.e., small R), thermal smearing puts

some holes/electrons in the valence/conduction band. Departure from the

T = 0 K case is limited for pR > 1. However, the long-wavelength limit

changes to #e(l = 0, p) ��!
p!0

•, which confers a metallic character to the

CNT. The evaluation of Eq. 172 gives Eg/E(0)
g = 2 for R = 1.5 nm and

Eg/E(0)
g = 1.16 for R = 6.4 nm.

The band bap is temperature-dependent, and a systematic investigation is

required to account for the results properly. We focus on obtaining w in the

presence of a liquid with varying dielectric constant. To restrict the parameter

space, we use T = 0 K for electros and eliminate the radius dependency.

7.2.3 A liquid outside or inside a CNT

We insert a liquid inside or outside a CNT. Adapting Eq. 14 to the cylindrical

geometry, we write the equivalent of Eq. 35 for the liquid8. As in the planar

case (z � q), we obtain

win/out
w (z) = v(z)

h
1 � gin/out

w (z)
i

, (182)

but where the SRFs now read

gout
w (z) =

�Il(|p|R)
e0Kl(|p|R)

¨ +•

R
dr1dr2r1r2cw(z, r1, r2)Kl(|p|r1)Kl(|p|r2);

(183)

gin
w(z) =

�Kl(|p|R)
e0 Il(|p|R)

¨ R

0
dr1dr2r1r2cw(z, r1, r2)Il(|p|r1)Il(|p|r2). (184)

Following this direction, one could express Eq. 149 in terms of SRFs.

However, the contributions of electrons and liquid molecules are not sepa-

8 It reads wout
w (r, r0, z) = v(r, r0, z) �

1
e0

gout
w (z)Kl(|p|r)Il(|p|r0) for r, r0  R and win

w(r, r0, z) =

v(r, r0, z) �
1
e0

gin
w(z)Il(|p|r)Kl(|p|r0) for r, r0 � R.
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rated. To identify the band gap variation when inserting a liquid, we use Eq.

173 and obtain

w(z) = we(z)

 
1 �

gin/out(e)
w (z)

#e(z)

!
, (185)

where gin/out(e)
w (z) = gin/out

w (z)/
h
1 � ge(z)gin/out

w (z)
i
, as discussed in Eq.

1629. Using Eq. 185 and Eq. 178, we look for the total dielectric function —

i.e., w(z) = v(z)/#(z) — and obtain10

#(z) = #e(z) +
gin/out

w (z)

1 � gin/out
w (z)

. (187)

Eq. 187 can be understood as the capacitance of two parallel capacitors

(electrons and liquid), in contrast to Eq. 99. Using Eq. 187 and Eq. 183-184,

one can therefore compute the band gap of a partially solvated CNT.

7.2.4 A CNT immersed in a liquid

For an immersed CNT, the continuum electrostatic limit [115] merely con-

siders a CNT placed in a background dielectric constant of #w. From our

microscopic perspective, the liquids on both sides of the CNT are not the

same because of the non-zero volume of the CNT in which liquid molecules

cannot penetrate. We consider two independent interfaces. The SRF of each

9 In fact, whereas the renormalization of ge in g(w)
e can be easily understood for the 2D case of

graphene (Eq. 162), it is not evident for the 3D case. Using the matrix notation, we can however
show that the renormalizations process can be permuted (first electron interaction, second water
molecules or vice versa). It reads

X(e)
w =

h
I � X(0)

w

⇣
Veff

w + DWe

⌘i�1
X(0)

w

=

⇣
I � X(0)

w Veff
w

⌘✓
I �

⇣
I � X(0)

w Veff
w

⌘�1
X(0)

w DWe

◆��1
X(0)

w

=


I �

⇣
I � X(0)

w Veff
w

⌘�1
X(0)

w DWe

��1 ⇣
I � X(0)

w Veff
w

⌘�1
X(0)

w

= (I � XwDWe)
�1 Xw (186)

The integration of Eq. 36 applied to X(e)
w then leads to g(e)

w = gw/(1 � gegw).
10 Obviously, it does not matter if one starts from Eq. 149 or Eq. 173 to obtain Eq. 187.
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one needs to be renormalized by the presence of the other. Conceptually, it

has been done in 6.2.211. Adapting those results, we find12

w(z) = we(z)

 
1 �

gw|e|w(z)

#e(z)

!
, (188)

where gw|e|w(z) reads

gw|e|w(z) =
gin(e)

w (z) + gout(e)
w (z) � 2gin(e)

w (z)gout(e)
w (z)/#e(z)

1 � gin(e)
w (z)gout(e)

w (z)/#2
e(z)

. (189)

Making some rearrangements and generalizing to the dynamical case, we

obtain

#(z, w) = #e(z, w) +
gin

w(z, w)
1 � gin

w(z, w)
+

gout
w (z, w)

1 � gout
w (z, w)

(190)

Eq. 188 and Eq. 183-184 constitute the central result of this chapter.

Eq. 188 shows the contribution of three parallel capacitors and is also

valid in the planar geometry (z � q). It deals with all cases (inside, outside,

inside and outside) at once. Most importantly, it conferes to the liquid a

non-local and dynamical response and one can therefore tackle Eq. 169. It

relies on a microscopic computation of SRFs (Eq. 183 and Eq 184).

We leave for future work the construction of a specific microscopic model

to obtain gin
w(z) and gout

w (z), or the conduction of MM simulations in order

to calculate them. We have shown in part ii how to do so. However, we check

that we recover known results in the continuum electrostatic limit.
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Figure 26: Electronic band gap of a CNT with a dielectric material (#w) inside (a)
and outside (b), at T = 0K (electronic temperature). Note the E(0)

g = 2h̄vF
3R is the

tight-binding band gap. As mentioned in the text, this is valid for R > 20a.

7.3 results

In appendix G.3, we solve the continuum electrostatic problem to find

gin/out
w (z ! 0), assuming an homogeneous, isotropic dielectric medium

with dielectric constant #w. We find

gin
w(z ! 0) =

#w � 1
#w + 1/al(|p|R)

gin/out
w (z ! 0) =

#w � 1
#w + al(|p|R)

, (191)

with

al(|p|R) = �
Kl(|p|R)
K0

l(|p|R)

I0

l (|p|R)

Il(|p|R)
. (192)

Using Eq. 191, Eq. 187 and Eq. 172, we evaluate the electronic band gap for

a liquid inside or outside the CNT in Fig. 26. For large dielectric constants,

Eg ' E(0)
g because the electron-electron interactions are completely screened.

However, a dielectric background outside the CNT has more effect than

inside. Those results have been obtained in [115].

For an immersed CNT, using Eq. 190 and Eq. 191, we obtain

#(z ! 0) = #e(z) + #w � 1, (193)
11 It has been done for the reversed case, a liquid slab delimitated by two metals. We make the

substitutiuon e � w in Eq. 154
12

in out

IN/OUT in/out IN/OUTin/out
=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit> +

<latexit sha1_base64="DkcjwFPDjDv1b+vSYlzSwQZrlNY="></latexit>

=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit>
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=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit>
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which is explicitly used in [115]. Therefore, our approach recovers the

state-of-the-art result in the static and long-wavelength limit.

Conclusion

In this chapter 7, we have built theoretical tools that were called for in

the scientific community interested in evaluating electronic band gaps of

CNTs. In routine calculations, the liquid is merely described by its dielectric

constant #w. A pioneering researcher pointed out the limit of this method

in one of his articles [115]. Our framework, which uses Hedin’s approach

for constructing the screened potential, expresses the dielectric function on

the tube in terms of SRFs. It confers non-local and dynamical properties to

the liquid. We provide the microscopic correlations functions to compute in

order to evaluate them. Beyond the particular case of CNTs, we hope that

our work, enriching the description of the surrounding liquid in solid-state

calculations, will interest researchers in solid-state physics.

Future work

1 2
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Figure 27: Loss function �Im [1/#(q, w)] of solvated graphene. The electronic tem-
parature is T = 0K and Fermi energy EF = 70 meV. We used the model of Eq. 88 for
gw(q, w) with d = 1.52Å.

To show the practical advantages of our approach for some solid-state

physics applications, we conclude this chapter with an example in the field

of graphene plasmonics [124]. We argue that the plasmon dispersion can be

evaluated precisely with Eq. 190. One usually solves Eq. 193 to find plasmon

modes of solvated graphene [74]. Let us use Eq. 190 instead. For a graphene

sheet immersed in water, it reads

#(q, w) = #e(q, w) +
2gw(q, w)

1 � gw(q, w)
(194)
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where gw(q, w) is the SRF of water (Eq. 88) and #e(q, w) is the dielectric

function of graphene (at T = 0 K, see Eq. 127 and Eq. 178).

Fig. 27 shows the loss function Im [�1/#(q, w)] of solvated graphene.

The libration peak of water (large red area) acts as a damped surface optical

phonon that modifies graphene’s intrinsic plasmon (thin bright red spot in

the lower-left part) and creates satellites for h̄w > 2EF (light red area). Those

insights are absent in the literature for liquids (for solid dielectric substrate

see, e.g., [125] for graphene). It paves the way toward a more refined plasmon

dispersion evaluation thanks to a microscopic description of dielectrics at

metal surfaces.



I N T E R M E Z Z O : M E TA L / L I Q U I D VA N D E R WA A L S

E N E R G Y

theory

We evaluate the vdW energy between a metal and a liquid in this interlude.

We recover, in our framework, the well-known Lifshitz formula. Computing

solid/liquid vdW energies is tedious because it requires the knowledge of the

excitation spectra of the liquid and the solid in the entire range of energies.

It is a common issue for MM or AIMD simulations that resort to ansatz in

computing such types of interactions. Therefore, this interlude links our

description and the use of LJ parameters in MM.

First, we find the mean interfacial electrostatic energy between the metal

and the liquid. It can be written hÛewi = hdÛewi + U0
ew. In 3.2.2, we

obtained U0
ew = 0 for a neutral liquid and a metal. We now assume n0

m = 0

and n0
w = 0. Using Eq. 42, we find

hÛew(t1)i =
ˆ

dx1

ˆ
d2v(12)hdn̂e(1)dn̂w(2)i

=
ih̄
2

ˆ
dx1

ˆ
d2v(12)cK

ew(12). (195)

Using v(12) µ d(t1 � t2) and making the Fourier transform in the plane, we

obtain

hÛew(t1)i =
ih̄
2 Â

q

¨
dz1dz2v(q, z1, z2)cK

ew(q, z1, z2, t1). (196)

At equilibrium, hÛij(t1)i does not depend on t1 and we fix t1 = 0. cK
ew is

linked to cR
ew by virtue of the FDT in Eq. 71. It reads

hÛewi = � Â
q

ˆ
dh̄w

2p
f (w)

¨
dz1dz2v(q, z1, z2)Imcew(q, z1, z2, w), (197)

where f (w) = coth(bh̄w/2). The integration over z2 is restricted to z2 > 0

because it runs over liquid molecules and the one of z1 for z1 < 0 because it

runs over the electron positions. We define a new SRF that reads

gew(q, w) = +
1

2qe0

¨
dz1dz2eqz1 e�qz2 cew(q, z1, z2, w). (198)
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Using Eq.197 and Eq. 198, we find

hÛewi = � Â
q

ˆ
dh̄w

2p
f (w)Imgew(q, w). (199)

The vdW energy is due to charge fluctuations in both media. A type of

thermodynamical integration must therefore be computed for hÛewi. We

use the adiabatic connection to slowly drive the Hamiltonian Ĥ0 to Ĥ while

remaining in the ground state [126]. We introduce the parameter l such

that Ĥl represents the Hamiltonian in which electron-liquid interactions are

reduced by a factor 0  l  1. We write Ûew = Ul [n̂e, n̂w] ,where Ul means

that a factor l attenuates the Coulomb interactions in Eq. 42: v ! lv. The

energy El = hĤlil is evaluated for a fixed l. We write

EvdW
ew = E1 � E0 =

ˆ 1

0
dl

dEl

dl
, (200)

and use the Hellman-Feynman [127] theorem, dE(l)
dl = h

dĤl
dl il, to obtain

EvdW
ew =

ˆ 1

0

dl

l
hÛewil. (201)

Inserting Eq. 199 in Eq. 201, we define gl
ew as the SRF with v ! lv. We find

EvdW
ew = � Â

q

ˆ
dh̄w

2p
f (w)

ˆ 1

0

dl

l
Imgl

ew(q, w). (202)

To obtain gl
ew, we look for cew. We use the rules of 2.3.3 and write down all

linked diagrams that start with dne and end with dnw. We obtain=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit>
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. (204)

In Eq. 203, the Coulomb potential is always separable v(q, z, z0) =

e⌥qze±qz01/2qe0 — see also the remark below Eq. 198. Moreover, the double

integration in Eq. 197 can actually be interpreted as a trace in the (z, z0) basis:

gew = Tr [VXew]. Therefore, using V = SST and the cyclic property of the
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trace we get gew = Tr
⇥
STXewS

⇤
= STXewS. This greatly simplifies our work.

Using Eq. 204, we obtain

g(0)
ew = Tr [VXew] = Tr

h
SSTXeSSTXw

i
= Tr

h
STXeSSTXwS

i
= gegw. (205)

We solve Eq. 203 using Eq. 205. It reads

gew =
gegw

1 � gegw
. (206)

Obtaining gl
ew is straighforward from Eq. 206. Making the integration of

Eq. 202, we obtain

ˆ 1

0

dl

l
gl

ew(q, w) =
ˆ 1

0
dl

gegw
1 � lgegw

= � log (1 � gegw) . (207)

Inserting Eq. 207 in Eq. 202, we find

EvdW
ew (d)

A
=
ˆ

d2q
(2p)2

ˆ
dh̄w

2p
f (w)Im

h
log
⇣

1 � ge(q, w)gw(q, w)e�2qh
⌘i

.

(208)

where we have separated both media by a distance h13. Eq. 208 generalizes

Lifshitz’s formula for vdW interactions between solids [128], as recently

obtained in [129]. Our result does not distinguish quantum solids or clas-

sical liquids and uses well-defined microscopic SRFs. Using Matsubara’s

summation14, we find

bEvdW
ew (h)
A

= Â
iWn

ˆ +•

0

dq
2p

q log
⇣

1 � ge(q, iWn)gw(q, iWn)e�2qh
⌘

. (210)

where Wn = 2pnkBT.

The summation in Eq. 210 extends to large frequencies (see also the

coth(bh̄w/2) factor in Eq. 208). In practice, atomic electronic excitations of

Wn ' 100eV are required to reach #(iWn) = 1 [130]! The study of the SRF

in the high-frequency limit is beyond the scope of this work. The work in

part ii allows for evaluation of the zeroth-order (iWn = 0) term only. It reads

EvdW0
ew (h), with

bEvdW0
ew (h)

A
=
ˆ +•

0

dq
2p

q log
⇣

1 � ge(q)gw(q)e�2qh
⌘

. (211)

13 It has nothing to do with the incompressible size of the vacuum gap d that exists for h = 0.
14 We use ˆ

dh̄w

2p
f (w)ImH(w) ! kBT Â

iWn

H(iWn) (209)

where H(iWn) is express with ImH(w) as in Eq. 168.
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We argue that EvdW0
ew (h) and EvdW

ew (h) are approximately linked by an

unknown prefactor. Slow charge fluctuations can occur on all length scales,

fast oscillations are relatively located in space. Therefore, the shape of

EvdW
ew (h) should be contained in EvdW0

ew (h). We proceed in two steps. First,

we introduce

A(iWn) =
ge(q, iWn)gw(q, iWn)

ge(q)gw(q)
, (212)

and assume that it does not depend on q.15 Note that A(0) = 1. Second,

from [130] we obtain #w(iWn) . 2 for |Wn| > 0. Therefore, for |Wn| > 0,

gw(q, iWn)/gw(q) . 1/2 so that A(iWn) . 1/2. Inserting in Eq. 210, we use

log(1 � x) ' �x for x . 1/2, which gives

EvdW
ew (h) '

 
1 + Â

iWn

A(iWn)

!
EvdW0

ew (h) = A•EvdW0
ew (h), (213)

which supports our initial statement, with unknown prefactor A•.

results

We tackle the graphene/water interface and first construct a reference. In

MM, the interfacial vdW energy is the sum of carbon-water pairwise LJ

potentials:

ELJ
ew = Â

ei
Â
wj

VLJ(|xei � xwj |); VLJ(x) = 4eLJ

 
s12

LJ

|x|12 �
s6

LJ

|x|6

!
, (214)

where sLJ and eLJ are the carbon-oxygen LJ parameters. we can compute

ELJ
ew analytically for a single rigid graphene sheet in z = 0, interacting with

a semi-infinite water medium. To do so, we use the most straightforward

molecular profile n0(z) = n0Q(z � (h + dLJ)), where n0 is the bulk molecular

density, and dLJ the vacuum gap due to the repulsive LJ term in Eq. 214 that

avoids overlapping. We obtain16:

ELJ
ew(h)
A

= �
4peLJs

3
LJn0Ne

u

3Au

"
1
2

✓
sLJ

h + dLJ

◆3
�

1
15

✓
sLJ

h + dLJ

◆9
#

, (215)

where Au =
p

3a2/2 is the graphene unit cell area that contains Ne
u = 2

carbon atoms. For a given force field, we find dLJ = (2/5)1/6sLJ by imposing

minELJ
ew(h) = ELJ

ew(h = 0) — we suppose that the vacuum gap thickness
15 In practice, dividing by the zero-frequency component removes spatial dependencies such as

the exponential e2qd that plays a significant role in the dispersion of gw(q, iWn) (see e.g. Fig. 8).
16 It starts by ELJ

ew
A

= n0
Ne

u
Au

´ +•
h+d0 dz

´
d2rVLJ(|x|).
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minimizes the LJ vdW energy. Using Table 2, we find dLJ
Werder = 2.74Å and

dLJ
Aluru = 2.95Å.

We compare the attractive part of the model in Eq. 215 to the field-

theoretic results (Eq. 213 and Eq. 211), by fitting the unknown parameter

A•. We compute Eq. 211 using the raw simulation data of gWerder
w (q) and

gAluru
w (q) (see Fig. 7) to avoid the introduction of a vacuum gap thickness.

Computing Eq. 211 only requires graphene’s SRF (see Eq. 127)17. The results

are shown in Fig. 28.
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dW ew
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Aluru (A∞ =16)
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Figure 28: Interfacial vdW energies. We use Eq. 211 and 213 with the raw SRFs for
the Werder and Aluru force fields (see Fig. 8). The corresponding LJ models are
obtained using the attractive part of Eq. 215 with the force field parameters taken in
Table 2. We use only the carbon-oxygen interaction for the Aluru force field.

The field-theoretic and LJ models are in excellent agreement for both

force fields. Not only does this validate our approximation, but it also seems

versatile because they both use the same prefactor A• = 1618. It also shows

the physical relevance of using a vacuum gap in our modelings.

We have expressed the surface vdW energy between a metal and a solid.

We recovered Lifshitz’s formula with our familiar tools, the SRFs. Arguing

that the unknown high-frequency contribution can be encompassed in a

prefactor A•, we compared the adapted results to the relevant LJ modeling

(used in MM simulations). By fitting a single and shared prefactor, our

field-theoretic results match the LJ modeling for both force fields. It bridges

the gap between our pure electrostatic approach to the interface and the ad

hoc models used in MM simulations.

17 We use EF = kBT and find no significant variations of EvdW
ew (h) for EF

18 The agreement with the Aluru force field may be slightly less accurate because it contains
hydrogen-carbon interactions.
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The following results exist thanks to a collaboration with Nikita Kavokine,

Marie-Laure Bocquet, and Lydéric Bocquet. However, these authors cannot be held

liable for the content of this section.

In nanometric channels, the estimation of the water permeability becomes

subtle because the surface/volume ratio of the liquid medium increases. In

textbooks, the effect of the surface is usually described by a no-slip boundary

condition at the interface with the , that is, an infinite solid/liquid friction.

More refined descriptions are also considered by quantifying the friction

coefficients using diverse experimental or simulation techniques. However,

the study of the water-carbon couple has led to a puzzling observation

[131, 1].

Water exhibit low friction in CNTs, with friction coefficient (l) decreas-

ing with decreasing tube radius (R), as shown in Fig. 29. For R ! •,

experiments [132] on flat graphite provide a friction coefficient of l
Graphite
exp '

1.2 ⇥ 105 N.s.m�3 in relatively good well agreement with simulation results

' 4.5 ⇥ 104 N.s.m�3. However, there is a large discrepancy between the

experimental and simulations data for decreasing radius, be they quantum

(AIMD) or classical (MM).

In those simulations, the curvature effect disappears for R � 2.5nm, and

the flat limit is reached. This radius effect can be understood by a surface

curvature effect on the scale of a typical water molecule [133]. However, the

experimental data of [6] in Fig. 29 show a different behavior regarding the

radius dependency. The friction coefficient nearly exponentially depends on

the radius, and the limit R ! • is not reached for R = 60 nm� dOH. These

data challenge the current theories of solid/liquid friction that are based on a

roughness-based picture in which the solid acts as a static external potential

for the liquid molecules [134].

Whereas AIMD constitutes an expensive but highly accurate simulation

method, it does resort to the BOA that we now put into question. The break-

down of the BOA has already been observed in graphene [16]. Its peculiar

conical band structure intersection at the Fermi level (see part ii) prevents (to

some extent that needs to be determined) the decoupling of the electronic

and nuclear wavefunctions. For instance, the highest optical phonon energy

96
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Figure 29: Friction coefficient evolution of water inside CNTs with varyig radii as
obtained from different experiments and simulations. The gathering of the data from
this figure was made by the authors of [13]. We freely adapted their figure — the
colour-circled data are meaningless in our context. The reported data can be found
(in the same order) in [13], [6], [2], [3], [133], and [12]. “Exp” indicates experimental
measurements, “MM” indicates force fields molecular mechanics, “AIMD” refers to
BO quantum simulations and “AIMD-ML” refers to the same kind of simualtions
assisted with a machine learning framwork.

⇠ 200meV can oscillate several periods before the electrons fully relax to

the adiabatic ground state. Water has some high-frequency components (we

have seen dynamical peaks in water’s SRF around ⇠ 100meV in part ii, Fig

4) so we may investigate this aspect.

Moreover, we have seen in chapter 7 that electronic properties of CNTs

change on length scales large compared to molecular water size. The TB

band gap of a semiconduting CNT is E(0)
g = 2h̄vF

3R ' kBT for R = 15nm. The

charge carrier density in the conduction band ne µ e�bE(0)
g could, for instance,

be the source of the exponential scaling of the friction coefficient with the

radius.

Our approach is the following. Assuming that simulations obtain results

in agreement with experimental measurements for R ! • by an error

compensation effect, we investigate if a non-adiabatic (nBO) contribution can

be responsible for the observed friction on graphene/graphite: l
Graphite
exp '

1.2 ⇥ 105N.s.m�3. If so, we will investigate if a transition from a metal-like

to a insulating-like behavior of CNTs when R decreases could explain the

observed trend of the experimental data reported in Fig. 29.

Whereas numerical applications for the water/graphene couple will

be critical, we dwell on the physical insights revealed by identifying a

new mechanism of solid/liquid friction. We derive friction coefficients by

progressively reducing the number of assumptions we use, to keep track

of the role of non-adiabaticity. The friction coefficient is defined as follows:

for a solid and a liquid in a relative velocity v, the liquid experiences a
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force of Few = �Alv, where A is the surface area. The solid experiences

Fwe = �Few. We extract l with the normalized dissipated power:

l = �
Few · v
A|v|2

h
N.s.m�3

i
(216)

8.1 types of friction

8.1.1 Classical friction

Here we derive the surface roughness-based friction coefficient. We start

from a classical Kubo formula [134]. At equilibrium, the friction coefficient

is linked to the correlation function of solid/liquid force and reads

lBO =
1

AkBT

ˆ +•

0
dthFew(t)Few(0)i. (217)

We consider that the charge density of the solid does not fluctuate dn̂m = 0.

The Hamiltonian (Eq. 74) points to the remaining operator Ûhmi

w that includes

dn̂w and n0
m — or equivalently, the static external potential of the metal:

f0
m =

´
d2v(12)n0

m(2). There is no reason to keep the quantum formalism in

this particular case so we replace dn̂w by dnw and write the force experienced

by the liquid at a time t:

Few(t) = �

ˆ
dxrkf0

m(x)dnw(x, t). (218)

where rk is the derivative in the direction parallel to the surface. Inserting

Eq. 218 in Eq. 217 leads to

lBO =
1

AkBT

ˆ
dx
ˆ

dx0
rkf0

e(x0)rkf0
e(x)

ˆ +•

0
dthdnw(x, t)dnw(x0)i,

(219)

from which we recognize the structure factor of water’s charge density after

Fourier transformation1. We obtain

lBO =
1

AkBT
1
2

ˆ
dq

(2p)2 q2
ˆ

dzdz0f0
m(q, z)f0

m(�q, z0)Sw(q, z, z0, w = 0).

(220)

We specify the absolute value in the Coulomb potential

f0
m(q, z) =

e�qz

2qe0

ˆ
eqzn0

m(q, z) =
e�qz

2qe0
ns0

m(q). (221)

1 We use
´ +•

0 dthnw(x, t)nw(x0)i = 1
2
´ d2q

(2p)2 Sw(q, z, z0, w = 0)eiq(x�x0).



8.1 types of friction 99

We introduce a static surface structure factor for the metal that contains its

“charge roughness”:

Ss0
m(q) =

1
A

hns0
m(q)ns0

m(�q)i. (222)

We neglected this term (Ss0
e (q) = 0) in previous applications because we

considered flat and locally neutral surfaces. Inserting in Eq. 220, we obtain

lBO =
1

2kBT

ˆ
dq
✓

v̂ · q̂
4pe0

◆2
Ss0

m(q)Ss
w(q, w = 0), (223)

where we have chosen the origin for the angular integration as the direction

of the velocity v̂ =v/|v|2. Eq. 223 can be found in [135] and can be refined

to include non-Coulombic forces. Eq. 223 can be understood as an overlap

between two surface structure factors. If the typical length scale of charge

corrugation in the metal matches the slowest charge fluctuation in water,

friction will be high. The friction coefficient, therefore, quantifies a matching

of correlation lengths.

8.1.2 Electronic friction

Here, we look for the first-order correction to the BOA, assuming a flat

interface and Ss0
m(q) = 0. This breakdown has been studied under various

names in the literature, but the one of electronic friction [136] seems to be

adequate in our case. We are not dealing with a breakdown of the BOA from

a chemical perspective [137]: liquid molecules remain rigid, and the metal

nuclei are frozen. Electronic friction can be defined as follows:

“Electronic friction is a correction to the Born-Oppenheimer ap-

proximation, whereby nuclei in motion experience a drag in the

presence of a manifold of electronic states.”[136]

Let us simplify our system to understand the underlying mechanism

better. We consider the friction experienced by a charge density above a

metallic surface (see Fig. 30). At rest (v = 0), electrons accumulate (or

deplete) to screen the charge density. We schematically represent the charge

image in the metal in Fig. 30 (left panel). When a constant velocity (v 6= 0)

is given to the charge density, its image charge in the metal must follow.

For a perfect metal, the image charge instantaneously follows that charge

density (like an image in a mirror). However, if the metal is not perfect,

the image charge “lags behind”. Electrons move in the crystal lattice, and

the mechanisms for energy loss are therefore the same as those governing
2 It is for comparison with future formulas of the friction coefficient.
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v = 0
<latexit sha1_base64="YFzkcAT6rZbwq1p89SfJjys1NdI="></latexit> v 6= 0

<latexit sha1_base64="ltP0tTDzCx4WBZEr1dEiR+mu8No="></latexit>

F = ��v
<latexit sha1_base64="l5oN2fbkfMBvm3PIhjb8Q4isigo="></latexit>

Figure 30: Schematic illustration of the electronic friction exerted on a charge density
(red) above a metal — see text for description. The introduced friction coefficient
h = Al is not surfacic in this case.

Ohmic dissipation. The dissipated energy comes from the velocity v of the

charge density in the first place. Therefore, it experiences a friction force in

the direction opposite to its trajectory.

We express this friction force with the metal’s SRF [138]. Consider the

moving external (to the metal) charge density next(x, t) = next0(x + vt) where

v is parallel to the metal surface. The friction force is constant in time and

we can evaluate it at t = 0, that is

Fe!ext = �

ˆ
dxrkfind(x, t = 0)next0(x). (224)

After Fourier transformation, we obtain

Fe!ext = �

ˆ
dz
ˆ

dq
(2p)2 (iq)find(q, z, t = 0)next0(�q, z), (225)

and using find(1) =
´

d2Dwe(12)next(2) (see Eq. 2 with w = we), we obtain

find(q, z, t = 0) =
ˆ

dw

2p

ˆ
dz0Dwe(q, z, z0, w)next(q, z0, w). (226)

Eq. 226 involves the Fourier transform of two quantities next and Dwe. First,

next(q, z, w) =
ˆ

dx
ˆ

dtnext(x, z, t)e�i(qx+wt)

= 2pd(w � vq)next0(q, z), (227)

means that a constant velocity in space-time gives a Doppler shift of v · q in

Fourier space. Then, from Eq. 35,

Dwe(q, z, z0, w) = �
1

2qe0
ge(q, w)e�qze�qz0

, (228)
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because the external charge density is outside the medium z, z0 � 0. Inserting

Eq. 228 and Eq. 227 in Eq. 226, and then in Eq. 225, we obtain

Fe!ext =
i

2e0

ˆ
dq

(2p)2 q̂ge(q, w = vq) |ns
ext0(q)|2 , (229)

where q̂ = q/q. However, the imaginary part of the SRF is an odd function

of frequency whereas the real part is even — i.e., ge(�q, �w) = g⇤
e (q, w). In

integrating Eq. 229, the real part disappears. Specializing to the case of point

charge at altitude z0 — e.g.
��ns

ext0(q)
��2 = e�2qz0—, we obtain

h =
1

4pe0

ˆ
dq

(2p)2
(v̂ · q̂)

|v|
Imge(q, v · q)e�2qz0 , (230)

where h = Al is the relevant friction coefficient for a single point-like charge.

Eq. 230 involves the imaginary part of the metallic response function,

which indicates that dissipation only occurs in the metal. The velocity of

the charged particle is not assumed to be small in Eq. 230 so it can excite

some plasmons — collective charge oscillations — in the metal, as probed

in Electron-Energy Loss Spectroscopy (EELS), for instance [122]. However,

the particle’s velocity does not have to be significant for the friction to exist. In

the linear regime, for small velocities compared to typical charge oscillation

frequencies in the metal, we can write

lim
v!0

Imge(q, v · q) = v · q lim
w!0

Imge(q, w)
w

. (231)

Inserting Eq. 231 in Eq. 230, the velocity disappears from the friction

coefficient, as expected by the linear regime assumption. We will be interested

in typical velocities of |v| ⇠ µm.s�1 [6], which are ten orders of magnitudes

lower than microscopic velocities, so the linear regime is relevant.

We have obtained the friction coefficient of one particle above a metal. To

tackle the friction of a liquid, should we sum the friction coefficients of all

its constituting particles? Is v the relative solid/liquid macroscopic velocity

or the microscopic ones? The answer to those questions, we refer to Eq. 227

and Eq. 229. Even if introducing a macroscopic velocity of a medium is equivalent

to shifting the velocity of all its constituting particles3, we cannot simply add the

friction coefficients because of the term
��ns

ext0(q)
��2 in Eq. 229.

Can we bridge the gap between this single-particle mechanism and the

metal/liquid picture? We can first consider that the external charge density is

the mean average charge density of the medium — e.g. next0 = n0
w. The latter

is due to the mean charge structuration in the liquid due to the solid lattice.
3 To better understand this first aspect, we can use the microscopic expression in Eq. 82. It reads

ns
w(q, t) = e�iqvt Âi cie�iqri(t)e�qzi(t) = Âi cie�q(ri(t)+vt)e�qzi(t).
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Note that a charge layering in the direction normal to the surface — such as

the one in Fig. 12a — is insufficient to generate friction because ns0
w (q) µ dq

and the infinite interface is translationally invariant. We are dealing with

the same reasoning as in the classical case, and we can introduce Ss0
w (q) in

analogy to Eq. 222 and rewrite Eq. 229 as

Few · v = �A

ˆ
dq

(2p)2
(v · q)2

2e0q
lim
w!0

Imge(q, w)
w

Ss0
w (q). (232)

We insert the FDT for the SRF,

Img(q, w) =
tanh(bh̄w/2)

2e0qh̄
Ss(q, w), (233)

in Eq. 232 to obtain

l0
nBO =

1
2kBT

ˆ
dq
✓

v̂ · q̂
4pe0

◆2
Ss

e(q, w = 0)Ss0
w (q). (234)

Eq. 234 is very similar to Eq 223 but its meaning is now different. Here

dissipation occurs in the metal and not in the liquid. Electrons travel in a

static potential exerted by the nuclei and the average one of the liquid. It

gives them new channels to scatter and dissipate energy. In this view, it is

maybe better to understand this process as the reversed classical one. Liquid

molecules have a certain structuration at the interface because they see the

metal lattice. They generate a periodic potential for the electrons — same

periodicity. Electrons move at a constant velocity in this potential and can

scatter on it. This additional energy dissipation mechanism is no longer due

to Ohmic loss but solid/liquid friction.

Consequently, we should be able to link solid/liquid friction and metals’

differential resistivities, as pointed out in [139]. It echoes the electron/nuclei

force-force correlation function to compute — the quantum analog of Kubo

formula (Eq. 217) — to calculate conductivities of metals [31]. Interestingly,

there is sizeable electrical resistivity enhancement when water adsorbs on

graphene [140]. However, we have seen in part ii that Ss0
w (q) ⌧ Ss

w(q) (see

the remark below Eq. 83). Charge structuration is relatively small at the

graphene/water interface [12], and the contribution of Eq. 234 is therefore

negligible.

Assuming no mean charge corrugation for the liquid and the solid —

e.g. Ss0
w (q) = 0 and Ss0

m(q) = 0 — where could the friction come from?

The liquid is neutral on average, but the instantaneous electric fields are

pretty large at the interface. We are facing a subtle issue regarding the

averaging process. By assuming that the liquid’s fastest damped charge

oscillation is slower than the slowest one in the metal, we try to use Eq. 229.
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In other words, electrons always see static liquid molecules, and we can

compute friction coefficients l for every possible molecular configuration in

the liquid4. The averaged friction coefficient l
(1)
nBO should constitute a first

guess for the searched quantity5.

Replacing
��ns0

w (q)
��2 by h|dns

w(q)|2i in Eq. 232 gives

l
(1)
nBO =

1
2kBT

ˆ
dq
✓

v̂ · q̂
4pe0

◆2
Ss

e(q, w = 0)Ss
w(q). (235)

Eq. 235 is again an overlap between two structure factors, but this time it

quantifies the matching of the fluctuations wavelengths in both media. Dissipa-

tion still occurs in the metal only. We can include the result of Eq. 234 in

Eq. 235 by enlarging the definition of the liquid’s surface charge structure

factor6.

8.1.3 Van der Waals friction

So far, we have assumed the decoupling of the dynamics of liquid molecules

and electrons. We now tackle the theoretical difficulty of assessing the range

of validity of Eq. 235 by reintroducing the dynamics. The relative motion

of the two bodies now requires using the out-of-equilibrium framework as

discussed in 2.2.2.

The first step consists in writing the instantaneous electron/water force

as the Keldsyh response function, as in Eq. 195. It reads

hF̂ew(t1)i =
ˆ

dx1

ˆ
d2rkv(12)hdn̂e(1)dn̂w(2)i

=
ih̄
2

ˆ
dx1

ˆ
d2rkv(12)cK

ew(12). (236)

We cannot use the FDT because we are not in an equilibrium situation (the

media are moving with a relative velocity v). However, the average force

does not depend on time. Using v(12) µ d(t1 � t2) and looking at t1 = 0, we

find — see also from Eq. 196 to Eq. 199 —

hF̂ewi

A
= �

1
2 Â

q

ˆ
dh̄w

2p
qRegK

ew(q, w). (237)

4 It is the Monte-Carlo picture of phase-space averaging that is relevant here.
5 Of course, we will check it below.
6 This means by defining Ss

w(q) = h|ns
w(q)|2i/A and no longer Ss

w(q) = h|dns
w(q)|2i/A.
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To find gK
ew, we follow the rules in 2.3.37. Using Eq. 205 and Eq. 203, we

obtain
8
><

>:

gR/A
ew = gR/A

e gR/A
w + gR/A

e gR/A
w gR/A

ew

gK
ew = gR

e gK
w + gK

e gA
w + gR

e gR
wgK

ew + (gR
e gK

w + gK
e gA

w)gA
ew

, (238)

where we omitted the (q, w) index for clarity. The solution for the retarded

and advanced component were obtained in Eq. 206. For the Keldysh

component, we find

gK
ew =

gR
e gK

w + gK
e gA

w
|1 � gegw|2

, (239)

where we have used gR
e (q, w) = gA⇤

e (q, w) in the denominator. Using the

reaction force hF̂ewi = �hF̂wei, we can compute half the difference of Eq.

239 and its alternative (w � e),

1
2
(gK

ew � gK
we) = i

gK
wImge � gK

e Imgw

|1 � gegw|2
. (240)

How do we find the Keldysh response function of both media? Consider-

ing the extremely slow relative velocity between the two media, a reasonable

assumption is that they both verify the FDT (Eq. 71). Nevertheless, we shall

not forget that the Doppler shift of ±
vq
2

8 they both acquire (see Eq. 227).

Therefore,

gK
e/w(q, w ⌥

vq
2

) = 2i f (w ⌥
vq
2

)Imge/w(q, w ⌥
vq
2

), (241)

where we recall that f (w) = coth( bh̄w
2 ). Inserting Eq. 241 in Eq. 240 and

taking the limit v ! 0, gives

1
2
(gK

ew � gK
we) = 2vq

����
d f (w)

dw

����
ImgeImgw

|1 � gegw|2
. (242)

Inserting Eq. 242 in Eq. 237 — using hF̂ewi = 1
2
�
hF̂ewi � hF̂wei

�
, gives

lnBO = Â
q

ˆ
dh̄w

2p
(v̂ · q)2

����
d f (w)

dw

����
ImgeImgw

|1 � gegw|2
. (243)

Using Eq. 233, Eq. 243 can be expressed as

lnBO =
1

2kBT

ˆ
dq
✓

v̂ · q̂
4pe0

◆2 ˆ dw

2p

Ss
e(q, w)Ss

w(q, w)sech2(bh̄w/2)
|1 � ge(q, w)gw(q, w)|2

.

(244)
7 Using the equilibrium framework leads to hF̂ewi = 0 because gK

ew is purely imaginary according
to the FDT (Eq. 71)

8 We find convenient to symmetrize the velocities.



8.1 types of friction 105

Eq. 243 can be found in the works of Persson and Volokitin [141, 142, 143].

However, it has been rigorously derived only in the local case. Eq. 244, like

Eq. 223 and Eq. 235, is a (weighted) overlap between two surface charge

structure factor, now resolved in the frequency domain. The non-adiabatic

friction coefficient quantifies the wavelength and frequency matching of the charge

fluctuations in both media. How to understand the underlying microscopic

mechanism? In practice, for all metal/liquid interfaces we deal with in

this work, Eq. 244 reduces to a form similar to Eq. 235 and can thus be

understood semi-classically, as in the electronic friction picture. However,

written as in Eq. 244, quantum arguments are needed to understand the

microscopic friction force.

We picture two solids — say (1) and (2) — with collectives modes

w
(1)
q and w

(2)
q of charge oscillations — describing quasiparticles such as

phonons or plasmons — that carry a momentum h̄q. At room tempera-

ture, the population of one mode follows the Bose-Einstein distribution

nB(w
(1/2)
q ). The population of one mode can vary if another quasiparti-

cle mode exists with the same energy. More precisely, the exchange rate

of a quanta from mode (1) to mode (2) is given by Fermi golden rule

t�1
q (1 ! 2) µ nB(w

(1)
q )d(w

(1)
q � w

(2)
q ). The exchanged momentum h̄q is a

consequence of this quasiparticle transfer. At an interface between two solids,

the population of the modes in the two media fluctuates if w
(1)
q = w

(2)
q , but

they are, on average, the same at equilibrium because nB(w
(1)
q ) = nB(w

(2)
q ).

More precisely, t�1
q (1 ! 2) = t�1

q (2 ! 1) or Dt�1
q = 0. Accordingly, the net

momentum transfer between the two solids is, on average, zero.

What happens if v 6= 0? The frequency modes of one medium are Doppler

shifted by ±vq. It is, indeed, how the macroscopic velocity is translated in

the microscopic picture: the modes carrying momentum along the velocity

direction are more populated than the one in the opposite direction — i.e.,

nB(wq � vq) > nB(wq) for v · q > 0. In turn, at the interface between the two

media, we obtain Dt�1
q ⇠ ±v · q(dnB(w

(1/2)
q )/dw)d(w1

q � w2
q) for v ! 0.

Summing over existing modes in both media requires the introduction of

spectral functions. In the quantum framework, these are the structure factors.

Therefore, we have accounted for the main ingredients of Eq. 244.

What is the role of the sech2(bh̄w/2) term? It acts like a cutoff for frequen-

cies larger than 2kBT/h̄. It is the equivalent of the factor dnB(w
(1/2)
q )/dw

that rapidly converges to zero for w
(1/2)
q & 2kBT/h̄. What is the denominator

about? It comes from the infinite resummation of the reflecting electric field

at the interface. It is our framework’s signature: by putting both media

on an equal footing, it allows recursive and mutual screening (the coupled

interactions in 6.3.4). It has played a role in evaluating the vdW energy in 7.3.
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However, the fluctuations frequencies involved here are not the relevant ones

to compute the vdW energy. It appears that vdW friction and vdW energy

are quite decoupled.

8.1.4 Three practical formulas

This section discusses the wavelength and frequency matching of the charge

fluctuations in a metal and a liquid. Eq. 244 can generally be simplified at

a solid/liquid interface. First, we cut off the frequency integral of Eq. 244

at 2kBT/h̄, roughening the filter’s edges. Making the angular integration in

Eq. 244, we introduce formula I for the non-adiabatic contribution to the

solid/liquid friction:

l(I)
nBO '

p

kBT

ˆ +•

0

dqq
(4pe0)2

ˆ 2kBT/h̄

0

dw

2p

Ss
e(q, w)Ss

w(q, w)
|1 � ge(q, w)gw(q, w)|2

. (245)

How accurate is our first guess for the friction coefficient in Eq. 235? We

ignore the denominator that cannot be rigorously obtained without resorting

to our hybrid framework9. We assume the decoupling of the dynamics — i.e.,

Ss
e(q, 2kBT/h̄) ' Ss

e(q, w = 0) and Ss
w(q, w) ' 0 for w > 2kBT/h̄. Therefore,

we can pull out Ss
e(q, w = 0) from the integral and perform the integration

to recover Eq. 235. Our first guess is recovered from the general formula Eq.

244 (or Eq. 245), and the criteria for its validity are now obtained.

The spectral functions of typical metals and liquids at room temperature

give the range of typical charge oscillation frequencies. Typical excitations in

metals have energies around EF/h̄ � 2kBT/h̄. Debye collective relaxation

modes in liquids usually satisfy t�1
D ⌧ 2kBT/h̄. Therefore, decoupling the

dynamics is relevant in the general case. However, our first guess (Eq. 235)

misses to account for the recursive and mutual screening (the denominator

of Eq. 245). Considering the small imaginary part of ge(q, w) and gw(q, w)

for w < 2kBT/h̄ (see part ii), we only keep the real parts. We suggest

formula II for the non-adiabatic contribution of the solid/liquid friction

when t�1
D ⌧ kBT/h̄ ⌧ EF/h̄10:

l(II)
nBO '

p

2kBT

ˆ +•

0

dqq
(4pe0)2

Ss
e(q, w = 0)Ss

w(q)
(1 � ge(q)gw(q))2 . (246)

9 Of course, other approaches with the same results might be constructed differently.
10 The more specific criteria Ss

e(q, 2kBT/h̄) ' Ss
e(q, w = 0) and Ss

w(q, w) ' 0 for w > 2kBT/h̄ are
of course the most relevant ones that should be satisfied. However, those two conditions are
usually linked.
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This assumption localizes dissipation in the metal. The quantum picture

vanishes and the relevant (semi-classical) microscopic mechanism is electronic

friction, as detailed above.
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Figure 31: Band structure of (a) a 2D jellium (c) graphene. (b) Details of the scattering
event on the Fermi surface given an energy h̄w ⌧ kBT. Here k is a 2D wavevector. .

We now discuss the wavelength matching of the charge fluctuations. Fig.

31a and Fig. 31c show a schematic band structure for a 2D electron gas

(2DEG)11 and graphene, respectively. As seen in chapter 1 or chapter 5, the

energy dispersion is ek = h̄2k2/2m12 and enk = nh̄vFk, respectively. The

advantage of using the (surface) charge structure factor of the metal Ss
e(q, w)

is that we can restrict the integration of Eq. 246. Ss
e(q, w) quantifies the

number of electron-hole pairs that can be created with a momentum of q

and an energy h̄w. A look at a metallic band structure (see Fig. 31) gives

us an upper bound for the norm of the maximum scattering wavevector

q = |k � k0|, at low energy h̄w = |ek � ek0 | ⌧ EF. We look for possible

“horizontal” transitions between two states in the band structure. Zooming

on the electronic Fermi surface (Fig. 31b), we find a common criterion —

|q| < 2kF — for graphene and 2DEG. For a 3D material, one needs to project

all electronic bands along the 2D wavevector plane, like in Fig. 15. For a 3D

jellium, the convexity of the band structure implies that the same criteria is

still valid. This reasoning is exact at T = 0K. Thermal smearing alters this

argument, but as long as kBT ⌧ EF, the criteria |q| . 2kF is still valid.

We compute Ss
e(q, w = 0) in Fig. 32 for graphene and for a 3D jellium to

ensure we are not missing some important considerations when the metal

has some thickness. We use the RPA+SRA level for the jellium — details are

given in appendix H.1. We use analytical formulas at T = 0K in all cases.

As discussed, the results only depend on q/2kF. For the 3D jellium, the

variation with kF is captured by solely looking at the value in q = kF.
11 k is a 2Dwavevector here.
12 We use m⇤ = m, the mass of an electron.
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Figure 32: Surface charge structure factor for a 3D jellium and graphene, for various
kF, at T = 0K. There is no variation of Ss

e(q, w = 0) with kF for graphene.

The static surface charge structure factor Ss
w(q) for the liquid is linked to

the static SRF by the FDT (see e.g. 299 and Eq. 233). We use

Ss
w(q) = 2kBTe0qgw(q). (247)

Using gw(q ⌧ 1/2d) = #w�1
#w+1 (see Eq. 86) and restricting the integration of

Eq. 246 to q < 2kF, we suggest formula III for the friction coefficent. It is

valid in the case of frequency t�1
D ⌧ kBT/h̄ ⌧ EFh̄ and wavelength 4kFd ⌧ 1

decoupling. It reads

l(III)
nBO '

#w � 1
#w + 1

2
3

k3
F

4pe0
Ss

e(kF, w = 0)H(
qTF
2kF

, #w), (248)

where the analytical expression of H is given and discussed in Appendix H.2.

We have used ge(q) = qTF
q+qTF

, that is valid for q < 2kF for a wide variety of

materials such as graphene, FLG, and 2DEG (see chapter 5). The evaluation

of Eq. 248 for typical metals and complementary discussions can be found

in appendix H.2. In the following, we focus on carbon materials.

8.2 results

8.2.1 Case of graphene and FLG

For graphene, qTF/2kF = 2ae where ae = 1/4pe0h̄vF = 2.2 is the fine

structure constant of the material. Using the limit #w � 2ae in H(2ae, #w)

and #w�1
#w+1 ' 1, we obtain

l
(Graphene)
nBO '

k3
Fae(1 + 2ae)

pe0
Ss

e(kF, w = 0) '
(kFa)3

3
⇥ 101 (N.s.m�3) (249)
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with a =
p

3dcc = 2.46Å and kFa ⌧ 1 for typical doping.

For FLG, we use qTF = qs (Eq. 130 and Eq. 131) to evaluate l(III)
nBO in Eq.

248. We replace Ss
e(kF, w = 0) by Ss

e(kF, w = 0)/2 to consider FLG instead of

graphene13. Using #w = 71, we obtain

l(FLG)
nBO ' 0.17(

2kF
qs

)3H(
qs

2kF
, #w) ' 6 ⇥ 10�2 (N.s.m�3). (250)

with kF = qs/4ae (a doping of EF = 0.27 eV) for the numerical application.

We have assumed kBT ⌧ EF to obtain Eq. 249 and Eq. 250, but they are

upper bounds for the case EF ! 0. From those results, we conclude that

non-adiabatic contributions to the friction coefficient for graphene or FLG, at

the RPA level, are many orders of magnitude smaller than the experimental

value on graphite l
Graphite
exp ' 1.2 ⇥ 105 N.s.m�3.

8.2.2 Case of graphite

Although our first-principle calculations at the RPA level show convergence

of ge(q, w) with the number of layers N for FLG (see Fig. 18), they miss to

reproduce an experimentally seen low-energy plasmon [144, 145, 146, 147,

148, 149, 150, 151] near wP ' 50meV, at T = 300K, in graphite14. This is

not the case of other theoretical studies [152, 153] that predict some of its

characteristics. This plasmon puts into question the use of l(II)
nBO, that is the

decoupling of the dynamics. We need to study it in detail and answer several

questions.

Why don’t we see this plasmon in our study? The abovementionned theo-

retical studies look for low-energy plasmons in bulk graphite (at the RPA

level), meaning that they have an infinite number of graphene layers. They

deal with a continuous qz index instead of discrete band indices n (like us),

which reveals our finite number of layers N. We can therefore suppose

that we did not converge exactly our results for graphite (N ! •) in the

N = 12 case, in the low-energy region. In [152], the plasmon exists with a

wavevector qz  0.03Å�1. It corresponds to oscillation wavelength of about

N = 1/(qzc/2) ' 20 layers, larger than our maximum number of layers.

Note that we have chosen not to follow the computation of the bulk graphite
13 It can be refined depending on the exact number of graphene layers if N  5. This change is

motivated by two arguments. First, the slope of Imge(q, w) for w ! 0 in Fig. 18b that converges
to the one of graphene divided by a factor of 2. This is observed at the RPA level for T = 300K,
by solving the Schrödinger equation for FLG. The second argument comes from a simple model
we build in appendix H.3, in which we express Ss

e(q, w = 0) with the analytical graphene’s
response function c

(0)
e (q, w), by coupling independent graphene layers. We also obtain the

factor of 2, or less (i.e. there is a slight variation with kF).
14 Those Electron Energy-Loss Spectroscopy (EELS) experiments that we choose not to detail here

measure signals that are proportional to Imgm(q, w).
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dielectric function because it is numerically too demanding. The authors of

[152] only study the case q = 0, which is not of great interest to us.

What is the history of this low-energy plasmon? It has been ignored in the

first studies of the electronic properties of graphite — e.g. [154]. We find two

reasons for that. First, condensed-matter experimentalists seem to be more

interested in different range of energies (i.e. ⇠ 1eV at T = 0K and not really

⇠ kBT ' 25meV at room temperature). Therefore, it has been overlooked in

most studies. The second reason is the experimental difficulties in measuring

such low-energy excitations [148]. In the latter studies [144, 145, 146, 147], it

seems that it may have been confused with phonons contributions because

of their similar energies [148]. The study [148] is the first (and only) one that

tries to reconcile experimental data regarding the dispersion of this plasmon

with the most resolved apparatus. This plasmon was observed later in several

experiments [149, 150, 151, 155], but its dispersion has never been studied

since then. Finally, the last study ([156], cited more than two hundred times

but for different reasons) attributes a peak to this plasmon for graphene on

SiC(0001). We choose to restrict the discussion of this plasmon to graphite.

What is the physical origin of this low-energy plasmon? Experimentally, this

plasmon is seen to be polarized in the direction normal to the graphene

sheet, along ez (in our case). It corresponds to a collective charge oscillation

of electrons traveling between graphene layers. It is possible because the

electronic states on different layers are coupled (see, e.g., the Hamiltonian

matrix in Eq. 124). Accordingly, this plasmon could not be found with the

simpler model we build in Appendix H.3 in which graphene layers are only

electrostatically coupled.
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Figure 33: (a) Zoom on the band structure of FLG (N = 50) near the Fermi level
showing the overlap between valence and conductions bands in graphite. A color
corresponds to a electronic band (2N bands in total). Multiple lines with the same
color represent different angles in the BZ. Note that k is a two-dimensional vector
here. (b) Schematic illustration of the low-energy intersheet plasmon mode.
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Between which states those electronic transitions occur? In graphite, electronic

states that are spatially localized on graphene layers that are far apart actually

have similar energies. It can be seen by looking at the band structure of

graphite, projected in the 2D plane (see Fig. 33a for N = 50. See also Fig. 15d

for N = 16). At the Fermi level (assuming EF = 0), many electronic bands

overlap. Electrons can travel between graphene sheets at negligible energy

cost (h̄w = |enk � eµk0 | ' kBT) and small parallel momentum q = |k � k0|.

One can picture waves of electrons tunneling between sheets at T = 300K,

as shown in Fig. 33b. Letting aside the qz dispersion that is not the most

relevant to us, we look at the topmost layer of the slab (assuming a large

number of layers for the reasons abovementioned).

What is the momentum dispersion in the plane? Looking for horizontal

transitions (h̄w ' 0) in Fig. 33a, and considering the thermal smearing, we

find them limited to wavevectors q  |k � k0|' 0.12Å�1. In the most resolved

experiment [148], the plasmon cannot be traced for q � qmax with qmax =

0.18Å�1, which agrees with our estimation. The slight underestimation can

be explained (i) because we look at horizontal transitions instead of one

involving having a vertical component of h̄w ' h̄wP (ii) of the limitation

of the model (and the TB parameters fitted on another experiment) (iii) of

the limits of this “by-hand” estimation that (at least) do not weight the

contribution of larger wavevectors properly. In a study [147] prior to [148],

values reaching qmax = 0.4Å�1 were find at T = 300K and qmax = 0.6Å�1

at T = 600K. The authors of [148] argue that we cannot experimentally

distinguish this plasmon from the LA phonon mode for q � 0.18Å�1.

How can this plasmon play a role in non-adiabatic friction? Fig. 33b shows

how this plasmon can act as charge corrugation on the top graphene layer

of graphite. The value of qmax is crucial because it gives the wavelength

of this corrugation. Also, the use of the BOA is put into question because

wP ' 2kBT/h̄. We need to evaluate l(I)
nBO in this case.

To evaluate the contribution of this plasmon, we choose a simple model

for ge(q, w) to focus on the relevant low-frequency region. We write

ge(q, w)
ge(q)

=
w2

P
w2

P � w2 � 2igw
Q(qmax � q), (251)

where g = 25meV [148] is the plasmon width and ge(q) is the SRF of graphite

(or FLG for N > 4). Eq. 251 ensures the correct limit for ge(q, w = 0) and the

FDT. From Eq. 251 and the FDT (Eq. 233), we obtain Ss
e(q, w). We show in

appendix (see Fig. 46) Ss
e(q, w) alongside with Ss

w(q, w). Again, we find very

accurate to evaluate l(I)
nBO by pulling out Ss

e(q, w = 0) out of the integral. It is
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actually due to the larger frequency that can be traced back to #w ⌧ wPtD
15.

Using the static FDT (Eq. 247), we obtain

l
(Graphite)
nBO '

kBTg

w2
P

ˆ +•

0

dq
2p

q3ge(q)gw(q)
(1 � ge(q)gw(q))2 . (252)

We compute Eq. 252 using kBTg/w2
P = 1/4, Eq. 127 with qTF = qs (Eeff

F '

0.27 eV) for ge(q) (see chapter 5), and gw(q) (in Eq. 86). The results are

shown Fig. 34, with respect to d/dOH (with dOH = 1Å), for several qmax.
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Figure 34: Graphite/water non-adiabatic contribution to the friction coefficient as a
function of d/dOH.

Our reference values are d = (dAluru + dWerder)/2 = 1.52Å (see MM

simulations in chapter 3) and qmax = 0.18Å�1 (see [148]), from which we

find l
(Graphite)
nBO ' 30 N.s.m�3. However, for d = dOH and qmax = 0.4Å�1,

we find l
(Graphite)
nBO ' 300 N.s.m�3. Using larger values for qmax, keeping in

mind the plasmon picture, is quite unrealistic according to Fig. 33a. Using

smaller values for d < dOH is not in the spirit of our microscopic approach

and would deteriorate the results obtained for the vdW energy in Fig. 28. It

would nevertheless lead to results closer to the graphite experimental values

l
Graphite
exp ' 1.2 ⇥ 105N.s.m�3 or simulation data ' 4.5 ⇥ 104N.s.m�3.

Conclusion

In this chapter 8, we estimated the role of non-adiabatic effects in under-

standing friction at the metal/liquid interface. In the absence of a static

corrugation, the roughness-based picture no longers hold, but the friction

can still be understood as an overlap between two dynamical surface charge

structure factors. The friction coefficient quantifies the overlap between

charge fluctuations wavelength and frequency in both media. The general

friction formula that we derive could be simplified in all cases we dealt
15 The libration peak of water wL ' 100 meV puts the BOA into perspective, but it is irrelevant

here because wL > 2kBT/h̄.
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with for metal/liquid friction, leading to a semi-classical result that can be

understood with the electronic friction picture, as defined in [136]. In the case

of wavelength decoupling, we have given analytical formulas with typical

parameters of metals — kF and qTF — and polar liquids — #w.

We conclude that, within the limits of our formalism, the non-adiabatic

contribution to the solid/liquid friction seems to be three orders of magnitude

lower than the experimentally measured value on graphite — and way lower

for graphene. However, considering the sensibility to the inherent parameter

of our microscopic framework, the vacuum gap thickness d, we advocate for

further interest in this question.



G E N E R A L C O N C L U S I O N

In a nutshell, we summarize the main results of this work by distinguishing

the theoretical results from the ones specific to the graphene/water interface.

We then discuss the limits of our approach and future perspectives.

From the theoretical point of view, our first contribution is the microscopic

formulation of the electrostatic problem at interfaces (part i). We consider

materials infinite in only two directions. In the third, they are closed by

an impenetrable plane so that the charge density profile vanishes at this

altitude (chapter 2). We use the linear response framework to obtain the

electrostatic potential but displace the problem in resolving an integral

equation for the response function. The latter involves a non-interacting

response function c(0) and the mean-field potential between particles vinter

(chapter 1). In practice, it is solved by a mere matrix inversion (part ii). For

instance, the effect of microscopic parameters on the screening of an applied

constant electric field can be studied (chapter 4). We no longer have to resort

to a phenomenological approximation to solve the interfacial electrostatic

problem. The framework provides a way to deal with ions at water interfaces

without reducing the liquid to its bulk dielectric function (chapter 6).

Our second contribution comes from the hybrid quantum/classical cou-

pling. We encompassed a liquid’s fluctuations and dielectric response in a

quantum field by introducing a fictitious quantum operator (chapter 2). It

allowed us to formulate the interfacial self-consistent electrostatic problem by

hijacking the electron-phonon problem in solid-state physics. As a result, we

can benefit from decades-long development in this field. For instance, physi-

cal observables can be linked to screened potentials (chapter 6), self-energies

(chapter 7) or specific response functions (chapter 8), expressed in terms

of Feynman diagrams. The framework ensures the self-consistency of the

electrostatic problem — electrons see the liquid molecules that see the elec-

trons. Those coupled interactions make the physical observables non-longer

linearly dependent on the response of the two media at the interface.

On the other hand, the results — that exist thanks to the elaboration of

the previous framework — regarding the graphene/water interface can be

summarized as follows. First, we have seen that coupled dipole/electron

and electron/electron interactions were crucial to understanding the PMF of

an ion at the interface (chapter 6). Our results reproduced a reference PMF



obtained using expensive AIMD free energy perturbation calculations16. Un-

like typical TF metals, the interface’s microscopic details change graphene’s

screening properties. In return, we find that graphene could not be modeled

by a TF model that is valid both in vacuum and in water because of its

peculiar semi-metallic band structure.

Regarding the electronic band gap of a solvated CNT (chapter 7), we

obtain an analytical expression of the non-local and dynamical dielectric

function on the tube’s surface. It is expressed with the inside/outside

liquid’s SRFs, which are defined by microscopic correlation functions. It is

now possible to infer the non-local and dynamical properties of a metal’s

liquid environment, and we prompt physicists in the specific domains to

evaluate environmental effects with this refined microscopic description. We

show how water’s libration peak alters graphene’s loss spectra as an example

of overlooked contributions.

Finally, we estimated the non-adiabatic contributions to the metal/liquid

friction phenomenon (chapter 8). We have seen that friction can always be

formulated as an overlap between two surface charge structure factors. For

the non-adiabatic contribution, the friction coefficient quantifies the matching

between frequency and wavelength charge fluctuations in both media. The

relative frequency decoupling allows evaluating the first-order correction to

the BOA in all cases under scrutiny. Therefore, the semi-classical mechanism

of electronic friction in which dissipation is localized in the metal is relevant.

Our estimation of the contribution of this process to experimentally measured

values does not allow us to call the BOA into question in AIMD — at least,

not for computing friction. Nevertheless, our approach provides the tools to

enrich our understanding of solid/liquid friction.

What are the limits of our approach? The main limit is most probably about

the lack of chemistry. We consider closed media so that charge transfer is

forbidden. The argument relying on the overall neutrality of both media can

be challenged. If it is accepted that there is no charge transfer on average

or for a single adsorbed (say water) molecule, it says nothing about the

dynamical fluctuations of charge transfer. The second apparent limit of our

framework is the validity of our description for wavevectors comparable to

the inverse lattice q ⇠ 1/a. This limit is linked to the first because chemi-

cal effects predominate (exchange-correlation interaction, hydrogen-bond,

charge transfer) on the atomic size. Metal/liquid electrostatic interactions

are cut off by a factor e�2z/a, and only adsorbed molecules play a role.

Future directions for the friction? It could be interesting to evaluate the link

between metal/liquid friction and charge transfer fluctuations. Both media
16 We have written an article [157] on this subject. It is currently in the submission process.



could exchange (fraction of) electrons; the question would be to determine

the specific surface area or time scale. There is some experimental evidence

for such a triboelectrification effect [158]. This would be a red wire to include

chemical effects in the present formalism.

What is left to do regarding the framework? One could rederive the main

equations of this work, including local-field effects. It would “complete”

the purely physical description. For completeness, it would be beneficial to

include phonons in one wants to tackle dynamical properties. The diagrams

equations in this thesis can all be expressed in terms of the matrices of the

elementary blocks. Numerically, it is a real advantage, and one can quickly

think of a code that computes W = Ww + WwXeWw for large systems, in

seconds.

Machine learning approaches may revolutionize molecular simulations

and enrich the insights they bring into metal/liquid interfaces [13]. I believe

making them talk with cheaper analytical models is crucial so that new ideas

can emerge from a scientist’s head. We tried to twine our approach with

simulation results (see chapter 3, 4, 6, 8 and Intermezzo) because we think

they can benefit from each other17. We hope this versatile approach, which

can be generalized for any metal/liquid couple, will be appreciated by some

researchers in the liquid and metal community.

17 That is all the more the case with our microscopic approach that allows the tuning of, for
instance, an hydrogen partial charge, tight-binding parameters, etc..



A B S T R A C T E N F R A N Ç A I S

Un cadre théorique est introduit pour aborder les interactions électrostatiques

aux interfaces métal/liquide. En adoptant une perspective microscopique,

nous déplaçons le problème électrostatique dans la résolution d’une équa-

tion intégrale pour la fonction de réponse linéaire du système interfacial.

En décrivant les fluctuations et la réponse diélectrique du liquide dans le

formalisme de la théorie quantique des champs, nous héritons de nouveaux

concepts pour aborder les interactions collectives en champ moyen. La

précision et la versatilité de notre approche nous permettent de décrire

des interfaces carbonées en considérant la spécificité de leurs structures

de bandes électroniques. Cette méthode est ensuite mise en pratique pour

étudier le potentiel de force moyenne d’un ion solvaté près d’une surface

de graphène, la largeur de la bande électronique interdite d’un nanotube

solvaté, l’interaction de van der Waals entre du graphène et de l’eau, et

des coefficients de friction solide/liquide. La validité des hypothèses clas-

siques concernant le découplage des temps et longueurs caractéristiques aux

interfaces métal/liquide, peut être systématiquement évaluée.



R É S U M É E N F R A N Ç A I S

Cette thèse est motivée par un enthousiasme nouveau pour la nanofluidique

[1]. Cette discipline étudie les liquides dans des canaux de quelques mil-

liardièmes de mètres. Cette étude est permise grâce aux progrès techniques

titanesques concernant la fabrication de ces canaux ou la détection de ce

qui en sort. À cette échelle nanométrique on observe plutôt une “foule” de

molécules sortant d’un canal (voir, par exemple, Fig. 1a) et non un jet d’eau

comme celui du robinet de la cuisine. Les expériences qui permettent ces

mesures ne seront pas abordés dans ce travail, mais nous devons commencer

par dire notre émerveillement pour de telles prouesses qui sont la condition

nécessaire à notre travail théorique (voir Fig. 1b). Pour citer quelques travaux

majeurs, on peut se réferer par exemple à [2, 3, 4, 5, 6].

Pourquoi travailler dans la nanofluidique ? La nécessité d’utiliser des

énergies propres et renouvelables pour traverser les crises écologiques

actuelles et futures a motivé beaucoup de recherche scientifique dans des

domaines divers. La nanofluidique soutient l’espoir de pouvoir exploiter

des phénomènes osmotiques aux embouchures de mers et rivières. En

effet, à cette échelle, apparaissent des phénomènes exotiques qui permet-

tent de générer des courants électriques comme celui de diffusio-osmose18.

Des processus similaires proposent des solutions aux enjeux concernant

l’approvisionnement en eau par sa désalinisation. Ces applications sont

détaillées ici [8].

Pourquoi des liquides comme l’eau ont un comportement étrange dans ces

canaux ? La réduction d’échelle (de macro à micro, puis nano) change

les interactions physiques dominantes. En nanofluidique, de nouveaux

phénomènes apparaissent grâce à l’augmentation du ratio surface/volume

pour le liquide. Pour le comprendre, on peut regarder la matrice de transport

qui relie quelques forces appliquées à leurs observables ad hoc (voir Fig.

1c). Quand seuls les termes diagonaux subsistent, on peut indépendamment

relier les forces appliquées (respectivement une différence de pression, de

potentiels chimiques ou un champ électrique) aux observables (flux du

solvant, flux d’excès du soluté, courant ionique). Cependant, les effets de

surfaces produisent des termes non-diagonaux importants, de sorte que de
18 Processus dans lequel une différence de concentration en sel entre deux réservoirs reliés par un

canal nanométrique induit un courant ionique grâce à une interaction différente des cations et
anions avec la surface du canal. Voir [7] pour plus de détails.



nouvelles options s’offrent à nous pour, par exemple, générer un courant

ionique avec une différence de concentration en sel. Pour identifier ces

termes croisés, une description physique/chimique précise de l’interface

canal/liquide est alors nécessaire. C’est ici que l’intervention de chimistes

théoriciens devient pertinente.

Il faut remarquer que l’émergence des nanocanaux permettant la mesure de

flux arrive avec l’apparition du graphène en 2004 et l’intérêt nouveau pour

les nanomatériaux à base de carbone [11]. L’enthousiasme de la communauté

de la physique du solide pour le développement d’instruments capables

de manipuler des nanomatériaux 1D ou 2D est maintenant apprécié de la

communauté nanofluidique. Parmi ces matériaux van de Waals (vdW) et

leurs assemblages [10], le graphène à un rôle emblématique. Cependant,

isoler une feuille de graphène est compliqué et il s’avère plus simple d’utiliser

des formes allotropiques du graphène pour la construction de canaux : des

nanotubes de carbone (CNTs), plusieurs feuilles de graphène (FLG), du

graphite.

Il existe cependant un matériau qui a la même maille cristalline que le

graphène — le nitrure de bore hexagonal (hBN) — et qui est aussi sou-

vent utilisé. La différence entre un CNT et un BNNT (nanotube de ni-

trure de bore) en nanofluidique illustre l’importance de la spécificité de

l’interaction canal/liquide ou canal/ion [4, 6, 159], au-delà des considéra-

tions géométriques. Cependant, en dynamique moléculaire classique, ou

mécanique moléculaire (MM), le graphène et l’hBN sont très semblables.

Leur différence réside seulement dans la valeur des paramètres d’interaction

vdW avec l’eau, c’est-à-dire avec les paramètres du potentiel de Lennard-

Jones entre atomes [12]. L’apparente sursimplification qui est faite dans ces

simulations est maintenant contestée avec des approches théoriques plus

sophistiquées [25].

Le graphène et l’hBN diffèrent plus fondamentalement si l’on compare leurs

réponses à un champ électromagnétique. Le graphène est un semimétal alors

que l’hBN est un isolant. Pour les isolants, les méthodes de simulations et

notamment leurs formes les plus précises, les dynamiques moléculaires ab

initio (AIMD), sont fiables. Grâce à cette approche, l’interface hBN/eau a

déjà dévoilé quelques-uns de ses secrets [14] et ne sera pas étudié dans ce

travail. À l’inverse, il y a des raisons de remettre en question la fiabilité

des simulations AIMD pour l’interface graphène/eau. D’abord, leurs coûts

ne permettent pas d’utiliser des boîtes de simulations plus grandes que la

longueur de corrélation typique des électrons. Pour la même raison, l’étude

de sels à ces interfaces ne peut se faire qu’à des concentrations élevées. Mis



à part la fonctionnelle d’échange-corrélation ad hoc pour le calcul quantique

effectué grâce à la théorie de la fonctionnelle de la densité éléctronique (DFT),

la dyamique repose sur l’approximation Born-Oppheinmer (BOA). Celle-ci

peut ne pas être respectée pour des molécules aux interfaces métalliques à

cause du continuum de niveaux d’énergie près du niveau de Fermi. En fait,

sans considérer le liquide, elle ne tient théoriquement et expérimentalement

pas dans le cas du graphène [16].

Cette thèse se concentre sur l’interface graphène/eau et essaye de trouver

quelques éléments qui nous indiquent la spécificité de ce couple. Le but

n’est bien sûr pas d’obtenir des résultats quantitatifs, mais plutôt d’estimer

des contributions “d’ordre deux”, ignorées jusque-là. Pour ce faire, nous

aurons besoin d’une approche robuste et élastique qui permet de considérer

les interactions électrostatiques entre les électrons de la surface et les dipôles

du liquide. De manière surprenante, nous n’avons trouvé qu’une seule façon

de traiter cette interface analytiquement dans la littérature. C’est l’approche

électrostatique continue qui décrit l’eau seulement par sa constante diélec-

trique bulk19. Cela nous a incités à proposer une approche microscopique

de l’électrostatique. L’élaboration de cette nouvelle méthode et l’obtention

de formules concernant d’importantes observables physiques constituent

peut-être la partie la plus importante de ce travail en vue de cette béance

dans la littérature.

À la fin des années 70, beaucoup d’efforts ont été dédiés à la compréhension

de ces interfaces métal/diélectrique en présence d’ions par des méthodes

analytiques. Ce travail a été fait en grande partie par A.A. Kornyshev et

M.A. Vorotynsev et se cristallise dans [17] et [18]. Beaucoup de remarques

cruciales étaient déjà présentes comme l’importance de la réponse non-local

du diélectrique à ces interfaces. Cette méthode est toujours utilisée au-

jourd’hui [19, 20]. Cependant, l’intérêt relativement faible pour les approches

analytiques dans le traitement de ces systèmes compliqués20 peut être com-

pris avec l’essor de la chimie computationelle et son large développement

depuis les années 2000. Les simulations quantiques ont été et sont toujours

d’inégalables outils d’étude des interfaces graphène/eau (voir par exemple

[12, 22, 23, 24, 13]). Cependant, comme on l’a dit, la plus grande et la plus

lente oscillation de dipôles/charges dans le système est limitée.
19 On montrera dans ce travail que l’approche plus sophistiquée [17] qui permet aux diélectriques

d’avoir une réponse non-locale — celle mentionnée au prochain paragraphe— ne fonctionne
par pour l’eau : elle n’est tout simplement pas applicable ! Bien sûr, d’autres méthodes peuvent
exister, mais nous ne les connaissons pas.

20 “God made the bulk; surfaces were invented by the devil.” — Wolfang Pauli, cité dans Growth,
Dissolution, and Pattern Formation in Geosystems (1999) by Bjørn Jamtveit and Paul Meakin, p.
291



Pour tenter de résoudre ces problèmes, la dynamique moléculaire classique

propose des modèles semi-classiques. Conscient que leur manque intrin-

sèque de métallicité demande l’introduction de paramètres décrivant le

métal, beaucoup d’efforts ont été dédiés à la compréhension du rôle de sa

polarisation en surface — voir par exemple [25] pour le graphène. Une

approche générale est prometteuse [26]. Elle consiste à conférer aux atomes

du métal une charge fluctuante qui est imposée à chaque pas de temps de la

simulation, pour maintenir un potentiel constant à l’électrode21. Dépassant

le modèle du conducteur parfait, elle permet même de conférer un écrantage

de type Thomas-Fermi (TF) au métal [30].

Cependant, la spécificité d’un métal réside dans sa structure de bande. Le

graphène est un semi-métal qui se comporte comme un métal sur de grandes

distances, mais comme un isolant sur les petites. Ce comportement semble a

priori difficile à inférer dans un Hamiltonien, au-delà du modèle TF. En outre,

la procédure d’optimisation des charges atomiques dans le métal joue le rôle

d’une BOA en AIMD. Dès lors, malgré les récents progrès considérables,

il reste des questions ouvertes concernant cette interface auxquelles nous

pouvons essayer de répondre. Il est inutile de dire que notre rôle ne peut que

se limiter à un support analytique qualitatif. Nous allons donc questionner

les hypothèses réalisées dans la construction des modèles mentionnés et peut-

être suggérer de nouvelles directions pour améliorer de futures simulations.

On remarque finalement qu’en physique des solides, les communautés

s’intéressant au graphène semblent ignorer le rôle de l’environnement diélec-

trique d’un métal, au-delà de la description électrostatique continue. Celle-ci

ignore la réponse dynamique et non-locale du liquide. Il y aussi donc aussi

ici des observables comme des conductivités électroniques, des dispersions

de plasmons ou des bandes interdites électroniques de semi-conducteurs

solvatés, à raffiner avec une meilleure une description de l’interface mé-

tal/liquide.

On peut conclure de cette introduction que notre travail réside premièrement

dans l’élaboration d’une approche pratique de l’électrodynamique aux inter-

faces métal/liquide (partie i). Celle-ci doit être assez générale pour traiter

un éventail de questions ouvertes concernant des effets “d’ordre deux” qui

sont généralement ignorés à l’interface graphène/eau. Ainsi, dans la partie

iii, nous obtiendrons les expressions de plusieurs observables physiques et

étudierons :

• le potentiel de force moyenne d’un ion solvaté à l’interface métal/liquide,
21 Pour une description détaillée des simulations semi-classiques, l’on renvoit à [27] et à [28, 29]

pour les détails concernant la méthode du potentiel constant.



• la taille de la bande interdite électronique d’un CNT solvaté,

• la friction métal/liquide et sa contribution non-adiabatique à l’interface

graphène/eau

Dans une moindre mesure, nous rencontrerons aussi la dispersion du plas-

mon du graphène solvaté, la réponse d’un slab d’eau à un champ électrique,

l’énergie interfaciale de vdW. Nous verrons le rôle central de certaines fonc-

tions de réponse que nous devrons donc construire en partie ii, avant les

évaluations numériques qui se situent sous les formules, en partie iii.

partie i La difficulté de la formulation de l’électrodynamique à une interface

métal/liquide réside dans le fait de devoir faire dialoguer des domaines

distincts de la physique : solide/liquide et quantique/classique. Dans les

approches existantes, il y a toujours une préférence, car il y a certains points

de vue. Il est intéressant de noter que la méthode encore aujourd’hui utilisée

[17] — mais qu’on essayera de dépasser — a justement su placer le solide

et le liquide sur un pied d’égalité. Malgré la réduction grossière, fixons les

idées et schématisons ces deux domaines avec deux livres emblématiques

[31, 32].

Cherchons les similitudes entre ces deux domaines en ce qui concerne

l’électrodynamique. Dans les deux cas, on trouve un usage de la théorie de

la réponse linéaire dynamique et non-locale. Notre premier point d’entrée

sera donc de définir une fonction de réponse pour le métal ce et pour

le diélectrique cw, tel que si un potentiel électrostatique extérieur fext est

appliqué à l’un d’entre eux, il répondra linéairement en induisant une densité

de charge nind qui, en moyenne s’écrit :

hnind(1)i =
ˆ

d2c(1, 2)fext(2). (253)

On a utilisé et utiliserons une notation regroupant espace et temps — i.e.,

1 ⌘ (x1, t1) — pour la lisibilité. Dès lors, dans un système qui ne comporte

que le métal ou que le diélectrique, on pourra trouver le potentiel total en

considérant la somme de deux potentiels : celui appliqué fext et celui généré

par la nouvelle densité de charge induite find.

Nous pouvons donc exprimer le potentiel (total) ftot grâce à c dans n’importe

quel système fermé. On a donc déplacé le problème dans l’obtention de c qui

nous permet d’apporter des détails microscopiques. Nous allons construire c

avec une fonction plus simple c(0) qui considère que les particules22 du sys-

tème sont indépendantes, i.e. comme dans le gaz parfait, elles n’interagissent
22 Ce sont les électrons pour le métal et les molécules polaires pour le liquide.



pas. À cette fonction de réponse c(0) nous devons ajouter un potentiel de

force moyen entre particules vinter. On construira c en faisant une renormali-

sation en champ moyen de c(0). Il s’agit d’écrire qu’une particule répond au

potentiel extérieur appliqué ainsi qu’au potentiel moyen induit par toutes les

autres particules similaires. Ainsi, on obtient une équation intégrale de c en

fonction de c(0) et vinter:

c(110) = c(0)(110) +
¨

d2d3c(0)(12)vinter(23)c(310). (254)

Ainsi, nous avons réduit le problème central de l’obtention du potentiel

électrodynamique dans un métal ou un liquide à l’obtention de c(0) et vinter

et à la résolution d’une équation intégrale. A fortiori, à une interface, nous

aurons besoin de c
(0)
e , c

(0)
w et vinter (“w” pour le liquide et “e” pour les

électrons). Ce sont les briques élémentaires de notre approches. Dans ces

travail, toutes les observables physiques pourront être exprimées grâce à elles

seules. Cependant, leur définition est générale (nous n’avons toujours pas

précisé de géométrie) et elles comportent a priori 8 indices ! Dans la suite de ce

premier chapitre, nous donnons quelques exemples classiques pour exprimer

des résultats connus sous cette forme dans le cas de systèmes homogènes,

infinis et isotropes. Nous proposons aussi un d’expliciter certaines formules

pour le cas d’un milieu semi-infini isolé. Ainsi, nous rencontrons pour la

première fois une quantité qui s’avérera centrale dans notre travail. Il s’agit

de la fonction de réponse de surface g (SRF) qui s’exprime grâce à c comme

ceci :

g(q, w) =
�1

2e0q

¨
dz1dz2e�q(z1+z2)c(q, z1, z2, w). (255)

Nous avons utilisé le fait que pour une interface infinie (ici encore avec le vide)

et à l’équilibre, la transformée de Fourier était pertinente dans le temps et le

plan — x = (r, z) en coordonnées cylindriques et k = (q, qz) dans l’espace

réciproque. On comprend aussi que la connexion avec l’électrostatique

continue se fait dans la limite des grandes longueurs d’ondes des fonctions de

réponse manipulée. Par exemple, nous retrouvons le coefficient de réflexion

du milieu semi-infini comme ceci :

g(q, w) ��!
q!0

#(w) � 1
#(w) + 1

, (256)

où #(w) = #(k ! 0, w) est la fonction diélectrique du milieu homogène,

isotropique et infini correspondant.

Le deuxième chapitre de cette partie pose les fondations de notre approche.

On y décrit l’interface graphène/eau pour en conclure que les interactions



chimiques y sont a priori négligeables (pas d’échange d’électrons). Dès lors,

on peut procéder à la fermeture des deux sous-systèmes métallique et liquide

à l’interface. En effet, l’introduction abstraite d’une paroi imperméable

entre les deux milieux permettra de construire un modèle microscopique de

l’interface. Les Hamiltoniens du liquide et du métal sont d’abord construits

séparément. Du côté du métal, c’est une pratique courante et l’on découple

surtout les électrons des noyaux de la maille pour préparer l’ajout rigoureux

du liquide. Du côté du liquide polaire, nous construisons un Hamiltonien

qui peut s’écrire en fonction de c(0) et vinter. Des comparaisons sont faites

avec les fonctionelles de polarisation dans l’objectif de clarifier ce en quoi

notre approche s’en démarque.

L’étape suivante consiste à résoudre les incompatibilités fondamentales qui

subsistent encore pour le couplage classique/quantique en exprimant la

densité de charge du liquide polaire avec un opérateur bosonique quantique.

On montre comment obtenir, à partir de l’Hamiltonien classique du liquide

et en imposant une dynamique ad hoc, une action qui peut s’insérer dans la

théorie quantique des champs. On exploite à notre avantage des parallèles

connus entre celle-ci [160] et la dynamique des champs statistiques formulée

par Martin, Siggia et Rose [36]. Dès lors, une fois le liquide polaire transposé

— seulement formellement — dans cet univers, nous bénéficions d’outils issus

de théorie perturbation comme les diagrammes de Feynman. Ils permettent

de combiner de manière systèmatique les fonctions de réponse du liquide

et du métal (à travers c(0)et vinter) en fonction du cadre donné. Nous les

adaptons et simplifions à nos besoins à la fin de cette partie.

partie ii Cette deuxième partie est dédiée à l’obtention des briques élé-

mentaires de notre approche (c(0), vinter) et des SRFs (g) pour l’eau et le

graphène (ou plusieurs feuillets de graphène — FLG). On introduit à travers

trois chapitres, trois méthodes originales pour obtenir ces quantités. Pour

l’eau, nous procédons d’abord à des simulations moléculaires classiques dans

plusieurs géométries pour obtenir des informations dynamiques. Ensuite,

nous résolvons l’équation intégrale Eq. 254 pour un slab d’eau et procédons

à diverses études concernant l’eau interfaciale. Enfin, nous résolvons Eq. 254

pour un système comportant plusieurs couches de graphène (FLG) grâce à

l’utilisation de fonctions de Wannier et un modèle “tight-binding”.

Des simulations MM sont réalisées pour de l’eau bulk, à l’interface avec du

graphène et confinée dans deux feuilles de graphène, pour deux champs

de force différents. Elles nous permettent d’abord de nous intéresser aux

fonctions de réponse dynamiques du milieu homogène, isotrope et infini.



Nous repérons le pic de Debye et de libration dans le spectre de l’eau et

nous construisons des modèles analytiques pour les modéliser. Nous nous

faisons une idée de la SRF dans la limite de l’électrostatique continue grâce

à l’Eq. 256. Les simulations interfaciales nous apportent tout d’abord des

éléments complémentaires sur les Hamiltoniens statiques de référence qui

seront considérés pour la théorie de perturbation. Un protocole est proposé

pour obtenir g grâce au théorème de fluctuation–dissipation (FDT) qui s’écrit

:

Img(q, w) =
tanh(h̄w/2kBT)

2e0qh̄
Ss(q, w). (257)

On a ici introduit une nouvelle fonction de corrélation importante que

l’on nomme le facteur de structure de charge de surface. L’analyse des

simulations consiste donc à obtenir Ss(q, w). Grâce à l’Eq. 257 et à des

propriétés d’analyse complexe de fonctions de réponse, nous construisons

une méthode d’obtention, des références et des modèles pour gw(q, w).

Dans un second temps, en partant d’un modèle géométrique d’une molécule

d’eau (modèle SPC/E, aussi utilisé pour le MM) nous dérivons une expres-

sion analytique pour c(0) dans le cas d’un slab d’eau. Nous inférons ensuite

un potentiel d’interaction moyen entre molécules d’eau vinter qui est construit

grâce à des résultats expérimentaux ou de simulations. Les éléments de l’Eq.

254 étant réunis, nous montrons comment celle-ci peut-être résolue pour

cw(q, z, z0) grâce à une simple inversion matricielle. Nous comparons nos

résultats avec ceux de la littérature pour finalement prolonger notre étude

de la réponse diélectrique de l’eau à une interface. L’effet d’un champ élec-

trique extérieur est étudié et la pertinence de l’introduction d’une constante

diélectrique effective dans notre approche microscopique est discutée.

En dernier lieu, nous procédons à la même démarche du côté graphène et

FLG. Cette fois-ci, le formalisme quantique est nécessaire. Pour se placer à

température ambiante, nous utilisons l’approche de Matsubara pour obtenir

c
(0)
e . Les interactions d’échange-corrélation ne sont pas considérées dans

vinter et nous nous plaçons donc au niveau “random phase approximation”

(RPA)23. Une solution originale pour le FLG est proposée pour la résolution

de l’Eq. 254 en réhabilitant des idées proposées lors de l’apparition des

fonctions de Wannier [69]. Un modèle bien connu de “tight-binding” pour le

graphène et FLG est adopté et les SRFs ge(q, w) sont calculées, comparées et

discutées.

23 Leur ajout n’est cependant pas problèmatique.



partie iii La dernière partie de ce travail consiste à obtenir des expressions

pour des observables physiques pertinentes aux interfaces métal/liquide avec

des applications pour le graphène et l’eau. La première qui nous intéressera

est le potentiel de force moyenne d’ion solvaté, s’approchant de l’interface.

Elle nécessite l’obtention du potentiel électrostatique à l’interface considérée.

Nous établissons d’abord les limites conceptuelles et pratiques (pour l’eau)

de l’approche existante. Ensuite, nous utilisons notre approche et organ-

isons nos briques élémentaires (c(0)
e , c

(0)
w , vinter) pour obtenir l’expression du

potentiel total dû à une densité de charge externe à cette interface. Notre

résultat théorique est similaire à celui d’Hedin [95] et son traitement du

problème électron-phonon. En utilisant les résultats de la partie II, le PMF

du potassium (K+) à l’interface graphène/eau est calculé. La comparai-

son avec des résultats longs et couteux de calculs d’énergie libre effectué

en AIMD démontre la pertinence de notre approche. Nous procédons à

l’analyse des différentes contributions du PMF, toujours en lien avec un

regard critique sur les hypothèses effectuées en simulation (métallicité, “fit”

de paramètres dans le vide, importance des interactions électroniques). Fi-

nalement, nous concluons sur la particuliarité du graphène et sa structure

de bande semi-métallique. L’insuffisance du modèle de TF pour décrire la

réponse diélectrique du graphène de manière cohérente dans le vide et dans

l’eau (en même temps) est relevée.

Dans un deuxième temps, nous nous intéressons à l’évaluation de la bande

interdite électronique (ou “gap”) d’un CNT. Cette étude est motivée par

l’appel explicite d’un chercheur pour une description microscopique du

liquide aux interfaces CNT/eau. Nous la construisons en ayant recours à

des calculs GW pour obtenir l’expression du “gap”. Elle prend en entrée

l’expression de la fonction de Green du système sur le CNT que nous pou-

vons exprimer analytiquement grâce aux SRFs ge et gw. Nous exprimons

les fonctions de corrélations microscopiques à calculer dans une étude fu-

ture. Les résultats obtenus dans ce chapitre — en donnant une description

microscopique et dynamique de l’environnement des électrons à la surface

solvatée d’un métal — permettent aussi de mieux décrire les excitations du

système. À titre d’exemple, et pour inciter à la réévaluation de ces subtilités

ignorées, nous montrons que le pic de libration de l’eau altère le spectre

d’excitation du graphène solvaté.

Le dernier chapitre de ce travail examine l’hypothèse d’une contribution

non-adiabatique au phénomène de friction aux interfaces graphène/eau.

Après l’exposition des motivations d’un tel questionnement et un rappel de

la description classique de la friction — une image basée sur une idée de
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corrugation statique — nous partons à la recherche de corrections à BOA.

Nous trouvons que le coefficient de friction à une interface peut toujours

s’exprimer comme un recouvrement entre deux facteurs de structure de

charge de surface Ss
w et Ss

e. La contribution non-adiabatique quantifie les

similitudes entre les fluctuations temporelles et spatiales de charge dans les

deux millieux. La formule générale pour la friction entre deux solides24 se

simplifie dans le cas d’une interface métal/eau grâce au découplage des

temps et longueurs de corrélation dans les deux matériaux. Le processus de

friction électronique est évalué pour l’interface graphène/eau et FLG/eau.

En outre, des données spectroscopiques expérimentales nous enjoignent à

étudier de plus près le cas du graphite et de son plasmon de basse énergie.

Trois ordres de grandeurs séparent notre estimation des contributions non-

adiabatiques à la friction expérimentalement mesurée.

En conclusion, nous discutons brièvement des limites et perspectives de

notre cadre théorique. Notre approche de l’électrostatique surmonte des

obstacles théoriques non négligeables. Elle permet d’étudier les interfaces

métal/liquide rigoureusement à partir de modèles microscopiques et à un

prix computationnel négligeable. Elle pourrait constituer un outil complé-

mentaire aux simulations moléculaires avec lesquelles un dialogue a été

amorcé dans ce travail. Nous espérons qu’elle sera appréciée par quelques

chercheurs de disciplines différentes.

24 introduite par Persson et al. [143], et que nous généralisons.
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A
A P P E N D I C E S O F C H A P T E R 1

a.1 standard approach to electrostatics

Herein, we summarize the standard approach to electrostatics. Gauss’s law

relates the electric field E in the vacuum to the electric charge density r it

stems from:

r · E =
r

e0
. (258)

The vector fields we introduce — e.g., E — are expectation values of operators

for quantum systems. Helmholtz allows us to decompose the electric field

into a divergence-free field (or “transverse”) and an irrotational one (or

“longitudinal”). Introducing the electrostatic potential f and the vector

potential A, it reads [33]:

E = �rf � ∂tA. (259)

Using the Coulomb gauge — i.e., r · A = 0 —, and inserting in Eq. 259 in

Eq. 258, we obtain Poisson’s equation:

r
2f = �

r

e0
. (260)

Assuming that a charge labeling is possible, the linearity of Eq. 260 prompts

us to separate charges. Some are external to the medium under consideration

rext, some are present without the external perturbation r0, and others rind

(also noted dr) are induced by the presence of the external ones. It means

that we can write f = fext + f0 + find, each potential solving independently

Eq. 260.

polarization and displacement field It is usual to make yet

another distinction regarding the nature of the charges. When the system

is probed with wavelengths l extremely large compared to typical atomic

separation distance a, averages can be made on large volumes V compared

to a. Therefore, if we can find a volume V such that a ⌧ V
1
3 ⌧ l, we can

separate charges that are bound (rb) to a position (move on scale of a) and

others that are free (rf, that can move on large scales V
1
3 ). For instance, polar

molecules in a dielectric can be considered bound charges, whereas electrons

129
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in a metal are free. With this distinction — e.g. r = rext + rb + rf — we

rewrite Eq. 258 as

r · hDiV = rf + rext. (261)

where we have introduced the volume averaged displacement field hDiV =

e0hEiV + hPiV . The polarization is expressed in terms of the bound charge

density as follows rb = �r · hPiV . To what end this charge separation is

practical? Because for l o a, the constitutive relation for a local dielectric

media can be written in its long-wavelength limit. Therefore, it takes an

elementary form: hPiV = e0cThEiV . The local transverse susceptiblity reads

cT = #w � 1 where #w is the dielectric constant of the medium. Inserting in

Eq. 261, we find that

r · hEiV =
rf + rext

e0#w
, (262)

which is Gauss’s law in a dielectric material. This formulation of Maxwell’s

equations is called “in matter” or “macroscopic”. Note that this formulation

implies that the distinction between bound and free charges is possible and

that l o a.

generalization of the bound and free charge separation

The polarization and displacement field can still be introduced without

assuming the volume averaging. However, to which charge density can we

attribute the polarization? In the literature regarding dielectrics and where

free charges are absent, it is ubiquitous to identify the bound charge to the

induced charge density in the system. The following set of equations is

therefore obtained:

rind = �r · P ; r · D = rext ; D = e0E + P. (263)

We call it the standard approach of electrostatics. What happens if free

charges are present? What is, in this case, the physical meaning of the

polarization if it contains a contribution from free charges? It appears that

the introduction of D and P is no longer relevant if we do not make the

long-wavelength limit assumption for the dielectric.

constitutive equation In this thesis, we will consider a dielec-

tric/metal interface at the microscopic scale, and we do not resort to the

bound/free charge distinction (nor the introduction of D and P). However,

in the literature, this distinction is implicitly made, assuming the ambiguity

in the definition of the polarization P when free charges are present (see Eq.
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263). It is most probably why the polarization is ignored and the constitutive

equation links E and D, using

D(1) = e0

¨
d1d2#(1, 2)E(2) (264)

where # is the dielectric tensor and where we use 1 = (x1, t1).

a.2 translational invariance

The Fourier transform is defined as follows:

f (k) =
ˆ

dr f (r)e�ikx f (r) =
1
V

Â
k

f (k)e+ikx, (265)

with 1
V Âk ����!

V!+•

´ dk
(2p)3 . We express

n(x) =
ˆ

dx0c(x, x0)f(x0), (266)

when c(x, x0) only depends on x � x0. We insert the inverse Fourier transform

of f in Eq. 266. It gives, after Fourier transformation,

n(k) =
1
V

Â
k0

c(k, �k0)f(k0). (267)

In Fourier space, c(k, �k0) reads

c(k, �k0) =
¨

dxdx0c(x, x0)e�ikxe+ik0x0

(268)

Using x0 = x � x” and the invariance by translation, we compute the integral

over x. Therefore,

c(k, �k0) = Vdk�k0 c(k0) ���!
V!•

(2p)3d(k � k0)c(k0) (269)

where c(k0) =
´

dx”c(x, x � x”)e�ik0x”. Eq. 269 shows that c(x, x0) has

a diagonal representation in the Fourier basis. Inserting Eq. 269 in Eq.

267 gives n(k) = c(k)f(k). We will extensively use this property at an

translationally invariant interface (see Fig. 35). We recap those results in a

mathematical “toolbox” (Table 5).
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Fig. 35 Planar (cylindrical coordinates)

x (r, z)

dx drdz

d(x) d(r)d(z)

k (q, qz)

Fourier transfom f (q) =
´

dr f (r)e�iqr

inverse Fourier transform f (r) = A�1 Âq f (q)e+iqr

limit sum- A�1 Âq ���!
A!•

´ d2q
(2p)2

integral Adq ���!
A!•

(2p)2d(q)

f ⇤ g
´ +•
�• dz f (q, z, z0)g(q, z0)

linear response n(q, z) =
´

dz0c(q, z, z0)f(q, z0)

plane invariance c(q, �q0) = (2p)2d(q � q0)c(q0)

Table 5: Mathematical toolbox for the infinite, homogeneous, and isotropic in the
plane interface.

�
<latexit sha1_base64="JBnZA73RIQ2tVEpQLTBeYqdfbLc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBqPgKeyqoMeAF48RzAOSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3woZyJmnLMstpN9UUi4jTTjS+y/3OE9WGKfloJykNBR5JFjOCbS71daIG1Zpf9+dAqyQoSA0KNAfVr/5QkUxQaQnHxvQCP7XhFGvLCKezSj8zNMVkjEe056jEgppwOr91hs6dMkSx0q6kRXP198QUC2MmInKdAtvELHu5+J/Xy2x8G06ZTDNLJVksijOOrEL542jINCWWTxzBRDN3KyIJ1phYF0/FhRAsv7xK2pf14KruP1zXGmdFHGU4gVO4gABuoAH30IQWEEjgGV7hzRPei/fufSxaS14xcwx/4H3+ABdQjis=</latexit>

�
<latexit sha1_base64="sRDhpAJhRiIjkcHnq5UNfQec6Vg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBQ8hV0V9Bjw4jGCeUCyhN7JJBkyOzvMzAbCko/w4kERr36PN//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo4bJkk1ZXWaiES3IjRMcMnqllvBWkozjCPBmtHofuY3x0wbnsgnO1EsjHEgeZ9TtE5qdsao1ZB3S2W/4s9BVkmQkzLkqHVLX51eQtOYSUsFGtMOfGXDDLXlVLBpsZMappCOcMDajkqMmQmz+blTcuGUHukn2pW0ZK7+nsgwNmYSR64zRjs0y95M/M9rp7Z/F2ZcqtQySReL+qkgNiGz30mPa0atmDiCVHN3K6FD1EitS6joQgiWX14ljatKcF3xH2/K1fM8jgKcwhlcQgC3UIUHqEEdKIzgGV7hzVPei/fufSxa17x85gT+wPv8AXLuj4o=</latexit>

y
<latexit sha1_base64="W9CJtPe6H20vBngnzgN8qoujfxA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JuVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGtP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVa9q6rbuK7UzvI4inACp3ABHtxADe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD32GM4Q==</latexit>

e�
<latexit sha1_base64="fscmOj/H93TzATVertgmeEPwcLU=">AAACC3icbVC7TsMwFHXKq5RXgJHFaqnEVCWABGMlFsYi0YfURJHjOK1Vx45sB6mKurPwKywMIMTKD7DxNzhtBmi5kuWjc+61zz1hyqjSjvNtVdbWNza3qtu1nd29/QP78KinRCYx6WLBhByESBFGOelqqhkZpJKgJGSkH05uCr3/QKSigt/raUr8BI04jSlG2lCBXW96oWCRmibmyj05FrOalyA9DuOczIKCCOyG03LmBVeBW4IGKKsT2F9eJHCWEK4xQ0oNXSfVfo6kppgR836mSIrwBI3I0ECOEqL8fL7LDDYNE8FYSHO4hnP290SOElW4NZ2FTbWsFeR/2jDT8bWfU55mmnC8+CjOGNQCFsHAiEqCNZsagLCkxivEYyQR1ia+mgnBXV55FfTOW+5Fy7m7bLRPyziq4ATUwRlwwRVog1vQAV2AwSN4Bq/gzXqyXqx362PRWrHKmWPwp6zPH8+4m3E=</latexit>

ey
<latexit sha1_base64="sn2m5FGmbzd/qhaqzojmahTSgBI=">AAACCHicbVC7TsMwFHXKq5RXgJEBi1KJqUoACcZKLIxFog+piSLHdVqrjh3ZDlIUdWThV1gYQIiVT2Djb3DaDNByJctH59xrn3vChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCdkPkSKMctLRVDPSTyRBcchIL5zcFHrvgUhFBb/XWUL8GI04jShG2lCBfdzwQsGGKovNlXtyLKY1L0Z6HEY5mQZZYNedpjMruAzcEtRBWe3A/vKGAqcx4RozpNTAdRLt50hqihkxj6eKJAhP0IgMDOQoJsrPZ4tMYcMwQxgJaQ7XcMb+nshRrAqrprPwqBa1gvxPG6Q6uvZzypNUE47nH0Upg1rAIhU4pJJgzTIDEJbUeIV4jCTC2mRXMyG4iysvg+55071oOneX9dZpGUcVHIETcAZccAVa4Ba0QQdg8AiewSt4s56sF+vd+pi3Vqxy5hD8KevzB3MMmic=</latexit>

ex
<latexit sha1_base64="Iprd56Pv+vd4DogTby70DfjFoZo=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSoxVQkgwViJhbFI9CE1UeQ4TmvVsSPbQVRRRxZ+hYUBhFj5BDb+BqfNAC1Xsnx0zr32uSdMGVXacb6tpeWV1bX1ykZ1c2t7Z9fe2+8okUlM2lgwIXshUoRRTtqaakZ6qSQoCRnphqPrQu/eE6mo4Hd6nBI/QQNOY4qRNlRgH9W9ULBIjRNz5Z4ciknVS5AehnFOJsFDYNechjMtuAjcEtRAWa3A/vIigbOEcI0ZUqrvOqn2cyQ1xYyYxzNFUoRHaED6BnKUEOXn00UmsG6YCMZCmsM1nLK/J3KUqMKq6Sw8qnmtIP/T+pmOr/yc8jTThOPZR3HGoBawSAVGVBKs2dgAhCU1XiEeIomwNtlVTQju/MqLoHPWcM8bzu1FrXlSxlEBh+AYnAIXXIImuAEt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+lPX5A3GImiY=</latexit>

ey
<latexit sha1_base64="sn2m5FGmbzd/qhaqzojmahTSgBI=">AAACCHicbVC7TsMwFHXKq5RXgJEBi1KJqUoACcZKLIxFog+piSLHdVqrjh3ZDlIUdWThV1gYQIiVT2Djb3DaDNByJctH59xrn3vChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCdkPkSKMctLRVDPSTyRBcchIL5zcFHrvgUhFBb/XWUL8GI04jShG2lCBfdzwQsGGKovNlXtyLKY1L0Z6HEY5mQZZYNedpjMruAzcEtRBWe3A/vKGAqcx4RozpNTAdRLt50hqihkxj6eKJAhP0IgMDOQoJsrPZ4tMYcMwQxgJaQ7XcMb+nshRrAqrprPwqBa1gvxPG6Q6uvZzypNUE47nH0Upg1rAIhU4pJJgzTIDEJbUeIV4jCTC2mRXMyG4iysvg+55071oOneX9dZpGUcVHIETcAZccAVa4Ba0QQdg8AiewSt4s56sF+vd+pi3Vqxy5hD8KevzB3MMmic=</latexit>

ez
<latexit sha1_base64="R7bo/JBopBVjz5DJUwU6HGe1h1E=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSoxVQkgwViJhbFI9CE1UeQ4TmvVsSPbQSpRRxZ+hYUBhFj5BDb+BqfNAC1Xsnx0zr32uSdMGVXacb6tpeWV1bX1ykZ1c2t7Z9fe2+8okUlM2lgwIXshUoRRTtqaakZ6qSQoCRnphqPrQu/eE6mo4Hd6nBI/QQNOY4qRNlRgH9W9ULBIjRNz5Z4ciknVS5AehnFOJsFDYNechjMtuAjcEtRAWa3A/vIigbOEcI0ZUqrvOqn2cyQ1xYyYxzNFUoRHaED6BnKUEOXn00UmsG6YCMZCmsM1nLK/J3KUqMKq6Sw8qnmtIP/T+pmOr/yc8jTThOPZR3HGoBawSAVGVBKs2dgAhCU1XiEeIomwNtlVTQju/MqLoHPWcM8bzu1FrXlSxlEBh+AYnAIXXIImuAEt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+lPX5A3SQmig=</latexit>

r
<latexit sha1_base64="HdUHVXhRBz3XCX2I22rBpoGP7Nk=">AAACFHicbVBNS8MwGE7n16xfVY9einMgCKNVQY8DLx4nuA9YS0mzdAtLk5Kkwiz9EV78K148KOLVgzf/jelWQTcfCHnyvO9LnvcJE0qkcpwvo7K0vLK6Vl03Nza3tnes3b2O5KlAuI045aIXQokpYbitiKK4lwgM45Dibji+KurdOywk4exWTRLsx3DISEQQVFoKrJO6F3I6kJNYX5knRjw3614M1SiMMpwH9+bPQ+SBVXMazhT2InFLUgMlWoH16Q04SmPMFKJQyr7rJMrPoFAEUZybXipxAtEYDnFfUwZjLP1sulRu17UysCMu9GHKnqq/JzIYy8K27iwcyvlaIf5X66cquvQzwpJUYYZmH0UptRW3i4TsAREYKTrRBCJBtFcbjaCASOkcTR2CO7/yIumcNtyzhnNzXmselXFUwQE4BMfABRegCa5BC7QBAg/gCbyAV+PReDbejPdZa8UoZ/bBHxgf34Yvnwc=</latexit>

z
<latexit sha1_base64="X8bhiD5LgdGzL6ohRxQAARn73P8="></latexit>

x
<latexit sha1_base64="OFS3g9A63I5CdWTTyvm6xhvHdi8="></latexit>

x
<latexit sha1_base64="OFS3g9A63I5CdWTTyvm6xhvHdi8="></latexit>

T
<latexit sha1_base64="4GkQBPDzH8nzN3gVcGL89mbOnsc="></latexit>

C
<latexit sha1_base64="fsFv4PD15lifNJK/PZZFgxuEW7s="></latexit>

T
<latexit sha1_base64="4GkQBPDzH8nzN3gVcGL89mbOnsc="></latexit>

C
<latexit sha1_base64="fsFv4PD15lifNJK/PZZFgxuEW7s="></latexit>

Figure 35: Planar geometry with cylindrical coordinates. The vectors T and C are
relevant for chapter 7 only.
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b.1 dft calculations

We carried out an ab-initio molecular dynamics (AIMD) simulation of a

graphene-water interface of area 12.83 Å ⇥ 12.35 Å using the CP2K software.

The simulation is identical to the one described in [22] with the difference

that the hydroxide ion is replaced by a water molecule. A VASP calculation

was performed on a single configuration extracted from the dynamics, again

following [22]. We used the Perdew, Burke and Ernzerhof functional [161]

with the D3 dispersion correction scheme [162], which has been shown to

provide a good description of the water/graphene interface [23]. Plane waves

with kinetic energy larger than 600 eV were cut off and convergence was

reached when the difference between total energy and eigenvalue energies

was smaller than 10�6 eV. The resulting electronic density, once averaged in

the direction parallel to the interface, is shown in Fig. 1b of the main text.

b.2 link with polarization functionals

Felderhof [163, 164] showed that we could write a functional of the po-

larization field in a dielectric medium whose minimization leads to the

completion of Maxwell’s equations. The Hamiltonian of the system, using

the polarization field P instead of dnw — with dnw = �r · P —, reads

Hpol
w =

1
2e0

¨
dx1dx2P(x1)c̄�1

w (x1, x2)P(x2) �
1
e0

ˆ
dx1D(x1) · P(x1).

(270)

By differentiating with respect to P, we find the constitutive equation in the

static case:

dHpol
w [P]
dP

= 0 : P(x1) =
ˆ

dx2c̄w(x1, x2)D(x2). (271)

We have used
´

dx1c̄�1
w (x, x1) · c̄w(x1, x0) = Id(x � x0). Therefore, using Eq.

263 and Eq. 264, we obtain

#�1
w (12) = 1 � c̄w(12). (272)

133
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We split the displacement field into a longitudinal and transverse compo-

nent D = DL + DT (Helmholtz decomposition). An external electrostatic

potential only appears in the longitudinal term: DL = �e0rfext = e0Eext.

An excitation stemming from a charge density only produces a longitudinal

excitation. Inserting in Eq. 270, it reads

ˆ
dx1Eext(x1) · P(x1) = �

ˆ
dx1r1fext(x1) · P(x1)

=
ˆ

d1r1 · P(x1)fext(x1) �

ˆ
dx1r1 · [fext(x1)P(x1)]

= �

ˆ
d1dnw(x1)fext(x1) �

"
fext(x1)P(x1) · dS1.

(273)

We have used an identity of operators and the divergence theorem to intro-

duce the surface charge density s(x1) = P(x1) · dS1. For a constant external

potential (or no potential), we obtain that

ˆ
dx1dnw(x1) = �

"
S1

s(x1). (274)

Eq. 274 says that if you cut a dielectric medium, net charges will appear on

the surface because some molecules will be cut in two. The overall neutrality

condition requires to include charges on the surface.

Charges on the surface also react to the external electric field, hence the

second term in Eq. 273. For an infinite slab, there is no surface polarization

in the direction parallel to the interface because it is never cut. However, the

symmetry breaking in the direction normal to the interface can lead to a net

surface charge. The latter integrates to 0 on the infinite surface,

"
S1

s(x1) = 0 (275)

Therefore, if fext is constant on the boundaries, then the second term in Eq.

273 integrates to 0 along the infinite surface. For instance, this is valid for a

constant electric field Dz/e0 applied in the direction normal to the surface.

Without any assumption regarding fext, Eq. 273 shows that the excitation

will couple the surface charges to the charges in the volume. It points out the

crucial role of the volume boundaries. In a macroscopic formalism, media

are cut with sharp boundaries (e.g., one-side being the medium and the

other vacuum). However, from a microscopic point of view, the medium

does not terminate abruptly but smoothly on average. The surface boundary

is no longer clearly defined. At a plane interface, we can therefore use a

volume encompassing all molecules so that none of them can be cut in two.

It adds up to closing the medium with an impenetrable plane. To remove
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the surface charge due to the dielectric media’s abrupt termination, we

introduce a smooth molecular profile that vanishes on the volume boundaries.

The response function of the dielectric medium will also smoothly decay

near the boundary. This assumption will come in 2.3.1. Our framework

therefore comes with the assumption s(x) = 0 on the volume boundaries

(impenetrable plane).

To link the dielectric response tensor to the susceptiblity of Eq. 1, we

insert Eq. 273 in Eq. 270 (without the surface charge term) and obtain

Hpol/s=0
w =

1
2e0

¨
dx1dx2P(x1)c̄�1

w (x1, x2)P(x2) +
ˆ

dx1dnw(x1)fext(x1).

(276)

fext generates the moments of dnw. In the expression of the response function

cw(x1, x2) = dhdnw(x1)i
dfext(x2)

, only quadratic terms will participate. Using P =

PL + PT and the Helmholtz decomposition for the longitudinal field:

PL(x1) = r1

ˆ
dnw(x2)

4p|x1 � x2|
dx2, (277)

we can express c�1
w with the tensor c�1

w :

c�1
w (x1, x2) = �

¨
dx3&4

e0(4p)2 r3

✓
1

|x3 � x1|

◆
· c̄�1

w (x3, x4) · r4

✓
1

|x4 � x2|

◆

(278)

In Fourier space, for the case of an homogeneous, isotropic, infinite dielectric,

Eq. 278 reads

c�1
w (k) = �

1
k2e0

k̂ · c̄�1
w (k) · k̂.

The longitudinal response c̄w(k) = k̂ · c̄�1
w (k) · k̂ is therefore linked to cw(k)

as follows (see also Eq. 16):

cw(k) = �k2e0c̄w(k).

b.3 a liquid in a quantum framework

The liquid Hamiltonian (see Eq. 62) written at an arbitrary time t1, reads

Hw(t1) = �
1
2

¨
dx1dx2n(1)c�1(x1, x2)n(x2, t1) +

ˆ
dx1n(1)f(1), (279)

where we simplified the notations (dnw ! n, cw ! c) for the sake of clarity.

We included the external potential (fext ! f). The dynamics of liquids

are a combination of Gaussian processes, be them harmonic oscillators or

diffusive processes. For simplicity, we impose the simplest dynamic by using
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the Langevin equation. For instance, the same treatment can be refined by

incorporating an acceleration term. The charge density is a non-conservative

order parameter, so we use the simplest model for stochastic systems – type

A in the nomenclature of Hohenberg and Halperin [165]. The Langevin

equation reads

∂n(1)
∂t1

= F(1) + x(1) (280)

where hx(1)x(2)i = hxxid(1 � 2) and where hxxi = 2kBT would indicate

equilibrium1. The “force” F(1) is the functional derivative of Hw (Eq. 279):

F(1) = �
dHw
dn(1)

= �f(1) +
ˆ

dx2c�1(x1, x2)n(x2, t1) (281)

The dynamic is markovian, and the susceptibility c�1 has no time argument.

Once x(1) is known, the Langevin equation is entirely deterministic, and

the average of a quantity can be understood as an average over multiple

realizations of the random force. Therefore, we introduce functional proba-

bility P [n, x] of a trajectory n(1) to occur, given the random noise x(1). Its

expression requires the Dirac functional, and is obtained from Eq. 280:

P [n, x] = d [ṅ(1) � F(1) � x(1)] =
ˆ

Dñe�i
´

d1ñ(1)[ṅ(1)�F(1)�x(1)] (282)

We have used the functional Fourier transform for the last equality. It

introduces an auxiliary field ñ. The noise averaging is a (weighted) integration

over the different realizations of the random force. Using the notation´
d1 f (1)g(1) = f g in the exponent, we obtain2

hP [n, x]inoise =
ˆ

Dxe�
x2

2hxxi P [n, x] =
ˆ

Dñe�iñ[ṅ�F]� 1
2 hxxiñ2

. (283)

The partition function, Z [f] =
´

D [n] hP [n, x]inoise, reads

Z [f] =
ˆ

D [n, ñ] e�iñ[ṅ�F]� 1
2 hxxiñ2

. (284)

We extract from F the external potential f that acts like a source to generate

the moments of the auxiliary field ñ. Accordingly, we introduce the auxiliary

external potential f̃ that generates the moments of n. We impose the normal-
1 For clarity, we remove the prefactors that ensure homogeneity. We do believe we benefit from

this non-orthodox choice.
2 We do not report the Jacobian in the denominator and we may be missing some subtelties

that are beyond our mathematical skills. However, we will be interested in response functions
that are obtained by Gaussian integration of the partition function. We miss now the correct
prefactor and will miss its inverse later.
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ization Z [f, f̃ = 0] = 1. The response of the mean field due to an external

perturbation reads:

dhn(1)i
df(2)

����
f̃=0

= i
d2Z

df̃(1)df(2)

����
f̃=0

= �ihn(1)ñ(2)i. (285)

By rewriting the exponent in Eq. 284, we express it as Keldysh action

[40, 42]. We use f Dg =
´

d1
´

d2 f (1)D(12)g(2) in the exponent. We find

that we can write

Z [f, f̃] =
ˆ

D [n, ñ] e+ i
2 (ñc�1

R n+nc�1
A ñ+ñc�1

K ñ)�i(ñf+nf̃), (286)

with the following definitions of the inverse propagators:

c�1
R (12) = �

h
d(1 � 2)∂t2 � d(t1 � t2)c�1(x1x2)

i
; (287)

c�1
A (12) = c�1

R (21) ; c�1
K (12) = +ihxxid(1 � 2). (288)

We have split in two Eq. 281 two build, with redundancy, c�1
A and c�1

R . The

matrix form of the action appears once the vectors fields N (1) = [ñ(1), n(1)]

and F(1) = [f(1), f̃(1)] are introduced. The susceptibility matrix reads

X
�1
�p/4(12) =

0

@c�1
K (12) c�1

R (12)

c�1
A (12) 0

1

A X�p/4(12) =

0

@ 0 cA(12)

cR(12) cK(12)

1

A ,

(289)

the action reads S [N ] = 1
2N X

�1
�p/4N , and the partition function reduces to

Z [F] =
ˆ

D [N ] eiS[N ]�iN F. (290)

By gaussian integration, we obtain

i
d2Z

dF(1)dF(2)

����
F=0

= �i
ˆ

D [N ] N (1)N (2)e+ i
2 N X

�1
�p/4N (291)

= �i

0

@hñ(1)ñ(2)i0 hñ(1)n(2)i0

hn(1)ñ(2)i0 hn(1)n(2)i0

1

A Gauss.
= X�p/4 (292)

Using Eq. 285, we find that the retarted response fuction, cR, is the response

function to an external potential: cR = c.

Let us fully characterize X�p/4 for the most straightforward dissipative

dynamics, imposed by the Langevin equation. We use

ˆ
d2c�1

R/A/K(12)cR/A/K(210) = d(110). (293)
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For the homogeneous, isotropic, infinite case, we use Eq. 287 and Eq. 293 in

Fourier space. It reads c�1
R/A(k, w) = �

⇥
±iw � c�1(k)

⇤
, or

cR/A(k, w)
c(k)

=
1

1 ⌥ iwt(k)
cK(k, w)

c(k)
= �i

hxxi

2
2t(k)

1 + w2t2(k)
(294)

with t(k) = c(k) (recall that the prefactors are ignored), and we recover

cR/A(k, w = 0) = c(k). For the off-diagonal Keldysh term, we used cK =

�cRc�1
K cA. Eq. 294 are familiar equations for classical relaxation dynamics3.

Finally, we check that hxxi = 2kBT does ensure the classical FDT. First, using

Eq. 291 we find cK(12) = �iS(12) where the dynamical structure factor or

correlation function, reads S(12) = hdn(1)dn(2)i. Second, iImcR(k, w) =
w

hxxi
cK(k, w). Using both equations and hxxi = 2kBT, gives

ImcR(k, w) = �
w

2kBT
S(k, w) S(k, t = 0) = �bc(k). (296)

Eq. 296 is the classical FDT (right) [35] and its static consequence (right) due

to Kramers-Kronig (KK) relations (see appendix B.4 or Eq. 299).

b.4 kramers-kronig relations

Response functions respect specific properties such as causality: c(t1 � t2) =

0 for t1 < t2. It implies that the complex function c(z) is analytic in the

upper-half plane (Titchmarsh’s theorem). Moreover, when the system is

excited at very high frequencies, it no longer responds to the perturbation:

c(w ! •) ! 0. It goes to zero faster than |w|�1 because the dissipated

power h̄wImc(w) should also converge to zero. On a semi-circle contour C

that avoids the real pole at w of the function z !
c(z)
z�w , the residue theorem

gives

˛
C

c(z)
z � w

dz = 2pi Â ResCc = 0 = P

ˆ +•

�•
dw0 c(w0)

w0 � w
� ipc(w). (297)

Here, P is the Cauchy principal value. Equating the real and imaginary part

of Eq. 297, we find:

Rec(w) = P

ˆ +•

�•

dw0

p

Imc(w0)
w0 � w

. (298)

3 In the time domain, we find

cR/A(k, t)
c(k)

=
q(±t)
t(k)

e⌥t/t(k) cK(k, t)
c(k)

= �i
hxxi

2
e�|t|/t(k) (295)
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The response function c can be obtained with the sole knowledge of the

structure factor, at equilibrium. Note that Imc(w) is an odd function, while

Rec(w) is even4.

4 It may be clearer written as Imc(w) = �
i
2
´ +•
�• dte�iwt [c(t) � c(�t)]).
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L = 9.6 Å L = 12.8 Å

L = 15.8 Å
L =18.9 Å

L

Figure 36: Snapshots of the slab simulations with varying L. The surface area is
64.158 ⇥ 61.745 Å2.

In conducting slab simulations, we merely want to check if the surface

response function changes with confinement effects. The slab simulations

contained N = 800, 1200, 1600, or 2000 water molecules depending on the

slab thickness – resp. L = 9.6, 12.8, 15.8 and 18.9 Å . The two solid surfaces

each consisted of two staggered graphene layers, with a surface area 64.158 ⇥

61.745 Å2. The positions of the carbon atoms were frozen relative to each

other. The distance between the surfaces is first equilibrated during 400 ps,

then it is fixed, and the subsequent 6 ns are used for analysis. Werder

parameters are used for the water-carbon interaction. The results for the

static surface response function are shown in Fig.37, using dWerder = 1.3Å

as in the bulk case. We find no variation of gw(q) for L > 1nm. The same

conclusions are obtained regarding the dynamics (not shown). We also do

not find any differences in the SRF using two or three graphene layers in the

MM simulations.
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Figure 37: Static surface response function of water confined in slabs of length L. We
use the Werder force field and dWerder.
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d.1 bulk non-interacting susceptibility c(0)
w (k)

dOH = 1.000 Å

dHH = 1.633 Å

+zH

-2zH

zH = 0.4238
+zH

Figure 38: SPC/E water molecule [48].

In this paragraph we detail our model for bulk water. First, we precise

that we will consider static external perturbations only. The time integration

in Eq.1 gives that the mean induced charge density does not depend on time

(as expected) and that the relevant response quantity is the zero-frequency

component of the response function - e.g. cw(k) = cw(k, w = 0) in the

homogeneous and isotropic system. We briefly recall how to obtain it using

Kramers-Kronig relations and the FDT [35] :

cw(k) = Recw(k, w = 0) (299)

Eq. 298
=
ˆ +•

�•

dw0

p

Imcw(k, w0)
w0

(300)

Eq. 296
=
ˆ +•

�•

dw0

p

�
w0

2kBT Sw(k, w0)

w0
(301)

= �bSw(k, t = 0) = �bSw(k) (302)

= �
b

V
hnw(k)nw(�k)i (303)

The charge density of the water molecules nw(x) — that must be replaced

by dnw(x) = nw(x) � hnw(x)i if the mean is not zero — is composed of

point-like charges. In a field formulation, we can write the charge density as

a convolution between the fixed charge density s(x, W) of one rigid water

molecule oriented with an angle W, and the molecular number density

Nw(x, W) – i.e.
´
V

´
W Nw = N = n0V so that n0 is the molecular density

Nw(x, W) = Â
i

d(x � xi)d(W � Wi) ; s(x, W) = Â
a

cad(x � sa(W)), (304)
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They both depend on the molecule’s orientation W that we do not need to

explicit here, but details can be found in e.g. [166]. The index i runs on

different molecules and a on different atoms in the molecule with the partial

charges ca. sa(W) is the position of the atom a positions given the orientation

W of the molecule. Those quantities for the SPC/E model [48] can be found

in Fig. 38. It gives

nw(x) =
ˆ

dW
ˆ

dx0s(x � x0, W)Nw(x0, W) (305)

With those definitions, the structure factor reads

Sw(k) =
1
V

¨
dW1dW2s(k, W1)s(�k, W2) hNw(k, W1)Nw(�k, W2)i (306)

The molecular number density field can be split into two parts that highlight

intramolecular and intermolecular correlations

hNw(k, W1)Nw(�k, W2)i = hÂ
i

d(W1 � Wi)d(W2 � Wi)i + Â
i,j 6=i

... (307)

Therefore, we can write Sw(k) = S(0)
w (k) + S(inter)

w (k) with

S(0)
w (k) =

1
V

ˆ
dW1s(k, W1)s(�k, W1)hNw(W1)i (308)

and the orientational density Nw(W1) = Âi d(W � Wi). In the bulk hNw(W1)i =

1/8p2 is homogeneous and

S(0)
w (k) = n0 Â

a,b
cacb

ˆ
dW1
8p2 e�ik(sa(W1)�sb(W1)) = n0 Â

a,b
cacb j0(kdab) (309)

where j0 is the zeroth order spherical Bessel function, the interatomic dis-

tances read dab = |sa � sb| and n0 is the molecular bulk density. For SPC/E

water, we have

S(0)
w (k) = n0z2

H [6 � 8sinc(kdOH) + 2sinc(kdHH)] (310)

where zH is the partial charge on the hydrogen atom, dOH and dHH are

the bond distances of the SPC/E molecule Berendsen et al. [48] and n0 =

0.03298 Å�3. This gives the response function of the independent - or non-

interacting - molecules that reads

c(0)
w (k) = �bS(0)

w (k) (311)
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d.2 the mean-field water potential veff
w

To find an expression for veff
w , we rearrange Eq. 89 to make an effective

dielectric function #eff
w (k) appear:

veff
w (k)
v(k)

=
1

#eff
w (k)

=
1

c̄w(k)
�

1

c̄
(0)
w (k)

. (312)

#eff
w (k) is known in the long-wavelenght limit because

S(0)
w (k) ��!

k!0
n0

4
3

k2z2
Hd2

OH cos2(
qHOH

2
) = n0

k2µ2

3
= kBTn0ak2. (313)

We notice the Debye-Langevin polarizability a = µ2

3kBT with µ the dipole

moment of the SPC/E water molecule (see SPC/E water molecule in Fig.

38 for zH, dOH, qOHO). Using the dimensionless susceptibilities c̄w(k) =

�cw(k)/e0k2, and he limit c̄w(k) ��!
k!0

1 �
1

#w
, we obtain

1
#eff

w (k = 0)
=

1
#eff

w
=

#w
#w � 1

�
e0

n0a
. (314)

As expected, the intermolecular potential is zero — or #eff
w ! • – if water

molecules behave independently i.e. c̄w = c̄
(0)
w . For water, #eff

w ' 1.04 so that

the description of interacting molecular form factors with a bare Coulomb

potential is accurate in the long-wavelength limit. The effective charge-charge

potential in real space for water is given by the Fourier transform of Eq. 90.

It read

veff
w (x) =

1 � e�kx � xg k
p e�k2x2/2

4pe0#eff
w x

. (315)

Using Eq. 315, we find

veff
w (x) '

v(x)

#eff
w

kx � 1. (316)

The partial Fourier transformation that is used to fill the Veff
w matrix reads

veff
w (q, |z � z0

|) =
1

4pe0#eff
w

... (317)

...

 
2p

q
e�q|z�z0 |

�
2p

Q
e�Q|z�z0 |

� g
2p

k
e�q2/2k2 e�k2(z�z0)2

p

!

(318)

where Q2 = q2 + k2.
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d.3 non-interacting susceptibility c(0)
w (q, z, z0)

Looking for the response function cw(q, z, z0) at interfaces, we can proceed

from Eq. 299 to Eq. 303 to find a relation between the susceptibility and the

corresponing structure factor. Equally, we dwell on the non-interacting part

and find

c
(0)
w (q, z, z0) = �bS(0)

w (q, z, z0) (319)

We proceed like in the bulk and after some straighforward steps, we obtain

S(0)
w (q, z, z0) =

1
A

¨
dW1dz1s(q, z � z1, W1)s(�q, z0

� z1, W1)hNw(z1, W1)i,

(320)

with

s(q, z, W) = Â
a

cae�iqsa(W)d(z � za(W)) ; Nw(z1, W) = Â
i

d(W1 � Wi)d(z1 � zi).

(321)

Looking at the structure of the product s(q, z, W1)s(�q, z0, W1), we can

express it with the sum and differences of z and z0 as follows

s(q, z, W1)s(�q, z0, W1) = Â
ab

cacbe�iq(sa(W)�sb(W))d (z � za(W)) d
�
z0

� zb(W)
�

= Â
ab

cacbe�iq(sa(W)�sb(W)) (322)

⇥ d
�
z � z0

�
⇥
za(W) � zb(W)

⇤�
(323)

⇥ d(z + z0
�
⇥
za(W) + zb(W)

⇤
) (324)

This makes the convolution of Eq. 320 with Nw(z1, W1) possible. It reads

S(0)
w (q, z, z0) =

1
A

ˆ
dW Â

ab

cacbe�iq(sa(W)�sb(W))d
�
z � z0

�
⇥
za(W) � zb(W)

⇤�

(325)

⇥ Nw

 
z + z0 �

⇥
za(W) + zb(W)

⇤

2
, W

!
(326)

For an homogeneous density, we would be able to get the term involving Nw

out of the summation. Assuming equiprobable orientation of molecules in
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the entire slab, we would recover the inverse fourier transform of the bulk

structure factor, i.e.

S(0)
w (q, |z � z0

|) =
ˆ

dqz
2p

eiqz |z�z0 |S(0)
w (k) (327)

= n0z2
H
⇥
6d(z � z0) � 8I(q, dOH, |z � z0

|) + 2I(q, dHH, |z � z0
|)
⇤

(328)

with I(q, d, z) = J0(q
p

d2 � z2)Q(d � |z|)/2d and J0 is the zeroth order

Bessel function. We work in this direction and try to express S(0)
w (q, z, z0)

with S(0)
w (q, |z � z0|). Using the condition enforced by the first Dirac delta

function in Eq. 325 — z = z0 +
⇥
za(W) � zb(W)

⇤
— we can replace the

term involving Nw by either Nw
�
z0 � zb(W), W

�
, or Nw (z � za(W), W), but

also by
q

Nw (z � za(W), W) Nw
�
z0 � zb(W), W

�
, without any approximation.

Making now the approximation Nw (z � za, W) ' Nw (z, W) and assuming

equiprobable orientation of molecules in the entire slab we can write

S(0)
w (q, z, z0) '

p
n0(z)n0(z0)

n0
S(0)

w (q, |z � z0
|), (329)

which is the main result of this paragraph. This approximation is valid if

the molecular profile typically varies on a scale larger than the size of a

water molecule. Note however that the Taylor expansion of Nw near the

interface give rises to terms linear in za(W) that can most probably gives

a zero contribution when the angular integration is carried out (under the

approximation of equiprobable orientation). Combining Eq. 319 and Eq. 329

gives Eq. 91.

d.4 comparison with md results

The smoothed step function molecular density profile n0(z) is chosen be-

cause:

• the use of veff
w that implies that molecules interact as is they were in the

bulk, that is with an homogeneous molecular density n0.

• it gives the same c̄w(z) we obtain by using the real hydrogen density

of the MD simulation. We use the hydrogens because they can go at

altitudes at which oxygens cannot.

The MM results of [65] for c̄w(z) are shown in Fig. 39. The use of s0 =

0.3Å gives the correct amplitude for the first peak. The oscillation period,

amplitude and decay length are also in good agreement. By tuning the

molecular density profile, we can fit exactly the MM results, but our goal is
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not to reproduce the local dielectric of an MM simulation that uses effective

LJ potentials or effective interactions between the surface and the water

molecules — graphene is absent when we build cw.

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
z (nm)

0.0

0.5

1.0

1.5

2.0

χ̄ w
(z

)

MD models

0.0 0.5 1.0

n 0
(z

)

Figure 39: The results in Fig. 10, compared with the MM simulation results in [65].
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e.1 coulomb vertex

Inserting the Bloch expansion Eq. 104 in n̂e = Y†Y and Fourier-transforming

in the plane gives

hyµp(z)|e�iqr
|ynk(z)i =

1
Np

Â
kp

Â
k0 p0

eipRp0 e�ikRp(dk0

µp)⇤dk
nk... (330)

...
ˆ

dre�iqrf⇤(r � tk0 p0 , z � zk0)f(r � tkp, z � zk).

(331)

Making the change of variable r0 = r � Rp0 in the integral and Rp0 = Rp + Rp”

in the summation leads to

hyµp(z)|e�iqr
|ynk(z)i = Â

kp
Â
k0 p”

ei(p�q)Rp” ei(p�k�q))Rp dk
nk(dk0

µp)⇤... (332)

...
ˆ

dre�iqrf⇤(r � tk , z � zk)f(r � tk0 p”, z � zk0)

(333)

The sum over the lattice sites Rp gives the conservation of momentum

p = k + q so

U(s, z) =
ˆ

dre�iqrf⇤(r � tk , z � zk)f(r � tk0 � Rp, z � zk0), (334)

with s = {k, k0, p}. Therefore, we get

l
µn
k+qk(z) = Â

s
eikRp(dk0

µk+q)⇤dk
nkU(s, z). (335)

Eq. 107 with Eq. 335, assuming U(s, z) = 0 if p 6= 0 and k 6= k0.
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e.2 computation c
(0)
e (q, z, z0, w)

We note Tt

r
.
z

the imaginary time-ordering operator with t 2 [�b, b] and

b = 1/kBT. The response function, as given by linear response theory in the

imaginary time formulation [31], reads

ce(q, z, z0, t) = �
1
A

⌧
Tt

r
n̂e(q, z, t)n̂e(�q, z0)

z�
. (336)

ce(q, z, z0, t) is related to ce(q, z, z0, t) in the frequency domain, by analytic

continuation on the real axis, that is ce(q, z, z0, w) = ce(q, z, z0, iWm ! w +

ih), where Wm = 2pmkBT is a Matsubara bosonic frequency. We do not

distinguish them in the notations, apart from the type of argument (real or

complex). Inserting Eq.105 in Eq. 336, gives rise correlators’ expectation

values hCi. They have the following form:

hCi =

⌧
Tt

r
ĉ†

µk+q(t)ĉnk(t)ĉ†
dp�q ĉgp

z�
(337)

Inserting h.i = Tr(e�bĤ .), Eq. 337 gives [31]:

hCi = �

⌧
Tt

r
Ŝ(b, 0)ĉ†

µk+q(t)ĉnk(t)ĉ†
dp�q ĉgp

z�

0⌧
Ŝ(b, 0)

�

0

(338)

Greek letters represent band index and Ŝ(b, 0) = Tt

r
exp(�

´ b
0 dtĤint(t))

z

is the propagator in the imaginary time interaction representation – e.g.

Ĥint(t) = etĤ0 Hinte�tĤ0 where Hint is given by Eq. 75. Eq 338 shows that

the complex expectation value h.i = Tr(e�bĤ) can be expressed pertubatively

with respect to the quadratic Hamiltonian: h.i0 = Tr(e�bĤ(0)
). It follows from

Wick’s theorem that we can express Eq. 338 in terms of all possible products

of single-particle Matsubara Green’s functions.

The non-interacting response function c
(0)
e is obtained by ignoring the

interaction of the electrons between themselves or with their environment.

Therefore, computing Eq. 336 adds up to developping the propagator Ŝ to

zeroth order, that is Ŝ(b, 0) = 1. This gives

hCi0 = �

⌧
Tt

r
ĉdp�q ĉ†

nk(t)
z�

0

⌧
Tt

r
ĉµk+q(t)ĉ†

gp

z�

0
(339)

+

⌧
Tt

r
ĉµk+q(t)ĉ†

nk(t)
z�

0

⌧
Tt

r
ĉdp�q ĉ†

gp

z�

0

= �G
(0)
n (k, t)G(0)

µ (k + q, �t)dgµdnddp,k+q (340)
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where we have used in Eq. 339 that
⌧

Tt

r
ĉµk+q(t)ĉ†

nk(t)
z�

0
= 0 for q 6= 0

and that for q = 0, charge electroneutrality (considering the frozen lattice

of nuclei) gives that it is also equal to zero. Finally, the properties of the

creation and anhiliation operators leads to the conditions dgµdnddp,k+q that

stems from the orthogonality of the eigenstates. We have introduced the

non-interacting Matsubara’s single-particle Green’s function G
(0)
n (k, t) =

�

⌧
Tt

r
cnkdc†

nk(t)
z�

0
, whose expression in Matsubara fermionic space is

given by

G
(0)
n (k, ikn) =

ˆ b

0
dte�iknt

G
(0)
n (k, t) =

1
ikn � enk

(341)

where kn = p(2n + 1)kBT. Note that the inverse transform reads G
(0)
n (k, t) =

1
b Ân eikntG

(0)
n (k, ikn). Finally, combining Eq. 105, Eq. 336, Eq. 341, and Eq.

339, we obtain

c
(0)
e (q, z, z0, t) =

1
A

Â
nµk

l
µn
k+qk(z)G(0)

n (k, t)G(0)
µ (k + q, �t)l

nµ
kk+q(z0), (342)

where l
nµ
kk+q(z0) = Âk dk

µk+q(dk
nk)⇤u⇤

q(z, k) that is obtained similarly as Eq.

107. Fourier transforming with c
(0)
e (q, z, z0, iWm) =

´ b
0 dte�iWmtc

(0)
e (q, z, z0, t),

we recover

c
(0)
e (q, z, z0, iWm) =

kBT
A

Â
nµk

Â
ikn

l
µn
k+qk(z)G(0)

n (k, ikn)... (343)

...G(0)
µ (k + q, ikn + iWm)l

nµ
kk+q(z0). (344)

where we have used the convolution theorem. Making the substitution

iWm ! w + ih gives Eq. 113.

e.3 c
(0)
e (q) for graphene

The analytical expression of c
(0)
e (q, w) for graphene can be found in [74]. In

the static case, it reads:

c
(0)
e (q) = �

2kF
h̄vFp

"
1 + Q

✓
q

2kF
� 1
◆

... (345)

...

0

@ q
2kF


p

4
� arcsin

✓
2kF

q

◆�
�

1
2

s

1 �

✓
2kF

q

◆2
1

A
#

(346)
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f.1 analytical expression of c̄•
w

Computing Eq. 141 using Eq. 145 is a non-trivial complex analysis exercise.

Briefly, we express the integral as

c̄•
w(q, z) =

2
p

Re
ˆ +•

1
dx

c̄w(qx)

x
p

x2 � 1
eiqz

p
x2�1 (347)

and use the residue theorem on a contour that avoids the real branches

] � •, �1[ and ] + 1, +•[. We have fives poles in the contour, four from c

and one in zero. Be careful with the definition of the complex square root.

This allows to obtain an analytical expression for c̄•(q, z) in general. We

report the result for z = 0:

c̄•
w(q)

c̄•
w(0)

= 1 +
lq
p

2

✓
c̄w(q)
c̄w(0)

◆1/4

⇥

 
a2

p
1 � a4

s

1 +

✓
c̄w(q)
c̄w(0)

◆1/2
(a2 � l2q2) (348)

�

s

1 �

✓
c̄w(q)
c̄w(0)

◆1/2
(a2 � l2q2)

!
.

f.2 graphene layer-layer corrections

For two confining plates centered in z = 0 and z = L, the expression of the

electronic response function is obtained by following the steps from Eq. 150

to Eq. 154. It gives

c
(w)
e (q, z, z0) = c

(w)
e" (q)d(z)d(z0) + c

(w)
e# (q)d(L � z)d(L � z0) (349)

+ c
(w)
e"#

(q)d(z � L)d(z0) + c
(w)
e#"

(q)d(z)d(L � z0) (350)

with
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c
(w)
e" (q) =

c
(w)
e/Gr(q)

1 �

h
ww(q, 0, L)c

(w)
e/Gr(q)

i2 c
(w)
e# (q) = c

(w)
e" (q) (351)

c
(w)
e"#

(q) =
c

(w)
e/Gr(q)ww(q, 0, L)c

(w)
e/Gr(q)

1 �

h
ww(q, 0, L)c

(w)
e/Gr(q)

i2 c
(w)
e#"

(q) = c
(w)
e"#

(q) (352)

and where

c(w)
e/Gr(q) =

c
(0)
e (q)

1 � ww(q, 0, 0)c
(0)
e (q)

(353)

The uncoupled and semi-coupled curves are obtained by replacing ww(q, 0, 0)

with v(q, 0, 0) = 1/2qe0 in Eq. 353.

f.3 other comparison

Extracting the electronic contribution Fe, we compare our results with the

one of [85] in Fig. 40. They decompose the wall-ion contribution for the

adsorption site of SCN�, which is an ion too large and anisotropic to be quan-

titatively compared with isotropic ion in presence of water. Nevertheless, the

good agreement with our results regarding metal-ion potential attenuation

validates our description of the system.

1 2 3
 z (nm)

−30

−20

−10

0

10

20

30

βΔ
F e
(z
) 

water only
uncoupled
semi-coupled
fully-coupled

Figure 40: Electronic contribution to the PMF shown in Fig 23a. The crosses are
results extracted from Ref. [85].
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g.1 G0W in graphene

The single-particle Green’s function G follows the Dyson equation:

G(1, 10) = G(0)(1, 10) +
¨

d2d3G(0(1, 2)S(2, 3)G(3, 10), (354)

where G(0) is the non-interacting Green’s function that is build in the eigen-

states basis of the quadratic TB hamiltonian. To calculate the self-energy

S(1, 2), Hedin [119] suggested the GW approximation:

S(1, 2) = iG(1, 2)w(1+, 2). (355)

Here w is the screened potential and where the ” + ” indicates a forward

infinitesimal time shift. The retarted Green’s function of the electronic system

can be decomposed on the electronic energy levels

G(x2, x3, t1, t2) = Â
agkakg

yaka(x2)y⇤

gkg
(x3)Gag(ka, kg, t2, t3). (356)

We underline that in this section, that k’s are two-dimensional wavevectors.

At equilibrium, for a translationally invariant interface, G only depends on

time and space coordinate difference. Going into frequency space in time,

we find using Eq. 356, Eq. 355 and Eq. 354, that

Snµ(kn, kµ, E) = i Â
ag

ˆ
d(h̄w)

2p

¨
dx2dx3y⇤

nkn
(x2)yaka(x2)... (357)

...Gag(ka, kg, E + h̄w)eidww(x2, x3, w)y⇤

gkg
(x3)yµkµ(x3)

The screened potential w is expressed in terms of its inverse Fourier transform

and reads w(x2, x3, w) = A�1 Âq e�iq(r2�r3)w(q, w, z2, z3). To conserve the

crystal momentum (i.e. lna
knka

(�q) 6= 0 or l
gµ
kakµ

(q) 6= 0 see chapter 5)

we need that kn � q = ka (resp. kg + q = kµ). Also, the starting point

is Gag = G(0)
ag µ dagdknkµ that has diagonal entries at equilibrium so that

introducing
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Wa
nµk(q, w) =

¨
dz2dz3lna

kk�q(z2)w(q, w, z2, z3)l
aµ
k�qk(z3), (358)

we can rewrite

Snµ(k, E) =
i
A

Â
aq

ˆ
d(h̄w)

2p
Ga(k � q, E + h̄w)eidwWa

nµk(q, w). (359)

We can also check that non-diagonal terms are zero because we only consider

classical — Coulomb type of interactions so that eigenstates are not mixed

(Snµ µ dnµ). Finally, considering the small spatial extent of the carbon pz or-

bital, we make the 2D approximation, that is w(q, w, z2, z3) ' w(q, w, 0, 0) =

w(q, w) in Eq.358. It gives

Sn(k, E) =
i
A

Â
µq

ˆ
d(h̄w)

2p
|l

nµ
kk�q|

2Gµ(k � q, E + h̄w)w(q, w)eidw. (360)

This can be expressed in the Matsubara formalism [31] as long as we con-

sider a thermal equilibrium state at temperature T. The Matsubara bosonic

frequencies Wm = 2pmkBT are introduced and we read

Sn(k, E) =
�1
bA

Â
µq

Â
iWm

|l
nµ
kk�q|

2
Gµ(k � q, ikn + iWm)w(q, iWm). (361)

g.2 carbon nanotubes (cnts)
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Figure 41: A CNT as rolled graphene ribbon. To be compared with Fig. 35.
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Fig. 41 Cylinder (cylindrical coordinates)

x (r, j, y)

dx rdrdjdy

d(x) 1
r d(r)d(j)d(y)

k (qr, l, p) = (qr, z)

Fourier transform f (z) =
´ 2p

0 dj
´ Ly

0 dy f (j, y)e�i(jl/R+py)

inverse Fourier transform f (j, y) = (2pLy)�1 Âz f (z)e+i(jl/R+py)

limit sum- L�1
y Âp ���!

Ly!•

´ +•
�•

dp
2p

integral Lydp ���!
Ly!•

2pd(p)

f ⇤ g
´ +•

0 dr0r0 f (r, r0)g(r0)

linear response n(r, z) =
´

dr0r0c(r, r0, z)f(r0, z)

Table 6: Mathematical toolbox for the infinite, homogeneous, and isotropic on its
surface tube.

A CNT is a rolled graphene ribbon. The chiral vector uniquely defines

the CNT because it links two overlapping carbon atoms in the ribbon. Given

the lattice vectors a1,a2 of the graphene lattice, it reads C = na1 + ma2. The

circumference of the CNT is |C| = 2pR with R the radius of the CNT. Along

the nanotube axis, we can introduce another vector that gives the minimal

translation before repetition along with the axis of the tube [71]:

T =
2m + n

dR
a1 �

m + 2n
dR

a2 dR = gcd(2m + n, m + 2n). (362)

This vector is orthogonal to C as shown Fig. 41 that shows the CNT and

its corresponding unrolled ribbon. We choose ey = T
|T|

to be aligned with

the tube axis of length Ly and ex0 = C
|C|

. In our coordinate system, it gives

x0/|C| = j/2p or x0 = jR. Note that locally, considering the small spatial

extension of the pz orbital, when can assimilate the vertical direction of the

planar system to the distance from the cylinder, that is z ' r � R. In cartesian

space that links the planar and cylindrical coordinates, we can therefore write

x = jRex0 + yey + (r � R)ez. (363)

In the so-called zone folding approximation, we obtain the eigenstates of

the graphene ribbon with a periodic boundary condition in the ex direction.

This means that the wavefunction should be periodic. Using Eq. 121, we

must therefore imposes that ynk(r + C) = e�ikCynk(r) = ynk(r). This is
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equivalent to discretizing the reciprocal space in one direction such that

the Brilioun zone is now a set of parallel lines. We are interested of the

condition e�ikC = 1 for k near K or K0. Using K · C = (n � m)/3, we find

convenient to distinguish cases and write n + m 2 3N � s with s = 0, ±1.

The periodic boundary condition reads ffik · C = 2p(l + s/3). Turning to

the eigenenergies (see Eq. 122), we find that

enz = nh̄vF

q
(l + s/3)2/R2 + p2, (364)

where the symbol z = (l, p) for the wavevector in the CNT has replaced the

k � K symbol for the planar surface. Note that near K0, we replace s by �s.

The consequence of such a dispersion relation is that some tubes (s = 0) are

semimetallic like graphene, and others (s = ±1) are semiconducting.
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R=6.1 nm

Figure 42: Static dielectric constant #e(l = 0, p) of a CNT a T = 300 K.

g.3 cylindrical srf of a dielectric

In this paragraph, we derive the SRF of a liquid inside or outside a CNT in

the continuum electrostatic limit (see Fig. 43). This means that we can use

standard electrostatics — Eq. 262 and the constitutive Eq. 264. We use the

following tensor for the dielectric

#w =

0

BB@

#
r
w 0 0

0 #
j
w 0

0 0 #
y
w

1

CCA , (365)

to show the first steps of the derivation in one considers of an anisotropic

material. We detail the electrostatic problem for the outside case in Fig. 43a.

We consider the space entirely filled wih a liquid outside a hollow cylinder

of radius R. This region is denoted (2) (see Fig. 43a). The zone (0) contains

an external charge that polarizes the dielectric medium which induces a
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potenial back on it. There is no charge in region (1). There is no CNT in this

section, no electrons. Only a cylindrical steric constraint. The external charge

only help in expressing the SRF. At the end of the computation, we will use

V1 ! 0.

RR

(1)

(2)

(0)

(0)

(2)
(1)

(a) (b)

Figure 43: Geometry for a dielectric outside (a) or inside (b) a CNT of radius R.

Denoting f(i) the electrostatic potential in region (i), we use Eq. 262 for

region (1) and (2), and get

r ·

h
#
(i)
w rf(i)(x)

i
= 0 i 2 1, 2 (366)

with # = 1 #
(2)
w = #w. The boundary conditions — continuity of potential

of vertical component of displacement field — in r = R read

8
><

>:

f(1)(r = R�) = f(2)(r = R+)

∂rf(1)|r=R� = #
r
w∂rf(2)|r=R+

(367)

Expressing 366 in both region (1) and (2), we get

r2∂2
rf(1) + r∂rf(1) +

h
r2∂2

y + ∂2
j

i
f(1) = 0

r2∂2
rf(2) + r∂rf(2) +

h
r2µ2

y∂2
y + µ2

j∂2
j

i
f(2) = 0 (368)

where µy = #
r
w/#

y
w and µj = #

r
w/#

j
w quantify the anisotropy. Expanding the

potential in its Fourier components

f(i)(r, j, y) =
1

2pLy
Â
z

f(i)(r, z)e+i(jl/R+py), (369)

we insert back in Eq. 368 and obtain two equations of the type

x2 d2y
dx2 + x

dy
dx

�

⇣
x2 + a2

⌘
y = 0. (370)
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Two independent solutions are Ia(x) and Ka(x) such that we can express the

solutions as follows:

8
><

>:

f(1)(r, z) = F(1)
z Il(|p|r) + G(1)

z Kl(|p|r)

f(2)(r, z) = F(2)
z Ilµj

(µy|p|r) + G(2)
z Klµj

(µy|p|r).
(371)

When the dielectric is outside the CNT, the potential must vanish for

r ! • so that F(2)
z = 0. Similarly to Eq. 38, we define the SRF as follows

gout
w (z) = �

find(z, r = R)
fext(z, r = R)

= �

F(1)
z Il(|p|R)

G(1)
z Kl(|p|r)

. (372)

The last equality of Eq. 372 stems from the fact that the contribution with

Il(|p|r) in f(1) in Eq. 371 cannot be the one of the external charge because

fext(z, r ! •) ! 0. Using the boundary condition and specializing to the

isotropic case, i.e. ,#r
w = #

y
w = #

j
w, we get from Eq. 367 that

F(1)
z Il(|p|R) + G(1)

z Kl(|p|R) = G(2)
z Kl(|p|R)

F(1)
z I0

l (|p|R) + G(1)
z K0

l(|p|R) = #wG(2)
z K0

l(|p|R). (373)

Finally, using Eq. 372 and Eq. 373, we get

gout
w (z) =

#w � 1
#w + al(|p|R)

al(|p|R) = �
Kl(|p|R)
K0

l(|p|r)

I0

l (|p|R)

Il(|p|R)
. (374)

For the inside case (see Fig. 43b), Eq. 371 is still valid but now G(2)
z =

0 because the potential cannot diverge at the center of the dielectric in

the absence of exteral charge. This time we have gin
w(z) = �

find(z,r=R)
fext(z,r=R) =

�
G(1)

z Kl(|p|R)

F(1)
z Il(|p|R)

and

gin
w(z) =

#w � 1
#w + 1/al(|p|R)

(375)
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h.1 Ss
e(q, w) for a 3d jellium (rpa+sra)

Computing Ss
e(q, w) adds up in computing ge(q, w) using the FDT (see Eq.

233). To compute ge(q, w) we resort to the SRA in Eq. 142. To compute c̄•
e ,

we use Eq. 141. To find the bulk response function of the medium c̄e we

resort to the RPA in Eq. 27. Finally, we need the non-interacting response

function c
(0)
e (k, w). We obtain it by computing analytically at T = 0K a

formula of the type Eq. 110 for the bulk case. This well-known result can be

find in textbooks [31]. It reads, using k̃ = k
2kF

and w̃ = h̄w
EF

,

Rec
(0)
e (k, w) = �e0k2

TF

✓
1
2

+ f
�
k̃, w̃

�
+ f

�
k̃, �w̃

�◆
; (376)

Imc
(0)
e (k, w) = �e0k2

TF

"
ph(k̃, w̃)Q(w̃ � |k̃ � k̃2

|)... (377)

... ⇥ Q(k̃ + k̃2
� w̃) +

pw̃

2k̃
Q(w̃)Q(k̃ � k̃2

� w̃)

#
.

We have introduced

f (k̃, w̃) = h(k̃, w̃) log
����
k̃ + k̃2 � w̃

k̃ � k̃2 + w̃

���� h(k̃, w̃) =
1 �

⇥
w̃/k̃ � k̃

⇤2

8k̃
(378)

and we recall for completness the dispersion relation ek = h̄k2

2m , the TF

wavevector kTF =
⇣

4kF
pa0

⌘1/2
, Fermi energy EF =

h̄k2
F

2m and charge carrier

density n0
e =

k3
F

3p2 .

h.2 non-adiabatic friction on typical metals

The expression of H reads

H(
qTF
2kF

, #w) = 3
ˆ 1

0
dxx2

✓
x + a

x + a/k

◆2
(379)

and can be computed to give

159
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H(a, #w) = 1 + 3
(k � 1)

k

"
a + (k � 3)

a2

k + a
(380)

+ 2
(k � 2)

k2 a3
✓

k

k + a
� log(1 +

k

a
)

◆#
(381)

where we have introduced k = (#w + 1)/2 and a = qTF/2kF. Fig. 44 shows

H( qTF
2kF

, #w) that distinguishes metals ( qTF
2kF

), and liquids (#w).

10−1 100 101 102

qT)/2kF

100

101

102

103

H
(q

T) 2k
F
,ε
w
)

εw = 1
εw = 2
εw = 5
εw = 10
εw = 18
εw = 32
εw = 56
εw = 99

Figure 44: H( qTF
2kF

, #w) computed from Eq. 380.

Herein, we try to evaluate the maximum friction coefficient that can be

obtained assuming frequency and wavelength decoupling for a 3D jellium—

using l(III)
nBO. Using kF = 1/4d, we find an upperbound for metal with

kTF < (pa0d)�1/2. Inserting Eq. 247 in Eq. 246 and we can pull gw(q <

1/2d) '
#w�1
#w+1 out of the integral. The charge structure factor for the jellium

Ss
e(kF = 1/4d, w = 0) can be read in Fig. 32 is also pulled out of the integral1.

We find that using qTF = kF approximately reproduces the calculated SRF

ge(q) and we use this value to quantify H. Therefore the d�dependant

maximum value for l(III-max)
nBO reads

l(III-max)
nBO '

#w � 1
#w + 1

Ss
e(

1
4d , w = 0)

128pe0d3
H(1/2, #w)

3
. (382)

In fact, Eq. 382, can be obtained by considering an assembly of inde-

pendent dipoles. Inserting Ss
w(q) =

´ +•
0 n0(z)µ2q2e�2qzdz with the dipole

density n0(z) = Q(z � d) in Eq. 235, gives after some algebra l
(1)
nBO =

g(0)
w (0)

3
Ss

e(
1

4d ,w=0)
128pe0d3 . It is similar to Eq. 382 by replacing gw(0) with the non-

interacting SRF g(0)
w (0) = 3pn0a, where the Langevin-Debye polarisability

reads a = µ2/3kBT. The corrective factor H(1/2, #w) is find to be very close
1 a small overestimation can be anticipated here. In any case, we look for an upper bound.
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to g(0)
w (0)/gw(0), for SPC/E water, which makes the independent dipole

model relevant for the upper bound l
(III-max)
nBO . The numerical application

gives

l
(III-max)
nBO =

Ss
e(

1
4d , w = 0)

128pe0d3 pan0 ' 20 ⇥

✓
dOH

d

◆3
. (N.s.m�3) (383)

which is valid for 3D metals with kTF  0.77
⇣

dOH
d

⌘1/2
Å�1. Here dOH = 1Å

is the oxygen-hydrogen distance in the SPC/E water molecule. For d =

(dAluru + dWerder)/2 = 1.52Å, given by our MD simulations for graphene (see

Fig. 7), we find l
(III-max)
nBO ' 5.7 N.s.m�3 for 3D metals with kTF  0.63Å�1.

What if the charge fluctuation wavelengths cannot be decoupled ? For

metals with large Fermi wavevector kF > 1/4d, we must compute l
(II)
nBO in

Eq. 246. We restrict the integration from 1/2d < q < 2kF because we have

already evaluated the part q < 1/2d in Eq.3832. The denominator in Eq. 246

no longer plays an important role due to the e�2qd factor and we ignore it.

For increasing kF, we find that the friction increases and converge for kFd & 1

to

l(II)
nBO � l

(III-max)
nBO '

#w � 1
#w + 1

Ss
e(kF, w = 0)
128pe0d3

10
e

' 20 ⇥

✓
dOH

d

◆3
(N.s.m�3).

(384)

By considering larger Fermi wavevector kF > 1/4d, we find that we need

to multiply our previous estimate in Eq. 383 by a factor of 2 because

10/e ' pan0 ' H(1/2, #w)/3. In other words, the same contribution to the

friction can be find for q < 1/2d and q > 1/2d.

We can summarize our results as follows. If charge fluctuations wave-

length and frequencies between the liquid and the solid are decoupled as

it is usually the case, one should resort to Eq. 248 and the evaluation of

l
(III)
nBO. For a generic jellium model, we can estimate an upper bound for the

friction and we find it adds up in summing up the friction coefficients of

independent dipoles — see l
(III-max)
nBO in Eq. 383. The result is limited by the

closest dipole distance to the surface d and converge for increasing until

kF ' 1/d. For the non-local properties of the liquid to play a role, it needs

to contain wavelength fluctuations at length scales qw < 1/2d. For dense

metals, with d = dOH, we obtain the upper bound l(II)
nBO ' 40 N.s.m�3.

2 To be more precise, we should multiply are results by Ss
e(kF , w = 0)/Ss

e(1/2d, w = 0) < 1.
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h.3 Ss
e(q, w) of flg and graphite

To quantify the surface charge structure factor Ss
e(q, w) of graphite at T = 0K,

we build a small model using the single layer non-interacting response func-

tion of grpaphene c
(0)
e (q, w). To renormalize electron-electron interactions at

the RPA level, we solve Eq. 115. However, we cut off all non-diagonal inter-

layer interactions in Eq. 124. Therefore, we solve N independant Schrödinger

equations to get N times c
(0)
e (q, w). We then couple the graphene layers as

follows. We write

X0[z, z0] = Â
i

c
(0)
e (q, w)d(z � zi)d(z0

� zi). (385)

We operate in the layer-layer (i, j) basis in which X̃0 is diagonal and solve Eq.

117. Here Ṽ[i, j] = e�q c
2 |i�j|/2qe0 and

X̃ = (I � c
(0)
e (q, w)Ṽ)�1c

(0)
e (q, w). (386)

Finally, we compute the SRF as

ge(q, w) = �
1

2qe0
Â
i,j

X̃[i, j]e�q c
2 (i+j). (387)

Taking the imaginary part and using the FDT, we compute Fig. 45 that

supports the argument of the main text.
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Figure 45: Surface charge structure factor of FLG for increasing number of layers N
and (a)EF = kBT and (b) EF = 10kBT
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Figure 46: Surface structure factor of water from MD simulation (Aluru and Werder)
and graphite from the model for ge(q, w) in Eq. 251. The range of validity for the
wavevector is q < 1/2d and q < qmax respectively.
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ABSTRACT 
 
A theoretical framework is introduced to tackle electrostatics interactions at metal/liquid 
interfaces. By adopting a microscopic perspective, we displace the electrostatic problem in 
resolving an integral equation for the linear response function of the interfacial system.  By 
describing the liquid's fluctuations and dielectric response in the framework of quantum 
field theory, we inherit new concepts to deal with collective interactions at the mean-field 
level. The precision and versatility of our approach allow us to scrutinize carbon interfaces, 
taking into account the specificity of their electronic band structures.   

This method then is used to study the mean force potential of an aqueous ion at the 
graphene interface, the electronic band gap of a solvated carbon nanotube, the van der 
Waals interactions between a metal and a liquid, and solid/liquid friction coefficient. The 
validity of mainstream hypothesis regarding time and length scales decoupling at 
metal/liquid interfaces can be systematically challenged. 

 

MOTS CLÉS 
 
Métal, liquide, électrostatique, interface, graphène, eau, théorie quantique des champs, 
champ moyen, fonction de réponse, renormalisation, équation intégrale.  

RÉSUMÉ 
 
Un cadre théorique est introduit pour aborder les interactions électrostatiques aux 
interfaces métal/liquide. En adoptant une perspective microscopique, nous déplaçons le 
problème électrostatique dans la résolution d’une équation intégrale pour la fonction de 
réponse linéaire du système interfacial. En décrivant les fluctuations et la réponse 
diélectrique du liquide dans le formalisme de la théorie quantique des champs, nous 
héritons de nouveaux concepts pour aborder les interactions collectives en champ moyen. 
La précision et la versatilité de notre approche nous permettent de décrire des interfaces 
carbonées en considérant la spécificité de leurs structures de bandes électroniques. 

Cette méthode est ensuite mise en pratique pour étudier le potentiel de force moyenne 
d’un ion solvaté près d’une surface de graphène, la largeur de la bande électronique 
interdite d’un nanotube solvaté, l’interaction de van der Waals entre du graphène et de 
l’eau, et des coefficients de friction solide/liquide. La validité des hypothèses classiques 
concernant le découplage des temps et longueurs caractéristiques aux interfaces 
métal/liquide, peut être systématiquement évaluée. 

 

KEYWORDS 
 
Metal, liquid, electrostatics, interface, graphene, water, quantum field theory, mean-field, 
response function, renormalization, integral equation.  
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