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General introduction

General context. Optimal control theory was developed at the end of the fifties with two major
mathematical theorems, namely, the Hamilton-Jacobi-Bellman equation [22] (in short, HJB equation)
and the Pontryagin Maximum Principle [101] (in short, PMP). The HIB equation focuses on sufficient
optimality conditions, while the PMP represents, in some way, its counterpart about necessary optimality
conditions. The objective of this thesis is to extend the latter in a new framework related to hybrid
control systems and address a new set of problems known as optimal control problems with loss control
regions, which will be described later in parts of this general introduction.

Firstly, we provide an informal statement of a typical optimal control problem and its PMP. The goal is to
establish the basic concepts and terminology without getting into technical details. The first fundamental

component of an optimal control problem is the control system that is given by
x(t) = fa(t),u(t),t), for a.e. t €[0,T], z(0)= xo. (1)

In the above control system, x : [0, 7] — R™ represents the state function (or trajectory), and w : [0,T] —
R™ represents the control function. The dynamics f : R™ x R™ x [0, 7] — R™ is assumed to be of sufficient
regularity, with zog € R™ denoting the initial condition and 7" > 0 denoting the final time. The values
n,m € N* are the dimensions of the state and control spaces, respectively.

The second fundamental component is the cost function, which encompasses factors such as energy,

time transfer, and more, given by

Bolza cost

o(x(T)) + / L(a(t), u(t), t)dt, (2)
——— 0

Mayer cost

Lagrange cost
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where the function ¢ : R™ — R represents a final cost (also known as a Mayer cost), and the func-
tion L : R™ x R™ x [0,T7] — R represents a running cost (also known as a Lagrange cost). These
costs together form what is commonly referred to as a Bolza cost (as shown in (2)). These functions
are assumed to be of sufficient regularity.

In this general introduction, we have chosen to consider a basic framework. In fact, we consider the

following optimal control problem involving (only) a Mayer cost:

minimize  ¢(z(T)),
subject to z:[0,T] = R"™, w:[0,T] — R™ solution to (1), (3)
u(t) e U, ae.tel0,T],

where U is a nonempty subset of R™. We say that a pair (z,u) is admissible if it satisfies all constraints
of Problem (3). Therefore, the goal is to find an optimal pair (z*,u*) that minimizes the Mayer cost
over all admissible pairs (z,u). It is usual to define the Hamiltonian H : R" x R™ x R™ x [0,T] = R
associated with Problem (3) by the formula:

H(xvuapa t) = (p,f(a:,u, t)>R"a

for all (z,u,p,t) € R” x R™ x R™ x [0,T]. Secondly, concerning Problem (3), we present the statement of
the (easy) PMP (that can be found in [28], [101]), which asserts the following: given a solution (x*,u*) to
Problem (3), there exists an adjoint vector (also called costate) p : [0,T] — R™ satisfying:
(i) the adjoint equation:
() = VL H (@ (6),u (), p(0), 1),

for almost every ¢ € [0,T];

(ii) the transversality condition:

p(T) = =Vo(z*(T));

(iii) the Hamiltonian mazimization condition:

u*(t) € argmax H(z*(t),w, p(t), 1),
welu
for almost every ¢ € [0,T].

The proof of the (easy) PMP is based on the application of needle-like perturbations to the optimal
control. Precisely, we perform a perturbation of the control with a constant value over a small time
interval. Afterwards, through an examination of the associated perturbation of the cost function, we can
establish the adjoint vector in a backward way, fulfilling both the transversality condition and the adjoint
equation. Finally, this process allows us to derive the Hamiltonian maximization condition. As a result,
the optimal control can be expressed as a feedback of the state and a costate function.

Furthermore, one can derive a PMP for optimal control problems that include, for instance, terminal
state constraints (constraints on x(0) and z(T)). These constraints are commonly encountered in various
applications of optimal control theory. Several methods have been developed in the literature to take into
account such terminal state constraints. One can invoke the Ekeland variational principle [61] or some
implicit function arguments (see, e.g., [2], [L10]) or the use of Lagrange multiplier rules [3].

In the literature, the PMP has been derived in various versions to address different types of optimal control
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problems, including deterministic or stochastic settings that involve continuous or discrete systems, among
others. The PMP has also been extended to remarkable fields like nondifferentiable optimization and
infinite-dimensional optimization (partial differential equations), where necessary optimality conditions
are presented in a PMP form.

From a numerical standpoint, there are different methods for solving optimal control problems in optimal
control theory. Two important categories of these methods are direct and indirect methods. On one
hand, direct methods involve discretizing the state and control variables, simplifying the problem into
a nonlinear optimization problem. On the other hand, indirect methods (based on the PMP) solve the

problem by considering a boundary value problem and using a shooting method.

Motivation of this thesis. In many fields of application, such as aerospace, epidemiology, biology, and
others, it is often not possible to maintain a permanent control (in the sense that the control value is
authorized to be modified at any instant of time). However, in practice, some constraints may prevent
changing the control value freely at any time. In that case, we speak of a nonpermanent control. As an
example, in automatic, when the control is digital, the control value can be modified only in a discrete
way in time, resulting into a piecewise constant control (also called sampled-data control). A version of
the PMP has been obtained for sampled-data controls, in which the Hamiltonian maximization condition
is replaced by a weaker condition known as the averaged Hamiltonian gradient condition (see [1], [24],
[34], [36], [41]). Also, in the aerospace domain, permanent controls cannot be maintained in the presence
of an eclipse constraint [64], [69], [73]. This constraint applies to satellites that use solar power and
cannot be actuated while they are in a shadow region (the area that is not directly exposed to sunlight).
Consequently, the control input can only be set to zero due to the absence of power.

Furthermore, in viability theory, we frequently come across constraint sets associated with the controlled
dynamics. These sets can be linked to thresholds that must not be exceeded, and they can, in general,
be described by a set of inequalities involving state variables. For example, in prey-predator systems,
we are interested in minimizing the time spent by the system in a non-desired set where the number
of prey is smaller than a given threshold z > 0 as depicted in Figure 1 (we refer to [20] for more
details). In this context, to reduce operating costs, it can be advantageous to use constant controls
(as depicted in Figures 3b) when the system evolves in a desired set. Allowing constant controls with
moderated values (values within the interior of the control constraint set) or saturated values (values
on the boundary of the control constraint set) leads to strategies that outperform those based on zero

controls but are still less optimal than permanent controls.

predator

non-desired set; desired set

prey

z

Figure 1: Partition of the the state space into two sets (desired and non-desired) based on a fixed threshold z.



CHAPTER 0. GENERAL INTRODUCTION

The main goal of this manuscript is to address optimal control problems with loss control regions. In this
context, the state space is partitioned into disjoint sets referred to as regions, which are classified into two

types: control regions and loss control regions (see Figure 2). When the state belongs to the first type of

Figure 2: A state visits regions (in red) where permanent controls are not allowed, only constant ones.

region, a permanent control can be applied (the control value can be modified at any time). However,
when the state belongs to the second type of region, the control must remain constant, equal to the last

assigned value before the state enters the loss control region. Roughly speaking, one has
X e U, u(t) =, when z is in a loss control region.

This value A € U is maintained until the state exits the region, as depicted in Figure 3, where the
time instants 71,73 € (0,T) (respectively, 72,74 € (0,T)) represent the entrance instants (respectively,

exit instants) to both loss control regions.

T

! Target / |

|
|
! | |
| | |
| | |
—
| | |
| | |
| | |
| | |
| | |
I I I
T T T

I

|

I
r— | 1 —t
0 T1 T2 T3 T4 T 0 T T T s T

(a) The state  (in blue) traverses two loss control

. = (b) The control u (in red) is permanent
regions (in red) to reach the target.

on control regions and frozen in loss control regions.

Figure 3: behavior of the pair (z,u) in both control and loss control regions.

Furthermore, although using constant controls in loss control regions may appear restrictive, it is important
to note that this approach can be extended to include a broader range of controls. For instance, we
can consider feedback controls of the form Axz(t) 4+ b for some A € R"*™ and b € R™. Such controls
are commonly used in biology, as seen in the case of artificial micro-swimmers [106]. By using a change
of variables, we can actually transform optimal control problems with feedback controls in loss control
regions into optimal control problems with constant controls in loss control regions. Therefore, this

thesis focuses (only) on constant controls in loss control regions.

Methodology. To elaborate on this concept, let us emphasize that when considering a partition of

the state space R™ divided into control regions and loss control regions, we associate a control system
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similar to the one described in equation (2). The novelty lies in the control function’s ability to change
its behavior (from permanent to constant and vice versa) based on the position of the state. Thus, we
are dealing with discontinuous dynamics in relation to the position of the state. Roughly speaking, we

consider the following partition! of the state space:

R" = | Xj,
JjeT
where J is family of indexes and the sets X, called regions, are disjoint nonempty open subsets of R".
Moreover, when considering a region Xj, it can be of two types: either a control region or a loss control
region. When the state belongs to a control region, permanent controls are permitted, while when the
state belongs to a loss control region, only constant controls are permitted. To this state partition, we

associate a control system with loss control regions that is given by

z(t) = f(x(t),u(t),t), for a.e. 0,71,
{ (t) = fa(t),u(t),t) t€0,7] @)

u is constant when z is in a loss control region.

The challenge that arises when considering the above control system is that the change in behavior of the

control function depends entirely on the state position. Therefore, our approach is to rewrite (4) as follows:

) fz(t),u(t),t), if z(t) is in a control region,
x =
flz(t), A(t),t), if z(t) is in a loss control region,

where A (that is only active when the state belongs to a loss control region) is a piecewise constant
function. It maintains a constant value within a loss control region and changes only when the state
position z moves to another region of the same type or revisits the same loss control region. We refer
to this particular type of function as a regionally switching parameter. Furthermore, it is important
to note that the dynamics changes discontinuously (only) according to the state position. As a result,
control systems with loss control regions fall within the domain of spatially? hybrid control systems with a
regionally switching parameter. Consequently, we focus on this broader framework. Before considering
a regionally switching parameter, we present the state of the art regarding the various hybrid settings,

as well as the existing first-order necessary optimality conditions (if available).

State of the art. Hybrid systems are, in a broad sense, dynamical systems that exhibit both continuous
and discrete behaviors. They are particularly used in automation and robotics to describe complex systems
in which, for example, logic decisions are combined with physical processes. We refer to [71], [91], [115] for
an elementary introduction to hybrid systems. This theory is very large and it is commonly accepted that
it includes ODEs with heterogeneous dynamics, that is, ODEs involving a family of different dynamics
(used for example to describe evolution in heterogeneous media) where the transitions from one dynamics
to another are seen as discrete events. The PMP has been extended to hybrid control systems, especially
in the context of ODEs with heterogeneous dynamics (see, e.g., [5], [25], [59], [68], [99], [108], [111]),
resulting in theorems often referred to as Hybrid Mazimum Principle (in short, HMP).

We emphasize that hybrid frameworks are very varied. Very often, the rule governing the switching

n this general introduction, for simplicity, we do not consider time-dependent regions X j(t). However, we will examine
them in Chapter 2.
2The term spatially is used to emphasize the spatial partition involved.
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mode, which refers to the pattern of transitions between different dynamics, is already defined. In
cases where the pattern is given, the values of the transition instances can be of different types: either
fixed or treated as additional (discrete) control variables. We have chosen to call such a framework
temporally hybrid. A fundamental difference that distinguishes a spatially hybrid setting from a temporal
one is that in a spatially hybrid setting, the switching mode and the switching instants (often referred
to as crossing times) depend entirely on the state position. Moreover, unlike the temporally hybrid
setting, these crossing times cannot be fixed or treated as additional variables. This issue makes studying
systems in this setting more challenging. Unfortunately, in the literature, we believe that there is no
clear classification that separates each framework from the others. Therefore, we propose a suitable

classification for each possible case (see Figure 4).

Hybrid
frameworks

Temporally Spatially
hybrid hybrid

Figure 4: Diagram of the classification of hybrid systems with heterogeneous dynamics.

To delve deeper into all of these different frameworks, we provide an explanation of different situations
that have been considered in the literature in each setting (temporal and spatial).
(i) Temporally hybrid setting. On one hand, the framework of temporally hybrid optimal control
problems has been widely addressed in the literature in different type of problems.
(a) A first type of problems was considered in [68], [100], [111], [L12]. In this situation, the authors

consider a control system that is of the form:
i(t) = fqu(x(t),u(t)), fora.e. te(0,T]. (5)

A hybrid trajectory is defined as a pair X (t) := (q(¢), z(t)) associated with a time partition
{tk}r=0,... .~ of the time interval [0,T]. Here, q : [0,7] — Q is a piecewise constant function
with respect to {tg}r=0,... n (veferred to as a location) where Q is a finite set and N € N*.
The function g provides the switching mode. Furthermore, the trajectory z is continuous
within each interval of the form [tg, tx4+1], although it may exhibit discontinuities at switching
times t;. These switching times t; are considered as additional variables. Furthermore, the
hybrid optimal control problem considered in this situation contains a cost that involves all
hybrid trajectories X with the same (fixed) switching mode. For the statement of the hybrid
maximum principle as in [111], [112], or hybrid necessary conditions (in short, HNP) such as
in [68], we must emphasize that the set of variations involves only trajectories of the same
structure (or the same history) as the optimal trajectory. Let us also mention that following

[68], the perturbations of the control affect only the trajectory = but not the switching times t.

(b) The inclusion of intermediate constraints (or boundary condition) led to a second type of
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temporally hybrid optimal control problems in [50], [52], [57], [59], [117]. On one hand,
intermediate constraints were considered in [57], [59]. In this situation, we assume that the
switching mode is fixed, and the values of the switching instances are considered to be fixed or

free, with the possibility of adding intermediate constraints given a vector p of the form:

p= ((t0>$(t0)>7 (tl’w(tl))7 ceey (tN7x(tN))) )

where tg < t; < ... < ty. We associate intermediate constraints of the form 7n(p) < 0 and
»(p) =0, where i and ¢ are smooth mappings. Furthermore, for the statement of the hybrid
maximum principle, as in [59], we must emphasize that the set of variations involves only
trajectories of the same structure as the optimal trajectory. In the papers [57], [59], the authors
provide a practical technique known as the augmentation technique, which allows the reduction
of the temporally hybrid optimal control problem to a classical one. This technique will be
a key tool that we will rely on in this manuscript. In fact, it will be carefully adapted in
Chapters 3, 4 and 5 within the spatially hybrid setting. It is important to note that this latter
setting, it is more technical to manage the crossing of boundaries between regions and maintain
the dynamics associated with each region. Hence, we will briefly demonstrate later in this
manuscript (by means of a counterexample) that applying the augmentation technique directly
in a spatially hybrid setting is not possible. On the other hand, boundary conditions were
considered in a more general setting known as optimal multiprocesses (see [50], [52]) that covers
optimal control problems of a very general nature. In fact, it allows nonsmooth controlled
systems (and also differential inclusions), state constraints, variable dimensions of the state and
the time intervals [tg,tr41] considered are disjoint. It should be noticed that our framework
differs since we consider optimal control problems governed by hybrid control systems defined
over a partition of the state space. Therefore, a change of dynamics occurs whenever the
trajectory goes from one region to another, which, to our best knowledge, is not considered in

these works.

In a third type of temporally hybrid optimal control problems, a series of papers are found
[97]-[99], [108], [109]. In this situation, the authors primarily focus on hybrid control systems
that combine two types of switching: controlled switching, where switching times are considered
as additional (discrete) control variables. More precisely, the control system is similar to the one
given in (5). The change from the discrete state gx—1 to g (where g = ¢(t) for all ¢ € [tp_1, tx)
and g1 = ¢(t) for all ¢ € [tx, tr+1)) at a controlled switching time ¢ occurs through a discrete
control function o : [0,7] — X, where ¥ denotes the finite set of all possible switching modes.
Therefore, the dynamics changes from f,, to f4,,, at t; by means of the discrete control o,

which satisfies:

Qer1 = Aqr, o(tr)),

where A : Q@ X ¥ — Q is a smooth mapping. Autonomous switching, on the other hand occurs at
tr when the trajectory passes through a switching manifold, of the form {x € R™ | m(z) = 0},
as follows:

m(z(ty)) =0,

where m : R — R is a smooth mapping. It is important to emphasize that the set of
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variations involved in the statement of the hybrid maximum principle in this setting only

includes trajectories with the same structure as the optimal trajectory.

(ii) Spatially setting. On the other hand, the framework of spatially hybrid optimal control problems
was considered in a series of papers [8], [10], [73], [95], [96]. However, to the best of our knowledge,
the corresponding necessary optimality conditions are given in [10], [73]. In this hybrid setting, we

consider a partition of the state space given by

R" = | J X;,
jeT
where J is a family of indices and the sets X; are disjoint nonempty open subsets of R™. To this

latter partition, we associate the following spatially hybrid control system:

&(t) = h(x(t),u(t)), fora.e. te€[0,T], z(0) = xo, (6)

where the hybrid dynamics i : R® x R™ — R"™ is defined regionally as follows:

Mz, u) == hj(z,u), ifzeX;,

where o € R™ and mappings h; : R” x R™ — R™ are assumed to be of sufficient regularity for all
j € J. Hence, the statement of a spatially hybrid optimal control problem is given as follows: find a
control u : [0, 7] — R™ that minimizes the Mayer cost ¢(z(T")) over all admissible pairs (z,u) that
satisfy (6) and the control u verify u(t) € U that is a nonempty subset of R™.

One can observe that the key difference is that the dynamics is entirely determined by the position
of the state. This feature makes these problems more difficult and technical to handle. Unlike the
temporally hybrid setting, where the time partition is predefined (with fixed or free switching times)
and the switching mode is fixed. In this case, the time partition is not predefined, and the switching
mode is determined by the position of the state. It is noteworthy that such difficulties have been
raised in the framework of optimal control problems with discontinuous dynamics [4], [83], [85].
These works consider a very particular setting where the state space is separated into two disjoint sets
by a switching surface of the form S(x) = (d, x)g~ for some d € R™ dividing the state space into two
disjoint sets {x € R™ | S(z) > 0} and {x € R™ | S(x) < 0}. To each set, one associates a particular
dynamics of the form ay(z) + b (z)u, where aj : R™ — R™, by, : R® — R™, and w : [0,7] — R denote
the control function for k£ = 1,2. It is worth mentioning that these works rely on the augmentation
technique. Another particular family of problems was considered in the work [25], referred to
as variable structure systems. Furthermore, we believe that the general framework of a spatially
hybrid optimal control problem was introduced in [73]. In this manuscript, we follow the framework

presented in that work, while also considering a regionally switching parameter.

Actually, we shall next see that the derivation of necessary optimality conditions in a spatially hybrid setting
requires a careful approach. In fact, in such a setting we identify two important challenges that have not
been addressed in the literature. Firstly, the admissibility of needle-like perturbations in a spatially hybrid
setting fails to hold true. Secondly, the use of the augmentation technique (which has proven effective
for temporally optimal control problems as shown in [57], [59]) cannot be directly applied in a spatially
hybrid setting or in optimal control problems with a discontinuous right-hand side, as described in [82],

[83]. Hereafter, we provide a detailed discussion of these issues through the use of two counterexamples.
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Challenges occurred in the spatially hybrid setting. Hereafter, we emphasize two main issues

that may occur in a hybrid setting using counterexamples.

(i) Nonadmissibility of needle-like perturbations. In optimal control theory, the PMP is derived

using needle-like perturbations. This involves considering a perturbed control defined by u®(t) := v
for t € (0 — o, 0) and u®(¢) := u(t) elsewhere, where a > 0, v € R™, and o € (0,T) are fixed (as
illustrated in Figure 5a). Then, we examine the perturbed trajectory z® (as illustrated in Figure 5b)

z%—x

and the corresponding variation vector is obtained as the limit of

as a — 0. However, in a

R7n

Figure 5: Illustrations of a needle-like perturbation (left) and the corresponding perturbed trajectory (right).

spatially hybrid setting, needle-like perturbations may not be admissible. For instance, the perturbed
trajectory ® may not converge uniformly to z over [0, 7] as a — 0, or it may not be globally defined
over the entire interval [0, 7.

Let us provide a simple counterexample which highlights this issue which is not encountered in the
classical (non-hybrid) setting. Consider T = 2, n = m = 1 and the space partition R = X; U Xo,
where X; = {y € R |y <1} and Xo = {y € R|y > 1}. Now consider the spatially hybrid control
system given by

#() {-l—u(t) if (1) € X,
—u(t) if z(t) € X,

with the initial condition 2o = 0. By taking the control u(t) = +1 over [0,1) and u(t) = —1
over (1,2], we get the corresponding trajectory x given by x(t) =t over [0,2], with 7, = 1 as unique
crossing time. Now we apply needle-like perturbations of the control u at some o € (0,1) and we
refer to Figure 6 for illustrations.
(i) If v = —1 we get a perturbed trajectory z* satisfying z®(¢) € X; over the whole interval [0, 2]
and thus z® does not uniformly converge to z over [0,2] when o — 0.
(ii) If v = 2 we get a perturbed trajectory x® defined over [0,7;(«)) for some 71(a) < 1 and
not [0, 7.
In a spatially hybrid setting, this issue arises because standard needle-like perturbations of the
control u do not take into account the perturbation of the crossing time (we refer to Chapter 2 for
more details).

Adapting the augmentation technique. Hereafter, our aim is twofold. In the first part, we

present the mechanism of the augmentation technique in a simple temporally hybrid setting. In the
second part, we develop a counterexample showing that this technique cannot be directly adapted
to a spatially hybrid setting.

Part I. In optimal control theory, it is well known in the literature (see, e.g., [28], [44], [48], [54])

that the augmentation technique allows us to deal with more general Bolza costs, free final time,
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t

Figure 6: Representation of x (in blue) and z® with o = 1 and a =

and time-dependent dynamics. Moreover, this technique remains excellent to use in a hybrid setting.
Indeed, the augmentation technique has been used to cover the temporally hybrid case (which
includes intermediate constraints [57], [59]). It is based on reducing the temporally hybrid problem
to a classical one so that one can use the classical PMP. To illustrate this reduction, we consider a

(simple) temporally hybrid optimal control problem given by
minimize o(x(T))
subject to  z:[0,T] = R", w:[0,T] = R™, 7€ (0,7,
= f(x(t),u(t)), forae. te]|0,7],
t) = g(z(t),u(t)), forae. te]|r,T],
0 F(Z‘(T)) = 07

8
e e
(e
=
I
N

u(t) € U, forae. t€0,T],

where the Mayer cost ¢ : R®™ — R, both dynamics f, g : R® xR™ — R" and the mapping F' : R” — R
that describes the intermediate constraint are assumed to have sufficient regularity, zo € R", T > 0
and U is a nonempty subset of R™. Given a global solution (z*, u*,7*) to Problem (7), the first step

is to apply an affine variable change (to reduce [0,7*] and [7*,T] to [0, 1]). This is done as follows:
yi(s) :==a"(r*s) and yi(s):=a" (7" + (T —17)s),

and
vi(s) :==u"(r"s) and wi(s):=u" (7" + (T —71%)s),

for all s € [0, 1] which allows us to generate an augmented state y* : [0, 7] — R?™ and an augmented

control v* : [0, T] — R?™. The second step involves defining an augmented classical optimal control
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problem given by

minimize  ¢(ya(1))

subject to  y:[0,1] = R, v: [0,1] — R2™, 7 € [0, 7],
1(s) = 7f(ya(s),v1(s)),
Y2(s) = (T = 7)g(ya(s), v2(s)), forae. s€[0,1],
y1(0) = w0, F(y1(1)) =0, y1(1) — y2(0) =0,
(01(5), va(s)) € U2, for ae. s € [0, 1],

for a.e. s €10,1],

and verifying that the admissible triplet (y*,v*,7*) is a local® solution. Lastly, the third step involves
applying the classical PMP to (y*,v*,7*). Consequently, the derivation of a temporally HMP for
Problem (7) is a result of inverting the augmentation procedure.

Unfortunately, such a technique could not be directly employed in a spatially hybrid setting like [10],
[82]. The reason is that we cannot recover a solution in a (standard) local sense mentioned earlier.
Therefore, we cannot apply the classical PMP to obtain a HMP by inverting the augmentation
procedure. Hereafter, we dedicate the rest of this section to presenting a counterexample, which
shows that we do not recover a (standard) local solution for the classical problem in general. We
emphasize that a more detailed presentation is provided in Chapter 4, including more precise

hypotheses and notations.

Part II. Let us consider the two-dimensional case n = 2, the state space partition R? = X; U Xo
where X7 := (—00,1) x R and X3 := (1, 400) X R (see Figure 7), and the spatially hybrid optimal

control problem given by

minimize  —(z1(2) — 2)% — p2(2),

subject to  z:[0,2] = R2 w:[0,2] = R,
i(t) = h(z(t),u(t)), ae.tel0,2)], (8)
z(0) = Ope,

u(t) € [-1,1], a.e.t€]0,2],
where the spatially heterogeneous dynamics h : R? x R — R? is defined by
(1, ((1- x1)+)2), if x € Xu,
h(z,u) =
(u, ((1— x1)+)2), if € X,

for all x = (z1,72) € X; U X5 and all u € R, and where p > 96 and y* := max(y,0) for all y € R.

- A global solution (z*,u*) (with one crossing time 7 = 1) to Problem (8) is given by

Lit-13+1) iftelo,1],
ri) =t w0 T S0
3 ift e[1,2],
for all ¢ € [0,2], and the corresponding optimal cost is given by C* := —£.

3In uniform norm for the state / in L'-norm for the control.



CHAPTER 0. GENERAL INTRODUCTION

X

X

I
0 0 1 2

Figure 7: Partition of the state space R? = X; U Xs.

Now, after providing a global solution to Problem (8), we can introduce the augmented state
y* :[0,1] — R* and control v* : [0,1] — R? based on a variable change that transforms both time

intervals [0, 7f] and [7y,2] into the common time interval [0, 1] as follows:

W)"(s) =5, (2)"(s) =s+1, W) () = 3((s =1+ 1), (12)°(s) = 3,
and v} (s) = v3(s) =1 for all s € [0,1], and T* = {0,1,2}. As expected the triplet (y*,v*,T*) is

admissible for the classical optimal control problem with mized terminal state constraints and a

parameter
minimize  —(y3(1) — 2)* — py3(1),
subject to  y:[0,1] = R* v:[0,1] — R?, T € R3,
Ui(s) =7, ae. s€](0,1],
gi(s) =n((1—yi(s)*)?, ae sel0,1],
73(8) = (2 — 11)va(s), a.e. s€]0,1], )
J(s) = (2—m)((1—ya(s))*)?  ae sel0,1],
yi(0)=0, »7(0)=0, y;(1)-1=0,
y2(0) —y1(1) =0, 3(0) —yi(1) =0,
=0, T €]0,2], m=2,
v1(s), va(s) € [-1,1], a.e. s € [0,1],
with the (same) cost C* = —£.

The triplet (y*,v*,T*) is not a (standard) local solution to Problem (9). Indeed, one can find
controls that are close in L'-norm, that provide a better cost: for any € > 0 small enough, we
introduce the triplet (3%, v, T¢) defined by (y1)¢ := (v})*, (¥?)° := (y3)*, v5 = v}, T° = T*, and by

s+1, if s € [0,¢], 1, ifse|0,¢],
(y2)°(s) :={ 2e—s+1, ifsele 3], vs(s):==¢q —1, ifse[e 3e],
s—4e+1, ifse[3¢g1], 1, if s € [3e1],

[\
\}
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and
3 if s € [0, 2¢],
G2 (s) (s —2e)® +1), if s € [2¢, 3¢,
B () =1 L
3((s —4e)> +2e% +1), if s € [3¢,4¢],
(283 + 1), if s € [4e, 1],

for all s € [0,1]. One can easily conclude that the triplet (y*,v*,7*) is not a local solution to
Problem (9) since:

(i) The triplet (y¢,v%, 7¢) is admissible for Problem (9) for any € > 0.

(ii) For any € > 0, the cost C® associated with the triplet (y©,v°, T¢) is given by

p 2p 3 P s
Cf=—-—|——-64)e°< -2 =C"
3 ( 3 > 3
Hence, the above counterexample highlights the impossibility of directly using the augmentation
technique. In Chapter 4, we overcome this issue by introducing an appropriate notion of a local
minimum, and secondly, we derive the corresponding PMP to obtain a HMP in a spatially hybrid

setting.

Hereafter, we describe the main contribution of Chapters 2, 3, 4 and 5 of this thesis.

Contribution of Chapter 2. As we mentioned earlier, in a spatially hybrid framework, in particular the
derivation of necessary optimality conditions has not been visited so often in the literature. To the best of
our knowledge, we could find only in [10], [73] a general presentation of spatially hybrid optimal control
problems together with a presentation of the corresponding necessary optimality conditions. Precisely in
[73], the authors provide a sketch of the proof of a HMP similar to the proof of the PMP. In fact, it is
based on needle-like perturbations and implicit function arguments. Hence, in a first attempt, we have

considered spatially hybrid optimal control problem with a regionally switching parameter of the form

minimize  ¢(z(T)),
subject to z:[0,7] = R", X:[0,7] = R%, w:[0,T] — R™,
z(t) = h(z(t), A\(t),u(t)), a.e. te]0,T],
(0) = zo,
(A@),u(t)) e Ax U, ae tel0,T],

A is a regionally switching parameter associated with x.

(10)

Here, the control system involves a hybrid dynamics h : R™ x R? x R™ — R" that is defined similarly to
(6) and includes a regionally switching parameter A (that is a piecewise constant function), which satisfies
the constraint A(¢) € A that is a nonempty convex subset of R? with d € N*. Our objective is to follow
this well-known proof method, providing a complete and rigorous proof of the HMP with the novelty of

considering a regionally switching parameter. This latter is here to model loss control regions.

However, we encountered an important issue, that is, the nonadmissibility of needle-like perturbations.
This latter can occur in a spatially hybrid setting (we refer to the discussion provided previously in
the first counterexample). In fact, the reason behind this issue is that we do not take into account the

perturbed crossing time of the trajectory after performing a needle-like perturbation. This is why we
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may obtain perturbed trajectories that are not defined over the entire time frame or do not converge
uniformly towards the nominal trajectory (as highlighted in the first counterexample). To overcome
this challenge, we introduce a new tool called auziliary controls. These controls coincide with the
nominal one over the interval between two consecutive crossing times and are continuously extended
as constant functions outside of this interval. It is worth noting that similar tools were introduced in

other hybrid settings, as discussed in [68], [108].

After performing a needle-like perturbation on an auxiliary control, we obtain perturbed auxiliary trajectory
that admit a perturbed crossing time. This is a consequence of applying an implicit function theorem.
Hence, to obtain a perturbed trajectory that overcomes the difficulties raised in the first challenge, we need
to create the following pieces of the perturbed trajectory based on the perturbed crossing times that follow
the needle-like perturbation. Similarly, we perform convex perturbations (as in [34], [41]) to auziliary
parameters. Let us emphasize that this construction is made possible due to the regularity assumptions
made on the nominal trajectory and control. Specifically, the existence of left and right limits of the
nominal control ensures a continuous extension in the definition of an auxiliary control. The application
of the implicit function theorem relies on a transverse condition made on the nominal trajectory which
means that this latter crosses the boundary between regions transversally and not tangentially. Such

a hypothesis is quite common in a spatially hybrid setting.

The proof of the HMP with a regionally switching parameter follows a similar approach to the proof of
the PMP (we refer to the paper [13]). After conducting the sensitivity analysis described above within
the hybrid framework, we obtain a variation vector with discontinuous jumps at each crossing time.
Therefore, we construct an adjoint vector with discontinuous jumps at each crossing time to ensure
the constancy of the inner product of all variation vectors. This enables us to obtain the Hamiltonian
maximization condition for the permanent control and the averaged Hamiltonian gradient condition

for the regionally switching parameter that is given by
Tk
[ V() A u(s).p(s)) ds € Nale)
Tk—1

where H : R x R x R™ x R" — R is the Hamiltonian function associated with Problem (10) and Ny [y]
denotes the normal cone* of A at y € R? and \;, denotes the constant value of \ over [1_1,7%).

Lastly, it is worth mentioning that our primary motivation is to derive necessary optimality conditions
for optimal control problems with loss control regions. Since such problems can be formulated as
spatially hybrid optimal control problems with a regionally switching parameter, we directly obtain a
PMP with loss control regions (we refer to the conference proceedings [14]). In this case, the adjoint
vector exhibits discontinuous jumps at each crossing time due to the change in behavior of the control
(permanent in control regions and constant in loss control regions). Additionally, the optimal control
satisfies the Hamiltonian maximization condition in control regions and the averaged Hamiltonian gradient

condition in loss control regions.

Contribution of Chapter 3. In optimal control theory, terminal constraints are commonly encountered
in various applications. Therefore, it seems natural to extend the contributions of Chapter 2 to include
such constraints. Following the method of proof based on needle-like perturbations, the proof would

become more cumbersome and technical, involving heavy notation due to the use of more sophisticated

4the precise definition will be provided in Section 1.1 of Chapter 1.
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tools such as multiple needle-like perturbations and Pontryagin cone (we refer to [3], [38], [58], [81], [101]).
To avoid having a more complicated and longer proof, we rely on the augmentation technique. This
technique was first introduced in [54] to handle minor difficulties, such as reducing Lagrange costs to
Mayer costs, converting free final time to fixed final time, and transforming time-dependent dynamics to
autonomous dynamics. Furthermore, this technique proved extremely useful in tackling major difficulties,
including reducing temporally hybrid optimal control problems to classical ones (we refer to [57], [59]).
In fact, applying such a technique allows to derive a temporally HMP as a consequence of the classical
PMP, highlighting the strength of this approach.

In this chapter, and in a second attempt, we aim to take advantage of this technique to derive a PMP with
loss control regions for a particular type of problem often encountered in many domains of applications.
It is about the class of minimum time problems, but with the novelty of considering loss control regions.
The goal is to study and provide (similarly to the classical case) an optimal synthesis for any given
initial condition for the minimum time problem to reach the origin for the double integrator. However, in
contrast with the classical version of this problem, we consider a loss control region. Roughly speaking,

we consider the following optimal control problem

minimize T,

subject to z:[0,T] = R2, w:[0,7] = R, T € (0, +00),

#1(t) = x2(t) for a.e. t € (0,77,

do(t) = u(t) for a.e. t e[0T, (11)
x(0) = zg, x(T) = Oge,

u(t) € [-1,1], a.e.te[0,T],

u is constant when z belongs to {z € R? | 21 < 0}.

To solve Problem (11), we first derive a PMP with loss control regions, adapted for a general minimum
time problems under a strong transverse condition. Roughly speaking, we consider a partition of the
state space R” = X |J X5 and impose a strong transverse condition at the boundary given by 90X :=
{z € R" | F(z) = 0}, which remains valid for all controls:

V(z,u) € 0X x U, (VF(x),f(x,u))g~ #0,

where both mappings F': R — R and f : R™ x R™ — R"™ (representing the dynamics) are smooth. It is
noteworthy that the above strong condition is verified in the case of the minimum time problem for the

double integrator with a loss control region, which is the focus of this chapter and the paper [15].

Let us emphasize that the derivation of a PMP with loss control regions, adapted for minimum time
problems and under the above strong transverse condition, becomes a consequence of the classical PMP.
In fact, after verifying that the augmented solution is a standard local solution, we apply the classical
PMP. Regarding the optimal synthesis of the double integrator problem with a loss control region, when
the optimal trajectory crosses the loss control region, the constant value of the control is determined using
the averaged Hamiltonian gradient condition. We notice that for a given initial condition such that the
trajectory visits the loss control region, the corresponding constant value of the control (in this region) is
nontrivial and it belongs to the interior of the control constraint set. These new phenomena raise questions

and challenges in optimal control problems with loss control regions, both in theory and practice.
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Contribution of Chapter 4. In this chapter, we address more into details the augmentation technique
since we have seen that it is very useful for handling minimum time problems including a loss control
region. However, here we consider a more general setting: spatially hybrid optimal control problems

with general terminal mixed state constraints of the form

minimize o(z(T)),

subject to x:[0,T] = R", u:[0,T] = R™,
i(t) = h(z(t),u(t), ae.tel0,T), (12)
9(x(0),2(T)) €5,
u(t) €U, ae. tel0,T].

Here, the hybrid control system similar to (6) where the mapping g : R” xR™ — R’ is sufficiently regular and
the constraint set S is a nonempty closed convex subset of R with £ € N*. Moreover, we consider a weaker
transverse condition, which only involves the optimal path. This is in contrast to the strong transverse

condition made in Chapter 3, which is a stronger hypothesis than the one only on the nominal path.

It turns out that considering a weaker transverse condition (which is only satisfied by the optimal solution)
raises an important issue: impossibility of adapting the augmentation technique. In fact, after applying
the augmentation procedure, we obtain that the global solution to the spatially hybrid optimal control
problem does not yield a standard local solution to the augmented problem. This is due to the fact
that nearby trajectories (close in L!-norm for controls) does not generate admissible trajectories for
the spatially hybrid optimal control problem. This issue was previously discussed through the use of a
counterexample that emphasizes the second challenge encountered in a spatially hybrid setting.

To overcome this issue, we first fix an optimal solution (z*,u*) to the spatially hybrid optimal con-
trol problem, with T* denoting the vector of crossing times. Since we known that the augmentation
technique generates an admissible triplet (y*,v*, T*) to the augmented problem, we will focus on ad-

dressing the following question:
Is the triplet (y*,v*,T*) solution to the augmented problem? If yes, in which sense?

Answering the above question led to the introduction of a novel notion of local solutions, namely,
the L{,~local solution (we refer to the work [16]). The main feature of this notion is that it forbids
variations of the control in neighborhoods of each crossing time. This solves the issue highlighted in the
second counterexample. Indeed, by not allowing the control to vary in neighborhoods of each crossing,
then we can prove that nearby trajectories (in this new local sense) generates admissible trajectories
for the spatially hybrid problem.

Lastly, in order to derive a spatially HMP, we first need to derive a PMP that corresponds to the new
notion of local solutions. We refer to this as the PMP for le—local solutions. Consequently, the spatially
HMP is obtained as a consequence of the latter by inverting the augmentation procedure. Also, it
is worth noting that in a spatially hybrid setting, the choice of the transverse conditions affects the

quality of local solutions to the augmented problem.

Contribution of Chapter 5. In this chapter, our goal is twofold. First, we aim to cover a general
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class of optimal control problems with loss control regions of the form

minimize o(z(T)),

subject to z:[0,T] > R™ w:[0,T] » R™,
z(t) = f(z(t),u(t)), ae tel0,T],
9(x(0),2(T)) €5,
u(t) e U, ae. tel0,T],

u is constant when x is in a loss control region,

(13)

and establish the corresponding PMP. Second, we provide a numerical approach based on both direct

and indirect methods adapted for these types of problems, as outlined in the work [17].

To address our first objective, we initially derive a spatially HMP with a regionally switching parameter.
This latter presents the most general result of this manuscript since it includes general mixed terminal
state constraints and a regionally switching parameter. As explained earlier, this framework allows us
to address optimal control problems with loss control regions. The methodology remains the same. In
fact, we rely on the augmentation technique, which has proven to be a useful tool in this framework, even
under weak transverse conditions that only involve the optimal solution. However, we emphasize the
importance of simultaneously using the novel concept of leflocal solution (that is developed in Chapter
4). This concept ensures the correct correspondence between a global solution of the spatially hybrid

optimal control problem and a local solution (in this novel sense) of the augmented problem.

Let us emphasize that the augmentation procedure remains the same even when considering a regionally
switching parameter. In fact, since this latter remains constant within each region, we can treat it as
a state variable satisfying the differential equation A=0. Moreover, we consider additional terminal
constraints to ensure that the constraint made on the regionally switching parameter is not violated.
Similar to Chapter 3, we obtain the spatially HMP with a regionally switching parameter as a consequence
of the PMP for Liljflocal solutions.

To address our second objective, we introduce a two-step numerical approach to solve optimal control
problems with loss control regions. First, we use a direct numerical method applied to a reqularized
problem. The regularization is necessary to overcome the discontinuities that arise when transforming
the optimal control problem with loss control regions into a hybrid optimal control problem with a
regionally switching parameter. This initial step is crucial for determining the structure of the optimal
trajectory, i.e., the ordered sequence of regions that the optimal trajectory visits. Secondly, we initialize
an indirect numerical method applied to the original problem, which is based on the PMP with loss
control regions. The novelty of this approach is the incorporation of the averaged Hamiltonian gradient
condition, as well as the discontinuity jumps of the adjoint vector, to define an appropriate shooting
function. This addition supplements the classical terms that define the shooting function for non-hybrid
control problems (see [45], [53]). Finally, this approach is applied to numerically solve some illustrative
examples, precisely a Zermelo-type problem [6] and a version of the minimum time problem for the

harmonic oscillator [107] both including loss control regions.

Organization of the manuscript. This manuscript is composed of 6 chapters. Chapter 1 is devoted
to the preliminary notions required throughout this thesis in order to describe spatially hybrid optimal

control problems and optimal control problems with loss control regions. Precisely, we define the functional

\V)
J
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spaces encountered in these problems. We also provide a quick recall of the general theory of ordinary
differential equations and present some standard sensitivity analysis results. Additionally, we introduce
standard notions of minima of optimal control problems and provide necessary optimality conditions,
in a PMP form, associated with each notion of local minimum. Finally, we provide a quick recap
overview of the notion of Filippov’s solutions. These preliminaries are useful to adequately present

our results in chapters 2, 3, 4 and 5.

Chapter 2 is devoted to the derivation of a spatially HMP with a regionally switching parameter (see
Theorem 2.2.1).We also give an orevieviw of the proof Theorem 2.2.1 in Section 2.2.3. An application
example is then provided in Section 2.3. In Section 2.4, we develop a general result of thorough sensitivity
analysis in the case of non-hybrid control systems. This allows us to provide a thorough sensitivity analysis
in the hybrid case by introducing the notions of auxiliary control, auxiliary parameters and auxiliary
trajectories in Section 2.5. Then, based on these technical results, Section 2.6 is devoted to the complete

proof of Theorem 2.2.1. Finally, Section 2.7 deals with the derivation of a PMP with loss control regions.

Chapter 3 is devoted to the study of a variant of the minimum time problem for the double integrator with
a loss control region. In Section 3.2, we recall the well known solution to the classical (without loss control
region) minimum time problem for the double integrator. Next we state a version of the PMP adapted
to a minimum time problem with a loss control region (see Proposition 3.2.2). In Section 3.3, our main
result (Theorem 3.3.1) is stated, providing an exact analytical solution to the minimum time problem for
the double integrator with a loss control region. Its proof is given immediately after, being divided into
several cases arising in the application of Proposition 3.2.2. Section 3.4 gives a list of additional comments
on Theorem 3.3.1 and its proof. We conclude with open questions and perspectives about optimal control

problems with loss control regions. Finally Section 3.5 contains the proof of Proposition 3.2.2.

Chapter 4 is devoted to the derivation of a spatially HMP based on a careful use of the augmentation
technique. In Section 4.2, a classical optimal control problem is considered, the new notion of L|1:,flocal
solution is introduced and a corresponding PMP is established (see Theorem 4.2.1). In Section 4.3, a hybrid
optimal control problem with spatially heterogeneous dynamics is introduced, applying the augmentation
procedure, Proposition 4.3.1 states that an augmented solution to a hybrid optimal control problem is a L~
local solution to the corresponding classical augmented problem. Hence, applying the above new PMP and
inverting the affine changes of time variable, a HMP for Problem (4.2) is obtained (see Theorem 4.3.1). An
explicit counterexample showing that an augmented solution to Problem (4.2) is not a local solution (in
the usual sense) to the corresponding classical augmented problem is provided in Section 4.3.4. Finally the

technical proofs of Proposition 4.3.1 and Theorem 4.3.1 are provided in Sections 4.4 and 4.5 respectively.

Chapter 5 is devoted to the derivation a PMP with loss control regions, but also a two-step numerical
approeach to solve this type of problems. In Section 5.2, a general hybrid optimal control problem with
regionally switching parameter is introduced. Then Proposition 5.2.1 asserts that the augmentation of a
global solution to Problem (5.1) leads to a Lﬂjflocal solution to a classical augmented optimal control
problem. Hence, applying the PMP for L,-local solutions (Theorem 4.2.1 provided in Chapter 4) and
reversing the augmentation procedure, a HMP for spatially hybrid optimal control problems with a
regionally switching parameter is obtained (see Theorem 5.2.1). In Section 5.3, we deal with a general

optimal control problem with loss control regions. By rewriting this problem as a spatially hybrid optimal
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control problem with a regionally switching parameter and applying the previous Theorem 5.2.1, a PMP
with loss control regions is obtained. In Section 5.4, a two-steps numerical scheme is proposed to solve
optimal control problems with loss control regions. Afterwards it is applied to numerically solve some
illustrative examples, precisely a Zermelo-type problem [6] and a version of the minimum time problem
for the harmonic oscillator [107] both including loss control regions. Finally the technical proofs of

Proposition 5.2.1 and Theorem 5.2.1 are provided in Sections 5.5 and 5.6 respectively.

Finally, in the general conclusion of this manuscript presented in Chapter 6, we review the outcome of the
investigations undertaken during this PhD thesis. We also provide several possible perspectives, including
further personal research projects to be undertaken in both frameworks:

(A) Spatially hybrid optimal control problems with a regionally switching parameter.

(B) Optimal control problems with loss control regions.

29
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This chapter introduces the necessary preliminary notions for describing the two main frameworks of
this manuscript: spatially hybrid optimal control problems with a regionally switching parameter and
optimal control problems with loss control regions. In Section 1.1, we define the functional spaces that
describe the state functions, the regionally switching parameter, and control functions encountered these
frameworks in Chapters 2, 3, 4, and 5. In Section 1.2, we give recalls on the general theory of ordinary

differential equations. This section covers key concepts such as solutions, some regularity assumptions
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and fundamental results, which are required for providing existence and uniqueness results. We also
cover some fundamental results on the linear Cauchy problem theory that will be used in the proof
of the HMP with a regionally switching parameter stated in Chapter 2, such as the transition matriz
and Duhamel formula. Moreover, in order to provide a complete proof of the HMP with a regionally
switching parameter, we rely on thorough sensitivity analysis within a hybrid setting. Therefore, in
Section 1.3, we review the standard results in sensitivity analysis. This includes needle-like perturbations
of the control, L°°-convex perturbations of the parameter, and perturbations of the initial condition.
Lastly, in Section 1.4, we focus on various notions of minima and afterwards we give the statement
of the classical PMP, accompanied by a list of remarks and comments. This is important because in
Chapter 4, we introduce a new notion of a local minimum (which is also used in Chapter 5). Also in
Chapters 4 and 5, we provide an extension of the classical PMP in the spatially hybrid setting and the

setting for optimal control problems with loss control regions.

1.1 Notations and functional framework

In this section, we provide a review of the basic functional spaces to be used throughout this manuscript.
For spatially hybrid optimal control problems with a regionally switching parameter (as well as optimal
control problems with loss control regions), the state function (or trajectory) is absolutely continuous, the

regionally switching parameter is only piecewise constant, and the control function is essentially bounded.

For any positive integer d € N*, we denote by (-, )ga (resp. || - ||ge) the standard inner product (resp.
Euclidean norm) of R?. For any subset S C R%, we denote by S the boundary of S defined by 95 :=
S\Int(S), where S and Int(S) stand for the closure and the interior of S respectively. Given a (Lebesgue)
measurable subset A C R, we denote by p(A) its (Lebesgue) measure. Furthermore, given a closed convex

set Y C R%, the normal cone to Y at some point y € Y is defined by
Nylyl = {y" €R? [V €Y, (4 —y,y)rs < 0}.

Now, for any extended-real number r € [1, +00] and any nonempty real interval I C R, we denote by:
e L"(I,R?) the standard Lebesgue space of r-integrable functions defined on I with values in R,
endowed with its usual norm || - ||L-.
e C(I,R?) the standard space of continuous functions defined on I with values in R%, endowed with
its standard uniform norm || - ||c.
As usual in the literature, when (Z,dz) is a metric set, we denote by Bz(z,e) (resp. Bz(z,¢)) the
standard open (resp. closed) ball of Z centered at z € Z and of radius € > 0. Finally, For a differentiable
map 1 : R — RY | with d’ € N*, we denote by Vip(z) = (le(x) Vg (x)) € R4’ the gradient of 1
at some x € R% We say that ¢ is submersive at x € R if the differential Dy(x) = Vip(z)T € RY ¥4

is surjective.

1.1.1 Recap on absolutely continuous functions

In optimal control theory, it is standard to assume that the state function is absolutely continuous. Let
us fix two real numbers a and b such that a < b and a positive integer n € N*. Hereafter, we will

provide the definition of an absolutely continuous function.
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Definition 1.1.1 (Absolutely continuous function). A function x : [a,b] — R™ is said to be absolutely

continuous over [a,b] if

Ve >0, 36 > 0, Vr € N, Y{(ag, bx) tk=1,...» pairwise disjoint open sub-intervals of [a,b],

T T

Z(bk — ak) <) = Z Hl'(bk) — x(ak)HRn < €.

k=0 k=0

We denote by AC(I,R™) the space of absolutely continuous functions.

Now, we provide a fundamental characterization of absolutely continuous functions.

Proposition 1.1.1. Let x : [a,b] = R™ be a given function. The following conditions are equivalent:
(i) x is absolutely continuous over [a,b].

(ii) x is differentiable almost everywhere over [a,b] with & € L'([a,b],R™) and

x(t) = z(a) +/ z(s)ds,

for all t € [a,b].
(iii) there exists ¢ € R™ and y € L([a,b],R™) such that

o) =c+ [ y(s)ds,

for all t € [a,b].
in that case it holds that c = z(a) and y = &.

1.1.2 Recap on piecewise constant functions and piecewise absolutely con-

tinuous functions

In this manuscript, our focus is on investigating spatially hybrid control systems with a regionally
switching parameter. Within these systems, and given a partition of the state space, the value of
this (new) parameter remains constant as long as the state belongs to a specific region. However, it
can change once the state transitions into a different region. This characteristic leads to the use of
piecewise constant functions to describe the behavior of this (new) parameter. Therefore, this section

provides a recap on this type of functions.

If a function 7 : I — R? admits left and right limits at some 7 € Int(I), we denote by

v (r) = lmy(t) and ot (7) = limA(e).
t<tT t>1

Now take I = [0,T] for some T > 0. Recall that a partition of the interval [0,T] is a finite set T =
{7k }k=0,... N, for some positive integer N € N*, such that 0 = 79 < 71 < ... < 7nv_1 < 7™v = T.

In this manuscript:
e A function v € L>([0,T],R?) is said to be piecewise constant, with respect to a partition T =
{7k }r=0,... v of the interval [0, T, if the restriction of v over each open interval (7,_1, 7%) is almost

everywhere equal to a constant denoted by 7, € RY. If so, v is identified to the function 7 : [0, T] — R?
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given by
=4 " ift € [rp_1,7%) forall k € {1,...,N — 1},
e yv ift € [ty_1,7n] for k= N,

for all ¢ € [0, 7).
e A function v : [0,7] — R is said to be piecewise absolutely continuous, with respect to a partition T =
{7k }k=0,... v of the interval [0, 77, if v is continuous at 0 and T" and the restriction of v over each
open interval (751, 7;) admits an extension over [r_1,7%] that is absolutely continuous. If so, v
admits left and right limits at each 7, € (0,7, denoted by v~ (%) and () respectively.
In what follows we denote by PCr([0, T],R?) (resp. PACt([0, T],R?)) the space of all piecewise constant
functions (resp. piecewise absolutely continuous functions) respecting a given partition T of [0, T]. Finally
we denote by PC([0,T],R9) (resp. PAC([0,T],R?)) the set of all piecewise constant functions (resp.

piecewise absolutely continuous functions), independently of the partition considered.

1.2 General theory of ordinary differential equations

In this section, we fix n € N* as a positive integer and a and b as two real numbers such that a < b.
Let g : R™ X [a,b] — R™ be a mapping and z, € R™ be fixed. In this section we focus on the
Cauchy problem given by

{ z(t) = g(z(t),t), for a.e. t € [a,b], (L.1)

z(a) = xq,

where the dynamics g is assumed to be continuous in its first variable, but only measurable in its second
variable. We say that ¢ is a Carathéodory function. In the following section, we provide different notions
of solutions and some fundamental results necessary to state the existence and uniqueness results. These

concepts are also required for performing sensitivity analysis.

1.2.1 Notions of solutions and fundamental results

Definition 1.2.1 (Local solution). We say that the couple (x,I) is a local solution to (1.1) if the following
conditions are satisfied:
(i) I is an interval such that {a} C I C [a,b].
(i1) x : [a,c] = R™ in an absolutely continuous function such that &(t) = g(z(t),t) for almost every t €
[a,c] for all c € I.
(iii) x(a) = xq4.
Definition 1.2.2 (Extension of a solution). Let (z1,11), (2,1I3) be two local solutions to (1.1). We say
that (x9,I2) is an extension of (x1,17) if
(i) I C L.
(ii) x2(t) = x1(t) for allt € I.
We say that the extension is strict if I C Io.
Definition 1.2.3 (Maximal and global solutions). Let (x,I) be a local solution to (1.1). We say that
(i) (x,I) is a mazimal solution to (1.1) if it does not admit any strict extension.
(ii) (x,1) is a global solution to (1.1) if I = [a,].

Note that a global solution is necessarily a maximal solution.
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Before revisiting the standard existence and uniqueness results for solutions to (1.1), it is necessary to
establish specific assumptions regarding the regularity and integrability of the dynamics g.
Definition 1.2.4 (Locally integrable). We say that g is locally integrable if for all R > 0, there exists
(r € LY([a,b],R) such that

lg(z,t)[lrn < Lr(),

for all x € Brn(Ogn, R) for almost every t € [a, b].
Definition 1.2.5 (Locally Lipschitz in its first variable). We say that g is locally Lipschitz in its first
variable if for all (z*,t*) € R™ X [a,b], there exists € > 0 and L > 0 such that

lg(z2,) = g(z1,8)[lrn < Lllz2 — 21|rn,

for all 1,72 € Bgn(z*,€) for almost every t € [t* —&,t* +¢] N [a, b].
Definition 1.2.6 (Globally Lipschitz in its first variable). We say that g is globally Lipschitz in its first
variable if there exists L > 0 such that

lg(z2,t) — g(w1,t)[|[rRn < Lz — 21 ||R",

for all 1,29 € R™ for almost every t € [a,b].

Let us now turn to Grénwall’s lemma, which will be useful in providing a continuous dependence
result in Section 1.3.

Lemma 1.2.1 (Gronwall’s lemma). Let o, : [a,b] — R be two Lebesgue integrable functions and

z : [a,b] = R an absolutely continuous function satisfying the inequality
2(t) < a(t)z(t) + B(t), for a.e. t € [a,b].

Then, for anyt € [a,b], one has
t t .
2(t) < z(a)ela @(5)ds +/ B(s)els i g,

Now, we are in a position to state the classical results of existence and uniqueness of solutions to

ordinary differential equations.

1.2.2 Existence and uniqueness results

In this section, we present the classical results of existence and uniqueness of solutions to an ordinary
differential equation without control, considering smooth dynamics. In fact, we consider dynamics that
are time-dependent and measurable with respect to the time variable, which is more suitable for the
control setting later on. The proofs are omitted and can be found [77].
Theorem 1.2.1 (Maximal Cauchy-Lipschitz theorem). If g is locally integrable and locally Lipschitz in
its first variable. Then, the Cauchy problem (1.1) admits a unique mazimal solution.
Theorem 1.2.2 (Alternative theorem). If g is locally integrable and locally Lipschitz in its first variable,
and let (x,I) be the unique maximal solution to (1.1). We consider two cases:

(i) either I = [a,b], that is, the maximal solution (xz,I) is global.

(i) either I C [a,b], and in that case, I = [a,c) for some a < ¢ <b, and x is unbounded over I.
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In the second case, we say that the solution x ”explodes” in the neighborhood of c.

1.2.3 Linear Cauchy problems

In this section, we focus on the (forward) linear Cauchy problem given by

:z’:Et)): A(t)x(t) + B(t), for a.e. t € [a,b], (1.2)

where z, € R, A € L>([a,b],R"*"), and B € L!([a,b],R™). The next result can be easily derived
from Theorem 1.2.1.

Theorem 1.2.3. The linear Cauchy problem (1.2) admits a unique mazximal solution. Moreover, this
mazimal solution is global.

Now, we are in position to define the state transition matrix. For all s € [a,b], we denote by ®(-,s) :
[a,b] — R™ ™ the unique maximal solution (which is global) of the forward/backward linear matrix

Cauchy problem given by

d(t) = A(t)®(t), for a.e. t € [a,b],

(1.3)
d(s) = Idgn.

The matrix function ® : [a,b]?> — R™*™ has two variables and is called the state transition matrix
associated with A.

Remark 1.2.1. In this remark, we provide a duality result. For all t € [a,b], the matrix function
D(t, ) : [a,b] — R™™ ™ is the unique maximal solution (which is global) of the forward/backward linear

Cauchy problem given by

B(s) = —®(s)A(s), for a.e. s € [a,b],

(1.4)
O(t) = Idgn.

Theorem 1.2.4 (Duhamel formula). The unique mazimal solution to (1.2) (which is global) is given by

the explicit Duhamel formula:

t

(1) :@(t,a)x(aH/ B(t,5)B(s) ds,

a

for allt € [a,b].
Remark 1.2.2. In this remark, we comment on the Duhamel formula.
(i) If A(-) = A € R™™™ is constant, the unique maximal solution to (1.2) (which is global) is given by
the explicit Duhamel formula:

t
z(t) = et~ (a) +/ e'=)4B(s) ds,

a

for all ¢ € [a,b].

(ii) A Duhamel formula for the unique maximal solution (which is global) of the backward linear Cauchy

36
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problem given by

y(s) = —A(s)Ty(s) — B(s), fora.e. sc [a,b], (15)

for some fixed y;, € R™, is given by the explicit Duhamel formula:

b
y(s) = (b, 5) Ty + / o(b,t)" B(t) dt,

for all s € [a, b].
(iii) We emphasize that Duhamel formula is used in the proof of the HMP with a regionally switching

parameter in Chapter 2 (similarly to the proof of the Pontryagin maximum principle [39], [40]).

1.3 Sensitivity analysis of the state equation

In order to introduce Chapter 2, we would like here to remind classical properties (continuous depen-
dence and differentiability results) of solutions to differential equations that depends on an additional
(constant) parameter.

Let n, m and d be three positive integers in N*, and let T > 0 be a fixed positive real number. In this

section, we will study general nonlinear control systems with (constant) parameter of the form:
z(t) = f(z(t), A\ u(t),t), forae. tel0,T],

where the dynamics f : R x R x R™ x [0,T] — R™ is of class C!. In that situation, we will generally
deal with bounded controls u € L*°([0, 7], R™). The next result can be easily derived from Theorem 1.2.1.
Theorem 1.3.1. Let us fir A € R%, u € L>([0, T],R™) and zo € R™. The forward Cauchy problem given
by

z(t) = f(z(t), A\, u(t),t), fora.e. te[0,T], (16)

admits a unique maximal solution denoted by x(-, \,u,xo) and defined on the mazimal interval denoted by
I\ u,xo).

Definition 1.3.1 (Admissibility for globality). A triplet (A, u,x) € R x L>°([0,T],R™) x R™ is said to
be admissible for globality if I(\,u,xo) = [0,T], that is, if the corresponding mazimal solution x(-, A, u, xo)
is global. In what follows, Glob(f) will stand for the set of all triplets (A, u, o) € R x L>([0, T],R™) x R"
that are admissible for globality.

Now, we are in position to state a continuous dependence result.

Lemma 1.3.1. Let (A, u,xq) € Glob(f). For all R > ||u||Le, there exists eg > 0 such that the neighborhood

NR(/\, u,l‘o) = ERCI’(A7€R) X ELl (u,eR) QELOO (O, R) X ERn (.2?0,6}{),

is included in Glob(f). Roughly speaking, Glob(f) is open with respect to the R x L! x R"-distance.
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Moreover, the map
F:Nr(\u,z9) — C([0,T],R™),

N xh) = x(, N ),
is Lipschitz continuous with respect to the R? x L1 x R™-distance.

Proof. First part. Let (A u,zo) € Glob(f) and R > ||u||Le. From continuity of x(-, A, u, zg) over [0, T,
we deduce that the set

Kr = {(,y,v,t) € RIXR"xR™ x[0,T] | [|p—A||ga < 1 and ||y —x(t, \, u, z0)||g» < 1 and ||v]|gm < R},

is a compact subset of R x R™ x R™ x [0, T]. Since f is of class C!, one can easily deduce that ||Vyf||gnxn,
IVafllgnxa and ||V f||gnxm are bounded over Kr by some Lr > 0 and that

1/ (12, y2,v2,8) = f(p1, 91,01, [Re < Lr(llpe = pallre + lly2 = v1llee + [lva = v1l[em),

for all (p1,y1,v1,1), (2, Y2, ve,t) € Kr. We fix some 0 < eg < 1 such that eg(1 + 2Lg)e"*T < 1. Let
us consider (X, v/, x) € Ng(A\ u,z0). Our objective is to prove that T' € I(N,u/,zf). To this aim, we

introduce the set

T :={teI\N,u, xp) | |o(t, N, v, xq) — z(t, N, u, z0)]

Rn > 1}.

If 7 = (), then the solution x(-, ', u’, () is bounded. In that case, we deduce from Theorem 1.2.2 that
z(-, N, u', xp) is global, that is, I(N, v, z) = [0, T]. Hence, let us prove that 7 = 0.

By contradiction, let us assume that 7 # @ and let us denote 1 := inf 7. From continuity and the definition
of t1, we know that [|z(t1, N, v/, z() — x(t1, A, u, zo)||rr > 1. Note that ¢; > 0 since ||z(0, N, v/, zp) —
(0, N\, u, o) ||lrn = ||z{ — zo|lrr < er < 1. From continuity and the definition of ¢;, we deduce that
llw(t, Ny, zg) — x(t, A, u, x20)||gn < 1 for all ¢ € [0,¢1]. We conclude that (N, z(t, N, v/, z(), v (¢),t) and

(A, z(t, A\ u, z0), u(t), t) are elements of K for almost every ¢ € [0,¢1]. Since one has

¢
z(t, N v z)) — z(t, A\ u, z0) = 2 — 2 —|—/ (f(z(s, N ' 2(),u'(s), 8) — fx(s, N\, u,z0),u(s), s)) ds,
0
for all ¢ € [0,¢;], we get that

||$(t, /\/7 ulv 1‘6) - I(ta )‘7 u, xO) ”R"

t
< |l#o — @ollr~ + LR/ IA = Nllga + llu(s) = u'(s)lgm + ll2(s, N u', 20) — 2(s, A, u, o) |rnds
0
t
<egr(l+2Lg)+ LR/ lz(s, N u', z() — x(s, A\, u, z0)||ds,
0
and from Gronwall’s lemma, we get

lz(t, Ny’ ) — x(t, A\ u, 20)||[re < er(1 4 2Lg)el "t < ep(1+2Lg)elrT < 1,

for all ¢ € [0,¢1], which raises a contradiction at ¢ = ¢; and completes the proof of the first part.
Second part. In the first part, we have proved that 7 = @, and thus (z(¢, N, v/, z(), v/ (t),t) € Kg for
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almost every ¢ € (0,77, for all (N, v/, z() € Nr(\, u,x). Now let (N, u', (), (N v, z() € Nr(A\,u,z0) C
Glob(f). It holds that

t

w(t, N u, 2g) —a(t, N ' ) = $3—$6+/ (f(@(s, N u”,ag),u” (), 8) = fla(s, N/, @), 4/ (s), 5)) ds,
0

for all ¢ € [0, T], we obtain that

llz(t, N u” xy) — x(t, N o', 2p)]

Rn S ||I6/ - I’g‘ Rn

t
tLn / () — /() gm + 1, A ", ) — (s, X', )l
and, from Gronwall’s lemma, that

Hx(ta /\N’ UN, 1‘6’) - Z‘(t, /\/’ ulv x6)||R" < (ng - Z‘SHRH + LRHU’N - ulHLl) eLRTv

for all ¢ € [0, T]. This concludes the proof of the second part. O

Remark 1.3.1. It is noteworthy that in Chapter 2, we expand on the previous result of continuous
dependence with respect to the triplet (A, u,zp). Specifically, we consider the case where we establish a
continuous dependence with respect to the quadruplet (r, A, u,xo), where r represents the initial time.

Such a result has a similar proof to Lemma 1.3.1.

1.3.1 Needle-like perturbation of the control

For this section, we fix a triplet (A, u, o) € Glob(f) and we denote by x := x(-, A, u, o) the corresponding
maximal solution which is global. Our aim now is to state a differentiability result for the trajectory x
with respect to small L'-perturbations of the of the control w.

Definition 1.3.2 (Lebesgue point). Let us fir f € L1([0,T],R"). A point T € [0,T)] is called a Lebesgue
point of f if the following condition holds:

. 1 T+6
i 5 [ 10 = 1)l dt =0

6—0

Proposition 1.3.1. Let us fix (A, u,zq) € Glob(f), v € R™ and 7 € (0,T] being a Lebesgue point of the
map t — f(x(t), \,u(t),t). We consider the needle-like perturbation of u given by

v ifte(r—a,r7],

ut) ift¢(r—a,rl,

u®(t) ==

for all0 < a <1. Then:
(i) There exists & € (0,1] such that (-, \,u®, zo) € Glob(f) for all « € [0, @].
(i) The map
a€0,@) — z(-, A\ u* x9) € C([0,T],R™)

is differentiable at o = 0, and its derivative is equal to w,, which is the unique solution (that is
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global) to the linear Cauchy problem given by

w(t) = Vaf(z(t), A, u(t), t)w(t), for a.e. t € [1,T)],
w(r) = f(z(r), A\, v,7) — f(a(r), \,u(T), 7).

Proof. Let us fix R = |jv||gm + ||u|lL. Consider eg > 0 provided in Lemma 1.3.1. It is clear that
(N, u® zg) € Nr(\, u,zq) for sufficiently small o > 0. As a consequence, from Lemma 1.3.1, there exists
0 < @ < 1 such that (A, u®,zg) € Glob(f) for all a € [0, @] which concludes the proof of the first item.
Now our aim is to prove the second item. Let us introduce the notation
“(t) —x(t
()= ZO 2O,
@
with 2%(-) = 2(-, A, u®, o) and z(-) := z(-, A\, u, zo) for all ¢ € [0, T] and for all « € (0,@]. Our aim is to
prove that z® converges uniformly to zero over [r,T] when « goes to zero. It holds true that

(67

) = 2o+ [ (LAl ) SIS g, 5,0 uts) shn(s)) s
for all ¢ € [,T] and all @ € (0,a]. From the Taylor expansion with integral rest, we have
P A 0).9) ~ F6) 0 1(6)9) = ([ Tas o) + 0675 a(6) M), 1a8) (0 (5) - (6),
for almost every s € [r, T}, which implies that
=204 [ ([ Tar o) + 0 6) - 60 As). )00 25
[ (] a0+ 00%6) = (600X (5):5) = Vo693 () )00 w51,

for all t € [r,T] and all « € (0,@]. We get that

12 (@)

g < [129(7)]

t
e T+ L [ (6) o s

where
T 1
@)= [ ([ 1Al 4 0 (6) = l60): A 0(5),5) = T a(5): A(6).8) e 09 5] e s,
and then, from Gronwall’s lemma we get that
I Ol < (12 + Dfa)) 47,

for all ¢ € [7,T] and all a € (0,@]. It can be easily proved from the dominated convergence theorem that

I'(«r) goes to zero when « goes to zero. Now let us prove that ||z%(7)||g» tends to zero when « goes to



CHAPTER 1. PRELIMINARIES AND NOTATIONS

zero. Since z®(7) = x(7) for all « € (0, @), we know that

2= [ A0~ Jas) Aus).8)) ds — w7 — ),

that is,

() = /:_a (f(x(s),)\,v, s) — f($(3)>)\,u(8)78)) ds

(07

R (LR CORREIPY

The sum of the first two terms tends to zero since 7 is a Lebesgue point of the map t — f(x(t), A, u(t),t)
and since w, (7 — 0) tends to w, (7). The last term tends to zero from a Taylor expansion with integral

rest and since 2% converges uniformly on [0,T] to . The proof is complete. O

Remark 1.3.2. Let us emphasize that in Chapter 2 we extend the result given in Proposition 1.3.1 to a
spatially hybrid setting, where needle-like perturbations are no longer admissible. To do so, we perform
needle-like perturbations on auziliary controls, this process generates (modified) needle-like perturbations

that are admissible (we refer to Chapter 2 for details).

1.3.2 L*—convex perturbation of the parameter

For this section, we fix a triplet (A, u, z) € Glob(f) and we denote by = := x(-, A, u, 2o) the corresponding
maximal solution which is global. Our aim now is to state a differentiability result for the trajectory z
with respect to L°°—convex perturbations of the parameter .
Proposition 1.3.2. Let us fiz (\,u,x¢) € Glob(f) and \' € RY. We consider the L>°—convex perturbation
of A given by A+ a(XN — A) for all « € [0,1]. Then:

(i) There exists @ € (0,1] such that z(-, A + a(N — X),u,zo) € Glob(f) for all a € [0,@].

(i) The map

a€0,a] = z(, A+ a(N = N),u,x0) € C([0,T],R")

is differentiable at « = 0, and its derivative is equal to wy, which is the unique solution (that is

global) to the linear Cauchy problem given by

w(t) = Vo f(2(t), A u(t), w(t) + Vaf(@(t), A u(t), )N = A), for a.e. t €[0,T],
w(O) = ORn.

Remark 1.3.3. It is noteworthy that the differentiability result provided in Proposition 1.3.2 will be
extended in two areas: first, to a larger spatially hybrid setting, and second, to cover regionally switching
parameters. Also similarly to Remark 1.3.2, we rely on the notion of auziliary parameters (we refer to
Chapter 2 for details).

1.3.3 Perturbation of the initial condition

For this section, we fix a triplet (A, u,x¢) € Glob(g) and we denote by = := x(-, A\, u, o) the corresponding

maximal solution which is global. Our aim now is to state a differentiability result for the trajectory x
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with respect to L°°—perturbations of the initial condition xg.
Proposition 1.3.3. Let us fix (\,u,x9) € Glob(f) and y € R™. Then:
(i) There exists @ € (0,1] such that (-, u,xo + ay) € Glob(f) for all a € [0,@].
(ii) The map
€ [0,a] — z(-,u,x0 + ay) € C([0,T],R™)

is differentiable at o = 0, and its derivative is equal to wy,, which is the unique solution (that is

global) to the linear Cauchy problem given by

w(t) = Vi f(x(t), N\ u(t),)w(t), for a.e. t €[0,T],

Remark 1.3.4. It is well-known that the results given in Propositions 1.3.1, 1.3.2, and 1.3.3 are presented
separately. However, in Chapter 2, we provide a differentiability result that takes into account perturbations
of the quadruplet (r, A, u, zo) simultaneously (r denotes the initial time). Such a result has a similar proof

to Proposition 1.3.1.

1.4 Standard notions of minima and statement of the PMP

We fix n, m, d and ¢ four positive integers in N* and a fixed positive real number 7" > 0. In this section,
our aim is twofold. First, we aim to provide various standard notions of global and local minimum for
classical optimal control problems (we refer to [93]). Second, we present the statement of the classical
PMP along with a series of comments. Let us consider a classical Mayer optimal control problem with
parameter and mixed terminal state constraints given by

minimize o(x(T)),

)
) € AC([0,T],R™) x R x L>([0,T], R™)
(

subject to (z, A\ u
) =

i(t) = flaz(t), A (», a.e. t € [0,T], (1.7)
9(x(0), (T) A) €
u(t) € a.e. t € [O,T],

where the Mayer cost function ¢ : R® — R, the dynamics f : R® x R? x R™ — R™ and the constraint
function g : R"® x R x R? — R, defined by g(zo, 21, \) for all (zg,z1,\) € R® x R® x R? are of class C!,
and where S C R? is a nonempty closed convex subset and U C R™ is a nonempty subset. As usual in
the literature, z € AC([0,T],R™) is called the state (or the trajectory), u € L>°([0,T],R™) is called the
control and \ € R? is called the parameter. A triplet (z,\,u) € AC([0,T],R") x R? x L>=([0, T],R™) is
said to be admissible for Problem (1.7) if it satisfies all the constraints of Problem (1.7).
Remark 1.4.1. In this remark we comment on the setting of Problem (1.7).
(i) Let us emphasize that we have chosen to deal with optimal control problems with (only) Mayer cost,
fixed final time and autonomous dynamics. It is well known in the literature (see, e.g., [28], [44],
[48]) that standard techniques (such as augmentation or changes of variables) allow to deal with
more general Bolza cost, free final time and time-dependent dynamics.
(ii) Note that we consider a (constant) parameter A € R? which can be handled with using an

augmentation technique, for instance. It is noteworthy that one of our aims in this thesis is to
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extend this notion to the concept of a regionally switching parameter (we refer to Chapters 2 and 5
for more details).
The classical PMP [102] has originally been developed for global solutions but, as usual in optimization,
it remains valid for local solutions. As a consequence, several notions of local solutions to classical
optimal control problems as well as the corresponding versions of the PMP have been developed in the
literature (see, e.g., [29], [93]). Since in Chapter 4 we introduce the notion of Li—local solution, we
recall various (standard) notions of minima following [93]:
Definition 1.4.1. Let us consider (x*, \*,u*) € AC([0, T], R™) xR¥xL>°([0, T],R™). The triplet (x*, \*, u*)
1s said to be:
(i) a global minimum of Problem (1.7) if

d(x*(T)) < ¢(x(T)) for all (x,\,u) admissible for Problem (1.7),
(i) a strong minimum of Problem (1.7) if there exists € > 0 such that
o(z*(T)) < ¢p(x(T)) for all (x, A, u) admissible for Problem (1.7) such that

lo* — allc <,

(ii) a Pontryagin minimum of Problem (1.7) if for any R > ||u*||Le, there exists € > 0 such that

o(x*(T)) < p(x(T)) for all (x, A\, u) admissible for Problem (1.7) such that

lo* — allc + A" = Mlga + lu” — ulles < & and [lulli~ < R,

(iv) a weak minimum of Problem (1.7) if there exists € > 0 such that
@(z*(T)) < ¢p(x(T)) for all (x, A, u) admissible for Problem (1.7) such that

% = zllc + A" = Allpe + [[u” — ufjL <e.

Remark 1.4.2. In this remark, we comment some aspects related to Definition 1.4.1.
(i) It is worth mentioning that for the terminology, a Pontryagin minimum is also referred to as a
L!-local minimum, also a weak minimum is also referred to as a L>®-local minimum. Moreover, we

have the following implications:
global minimum = strong minimum = Pontryagin minimum = weak minimum

(ii) We highlight that the presence of R > 0 in the definition fo the notion of a Pontryagin minimum (or
L'-local minimum) is due to the Ekeland approach that is used to prove the PMP. Indeed, as one
can see in detail in [39], since the set U is not bounded a priori, the Ekeland approach requires at
some step to intersect U with the ball Bgm (Ogm, R) with R > [ju* ||~ (to guarantee the validity of
some useful estimations in the sensitivity analysis of the control sytem), and then, at the end of the
proof, to make tend R — +oo.

(iii) It is noteworthy that in a spatially hybrid setting and under certain assumptions, the standard

notions of minima given in Definition 1.4.1 cannot be used. Therefore, we will introduce a new
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notion of local minimum referred to as L—local minimum (we refer to Chapter 4 for more details).

Before stating the PMP associated with Problem (1.7), we just need to recall the Hamiltonian H :
R"” x R x R™ x R® — R associated with Problem (1.7), that is given by

H(I,)\,u,p) = <p7f(xa)‘7u)>]R"7

for all (z,\,u,p) € R* x R* x R™ x R,

Theorem 1.4.1 (PMP). If (z*,u*,\*) is a global solution to Problem (4.1), for a measurable sub-
set A C[0,T), such that g is submersive at (x*(0),z*(T), \*), then there exists a nontrivial pair (p,p°) €
AC([0,T],R™) x Ry satisfying:

(i) the Hamiltonian system
a* (t) = Vo H (2" (t), A", u"(t),p(t), and —p(t) = V. H(z"(t), A", u" (), p(t)),

for almost every t € [0,T;

(ii) the transversality condition
P(0) = Vaog(2"(0), 2™(T), A")¢,

and
p(T) = p°Vo(z*(T)) + Va, g(a*(0), 2*(T), \)¢,

for some & € Ng[g(x*(0), z*(T), \*)];

(iii) the averaged Hamiltonian gradient condition

T
| VA 61,0790 p() ds = Tagla® (0).2" (1) A
0
(iv) the Hamiltonian mazimization condition

u*(t) € argmax H (z*(t), \*,w, p(t)),
welU
for almost every t € [0,T].
Remark 1.4.3. In this remark we comment on some aspects related to Theorem 1.4.1.

(i) As usual in optimal control theory, the nontrivial pair (p,p°) provided in Theorem 1.4.1 is defined
up to a positive multiplicative constant. It is said to be normal whenever p® > 0, and abnormal
whenever p” = 0. In the normal case p® > 0, it is usual to renormalize it so that p® = 1.

(ii) As explained in [24], [35], the submersiveness hypothesis made in Theorem 1.4.1 can be removed. In
that case, all items of Theorem 1.4.1 remain valid except Item (ii).

(iii) Using the Hamiltonian system and the Hamiltonian maximization condition over [0,7] and apply-

ing [63, Theorem 2.6.1], we obtain the Hamiltonian constancy condition
H(2" (), A%, u™ (), p(t)) = ¢,

for almost every t € [0,T], for some ¢ € R.
(iv) Theorem 1.4.1 is stated for a solution to (1.7) in a global sense. However, this result remain valid for

a solution to (1.7) only in a local sense, take for instance L'-local solution (also called a Pontryagin
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minimum, see Definition 1.4.1).

(v) It is noteworthy that under certain assumptions (assuming U is closed and convex), one can obtain a
weak version of the classical PMP. This version is adapted to L>°—local solutions (we refer to [42] and
discussion therein). Precisely, we obtain a weaker version of Theorem 1.4.1, wherein the Hamiltonian
constancy condition is omitted, and more importantly, the Hamiltonian maximization condition is

replaced by the weaker Hamiltonian gradient condition.
Vo H (z7(t), A", u" (1), p(t)) € Nuy[u™(£)],

for almost every ¢ € [0, 7).

We shall see in this thesis the extension of Theorem 1.4.1 to two frameworks:

(A) Spatially hybrid optimal control problems with a regionally switching parameter.

(B) Optimal control problems with loss control regions.
As explained in the General Introduction 0, for problems of type (A), the corresponding first-order
necessary optimality conditions are referred to as the spatially hybrid maximum principle (HMP, in short)
with a regionally switching parameter. For problems of type (B), we refer to them as the PMP with loss
control regions. Moreover, the most general statement for a spatially HMP with a regionally switching

parameter and a PMP with loss control regions are provided in Chapter 5.

1.5 Filippov solutions for hybrid systems

In this section, we provide a quick recap on the existence of solutions to discontinuous differential equations.
Indeed, in this thesis, we mainly deal with spatially hybrid control systems and such a dynamics exhibit

discontinuities (with respect to the state) at the boundaries.

1.5.1 Notion of Filippov solutions for discontinuous differential equations

Let us consider a time-dependent Cauchy problem:

z(t) = f(z(t),t), forae. t € 0,77, 18)

where zp € R™ and T > 0 denote the initial condition and the final time respectively. It is well-known
in the literature that if the dynamics f : R™ x [0,7] — R"™ is smooth (at least continuous) then the
existence of a solution is guaranteed by Peano’s existence theorem. However, in the case where the
dynamics f is not continuous with respect to x the classical theory of ODEs can no longer be applied.
Hence, several notions of solutions have been introduced in the literature, take for instance Filippov

and Krasovskij solutions (we refer to [65], [66]).

Hereafter, we focus only on a quick overview of Filippov solutions. Before providing the definition of solution

along with corresponding existence result. We assume that dynamics f is measurable and locally bounded!.

Yor any (xo,t9) € R™ x [0, T] there exists a neighborhood K of (g, to) such that f(K) is a bounded set.
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The Filippov regularization consists in replacing the system (1.8) by the following differential inclusion:

8.
—~~
=

m

F(z(t),t), for a.e. t €[0,T],

o (1.9)
Y = Zo,

where
Fly.s):=() () @f(sBrn(y,6)\N),
5>0 pu(N)=0
for all (y, s) € [0,T] x R™ where €6 A represents the closure of convex hull of the set A C R™. Following [7],
and under the assumptions made on f we get that the set-valued map F is upper semicontinuous
with compact and convex values. This implies the existence of a Filippov solution which refers to an
absolutely continuous function x : [0,7] — R™ that is a solution to (1.9). So, in this setting, this is

a way to give a sense to a solution of (1.8).

1.5.2 Existence results for spatially hybrid systems

In this section, we highlight the preceding concept of Filippov solution in a particular setting. Doing
so, consider (for simplicity) the following partition of the state space R® = X; U X5, where X; and Xo
are nonempty open subsets of R™. To this space partition, we associate a spatially hybrid dynamics
h : R" x R™ — R™ that is defined regionally as follows:

hl(x,u), ifx € Xl,
ho(z,u), if x € X,

h(z,u) ==

for all z € X; U X5 and all w € R™ where h; : R" x R™ — R" is of class C! for j = 1,2. Now, we

are in position to consider a spatially hybrid control system given by

K-
—~
~
~—
|

h(z(t),u(t)), for a.e. te[0,T], (1.10)

where g € R™ is a fixed initial condition and T" > 0 is a fixed final time. For a fixed control u €

L* ([0, T],R™), the control system given in (1.10) can be rewritten as follows:

z(t) (x(t),t), for a.e. t €[0,T],
z(0) = xo,

with g : R™ x [0, T] — R™ is given by g(y, s) := h(y, u(s)) for all (y,s) €€ X; U X2 x [0,T]. Note that the
above differential equation is a particular instance of piecewise smooth systems (in short, PWS systems);
for more details we refer to [7], [55], [66] and references therein. This type of system deals with differential
equations that admit discontinuities on a boundary, in this case, the boundary X; N X,. Based on

Section 1.5.1, we consider the following differential inclusion:

S
—
~
=
m

G(z(t),t), for a.e. t € [0,T],
z(0) = wo,

16
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where the set-valued map G is given by

hl(ya 5)5 lfy € Xla
G(y,5) == ¢ {ahi(y,s) + (1 = a)ha(y,s) |« € [0,1]}, if y € X1 N Xy,
ha(y, s), if y € Xo,

for all (y,s) € R™ x [0,T]. Let us emphasize that in this case, we may have solution that cross the

boundary transversally or have a sliding mode as depicted in Figure 1.1 (we refer to [55]).

X X

t

Figure 1.1: Transverse crossing to the left and sliding mode to the right.

In this thesis, we considered in every chapter nominal trajectories that cross transversally the boundary
between two regions. So, actually, we shall not need to deal with Filippov solution (since the velocity
is defined almost everywhere). Considering trajectories that could enter into a region tangentially or
considering nominal trajectories having a sliding mode [10], [82], [84] could be addressed in future works
(see our perspectives in Chapter 6). Such cases would require dealing with Filippov’s solutions. Our
methodology in this thesis also mainly relies on perturbation of the nominal trajectory. So, it is of
utmost importance to have a transverse hypotheses on the nominal paths (see Chapters 2, 3, 4 and 5).
If this would not be the case, perturbations may be more delicate to introduce and to handle, that is

why, we first studied the case of transversal crossings.
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This chapter is based on the article “Hybrid maximum principle with regionally switching parameter’
by T. Bayen, A. Bouali, and L. Bourdin (see [13]), which covers spatially hybrid optimal control
problems with a regionally switching parameter. Moreover, we present the application of this framework
to optimal control problems with loss control regions, based on the conference proceeding entitled
“Optimal control problems with non-control regions: necessary optimality conditions” by T. Bayen,
A. Bouali, and L. Bourdin (see [14]).

2.1 Introduction

In this chapter we consider a general spatially hybrid control system, involving both a permanent control

and a regionally switching parameter, given by
i(t) = h(w(t), \(D),u(),t),  ae. te[0,T),

where A is a regionally switching parameter (as presented in General introduction 0) and where A :

R™ x R? x R™ x [0,T] — R" is a spatially hybrid dynamics, in the sense that it is defined regionally by
h(z, X\, u,t) == hj(xz,\,u,t), when z e Xj,

where the h; : R" x R? x R™ x [0,7] — R™ are C! functions. Let us insist here on the fact that control
systems with loss control regions (which constitutes our initial motivation as has been mentioned in
General introduction 0) are just a particular case of the above spatially hybrid setting (indeed, one has
just to take h;(x, A\, u,t) = f(x,u,t) when X is a control region, and h;(z, A\, u,t) = f(x, A, t) when X
is a loss control region, see [14] which is presented in Section 2.7 for details).

The main objective of this chapter is to provide first-order necessary optimality conditions in a PMP

form for a Mayer optimal control problem
minimize ¢(z(T)),

among solutions to the above spatially hybrid control system. Therefore, our main result (Theorem 2.2.1) is
called hybrid maximum principle with regionally switching parameter. As one can expect, given an optimal
triplet (z, A\, u), Theorem 2.2.1 asserts that u satisfies the classical Hamiltonian maximization condition,
while A\ satisfies the averaged Hamiltonian gradient condition over each region visited. Furthermore, as
usual in hybrid settings, a discontinuity jump of the costate function is observed at each interface crossing.
Now let us discuss briefly our proof of Theorem 2.2.1 and the main difficulties encountered. First of
all, as explained in General introduction 0, our spatially hybrid setting cannot be easily rewritten as
a classical optimal control problem and therefore, in contrast to sampled-data controls, the regionally
switching parameter cannot be easily treated thanks to an augmentation technique (see Remark 2.2.1 for

details). As a consequence, and as in abstract optimization, to derive necessary optimality conditions, we
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have to perform a sensitivity analysis of the constraints. In our setting, this translates into a sensitivity
analysis of the hybrid control system. To this aim, we consider a perturbation of the control (needle-like
perturbation as in [10], [63], [102]) and of the regionally switching parameter (convex perturbation as
in [34], [41]). Under such local perturbations, we obtain a perturbed trajectory, but also a perturbed
crossing time. We stress that the major difficulty of this work lies in handling this perturbed crossing time.
To prove its existence, we rely on implicit function arguments which require two regularity assumptions:
left and right continuity of the nominal control at the crossing times, and a transverse crossing condition
on the nominal trajectory. Such hypotheses are commonly used in spatially hybrid settings (see, e.g., [18],
[73], [99]). In addition, since the perturbed crossing time does perturb the next one, and so on, and so
on, a rigorous inductive reasoning is required to prove the existence of the remaining perturbed crossing
times. Once the sensitivity analysis is complete, our proof follows similar steps to the PMP’s proof
which is based on the construction of an adequate adjoint vector to maintain the constancy of the inner
product with all variation vectors. Let us note that, as usual in hybrid settings, since the variation
vectors admit discontinuity jumps at each crossing time (due to the perturbed ones, as explained above),
the adjoint vector also admits discontinuity jumps at each crossing time. Finally, the main novelties
of the present chapter are the variation vectors obtained under convex perturbations of the regionally
switching parameter (which lead to the averaged Hamiltonian gradient condition) and the applicability of
our main result to control systems with loss control regions (which is developed in Section 2.7 based on a
companion proceeding [14]). Furthermore we emphasize that our goal was also to provide a very complete
and rigorous proof of the HMP. Therefore the proof is quite long and technical and it is postponed
to Section 2.6. Nevertheless, for pedagogical reasons and for the reader’s convenience, we provide in

Section 2.2.3 a short overview of the proof of Theorem 2.2.1.

Some remarks. Hereafter we provide a short list of comments before starting the chapter:

(i) In contrast to what is claimed above (for simplicity), we actually consider in the present work the
possibility of a state partition that can be infinite, and also that can be not static (in other words,
that can be time dependent).

(ii) In this chapter we give a simple counterexample showing, as noticed in [68], that a standard
needle-like perturbation of the control (as used in the literature for non-hybrid control systems) can
produce a non-admissible trajectory in the spatially hybrid setting (see Item 2 in Section 2.2.3).
This important subtlety, which seems to be ignored in some recent works, leads us to consider the
construction of auziliary controls on which we perform needle-like perturbations to obtain admissible
trajectories (see Section 2.2.3 for details).

(iii) The present chapter does not cover terminal state constraints (that is, constraints on x(0) and z(T)).
In the classical non-hybrid setting, several methods have been developed in the literature to take
into account such constraints. One can invoke the use of Ekeland’s principle [61], of some implicit
function arguments [2], [86], [110], of Lagrange multiplier rules [3], etc. To the best of our knowledge,
the Ekeland approach does not apply in the present spatially hybrid setting for several reasons,
while the methods based on implicit function arguments and Lagrange multiplier rules should be
adaptable but at the price of a heavy formalism (see Item (i) of Remark 2.2.7 for details). Since our
main objective in this chapter was to focus on the new concept of regionally switching parameter and
on the corresponding averaged Hamiltonian gradient condition, we decided to avoid the technicalities

related to the presence of terminal state constraints which are already well known in the literature.

ot
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(iv) Section 2.2.4 is dedicated to a list of comments on our framework and assumptions, on our main
result and its consequences, and also on possible relaxations and extensions. For instance we discuss
the behavior of the Hamiltonian function, and the possible extension to a general Bolza cost (instead
of a Mayer cost) or to a free final time T > 0.

(v) By means of a simple academic example, we show in Section 2.3 how to use Theorem 2.2.1 and how
our new framework, in some way, fills a gap in the literature. Indeed, in that example, and as one
can expect, the optimal solution associated with a regionally switching parameter has a better cost
than the one associated with a constant parameter, but has a worse cost than the one considering a
permanent control instead of the regionally switching parameter. We highlight that this example
remains simple and academic. More concrete and complex examples (such as double integrators,
harmonic oscillators, Zermelo navigation problems, all of them including loss control regions) will be
treated in Chapters 3, 4 and 5. Let us refer to Section 2.7 for the specification of our main result to

(non-hybrid) optimal control problems with loss control regions.

Organization of this chapter. This chapter is structured as follows. Section 2.2 starts with notation
and functional framework. Then we introduce a general Mayer optimal control problem governed by
a hybrid control system involving a regionally switching parameter. Our main result (Theorem 2.2.1)
about the corresponding first-order necessary optimality conditions in a PMP form is stated right after.
Next we give an overview of the proof of Theorem 2.2.1, as well as a list of comments and perspectives.
Section 2.3 is dedicated to a simple academic example. Sections 2.4, 2.5 and 2.6 are dedicated to the
quite long and technical proof of Theorem 2.2.1. Precisely, in the preliminary Sections 2.4 and 2.5, we
provide a thorough sensitivity analysis of non-hybrid and hybrid control systems respectively. Based on
these technical results, Section 2.6 is devoted to the complete proof of Theorem 2.2.1. Finally, Section

2.7 is devoted to the study of optimal control problems including loss control regions.

2.2 Main result

This section is dedicated to state our main result of the paper [13]. In Section 2.2.1, the hybrid
optimal control problem with regionally switching parameter considered in this chapter is presented, with
terminology and assumptions. In Section 2.2.2; the corresponding hybrid maximum principle, which
constitutes our main result, is provided (see Theorem 2.2.1). The proof of Theorem 2.2.1 is quite long
and technical. Therefore it is postponed to Sections 2.4, 2.5 and 2.6. Nonetheless, for the reader’s
convenience, an overview of the proof of Theorem 2.2.1 is proposed in Section 2.2.3. Finally a list of
general comments on our framework and assumptions, on Theorem 2.2.1 and its consequences, and also
on possible relaxations and extensions, is provided in Section 2.2.4. Finally, the last section is devoted

to the study of optimal control problems including loss control regions.

2.2.1 A hybrid optimal control problem with regionally switching parameter

Let n, d, m € N* be three fixed positive integers and T" > 0 be a fixed positive real number. In this

chapter, in the spirit of [73], we consider a time dependent partition of R™ given by

veelo,T], R"=|]X;(),
je€T
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where J is a (possibly infinite) family of indexes and where, for all ¢ € [0, T], the nonempty connected

open subsets X;(¢), called regions, are disjoint. This time dependent partition is furthermore assumed

to satisfy two basic continuity conditions given by:

(C1) for all j € J and all z € C([a,b],R™) satisfying x(t) € X;(t) over [a,b], for some 0 < a <b<T,
there exists a uniform o > 0 such that B (2(t),0) C X;(¢) for all ¢ € [a, b].

(C2) for all t¢ € (0,T") and all x € C([t° — 0,t° + 6], R™) satistying x(t) € X;(t) over [t°—4,t°) and x(t) €
X,/ (t) over (t¢,t°+ 6], for some j, j/ € J with j # j/ and some small § > 0, it holds that z(t¢) €
OX;(t°) NOX, i (t°).

-7~ 8X](1’C — (S) man/(tC — 5)
0X;(t°) NoX;(t°)
(L9777 0X;(t° + 6) N OX/(t° + 6)

Figure 2.1: Illustrations of Condition (C1) on the left, and of Condition (C2) on the right.

We refer to Item (i) of Remark 2.2.1 for comments on Conditions (C1) and (C2), and to Section 2.2.3 for
details on how they are used in our approach. Additionally to the above time dependent partition of R",

we consider a hybrid dynamics h : R® x R? x R™ x [0,7] — R" defined regionally by
V(z, A\ u,t) € R x RT x R™ x [0,T], h(z, A\, u,t) := hj(x,\,u,t) when = € X;(t),

where the maps h; : R" x R? x R™ x [0,T] — R" are of class C'. Note that h(z, A, u,t) is not defined
when = ¢ Ujec 7 X;(t) but this fact will have no impact on the rest of this work. In this chapter we focus

on the hybrid control system with regionally switching parameter given by

(z,\,u) € AC([0,T],R") x PC([0,T],R?) x L*([0, T],R™),

#(t) = h(z(t), \t), u(t), 1), ae. te[0,T],
0)— o (2.1)

A is a regionally switching parameter associated with x,

where the fixed initial condition zin;, belongs to X, (0) for some j; € J. In the control system (2.1), as
usual in the literature, x € AC([0,T],R"™) is called the state (or the trajectory) and u € L>°([0,T],R™)
is called the control.

The novelty of the present work lies in the consideration of a regionally switching parameter A €
PC([0, T],R%) meaning, roughly speaking, that the parameter A remains constant while the trajectory x
stays inside a region, but is authorized to switch (that is, to change its value) when the trajectory x crosses
a boundary, going from one region to another. The precise definition of a solution to (2.1) is given below.
Definition 2.2.1 (Solution to (2.1)). A triple (z, \,u) € AC([0, T],R"™) x PC([0, T], R?) x L>°([0, T],R™)
is said to be a solution to (2.1) if the following conditions are satisfied:

(i) There exists a partition T = {t§}k=o,...n of the interval [0,T] such that

Vk€{17'~~7N}7 Hj(k)EJ, VtE(i,I,tZ), x(t)EXJ(k)(t)v
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with j(k) # j(k —1) for all k € {2,..., N}, with 2(0) € X;1)(0) and x(T) € X;n)(T).
(ii) X is a regionally switching parameter associated with x, that is, A € PCp([0,T], R?).
(iii) The state equation ©(t) = hjg)(x(t), A, u(t),t) is satisfied for almost every t € (tj;_,,t7) and
allke{l,...,N}.
(iv) The initial condition x(0) = Tiniy is satisfied (and thus j(1) = j1).
In that case, for the ease of notations, we simply denote by fr := hjyy and Ey := X4y for all k €
{1,...,N}. With this system of notations we get that

z(t) € Ex(t), Vte (th_1.t5),
(t) = fulz(t), e, u(t),t), ae te(th_q,t5),

Vke{l,... N},

and x(0) € Eq1(0), z(T) € En(T). Furthermore the times t3, fork € {1,..., N —1}, are called the crossing
times, corresponding to the times at which the trajectory x goes from the region Ej to the region Fii1,
and thus x(t},) € 0E,(t;,) N OEk1(t]) from the continuity condition (C2). We refer to Figure 2.2 for an

illustration.
xﬂgz/ % j%\

8E1 ﬂ@Eg tc 8Ek tk ﬂaEk_H OFN_1 tN 1 ﬂaEN t?\, 1
Figure 2.2: Illustration of Definition 2.2.1.

Our objective in the present work is to derive first-order necessary optimality conditions in a PMP form

for the hybrid optimal control problem with regionally switching parameter given by
minimize o(x(T)),

subject to (z, A\, u) € AC([0, T],R™) x PC(]0,T],R?) x L>([0, T],R™) solution to (2.1), (2.2)
(A(#),u(t)) e AXx U, ae. tel0,T],

where the Mayer cost function ¢ : R® — R is of class C!, the parameter constraint set A is a nonempty
convex subset of R? and the control constraint set U is a nonempty closed subset of R™. We refer to
Ttem 11 of Section 2.2.3 for details on how the hypotheses made on A and U are used in our approach,

and to Items (i) and (ii) of Remark 2.2.6 for possible relaxations.

2.2.2 Hybrid maximum principle with regionally switching parameter

Our main result (Theorem 2.2.1) is based on some regularity assumptions made on the behavior of the
optimal triple (2, A,u) at the crossing times ¢7. These hypotheses are precised in the next definition. We
refer to Item (ii) of Remark 2.2.1 for comments on these hypotheses, and to Section 2.2.3 for details
on how they are used in our approach.

Definition 2.2.2 (Regular solution to (2.1)). Following the notations introduced in Definition 2.2.1, a
solution (x, \,u) € AC([0,T],R™) x PC([0, T],R%) x L>([0, T],R™) to (2.1) is said to be regular if there
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exist 0 < § < L sming—1 .~ [ty — tr_1| and v > 0 such that:

(A1) At each crossing time t,, the control u is continuous over [tf, — 0,t7) and over (tf,t7 + 6], and admits
left and right limits at t5, denoted by u™(t) and u't (t5) respectively.

(A2) At each crossing time t, there exists a C' function Fy : Bra (z(t$),v) X [t§ — 6,5 + 6] — R such that

yeElt) & Fir(y,t) <0,
V(y,t) € Bra(x(t5),v) x [t§, — 6,15 + d], y € 0EL(t) NOEk+1(t) < Fr(y,t) =0,
(AS Ek+1(t) = Fk(y,t) > 0.

In particular it holds that Fy(x(tf,),t;) = 0.

(A3) At each crossing time tf,, the transverse conditions given by
(Vo Fi((t5), 1), (fe)~ (t5))rn + ViFi(a(ty), 1) > 0,

(Vo F(@(t5), 1), (Fern) T (t0)) e + VeFi(x(t7), £) > 0,

where (fi)~(t5) = fe(z(tg), Mo, u™ (t7), ) and (fir1)T(t7) = foar(z(t), Aosr, u™ (t5), 15), are
both satisfied. We refer to Figure 2.3 for a geometrical illustration.

O (1) 1 OFk 1 (1) .
Figure 2.3: Geometrical illustration of a transversal boundary crossing (Assumption (A3)).

Before stating the main result of this chapter we just need to recall the usual definition of the Hamilto-
nian H : R" x RY x R™ x R™ x [0, T] — R associated with the optimal control problem (2.2) given by

Y(z, A\ u,p,t) € R® x R x R™ x R x [0,T], H(z,\ u,p,t) := (p, h(x, X\, u,t))gn.

We are now in a position to state the main result established in the paper [13].
Theorem 2.2.1 (Hybrid maximum principle with regionally switching parameter). If (x, A\ u) €
AC([0, T],R™) x PC([0,T],R%) x L>([0,T],R™) is a solution to (2.2), that is moreover a regular so-
lution to (2.1), then, following the notations introduced in Definitions 2.2.1 and 2.2.2, there exists an
adjoint vector p € PACT([0,T],R™) (also called costate) such that:

(1) The adjoint equation p(t) = —V fe(x(t), M, u(t), t) Tp(t) is satisfied for almost every t € (t5_,,t%)

and all k € {1,...,N}.
(ii) The final condition p(T) = =V é(x(T)) is satisfied.

(i) At each crossing time t5,, the adjoint discontinuity condition

cY _ o= (4C\ _ <p ( )(fk-i-l) (ﬁ)*(fk)f(ti»ﬂ%" (¢ c
PR =V ) = IRl ). (o) () + Vel g R ()

ot
ot
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18 satisfied.

(iv) The Hamiltonian maximization condition

u(t) € argmax H(x(t), Ak, v, p(t),1t), (2.4)
vel
holds true for almost every t € (t;,_y,t;) and all k € {1,...,N}.
(v) The averaged Hamiltonian gradient condition
th
V)\H((E(S),)\k,u(s),p(s),s) ds e NAP\k]a (25)
tC

k—1

holds true for all k € {1,...,N}.
The proof of Theorem 2.2.1 is quite long and technical. Therefore it is postponed to Section 2.6, after
the two preliminary Sections 2.4 and 2.5 that are dedicated to sensitivity analyses of non-hybrid and
hybrid control systems respectively. Nonetheless, for the reader’s convenience, an overview of the proof

of Theorem 2.2.1 is proposed in the next Section 2.2.3.

2.2.3 Overview of the proof of Theorem 2.2.1

This section is dedicated to an overview of the proof of Theorem 2.2.1. For the reader’s convenience, our
presentation is divided into twelve major items in which we take care to highlight at which point of the
proof the continuity conditions (C1) and (C2) and the regularity assumptions (A1), (LA2) and (A3) are used.
Before, we would like to emphasize a crucial subtlety: Item 2 provides a simple example showing that a
standard needle-like perturbation of a control may be not admissible in a spatially hybrid setting, in the
sense that the corresponding perturbed trajectory may not uniformly converge to the nominal one, or may
not be a global solution to the control system. This counterexample reveals an erroneous assertion in [73,
beginning of Section 2.1.1] and highlights interesting comments given in [68, pp. 1872]. As a conclusion,
handling needle-like perturbations of a control in a spatially hybrid setting requires a careful attention.

1. From the point of view of abstract optimization, sensitivity analysis of constraints (with respect to
given parameters) plays a fundamental role in order to derive necessary optimality conditions. In
optimal control theory, this translates into a sensitivity analysis of the control system with respect
to perturbations of the control u. To derive the classical PMP, the standard method is to consider a
needle-like perturbation defined by u®(t) := v for all t € (7 — a, 7) and u®(t) := u(t) elsewhere, for
all @ > 0 and where v € R™ and 7 € (0,T) are fixed. Then one has to identify the corresponding
variation vector, that is the uniform limit of IiT"'” when a — 0, where z® stands for the perturbed
trajectory associated with the perturbed control u® (see Figure 2.4), as the solution to a linearized
control system.

2. However a needle-like perturbation may be not admissible in a spatially hybrid setting, in the
sense that the corresponding perturbed trajectory z does not necessarily converge uniformly to x
over [0,T] when a — 0, or even may be not defined globally over the whole interval [0,7]. Let
us provide a simple counterexample which highlights this issue which is not encountered in the
classical non-hybrid setting. Consider T = 2, n = m = 1 and the static partition R = X; U X5,
where X; = {y € R |y <1} and Xo = {y € R|y > 1}. Now consider the spatially hybrid control
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]R m

Figure 2.4: Illustrations of a needle-like perturbation (left) and the corresponding perturbed trajectory (right).

system given by

1) = {+u(t) %fa:(t) € Xy,
—u(t) if 2(t) € Xa,

with the initial condition i, = 0. By taking the control u(t) = +1 over [0,1) and u(t) = —1
over (1,2], we get the corresponding trajectory z given by z(t) = t over [0,2], with ¢ = 1 as
unique crossing time. Note that all conditions considered in this chapter are satisfied, including
the regularity assumptions (A1), (A2) and (A3). Now we apply needle-like perturbations of the
control u at some 7 € (0,1) and we refer to Figure 2.5 for illustrations.

(i) If v = —1 we get a perturbed trajectory z¢ satisfying x*(t) € X; over the whole interval [0, 2]
and thus ® does not uniformly converge to z over [0,2] when oo — 0.

(ii) If v = 2 we get a perturbed trajectory x® defined over [0,%(a)) for some #(a) < 1. Note
that =% is not defined over [f(a),2] since, by contradiction, one would obtain #®(f(a)™) = +1
and ©%(f(a)t) = —1 implying that z® does not enter into the open region X, over (£(a),1).
In that context, note that different approaches can be explored, such as differential inclusions
(see, e.g., [7]) and sliding modes (see, e.g., [114]), to consider a generalized notion of solution to
the hybrid control system. However these approaches would not solve the issue presented in
Ttem (i) anyway, and thus we will not go any further in that direction.

The reason of this feature in a spatially hybrid setting lies in the fact that standard needle-like

perturbations of the control u do not take into account the perturbation of the next crossing time.

2

Figure 2.5: Illustration of the counterexample given in Item 2 of Section 2.2.3.

3. We are now in a position to provide an overview of the proof of Theorem 2.2.1. Let (x, A\, u) be
a solution to (2.2), that is moreover a regular solution to (2.1). To overcome the difficulty of
handling needle-like perturbations in the spatially hybrid setting (as discussed in Item 2 above), we

shall introduce, for all k € {1,..., N}, an auziliary control, denoted by @y, that coincides with the

ot
3
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control u over (tf_,,t) and that is continuously extended to a constant function outside (tf,_,,tf)
thanks to Assumption (A1) (see Figure 2.6 and the exact definition of @y in Section 2.5.1). In the
sequel we will apply needle-like perturbations only to auxiliary controls @ (and not to the nominal
control u).

Rm

A

:
A
N-1 N

I

A
N—-1 "N

>>OT ~

ot t

Figure 2.6: Illustration of an auxiliary control %g. In this illustration, for simplicity, we have chosen a control u
that is continuous over each (tf_q,t) but it is not necessary. We only know that u satisfies the continuity
properties given in Assumption (A1).

4. Now let us fix k € {1,..., N} (from now and until Item 11). The pair (Ag, @) allows us to define the
auxiliary non-hybrid trajectory, denoted by Zi, as the unique solution to the non-hybrid state equation
defined with the dynamics fj only (that is, with the dynamics fi all over R™, even outside E},)
and with the constant parameter Ay only (that is, with the constant parameter \; all over [0,T],
even outside (¢§_,,t%)), together with the initial condition Zx(t§_;) = z(t§_,). Observe that Zj

represents an extension of the nominal trajectory x as illustrated in Figure 2.7.

c }Z
N1t

Figure 2.7: Illustration of the auxiliary non-hybrid trajectory Zj.

5. Now we will consider either a basic convex perturbation of A\ given by A + a(Xk — ) for
some A, € A, either a classical needle-like perturbation of the auxiliary control @ associated with
some 7 € (t§_,,t%) and some v € U (see Figure 2.8). In both cases, this gives us a perturbed auziliary
non-hybrid trajectory denoted by Z¢. Since we deal here with a classical non-hybrid setting (with the
dynamics fj only), we can use standard results from the literature such as the uniform convergence
of Zj} to Z; when a — 0, and the existence of the corresponding variation vector, denoted by wy,
solution to a linearized control system with an initial condition at ¢j,_; reduced to Og».

6. The next step is to prove that the trajectory Z;’ crosses the boundary 0E N 0E)4+1 at a perturbed
crossing time 71, () (see Figure 2.9). To this aim we invoke an implicit function theorem (Lemma 2.5.1)
to the map Gy : (o, t) — Fi (25 (¢),t) that can be applied thanks to the regularity assumptions (A1),
(A2) and (A3) and the construction of @. In particular note that V,Gy is invertible at (0,t)

thanks to the first transverse condition in Assumption (.A43).
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~,

E o il el

? c
1 tk—l

Figure 2.8: Illustration of a needle-like perturbation of @ (recall Figure 2.6).

OB (Fr () N OB 41 (Fr(a)) OBk (tk () N OBk 41 (th(a))

OEj1(t5_1) NOE(t;_y)  OEy(t;) N OEk41(t;) OE1(ti_1) NOEk(t;_y)  OER(t;) N OEk41(t;)

Figure 2.9: Plot of z;’ under a convex perturbation of Ay (left). Plot of Ziy under a needle-like perturbation of
(right). In both cases Z;* crosses the boundary OFj N Ej41 at some time 5 ().

7. From the construction of the trajectory Z¢ , it can be proved that Z¢ stays inside Ej over (t{_,%x(c)).
Indeed, thanks to Assumption (A3), one can prove by contradiction that there exist t{_; < s} <
sk < min{t¢, 5 ()}, uniformly with respect to «, such that 2 has values in Ej over (t{_,,s}) and
over (sg,tr(a)) (see Lemmas 2.5.3 and 2.5.6 for technical details). Then, from Condition (C1) and
the uniform convergence of Z to Zx = x over [s}, sk, we obtain that Z7 has values in E}, over [s}, sk
also.

8. After having considered perturbations in the region Ej (see Items 4 and 5) and the consequences in
the region E}, only (see Items 6 and 7), our aim now is to analyze the resulting perturbations in the
next regions Ejy1,...,Fn. For the reader’s convenience, we will detail here only the passage to the
region Fj1 (the other regions are treated with a basic induction, see Item 10). Similarly to Item 4,
the pair (Ag41,Ug+1) allows us to define the auxiliary non-hybrid trajectory, denoted by Zy41, as
the unique solution to the non-hybrid state equation considered with the dynamics fx41 only and
with the constant parameter A,11 only, together with the initial condition Zj41(¢%) = x(¢%). Now, in
contrast to Item 5 (in which we have proceeded either to a perturbation of the parameter, either to
a perturbation of the control), we will consider here the perturbation of the initial time ¢{, by ()
(constructed in Item 6) and the perturbation of the initial condition x(t§) by Z&(¢x(«)). This gives
us the perturbed auxiliary non-hybrid trajectory zj*, ;. This construction will allow us to proceed to
a concatenation of the perturbed auxiliary non-hybrid trajectories Zj} and 2z}, ; (see Figure 2.10).
Since we deal here with a classical non-hybrid setting (with the dynamics fi4+1 only), we can use
standard results from the literature such as the uniform convergence of zj!, | to Zx41 when a — 0,
and the existence of the corresponding variation vector, denoted by w1, solution to a linearized
control system with an initial condition at ¢} given by wg(t7_,) plus an additional term due to the

perturbations of the initial time and of the initial condition. Finally, similarly to Item 6, we prove
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" aEk(i:k((X)) N BEkJrl(ik((x))

OB, () N OEg 1 (£5)

Figure 2.10: Perturbed auxiliary non-hybrid trajectory zg,; under perturbations of the initial time and of the
initial condition.

10.

11.

12.

that Zjy 1 Ccrosses the boundary 0Fy1 N OFk1o at a perturbed crossing time £k+1(06).

. Using similar arguments to Item 7, it can be proved that the trajectory zj/,, stays inside Eji;

over (ty(a),tpr1(a)).
Finally we proceed by induction, region after region, in order to construct the perturbed auxiliary

a
q

we construct a ”global” perturbed trajectory z® of x over the whole time interval [0,T] (resp. a

non-hybrid trajectories £ and the corresponding variation vectors w, for all ¢ € {k,..., N}. Then

"global” variation vector w) by concatenation of the perturbed auxiliary non-hybrid trajectories Z¢

C C
q—1>"q

guarantee several properties. First ¢ visits exactly (and in the same order) the same regions that

over [t,_1(a),t,()] (resp. of the variation vectors w, over | )). This construction allows to
the nominal trajectory x. Second z® converges uniformly to x over [0,7] when o — 0. Third
the "global” variation vector w corresponds to the variation vector associated with the ”global”
perturbed trajectory x® of z. It is worth mentioning that, as reported in Item 8, the ”global”
variation vector w has a discontinuity jump at each crossing time ;.

From convexity of A, note that the convex perturbation of A\; belongs to A. Similarly, since v € U
and from the construction of 7 and the closedness of U, note that the needle-like perturbation of uy
has values in U. Therefore the constraints of Problem (2.2) are satisfied and thus, from optimality
of the triple (z, A, u), it is clear that w > 0 which leads to (Vo(x(T)), w(T))r» > 0
when o — 0. One has to note that this last inequality is satisfied for any variation vector w
constructed as in the previous items, and thus is satisfied for any A\, € A, any v € U, any 7 € (0,7)
and for any k € {1,...,N}.

To conclude the proof, the method is now very similar to the standard non-hybrid setting found in
the literature. The idea is to construct an adjoint vector p which guarantees the constancy of the
inner product between the adjoint vector p and any variation vector w constructed as in the previous
items. To this aim we define p as solution to the opposite of the transpose of the linearized control
system satisfied by the variation vectors w (which corresponds exactly to the adjoint equation in
Theorem 2.2.1). On the other hand, to handle the discontinuity jumps of the variation vectors w
at each crossing time, we impose appropriate discontinuity jumps on p (which correspond exactly
to the adjoint discontinuity jumps in Theorem 2.2.1). We refer to Remark 2.2.4 for details on the
expression of the discontinuity jumps of p. Finally, imposing the final condition p(T) = —Vé(z(T)),
we obtain that (p(T'),w(T))r» < 0 for any variation vector w. Using the classical Duhamel formula
and thanks to the constancy of the inner product between the adjoint vector p and any variation
vector w, this last inequality can be rewritten as the averaged Hamiltonian gradient condition in
Theorem 2.2.1 (if we have considered a variation vector w associated with a convex perturbation

of the parameter) or as the Hamiltonian maximization condition in Theorem 2.2.1 (if we have
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considered a variation vector w associated with a needle-like perturbation of an auxiliary control).

The proof is complete.

2.2.4 A list of general comments

This section is dedicated to a list of general comments on our framework and assumptions, on Theorem 2.2.1
and its consequences, but also on possible relaxations and extensions.

Remark 2.2.1. Comments on our framework and assumptions. Recall that several versions of
necessary optimality conditions for spatially hybrid optimal control problems (without regionally switching
parameter) are already available in the literature (see references in General introduction 0). Note that the
following two extensions could be done with no major difficulty:

e First, considering an additional constant parameter A € A could be easily treated thanks to the
classical technique of augmenting the control system with the equation )\(t) = Oga and by considering
the final state constraint A(T) € A (see, e.g., [28]). One would obtain a necessary optimality
condition written as an averaged Hamiltonian gradient condition over the whole interval [0, T7].

e Second, in the case where A € PCy ([0, T],R%) is a piecewise constant control (also known as
sampled-data control) with values in A, associated with a fixed partition T = {¢} }r=o,... ~ (in-
dependent of the state position and of the interface crossings), one could easily deduce necessary
optimality conditions from the previous item. Indeed, using an adequate change of time variable
(transforming all intervals [t} _,,t,] into the common interval [0,77), all the values Ay, € A would
become constant parameters and one could deduce an averaged Hamiltonian gradient condition over
each interval [t} _,,t,] (see, e.g., [35], [41]). Note that, in case of a free partition T’ (but with a fixed
positive integer N’ € N*), one could consider each ¢}, as a parameter and derive a corresponding
necessary optimality condition (see, e.g., [34]).

On the other hand, to the best of our knowledge, regionally switching parameters in spatially hybrid
control systems have never been discussed yet, and our aim in the present work is to fill this gap in the
literature. We insist on the fact that, even if considering a regionally switching parameter might seem as
easy as dealing with sampled-data controls, it is not. The two main technical issues are the fact that the
possibility (or not) of changing the parameter value depends on the state position z(t) (and not on the
time variable ¢) and the fact that spatially hybrid optimal control problems cannot be rewritten easily as
classical optimal control problems. This is the reason why, to derive necessary optimality conditions, our
new framework requires a thorough sensitivity analysis (presented in Section 2.5) of the spatially hybrid
control system under convex perturbations of the regionally switching parameter and under needle-like
perturbations of the control. Finally note that this technical sensitivity analysis is allowed thanks to the
various assumptions introduced all along Sections 2.2.1 and 2.2.2 that we comment now:

(i) Let us comment the continuity conditions (C1) and (C2). First, note that they are automatically
satisfied whenever the partition is static (that is, independent of the time variable ¢). In contrast,
when the partition is not static, the continuity conditions (C1) and (C2) guarantee, as one might
expect, a kind of smooth and reasonable time evolution of the regions composing the partition (see
Figure 2.1). In the sensitivity analysis developed in Section 2.5, they are used to construct perturbed
trajectories which visit exactly (and in the same order) the same regions than the nominal one. We
refer to Section 2.2.3 for a brief overview and some illustrations.

(ii) Let us comment the Assumptions (A1), (A2) and (A3). In the sensitivity analysis developed in

Section 2.5, when considering (local) perturbations of the regionally switching parameter and of the
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control in a given region FEj, we obtain a perturbed trajectory, but also a perturbed crossing time
between the two consecutive regions Ey and Fjy,1. To guarantee the existence of this perturbed
crossing time, we rely on the application of an implicit function theorem (Lemma 2.5.1) which requires
Assumption (A2) to benefit a local description (in space and time) of the boundary between Ej,
and Ej41. This gives us an explicit function whose regularity is guaranteed by Assumption (A1)
and whose the invertibility of the partial derivative (with respect to time) is guaranteed by the first
transverse condition in Assumption (A3). Finally, the second transverse condition in Assumption (.A3)
is used to guarantee that the perturbed trajectory enters in the next open region Ej ;. We then
proceed by induction, region after region. We refer to Section 2.2.3 for a brief overview and some
illustrations.

(iii) Finally note that, in this chapter, the fixed initial condition zi,;; belongs to a region (and not
to a boundary) and, according to Definition 2.2.1, we deal (only) with trajectories x whose final
condition z(T) also belongs to a region (and not to a boundary). These restrictions allow us, similarly
to the continuity conditions (C1) and (C2), to avoid situations in which the sensitivity analysis of the
hybrid control system would involve perturbed trajectories that would visit more regions than the
nominal one. However we are confident that, at the price of a slightly more cumbersome analysis,
the methodology developed in this chapter (in particular the assumptions and techniques used to
deal with the boundary crossings) could be adapted to deal with terminal conditions that might
belong to boundaries.

Remark 2.2.2. Comments on the novelty of Theorem 2.2.1. We would like to emphasize that
Ttems (i), (ii), (iii) and (iv) of Theorem 2.2.1 already appear in the literature on spatially hybrid optimal
control problems (see references in General introduction 0), but without the consideration of a regionally
switching parameter. Let us also mention that the last Item (v) is also well known in the literature on
optimal sampled-data control problems (see references in General introduction 0) which is a simpler and
very different setting since the partition of the piecewise constant control is temporal, and not spatial.
As a consequence, all items of Theorem 2.2.1 have already appeared in the literature, but in different
contexts. The novelty of Theorem 2.2.1 is to derive all these items together in order to deal with our new
framework given by spatially hybrid optimal control problems with regionally switching parameter.

Remark 2.2.3. Comments on the averaged Hamiltonian gradient condition. Consider the
framework of Theorem 2.2.1. Note that the averaged Hamiltonian gradient condition (2.5) is implicit in
general since )\ intervenes, not only in both sides of the equation, but also in the values of x and p along
the interval ( G tg) Furthermore we do not know in advance the values of ¢;_; and tf. Nevertheless,
as already seen in [34]-[36], [41] and as we will see in Section 2.3 on a simple example, the averaged
Hamiltonian gradient condition (2.5) can be useful to determine the optimal values of regionally switching
parameters. From a numerical point of view, when A is closed, note that Ax can be expressed as the fixed

point
t

Ak = Droju ()\k + /t VaH (x(s), Ak, u(s), p(s), s) ds),

k1
where proj, : R? — R? stands for the standard projection operator onto A. Finally, let us mention that,
under some advanced convexity assumptions developed by Halkin and Holtzmann [79] (which are more

general than just assuming a global convexity of the Hamiltonian H with respect to its second variable),
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it should be possible to derive an averaged Hamiltonian maximization condition of the form

th
A € arg max H(x(s), p,u(s),p(s), s)ds.
ner i,

However this point is out of the scope of the present work.

Remark 2.2.4. Comments on the adjoint vector and its discontinuity jumps. Consider the
framework of Theorem 2.2.1. In the first item below, in order to avoid any confusion, we give details on
the discontinuous structure of the adjoint vector p and then, in the second item, we discuss the origin of
its discontinuity jumps.

(i) The adjoint vector p € PACy([0,T],R™) is piecewise absolutely continuous, respecting the same
partition T = {¢§ }x=o,... .~ associated with the solution (z, A, u) (see Definition 2.2.1). Hence the
restriction of p over each open interval (¢_,,t%) admits an extension over [t _;, %] that is absolutely
continuous, satisfying the adjoint equation provided in Theorem 2.2.1. Furthermore, at each crossing
time ¢, the adjoint vector p admits a discontinuity jump satisfying the equality (2.3). Note that (2.3)
is written in a backward way, in the sense that p~ (¢{) is expressed explicitly in terms of p™(¢£).

Nevertheless we emphasize that (2.3) can also be written in a forward way as

pr(tR) —p (1) = —

<p (2) fk+1) (%) - (fk)i(ti»R" v Fk(x(tz) tZ)
9] ’ o

(
(Va By (2(82), t5), (fr)* (t0))rn + Vi g (2(80), 1)

(ii) To explain the origin of the discontinuity jumps of the adjoint vector p, we need to point out that,
in spatially hybrid settings, a variation vector w (obtained from a perturbation of the regionally
switching parameter or of the control in our setting) has a discontinuity jump at each crossing time

t;, given by

(Vo Fu((t), 45), w™ (t5))ae

— w1 — w (1) =
& = w™ (ty) (tk) (VaFi(2(t), 7). (fr)~ (t0))mn + VeFi(x(t7), t7)

((far2) " (tR) = (o)~ (£0))-

We refer to Propositions 2.5.1 and 2.5.2 for details. To derive our main result (Theorem 2.1), just as
in classical optimal control theory, we need to construct an adjoint vector p which guarantees the
constancy of the inner product between p and any variation vector w. To this aim, in Section 2.6, we
define p as solution to the opposite of the transpose of the linearized control system satisfied by the
variation vectors w. On the other hand, to handle the discontinuity jumps of the variation vectors w
at each crossing time, we also need to ensure that (p™ (¢$),w™ (t))rn = (P~ (£5), w™ (t5))rn. To this
aim, we introduce discontinuity jumps xx := p*(t§) — p~ (t5) for the adjoint vector p. Hence we
look for a value of xy such that (p™(¢), &e)mn + (Xk, w™ (t5) + &k)rn = 0. Replacing the value of

recalled above, we look for a value of xj such that

o Fk(x(tz)’tz))’ o (07 (t0), (Fa+1) T ()= (fo) ™ (E)))r + (ks w™ (1))

(VB @(t).8). () () + ViFk(@(8). )
. (Vo i ((th), ), w (1)
VB @), 6), ()~ + ViR (o). )

(Ot (fq1) T (t0) — (fo) ™ (8)))rn = 0.

Thus, in view of factorizing the above equality by (Vi Fi(x(t7),t5), w™ (t}))rn, we make the
Ansatz that x; is proportionate to V,Fj(z(t7),t;), that is, there exists o, € R such that
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Xk = 0x Vo Fi(x(t5),t5). Finally, we look for a value of oy, such that

<VrFk(~T(t2)at2)’U’f(tz»R" —(4C AN —(4C
<Vsz(ﬂ?(ti)7ti)a(fk)‘(tg)mn+VtFk(x(tz)7tz)(<p (t1); (fgr1) T () — (fo) ™ (8)))me

+ o (Va Fe(a(t5), 15), (o) (1))mn + VeFr(a(8),4)) ) = 0,

which gives

(P~ (t5), (far) " (15) = (fo)~ (5))men
(VaFi(x(tg),15), (fern) T (65))rr + VieFr(x(t5), 1)

Finally we define the adjoint vector p backward in time, using the discontinuity jumps given
by Xk = O'kvka(x(ti)’ti)'
To conclude this remark, we precise, as in Remark 2.2.2, that the expression of the discontinuity jumps

O — —

of the adjoint vector p can be found in several references in the literature such as [25], [73], [98], [99],
[108] but without the consideration of a regionally switching parameter. As far as we know, it is an open
question to know if this choice is unique, that is, if every adjoint vector p that fulfills Theorem 2.2.1
(except Item (iii)) necessarily has discontinuity jumps X that are proportional to V,Fj(x(tf),t5) at each
crossing time 7.

Remark 2.2.5. Comments on the Hamiltonian function. In this remark we would like to recall
some standard properties satisfied by the Hamiltonian function in spatially hybrid settings (see references
in Introduction) that are preserved in our setting with regionally switching parameter. Consider the

framework of Theorem 2.2.1. Note that the Hamiltonian system
I(t) = VPH(I(t)a /\ka u(t)vp(t)a t), p(t) = 7vzH(z(t)v >\k7 u(t),p(t), t),

is satisfied for almost every t € (t5_,,t%) and all k € {1,..., N}. As usual in the literature let us introduce
the Hamiltonian function H : [0,T] — R defined by

for almost every t € [0, T]. Using similar arguments as in [63, Theorem 2.6.1 pp. 71], one can prove from
the above Hamiltonian system, from (2.4) and from the piecewise constancy of the parameter A, that # is

equal almost everywhere over each interval (¢§_;,t7) to an absolutely continuous function which satisfies

H(t) = VeH (x(t), A, u(t), p(t), 1),

for almost every t € (tf_,,t;) and all k € {1,..., N}. Therefore we write H € PACr([0,T],R) and one

can easily obtain from simple computations that the discontinuity jumps of H are given by

c\ _ ay—(4+C) <p7(t2)’(fk+1)+(ti)7(fk)7(t2)>R" (€ c
P =100 = 19 B ). o) (e + Vet i) HC U0 )

As in Remark 2.2.4, we emphasize that the above formula can be rewritten in terms of p* (¢£) (instead
of p=(¢%)). Finally, from the results presented in this remark, we deduce that:

(i) If the partition is static, then the discontinuity jumps of H are reduced to zero and thus H €
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(i)

(ii)

C([0,7],R).1

If the hybrid dynamics is autonomous (that is, h does not depend on the time variable ¢), then H is
constant over each interval (t_,,%;) and thus H € PCr([0,T],R).

In the joint case where the partition is static and the hybrid dynamics is autonomous, then H is

constant over [0, 7.

Remark 2.2.6. Some possible relaxations and easy extensions of Theorem 2.2.1. In this chapter

we have considered a certain framework which is, of course, not the most general possible. In fact we

have made some choices to make the presentation and the notations as simple and pleasant to read as

possible, while keeping the essence of our work. In this remark our aim is to gather a number of possible

relaxations and easy extensions of Theorem 2.2.1. One can easily be convinced by the validity of these

generalizations by reading the proof of Theorem 2.2.1 in Sections 2.4, 2.5 and 2.6 (or the brief overview of

the proof provided in Section 2.2.3).

(i)

(vi)

The convexity hypothesis made on A can be removed by using a generalized version of the normal cone.
Precisely, instead of using basic convex perturbations of the form Ay + a(\r — Ax), one can invoke a
general perturbation S\k(a) where \j, : [0,1] — A is a continuous function satisfying b (0) = A and
that is differentiable at 0 with derivative denoted by 5\2 (0). Therefore Theorem 2.2.1 remains valid

by considering the generalized notion of normal cone to A at some A € A given by

NL™ A i= {N € R | (VN (0))ga < 0 for all continuous functions A : [0,1] — A with A(0) = A
and differentiable at 0 with derivative denoted by X (0)}.

The closedness hypothesis made on U can be removed by assuming in Theorem 2.2.1 that all the
limits w~ (¢f) and u™ (¢§) belong to U. Indeed, in our proof of Theorem 2.2.1, we only need that the
auxiliary controls @ are with values in U.

The right continuity after each crossing time tf, and the left continuity before the last crossing
time ¢$,_;, of the control u (see Definition 2.2.2) are useless in our proof of Theorem 2.2.1. We
have adopted these hypotheses for the sake of simplicity of the presentation. However they can be
removed.

Theorem 2.2.1 is stated for a solution to (2.2) in a global sense. However Theorem 2.2.1 remains
valid for a solution to (2.2) in (only) a local sense to be precised (for example, in L°°-norm for the
trajectory and the regionally switching parameter, and in L'-norm for the control).

The C'-regularity of the map ¢ can be relaxed. Indeed only the differentiability of ¢ is required for
our proof of Theorem 2.2.1. Similarly the C!-regularity of the maps h; can be relaxed. Indeed our
proof of Theorem 2.2.1 (precisely the sensitivity analyses developed in the preliminary Sections 2.4
and 2.5) requires (only) that, for all j € 7, the map h; is continuous, is differentiable with respect
to its two first variables with V,h; and Vh; continuous, and is Lipschitz continuous with respect
to its three first variables on any compact subset of R™ x R x R™ x [0, T]. We refer to [23] where
similar relaxed regularity assumptions have been considered.

A possible extension of our work is to consider, for each region Xj;, a hybrid dynamics h; :
R" x R% x R™ x [0,7] — R™ with possibly different dimensions d; and m;. Indeed, one can

rigorously see that, in our proof, the construction of auxiliary controls has no impact constraining

We just note that this result is kind of in accordance with the main result obtained in [34] stating that, when the
partition associated with sampled-data controls is free, then the corresponding necessary optimality condition coincides with
the continuity of the Hamiltonian function H.
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(vii)

(viii)

(ix)

the controls to be with values in the same space R™. Accordingly, another possible extension
of our work is to consider possibly different parameter constraint sets A; C R% and possibly
different control constraint sets U; C R™J. This generalized context is interesting to impose the
values of the regionally switching parameter and/or of the control in some regions (for example, by
taking A; = {Ogq, } and/or U; = {Ogm; } for some j € 7).

A possible generalization of our work is to extend the space partition of R™ to a space-time partition
of the form R™ x [0,T] = UjesY;. Such an extension would cover, in particular, the framework
of optimal sampled-data control problems developed in [34]-[36], [41]. Note that, to obtain this
extension, one can simply use the classical augmentation technique of considering the time variable ¢
as an additional state variable x,,,1 satisfying % =1 (see, e.g., [28, Section 1.3.3]). Actually,
from a more general point of view, this technique could have been used all along the present chapter.
However, to allow the reader who may face a time-dependent problem to apply directly our main
result (Theorem 2.2.1), without having to proceed himself to the augmentation technique, we decided
to keep the time variable ¢ in our setting.

Using the classical technique of augmenting the state of the control system (see, e.g., [28]), one can
easily extend Theorem 2.2.1 to deal with Bolza costs, that is, when the cost of (2.2) is replaced by a

cost of the form

T
ST+ [ L) As) ulo). ) ds,
0
where the hybrid Lagrangian L : R® x R% x R™ x [0,T] — R is defined regionally by
V(z, A\, u,t) € R" x RT x R™ x [0,T], L(x,\ u,t) := Li(z,\,u,t) when z € X, (),

where the maps L; : R" x RY x R™ x [0,T] — R are of class C!. In that context Theorem 2.2.1

remains valid by replacing the definition of the Hamiltonian H by
H(l‘, )\7 u,p, t) = <p7 h(l‘, >\7 u, t)>R" - L(JI7 >\a u, t)a
for all (z,\,u,p,t) € R" x R x R™ x R™ x [0, 7], and by replacing (2.3) by

pr(tR) —p~ ()

) ) ) — () 0D — (L) () — (B~ D) o e e
- (Vo B (1), 80, (o)~ (6 + Vo F((6), ) VaFi(w(t). 1)

One can also consider a hybrid control system of the form #(t) = h(x(¢), u, A(t), u(t), t) involving an
additional constant parameter y € R for some d’ € N*. In that context we emphasize that 1 is not
a regionally switching parameter: it is constant over the whole interval [0, T]. Then one can consider
the additional parameter constraint g € M in Problem (2.2), where M is a nonempty convex subset
of RY By adapting the proof of Theorem 2.2.1, one can easily see that Theorem 2.2.1 remains valid
by replacing the definition of the Hamiltonian H by

H(x, p, A\ u,p,t) == (p, h(x, pt, A, u, ) )R,

for all (z, p, A, u, p,t) € R" x R x R? x R™ x R" x [0, 7], and by adding the necessary optimality
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condition given by
T
| @(s). 10 A5),0(5), (). 5) ds € Nugll
0

One may think that adding a constant parameter p to our framework can be treated as easy as
explained at the beginning of Remark 2.2.1, but unfortunately it cannot. Indeed, to follow the idea
of Remark 2.2.1, one would need a version of Theorem 2.2.1 that can handle final state constraints.
Note that such an extension is one of our perspectives as explained in Remark 2.2.7. Hence, (only)
when such an extension will be available in the literature, adding a constant parameter y to our
framework will be very easy.

(x) One can also consider a version of Problem (2.2) with a free final time T > 0 and in which the Mayer
cost is of the form ¢(T', z(T)). Such a framework is important to deal with minimal time problems
(see, e.g., [46, Section 3]). By using the classical technique of change of time variable ¢ = T's, one
can transform the variable T' to optimize as a constant parameter. Thanks to the previous item and
the results presented in Remark 2.2.5, one can prove that Theorem 2.2.1 remains valid with the

additional necessary optimality condition given by
H(T) = Vro(T, x(T)),

where H : [0,7] — R is the Hamiltonian function introduced in Remark 2.2.5.
Remark 2.2.7. Some possible perspectives. This last remark is dedicated to a nonexhaustive list of
possible perspectives:

(i) The present chapter does not cover terminal state constraints (that is, constraints on x(0) and (7))
which are common in most applications of optimal control theory. This is clearly a criticism that
can be made to the present work. In the classical non-hybrid setting, several methods have been
developed in the literature to take into account such terminal state constraints. One can invoke
the Ekeland variational principle [61] or some implicit function arguments (see, e.g., [2], [110]) or
the use of Lagrange multiplier rules [3]. In one hand, it is worth mentioning that, to the best of
our knowledge, the Ekeland approach does not apply in the present spatially hybrid setting for
two main reasons. First, this approach requires to define a continuous penalized functional on
a Ll-neighborhood of the optimal control u. However we have seen in Item 2 of Section 2.2.3 that
such a construction is obstructed in the present spatially hybrid setting. Second, the control sequence
produced by the Ekeland variational principle (which converges in L!-norm to the optimal control u)
would have no reason to satisfy the regularity assumption (A1) and therefore the sensitivity analysis
developed in the preliminary Section 2.5 may be not valid on the control sequence. On the other
hand, we are confident that a method based on an implicit function argument or on a Lagrange
multiplier rule could be adapted to the present spatially hybrid setting. However these approaches
are based on the so-called Pontryagin convex cone constructed thanks to the consideration of multiple
needle-like perturbations of the control (see, e.g., [1], [3], [38], [56], [58], [81], [101] and references
therein). In the present spatially hybrid setting, this would have required the consideration of
multiple needle-like perturbations of the control in each region simultaneously. This would have
significantly increased the complexity of the analysis and the notations. Since our main objective in
this work was to focus on the concept of regionally switching parameter and on the corresponding
averaged Hamiltonian gradient condition (2.5), we decided to avoid the technicalities related to the

presence of terminal state constraints which are already well known in the literature and to keep the
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(i)

(iii)

(iv)

reading of the technical proof of Theorem 2.2.1 as pleasant as possible.

The regularity assumptions introduced in Definition 2.2.2 are crucial to develop the sensitivity
analysis of the spatially hybrid control system in the preliminary Section 2.5, precisely to construct
perturbed trajectories which visit exactly (and in the same order) the same regions than the nominal
trajectory. To the best of our knowledge, an open question is how to obtain a hybrid maximum
principle without these regularity assumptions (for example, without assuming that the optimal
control is left-continuous and right-continuous at each crossing time). In that direction, note that a
similar sensitivity analysis can be developed in a spatially hybrid framework where Assumption (A3)
is removed, as it has been studied in the case of two static regions from a dynamic programming
standpoint in [10].

As mentioned in Introduction, the original motivation of the present work was to deal with (non-
hybrid) optimal control problems involving non-control regions (in which the control must remain
constant). We insist here on the fact that this framework is just a particular case of the present work
(see [14] for details) and it is motivated by applications related to aerospace, for example thrust
problems with shadow zones causing inability to thrust while the spacecraft is passing through an
eclipse, due to the low power generated by the solar panels (see [64], [72], [80], [118]). One could also
consider a slightly different setting where, in non-control regions, the control is an affine feedback of
the state (and thus is not necessarily constant). Again, this framework can be seen as a particular
case of the present work and will be developed in details in a forthcoming research work.

In the field of mathematical epidemiology, hybrid frameworks provide an accurate description of
some infectious diseases and their spread. We refer for instance to [88] where the authors take into
account that the contact rate between members of the population changes throughout each season, or
to [26] in which the authors provide a version of the SIR model that takes into consideration different
control strategies (vaccination, isolation, culling, etc.). An interesting research perspective would be
to consider a time crisis problem (such as in [18], [19]) related to a COVID-19 model, in order to
provide better control strategies. To this aim, using the approach of optimal control problems with
non-control regions presented in [14] (which is a particular case of the present work) is privileged.
Moreover, since time crisis problems deal with Bolza costs with a discontinuous Lagrangian function,
one can note that our main result (Theorem 2.2.1) tackles perfectly this discontinuity (see Item (viii)
of Remark 2.2.6).

In this work we have investigated the necessary optimality conditions for spatially hybrid optimal
control problems with regionally switching parameter. However note that many other standard
investigations from optimal control theory can be developed for that framework. First, one may
develop existence results, by extending for example the classical Filippov theorem [65]. This
would certainly require to introduce adequate differential inclusions (see, e.g., [7]), in particular
at the interfaces where the dynamics is not defined. Sufficient optimality conditions could also be
investigated, at least in the case of LQ-problems (see related studies in [103], [104], [119] for switched
systems). Also a complete extension of the Riccati theory in the present spatially hybrid setting
with regionally switching parameter constitutes an attractive perspective for future works (see [37]
for a related study with sampled-data controls). Finally, from a numerical point of view, another
perspective could be the formulation of a multiple shooting method as in [73] taking into account

the averaged Hamiltonian gradient condition (2.5).
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2.3 Application to a simple academic example

The objective of this section is to show that, in some way, our framework fills a gap in the literature.
Precisely, based on the necessary optimality conditions derived in Theorem 2.2.1, we solve a hybrid
optimal control problem involving a regionally switching parameter and we show (see Figure 2.12) that
the corresponding optimal cost is strictly between, in one hand, the best cost that can be obtained when
replacing the regionally switching parameter by a classical permanent control and, in the other hand, the
best cost that can be obtained when replacing the regionally switching parameter by a classical constant
parameter. The example studied in this section is a simple academic example whose only purpose is to fulfill
the objective of this section. In particular we emphasize that this example can probably be solved, not only
from Theorem 2.2.1, but also from other results derived in the literature, or even by direct computations.
The application of Theorem 2.2.1 to concrete and sophisticated application models as evoked in Items (iii)
and (iv) of Remark 2.2.7, in particular to optimal control problems with loss control regions (as specified

in the paper [14] which is presented in Section 2.7), will be the focus of our forthcoming research works.

2.3.1 Presentation of the example

Take T =8, n=d=m =1, ziniy = —1 and the static partition R = X; U Xy U X35 where

1 1 1 1
Xl{yERy<2}, Xg{y€R2<y<4}, Xg{y€R|y>4}.

In this section we consider the hybrid optimal control problem with regionally switching parameter given by
minimize —x(8),
subject to (z, X\, u) € AC([0, 8], R) x PC([0, 8], R) x L>([0, 8], R),
z(t) = h(x(t), At),u(t)), a.e. te]0,8],
z(0) = —1, (2.6)
A is a regionally switching parameter associated with x,
At) €[-2,3], ae tel0,8],

u(t) € [-1,1], a.e.t€]0,8],

where the (autonomous) hybrid dynamics h : R x R x R — R is given by

ulz—1)+ X if ze€ Xy,
hz, A\ u) =¢ Iz + %u if xe€ Xo,
ulz—1)+ X if ze€ Xz,

for all (z,A\,u) € R x R x R. We refer to Figure 2.11 for an illustration of the setting of Problem (2.6)

in which the objective is to maximize the final value x(8) starting from the initial condition i,y = —1.

69



CHAPTER 2. HYBRID MAXIMUM PRINCIPLE WITH REGIONALLY SWITCHING PARAMETER

Then let us recall that the Hamiltonian H : R x R X R x R — R associated with Problem (2.6) is given by

plu(z —1)+A) if ze Xy,
H(z,\u,p) = ¢ p(Az + u) it ze Xy,
plu(z —1)+A) if ze Xz,

for all (z,\,u,p) € RxR xR x R.

2(t) = u(®)(z(t) — 1)+ A(t) X5

=

> 1

i(t) = A(t)z(t) + u(t) X,

(SIS

Tinit @ 2(t) = u(t)(z(t) — 1)+ A1) X,

Figure 2.11: Illustration of the setting of Problem (2.6). Here the objective is to maximize the final value z(8)
starting from the initial condition Zinie = —1.

Since existence results are out of the scope of the present work (see Item (v) of Remark 2.2.7), we
assume here that (2.6) has a solution (z, A, u) and we denote by T the corresponding partition. Our aim
in the next section is to identify such a triple thanks to the necessary optimality conditions stated in
Theorem 2.2.1. Therefore we assume furthermore that the regularity assumptions (A1), (A2) and (A3) are
fulfilled. Finally, to simplify the analysis and according to the nature of the objective of (2.6), we assume
that z(8) > 1, that x is increasing over [0, 8], with exactly two crossing times 0 < t§ < t§ < 8, and that

vt € (0,t5), (x(t),A\(t)) € X1 x {\1},
vt € (t{ivtg)a (x(t)v )‘(t)) € X2 X {)‘2}3
vt e (t5,8), (z(t),\(t)) € X3 x {3},

for some Ay, Ag, A3 € [—%,%].

2.3.2 Application of Theorem 2.2.1

Let us denote by p € PACt([0,T],R) the adjoint vector provided in Theorem 2.2.1. Our aim in this section
is to identify the triple (x, A\, u) thanks to the necessary optimality conditions stated in Theorem 2.2.1.

To this aim we reason backward in time.

Analysis over the interval (t5,8). Since z(t) € X3 over (5,8), the adjoint equation and the fi-

nal condition give

{ p(t) = —u(t)p(t), ae. te(t3,8),
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which implies that p(t) > 0 over (t5,8]. Since the averaged Hamiltonian gradient condition writes

8
/ p(s)ds € Ni_s 51(X3),

t3

we deduce that A3 = 3. Since p(t) > 0 over (£5,8], one can easily derive from the Hamiltonian

maximization condition that

u(t) € argmax v(x(t) — 1),
ve[—1,1]

for almost every ¢ € (¢5,8). Since x(8) > 1, z(t5) = 1 and = is increasing over [t5,8], there exists a
unique t* € (t5,8) such that z(t*) = 1 and we obtain that

1, ae te(t,8),
ult) = +1, ae.te(t%,8)
—1, a.e. te (t5,t%).

We deduce that

eS8t forall t € [t*, 8], %et_t* + 3, forallte [t*,8],

eS=tet=t" forall t € (t5,14], —Setamt + T for all t € [t5,1%].

Finally, from the continuity of z at t*, we get that t* = t5 + In(2).

Analysis over the interval (¢§,t5). The adjoint discontinuity condition at t§ writes p~(t5) =

p*(t§)gﬁgtggg which implies, from Assumption (A3), that p~(t5) > 0 and, from t* = t5 + In(2),

that p~(t5) = 2)\2%‘37;2(@. Since z(t) € X over (t5,5), when adding the adjoint equation, we obtain that

p(t) = —A2p(t), ae. t e (t5,15),
_ _ 3e8715
p(t5) = T A (1)
which implies that p(t) > 0 over (¢§,t5). The Hamiltonian maximization condition leads to

u(t) € argmax vp(t),
ve[—1,1]

and thus to u(t) = 1 for almost every t € (¢§,t5). We deduce that

3edt2 A2 (t5—t) i (€>\2(t_t§) o 1) + ie/\Q(t_tg)v if A2 # 0,
p(t) = o 1 a¢ 22 and z(t) = .
2+ t—2t2 +%’ if)\2=0,
for all t € (t§,t5). Since z(tf) = —3 and X2 € [-3, 3], we get that

1 1422 .
R 2 o (ﬁ)’ if A2 70,
2 — 1 =

if Ao =0.

[\l

-3
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Since gf\ —1 > 0, the averaged Hamiltonian gradient condition is equivalent to v(A2) € Niss ()\2) where

I S T 1 A 1+ 22 3
S e ge= — (1422 ) 2 | - if Ao # 0
/ti Dy 4 2" g 2>\§< )M T T ea oy 270,

vAe) = t5 s 1 3
s —t§ .
Zds=-—-2 fA2=0.
/t; y 1Y T e A2
We find that:
o if \y = % then v(A2) ~ —1.916 < 0, while N 3 %]()\2) R, which is a contradiction.
o if \y = —3, then U()\Q) ~0.072 > 0, while N|_s %]()\2) R_, which is a contradiction.

We deduce that A2 € (—3,3)
we find that Ay ~ —0.754.

and thus Nj_s 3]()\2)

o (F2) (£
MGshec

which implies, from Assumption (A3), that p~(t§) > 0 and, from 5 — t§ = 1 ( ) one can obtain

Analysis over the interval (0,t§). The adjoint discontinuity condition at ¢ writes p_ (tc) =p

that p~ (t§) = ﬁ Since z(t) € X; over (0,t$), when adding the adJomt equatlon, we obtain that
2

{ p(t) = —u(t)p(t), ae. t € (0,t7),

c\ 3e87 %2
P~ () = s s zem @y

Following similar arguments as in the analysis over the interval (t§,8), one can prove that A\ = %
and u(t) = —1 for almost every ¢t € (0,t5).

Conclusion. From the above analysis we obtain that

11 7t+1’ for all ¢ € [0, t5],
z(t) = —ax; (Ao = e 1), for all ¢ € [t5, 5],
26 (t— t2)+£, for all ¢ € [t§,t*],

+3et t*+i7 for all ¢ € [t*, 8],

and

3, forae. t€(0,t), E
At) =14 Xo, fora.e. te (t5,t5), u(t) = N (
(

Y

, forae. te(t5,8),

A
with Ay & —0.754, #§ = In(1) =~ 0.2, #5 = #§ + L In(Y72) ~ 1.57 and ¢* = t5 + In(2) =~ 2.26.

2.3.3 Comparisons with standard settings found in the literature

Our objective in this section is to emphasize that, in some way, our work fills a gap in the literature. To this
aim we will show on the present academic example that the optimal trajectory  computed in the previous
section (associated with a regionally switching parameter \) is exactly between the optimal trajectory zf

when A is considered as a classical permanent control (that is, when A € L*°(]0, 8],R)), and the optimal

-
\}
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trajectory & when ) is considered as a classical constant parameter (that is, when A € R). Precisely:

e First, let us consider the case where A € L*°([0, 8], R) is a classical permanent control in Problem (2.6)

(and not a regionally switching parameter that has to remain constant in each region) constrained

to be with values in [— g, 4] By developing a similar analysis to the previous section, but by using a

Hamiltonian maximization condition to determine the values A(t) over the whole interval [0, 7], we

get that the optimal triple (2, AT, u") is given by

and

11
- -t 4 17
5 _3
_5e#=0D | 1
zi(t) = +%6%( —GDh 3
(=5 4 T,
4_%et_(t;)T + 1
+3, forae. t € (0,(t)1),
=3, forae. te ((t5)T, ()N,
—1—%, for a.e. t € ()T, (t5)1), ul(t)
7%, for a.e. t € ((t5)1, (¢5)1),
+3, forae. t € ((t3)1,8),

[

[
for all t € [
forall t €[
[

for all ¢ € [0, ()]

for all ¢ € [(¢)T, (£0)1],
T, (51,
()T, (t3)1],

for all t € [(¢5)1,8],

I
—
=+
o
=
&
®
~
m

=
—~

~
=0
~—
el
~—

with (t§)T = ~ 0.2, ()7 ~ 0.81, (t5)T ~ 1.23, (#3)T ~ 2.07. The detailed computations are left to

the reader.

e Second, let us consider the case where A € R is a classical constant parameter in Problem (2.6) (that

cannot switch at boundary crossings) constrained to belong to [—

3 3

5:3)- By developing a similar

analysis to the previous section, but by using the averaged Hamiltonian gradient condition given in

Item (ix) of Remark 2.2.6, we get that the optimal triple (z, A, 4) is given by

and

1

4 4’

5 t— tc 2
_A'_, ( ) 8

e (t t§)+£’

71,

2 3 +17
>\ = — 7 t) =

47 u( ) 717

+1,

3
2
—fe 7 1 7/4,

for all ¢t €
for all ¢t €
for all ¢t €
for all t €

for a.e. t €

(
for a.e. t € (t
for a.e. t € (

(

for a.e. t €

with £§ = 1§ ~ 0.2, £§ ~ 2.47, and £* = 3.16. The detailed computations are left to the reader.
We refer to Figure 2.12 for the plots of the three trajectories 2f, z and #. As expected, the trajec-

tory xf (associated with a classical permanent control) provides a better cost than the trajectory z

(associated with a regionally switching parameter) which provides a better cost than the trajectory

& (associated with a classical constant parameter).

This figure emphasizes that, in some way, our



CHAPTER 2. HYBRID MAXIMUM PRINCIPLE WITH REGIONALLY SWITCHING PARAMETER

framework fills a gap in the literature.

>

=
-

Y

/-
Zinit 1/

[N

Figure 2.12: Trajectories 2", z and # (zoom on the time interval [0, ]).

2.4 Preliminaries: sensitivity analysis in the non-hybrid context

As explained in the overview of the proof of Theorem 2.2.1 developed in Section 2.2.3, for the needs
of the sensitivity analysis in the hybrid context performed in the next Section 2.5, we need to provide
a complete sensitivity analysis of a general non-hybrid parameterized control system with respect to
perturbations of the parameter, the control, the initial time and the initial condition. This is precisely
the content of the present section. We will work on the time interval [0,T]. Nevertheless our results
can be trivially extended to any compact time interval [a,b] with a < b. In fact note that we will use
these results in the next Section 2.5 on compact subintervals of [0,77].

Let g : R" xR? x R™ x [0, T] — R™ be a general (non-hybrid) dynamics of class C'. For any quadruplet 6 =
(A u,7,y.) € R x L2°([0, T],R™) x [0, T] x R?, the Cauchy-Lipschitz theorem ensures the existence and

the uniqueness of the maximal solution to the Cauchy problem

{ J(t) = gly(t), A\ u(t),t), ae. tel0,T],
y(r) = yr.

This maximal solution is denoted by y(-,g,0) and is defined over the maximal interval denoted by
I(g,0) C [0,T]. Recall that the blow-up theorem ensures that, either I(g,6) = [0,7] (in that case we
speak of a global solution), either y(:, g,#) is unbounded over I(g,0). In the sequel we denote by Glob(g)
the set of all quadruplets 6 such that I(g,0) = [0,T].

For the technical needs of this section, for any quadruplet § = (A, u,r,y,) € Glob(g) and any R > ||u|Le,
we denote by M(g,0,R) > 0 a common bound of ||g|lgn, [|[Vzgllraxn, [|[Vag|rexe and ||Vyg|gaxm

over the compact set
K(9,0,R) i= { (2, 1,0,8) € R* x RT X R™ x [0,T] | 2 = y(t, 9,6) lwr <1, [l = Allpa < 1, JJollam < R}.

Note that (y(t,g,0), A\, u(t),t) € K(g,0,R) for almost every t € [0,T]. Since K(g,0, R) is convex with

~J
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respect to its first three components, one can easily get that
lg(y2; p2, v2,t) = g(y1, pa, 01, ) lee < M(g,0, R)(lly2 — vallen + |2 — pallre + flva — vil[rm),

for all (y2, p2,ve,t), (y1, 11,v1,t) € K(g,60,R).

We are now in a position to state and prove the next continuous dependence result for the trajectory y(-, g, 6)
with respect to the quadruplet 6.

Lemma 2.4.1. For any quadruplet @ = (\,u,r,y,) € Glob(g) and any R > ||u||Le, there exists € > 0
such that the neighborhood of 6 given by

N(g,0, R, ) := Bra(\, ) x (ELl(u, £) N Bre~ (oLm,R)) x ([r —er+elnlo, T]) x B (yr, &),

is included in Glob(g). Furthermore, for all quadruplets 8' = (N, u',r',y.) € N(g,0,R,¢), it holds
that (y(t,g,0"), N, u'(t),t) € K(g,0, R) for almost every t € [0,T]. Finally the map

F: N(g,0,Re) — C([0,T],R")
0 y(~,g,9/),

is Lipschitz continuous, in the sense that there exists L(g,0, R) > 0 such that

ly( 9.6") = y(-,9,0)llc < L(g, 0, R)(IN" = Nllga + [[0” = w'llLs + 7" = '] + ||y = v}

R ),

for all 0" = (N, ', yp), 07 = (X', u”,r",y!) € N(g,0, R, €).

Proof. Let 0 = (M u,r,y,) € Glob(g) and R > |ju|lL~. In this proof, for the ease of notations, we
denote by M := M(g,0,R). Let us fix ¢ > 0 such that e(1 + M (2 + T))eMT < 1 and let us prove
that A (g,6, R,e) C Glob(g). To this aim let 8’ = (N, u/,r’,y.) € N(g,0, R,€) and introduce the sets

Iy :={t € I(g,0") N[0, '] | y(t, 9,0") — y(t,g,0)]
and Tp:={t € I(g,0") N[, T] | y(t, 9.6") — y(t, 9,0)[r > 1}.

grn > 1}

If 7, UZy = (), then the solution y(-, g,8’) is bounded over I(g, "), and thus 8’ € Glob(g) from the blow-up
theorem. Therefore, by contradiction, let us assume that Z; UZ, # (). In the sequel we only deal with the
case Iy # () (the case where Z, = (), and thus Z; # 0, is similar). From integral representations it holds
that

y(t,9,0") —y(t,9,0) = (y, — yr) + / 9(y(s,9,0"), N, u'(s),8) — g(y(s, 9,0), A, u(s), s)ds

r
’

- / " (s, 9,0), A u(s), ) ds,

for all t € I(g,0"). Now let ¢ := infZ, > ¢/. From continuity and definition of ¢2 we know that

3
ot
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lly(te,g,0") — y(ta, g,0)||gn > 1 and thus r’ < t5 since

’

/ " 9u(s,9,6), A uls), 5)lgn ds

ly(r',9,0") = y(r', 9, 0)lrn < lly; — yrllrr +

< lyp = yrllen + Mlr' —r| <e(14+ M) <1.

From definition of ¢ we deduce that ||y(t,g,6") — y(t,g,0)||rr < 1 for all ¢ € [/, ¢3]. Therefore, since
moreover ||\ — AM|ge < e <1 and ||u/||L~ < R, we deduce that (y(t,g,60"), N, u'(¢),t) € K(g,0,R) for

almost every t € [r/,t2]. Hence, from integral representations, we get that

ly(t,g,0") —y(t,g,0)|rn

t
< 1y = yrllen + M|r" —r| + M/ ly(s,9,6") = y(s, 9, 0)llen + X" = Alpe + [|u'(s) — u(s)[rm ds
t
< lyr = yrllrn + M|r" —r|+ M/ ly(s,9,6") = y(s, 9, 0)[len ds + MT|N = Allga + M]|u’ — w1,
for all ¢ € [r',t2]. From the Grénwall lemma we obtain that

ly(t, 9.0") = y(t, g,0)llzn < (ly; = yrllrn + Mr" —r| + MTIN = Nga + M|u’ = u[)e™”
<e(l+M@2+T1))eM <1,

for all t € [r', 5], which raises a contradiction at ¢t = t3. Thus we have proved that Z; U Z, = () which
gives 0’ € Glob(g) but also (y(t,g,0"),N,u'(t),t) € K(g,0, R) for almost every t € [0,7]. Hence the
proofs of the first two parts of Lemma 2.4.1 are complete. Now let us prove the last part. To this aim
let 0/ = (N o/ 7" yl), 07 = (V' u",v" y!) € N(g,0, R, e). From integral representations it holds that

t
y(t,g,0") —y(t,g,0") = (y) —y,.) + / 9(y(s,9,0"),\" u"(s),s) — g(y(s,g,0"), N, u'(s),s)ds

!t
1"

—/ 9(y(s,9,0"), N, u'(s),s) ds,

for all t € [0,T]. Using similar arguments than before (in particular using the Gronwall lemma), we get
that

ly(t. 9.0") = y(t,g.0")] re o+ MJr" =7 + MTN" = Nlga + MJu” — L),

R § (”yrn — yr/|

for all ¢ € [0, T], which concludes the proof of the last part of Lemma 2.4.1. O

In the next proposition we state a differentiability result for the trajectory y(-,g,6) with respect to
perturbations of the quadruplet 6 € Glob(g). As explained in the overview of the proof of Theorem 2.2.1
developed in Section 2.2.3, this proposition will be useful in the next Section 2.5 to construct perturbed
trajectories of the hybrid control system (2.1) which visit exactly (and in the same order) the same
regions than a given nominal trajectory.

Proposition 2.4.1. Consider the perturbation of a quadruplet 8 = (A u,r,y.) € Glob(g) given by
0(a) :== (M), @), 7 (), §r()) for all a € [0,1] where:



CHAPTER 2. HYBRID MAXIMUM PRINCIPLE WITH REGIONALLY SWITCHING PARAMETER

o \:[0,1] = R? satisfies \(0) = X and is differentiable at 0 with derivative denoted by X (0).
e cither @ : [0,1] — L*°([0,T],R™) is given by t(a) := u for all a € [0,1] (no perturbation of the
control), either @ : [0,1] — L°([0, T],R™) is the needle-like perturbation of u given by

v iftelr—a,r),

u(t) iftér—a,T), 2.7)

a(a)(t) == {

for almost every t € [0,T] and all o € [0, 1], where v € R™ and 7 € (0,T] is a Lebesgue point of the
map g(y(-, 9,0), A, u(-), ).

e cither ¥ : [0,1] — [0,T] is constantly equal to r (no perturbation of the initial time), either
7:[0,1] — [0,T] satisfies 7(0) = r and is differentiable at 0 with derivative denoted by 7 (0) (in that
second context, assume that r € [0,T) is a Lebesgue point of the map g(y(-, g,0), A, u(-),+) and, in
case of needle-like perturbation of the control, assume furthermore that r # ).

e §.:[0,1] — R™ satisfies §-(0) = y, and is differentiable at 0 with derivative denoted by §..(0).

Then:
(i) There exists 0 < @ < 1 such that 6(c) € Glob(g) for all o € [0,7)].
(ii) The perturbed trajectory y(-,g,0(a)) uniformly converges to y(-,g,0) over [0,T] when oo — 0.
(iii) The map
P: [0,a] — C(s,T],R™)

a = y('?ga 0(0&)),

with ¢ := T in case of needle-like perturbation of the control and ¢ := 0 otherwise, is differentiable at
0 and its derivative is equal to w5 + wg + W gy, where wy, wg and Wz, ) are the three variation
vectors respectively defined as the unique mazimal solutions (which are global) to the three linearized

Cauchy problems given by

{ w(t) = Vaeg(y(t,g,0), \,u(t), )w(t) + Vag(y(t, g,0), )\7u(t),t)/~\’(0)7 a.e. t € 10,7,

w(r) = Ogn,

{ W(t) = Vag(y(t,g,0), N\, u(t), )w(t), a.e. t €[0,T],
’LU(T) = g(y(Tvgv 0)7 )‘a v, T) - g(y(T7ga 0)7 >" ’LL(T), T)v

{ W(t) = Vag(y(t, g,0), A u(t), thw(t), a.e. t €[0,7],
w(T) = :l];,(O) - f/(O)g(y(T, g, 0)7 )‘7 U(T), T)'

(iv) If furthermore the three functions A, §r and 7 are assumed to be continuous over [0,1], then the

map (o, t) € [0,a] x [0,T] — y(t,g,0(a)) € R™ is continuous.

Proof. This proof is dedicated to the case of a needle-like perturbation of the control and of a perturbation
of the initial time (the other cases are similar and simpler). Let R > ||u||L~ + ||v||gm. As in the proof
of Lemma 2.4.1, we denote by M := M (g,0, R). Consider € > 0 provided in Lemma 2.4.1. It is clear
that 6(a) € N(g,0,R,e) for sufficiently small & > 0. As a consequence, from Lemma 2.4.1, there
exists 0 < @ < 1 such that (a) € Glob(g) for all o € [0,@] which concludes the proof of the first item.

The second and fourth items are trivial consequences of the Lipschitz continuity provided in Lemma 2.4.1.

EN|
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Now our aim is to prove the third item. To this aim let us introduce

y(tvga G(O‘)) — y(tag’ 9) _

X*(t) =

for all ¢t € [0,T] and all « € (0,@]. Our aim is to prove that x® uniformly converges to zero over [r,T]
when a — 0. To this aim we write x* = x{ + x§ + x§ where
30 — 5 (1) o BO =0 RO

X7 () = =———> —ws(t), x5(t): —w(t), x5(t):

— W) (E
o a o w(T,yr)( )7

for all ¢ € [0,7] and all « € (0, @], where we use the notations

Jot) =y(t,g,0(a)), ) =y(t.g,01(a)), F5(t) :=y(t,g,02()), y(t):=y(t.g,0),
and
01(a) == (N, @(a), 7 (), jr (@) € N(g,0,R,e) and () := (N, @(a),r,y,) € N(g,0, R, ¢),

for all t € [0,T] and all « € [0,@]. From Lemma 2.4.1, for almost every t € [0,7] and all « € [0, @], the

five elements

(), A u(t),t), (G (), Aa),u(@)(t),6), (F*(8), A u(@)(t),6), (@ (), al@)(t),t), (55 ), ala)(t),1),

belong to K(g,0, R), but also their convex combinations. Also note that §¢, g¢ and §§ uniformly converge
to y over [0,T] when o — 0 from the Lipschitz continuity provided in Lemma 2.4.1.

In what follows, as in the proof of Lemma 2.4.1, we will use integral representations and the Gronwall
lemma to prove that x¢, x§ and x§ uniformly converge to zero over [r,T| when a — 0. To reduce the

notation in integrands, we will use the notation p(-) := (y(-, g,0), A, u(+), ).

Step 1: Let us prove that x§ uniformly converges to zero over [0,7] when @ — 0. From integral

representations it holds that

) = i) + [ LN H0.0) =g DN _ (01
[ LA H.0) =9GN )05 )0,

for all t € [0,T] and all « € (0,@]. Using Taylor expansions with integral rest, we obtain that
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T /1 () B
@l < IOl + [ [ [Faa@ @406 - 2. a)e.s)], |22 - X0 anas
T (o)
T 1 ~ ) -,
[ [ [Pra 6.3+ 1) = 0. @) ). 9) = Taglota) |, X dnds

FQ (Ot)

[ 196+ 006 = 56D A, e | T ] anas

(e

x¢(s) R™

T 1
" / / IVag(g7(s) +n(g%(s) = 47°(5)), A, ul@) (), 8) = Vag(p(s))l[gnxn [|ws (s)[|le- dnds,
0 0

Fg (Ot)

for all t € [0,T] and all « € (0,@]. The Gréonwall lemma leads to

i @)

e < (X () 1z +T1(@) + Ta(a) + Ts(a) ) M7,

for all ¢ € [0,7] and all a € (0,a]. From the differentiability of A(-) at 0, the boundedness of ||Vg||gnxn
and ||Vag|lgnxa over K(g,6, R), the uniform convergences of §* and g to y over [0, 7] when o@ — 0 and
from the dominated convergence theorem, we prove that I'1 («), Ta(a) and I's(«) converge to zero when
a — 0. It remains to prove that ||x§(r)
it holds that

rn converges to zero when o« — 0. From integral representations

o= [ C g (), M), @) (s), ) — g(§(5). A i) (s), 8) s,

for all « € (0,@], and, using similar arguments than before, we obtain that

[ 15 = 326 e + Af) — Al ds

(@)

M
«
n < h—
I () e < =

7(a)—r

«

<M (15% = 2 llc + (@) = Allga),

for all a € (0, @], which concludes the proof of Step 1 from the differentiability of 7#(-) and the continuity
of A(-) at 0 and from the uniform convergences of §* and 7§ to y over [0,T] when o — 0. The proof of

Step 1 is complete.

Step 2: Let us prove that x$ uniformly converges to zero over [7,T] when o — 0. From integral

representations it holds that

Y2 (t) = & (7) +/ 9(75(8), A, u(s), s) — g(y(s), A, u(s), s)

- e}
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for all t € [7,T] and all « € (0,@]. Using a Taylor expansion with integral rest, we obtain that

e <X (7)|rn

X3 (®)]

1200060 4 005 ) = D) A u(6) ) e ) =) o) dns

«

XS‘ (5) Rn

T 1
+/ ; IVag(y(s) + (55 (s) = y(5)), A uls), s) = Vag(p(s))lgnxn lwals)lgn dnds,

a(a)
for all ¢ € [7,T] and all @ € (0,@]. The Gronwall lemma leads to
X3 @) ller < (X3 (7)llre + Talr) e,

for all t € [r,T] and all « € (0,@]. From the uniform convergence of §$ to y over [0, 7] when o — 0 and

from the dominated convergence theorem, we prove that I'y(«) converges to zero when o« — 0. It remains

to prove that || x5 (7)|lg» converges to zero when o — 0. From integral representations it holds that

a(r) = /:_a g(y%(S)a&vvs)a— 9(y(s), A v, s) oo /:_a 9(y(5), A, v, 5) —j(y(é‘% A u5):8) s wa(r).
for all @ € (0,@]. From the uniform convergence of §§ to y over [0,7] when o — 0, one can easily
prove that the first term tends to Ogn when a — 0. Finally, since 7 is a Lebesgue point of the map
9(y(), A, u(-),-) and from the value of wgz(7), the second term tends to Og» when o — 0. The proof of
Step 2 is complete.

Step 3: Let us prove that x3 uniformly converges to zero over [0,7] when a — 0. From integral

representations it holds that

a(r) + / g(@f(s), )\,ﬂ(a)(s), S) - g(ﬂ%(s), )‘7'&(0‘)(3), S) _ ng(p(s))w(;,y;)(s) dS,

«
t =
X5 (t) = X5 o

for all ¢ € [0,T] and all « € (0,@]. Using a Taylor expansion with integral rest, we obtain that

x5 Ollrn < lIx5 (7) |z

yi'(s) — y5 (s)

| [ 19a0t355) 4 003 (9 = 356D A i) ). e | T s 5| s

X3 (s) R™

T 1
+ / / 1920955 (5) + n2 () — 55 (5))s M 8@)(5), 8) — Vg (0(5)) g T ()l dyds,
0 0

Ts(a)
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for all ¢t € [0,7] and all @ € (0,@]. The Gronwall lemma leads to

X5 ()l < (x5 ()l + Ts(a)) ™™,

forall t € [0,7] and all @ € (0,@]. From the uniform convergences of ¢ and g to y over [0,7] when o — 0
and from the dominated convergence theorem, we prove that I's(«) converges to zero when oo — 0. It
remains to prove that ||x§(r)||gn converges to zero when o — 0. From integral representations it holds
that

) = (T ) + (f’<o>g<y<r>, A+ 5 [ gl ). i0)(5).5) ds> ,

a ()

for all a € (0,@]. From differentiability of g,(-) at 0, the first term converges to Og» when o — 0.

Since r # 7 and from the continuity of 7(-) at 0, we know that the second term can be rewritten as

. 1 (" 1 (" P
F O A+ [ gl h s s T [ glale), 0 uts),5) oG (9, X(@), (), 9) s,
for sufficiently small « > 0. Since r is a Lebesgue point of the map g(y(-, g,0), A, u(-),-) and from the
differentiability of 7(-) at 0, the sum of the two first terms in the above equation converges to Ogn
when o — 0. Finally the norm of the last term in the above equation can be bounded by
(a)—r

<M (ly = 32 llc + A = A(e) [ma),

L atus) A o). ) = 9038 61, A ), o) e i
#a)

(0% (a

which tends to zero when a — 0, thanks to the differentiability of 7#(-) at 0, to the continuity of A(a) at 0
and from the uniform convergence of §{ to y over [0,T] when o — 0. The proof of Step 3 is complete.

This completes the proof of Proposition 2.4.1. O

2.5 Preliminaries: sensitivity analysis in the hybrid context

As explained in the overview of the proof of Theorem 2.2.1 developed in Section 2.2.3, a sensitivity analysis
of the hybrid control system (2.1) has to be performed to construct perturbed trajectories which visit
exactly (and in the same order) the same regions than a given nominal trajectory. This is exactly the
content of the present section. To this aim we will use the results stated in the previous Section 2.4,
but we will also invoke at several occasions the following conic implicit function theorem to prove the
existence of perturbed crossing times (see Section 2.2.3 for details).

Lemma 2.5.1 (A conic implicit function theorem). Let @ > 0, t¢ € (0,T) and § > 0. Consider a
continuous map

G: [0,al x[tc=6t°+d — R
(a,t) = G(a1),

satisfying G(0,t°) = 0, such that V,G(0,t°) exists and such that VG exists and is continuous over
[0,a] x [t¢ — §,t¢ + 8] with V;G(0,t¢) # 0. Then there exist 0 < 8 < @ and an implicit function t €
C([0, 8], [t¢ — 8, + 6]), satisfying t(0) = t¢ and G(a,t(a)) = 0 for all a € [0, 3], that is differentiable at 0

with derivative t'(0) = —%.
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Proof. Consider the extension Gy : [—@, @] x [t° — §,t¢ 4+ §] — R defined by

G(a,t) if ae€l0,al,

Y(a,t) € [—a,a x [t° — 6,1+ 6], Go(a,t) :== { 20(0,1) — G(—at) if o€ [-a,0].

From the assumptions of Lemma 2.5.1, one can easily derive that Gy(0,t°) = 0, V4Go(0,°) exists and
V.G exists and is continuous over [—@, @] X [t€ — , t¢ + d] with VG (0, t¢) # 0. Using a classical version of
the implicit function theorem (see [89, Theorem 9.3] and [75, Theorem E]), there exist 0 < 8 < @ and an
implicit function £ € C([—8, B], [t° — 6, ¢ + §]), satisfying £(0) = ¢ and Gy(a, t(a)) = 0 for all a € [-33, 3],

differentiable at 0 with derivative #'(0) = —%. To conclude the proof, one has just to consider
the restriction of the function ¢ to the interval [0, 8] and to use the facts that V,Go(0,t°) = V,G(0,t°)
and V:Gy(0,t%) = V:G(0,t°). O

2.5.1 A regular solution to (2.1) and auxiliary non-hybrid trajectories

Throughout Section 2.5 we fix (z,\,u) € AC([0,T],R") x PC([0,T],R?) x L=°([0,T],R™) being a reg-
ular solution to (2.1) and we will use the notations introduced in Definitions 2.2.1 and 2.2.2. For all
k € {1,..., N}, we introduce, following the notations from Section 2.4, the auxiliary non-hybrid trajec-
tory Zx := y(-, fx,Ok) associated with the quadruplet 8, = (A, @k, t5_,, z(t5_,)), where the auziliary
control uy € L*([0,T],R™) is defined by

ut(t5 ), for a.e. t € (t§,t5_,),
ap(t) == wul(t), for a.e. t € (t_4,1%),
u (t5), for a.e. t € (tf,t%)-

We refer to Figure 2.6 in Section 2.2.3. Note that Z; = x over [tf_,,tf] for all & € {1,...,N} (see
Figure 2.7 in Section 2.2.3). As a consequence, from Cauchy-Lipschitz theorem and up to reducing § > 0
provided in Definition 2.2.2, we will consider in the sequel that [t]_, — 0,7 + 6] N [0,T] C I(fx,6) for
all k € {1,..., N}. Furthermore, up to reducing § > 0 again, we will consider that Zj(t) € Bgn (z(t$_,), )
for all t € [ti_, —6,t¢_, + 6] and all k € {2,...,N}, and that Z(t) € Brn(z(t7), %) for all ¢ €
[ty — 6,t5 + 6] and all k € {1,...,N — 1},

Furthermore, from (A1) and for any k € {1,..., N—1}, note that @y, is continuous over [t§ —4, T] and thus 2
is of class C! over [t —6, t¢+6] with 24 (t) = fi(Zk(t), Ak, 4k (1), t) for all t € [t{—6,t¢+6]. In particular ¢ is
a Lebesgue point of the map fi(Zx(-), Ak, @i (+), -) and it holds that 24 (¢f) = (f&x)~ (¢7). Similarly, from (A1)
and for any k € {1,..., N — 1}, note that @ is continuous over [0,t{ + &] and thus Zj41 is of class C!
over [t§ — 0,15 + 0] with Zx1+1(¢) = frr1 (Zet1 (), Aot1, Uy (2), t) for all ¢ € [t — 6, ¢S + 6]. In particular ¢
is a Lebesgue point of the map fi+1(Zk+1(+), Ae+1, Ur+1(+),-) and it holds that Zx41(t) = (fet+1) ™ (£5)-

2.5.2 Convex perturbation of the regionally switching parameter

Consider the framework of Section 2.5.1. This entire Section 2.5.2 is dedicated to the proof of the next
proposition which states a differentiability result at time ¢ = T for the trajectory x with respect to a
convex perturbation of the regionally switching parameter A.

Proposition 2.5.1. Consider the framework of Section 2.5.1. Let k € {1,...,N} and let A\, € R%. Then

there exists 0 < @ < 1 such that, for oall a € (0,@], there exists a perturbed solution (z®, \*,u®) €
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AC([0,T],R™) x PC([0, T],R?) x L>([0,T],R™) to (2.1) such that:
(i) The corresponding perturbed partition of [0,T], denoted by {fq(a)}q=07,__,N(a), satisfies N(a) = N,
with tq(a) = t& for all g € {1,...,k — 1}, and t,(a) tends to t; when a — 0 for all g € {k,...,N —1}.

(ii) The perturbed trajectory x® follows the same regions than x, that is, x® satisfies
x*(t) € Ey(t) for allt € (t,-1(a),t4()) and all ¢ € {1,..., N},

with £*(0) = Tiniy € E1(0) and 2*(T) € Enx(T). Moreover z® uniformly converges to x over [0,T]
when o — 0.

(iii) The perturbed regionally switching parameter \* is given by the convex perturbation

A () = { M +a(dp —Ap) forae te (Ek_ll(a)7§k(a))7

Ag for a.e. t € (,—1(a),t4()) and all g € {1,..., N}\{k}.

(iv) The perturbed control u® is given by

u®(t) = iy (t) for a.e. t € (t;—1(a),t4()) and all g € {1,...,N},

where G, stands for the auziliary control defined in Section 2.5.1 for all ¢ € {1,...,N}.
(v) The limit
i (T) —z(T)

a—0 «

= w(T),

holds true, where

w(t) = wy(t)  forallt € tq_y,t7) and all g € {k,...,N — 1},
wy(t)  forallt e [t5_1,t%],

where wy, is the variation vector defined as the unique mazximal solution (which is global) to the

linearized Cauchy problem given by

W(t) = Vo fe(Zr(t), Ak, @ (£), )w(t) + Vafi(Zr (), M, @ (), 1) M — Ak,
de. t €[t — 8,5+ N[0,T],

w(tz—l) = Ogn,

and wq is the variation vector defined by induction as the unique mazimal solution (which is global)

to the linearized Cauchy problem given by

W(t) = Vi fq(Z4(t), Mgy Ug(t), t)w(t), a.e. t e[ty — 06,15 +6]N[0,T],
w(tg_q) = wg-1(tg_1) + &1,

forallge {k+1,..,N}, where {, € R™ stands for the jump vector defined by

<Vqu(x(tg), t;), wq(t;»R"
(VaFy(x(ty), tg), (fo)~ (tg))mn + VeFy(x(ty), tg)

§q 1= ((far1) T () — (fo) ™ (),

forallq e {k,...,N — 1}.
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(vi) The limit )
)t (V. Py (1), 1), wyft5))se
a=0 (VaFy(x(ts), 1), (fo) = (t5))mn + VeFg(2(t]),t5)
holds true for all g € {k,...,N —1}.

Remark 2.5.1. Consider the framework of Proposition 2.5.1. It is worth noticing that the variation

vector w, defined in Item (v), satisfies the discontinuity jump

e (V. Fy(a(05),5), 0™ (1) e
() = (00 = &0 = G Tt ). () (85 + ViFytalig gy o) () = a7 (),

r7q/)

at each crossing time tj for ¢ € {k,..., N —1}.

Construction of perturbed auxiliary non-hybrid trajectories

Lemma 2.5.2 (Construction of perturbed auxiliary non-hybrid trajectories). Consider the frameworks
of Section 2.5.1 and Proposition 2.5.1. Let k € {1,..., N} and let X\, € R%. Then there erists 0 < @ < 1
and, for all ¢ € {k,...,N — 1}, there exists a function t, € C([0,al, [tg — d,t; + d]) differentiable at O
with t4(0) =t and

- (
AL N W X

Vo Fy(2(tg), t), we () rn
) tg), (fa) = (8§))mn + ViFy(2(tg), 5)’

such that the perturbed auziliary non-hybrid trajectories zg' := y(-, fq, g) associated with the perturbed

quadruplets 0y defined by the induction

o ()\k + agxk — )\k),ﬂk,fz_l,x(ti_l)) if ¢q=k,
! (AZDﬂQatq—l(a)vgg—l(tq—l(a))) Zf qc {k+laaN}a

for alla € [0,a] and all q € {k,..., N}, satisfy:
o forall q € {k,...,N}, it holds that [t;_y — d,t; + 6] N[0, T] C I(fy,05) for all a € [0,@], that Zg

uniformly converges to Z; over [t _y —6,tg + ] N[0, T] when o — 0, and

Lo Zal5) = 2 (1)

a—0 «

= wq(tg)-

o forall g€ {k,...,N —1}, it holds that Z{(t) € Brn(x(t3),v) for all (o, t) € [0,@] X [t — 6,1 + 6],
that Fg(Z8(tq(cx )) tq()) = 0 for all a € [0,a], and that the map « € [0,a] — 25 (t4(a)) € R™ is
continuous over [0,@] and differentiable at O with

2 (tg(a)) — Z4(t3) ey 47 — (s
lim 7 - = wq(tq> +t:1(0)(fq> (tq)

a—0 «

Proof. Let us fix k € {1,..., N} and A\, € R%. The case k = N follows directly from Proposition 2.4.1. In
the sequel we deal with the case k € {1,..., N — 1} and we will proceed by induction over ¢ € {k,..., N}.
Note that we will construct 0 < @ < 1 in the base case and that it will be reduced a finite number of

times at each step of the induction.

Base case ¢ = k. We deduce from Proposition 2.4.1 that there exists 0 < @ < 1 such that [ti_l — 0,1 +
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0N [0, 7] C I(fx,0f) for all a € [0,@], that 2y uniformly converges to Z; over [tf_, —,t + 6] N[0, T
when o — 0 (as illustrated in Figure 2.9(a) in Section 2.2.3), and that the map

(o, t) € 0,0 x ([th_1 — 0,15 + 0] N[0,T]) — Zi(t) € R", (2.8)
is continuous. Since moreover Zj(t) € Brn (2(t7), %) for all ¢ € [t — 6,t§ + 6], up to reducing @ > 0, we
have Z(t) € Brn (2(t$),v) for all (a,t) € [0,a] x [t{ — 6,5 + §]. We are now in a position to define the
map

Gr: [0, x[t; -6t +6 — R
(a,t) = Fu((),1),

where Fj, : Brn (2(t$),v) x [t§ — 6,15 + 0] — R is the C! function provided in Definition 2.2.2.

Let us check that G}, satisfies all the assumptions of the conic implicit function theorem (Lemma 2.5.1).
First, Gy, is continuous from the continuity of the map (2.8) and Gy (0,t5) = Fj(x(t5),t5) = 0. Second,
for any o € [0,@], since @y, is continuous over [tf, — 6, t} + d] (see Figure 2.6 in Section 2.2.3), we know
that z¢ is of class C! over [t{ — §,¢§ + d]. This implies that VG (a, t) exists with

ViGr(a,t) = (Vo Fi(Z2 (1), 1), fr(ZR (8), Ao + Ak — An), U (t), 1)) re + VeFR(Z5 (1), 1),

for all (a,t) € [0,@] x [t§ — §,t; + 6]. Furthermore, from the continuity of the map (2.8), one can see
that V,Gy, is continuous over [0,@] X [t§ — 0,5 + 0] and, from (A3), it holds that

ViG(0,t) = (Vo Fr(@(t5), th), (i) (t0)re + VeFi(x(t7), ;) # 0.
Finally, from the third item of Proposition 2.4.1, we get that

Zi (1) — 2 (tg)

_ c
a0 a = Wg (tk ) )

which implies that V,Gg(0,t5) exists with VoG (0,t%) = (Vo Fi(x(t5),t5), wi () ) rn-

We deduce from the conic implicit function theorem (Lemma 2.5.1) that, up to reducing @ > 0 (pre-
cisely, by taking @ = f), there exists a function ¢, € C([0,a], [t§ — &,t{ + d]), such that #(0) = ¢
and Fy(Z2(tr(a)), tr(a)) = 0 for all a € [0, @] (see Figure 2.9(a) in Section 2.2.3), that is differentiable at

0 with o ‘
(Vo Fio (2 (t7), 1), wie (7))

<Vka(:Z?(ti), ti)v (fk)_(tz»R" + VtFk(x(tZ)v tZ) .

From the continuities of the function #; and of the map (2.8), we deduce that the map a € [0,a]

4(0) = -

Z2(tg(a)) € R™ is continuous over [0,@]. It remains to prove that

lim Z(te(@) — Ze(t5)
a—0 167

= wi,(t7) + 1 (0) (1)~ (7).

To this aim, using integral representations, one can write
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= =+ =

Zp(te(@) = 2(t5) _ Zp(tg) — Zk(t) | tu(a) =t 1 fe(e) _
k o k k\"k - k - ktk(a)tz/ fk(zk(S),/\k,uk(s)’s) ds

th
1 fk(oz) B _ B B B

+ E/ fk(Z;:(S), >\k + O[()\k - )\k)a Uk(s), 8) - fk(zk(s)v )\kvuk(s)a S) dS,

th

for all & € (0,@]. We already proved that the first term tends to wy(t7) when o — 0. Since ¢} is a
Lebesgue point of the map fi(Zx(-), Ak, @x(+), -) and since £}, is differentiable at 0, the second term tends
to ,(0)(fx)~ (t$), finally the third term tends to zero when av — 0, since Z uniformly converges to Zj
over [t{ — 6,5 + 6], fx is of class C! and t), is differentiable at 0. Hence the proof for the base case is

complete.

Inductive step. Let ¢ € {k + 1,...,N} and assume that the induction hypothesis holds true for
all £ € {k,...,q—1}. The case ¢ = N follows directly from Proposition 2.4.1 and from the induc-
tion hypothesis (in particular from the differentiabilities at 0 of the function #5_; and of the map a €
[0,@] = 2%, (Exn—1(a)) € R™). Therefore, in the sequel, we deal with the case ¢ € {k+1,..., N —1} and
we will proceed similarly to the base case. Therefore some details will be omitted.

Thanks to the induction hypothesis ensuring the continuities of the function t~q,1 and of the map « €
c

(t4—1(c)), we deduce from Proposition 2.4.1 that, up to reducing @, it holds that o1 —
—0,t5 + 6] when o — 0

[0,a] — Zg 4
d,tg + 0] C I(fy,07) for all o € [0, @], that Z' uniformly converges to Z, over [t

qg—1
(see Figure 2.10 in Section 2.2.3 where ¢ = k + 1), and that the map
(o, t) € 0,@] x [tg_q — 0,t5 + 0] = Z5(t) € R", (2.9)

is continuous. Similarly to the base case, up to reducing @ > 0, we get that Z0(t) € Bgn (2(t5),v) for

all (a,t) € [0,@] x [tg — d,t; + 0] and thus we are in a position to define the map

Gy: [0,a] x [t5—5,tc+06] — R
(o,t) = Fy(25(t), ).

Similarly to the base case, G, is continuous, G,(0,t;) = Fy(x(t;),t;) = 0 and V,Gy(a,t) exists and is

continuous over [0, @] x [ty — d,t; + 0] and
ViG(0,85) = (Vo Fy(x(t5), 1), (fo) ™ (tg))rn + ViFy(2(t), tg) # 0.

Finally, from the third item of Proposition 2.4.1 and from the induction hypothesis (in particular from the

differentiabilities at 0 of the function #,_; and of the map a € [0,@] — 22, ({,—1(a)) € R™), we get that

q—1

) — 5 ()

_ c
a0 a - w‘l(tq)7

which implies that V,Gy(0,t5) exists with VoGy(0,t5) = (Vo Fy(2(t5),t5), wq(tg))rn- )
From the conic implicit function theorem (Lemma 2.5.1), up to reducing @ > 0, there exists a function ¢, €
C([0,al, [tg — 6,t¢ + 4]), such that £4(0) = t¢ and Fy(z5(f4(a)),te(e)) = 0 for all a € [0,a], that is
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differentiable at 0 with

<Vqu($(tZ)a t;)v wq(tZ»R"

4O = R i) ), ) e T Vi Fa i), )

q

From the continuities of the function #, and of the map (2.9), we deduce that the map « € [0,a] —

(03

Z (t4(a)) € R™ is continuous over [0,@]. Similarly to the base case, one can easily prove that
29 (Fg(a)) — Z(t5) oy, 7 e
T~ = g (1) + 1 (0)(fo) (),
which completes the proof for the inductive step. O

Admissibility of the perturbed auxiliary non-hybrid trajectories

Lemma 2.5.3. Consider the framework of Lemma 2.5.2. Then, up to reducing @, the following properties
are satisfied:
1. There exists sj,_, € (t5_q,t5_; + 6] such that Z;}(t) € Ex(t) for all (o, t) € [0,@] x (t§_q,5)_,) (and
for all (o, t) € [0,@] x [t§,sp,_4] if k=1).
2. For all q € {k,..,N — 1}, there exists s, € [tg — 6,t7) such that Z3(t) € E,(t) for all (a,t) €
[075] X [847£q(a))'
3. For all g € {k,...,N — 1}, there exists sf] S (tf],tg + 0] such that Z;"H(t) € Ey1(t) for all (a,t) €
[0,3] x (t4(a), sq].
4. There exists sy € [t& — 0,t%) such that 2% (t) € En(t) for all (a,t) € [0,@)] X [sn,t%]-
Proof. This proof does not require induction. We will prove each item separately. Note that we will

reduce @ in each item.

Proof of the fourth item. Recall that Zy = = over [t$,_,,t%] and that z(t) € En(t) for all ¢ € [t — 0, t5%].
From (C1) and since 2% converges uniformly to Zy over [t%,_; — 0,t%] N[0, 7] when @ — 0, one can easily

conclude the proof of the fourth item by reducing @ > 0 and by taking sy = t$ — 9.

Proof of the first item. If k = 1, then the proof is similar to the above fourth item. Therefore let us
deal with the case k € {2,...,N}. Recall that Z(t) € Brn(x(t{_,),%) for all t € [t7_; — &,t5_, + 4]
Since Z7 uniformly converges to Z over [tf_, — §,t% 4+ 6] N [0,7] when a — 0, up to reducing @ > 0,
we get that Z2(t) € Bgn(z(t{_,),v), and therefore ¢ (t) € Ei(t) if and only if Fy_1(22(t),t) > 0, for
all (a,t) € [0,a] x [t§_, —d,t;_, + d]. By contradiction let us assume that

Vsio1 € (th1. iy +6], YO<B <@, Jael0,8], 3te (tpy,shal Fe-1(Z (1)) 0. (2.10)

Let sj,_, € (t5._,,t%_,+06]) and 0 < 8 < @ and consider (a, t) given in (2.10). Since Fj_1 (27 (t5_4),t5_ ) =
Fr_1(z(t_4),t5_,) = 0, we obtain that

Fioa (20 (1)) = Fr1 (3 (1), 1) <0

Since Zj is of class C! over [tz_l -0, + 4], note that the above inequality can be rewritten as

k—1

1 K 1 !
76/ Up_1(s) ds < - / Up_1(s) — ¥F_(s) ds, (2.11)
t—1t5 t t

e, T k-1
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where
Uy_1(8) = (VaFr—1(2k(5), 8), fk(Zk(8), Ak, Uk(s), 8))rn + ViFi—1(Zk(s), 5),

and
ho1(5) = (Ve Fio1(ZR(5), ), fr(ZR(8), Ak + (A = M), 1k (5), 8)) e + ViFi—1 (25 (s), 5),

for all s € [t2—1 — 0,15 4 + d]. Since 1y, is continuous at tf,_,, note that ¢;_, is a Lebesgue point of Wj_;.
Therefore, when making tend sj,_; — t§_, and § — 0, we make tend o — 0 and ¢ — ¢{_, and thus the
left term of (2.11) tends to

(VeFr_1(z(ti_q), th_1), (fe) T (e 1) re + VieFr 1 (x(tf_q), t5 1)

It remains to prove that the right term of (2.11) converges to zero when o« — 0 and ¢ — ¢§. To this
aim recall that Z{(t) € Brn (z(t§_,),v) for all (a,t) € [0,a] x [t_; — 6,25, + 6] and that V,Fj_; and
V¢ F}—1 are uniformly continuous over the compact set Brn (z(tf_,),v) X [ti_; — 6,15 _, + 6] (since Fy_1
is of class C'). Therefore, since Z{ uniformly converges to Zj over [tf_, — §,¢f_; + ] when a — 0, one
can easily prove that the right term of (2.11) tends to zero when o« — 0 and ¢ — ¢5.

Hence we have obtained that
(Vo P (2(ti1) i), (fe) (o ))rr + VieFaoa (2(th 1), th 1) <0,
which raises a contradiction with (A3). Therefore we have proved the negation of (2.10) which is given by
Jsh_q € (th_q,th_1 +9], F0<p<a, Vaecl0,p], Vte(ti_1,s5_1], Fu-1(Za(t),t) >0,

which concludes the proof of the first item by reducing @ > 0 to 5.

Proof of the second item. Let q € {k,..., N — 1} be fixed. This proof is similar to the above one, with an
additional difficulty due to the presence of the implicit function #,. Recall that Z2(t) € Brn (2(t),v), and
therefore Z'(t) € E,(t) if and only if F,(Z5(¢),t) < 0, for all (a,t) € [0,a] x [t; — 0,1 +:5] Also recall
that #,(«) tends to te when o — 0. T}ierefore, for any s, € [tg — d,t), there exists 0 < 3(s,) < @ such
that s, < tq(a) <t + 0 for all o € [0, B(sq)]. By contradiction let us assume that

Vsq € [t; - 57 t;)v V0 < ﬁ < B(Sq), Jo € [O’ﬁ]a dt e [sq,fq(a)), Fq<2a(t)at) > 0. (212)

Let s4 € [t¢ — 6,t5) and 0 < 3 < B(s,) and consider («,t) given in (2.12). Since Fq(ig‘(fq(a)),tq(a)) =0
(see Lemma 2.5.2), we obtain that

Since zj is of class C! over [tg —4,tg + 0], note that the above inequality can be rewritten as

1 tq(a) 1 iq(a) .
th(a)_t~/t Pals) ds < fq(a)_t/t Uy(s) = g(s) ds, (2.13)
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W, (s) = { (VaFy(2k(5),8), fr(Zr(5), Mgy U (8), 8))rn + Vi Fi(Zk(s),5), if ¢ =k,
! (VaFy(Z4(5),8), f4(Z4(8), Mg, Ug (), 8))rn + ViFy(Z4(8),s), ifqe{k+1,..,N -1},

PO (s) = { (VaFi(Z2(s), ), fe(Z(8), Ak + Ak = k), ik (5), 8))me + ViFR(32(5),8), if g =k,
! <vaq(23(s)78)7-](‘11(2((;(8)7)\47ﬁq(s)?s»R” +Vth(§(?(s)aS)a lfq€ {k+1aaN7 1}7

for all s € [t; — o, tg + d]. Since @4 is continuous at tg, note that tj is a Lebesgue point of W,. Therefore,
when making tend s, — t¢ and 8 — 0, we make tend a — 0, t,(a) — ¢ and ¢ — t7 and thus the left term
of (2.13) tends to

(Ve Fy(alt5), 1), (£, (e + VeFy((t5).15),

and, using similar arguments as in the proof of the first item, we obtain that the right term of (2.13)
tends to zero when o — 0, £4(r) — t and t — ¢¢.

Hence we have obtained that
<V1Fq(l‘(t2), tg)ﬂ (fq)_(tZ»R" + Vth(x(tZ), t;) <0,

which raises a contradiction with (A3). Therefore we have proved the negation of (2.12) which is given by

Jsg €[t —6,t5), F0<B<B(sg), Va€[0,8], VteE[sqlgle)), Fy(3(t),t)>0.

which concludes the proof of the second item by reducing @ > 0 to 5.
Proof of the third item. The proof is similar to the above one. O

Lemma 2.5.4 (Admissibility of the perturbed auxiliary non-hybrid trajectories). Consider the framework
of Lemma 2.5.2. Then, up to reducing a > 0, it holds that:
1. Z2(t) € Ex(t) for all (a,t) € [0,a] x (t§_,, k() (and for all (a,t) € [0,@] x [t§, tr(c)) if k= 1).
2. Z0(t) € Ey(t) for all (o, t) € [0,a] X (tg-1(a),tq(c)) and all g € {k+1,...,N —1}.
3. Z%(t) € Ex(t) for all (a,t) € [0,a] x (txy—1(a),t4]

Proof. This proof does not require induction. Let us prove the second item only. The other items can
be proved similarly (and note that @ > 0 is reduced in each item). Let ¢ € {k +1,...,N — 1}. From
Lemma 2.5.3, we know that:

o there exists s, € (t¢_,,t5_| + 6] such that Z&'(t) € E,(t) for all (o, t) € [0,0] x (fg—1(c), s,_4].

o there exists s, € [t% — 6,12) such that 22 (t) € Ey(t) for all (a,t) € [0,a] x [sq,14(a)).
Now recall that Z, = x over [tg_;, (] and that x(t) € Ey(t) for all t € (t;_;,t;) and thus for all ¢ € [s]_, s,].
From (C1) and since Z{' converges uniformly to Z, over [t7_; —
that, up to reducing @ > 0, one has z7 (t) € E,(t) for all (a,t) € [0,@] x [s]_1,54]. We finally deduce

that Z(t) € E,(t) for all (a,t) € [0,@] x (t4—1(c),t4(a)). The proof of the second item is complete. [

,tg + 0] when o — 0, one can easily see
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Proof of Proposition 2.5.1

Let us fix £ € {1,..., N} and \; € R? Consider the perturbed auxiliary non-hybrid trajectories
= y(+, fg,05) over [tg_; — 0,tg + ] N[0,T] for all ¢ € {k,...,N} and all o € (0,@] constructed
in Lemma 2.5.2, together with the corresponding implicit functions ¢, for all ¢ € {k,..., N — 1}. As

explained in Section 2.2.3, we define by concatenation

x(t) for all t € [t§,t5_4],
2 (t) = Z2(t)  for all t € [t{_,,tk()],
o zo(t)  forallt € [tg—1(a),tg(a)] and all g € {k+1,...,N — 1},
2(t)  forall t € [ty_1(),t%],
and
At) for a.e. t € (¢5,t5_1),
2 (t) = M +a(Ag —Ag)  forae. te (5, (),
TN for a.e. t € (f,_1(a),t4(a)) and all g € {k +1,..., N — 1},
AN for a.e. t € (tx_1(a),t%),
and
u(t) for a.e. t € (¢5,t5_1),
o (t) = a(t)  for ae. t € (t{_,,tk()),
o ig(t) for ae. t € (fg_1(a),fy(a)) and all g € {k+1,...,N — 1},

an(t) forae. t € (tn_1(),t%),

for all @ € (0,@]. From the construction and the results developed in Lemmas 2.5.2 and 2.5.4, one can easily
see that (z%, A%, u®) € AC([0, T],R") x PC([0,T],R%) x L>°(]0,T],R™) is a (perturbed) solution to (2.1),
admitting the f,() as crossing times, where we have introduced f4(c) := t¢ for all ¢ € {1,...,k — 1}
and all « € (0,@]. The first, third, fourth and sixth items of Proposition 2.5.1 also directly follow, as
well as the first assertion of the second item. The second assertion of the second item follows from the
uniform convergence of ZJ to Z, over [tg_; — 0,15 + ] N[0, 7] for all ¢ € {k,..., N} when o — 0, from
the convergence of £, (@) to tg for all ¢ € {k,...,N — 1} when a — 0, and from the equality z, = z

over [t¢_,,t¢] for all ¢ € {k,..., N}. Finally the fifth item follows from Lemma 2.5.2 since it holds that

ql’q

a(Ty — T s (¢ ) — (1S
a—0 o a—0 «

which concludes the proof of Proposition 2.5.1.

2.5.3 Needle-like perturbation of the control

Consider the framework of Section 2.5.1. This entire Section 2.5.3 is dedicated to the proof of the next
proposition which states a differentiability result at time ¢ = T for the trajectory x with respect to a
needle-like perturbation of the control u. Since the proofs of this section are very similar to the ones
of the previous Section 2.5.2, they are omitted.

Proposition 2.5.2. Consider the framework of Section 2.5.1. Let k € {1,...,N}, let v € R™ and let
T € (t§_4,t%) be a Lebesgue point of the map h(x(-), A(-),u(-),-). Then there exists 0 < @ < min{l,7—t{_,}
such that, for all a € (0, @), there exists a perturbed solution (2%, A%, u®) € AC([0,T],R™) x PC([0, T],R%) x
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L ([0, T),R™) to (2.1) such that:
(i) The corresponding perturbed partition of [0,T], denoted by {fq(a)}q=07,__,N(a), satisfies N(a) = N,
with tq(a) = t& for all g € {1,...,k — 1}, and t,(a) tends to t; when a — 0 for all g € {k,...,N —1}.

(ii) The perturbed trajectory x® follows the same regions than x, that is, x® satisfies
x*(t) € Ey(t) for allt € (t,-1(a),t4()) and all ¢ € {1,..., N},

with £*(0) = Tiniy € E1(0) and 2*(T) € Enx(T). Moreover z® uniformly converges to x over [0,T]
when o — 0.

(iii) The perturbed regionally switching parameter \* is given by
N (t) = N, for a.e. t € (t4_1(a),t,()) and all ¢ € {1,...,N}.
(iv) The perturbed control u® is given by

v forae. te€(r—a,T),
u®(t) =< ar(t) for ae. t € (t§_,,7—a)U(r,tr(a)),
Uq(t)  for a.e. t € (ty—1(a),ty(a)) and all g € {1,..., N}\{k},
where U4 stands for the auziliary control defined in Section 2.5.1 for all ¢ € {1,...,N}.
(v) The limit
(}}gb xo‘(T)a— z(T)

- U)(T),

holds true, where

q—1>"q

) wq(t), forallt e [tS_,,tS) and allq € {k,..,N — 1},
w(t) =
wy(t), forallt e [t5_1,t%],

where wy, is the variation vector defined as the unique mazximal solution (which is global) to the

linearized Cauchy problem given by

{ W(t) = Vo fuGr(t), Aoy i (8), Dw(t), ace. t € [tS_, — 5,18 + 6] N[0, T),
w(T) = fk(gk(T)a Ak?”)T) - fk(gk(7)7)‘k)a/€(7—)’7-)a

and wq is the variation vector defined by induction as the unique mazimal solution (which is global)

to the linearized Cauchy problem given by

W(t) = Vi fq(Z4(t), Mgy Ug(t), t)w(t), a.e. t e[ty — 06,15 +6]N[0,T],
w(tg_q) = wg-1(tg_1) + &1,

forallge {k+1,..,N}, where {, € R™ stands for the jump vector defined by

<Vqu(x(tg), t;), wq(t;»R"
(VaFy(x(ty), tg), (fo)~ (tg))mn + VeFy(x(ty), tg)

§q 1= ((far1) T () — (fo) ™ (),

forallq e {k,...,N — 1}.
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(vi) The limit

i Tt Vo Fy(@(t5), £5), wy ()

(
a=0  a VaFy((tg),t5), (Fo)~ (t9))rn + Vel (a(ty), tg)’

holds true for all g € {k,...,N —1}.

Remark 2.5.2. Consider the framework of Proposition 2.5.2. It is worth noticing that the variation

vector w, defined in Item (v), satisfies the discontinuity jump

(Vo Fyla(ts), 1), w () ne
(Ve Fya(t5), 1), ()~ (15)r + Ve (w(5), 1)

wh(ty) —w™ (ty) =& = ((for) ™ (tg) = ()~ (29)),

at each crossing time tj for ¢ € {k,..., N —1}.

Construction of perturbed auxiliary non-hybrid trajectories

Lemma 2.5.5 (Construction of perturbed auxiliary non-hybrid trajectories). Consider the frameworks of
Section 2.5.1 and Proposition 2.5.2. Letk € {1,...,N}, letv € R™ and let T € (t§_,,15) be a Lebesque point
of the map h(x(-), A(-),u(:), ). Then there exists 0 <@ < min{l,7 —t{_,} and, for all ¢ € {k,..., N — 1},
there exists a function tq € C([0,a], [t; — 6,15 4 0]) differentiable at 0 with t4(0) = t& and

- - (
AL N W X

Vi Fy(2(tg), t5), wq(tg))re
)5te)s (fa) = (t5))rn + Ve Fy(2(t), t5)’

such that the perturbed auziliary non-hybrid trajectories zg' := y(-, fq, 6’?) associated with the perturbed

quadruplets 0y defined by the induction

po . ) Qe ai iy 2(ti_y)) if q=k,
E (Mg gy tg—1(), 28y (Bg-1(@)) if qe{k+1,...,N},

for all o€ [0,@] and all g € {k,..., N}, where @ is the needle-like perturbation of Uy (see Figure 2.8 in
Section 2.2.3) given by

ao(r) e d Y ifter—a,r),
k) {ﬁk(t) iftér—a,r),

for almost every t € [0,T), satisfy:
e for all q € {k,...,N}, it holds that [t;_, — d,t; + 6] N[0, T] C I(fy,07) for all a € [0,@], that Z3
uniformly converges to Z, over [tg_y —6,tg + ] N[0, T] when o — 0, and

L ElE) — (8

_ c
a—0 (% ~ Y (tq) '

that Fy(28(tq(a)),tq(a)) = 0 for all a € [0,a], and that the map a € [0,a] — Z¥(f4(a)) € R™ is
continuous over [0,@] and differentiable at 0 with
Zg(fq(a)) - Zq(tg)

lim = wy(tg) +5(0)(fq) ™ (t3).

a—0 o

Proof. The proof is very similar to the one of Lemma 2.5.2 and thus is omitted. The only difference is that,
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for the base case, one must note that we fix o € [0, 6] such that 7 < ¢f — o in order to have 4§ = 1y for
almost every t € [t — o, t[,+ o] where T € (tf_,,15) stands for a Lebesgue point of A(z(-), A(-), u(-),-). O

Admissibility of the perturbed auxiliary non-hybrid trajectories

Lemma 2.5.6. Consider the framework of Lemma 2.5.5. Then, up to reducing a > 0, the following
properties are satisfied:
1. There exists sj,_, € (t§_,,t5_, + 6] such that 2 (t) € Ex(t) for all (o, t) € [0,@] x (t§_4,8)_,) (and
for all (a,t) € [0,@] x [t§,s),_,] if k=1).
2. For all q € {k,..,N — 1}, there exists s, € [t; — 6,t5) such that Z3(t) € E,(t) for all (a,t) €
[0,@] x [s4,14(c)).
3. For all q € {k,..., N — 1}, there exists s, € (tg,tg + 9] such that Z | (t) € Eqq1(t) for all (a,t) €
0, x (Fy(a), 5]
4. There exists sy € [t& — 6,t%) such that 25 (t) € En(t) for all (a,t) € [0,@] X [sn,t%]-

Proof. The proof is very similar to the one of Lemma 2.5.3 and thus is omitted. O

Lemma 2.5.7 (Admissibility of the perturbed auxiliary non-hybrid trajectories). Consider the framework
of Lemma 2.5.5. Then, up to reducing & > 0, it holds that:
1. 22(t) € Ex(t) for all (a,t) € [0,@] x (t5_,,te(a)) (and for all (a,t) € [0,a] x [t§, tx()) if k = 1).
2. Z0(t) € Eq(t) for all (o, t) € [0,a] x (tg—1(a),tq(c)) and all g € {k+1,...,N — 1}.
3. Z%(t) € Ex(t) for all (a,t) € [0,@] x (txy_1(a),t%].

Proof. The proof is very similar to the one of Lemma 2.5.4 and thus is omitted. O

Proof of Proposition 2.5.2

Let us fix k € {1,...,N}, v € R™ and 7 € (t_,,t%) being a Lebesgue point of the map h(x(-), A(+), u(-), ).
Consider the perturbed auxiliary non-hybrid trajectories Zg' = y(-, fy, ) over [tg_; —d,t5 + 6] N[0, T] for
all g € {k,..., N} and all a € (0,@] constructed in Lemma 2.5.5, together with the corresponding implicit
functions ¢, for all ¢ € {k,..., N — 1}. As explained in Section 2.2.3, we define by concatenation

x(t) for all ¢t € [t§, t5_,],

(1) : z2(t)  forallt € [t5_ |, tk(c )]
z2(t)  forallt € [tg_1(),tq(a)] and all g € {k+1,...,N — 1},
2¢(t)  for all t € [ty_1(a),t&],

and

At) forae. t e (£§,t5_4),

() = Ak for a.e. t € (N (),
Ag for a.e. t € (f,-1(a),t4(a)) and all g € {k+1,..., N — 1},
Ay forae. t € (ty_1(),t%),
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and
u(t)  for a.e. t € (t§,t5_1),
v for a.e. t € (1 — o, 7),
u*(t) =< ai(t) forae. te€ (t{_ |, 7—a)U(r,tk(a)),
iq(t) for ae. t € (t4—1(),ty()) and all g € {k + 1,. -1},
an(t) for ae. t € (ty_1(a),t%),

for all & € (0,@]. The remaining details of the proof are omitted, since we use similar arguments

than the proof of Proposition 2.5.1.

2.6 Proof of Theorem 2.2.1

Let (z,\,u) € AC([0,T],R") x PC([0,T],R%) x L=°([0, T],R™) be a solution to (2.2), that is moreover a
regular solution to (2.1). In the sequel we will use the notations introduced in Definitions 2.2.1 and 2.2.2

and the results obtained in the previous Section 2.5.

Definition of an adjoint vector. We define an adjoint vector p € PACy([0,T],R"™) as

p1(t)  for all t € [t§,5),
p(t) == pp(t) forallte (t§_,,t5) and all k € {2,..., N — 1},
pr(t) forall ¢ € (#5151,

where py is defined as the unique maximal solution (which is global) to the linear Cauchy problem given by

{p<t>=—vfo< N AN an (1), 8)Tp(t),  ae. t € fth_, —6,T1N[0,T],
p(T) = —Vo(z(T)),

and pj is defined by backward induction as the unique maximal solution (which is global) to the

linear Cauchy problem given by

+

{ p(t) = =Vafu(Gr(t), A, @ (t),t) "p(t), ae. telti_y — 6t +0]N0,T],
p(tg) = Pk+1(ti) — Xk

for all k € {1,...,N — 1}, where x; € R™ stands for the jump vector defined by

B (Prea (t0)s ()T (8) = (f)~ (85) )z
(VaFr(@(t5), t7), (fo)~ (6))me + VeFr(2(£), £7)

Ve Fyo((ty), 1),

for all k € {1,..., N — 1}. With the above construction, observe that x; = p™(t{) — p~ (t{) corresponds
to the discontinuity jump of p at each crossing time t7. We refer to Remark 2.2.4 for details on the
choice of such an expression for the discontinuity jumps of p.

Recall that Z,(t) = «(t) for all t € [t,_,,t;] and all k € {1, ..., N}. Through concatenation of the above
linear Cauchy problems, one can easily see that the first item of Theorem 2.2.1 is fulfilled. Furthermore,

from the above Cauchy conditions, the second and third items of Theorem 2.2.1 also trivially follow.

The Hamiltonian maximization condition. Let us fix k € {1,...,N}, v € Uand 7 € (t{_,,t%) being

a Lebesgue point of h(z(-), A(+),u(-),-). Consider 0 < @ < min{l,7 —t{_,} given in Proposition 2.5.2.
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From the construction detailed in Proposition 2.5.2 and explained in details in Section 2.2.3, and since U
is assumed to be closed (which guarantees that the limits u™(¢§) and u™ (¢§) belongs to U), one can
easily see that the perturbed solution (z%, A%, u®) to (2.1) satisfies all the constraints of Problem (2.2)
for all @ € (0,@]. Thus, from optimality of the triplet (x, A\, u), we get that

for all & € (0,@] and, taking the limit « — 0, we get from Proposition 2.5.2 that (Vé(x(T)), w(T))g» > 0
which can be rewritten as (p(T),w(T))g~ < 0.
From the linear Cauchy problems satisfied by p and w over each open interval (t;fl, tg) forq e {k,...,N—1}
(and over (t%_4,t%] for ¢ = N), one can easily see that the scalar product (p(-),w(-))rn is constant
over each of these intervals.
Now let us prove that (p*(£), w (t5))rn = (p~ (t), w™ (t;))r» at each crossing time ¢, for g € {k,..., N —
1}. To this aim note that the definition of x4, has been selected to get that

(P (), (far) ' (7) — (fo)~ ())rn (P~ (tg), (far) T () — (fo)~ ())rn

<Vqu($(t8)7 té), (fq)_(tg»R" + Vth(x(tEL té) <Vqu(33(t§)7 tZ)v (fq+1)+(t§)>]R” + Vth(ﬂﬁ(%% tg),

by replacing p~(t5) in the above right-hand term by p~(t5) = p*(t;) — x4 In particular x, can
thus be rewritten as

= (p™(tg), (far)T(tg) — (fo)~ (t3))rn
A VaFy(w(t), 1), (fr)H (1)) e + ViFy(a(t), t6)

Vo Fy(a(ty), tg),

which leads to (p™ (t5), £g)rn +(Xg, W™ (£5))rn +(Xg, Eg)rn = 0. Therefore, from the equality (p* (t¢), w™ (t5))rn =
(p~(te) 4+ xgow™ (t5) + &g)rn, we get that (p*(tf]'),w*‘(tg)mn = (p~(t5), w™ (t5))rn-
Finally, by simple backward induction, we have obtained that (p(7),w(7))r» < 0. From the value of w(r)

given in Proposition 2.5.2; this inequality gives

H(Ze(7), Mg, v,05(7), 7) < H(Z1(7), Mg, n(7), 01 (7), 7),
which can be rewritten as

H{(a(r), M), 0, p(7),7) < H(z(7), \(7), u(7), p(7), T),
which concludes this paragraph.

The averaged Hamiltonian gradient condition. Let us fix k¥ € {1,..., N}. Consider some )\, € A
and 0 < @ < 1 given in Proposition 2.5.1. From the convexity of A and the construction detailed
in Proposition 2.5.1 and explained in details in Section 2.2.3, one can easily see that the perturbed
solution (z®, A%, u®) to (2.1) satisfies all the constraints of Problem (2.2) for all « € (0,@]. Thus, from
optimality of the triplet (z, A, u), we get that
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for all o € (0, @] and, taking the limit o — 0, we get from Proposition 2.5.1 that (V¢ (x(T)), w(T))rn > 0
which can be rewritten as (p(T),w(T))g» < 0.

Using similar arguments than in the previous paragraph, one can derive that (p~ (t7), w™ (t7))r» < 0. Now
recall that the classical Duhamel formula leads to p(s) = ®(t§,s) 'p~(t§) for all s € (t{_,,t$) and

w(ty) = /t ) (t5, 8)Vafr(Ze(8), Ay W (), 8) (A — Ax) ds,

c
k—1

where ® stands for the state transition matrix associated with the matrix function Vy f (25 (-), Ak, @x(+), ).

Therefore the inequality (p~(¢5), w™ (t))rn < 0 gives

ty _
< Vo fi(Zi(8), i, i (5), 8) " p(s) ds, A — >\k> <0,

i1 Rd

which can be rewritten as
5 B
[ VG M ul).p(6),5) ds T =) <o
th1 Rd

Since the above inequality is satisfied for any A, € A, this paragraph is complete, and so is the proof
of Theorem 2.2.1.

2.7 Application to optimal control problems with loss control
regions

This section is organized as follows. In Section 2.7.1, we introduce an optimal control problem with
loss control regions, along with terminology and assumptions. In Section 2.7.2, we discuss the notion
of regular solution to the corresponding control system and we state the main theoretical result of
this section (Theorem 2.7.1) which is a PMP with loss control regions. Its proof is based on Theorem

2.2.1 that was established previously.

2.7.1 Mayer optimal control problem with loss control regions

Throughout this section we consider a partition of R™ given by

R" = | Xj,

Jj€ET

where J is a (possibly infinite) family of indexes and the nonempty connected open subsets X; (called
regions) are disjoint. We assume that each region is either a control region, either a loss control region

(see General introduction 0 for details), and thus, for all j € J, we introduce

{ 1 if X; is a control region,
q; =

0 if X; is a loss control region.

Now we introduce the control system
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(x,u) € AC(]0,T],R™) x L°([0, T],R™),

@(t) = f(z(t),u(t)) ae. t €[0,T],
(2.14)
x(0) = Tinit,

u is constant in loss control regions,

where the initial condition @iy is fixed with zini; € X, for some j; € J, and the dynamics f : R® x R™ —
R™ is of class C'. As usual in the literature, z is called state (or trajectory) and u is called control.
We now give a precise definition of a solution to (2.14).
Definition 2.7.1. We say that a pair (z,u) € AC([0,T],R™) x L>=°([0, T],R™) is a solution to (2.14) if
the four following conditions are satisfied:
1. There exists a partition T = {t§}k=o,...n of [0,T], with N € N*, such that, for all k € {1,...,N},
there exists j(k) € J such that

Vt e (th_i,t5), x(t) € Xjm),

with j(k) # j(k—1) for allk € {2,...,N}. In the sequel, the times t, for k € {1,...,N — 1}, are
called crossing times and correspond to the instants at which the trajectory x goes from one region
to another (in particular xz(tj,) belongs to the interface 0X ;) N 0X(k41))-

2. It holds that x(0) € X1y and 2(T) € X;(n)-

3. The state equation &(t) = f(x(t),u(t)) is satisfied for almost every t € [0,T] and x(0) = Xinix (and
thus j(1) = j1).

4. For allk € {1,...,N} such that ;) = 0, the control u is constant over (tf,_,,t}) (the constant
value being denoted by uy in the sequel).

Our objective in the present work is to derive first-order necessary optimality conditions (in a PMP form)

for the Mayer optimal control problem with loss control regions given by
minimize  ¢(z(7T)),
subject to  (z,u) solution to (2.14), (2.15)
u(t) € U ae. t €[0,7],

where the Mayer cost function ¢ : R® — R is of class C! and the control constraint set U is a nonempty

closed convex subset of R™.

2.7.2 Regular solution and necessary optimality conditions

The main result of the paper [14] that we are presenting in this section is based on some regularity
assumptions. It concerns the transverse behavior of the optimal trajectory at the interfaces between
regions. The precise hypotheses are provided in the next definition and are standard (see, e.g., [19], [73]).
Definition 2.7.2. Consider a solution (x,u) to (2.14) and the notations introduced in Definition 2.7.1.
Set a := ming—1,. N [ty — tr—1| > 0. We say that (z,u) is regular if there exist § € (0,a) and v > 0
such that:

1. At each crossing time tf., the control u is continuous over [t§ — 6, t5) and over (5, t, + 9], and admits

left and right limits denoted by u™ (t5) and u™(t5).
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2. At each crossing time t$, there exists a C' function Fy, : Brn (z(t{),v) — R such that

yeXm & Fuly) <O,
y € 0Xjim N0Xjrny & Fily) =0,
€ Xjkv1y & Fi(y) >0,

for all y € Bgn (x(t5),v).
3. At each crossing time tf,, the transverse conditions depicted in Figure 2.18 and given by

(VE(z(t;)), ()~ (%)) > 0,

(VE(2(tg)), (f) " (£2)) > 0,

are fulfilled, where (f)*(t$) := f(z(t5), u®(t5)).

X Xjh+1)

Figure 2.13: Illustration of a regular trajectory (in blue) crossing transversally the interfaces between regions.

Let H : R®" x R™ x R” — R stand for the Hamiltonian function associated with the Mayer optimal
control problem (2.15) defined by

H(z,u,p) = (p, f(z,u)),

for all (z,u,p) € R™ x R™ x R™. Our main result is as follows.
Theorem 2.7.1. Let (z,u) be a solution to (2.15), which is moreover a regular solution to (2.14), and
consider the notations introduced in Definitions 2.7.1 and 2.7.2. Then there exists a piecewise absolutely
continuous costate p : [0,T] — R™, respecting the partition T = {t{}r=0,... .~ of [0,T], such that:

1. The adjoint equation p(t) = —V . f(x(t),u(t)) "p(t) is satisfied for almost every t € [0,T).

2. The final condition p(T) = =V ¢(x(T)) is satisfied.

3. At each crossing time tf,, the discontinuity condition
pH(tR) —p (t7) = BeVEi(x(ty)),

with

18 fulfilled.
4. For all k € {1,..., N} such that q;y = 1, the Hamiltonian mazimization condition
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u(t) € ar%errlljax H(z(t),v,p(t)),

is fulfilled for almost every t € (t_,,t%).
5. For all k € {1,..., N} such that q;u) = 0, the averaged Hamiltonian gradient condition

/t © VL H(x(s), uk, p(s)) ds € Ny (ug).

k—1

holds true, where Ny(uy) stands for the normal cone to U at u.
The proof of Theorem 2.7.1 is a direct application of the hybrid maximum principle developed in the
paper [13] and in Section 2.2 that takes into account a regionally switching parameter. Indeed, one has

just to see that the control system (2.14) can be rewritten as the hybrid control system given by
(xz,u) € AC([0,T],R™) x L*°([0, T],R™),
A:[0,T] — R™ is a regionally switching parameter associated with z,

2(t) = h(z(t), A(t),u(t)) a.e. t € [0,T],

z(0) = Tinit,

where the hybrid dynamics h : R” x R™ x R™ — R” is defined by
h(z, A\, u) == h;(z, A\ u) if z € X,

where
flz,u) i g =1,
flz,A) if ¢; =0,

for all (x,\,u) € R" xR™ xR™ and all j € J. Indeed, let us recall that a regionally switching parameter is

hj(z, A\, u) = {

a function that remains constant while the state position x stays inside a region, and can switch (that is, can
change its value) only when the state position x goes from one region to another. To keep this work concise,

we do not include the detailed proof of Theorem 2.7.1, but we refer to [13] and Section 2.2 for details.

2.7.3 Comments

e To summarize, Theorem 2.7.1 shows that, in each control region, the usual Hamiltonian maximization
condition holds true, whereas, in each loss control region, a so-called averaged Hamiltonian gradient
condition (in the spirit of the one obtained for optimal sampled-data control problems, see [34], [35],
[41]) holds true. It is worth mentioning that the latter is implicit in general since uy intervenes, not
only in both sides of the equation, but moreover in the values of  and p along the interval (¢} _,, 7).
Furthermore we do not know in advance the values of ¢;_; and t;. However, as we will see in Section 2.8,
the averaged Hamiltonian gradient condition can be useful to determine the optimal values of the
control in loss control regions.

e In Theorem 2.7.1, and as usual in the literature, the Hamiltonian system (£,p) = (V,H, —VH) is satis-

fied which implies (together with the other necessary optimality conditions) that the Hamiltonian function

t— H(x(t), u(t), p(t)),

99



CHAPTER 2. HYBRID MAXIMUM PRINCIPLE WITH REGIONALLY SWITCHING PARAMETER

is constant almost everywhere over [0, T]. Indeed, in a control region (with the Hamiltonian maximization
condition), one has just to use the standard argumentation (see [102]). In a loss control region, the
result is straightforward since the control is constant. Finally the discontinuity conditions ensure the
constancy at each crossing time t{ (see [73]).

e To benefit the most of Theorem 2.7.1 (and avoid unnecessary hypotheses), the partition of R” must
be written so that the number of regions involved is as small as possible. The idea is to avoid, for
example, trajectories that would go from a control region to another one (which would be redundant
from a model point of view).

e In Theorem 2.7.1, the discontinuity condition at each crossing time t§ is written backward in time.

Nonetheless, it can also be written forward in time by noting that

(P~ (#2), (N)"(#7) — ()~ ()

Br=— (VE(2(t7)), (H)T(t5)

e In Definition 2.7.2, note that the continuity and limit conditions on the control are superfluous in
loss control regions (since u is constant in such a region).

e Several extensions of Theorem 2.7.1 could be of interest and can be easily derived. For the following
possible extensions, we refer to [13] for details:

- Theorem 2.7.1 can be extended to a non-autonomous setting, as well on the dynamics as on the
partition of the state space.

- The convexity (resp. closedness) hypothesis on U can be removed by using a generalized version of
the normal cone (resp. by assuming that all the limits u™ (¢f) and u™ (£$) belong to U).

- One can consider a control constraint set U; in each region X;. This would allow to impose the
control value in loss control regions. For example, to deal with the case where no control input is
allowed in loss control regions, take U; = {Ogm } for all j € J such that ¢; = 0.

- One can consider a Bolza cost, involving a Lagrange cost associated with a hybrid Lagrangian
function adapted to the partition. This setting would allow to deal with time crisis problems for

which the constraint set K is a control region (or a loss control region).

2.8 Example

In this section, we highlight the use of Theorem 2.7.1 on a simple one-dimensional Mayer optimal control

problem with one loss control region. Here n = m = 1 and T = 8.

2.8.1 Presentation of the example
Consider the partition R = X; U X, U X3 with

X1 ={yeR|y< -1},
Xo={yeR|-1<y<3},
X3::{y€R|y>%}.

In what follows, we suppose that X; and X3 are control regions (that is g1 = g3 = 1) and X is a loss

control region (that is g = 0). Now consider the Mayer optimal control problem given by
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minimize  —x(8),
subject to  (z,u) € AC([0,8],R) x L>=([0, 8], R),
z(t) = u(t)z(t) + 1 a.e. t € ]0,8],
z(0) = =2,
u is constant in the loss control region X,

u(t) € 3,4 ae. t €10,8].

The situation is depicted in Figure 2.14 and the corresponding Hamiltonian is given by
H(z,u,p) := p(uz + 1),

for all (z,u,p) € R3.

Figure 2.14: Illustration of the framework of Section 2.8.

2.8.2 Synthesis of an optimal control

In this section, we assume that there exists a solution (x, ), that is regular, and we suppose that it admits

exactly two (unknown) crossing times 0 < t§ < ¢§ < 8 and satisfies the following structure:

te [07ti) = (m(t),u(t)) € X1 x [_%7 %]7
te (t5,t5) = (x(t),u(t)) € Xo x {ua},
te (5,8 = (z(t),ult)) € X5 x[-3, 3],

where uy € [—3, 1] is unknown and assumed to satisfy us # 0. Now let us denote by p : [0,8] — R the

costate provided by Theorem 2.7.1. We proceed to the analysis backward in time.

e Step 1: analysis in the region X3. The adjoint equation and final condition give

{ p(t) = —u(t)p(t) ae. t € [t5,8],
p(8) =1,

and the Hamiltonian maximization condition writes

u(t) € argmaxz(t)p(t)v a.e. t € (15, 8).

vel-%,3
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Since p(t) > 0 and z(t) > 0 over (t§,8], we get that u(t) = 1/2 for almost every t € (¢5,8) and thus,
since x(t?) = 1/2, we get that

p(t) =2 and z(t) = ge(t_tg)p -2,
for all t € (¢5,8].

o Step 2: analysis in the region Xo. From the discontinuity condition at ¢§ and the adjoint equa-

tion, the costate p satisfies

p(t) = —ugp(t) a.e. t € [t5,15],
p(t5) = et (52,

2uo+4
We get that
pt) = 2u§+4€4_(t;/2)€u2(t5_t), (2.16)
2(t) = gh((u+ 21 _ )
for all t € (¢§,t5). Since x(t§) = —1, one deduces that
g ((ug +2)e7%) —2) = 1
and the relation between t§ and t§ given by
1 ('5) + 2
t5=ti+ —In{ — | . 2.17
2 1+’LL2 n(2(1—U2)) ( )

o Step 3: analysis in the region X;. From the discontinuity condition at ¢{ and the adjoint equa-

tion, the costate p satisfies

{ p(t) = —u(t)p(t) a.e. t € [0,15],
- — 5(1—us) 4—(t5/2 2(t5—t9
P(5) = Gmrnieay e e,
and the Hamiltonian maximization condition writes

u(t) € argmax z(t)p(t)v a.e. t € (0,t]).

’UG[*%,%]

Since p(t) > 0 and z(t) < 0 over [0,t5], we deduce that u(t) = —3/2 for almost every ¢ € [0,¢$] and
thus, since z(0) = —2, we get that

plt) = Leveli—5/2)o3/2) ()
2(t) = 2 S/
for all ¢t € [0,t$).
o Step 4: global analysis. From x(t{) = —1, one can easily obtain that ¢§ = 2 In(2). Furthermore, we can

now determine the value us € [—%, %] thanks to the averaged Hamiltonian gradient condition which writes

~—

(s ::/th(s)p(s) ds € Np_g 3 (uz). (2.18)

i
Using (2.16) and (2.17), we find that:
o if up =1/2, then N_s 1)(uz) = Ry and 7(uz) ~ —26.48 < 0 which contradicts (2.18);
o if up = —3/2, then N|_3 1y(uz) = R_ and 7y(uz) ~ 15.61 > 0 which contradicts (2.18).
It follows that up € (—2, 1) and thus (2.18) implies that y(us) = 0 which amounts to solving the equation
Uz

14 %
(u2—1)(u2+2)1n(1 2>+3u2:0.

— Uy
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This gives us a unique value for uy € (—%, %) given approximately by us ~ —0.75. Finally the op-

timal control is given by
-3 ae. te(0,t9),
u(t) = ¢ wus ae. te(t§,t5),

1 ae te(t,8),

with ¢§ = 2In(8) ~ 0.31 and #§ ~ 1.68.

2.8.3 Comparisons with other control strategies

We end-up this case study with comparisons of the optimal control u obtained in the previous section
with different control strategies. To keep this work concise, the computations of this section are omitted.
e First, note that, if the region X5 was a control region, then the classical PMP would imply that the

optimal (permanent) control @ (associated with the trajectory Z) satisfies

ﬁ(t){ -3/2 if 2(t) <0,

1/2 if &(t) >0,

for almost every t € [0,8]. However, since X5 (a loss control region) is a strip containing 0, the
control @ is not admissible (since it requires to change its value in the loss control region X», see
Figure 2.15).

e Second, from the (nonadmissible) control @, one might consider the admissible control u* (resp. u')
given by ut = —3/2 in both regions X; and Xs (resp. uf = —3/2 in region X;) and by ut = 1/2 in
region X3 (resp. u' = 1/2 in regions X and X3). The associated trajectory is denoted by x* (resp.
zh).

On Figure 2.15, we depict the trajectories z, #, - and zf. As expected, the cost associated with
is the best, but is not admissible, while the cost associated with x is admissible and better than the
other admissible costs associated with z' and zf. This example shows the relevancy of establishing
a PMP in the present context of loss of control since, in general, the optimal constant values in loss
control regions do not follow the values of the optimal permanent control obtained with the classical
PMP. Furthermore, note that, in contrary to what is usually observed in the classical literature (with
permanent controls) when the Hamiltonian is linear with respect to the control, the loss of control
can induce optimal constant values in loss control regions that do not saturate the control constraint
set U. With this example, we also emphasize that the avegared Hamiltonian gradient condition derived

in Theorem 2.7.1 allows to determine such optimal values.

2.9 Conclusion and perspectives

In this work, we have introduced a new framework in optimal control theory letting the possibility for
a control system to be subject to loss of control depending on its position in a partition of the state
space. In our approach, the control value has to be fixed to an admissible value as long as the system
belongs to a loss control region but we do not know in advance how long the system stays in such a

region. The corresponding optimal constant value satisfies (and possibly is determined by) the averaged
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Figure 2.15: Trajectories z, #, = and ! from Section 2.8.3 (zoom on the time interval [0, 3]).

Hamiltonian gradient condition. We believe that this setting differs from other frameworks covered by
hybrid optimal control problems or state constrained optimal control problems (see, e.g., [67]) and that it
could be employed in various practical situations such as in aerospace (in particular for the determination
of an optimal control strategy when a spacecraft enters into a shadow zone). Future works could focus on
the determination of optimal control policies in this framework for SIR models or in population models
in the context of time crisis problems when one is unable to control in the non-constraint set (see, e.g.,
[20]). We are also interested in extending the necessary optimality conditions obtained in this section
to the case of feedback controls in loss control regions (instead of frozen controls) and to the context
of final state constraints, and in developing Riccati theory for linear control systems subject to loss of
control. Also note that, in this section, we did not discuss the existence of a solution to (2.15) which
may be a difficult question due to the presence of loss control regions. So, in Theorem 2.7.1, we have
assumed that there exists a solution to (2.15), moreover with a finite number of crossing times, excluding
that way other possible solutions with more complicated structures such as chattering, boundary arcs,
tangential crossing, etc. On the other hand, note that considering loss control regions may impact the
controllability of (2.14) but we did not discuss controllability issues here. All these subjects constitute

interesting perspectives for further research works.
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This chapter is based on the article “Minimum time problem for the double integrator with a loss control
region” by T. Bayen, A. Bouali, and L. Bourdin (see [15]). Here, we address the minimum time problem
for the double integrator system. Unlike the classical example, we consider a loss control region where

the control remains constant. This unique constraint introduces new challenges and requires a thorough
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analysis. As in [15], we derive a Pontryagin maximum principle adapted to this setting, which involves
discontinuous jumps in the costate and an averaged Hamiltonian gradient condition. Hence, this chapter
aims to highlight the novel behaviors observed, such as the absence of dynamical programming principles,

feedback expressions, and the saturation of the control constraint set.

3.1 Introduction

Geometric control theory is developed since the sixties and it now plays a central role in optimal
control theory. Based on the Pontryagin maximum principle [102] and differential geometry, it gathers
mathematical tools and methods to determine optimal controls and to synthesize feedback expressions [2],
[31], [33], [L07]. Several well known examples of optimal control problem illustrate various phenomena
observed in that field. We can cite for instance the minimum time problem for the double integrator
for which every optimal control is bang-bang with zero or one switching time (depending on the initial
condition), or for the harmonic oscillator for which every optimal control is bang-bang with a finite (but
possibly large) number of switching times. We should also mention the classical Fuller’s problem [120] for

which every optimal control is bang-bang with an infinite number of switching times on a finite time interval.

This chapter is concerned with the study a variant of the minimum time problem for the double integrator
in which the control is constrained to be constant as long as the corresponding state belongs to a loss control
region. The consideration of optimal control problems involving loss control regions is motivated by various
applications. For instance, in the context of aerospace, this question arises in order to take into account
the shadow effect in the low-thrust transfer problem [69], [73]. Our choice, in the paper [15], is to focus on
the double integrator is twofold. First, as far as we know, optimal control problems including loss control
regions have not been treated in the literature yet. Therefore, the adaptation of an academic problem to
this new setting could serve the community to highlight the construction of optimal paths in that context
(see, e.g., a related study [60] in which the double integrator is investigated under a linear pathwise
constraint). Second, we shall see that the analysis of optimal trajectories for the double integrator in this

new setting is more involved than in the usual case and it requires the use of an adapted methodology.

Our methodology is to follow the approach of our previous works [13], [14]. Precisely, first-order necessary
optimality conditions (in a Pontryagin form) for hybrid optimal control problems involving regionally
switching parameters are obtained in [13]. As a particular case, the paper [14] provides a Pontryagin
maximum principle for optimal control problems involving loss control regions. This principle provides a
so-called averaged Hamiltonian gradient condition to determine the optimal constant value of the control
whenever the state belongs to a loss control region, as well as the usual Hamiltonian maximization condition
whenever the state belongs to the other regions. Since our framework is related to hybrid optimal control

problems, we recall that the costate obtained in the principle admits discontinuity jumps at the interfaces.

It is worth mentioning that the framework in [13], [14] does not allow terminal state constraints. Since
the minimal time problem for the double integrator involves an endpoint constraint, we cannot resort to
the results of [13], [14]. Therefore, in this chapter, we first prove an adapted version of the Pontryagin
maximum principle for a general minimum time problem involving an arbitrary loss control region and
endpoint constraints. We refer to Proposition 3.2.2 whose proof is based on an augmentation procedure in
the spirit of [59]. Note that our framework involves a partition of the state space and thus the use of

such an augmentation technique requires a careful study to relate a solution to the original problem to
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a (local) solution to the augmented problem. This is made possible thanks to an hypothesis made on
the velocity set at the boundary of the loss control region (in line with the usual transverse assumptions
found in hybrid settings [13], [18], [59], [73]). We emphasize that Proposition 3.2.2 is established under
quite strong hypotheses (see Remark 3.2.3 for details). However these hypotheses are all satisfied in
the context of the double integrator with a loss control region which constitutes the major focus of the
present work. Therefore Proposition 3.2.2 is sufficient for our purposes in this paper. The extension of

Proposition 3.2.2 to more general settings should be the subject of further research papers.

Main result (Theorem 3.3.1) and new observations. Applying Proposition 3.2.2 to the minimum
time problem for the double integrator with a loss control region, we prove that every optimal trajectory
visits at most once the loss control region and then, thanks to the averaged Hamiltonian gradient condition,
we are able to determine the corresponding optimal constant value of the control. The synthesis for
each initial condition is given in Theorem 3.3.1 and the corresponding optimal trajectories are depicted
in Figure 3.5. At this occasion, we observe new behaviors with respect to the classical setting (that
is, without loss control region). For example, some optimal trajectories (for different initial conditions)
cross each other, which implies that the classical dynamical programming principle does not hold true
and that the optimal control cannot be expressed as a feedback. Furthermore, in contrary again to the
classical setting, the optimal control takes moderated values, that is, values in the interior of the control
constraint set (which is thus unsaturated). We refer to Remarks 3.2.2 and 3.4.1 for details. These new
phenomena raise many questions and open new challenges to address (theoretically and/or numerically)

optimal control problems with loss control regions in view of applications.

Organization of this chapter. This chapter is organized as follows. In the preliminary Section 3.2,
we recall the well known solution to the classical (that is, without loss control region) minimum time
problem for the double integrator. Next we state a version of the Pontryagin maximum principle adapted
to a minimum time problem with a loss control region (see Proposition 3.2.2 whose proof is postponed
in Section 3.5). In Section 3.3, our main result (Theorem 3.3.1) is stated, providing an exact analytical
solution to the minimum time problem for the double integrator with a loss control region. Its proof
(based on Proposition 3.2.2) is given immediately after, being divided into several cases arising in the
application of Proposition 3.2.2. Section 3.4 gives a list of additional comments on Theorem 3.3.1 and
its proof. We conclude with open questions and perspectives about optimal control problems with loss
control regions (such as controllability /reachability issues, existence results, Hamilton-Jacobi-Bellman

equation, etc.). Finally Section 3.5 contains the proof of Proposition 3.2.2.

3.2 Preliminaries

Let us start with some basic reminders on the classical minimum time problem for the double integrator.
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3.2.1 Reminders on the classical minimum time problem for the double

integrator

Recall that the classical minimum time problem for the double integrator [107] is given by

minimize T,
subject to (z,u,T) € AC([0,T],R?) x L=°([0,T],R) x (0, 4+00),
t1(t) = xa(t), ae tel0,T],

to(t) = u(t), ae. tel0,T],

(0)=2% 2(T) = O,

u(t) € [-1,1], ae.te[0,T],

8

)
)

8

where 20 € R?\{Ogz}. As usual in the literature = = (z1,22) € AC([0,T],R?) is called the state (or the
trajectory), u € L>°([0,T],R) is called the control and T > 0 is called the final time. Using the classical
Filippov approach [65], it can be proved that Problem (3.1) admits (at least) one solution. Then, from
the classical Pontryagin maximum principle [102], it can be proved that Problem (3.1) admits exactly
one solution and its description can be separated into four cases according to the position of the initial
condition z° in the partition R*\{Ogz} = I'o U Q; UT; U Q (see Figure 3.1) where

1 1
Ty := {<2x§,x2) | zo < 0} and I’y := {(—2$§,$2) | xo > O},

and where Q; (resp. o) stands for the strict epigraph (resp. strict hypograph) of T'o UT'; U {Og2}.!

I

Qo

-3

-6 -3 0 3 6
Figure 3.1: Partition of R?\{0g2} arising from the analysis of Problem (3.1) (see Proposition 3.2.1).

Precisely the following well known proposition is established [107].

Proposition 3.2.1. If (zf,u!, T") is the unique solution to Problem (3.1), then an overview descrip-
tion of (x',u’) over the interval [0,T1], according to the position of the initial condition x° in the
partition R*\{O0g2} = To U UT; UQq, can be summarized as follows:

1The notation of the sets I'g, Q1, I'1 and Qp may be non-intuitive with regards to other notations found in the literature.
However they will be convenient and consistent with the setting developed in the next Section 3.3 (see Figure 3.4).
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t
Position of 2° || Overview description of v (t§ Figure
u'(t
T
To 0 3.2a
1
Q T
o Lo 3.2b
-1 ~ 1
N}
I 3.2¢c
—1
Q r
Qo oo 3.2d
1 ~ -1

For example, the second case of the above table can be read as follows: if z° € Qq, then there exists a
switching time ot € (0, T1) such that z'(t) € Q; and u'(t) = —1 over (0,07), and z'(t) € Ty and uf(t) =1
over (of,TT).

(a) (b) (©) (d)

Figure 3.2: Optimal trajectories (in red) in the four cases of Proposition 3.2.1.

Our objective in the present work is to state and prove a similar result to Proposition 3.2.1, but when
adding a so-called loss control region in the control system. We refer to the next Section 3.2.2 for a general
presentation of this new concept and to Section 3.3 for a specification to the double integrator.
Remark 3.2.1. Note that Proposition 3.2.1 is not as complete as it could be. Indeed the expressions of
the final time T and of the (possible) switching time o' and switching state x(o7), in function of the
initial condition x°, are not explicitly provided. Nevertheless these expressions can be easily obtained. To
this aim define x(-, 2%, p) : R — R? as the unique solution to the control system, associated with the initial
condition 2° € R? and with the control constantly equal to 4 € R, whose explicit expression is given by
x(t, 20, 1) = (a:? 4 a0t + gt%xg + ut) : (3.2)
for all t € R. For example, if z° € Qy, it holds from Proposition 3.2.1 that x7(t) = x(¢,2°, —1) over [0, o]
and z'(t) = x(t — of,27(c7),1) over [of, TT]. Hence, in the case 2° € Oy, one can easily deduce from (3.2)

and simple computations that

1 1/1 1 1
of = a3+, /5(8) +4f, 2T(oh) = (2 (2(w8>2+w?)7— 2(m8>2+x?>, T =23+ 2/5(28)* + 29,

Therefore a complete and detailed description of the unique solution (z',uf,TT) to Problem (3.1), in

function of the initial condition x°, can be easily derived from Proposition 3.2.1, (3.2) and simple
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computations.
Remark 3.2.2. Consider the framework of Proposition 3.2.1. In the present classical setting (that is,
without loss control region), it is well known that:

(i) As usual with a classical minimum time problem, the dynamical programming principle holds true,
in the sense that (z',u’) is not only the fastest way to reach the origin Og> from z°, but also the
fastest way to reach the origin Og2 from any intermediate point 2T (s) with s € (0,77), and also the
fastest way to reach zf(s) from x°.

(ii) The optimal control uf can be expressed as a feedback control (that is, as a function of the

instantaneous position) given by

ul (1) = -1 ifa2f(t) e Ty Uy,
+1 if 2T(t) € Do U Qy,

over (0,T1).

(iii) Furthermore, as is often the case with a classical optimal control problem for which the Hamiltonian
is affine with respect to the control and without singular arc, the optimal control u' saturates
the control constraint set [—1,1], in the sense that it does not take any moderated value in the
interior (—1,1).

As we will see in the next Section 3.3, these three well known properties are broken when considering a

loss control region in the control system (see Remark 3.4.1).

3.2.2 Pontryagin maximum principle for a general minimum time problem

with a loss control region

Let n, m € N* be two positive integers and consider a state space partition R” = X; U X5 where X;, Xs
are two disjoint nonempty open subsets of R™ called regions. In the sequel we denote by 90X := X; N Xy

and we assume that there exists a C! description map F : R” — R such that
Xi={zeR"|F(z) >0}, 0X={zeR"|F(z)=0}, Xo={zxeR"|F(x)<0}.
Consider the control system given by

(z,u,T) € AC([0, T],R™) x L>([0, T}, R™) x (0, +00),
#(t) = f(z(t),ult)), ae. te0,T], (3.3)

X5 is a loss control region,

where the dynamics f : R" x R™ — R" is of class C'. The novelty in the control system (3.3) is that Xs
is a loss control region, in the sense that the control value u(t) is frozen (that is, cannot be modified) in
the region Xs. In other words, the control value u(t) remains constant on the intervals for which the state
position x(t) belongs to X5. The precise definition of a solution to (3.3) is given as follows.
Definition 3.2.1 (Solution to (3.3)). A triplet (x,u,T) € AC([0,T],R™) x L>°([0,T],R™) x (0, +00) is
said to be a solution to (3.3) if the following conditions are satisfied:

(i) It holds that ©(t) = f(x(t),u(t)) for almost every t € [0,T].

(ii) There exists a partition T = {7y }r=0,...n of the interval [0,T] such that x is alternatively, over the

open intervals (Tp—1, k), with values in Xy and then with values in Xo. We denote by I, (resp. Io)
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the set of indexes k € {1,..., N} such that x is with values in Xy (resp. in Xa) over (Tp—1,Tk).
(iii) For all k € Iy, there exists pr, € R™ such that u(t) = py, for almost every t € (Tp_1, k).
Our aim in this section is to derive first-order necessary optimality conditions in a Pontryagin form for

the general minimum time problem with a loss control region given by

minimize T,

subject to (x,u,T) € AC([0,T],R™) x L>°([0, T],R™) x (0, 4+00),
( ) - f(:c(t),u(t)), a.e. t € [OvT]a

2(0) =20, 2(T) = xtars,

u(t) €U, ae. tel0,T],

t

8

(3.4)

X5 is a loss control region,

where the initial condition 2° € R™ and the target '8 € R" are distinct and U is a nonempty compact
convex subset of R™. A triplet (x,u,T) € AC([0,T],R™) xL>°([0, T],R™) x (0, +00) is said to be admissible
for Problem (3.4) if it satisfies all the constraints of Problem (3.4) (in particular it has to be a solution
to (3.3) in the sense of Definition 3.2.1). Finally such an admissible triplet is said to be a solution to
Problem (3.4) if it minimizes the final time among all admissible triplets.

Recall that that the Hamiltonian H : R™ x R™ x R™ — R associated with Problem (3.4) is defined by

H(Iau7p) = <p7f(x’u)>R"7

for all (x,u,p) € R™ x R™ x R™. We are now in a position to provide a Pontryagin maximum principle

for Problem (3.4) under the transverse assumption given by
V(z,u) € (0X\{z"™8}) x U, (VF(x), f(z,u))gn # 0. (3.5)

Proposition 3.2.2 (Pontryagin maximum principle for Problem (3.4)). Under the transverse assump-
tion (3.5), if (x*,u*,T*) is a solution to Problem (3.4), associated with a partition T* = {7} }r=0,...n of
the interval [0, T*], then there exists a nontrivial pair (p,p?) € PACr- ([0, T*],R"™) x R, satisfying:
(i) The Hamiltonian system &*(t) = V,H(xz*(t),u*(t),p(t)) and —p(t) = V,H(x*(t),u*(t),p(t)) for
almost every t € [0, T*].
(1t) The Hamiltonian mazimization condition u*(t) € arg max ey H(x*(t),w,p(t)) for almost every t €
(T7_1,77), for all k € I7.
(i) The averaged Hamiltonian gradient condition f:}:’il Vo H (x*(t), ui, p(t)) dt € Nylp;] for all k € I3
where Nu[u}] is the normal cone to U at pf.
(iv) The discontinuity jump condition p*(1}) — p~ (7F) = vk VF (2*(1}})) for some v € R, for all k €
{1,...,N —1}.
(v) The constancy Hamiltonian condition H (z*(t),u*(t),p(t)) = p° for almost every t € [0,T*].
The proof of Proposition 3.2.2 is postponed in Section 3.5. It is based on an augmentation technique and the
application of the classical Pontryagin maximum principle for local solutions to a classical (that is, without
loss control region) augmented optimal control problem involving parameters and endpoint constraints.
Remark 3.2.3. Hereafter we provide a list of comments on Proposition 3.2.2 and its proof.

(i) First of all, we emphasize that Proposition 3.2.2 is established under strong hypotheses such as the



CHAPTER 3. MINIMUM TIME PROBLEM FOR THE DOUBLE INTEGRATOR WITH A LOSS
CONTROL REGION

transverse assumption (3.5), the topological assumptions made on the control constraint set U or
the global descriptions of the regions X; and X,. However these hypotheses are all satisfied in the
context of the double integrator with a loss control region considered in the next Section 3.3 which
constitutes the central part of the present work. Therefore Proposition 3.2.2 is sufficient for our
purposes in this chapter. We also emphasize that, in this paper, we do not consider in Definition 3.2.1
the possibility of an infinite number of instants 75 (in the spirit of a chattering phenomenon [120]).
The extension of Proposition 3.2.2 to more general contexts (including also general Bolza costs, not
only minimum time problems) should be the subject of future research works.

(ii) The transverse assumption (3.5) has a geometrical interpretation. It implies that, for any admissible
triplet (x,u,T) for Problem (3.4), if the trajectory x crosses the boundary 9X, then it does not
cross it tangentially. This assumption plays a central role in the proof of Proposition 3.2.2 in order
to guarantee that the reverse procedure of the augmentation technique produces (at least locally)
admissible triplets for the original Problem (3.4). We refer to Section 3.5 for details. We also
emphasize that, in the next Section 3.3, the non-equality in the transverse assumption (3.5) is not
satisfied at z'**"8. Fortunately, since we consider here a minimum time problem (and not a general
Bolza cost), the non-equality in the transverse assumption (3.5) is not mandatory at ' thanks
to a basic dynamical programming argument. We refer to Section 3.5 for details. To conclude on
the transverse assumption (3.5), we mention that weaker assumptions could be considered. For
example, one could consider a transverse assumption on the solution (2*,u*,7*) only (and not
everywhere). However, as explained in the previous item, it is not our objective here to provide a
Pontryagin maximum principle for very general optimal control problems with loss control regions.
Proposition 3.2.2 is sufficient for our purposes in this chapter.

(iii) From linearity, the nontrivial pair (p, p°) in Proposition 3.2.2 is defined up to a positive multiplicative
constant. When the pair is normal (that is, when p° # 0), we renormalize it so that p® = 1.

(iv) The averaged Hamiltonian gradient condition is well known in the context of sampled-data controls
(that is, piecewise constant controls). We refer to [34], [36], [41] and references therein. In the present
context, the control is imposed to be constant on intervals for which the state position lies in the
loss control region. Therefore it is not surprising that the averaged Hamiltonian gradient condition
appears in Proposition 3.2.2 as first-order necessary optimality condition on these constancy intervals.
However note that our setting here is more involved than the framework of sampled-data controls
since the constancy intervals of the control are determined by the state position z(t), and not by
the (independent) time variable t.

(v) The discontinuity jump condition on the costate p is well known in the literature on hybrid maximum
principles (in which, for example, authors consider control systems with spatially heterogeneous
dynamics). We refer to [10], [73] and references therein. As also well known, when the control u*
admits left and right limits at 7 for all k € {1,..., N — 1}, denoted respectively by (u*)~ ()
and (u*)*(7}), the constancy Hamiltonian condition allows to obtain (forward and backward)

expressions for vy, given by

(p*(r70), f @™ (7), () (7)) — f (™ (7), ()~ (7)) e
(VF(z* (), f (75, (w*) = (7)) )n ’

Vi = —

forall ke {1,...,N —1}.

One can conclude from Items (iv) and (v) that the present framework of loss control region can be seen,



CHAPTER 3. MINIMUM TIME PROBLEM FOR THE DOUBLE INTEGRATOR WITH A LOSS
CONTROL REGION

in some sense, as a mix of two well known topics in the literature, namely the sampled-data controls and

the hybrid control systems.

3.3 Main result and its proof

In this section we focus on the minimum time problem for the double integrator with a loss con-

trol region given by

minimize T,

subject to  (z,u,T) € AC(]0,T],R2) x L>=([0, T],R) x (0, +00),

b1(t) = x2(t), ae. tel0,T],

o(t) = u(t), ae. tel0,T), (3.6)
2(0) =2°,  2(T) = Ope,

u(t) € [-1,1], ae. te[0,T],

8

X

X5 is a loss control region,
where 2° € R?\{0g2} and where the state space R? = X; U X3 has been partitioned (see Figure 3.3) with

Xi:={reR?*|z; >0}, 0X={2zcR?|z; =0}, Xy:={xcR?® |z <0}

-3+ -

-6 -3 0 3 6

Figure 3.3: Partition of R? into a loss control region (in red) and an “usual” region (in green).

In the case where 2° € Ty Uy UT, the unique solution (zf,uf, T'1) to Problem (3.1) is admissible for
Problem (3.6) (since the control u! remains frozen in the region X5, see Proposition 3.2.1 and Figure 3.2)
and therefore it is clear that (zf,uf,TT) is the unique solution to Problem (3.6). On the contrary,
when 20 € Qg, the unique solution (', u!, TT) to Problem (3.1) is not admissible for Problem (3.6) (since
the control u' requires a switch from +1 to —1 on the curve I'y C Xy, see Proposition 3.2.1 and Figure 3.2).
Hence a rigorous analysis has to be performed in order to determine the candidate solution to Problem (3.6)
in the case 2° € Q. This is the objective of the present section. To state and prove our main result
(Theorem 3.3.1 below), we need to introduce several elements:
e The positive real number 0 := T +1 75> 0 introduced to simplify notations.

e The partition R?\{Og2} = US_, ([;_1 U Q;) (see Figure 3.4) where Iy, ; and I'; have already been
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defined in Section 3.2.1, where ' := {(21,0) | z1 < 0} and T's := {(0,z2) | 22 < 0}, where

1 1
Ty = {(—%xg,u) | zo > O}, ry:= {(—93:3,@) | zo < O},

and where §2; stands for the open region delimited by I';_ and T; for all i € {1,...,6} (with I'g := T

by convention).

@

|
-6 -3 0 3 6

Figure 3.4: Partition of R?\{0g2} arising from the analysis of Problem (3.6) (see Theorem 3.3.1).

e The three real numbers

AzY) = (xi)Q and M (z%):=V0 <\/§:I: 2\/—)\(330)) ,

introduced for any initial condition 2° € Qg N Xz, for which 29 < 0 and A(z°) < 0. We refer to
Remark 3.3.1 for additional comments on these numbers.
Theorem 3.3.1. If (z*,u*,T™) is a solution to Problem (3.6), then an overview description of (x*,u*)
over the interval [0,T*], according to the position of the initial condition z° in the partition R?\{Og:z} =
US_(Ty—1 U Q;), can be summarized as follows: The column N allows to know how many crossing
times (from Xi to Xa, or from Xy to X1) are observed for the trajectory x* (that is, N —1). For
example, if z° € Qs, then the trajectory x* has only one crossing time 75 from Xy to Xy. Precisely,
in the case x° € Q3, there erist 0 < 77 < o* < T* such that z*(t) € Xo and u*(t) = u* over (0,77),
and z*(t) € U N Xy and u*(t) = —1 over (17,0%), and x*(t) € Ty and u*(t) =1 over (o*,T*).
The results of Theorem 3.3.1 will be commented in Section 3.4.1. The rest of this section is dedicated
to its proof which is based on the Pontryagin maximum principle stated in Proposition 3.2.2. To this
aim let us fix a solution (z*,u*,T*) to Problem (3.6), associated with a partition T* = {7} }x=0,... .~ Of
the interval [0,7*], and let us denote by (p,p°) € PACt-([0,7*],R") x R the nontrivial pair provided
by Proposition 3.2.2 (whose hypotheses are all satisfied).
Remark 3.3.1. Before going any further in the proof of Theorem 3.3.1, we need to emphasize several
facts.

(i) Note that 'y C X; and I'y C Xo, and that Q; intersects both X; and Xs. Also note that Q¢ N Xg =
QU UQ3UT3UQLUT, U Q5 that Q9 NOX =T'5 and that Q¢ N Xy = Q.

(ii) For any initial condition 2% € Qg N Xa, it holds that A(z") < 0 (with equality if and only if 2° € I's)
and AT (2%) > 0. Note that, if 2° € Ty (resp. 2° € Ty, 2° € I's, 2° € T'y), then A(z°) = —1
(resp. A~ (2%) = Az?), AT (20) = A= (20), At (2%) = 1). Also note that, if 2° € Qy UTy (resp.
20 e ToUQ3UTs, 29 € T3Uy), then A(2°) € (—1,1) (resp. A~ (z%) € (—1,1), AT (20) € (-1,1)).
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Position of 2% Overview description of z:gg pr e (=1,1) N Figure
Ty 1“10 1 3.5a
oh ?1 - Flo lor2 | 3.5b
Iy Ell 1 3.5¢
Q, 23 A(0) 1 3.5d
Iy ,1:3 Az%) = A~ (20) 1 3.5¢
Qs );f otnXe e o A~ (20) 2 | 350
I3 ):f :: Ql_ﬂle :: Flo A (29) = At (2?) 2 3.5g
O }/jf - Ql_mlxl ” Flo A (20) 2 | 3.5h
IV >i2 ” Ql_mlxl - Flo 2 3.5i
Qs Teo X o 2 | 3.5
Ts )iz - Ql_mlxl - Flo p 3.5k
Q %‘3 ” D% - 912& - Flo 3 | 3l

(iii) Consider the framework of Proposition 3.2.1 in the case where 2° € Q; N 9X. In that context, from
Remark 3.2.1, it holds that

2 2 9

In the sequel we denote by (zf(-,2°),uf(-,2°), Tt(2?)) the unique solution (zf,u!,TT) to Prob-
lem (3.1) corresponding to such an initial condition 2° € ; N dX.

(iv) From the analysis of Problem (3.1) (see Proposition 3.2.1) and a basic dynamical programming
argument, if (z*,u*, T*) exits the loss control region Xy at some time 7* € (0,7*) with z*(7*) €
€, N X, then it necessarily holds that x*(t) = 2 (t — 7*, 2*(7*)) and vw*(¢) = uf(t — 7%, 2% (%))
over (7*,T%*).

We are now in a position to pursue the proof of Theorem 3.3.1 by separating the cases according to the
position of the initial condition 2° in the partition of R?\{0g2} depicted in Figure 3.4. First, recall that the
first three cases of Theorem 3.3.1 (that is, when 2° € ToU§; UT'1) are trivial since, in these cases, the unique
solution (zf,u’, TT) to Problem (3.1) is admissible for Problem (3.6) and thus (z*,u*,T*) = (zf,u!, TT)
and we refer to Proposition 3.2.1 for the corresponding overview description. Note that, in the case 2° € Q4
(since ; intersects both X; and Xs), we have N = 2 (resp. N = 1) if 27 < 0 (resp. 29 > 0).

0

In the sequel we will focus only on the case z° € )y and we separate it into three subcases given

by 2° € Q9N Xy (see Section 3.3.1), 20 € Qg N IX (see Section 3.3.2) and 20 € Qg N X7 (see Section 3.3.3).
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Figure 3.5: Optimal trajectories (in red) in the twelve cases of Theorem 3.3.1.

3.3.1 The case z° € Qy N X,

Here we focus on the case 2° € Q¢ N Xa. Since 2*(0) = 2° € Xa, we get that x*(¢t) € Xy over [0, 7).
Moreover, since z*(T*) = Ogz, we get that a7(77) = 0 (independently of N = 1 or N > 2). Since Xs
is a loss control region, let us denote by p* € [—1, 1] the constant value of u* over (0,77). Therefore
it holds that z*(t) = x(t,2°, u*) over [0, 7] (see Remark 3.2.1). From (3.2) and simple computations,
one can easily derive the following lemma.

Lemma 3.3.1 (Case 2° € Qo N Xy). The following five properties are satisfied:
() @7 -2af 20, (i) (hu")¢R, (i) @t AL

V (.73(2))2 B 2/1*.’1,‘(1) B .’Iﬁg ’Lf M* 7& 0
~ . _ * ’ *xY 0V2 _ 9,,%70
(iv) = xtl) ) (v) x5(17) = (332) 2prai > 0.

Proof. (i) Since z§(77) = 0, the discriminant of 3 (¢) is nonnegative. (ii) By contradiction, if (29, u*) ¢ R2,
then one would obtain that 2§ (75) < 29 < 0 which is absurd. (iii) By contradiction, if u* = —1, then, from
the previous two items, one would obtain (29)% + 229 > 0 and 23 > 0, which contradicts z° € ¢ N Xa.
(iv)(v) Separating the cases p* > 0, u* = 0 and p* < 0 (note that 3 > 0 in the last two cases), one can

easily derive from (3.2) and simple computations the above expressions of 77 and x3(77). O
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From Lemma 3.3.1 we deduce that z*(77) € (21 N 0X) U {Orz}. Precisely we obtain two cases:
1. Either z5(7y) = 0. In that case 2*(77) = Og2 and thus T* = 77 and N = 1. Furthermore, from
Lemma 3.3.1, it holds that u* = A(z") < 0 and thus this situation is possible only for 2§ > 0.
2. Either z5(77) > 0. In that case z*(77) € ©1N9X and, from a basic dynamical programming argument,

it holds that 2* = 2 (- — 7, 2*(77)) and v* = u'(- — 7, 2*(77)) over (75, T*) (see Remark 3.3.1).

From Proposition 3.2.1 and Remark 3.3.1, we deduce that z*(t) € 9y N X; and u*(t) = —1
over (17,0%), and x*(t) € Tg and u*(t) = 1 over (¢*,T*), where o* = 77 + (1 + g)xg(rf),
x5(0*) = —%x‘g(rf) <O0and T* =717 4+ %. In particular, in that case, we have T* = 75 and
N =2.

In the second case above, we already have a quite complete description of (z*,u*) over (77, T*). Therefore
we only need to determine the constant value p* € [—1,1] of the optimal control v* over (0,77). Our
aim in the next lemma is to reduce the possibilities of values for p* in that case. This lemma, whose
proof is based on the application of the Pontryagin maximum principle stated in Proposition 3.2.2,
allows to discriminate four values.

Lemma 3.3.2 (Case 2° € Qg N Xy). If a3(75) > 0, then p* € {0, A~ (z°), AT (2°), 1}.

Proof. We only deal with the case 23 > 0 (the other cases 23 = 0 and 29 < 0 are similar). Since N = 2
and from the Pontryagin maximum principle stated in Proposition 3.2.2 (precisely from the Hamiltonian

system and the discontinuity jump condition), we get that

) opu if te[0,7), ) —put+p2(0) if te|0,77],
pi(t) = : * Tx and  ps(t) = * * : * x
piz if te€ (7,17, —pi2(t — ) —puti +p2(0) if te[rf, T,

with p11, p12 € R. From the Hamiltonian maximization condition, since x*(t) € Xy over (77,7*) and u*
changes its value at o*, we deduce that pa(c*) = 0. From the Hamiltonian constancy (considered at 0, 75

and o*), we obtain that

przd +p2(0)ut =p°,  puad(rf) + pa(m)ut =", praad(ry) —pa(r) =p°, preab(c*) =p°.

From these four equalities, one can easily prove in the one hand that

* _ *
pQ(Tl ) (1 + M*) =p + pQ(O) P117

23 (77) w3 (1)

P12 =pi1+ (14 p*), (3.7)
and, in the other hand, using the nontriviality of the pair (p,p°), that p° # 0 (by contradiction). In the
sequel we take p® = 1 (see Remark 3.2.3) and we assume that p* ¢ {0,1}. Therefore it only remains
to prove that p* € {A~(2°), AT (2°)}. Since pu* ¢ {—1,1} (see Lemma 3.3.1), the averaged Hamiltonian
gradient condition gives foﬁ* p2(t)dt = 0 and thus po(0) = Z* (and thus p11 # 0 by contradiction). Using it
in the equality pa(0*) = 0, we obtain that —pi2(c* — 7f) — B2 7{ = 0. Replacing the value py5 from (4.13)
and the value o* = 77 4 (1 4+ @)zg(ﬁ*) (and dividing by p11 # 0 and by 23(77) # 0), one can obtain that

2 wr
5:5’5(7’{) -7 (1 + 9> =0.
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Replacing the values z3(7;) and 7} obtained in Lemma 3.3.1 (and dividing by #3 > 0), we obtain that

(7t = (%)

Squaring this last equality (and dividing by p* # 0), we obtain that

(5 -4(5) (22

which admits two solutions given by A~ (2°) and A (2°). The proof is complete. O

Finally, according to the previous analysis and using the equality T* = 77 + @, we can sum-
marize the situation as follows:
(i) If 29 < 0, then p* > 0 and p* € {A~ (%), AT (2"), 1} and

T = — ((:* + ;) 1- Aé‘;) + ;) . (3.8)

(i) If 23 =0, then p* € {#,1} and

/11
T = <M*+9> —2p* 9. (3.9)

(iii) If 23 > 0, then p* € {0, A\(z%), A~ (z%), AT (2°), 1} and

11 1\ .
of (2 2) /1= 1 £
%((u* +9> A(20) u*) w0,
— (3.10)

1 1
o(-_ _ - if *
Ty (0 2)\@0)> i 0.

By comparing the value of T* in function of the possibilities of value of p*, we get the following proposition
which concludes the proof in the case 2° € QN Xy = Q UTLUQsUT3U QL UT, UQs.
Proposition 3.3.1. It holds that:

If 20 ¢ Qo I'y Q3 I3 Qy Iy Qs

Then p* = | A@°) | A2 = A= (2%) | A= (@) | A (2%) = AT (20) | AT (20) | AT (=) =1 1

Proof. In this proof we denote by 7 («) the value of T* given in (3.8), (3.9) and (3.10) if u* = a.

e Take z° € Q. It holds that —5;(29)? < 2§ < —1(29)? and thus —1 < A\(z") < —6. In the one
hand we deduce that 7(0) > z9(2 + v/2), T(1) > 29(1 + 2v/2) and T(A(2°)) < 23(1 + V2) and
thus p* # 0 and p* # 1. In the other hand we deduce AT (2°) > 30 > 1, and thus p* # At (2°). By
studying the quotient

A [ 6 (2 e )
A(z?) —A(2?) —A0) )
one can also obtain that —1 < A(z%) < A7 (2°) < —6 and thus T (A~ (z")) > T(A\(z°)). We conclude
that p* = A(2?).
o Take 20 € T'5. Similar to the first item.
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e Take 20 € T'3. In that case it holds that 2 = 0 and thus p* € {#,1}. Since (v/f —1)? > 0, one can
easily obtain that 7(0) < 7(1) and thus p* = 6 = A~ (2°) = AT (2Y).
e Take z° € T4 U Q5. In that case it holds that —%(23)? < 2§ < 0 and thus A(2°) < —%. One can
deduce that AT (2%) > 1 and A~ (2°) < 0. Therefore u* = 1 (and recall that AT (2°) = 1 in the
case 20 € I'y).
The cases 20 € Q3 and 2° € 4 can be treated similarly but with more involved computations. For the

sake of conciseness, these cases are omitted. O

3.3.2 The case 2° € Qy N 9X

Here we focus on the case z° € Qg N dX. This section is very similar (and even simpler) to the previous
one, except that some minor adjustments have to be performed since 29 = 0 and thus A(z°) is not
defined. Therefore, in this section, the proof is sketched.

From continuity of if = x3 and since x7(0) = 0 and z3(0) = 29 < 0, we deduce that z*(t) € X
over (0,77). Since x*(T™) = Ogz2, we get that z5(77) = 0 (independently of N =1 or N > 2). Since Xy
is a loss control region, let us denote by p* € [—1, 1] the constant value of u* over (0,77). Therefore
it holds that x*(t) = x(¢,2°, u*) over [0,77] (see Remark 3.2.1). From (3.2) and simple computations,
one can easily derive the following lemma.

Lemma 3.3.3 (Case 2° € Qg N 9X). The following three properties are satisfied:

—9270
() p*>0, (i) 7= sz (i) x3(r7) = —29 > 0.
In particular it holds that z*(17) = —2° € Q1 N OX.
Since z*(r) = —2° € Q; N 9X, it holds from a basic dynamical programming argument that z* =

2T (=7, 2% () and u* = ul (- — 75, 2*(77)) over (75, T*) (see Remark 3.3.1). From Proposition 3.2.1 and
Remark 3.3.1, we deduce that z*(t) € Q; NX; and u*(t) = —1 over (77, 0%), and z*(t) € Ty and u*(t) =1
over (o*,T*), where o* = 77 + (1 + g)xg(ﬁ‘), x3(0*) = —@xg(ﬁ*) < 0and T* = 77 + %. In
particular it holds that 7* = 73 and N = 2. Hence we already have a quite complete description
of (z*,u*) over (7f,T*). Therefore we only need to determine the constant value p* € [—1,1] of the
optimal control u* over (0, 7). To this aim one can follow the same steps than the proof of Lemma 3.3.2,
except that one should assume by contradiction that p* # 1 (recall that p* > 0 from Lemma 3.3.3). At
the step of replacing the values z3(7y) and 77 from Lemma 3.3.3, one obtains ;71* = 0 which is absurd.
We get the following proposition which concludes the proof in the case 2° € Qg N OX = T's.

Proposition 3.3.2 (Case 2° € Qo N 0X). It holds that p* =1 and T* = —2%(2+ §).

3.3.3 The case 2° € Qy N X,

Here we focus on the case z° € 0y N X;. This section is different from the previous two sections since our
proof here is based, not only on a basic dynamical programming argument and the results of the previous
section, but also on the application of the classical Pontryagin maximum principle on a classical (that is,
without loss control region) optimal control problem. To this aim we first establish the next lemma.
Lemma 3.3.4 (Case 2° € Qo N Xy). It holds that z*(t) € Qo N Xy over [0,77) and z*(17) € Qo N OX.

Proof. In the one hand, since z*(0) = 2° € X;, we get that z*(t) € X; over [0,77). Moreover,
since x*(T*) = Ogz, we get that 27(77) = 0 (independently of N =1 or N > 2). On the other hand, from
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the control system and since the control «* is with values in [—1, 1], one has z3(t) < x1(t) and 25(¢) < x2(¢)
over [0,T*], where y := x(-,2°,1) (see Remark 3.2.1). Defining r := —a3 — 1/(29)2 - 229 > 0,
from (3.2) and simple computations, one can easily obtain that x2(t) < 0 < x1(t) < 2x2(t)? (that
is x(t) € Qo NXy) over [0,7) and that x2(r) < 0= x1(r) (that is x(r) € QN IX). Firstly, one can deduce
that 77 < r (indeed, if r < 77, then 0 < z7(r) < x1(r) = 0 which is absurd). Secondly, one obtains
that 23(t) < x2(t) < 0 < 25() < xa1(t) < 3x2(t)? < 123(t)? (and thus z*(¢) € Qo N Xy) over [0,77)
and z5(77) < x2(77) < 0 = z3(77) (and thus z*(77) € Qo N 9X). O
From Lemma 3.3.4, it holds that «*(75) € Q9 N 9X. From a basic dynamical programming argument, it
holds from the previous section that z* = x(-—77,2*(77), 1) and u* = 1 over (77, 75), that *(73) € Q:NOX

and that o* = 27(- — 73, 2*(3)) and w* = uf(- — 73,2*(73)) over (73,7*) (see Remark 3.3.1). From

Proposition 3.2.1 and Remark 3.3.1, we deduce that z*(¢t) € Q; N X; and w*(t) = —1 over (73,0%),
and z*(t) € Ty and u*(¢t) = 1 over (o*,T*), where 0* =73 + (1 + g)xﬂrg), a5(o*) = —%xg(rz*) <0
and T* = 75 + %. In particular, in that case, we have T* = 73 and N = 3.

From the previous section, it also holds that 73 = 77 — 225 (77) and z35(75) = —z3(77). As a consequence

we obtain that T* = 77 — (2 + §)z3(7f). We deduce that the triplet (z*,u*,7}) is a solution to the

classical (that is, without loss control region) optimal control problem given by

minimize 1 — (3 +V2)z2(n1),

subject to (z,u,m) € AC([0,71], R?) x L*([0, 71], R) x (0, +00),

1 t) = l‘g(t), a.e. t e [0,7’1],

(
to(t) = u(t), a.e.te(0,m],
(O) :xO’ 1'1(7'1) :07
(

u(t) € [-1,1], ae.te[0,7].

=

8

Applying the classical Pontryagin maximum principle, there exists a nontrivial pair (¢, ¢°) € AC([0, 71], R?) x
R, such that —go = ¢ is constant (and thus g2(t) = q2(77) + ¢1 (75 — t) is affine) over [0, 77] and g1 25(t) +
q2(t)u*(t) = ¢° over [0,77] (and thus go vanishes at most one time over [0, 7;] by contradiction), but
also u*(t) = sign(ga2(t)) over [0,75] and go(77) = ¢°(3 + v/2). Since z3(77) < 0, we deduce that

¢
0= ——(1— B+ V2)u (1)),
z5(71)

and thus ¢° # 0 (by contradiction) that we renormalize so that ¢ = 1. We obtain that ga(75) > 0,
w* (77) = 1 and thus ¢ > 0. Finally we get that ¢2(¢) > 0 and thus u*(¢) = 1 over [0,77], which
concludes the proof in the case 2% € Qy N X; = Q.

3.4 Comments and perspectives

This section is dedicated to comments on Theorem 3.3.1 and its proof (Section 3.4.1) and to several

perspectives about the concept of loss control region for further research works (Section 3.4.2).

120
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3.4.1 Comments on Theorem 3.3.1 and its proof

Remark 3.4.1. In connection with Remark 3.2.2, we emphasize that several well known properties

observed in the classical (that is, without loss control region) minimal time problem for the double

integrator are broken when considering a loss control region in the control system. First of all, we observe

that some optimal trajectories obtained in Theorem 3.3.1 (from different initial conditions) intersect each

other (see Figure 3.6). We deduce that, in the presence of a loss control region in the control system, the

dynamical programming principle does not hold true and that the optimal control «* cannot be expressed

as a feedback. Furthermore we observe that, for initial conditions in Q2o UT's U Q3 UT'3 U 4, the optimal

Figure 3.6: Illustration of intersecting optimal trajectories in Theorem 3.3.1.

control u* takes a moderated value p* in the interior (—1,1) of the control constraint set, and therefore

does not saturate it.

Remark 3.4.2. In this remark we comment on the different behaviors observed in Theorem 3.3.1.

(1)

(iii)

For initial conditions in 25 U I's, the optimal control u* consists in taking a moderated value u* €
(=1, 1) until reaching the origin Ogz. This behavior differs from the optimal strategies observed in
classical (that is, without loss control region) minimum time problems (such as double integrator or
harmonic oscillator). Indeed, for classical minimum time problems governed by affine systems with
respect to the control, the target is usually reached by a so-called bang-bang control (apart singular
arc and Fuller’s phenomenon).

For initial conditions in Q35 U '3 U €4, the optimal control v* takes a moderated value pu* € (—1,1)
until reaching ©; N 9X and then is bang-bang until reaching the origin Ogz. This analysis reveals
that a moderated value can be associated with a bang-bang policy. Again, this feature differs from
what is observed in classical settings.

For initial conditions in €23, let us introduce the set ¥ defined by

2
Y= {(—omg,m) | 2o > O} ,

which corresponds to the set of points 2 € Q3 such that A~ (2°) = 0. Therefore, for initial conditions
in 3, we observe the three situations illustrated in Figure 3.7 in which the curve ¥ is depicted
in orange. In Figure 3.7(b), we observe that the part of the trajectory z* in the region X5 is an
horizontal segment. This is due to the fact that, when 2% € X, it holds that u*(t) = p* = A= (2%) =0
in the region X5. Finally, contrary to what Figures 3.7(a) and 3.7(c) above might suggest, the part
of the trajectory x* in the region X5 is a not a segment, but a parabolic curve.
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CONTROL REGION

(a) (b) (c)

Figure 3.7: Three situations for initial conditions in 3.

For initial conditions in Q3 UT's U, UT4 U Q5 UT'5 U Qg, we observe that the optimal control u*
admits two switching times. The structure of the optimal control in the presence of a loss control
region is thus more complex than in the classical setting (for which every optimal control has at
most one switching time).

For initial conditions in {2g, we point out a non-intuitive property. Indeed it can be proved from
the classical Pontryagin maximum principle that the fastest way to reach I's from g consists in
taking u(t) = —1. However, from Theorem 3.3.1, the optimal control u* from an initial condition
in Qg consists in taking u*(t) = +1 until reaching T's. We deduce that the optimal strategy in

Theorem 3.3.1 from an initial condition in g does not consist in reaching I's in minimal time.

Remark 3.4.3. As it is shown in the proof of Theorem 3.3.1, every optimal trajectory visits the loss

control region X5 at most one time. In view of this behavior, a direct analysis (that is, without using

the Pontryagin maximum principle stated in Proposition 3.2.2) may lead to the same Theorem 3.3.1.

Nevertheless our approach should also apply to more complicate situations in which the optimal trajectory

would visit a loss control region more than one time. In particular it could be used to tackle a loss control

region in a minimal time problem associated with the harmonic oscillator, or in an optimal control problem

associated with an oscillatory controlled system (such as the Lotka-Volterra system [94]).

3.4.2 Several perspectives

In this chapter we have investigated the minimal time problem for the double integrator with a loss

control region given by Xy := {x € R? | #; < 0}. Of course this study could be extended to many

different loss control regions, such as the ones depicted in Figure 3.8.

ox , 3 1 3 , 30 “

X

(a) (b) (© (d)

Figure 3.8: Illustration of other possible loss control regions.

As mentioned in Remark 3.4.3, this study could be extended to other control systems than the double

integrator, such as the harmonic oscillator, Zermelo-type models (which will be covered in Chapter 5),
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and controlled Lotka-Volterra system. This latter will be the subject of future research work.

Controllability /reachability. When adding a loss control region in the control system, it is clear
that the set of admissible controls is reduced. As a consequence, controllability issues may appear.
Typically, for a minimum time problem, depending on the choice of the loss control region, the target
may not be reachable. Therefore a natural question concerns the robustness of the reachability of a
target under the presence of a loss control region. We refer to [38] for a similar study in the context
of control sampling. From a more general point of view, one could be interested in finding sufficient
conditions on the control system, the target and the loss control region to ensure the reachability of the
target. As a natural first step, one may look for including loss control regions in the classical Kalman

theory about controllability of linear control systems.

Existence of an optimal control. In this chapter note that the existence of a solution to Problem (3.6)
has not been investigated. From a general point of view, one may be interested in extending the classical
Filippov’s existence theorem [65] to the context of loss control regions (for minimal time problems or
more general Bolza optimal control problems). We believe that, if one is able to give an upper bound
on the number of times the state visits the loss control region, then existence of an optimal control
could be ensured under standard hypotheses (such as compactness of the set of admissible triplets

trajectory/control/final time and convexity of the so-called augmented velocities set).

Pontryagin maximum principle. Proposition 3.2.2 provides first-order necessary optimality conditions
in a Pontryagin form for a general minimum time problem including a loss control region, but under strong
hypotheses (see Remark 3.2.3). This result was sufficient to investigate Problem (3.6) in Section 3.3. In
Chapters 4 and 5, we shall extend Proposition 3.2.2 to more general settings. First we want to cover the
case of a general Bolza optimal control problem including mixed initial-final state constraints. Second,
the transverse assumption (3.5) does not hold in general. Therefore we want to extend Proposition 3.2.2
under a weaker transverse assumption (involving only the optimal pair (z*,u*) for example). This could
be done by using an augmentation technique as in the proof of Proposition 3.2.2. It would serve to
solve more involved application problems involving loss control regions, from a theoretical point of view

as well as by using numerical tools as explained below.

Numerical methods. There are two predominant kinds of numerical methods in classical optimal
control theory. In one hand, direct numerical methods consist in a full discretization of the optimal
control problem which results into a constrained finite-dimensional optimization problem that can be
solved using standard numerical optimization algorithms. On the other hand, indirect numerical methods
consist in the numerical solving by a shooting method of the boundary value problem satisfied by the
pair state/costate given by the Pontryagin maximum principle. We emphasize that neither method is
inherently better to the other. For a detailed discussion on the advantages and drawbacks of each method,
we refer to [113, pp. 178-179]. A challenge to solve application problems involving loss control regions
would be to extend direct/indirect numerical methods to that context (which will be covered in Chapter
5). The main focus would be the possibility to constrain the control to be constant without knowing in
advance when and how many times the corresponding state visits the loss control region. Furthermore
note that the extension of indirect numerical methods is anyway conditioned in a first place by the

extension of the Pontryagin maximum principle mentioned above.
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Some insights into the HIB equation. In the literature, it is well known [9], [44], [107] how to define
the Hamilton-Jacobi-Bellman (HJB) equation associated with the classical Problem (3.1). As well, the
characterization of its value function V' as the unique solution (in a certain sense) to the HJB equation is
also well known. In contrast, when considering a loss control region, it is not clear how to define a HJB
equation associated with Problem (3.6) and also if the corresponding value function W is a solution (in a
certain sense) to this extended HJB equation. The aim of this paragraph is to give an insight into this
question. In the sequel, in order to ease the notations, we write 2 in place of z° for the initial condition.
Recall that the value function V associated with Problem (3.1) is given by

Viz) = 2\/%—1—3:1 +xo if z € Qq,
2\/?—.’]31—1‘2 if.’EEQo,

and that it is continuous and C!-piecewise. Moreover, setting H : R? x R x R? — R the corresponding
Hamiltonian defined by H (x,u, p) := p122 + pou for all (z,u, p) € R? x R x R? — R, the value function V

can be characterized as the unique continuous and C!-piecewise solution to the HJB equation

1+ Iflillll] H(z,u,VV(z)) =0, z¢€QUQ,
ue|—1,

that can be rewritten as
1+ 81V(l‘1,$2)£2 — |62V($1,l‘2)| =0, z€QUQ. (3.11)

Going back to our setting, one can show (from simple computations and from the results obtained in
the proof of Theorem 3.3.1) that the value function W associated with Problem (3.6) is continuous,

Cl-piecewise and that it fulfills the equalities

14+ 0 W(xy,x9)xe — |0W (21, 22)| =0, if z € Qy,

3.12
1+81W(x1,z2)x2+5'2W(x1,:172),u*(x) =0, ifzeQUzULUQ;UQg, ( )

where p*(x) is given in Theorem 3.3.1 for x € Q2 U Q3 U Qy and p*(x) = 1 for z € Q5 U Qg. Note that
both HIB equations (3.11) and (3.12) are the same in £y (since Problems (3.1) and (3.6) coincide for
initial conditions in €2;). On the contrary, when = ¢ Q1, note that the term min,e[_y 1) H(z,u, VV(2))
in (3.11) is replaced by H(z,u*(x),VV(z)) in (3.12).

Future works should investigate how to properly define a HJB equation when considering an optimal
control problem involving a loss control region, as well as a characterization of the value function as the
unique solution (in a certain sense) to this extended HJB equation. To this aim, a possible way could
be to consider an augmentation technique (as in the proof of Proposition 3.2.2), to apply the classical

methodology [11], [70], [78] to the augmented problem and try to reverse the augmentation procedure.

3.5 Proof of Proposition 3.2.2

In this section, we prove Proposition 3.2.2 by separating the two cases z'3¢ ¢ X and 2**¢ ¢ 9X.
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3.5.1 The case z*8 ¢ 0X.

Assume that 228 ¢ 90X and let (z*,u*, T*) be a solution to Problem (3.4), associated with a partition T* =

{7} }r=0,... n of the interval [0,T™].

Step 1: augmentation procedure. Define (y*,v*, \*) € AC([0, 1], R™V) x L=°(]0, 1], R™N1) x R™mN2 by

yr(s) i=a*(mf_y + (1 —71}_y)s) forallse[0,1]] andall k€ {1,...,N},
vi(s) == ur(rf_y + (7f —7}_y)s) forall s €0,1] and all k € Z7,
Aj 1=y, for all k € 73,

where N; := card(Z7) and N» := card(Z3). It is clear that the quadruplet (y*,v*, A*,T*) is admissible
for the classical (that is, without loss control region) augmented optimal control problem involving

parameters and endpoint constraints given by

minimize ™,
subject to (y,v,\,T) € AC([0, 1], R™N) x L=°([0, 1], R™M) x R™N2 x RN+L
§(5) = 9y(s), v A T), a5 € 0,1,
v(s) € UM, ae. s€(0,1],
(A, T) € UN2 x A,
y1(0) = 2%  yn(1) = 2,
ye(0) = yr—1(1), forallke{2,...,N},
F(yx(1)) =0, forallke{l,...,N—1},

(3.13)

where g = (gr)k=1,..n : R™ x R™NM x RmN2 5 RN+L 5 RN g defined by

(6 — Th—1) f(yr> o) if k€ IF,

gk(y;U, )‘7T) = .
(T — Th1) f (yrs \i)  if k € T3,

for all (y,v,\,T) € R™W x R™M x R™N2 x RN+! and all k € {1,..., N}, and where A := {T =
{Tk k=0, . N ERNTL|0=790 <7 <...<7Ny_1 < 7N} is a nonempty closed convex subset of RV*1.

Step 2: the quadruplet (y*,v*, \*, T*) is a local solution to Problem (3.13). Let us prove that
there exists 7 > 0 such that 73, < 7x for any quadruplet (y, v, A, T) admissible for Problem (3.13) satisfying

1y =y llc + llv = o™ L + A = A [gem + T = T [[rvr <.

To this aim let n > 0 and (y,v, A, T) be an admissible triplet admissible for Problem (3.13) satisfying
the above inequality. In the sequel we explain how to reduce n > 0 (step by step, and independently
of the quadruplet (y,v,A,T)) to obtain that 73 < 7.
(i) First one has to reduce n > 0 so that 0 = 79 < 71 < ... < 7y_1 < 7y and then one can correctly
define (z,u,T) € AC([0,T],R™) x L*°([0,T],R™) x (0, +00) by

t— T

x(t) ==y ( ) for all t € [7p_1, 7] and all k € {1,..., N},

Tk — Tk—1



CHAPTER 3. MINIMUM TIME PROBLEM FOR THE DOUBLE INTEGRATOR WITH A LOSS
CONTROL REGION

and

t— Ti—
Vg (Tkl> for a.e. t € (1—1,7x) if k € I,

u(t) := Th — Th—1 forall k € {1,..., N},

Ak for a.e. t € (1—1,7x) if k € I3,

and T := 7. To obtain that 73, < 7x, which is equivalent to 7* < T, it is sufficient to prove that
the triplet (z,u,T) is admissible for Problem (3.4). This is our aim in the next step.

(ii) It is clear that the triplet (z,w, T') satisfies () = f(x(t),u(t)) and u(t) € U for almost every t € [0, T7,
and z(0) = 2° and x(T) = 2'¥8. Therefore, since u is constant over the intervals (75_1, 7%) when k €
73, it only remains to prove that x is with values in X; (resp. in X3) over the intervals (75—1,7%)
when k € Z7 (resp. when k € Z3). This is possible by reducing > 0 and by using the transverse
assumption (3.5), the compactness of U, the fact that z**'8 ¢ 9X and the openness of the regions X
and Xs.

Step 3: application of the classical Pontryagin maximum principle. Consider the Hamiltonian H:
RV x RmN1  RMN2 5 RN+ RNV 5 R associated with Problem (3.13) defined by

H(y,v, AT, q) = (¢, 9(y, 0. A, T) )
= > (7 = o) (@ F Wi v)rn + D (T = Tho1) (ks Wk Ak))Rns

keT} keI

for all (y,v,\,T,q) € R™™ x R™M x R™N2 x RN+1 5 R?N | From the classical Pontryagin maximum
principle applied to the quadruplet (y*,v*, A\*, T*), there exists a nontrivial pair (¢, ¢") € AC([0, 1], R*V) x
R4 such that:
(i) It holds that —¢(s) = Vyﬁ(y*(s),v*(s), A, T*, q(s)) for almost every s € [0, 1].
(ii) It holds that v*(s) € arg max, cyn, H(y*(s),w, \*, T*, q(s)) for almost every s € [0,1].
(iii) It holds that

/0 VB (5 (5), v*(5), A, T, q(s)) ds € Ngna [A*].

(iv) It holds that gx+1(0) — gx(1) = s VF(y;(1)) for some vy, € R for all k € {1,...,N —1}.
(v) It holds that

where e = (0,...,0,1)T € RN+L,

Step 4: construction of the nontrivial pair (p,p°). Define p' :=¢° € R, and p € PACr- ([0, T*],R")
by p(0) := q1(0), p(T*) := qn(1) and by

*
t—77 1

p(t) == qr < ) forallt € (r;_;,7) and all k € {1,...,N}.

Th — Tho1
From nontriviality of the pair (g, "), it is clear that the pair (p,p°) is also nontrivial. Then the first
four above items allows to obtain the first four items of Proposition 3.2.2. At this step, one can
obtain that, for all k£ € {1,..., N}, there exists ¢; € R such that H(z*(t),u*(t),p(t)) = ¢x for almost

every t € (1}_,,7/). Indeed, the case k € I} is obtained from the Hamiltonian maximization condition
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over (17_y,7;) and [63, Theorem 2.6.3], and the case k € 73 is easily obtained from the constancy
of u* and the Hamiltonian system over (77_,, 7).

Finally the above fifth item allows to obtain, on the one hand, that ¢y = ¢x—1 for all k € {2,... N} and,
on the other hand, that cy = ¢", which concludes the proof of Proposition 3.2.2 in the case z'*¢ ¢ 9X.

3.5.2 The case z'*% ¢ 90X

Assume that z%3¢ € 9X and let (z*,u*, T*) be a solution to Problem (3.4), associated with a partition T* =
{7} }k=0,....n of the interval [0,T*]. For any € > 0 small enough (precisely 0 < ¢ < T* — 74 _,), we denote
by T. := T* — ¢ and, from a basic dynamical programming argument, one can easily see that (z*,u*,T;) is
a solution to Problem (3.4) when replacing z'*8 by z!*8 := 2*(T.) ¢ 0X. Therefore one can follow exactly
the proof of Proposition 3.2.2 detailed in the previous subsection. For any € > 0 small enough, it provides
the existence of a nontrivial pair (¢-,q?) € AC([0,1],R™) x R, satisfying the above five items (just
replacing T* by T. everywhere). Using the fact that the nontrivial pair (¢, q°) can be renormalized (since
it is defined up to a positive multiplicative constant), compactness arguments and the fact that T, — T*
when e — 0, one can obtain the existence of a nontrivial pair (¢,¢°) € AC([0,1],R™Y) x R, satisfying
the above five items (with 7%, and not with 7.). Finally the proof of Proposition 3.2.2 is concluded

in a similar way than Step 4 of the previous subsection.
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This chapter is based on the work “The hybrid maximum principle for optimal control problems with
spatially heterogeneous dynamics is a consequence of a Pontryagin maximum principle for L|1]floca1
solutions” by T. Bayen, A. Bouali and L. Bourdin (see [16]). Here, we present a novel adaptation of the

well-known augmentation technique in a spatially hybrid setting. We accomplish this by introducing a
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new notion of local solution (Lﬂjflocal solution) for classical optimal control problems and establishing
a corresponding Pontryagin maximum principle. Using this approach, we successfully derive a hybrid

maximum principle specifically adapted to our setting.

4.1 Introduction

General context of the present chapter. In this chapter, we derive a spatially hybrid mazimum
principle with general mixed terminal state constraints based on a careful use of the augmentation
technique as presented in the work [16]. Recall that the Pontryagin Mazimum Principle (in short, PMP),
established at the end of the 1950s (see [102]), has originally been developed for optimal control problems
where the control system is described by an ordinary differential equation (in short, ODE). It states the
corresponding first-order necessary optimality conditions, in terms of an (absolutely continuous) costate
function. As usual in optimization, the PMP remains valid for local solutions only (typically in uniform
norm for the state and in L'-norm for the control). Since then, the PMP has been adapted to many
situations, in particular for control systems of different natures.

On the other hand, hybrid systems are, in a broad sense, dynamical systems that exhibit both continuous
and discrete behaviors. They are particularly used in automation and robotics to describe complex systems
in which, for example, logic decisions are combined with physical processes. We refer to [115] for an
elementary introduction to hybrid systems. This theory is very large and it is commonly accepted that
it includes ODEs with heterogeneous dynamics, that is, ODEs involving a family of different dynamics
(used for example to describe evolutions in heterogeneous media) where the transitions from one dynamics

to another are seen as discrete events.

The PMP has been extended to hybrid control systems, especially in the context of ODEs with het-
erogeneous dynamics (see, e.g., [59], [68], [99], [108], [109], [111]), resulting in theorems often referred
to as Hybrid Maximum Principle (in short, HMP). We emphasize that the frameworks are very varied.
Indeed the rule that supervises the transitions between the different dynamics is usually described by
additional variables that can be free or constrained and, in that second case, the constraints can be of
different natures. For example the switching times (i.e. the instants at which the control system moves
from one dynamics to another) can be the resultant of a control decision or can be (fully or partially)
determined by the time variable, the state position or both of them. Hence different versions of the HMP
can be found in the literature, corresponding to different hybrid control systems that are presented under
various names according to their nature (such as multi-processes [52], switched systems [105], regional
systems [10], systems on stratified domains [43], variable structure systems [25]). In contrary to the
classical PMP, the HMP is usually expressed in terms of an (only) piecewise absolutely continuous costate
function that admits discontinuity jumps at the switching times. A common feature of most of the above
references is that the mathematical framework somehow guarantees that local perturbations (typically
in uniform norm for the state and in L'-norm for the control) preserve the same hybrid structure (that

is, the same sequence of dynamics) as the nominal one.

The augmentation technique of Dmitruk and Kaganovich. In the context of ODEs with hetero-
geneous dynamics, the difficult part of deriving a HMP lies in handling the dynamical discontinuities.

To this end, an excellent strategy has been proposed in [59], in which the switching times are additional
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variables satisfying equality /inequality constraints involving the corresponding intermediate state values.
Roughly speaking, considering an optimal solution (associated with switching times denoted by 7}), this
technique consists in affine changes of time variable, mapping the intervals (7;_;, 7) into a common
interval (0,1). This procedure augments the dimensions of the variables and thus is categorized in the
set of augmentation techniques. The authors prove that the augmented solution is a local solution to
the augmented problem which is classical (that is, non-hybrid) by construction (since the discontinuities
have been positioned at the endpoints of the interval [0,1]). Therefore the classical PMP can be applied
to the augmented solution (expressed in terms of an augmented absolutely continuous costate function
satisfying endpoint transversality conditions). Hence, by inverting the above affine changes of time variable,
first-order necessary optimality conditions are derived for the original nonaugmented solution, expressed
in terms of a nonaugmented (piecewise absolutely continuous) costate function satisfying discontinuity
jumps at the switching times 7 (whose expressions follow from the endpoint transversality conditions
at 0 and 1 of the augmented costate function).
Hence Dmitruk and Kaganovich have entitled their paper [59] as The hybrid mazimum principle is a
consequence of Pontryagin mazimum principle. The augmentation technique is particularly satisfactory
because it allows to reduce the hybrid problem into a classical (non-hybrid) augmented problem, avoiding

the use of technical arguments (such as implicit function theorems) to handle the dynamical discontinuities.

Framework and contributions of the present work. In the spirit of [10], [73], we consider a control
system described by an ODE with spatially heterogeneous dynamics, in the sense that the state space
is partitioned into several disjoint regions and each region has its own dynamics. In that context the
sequence of dynamics followed by the trajectory and the corresponding switching times (called crossing
times since they correspond to the instants at which the state goes from one region to another) are
fully constrained by the state position.

A HMP corresponding to this setting has already been announced in [73] but with a sketch of proof which
is, to our best knowledge, erroneous. Indeed the author invoke needle-like perturbations of the control,
while they are not admissible in the present setting (see General introduction 0 for a counterexample).
This issue has been corrected in our previous paper [13] by applying needle-like perturbations on auziliary
controls. Then, to handle the resulting perturbed crossing times, we used an inductive application of the
implicit function theorem, which results into a technical and extended analysis. An attempt to derive
a HMP corresponding to our setting, with the simpler approach of Dmitruk and Kaganovich, was also
presented in [10]. Unfortunately, to our best knowledge, this proof is also incorrect. Indeed, in contrary
to the framework of Dmitruk and Kaganovich in [59], our setting fails to guarantee that the augmented
solution is a local solution to the classical augmented problem (see Section 4.3.4 for a counterexample)
and, therefore, the classical PMP cannot be applied. We emphasize that our counterexample shows that,
in our setting, a local perturbation (in uniform norm for the state and in L!-norm for the control) does
not preserve the hybrid structure of the nominal one in general.

Hence the main objective of the paper [16] is to derive a HMP for our setting, with a correct proof that
adapts the augmentation procedure of Dmitruk and Kaganovich. To this aim a new notion of local solution
to classical optimal control problems (see the definition of L},-local solution in Definition 4.2.2) and a
corresponding version of the PMP (see Theorem 4.2.1) are required. Indeed we prove in Proposition 4.3.1
that, under appropriate assumptions (such as transverse conditions at the crossing times), the augmented

solution is a Lﬂjflocal solution to the classical augmented problem and therefore the above new PMP
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can be applied. Finally, similarly to [59], by inverting the affine changes of time variable, a HMP for

our setting is obtained (see Theorem 4.3.1).

Organization of the chapter. In Section 4.2, a classical optimal control problem is considered
(see Problem (4.1)), the new notion of L}-local solution is introduced (see Definition 4.2.2) and a
corresponding PMP is established (see Theorem 4.2.1). In Section 4.3, a hybrid optimal control problem
with spatially heterogeneous dynamics is introduced (see Problem (4.2)). Applying the augmentation
procedure, Proposition 4.3.1 states that an augmented solution to Problem (4.2) is a L -local solution to
the corresponding classical augmented problem of the form of Problem (4.1). Hence, applying the above
new PMP and inverting the affine changes of time variable, a HMP for Problem (4.2) is obtained (see
Theorem 4.3.1). An explicit counterexample showing that an augmented solution to Problem (4.2) is
not a local solution (in the usual sense) to the corresponding classical augmented problem is provided
in Section 4.3.4. Finally the technical proofs of Proposition 4.3.1 and Theorem 4.3.1 are provided in
Sections 4.4 and 4.5 respectively.

4.2 Preliminaries and PMP for the new notion of L} —local so-

lution

The section is devoted to one of the main contributions of the paper [16] to providing the new no-
tion of Lﬂjflocal solution and its corresponding PMP. In Section 4.2.1, we present a general optimal
control problem with parameters, as well as the new notion of le—local solution. In Section 4.2.2,

we provide the corresponding PMP.

4.2.1 A classical optimal control problem and Ll—local solution

Let n, m, d and ¢ € N* be four fixed positive integers and T" > 0 be a fixed positive real number. In
the present section we consider a classical Mayer optimal control problem with parameter and mixed

terminal state constraints given by

minimize d(x(0),2(T), N,

subject to  (w,u,\) € AC([0, T],R™) x L>([0,T],R™) x R4,
(t) = fla(t),u(t),N), ae. te]l0,T], (4.1)
9(x(0), ( ),A) €5,
u(t) € a.e. t €0,T],

where the Mayer cost function ¢ : R” x R” x R? — R, the dynamics f : R” x R™ x RY — R" and the
constraint function ¢ : R™ x R™ x R — R’ are of class C!, and where S C R’ is a nonempty closed convex
subset and U C R™ is a nonempty subset. As usual in the literature, z € AC([0,7T],R") is called the
state (or the trajectory), u € L>=°([0,T],R™) is called the control and A € R? is called the parameter. A
triplet (z,u, \) € AC([0,T],R"™) x L=([0, T],R™) x R? is said to be admissible for Problem (4.1) if it
satisfies all the constraints of Problem (4.1). Finally, such an admissible triplet is said to be a global
solution to Problem (4.1) if it minimizes the Mayer cost ¢(z(0),z(T"), A) among all admissible triplets.
Remark 4.2.1. (i) All along this paper (not only for Problem (4.1)), we have chosen to deal with optimal
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control problems with (only) Mayer cost, fixed final time and autonomous dynamics. It is well known
in the literature (see, e.g., [28], [44], [48]) that standard techniques (such as augmentation or changes
of variables) allow to deal with more general Bolza cost, free final time and time-dependent dynamics.
Similarly, in Problem (4.1), we assume for simplicity that ¢, f and g are of class C! and also some
topological properties for S. However the results that we will present in this section can be extended
to weaker assumptions (see, e.g., [49], [116]). Overall, our aim in this paper is not to address the most
general framework possible. We keep our setting as simple as possible to stay focused on the novel aspects
of our work.
(ii) The presence of a parameter A € R? in Problem (4.1) can also be treated thanks to an augmentation
(see, e.g., [28]). It is noteworthy that the main problem considered in the present work (see Problem (4.2)
in the next Section 4.3) is a hybrid optimal control problem which does not involve any parameter.
However the proof of our main result (Theorem 4.3.1) is based on a reduction of Problem (4.2) into a
classical optimal control problem of the form of Problem (4.1) that involves parameters. This is the only
reason why we need to consider the presence of a parameter A € R? in Problem (4.1).
The classical PMP [102] has originally been developed for global solutions but, as usual in optimization, it
remains valid for local solutions. As a consequence, several notions of local solution to classical optimal
control problems, and the corresponding versions of the PMP, have been developed in the literature (see,
e.g., [29], [93]). Let us introduce two new notions of local solution which will play central roles in our work.
Definition 4.2.1 (LY -local solution). An admissible triplet (z*,u*, \*) is said to be a LY ~local solution
to Problem (4.1), for a measurable subset A C [0,T], if, for all R > ||u*||Le, there exists n > 0 such
that ¢(z*(0), 2 (T), \*) < ¢(x(0),z(T), A) for all admissible triplets (z,u, A) satisfying

e —a*[lo + [lu = w[Ls + A = A"[|lga <,
[ullL= < R,
u(t) = u*(t) a.e. t € [0,T\A.

Definition 4.2.2 (L!-local solution). An admissible triplet (z*,u*,\*) is said to be a L-local
solution to Problem (4.1), for a measurable subset A C [0,T)], if there exists an increasing family (Ag)eso
of measurable subsets of A, satisfying u(Ae) — pu(A) ase — 0, such that (x*,u*, \*) is a L}45 ~local solution
to Problem (4.1) for all € > 0.

Remark 4.2.2. (i) The notations LY and L}4D are very close, while the corresponding definitions are
(slightly) different. Therefore the reader needs to be careful with these two different concepts, for which
we will give each one a version of the PMP (see Lemma 4.2.1 for L} local solutions and Theorem 4.2.1
for LY 5-local solutions).

(ii) The concept of L[lo,T]flocal solution coincides with the classical notion of L!-local solution well
established in the literature (see, e.g., [29], [93]). Therefore, in the sequel, we simply write L!-local
solution instead of L[107Trlocal solution. To be consistent we simply write L}~local solution instead
of L%O’T]Dflocal solution.

(iii) With respect to the classical concept of L'-local solution, the refined notion of LY—local solution
imposes on admissible controls to match the nominal one almost everywhere outside the measurable
subset A C [0,T]. This feature is crucial to reduce the hybrid optimal control problem considered in the
next Section 4.3 into a classical optimal control problem. This is not possible with the classical concept of

L'-local solution, as shown by a counterexample in Section 4.3.4.
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(iv) For a measurable subset A C [0,77, it is clear that a LY -local solution is automatically a LY, 1—local
solution. However the converse is not true in general (see the counterexample in Section 4.3.4). From a

general point of view, the implications hold true for any measurable subsets A’ C A C [0, 7], but not the

LY, ~local solution

=

global solution = L!~local solution Lh,Dflocal solution

S~ =

1 Tt
L 5-local solution
converses in general.

4.2.2 PMP for Li—local solutions and comments

Recall first that the normal cone to S at some point z € S is defined by
Ns[z] := {2 € RY|V2' €8, (2,2 — 2)pe <0},

and that g is said to be submersive at a point of R” x R™ x R? if the differential of g at this point is
surjective. Finally recall that the Hamiltonian H : R™ x R™ x R? x R™ — R associated with Problem (4.1)
is defined by H(z,u, \,p) := (p, f(z,u, \))g~ for all (x,u, \,p) € R x R™ x R? x R". We are now in a
position to establish a new version of the PMP that is dedicated to LY--local solutions to Problem (4.1).
Theorem 4.2.1 (PMP for L, 1-local solutions). If (z*,u*, \*) is a LY ~local solution to Problem (4.1),
for a measurable subset A C [0,T], such that g is submersive at (z*(0),2*(T), \*), then there exists a
nontrivial pair (p,p°) € AC([0, T],R™) x R satisfying:

(i) the Hamiltonian system x*(t) = V,H(x* (t),u*(t), \*,p(t)) and —p(t) = V. H(z*(t),u* (t), \*, p(t))

for almost every t € [0,T7;

(ii) the endpoint transversality condition

p(0)
., —p(T) = p"Vo(2*(0),2*(T), \*) + Vg(a*(0),z*(T), "),
/ VaH(z*(s),u"(s), A", p(s)) ds
0
for some § € Ns[g(z*(0),2"(T), A")];
(#3) the Hamiltonian mazimization condition u*(t) € arg max,,cy H(z*(t),w, \*, p(t)) for almost every t €
A.
The proof of Theorem 4.2.1 is quite simple and will be developed in a few lines. It is based on the
next preliminary PMP for LY-local solutions to Problem (4.1).
Lemma 4.2.1 (PMP for L~local solutions). If (z*,u*, \*) is a LY ~local solution to Problem (4.1), for
a measurable subset A C [0,T], such that g is submersive at (z*(0),2*(T), A*), then the conclusion of
Theorem 4.2.1 holds true.

About the proof of Lemma 4.2.1. A PMP for L ~local solutions to classical optimal control problems can
be established via many different methods known in the literature. In our context, since the measurable

subset A can be of complex nature (such as a Cantor set of positive measure), the classical needle-like
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perturbations of the control (see, e.g., [44], [102]) may not be suitable for the sensitivity analysis of the
control system and, therefore, one may prefer to use implicit spike variations (see, e.g., [30], [39], [87]).
To deal with the parameter A € R? in Problem (4.1), one can simply augment the state variable from x
to (x,\) by adding the state equation A(t) = Oa (see, e.g., [28]). Finally, to deal with the general mixed
terminal state constraints g(z(0),z(T"),A) € S in Problem (4.1), one may use the Ekeland variational
principle on a penalized functional involving the square of the distance function to S (see, e.g., [39], [62]).

Since all these techniques are very well known in the literature, the proof of Lemma 4.2.1 is omitted. [

Proof of Theorem 4.2.1. Consider an increasing family (A¢)eso of measurable subsets of A associated
with (2*,u*, \*) and a decreasing positive sequence (g )ren such that e — 0. In the sequel we denote
by Ay := A, and by (pg,p}) € AC([0,T],R") x Ry the nontrivial pair provided by Lemma 4.2.1
(with & € Nglg(z*(0),z*(T),\*)]) for all k¥ € N. From linearity and submersiveness, the pair (£, p?)
is nontrivial and can be renormalized so that ||(&k,p?)|lgexe = 1 for all k € N. Therefore, up to a
subsequence that we do not relabel, the sequence ({k,pg) reN converges to some nontrivial pair (&,p°)
satisfying (&,p°) € Ng[g(z*(0),z*(T), \*)] x Ry from closure of the normal cone. Define p € AC([0,T],R")
as the unique global solution to

{ p(t) - *vxf(x*(t)ﬂﬁ(t)’ )‘*)Tp(t)a a.e. t € [OvT]a
p(T) = —p°Vag(z*(0), 2*(T), \*) = Vag(a*(0),2™(T), \*)¢.

The Hamiltonian system and the second component of the endpoint transversality condition are satisfied.
Since p and pj, satisfy the same linear differential equation and p(T) — p(T), the sequence (pg)ien
uniformly converges to p over [0, T]. We deduce the first and third components of the endpoint transversality
condition and, from submersiveness, that the pair (p,p") is nontrivial. Still from Lemma 4.2.1, there
exists a null set Ny, C Ay such that H(x*(t),u*(t), \*, pr(t)) > H(z*(t),w, A", pi(t)) for all w € U and
all t € A\ Ng, for all kK € N. Now let us prove that the Hamiltonian maximization condition holds true
at any t € A= (UgenArk)\(UgenNi) which is a measurable subset of A with full measure. Let ¢t € A
and take kg € N such that ¢t € Ax\Ny, for all k > ky. Therefore the previous inequality holds true at ¢
for all w € U and all k > kg. From convergence of pi(t) to p(t), we get that H(x*(¢), u* (), \*,p(t)) >
H(z*(t),w, \*, p(t)) for all w € U, which ends the proof. O

Remark 4.2.3. (i) First of all we bring the reader’s attention to the fact that the Hamiltonian maximization
condition in Lemma 4.2.1 and Theorem 4.2.1 holds true only almost everywhere over A (and not over the
entire interval [0, 7). This is the only difference with the classical PMP and this is due, of course, to the
restrictions to LY~ and LY -local solutions (see Definitions 4.2.1 and 4.2.2 and Item (iii) of Remark 4.2.2).
(ii) Even if the conclusions of Lemma 4.2.1 and Theorem 4.2.1 are exactly the same, we recall that
a L1 ;-local solution is not a LY~local solution in general (see Item (iv) of Remark 4.2.2). Therefore
Theorem 4.2.1 is not only a consequence of Lemma 4.2.1 but also a strict extension. From the diagram in
Remark 4.2.2, it is also clear that the classical PMP (for global solutions or for L!-local solutions) is a
particular case of both Lemma 4.2.1 and Theorem 4.2.1 (by taking A = [0,T]).

(iii) As explained in [24], [35], the submersiveness hypothesis can be removed but, in that case, all items
of Lemma 4.2.1 and Theorem 4.2.1 remain valid, except Ttem (ii).

(iv) Consider the framework of Theorem 4.2.1 for a LY-local solution (z*,u*, \*). Using the Hamiltonian
system and the Hamiltonian maximization condition over [0,T] and applying [63, Theorem 2.6.1], we

obtain the Hamiltonian constancy condition H(x*(t),u*(t), A\*,p(t)) = ¢ for almost every ¢ € [0, T], for
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some ¢ € R.

4.3 Derivation of a HMP for spatially heterogeneous dynamics

In this section we consider a partition of the state space R" = Uj¢ ij, where J is a family of indexes
and the nonempty open subsets X; C R", called regions, are disjoint. Our aim is to derive first-order
necessary optimality conditions in a Pontryagin form for the hybrid optimal control problem with mixed

terminal state constraints given by

minimize o(x(0), z(T)),
subject to (z,u) € AC(]0,T],R™) x L*°([0, T],R™),

z(t) = h(x(t),u ( )), ae.te]|0,T], (4.2)
9(x(0),z(T)) €

u(t) € U, aete[OT]

where the data assumptions and the terminology for Problem (4.2) are the same as those for Prob-
lem (4.1), except that the dynamics h : R™ x R™ — R" is spatially heterogeneous, in the sense that
it is defined regionally by

V(z,u) e R" x R™, h(z,u) :=hj(z,u) whenz € X,

where the subdynamics hj : R™ x R™ — R" are of class C!. Note that h(z,u) is not defined when = ¢
UjesX; but this fact will have no impact on the rest of this work (see Item (i) in Remark 4.3.1). Finally,
in contrary to Problem (4.1) and as explained in Item (ii) of Remark 4.2.1, note that Problem (4.2)

does not involve any parameter.

4.3.1 Regular solutions to the hybrid control system

Due to the discontinuities of the spatially heterogeneous dynamics h, we need to precise the definition

of a solution to the hybrid control system
z(t) = h(z(t),u(t)), fora.e. te[0,T], (4.3)

associated with Problem (4.2).
Definition 4.3.1 (Solution to (4.3)). A pair (z,u) € AC([0,T],R") x L>([0,T],R™) is said to be a solution
to (4.3) if there exists a partition T = {7 }r=0,... N such that:
(i) For all k € {1,...,N}, there exists j(k) € J (with j(k) # j(k — 1)) such that x(t) € Xy for
almost every t € (Tk—1,Tk)-
(ii) x(0) € X;(1y and 2(T) € X;(n)-
(iii) @(t) = hju)(x(t), u(t)) for almost every t € (T—1,7x) and all k € {1,...,N}.
In that case, to ease notation, we set fy := hjy and Ey := Xy for allk € {1,..., N}. With this system
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of notations, we have

z(t) € By, Vit € [r,11),

x(t) € By, Vt€ (tp-1,7), Vke{2,...,N—1},
)
)

8

(t) € Ex, Vt€ (tTn_1,7n],
t(t) = fe(z(t),u(t)), ae t€ (th—1,7), Vke{l,...,N}

8

Finally the times Ty, for k € {1,..., N — 1}, are called crossing times since they correspond to the instants
at which the trajectory x goes from the region Ey to the region Exy1, and thus x(1x) € OF, N OEk11.
Our main result (Theorem 4.3.1 stated in Section 4.3.3) is based on some regularity assumptions made
on the behavior of the optimal pair of Problem (4.2) at each crossing time. These hypotheses are
precised in the next definition.
Definition 4.3.2 (Regular solution to (4.3)). Following the notations introduced in Definition 4.3.1, a
solution (z,u) € AC([0, T],R™) x L°°([0, T],R™) to (4.3) is said to be regular if the following conditions
are both satisfied:

(i) At each crossing time Ty, there exists a C! function Fy : R™ — R such that

ze b, & Fk(z) <0,
Ju, >0, Vze Bg» (x(11), vi), 2 €0FE,NOFEry1 & Fi(z) =0,
ZEEk+1 <~ Fk(z) >0

In particular it holds that Fy(x(1y)) = 0.

(i) At each crossing time Ty, there exists a > 0 and By, > 0 such that the transverse conditions

{ <VFk(l'(Tk)),fk(l'(Tk)7u(t))>Rn Z ﬂk; a.e. t € [Tk - ak,Tk), (44)

(VFi(x(11))s for1(x(tr),u(t)))re > Br, a.e.t € (T, Tk + agl,

are both satisfied.

Remark 4.3.1. (i) Definition 4.3.1 does not include the possibility of an infinite number of crossing times
(excluding the Zeno phenomenon [120]). Also it does not allow trajectories bouncing against a boundary
of a region, or moving along a boundary (excluding situations as described in [10]). This last restriction is
the reason why the fact that h(z,u) is not defined when = ¢ Ujc 7 X; has no impact on the present work.
Finally Definition 4.3.1 allows terminal states x(0) and z(T") that belong to regions only (and not to their
boundaries). Possible relaxations are presented in Remark 4.3.4.

(ii) The transverse conditions (4.4) have a geometrical interpretation, meaning that = does not cross the

boundary 0Fy N 0F41 tangentially. At a crossing time 7, the transverse conditions

u admits left and right limits at 7, denoted by u™ (%) and u™(7%),
(VEg(x(1k)), fro(x(75), u™ (7k)))rn > 0 (4.5)
(VFi(z(75)), frt1(2(7h), u™ (75)))re > 0,

considered in the papers [10], [73], are (slightly) stronger than (4.4).
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4.3.2 Reduction into a classical optimal control problem with parameter

To establish a correspondence from the hybrid optimal control problem (4.2) to a classical optimal control
problem with parameter of the form of Problem (4.1), we will proceed as in [59] to affine changes of time
variable. Precisely let (z*,u*) € AC([0,T],R™) x L*°(]0,T],R™) be a solution to (4.3), associated with a
partition T* = {7 }x=0,... N, and let E} and f; stand for the corresponding regions and functions (see
Definition 4.3.1). We introduce (y*,v*) € AC([0, 1], R™Y) x L=°([0, 1], R™") defined by

yr(s) = a™(m_1 + (7 = m2a)s) - and wp(s) = w' (T + (770 — T-1)9), (4.6)

for all s € [0,1] and all k € {1,...,N}. To invert the changes of time variable, it holds

00 (L) g (L), -

* * *
Tk = Ti—1 T = Tk—1

for all t € [rf_;,7¢] and all k € {1,..., N}. In particular note that (z*(0),z*(T)) = (y5(0), yx(1)). From
a more general point of view, it holds that * () = y;,,(0) for all k € {0,..., N — 1} and z*(73;) = y;(1)
for all k € {1,...,N}. Note that the triplet (y*,v*, T*) satisfies

7 (s) = f*(y*(s),v™(s),T*), a.e.se€]|0,1],

where f* : R™N x R™N x RN¥+1 5 RV js the C! function defined by

P o D) = (= 70)fi o) (v = ) fie (s on) ).

for all y = (y1,...,yn) € RN, v = (vy,...,o5) € R™ and T = {r,...,78} € RV Further-
more it holds that

Y ) € Ela Vs S [Ovl)a
Yy ) € By, Vse (O, 1)
yn(s) € En, Vse (0,1

i(s
(s , Vke{2,...,N -1}, (4.8)
B
and y;,,(0) = y;(1) € OE; NOE} ., for all k € {1,...,N — 1}. Also note that T* € A where A C RV *!
is the nonempty closed convex set defined by

A= {T = {Tk‘}kZO,...,N S RN+1 | 0= T0 S 1 <... § TN—1 S TN = T}

Now assume that the pair (z*, u*) is moreover a regular solution to (4.3) and denote by F}' and v} > 0 the
corresponding functions and positive radii (see Definition 4.3.2). In that context note that F} (z(7})) =
Fi(y;(1)) = 0 for all k € {1,...,N — 1}. Finally it is clear that, if the pair (z*,u*) is furthermore

admissible for Problem (4.2), then the triplet (y*,v*, T*) is admissible for the classical optimal control
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problem with parameter given by
minimize o*(y(0),y(1),T),
subject to  (y,v,T) € AC([0, 1], R™V) x L=°([0, 1], R™N) x RN+1,
§(s) = f*(y(s),v(s),T), ae. sel0,1], (4.9)
9" (y(0),y(1),T) € 57,

v(s) € UV, ae. s€]0,1],

where ¢* : R™N x R™N x RV*! 5 R and ¢* : R™Y x R*™N x RN+1 — R are the C! functions defined
by ¢*(y%,y',T) := ¢(y{,yy) and

g*(yoaylaT) = (g(y?ayll\/)vyg - y%a' N ay?\/ - yIIV—laFl*(yi)?' c 7FJ>:7—1(y11V—1)3T)7

for all v = (y?,...,9%), ' = (v},...,y%) € R™ and T = {r9,..., 78} € RNT1 where ¢* := ¢ + n(N —
1)+ (N — 1)+ (N + 1), and where S* C RY stands for the nonempty closed convex set defined by

S* i =S x {0}V x {0}V x AL

Proposition 4.3.1. If (z*,u*) € AC([0,T],R™) x L*°([0, T],R™) is a global solution to Problem (4.2),
that is moreover a regular solution to (4.3), associated with a partition T* = {7}}r=0,. ~, then the

triplet (y*,v*,T*) constructed above is a LE—local solution to Problem (4.9).

Proof. The proof of Proposition 4.3.1 is postponed to Appendix 4.4. We prove that the triplet (y*,v*, T*)

is a L[ls,lfsrlocal solution to Problem (4.9) for any 0 < & < 1/2. O

Remark 4.3.2. (i) Consider the framework of Proposition 4.3.1. In Section 4.3.4 we will provide a
counterexample showing that the triplet (y*,v*, T*) is not a L!-local solution to Problem (4.9) in general.
This highlights the fact that the classical PMP cannot be applied to the triplet (y*,v*, T*). However,
thanks to Proposition 4.3.1, we can apply the new PMP for Llljflocal solution obtained in Theorem 4.2.1.
This allows us to derive a HMP for Problem (4.2) in the next Section 4.3.3.

(ii) Consider the framework of Proposition 4.3.1. Given an admissible triplet (y,v, T) for Problem (4.9),
one can easily invert the augmentation procedure and obtain a pair (x, ) which satisfies all the constraints
of Problem (4.2), except one. Precisely, even if (x,u) follows the same sequence (f;)x=1,.. .~ of dynamics
than the pair (z*, u*), it does not necessarily follow the same sequence of regions (E})x=1,... ~ (and thus it
is not necessarily admissible for Problem (4.2)). This is the major difficulty of the proof of Proposition 4.3.1
and, as we will see with a counterexample in Section 4.3.4, the notion of L'-local solution (which consists in
considering the triplet (y,v,T) in a standard neighborhood of (y*,v*, T*)) fails to guarantee this property.
This is because, even if transverse conditions are satisfied by the pair (z*,u*), allowing L!-perturbations
of w* (with possibly far values in U from the ones of «*) in the neighborhoods of the crossing times 7;; may
lead to a perturbed pair (z,u) that does not satisfy the transverse conditions, and thus to a perturbed
trajectory x that may visit a different sequence of regions than x*. On the contrary, the new notion
of L}

[5,1—5]’10031 solution, for 0 < ¢ < 1/2 , addresses this issue by allowing L!-perturbations of u* only

outside neighborhoods of the crossing times 7.
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4.3.3 HMP and comments

The Hamiltonian H : R™ x R™ x R™ — R associated with Problem (4.2) is defined by H(z,u,p) :=

(p, h(z,u)) for all (z,u,p) € R™ x R™ x R™. We are now in a position to state the main result of

the paper [16].

Theorem 4.3.1 (HMP). If (z*,u*) € AC([0, T],R™) xL>°([0, T], R™) is a global solution to Problem (4.2),

that is moreover a regular solution to (4.3), associated with a partition T* = {T,j}k:ow,N, such that g is

submersive at (z*(0),2*(T)), then there exists a nontrivial pair (p,p°) € PACt-([0,T],R™) x R satisfying:
(i) the Hamiltonian system x*(t) = V,H(x*(t),u*(t), p(t)) and —p(t) = V,H(z*(t), u*(t), p(t)) for almost

every t € [0,T7;

(ii) the endpoint transversality condition

p(0)
—p(T)

= p"Ve(z*(0),27(T)) + Vg(2*(0), 2" (T))E,

for some & € Nglg(x*(0),2*(T))];
(iii) the discontinuity condition p* (1) — p~ (1) = ok VE; (z*(7}})) for some o € R, for all k €

{1,...,N —1};
(iv) the Hamiltonian mazimization condition u*(t) € argmax,,cy H(z*(t),w,p(t)) for almost every t €
[07 T] ;

(v) the Hamiltonian constancy condition H(x*(t),u*(t),p(t)) = c¢ for almost every t € [0,T], for

some ¢ € R.

Proof. The proof of Theorem 4.3.1 is postponed to Section 4.5. It is based on Proposition 4.3.1 and on
the application of Theorem 4.2.1 to the triplet (y*,v*, T*). O

Remark 4.3.3. (i) In the classical PMP (that is, when the dynamics is not heterogeneous), the costate p is
absolutely continuous over the entire interval [0, 7] and satisfies Items (i), (ii), (iv) and (v) of Theorem 4.3.1
(see, e.g., [102]). In the present setting of heterogeneous dynamics, the costate p is (only) piecewise
absolutely continuous over [0,T], admitting at each crossing time 7 a discontinuity jump satisfying
Ttem (iii) of Theorem 4.3.1. Under the (slightly) stronger transverse conditions (4.5), the Hamiltonian

constancy condition allows to obtain

(b (). Fia @ (7). (@) () = fi @ (), ()~ ()

O — —
(VE @ () fia () ) ()
(P (). i ), () ) = i o), (0) ()
(VE @ (), fi o (), @) (7))
for all k € {1,..., N — 1}, and thus the discontinuity conditions can be expressed as forward (or backard)

discontinuity jumps. Such discontinuity jumps are very standard in the literature on hybrid optimal
control problems (see, e.g., [25], [99]) and the discontinuity conditions have even been announced in our
setting of spatially heterogeneous dynamics in the papers [10], [73]. However, as explained in Introduction,

we recall that the proofs in [10], [73] are not satisfactory for several and different reasons.
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(ii) Similarly to Item (iii) of Remark 4.2.3, and as explained in [24], [35], the submersiveness hypothesis
made in Theorem 4.3.1 can be removed but, in that case, all items of Theorem 4.3.1 remain valid, except
Ttem (ii).
Remark 4.3.4. (i) Consider the framework of Proposition 4.3.1. From Item (i) of Remark 4.3.2, we know
that (y*,v*,T*) is not a L!-local solution to Problem (4.9) in general. Nevertheless, according to the
ideas presented in Item (ii) of Remark 4.3.2, it may be possible to avoid the use of the notion of Llljflocal
solution introduced in the paper [16]. However, to our best knowledge, this would not be possible without
obtaining a weaker result and/or without restricting the framework. Let us develop two options in that
direction:
e First, under the (slightly) stronger transverse conditions (4.5), it can be proved that (y*,v*,T*) is
a L>°-local solution to Problem (4.9), in the sense that there exists 7 > 0 such that

¢"(y*(0),y7(1), T*) < ¢*(y(0),y(1), T),

for all admissible triplets (y, v, T) satisfying ||y — v*||c +||v —v*||L= + ||T — T*||gx+1 < 5. This idea is
in-line with the approach developed in [19]. In that context, assuming for simplicity that U is closed
and convex and applying a weak version of the classical PMP (that is, a version adapted to L>°—local
solutions, see [42] and discussion therein), one can derive a weaker version of Theorem 4.3.1, that is,
without the Hamiltonian constancy condition and, above all, where the Hamiltonian maximization
condition is replaced by the weaker Hamiltonian gradient condition V., H(z*(t),u*(t),p(t)) €
Nylu*(t)] for a.e. t € [0,T].

e Second, under the (very) stronger transverse conditions given by

o { (VE; (1), J (" (7)) > B 4.10)

(VE (2 (7)), [ (27 (70), w))me 2 B

for some S > 0 at each crossing time 77/, it can be proved that (y*,v*,T*) is a L'-local solution to
Problem (4.9). In that context one can derive Theorem 4.3.1 from the application of the classical
PMP. However the strong transverse conditions (4.10) are quite restrictive and are not satisfied in
practice (see the counterexample presented in the next Section 4.3.4).
From a general point of view, it can be observed that the choice of the transverse conditions (more or less
strong) influences the local quality (L', L or L}) of the solution (y*,v*,T*) to Problem (4.9) and thus
the version of the PMP that can be applied to it, and finally the version of the HMP obtained on the
original pair (z*,u*).
(ii) For simplicity, Definition 4.2.1 allows trajectories x such that x(0) and x(T") belong to regions only
(and not to their boundaries). This restriction may limit the scope of our results. To overcome this
restriction, some adjustments have to be performed. For instance, consider the framework of Theorem 4.3.1
with 2*(0) € E; and 2*(T') € 0EN (other cases can be handled similarly). To deal with this situation,
one has to add in Definition 4.3.2 the existence of a local C! description Fy of dEy in a neighborhood

of z*(T) and an adapted transverse condition of the form
(VEN(z*(T)), fa(a™(T),uw*(t))rr > BN, ae. te[T—an,T),

with e > 0 and By > 0. Then the augmented problem (4.9) must be adjusted carefully by adding
the inequality constraint Fy (yn(1)) < 0 to keep the validity of Proposition 4.3.1. Finally, adapting
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the submersiveness hypothesis (involving both g and F3), applying Theorem 4.2.1 and inverting the
augmentation procedure, the conclusion of Theorem 4.3.1 remains valid, but with an additional term of
the form (VEF} (z*(T)) with ¢ > 0 in the expression of —p(T).
(iii) In addition to the comments made in the previous Item (ii), we would like to emphasize that certain
cases where 2*(0) and z*(T) belong to boundaries of the regions can be treated without the adjusted
procedure discussed above. For instance, if the initial condition is fixed on a boundary, then no information
is expected for p(0) and, furthermore, with the approach developed in this chapter, only perturbations
of the control over [e,T] for small € > 0 are considered. Hence the corresponding perturbed trajectories
coincide with the nominal trajectory over [0, ] and thus satisfy the initial condition. Another example
is provided with minimum time problems where the target belongs to a boundary of a region. In that
context, a simple dynamical programming argument can eliminate the need of a transverse condition at T’
(see [15]).
(iv) Here we focus on possible extensions and perspectives of our work.

e First, one may consider a setting where the subdynamics h; : R™ x R™# — R™ have possibly different
control dimensions m; € N* and with possibly different control constraint sets U; C R™J. This
generalized context is interesting to impose specific values for the control in certain regions (for
example, by taking U; = {Ogm; } for some j € J). We believe that our methodology can be adapted
to this framework without any major difficulty.

e Second, one may consider an extended setting that includes a regionally switching parameter (we
refer to Chapter 5), meaning that the control system depends on a parameter that remains constant
in each region but can change its value when the state crosses a boundary. This framework enables

us to handle, as a specific case, control systems with loss control regions (see [14], [15], [17]).

4.3.4 A counterexample

Consider the framework of Proposition 4.3.1. This section is dedicated to an explicit counterexample
showing that the triplet (y*,v*, T*) is not a L!-local solution to Problem (4.9) in general. To this aim
consider the two-dimensional case n = 2, the state space partition R? = X; U X3 where X := (—00,1) xR

and Xy := (1,400) x R, and the hybrid optimal control problem given by

minimize  —(21(2) — 2)% — pa2(2),

subject to  (z,u) € AC([0,2],R?) x L*°([0,2], R),
@(t) = h(z(t),u(t)), ae.tel0,2], (4.11)
x 0

(0)
u(t) € [-1,1], a.e.t€][0,2],

R2,

where the spatially heterogeneous dynamics h : R? x R — R? is defined by

(1, (- $1)+)2), ifx € Xy,

hle,u) = (u,((17x1)+)2), if £ € Xo,

for all z = (z1,22) € X7 U Xo and all v € R, and where p > 96.
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A global solution (2*,4*) to Problem (4.11)

In view of the definition of & in the region X; and following Definition 4.2.1, any admissible pair (x, u) for
Problem (4.11) has exactly one crossing time 71 = 1, and satisfies 1 (¢) = ¢ for all ¢ € [0, 1] and 21 (¢) > 1

for all t € (1,2]. Moreover an easy computation shows that

.’Eg(t) = {

for all t € [0,2]. Since the value 5(2) is fixed to & for any admissible pair, Problem (4.11) simply amounts

(t—-1)3+1) iftelo,1],
if t € [1,2],

W= W=

to maximize the value of x1(2). In view of the definition of h in the region Xo, one can easily deduce

that a global solution (z*,u*) to Problem (4.11) is given by

L(t-12+1) iftelo1],
zi(t) ==t w3(t) = { i)(( ey . “ 0 u*(t) =1,
3 lfte [1,2},

for all ¢ € [0,2], and the corresponding optimal cost is given by C* := —g. Furthermore one can observe
that the pair (z*,u*) is a regular solution to the corresponding hybrid control system (Definition 4.3.2)
with exactly one crossing time 7{ = 1.

The corresponding triplet (y*,v*, T*)

Now counsider the framework of Proposition 4.3.1. The corresponding triplet (y*,v*, T*) is given by

W) =5 W =s+1 G =5(— 1 +1), @R () =3,

and vi(s) =v3(s) = 1for all s € [0,1], and T* = {0, 1,2}. As expected the triplet (y*,v*, T*) is admissible

for the classical optimal control problem with parameter

minimize  —(y3 (1) — 2)® — py3(1),

subject to  y = (yi,y3,y2,43) € AC([0,1,R*), v = (v1,09) € L([0,1],R?), T = (79,71, 72) € R?,
gl(s) =7, ae se0,1],
gi(s) = (1= wi(s) )% ae se(01],
gh(s) = (2= m)va(s), ae. se[0,1],
g3(s) = 2= m)((1 = y3(s) )% ae s€[01],
1(0) =

0)=0, »i(0)=0, y(1)-1=0, »3(0) =y (1) =0, »3(0)—yi(1)=0,

7'0:07 7'16[0,2], T2:2,

Y1

vi(s), va(s) € [-1,1], a.e. s €[0,1],
(4.12)
with the cost C* = —£.
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The triplet (y*,v*,T*) is not a L!'-local solution to Problem (4.12)

For any £ > 0 small enough, we introduce the triplet (y¢,v%,T¢) defined by (y1)¢ := (y1)*, (v3)° =
(y%)*? vi = vf, T¢* = T*, and by

s+1, if s € 10,¢], 1, ifse|0,¢],
(y3)°(s) :==¢ 2e—s+41, ifsele 3], v5(s) =4 —1, ifsc e3¢,
s—4de+1, ifse[3e1], 1, ifse3e1],
and
3 if s € [0, 2¢],
(s —2e)2 +1), if s € [2¢,3¢],
W) () =1
$((s—4e)® +2e% +1), if s € [3e,4e],
$(2e3 4+ 1), if s € [4e, 1],

for all s € [0,1]. One can easily conclude that the triplet (y*,v*,7*) is not a L'-local solution to
Problem (4.12) since:

— The triplet (y°,v,7°) is admissible for Problem (4.12) for any ¢ > 0.

— It holds that lim.o(||y® — v*||lc + ||v© — v*||L1 + ||T® — T*||gs) = 0.

— For any € > 0, the cost C° associated with the triplet (y¢,v%,T¢) is given by

c p 2p 3 P
C 3 (3 6>s< 3 C

4.4 Proof of Proposition 4.3.1

Consider the framework of Proposition 4.3.1 and let us prove that the triplet (y*,v*,T*) is a L[lswlfe]flocal
solution to Problem (4.9) for any 0 < e < . Therefore let 0 < & < 1 and R > |[v*[|L~. Our aim is to
prove that there exists n > 0 such that ¢*(y*(0),y*(1),T*) < ¢*(y(0),y(1), T) for any triplet (y, v, T)
that is admissible for Problem (4.9) and satisfying

||y _ y*HC + ||U — ’U*HL1 + ||T — T*”RN-H <n,
ol < R, (4.13)
v(s) = v*(s) a.e. s € [0,e] U1 —¢,1].

To this aim we need to introduce several technical positive parameters:

(P1) Let 0 :=mingeqr,. Ny |7 — 71| > 0 and 6 .= maxge(1,.. N} |Th — Th_1| > 0.

(B2) From the transverse conditions (see Definition 4.3.2) and the (uniform) continuities of the func-
tions VFy and f; on compact sets, there exist 0 < v < mingeqy. ny-13v; and 0 < a <

min{%, minge(,... . y—1} @} such that

(VFi(2), fi(z,u*(t)))rn > 0, a.e. t €[ —a,Ty),
<VFI:(Z)3 f;+1(z’u*(t))>R" >0, aete€ (levTI: + a]a

for all z € Bga(z*(77),v) and all k € {1,..., N —1}.
(B3) From continuity of y* over [0,1], there exists 0 < y < % such that [|y;(s) — y;(0)||r» < % for
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all s € [0, x] and ||y (s) =y (1)||re < 5 for all s € [1 — x, 1], forall k € {1,...,N}.
(B4) Define v := %min{s,x,%} >0and r:= %4_@ > 0. Note that 0 <y < < % and 0 < r < 1.
(Bs) From continuity of y*, from (4.8) and the openness of the regions E}, there exists § > 0 such that

Brr (yi(s),8) C Ef, Vse[0,1—r1],
Brn (y;(s),8) C Ef, Vselr,1—r], Vke{2,...,N—1},
Bre (y3(s),0) C E%, Vse€[r1].

We are now in a position to continue the proof. To this aim let 7 := min{%, 5,0} >0 and (y,v,T) be
an admissible triplet for Problem (4.9) satisfying (4.13). Our aim is to prove that ¢*(y*(0),y*(1), T*) <
¢*(y(0),y(1),T).

Step 1 Since0 =7 <77 < -+ <78_; <7h =T and T € A with |T — T*||gv+: < 75 < %, one
can easily deduce that 0 = 79 < 7, < -+ < Ty_1 < 75y = T. Therefore we are in a position to
define (z,u) € AC([0,T],R™) x L*°([0,T],R™) by
t— Te_1 t— Te_1
)=y | ——— | and u(t) =v| —]), (4.14)
Tk — Tk—1 Tk — Tk—1

for all t € [rx—1,7%] and all k € {1,...,N}. Note that = is well defined since y;4+1(0) = yx(1) for
all k € {2,..., N} (from admissibility of the triplet (y,v,T)). Observe that (y1(0),yn(1)) = (z(0),2(T))
and recall that (y7(0),yx (1)) = (2*(0),2*(T)). Therefore, from the definition of ¢* (see Section 4.3.2) and
since (z*,u*) is a global solution to Problem (4.2), to obtain that ¢*(y*(0),y*(1), T*) < ¢*(y(0),y(1),T),
we only need to prove that the pair (x,u) is admissible for Problem (4.2).

From admissibility of the triplet (y,v,T), it is clear that g(x(0),2(T)) € S and u(t) € U for almost
every t € [0,T]. Therefore it only remains to prove that (z, u) is a solution to the hybrid control system (4.3)
(see Definition 4.3.1). From (4.14) and the admissibility of the triplet (y,v,T), one can easily obtain that

() = fi(z(t),u(t)), ae. te (Th—1,Tk), (4.15)
for all k € {1,...,N}. Therefore, to conclude the proof, we only need to prove that

z(t) € EY, Vt€ [r,71),
z(t) € Bf, Vte (Th-1,m), Vke{2,...,N -1},
{E(t) S E]*V? Vt € (TNfl,TN].

This is exactly our goal in the next two steps.

Step 2 Since |T — T*|gv+1 < 7 < %, note that 7, — 7,1 < 0+2n < 0+0 forall k € {1,...,N}.

Hence, since moreover r := %4_9, observe that

=70 c[0,1—7], Vt€[rn,m—17]

T1—T0
t—Tr—1

erl—r], Vte€[mg+v,m—19, YVke{2,...,N—-1},

Tk —Tk—1

LT € [7‘, 1}, YVt € [TN_1 —|—’}/,TN].

TN —TN-1
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As a consequence, from (4.14) and (B5), and since |lyx — yillc < [ly — y*[lc < n < 0, one can eas-
ily obtain that

x(t) € B, Vté€[rn,m —1],
xz(t) e B, Vte[m_1+v,m—7], Vke{2,...,N-—1},
l‘(t) € By, Vit € [TN_1 Jr’}/,TN].

Therefore, to conclude the proof, it only remains to prove that z(t) € E} for all t € 1, — v, 1) and z(t) €
Ef., forallt e (g, 7 +1], forall k € {1,...,N — 1}. This is the objective of the following last step.

Step 3 Let us start with two observations. First, since |T—T*||gx+: <7 < %, it holds that |7 —7%—1| > %
for all k € {1,...,N}. Second, since vy := %min{s,x, %}, one can get that

t—Tk—1

el € [1 75,1]3 LoThoL € [1 - X5 1]7 Tl;k—l + (le 77_]:—1)

* *
Th—Tk—1 Th—Tk—1 € [Tk @ Tk s

Tk —Tk—1

for all t € [y — v, 7%] and all k € {1,...,N — 1}. We deduce the following results:
(i) Since vi(s) = vj(s) for almost every s € [1 — ¢, 1], one can easily obtain from (4.14) and (4.6)
that w(t) = w*(r;_ + (75 —75_1) Ttkink‘_ll ), with 7, + (758 — 75¢_1) Ttkink‘_ll € [} — a, 17], for almost

every t € [t —7,7¢) and all k € {1,..., N — 1}.

(i) Since |lyx —yillc < lly—v*llc < n < &4, one can easily obtain from (4.14), from the equality z* (7)) =
y7(1) and from (P3) that z(t) € Brn (z*(73),v) for all t € [r, —y,7%] and all k € {1,..., N —1}.
(iii) We obtain from (4.15), from the previous two items and from () that the derivative of F} oz

satisfies

(vrz o). si (w0 (a4 - k>t"“))> >0,

Tk — Tk—1

for almost every ¢t € [1, —~,7,) and all k € {1,..., N — 1}. From admissibility of the triplet (y,v,T)

and (4.14), we know that F}(z(m)) = F(yx(1)) =0 for all k € {1,..., N — 1}. As a consequence

we obtain that F}'(x(t)) < 0 for all t € [r, — 7, 7;) which implies from Definition 4.3.2, since z(t) €

Bgre (z*(17),v) and v < v}, that z(t) € Ef for all t € [1y —v,7) and all k € {1,..., N —1}.
Following the same strategy one can obtain that x(t) € Ej_, forallt € (1, 7x+7] and allk € {1,..., N—1}.
The proof of Proposition 4.3.1 is complete.

4.5 Proof of Theorem 4.3.1

Let (z*,u*) € AC([0,T],R™) x L>°([0,T],R™) be a global solution to Problem (4.2), that is moreover
a regular solution to (4.3), associated with a partition T* = {7} }r=0,... n, such that g is submersive
at (x*(0),2*(T)). From Proposition 4.3.1, the corresponding triplet (y*, v*, T*) constructed in Section 4.3.2
is a Lﬂjflocal solution to Problem (4.9). Before applying Theorem 4.2.1, we need to verify that g* is
submersive at (y*(0),y*(1), T*). From the definition of the function g* (see Section 4.3.2), note that
the matrix Vg*(y*(0),y* (1), T*) € RONFNHNF)XE g given by
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Vlg(yf(0)7y7\7(1)) ORan(Nfl) ORnX(Nfl) OIRnX(N«l»l)
Opn(N-1)xe Idgn(v—1)xn(v-1) Ogn(N—1)x (N =1) Opn(N—1)x (N+1)
VF(y7 (1))
Opn(N-1)xe —ldgn(N—1)xn(v-1) . Opn(N—1)x (N+1)

VF;(]71 (y?\l71 (1))

Vag(y1(0), ¥y (1)) Ognxn(N=-1) Ognx (N—1) Ognx (N+1)

Op(N+1)xe Op(N+1)xn(N=-1) Op(N+1)x(N=1) Idg(v4+1)yx(N+1)

From Definition 4.3.2, it holds that VF}(y;(1)) = VFi(z*(7})) # Orn for all k € {1,...,N — 1}.
Since g is submersive at (z*(0),z*(T)) = (y;(0),y5 (1)), one can easily conclude that ¢g* is submer-
sive at (y*(0),y*(1), T*).

Application of Theorem 4.2.1. Let us introduce the Hamiltonian H :R"N xR™N x RN+Lx RPN 5 R

associated with Problem (4.9) given by

N
H(y7 v, T, q) = <Q? f*(y7 v, T))R"N = Z<Qk7 (Tk - Tk*l)fl::'K (yk:a Uk?))R"7
k=1

forall y = (y1,...,yn) ER™ v = (vy,...,on) ER™N T ={rg,...,7v} € RVl and ¢ = (q1,...,qn) €
R"™V. From Theorem 4.2.1, there exists a nontrivial pair (¢,¢") € AC([0,1],R™") x R satisfying:

(i) the Hamiltonian system

g (s) = Vgl (y"(s),v"(s), T", q(s)) and  —q(s) = Vy, H(y"(s),v"(s), T", q(s)),

for almost every s € [0, 1];

(ii) the endpoint transversality condition

q(0)
: ~a = 4"V (5" (0),y" (1), T) + V" (4 (0), " (1, T,
/0 VB (5" (s),0* (), T (s)) ds

for some & € Ng-[g*(y*(0), y* (1), T*)];

(iii) the Hamiltonian maximization condition

v*(s) € argmax H(y"(s), @, T*, q(s)),
weunN

for almost every s € [0, 1].
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Introduction of the nontrivial pair (p,p°). Since the pair (g, q°) is not trivial, it is clear that the
pair (p,p°) € PACr-([0,T],R") x R, defined by p° := ¢ and

P
q1 <7—1*_T7(20*) ’ vt e [7—537_1*)7

p(t) = qk(i‘”?;l), Ve (1), Vke{2,... N-1},

T =™ Th—1

an (%) . Ve (th_n i,

TNTTN-1

is not trivial.

Hamiltonian system and Hamiltonian maximization condition of Theorem 4.3.1. From the
above Items (i) and (iii) and from (4.7), one can easily obtain that (p,p°) satisfies the Hamiltonian system

and the Hamiltonian maximization condition of Theorem 4.3.1.

Endpoint transversality condition of Theorem 4.3.1. From the definitions of ¢g* and S* (see
Section 4.3.2) and since € € Ng-[g* (y*(0), (1), T*)], we can write £ := (£,£2,€3,€%) € R x R*(NV-1) x
RN-1 x RN*! with

€ € Ns[g(y1(0),yn(1))] and &' € Na[T7).

Since (y3(0),yn (1)) = (2*(0),2*(T)), note that £ € Ng[g(z*(0),2*(T"))]. Furthermore, from the first two

*(0),y*(1), T*) given at the beginning
of Section 4.5 and from the expression of V¢*(y*(0),y*(1), T*) (see Section 4.3.2 for the definition
of ¢*), we obtain that

components of the above Item (ii), from the expression of Vg*(y

p(0) = q1(0) = ¢"V1io(y7 (0), yx (1)) + Vig(yi (0), yx (1))€ = p° Vi (2*(0), 2™ (T)) + Vig(z™(0), 2* (T))¢,

and

=p(T) = —an(1) = ¢"Vao(y1(0), yx (1) + Vag(y7 (0), yx (1))€
= p"Vag(2*(0), 2" (1)) + Vag(z* (0), 2" (T))E.

Therefore the endpoint transversality condition of Theorem 4.3.1 is proved.

Discontinuity condition of Theorem 4.3.1. From the first two components of the above Item (ii),
from the expression of Vg*(y*(0), y*(1), T*) given at the beginning of Section 4.5 and from the expression
of V¢*(y*(0),y*(1),T*) (see Section 4.3.2 for the definition of ¢*), we obtain that

Vk € {2a~~~7N}a qk(o) :fgfl and vk € {17"‘7N_1}7 _qk(l) = _é-l%—’—gl?c)VFI:(yZ(l))
We deduce that

pH(70) =07 (17) = ar41(0) — (1) = &V EFL (yi(1)) = &V EFy (2" (7)), (4.16)
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for all k € {1,..., N — 1}. Therefore the discontinuity condition of Theorem 4.3.1 is satisfied with oy, :=
& for all k € {1,...,N — 1}.

Hamiltonian constancy condition of Theorem 4.3.1. From the Hamiltonian system and the
maximization condition and applying [63, Theorem 2.6.1] on each interval [}, 7], we obtain that, for
all k € {1,..., N}, there exists a constant ¢; € R such that

(p(t), fr (@™ (), u™(£)))rr = ck,

for almost every t € [r}_,, 7/]. Furthermore, from the definition of A (see Section 4.3.2) and since 0 =
e < T <. .<Th_, <7k =T, we deduce from &* € Na[T*] that all components of £* are zero, except
possibly the first and last components. Thus, from the third component of the above Item (ii), from
the expression of Vg*(y*(0),y*(1), T*) given at the beginning of Appendix 4.5 and from the expression
of Vo*(y*(0),y*(1), T*) (see Section 4.3.2 for the definition of ¢*), we obtain that

1 1
| 0 i ia @i D ds = [ (o). R 0) i) s,

0

for all k € {1,...,N — 1}. From affine changes of time variable, we obtain that

1 / Tk+1<p(t),f;i‘+1(a:*(t),u*(t))>w dt = # / i (p(t), fi (™ (t),w"(t)))rn dt,

Thor1 — T T Te — Thet S
for all k € {1,...,N — 1}. From constancy of the above two integrands, we deduce that cx+1 = ¢
for all k € {1,...,N — 1}. Therefore the Hamiltonian constancy condition is satisfied and the proof

of Theorem 4.3.1 is complete.
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This chapter is based on the paper “Loss control regions in optimal control problems” by T. Bayen, A.
Bouali, L. Bourdin, and O. Cots (see [17]). Here, we address general optimal control problems with loss

control regions with general terminal state constraints. The objective of this chapter is twofold. First, we
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reformulate the above problem into a spatially hybrid optimal control problem that involves a regionally
switching parameter. Second, we propose a two-step numerical scheme to solve optimal control problems
with loss control regions. The scheme is based on direct and indirect numerical methods. This numerical
approach is applied to several illustrative examples: Zermelo-type problem and a version of the minimum

time problem for the harmonic oscillator both involving loss control regions.

5.1 Introduction

General context of the present chapter. Our main objective in this chapter is to establish a
Pontryagin maximum principle (in short, PMP) for general optimal control problem with loss control
regions. Let us recall that in the literature, optimal control theory and, in particular, the PMP are usually
concerned with a permanent control, in the sense that the control value is authorized to be modified at any
instant of time. However, in practice, when acting on concrete processes, some constraints may prevent
changing the control value in a full free way: we speak then of a nonpermanent control and the situations
are diverse. For instance, in automatic, when the control is digital, the control value can be modified only
in a discrete way in time, resulting into a piecewise constant control (also called sampled-data control). A
version of the PMP has been obtained for sampled-data controls, in which the Hamiltonian maximization
condition is replaced by the so-called averaged Hamiltonian gradient condition (see [1], [24], [34], [36], [41]).
In aerospace, the control is not permanent in the presence of an eclipse constraint (see [69], [73]). Such a
constraint applies to satellites that use solar power and that cannot be active when they are in a shadow
region (i.e. an area that is not directly exposed to sunlight). In such a shadow region, the control input
can only be set to zero due to the absence of power. Additionally, in viability problems or in epidemiology,
we often encounter constraint sets or environment sets attached to the controlled dynamics (see, e.g., [27],
[92] in the context of an optimal control analysis of covid-19). Such sets can be related to thresholds not
to exceed and they can in general be described by a set of inequalities involving state variables. Depending
on the application model, it is then desirable to maintain the system as much as possible outside this set.
This is typically the case in time crisis problems [20] when the state belongs to the environment set. In
this context, to reduce operating costs, it can be convenient to make use of constant controls. In the same

way, constant controls may also be convenient whenever the system fulfills the constraints.

Objective and methodology. The objective of this chapter is to address optimal control problems
with loss control regions. In that context the state space is partitioned into disjoint sets, referred to as
regions, which are classified into two types: control regions and loss control regions. When the state
belongs to a control region, the control is permanent (i.e. the control value is authorized to be modified
at any time). On the contrary, when the state belongs to a loss control region, the control must remain
constant, equal to the last assigned value before the state enters into the loss control region, and this
value is kept until the state exits this region. As it was previously mentioned, the consideration of such
problems is motivated by various applications. To address optimal control problems with loss control
regions, we pursue the approach initiated in our previous works [13], [14], by considering the control
function as a permanent control in control regions and as a constant parameter in loss control regions.
With this point of view, our framework falls into the domain of hybrid optimal control theory which
extends the classical theory to discontinuous dynamics. In that field, the so-called hybrid maximum

principle (in short, HMP) extends the PMP to various hybrid settings (i.e. to discontinuities of various
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natures, such as temporal or spatial, see below). In the HMP, the adjoint vector is usually piecewise
absolutely continuous, admitting a discontinuity jump at each time the dynamics changes discontinuously.
We refer to [46], [59], [68], [99], [108], [109], [111] and references therein.

To be specific, our methodology leads to a hybrid setting where the dynamics changes discontinuously
(only) according to the state position in a given partition of the state space: we speak of a spatially
heterogeneous dynamics and this setting corresponds to the spirit of previous works such as [10], [73]
(in which transversal crossing assumptions are made to handle the boundary crossings of the optimal
trajectory). In contrast, the change of dynamics may depend on time only, i.e. we fix in advance a certain
number of instants (fixed or free) at which the dynamics changes. This discontinuity may be controlled or
not (see, e.g. [46], [59]). In that case, we would rather speak of a temporal discontinuity. Note that this
case is not under consideration throughout this paper which is devoted only to spatially heterogeneous
dynamics. Finally we emphasize that our strategy, not only leads to a hybrid optimal control problem
(with spatially heterogeneous dynamics), but moreover involving a regionally switching parameter (i.e. a
parameter that can change its value when the trajectory moves from one region to another). To the best

of our knowledge, this last concept has never been considered in the literature until our previous work [13].

Main results.

(a) Theoretical contributions. The main theoretical contribution of this chapter is the derivation of
a PMP for optimal control problems with loss control regions (see Theorem 5.3.1). The necessary
optimality condition is expressed as the usual Hamiltonian maximization condition whenever the
state belongs to a control region, and as the averaged Hamiltonian gradient condition whenever the
state belongs to a loss control region. Theorem 5.3.1 is actually a direct consequence of a more
general result that we establish in Theorem 5.2.1: a HMP for hybrid optimal control problems (with
spatially heterogeneous dynamics) involving a regionally switching parameter.

Theorem 5.2.1 is an extension of a HMP that can be found in our previous work [13] in the simpler
context of a fixed initial condition and no final state constraint. Furthermore our methodology in
[13] consists in a thorough sensitivity analysis of the hybrid control system, involving an inductive
reasoning to handle the consecutive crossing times thanks to implicit function theorems. In the
present work, Theorem 5.2.1, not only handles mixed terminal state constraints, but moreover is
proved with a simpler method based on an augmentation technique. This approach consists in
reducing the hybrid optimal control problem into a classical (non-hybrid) optimal control problem to
which the classical PMP can be applied. It was initiated in [59] to deal with hybrid optimal control
problems in which the word hybrid refers to the situation where the dynamics changes discontinuously
but at fixed or free instants of time (above all, independently of the state position). As highlighted
in our previous paper [16] with counterexamples, the augmentation technique must be carefully
adapted to the present framework of spatially heterogeneous dynamics. In particular it requires the
introduction of a new notion of local solution (called Li—local solution) to classical (non-hybrid)
optimal control problems and the derivation of a corresponding PMP (see [16, Theorem 2.1]).

We point out that, similarly to Theorem 5.2.1 that is an extension of the HMP that can be found
in our previous paper [13], Theorem 5.3.1 is an extension of the PMP that can be found in our
previous work [14] in the simpler context of a fixed initial condition and no final state constraint.
Finally, since our framework is related to the hybrid setting (with spatially heterogeneous dynamics),

Theorem 5.2.1 and Theorem 5.3.1 are both results obtained under appropriate transversal crossing
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assumptions and both ensure the existence of a piecewise absolutely continuous adjoint vector
admitting a discontinuity jump at each crossing time.

(b) Numerical contributions. This chapter proposes a two-steps numerical approach to solve optimal
control problems with loss control regions. First, we use a direct numerical method applied to a
reqularized problem: a regularization is required to overcome the discontinuities appearing when
rewriting the optimal control problem with loss control regions as a hybrid optimal control problem
with regionally switching parameter. This first step is useful to determine the structure of the
optimal trajectory (i.e. the ordered sequence of regions that the optimal trajectory visits) and,
second, to initialize an indirect numerical method applied to the original problem and based on
the PMP stated in Theorem 5.3.1. The originality here is to incorporate the averaged Hamiltonian
gradient condition, as well as the discontinuity jumps of the adjoint vector, to define an appropriate
shooting function (in addition to the classical terms defining the shooting function for non-hybrid
control problems, see [45], [53]).

For the sake of brevity, in the rest of this paper, the word hybrid will refer (only) to the situation

of spatially heterogeneous dynamics.

Organization of the chapter. This chapter is organized as follows. In Section 5.2, a general hybrid
optimal control problem with regionally switching parameter is introduced (see Problem (5.1)). Then
Proposition 5.2.1 asserts that the augmentation of a global solution to Problem (5.1) leads to a L -local
solution to a classical (nonhybrid) augmented optimal control problem. Hence, applying the PMP
for L}, -local solutions (see [16, Theorem 2.1]) and reversing the augmentation procedure, a HMP for
hybrid optimal control problems with regionally switching parameter is obtained (see Theorem 5.2.1). In
Section 5.3, a general optimal control problem with loss control regions is introduced (see Problem (5.9)).
By rewriting this problem as a hybrid optimal control problem with regionally switching parameter and
applying the previous Theorem 5.2.1, a PMP for optimal control problems with loss control regions is
obtained (see Theorem 5.3.1). In Section 5.4, a two-steps numerical scheme is proposed to solve optimal
control problems with loss control regions. Afterwards it is applied to numerically solve some illustrative
examples, precisely a Zermelo-type problem [6] and a version of the minimal time problem for the harmonic
oscillator [107] both including loss control regions. Finally the technical proofs of Proposition 5.2.1 and

Theorem 5.2.1 are provided in Sections 5.5 and 5.6 respectively.

5.2 Derivation of a HMP with regionally switching parameter

This section addresses hybrid optimal control problems with regionally switching parameter (which will
allow us in the next Section 5.3 to address optimal control problems with loss control regions as a particular
case). To this aim, Section 5.2.1, a general hybrid optimal control problem with regionally switching
parameter is introduced, together with terminology and assumptions. In Section 5.2.2, we discuss the
notion of regular solution to the corresponding hybrid control system. In Section 5.2.3, thanks to an
augmentation technique, we establish in Proposition 5.2.1 the correspondence between a solution to the
hybrid optimal control problem with regionally switching parameter, that is regular, and a leflocal
solution (notion that was previously introduced in [16]) to a classical optimal control problem with
(constant) parameter. In Section 5.2.4, applying a version of the PMP that is adapted to Lﬂjflocal

solutions (extracted from [16, Theorem 2.1]), we derive the main result of this section (Theorem 5.2.1)
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which is a HMP with regionally switching parameter.

5.2.1 A hybrid optimal control problem with regionally switching parameter:

terminology and assumptions

Let n, m, d, £ € N* be four fixed positive integers and 7" > 0 be a fixed positive real number. In this

section we consider a partition of the state space given by

R™ — U Yj’

j€eT

where J is a (possibly infinite) family of indexes and the nonempty open subsets X; C R”", called regions,
are disjoint. Our aim in this section is to derive first-order necessary optimality conditions in a Pontryagin

form for the hybrid optimal control problem with regionally switching parameter given by
minimize d(x(0), z(T)),

subject to  (z, A, u) € AC([0,T],R™) x PC([0, T],R?) x L°([0, T], R™),
#(t) = h(z(t), A1), u(t)), ae. te[0,T], o)
9(2(0),2(T)) €5,

(At),u(t) e AxU, ae tel0,T],

A is a regionally switching parameter associated with x,

where both the Mayer cost function ¢ : R® x R® — R and the constraint function g : R" x R” —
R? are of class C', where both subsets S C R’ and A C R? are nonempty closed convex subsets,
where U € R™ is a nonempty subset and where the spatially heterogeneous dynamics h : R™ x R? x

R™ — R"™ is defined regionally by
V(z, \u) € R" x R X R™, h(x, \,u) == hj(z, \u) if z € X,

where the maps h; : R x R? x R™ — R" are of class C!. Note that h(z, A\, u) is not defined when z ¢
UjegX; but this fact will have no impact on the rest of this paper thanks to transverse crossing
assumptions (see Definition 5.2.2).

In Problem (5.1), as usual in the literature, x € AC([0,T],R™) is called the state (or the trajectory)
and u € L°°([0,T],R™) is called the control. Additionally we consider a regionally switching parameter \ €
PC([0,T],R?), meaning that the parameter \ stays constant as long as the trajectory x stays within a
region, but it is allowed to change its value (i.e. to switch) when the trajectory x crosses a boundary
and moves from one region to another (see Definition 5.2.1). A triplet (z,A\,u) € AC([0,T],R™) x
PC([0,T],R%) x L>([0,T],R™) is said to be admissible for Problem (5.1) if it satisfies all the constraints
of Problem (5.1). Such an admissible triplet is said to be a global solution to Problem (5.1) if it minimizes
the Mayer cost ¢(x(0),z(T")) among all admissible triplets.

Remark 5.2.1. In the whole chapter (not only for Problem (5.1)), we will consider problems with
(only) Mayer cost, fixed final time and autonomous dynamics (i.e. independent of t). It is well known

in the literature (see, e.g., [28], [44], [48]) that standard techniques, such as augmentation techniques or



CHAPTER 5. LOSS CONTROL REGIONS IN OPTIMAL CONTROL PROBLEMS

changes of variables, allow to deal with more general problems that include Bolza cost, free final time
and time-dependent dynamics. Also we assume for simplicity that the maps ¢, f and g are of class C!
and some topological conditions on the sets S and A. However the results presented in this work can be
extended to weaker assumptions (as in [49], [116]). Overall our aim in this chapter is not to consider the
most general framework possible. We keep our setting as simple as possible to stay focused on the main

novelties of this work.

5.2.2 Regular solution to the hybrid control system with regionally switching

parameter

Consider the hybrid control system with regionally switching parameter associated with Problem (5.1) given
by

z(t) = h(z(t), A(¢),u(t)), for a.e. te[0,T], -

A is a regionally switching parameter associated with x. .
Due to the discontinuities of the spatially heterogeneous dynamics h and to the presence of a regionally
switching parameter, we need to precise the definition of a solution to (5.2).
Definition 5.2.1 (Solution to (5.2)). A triplet (z, \,u) € AC([0,T],R™) x PC(]0, T],R%) x L>°([0, T, R™)
is said to be a solution to (5.2) if there exists a partition T = {73 }x=0,... .~ of the interval [0,T] such that:

(i) It holds that
Vke{l,...,N}, 3Fjk)eJ, Vte(m_1,m%), =z(t)ecXm),

where j(k) # j(k—1) for all k € {2,...,N}. The sequence {j(1),...,j(N)} is called the switching
sequence.
(ii) It holds that x(0) € X;1y and x(T) € X;(n).
(iii) X\ is a regionally switching parameter associated with x, that is, A € PCr([0,T],R).
(iv) It holds that ©(t) = hjqy(x(t), A, u(t)) for almost every t € (1p—1,mx) and all k € {1,...,N}.
In that case, to ease notation, we set fy := hjy) and Ey := Xy for all k € {1,...,N}. With this system

of notations, we have

z(t) € By, VtE€ [, 1),
t) € E, VtE(kal,Tk), Vk‘E{Q,...,N—l},
x(t) € En, Vte (TnN-1,7n],

= fu(x(t), A\, u(t)), a.e.t € (tp—1,7), VEke{l,...,N}

The times 1, for k € {1,...,N — 1}, called crossing times, correspond to the instants at which the
trajectory x goes from the region Ey, to the region Eyi1, and thus x(1;) € OE N O0FEk41.

The main result of this section (Theorem 5.2.1 stated in Section 5.2.4) is based on some regularity
assumptions made on the optimal triplet of Problem (5.1) at each of its crossing times. These hypotheses
are precised in the next definition.

Definition 5.2.2 (Regular solution to (5.2)). Following the notations introduced in Definition 5.2.1, a
solution (z,\,u) € AC([0,T],R™)xPC([0, T],R) x L*°([0, T],R™) to (5.2), associated with a partition T =

{Tkth=0,... N, is said to be regular if the following conditions are both satisfied:
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(i) At each crossing time 1., there exists a C! function Fy : R® — R such that

ze b, & Fk(z) <0,
EJV]c > 0, Vz € ERn (x(Tk),Vk;)’ z € 6Ek n 6Ek+1 < Fk(Z) = 0,
0

ZEE]C+1 =4 Fk(2)>

In particular it holds that Fy(x(1y)) = 0.

(i) At each crossing time Ty, there exists ax > 0 and B, > 0 such that the transverse conditions

{ (VFu(x()), fr(x(Th), A, u(t)))rn > Brs a.e. t € [Tp — ag, Tk), (5.3)

(VFu(2(1k))s frt1(@(Th), M1, wt)))rn > By, a.e. t € (Tg, T + ),

are both satisfied. We refer to Figure 5.1 for for a geometrical illustration.

OBy (i) N 0Ek+41(7k) r
Figure 5.1: Geometrical illustration of a transversal boundary crossing.

Remark 5.2.2. In this remark we comment some aspects related to Definitions 5.2.1 and 5.2.2.

(i) In Definition 5.2.1, we exclude a few possibilities, such as having an infinite number of crossing
times (no Zeno phenomenon [47]), bouncing against a boundary or moving along a boundary (as
considered in [10]). Also we (only) consider trajectories that start and finish inside the regions (and
not on a boundary). Nevertheless we discuss in Remark 5.2.8 possible issues to address the case
where trajectories start or finish on a boundary of a stratum.

(ii) The transverse condition introduced in Definition 5.2.2 has a geometrical interpretation. It means
that the trajectory does not cross the boundary dFy N Ei11 tangentially (see Figure 5.1). Note
that, in the present work, we consider a transverse condition that is (slightly) weaker than the one

examined in previous works such as [13], [73] and given by

u admits left and right limits at 74, denoted by u™ (7x) and u™ (%),
(VFi(x(th)), fe(@(th), A, u™ (Tr)))rn > 0, (5.4)
(VEL(x(Th));s fr1(@(Th), Aeg1, ut (1x)))rn > 0.

5.2.3 Reduction to a classical optimal control problem with (constant) pa-

rameter

To establish a correspondence from the hybrid optimal control problem with regionally switching parame-
ter (5.1) to a classical optimal control problem with (constant) parameter, we proceed to simple affine
changes of time variable. Precisely let (z*, \*,u*) € AC([0, T],R™) x PC(]0, T],R%) x L>([0,T],R™) be a
solution to (5.2), associated with a partition T* = {7 }r—0,... n, and let us denote by E}, f} and A}, the
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corresponding regions, functions and constant values of A* whenever 2* belongs to E;; (see Definition 5.2.1).
We introduce (y*,v*) € AC([0,1],R+DNY) x 1,20([0, 1], R™N) defined by

Yr(s) = 2" (T + (g =75 1)8), Ynyr(s) := A (1 + (77 =75 -1)s) and v (s) == w (7p_y + (7 —751) ),

(5.5)
for all s € [0,1] and all k € {1,...,N}. Note that the above affine changes of time variable allow
mapping each time interval [77_,, 7] to the common time interval [0,1] and, therefore, augment the
state dimension to (n + d)N and the control dimension to mN, respectively. To reverse the above

changes of the time variable, one simply has
t—T t—1 t—T1f
o0 =ui () VO = () a0 =i () 69

* * * *
Tk = Ti—1 T = Ti—1

for all t € [rf_;,7¢] and all k € {1,..., N}. In particular note that (z*(0),z*(T)) = (y5(0), yx(1)). From
a more general point of view, it holds that z*(7;) = y;,,(0) for all £ € {0,..., N —1}, and z*
and \; = yp,x(s) for all s € [0,1] and all k € {1,...,N}.

With the above context note that the triplet (y*,v*, T*) satisfies

g (s) = f7(y"(s),v7(s), T"), ae. s€[0,1],

where f* : ROVHON y RN o RN+ RN g the C! function defined by
f*(y7va T) = ((Tl - TO)fl*(yhyN+17U1)a ey (TN - TN*l)f]tl(y]\U yQNaUN)a O]Rda v 7O]Rd)7

for all y = (y1,.. ., YN, YN 115+, Y2n) € ROFDN 4y — (4 .. Jon) € R™ and T = {rg,...,7n} €
RN+ Furthermore, it holds that
yi(s) € EY, Vse|0,1),
yi(s) € Br, Vse(0,1), Vke{2,...,N-1}, (5.7)
yn(s) € B, Vse (0,1],
and y;;,1(0) = y;(1) € OE; NOE;,, for all k € {1,..., N — 1}. Also note that T* € A where A ¢ RN*!

is the nonempty closed convex set defined by

A= {T: {Tk}k:O,...,N e RVF! | O=mn<nn<...<7y_1<7n :T}

Now assume that the triplet (z*, \*,u*) is moreover a regular solution to (5.2) and denote by F}
and v} > 0 the corresponding functions and positive radii (see Definition 5.2.2). In that context note
that Ff(z(r)) = Fi(yp(1)) = 0 for all k € {1,...,N — 1}.

Finally it is clear that, if the triplet (z*, A*,u*) is furthermore admissible for Problem (5.1), then the
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triplet (y*, v*, T*) is admissible for the classical optimal control problem with (constant) parameter given by

minimize  ¢*(y(0), y(1)),

subject to  (y,v,T) € AC([0, 1], R*H+DN) x 1,20([0, 1], R™V) x RN+,
g(s) = f*(y(s),v(s),T), ae. sel0,1], (5.8)
9" (y(0),y(1),T) € 5%,

v(s) € UV, ae. s€0,1],

where ¢* : ROTDN o RN 5 R and g* : ROHDN  ROHDN o RN+L 5 RE gre the C! functions
defined by ¢*(y°,y") := ¢(y,yy) and

g @y T) = (9wl un) s ¥s — Ui U8 —UN— 1 FE W) Fy  (UN 1) UN 1o - - Y T,

for all y° = (y?,...,y?\,,ygwl,...,ygN),yl = (y%,...,y}v,y}v+1,...,y%N) € ROFIN and T = {r9,...,78} €
RN+ where ¢* := £+ n(N — 1) + (N — 1) + dN + (N + 1), and where S* ¢ R’ stands for the

nonempty closed convex set defined by
S* 1= S x {0}V x {0}V x AN x AL

Before stating the main result of this section, we first need to recall some notions of local solution,
extracted from our previous paper [16], which will play central roles in the present work.

Definition 5.2.3 (L-local solution). The triplet (y*,v*,T*) is said to be a L -local solution to
Problem (5.8), for a measurable subset A C [0,1], if, for all R > ||v*||Le, there exists n > 0 such
that ¢*(y*(0),y* (1)) < ¢*(y(0),y(1)) for all admissible triplets (y,v,T) satisfying

ly —y*llc + lv —v* [t + | T = T*|gv+r < m,
[vllLe < R,

v(t) = v*(t) a.e. t € [0, T\ A.

With A = [0,T), we recover the standard notion of L*~local solution that can be found in [29], [93].
Definition 5.2.4 (Li-local solution). The triplet (y*,v*,T*) is said to be a Li—local solution to
Problem (5.8), if there exists an increasing family (A:)eso of measurable subsets of [0,1], satisfying
lim. 0 u(Ac) = 1, such that (y*,v*, T*) is a LY_-local solution to Problem (5.8) for all e > 0.
Proposition 5.2.1. If (x*,\*,u*) € AC([0, T],R™) x PC([0, T],R%) x L>([0,T],R™) is a global solution
to Problem (5.1), that is moreover a reqular solution to (5.2), associated with a partition T* = {7} }r—o,... N,

then the triplet (y*,v*, T*) constructed above is a L&, ~local solution to Problem (5.8).

Proof. The detailed proof of Proposition 5.2.1 can be found in Section 5.5. Precisely we prove that the

triplet (y*,v*,T*) is a L[le,l—e]

~local solution to Problem (4.9) for any 0 < € < 3. O
Remark 5.2.3. Consider the setting of Proposition 5.2.1.
(i) First of all, it is worth mentioning that the triplet (y*,v*, T*) is not a L!-local solution to Prob-

lem (5.8) in general. A counterexample is provided in our previous paper [16]. As a consequence one
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cannot use the classical PMP on the triplet (y*,v*, T*). Nevertheless, thanks to Proposition 5.2.1,
we can apply a version of the PMP that is adapted to L{—local solutions (see [16, Theorem 2.1]).
(i) Now let us briefly comment on why the standard notion of L!-local solution fails, and why the notion
of leflocal solution is well-suited, when using an augmentation technique in our hybrid setting.
Given an admissible triplet (y,v, T) for Problem (5.8), when we invert the augmentation procedure,
we obtain a pair (z,u) that satisfies all the constraints of Problem (5.1), except one. Specifically, even
if « follows the same dynamics sequence (f})x=1,.. ~ as the nominal state z*, it may not visit the
same regions (E})k=1,... n. As a result (z,u) may be not admissible for Problem (5.1). To overcome
this issue, we rely on the notion of L|1:|floca1 solution. This approach allows L'-perturbations of the
control u*, but only outside the neighborhoods of the crossing times 7. This strategy ensures that
the perturbed pair (z,u) satisfies a transverse condition at each perturbed crossing time 73, making
it admissible for Problem (5.1) since z visits the same regions as the nominal trajectory z*. We

refer to [16] for details.

5.2.4 HMP with regionally switching parameter and comments

The Hamiltonian #H : R” x R? x R™ x R” — R associated with Problem (5.1) is defined by
’H(:L.7 )\7 u7p) = <p7 h(x’ )\7 u)>RTL7

for all (2, A, u,p) € R™ x R x R™ x R™. We are now in a position to state the main result of this section.
Theorem 5.2.1 (HMP with regionally switching parameter). Suppose that (x*, \*,u*) € AC([0, T],R™) x
PC([0,T],R?) x L>=([0,T],R™) is a global solution to Problem (5.1), that it is moreover a regular so-
lution to (5.2), associated with a partition T* = {T]:}k:o’m’]v, and that it is such that g is submersive
at (z*(0),2*(T)). Then there exists a nontrivial pair (p,p°) € PACr-([0,T],R") x R, satisfying:

(i) the Hamiltonian system
o*(t) = VpH (2" (1), A"(8),w"(t),p(t)) and  —p(t) = Vo H (2" (t), A" (1), u”(8), p(t)),

for almost every t € [0,T];

(ii) the transversality condition

—p(T)

for some & € Ng[g(z*(0),z*(T))];
(#ii) the discontinuity condition
p(1) =~ (i) = ok VE (2" (7)),
for some o € R, for allk € {1,...,N —1};

(iv) the Hamiltonian mazimization condition

u*(t) € arggljax H(x*(t), \*(t),w,p(t)),

for almost every t € [0,T;
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(v) the averaged Hamiltonian gradient condition
T
/ VaH(x" (t), A, uw™ (t), p(t)) dt € Na[AL]
Th-1

forallke{l,...,N};

(vi) the Hamiltonian constancy condition
H(z"(t), A"(8), u" (1), p(t)) = c,

for almost every t € [0,T], for some ¢ € R.

Proof. The detailed proof of Theorem 5.2.1 can be found in Section 5.6. It is based on Proposition 5.2.1
and on the application of a PMP for leflocal solutions [16, Theorem 2.1]. O

Remark 5.2.4. As usual in the literature on optimal control theory, the nontrivial pair (p,p") provided
in Theorem 5.2.1 is defined up to a positive multiplicative constant. It is said to be normal whenever
p° > 0, and abnormal whenever p° = 0. In the normal case p° > 0, it is usual to renormalize it so that
p0 =1.

Remark 5.2.5. As explained in [24], [35], the submersiveness hypothesis made in Theorem 5.2.1 can be
removed. In that case, all items of Theorem 5.2.1 remain valid except Item (ii).

Remark 5.2.6. In Theorem 5.2.1, the costate p admits a discontinuity jump at each crossing time 7},
satisfying Item (iii). Under the (slightly) stronger transverse condition (5.4) and using the Hamiltonian

constancy condition, one can easily prove that

(b (), F @ () A (@) (7)) = £ @ (), A () (7))
(VF @ () fn @ () Ny ) (7))

(P () i @ (70 N () (7)) = 1 (1) N ()~ () )

(VE @ (m)), i@ (), M (@)~ (7)) )

O = —

)

R™

for all k € {1,..., N — 1}. Therefore, in that context, the discontinuity conditions of Theorem 5.2.1 can
be expressed as forward (or backward) discontinuity jumps. Let us recall that discontinuity jumps of
the costate are common in general hybrid optimal control theory (see, e.g., [25], [99]). In particular, the
previous papers [10], [73] address these discontinuity jumps in the context of spatially heterogeneous
dynamics, but in a setting without regionally switching parameter and, above all, their proofs are
unsatisfactory (see [16] for details).

Remark 5.2.7. Consider the setting of Proposition 5.2.1. From Remark 5.2.3, we know that (y*,v*, T*)
is not a L'-local solution to Problem (5.8) in general. Nevertheless it is possible to avoid the use of the
notion of Llljflocal solution. However, to our best knowledge, this would not be possible without obtaining
a weaker result and/or without restricting the framework. We refer to [16, Remark 3.4 Item (i)] for details.
Roughly speaking the choice of the transverse conditions (more or less strong) influences the local quality
(L, L> or L};) of the solution (y*,v*,T*) to Problem (5.8) and thus the version of the PMP that can be
applied to it, and finally the version of the HMP obtained on the original triplet (*, A*, u*).

Remark 5.2.8. In this remark we would like to emphasize a few relaxations and extensions that can
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be considered to the present work. They have already been discussed in [16, Remark 3.4] (in a setting
without regionally switching parameter).

(i) To handle trajectories possibly starting or finishing on boundaries, adjustments need to be made in
Definition 5.2.2. For instance, in the context of Theorem 5.2.1 with z*(0) € E} and z*(T) € 0E%,
additional conditions involving a local C! description of FE% near z*(T) and an adapted transverse
condition should be included in Definition 5.2.2. Moreover Problem (5.8) requires careful adjustment
to maintain the validity of Proposition 5.2.1. Finally it is necessary to adapt the submersiveness
hypothesis to apply [16, Theorem 2.1] before inverting the augmentation procedure to obtain the
corresponding HMP.

(ii) One may consider a setting where the subdynamics h; : R™ x R™ — R™ have possibly different
control dimensions m; € N* and with possibly different control constraint sets U; C R™J. This
generalized context can be useful to set specific control values in particular regions (for example, by
taking U; = {Ogm; } for some j € J). We are confident that our methodology can be easily adapted

to this framework without significant difficulties.

5.3 Derivation of a PMP with loss control regions

This section is organized as follows. In Section 5.3.1, we introduce a general optimal control problem with
loss control regions, along with terminology and assumptions. In Section 5.3.2, we discuss the notion
of reqular solution to the corresponding control system. In Section 5.3.3, we state and prove the main
theoretical result of this paper (Theorem 5.3.1) which is a PMP with loss control regions. Its proof is

based on Theorem 5.2.1 that was established in the previous section.

5.3.1 An optimal control problem with loss control regions: terminology

and assumptions

Let n, m, £ € N* be three fixed positive integers and T' > 0 be a fixed positive real number. In this

section we consider a partition of the state space given by

R" = | Xj,

Jj€ET

where J is a (possibly infinite) family of indexes and the nonempty open subsets X; C R", called regions,
are disjoint. We introduce an indexation ¢; € {0,1} allowing us to separate control regions and loss

control regions (see Introduction for details) as follows

{ 1if X; is a control region,
qj =

0 if X; is a loss control region.

Our aim in this section is to derive first-order necessary optimality conditions in a Pontryagin form for

the optimal control problem with loss control regions given by
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minimize é(x(0), z(T)),

subject to (z,u) € AC([0,T],R™) x L*°([0,T],R™),
z(t) = f(x(t),u(t)), ae. te]l0,T],
9(x(0),2(T)) €5,
u(t) €U, ae. tel0,T],
u is constant when x is in a loss control region,

where the Mayer cost function ¢ : R™ x R™ — R, the dynamics f : R" x R™ — R" and the con-
straint function g : R® x R® — R’ are of class C', and where both subsets S ¢ R® and U ¢ R™
are nonempty closed convex subsets.

A pair (z,u) € AC([0, T],R™) x L*°([0, T],R™) is said to be admissible for Problem (5.9) if it satisfies all
the constraints of Problem (5.9). Such an admissible pair is said to be a global solution to Problem (5.9)

if it minimizes the Mayer cost ¢(x(0),2(T)) among all admissible pairs.

5.3.2 Regular solution to the control system with loss control regions

Consider the control system with loss control regions associated with Problem (5.9) given by

(t) = f(z(t),u(t)), forae. tel0,T],
(5.10)
u is constant when x is in a loss control region.

Let us precise the definition of a solution to (5.10).
Definition 5.3.1 (Solution to (5.10)). A pair (z,u) € AC([0,T],R™) x L>([0,T],R™) is said to be a
solution to (5.10) if there exists a partition T = {7 }x=0,... N of the interval [0,T] such that:
(i) It holds that
Vke{l,...,N}, Jjk)eJ, Vte(m-1,m), z(t)€ Xjx),

where j(k) # j(k —1) for allk € {2,...,N}. The sequence {j(1),...,7(N)} is called the switching
sequence.
(ii) It holds that x(0) € X;1y and x(T) € X;(n).
(iii) For all k € {1,..., N} such that q;xy = 0, the control u is constant over (Tx_1,7%) (the constant
value being denoted by uy in the sequel).
(iv) It holds that £(t) = f(x(t),u(t)) for almost every t € [0,T].
The times 1, for k € {1,...,N — 1}, called crossing times, correspond to the instants at which the
trajectory x goes from the region Xy to the region Xjq1y, and thus x(7x) € 0X ) N OX(ky1)-
Similarly to Section 5.2.2; the main result of this section (Theorem 5.3.1 stated in Section 5.3.3) is based
on some regularity assumptions made on the optimal pair of Problem (5.9) at each of its crossing times.
These hypotheses are made more precise in the next definition.
Definition 5.3.2 (Regular solution to (5.10)). Following the notations introduced in Definition 5.3.1, a
solution (x,u) € AC([0,T],R™) x L>°([0,T],R™) to (5.10), associated with a partition T = {7y} k=0 N
and a switching sequence {j(1),...,5(N)}, is said to be regular if the following conditions are both satisfied:
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(i) At each crossing time 1., there exists a C! function Fy : R® — R such that

zEXj(k) = Fk(z) <0,
v >0, Vz € Bga(z(h), vi), 2€0X iy NOXjy1y & Fr(z) =0,
A Xj(k+1) = Fk(z) > 0.

In particular it holds that Fy(x(1x)) = 0.

(i) At each crossing time Ty, there exists ap > 0 and By > 0 such that the transverse condition

(VF(2(1k)), f(x(m), u(t))rn > Br, a.e. t € [Tk — g, T + ], (5.11)

is satisfied.
Remark 5.3.1. Similar comments than the ones developed in Remark 5.2.2 remain true for Definitions 5.3.1
and 5.3.2.

5.3.3 PMP with loss control regions and comments

The Hamiltonian H : R™ x R™ x R™ — R associated with Problem (5.9) is defined by

H(sc,u,p) = (p,f(x,u))Rn,

for all (z,u,p) € R™ x R™ x R™. We are now in a position to state the main result of this section.
Theorem 5.3.1 (PMP with loss control regions). Suppose that (z*,u*) € AC([0, T],R™) x L*°([0, T],R™)
is a global solution to Problem (5.9), that it is moreover a regular solution to (5.10), associated with
a partition T* = {7} }r=0,..n and a switching sequence {j(1),...,5(N)}, and that it is such that g
is submersive at (x*(0),z*(T)). Then, there exists a nontrivial pair (p,p°) € PACy-([0,T],R") x R,
satisfying:

(i) the Hamiltonian system
a*(t) = VpH (2" (t),u” (1), p(t)) and  — p(t) = Vo H (" (t),u" (1), p(t)),

for almost every t € [0,T;

(ii) the transversality condition

for some & € Ng[g(x*(0),z*(T))];
(#ii) the discontinuity condition

pH(7) —p~ () = ok VE (27 (7)),

for some o, € R and for all k € {1,...,N — 1};
(iv) for allk € {1,...,N} such that q;) = 1, the Hamiltonian mazximization condition

u*(t) € argmax H(z*(t),w, p(t)),
welU
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for almost every t € (T}_y,7});

(v) for all k € {1,..., N} such that q;;) = 0, the averaged Hamiltonian gradient condition

o
/ Vo H(z"(t),ur, p(t)) dt € Nylug],
Th_1

forallk € {1,...,N};

(vi) the Hamiltonian constancy condition

H(x™(t), u™ (1), p(t)) = ¢,

for almost every t € [0,T], for some ¢ € R.

Proof. Consider the framework of Theorem 5.3.1. The proof of Theorem 5.3.1 is based on the application
of Theorem 5.2.1 to the hybrid optimal control problem with regionally switching parameter given by

minimize ¢(x(0), z(T)),
subject to (z, A\, u) € AC([0, T],R™) x PC([0, T],R™) x L*°([0, T],R™),
z(t) = h(z(t), A(¢),u(t)), a.e. te][0,T],

9(x(0),z(T)) €5,

(A(t),u(t)) € U%, a.e. te]0,T],

(5.12)

A is a regionally switching parameter associated with x,

where the spatially heterogeneous dynamics i : R™ x R™ x R™ — R is regionally defined by

f(z,\) if z € X, with ¢; =0,

for all (z, A,u) € R™ x R™ x R™. The proof will be done in two steps.

Step 1. Consider some wy € U and introduce \* € PCr-([0,T],R™) defined by
N (t) = wo forall t € (7_,, ;) such that g =1,

o uy  for all t € (1};_, 7;;) such that g;() = 0.

One can easily see that (z*, \*,u*) is admissible for Problem (5.12) associated with the partition T*.

Now let us prove that the triplet (z*, A*,u*) is a global solution to Problem (5.12). To this aim

let (z, A\, u) € AC([0,T],R™) x PC([0, T],R™) x L°°([0, T],R™) be an admissible triplet for Problem (5.12),

associated with a partition T = {7} }r=0,. ~- and a switching sequence {j’(1),...,5(N')}. Let us
introduce v € L>([0,T],R™) defined by

o(t) = { u(t) for all t € (141, 7x) such that gy = 1,

Ar  forall t € (1p_1,7%) such that g = 0.

One can easily see that (x,v) is admissible for Problem (5.9) associated with the partition T. Therefore,
using the optimality of (z*,u*), we obtain that ¢(z*(0),2*(T)) < ¢(x(0),x(T)) which completes our
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intermediate goal. Furthermore one can easily see that, since (z*,u*) is a regular solution to (5.10), then
the triplet (z*, A*, u*) is a regular solution to the hybrid control system associated with Problem (5.12).
Finally recall that g is submersive at (z*(0),2*(T")) from hypotheses of Theorem 5.3.1.

Step 2. From Step 1, we are in a position to apply Theorem 5.2.1 on the triplet (z*, A\*,u*). Therefore
there exists a nontrivial pair (p,p°) € PACr-([0,7],R") x Ry which satisfies items from (i) to (vi) of
Theorem 5.2.1, where the Hamiltonian H : R™ x R™ x R™ x R™ — R satisfies

H(‘T7uap) iffEEXj with qj:17

H(E,)\,’LL’ =
( § {H(ﬂf,A,p) if z € X; with ¢; =0,

for all (z, A\, u,p) € R" xR™ xR™ x R™. One can easily deduce that items from (i) to (vi) of Theorem 5.3.1

are satisfied. The proof is complete. O

Remark 5.3.2. Similar comments than the ones developed in Remarks 5.2.4, 5.2.5, 5.2.6 and 5.2.8 also
apply to Theorem 5.3.1.

5.4 A numerical approach for optimal control problems with loss

control regions and application to illustrative examples

In this section we consider the framework outlined in Section 5.3 and our objective is to introduce a
numerical approach that can compute an optimal control for Problem (5.9) on illustrative examples®.
In Section 5.4.1, we present this approach which is composed of two steps: a direct method followed
by an indirect method. Additionally we will highlight their pros and cons. In Section 5.4.2, we nu-
merically solve a Zermelo-type problem with loss control regions (in two cases with different state
space partitions). In Section 5.4.3, we numerically solve a minimal time problem for the harmonic

oscillator with a loss control region.

5.4.1 A numerical approach for optimal control problems with loss con-

trol regions

In optimal control theory, there are several ways for solving numerically an optimal control problem.
Direct and indirect methods represent an important class of methods that we will use hereafter. Direct
methods involve discretizing the state and control variables, simplifying the problem into a nonlinear
optimization problem. On the other hand, indirect methods tackle the problem by solving a boundary
value problem through the use of a shooting method, which is based on the maximum principle. It is
important to note that neither of these methods is better than the other.

Moreover, each of these methods has its pros and cons. For instance, although the direct method is
simple to implement, more robust, and less sensitive to the choice of the initial condition, it should
be noted that it yields less precise results and can converge to local minima that significantly deviate
from the optimal solution. Additionally, this method requires a large amount of memory. On the other
hand, the indirect method is known for its extreme precision. However, it is based only on necessary

optimality conditions (maximum principle) and often requires knowledge of the structure of the optimal

IThe scripts for reproducing the numerical experiments in this paper are published in the repository: https://github.
com/control-toolbox/control-loss
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solution. Moreover, it is quite sensitive to the choice of the initial condition, which must be chosen
carefully to ensure convergence. Therefore, both methods have their own strengths and limitations, and
it is not accurate to say that one is better than the other.

Often in the literature, we proceed in two steps. The first step is to implement a direct method to
determine the optimal solution’s structure and extract the associated adjoint vectors. The second step
involves constructing an indirect (shooting) method, where the initial condition is based on the results

obtained from the direct method.

Description of the direct method. For some wy € U and some € > 0 small enough, we introduce

the regularized problem given by

T

T
minimize d(x(0),2(T)) + 6/0 v(t) dt +/0 (1 — W (z(t)||ut) — wol2m dt,
subject to (z, \,u,v) € AC([0,T],R™) x AC([0, T],R™) x L*°([0, T],R™) x L*°([0, T],R),

(t) = e (x(t)) f(x(t), u(t) + (1 — Ve (x(t))) f(x(t), M), a-e. t€[0,T],
A(t) = U (z(t)v(t), ae.tel0,T]

(

(

T v,
. (5.13)
9(x(0),2(T)) €5,

At) €U, ae. tel0,T],

(u(t),v(t)) e UxR, ae. tel0,T],
where U, : R®™ — R is the regularization of the characteristic function of qu:lfj given by

U, (x) := e 2@

q;=1

for all x € R", where d; : R® — R stands for the distance function to the set X; defined by d;(z) :=
infyexfj |z — y||gn for all z € R™ and every j € J. Note that the above regularized problem arises from

considering the hybrid optimal problem with regionally switching parameter associated with Problem (5.9),

as outlined in the proof of Theorem 5.3.1. Before presenting the direct method we would like to explain
the numerical role of certain quantities that are considered in Problem (5.13):

(i) Comment on the dynamics of x and A. Since ¥, (approximately) equals to one in control regions, it
follows that the dynamics of x is described by @(t) = f(x(t),u(t)) in these regions. On the contrary,
since WU, (approximately) vanishes in loss control regions, it follows that A remains constant and
that the dynamics of x is described by &(t) = f(z(t), A(t)) in these regions.

(ii) Comment on the additional control v and the penalization cost & fOT v2(t) dt. Since ¥, (approximately)
equals to one in control regions, the additional control v can operate in these regions to allow A
to change its constant value between two consecutive loss control regions. On the other hand, the
penalization cost is introduced to ensure the convergence of the direct method and to guarantee the
uniqueness of the optimal control v. In addition, the multiplicative parameter € > 0 (small enough)
ensures that the penalization cost does not influence (too much) the original cost of Problem (5.9).
Finally, note that, since ¥, (approximately) vanishes in loss control regions, the control system

is independent of v in these regions and thus, due to the penalization cost, the optimal control v
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vanishes in these regions.

(iii) Comment on the running cost fOT(l — U (z(t)))||u(t) — wol|/2 dt. Since ¥, (approximately) vanishes
in loss control regions, the control system is independent of u in these regions and thus, due to this
running cost, the optimal control u is unique (given by u(t) = wg) in these regions. Furthermore,
since W, (approximately) equals to one in control regions, we deduce that this running cost is
(approximately) equal to zero at the optimal solution.

We are now in a position to present the direct method for solving Problem (5.13). After rewriting the
problem in a Mayer form, we discretize the time interval and approximate the state and the control at
discrete time points, resulting in a finite-dimensional nonlinear optimization problem. This problem is
solved using JuMP, a modeling language for mathematical optimization embedded in Julia, with the Mayer
cost function as objective function. To handle the dynamics, we employ the Crank-Nicholson scheme,
and the initial, terminal, and control constraints are formulated as optimization problem constraints.
We use the IPOPT solver (whose precision is set to 107%) to solve the resulting optimization problem

and extract the adjoint vectors using the predefined dual function.

Description of the indirect method. From the direct method described above, we extract the structure
of the optimal solution (z*,u*) to Problem (5.9). This latter contains an initialization of the adjoint
vector p, crossing times, switching times, constant values of the control (when the state belongs to loss
control regions) and discontinuity jumps of p at each crossing time. These elements allow us to construct
a shooting method based on Theorem 5.3.1 which consists in two parts described below. In the rest of this
section, for simplicity, we will assume that, when z* belongs to a loss control region, then the constant
value uj, of the control belongs to the interior of U (see Remark 5.4.1 for details).

(i) Part 1. Recall that the direct method has captured the structure of the optimal pair (z*,u*).
Therefore, in the indirect method we will address each arc (bang-bang, constant (interior value
to U), feedback etc.) of the optimal solution separately. Indeed, we begin by defining the flow of the
Hamiltonian associated with each arc. To accomplish this, we use the function Flow?. This latter
allows to solve the Hamiltonian system over a given time interval from given initial values of the
state and the adjoint vector. This function requires necessary libraries such as ForwardDiff for
calculating gradients and Jacobians and OrdinaryDiffEq for solving ordinary differential equations.
In the setting of loss control regions, we distinguish between two types of Hamiltonian flows:

- Hamiltonian flows in control regions. Consider the setting of Theorem 5.3.1, we recall the

Hamiltonian associated with Problem (5.9) as

H(m,u,p) = <p7f(x7u)>]R"7

for all (z,u,p) € R™ x R™ x R™. Using Theorem 5.3.1, specifically the maximization condition,
we obtain the expression of the control u* (which can generate a sequence of arcs). Thus, it

3 associated with each arc. Finally, we define the flow

remains to define a pseudo-Hamiltonian
associated with each arc, which allows the resolution of the boundary value problem on a time
interval satisfied by the pair (z*, p) with an initial condition.

- Hamiltonian flows in loss control regions. In these regions, we recall that u* satisfies

an averaged Hamiltonian gradient condition (instead of a maximization condition). Here, the

2the Flow function can be found in the CTFlows.j1 package: https://github.com/control-toolbox/CTFlows.jl
3the pseudo-Hamiltonian stands for the Hamiltonian flow associated with each arc.
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difficulty lies in the fact that this condition is given in an integral and implicit form. Therefore,
to overcome this difficulty, we first introduce new states A and y. The state A\ comes from the
augmentation technique to handle the constant value of u*, for example u}, so it satisfies the
dynamics A(t) = 0 and A\(r{_,) = u}. Second, the state y satisfies §(t) = 0 and y(7;_,) = 0

(and thus y = 0). Now, we can define the new Hamiltonian as follows:

H("E7>\7yvl)> = H(x7)‘7p) - yv)\H(x7)‘7p)
= <p7f(x7)‘)>R" 7yv>\H(:L',)‘ap)7

for all (z,\,y,p) € R" x R™ x R x R™. It is important to note that y = 0 is necessary to
recover the same Hamiltonian H. But, the actual utility of introducing the state y is that it
allows us to rewrite the integral expressed in the averaged Hamiltonian gradient condition as a
terminal value of an adjoint vector. This makes it easier to take into account in the shooting

function. Indeed, we define p, as the solution to the following system:

{ Py(t) = =V, H(x*(t),ul, y(t),p(t)), forae. t € [ri_,, ],
py(T5i_1) = Orn.

Since uj is assumed to be an interior value to U then we get that

%
[Vl @), p(0) e = py ) = 0

so that there is no need to compute an integral in order to take into account the averaged
gradient condition.

(ii) Part 2. It consists in determining the appropriate shooting function which includes novel elements
such as crossing times, the discontinuity condition of the adjoint vector at each crossing time and
(mainly) the averaged Hamiltonian gradient condition. In addition, it also includes standard elements
such as the switching times, terminal state constraints and transversality conditions. Once the
shooting function is constructed, we use the predefined function NLsolve (whose precision is set
to 1078) with an initialization based on the direct method in order to find a zero of the corresponding
shooting function.

Remark 5.4.1. In this section we assumed that, when x* belongs to a loss control region, then the
constant value uj of the control belongs to the interior of U. This was made for simplicity since the
averaged Hamiltonian gradient condition simplifies into an equality. Note that the case where u; belongs
to the boundary of U can be treated easily when m = 1 (typically if U = [—1, 1] for example), since the
boundary is finite and the optimal value can be deduced from the direct method (see Remark 5.4.2 in
Section 5.4.3). When u}, belongs to the boundary of U and m > 2, the averaged Hamiltonian gradient
condition is more involved to handle in the shooting function since it only provides an inclusion. A possible
way could be to combine this inclusion together with a description of the set U to get additional equations.
The consideration of this case is out of the scope of the paper and could be the matter of future works.

In the remaining sections, we will solve numerically a Zermelo-type problem with two different state
partitions that falls within the framework described in Section 5.3. Next, we will study numerically the
harmonic oscillator problem including a loss control region. This is a minimum time problem that can be

transformed into the framework of Section 5.3 using a change of variables and introducing a new state
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variable &,4+1 = T for almost every s € [0, 1] with z,41(0) = 0, in such a way that the time interval is
fixed. However, we obtain an optimal control problem with loss control regions, but with an additional

constant parameter. So, to fall in the framework of Section 5.3, we rely on the augmentation technique.

5.4.2 Application to a Zermelo-type problem with loss control regions

Our first example is based on Zermelo’s problem, which is well-known in viability theory [6] and also in
geometric optimal control theory [32]. One interesting issue related to this problem is that, depending on
the parameter values, it highlights the link between non-controllability and abnormal curves. However,
we do not investigate this point. Instead, we focus on optimizing one coordinate whenever a loss control
region is taken into account (which can model various behaviors of the flow in this navigation problem).
Such a problem will be formulated as a Mayer optimal control problem. Specifically, we consider the

Zermelo-type optimal control problem with loss control regions given by

minimize —x1(8),

subject to (x,u) € AC([0,8],R?) x L=°([0, 8], R),
Z1(t) = xo(t) + cos(u(t)), a.e. te€]0,8],
Zo(t) = sin(u(t)), a.e.t€][0,8], (5.14)
.’E(O) = O]Rz, .’E2(8) = 4,
u(t) € [-35,5], ae tel0,8],
u is constant when x is in a loss control region.

In the sequel, based on the numerical approach developed in Section 5.4, we solve Problem (5.14) on two
different situations of space partition of R? (see Example 1 and Example 2). Note that when applying

Theorem 5.3.1 to Problem (5.14) we remain in a normal situation, i.e., p° = 1.
Example 1. Consider the space partition R? = X1 U X5 U X5 with

1 1 7 7
Xlzz{xE]R2|x2<2}, XQ::{xER2|2<x2<2} and Xg::{x€R2|$2>2},

with ¢ = ¢3 = 1 and ¢ = 0 (see Figure 5.2).

X1

0 3 6

Figure 5.2: Partition of R? into one loss control region (in red) and two control regions (in green).
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Application of the direct method. We obtain an optimal triplet (z, A, u) that visits the loss control

region X, once with A € (=3, %). Moreover, the adjoint vector pp has discontinuity jumps at each

crossing time as illustrated in Figure 5.3.
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Figure 5.3: Direct method: optimal triplet (z, A, u) and adjoint vector p for Problem (5.14) (Example 1).

Application of the indirect method. From the above results, we deduce that the optimal solu-
tion to Problem 5.14 (Example 1), denoted by (z*,u*), has three arcs: feedback, then a constant
value in (=7, %), then feedback. From the adjoint equation and the transversality condition we get
that p1(¢t) = 1 for all ¢ € [0,8]. Therefore, we can express the control v* in a feedback form using

the Hamiltonian maximization condition.

u*(t) € argmax pl(t) cos (w) —l—pg(t) sin ((AJ) = argmax < (COS (w)> 7 ( 1 ) >R27

wel-z,7] wel-%,% sin (w) pa2(t)

which is satisfied for almost every ¢ € [0,7]] U [75,8]. From the classical Cauchy-Schwartz inequal-

cos (u*(t)) :; 1
sin (u*(t)) (L, p2(8)l[R2 \pa(t) )’

for almost every [0, 7{]U[73, 8], we deduce that cos (u*(t)) # 0 and thus u*(t) € (=7, §) over [0, 7{]U[73, 8].

We conclude that tan (u*(t)) = p2(t) and thus u*(¢) = arctan (p2(t)) for almost every t € [0, 7] U [75, 8].

ity, we get that



CHAPTER 5. LOSS CONTROL REGIONS IN OPTIMAL CONTROL PROBLEMS

Now, we give the shooting function for Problem (5.14) (Example 1).

S12R7 - R7

x2(8) — 4
p1(8) —1
z2(71) *%
xo(T2) — %

0,0
(plap2a7—177—27a17a27u1) —

w ) +p2_(7'1)(sin (uy) — sin (u_(ﬁ)))
! sin (uq)

. p1(72)(cos (ut (72)) — cos (u1)) +];7(Tg)(sin (ut(72)) — sin (u1))
? sin (u* (7))

30 5 - 3

5 L —X2(t) }
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Figure 5.4: Indirect method: optimal pair (z*,u") and adjoint vector p for Problem (5.14) (Example 1).

1) together with an adjoint vector p. We observe (small) jumps in the adjoint vector ps at both crossing
times. In summary, the indirect method confirms the solution obtained using the direct method. Finally,

note in the direct method we notice that constancy is satisfied (see Figure 5.5).
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7.0 7.0
6.5 - 6.5
— i
I
6.0 6.0
5.5 L . . . L oss b . . \ \
0 2 4 6 8 0 2 4 6 8

Figure 5.5: Comparison of Hamiltonian functions: direct method vs. indirect method for Problem (5.14)
(Example 1).

Example 2. We study now a variant of the Problem (5.14) including several loss control regions.
Consider the space partition R? = X; U X, U X3 U X4 U X5 with

X1 ={zeR’ |z <2}, Xo:={zeR’[2<a21 <16}, Xs:={zeR?|16<a <20},

Xy ={reR?|20<z; <25} and X5:={xcR?|25<z},

with ¢1 = g3 = ¢5 = 1 and ¢ = g4 = 0 (see Figure 5.6).

X1 X2 X3 | Xa Xs

0 a

0 10 20 30

Figure 5.6: Partition of R? into two loss control regions (in red) and three control regions (in green).

Application of the direct method. We obtain an optimal triplet (z, A, u) that visits the loss control

regions X, and Xy with A € (=%, 7). Moreover, the adjoint vector p; has discontinuity jumps at each

crossing time as illustrated in Figure 5.7.
Application of the indirect method. We use similar arguments as in Example 1, we get that in

control regions one has u*(t) = arctan (pa(t)) for almost every ¢ € [0,75] U [75, 73] U [74,8]. Now, we
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Figure 5.7: Direct method: optimal triplet (z, A\, u) and adjoint vector p for Problem (5.14) (Example 2).

give the shooting function for Problem (5.14) (Example 2).

82 RlQ

0 .0
(p13p277_137_2,7—377—47 a, az,as, a47u17u2)

_>

—

R12

ap —
a2 —

asz —

aq —

x2(8) — 4
p1(8) —
x1(m) —
x1(12) — 16
x1(73) — 20
x1(14) — 25
py(72)
Py(Ta)

py (11)( cos (u1)—cos (u™ Tl)))+p2(7'1) sin (uq)—sin (u™ (71))

sin (u1)

cos (ut (12))— cos(ul))+p2(‘r'2) sin (uT (12))—sin (u1)

sin (ut (12))

sin (uz2)

I ( )
) ( ( )
pi (73) ((cos (uz)—cos (u™ (r3))) +p2(75) (sin (un) —sin (u™ (75)))
) ( ( )

cos (uT(14))— cos(uz))—&-pg(m) sin (ut (74))—sin (uz)

sin (ut (74))

The numerical results presented in Figure 5.8 depict an optimal pair (z*,u*) of Problem (5.14) (Example

2) together with an adjoint vector p. We observe jumps in the adjoint vector p; at each crossing time
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Figure 5.8: Indirect method: optimal pair (z*,u") and adjoint vector p for Problem (5.14) (Example 2).

(see Figures 5.8). Again, our simulations via the indirect method yields a solution (z*,u*) that is

similar to the one obtained by the direct method. Finally, note in the direct method we notice that

7.0 7.0
—H(t): direct —H(t): indirect
6.5 [ 6.5
_l ’;
6.0 6.0
55 L L L L L 55 Lt L L L L
0 2 4 6 8 0 2 4 6 8

Figure 5.9: Comparison of Hamiltonian functions: direct method vs. indirect method for Problem (5.14)
(Example 2).

constancy is satisfied (see Figure 5.9).

5.4.3 Minimum time problem for the harmonic oscillator with a loss con-

trol region
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This example is in line with [15] in which we have computed theoretically optimal paths for the classical
minimum time control problem governed by the double integrator with a loss control region. Here, we have
considered a variant of the minimum time control problem governed by the harmonic oscillator (the classical
version is treated in [107]) including a loss control region. One main issue (in contrast with the double
integrator, as in [15]) is that trajectories spiral around the target (origin) in a finite number in order to
reach this target. Hence, depending on the choice of a loss control region, we expect trajectories to visit this
region several times. Thus, the constant value of the control at each visit could be modified. Specifically,
we consider the minimum time problem for the harmonic oscillator with a loss control region given by
minimize T,
subject to (z,u,T) € AC([0,T],R?) x L°°([0,T],R) x (0, +00),
i‘l(t) = ZL‘Q(t), a.e. t e [O,T}7
io(t) = u(t) — x1(t), ae tel0,T], (5.15)
z(0) = (2,4), «(T) = Oge,
u(t) € [-1,1], a.e. t€][0,T],
u is constant when z is in a loss control region,

with the space partition R? = X; U X, with
X, :={z €R? |2y >0}, and X:={rcR?|zy <0},

with ¢; = 1 and g2 = 0 (see Figure 5.10). Note that when applying Theorem 5.3.1 to Problem (5.15)

we remain in a normal situation ie. p = 1.

-3 0 3

Figure 5.10: Partition of R? into a “loss control regions” (in red) and a “control region” (in green).

Application of the direct method. We obtain an optimal triplet (z, A, u) that visits the loss control
regions Xy twice. In the first visit, A is equal to 1, and in the second visit, A belongs to (—1,1).
Moreover, we observe that the control is bang-bang during the second visit of the control region as
illustrated in in Figure 5.11.

Application of the indirect method. Based on the above results, we deduce that the optimal solution

to Problem (5.15) consists of four arcs. These arcs include sequences of bang arcs and one arc with a

176
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Figure 5.11: Direct method: optimal triplet (x, A, u) and adjoint vector p for Problem (5.15).

constant value in the range of (—1,1). Now, we give the shooting function for Problem (5.15).

S;: R — R0
xl(T
’I‘Q(T

T2

T2(T3

)

)
(1)

$2(T2)
(73)

(P}, 19, 71, T2, 73,0, a1, a9, ug) > py(T)

~ 2pi(m)
1—331(7'1)

ay — PL(T8) (2 +1)

Uz — Il(TS)
p2(0)

\p1(0)2(0) — p2(0)(1 + 1(0)) — 1

a1

The numerical results presented in Figure 5.12 depict an optimal pair (z*,u*) of Problem (5.15) together
with an adjoint vector p. Contrary to the direct method, we observe jumps in the adjoint vector ps at
71 and 75. There are no discontinuity jumps at 75 because (u*)"(75) = uj. Finally, note in the direct
method we notice that constancy is satisfied (see Figure 5.13).

Remark 5.4.2. As discussed in Remark 5.4.1, this example shows that an extremal value of the control
(namely, uj = 1) is possible whenever the trajectory visits the loss control region. This value was expected
from the numerical solution obtained via the direct method. Observe that it requires the verification of

the averaged Hamiltonian gradient condition (here as an inequality). However, whenever the trajectory
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Figure 5.12: Indirect method: optimal pair (z*,u*) and adjoint vector p for Problem (5.15).

6 6r
—H(t): indirect —H(t): indirect|
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— —
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Figure 5.13: Comparison of Hamiltonian functions: direct method vs. indirect method for Problem (5.15).

visits the loss control region for the second time, we obtain that u3 ~ 0.89 € (—1,1). Thus, finding the

accurate value of u} requires the use of an additional equation in the shooting function (see Section 5.4.1).

5.5 Proof of Proposition 5.2.1

Consider the framework of Proposition 5.2.1 and let us prove that the triplet (y*,v*, T*) is a L} —local

[671_6]
solution to Problem (5.8) for any 0 < & < . Therefore let us fix some 0 < & < 1 and some R > [[v*|| .
Our aim is to prove that there exists 7 > 0 such that ¢*(y*(0),y*(1)) < ¢*(y(0), y(1)) for any triplet (y, v, T)

that is admissible for Problem (5.8) and satisfying
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ly —y*llc +llv—v*ltr + T = T*lgv+1 <,
[vllLe < R, (5.16)
v(s) = v*(s) a.e. s €[0,e] Ul —¢,1).

To this aim we need to introduce several technical positive parameters:
(B1) First we introduce 6 := mingeqq, . Ny |75 — 75| > 0 and 0= maxyeq1,. .~} [Th — Tho1| > 0.
(B2) From the transverse conditions (see Definition 5.2.2) and the continuities of the functions VF}

and f; (and thus the uniform continuities of the functions (VF}, fi)r~ on compact sets), there

,,,,,,,,,,

(VE!(2), fi(z, A7, u*(t)))rn >0, ae t €y —a,T),

(VEE(2), fia (2 AT w (0))rn > 0, ae. t € (7,7 + o,

for all z € Brn (2*(73),v), all A~ € Bra(A},v), all AT € Bra(Mf,v) and all k € {1,..., N —1}.
(B3) From continuity of y* over [0,1], there exists 0 < y < % such that [ly;(s) — y;(0)||r» < % for
all s € [0,x] and [Jyi(s) —yr(D)|lrn < ¥ forall s € [1 — x, 1], forall k € {1,...,N}.
(B4) Define v := %min{a,x,%} >0and r:==L >0. Notethat 0 <y < a < % and 0 <r < 3.

048
(B5) From continuity of y*, from (5.7) and the openness of the regions E;, there exists 6 > 0 such that

ER"(yT(S)a(s) C Eika Vs € [07 1- 7‘],

Brn (yi(s),0) C Ef, Vs€[r1—r], Vke{2,....N-1},
Ber (yi(s),8) C Ex, Vs € [r1].

We are now in a position to continue the proof. To this aim let us fix 5 := min{%, 5,0} > 0 and

let (y,v,T) be an admissible triplet for Problem (5.8) satisfying (5.16). Our aim is to prove that
¢*(y*(0),57(1)) < ¢*(y(0),y(1)).

Step 1. Since 0 = 7§ < 7f < -+ < 7§_; < 7 = Tand T € A with |T — T*||gv+: < 5 < 5,
one can easily deduce that 0 = 19 < 74 < -+ < 7y_1 < 78 = T. Therefore we are in a position to
define (z,\,u) € AC([0,T],R") x PC([0,T],R%) x L==([0, T],R™) by

2(t) =y <W> ) = Ak = s <’5_T’“) and  u(t) = vy <t_7’“> . (5.47)
Tk — Tk—1 Tk — Tk—1 Tk — Tk—1

for all t € [rg—1,7%] and all k € {1,...,N}. Note that = is well defined since yi4+1(0) = yx(1) for
all ke {1,...,N — 1} and X is a piecewise constant function with respect to T (from admissibility of the
triplet (y, v, T)). Observe that (y1(0),yn (1)) = ((0), z(T)) and recall that (y;(0),y% (1)) = (z*(0), z*(T)).
Therefore, from the definition of ¢* (see Section 5.2.3) and since (x*, A*,u*) is a global solution to
Problem (5.1), to obtain that ¢*(y*(0),y*(1)) < ¢*(y(0),y(1)), we only need to prove that the pair (z, A, u)
is admissible for Problem (5.1).
From admissibility of the triplet (y,v,T), it is clear that g(z(0),z(T)) € S and (A(¢),u(t)) € A x U for
almost every ¢t € [0,T]. Therefore it only remains to prove that (z,A,u) is a solution to the hybrid

control system with regionally switching parameter (5.2) (see Definition 5.2.1). From (5.17) and the
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admissibility of the triplet (y,v,T), one can easily obtain that
z(t) = fi(z(t), A(t),u(t)), a.e te (Th—1,Tk), (5.18)
for all k € {1,...,N}. Therefore, to conclude the proof, we only need to prove that

ZL’(t) S ET, YVt € [To,Tl),
z(t) € Ef, Vte (tp—1,m), Vke{2,...,N -1},
z(t) € EX, Vte (tn-1,Tn]

This is exactly our goal in the next two steps.

Step 2. Since ||T — T*||grv+1 < 5 < %, note that 7, — 7,1 <0 +2n < 0+6 for all k € {1,...,N}.
Hence, since moreover r := %Jre, observe that

t—TO

€0,1—r], Vté€/lr,mn —19],

71— To

t—Tr_1

————€rnl-r], Vte|ma+v,m%—19, Vke{2,...,N—1},

Tk — Tk—1

t—TN—

¢E [T,l], VtG[TN,]_ +’77TN]‘

TN —TN-1

As a consequence, from (5.17) and (Bs), and since ||y — yillc < ly — y*|lc < n < 6, one can eas-
ily obtain that

1’(t)€ET, Vt € [To,’Tl—’y],
z(t) € B, Vte[m—1+v,m—7], Vke{2,...,N -1},
x(t) € Iy, Vit € [TN_1 +’Y,TN].

Therefore, to conclude the proof, it only remains to prove that z(¢) € Ej for all t € [1n — 7, k)
and z(t) € B}, forallt € (1, 7 +7], forall k € {1,..., N —1}. This is the objective of the following step.

Step 3. Let us start with two observations. First, since ||T—T*||gyv+1 <75 < %, it holds that |7, —7—1| >

% for all k € {1,...,N}. Second, since v := %min{e,x, %}, one can get that

t*Tk—l t*Tk—l t—Tk_l

€l-e1] el =x,1] and 7y + (7 — 7-1) € [ — a7y,

Tk — Tk—1 Tk — Tk—1 Tk — Tk—1

for all t € [r; — v, 7] and all k € {1,...,N —1}. We deduce the following results:
(i) Since vg(s) = vj(s) for almost every s € [1 — ¢, 1], one can easily obtain from (5.17) and (5.5) that

t— Te_ t—Te_
ult) = u* (T;1+<T,:—T,:1>T’“ ) With 70y + (7 — 72 ) =L e ],
Tk — Tk—1 Tk — Tk—1

for almost every t € [1; — 7, 7,) and all k € {1,...,N —1}.

(ii) Since [lyx — yillc < lly —v*llc < n < 5 < v forall k € {1,...,2N}, one can easily obtain

from (5.17), from the equality z*(7;) = y;(1) and from (PB3) that x(t) € Bga(2z*(7}),r) and
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A(t) = A € Bra(A},v) for all t € [1, — v, 7] and all k € {1,...,N — 1}.
(iii) We obtain from (5.18), from the previous two items and (32) that the derivative of F}} o & satisfies

t—’Tk,1

(VEEO). it (20w (7 + 07 - >k_k>)> -0,

for almost every ¢t € [1, —,7%) and all k € {1,..., N —1}. From admissibility of the triplet (y,v,T)

and (5.17), we know that F}!(z(m)) = Fj (yx(1)) =0 for all k € {1,..., N —1}. As a consequence

we obtain that F}(z(t)) < 0 for all ¢ € |1, — v, 7%) which implies from Definition 5.2.2, since z(t) €

Bgre (2*(1}),v) and v < v}, that (t) € E} for all t € [1, — 7, 7) and all k € {1,..., N — 1}.
Following the same strategy one can obtain that x(t) € Ej, forallt € (1, 7w +~] and allk € {1,...,N—1}.
The proof of Proposition 5.2.1 is complete.

5.6 Proof of Theorem 5.2.1

Let (z*, \*,u*) € AC([0,T],R") x PC([0,T],R%) x L=°([0, T],R™) be a global solution to Problem (5.1),
that is moreover a regular solution to (5.2), associated with a partition T* = {7 }x=0,... N, such that g is
submersive at (z*(0),2*(T")). From Proposition 5.2.1, the corresponding triplet (y*,v*, T*) constructed
in Section 5.2.3 is a L-local solution to Problem (5.8). Before applying [16, Theorem 2.1], we need to
verify that ¢* is submersive at (y*(0),y*(1), T*). From the definition of the function ¢g* (see Section 5.2.3),
note that the matrix Vg*(y*(0),y*(1), T*) € R(HON++DNHN+FD)XE §g given by

V19(y1(0), vy (1)) Opnxn(N—1) Opnx (N—1) OpnxdN Opnx (N+1)

Opn(N—1)x¢

Tdpn(N—1)xn(N—1)

Opn(N—1)x (N—-1)

Opn(N—1)xdN

Opn(N—1)x(N+41)

ORdN x ¢

OpdN xn(N—1)

ORdN x (N —1)

OpdN xdN

ORdN x (N+1)

Opn(N—1)x¢

—ldpn(N—1)xn(N-1)

VF{ (1 (1)

VES (W _1 (1)

Opn(N—1)xdN

Opn(N—1)x (N+41)

From Definition 5.2.2, it holds that VF; (y;(
Since g is submersive at (z*(0),z*(T)) = (y;(0),y5 (1)), one can easily conclude that ¢g* is submer-
sive at (4*(0), 5*(1), T*).

Application of [16, Theorem 2.1].

V29(y7(0), y3 (1)) Opnxn(N—1) Opnx (N—1) OpnxdN Opn x (N+1)
OpdN x £ OpdN xn(N—1) ORdN x (N—1) ldpaNxdN OpdN x (N+1)
0 (N 0 _ 0 _ 0 Id_
R(N+1)x2 R(N+1)xn(N—1) RIN+1)x (N—1) R(N+1)xdN RIN+1)x (N+1)

1)) = VFi(z*(1})) # Opn for all k € {1,...,N — 1}.

RN 5 R associated with Problem (5.8) given by

H(y,v,T,q) = (g, f* (0,0, T))genrary = 3 (i (T = To-1) F5 Wk, Ynv 185 08) ),

N

k=1

Let us introduce the Hamiltonian H : RM+AN x RmN o RN+1
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for all y = (Y1, .., YN, UN 415+, Yan) € ROFDN gy — (py . Joy) € RN T = {rg,..., 75} € RN*!
and ¢ = (q1,...,qN,qN41,--->Gon) € ROFDN  From [16, Theorem 2.1], there exists a nontrivial
pair (¢,¢°) € AC([0,1], R®+DN) »x R, satisfying:

(i) the Hamiltonian system
9" (s) = VoH(y" (), v"(s), T"a(s) and = d(s) = V, H(y"(s),v"(s), T", a(s)),

for almost every s € [0, 1];

(ii) the transversality condition

q(0)
1 —q(1) — OV (4" (0), 5 (1)) + Vg (5 (0), 4" (1), T)E,
/0 VB (y*(s), 07 (5), T", a(s)) ds

for some € € Ng-[g*(y*(0), y* (1), T*)];

(iii) the Hamiltonian maximization condition

v*(s) € arg max li.vl(y*(s)7 W, T*, q(s)),

weUN

for almost every s € [0, 1].

Introduction of the nontrivial pair (p,p°). Since the pair (g, q°) is not trivial, it is clear that the
pair (p,p") € PACr«([0,T],R") x R, defined by p° := ¢ and

o (#75), vee ),

k—1

t—Tp * *
p(t) =14 a (T;fj;l ) Ve (i, 1), Vke{2,... . N—1},
t—Tx_
av (555 ) s Ve (hon TR
is not trivial.

Hamiltonian system and Hamiltonian maximization condition of Theorem 5.2.1. From the
above Items (i) and (iii) and from (5.6), one can easily obtain that (p, p°) satisfies the Hamiltonian system

and the Hamiltonian maximization condition of Theorem 5.2.1.

Transversality condition of Theorem 5.2.1. From the definitions of g* and S* (see Section 5.2.3)
and since £ € Ng-[g*(y*(0), y*(1), T*)], we can write £ := (£,£2,£3,¢4,65) € R x RMN-1 5 RN-1 x
RV x RN+ with

€ € Ns[g(y1(0),yn(1))] and &' € Nan[(yhya (1), 95n(1)] and €% € Na[T"].

Since (y7(0), yx (1)) = (#*(0),2*(T)) and yx, (1) = A}, note that £ € Ng[g(2*(0), z*(T))] and & € Ny [A;]
1,.

)
for all £k € {1,...,N}. Furthermore, from the first two components of the above Item (ii), from
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the expression of Vg*(y*(0),y*(1), T*) given at the beginning of Section 5.6 and from the expression
of V¢*(y*(0),y*(1)) (see Section 5.2.3 for the definition of ¢*), we obtain that

p(0) = q1(0) = ¢"V1o(y; (0),yx (1)) + V1g(y5 (0), yar(1))€
=p°V1¢(x*(0),2*(T)) + V1g(z*(0), z*(T))¢,

and

—p(T) = —qn(1) = ¢"Vao(y1 (0),yn (1)) + Vag(y; (0), ya (1))€
= p°Va¢(z*(0),2*(T)) + Vag(z*(0), z*(T))E.

Therefore the transversality condition of Theorem 5.2.1 is proved.

Discontinuity condition of Theorem 5.2.1. From the first two components of the above Item (ii),
from the expression of Vg*(y*(0),y*(1), T*) given at the beginning of Section 5.6 and from the expression
of V¢*(y*(0),y*(1)) (see Section 5.2.3 for the definition of ¢*), we obtain that

vk € {23"'3N}a qk(o) :glz—l and vk € {1>"~7N_1}7 _qk(l) = _5126+EI§VFI:(:U;:(1))
We deduce that
() =P (1) = @1 (0) — (1) = EVEF; (yp (1) = GV (2" (7)), (5.19)

for all k € {1,..., N — 1}. Therefore the discontinuity condition of Theorem 5.2.1 is satisfied with o, :=
& for all k € {1,...,N — 1}.

Averaged Hamiltonian gradient condition of Theorem 5.2.1. From the first two components of

Ttem (ii), from the expression of Vg*(y*(0),y*(1), T*) given at the beginning of Section 5.6 and from the
expression of V¢*(y*(0),y*(1)) (see Section 5.2.3 for the definition of ¢*), we obtain that

Vke{l,...,N}, qnix(0)=0gse and Vke{l,...,N}, —qnir(l)=EL.
From the Hamiltonian system, we deduce that
1 ~
| T r 60,07 (5) Toa(9) ds = € € Nl (1)

for all kK € {1,...,N}. From affine changes of time variable, we obtain that

%

/ VaH(z*(t), AL, u™ (1), p(t)) dt € NA[N],

Th—1
for all k € {1,...,N}.
Hamiltonian constancy condition of Theorem 5.2.1. From the Hamiltonian system and the

maximization condition, and applying [63, Theorem 2.6.1] on each interval [r}_,, 7], we obtain that,
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for all k& € {1,..., N}, there exists a constant ¢, € R such that

{p@), fr (@™ (), A" (1), w" (1) ))rn = i,

for almost every t € [r}_,, 7/]. Furthermore, from the definition of A (see Section 5.2.3) and since 0 =
< T <. .. <Th_y <71k =T, we deduce from £ € No[T*] that all components of £° are zero, except
possibly the first and last components. Thus, from the third component of the above Item (ii), from
the expression of Vg*(y*(0),y*(1),T*) given at the beginning of Section 5.6 and from the expression
of V¢*(y*(0),y*(1)) (see Section 5.2.3 for the definition of ¢*), we obtain that

/0 (@r41(8), Frr (Yr1 (), Ui (8), Vi (8))) e dis =/0 (g (s), fr (Wi (8), Y4 (5), v () ds,

for all k € {1,...,N — 1}. From affine changes of time variable, we obtain that

: / Tk+l<p(t),fzi‘+1(a:*(t),A*(t),u*(t))>Rn dt = # / X (p(t), fi (2" (t), A"(2), u" (1)))rr d,

* *
Tot1 — T Jrp Te = Th—1 Jrp_,

for all k € {1,...,N —1}. From constancy of the above two integrands, we deduce that cx1 = ¢
for all k € {1,..., N — 1}. Therefore the Hamiltonian constancy condition is satisfied and the proof
of Theorem 5.2.1 is complete.
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(General conclusion

In this general conclusion, we first provide a review of the findings from our research carried out in
this manuscript. Afterwards, we present several additional personal research projects to be pursued
within both frameworks: spatially hybrid optimal control problems and optimal control problems with

loss control regions.

Part I: findings from our research

The findings presented in this manuscript provide the first-order necessary optimality conditions for
spatially hybrid optimal control problems in the form of a Pontryagin maximum principle (in short, PMP).
Additionally, it provides the first-order necessary optimality conditions for optimal control problems with
loss control regions, also in a PMP form. This work was initially motivated by the paper [73], which provides
the statement of a spatially hybrid optimal control problem. In this manuscript, our aim was to address
this family of problems that has not been extensively studied in the literature. By delving deeply into this
setting, we were able to identify crucial issues. In the following items, we summarize our findings as follows:
(i) In the initial phase of our research, we focused on a classification of various situations and problem
types that have been examined in the literature. This has lead us to separate this broad framework
of hybrid systems with heterogeneous dynamics into two frameworks, namely, the temporally hybrid
setting and the spatially hybrid setting. As a result, we concluded that establishing a unified
framework (capable of accommodating all types of hybrid problems) is probably not feasible (for
instance, both setting rely on different notions local solutions after applying the augmentation
procedure).
(ii) Secondly, within a spatially hybrid setting, we have identified two crucial challenges that were not
mentioned previously in the literature (to our best knowledge). The first challenge is related to the

nonadmissibility of needle-like perturbations, while the second challenge occurs while adapting the
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augmentation technique in a spatially hybrid context.

Thirdly, we introduced new tools to address these two challenges. The first tool, known as auziliary
controls, allows us to overcome the nonadmissibility of needle-like perturbations. The second tool
is the novel notion of leflocal solution, which lead to a correct adaptation of the augmentation
technique and the resolution of the second challenge.

Fourthly, since the introduced tools allows us to overcome the main issues, we proceed to derive
a spatially hybrid maximum principle (HMP, in short). Moreover, we considered a new type of
parameter in the spatially hybrid context, which we referred to as a regionally switching parameter.
This led us to obtain the averaged Hamiltonian gradient condition (which already appeared in
[28] when considering a constant parameter or in the framework of sampled-data controls in [34],
[35], [41]) in a spatially hybrid setting. As a result, we established first-order necessary optimality
condition for optimal control problems with loss control regions, which was the motivation behind
this work. We refer to this as a PMP with loss control regions.

Finally, we introduced a numerical approach based on a two-step method. The first step involved a
direct method aimed at determining the structure of the optimal solution, specifically the sequence
of visited regions. In the second step, we constructed an indirect method, which relied on the
PMP with loss control regions. The direct method is based on a slight modification of the initial
non-smooth optimal control problem. Precisely, we proceed by performing a regularization of the
initial problem. Its goal was to provide a good initialization for the indirect method. This latter was
based on a shooting function that incorporated two new elements: the averaged Hamiltonian gradient
condition (which enabled the determination of constant control values in loss control regions) and
the discontinuity jumps of the adjoint vector. These jumps of the adjoint vector represented the
characteristic features of the spatially hybrid HMP and (consequently) the PMP with loss control

regions.

Part II: research perspectives

Hereafter, we provide a series of research perspectives and possible extensions to the frameworks con-

sidered in this manuscript.

(1)

The consideration of linear quadratic optimal control problems has been widely studied in the
literature, in various contexts. The importance of considering such problems lies in their practical
applications. Take, for instance, trajectory tracking (see, for example, [90]). Therefore, one possible
extension of our work is to tackle this type of problem in a spatially hybrid setting. Let us mention
that in the setting of switched systems, which is a particular case of a temporally hybrid setting,
such problems have been addressed [104], [119]. However, we believe that tackling linear quadratic
problems in a spatially hybrid setting has never been done, and it would be of quite interest to
generalize the Riccati theory in this setting. The interest behind such an extension is to be able to
consider linear quadratic problems with loss control regions. As explained in the general introduction,
such consideration comes naturally since maintaining permanent controls is not always possible.

In optimal control theory, we know that under certain assumptions, a relationship can be established
between necessary optimality conditions, such as PMP, and sufficient conditions, such as dynamic
programming. Roughly speaking, let us denote by V (¢, x) the value function, which represents the
minimum cost of an optimal control problem. This value function is viewed as a function of the

initial time and state (¢,2). The relationship between PMP and dynamic programming is that the
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gradient is equal to the negative value of the adjoint vector p provided by PMP [51]. In other words:
p(t) = =V, V(¢ z%(t)),

where x* stands for the minimizing trajectory. In a temporally hybrid setting, a similar relation has
been established in [98]. So, we could ask the following: in a spatially hybrid setting, does such a
relation hold between the gradient of the value function and the adjoint vector?
Following above notations, it is well-known that (under certain assumptions) if the value func-
tion V (t,z) is C! then it is a solution of the Hamilton-Jacobi-Bellman equation. Roughly speaking,
V satisfies

oV(t,x)+ wmel{} H(z,w,V,V(t,x)) =0, (t,x) € (0,400) x Q,

where H : R" x R™ x R™ — R stands for the Hamiltonian function, U is a nonempty set of R™ and
) is a nonempty open set of R". The question that remains is: is there an analogous statement
when dealing with a spatially hybrid framework?

Throughout this manuscript, when considering a partition of the state space, we have (only) defined
the hybrid dynamics regionally on open sets but not at the boundaries. This fact had no impact
on the work presented in this manuscript, thanks to the transverse crossing assumptions made on
the optimal trajectory. However, the question of considering optimal trajectories that stay on the
boundary leads us to invoke the notion of sliding modes. In the literature, this question has been
explored only to a limited extent and can be found in a few works such as [10], [83]. In view of
this fact, it could be interesting revisiting such a framework (that allows trajectories to stay on
boundaries) using the new tools that we have introduced such as: auxiliary controls and the notion
of Lﬂjflocal solution.

The new framework that we introduce in this manuscript, concerning loss control regions in optimal
control problems, appears to be very interesting. Indeed, as we mentioned in the general introduction,
the consideration of loss control regions arises naturally due to the limitations of finite resources,
which cannot be sustained indefinitely. In this manuscript, we tackled (only) academic examples
with loss control regions. However, it remains a good first step to understand the challenges that
can arise from imposing such constraints (we refer to the example of the double integrator in [15]).
In future works, integrating such constraints into the modeling can be explored in various domains,
such as epidemiology (for instance, S.I.R. models) and viability theory (for example, time crisis
problems [20]), among others.

Another perspective related to this thesis concerns optimal control problems arising in the field of
bioprocesses. Several works considered for instance the problem of maximizing bio-gas production in
a continuous-stirred bioreactor [12], [74]. It is also well-known that bioreactors can also be driven in
fed-batch mode (i.e., with a variable volume until reaching the maximal capacity of the tank reactor),
see, e.g., [21], [76]. This is of particular interest for wastewater treatment. Now, we can observe
that the combination of these two modes (continuous and fed-batch) leads to a (temporally) hybrid
control system involving a switching manifold. Therefore, it could be interesting to study optimal
control problems arising in the field of bioprocesses governed by such a hybrid control system.
From a numerical standpoint, our aim is to further develop the two-step method for optimal control
problems with loss control regions. More specifically, we plan to:

- Improve the regularization method for the direct method to obtain more accurate adjoint
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vectors when dealing with more complex problems than the ones considered in Chapter 5.

- Numerically implement the averaged Hamiltonian condition (in loss control regions) for the
indirect method, taking into account situations where a constant value of the control belongs
to the boundary of the constraint set. This makes this condition complex to integrate into the
shooting function.
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Controle optimal hybride: conditions d’optimalité et applications

Résumé : Ce manuscrit aborde le domaine mathématique de la théorie du controle optimal en se concentrant
spécifiquement sur les problemes de controle optimal hybrides spatiaux. Ici, le terme spatial indique que nous
considérons un systéme de contrdle hybride défini sur une partition de ’espace d’état qui est divisée en régions
disjointes. De plus, nous supposons que le systeme de controle dépend d’un paramétre régional qui reste constant
a l'intérieur de chaque région, mais peut changer sa valeur lorsque la position de 1’état traverse les frontieres. Ce
nouveau cadre nous permet de traiter des systemes de controle qui incluent des régions de perte contraile, ce
qui constitue notre motivation initiale. Dans ce type de systéme, étant donné une partition de I’espace d’état,
le comportement du controle varie en fonction de la position de I’état. Il peut étre modifié & tout moment
(appelé contrdles permanents) lorsque 1’état appartient & des régions appelées régions de contrdle, ou il peut

rester constant lorsque 1’état appartient a des régions appelées régions de perte controle.
Dans les deux cadres, nos objectifs sont les suivants:

(i) dériver un principe maximum hybride spatial (abrégé en HMP) avec un parameétre régional.

(ii) dériver un principe maximum de Pontryagin avec des régions de de perte de controle.

(iii) fournir une approche numérique permettant de résoudre des probleémes de contrdle optimal avec des régions
de perte de controle.
Ce manuscrit est composé de 6 chapitres:

(1) Le chapitre 1 est consacré aux notations et au cadre fonctionel nécessaires pour décrire le probleme de
controle optimal hybride avec parametre régional et les problemes de contrdle optimal avec des régions de
perte de controle rencontrés dans le manuscrit.

(2) Le chapitre 2 est consacré & la dérivation d’'un HMP spatial avec un parameétre régional, pour les problémes
de controle optimal hybride avec des conditions initiales fixes. Nous fournissons également les conditions
nécessaires du premier ordre pour les problemes de controle optimal avec des régions de perte de controle.

(3) Le chapitre 3 est consacré a I’étude d’une variante du probléme de temps minimal pour le double intégrateur
avec une région de perte de contréle. Cette derniere est basée sur un PMP adapté aux problemes de temps
minimal avec une région de perte de controle.

(4) Le chapitre 4 se concentre sur la dérivation d’un HMP spatial basé sur une utilisation soigneuse de la
technique d’augmentation. Cette derniere est basée sur I'introduction d’un nouveau concept de minimum
local, puis sur la dérivation d’'un PMP correspondant.

(5) Le chapitre 5 est consacré a la dérivation d’'un PMP avec des régions de perte de controle, ainsi qu’a une
approche numérique en deux étapes pour résoudre ce type de problemes. Pour ce faire, nous commencgons
par fournir un HMP spatial avec un parameétre régional (de maniére similaire au chapitre 4).

(6) Dans le chapitre 6, nous présentons une conclusion générale qui expose brievement nos résultats de recherche

et offre également des perspectives pour de futurs travaux.

Mots clés : controle optimal, conditions nécessaires d’optimalité, principe maximum de Pontryagin, conditions
de transversalité, analyse de sensibilité, perturbation en aiguille, parametre régional, régions de perte de controle,
systemes hybrides, dynamiques hétérogenes, principe maximum hybride, technique d’augmentation, minimum

local, méthode directe, méthode indirecte, méthode de tir.



Hybrid optimal control: optimality conditions and applications

Abstract: This manuscript deals with the mathematical field of optimal control theory, specifically focusing on
spatially hybrid optimal control problems. Here, the term spatially indicates that we consider a hybrid control
system defined over a partition of the state space that is divided into disjoint regions. Furthermore, we assume
that the control system depends on a regionally switching parameter, which remains constant within each region
but can change its value when the state position crosses boundaries. This new framework allows us to address
control systems that includes loss control regions, which presents our initial motivation. In such systems, given
a partition of the state space, the control behavior varies depending on the position of the state. It can be
modified at any time (referred to as permanent controls) when the state belongs to regions referred to as control

regions, or it can remain constant when the state belongs to regions referred to as loss control regions.
In both frameworks, our goals are:

(i) to derive a spatially hybrid maximum principle (in short, HMP) with regionally switching parameter.
(ii) to derive a Pontryagin maximum principle with loss control regions.

(iii) provide a numerical approach allowing to solve optimal control problems with loss control regions.

To achieve these purposes, we introduce new tools and concepts that address certain challenges that can arise
in a spatially hybrid setting. Specifically, based on careful investigation, we identify two main challenges: the
nonadmissibility of needle-like perturbations and the inability to directly apply the well-known augmentation
technique in a spatially hybrid setting.

This manuscript is made up of 6 chapters:

(1) Chapter 1 is devoted to notations and the basic framework needed to describe the hybrid optimal control
problem with regionally switching parameters and optimal control problems with loss control regions
encountered in the manuscript.

(2) Chapter 2 is devoted to deriving a spatially HMP with regionally switching parameters for hybrid optimal
control problems with fixed initial conditions. We also provide first-order necessary conditions for optimal
control problems with loss control regions.

(3) Chapter 3 is devoted to the study of a variant of the minimum time problem for the double integrator
with a loss control region. The latter is based on a PMP adapted to a minimum time problem with a loss
control region.

(4) Chapter 4 focuses on the derivation of a spatially HMP based on a careful use of the augmentation
technique. The latter is based on the introduction of a new concept of local minimum and the subsequent
derivation of a corresponding PMP.

(5) Chapter 5 is devoted to the derivation of a PMP with loss control regions, as well as a two-step numerical
approach to solve this type of problem. To do so, we first provide a HMP with regionally switching
parameters in a similar manner to Chapter 4.

(6) In Chapter 6, we provide a general conclusion that briefly presents our research findings and provides some

perspectives for future research work.

Keywords: optimal control, necessary optimality conditions, Pontryagin maximum principle, transversality
conditions, sensitivity analysis, needle-like perturbation, regionally switching parameter, loss control regions,
hybrid systems, heterogeneous dynamics, hybrid maximum principle, augmentation technique, local minimum,

direct method, indirect method, shooting method.
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