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Abstract

In this thesis, our investigation focuses on spin chains exhibiting fundamental symmetries, these
spin chains are recognized as the fundamental integrable systems. We delve into analyzing par-
ticular integrable quantum spin chains characterized by these symmetries. These spin chains
are regarded as the introductory phase in the exploration of certain two-dimensional field the-
ories. Notably, several functional relationships inherent within these spin chains have been
extrapolated to field theories through the application of a finite set of equations, with the aim
of discerning their spectrum.

This thesis commences with an exposition on the extensively researched rational spin chain
endowed with GL(n) symmetry, employing the Coderivative operator to construct a polynomial
Q-operator facilitating the diagonalization of the Hamiltonian. We demonstrate its equivalence
to an alternative construction rooted in representations that are explicitly formulated in terms
of harmonic oscillators.

Subsequently, our focus shifts to the comparatively less explored spin chain characterized
by SO(2r) symmetry. Within representations where Q-operators are accessible, we proceed to
construct these operators. Subsequently, we employ various methodologies to construct the
operators above for general representations. These efforts indicate that the Coderivative alone
may not be adequate for describing general representations within auxiliary space. However, we
remain optimistic that these endeavors will contribute to identifying additional tools necessary

for their characterization.



Résumé

Dans cette these, notre investigation se concentre sur les chaines de spins présentant des
symétries fondamentales, ces chaines de spins étant reconnues comme des systemes intégrables
fondamentaux. Nous plongeons dans I’analyse de chaines de spins quantiques intégrables par-
ticulieres caractérisées par ces symétries. Ces chaines de spins sont considérées comme la phase
introductive dans l'exploration de certaines théories de champs bidimensionnelles. Notam-
ment, plusieurs relations fonctionnelles inhérentes a ces chaines de spins ont été extrapolées
aux théories de champs grace a 'application d’un ensemble fini d’équations, afin de discerner
leur spectre.

Cette these débute par une exposition sur des chaines de spins largement étudiées: les
chaines de spins rationnelles dotées de la symétrie GL(n). Pour ces chaines, l'opérateur
codérivée permet construire un opérateur polynomial Q facilitant la diagonalisation de ’ha-
miltonien. Nous démontrons son équivalence avec une construction alternative basée sur des
représentations explicitement formulées en termes d’oscillateurs harmoniques.

Ensuite, notre attention se tourne vers des chaines de spins caractérisées par la symétrie
SO(2r), qui sont comparativement moins explorée . Dans les représentations ou les opérateurs
Q sont accessibles, nous procédons a la construction de ces opérateurs. Ensuite, nous employons
différentes méthodologies pour construire les opérateurs ci-dessus pour des représentations
générales. Ces efforts indiquent que le codérivé seul pourrait ne pas étre adéquat pour décrire
les représentations générales dans I’espace auxiliaire. Cependant, nous restons optimistes quant
au fait que ces efforts contribueront a identifier des outils supplémentaires nécessaires a leur

caractérisation.



Chapter 1

Introduction

In 1925, one of the earliest resolution of a classical one-dimensional many-body interacting
systems was made by E. Ising [[si24]; this will be later known as the Ising model. Soon after
that, W. Heisenberg was studying the quantum origins of magnetism in material [Hei2§|]. One
can argue that these attempts are the origin of what we know in the field of theoretical physics
as Spin chains.

The Heisenberg spin chain is a system (lattice) of spin-1/2 particles with a nearest neighbors
interactions. A general form of this system (with no external sources) is known in the literature
as the XY Z-spin chain where one can write the totally anisotropic quantum Hamiltonian as:

N
Hyyz = —Z <710§1)‘7i(}r)1 + 72‘752)‘71(-231 + 73‘71(3)091)
i=1

(k)

In the last expression, o, are the local spin operators, which act as Pauli matrices in the "
local subspace of the total Hilbert space, and & = 1,2,3. The physical interpretation of the
coefficients v is known as Slater’s exchange integral. The last equation describes the simple
case of one-dimensional spin chain of length N with periodicity condition 05511 = agk). Know
models can be extracted from the previous relation; by setting the longitudinal anisotropy
coupling constants v; = 75 = v and 3 = A~, one obtains the famous X X Z-model, whereas
by setting the isotropic constants v; = 79 = 3 = 7, we obtain the famous X X X-model, which
will be the studied system in this thesis.

In 1931, Hans Bethe [Bet31] showed that the X X X-model can be solved analytically to
obtain exact wavefunctions and their eigenvalues; this method is now known as coordinate
Bethe ansatz. It parametrizes the Bethe wavefunctions with a complex spectral parameters
that satisfies a system of equations known as Bethe equations, and the roots of these equations
are known as Bethe roots. Bethes work was generalized to other one-dimensional quantum
systems; the most notable examples include the non-linear Schrodinger equations NLS model
[LL63] and the X X Z-model [Orb58].

From the exact solutions of the Ising model by Onsager [Ons44] up to that of the hard
hexagon model by Baxter [Bax8(0], researchers have repeatedly observed the remarkable sim-

ilarity between one-dimensional quantum integrable models and exactly solvable models of



two-dimensional statistical physics. The most notable example of this similarity is the work
by Lieb [Lie67], where he used the transfer matrix method to find the six-vertex model wave-
function and verify the similarity with the wavefunction obtained from the Bethe ansatz for
the X X Z-spin model. In 1968, the work done by Lax [Lax68land Gardner, Greene, Kruskal
and Miura [GGKMG67] on the Korteweg and de Vries (KdV) equation led to the realisation
that non-linear problem of the KdV equation can be rephrased in terms of evolution problem
of a linear operator, which surprisingly turns out to be the Schrodinger operator in the case
of KdV equation. This method of using the Lax operator was further developed by Zakharov,
Faddeev and Shabat in [ZS70} [FZ71l, [ZS79] and it came to be known as classical inverse scat-
tering method. These simultaneous developments in the classical integrable systems as well as
exactly solvable lattice models played a crucial role towards the development of the quantum
inverse scattering method by Faddeev, Sklyanin and Takhtadzhyan [FST79).

At the same time, in a different branch of physics, string theory was developed, and a series
of major steps paved the way for connecting the two sectors of physics. Historically, string
theory was seen as a candidate for a unified theory of everything (starting as a theory that will
describe strong interaction [Ven68§]), that is, quantum gravity alongside gauge theories that
describe all other interactions in nature. One of these major steps was done by tHooft in
[tH74]. In his work, 'tHooft demonstrated that in a gauge theory with SU(n) symmetry, if we
take a large n limit, the expansion in terms of Feynman diagrams turns out to be the string
perturbative expansion over Riemann surfaces. Similar work by Wilson [Wil74] shows that the
strong coupling expansions can be seen as propagating closed strings.

Another significant milestone was the establishment of Gauge/String Dualities by Malda-
cena [Mal98]. Soon after that, the work by Gubser, Klebanov, Polyakov [GKP98] and Witten
[Wit96] was the elaboration on some of the important aspects of correspondence. In his work,
Maldacena showed that a four-dimensional supersymmetric gauge theory N' = 4 with SU(n)
gauge group is equivalent to type IIB string theory in AdSs x S° background by proposing
a conjecture that relaizes the gauge/string duality. Now, one can foresee a four-dimensional
theory as a boundary of AdSs, while the S° represents the geometry that arises due to the
internal supersymmetry of the gauge theory. This formulation has laid the groundwork for
comprehending the duality between certain gravity theories and quantum field theories, i.e.
the AdS/CFT correspondence.

In 2002, significant progress was achieved by Berenstein, Maldacena, and Nastase [BMN02],
as well as by Gubser, Klebanov, and Polyakov [GKP02], in the field of AdS/CFT duality. Their
work employed the semiclassical approach to string theory, focusing on perturbative corrections
around classical solutions of the string equation of motion in the AdS5 x S® background. Specif-
ically, they explored expressing the theory in terms of alternative quantum numbers at both
classical and quantum-corrected levels. Subsequently, in 2003, Minahan and Zarembo [MZ03]
provided initial evidence of integrability in /' = 4 Super Yang-Mills, establishing a connection
between the one-loop dilatation operator and a spin chain with SO(6) symmetry. This reve-

lation paved the way for the extension of integrability to all one-loop operators, followed by



subsequent advancements to encompass two-loop and three-loop operators within N' = 4 Super
Yang-Mills. Ultimately, Beisert et al. [BKS03] conjectured that integrability might extend
to all-loop features. The presence of integrability on both sides of the duality is particularly
notable, as it manifests through the analogy between the dilatation operator in N’ = 4 Super
Yang-Mills and the Hamiltonian of a one-dimensional spin chain in the weak coupling limit.
This alignment suggests promising avenues for further exploration, potentially revealing addi-
tional insights into the theory’s properties through the utilization of the Yang-Baxter ansatz.

In this thesis, we will explore the construction methods outlined in the literature for a set of
commuting transfer matrices (T-operators) of spin chains. These matrices are linked to the sim-
plest representations of quantum groups, which are in turn associated with finite-dimensional
representations of classical Lie algebras. Additionally, the functional relations within this the-
ory play a significant role in the study of integrable quantum systems. These operators appear
to offer a solution for certain bilinear relationships known as the Hirota equation. This con-
cept was further generalized in [KP92, [KNS94], where an infinite system of such equations
was derived. This infinite system of equations, coupled with the constraint of polynomiality
(analyticity in field theory) in T-operators, is referred to as T-systems. Remarkably, these
T-systems have proven to be ubiquitous structures, demonstrating relevance in solving N = 4
Super Yang-Mills equations. The T-system is not the exclusive common structure among many
integrable systems; others, including the Y-system and Q-systems, also exist. However, within
this study, we will refrain from exploring Y-system. The Q-system, on the other hand, com-
prises a system of equations, known as QQ-relations, involving a finite number of commuting
operators, in contrast to the infinite number of T-functions.

It has been observed that the Bethe equations, tasked with encoding the spectrum, can
be reformulated as polynomial equations derived from QQ-relations, which operate upon a
family of polynomial functions recognized as Q-functions. Subsequently, it became apparent
that when extracting the spectrum from these QQ-relations, no 'unphysical solutions’ arise, in
contrast to the Bethe equations where such solutions necessitate identification and elimination.
This was demonstrated by Huang, Lu, and Mukhin in [HLMI9], and Chernyak, Leurent, and
Volin in [CLV22], where they proved that the algebraic number of solutions to these relations is
equal to the dimension of the spin chain Hilbert space. The establishment of these Q-functions
proves challenging, intertwined with the completeness of Bethe Ansatz, thus demanding their
explicit construction: they manifest as the eigenvalues of the Q-operators. Consequently, this
manuscript will thoroughly examine the construction of these Q-operators. Furthermore, the
T-functions can be represented as determinants of shifted Q-functions [KLWZ97], facilitating
a compact diagonalization of the Hamiltonian. This compactness arises from the fact that
QQ-relations encode the algebraic properties of the system’s conserved charges.

Until recently, the study of the Q-system was far less developed compared to the T- and
Y-systems. In fact, the first appearance of the Q-system was in the work by Baxter on the
eight-vertex model [Bax72]. Fortunately, much progress in this topic was achieved by doing

a case-by-case study of various models; some noticeable examples are [Bax72, Bax82), BS90),



GP92, BLZ97, [Smi00, BT06]. From these studies, a theory that allows constructing Q-operators
was needed. In 2011, the work done by V. Bazhanov, Lukowski, Meneghelli, Staudacher and
Frassek|[BLMST10, IBFL™11] to construct @Q-operators by using the theory of Yangians (which
is the simplest example of a quantum groups) was introduced for a spin chain with GL(n)
symmetry, where they utilized new aspects of the theory of infinite-dimensional representations
of Yangians, which led to the construction of Q)-operators, more details about the construction
of these operators is in Appendix.

Prior to the construction using oscillator representations, an idea introduced by Kazakov
and Vieira [KVO08] that allowed the construction of conserved T-operators using a differen-
tial operator called Coderivative. This method reduced the algebraic understanding needed
in constructing T-operators to only knowing the character and the generating series of the
representation introduced in the auxiliary space. Additionally, it reduced the construction of
(Q-operators to a combinatorial diagrammatical description. After that, Kazakov, Leurent, and
Tsuboi [KLT12] used the same differential operator to give an operatorial form to the func-
tional T'Q-relations for the supersymmetric spin chain with GL(n|m) symmetry; this allowed
to define all the T- and Q-operators in all levels of nesting.

The main objective behind the work presented in this thesis is to generalize the ideas
presented in [KV08| [KLT12] to a different symmetry group other than GL(n). We study the
case of a spin chain with SO(2r) symmetry in the auxiliary space and introduce a modified
version of the Coderivative operator to describe the conserved T-operators and Q-operators for
the new symmetry. The other objective would be to show the equivalence between the oscillator

and differential constructions of (Q-operators.

Outline of the thesis

This thesis is organized into two chapters. The is dedicated to discussing the

construction of spin chain operators with a GL(n) symmetry in the auxiliary space. The

isecond chapter| uses the ideas introduced in the first chapter to model a system of spin chains
with SO(2r) symmetry.

The first chapter is divided into two sections. The initial section, as detailed in the
, commences with a brief introduction to the transfer matrix (7-operators) of a spin

chain with a twist in the auxiliary space and its connection to the Heisenberg spin chain. Then

we proceed to formulate the findings established in [BEL*11] concerning the construction of
the oscillator description of theR-matrix. Finally, rewriting the T-operators using the the
Coderivative operator intruduced in [KV08|, and as an original result, in we show
that a Yang-Baxter equation with one auxiliary space is satisfied due to Schwartz’s property
of the differential operator. In the subsequent section, [Section [I.2] we argue the equivalence
between the two construction methodologies discussed in the preceding section of the chapter.
This is accomplished by composing the Wronskian determinant of shifted Q-functions, enabling
us to express the transfer matrix. Leveraging the concepts introduced in [BLMSI10, BFL™11),
FKT21], we decode the nested expression of the transfer matrix, utilizing the nested transfer



matrix expression uncovered in [KLT12]. Additionally, we employ the concept of normalized
limits, introduced in the notation section of the introduction.

The second chapter, as detailed in[Chapter ITI} also commences by providing a brief overview
of the existing literature concerning spin chains with SO(2r) symmetry. Here, we apply the same

methodologies introduced in the first chapter to express the transfer matrix 7T- and Q-operators

with the new symmetry. In [Section [II.1.3] we present a modified definition of the Coderiva-

tive operator, enabling us to reformulate the expressions of T-operators for the spinorial and
symmetric representations. Subsequently, we commence a discussion on the reformulation of
the QQ-operators for these representations based on their functional relations. Following this,
in [Section III.3] we explore various methods to verify the limits of the available solutions and
attempt to formulate an expression for T-operators with general rectangular representations in
the auxiliary space. Additionally, we allude to the notion that utilizing only the Coderivative

operator may be inadequate for describing a general case of the rectangular representation.

I.1 Notations and symbols

Throughout this script, we are going to be using the concept physical space frequently, so it
will be very convenient to define the basis of such a system basis for our Hilbert space to be
able to introduce all operators needed in the study of this system. As we will see in the first
chapter, the Hilbert space is defined as ‘H = @fil H;, where every small #; defines a physical
space in our spin chain (represented as a vertical line in Fig). Thus, we need to assign
an orthonormal basis for each space in our Hilbert space, i.e. for the space #; we have the
vectors [1),,]2),,...,|d;); representing it D With that, our Hilbert space is defined with a set

of orthonormal vectors as:

|m1,m2, c. ,mN> = |m1>1 ® \m2>2 (I 0%9) |mN>N (111)

with each m; to be finite and each m; to be smaller than d;. Now, we are ready to define the
necessary operators for our systems. In this study, it’s more convenient to introduce a general
definition of an arbitrary linear operator O (an N tensor operator) such that the matrix/tensor
coefficients take the form:

11,02, IN

Ojl:j%u-,jN = <i1’i27 T 7Z.N| @ |j1aj27 cee 7jN> (112)

Where (i, j) in the previous relation will denote what we will refer to throughout this text as
(outgoing/ingoing) indices, respectively. The number of these indices refers to the length of the
chain; each ingoing index can be contracted with an outgoing or an ingoing index.

Among the pivotal operators in this study are P and Q. Their matrix coefficients play a
crucial role in comprehending our systems. Beginning with P, we can elucidate its actions on

a basis vector as illustrated in ([.1.1)):

P, lmy,ma, ... ,my) — ’mg(l),mg(g), . ,mU(N)> (I.1.3a)

1'We are considering the case when #,’s are finite-dimensional, i. e. d; is a finite number

7



N
e, (Pt _ TTe70w) (1.1.3b)

J15J25JN Jk
k=1

where o € Sy. This operator arranges the way we link the ingoing index with the outgoing ones.
A similar statement can be found for Q, this operator is a bit more complicated to explain, but
it is defined as:

N
. . . . », .
11,22,-IN  __ Sla §J 23
<Qa7b)j17j2»---,j1\f - 51§6JZ H 5jk (114)
k=1
k#a,b

The prime means that we flipped the ingoing/outgoing labels before connecting them, i.e.
(Ag-)/ = AZ,/ A very interesting property of Q comes from the way it connects operators to one
another. To see that, let us take the tensor product of two operators A, B, where the entrys of
these operators commute among themselves, and act by a Q on them. The tensor coefficients
of these operators are represented as:

(QUA® B = QU (A® Bl = 6o AR Bl = 5“14’613 (Q (]1@ (B/A> >> |

J1,J2 J1,J2 o
J1,J2

(1.1.5)

This question can be diagrammatically represented as:

VYN

It is worth noting that the form of - 1.1.5)) represents a choice in the labeling of spaces.
can equivalently be expressed as:
11,82

(QA®B)M? =Q ((A'B>I®H) (L.1.6)

J1.32 o
J1.d2

Index notations

In this thesis, we are going to use a set of unified notations throughout the manuscript unless
stated otherwise, these notations will be listed here.

One of the more common notations is the partition of non-negative integers as A = (A, Ag, ... )
with the descending property A\; = Ao .... The number of non-zero integers in the partition is

finite when we talk about finite-dimensional representation operators. More of these notations

2The meaning of the prime notation for square matrix entry is j/ = n — i+ 1, where n is the size of the

matrix.



are below:

set of complex numbers

identity matrix

=217a

length of the spin chain

Kronecker’s delta function

e
<

permutation operator

transposed Permutation operator

RS

twist operator

Scaler notation

In this thesis some objects, such as the sets of rapidities or spectral parameters, and the eigen-

values of the twist operator, will be scalers. They are listed as:

z free parameter

U = || set of complex parameter spectral parameter
{ug,ug, ..., un}

{z1,29,..., 2N} eigenvalues of the twist operator

xA(9) character of the twist operator

If a scaler is written with indices, it can be thought of as the scaler multiplied by the identity
operator, for example: (xc); = (5}%, where ¢ € [1, N] is a label to indicate which eigenvalue we
have from the twist.

To complement the idea of the character, let us recall the notation of the representation of
a group G to be (V, p), where V stands for the vector space of the group and p is the morphism
p:G— GL(V),ie. amap from G to GL(V) such that:

Vg1,90€G,  p(g1-92) = p(g1) - p(g2) (1.1.7)

It is worth noting that the fundamental representation is the one with a vector space C" and a
morphism p (g) = g.
In this manuscript, we will use different notations of the morphism p, ps, px, etc to denote

different representations of the algebra, all of which follow the general identity :

{ 0-C (1.1.8)
o= T (o (9)) h

Whereas, a morphism between two Lie algebras g, |-, -], and b, [+, -]5 is a linear map 7 : g — b

such that it preserves the Lie bracket, meaning for all x,y € g, we have:

m(lzyl,) = 7 @) .7 W), (LL9)



GL(n) and SO(2r) notations

We have two different algebras to study in the manuscript, thus we have two sets of operators
for each algebra. We will differentiate between the operators of these algebra as shown in the
table.

For the GL(n) symmetry, we have the notation to be unified for all arbitrary representations

of the algebra.

GL(n) notation

Coderivative operator

fundamental algebra generators

a solution of the Yang-Baxter equation

conserved charges or T-operators

O A~

Q-operators for a spin chain

Unlike the the GL(n) case, we have two families of representations of the algebra with dif-
ferent solution that require us to use deferent notation in the manuscript, these representation

are know as the spinorial and symmetric representation:

SO(2r) notation

Coderivative operator

fundamental algebra generators

a solution of the Yang-Baxter equation with the spinorial symmetry

a solution of the Yang-Baxter equation with the symmetric representation

conserved charges or T-operators with spinorial symmetry

conserved charges or T-operators with symmetric representation

Q-operators for of the spinorial symmetry

QIR H 1R H DO

Q-operators for of the symmetric representation

1.1.1 Shifts and Normalized limits

This part of the introduction will be devoted to introducing two important notations that will

be used often in this text.

Shifts

We will introduce a notion of shit that will help us simplify the bulky formulas we will have later

in the manuscript. Some functions will be formulated as fI¥! (u), where f (u) is an arbitrary

10



function of the spectral parameter u. The notation we have is a shift in u, which we will define

as:

¥ () = f (u + g) (1.1.10)

This notation will be carried throughout this thesis}

Normalized limits

In this thesis, we will consider the leading order of given quantities (for example, the leading
order of polynomials) and omit normalizations that make the quantity convergent. To do
this, we introduce the notation Alim, which allows us not to write the normalization factor
explicitly. This notion means that we multiply by a normalization which fixes the leading term
of the limit.

For instance, let us take the example:

=ud -1

. . TA(But = 2B 2t
Nlim 7%(23u* — 2*® + 2*) = lim ( )
z—00 2—00 —7ZZ4

?The normalization was fixed by requiring that the limit is non-zero but finite, and that the
result to be a monic polynomial in .

Now, let us provide a more precise definition of Alim:

Definition

Let A be a complex parameter, and P(A, u) be a A-dependent polynomial in u, i.e. P(A,u) =
Z?:o fi(A)u® for a given degree d. We wish to study the A — Ay limit. We first define

P(A,u) = lim Zcz (L1.11)

A—Ao Mmax; ’fl
where the degree d’ may be smaller than the initial degree d. Then we define the normalized

limit of P (denoted as Nlimp_, P(A, u)) as

Nlim P(u) =

A—Ag Cq'

(1.1.12)

which imposes the monicity of Nlimp_, 5, P(A,u) (as a polynomial in w).
In some situation, the situation will spasify that the result we obtin from Nlimy_, 5, P(A, u)
to be of a specific value v. In that context, we should change ([.1.12]) to
v o~
lim P(u) = —P [.1.13
Al P(u) = 2= P(u) (1113)

Several properties follow from this definition. An obvious property is that for an arbitrary

polynomial P(u) (of degree d), we have:
Nlim P(u + A) = 1, (1.1.14)

A—0

3There are other references that also introduce similar notation with different shifts; this is really up to the

author.

11



because the only coefficient of P(u+ A) with magnitude A? is the constant coefficient. In what

follow, we will write several properties which are less trivial and will be used in this thesis.

Lemma 1.1.1. If a function f (A,u) is the product 2P (A, u), where P (A, u) is an arbitrary

polynomial in the two variables A and u, then:

Nlim f (A, u) = Nlim D)2t (1.1.15)
- e A=0

Proof. Lemma(l.1.1)):

Let us denote P (A, u) = ZZ:O Sk e ARl (where d is the degree of P (A, u) as a function of
my

A). Then, the left hand side of ([.1.15) is equal to the monic polynomial Cd# > cqqul. This
ymg =0

can be shown as:

- A 1
Nlim f (A, u) = —max|cd’l’P(u) _ max|ca] lim — j;( ) cq !
Ao Cdmy Camy A>w T A max]cd,ll Cd,mg = (1.1.16)
1 g !
s eql 2 Gt
On the other hand, the right hand side of ([.1.15)) is a combination of infinite sums:
n—1 m+1

= (1 o $Z)n+1

where the explicit expressions of the coefficients v (k, §) in the numerator of these fractions are
known, and they are called Eulerian numbersﬂ It is clear that when taking the limit z — %, the

pole with the highest multiplicity comes from the term with highest degree in A, consequently
1

mgq
the right hand side is equal to > cdlul. This can be shown as:
1=0

cd,nLd
a . a P (A ) (z2)A 1 &
Nlim Y f (A 2 = Mp(u) _ maxfeg] | 2iazo (d+71 ) (@2)* ot
z—>% A>0 dlcd,md dlcd,md i—*% 1/ (1 — iL‘Z) max ‘Cd’lyj Cd,my =0
~d—1 - m
%ngclz,zul
(1.1.18)
In the second equality, the d! comes from the Eulerian numbers property: Zz;év(n, k) =
nl. O

Now that we have the concept of normalized limits, we will give a more general form of the

previous lemma:

Lemma 1.1.2. If a function f (A, u) is the finite sum >, 2 P; (A, u), where the non-zero num-
bers x; are pairwise distinct, and P; (A, u) are an arbitrary non-zero polynomials in two variables
A and u then:

/\@n dF(A )t = Nlim Py (A, ) (1.1.19)

zg A=0

4This sum is ill-defined when n = 0, and it should be replaced by 1.

12



In the case when z — mie, the only singular term in Y3, o f (A, u) 2* comes from 3 P, (X, u),
where all the other terms are finite functions in the limit. Thus, the proof follow as the proof
of Lemma(L.1.2)

There are two distinct cases we need to look at here: If Vi # ¢, |x;| > |z,|, the holds
in the open disk D (0, m) in the disk, the sum Y, o f (A, u) 2% = 35, 3o o(z2:) P (A, u)
with the only singular term being (za¢)*P; (A, u) when taking the limit z — -- making all the
other terms subleading and hold.

By contrast if x, is not smaller than the other z;, then holds in the sense of analytic
continuation: Nlim, , 1 >, f (A, u) zA is an abuse of notation to denote a process where one
first computes the sum over A when |z| < min,; |z;|, then continues analytically the resulting
function of z (it forms a rational function for z € C\ {1, 22, ... }), and then takes the normalized
limit where z — xie In this limit, the term (zz,)* P, (A, u) is still the only singular terms, all
other terms are subleading, and one gets .

Remark: In practice, we may use the following corollary of lemm:

If a function f (A, u) is the finite sum Y, 2P (A, u) Q; (u + A), where the numbers x; are
pairwise distinct, and P; (A, u) are an arbitrary non-zero polynomials in two variables A and u
whereas each Q; is a univariate polynomial:

Nlim Y f (A, u) 2* = Nlim P, (A, ) (1.1.20)
A—c0

ERETI

This corollary follows from the previous property and from the fact that .//\\/ lim Py (A, u) Qp (u+ A) =
—00
./}Xflim Py (A, u), as follows from (I.1.14)).
—00

Limits of diagonalizable operators

In this thesis, we will often take the normalized limit of matrix-valued polynomials in the
variable u (for instance, the limit of a transfer matrix).

For simplicity, we do not give a general prescription for the normalized limit of an arbitrary
matrix (for instance, a non-diagonalizable matrix, or a matrix whose eigenvectors are functions
of u and A).

It will turn out that in this article, we will always take the limit of a diagonalizable matrix
M = P7'DP, where D = diag(dy, ds, ... ) is diagonal and where the matrix P depends only on
the physical parameters of the model (the twist and the inhomogeneities), and not on the param-
eters u and A. In that case, we define Nlimy_,,, M = P~ 1diag(Nlimp oo di, Nlimp o da, ... ) P.

The precise discussion of this point is postponed to Sec. It will turn out that the

normalization factors are block-wise multiples of identity, for instance

al0 010
O[b 0]0
0[0 b]0
010 Ofc




where the corresponding blocks correspond to simultaneous eigenspaces of all T- and Q-operators:

these blocks correspond to the sectors of the Hilbert space.
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II.1 Spin chain and the construction of the T-operators

In this chapter, we are going to explain the changes in constructing Q-operators with GL(n)
symmetry and show that they are equivalent. The two ways in question are the oscillator
description (which was formulated in a series of papers [BLMS10, BFL*11, [FKT21]), and the
differential description Coderivative (which was introduced in [KVO0§]).

To do this, we will briefly introduce the recipe for a quantum integrable spin chain, give a
formal definition of T-operators, and show that they give rise to a family of conserved charges.
Then, we will present a way to explicitly manipulate these operators using a differential operator
called Coderivative, as shown in [KV0§]. We will also elaborate on how we can modify a
specific Yang-Baxter equation using a differential operator, where we motivate a proof of the
Yang-Baxter equation using a property of the differential operator only. Additionally, in the two
descriptions, the functional relations of our integrable system were described using Q)-operators.
We will show that the construction of T- and Q-operators are equivalent between the oscillator

and differential representations.

II.1.1 Introduction to quantum integrable systems

In this section, we will review the definition and primary properties of integrable spin chain.
This subject has been extensively researched, and there is a wealthy literature available on
the topic. Some of the references that aid in introducing and fully developing this subject
include: [Gau83| for a complete general overview of the subject of integrability and spin chains;
[Bet31] which introduces the idea of Coordinate Bethe Ansatz and devalobe the one-dimensional
Heisenberg spin chain (also [KMGT97, KHM98| [KHMO00] for a comblite discussion); and [FST79,
NW13, [SkI82, [AV87] where they develop the spectrum of the model using Algebraic Bethe
Ansatz (and [MT00, [Slal8| [Gro17, [SIa07, NW14, [KMSTO05] for more detail).

Thus, the definition of an integrable spin chain in the literature: spin chains are quantum
integrable systems if they have a sufficient number of independent commuting T-operators, a
description of these systems is provided in Fig. In the figure, a vertical line stands for the
vector space, and a set of these lines corresponds to a tensor product of these vector spaces.
The horizontal lines denote the so-called Auxiliary spaces; they take an ellipse shape in the
figure, indicating a trace over Auxiliary spaces. Also, at each crossing of a vertical with the
horizontal lines, there is a ball representing the so-called R-matrix, where these matrices are
solutions of a key identity called the Yang-Baxter equation (for more details on the solutions
of the Yang-Baxter equation check , and the two (blue, purple) circles represent the so-
called Twist operator. In the Figure, we labeled a set of vertical lines with an ellipse as T.
Thus, 77 and 73 are operators on the Hilbert space H = @lj\il #;, = (C")®Y. The key argument
in proving the commutation relation proposed in Fig is the Yang-Baxter equation:

Rij(u—v)Rik(u) Rk (v) =Rk (v) Rig (u) Rij (u—v) (I1.1.1a)

!The number of these operators is equal to the dimension of the Hilbert space.
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i. e.‘ Rij(u) =ul+P;; (I1.1.1b)
Where P = Y Jop®Jsa,  and Jog = |a)(f] (IL.1.1c)
a,B=1
Where ([I.1.1¢) is the same as (L.1.3), R;; (u) in (LL.1.1bJ) is a solution of the Yang-Baxter

_ LU

Figure I1.1: This is a rough graphical description of the commutation relation between the
so-called T-operators. The first part of this diagram represents two operators, 7; and 7T
represented as two ellipses with vertical lines crossing each ellipse. Then, using the famous

Yang-Baxter equation, one can show the commutativity between T-operators.

equation and will be referred to as R-matrix, (i, j, k) are labels discribing three different
vector spaces V;,V;, and Vj, (in the figure, these spaces are in the fundamental representation),
and u,v € C are called spectral parameters. Fach R-matrix acts on a tensor product of these
spaces E| Now, we can show the steps taken in Fig using with the unitarity
condition of the R-matrices (R;; (u) R;; (—u) ocI)f| represented in Fig(IL.1)) as the (green/violet)
balls. Using the diagrammatical definition of shown in Fig, we can move the green

2The R-matrix acts trivially on a vector space that it is not assigned to. For example, R j (u) acts trivially
on V;.
3The unitarity condition R; ; (u) R;,i (—u) = ¢ (u) Z, where ¢ (u) is a polynomial of degree two in u.
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ball from the left hand side of a vertical line to the right hand side of the line, as proposed in
the second diagram in Fig. This process is repeated for all other vertical lines, and we
end up with the last diagram in the figure.

In order for the reader to follow the diagram in Fig, it is important to introduce
the convention used to read the diagram into formulas. Starting with two R-matrices on two
different physical spaces (i, ) and an auxiliary space (a), then two R-matrices on one physical

space with two auxiliary spaces:

b
a * * = Ri,aRj,a = Ri,aRi,b

a

i
1
As we can see, the diagram is read from left to right and from bottom to top. Then, one can

ask if we have two physical spaces with two auxiliary spaces with four R-matrices i.e.:

b RivRi Ry R g

a Ri,ij,bRi,aRj,a

There is an ambiguity in the order of the operators; as stated in the last picture. This can be

solved by noticing that operators on different spaces do commute, i.e.:
[ART,I® B] =0 (II.1.2)

Thus allow us to see that R,y R;, = R;.R;p, which also remove this ambiguity when writing
the mathematical expression of Fig(IL1]).

We also skipped an important step in showing the commutativity between 7; and 73, and
that is the commutation between the R-matrix and the twist operator. As stated before, the
(blue, purple) circles are what we call twist operators; they are group elements g € GL(n) and
can be in any arbitrary algebraic representation. In this section, we will show the commutation
relation between R-matrix and the fundamental twist operatord’} i. e. [ga, ® ga,, Ry, (w)] = 0,
where ay, as refers to the two auxiliary spaces in Fig([L1)). The proof is straightforward; taking
the definition of the R-matrix from ([I.1.1h]), one notice that I commutes with everything, and

from the general property of the permutation operator:
Pi2(A®B) = (BRQA) P2

From the last relation, we can see that the permutation operator exchanges the positions of the

operators, indicating an exchange in the physical space position of the twist operators. This
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Figure I1.2: The diagrammatical representation of the Yang-Baxter equation (II.1.1a)

N—-1 N_9 3 2

Figure I1.3: A graphical description of a T-operators with a general representation A in the
auxiliary space. The R-matrix are represented as small black balls and multiplied along the
auxiliary space. whereas the set of vertical lines physical space relabels the Hilbert space, these

spaces are defined in the fundamental representation A = O.

property of P relabels the twist operators a; < as, making it the last step in proving the
commutativity between T-operators impling that [g,, ® ga,, Ray.as (1)] = 0 holds.

After proving that T-operators commute, we will give the general description of these oper-
ators from Fig. Generally and throughout this thesis, the representation of the auxiliary
space can be something more complicated than the fundamental representation. We will refer
to a general representation of the symmetry group as A unless stated otherwise, A will be de-
noting a Young diagram. By contrast, we will only have the fundamental ones in our physical
spaces. In representation (\), the twist operator will be referred to as p, (¢) and the general

definition of T-operators:

7'()\) (U) = tI")\ <’R,N7)\ (U — ‘9N> . RN—I,)\ (u - QN—I) .. 'RL/\ (U — 61) P (g)) (IIlSa)
piA(P)
Where R; 5 (u) = u + Z Ja.s ® pr (J,a) (I1.1.3b)
a,B

Equation ([I.1.3a]) reads as a trace of a product of R-matrix with spectral parameter v and

an inhomogeneities 6;, also a twist operator in a general representation of the algebra (the

graphical description of (II.1.3al) is shown in Fig(IL.3))). Additionally, (II.1.3b)) represents R-

matrices that satisfies the Yang-Baxter equation for a given representation A in the auxiliary

space.

4For the general representation, check Sec(II.1.5)
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A generalization to the commutation relation presented in Fig(II.1)) is:
[TV (w), T® (u)] =0 (I1.1.4)

where ([[I.1.4) is the commutation relation between T-operators with different representations
of the algebra in their auxiliary spaces. This relation holds when both T-operators share the
same twist ¢ and inhomogeneities 6;. When restricting the representation in ([1.1.4) to be the

S
symmetric one, i.e. A = (1,s) = [T --1], the proof of (II.1.4]) then depends on writing the

projector operator P 4); this was explained in [KVO0S8]. (In the paper, they explain that the

projector of the symmetric representation is written as a product of fundamental R-matrix).

I1.1.2 T-operators and Hamiltonian

In this thesis, we are interested in a spin chain with nearest-neighbor interactions. This is
apparent from the definition of the Hamiltonian operator of the spin chain in the introduction.

In the literature, the Hamiltonian can be obtained from T-operators, using the fromula:

H = oN =27 (I1.1.5)

where N is the length of the spin chain and n is related to the rank of the algebra. Notice that
T-operators in are in the fundamental representation TD (u), and we have dropped
the notation O For simplicity, the derivation of the Hamiltonian involves finding the derivative
of E revealing it to be a trace of sums of products of permutation operators with a missing site.
This arises due to the relations R;; (0) = P;; and R” (0) = 4;;, where R = 0,R. The same

procedure applies to T(u)_l. This can be depicted graphically, as shown in Fig. (LL.4]). Thus,

the Hamiltonian of this system reads:

9 N-1
H=—N-2 > Prir —2Pin gy - g1 (I1.1.6)
k=1

Here g1, gn denote the twist operators associated with the first and N** quantum spaces, respec-
tively. The term involving the twist operator arises from the second segment of the diagram,

as the two twist operators are not contracted. Additionally, the diagrammatic representation

L —|— P: jL

50One can find an extensive calculation on how to extract the Hamiltonian from ([I.1.5) in the literature. For
example, the GL(2) was presented in [Slal§].

of the operators I and P, are provided below:
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[%%k . N%;

1

= Z Prk+1+Pna-gn - 91_1
k=1

Figure I1.4: This is a diagrammatical representation of the object a“Tfu()“)‘ . The R-matrices

are substituted with permutation operators due to R; ; (0) = P; ; except for k and &k — 1 lines in
the first segment (and N and 1 lines in the second segment) of the diagram. In these instances,
they denote an identity operator due to the derivative of the R-matrix. If a vertical line begins

at position k at the bottom and terminates at position [ at the top, it signifies the factor .

One can see from (|[I.1.5)) that one of the T-operators is the Hamiltonian, thus the family of
commuting T-operators are actually conserved charges. In order to show that our T-operators
(II.1.3a)) describes an integrable system, we will show how it is connected to the well-known

Heisenberg spin chain.

Integrablity and the Heisenberg spin chain

The Heisenberg spin chain is a simple integrable system; usually, it is referred to as the X X X
spin chain. To show the link between our definition of integrability and this system, we are
going to recover the Hamiltonian of the X X X »» spin chain by restricting our general statement
about integrability to GL(2) and the twist to identity.
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This will simplify the Hamiltonian formula (II.1.6)) toﬂ:

N
Hxxx,, = N =2 Prpar (11.1.7)

k=1

To recover the well-known Hamiltonian of the Heisenberg spin chain, one must notice that
the permutation operator P defined in can be rewritten using the 2 x 2 matrix rep-
resentation of the GL(2) generators. We have four generators associated with this algebra:
(J1.15 12 Jo15 Jo ), and the matrix realization of these operators in the fundamental represen-
tation takes the form:

Jigl(k)) = 0;,.1(2)) (I1.1.8)
This translates to a matrix representation where all of the coefficients are equal to zeros, except

the ones at position (4, j):

10 0 1 0 0 0 0
and S = (0 0)’ 12 = (0 0)’ Jon = (1 0)’ fa2 = <o 1)

Consequentially, using ([I.1.1c)), we can define the matrix representation of the permutation

operator using the Pauli matrices as (0% = (J1,2 + J271), oV = —'(JL2 - JQJ) and o0* =
(J1,1 - J2,2)):
1
Where 0 - 6; = 0 -0f + 0] -0f + 07 - 0; (I1.1.9b)

where the labeling (7, j) in ([I.1.9a)) and (I1.1.9b)) refers to the positions on quantum spaces ()
and (j), respectively. Substituting (II.1.9al) in (II.1.7]), one obtains:

N
Hxxx,, = — )0 Fist (I.1.10)
=1

The Hamiltonian describes the simplest spin chain with nearest neighbor interactions and cor-
responds to a quantum version of the Ising model, i.e. the Heisenberg spin chain. Notice that

the minus sign in (I1.1.10)) means that our spin chain describes the ferromagnetic model.

I1.1.3 Yang-Baxter equation

In this subsection, we will introduce the solution of the cornerstone equation for an integrable
system, the Yang-Baxter equation. We are going to motivate the solution in the fundamental
representation of the auxiliary space (V; = C?) and demonstrate that one of its non-trivial

solutions is the permutation operator P.

6Tn the intruduction, we have an overall factor + in the Hamiltonian, which can be translated by multiplying
({I1.1.6) and (I1.1.7) with ~.
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By construction, the operators R (u) of the Yang-Baxter equation are an n? x n?
matrices, such that R (u) : C"® C* — C" ® C™. One can start by looking for a non-trivial
solution of a simpler version of (by setting the spectral parameters u, v to zeros). An
obvious solution would be the identity matrix (which is not interesting). A less obvious solution

would be the permutation matrix P. Indeed, by taking the identity:

PiiPisPik = Pik PixPijPisPik = PirPixPij
—_

PikPij

(I1.1.11)

where we have used P? = I and multiplied the last equation with 73]-% i from the left, giving us
the second equality. One can see that satisfies the Yang-Baxter equation.

Now, we would look for solutions dependent on the spectral parameters by setting R(u) =
¢(u)l + ¢P, where ¢(u) is a smooth function of u and ¢ is a constant [] By substituting the
proposed R-matrix in and expanding with respect to powers of the constant ¢, one
finds that the non-trivial equation comes from the coefficients of c?:

(u)Pi Pk + ¢(—v)PiPin + d(u — v) Pk Pjs

d(W)PkPij + ¢(—v)PiyPi; + o(u — v)P; i Pik
Multiplying the last equation by P; ; from the left and P; ; from the right, we obtain:
() + (—) + ¢(u — v)PjuP;j = d(u)PirPix + d(—v) + d(u — v) (I1.1.12)
Finally, we multiply by P;; from the left and obtain:
(6(w) + 6(=v) = 6(u =) )Pag = (6(w) + 6(=v) = 6(u—v) ) Py (I1.1.13)
Thus, R (u) = ¢ (u) 1 + ¢P is a solution of the Yang-Baxter equation if and only if:
O(u—v) = ¢(u) + ¢(—v)

and the only well-known linear function that satisfies the last identity is ¢ (u) = au, where a is

a constant. Giving us:

R (u) = aul + ¢P (I1.1.14)

The constant a can be absorbed in ¢, and by setting ¢ = 1 we obtain ([1.1.1b)). This equation
is a solution to the Yang-Baxter equation in the fundamental representation; a more general

solution (general representation V' = C") can be found.

I1.1.3.1 Oscillator representation and the R-matrix

In appendix({A.1)), the fundamental relations of the Yangian algebra were introduced. We

can use these relations to formulate an oscillator description of the R-matrix. Knowing that

"If one has a solution R (u) of the Yang-Baxter equation, then ¢ (u) R (u) is also a solution.

26



the R-matrices are n x n matrices whose matrix elements are operators valued functions of
the spectral parameter belonging to the Yangian algebra ) (gl(n)). Indeed, the Yang-Baxter
equation provide to define the relations of the matrix elements of the R-matrix which are the
relations of the Yangian operators t; ; ﬁ

We will change the notations in this section slightly; the indices {iy,is, j1, jo} will be the
physical labeling of the operators, and they will be referred to as (outgoing, ingoing) for (i, j),

respectively. From the left hand side of the Yang-Baxter equation, one can write:

<R (u — ) (7@ (u) ® ]I) (H ®R (U)))imz
J1,J2
_ ((u — )0l 6 + 5,1125;5) (R @y, 382,) (G2 R (0),1,)

(u—v) R (u)il,jl R (u)iz,JQ + R (u )zz,jl R (u)il,jg

(IL1.15)

where R is in n x n matrix that acts on a single copy of the space C". The second equality

comes from expanding the product, were we also used:

kth—position 1,005%n

®(k=1) 2 ®(n—k+1)

e xod = | suRi (I1.1.16)
1<m<n

. . k
J1se5]n m

The same goes for the right hand side of the Yang-Baxter equation.

11,82

((H@ﬁ@)) (Rw)@T) R (u- v>) = (=) R (0);,5, R (W), 5, + R (), ;, R(w);,,
Ji.j2

(I1.1.17)

Now, by substituting the left hand side and right hand side in the Yang-Baxter equation, we

find the commutation relation between the matrix entry of R:

[7%<u>h,,-1,7i<v>@,j2]= : (m)wmm o~ R, R(0),,,) (L1

u—"v

which is exactly the same as up to changing R-matrices into t-operators. One can also

show that if we write the R-matrix as generating series of the form (A.1.5)), we find:

min(r,s)
[ROR] = X (R VR -RGTUREY) di
a=1

where R(® means that we take the a' coefficient in the Laurent series defined in (A.1.5). Thus,
the problem of solving the Yang-Baxter equation reduces to the construction of representations
of the infinite-dimensional quadratic algebra ([I.1.19). With the evaluation map defined in

8This section is a derivation from [BFL*11]

27



(A.1.8), we see that the infinite series of the R-matrix diminishes after the second term. With

a trivial change in normalization, these representations correspond to:
Rij (u) = ud;j + Ji (I1.1.20)

where J;; denotes the generators of the algebra in the defining representation which they
satisfy the commutation relation (A.1.1]). In defining the R-matrices, we are going to introduce

a generalization to the system by changing (A.1.1) and (A.1.5), i. e.ﬁ;’(o) not to be equal to
the identity matrix 5;'-, instead we are going to leave it to be 7@;’(0). With the fact that the R-

matrix is GL(n)-invariant (the commutation between R-matrix and the twist operators shown
in Sec(I.1.1))), and satisfy the Yang-Baxter relationﬂ, one can show that:

RO = diag | 1,...,1,0,...,0 m=1,2,..,n (I1.1.21)
—— —\—

m n—m

It is easy to see that ([I.1.21)) is equal to the identity matrix if m = n. According to ([1.1.19)),
we only need to find the matrix elements of R™® since R = 0,Vr = 2. Thus, we write the

remaining coefficient of R™ in the form:

. Ay | B,
RW = | Zab (11.1.22)
Cf‘z,b Da,B

where A, B,C and D are operator-valued matrices of dimensions m x m, m x (n—m), (n—m) x

m and (n—m) x (n—m), respectively. Notice that the undashed and dashed indices run from:

1<ab<m, m+1<ab<n (I1.1.23)

By inserting ([1.1.22)) in (I1.1.19)), we obtain the commutation relations of the matrix elements:

[Aa,ln Ac,e] = 6a,eAc,b - 6c,bAa,e7 [Aa,ln Bc,é] = _5b,cBa,Ev [Aa,ba Bé,c] = 6a,cCE,b

I:Bajn Bqé] = 07 [Ba,Ba Cd,b] = 5a,bD&Ba [Oa,by CE,e] =0 (11124)

)

[Da,?)a Lc,e] = [Da,E>Lc,é] = [Diz,l_)aLE,é] =0

I will show here how to find the first and last commutation relations; the rest follow in the same
manner. To obtain the first relation, we set r = s = 1 in , then for convenience we
rewrite the indices as i — a,j — b,k — ¢ and [ — ¢, notice that we are in the undashed sector
of , given us the commutation relation of 7@212 = A,p. On the other hand, if we
look for the commutation relations of D, in (LI.1.19)) we notice that the labeling of order zero

9If the R-matrix satisfies the Yang-Baxter relation, then GR (u)F where G,F € gl(n) also satisfies the

Yang-Baxter.
ONotice that ([1.1.21)) is equal to the delta function in the undashed sector.
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are Rk I R or Rk I these elements are all zeros since we are not in the undashed sector of
(11.1.21)), glvmg us the last three commutation relations in ([1.1.24)). It was realized in [BEL™11]
that the resulting algebra in (I1.1.24]) can be realized as a direct product of the algebra gl(m)

with m(n —m) copy of a harmonic oscillator algebra:

gl(m) @ HEMn=m) (11.1.25)
By introducing m(n — m) independent oscillator pairs (ba s, bzﬁ), where a = m + 1,...,n and
b=1,...,m, that satisfy the commutation relation:

[b&,babl,é] = 0a,e0p,c (11.1.26)

The connection of the algebra (I1.1.24)) to the product (II.1.25) was established in [BFL™11]

where they defined an evaluation homomorphism map from the infinite-dimensional Yangian

algebra ([1.1.19)) to the finite-dimensional algebra ([[I.1.25) which reads as:

( U(Sa’b + Jb,a — ZC pt1 (bl Cbcb + 15(1 b) ‘ bl}(‘, )
_ba,b ‘ 5@,13

Ri12..p} = (IL.1.27)

I1.1.4 Coderivative: the operational description of T-operators

The differential method of constructing T-operators was first introduced in the work by Kaza-
kov and Vieira [KV08|. This approach stemmed from how the R-matrices were defined
using the permutation operator P. The concept presented in [KV08], involved rewriting the
tensor product from the operational description in ([I.1.3a)) using a differential operator in-
dependent of the representation used in our auxiliary space. The operator is referred to as
Coderivative. An aim of this approach is to reduce the terms influenced by the representation,
among other reasons that will be detailed later. With that, the definition of T-operators was
transformed into a set of operators that act on an object described by the representation.

As a start point, let us introduce the Coderivative operator:

D& f(g)==5®f (7 )\

) (I1.1.28)
(6204,[3:1 Ea,ﬂJa,ﬁg>

a—
- u

where f is a N-tensor valued function of the twist operator g, i.e. f (g );11;22 ZJI]VV , Japis a GL(n)

generators and {¢|J) = 3.0 ;| €a,sJas denote the inner product. To help us understand how

e—0

one can rewrite T-operators using ([1.1.28)), we first need to see the action of Coderivative on

pa (g). Using (I1.1.28)), one obtains:

D®px(g

7.7

- . b
leJm ® <agﬂe

= Z Ji; @7 (Jji) - pa(9) = Pia (I®pxr(9))

]

( w08 o 'g) |a=0

wpasm (o) L 5 (g)) oo (11.1.29)
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Notice that the action of Coderivative on the twist with an arbitrary representation (\) pro-
duces a generalized permutation operator, which appears in the definition of the R-matrix with
representation (\) in the auxiliary space (II.1.3bf). This allows us to replace the generalized

permutation operators in ([I.1.3a]) with D.
The next logical step is to check the action of two Coderivatives on p, (¢). Thankfully, the

Coderivative operator obeys the Leibniz rule:
D&(f(g) h(g) = (D®f(9) U@h(9) + IR F(9)- (DBR(g))  (1130)
Thus, by acting with a second Coderivative on ([II.1.29)), one obtain:

DR®D®py(9) = D® (Pop - (I®px(9))) = Py - (15@ (I® pa (9)))
=PorPiy- IR®I® pa(g))

(I1.1.31)

In this relation, it is evident from the right hand side that we have a reversed labeling of
our physical spaces when using D. By induction, one can show that an arbitrary number of

Coderivatives acting on py (g) will produce a set of permutation operators:

E®N &® P (g) = PN,APN—L/\ .. .731,)\ : (I[®N (029) P (g)) (11.1.32)

Thus, one can think of reformulating the T-operators in terms of Coderivative by replacing the

P-operators with a Coderivative operatoﬂ. The T-operators takes the form:

TN (u) = <u1_|_f))®<u2—|—D>®"'®<UN+[)>XA(9)

N ) (I1.1.33a)
= (Uz + D) ®xx (9)
i—1
Where u; = u — 6;, And x) (9) = tr (pa (9)) (I1.1.33b)

As mentioned at the beginning of the section, is a description of T-operators with
the differential operator D that acts on the character of the representation . The two
definitions of T-operators provided in and have a conceptual difference in
constructing T-operators, which are built using R-matrices which correspond to spin in our spin
chain and then take a trace on the auxiliary space, whereas the latter starts with the character
of our system, and spins are added up by the action of the Coderivative on the character E
With the help of D, one can: use the fact that we have a Wronskian expression of symmetric

T-operators T (1%) (u) to describe a more general representation of a T-operators 7™ (u), this

1When replacing the P-operators with Coderivatives, one should not forget about the flipping in the Hilbert

space, as we have shown in ([1.1.31]).
12 Also, from (I1.1.33a) or (I1.1.3a]), one notice that these operators are polynomials in u

S

—_——

137(5) () is a T-operators with a symmetric representation in the auxiliary space; (1,s) = 1 ---] |

refers to the number of (rows, columns) respectively of the representation (as shown in Fig. [[1.3)).
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was well documented in [KV08] (check [Leul2|] for a more detailed discussion). Also, it allows
us to describe fundamental objects from the generating series of the symmetry character called
(Q)-operators, these operators were described in [KLT12] using Coderivative (they have managed
to show the computations of (Q-operators reduced to a combinatorial description of permutation
diagrams). In this PhD, we will use this operator to provide a proof of the Yang-Baxter equation
with a general function of the twist f (g) in the auxiliary space (see Sec([L.L.5)). Then, in
Sec, we will show how to obtain a nested T- and (Q-operators from the two descriptions
(oscillator and differential) and prove that the two results are equivalent.

I1.1.5 Coderivative and the Yang-Baxter equation.

Now that we have , one can ask about the family of functions that satisfies the modified
Yang-Baxter equation using the Coderivative operator. This question was answered in [KLT12],
where it was obtained by the action of Coderivative on an arbitrary collection of the character
(that was a consequence of the properties of the R-matrix). In this section, we will provide a
formal proof of the question using Schwartz’s property of the differential operator.

This can be proven by taking the first step of rewriting the Coderivative version of the
particular Yang-Baxter equation (a Yang-Baxter equation with one auxiliary space and two
physical ones):

1,02 A\ ke ~\ k2 A\ 2 AN Sk k

Ry, (u—0) (u + D)j1 (v + D>j2 flg) = (v + D) . (u + D) . Ry (uw—w) f(g) (I1.1.34)
where the indices {i1,is, 1,72} are the physical labeling of the operators, and they will be
referred to as (outgoing, ingoing) for (i, j) , respectively, whereas the indices {ki, ko} will refer

to a contraction between the operators. An expression like (u + ﬁ)g read as udq g + ﬁg
The proof of (I1.1.34)) boils down to the nontrivial identity we obtained in Appendix(B.1.1)).

In the appendix, we collected the terms of all the powers of the spectral parameters in ([I.1.34])

and found out that the only nontrivial one to be Ez

- )= (50 ])sw (1.1.35)

Proof. of (I1.1.34])):

>
First, notice that the matrix coefficients of the operators ]%1% and ]%%) has a permutation that
><

exchanges the outgoing and ingoing labeling of its physical spaces respectively. For generality,

>
4The diagrammatic representation of operators I%,], [}]%, l%l% read as (b,H,P (D ®ﬁ) , (ﬁ ® ﬁ) 77) ,
>

respectively.
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we assumed a function of the twist f (g) to be on the auxiliary space, using (I1.1.28|) the left
hand side of (I1.1.35]) reads:

11,12

>

J1,32
0 0

= 6’_6% (f (9 + (edjris + OJjp iy + €004 j1 Jjrin) g+ O (¢2) L0 (62)) (11.1.36)

- f(g + <5Jj2,i1 + ¢Jj17i2 + 8¢5i27j2 thil) g+ @ (¢2) +0 (82)>) |€=¢=0

To elaborate, the second equality was obtained by taking the multiplication of the Taylor
expansion of the exponential functions and leaving only the terms with degree one in ¢ and
¢. Assuming that f € C?, this will help us in writing as a differential function using
directional derivatives. For example, the matrix coefficient of the term (.J;, ;,¢) from (II.1.36]
reads:
851 kg Sigum
(T2 = (Jjuia) 2 gt = 65, 091
<
Using that, we can write ]%]% as:

E0ky j1Gpy + POky joGpy + €Dy j1 Oy 1y Gy | +
k.th gkl)k2

02 ' '
Z —f lsgb (5k17j19222) <5k3,jzg;cl4)

k1,k2,k3,k4a agkl’kQ agk3’k4

L0 () +0 (52)> le—omo
(I1.1.37)

The same goes for %)]% up to changing the indices (iy < i3), (j1 < j2) and (¢ < ¢), the last
<

exchange is permitted; scene ¢, ¢ are dummy variables. After collecting the terms together, one
finds:

IEEB - [}]_;) f(g) = Z aga—f(éil,jlékl,jzgliz - 5i2:j25k1,jlglicl2> (11138)
> k1,k2 ke

In the last expression, we notice that we have a free Kronecker delta (a Kronecker delta with

no index k to contract with another function), and they are labeled with the first or second

quantum indices (i1, j1), (42, ja), respectively. To prove the equality in (I1.1.35)), one can easily

do the same steps as before for the right hand side of and obtain the same result as

(T.1.39).
0
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II.2 Q-operators

In the study of spin chains, one key object is the Q-operators, a family of commuting T-operators
that commute with T-operators (and hence with the Hamiltonian), these operators were heavily
studied in the literature, some of the references about the subject are: [KLWZ97, (GKLT11),
Tsul3] where they generate the Q-operators from the Bethe algebra, and [BLZ99, Tsul0),
KLV16] showing the various functional relations these operators satisfy and there connection
to Bethe Ansatz. This section will be a review to two different constructions of (Q-operators,

but let us first mention that they allow us to express T-operators via the following Wronskian

determinant:
TV () = xalg)u™ + ... (I1.2.1a)
2A1 1 21 2\
A WO Qi
; @2*@5?*” w wTOy T way 1@{‘;?2 ()
n n+1@{2kn—2n+2 (U,) )\n n+1@{2)\n 2n+2] (u) o >\n n+1@{2/\n—2n+2] (U)
A —k+1 20 —2k+2] )
oC , I1.2.1b
( ] @{ J.ke[1,n] ( )

where the oc symbol is a normalization factor that is fixed by (which sets the coefficient
of u™ to x(g), as follows from the definition ([1.1.33al)), and zy,...,x, are the eigenvalues of
the twist operator g EL The Q-operators are hence directly related to the Hamiltonian, and they
provide a way to diagonalize the Hamiltonian, known as Wronskian Bethe equations [CLV22].

The operators Q{ i (u) that appear in this expression are the single-indezed ()-operators, as
opposed to multi-indexed (Q-operators Q{im%_} (u) that we will also introduce, and which will
be labeled by arbitrary subsets {ij,is,...} < {1,2,...,n}.

It turns out that the minors of the determinant play an important role (which will be
used in Sec). To exemplify this idea, let us take an arbitrary subset {iy,is,...,ix} ©
{1,2,...,n} and some weights 1 = o -+ = py (associated to a representation of GL(n)), one
can define the minor

(K1 yeemshie) (u)

{i1,i2,-ik}

= xu () ut+ ... where ¢ = diag(z;,, iy, ..., i) (I1.2.2a)

( ,u,g Z+1@{2Mg 20+2] (U))

o (I1.2.2b)

jlelk]|’

where d is the degree of 7’: P f)} (u) as a polynomial in , and we see that the normalization

factor is now given by the character of a GL(k) element § with eigenvalues x;,,zy,,. .., z;,,

5In this thesis, we will address the case of the twist with distinct eigenvalues, i.e. z; # x; if i # j.
I6Notice that d itself is an operator, in the sense that the degree of the polynomial varies from one sector

to another in the Hilbert space. One can view all T-operators Q-operators, etc. as block-diagonal (where the
blocks correspond to the number of spins pointing in each direction), and in each block d is an integer multiple
of identity. Hence it is conceptually easier to restrict equation to any of these blocks, and see d as an
integer. For more details, check out the discussion on conserved charges in this section.
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acting in representation (g1,...pug). In (11.2.2a]), the number %k of elements of the subset
{i1, 49, ... ik} < {1,2,...,n} is sometimes referred to as the nesting levell"|
A case of particular importance is when (pq,...,ux) = (0,...,0), and then it defines the

(Q-operators:
0,...,0
@{21,12, ,zk}( ) 7;517@7 )Jk} (u) . (1123)

I1.2.1 Constructions of the nested T-operators

Let us now hint at two of the constructions that can be found in the literature, that shows these
Q-operators do exist and are polynomial, by explicitly constructing them. One construction

[KLT12] was obtained from the Coderivative, by constructing explicitly an operator as (we will

motivate this expression in the subsection [[1.2.2.3)):

N
Testh = Mmoo @ (uen-keD) L[] we @ 024)
Zjl *>' 33]'1 i=1

J#{in i, ik}

Zjnfkﬁl/xjnfk

(where we remind that § = diag(z;,,2s,,..., 7)) and w(z) = >, X(s)?° is the generating
series of the symmetric character. Finding out that this operator obeys , and the leading
coefficients in u is fixed by .

Another construction relies on finding an explicit infinite-dimensional representation and
an R-matrix such that the nested T-operators of is equal to the trace of the product of
these R-matrix (times the action of twist in the representation). This construction was written
in a series of papers (including [BLMSI10],[BFL11] and [FKT21]) and we show below how to

rewrite it in terms of Coderivatives. It follows the three following steps:

e The determinant in (II.2.1)) reads Z H m)“ ”1(@{2)"5 26+2] (u) In this sum over

o Le[1,n]
permutations o, it turns out that each term can be written as a trace of product of

R-matrix (times twist), and the authors explicit this R-matrix in terms of oscillator

representations.

This step can easily be rephrased in terms of Coderivatives: the character x,(g) of
(11.1.33a) turns out to be equal to ‘(xj”” g . /HKJ z; — z;). One can expand

this determinant, and we denote XE\ )( ) =1lepm® i‘EZ)n Z/ [Li-;(xzi — ;) so that we

obtain xa(9) = X, (~1)7x(9), hence T (u) = X,(=1)° @, (u + D)\ (9). We
will not need it in the present discussion, but it turns out that an infinite-dimensional

representation and an R-matrix can be found, which are associated with the character

X (9).

7By contrast, some authors refer to n — k as the nesting level.
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The second step is to take a limit where only a subset of factors survive in the product
[ Teepng a:’\f EHQ{Q)‘Z 26+2] (u) (which is the product exhibited in the previous step for a
fixed permutatlon o).

More precisely, we set \; = pt;_n+x +n — k when ¢ > n — k, which means that in the last
lines of (IL.2.1)) the powers of x; (and the shift of Q-functions) are the same as in ([[1.2.2)),
namely (Ap_gr1—n+k,... ) \v—n+1)=(ug,... 06 —k+1).

We moreover focus on specific permutations ¢ in this determinant: if we denote the set

[, n\{i1, 2, ... ik} as {J1,...Jn_k}, We chose a permutation sigma such that o(1) = ji,
o(2) = jo, ..., o(n — k) = jo_x whereas the last terms (o(n —k +1),...,0(n)) form an
arbitrary permutation & of {iy, s, ..., i}

Then, when we take the limit \; — oo for each i € [1,n — k], we see that the product

o e+1 [2A 2e+2 — 041y [2000—20+2]
Hee[[ln]] Z @{ 0) ()reduces to Hze[[m]] 93?:@) Q{zdé (U)-

Indeed, the rest of the product is limy, oo [ [pepn sy @ xe” a+1@{2,\a+2a+2 (u) which is an
overall 6 independent constant, which we normalize ouﬂ

It turns out that in this limit, the R-matrices have a well-defined limit; hence, the result
can be expressed as a trace of the product of R-matrix (times a twist). This expression
in terms of R-matrices was expressed in [BLMSI10] for GL(2), where it is introduced as
a A — oo limit as in the above paragraph. By contrast, at higher rank, it was introduced
in [BFL™11] and [FKT21] without a A — oo limit, Appendix gives slightly more
details on this construction and shows that it coincides indeed with the limit where A,

Ao, ..., An_ are infinite.

The third step is to perform the sum over the permutation &, which allows to recover the
right hand side of (I1.2.2h)).

(150 bk

If we rewrite this step in terms of Coderivatives, it expresses 7?1.171.27“%} (u) as
N
T () = Y1) Mim ) (ws+ D)7 (9) (112.5)
’ Ansz—wo -

But if we recall the definition of XE\U) (g9), and the above relations between A and p and
between o and &, we obtain thaﬂ

_k _ An—k+2k—n
(det g)" g thl gtk

(o) o J1 Jn—k () (=
Xx (9) = X, (9) (11.2.6)
A H1<a<b<n—k (x]a x]b) Hl<a?2kk (x]a i)

18The normalization follows exactly as described in Sec 1) or Sec(|[1.2.2.3)) for detailed calculation.
YEquation ([1.2.6)) follows from the definition of the x” and of A and of o, which give

Pl gtk pnnel ek
3 (9) = " hor ey e ,
[Ti<cacven—i (Tju —5,) HKZ?E;’“ (@50 = i) [ licoemer, (@0 = i)
p1+k—1 . Mk
and Xﬂ( ) = ol -

H1<e<m<k (xtz x’im) .
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hence

N R (det g)" F gkt O P
TEMZ ..... ulk) (u) = Nlim (Uz _|_D) i b X, (9)
{1,020} Ao g? [ icacbns (T — 75) Hlfajn—k (25, —x3)) ™"
An ;;HOO o
(I1.2.7)

The way of writing the character as in ([I.2.6) will show to be a key step in the argument of

equivalence between the two constructions of ()-operators.

I11.2.2 Relation between these two constructions

In the present subsection, we will show that the two constructions hinted in the previous
subsection actually match.
To this end, we will first intruduce a new diagramalcal notation to help us show that ([1.2.4)

found in one of the two constructions:

I1.2.2.1 Diagrammatic expressions from the Leibniz rule

Before we go any further, we notice that (I1.2.4)) and (I1.2.7)) involve Coderivatives of products of
multiple factors. We will now see that such an expression can be expressed via some diagrams:

To start with, let us consider a product of two scalar factors A and B, and let us compute
RN, (uz + D) AB at lengths N = 1 and N = 2:

At length one, the Leibniz rule (II1.1.30]) gives <u1 + D) AB = <u1 + D A + > AB, which

we shall write as (‘ m w) AB where —

u; (resp B . At length two, <u1 - D) <U2AB + BDA + ADB) involves a Leibniz

reSp B
rule Where the Coderivative can act on either of the two factors of each term. We therefore

, Tesp ’ dB ‘ denotes a factor

obtain:
2 R i 1 i 1 i 1 ! 1 1 1
®<ui+D)AB=< w | u |+ | ul|dA + ] u|dB|+ |dA| u | + |dB| u
im1 I I I I I I I I I I
1 1 1 1 1 1 1 1
+ [dBlaA] +| A |+ [da]dB| +| &8 DAB, (I1.2.8)
1 1 1 1 1 1 1 1
! 1 ) 1 1 .
where for instance | u |d.A| denotes u;l ® DTj“, whereas |dB| u | denotes % ® usl, and
I I I I
d* A | denotes 2 AA

Before we give the general statement for the outcome of Leibniz rule, let us also consider

length N = 3, but now for simplicity we omit the u;:

. ! ! ! 1 P ! ! ! ! ! !
D®5AB = (] &PB |dA| + | A [dB] +] BA |+ [dB| LA
1 1 1 1 — 1 1 1 1 1 1
I I 1 1 P — 1 1 ! I 1
+| @A [dB] + | @B [dA|+|  &#B |+ |dA| &£B >AB, (I1.2.9)
1 1 1 1 — 1 1 1 1 1
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1 P ——

where d® B denotes %, and where the crossings of external legs in | d*A |dB | keep
I p———
track of the ingoing and outgoing indices: the matrix coefficient at position (i1igis, j17j2J3)

n is (42 A) (dB)"2.

At this point it becomes clear that for an arbitrary product of factors fi fs ... fi, the Leibniz

rule allows to expand ®iV:1 (uz + 15) fifa- .. fr as the sum of (k+1)" diagrams: each diagram
is characterized by a partition of [1, N] into k + 1 sets: Agu Ay -+ 1 Ag = [1, N] and we
associate the legs with position in A; to d fi, the legs with position in A, to d fy, etc. and
the legs with position in Ay to factors u;I. For instance, in ®f:1 (ul + ﬁ) fi1f2, the term

1 —_— 1
associated to the partition {1,3} 1 {2} L {4} corresponds to the diagram u |dfi|dfa],
I e I

which means u;uszl ® ff1 RI® sz.
And we have to remember that the sum of these diagrams is multiplied by fifa... fr (in
the same way that there were overall factors AB in ) and m

11.2.2.2 Equivalence of the two constructions

Following the previous subsection, the equivalence of these two constructions would amount to
the equality

Nlim ®<u1+n—k+D> [ﬁﬂl_x Xe (9)

Zn—"l/le i1 i Rl iZjq
Zjn_k_;l/l’jn_k N ) (det g)nfk l'>-\1+k_1 o ZZ')-\n_k+2k_n
= Mim (U + D) - o §) (11.2.10
)\1?00 ZQ:? Z H1<a<b<n—k (xja - ij) Hléa?n—k (xja - xq)Xﬂ(Q) ( )

An—k—>00

This equailty will follow from Lemma(l.1.2). In the previous equation one can see that the
polynomial produced is not monic in w. Thus, the normalization in Sec(l.1.1) can be fixed
according to ([[.1.13]) using the highest coefficient in v from ([1.2.2a)).

11.2.2.2.1 Polynomiality in A

Let us now conclude, from the way that limits are defined up to a normalisation, and from the
above expressions of the Leibniz rule, that in the right hand side of , we actually take
the limit of a polynomial function of the A.

When we express the right hand side of ) from the Leibniz rule as above, it gives

(detg)n kA tk—l  An_pt2kon
a sum of diagrams, multiplied by the factor i — Tk Xu(g) (which is the
H1ga<b<n—k(xja x%)Hl?a?n;k
<<

>\1+k: 1 An—k+2k—n
' ;Ejnfk
are the only ones that contain A, whereas in the diagrams, we only have polynomials in \.

product fi ... fi. of the previous paragraph). In this product, the factors x;
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Indeed, it turns out that there exists polynomial?’| P, ;(\) such that D"z} = P,;(\)z}, and
this polynomial is expressed by recurrence as P;;(A) = Ap; and P, ;(A) = AP,_1,(\) ® p; +
ZA)Pn,M()\) (this last equality follows from the Leibnitz rule when we differentiate P, ;(\)z?).
It follows that in each diagram, the factors dkxj‘ = P, j(\) are polynomials in A, and hence we
are in a condition that allows to apply the therom.

It follows that the right hand side of ([1.2.10]) is equal to

N A (det g)"_k H":]f - L
Nlim (u + D) =1 1% 2 () (1L2.11)
zh_"l/xﬂ'a z<>=§1 H1<a<b<nfk (xja - ij) Hlélﬁz—k (xja — Ti,) !

Terms that do not contribute to the z; — 1/z; limit

Let us show now that is also equal to

N . (det g)n_k Hn:’f 1;
Nlim (u + D) =11 Ty (G 11.2.12
zjl_).l/z]'a g ngi?ggk (xja - x’l[) M( ) ( )

Zjnfkﬁl/xjnfk

i.e. that the factors ﬁ are completely irrelevant:
ja Ly

To this end, we should first notice that in (II.2.11)), ([1.2.12)) the action of Coderivative

gives a rational function of all z;. The limit z; — 1/x; simply picks the coefficient of the most

singular term in its Laurent series. To identify this coefficient, the first step is to understand
the multiplicity of the pole at z; — 1/x;.
As one can see from the right hand side of ([1.2.4]), (II.2.11)) and (I1.2.12)) there are poles

that come from the limit z; — i These poles come solely from the factors 1—3; - and their
£7I¢

derivatives. Whereas the rest of the factors and their derivatives are C* in the vicinity of %,
J

they do not contribute to the singularity.

The degree of a pole is sector dependant, i. e. it varies from one sector in the Hilbert space to
another. We will call “sectors” the subspaces spanned by basis vectors |Vy) = |k, Vky, - - -, Uy )
where a fixed number of factors vy, is equal to each v;. Such that, in the eigenvectors of basis,

91,92, ---,9n read as ¢, |Vy) = xy, |VN>|ﬂ. Then, a singularity at z — % comes from a factor

d*—L— (the notation of derivative d is introduced in Sec([1.2.2.1))). This can be explained by

1-z;2

1
1—x;z;

as a matrix element of the operator W—%‘)’ such that —2 - = vyl (%gz) [v;).

viewing =,

20Note that P, ;(\) is an operator valued polynomial, ie the coefficient of each power of \ is a complicated

function of g.
21The parameter p; is the projector on the eigenspace associated with the eigenvalue z; and is described in

Appendix.

22For a chain with N spins in it, g¢ = I @ g @ IFWV—¢+1) refare to how it act on a vector |[Va) of the
Hilbert space.
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Then, we write the matrix coefficients of an opeartor d" m as:
v 1 G(U(k) k) o)
i Vi | ——————— vy, .. = 5ok 11.2.13
<U 1 (¥ N| det (1 o gZZ) |v]1 U]N> O-;N IH :L‘ng Jk ( )
1, ifk>=0
The expression on the right hand side of ¥ ————— ; was found in IKLT12], 6(k) = O’ ?f k<0
, ik <

is the Heaviside step function, and the sum is taken over all permutations in Sy. This relation

tells us that when you act by d on a vector |Vy), the highest multiplicity of a pole

1
det(1—gzp)

the sector with the highest multiplicity. Other secotrs have lower degrees due to some of the

1

det(1—gzg)

when z — xi comes from all of the factors of d™
J

when acted on |vj,...,v;), that being
factors acting on different vectors.

To a non-negative integers mq, mo, ..., m, such that >, my = N, we associate the sector
Stmy,ms,..,my) spanned by all the basis vectors |v;, ... v;, ) such that Vk € {1,2,...,n} : my, =
#{pli, = k}. As pointed out in [KLT12], this is a conserved number, which can be produced
by an operator M; such that M; |Viy) = m; |Vy). This operator is a conserved quantity of the
system, where:

(M. P] = [0, ) (w+ D) f(9)] =0 (11.2.14)

The first commutation is straightforward due to the fact that P does not change the number of
charges in the sector, as defined in ([.1.3a]). Also, ®Z 1 <uz + D> f (g) is made of permutation
operators and operators which are diagonal on the same basis as the twist g. That is why we
have [M;, @, (ui+ D) f (9)] =

Now we are ready to compare (I1.2.11)) to (II.2.12): When we expand the Leibniz rule of
both expressions, as in (I1.2.8)) and (II.2.9)), they differ by the factors

as some factors d--

which appear both

Tjq —
is several diagrams, and as a global prefactor (m the factor fifs... fx

Jb
that multiplies the sum of diagrams). The contribution as a global prefactor disappears when

we take the limit, because this limit involves a global normalisation which forces the leading
order term to be given by (I.2.2a)). Therefore, expressions ([I.2. 11|) and ([1.2.12)) differ only by

some factors d

is itself made of several

is several diagrams. The expression of d —

Ja = ]b Ja

terms, and each term contains a p;, or a p;, or the (potentially 1terated) derivative of the p,,

ZT;

or p;,. It follows that such terms give zero on vectors |vy, vy, ...y, ) unless there is at least
one ingoing leg that is attached to a v;, (or vj,). But if this is the case, then the corresponding
——— (or d~ —) hence the corresponding

Ja~Ja Jb

term is subleading in the z;, — 1/z;, limit (or in the z;, — 1/x;, limit) and such term does not

ingoing leg is not attached to a diagram d-

lfmjbz

contribute in the limit.

Therefore, when we take the limit, we obtain the equality between and .
The exact same argument can be applied to the left hand side of , where it allows to
When i = Jp (ie an index of [1,n]\{i1,7s,...,ix}) for a b # a. Then the

left hand side of is equal to lim ®i:1 (uz + D) [szlf 17; — H]Z:I 171} —Xu (g)]
Ja~Ja w*la

drop the factors ;
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Therefore, the proof of equality reduces to proving the equality

N n—k k
. 1 1
it ( n—k D) [ [ i
Nlim @ U; + N + Lzl 1,2, 1— 5,2, Xu (9)]

Zj1 Hll/Ija i=1 -1

s N (e T
= th ® (’UHL + D) H1< . (I Ja%ja Xﬂ(g) (11215)
asn j

#1250 — Ty,)

Il

Zjn—k_)l/xjn—k

At this point we have to use the relation D det g = det g, which allows to rewrite the right

N I
hand side as lim QN <uZ +n—Fk+ D) data oy (9)-
zjy = 1/7j, M (%a—wi)
. 1<asn—k
<<k

Zjnfk_)l/a:jnfk
1

——— (in the left hand side) compared to

Next, the expressions only differ by factors

ie Ja
— 11 (in the right hand side). Therefore it only remains to show that factors ——— can be
Ja ip Ja 1y
replaced Wlth zj without changing the limit, exactly like we showed previously that the
’LE a
factors o=, can be dropped to obtain the equality of ([1.2.11]) and (I[1.2.12]).
a b

To this end, we have to consider the quantity d” - ix , which itself contains several terms:
if all Coderivatives successively act on the z;, (and its derivatives) and never on the z;, then we
obtain the same as limzja_, 1 drl/zj—_m, because Dzj = 0. Whereas if at least one derivative
acts on xz;, (and the next Coderwatlves potentially act on the result), then we get terms that

contain p;, in at least one of the outer legs. As discussed above, such terms are subleading

and should be dropped. Hence we can replace each factor p” ix with ; = 1_@,, which can be
1 a 7 a p

e , and the factor ZL is not impacted by Coderivatives hence it is absorbed
wla Ja

into the normahsatlon when we take the limit.

written as —

T{(glz’Q m;)} coincide, i.e. that the two

above constructions of nested T-operators (and of nested @Q-operators via (I1.2.3])) do coincide.

This concludes the proof that the two expressions of

I1.2.2.3 Derivation of ([1.2.4)

This discussion was motivated by Appendix C of [CLV22] for a single-indezed @QQ-operators. We
are going to capitalize on that idea and deduce the nested T-operatorsin and multi-
indezred ()-operatorsin . To be more precise, we will show that nested 7T- and -operators
are only dependant on the nested character and the generating series of the removed eigenvalues.

To start with, if we use Lemma to isolate terms with factor 7" in ([L.2.1), we obtain
that:

)\2 1@{2)\2 2] ( ) ,\2 1@{2)\2 -2] ( )
Nlim >° TV (u) 2t = (I1.2.16)

a=l/m 2, M n+1Q 2An—2n+2 (u) ah= n+1@ 2/\n—2n+2] (u)
{ ... {

where the right hand side differs from ([1.2.1)) by the removal of the first line and column of

the determinant.
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If we iterate the process and denote A = (A1, Ao, ..., An_g, 1, - - -, M) similarly to section

11.2.1¥°| then we obtain:

(11 eyt _ _ . \) Nn_k
Tty (w—n+k) = Zi\ili]/r?h Z . Z T 2 (I1.2.17)

)‘jl =0 /\jn—kZO

Zjnfkﬂl/x]’nfk

N A \ N
. j In—
- th_ ® <um + D) Z Zjljl e ‘ZJ}Hc]C det (X(Arj”ri) (g)>1<ij<n
2]1—>‘1/;v]1 mel A 20 )
Zj"_k_;l/xj"_k Ao k =0
where x(x;—j+i)(g) is the character in the symmetric representation representation (s) = (s,0,...),

and where we used the Weyl formula express x,(g) as det (X(,\j,jﬂ) (g))1<ij<n.
The right hand side of (I1.2.17)) is made of coderivatives of the following determinant:

by Ajn_
Z Zhh - 'Zjnj—kk det (X(/\j—j+i) (g>>1§i,j<n
AJIZO
)\Jn k>0
Z,\lzo 1 XAl (9) c 230 Z;\;X)\l'i‘n—l (9)
_ Z)\n =0 ]n X)\ _g—n+k+1 (g) an k=0 ]n kX)\n kt+k (g)
Xpr—n+k (9) . X +k—1(9)
Xpp—n+1 (9) - X, (9)
w (zj,) cw(zy) /A
n—k—1 k
_ P W (zﬂ'n*k) e W (Zj"*k) /zj"*’“ + regular terms
Xp1—n+k (g) e Xp1+k—1 (9)
Xue—nt1(9) -+ X (9)

where the reqular terms are boundary terms for the sum over A. For instance, for the top-right

coefficient of the matrix, one has

Z])'\11X()\1+n—1)(g):< Z - 2 )(Z;\llx(/\l-i-n—l)(g)) (I1.2.18)

A1=0 A1=1—n A=1—n

and ZR:Q z])-‘ll X, (9) /,zj’\l1 gives one of the regular terms. We call them “regular terms” because
in the limit z; — 1/x; these terms (and their coderivative) have no pole (unlike w (z;)), hence
these terms do not contribute to the Alim in (I1.2.17)).

Z3The reader may notice a slight change of convention with respect to section [[1.2.1| where the convention was
A=A, Ak i1 0 —k, oo uk + 0 — k).
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The previous discussion compresses ([1.2.17)) to:

N ~ (Zg;bw (Zja>> 1<a<n—k
7}5’;;’2”}?&)} (u —n+ k) = Nlim ® (um + D) be[1,n] (11.2.20)
Zj1—>:1/xj1 m=1 (X(/Jzafk—a-i-b) (g))n_k+1<a<n

: be[1,n]
Zjn—k _)l/xjn—k

where the generating series factors out from the determinant, and due to the properties of the

determinant, one can deduce that:

b—a
($ja )1<a<n_k n—k

s =TT @) (11.2.21)
(X(Aa*a+b) (9))n—k+1<a<n a1
be[1,n]

where ]_[gj (.7:]1;“) is a prefactor of the removed eigenvalues, and x,(g) is the nested character.
From the discussion in Sec([[1.2.2.2)) for the non-contributing factors of the limit, we know
D®N . T% (z;%) is subleading when taking the normalized limit. After shifting the spectral

parameter u v~ u + n — k, we end up with ([1.2.4]).

Proof. of ([1.2.21)):
The equality in ([1.2.21)) stems from the fact that we have two equivalent definitions of the

character: the CBR and 15" Weyl formula:

X5 P (g) = ‘(xmj_i)l@,j@ (I1.2.22a)
‘( 7
xT .
W (g) = (I1.2.22b)

A(z1,...,x,)
The steps here have already been done for ([1.2.17)), but we will do the steps precisely in order
to find the prefactor in ([1.2.21)). Starting with taking the infinite sumﬂ of (I1.2.22a):

(z(zl;bw (Zja )) 1<a<n—k

YOS (g ) = belLo] (I1.2.23)
A120 (X(ua,kfaer) (g))nkarlSasn
: be[1,n]
An_e =0

The next step is to eliminate the singularities of the expression when taking the limit. We

propose the normalization factor (1 — xz), which will E read as:

(:L'?‘a_a) 1<a<n—k

be([1,n]
n—k \ n—k (X(ua_k—a+b) (9))n—lg+11<a<n
lim H (1—x,,2,) 2 XSBR (9) zjll . zjn"_‘: - x;a_l A €lLn]
Zjlﬁ:l/wjl el A0 el (ZL’j17 e 7xjn—k)
SR VT An,zkzo
(11.2.24)

24The CBR formula ([1.2.22a)) is equivalent to ([1.2.1) when N = 0.

BA(x1,...,2m) is defined as [2¢°

1<a,b<m
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The prefactor infrote of the determinant comes from the normalized limit on the generating

series of the symmetric characters:

n—k ank n—1
€T
. . a=1"Ja
lim 1_[ (1—mj,2,)w(z,) = A (I1.2.25)
Zo e (leﬂ S 7'T.jn—k)
Zjnfkﬁl/zjnfk
Using the same steps for the 15 Weyl formula of the character, we obtain:
(n—a)
n— k 1 <6avaja 1<a<sn—k
. Weyl /\1 Anfk _
lim — %, %) X g) 2y = \ be[1,n]
Zjl_),l/le a=1 /\120 A (xj17 MR} x.]n) (xj:+n_a)n_k+1<a<n
: : be[1,n]
Zjn—kﬁl/xjn—k )\,—,_kZO
n—k ( n—a
i Hazl ('rja ) ($Aa+nfa)
- Ja —k+1<a,b<
A(l’jl,...,l'jn) n—k+1<a,b<n
(11.2.26)

One can also write the numerator of the right hand side in the previous equation as:
=A (xjkﬂ, . ,:an) X (), g = diag (:r,'jk“, . ,:an) (I1.2.27)

This will allow us to rewrite ([[1.2.26]):

(:L,/\aJrnfa)
Ja k+1<a,b<n

n— k n—k ~
i Weyl ( X (9)
hm x]azja X Z]1 ..
S 1 X120 a=1 %17.- s k) (11.2.28)
Zink L T An—k=0

Finally, with the equivalence between ([1.2.24) and ([1.2.28]), one obtain ([1.2.21]). O]

I1.2.3 Normalized limit of operators

In the introduction, we manipulated normalized limits of operator-valued polynomials without
thoroughly discussing whether they have the same definition and can be manipulated in the

same manner as normalized limits of complex-valued polynomials.

11.2.3.1 Small size example

To clarify the question, let us start with a simple explicit example: In a gl(2)-spin chain of

length N = 2, the operator Q; (u) defined by equation ([1.2.3]) and ([1.2.4)), is given by Q; (u) =
/\/'lim@_,l/m@fil (u@ +1+ ﬁ) w(zz) . In the basis (]11), [12), |21), |22)), the expression (found

in [KVO08]):

o Ok—o(k) ot
DiED2 . Dfw(z) = ]_[ w(z) (I1.2.29)
Jk

€SN k=1
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allows to write it as:

A0 010

. 0 0
Q1(u) = ZJZ\/'_H}% 0 B : w(zg) (I1.2.30a)

0|0 o|C
where A = (u; + 1_;122)(142 + 1_;1@) Tty (I1.2.30b)

1 1 T122
(ur+7— J(uz+7— ) - -
B ( 1T7 ;r1z?02222 1—x929 (1 113122)(1 zgzg)l >7 (II230C)
(1—z122)(1—z222) (u1+17x222)(u2+17x1@)

and C' = (w1 + ) (e + 1) + 72225 (11.2.30d)

As expected, the block structure is given by the sectors of the Hilbert Space@, which were
defined in section [[.2.2.1

The Normalized limit was introduced in section [[.1.1] by saying that we multiply by a normal-
1sation which makes the limit finite and fixes the leading coefficient of the limit, as a polynomial
n u.

Following this recipe, we would compute the normalized limit as:

10 0 0
0 0
(1= 2920 7 A0 010
y y 0 0
(1—x222)2 B
, ojo o |U=meEl 0 0
Q1(u) = lim @) w(zg) (I1.2.31)
22=1/a2 w(z2 010 0|C
:DQ
(w1 + 1236—2901)(“2 t r2x—2x1) + (332—2271)2 v . v
- ! utnim omewm | (I1.2.32)
0 oy + 2| )
0 0 0 1

We notice for instance that the matrix coefficients of this normalized limit are not the
normalized limit of the matrix coefficients: for instance the normalized limit of the off-diagonal
coefficients of B (in ([1.2.30c]) is equal to one (because they are u-independent), whereas the

corresponding coefficients in ([I.2.32) are - (resp —%2—).

To—x1
In what follows we precise a posteriori the definition of normalized limit for these precise
operators, so that it gives indeed ([1.2.32]) and that the manipulations of normalized limit in

sections [[1.2.2.3] and [IT.2.1] are legitimate.

I1.2.3.2 Sector-wise definition

The simplest way to defined normalized limits for the present article is to notice that we are

manipulating very specific operators: On the one hand, all of them are block-diagonal, where

26This block structure is a consequence of the diagrammatic expression which express T- and Q-operators as
sums of products of permutation operators and diagonal matrices.
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the blocks correspond to the sectors of the Hilbert space, introduced in Sec; and on the
other hand, the normalisation factor which we introduce to make the limit finite is block-wise
proportional to identity.

The block structure (i. e. the statement that the sectors of the Hilbert space are stable spaces
of all considered operators) follows simply from the fact that we always considers operators
which are sums of products of permutation operators and diagonal matrices. This property is
for instance very manifest in (I1.2.29)), and more generally it follows from the Leibnitz rule and
from and .

Due to this block-diagonality, we will only generalise equations inside each
sector. In each sector, we generalize “max; |f;(A)|” (in ([.1.11)) as max; || f;(A)||, where | .. .|
denotes an arbitrary norm. Indeed, we remind that all norms are equivalent in finite dimensional

spaces, and we will only use this norm to capture the scaling (e.g. the multiplicity of a pole).

11.2.3.2.1 Explicit example

For instance in the example (II.2.30)), if we focus on the sector S,1), we use the norm |M| =

> |mi |, and we denote by f; the coefficients of the polynomial P(u) = Z?:o fiu® asin I.1.11,
then we have:

1 1 T122
(T2, (G0, —92) T—2122)(1—2223)
o= e TR () (11.2.:33)
= Yo (Tazs 00 (T —02)
z122)(1—z222) 1—z222 1—x129
L L 90, 0
fi = (Mlszm L ) w(z) (11.2.34)
0 =227 + R —01—02
fo=(59)w(z) (I1.2.35)
2
hence [ fof = 2w(z)l,  [fil = -———lw(z2)|+O1) (I1.2.36)
|1 — IQZQ|
_ (] ENEAEN | [w(z2)|
and ol = (| =25 — 0] + Ltz 4 | L —0n)) 1 OO (11.2.37)
Therefore, max; || f;|| scales like % In order to follow precisely ([.1.11H[.1.12) we can
w(z2)

introduce an « such max; | fi| = « — — this function « is a maximum of several functions of

1—z0z
the eigenvalues and the inhomogeneitieﬂ — which has a finite limit «g when zo — 1/z5. Then

in equations ([.1.11{1.1.12), P(u) is given by
1 o, x1/T2
co = 1_’”1/1"32 1_1’“/“32 ag, ¢ =(§9)ar and d =1 (11.2.38)
2

1-z1/z2  1—z1/22 —0

Then ¢, is proportional to identity, which allows to manipulate it as if it was a scalar in ([.1.12)),

and we get the normalized limit announced in ([1.2.32)), with an overall normalisation factor
1 (1—z2z2)

max; [fi(Mleq — w(z2)

2TNotice that compared to ([.1.11)), the limit zo — 1/x5 plays the role of the limit A — Ay.
2 Notice that if max; | f;| was replaced by another (necessarily equivalent) norm — for instance Y, | f;||, then
the function a would be modified but the discussion would remain exactly the same.
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11.2.3.2.2 General justification

The main propoerty which enabled to generalize the definitions to operators, is
that on each sector the coefficient ¢y used in is a scalar (a multiple of identity).

Let us show that in sector Sim, my,...m,) (as defined in Sec([I.2.2.1))), the normalized limit
involves the renormalisation by a factor:

1 e 1-— Xj,Zja Mja, ~ n—k
max; | fi(A)ea H( | ) /<Xu (g)ﬂw(zj‘a))

a=1 Ja

First let us explain the factor [["_% (1—3537%#?)% We remember that the factor (1 — x;, z;,)"a
Ja*

was identified in Sec(|[1.2.2.2.1)) where we identified the multiplicity of the poles in each sector
of the Hilbert space. The factor # follows from the expression of the terms with lead-

ing degree in u: when we act on a given basis vector |aj,...ayn), we get diagrams such
i

t — i i
as | u |dw(z;)dw(z, dXM(f]) (in the notations of Sec(II.2.2.1])), where the leading dia-
{ { —, {
grams (see Sec(I1.2.2.2.1) are the diagrams such that for each p € {1,2,...N}, such that
ap, € {j1.J2:-- -, Jn-k}, the index a, is connected to the dw(z,,). Among those, one single

diagram has maximal degree in u: the diagram such that for each p € {1,2,... N}, such
that a, € {iy,i2,...,in—k}, the index a, is connected to the u. From the expression ([1.2.29) of

dw(z;,), we see that this diagram has a ng m;,! which comes from the sum over permutations

in each dw(z;,).

Now than we have explained the factor H;j (17%:1#’ we should remember that in the
Ja*

sum of diagrams given in Sec(I1.2.2.1), all diagrams are multiplied by x, (g) ng w(z;,), and

in order to absorb this factor we need a normalisation:

1 B ﬁ (1 — 2j,2,)" () ﬁw(z )
max [0 er L1 R

11.2.3.3 Diagonalizability

In the intruduction, another claim was given to say that the normalized limit would reduce to
normalized limits of complex-valued polynomial:

The claim is that we only consider the normalized limit of diagonalizable matrices M (u, A) =
P~'DP, where the change of basis P is indenpendant of u and of the parameter A (or z;) with
respect to which we take the limit. Denoting the diagonal part as D = diag(dy,ds,...), the
statement is then that Nlim P~'DP = P~'diag(Nlimd;, Nlimds, ...)P.

Although this argument looks rather simple in order to understand what is meant by nor-

malized limit of an operator, we will only sketch its justification, which requires two claims:

1. For each v and A (or z;), the operator M (u) that we consider is diagonalisable.
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2. This operator comutes in itself, in the sense that arbitrary u and ug, and A and Ag, we
have [M(u,A), M (ug, Ao)] = 0. This implies that they are co-diagonalisable, i.e. that

the matrix P of change of basis can be chosen independent of v and A.

The propertyfollows from the fact that all operators of the form @f\;l <ui]I + D) F(xy,z9,...,2,)
(where F' is a scalar-valued, rationnal function) belong to the Bethe Algebra, hence they com-
mute with each other. This property was justified in [KLT12] when F'is a symmetric function
of the eigenvalues x;. For arbitrary functions, one has to take a limit of class functions, as
was discussed for instance in Appendix C of [CLV22] to show that it still belongs to the Bethe
Algebra.

The property (1| is more subtle: for generic values of the inhomogeities #; it is known that
the elements of Bethe algebra do not have Jordan blocks. But there are exceptionnal values
of inhomogeneities for which that is not the case anymore. Therefore, the diagonalisability

argument, works only for generic values of inhomogeneities.
For all expressions of the form @Zzl (um + ﬁ) [F H;;f w(Zg)] — where the rational func-

tion F has no pole when z; — 1/z; — the normalisation factor is [ [7_% 1”’C”¢/[F [T U)(Zg)]

m;
as follows by the very same arguments.

Additionally, if we compute T- and Q-operators using ([1.2.7) instead of (| m then we
identify ~ the normalisation factor — in  the sector  Sunmo,ms) — @S

n—k Atk—1  An_p+2kon =
n—k \mj (det )" ") N X (9)
IIa:I a

Hl$a<bsn7k (m]a _mjb) ngagnfk (‘Ija _xiz> ’
1<l<k

In all cases, what see if that when we restrict to a sector in the Hilbert space, the definition

(L1.2.3HI1.2.4]) make sense with a scalar normalisation factor, which justifies the use of normalised

limits in Sec([[1.2.2.3)) and Sec(|[1.2.1]).
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Chapter I1I

Spin chains with SO(2r) symmetry.
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III.1 Spin chain and Conserved charges

Similar to what we did in the previous chapter, we are going to study integrable spin chain
with a different symmetry. In doing so, we will assume the integrable system in the previous
chapter and change the symmetry of our system to SO(2r). With the new symmetry, we will
give a new formal definition to a differential operator, which allows us to explicitly manipulate
the operators of the system, where these operators are defined in the oscillator description
12779, [Era20].

Unlike the GL(n) case, the new symmetry will prove to be more complicated in constructing
T- and Q-operators with an arbitrary representation in the auxiliary space. It is possible to
write T-operators with rectangular representations in the auxiliary space from a Wronskian
determinant as presented in [FFK21, [ESV20], but it will turn out that finding a differential
discripting (an expression of the T-operators with only Coderivatives, spectral parameters, and

the twist) of these operators is unfeasible.

II1.1.1 The Yang-Baxter equation and 7T-operators

As stated, we are going to assume the same integrable system with the SO(2r) symmetry, which
indicate the existance of T-operators. We saw in Sec that the Yang-Baxter equation is the
fundamental idea in describing an integrable spin chain, and the R-matrices to be its solutions.
The definition of these operators was found in [ZZ79] for the fundamental representation and

it reads:

Where: | Ry, o, (1) = (u + g) (u — g) I+ (u + g) Poastas — (u - g) Qs as (III.1.1a)

2r 2r
Where, i =r—1, P= > Jos®Fsa, Q= D Jop®F, 4 (IIL.1.1Db)

a,B=1 a,B=1
The parameter x is a number related to the rank of the Lie algebra; (P, Q) are defined in the
intruduction and (J; ;, F; ;) are the gl(n) and the so(2r) fundamental generators, respectively.
The matrix representation of these operators is of size 2r x 2r where gl(n) generators obey the
standard relations J; ;Ji; = 0;xJ;; and the so(2r) Hreads Fij=Jij— Jj/JJ.
The construction of the T-operators follows exactly as in Sec and they have the
following definition/relations:

[T (), T@)]=0, T(u)= tr(RN (w) - Ry1 (u)-- Ry (u)) (I11.1.2)

The only notable difference is the building blocks (R-matrix), which will be the reason for
the limited freedom in the form of the allowed functions in the auxiliary space. As it is the
case in Sec(I1.1.2), the Hamiltonian of our system is defined through Fig(IIl.1)), this is the

Tn this notation, the genreator F}; obeys Fy ;= —Fj;, which is defined in [Fra20]. As matrices, the prime

filps the matrix entries X; ; as follows: X;)j = X\_it1,r—it+1; this also means X;/,j =X ;.

49



=k 25:1 -9+ P)k,k-H

Figure II1.1: This is a diagrammatic description of the non-twisted Hamiltonian of a spin chain
with SO(2r) symmetry. This follows exactly like the non-twisted diagram description of the
Hamiltonian of the GL(n) case up to a difference in the derivative of R (k/2) = (kI + P — Q),
which is represented as the shaded circle, and for the rest of the lines, R (k/2) = P.

diagrammatical description of the non-twisted Hamiltonian. Notice that we are taking the

derivative in Fig([II.1) at u = § due to (II.1.1a). The diagramalcal representation of I, P is

in Sec(lI.1.2)), and the Q is represented as:
0 ==
T

Each vector space has a permutation operator due to R (k/2) = P exipt the k' one (where we
have the shaded ball), which has R’ (k/2) = (kI + P — Q). From Fig(TIL.1) and ([1.1.5)), we can

write the Hamiltonian as:

0
H = 2 log (T (u)

N
kI (1= Q+kP), (IIL.1.3)
i=1

II1.1.2 Generalizing T-operators

The process of finding a bigger family of commuting T-operators will be labeled as the general-
ization process of family of T-operators. When taking SO(2r) symmetry in the auxiliary space
is not similar to the case with GL(n) symmetry (described in [KLT12] or section 1 of chapter
1 in [Leul2]). As specified in Fig([IL2)), the R-matrices that are related to the symmetric
and spinorial representations are generated by the algebra generators only, whereas the other
R-matrices related to the nodes labeled with unknowns are constructed with more than the
generators of the algebra; check [KK21al [KOW22, [Oka07].

This process of generalizing T-operators in the GL(n) case was possible due to (IL.1.3b).
That equation describes the R-matrix in any arbitrary representation of the algebra in the

auxiliary space by the generators of the algebra in that representation. The same process can
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be done for the spinorial and symmetric representations of SO(2r), due to the fact that the

R-matrices in these representations are described by the generators of the algebra so(2r) only.

Fund. and symm.

|

|

|

|

|

|

|

|

! . .
1 spinorial
|

|

|

|

|

|

|

|

|

L

Figure I11.2: SO(2r) Dynkin diagram. We are distinguishing the diagonal into three parts if
we know the R-matrix of the symmetry proposed by the nodes of the diagram.

A good starting point would be to introduce T-operators with a twist in the fundamental

representation (A = ), then discuss the symmetries separately.

Introducing the twist and inhomogeneities.

In this case, we are following the same steps presented in Sec(III.1.1]), the extra thing to
checking [Q, g ® g] = 0, which shows that the twist is a group element g € SO(2r). This can
be done using ([.1.5)) and ([.1.6]). In the interest of not writing too many indices, let us use the

diagrammatical version of it:

~_ ‘ ~_ ~_

~ —
— | ><
g Q—U:}I\g/g —ggNI: — =0
. | -

RS e N

In the first equality, we use to move one of the twist operators from one physical space
to the other (we stress that Q work as a contraction between these spaces) up to priming
one of the twist operators, then using gg' = I (which is the orthogonality condition of SO(2r)
elements) in the third equality. Thus, T-operators with a twist in the auxiliary space takes the

form:
[T (), T ()] =0, T(u)=t (RN (w—Ox) - Ror (u—Ox_1) Ry (u—6)) g) (IIL.1.4)

We have introduced two extra elements to our T-operators, the twist g and the inhomogeneities
0. The introduction of the twist will generalize the description of the Hamiltonian (II1.1.3)) to
a new operator with terms depending on the twist.

The twisted Hamiltonian is described in Fig, where one can see that the sum splits
into two factors; the first is similar to Fig (up to a change in the sum), giving us the same
expression as ([11.1.3)), whereas the last part of the figure gives rise to the terms that are twist
dependent, i.e. : K lgy (I—Q+ KP)na gfl). Thus, the twisted Hamiltonian takes the form:
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1 N-1
S <Z (T-Q+KP)y g1 +onv (T—Q+ /{P)N’lgll>

k=1

Figure I11.3: This is a diagrammatic description of the twisted Hamiltonian of SO(2r) spin
chains. The first part of the diagram follows as Fig(|III.1]), which means the lines connecting

the twists cancel out. For the second part of the diagram, we have the twist connected to

!

R (u)| = (kl+P — Q) which gives rise to the twist term in the expression.
U=z
N-1
Htwist = K'_l (Z (H -9+ 'L{P)i,i—&-l + gn (]I -9+ &P)N,l gl_1> (11115)
i—1

One can notice that the twist Hamiltonian (III.1.5)) is equal to the non-twisted one ([11.1.3])
when taking the limit (¢ — 1), i.e. H = Hyppist| -
g=1

From here on, we are going to distinguish between the T-operators depending on the sym-

metry they have in the auxiliary space.

I11.1.2.0.1 General representations.

After introducing the twist into the auxiliary space, we can now change the representation
into the spinorial or symmetric ones, and then write the corresponding T-operators of these
representations. Since we have two different representations, we are going to treat each case

separately.
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Spinorial T-operators

The R-matrices in the spinorial representation are realized to be linear in the spectral parameter
u (check out [Res85 Bes85], also [KK21b| for a discussion on representation construction,
[CDI13] for a complete discussion on the spinorial solutions of the Yang-Baxter equation and
IMRV16, [FKSZ20, [ESV20, [EV21l, [KS95] for the spinorial QQ-relations), which takes the form:

2r

R(u)=u+ Y Jas®ms(Faa) (T11.1.6)
a,B=1

This definition is very similar to the definition of an R-matrix in the gl(n) case (up to exchanging

G L(n) generators for SO(2r) ones). With that, the T-operators are defined in a similar manner

as in ([I.1.3), and they read as:

[T (u), Ty ()] =0, T (u) =tr (Ry (u—0n) - Ry_1(u—0y1)-Ra(u—01)ps(9))
(IIL.1.7)
where the trace is taken over the auxiliary space, (£) refers to the two spinorial nodes in

Fig(lI1.2) and p4 is the morphism of the spinorial representations.

Symmetric T-operators

N
N—-1 N_2 3 2

Figure I11.4: A graphical description to T-operators with a symmetric representation in the
auxiliary space (A = (s,0,0,...)). This graph follows the same description as Fig(IL.3).

The fundamental R-matrix defined in ([II.1.1a)) is the special case when taking the repre-
sentation A = (1,0,0,...) of the symmetric R-matrix SR (u). For the symmetric representation,
the R-matrix was introduced in [Fra20] [Res85| (also, check [KK21b] for the symmetric repre-

sentation description) as:

1 2r
R(u) = (u2 v ((r — 1)% + 2ks + 82)) I+ (u + g) Z Jap @ (Fpa) +
. @it (I11.1.8)
1 r r
S S (s @ (B . (Fas)
a,f=1 k=1
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Thus, the definition of the T-operators reads (check out Fig(|[11.4))):

| Tao () Ty 0] =0, T () = tr(Ry (u— )Ry (= Oy1) - Ry (u = 01) pis (9))
(III.1.9)
where the trace is taken over the auxiliary space, (s,s ) are two symmetric representations on
the auxiliary space and p() is the morphism of the symmetric representation.
It is worth noting that the Casimir operator of the symmetric representations is equal to
the representation-dependent part of , and it is defined as:

C=Tr (i s (Frj) s (FM)) =2 (2ks + %) (I11.1.10)

ij=1
This will be useful for the next section when we formulate symmetric T-operators with the

differential opeartor.

I11.1.3 Coderivative: for so(2r) case

Motivated by Sec(I1.1.4)), we are going to introduce a new differential operator (modified version
of the gl(n) case (II.1.28))), which will be referred to as D. As is the case in Sec([II.1.4)),
constriction T-operators using D will be conceptually similar to GL(n) case (which will be

governed by the action of D on the character). The definition of the modified operator D:

a 2r
D =N, (s sesFong) [1.1.11
916 =% 1s® 51 (¢ 0) (L1.1)
where f is a tensor-valued function of the twist g € SO(2r), i.e. ;j;j;x (g9), € is an 2r x 2r

matrix, and J, g are the generators of GL(n), whereas F, s are the generators of SO(2r). The
action of D does indeed add a spin to the chain, as is the case in GL(n). In order to rewrite
T-operators using the new differential operator D, we need to study the action of D on the

general twist operator py (¢g):

0
88‘7’71' P2

(eZessenFar. g)|._g

D®ps(g) =D Ji;®
i.j (I11.1.12)
= Z (J’i,j & )y, (FN)) : (]I®P/\ (g))

/l‘?j
When restricting the representation of the last equation to the fundamental (A = O ), the
expression >, . (Jij ® my (Fj;)) becomes (Pyx — Q11), which are the permutation P and the

transposed permutation Q. Fortunately, D also obey the Leibniz rule:

D®(f(9)-h(9) =D f(9)- I®h(9))+ (IR f(9)) - (D®h(g)) (HL.1.13)

With that, we can then check the action of two D operators on the fundamental twist:

D®D®px(9) = (P—Q),, (DR (IRpx(g)))

(I11.1.14)
=(P—-Q)y\(P—9), I®I®psr(9))
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Notice that the two quantum labelings are swapped (which is the same as the GL(n) case).
With the definition ([II.1.11)) and properties of D, we will be able to redefine the T-operators
in the two known representations according to the definitions of their R-matrices.

Remark 1. One can think of the SO(2r) operator D as two GL(n) operators D up to priming
one of them. In our chain, the physical spaces are defined with a fundamental representation
of the algebra A\ = O, thus in (LIL.1.11)) the so(2r) generators F, 5 can be replaced with gl(n)

generators, i.e. Fyg = Jog— Jy v, which in terns implize that:

D=D-D (I11.1.15)

From ([IL1.15)), we can see that the SO(2r) operator D have the following property: D' = —D.

Spinorial representation

Reformulating the T-operators with SO(2r) symmetry will take the same steps as the GL(n)
case. In the spinorial case, the definition of R-matrix provided in ([II.1.6]) is extremely similar
to the GL(n) one. Following the same logic as in Sec(lI.1.4)), it is straightforward to write the

spinorial T-operators as:

@2

(u; + D) x (111.1.16)

=1

Where x is the finite-dimensional character of this representation (+ is the labeling of the two
spinorial nodes in Fig. ([11.2))). The exact form of this character is given in Sec([[11.2.2)).

Symmetric (Fundamental) representation

For the symmetric case, finding the operatorial description of T-operators is trickier than the
GL(n) or the spinorial cases due to representation dependence in the R-matrix, and the term
with products of SO(2r) generates in ([II1.1.8)). For this particular case, the reformulated ex-

pression of T-operators takes on the form:

T (u) = Qj w2 i (k—1) %Tr (D?) + ( ) D+~ (D2) ] (II.1.17)

Here, x, represents the finite symmetric character. To comprehend how we arrived at the final
formula, we must determine the expression of the Casimir and the second-degree coefficient
in the generators so(2r) in (III.1.8) as Coderivative operators. The other terms in
follow straightforwardly, as in the case of GL(n). To achieve this, let us expand the following
expression and demonstrate that it is equivalent to the second-degree expression in ({[I1.1.8)):

2r

D1 Jap @7 (Fa))* = Z Z Jok @ Ts (Fia)) (Jos ® s (Fpp))

a,f=1 =1k=1

_ Z Z Jop ® s (Fiop) s (Far))

=1k=1

(I11.1.18)
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This observation leads us to consider two Coderivative operator with a contraction between

them, although caution must be exercised when dealing with indices. Taking D? and using

(I11.1.11)) and ommiting p (¢) for simplicity, we find:

DgllDQQ = Z 2 az,B2 & Ts Fﬁ2,a2)) (Joc1ﬁ1 ® s (Fﬁhon)) (111'1'19)

a1,B81 az,B2

To ensure that the expression in ([I1.1.19) matches with ([II1.1.18)), we need to replace a; = 5
with k and g with «, 57 with 8. This is expressed in terms of Coderivatives as Dg e = (Dz)/.

The illustration of (DQ), diagrammatically take the form [iﬁ) The same idea applies to the

description of the Casimir operation with Coderivatives.

III.2 Symmetric and Spinorial ()-operators.

Similar to what has been done in Sec, we have a family of commuting ()-operators that also
commute with T-operators. These operators allow us to express T-operators via a Wronskian
determinant obtained in [FFK21] for both representations separately.

In the spinorial case, the Wronskian relation describing T-operators was defined in [FFK21]

with weights A = ( s 5 i%) as:

T (w)or Y, x5 (—g) S (w) ST (w) (IL.2.1a)

i}

+ _ r ;2 1
+ Z)—Hxi 11 T (II1.2.1b)

1<j<k<r L™ Tk

where S (u) are the spinorial Q-operators and x. (z) is the infinite-dimensional characters. We
define @ = (ay,...,0q,) with oy = +1, Vi € [1,r], and {o;}+ denotes all permissible config-
urations where [[;a; = £1. In [FEK21], the definition of S (u) was given as a non-monic
polynomial in u, a polynomial with a normalization that will allow the case N = 0 in ([11.2.1al)
to give the finite dimensional character. We are not spasifing the normalization factor, which
is why we are using the symbol oc.

Similar to what has been done for the spinorial case, the Wronskian describing the sym-

metric T-operators takes the form:

T(1,s) (1) (Q{”s () Quy ™ () + Qi (w) Q! (u)) (111.2.2)

where Qg (u) are the single-indeved Q—functionﬂ In what follows, we will show how to
construct T- and @Q-operators using the same ideas as in Sec([[1.2)).
A good starting point would be to give a brief description of the infinite-dimensional T'-

operators in the spinorial case.

2The operator (Dz) does not follow the same Leibniz rule as D. The proof is in Appendix
3The diagonalization of T-operators has been done in [DK87] using the algebraic Bethe ansatz, and [GR20]

for the trigonometric case.
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II1.2.1 Infinite dimensional spinorial T-operators

The spinorial oscillator representation was introduced in a series of papers [FEK21, [FKT21],

and the fusion relation of this representation reads:

Ri(u+ys)Rog(u—y_g—r)cR" (u) (I11.2.3a)
R" (u) = u+ Y Jas ® Fpa (I11.2.3b)
a,s

In the above expression, the symbol oc signifies that we have omitted certain factors that do not
play a role in the present discussion, and the parameter y, plays the role of the representation
label. In [FKT21], there was a discussion on how to extract Rs (u) from the fusion relation.
We will briefly describe the discussion and show how one can write the result using D. The
authors of [FKT21] started by restricting @ to (+,...,+), thus reads as (we are going
to drop « in y):

R p(uw+y)Re  y(u—y—r) xR (u) (I11.2.4)

..........

7777777777

X (I11.2.5)

With that, they can define two of the infinite-dimensional T-operators (szr ..... 1 (u), T

. ().
Instead of doing the same for different @, they introduced a transformation that allows us to

find TZ“&) (u) from Ta . (). This is due to the fact that different T&) (u) are distinct by

their diagonal blocs and their eigenvalues. They refer to the transformation as particle-hole

,,,,,

transformation, which takes care of both criteria and is defined as:

T+-. (u) = (S@ ® - ® S&) Tz_ +) (u) (Sd’ ® - ® S@)il (HI.2.6a)

(a Fyeeey
{xiﬁémi:—l}

Sa= [ |y —r;+ O (Jew+ Juw) (I1L.2.6b)
IS4 1<k<r

P
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where J,; satisfy ([I.1.8). Using the transformation, one obtain the general relation for the

spinorial T-operators:

Tl () = Jlim T (R (u) Ry (1) Rua () p () (I11.2.7a)
Voaed
Where ﬁ,@ (u) = N&R+ (u) s N& = S&M+ 77777 +)Sgl (111.2.7b)

where (pZ (g)) is the infinite-dimensional twist operator. Notice that ([IL.2.6a)),([IL.2.7a)) define
the rest of the 2" infinite-dimensional T-operators.

By using the definition of R* (u) in ([IL.2.3b]), we replace the sum of generators (3, ; Ji ; ®
F;;) with D using . Then, the trace and the transformation act solely on the twist
(p* (g)), which gives us the infinite-dimensional character, and becomes:

(Q) (u; + D) - X% (2) (II1.2.8)

=1

where the infinite-dimensional character x} is defined as the trace of (SapZ (9) S¢) and given
n (TIT.2.10).

I11.2.2 Spinorial ()-operators.
Using ([I1.2.1a]) and the ideas in Sec(I1.2.2.3]), we will motivate a Coderivative description for

the spinorial Q-operators, a description where the Coderivative acts on a somewhat generating
series of the spinorial character. Starting by shifting the spectral parameter u v u — % (kK + s)
in ([11.2.1a)), then taking the infinite sum >, _:

Z TE;TS] (u) 2% Z Xz (—/1 - g) Sz (u) Z (S:;”*QS] (u) zs> (I11.2.9)

520 {ai}s 520

In-

The infinite sum on the right hand side has a radius of conferences |z| < min ﬁ :
1=1

deed, by denoting Hr TS (U) = m——m Zévl% C_am,_xu”, and using the normalized limit

Hr

defined in Lemma As discussed in [CLV22] and in Sec([.1.1)), the limit z — H%
i=1T;

of the infinite sum on the right hand side of the previous equation gives us singularities with

different orders depending on the sector (the infinite sum gives us the Eulerian number formula

(I.1.17))). Thus, one finds the relation between the spinorial 7- and Q-operators to be:

Sa(u) = Nlim Z:TJ_F')'i T () 2* (I11.2.10)

Hr 1% Y s=>0

Finally, substituting (II1.1.16]) in the last formula, we can write Sz (u) using D as:

N
Sa (u) = th X (ul g - zai + D) Z Xa,s2 (II1.2.11)

_
o s=0

112 L o‘z i=1
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The factor s is replaced by z% The action of D on the character is well-understood due to
Appendix(B.1) [] The normalization in ([I1.2.11)) takes the form:

r Mg+1
N <1 —z Hma) (I11.2.12)

=1

Where o is used to emphasize the missing factors that will make our polynomial monic. One
can argue that the normalization in ([I.2.11)) nullifies all components that are not in the &
direction, which is a similar statement to the proof of Lemma.

One can also describe the finite-dimensional character from the infinite-dimensional ones
(I11.2.1al) using the fact that T- and Q-operators are polynomials in u with a coefficient of the
leading order in u to be x4+ and x ¥, respectively. By collecting the coefficients of the leading
order in u (or by taking a chain of length N = 0) of both sides of ([IL.2.1a]), one obtains:

X+ = ), X& (%) (I11.2.13)

{ai}s

I11.2.3 Symmetric ()-operators

With the same idea as the previous subsection, we can define a Coderivative description of
the single-indezed (Q-operators using ([11.2.2)). This description is an action of Coderivative on
the generating series of the symmetric character. Starting with shifting the spectral parameter

u v~ u— 1 (k+ s), then taking the infinite sum >} __:

EOTEL*; ocZ(Q{} <§)Q{12” > ) (;Q{f“ 2 )Q{Z ()) (111.2.14)

Where o is used to remove factors that have no impact on our present argument. The infi-

nite sum of the last expression has a radius of convergence |z| < min ‘%’ for Qg (u) and
2

|z| min ]i| for Qg (u). Indeed, if we take Qg (u) = I%ZQ;[% Ci/7M;7kuk, and Qg (u) =
ZMd Ci.m,—xu”, then using the same arguments as the previous chapter, we find the relation

between the symmetric T-operators and single-indexed (Q-operators:

Qi (u) =N VI 3 11,5 () 2° (II1.2.15a)
zr 520
Qv () = Mim 3, T 5 (u) 2 (I11.2.15b)
z; 520
“The sum Y s72° = =202 azj 502"

5We are unaware of a generating series for the spinorial representation. Therefore, we have kept the infinite
sum in the right hand side of (III.2.11)).
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Using ([I1.1.17]), we can formulate the symmetric (Q-operators as:

: Al [2x] 0 1 [-£] =z 0
Qi (u) = Nh{n@ upuy A+ upz— 4+~ (26— 1) + (u 2d §_> D

i | (’/32 4
1

N | —

+ m#]@_ﬁw@)
where a formnula for Qg (u) is exactly the same as the one for Q) (u) up changing the limit

to z — + and the normalization. The normalization expression of Q-operators in the previous
p
1

relation take the form: (1 — z,2)™*" (vesp. (1 — z;2)™e™") for Qg (u) (resp. Qi (u))-

Conserved numbers

In the case of the so(2r) symmetry group, the basis vectors will be labelled as
UI’I’ U(r_l)’, [ U2/1’,U1/, ’U]_, U27 ey Ur

Then the sectors will not be defined by fixing the number of occurrences of each factor vy as in
GL(n), but by fixing the difference between the number of occurrences of v, and the number
of occurrences of v,/:

To an N-tuple of integers my, mo, ..., m, such that N — ), |my| € 2Z>(, we associate the

sector spanned by all the basis vectors |v;, ... v;, ) such that Vk e {1,2,...,r}:
mi = #{pli, = k} — #{pli, = &'}

This is a conserved number, which means we have an operator M; such that M, |Vy) = m; |V ).
This operator has the same relations as ([1.2.14) plus [Q, M;] = 0.

To understand [Q, M;], and without loss of generality, let us take the action of Q5 on a
state, Q1.2 [V, Vky, Vs - - ) = (5%,17% > |k, K U, . . ). Now, by acting on that state with M,
we find:

0= Q12M:° |vg,, Vky, Vi, - ), 1f vk, # o
MJ'SOQI,Z |/Uk1 s Ukgs Ukgs - - > = QLQM;O |Uk1, Vkyy Vksgs - - > 5 if Vg, = Uk’; (111217)
o 7

~~
m3°Q1,2|Vky kg Vkg e

Thus showing [Q, M3°] = 0.

II1.3 Coderivatives are not sufficient to describe other

representations of SO(2r)

As argued below, we expect that Coderivatives are not sufficient to describe other representa-

tions of SO(2r). We have tested several methods in building 7- and Q-operators for a general
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rectangular representation in the auxiliary space; these attempts included changing the Casimir
or other terms that depend on the number of rows in a Young diagram. As we will see later, all
these attempts fail to describe a more general representation due to the fact that Coderivatives
(powers of Coderivative, contractions, and other complicated coefficients) cannot produce the
R-matrix of a generic rectangular representation. This is even apparent for the antisymmetric
representation; if we interpret the leading coefficient of the spectral parameter in T-operators
as the character of the SO(2r) representation associated with this Yangian representation, then
it does not correspond to an irreducible representation of SO(2r). Therefore, we could expect
a Yangian representation where some generators are independent from the so(2r) generators.
Such terms cannot be produced with a Coderivative, which only produces the so(2r) generators
(see (TILI.12)).

This can be inferred from examining the Yangian representation theory introduced in [FH9I]
which enables the construction of R-matrices for general rectangular representations, along with
the representation theory of SO(2r). As an example, are aware from the representation theory
of SO(2r) that the space V = (C2)®* can be decomposed into:

LI® L] = DI@H@O (II1.3.1)

On the right hand side, the representations E\j , H are defined from the space of

symmetric and antisymmetric tensors respectively, and ® is known as the dot representation.
It turns out that the dimension of symmetric representation on the right hand side is the same
when studying the symmetric Yangian algebra, whereas this is not true for the antisymmetric
one. It seems that for this specific example, the combination of the last two representations on
the right hand side would produce the irreducible representation of the Yangian algebra.

The spinorial and symmetric representations possess certain algebraic properties that render
them particularly suitable for the construction of Q-operators, notably due to the fact that all
operators in the expression of the R-matrices are generators of the Lie algebra so(2r). These
families of irreducible representations are simple to investigate with Coderivative operator.
However, there exist other representations for which an R-matrix is known [KK21al, [KOW22,
Oka07, [FH91], but their expressions are less explicit and not solely in terms of so(2r) generators.
These R-matrices are referred to as Kirillov-Reshetikhin R-matrices and present a natural
extension for further investigation beyond the scope of this manuscript. The exploration of
these representations remains a task for future research.

In the following sections, we will share insights gained from our exploration, hoping they will
prove beneficial for future research endeavors. We begin by mimicking Sec([L.1.5) of the GL(n)
case, wherein we consider a general function of the twist operator f (g) in the auxiliary space
and examine the non-trivial coefficients obtained. Then, inspired by the discussion in [KV08§],
we attempt to seek T-operators with general rectangular representation from the CBR formula
, derived in [Che86, BR90]. When considering only the rectangular representations,
the CBR formula is equivalent to the bilinear identity Hirota identity, appearing in [KNST1,
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Res83, [KP92], and also in [KNS94]| where it was shown that the symmetric T-operators are a
solution of the Hirota identity for the nodes on the tail of Fig(IIl.2). This identity reads:

1 1
T(a+1,s) (U) T(a—l,s) (u) = T(a,s) <u + 5) T(,LS) <u — 5) — T(a73+1) (U) T(a,s—l) (u) (11132)

We have emphasized that our desired representations on the auxiliary space are general rect-
angular representations. In the GL(n) case, this statement can be generalized to arbitrary
representations on the auxiliary space due to 7o) (u) = T(a,0) (v) = T(0,0) (v) = Hf\il u;, which
is not the case in SO(2r):

T0,5) (u) = ® (u? — }1 ((k —1)% + 2Ks + 32)) (I11.3.3)

This is not equal to Too (u) = [ [, (u? — 3 (k— 1)2), and no gauge transformation will achieve

such equality. Know that, the CBR identity for genearic rectangular representations take the

form:

[a—i—j+1]
‘ <T(1’S“‘*j) (u)) 1<ij<a
T(a,s) (u) = (11134)

—1
[a—2k]
T (0,s)
1 k=1

This relation can be formulated by taking the cases a = 2,3,... in (I[.3.2) and writing
T(2,5) (1) , T(3,6) () , etc using T(1 ) (u). So as an example, when a = 2, ([11.3.2)) takes the form:

js)

n:]Z

1 -1
T(o,5) (u)

Tio,6) (1) =

Which can be seen as a 2 x 2 determinant:

TE],S)( ) Tas—1) (v)
[-1]
Taen <u> Tl ()
Tia.s) (1) = (ug (I11.3.6)
Which does coincide with ([11.3.4]). Next, we can do the same for a = 3:
[1] (1]
T u)T u) — Tiog u) Tros—1) (W
T () = @) () T (4) = Tessn (W) Tesmy (@) (I11.3.7)

T(l,s) (U)
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If Ty 5 (u) is non-zero, then we can plug (II1I.3.6)) in (IIL.3.7)) to get:

2 1 -1
E%l],s) (u) TEI]S—I) (u) ?(11]5) (u) TEI[,S]EI) (u)
Ty (u) — 1 Ty (W) T (W) | [T (@) T (u)

s\ = ) 1] 1]
1 1

Tl () T (1 Thle () T (1)

_ 1 T(1,s+2) (u) Ts41) ()| | T (w) T (u)

Ta,s) () T0,s+1) () T(0,5—1) (©)

(111.3.8)

-1 1 -2
[ TEl s] 1) (u) T(17S+2) (u) — TE1]75+1) (u) TEl s]) (u)
+ Ty () ] 1]
Tio.0) (u) To.s) (u)
1 —1
T TE1],5+1) (u) TE1 5]+1) (W) = T(1,) () T(r,s42) (u)
T2 (u) ] 1]
Tio.5) () Tio,s) (1)

(1,s
-1
0w Tt 15, ()
[—1] —2
T(1 e () Ty () T ()
1 -1
Tios) (1) TEO,J (u)
Again, this coincides with (I11.3.4)), and the reason why is simply the fact that ([11.3.4)) satisfies
the Hirota equation. Then a simple recurrence shows that if the Hirota equation holds, then

one gets iteratively the rectangular CBR formula ([11.3.4)).

II1.3.1 Coderivative and the Yang-Baxter equation

Knowing that the naively constructed Yang-Baxter equation is not satisfied with a general
rectangular representation in the auxiliary space, it might be interesting to see the coefficients
that break down the statement. By Replicating the approach in Sec for the spinorial and
symmetric cases, the Yang-Baxter equation is depicted diagrammatically in Fig, where

is the graphical representation of D. Also, for simplicity, we will denote the factors with

different powers in the spectral parameters as:
11”%()—2+T }?2(0)——1 (—1)2+1 +M+1@) if \ i tri
u) =1u E)u, =7 K 2@ 25) 5 , if \ is symmetric
R(u) = u, R(0) = ]i), if A is spinorial

In doing so, Fig(|I11.5]) is the diagrammatically description of the Yang-Baxter equation:
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A----1 Rw)+RO)[--{R(v)+R(O)}--- 02+u272vu+n(vfu)+(v—u+n)73*(U—U)Q‘
v2+u2—2vu+m(v—u)+(v—u+/@)73—(U—u)Q‘ A |R@+RO)|--{Ru)+R©O) |-
J J2 J1 Jo

Figure II1.5: A diagrammatical representation of Yang-Baxter equation with SO(2r) symmetry.
It read exactly like Fig(B.3) up to the definition of the R-matrix (II1L.1.8).

Spinorial Yang-Baxter equation

For the spinorial case, the process of determining the coefficients of the various spectral param-

eter powers is straightforward, as we only encounter 2 nontrivial factors:

2

e Factors of the spectral power u?v° and uv:

~_ —

DS -
boopo-(o [ [ )] [ ]
<

P

This is the so(2r) virsion of (B.1.15]), and can be proven as in Sec(|[I.1.5)).

e Factors of the spectral power u'v?:

~_ _—

ﬁ N @:H .% I _ ﬂ (I11.3.10)

This identity immediately fails when f (¢g) # x+. Additionally, one can verify the equality
of the left hand side and the right hand side using only (I.1.5) and Remark to shift

the Coderivatives on the left hand side. Upon doing so, we obtain:

~_ _—

ﬁ _ @:_ @a _ @i‘) (IIL.3.11)

P

This expression differs from ([11.3.10). However, it does not provide clear guidance on
what additions or modifications are required in our R-matrix o ensure a general solution

of the YB equation in the spinorial representation.
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Symmetric Yang-Baxter equation

This case proves to be significantly more intricate than the spinorial or the GL(n) cases. Upon
following a similar procedure as before, we have identified several non-trivial factors that fail to

hold when generalizing our representation, i.e. f(g) # x,. Surprisingly, among those that are

successful for general representations, we rediscovered again (A.1.7)) and ([11.3.11]). One of the

most notable identities we found arises from collecting the factors of the spectral parameter u?

or v3, which is expressed as:

< —
@Q)igﬁ) [i@[ —L[i@—ﬁiﬁﬂ —I@) (I11.3.12)

P

Although we were unable to prove this equation in a manner similar to that in Sec(|[1.1.5)), we
have verified its validity on the computer for f(g) = ¢®*. Using the ideas in Sec([[[.2.2.1]), we
can confidently assert that it holds ture for f (g) = ¢®*, Vk € N.

I11.3.2 Fusion and symmetric T-operators

Another idea that we had was to try and describe the symmetric T-operators using two GL(n)
R-matrices with different contractions between them. By virtue of , we can rewrite
(I11.1.17)) using gl(n) Coderivatives D with varying contractions. It’s worth noting that the
representation-dependent part s or the Casimir operator C' can also be written using a traced
D or @) Still, it is subtle to introduce gl(n) operators to act on so(2r) characters; in the next

paragraph, we will discuss the setup difference between the two cases and how to modify it.

Setup of @) in GL(n).

let us define a function f(g) which has a degree d, i.e. f(Cg) = ¢%f(g). Then @)f(g) =
deg(f(9)) f(g)-

Proof. 1t is easy to see the connection between the degree of a function of the twist f (¢g) and @)
By defining the function I'(g) = deg(f(g)) f(g), and asking what is the degree of the function:

['(g) = deg(f(¢g))f(Cg)
= ("deg(¢f(9)) f(9) (I11.3.13)
= (*deg(f(9))f(9)

2 m
which is @) f(g), and by a simple recurrence we can show that @) flg) =d™f(g). It is also
true for z; and for g (which have degree 1), for p; (which has degree zero and @)pj = 0), and
product/tensor product go nicely through thanks to the leibnitz rule (and degree of a product

is the sum of the degrees). It also goes through for sums obviously. O]
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. f [ 1
Because D preserve the degree in f (g), it also follows that for instance ]?@)@)E)]? flg) =

#DDD(3).

Setup of @) in SO(2r).

The definition of @) f(g) is ambiguous in the so(2r) setup. A priori, if a function f(g) defined
for g € SO(2r), then only Df(g) is well defined (not Df(g)).

For instance y " (9) — ng_l)z(g) and ngl)(g) — (det g)"" ng_l)Z(g) are two functions in GL(n)

which both coincide with y{*” (g) when g € SO(2r). These two functions do not have the same

D, but they have the same D. This reflects the fact that Dy is well defined, but not Dy{*”
(hence not @)ngo) either).

Statement

The function f,(g) = ) (9)— (det g)*'" ng_l)z(g) is defined in gl(n) and has degree s in g. Hence

@)fs = st'
Thus @) Des0 2 fs = Dm0 57° fs (and it still goes through after inserting arbitrarily many D

(or even D)). Thus, if we redefine the so(2r) character as <ngl) (9) — (det g)"" Xiﬂ(g)), then

we obtain that for this character @) does exactly the same as s.
With that, we can write the symmetric T-operators using the modified character and the

gl(n) coderivatives as:

Ty (u) =é [ <u?—i((m— 1)2+2H@)+@)2>> I+ <UZ+S>€)_ (uz—kg)@
. % (@ _ Dﬁ _ @3 N @5@) ] (1 — det(g) ") (IT1.3.14)

The last equation can be described with two operators (u + 15) with varying contractions,

this can be represented as:

T1s (u) = Z ﬁj

jeall combination

[ (u + ag + ﬁ)(u + ag + D) ](ngl) - det(g)l/rxgg_l)2>

In the expression above, the two lines on left hand side of the diamond represent the ingoing
and outgoing, while the other lines represent all the possible ways the two operators can be
contracted together. The factors (ay, ) denote a shift in the spectral parameter, and 3;
represents a prefactor. There are fifteen different ways of contracting in the last expression,

and the objective is to solve all the resulting linear equations to determine the prefactors and
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the shifts of the spectral parameter. Regrettably, a rapid collection of the coefficients reveals

that no feasible solution can be attained.

I111.3.3 CBR determinant

This section aims to establish a relation for general rectangular T-operators. Utilizing ([11.3.4)),
we will replicate the methodology employed in [KV08|] to describe T-operators with arbitrary

s
A rectangular Young diagram
(AN=(7,7,7,7,0,0,...)).

Figure II1.6: Young diagram and (a, s) Lattice for SO(2r).

representations for GL(n). We commence by introducing rectangular T-operators which will
be denoted as T4 (u), where (a, s) denotes the number of (rows, column) in a Young diagram,
respactivly (as in Fig([ILG)).

We are aware that rectangular T-operators are non-zero polynomials in v due to ([11.3.2]).
Furthermore, rectangular T-operators can only be discribe with other rectangular T-operators,

this can be demonstrated through the fat hook relation:

Lz{(a,s)eNxZ

s=20, and0<a< r—3} (II1.3.15)

The explicit computations for this process are exceedingly immense, and they are detailed
in Appendix. To provide a brief overview of our approach, we start with expanding
the determinant in (II1.3.4) and extracting the coefficients of each individual power of the
spectral parameter. Subsequently, we endeavor to condense these coefficients, expressing them
as determinants of T-operators of lengths (N-1), denoted as T ) (u). However, We have
observed that not all coefficients will simplify to our naive guess, resulting in our expression for
general rectangular T-operators becoming exceedingly bulky.

The rationale behind this approach was to emulate [KV08], where they define a Coderivative

expression of T-operators with a general representation of GL(n) in the auxiliary space. In
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[KV08], the expansion of the rectangle T-operators truncated after the u~! and the Coderivative
operator adheres to the Leibniz rule. However, in SO(2r) expansion is truncated after u 2,
yielding more terms to attempt to compactify, and the operator (DQ)/ does not adhere to the
Leibniz rule (which is also detailed in Appendix(B.2)).

After a careful computation, detailed in Appendix, the description of general rectan-

gular T-operators takes the form:

N /
T,s(u) = ® (uz[”_a]ul[-_%a] — éTr (D?) + uZ[R]D + % (D?) ) det  (X154i—j)

= 1<i,j<a
1 o
+ N a—1 Z (_1) [
92 H ul [k+s—a+2k] L k—s+a—2k] 0€Sa
n>1 k=1
Sl fRrETEE Y W] T ol ]
a—i1—o(i1)+1 [a—k—o(k)+ a—ig—o(i2)+1
Z ls+;1 0;1) ( ) <(k7 + 0<k) —a-— 1) DT1 s+k—o(k) (u)> 1_k[ Tl,s+12‘2—0(§2) (u)x
k=1i1=1 to=k+1
S TGy [a—Fi—o (k) +1] oo ()+1]
a—i1—o(i1)+1 —k1—o(k1)+1 a—ig—o(i2)+1
Z > (H T e (P e @) TT T @
=1 ko=k1+1 i1=1 io=k1+1
e TR [ G0+l oo () +1]
a—i1—o(i1)+1 a—k1—o(k1)+1 a—io—o(ig)+1
Z Z ( 1_[ Tl,s+zl'1—cr(;1) (U) (DTl,s-&-lil—a(l;) (u)> H Tl,s+12’2—cr(§2) (U)X
k1=1 ko=k1+1 = io=k1+1
- a
[a—k2—o(k2)+1] [a—iz—o(iz)+1]
(ol @) T mes o @
iz=ko+1
E i+ [ Gvil T ol e ]
[a—i1—0(i1)+1 a—k1—o(k1)+1 a—ig—o(ig)+1
-3 (T et 5 T []
k1=1 ko=k1+1 11=1 io=k1+1
a - p1
[a—ke—o(k2)+1] l[a—iz—o(i3)+1]
<DT173+]§270-(]§2) (u)> H T1,8+:Z?370'(13'3) (u)) ]
iz=ko+1

(I11.3.16)

Where p; denotes the priming of the first quantum space entries of the matrix coefficients.
As previously mentioned, for a general rectangular T-operators, the coefficient of the leading
order in u is not equivalent to the character of the rectangular representation in so(2r), but
rather to the character of the Yangian irreducible representations which are composed of the
characters of the symmetric representation of the so(2r) algebra. This can be observed from
the expression deti<;j<a (X1,s+i—j)- It is noteworthy that when considering a spin chain with
only one particle, the non-compact terms cancel out, as evident from Ty 4 (u) = x,. This
enables our general T-operators to be sufficiently compact for expression solely in terms of the

Coderivative operator.
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II1.4 Conclusion

The methods described in the manuscript allow to generalize to so(2r) spin chains a construction
that had been introduced for gl(n) spin chains in [KV08] and [KLT12]. This construction
uses Coderivatives, and the derivation that we provide for the expressions of Q-operators and
nested T-operators is suitable for generalizations from gl(n) to so(2r). We also showed that it
is equivalent to the construction by [BLMSI0, BFL™11, [FKT21] who defined them as traces
over infinite-dimensional representations.

When we apply this construction to the T- and Q-operators of so(2r) spin chain, they explic-
itly read as combinatoric expressions written as sums of diagrams, but explicit computations
(by “brute force”) turned out to be much more complicated than in the GL(n) case.

Moreover, there are some representations (in the auxiliary space), for which the R-matrix
is not explicited in the literature and for which Coderivatives have so far failed to express the
T-operators, except as determinants of other T- or Q-operators. We expect that in order to
express these T-operators (without refering to other T- or QQ-operators), other ingredients than
the Coderivative are necessary. A key piece of evidence lies in the leading coefficient of the
T-operators, which correspond to a reducible representation of so(2r).

It would be interesting to explicit the R-matrix of rectangular representations, following
the steps of [KK21b], in order to find out what generators allow to build the R-matrix. This
may allow to find another operator than the present Coderivative, out of which the R-matrix
of rectangular representations could be expressed. Interestingly enough, the method used to
deduce Q-operators from T-operators (in particular Sec([L.2.1)) and Sec([L.2.2.3))) uses very few
properties of the Coderivatives (mostly its linearity) and should still apply if another operator

is added to (or replaces) the Coderivative.
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Appendix A

Notations2

A.1 Yangian Algebra

I want in this section to discuss the relationship between the classical Lie algebra and the
Yangian algebra. The Yangian forms a remarkable family of quantum groups related to the
rational solutions of the classical Yang-Baxter equation, where the defining relation of the
Yangian can be written in the form of an RTT-relation. This was done for the Lie algebra g,
and Y (g) is the Yangian for that Lie algebra, which was developed in the frame work of the
quantum inverse scattering method by L.D. Faddeev and St. Ptersburg.

We will show the defining relation of the Yangian and how they allow a special algebraic
technique The R-matrix formalism to be used in studying and describing the structure of the

representation of these algebradT]

A.1.1 Yangian for gl(n)

The definition of the Yangian ) (gl(n)) can be motivated by a generalization of the defining
relation of the Lie algebra gl(n). Thus, by taking the generators J; ; of gl(n) in their defining

representation, they obey the commutation relation:
[Jijs Tl = Okjdig — biadi, (A.1.1)
It is also known that the powers of the generators J also satisfy the commutation relation:
[Jig» (S )kl = 0 (7)ia = 050 (T, (A.1.2)
Proof. By induction.

Case s = 1 is satisfied due to (A.1.1). By the induction hypothesis, we have (A.1.2)), and
we show that the case (s = s + 1) is also satisfied:
[Jim (€S+1)k,l] = [Jij, (€ )km]Imi + (€ )kmlJijs Jmi]
= (Orj(€%)ig — 051(€")rj) Jmi + (€")km (Okjia — 0inrs)

= 5k,j<€s+1>z’,l - 5i,l<es+1)k,j

'For a more detailed discussion about Yangian algebra, check out [Mol07, [KS95]
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]

A generalization of (A.1.2)), which is less known and can be proven by induction, takes the

form:
[T a0 (T )] = [T (P D] = (T (T)ia = (T (T )i (A.1.3)

Now we are ready to introduce the definition of the Yangian ) (gl(n)). Replacing J” in (A.1.3])
(r)

with an abstract generator ¢; ;, we obtain the Yangian defining relation.

Definition A.1.1. The Yangian Y (gl(n)) is a unital associative algebra over C with countably
(1) 4(2)
O

Z?],/Lh]""

r+1 s r s+1 r),(s s) ,(r
(570,460 = [ 65] = 9 — e (AL

many generators t where i,5 = 1,2,...,n and the defining relation:

where r,s = 0,1,... and tg,g-) = 0;;

With this definition and the generating series:

tij(u) = Yt~ (A.1.5)
r=0
we can write (A.1.4)) in the form:
1
[tij (u) e (v)] = =) (try () tig (V) — try (V) tig (w)) (A.1.6)

The parameters u, v are assumed to commute with each other and the generators ¢; ;.

Proposition 1. The following relation is equivalent to (A.1.4)).

min(r,s)
T S a—1),(r+s—a r+s—a),q—
[tg,j)’tl(s,l)] - Z (tl(c,j )tz(,l )~ tl(c,j )tiyl 1> (Al?)
a=1

Proof. By substituting the generating series of the Yangian (A.1.5) and ﬁ = D >0 u Rk
in (A.1.7), then collecting the coefficient of ©="v~* with r < s, we find:

r s a—1),(r+s—a r+s—a),q—
I:tz(,j)atl(f,)] - Z (tl(g,j )tz(‘,l - tl(c,j )ti,l 1)

and for the case r > s, we find:

(r) ,(s) - (a—1) (r+s—a) (r+s—a),a—1
[ti,j7tk,l] - 2 (tk,j tig — Uk tii )
a=s+1
The last two expressions agree with (A.1.7) in their respective cases, thus completing the
proof. O]

Finally, we will define the homomorphism map p, that allows us to connect the Yangian

algebra to what we have done so far in the previous section.

71



Definition A.1.2. The evaluation homomorphism:
Pn i tig (W) < 8+ Jijut (A.1.8)
is a surjective homomorphism Y (gl(n)) <= U (gl(n)). Moreover, the map
Jig st (A.1.9)
define an embedding U (gl(n)) — Y (gl(n))
It’s easy to see that if one takes the case r = s = 1 in , we get:

(1,0 () (1)
[ti,j’thl] = Oty = Outy

and the evaluation homomorphism we recover (A.1.1]).

A.1.2 Oscillators description of ()-operators

This section will be dedicated to discussing the construction of 7- and (-operators from
a series of papers [BLMSI0, BFL™11, [FKT21] that uses the oscillator representation (cre-
ation/annihilation operators) to build R. This was described using the fusion relation found
in [BEL*11]:

7—\3,{1} <u + )\1) . 7%{2} (u + )\/2> 3 -7%{“} (u + )\;> o«R* (u) (A.l.lOa)
7é+ (u) = U]I + Z Ji,j ® p;\” (Jjﬂ') (AllOb)
1,

where \; = \; + 221 are the shifted weights of the represent A = (Aq, Mg, ..., Ay). The idea is
to extract the building blocks R-matrix and define the nested T- and Q-operators as:

o () = tr (7%} (W) @ Ry () ® - @ Ryjy (u) - py (g)) (A.1.11a)
Quy (w) = 75" (u) (A.1.11D)

This approach was explained precisely for GL(2) in [BFL¥11]. Where, extracting R-operators
from (|A.1.10a)) (when restricted to n=2) took the form:

3 1 0\ -
Ry (u) o /\lim ((O ) ) R (u— /\1)>
2—00 )\—2

5 - 1
- N R VAN (¥
Ryay (u) o ,\lllgloo ('R (u— Ag) ( 0 1) )

As you can see, we need to take a limit of a normalized R* (u), where the position of the

(A.1.12)

normalization multiplication changed between R, (u) and Ry (u). This shows that finding a
similar prescription for an algebra with n > 3 is not possible (due to the non-commutativity be-
tween the normalization and the 7~€{j} (u)). Fortunately, when taking the trace of (A.1.10a)) and
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implementing the same process as described in [BFL11], one obtains the infinite-dimensional

T-operators 73} (u) (due to the trace, there is no commutativity problem), allowing us to write:

Tj}v(Ai) (u) = Je[[lhn}\]]\{i}jv’{i} try, <7é+ (W) @R (1) ®---@R* (u) - p} (g)) (A.1.13)
Vkej.,'}\’k—»oo

Now, we can use the same logic introduced in Sec(II.1.4)) in rewriting the finite-dimensional

T-operators using D on the infinite-dimensional ones defined in (A.1.13]), one obtain:

N
To™ @ = lim Ny & (we+ D)X (9) (A.1.14)
Je[L,...,nJ\{¢} k=1
VkeJ ,\—00 -

In (A.1.14)), we defined the infinite-dimensional nested T-operators acting on the full infinite-
dimensional character, then removing all of the directions which are not i. For now we will

assume a normalization that satisfies this description (details of the normalization will be in
Sec(|A.1.3)). Now, using the BGG relation (7™ (u) = >} .5 (—=1)7 T N " (u) ) introduced

/\n +pn

in [BFL™11], where where p, is a constant n-component vector (pn = (”21, ”23, ce 1;”)) and

(A.1.13)) to define the nested finite-dimensional T-operators and ({A.1.11b|) to define the nested

(Q-operators:

(>\1) . O’ +, ()\
Ty () = je[ul,l a0 20 D Toths—, ()
VkET Aj—00 €Sy,

xx(9) (A.1.15a)

_ . D>
Je[[l "]]\{z} N k@? <uk * Z U()‘nJFPn) Pn (9)
VkeJ, Ak—>oo 0€SnH

Qi (u) = 75" (w) (A.1.15b)

A=(0,0,...)
A similar (but more interesting for later discussion) formula can be written for these operators
by reformulating the character (writing the part with direction {i} independently from the rest

of the character):

| N . 1
+,(Ai) _ ; ) . Ai - +
Ty () =l Ny @) <uk + D) [(x k| <|i el Y0 (g)] (A.1.16a)

VEET Mg — 0 k=1
+ _ Aj 1
Where, x ¢, (9) = Hx] H T (A.1.16b)
VE 1<k<j<n
oot

where (A.1.16D)) is the nested character (removing a direction {i} from the full character x (g)).
At this point, we can generalize our expressions of T-operators and ()-operators to an arbitrary

nesting level [:

N k<i

BN () = i ( D) ! + A117

T (u) s ng wy, + l_I[x Hl_%/xk X7 (9) (A.1.17a)
VkeT A, —>00 i€ };{,
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Where, x7 (9) = Ha:l)‘l H —_— (A.1.17b)
il 1§kk<¢il$n 1 — i/,

And similar to (A.1.15a) and (A.1.15b)), the finite-dimensional nested T- and Q-operators take
the form:

T ) = sen ™ é <uk ! D> 2, (1 KH g ﬁ #/x’f) v <g)]

,,,,, et : :
VkET Ap—0 oESn el ek

(A.1.18a)
Qs (uw) 7% (w) (A.1.18h)

A.1.3 Normalization

In the discussion about the construction of T- and Q-operators from the oscillators represen-
tation, we have left out the definition of the normalizations that will allow our argument in
Sec to be satisfied. To define the normalization, we need to study the object Tf’(A) (u)
in for finite lengths (VN = 0,1 for example) to build an idea about the normalization.
Starting with (N = 0), equation becomes:

7MW = Im N x(9) (A.1.19)

Jel1,n]\I
VkeJ ,A\—00

We know that the last expression should give us the infinite-dimensional nested character, which

means that our normalization should nullify the other parts of the full character:

_ 1
NIV - (A.1.20)

The last equation ensures the non-existence of any directions other than the j** one in the
nested charactelﬂ. Next, let us check (A.1.14)) for (N = 1):

u+ )\1 + =
li K N A121
Jdm . 0 (A121)
VkeJ \p—0 U+ A, + #*
where () denotes factors that are not essential to our discussion. The limit will produce a
(n—|I|) infinites (in this limit, all (A € [1,n]\/) are infinites). Thus, the normalization should

nullify all these infinities and remove the non-desirable factors from the character as follows:
- 1
N — — (TA (A.1.22)
! X7 (9) Q g

For higher lengths (N > 2), the degree of X is sector-dependent. To clarify, each entry in the

matrix will have a mixture of different powers of \;’s and other factors (=), and each power of

2Equation (A.1.20) is length-independent (this factor will appear in the normalization for any length).
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\; will be equivalent to the total spin number in the i**’s directions. To nullify these infinites,

we multiply with a normalization:

w=2) _ 1 —m
N2 — o) (H/\k ) (A.1.23)

X1 kel

where my, is the total spin number in the direction k (See Sec(I1.2.2.3)) for more details on my,).
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Appendix B

Coderivative and its properties

A

B.1 Coderivative D and the eigenvalues

In this section, we are going to define the action of the Coderivative on the eigenvalues and the
eigenvectors (x;, p;), respectively. The eigenvalues are the elements that describe the character
of a representation, whereas the eigenvectors are the projectors into the eigenspace of the twist
associated with the eigenvalues.

The Coderivative was introduced in [KV08§], and in [KLT12] they showed how one can use it
on a combination of the generating series of the symmetric character, from which they defined
a differential expression for T- and Q-operators, then from the Wronskian relation describing
T-operators with arbitrary representation from the symmetric ones, they obtain an expression
using Coderivative on the character of these representation. In this section, we will motivate
the action of the Coderivative on the character when built as a combination of eigenvalues x;’s;
this will be particularly important for the results obtained in Sec and Sec.

To answer this question, one needs to define Du;. Since the Coderivative acts on the function
of the twist ¢ , one should try and write the twist in terms of the eigenvalues. To do
that, first, we are going to assume a diagonal twist for simplicity, then let us take the trace of

the general twist (¢g™):
Tr(g™) = Z " (B.1.1)
i—1

Using the previous equation and the fact that (D ® Tr (gk) = kgk> , one obtains:

mg™" = Zm <ZA)$Z> gt (B.1.2)

7

ICheck [KV08] for the action of D on the twist.
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The matrix representation of the last equation with different powers n takes the form:

g 1 1 .. 1 1\ [Dxn

2 Ty Ty .. Ty o || Dz
o ' - (B.1.3)
q" xf xy oxp . X)) Dz,

Vandermonde matrix
Finally, using the inverse of the Vandermonde determinant [}, one finds the action of Coderiva-

tive on the eigenvalue x; to be:

2 (9 - xk)
Dz, =g | | -~ (B.1.4)
Isksn (i — )
#i

The previous relation tells us that all of the directions in the twist are zeros except the -
direction. For example, let us take the simple case of a diagonal twist of GL(2). Then (B.1.4))

reads:
.
Cfn(z==)
D.Z'l _ 1\ 21— _ T 0
0 wm(z=)) \o 0
X (B.1.5)
. —z (+) 0 0 0
DxQ _ 1 1 2 —
0 —XT2 <M> 0 )
\ T1—T2
This can be generalized to GL(n), and it reads:

This is a unique solution, where p; is the projector into the eigenspace associated with the
eigenvalue z;. Now, to have successive actions of Coderivative on the characters, one should
define the D ® p;. Following the same idea we used in defining Dz;, we look for the action of

Coderivative on the general twist ¢g™:

n

D®g™ =Z<m(pi®pi)372n+ (f)®pi> xZ”) (B.1.7)

Using (I1.1.28)), we can show that ﬁ@gm =P ( Z:ol (gk ® gm_k)). The matrix representation
of the previous relationship has the form:

7)(1®g) T To Tn p1®p1
PA®¢@+g®g) | | 207 223 ... 227 || p2®p2
P (X (@9 ) ma" may ... may ) \pa®p (B.1.8)
T o ... Tn [)@pl
2 22 .. 2 || Dep
+ . .
e 2 ) \D @ p,

2This is true when considering the twist to have pairwise distinct eigenvalues.
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Taking the inverse of the two Vandermondes, one obtains the complicated expression E|:

n m—1

A Ti ...0;

D ®pz _ E (_1)n—m E ill Im (7) E gk ®gm—k_
m=1 1< <]m<m Li Hk:l(ml o Jzk) k=0

J1,J2500dm!= ki (Blg)

Z (p; ®pj)z )
=1

As stated, this expression is very bulky. On the other hand, we have a more compact guessed

expression of the same object, and it reads:

: 1—p, 1—p

D®pi—73(]1®9)'[ P pi +pi® p] (B.1.10)
ry—4g X, —

This expression can be obtained by applying D on the projectors p; in every direction z, but

it is an extremely complicated process to do for high-ranked algebra. We will show that this

guessed statement is compatible with our solution for Dp; by replacing D ® p; in (B.1.7) with
(B.1.10) and then asking if the following equation:

n

Z(P(H@)g)-

i=1

— 1—
P i+ pi ® p]x +m (p; @ pi) ! )—
g X g

i %

. 1 (B.1.11)
k=0
is equal to zero on the general basis vectors (|a,a),|a,b)):
e When (B.1.11)) acts on the vector |a, a):
/—L
(0 4+ mal') |a,a)y — Z X |a,a) = 0 (B.1.12)

e When (B.1.11)) acts on the vector |a,b)

m m m—1
' La k_m—k ?
ba) - b,a) = B.1.1
(Ib<9€b—%+xa—xb>+0>l’a> Z(m 2y ") |bay = 0 ( 3)

k=0

where P |a,b) = |b,a), and the projector operators p assign a direction to the expression;

for example, when the expression i:pg ® p; acts on the sate |a, b), it means that p; takes

only one term from the sum, and that is when ¢ = b (more or less like a d-function). One

m

also knows that Y}, (xkxzn k) =1 (z“ ﬁgn), proving that (B.1.13) is equal to zero.

Tq—Tp

3There is an even more complicated way of defining this relation, by dividing (B.1.6) with an z; and then
taking the Coderivative.
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This proves that our guessed formula (B.1.10|) is indeed an expression that is compatible with
(IB.1.9).
Notice that each factor ;__—_p; may look singular because ﬁ is infinite on the eigenspace

associated to x;. But the numerator 1 — p; is also zero on this eigenspace, so that we get %. In

fact, expression (B.1.10)) is valid if we take the convention % = (0, i.e. the abusive notation i;—f;
. 1—ps 0,if ¢ =j
is defined by — f;pj = .

ijp]’, else.

B.1.1 Yang-Baxter equation and Coderivative.

This section will be dedicated to explaining and finding the coefficients of ([1.1.34)) in Sec([lI.1.5)).
This will be done by writing ([1.1.34]) with the auxiliary indices, then drawing the equation for
simplicity.
The formula with auxiliary indices take the form:
11,0 i~ k1,001 ko, o i~ 12,001 19 91,00 k1,k

R (u—v)R (1) 0 R (V)50 = R (V)i e R (Wi o, i (u—v) (B.1.14)
similar to the notation in Sec([I.1.5), we denoted the indices (i,j) to refer to the (outgoing,
ingoing), respectively; (k)’s denote a contraction of operators on the physical space. Whereas

the («) labels the auxiliary indices, notice that in the previous equation, we have a contraction
on the auxiliary space represented by (as). The diagrammatical representation of (B.1.14) is

shown in Fig(B.1)).

11 19 11 19
R (u—v) =R (0) b { R () fe
| | - <
TR (U) _{;;_3_ R (U) e R(u— U)
[ ] [ ]
J1 J2 Ji J2

Figure B.1: This is the diagrammatical representation of (B.1.14). The gray dashed line
represents the auxiliary space, and («)’s govern the operator contraction with the auxiliary
space. The black straight lines are the representation of the physical spaces, which are labeled

by (i,j), and (k)’s govern the contraction of the operators with the physical space.

In (B.1.14)) and from Fig(B.1)), we notice that the left hand side has a swapping between its
outgoing indices and the contracted indices as well, which means the existance of a permutation
operato We can swap the positions of the two operators R (u) and R (v) in the physical space

4Permutations operators are represented diagrammatically as a cross.
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using the identity:

P(A® B)YP=B®A
Now, we need to take into account the way these operators contract with the auxiliary space
after the swapping. The same operators are contracted to the same positions in the auxiliary

space, making the unpleasant figure:

il iQ il i?
AN I~ - -7 ‘* o ~ AN 1T
. /(/Ll ~ 0\3\ ~
R (u - U) ’ f R (u) &2\ (U) fe7 /’
~ - S - — //’/
A A - :;s T m—e - AT .
R () B R () R(u —v)
A A A A
J J2 J J2

Figure B.2: This is the diagrammatical result of swapping the operators on left hand side of
Fig(B.1). The difference between the auxiliary space on both sides of the diagram is due to the
swapping of the two operators in the physical space and keeping the same contraction with the

auxiliary space.

In order to find the relations imposed by Yang-Baxter equation on the Coderivative, we will
write R (u) and R (v) using (T1.1.33a)). This will impose a swapping in the physical spaces that
come from ([I.1.31]), and using the permutation identity, one will end up with Fig(B.3)).

’il ig il i2

* * (e 71 *,\ asg */\

| u—v+P | v+ Difws|u+ Difit
~Hu+ Do+ Dl [ u—v+P |

jl j2 jl j2

Figure B.3: A diagrammatical representation of (B.1.14) after replaceing the operators with

their D. Notice that we are ommiting the identity operator I

Now, we are ready to find all non-trivial coefficient from Fig(B.3]). Fortunately, there is

only one non-trivial coefficient that can be found, and it comes from the spectral parameters

2 —I}[}_l [}-% l (B.1.15)
o
The proof of (B.1.15) will be discussed in Sec(|IL.1.5)).
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B.2 Comutations of rectangular T-operators in Sec(I11.3.3

This section will detail the mathematical steps needed to derive (I11.3.16]). Start by writing
the shifted symmetry T-operators in the numerator and denominator of ([II.3.4)) using the
convention introduced in Sec(I1.2)), the read as:

N
Ty, (u) = ® lul[n+s—1]ul[—n—s+1] _ 2 Ap 42 (DZ) } X (B.2.1a)
i=1
N a—1 N a—1
H T[¢71 2k] ) _ 1_[ (ul[nJrsfaJer]) <uz[fnfs+a72k]> (B21b)
n=1k=1 i=1 k=1

As stated in Sec(II1.3.3]), we will write T-operators of length N as a polynomial of degree
one in the spectral parameter ((ugﬁﬂ_l]) <ug_ﬁ_s+l]> -5+ W'D + 3 (D2)l> that acts on T-
operators of length (N — 1), where the latter will be referred to as Ty ¢ (u):

KT+8— —K—S K 1 !
Ty (u) = lug * I]ug 1 % + ug D+ 5 (D?) ] Ty s (u) (B.2.2)
With that, we can factor out ul™™* ul™*=*"* from the determinant, then expand the deter-

minant, which will give:

u£n+sfa]ug7nfs+a] Z a
Tas (u) - N a—1 [k+s—a+2k Kk—s+a—2k (_1)0 1+
[ Lot Iz 1u[ bl ]UESa i=1
[a—i—0o(i)+7]

2 st+i—o(i) y
uy D+3 3 (D ) — "2 (ple—imjt] (u)
[s+s+a—20(3)] [—Kk—s+a—2i+2] Ls+i—j
Uy Uy

We are going to drop the notation ® between D and T-operators for simplicity. Due to the

commutativity between T-operators, the last expression can be written as:

uEﬁJrs a]ug Kk—s+al [— Ty
. a—i—j
Ta,s (U) o N a—1 [K+s—a+2k]u[—/{—s+a—2k] 1332(1 (TLS*i*j (U)>

Hn>1 k=1
o Ja—i1—o(i1)+1]
* u_ Z Z H 18+111 —o(i1) (u) .
=111k
oo (k) ~la—k—o(k)+1]
(ug WD 4 L(D2) — L (s+ k- U(k‘))> T‘E,s-&-k—a((k):;_ M)

[a—il—a(i2)+l]
Tl s+io—o (1 (u)
(1—1—%(&—#5—1—@—20(1{))) (1—ﬁ(ﬁ+s—a+2k—2)) i21_k[ﬂ s+iz—0(i2)

]{,’1 1 - k2_1
1 a i1—o(41)+1] [a—k1—o(k1)+1]
IFONCUS W () E RO T
€Sa

k1=1 ko=k1+1 11=1 io=ki1+1
[a—i1—0(i2)+1] [a—Fz—o(ka)+1] e S P p 1
T D T ) T T w ) vo ()}
iz=ko+1

(B.2.4)
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This expression is different than what the authors of [KV0§ found, because our R-matrix
in the so(2r) case is of order two in the spectral parameter u, which gives us more terms in
the expansion to look through. We will deal with each power of u; in the last expression
individually.

For now, let us focus on the second term in the expansion and collect the coefficients of
(uy tyup®):

1

e For uj :
o = la—i1—o(i1)+1] [a—k—0o(k)+1] . [a—i1—0o(i2)+1]
Z (_]‘) Z H 1 S-’r;l —o( ;1 ( ) <DT1 s+k—o(k) (u>> 1_[ Tl,s-‘rzl'g—a(?z) (U’)
€S, k=1lii=1 in=k-+1 (B.2.5)

D det (T[“‘ifj*” (u))

1<i,j<a 1,s+i—j

This is a Coderivative acting on a determinant of shifted symmetric T-operators.

e For u;%:
1 [ ] a k—1
a—i—ij+1 o’ a—i1—o(t +1
5 (D —as) det (FI50 ) + 5 % (<17 Y, [ ol =
SHIS UES k=11i1=1
2\ mla—k—o(k)+1] - [a—i1—0o(i2)+1]
((D ) Tl,s+k—a(k) (u)> H T1,8+;2—0(§2) (u)
io=k+1
a k-1 -
a a—i1—o(7 1] a—k—o(k)+1
5 3 0 Y [T w) (6 o) —a— ) DI (@) »
O'ES k=1i1=1
. [a—i1—o(i2)+1]
1_[ T1,8+;270'(?2) <u)
io=k+1

(B.2.6)
Unfortunately, this expression could not be completely expressed as a Coderivative acting
on some expression of T-operators.

Notice that the factor of (D?)" was not written as [(DQ)/ deti<; j<a (TEQ;ZZ__];I] (u))], this is

due to the fact that (D?)" does not follow the usual Leibniz rule ([IL.1.13). Instead, the action

of this operator on a product of N-tensor valued functions takes the form:
i 3
/—H r—/i—\
Dlell fZ2>-- y Un kQ)"'vkn
J1yessJN ki u (B_2.7)
iCQ 32

_Dk1D21 l2 kz —i—D“ Zszl DkleQDz;l gkz +fl2Dk1Dl1 kz
1

U1 yeeesl

(¥ (s x9)

Which can be representationed diagrammatically as: Notice that we have referred to Iy, ..., [,
in (B.2.7)) as I, for simplicity where [ = 4,7 and k. Whereas, in the diagram, the black lines
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7"1 19 2‘1 62 i %2 1‘1 i

| | | |
D— 1t D—f D f D f
A N N
D g D—¢g D g D—¢g
| | | |
jl j2 N jg jl jQ J1 j2

show how an object is connected to the external points 7, 7, the red ones show how we contract

these objects together, and the blue ones show which Coderivative acting on which object f, g

With that, we can act by (D?)" on det

(D?)

1<i,j<a

+ > (=1)

€S,

+ >0 (-

€S,

1<i,j<a

T :
(Tf,lsjz’jj (“)) Z Z 1as+k Uo k)
€Sy k=1
ki—1
a i1—o(i1)+1] DT[a k1—o(k1)+1]
Z Z 1_[ 1,5+i1—0(41) (U) 1,s+k1—o(k1)
ki1=1ko=k1+1 i1=1
- a
[a—ke—o(k2)+1] [a i3—o (i )+1
(oS w) TT i)
i3=ko+1
ky—1
10 - - Ta 11— Uz1+1 DT[a k1— 0k1)+1
) Z Z 1_[ 1,5+i1—0(41) ( ) 1,s+k1—o(k1)
ki1=1ko=k1+1 i1=1
- a
[a—ke—o(k2)+1] [a i3—o(iz)+1]
(DT w) TT ti ™

iz=ko+1
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(Tga;:—gjl] (U)) and write:

|| a—i—o (1)
Tlerz o(7) )

i#k
a 11— 0(12 +1]
H 1,5s+i9—0 7,2 (u) x
io=k1+

o

o—1

a—i1—o(i2)+1
Tl s-‘r;—a((jg)) ] (U) X

L:

)
)
)
o)

(B.2.8)



After a tedious calculation and noticing the similarity between - and (| - we fine:

1 k—a] [—k+a 1 K
Tos (u) = [(uﬁ Ll +]—§Tr (D?) + D
—Kk—s+a—2k]

’ a—l
ul! [k+s— a+2k

1

??‘

=1

]‘ a—1t
5 (p?) ) det Tgsﬂj;rl](u))]

1<7,5<a

= [a—i1—0 (3 1 a—k—o(k)+1
Z H T DS ) (G o (k) — a = ) DT ()
(J’ESa k=1i1=1
T Haia—alia) ] S e (T @]
a—ig—o(12)+1 a 11—o(i1)+1
H Tl,s-i—iz—a(iz) (u) +3 Z 2 Z <H 1,8+i1—0(i1) (U)X
io=k+1 O'ES =1 ko=k1+1 i1=1
[ (k) +1] T (i) +1]
a—ki1—o(k1)+1 a—i2—0o(i2)+1
<DT1 S+lil a’(’il) (u)> 1_[ Tl,s+?270(12'2) <U)
io=k1+1
bt (1] [ (1] | Yy
a—i1—o(i1)+1 a—ki1—o(k1)+1 a—ig—o(iz)+1
+35 Z Z Z <H 1s+;1 J(;) ( ) (DTl 5+k511 U(lil) (u)) 1_[ Tl,s-‘rjz—a(j'z) (U)X
O'ES k1=1ko=k1+1 i1=1 io=k1+1
[a—ke—o(k2)+1] < l[a—iz—o(iz3)+1]
<DT175+]§27G(]§2) (u)> 1_[ Tl,s+?370(13'3) <U)
iz3=ko+1
7 [ RS PN gl P ryeay
az —o(i1)+1] a—ki1—o(k1)+1 a—ig—0o(t2)+1
X 3 S (TR wod i w (] M v
O'ES k1=1ko=k1+1 =1 io=k1+1
a - P1
[a—ke—o(k2)+1] l[a—iz—o(iz3)+1]
<DT1 S+l§2 G'(k2)2) (u)> 1_[ Tl,s+?370(13'3) <U))
i3=ko+1

(B.2.9)

Finally, we should do the same process for all other special parameters (u;) ie[2,N]> One find out

(TTT.3.16).
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