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Abstract

This thesis deals with statistical studies based on functional data modelled by stochastic differential
equations whose solutions are called diffusion processes. More precisely, we bring contributions on
the resolution of the problem of nonparametric estimation of coefficients of a diffusion process in
short time, and on the construction of nonparametric procedures for multiclass classification of dif-
fusion paths. The thesis is divided into three main parts.

In the first part of the thesis, we focus on the nonparametric estimation of the diffusion coefficient
of a time-homogeneous stochastic differential equation with a finite time horizon. Two frameworks
are considered. First, we assume that only a single discrete path is observed, and second, we assume
that N diffusion paths, generated independently, are observed. In each framework, we propose pro-
jection estimators of the square of the diffusion coefficient respectively on a compact interval, and on
the real line, by minimizing a least squares contrast function. We establish the consistency of estima-
tors, and derive rates of convergence under mild assumption on the diffusion coefficient. This first
part paves the way for the construction of an empirical classification procedure of the plug-in type,
which is based on the nonparametric estimation of the coefficients of the diffusion processes.

The second part proposes a plug-in type classification procedure for diffusion paths. We consider
a diffusion processX that is a strong solution of a time-homogeneous stochastic differential equation
with a unknown drift coefficient depending on a label Y taking values in a finite set of N, and with an
unknown diffusion coefficient, common to all classes. We propose, from a learning sample contain-
ing N independent observations of the diffusion process, a plug-in classifier based on nonparametric
estimators of coefficients of the diffusion process, and on the estimator of the discrete law of the label
Y . The observation window is the compact interval [0, 1]. We prove the consistency of the plug-in
classifier, and establish a rate of convergence of order N−1/5 when the coefficients of the diffusion
process are unknown and Lipschitz. We also derive some faster rates of convergence under stronger
assumptions on the drift and the diffusion coefficient.

The last part focuses on the construction of a nonparametric procedure of Empirical Minimiza-
tion Risk (ERM) type for multiclass classification of diffusion paths. The setting is the same as in
the second part, and the goal is to build an empirical classifier by minimizing the empirical risk of
classification defined from the learning sample. We prove the consistency of the ERM-type classifier,
and derive a rate of convergence of order N−β/(2β+1) over a Hölder space of smoothness parameter
β ≥ 1. We then establish, in the binary classification setup, and over the same Hölder space, a faster
rate of convergence of order N−4β/3(2β+1) in binary classification, thanks to a margin assumption im-
posed on the regression function associated to the model.

Key words: supervised classification, nonparametric estimation, diffusion paths, plug-in, empir-
ical risk minimization.
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Résumé

Cette thèse porte sur des études statistiques basées sur les données fonctionnelles modélisées par des
équations différentielles stochastiques dont les solutions sont appelées processus de diffusion. Nous
apportons des contributions au problème d’estimation non-paramétrique des coefficients d’un pro-
cessus de diffusion en temps court, et à la question de construction des procédures non-paramétriques
de classification multiclasses pour les trajectoires de diffusion en temps court. La thèse est divisée en
trois principales parties.

Dans la première partie de la thèse, on se focalise sur l’estimation non-paramétrique du coeffi-
cient de diffusion d’une équation différentielle stochastique homogène en temps avec un horizon
temporel fini. Deux cadres d’étude sont envisagés. Premièrement, on suppose qu’une seule trajec-
toire de diffusion est observée, et deuxièmement, on suppose observer N trajectoires de diffusion
indépendantes. Dans chaque cadre d’étude, nous proposons des estimateurs par projection du carré
du coefficient de diffusion respectivement sur un intervalle compact, et sur la droite réelle R par la
minimisation d’une fonction de contraste des moindres carrés. Nous établissons la consistance des
estimateurs et des vitesses de convergences sous des hypothèses de régularité sur le coefficient de
diffusion. Cette première partie ouvre ainsi la voie à la construction d’une procédure de classifica-
tion empirique de type plug-in, qui repose sur l’estimation non-paramétrique des coefficients des
processus de diffusion.

La deuxième partie propose une procédure de classification de type plug-in des trajectoires de dif-
fusion. Nous partons d’un modèle de diffusion dans lequel un processus de diffusion X est solution
forte d’une équation différentielle stochastique homogène en temps dont le coefficient de dérive est
supposé inconnu et dépend de la classe Y , une variable aléatoire discrète de loi inconnue, et dont
le coefficient de diffusion, aussi supposé inconnu, est commun à toutes les classes. On propose, à
partir d’un échantillon constitué de N observations indépendantes du processus de diffusion, un
classifieur de type plug-in basé sur des estimateurs non-paramétriques des coefficients de dérive et
de diffusion, et de l’estimateur de la loi discrète de l’étiquette Y . Nous prouvons la consistance du
classifieur plug-in et établissons une vitesse de convergence de l’ordre de N−1/5 lorsque les coef-
ficients du processus sont des fonctions sont inconnues et lipschitziennes. Nous établissons ensuite
des vitesses plus rapides sous des hypothèses plus fortes sur les coefficients de dérive et de diffusion.

La dernière partie traite de la construction d’une procédure non-paramétrique de classification
multiclasses de type ERM pour les trajectoires de diffusion. Nous restons dans le même cadre d’étude
que celui de la deuxième part, et l’objectif est de construire un classifieur empirique par la minimi-
sation du risque empirique (ERM) de classification. Nous prouvons la consistance du classifieur de
type ERM et établissons une vitesse de convergence de l’ordre deN−β/(2β+1) sur un espace de Hölder
de paramètre de régularité β ≥ 1. Nous établissons ensuite, sur le même espace de Hölder de régu-
larité β ≥ 1, une vitesse plus rapide de l’ordre de N−4β/3(2β+1) en classification binaire, grâce à une
hypothèse de marge imposée sur la fonction de régression associée au modèle.

Mots-clé : classification supervisée, estimation non-paramétrique, trajectoires de diffusion, plug-
in, minimisation du risque empirique.
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1.1 Préliminaires

Depuis quelques années, nous voyons apparaître de plus en plus fréquemment dans de nombreux
domaines scientifiques, des données modélisées comme des réalisations de variables aléatoires fonc-
tionnelles (par exemple des courbes ou des images). Ces données sont généralement le résultat de me-
sures répétées d’une quantité ou d’une grandeur quelconque en faisant varier un paramètre tel que
le temps, une longueur (par exemple la longueur d’onde), etc. En théorie, les fonctions aléatoires qui
génèrent ces données prennent leurs valeurs dans des espaces vectoriels de dimension infinie. Tou-
tefois, dans le cas pratique, ces données sont représentées par des vecteurs de valeurs de très grande
taille, chaque coordonnée étant le résultat d’une mesure en fonction du paramètre d’intérêt. Le pro-
grès technologique a rendu possible une collecte rapide de ce type de données dans des domaines
tels que la chimie, la météorologie, la biologie (see e.g. [39], [78], [79], [82]), ou encore la finance (voir
par exemple [65]). Depuis plusieurs années, des données fonctionnelles font l’objet de nombreuses
études statistiques telles que l’estimation paramétrique (voir par exemple [46], [60], [15], [51], [87]),

1



Chapitre 1: Introduction

l’estimation non-paramétrique (voir par exemple [20], [42], [30], [88]), l’analyse discriminante ou la
classification (voir par exemple [1], [86], [13], [72]).

Dans ce manuscrit de thèse, nous nous focalisons sur la classification multiclasses de données
fonctionnelles générées par le modèle de mélange de diffusions suivant :

dXt = b∗Y (Xt)dt+ σ∗(Xt)dWt, t ∈ [0, T ], X0 = x0 (1.1)

où (Wt)t≥0, appelé mouvement brownien standard, est un processus continu à accroissements indé-
pendants et stationnaires défini sur un espace de probabilité filtré (Ω, (Ft)t≥0,P), où (Ft)t≥0 est la
filtration naturelle de (Wt)t≥0 (voir par exemple [66]). Ainsi, pour tout s, t ≥ 0 tels que t > s, on a

Wt −Ws ⊥ Fs, et Wt −Ws
L
=Wt−s ∼ N (0, t− s).

De plus, le mouvement brownien (Wt)t≥0 est une martingale (voir [66]) sur sa filtration naturelle. La
variable aléatoire Y est indépendante de (Wt)t≥2 et à valeurs dans un ensemble fini Y = {1, . . . ,K},
avec K ≥ 2, et de loi inconnue p∗ = (p∗1, . . . , p

∗
K), avec p∗0 = min

i∈Y
p∗i > 0. Les fonctions de dérive

b∗i , i ∈ Y et le coefficient de diffusion σ∗ sont supposés inconnus et appartiennent à un espace de
fonctions de dimension infinie.

Les données de diffusion trouvent de nombreuses applications dans des domaines tels que la
finance avec la modélisation de taux d’intérêt, l’étude du risque d’un actif financier, le coefficient de
diffusion, encore appelé volatilité étant vu comme une mesure de risque de l’actif étudié (voir par
exemple [65], [9]).

Dans ce manuscrit, nous proposons des procédures de classification non-paramétriques pour des
trajectoires de diffusion essentiellement homogènes en temps, l’horizon temporel étant fixé à T = 1.
Le terme non-paramétrique renvoie à un cadre dans lequel les coefficients de dérive et de diffusion
des solutions d’équations différentielles stochastiques sont supposés inconnus, et ne dépendent pas
d’un paramètre variant dans un espace de dimension finie. Nous montrons la consistance des clas-
sifieurs empiriques obtenus sous des hypothèses les plus faibles possibles sur les coefficients des
processus de diffusion, et nous établissons des vitesses de convergence sous différentes hypothèses
sur les coefficients des processus. La particularité de ces classifieurs empiriques est le fait qu’ils tirent
profit des propriétés des processus de diffusion générant les observations à partir desquelles ils sont
construits. Nous comparerons ainsi, au moyen d’études numériques sur des données simulées, la
performance des classifieurs obtenus avec certaines méthodes de classification pour des données
fonctionnelles trouvées dans la littérature scientifique.

Dans la section 1.2 nous parlons d’inférence statistique pour les équations différentielles stochas-
tiques, et présentons particulièrement les modèles d’estimation non-paramétriques des coefficients
de dérive et de diffusion. La section 1.3 est consacrée à la présentation de la classification supervisée
dans un cadre général, et à la description du modèle de diffusion étudié dans cette thèse pour la
classification de trajectoires de diffusions. Dans la section 1.4, nous présentons les principales contri-
butions de la thèse, et enfin, une conclusion et les perspectives de recherche sont données en sec-
tion 1.5. Les preuves de certains résultats sur les équations différentielles stochastiques sont données
en annexes (section 1.6).

1.2 Inférence statistique pour les équations différentielles stochastiques

1.2.1 Modèle et hypothèse

On se réfère principalement à [81] et [66] pour l’étude des équations différentielles stochastiques.
Comme nous l’avons dit plus haut, nous proposons dans ce manuscrit des procédures empiriques de
classification supervisée pour des données fonctionnelles modélisées par des solutions d’équations
différentielles stochastiques. Nous considérons plus particulièrement les diffusions homogènes en
temps, solutions du modèle de mélange 1.1. On rappelle que le processus

Ä∫ t
0 σ

∗(Xs)dWs

ä
t≥0

est une
martingale. Il en résulte que le processus de diffusion X solution de l’équation (1.1) est une semi-
martingale et un processus de Markov (voir par exemple [81]), et ses coefficients b∗Y et σ∗ satisfont les
égalités suivantes.

EDDY ELLA MINTSA 2



1.2 Inférence statistique pour les équations différentielles stochastiques

Proposition 1.2.1. Supposons que b∗i , i ∈ Y et σ∗ sont des fonctions continues et fixons s ∈ [0, 1). On a alors

lim
t→s+

E
ï
Xt −Xs

t− s
− b∗Y (Xs)

ò
= 0, (1.2)

lim
t→s+

⟨X,X⟩t − ⟨X,X⟩s
t− s

= σ∗2(Xs) (1.3)

où pour tout t ∈ [0, 1], ⟨X,X⟩t =
∫ t
0 σ

∗2(Xu)du est la variation quadratique à l’instant t du processus X .

L’équation (1.2) implique que pour tout instant t au voisinage de s ∈ (0, 1), on obtient, pour
chaque étiquette i ∈ Y et conditionnellement à {Y = i}, le résultat approximatif ci-dessous :

Xt −Xs

t− s
≈ b∗i (Xs).

On voit ainsi que pour tout s ∈ (0, 1) et conditionnellement à Y , la quantité aléatoire b∗Y (Xs) peut
être interprétée comme la dérivée à l’instant s du processus de diffusion X = (Xt)t∈[0,1]. D’après
l’équation (1.3) et l’expression de la variation quadratique en fonction de σ∗2, on déduit d’une part
que la variation quadratique t 7→ ⟨X,X⟩t est une fonction croissante du temps, et d’autre part, pour
tout t ∈ (0, 1], ⟨X,X⟩t augmente avec le carré du coefficient de diffusion σ∗2. Ainsi, le coefficient
de diffusion est vu comme une mesure des amplitudes des variations du processus de diffusion X
lorsqu’on fait varier le temps t dans [0, 1]. Plus précisément, une explosion des valeurs de σ∗2(Xs)
pour tout s ∈ (0, 1) entraine de fortes variations du processus de diffusion X lorsqu’on passe d’un
instant s ∈ (0, 1) à un instant t ∈ (s, 1]. Inversement, si les valeurs de σ∗2(Xs) pour tout s ∈ (0, 1)
sont proches de 0, alors on observe de très faibles variations des valeurs prises par Xt−Xs pour tout
s, t ∈ [0, 1] tels que s < t.

0

25

50

75

0.00 0.25 0.50 0.75 1.00

FIGURE 1.1 : La figure ci-dessus représente deux trajectoires de diffusion. Celle en bleu est une ob-
servation d’une solution de l’équation différentielle stochastique dXt = 0.15XtdWt avec b∗Y ≡ 0 et
σ∗ = 0.15, et celle en rouge est générée par une solution de l’équation dXt = 5XtdWt avec b∗Y ≡ 0 et
σ∗ = 5. Cette figure met ainsi en évidence l’impact du coefficient de diffusion sur les amplitudes des
variations du processus de diffusion.

Une manière de classifier les trajectoires de diffusion serait de les distinguer suivant les valeurs
des coefficients de dérive b∗i ou des coefficients de diffusion σ∗ des équations différentielles stochas-
tiques qui les génèrent. Si nous prenons l’exemple de la finance, où le processus de diffusion X est à
valeurs positives et modélise le prix d’un actif financier. Alors, la trajectoire en bleu de la figure 1.1
représentera les variations du prix d’un actif à faible risque avec une volatilité faible (σ∗ ≡ 0.15),
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tandis que la trajectoire en rouge représentera l’évolution du prix d’un actif à haut risque, avec une
volatilité suffisamment élevée (σ∗ ≡ 5). On peut ainsi, à partir de données observées, construire une
procédure de classification qui distinguera les actifs à faible risque des actifs très risqués. Certaines
de ces procédures de classification peuvent être basées sur des estimateurs de b∗i , i ∈ Y ou σ∗2.

Supposons que les coefficients b∗Y et σ∗ du processus de diffusion solution de l’équation 1.1 satis-
font l’hypothèse suivante.

Hypothèse 1.2.2. (Ellipticité and regularité)

(i) Il existe L0 > 0 tel que les fonctions b∗i , i ∈ Y et σ∗ sont L0-Lipschitziennes

max
i∈Y

|b∗i (x)− b∗i (y)|+ |σ∗(x)− σ∗(y)| ≤ L0|x− y|, ∀(x, y) ∈ R2.

(ii) Il existe des constantes σ∗0, σ
∗
1 telles que

0 < σ∗0 ≤ σ∗(x) ≤ σ∗1, ∀x ∈ R.

Sous l’hypothèse 1.2.2, nous obtenons un certain nombre de résultats à partir de l’équation diffé-
rentielle stochastique (1.1). Le premier résultat est l’unicité de la solution de l’équation (1.1) (voir par
exemple [63]). Le deuxième résultat est l’existence d’une densité de transition pX : (t, x) ∈ [0, 1]×R 7→
pX(t, x) du processus de diffusion X qu’on peut approximer par des densités gaussiennes. En effet,
nous obtenons de [52] le résultat suivant.

Proposition 1.2.3. Sous l’hypothèse 1.2.2, il existe des constantes c > 1, et C > 1 telles que pour tout
t ∈ (0, 1] et pour tout x ∈ R,

1

C
√
t
exp

Å
−cx

2

t

ã
≤ pX(t, x) ≤ C√

t
exp

Å
−x

2

ct

ã
.

La preuve de ce résultat est fournie dans [52]. L’approximation de la densité de transition pX don-
née par la proposition 1.2.3 est très utilisée pour l’obtention de résultats de consistance des classifeurs
de type plug-in pour des données de diffusion. Nous y reviendrons plus en détails dans les chapitres 2
et 3 de ce manuscrit. Nous énonçons un autre résultat important qui découle de l’hypothèse 1.2.2 et
qui est en rapport avec les moments du processus de diffusion X .

Proposition 1.2.4. Sous l’hypothèse 1.2.2 et pour tout q ≥ 1, il existe une constante Cq ≥ 1 telle que

EX

ñ
sup
t∈[0,1]

|Xt|q
ô
≤ Cq.

Nous pouvons ainsi déduire de la proposition 1.2.4 que sous l’hypothèse 1.2.2, le processus de
diffusion X admet des moments finis de tout ordre. Ce résultat est essentiel pour la majoration des
risques d’estimation des coefficients b∗i , i ∈ Y et σ∗2 de la diffusionX . Nous y reviendrons largement
dans les deuxième et troisième chapitres de ce manuscrit.

L’estimation des coefficients d’un processus de diffusion est largement étudiée dans la littérature
scientifique. On distingue le cas paramétrique (voir par exemple [46], [60], [15], [51], [87], [29]), et le
cas non-paramétrique (voir par exemple [42], [22], [20], [56], [58]). Pour le cas non-paramétrique, on
trouve généralement comme méthodes utilisées pour la construction des estimateurs des fonctions
b∗i , i ∈ Y et σ∗2, la méthode par noyaux (voir par exemple [41], [70]), et la méthode par regression
(voir par exemple [22], [30], [58]).

Dans ce manuscrit, l’estimation des fonctions b∗i , i ∈ Y et σ∗2 est essentiellement non-paramétrique
et basée sur la méthode de regression.
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1.2.2 Estimation non-paramétrique des fonctions de dérive

Considérons le processus de diffusion X = (Xt)t∈[0,1] venant du modèle de diffusion (1.1) avec b∗Y =
b∗. La fonction de dérive b∗ est inconnue, et le coefficient de diffusion peut être supposé connu ou
inconnu, et fait partie du terme de bruit pour le modèle d’estimation de b∗.

Soit n un entier naturel suffisamment grand, et X̄ = (Xk∆n)0≤k≤n une observation en temps dis-
cret du processus de diffusion X solution de l’équation (1.1), avec ∆n = 1/n le pas de discrétisation
du temps. Soit (Zk∆n)0≤k≤n la suite des incréments de X donnée par

Zk∆n :=
X(k+1)∆n

−Xk∆n

∆n
, k = 0, . . . , n− 1.

Ainsi, le coefficient de dérive b∗ du processus de diffusion X satisfait le résultat ci-dessous.

Proposition 1.2.5. Pour tout k = 0, . . . , n− 1, on déduit de l’équation (1.1) que

Zk∆n = b∗(Xk∆n) + ξk∆n (1.4)

avec,

ξk∆n :=
1

∆n

∫ (k+1)∆n

k∆n

(b∗(Xs)− b∗(Xk∆n))ds+
1

∆n

∫ (k+1)∆n

k∆n

σ∗(Xs)dWs.

La fonction de dérive b∗ est alors estimée comme une fonction de régression solution du modèle
(1.4) avec ξk∆n le terme d’erreur. Notons que le modèle (1.4) est utilisé que l’on soit en temps court
(T < ∞) ou en temps long (T → ∞). Pour ce qui est des observations, et pour ce qui est du temps
court, on verra qu’il n’est pas possible d’obtenir un estimateur convergent de b∗ à partir d’une seule
trajectoire de diffusion. Ainsi, nous supposons dans ce manuscrit avoir à notre disposition des obser-
vations discrètes répétées de X , c’est-à-dire des copies indépendantes X̄1, . . . , X̄N du processus X̄ ,
avec N qui tends vers l’infini. En effet, dans le cas d’observations répétées du processus de diffusion,
on peut construire un estimateur non-paramétrique convergent de b∗ lorsque N tend vers l’infini.

Démonstration. D’après le modèle (1.1), on a

dXt = b∗(Xt)dt+ σ∗(Xt)dWt

et pour tout k ∈ [[0, n− 1]],

X(k+1)∆n
−Xk∆n =

∫ (k+1)∆n

k∆n

b∗(Xs)ds+

∫ (k+1)∆n

k∆n

σ∗(Xs)dWs

= ∆nb(Xk∆n) +

∫ (k+1)∆n

k∆n

(b∗(Xs)− b∗(Xk∆))ds+

∫ (k+1)∆n

k∆n

σ∗(Xs)dWs.

On obtient le résultat attendu en divisant chaque membre par ∆n.

L’estimation non-paramétrique de la fonction de dérive b∗ par la méthode de régression est lar-
gement étudiée dans la littérature scientifique. Nous présentons ci-dessous deux des nombreuses
références axées sur ce sujet.

[Comte, Genon-Catalot (2021)] ([20]). Dans cet article, le processus de diffusion X solution de (1.1)
est observée en temps continu, avec un horizon temporel fini (T < ∞). Les auteurs proposent, à
partir d’un échantillon (X1, . . . , XN ) constitué de N copies indépendantes de X , un estimateur par
projection de b∗ sur un espace d’approximation de dimension finie m ≥ 1 engendré par une base
orthonormée. La particularité de cet article est d’établir une vitesse de convergence de l’estimateur
par projection de b∗1A de l’ordre de N−s/(s+1) sur un espace de régularité s ≥ 1, lorsque le support
de la fonction de dérive b∗ est la droite réelle R, et A est un interval compact ou non-compact de
R. L’obtention d’un tel résultat nécessite toutefois une troncature de la dimension de l’espace d’ap-
proximation pour l’établissement d’un terme de variance convergeant vers 0 lorsque N tend vers
l’infini.
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i) Construction de l’estimateur tronqué de b∗.

L’estimateur par projection de b∗ noté b̂m pour chaque m ≥ 1, est donné par b̂m =
∑m−1

ℓ=0 θ̂ℓϕℓ,
où (ϕ0, . . . , ϕm−1) est une base orthonormée engendrant l’espace d’approximation, et le vecteur
de coordonnées θ̂ =

Ä
θ̂0, . . . , θ̂m−1

ä
est donné par

θ̂ = “Ψ−1
m Ẑm

où le vecteur Ẑm est défini par

Ẑm =

(
1

NT

N∑
i=1

∫ T

0
ϕj(Xi(u))dXi(u)

)
,

et la matrice aléatoire “Ψm est donnée par“Ψm =

(
1

NT

N∑
i=1

∫ T

0
ϕj(Xi(u))ϕℓ(Xi(u))du

)
0≤j,ℓ≤m−1

.

La matrice “Ψm est un estimateur sans biais de la matrice de Gram Ψm de la base (ϕ0, . . . , ϕm−1)
définie pour tout entier m ≥ 1 par

Ψm = E
î“Ψm

ó
=

Ç
E
ñ
1

T

∫ T

0
ϕj(Xs)ϕℓ(Xs)ds

ôå
0≤j,ℓ≤m−1

.

La dimension m de l’espace d’approximation est ensuite tronquée comme suit :

L(m)
Ä∥∥Ψ−1

m

∥∥
op

∨ 1
ä
≤ cT

NT

log(NT )
,

avec cT =
1− log(2)

8T
, et

L(m) := sup
x∈A

m−1∑
ℓ=0

ϕ2ℓ (x) < +∞. (1.5)

Ainsi, pour tout m ≥ 1, en remplaçant la matrice de Gram Ψm par son estimateur “Ψm, l’estima-
teur tronqué b̃m est défini à partir de b̂m par

b̃m = b̂m1Λm

où
Λm =

ß
L(m)

Å∥∥∥“Ψ−1
m

∥∥∥
op

∨ 1

ã
≤ cTNT

log(NT )

™
.

Notons que la quantité L(m) donnée par l’équation (1.5) est, en effet, définie pour tout m ≥ 1
par

L(m) = sup
h∈Sm, ∥h∥=1

sup
x∈A

h2(x)

et dépend ainsi uniquement du choix de l’espace d’approximation Sm et non du choix d’une
base parmi les bases orthonormées.

ii) Vitesse de convergence de l’estimateur tronqué de b∗1A.

Une vitesse de convergence de l’ordre de N−s/(s+1) est établie sous l’hypothèse que la fonc-
tion de dérive b∗1A, restreinte à A, appartient à l’espace W s

fT
(A,R) défini par

W s
fT
(A,R) =

ß
h ∈ L2(A, fT (x)dx), ∀ℓ ≥ 1,

∥∥∥h− hfTℓ

∥∥∥2
fT

≤ Rℓ−s

™
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avec ∥∥∥h− hfTℓ

∥∥∥2
fT

=

∫
A
(h− hfTℓ )2(x)fT (x)dx,

où la fonction fT est une densité de probabilité, et pour toute fonction h ∈ L2(A, fT (x)dx) et
pour chaque ℓ ≥ 1, hfTℓ est le projeté orthogonal de h sur un sous-espace de L2(A, fT (x)dx) de
dimension ℓ. Cette vitesse est établie grâce à la troncature de la dimension, ayant prouvé que
P(Λc

m) = O(N−7).

Estimateur adaptatif de b∗1A. L’estimateur adaptatif b̃“m est obtenu en sélectionant à partir des
données, une dimension optimal “m dans un ensemble M̂N (oT ) défini par l’équation suivante

M̂N (oT ) =

ß
m ∈ {1, 2, . . . , NT}, c2ϕm

Å∥∥∥“Ψ−1
m

∥∥∥
op

∨ 1

ã
≤ oT

NT

log(NT )

™
où cϕ est la borne supérieure des fonctions de la base générant l’espace d’approximation, et la
constante oT dépend de l’horizon temporel T et de la norme infinie ∥fT ∥∞ de la fonction de
densité fT .

[Denis, Dion, Martinez (2020)] ([30]). Cet article propose, en temps court (T < ∞) et à partir de
données répétées, un estimateur par projection de la fonction de dérive b∗ sur un espace de dimen-
sion finie engendré par une base de fonctions B-spline et inclus dans l’espace initial contenant b∗.
Une contrainte de type ℓ2 est imposée aux vecteurs de coordonnées des éléments du sous-espace
d’approximation, suivie d’une troncature de la borne de l’estimateur non-paramétrique obtenu, de
sorte que celle-ci soit à croissance au plus polynômiale. On précise tout de même que la tronca-
ture effectuée sur l’estimateur de b∗ n’a aucun impact sur la dimension de l’espace d’approximation.
L’objectif de la contrainte ℓ2 et de la troncature est d’assurer la convergence du risque d’estimation
de l’estimateur non-paramétrique b̂ obtenu, et d’en établir, sous certaines hypothèses sur b∗ et σ∗, une
vitesse de convegence optimale de l’ordre de N−β/(2β+1) sur l’espace des fonctions de type Hölder
de paramètre de régularité β ≥ 1.

iii)i) Construction de l’estimateur ridge de b∗.

Partant d’un échantillon de trajectoires de diffusion
Ä
X̄(1), . . . , X̄(N)

ä
de taille N , observées

de manière indépendante et en temps discret. Ils construisent, en utilisant le modèle de regres-
sion (1.4) et la minimisation de la fonction de constraste des moindres carrés obtenue à partir
du modèle de régression, l’estimateur ridge b̂m =

∑m−1
ℓ=0 âℓBℓ, où (B0, . . . , Bm−1) est la base de

fonctions B-spline de l’espace d’approximation de dimension m, et

â = (â0, . . . , âm−1) = argmin
∥a∥22≤mL

∥Z−Ba∥22

avec Z le vecteur des variables réponses donné par

Z :=
Ä
Z

(1)
0∆n

, . . . , Z
(1)
(n−1)∆n

, . . . , Z
(N)
0∆n

, . . . , Z
(N)
(n−1)∆n

ä
,

et la matrice B donnée ci-dessous

B :=
Ä
t
Ä
Bℓ(X

(j)
0∆n

), . . . , Bℓ(X
(j)
(n−1)∆n

)
ää

1≤j≤N
0≤ℓ≤m−1

.

La constante L > 0 et la dimension m de l’espace d’approximation sont des suites croissantes
de la taille N de l’échantillon des observations. Enfin, l’estimateur obtenu est indépendant du
support de la fonction de dérive b∗.
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ii) Consistance de l’estimateur ridge de b∗.

La consistance de l’estimateur ridge b̂m est établie lorsque la fonction de dérive b∗ a pour sup-
port la droite réelle R. Ce résultat de consistance est obtenu entre autre, sous des hypothèses
sur la dimension m de l’espace d’approximation, la constante L, et l’intervalle borné sur lequel
est définie la base de fonctions B-splines qui engendre l’espace d’approximation.

iii) Vitesse de convergence de l’estimateur ridge de b∗.

L’établissement de la vitesse optimale de l’estimateur b̂m nécessite, sous des hypothèses re-
quises sur b∗ et σ∗, une approximation de la densité de transition du processus de diffusion
X solution de (1.1) par des gaussiennes, une restriction de la fonction de dérive b∗ à un inter-
valle compact comme par exemple [0, 1], et une définition appropriée d’un ensemble M des
valeurs possibles de la dimension m de l’espace d’approximation. Ils établissent ainsi, pour
tout m ∈ M, une vitesse optimale de l’estimateur b̂m de l’ordre de N−β/(2β+1) sur un espace
Hölder de paramètre de régularité β ≥ 1.

iv) Estimateur adaptatif de b∗.

Un estimateur adaptatif de b∗ est ensuite proposé par une sélection, à partir des données ob-
servées, de la dimension de l’espace d’approximation. Cette sélection de modèle se fait par
minimisation de la somme de la fonction de contraste des moindres carrés et d’une fonction de
pénalité dont l’ordre est celui du terme de variance du risque d’estimation de b̂m.

Dans ce manuscrit, et pour la construction d’un classifieur de type plug-in, nous nous inspirons
principalement de ces deux articles pour construire des estimateurs non-paramétriques des coeffi-
cients de dérive du modèle de diffusion (1.1) dont le support est la droite réelle R. Nous établissons
la vitesse optimale obtenue dans [30] en utilisant un raisonnement similaire à celui décrit dans [20].

1.2.3 Estimation non-paramétrique du coefficient de diffusion

On considère de nouveau le processus de diffusion X = (Xt)t∈[0,1] solution du modèle (1.1) avec
b∗Y = b∗.

Soit donc n un entier naturel suffisamment grand et X̄ = (Xk∆n)0≤k≤n une observation discrète
de X avec ∆n = 1/n le pas de temps. Soit (Uk∆n)0≤k≤n la suite construite à partir de X̄ telle que

Uk∆n :=
(X(k+1)∆n

−Xk∆n)
2

∆n
, k = 0, . . . , n− 1.

Ainsi, pour tout k ∈ [[0, n]], Uk∆n est une approximation en temps discret de la variance quadratique
instantanée d ⟨X,X⟩t /dt. La proposition ci-dessous donne le modèle de régression à partir duquel,
le carré du coefficient de diffusion σ∗2 peut être estimé comme solution du modèle.

Proposition 1.2.6. Supposons que la fonction σ∗ est de classe C2 sur R. Pour tout k = 0, . . . , n−1, on déduit
de l’équation (1.1) que

Uk∆n = σ∗2(Xk∆n) + ζk∆n +Rk∆n (1.6)

où ζk∆n = ζ
(1)
k∆n

+ ζ
(2)
k∆n

+ ζ
(3)
k∆n

avec,

ζ
(1)
k∆n

=
1

∆n

[Ç∫ (k+1)∆n

k∆n

σ∗(Xs)dWs

å2

−
∫ (k+1)∆n

k∆n

σ∗2(Xs)ds

]

ζ
(2)
k∆n

=
2

∆n

∫ (k+1)∆n

k∆n

((k + 1)∆n − s)σ∗′(Xs)σ
∗2(Xs)dWs

ζ
(3)
k∆n

= 2b∗(Xk∆n)

∫ (k+1)∆n

k∆n

σ∗ (Xs) dWs,
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et Rk∆n = R
(1)
k∆n

+R
(2)
k∆n

avec,

R
(1)
k∆n

=
1

∆n

Ç∫ (k+1)∆n

k∆n

b∗(Xs)ds

å2

+
1

∆n

∫ (k+1)∆n

k∆n

((k + 1)∆n − s)Φ(Xs)ds

R
(2)
k∆n

=
2

∆n

Ç∫ (k+1)∆n

k∆n

(b∗(Xs)− b∗(Xk∆n)) ds

åÇ∫ (k+1)∆n

k∆n

σ∗(Xs)dWs

å
et Φ := 2b∗σ∗′σ∗ +

î
σ∗′′σ∗ + (σ∗′)2

ó
σ∗2.

Le modèle de régression (1.6) est utilisé en temps court (T ∈ R+) comme en temps long (T → ∞)
(voir [22]). Notons que le terme ζ(1)k∆n

est le véritable terme d’erreur dépendant à la fois de N et n,

les autres termes ζ(2)k∆n
et ζ(3)k∆n

étant des résidus négligeables (voir par exemple [22]). Le terme d’er-
reur Rk∆n est directement lié au pas de discrétisation du temps ∆n. Constrairement à la fonction de
dérive, un estimateur consistant de σ∗2 peut être construit à partir d’une seule observation discrète
du processus de diffusion X (voir par exemple [58]). Nous proposons dans ce manuscrit, des estima-
teurs ridge de σ∗2 dans le cas d’observation d’une seule trajectoire (N = 1 et n → ∞), et dans le cas
d’observations répétées du processus X (n,N → ∞).

L’estimation du carré du coefficient de diffusion est étudiée dans la littérature scientifique tant
pour le temps long (T → ∞) que pour le temps court (T ∈ R+∗). Nous présentons ci-dessous, deux
articles dans lesquels sont proposés des estimateurs de σ∗2 en utilisant un modèle de régression non-
paramétrique.

Hoffmann (1999) [58]. L’auteur propose un estimateur non-paramétrique du carré du coefficient de
diffusion σ∗ lorsque la fonction de dérive dépend à la fois du temps et de l’espace. σ∗2 est estimé sur
l’intervalle compact D = [0, 1], à partir d’une observation discrète X(n) = (Xi/n)0≤i≤n du processus
de diffusion X . Pour tout p ∈ [1,∞), une vitesse de convergence optimale de l’ordre de n−ps/2(1+2s)

est établie sur l’espace de Besov Bsp∞(D) sur l’intervalle D de paramètre de régularité s > 1+ 1/2 et
défini à partir de l’espace Lp(D). L’établissement de cette vitesse optimale repose sur l’utilisation de
la base d’ondelettes qui génère l’espace de Besov, et est optimale au sens minimax.

i) Construction de l’estimateur de σ∗2 sur l’intervalle D = [0, 1].

Pour rappel, le processus de diffusion X = (Xt)t∈[0,1] prend ses valeurs dans la droite réelle
R. Ainsi, la première étape consiste à assurer une répartition uniforme des points de données
dans l’intervalleD = [0, 1]. Cette condition étant vérifiée dans le cas général où les observations
sont supposées admettre une densité minorée sur l’intervalle d’estimation, l’auteur considère
le temps local du processus X donné par

∀ x ∈ D, Lx = lim
ε→0

1

2ε

∫ 1

0
1|Xs−x|≤εds. (1.7)

De plus, pour un réel fixé ν ∈ (0, 1), L’estimateur de σ∗2 est construit conditionnellement à
l’événement aléatoire {LD ≥ ν} où LD = inf

x∈D
Lx.

Un seuil hn > 0 est choisi, et l’intervalle D est divisé en ⌊h−1
n ⌋ boites Cλ, λ = 1, . . . , ⌊h−1

n ⌋ de
taille hn. Le temps local empirique x 7→ Lx

n donné pour tout x ∈ D par

Lx
n =

1

nhn

n∑
i=0

1|Xi/n−x|≤hn/2

satisfait Lx
n → Lx pour tout x ∈ D lorsque hn → 0 et nhn → ∞. Ainsi, sur l’événement

{LD ≥ ν}, au moins ⌊nhnν⌋ points de données se trouvent dans chaque boîte Cλ avec une
probabilité élevée.
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L’estimateur non-paramétrique de σ∗2 sur l’intervalle D = [0, 1] est

σ̂2n(x) =

N0−1∑
k=0

α̂ℓ
jkϕ

ℓ
jk(x) +

∑
k∈sj

α̂jkϕjk(x) +

N0−1∑
k=0

α̂r
jkϕ

r
jk(x) (1.8)

avec

α̂jk =
∑
i

(
X(i+1)/n −Xi/n

)2
ϕjk

Å
i

n

ã
,

où ϕℓjk, ϕjk et ϕrjk sont des ondelettes appartenant à la base du sous-espace Vj de l’espace de
Besov Bsp∞(D) de dimension 2j avec j ∈ N∗. Les fonctions ϕℓjk et ϕrjk sont respectivement pour
chaque k, les fonctions de mise à l’échelle des bords gauche et droit de l’intervalle D = [0, 1].
Enfin, sj est l’ensemble des k tels que suppϕjk ⊂ D.

ii) Vitesse optimale de convergence de l’estimateur de σ∗2 sur l’intervalle D = [0, 1].
La vitesse optimale de convergence de l’estimateur non-paramétrique σ̂2n donné par l’équa-
tion (1.8) est établie sous certaines hypothèses de régularité sur les coefficients b∗ et σ∗ du pro-
cessus de diffusionX , et en tirant profit de l’optimalité au sens minimax de la base d’ondelettes.
Ainsi, l’auteur montre que l’estimateur σ̂2n atteint une vitesse optimale de l’ordre de n−ps/2(1+2s)

sur un espace de Besov Bsp∞(D) de paramètre de régularité s > 2 basé sur l’espace Lp(D).

Nous étudions dans le chapitre 2 l’estimation non-paramétrique du coefficient de diffusion issu
du modèle (1.1) à partir d’une seule trajectoire de diffusion. Cette étude est basée sur le temps local
(1.7) dont on établit le lien avec la densité de transition du processus solution du modèle (1.1).

Comte, Genon-Catalot, Rozenholc (2007) [22]. Dans cet article, le processus X est supposé ergo-
dique et strictement stationnaire, avec l’horizon temporel T → ∞. En effet, les auteurs disposent
d’une observation discrète (Xk∆n)1≤k≤n+1 du processus X , où le pas de temps ∆n satisfait

∆n → 0 et n∆n → ∞ lorsque n→ ∞.

Ils proposent dans cet article, un estimateur par projection de la restriction σ∗2A = σ∗21A du carré
du coefficient de diffusion σ∗2, solution du modèle de régression (1.6), par la minimisation d’une
fonction de contraste des moindres carrés, oùA = [0, 1]. Plus précisément, l’estimateur par projection
σ̂2m de σ∗2A sur un sous-espace vectoriel Sm de dimension finie m ≥ 1 est construit tel que

σ̂2m = argmin
h∈Sm

γ̃n(h), avec γ̃n(h) =
1

n

n∑
k=1

[Uk∆n − h(Xk∆n)]
2.

Ils établissent ensuite, sous l’hypothèse que σ∗2A appartient à un espace de Besov Bα,2,∞([0, 1]) avec
∥σ∗2A ∥α,2,∞ <∞, de régularité α > 1/2, le résultat de consistance suivant :

E
[
∥σ̂2m − σ∗2A ∥2n

]
= O

Å
n−2α/(2α+1) +∆2

n +
1

n

ã
,

où,

∥σ̂2m − σ∗2A ∥2n =
1

n

n∑
k=1

(σ̂2m − σ∗2A )2(Xk∆n).

Dans cette thèse, on se place dans un cadre d’étude plus proche de celui de Hoffmann [58]. Toutefois,
les méthodes de construction des estimateurs ainsi que les méthodes d’établissement de résultats
théoriques sont similaires à celles utilisées dans dans Comte, Genon-Catalot et Rozenholc [22]. La
section suivante présente quelques généralités sur la classification supervisée et multiclasses.
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1.3 Généralités sur la classification supervisée

1.3.1 Principe

On entend par classification, un tri d’objets généralement appelés individus (ou feature en anglais)
selon un critère de similarité défini au préalable. On appelle donnée étiquetée ou encore donnée
labellisée, un couple de variables aléatoires (X,Y ) ∈ X × Y défini sur un espace de probabilité
(Ω,F ,P), où la variable X ∈ X est appelée feature ou individu, et la variable aléatoire Y ∈ Y est
discrète, et est appelée étiquette ou classe. L’ensemble Y des classes est donnée par Y = {1, . . . ,K}
avecK ≥ 2 le nombre total de classes, et on parle de classification multiclasses lorsqueK est au moins
égal à 3, et de classification binaire lorsque K = 2. Une classification est dite supervisée lorsqu’elle
est basée sur des données étiquetées. Ce mode de classification est à différencier de la classification
non-supervisée qui sert généralement à organiser des individus en groupes homogènes, les classes
n’étant pas connues d’avance, et sont alors définies dans la procédure de classification. Elle a souvent
pour finalité l’étude d’une population et de sa structure, et est basée sur des données non étiquetées.

La loi du couple aléatoire (X,Y ) est supposée inconnue. Ainsi, nous supposons avoir à notre
disposition un échantillon DN =

(
(X1, Y1), . . . , (X

N , YN )
)

de taille N et appelé échantillon d’ap-
prentissage, et à partir duquel on entraîne puis teste une procédure empirique de classification pour
la prédiction des étiquettes des nouvelles données.

La figure 1.2 présente un exemple d’échantillon d’apprentissage lorsque la variableX = (Xt)t∈[0,1]
est un processus de diffusion à valeurs dans R, solution d’une équation différentielle stochastique, et
l’étiquette Y est une variable aléatoire distribuée de manière équiprobable dans Y = {1, 2, 3}. Ainsi,
on entraine le classifieur empirique ĝ à partir de l’échantillon qu’on observe à gauche de la figure,
pour ensuite prédire à l’aide de ĝ une classe pour la nouvelle trajectoire de diffusion présentée à
droite.

−2

−1

0

1

0.00 0.25 0.50 0.75 1.00

−0.8

−0.4

0.0

0.4

0.00 0.25 0.50 0.75 1.00

FIGURE 1.2 : Du coté gauche, un échantillon d’apprentissage constitué de trajectoires de diffusions regroupées en trois
classes. Du coté droit, une nouvelle trajectoire de diffusion dont la classe doit être prédite.

On appelle classifieur ou règle de classification, toute fonction g mesurable sur l’espace des indi-
vidus X et à valeurs dans l’ensemble des classes Y . Ainsi, tout classifieur g prend en argument un
individu X et lui alloue une classe g(X) dans Y . On note G(X ,Y), l’ensemble des classifieurs me-
surables sur X et à valeurs dans Y . La prédiction d’une classe par un classifieur g admet un coût
évaluée par une fonction de perte ℓ : (y, y′) ∈ Y × Y 7→ ℓ(y, y′) ∈ R+. Ainsi, la performance de
tout classifieur g ∈ G(X ,Y) est mesurée par une fonction R : G(X ,Y) −→ R+ qui, à toute règle de
classification g ∈ G(X ,Y) associe la quantité

R(g) = E [ℓ(g(X), Y )] .

La fonction R est appelée risque de classification, ou erreur de mauvaise classification, et pour tout
classifieur g ∈ G(X ,Y), R(g) est par définition son coût moyen de prédiction. Dans cette thèse, nous

11 EDDY ELLA MINTSA



Chapitre 1: Introduction

considérons la fonction de coût ℓ : (y, y′) ∈ Y 7→ 1y ̸=y′ . Ainsi, le risque de classification R est donné
pour chaque g ∈ G(X ,Y) par

R(g) = P(g(X) ̸= Y ). (1.9)

1.3.2 Classifieur de Bayes et premières propriétés

Nous présentons dans cette section le classifieur de Bayes, et la propriété centrale qui met en relation
un classifieur quelconque et le classifieur de Bayes. L’objectif de cette relation est l’étude de la perfor-
mance du classifieur quelconque en se référant au risque du classifieur de Bayes. Nous renvoyons le
lecteur à [32] pour une étude sur le classifieur de Bayes.

Definition 1.3.1 (Classifieur de Bayes).
Supposons que la fonction g 7→ R(g) atteint un minimum sur l’ensemble G(X ,Y) des classifieurs g : X → Y .
On appelle classifieur de Bayes, un classifieur g∗ ∈ G(X ,Y) qui minimise le risque de classification R donné
par l’équation (1.9).

Le classifieur de Bayes g∗ est donc un classifieur optimal avec lequel nous pouvons classifier les
données en prenant le moins de risque possible (voir par exemple [32]). Ce classifieur satisfait la
relation équivalente suivante :

g∗ ∈ argmin
g∈G(X ,Y)

R(g).

Remarquons, pour tout classifieur g ∈ G(X ,Y), que

R(g) = E
[
1Y ̸=g(X)

]
=

K∑
i=1

E
[
1g(X )̸=iP(Y = i|X)

]
= 1−

K∑
i=1

E
[
1g(X)=iP(Y = i|X)

]
. (1.10)

Ainsi, le classifieur de Bayes prend comme argument un individu X ∈ X , évalue la probabilité
d’appartenance de X à chacune des classes i ∈ Y , et renvoie la classe g∗(X) ∈ Y pour laquelle la
probabilité d’appartenance est maximale. Formellement, g∗ est caractérisé pour tout X ∈ X par

g∗(X) = argmax
i∈Y

P(Y = i|X). (1.11)

Pour tout i ∈ Y , on note,

π∗i (X) := P(Y = i|X). (1.12)

Le résultat suivant donne la formule de l’excès de risque de tout classifieur g ∈ G(X ,Y) par rapport
au classifieur de Bayes g∗.

Proposition 1.3.2. Pour tout classifieur g ∈ G(X ,Y), on a :

R(g)−R(g∗) = E

 K∑
i=1

∑
k ̸=i

|π∗i (X)− π∗k(X)|1g∗(X)=i1g(X)=k

 .
La preuve de la proposition 1.3.2 est faite dans [29] pour le cas des données de diffusion avec

X = (Xt)t∈[0,T ] et T > 0 l’horizon temporel, et elle reste exactement la même dans le cas général.
L’excès de risque donné par la proposition 1.3.2 est particulièrement utilisé pour l’étude théorique

de la performance d’une règle de classification empirique construite à partir d’un échantillon de
données.
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1.3.3 Classifieur empirique

La loi du couple aléatoire (X,Y ) est supposée inconnue. On part ainsi d’un échantillon d’appren-
tissage DN pour entrainer une règle de classification empirique ĝ qui servira à faire des prédictions
de classes pour les nouvelles observations du couple (X,Y ). La règle de classification empirique
est construite de manière à imiter le classifieur de Bayes, de sorte que son risque de classification
R(ĝ) converge, selon la norme L1, vers le risque du classifieur de Bayes R(g∗). Plus précisément,
on construit à partir de l’échantillon DN , les estimateurs des probabilités conditionnelles π∗i (X), et
l’estimateur ĝ est caractérisé pour toute observation X ∈ X par

ĝ(X) = argmax
i∈Y

π̂i(X).

On évalue théoriquement la performance de ĝ en regardant son excès de risque R(ĝ) − R(g∗) par
rapport au classifieur de Bayes.

Ainsi, la règle de classification ĝ n’aura d’intérêt que si son excès de risque R(ĝ) − R(g∗) tend
vers zéro lorsque la taille N de l’échantillon DN tend vers l’infini. Des études supplémentaires sont
réalisées pour établir la vitesse de convergence du classifieur ĝ sous certaines hypothèses imposées
au modèle étudié.

1.3.4 Méthodes de construction de procédures de classification

Nous présentons dans cette section deux méthodes de construction de procédures de classification
empiriques étudiées dans cette thèse. Le but de ces méthodes est de construire, à partir d’un échan-
tillon d’apprentissage, un classifieur empirique qui imite le classifieur de Bayes. Le problème qui se
pose est que la loi P des observations est inconnue.

Classifieurs de type plug-in. On suppose que la loi des observations P = Pθ∗ dépend d’un para-
mètre inconnu θ∗ de dimension finie ou infinie. Ainsi, on note le classifieur de Bayes g∗ = gθ∗ et les
probabilités π∗i (X) = πθ∗(i), et pour tout X ∈ X ,

gθ∗(X) = argmax
i∈Y

πθ∗(i).

On appelle classifieur plug-in, le classifieur ĝ = g
θ̂

obtenu à partir du classifieur de Bayes en rem-
plaçant le paramètre inconnu θ∗ par son estimateur θ̂ construit à partir des données observées.
En conséquence, la performance du classifieur empirique ĝ, mesurée par le risque de classification
R : g 7→ Pθ∗(Y ̸= g(X)), dépendra fortement de la qualité d’estimation de θ∗.

Dans ce manuscrit, nous proposons une procédure de classification de type plug-in, où X est
solution d’une équation différentielle stochastique dont les coefficients de dérive b∗i , i ∈ Y et le
coefficient de diffusion σ∗ sont supposés inconnus, ainsi que la loi p∗ de l’étiquette Y ∈ Y . Dans ce
cas, le paramètre θ∗, de dimension infinie, est donné par

θ∗ = (b∗, σ∗2, p∗),

avec b∗ = (b∗1, . . . , b
∗
K).

Classifieur de type ERM. La loi P des observations étant supposée inconnue, le risque de classi-
fication n’est donc pas calculable en pratique. Ainsi, partant d’un échantillon d’apprentissage DN

constitué de N copies indépendantes du couple aléatoire (X,Y ), nous considérons le risque empi-
rique de classification “RN : G(X ,Y) −→ R+ donné pour tout classifieur g par“RN (g) :=

1

N

N∑
j=1

1Yj ̸=g(Xj).
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Le risque empirique de classification “RN (g) d’un classifieur g est un estimateur sans biais du risque
de classification R(g), et on a

E
[∣∣∣“RN (g)−R(g)

∣∣∣] = O

Å
1√
N

ã
.

On remarque ainsi que pour tout g ∈ G(X ,Y), le risque empirique “RN (g) converge vers le risque
théorique R(g) avec une vitesse de convergence considérée comme assez rapide et de l’ordre de
1/
√
N . L’avantage ici, est que le risque empirique de classification “RN est calculable contrairement

au risque théorique R.
On appelle classifieur de type ERM, le classifieur empirique ĝ construit à partir de l’échantillon

d’apprentissage ((X1, Y1), . . . , (XN , YN )) tel que

ĝ = argmin
g∈G(X ,Y)

“RN (g). (1.13)

Le classifieur de type ERM, reposant sur la minimisation du risque empirique de classification “RN

est connu pour être plus performant que le classifieur de type plug-in décrit précédemment. Cepen-
dant, le problème d’optimisation (1.13) est non-convexe et donc très souvent incalculable en pratique.
Ainsi, la construction d’une procédure de classification de type ERM implémentable passe par la
convexification du problème d’optimisation (1.13) en utilisant une fonction de perte quadratique et
en remplaçant l’espace des classifieurs G(X ,Y) par un espace convexe H(X ,RK) donné par

H(X ,RK) =
¶
h = (h1, . . . , hK) : X → RK

©
. (1.14)

En conséquence, on considère les classifieurs gh ∈ G(X ,Y) définis à partir des fonctions score h ∈
H(X ,RK) tels que

gh(X) = argmax
i∈Y

hi(X). (1.15)

Finalement, le nouveau classifieur empirique g
ĥ

dépend de la fonction score ĥ donnée par

ĥ = argmin
h∈H(X ,RK)

“RN (h) (1.16)

avec pour chaque h ∈ H(X ,RK),“RN (h) =
1

N

N∑
j=1

K∑
i=1

(
1− Zih

i(Xj)
)2 (1.17)

et pour chaque i ∈ Y, Zi = 21Y=i − 1 ∈ {−1, 1}. “RN est la version empirique du nouveau risque de
classification R donné pour tout h ∈ H

(
X ,RK

)
par

R(h) = E

[
K∑
i=1

(
1− Zih

i(X)
)2]

. (1.18)

Pour tout X ∈ X et pour chaque étiquette i ∈ Y , la variable aléatoire Zi vaut Zi = 1 si gh(X) = i et
Zi = −1 si gh(X) ̸= i.

Nous présentons dans les chapitres 3 et 4 des procédures de classification multiclasses pour des
données de diffusion, en utilisant respectivement le principe plug-in et la minimisation du risque
empirique de classification.
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1.3.5 Modèle de classification étudié dans la thèse

On étudie le modèle de diffusion (1.1) avec T = 1. Sous l’hypothèse 1.2.2, le modèle (1.1) admet une
unique solution forte (voir par exemple [63]).

On définit pour tout t ∈ [0, 1], une procédure de classification gt : Xt −→ Y à l’instant t, avec Xt

l’espace des processus de diffusion X donné par

Xt = (C([0, t],R), Ct)

où, pour tout t ∈ [0, T ],C([0, t],R) est l’espace des fonctions continues sur l’intervalle [0, t] et à valeurs
dans R, et Ct est sa tribu associée. Ainsi, le classifieur gt s’actualise lorsque le temps t parcourt l’in-
tervalle [0, T ]. Dans ce manuscrit, nous nous focalisons sur les classifieurs g = g1 définis à l’horizon
temporel T = 1, et nous posons X = (C([0, 1],R), C1).

Le classifieur de Bayes g∗ : X −→ Y est toujours donné pour tout X ∈ X par

g∗(X) = argmax
i∈Y

π∗i (X) (1.19)

où X désigne un processus de diffusion dont la loi de probabilité dépend de l’étiquette Y ∈ Y .
On fait l’hypothèse supplémentaire suivante.

Hypothèse 1.3.3. Pour tout i ∈ Y , nous avons

EX

ñ
exp

Ç
1

2

∫ 1

0

b∗2i
σ∗2

(Xs)ds

åô
< +∞.

Cette hypothèse est connue sous le nom de condition de Novikov, et nous servira en particulier
à appliquer le théorème de Girsanov pour le changement de probabilité des processus de diffusion.
Le résultat ci-dessous, prouvé dans [29], explicite les probabilités conditionnelles π∗i (X) pour chaque
classe i ∈ Y .

Proposition 1.3.4 (Denis, Dion, Martinez (2020)). Supposons que les fonctions de dérive b∗i et le coefficient
de diffusion σ∗ satisfont les hypothèses 1.2.2 et 1.3.3. Pour tout i ∈ Y , on définit la quantité

F ∗
i (X) :=

∫ 1

0

b∗i
σ∗2

(Xs)dXs −
1

2

∫ 1

0

b∗2i
σ∗2

(Xs)ds.

Pour tout i ∈ Y , la probabilité conditionnelle π∗(i,X) est donnée comme suit :

π∗i (X) = ϕ∗i (F
∗(X)) ,

où F∗ = (F ∗
1 , . . . , F

∗
k ), et ϕ∗i : (x1, · · · , xK) 7→ p∗i e

xi∑K
k=1 p

∗
ke

xk
sont des fonctions dites softmax.

La proposition 1.3.4 calcule ainsi, pour toute diffusion X ∈ X , la probabilité π∗i (X) d’apparte-
nance de X à chaque classe i ∈ Y . Ce résultat est obtenu sous les hypothèses 1.2.2 et 1.3.3, grâce
au théorème de Girsanov duquel sont tirées les quantités F ∗

i (X). Cependant, ayant supposé que les
fonctions de dérive b∗i , i ∈ Y , le coefficient de diffusion σ∗ et la loi discrète p∗ de Y sont inconnus, les
quantités F ∗

i (X) et les fonctions softmax ϕ∗i sont incalculables, ainsi en est-il également du classifieur
de Bayes g∗.

Dans ce manuscrit, nous proposons des procédures de classification empiriques basées sur des
observations discrètes de la loi de mélange du processus de diffusion X = (Xt)t∈[0,1], solution du
modèle 1.1 et de densité de transition (t, x) 7→ pX(t, x) donnée pour tout (t, x) ∈ [0, 1]× R par

pX(t, x) :=
K∑
i=1

p∗i pX,i(t, x) (1.20)

où, pour chaque étiquette i ∈ Y , pX,i est la densité de transition de X conditionnellement à l’évène-
ment {Y = i}.
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Démonstration. Notons pour chaque i ∈ Y , Pi la loi de probabilité conditionnelle à {Y = i}, et Ei

l’espérance associée. Ainsi, la loi de probabilité P de X est donnée par

P =
∑
i∈Y

p∗iPi.

On note W P = (W P
t )t≥0 le mouvement brownien sous la loi P. Soit Q une autre loi de probabilité

sous laquelle le processus de diffusion X est solution de l’équation dXt = σ∗(Xt)dW
Q
t où, pour tout

t ∈ [0, 1], WQ
t =W P

t +

∫ t

0

b∗Y
σ∗

(Xs)ds.

Le processus X = (Xt)t∈[0,1] étant prévisible car adapté par rapport à sa tribu naturelle FX =

(FX
t )t∈[0,1], alors, d’après le théorème de Girsanov (voir [81]), on a :

i) Q est équivalente à P.

ii) Pour tout i ∈ Y , on a

ψi =
dPi|FX

1

dQ|FX
1

= exp

Ç∫ 1

0

b∗i
σ∗

(Xs)dW
Pi
s +

1

2

∫ 1

0

b∗2i
σ∗2

(Xs)ds

å
.

iii) WQ est un mouvement brownien sous Q.

Pour i ∈ Y , nous avons :

∀ t ≥ 0 W Pi
t =WQ

t −
∫ t

0

b∗i
σ∗

(Xs)ds et dW
Q
t =

1

σ∗(Xt)
dXt.

Donc :∫ 1

0

b∗i
σ∗

(Xs)dW
Pi
s =

∫ 1

0

b∗i
σ∗

(Xs)

Å
dWQ

s − b∗i
σ∗

(Xs)

ã
ds =

∫ 1

0

b∗i
σ∗2

(Xs)dXs −
∫ 1

0

b∗2i
σ∗2

(Xs)ds.

On en déduit que pour i ∈ Y :

ψi =
dPi|FX

1

dQ|FX
1

= exp

Ç∫ 1

0

b∗i
σ∗2

(Xs)dXs −
1

2

∫ 1

0

b∗2i
σ∗2

(Xs)ds

å
= exp(F ∗

i (X)). (1.21)

De plus, on a :

dP|FX
1

=
∑
i∈Y

p∗i dPi|FX
1

=

(∑
i∈Y

p∗iψi

)
dQ|FX

1
=

(∑
i∈Y

p∗i exp (F
∗
i (X))

)
dQ|FX

1
. (1.22)

On déduit alors des résultats 1.21 et 1.22 que :

dPi|FX
1

dP|FX
1

=
exp (F ∗

i (X))∑
i∈Y p∗i exp (F

∗
i (X))

. (1.23)

L’objectif est de calculer, pour tout i ∈ Y l’espérance conditionnelle P(Y = i|FX
1 ) = E

(
1{Y=i}|FX

1

)
qui est FX

1 −mesurable et positive. Nous utiliserons pour cela l’orthogonalité de l’espérance condi-
tionnelle. Soit donc Z une variable aléatoire FX

1 −mesurable et bornée. On a :

E
[
1{Y=i}Z

]
= E

[
E
(
1{Y=i}Z|Y

)]
= E

[
E
(
1{Y=i}Z|Y = i

)]
= E

[
1{Y=i}Ei(Z)

]
.

EDDY ELLA MINTSA 16



1.3 Généralités sur la classification supervisée

D’après l’équation (1.23), on obtient

E
[
1{Y=i}Z

]
= E
ñ
1{Y=i}E

Ç
dPi|FX

1

dP|FX
1

Z

åô
= E

[
1{Y=i}

]
E
ñ
dPi|FX

1

dP|FX
1

Z

ô
= E
ñ

p∗i exp (F
∗
i (X))∑

k∈Y p∗k exp
(
F ∗
k (X)

)Zô .
On en déduit finalement que pour i ∈ Y :

π∗i (X) = P(Y = i|X) = ϕ∗i (F
∗(X))

avec F∗ = (F ∗
1 , . . . , F

∗
K), et ϕ∗i : (x1, . . . , xK) 7→ p∗i e

xi∑K
k=1 p

∗
ke

xk

.

Nous construisons dans les chapitres 3 et 4 des procédures empiriques de classification imitant
le classifieur de Bayes g∗. Cette construction repose soit sur l’estimation non-paramétrique des fonc-
tions b∗i , i ∈ Y , σ∗2 et l’estimation de la loi p∗, soit sur la minimisation du risque empirique sur des
espaces de dimensions finies contenant les éléments inconnus b∗ = (b∗1, . . . , b

∗
K), σ∗2 et p∗. Nous pré-

sentons dans la section suivante, des classifieurs pour les données fonctionnelles proposés dans la
littérature.

1.3.6 Classification supervisée des données fonctionnelles

La classification supervisée de données fonctionnelles est assez étudiée de manière générale dans la
littérature scientifique.

Vue d’ensemble sur la classification de données fonctionnelles. On trouve dans la littérature
scientifique des procédures de classification pour divers types de données fonctionnelles. Parmi les
plus répandus, nous avons les classifieurs basés sur la notion de profondeur d’une donnée fonction-
nelle dans une classe de données. On entend par profondeur pour les données, une fonction qui
prend en argument une donnée multivariée ou fonctionnelle, et renvoie une quantité numérique qui
détermine le degré de centralité de la donnée par rapport à une plage d’autres données. Cette mesure
de profondeur peut être basée sur une mesure de distance. Ainsi, il y a des classifieurs qui prédisent
les classes sur la base de la maximisation de la profondeur (voir par exemple [23], [68], [50]). Comme
mesures de profondeur, nous avons par exemple la Mahalanobis depth (voir par exemple [12], [50]),
la Half-space depth (voir par exemple [90]), d’autres profondeurs sont basées sur la réduction de di-
mension des données fonctionnelles (voir par exemple [73]). Nous trouvons ensuite des classifieurs
résultant de l’adaptation de l’analyse discriminante linéaire aux données fonctionnelles (voir par
exemple [62]), des classifieurs basés sur la méthode des noyaux (voir par exemple [38]), les classi-
fieurs utilisant la méthode des k−plus proches voisins (voir par exemple [10]), ou celles basées sur
la notion de signature pour des données temporelles (voir par exemple [37]) ou encore les règles de
classification construites à l’aide de réseaux de neurones (voir par exemple [40]), la liste est bien-sûr
non exhaustive.

Classification de trajectoires de diffusion. L’étude de la classification de trajectoires de diffusion
n’est pas encore assez répandue dans la littérature, les données modélisées par des équations dif-
férentielles stochastiques étant de plus en plus utilisées dans des domaines tels que la finance, ou
encore la physique. Le but est de proposer une procédure de classification qui s’appuie sur les pro-
priétés des processus de diffusion pour classer avec plus d’efficacité des données issues de ce type
de processus stochastique, comparé aux procédures de classification adaptées à toutes données fonc-
tionnelles. Nous trouvons dans la littérature les références ci-dessous.
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Chapitre 1: Introduction

1. Gadat, Gerchinovitz, Marteau (2020) [44].

Cet article propose une procédure de classification binaire de type plug-in pour les trajectoires
de diffusion solutions du modèle de bruit blanc

dXt = Y f(t)dt+ (1− Y )g(t)dt+ dWt, t ∈ [0, 1] (1.24)

où (Wt)t≥0 est un mouvement brownien standard, Y est une variable aléatoire suivant une
loi de Bernoulli de paramètre 1/2 indépendante de (Wt)t≥0, et les fonctions f, g ∈ L2([0, 1]).
Comme le coefficient de diffusion σ∗ = 1 et les fonctions de dérive f et g dépendent du temps,
il en résulte que le processusX solution du modèle (1.24) est un processus gaussien qui satisfait
pour tout t ∈ (0, 1],

Xt|Y = 0 ∼ N (νt, 1), Xt|Y = 1 ∼ N (µt, 1),

où

νt =

∫ t

0
g(s)ds, µt =

∫ t

0
f(s)ds.

Construction du classifieur empirique. Rappelons que le classifieur de Bayes noté Φ∗ est
défini par

Φ∗ ∈ argmin
Φ

R(Φ),

avec R(Φ) = P(Φ(X) ̸= Y ) le risque de mauvaise classification. Le classifieur Φ∗ est caractérisé
pour tout processus gaussien X solution de (1.24) par

Φ∗(X) := 1η∗(X)≥1/2,

avec η∗(X) = P(Y = 1|X) la fonction de régression associée au modèle étudié. Il est ensuite
établi que

Φ∗(X) = 1η∗(X)≥1/2 = 1{∫ 1
0 (f(s)−g(s))dXs≥ 1

2
∥f∥2− 1

2
∥g∥2}.

Les auteurs proposent une procédure de classification de type plug-in basée sur des estimateurs
par projection des fonctions de dérive f et g sur un sous-espace de L2([0, 1]) de dimension finie,
à partir d’un échantillon de données {(Xk, Yk), k = 1, . . . , N} constitué de N copies indépen-
dantes du couple aléatoire (X,Y ).

En effet, soient

fd := Πd(f) =

d∑
j=1

θjϕj et gd := Πd(g) =

d∑
j=1

µjϕj

où Πd est un projecteur orthogonal sur un sous-espace vectoriel de L2([0, 1]) de dimension d,
généré par une base orthonormal (ϕj)j=1,...,d. Ils construisent ensuite, à partir de l’echantillon
de trajectoires de diffusions {(Xk, Yk), k = 1, . . . , N}, l’échantilon de données univariées

E =
¶〈
ϕ1, X

1
〉
, . . . ,

¨
ϕ1, X

N
∂
,
〈
ϕ2, X

1
〉
, . . . ,

¨
ϕ2, X

N
∂
, . . . ,

〈
ϕd, X

1
〉
, . . . ,

¨
ϕd, X

N
∂©

avec pour tous j = 1, . . . d et k = 1, . . . , N ,¨
ϕj , X

k
∂
=

∫ 1

0
ϕj(t)dX

k
t .

L’échantillon initial E est ensuite divisé en deux sous-échantillons

E0 =
¶¨
ϕj , X

k,0
∂
, j = 1, . . . , d, k = 1, . . . , N0

©
,

avec N0 :=
∑N

k=1 1Yk=0, et

E1 =
¶¨
ϕj , X

k,1
∂
, j = 1, . . . , d, k = 1, . . . , N1

©
,
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1.3 Généralités sur la classification supervisée

avec N1 :=
∑N

k=1 1Yk=1 correspondant respectivement aux classes Y = 0 et Y = 1. Enfin, les
fonctions f et g sont estimées respectivement par f̂d =

∑d
j=1 θ̂jϕj et ĝd =

∑d
j=1 µ̂jϕj avec pour

tout j = 1, . . . , d,

θ̂j = 1N1>0
1

N1

N1∑
k=1

¨
ϕj , X

k,1
∂
, µ̂j = 1N0>0

1

N0

N0∑
k=1

¨
ϕj , X

k,1
∂
.

Vitesse de convergence du classifieur empirique. L’étude de la vitesse de convergence du
classifieur empirique est réalisée en tirant profit du caractère gaussien du processus X et du
fait que les fonctions de dérive f et g sont à support compact. Une hypothèse de marge est faite
sur la fonction de régression η∗, impliquant une condition de séparation des classes caractérisée
par

∆ = ∥f − g∥ =

 ∫ 1

0
(f − g)2(t)dt.

Ils établissement ainsi, en supposant que f et g appartiennent à la boule de Sobolev Hs(R) de
paramètre de régularité s, avec R > 0, et en posant d = dN = ⌊(R2N)1/(2s+1)⌋, une vitesse de
convergence de l’ordre de N−s/(2s+1) log(N) si ∆ < R1/(2s+1)N−s/(2s+1) log(N), et une vitesse
de l’ordre de 1

∆N
−2s/(2s+1) log2(N) si ∆ ≥ R1/(2s+1)N−s/(2s+1) log(N). Il est remarqué qu’une

distance de séparation large entraine une vitesse de convergence beaucoup plus rapide.

Dans le chapitre 4, nous étendons le modèle étudié au modèle de diffusion dont les fonctions de
dérive dépendent de l’espace et sont définies sur la droite réelle R. Nous établissons une vitesse
de convergence plus rapide d’un classifieur de type ERM construit en classification binaire, en
imposant une hypothèse de marge sur la fonction de régression associée au modèle.

2. Cadre (2013) [11].

L’auteur propose une procédure de classification binaire de trajectoires de diffusions issues
d’un mélange de diffusions solutions du modèle ci-dessous

(M) :


dXt = b0(t,Xt)dt+ σ0(t,Xt)dWt lorsque Y = 0,

dXt = (b0(t,Xt) + (f0σ0)(t,Xt))dt+ σ0(t,Xt)dWt lorsque Y = 1

, (t ∈ [0, 1])

avec (Wt)t∈[0,1] un mouvement brownien standard indépendant de de l’étiquette Y ∈ {0, 1},X0

est indépendante de Y et (Bt)t∈[0,1], et f0, b0, σ0 : [0, 1]×R −→ R sont des fonctions boréliennes
telles que le modèle (M) admet une solution forte étant donnée X0. La variable aléatoire Y est
de loi discrète (p0, p1) inconnue, avec p0 = P(Y = 0) ∈ (0, 1).

Le classifieur de Bayes g∗ est défini pour tout X par g∗(X) = 1η∗(X)>1/2 avec η∗ la fonction
de régression associée au modèle et donnée pour tout x ∈ R par η∗(x) = P(Y = 1|X = x). Il
explicite la formule de la fonction de régression η∗ et obtient

η∗(X) =
(1− p0) exp(F (h0, X))

p0 + (1− p0) exp(F (h0, X))

avec,

h0 =

Å
f0
σ0
,
f0b0
σ0

+
f20
2

ã
et,

F (h0, X) =

∫ 1

0

f0(t,Xt)

σ0(t,Xt)
dXt −

∫ 1

0

Å
f0b0
σ0

+
f20
2

ã
(t,Xt)dt.

Il en ressort que pour toute diffusion X solution du modèle (M),

g∗(X) = 1η∗(X)>1/2 = 1{
F (h0,X)>log

(
p0

1−p0

)}.
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Chapitre 1: Introduction

Construction du classifieur empirique de type ERM. La performance d’un classifieur g est
mesurée par son risque de classification R(g) = P(g(X) ̸= Y ), et, comme on le sait déjà, le
classifieur de Bayes minimise la fonction R à valeurs dans [0, 1]. Comme la loi des observations
est supposée inconnue, il considère, à partir d’un échantillon d’apprentissage (Xj , Yj)j=1,...,N le
risque empirique de classification “R donné pour tout classifieur g par“R(g) =

1

N

N∑
j=1

1g(Xj) ̸=Yj
.

Il pose g∗ = g(h0, p0), et il considère les classifieurs s’écrivant sous la forme g(h, p) avec h :
[0, 1] × R −→ R et p ∈ [0, 1]2 une loi de probabilité discrète. Soit F l’ensemble des fonctions
h : [0, 1] × R −→ R et pour ε > 0, Fε son ε−net. on considère ensuite l’ensemble discret
Iε = {[kε], k = 1, . . . , [1/ε]}. Ainsi, le classifieur empirique est donné par

ĝε(X) = g(ĥε, p̂ε)(X) = 1¶
F (ĥε,X)>log

Ä
p̂ε

1−p̂ε

ä©
avec

(ĥε, p̂ε) = argmin
(h,p)Fε×I2ε

“R(g(h, p)).

Vitesse de convergence du classifieur empirique. Le cardinal de l’ε−net Fε est noté N(ε).
Ainsi, sous des hypothèses de régularité sur les fonctions f0, b0 et σ0, et supposant qu’il existe
u > 0 et C ≥ 1 tel que pour tout ε > 0, log(N(ε)) ≤ Cε−u, il obtient le résultat suivant

E [R(ĝε)]−R(g∗) ≤ 2

Å
Ku

n

ã1/(2+u) Å2
u
+ C

ã
+

 
log(∆)

n
+

1

∆
√
n∆

avec,

∆ =
∑
ε∈E

N(ε)

ε
exp(−2λ2ε) <∞,

où E = {1/ℓ, ℓ ≥ 1}, et λε > 0 un terme de pénalité choisi tel que

λ2ε ≥ 2 log

Å
1

ε

ã
+ log(N(ε)).

Lorsqu’il considère par exemple le cas des diffusions homogènes en temps, il obtient, sous des
hypothèses de régularité caractérisées par un paramètre k ≥ 1 sur les fonctions f0, b0 et σ0, que
log(N(ε)) = O(ε−1/k), et

E [R(ĝε)]−R(g∗) = O
Ä
N−k/(2k+1)

ä
.

3. Denis, Dion, Martinez (2020) [29].

Cet article propose d’une part, une procédure paramétrique de classification multiclasses de
type plug-in pour les trajectoires de diffusion. D’autre part, ils proposent une procédure non-
paramétrique de classification multiclasses de type ERM pour les données de diffusion. Ces
données sont générées par un mélange de processus de diffusion avec des fonctions de dérive
inconnues et dépendant des classes, et un coefficient de diffusion connu et commun à toutes
les classes. Ils établissent une vitesse de convergence du classifieur de type ERM de l’ordre de
N−β/(2β+1) sur un espace de Hölder de régularité β ≥ 1. Toutefois, le classifieur ainsi construit
n’est pas calculable en pratique, étant solution d’un problème d’optimisation non-convexe.

La procédure de classification de type plug-in proposée dans ce manuscrit étend le cadre d’étude
dans [29] à un cadre non-paramétrique. Le classifieur de type ERM est quant à lui implémentable
contrairement à celui proposé dans [11], et il est étendu au cadre multiclasses. On s’inspire ensuite
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1.4 Contributions de la thèse

de l’hypothèse de marge sur la fonction de régression en classification binaire décrite dans [44] pour
proposer un classifieur de type ERM avec une vitesse plus rapide.

Nous présentons dans la section suivante les principales contributions de la thèse sur le problème
d’estimation non-paramétrique du coefficient de diffusion, et sur la construction des procédures non-
paramétriques de classification pour les trajectoires de diffusions.

1.4 Contributions de la thèse

Nous proposons dans ce manuscrit des procédures de classification pour des trajectoires de diffu-
sion dans un cadre plus général où les coefficients de dérive et de diffusion sont inconnus ainsi
que la loi discrète de l’étiquette Y ∈ Y . Ce travail est réparti en trois principaux chapitres. Le cha-
pitre 2 est consacré à l’estimation non-paramétrique du coefficient de diffusion d’une équation diffé-
rentielle stochastique homogène en temps. Dans le chapitre 3, nous proposons une procédure non-
paramétrique de classification multiclasses de type plug-in pour les trajectoires de diffusions. Nous
proposons ensuite au chapitre 4 une procédure de classification multiclasses basée sur la minimisa-
tion du risque empirique de classification.

1.4.1 Estimation non-paramétrique du coefficient de diffusion

Modèle et notations. On considère X = (Xt)t∈[0,1] un processus stochastique solution du mo-
dèle (1.1). On suppose que le processus est observé en temps discret à haute fréquence sur l’intervalle
de temps [0, 1].

Nous proposons un estimateur non-paramétrique de σ∗2 en distinguant d’une part, le cas où
une seule trajectoire de diffusion X̄ = (Xk∆n) est observée, avec ∆n = 1/n, et d’autre part, le cas
où on suppose disposer d’un échantillon (X̄1, . . . , X̄N ) constitué de N copies indépendantes de X̄
avec N,n → ∞. Nous proposons des estimateurs non-paramétriques de σ∗2 respectivement sur un
intervalle compact, et sur la droite réelle R, et enfin, nous établissons des vitesses de convergence
dans chacun des cas.

Construction des estimateurs. Nous approximons l’espace de fonctions lipschitziennes par un
sous-espace vectoriel Sm de dimension finie m ≥ 1 généré soit par la base de fonctions B-splines

{Bℓ, ℓ = 0, . . . ,m− 1}

construite sur un intervalle I = [−A,A] de R avec A > 0 (voir par exemple [54]), soit par une base
orthonormée comme par exemple la base de Fourier, ou encore la base de Hermite.

On considère le sous-espace contraint Sm,L défini par

Sm,L :=

{
h =

m−1∑
ℓ=0

aℓfℓ ∈ Sm :

m−1∑
ℓ=0

a2ℓ ≤ mL

}
où L ∈ R+∗. Soit γn,N la fonction de contraste des moindres carrés définie pour tout h ∈ Sm,L par

γn,N (h) :=
1

Nn

N∑
j=1

n−1∑
k=0

Ä
U j
k∆ − h(Xj

k∆n
)
ä2

où pour tout j ∈ [[1, N ]] et pour tout k ∈ [[0, n− 1]], U j
k∆n

:= (Xj
(k+1)∆n

−Xj
k∆n

)2/∆n.
Ainsi, pour chaque dimension m ≥ 1, l’estimateur non-paramétrique σ̂2m de σ∗2 est donné par

σ̂2m ∈ argmin
h∈Sm,L

γn,N (h). (1.25)

L’équation (1.25) équivaut à σ̂2m =
∑m−1

ℓ=0 âℓBℓ avec

â = (â−M , . . . , âK−1)
′ := argmin

∥a∥22≤mL

∥U− Fma∥22 (1.26)
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où U =
Ä
U1
0∆n

, . . . , U1
(n−1)∆n

, . . . , UN
0∆n

, . . . , UN
(n−1)∆n

ä′
et la matrice Fm est donnée par

Fm :=
Ä
(Bℓ(X

j
0), . . . , Bℓ(X

j
(n−1)∆n

))′
ä
0≤ℓ≤m−1

1≤j≤N

∈ RNn×m.

L’estimateur â (ou σ̂2m) est dit de type ridge grâce à la contrainte ℓ2 donnée dans l’équation (1.26).

Vitesses de convergence des estimateurs non-adaptatifs. Nous proposons des estimateurs ridge
de σ∗2|I , où l’intervalle d’estimation est soit compact (par exemple I = [−1, 1]), soit la droite réelle
(I = R). On précise que la dimension m du sous-espace d’approximation Sm,L dépend de la taille
N de l’échantillon et la discrétisation de l’intervalle de temps [0, 1] (ou longueur n des trajectoires)
lorsque N → ∞, ou uniquement de la discrétisation du temps lorsque qu’une seule trajectoire est
observée.

Pour tout h ∈ Sm,L, on définit les normes et pseudo-normes suivantes

∥h∥2n,N =
1

Nn

N∑
j=1

n−1∑
k=0

h2(Xj
k∆n

), ∥h∥2n = E

[
1

n

n−1∑
k=0

h2(Xk∆n)

]
,

∥h∥2X :=

∫ 1

0
h2(Xs)ds, ∥h∥2 :=

∫
I
h2(x)dx.

On étudie la performance de l’estimateur σ̂2m en regardant principalement son risque d’estimation

E
ï∥∥∥σ̂2m − σ∗2|I

∥∥∥2
n,N

ò
. On pourra aussi, dans certains cas, considérer le risque d’estimation E

∥∥∥σ̂2m − σ∗2|I

∥∥∥2
n

défini avec la norme empirique ∥.∥n.

Estimation non-paramétrique à partir d’une seule trajectoire. L’obtention des résultats théoriques
pour l’estimateur de σ∗2|I , lorsque l’intervalle d’estimation I est un compact, est basée sur le temps
x 7→ Lx donné par l’équation (1.7). Nous obtenons le premier résultat suivant.

Theorem 1.4.1. Soit γ ∈ [2,+∞). Supposons que I est compact. Sous des hypothèses sur b∗ et σ∗, il existe
une constante C > 0 dépendant de σ∗1 telle que

E
î∥∥σ̂2m − σ∗2I

∥∥2
n,1

ó
≤ 3 inf

h∈Sm,L

∥∥h− σ∗2I
∥∥2
n
+ C

Å
m

n
+
m2γ+1L

nγ/2
+∆2

n

ã
. (1.27)

Les deux premiers termes du membre de droite de l’équation (1.27) sont respectivement le terme
de biais et le terme de variance. Le paramètre γ ≥ 2 qui résulte de l’inégalité de Hölder, dépend
de la régularité de l’espace d’appartenance de la fonction σ∗2 et est choisi de sorte que le terme
m2γ+1L/nγ/2 soit négligeable devant l’erreur d’estimation m/n. Le troisième terme resulte de la re-
lation d’équivalence entre les pseudo-normes ∥.∥n,1 et ∥.∥X . Le dernier terme ∆2

n (où ∆n = 1/n)
représente le coût de la discrétisation du temps. Soit ΣI(β,R) l’espace de fonctions Hölder donné par

ΣI(β,R) :=
{
h ∈ C⌊β⌋+1(I),

∣∣∣h(ℓ)(x)− h(ℓ)(y)
∣∣∣ ≤ R|x− y|β−l, x, y ∈ I

}
,

où ℓ = ⌊β⌋, β ≥ 1 est le paramètre de régularité et R ∈ R+∗. Nous déduisons le résultat suivant.

Corollaire 1.4.2. Supposons que σ2 ∈ ΣI(β,R) avec β > 3/2, et l’espace d’approximation est généré par les
fonctions B-splines. Sous des hypothèses sur L et m,

E
ï∥∥∥σ̂2mopt

− σ∗2I

∥∥∥2ò = O
Ä
n−2β/(2β+1)

ä
.

La vitesse obtenue est du même ordre que celle établie dans [58] sur une boule de Besov. Le
paramètre γ donné dans le théorème 1.4.1 vaut γ = 4(2β + 1)/(2β − 3), ce qui implique que l’erreur
d’estimation est de l’ordre de m/n.
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Nous étendons ensuite l’étude au cas où l’intervalle d’estimation est la droite réelle I = R, en
posant cette fois σ∗2|I = σ∗2. Nous tronquons l’estimateur σ̂2m donné par les équations (1.25) et (1.26)
et nous obtenons l’estimateur σ̂2m,L défini pour tout x ∈ R par

σ̂2m,L(x) = σ̂2m(x)1σ̂2
m(x)≤

√
L +

√
L1σ̂2

m(x)>
√
L. (1.28)

Cette troncature sert particulièrement à optimiser l’ordre de l’erreur d’estimation de σ∗2 sur R. Nous
obtenons le résultat de consistance ci-dessous.

Theorem 1.4.3. Sous des hypothèses sur b∗, σ∗, m et L, il existe une constante C > 0 dépendant de β et σ1
telle que

E
î∥∥σ̂2m,L − σ∗2

∥∥2
n,1

ó
≤ C log2β(n)n−2β/(4β+1).

Cette vitesse est, comme attendu, plus lente que celle établie pour l’estimation de σ∗21I avec I un
compact de R. Toutefois, l’optimalité de cette vitesse n’est pas établie dans ce manuscrit.

Estimation non-paramétrique à partir d’observations répétées. Nous étendons l’étude au cas d’ob-
servations répétées, disposant de l’échantillon (X̄1, . . . , X̄N ) avec N → ∞. Dans ce contexte, il
n’est plus nécessaire d’avoir recours au temps local du processus de diffusion pour l’étude théo-
rique de la performance de l’estimateur σ̂2m. En effet, nous tirons profit de l’indépendance des copies
X̄j , j = 1, . . . , N du processus X pour établir la convergence de l’estimateur. D’autre part, nous
utilisons la fonction fn, définie à partir de la densité de transition pX du processus X par

fn(x) =
1

n

n−1∑
k=1

pX(k∆, x), (1.29)

pour obtenir l’équivalence entre la norme empirique ∥.∥n et la norme L2 ∥.∥ établie dans [30]. En
effet, si l’intervalle d’estimation I est compact, alors il existe une constante τ0 > 0 telle que

∀ x ∈ I, fn(x) ≥ τ0,

et on déduit de cette minoration que pour toute fonction continue h,

∥h∥2 ≤ 1

τ0
∥h∥2n.

Nous établissons le résultat de consistance ci-dessous.

Theorem 1.4.4. Supposons que σ∗2 ∈ ΣI(β,R) avec β > 3/2 et que l’espace d’approximation est généré
par la base de fonctions splines. De plus, supposons que l’intervalle I est compact. Sous des hypothèses sur
N,n,m, et L, nous obtenons

E
ï∥∥∥σ̂2mopt

− σ∗2I

∥∥∥2
n,N

ò
= O
Ä
(Nn)−2β/(2β+1)

ä
.

Nous obtenons ainsi une vitesse plus rapide par rapport au cas N = 1 en tirant profit des obser-
vations répétées du processus de diffusion X .

Nous considérons ensuite le cas où l’intervalle d’estimation I = R, et dans ce cas, la fonction de
densité fn donnée par l’équation (1.29) n’est plus minorée inférieurement. Il devient dès lors plus
fastidieux d’établir un résultat de consistance de l’estimateur non-paramétrique de σ∗2. Nous consi-
dérons une fois de plus, l’estimateur tronqué σ̂2m,L donné par (1.28), dans le cas où I = R. Nous
obtenons alors le résultat ci-dessous.

Theorem 1.4.5. Supposons que σ∗2 ∈ ΣI(β,R) avec β ≥ 1, I = R, et que l’espace d’approximation est
généré par la base de fonctions B-splines. Sous des hypothèses sur b∗, σ∗, m et L, on obtient

E
î∥∥σ̂2m,L − σ∗2

∥∥2
n,N

ó
≤ O

Å
log2β(N)(Nn)−2β/(4β+1) +

1

n2

ã
On peut remarquer, d’après les résultats des théorèmes 1.4.4 et 1.4.5, que l’estimateur de σ∗2 sur

l’intervalle I = R est moins performant comparé à l’estimateur de σ∗2 sur un intervalle compact.
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Estimateur non-adaptatif du coefficient de diffusion sur un intervalle compact dépendant de N .
Nous considérons dans cette partie, l’intermédaire entre le cas I compact, et le cas I = R. En effet,
on propose un estimateur ridge noté σ̂2AN ,m de σ∗2AN

= σ∗2|I par projection sur la base des splines, sur
l’intervalle compact I = [−AN , AN ] où AN > 0 tend vers l’infini lorsque N tends vers l’infini. Ainsi,
grâce au profit tiré des propriétés des fonctions B-splines (voir [54]) et à un choix approprié de AN

en fonction de N , nous obtenons le résultat suivant.

Théorème 1.4.6. Supposons queN ∝ n et considérons l’estimateur ridge σ̂2AN ,m de σ∗2AN
basé les fonctions B-

splines. Supposons également que σ∗2 ∈ ΣI(β,R) avec I = [−AN , AN ]. Sous des hypothèses sur b∗, σ∗, L,m
et AN , on obtient

E
î∥∥σ̂2AN ,m − σ∗2AN

∥∥2
n,N

ó
≤ C logβ(N)(Nn)−2β/(2β+1)

où C > 0 est une constante dependant de β ≥ 1.

On obtient ainsi une vitesse du même ordre (à un facteur logarithmique près) que la vitesse éta-
blie dans le théorème 1.4.4 dans le cas où I est compact et indépendant de N . Nous verrons que
l’obtention de ce résultat nécessite toutefois que l’intervalle d’estimation [−AN , AN ] converge lente-
ment vers R.

Estimateur adaptatif du coefficient de diffusion. Les estimateurs proposés dans la section pré-
cédente dépendent de la dimension du sous-espace d’approximation qu’il faut choisir en pratique.
Ainsi, on considère l’estimateur adaptatif σ̂2“m,L où la dimension “m est sélectionnée telle que“m := argmin

m∈M

{
γn,N

(
σ̂2m
)
+ pen(m)

}
(1.30)

où pen : m 7→ κm log(N)/(Nn), avec κ à calibrer, est la fonction de pénalité et M est un ensemble
de valeurs possibles de la dimension choisi tel que pour tous m,m′ ∈ M, m < m′ implique que
Sm ⊂ Sm′ . Cette propriété est nécessaire pour l’établissement du résultat ci-dessous.

E
ï∥∥∥σ̂2“K,L

− σ∗2|I

∥∥∥2
n,N

ò
≤ c inf

m∈M

ß
inf

h∈Sm,L

∥h− σ∗2|I ∥
2
n + pen(m)

™
+

C

Nn

où c est une constante numérique dont la valeur dépend principalement de l’intervalle d’estimation
I . Notons également que le choix de l’ensemble M dépend du fait que N = 1 ou N → ∞.

1.4.2 Classifieur de type plug-in pour les trajectoires de diffusion

On considère le modèle de diffusion (1.1) pour la classification multiclasses. On suppose que le pro-
cessus X = (Xt)t∈[0,1], solution du modèle (1.1) est observé en temps discret à haute fréquence
sur l’intervalle de temps [0, 1]. La loi des observations étant supposée inconnue, nous partons d’un
échantillon d’apprentissage DN =

(
(X̄j , Yj), j = 1, . . . , N

)
de taille N avec pour chaque j ∈ [[1, N ]],

X̄j = (Xj
k∆n

)0≤k≤n, et ∆n = 1/n est le pas de discrétisation. On suppose que la taille de l’échantillon
N tend vers l’infini et le pas de discrétisation ∆n tend vers zéro.

On note X = C ([0, 1],R) l’ensemble des trajectoires et
(
FX
t

)
t∈[0,1] la filtration naturelle du pro-

cessus X = (Xt)t∈[0,1]. Nous proposons dans cette section une procédure de classification empirique
consistante qui va imiter le classifieur de Bayes présenté dans la section 1.3.5.

Classifieur empirique de type plug-in. Soient b̂ =
Ä
b̂1, . . . , b̂K

ä
, σ̂2 et p̂ =

(
p̂1, . . . , p̂K

)
des estima-

teurs respectifs de b∗ = (b∗1, . . . , b
∗
K), σ∗2 et p∗ construits à partir de DN . Les estimateurs p̂i, i ∈ Y

sont donnés par

p̂i =
1

N

N∑
j=1

1Yj=i, i = 1, . . . ,K.
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Considérons le classifieur empirique de type plug-in qui imite le classifieur de Bayes g∗ = gb∗,σ∗2,p,
noté ĝ, tel que

ĝ = g
b̂,σ̂2,p̂

.

On définit pour toute fonction h ∈ L2(R), une norme empirique dépendant d’une observation dis-
crète X̄ = (Xk∆n)k∈[[0,n]] de X :

∥h∥2n := EX

[
1

n

n−1∑
k=0

h2(Xk∆)

]
,

avec EX l’espérance correspondant à la loi du processus de diffusion X . Le premier résultat ci-
dessous donne une majoration de l’excès de risque en fonction des risques d’estimation des coef-
ficients de dérive b∗i , du coefficient de diffusion σ∗2 et de la loi discrète p∗ de l’étiquette Y .

Théorème 1.4.7 ([28]). Supposons queN et n sont fixés et suffisammant grands, et qu’il existe des constantes
bmax, σ

2
0 > 0 telles que pour tout x ∈ R

max
i∈Y

|̂bi(x)| ≤ bmax et σ̂2(x) ≥ σ20.

Sous certaines hypothèses sur les fonctions b∗i et σ∗, le classifieur empirique ĝ satisfait

E [R(ĝ)−R(g∗)] ≤ C

(√
∆n +

1

p∗0
√
N

+ E

[
bmaxσ

−2
0

K∑
i=1

∥b̂i − b∗i ∥n

]
+ E

[
σ−2
0 ∥σ̂2 − σ∗2∥n

])
,

où C > 0 est une constante qui dépend de b∗, σ∗, et K.

On déduit du résultat du théorème 1.4.7 ci-dessus que la consistance du classifieur empirique ĝ
est étroitement liée à la qualité d’estimation des fonctions de dérive b∗i , i = 1, . . . ,K et du carré du
coefficient de diffusion σ∗2.

Consistance du classifieur empirique ĝ. Les fonctions inconnues b∗i , i ∈ Y et σ∗2 sont estimées à
partir de l’échantillon d’apprentissage DN comme suit.

Estimation des fonctions de dérive Pour chaque étiquette i ∈ Y , on estime la fonction de dérive b∗i
sur R et par projection sur un espace contraint de dimension finie et générée par la base de fonctions
B-splines. La construction et l’étude de la consistance des estimateurs des fonctions b∗i sur la droite
réelle R reposent essentiellement sur les travaux de [30] et [20]. On définit pour chaque étiquette
i ∈ Y , à partir du sous échantillon Di

N =
{
(X̄j,i, Yj), Yj = i, j = 1, . . . , Ni

}
de DN de taille Ni =∑N

j=1 1Yj=i, la fonction de contraste des moindres carrés γin,N donnée pour toute fonction continue h
par

γin,N (h) :=
1

Nn

Ni∑
j=1

n−1∑
k=0

Ä
Zj,i
k∆ − h(Xj,i

k∆)
ä2

où, pour tout (j, k) ∈ [[1, Ni]]× [[0, n− 1]],

Zj,i
k∆n

=
Xj,i

(k+1)∆n
−Xj,i

k∆

∆n
.

L’estimateur non-paramétrique b̃i de la fonction de dérive b∗i est donné comme suit :

b̃i ∈ argmin
h∈Smi,Li

γin,N (h)

où

Smi,Li =

{
h =

mi−1∑
ℓ=0

aℓBℓ,

mi−1∑
ℓ=0

a2ℓ ≤ miLi

}
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est l’espace contraint de dimension finiemi ≥ 1, généré par une base de fonctions B-splines (Bℓ)ℓ=0,...,mi−1

construite sur un intervalle borné [−Ai, Ai] avec Ai > 0, et Li > 0 est une constante dépendant de
la la classe i. Les variables mi, Li et Ai dépendent de Ni. L’espace Smi,Li est utilisé pour approximer
l’espace initial contenant b∗i . On tronque ensuite l’estimateur b̃i et on obtient l’estimateur tronqué b̂i
donné pour tout x ∈ R par

b̂i(x) = b̃i(x)1|̃bi(x)|≤
√
Li

+ signe(̃bi(x))1|̃bi(x)|>
√
Li
.

Estimation du coefficient de diffusion Nous considérons l’estimateur de σ∗2 qu’on note σ̃2 construit
dans la section 1.4.1. L’estimateur tronqué σ̂2 est donnée pour tout x ∈ R par

σ̂2(x) = σ̃2(x)1 1

log(N)
<σ̃2(x)≤

√
L

+
√
L1σ̃2(x)>

√
L +

1

log(N)
1σ̃2(x)≤1/ log(N).

La consistance du classifieur plug-in ĝ = g
b̂,σ̂2,p̂

est déduite de la consistance des estimateurs b̂i et
σ̂2 obtenue sous certaines hypothèses sur les fonctions b∗i , σ∗, et les quantités m,mi, L et Li comme
énoncé ci-dessous.

Théorème 1.4.8. Supposons que

inf
h∈Sm,L

∥h− σ∗2∥2n = O

Å
1

m2

ã
, ∀ i ∈ Y, inf

h∈Smi,Li

∥h− b∗i ∥2n = O

Å
1

m2
i

ã
.

Sous les hypothèses 1.2.2 et 1.3.3 et sous des hypothèses sur mi,m,L, Li, A,Ai et Ni, l’excès de risque du
classifieur plug-in ĝ satisfait :

E [R(ĝ)−R(g∗)] −→
n,N→∞

0.

Le résultat de consistance est établi dans le cas général ou les fonctions de dérive, le coefficent de
diffusion et la loi discrète de l’étiquette Y sont inconnus. Nous obtenons ensuite, et sous les mêmes
hypothèses sur les fonctions inconnues b∗i et σ∗, la vitesse de convergence énoncé ci-dessous.

Théorème 1.4.9. Supposons que

inf
h∈Sm,L

∥h− σ∗2∥2n = O

Å
1

m2

ã
, ∀ i ∈ Y, inf

h∈Smi,Li

∥h− b∗i ∥2n = O

Å
1

m2
i

ã
.

Sous les hypothèses 1.2.2 et 1.3.3 et sous des hypothèses sur mi,m,L, Li, A,Ai et Ni, il existe des constantes
C > 0 et c > 0 telles que

E [R(ĝ)−R(g∗)] ≤ C exp
(»

c log(N)
)
N−1/5.

Notons que la vitesse établie au Théorème 1.4.9 découle directement du Théorème 1.4.8 et de la
vitesse de convergence des estimateurs des fonctions de dérive et du coefficient de diffusion. Nous
avons établi que l’estimateur du coefficient de diffusion atteind une vitesse de convergence plus
rapide par rapport aux estimateurs des fonctions de dérive. Ainsi, la vitesse atteint par le classifieur
empirique ĝ est celui des estimateurs des fonctions de dérive b̂i, i ∈ Y .

Vitesse de convergence du classifieur plug-in ĝ lorsque σ∗ ≡ 1. Supposons que le coefficient de
diffusion σ∗ est connu, constant et égal à 1. Nous pouvons ainsi établir des approximations plus fines
des densités de transition des processus de diffusion X|Y=i avec i ∈ Y . Ces approximations sont
essentielles pour l’établissement de vitesses de convergence plus rapides comparées au résultat du
théorème 1.4.9.

Si nous supposons en plus que les fonctions de dérive b∗i sont bornées, nous obtenons alors le
résultat suivant.
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Theorem 1.4.10. Supposons que σ∗ = 1 et que les fonctions de dérive b∗i appartiennent à la classe de Hölder
Σ(β,R) avec β ≥ 1 le paramètre de régularité et R > 0. Alors, sous des hypothèses sur les fonctions b∗i et les
quantités m,mi, L, Li, A,Ai et ∆n, il existe des constantes c > 0 et C > 0 telles que

E [R (ĝ)−R (g∗)] ≤ C exp
(»

c log(N)
)
N−β/(2β+1).

La vitesse obtenue (à un facteur d’ordre exp
Ä√

c log(N)
ä

près) est du même ordre que la vitesse
optimale établie dans [4] sous des hypothèses de complexité sur la fonction de régression en classifi-
cation binaire de données vectorielles.

Création d’un package R. Nous avons créé un package R appelé SDEclassif et disponible sur
Github (lien SDEclassif). Ce package contient la fonction SDEclassif qui entraine un classifieur
plug-in pour les trajectoires de diffusion, suivant la procédure de classification étudiée dans cette
contribution et détaillée dans le chapitre 3.

1.4.3 Classifieur de type ERM pour les trajectoires de diffusion

Nous reconsidérons le modèle de diffusion (1.1). Nous définissons, à partir de l’échantillon d’appen-
tissage DN =

(
(X̄j , Yj)

)
j=1,...,N

constitué deN copies indépendante de (X̄, Y ) avec X̄ = (Xk∆n)0≤k≤n,

le risque empirique de classification “R donné par l’équation (1.17). Ainsi, le classifieur empirique g
ĥ

de type ERM est caractérisé par l’équation (1.15), où la fonction score ĥ est donnée par l’équation
(1.16).

Nous approximons les deux espaces de fonctions contenant respectivement les fonctions de dé-
rive b∗i , i ∈ Y dune part, et le coefficient de diffusion σ∗ d’autre part, par chacun des sous-espaces
contraints respectifs Sm et S̃m de dimension m ≥ 1 générés par une base de fonctions B-splines et
donnés par :

Sm :=

{
f =

m−1∑
ℓ=0

aℓBℓ,
m−1∑
ℓ=0

a2ℓ ≤ m log3(N)

}
, (1.31)

et,

S̃m :=

ß
x ∈ R 7→ s2(x) = f(x)1f(x)≥1/ log2(N) +

1

log2(N)
1f(x)≤1/ log2(N), f ∈ Sm

™
. (1.32)

La dimension m dépend de la taille N de l’échantillon d’apprentissage. La définition de l’espace
d’approximation S̃m tient compte du fait que la fonction σ∗2 est bornée inférieurement. Ainsi, nous
établissons le résultat de consistance suivant.

Théorème 1.4.11. Supposons que les fonctions b∗i et σ∗2 appartiennent à l’espace Hölder Σ(β,R) de paramètre
de régularité β ≥ 1 avec R > 0. Sous des hypothèses sur b∗i , σ

∗2 et m, on a :

E
[
R(g

ĥ
)−R(gh∗)

]
= O
Ä
N−β/(2β+1)

ä
.

On remarque d’une part que cette vitesse est établie dans le cas général où les fonctions dérive
b∗i , le coefficient de diffusion σ∗ et la loi p∗ de Y sont inconnus. Et d’autre part, le classifieur de type
ERM a une vitesse de convergence plus rapide comparé au classifieur de type plug-in. Ce résultat
s’explique par le fait que le classifieur de type ERM est directement lié à la minimisation du risque
empirique de classification, contrairement au classifieur de type plug-in dont la construction n’est pas
basée sur l’optimisation de sa performance.

Hypothèse de marge sur la fonction de régression en classification binaire. Dans ce qui suit, on
se place en classification binaire, c’est à dire que K = 2 et Y = {0, 1}. Le classifieur de Bayes g∗ est
donné pour X ∈ X par g∗(X) = 1η∗(X)>1/2 avec η∗(X) = P(Y = 1|X). On suppose que σ∗ = 1, les
fonctions de dérive b∗0 et b∗1 sont bornées, et la variable aléatoire

Z :=
1

∆b∗

∫ 1

0
(b∗1 − b∗0)(Xs)dWs, avec ∆2

b∗ = E
ñ∫ 1

0
(b∗1 − b∗0)

2(Xs)ds

ô
> 0,
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admet une densité bornée sur R. Nous établissons le premier résultat ci-dessous.

Proposition 1.4.12. Sous des hypothèses sur b∗0 et b∗1, et pour tout ε ∈ (0, 1/8), il existe une constante C > 0
telle que

P
Å
0 <

∣∣∣∣η∗(X)− 1

2

∣∣∣∣ ≤ ε

ã
≤ C

12

∆b∗
ε.

Le résultat de la proposition 1.4.12 est connu sous l’appelation hypothèse de marge sur la fonction
de régression η∗ en classification binaire. Elle sert, sur le plan théorique, à minimiser les erreurs de
classification commises par g∗ lorsque la probabilité d’appartenance de X à la classe 1 est suffisam-
ment proche de 1/2. Nous obtenons ainsi le résultat suivant.

Théorème 1.4.13. On suppose que b∗0, b
∗
1 ∈ Σ(β,R) avec β ≥ 1, R > 0, et σ∗ = 1. Sous des hypothèses

supplémentaires sur les fonctions b∗i , i = 0, 1 et m, on obtient :

E
[
R(g

ĥ
)−R(gh∗)

]
= O
Ä
N−4β/3(2β+1)

ä
.

La vitesse de convergence obtenue est plus rapide que celle établie dans un cadre plus général, et
en l’absence d’hypothèse de marge sur la fonction de régression associée au modèle.

1.4.4 Illustration numérique

Dans cette section, nous évaluons numériquement les classifieurs de types plug-in et ERM pour les
trajectoires de diffusion. Pour cette illustration, nous fixons le nombre de classes à K = 3, et la loi
discrète de Y ∈ {1, 2, 3} est p∗ = (1/3, 1/3, 1/3). Nous considérons le modèle de diffusion ci-dessous :

Model : b(θ, x) = θ
[
1/4 + (3/4) cos2 x

]
, θ ∈ {1, 3/2,−3/2}, σ(x) = 0.1 + 0.9/

√
1 + x2.

Nous évaluons le classifieur de Bayes sur des échantillons de taille N = 4000 contenant des
trajectoires observées en temps discrets avec le pas de temps ∆n = 1/n et n = 500. L’évaluation est
réalisée sur 100 répétitions et nous obtenons le résultats ci-dessous.“R(g∗) 0.36 (0.01)

TABLE 1.1 : Risque de classification du classifieur de Bayes g∗ à partir d’échantillons d’apprentissage de tailleN = 4000

avec n = 500.

La performance numérique du classifieur de Bayes nous permet d’évaluer la complexité du mo-
dèle de diffusion choisi. Elle permet également, comme nous l’avons mentionné en théorie, d’évaluer
la performance des classifieurs empiriques construits à partir de données observées.

Nous évaluons la performance des classifieurs empiriques de types plug-in et ERM à partir d’échan-
tillons d’apprentissage de taille N ∈ {100, 1000}. Le classifieur empirique de type plug-in est implé-
menté dans le package SDEclassif disponible sur github (lien SDEclassif). Le tableau ci-dessous
compare les performances obtenues avec celles des classifieurs existants dans la littérature et basés
sur la forêt aléatoire et la profondeur des données.

Pour le cas des classifieurs de type plug-in et ERM, l’espace d’approximation généré par une base
de fonctions B-splines est choisi telle M = 3 et KN ∈ K = {1, 2, 4, 8, 16}. Pour chaque étiquette
i ∈ {1, 2, 3}, KNi est choisi à la main pour l’évaluation du classifieur de type ERM. Pour l’évaluation
du classifieur de type plug-in basé sur des estimateurs non-paramétriques des coefficients de dérive,
on sélectionne la dimension “KNi +M telle que“KNi := argmin

K∈K

 1

Nn

N∑
j=1

n−1∑
k=0

(̂bi,K − Zj
k∆n

)2 +
(K +M) log3(N)

N


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Classifieurs N = 100 N = 1000

Plug-In 0.39 (0.06) 0.37 (0.05)

ERM 0.38 (0.02) 0.36 (0.01)

Forêt aléatoire 0.40 (0.01) 0.38 (0.01)

Profondeur 0.40 (0.02) 0.39 (0.01)

TABLE 1.2 : Performance des classifieurs de types plug-in et ERM, et comparaison avec la performance des classifieurs
basés sur la forêt aléatoires et la profondeur des données, pour des trajectoires de diffusions collectées en temps discrets
avec n = 100.

pour l’estimation adaptative de σ∗2, on sélectionne la dimension “KN telle que“KN := argmin
K∈K

 1

Nn

N∑
j=1

n−1∑
k=0

(σ̂2K − U j
k∆n

)2 +
5(K +M log3(N))

Nn

.
Pour plus de précision sur la sélection de dimension pour l’estimation des fonctions de dérive et du
coefficient de diffusion, nous renvoyons le lecteur respectivement à l’article [30] et au chapitre 2 (ou
à l’article [35]).

D’après les résultats de la Table 1.2, nous observons que nos classifieurs ont une meilleure per-
formance comparés aux deux classifieurs pour des données fonctionnelles proposés dans la littéra-
ture. Nous remarquons également que le classifieur de type ERM est numériquement plus efficace
que celui de type plug-in. Ce résultat illustre les résultats théoriques obtenus pour chacun de ces
classifieurs. Rappelons toutefois que l’évaluation numérique du classifieur de type ERM n’est pas
optimale, puisque les dimensions des espaces d’approximation sont choisies à la main.

1.5 Conclusion et perspectives de recherche

Cette thèse s’est focalisée sur une étude statistique, dans un cadre non-paramétrique, des trajectoires
générées par un mélange de diffusions unidimensionnelles, solutions d’une équation différentielle
stochastique homogène en temps, dont le coefficient de dérive b∗Y , supposé inconnu, dépend de la
classe Y ∈ {1, . . . ,K} de loi discrète p∗ inconnue, et le coefficient de diffusion σ∗, également supposé
inconnu, est commun à toutes les classes. Cette étude a abouti à l’obtention de résultats de consis-
tance, tant pour l’estimation de σ∗2 que pour les classifieurs de types plug-in et ERM.

Les prochains travaux de recherche sur l’étude statistique des trajectoires de diffusion porteront
principalement sur les thématiques suivantes :

i) Proposition d’un estimateur adaptatif du classifieur de Bayes g∗ par la minimisation du
risque empirique de classification.

Nous avons, d’après l’équation (1.19) suivie de la proposition 1.3.4, le classifieur de Bayes g∗ est
défini comme une fonction du vecteur de coefficients de dérive b∗ = (b∗1, . . . , b

∗
K), du coefficient

de diffusion σ∗ et de la loi discrète p∗. Autrement dit, il existe une fonction g telle que :

g∗ = g(b∗, σ∗, p∗).

En convexifiant le modèle, on a g∗ = gh∗ où h∗ est la fonction score qui minimise le risque défini
avec la perte quadratique et donné dans l’équation (1.18). Il existe également une fonction h telle
que :

h∗ = h(b∗, σ∗, p∗).
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Ainsi, nous proposons dans le chapitre 4 un classifieur empirique g
ĥ

en minimisant le risque
empirique “R donné dans (1.17) sur des espaces d’approximation des dérives b∗i et du coefficient
de diffusion σ∗. Plus précisément, on a pour tous m,m′ ≥ 1,

ĥm,m′ = argmin
(b̃,σ̃,p)∈Hm,m′

“R[h(b̃, σ̃, p)]

avec,
Hm,m′ = (Sm)K × S̃m′ × (0, 1)K

et les espaces d’approximation Sm et S̃m′ sont données respectivement par les équations (1.31)
et (1.32). Les dimension des espaces d’approximation sont jusque là choisies à la main. L’ob-
jectif est d’effectuer, à partir de l’échantillon d’apprentissage, une sélection de la dimension de
chaque espace d’approximation dans un ensemble fini MN des valeurs possibles des dimen-
sions, défini en fonction de la taille N de l’échantillon d’apprentissage.

ii) Établissement de vitesses optimales.

Un objectif serait :

• Soit de prouver l’optimalité de certaines vitesses obtenues dans ce manuscrit, citons par
exemple les résultats du théorème 1.4.4 ou du corollaire 1.4.2 pour l’estimation de σ∗2, ou
encore les théorèmes 1.4.10 et 1.4.11 pour la consistance des classifieurs de types plug-in et
ERM.

• Soit d’étudier une vitesse optimale dans les autres cas.

iii) Extension au cas des diffusions en grande dimension.

Le but est de considérer les processus de diffusion X = (Xt)t∈[0,T ] =
(
X1

t , . . . , X
d
t

)
t∈[0,T ]

de
dimension d ≥ 2, et un modèle de diffusion défini comme suit :

dXt = b∗Y (Xt)dt+Σ∗(Xt)dWt, t ∈ [0, T ], X0 = x0 ∈ Rd, (1.33)

où T ∈ R+∗ est l’horizon temporel, (Wt)t≥0 =
(
W 1

t , . . . ,W
d
t

)
t≥0

est un mouvement brownien
de dimension d, la fonction de dérive b∗Y =

(
b∗1Y , . . . , b

∗d
Y

)
est supposée inconnue et dépend de

l’étiquette Y ∈ {1, . . . ,K}, avec K ≥ 2. On suppose que Y est toujours une variable aléatoire
indépendante du mouvement brownien (Wt)t≥0 et de loi discrète p∗ inconnue. Enfin, le coef-
ficient de diffusion multidimensionnel Σ∗ =

Ä
σ∗i,j

ä
1≤i,j≤d

est commun à toutes les classes. On
distinguera le cas où Σ∗ est connu, puis considérer un cadre plus général avec Σ∗ inconnu.

L’objection est de construire des procédures de classification non-paramétriques de type plug-
in et de type ERM (minimisation du risque empirique). Comme les classifieurs de type plug-in
sont basés sur des estimateurs non-paramétriques des coefficients du processus de diffusion,
leur étude entrainera inéluctablement une étude sur l’estimation non-paramétrique de ces fonc-
tions, contribuant ainsi à l’enrichissement d’une littérature déjà existante sur l’inférence statis-
tique des processus de diffusion en grande dimension (voir par exemple [84], [76], [14]).

iv) Évaluation des procédures de classification sur des données réelles.

Une application sur des données réelles peut être envisagée en biologie cellulaire, les mou-
vements de cellules étant modélisables par des processus à sauts. Cette application nécessitera
ainsi une extension de l’étude pour la classification des données de diffusion à sauts. On pourra
toutefois compter sur la robustesse des procédures déjà construites, et les utiliser directement
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pour l’identification de types de cellules en se basant sur leur mode de déplacement dans l’or-
ganisme.

En plus de la biologie cellulaire, nous avons des domaines d’application possibles tels que la
finance, ou encore la météorologie.

1.6 Annexes

Pour simplifier les notations, nous posons b = b∗ et σ = σ∗.

Preuve de la proposition 1.2.1. On part de l’équation différentielle stochastique (1.1) rappelée ci-dessous :

dXt = b(Xt)dt+ σ(Xt)dWt.

Premier résultat. On fixe s ∈ [0, 1) et pour tout t ∈ (s, 1],

Xt −Xs

t− s
=

1

t− s

∫ t

s
b(Xu)du+

1

t− s

∫ t

s
σ(Xu)dWu

E
ï
Xt −Xs

t− s

ò
= E
ï

1

t− s

∫ t

s
b(Xu)du

ò
.

Ainsi, on obtient de la continuité de la dérive b et du processus de diffusion X , et du théorème de
convergence dominée :

lim
t→s+

E
ï
Xt −Xs

t− s

ò
= lim

t→s+
E
ï

1

t− s

∫ t

s
b(Xu)du

ò
= E
ï
lim
t→s+

1

t− s

∫ t

s
b(Xu)du

ò
= E[b(Xs)].

Deuxième résultat. On fixe s ∈ [0, 1) et pour tout t ∈ (0, 1], on a :

⟨X,X⟩t − ⟨X,X⟩s
t− s

=
1

t− s

∫ t

s
σ2(Xu).

Finalement, on déduit de la continuité de la fonction σ2 et du processus de diffusion X que

lim
t→s+

⟨X,X⟩t − ⟨X,X⟩s
t− s

= lim
t→s+

1

t− s

∫ t

s
σ2(Xu) = σ2(Xs).

Preuve de la proposition 1.2.4. Soit q ≥ 1. Supposons que X0 = 0. Sous l’hypothèse 3.2.1 nous dé-
duisons de l’équation (1.1) que pour tout t ∈ [0, 1],

Xt =

∫ t

0
b(Xs)ds+

∫ t

0
σ(Xs)dWs

|Xt| ≤
∫ t

0
|b(Xs)|ds+

∣∣∣∣∫ t

0
σ(Xs)dWs

∣∣∣∣
|Xt| ≤

∫ t

0
C0(1 + |Xs|)ds+

∣∣∣∣∫ t

0
σ(Xs)dWs

∣∣∣∣
où la constante C0 > 0 dépend de la constante L0 > 0 donnée dans l’hypothèse 3.2.1. Soit p > 1 un
réel tel que 1/p + 1/q = 1. D’après l’inégalité de Hölder, il existe une constante Cq dépendant de q
telle que

∀ t ∈ [0, 1], |Xt|q ≤ Cq

Ç∫ t

0
(1 + |Xs|q)ds+

∣∣∣∣∫ t

0
σ(Xs)dWs

∣∣∣∣q
å
.
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En utilisant l’inégalité de Cauchy Schwarz, on déduit que

E
ñ
sup
t∈[0,1]

|Xt|q
ô
≤ Cq

Ç∫ 1

0
(1 + E [|Xs|q])ds+ E

ñ
sup
t∈[0,1]

∣∣∣∣∫ t

0
σ(Xs)dWs

∣∣∣∣q
ôå

≤ Cq

Ñ∫ 1

0
(1 + E [|Xs|q])ds+

Ã
E
ñ
sup
t∈[0,1]

∣∣∣∣∫ t

0
σ(Xs)dWs

∣∣∣∣2q
ôé

.

D’après l’inégalité de Doob (voir [81], corollary 1.6), on a

E
ñ
sup
t∈[0,1]

∣∣∣∣∫ t

0
σ(Xs)dWs

∣∣∣∣q
ô
≤
Å

2q

2q − 1

ãqÃ
E

[∣∣∣∣∣
∫ 1

0
σ(Xs)dWs

∣∣∣∣∣
2q]

.

De plus, en utilisant l’inégalité de Burkholder-Davis-Gundy, il existe une constante C1,q dépendant
de q ≥ 1 telle que Ã

E

[∣∣∣∣∣
∫ 1

0
σ(Xs)dWs

∣∣∣∣∣
2q]

≤ C1,qE
ñ∫ 1

0
σq(Xs)ds

ô
< C1,qσ

q
1.

On déduit donc que

E
ñ
sup
t∈[0,1]

|Xt|q
ô
≤ Cq

Ç∫ 1

0
(1 + E [|Xs|q])ds+ C1,qσ

q
1

å
.

Finalement, d’après la proposition 1.2.3, on a pour tout q ≥ 1 et pour tout s ∈ [0, 1], E [|Xs|q] <∞.

Preuve de la proposition 1.2.6. D’après l’équation (1.1), on a

dXt = b(Xt)dt + σ(Xt)dWt

et pour tout k ∈ [[0, n− 1]],

(
X(k+1)∆n

−Xk∆n

)2
=

Ç∫ (k+1)∆n

k∆n

b(Xs)ds+

∫ (k+1)∆n

k∆n

σ(Xs)dWs

å2

=

Ç∫ (k+1)∆n

k∆n

b(Xs)ds

å2

+ 2

Ç∫ (k+1)∆n

k∆n

b(Xs)ds

åÇ∫ (k+1)∆n

k∆n

σ(Xs)dWs

å
+

Ç∫ (k+1)∆n

k∆n

σ(Xs)dWs

å2

= 2

Ç∫ (k+1)∆n

k∆n

(b(Xs)− b(Xk∆n))ds

åÇ∫ (k+1)∆n

k∆n

σ(Xs)dWs

å
+

Ç∫ (k+1)∆n

k∆n

b(Xs)ds

å2

+

Ç∫ (k+1)∆n

k∆n

σ(Xs)dWs

å2

−
∫ (k+1)∆n

k∆n

σ2(Xs)ds

+

∫ (k+1)∆n

k∆n

σ2(Xs)ds+ 2∆nb(Xk∆n)

∫ (k+1)∆n

k∆n

σ(Xs)dWs.

On déduit alors que

(
X(k+1)∆n

−Xk∆n

)2
=

∫ (k+1)∆n

k∆n

σ2(Xs)ds+

Ç∫ (k+1)∆n

k∆n

b(Xs)ds

å2

+∆nR
(2)
k∆n

+∆nζ
(1)
k∆n

+∆nζ
(3)
k∆n

.

(1.34)
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Comme la fonction σ est de classe C2 sur R, d’après la formule d’Itô, on a

d(σ2(Xt)) = 2σ′(Xt)σ(Xt)dXt + 2
[
σ′′ + (σ′)2

]
(Xt)dt

= Φ(Xt)dt+ 2σ′(Xt)σ
2(Xt)dWt

avec Φ = 2bσ′σ+
î
σ′′σ + (σ′)2

ó
σ2. On déduit que pour tous k ∈ [[0, n− 1]] et s ∈ [k∆n, (k+1)∆n) tels

que,

σ2(Xs) = σ2(Xk∆n) +

∫ s

k∆n

Φ(Xu)du+ 2

∫ s

k∆n

σ′(Xu)σ
2(Xu)dWu.

On intègre ensuite sur l’intervalle [k∆n, (k + 1)∆n) et on obtient∫ (k+1)∆n

k∆n

σ2(Xs)ds = ∆nσ
2(Xk∆n) +

∫ (k+1)∆n

k∆n

∫ s

k∆n

Φ(Xu)duds

+ 2

∫ (k+1)∆n

k∆n

∫ s

k∆n

σ′(Xu)σ
2(Xu)dWuds

= ∆nσ
2(Xk∆n) +

∫ (k+1)∆n

k∆n

Φ(Xu)

∫ (k+1)∆n

u
dsdu

+ 2

∫ (k+1)∆n

k∆n

σ′(Xu)σ
2(Xu)

∫ (k+1)∆n

u
dsdWu

= ∆nσ
2(Xk∆n) +

∫ (k+1)∆n

k∆n

[(k + 1)∆n − u]Φ(Xu)du

+ 2

∫ (k+1)∆n

k∆n

[(k + 1)∆n − u]σ′(Xu)σ(Xu)dWu.

Ainsi, on obtient pour tout k ∈ [[0, n− 1]],∫ (k+1)∆n

k∆n

σ2(Xs)ds = ∆nσ
2(Xk∆n) +

∫ (k+1)∆n

k∆n

[(k + 1)∆n − u]Φ(Xu)du+ ζ
(2)
k∆n

(1.35)

On déduit enfin des équations (1.34) et (1.35) que(
X(k+1)∆n

−Xk∆n

)2
∆n

= σ2(Xk∆n) + ζk∆n +Rk∆n .

Preuve de la proposition 1.3.2. Pour tout g ∈ G(X ,Y), remarquons que
∑K

i=1

∑K
k=1 1g∗(X)=i1g(X)=k =

1. On obtient des équations (1.10) et (1.12) :

R(g)−R(g∗) =

K∑
i=1

K∑
k=1

[R(g)−R(g∗)]1g∗(X)=i1g(X)=k

=
K∑
i=1

K∑
k=1

E

 K∑
j=1

π∗j (X)
(
1g∗(X)=j − 1g(X)=j

)1g∗(X)=i1g(X)=k

= E

 K∑
i=1

K∑
k=1

K∑
j=1

π∗j (X)1g∗(X)=i1g(X)=k1g∗(X)=j


− E

 K∑
i=1

K∑
k=1

K∑
j=1

π∗j (X)1g∗(X)=i1g(X)=k1g(X)=j


= Σ1 − Σ2.
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En échangeant les indices i et j, on obtient :

Σ1 =

K∑
i=1

K∑
k=1

K∑
j=1

π∗i (X)1g∗(X)=j1g(X)=k1g∗(X)=i =

K∑
i=1

K∑
k=1

π∗i (X)1g(X)=k1g∗(X)=i

puis, en échangeant les indices k et j, on a :

Σ2 =
K∑
i=1

K∑
k=1

K∑
j=1

π∗k(X)1g∗(X)=i1g(X)=j1g(X)=k =
K∑
i=1

K∑
k=1

π∗k(X)1g∗(X)=i1g(X)=k.

Enfin, en remarquant, par définition du classifieur de Bayes g∗ et sa caractérisation donnée par (1.11),
que sur l’évènement {g∗(X) = i}, on a π∗i (X) ≥ π∗k(X) pour tout k ∈ Y , on déduit alors que

R(g)−R(g∗) = E

[
K∑
i=1

K∑
k=1

(π∗i (X)− π∗k(X))1g(X)=k1g∗(X)=i

]

= E

 K∑
i=1

∑
k ̸=i

|π∗i (X)− π∗k(X)|1g(X)=k1g∗(X)=i

 .
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Chapter 2
Estimation non-paramétrique du coefficient
de diffusion

Résumé: Considérons le processus de diffusion X = (Xt)t∈[0,1] observé en temps discrets et à
haute fréquence, solution d’une équation différentielle stochastique dont les coefficients de dérive
et de diffusion sont supposés inconnus. Dans cet article, nous nous focalisons sur l’estimation non-
paramétrique du coefficient de diffusion. Nous proposons, à partir d’observations discrètes de X ,
des estimateurs de type ridge du carré du coefficient de diffusion, construits par minimisation d’une
fonction de contraste des moindres carrés. Nous prouvons que les estimateurs sont convergents, et
nous établissons des vitesses de convergence lorsque la taille de l’échantillon de données tend vers
l’infini et le pas de discrétisation de l’intervalle d’observation du processus [0, 1] tend vers zéro. Les
résultats théoriques sont complétés par une étude numérique sur des données synthétiques.

Mots clés. Estimation non-paramétrique, processus de diffusion, coefficient de diffusion, con-
traste des moindres carrés, observations répétées, estimation adaptative.

Abstract: Consider a diffusion process X = (Xt)t∈[0,1] observed at discrete times and high
frequency, solution of a stochastic differential equation whose drift and diffusion coefficients are as-
sumed to be unknown. In this article, we focus on the nonparametric estimation of the diffusion
coefficient. We propose ridge estimators of the square of the diffusion coefficient from discrete ob-
servations of X and that are obtained by minimization of the least squares contrast. We prove that
the estimators are consistent and derive rates of convergence as the number of sample paths tends to
infinity, and the discretization step of the time interval [0, 1] tend to zero. The theoretical results are
completed with a numerical study over synthetic data.

Keywords. Nonparametric estimation, diffusion process, diffusion coefficient, least squares con-
trast, repeated observations, adaptive estimation.
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2.1 Introduction

Let X = (Xt)t∈[0,1] be a one dimensional diffusion process with finite horizon time, solution of the
following stochastic differential equation:

dXt = b(Xt)dt+ σ(Xt)dWt, X0 = 0 (2.1)

where (Wt)t≥0 is a standard Brownian motion. The drift function b and the diffusion coefficient σ
are assumed to be unknown Lipschitz functions. We denote by (Ft)t∈[0,1] the natural filtration of
the diffusion process X . The goal of the article is to construct, from N discrete observations X̄j =

(Xj
k∆n

)0≤k≤n, 1 ≤ j ≤ N with time step ∆n = 1/n, a nonparametric estimator of the square of the
diffusion coefficient σ2(.). We are in the framework of high frequency data since the time step ∆n

tends to zero as n tends to infinity. Furthermore, we consider estimators of σ2(.) built from a single
diffusion path (N = 1), and those built on N paths when N → ∞. In this paper, we first propose
a ridge estimator of σ2(.) on a compact interval. Secondly, we focus on a nonparametric estimation
of σ2(.) on the real line R. We measure the risk of any estimator σ̂2 of the square of the diffusion

coefficient σ2 by E
î
∥σ̂2 − σ2∥2n,N

ó
, where ∥σ̂2−σ2∥2n,N := (Nn)−1

∑N
j=1

∑n−1
k=0

Ä
σ̂2(Xj

k∆)− σ2(Xj
k∆)
ä2

is an empirical norm defined from the sample paths.

Related works. There is a large literature on the estimation of coefficients of diffusion processes,
and we focus on the papers studying the estimation of σ2.

Estimation of the diffusion coefficient has been considered in the parametric case (see e.g. [46], [60],
[47], [15], [48], [51], [87]). In the nonparametric case, estimators of the diffusion coefficient from dis-
crete observations are proposed under various frameworks.

First, the diffusion coefficient is constructed from one discrete observation of the diffusion process
(N = 1) in long time (T → ∞) (see e.g. [57], [22], [83], [85]), or in short time (T = 1) (see e.g.
[49], [88], [56], [41], [58]). Note that in short time (T < ∞), only the diffusion coefficient can be
estimated consistently from a single discrete path contrary to the drift function whose consistent
estimation relies on repeated discrete observations of the diffusion process (see e.g. [18], [30]). For the
case of short time diffusion processes (for instance T = 1), estimators of a time-dependent diffusion
coefficients t 7→ σ2(t) have been proposed. In this context, [49] built a nonparametric estimator
of t 7→ σ2(t) and studied its L2 risk using wavelets methods, [88] studies the Lp risk of a kernel
estimator of σ2(t), and [56] derived a minimax rate of convergence of order n−ps/(1+2s) where s > 1
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is the smoothness parameter of the Besov space Bs
p,∞([0, 1]) (see later in the paper). For the space-

dependent diffusion coefficient x 7→ σ2(x), a first estimator based on kernels and built from a single
discrete observation of the diffusion process with T = 1 is proposed in [42]. The estimator has been
proved to be consistent under a condition on the bandwidth, but a rate of convergence of its risk of
estimation has not been established.

Secondly, the diffusion coefficient is built in short time (T < ∞) from N repeated discrete obser-
vations with N → ∞. In [28], a nonparametric estimator of σ2 is proposed from repeated discrete
observations on the real line R when the time horizon T = 1. The estimator has been proved to be
consistent with a rate of order N−1/5 over the space of Lipschitz functions.

Two main methods are used to build consistent nonparametric estimators of x 7→ σ2(x). The
first method is the one using kernels (see e.g. [41], [6], [80], [53], [85], [77]), the other method con-
sists in estimating σ2 as solution of a nonparametric regression model using the least squares ap-
proach. Since the diffusion coefficient is assumed to belong to an infinite dimensional space, the
method consists in projecting σ2 into a finite dimensional subspace, estimating the projection and
making a data-driven selection of the dimension by minimizing a penalized least squares contrast
(see e.g. [58], [57], [83], [17], [85], [28]).

Main contribution. In this article, we assume to have at our disposal N i.i.d. discrete observations
of length n of the diffusion process X . The main objectives of this paper are the following.

1. Construct a consistent and implementable ridge estimator of σ2 from a single diffusion path
(N = 1) using the least squares approach. We derive rates of convergence of the risk of esti-
mation of the ridge estimators built on a compact interval and on the real line R over a Hölder
space, taking advantage of the properties of the local time of the diffusion process, and its link
with the transition density.

2. We extend the result to the estimation of σ2 on repeated observations of the diffusion process
(N → ∞). We prove that the estimators built on a compact interval and on R are more efficient
considering their respective rates compared to nonparametric estimators built from a single
diffusion path.

3. Focusing on the support of the diffusion coefficient, we consider an intermediate case between a
compact interval and R by proposing a ridge estimator of σ2 restricted to the compact interval
[−AN , AN ] where AN → ∞ as N → ∞. The benefit of this approach is that the resulting
projection estimator can reach a faster rate of convergence compared to the rate obtained on
the real line R.

4. Finally, we propose adaptive estimators of σ2 based on a data-driven selection of the dimension
through the minimization of the penalized least squares contrast in different settings.

We sum up below the rates of convergence (up to a log-factor) of the ridge estimators of σ2|I with
I ⊆ R over a Hölder space defined in the next section with a smoothness parameter β ≥ 1.

Outline of the paper. In Section 2.2, we define our framework with the key assumptions on the
coefficients of the diffusion process ensuring for instance that Equation (3.1) admits a unique strong
solution. Section 2.3 is devoted to the non-adaptive estimation of the diffusion coefficient from one
diffusion path both on a compact interval and on the real line R. In Section 2.4, we extend the
study to the non-adaptive estimation of the diffusion coefficient from repeated observations of the
diffusion process. We propose in Section 2.5, adaptive estimators of the diffusion coefficient, and
Section 2.6 complete the study with numerical evaluation of the performance of estimators. We prove
our theoretical results in Section 2.8.
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Estimation interval N = 1 and n→ +∞ N → +∞ and n→ +∞

I = [−A,A], A > 0 n−β/(2β+1) (Nn)−β/(2β+1)

I = [−AN , AN ], AN −→
N→+∞

+∞ xxxx (Nn)−β/(2β+1), N ∝ n

I = R n−β/(4β+1)
(Nn)−β/(4β+1) + n−2

Table 2.1: Rates of convergence of the square root of the risk of estimation E
ï∥∥∥σ̂2 − σ2|I

∥∥∥2
n,N

ò
of the

non-adaptive estimators σ̂2 of the square of the diffusion coefficient σ2|I built from one diffusion path
(N = 1) on the left column, and from repeated observations of the diffusion process (N → ∞) on the
right column. For the precise results, see Sections 2.3 and 2.4.

2.2 Framework and assumptions

Consider a diffusion process X = (Xt)t∈[0,1], solution of Equation (3.1) whose drift and diffusion
coefficient satisfy the following assumption.

Assumption 2.2.1. 1. There exists a constant L0 > 0 such that b and σ are L0−Lipschitz functions on R.

2. There exist constants σ0, σ1 > 0 such that : σ0 ≤ σ(x) ≤ σ1, ∀x ∈ R.

3. σ ∈ C2 (R) and there exist C > 0 and α ≥ 0 such that:∣∣σ′(x)∣∣+ ∣∣σ′′(x)∣∣ ≤ C (1 + |x|α) , ∀x ∈ R.

Under Assumption 2.2.1, X = (Xt)t∈[0,1] is the unique strong solution of Equation (3.1), and
this unique solution admits a transition density (t, x) 7→ pX(t, x). Besides, we draw from Assump-
tion 2.2.1 that

∀q ≥ 1, E
ñ
sup
t∈[0,1]

|Xt|q
ô
<∞. (2.2)

2.2.1 Definitions and notations

We suppose to have at our disposal, a sample DN,n =
{
X̄j , j = 1, · · · , N

}
constituted of N indepen-

dent copies of the discrete observation X̄ = (Xk∆n)0≤k≤n of the diffusion process X where ∆n = 1/n
is the time-step. The objective is to construct, from the sample DN,n, a nonparametric estimator of
the square σ2 of the diffusion coefficient on an interval I ⊆ R. In the sequel, we consider two main
cases, the first one being the estimation of σ2 on the interval I from a single path (N = 1 and n→ ∞).
For the second case, we assume that both N and n tend to infinity.

Denote by PX the distribution of the diffusion process X , and EX the corresponding expectation.
For each measurable function h, such that E

[
h2(Xt)

]
< ∞ for all t ∈ [0, 1], we define the following

empirical norms:

∥h∥2n := EX

[
1

n

n−1∑
k=0

h2 (Xk∆n)

]
, ∥h∥2n,N :=

1

Nn

N∑
j=1

n−1∑
k=0

h2
Ä
Xj

k∆n

ä
. (2.3)

For all h ∈ L2(I), we have

∥h∥2n =

∫
I
h2(x)

1

n

n−1∑
k=0

pX(k∆n, x)dx =

∫
I
h2(x)fn(x)dx,

where fn : x 7→ 1
n

∑n−1
k=0 pX(k∆n, x) is a density function. For the case of non-adaptive estimators of

σ2, we also establish bounds of the risks of the estimators based on the empirical norm ∥.∥n or the
L2−norm ∥.∥ when the estimation interval I is compact.

For any integers p, q ≥ 2 and any matrix M ∈ Rp×q, we denote by tM , the transpose of M . In the
sequel, for all n, p ∈ N such that n > p, we denote by [[p, n]], the set of integers {p, p+ 1, . . . n}.
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2.2.2 Spaces of approximation

We propose projection estimators of σ2 on a finite-dimensional subspace. To this end, we consider
for each m ≥ 1, a m-dimensional subspace Sm given as follows:

Sm := Span (ϕℓ, ℓ = 0, · · · ,m− 1) , m ≥ 1 (2.4)

where the functions (ϕℓ, ℓ ∈ N) are continuous, linearly independent and bounded on I . Further-
more, we need to control the ℓ2−norm of the coordinate vectors of elements of Sm, which leads to the
following constrained subspace,

Sm,L :=

{
h =

m−1∑
ℓ=0

aℓϕℓ,

m−1∑
ℓ=0

a2ℓ = ∥a∥22 ≤ mL, a = (a0, · · · , am−1) , L > 0

}
. (2.5)

Note that Sm,L ⊂ Sm and Sm,L is no longer a vector space. The control of the coordinate vectors
allows to establish an upper bound of the estimation error that tends to zero as n→ ∞ or N,n→ ∞.
In fact, we prove in the next sections that the construction of consistent estimators of σ2 requires the
functions h =

∑m−1
ℓ=0 aℓϕℓ to be bounded, such that

∥h∥∞ ≤ max
ℓ=0,...,m−1

∥ϕℓ∥∞ ∥a∥2.

This condition is satisfied for the functions of the constrained subspaces Sm,L with m ≥ 1. In this
article, we work with the following bases.

[B] The B-spline basis This is an example of a non-orthonormal basis defined on a compact inter-
val. Let A > 0 be a real number, and suppose (without restriction) that I = [−A,A]. Let K,M ∈ N∗,
and consider u = (u−M , · · · , uK+M ) a knots vector such that u−M = · · · = u−1 = u0 = −A,
uK+1 = · · · = uK+M = A, and for all i = 0, · · · ,K,

ui = −A+ i
2A

K
.

One calls B-spline functions, the piecewise polynomial functions (Bℓ)ℓ=−M,··· ,K−1 of degree M , asso-
ciated with the knots vector u (see [54], Chapter 14). The B-spline functions are linearly independent
smooth functions returning zero for all x /∈ [−A,A], and satisfying some smoothness conditions
established in [54]. Thus, we consider approximation subspaces SK+M defined by

SK+M = Span {Bℓ, ℓ = −M, · · · ,K − 1}

of dimension dim(SK+M ) = K +M , and in which, each function h =
∑K−1

ℓ=−M aℓBℓ is M − 1 times
continuously differentiable thanks to the properties of the spline functions (see [54]). Besides, the
spline basis is included in the definition of both the subspace Sm and the constrained subspace Sm,L

(see Equations (2.4) and (2.5)) with m = K +M and for any coordinates vector (a−M , . . . , aK−1) ∈
RK+M ,

K−1∑
ℓ=−M

aℓBℓ =
m−1∑
ℓ=0

aℓ−MBℓ−M .

The integer M ∈ N∗ is fixed, while K varies in the set of integers N∗. If we assume that σ2 belongs to
the Hölder space ΣI(β,R) given as follows:

ΣI(β,R) :=
{
h ∈ C⌊β⌋+1(I),

∣∣∣h(ℓ)(x)− h(ℓ)(y)
∣∣∣ ≤ R|x− y|β−ℓ, x, y ∈ I

}
,

where β ≥ 1, ℓ = ⌊β⌋ is the largest integer strictly smaller than β, and R > 0, then the unknown
function σ2|I restricted to the compact interval I can be approximated in the constrained subspace
SK+M,L spanned by the spline basis. This approximation result to the following bias term:

inf
h∈SK+M,L

∥h− σ2|I∥
2
n ≤ C|I|2βK−2β (2.6)

where the constant C > 0 depends on β,R and M , and |I| = sup I − inf I . The above result is a
modification of Lemma D.2 in [30].
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[F] The Fourier basis The subspace Sm can be spanned by the Fourier basis

{fℓ, ℓ = 0, . . . ,m− 1} = {1,
√
2 cos(2πjx),

√
2 sin(2πjx), j = 1, ..., d} with m = 2d+ 1.

The above Fourier basis is defined on the compact interval [0, 1]. The definition can be extended to
any compact interval, replacing the bases functions x 7→ fℓ(x) by x 7→ 1/(max I−min I)fℓ(

x−min I
max I−min I ).

We use this basis to build the estimators of σ2 on a compact interval I ⊂ R.
Define for all s ≥ 1 and for any compact interval I ⊂ R, the Besov space Bs

2,∞(I) which is a space

of functions f ∈ L2(I) such that the ⌊s⌋th derivative f (⌊s⌋) belongs to the space Bs−⌊s⌋
2,∞ (I) given by

Bs−⌊s⌋
2,∞ (I) =

ß
f ∈ L2(I) and

w2,f (t)

ts−⌊s⌋ ∈ L∞(I ∩ R+)

™
where for s − ⌊s⌋ ∈ (0, 1), w2,f (t) = sup

|h|≤t
∥τhf − f∥2 with τhf(x) = f(x − h), and for s − ⌊s⌋ = 1,

w2,f (t) = sup
|h|≤t

∥τhf + τ−hf − 2f∥2. Thus, if we assume that the function σ2|I belongs to the Besov

space Bs
2,∞, then it can be approximated in a constrained subspace Sm,L spanned by the Fourier

basis. Moreover, under Assumption 2.2.1 and from Lemma 12 in [2], there exists a constant C > 0
depending on the constant τ1 of Equation (2.13), the smoothness parameter s of the Besov space such
that

inf
h∈Sm,L

∥∥∥h− σ2|I

∥∥∥2
n
≤ τ1 inf

h∈Sm,L

∥∥∥h− σ2|I

∥∥∥2 ≤ C
∣∣∣σ2|I ∣∣∣2

β
m−2β (2.7)

where |σ2|I |s is the semi-norm of σ2|I in the Besov space Bs
2,∞(I).

Note that for all β ≥ 1, the Hölder space ΣI(β,R) and the Besov space Bβ
2,∞ satisfy:

L∞(R) ∩ ΣI(β,R) ⊂ Bβ
∞,∞(I) ⊂ Bβ

2,∞(I)

(see [31], Chap. 2 page 16). As a result, we rather consider in the sequel the Hölder space ΣI(β,R)
which can also be approximated by the Fourier basis.

[H] The Hermite basis The basis is defined from the Hermite functions (hj , j ≥ 0) defined on R
and given for all j ≥ 0 and for all x ∈ R by:

hj(x) = cjHj(x), where Hj(x) = (−1)j exp

Å
x2

2

ã
dj

dxj

Ä
e−x2/2

ä
and cj =

(
2jj!

√
π
)−1/2

.

The polynomials Hj(x), j ≥ 0 are the Hermite polynomials, and (hj , j ≥ 0) is an orthonormal
basis of L2(R). Furthermore, for all j ≥ 1 and for all x ∈ R such that x2 ≥ (3/2)(4j + 3), we
have |hj(x)| ≤ c|x| exp(−c0x2), where c, c0 > 0 are constants independent of j (see [19], Proof of
Proposition 3.5). We use the Hermite basis in the sequel for the estimation of σ2 on the real line R.

If one assumes that σ2 belongs to the Sobolev space W s
fn
(R, R) given for all s ≥ 1 by

W s
fn(R, R) :=

{
g ∈ L2(R, fn(x)dx), ∀ ℓ ≥ 1, ∥g − gℓ∥2n ≤ Rℓ−s

}
where for each ℓ ≥ 1, gℓ is theL2(R, fn(x)dx)−orthogonal projection of g on the ℓ−dimensional vector
space Sℓ spanned by the Hermite basis. Consider a compact interval I ⊂ R and the following spaces:

W s(I,R) :=

g ∈ L2(I),

∞∑
j=0

js ⟨g, ϕj⟩2 ≤ R

 ,

W s
fn(I,R) :=

{
g ∈ L2(I, fn(x)dx), ∀ ℓ ≥ 1, ∥g − gℓ∥2n ≤ Rℓ−s

}
where (ϕj)j≥0 is an orthonormal basis defined on I and for all ℓ ≥ 1, gℓ is the orthogonal projection
of g onto Sℓ = Span(hj , j ≤ ℓ) of dimension ℓ ≥ 1 (see e.g. [20]). Then, for all g ∈W s(I,R), we have

g =
∞∑
j=0

⟨g, ϕj⟩ϕj and ∥g − gℓ∥2 =
∞∑

j=ℓ+1

⟨g, ϕj⟩2 ≤ ℓ−s
∞∑

j=ℓ+1

js ⟨g, ϕj⟩2 ≤ Rℓ−s.
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We have W s
fn
(I,R) = W s(I,R) as the empirical norm ∥.∥n and the L2−norm ∥.∥ are equivalent. The

space W s
fn
(R, R) is an extension of the space W s

fn
(I,R) wher I = R and (ϕj)j≥0 is the Hermite basis.

Remark 2.2.2. The B-spline basis is used for the estimation of σ2 on a compact interval on one side (N = 1
and N > 1), and on the real line on the other side restricting σ2 on the compact interval [− log(n), log(n)]
for N = 1, or [− log(N), log(N)] for N > 1, and bounding the exit probability of the process X from the
interval [− log(N), log(N)] (or [− log(n), log(n)]) by a negligible term with respect to the estimation error.
In a similar context, the Fourier basis is used as an othonormal basis to built nonparametric estimators of σ2

on a compact interval and on R, both for N = 1 and for N > 1. The main goal is to show that, in addition to
the spline basis which is not orthogonal, we can built projection estimators of σ2 on orthonormal bases that are
consistent. The advantage of the Hermite basis compared to the Fourier basis is its definition on the real line R.
As a result, we use the Hermite basis to propose for N > 1, a projection estimator of σ2 whose support is the
real line R.

Remark 2.2.3. Denote by M, the set of possible values of the dimension m ≥ 1 of the approximation subspace
Sm. If (ϕ0, · · · , ϕm−1) is an orthonormal basis, then for allm,m′ ∈ M such thatm < m′, we have Sm ⊂ Sm′ .
For the case of the B-spline basis, one can find a subset K ⊂ M of the form

K = {2q, q = 0, · · · , qmax}

such that for allK,K ′ ∈ K,K < K ′ implies SK+M ⊂ SK′+M (see for example [30]). The nesting of subspaces
Sm, m ∈ M is of great importance in the context of adaptive estimation of the diffusion coefficient and the
establishment of upper-bounds for the risk of adaptive estimators.

In the sequel, we denote by [F], [H] and [B] the respective collection of subspaces spanned by the
Fourier basis, the Hermite basis and the B-spline basis.

2.2.3 Ridge estimators of the square of the diffusion coefficient

We establish from Equation (1.1) and the sample DN,n the regression model for the estimation of σ2.
For all j ∈ [[1, N ]] and k ∈ [[0, n− 1]], define

U j
k∆n

:=

Ä
Xj

(k+1)∆n
−Xj

k∆n

ä2
∆n

.

The increments U j
k∆n

are approximations in discrete times of d⟨X,X⟩t
dt since, from Equation (1.1), one

has d ⟨X,X⟩t = σ2(Xt)dt. From Equation (1.1), we obtain the following regression model,

U j
k∆n

= σ2(Xj
k∆n

) + ζjk∆n
+Rj

k∆n
, ∀(j, k) ∈ [[1, N ]]× [[0, n− 1]] (2.8)

where U j
k∆n

is the response variable, ζjk∆n
and Rj

k∆n
are respectively the error term and a negligible

residual whose explicit formulas are given in Section 2.8.
We consider the least squares contrast γn,N defined for all m ∈ M and for all functions h ∈ Sm,L

by

γn,N (h) :=
1

Nn

N∑
j=1

n−1∑
k=0

Ä
U j
k∆n

− h(Xj
k∆n

)
ä2
. (2.9)

For each dimension m ∈ M, the projection estimator σ̂2m of σ2 over the subspace Sm,L is defined as:

σ̂2m ∈ argmin
h∈Sm,L

γn,N (h). (2.10)

Indeed, for each dimension m ∈ M, the estimator σ̂2m of σ2 given in Equation (2.10) satisfies σ̂2m =∑m−1
ℓ=0 âℓϕℓ, where

â = (â0, · · · , âm−1) := argmin
∥a∥22≤mL

∥U− Fma∥22 (2.11)
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with tU =
Ä
U1
0 , . . . , U

1
(n−1)∆n

, . . . , UN
0 , . . . , U

N
(n−1)∆n

ä
and the matrix Fm is defined as follows

Fm :=
Ä
t(ϕℓ(X

j
0), . . . , ϕℓ(X

j
(n−1)∆n

))
ä
0≤ℓ≤m−1

1≤j≤N

∈ RNn×m.

The vector of coefficients â is unique and called the ridge estimator of a because of the ℓ2 constraint
on the coordinate vectors (see [55] Chap. 3 page 61).

2.3 Estimation of the diffusion coefficient from a single diffusion path

This section focuses on the nonparametric estimation of the square of the diffusion coefficient σ2 on
an interval I ⊆ R when only a single diffusion path is observed at discrete times (N = 1). It is proved
in the literature that one can construct consistent estimators of the diffusion coefficient from one path
when the time horizon T is finite (see e.g. [58]). Two cases are considered. First, we propose a ridge
estimator of σ2 on a compact interval I ⊂ R, say for example I = [−1, 1]. Secondly, we extend the
study to the estimation of σ2 on the real line I = R. Note that for case of a compact interval I , only
data that fall into I are used to estimate the unknown function.

2.3.1 Non-adaptive estimation of the diffusion coefficient on a compact interval

In this section, we consider the estimator σ̂2m of the compactly supported square of the diffusion
coefficient σ2|I on the constrained subspaces Sm,L from the observation of a single diffusion path.

Since the interval I ⊂ R is compact, the immediate benefit is that the density function fn defined
from the transition density of the diffusion process X̄ = (Xk∆) is bounded from below. In fact, there
exist constants τ0, τ1 ∈ (0, 1] such that

∀x ∈ I, τ0 ≤ fn(x) ≤ τ1, (2.12)

(see [30]). Thus, for each function h ∈ L2(I),

τ0∥h∥2 ≤ ∥h∥2n ≤ τ1∥h∥2 (2.13)

where ∥.∥ is the L2−norm. Equation (2.13) allows to establish global rates of convergence of the risk
of the ridge estimators σ̂2m of σ2|I withm ∈ M using the L2−norm ∥.∥ which is, in this case, equivalent
with the empirical norm ∥.∥n.

Let ∥.∥n be a random pseudo-norm defined for all h ∈ L2(I) by

∥h∥2X :=

∫ 1

0
h2(Xs)ds. (2.14)

To establish an upper-bound of the risk of estimation that tends to zero as n tends to infinity, we need
to establish equivalence relations between the pseudo-norms ∥.∥n,1 (N = 1) and ∥.∥X on one side,
and ∥.∥X and the L2−norm ∥.∥ on the other side. Define for x ∈ R, the local time Lx of the diffusion
process X = (Xt)t∈[0,1] by

Lx = lim
ε→0

1

2ε

∫ 1

0
1(x−ε,x+ε)(Xs)ds. (2.15)

In general, the local time of a continuous semimartingale is a.s. càdlàg (see e.g. [81]). But, for diffusion
processes and under Assumption 2.2.1, the local time Lx is continuous at any point x ∈ R (see
Lemma 2.8.5 in Section 2.8). Furthermore, we obtain the following result.

Lemma 2.3.1 ([81]). Under Assumption 2.2.1, and for any continuous and integrable function h, it holds,

1.
∫ 1
0 h(Xs)ds =

∫
R h(x)L

xdx.

2. For all x ∈ R, E(Lx) =
∫ 1
0 pX(s, x)ds.
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Lemma 2.3.1 shows that there is a link between the local time and the transition density of the dif-
fusion process. Thus, if we consider the pseudo-norm ∥.∥X depending on the process X = (Xt)t∈[0,1]
and given in Equation (2.14), and using Lemma 2.3.1, we obtain that,

E
[
∥h∥2X

]
=

∫
R
h2(x)E [Lx] dx =

∫
R
h2(x)

∫ 1

0
pX(s, x)dsdx ≥ τ0∥h∥2. (2.16)

where
∫ 1
0 pX(s, x)ds ≥ τ0 > 0 (see [30], Lemma 4.3), and ∥h∥2 is the L2−norm of h.

Theorem 2.3.2. SetL = log(n) with n large enough. Suppose that σ2 is approximated in one of the collections
[B] and [F]. Under Assumption 2.2.1 and for all γ > 1, it holds

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,1

ò
≤ 3 inf

h∈Sm,L

∥∥∥h− σ2|I

∥∥∥2
n
+ C

Å
m

n
+
m2γ+1 log(n)

nγ/2
+∆2

n

ã
E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n

ò
≤ 34τ1

τ0
inf

h∈Sm,L

∥∥∥h− σ2|I

∥∥∥2
n
+ C ′

Å
m

n
+
m2γ+1 log(n)

nγ/2
+∆2

n

ã
where the constant C > 0 depends on σ1 and the constant C ′ > 0 depends on σ1, τ0 and τ1.

We remark that the risk bound of σ̂2m is composed of the bias term, which quantifies the cost of
approximation of σ2|I in the constrained space Sm,L, the estimation error O(m/n) and the cost of the
time discretization O(∆2

n) are established on a random event in which the pseudo-norms ∥.∥n,1 and

∥.∥X are equivalent, and whose probability of the complementary times
∥∥∥σ̂2m − σ2|I

∥∥∥2
∞

is bounded by

the term O
(
m2γ+1 log(n)

nγ/2

)
(see Lemma 2.8.9 and proof of Theorem 2.3.2).

The next result proves that the risk of estimation can reach a rate of convergence of the same order
as the rate established in [58] if the parameter γ > 1 is chosen such that the term O(m2γ+1 log(n)/nγ/2)

is of the same order than the estimation error of order m/n. Note that the risk
∥∥∥σ̂2m − σ2|I

∥∥∥2
n

is random
since ∥∥∥σ̂2m − σ2|I

∥∥∥2
n
= EX

[
1

n

n−1∑
k=0

(σ̂2m − σ2|I)(Xk∆)

]
and the estimator σ̂2m is built from an independent copy X̄1 of the discrete times process X̄ . Thus,
the expectation E relates to the estimator σ̂2m.

Corollary 2.3.3. Suppose that σ2 ∈ ΣI(β,R) with β > 3/2, and γ = 4(2β + 1)/(2β − 3). Assume that
Kopt ∝ n1/(2β+1) for [B] (mopt = Kopt +M ), and mopt ∝ n1/(2β+1) for [F]. Under Assumptions 2.2.1 and
for n large enough, it holds,

E
ï∥∥∥σ̂2mopt

− σ2|I

∥∥∥2
n,1

ò
= O
Ä
n−2β/(2β+1)

ä
E
ï∥∥∥σ̂2mopt

− σ2|I

∥∥∥2
n

ò
= O
Ä
n−2β/(2β+1)

ä
.

Note that we obtain the exact same rates when considering the risk of σ̂2mopt
defined with the

L2−norm equivalent to the empirical norm ∥.∥n. Moreover, these rates of convergence are of the
same order than the optimal rate n−s/(2s+1) established in [58] over a Besov ball.

2.3.2 Non-adaptive estimation of the diffusion coefficient on the real line

In this section, we propose a ridge estimator of σ2 on the real line R, built from one diffusion path. In
this context, the main drawback is that the density function fn : x 7→ 1

n

∑n−1
k=0 pX(k∆, x) is no longer

lower bounded. Consequently, the empirical norm ∥.∥n is no longer equivalent to the L2−norm ∥.∥
and the consistency of the estimation error is no longer ensured under the assumptions made in the
previous sections. Consider the truncated estimator σ̂2m,L of σ2 given by

σ̂2m,L(x) = σ̂2m(x)1σ̂2
m(x)≤

√
L +

√
L1σ̂2

m(x)>
√
L (2.17)
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Chapitre 2: Estimation non-paramétrique du coefficient de diffusion

where L > 0 is the same parameter used to define the approximation subspace SKN ,M . Thus, the risk
of the ridge estimator σ̂2m,L is upper-bounded as follows:

E
î∥∥σ̂2m,L − σ2

∥∥2
n,1

ó
≤ E
î∥∥(σ̂2m,L − σ2)1[− log(n),log(n)]

∥∥2
n,1

ó
+ E
î∥∥(σ̂2m,L − σ2)1[− log(n),log(n)]c

∥∥2
n,1

ó
≤ E
î∥∥(σ̂2m,L − σ2)1[− log(n),log(n)]

∥∥2
n,1

ó
+ 4L sup

t∈[0,1]
P(|Xt| > log(n)).

The first term on the r.h.s. is equivalent to the risk of a ridge estimator of σ2 on the compact interval
[− log(n), log(n)]. The second term on the r.h.s. is upper-bounded using Lemma 2.8.4. We derive
below, an upper-bound of the risk of estimation of σ̂2m.

Theorem 2.3.4. Suppose that L = log2(n). Under Assumption 2.2.1 and for n large enough, it holds,

E
î∥∥σ̂2m,L − σ2

∥∥2
n,1

ó
≤ inf

h∈Sm,L

∥h− σ2∥2n + C

 
mq log2(n)

n

where C > 0 is a constant, q = 1 for the collection [B], and q = 2 for the collection [F].

We first remark that the upper-bound of the risk of the truncated estimator of σ2 differs with
respect to each of the chosen bases. This contrast comes from the fact that the Fourier basis {fℓ, ℓ =
0, . . . ,m− 1} and the spline basis {Bℓ−M , ℓ = 0, . . . ,m− 1} satisfy

m−1∑
ℓ=0

fℓ(x) ≤ Cfm, and
m−1∑
ℓ=0

Bℓ−M (x) = 1.

Secondly, the estimation error is not as fine as the one established in Theorem 2.3.2 where σ2 is es-
timated on a compact interval. In fact, on the real line R, the pseudo-norm ∥.∥X can no longer be
equivalent to the L2−norm since the transition density is not bounded from below on R. Conse-
quently, we cannot take advantage of the exact method used to establish the risk bound obtained in
Theorem 2.3.2 which uses the equivalence relation between the pseudo-norms ∥.∥n,1 and ∥.∥X on one
side, and ∥.∥X and the L2−norm ∥.∥ on the other side. Moreover, we can also notice that the term of
order 1/n2 does not appear since it is dominated by the estimation error.

We obtain below rates of convergence of the ridge estimator of σ2 for each of the collections [B]
and [F].

Corollary 2.3.5. Suppose that σ2 ∈ ΣI(β,R) with β ≥ 1

For [B]. Assume that K ∝ n1/(4β+1). Under Assumptions 2.2.1 and for n large enough, there exists a
constant C > 0 depending on β and σ1 such that

E
î∥∥σ̂2m,L − σ2

∥∥2
n,1

ó
≤ C log2β(n)n−2β/(4β+1).

For [F]. Assume that m ∝ n1/2(2β+1). Under Assumptions 2.2.1 and for n large enough, it holds,

E
î∥∥σ̂2m,L − σ2

∥∥2
n,1

ó
≤ C log(n)n−β/(2β+1)

where the constant C > 0 depends on β and σ1.

As we can remark, the obtained rates are slower than the ones established in Section 2.3.1 where
σ2 is estimated on a compact interval. This result is the immediate consequence of the result of
Theorem 2.3.4.

2.4 Estimation of the diffusion coefficient from repeated diffusion paths

We now focus on the estimation of the (square) of the diffusion coefficient from i.i.d. discrete obser-
vations of the diffusion process (N → ∞).
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2.4 Estimation of the diffusion coefficient from repeated diffusion paths

2.4.1 Non-adaptive estimation of the diffusion coefficient on a compact interval

We study the rate of convergence of the ridge estimators σ̂2m of σ2|I from DN,n when I is a compact
interval. The next theorem gives an upper-bound of the risk of our estimators σ̂2m, m ∈ M.

Theorem 2.4.1. Suppose that L = log(Nn) and M =
¶
1, . . . ,

√
min(n,N)/ log(Nn)

©
. Under Assump-

tion 2.2.1 and for n,N → ∞, for each m ∈ M, there exist constants C > 0 and C ′ > 0 depending on σ1 such
that,

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,N

ò
≤ 3 inf

h∈Sm,L

∥∥∥h− σ2|I

∥∥∥2
n
+ C

( m

Nn
+m log(Nn) exp

(
−C
»
min(n,N)

)
+∆2

n

)
E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n

ò
≤ 34 inf

h∈Sm,L

∥∥∥h− σ2|I

∥∥∥2
n
+ C ′

( m

Nn
+m log(Nn) exp

(
−C
»
min(n,N)

)
+∆2

n

)
.

Note that the result of Theorem 2.4.1 is independent of the choice of the basis that generates the
approximation space Sm. The first term on the right-hand side represents the approximation error of
the initial space, the second term O(m/(Nn)) is the estimation error, and the last term characterizes
the cost of the time discretization. The next result is derived from Theorem 2.4.1.

Corollary 2.4.2. Suppose that σ2 ∈ ΣI(β,R) with β > 3/2. Moreover, assume that Kopt ∝ (Nn)1/(2β+1)

for [B] (mopt = Kopt+M ), and mopt ∝ (Nn)1/(2β+1) for [F]. Under Assumptions 2.2.1 and for n,N → ∞,
it holds,

E
ï∥∥∥σ̂2mopt

− σ2|I

∥∥∥2
n,N

ò
= O
Ä
(Nn)−2β/(2β+1)

ä
E
ï∥∥∥σ̂2mopt

− σ2|I

∥∥∥2
n

ò
= O
Ä
(Nn)−2β/(2β+1)

ä
.

The obtained result shows that the nonparametric estimators of σ2|I based on repeated observa-
tions of the diffusion process are more efficient when N,n → ∞. Note that the same rate is obtained
if the risk of σ̂2mopt

is defined with the L2−norm ∥.∥ equivalent to the empirical norm ∥.∥n.
The rate obtained in Corollary 2.4.2 is established for β > 3/2. If we consider for example the col-

lection [B] and assume that β ∈ [1, 3/2], thenKopt ∝ (Nn)1/(2β+1) belongs to M for n ∝
√
N/ log4(N)

and we have

E
ï∥∥∥σ̂2mopt

− σ2|I

∥∥∥2
n,N

ò
≤ C(Nn)−2β/(2β+1).

Under the condition n ∝
√
N/ log4(N) imposed on the length of diffusion paths, the obtained rate is

of order n−3β/(2β+1) (up to a log-factor) which is equivalent to N−3β/2(2β+1) (up to a log-factor).

2.4.2 Non-adaptive estimation of the diffusion coefficient on the real line

Consider a ridge estimator of σ2 on R built from N independent copies of the diffusion process X
observed in discrete times, where both N and n tend to infinity. For each m ∈ M, we still denote by
σ̂2m the ridge estimators of σ2 and σ̂2m,L the truncated estimators of σ2 given in Equation (2.17). We
establish, through the following theorem, the first risk bound that highlights the main error terms.

Theorem 2.4.3. Suppose that L = log2(N), and N,n → ∞. Under Assumptions 2.2.1 and for any dimen-
sion m ∈ M, the following holds:

E
î∥∥σ̂2m,L − σ2

∥∥2
n,N

ó
≤ 2 inf

h∈Sm,L

∥h− σ2∥2n + C

Ñ 
mq log2(N)

Nn
+∆2

n

é
where C > 0 is a constant depending on the upper bound σ1 of the diffusion coefficient. Moreover, q = 1 for
the collection [B] and q = 2 for the collection [H].
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If we consider the risk of σ̂2m,L using the empirical norm ∥.∥n, then we obtain

E
î∥∥σ̂2m,L − σ2

∥∥2
n

ó
≤ 2 inf

h∈Sm,L

∥h− σ2∥2n + C

Ñ 
mq log2(N)

Nn
+
m2 log3(N)

N
+∆2

n

é
(2.18)

The risk bound given in Equation (2.18) is a sum of four error terms. The first term is the approxi-
mation error linked to the choice of the basis, the second term is the estimation error given in The-
orem 2.4.3, the third term m2 log3(N)/N comes from the relation linking the empirical norm ∥.∥n to
the pseudo-norm ∥.∥n,N (see Lemma 2.8.7), and the last term is the cost of the time-discretization.

We derive, in the next result, rates of convergence of the risk bound of the truncated ridge esti-
mators σ̂2m,L based on the collections [B] and [H] respectively.

Corollary 2.4.4. Suppose that σ2 ∈ ΣI(β,R) with β ≥ 1, I = [− log(N), log(N)], and K ∝ (Nn)1/(4β+1)

for [B], and σ2 ∈ W s
fn
(R, R) with s ≥ 1 and m ∝ (Nn)1/2(2s+1) for [H]. Under Assumption 2.2.1 and for

N,n→ ∞, the following holds:

For [B] E
î∥∥σ̂2m,L − σ2

∥∥2
n,N

ó
≤ C

Å
log2β(N)(Nn)−2β/(4β+1) +

1

n2

ã
,

For [H] E
î∥∥σ̂2m,L − σ2

∥∥2
n,N

ó
≤ C

Å
log3(N)(Nn)−s/(2s+1) +

1

n2

ã
.

where C > 0 is a constant depending on β and σ1 for [B], or s and σ1 for [H].

The obtained rates are slower compared to the rates established in Section 2.4.1 for the estima-
tion of σ2|I where the interval I ⊂ R is compact. In fact, the method used to establish the rates of
Theorem 2.4.3 from which the rates of Corollary 2.4.4 are obtained, does not allow us to derive rates
of order (Nn)−α/(2α+1) (up to a log-factor) with α ≥ 1 (e.g. α = β, s). Finally, if we consider the
risk defined with the empirical norm ∥.∥n, then from Equation (2.18) with n ∝ N and assuming that
m ∝ N1/4(s+1) for [H] or K ∝ N1/4(β+1) for [B], we obtain

[B] : E
î∥∥σ̂2m,L − σ2

∥∥2
n

ó
≤ C log2β(N)(Nn)−β/2(β+1),

[H] : E
î∥∥σ̂2m,L − σ2

∥∥2
n

ó
≤ C log3(N)(Nn)−s/2(s+1),

where C > 0 is a constant depending on σ1 and on the smoothness parameter. We can see that the
obtained rates are slower compared to the results of Corollary 2.4.4 for n ∝ N . The deterioration of
the rates comes from the additional term of order m2 log3(N)/N which is now regarded as the new
estimation error since it dominates the other term in each case as N → ∞.

2.4.3 Non-adaptive estimation of the diffusion coefficient on a compact interval depend-
ing on the sample size

This section combines the two first sections 2.4.1 and 2.4.2 focusing on the estimation of σ2 on the
compact interval [−AN , AN ] where (AN ) is a strictly positive sequence such thatAN → ∞ asN → ∞.
Consequently, we obtain that the estimation interval tends to R as the sample sizeN tends to infinity.

Define from the observations and for each dimension m ∈ M, the following matrices:“Ψm :=

Ñ
1

Nn

N∑
j=1

n−1∑
k=0

ϕℓ
Ä
Xj

k∆

ä
ϕℓ′
Ä
Xj

k∆

äé
0≤ℓ,ℓ′≤m−1

, (2.19)

Ψm := E
Ä“Ψm

ä
=

(
E

[
1

n

n−1∑
k=0

ϕℓ (Xk∆)ϕℓ′ (Xk∆)

])
0≤ℓ,ℓ′≤m−1

. (2.20)
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These two matrices play an essential role in the construction of a consistent projection estimator of
σ2 over any approximation subspace Sm spanned by the basis (ϕ0, · · · , ϕm−1). Furthermore, for all
h =

∑m−1
ℓ=0 aℓϕℓ ∈ Sm, we have:

∥h∥2n,N = ta“Ψma, ∥h∥2n = E
(
∥h∥2n,N

)
= taΨma,

where a = (a0, · · · , am−1). The Gram matrix Ψm is invertible under the spline basis (see [28]) and the
Hermite basis (see [20]). We define for any invertible matrix M , the operator norm

∥∥M−1
∥∥
op

of M−1

given by
∥∥M−1

∥∥
op

= 1/ inf{λj} where the λj are eigenvalues of M .

For each dimension m ∈ M, the matrices “Ψm and Fm satisfy:“Ψm = tFmFm.

Consider the ridge estimator σ̂2m of σ2AN
= σ21[−AN ,AN ], with m ∈ M and AN → ∞ as N → ∞. The

estimator σ̂2m can reach a faster rate of convergence if the Gram matrix Ψm given in Equation (2.20)
satisfies the following condition,

L(m)
Ä∥∥Ψ−1

m

∥∥
op

∨ 1
ä
≤ C

N

log2(N)
, where L(m) := sup

x∈R

m−1∑
ℓ=0

ϕ2ℓ (x) <∞ (2.21)

where C > 0 is a constant. In fact, the optimal rate of convergence is achieved on a random event
Ωn,N,m in which the two empirical norms ∥.∥n,N and ∥.∥n are equivalent (see [18], [30]). Then, Con-
dition (2.21) is used to upper-bound P

Ä
Ωc
n,N,m

ä
by a negligible term with respect to the considered

rate (see [18]). Note that in Equation (2.21), the square on log(N) is justified by the fact that the value
of constant C > 0 is unknown, and that the spline basis is not othonormal (see [28], proof of Lemma
7.8). The assumption of Equation (2.21) is also made in [18] on the operator norm of Ψ−1

m based on an
orthonormal basis with the bound cN/ log(N) where the value of c is known, and chosen and such
that the upper-bound of P(Ωc

n,N,m) is negligible with respect to the estimation error. In our frame-
work, since the transition density is approximated by Gaussian densities, we derive the following
result.

Lemma 2.4.5. Suppose that n ∝ N and N → ∞, and that the spline basis is constructed on the interval
[−AN , AN ] with AN > 0. Under Assumption 2.2.1 , for all m ∈ M and for all w ∈ Rm such that ∥w∥2,m =
1, there exists a constant C > 0 such that

For [H] : w′Ψmw ≥ C

log(N)
exp

Ç
− 3cσ(4m+ 3)

2
(
1− log−1(N)

)å ,
For [B] : w′Ψmw ≥ CAN

m log(N)
exp

(
−cσA2

N

)
,

where the constant cσ > 1 that comes from the approximation of the transition density, depends on the diffusion
coefficient σ.

The result of Lemma 2.4.5 implies for the Hermite basis thatÄ∥∥Ψ−1
m

∥∥
op

∨ 1
ä
≤ log(N)

C
exp

Ç
3cσ(4m+ 3)

2
(
1− log−1(N)

)å
where the upper-bound is an exponentially increasing sequence ofN since the dimensionm ∈ M has
a polynomial growth with respect to N . Thus, Condition (2.21) cannot be satisfied for the Hermite
basis in our framework. Considering the spline basis, one has L(m) = L(K+M) ≤ 1 and there exists
a constant C > 0 such that ∥∥Ψ−1

m

∥∥
op

≤ C
m log(N)

AN
exp

(
cσA

2
N

)
. (2.22)

For K ∝
Ä
N2/(2β+1)AN

ä
, Condition (2.21) is satisfied if the estimation interval [−AN , AN ] is chosen

such that AN = o
Ä√

log(N)
ä

. In the next theorem, we prove that the spline-based ridge estimator of
σ2AN

reaches a faster rate of convergence compared to the result of Corollary 2.4.4 for the collection
[B].
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Theorem 2.4.6. Suppose that N ∝ n and N → ∞, and consider the ridge estimator σ̂2AN ,m of σ2AN
based on

the spline basis. Furthermore, suppose that L = log(N), AN = o
Ä√

log(N)
ä

and K ∝ (Nn)1/(2β+1)AN

(m = K +M ). Under Assumptions 2.2.1 and for σ2 ∈ ΣI(β,R) with I = [−AN , AN ], the following holds:

E
î∥∥σ̂2AN ,m − σ2AN

∥∥2
n,N

ó
≤ C logβ(N)(Nn)−2β/(2β+1)

where C > 0 is a constant depending on β.

The above result shows that the risk of the ridge estimator of σ2AN
on [−AN , AN ] reaches a rate of

order (Nn)−β/(2β+1) (up tp a log-factor) thanks to Condition (2.21) which allows us to take advantage
of the equivalence relation between the empirical norms ∥.∥n and ∥.∥n,N given in Equation (2.3) to
derive a finer estimation error (see proof of Theorem 2.4.6). Note that the obtained result depends on
an appropriate choice of the estimation interval [−AN , AN ] which tends to R as N tends to infinity.
Therefore, any choice of AN such that AN/

√
log(N) −→ +∞ cannot lead to a consistent estimation

error since Equation (2.21) is no longer satisfied for the upper-bounding of P
Ä
Ωc
n,N,m

ä
by a term that

tends to zero as N → ∞. Thus, the assumption AN = o
Ä√

log(N)
ä

is a necessary and sufficient
condition for the validation of Condition (2.21) which leads, together with Assumption 2.2.1, to the
result of Theorem 2.4.6. Finally, under the assumptions of Theorem 2.4.6 and considering the risk of
σ̂2AN ,m based on the empirical norm ∥.∥n, we also obtain

E
î∥∥σ̂2AN ,m − σ2AN

∥∥2
n

ó
= O
Ä
logβ(N)(Nn)−2β/(2β+1)

ä
.

In fact, under Condition (2.21), the estimator σ̂2AN ,m satisfies the results of Theorem 2.4.1 with I =

[−AN , AN ] and AN = o
Ä√

log(N)
ä

, which implies rates of the same order for the two empirical
norms.

2.5 Adaptive estimation of the diffusion coefficient from repeated obser-
vations

In this section, we suppose that n ∝ N and we propose a adaptive ridge estimator of σ2 by selecting
an optimal dimension from the sample DN . In fact, consider the estimator σ̂2“K,L

where “K satisfies:“K := argmin
K∈K

{
γn,N

(
σ̂2K
)
+ pen(K)

}
(2.23)

and the penalty function pen : K 7→ pen(K) is established using the chaining technique of [7]. We
derive below the risk of the adaptive estimator of σ2|I when the interval I ⊂ R is compact and the
sample size N → ∞.

Theorem 2.5.1. Suppose that N ∝ n, L = log(N), N → ∞, and consider the collection [B] with

K ∈ K = {2q, q = 0, 1, . . . , qmax} ⊂ M =
¶
1, . . . ,

ö√
N/ log(N)

ù©
.

Under Assumption 2.2.1 , there exists a constant C > 0 such that,

E
ï∥∥∥σ̂2“K,L

− σ2|I

∥∥∥2
n,N

ò
≤ 34 inf

K∈K

ß
inf

h∈SK+M,L

∥h− σ2|I∥
2
n + pen(K)

™
+

C

Nn

where pen(K) = κ(K +M) log(N)/Nn with κ > 0 a numerical constant.

We deduce from Corollary 2.4.2 and its assumptions that the adaptive estimator σ̂2“K,L
satisfies:

E
ï∥∥∥σ̂2“K,L

− σ2|I

∥∥∥2
n

ò
= O
Ä
(Nn)−2β/(2β+1)

ä
.

This result is justified since the penalty term is of the same order (up to a log-factor) than the estima-
tion error established in Theorem 2.4.1.

Considering the adaptive estimator of σ2 on the real line I = R when the sample size N → ∞, we
obtain the following result.
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Theorem 2.5.2. Suppose that N ∝ n, L = log(N), N → ∞, and consider the collection [B] with

K ∈ K = {2q, q = 0, 1, . . . , qmax} ⊂ M =
¶ö√

N/ log(N)
ù©
.

Under Assumption 2.2.1 and for N large enough, the exists a constant C > 0 such that,

E
ï∥∥∥σ̂2“K,L

− σ2
∥∥∥2
n,N

ò
≤ 3 inf

K∈K

ß
inf

h∈SK+M,L

∥∥h− σ2
∥∥2
n
+ pen(K)

™
+

C

Nn
.

where pen(K) = κ′ (K+M) log(N)
Nn with κ′ > 0 a numerical constant.

We have a penalty term of the same order than the one obtained in Theorem 2.5.1 where σ2 is
estimated on a compact interval. One can deduce that the adaptive estimator reaches a rate of the
same order than the rate of the non-adaptive estimator given in Corollary 2.4.4 for the collection [B].

If we consider the adaptive estimator of the compactly supported diffusion coefficient built from
a single diffusion path, we obtain below an upper-bound of its risk of estimation.

Theorem 2.5.3. Suppose that N = 1, n→ ∞, L =
√
log(n) and consider the collection [B] with

K ∈ K = {2q, q = 0, . . . , qmax} ⊂ M =
{
1, . . . ,

√
n/ log(n)

}
.

Under Assumption 2.2.1, it holds

E
ï∥∥∥σ̂2“K,L

− σ2|I

∥∥∥2
n,1

ò
≤ 3 inf

K∈K

ß
inf

h∈SK+M,L

∥∥∥h− σ2|I

∥∥∥2
n
+ pen(K)

™
+
C

n
.

where C > 0 is a constant depending on τ0, and pen(K) = κ (K+M) log(n)
n with κ > 0 a numerical constant.

We deduce from Theorem 2.5.3 that if we assume that σ2 ∈ ΣI(β,R), then the adaptive estimator
σ̂2“K,L

reaches a rate of order n−β/(2β+1) (up to a log-factor). The result of this theorem is almost a
deduction of the result of Theorem 2.5.1, the slight difference being the use, in the proofs, of the local
time of the process and the equivalence relation between the pseudo-norm ∥.∥n,1 with the pseudo-
norm ∥.∥X instead of the empirical norm ∥.∥n considered in the proof of Theorem 2.5.1.

2.6 Numerical study

This section is devoted to the numerical study on a simulation scheme. Section 2.6.1 focuses on
the presentation of the chosen diffusion models. In Section 2.6.2, we describe the scheme for the
implementation of the ridge estimators. We mainly focus on the B-spline basis for the numerical
study, and in Section 2.6.3, we add a numerical study on the performance of the Hermite-based ridge
estimator of σ2 on R. Finally, we compare the efficiency of our estimator built on the real line R from
a single path with that of the Nadaraya-Watson estimator proposed in [42].

2.6.1 Models and simulations

Recall that the time horizon is T = 1 and X0 = 0. Consider the following diffusion models:

Model 1 Ornstein-Uhlenbeck: b(x) = 1− x, σ(x) = 1

Model 2: b(x) = 1− x, σ(x) = 1− x2

Model 3: b(x) = 1− x, σ(x) = 1
3+sin(2πx) + cos2

(
π
2x
)

Model 1 is the commonly used Ornstein−Uhlenbeck model, known to be a simple diffusion
model satisfying Assumption 2.2.1. Model 2 does not satisfy Assumption 2.2.1. Model 3 satisfies
Assumption 2.2.1 with a multimodal diffusion coefficient.

The size N of the sample DN takes values in the set {1, 10, 100, 1000} where the length n of paths
varies in the set {100, 250, 500, 1000}. As we work with the spline basis, the dimensionm = K+M of
the approximation space is chosen such that M = 3 and K takes values in K = {2p, p = 0, · · · , 5} so
that the subspaces are nested inside each other. We are using R for the simulation of diffusion paths
via the function sde.sim of sde package, (see [59] for more details on the simulation of SDEs).
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2.6.2 Implementation of the ridge estimators

In this section, we assess the quality of estimation of the adaptive estimator σ̂2“m in each of the 3 models
through the computation of its risk of estimation. We compare the performance of the adaptive
estimator with that of the oracle estimator σ̂2m∗ where m∗ is given by:

m∗ := argmin
m∈M

∥∥σ̂2m − σ2
∥∥2
n,N

. (2.24)

For the spline basis, we have m∗ = K∗ +M with M = 3. Finally, we complete the numerical study
with a representation of a set of 10 estimators of σ2 for each of the 3 models.

We evaluate the MISE of the spline-based adaptive estimators σ̂2“K by repeating 100 times the
following steps:

1. Simulate samplesDN,n andDN ′,n withN ∈ {1, 10, 100, 1000},N ′ = 100 and n ∈ {100, 250, 1000}.

2. For each K ∈ K, and from DN,n, compute estimators σ̂2K given in Equations (2.10) and (2.11).

3. Select the optimal dimension “K ∈ K using Equation (2.23) and computeK∗ from Equation (2.24)

4. Using DN ′,n, evaluate
∥∥∥σ̂2“K − σ2

∥∥∥2
n,N ′

and
∥∥σ̂2K∗ − σ2

∥∥2
n,N ′ .

We deduce the risks of estimation considering the average values of
∥∥σ̂2“m − σ2

∥∥2
n,N ′ and

∥∥σ̂2m∗ − σ2
∥∥2
n,N ′

over the 100 repetitions. Note that we consider in this section, the estimation of σ2 on the compact
interval I = [−1, 1] and on the real line R. The unknown parameters κ and κ′ in the penalty functions
given in Theorem 2.5.1 and Theorem 2.5.2 respectively, are numerically calibrated (details are given
in Appendix 2.9), and we choose κ = 4 and κ′ = 5 as their respective values.

2.6.3 Numerical results

We present in this section the numerical results of the performance of the spline-based adaptive
estimators of σ2|I with I ⊆ R together with the performance of the oracle estimators. We consider the
case I = [−1, 1] for the compactly supported diffusion coefficient, and the case I = R.

Tables 2.2 and 2.3 present the numerical results of estimation of σ2|I from simulated data following
the steps given in Section 2.6.2.

The results of Table 2.2 and Table 2.3 show that the adapted estimator σ̂2“K is consistent, since
its MISE tends to zero as both the size N of the sample DN,n and the length n of paths are larger.
Moreover, note that in most cases, the ridge estimators of the compactly supported diffusion coeffi-
cients perform better than those of the non-compactly supported diffusion functions. As expected,
we observe that the oracle estimator has generally a better performance compared to the adaptive
estimator. Nonetheless, we can remark that the performances are very close in several cases, high-
lighting the efficiency of the data-driven selection of the dimension.

An additional important remark is the significant influence of the length n of paths on the per-
formance of σ̂2“K and σ̂2K∗,L (by comparison of Table 2.2 with Table 2.3), which means that estimators
built from higher frequency data are more efficient. A similar remark is made for theoretical results
obtained in Sections 2.4.2 and 2.4.1.

Performance of the Hermite-based estimator of the diffusion coefficient We focus on the estima-
tion of σ2 on R and assess the performance of its Hermite-based estimator (see Section 2.4.2). We
present in Table 2.4, the performance of the oracle estimator σ̂2m∗,L.

From the numerical results of Table 2.4, we observe that the Hermite-based estimator of σ2 is
consistent as the sample size N and the length n paths take larger values.
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Models Intervals Estimators N = 10 N = 100 N = 1000

Model 1

[−1, 1]
σ̂2“K,L

0.0102 (0.0083) 0.0009 (0.0009) 0.0002 (0.0001)

σ̂2K∗,L 0.0094 (0.0065) 0.0009 (0.0009) 0.0002 (0.0001)

R
σ̂2“K,L

0.0096 (0.0062) 0.0009 (0.0008) 0.0003 (0.0002)

σ̂2K∗,L 0.0093 (0.0057) 0.0009 (0.0008) 0.0003 (0.0002)

Model 2

[−1, 1]
σ̂2“K,L

0.0048 (0.0052) 0.0019 (0.0008) 0.0005 (0.0002)

σ̂2K∗,L 0.0039 (0.0043) 0.0009 (0.0005) 0.0005 (0.0002)

R
σ̂2“K,L

0.0195 (0.0140) 0.0057 (0.0006) 0.0012 (0.0002)

σ̂2K∗,L 0.0048 (0.0064) 0.0025 (0.0021) 0.0010 (0.0003)

Model 3

[−1, 1]
σ̂2“K,L

0.0521 (0.0191) 0.0176 (0.0070) 0.0073 (0.0021)

σ̂2K∗,L 0.0260 (0.0081) 0.0073 (0.0030) 0.0048 (0.0009)

R
σ̂2“K,L

0.1132 (0.0595) 0.0319 (0.0031) 0.0179 (0.0054)

σ̂2K∗,L 0.0351 (0.0169) 0.0319 (0.0031) 0.0116 (0.0051)

Table 2.2: Assessment of MISEs (mean and standard deviation between brackets) of both the adaptive
estimator σ̂2“K,L

and the oracle estimator σ̂2K∗,L from diffusion paths of size n = 100.

Models Intervals Estimators N = 10 N = 100 N = 1000

Model 1

[−1, 1]
σ̂2“K,L

0.0047 (0.0037) 0.0003 (0.0002) 0.0001 (0.00003)

σ̂2K∗,L 0.0042 (0.0030) 0.0003 (0.0002) 0.0001 (0.00003)

R
σ̂2“K,L

0.0053 (0.0037) 0.0003 (0.0002) 0.0001 (0.00004)

σ̂2K∗,L 0.0050 (0.0031) 0.0003 (0.0002) 0.0001 (0.00004)

Model 2

[−1, 1]
σ̂2“K,L

0.0027 (0.0019) 0.0003 (0.0002) 0.0002 (0.00004)

σ̂2K∗,L 0.0018 (0.0019) 0.0002 (0.0001) 0.0001 (0.00004)

R
σ̂2“K,L

0.0091 (0.0077) 0.0028 (0.0025) 0.0008 (0.0002)

σ̂2K∗,L 0.0020 (0.0023) 0.0021 (0.0023) 0.0002 (0.00004)

Model 3

[−1, 1]
σ̂2“K,L

0.0306 (0.0150) 0.0058 (0.0012) 0.0010 (0.0003)

σ̂2K∗,L 0.0216 (0.0067) 0.0023 (0.0020) 0.0010 (0.0003)

R
σ̂2“K,L

0.0560 (0.0313) 0.0275 (0.0049) 0.0069 (0.0049)

σ̂2K∗,L 0.0261 (0.0127) 0.0096 (0.0051) 0.0065 (0.0041)

Table 2.3: Assessment of MISEs of both the adaptive estimator σ̂2“K,L
and the oracle estimator σ̂2K∗,L

from diffusion paths of size n = 250.
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Models Intervals Estimators N = 10, n = 100 N = 100, n = 100 N = 100, n = 250

Model 1 R σ̂2K∗,L 0.0082 (0.0059) 0.0015 (0.0008) 0.0006 (0.0004)

Model 2 R σ̂2K∗,L 0.0058 (0.0111) 0.0007 (0.0004) 0.0003 (0.0002)

Model 3 R σ̂2K∗,L 0.0188 (0.0151) 0.0077 (0.0037) 0.0040 (0.0036)

Table 2.4: Assessment of MISEs of the Hermite-based oracle estimator σ̂2K∗,L of the square of the
diffusion coefficient.

Estimation of the diffusion coefficient from one path Consider ridge estimators of σ2|I with I =

[−1, 1]. For the case of the adaptive estimators of σ2|I , the dimension “K is selected such that“K = argmin
K∈K

γn(σ̂
2“K) + pen(K) (2.25)

where pen(K) = κ(K +M) log(n)/n with κ > 0. We choose the numerical constant κ = 4 and we
derive the numerical performance of the adaptive estimator of σ2|I .

Models Intervals Estimators n = 100 n = 1000

Model 1 [−1, 1]
σ̂2“K,L

0.1751 (0.1921) 0.0915 (0.1925)

σ̂2K∗,L 0.1563 (0.1776) 0.0783 (0.1699)

Model 2 [−1, 1]
σ̂2“K,L

0.1721 (0.3483) 0.1365 (0.5905)

σ̂2K∗,L 0.0987 (0.1644) 0.0552 (0.2409)

Model 3 [−1, 1]
σ̂2“K,L

0.2184 (0.2780) 0.2106 (0.5790)

σ̂2K∗,L 0.1263 (0.1486) 0.0751 (0.1469)

Table 2.5: Evaluation of MISEs of adaptive estimators σ̂2“K,L
built from a single diffusion path (N = 1)

for each of the three models.

Table 2.5 gives the numerical performances of both the adaptive estimator and the oracle estima-
tor of σ2|I on the compact interval I = [−1, 1] and from a single diffusion path. From the obtained
results, we see that the estimators are numerically consistent. However, we note that the convergence
is slow (increasing n from 100 to 1000), which highlights the significant impact of the number N of
paths on the efficiency of the ridge estimator.

Comparison of the efficiency of the ridge estimator of the diffusion coefficient with its Nadaraya-
Watson estimator. Consider the adaptive estimator σ̂2“K of the square of the diffusion coefficient

buit on the real line R from a single diffusion path (N = 1), where the dimension “K is selected using
Equation (2.25). For the numerical assessment, we use the interval I = [−106, 106] to approximate
the real line R, and then, use Equation (2.25) for the data-driven selection of the dimension.

We want to compare the efficiency of σ̂2“K with that of the Nadaraya-Watson estimator of σ2 given
from a diffusion path X̄ = (Xk/n)1≤k≤n and for all x ∈ R by

Sn(x) =

∑n−1
k=1 K

(
Xk/n−x

hn

)
[X(k+1)/n −Xk/n]

2/n∑n
k=1K

(
Xk/n−x

hn

)
where K is a positive kernel function, and hn is the bandwidth. Thus, the estimator Sn(x) is consis-
tent under the condition nh4n → 0 as n tends to infinity (see [42]). We use the function ksdiff() of
the R-package sde to compute the Nadaraya−Watson estimator Sn.
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Models Ridge estimator Nadaraya-Watson estimator

Model 1 0.0020 (0.0023) 0.9377 (0.0017)

Model 2 0.1323 (0.0794) 0.5086 (0.0885)

Model 3 0.4077 (0.1178) 1.3175 (0.3039)

Table 2.6: This table shows the loss errors of the ridge estimator σ̂2“K,L
on R and the Nadaraya-Watson

estimator Sn of σ2 built from a diffusion path (N = 1) of length n = 1000.

We remark from the results of Table 2.6 that our ridge estimator is more efficient. Note that for
the kernel estimator Sn, the bandwidth is computed using the rule of thumb of Scott (see [75]). The
bandwidth is proportional to n−1/(d+4) where n is the number of points, and d is the number of spatial
dimensions.

2.6.4 Concluding remarks

The results of our numerical study show that our ridge estimators built both on a compact interval
and on the real line are consistent as N and n take larger values, or as only n takes larger values
when the estimators are built from a single path. These results are in accordance with the theoretical
results established in the previous sections. Moreover, as expected, we obtained the consistency of the
Hermite-based estimators of σ2 on the real line R. Nonetheless, we only focus on the Hermite-based
oracle estimator since we did not establish a risk bound of the corresponding adaptive estimator.
Finally, we remark that the ridge estimator of σ2 built from a single path performs better than its
Nadaraya-Watson kernel estimator proposed in [42] and implemented in the R-package sde.

2.7 Conclusion

In this article, we have proposed ridge-type estimators of the diffusion coefficient on a compact inter-
val from a single diffusion path. We took advantage of the local time of the diffusion process to prove
the consistency of non-adaptive estimators of σ2 and derive a rate of convergence of the same order
than the optimal rate established in [58]. We also propose an estimator of σ2 on the real line from a
single path. We proved its consistency using the method described in Section 2.3.2, and derive a rate
of convergence order n−β/(4β+1) over a Hölder space for the collection [B]. Then, we extended the
study to the estimation of σ2 from repeated discrete observations of the diffusion process. We estab-
lish rates of convergence of the ridge estimators both on a compact interval and on R. We complete
the study proposing adaptive estimators of σ2 on a compact interval for N = 1 and N → ∞, and on
the real line R for N → ∞.

A perspective on the estimation of the diffusion coefficient could be the establishment of a min-
imax rate of convergence of the compactly supported (square of the) diffusion coefficient from re-
peated discrete observations of the diffusion process. The case of the non-compactly supported dif-
fusion coefficient may be a lot more challenging, since the transition density of the diffusion process
is no longer lower-bounded. This new fact can lead to different rates of convergence depending on
the considered method (see Section 2.4).

2.8 Proofs

In this section, we prove our main results of Sections 2.3, 2.4 and 2.5. To simplify our notations, we
set ∆n = ∆(= 1/n) and constants are generally denoted by C > 0 or c > 0 whose values can change
from a line to another. Moreover, we use the notation Cα in case we need to specify the dependency
of the constant C on a parameter α.
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Figure 2.1: Bundles of 10 estimators σ̂2“K,L
(in green) of the true diffusion coefficient σ2|I restricted on

the compact interval I = [−1, 1] (in red) of each of Models 1, 2, 3 (from top to bottom) using samples
of size N = 1000 with diffusion paths of length n = 500.
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2.8 Proofs

2.8.1 Technical results

Recall first some useful results on the local time and estimates of the transition density of diffusion
processes.

Lemma 2.8.1. For all integer q ≥ 1, there exists C∗ > 0 depending on q such that for all 0 ≤ s < t ≤ 1,

E
î
|Xt −Xs|2q

ó
≤ C∗(t− s)q.

The proof of Lemma 2.8.1 is provided in [28].

Proposition 2.8.2. Under Assumptions 2.2.1, there exist constants cσ > 1, C > 1 such that for all t ∈ (0, 1],
x ∈ R,

1

C
√
t
exp

Å
−cσ

x2

t

ã
≤ pX(t, x) ≤ C√

t
exp

Å
− x2

cσt

ã
.

The proof of Proposition 2.8.2 is provided in [52], Proposition 1.2.

Proposition 2.8.3. Let h be a L0-Lipschitz function. Then there exists h̃ ∈ SKN ,M , such that

|h̃(x)− h(x)| ≤ C
log(N)

KN
, ∀x ∈ (− log(N), log(N)),

where C > 0 depends on L0, and M .

The proof of Proposition 2.8.3 is provided in [28]. The finite-dimensional vector space SKN ,M =
SKN+M is introduced in Section 2.2.

Lemma 2.8.4. Under Assumption 2.2.1, there exist C1, C2 > 0 such that for all A > 0,

sup
t∈[0,1]

P (|Xt| ≥ A) ≤ C1

A
exp(−C2A

2).

The proof of Lemma 2.8.4 is provided in [28], Lemma 7.3.

Lemma 2.8.5. Under Assumption 2.2.1, the following holds:

∀ x ∈ R, Lx = Lx− a.s.

where Lx− = lim
ε→0

Lx−ε.

The result of Lemma 2.8.5 justifies the definition of the local time Lx, for x ∈ R, given in Equa-
tion (2.15).

Proof. From [81], Theorem 1.7, we have

∀ x ∈ R, Lx − Lx− = 2

∫ 1

0
1Xs=xdXs = 2

∫ 1

0
1Xs=xb(Xs)ds+ 2

∫ 1

0
1Xs=xσ(Xs)dWs.

For each s ∈ [0, 1], let Fs be the density cumulative function of the random variable Xs. For all x ∈ R
and for all ε > 0, , we have

P(Xs = x) = lim
ε→0

P(Xs ≤ x+ ε)− lim
ε→0

P(Xs ≤ x− ε) = lim
ε→0

Fs(x+ ε)− lim
ε→0

Fs(x− ε)

= Fs(x)− Fs(x
−)

= 0

Thus, for all x ∈ R,

E [|Lx − Lx− |] ≤ 2

∫ 1

0
|b(x)|P(Xs = x)ds+ 2E

ñ∣∣∣∣∣∫ 1

0
1Xs=xσ(Xs)dWs

∣∣∣∣∣
ô

= 2E
ñ∣∣∣∣∣∫ 1

0
1Xs=xσ(Xs)dWs

∣∣∣∣∣
ô
.
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Using the Cauchy Schwartz inequality, we conclude that

E [|Lx − Lx− |] ≤ 2

√
E
Ç∫ 1

0
1Xs=xσ2(Xs)ds

å
= 2σ(x)

∫ 1

0
P(Xs = x)ds = 0.

Using the Markov inequality, we have

∀ ε > 0, P(|Lx − Lx− | > ε) ≤ 1

ε
E [|Lx − Lx− |] = 0.

We finally conclude that for all x ∈ R,

P(Lx ̸= Lx−) = P(|Lx − Lx− | > 0) = 0.

2.8.2 Proofs of Section 2.3

Proof of Lemma 2.3.1

Proof. The proof is divided into two parts for each of the two results to be proven.

First result. Since the function h is continuous on R, let H be a primitive of h on R. We deduce that
for all s ∈ [0, 1],

h(Xs) = lim
ε→0

H(Xs + ε)−H(Xs − ε)

2ε
= lim

ε→0

1

2ε

∫ Xs+ε

Xs−ε
h(x)dx = lim

ε→0

1

2ε

∫ +∞

−∞
h(x)1(x−ε,x+ε)(Xs)dx.

Finally, since h is integrable on R and using the theorem of dominated convergence, we obtain∫ 1

0
h(Xs)ds =

∫ +∞

−∞
h(x)lim

ε→0

1

2ε

∫ 1

0
1(x−ε,x+ε)(Xs)dsdx =

∫ +∞

−∞
h(x)Lxdx.

Second result. Fix t ∈ (0, 1] and consider PX : (t, x) 7→
∫ x
−∞ pX(t, y)dy the cumulative density

function of the random variable Xt of the density function x 7→ pX(t, x). We have:

∀ x ∈ R, E(Lx) =lim
ε→0

1

2ε

∫ 1

0
E
[
1(x−ε,x+ε)(Xs)

]
ds = lim

ε→0

1

2ε

∫ 1

0
P (x− ε ≤ Xs ≤ x+ ε) ds

=

∫ 1

0
lim
ε→0

PX(s, x+ ε)− PX(s, x− ε)

2ε
ds

=

∫ 1

0
pX(s, x)ds.

Proof of Theorem 2.3.2

Let Ωn,m be the random event in which the two pseudo-norms ∥.∥n,1 and ∥.∥X are equivalent. Ωn,m

is given as follows:

Ωn,m :=
⋂

g∈Sm\{0}

®∣∣∣∣∣∥g∥2n,1∥g∥2X
− 1

∣∣∣∣∣ ≤ 1

2

´
.

The proof of Theorem 2.3.2 relies on the following lemma.

Lemma 2.8.6. Let γ > 1 be a real number. Under Assumption 2.2.1, the following holds

P
(
Ωc
n,m

)
≤ C

m2γ

nγ/2
,

where C > 0 is a constant depending on γ.
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The parameter γ > 1 has to be chosen appropriately (i.e. such that m2γ/nγ/2 = o(1/n)) so that
we obtain a variance term of the risk of the estimator σ̂2m of order m log(n)/n (see Theorem 2.3.2 and
Corollary 2.3.3).

Proof of Theorem 2.3.2 . Recall that since N = 1, ζ1k∆ = ζ1,1k∆ + ζ1,2k∆ + ζ1,3k∆ is the error term of the
regression model (1.6), with:

ζ1,1k∆ =
1

∆

[Ç∫ (k+1)∆

k∆
σ(X1

s )dW
1
s

å2

−
∫ (k+1)∆

k∆
σ2(X1

s )ds

]
, (2.26)

ζ1,2k∆ =
2

∆

∫ (k+1)∆

k∆
((k + 1)∆− s)σ′(X1

s )σ
2(X1

s )dW
1
s , (2.27)

ζ1,3k∆ = 2b(X1
k∆)

∫ (k+1)∆

k∆
σ
(
X1

s

)
dW 1

s . (2.28)

Besides, R1
k∆ = R1,1

k∆ +R1,2
k∆ +R1,3

k∆, with:

R1,1
k∆ =

1

∆

Ç∫ (k+1)∆

k∆
b(X1

s )ds

å2

, R1,2
k∆ =

1

∆

∫ (k+1)∆

k∆
((k + 1)∆− s)Φ(X1

s )ds (2.29)

R1,2
k∆ =

2

∆

Ç∫ (k+1)∆

k∆

(
b(X1

s )− b(X1
k∆)
)
ds

åÇ∫ (k+1)∆

k∆
σ(X1

s )dW
1
s

å
(2.30)

where
Φ := 2bσ′σ +

î
σ′′σ +

(
σ′
)2ó

σ2. (2.31)

By definition of the projection estimator σ̂2m for each m ∈ M (see Equation (2.10)), for all h ∈ Sm,L,
we have:

γn,1
(
σ̂2m
)
− γn,1(σ

2
|I) ≤ γn,1(h)− γn,1(σ

2
|I). (2.32)

Furthermore, for all h ∈ Sm,L,

γn,1(h)− γn,1(σ
2
|I) =

∥∥∥σ2|I − h
∥∥∥2
n,1

+ 2ν1(σ
2
|I − h) + 2ν2(σ

2
|I − h) + 2ν3(σ

2
|I − h) + 2µ(σ2|I − h),

where,

νi (h) =
1

n

n−1∑
k=0

h(X1
k∆)ζ

1,i
k∆, i ∈ {1, 2, 3}, µ(h) =

1

n

n−1∑
k=0

h(X1
k∆)R

1
k∆, (2.33)

and ζ1,1k∆, ζ
1,2
k∆, ζ

1,3
k∆ are given in Equations (2.26), (2.27), (2.28), and finally, R1

k∆ = R1,1
k∆ +R1,2

k∆ given in
Equations (2.29) and (2.30). Then, for allm ∈ M, and for all h ∈ Sm,L, we obtain from Equation (2.32)
that ∥∥∥σ̂2m − σ2|I

∥∥∥2
n,1

≤
∥∥∥h− σ2|I

∥∥∥2
n,1

+ 2ν
(
σ̂2m − h

)
+ 2µ

(
σ̂2m − h

)
, with ν = ν1 + ν2 + ν3. (2.34)

Then, it comes,

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,1

1Ωn,m

ò
≤ inf

h∈Sm,L

∥∥∥h− σ2|I

∥∥∥2
n
+2E

[
ν
(
σ̂2m − h

)
1Ωn,m

]
+2E

[
µ
(
σ̂2m − h

)
1Ωn,m

]
. (2.35)

Besides, for any a, d > 0, using the inequality xy ≤ ηx2 + y2/η with η = a, d, we have,
2ν
(
σ̂2m − h

)
≤ 2

a

∥∥∥σ̂2m − σ2|I

∥∥∥2
X
+ 2

a

∥∥∥h− σ2|I

∥∥∥2
X
+ a sup

h∈Sm, ∥h∥X=1
ν2(h),

2µ
(
σ̂2m − h

)
≤ 2

d

∥∥∥σ̂2m − σ2|I

∥∥∥2
n,1

+ 2
d

∥∥∥h− σ2|I

∥∥∥2
n,1

+ d
n

∑n
k=1 (R

1
k∆)

2.

(2.36)
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Upper bound of 1
n

∑n
k=1 (R

1
k∆)

2

We have:

∀k ∈ [[1, n]], R1
k∆ = R1,1

k∆ +R1,2
k∆ +R1,3

k∆ with,

R1,1
k∆ =

1

∆

Ç∫ (k+1)∆

k∆
b(X1

s )ds

å2

, R1,2
k∆ =

1

∆

∫ (k+1)∆

k∆
((k + 1)∆− s)Φ(X1

s )ds

R1,3
k∆ =

2

∆

Ç∫ (k+1)∆

k∆

(
b(X1

s )− b(X1
k∆)
)
ds

åÇ∫ (k+1)∆

k∆
σ(X1

s )dW
1
s

å
.

For all k ∈ [[1, n]], using the Cauchy-Schwarz inequality and Equation (2.2),

E
ï∣∣∣R1,1

k∆

∣∣∣2ò ≤ E

[Ç∫ (k+1)∆

k∆
b2(X1

k∆)ds

å2
]
≤ ∆E

ñ∫ (k+1)∆

k∆
b4(X1

k∆)ds

ô
≤ C∆2.

Consider now the term R1,2
k∆. From Equation (2.31), we have Φ = 2bσ′σ +

î
σ′′σ + (σ′)2

ó
σ2 and ac-

cording to Assumption 2.2.1, there exists a constant C > 0 depending on σ1 and α such that∣∣Φ(X1
s )
∣∣ ≤ C

[
(2 + |X1

s |)(1 + |X1
s |α) + (1 + |X1

s |α)2
]
.

Then, from Equation (2.2) and for all s ∈ (0, 1],

E
[
Φ2(X1

s )
]
≤ C sup

s∈(0,1]
E
[
(2 + |X1

s |)2(1 + |X1
s |α)2 + (1 + |X1

s |α)4
]
<∞

and

E
ï∣∣∣R1,2

k∆

∣∣∣2ò ≤ 1

∆2

∫ (k+1)∆

k∆
((k + 1)∆− s)2ds

∫ (k+1)∆

k∆
E
[
Φ2
(
X1

s

)]
ds ≤ C∆2

Finally, under Assumption 2.2.1, from Equation (2.2) and using the Cauchy-Schwarz inequality, we
have

E
ï∣∣∣R1,3

k∆

∣∣∣2ò ≤ 4

∆2
E

[
∆

∫ (k+1)∆

k∆
L2
0

∣∣X1
s −X1

k∆

∣∣2 dsÇ∫ (k+1)∆

k∆
σ(X1

s )dWs

å2
]

≤ 4

∆

Ã
E
ñ
L4
0∆

∫ (k+1)∆

k∆

∣∣X1
s −X1

k∆

∣∣4 dsôE[Ç∫ (k+1)∆

k∆
σ(X1

s )dWs

å4
]

≤ C∆2.

As a result, there exists a constant C > 0 such that,

E

[
1

n

n∑
k=1

(R1
k∆)

2

]
≤ C∆2. (2.37)

We set a = d = 8 and considering the event Ωn,m on which the empirical norms ∥.∥X and ∥.∥n,1 are
equivalent, we deduce from Equations (2.35), (2.36) and (2.37) that,

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,1

1Ωn,m

ò
≤ 3 inf

h∈Sm

∥∥∥h− σ2|I

∥∥∥2
n
+ CE

Ç
sup

h∈Sm,∥h∥X=1
ν2(h)

å
+ C∆2 (2.38)

where C > 0 is a constant depending on σ1.
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2.8 Proofs

Upper bound of E
Ç

sup
h∈Sm, ∥h∥X=1

ν2(h)

å
For all h =

∑m−1
ℓ=0 aℓϕℓ ∈ Sm such that ∥h∥2X = 1, we have ∥h∥2 ≤ 1

τ0
(see Equation (2.16)) and the

coordinate vector a = (a−M , · · · , aK−1) satisfies:

• ∥a∥22 ≤ Cm (m = K +M) for the spline basis (see [30], Lemma 2.6)

• ∥a∥22 ≤ 1/τ0 for an orthonormal basis since ∥h∥2 = ∥a∥22.

Furthermore, using the Cauchy-Schwarz inequality, we have:

ν2(h) =

(
m−1∑
ℓ=0

aℓν (ϕℓ)

)2

≤ ∥a∥22
m−1∑
ℓ=0

ν2 (ϕℓ). (2.39)

Thus, since ν = ν1 + ν2 + ν3, for all ℓ ∈ [[−M,K − 1]] and for all i ∈ {1, 2, 3},

E
[
ν2i (ϕℓ)

]
=

1

n2
E

(n−1∑
k=0

ϕℓ
(
X1

k∆

)
ζ1,ik∆

)2
 .

1. Case i = 1

Recall that ζ1,1k∆ = 1
∆

[Ä∫ (k+1)∆
k∆ σ(X1

s )dWs

ä2
−
∫ (k+1)∆
k∆ σ2(X1

s )ds
]

where W = W 1. We fix a

initial time s ∈ [0, 1) and set M s
t =

∫ t
s σ(X

1
u)dWu, ∀t ≥ s. (M s

t )t≥s is a martingale and for all
t ∈ [s, 1], we have:

⟨M s,M s⟩t =
∫ t

s
σ2
(
X1

u

)
du.

Then, ζ1,1k∆ = 1
∆

Ä
Mk∆

(k+1)∆

ä2
−
〈
Mk∆,Mk∆

〉
(k+1)∆

is also a Fk∆-martingale, and, using the
Burkholder-Davis-Gundy inequality, we obtain for all k ∈ [[0, n− 1]],

E
î
ζ1,1k∆|Fk∆

ó
= 0, E

[Ä
ζ1,1k∆

ä2
|Fk∆

]
≤ C

∆2
E

[Ç∫ (k+1)∆

k∆
σ2(X1

u)du

å2
]
≤ Cσ41. (2.40)

Then, using Equation (2.40) we have:

E
[
ν21 (ϕℓ)

]
=

1

n2
E

[
n−1∑
k=0

ϕ2ℓ
(
X1

k∆

) Ä
ζ1,1k∆

ä2]
=

1

n2
E

[
n−1∑
k=0

ϕ2ℓ
(
X1

k∆

)
E
[Ä
ζ1,1k∆

ä2
|Fk∆

]]

≤ Cσ41
n2

E

[
n−1∑
k=0

ϕ2ℓ
(
X1

k∆

)]

and,

m−1∑
ℓ=0

E
[
ν21 (ϕℓ)

]
≤ Cσ41

n2
E

[
n−1∑
k=0

m−1∑
ℓ=0

ϕ2ℓ
(
X1

k∆

)]
.

One has:
∑K−1

ℓ=−M B2
ℓ

(
X1

k∆

)
≤ 1 for the Spline basis (m = K +M),

∑m−1
ℓ=0 ϕ2ℓ (X

1
k∆) ≤ Cm for an orthonormal basis with C = max

0≤ℓ≤m−1
∥ϕℓ∥2∞.

(2.41)

Thus, it comes that
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•
∑K−1

ℓ=−M E
[
ν21 (Bℓ)

]
≤ C/n for the Spline basis,

•
∑m−1

ℓ=0 E
[
ν21 (ϕℓ)

]
≤ Cm/n for an orthonormal basis,

and,

E

(
sup

h∈Sm, ∥h∥2X=1

ν21(h)

)
≤ C

m

n
(2.42)

where C > 0 is a constant depending on σ1 and the basis.

2. Case i = 2

We set η(s) = k∆ for s ∈ [k∆, (k + 1)∆), k = 0, . . . , n− 1. Wa have

ζ1,2k∆ =
2

∆

∫ (k+1)∆

k∆
((k + 1)∆− s)σ′

(
X1

s

)
σ2
(
X1

s

)
dWs,

and

E
[
ν22 (ϕℓ)

]
= 4E

(n−1∑
k=0

ϕℓ
(
X1

k∆

) ∫ (k+1)∆

k∆
(k + 1)∆− s)σ′

(
X1

s

)
σ2
(
X1

s

)
dWs

)2


= 4E

[Ç∫ 1

0
ϕℓ
Ä
X1

η(s)

ä
(η(s) + ∆− s)σ′

(
X1

s

)
σ2
(
X1

s

)
dWs

å2
]

≤ Cσ41∆
2E
ñ∫ 1

0
ϕ2ℓ
Ä
X1

η(s)

ä
ds

ô
where C > 0 is a constant. We deduce for both the spline basis and any orthonormal basis that
there exists a constant C > 0 depending on σ1 such that:

E

(
sup

h∈Sm, ∥h∥2X=1

ν22(h)

)
≤ C

m

n2
. (2.43)

3. Case i = 3

We have ζ1,3k∆ = 2b
(
X1

k∆

) ∫ (k+1)∆
k∆ σ

(
X1

s

)
dWs and,

E
[
ν23 (ϕℓ)

]
=

4

n2
E

[Ç∫ 1

0
ϕℓ
Ä
X1

η(s)

ä
b
Ä
X1

η(s)

ä
σ
(
X1

s

)
dWs

å2
]

≤ 4σ21
n2

E
ñ∫ 1

0
ϕ2ℓ
Ä
X1

η(s)

ä
b2
Ä
X1

η(s)

ä
ds

ô
Since for all x ∈ R, b2(x) ≤ C0(1 + x2) and sup

t∈[0,1]
E
(
|Xt|2

)
< ∞, there exists a constant C > 0

depending on σ1 such that:

E

(
sup

h∈Sm, ∥h∥2X=1

ν23(h)

)
≤ C

m

n2
. (2.44)

We finally obtain from Equations (2.42), (2.43) and (2.44) that there exists a constant C > 0 depending
on σ1 such that:

E

(
sup

h∈Sm, ∥h∥2X=1

ν2(h)

)
≤ C

m

n
. (2.45)

We deduce from Equations (2.38) and (2.45) that there exists a constant C > 0 depending on σ1 such
that,

E
î
∥σ̂2m − σ2|I∥

2
n,11Ωn,m

ó
≤ 3 inf

h∈Sm,L

∥σ2|I − h∥2n + C
(m
n

+∆2
)
.
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For n large enough, we have ∥σ̂2m−σ2|I∥
2
∞ ≤ 2mL since ∥σ̂2m∥∞ ≤

√
mL. Then, from Lemma 2.8.6 and

for all m ∈ M, there exists a constant C > 0 depending on σ1 such that

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,1

ò
= E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,1

1Ωn,m

ò
+ E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,1

1Ωc
n,m

ò
≤ E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,1

1Ωn,m

ò
+ 2mLP

(
Ωc
n,m

)
≤ 3 inf

h∈Sm,L

∥σ2|I − h∥2n + C

Å
m

n
+
m2γ+1L

nγ/2
+∆2

ã
.

Since the pseudo-norms ∥.∥n,1 and ∥.∥X are equivalent on the event Ωn,m, then, using Lemma 2.8.6,
there exists a constant C > 0 depending on σ1 such that

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
X

ò
=E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
X
1Ωn,m

ò
+ E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
X
1Ωc

n,m

ò
≤8E

ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,1

ò
+ 10 inf

h∈Sm

∥∥∥σ2|I − h
∥∥∥2
n
+ 2mLP

(
Ωc
n,m

)
≤34 inf

h∈Sm,L

∥∥∥h− σ2|I

∥∥∥2
n
+ C

Å
m

n
+
m2γ+1L

nγ/2
+∆2

ã
.

Finally, since the estimator σ̂2m is built from a diffusion path X̄1 independent of the diffusion process
X , and from Equations (2.16) and (2.13), the pseudo-norm ∥.∥X depending on the process X and the
empirical norm ∥.∥n are equivalent (∀ h ∈ L2(I), ∥h∥2n ≤ (τ1/τ0)E

[
∥h∥2X

]
), there exists a constant

C > 0 depending on σ1, τ0 and τ1 such that

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n

ò
≤34τ1

τ0
inf

h∈Sm,L

∥∥∥h− σ2|I

∥∥∥2
n
+ C

Å
m

n
+
m2γ+1L

nγ/2
+∆2

ã
.

Proof of Lemma 2.8.6 . The proof of this Lemma mainly focuses on the spline basis and the Fourier
basis based on functions cos and sin which are Lipschitz functions. Thus, for all g =

∑m−1
ℓ=0 aℓϕℓ ∈ Sm,

∣∣∥g∥2n,1 − ∥g∥2X
∣∣ ≤ ∫ 1

0

∣∣g2(Xη(s))− g2(Xs)
∣∣ ds ≤ 2∥g∥∞

∫ 1

0

∣∣g(Xη(s))− g(Xs)
∣∣ ds. (2.46)

From Equation (2.16), one has E
[
∥g∥2X

]
≥ τ0∥g∥2. Thus, if ∥g∥2X = 1, then ∥g∥2 ≤ 1/τ0, and we

deduce for all g =
∑m−1

ℓ=0 aℓϕℓ that there exists a constant C > 0 such that

• Spline basis: ∥g∥∞ ≤ ∥a∥2 ≤ C
√
m (see [30])

• Fourier basis: ∥g∥∞ ≤ C
√
m since ∥g∥ = ∥a∥2 and

∑m−1
ℓ=0 ϕ2ℓ = O(m).

Moreover, each g ∈ Sm such that ∥g∥2X = 1 is a Lipschitz function with a Lipschitz coefficient Lg =

O
Ä
m3/2

ä
. For the spline basis, this result is obtained in [30], proof of Lemma C.1 combined with Lemma

2.6. For the Fourier basis, for all x, y ∈ I and using the Cauchy Schwarz inequality, we obtain

|g(x)− g(y)| ≤
m−1∑
ℓ=0

|aℓ|.|ϕℓ(x)− ϕℓ(y)|

≤2πm
√
m∥a∥2|x− y|

≤2π

τ0
m
√
m|x− y|.

Back to Equation (2.46), there exists a constant C > 0 such that

∣∣∥g∥2n,1 − ∥g∥2X
∣∣ ≤ Cm2

∫ 1

0
|Xη(s) −Xs|ds (2.47)
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We have:

Ωc
n,m =

®
ω ∈ Ω, ∃g ∈ Sm \ {0},

∣∣∣∣∣∥g∥2n,1∥g∥2X
− 1

∣∣∣∣∣ > 1

2

´
,

and, using Equation (2.47), we obtain

sup
g∈Sm\{0}

∣∣∣∣∣∥g∥2n,1∥g∥2X
− 1

∣∣∣∣∣ = sup
g∈Sm, ∥g∥2X=1

∣∣∥g∥2n,1 − ∥g∥X
∣∣ ≤ Cm2

∫ 1

0
|Xη(s) −Xs|ds.

Finally, using the Markov inequality, the Hölder inequality, Equation (2.2), and Lemma 2.8.1, we
conclude that

P
(
Ωc
n,m

)
≤ P
Ç
Cm2

∫ 1

0
|Xη(s) −Xs|ds ≥

1

2

å
≤ Cm2γ

∫ 1

0
E
[
|Xη(s) −Xs|γ

]
ds

≤ C
m2γ

nγ/2

with γ ∈ (1,+∞).

Proof of Theorem 2.3.4

Proof. Since L = log2(n), we have

E
î∥∥σ̂2m,L − σ2

∥∥2
n,1

ó
= E
î∥∥(σ̂2m,L − σ2)1[− log(n),log(n)]

∥∥2
n,1

ó
+ E
î∥∥(σ̂2m,L − σ2)1[− log(n),log(n)]c

∥∥2
n,1

ó
≤ E
î∥∥(σ̂2m,L − σ2)1[− log(n),log(n)]

∥∥2
n,1

ó
+ 2 log2(n) sup

t∈(0,1]
P(|Xt| > log(n)).

From Equation (2.35) (Proof of Theorem 2.3.2), for all h ∈ Sm,L,

E
î∥∥(σ̂2m,L − σ2)1[− log(n),log(n)]

∥∥2
n,1

ó
≤ inf

h∈Sm,L

∥∥h− σ2
∥∥2
n
+ 2

3∑
i=1

E
[
νi
(
σ̂2m − h

)]
+ 2E

[
µ
(
σ̂2m − h

)]
(2.48)

where νi, i = 1, 2, 3 and µ are given in Equation (2.33). For all i ∈ {1, 2, 3} and for all h ∈ Sm,L, one
has

E
[
νi
(
σ̂2m,L − h

)]
≤
»

2m log2(n)

Ã
m−1∑
ℓ=0

E
[
ν2i (ϕℓ)

]
. (2.49)

1. Upper bound of
∑m−1

ℓ=0 E
[
ν21(ϕℓ)

]
According to Equation (2.33), we have

∀ℓ ∈ [[0,m− 1]], ν1(ϕℓ) =
1

n

n−1∑
k=0

ϕℓ(X
1
k∆)ζ

1,1
k∆

where ζ1,1k∆ = 1
∆

[Ä∫ (k+1)∆
k∆ σ(X1

s )dWs

ä2
−
∫ (k+1)∆
k∆ σ2(X1

s )ds
]

is a martingale satisfying

E
î
ζ1,1k∆|Fk∆

ó
= 0 and E

[Ä
ζ1,1k∆

ä2
|Fk∆

]
≤ 1

∆2
E

[Ç∫ (k+1)∆

k∆
σ2(X1

s )ds

å2
]
≤ Cσ41
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with C > 0 a constant, W = W 1 and (Ft)t≥0 the natural filtration of the martingale (Mt)t∈[0,1]
given for all t ∈ [0, 1] by Mt =

∫ t
0 σ(X

1
s )dWs. We derive that

m−1∑
ℓ=0

E
[
ν21(ϕℓ)

]
=

1

n2

m−1∑
ℓ=0

E

(n−1∑
k=0

ϕℓ(X
1
k∆)ζ

1,1
k∆

)2
 =

1

n2
E

[
n−1∑
k=0

m−1∑
ℓ=0

ϕ2ℓ (X
1
k∆)
Ä
ζ1,1k∆

ä2]
since for all integers k, k′ such that k > k′ ≥ 0, we have

E
î
ϕℓ(X

1
k∆)ζ

1,1
k∆ϕℓ(X

1
k′∆)ζ

1,1
k′∆|Fk∆

ó
= ϕℓ(X

1
k∆)ζ

1,1
k′∆ϕℓ(X

1
k′∆)E

î
ζ1,1k∆|Fk∆

ó
= 0.

For each k ∈ [[0, n− 1]], we have
∑m−1

ℓ=0 ϕℓ(X
1
k∆) =

∑K−1
ℓ=−M Bℓ(X

1
k∆) = 1 for the spline basis

∑m−1
ℓ=0 ϕℓ(X

1
k∆) ≤ Cm For an orthonormal basis with C = max

0≤ℓ≤m−1
∥ϕℓ∥∞.

Finally, there exists a constant C > 0 such that

m−1∑
ℓ=0

E
[
ν21(ϕℓ)

]
≤


C
n for the spline basis

Cm
n for an orthonormal basis.

2. Upper bound of
∑m−1

ℓ=0 E
[
ν22(ϕℓ)

]
For all k ∈ [[0, n− 1]] and for all s ∈ [0, 1], set η(s) = k∆ if s ∈ [k∆, (k + 1)∆). We have:

m−1∑
ℓ=0

E
[
ν22(ϕℓ)

]
= 4

m−1∑
ℓ=0

E

(n−1∑
k=0

∫ (k+1)∆

k∆
ϕℓ(X

1
k∆)((k + 1)∆− s)σ′(X1

s )σ
2(X1

s )dWs

)2


= 4
m−1∑
ℓ=0

E

[Ç∫ 1

0
ϕℓ(X

1
η(s))(η(s) + ∆− s)σ′(X1

s )σ
2(X1

s )dWs

å2
]
.

We conclude that

m−1∑
ℓ=0

E
[
ν22(ϕℓ)

]
≤


C
n2 for the spline basis

C m
n2 for an orthonormal basis.

where the constant C > 0 depends on the diffusion coefficient and the upper bound of the basis
functions.

3. Upper bound of
∑m−1

ℓ=0 E
[
ν32(ϕℓ)

]
We have:

m−1∑
ℓ=0

E
[
ν23(ϕℓ)

]
=

4

n2

m−1∑
ℓ=0

E

(n−1∑
k=0

∫ (k+1)∆

k∆
ϕℓ(X

1
k∆)b(X

1
k∆)σ(X

1
s )dWs

)2


=
4

n2

m−1∑
ℓ=0

E

[Ç∫ 1

0
ϕℓ(X

1
η(s))b(X

1
η(s))σ(X

1
s )dWs

å2
]

≤ 4

n2
E

[∫ 1

0

m−1∑
ℓ=0

ϕ2ℓ (X
1
η(s))b

2(X1
η(s))σ

2(X1
s )ds

]
.
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Since for all x ∈ R, b(x) ≤ C0(1 + x2) and sup
t∈[0,1]

E
(
|Xt|4

)
< ∞, there exists a constant C > 0

depending on the diffusion coefficient such that

m−1∑
ℓ=0

E
[
ν23(ϕℓ)

]
≤


C
n2 for the spline basis

C m
n2 for an orthonormal basis.

We finally deduce that from Equations (2.48) and (2.49) that for all h ∈ Sm,L,
E
î
∥(σ̂2m,L − σ2)1[− log(n),log(n)]∥2n,1

ó
≤ inf

h∈Sm

∥h− σ2∥2n + C

√
m log2(n)

n + 2E
î
µ(σ̂2m,L − h)

ó
[B]

E
î
∥(σ̂2m,L − σ2)1[− log(n),log(n)]∥2n,1

ó
≤ inf

h∈Sm

∥h− σ2∥2n + C

√
m2 log2(n)

n + 2E
î
µ(σ̂2m,L − h)

ó
[F]

(2.50)
where C > 0 is a constant. It remains to obtain an upper bound of the term µ(σ̂2m,L − h). For all a > 0
and for all h ∈ Sm,L,

2µ
(
σ̂2m,L − h

)
≤2

a

∥∥σ̂2m,L − σ2
∥∥2
n,1

+
2

a

∥∥h− σ2
∥∥2
n,1

+
a

n

n−1∑
k=0

(
R1

k∆

)2
2E
[
µ
(
σ̂2m,L − h

)]
≤2

a
E
∥∥σ̂2m,L − σ2

∥∥2
n,1

+
2

a
inf

h∈Sm

∥h− σ2∥2n +
a

n

n−1∑
k=0

E
î(
R1

k∆

)2ó
.

Using Equations (2.37), (2.50) and setting a = 4, we deduce that there exists constant C > 0 depend-
ing on σ1 such that,

E
î
∥σ̂2m,L − σ2∥2n,1

ó
≤ inf

h∈Sm

∥h− σ2∥2n + C

√
m log2(n)

n + 2 log2(n) sup
t∈(0,1]

P(|Xt| > An) [B]

E
î
∥σ̂2m,L − σ2∥2n,1

ó
≤ inf

h∈Sm

∥h− σ2∥2n + C

√
m2 log2(n)

n + 2 log2(n) sup
t∈(0,1]

P(|Xt| > An) [F].
(2.51)

From Proposition 2.8.3, sup
t∈(0,1]

P(|Xt| > log(n)) ≤ log−1(n) exp(−c log2(n)) with c > 0 a constant. Then,

we obtain from Equation (2.51) that
E
î
∥σ̂2m,L − σ2∥2n,1

ó
≤ inf

h∈Sm

∥h− σ2∥2n + C

√
m log2(n)

n [B]

E
î
∥σ̂2m,L − σ2∥2n,1

ó
≤ inf

h∈Sm

∥h− σ2∥2n + C

√
m2 log2(n)

n [F].

(2.52)

2.8.3 Proof of Section 2.4

The following lemma allows us to obtain a risk bound of σ̂2m,L defined with the empirical norm ∥.∥n
from the risk bound defined from the pseudo norm ∥.∥n,N .

Lemma 2.8.7. Let σ̂2m,L be the truncated projection estimator on R of σ2 over the subspace Sm,L. Suppose
that L = log2(N), N > 1. Under Assumption 2.2.1, there exists a constant C > 0 independent of m and N
such that

E
î∥∥σ̂2m,L − σ2

∥∥2
n,N

ó
− 2E

î∥∥σ̂2m,L − σ2
∥∥2
n

ó
≤ C

m2 log3(N)

N
.

The proof of Lemma 2.8.7 is provided in [30], Theorem 3.3. The proof uses the independence of
the copies X̄1, . . . , X̄N of the process X at discrete times, and the Bernstein inequality.
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Proof of Theorem 2.4.1

For fixed n and N in N∗, we set for all m ∈ M,

Ωn,N,m :=
⋂

h∈Sm\{0}

®∣∣∣∣∣∥h∥2n,N∥h∥2n
− 1

∣∣∣∣∣ ≤ 1

2

´
. (2.53)

As we can see, the empirical norms ∥h∥n,N and ∥h∥n of any function h ∈ Sm \ {0} are equivalent
on Ωn,N,m. More precisely, on the set Ωn,N,m, for all h ∈ Sm \{0}, we have : 1

2∥h∥
2
n ≤ ∥h∥2n,N ≤ 3

2∥h∥
2
n.

We have the following result:

Lemma 2.8.8. Under Assumption 2.2.1, the following holds:

• If n ≥ N or n ∝ N , then m ∈ M =
¶
1, . . . ,

ö√
N/ log(Nn)

ù©
and,

P
(
Ωc
n,N,m

)
≤ 2 exp(−C

√
N).

• If n ≤ N , then m ∈ M = {1, . . . , ⌊
√
n/ log(Nn)⌋} and

P
(
Ωc
n,N,m

)
≤ 2 exp(−C

√
n)

where C > 0 is a constant.

Proof of Lemma 2.8.8 . We have:

Ωc
n,N,m =

®
ω ∈ Ω, ∃h0 ∈ Sm,

∣∣∣∣∣∥h∥2n,N∥h∥2n
− 1

∣∣∣∣∣ > 1

2

´
,

Denote by Hm = {h ∈ Sm, ∥h∥n = 1} and Hε
m the ε−net of Hm for any ε > 0. We have

sup
h∈Hm

∣∣∣∣∣∥h∥2n,N∥h∥2n
− 1

∣∣∣∣∣ = sup
h∈Hm

∣∣∥h∥2n,N − 1
∣∣.

Let ε > 0 and let Hε
m be the ε−net of Hm w.r.t. the supremum norm ∥.∥∞. Then, for each h ∈ Hm,

there exists hε ∈ Hε
m such that ∥h− hε∥∞ ≤ ε. Then∣∣∥h∥2n,N − 1

∣∣ ≤ ∣∣∥h∥2n,N − ∥hε∥2n,N
∣∣+ ∣∣∥hε∥2n,N − 1

∣∣
and,

∣∣∥h∥2n,N − ∥hε∥2n,N
∣∣ ≤ 1

Nn

N∑
j=1

n−1∑
k=0

∣∣∣h(Xj
k∆)− hε(X

j
k∆)
∣∣∣ (∥h∥∞ + ∥hε∥∞) ≤ (∥h∥∞ + ∥hε∥∞) ε.

Moreover, we have ∥h∥2, ∥hε∥2 ≤ 1/τ0. Then, there exists a constant c > 0 such that
∣∣∣∥h∥2n,N − ∥hε∥2n,N

∣∣∣ ≤ 2
»

cm
τ0
ε for the spline basis (see Lemma 2.6 in Denis et al .(2021))

∣∣∣∥h∥2n,N − ∥hε∥2n,N
∣∣∣ ≤ 2

»
cm
τ0
ε for an orthonormal basis (∥h∥2∞ ≤ ( max

0≤ℓ≤m−1
∥ϕℓ∥2∞)m∥h∥2).

Therefore, for all δ > 0 and for both the spline basis and any orthonormal basis,

P
Ç

sup
h∈Hm

∣∣∥h∥2n,N − 1
∣∣ ≥ δ

å
≤ P
Ç

sup
h∈Hε

m

∣∣∥h∥2n,N − 1
∣∣ ≥ δ/2

å
+ 14ε

»
cm
τ0

≥δ.
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We set δ = 1/2 and we choose ε > 0 such that 4ε
»

cm
τ0

< 1/2. Then, using the Hoeffding inequality,
there exists a constant c > 0 depending on c and τ0 such that

P
(
Ωc
n,N,m

)
≤ 2N∞(ε,Hm) exp

Å
−cN

m

ã
(2.54)

where N∞(ε,Hm) is the covering number of Hm satisfying:

N∞(ε,Hm) ≤
Å
κ

√
m

ε

ãm
(2.55)

where the constant κ > 0 depends on c > 0 (see [30], Proof of Lemma D.1). We set ε = κ
√
m∗

N with
m∗ = maxM and we derive from Equations (2.54) and (2.55) that

P
(
Ωc
n,N,m

)
≤ 2Nm∗

exp

Å
−c N

m∗

ã
= 2 exp

Å
−c N

m∗

Å
1− m∗2 log(N)

cN

ãã
.

• If n ≥ N , then m ∈ M =
¶
1, . . . ,

√
N/ log(Nn)

©
. Since m∗2 log(N)/N → 0 as N → +∞, there

exists a constant C > 0 such that

P
(
Ωc
n,N,m

)
≤ 2 exp

Ä
−C

√
N
ä
.

• If n ≤ N , then m ∈ M = {1, . . . ,
√
n/ log(Nn)} , m∗2 log(N)/N ≤ log(N)/ log2(Nn) → 0 as

N,n→ ∞, and
P
(
Ωc
n,N,m

)
≤ 2 exp

(
−C

√
n
)
.

• If n ∝ N , then m ∈ M =
¶
1, . . . ,

√
N/ log(Nn)

©
. Since m∗2 log(N)/N → 0 as N → +∞, there

exists a constant C > 0 such that

P
(
Ωc
n,N,m

)
≤ 2 exp

Ä
−C

√
N
ä
.

Proof of Theorem 2.4.1 . The proof of Theorem 2.4.1 extends the proof of Theorem 2.3.2 when N
tends to infinity. Then, we deduce from Equation (2.38) that

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,N

1Ωn,N,m

ò
≤ 3 inf

h∈Sm,L

∥∥∥h− σ2|I

∥∥∥2
n
+ CE

Ç
sup

h∈Sm,∥h∥n=1
ν2(h)

å
+ C∆2 (2.56)

where C > 0 is a constant depending on σ1, and ν = ν1 + ν2 + ν3 with

νi(h) =
1

Nn

N∑
j=1

n−1∑
k=0

h(Xj
k∆)ζ

j,i
k∆, i = 1, 2, 3

and the ζj,ik∆’s are the error terms depending on each path Xj , j = 1, . . . , N .

Upper bound of E
Ç

sup
h∈Sm, ∥h∥n=1

ν2(h)

å
For all h =

∑m−1
ℓ=0 aℓϕℓ ∈ Sm such that ∥h∥n = 1, we have ∥h∥2 ≤ 1

τ0
and the coordinate vector

a = (a0, · · · , am−1) satisfies:

• ∥a∥22 ≤ CK ≤ Cm for the spline basis (see [30], Lemma 2.6)

• ∥a∥22 ≤ 1/τ0 for an orthonormal basis since ∥h∥2 = ∥a∥22.
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Furthermore, using the Cauchy−Schwarz inequality, we have:

ν2(h) =

(
m−1∑
ℓ=0

aℓν (ϕℓ)

)2

≤ ∥a∥22
m−1∑
ℓ=0

ν2 (ϕℓ).

Thus, for all ℓ ∈ [[0,m− 1]], ν = ν1 + ν2 + ν3 and for all i ∈ {1, 2, 3}

E
[
ν2i (ϕℓ)

]
=

1

Nn2
E

(n−1∑
k=0

ϕℓ
(
X1

k∆

)
ζ1,ik∆

)2
 .

We finally deduce from (2.42), (2.43) and (2.44) that there exists a constant C > 0 depending on σ1
such that:

E
Ç

sup
h∈Sm, ∥h∥n=1

ν2(h)

å
≤ C

m

Nn
. (2.57)

We deduce from (2.56) and (2.57) that there exists a constant C > 0 such that,

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,N

1Ωn,N,m

ò
≤ 3 inf

h∈Sm,L

∥∥∥σ2|I − h
∥∥∥2
n
+ C

( m

Nn
+∆2

)
. (2.58)

Since we have
∥∥σ̂2m∥∥∞ ≤

√
mL, then for m and L large enough,

∥∥∥σ̂2m − σ2|I

∥∥∥2
∞

≤ 2mL. There exists a
constant C > 0 such that for all m ∈ M and for m and L large enough,

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,N

ò
= E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,N

1Ωn,N,m

ò
+ E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,N

1Ωc
n,N,m

ò
≤ E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,N

1Ωn,N,m

ò
+ 2mLP

(
Ωc
n,N,m

)
.

Then, from Equation (2.58), Lemma 2.8.8 and for m ∈ M =
¶
1, . . . ,

√
min(n,N)/

√
log(Nn)

©
, we

have:

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,N

ò
≤ 3 inf

h∈Sm,L

∥∥∥h− σ2|I

∥∥∥2
n
+ C

( m

Nn
+mL exp

(
−C
»
min(n,N)

)
+∆2

)
where C > 0 is a constant. Recall that the empirical norms ∥.∥n,N and ∥.∥n are equivalent on Ωn,N,m,
that is for all h ∈ Sm, ∥h∥2n ≤ 2∥h∥2n,N . Thus, we have

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n

ò
= E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n
1Ωn,N,m

ò
+ E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n
1Ωc

n,N,m

ò
≤ E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n
1Ωn,N,m

ò
+ 2mLP

(
Ωc
n,N,m

)
.

For all h ∈ Sm,L ⊂ Sm, we have:

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n
1Ωn,N,m

ò
≤ 2E

î∥∥σ̂2m − h
∥∥2
n
1Ωn,N,m

ó
+ 2

∥∥∥h− σ2|I

∥∥∥2
n

≤ 4E
î∥∥σ̂2m − h

∥∥2
n,N

1Ωn,N,m

ó
+ 2

∥∥∥h− σ2|I

∥∥∥2
n

≤ 8E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n,N

ò
+ 10

∥∥∥h− σ2|I

∥∥∥2
n
.

We finally conclude that

E
ï∥∥∥σ̂2m − σ2|I

∥∥∥2
n

ò
≤34 inf

h∈Sm,L

∥∥∥h− σ2|I

∥∥∥2
n
+ C

( m

Nn
+mL exp

(
−C
»
min(n,N)

)
+∆2

)
.
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Proof of Theorem 2.4.3

Proof. We consider the restriction σ21[− log(N),log(N)] of σ2 on the compact interval [− log(N), log(N)]
on which the spline basis is built. Then we have:

E
î∥∥σ̂2m,L − σ2

∥∥2
n

ó
= E
î∥∥(σ̂2m,L − σ2)1[− log(N),log(N)]

∥∥2
n

ó
+ E
î∥∥(σ̂2m,L − σ2)1[− log(N),log(N)]c

∥∥2
n

ó
and from Proposition 2.8.2, Lemma 2.8.4 and for N large enough, there exists constants c, C > 0 such
that

E
î∥∥(σ̂2m,L − σ2)1[− log(N),log(N)]c

∥∥2
n

ó
≤2L

n

n−1∑
k=0

P (|Xk∆| > log(N)) ≤ 2L sup
t∈[0,1]

P (|Xt| ≥ log(N))

≤ C

log(N)
exp

(
−c log2(N)

)
.

We deduce that

E
î∥∥σ̂2m,L − σ2

∥∥2
n

ó
= E
î∥∥(σ̂2m,L − σ2)1[− log(N),log(N)]

∥∥2
n

ó
+

C

log(N)
exp

(
−c log2(N)

)
. (2.59)

It remains to upper-bound the first term on the right hand side of Equation (2.59).

Upper bound of E
ï∥∥∥σ̂2m,L − σ2

∥∥∥2
n
1[− log(N),log(N)]

ò
. For all h ∈ Sm,L, we obtain from Equation (2.10),

γn,N (σ̂2m,L)− γn,N (σ2) ≤ γn,N (h)− γn,N (σ2). (2.60)

For all h ∈ Sm,L,

γn,N (h)− γn,N (σ2) =
∥∥h− σ2

∥∥2
n,N

+ 2ν1(σ
2 − h) + 2ν2(σ

2 − h) + 2ν3(σ
2 − h) + 2µ(σ2 − h)

where

νi(h) =
1

nN

N∑
j=1

n−1∑
k=0

h(Xj
k∆)ζ

j,i
k∆, i ∈ {1, 2, 3}, µ(h) =

1

nN

N∑
j=1

n−1∑
k=0

h(Xj
k∆)R

j
k∆, (2.61)

we deduce from Equation (2.60) that for all h ∈ Sm,L,

E
î∥∥σ̂2m,L − σ2

∥∥2
n,N

1[− log(N),log(N)]

ó
≤ inf

h∈Sm,L

∥h− σ2∥2n + 2
3∑

i=1

E
[
νi(σ̂

2
m,L − h)

]
+ 2E

[
µ(σ̂2m,L − h)

]
.

(2.62)
For all i ∈ {1, 2, 3} and for all h ∈ Sm,L, one has

E
[
νi
(
σ̂2m,L − h

)]
≤

√
2mL

Ã
m−1∑
ℓ=0

E
[
ν2i (ϕℓ)

]
. (2.63)

1. Upper bound of
∑m−1

ℓ=0 E
[
ν21(ϕℓ)

]
According to Equation (2.61), we have

∀ℓ ∈ [[0,m− 1]], ν1(ϕℓ) =
1

Nn

N∑
j=1

n−1∑
k=0

ϕℓ(X
j
k∆)ζ

j,1
k∆

where ζj,1k∆ = 1
∆

[Ä∫ (k+1)∆
k∆ σ(Xj

s )dW
j
s

ä2
−
∫ (k+1)∆
k∆ σ2(Xj

s )ds
]

is a martingale satisfying

E
î
ζ1,1k∆|Fk∆

ó
= 0 and E

[Ä
ζ1,1k∆

ä2
|Fk∆

]
≤ 1

∆2
E

[Ç∫ (k+1)∆

k∆
σ2(X1

s )ds

å2
]
≤ Cσ41
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with C > 0 a constant, W = W 1 and (Ft)t≥0 the natural filtration of the martingale (Mt)t∈[0,1]
given for all t ∈ [0, 1] by Mt =

∫ t
0 σ(X

1
s )dWs. We derive that

m−1∑
ℓ=0

E
[
ν21(ϕℓ)

]
=

1

Nn2

m−1∑
ℓ=0

E

(n−1∑
k=0

ϕℓ(X
j
k∆)ζ

1,1
k∆

)2
 =

1

Nn2
E

[
n−1∑
k=0

m−1∑
ℓ=0

ϕ2ℓ (X
1
k∆)
Ä
ζ1,1k∆

ä2]
.

For each k ∈ [[0, n− 1]], we have
∑m−1

ℓ=0 ϕ2ℓ (X
1
k∆) =

∑K−1
ℓ=−M B2

ℓ (X
1
k∆) = 1 for the spline basis

∑m−1
ℓ=0 ϕ2ℓ (X

1
k∆) ≤ Cm For an orthonormal basis with C = max

0≤ℓ≤m−1
∥ϕℓ∥2∞.

Finally, there exists a constant C > 0 such that

m−1∑
ℓ=0

E
[
ν21(ϕℓ)

]
≤


C
Nn for the spline basis

C m
Nn for an orthonormal basis.

2. Upper bound of
∑m−1

ℓ=0 E
[
ν22(ϕℓ)

]
For all k ∈ [[0, n− 1]] and for all s ∈ [0, 1], set η(s) = k∆ if s ∈ [k∆, (k + 1)∆). We have:

m−1∑
ℓ=0

E
[
ν22(ϕℓ)

]
=

4

N

m−1∑
ℓ=0

E

(n−1∑
k=0

∫ (k+1)∆

k∆
ϕℓ(X

1
k∆)((k + 1)∆− s)σ′(X1

s )σ
2(X1

s )dWs

)2


=
4

N

m−1∑
ℓ=0

E

[Ç∫ 1

0
ϕℓ(X

1
η(s))(η(s) + ∆− s)σ′(X1

s )σ
2(X1

s )dWs

å2
]
.

We conclude that

m−1∑
ℓ=0

E
[
ν22(ϕℓ)

]
≤


C

Nn2 for the spline basis

C m
Nn2 for an orthonormal basis.

where the constant C > 0 depends on the diffusion coefficient and the upper bound of the basis
functions.

3. Upper bound of
∑m−1

ℓ=0 E
[
ν32(ϕℓ)

]
We have:

m−1∑
ℓ=0

E
[
ν23(ϕℓ)

]
=

4

Nn2

m−1∑
ℓ=0

E

(n−1∑
k=0

∫ (k+1)∆

k∆
ϕℓ(X

1
k∆)b(X

1
k∆)σ(X

1
s )dWs

)2


=
4

Nn2

m−1∑
ℓ=0

E

[Ç∫ 1

0
ϕℓ(X

1
η(s))b(X

1
η(s))σ(X

1
s )dWs

å2
]

≤ 4

Nn2
E

[∫ 1

0

m−1∑
ℓ=0

ϕ2ℓ (X
1
η(s))b(X

1
η(s))σ

2(X1
s )ds

]
.

Since for all x ∈ R, b(x) ≤ C0(1 + x2) and sup
t∈[0,1]

E
(
|Xt|2

)
< ∞, there exists a constant C > 0

depending on the diffusion coefficient such that

m−1∑
ℓ=0

E
[
ν23(ϕℓ)

]
≤


C

Nn2 for the spline basis

C m
Nn2 for an orthonormal basis.
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We finally deduce that from Equations (2.62) and (3.46) that for all h ∈ Sm,L,
E
ï∥∥∥σ̂2m,L − σ2

∥∥∥2
n,N

1[− log(N),log(N)]

ò
≤ inf

h∈Sm,L

∥h− σ2∥2n + C
»

mL
Nn + 2E

î
µ(σ̂2m,L − h)

ó
(1)

E
ï∥∥∥σ̂2m,L − σ2

∥∥∥2
n,N

1[− log(N),log(N)]

ò
≤ inf

h∈Sm,L

∥h− σ2∥2n + C
»

m2L
Nn + 2E

î
µ(σ̂2m,L − h)

ó
(2)

(2.64)
whereC > 0 is a constant, the result (1) corresponds to the spline basis, and the result (2) corresponds
to any orthonormal basis. It remains to obtain an upper bound of the term µ(σ̂2m,L − h). For all a > 0
and for all h ∈ Sm,L,

2µ
(
σ̂2m,L − h

)
≤2

a

∥∥σ̂2m,L − σ2
∥∥2
n,N

+
2

a

∥∥h− σ2
∥∥2
n,N

+
a

Nn

N∑
j=1

n−1∑
k=0

Ä
Rj

k∆

ä2
2E
[
µ
(
σ̂2m,L − h

)]
≤2

a
E
∥∥σ̂2m,L − σ2

∥∥2
n,N

+
2

a
inf

h∈Sm,L

∥h− σ2∥2n +
a

Nn

N∑
j=1

n−1∑
k=0

E
[Ä
Rj

k∆

ä2]
.

Using Equations (2.37), (2.64) and setting a = 4, we deduce that there exists a constant C > 0 de-
pending on σ1 such that,

E
ï∥∥∥σ̂2m,L − σ2

∥∥∥2
n,N

1[− log(N),log(N)]

ò
≤ inf

h∈Sm,L

∥h− σ2∥2n + C
(»

mL
Nn +∆2

)
[B]

E
ï∥∥∥σ̂2m,L − σ2

∥∥∥2
n,N

1[− log(N),log(N)]

ò
≤ inf

h∈Sm,L

∥h− σ2∥2n + C
(»

m2L
Nn +∆2

)
[H].

(2.65)

The final result is obtained from Equations (2.59) and (2.65).

Proof of Lemma 2.4.5

Proof. It is proven in [18] that for each dimensionm ∈ M, the Gram matrix Ψm built from the Hermite
basis is invertible. For the case of the B-spline basis, let us consider a vector (x−M , · · · , xK−1) ∈ Rm

such that xj ∈ [uj+M , uj+M+1) and Bj(xj) ̸= 0. Since [uj+M , uj+M+1) ∩ [uj′+M , uj′+M+1) = ∅ for
all j, j′ ∈ {−M, · · · ,K − 1} such that j ̸= j′, then for all j, j′ ∈ {−M, · · · ,K − 1} such that j ̸=
j′, Bj(xj′) = 0. Consequently, we obtain:

det
Ä
(Bℓ(xℓ′))−M≤ℓ,ℓ′≤K−1

ä
= det (diag (B−M (xM ), · · · , BK−1(xK−1)))

=
K−1∏
ℓ=−M

Bℓ(xℓ) ̸= 0.

Then, we deduce from [18], Lemma 1 that the matrix Ψm is invertible for all m ∈ M, where the
function fT are replaced by

fn : x 7→ 1

n

n−1∑
k=0

pX(k∆, x)

with λ([−AN , AN ] ∩ supp(fn)) > 0, λ being the Lebesgue measure.

Case of the B-spline basis. For all w ∈ Rm such that ∥w∥2,m = 1, we have:

w′Ψmw = ∥tw∥2n =

∫ AN

−AN

t2w(x)fn(x)dx+
t2w(x0)

n
with tw =

K−1∑
ℓ=−M

wℓBℓ.
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Under Assumption 2.2.1, the transition density (t, x) 7→ pX(t, x) is approximated as follows

∀(t, x) ∈ (0, 1]× R,
1

K∗
√
t
exp

Å
−cσ

x2

t

ã
≤ pX(t, x) ≤ K∗√

t
exp

Å
− x2

cσt

ã
where K∗ > 1 and cσ > 1. Since s 7→ exp

(
−cσx2/s

)
is an increasing function, then for n large enough

and for all x ∈ [−AN , AN ],

fn(x) ≥
1

K∗n

n−1∑
k=1

exp

Å
−c x

2

k∆

ã
≥ 1

K∗

∫ 1−∆

0
exp

Å
−cσ

x2

s

ã
ds

≥ 1

K∗

∫ 1−(2 log(N))−1

1−(log(N))−1

exp

Å
−cσ

x2

s

ã
ds

≥ 1

2K∗ log(N)
exp

Å
− cσx

2

1− log−1(N)

ã
.

Thus, the density function satisfies

∀x ∈ [−AN , AN ], fn(x) ≥
1

2K∗ log(N)
exp

Å
−

cσA
2
N

1− log−1(N)

ã
≥ 1

2K∗ log(N)
exp

(
−cσA2

N

)
. (2.66)

Finally, since there exists a constant C1 > 0 such that ∥tw∥2 ≥ C1ANK
−1
N (see [30], Lemma 2.6), for all

w ∈ Rm (m = KN +M ) such that ∥w∥2,m = 1, there exists a constant C > 0 such that,

w′Ψmw ≥ CAN

m log(N)
exp

(
−cσA2

N

)
.

Case of the Hermite basis. For all w ∈ Rm such that ∥w∥2,m = 1, we have

w′Ψmw = ∥tw∥2n =

∫ +∞

−∞
t2w(x)fn(x)dx+

t2w(x0)

n
with tw =

m−1∑
ℓ=0

wℓhℓ.

Recall that for all x ∈ R such that |x| ≥
√
(3/2)(4m+ 3), |hℓ(x)| ≤ c|x| exp(−c0x2) for all ℓ ≥ 0. Then

we have

w′Ψmw ≥
∫
|x|≤

√
(3/2)(4m+3)

(
m−1∑
ℓ=0

wℓhℓ(x)

)2

fn(x)dx

≥ inf
x∈[−

√
(3/2)(4m+3),

√
(3/2)(4m+3)]

fn(x)

∫
|x|≤

√
(3/2)(4m+3)

(
m−1∑
ℓ=0

wℓhℓ(x)

)2

dx

≥ 1

2K∗ log(N)
exp

Ç
− 3cσ(4m+ 3)

2
(
1− log−1(N)

)å∫
|x|≤

√
(3/2)(4m+3)

(
m−1∑
ℓ=0

wℓhℓ(x)

)2

dx

since for all x ∈ R, fn(x) ≥ (1/2K∗ log(N)) exp
(
− cσx2

1−log−1(N)

)
. Set aN =

√
(3/2)(4m+ 3), then we

obtain

w′Ψmw ≥
exp

Å
− 3cσ(4m+3)

2(1−log−1(N))

ã
2K∗ log(N)

Ñ∫ +∞

−∞

(
m−1∑
ℓ=0

wℓhℓ(x)

)2

dx−
∫
|x|>aN

(
m−1∑
ℓ=0

wℓhℓ(x)

)2

dx

é
≥

exp

Å
− 3cσ(4m+3)

2(1−log−1(N))

ã
2K∗ log(N)

Ç
1− 2c2m

∫ +∞

aN

x2 exp(−8c0x
2)dx

å
≥

exp

Å
− 3cσ(4m+3)

2(1−log−1(N))

ã
2K∗ log(N)

Ç
1− c2m

8c0

…
3

2
(4m+ 3) exp (−12c0(4m+ 3))

å
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where c, c0 > 0 are constants depending on the Hermite basis. Finally, for N large enough,

1− c2m

8c0

…
3

2
(4m+ 3) exp (−12c0(4m+ 3)) ≥ 1

2
.

Finally, there exists a constant C > 0 such that for all w ∈ Rm such that ∥w∥2,m,

w′Ψmw ≥ C

log(N)
exp

Ç
− 3cσ(4m+ 3)

2
(
1− log−1(N)

)å .
Proof of Theorem 2.4.6

The proof of Theorem 2.4.6 relies on the following lemma:

Lemma 2.8.9. Under Assumptions 2.2.1 and for σ2 ∈ ΣI(β,R) with β ≥ 1, I = [−AN , AN ] and

N ∝ n, AN = o
(»

log(N)
)
, K ∝

Ä
(Nn)1/(2β+1)AN

ä
(m = K +M),

the following holds:

P
(
Ωc
n,N,m

)
≤ C exp

Ä
−c log3/2(N)

ä
where c, C > 0 are constants independent of N .

Proof of Theorem 2.4.6 . According to Equations (2.56) in the proof of Theorem 2.4.1, for all dimension
m = K +M , with K ∈ M, and for all h ∈ SK+M , there exists a constant C > 0 such that

E
î∥∥σ̂2AN ,m − σ2AN

∥∥2
n,N

1Ωn,N,m

ó
≤ C

ñ
inf

h∈SK+M,L

∥h− σ2AN
∥2n + E

Ç
sup

h∈SK+M ,∥h∥n=1
ν2(h)

å
+∆2

ô
(2.67)

where Ωn,N,m is given in Equation (2.53) and ν = ν1 + ν2 + ν3 with the νi given in Equation (2.33) .
For all h =

∑K−1
ℓ=−M aℓBℓ ∈ SK+M,LN

,

∥h∥2n = E

[
1

n

n−1∑
k=0

h2(Xk∆)

]
=

K−1∑
ℓ=−M

K−1∑
ℓ=−M

aℓaℓ′E

[
1

n

n−1∑
k=0

Bℓ(Xk∆)Bℓ′(Xk∆)

]
= a′Ψma.

The Gram matrix Ψm is invertible for each K ∈ M (see proof of Lemma 2.4.5). It follows that for all
h =

∑K−1
ℓ=−M aℓBℓ such that ∥h∥2n = a′Ψma = 1, one has a = Ψ

−1/2
m u where u ∈ Rm and ∥u∥2,m = 1.

Furthermore, we have:

h =
K−1∑
ℓ=−M

aℓBℓ =

K−1∑
ℓ=−M

uℓ

K−1∑
ℓ′=−M

î
Ψ−1/2

m

ó
ℓ′,ℓ

Bℓ′ .

Then for all h ∈ SK+M , we have ν2(h) ≤ 3(ν21(h) + ν22(h) + ν23(h)) where,

∀i ∈ {1, 2, 3}, ν2i (h) ≤
K−1∑
ℓ=−M

Ñ
1

Nn

N∑
j=1

n−1∑
k=0

K−1∑
ℓ′=−M

î
Ψ−1/2

m

ó
ℓ′,ℓ

Bℓ′(X
j
k∆)ζ

j,i
k∆

é2

.

So we obtain,

∀i ∈ {1, 2, 3}, E
ñ

sup
h∈SK+M ,∥h∥n=1

ν2i (h)

ô
≤ 1

Nn2

K−1∑
ℓ=−M

E

(n−1∑
k=0

K−1∑
ℓ′=−M

î
Ψ−1/2

m

ó
ℓ′,ℓ

Bℓ′(X
j
k∆)ζ

1,i
k∆

)2

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For i = 1, we have ζ1,1k∆ = 1
∆

[Ä∫ (k+1)∆
k∆ σ(X1

s )dWs

ä2
−
∫ (k+1)∆
k∆ σ2(X1

s )ds
]

and we obtained in the
proof of Theorem 2.5.1 that there exists a constant C > 0 such that for all k ∈ [[0, n− 1]],

E
î
ζ1,1k∆|Fk∆

ó
= 0, E

[Ä
ζ1,1k∆

ä2
|Fk∆

]
≤ CE

[Ç∫ (k+1)∆

k∆
σ2(Xu)du

å2
]
≤ Cσ41∆

2.

We deduce that

E
ñ

sup
h∈SK+M ,∥h∥n=1

ν21(h)

ô
=

1

Nn2∆2

K−1∑
ℓ=0

E

(n−1∑
k=0

K−1∑
ℓ′=−M

î
Ψ−1/2

m

ó
ℓ′,ℓ

Bℓ′(X
1
k∆)ζ

1,1
k∆

)2


≤ 1

N

K−1∑
ℓ=−M

n−1∑
k=0

E


(

K−1∑
ℓ′=−M

î
Ψ−1/2

m

ó
ℓ′,ℓ

Bℓ′(X
1
k∆)

)2 Ä
ζ1,1k∆

ä2
≤ 4σ21
Nn

K−1∑
ℓ=−M

K−1∑
ℓ′=−M

K−1∑
ℓ′′=−M

î
Ψ−1/2

m

ó
ℓ′,ℓ

î
Ψ−1/2

m

ó
ℓ′′,ℓ

î
Ψ−1/2

m

ó
ℓ′,ℓ′′

.

We have:

K−1∑
ℓ=−M

K−1∑
ℓ′=−M

K−1∑
ℓ′′=−M

î
Ψ−1/2

m

ó
ℓ′,ℓ

î
Ψ−1/2

m

ó
ℓ′′,ℓ

î
Ψ−1/2

m

ó
ℓ′,ℓ′′

= Tr
(
Ψ−1

m Ψm

)
= Tr(Im) = m.

So we obtain

E
ñ

sup
h∈SK+M

ν21(h)

ô
≤ 4σ21m

Nn
.

For i = 2, we have ζ1,2k∆ = 2
∆

∫ (k+1)∆
k∆ ((k + 1)∆− s)σ′(X1

s )σ
2(X1

s )dWs and

E
ñ

sup
h∈SK+M ,∥h∥n=1

ν22(h)

ô
≤ 1

Nn2

K−1∑
ℓ=−M

E

(n−1∑
k=0

K−1∑
ℓ′=−M

î
Ψ−1/2

m

ó
ℓ′,ℓ

Bℓ′(X
j
k∆)ζ

1,2
k∆

)2


≤ 4σ41∥σ′∥2∞∆

Nn2

K−1∑
ℓ=−M

n−1∑
k=0

E

( K−1∑
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î
Ψ−1/2

m

ó
ℓ′,ℓ

Bℓ′(X
1
k∆)

)2


≤ 4σ21∥σ′∥2∞m
Nn2

.

For i = 3, we have ζ1,3k∆ = 2b
(
X1

k∆

) ∫ (k+1)∆
k∆ σ(X1

s )dWs and there exists constants C1, C2 > 0 such that

E
ñ

sup
h∈SK+M ,∥h∥n=1

ν23(h)

ô
≤ 1

Nn2

K−1∑
ℓ=−M

E

(n−1∑
k=0

K−1∑
ℓ′=−M

î
Ψ−1/2

m

ó
ℓ′,ℓ

Bℓ′(X
j
k∆)ζ

1,3
k∆

)2


≤ C1
σ21∆

Nn2

K−1∑
ℓ=−M

n−1∑
k=0

E

( K−1∑
ℓ′=−M

î
Ψ−1/2

m

ó
ℓ′,ℓ

Bℓ′(X
1
k∆)

)2


≤ C2
σ21m

Nn2
.

Finally, there exists a constant C > 0 depending on σ1 and M such that

E
ñ

sup
h∈SK+M ,∥h∥n=1

ν2(h)

ô
≤ C

m

Nn
. (2.68)
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From Equations (2.67) and (2.68) , we deduce that

E
î∥∥σ̂2AN ,m − σ2AN

∥∥2
n,N

1Ωn,N,m

ó
≤ C

Å
inf

h∈SK+M,L

∥h− σ2AN
∥2n +

m

Nn
+∆2

ã
where C > 0 is a constant depending on σ1 and M . We obtain

E
î∥∥σ̂2AN ,m − σ2AN

∥∥2
n,N

ó
≤ C

Å
inf

h∈SK+M,L

∥h− σ2AN
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Nn
+∆2

ã
+ E
î∥∥σ̂2AN ,m − σ2AN

∥∥2
n,N

1Ωc
n,N,m

ó
and for N large enough,

∥∥∥σ̂2AN ,m − σ2AN

∥∥∥2
n,N

≤ 4mL, and according to Lemma 2.8.9 ,

E
î∥∥σ̂2AN ,m − σ2AN

∥∥2
n,N

1Ωc
n,N,m

ó
≤ 4mLP

(
Ωc
n,N,m

)
≤ CmL exp

Ä
−c log3/2(N)

ä
where c > 0 is a constant. Thus, there exists a constant C > 0 such that

E
î∥∥σ̂2AN ,m − σ2AN

∥∥2
n,N

ó
≤ E
î∥∥σ̂2AN ,m − σ2AN

∥∥2
n,N

1Ωn,N,m

ó
+ E
î∥∥σ̂2AN ,m − σ2AN

∥∥2
n,N

1Ωc
n,N,m

ó
≤ C

Å
inf

h∈SK+M,L

∥h− σ2AN
∥2n +

m

Nn
+mL exp

Ä
−c log3/2(N)

ä
+∆2

ã
.

Then, as n ∝ N and L = log(N), there exists a constant C > 0 such that

E
î∥∥σ̂2AN ,m − σ2AN

∥∥2
n,N

ó
≤ C

Å
inf

h∈SK+M,L

∥h− σ2AN
∥2n +

m

Nn

ã
.

Finally, since σ2 ∈ ΣI(β,R) with β ≥ 1 and I = [−AN , AN ], one has

inf
h∈SK+M,L

∥h− σ2AN
∥2n ≤ CA2β

N K−2β

where the constant C > 0 depends on β,R and M . Furthermore, as we chose the inverval [−AN , AN ]

such that AN = o
Ä√

log(N)
ä

and for K ∝
Ä
(Nn)1/(2β+1)AN

ä
, we obtain

E
î∥∥σ̂2AN ,m − σ2AN

∥∥2
n,N

ó
≤ C logβ(N)(Nn)−2β/(2β+1).

2.8.4 Proof of Section 2.5

Proof of Theorem 2.5.1

Set for all K,K ′ ∈ K =
¶
2q, q = 0, . . . , qmax, 2

qmax ≤
√
N/ log(N)

©
⊂ M,

TK,K′ =
¶
g ∈ SK+M + SK′+M , ∥g∥n = 1, ∥g∥∞ ≤

√
L
©
. (2.69)

Recall that for all j ∈ [[1, N ]] and for all k ∈ [[0, n]],

ζj,1k∆ =
1

∆

[Ç∫ (k+1)∆

k∆
σ(Xj

s )dW
j
s

å2

−
∫ (k+1)∆

k∆
σ2(Xj

s )ds

]
.

The proof of Theorem 2.5.1 relies on the following lemma whose proof is in Appendix.

Lemma 2.8.10. Under Assumption 2.2.1, for all ε, v > 0 and g ∈ TK,K′ , there exists a real constant C > 0
such that,

P

Ñ
1

Nn

N∑
j=1

n−1∑
k=0

g(Xj
k∆)ζ

j,1
k∆ ≥ ε, ∥g∥2n,N ≤ v2

é
≤ exp

Ç
−C Nnε2

σ21
(
ε∥g∥∞ + 4σ21v

2
)å

and for all x > 0 such that x ≤ ε2/σ21
(
ε∥g∥∞ + 4σ21v

2
)
,

P

Ñ
1

Nn

N∑
j=1

n−1∑
k=0

g(Xj
k∆)ζ

j,1
k∆ ≥ 2σ21v

√
x+ σ21∥g∥∞x, ∥g∥2n,N ≤ v2

é
≤ exp (−CNnx) .
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2.8 Proofs

Proof of Theorem 2.5.1. From Equation (2.23), we have“K := argmin
K∈K

{
γn,N (σ̂2K) + pen(K)

}
.

For all K ∈ K and h ∈ SK+M,L,

γn,N (σ̂2“K) + pen(“K) ≤ γn,N (h) + pen(K),

then, for all K ∈ K and for all h ∈ SK+M,L,

γn,N (σ̂2“K)− γn,N (σ2|I) ≤ γn,N (h)− γn,N (σ2|I) + pen(K)− pen(“K)∥∥∥σ̂2“K − σ2|I

∥∥∥2
n,N

≤
∥∥∥h− σ2|I

∥∥∥2
n,N

+ 2ν
Ä
σ̂2“K − h

ä
+ 2µ

Ä
σ̂2“K − h

ä
+ pen(K)− pen(“K)

≤
∥∥∥h− σ2|I

∥∥∥2
n,N

+
1

d

∥∥∥σ̂2“K − t
∥∥∥2
n
+ d sup

g∈T
K,K̂

ν2(g) +
1

d

∥∥∥σ̂2“K − h
∥∥∥2
n,N

+
d

Nn

N∑
j=1

n−1∑
k=0

Ä
Rj

k∆

ä2
+ pen(K)− pen(“K)

where d > 1 and the space T
K,“K is given in Equation (2.69). On the set Ωn,N,Kmax (given in Equation

(2.53)): ∀h ∈ SK+M ,
1
2∥h∥

2
n ≤ ∥h∥2n,N ≤ 3

2∥h∥
2
n. Then on Ωn,N,Kmax , for all d > 1 and for all h ∈ SK+M

with K ∈ K,Å
1− 10

d

ã∥∥∥σ̂2“K − σ2|I

∥∥∥2
n,N

≤
Å
1 +

10

d

ã∥∥∥h− σ2|I

∥∥∥2
n,N

+ d sup
h∈T

K,K̂

ν2(h) +
d

Nn

N∑
j=1

n−1∑
k=0

Ä
Rj

k∆

ä2
+ pen(K)− pen(“K).

We set d = 20. Then, on Ωn,N,max and for all h ∈ SK+M,L,∥∥∥σ̂2“K − σ2|I

∥∥∥2
n,N

≤ 3
∥∥∥h− σ2|I

∥∥∥2
n,N

+ 20 sup
h∈T

K,K̂

ν2(h) +
20

Nn

N∑
j=1

n−1∑
k=0

Ä
Rj

k∆

ä2
+ 2
Ä
pen(K)− pen(“K)

ä
.

(2.70)
Let q : K2 −→ R+ such that 160q(K,K ′) ≤ 18pen(K) + 16pen(K ′). Thus, on the set Ωn,N,Kmax , there
exists a constant C > 0 such that for all h ∈ SK+M

E
ï∥∥∥σ̂2“K − σ2|I

∥∥∥2
n,N

1Ωn,N,Kmax

ò
≤ 34

Å
inf

h∈SK+M,L

∥∥∥h− σ2|I

∥∥∥2
n
+ pen(K)

ã
+ 160E

(
sup

h∈T
K,K̂

ν21(h)− q(K, “K)

)
+ C∆2

where

ν1(h) :=
1

Nn

N∑
j=1

n−1∑
k=0

h(Xj
k∆)ζ

j,1
k∆ (2.71)

with ζj,1k∆ the error term. We set for all K,K ′ ∈ K,

GK(K ′) := sup
h∈TK,K′

ν21(h) (2.72)

and for N and n large enough,
∥∥∥σ̂2“K − σ2|I

∥∥∥2
n,N

≤ 4(K +M)L. We deduce that,

E
ï∥∥∥σ̂2“K − σ2|I

∥∥∥2
n,N

ò
≤ E
ï∥∥∥σ̂2“K − σ2|I

∥∥∥2
n,N

1Ωn,N,Kmax

ò
+ E
ï∥∥∥σ̂2“K − σ2|I

∥∥∥2
n,N

1Ωc
n,N,Kmax

ò
≤ 34 inf

K∈K

Å
inf

h∈SK+M

∥∥∥h− σ2|I

∥∥∥2
n
+ pen(K)

ã
+ C∆2 + 4(K +M)LP(Ωc

n,N,Kmax
)

+ 160E
[Ä
GK(“K)− q(K, “K)

ä
+
1Ωn,N,Kmax

]
.
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Let B∥.∥n(0, 1) be the unit ball of the approximation subspace SK+M with respect to norm ∥.∥n, de-
fined as follows:

B∥.∥n(0, 1) = {h ∈ SK+M : ∥h∥n ≤ 1} =

ß
h ∈ SK+M : ∥h∥ ≤ 1

τ0

™
= B2(0, 1/τ0),

we can find a ε−net Eε such that for each ε ∈ (0, 1], |Eε| ≤
Ä

3
ετ0

äK+M
(see [69]).

Recall that TK,K′ =
¶
g ∈ SK+M + SK′+M , ∥g∥n = 1, ∥g∥∞ ≤

√
L
©

and consider the sequence
(Eεk)k≥1 of ε−net with εk = ε02

−k and ε0 ∈ (0, 1]. Moreover, set Nk = log(|Eεk |) for each k ≥ 0. Then
for each g ∈ SK+M + SK′+M such that ∥g∥∞ ≤

√
L, there exists a sequence (gk)k≥0 with gk ∈ Eεk

such that g = g0 +
∑∞

k=1 gk − gk−1. Set P̃ := P (. ∩ Ωn,N,Kmax) and

τ := σ21

»
6xn,N0 + σ21

√
Lxn,N0 +

∑
k≥1

εk−1

{
σ21

»
6xn,Nk + 2σ21

√
Lxn,Nk

}
= yn,N0 +

∑
k≥0

yn,Nk .

For all h ∈ TK,K′ and on the event Ωn,N,Kmax , one has ∥h∥2n,N ≤ 3
2∥h∥

2
n = 3

2 . Then, using the
chaining technique of [7], we have

P̃

(
sup

h∈TK,K′
ν1(h) > τ

)
= P̃

Ñ
∃(hk)k≥0 ∈

∏
k≥0

Eεk/ν1(h) = ν1(h0) +
∞∑
k=1

ν1(hk − hk−1) > τ

é
≤
∑

h0∈E0

P̃
Ä
ν1(h0) > yn,N0

ä
+

∞∑
k=1

∑
hk∈Eεk

hk−1∈Eεk−1

P̃
Ä
ν1(hk − hk−1) > yn,Nk

ä
.

According to Equation (2.71) and Lemma 2.8.10, there exists a constant C > 0 such that

P̃
Ä
ν1(h0) > yn,N0

ä
≤ P̃

(
ν1(h0) > σ1

»
6xn,N0 + σ21∥h0∥∞x

n,N
0

)
≤ exp(−CNnxn,N0 ),

∀k ≥ 1, P̃
Ä
ν1(hk − hk−1) > yn,N0

ä
≤ P̃

(
ν1(hk − hk−1) > σ1

»
6xn,Nk + σ21∥hk − hk−1∥∞xn,Nk

)
≤ exp(−CNnxn,Nk ).

Finally, since Nk = log(|Eεk |) for all k ≥ 0, we deduce that

P̃

(
sup

h∈TK,K′
ν1(h) > τ

)
≤ |Eε0 | exp(−CNnx

n,N
0 ) +

∞∑
k=1

(
|Eεk |+

∣∣Eεk−1

∣∣) exp(−CNnxn,Nk )

≤ exp
Ä
N0 − CNnxn,N0

ä
+

∞∑
k=1

exp
Ä
Nk +Nk−1 − CNnxn,Nk

ä
.

We choose xn,N0 and xn,Nk , k ≥ 1 such that,

N0 − CNnxn,N0 =− a
(
K +K ′ + 2M

)
− b

Nk +Nk−1 − CNnxn,Nk =− k(K +K ′ + 2M)− a
(
K +K ′ + 2M

)
− b

where a and b are two positive real numbers. We deduce that

xn,Nk ≤ C0(1 + k)
K +K ′ + 2M

Nn
and τ ≤ C1σ

2
1

…√
L
K +K ′ + 2M

Nn
(2.73)

with C0 > 0 and C1 two constants depending on a and b. It follows that

∼
P

(
sup

t∈TK,K′
ν(t) > τ

)
≤ e

e− 1
e−b exp

{
−a
(
K +K ′ + 2M

)}
.
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From Equation (2.73), we set

q
(
K,K ′) = κ∗σ21

√
L
K +K ′ + 2M

Nn

where κ∗ > 0 depends on C1 > 0. Thus, for all K,K ′ ∈ K,

P

({
sup

h∈TK,K′
ν2(h) > q

(
K,K ′)} ∩ Ωn,N,Kmax

)
≤ e−b+1

e + 1
exp

{
−a
(
K +K ′ + 2M

)}
and there exists constants c, C > 0 such that

E
î(
GK

(
K ′)− q(K,K ′)

)
+
1Ωn,N,Kmax

ó
≤ c(K +K ′)

Nn
P

({
sup

t∈TK,K′
ν2(t) > q(K,K ′)

}
∩ Ωn,N,Kmax

)

≤ C

Nn
exp

{
−a
2

(
K +K ′)} .

Finally, there exists a real constant C > 0 such that,

E
[Ä
GK(“K)− q(K, “K)

ä
+
1Ωn,N,Kmax

]
≤

∑
K′∈K

E
î(
GK

(
K ′)− q(K,K ′)

)
+
1Ωn,N,Kmax

ó
≤ C

Nn
.

We choose the penalty function pen such that for each K ∈ K,

pen(K) ≥ κσ21
√
L
K +M

Nn
.

For N large enough, one has σ21 ≤
√
L. Thus, we finally set pen(K) = κ (K+M) log(N)

Nn with L = log(N).
Then, there exists a constant C > 0 such that,

E
ï∥∥∥σ̂2“K − σ2|I

∥∥∥2
n,N

ò
≤ 34 inf

K∈K

ß
inf

h∈SK+M

∥∥∥h− σ2|I

∥∥∥2
n
+ pen(K)

™
+

C

Nn
.

Proof of Theorem 2.5.2

Proof. From Equation (2.23), we have“K := argmin
K∈K

γn,N (σ̂2K+M,L) + pen(K).

Then, for all K ∈ K and for all h ∈ SK+M,L, we have

γn,N (σ̂2“K,L
) + pen(“K) ≤ γn,N (h) + pen(K).

Then, for all K ∈ K and for all h ∈ SK+M,L,

γn,N (σ̂2“K,L
)− γn,N (σ2) ≤ γn,N (h)− γn,N (σ2) + pen(K)− pen(“K)∥∥∥σ̂2“K,L

− σ2
∥∥∥2
n,N

≤ ∥h− σ2∥2n,N + 2ν(σ̂2“K,L
− h) + 2µ(σ̂2“K,L

− h) + pen(K)− pen(“K).

We have for all a > 0,

2E
[
µ
(
σ̂2“K,L

− h
)]

≤2

a
E
∥∥∥σ̂2“K,L

− σ2
∥∥∥2
n,N

+
2

a
inf

h∈SK+M,L

∥h− σ2∥2n +
a

Nn

N∑
j=1

n−1∑
k=0

E
[Ä
Rj

k∆

ä2]
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and since ν = ν1 + ν2 + ν3, according to the proof of Theorem 2.4.3, there exists a constant c > 0 such
that

E
[
ν(σ̂2“K,L

− h)
]
≤ cE

[
ν1(σ̂

2“K,L
− h)

]
where the for i ∈ {1, 2, 3} and for all h ∈ SK+M,L, K ∈ K,

νi(h) =
1

Nn

N∑
j=1

n−1∑
k=0

h(Xj
k∆)ζ

j
k∆,

and the ζjk∆ are given Then,Å
1− 2

a

ã
E
ï∥∥∥σ̂2“K,L

− σ2
∥∥∥2
n,N

ò
≤
Å
1 +

2

a

ã
inf

h∈SK+M,L

∥∥h− σ2
∥∥2
n
+ 2cE

[
ν1(σ̂

2“K,L
− h)

]
+ pen(K)− pen(“K) +

a

Nn

N∑
j=1

n−1∑
k=0

E
[Ä
Rj

k∆

ä2]
From Equation (2.37) and for a = 4, there exists a constant C > 0 such that

E
ï∥∥∥σ̂2“K,L

− σ2
∥∥∥2
n,N

ò
≤ 3 inf

h∈SK+M,L

∥∥h− σ2
∥∥2
n
+ 4cE

[
ν1(σ̂

2“K,L
− h)

]
+ 2
Ä
pen(K)− pen(“K)

ä
+ C∆2.

(2.74)
Since for all K ∈ K, pen(K) ≥ 2κ∗σ21(K +M)

√
2L/(Nn), define the function q : (K,K ′) 7→ q(K,K ′)

such that

q(K,K ′) = 2C∗σ21
(K +K ′ + 2M)

√
2L

Nn
≥ 2σ21v

√
xn,N + σ21vx

n,N (2.75)

where

xn,N ∝
Å
K +K ′ + 2M

Nn

ã2
and v =

√
2L.

The constant C∗ > 0 depends on constants κ∗ > 0 and c > 0 of Equation (2.74) such that

4cq(K,K ′) ≤ pen(K) + 2pen(K ′).

Then for all K ∈ K and for all h ∈ SK+M,L,

E
ï∥∥∥σ̂2“K,L

− σ2
∥∥∥2
n,N

ò
≤ 3

Å
inf

h∈SK+M,L

∥∥h− σ2
∥∥2
n
+ pen(K)

ã
+4cE

[Ä
ν1(σ̂

2“m,L − h)− q(K, “K)
ä
+

]
+C∆2.

(2.76)
For all K ∈ K and for all h ∈ SK+M,L such that ∥h∥∞ ≤

√
L, we have ,∥∥∥σ̂2“K,L

− h
∥∥∥2
n,N

≤
∥∥∥σ̂2“K,L

− h
∥∥∥2
∞

≤ 2L =: v2.

Then, using Equation (2.75) and Lemma 2.8.10, there exists a constant C > 0 such that for all K,K ′ ∈
K and for all h ∈ SK+M,L,

P
(
ν1(σ̂

2
K′,L − h) ≥ q(K,K ′), ∥σ̂2“K,L

− h∥2n,N ≤ v2
)
≤ exp

Ä
−CNnxn,N

ä
. (2.77)

Since L = log(N), then for N large enough, σ21 ≤
√

log(N), we finally choose

pen(K) = κ
(K +M) log(N)

Nn

where κ > 0 is a new constant. Since E
[
ν1(σ̂

2“K,L
− h)

]
≤ O

Å√
(Kmax+M) log2(N)

Nn

ã
(see proof of Theo-

rem 2.4.3), for all K ∈ K and h ∈ SK+M,L, there exists a constant c > 0 such that

E
ï(
ν1(σ̂

2“K,L
− h)− q(K, “K)

)
+

ò
≤ max

K′∈K

¶
E
î(
ν1(σ̂

2
K′,L − h)− q(K,K ′)

)
+

ó©
≤ cq(K,Kmax)max

K′∈K

{
P
(
ν1(σ̂

2
K′,L − h) ≥ q(K,K ′)

)}
.
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From Equation (2.77), we obtain that

E
ï(
ν1(σ̂

2“K,L
− h)− q(K, “K)

)
+

ò
≤ cq(K,Kmax) exp(−CNn) ≤

C

Nn
(2.78)

since K and Kmax increase with the size N of the sample paths DN,n, and

cNnq(K,Kmax) exp(−CNn) → 0 as N → ∞.

Then, from Equations (2.78) and (2.76), there exists a constant C > 0 such that

E
ï∥∥∥σ̂2“K,L

− σ2
∥∥∥2
n,N

ò
≤ 3 inf

K∈K

ß
inf

h∈SK+M,L

∥∥h− σ2
∥∥2
n
+ pen(K)

™
+

C

Nn
. (2.79)

Proof of Theorem 2.5.3

Proof. The proof of Theorem 2.5.3 is similar to the proof of Theorem 2.5.1. Then, from Equation (2.70),
for all h ∈ SK+M ,∥∥∥σ̂2“K,L

− σ2|I

∥∥∥2
n,1

≤ 3
∥∥∥h− σ2|I

∥∥∥2
n,1

+ 20 sup
h∈T

K,K̂

ν2(h) +
20

n

n−1∑
k=0

(
R1

k∆

)2
+ 2
Ä
pen(K)− pen(“K)

ä
,

where TK,K′ = {h ∈ SK+M + SK′+M , ∥h∥X = 1, ∥h∥∞ ≤
√
L}. Let q : K2 −→ R+ such that

160q(K,K ′) ≤ 18pen(K) + 16pen(K ′).
Recall that the L2−norm ∥.∥, the norm E [∥.∥X ] and the empirical norm ∥.∥n are equivalent on

L2(I) since the transition density is bounded on the compact interval I . Then, for all K ∈ K and
h ∈ SK+M,L, we have

E
ï∥∥∥σ̂2“K,L

− σ2|I

∥∥∥2
n,1

ò
≤ 3

Å
inf

h∈SK+M,L

∥∥∥h− σ2|I

∥∥∥2
n
+ pen(K)

ã
+ 20E

(
sup

h∈T
K,K̂

ν21(h)− q(K, “K)

)
+ C∆2

where

ν1(h) :=
1

n

n−1∑
k=0

h(X1
k∆)ζ

1,1
k∆

with ζ1,1k∆ the error term. We set for all K,K ′ ∈ K, GK(K ′) := sup
h∈TK,K′

ν21(h). Then, there exists C > 0

such that

E
ï∥∥∥σ̂2“K,L

− σ2|I

∥∥∥2
n,1

ò
≤ 3 inf

K∈K

ß
inf

h∈SK+M,L

∥∥∥h− σ2|I

∥∥∥2
n
+ pen(K)

™
+ 20

∑
K′∈K

E
î(
GK(K ′)− q(K,K ′)

)
+

ó
+ C∆2.

Considering the unit ball B∥.∥X (0, 1) of the approximation subspace given by

B∥.∥X (0, 1) =
{
h ∈ SK+M , ∥h∥2X ≤ 1

}
=

ß
h ∈ SK+M , ∥h∥2 ≤

1

τ0

™
.

We obtain from the proof of Theorem 2.5.1 with N = 1 that,∑
K′∈K

E
î(
GK(K ′)− q(K,K ′)

)
+

ó
≤ C

n
,

where C > 0 is a constant, q(K,K ′) ∝ σ41
(K+K′+2M)

√
log(n)

n and pen(K) ∝ (K+M) log(n)
n . Then we

obtain
E
ï∥∥∥σ̂2“K,L

− σ2|I

∥∥∥2
n,1

ò
≤ 3

τ0
inf
K∈K

ß
inf

h∈SK+M,L

∥∥∥h− σ2|I

∥∥∥2
n
+ pen(K)

™
+
C

n
.
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2.9 Appendix

Calibration

Fix the drift function b(x) = 1 − x, the time-horizon T = 1 and at time t = 0, x0 = 0. Consider the
following three models:

Model 1: σ(x) = 1

Model 2: σ(x) = 0.1 + 0.9/
√
1 + x2

Model 3: σ(x) = 1/3 + sin2(2πx)/π + 1/(π + x2).

The three diffusion models satisfy Assumption 2.2.1 and are used to calibrate the numerical
constant κ of the penalty function given in Theorem 2.5.1

As we already know, the adaptive estimator of σ2 on the interval [−
√

log(N),
√
log(N)] neces-

sitate a data-driven selection of an optimal dimension through the minimization of the penalized
least squares contrast given in Equation (2.23) . Since the penalty function pen(dN ) = κ(KN +
M) log2(N)/N2 depends on the unknown numerical constant κ > 0, the goal is to select an opti-
mal value of κ in the set V = {0.1, 0.5, 1, 2, 4, 5, 7, 10} of its possible values. To this end, we repeat 100
times the following steps:

1. Simulate learning samples DN and DN ′ with N ∈ {50, 100}, N ′ = 100 and n ∈ {100, 250}

2. For each κ ∈ V :

(a) For each KN ∈ K and from DN , compute σ̂2dN ,LN
given in Equations (2.10) and (2.11).

(b) Select the optimal dimension “KN ∈ K using Equation (2.23)

(c) Using the learning sample DN ′ , evaluate
∥∥∥σ̂2

d̂N ,LN
− σ2A

∥∥∥2
n,N ′

where d̂N = “KN +M .

Then, we calculate average values of
∥∥∥σ̂2

d̂N ,LN
− σ2A

∥∥∥2
n,N ′

for each κ ∈ V and obtain the following

results:
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Figure 2.2: Calibration of the constant κ ∈ V of the penalty function

We finally choose 5 ∈ V as the optimal value of κ in reference to the results of Figure 2.2 .
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Proof of Lemma 2.8.10

Proof. We obtain from Comte,Genon-Catalot,Rozenholc (2007) proof of Lemma 3 that for each j ∈ [[1, N ]], k ∈
[[0, n− 1]] and p ∈ N \ {0, 1}

E
ñ
exp

Ç
ug(Xj

k∆)ξ
j,1
k∆ −

au2g2(Xj
k∆)

1− bu

å
|Fk∆

ô
≤ 1

with a = e
(
4σ21c

2
)2
, b = 4σ21c

2e∥g∥∞, u ∈ R such that bu < 1 and c > 0 a real constant. Thus,

P

Ñ
1

Nn

N∑
j=1

n−1∑
k=0

g(Xj
k∆)ξ

j,1
k∆ ≥ ε, ∥g∥2N,n ≤ v2

é
= E
Å
1¶∑N

j=1

∑n−1
k=0 ug(Xj

k∆)ξ
(j,1)
k∆ ≥Nnuε

©1∥g∥2n,N≤v2

ã
= E
Å
1¶

exp
Ä∑N

j=1

∑n−1
k=0 ug(Xj

k∆)ξ
(j,1)
k∆

ä
e−Nnuε≥1

©1∥g∥2N,n≤v2

ã
≤ e−NnuεE

1∥g∥2n,N≤v2 exp


N∑
j=1

n−1∑
k=0

ug(Xj
k∆)ξ

j,1
k∆


 .

It follows that,

P

Ñ
1

Nn

N∑
j=1

n−1∑
k=0

g(Xj
k∆)ξ

j,1
k∆ ≥ ε, ∥g∥2n,N ≤ v2

é
≤ exp

¶
−Nnuε+ Nnau2v2

1−bu

©
.

We set u = ε
εb+2av2

. Then, we have −Nnuε+Nnav2u2/(1− bu) = −Nnε2/2(εb+ 2av2) and,

P

Ñ
1

Nn

N∑
j=1

n−1∑
k=0

g(Xj
k∆)ξ

j,1
k∆ ≥ ε, ∥g∥2n,N ≤ v2

é
≤ exp

Å
− Nnε2

2(εb+ av2)

ã
≤ exp

Ç
−C Nnε2

σ21
(
ε∥g∥∞ + 4σ21v

2
)å

where C > 0 is a constant depending on c > 0.

Proof of Lemma 2.8.9

Proof. Set Kn,N = KN since N ∝ n. Let us remind the reader of the Gram matrix ΨKN
given in

Equation (2.20),

ΨKN
= E
ï

1

Nn
F′
KN

FKN

ò
= E
Ä“ΨKN

ä
where,

FKN
:=
Ä
(Bℓ(X

j
0), . . . , (Bℓ(X

j
(n−1)∆))

ä
0≤ℓ≤KN−1

1≤j≤N

∈ RNn×(KN+M) (2.80)

The empirical counterpart “Ψ is the random matrix given by “ΨKN
of size (KN +M) × (KN +M) is

given by “ΨKN
:=

1

Nn
F′
KN

FKN
=

Ñ
1

Nn

N∑
j=1

n−1∑
k=0

fℓ(X
j
k∆)fℓ′(X

j
k∆)

é
ℓ,ℓ′∈[−M,KN−1]

. (2.81)

For all t =
∑KN−1

ℓ=−M aℓBℓ,M,u ∈ SKN ,M one has

∥t∥2n,N = a′“ΨKN
a and ∥t∥2n = a′ΨKN

a, with a = (a−M , · · · , aKN−1)
′ .
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Under Assumption 2.2.1, we follow the lines of [21] Proposition 2.3 and Lemma 6.2. Then,

sup
t∈SKN,M ,∥t∥n=1

∣∣∥t∥2n,N − ∥t∥2n
∣∣ = sup

w∈RKN+M ,
∥∥∥Φ1/2

KN
w
∥∥∥
2,KN+M

=1

∣∣∣w′
Ä“ΨKN

−ΨKN

ä
w
∣∣∣

= sup
u∈RKN+M ,∥u∥2,KN+M=1

∣∣∣u′Ψ−1/2
KN

Ä“ΨKN
−ΨKN

ä
Ψ

−1/2
KN

u
∣∣∣

=
∥∥∥Ψ−1/2

KN

“ΨKN
Ψ

−1/2
KN

− IdKN+M

∥∥∥
op
.

Therefore,

Ωc
n,N,KN

=

ß∥∥∥Ψ−1/2
KN

“ΨKN
Ψ

−1/2
KN

− IdKN+M

∥∥∥
op
> 1/2

™
.

Since AN = o
Ä√

log(N)
ä

, we obtain from [28], proof of Lemma 7.8, there exists a constant C > 0
such that

P
(
Ωc
n,N,KN

)
≤ 2(KN +M) exp

Ä
−C log3/2(N)

ä
. (2.82)

Finally, since 2(KN +M) exp
Ä
−(C/2) log3/2(N)

ä
−→ 0 as N −→ +∞, one concludes from Equa-

tion (2.82) and for N large enough,

P
(
Ωc
n,N,KN

)
≤ C exp

Ä
−c log3/2(N)

ä
where c > 0 and C > 0 are new constants.
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Chapter 3
Procédure non-paramétrique de
classification multiclasses de type plug-in
pour les trajectoires de diffusions

Résumé Nous étudions le problème de classification multiclasses où la variable vient d’un mélange
de diffusions homogènes en temps. Spécifiquement, les classes sont discriminées par leurs fonc-
tions de dérive tandis que le coefficient de diffusion est commun à toutes les classes et inconnu.
Dans ce cadre, nous construisons un classifieur de type plug-in qui repose sur des estimateurs non-
paramétriques des fonctions de dérive et de diffusion. Nous établissons premièrement la consistance
de notre procédure de classification sous des hypothèses faibles sur le modèle étudié, et ensuite,
nous fournissons des vitesses de convergence sous des ensembles d’hypothèses différents. Finale-
ment, une étude numérique soutient nos résultats théoriques.

Mots clés: Apprentissage supervisé; Classification multiclasses; Estimation non-paramétrique; Clas-
sifieur de type plug-in; Processus de diffusion

Abstract: We study the multiclass classification problem where the features come from a mix-
ture of time-homogeneous diffusions. Specifically, the classes are discriminated by their drift func-
tions while the diffusion coefficient is common to all classes and unknown. In this framework, we
build a plug-in classifier which relies on nonparamateric estimators of the drift and diffusion func-
tions. We first establish the consistency of our classification procedure under mild assumptions and
then provide rates of convergence under different set of assumptions. Finally, a numerical study
supports our theoretical findings.

Keywords: Supervised learning; Multiclass classification; Nonparametric estimation; Plug-in classi-
fier; Diffusion process
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3.1 Introduction

The massive collection of functional data has found many applications in recent years for the mod-
eling of the joint (time)-evolution of agents – individuals, species, particles – that are represented
by some sets of features – time-varying variables such as geographical positions, population sizes,
portfolio values etc. Examples can be found in mathematical finance (see e.g. [34]), biology (see e.g.
[36]), or physics (see e.g. [33]). This gave rise to an abundant literature on statistical methods for
functional data, (see e.g. [79, 93], for a review). Within this context, the study of efficient supervised
classification procedures that are designed to handle temporal data is a major challenge. Indeed,
usual learning algorithms such as random forests, kernel methods or neural networks are not di-
rectly tailored to take into account the temporal dependency of the data. Recently, this question has
drawn a lot of attention, see [24, 5, 94, 26, 64] any references therein.

In the present paper, we tackle the multiclass classification problem where the features belong
to a particular family of functional data, namely trajectories, whose temporal dynamic is modelled
by stochastic differential equation. In this framework, we propose a nonparametric plug-in type
procedure for such data generated by diffusion processes observed at discrete time. Hence, our
work takes place in the high frequency setup. Let us denote by (X,Y ) a random couple built on
a probability space

(
Ω,F ,P(X,Y )

)
. The feature X = (Xt)t∈[0,1] is a real-valued diffusion process

whose drift coefficient depends on its associated label Y taking values in Y = {1, · · · ,K}, with
K ≥ 2. More precisely, for each i ∈ Y , X is a solution of a stochastic differential equation whose drift
function, denoted by b∗i , depends on the class i. The marginal distribution of X is hence a mixture
of distributions of time-homogeneous diffusion processes. We assume that a learning sample DN =
{((Xi

t)t∈[0,1], Yi), i = 1, . . . , N} is provided, composed of N i.i.d. random couples with distribution
P(X,Y ). Additionally, in this paper, the diffusions Xi are observed on a subdivision {0, 1/n, · · · , 1} of
the time interval [0, 1], for a positive integer n. Since we deal with multiclass classification setting,
the statistical goal is then to build, based on DN , a classifier ĝ, such that ĝ(X) is a prediction of
the associated label Y of a new path X . Besides, we expect that the empirical classifier mimics the
optimal Bayes classifier g∗ characterized as

g∗(X) ∈ argmin
g

P(X,Y ) (g(X) ̸= Y ).

Specifically, we propose a classification procedure based on the plug-in principle. In particular, the
construction of our empirical classifier relies on estimators of both drift and diffusion coefficients.
The performance of a predictor ĝ is assessed through its excess risk P(ĝ(X) ̸= Y )− P (g∗(X) ̸= Y ).
In the finite dimensional classification setup (e.g. X ∈ Rd), rates of convergence for plug-in rules are
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usually obtained under the strong density assumption (X admits a density which is lower bounded)
as in [4, 45]. However, theoretical properties of plug-in rules in supervised classification of trajectories
are much less studied.

Related works. Up to our knowledge, the work of [11] is the first one that tackles the problem of
supervised classification in the stochastic differential equation framework. More precisely, the au-
thors consider the model where X = (Xt)t∈[0,1] is a mixture of two diffusion processes and provide
a classifier based on the empirical risk minimization strategy for which they establish rates of con-
vergence. However, the proposed method is not implementable since it involves the minimization
of a non-convex criterion. More recently, [44], and [29] study plug-in classifiers for classification
of diffusion paths. In [44] the authors propose a plug-in rule for the binary classification problem
where the trajectories are generated by Gaussian processes, solutions of the white noise model. In
this model, the drift function depends on time and on the label Y , also, the diffusion coefficient is
supposed to be constant and known. Within this framework, [44] establish the optimality of their
classification procedure which reaches the minimax rate of convergence of order N−s/(2s+1), where
the drift function is assumed to belong to a Sobolev space of regularity s ≥ 1. Under an additional
margin type assumption, they also derive faster rates of convergence. Closest to our framework,
[29] also consider the challenging multiclass problem where the drift functions are space-dependent.
However, the authors consider drift functions modeled under parametric assumptions, keeping the
diffusion coefficient known and constant. They propose a plug-in classifier for which only consis-
tency is established.

In the present work, we consider a plug-in classifier that relies on nonparametric estimators of
the drift and diffusion coefficients. The literature on this topic is extensive. Usually, the construction
of estimators of drift and diffusion functions relies on the observation of a single path. For instance,
[58] studies minimax rate of convergence for the estimation of the diffusion coefficient on a compact
interval. For the inference of the drift coefficient, the main references using penalized contrasts can
be found for long time observation with high frequency data in [57, 22, 20]. However, since we deal
with the multiclass classification framework, the construction of estimators of both drift and diffusion
coefficients is based on the learning sample DN which is composed of repeated observations of the
process on the fixed time-interval [0, 1]. Recently, [18, 70, 27] consider nonparametric procedures for
the estimation of the drift function for continuous observations in the context of i.i.d. observations
when the horizon time is fixed. Furthermore, towards high-frequency data, [30] study minimum
contrast estimator under a l2 constraint.

Main contributions. In this paper, we extend the results of [29] and [44] in several directions. In
particular, one of the major contribution is to provide, up to our knowledge, the first study of rates of
convergence for plug-in classifier in the mixture model of time-homogeneous diffusion. Importantly,
we highlight that extending the results of [44] to diffusion models in which the drift functions are
space-dependent and the diffusion coefficient is either unknown or non-constant add many difficul-
ties. Besides, contrary to [29], we consider the nonparametric mixture model where both drift and
diffusion functions are unknown as well as the weights of the mixture. Specifically, we build a plug-
in classifier that relies on the Girsanov’s theorem and involves nonparametric estimators of the drift
functions b∗i , i ∈ Y , and the diffusion coefficient. The construction of our estimators is inspired of the
ridge estimators provided in [30], and consists in the minimization of a least-squares type contrast
over a finite dimensional subspace under a l2-constraint. The considered space of approximation is
then spanned by the B-spline basis [25].

One of the main difficulty of the study of statistical properties of the plug-in classifiers in our con-
text is that it requires deriving rates of convergence for the drift and diffusion coefficients on a non-
compact interval. It hence implies that the strong density assumption does not hold, although, we
consider assumptions that ensure existence of transition density. Notably, our results embed general-
ization of the results provided in [30] for the estimation of non-compactly supported drift functions
forB-spline based estimators, but also exhibit the first result for the estimation of the diffusion coeffi-
cient in the i.i.d. framework. A salient point of our theoretical findings is obtained when the diffusion
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coefficient is constant and known. In this case, by leveraging the results of [18], we show that opti-
mal rates for drift estimation can only be achieved on intervals included in [−C

√
log(N), C

√
log(N)],

with C > 0.
To sum up our results, a first part is dedicated to the consistency of our plug-in classifier which is

obtained under very mild assumptions. In a second part, convergence rates are established in three
particular cases.

(i) When the drift functions are bounded and Lipschitz, and the diffusion coefficient is unknown
and possibly non-constant, we obtain a rate of convergence of order N−1/5 for the plug-in
classifier (up to a factor of order exp(

√
c log(N)), c > 0).

(ii) When the diffusion coefficient is known and constant, and when the drift functions are bounded
and belongs to some Hölder space with regularity β, using some arguments developed in [19]
and [20] for the estimation of non-compactly supported drift functions, together with approxi-
mations of the transition density of X (as they are intractable), we then prove that the plug-in
classifier reaches rate of order N−β/(2β+1) (up to a factor of order exp(

√
c log(N)), c > 0).

(iii) When the drifts are unbounded but re-entrant and Hölder continuous with regularity β, we
obtain a rate of convergence of order N−3β/(4(2β+1)). Notice that when β = 1 and d = 1, it
corresponds to the rate found in [45].

3.2 Statistical setting

We consider the multiclass classification problem, where the feature X comes from a mixture of
Brownian diffusions with drift. More precisely, the generic data-structure is a couple (X,Y ) where
the label Y takes its values in the set Y := {1, . . . ,K} with distribution denoted by p∗ = (p∗1, · · · , p∗K),
and where the processX = (Xt)t∈[0,1] is defined as the solution of the following stochastic differential
equation

dXt = b∗Y (Xt)dt+ σ∗(Xt)dWt, X0 = 0, (3.1)

where (Wt)t≥0 is a standard Brownian motion independent of Y . In the following, we denote by
b∗ = (b∗1, . . . , b

∗
K) the vector of drift functions. The real-valued functions b∗i (.), i ∈ Y , and the diffusion

coefficient σ∗(.) are assumed to be unknown. We also assume that 0 < p∗0 = mini∈Y p∗i .
In this framework, the objective is to build a classifier g, i.e. a measurable function such that the

value g(X) is a prediction of the associated label Y of X . The accuracy of such classifier g is then
assessed through its misclassification risk, denoted by

R(g) := P(X,Y ) (g(X) ̸= Y ) .

In the following, the set of all classifiers is denoted by G.
The main assumptions considered throughout the paper are presented in Section 3.2.1. The defi-

nition and characterization of the optimal classifier w.r.t. the misclassification risk, namely the Bayes
classifier, is provided in Section 3.2.2

3.2.1 Assumptions

The following assumptions ensure that Equation (3.1) admits a unique strong solution (see [63], The-
orem 2.9), and that the diffusion process X admits a transition density

pX : (t, x) ∈ ([0, 1]× R) 7→ pX(t, x)

(see for example [52]).

Assumption 3.2.1. (Ellipticity and regularity)

(i) There exists L0 > 0 such that the functions b∗i , i = 1, . . . ,K and σ∗ are L0-Lipschitz:

sup
i∈Y

|b∗i (x)− b∗i (y)|+ |σ∗(x)− σ∗(y)| ≤ L0|x− y|, ∀(x, y) ∈ R2.
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(ii) There exist real constants σ∗0, σ
∗
1 such that

0 < σ∗0 ≤ σ∗(x) ≤ σ∗1, ∀x ∈ R.

(iii) σ∗ ∈ C2 (R) and there exist γ ≥ 0 and c > 0 such that : |σ∗′(x)|+ |σ∗′′(x)| ≤ c (1 + |x|γ) , ∀x ∈ R.

Assumption 3.2.1 insures that for any integer q ≥ 1, there exists Cq > 0 such that

EX

ñ
sup
t∈[0,1]

|Xt|q
ô
≤ Cq.

We also assume that the following Novikov’s criterion is fulfilled [81, Prop. (1.15) p. 308] .

Assumption 3.2.2. (Novikov’s condition) For all i ∈ Y , we have

EX

ñ
exp

Ç
1

2

∫ 1

0

b∗2i
σ∗2

(Xs)ds

åô
< +∞.

In particular, this assumption allows to apply Girsanov’s theorem that is a key ingredient to
derive a characterization of the Bayes classifier in the next section.

3.2.2 Bayes Classifier

The Bayes classifier g∗ is a minimizer of the misclassification risk over G

g∗ ∈ argmin
g∈G

R(g),

and is expressed as

g∗(X) ∈ argmax
i∈Y

π∗i (X), with π∗i (X) := P(X,Y ) (Y = i|X) .

The following result of [29] provides a closed form of the conditional probabilities π∗i , i ∈ Y .

Proposition 3.2.3. [29] Under Assumptions 3.2.1, 3.2.2, for all i ∈ Y , we define

F ∗
i (X) :=

∫ 1

0

b∗i
σ∗2

(Xs)dXs −
1

2

∫ 1

0

b∗2i
σ∗2

(Xs)ds.

Under Assumptions 3.2.1,3.2.2, for each i ∈ Y , the conditional probability π∗i is given as follows:

π∗i (X) = ϕ∗i (F
∗(X)) ,

where F∗ = (F ∗
1 , . . . , F

∗
k ), and ϕ∗i : (x1, · · · , xK) 7→ p∗i e

xi∑K
k=1 p

∗
ke

xk
are the softmax functions.

The above proposition provides an explicit dependency of the Bayes classifier on the unknown
parameters b∗, σ∗, and p∗. Hence, it naturally suggests to build plug-in type estimators ĝ of the Bayes
classifier g∗, relying on estimators of the unknown parameters. In this way, we aim at building an
empirical classifier whose misclassification risk is closed to the minimum risk which is reached by the
Bayes classifier. The following section is devoted to the presentation of the classification procedure.

3.3 Classification procedure: a plug-in approach

Let n ≥ 1 be an integer, and ∆n = 1/n the time step which defines the regular grid of the observation
time interval [0, 1]. Let us assume now that an observation is a couple (X̄, Y ), with X̄ := (Xk∆n)0≤k≤n

a high frequency sample path coming from (Xt)t∈[0,1] a solution of Equation (3.1), and Y its associated
label. We also introduce, forN ≥ 1, a learning dataset DN = {(X̄j , Yj), j ∈ {1, . . . N}} which consists
of N independent copies of (X̄, Y ). The asymptotic framework is such that N and n tend to infinity.

Based on DN we build a classification procedure that relies on the result of Proposition 3.2.3.
Our classifier uses the knowledge of the class Yj for the path Xj , placing our work in the frame of
supervised learning. The procedure is formally described in Section 3.3.1 and Section 3.3.2 while its
statistical properties are provided in Section 3.3.3.
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3.3.1 Classifier and excess risk

As suggested by Proposition 3.2.3, based on DN , we first build estimators b̂ = (̂b1, . . . , b̂K), and σ̂2 of
b∗ and σ∗2 respectively. Besides, we consider the empirical estimators of p∗i , i = 1, . . . ,K:

p̂i =
1

N

N∑
j=1

1{Yj=i}. (3.2)

Then, in a second step, we introduce the discretized estimator of F∗“F = (“F1, . . . , “FK), with “Fi(X) =
n−1∑
k=0

Ç
b̂i
σ̂2

(Xk∆)
(
X(k+1)∆ −Xk∆

)
− ∆

2

b̂2i
σ̂2

(Xk∆)

å
. (3.3)

Finally, considering the functions ϕ̂i : (x1, · · · , xK) 7→ p̂ie
xi∑K

k=1 p̂ke
xk

, we naturally define the resulting

plug-in classifier ĝ as
ĝ(X) ∈ argmax

i∈Y
π̂i(X), with π̂i(X) = ϕ̂i(“F (X)). (3.4)

Hereafter, we establish that the consistency of the plug-in classifier ĝ can be obtained through an
empirical distance between estimators b̂, and σ̂2 and the true functions b∗, and σ∗2 respectively. This
distance relies on the empirical norm defined for h : R → R as

∥h∥2n,i := EX|Y=i

[
1

n

n−1∑
k=0

h2(Xk∆)

]
.

We also introduce the general empirical norm ∥.∥n which, for any function h, is

∥h∥2n := EX

[
1

n

n−1∑
k=0

h2(Xk∆)

]
.

Let us begin with a proposition which establishes a closed formula of the excess risk in multiclass
classification.

Proposition 3.3.1 ([29]). Let g be a classifier. The following holds

R(g)−R(g∗) = E

 K∑
i=1

∑
j ̸=i

∣∣π∗i (X)− π∗j (X)
∣∣1{g(X)=j,g∗(X)=i}

 .
The proof of this result is omitted and can be found for instance in [29]. From the result of Propo-

sition 3.3.1, and upper-bounding the indicator function by 1, we take advantage of the Lipschitz
property of the softmax functions (ϕ∗i )i=1,...,K that define the probabilities (π∗(X))i=1,...,K to majorate
the excess risk of an empirical classifier ĝ based on b̂ =

Ä
b̂1, . . . , b̂K

ä
and σ̂2 by the respectives risks

of estimation of estimators b̂i and σ̂2. Let us now announce the main result on the excess risk of a
plug-in type classifier.

Theorem 3.3.2. AssumeN and n fixed (and large). Grant Assumptions 3.2.1, 3.2.2. Assume that there exists
bmax, σ

2
0 > 0 such that for all x ∈ R

max
i∈Y

|̂bi(x)| ≤ bmax and σ̂2(x) ≥ σ20. (3.5)

Then the classifier ĝ defined in Equation (3.4) satisfies

E [R(ĝ)−R(g∗)] ≤ C

(√
∆n +

1

p∗0
√
N

+ E

[
bmaxσ

−2
0

K∑
i=1

∥b̂i − b∗i ∥n

]
+ E

[
σ−2
0 ∥σ̂2 − σ∗2∥n

])
,

where C > 0 is a constant which depends on b∗, σ∗, and K.
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Theorem 3.3.2 highlights that the excess risk of the plug-in classifier depends on the discretization
error which is of order ∆−1/2

n , the L2 error of p̂ which is of order N−1/2, and the estimation error of
b̂ and σ̂2 assessed through the empirical norm ∥.∥n. Therefore, a straightforward consequence of
Theorem 3.3.2 is that consistent estimators of b∗, and σ∗2 yield the consistency of plug-in classifier ĝ.
Notice that the additional assumption (3.5) does not require that the true functions b∗i ’s are bounded,
only their estimators should be. For the difference between b∗i and b̂i to remain controlled in the norm
∥ · ∥n, it is necessary that the process X rests with high probability in a compact region of R. The next
section is devoted to the construction of consistent estimators of both drift and diffusion coefficients.

3.3.2 Estimators of drift and diffusion coefficients

In this section, we provide consistent estimators b̂, and σ̂2, implying the consistency of the associ-
ated plug-in classifier. These estimators are defined as minimum contrast estimators under an l2-
constraint on a finite dimensional vector space spanned by the B-spline basis, but other families of
nonparametric estimators could have been chosen as well. In particular, to ensure statistical guaran-
tees on R, the considered estimators are built on a large intervals parameterized by the number N of
sample paths, and that tends to the whole real line as N goes to infinity.

Spaces of approximation

Let A,Ξ > 0, and M ≥ 1. Let u = (u−M , . . . , uΞ+M ), a sequence of knots of the compact interval
[−A,A] such that

u−M = · · · = u−1 = u0 = −A, and uΞ = uΞ+1 = · · · = uΞ+M = A.

∀ℓ ∈ [[0,Ξ]], uℓ = −A+
2ℓA

Ξ
.

Let us consider theB-spline basis (B−M , . . . , BΞ+M ) of orderM defined by the knots sequence u. For
the construction of the B-spline and its properties, we refer for instance to [54]. Let us mention that
the considered B-spline functions are nonnegative and M -1 continuously differentiable on [−A,A]
and are zero outside [−A,A]. Besides, for all x ∈ [−A,A], we have that

∑Ξ−1
ℓ=−M Bℓ(x) = 1. Now, we

introduce the space of approximation SΞ,M defined as

SΞ,M :=

{
Ξ−1∑

ℓ=−M

aℓBℓ, ∥a∥22 ≤ (Ξ +M)A2 log(N)

}
, (3.6)

where ∥a∥22 =
∑Ξ−1

ℓ=−M a2ℓ is the usual ℓ2-norm. Note that A can depend on the size N of the learning
sample and tend to infinity as N → ∞. The introduction of the constraint space SΞ,M is motivated
by two facts. The first one is the following important property of spline approximations, inspired by
the related properties for the Hölder functions (see [54]):

Proposition 3.3.3. Let h be a L-lipschitz function. Then there exists h̃ ∈ SΞ,M , such that

|h̃(x)− h(x)| ≤ C
A

Ξ
, ∀x ∈ [−A,A],

where C > 0 depends on L, and M .

The second one is that the set of functions SΞ,M is a totally bounded class, in the following sense
[32, Chapter 28]. According to [30], for each ε ∈ (0, 1) and for N large enough, there exists an ε-net
S̃ε of SΞ,M w.r.t. to the supremum norm ∥.∥∞ such that

log
Ä
card(S̃ε)

ä
≤ CMΞ log

Å
Ξ

ε

ã
.

It shows that the complexity of SΞ,M given in Equation (3.6) is parametric which is particularly ap-
pealing in order to apply concentration inequalities.
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Minimum contrast estimators

In this section, we propose two estimators of b∗, and σ∗2 which lead to a plug-in classifier that exhibits
appealing properties. The construction of the estimators b̂, and σ̂2 relies on the minimization of a least
squares contrast function over the space SΞ,M . They are both based on the observed increments of
the process X .

Estimator of the drift functions. Let i ∈ Y and Ni :=
∑N

j=1 1{Yj=i} a random variable of Binomial
distribution with parameters (N, p∗i ). We define the random set Ii := {j, Yj = i}= {i1, . . . , iNi} and
consider the dataset

{
X̄j , j ∈ Ii

}
of size Ni composed of the observations of the class i. Herealter,

we work conditional on (1{Y1=i}, . . . ,1{YN=i}), on the event {Ni > 1}. Hence, Ni is viewed as a
deterministic variable such that Ni > 1 . In this context, we set for all i ∈ Y, A = ANi > 0 and
Ξ = KNi > 0 where (ANi) and (KNi) are increasing sequences of Ni. The first estimator b̃i of b∗i is
defined as

b̃i ∈ argmin
h∈SKNi

,M

1

nNi

∑
j∈Ii

n−1∑
k=0

Ä
Zj
k∆n

− h(Xj
k∆n

)
ä2
1Ni>0, with Zj

k∆n
:=

(Xj
(k+1)∆n

−Xj
k∆n

)

∆n
. (3.7)

Then, to fit the assumption of Theorem 3.3.2, rather than b̃i, we consider its thresholded counterpart

b̂i(x) := b̃i(x)1{|b̃i(x)|≤ANi
log1/2(N)} + sgn(b̃i(x))ANi log

1/2(N)1{|b̃i(x)|>ANi
log1/2(N)}. (3.8)

Note that the value of the threshold ANi log
1/2(N) corresponds to the bound bmax in (3.5). Although

this bound depends onN , Theorem 3.3.2 can be applied, but to ensure the consistency of the classifier,
we now have to prove that the estimation rate for b̂i decreases sufficiently fast.

Estimator of the diffusion coefficient. The construction of the estimator of σ∗2 follows the same
lines. However, since the diffusion coefficient is the same for all classes, we can use the whole dataset
DN to build its estimator with A = ÃN , Ξ = K̃N and (ÃN ), (K̃N ) are increasing sequences of N .
More precisely, we define

σ̃2 ∈ argminh ∈ SK̃N ,M

1

nN

N∑
j=1

n−1∑
k=0

Ä
U j
k∆n

− h(Xj
k∆n

)
ä2
, with U j

k∆n
=

(Xj
(k+1)∆n

−Xj
k∆n

)2

∆n
. (3.9)

Finally, as for the drift estimator we consider the truncated version σ̂2 as

σ̂2(x) := σ̃2(x)1{aN≤σ̃2(x)≤ÃN log1/2(N)} + ÃN log1/2(N)1{σ̃2(x)>ÃN log1/2(N)} + aN1{σ̃2(x)≤aN}, (3.10)

with aN = 1/ log(N). Although this constraint does not appear in Theorem 3.3.2, it remains natural
in view of Assumption 3.2.1 (ii). We will impose that σ̂2 is bounded by ÃN log1/2(N) to derive its
consistency.

3.3.3 A general consistency result

In this section, we establish the consistency of the empirical classifier based on the estimators pre-
sented in the previous section. We first provide rates of convergence for the estimators of both the
drift and the diffusion coefficients.

Theorem 3.3.4. Let i ∈ Y , and set ANi = log2(Ni) conditional on the event {Ni > 1}, and ÃN = log2(N).
Assume that Assumptions 3.2.1, 3.2.2 are satisfied. Considering the estimator b̂i of b∗i (3.8) and the estimator
σ̂2 of σ∗2 (3.10), set KNi ∝ (Ni log(Ni))

1/5 for b̂i, and K̃N ∝ (N log(N))1/5 for σ̂2. For N , Ni then n large
enough, such that ∆n = O(1/N), we have

E
î
∥b̂i − b∗i ∥n,i

ó
≤ C1

Ç
log4(N)

N

å1/5

, and E
[
∥σ̂2 − σ∗2∥n

]
≤ C2

Ç
log4(N)

N

å1/5

,

where C1, C2 > 0 are constants which depend on L0, p0, and K.

EDDY ELLA MINTSA 90



3.3 Classification procedure: a plug-in approach

Considering the estimation of the drift functions b∗i , when n,Ni → ∞ a.s., we control the risk

E
î
∥b̂i − b∗i ∥2n,Ni

ó
= E

 1

nN

jNi∑
j=j1

n−1∑
k=0

(̂bi − b∗i )
2(X

(j)
k∆n

)

,
using Equation (3.7), the properties of the constrained subspace SKNi

,M together with that of func-
tions of the spline basis (see proof of Theorem 3.3.4 for more details). Then, the control of the risk

E
î
∥b̂i − b∗i ∥2n,i

ó
:= E

[
n−1∑
k=0

(̂bi − b∗i )
2(Xk∆n)

]
,

is obtained from the previous risk E
î
∥b̂i − b∗i ∥2n,Ni

ó
using, for all function h such that ∥h∥∞ = O(LN )

with (LN ) an increasing sequence of N , the following result

E
[
∥h∥2n

]
− 2E

[
∥h∥2n,N

]
= O

Å
K∗LN log(N)

N

ã
,

proved in [30], Lemma A.2.
Several comments can be made. First, we obtain a general rate of convergence for the estimation

on R for both drift and diffusion coefficient functions under mild assumptions. This rate is, up to a
logarithmic factor, of order N−1/5. Hence, it extends the result of Theorem 3.3 in [30], where only
consistency of drift estimators is obtained. In particular, a difficulty in establishing the convergence
rate on R is to control the exit probabilities from the intervals (−ANi , ANi) and (−ÃN , ÃN ), which are
provided here by careful estimates for the transition densities following [52].

This result together with Theorem 3.3.2 yields the consistency of the plug-in classifier

ĝ := ĝ
p̂,b̂,σ̂2 , (3.11)

where the unknown parameters are replaced by their estimators in Equation (3.4). However, appli-
cation of Theorem 3.3.2 requires the consistency of the estimator b̂i in terms of empirical norm ∥.∥n
and not in terms of norm ∥.∥n,i. To circumvent this issue, we can use a change of probability to get
rid of the conditioning on Y = i. For this purpose, we take advantage of Lemma 3.7.3 and 3.7.4 to
derive precise control of the transition density of the process X conditioned on Y = i, and then to
establish the consistency of the plug-in classifier.

Theorem 3.3.5. Grant Assumptions 3.2.1, 3.2.2. For N large enough, set ∆n = O(1/N), ÃN = log(N)
and K̃N = (N log(N))1/5. Moreover, for each i ∈ Y , on the event {Ni > 1}, ANi = log(Ni) and KNi ∝
(Ni log(Ni))

1/5 . Then, the classifier ĝ satisfies

E [R(ĝ)−R(g∗)] −→
N→∞

0.

The consistency of our classification procedure is obtained under very mild assumptions. The
study of the rates of convergence requires more structural assumptions. In the following section, we
obtain rates of convergence of the plug-in classifier under different kind of assumptions.

3.3.4 General rate of convergence for bounded drift function

In this section, we study the general rate of convergence of the proposed method described in Sec-
tion 3.3.1 under the additional assumption that the drift functions of the considered mixture model
are bounded, no additional assumptions being made on the diffusion coefficient.

Let us consider the following assumption.

Assumption 3.3.6. There exists Cb∗ such that

max
i∈Y

∥b∗i ∥∞ ≤ Cb∗ .
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Let i, j ∈ Y2 with i ̸= j. The following property allows to upper bound the expectation condi-
tional on {Y = i} by the expectation conditional on {Y = j}. This happens to be the cornerstone to
derive rates of convergence for our procedure.

Proposition 3.3.7. Under Assumptions 3.2.1, 3.2.2, and 3.3.6, we have for all i, j ∈ Y2 such that i ̸= j, and
N large enough ∥∥∥b̂i − b∗i

∥∥∥2
n,j

≤ C exp
(»

c log(N)
)∥∥∥b̂i − b∗i

∥∥∥2
n,i

+ C
A2 log(N)

N
,

where C, c > 0 depend on Cb∗ , σ1, and σ0.

A crucial consequence of this result is that in particular the empirical norms ∥.∥n,i, i ∈ Y, are now

equivalent up to a factor of order exp
Ä√

c log(N)
ä

. Notice that for all r1, r2 > 0,

logr1(N) = o
(
exp

(»
c log(N)

) )
, and exp

(»
c log(N)

)
= o
(
N r2

)
. (3.12)

In particular, the factor exp
Ä√

c log(N)
ä

is negligible with respect to any power of N . Therefore,
combining Theorem 3.3.2, 3.3.4, and Proposition 3.3.7, we are able to give the rate of convergence for
our procedure (when the drift coefficients are globally Lipschitz and bounded).

Theorem 3.3.8. Grant Assumptions 3.2.1, 3.2.2, and 3.3.6. Set ÃN = log(N) and K̃N ∝ (N log(N))1/5.
Moreover, for each class i ∈ Y , on the event {Ni > 1}, ANi = log(Ni) and KNi ∝ (Ni log(Ni))

1/5. The
plug-in classifier ĝ given in Equation (3.11), provided that ∆n = O

(
N−1

)
and N large enough, satisfies

E [R(ĝ)−R(g∗)] ≤ C exp
(»

c log(N)
)
N−1/5,

where C > 0 depends on Cb∗ , σ1, and σ0.

Leveraging the result of Theorem 3.3.4 and Proposition 3.3.7, we obtain a rate of convergence
which is of order N−1/5 up to the extra factor exp

Ä√
c log(N)

ä
. Note that the optimal rate of con-

vergence obtained when the estimation of drift function is done over on a compact set is of order
N−1/3 w.r.t. ∥.∥n rather than N−1/5 (see [30]). Here, this slower rate is mainly due to the fact that our
procedure requires a control of the drift estimators over R.

In the next section, we show that when σ∗ is constant and assumed to be known, we derive faster
rates of convergence. In particular, under Assumption 3.3.6, we show that our plug-in procedure
achieves a rate of convergence of order N−1/3. Lastly, note that Theorem 3.3.8 can be easily extended
to higher order of regularity for the drift functions (e.g. Hölder with regularity β > 1). In this case,
the obtained rate of convergence is of order N−β/(2β+3).

3.4 Classifier’s rate of convergence with known diffusion coefficient

In this section, we consider that the diffusion coefficient is known and constant, and we derive faster
rates of convergence of the classification procedure. For sake of simplicity, we choose σ∗ = 1. In this
case, our plug-in procedure only involves the estimation of the drift function b̂. Hence, the plug-in
classifier now writes as ĝ = ĝ

p,b̂,1
.

In order to derive a general rate of convergence as a function of the drift regularity, we consider
the following smoothness assumption [89], which is a subset of Lipschitz functions.

Assumption 3.4.1. For all i ∈ Y , b∗i is Hölder with regularity parameter β ≥ 1.

3.4.1 Rates of convergence for drift estimators

Let i ∈ Y . The study of the rates of convergence of the estimator b̂i relies on the properties of the
matrix ΨKNi

∈ R(KNi
+M)2 defined by

ΨKNi
:=

(
1

n

n−1∑
k=0

EX|Y=i

[
Bℓ(X

i
k∆)Bℓ′(X

i
k∆)
])

ℓ,ℓ′∈[−M,KNi
−1]

. (3.13)
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Note that for t ∈ SKNi
,M , t =

∑KNi
−1

i=−M aiBi,M,u, we have the relation

∥t∥2n,i = a′ΨKNi
a, with a =

Ä
a−M , · · · , aKNi

−1

ä′
.

Let us remind the reader that for a matrix P , the operator norm ∥P∥op is defined as the square root
of the largest eigenvalue of the matrix P ′P . Besides, if P is symmetric, its norm is equal to its largest
eigenvalue. The matrix ΨKNi

satisfies the following property.

Lemma 3.4.2. Conditional on (1{Y1=i}, . . . ,1{YN=i}), on the event {Ni > 1}, the matrix ΨKNi
given in

Equation (3.13) satisfies

(i) if KNi ≥ 1, ΨKNi
is invertible,

(ii) under Assumption 3.2.1, for N large enough, if KNi ≤
√
Ni, there exists two constants C, c > 0 such

that

c
KNi

ANi

exp

Ç
A2

Ni

6

å
≤ ∥Ψ−1

KNi
∥op ≤ C

KNi log(Ni)

ANi

exp

Å
2

3
A2

Ni

ã
.

A major consequence of Lemma 3.4.2 is to give the order of ANi w.r.t. Ni to obtain optimal rates
of convergence for the estimation of the drift function b∗i .

For fixed n and Ni in N∗, let us denote

Ωn,Ni,KNi
:=

⋂
h∈SKNi

,M\{0}

®∣∣∣∣∣∥h∥2n,Ni

∥h∥2n,i
− 1

∣∣∣∣∣ ≤ 1

2

´
.

As we can see, the empirical norms ∥h∥n,Ni and ∥h∥n,i of any function h ∈ SKNi
,M \{0} are equivalent

on the random set Ωn,Ni,KNi
. More precisely, on the set Ωn,Ni,KNi

, for all h ∈ SKNi
,M \ {0}, we have

1

2
∥h∥2n,i ≤ ∥h∥2n,Ni

≤ 3

2
∥h∥2n,i.

We use the random set Ωn,Ni,KNi
to derive a faster rate of the risk E

î
∥b̂i − b∗ANi

,i∥2n,Ni

ó
of the estimator

b̂i of the restriction b∗ANi
,i of the drift function b∗i on the interval [−ANi , ANi ], withANi > 0 on the event

{Ni > 1}. We have for N large enough

E
î
∥b̂i − b∗ANi

,i∥2n,Ni

ó
= E

[
∥b̂i − b∗ANi

,i∥2n,Ni
1Ωn,Ni,KNi

]
+ E
ï
∥b̂i − b∗ANi

,i∥2n,Ni
1Ωc

n,Ni,KNi

ò
≤ E

[
∥b̂i − b∗ANi

,i∥2n,Ni
1Ωn,Ni,KNi

]
+ 4A2

N log(N)P
Ä
Ωc
n,Ni,KNi

ä
,

and the probability P
Ä
Ωc
n,Ni,KNi

ä
satisfies

P
Ä
Ωc
n,Ni,KNi

ä
≤ 2(KNi +M) exp

Ö
−C Ni

ANi

∥∥∥Ψ−1
KNi

∥∥∥
op

è
, (3.14)

(see proof of Lemma 2.8.9, Equation (3.77) in Appendix). From Equation (3.14) and Lemma 3.4.2, we
obtain

P
Ä
Ωc
n,Ni,KNi

ä
≤ 2(KNi +M) exp

Å
−C Ni

KNi log(Ni)
exp

Å
−2

3
A2

Ni

ãã
. (3.15)

Notably, conditional on (1{Y1=i}, . . . ,1{YN=i}) and on the event {Ni > 1}, if KNi is of order N1/(2β+1)
i

(up to some extra logarithmic factors), and ANi is chosen such that the upper-bound of P
Ä
Ωc
n,Ni,KNi

ä
is dominated by KNi/Ni as N tends to infinity, then the drift estimator converges as N−2β/(2β+1)

i

w.r.t. ∥.∥2n,i. Interestingly, this is the same rate of convergence obtained in [30] when the estimation
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of the drift function is performed over a fixed compact interval. From this remark, if KNi is of order

log−5/2(Ni)N
1/(2β+1)
i , and ANi ≤

√
3β

2β+1 log(Ni), we deduce from Equation (3.15) that there exists a
constant C > 0 such that

P
Ä
Ωc
n,Ni,KNi

ä
≤ 2(KNi +M) exp

Ä
−C log3/2(Ni)

ä
,

and the desired result is obtained since Ni → ∞ a.s. as N → ∞. Furthermore, the lemma shows that
the order of ANi is tight. Indeed, for another choice of ANi such that

ANi√
log(Ni)

−→ +∞ as N → +∞,

then, from Equation (3.15), the upper-bound of P
Ä
Ωc
n,Ni,KNi

ä
is of order KNi since

exp

Å
−C Ni

KNi log(Ni)
exp

Å
−2

3
A2

Ni

ãã
−→ 1 a.s. as N → ∞,

and the convergence of P
Ä
Ωc
n,Ni,KNi

ä
toward 0 is no longer guaranteed. Based on this observation,

the next result establishes the rates of convergence for our proposed drift estimator on the event
{Ni > 1}.

Theorem 3.4.3. Let Assumptions 3.2.1, 3.2.2 and 3.4.1 be satisfied. Let b∗ANi
,i = b∗i1[−ANi

,ANi
] defined on

the event {Ni > 1}. If ANi ≤
√

3β
2β+1 log(Ni), KNi ∝

Ä
log−5/2(Ni)N

1/(2β+1)
i

ä
, and ∆n = O

(
N−1

)
. Then

for all i ∈ Y

E
ï∥∥∥b̂i − b∗ANi

,i

∥∥∥2
n,i
1Ni>1

ò
≤ C log6β(N)N−2β/(2β+1),

where C is a constant which depends on b∗.

The above result shows that for a proper choice of ANi the drift estimators b̂i achieves, up to a
logarithmic factor, the minimax rates of convergence w.r.t. ∥.∥n,i (see Theorem 4.7 in [30]). Notably,
Theorem 3.4.3 extends results obtained in [30] to the estimation of the drift function on a interval
which depends on N .

In Section 3.4.2 and Section 3.4.3, we exploit this result to derive rates of convergence for the
plug-in classifier ĝ defined as follows. On the event {mini∈Y Ni > 1}, we consider the estimators b̂
presented in Section 3.3.2, and define the plug-in classifier ĝ = ĝ

p̂,b̂,1
. On the complementary event

{mini∈Y Ni ≤ 1}, we simply set ĝ = 1.

3.4.2 Rates of convergence: bounded drift functions

In this section, we assume that additionally to σ∗ = 1, Assumption 3.3.6 is fulfilled (the drift func-
tion is bounded). Hence, we can use Proposition 3.3.7, and apply Theorem 3.4.3 to derive rates of
convergence for plug-in estimator ĝ.

Theorem 3.4.4. Grant Assumptions 3.2.1, 3.2.2, 3.3.6, 3.4.1. Assume that for all i ∈ Y , on the event

{Ni > 1}, ANi =
√

6β
2β+1 log(Ni) and KNi ∝

Ä
log−5/2(Ni)N

1/(2β+1)
i

ä
, and ∆n = O

(
N−1

)
. Then the

plug-in classifier ĝ = ĝ
b̂,1

satisfies

E [R(ĝ)−R(g∗)] ≤ C exp
(»

c log(N)
)
N−β/(2β+1),

where C, c > 0 are constants depending on b∗, β,K and p0.

The above theorem shows that the plug-in classifier ĝ achieves faster rates of convergence than
in the case where σ∗ is unknown (see Theorem 3.3.8). Notably, the obtained rate is of the same order,
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up to a factor of order exp
Ä√

c log(N)
ä

, than the rates of convergence provided in [44] in the frame-
work of binary classification of functional data where the observation are assumed to come from a
white noise model. In their setting, σ∗ = 1 and the drift functions depend only on the observation
time interval, which is also assumed to be [0, 1]. Therefore, our specific setup is more challenging
since the drift functions are space-dependent which involves to deal with estimation of function on
a non-compact interval. Finally, it is worth noting that, up to the exp

Ä√
c log(N)

ä
factor, the rate

of convergence provided in Theorem 3.4.4 is the same as the minimax rates in the classical classi-
fication framework where the feature vector X belongs to Rd and that X admits a lower bounded
density [95, 4].

3.4.3 Rates of convergence: when the drift functions are re-entrant

In this section, we study performance of the plug-in classifier when the drift functions are not neces-
sarily bounded. In this context, rates of convergence are obtained under the following assumption.

Assumption 3.4.5. (re-entrant drift function) For each label i ∈ Y , there exists c0 > 4 and K0 ∈ R such that

∀x ∈ R, b∗i (x)x ≤ −c0x2 +K0.

An important consequence of this assumption is that there exists C > 0 (see Proposition 1.1
in [52]) such that

E
[
exp(4|Xt|2)

]
≤ C, (3.16)

which yields a better bound on the tail probability P (|Xt| ≥ A) for A > 0. It worth noting that
under Assumption 3.4.5, the drift functions are not bounded. Hence, we can not take advantage of
Proposition 3.3.7 to derive rates of convergence. Nonetheless, we obtain the following result.

Theorem 3.4.6. Grant Assumptions 3.2.1, 3.2.2, 3.4.1, 3.4.5. Assume that for all i ∈ Y , on the event

{Ni > 1}, ANi =
√

3β
2β+1 log(Ni) and KNi ∝

Ä
log−5/2(Ni)N

1/(2β+1)
i

ä
, and ∆n = O

(
N−1

)
. Then, the

plug-in classifier ĝ satisfies

E [R(ĝ)−R(g∗)] ≤ C log3β+1(N)N−3β/4(2β+1).

The above theorem shows that the rate of convergence of the plug-in classifier is, up to a logarith-
mic factor, of order N−3β/4(2β+1). Therefore, this rate of convergence is slightly slower than the one
provided in Theorem 3.4.4. It is mainly due to the fact that under Assumption 3.4.5, Proposition 3.3.7
does not apply and then, in view of considered assumptions in Theorem 3.4.6, we only manage to
obtain the following bound,

∀i, j ∈ Y : i ̸= j, E
ï∥∥∥b̂i − b∗i

∥∥∥2
n,j

ò
≤ CNβ/4(2β+1)E

ï∥∥∥b̂i − b∗i

∥∥∥2
n,i

ò
,

which is clearly worst than the one obtained in Proposition 3.3.7. Interestingly, for β = 1, we can
note that the rates obtained in Theorem 3.4.6 are of the same order than the rates of convergence
established in [45] in the classification setup where the input vector lies in R under the assumption
that X does not fulfil the strong density assumption (e.g. the density of X is not lower bounded).

3.5 Simulation study

This section is devoted to numerical experiments that support our theoretical findings. A first part
is dedicated to the study of the performance of the plug-in classifier in a setting which meets the
assumptions of Section 3.3.4. The considered model is presented in Section 3.5.1. The implementa-
tion of the proposed procedure is discussed in Section 3.5.2 while the performances of the plug-in
classifier are given in Section 3.5.3. Finally, several features of the problem are investigated in Sec-
tion 3.5.4. In particular, we consider the classical Ornstein-Uhlenbeck model, for which assumptions
of Section 3.3.4 are not fulfilled.
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3.5.1 Models and simulation setting

We fix K = 3 classes in the following. Note that, we do not consider larger value of K since the
evaluation of the impact of K on the procedure is beyond the scope of this paper. To illustrate the
accuracy of the presented plug-in classifier, we investigate the model described in Table 3.1. This

b∗1(x) 1/4 + (3/4) cos2 x

b∗2(x) θ[1/4 + (3/4) cos2 x]

b∗3(x) −θ[1/4 + (3/4) cos2 x]

σ∗(x) 0.1 + 0.9/
√
1 + x2

Table 3.1: Drift and diffusion coefficients, depending on θ ∈ Θ = {1/2, 3/4, (4 + α)/4, α ∈ [[1, 12]].

toy model, described in Table 3.1, fulfills the assumptions of Section 3.3.4. Interestingly, this model
allows evaluating the influence of the distance between the drift functions of each of the three classes,
on the classification problem, through the parameter θ. Indeed,

min
i,j=1,2,3

∥b∗i − b∗j∥∞ = θ, where θ ∈ Θ = {1/2, 3/4, (4 + α)/4, α ∈ [[1, 12]]}.

We investigate the consistency of the empirical classifier using learning samples of sizeN ∈ {100, 1000}
with n ∈ {100, 500} (and thus with ∆n = 1/n). We use the R-package sde (see [59]) to simulate the
solution of the stochastic differential equation corresponding to the chosen model.

Figure 3.1 displays simulated trajectories from the proposed model. On the left panel (right panel
respectively) the observed learning sample comes from the model with parameter θ = 1/2 (θ = 4
respectively) and each class is represented by one color. We can see from Figure 3.1 that the distance
between the drift functions strongly impacts the dispersion of the trajectories and leads to a more
difficult classification task.

Figure 3.1: Dispersion of diffusion paths from model given in Table 3.1. Left: θ = 1/2, right: θ = 4 (blue lines K = 1,
purple lines K = 2, green lines K = 3); with N = 100 and n = 100.

Performance of the Bayes classifier. We evaluate the performance of the Bayes classifier g∗ with
respect to four values of parameter θ (θ ∈ {1/2, 3/2, 5/2, 4}). To this end, we compute its average
error rate over 100 repetitions of the following steps

(i) simulate DN of size N = 4000 with n = 500;

(ii) based on DN compute the misclassification error rate of the discrete counterpart of g∗.

Table 3.2 provides the mean and standard deviation of the misclassification risk. The obtained results
highlight the significant impact of the minimum distance θ, between the drift functions of each class,
on the performance of g∗. Indeed, as expected, the Bayes classifier is more accurate on our model
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when parameter θ is large, especially in the case of separable data (θ = 4). On the contrary, the worst
case corresponds to θ = 0.5. In this model, the data are highly ambiguous.

θ = 1/2 θ = 3/2 θ = 5/2 θ = 4“R(g∗) 0.49 (0.01) 0.36 (0.01) 0.22 (0.01) 0.11 (0.01)

Table 3.2: Classification risks of the Bayes classifier g∗ w.r.t parameter θ from learning samples of size N = 4000 with
n = 500.

3.5.2 Implementation of the plug-in classifier

Hereafter, we briefly describe the implementation of the proposed plug-in classifier. We first estimate
the drift functions b∗i , i = 1, 2, 3. For each i ∈ {1, 2, 3}, the estimator b̂i is built on the interval
[−ANi , ANi ]. Since the drifts (and the diffusion) coefficients are bounded, we can use the construction
considered in Section 3.3. Therefore, we fix ANi = log(Ni), M = 3, and divide the learning sample
DN into sub-samples Di

N of size Ni that contains all diffusion paths belonging to the class i. From the
sub-sample Di

N , we build estimators b̂i, i = 1, 2, 3.
For the construction of the estimator b̂i, we have to choose the dimension parameter KNi . We

follow [30], and consider an adaptive choice denoted by “KNi .
Let us remind the reader that in [30], the adaptive dimension “KNi is selected such that “KNi is the

minimizer of the following penalized contrast“KNi := argmin
K∈K

 1

Nn

N∑
j=1

n−1∑
k=0

(̂bi,K − Zj
k∆n

)2 + penb(K)

, (3.17)

where K ∈ {2q, q ∈ [[0, 5]]}, and b̂i,K is the drift estimator built on the approximation subspace SK,M .
Besides, penb(K) = κ(K +M) log3(N)/N is the penalty function with κ > 0. We fix the parameter
κ = 0.1 as recommended in [30]. For the estimation of σ2, we consider the whole sample DN and
apply the methodology described in Section 3.3 with M = 3. We follow the same lines to build an
adaptive estimator of σ2∗, and choose “KN as the minimizer over K of the following penalized contrast“KN := argminK ∈ K

 1

Nn

N∑
j=1

n−1∑
k=0

(σ̂2K − U j
k∆n

)2 + penσ(K)

, (3.18)

where σ̂2K is the estimator built on SK,M , and penσ(K) := κ(K +M) log3(N)/Nn is the penalty func-
tion, with κ > 0. The value of the tuning parameter κ is calibrated through an intensive simulation
study and chosen equal to κ = 5.

The function SDEclassif of the R-package SDEclassif, available on github, implements the re-
sulting plug-in classifier.

3.5.3 Simulation results

The performance of the plug-in classifier ĝ is evaluated by repeating 100 times the following steps

1. Simulate learning samples DN and DN ′ with N ∈ {100, 1000}, N ′ = 1000, and n ∈ {100, 500};

2. for each i ∈ {1, 2, 3}, from the sub-sample Di
N = {X̄j , j ∈ Ii}, select “KN minimizing (3.17) and

compute the estimator b̂
i,“KN

of b∗i given in Equation (3.8);

3. from DN select “KN using Equation (3.18) and compute the estimator σ̂2“KN
of σ∗2 given in (3.10);

4. based on DN compute p̂ =
Ä

1
N

∑N
j=1 1Yj=1,

1
N

∑N
j=1 1Yj=2,

1
N

∑N
j=1 1Yj=3

ä
;
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5. based on DN ′ , compute the error rate of the plug-in classifier ĝ where b̂ =
Ä
b̂
1,“KN

, b̂
2,“KN

, b̂
3,“KN

ä
and σ̂2 = σ̂2“KN

, and p̂.

From these repetitions, we compute the empirical mean and standard deviation of the error rate of
ĝ. The results are given in Table 3.3 and Figure 3.2. As expected, from Table 3.3 and Table 3.2, we
can see that the error rate of the plug-in classifier ĝ is closed to the error rate of the Bayes classifier.
In particular, for N = 1000, it performs as well as the Bayes classifier. Note that the length of the
paths n does not significantly impact the performance of ĝ. Moreover, from Figure 3.2, we can make
similar comments as for the Bayes classifier (see Table 3.2), in particular, the accuracy of ĝ decreases
as parameter θ increases.

“R(ĝ)
n = 100 n = 500

N = 100 N = 1000 N = 100 N = 1000

θ = 1/2 0.53 (0.05) 0.50 (0.05) 0.53 (0.05) 0.49 (0.05)

θ = 3/2 0.39 (0.06) 0.37 (0.05) 0.39 (0.05) 0.36 (0.05)

θ = 5/2 0.24 (0.05) 0.22 (0.04) 0.25 (0.04) 0.22 (0.04)

θ = 4 0.12 (0.03) 0.10 (0.03) 0.11 (0.03) 0.10 (0.03)

Table 3.3: Risks of the plug-in classifier ĝ w.r.t. values of parameter θ

●
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● PlugIn−Spline, N=100

PlugIn−Spline, N=1000

Figure 3.2: Risks of the plug-in classifier w.r.t values of the minimum gap θ between the drift functions
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3.5.4 Ornstein-Uhlenbeck model

In this section, we focus on the influence of the diffusion coefficient σ∗ on the performance of our
plug-in procedure. To this end, we consider the Ornstein-Uhlenbeck diffusion model given in Ta-
ble 3.4 where the diffusion coefficient σ∗ is constant. Let us notice also that in this model the drift
functions are unbounded. We investigate the performance of the plug-in classifier ĝ w.r.t. the level

b∗1(x) 1− x

b∗2(x) −1− x

b∗3(x) −x

σ∗(x) σ

Table 3.4: Ornstein-Uhlenbeck mixture model with K = 3

of noise σ∗. This study is motivated by the fact that, inherently, the diffusion coefficient impacts the
dispersion of the trajectories. Therefore, it can lead to separable data when σ∗ is close to zero, and
ambiguous data for large values of σ∗. Thus, we evaluate the performance of ĝ for σ∗ = 1/2 which
is close enough to zero, and for larger value σ∗ ∈ {1, 3/2}. We first consider the case where σ∗ is
unknown. The results are given in Table 3.5 and confirm our intuition. The error rate of the plug-in
classifiers decreases as σ∗ decreases.

In a second step, we investigate the influence of estimating the coefficient σ∗ in the procedure.
To evaluate this point, we assess the error rate of the plug-in classifier when σ∗ = 1 is known. In
this case, we only estimate the drift functions and the weights of mixture pp∗ to build our predictor.
The results are given in Table 3.6. First, we can notice that by comparison with results provided in
Table 3.5, there is almost no impact on the performance of the plug-in classifier when we assume the
diffusion coefficient σ∗ in the Ornstein-Uhlenbeck model to be known or not.

Finally, we also study the influence of parameter AN on the estimation procedure. Indeed, our
theoretical results indicates that AN should be of order

√
log(N) when σ∗ is constant and known,

while AN = log(N) is recommended when σ∗ is unknown. To this end, we evaluate the error rate
of our procedure for these choices. The results are also provided in Table 3.6 and show that the
performance are almost the same in the two cases.“R(ĝ) “R(g∗)

σ∗ = 1/2 0.23 (0.04) 0.21 (0.01)

σ∗ = 1 0.44 (0.05) 0.41 (0.01)

σ∗ = 3/2 0.52 (0.05) 0.49 (0.01)

Table 3.5: Evolution of the performance of the plug-in classifier ĝ and of g∗ w.r.t values of the constant diffusion
coefficient σ∗ for N = 100 and n = 100.

N = 100 N = 1000

AN =
√
log(N) 0.44 (0.05) 0.41 (0.05)

AN = log(N) 0.43 (0.05) 0.43 (0.05)

Table 3.6: Risk classification of ĝ when the diffusion σ∗ = 1 is known, and n = 100.
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3.6 Conclusion and discussion

In this paper, we propose a plug-in classifier for the multiclass classification of trajectories generated
by a mixture of diffusion processes whose drift functions b∗i , i ∈ Y and diffusion coefficient σ∗ are
assumed to be unknown. In the considered model, each class i is characterized by a drift function, b∗i
whereas the diffusion coefficient σ∗ is common for all classes. This work extends to the nonparamet-
ric case, the multiclass classification procedure provided in [29] where σ∗ = 1 and the drift functions
depend on an unknown parameter θ ∈ Rd. Our proposed procedure relies on consistent projection
estimators b̂i, i ∈ Y and σ̂2 of the drift and diffusion coefficients on a constrained approximation sub-
space spanned by the spline basis. We establish the consistency, w.r.t. the excess risk, of our procedure
and then studied its rate of convergence under different kind of assumptions. In particular, we show
that the proposed plug-in classifier reaches a rate of convergence of order N−1/5 (up to a factor of
order exp(

√
c log(N))) when b∗, σ∗, and p∗ are unknown. Besides, a numerical study illustrates the

performance of our classification procedure.
In the case where σ∗ = 1, we manage to derive faster rates of convergence. In particular, when the

drift functions are bounded and Hölder with regularity β ≥ 1, we obtained a rate of orderN−β/(2β+1)

(up to a factor of order exp(
√
c log(N))). Interestingly, this result can be viewed as an extension of the

one obtained in [44] to the multiclass mixture model, where the drift functions are time-dependent.
Furthermore, up to exp(

√
c log(N)) factor, our rate of convergence matches the optimal rates of con-

vergence obtained in the univariate setting (e.g. X ∈ R), in [4]. Finally, for the case of unbounded
drift functions, we assume that the drift functions are the re-entrant. Taking advantage of this prop-
erty, we establish that our plug-in classifier achieves a rate of convergence of order N−3β/4(2β+1). For
β = 1, this rate of convergence is of the same order as the one obtained in [45] for plug-in classi-
fier in the univariate classification setting, when the feature X does not satisfy the strong density
assumption.

A question that can be tackled for future research is the study of the optimality in the minimax
sense of our plug-in procedure. In particular, the adaptivity of estimators of the drift and diffusion
coefficients should be investigated. Furthermore, it might be interesting to consider the margin type
assumption as in [44] to derive faster rates of convergence. Also, following [29], it is natural to derive
theoretical properties for empirical risk minimization procedure based on convex losses. Finally, the
extension to the high-dimensional setting would require further work. In particular, the control of
the transition densities is different in this setting.

3.7 Proofs

The section is devoted to the proofs of our main results. In order to simplify the notation, we write
∆n = ∆. Besides, C > 0 is a constant which may change from one line to another. When the
dependency on a parameter θ needs to be highlighted, we write Cθ.

3.7.1 Technical results on the process X

Lemma 3.7.1. Under Assumption 3.2.1 and for all integer q ≥ 1, there exists C∗ > 0 depending on q such
that for all 0 ≤ s < t ≤ 1,

E |Xt −Xs|2q ≤ C∗(t− s)q.

The proof of Lemma 3.7.1 is provided in Appendix.
For each t ∈ [0, 1] and x ∈ R, we denote by pX(t, x) the transition density of the underlying

process Xt given the starting point X0 = 0. We also denote by pi,X(t, ·) the transition density of
the process driven by the drift function b∗i . Note that Assumption 3.2.1 ensures the existence of the
transition densities. The rest of this section is dedicated to some results on the transition densities
pi,X for i = 1, . . . ,K. Nonetheless, since the transition pX of the process X writes as

pX =

K∑
i=1

p∗i pi,X ,
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all these results apply also for pX . The following proposition is provided in [52] (Proposition 1.2).

Proposition 3.7.2. Under Assumptions 3.2.1 and 3.2.2, there exist constants c > 1, C > 1 such that for all
t ∈ (0, 1], x ∈ R, and i = 1, . . . ,K

1

C
√
t
exp

Å
−cx

2

t

ã
≤ pi,X(t, x) ≤ C√

t
exp

Å
−x

2

ct

ã
.

From this result, we can deduce an evaluation of the probability of the process to exit a compact
set. This is the purpose of the next result.

Lemma 3.7.3. Under Assumption 3.2.1 and 3.2.2, there exist C1, C2 > 0 such that for all A > 0

sup
t∈[0,1]

P (|Xt| ≥ A) ≤ C1

A
exp(−C2A

2).

Proof. Let A > 0, we have for t ∈ (0, 1],

P (|Xt| ≥ A) =

∫ +∞

A
pX(t, x)dx+

∫ +∞

A
pX(t,−x)dx.

From Proposition 3.7.2, we then deduce that

P (|Xt| ≥ A) ≤ C

√
t

A

∫ +∞

A
c
2x

t
exp

Å
−cx

2

t

ã
dx ≤ C

√
t

A
exp

Å
−cA

2

t

ã
.

From the above inequality, and using that t ∈ (0, 1], we deduce the result.

Lemma 3.7.4. Under Assumption 3.2.1, there exist C0, C1, and C2, such that for i = 1, . . . ,K, for x ∈
[−A,A], we have

C1 exp
(
−C2A

2
)
≤ 1

n

n−1∑
k=1

pi,X(k∆, x) ≤ C0.

Proof of Lemma 3.7.4. For i ∈ {1, . . . ,K}, for all x ∈ R, we have from Proposition 3.7.2,

1

n

n∑
k=1

pi,X(k∆, x) ≤ C

n

n∑
k=1

1√
k∆

=
C√
n

n∑
k=1

1√
k
≤ 2C√

n

n∑
k=1

1√
k + 1

. (3.19)

Since the function x 7→ 1√
x

is decreasing over [1,+∞[, we deduce from Equation (3.19) that

1

n

n∑
k=1

pi,X(k∆, x) ≤ 4C
√
n+ 1√
n

≤ C0,

which gives the upper bound. For the lower bound, we observe from Proposition 3.7.2 that for
k ∈ [[1, n− 1]], and x ∈ R,

C exp

Å
−cx

2

k∆

ã
≤ C√

k∆
exp

Å
−cx

2

k∆

ã
≤ pi(k∆, x). (3.20)

Since g : (s, x) 7→ exp
Ä
− cx2

s

ä
is strictly increasing in s over (0, 1], we obtain for k ∈ [[1, n− 1]],

∫ n−1
n

1
n

g(s, x)ds ≤
n−1∑
k=2

∫ k∆

(k−1)∆
(g(k∆, x) + g(s, x)− g(k∆, x)) ds ≤ 1

n

n−1∑
k=1

exp

Å
−cx

2

k∆

ã
.

Hence, we deduce that for n ≥ 3, and x ∈ [−A,A]

1

6
exp(−2cA2) ≤

∫ n− 1

n
1
2

g(s, x)ds ≤ 1

n

n−1∑
k=1

exp

Å
−cx

2

k∆

ã
.
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For the first lower bound, we use that g(s, x) ≥ e−2cA2
for x ∈ [−A,A] and s ≥ 1/2, and that the

length of [1/2, (n− 1)/n] is larger than 1/6 for n ≥ 3. This explains our choice of integration interval
in the middle term of the above inequalities. Finally, gathering this bound with Equation (3.20), leads
to

1

6
exp(−2cA2) ≤ 1

n

n−1∑
k=1

exp

Å
−cx

2

k∆

ã
≤ 1

n

n−1∑
k=1

pi,X(k∆, x).

Lemma 3.7.5. Suppose that σ∗ is a constant. Under Assumption 3.2.1, and for all q > 1, there exists Kq > 1
such that for all (t, x) ∈ (0, 1]× [−A,A],

1

Kq

√
t
exp

Å
−2q − 1

2qσ∗2t
x2
ã
≤ pX(t, x) ≤ Kq√

t
exp

Å
− x2

2qσ∗2t

ã
.

Proof of Lemma 3.7.5. The transition density p0X of the process (0 + σ∗Wt)t∈]0,1] (with a constant dif-
fusion coefficient σ∗) is given by

p0X(t, x) :=
1√

2πσ∗2t
exp

Å
− 1

2σ∗2t
|0− x|2

ã
. (3.21)

We are going to demonstrate the inequality for pi,X , which is the transition density of X in class
number i. Indeed, then it will be true for all i ∈ Y and thus for pX = pY,X . We follow here the
arguments given in the proof of (1.6) in [52]. Let us denote,

Zi,t = exp

Å∫ t

0

b∗i (Xs)

σ∗
dWs −

∫ t

0

b∗2i (Xs)

σ∗2
ds

ã
.

We have ∀(t, x) ∈]0, 1]× R,

pi,X(t, x) = p0X(t, x)E0 [Zi,t|Xt = x],

and
1

pi,X(t, x)
≤ 1

p0X(t, x)
E0
î
Z−1
i,t |Xt = x

ó
. (3.22)

Then,

E0 [Zi,t|Xt = x] = 1 +
1

p0X(t, x)

∫ t

0
E0

ï
Zi,tb

∗
i (Xs)

Xs − x

σ∗2(t− s)
p0X(t− s, x)

ò
ds

and

E0
î
Z−1
i,t |Xt = x

ó
= 1 +

1

p0X(t, x)

∫ t

0
E0

ï
Z−1
i,s b

∗
i (Xs)

Xs − x

σ∗2(t− s)
p0X(t− s, x)

ò
ds.

For all (t, x) ∈]0, 1]× R, one has :

E0 [Zi,t|Xt = x] = 1 +
1

p0X(t, x)

∫ t

0
E0

ï
Zi,sb

∗
i (Xs)

Xs − x

σ∗2(t− s)
p0X(t− s, x)

ò
ds

≤ 1 +
C

p0X(t, x)

∫ t

0
E0

ï
Zi,s |b∗i (Xs)|

|Xs − x|
(t− s)3/2

exp

Å
− (Xs − x)2

2σ∗2(t− s)

ãò
ds

≤ 1 +
C

p0X(t, x)

∫ t

0
E0

ï
Zi,s |b∗i (Xs)|

1

ε(t− s)
exp

Å
−(1− ε)(Xs − x)2

2σ∗2(t− s)

ãò
ds,

using that yε exp(−εy2/2) ≤ 1 for 0 < ε < 1. Let q, q′ > 1 be two real numbers such that 1
q + 1

q′ = 1.
Using Hölder’s inequality, and the Lipschitz property of b∗, one has:

E0 [Zi,t|Xt = x] ≤ 1 +
Cε−1

p0X(t, x)

∫ t

0

Ç
E0

ñ
Zq
i,sq (1 + |Xs|)q

(t− s)q

ôå 1
q
Ç
E0

ñ
exp

Ç
− (Xs − x)2

2σ∗2(t− s)

åôå 1
q′

ds,

(3.23)
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with ε = 1− 1/q′. According to Lemma A.1 in [52], one has:

∀q > 1, E0
î
Zq
i,s (1 + |Xs|)q

ó
+ E0

î
Z−q
i,s (1 + |Xs|)q

ó
≤ C1,

where C1 > 0 is a constant. Thus, it remains to upper bound E0
[
exp

(
− (Xs−x)2

2σ∗2(t−s)

)]
and then deduce

an upper bound of E0 [Zi,t|Xt = x]. For all s < t, we have:

√
2πσ∗2sE0

ñ
exp

Ç
− (Xs − x)2

2σ∗2(t− s)

åô
=

∫
R
exp

Å
− 1

2σ∗2(t− s)
(z − x)2

ã
exp

Å
− 1

2σ∗2s
z2
ã
dz.

It follows that,

E0

ñ
exp

Ç
− (Xs − x)2

2σ∗2(t− s)

åô
=

…
t− s

t
exp

Å
− x2

2σ∗2t

ã
.

Thus, from Equation (3.23), we obtain:

E0 [Zi,t|Xt = x] ≤ 1 +
Cε−1

p0X(t, x)

∫ t

0

(t− s)
1

2q′−1

t
1

2q′
exp

Å
− x2

2q′σ∗2t

ã
ds

≤ 1 +
Cε−1t−1/2q′

p0X(t, x)
exp

Å
− x2

2q′σ∗2t

ãî
−2q′(t− s)1/2q

′ót
0

≤ 1 +
Cε−1

p0X(t, x)
√
t
exp

Å
− x2

2q′σ∗2t

ã
,

From the definition of function p0X given in Equation (3.21) together with relation (3.22), we obtain
that

pi,X(t, x) ≤ p0X(t, x)

Ç
1 +

Cε−1

p0X(t, x)
√
t
exp

Å
− x2

2q′σ∗2t

ãå
.

Thus, there exists a constant Kq > 1 (as ε = 1− 1/q′ and 1/q + 1/q′ = 1) such that,

∀(t, x) ∈]0, 1]× R, pi,X(t, x) ≤ Kq√
t
exp

Å
− x2

2q′σ∗2t

ã
, ∀q′ > 1. (3.24)

Following the same lines, one has

E0
î
Z−1
i,t |Xt = x

ó
≤ 1 +

Cte

p0X(t, x)
√
t
exp

Å
− x2

2q′σ∗2t

ã
.

Also, there exists a constant Kq > 1, such that,

∀(t, x) ∈]0, 1]× R pi,X(t, x) ≥ 1

Kq

√
t
exp

Å
−2q′ − 1

2q′σ∗2t
x2
ã
, ∀q′ > 1. (3.25)

The final result is deduced from (3.24) and (3.25).

3.7.2 Proofs of Section 3.3

We begin by providing the proof of Theorem 3.3.2 that relies in part on Proposition 3.3.1.

Proof of Theorem 3.3.2. From Proposition 3.3.1, we have the following inequality

E [R(ĝ)−R(g∗)] ≤ 2
K∑
i=1

E [|π̂i(X)− π∗i (X)|] . (3.26)

103 EDDY ELLA MINTSA
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We define F̄ the discretized version of F∗,

F̄ = (F̄1, . . . , F̄K), with F̄i(X) =
n−1∑
k=0

Å
b∗i
σ∗2

(Xk∆)
(
X(k+1)∆ −Xk∆

)
− ∆

2

b∗2i
σ∗2

(Xk∆)

ã
,

and for each i ∈ Y , π̄∗i = ϕi
(
F̄
)

the discretized version of π∗i , and π̄i = ϕi(“F ). From Equation (3.26),
we deduce

E [R(ĝ)−R(g∗)] ≤ 2

(
K∑
i=1

E [|π̂i(X)− π̄i(X)|] + E [|π̄i(X)− π̄∗i (X)|]

+

K∑
i=1

E [|π̄∗i (X)− π∗i (X)|]

)

≤ 2
K∑
i=1

E
[∣∣∣ϕ̂i(“F (X))− ϕi(“F (X))

∣∣∣]+ 2
K∑
i=1

E
[∣∣∣ϕi(“F (X))− ϕi(F̄(X))

∣∣∣]
+2

K∑
i=1

E
[∣∣ϕi(F̄(X))− ϕi(F

∗(X))
∣∣] . (3.27)

For the first term of the r.h.s. of the above inequality, we observe that for (x1, . . . , xK) ∈ RK , and
(i, j) ∈ Y2 we have ∣∣∣∣∣ ∂∂p∗j p∗i exp(xi)∑K

k=1 p
∗
k exp(xk)

∣∣∣∣∣ ≤ 1

p∗0
.

Therefore,
K∑
i=1

E
[∣∣∣ϕ̂i(“F (X))− ϕi(“F (X))

∣∣∣] ≤ CK,p∗0

K∑
k=1

E
[∣∣p̂k − pk

∣∣] ≤ CK,p∗0√
N

. (3.28)

For the second term of Equation (3.27), since the softmax function is 1-Lipschitz, we have for j ∈ Y

E
∣∣∣ϕj(“F (X))− ϕj(F̄(X))

∣∣∣ ≤ K∑
i=1

E
[∣∣∣“Fi(X)− F̄i(X)

∣∣∣] .
We set ξ(s) := k∆, if s ∈ [k∆, (k + 1)∆), for k ∈ [[0, n− 1]]. We then deduce that

∣∣∣“Fi(X)− F̄i(X)
∣∣∣ ≤ ∫ 1

0

∣∣∣∣∣
Ç
b̂i
σ̂2

− b∗i
σ∗2

å (
Xξ(s)

)
b∗Y (Xs)

∣∣∣∣∣ ds+ 1

2

∫ 1

0

∣∣∣∣∣
Ç
b̂2i
σ̂2

− b∗2i
σ∗2

å (
Xξ(s)

)∣∣∣∣∣ ds
+

∣∣∣∣∣
∫ 1

0

Ç
b̂i
σ̂2

− b∗i
σ∗2

å (
Xξ(s)

)
σ∗(Xs)dWs

∣∣∣∣∣ ,
which implies

E
[∣∣∣“Fi(X)− F̄i(X)

∣∣∣] ≤ E
ñ∫ 1

0

∣∣∣∣∣
Ç
b̂i
σ̂2

− b∗i
σ∗2

å (
Xξ(s)

)
b∗Y (Xs)

∣∣∣∣∣ ds
ô
+

1

2
E
ñ∫ 1

0

∣∣∣∣∣
Ç
b̂2i
σ̂2

− b∗2i
σ∗2

å (
Xξ(s)

)∣∣∣∣∣ ds
ô

+E

[∫ 1

0

Ç
b̂i
σ̂2

− b∗i
σ∗2

å2 (
Xξ(s)

)
σ∗2(Xs)ds

]
.

Since for all x, σ∗(x) ≥ σ∗0 , and σ̂ ≥ σ0, we get
∣∣∣ b̂iσ̂2 (x)−

b∗i
σ∗2 (x)

∣∣∣ ≤ σ−2
0

∣∣∣̂bi(x)− b∗i (x)
∣∣∣+ σ−2

0 σ∗−2
0 |b∗i (x)|

∣∣σ̂2(x)− σ∗2(x)
∣∣ ,

∣∣∣∣ b̂2iσ̂2 (x)−
b∗2i
σ∗2 (x)

∣∣∣∣ ≤ σ−2
0

∣∣∣̂bi(x) + b∗i (x)
∣∣∣ ∣∣∣̂bi(x)− b∗i (x)

∣∣∣+ σ−2
0 σ∗−2

0 |b∗i (x)|
2
∣∣σ̂2(x)− σ∗2(x)

∣∣ . (3.29)
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Hence, as b̂i(x) ≤ bmax, and E
î
supt∈[0,1] |b∗i (Xt)|

ó
≤ C1, the above inequalities and the Cauchy-

Schwarz inequality yield

E
∣∣∣“Fi(X)− F̄i(X)

∣∣∣ ≤ Cσ∗
0
σ−2
0

(
bmaxE

∥∥∥b̂i − b∗i

∥∥∥
n
+ E

∥∥σ̂2 − σ2
∥∥
n

)
.

Therefore, we have,

K∑
i=1

E
[∣∣∣ϕi(“F (X))− ϕi(F̄(X))

∣∣∣] ≤ CK,σ∗
0
σ−2
0

K∑
i=1

(
bmaxE

∥∥∥b̂i − b∗i

∥∥∥
n
+ E

∥∥σ̂2 − σ2
∥∥
n

)
. (3.30)

Finally, the last term is bounded as follows. We first observe that for all i ∈ Y

E
î∣∣F̄i(X)− F ∗

i (X)
∣∣2ó ≤ 3E

∫ 1

0

Ç
b∗i
(
Xξ(s)

)
σ∗2

(
Xξ(s)

) − b∗i (Xs)

σ∗2(Xs)

å2

b∗2Y (Xs)ds

+ 3E
∫ 1

0

Ç
b∗2i
(
Xξ(s)

)
σ∗2

(
Xξ(s)

) − b∗2i (Xs)

σ∗2(Xs)

å2

ds+ 3E
∫ 1

0

Ç
b∗i
(
Xξ(s)

)
σ∗2

(
Xξ(s)

) − b∗i (Xs)

σ∗2(Xs)

å2

σ∗2(Xs)ds.

Using again that σ∗(·) ≥ σ∗0 , and E
î
supt∈[0,1] |b∗i (Xt) |q

ó
≤ C for q ≥ 1 (by Assumption 3.2.1), the

Cauchy-Schwarz inequality implies

E
î∣∣F̄i(X)− F ∗

i (X)
∣∣2ó ≤ Cσ∗

0

Ç∫ 1

0
E
î∣∣b∗i (Xξ(s)

)
− b∗i (Xs)

∣∣2ó ds
+

∫ 1

0

√
E
î∣∣b∗i (Xξ(s)

)
− b∗i (Xs)

∣∣4óds+ ∫ 1

0

√
E
î∣∣σ∗2 (Xξ(s)

)
− σ∗2(Xs)

∣∣4ódså .
Finally, since the functions b∗i , and σ∗ are Lipschitz, we deduce from Lemma 3.7.1 that

E
î∣∣F̄i(X)− F ∗

i (X)
∣∣2ó ≤ Cσ∗

0
∆,

which implies together with the fact that the sofmax function is 1-Lipschitz and the Jensen inequality
that

K∑
i=1

E
[∣∣ϕi(F̄(X))− ϕi(F

∗(X))
∣∣] ≤ CK,σ∗

0

√
∆. (3.31)

In view of Equation 3.27, the combination of Equations (3.28), and (3.30), and (3.31) yields the desired
result.

Proof of Proposition 3.3.3. We consider h aL-Lipschitz function. We define the spline-approximation
h̃ of h by

h̃(x) :=
K∗−1∑
ℓ=−M

h(uℓ)Bℓ(x), ∀x ∈ R.

First, we note that h̃ ∈ SK∗,M . Indeed, since h is L-Lipschitz, there exists CL > 0 such that for A large
enough,

|h(x)| ≤ CL(1 + |x|) ≤ CA, ∀x ∈ [−A,A].

Therefore, for N large enough, we have

|h(x)| ≤ A log1/2(N).

Then, we deduce
Ξ−1∑

ℓ=−M

h2(uℓ) ≤ (Ξ +M)A2 log(N).
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For x ∈ [−A,A], there exists 0 ≤ ℓ0 ≤ Ξ− 1 such that x ∈ [uℓ0 , uℓ0+1). We use the following property
of the B-spline basis

Bℓ(x) = 0, if x /∈ [uℓ, uℓ+M+1), ℓ = −M, . . . ,KN +M.

Hence, for x ∈ [uℓ0 , uℓ0+1), we have Bℓ(x) = 0 for ℓ ≤ ℓ0 −M − 1, and ℓ ≥ ℓ0 +M . Thus,

∣∣∣h̃(x)− h(x)
∣∣∣ ≤

Ξ−1∑
ℓ=−M

|h(uℓ)− h(x)|Bℓ(x)

=

ℓ0∑
ℓ=ℓ0−M

|h(uℓ)− h(x)|Bl(x)

≤ max
ℓ=ℓ0−M,...,ℓ0

|h(uℓ)− h(x)|

≤ L(uℓ0+1 − uℓ0−M ) ≤ 2L(M + 1)A

Ξ
,

which concludes the proof.

Proof of Theorem 3.3.4. The proof is divided in two parts. The first part establishes the rates of con-
vergence of the drift estimators, and the second part is devoted to the study of the rates of conver-
gence of the diffusion coefficient estimator.

Rates of convergence for drift estimator. Let i ∈ {1, . . . ,K}. We introduce, on the random event
{Ni > 1}, and with ANi = log(Ni), the function,

b̄i := b∗i1(−ANi
,ANi

).

We recall that Ni =
∑N

j=1 1{Yj=i} is the random number of paths in the class number i. For a function
h, we introduce the empirical norm of class i on the event {Ni > 1} as

∥h∥2n,Ni
:=

1

nNi

∑
j∈Ii

n−1∑
k=0

h2(Xj
k∆).

We first observe that

E
[∥∥∥b̂i − b∗i

∥∥∥
n

]
= E

[∥∥∥b̂i − b∗i

∥∥∥
n
1{Ni>1}

]
+ E

[∥∥∥b̂i − b∗i

∥∥∥
n
1{Ni≤1}

]
.

Let us work at first on the event {Ni > 1}. For all i ∈ Y , we define the following conditional
expectation

Ei[.] = E[.|1{Y1=i}, . . . ,1{YN=i}].

We apply Proposition 3.3.3, and Proposition 3.2 of [30] on the event {Ni > 1} and deduce that

Ei

ï∥∥∥b̂i − b̄i

∥∥∥2
n,Ni

ò
≤ C

(
A2

Ni

K2
Ni

+

 
KNiA

2
Ni

log(N)

Ni
+∆

)
. (3.32)

Now, for all i ∈ Y , let us write

Ei

ï∥∥∥b̂i − b̄i

∥∥∥2
n,i

ò
= Ei

ï∥∥∥b̂i − b̄i

∥∥∥2
n,i

ò
− 2Ei

ï∥∥∥b̂i − b̄i

∥∥∥2
n,Ni

ò
+ 2Ei

ï∥∥∥b̂i − b̄i

∥∥∥2
n,Ni

ò
. (3.33)

For h ∈ SKNi
,M , we denote by h̄ its thresholded counterpart

h̄(·) := h(·)1{|h(·)|≤ANi
log1/2(N)} + sgn(h(·))ANi log

1/2(N)1{|h(·)|>ANi
log1/2(N)}.
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We also denote HKNi
,M := {h̄, h ∈ SKNi

,M}. Then, on the event {Ni > 1}, we have that

Ei

ï∥∥∥b̂i − b̄i

∥∥∥2
n,i

ò
− 2Ei

ï∥∥∥b̂i − b̄i

∥∥∥2
n,Ni

ò
≤ Ei

 sup
h̄∈HKNi

,M

∥∥h̄− b̄i
∥∥2
n,i

− 2
∥∥h̄− b̄i

∥∥2
n,Ni


≤ Ei

 sup
g∈GKNi

,M

EX|Y=i

g(X̄)− 2

Ni

∑
j∈Ii

g(X̄j)

 ,
with GKNi

,M = {(x1, . . . , xn) 7→ 1
n

∑n
k=1

∣∣h̄(xk)− b̄i(xk)
∣∣2 , h̄ ∈ HKNi

,M}. For each g ∈ GKNi
,M and

x ∈ R, we have on the event {Ni > 1},

0 ≤ g(x) ≤ 4A2
Ni

log(N).

Furthermore, we have that (see [30])

N∞
Ä
ε,GKNi

,M

ä
≤
Ç
12(KNi +M)A2

Ni
log(N)

ε

åKNi
+M

≤
Ç
12(KN +M) log3(N)

ε

åKN+M

.

Therefore, we deduce from Lemma A.2 in [30] with ε =
12(KN +M) log3(N)

Ni
, Equation (3.32), and

Equation (3.33), that on the event {Ni > 1} with ANi = log(Ni)

Ei

ï∥∥∥b̂i − b̄i

∥∥∥2
n,i

ò
≤ C

(
log2(Ni)

K2
Ni

+

 
KNi log

2(Ni) log(N)

Ni
+

log2(Ni) log
2(N)KNi

Ni
+∆

)
. (3.34)

Thus, choosing KNi ∝ (Ni log(Ni))
1/5 and for log(Ni) ≤ log(N), we obtain from Equation (3.34) that

Ei

ï∥∥∥b̂i − b̄i

∥∥∥2
n,i

ò
≤ C

(
log8/5(N)

N
2/5
i

+
log21/5(N)

N
4/5
i

+∆

)
. (3.35)

Using Jensen’s inequality, we have

E
ï∥∥∥b̂i − b∗i

∥∥∥
n,i
1{Ni>1}

ò
≤
 
E
ï∥∥∥b̂i − b̄i

∥∥∥2
n,i
1{Ni>1}

ò
+ E
î∥∥b̄i − b∗i

∥∥2
n,i
1{Ni>1}

ó
.

Finally, let us study then the error
∥∥b̄i − b∗i

∥∥2
n,i

. On the event {Ni > 1}, we observe with the
Cauchy-Schwarz inequality

∥∥b̄i − b∗i
∥∥2
n,i

= EX|Y=i

[
1

n

n∑
k=1

(b∗i (Xk∆))
2
1{|Xk∆|>ANi

}| 1Y1=i, . . . ,1YN=i

]
≤ C

…
sup
t∈[0,1]

PX|Y=i (|Xt| ≥ ANi | 1Y1=i, . . . ,1YN=i),

since supt∈[0,1] E
[
b∗i (Xt)

4
]
≤ C. For ANi = log(Ni) and from Lemma 3.7.3, we obtain on the event

{Ni > 1} ∥∥b̄i − b∗i
∥∥2
n,i

≤ C exp

Å
−C2

2
log2(Ni)

ã
,

which, for Ni a.s. large enough yields ∥∥b̄i − b∗i
∥∥
n,i

≤ CN
−1/2
i .

This result leads us to obtain, from Equation (3.35), that

E
ï∥∥∥b̂i − b∗i

∥∥∥
n,i
1{Ni>1}

ò
≤ C

(
E

[(
log4/5(N)

N
1/5
i

+
log21/10(N)

N
2/5
i

)
1{Ni>1}

]
+
√
∆

)
.
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Using Jensen’s inequality, we obtain

E
ï∥∥∥b̂i − b∗i

∥∥∥
n,i
1{Ni>1}

ò
≤ C

Ç
log4/5(N)

Å
E
ï
1Ni>1

Ni

òã1/5
+ log21/10(N)

Å
E
ï
1Ni>1

Ni

òã2/5
+
√
∆

å
.

To finish the proof, since for all i ∈ Y, Ni ∼ B(N, p∗i ) we use Lemma 4.1 in [54] to deduce that

E
ï
1Ni>1

Ni

ò
≤E
ï
1Ni>0

Ni

ò
≤ 2

p∗iN
≤ 2

p∗0N
,

and finally, there exists a constant C > 0 such that

E
ï∥∥∥b̂i − b∗i

∥∥∥
n,i
1{Ni>1}

ò
≤ C

(Ç
log4(N)

Np∗0

å1/5

+
√
∆

)
. (3.36)

To conclude the proof for the rates of convergence of the drift coefficient, we observe that since b̂i is
bounded by log3/2(N) and supt∈[0,1] E

[
b∗i (Xt)

2
]
< +∞, we have for N large enough,

E
ï∥∥∥b̂i − b∗i

∥∥∥
n,i
1{Ni≤1}

ò
≤ 2 log3/2(N) (P (Ni = 0) + P (Ni = 1)). (3.37)

Since Ni is distributed according to a Binomial distribution with parameters (N, p∗i ). We deduce that

P (Ni = 0) = exp (N log(1− p∗i )) , P (Ni = 1) =
p∗i

1− p∗i
exp (N log(1− p∗i )). (3.38)

Hence, gathering Equation (3.36), Equation (3.37) and Equation (3.38), and choosing ∆ = O(1/N),
we obtain for each label i ∈ Y ,

E
ï∥∥∥b̂i − b∗i

∥∥∥
n,i

ò
= E
ï∥∥∥b̂i − b∗i

∥∥∥
n,i
1Ni>1

ò
+ E
ï∥∥∥b̂i − b∗i

∥∥∥
n,i
1Ni≤1

ò
= O

(Ç
log4(N)

Np∗0

å1/5
)
.

Diffusion coefficient: rates of convergence. We estimate the square σ∗2 of the diffusion coefficient
as solution of the following regression model

(Xj
(k+1)∆ −Xj

k∆)
2

∆
= σ∗2(Xj

k∆) + ζjk∆ +Rj
k∆, (3.39)

where ζjk∆ := ζj,1k∆ + ζj,2k∆ + ζj,3k∆ with

ζj,1k∆ :=
1

∆

[Ç∫ (k+1)∆

k∆
σ∗
(
Xj

s

)
dW j

s

å2

−
∫ (k+1)∆

k∆
σ∗2

(
Xj

s

)
ds

]
,

ζj,2k∆ :=
2

∆

∫ (k+1)∆

k∆
((k + 1)∆− s)σ∗′

(
Xj

s

)
σ∗2

(
Xj

s

)
dW j

s ,

ζj,3k∆ := 2b∗Y
Ä
Xj

k∆

ä∫ (k+1)∆

k∆
σ∗
(
Xj

s

)
dW j

s ,

and Rj
k∆ := Rj,1

k∆ +Rj,2
k∆ +Rj,3

k∆ with,

Rj,1
k∆ :=

1

∆

Ç∫ (k+1)∆

k∆
b∗Y
(
Xj

s

)
ds

å2

, Rj,2
k∆ :=

1

∆

∫ (k+1)∆

k∆
((k + 1)∆− s)ϕY

(
Xj

s

)
ds, (3.40)

Rj,3
k∆ :=

2

∆

Ç∫ (k+1)∆

k∆

(
b∗Y
(
Xj

s

)
− b∗Y (Xk∆)

)
ds

åÇ∫ (k+1)∆

k∆
σ∗
(
Xj

s

)
dW j

s

å
, (3.41)

where ϕY := b∗Y σ
∗′σ∗ +

[
σ∗′′σ∗ + (σ∗′)2

]
σ∗2. We prove in the sequel that ζj,1k∆ is the error term, and all

the other terms are negligible residuals. We remind the reader that the estimator σ̂2 of σ∗2 is given in
(3.10). We rely on the following result:

EDDY ELLA MINTSA 108



3.7 Proofs

Lemma 3.7.6. Under Assumption 3.2.1 and for ÃN = log(N), the following holds

E
∥∥σ̂2 − σ∗2

∥∥2
n,N

≤ 3 inf
h∈SK̃N ,M

∥h− σ∗2∥2n + C

Ñ 
K̃N log3(N)

Nn
+∆2

n

é
,

where C > 0 is a constant depending on σ1, and where

∥h∥2n,N =
1

nN

N∑
j=1

n−1∑
k=0

h2(Xj
k∆).

The empirical error of the estimator σ̂2 is given by

E
∥∥σ̂2 − σ∗2

∥∥2
n
= 2E

∥∥σ̂2 − σ∗2
∥∥2
n,N

+
î
E
∥∥σ̂2 − σ∗2

∥∥2
n
− 2E

∥∥σ̂2 − σ∗2
∥∥2
n,N

ó
.

Since ÃN = log(N), let us define Hσ as the set of functions h̄ such that there exists a function h ∈
SKN ,M satisfying

h̄ = h(x)1{ 1
log(N)

≤h(x)≤log3/2(N)} + log3/2(N)1h(x)>log3/2(N)} +
1

log(N)
1{h(x)≤ 1

log(N)
}.

Using then an ε−net Hσ,ε of Hσ with ε = 12(K̃N+M) log3(N)
N , we finally obtain (see [30], Lemma A.2)

E
∥∥σ̂2 − σ∗2

∥∥2
n
− 2E

∥∥σ̂2 − σ∗2
∥∥2
n,N

≤ E
ñ
sup
h̄∈Hσ

¶
E
∥∥h̄− σ∗2

∥∥2
n
− 2E

∥∥h̄− σ∗2
∥∥2
n,N

©ô
≤ C

K̃N log4(N)

N
.

Thus, as ∆n = O(1/N),

E
î∥∥σ̂2 − σ∗2

∥∥2
n

ó
≤ 3 inf

h∈SK̃N ,M

∥h− σ∗2∥2n + C

Ñ»
K̃N log3(N)

N
+
K̃N log4(N)

N
+

1

N2

é
≤ 3 inf

h∈SK̃NM

∥h− σ∗2∥2n + C
K̃N log4(N)

N
,

for N large enough. According to Proposition 3.3.3, the bias term satisfies

inf
h∈SK̃N ,M

∥h− σ∗2∥2n ≤ C
log2(N)

K̃2
N

.

Taking K̃N = (N log(N))1/5 leads to

E
∥∥σ̂2 − σ∗2

∥∥
n
≤ C2

Ç
log4(N)

N

å1/5

.

This concludes the proof of Theorem 3.3.4.

Proof of Lemma 3.7.6 . Denote by

γN,n(h) =
1

nN

N∑
j=1

n−1∑
k=0

Ä
U j
k∆ − h(Xj

k∆)
ä2
,

the least square contrast appearing in (3.9). For all h ∈ SKN ,M , we deduce that

γn,N (σ̂2)− γn,N (σ∗2) ≤ γn,N (h)− γn,N (σ∗2). (3.42)
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Using (3.39), we have for all h ∈ SK̃N ,M ,

γn,N (h)−γn,N (σ∗2) =
∥∥h− σ∗2

∥∥2
n,N

+2ν1(σ
∗2−h)+2ν2(σ

∗2−h)+2ν3(σ
∗2−h)+2µ(σ∗2−h), (3.43)

where

νi(h) =
1

nN

N∑
j=1

n−1∑
k=0

h(Xj
k∆)ζ

j,i
k∆, i ∈ {1, 2, 3}, µ(h) =

1

nN

N∑
j=1

n−1∑
k=0

h(Xj
k∆)R

j
k∆, (3.44)

we derive from Equations (3.42) and (3.43) that for all h ∈ SK̃N ,M ,

E
∥∥σ̂2 − σ∗2

∥∥2
n,N

≤ inf
h∈SK̃N ,M

∥h− σ∗2∥2n + 2
3∑

i=1

E
[
νi(σ̂

2 − h)
]
+ 2E

[
µ(σ̂2 − h)

]
. (3.45)

For all i ∈ {1, 2, 3} and for all h ∈ SK̃N ,M , taking the constraints (3.6) into account, one has

E
[
νi
(
σ̂2 − h

)]
≤
»
2(K̃N +M) log3(N)

Õ
K̃N−1∑
ℓ=−M

E
[
ν2i (Bℓ,M,u)

]
. (3.46)

1. Upper bound of
∑K̃N−1

ℓ=−M E
[
ν21(Bℓ,M,u)

]
. According to Equation (3.44), we have

∀ℓ ∈ [[−M, K̃N − 1]], ν1(Bℓ,M,u) =
1

nN

N∑
j=1

n−1∑
k=0

Bℓ,M,u(X
j
k∆)ζ

j,1
k∆,

where ζj,1k∆ = 1
∆

[Ä∫ (k+1)∆
k∆ σ∗(Xj

s )dW
j
s

ä2
−
∫ (k+1)∆
k∆ σ∗2(Xj

s )ds
]

is a martingale satisfying

E
î
ζ1,1k∆|F

1
k∆

ó
= 0 and E

[Ä
ζ1,1k∆

ä2
|F1

k∆

]
≤ 1

∆2
E

[Ç∫ (k+1)∆

k∆
σ∗2(X1

s )ds

å2
]
≤ Cσ∗41 ,

with (F1
t )t≥0 the natural filtration associated with the Brownian motion W 1. We derive that

K̃N−1∑
ℓ=−M

E
[
ν21(Bℓ,M,u)

]
=

1

Nn2

K̃N−1∑
ℓ=−M

E

(n−1∑
k=0

Bℓ,M,u(X
j
k∆)ζ

1,1
k∆

)2


=
1

Nn2
E

n−1∑
k=0

K̃N−1∑
ℓ=−M

B2
ℓ,M,u(X

1
k∆)
Ä
ζ1,1k∆

ä2
≤ C

Nn
,

where C is a constant depending on σ∗, for each k ∈ [[0, n − 1]],
∑K̃N−1

ℓ=−M B2
ℓ,M,u(X

1
k∆) ≤ 1 since∑K̃N−1

ℓ=−M Bℓ,M,u(X
1
k∆) = 1 and Bℓ,M,u(X

1
k∆) ≤ 1 for all ℓ = −M, · · · , K̃N − 1.

2. Upper bound of
∑K̃N−1

ℓ=−M E
[
ν22(Bℓ,M,u)

]
. For all k ∈ [[0, n− 1]] and for all s ∈ [0, 1], set ξ(s) = k∆

if s ∈ [k∆, (k + 1)∆). We have:

K̃N−1∑
ℓ=−M

E
[
ν22(Bℓ,M,u)

]
=

4

Nn2

K̃N−1∑
ℓ=−M

E

(n−1∑
k=0

∫ (k+1)∆

k∆
Bℓ,M,u(X

1
k∆)((k + 1)∆− s)σ∗′(X1

s )σ
∗2(X1

s )dWs

)2


=
4

Nn2

K̃N−1∑
ℓ=−M

E

[Ç∫ 1

0
Bℓ,M,u(X

1
ξ(s))(ξ(s) + ∆− s)σ∗′(X1

s )σ
∗2(X1

s )dWs

å2
]

≤ C

Nn2
,
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where the constant C > 0 depends on the diffusion coefficient.

3. Upper bound of
∑K̃N−1

ℓ=−M E
[
ν23(Bℓ,M,u)

]
. We have:

K̃N−1∑
ℓ=−M

E
[
ν23(Bℓ,M,u)

]
=

4

Nn2

K̃N−1∑
ℓ=−M

E

(n−1∑
k=0

∫ (k+1)∆

k∆
Bℓ,M,u(X

1
k∆)b

∗
Y (X

1
k∆)σ

∗(X1
s )dWs

)2


=
4

Nn2

K̃N−1∑
ℓ=−M

E

[Ç∫ 1

0
Bℓ,M,u(X

1
η(s))b

∗
Y (X

1
η(s))σ

∗(X1
s )dWs

å2
]

≤ 4

Nn2
E

∫ 1

0

K̃N−1∑
ℓ=−M

B2
ℓ,M,u(X

1
η(s))b

∗2
Y (X1

η(s))σ
∗2(X1

s )ds

 .
Since for all x ∈ R, b∗2Y (x) ≤ C0(1 + x2), σ∗2(x) ≤ σ∗21 and supt∈[0,1] E

(
|Xt|2

)
< ∞, there exists

a constant C > 0 depending on the upper bound σ∗1 of the diffusion coefficient such that

K̃N−1∑
ℓ=−M

E
[
ν23(Bℓ,M,u)

]
≤ C

Nn2
.

We finally deduce from Equations (2.62) and (3.46) that for all h ∈ SK̃N ,M ,

E
∥∥σ̂2 − σ∗2

∥∥2
n,N

≤ inf
h∈SK̃N ,M

∥h− σ∗2∥2n + C

 
(K̃N +M) log3(N)

Nn
+ 2E

[
µ(σ̂2 − h)

]
. (3.47)

It remains to obtain an upper bound of the term µ(σ̂2 − h). Notice that for a > 0, x and y ∈ R,

2xy = 2
x√
a
×
√
ay ≤ x2

a
+ ay2.

Then, for all h ∈ SK̃N ,M and a > 0,

2µ
(
σ̂2 − h

)
≤ 2

a

∥∥σ̂2 − σ∗2
∥∥2
n,N

+
2

a

∥∥h− σ∗2
∥∥2
n,N

+
a

Nn

N∑
j=1

n−1∑
k=0

Ä
Rj

k∆

ä2
.

We set a = 4 and from Equation (3.47) we deduce that,

E
∥∥σ̂2 − σ∗2

∥∥2
n,N

≤ 3 inf
h∈SK̃N ,M

∥h− σ∗2∥2n + C

 
(K̃N +M) log3(N)

Nn
+

4

Nn

N∑
j=1

n−1∑
k=0

E
[Ä
Rj

k∆

ä2]
. (3.48)

We have

E
[Ä
Rj

k∆

ä2]
≤ 3

(
E
[Ä
Rj,1

k∆

ä2]
+ E

[Ä
Rj,2

k∆

ä2]
+ E

[Ä
Rj,3

k∆

ä2])
,

where for all j ∈ [[1, N ]] and k ∈ [[0, n−1]], Rj,1
k∆, R

j,2
k∆ and Rj,3

k∆ are given in Equations (3.40) and (3.41).
There exist constants C1, C2, C3 > 0 such that

E
[Ä
Rj,1

k∆

ä2]
≤ E

[Ç∫ (k+1)∆

k∆
b∗2Y
Ä
Xj

k∆

ä
ds

å2
]
≤ ∆E

ñ∫ (k+1)∆

k∆
b∗4Y
Ä
Xj

k∆

ä
ds

ô
≤ C1∆

2

E
[Ä
Rj,2

k∆

ä2]
≤ 1

∆2

∫ (k+1)∆

k∆
((k + 1)∆− s)2ds

∫ (k+1)∆

k∆
E
[
ϕ2Y
(
Xj

s

)]
ds ≤ C2∆

2

E
[Ä
Rj,3

k∆

ä2]
≤ 4

∆2
E

[
∆

∫ (k+1)∆

k∆
L2
0

∣∣∣Xj
s −Xj

k∆

∣∣∣2 dsÇ∫ (k+1)∆

k∆
σ∗(Xj

s )dWs

å2
]
≤ C3∆

2.
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We deduce from Equation (3.48) that there exists a constant C > 0 depending on σ∗1 andM such that,

E
∥∥σ̂2 − σ∗2

∥∥2
n,N

≤ 3 inf
h∈SK̃N ,M

∥h− σ∗2∥2n + C

Ñ 
K̃N log3(N)

Nn
+∆2

n

é
.

This is the announced result.

Proof of Theorem 3.3.5. i ∈ Y , define once again Ei = E[.|1Y1 , . . . ,1YN=i]. On the event {Ni > 1}, we
have for all Ai > 0

Ei

ï∥∥∥b̂i − b∗i

∥∥∥2
n

ò
= Ei

[
1

n

n−1∑
k=0

Ä
b̂i(Xk∆)− b∗i (Xk∆)

ä2]
= Ei

[
1

n

n−1∑
k=0

Ä
b̂i(Xk∆)− b∗i (Xk∆)

ä2
1{|Xk∆|≤Ai}

]

+Ei

[
1

n

n−1∑
k=0

Ä
b̂i(Xk∆)− b∗i (Xk∆)

ä2
1{|Xk∆|>Ai}

]
. (3.49)

We bound each term of the r.h.s. of the above inequality. From Lemma 3.7.3, and Cauchy-Schwarz
Inequality, under Assumption 3.2.1, we have for the second term of (3.49),

Ei

[
1

n

n−1∑
k=0

Ä
b̂i(Xk∆)− b∗i (Xk∆)

ä2
1{|Xk∆|>Ai}

]
≤ C
»

exp
(
−CA2

i

)
. (3.50)

For the first term of (3.49), we observe that

Ei

[
1

n

n−1∑
k=0

Ä
b̂i(Xk∆)− b∗i (Xk∆)

ä2
1{|Xk∆|≤Ai}|DN

]
=

∫ Ai

−Ai

Ä
b̂i(x)− b∗i (x)

ä2( 1

n

n−1∑
k=1

p(k∆, x)

)
dx

+
1

n

Ä
b̂i(0)− b∗i (0)

ä2
.

For Ai = (log(Ni))
1/4 and from Lemma 3.7.4, we then deduce that

E

[
1

n

n−1∑
k=0

Ä
b̂i(Xk∆)− b∗i (Xk∆)

ä2
1Ni>11{|Xk∆|≤Ai}|DN

]

≤ C1e
C2

√
log(N)E

[
1

n

n−1∑
k=0

Ä
b̂i(Xk∆)− b∗i (Xk∆)

ä2
1{|Xk∆|≤Ai}|DN , Y = i

]

≤ C1e
C2

√
log(N)E

ï∥∥∥b̂i − b∗i

∥∥∥2
n,i

ò
.

From the above key equation, Equation (3.49), Equation (3.50), and Theorem 3.3.4, we deduce,

E
ï∥∥∥b̂i − b∗i

∥∥∥2
n

ò
≤ C

(
exp

(
C2

»
log(N)

)Å log(N)4

N

ã1/5
+ E

[
exp(−C2

»
log(Ni))1Ni>1

])
.

Since exp(−C2

√
log(Ni))1Ni>1 −→ 0 a.s. as N → ∞, and exp(−C2

√
log(Ni)) ≤ 1 for almost all

Ni > 1, the theorem of dominated convergence implies

E
[
exp(−C2

»
log(Ni))1Ni>1

]
−→ 0 as N → ∞.

Besides from Theorem 3.3.4, we also have

E
[∥∥σ̂2 − σ2∗

∥∥
n

]
≤
Å
log(N)4

N

ã1/5
.

Therefore, applying Theorem 3.3.2 with bmax = log(N)3/2, σ−2
0 = log(N), we get the desired result.
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Proof of Proposition 3.3.7 . For all i ∈ Y , let Pi = P(.|Y = i) and denote by P0 the probability
measure under which the diffusion process X = (Xt)t≥0 is solution of dXt = dW̃t where W̃ is a
Brownian motion under P0. We deduce from the Girsanov’s Theorem (see e.g. [61], Chapter III) that

∀i ∈ Y, ∀t ∈ [0, 1],
dPi

dP0
|FX

t
= exp

Å∫ t

0
b∗i (Xs)dXs −

1

2

∫ t

0
b∗2i (Xs)ds

ã
,

where (FX
t )t∈[0,1] is the natural filtration of X . Then, for all i, j ∈ Y such that i ̸= j,

∀t ∈ [0, 1],
dPi

dPj
|FX

t
= exp

Å∫ t

0
(b∗i − b∗j )(Xs)dXs −

1

2

∫ t

0
(b∗2i − b∗2j )(Xs)ds

ã
≤ C exp

Ä
M i,j

t

ä
, (3.51)

where the constant C depends on Cb∗ given in Assumption 3.3.6 and

∀i, j ∈ Y : i ̸= j, M i,j
t =

∫ t

0
(b∗i − b∗j )(Xs)dWs, t ∈ [0, 1].

Then, for all i, j ∈ Y such that i ̸= j and for all a > 0, since
∥∥∥b̂i − b∗i

∥∥∥2
∞

≤ 2A2 log(N), and using
Equation (3.51) we have

∥∥∥b̂i − b∗i

∥∥∥2
n,i
=

1

n

n−1∑
k=0

EX|Y=i

[Ä
b̂i − b∗i

ä2
(Xk∆)

]
=

1

n

n−1∑
k=0

EX|Y=j

ïÄ
b̂i − b∗i

ä2
(Xk∆)

dPi

dPj
|FX

k∆

ò
≤ C

n

n−1∑
k=0

EX|Y=j

[Ä
b̂i − b∗i

ä2
(Xk∆) exp

Ä
M i,j

k∆

ä]
≤ C exp(a)

∥∥∥b̂i − b∗i

∥∥∥2
n,j

+ CA2 log(N)EX|Y=j

[
exp
Ä
M i,j

k∆

ä
1
M i,j

k∆>a

]
.

Using the Cauchy-Schwarz inequality and Lemma 2.1 in [91], there exist constants C > 0 and c > 0
depending on Cb∗ such that,

E
î
exp
Ä
M i,j

t

ä
1
M i,j

t >a

ó
≤
√
P
Ä
M i,j

t > a
ä√

E
î
exp
Ä
2M i,j

t − 2 ⟨M i,j ,M i,j⟩t
ä
exp (2 ⟨M i,j ,M i,j⟩t)

ó
≤ Cexp(−a2/2c)

√
E
î
exp
Ä
2M i,j

t − 2 ⟨M i,j ,M i,j⟩t
äó
,

where P
Ä
M i,j

t > a
ä
≤ exp(−a2/c) ([91]) and exp

(
2
〈
M i,j ,M i,j

〉
t

)
< ∞ a.s since the drift functions

are bounded. Moreover, since (M i,j
t )t≤1 is a martingale and

E
[
exp

(〈
M i,j ,M i,j

〉
1

)]
<∞,

according to the Novikov assumption, thus E(M i,j) :=
¶
exp
Ä
2M i,j

t − 2
〈
M i,j ,M i,j

〉
t

ä©
t≤1

is a mar-

tingale with respect to the natural filtration FM of M i,j (see [66], Proposition 5.8 and Theorem 5.9).
We deduce that for all t ∈ [0, 1],

E
î
exp
Ä
2M i,j

t − 2
〈
M i,j ,M i,j

〉
t

äó
= E
î
E
Ä
E(M i,j)t|FM

0

äó
= E
î
exp
Ä
2M i,j

0 − 2
〈
M i,j ,M i,j

〉
0

äó
= 1.

Thus, for all a > 0, we obtain E
î
exp
Ä
M i,j

t

ä
1
M i,j

t >a

ó
≤ C exp(−a2/c). Finally, set a =

√
c log(N), it

follows that for all i, j ∈ Y such that i ̸= j, there exists a constant C > 0 such that∥∥∥b̂i − b∗i

∥∥∥2
n,j

≤ C exp
(»

c log(N)
)∥∥∥b̂i − b∗i

∥∥∥2
n,i

+ C
A2 log(N)

N
.

113 EDDY ELLA MINTSA



Chapitre 3: Procédure non-paramétrique de classification multiclasses de type plug-in pour les
trajectoires de diffusions

Proof of Theorem 3.3.8 . From Theorem 3.3.2, and its assumptions, we have

E [R(ĝ)−R(g∗)] ≤ C

(
√
∆+

1

p∗0
√
N

+ E

[
bmaxσ

−2
0

K∑
i=1

∥b̂i − b∗i ∥n

]
+ E

[
σ−2
0 ∥σ̂2 − σ2∗∥n

])
.

For all i ∈ Y we obtain from Proposition 3.3.7 with ANi = log(Ni) ≤ log(N) that there exist constants
C1, c > 0 such that

E
[∥∥∥b̂i − b∗i

∥∥∥
n

]
=

K∑
j=1

p∗jE
ï∥∥∥b̂i − b∗i

∥∥∥
n,j

ò
≤ C1 exp

(»
c log(N)

)
E
ï∥∥∥b̂i − b∗i

∥∥∥
n,i

ò
+ C1

log3(N)

N
.

Then, from Theorem 3.3.4 with ANi = log(Ni), KNi ∝ (Ni log(Ni))
1/5 on the event {Ni > 1} for each

i ∈ Y , and ÃN = log(N), K̃N ∝ (N log(N))1/5 and ∆ = O(1/N), there exist constants C2, C3 > 0 such
that

∀i ∈ Y, E
∥∥∥b̂i − b∗i

∥∥∥
n,i

≤ C2

Ç
log4(N)

N

å1/5

, and E
∥∥σ̂2 − σ∗2

∥∥
n
≤ C3

Ç
log4(N)

N

å1/5

.

Finally, by (3.12), we deduce that there exist constants C, c > 0 such that

E [R(ĝ)−R(g∗)] ≤ C exp
(»

c log(N)
)
N−1/5.

Let us now turn to the proof of Theorem 3.4.3. We have the following lemma.

Lemma 3.7.7. Let β ≥ 1 be a real number and suppose that KNi = O
Ä
log−5/2(Ni)N

1/(2β+1)
i

ä
with Ni a.s

large enough, and ANi =
√

3β
2β+1 log(Ni). Under Assumption 3.2.1, the following holds:

Pi

Ä
Ωc
n,Ni,KNi

ä
≤ c

KNi

Ni
,

where c > 0 is a constant.

3.7.3 Proofs of Section 3.4

Proof of Theorem 3.4.3. Note that throughout the proof we work conditional on the random vari-
ables 1Y1=i, · · · ,1YN=i and on the event {Ni > 1}, so that Ni can be viewed as a deterministic vari-
able. Then, to alleviate the notations, let use denote

Pi := P(.|1Y1=i, · · · ,1YN=i) and Ei = E[.|1Y1=i, · · · ,1YN=i].

For each class i ∈ Y , the drift function b∗i is the solution of the following regression model

Zj
k∆ = b∗i (X

j
k∆) + ξjk∆ +Rj

k∆, j ∈ Ii, k ∈ [[0, n− 1]],

where we recall that Ii is the set of indices j such that Yj = i, and

ξjk∆ :=
1

∆

∫ (k+1)∆

k∆
σ∗(Xj

s )dW
j
s , Rj

k∆ :=
1

∆

∫ (k+1)∆

k∆
(b∗i (X

j
s )− b∗i (X

j
k∆))ds. (3.52)

We first focus on the error Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

ò
for each label i ∈ Y . Therefore, we consider the

following decomposition:

Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

ò
= Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

1Λi

ò
+ Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

1Λ′
i

ò
, (3.53)

where
Λi = Ωn,Ni,KNi

and Λ′
i = Ωc

n,Ni,KNi
.
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Upper bound of Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

1Λi

ò
. From the proof of Proposition 4.4 in [30], Equation (D.5),

we see that for all h ∈ SKNi
,M and for all a, d > 0, we have on the event Λi = Ωn,Ni,KNi

,Å
1− 2

a
− 4

d

ã∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

≤
Å
1 +

2

a
+

4

d

ã∥∥∥h− b∗ANi
,i

∥∥∥2
n,Ni

+ d sup{
h∈SKNi

,M ,∥h∥n,i=1
}ν2 (t) + aC∆,

where C > 0 is a constant and where for all h ∈ SKNi
,M ,

ν(h) =
1

Nin

∑
j∈Ii

n−1∑
k=0

h(Xj
k∆)ξ

j
k∆. (3.54)

We set a = d = 8, and we obtain,

Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

1Λi

ò
≤ 7 inf

h∈SKNi
,M

∥∥∥h− b∗ANi
,i

∥∥∥2
n,i

+ 32Ei

 sup{
h∈SKNi

,M ,∥h∥n,i=1
}ν2 (h)


+32C∆.

For h ∈ SKNi
,M , h =

∑KNi
−1

ℓ=−M wℓBℓ,M,u and ∥h∥2n,i = w′Ψi
KNi

w equals to one here, then w = Ψ
−1/2
KNi

u

where the vector u satisfies ∥u∥2,KNi
+M = 1. Finally, one obtains,

h =

KNi
−1∑

ℓ=−M

wℓBℓ,M,u =

KNi
−1∑

ℓ=−M

uℓ

Ñ
KNi

−1∑
ℓ′=−M

[
Ψ

−1/2
KNi

]
ℓ′,ℓ

Bℓ′,M,u

é
. (3.55)

For all h ∈ SKNi
,M such that ∥h∥n,i = 1, using Equation (3.54) and (3.55), gives

ν2(h) =

Ñ
KNi

−1∑
ℓ=−M

uℓ
1

Nin

Ni∑
j=1

n−1∑
k=0

KNi
−1∑

ℓ′=−M

[
Ψ

−1/2
KNi

]
ℓ′,ℓ

Bℓ′,M,u(X
ij
k∆)ξ

ij
k∆

é2

.

Cauchy-Schwarz inequality together with ∥u∥2 = 1, produce

ν2(h) ≤
KNi

−1∑
ℓ=−M

Ñ
1

Nin

Ni∑
j=1

n−1∑
k=0

KNi
−1∑

ℓ′=−M

[
Ψ

−1/2
KNi

]
ℓ′,ℓ

Bℓ′,M,u(X
ij
k∆)ξ

ij
k∆

é2

.

Finally we obtain,

Ei

 sup
h∈SKNi

,M ,∥h∥n,i=1
ν2(h)

 ≤ 1

Ni
Ei

 1

n2

KNi
−1∑

ℓ=−M

Ñ
n−1∑
k=0

KNi
−1∑

ℓ′=−M

[
Ψ

−1/2
KNi

]
ℓ′,ℓ

Bℓ′,M,u(X
i1
k∆)ξ

i1
k∆

é2
=

1

Ni
Ei

 1

n2

KNi
−1∑

ℓ=−M

n−1∑
k=0

Ñ
KNi

−1∑
ℓ′=−M

[
Ψ

−1/2
KNi

]
ℓ′,ℓ

Bℓ′,M,u(X
i1
k∆)

é2 Ä
ξi1k∆

ä2 .
According to Equation (3.52) and considering the natural filtration (Ft)t≥0 of the Brownian motion,
for all k ∈ [[0, n− 1]], we have Ei

Ä
ξi1k∆|Fk∆

ä
= 0 and

Ei

[Ä
ξi1k∆

ä2
|Fk∆

]
=

1

∆2
E

[
σ∗2
Ä
Xi1

k∆

ä
E

(Ç∫ (k+1)∆

k∆
σ∗(Xi1

s )

å2

|Fk∆

)]
≤ σ∗21

∆
.
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By definition of the Gram matrix ΨKNi
, we deduce that

Ei

 sup
h∈SKNi

,M ,∥h∥n,i=1
ν2(h)

 ≤σ
∗2
1

Ni
Ei

 1

n

KNi
−1∑

ℓ=−M

n−1∑
k=0

Ñ
KNi

−1∑
ℓ′=−M

[
Ψ

−1/2
KNi

]
ℓ′,ℓ

Bℓ′,M,u(X
1,i
k∆)

é2
≤σ

∗2
1

Ni
Ei

Ñ
KNi

−1∑
ℓ,ℓ′,ℓ′′=−M

[
Ψ

−1/2
KNi

]
ℓ′,ℓ

[
Ψ

−1/2
KNi

]
ℓ′′,ℓ

î
ΨKNi

ó
ℓ′,ℓ′′

é
=
σ∗21
Ni

Ei

(
Tr
(
Ψ−1

KNi
ΨKNi

))
.

Besides,

Tr
(
Ψ−1

KNi
ΨKNi

)
= KNi +M.

Thus, finally, there exists a constant C1 > 0 depending on σ∗1 and M such that

Ei

 sup
h∈SKNi

,M ,∥h∥n,i=1
ν2(h)

 ≤ C1
KNi

Ni
.

Thus, there exists a constant C > 0 such that,

Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

1Λi

ò
≤ 7 inf

h∈SKNi
,M

∥∥∥h− b∗ANi
,i

∥∥∥2
n,i

+ C

Å
KNi

Ni
+∆

ã
. (3.56)

Upper bound of E
ï∥∥∥b̂i − b∗ANi

,i

∥∥∥2
n,Ni

1Λ′
i

ò
. Using the Cauchy-Schwarz inequality, we have

Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

1Λ′
i

ò
≤ C0 log

2(Ni)Pi

Ä
Ωc
n,Ni,KNi

ä
,

since for N large enough, using (3.8), we have,

∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

≤2∥b̂i∥2∞ + 2∥b∗ANi
,i∥2∞ ≤ 4A2

Ni
log(Ni) ≤ C0 log

2(Ni),

where C0 > 0 is a constant. Using Lemma 2.8.9, we have

Pi(Λ
′
i) = Pi

Ä
Ωc
n,Ni,KNi

ä
≤ c

KNi

Ni
. (3.57)

Then, from Equation (3.57), there exists a constant C > 0 such that

Ei

ï∥∥∥b̂i − b∗AN ,i

∥∥∥2
n,Ni

1Λ′
i

ò
≤ C log2(Ni)

KNi

Ni
. (3.58)

Upper bound of Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

ò
. From Equations (3.53), (3.56) and (3.58), there exists a con-

stant C > 0 such that

Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

ò
≤ 7 inf

h∈SKNi
,M

∥∥∥h− b∗ANi
,i

∥∥∥2
n,i

+ C

Ç
log2(Ni)KNi

Ni
+∆

å
. (3.59)
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Upper bound of Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,i

ò
. Using Equation (3.59), we have

Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,i

ò
= Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,i

ò
− 2Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

ò
+ 2Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

ò
≤ Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,i

ò
− 2Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

ò
+ 7 inf

h∈SKNi
,M

∥∥∥h− b∗ANi
,i

∥∥∥2
n,i

+ C

Ç
log2(Ni)KNi

Ni
+∆

å
.

From the proof of Theorem 3.3.4, we deduce that

Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,i

ò
− 2Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,Ni

ò
≤ C log3(Ni)KNi/Ni

with C > 0 a constant depending on p0 = min
i∈Y

p∗i . Besides, since b∗i ∈ Σ(β,R), we have

inf
h∈SKNi

,M

∥h− b∗ANi
,i∥2n,i ≤ C

Å
ANi

KNi

ã2β
,

where C > 0 is a constant (see [30], Lemma D.2). Then it comes that

Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,i

ò
≤ C

ÇÅ
ANi

KNi

ã2β
+
KNi log

3(Ni)

Ni
+∆

å
,

where C > 0 is a constant depending on β, ∆ = O(1/N). Since

KNi = O
Ä
log−5/2(Ni)N

1/(2β+1)
i

ä
,

we obtain

Ei

ï∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,i

ò
≤ C log6β(Ni)N

− 2β
2β+1

i ≤ C log6β(N)N
− 2β

2β+1

i .

Using the Jensen’s inequality,

E
ï
1Ni>1

∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,i

ò
≤ C log6β(N)E

ï
1Ni>1N

− 2β
2β+1

i

ò
≤ C log6β(N)

Å
E
ï
1Ni>1

Ni

òã 2β
2β+1

.

Using again Lemma 4.1 from [54], we obtain

E
ï
1Ni>1

∥∥∥b̂i − b∗ANi
,i

∥∥∥2
n,i

ò
≤ C log6β(N)

Å
E
ï
1Ni>1

Ni

òã 2β
2β+1

≤ C log6β(N)N
− 2β

2β+1 .

Proof of Theorem 3.4.4 . For all i ∈ Y , recall that b∗ANi
,i = b∗i1[−ANi

,ANi
]. Furthermore, set

N0 := min
i∈Y

Ni, then AN0 := min
i∈Y

ANi . (3.60)

We have
E [R(ĝ)−R(g∗)] = E [(1−R(g∗))1N0≤1] + E [(R(ĝ)−R(g∗))1N0>1] .

Then, from Proposition 3.3.1, we deduce that

E [R(ĝ)−R(g∗)] ≤
K∑
i=1

P(Ni ≤ 1) + 2

K∑
i=1

E [|π̂i(X)− π∗i (X)|1N0>1]

≤ 2KN(1− p∗0)
N−1 + 2

K∑
i=1

E [|π̂i(X)− π∗i (X)|1N0>1],
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since ĝ = 1 on the event {N0 ≤ 1}. For all i ∈ Y and on the event {N0 > 1},

|π̂i(X)− π∗i (X)| ≤
∣∣∣π̂i(X)− π̄

AN0
i (X)

∣∣∣+ ∣∣∣π̄AN0
i (X)− π̄∗i (X)

∣∣∣+ |π̄∗i (X)− π∗i (X)| ,

where π̄
AN0
i (X) := ϕi

Ä
F̄AN0

ä
and F̄AN0 =

(
F̄

AN0
1 , · · · , F̄AN0

K

)
with

∀i ∈ Y, F̄AN0
i =

n−1∑
k=0

b∗AN0
,i(Xk∆)(X(k+1)∆ −Xk∆)−

∆

2
b∗2AN0

,i(Xk∆).

Then, there exists a constant c > 0 such that

E [R(ĝ)−R(g∗)] ≤ 2

(
K∑
i=1

E
(∣∣∣π̂i(X)− π̄

AN0
i (X)

∣∣∣1N0>1

)
+

K∑
i=1

E
(∣∣∣π̄AN0

i (X)− π̄∗i (X)
∣∣∣1N0>1

))

+c(1− p∗0)
N/2 + 2

K∑
i=1

E |π̄∗i (X)− π∗i (X)|.

From the proof of Theorem 3.3.2, there exists a constant C1 > 0 depending on K, p∗0 and Cb∗ and a
constant C2 > 0 depending on K such that

K∑
i=1

E
∣∣∣π̂i(X)− π̄

AN0
i (X)

∣∣∣ ≤ C1

(
1√
N

+
K∑
i=1

E
[
1N0>1

∥∥∥b̂i − b∗AN0
,i

∥∥∥
n

])
,

K∑
i=1

E |π̄∗i (X)− π∗i (X)| ≤ C2

√
∆.

Thus, we have

E [R(ĝ)−R(g∗)] ≤ 2C1

(
1√
N

+
K∑
i=1

E
[
1N0>1

∥∥∥b̂i − b∗AN0
,i

∥∥∥
n

])
+ 2C2

√
∆+ c(1− p∗0)

N/2

+2K

K∑
i=1

E
[∣∣∣F̄AN0

i (X)− F̄i(X)
∣∣∣1N0>1

]
.

For all i ∈ Y ,

E
[∣∣∣F̄AN0

i (X)− F̄i(X)
∣∣∣1N0>1

]
≤ E

[∣∣∣∣∣
n−1∑
k=0

b∗i (Xk∆)1|Xk∆|>AN0

∫ (k+1)∆

k∆
b∗i (Xs)ds

∣∣∣∣∣1N0>1

]

+
∆

2

n−1∑
k=0

E
î
1N0>1b

∗2
i (Xk∆)1|Xk∆|>AN0

ó
+E

∣∣∣∣∣
n−1∑
k=0

b∗i (Xk∆)1N0>11|Xk∆|>AN0
(W(k+1)∆ −Wk∆)

∣∣∣∣∣ .
Under Assumption 3.3.6, we easily obtain that

E

∣∣∣∣∣
n−1∑
k=0

b∗i (Xk∆)1N0>11|Xk∆|>AN0

∫ (k+1)∆

k∆
b∗i (Xs)ds

∣∣∣∣∣ ≤ C2
b∗ sup

t∈[0,1]
P ({N0 > 1} ∩ {|Xt| > AN0}),

and
∆

2

n−1∑
k=0

E
î
b∗2i (Xk∆)1|Xk∆|>AN0

ó
≤
C2
b∗

2
sup
t∈[0,1]

P ({N0 > 1} ∩ {|Xt| > AN0}).

EDDY ELLA MINTSA 118



3.7 Proofs

For the last term, consider the natural filtration (Ft)t≥0 of the Brownian motion (Wt)t≥0. For all
k ∈ [[0, n − 1]], Xk∆ is measurable with respect to Fk∆ and W(k+1)∆ −Wk∆ is independent of Fk∆

since the Brownian motion is an independently increasing process. Consequently, setting,

Z = E

∣∣∣∣∣
n−1∑
k=0

b∗i (Xk∆)1N0>11|Xk∆|>AN0
(W(k+1)∆ −Wk∆)

∣∣∣∣∣ ,
and using the Cauchy Schwarz inequality, we obtain

Z ≤

E

(n−1∑
k=0

b∗i (Xk∆)1N0>11|Xk∆|>AN0
(W(k+1)∆ −Wk∆)

)2


1/2

≤

E

 n−1∑
k,ℓ=0

b∗i (Xk∆)b
∗
i (Xℓ∆)1N0>11|Xk∆|>AN0

1|Xℓ∆|>AN0
(W(k+1)∆ −Wk∆)(W(ℓ+1)∆ −Wℓ∆)


1/2

≤

{
2E

[∑
k>ℓ

b∗i (Xk∆)b
∗
i (Xℓ∆)1N0>11|Xk∆|>AN0

1|Xℓ∆|>AN0
(W(k+1)∆ −Wk∆)(W(ℓ+1)∆ −Wℓ∆)

]}1/2

+

{
E

[
n−1∑
k=0

b∗2i (Xk∆)1N0>11|Xk∆|>AN0
(W(k+1)∆ −Wk∆)

2

]}1/2

≤T1 + T2.

We recall that (Ft)t≥0 is the natural filtration of the Brownian motion (Wt)t≥0. Since for all k ∈
[[0, n− 1]], Xk∆ is Fk∆−measurable, we have

T 2
2 ≤E

[
n−1∑
k=0

b∗2i (Xk∆)1N0>11|Xk∆|>AN0
E
[
(W(k+1)∆ −Wk∆)

2|Fk∆

]]
≤C2

b∗ sup
t∈[0,1]

P(N0 > 1, |Xt| > AN0).

On the other hand, for all k, ℓ ∈ [[0, n− 1]] such that k > ℓ, we remark that

T 2
1 ≤2E

[∑
k>ℓ

b∗i (Xk∆)b
∗
i (Xℓ∆)1N0>11|Xk∆|>AN0

1|Xℓ∆|>AN0
(W(ℓ+1)∆ −Wℓ∆)E

[
W(k+1)∆ −Wk∆|Fk∆

]]
=0.

Thus, we deduce that

Z = E

∣∣∣∣∣
n−1∑
k=0

b∗i (Xk∆)1N0>11|Xk∆|>AN0
(W(k+1)∆ −Wk∆)

∣∣∣∣∣ ≤ Cb∗
…

sup
t∈[0,1]

P(N0 > 1, |Xt| > AN0).

Finally, there exists a constant C > 0 such that

E [R(ĝ)−R(g∗)] ≤ C

Ñ
1√
N

+

K∑
i=1

K∑
j=1

p∗jE
ï∥∥∥b̂i − b∗AN0

,i

∥∥∥
n,j

1N0>1

ò
+
…

sup
t∈[0,1]

P(N0 > 1, |Xt| > AN0)

é
.

(3.61)
From Proposition 3.3.7 with α = 1, for all i, j ∈ Y such that i ̸= j, we have

E
ï∥∥∥b̂i − b∗AN0

,i

∥∥∥
n,j

1N0>1

ò
≤ C exp(

»
c log(N))E

ï∥∥∥b̂i − b∗AN0
,i

∥∥∥
n,i
1N0>1

ò
+ C

log(N)

N
. (3.62)
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Furthermore, for all i ∈ Y , we have

E
ï∥∥∥b̂i − b∗AN0

,i

∥∥∥
n,i
1N0>1

ò
≤ E
ï∥∥∥b̂i − b∗ANi

,i

∥∥∥
n,i
1Ni>1

ò
+ E
ï∥∥∥b∗ANi

,i − b∗AN0
,i

∥∥∥
n,i
1N0>1

ò
≤ E
ï∥∥∥b̂i − b∗ANi

,i

∥∥∥
n,i
1Ni>1

ò
+ ∥b∗i ∥∞ sup

t∈[0,1]
P ({ANi ≥ |Xt| > AN0} ∩ {N0 > 1})

≤ E
ï∥∥∥b̂i − b∗ANi

,i

∥∥∥
n,i
1Ni>1

ò
+ Cb∗ sup

t∈[0,1]

∑
j ̸=i

P
(
{|Xt| > ANj} ∩ {Nj > 1}

)
.

We deduce from Equations (3.61) and (3.62) that there exists a constant C > 0 depending on Cb∗ ,K
and p0 such that

E [R(ĝ)−R(g∗)] ≤ C

(
1√
N

+ exp
(»

c log(N)
) K∑

i=1

E
ï∥∥∥b̂i − b∗ANi

,i

∥∥∥
n,i
1Ni>1

ò)
+ C exp

(»
c log(N)

)Ã
sup
t∈[0,1]

K∑
i=1

P ({|Xt| > ANi} ∩ {Ni > 1}).

Under the Assumptions of the Proposition and according to Theorem 3.4.3, there exist two constants
C1, C2 > 0 such that ∀i ∈ Y ,

E
ï∥∥∥b̂i − b∗ANi

,i

∥∥∥
n,i
1Ni>1

ò
≤ C1 log

3β(N)N−β/(2β+1),

and we deduce from Lemma 3.7.5 with q = 3/2, for all i ∈ Y , and for all t ∈ [0, 1],

P({|Xt| > ANi} ∩ {N0 > 1}) = E [P({|Xt| > ANi} ∩ {Ni > 1}|1Y1=i, · · · ,1YN=i)]

≤ C2E
ñ
1Ni>1

ANi

exp

Ç
−
A2

Ni

3

åô
.

Thus, we obtain

E [R(ĝ)−R(g∗)] ≤ C

Ñ
exp

(
2
»
c log(N)

)
N−β/(2β+1) +

Ã
K∑
i=1

E
ñ
1Ni>1 exp

Ç
−
A2

Ni

3

åôé
,

where C > 0 is a constant depending on β,Cb∗ ,K, p∗0. Finally, choosing ANi =
√

6β
2β+1 log(Ni) for

each i ∈ Y leads to the attended result applying the Jensen’s inequality together with Lemma 4.1 in
[54].

Proof of Theorem 3.4.6 . From Theorem 3.3.2, as we assumed σ∗(.) = 1, the excess risk of ĝ satisfies

E [R(ĝ)−R(g∗)] ≤ C

(
√
∆+

1

p∗0
√
N

+

K∑
i=1

E
[∥∥∥b̂i − b∗i

∥∥∥
n
1Ni>1

]
+

K∑
i=1

P(Ni ≤ 1)

)
, (3.63)

where the constant C > 0 depends on b∗ = (b∗1, · · · , b∗K) and K. For each i ∈ Y , we have

P(Ni ≤ 1) ≤ 2N(1− p∗0)
N−1,

and

E
[∥∥∥b̂i − b∗i

∥∥∥
n
1Ni>1

]
≤
 
E
ï∥∥∥b̂i − b∗ANi

,i

∥∥∥2
n
1Ni>1

ò
+ E
ï∥∥∥b∗i1[−ANi

,ANi
]c

∥∥∥2
n
1Ni>1

ò
.
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Using the Cauchy-Schwarz inequality and Assumption 3.2.1, there exists a constant C ′ > 0 such that

E
ï∥∥∥b∗i1[−ANi

,ANi
]c

∥∥∥2
n
1Ni>1

ò
≤ C ′

…
sup
t∈[0,1]

P({|Xt| > ANi} ∩ {Ni > 1}).

Thus, for all i ∈ Y , we obtain

E
∥∥∥b̂i − b∗i

∥∥∥
n
≤
√
E
ï∥∥∥b̂i − b∗ANi

,i

∥∥∥2
n
1Ni>1

ò
+ C ′

…
sup
t∈[0,1]

P({|Xt| > ANi} ∩ {Ni > 1}). (3.64)

For each label i ∈ Y ,

E
ï∥∥∥b̂i − b∗ANi

,i

∥∥∥2
n
1Ni>1

ò
=E

Ç
1Ni>1

∫ ANi

−ANi

Ä
b̂i − b∗ANi

,i

ä2
(x)fn,Y (x)dx

å
+

2 log3(N)

n
,

where

fn,Y (x) :=
1

n

n−1∑
k=1

pY,X(k∆, x).

From the proof of Lemma 3.4.2, under Assumption 3.2.1, there exist constants C1, C2 > 0 such that
on the event {Ni > 1},

∀x ∈ [−ANi , ANi ], fn,Y (x) ≥
C1

log(N)
exp

Ç
−

2A2
Ni

3(1− log−1(N))

å
≥ C2

log(N)
exp

Å
−2

3
A2

Ni

ã
a.s,

and from Lemma 3.7.4 there exists another constant C0 > 0 such that fn,Y (x) ≤ C0 for all x ∈ R.
Then we have

∀i ∈ Y, ∀x ∈ [−ANi , ANi ],
fn,Y (x)

fn,i(x)
≤ C0

C2
log(N) exp

Å
2

3
A2

N

ã
.

Then, for all i ∈ Y , we obtain

E
ï∥∥∥b̂i − b∗ANi

,i

∥∥∥2
n
1Ni>1

ò
≤ E
ñ
1Ni>1

∫ ANi

−ANi

Ä
b̂i − b∗ANi

,i

ä2
(x)fn,i(x)

fn,Y (x)

fn,i(x)

ô
+

2 log3(N)

n

≤ C0

C2
log(N) exp

Å
2

3
A2

N

ã
E
ï∥∥∥b̂i − b∗ANi

,i

∥∥∥2
n,i
1Ni>1

ò
+

2 log3(N)

n
.

From Theorem 3.4.3, Equation (3.64) and for n ∝ N , there exists a constant C3 > 0 such that

E
[∥∥∥b̂i − b∗i

∥∥∥
n
1Ni>1

]
≤ C3

√
exp

Å
2

3
A2

N

ã
log6β+1(N)N

− 2β
2β+1 +

…
sup
t∈[0,1]

P({|Xt| > ANi} ∩ {Ni > 1}).

Using the Markov inequality, for all t ∈ [0, 1], we have

P({|Xt| > ANi} ∩ {Ni > 1}) =E
[
P
(
{exp(4|Xt|2) > exp(4A2

Ni
)} ∩ {Ni > 1}|1Y1=i, · · · ,1YN=i

)]
≤E

[
exp(4|Xt|2)

]
E
[
exp(−4A2

Ni
)1Ni>1

]
,

and since σ∗(.) = 1 and under Assumption 3.4.5, there exists a strictly positive constant C∗ such that
E
[
exp(4|Xt|2)

]
≤ C∗ (according to [52], Proposition 1.1). Thus, there exists a constant C > 0 such

that

E
[∥∥∥b̂i − b∗i

∥∥∥
n
1Ni>1

]
≤ C

Å
exp

Å
1

3
A2

N

ã
log3β+1(N)N−β/(2β+1)

ã
+ CE

[
exp(−4A2

Ni
)1Ni>1

]
. (3.65)

From Equations (3.65) and (3.63), we finally obtain

E [R(ĝ)−R(g∗)] ≤ C log3β+1(N)N−3β/4(2β+1),

with ANi≤
√

3β
4(2β+1) log(Ni) and C > 1 a new constant.
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3.8 Appendix

Proof of Lemma 3.7.1. Let s, t ∈ [0, 1] with s < t, and q ≥ 1. By convexity of x 7→ |x|2q, we have

|Xt −Xs|2q ≤ 22q−1

Ç∣∣∣∣∫ t

s
b∗Y (Xu)du

∣∣∣∣2q + ∣∣∣∣∫ t

s
σ(Xu)dWu

∣∣∣∣2q
å
.

Then, from Jensen’s inequality, we have∣∣∣∣∫ t

s
b∗Y (Xu)du

∣∣∣∣2q ≤ (t− s)2q−1

∫ t

s
|b∗Y (Xu)|2q du,

Hence, under Assumption 3.2.1 on function b∗Y , we deduce that

E
ñ∣∣∣∣∫ t

s
b∗Y (Xu)du

∣∣∣∣2q
ô
≤ Cq(t− s)2q

Ç
1 + E

ñ
sup
t∈[0,1]

|Xs|2q
ôå

,

and using Burkholder-Davis-Gundy inequality, we obtain

∀m > 0, E
ñÅ∫ t

s
σ(Xu)dWu

ã2mô
≤ CmE

ñÅ∫ t

s
σ2(Xu)du

ãmô
≤ Cmσ

2m
1 (t− s)m.

From the above equalities, we get
Finally, as the process has finite moments, we obtain that

E |Xt −Xs|2q ≤ C(t− s)q,

where C is a constant depending on q, L0, and σ1.

Proof of Lemma 3.4.2 . For all i ∈ Y and on the event {Ni > 1}, let us consider a vectorÄ
x−M , · · · , xKNi

−1

ä
∈ RKNi

+M such that xj ∈ [uj+M , uj+M+1) and Bj,M,u(xj) ̸= 0. Since we have
[uj+M , uj+M+1) ∩ [uj′+M , uj′+M+1) = ∅ for all j, j′ ∈ {−M, · · · ,KNi − 1} such that j ̸= j′, then for all
j, j′ ∈ {−M, · · · ,KNi − 1} such that j ̸= j′, Bj,M,(u)(xj′) = 0. Consequently, we obtain:

det
(
(Bℓ,M,u(xℓ′))−M≤ℓ,ℓ′≤KNi

−1

)
= det

Ä
diag

Ä
B−M,M,u(xM ), · · · , BKNi

−1,M,u(xKNi
−1)
ää

=

KNi
−1∏

ℓ=−M

Bℓ,M,u(xℓ) ̸= 0.

Then, we deduce from [18], Lemma 1 that the matrix ΨKNi
is invertible for allKNi ∈ KNi , where the in-

terval [−ANi , ANi ] and the function fT is replaced by fn : x 7→ 1
n

∑n−1
k=0 p(k∆, x) with λ([−ANi , ANi ]∩

supp(fn)) > 0, λ being the Lebesgue measure.

For all w ∈ RKNi
+M such that ∥w∥2,KNi

+M = 1, we have:

w′ΨKNi
w = ∥hw∥2n =

∫ ANi

−ANi

h2w(x)fn(x)dx+
h2w(x0)

n
with hw =

KNi
−1∑

ℓ=−M

wℓBℓ,M,u.

Since σ∗ = 1, according to Lemma 3.7.5, under Assumption 3.2.1, the transition density satisfies:

∀(t, x) ∈ (0, 1]×R,
1

Kq

√
t
exp

Å
−(2q − 1)x2

2qt

ã
≤ pX(t, x) ≤ Kq√

t
exp

Å
− x2

2qt

ã
where Kq > 1 and q > 1.
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We set q = 3/2, thus, since s 7→ exp
(
−(2q − 1)x2/2qs

)
is an increasing function, we have on the

event {Ni > 1} and for all x ∈ [−ANi , ANi ],

fn(x) ≥
1

Cn

n−1∑
k=1

exp

Å
− 2x2

3k∆

ã
≥ 1

C

∫ (n−1)∆

0
exp

Å
−2x2

3s

ã
ds

≥ 1

C

∫ 1−2−1 log−1(Ni)

1−log−1(Ni)
exp

Å
−2x2

3s

ã
ds

≥ 1

2C log(Ni)
exp

Ç
−

2A2
Ni

3(1− log−1(Ni))

å
.

Finally, since there exists a constant C1 > 0 such that ∥hw∥2 ≥ C1ANiK
−1
Ni

(see [30], Lemma 2.6),
for all w ∈ RKNi

+M such that ∥w∥2,KNi
+M = 1, there exists constants C ′, C > 0 such that,

w′ΨKNi
w ≥ C ′ANi

KNi log(Ni)
exp

Ç
−

2A2
Ni

3(1− log−1(Ni))

å
≥ CANi

KNi log(Ni)
exp

Å
−2

3
A2

Ni

ã
.

Furthermore, we set w0 = eKNi
−1 ∈ RKNi

+M where for all ℓ ∈ [[−M,KNi − 1]],î
eKNi

−1

ó
ℓ
:= δℓ,KNi

−1 =

®
0 if ℓ ̸= KNi − 1

1 else.

We have,

w′
0ΨKNi

w0 =

∫ ANi

−ANi

B2
KNi

−1,M,u(x)fn(x) +
BKNi

−1,M,u(0)

n

≤ C

n

n−1∑
k=1

1√
k∆

exp

(
−
u2KNi

−1

3k∆

)∥∥∥BKNi
−1,M,u

∥∥∥2 + 1

n

≤
CC1ANiK

−1
Ni

n

n−1∑
k=1

1√
k∆

exp

Ç
−
α2
Ni

3k∆

å
+

1

n
,

where αNi = ANi(KNi − 2)/KNi ,
∥∥∥BKNi

−1,M,u

∥∥∥2 ≤ C1ANiK
−1
Ni

(see [30], Lemma 2.6) and C1 > 0 is a

constant. Since the function s 7→ exp
Ä
−α2

Ni
/3s
ä
/
√
s is increasing, we deduce that

n−1
n−1∑
k=1

1√
k∆

exp
(
−α2

Ni
/3k∆

)
≤ n−1

n−1∑
k=1

exp
(
−α2

Ni
/3
)
,

and for N large enough,

w′
0ΨKNi

w0 ≤
CANi

KNi

exp

Ç
−
A2

Ni

3

Å
KNi − 2

KNi

ã2å
+

1

n
≤ C ′ANi

KNi

exp

Ç
−
A2

Ni

3

Å
KNi − 2

KNi

ã2å
,

where C ′ > 0 is a constant and n ≥ N ≥ Ni.

Proof of Lemma 2.8.9 . Let us remind the reader of the Gram matrix ΨKNi
given in Equation (3.13)

for i ∈ Y ,

ΨKNi
= E
ï

1

Nin
B′

KNi
BKNi

ò
= E
Ä“ΨKNi

ä
,
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where, on the event {Ni > 1}, and denoting by Ii := {i1, . . . , iNi} the indices j such that Yj = i,

BKNi
:=



B−M

Ä
Xi1

0

ä
. . . . . . BKNi

−1

Ä
Xi1

0

ä
...

...
B−M

Ä
Xi1

(n−1)∆

ä
. . . . . . BKNi

−1

Ä
Xi1

(n−1)∆

ä
...

...

B−M

(
X

iNi
0

)
. . . . . . BKNi

−1

(
X

iNi
0

)
...

...

B−M

(
X

iNi

(n−1)∆

)
. . . . . . BKNi

−1

(
X

iNi

(n−1)∆

)


∈ RNin×(KNi

+M). (3.66)

The empirical counterpart “Ψ is the random matrix given by “ΨKNi
of size (KNi +M)× (KNi +M) is

given by “ΨKNi
:=

1

Nin
B′

KNi
BKNi

=

Ñ
1

Nin

Ni∑
j=1

n−1∑
k=0

Bℓ(X
ij
k∆)Bℓ′(X

ij
k∆)

é
ℓ,ℓ′∈[−M,KNi

−1]

. (3.67)

We build an orthonormal basis θ = (θ−M , · · · , θKNi
−1) of the subspace SKNi

,M with respect to the L2

inner product ⟨., .⟩ through the Gram-Schmidt orthogonalization of the spline basis (B−M , · · · , BKNi
−1).

Then, we have

Span(B−M , · · · , BKNi
−1) = Span(θ−M , · · · , θKNi

−1) = SKNi
,M ,

and the matrix given in Equation (3.66) is factorized as follows

BKNi
= ΘKNi

RKNi
, (3.68)

where

ΘKNi
=
(Ä
θℓ(X

ij
0 ), θℓ(X

ij
∆), · · · , θℓ(X

ij
n∆)
ä′)

1≤j≤Ni
−M≤ℓ≤KNi

−1

∈ RNin×(KNi
+M),

and RKNi
is an upper triangular matrix of size (KNi +M) × (KNi +M) see [67]). Let ΦKNi

be the

Gram matrix under the orthonormal basis θ =
Ä
θ−M , · · · , θKNi

−1

ä
and given by

ΦKNi
= E
ï

1

Nin
Θ′

KNi
ΘKNi

ò
= E
Ä
Φ̂KNi

ä
,

where,

Φ̂KNi
:=

1

Nin
Θ′

KNi
ΘKNi

=

Ñ
1

Nin

Ni∑
j=1

n−1∑
k=0

θℓ(X
ij
k∆)θℓ′(X

ij
k∆)

é
ℓ,ℓ′∈[−M,KNi

−1]

. (3.69)

The matrices ΨKNi
and “ΨKNi

are respectively linked to the matrices ΦKNi
and Φ̂KNi

through the
following relations

ΨKNi
= R′

KNi
ΦKNi

RKNi
and “ΨKNi

= R′
KNi

Φ̂KNi
RKNi

.

Since for all h =
∑KNi

−1

ℓ=−M aℓBℓ,M,u ∈ SKNi
,M one has

∥h∥2n,Ni
= a′“ΨKNi

a and ∥h∥2n,i = a′ΨKNi
a, with a =

Ä
a−M , · · · , aKNi

−1

ä′
,

we deduce that

∥h∥2n,Ni
= w′Φ̂KNi

w and ∥h∥2n,i = w′ΦKNi
w, with w = RKNi

a.

EDDY ELLA MINTSA 124



3.8 Appendix

Under Assumption 3.2.1, we follow the lines of [19] Proposition 2.3 and Lemma 6.2. Then,

sup
h∈SKNi

,M ,∥h∥n,i=1

∣∣∥h∥2n,Ni
− ∥h∥2n,i

∣∣ = sup

w∈RKNi
+M

,

∥∥∥∥Φ1/2
KNi

w

∥∥∥∥
2,KNi

+M

=1

∣∣∣w′
Ä
Φ̂KNi

− ΦKNi

ä
w
∣∣∣

= sup
u∈RKNi

+M
,∥u∥2,KNi

+M=1

∣∣∣u′Φ−1/2
KNi

Ä
Φ̂KNi

− ΦKNi

ä
Φ
−1/2
KNi

u
∣∣∣

=
∥∥∥Φ−1/2

KNi
Φ̂KNi

Φ
−1/2
KNi

− IdKNi
+M

∥∥∥
op
.

Therefore,

Ωc
n,Ni,KNi

=

ß∥∥∥Φ−1/2
KNi

Φ̂KNi
Φ
−1/2
KNi

− IdKNi
+M

∥∥∥
op
> 1/2

™
.

Then, we apply here Theorem 1 of [16], it yields

Pi

Ä
Ωc
n,Ni,KNi

ä
≤ 2(KNi +M) exp

(
−c1/2

Ni

L(KNi +M)(∥Φ−1
KNi

∥op ∨ 1)

)
, (3.70)

with c1/2 = (3 log(3/2) − 1)/2 and L(KNi + M) := sup
x∈[−ANi

,ANi
]

∑KNi
−1

ℓ=−M θ2ℓ (x) (from application of

Lemma 6.2 from [19]). For all h =
∑KNi

−1

ℓ=−M wℓθℓ ∈ Span
Ä
θ−M , · · · , θKNi

−1

ä
= SKNi

,M , we have

∥h∥2 = ∥w∥22,KNi
+M and ∥h∥2n,i = 1 implies w = Φ

−1/2
KNi

u where u ∈ RKNi
+M : ∥u∥2,KNi

+M = 1.

We deduce that

sup
h∈SKNi

+M , ∥h∥2n,i=1

∥h∥2 = sup
u∈RKNi

+M
,∥u∥2,KNi

+M=1

u′Φ−1
KNi

u =
∥∥∥Φ−1

KNi

∥∥∥
op
.

Furthermore, for all h =
∑KNi

−1

ℓ=−M aℓBℓ ∈ Span
Ä
B−M , · · · , BKNi

−1

ä
= SKNi

,M , we have on one side

∥h∥2n,i = 1 implies a = Ψ
−1/2
KNi

u where u ∈ RKNi
+M : ∥u∥2,KNi

+M = 1,

and on the other side, for all h ∈ SKNi
+M such that ∥h∥2n,i = 1, from [30] Lemma 2.6, there exists a

constant C > 0 such that,

∥h∥2 ≤ CANiK
−1
Ni

∥a∥22,KNi
+M = CANiK

−1
Ni
u′Ψ−1

KNi
u.

Then we have a.s∥∥∥Φ−1
KNi

∥∥∥
op

= sup
h∈SKNi

+M , ∥h∥2n,i=1

∥h∥2 ≤ CANi

KNi

sup
u∈RKNi

+M
,∥u∥2,KNi

+M=1

u′Ψ−1
KNi

u =
CANi

KNi

∥∥∥Ψ−1
KNi

∥∥∥
op
.

(3.71)
From Equations (3.70) and (3.71), there exists a constant C > 0 such that

Pi

Ä
Ωc
n,Ni,KNi

ä
≤ 2(KNi +M) exp

Ö
−C NiKNi

ANiL(KNi +M)
∥∥∥Ψ−1

KNi

∥∥∥
op

è
. (3.72)

We have L(KNi +M) := sup
x∈[−ANi

,ANi
]

∑KNi
−1

ℓ=−M θ2ℓ (x) and the functions θℓ, ℓ = −M, . . . ,KNi − 1 are

given by

θ−M =
f−M

∥f−M∥
with f−M = B−M

θℓ =
fℓ
∥fℓ∥

with fℓ = Bℓ −
ℓ−1∑

k=−M

⟨Bℓ, θk⟩ θk, ℓ = −M + 1, . . . ,KNi − 1.
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Note that for all x ∈ [−ANi , ANi ], there exists ℓ ∈ [[−M,KNi − 1]] such that x ∈ [uℓ, uℓ+1). Then,
x ∈ [uℓ′ , uℓ′+M+1) for all ℓ′ ∈ [[ℓ − M, ℓ]] if ℓ ≥ 0 and ℓ′ ∈ [[−M, ℓ]] for ℓ ≤ −1. Thus, for each
x ∈ [−ANi , ANi ], there exists at most M + 1 spline functions that don’t vanish at x. As a result, we
have on one side,

∀ x ∈ [−ANi , ANi ],

KNi
−1∑

ℓ=−M

θ2ℓ (x) =
M+1∑
j=1

θ2ℓj (x), (3.73)

where for all x ∈ [−ANi , ANi ], there exists integers ℓj , j ∈ [[1,M + 1]] such that

x ∈
M+1⋂
j=1

[uℓj , uℓj+M+1) and x /∈ [−ANi , ANi ] \
M+1⋂
j=1

[uℓj , uℓj+M+1).

One the other side, for all ℓ ∈ [[1,KNi − 1]] and for all x ∈ [uℓ, uℓ+M+1) there exists at most M + 1
integers ℓ1, . . . , ℓM+1 such that

θℓ(x) =
fℓ(x)

∥fℓ∥
and fℓ(x) = Bℓ(x)−

M+1∑
j=1

〈
Bℓ, θℓj

〉
θℓj (x).

Now we focus on the supremum norm of each basis function θℓ, ℓ = −M, . . . ,KNi − 1. For all each
ℓ ∈ [[−M,KNi − 1]], since the spline function Bℓ is non-zero, positive and continuous on the interval
[uℓ, uℓ+M+1), there exists an interval [αℓ, βℓ] ⊂ [uℓ, uℓ+M+1) such that cℓ = inf

x∈[αℓ,βℓ]
Bℓ(x) > 0 where

(αℓ − βℓ) ∝ ANi/KNi since
∫ βℓ

αℓ
Bℓ(x)dx ∝ ANi/KNi . Then we have

∀ ℓ ∈ [[−M,KNi − 1]], ∥Bℓ∥2 =
∫ uℓ+M+1

uℓ

B2
ℓ (x)dx ≥ cℓ

∫ βℓ

αℓ

Bℓ(x)dx = Cℓ
ANi

KNi

, (3.74)

where the constant Cℓ > 0 depends on cℓ = inf
x∈[αℓ,βℓ]

Bℓ(x) > 0. Then, for ℓ = −M , there exists a

constant C−M such that θ2−M (x) ≤ C−MKNi and for each ℓ ≥ −M + 1, since the function fℓ depends
on splines functions B−M , . . . , Bℓ and only Bℓ does not vanish on the interval [uℓ+M , uℓ+M+1), we
obtain that

∥fℓ∥2 =
∫ ANi

−ANi

f2ℓ (x) ≥
∫ uℓ+m+1

uℓ+M

B2
ℓ (x)dx.

Moreover, since Bℓ is non-zero, positive and continue on the interval [uℓ+M , uℓ+M+1), there exists an
interval [αℓ, βℓ] ⊂ [uℓ+M , uℓ+M+1) with (αℓ − βℓ) ∝ ANi/KNi such that cℓ = inf

x∈[αℓ,βℓ]
Bℓ(x) > 0. Then

we obtain

∥fℓ∥2 ≥ cℓ

∫ βℓ

αℓ

Bℓ(x)dx = C
ANi

KNi

, ℓ ∈ [[−M + 1, . . . ,KNi − 1]], (3.75)

where C > 0 is a constant depending on min
ℓ=−M+1,...,KNi

−1
cℓ > 0. On the other side, for all ℓ ∈

[[−M + 1,KNi − 1]] and for all x ∈ [−ANi , ANi ],

|fℓ(x)| ≤ |Bℓ(x)|+
ℓ−1∑

j=−M

⟨Bℓ, fj⟩
∥fj∥2

|fj(x)| ≤ 1 + C

ℓ−1∑
j=−M

|fj(x)|, (3.76)

where the constant C > 0 is the upper-bound of ⟨Bℓ, fj⟩ /∥fj∥2 ≤ ∥Bℓ∥/∥fj∥ according to Equations
(3.74) and (3.75). For ℓ = −M , we have ∥f−M∥∞ < ∞. Let ℓ ∈ [[−M + 1,KNi − 1]]. Assume that the
functions f−M , . . . , fℓ−1 are all bounded, then by recurrence hypothesis, we have from Equation (3.76)
that

∥fℓ∥∞ ≤ 1 + C

ℓ−1∑
j=−M

∥fj∥∞ <∞.
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Thus, we obtain by recurrence that the functions fℓ, ℓ = −M, . . . ,KNi − 1 are bounded and finally
conclude from Equation (3.73) that

L(KNi +M) := sup
x∈[−ANi

,ANi
]

KNi
−1∑

ℓ=−M

θ2ℓ (x) ≤ CKNi ,

where the constant C > 0 depends on the spline basis. We deduce from Equation (3.72) that there
exists a constant C > 0 such that

Pi

Ä
Ωc
n,Ni,KNi

ä
≤ 2(KNi +M) exp

Ö
−C Ni

ANi

∥∥∥Ψ−1
KNi

∥∥∥
op

è
. (3.77)

Furthermore, since ANi ≤
√

3β
2β+1 log(Ni), KNi ∝ log−5/2(Ni)N

1/(2β+1)
i and from Lemma 3.4.2, we

obtain from Equation (3.77),

Pi

Ä
Ωc
n,Ni,KNi

ä
≤ 2(KNi +M) exp

Ä
−C log3/2(Ni)

ä
, (3.78)

where C > 0 is a new constant depending on Cθ, β and M . Since Ni −→ ∞ a.s. as N −→ ∞, one has

exp
Ä
log(Ni)− C log3/2(Ni)

ä
−→ 0 a.s. as N −→ ∞.

Then, for N large enough, exp
Ä
log(Ni)− C log3/2(Ni)

ä
≤ 1 a.s. and from Equation (3.78),

Pi

Ä
Ωc
n,Ni,KNi

ä
≤ 2(KNi +M)

Ni
≤ c

KNi

Ni
,

where the constant c > 0 depends on M .
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Chapter 4
Classifieur non-paramétrique de type ERM
pour les trajectoires de diffusion

Résumé: Dans le contexte de la classification multiclasses de trajectoires de diffusion, nous con-
sidérons un mélange de processus de diffusion, solutions d’équations différentielles stochastiques
avec un même coefficient de diffusion, et des coefficients de dérive qui dépendent des classes mod-
élisées par une variable aléatoire discrète. Nous supposons que les coefficients des processus de
diffusion et la loi discrète génèrant les étiquettes sont inconnus, et nous construisons une procédure
de classification non-paramétrique basée sur la minimisation du risque empirique de classification.
Nous prouvons la consistance du classifieur empirique sous des hypothèses suffisamment faibles, et
nous établissons ensuite des vitesses de convergence sous un ensemble d’hypothèses sur le modèle
étudié. Enfin, nous complétons nos résultats théoriques par une étude numérique à partir de données
simulées.

Mots clés. Classification multiclasses, Minimisation du risque empirique, Processus de diffusion,
Hypothèse de marge, Observations répétées.

Abstract: In the context of multiclass classification of diffusion paths, we consider a mixture of
diffusion processes, solutions of stochastic differential equations with a common diffusion coefficient,
and the drift coefficients which depend on the classes modeled by a discrete random variable. We
assume that the coefficients of the diffusion processes together with the discrete law that generate
the classes are unknown, and we construct a nonparametric classification procedure based on the
minimization of the empirical classification risk. We prove the consistency of the empirical classifier
under mild assumptions and derive some rates of convergence under differents sets of assumptions.
Finally, we complete our theoretical results with a numerical study over simulated diffusion paths.

Keywords. Multiclass classification, Empirical risk minimization, Diffusion process, Margin as-
sumption, Repeated observations.
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4.1 Introduction

In this chapter, we tackle the multiclass supervised classification of trajectories of time-homogeneous
diffusion processes. More precisely, we consider labelled trajectories generated by a random pair
(X,Y ) from a probability space (Ω,F ,PX,Y ), with the feature X coming from a mixture of diffusion
processes, and the label Y ∈ Y = {1, . . . ,K}, K ≥ 2, a random variable of discrete law p∗ =
(p∗1, . . . , p

∗
K). We place ourselves in a nonparametric setting where for each label i ∈ Y , and given

{Y = i}, the diffusion process X is solution of a stochastic differential equation whose drift function
b∗i is assumed to be unknown and depends on the class i, and whose diffusion coefficient σ∗, also
unknown, is common to all classes. Moreover, the discrete law p∗ of the label Y is also assumed to
be unknown. We suppose to have at our disposal a learning sample DN =

{
(X̄j , Yj), j = 1, . . . , N

}
composed of N independent copies of the random couple (X,Y ), where the diffusion process X is
observed at discrete times. We build from DN , an Empirical Risk Minimization (ERM) type classifier
ĝ that mimics the Bayes classifier g∗, minimizer of the classification risk, that is,

g∗ ∈ argmin
g

PX,Y (g(X) ̸= Y ),

and whose performance is assessed by its excess risk P(ĝ(X) ̸= Y ) − P(g∗(X) ̸= Y ) with respect to
the Bayes classifier.

The ERM type classifier is studied in the literature, for finite-dimensional data (see e.g. [71], [92]),
and for functional data modelled by diffusion processes (see [11], [29]). Not far from our framework,
the ERM-type classifiers proposed in [11] and [29] reach rates of convergence of order N−α/(2α+1)

with α a regularity parameter. The rate is obtained in [11] in the context of binary classification, and
in [29] in the multiclass classification setup, where the diffusion coefficient is assumed to be known.
However, both ERM type classifiers are not implementable in practice. In this chapter, we propose
an implementable multiclass classification procedure based on the convexification of the model (see
[96], [8]), where the drift functions b∗i , i ∈ Y , and the diffusion coefficient σ∗ are unknown.

The results in this chapter are resumed as follows:

i) We prove the consistency of the ERM type classifier, and derive a rate of convergence of order
N−β/(2β+1) over the Hölder space Σ(β,R) of regularity parameter β ≥ 1, given by

Σ(β,R) =
{
f ∈ C⌊β⌋+1(R) :

∣∣∣f (ℓ)(x)− f (ℓ)(y)
∣∣∣ ≤ R|x− y|, x, y ∈ R

}
with ℓ = ⌊ℓ⌋, and R > 0.

ii) In the binary classification setup, we make a margin assumption on the regression function
associated to the diffusion model, and establish a rate of convergence of the resulting ERM
type classifier of order N−4β/3(2β+1) over the Hölder space Σ(β,R) with β ≥ 1.

In Section 4.2, we present the diffusion model and the assumptions on the drift and diffusion
coefficients. Section 4.3 is devoted to the construction of the nonparametric ERM type classifier. The
theoretical properties of the empirical classifier are given in Section 4.4, and a faster rate of a binary
ERM type classifier is established in Section 4.5. A numerical study over simulated data is made in
Section 4.6, and Section 4.8 is devoted to the proofs of our results.
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4.2 Model and assumptions

We consider a multiclass classification model in which the feature X = (Xt)t∈[0,1] is a diffusion pro-
cess, solution of the following mixture model:

dXt = b∗Y (Xt)dt+ σ∗(Xt)dWt, t ∈ [0, 1], X0 = 0, (4.1)

where Y ∈ Y = {1, . . . ,K}, K ≥ 2, is a discrete random variable with an unknown distribution
p∗ = (p∗1, . . . , p

∗
K), and (Wt)t≥0 is a standard Brownian motion independent of Y . Thus, each label

data is generated by the random couple (X,Y ) whereX is the feature and Y the corresponding class.
We assume that the distribution of the random pair (X,Y ) is unknown. More precisely, we assume
that the coefficients b∗i , i ∈ Y , and σ∗ of the diffusion processes are unknown. Moreover, we assume
that 0 < p∗0 = min

i∈Y
p∗i , and we set b∗ = (b∗1, . . . , b

∗
K).

The goal is to construct a measurable function g over the set of diffusion processes solutions of
(4.1), and called classifier, whose role is to predict, for each feature X , a value g(X) ∈ Y which
corresponds to the associated label Y . Let G be a set of classifiers g : X −→ Y that will be defined in
Section 4.3.2. The performance of each g ∈ G is assessed by R(g), where R is the classification risk
defined in Chapter 1, Section 3.2.

Assumptions. We assume that the drift functions b∗i , i ∈ Y and diffusion coefficient σ∗ satisfy
Assumptions 3.2.1 and 3.2.2 defined in Chapter 3. We recall that under Assumption 3.2.1, there exists
a diffusion process X , unique strong solution of the model (4.1), which admits a transition density
pX : (t, x) 7→ pX(t, x) given by

pX =

K∑
i=1

p∗i pi,X ,

where each pi,X is the transition density of the diffusion process X given {Y = i} (see e.g. [43], [52]).

Bayes classifier. We also recall that, under Assumptions 3.2.1 and 3.2.2, the Bayes classifier g∗ de-
fined in Chapter 3, Section 3.2.2 is characterized for all X ∈ X by

g∗(X) = argmax
i∈Y

π∗i (X),

where,

∀ i ∈ Y, π∗i (X) = ϕ∗i (F
∗(X)) , F∗ = (F ∗

1 , . . . , F
∗
k )

with, for each i ∈ Y ,

F ∗
i (X) :=

∫ 1

0

b∗i
σ∗2

(Xs)dXs −
1

2

∫ 1

0

b∗2i
σ∗2

(Xs)ds,

and ϕ∗i : (x1, · · · , xK) 7→ p∗i e
xi∑K

k=1 p
∗
ke

xk
are the softmax functions.

As we observe the diffusion paths in discrete time, denote by ḡ∗ the discrete time version of the
Bayes classifier g∗ defined by

ḡ∗(X) = argmax
i∈Y

π̄∗i (X),

where π̄∗i (X) = ϕ∗i (F̄
∗(X)), with F̄∗ =

(
F̄ ∗
1 , . . . , F̄

∗
K

)
, and for each i ∈ Y ,

F̄ ∗
i =

n−1∑
k=0

b∗i
σ∗2

(Xk∆n)(X(k+1)∆n
−Xk∆n)−

∆n

2

n−1∑
k=0

b∗2i
σ∗2

(Xk∆n).
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4.3 Empirical classification procedure

Consider the learning sample DN =
{
(X̄j , Yj), j = 1, . . . , N

}
composed of N independent copies

of the random pair (X̄, Y ) with X̄ = (Xk∆n)0≤k≤n with ∆n = 1/n the time-step. The empirical
classification risk “R : G −→ [0, 1] is defined for all g ∈ G by“R(g) :=

1

N

N∑
j=1

1g(X̄j )̸=Yj
,

and converges almost surely toward the theoretical risk R(g). The ERM type classifier ĝ is given by

ĝ ∈ argmin
g∈G

“R(g). (4.2)

In the literature, classification procedures of the ERM type have been proposed both for functional
data (see [11], [29]), and for multivariate data (see e.g. [92], [71]).

4.3.1 Convexification of the problem

Since the set G of classifiers together with the empirical classification risk “R are non-convex, the
classifier ĝ, solution of a non-convex optimization problem (4.2) is NP-hard to compute in practical
situations, or even intractable considering the nature of the procedure (see e.g. [8], [3]). To over-
come this problem and construct a classification procedure easier to compute in practice, we propose
convex surrogates of both the loss function and the set G of classifiers as follows:

• The set of classifiers G is replaced by the convex space of score functions

H =
¶
h = (h1, . . . , hK) : X −→ RK

©
so that for each classifier g ∈ G, there exists a score function h ∈ H such that for all X ∈ X ,

g(X) = argmax
i∈Y

hi(X).

From now, we set g = gh to link a classifier g ∈ G to its corresponding score function h ∈ H.

• The non-convex loss function (y, y′) ∈ Y2 7→ 1y ̸=y′ is replaced by the quadratic loss function
x 7→ (1 − x)2. Then, the score functions h are now regarded as new classifiers whose perfor-
mance is assessed by the new classification risk R : H −→ R+ given for each h ∈ H by

R(h) :=
K∑
i=1

E
[
(1− Zih

i(X))2
]

where Z = (Z1, . . . , ZK) is a random vector with, for each i ∈ Y , Zi = 21Y=i − 1 ∈ {−1, 1}. So
the new Bayes classifier h∗ is the minimizer of the classification risk R over H, and is character-
ized for all X ∈ X by

h∗i(X) := 2π∗i (X)− 1.

We define the empirical classifier ĥ by

ĥ ∈ argmin
h∈H

“R(h) (4.3)

where “R is the new empirical risk of classification defined from the learning sample DN and for each
classifier h ∈ H by “R(h) :=

1

N

N∑
j=1

K∑
i=1

(
1− Zih

i(X̄j)
)2
.
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As a result, the empirical classifier ĝ = g
ĥ

is given for all X ∈ X by

ĝ(X) = g
ĥ
(X) = argmax

i∈Y
ĥi(X).

We establish the following result relating the excess risk R(g
ĥ
)−R(gh∗) of the empirical classifier g

ĥ

to the excess risk R(ĥ)−R(h∗) of the corresponding empirical classifier ĥ.

Proposition 4.3.1 (Zhang (2004) [96]). The empirical classifiers ĝ = g
ĥ

and ĥ, respective solutions of Equa-
tions (4.3) and (4.4) , satisfy the following relation

R(g
ĥ
)−R(gh∗) ≤ 1√

2

»
R(ĥ)−R(h∗).

The result of Proposition 4.3.1 links the excess risk of any classifier g = gh ∈ G to the excess
risk of its corresponding classifier h ∈ H. Thus, the consistency of the empirical classifier ĥ solution
of the convex programming problem (4.3) implies, through Proposition 4.3.1 , the consistency of
the corresponding empirical classifier ĝ = g

ĥ
solution of Equation (4.3). Furthermore, the result of

Proposition 4.3.1 allows us to deduce the rate of convergence of the ERM type classifier g
ĥ

from the
rate of ĥ.

4.3.2 The nonparametric ERM type classifier

Let SKN
be the space of approximation of the unknown coefficients of the diffusion processes so-

lution of (4.1), generated by the B-spline basis {Bℓ, ℓ = −M, . . . ,KN − 1} built on the interval
[− log(N), log(N)], with M,KN ≥ 1, and given as follows:

SKN
:=

{
f =

KN−1∑
ℓ=−M

aℓBℓ,

KN−1∑
ℓ=−M

a2ℓ ≤ (KN +M) log(N)

}
,

S̃KN
:=

ß
x 7→ s2(x) = f(x)1f(x)≥1/ log2(N) +

1

log2(N)
1f(x)≤1/ log2(N), f ∈ SKN

™
.

Let X be the set of diffusion paths, and define the set of classifiers G by

G =
¶
gb,σ2,p : X −→ Y | (b, σ2) ∈ (SKN

)K × S̃KN
, p ∈ (0, 1)K

©
,

where each gb,σ2,p is a plug-in classifier of g∗ = gb∗,σ∗2,p∗ . Thus, the ERM type classifier ĝ is the
minimizer of the empirical classification risk “R on the set G, that is,

ĝ ∈ argmin
g∈G

“R(g). (4.4)

Recall that the Bayes classifier h∗ is given for all X ∈ X and for all i ∈ Y by

h∗i(X) = 2π∗i (X)− 1.

Then, each coordinate function h∗i takes its values in the compact interval [−1, 1]. As a result, setting
π∗i = πb∗i ,σ∗2,p∗ for each i ∈ Y , we restrict the convex space H to the space H defined by

H :=
¶
h = (h1, . . . , hK) ∈ H | ∀ i ∈ Y, hi(X) = 2πb,σ2,p(X)− 1, b ∈ (Sb

KN
)K , σ2 ∈ S̃KN

, p ∈ (0, 1)K
©
,

(4.5)
and we define the empirical classifier ĝ = g

ĥ
, where ĥ is given by

ĥ = argmin
h∈H

“R(h).

We rather consider in the sequel, the empirical classifier ĝ which has the benefit of being imple-
mentable thanks to the convexification of the problem.
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4.4 Theoretical properties of the ERM type classifier

We study in this section the consistency of our ERM type classifier ĝ and derive a rate of convergence
under mild assumptions on the unknown functions b∗ and σ∗2. We define from the learning sample
DN , the following two learning subsamples

D(0)
N =

{
(X̄0,j , Y 0

j ) ∈ DN , j = 1, . . . , N0

}
,

and
D(1)

N =
{
(X̄1,j , Y 1

j ) ∈ DN , j = 1, . . . , N1

}
of respective sizes N0 and N1, with N0 + N1 = N , and N0, N1 → ∞ as N → ∞ (for example

N0 = ⌊1
4
N⌋ and N1 = N −N0). Then, we build from the learning sample D(0)

N , the estimator p̂ of p∗

given by

p̂i :=
1

N0

N0∑
j=1

1Y 0
j =i, i ∈ Y,

and from the learning subsample D(1)
N , we build the empirical classifier ĝ = g

b̂,σ̂2,p̂
as follows:

ĝ ∈ argmin
(b,σ2)∈WKN,LN

R(gb,σ2,p̂)

where WKN
= (SKN

)K ×S̃KN
. After the convexification of the model, we have that ĝ = g

ĥ
where the

score function ĥ is built from the learning sample D(1)
N by

ĥ ∈ argmin
(b,σ2)∈WKN

“R(hb,σ2,p̂).

We establish below an upper-bound of the average excess risk of the empirical classifier ĝ.

Theorem 4.4.1. Under Assumptions 3.2.1 and 3.2.2, the following holds,

E
[
R(g

ĥ
)
]
−R(gh∗) ≤ C

Ç
log3/2(N)

KN
+

Å
KN log(N)

N

ã1/2
+∆1/2

n +

…
n

log(N)
exp

(
− c
2
log2(N)

)å
where C > 0 is a constant independent of N and n.

We obtain the consistency of the ERM type classifier ĝ = g
ĥ

from the result of Theorem 4.4.1 with
KN of polynomial growth, and n ∝ N . Note that the above result is obtained in the general case
where les functions b∗i and σ∗ are unknown and non-constant.

If we assume that the functions b∗i and σ∗2 belong to the Hölder space Σ(β,R), with β ≥ 1 and
R > 0, given by

Σ(β,R) :=
{
f ∈ C⌊β⌋+1(R),

∣∣∣f (ℓ)(x)− f (ℓ)(y)
∣∣∣ ≤ R|x− y|β−ℓ, x, y ∈ R

}
,

then we obtain the following result.

Corollary 4.4.2. Suppose that b∗Y , σ
∗2 ∈ Σ(β,R), KN ∝ N1/(2β+1) and N ∝ n. Under Assumptions 3.2.1

and 3.2.2, the following holds:

E
[
R(g

ĥ
)
]
−R(gh∗) = O

Ä
N−β/(2β+1)

ä
.

The obtained rate of convergence is of the same order than the one established in chapter 3 for
the plug-in type classifier where the diffusion coefficient is known and constant. Note that, contrary
to the case of the plug-in type classifier which is based on the nonparametric estimators of the coeffi-
cients of the diffusion processes, the ERM type classifier focuses on the minimization of the empirical
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classification risk which approximated the performance measurement for classifiers. In a nonpara-
metric multiclass classification framework, and in a non-convex setup, Denis et al. (2020) ([29]) built
a ERM type classifier, where the diffusion coefficient is assumed to be known. They established a
rate of order N−β/(2β+1) over a Hölder space of smoothness parameter β ≥ 1. In our framework, we
consider the set of classifiers

G =
¶
gb, b = (b1, . . . , bK) ∈ SK

KN

©
,

and we derive the following result.

Theorem 4.4.3. Suppose that b∗i , σ
∗2 ∈ Σ(β,R) with β ≥ 1 and R > 0. Under Assumptions 3.2.1 and 3.2.2,

the following holds:

E [R(ĝ)]−R(g∗) = O
Ä
N−β/(2β+1)

ä
.

The result of Theorem 4.4.3 is obtained using the similar arguments as in Denis et al. (see [29]). In
the next section, we study a faster rate of convergence under stronger assumptions on our model.

4.5 Faster rate of convergence under margin assumption

We suppose that K = 2, p∗ = (1/2, 1/2) the known discrete law of the label Y = {−1, 1} and the
diffusion coefficient σ∗ is known with σ∗ = 1. Denote by η∗ the regression function given for each
feature X by η∗(X) = P(Y = 1|X). Let P̃ be a probability measure under which the diffusion process
X = (Xt)t∈[0,1] is solution of the S.D.E. dXt = σ(Xt)dW̃t, where W̃ is a brownian motion under P̃.
Under Assumptions 3.2.1 and 3.2.2, the Girsanov’s theorem (see [81]) implies

dP0

dP̃
(X) = exp

Ç∫ 1

0

b∗0
σ2

(Xs)dXs −
∫ 1

0

b∗20
2σ2

(Xs)ds

å
=: q0(X)

dP1

dP̃
(X) = exp

Ç∫ 1

0

b∗1
σ2

(Xs)dXs −
∫ 1

0

b∗21
2σ2

(Xs)ds

å
=: q1(X)

where P =
1

2
P0 +

1

2
P1. Then we have

η∗(X) := P(Y = 1|X) =
P(Y = 1)dP1

d‹P (X)

P(Y = 0)dP0

dP̃
(X) + P(Y = 1)dP1

dP̃
(X)

=

dP1

dP̃
(X)

dP0

dP̃
(X) + dP1

dP̃
(X)

.

4.5.1 The Bayes Classifier

In binary classification, the Bayes classifier g∗ is defined from the regression function η∗ by g∗ =
1η∗≥1/2. Thus, for any diffusion process X , we have

g∗(X) = 1η(X)≥ 1
2
= 1 dP1

dP̃
(X)≥ dP0

dP̃
(X)

= 1∫ 1
0

b∗1−b∗0
σ2 (Xs)dXs≥

∫ 1
0

b∗21 −b∗20
2σ2 (Xs)ds

.

As we already know, the Bayes classifier g∗ minimizes the classification error g 7→ R(g) = P(g(X) ̸=
Y ). As a result, the performance of any classifier g ∈ G is assessed through its excess risk with respect
to g∗ given as follows:

R(g)−R(g∗) = E
[
|2η∗(X)− 1|1g(X )̸=g∗(X)

]
,

(see e.g. [44], [29]).
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4.5.2 Control of the margin

We make the following assumptions on the drift functions b∗0 and b∗1.

Assumption 4.5.1. The drift functions b∗0 and b∗1 are bounded on the real line, and the random variable

Z :=
1

∆b∗

∫ 1

0
(b∗1 − b∗0)(Xs)dWs, with ∆2

b∗ = E
ñ∫ 1

0
(b∗1 − b∗0)

2(Xs)ds

ô
> 0,

has a density function that is bounded on R.

The existence of a density function of the random variable Z is proven using Maliavin calculus
and the Hörmander’s condition (see [74], Chapter 2, Theorem 2.3.3). The strictly positive constant
∆b which is the minimum separation distance between the respective curves of the drift functions b∗0
and b∗1 characterizes the margin between the two classes. The condition ∆b > 0 implies that the two
classes do not mix. We obtain the following result.

Proposition 4.5.2. Under Assumptions 3.2.1 and 4.5.1 and for all ε ∈ (0, 1/8), there exists a constant C > 0
such that

P
Å
0 <

∣∣∣∣η∗(X)− 1

2

∣∣∣∣ ≤ ε

ã
≤ C

12

∆b∗
ε.

We deduce from [8], Lemma 5 (and its proof) that the result of Proposition 4.5.2 implies that for all
classifier g ∈ G,

P (g(X)(η∗(X)− 1/2) < 0) ≤ c√
∆b∗

(R(g)−R(g∗))1/2

where c > 0 is a constant. Moreover, Theorem 3 in [8] implies that for all classifier g ∈ G, there exist a
classifier h ∈ H and a constant c > 0 such that

R(g)−R(g∗) ≤ c

∆
1/3
b∗

(R(h)−R(h∗))2/3 . (4.6)

We finally deduce from Theorem 4.4.1, Assumption 4.5.1 and Equation (4.6) the following result.

Theorem 4.5.3. Suppose that b∗0, b
∗
1 ∈ Σ(β,R). Under Assumptions 3.2.1, 3.2.2 and 4.5.1, the following

holds:
E
[
R(g

ĥ
)
]
−R(gh∗) = O

Ä
N−4β/3(2β+1)

ä
.

where g
ĥ
= ĝ and gh∗ = g∗.

Thus, we have a faster rate of convergence compared to the result of Theorem 4.4.2 thanks to
the margin assumption characterized by Proposition 4.5.2 which minimizes the wrong prediction of
labels when the probability of belonging of the new observation to the class 1 is too close to 1/2.

4.6 Numerical illustration

In this section, we make a numerical study of the ERM type classifier over synthetic data. We present
the diffusion models in Section 4.6.1, and the numerical results in Section 4.6.2.

4.6.1 Models and simulations

We fix the number of classes to K = 3, and the discrete law of the label Y ∈ Y = {1, . . . , 3} is
p∗ = {1/3, 1/3, 1/3}. We study the two following diffusion models:

Model 1: b(θ, x) = −(x− θ), θ ∈ {−1, 0, 1}, σ(x) = 1

Model 2: b(θ, x) = θ
[
1/4 + (3/4) cos2 x

]
, θ ∈ {1, 3/2,−3/2}, σ(x) = 0.1 + 0.9/

√
1 + x2.

EDDY ELLA MINTSA 136



4.7 Conclusion and discussion

Model 1 Model 2“R(g∗) 0.41 (0.01) 0.36 (0.01)

Table 4.1: Classification risks of the Bayes classifier g∗ from learning samples of size N = 4000 with n = 500.

The two diffusion models satisfy Assumptions 3.2.1 and 3.2.2. We investigate the numerical con-
sistency of the empirical classifier ĝ = g

ĥ
using learning samples of size N ∈ {100, 1000} composed

of trajectories of length n = 100. We use a learning sample of size N = 4000 with diffusion paths of
length n = 500 for the evaluation of the Bayes classifier g∗.

We deduce from the result of Table 4.1 that Model 2 is simpler than Model 1 since the Bayes
classifier of Model 2 has a better performance. Moreover, from the definition of the Bayes classifier,
we known that the ERM type classifier could have at most the performance of the Bayes classifier
given in Table 4.1.

4.6.2 Numerical results

We build the ERM type classifier from learning samples of size N ∈ {100, 1000}, with each diffusion
path of length n = 100. The approximation subspace SKN

spanned by the B-spline basis is chosen
such thatM = 3,KN = 4 for the approximation of the drift function and of the square of the diffusion
coefficient. The B-spline basis is built on the compact interval [−AN , AN ] with AN = 10. We evaluate
the performance of the empirical classifier on test samples of size Ntest = 10000 over 20 repetitions.
The table below compares the performance of our classifier with that of the classifiers for functional
data based on the random forest and the notion of depth for functional data.“R(ĝ)

ERM Random Forest Depth

N = 100 N = 1000 N = 100 N = 1000 N = 100 N = 1000

Model 1 0.43 (0.01) 0.41 (0.01) 0.46 (0.02) 0.44 (0.01) 0.44 (0.02) 0.43 (0.01)

Model 2 0.38 (0.02) 0.36 (0.01) 0.40 (0.01) 0.38 (0.01) 0.40 (0.02) 0.39 (0.01)

Table 4.2: Performance of the ERM type classifier, and comparison with that of the random forest and the depth based
classifier for diffusion paths collected at discrete times with the grid n = 100.

We observe from Table 4.2 that the ERM type classifier performs better with respect to the classi-
fiers for functional data based respectively on the random forest and the depth of functional data. The
main benefit with our classifier is that its construction takes into account the theoretical properties of
the diffusion processes that generate the data.

The diffusion models used for this illustration are exactly the same chosen for the numerical study
of the performance of the plug-in type classifier studied in Chapter 3. We remark that the ERM type
classifier performs better compared to the plug-in type classifier. This result is explained by the fact
that contrary to the plug-in type classifier, the construction of the ERM type classifier is based on
the minimization of the empirical risk of classification. Note that the evaluation of the numerical
performance of the ERM type classifier is not optimal since there is not a data-driven selection of
dimension of the approximation space.

4.7 Conclusion and discussion

In this chapter, we have built a nonparametric classification procedure by minimizing the empiri-
cal risk of classification from the learning sample. We placed ourselves in the case where the drift
functions b∗i , i ∈ Y and the diffusion coefficient σ∗ are unknown, and we derived, under mild as-
sumptions on these unknown functions, a rate of convergence of the resulting ERM type classifier of
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order N−β/(2β+1) over the Hölder space of smoothness parameter β ≥ 1. In addition to the fact that
our empirical classifier is implementable thanks to the convexification of the model, this theoretical
result extends the results established in [11] and [29] to a nonparametric setup with an unknown
diffusion coefficient. Finally, under a margin assumption on the regression function in binary clas-
sification setup, we derived a faster rate of order N−4β/3(2β+1) over the Hölder space Σ(β,R) with
β ≥ 1.

It should be noted, however, that the nonparametric classification procedure built in this chapter
is based on the minimization of a convexified optimization problem over a finite-dimensional ap-
proximation space whose dimension is not optimally selected from the data. As a result, a immedi-
ate perspective could be to propose an adaptive ERM type classifier based on a data-driven selection
of the dimension of the approximation space. Moreover, one may also focus on the study of the
optimality of the obtained rates of convergence both under mild assumptions on the coefficients of
the diffusion processes and under a margin assumption on the regression function associated to the
model. We could also extend the obtained results to the case of in-homogeneous diffusion processes.

4.8 Proofs

For simplicity, we denote the Bayes classifier gh∗ by g∗, and any other classifier gh by g, where h ∈ H
is a score function.

4.8.1 Proof of Theorem 4.4.1

Proof. According to the result of Proposition 4.3.1

E [R(ĝ)]−R(g∗) ≤
√
E
î
R(ĥ)

ó
−R(h∗).

Denote by h̄∗, the discrete time version of the Bayes classifier h∗. We have the following decomposi-
tion of the excess risk of ĥ,

R(ĥ)−R(h∗) = R(ĥ)−R(h̄∗) +R(h̄∗)−R(h∗)

Upper bound of R(h̄∗)−R(h∗)

R
(
h̄∗
)
−R(h∗) = 4

K∑
i=1

E |π̄∗i (X)− π∗i (X)|2

= 4

K∑
i=1

E
∣∣ ϕ∗i (F̄∗(X)

)
− ϕ∗i (F

∗(X))
∣∣2

≤ 4K
K∑
i=1

E
∣∣F̄ ∗

i (X)− F ∗
i (X)

∣∣2.
We set ξ(s) = k∆ if s ∈ [k∆, (k + 1)∆[. For all i ∈ Y ,

F ∗
i (X)− F̄ ∗

i (X) =

∫ 1

0

Å
b∗i
σ∗2

(Xξ(s))−
b∗i
σ∗2

(Xs)

ã
b∗Y (Xs)ds

− 1

2

∫ 1

0

Å
b∗2i
σ∗2

(Xξ(s))−
b∗2i
σ∗2

(Xs)

ã
ds

+

∫ 1

0

Å
b∗i
σ∗2

(Xξ(s))−
b∗i
σ∗2

(Xs)

ã
σ(Xs)dWs.

EDDY ELLA MINTSA 138



4.8 Proofs

Then we have:

E
∣∣F ∗

i (X)− F̄ ∗
i (X)

∣∣2 ≤ 3E

∣∣∣∣∣
∫ 1

0

Å
b∗i
σ∗2

(Xξ(s))−
b∗i
σ∗2

(Xs)

ã
b∗Y (Xs)ds

∣∣∣∣∣
2

+
3

4
E

∣∣∣∣∣
∫ 1

0

Å
b∗2i
σ∗2

(Xξ(s))−
b∗2i
σ∗2

(Xs)

ã
ds

∣∣∣∣∣
2

+ 3E

∣∣∣∣∣
∫ 1

0

Å
b∗i
σ∗2

(Xξ(s))−
b∗i
σ∗2

(Xs)

ã
σ∗(Xs)dWs

∣∣∣∣∣
2

.

According to the proof of Theorem 5.1 or Theorem 3.3 in [28], we obtain:

∀i ∈ Y, E
∣∣F ∗

i (X)− F̄ ∗
i (X)

∣∣2 ≤ C∆

where C > 0 is a constant. Finally, there exists a constant C > 0 such that

R
(
h̄∗
)
−R(h∗) ≤ C∆.

Thus, the excess risk of the empirical classifier ĥ satisfies:

E
î
R(ĥ)

ó
−R(h∗) ≤ E

î
R(ĥ)

ó
−R(h̄∗) + C∆ (4.7)

where C > 0 is a constant.

Upper bound of E
î
R(ĥ)

ó
−R(h̄∗)

Let h̃ be the approximation of the discrete version h̄∗ of the Bayes classifier h∗ given by

h̃i(X) = 2π̃i(X)− 1, i ∈ [[1,K]] and X ∈ X

where π̃i depends on the functions b̃ =
Ä
b̃1, . . . , b̃K

ä
and σ̃2, the respective approximations of b∗ =

(b∗1, . . . , b
∗
K) and σ∗2, with b̃i ∈ SKN

and σ̃2 ∈ S̃KN
, such that ∥b̃i∥∞ ≤ log3/2(N), ∥σ̃2∥∞ ≤ log3/2(N),

and for all x ∈ (− log(N), log(N)),∣∣∣̃bi(x)− b∗i (x)
∣∣∣ ≤ C

log(N)

KN
, and

∣∣σ̃2(x)− σ∗2(x)
∣∣ ≤ C

log(N)

KN
, (4.8)

where C > 0 is a constant (see [28]). Moreover, define

h0 =
Ä
h0,1, . . . , h0,K

ä
= argmin

h∈H
R(h),

where the space H is given by Equation (4.5). For all classifier h ∈ H, set Dh := R(h) − R(h0) and“Dh := “R(h)− “R(h0). One obtains that:

R(ĥ)−R(h̄∗) = R(ĥ)−R(h0) +R(h0)−R(h̃) +R(h̃)−R(h̄∗)

= D
ĥ
+R(h0)−R(h̃) +R(h̃)−R(h̄∗)

≤ D
ĥ
− 2“D

ĥ
+R(h0)−R(h̃) +R(h̃)−R(h̄∗),

where “D
ĥ
≤ 0. We have R(h0)−R(h̃) ≤ 0 by definition of h0, then

R(ĥ)−R(h̄∗) ≤ D
ĥ
− 2“D

ĥ
+R(h̃)−R(h̄∗) (4.9)

R(h̃)−R(h̄∗) = 4
K∑
i=1

E
î
|π̃i(X)− π̄∗i (X)|2

ó
≤ 4K

K∑
i=1

E
ï∣∣∣‹Fi(X)− F̄ ∗

i (X)
∣∣∣2ò.
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For each i ∈ [[1,K]],

E
ï∣∣∣‹Fi(X)− F̄ ∗

i (X)
∣∣∣2ò ≤ 3E

[∣∣∣∣∣
∫ 1

0

Ç
b̃i
σ̃2

(Xξ(s))−
b∗i
σ∗2

(Xξ(s))

å
b∗Y (Xs)ds

∣∣∣∣∣
2]

+
3

4
E

[∣∣∣∣∣
∫ 1

0

Ç
b̃2i
σ̃2

(Xξ(s))−
b∗2i
σ∗2

(Xξ(s))

å
ds

∣∣∣∣∣
2]

+ 3E

[∣∣∣∣∣
∫ 1

0

Ç
b̃i
σ̃2

(Xξ(s))−
b∗i
σ∗2

(Xξ(s))

å
σ∗(Xs)dWs

∣∣∣∣∣
2]
.

Since for all i ∈ [[1,K]] and for all x ∈ R, we have

∣∣∣ b̃iσ̃2 (x)−
b∗i
σ∗2 (x)

∣∣∣ ≤ log2(N)
∣∣∣̃bi(x)− b∗i (x)

∣∣∣+ log2(N)

σ∗20
|b∗i (x)|

∣∣σ̃2(x)− σ∗2(x)
∣∣ ,

∣∣∣∣ b̃2iσ̃2 (x)−
b∗2i
σ∗2 (x)

∣∣∣∣ ≤ log2(N)
∣∣∣̃bi(x) + b∗i (x)

∣∣∣ ∣∣∣̃bi(x)− b∗i (x)
∣∣∣+ log2(N)

σ∗20
|b∗i (x)|

2
∣∣σ̃2(x)− σ∗2(x)

∣∣ .
Then, from Equation (4.8), there exists a constant C > 0 such that for all x ∈ (− log(N), log(N)),

∣∣∣ b̃iσ̃2 (x)−
b∗i
σ∗2 (x)

∣∣∣ ≤ C(1 + b∗i (x))
log(N)
KN

,

∣∣∣∣ b̃2iσ̃2 (x)−
b∗2i
σ∗2 (x)

∣∣∣∣ ≤ C
(√
LN + |b∗i (x)|+ |b∗i (x)|2

) log(N)
KN

.

Then, under Assumption 3.2.1, we have sup
t∈[0,1]

E[|b∗Y (Xt)|p] < ∞ for all p ∈ N, and there exists a

constant C > 0 such that

E

[∣∣∣‹Fi(X)− F̄ ∗
i (X)

∣∣∣2 1ß
max

k=1,...,n
|Xk∆|<log(N)

™] ≤ C
log3(N)

K2
N

. (4.10)

Moreover, under Assumption 3.2.1, we have

E

[∣∣∣‹Fi(X)− F̄ ∗
i (X)

∣∣∣2 1ß
max

k=1,...,n
|Xk∆|≥log(N)

™] ≤ CP
Å

max
k=1,...,n

|Xk∆| ≥ log(N)

ã
≤ C

n∑
k=1

P (|Xk∆| ≥ log(N))

≤ Cn sup
t∈[0,1]

P (|Xt| ≥ log(N)).

From [28], Lemma 7.3, there exist constants C, c > 0 such that

E

[∣∣∣‹Fi(X)− F̄ ∗
i (X)

∣∣∣2 1ß
max

k=1,...,n
|Xk∆|≥log(N)

™] ≤ C
n

log(N)
exp

(
−c log2(N)

)
. (4.11)

Finally, we deduce from Equations (4.10) and (4.11) that

R(h̃)−R(h̄∗) ≤ C

Ç
log3(N)

K2
N

+
n

log(N)
exp

(
−c log2(N)

)å
. (4.12)

Then we obtain from Equation (4.9) and (4.12) that

E
î
R(ĥ)

ó
−R(h̄∗) ≤ E

î
D

ĥ
− 2“D

ĥ

ó
+ C

Ç
log3(N)

K2
N

+
n

log(N)
exp

(
−c log2(N)

)å
. (4.13)

EDDY ELLA MINTSA 140



4.8 Proofs

We recall that the score function ĥ depends on functions b̂i, i ∈ Y and σ̂2 of respective coordinate

vectors ”a(i), i ∈ Y and α̂. â =
(
â(1), · · · ,‘a(K)

)
. The coordinate vectors â(1), · · · ,‘a(K), α̂ belong to the

closed ball

B̄′ :=
{
θ ∈ RKN+M , ∥θ∥2 ≤

»
(KN +M)LN

}
= B̄∥.∥2

(
0,
»
(KN +M)LN

)
,

and p̂ belong to the unit ball B̄ = B̄∥.∥2(0, 1). Let B̄′
ε and B̄ε be the respective ε−net of B̄′ and B̄ for

all ε > 0. Let â(1)ε, · · · ,‘a(K)
ε, α̂ε ∈ B̄′

ε and p̂ε ∈ B̄ε such that:∥∥∥”a(i)ε −”a(i)∥∥∥
2
≤ ε, i ∈ [[1,K]], ∥α̂ε − α̂∥2 ≤ ε,

∥∥p̂ε − p̂
∥∥
2
≤ ε.

Set ĥε = h̄âε,α̂ε,p̂ε with âε =
(“a1ε, · · · ,”aKε

)
. We have:

D
ĥ
− 2“D

ĥ
= D

ĥ
−D

ĥε
+ 2
Ä“D

ĥε
− “D

ĥ

ä
+D

ĥε
− 2“D

ĥε
.

It results that,

E
î
D

ĥ
− 2“D

ĥ

ó
≤ E
Ä
D

ĥ
−D

ĥε

ä
+ 2E

Ä“D
ĥε

− “D
ĥ

ä
+ E
Ä
D

ĥε
− 2“D

ĥε

ä
. (4.14)

1. Upper bound of E
Ä
D

ĥ
−D

ĥε

ä
Set b̂i,ε =

∑KN−1
ℓ=−M

“aiεBℓ for all label i ∈ [[1,K]], b̂ε =
Ä
b̂1,ε, · · · , b̂K,ε

ä
, and σ̂2ε =

∑KN−1
ℓ=−M α̂εBℓ. We

have:

D
ĥ
−D

ĥε
= R(ĥ)−R

Ä
ĥε
ä
= 4

K∑
i=1

E |π̂i(X)− π̂εi (X)|2 ≤ C
K∑
i=1

E
∣∣∣“Fi(X)− “F ε

i (X)
∣∣∣2

≤ C
K∑
i=1

∥∥∥b̂i − b̂i,ε

∥∥∥2
n
+

K∑
i=1

∥∥∥b̂i (σ̂2 − σ̂2ε
)∥∥∥2

n

according to [28], Proof of Theorem 3.3. For all function g =
∑KN−1

ℓ=−M aℓBℓ belonging to any of the
spaces SKN

and S̃KN
, using the Cauchy Schwartz inequality, we have:

∀x ∈ R, g2(x) =

(
KN−1∑
ℓ=−M

aℓBℓ(x)

)2

≤ ∥a∥22 ≤ (KN +M) log3(N).

It results that for all g in SKN
or S̃KN

, ∥g∥∞ ≤ ∥a∥2 ≤
»
(KN +M) log3(N) and,

D
ĥ
−D

ĥε
≤ C

(
K∑
i=1

∥∥∥b̂i − b̂i,ε

∥∥∥2
n
+ (KN +M)LN

K∑
i=1

∥∥σ̂2 − σ̂2ε
∥∥2
n

)
where the empirical norm ∥.∥n is given for all g by

∥g∥n :=

Ã
E

[
1

n

n−1∑
k=0

g2(Xk∆)

]
≤ ∥g∥∞.

Finally, there exists a constant C > 0 such that

D
ĥ
−D

ĥε
≤ C

(
K∑
i=1

∥∥∥b̂i − b̂i,ε

∥∥∥2
∞

+KNLN

∥∥σ̂2 − σ̂2ε
∥∥2
∞

)

≤ C

(
K∑
i=1

∥∥∥“aiε − “ai∥∥∥2
2
+KNLN ∥α̂ε − α̂∥22

)
≤ CKN log3(N)ε2.

So we obtain
D

ĥ
−D

ĥε
≤ CKN log3(N)ε2. (4.15)
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2. Upper bound of 2E
Ä“D

ĥε
− “D

ĥ

ä
We have “D

ĥε
− “D

ĥ
= “R(ĥε)− “R(ĥ), and“R(ĥε)− “R(ĥ) =

1

N

N∑
j=1

K∑
i=1

¶
ϕ(Zj

i ĥ
i
ε(X̄

j))− ϕ(Zj
i ĥ

i(X̄j))
©
. (4.16)

For all j ∈ [[1, N ]] and i ∈ Y , one has Zj
i ∈ {−1, 1} and,∣∣∣ϕ(Zj

i ĥ
i
ε(X̄

j))− ϕ(Zj
i ĥ

i(X̄j))
∣∣∣ = ∣∣∣ĥi − ĥiε

∣∣∣ (X̄j)×
∣∣∣2− Zj

i (ĥ
i(X̄(j)) + ĥiε(X̄

j))
∣∣∣

≤ 4
∣∣∣ĥi − ĥiε

∣∣∣ (X̄j).

Then, we obtain:

∣∣∣“R(ĥε)− “R(ĥ)
∣∣∣ ≤ 1

N

N∑
j=1

K∑
i=1

∣∣∣ϕ(Zj
i ĥ

i
ε(X̄

j))− ϕ(Zj
i ĥ

i(X̄j))
∣∣∣

≤ 8

N

N∑
j=1

K∑
i=1

∣∣∣π̂i(X̄j)− π̂εi (X̄
j)
∣∣∣

and, “R(ĥε)− “R(ĥ) ≤ 8K

N

N∑
j=1

Ã
K∑
i=1

∣∣∣“Fi(X̄j)− “F ε
i (X̄

j)
∣∣∣2 (4.17)

For all j ∈ [[1, N ]] and i ∈ [[1,K]], one has:“Fi(X̄
j) :=

n−1∑
k=0

Ç
b̂i
σ̂2

(Xj
k∆)(X

j
(k+1)∆ −Xj

k∆)−
∆

2

b̂2i
σ̂2

(Xj
k∆)

å
and,

∣∣∣“Fi(X̄
j)− “F ε

i (X̄
j)
∣∣∣2 ≤ 2

(
n−1∑
k=0

Ç
b̂i
σ̂2

− b̂i,ε
σ̂2ε

å
(Xj

k∆)(X
j
(k+1)∆ −Xj

k∆)

)2

+
∆2

2

(
n−1∑
k=0

(
b̂2i
σ̂2

−
b̂2i,ε
σ̂2ε

)
(Xj

k∆)

)2

≤ 2

(
n−1∑
k=0

∣∣∣∣∣ b̂iσ̂2 − b̂i,ε
σ̂2ε

∣∣∣∣∣ (Xj
k∆)

∣∣∣Xj
(k+1)∆ −Xj

k∆

∣∣∣)2

+
∆

2

n−1∑
k=0

∣∣∣∣∣ b̂2iσ̂2 −
b̂2i,ε
σ̂2ε

∣∣∣∣∣
2

(Xj
k∆).

For all i ∈ Y , we have:∣∣∣∣∣ b̂iσ̂2 − b̂i,ε
σ̂2ε

∣∣∣∣∣ =
∣∣∣̂biσ̂2ε − b̂i,εσ̂

2
∣∣∣

σ̂2σ̂2ε
≤

∣∣∣̂bi − b̂i,ε

∣∣∣
σ̂2

+

∣∣∣̂bi,ε∣∣∣× ∣∣σ̂2 − σ̂2ε
∣∣

σ̂2σ̂2ε

≤ log4(N)
∣∣∣̂bi − b̂i,ε

∣∣∣+ log8(N)
»
(KN +M) log3(N)

∣∣σ̂2 − σ̂2ε
∣∣

≤ log4(N)
∥∥∥b̂i − b̂i,ε

∥∥∥
∞

+ log8(N)
»
(KN +M) log3(N)

∥∥σ̂2 − σ̂2ε
∥∥
∞

≤ C log8(N)
»
KN log3(N)ε
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where C > 0 is a constant, and∣∣∣∣∣ b̂2iσ̂2 −
b̂2i,ε
σ̂2ε

∣∣∣∣∣ ≤ 2 log4(N)
»
(KN +M) log3(N)

∣∣∣̂bi − b̂i,ε

∣∣∣+ log8(N)(KN +M) log3(N)
∣∣σ̂2 − σ̂2ε

∣∣
≤ 2 log4(N)

»
(KN +M)L log3

∥∥∥b̂i − b̂i,ε

∥∥∥
∞

+ log8N (KN +M) log3
∥∥σ̂2 − σ̂2ε

∥∥
∞

≤ C log11(N)KNε.

It results that for all i ∈ Y , we have:∣∣∣“Fi(X̄
j)− “F ε

i (X̄
j)
∣∣∣2 ≤ log19(N)(KN +M)ε2

(
n−1∑
k=0

∣∣∣Xj
(k+1)∆ −Xj

k∆

∣∣∣)2

+ log22(N)(KN +M)2ε2.

We deduce that for all j ∈ [[1, N ]],Ã
K∑
i=1

∣∣∣“Fi(X̄j)− “F ε
i (X̄

j)
∣∣∣2 ≤ C log8(N)

»
KN log3(N)ε

(
n−1∑
k=0

∣∣∣X(j)
(k+1)∆ −X

(j)
k∆

∣∣∣+»KN log3(N)

)
.

and from E.1 and (4.17), we have:“R(ĥε)−“R(ĥ) ≤ C

Ñ
log8(N)

»
KN log3(N)

ε

N

N∑
j=1

n−1∑
k=0

∣∣∣Xj
(k+1)∆ −Xj

k∆

∣∣∣+ log8(N)
»
KN log3(N)ε

é
.

(4.18)
For all k ∈ [[0, n− 1]],∣∣∣X1

(k+1)∆ −X1
k∆

∣∣∣ ≤ ∣∣∣∣∣
∫ (k+1)∆

k∆
b∗Y (Xs)ds

∣∣∣∣∣+
∣∣∣∣∣
∫ (k+1)∆

k∆
σ∗(Xs)dWs

∣∣∣∣∣
≤ C
»
KN log3(N)∆ +

∣∣∣∣∣
∫ (k+1)∆

k∆
σ∗(Xs)dWs

∣∣∣∣∣
n−1∑
k=0

∣∣∣X(1)
(k+1)∆ −X

(1)
k∆

∣∣∣ ≤ C

(»
KN log3(N) +

n−1∑
k=0

∣∣∣∣∣
∫ (k+1)∆

k∆
σ∗(Xs)dWs

∣∣∣∣∣
)
.

For N large enough, we obtain,

E

[
n−1∑
k=0

∣∣∣X(1)
(k+1)∆ −X

(1)
k∆

∣∣∣] ≤ C

Ñ»
KN log3(N) +

Ã
n−1∑
k=0

E
Ç∫ (k+1)∆

k∆
σ∗2(Xs)ds

åé
,

then

E

[
n−1∑
k=0

∣∣∣X(1)
(k+1)∆ −X

(1)
k∆

∣∣∣] ≤ C
»
KN log3(N). (4.19)

We deduce from Equations (4.19) and (4.18) that there exists a constant C > 0 such that

2E
Ä“D

ĥε
− “D

ĥ

ä
= 2E

î“R(ĥε)− “R(ĥ)
ó
≤ C log11(N)KNε (4.20)

For any function h ∈ H such that hi = 2π̄ − 1, we denote by h = ha,α,p where a =
Ä
a(1), . . . , a(K)

ä
and a(i), i ∈ Y and α are coordinate vectors of functions of the approximations spaces SKN

and S̃KN
.

We conclude from Equations (4.14), (4.15) and (4.20) that

E
î
D

ĥ
− 2“D

ĥ

ó
≤ CKN log3(N)ε2 + C log11(N)KNε+ E

Ä
D

ĥε
− 2“D

ĥε

ä
≤ CKN log3(N)ε2 + C log11(N)KNε+ E

{
sup

(a,α)∈B̄′K+1
ε ,p∈Bε

Dha,α,p − 2“Dha,α,p

}
.
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Thus, we have:
E
î
D

ĥ
− 2“D

ĥ

ó
≤ CKN log3(N)ε2 + log11(N)KNε+ T1 (4.21)

where T1 = E

{
sup

(a,α)∈B̄′K+1
ε ,p∈B̄ε

Dha,α,p − 2“Dha,α,p

}
. For all u > 0,

T1 =

∫ +∞

0
P

(
sup

(a,α)∈B̄′K+1
ε ,p∈B̄ε

Dha,α,p − 2“Dha,α,p ≥ t

)
dt

≤ u+

∫ +∞

u
P

(
sup

(a,α)∈B̄′K+1
ε ,p∈B̄ε

Dha,α,p − 2“Dha,α,p ≥ t

)
dt

= u+

∫ +∞

u
Ltdt

where Lt = P

(
sup

(a,α)∈B̄′K+1
ε ,p∈B̄ε

Dha,α,p − 2“Dha,α,p ≥ t

)
, and for all t ≥ u,

Lt = P

Ö ⋃
(a,α)∈B̄′K+1

ε ,p∈B̄ε

¶
Dha,α,p − 2“Dha,α,p ≥ t

©è
≤

∑
a1∈B̄′

ε

. . .
∑

aK∈B̄′
ε

∑
α∈B̄′

ε

∑
p∈B̄ε

P
Ä
Dha,α,p − 2“Dha,α,p ≥ t

ä
For all (a, α) ∈ B̄′K+1

ε and for all p ∈ B̄ε, one has:“Dha,α,p = “R (ha,α,p)− “R(h̄∗) =
1

N

N∑
j=1

K∑
i=1

¶
(1− Zj

i h
i
a,α,p(X̄

j))2 − (1− Zj
i h̄

i
∗(X̄

j))2
©

=
1

N

N∑
j=1

Sj

with, for each j ∈ [[1, N ]],

Sj =
K∑
i=1

¶
(1− Zj

i h
i
a,α,p(X̄

j))2 − (1− Zj
i h̄

i
∗(X̄

j))2
©
= ℓha,α,p(Z,X)− ℓh̄∗(Z,X)

where,

ℓha,α,p(Z,X) =

K∑
i=1

(1− Zj
i h

i
a,α,p(X̄

j))2.

We deduce for all j ∈ [[1, N ]] that

E(S2
j ) ≤ E

î(
ℓha,α,p(Z,X)− ℓh̄∗(Z,X)

)2ó
≤K

K∑
i=1

E
[(
hia,α,p − h̄i∗

)2
(X̄j)

Ä
2− Zj

i

(
hia,α,p − h̄i∗

)
(X̄j)

ä2]
≤ 16K

K∑
i=1

E
î(
hia,α,p − h̄i∗

)2
(X̄j)

ó
since |Zj

i | = 1 and |hia,α,p|, |h̄i∗| ≤ 1. Then, for all j ∈ [[1, N ]],

E(S2
j ) ≤ 16K

K∑
i=1

E
î(
hia,α,p − h̄i∗

)2
(X̄j)

ó
= 16K

[
R(ha,α,p)−R(h̄∗)

]
. (4.22)
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We have

R(ha,α,p)−R(h̄∗) = R(ha,α,p)−R(h0) +R(h0)−R(h̃) +R(h̃)−R(h̄∗)

≤ Dha,α,p + C

Ç
log3(N)

K2
N

+
n

log(N)
exp

(
−c log2(N)

)å
.

From Equation (4.22), there exists a constant CK > 0 depending on K such that

∀j ∈ [[1, N ]], E
(
S2
j

)
≤ CK(Dha,α,p + t) = v, ∀ t ≥ log3(N)

K2
N

+
n

log(N)
exp

(
−c log2(N)

)
.

Furthermore, for all k ≥ 3,
∑N

j=1

∥∥∥Sk
j

∥∥∥ ≤ vk!ck−2

2 where v = CK(Dha,α,p + t) and c = 64K2. Thus, we

obtain from the Bernstein inequality that ∀a, α ∈ B̄′
ε, ∀p ∈ B̄ε, ∀ t ≥

√
∆,

P
Ä
Dha,α,p − 2“Dha,α,p ≥ t

ä
= P
Å
Dha,α,p − “Dha,α,p ≥

Dha,α,p + t

2

ã
≤ exp

(
−

N
(
Dha,α,p + t

)2
/8

CK
(
Dha,α,p + t

)
+ c

(
Dha,α,p + t

))

= exp

Ç
−
N
(
Dha,α,p + t

)
8(CK + c)

å
.

Finally, since exp
(
−NDha,α,p

8(CK+c)

)
≤ 1, we obtain that ∀a, α ∈ B̄′

ε, ∀p ∈ B̄ε,

∀ t ≥ log3(N)

K2
N

+
n

log(N)
exp

(
−c log2(N)

)
, P
Ä
Dha,α,p − 2“Dha,α,p ≥ t

ä
≤ exp

Å
− Nt

8(CK + c)

ã
.

It results that for all t ≥ log3(N)
K2

N
+ n

log(N) exp
(
−c log2(N)

)
,

Lt ≤ N2

(
ε, B̄′

)K+1N2

(
ε, B̄

)
exp

Å
− Nt

8(CK + c)

ã
and for all u ≥ log3(N)

K2
N

+ n
log(N) exp

(
−c log2(N)

)
,

T1 ≤ u+

∫ +∞

u
Ltdt = u+N2

(
ε, B̄′

)K+1N2

(
ε, B̄

) ∫ +∞

u
exp

Å
− Nt

8(CK + c)

ã
dt

≤ u+
8(CK + c)N2

(
ε, B̄′

)K+1N2

(
ε, B̄

)
N

exp

Å
− Nu

8(CK + c)

ã
where N2

(
ε, B̄′

)
and N2

(
ε, B̄

)
are respective covering numbers of B̄′ and B̄.

We set

u =
log3(N)

K2
N

+
n

log(N)
exp

(
−c log2(N)

)
+

88K
(
(K + 1) log

(
N2(ε, B̄′

)
) + log

(
N2(ε, B̄)

))
N

and we deduce that

T1 ≤ C

Ç
log3(N)

K2
N

+
n

log(N)
exp

(
−c log2(N)

)
+

log(N2(ε, B̄′)) + log(N2(ε, B̄))

N

å
.

For every real number R > 0, the euclidean ball of radius R denoted by B̄2(0, R) ⊂ Rd has a covering
number N2(ε, B̄2(0, R)) that satisfies:

N2(ε, B̄2(0, R)) ≤
Å
3R

ε

ãd
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(see [69], Chapter 15 Prop 1.3). We deduce that

N2(ε, B̄′) ≤

Ñ
3
»
(KN +M) log3(N)

ε

éKN+M

, N2(ε, B̄) ≤
Å
3

ε

ãK
We set ε = 1/N

»
(KN +M) log3(N) and we obtain,

T1 ≤ C

Ç
log3(N)

K2
N

+
n

log(N)
exp

(
−c log2(N)

)
+
KN log(N)

N

å
and it follows from (4.21) that,

E
î
D

ĥ
− 2“D

ĥ

ó
≤ C

Ç
log3(N)

K2
N

+
n

log(N)
exp

(
−c log2(N)

)
+
KN log(N)

N

å
. (4.23)

Finally, from Equations (4.23), (4.13) and (4.7), there exists a constant C > 0 such that

E
î
R(ĥ)

ó
−R(h∗) ≤ C

Ç
log3(N)

K2
N

+
KN log(N)

N
+

n

log(N)
exp

(
−c log2(N)

)å
,

and the excess risk of the empirical classifier ĝ = g
ĥ

satisfies:

E [R(ĝ)]−R(g∗) ≤ C

Ç
log3/2(N)

KN
+

Å
KN log(N)

N

ã1/2
+∆1/2 +

…
n

log(N)
exp

(
− c
2
log2(N)

)å
.

4.8.2 Proof of Proposition 4.5.2

Proof. Define for all function h ∈ L2(R) and from the diffusion process X = (Xt)t∈[0,1] the following
pseudo-norm:

∥h∥2X :=

∫ 1

0
h2(Xs)ds.

Then, from Assumption 4.5.1, we obtain that

∆b ≤ ∥b∗1 − b∗0∥X ≤ ∆b

where ∆b and ∆b are positive real number such that ∆b > ∆b. Let m ≥ 1 be an integer. Consider the
subdivision

Γm :=

®
tk = ∆b + k

∆b −∆b

m
, k = 0, . . . ,m

´
of the compact interval [∆b,∆b]. Set f∗ = b∗1 − b∗0, then ∆2

b∗ = E
î∫ 1

0 f
∗2(Xs)ds

ó
. Then, from the total

probability formula, we have

P
Å
0 <

∣∣∣∣η(X)− 1

2

∣∣∣∣ ≤ ε

ã
=

m−1∑
k=0

P
Å
0 <

∣∣∣∣η(X)− 1

2

∣∣∣∣ ≤ ε | ∥f∗∥X ∈ [tk, tk+1]

ã
P (∥f∗∥X ∈ [tk, tk+1])

For all k ∈ [[0,m− 1]],

P
Å
0 <

∣∣∣∣η(X)− 1

2

∣∣∣∣ ≤ ε | ∥f∗∥X ∈ [tk, tk+1]

ã
= P
Å
0 <

|q1(X)− q0(X)|
2(q0(X) + q1(X))

≤ ε | ∥f∗∥X ∈ [tk, tk+1]

ã
= T k

1 + T k
2

where,

T k
1 = P

Å
{q1(X) < q0(X)} ∩

ß |q1(X)− q0(X)|
2(q0(X) + q1(X))

≤ ε

™
| ∥f∗∥X ∈ [tk, tk+1]

ã
T k
2 = P

Å
{q1(X) > q0(X)} ∩

ß |q1(X)− q0(X)|
2(q0(X) + q1(X))

≤ ε

™
| ∥f∗∥X ∈ [tk, tk+1]

ã
.
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4.8 Proofs

Upper-bound of T k
1 . The first term T1 satisfies

T k
1 ≤ P

Å
{q1(X) < q0(X)} ∩

ß∣∣∣∣q1(X)

q0(X)
− 1

∣∣∣∣ ≤ 4ε

™
| ∥f∗∥X ∈ [tk, tk+1]

ã
≤ 1

2
T k
1,1 +

1

2
T k
1,2

where,

T k
1,1 = P

Å
{q1(X) < q0(X)} ∩

∣∣∣∣q1(X)

q0(X)
− 1

∣∣∣∣ ≤ 4ε | ∥b∗1 − b∗0∥X ∈ [tk, tk+1], Y = 0

ã
,

T k
1,2 = P

Å
{q1(X) < q0(X)} ∩

∣∣∣∣q1(X)

q0(X)
− 1

∣∣∣∣ ≤ 4ε | ∥b∗1 − b∗0∥X ∈ [tk, tk+1], Y = 1

ã
.

On the event {Y = 0}, we have

q1
q0
(X) = exp

Ç∫ 1

0
(b∗1 − b∗0)(Xs)b

∗
0(Xs)ds−

1

2

∫ 1

0
(b∗1 − b∗0)(b

∗
0 + b∗1)(Xs)ds+

∫ 1

0
(b∗1 − b∗0)(Xs)dWs

å
= exp

Ç
−1

2

∫ 1

0
f∗2(Xs)ds+

∫ 1

0
f∗(Xs)dWs

å
= exp

Ç
−1

2
∥f∗∥2X +

∫ 1

0
f∗(Xs)dWs

å
.

On the event {Y = 1}, we have

q1
q0
(X) = exp

Ç∫ 1

0
(b∗1 − b∗0)(Xs)b

∗
1(Xs)ds−

1

2

∫ 1

0
(b∗1 − b∗0)(b

∗
0 + b∗1)(Xs)ds+

∫ 1

0
(b∗1 − b∗0)(Xs)dWs

å
= exp

Ç∫ 1

0

f∗2(Xs)

2
ds+

∫ 1

0
f∗(Xs)dWs

å
= exp

Ç
1

2
∥f∗∥2X +

∫ 1

0
f∗(Xs)dWs

å
.

We deduce for all ε < 1/8 and for all k ∈ [[0,m− 1]] that

T k
1,1 = P

Ç∣∣∣∣∣expÇ−1

2
∥f∗∥2X +

∫ 1

0
f∗(Xs)dWs

å
− 1

∣∣∣∣∣ ≤ 4ε | ∥f∗∥X ∈ [tk, tk+1], Y = 0

å
≤ P
Ç
log(1− 4ε) ≤

∫ 1

0
f∗(Xs)dWs −

∥f∗∥2X
2

≤ log(1 + 4ε) | ∥f∗∥X ∈ [tk, tk+1], Y = 0

å
≤ P
Ç
− 8ε

∆b∗
+
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≤
∫ 1

0

f∗(Xs)
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4ε
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≤ P
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| ∥f∗∥X ∈ [tk, tk+1], Y = 0

å
and,

T k
1,2 = P

Ç∣∣∣∣∣expÇ1

2
∥f∗∥2X +

∫ 1

0
f∗(Xs)dWs

å
− 1

∣∣∣∣∣ ≤ 4ε | ∥f∗∥X ∈ [tk, tk+1], Y = 1

å
≤ P
Ç
log(1− 4ε) ≤

∫ 1

0
f∗(Xs)dWs +

∥f∗∥2X
2

≤ log(1 + 4ε) | ∥f∗∥X ∈ [tk, tk+1], Y = 0

å
≤ P
Ç
− 8ε

∆b∗
−

∥f∗∥2X
2∆b∗

≤
∫ 1

0

f∗(Xs)

∆b∗
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4ε
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≤ P
Ç
− 8ε
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.
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Under Assumption 4.5.1, the random variable Z = (1/∆b∗)
∫ 1
0 f

∗(Xs)dWs admits a density function
pZ that is bounded on the real line R. Thus, there exists a constant CZ > 0 such that

∀ x ∈ R, pZ(x) ≤ CZ .

We finally obtain that for all k ∈ [[0,m− 1]],

T k
1,1 ≤

∫ 4ε
∆b∗

+
t2k+1
2∆b∗

− 8ε
∆b∗

+
t2
k

2∆b∗

pZ(x)dx ≤ C

Å
12

∆b∗
ε+

1

2
(t2k+1 − t2k)

ã
≤ C

Ç
12

∆b∗
ε+

∆b −∆b

2m

å
T k
1,2 ≤

∫ 4ε
∆b∗

− t2k
2∆b∗

− 8ε
∆b∗

−
t2
k+1

2∆b∗

pZ(x)dx ≤ C

Å
12

∆b∗
ε+

1

2
(t2k+1 − t2k)

ã
≤ C

Ç
12

∆b∗
ε+

∆b −∆b

2m

å
where C > 0 is a new constant. Then, for all k ∈ [[0,m− 1]],

T k
1 ≤ C

Ç
12

∆b∗
ε+

∆b −∆b

2m

å
.

Using similar reasoning, we obtain that for all k ∈ [[0,m− 1]],

T k
2 ≤ C

Ç
12

∆b∗
ε+

∆b −∆b

2m

å
.

Thus, we conclude that for all m ≥ 1,

P
Å
0 <

∣∣∣∣η(X)− 1

2

∣∣∣∣ ≤ ε

ã
=

m−1∑
k=0

P
Å
0 <

∣∣∣∣η(X)− 1

2

∣∣∣∣ ≤ ε | ∥f∗∥X ∈ [tk, tk+1]

ã
P (∥f∗∥X ∈ [tk, tk+1])

≤
m−1∑
k=0

Ä
T k
1 + T k

1

ä
P (∥f∗∥X ∈ [tk, tk+1])

≤ C
12

∆b∗
ε+

∆b −∆b

2m
.

Finally, we tend m toward infinity and obtain

P
Å
0 <

∣∣∣∣η(X)− 1

2

∣∣∣∣ ≤ ε

ã
≤ C

12

∆b∗
ε.
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