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Résumé étendu en français 

 

La compréhension des mécanismes de transport et de dépôt de particules 

dans les milieux poreux présente un intérêt important dans de nombreux 

domaines, tels que la contamination des eaux souterraines et 

l'assainissement des sols. 

Pour maîtriser les risques liés à l'environnement et à la santé humaine, la 

prédiction du transport des particules dans le sol est nécessaire. 

Fréquemment, l'eau souterraine est utilisée sans traitement grâce à l'action 

filtrante due à son écoulement à travers les milieux poreux (sols, matériaux 

aquifères...). Néanmoins, Il a toutefois été reconnu que certaines bactéries et 

certains virus peuvent parcourir des distances considérables dans les 

aquifères et les sols saturés, ce qui peut constituer une menace non 

négligeable pour la contamination des eaux de surface et des aquifères. Des 

recherches considérables dans ce domaine ont été menées, notamment sur 

la compréhension des effets des facteurs physiques, chimiques et biologiques 

sur le transport, la propagation et l’impact des bactéries et des virus sur les 

eaux souterraines.  

Les particules en suspension peuvent faciliter le transport des contaminants, 

qui sont adsorbés sur les surfaces des particules, dans les eaux souterraines. 

Les mécanismes facilitant le transport d'un large éventail de contaminants par 

les particules ont été étudiés, y compris les radionucléides, les hydrocarbures, 

les métaux lourds et les pesticides. Ces dernières années, les recherches 

menées sur les mécanismes facilitant la mobilité des contaminants se sont 

focalisées sur l’étude des effets de l’exclusion de taille et sur le co-transport 

de particules contaminées. Concernant les effets de l'exclusion de taille, la 

vitesse des particules peut être considérablement augmentée, jusqu'à 5 fois 

par rapport à la vitesse de l'eau interstitielle. Les contaminants associés aux 

particules peuvent se propager beaucoup plus rapidement et sur une longue 

distance dans les milieux poreux. La recherche sur le co-transport de 

particules contaminées comprend la modélisation de l'augmentation de la 
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mobilité des contaminants et la réduction des temps de séjour des 

contaminants. Une meilleure compréhension des mécanismes de transport 

des particules est nécessaire. 

Dans ce travail, des modèles modifiés basés sur le modèle général de 

transport-dépôt-relargage ont été développés et appliqués à la simulation 

numérique d'expériences en colonnes de laboratoire. Ces modèles 

numériques ont permis d’étudier les effets de différents facteurs sur le 

comportement de transport de particules dans différents milieux poreux. 

Des expériences d'injection instantanée de suspension de particules de latex 

artificiel ont été modélisées dans la première partie de ce travail. Les 

simulations numériques du modèle de couplage transport-dépôt ont été 

réalisées avec des coefficients cinétiques de dépôt et de relargage constants. 

Cela a permis de caractériser la dynamique de rétention et de relargage dans 

différentes conditions hydrodynamiques pour des particules de latex mono-

disperses (de diamètre 3, 10 et 16 µm) et poly-disperses (mélange des trois 

populations mono-disperses 3, 10 ou 16 µm). 

Les résultats montrent qu'une augmentation importante de la vitesse du fluide 

ne provoque pratiquement aucune diminution notable de la rétention en 

présence de grandes barrières énergétiques (> 2000 kT). Des augmentations 

systématiques des coefficients cinétiques de dépôt et de relargage ont été 

observées avec la vitesse du fluide et/ou la taille des particules. 

L’augmentation du cinétique de dépôt irréversible indique que le blocage 

mécanique (straining et wedging) domine le dépôt dans cette étude. Lors de 

l'injection de la suspension de particules poly-disperses (mélange des trois 

populations mono-disperses 3, 10 ou 16 µm) une rétention excessive des 

particules de taille 3 µm a été observée. Cela peut être expliqué par le fait que 

les particules plus grosses (10 et 16 µm) déposées peuvent gêner le 

relargage des plus petites particules (3 µm) à proximité du contact grain-grain 

et peuvent fournir des sites de fixation supplémentaires à ces particules. 

Dans la seconde partie de ce travail, des expériences d'injection continue de 

particules de kaolinite naturelles ont été modélisées. Un modèle de dépôt 

dépendant de la distance de parcours des particules a été développé pour 
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étudier les effets des forces hydrodynamiques sur le transport et le dépôt de 

particules poly-disperses et l'évolution dans l'espace et dans le temps des 

cinétiques de dépôt. Les résultats obtenus montrent que le bocage 

mécanique (straining) et l'hétérogénéité de la population de particules jouent 

un rôle important dans la distribution décroissante, avec la profondeur, du 

coefficient cinétique de dépôt.  

Des simulations numériques ont été appliquées sur une série d'expériences 

de colonnes de laboratoire. Différentes vitesses de fluides et trois milieux 

poreux de granulométries différentes ont été considérées. Les effets des 

forces hydrodynamiques ont été analysés à partir des variations des 

paramètres de dépôt du modèle proposé. En tenant compte des distributions 

de la rétention, de la distribution des tailles des particules retenues dans le 

milieu à différentes profondeurs ainsi que des évolutions spatio-temporelles 

des coefficients cinétiques de dépôt, les mécanismes de transport et de dépôt 

des particules poly-disperses ont été expliqués et clarifiés. Les rôles 

importants de la variation de la distribution granulométrique des populations 

de particules mobiles et du changement géométrique des porosités du milieu 

poreux dû à la rétention ont été soulignés. 
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Introduction  

 

Prediction of particle transport through the subsurface is important for a 

wide range of environmental and human-health-related risk scenarios. 

Frequently, groundwater is used without treatment because of the perceived 

filtering action of solution flow through porous media. It has been recognized, 

however, that bacteria and viruses can travel considerable distances in 

aquifers and saturated soils, thus posing a contamination threat to surface 

waters and well waters. Considerable research has been devoted to 

understanding the effects of the physical, chemical, and biological factors that 

control the transport and fate of acteria and virus in aquatic systems. The 

factors investigated include solution chemistry [Gannon et al., 1991; Martin et 

al., 1991; Jewett et al., 1995], cell type [van Loosdrecht et al., 1987a; Gannon 

et al., 1991], hydrophobic interactions [van Loosdrecht et al., 1987b; Schafer 

et al., 1998], motility [Camesano and Logan, 1998; Vigeant et al., 2002], 

surface charge characteristics [Gross et al., 2001], and surface features 

[Herald and Zottola,1989; Walker et al., 2004]. 

Particles can also enhance the transport of dissolved contaminants in 

groundwater via their sorption onto particle surfaces. Particle-facilitated 

transport has been studied for a wide range of contaminants including 

radionuclides, hydrocarbons, heavy metals and pesticides [Denaix et al., 2001; 

Hammes et al., 2013; Honeyman, 1999; Kersting et al., 1999; Ma et al., 2016; 

Tang and Weisbrod, 2009; Yin et al., 2010]. On the effects of size exclusion, 

particle velocity may be drastically enhanced, even up to 5 times relative to 

the pore water velocity. Dissolved contaminants associated with particles can 

spread much faster and broadly. Research in particle-contaminant cotransport 

includes modeling the enhancement of contaminant mobility and reduction of 

residence times of dissolved contaminants [Corapcioglu and Jiang, 1993; 

Flury and Qiu, 2008]. Further understanding of particle transport mechanisms 

are required to predict the risk posed by particle-enhanced transport 

mechanisms. 
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Engineered nanoparticles (ENPs), another class of particles, possess 

unique properties in engineered and environmental systems compared to their 

micron size counterparts. Transport of ENPs are of significant interest. ENPs 

are an emerging environmental contaminant. ENPs released from various 

manufacturing or disposal points, such as landfill and wastewater treatment 

[Dale et al., 2015; Keller and Lazareva, 2013; Keller et al., 2013], may enter 

the environment and accumulate in soils and sediments [Keller et al., 2013; 

Liu and Cohen, 2014; Meesters et al., 2014]. ENPs can be mobilized from the 

topsoil zone to saturated zone due to infiltration driven by rainfall or irrigation. 

Prediction of ENP transport in porous media is important for assessing the 

risk from ENP migration in aquifers and the contamination of wells used for 

drinking water supply. ENP studies have involved modeling [Cullen et al., 

2010; Bai and Li, 2012; Taghavy et al., 2013], pore-scale experiments [May et 

al., 2012; May and Li, 2013], and column experiments [Liang et al., 2013; Ren 

gf and Smith, 2013; Neukum et al., 2014].  

The use of ENPs in a variety of subsurface environmental applications, 

such as water purification, wastewater treatment, and soil and groundwater 

remediation, has been widely investigated. For example, nano-zero-valent 

iron (nZVI) particles are injected into the subsurface at contaminated sites for 

the in-situ reduction of chlorinated solvents in groundwater [Johnson et al., 

2013; O’Carroll et al., 2013; Tosco et al., 2014]. This novel approach has 

been evaluated at both the laboratory [Phenrat et al., 2009; Raychoudhury et 

al., 2010; Kocur et al., 2013] and pilot field scales [Johnson et al., 2013; Kocur 

et al., 2014].  

This dissertation is presented in three chapters as following: 

Chapter 1 presents the detailed literature review on the particle transport 

and deposition in porous media. The current basic knowledge of subsurface 

groundwater, water flow and particle transport and deposition processes in 

porous media is presented in this chapter. Deposition mechanisms under 

unfavorable conditions are carefully discussed. 
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Chapter 2 presents 1D dimension transport-deposition-reentrainment 

model, analytical and numerical solutions as well as optimization algorithm for 

identification of model parameters.  

Chapter 3 presents applications of the transport-deposition-reentrainment 

model discussed in Chapter 2 to series of column experiments. Pulse-input of 

monodisperse suspension and step-input of polydisperse suspension 

experiments are simulated to discuss qualitatively and/or quantitatively the 

effects of various factors on particle transport and deposition, i.e. 

hydrodynamics, grain size distribution and particle size.  
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Chapter 1 Theories of Particle Transport and 

Fate in Porous Media 

 

1.1 Occurrence of subsurface groundwater 

Figure 1.1 shows the general vertical distribution of groundwater. The 

occurrence of subsurface water can be divided into zones of aeration and 

saturation by the water table. In the zone of aeration, the interstices are 

occupied partially by water and partially by air. Yet the zone of saturation 

consists of interstices totally filled with water. In the aeration zone, the 

hydraulic pressure is negative, inferior to atmospheric pressure, and 

expressed as tension. Main direction of fluid stream is vertical on the effects 

of gravity in the zone. In contrast, the hydraulic pressure is positive, and the 

stream is mainly horizontal on the effects of water head difference.  

 

Figure 1.1 Diagram of generalized divisions of subsurface groundwater 
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1.1.1 The zone of aeration 

The zone of aeration can be divided into root zone or soil moisture zone, 

gravitational zone and capillary fringe (Fig. 1.1).  

The upper part of the unsaturated zone is called the root zone since the 

roots of plants can reach the zone. The root zone supports plant growth and 

has large numbers of living roots, animal and worm burrows and holes left by 

decayed roots. Except hydraulic equilibrium and soil hydraulic properties, the 

fluid stream is also affected by root absorption capacity, the surface weather 

condition as well as evaporation of the plant leaf surface, etc. 

Below the root zone lies vadose zone, also called sub-soil zone. Roots 

cannot reach this zone, and therefore the main factors affecting on the fluid 

stream are gravity and soil hydraulic properties.  

The lower layer of the unsaturated zone is called capillary fringe. In it, 

groundwater seeps up from a water table and is held in the soil by surface 

tension and capillarity. The soil is usually saturated, however, the hydraulic 

pressure is less than atmosphere.  

1.1.2 Different types of geological formations of the saturated zone 

Aquifers 

An aquifer can be described as an underground lay composed of geologic 

units, such as rock, rock fractures or unconsolidated materials (gravel, sand 

and silt), that are saturated with water and sufficiently permeable to supply 

water to water wells. Aquifers have two significant functions: 1) groundwater is 

transmitted in aquifers from areas of recharge to those of discharge, which is 

a vital part of the hydrological cycle; 2) an aquifer is a groundwater reservoir 

which yield a large quantity of clean water up to drinking water quality 

standards. The amount of water of an aquifer depends on the porosity of 

materials composing the layer. 

Unconfined aquifers 

An unconfined aquifer is one in which a water table varies in undulating 

form 
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and in slope, depending on areas of recharge and discharge, pumpage from 

wells, and permeability. Rises and falls in the water table correspond to 

changes in the volume of water in storage within an aquifer. Figure 1.1 is an 

idealized section through an unconfined aquifer; the upper aquifer in Figure 

1.2 is also unconfined. Contour maps and profiles of the water table can be 

prepared from elevations of water in wells that tap the aquifer to determine 

the quantities of water available and their distribution and movement. A 

special case of an unconfined aquifer involves perched water bodies, as 

illustrated by Figure 1.2. This occurs wherever a groundwater body is 

separated from the main groundwater by a relatively impermeable stratum of 

small areal extent and by the zone of aeration above the main body of 

groundwater. Clay lenses in sedimentary deposits often have shallow perched 

water bodies overlying them. Wells tapping these sources yield only 

temporary or small quantities of water. 

Confined aquifers 

Confined aquifers, also known as artesian or pressure aquifers, occur 

where 

groundwater is confined under pressure greater than atmospheric by 

overlying relatively impermeable strata. In a well penetrating such an aquifer, 

the water level will rise above the bottom of the confining bed, as shown by 

the artesian and flowing wells of Figure 1.2. Water enters a confined aquifer 

in an area where the confining bed rises to the surface; where the confining 

bed ends underground, the aquifer becomes unconfined. A region supplying 

water to a confined area is known as a recharge area; water may also enter 

by leakage through a confining bed. Rises and falls of water in wells 

penetrating confined aquifers result primarily from changes in pressure rather 

than changes in storage volumes. Hence, confined aquifers display only small 

changes in storage and serve primarily as conduits for conveying water from 

recharge areas to locations of natural or artificial discharge. 
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Figure 1.2 Diagram of different types of aquifers (Water Cycle and Fresh Water Supply) 

Aquitard 

An aquitard is a partly permeable geologic formation. It transmits water at 

a very slow rate, resulting in the insufficient water yield. Pumping by wells is 

therefore not possible. For example, sand lenses in a clay formation will form 

an aquitard. 

Aquiclude 

An aquiclude is composed of rock or sediment that acts as a barrier to 

groundwater flow. Aquicludes are made up of low porosity and low 

permeability rock/sediment such as shale or clay. Aquicludes have normally 

good storage capacity but low transmitting capacity. 

 

 

 

 



13 

 

 

 

1.2 Porous medium 

A porous medium is a solid skeleton material having an empty porous 

interstitial space. This porous space consists of pores and constrictions 

(interconnections between the pores). The skeletal portion of the material is 

often called the "matrix" or "frame". The pores are typically filled with 

a fluid (liquid or gas).  

Porosity 

Porosity is defined as the fraction of the volume of voids over the total 

volume, which is a measure of the void spaces in a material. The value of 

porosity is between zero and one according to the definition.  

Let M be a mathematical point inside the domain occupied by the porous 

medium. Considering a volume V much larger than a single pore or grain, for 

which M is at center of the volume, we can write the integral expression of 

porosity 

𝜙 = !
" ∫ 𝜑(𝑀)𝑑𝑉"                                     (1.1) 

where 𝜑(𝑀) is the indicator function of phase, 0 for solid phase and 1 for 

void. 

 

Figure 1.3 Porosity and Representative elementary volume 
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The evolution of the porosity as the function of V is shown in figure 1.3. For 

large values of V the porosity may varies gradually as V is reduced, especially 

when the considered domain is inhomogeneous. Below a certain value of V1, 
these changes or fluctuations tend to decay, leaving only small-amplitude 

fluctuations that are due to the random distribution of pore sizes in 

neighborhood of M. However, below a certain value V0 large fluctuations are 

suddenly observed. This happens as the dimension of V approach those of a 

single pore. As V approaches 0, the control volume converging on the 

mathematical point M, the ratio of voids volume to the total volume will 

become either one or zero, depending on whether M is inside a pore or inside 

the solid matrix.  Because the control volume with the volume V between V0 
and V1 has stable and similar porosity, it can be employed as representative 

elementary volume (REV) to represent the characteristics of the whole porous 

medium.  Porosity can be expressed as: 𝜙 = "!
"", where Vv is the volume of 

voids and Vt is the total volume. 

Porosity can be measured by several methods. Strictly speaking, some 

tests measure the "accessible void", the total amount of void space accessible 

from the porous medium surface. One of the most widely used methods for 

measuring the accessible porosity is the so-called gas expansion method in 

which the porous medium is enclosed in a container filled with a gas such as 

air. Clearly, the gas only penetrates the accessible void space of the porous 

medium. The container is then connected to a second evacuated container 

which causes a change in its pressure. The accessible porosity of the system 

is then estimated from 

𝜙# = 1 − "#
"$ − "%

"$
$&

$&%$'       (1.2) 

where V1 is the volume of the container in which the porous system is 

enclosed, V2 the volume of the evacuated container, Vs is the volume of the 

porous sample, and Pi and Pf are, respectively, the initial and final pressures 

of the medium. 

Specific surface area 

An important property of a porous medium is its specific surface area (SSA), 

defined as the ratio of the internal surface area of the voids and the bulk 
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volume of the porous medium that, therefore, is expressed as a reciprocal 

length. For instance, SSA of the porous medium with uniform particle size (dp) 
can be calculated by 

𝑆𝑆𝐴 = 	 $&'()*+,	./'0&*,$&'()*+,	"1+/2, = 34(%

3)
*
5+(
%
6
* = 7

4(               (1.3) 

Tortuosity 

A third characteristic of a porous medium is its tortuosity τ, which is usually 

defined as the ratio of the true or total length Lt of the diffusion path of a fluid 

particle diffusing in the porous medium, and the straight-line distance L 

between the starting and finishing points of the particle’s diffusion, τ=Lt/L that, 

by definition, is always greater than (or at least equal to) one. 

 

Figure 1.4 Diagram of porous medium tortuosity.  

Pore size distribution 

Like porosity, pore size distribution is another important measure of void 

space in a porous medium. It is defined as the probability density function that 

yields the distribution of pore volume by an effective or characteristic pore 

size. However, this definition is somewhat vague because the pores are 

interconnected, the volume that one assigns to a pore can be dependent upon 

both the experimental method and the model of pore space that one employs 

to interpret the data. Four methods of measuring pore size distributions are 

mercury porosimetry, sorption experiments, small-angle scattering, and 

nuclear magnetic relaxation methods. The first two methods have been used 

extensively, while the latter two are newer and may, under certain conditions, 
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be more accurate. Mercury porosimetry is a very useful characterization 

technique for porous materials. Pores between about 500 µm and 3.5 nm can 

be investigated. All instruments assume a cylindrical pore geometry using a 

modified Young-Laplace equation, which is most of the time referred to as the 

Washburn equation. 

∆𝑃 = 	𝛾 @ !'# + !
'%B = 89*1:;

'(,-.                 (1.4) 

Figure 1.5 display an example of pore size distribution measured by 

mercury porosimetry.  

 

Figure 1.5 Pore size distribution measured by mercury porosimetry (Vieira et al., 2005) 

 

Pores can be divided into two types. The first type is the pore body which 

occupies most of the void space in the porous medium, and the second is the 

pore throat, the narrow channel that connects the pore bodies. The size of 

pore body and pore throat is usually represented by effective radii of a sphere 

that has the same volume. Thus, pore bodies and pore throats are defined in 

terms of approximate maxima and minima of the largest-inscribed-sphere 

radius. The size of pore throats is an important characteristic of porous 

medium for the relatively large particle filtration, and the related mechanism is 

called clogging or straining.  
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1.3 Flow in porous medium 

Darcy law 

Darcy’s law is an equation which describes the fluid flow through a 

saturated porous medium. When liquid such as water passes through a 

porous medium, the flow Darcian velocity U is positively correlated to the 

applied pressure difference in the linear flow case [L·T-1]. One derivation of 

Darcy’s law is used widely to determine the flow through permeable media 

with the following expression: 

𝑈 = <
# = =

> ∇𝑃        (1.5)	
where U is the Darcy velocity [L·T-1], Q means volumetric flow rate [L3·T-1], A is 

the cross-section area of a porous media [L2], ∇𝑃 is the pressure gradient 

across the medium in the flow direction [M·L-2·T-2], µ is the viscosity of the 

flowing fluid [M·L-1·T-1] and k is the intrinsic permeability of the porous 

medium [L2]. Values of k for natural materials vary widely, for example, typical 

values for soils are clean gravel 10-7-10-9 m2, clean sand 10-9-10-12 m2, 

stratified clay 10-13-10-16 m2 [Nield and Bejan, 2006]. Besides, Kozeny-

Carmen equation provided a relationship between intrinsic permeability (k) 

and porosity (f) as following [Carman, 1956]:  

𝑘 = 4/%
!?@

A*
(!%A)%        (1.6)	

where k is linked to the median grain diameter dg [L] and the porosity f [-]. 

For a one-dimensional, homogeneous medium, the empiric law of Darcy can 

be given as: 

𝑈 = −𝐾 DE
DF ,			𝐻 = ℎ + 𝑧       (1.7) 

where K is the hydraulic conductivity of a given porous medium [L·T-1], H is 

the total pressure head [L], h is the pressure head [L], and z is the coordinate 

or elevation [L]. 
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Convection can bring about translation of particle populations in the 

direction of water flow. The convective massive flux is a function of average 

pore fluid velocity (u), accessible porosity and concentration of solution (C). 

𝑱𝒄 = 𝑼𝐶         (1.8) 

where U	[LT-1] is Darcy velocity, Jc [MT-1L-2] is the massive convective flux. 

Dispersion 

In the realm of particle transport in porous media, dispersion, also called 

hydrodynamic dispersion, includes two parts, molecular diffusion and 

mechanical dispersion.  

Molecular diffusion 

Molecular diffusion is the random motion of suspended particles in the fluid 

resulting from their collisions with the fast-moving molecules in the liquid. It is 

a physical phenomenon regardless of the fluid velocity. If the concentration of 

suspended particles in space is not homogeneous, the particles migrate from 

regions of higher concentrations to regions of lower concentrations. Thus, 

Fick has established the expression of the diffusive mass flux at the local 

scale, which is written as: 

𝑱4 = −𝜙𝐷21𝛁𝐶        (1.9) 

Where Dmo [L2/T] is molecular diffusion coefficient, Jd [MT-1L-2] is massive 

diffusive flux. 

The diffusion coefficient Dmo can be obtained by the Einstein equation: 

𝐷21 = H0I
J3>4(        (1.10) 

Where KB [L2MT-2Θ-1] is the Boltzman constant; T [Θ]is the temperature; µ 

[ML-1T-2] is fluid viscosity; dp [L] is particle diameter. 

In a saturated porous medium, the mechanism of molecular diffusion is 

constrained by the geometry of the pores. The expression of the flux resulting 

from this phenomenon remains of the same form, but Dmo is replaced by a 
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molecular diffusion coefficient, called effective diffusion coefficient, D* which is 

defined by: 

𝐷∗ = 𝐷21𝜓        (1.11) 

Where D* [L2/T] is the effective diffusion coefficient and 𝜓 [-] is a factor 

related to the tortuosity of the porous medium. 

Mechanical dispersion 

Due to the microstructure of the medium, the fluid velocity varies in 

magnitude and direction within the porous medium. This variation in velocities 

leads to a dilution of the suspension, called mechanical dispersion, which 

manifests in all directions, but mainly in the direction of flow (longitudinal or 

axial dispersion). The main causes of kinematic dispersion, illustrated in 

Figure 1.7, are: 

- The existence of parabolic velocity profiles during the passage of 

particles within the pores. The friction causes a maximum velocity at the 

center of the pore while the velocity is zero on the walls of the pore (Figure 

1.7a). 

- Difference of apertures and path lengths results in a difference in 

average propagation velocities from one pore to another (Figure 1.7b). 

- The locally different paths which are long (tortuosity) with respect to the 

direction of the average speed (Figure 1.7c). 

- Variable pore geometry results in different speeds. The orientations of 

the mean pore axes result in a lateral distribution of the path lines (Figure 

1.7d). 
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Figure 1.7 Diagram of different types of mechanical dispersion in porous media 

In the porous medium, the dispersive transfer can be expressed by a law 

analogous to the Fick’s law; 

𝑱2 = −𝜙𝑫′𝛁𝐶        (1.12) 

where Jm is massive mechanical dispersion flux, D’ is the diffusion 

coefficient matrix.  

Hydrodynamic dispersion 

In practice, diffusive and dispersive phenomena (molecular diffusion and 

mechanical dispersion) are often grouped into a single term. They are 

generally described together by a diffusion law of Fick with a common 

dispersion coefficient DType	equation	here., called the hydrodynamic dispersion 

coefficient, which groups together the kinematic dispersion coefficient and the 

molecular diffusion coefficient: 

_𝐷L = 𝐷LM + 𝐷L∗𝐷I = 𝐷IM + 𝐷I∗         (1.13) 

where DL and DT are the longitude and transversal hydrodynamic 

dispersion coefficients. 

In the common range of pore velocity in laboratories and fields, a linear 

dependence of the kinematic dispersion coefficient with respect to the 

modulus of the effective velocity is allowed: 

_𝐷LM = 𝛼L𝑢𝐷IM = 𝛼I𝑢        (1.14) 
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where αL and αT are the longitude and transversal dispersivity. 

Therefore the dispersive massive flux therefore can be expressed as: 

𝑱𝒉 = 𝑱𝒅 + 𝑱𝒎 = −𝜙𝐷𝛁𝐶       (1.15) 

Peclet Number 

A Péclet number is a dimensionless number that can characterize the 

effects of convection and dispersion or diffusion on particle transport. The 

number of Péclet is defined by: 

𝑁Q, = /+
R          (1.16) 

where l is a characteristic length of the porous medium, which can be 

represented by grain diameter or pore size. D is dispersive coefficient. 

When the Peclet number is very small, the convection-dispersion equation 

reduces to a diffusion equation. In contrast, if it tends to infinity, convection 

transport prevails over diffusion transport. 

Dispersion regimes 

A variety of Péclet number definitions can be found in literature. There are 

two used to quantify the dispersion regimes. When D equals to DL’, it is 

dynamic Peclet number (𝑁Q,4ST ). As D equals to D*, it is diffusive Peclet 

number (𝑁Q,4)0). 

In this context, five mixing regimes that correspond to variable distributions 

between the roles played by molecular diffusion and kinematic dispersion are 

defined (Fig. 1.8): 

- Regime I: pure molecular diffusion. In this area the dispersion is 

controlled by molecular diffusion. 

- Regime II: the effect of molecular diffusion is of the same order of 

magnitude as that of mechanical dispersion. 

- Regime III: predominant kinematic dispersion. But molecular diffusion 

cannot be neglected because it reduces the effects of mechanical dispersion. 
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- Regime IV: pure kinematic dispersion. The effect of molecular diffusion 

becomes negligible. 

- Regime V: zone outside the domain of validity of the law of Darcy. 

 

Figure 1.8 Schematic showing the different regimes of a miscible displacement flow 

(Adapted by Pfannkuch, 1963) 

Mathematical models 

The analysis of suspended particle transport through a porous medium 

can be represented macroscopically as a problem of solute transport through 

a homogeneous medium. The governing equation of this classic problem is 

given by the convection-dispersion equation: 

DAU
D( = −𝛁 ∙ (𝑼𝐶) + 𝛁(𝜙𝑫 ∙ 𝛁𝐶)      (1.17) 

where C [M/L3] is the mass concentration of suspended particles in the 

pore water, t [T] is time, ϕ [L3/L3] is initial porosity, D [L2/T] is the 

hydrodynamic dispersion coefficient, U [M/T] is the Darcy velocity. 

When mass transfer occurs between the medium and the solute, a rate 

term can be added to the equation: 

DAU
D( + 𝜌V D.D( = −𝛁 ∙ (𝑼𝐶) + 𝛁(𝜙𝑫 ∙ 𝛁𝐶)     (1.18) 

where	 S [M/M] is the mass fraction of deposited particles to porous medium, 	𝜌V[M/L3] is the particle bulk density. 
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1.5 Filtration in porous media 

1.5.1 Different types of filtration 

A filter composed of a granular porous medium is employed to remove the 

particles in the fluid. The efficiency of the filter process depends on several 

parameters: filter (porosity, pore diameter, grain size and shape), particles in 

the suspension (concentration, size, shape, density and physical and 

chemical nature), solute characteristics (viscosity, density, pH and salinity) 

and flow characteristics (velocity and hydraulic pression). There are four 

different filtration processes generally considered (Fig. 1.9). 

 

Figure 1.9 Diagram of different filtration types 

Medium filtration 

In this process, pore size is smaller than that of the particles in the 

suspension to be filtered. For particles larger than 50 μm, the filter is used as 

a sieve. For small particles, membranes whose pore size is well-defined are 

most often used. This filtering method leads to a very rapid shut-off of the filter, 

which needs regular suspension of the filtration process in order to clean the 

filter. 
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Transverse filtration 

In this process, a direction of the flow of the suspension parallel to the 

surface of the filter medium is chosen. This is ensured by a shearing rate to 

avoid the deposition of particles in the pores. This choice preserves the 

continuity of the filtration process by avoiding the clogging of the porous 

medium. 

Cake filtration 

For particles comparable in size to or larger than the porous media grain 

size, penetration into the media will not occur, but rather a filter cake or 

surface mat will form above the media. As a result, substantial particle 

accumulation can occur, leading to a decrease in permeability.  

Deep filtration 

This filtration process has been used for water clarification. In this case, 

the filtration is applied for particle suspension with concentration than 0.5 g/l 

(Tien and Payatakes, 1979) and particles should be smaller than 30 μm. The 

suspended particles smaller than the pore size penetrate the porous medium 

and circulate along the flow lines. Some of the particles exerted multiple 

forces are deposited at different depths of the filter medium, hence the 

filtration process is called deep filtration. Developed by Herzig et al. (1970), 

the theory is based on the study of concentration and retention profiles within 

porous beds. 

1.5.2 Particle retention sites 

The particle retention sites in porous media have been distinguished by 

Delanchambre (1966). It describes four main types (Figure 1.10), depending 

on the blockage of the particle at the middle entrance or at depth in the middle 

layers which are: 
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Figure 1.10 Diagram of different types of retention sites 

- Surface sites (a): grains in a filter supply large surface, and particles in 

suspension can be removed by physical-chemical interactions between 

particle and grain surface. 

- Crevice sites (b): the suspended particle is in the vicinity of the line of 

contact between two convex surfaces. The particle can be retained by 

mechanical wedging in the crevice. 

- Cavern sites (c): the sites have concave shapes and are generally found 

in the elbows of the pores, so that the fluid therein is immobile and does not 

participate in the flow. 

- Restricted sites (d): Particle is too large to pass the pore throat, and this 

mechanism is also called straining. 

 

1.5.3 Particle – collector interaction model 

Mean-field DLVO interaction forces 

The mechanistic models that are utilized to predict the particle deposition 

depend on DLVO interactions. Classic DLVO theory (Derjaguin and Landau, 

1941; Verwey and Overbeek, 1948) attempts to describe the particle-collector 

interactions in terms of adhesive and repulsive forces, which are the Van der 
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Waals interaction energies and the electrical double-layer interaction ones, 

respectively. The van der Waals force is a general term used to define the 

attraction of intermolecular forces between molecules. There are three kinds 

of van der Waals forces: force between permanent dipoles; force between a 

permanent dipole and a corresponding induced dipole; force between 

instantaneously induced dipoles. Electrical double-layer forces occur between 

charged objects across the liquid. The interaction energy between two 

surfaces can be expressed as: 𝜙(1( = 𝜙4+ + 𝜙W4X, where, 𝜙(1( , 𝜙4+ and 𝜙W4X 

are the total, the double-layer and the Van de Waals interaction energies 

respectively.  

The expression of double-layer energy can be written as (Hogg et al., 

1966): 

𝜙4+ = 𝜋𝜀Q𝜀@𝑟Q[2𝜉Q𝜉Y𝑙𝑛 @!Z[\](%=1^)!%[\](%=1^)B + (𝜉Q8 + 𝜉Y8)𝑙𝑛	(1 − exp(−2𝑘R𝛿))] 
          (1.19) 

𝜀Q is the electric permittivity of the matrix, 𝜀@ is the electric permittivity of 

the vide, 𝜉Q and 𝜉Y are the zeta potential of particle and collector respectively, 

𝑘R  is the reciprocal of the Debye length and 𝛿  is the separation distance 

between the particle and collector surface. 

The van der Waals interaction energies can be expressed as 

(Bhattacharjee and Elimelech, 1997):  

𝜙W4X = − E
7 u'(^ + '(

^Z8'( + 𝑙𝑛 v ^
^Z8'(wx     (1.20) 

𝑟Q is the particle radius, H is the Hammaker constant. 

Extended DLVO theory 

Attraction forces tends to be infinite, and the separation distance can tend 

to be infinitesimal. However, it is impossible. As the particle approaches the 

plate very close, the electron clouds of the molecules on the interaction 

surfaces (particle and plate) would overlap, then creating large repulsion 

forces. This phenomenon is called steric effects arise and the repulsion is 

called Born repulsion. Born repulsion increases drastically with the decreasing 
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separation distance, of which the increase rate is far greater than that of van 

der Waals attraction force, therefore inhibiting the particle from approaching 

the plate further. Due to steric effects，the attraction force in the primary 

minimum well cannot be infinite，so it is possible that particles can get rid of 

primary minimum energy well and exit the SWI back to the bulk fluid. Between 

a particle and a plate, Born repulsion energy can be expressed as 

(Ruckenstein and Prieve, 1976): 

𝜙_1'T = E`2%
ab7@ u ?'(Z^

c8'(Z^d3
+ 7'(%^

^3 x      (1.21) 

Therefore, the total interaction energy can be expressed as: 

𝜙(1( = 𝜙4+ + 𝜙W4X + 𝜙_1'T      (1.22) 

According to the equations, the total interaction energy is a function of 

separation distance between the particle and collector surface. In general, if 

the particle population and the collector surface have the unlike charges in 

mean-field, then existing no repulsion between particles and surface, we call it 

favorable deposition conditions. Otherwise, it is unfavorable conditions. Figure 

1.11 presents classic DLVO interaction energy profiles for favorable and 

unfavorable interaction conditions. Several typical features are exhibited, such 

as primary energy minimum, secondary energy minimum and energy barriers. 

Under unfavorable conditions, a repulsive barrier limits not only physical 

contact between particle and collector but also the particle escaping from the 

primary minimum. 

Outside this repulsive barrier exists a small region of attraction where 

particles may accumulate in a secondary minimum. In situations where 

particles either possesses enough energy to overcome the barrier or where 

no barrier exists (favorable conditions), they can enter the primary minimum 

(Figure 1.11) and physically attach to the surface.  
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Figure 1.12 Dominant transport mechanisms of particles to the collector surface 

- Sedimentation: The path of the particle is influenced by the combined 

effects of the buoyant weight of the particle and the hydrodynamic forces on 

the particle, leading a collision between the particle and the collector. The 

particles will be removed from the current lines in the direction of the 

gravitational force. The parameter which controls the gravitational 

sedimentation for a spherical particle with diameter dp is the Stokes settling 

velocity, 

𝑣: = Y
!?> (𝜌Q − 𝜌0)𝑑Q8       (1.23) 

where µ is the dynamic viscosity of the fluid, g is the gravitational 

acceleration, ρp and ρf	 are the particle and fluid densities, respectively. When 

the particle density is equal to the fluid density, the Stokes settling velocity is 

equal to zero and the effects of gravity can be neglected. 

- Interception: a suspended particle following a streamline of the flow may 

come in contact with the collector due to its own size, characterized by a 

function of an interception parameter|𝑑Q/𝑑*}8, dc is the collector diameter.  
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- Diffusion: For small particles, less than a few micrometers, the dominant 

transport to the collector surface is via Brownian motion of particles. This 

motion is characterized by a particle diffusivity Dp, the mathematical 

expression is derived by Einstein,  

𝐷Q = 𝑘𝑇/3𝜋𝜇𝑑Q        (1.24) 

where k is the Boltzmann constant, T absolute temperature. 

Correlation Equations of single-collector contact efficiency 

CFT approaches based on the single collector model have two major 

components: i) a mechanistic force and torque model describing particle 

trajectory and deposition; ii) correlation equations that approximate the results 

of the mechanistic models. Both mechanistic models and correlations 

equations are broadly successful in predictions of the single-collector contact 

efficiency (η) under favorable conditions [Rajagopalan and Tien, 1976; 

Tufenkji and Elimelech, 2004].  The correlation equations divide particle 

transport to the collector surface into three dimensionless numbers 

representing interrelated mechanisms: interception, diffusion and 

sedimentation. The total efficiency can be expressed as the sum of the 

diffusion, the interception, and the gravity contributions to particle transport 

toward the collector: 𝜂@ = 𝜂R + 𝜂e + 𝜂f       (1.25) 

where 𝜂R  is the contribution from diffusion, 𝜂e  is the contribution from 

interception, and 𝜂f is the contribution from gravity. 

Different correlation equations of the deposition efficiency have been 

developed in the literature to approach the deposition dynamics. TE model is 

often used in efficiency approaches, the efficiencies can be expressed 

(Tufenkji and Elimelech, 2004): 

𝜂R = 2.4𝐴:!/J𝑁h%@.@?!𝑁$,%@.a!b𝑁W4X@.@b8    (1.26a) 

𝜂e = 0.55𝐴:𝑁h!.bb𝑁$,%@.!8b      (1.26b) 

𝜂f = 0.22𝑁h%@.8j𝑁f!.!!𝑁W4X@.@bJ     (1.26c) 
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Where As is a porosity-dependent parameter, NR is the interception 

number, NPe is the Peclet number, NvdW is London-van der Waals attractive 

forces number, and NG is the gravitational number. 

As mentioned previously, particle transport with mass transfer between the 

solid matrix and suspension at continuum scale can be expressed as: 

DAU
D( + 𝜌V D.D( = −𝛁 ∙ (𝑼𝐶) + 𝛁(𝜙𝑫 ∙ 𝛁𝐶)     (1.27) 

The retained particle concentration (S) is written as: S	 =	 kd	𝜙C, where kd is 

deposition rate coefficient. According to the classical particle filtration theory, kd keeps constant during particle transport and is a function of 𝜂@, expressed 

as:  

𝑘4 = J
8
(!%A)
4/ 𝛼𝜂@𝑢        (1.28) 

In Eq.1.28, 
J
8
(!%A)
4/  represents the specific grain surface per unit volume or 

mass of porous media. Therefore, Eq. 1.28 realize the upscale of particle 

deposition dynamic from pore to assemblage scale, to an extent.  

1.5.5 Experiments under favorable and unfavorable deposition conditions 

As we introduce the particle-collector interaction model in the previous 

section, favorable and unfavorable deposition conditions are mentioned. 

Under favorable conditions, without the obstruction of energy barriers, the 

particle can physically contact the collector surface. Such deposition with 

physical contact is referred to as attachment. Under unfavorable conditions, 

theoretically, only if the particle overcomes the energy barrier with great 

hydrodynamic forces, the particle cannot have physical contact with collector 

surface. Therefore, particle deposition efficiency under favorable conditions is 

generally much higher than that under unfavorable conditions. The height of 

energy barriers is influenced by several physical and chemical factors, e.g., 

the zeta potentials of particle and collector surface, solution pH and ionic 

strength, collector surface roughness and so on.  

Laboratory column experiments are indirect observation methods widely 

used to study the particle behavior in porous media. A particle suspension is 
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Figure 1.13 Experimental data (symbols) for the BTCs (a,b) and retention profiles (c,d) 
of polystyrene latex microspheres in quartz sand in unfavorable and favorable conditions 

described in Li and Johnson [2005]. Lines are continuum model descriptions with a single 

deposition rate coefficient. The single deposition rate coefficient was used to generate a 

probabilistic deposition distribution. Adapted from Li and Johnson [2005]. [Molnar et al., 

2015] 

Due to great differences in particle-collector interaction energies between 

“favorable” and “unfavorable” conditions, very different particle transport and 

deposition behaviors are observed in column experiments under favorable 

and unfavorable conditions. Column experiments conducted under favorable 

conditions typically exhibit relatively simple particle transport behavior: as 

seen in Figure 1.13a, particle breakthrough during injection reaches a steady 

state plateau in short-term [Elimelech et al., 2000; Li et al., 2005; Tufenkji and 

Elimelech, 2005]. Transport and deposition model with constant kdep is 

capable of well fitting both BTCs and retention profiles (e.g. Fig. 1.13a,b). This 

indicates that deposition rate keeps approximate constant under favorable 

conditions, which conform to colloid filtration theory.  

Very different transport and deposition behavior from those conducted 

under favorable conditions can be observed in those conducted under 

unfavorable conditions (e.g. Figure 1.13c,d). Under certain experimental 

conditions, the BTCs under unfavorable conditions may also reach a steady 

state plateau sometimes [Elimelech et al., 2000; Li et al., 2005; Jiang et al., 

2012]. By contrast, nonsteady state behavior occurs more often. The effluent 

concentration may gradually increase over time, since mean-field repulsive 

interactions between particle and collector result in limited number of 

deposition sites, which are progressively filled (blocking) with more and more 

retained particles [Liu et al., 2009; Lin et al., 2011; Mattison et al., 2011; C. 

Wang et al., 2012; Liang et al., 2013]. Decreasing concentration during 

breakthrough (ripening) suggests that favorable particle-particle interactions 

allow already retained particles to supply additional sites for further particle 

retention [Tong et al., 2008; Jiang et al., 2012]. These processes can also 

cause the variation of filtration capacity of the porous medium with time and 

space. Therefore, the prediction of CFT with constant kd has evident 

deviations of retained profiles with experiment or field results.  
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Extended tailing may be observed in the BTC during the elution phase of 

column experiments in the presence of energy barriers (Fig. 1.13e). Tailing 

results from the slow release of particles from the column outlet and is the 

macroscopic performance of dramatic particle re-entrainment from the 

collector surfaces and contacts. Tailing is often observed for microbes in the 

laboratory [Harter et al., 2000; Li and Johnson, 2005; Li et al., 2005], field 

[DeBorde et al., 1999; Ryan et al., 1999], and nonbiological particles [Li et al., 

2004; Tufenkji et al., 2004; Li et al., 2005; Tong et al., 2005; Johnson et al., 

2007]. In the presence of energy barriers, the reentrainment dynamics are 

very sensitive to hydrodyanimic and chemical perturbations, including 

variation in ionic strength [Ryan et al., 1999; Tufenkji and Elimelech, 2004, 

2005; Shen et al., 2007; Mattison et al., 2011; Jiang et al., 2012; Shen et al., 

2012], variation in pH [Ryan et al., 1999; Tufenkji and Elimelech, 2004, 2005], 

and variation in fluid velocity [Shang et al., 2008; Pazmino et al., 2014]. Such 

reentrained particle population is considered to be particles retained within 

secondary energy minimum. The particle retained within shallow primary 

minima with low energy barriers, i.e. on the peak of roughness, may also 

contribute to the reentrainment. (Shen et al., 2012; Jin et al., 2016) 

1.5.6 Deposition and re-entrainment dynamics under unfavorable 

deposition conditions 

For more than recent four decades, the colloid filtration theory (CFT) 

stemming from Yao et al. (1971) has been supplying the basis for a 

functioning theory to predict particle transport and removal in homogeneous 

porous media without particle-grain repulsion. However, in aquifers, both 

particles and porous medium grain typically are found to be negatively 

charged and the subsurface water generally has a low ionic strength and 

neutral pH (Bradford et al, 2006). Under these conditions, the electrical double 

layer interaction is repulsive, yielding an energy barrier for attachment (so-

called unfavorable conditions). Nearly no particle deposition is predicted by 

existing models derived from CFT in the presence of energy barriers because 

these models are constructed based on the hypothesis of totally equivalent 

surface characteristics (e.g. zeta potentials and surface topography) across 
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the whole surfaces. However significant deviations were often found between 

the predictions with mean-filed approaches and experimental results under 

unfavorable conditions for both biological and nonbiological particles. 

(Bradford et al., 2002; Li et al., 2004; Redman et al., 2001; Tufenkji, 2007; 

Yang et al., 2015). Deposition mechanisms in the presence of strong energy 

barriers (Fig. 1.14) have been widely investigated in the literature over the last 

decade. 

 

Figure 1.14. Schematic illustration of different deposition mechanisms under unfavorable 

deposition conditions. 

Straining and wedging 

In the last two decades, straining and wedging in porous media has been 

increasingly found to not only dominate deposition dynamics for the great size ratio of 

particle:collector (over 0.05 proposed by Herzig et al., 1970), but also have strong 

influence on particle transport in deep filtration. Straining indicates particle 

entrapment in pore throats too small to pass.  Wedging indicates particles removed 

by grain-grain contacts. Straining and wedging have similar mechanisms, referring to 

particles entrapped by several adjacent grain surfaces. Therefore, the two 

mechanisms are sometimes regarded as one mechanisms and called straining. In 

general, straining happens when the size ratio of the particle to collector (dp/dc) is 

above a critical value (Knappett et al., 2008; Pelley and Tufenkji, 2008), and particle 

straining rates increase with larger dp/dc (Xu et al., 2008). Several critical dp/dc 

values are reported, e.g., 0.005 (Johnson et al., 2007a; Ma et al. 2009), 0.003 

(Bradford et al., 2007), 0.008 (Xu et al., 2006) and 0.0017 (Bradford et al., 2002). 
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However, Johnson et al. (2007b, 2010, 2013) argued that the so-called 

straining with such a small particle:collector ratio might just be the removal of 

particles at grain-to-grain contacts, or wedging. 

The occurrence of straining has many implications for particle transport in 

porous media. Generally, the deviation in the deposition profile from CFT 

induced by straining tends to increase with increasing particle size or decreasing 

grain media size (Bradford et al., 2006). Straining is depth-dependent and it is mainly 

observed at column inlets (Gargiulo et al., 2007; Johnson et al., 2007b; Bradford et 

al., 2006). Straining is also dependent on the concentration of strained particles, with 

Xu et al. (2006) observing that straining rate coefficients exponentially decrease with 

increasing concentration of strained particles.  

Numbers of chemical, physical and hydrodynamic factors can affect and 

determine the occurrence of straining. Shen et al. (2008) and Mesticou et al. 

(2016) evaluated the role of solution ionic strength on particle straining, and 

confirmed that the critical dp/dc is significantly reduced at higher ionic 

strength due to additional straining induced by particle retention, 

predominantly in the grain-grain contacts.  

Size exclusion 

The importance of size exclusion was elucidated in considering the 

reasons for unexpected large migration distances of solute contaminants, 

such as radionuclides, in the subsurface because of their cotransport with 

groundwater particles. Size exclusion, also known in a more general concept 

as hydrodynamic chromatography, has been recognized as an underlying 

phenomenon for faster migration of particles compared to non-reactive solute 

in porous or fractured media [Xie et al., 2014; Albarran et al., 2013]. Due to 

this mechanism, up to 4 - 5.5 times enhancement in particle velocity 

compared to mean pore water velocity has been observed in micro-models 

[Keller and Auset, 2007, Sirivithayapakorn and Keller, 2003]. 

Size exclusion has occurred generally in the context of particle transport 

on two different scales. At pore network scale, the size exclusion concept has 

been referred to as the exclusion of particles larger than a portion of the pores 

that can be passed through by solute but not by the particles [Bradford et al., 
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2006; Chrysikopoulos and Katzourakis, 2015]. At pore scale, size exclusion 

has been attributed to migration of particles on flow paths which are close to 

the center of the pore channels. Particle velocity is theoretically 1.5 times 

larger than the mean pore water velocity on the effects of Taylor dispersion 

[Grolimund et al., 1998; Keller et al., 2004]. 

Blocking and Ripening 

The surface of porous materials may have a limited capacity for the 

deposition of particles and once this capacity is filled, the deposition of further 

particles is hindered by the presence of previously retained materials. The 

most well-known approach for modeling this process, which is called site-

blocking effect, is to use the Langmuir approach for particle adsorption onto 

solid surfaces [Adamczyk et al., 1994]. This is used to model the site-blocking 

effect of suspended particle attachment during transport in porous media via 

the following relationship [Saiers et al., 1994]:  

𝑘4 = 𝑘@ @1 − .
.456

B       (1.29) 

where k0 [1/T] is the initial coefficient of deposition rate;	 S [M/M] is the 

retained particles concentration, or retention; Smax [M/M] is the maximum 

concentration of retained particles. 

Ripening is the opposite of the blocking phenomenon, particles deposit at 

additional retention sites supplied by previously retained particles with 

adjacent particles or grain surface Also, in contrast to the blocking mechanism, 

in which the deposition rate decreases with time, ripening causes an increase 

in the deposition rate with time. This leads to a dropping plateau of the BTC in 

the case of ripening [Tong et al., 2008; Jiang et al., 2012]. Ripening has been 

observed from nano to micro particles.  

Retention within the secondary energy minimum 

Weakly adhesive interactions happen at zones where the fluid drag is low 

and overcome by secondary energy minimum interaction (Liu Y. et al., 2009; 

Li et al., 2010; Johnson and Tong, 2006). As the ionic strength increases, the 

magnitude of the secondary minimum is also enhanced and may be sufficient 
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to not only overwhelm hydrodynamic drag forces but also exceed colloidal 

Brownian diffusion forces (Torkzaban et al., 2007). The secondary minimum is 

also enhanced at pH values close to pHPZC (either particle or grain media), 

as the surface potential as well as EDL interaction is very small at such 

condition. Under these conditions, the attractive vdW interactions dominate 

and the secondary energy minimum depth is increased (Ryan et al., 1999; 

Elimelech et al., 2000; Quevedo and Tufenkji, 2009). Particles that associate 

with the secondary energy minimum are considered reversibly attached. 

Evidence in support of reversible attachment in the secondary minimum are 

found in studies that intentionally evaluate particle release by perturbing 

system conditions, e.g., eluting column with low ionic strength solution after 

deposition (Bradford et al., 2007; Canseco et al., 2009). 

Heterogeneity 

In the natural and industrial processes, particles and grains are created or 

produced with different form factors. These particles and grains have 

(depending on their chemical composition) electrical charge heterogeneities 

and/or topographic heterogeneities. Indeed, electrostatic "patches" due to the 

presence of aggregates or organic matter adsorbed on the surface can be 

formed, and the surface topography is not smooth, involving asperities. These 

heterogeneities result in changes in the shape and intensity of surface 

interactions (Ducker et al., 1991) and consequently have an influence on the 

adsorption and desorption phenomena (Elimelech And O'Melia, 1990). 

Heterogeneities are confirmed to be one of dominant deposition 

mechanisms under unfavorable conditions, in the presence of interaction 

energy barriers (Φmax) of several to hundreds of kBT between particles and 

collector surface. The effects of heterogeneities have been widely studied 

qualitatively and quantitatively by experiments and numerical simulations in 

the literature. The attachment is due to the local presence of nano to micro 

scale favorable sites, in spite of unfavorable deposition surface characteristics 

in the mean-field. Suresh and Walz (1996) have shown in their work that the 

average interaction repulsion has been reduced in the presence of roughness, 

thus promoting deposition of the particles. This reduction is related to the size 
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of the particles and the asperities as well as the density of the latter. The 

repulsion of the double layer has been found to be much reduced in the peaks 

of rough surfaces [Bowen et al., 2002; Bradford et al., 2013; Shen et al., 2012. 

In this sense, the inter-particle interaction is not determined by the radius of 

curvature of the particles but by that of the surface asperities. Greater 

retention of latex microspheres was observed on rough glass beads, of which 

the collision efficiency is 30 – 50% higher than those observed in the 

presence of smooth beads [Shellenberger and Logan, 2002; Yoon et al., 

2006]. 

Collector surface heterogeneity 

Widespread retained particles over a large size range from 0.25 to 9 μm 

have been directly observed on the bulk surfaces of glass beads by Johnson 

et al. (2010). Negligible reentrainment has been observed for all size particles 

even at five times higher flow velocity. This indicates that most particles 

retained within the primary energy minimum with physical bonds to collector 

surface. However, the classical models with mean-field particle-collector 

interactions cannot achieve physical contact between the particle and the 

collector surface in the presence of significant repulsion between the bulk 

surfaces. The models with discrete nanoscale to microscale physical and 

chemical heterogeneity on the collector surface (referred as to heterodomains) 

have been proposed. Around the discrete heterogeneity particle-collector 

repulsion is locally reduced or eliminated [Duffadar and Davis, 2008; 

Bendersky and Davis, 2011]. Heterodomains differ from the macroscopic 

surface heterogeneities, they are widely distributed on grain surfaces. These 

heterodomains can bring particles into physical contact with the surface, then 

generating surface friction against the tangential hydrodynamic drag. For the 

particles retained within the secondary minimum, friction is considered to not 

exist due to no physical contact with collector surface. 

Attractive or repulsive net interaction is produced with collector surface 

heterogeneity between different sized particles and collector surface [Pazmino 

et al., 2014]. Since particle-collector interactions decay rapidly with increasing 

separation distance, the influence of curvature of the particle surface cannot 
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be neglected. The zone of significant particle-collector interaction (ZOI) is a 

fraction of the projected area of the particle. Under unfavorable conditions, 

particle-collector interactions are repulsive on mean-field except for the 

heterdomains.The fraction of heterdomain in ZOI determines the net particle-

collector interaction with the summation of attractive and repulsive interactions. 

Hence, the net particle-collector interaction (attractive versus repulsive) 

depends on the interplay of particle size, heterodomain size, and ionic 

strength [Pazmino et al., 2014]. With increase of particle size, the fractional 

coverage of ZOI in a given sized heterodomain decreases, maybe leading to 

net attractive interaction for the small particle, and net strong repulsion for the 

large particle. 

Particle population heterogeneity 

The heterogeneity of the particle population encompasses the physical 

heterogeneity (size and shape) and the physiochemical heterogeneity 

(surface charge and multiple energy minima). In a deep bed filtration system, 

where straining and size exclusion mechanism dominates deposition kinetics, 

the larger particles in the particle population deposits faster and correspond to 

greater deposition rates and retention. Since straining and size exclusion 

almost only depend on the size ratio of particle:collector, the particle size 

distribution most probably results in the distribution of the deposition rate 

(Shapiro and Bedrikovetsky, 2013). Due to the particle surface heterogeneity 

and second energy minimum, a suspension of monodisperse latex colloids 

injected in a homogeneous porous medium sometimes can yield a 

hyperexponential deposition profile in the presence of strong energy barriers 

[Li et al., 2004; Tong et al., 2006; Tufenkji and Elimelech, 2005]. 

Mathematically, the distributed deposition rate is employed to describe the 

effects of the heterogeneity of the particle population. The approaches with 

various distribution types of the deposition rate, i.e. the log-normal distribution, 

the power law distribution, the bimodal distribution, have been attempted to 

simulate the effects. 
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Irreversible and reversible deposition 

“Irreversible/reversible” is used to describe the state of deposited particles. 

Under favorable conditions, most of retained particles are fixed within deep 

primary energy minima in the absence of energy barriers. The particles have 

physical contacts with collector or grain surface, thus considered “reversible”. 

However, under unfavorable conditions, most particles, which enter in the 

near-surface domain, are associated with the collector surface via secondary 

energy minima or shallow primary minima. Many particles are not retained 

even temporally on the surfaces, they advance slowly with the flow by rolling 

and/or translation at very low velocities due to the collector surface attraction. 

Some particles are really fixed unstably with the weak attraction for a given 

condition. However, with hydrodynamic or chemical perturbations, the 

mechanical equilibrium is broken, and the particles escape from the near-

surface domain back to the bulk fluid. For both two situations, the residence 

times of particles fairly increase, thus the particles are called “reversible” 

deposited particles. The behavior that the particles struggle to advance with 

the flow against the surface attraction is called “re-entrainment”. 

1.6 Conclusions and research objectives  

Our research group (LOMC Le Havre) has focused on the particle 

transport study in porous media for more than ten years. Large numbers of 

laboratory column experiments have been realized to study the effects of 

kinds of factors, such as flow rate, pH, concentration, particle size distribution, 

grain size distribution. In most of these experiments, natural silica particles 

(e.g., kaolinite particle) were used to prepare injected suspensions, and the 

column was packed with quartz sands as studied porous media (e.g., Seine 

river sand). Both silica particle and quartz sand, mainly composed by silicon 

dioxide, have negative surface charges. Therefore, these experiments were 

conducted under unfavorable conditions. To study the deposition mechanisms 

under unfavorable conditions by numerical methods, the experiments in the 

Hammadi’s doctoral research [Ahfir et al., 2016; Hammadi et al., 2017] were 

chosen for our modelling study. Hammadi conducted two series of laboratory 
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Figure. 1.15 BTCs and retention profiles under unfavorable conditions. 

 The overall objective of this study is aimed at have insights into the 

mechanisms that control particle transport and deposition under unfavorable 

conditions in saturated porous media by performing numerical simulations of 

laboratory column experiments. The specific objectives are to: 

1. Develop the specific transport and deposition models under 

unfavorable conditions. 

2. Develop the numerical models to simulate the experiments and obtain 

the transport and deposition parameters by inverse methods. 

3. Based on the experimental and numerical results as well as evolutions 

of parameters’ values, analyze the roles of the deposition mechanisms 

and effects of different physical factors on particle transport behavior. 

In this chapter we present a literature review of particle transport in 

porous media. The definitions of different geological formations of subsurface 

groundwater, porous medium properties and Darcy’s law to characterize the 

flow were introduced. Then convection dispersion equation was applied to 

particle suspension transport. In the last section of this chapter, we present 

the filtration theory, and focus on the deposition mechanisms under 

unfavorable conditions. 

In chapter 2, based on the classic colloid filtration theory and recent 

study results on particle deposition in the presence of energy barriers, we will 

propose mathematic model to describe suspended particle behavior in 

saturated porous media. Then a numerical model will be developed to 

simulate the column experiments. The particle transport program is composed 

of transport and optimization modules to fit experimental measurements and 
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obtain best-fitted values of transport and deposition parameters in the model. 

In chapter 3, the developed numerical model will be applied to modelling the 

column experiments of Hammadi’s work [Hammadi’s, 2017]. With 

experimental and numerical results, the deposition mechanisms under 

unfavorable conditions will be elucidated as well as effects of different 

physical factors, like flow rate, particle size, etc. 
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Chapter 2 Transport deposition reentrainment 

model and numerical simulation 

 

Depending on the descriptive scale of particle transport behavior and the 

precision of outcome results, modeling tools used to describing or predicting 

particle behavior in porous medium for laboratory experiments can be 

categorized in two groups, mechanistic models and continuum-scale models. 

Mechanistic models focus on a small number of individual particles at pore or 

grain scale. They consider the forces, torques, microfluid and energy of 

particle and contacting media. Mechanistic models supply a direct simulation 

to understand the effects of different factors such as collector surface physical 

and chemical heterogeneity at local scale. Continuum-scale models are 

defined as partial different equations based on the continuity principle over the 

bulk spatial and temporal domains of the studied system. In contrast to 

mechanistic approaches which deal with forces or energy, continuum models 

deal with rates, like initial deposition rate. In this study, we used continuum 

models to realize modeling of particle transport. 

2.1 Transport, deposition and re-entrainment model 

The particle transport through homogeneous porous media is assumed to 

be mainly affected by three physical processes, namely advection, 

hydrodynamic dispersion and deposition. For the experiments studied in the 

present paper, both particles and porous media grains being negatively 

charged, straining and wedging should be considered as the dominant 

mechanism in the particle deposition process in the presence of an energy 

barrier. As the volume of injected suspension is not considerable, the 

modifications of pore-network structure are slight. The parameters of porous 

media, such as porosity and dispersion coefficient, can be considered 

constant then can be put out of the derivative operation in Eq. 1.27. In this 

work, we will realize modelling of laboratory column experiments with the ratio 

of diameter:length less than 0.15, which can be regarded as 1D problem. 
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One-dimensional convection-dispersion equation (CDE) with a deposition 

term is used to describe the particle transport and retention in saturated 

porous medium (Corapcioglu et Jiang, 1993): 

DU
D( + k7

A
Dl
D( = 𝐷L D%UDF% − 𝑢 DU

DF                (2.1) 

where C [M/L3] is the mass concentration of suspended particles in the 

pore water, t [T] is time, ϕ [L3/L3] is initial porosity, S [M/M] is the mass fraction 

of deposited particles to porous medium, DL [L2/T] is the hydrodynamic 

longitudinal dispersion coefficient, u [M/T] is the average pore velocity, 𝜌V[M/L3] is the particle bulk density. 

The last term of Eq. (2.1) represents the variation of particle deposition 

with time. The mass exchange of particles between liquid and solid phase is 

quantified with the help of some rate coefficients, such as attachment and 

straining rate. 

In this study, reversible-irreversible deposition model was utilized to 

describe the particle transport, deposition and re-entrainment behavior 

(Hendry et al., 1997):  

D.
D( = D.'--

D( + D.-
D(                 (2.2a) 

k7
A
D.'--
D( = 𝑘4,)''𝐶                (2.2b) 

k7
A
D.-
D( = 𝑘4,'𝐶 − 𝑘','𝑆'              (2.2c) 

where Sirr [M/M] is the ‘‘irreversibly’’ retained particle concentration on the 

solid phase (particles per unit mass of sand), Sr [M/M] is the ‘‘reversibly’’ 

retained particle concentration, kd,irr [1/T] is the particle irreversible deposition 

rate coefficient, kd,r [1/T] is the particle reversible deposition rate coefficient 

and kr,r [1/T] is the particle re-entrainment rate coefficient. As the amount of 

retention is little, the porous medium can still be regarded “clean”, thus the 

deposition and re-entrainment rate coefficients considered constant. Under 

unfavorable conditions, due to the presence of energy barriers, the amount of 

deposition sites is very limited relative to favorable conditions. Deposition 

rates vary with the increase of retention. On the effects of blocking and 
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ripening, the deposition rate is sometimes time and distance dependent. For 

instance, the straining model proposed by Bradford et al. (2003),  

𝑘4 = 𝑘@ @1 − .$"-
.$"-456B v4/ZF4/ w%n                         (2.3) 

where k0 [1/T] is the initial coefficient of deposition rate, Sstr [M/M] is 

strained particle concentration, 𝑆:('2&F  [M/M] is maximum concentration of 

strained particles, dg [L] is porous medium grain median diameter and β [-] is a 

parameter that controls the shape of the retention profiles. Here, Sstr increases 

with time due to blocking, thus kd decreases with time. The power law function 

of x describes the effect of straining, leading limited particle transport pore 

networks with distance.  

The concept “reversible/irreversible” does not indicate the deposition 

mechanisms but reflects the state of deposited particles. Just as the literal 

meaning, “irreversible” retained particles are entrapped firmly at deposition 

sites and hardly return to the fluid and move forward; “reversible” retained 

particles are trapped unstably on the grain surface or contacts and able to get 

rid of the constraint of grain surface adhesions and leave the near-surface 

domain, called “reentainement”. However, given absence of chemical and 

hydrodynamic perturbations, most deposited particles should be 

approximately in mechanical equilibrium. Except some tiny particles exiting to 

the fluid on the effects of diffusion, the rest should stay stably at the 

deposition sites. However, under stable chemical and hydrodynamic 

conditions, many “reversible” retained particles do not stay a while on the 

grain surface or contacts, they roll and/or translate across the grain surface. 

They do not leave the surface due to the secondary energy minimum 

association with the surface. Although these particles are not really retained 

temporally by the surface adhesion, their residence times are drastically 

increased, and the velocities are much lower relative to the fluid flow around. 

By contrast, in the bulk fluid due to the Taylor dispersion, the particle’s 

velocity may be greater than flow. Therefore, the velocity distribution of 

particles is much wider than flow in the macroscopically homogeneous porous 

media. Fig. 2.1a shows the BTCs of particles and the dissolved tracer. We 

can obtain the average velocity distributions (Fig. 2.1b) according to the BTCs. 
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Particles’ velocity is not normal distribution but somehow a log-normal one. In 

CDE, the dispersion term with a constant dispersion coefficient can only 

achieve normal distributed velocity. Although the “reversible” deposition term 

with kd,r and kr,r is discrete mathematically and cannot exactly describe the 

continuous motion of rolling and translating particles across collector surfaces. 

However, it does realize the redistribution of particle velocities, then being 

capable of fitting the extended tailings of BTCs.  

 

Figure 2.1 (a) Breakthrough curves of tracer and particle; (b) Average velocity 

distribution of tracer and particle. Adapted from Hammadi et al. [2017] 

In the presence of energy barriers, re-entrainment behavior is very 

sensitive to the solution chemistry and flow rate. Re-entrainment of retained 
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particles were observed with decrease of ionic strength or increase of flow 

rate. Thus, mobile or immobile deposition is a relative conception, “irreversible” 

retained particles can become “reversible”, which needs chemical or 

hydrodynamic perturbations to break the mechanical equilibrium.  

Normally, the transport problem in practice is almost nonlinear, which is 

complicated and has barely no analytic solution. We often begin with the 

convection dispersion equation without the source term.   

2.2 Analytic and Numerical solutions for 1D convection-

dispersion equation 

To explore the general analytic and numerical methods of resolving the 

transport problem, we can begin with the simplest situation, for example, 

unidimensional transport of contaminants in porous media. Albeit 

unidimensional problem is easy to be resolved, it is very important in practice 

to help understanding the transport process of pesticides, pathogens, heavy 

metals and radionuclides in aquifers. 

Mathematic model and analytic resolution 

Hypothesis 

Considering the transport problem in a semi-infinite column with constant 

concentration injection at the inlet, 4 hypotheses are proposed for this 

problem: 

1) The studied domain is a semi-infinite column of porous medium, 

which is homogeneous, isotropic and saturated; 

2) The fluid flow field is stationary, and the average fluid velocity is 

constant; 

3) At the initial moment, no contaminant exists in the studied 

domain; 

4) From the initial moment, constant concentration of the tracer is 

injected from the column inlet. The tracer is conservative, there is no 

adsorption and reaction. The convection and dispersion is 
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unidimensional.  

Mathematic model 

This problem can be described mathematically by convection dispersion 

equation:   

DU
D( = 𝐷L D%UDF% − 𝑢 DU

DF        (2.4a) 

The initial and boundary conditions are: 

𝐶(𝑥, 𝑡)|(o@ = 0, 𝑥 ∈ [0, +∞)       (2.4b) 

𝐶(𝑥, 𝑡)|Fo@ = 𝐶@, 𝑡 > 0        (2.4c) 

𝐶(𝑥, 𝑡)|F→Zq = 0, 𝑡 > 0        (2.4d) 

2.2.1 Analytic solution of convection dispersion equation 

This problem can be resolved by the aid of Laplace transformation. The 

Laplace transformation of C can be expressed: 

𝐶∗(𝑥, 𝑠) = ℒ(𝐶) = ∫ 𝐶𝑒𝑥𝑝(−𝑠𝑡)𝑑𝑡q
@       (2.5) 

Thus equation (2.4a) can be written as: 

∫ DU
D( 𝑒𝑥𝑝(−𝑠𝑡)𝑑𝑡q

@ = ∫ 𝐷L D%UDF%
q
@ 𝑒𝑥𝑝(−𝑠𝑡)𝑑𝑡 − ∫ 𝑢 DU

DF
q
@ 𝑒𝑥𝑝(−𝑠𝑡)𝑑𝑡  (2.6) 

The term in the left side of equation (2.6) can be written as: 

� 𝜕𝐶𝜕𝑡 𝑒𝑥𝑝(−𝑠𝑡)𝑑𝑡q

@
= 𝑠𝐶∗ − 𝐶|(o@ = 𝑠𝐶∗ 

The terms in the right side can be written as: 

∫ 𝐷L D%UDF%
q
@ 𝑒𝑥𝑝(−𝑠𝑡)𝑑𝑡 = 𝐷L D%U∗DF% , ∫ 𝑢 DU

DF
q
@ 𝑒𝑥𝑝(−𝑠𝑡)𝑑𝑡 = 𝑢 DU∗

DF  

Then PDE (2.4a) can be transformed to a 2nd order ODE:  

𝐷L D%U∗DF% − 𝑢 DU∗
DF − 𝑠𝐶∗ = 0       (2.7) 

The solution can be written as: 

𝐶∗(𝑥, 𝑠) = 𝑒𝑥𝑝 @ /F8R9B �𝐴𝑒𝑥𝑝 @− F
8R9�𝑢8 + 4𝐷L𝑠B + 𝐵𝑒𝑥𝑝 @ F

8R9�𝑢8 + 4𝐷L𝑠B�  



53 

 

 

 

(2.8) 

According to the boundary condition (2.4d), when 𝑥 = ∞, 𝐶 = 0, 𝐶∗ = 0, 

thus B	=	0.	Then with the boundary condition (2.4c), when 𝑥 = 0, 𝐶 = 0, then 

𝐶∗|Fo@ = � 𝐶@𝑒𝑥𝑝(−𝑠𝑡)𝑑𝑡q

@
= 𝐶@𝑠  

thus 𝐴 = U:
: , then Eq 2.8 varies to 

𝐶∗(𝑥, 𝑠) = U:
: 𝑒𝑥𝑝 @ /F8R9 − F

8R9�𝑢8 + 4𝐷L𝑠B     (2.9) 

Accord to the inverse Laplace transformation, we can obtain the analytical 

resolution of the contaminant transport problem in the semi-infinite column: 

𝐶(𝑥, 𝑡) = U:
8 [𝑒𝑟𝑓𝑐 v F%/(8rR9(w + 𝑒𝑥𝑝 @/FR9B 𝑒𝑟𝑓𝑐 v FZ/(8rR9(w]    (2.10) 

When the peclet number𝑃, = /F
R9 > 200, we can neglect the second term on 

the right side of Eq (2.10). Then the resolution can be approximated as: 

𝐶 = U:
8 𝑒𝑟𝑓𝑐 v F%/(8rR9(w       (2.11) 

2.2.2 Numerical solution of convection dispersion equation 

Most of numerical methods for solving convection-dispersion equation can 

be categorized as Eulerian method, Lagrangian method and Eulerian 

Lagrangian method (Neuman, 1984; Baptista, 1987). Eulerian method solves 

transport equation at fixed space grid points. The solution method mainly 

includes finite element method and finite difference method. Euler method is 

very effective in water flow modeling, as one of the earliest methods 

employed in transport modeling, which is still widely used. Eulerian method’s 

advantages and convenience is that with fixed grids, it usually meets the law 

of conservation of mass, and can accurately and efficiently deal with the 

dispersion dominated problem. However, as to the convection dominated 

problem, solving with Eulerian method easily brings about great numerical 

dispersions and oscillations (Pinder and Gray, 1977; Anderson, 1979).  
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 Lagrangian method does not directly solve particle transport PDE. By 

contrast, this method uses a large number of moving particles approaching 

convection and dispersion. Lagrangian method can accurately and effectively 

solve convection dominated problems and practically eliminate numerical 

dispersion (Pricket et al., 1981; Kinzelbach, 1986; Tompson and Gelhar, 

1990). However, due to lack of fixed modeling grids or coordinate system, 

Lagrange method would bring out numerical instability and calculation 

difficulty, especially for inhomogeneous porous media with several 

sources/sinks and complex boundary conditions (Yeh, 1990).  

 Mixed Eulerian-Lagrangian method attempts to associate the 

advantages of the previously mentioned two methods, it uses Lagrange 

method to solve convection term and Eulerian method to treat dispersion and 

other terms. However, some frequently used mixed E-L method, e.g. 

characteristic curve method, do not satisfy mass conservation principal.  

 In this work, finite difference method was employed to realize modeling 

of unidimensional particle transport problems. In our simulations, single 

running time of the program is about 30 second to 1 min for a home PC 

according to the mesh size. In contrast, a similar simulation needs 8 hours 

using the program with particle methods, coded by our group before (Wang et 

al., 2014). Thanks to such short single running time, identification of 

parameters in the transport-deposition-reentrainment model can be realized 

by inverse method within an acceptable time. 

Simulations with finite difference method 

Analytical solutions of convection dispersion equation involve closed-form 

expressions which gives the variation of the dependent variables continuously 

throughout the domain. In contrast, numerical solutions can give answers to 

only discrete points in the domain, called grid points. For example, consider 

Figure 2.2, which shows a section of a discrete grid in the x-t plane. 
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Figure 2.2 Discrete grid points 

Discretization 

Here, we are interested in replacing a partial derivative with a suitable 

algebraic difference quotient. Most common finite-difference representations 

of derivatives are based on Taylor’s series expansions. In the convection 

dispersion equation, we have three partial derivative terms, two first derivative 

DU
D(  and 

DU
DF, one second derivative, 

D%U
DF%.  

Discretization in time 

𝐶)= donates the tracer concentration in the pore fluid at position i∆𝑥 at time 

k∆𝑡, then 𝐶)=Z! at time (𝑘 + 1)∆𝑡 can be expressed in terms of a taylor series 

expanded about (i,k) as follows: 

𝐶)=Z! = 𝐶)= + @DUD(B)= ∆𝑡 + @D%UD(%B)= (∆()%8 +⋯    (2.12) 

Equation is mathematically an exact expression for 𝐶)=Z!if 1) the number of 

terms is infinite, and the series converges and/or 2) ∆𝑡 → 0. 

Solving Eq. for @DUD(B)=, we obtain 

@DUD(B)= = U';<#%U';
∆( − @D%UD(%B)= ∆(8 +⋯     (2.13) 
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The first term on the right side is a finite difference representation of the 

partial derivative. The remaining terms on the right side constitute the 

truncation error. We can also write it as: 

@DUD(B)= = U';<#%U';
∆( + 𝒪(∆𝑡)       (2.14) 

The symbol 𝒪(∆𝑡)  is a formal mathematical notation which represents 

“terms of order∆𝑡”. 
If we neglect the terms of order, we can get approximate expression:  

@DUD(B)= ≈ U';<#%U';
∆(         (2.15) 

Similarly, 𝐶)Z!=  and 𝐶)%!=  can be expressed as follows: 

𝐶)Z!= = 𝐶)= + @DUDFB)= DUDF ∆𝑥 + @D%UDF%B)= (∆F)%8 + @D*UDF*B)= (∆F)*7 + @D)UDF)B)= (∆F))8j +⋯(2.16) 

𝐶)%!= = 𝐶)= − @DUDFB)= DUDF ∆𝑥 + @D%UDF%B)= (∆F)%8 − @D*UDF*B)= (∆F)*7 + @D)UDF)B)= (∆F))8j +⋯(2.17) 

Solving Eq. 2.14 for @DUDFB)=, we can get 

@DUDFB)= = U'<#; %U';
∆F + 𝒪(∆𝑥)       (2.18) 

Here this expression uses the information to the right of grid point (i,j) (Fig. 

2.2); that is, it uses 𝐶)Z!=  and 𝐶)= . No information to the left of (i,j) is used. 

Therefore, the finite difference expression in Eq. 2.18 is called a forward 

difference.  

Solving Eq. 2.17, we can get 

@DUDFB)= = U';%U'=#;
∆F + 𝒪(∆𝑥)       (2.19) 

Correspondingly, here this expression only uses the information to the left 

of (i,j) and it is called a rearward difference. 

Here, we can find that both forward and rearward difference expressions 

have first- order accuracy. 
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If we subtract Eq. 2.16 by Eq. 2.17, after simplification we can get  

@DUDFB)= = U'<#; %U'=#;
8∆F + 𝒪(∆𝑥)8       (2.20) 

This expression uses the information to both left and right of (i,j) and has 

second-order accuracy. It is called central difference. 

To obtain the solution of the second derivative @D%UDF%B)=, we can add Eq. 2.16 

by Eq. 2.17 

@D%UDF%B)= = U'<#; %8U';ZU'=#;
(∆F)% + 𝒪(∆𝑥)8      (2.21) 

This expression has second-order accuracy. 

Let us write Eq. (2.1) as: 

DU
D( + 𝑢 DU

DF − 𝐷L D%UDF% = 0        (2.22) 

Inserting Eqs. (2.14), (2.20) and (2.21), we have 

U';<#%U';
∆( + 𝑢 U'<#; %U'=#;

8∆F − 𝐷L U'<#; %8U';ZU'=#;
(∆F)% = 𝒪(∆𝑡) + 𝒪(∆𝑥)8   (2.23) 

Using 𝜖L = 𝒪(∆𝑡) + 𝒪(∆𝑥)8 to represent truncation error, we have 

U';<#%U';
∆( + 𝑢 U'<#; %U'=#;

8∆F − 𝐷L U'<#; %8U';ZU'=#;
(∆F)% = 𝜖L     (2.24) 

𝜖L can also expressed as: 

𝜖L = −@D%UD(%B)= ∆(8 + 𝑢 D%U
DF%

(∆F)%
8 − 𝐷L D)UDF)

(∆F)%
!8 ~𝒪[∆𝑡, (∆𝑥)8]   (2.25) 

Writing just the difference equation from Eq. (2.24) 

U';<#%U';
∆( = −𝑢 U'<#; %U'=#;

8∆F + 𝐷L U'<#; %8U';ZU'=#;
(∆F)%      (2.26)       

With some rearrangement, this equation can be written as 

𝐶)=Z! = 𝐶)= − /∆(
8∆F |𝐶)Z!= − 𝐶)%!= } + R9∆(

(∆F)% (𝐶)Z!= − 2𝐶)= + 𝐶)%!= )      (2.27) 
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U';<#%U';
∆( = − t

8 [U'<#;<#%U'=#;<#8∆F + U'<#; %U'=#;
8∆F ] + R9

8 [U'<#;<#%8U';<#ZU'=#;<#(∆F)% + U'<#; %8U';ZU'=#;
(∆F)% ] 

          (2.29) 

it uses the information to 3 points at k step and 3 points at k+1 step. 

For explicit approach, we can obtain directly the solution of k+1 step using 

the results of k step. By contrast, as to implicit approaches, we must use 

iterative method. For convection dominated CDE like our problem, we can use 

chasing method to solve the equations. 

Errors and stability analysis (Fourier analysis) 

We recalled Eq. (2.4a), 

DU
D( = 𝐷L D%UDF% − 𝑢 DU

DF        (2.4a) 

And for the difference representation of this equation we choose the 

explicit central form (Eq. (2.26)) 

U';<#%U';
∆( = −𝑢 U'<#; %U'=#;

8∆F + 𝐷L U'<#; %8U';ZU'=#;
(∆F)%      (2.26) 

The error is the difference between the solutions numerical and exact, 𝜖)= = 𝐶)= − 𝐶,F(𝑘∆𝑡, 𝑖∆𝑥). 
Exact solution also satisfies Eq. (2.26), thus we can derivate 

u';<#%u';
∆( = −𝑈 u'<#; %u'=#;

8∆F + 𝐷L u'<#; %8u';Zu'=#;

(∆F)%     (2.30) 

To ensure the stability of the solution, ϵi should be shrink or at least stay the 

same as the solution progress from step k to k+1. That is, 

¦u';<#u';
¦ ≤ 1         (2.31) 

The solution of Eq. (2.30) can be expressed analytically by a Fourier 

series as follows: 

𝜖(𝑥, 𝑡) = ∑ 𝐴2(𝑡)𝑒e=4F2        (2.32) 
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Where Am is amplitude factor, km is called the wave number. It is 

reasonable to assume an exponential variation with time; errors tend to grow 

or diminish exponentially with time. Therefore, we can rewrite Eq. (2.30) as: 

𝜖(𝑥, 𝑡) = ∑ 𝑒&(𝑒e=4F2        (2.33) 

The behavior of each term of the series is the same as the series itself. 

Hence, we can deal with just one term of the series, 

𝜖2(𝑥, 𝑡) = 𝑒&(𝑒e=4F       (2.34) 

Then introduce Eq. (2.34) into Eq. (2.30) 

,5("<∆"),A;46%,5",A;46

∆( = −𝑈 ,5",A;4(6<∆6)%,5",A;4(6=∆6)

8∆F +
𝐷L ,5",A;4(6<∆6)%8,5",A;46Z,5",A;4(6=∆6)

(∆F)%      (2.35) 

Divide Eq. (2.35) by 𝑒&(𝑒e=4F 

,5∆"%!
∆( = −𝑢 ,A;4∆6%,=A;4∆6

8∆F + 𝐷L ,A;4∆6%8Z,=A;4∆6

(∆F)%    (2.36) 

To simplify the equation, we introduce two following dimensionless 

number𝛼 = /∆(
∆F , 𝛽 = R9∆(

(∆F)%. After simple rearrangement, we have 

𝑒&∆( = 1 − 2𝛽 + 𝛽(𝑒e=4∆F + 𝑒%e=4∆F) − v
8 (𝑒e=4∆F − 𝑒%e=4∆F) (2.37) 

Recalling the trigonometric identity 𝑒e=4∆F + 𝑒%e=4∆F = 2cos	(𝑘2∆𝑥)  and 𝑒e=4∆F − 𝑒%e=4∆F = 2𝐼𝑠𝑖𝑛(𝑘2∆𝑥), then Eq. (2.37) varies to 

𝑒&∆( = 1 + 2𝛽(cos(𝑘2∆𝑥) − 1) − 𝛼𝐼𝑠𝑖𝑛(𝑘2∆𝑥)   (2.38) 

The amplitude factor is 

𝐺 = ¦u';<#u';
¦ = 𝑒&∆(        (2.39) 

Introducing 𝑦 = 𝑐𝑜𝑠(𝑚∆𝑥) to Eq. (2.38), we can get 

𝐺8(𝑦) = ¯u';<#u';
¯8 = (1 + 2𝛽(𝑦 − 1))8 + 𝛼8(1 − 𝑦8),  𝑦 ∈ [−1,1] 

          (2.40)	
Thus, 𝐺8(−1) = (4𝛽 − 1)8,	𝐺8(1) = 1. 
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the derivative is 

4f%
4S = (8𝛽8 − 2𝛼8)𝑦 − 4𝛽(2𝛽 − 1)     (2.41) 

It is equal to 
4f%
4S (1) = 4𝛽 − 2𝛼8 with y=1. 

To make sure 𝐺8(𝑦) < 1 within 𝑦 ∈ [−1,1], it should satisfy the following 

conditions: 

𝐺8(−1) < 1 and 
4f%
4S (1) ≥ 0 which are equivalent to 2𝛽 ≥ 𝛼8  and 2𝛽 ≤ 1, 

then 𝛼8 ≤ 2𝛽 ≤ 1. 

Finally, we obtain the stable condition: 

³R94((∆F)% ≤ !
8

/%4(
R9 ≤ 2         (2.42) 

Oscillation of convection dominated problems 

As known, a numerical solution for the convection-dispersion equation 

needs to deal with the convection part of the governing equation in addition to 

diffusion. When numerical Peclet number (𝑃,T/2) exceeds a certain value, the 

spurious oscillations result in space.  

For a given constant spatial increment ∆x and a time step ∆t, Eq. (2.22) 

may be rewritten in a general discretized form using the finite difference 

algorithm (Wang and Lacroix, 1997): 

U';<#%U';
∆( + {𝑢[𝜅∆F% + (1 − 𝜅)∆FZ] − 𝐷L∆FF}·𝜃𝐶)=Z! + (1 − 𝜃)𝐶)=¹ = 0 (2.43) 

Where the mathematical operator symbols ∆F%, ∆FZ and ∆FF are defined by 

³ ∆F%𝐶) = (𝐶) − 𝐶)%!)/∆𝑥∆FZ𝐶) = (𝐶)Z! − 𝐶))/∆𝑥∆FF𝐶) = (𝐶)Z! − 2𝐶) + 𝐶)%!)/∆𝑥8     (2.44) 

θ is the time weighting coefficient (0 ≤ θ ≤ 1); 𝜅 is the spatial weighting 

coefficient (0 ≤ 𝜅 ≤ 1 ). Three numerical schemes (𝜅 = 0.5, 0.65	𝑎𝑛𝑑	1 ) are 

realized and compared with the exact solutions with different numerical Peclet 
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number (𝑃,T/2 = 2	𝑎𝑛𝑑	25 ). As 𝜅 = 0.5 , the convection term is discretized 

using central difference form. As 𝜅 = 1, the convection term is discretized 

using forward difference form. With the low Peclet number (𝑃,T/2 = 2), all 

three numerical results are accurate enough to be considered satisfactory (Fig. 

2.4a). In contrast, when the Peclet number is high (𝑃,T/2 = 25) (Fig.2.4b), the 

space-centred scheme (𝜅 = 0.5) shows a strong numerical oscillation. The 

upwind scheme (𝜅 = 1) is still stable, but an important numerical dispersion 

appears. With 𝜅 = 0.65, we obtain intermediate results between the above two 

schemes.  

 

 

Figure 2.4 Comparisons of the exact and numerical solutions of a one-dimensional 

transport with a boundary condition of a continuous injection with (a) a low Peclet number 

(𝑃8
9:; = 2) and (b) a high Peclet number (𝑃8

9:; = 25). 
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2.3 Numerical solutions of transport and deposition 

problems 

Based on the study of numerical solution of convection dispersion 

equation, in this thesis, we can apply the similar method to resolve the 

transport and deposition problems. Recall the equations 2.1 and 2.2, 

DU
D( = 𝐷L D%UDF% − 𝑢 DU

DF − k7
A
Dl
D(       (2.1) 

D.
D( = D.'--

D( + D.-
D(          (2.2a) 

k7
A
D.'--
D( = 𝑘4,)''𝐶         (2.2b) 

k7
A
D.-
D( = 𝑘4,'𝐶 − 𝑘','𝑆'       (2.2c) 

According to the equation 2.43, the equations 2.1 and 2.2 can be rewritten 

using the finite different scheme: 

U';<#%U';
∆( + {𝑢[𝜅∆F% + (1 − 𝜅)∆FZ] − 𝐷L∆FF}·𝜃𝐶)=Z! + (1 − 𝜃)𝐶)=¹ = − k7(.';<#%.';)

A∆(   

(2.45a)  

k7(.';<#%.';)
A∆( = k7(.'--,';<#%.'--,'; w

A∆( +	k7(.-,';<#%.-,'; wA∆(     (2.45b) 

k7(.'--,';<#%.'--,'; w
A∆( = 𝑘4,)''𝐶)=Z!      (2.45c) 

k7(.-,';<#%.-,'; w
A∆( = 𝑘4,'𝐶)=Z! − 𝑘','𝑆',)=Z!     (2.45d) 

The concentration and retention of each time step are calculated by the 

iterative method. 
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2.4 Optimization scheme for identification of model 

parameters 

After developing the finite difference scheme, we need the optimization 

tool to obtain best-fitted values of parameters in the model. Modelling 

approaches involve curving-fitting testing data, and in our case, we have BTC 

and retained profiles. Such curve-fitting is mathematically a non-linear least-

squares problem. Standard methods like the Levenberg-Marquadt (LM) 

method (Levenberg, 1944; Marquadt, 1963) are usually employed for non-

linear curve-fitting to realize parameter identification.  

In our study, we usually need to fit the BTC curves to obtain the values of 

kinetic rates and hydrodynamic coefficients. The BTC curve exhibits the 

evolution of column effluent particle concentration with time. The 

concentration C is therefore a function of time, t.  
In fitting the simulated concentration 𝐶½(𝑡); 𝐩) of injection time t and a vector 

of n parameters p to a set of m measured data points (ti,	 Ci), it is customary 

and convenient to minimize the sum of the weighted suqares of the errors 

between the measured data C(ti) and the curve-fit 𝐶½(𝑡); 𝐩). This is scalar-

valued goodness of fit measure is called the chi-squared error criterion, 

written as: 

χ8(𝐩) = ∑ [𝑓)(𝐩)]8xyo! =∥ 𝐟(𝐩) ∥8= 𝐟(𝐩)z𝐟(𝐩).     (2.46) 

And 𝑓)(𝐩) = 𝑓(𝑡); 𝐩) = U((')%U{((';𝐩)
~' , where the value ωi is a measure of the 

error in measurement C(ti). For BTC curve, the minimization of χ2 with respect 

to the physical parameters in the transport and deposition model needs to be 

carried out iteratively. The goal of each iteration is to find a perturbation h to 

the parameters p that reduces χ2; that is, 𝐩∗ = argmin\{χ8(𝐩)}. 
Provided that f has continuous second partial derivatives, we can write its 

Taylor expansion as 

𝐟(𝐩 + 𝐡) = 𝐟(𝐩) + 𝐉(𝐩)𝐡 + 𝒪(∥ 𝐡 ∥8)     (2.47) 
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where 𝐉 ∈ 𝐑𝒎×𝒏 is the Jacobian. This is a matrix containing the first partial 

derivatives of the function components, 

(𝐉(𝐩))y� = �0'
�QC

(𝐩)        (2.48) 

The partial derivatives of χ8 is 

��%
�QC

(𝐩) = ∑ 𝑓)(𝐩)xyo!
�0'
�QC

(𝐩)      (2.49) 

Thus, the gradient is  

𝛘𝟐M = 𝐉(𝐩)z𝐟(𝐩)        (2.50) 

For small ‖𝐡‖ we see from the the Taylor expansion that 

𝐟(𝐩 + 𝐡) ≃ 𝓵(𝐡) ≡ 𝐟(𝐩) + 𝐉(𝐩)𝐡     (2.51) 

Then we can get the approximate equation of the Taylor expansion of  

χ8(𝐩 + 𝐡) ≃ 𝓛(𝐡)	≡ 𝓵(𝐩)z	𝓵(𝐩)	= 𝐟z𝐟 + 𝟐𝐡z𝐉z𝐟 + 𝐡z𝐉z𝐉𝐡	= χ8(𝐩) + 𝟐𝐡z𝐉z𝐟 + 𝐡z𝐉z𝐉𝐡
   (2.52) 

The Gauss-Newton step hgn minimizes L(h), 

𝐡�� = argmin𝐡{𝓛(𝐡)}       (2.53) 

It is easily seen that the gradient  

𝓛M(𝐡) = 𝐉z𝐟 + 𝐉z𝐉𝐡       (2.54) 

The minimizer of L(h) can be found by solving 

[𝐉z𝐉]𝐡�� = −𝐉z𝐟        (2.55) 

Now we insert C(ti) and 𝐶½(𝑡); 𝐩) 
(𝐉(𝐩))y� = �0'

�QC
(𝐩) = #

D'
�(U((')%U{((';𝐩))

�QC      (2.56) 

(𝐉𝐂(𝐩))y� = �U{((';𝐩)
�QC        (2.67) 

then 
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𝐉z𝐉 = 𝐉𝐂z𝐖𝐉𝐂        (2.58) 

The weighting matrix W is diagonal with W)) = 1/𝜔)8 
𝐉z𝐟 = −𝐉𝐂z𝐖|𝐂 − 𝐂Õ}       (2.59) 

The resulting normal equations for the Gauss-Newton perturbation are 

·𝐉𝐂𝐓𝐖𝐉𝐂¹𝐡�� = 𝐉𝐂z𝐖|𝐂 − 𝐂Õ}      (2.60) 

The Levenberg-Marquardt algorithm adaptively varies the parameter 

updates between the gradient descent update and the Gauss-Newton update, 

·𝐉𝐂z𝐖𝐉𝐂 + 𝜆diag(𝐉𝐂𝐓𝐖𝐉𝐂)¹𝐡�x = 𝐉𝐂z𝐖|𝐂 − 𝐂Õ}   (2.61) 

where small values of the algorithmic parameter λ result in a Gauss-

Newton update and large values of λ result in a gradient descent update. The 

parameter λ is initialized to be large. If an iteration happens to result in a 

worse approximation, λ is increased. As the solution approaches the minimum, λ is decreased, the Levenberg-Marquardt method approaches the Gauss-

Newton method, and the solution typically converges rapidly to the local 

minimum. 

2.4.1 Numerical Implementation 

Initialization and update of the L-M parameter,  

In each iteration i, the step h is evaluated by comparing χ8(𝐩) to χ8(𝐩 + 𝐡). 
The step is accepted if 𝜌), defined in following, is greater than a user-specified 

value, 𝜖j, 
𝜌)(𝐡) = |χ8(𝐩) − χ8(𝐩 + 𝐡)}/ Ø2𝐡z v𝜆)𝐡 + 𝐉𝐂z𝐖@𝐂 − 𝐂Õ(𝐩)BwÙ (2.62) 

If in an iteration 𝜌)(𝐡) > 𝜖j  then p+h is sufficiently better than p, p is 

replaced by p+h, and λ is reduced by a factor. Otherwise λ is increased by a factor, 

and the algorithm proceeds to the next iteration. That is,  

if 𝜌)(𝐡) > 𝜖j: 𝐩 ← 𝐩 + 𝐡;	𝜆)Z! = max[λy/L, 10%a] ; 
Otherwise : 𝜆)Z! = min[λyL, 10a]. 
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Convergence criteria 

Convergence is achieved when one of the following three criteria is 

satisfied, 

1. Convergence in the gradient, max|𝐉𝐂z𝐖|𝐂 − 𝐂Õ}| < 𝜖!; 
2. Convergence in parameters, max|ℎ)/𝑝)| < 𝜖8; or 

3. Convergence in χ2, χ8/(𝑚 − 𝑛 + 1) < 𝜖J. 
Otherwise, iterations terminate when the iteration count exceeds a pre-

specified limit. 

Error Analysis 

Once the optimal curve-fit parameters pfit are determined, parameter 

statistics are computed for the converged solution using weight values, 𝜔)8, 
equal to the mean square measurement error, σ�8, 

ω)8 = σ�8 = !
x%�%! @𝐂 − 𝐂Õ(𝐩𝐟𝐢𝐭)Bz @𝐂 − 𝐂Õ(𝐩𝐟𝐢𝐭)B    (2.63) 

The parameter covariance matrix is then computed from 

𝐕] = ·𝐉𝐂𝐓𝐖𝐉𝐂¹%!        (2.64) 

The asymptotic standard parameter error is a measure of how unexplained 

variability in the data propagates to variability in the parameters, and is 

essentially an error measure for the parameters. The standard error of the fit 

is given by 

𝜎Q = ßdiag(·𝐉𝐂𝐓𝐖𝐉𝐂¹%!).      (2.65) 

The standard error of the fit indicates how variability in the parameters 

affects the variability in the parameters and is essentially an error measure for 

the parameters. The standard error of the fit is given by 

𝜎𝐂� = ßdiag(𝐉𝐂·𝐉𝐂𝐓𝐖𝐉𝐂¹%!𝐉𝐂𝐓)      (2.66) 
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To simplify the problem, we do not consider the immobile deposition, and 

only two kinetic parameters are employed. The deposition term therefore is 

expressed as: 

k7
A
D.
D( = 𝑘4𝐶 − 𝑘'𝑆                                    (2.46) 

Experimental measurements are simulated by the breakthrough curve with 

a set of “true” parameter values. Two hundred measurements (m=200) are 

collected from the BTC. Three parameters (n=3) are identified, DL,	 kd	 and	 kr, 
therefore the vector p	=	(p1,p2,p3).  

The “true” parameter values ptrue, the initial parameter values pinitial, 
resulting curve-fit parameter values pfit and standard errors of the fit 

parameters σp are shown in Table 2.1. The true parameter values lie within 

the confidence interval pfit –1.96	 σp	 <	 ptrue	 <	 pfit	 +1.96σp. The R2 fit criterion is 

98 percent. The standard parameter errors are less than one percent of the 

parameter values. The parameter correlation matrix is given in Table 2.2.  

The χ2 error criterion is calculated and plotted as a surface over the kd-kr 

plane in Figure 2.6a. This shape is funnel and has a single minimum.  

The convergence of the parameters and the evolution of χ2 and λ are 

shown in Figure 2.6b. 

The data points, the curve fit, and the curve fit confidence band are plotted 

in Figure 2.6c. Extended-tailing is produced with the reversible deposition 

model. The numerical results with best-fitted parameter values have good 

coincidence with the simulated experimental measurements. 

A histogram of the difference between the data values and the curve-fit is 

shown in Figure 2.6d. 

Table 2.1. Parameter values and standard errors. 	 pinitial	 ptrue	 pfit	 σp	 σp/	pfit	(%)	p1	(DL)	 0.027 0.0135 0.0137 2.9e-4 0.143 p2	(kd)	 2 5 4.8533 0.0104 0.214 p3	(kr)	 5 30 29.1725 0.0657 0.225 
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Table 2.2. Parameter correlation matrix 

 p1	 p2	 p3	p1	 1.00 -0.82 -0.55 p2	 -0.82 1.00 0.85 p3	 -0.55 0.85 1.00 
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Figure 2.6. (a) The squared errors as a function of kd and kr. (b) Top: the convergence of 

the parameters with each iteration, (b) Bottom: values of χ2 and λ each iteration. (c) Top: 

Measured data C, curve-fit 𝑪8 , curve-fit+error, and curve-fit-error; (c) Bottom: standard 

error of the fit, 𝜎𝑪B. (d) Histogram of the errors between the data and the fit. 
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2.6 Summary 

This chapter presents the modeling of particle transport, deposition and 

reentrainment. First the adopted physical model is presented, it is based on 

the dispersion convection equation with the consideration of reversible and 

irreversible deposition. The analytical solution of this equation is then 

developed. The numerical model developed by the candidate to solve the 

equation is described. The method of finite differences is used for numerical 

modeling. In this section, different aspects of numerical model are discussed, 

including the stages of discretization, the analysis of stability and errors as 

well as the choice of parameters to limit the digital oscillations. The model 

optimization for the identification of the parameters is subsequently presented. 

Finally, a test is performed on experimental data known to verify the validity of 

the model and the error on the identification of three parameters: dispersion 

coefficient, kinetic coefficients of deposition and reentrainment. 

In next chapter, the developed numerical model will be applied to modelling 

pulse- and step- input injection experiments [Ahfir et al., 2017; Hammadi et al., 

2017]. With experimental and numerical results, the deposition mechanisms 

under unfavorable conditions will be elucidated as well as effects of different 

physical factors, such as particle population sizes, grain size distribution, etc. 
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Chapter 3 Modelling of particle transport, 

deposition and reentrainment 

 

For more than recent four decades, the colloid filtration theory (CFT) 

stemming from Yao et al. (1971) has been supplying the basis for a 

functioning theory to predict particle transport and removal in homogeneous 

porous media without particle-grain repulsion. However, in aquifers, both 

particles and porous medium grain typically are found to be negatively 

charged and the subsurface water generally has a low ionic strength and 

neutral pH (Bradford et al, 2006a). Under these conditions, the electrical 

double layer interaction is repulsive, yielding an energy barrier for attachment 

(so-called unfavorable conditions). Nearly no particle deposition is predicted 

by existing models derived from CFT in the presence of energy barriers 

because these models are constructed based on the hypothesis of totally 

equivalent surface characteristics (e.g. zeta potentials and surface topography) 

across the whole surfaces. However significant deviations were often found 

between the predictions with mean-filed approaches and experimental results 

under unfavorable conditions for both biological and nonbiological particles. 

(Bolster et al., 1999; Bradford et al., 2002; Li et al., 2004; Redman et al., 2001; 

Tufenkji, 2007; Yang et al., 2015). A variety of explanations for the observed 

retention in the presence of strong energy barriers have been proposed and 

corroborated in the literature over the last decade. According to these studies, 

retention mechanisms can be broadly classified into two types: straining and 

non-straining. As to non-straining mechanisms, three main mechanisms were 

considered: retention at physically and chemically heterogeneous bulk surface, 

wedging at grain-to-grain contacts and retention via secondary energy 

minimum (see Fig. 3.2) association. Since 2002, straining has been argued to 

be the main mechanism dominating the particle retention under unfavorable 

conditions over a threshold particle:collector ratio of only 0.002 to 0.005 

(Bradford et al., 2003, 2006a; Xu et al., 2006) rather than 0.154 (Herzig et al., 

1970). However, Johnson et al. (2007b, 2010, 2013) argued that the so-called 

straining with such a small particle:collector ratio might just be the removal of 
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particles at grain-to-grain contacts, or wedging. Straining and wedging are the 

mechanisms engendered by pore space geometry, like pore throats and 

grain-to-grain contacts, which are not considered in the single collector model. 

As for the retention on bulk surface, nano to micro scale discrete roughness 

and chemical heterogeneity have been reported to contribute to particle 

retention, both in the presence of energy barriers (Assemi et al., 2006; 

Bradford and Torkzaban, 2012, 2013; Bradford et al., 2013; Duffadar et al., 

2009; Pazmino et al., 2014a,b; Torkzaban and Bradford, 2016) and in 

absence of energy barriers (Jin et al. 2015a,b; Jin et al. 2016).  

   Furthermore, the fluid flow is much weaker near collector surface and 

grain-to-grain contact, or flow stagnation zones relative to bulk fluid domain. 

Thence particle transport and removal at separation distance corresponding 

to secondary energy minimum has been proved to have an important 

influence in particle retention. The retained particles in secondary energy 

minimum are very sensible to hydrodynamic and chemical conditions and 

easy to be released back to the bulk fluid or to translate along the collector 

surface (Li et al., 2005; Tong and Johnson, 2006; Johnson et al., 2007a; 

Torkzaban et al., 2015). Such retention is called reversible retention, which 

would dramatically increase the particle residence times and yield extended 

tailing observed during the elution phase in the column experiment.  

   Most previous literature concerns the monodisperse particle, but 

however natural particles in underground water are often polydisperse or 

continuously distributed. Blocking and ripening are found to result in time- and 

concentration-dependent attachment behavior. Under unfavorable conditions, 

the reduction of attachment resulting from blocking is significant due to very 

few attachment sites relative to favorable conditions. The tangential flow along 

a deposited particle may create a shadow zone behind the particle, and 

blocking effects are therefore significantly enhanced. The hydrodynamic 

shadow effects were observed to be increased with increasing particle size 

and fluid velocity, thus resulting in a higher blocking rate (Ko and Elimelech, 

2000). For the polydisperse particle, surface retained large particles would 

enhance the effects of blocking on the attachment of small ones. The ripening 

was observed to be negligible on the smooth surface in the presence of 
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energy barriers but increase with the number and length of grain-to-grain 

contacts (Tong et al., 2008). Wedging and straining of large particles would 

supply excess number of contacts with collector surface, thus enhancing the 

ripening of small particles. Some researchers (Ahfir et al., 2016; Bradford et 

al., 2006b; Yoon et al., 2006) conducted sand-packed column experiments of 

size continuously distributed particles. To identify the retention mechanisms of 

particles with continuous size distribution, the particle cumulative size 

distribution was measured in influent and effluent. Furthermore, to exhibit the 

characteristics of retained particles more clearly, the particle size distribution 

of retained particles at different positions was also measured in Ahfir et al. 

(2016) and Abbar et al. (2017). However, the interplay of different-sized 

particles retention cannot be elaborated clearly in such experiments. Xu and 

Saiers (2009) utilized bidisperse particles (3.1 and 5.1 µm) as injected particle 

and observed that the larger particle could enhance the retention of the 

smaller particle. The shortcoming of the experiment is that the studied particle 

sizes are so close that the retention mechanisms might be similar.  

To understand particles transport and fate in saturated porous media and 

the deposition and re-entrainment mechanisms on the effects of different 

factors, the proposed models were applied to series of laboratory column 

experiments with pulse-input and step-input injections of particle suspension. 

Column experiments are classical method utilized to study particle transport in 

porous media. They can supply indirect observation of the particle behavior.  

3.1 Pulse-input injection of Latex colloids 

3.1.1 Materials and experimental methods 

Under constant flow conditions, injections of a short pulse of particle 

suspension were performed in a horizontal Plexiglas column (inner diameter 

of 4 cm and length of 32 cm). The porous medium that filled the column 

during the experiments consists of quartz sand collected from the Seine River 

(France), with grain size selection being performed by sieving. The grain size 

distribution of sand is 630-800 µm with a median diameter of 715 µm and 

uniformity coefficient of 1.13. The porosity and bulk density are equal to 
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0.393(±0.005) and 1.58 g/cm3, respectively. Experimental set-up is exhibited 

in Figure 3.1. 

 

Figure 3.1 Pulse input of latex suspension experimental set-up 

   Carboxylate-modified polystyrene latex microspheres (Invitrogen 

ThermoFisher SCIENTIFIC) of three sizes (3, 10 and 16 µm) were used in the 

experiments. In addition to the monodisperse particles, the tridisperse particle 

constituted by the three sizes particles was also used as injected particle, 

designated as MIX (3, 10, 16 µm). The particle density is equal to 1.05 g/cm3. 

The influent particle concentrations (C0) in monodisperse and tridisperse 

suspensions are equal to 6 g/l. In addition, the tridisperse suspension is 

prepared by mixing the three monodisperse suspensions (3+ 10 + 16 µm) in 

equal volume proportion. The zeta potential of the porous medium grain is -

25.3 (±2.6) mV, and the average value of zeta potential particles is -55.0 (±5.6) mV (at pH=6.7). The interaction energy has been calculated, made 

summation of equations for electrical double-layer, van der Waals interaction 

and Born repulsion, according to the extended-DLVO theory (Figure 3.2). The 

heights of the energy barrier are equal to 2040, 6599 and 10332 kT at the 

distance of around 10 nm between particle and collector surface for 3, 10 and 

16 µm, respectively. The depths of the secondary energy minimum are equal 

to -1.12, -5.32 and -9.20 kT at the distance of around 300 nm (Fig. 3.2).  
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Figure 3.2. Extended-DLVO Interaction energy profiles for all tested particles as 

functions of the separation distance between the particle and grain: (Φmin) is the interaction 

energy associated with the primary minimum (Φ1min) or the second minimum (Φ2min), (Φmax) 

is the interaction energy associated with the energy barrier. 

   Following 1 ml volume injection of particle suspension, the porous 

medium was flushed with about 4.5 pore-volume particle-free pure water (pH 

of 6.7±0.2) with 1 mM NaCl for each experiment. The measured pH of effluent 

at equilibrium was always around 6.7 in every experiment. Therefore, the 

experiments were always carried on under unfavorable deposition conditions. 

Six average pore velocities (from 0.086 to 0.502 cm/s) were tested and are 

designated as U1 (0.0885±0.0025 cm/s), U2 (0.179±0.009 cm/s), U3 (0.238 cm/s), U4 (0.348 cm/s), U5 (0.397 cm/s) and U6 (0.488±0.025 cm/s). 
3.1.2 Mathematical model 

The transport of particle through homogeneous porous media is assumed 

to be mainly affected by several physical processes, namely advection, 

hydrodynamic dispersion and retention and re-entrainment dynamics. Under 

unfavorable retention conditions, the model of irreversible, reversible retention 

and re-entrainment is a simplification of behaviors of the particles genuinely or 

not genuinely attached in flow stagnation zones.  
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   The one-dimensional continuum-scale model is used to describe particle 

transport and fate with first-order kinetics considering reversible and 

irreversible retention sites (Hendry et al., 1997): 

DU
D( + k7

A
D.'--
D( + k7

A
D.-
D( = 𝐷L D%UDF% − 𝑢 DU

DF                             (3.1) 

k7
A
D.'--
D( = 𝑘4,)''𝐶                                             (3.2) 

k7
A
D.-
D( = 𝑘4,'𝐶 − 𝑘',' k7A 𝑆'                                    (3.3) 

where C [M/L3] is the particle concentration in the pore fluid, DL [L2/T] is the 

longitudinal hydrodynamic dispersion coefficient, u [L/T] is the average pore 

fluid velocity, x [L] is the distance from the particle injection point, Sirr [L/L] is 

the ‘‘irreversibly’’ retained particle concentration on the solid phase (particles 

per unit mass of sand), Sr [L/L] is the ‘‘reversibly’’ retained particle 

concentration, ρb [M/L3] is the bulk density, θ [L3/L3] is the porosity, kd,irr [1/T] 

is the particle irreversible deposition rate coefficient, kd,r [1/T] is the particle 

reversible deposition rate coefficient and kr,r [1/T] is the particle re-

entrainment rate coefficient. 

   A one-dimensional finite difference scheme for finite column with a first-

type boundary condition at the column inlet and a second-type boundary 

condition at the outlet was used to approximate the equations (3.1-3.3) in the 

coupled transport and deposition model. We quantified the kinetics deposition 

of particle by fitting numerical solutions of equations (3.1-3.3) to the particle 

BTCs. This code is coupled to a nonlinear least squares optimization routine 

based upon the Levengerg-Marquadt least squares algorithm to find the best 

fit values of DL, kd,irr, kd,r and kr,r. The numerical codes for simulating the 

coupled transport-retention-reentrainment and of optimization are developed 

by the authors. Values of the average pore velocities were calculated from 

experimental measurements. 
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3.1.3 Results 

 

Figure 3.3 BTCs at different fluid velocities of (a) 3 µm, (b) 10 µm, (c) 16 µm, and (d) 

MIX (3, 10 and 16 µm). Cr is the relative particle concentration in effluent, expressed as 𝐶D =
E!∙G"

;
. Where, Ce is particle concentration in effluent, Vp is the pore volume equal to the 

product of the sand column volume and the porous medium porosity, m is the total injected 

particle mass. 
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Figure 3.4 BTCs of different-sized and mixed particles at U=U1 (a) and U=U3 (b). 

Figure 3.3 and 3.4 show good descriptions of BTCs with the reversible – 

irreversible retention model for all particle injection experiments. In the figures 

the y-axis title, Cr is the relative particle concentration in effluent, expressed 

as 𝐶' = U.∙"(
2 . Where, Ce is particle concentration in effluent, Vp is the pore 

volume equal to the product of the sand column volume and the porous 

medium porosity, m is the total injected particle mass. Hence, this model 

could be used to explain the observed fluid velocity and particle size 

dependent transport, retention and re-entrainment behavior of microspheres. 

Extended tailings of BTCs were well reproduced by the simulations with this 

model, which reflect long residence time of reentrained particle population. 

   Figure 3.3 indicates that over the entire range of fluid velocities 

examined, hydrodynamic forces globally have negligible influence on retention 

except for 16 µm particle. For monodisperse particles, retention increases 

with the increase in particle size at a given fluid velocity (Fig. 3.4). In addition, 

the retention of MIX is always between that of 10 and of 16 µm. 
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Figure 3.5. A plot of fitted irreversible deposition rate (kd,irr) (a) and 

reversible deposition (kd,r) and re-entrainment (kr,r) rate values (b) of different-

sized and mixed particles as a function of fluid velocity 

Table 3.1 Optimal Parameter Values Estimated from BTCs of monodisperse and 

polydisperse particles. ME (%) refers to percent recovery of injected microspheres via effluent. 

Particle 
U					

(cm/s)	
DL	

(cm2/s) 

kd,irr 
(h-1) 

kd,r 
(h-1) 

kr,r 
(h-1) 

ME 

(%) 

3 µm 

0.091 0.033 5.19 9.48 29.2 72.7 

0.188 0.029 13.9 31.1 90.1 80.0 

0.238 0.063 15.9 27.1 88.1 75.6 

0.348 0.039 24.4 61.8 173 78.6 

0.397 0.072 28.1 55.1 170 78.8 

0.502 0.051 42 83.2 265 80.1 

10 µm 
0.087 0.010 7.32 27.6 56.7 56.6 

0.173 0.023 16 38.8 98.5 59.4 
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0.238 0.026 27.1 42.3 118 55.9 

0.348 0.040 40.2 60.6 184 51.6 

0.397 0.073 41.9 55.2 184 56.1 

0.463 0.085 49 65.3 216 51.3 

16 µm 

0.089 0.017 17.6 24.5 39 16.9 

0.178 0.026 25.9 45.4 90.4 30.3 

0.238 0.027 37.2 45.9 96.5 29.4 

0.348 0.040 66.6 62.6 185 28.2 

0.397 0.115 68.3 47.1 187 27.7 

0.473 0.079 86.1 66.8 226 27.4 

MIX 

(3+10+16) 

0.086 0.016 12.1 18.7 47.1 36.4 

0.170 0.031 25.9 25.4 73.3 35.1 

0.238 0.044 36.5 37.6 110 32.0 

0.348 0.067 50.2 65.1 196 36.3 

0.397 0.084 60.7 57.6 196 35.8 

0.512 0.076 79.4 82.7 262 37.4 

 

   The best-fitted parameter values of kd,irr, kd,r and kr,r are exhibited in 

Figure 3.5 and Table 3.1. kd,irr, kd,r and kr,r vary respectively between 5.19 and 

86.1 h-1, 9.48 and 83.2 h-1 as well as 29.2 and 265 h-1. With increasing fluid 

velocity, all three parameters generally increase for a given monodisperse or 

polydisperse particle (Fig. 3.5). At the same flow rate (Q), kd,irr has a similar 

trend with effluent mass recovery ME(%) expressed as 𝑀�% =	 ∫ U.<4(2 , 

increasing with increased particle size (Fig. 3.5 and Table 3.1). Moreover, 

deposition rate coefficients calculated on the basis of CFT and T-E equations 

(Tufenkji and Elimech, 2004) were found to have similar increasing trends 

with the kd,irr in this model in the range of fluid velocities and particle sizes 

examined.  
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3.1.4 Mechanisms of Retention and Reentrainment in Flow Stagnation 

Zone  

 

Figure 3.6 Schematic illustration of particle behaviors and torques and forces exerted on 

the particles in fluid stagnation zones, near-surface and grain-to-grain contact. h2min, h1min 
and hr represent separately the distance corresponding to the local secondary energy 

minimum, the distance corresponding to the local primary energy minimum and the height of 

roughness; Th, Tatt represent hydrodynamic and attachment (primary minimum) adhesive 

torques; Fh, Fatt, F2min represent hydro dynamic, attachment (primary minimum) and ‘non-
contact’ (secondary minimum) adhesive forces (Modified from Bradford et al., 2013, Darbha 

et al., 2012, Johnson and Hilpert, 2013) 

Generally, retention mechanisms under unfavorable conditions can be 

divided into two types: straining and non-straining. Straining is usually defined 

as retention in pore throats too small to pass (McDowell-Boyer et al., 1986; 

Bradford et al., 2004; Foppen et al., 2005; Tufenkji et al., 2004). As for non-

straining retention mechanisms, there are mainly three types: attachment on 

open surface at physical and chemical heterogeneity, wedging at grain-to-

grain contacts, and retention without attachment via secondary energy 

minimum association in zones of low fluid drag (Ma et al., 2011). Straining 

and wedging are the mechanisms of removing particles in liquid phase by the 

aide of typical pore constriction geometry; as to surface heterogeneity and 

secondary energy minimum interaction, particles are retained reversibly or 

irreversibly due to relatively larger surface adhesion to the hydrodynamic 

force and torque in the given local conditions. Straining is used to describe 

that one or several particles are entrapped in a too small pore throat to pass, 

which is independent on fluid velocity and energy barriers. Relative to the 

deterministic nature of straining, wedging has a partly probabilistic nature due 
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to complex hydrodynamic field and semi-open geometric structure near grain-

to-grain contacts (Johnson et al., 2010). Both chemical and physical 

heterogeneity can reduce or eliminate the energy barrier due to the decreased 

electrostatic forces and increased Van der Waals attraction (Suresh and Walz, 

1996). In addition, surface roughness declines the lever arm for hydrodynamic 

torque and drastically increases that for resisting adhesive torque (Bradford et 

al., 2013; Burdick et al., 2005; Li et al., 2005). Hydrodynamics have significant 

impacts on heterogeneous surface particle removal mechanisms relative to 

the pore constriction deposition. Figure 3.6 illustrates the particle motion in the 

flow stagnation zones in the presence of energy barriers. Figure 3.6 illustrates 

the particle motion in the flow stagnation zones in the presence of energy 

barriers. Particles within the fluid near the forward stagnation axis probably 

enter the near-surface domain and then skim (translate and/or roll) across 

surface via secondary minimum association without attaching. Most skimming 

particles would exit the stagnation zone back to the bulk fluid during crossing 

surfaces and the vicinity of grain-to-grain contacts due to diffusion and local 

hydrodynamic field fluctuation (Bradford et al., 2011; Johnson et al., 2007a), 

like flow vortices. Some skimming particles would be trapped in flow vortices 

(Torkzban et al, 2008; Li et al., 2010a,b) or propagate directly to the 

downward particle surface (Johnson and Hilpert, 2013; Ma et al., 2011). 

3.1.5 Effects of Hydrodynamic Forces 

Figure 3.3 displays similar BTC profiles at different velocities for a given 

particle size except for the 16 µm particle at U1. All three dynamic parameters 

(kd,irr, kd,r and kr,r ) increase approximately linearly with increased fluid velocity 

(Figure 4). No distinct variations in the effluent mass recovery were observed 

with increased velocities (Table 3.1). This indicates that most of irreversible 

retained particles via non-straining mechanisms (surface heterogeneity and 

wedging) are fixed stably (Fig. 3.2) at locations with heterodomains (Ma et al., 

2011) in the range of fluid velocities examined at the assemblage scale 

except for the 16 µm particle at U1. Johnson et al. (2010) also found negligible 

detachment from smooth glass bead surfaces with increase in fluid velocity up 

to a factor of 64 times or more by direct observation.  
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In this model, kd,r and kr,r were utilized to make a simplified quantitative 

description of the dynamics of the reentrained particle population in the flow 

stagnation zones (near grain surface and grain-to-grain contacts). However, in 

the absence of perturbations, unlike the process of attachment-detachment of 

biological particles, for nonbiological particle, rolling and translation dominate 

the reversible deposition mechanisms along the surface at separation 

distance corresponding to the secondary energy minimum. The long 

residence time of the retained particle population in fluid stagnation zones 

results in the particle retardation and extended tailings of BTCs. The linear 

increase in kd,r and kr,r with fluid velocity (Fig. 3.5b) therefore indicates that the 

increased velocity reduces systematically the residence time of the particle 

population in the flow stagnation zones. Meanwhile similar tailings of BTCs 

with the increase in fluid velocity are observed. 

3.1.6 Effects of Particle Size 

 In contrast to negligible influence of velocity on retention, Figure 3.4 

and Figure 3.5a show respectively greater retention and higher irreversible 

deposition rate for larger particles. Average retained mass recovery ((100-ME)%) of 3, 10 and 16 µm particles are 22.4, 44.85 and 75.35% (Table 1), 

respectively, increasing exponentially with particle size. A similar trend with 

particle diameter can be observed for the kd,irr for every fluid velocity. For 

instance, kd,irr are equal to 5.19, 7.32 and 17.6 h-1 for 3, 10 and 16 µm 

particles at U1, respectively. Bradford (2003 and 2006) and Xu (2006 and 

2008) also found that straining and wedging rate is power law or linear 

function of the ratio of particle:collector as the ratio is beyond some threshold 

value. This indicates that the dominance of straining and wedging in 

deposition increases with the increased particle size in the presence of energy 

barriers. Straining is usually defined as one or several particles definitely 

blocked in a too small pore throat regardless of the fluid velocity and energy 

barrier repulsion (Herzig et al., 1970; Johnson et al., 2010). The ratio of 

particle size to pore throat size is almost the only factor determining this 

removal mechanism. Retention by straining are argued to be important for 

particles with diameter 10 µm and 16 µm due to the pore throats with the 
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dimension less than 1.8 times particle diameter (Auset and Keller, 2006). As 

the smallest average ratio of particle:collector is 0.0042 in this study, beyond 

the threshold of wedging (0.004) (Johnson et al., 2007b), wedging is one of 

the main retention mechanisms for all particle size. Moreover, quartz sands 

composed by angular grains have increased length and number of contacts 

relative to glass beads, enhancing wedging at the contacts (Tong and 

Johnson, 2006). The motion of large particles is restricted critically relative to 

small ones and fluid vortices have less impact on large one. Large particles 

therefore would be removed from the fluid more efficiently by the grain-to-

grain contact. Thence both wedging and straining were found to be enhanced 

with increased particle size in our study (Figure 3.4 and 3.5) and the previous 

literature (Bradford and Bettahar, 2006; Chalk et al., 2012; Johnson et al., 

2007b; Porubcan and Xu, 2011; Tong and Johnson, 2006; Xu et al., 2006, 

2008). 

Widespread attachment on the open surface in the presence of energy 

barriers were observed at multiple focus plans for particles across a wide 

range of particle sizes from 0.25 to 9 µm in the article of Johnson et al. (2010). 

Collector surface removal of particles therefore is argued to also play a role in 

retention in this study. For both the chemical and physical heterogeneity with 

a given size, the hydrodynamic torques increase more rapidly than adhesive 

torques with increased particle size according to earlier torque balance 

calculations (Burdick et al., 2005; Bradford et al., 2013). Correspondingly, the 

fraction of collector surface area contributing to particle deposition was found 

to decrease with particle size (Bradford et al., 2013). In this study, excess 

retention of 16 µm at U1, which is not found for 3 and 10 µm, corroborates that 

fluid velocity has a large impact on retention with large particles (Bradford et 

al., 2013; Pazmino et al., 2014b). Yet the higher effluent mass recovery 

except for 16 µm at U1 was not observed. It indicates that, within the studied 

range, the increase in fluid velocity did not result in reducing the fraction of 

collector surface area contributing to the irreversible retention in the presence 

of energy barriers at assemblage scale. Hence a certain critical fluid velocity 

may exist between U1 and U2 for 16 µm, once beyond which hydrodynamic 

torques overcome adhesive torques for a large number of particles at column 
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scale. This inference of critical velocity needs to be tested and verified further 

with different ranges of tested velocities and particle sizes. 

In general, particle size has opposite effects on heterogeneous surface 

retention and on pore constriction retention in the presence of energy barriers. kd,irr is observed to increase with increasing particle size (Figure 3.5a), 

indicating that straining and wedging dominates deposition in this study. In 

contrast to kd,irr, kd,r and kr,r do not have any systematic variation with 

increased particle size (Figure 3.5b). 

3.1.7 Interplay of Different-Sized Particles Retention 

 

Figure 3.7. Comparison of irreversible deposition rate (kd,irr) values of different-sized 

particles in monodisperse experiments and in polydisperse experiments. 3 µm/MIX means the 

3 µm particle in the tridisperse particle. 

Figure 3.5a shows that kd,irr of MIX is between that of 10 and of 16µm 

particle and much closer to 16 µm relative to 10 µm. However, as stated 

previously, the average retained mass recovery is 22.4, 44.85 and 75.35% for 

3, 10 or 16 µm in the monodisperse suspension, respectively, and the 

average recovery of the MIX is 47.5% a little higher than 10 µm. This implies 

that polydisperse particle size distribution may result in excess retention of 

one or more size particles. Therefore, to gain insight into the interplay of 

different-sized particle retention of the tridisperse particles, effluent mass 

recovery ME (%), of every size particle was measured (Table 3.1). Depending 

on this data, kd,irr of each size particle was calculated as follow:  

𝑘4,)''' = !
J
(!%�T,')
(!%�T,U) 𝑘4,)''U                                               (3.4) 
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Subscript i = 1, 2, 3 represents separately 3, 10 or 16 µm particle and M 

means MIX. kd,irr of 10 µm or 16 µm particle in MIX almost has no change 

comparing that of the monodisperse particle (Figure 3.7). This means that 

retention of 3 µm did not have any important influence on that of larger 

particles due to different retention mechanisms elucidated previously. 

Nevertheless, kd,irr of 3 µm in MIX suspension is significantly enhanced by 

approximate one time, from 22% to 58% on average relative to the 

monodisperse suspension of 3 µm (Figure 3.7). Obviously larger particles 

retention improves the filtration performance of quartz sands for the smaller 

particles. The injected concentration of every single-sized particle in MIX 

suspension are only equal to 1/3 of the concentration in the monodisperse 

suspensions. The retained mass recovery was observed to almost remain 

constant with decreasing injected concentration when ionic strength is too low 

or too high, but increase at intermediate ionic strength (Bradford et al., 2009). 

In this study ionic strength is only 1 mM, and therefore excess retention of 3 µm particle in MIX cannot be ascribed to the effects of injected concentration. 

In addition, excess retention was not observed for 10 or 16 µm particle indeed 

in our experiments. Potential origins of this excess deposition of 3 µm particle 

are examined. On one hand, considerable particles would exit the flow 

stagnation zone back to the bulk flow in the vicinity of the grain-to-grain 

contact (Fig. 3.6) according to earlier pore-scale simulations (Johnson and 

Hilpert, 2013). Thence, relatively little retention of 3 µm, only about 22%, was 

obtained after the injections of monodisperse particles. Whereas, for the 

injection of tridisperse particles, the wedged larger particle with the adjacent 

two collectors form relatively confined space. The shade of the larger particle 

almost inhibits the flow vortices from mixing with the bulk fluid. Thence the 

flow velocity should be extremely low and substantial small particles cannot 

gain enough momentum to escape back to the bulk flow. On the other hand, 

straining and wedging of larger particles with the adjacent collector can create 

excess contact sites (wedging) for smaller particles. In general, the retained 

larger particles due to pore space geometry (straining and wedging) changed 

the structures of pore throats and grain-to-grain contacts, yielding excess 

retention of smaller particles (Muresan et al., 2011; Xu and Saiers, 2009). 
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Figure 3.8 illustrates retention of 3 µm particle without or with retained larger 

particles near the grain-to-grain contact. As stated previously, between the 

wedged larger particles (10 and 16 µm) and the grain-to-grain contact, the 

flow velocities are drastically reduced and extremely low relative to the same 

zone without retention of larger particles. Considerable small particles are 

trapped within the fluid in this zone. This situation is analogous to the particle 

behaviors in the immobile region of fractured porous medium. Moreover, 

excess wedging sites are also shown in Figure 3.8b 

 

Figure 3.8. Illustrations of 3 µm particle behaviors near grain-to-grain contact of (a) 

without and (b) with retained 10 and 16 µm particles. Ubulk represents the bulk fluid velocity. 

 

3.1.8 Conclusions 

In this section, an irreversible-reversible retention model is applied in 

order to simulate the transport, retention and re-entrainment of particle 

(Carboxylate-modified polystyrene latex microspheres) under unfavorable 

conditions in the sand column. The systematic variations of parameters 

values of the retention model identify precisely the effects of hydrodynamics 

and particle size as well as the interplay of different-sized particles retention. 

Furthermore, the regular trends of parameter values help to bring in-depth 

insight into the particle transport and retention mechanisms at pore size scale. 

Similar profiles of BTCs indicates that the increase in fluid velocity within 

the studied velocity range does not result in the distinct decrease of the 

favorable deposition fraction of collector surface area in the presence of 

energy barriers at assemblage scale. Excess retention for 16 µm at U1 

corroborates that fluid velocity has a large impact on deposition with large 
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particles. Increased kd,irr with particle size indicates that straining and wedging 

dominate particle deposition.  

Pore constriction structure changes resulting from retention of larger 

particles are argued to provoke excess retention of the smallest particle. On 

one hand, wedged larger particles prevent re-entrainment of smaller particles 

near the grain-to-grain contacts; On the other hand, wedged or strained large 

particles with the bonding grain surfaces form extra retention sites for smaller 

particles. 
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3.2 Step-input injections of kaolinite suspension 

3.2.1 Materials and experimental methods 

Under constant flow conditions, particle injections were performed in a 

horizontal Plexiglas column (inner diameter of 4.4 cm and length of 62 cm) 

using step-input injection technique. The porous medium that filled the column 

during the experiments consists of quartz sand collected from the Seine River 

(France), with grain size selected by sieving. Three sands with different grain 

size distributions were used: Fine sand (315-630 µm), Coarse sand (630-800 µm) and the MIX sand obtained by mixing the Coarse and Fine sands in the 

equal weight proportion. Coarse, MIX and Fine sands have the median grain 

diameter (dg) of 715, 570, and 440 µm respectively and the uniformity 

coefficient (Cu) of 1.13, 1.80 and 1.37. Using a zetameter (ZetaCAD – CAD 

Instruments), the measured zeta potentials are -36.44 (±1.2), -25.31 (±2.6), or 

-29.80 (±1.6) mV for Fine, Coarse and MIX sands, respectively. Experiment 

set-up is displayed in Figure 3.9. 

 

Figure 3.9 Step input of kaolinite particle suspension experimental set-ups. 

Size-selected Kaolinite P300 particles with a density of 2.65 g/cm3 were 

used as the injected particle in the different porous media tested. The 

diameter of the injected particle ranged between 2 and 30 µm with the median 

particle size (dp,50) of 10 µm and Cu of 2.5. The zeta potential was measured 

using a zetameter (ZetaCompact - CAD Instruments) and equal to -35.6 (±1.4) mV. For polydispersed particles, the span of the size distribution, defined as Span	 =	 (d90-d10)/d50, is a parameter to show the width of the size distribution 

(HORIBA INSTRUMENTS, 2016). The interaction energies of the particles 

with three characteristic diameters of d10, d50 and d90, equal to 4.8, 10.2 and 

19.4 µm, respectively, are calculated, made summation of equations for 
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electrical double-layer, van der Waals interaction and Born repulsion, 

according to the extended-DLVO theory. The heights of the energy barrier are 

equal to 2674, 5684 and 10808 kT at the distance of around 5 nm between 

particle and collector surface for d10,	 d50	 and	 d90, respectively. The depths of 

the secondary energy minimum are equal to -2.28, -5.74 and -11.88 kT at the 

distance of around 300 nm (Fig. 3.10).  

 

Figure 3.10. Extended-DLVO Interaction energy profiles for kaolinite particles with 

characteristic diameters of d10, d50 and d90 as functions of the separation distance between 

the particle and grain: (Φmin) is the interaction energy associated with the primary minimum 

(Φ1min) or the second minimum (Φ2min), (Φmax) is the interaction energy associated with the 

energy barrier. 

 

For each experiment, three pore volumes were injected. The initial influent 

particle concentration was C0 = 0.5 g/l. Five velocities (0.045, 0.067, 0.089, 

0.137 and 0.160 cm/s) were tested for each porous medium and are 

designated as U1,	U2,	U3,	U4	and	U5, respectively.   

Following each column experiment, the dirty sand filling the column was 

excavated and divided into fifteen different sections with respective 

thicknesses from the entrance: 5 × 2 cm, 5 × 4 cm, 1 × 6 cm, and 4 × 6.5 cm. 
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The mass of the deposited particles in each section was then determined 

using the following procedure: the dirty sand from each section was dried and 

weighed and then thoroughly washed. The clean sand was dried and 

weighed; the difference in weight between the dirty and clean sand 

represented the accumulated weight of the retained particles. This procedure 

allows us to determine the spatial distribution of retained particles in the 

porous media. Finally, a mass balance was conducted using the masses of 

particles in the effluent, retained in the porous medium, and injected into the 

column. Table 3.2 presents the calculated particle mass percentages that 

were recovered in the effluent (ME), sand (MS) and the total (MT	 =	 ME	 +	 MS) 

system. 

To understand the evolution of the polydisperse particle population during 

the transport and deposition process in porous media, particle size distribution 

(PSD) was measured for particles in the effluent and retained particles using a 

Coulter Multisizer II particle counter, respectively. For the effluent, samples of 

45 ml for PSD analysis were collected at the column outlet. As for retained 

particles, PSD was measured for the retained particles for every section of the 

column.  

3.2.2 Mathematical Model 

The particle transport through homogeneous porous media is assumed to 

be mainly affected by three physical processes, namely advection, 

hydrodynamic dispersion and deposition. For the experiments studied in the 

present paper, both particles and porous media grains being negatively 

charged, straining and wedging should be considered as the dominant 

mechanism in the particle deposition process in the presence of an energy 

barrier.  Meanwhile, surface mass removal of particles due to rough or 

chemically heterogeneous grain surfaces cannot be neglected (Johnson et al., 

2010), especially at low flow velocity in the case of kaolinite particles with a 

specific density of 2.65 g/cm3. Due to the platy morphology (Benosman, 2012) 

and relatively large density of the used kaolinite P300 particle as well as 

relatively little particle injection volume (3 pore volume), re-entrainment of 

retained particles is not considered across the temporal and spatial scales of 
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column experiments (Johnson et al., 2010). Therefore, pore constriction 

(wedging and/or straining) and surface deposition can be described by only 

one deposition parameter. 

The one-dimensional advection-diffusion equation with a deposition term is 

used to describe the transport and retention of particles in a saturated porous 

medium (Corapcioglu et Jiang, 1993): 

DU
D( = 𝐷L D%UDF% − 𝑢 DU

DF − k7
A
D.
D(       (3.5) 

where C [M/L3] is the mass concentration of suspended particles in the 

pore water, t [T] is time, ϕ [L3/L3] is the porosity, S [M/M] is retained particle 

concentration, DL [L2/T] is the hydrodynamic longitudinal dispersion coefficient, u [M/T] is the average pore velocity, and ρb [M/L3] is the bulk density. Due to a 

small injected volume of particle suspension, the most important retention 

(occurrence at the column inlet of Fine sand at U1) was less than 0.2% in 

volume, therefore negligible influence on porosity and fluid velocity. 

Due to large density and plate-shape of kaolinite particle, reentrainment 

behavior at assemblage scale can be neglected. Correspondingly, extended 

tailings of BTCs were not observed and the numerical model without 

reversible retention term was capable of well fitting the experimental 

measurements in previous literature [Bennacer et al., 2013, 2017]. Therefore, kd,r and kr,r are considered null in this model. The deposition term can 

therefore be expressed as follows: 

k7
A
D.
D( = 𝑘4,)''(𝑥, 𝑡)𝐶       (3.6) 

𝑘4,)''(𝑥, 𝑡) = 𝑘@𝜓(𝑥, 𝑡),       (3.7) 

where 𝑘4,Q  [1/T] is the deposition rate and k0 [1/T] is a constant rate 

coefficient that quantifies deposition kinetics under clean bed conditions; 𝜓(𝑥, 𝑡) is a dimensionless particle deposition function and can be modeled as 

follows: 

𝜓(𝑥, 𝑡) = 𝑒%./.2 ⋅ @ L2
L2ZFB        (3.8) 
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where x [L] is the distance from the column inlet and Sc is a characteristic 

retention with the same units as S [M/M] that quantifies the exponential 

decline in deposition rates (Xu et al., 2006). In this work, particle transport and 

deposition occur in the presence of energy barriers in mean-field; thus, 

deposition at pore constrictions, like grain-to-grain contacts and pore throats, 

plays an important role. Despite the repulsion between particles, ripening still 

occurs at pore constrictions (Tong et al., 2008; Xu et al., 2006), which slows 

down the decrease in deposition rate due to blocking. Hence, we chose the 

exponential function (exp(-S/Sc)) (Xu et al., 2006) rather than a linear 

Langmuirian approach (1-	 S/Smax). In addition, in contrast to other nonlinear 

approaches like polynomial functions, Sc in the exponential function has a 

similar physical meaning with Smax. Both characterize the porous medium 

filtration capacity. Lc [L] is the characteristic length. The function Lc/(Lc+x) is 

used to achieve the decrease in the deposition efficiency with the increasing 

distance (Wang et al.， 2014), analogous to the power law function of 

v4/ZF4/ w%nproposed by Bradford et al. (2003) in the straining model. This spatial 

function reflects the effects of straining and the heterogeneity of the particle 

population. The particle population heterogeneity encompasses the particle 

size heterogeneity and the particle-surface interaction heterogeneity (Yuan 

and Shapiro, 2010). The decreasing trend of particle population sizes with 

distance brings about two main effects on the deposition dynamics. On one 

hand, in the respect of deposition, the larger particles in the particle 

population deposit faster and correspond to greater deposition rate. This can 

be ascribed to i) Straining and wedging highly depend on particle size; ii) the 

particle flux to flow stagnation zones of large particles is greater than that of 

small ones, especially for the studied silt particles with great density. 

Therefore, decreased particle sizes of suspended particle populations with 

distance contribute to the decreased deposition rates. On the other hand, in 

the respect of transport, strained particles at upstream produce dead-end 

pores and limit particle transport pore networks at downstream. Decreased 

particle sizes reduce the limitation effects of straining on particle transport with 

increased distance. 
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According to CFT, the deposition rate coefficient can also be calculated as 

follows [e.g., Logan et al., 1995]: 

𝑘@ = J
8
(!%~:)
4/ 𝛼𝜂𝑢                                                                                              

(3.9) 

where α is the sticking efficiency and η is the single-collector contact 

efficiency. 

For polydispersed particles in this study, the equivalent deposition rate 

coefficient under favorable conditions is expressed as 𝑘@,,� =∫ 𝑘@(𝑟Q)𝑓(𝑟Q)𝑑𝑟Q'(,456

'(,4']
 with α=1, where rp is the particle radius; f(rp) is the 

probability density function of the particle size distribution;  rp,max and rp,min are 

the maximum and minimum of particle size. α under unfavorable conditions is 

equal to the ratio of the best-fitting k0 of the experiment results to the 

calculated k0,eq.  
A one-dimensional finite difference with the optimal weighting coefficient 

(Wang and Lacroix, 1997) for a finite column at the outlet was used to 

approximate the equations [3.5-3.8] in the coupled transport and deposition 

model. Both the first-type and third-type boundary conditions can be used at 

the column inlet in the case of same values of (DL/u) (Van Genuchten, 1980). 

In this study, a first-type boundary condition was employed at the inlet and a 

second-type boundary condition was employed at the outlet. 

We quantified the kinetics deposition of particles by fitting numerical 

solutions of equations [3.5-3.8] to the particle breakthrough curves (BTCs) 

and retention data. This code is coupled to a nonlinear least squares 

optimization routine based on the Levengerg-Marquadt least squares 

algorithm to find the best fit values of DL,	 k0,	 Lc and Sc. The numerical codes for 

simulating the coupled transport-deposition and for the optimization are 

developed by the authors. Values of the average pore velocities were 

calculated from experimental measurements. 

3.2.3 Results 

First-order and the time-distance-dependent deposition kinetics 

In Figure 3.4, the dotted-line curves present the results of the simulation 

with constant kdep; the solid-line curves display the numerical results of the 

present proposed model. The analytical model is capable of simulating 
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roughly the effluent concentration data but cannot achieve the slight increase 

in the BTCs after approximately 1.5 pore volumes (Fig. 3.11a). In many other 

studies (Bradford et al., 2002, 2006b; Xu et al., 2006; Sun et al., 2015), the 

steady-state breakthrough plateaus were not observed either, indicating that 

straining and blocking occurred during the experiments (Bradford et al., 2002). 

The model with a constant deposition rate is not able to simulate the 

hyperexponential retention profiles (Fig. 3.11b). For all experiments, 

regardless of the fluid velocity and the porous medium, deviations of retention 

profiles are always observed between experimental data and the simulation 

results of the constant kdep model. In contrast, simulations with the time-

distance-dependent deposition rate are capable of fitting the retention profiles 

well (Fig. 3.11b). In this work, we will focus on understanding the 

spatiotemporal evolution of the deposition rate based on the experimental 

results and best-fit parameter values of the proposed model.  
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Figure 3.11 Effluent breakthrough curves (a) and retention profiles (b) at the Darcy 

velocity of U4 in the Coarse sand column. Simulations with constant deposition rate (dashed 

line) are contrasted against those with time-distance-dependent deposition rate (solid line). 

Simulations of the time-distance-dependent deposition 

As is displayed in Figure 3.11, the time-distance-dependent deposition 

was determined to have a good prediction of effluent concentration and 

retention in the porous medium. Hence, it might be used to explain the 

observed fluid velocity-dependent transport and deposition behavior in the 

different porous media. The deposition coefficients were fitted to each 

experimental BTC and retention profiles exhibited in Figure 2. The agreement 

between modeled and observed relative concentration (C/C0) is generally 

good, and the apparent decrease in retention profiles is clearly reproduced. 

Table 3.2 summarizes the values of model parameters as well as the results 

of mass balance. Values of MT ranged from 98% to 105%, which can be 

ascribed to measurement errors. 

Figure 3.12 displays breakthrough curves and retention profiles of the 

three studied porous media at U1 (Fig. 3.12a,b) and U4 (Fig. 3.12c,d). For the 

same porous medium, higher velocity results in higher effluent mass recovery ME (Fig. 3.12a,c and Table 3.2), and the retention curve decreases relatively 

gently at the higher velocity (Fig. 3.12b,d). The ME of the MIX sand is the 

highest and that of the Fine sand is higher than that of the Coarse sand at 

every fluid velocity. However, the Fine sand is observed to have the most 
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retention near the column entrance and the steepest retention profiles (Fig. 

3.12b,d). 

The best-fit values of parameters for the different experiments are 

exhibited in Table 1. k0 varies between 33 h-1 and 83 h-1, Lc ranges from 10 to 

22 cm, and Sc is between 30∙10-5 and 287∙10-5. With the increase in fluid 

velocity, k0 increases systemically (Fig. 3.13a), and in contrast, Sc decreases. 

For different porous media, k0 increases, but Lc decreases with decreasing 

median grain diameter.  
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Figure 3.12. Observed and simulated effluent breakthrough curves and retention profiles 

of the Coarse, Fine and MIX sand at Darcy velocities of U1 (a,b) and U4 (c,d). 

  

Table 3.2 Optimal Parameter Values Estimated from BTCs and Retention. re
2, rs

2: 
coefficients of determination for BTC and retained profile, respectively; the Recovered 

Effluent (ME), Sand (MS) and the Total Particle Mass Fraction (MT) 

Sand 

UDarcy	
(cm/s
)	

DL	
(cm2/
s)	

Lc	
(cm
)	

Sc∙10-5	
(cm3/cm3

)	

k0	
(h-1)	

k0,eq(α=1
)		
(h-1)	

re2	 rs2	
ME	

(%)	
MS	

(%)	
MT	

(%)	

Coarse 
sand 

(630-800 
μm) 

0.045 0.10  25 102.13 29.7 933.0 1 0.94 12.2 91.0 103.2 

0.067 0.13  25 59.87 39.4 907.2 0.98 0.95 18.0 80.3 98.3 

0.089 0.18  25 57.53  34.3 892.9 0.99 0.98 34.4 70.3 104.7 

0.137 0.28  25 56.27 44.1 879.6 0.99 0.99 41.8 62.2 104.0 

0.160 0.35  25 29.61 46.3 877.9 0.97 0.89 51.8 52.4 104.2 

Fine 
sand 

(315-630 
μm) 

0.045 0.10  10 286.97  49.8 1544.4 1 0.97 10.7 94.1 104.8 

0.067 0.15  10 203.72 64.7 1540.7  0.99 0.94 14.5 86.4 100.9 

0.089 0.21  10 183.81 59.2 1553.5 0.99 0.87 25.0 73.7 98.7 

0.137 0.29  10 178.75 81.5 1605.8 1 0.95 33.0 71.6 104.6 
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3.2.4 The deposition dynamics parameters  

In the presence of energy barriers, η describes quantitatively the dynamics 

of particles that enter the near-surface domain (Johnson and Hilpert, 2013). 

Interception (ηI), diffusion (ηD) and sedimentation (ηG) are three main modes 

according to single-collector theory. η of d10,	 d50	 and	 d90 (4.8, 10.2 and 19.4 µm) 

are calculated to characterize the particle population flux dynamics to the fluid 

stagnation zone. For all three characteristically sized particles, due to the 

large particle density (2.65 g/cm3) relative to fluid, sedimentation is the 

absolutely dominant mechanism at every fluid velocity according to the 

calculation from the T-E equations (Tufenkji and Elimelech, 2004). ηG is 10 

times ηI and 1000 times ηD, on average, and therefore, interception and 

diffusion can be neglected. η increases exponentially with particle size, and ηd90 is roughly 3 times ηd50 and 10 times ηd10 (Fig. 3.13b). Moreover, ηeq, the 

equivalent contact efficiency of polydispersed particles, expressed as 𝜂,� =
∫ 𝜂(𝑟Q)𝑓(𝑟Q)𝑑𝑟Q'(,456

'(,4']
, is higher than ηd50 by 25%. This indicates that large 

particles can much more easily enter the near-surface domain, so size 

heterogeneity in the particle population plays an important role in deposition 

for polydispersed particles.  

0.160 0.34  10 146.38 86.0 1636.7  0.99 0.99 37.7 67.0 104.7 

MIX sand 
(315-800 

μm) 

0.045 0.10  20 252.36  34.5 1378.1  1 0.96 10.2 94.0 104.5 

0.067 0.13  20 104.27 52.5 1359.5  1 0.93 11.8 88.9 100.7 

0.089 0.22  20 67.41 49.7 1356.6 0.99 0.95 21.5 79.6 101.1 

0.137 0.32  20 105.24 65.8 1374.1 0.98 0.99 27.8 74.5 102.3 

0.160 0.41  20 91.66 74.9 1388.5 0.94 0.94 30.2 73.7 103.9 
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Figure 3.13 Plots of fitted values of a) the initial deposition rate (k0), b) the single-

collector contact efficiency for the Coarse sand, and c) the sticking efficiency of different 

porous media as a function of fluid velocity. 
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η of the three characteristic sizes as well as the equivalent efficiency (ηeq) 
decrease exponentially with velocity. Higher velocity decreases the particle 

flux to the collector surface because stronger hydrodynamic forces counteract 

the effects of gravity in our situation. The sticking efficiency, α, increases 

generally with the velocity (Fig. 3.13c) and has similar increased trends to 

those of k0 (Fig. 3.13a) because kdep under favorable conditions (α=1) 

calculated from Eq.[3.9] has no distinct changes with the increased velocity 

within the studied range (Table 3.2). α at the grain-to-grain contacts (wedging) 

was observed to increase with velocity, and in contrast, α in the near-surface 

domain decreased in the presence of energy barriers according to the 

previous simulations (Johnson et al., 2007). The total α, the summation of α 

values of surface deposition and straining and wedging, increases with 

velocity (Fig. 3c) indicates that the contribution of straining and wedging to the 

total retention increases progressively with velocity. However, the increased 

trend of α does not mean that there is an increase in the number of deposition 

sites with fluid velocity. In fact, the increased α results from the 

underestimation of η especially at high velocities (Fig. 3.13b) because the 

single collector model does not take account the pore constriction geometry. 

Straining is used to describe that one or several particles are entrapped in a 

pore throat independent of fluid velocity and energy barriers. As for wedging, 

despite its somewhat probabilistic nature relative to straining (Johnson et al., 

2007, 2010), wedging is relatively insensitive to the increased velocity in 

contrast to heterogeneous surface deposition. The potential origins are i) 

relative to the near-surface domain, in the grain-to-grain contact region, 

average fluid velocities were reduced promptly (50%-70%) according to 

previous pore-scale simulations (Ma et al., 2011); ii) a wedged particle exerts 

adhesions by two bonding surfaces, which is more stable than the deposited 

particles with a single surface. The increased fluid velocity therefore has much 

less influence on wedging and straining efficiency than it does on surface 

deposition. Hence, α of wedging and straining was observed to increase with 

velocity. As for deposition at surface heterogeneity, the increased fluid 

velocity with stronger hydrodynamics can decrease the favorable deposition 
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fraction of the collector surface area in the presence of energy barriers 

(Bradford et al., 2013). Hence, α of surface deposition decreases with velocity 

under unfavorable deposition conditions. α decreases obviously as the fluid 

velocity increases from U2 to U3 (Fig. 3.13b). It indicates that the favorable 

deposition surface fraction declines significantly at assemblage scale with the 

increase in velocity from U2 to U3, indicating that with increased 

hydrodynamic torques, a fairly large number of particles can overcome the 

adhesive torques (e.g., chemical and physical heterogeneities and the 

secondary interaction energy minimum well) and exit the near-surface domain 

back to the bulk fluid. The surface characteristics of the three studied porous 

media are roughly the same, for instance, the similar measured zeta potential 

and calculated η; in contrast, the geometry of pore constrictions (e.g., grain-

to-grain contacts and pore throats) is totally different. The decreases in α and k0 at U3 for the three porous media regardless of dg (Fig. 3.13b) therefore 

corroborates the theory that these decreases should be the effects of 

increased fluid velocity on the surface deposition rather than straining and 

wedging, to an extent.  
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Figure 3.14 PSD of the particles in the effluent at 3 pore volumes: (a) with different 

Darcy velocities of Coarse sand and in different porous media at (b) U1 and (c) U4. 

Figure 3.14a shows that an increasing proportion of large particles is 

observed in the effluent with a higher velocity. The contact efficiency of large 

particles declines much more promptly with the higher velocity relative to that 

of small particles (Fig. 3.13b). The right shift of the PSD curves with increased 
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velocity is consistent with the greater decreasing rate of η for large particles 

according to the calculation of the single-collector model. Figure 3.14b and c 

display the PSD in the effluent for the three sands at low and high velocity, 

respectively. The right shift of the PSD curve for the MIX sand column is 

greater relative to the other two sands at the higher velocity. In fact, due to the 

different spatial distributions of the deposition rate of different sands, the 

filtration behavior of the sand column fairly depends on its length. Thus, the 

PSD in the effluent cannot reflect the effects of the grain size distribution or 

pore size distribution on particle transport and deposition accurately. 

Sc is also found to decrease generally by about 30-70% relative to U1 with 

velocity in the three porous media (Table 3.2), indicating that the increased 

velocity reduces the number of deposition sites of the porous medium. This 

can be ascribed to three potential origins. Firstly, funneling of flow into grain-

to-grain was observed directly to drive ripening in the presence of energy 

barriers (Tong et al., 2008; Yoon et al., 2006). Especially for polydispersed 

particles, large particles retained at pore constrictions (straining and wedging) 

can supply excess deposition sites for small particles, enhancing ripening (Ma 

et al., 2017; Xu et al., 2009). Increased fluid velocity would reduce the 

ripening at grain-to-grain contacts (Tong et al., 2008), thereby decreasing the 

number of deposition sites.  Secondly, the high fluid velocity enlarges the 

shadow zone formed downstream of the deposited particles (Ko and 

Elimelech, 2000; Yang et al., 2015), especially for large ones, which also can 

reduce the particle flux to the surface.  Thirdly, as mentioned previously, 

increased velocity can reduce the favorable deposition surface fraction. Lc 
remains approximately constant with velocity for every porous medium. On 

the one hand, straining is affirmed to be independent of fluid velocity. On the 

other hand, although the higher fluid velocity facilitates the large particles’ 

advancement deeper in the column (Alem et al., 2013), it also decreases the 

deposition probability for the same particle size due to stronger 

hydrodynamics.   

In the presence of energy barriers, at a given fluid velocity, wedging and 

straining were observed directly or indirectly to be enhanced with the 

increased ratio of dp,50/dg beyond the threshold value (0.002-0.008) in 
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previous numerical simulations and experiments, and in contrast, deposition 

on the collector surface either stayed roughly invariant or even decreased 

(Bradford et al., 2003; Bradford and Bettahar, 2006; Johnson et al., 2007; Xu 

et al., 2006). Correspondingly in this study, k0 increases with the ratio of dp,50/dg, also indicating that wedging and straining dominate the retention in 

the studied situations. In addition, Sc, which is analogous to the maximal 

deposition capacity, displays a similar trend with the increasing ratio of dp,50/dg 
(Table 3.2) because wedging and straining are enhanced with the increasing 

number and length of the grain-grain contacts (Tong et al., 2008). 

Approximate calculated values of η for the three porous media result from the 

slight effects of the sand grain curvature with a very low ratio of dp,50/dg. That 

there is no remarkable difference in α between the three studied porous 

media (Fig. 3.13c) indicates that the number of favorable deposition sites is 

proportional to 1/dg (Eq. 3.9). 

3.2.5 Temporal and spatial evolution of the deposition rate 

Like many previous studies of deep filtration, the apparent decreased 

distributions of deposition rates are also illustrated in this article. To discuss 

the origin of the spatial decrease in the deposition rate, some possible 

reasons have been proposed, such as straining, the decrease in particle 

population sizes in the flow as well as the removal of large particles and those 

near the pore perimeter at the inlet of the column. It can be affirmed that 

wedging and straining take an important place collectively with a ratio dp/dg 
over 0.014 in this study, far beyond the threshold value of 0.003 to 0.008 

(Bradford et al., 2003; Johnson et al., 2007; Xu et al., 2006). Regarding the 

effects of straining, the transport of particles is restricted in only larger pore 

networks after the first few centimeters. In addition, the particle size 

distribution in the effluent is much smaller than that of the injected particles. 

This indicates that the sizes of the mobile particle population in the fluid 

decline with increasing transport distance, which enhances the retention near 

the particle injection source by two mechanisms. On the one hand, large 

particles are easily removed from particle suspension relative to the small 

particles. On the other hand, wedged and strained large particles can supply 
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excess retention sites for the small particles. Furthermore, Li et al. (2004) 

proposed that removal of particles from the pore water adjacent to pore walls 

is an additional possible mechanism resulting in this decrease in deposition 

rate. For the experiments simulated in this work, the flow direction is 

perpendicular to gravity. Therefore, it can be inferred that large particles can 

more easily enter the near grain surface domains due to the effect of gravity 

(Li et al., 2015) and then are retained by surface heterogeneities and grain-to-

grain contacts.  

 

Figure 3.15 Evolution of the deposition rate with time in the Coarse sand column at the 

Darcy velocity of U1. 

The temporal evolution of the deposition rate during the injection process 

at U1 in the Coarse sand column is shown in Figure 3.15. The kdep decreases 

promptly with the increased injection volume near the entrance. The decrease 

rate declines obviously with increased distance. It can be observed that the 

maximum value moved forward from the entrance with the increased volume 

of injected particle suspension. At the beginning of the injection, the highest kdep near the injection source results from the high concentration of large 

particles and the effects of straining. With the increased injected particle 

volume, a large number of deposited particles near the injected point bring 

about a remarkable decrease in the number of deposition sites (blocking), 

rapidly reducing the deposition rate. Regarding the effects of blocking near 

the entrance, the large particle concentration of the mobile particle population 

therefore increases gradually with time away, which slows down the decrease 

in kdep with increased retention in the downstream.  



109 

 

 

 

 

Figure 3.16 The spatial distribution of the temporal average deposition rate coefficient of 

the three porous media at U1, which can be expressed from the numerical results data as: 

𝑘HQ8R|STS =
U

V
∫𝑘Q8R(𝑥, 𝑡) 𝑑𝑡. 

To gain insights into the spatial evolution of the deposition rate for the 

polydispersed particles, the retention characteristics with distance for the 

three studied porous media with different sand grain size distributions should 

be analyzed carefully. Figure 3.15 displays the temporally averaged 

deposition rates (𝑘è4,Q) of the three porous media at U1, which is expressed as: 

𝑘è4,Q|FoF = !
I ∫𝑘4,Q(𝑥, 𝑡) 𝑑𝑡.  The retention distributions with particle size for the 

Coarse, Fine and MIX sands are exhibited for the three parts of the column, 0-

10 cm (Fig. 3.17a), 10-30 cm (Fig. 3.17b) and 30-62 cm (Fig. 3.17c), 

respectively. As mentioned above, the sand was excavated and divided into 

15 sections to obtain the retained mass and PSD at different positions. We 

summarized the retained mass and PSD of every five sections (1-5 (0-10 cm), 

6-10 (10-30 cm) and 11-15 (30-61.5 cm)). Then, the retention size distribution 

is the product of the PSD of retained particles and the mass of retention for 

the three parts of the column. Lc increases with the increased dg and is equal 

to 10, 20 and 25 cm for the Fine, MIX and Coarse sand, respectively. 

Correspondingly, the decrease rate 𝑘è4,Q for the Fine sand is greater than the 

MIX and Coarse sand. In the first ten centimeters, the 𝑘è4,Q ranking from high 

to low is the Fine, the MIX and the Coarse sand (Fig. 3.16), which is 

consistent with the decreasing trend of k0 with dg (Fig. 3.13a).  In Figure 6a, it 

is clearly observed that the Fine sand has the highest filtration efficiency over 

the range of all particle sizes due to the large number of small pore throats 
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and grain-to-grain contacts.  However, 𝑘è4,Q  of the Fine sand decreases 

promptly with the increasing distance from the injection source. Although a 

large number of small pore throats result in the excellent filtration performance 

of the Fine sand, straining near the entrance creates many more dead-end 

pores, making the particle transport restricted to the more limited large-pore 

networks relative to the Coarse and MIX sands. Limited transport pore 

networks are the reason why small pores in the Fine sand make very limited 

contributions to the particle filtration in the second part of the column (Fig. 

3.16b). Meanwhile, the Fine sand near the entrance removes the most 

particles with large sizes, and the concentration of large particles within the 

mobile particle populations therefore declines promptly with the increased 

distance and then enhances the decrease in the deposition rate. 

Correspondingly, the decrease in  𝑘è4,Q  and retention of the Fine sand is 

therefore more remarkable than the Coarse and MIX sand (Fig. 3.12b,d and 

Fig. 3.16). As for the MIX sand, on the one hand, the Fine sand constituent 

evidently improves the particle removal performance on large particles 

(dp>dp,50=10 µm) relative to the Coarse sand; on the other hand, by virtue of 

the Coarse constituent, more conductive transport pore networks are 

conserved in the first ten centimeters (Fig. 3.17a) relative to the Fine sand, 

and then a greater number of large particles can advance deeper in the 

column. Meanwhile the Fine sand constituent of the MIX supplies sufficient 

small pore throats and grain-to-grain contacts to remove the excess large 

particles in the middle part of the sand column (Fig. 3.17b). As a result, the 

MIX sand has good filtration performance after the first ten centimeters (Fig. 

3.16). Correspondingly, the value of Lc for the MIX sand (20 cm) is much 

higher than that of the Fine sand (10 cm) and more similar to that of the 

Coarse sand (25 cm) (Table 3.2). As for the Coarse sand, although the mobile 

particle population in the column middle part has the most large particles 

relative to the Fine and MIX sand, higher filtration efficiency has not been 

observed because there are fewer small pores and grain-to-grain contacts. 

The three porous media have similar retention distributions with particle size 

regardless of dg for 30-62 cm of the column (Fig. 3.17c), indicating that 

heterogeneous surface deposition may be the main deposition mechanism at 
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positions relatively far away from the particle source (Bradford et al., 2002). In 

general, the spatial distribution of the deposition rate is determined by the 

interplay of the particle size distribution of particle populations and the 

geometrical change of the porous medium (straining and blocking). 

 

 

 

Figure 3.17 Retention distribution with particle size of the three parts of the sand 

columns: 0-10 cm (a), 10-30 cm (b) and 30-62 cm (c).  
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3.2.6 Conclusions 

In this section, a time-distance-dependent deposition model is applied to 

simulating the transport and deposition of polydispersed particles under 

unfavorable conditions in the sand column. Straining and the heterogeneity of 

the particle population are considered to determine the decreasing distribution 

of deposition rates. The systematic variations in the values of three 

parameters that govern this model identify precisely the effects of fluid velocity 

and the evolution of deposition rate with time and distance: 

1. Continuous decrease of BTC plateau concentration implies that 

surface retained particles play an important role in retention in this work, 

especially at low velocities. The total α increases with velocity indicates 

that the contribution of straining and wedging to the total retention 

increases progressively with velocity. Great retention even at the highest 

velocity (U5 = 0.160 cm/s) implies that straining and wedging play an 

important role in deposition mechanisms at all velocities. Sc decreases 

with the velocity due to the reduced ripening at grain-to-grain contacts and 

the enhanced hydrodynamic shadow effects. Sc decreased with increased dg, reflecting the higher filtration efficiency of the finer porous medium due 

to the larger number of small pores and grain-to-grain contacts.  

2. The temporal and spatial evolutions of kdep in the three porous 

media with different grain size distributions exhibit the effects of varied 

particle population sizes as well as straining and blocking on the 

polydispersed particle deposition. The spatial function with Lc reflects 

these effects. The interplay of the variation of the size distribution of 

mobile particle populations and the geometrical change in porous medium 

due to retention determines the deposition kinetics of polydispersed 

particles.
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Conclusions and perspectives 

 

Conclusions 

The objective of this work is to develop a numerical model for modeling of 

transport and fate of mono- and poly-disperse particles in saturated porous 

media. Identification of hydrodynamic and deposition kinetic parameters is 

realized by inverse method. Analysis of experiment data, i.e. particle 

breakthrough curves and retention profiles, and with best-fitted parameters 

help to bring insights into the particle’s behavior with fluid flow in porous 

media. 

A review of literature concerning the particle transport and deposition in 

porous media is presented above all. The current basic knowledge of 

subsurface groundwater, water flow and particle transport and deposition 

processes in porous media is presented in this chapter. Deposition 

mechanisms under unfavorable conditions are carefully discussed. Then, 

Chapter 2 discusses the proposed transport-deposition-reentrainment model 

and the numerical solution and the used inverse method for identification of 

parameters. 

The modified models based on the general model have been applied to 

series of pulse-input and step-input injection column experiments in Chapter 3. 

In pulse-input experiments, an artificial monodisperse particle 

(Carboxylate-modified polystyrene latex microspheres) is employed as tested 

particles, which has relatively homogeneous surface property. In addition, due 

to narrow size distribution, latex particle is often employed to prepare 

monodisperse suspension. Since the injection volume is only 1 ml, the 

modifications of porous media due to retained particles is negligible. 

Therefore, in this simulation, deposition and reentrainment parameters are 

considered to be constant. The systematic variations of parameters values of 

the deposition model identify precisely the effects of hydrodynamics and 

particle size as well as the interplay of different-sized particles retention. 
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Similar profiles of BTCs indicates that the increase in fluid velocity within the 

studied velocity range does not result in the distinct decrease of the favorable 

deposition fraction of collector surface area in the presence of energy barriers 

at assemblage scale. Excess retention for 16 µm at U1 corroborates that fluid 

velocity has a large impact on deposition with large particles. Increased kd,irr 

with particle size indicates that straining and wedging dominate particle 

deposition. Pore constriction structure changes resulting from retention of 

larger particles are argued to provoke excess retention of the smallest particle. 

On one hand, wedged larger particles prevent re-entrainment of smaller 

particles near the grain-to-grain contacts; On the other hand, wedged or 

strained large particles with the bonding grain surfaces form extra retention 

sites for smaller particles. 

In step-input experiments, a natural silt particle (kaolinite P300) was 

employed as tested particles, which has relatively stable structure (low 

shrinkage/swelling) and widely used in the study of particle transport in 

aquifers. Due to great density of kaolinite particle relative to water, 

reentrainment behavior is not obvious. Therefore, reversible deposition is not 

taken in account in this simulation. The CFT predictions with constant kdep 
have important deviations in retention profiles from experimental results. 

Large injected volume of particle suspension relative to pulse-input 

experiments results in important variations of porous medium filtration 

capacity, then bringing about distributed deposition rates. A time-distance-

dependent deposition model without reversible deposition is developed to 

simulate the step-input injection column experiments.  The systematic 

variations in the values of three parameters that govern this model identify 

precisely the effects of fluid velocity and the evolution of deposition rate with 

time and distance. 

Continuous decrease of BTC plateau concentration implies that surface 

retained particles play an important role in retention in this work, especially at 

low velocities. The total α increases with velocity indicates that the 

contribution of straining and wedging to the total retention increases 

progressively with velocity. Great retention even at the highest velocity (U5 = 

0.160 cm/s) implies that straining and wedging play an important role in 
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deposition mechanisms at all velocities. Sc decreases with the velocity due to 

the reduced ripening at grain-to-grain contacts and the enhanced 

hydrodynamic shadow effects. ωc decreased with increased dg, reflecting the 

higher filtration efficiency of the finer porous medium due to the larger number 

of small pores and grain-to-grain contacts.  

Global retention in the MIX sand is always the greatest in the three used 

sands at every tested fluid velocity. The Fine sand captures the most 

important retention at the inlet of the column and the amount of retention 

decrease promptly with the increasing distance from the entrance relative to 

the other two sands. Excess retained large particles (dp	>10 µm) in the middle 

part of the MIX sand column indicates that the MIX sand reserves more 

conductive pore networks relative to the Fine sand and meanwhile has more 

small pore throats and grain-to-grain contacts relative to the Coarse sand. 

The distributions of kdep have the similar profiles with retention profiles. The 

temporal and spatial evolutions of kdep in the three porous media with different 

grain size distributions exhibit the effects of varied particle population sizes as 

well as straining and blocking on the polydispersed particle deposition. The 

spatial function with Lc reflects these effects. The interplay of the variation of 

the size distribution of mobile particle populations and the geometrical change 

in porous medium due to retention determines the deposition kinetics of 

polydispersed particles. 

Perspectives 

To further understand the particle transport behavior in porous media and 

deposition mechanisms, other research at pore scale and assemblage scale 

is needed to explore in the future. The sand column experiment is an indirect 

observation method, to verify our conclusions of this work, direct observation 

methods, such as impinging jet system with a high-speed camera (Johnson et 

al., 2010) and X-ray computed microtomography [Lindquist et al., 1996; 

Bhattad et al., 2011], should be employed in our research. The two methods 

can supply pore scale particle transport and deposition information, i.e. 

whether to exist deposition and reentrainment on grain surface. With 
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impinging jet system with a high-speed camera, we can directly observe 

particle transport and dynamics process and effects of different factors, such 

as increasing fluid velocities. Correspondingly, pore scale simulation, such the 

hemispheres-in-cell model using the grid surface integration (GIS) [Ma et al., 

2011], is needed to realize to explore interaction forces and torques between 

particle and grain surface in the near-surface domain. X-ray computed 

microtomography can supply morphological characteristics of porous media, 

such as pore throat size and length, pore body diameter and so on. With 

these characteristics, porous media can be reconstructed based on different 

models, such as pore network models. Pore network models have been 

applied widely in non-Newtonian transport of particle and solute, which can 

bring insights to understanding of straining and size exclusion mechanisms 

[Shapiro et al., 2010; Yuan et al., 2010, 2011]. In addition, the study of co-

transport of silt particle and dissolved contaminants, i.e. heavy metals and 

organic contaminants, can be considered for the future work.
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Abstract 

Understanding of particle transport and deposition behavior in porous media 

is of significant interests in numerous domains, such as subsurface groundwater 

contamination and soil remediation. In this work, modified models based on the 

general transport-deposition-reentrainment model are applied to simulating a series 

column experiments to study the effects of different factors on the particle transport 

behavior in porous media.  

For pulse-input injection experiments of artificial latex particle suspension, 

numerical simulations of experimental data were performed with constant kinetic rate 

coefficients to characterize the retention and re-entrainment dynamics under different 

hydrodynamic conditions for monodisperse and polydisperse latex particles (3, 10, 16 

µm and the mixture). The results show that drastic increase in fluid velocity provokes 

hardly any remarkable decrease in retention in the presence of large energy barriers 

(>2000 kT). Systematical increases in deposition and re-entrainment dynamic rates 

were observed with fluid velocity and/or particle size. Increased irreversible 

deposition rate indicates straining and wedging dominate deposition in this study. 

Excess retention of 3µm particle in the polydisperse particle suspension was 

observed. The origins are reckoned that deposited larger particles may hinder the re-

entrainment of smaller particles near the grain-to-grain contact and can provide 

additional sites of attachment. 

For step-input injection experiments of natural kaolinite particle suspension, a 

time-distance-dependent deposition model is built to investigate the effects of 

hydrodynamic forces on the transport and deposition of polydispersed particles and 

the evolution of deposition rates with time and distance. Straining and the 

heterogeneity of the particle population are considered to play important roles in the 

decreasing distribution of deposition rates. Numerical simulations were applied in a 

series of sand column experiments at different fluid velocities for three different 

porous media. The effects of hydrodynamics forces are elaborated with the 

systematic variations of deposition dynamic parameters of the proposed model. With 

retention distributions with particle size as well as temporal and spatial evolutions of 

deposition rates, the transport and deposition mechanisms of polydispersed particles 

will be elucidated through the interplay of the variation of the particle size distribution 

of mobile particle populations and the geometrical change of the porous medium due 

to retention (straining and blocking). 

 

 

 

 

 



 

Résumé 

La compréhension des mécanismes de transport et de dépôt de particules dans les 
milieux poreux présente un intérêt important dans de nombreux domaines, tels que 
la contamination des eaux souterraines et l'assainissement des sols. Dans ce travail, 
des modèles modifiés basés sur le modèle général de transport-dépôt-relargage ont 
été développés et appliqués à la simulation numérique d'expériences en colonnes de 
laboratoire. Ces modèles numériques ont permis d’étudier les effets de différents 
facteurs sur le comportement de transport de particules dans différents milieux 
poreux. 

Des expériences d'injection instantanée de suspension de particules de latex artificiel 
ont été modélisées dans la première partie de ce travail. Les simulations numériques 
du modèle de couplage transport-dépôt ont été réalisées avec des coefficients 
cinétique de dépôt et de relargage constants. Cela a permis de caractériser la 
dynamique de rétention et de relargage dans différentes conditions 
hydrodynamiques pour des particules de latex mono-disperses (de diamètre 3, 10 et 
16 µm) et poly-disperses (mélange des trois populations mono-disperses 3, 10 ou 16 

µm). 

Les résultats montrent qu'une augmentation importante de la vitesse du fluide ne 
provoque pratiquement aucune diminution notable de la rétention en présence de 

grandes barrières énergétiques (> 2000 kT). Des augmentations systématiques des 
coefficients cinétiques de dépôt et de relargage ont été observées avec la vitesse du 
fluide et/ou la taille des particules. L’augmentation du cinétique de dépôt irréversible 
indique que le blocage mécanique (straining et wedging) domine le dépôt dans cette 
étude. Lors de l'injection de la suspension de particules poly-disperses (mélange des 

trois populations mono-disperses 3, 10 ou 16 µm) une rétention excessive des 

particules de taille 3 µm  a été observée. Cela peut être expliqué par le fait que les 

particules plus grosses (10 et 16 µm) déposées peuvent gêner le relargage des plus 
petites particules (3 µm) à proximité du contact grain-grain et peuvent fournir des 
sites de fixation supplémentaires à ces particules. 

Dans la seconde partie de ce travail, des expériences d'injection continue de 
particules de kaolinite naturelles ont été modélisées. Un modèle de dépôt dépendant 
de la distance de parcours des particules a été développé pour étudier les effets des 
forces hydrodynamiques sur le transport et le dépôt de particules poly-disperses et 
l'évolution dans l'espace et dans le temps des cinétiques de dépôt. Les résultats 
obtenus montrent que le bocage mécanique (straining) et l'hétérogénéité de la 
population de particules jouent un rôle important dans la distribution décroissante, 
avec la profondeur, du coefficient cinétique de dépôt.  

Des simulations numériques ont été appliquées sur une série d'expériences de 
colonnes de laboratoire. Différentes vitesses de fluides et trois milieux poreux de 
granulométries différentes ont été considérées. Les effets des forces 
hydrodynamiques ont été analysés à partir des variations des paramètres de dépôt 
du modèle proposé. En tenant compte des distributions de la rétention, de la 
distribution des tailles des particules retenues dans le milieu à différentes 
profondeurs ainsi que des évolutions spatio-temporelles des coefficients cinétique de 
dépôt, les mécanismes de transport et de dépôt des particules poly-disperses ont été 
expliqués et clarifiés. Les rôles importants de la variation de la distribution 
granulométrique des populations de particules mobiles et du changement 
géométrique des porosités du milieu poreux dû à la rétention ont été soulignés. 

 


