
HAL Id: tel-04563710
https://theses.hal.science/tel-04563710

Submitted on 30 Apr 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Problèmes de stabilité en relativité générale
Dawei Shen

To cite this version:
Dawei Shen. Problèmes de stabilité en relativité générale. Physique mathématique [math-ph]. Sor-
bonne Université, 2024. Français. �NNT : 2024SORUS014�. �tel-04563710�

https://theses.hal.science/tel-04563710
https://hal.archives-ouvertes.fr


Thèse de doctorat de Sorbonne Université
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14 CHAPTER 1. INTRODUCTION

1 The evolution problem in general relativity

In this section, we introduce Einstein vacuum equations and review the corresponding Cauchy
problem.

1.1 Einstein vacuum equations

A Lorentzian 4–manifold (M,g) is called a vacuum spacetime if it solves the Einstein vacuum
equations:

Ric(g) = 0 in M, (1.1)

where Ric denotes the Ricci tensor of the Lorentzian metric g.

The prime example of a vacuum spacetime is Minkowski spacetime (M, η):

M = R4, η := −(dx0)2 + (dx1)2 + (dx2)2 + (dx3)2, (1.2)

where η is expressed here in Cartesian coordinates. Each component of the Ricci curvature
tensor Ric(g)µν is a second-order nonlinear partial differential operator on the metric compo-
nents gαβ for α, β = 0, 1, 2, 3. Therefore, Einstein vacuum equations (1.1) form a system of 10
nonlinear coupled partial differential equations on the 10 unknowns gαβ.

Note that we have, for a diffeomorphism Φ : M → M′,

Ric(Φ∗g) = Φ∗(Ric(g)).

Hence, if (M,g) is a solution to (1.1), and if (M′,g′) is isometric to (M,g), i.e. if there exists
a diffeomorphism:

Φ : M → M′, Φ∗g′ = g,

then (M′,g′) also solves (1.1). Thus, when we talk about a solution to (1.1), we consider the
equivalence class of (M,g), i.e. all the spacetimes (M′,g′) isometric to (M,g). In particular,
we have the freedom of choice of the represent in this class, which corresponds to the choice of
a coordinates system. This is called the general covariance of Einstein vacuum equations (1.1).

1.2 The Cauchy problem

In this section, we recall that (1.1) corresponds to a Cauchy problem. To illustrate this fact we
start by relying on general covariance to rewrite (1.1) in so-called wave coordinates.

1.2.1 Wave coordinates

In this section, we consider the wave coordinates gauge, which is the choice of four coordinates
satisfying

□g(x
µ) := DαDα(x

µ) = 0, µ = 0, 1, 2, 3,

where □g denotes the d’Alembertian operator associated to the metric g and D denotes the
Levi-Civita connection of g. Under this gauge choice, it can be shown that (1.1) rewrites as the
following system of coupled nonlinear wave equations:

□g(gµν) = Nµν(g, ∂g), µ, ν = 0, 1, 2, 3, (1.3)

where Nµν are nonlinearities, quadratic in ∂g. Thus, Einstein vacuum equations in the wave
coordinates gauge can be cast as a system of coupled quasilinear wave equations, which illustrates
the fact that (1.1) corresponds to a Cauchy problem with Cauchy data (gαβ, ∂tgαβ)|t=0.
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1.2.2 Cauchy data

In the previous section we have exhibited Cauchy data in a particular coordinates system. In
this section, we recall the coordinate invariant definition of Cauchy data for (1.1), see for exam-
ple Chapter 10 in [59].

The initial data for the Einstein vacuum equations is given by specifying a triplet (Σ, g, k) where
(Σ, g) is a Riemannian 3–manifold and k is the traceless symmetric 2–tensor on Σ satisfying the
constraint equations:

R = |k|2 − (tr k)2,

∇jkij = ∇i tr k,
(1.4)

where R denotes the scalar curvature of g, ∇ denotes the Levi-Civita connection of g and

|k|2 := gimgjlkijklm, tr k := gijkij .

A vacuum spacetime (M,g) satisfies the Cauchy problem for Einstein equations (1.1) with
Cauchy data (Σ, g, k) if Σ ⊂ M is a spacelike hypersurface with first fundamental form g and
second fundamental form k. That is, g is the metric induced by g on Σ and

kij = −DiTj ,

where T is the future directed unit normal to Σ in M.

Remark 1.1. The standard Cauchy data for Minkowski spacetime (R4, η) are given by

Σ = R3, g = δ = (dx1)2 + (dx2)2 + (dx3)2, k = 0.

1.2.3 Local existence

The seminal well-posedness results for the Cauchy problem obtained in [8, 9] ensure that for any
smooth Cauchy data, there exists a unique smooth maximal globally hyperbolic development
(M,g) solution of Einstein equations (1.1) such that Σ ⊂ M and g, k are respectively the first
and second fundamental forms of Σ in M. More precisely, we have the following theorem.

Theorem 1.2 (Choquet-Bruhat-Geroch [9]). Let (Σ, g, k) be smooth Cauchy data for Einstein
vaccume equations. Then, there exists a unique smooth vacuum spacetime (M,g) which satisfies
the following properties:

• (M,g) admits (Σ, g, k) as Cauchy data.

• (M,g) is globally hyperbolic and admits Σ as a Cauchy hypersurface, i.e. Σ is achronal
in M and M coincides with the domain of dependence of Σ in M.1

• (M,g) is maximal for the inclusion among all the spacetimes satisfying the above condi-
tions.

The spacetime (M,g) is called the maximal globally hyperbolic development of (Σ, g, k).

Remark 1.3. The maximal development of arbitrary initial data sets (Σ, g, k) in Theorem 1.2
is in general out of reach. Thus, we restrict ourselves in this thesis to the stability of particular
stationary solutions of Einstein vacuum equations (1.1): the Minkowski spacetime introduced in
(1.2), and Schwarzschild and Kerr black holes introduced below in Section 5.1.

In the next section, we introduce the relevant foliations used in this thesis.

1See Chapter 8 in [59] for the precise definition of achronal sets and of global hyperbolicity.
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2 Spacetime foliations

Einstein equations (1.1) form a well-determined system of partial differential equations, pro-
vided that additional gauge conditions are prescribed. In Section 1.2.1, we discussed the wave
coordinates gauge. In this section, we introduce the particular gauge choices used in this thesis.
The material of this section is taken from in Chapters 1 and 7 in [10] and Chapter 3 in [29].

2.1 Foliations by spacelike hypersurfaces

In this section, we introduce the decompositions associated to foliations of the spacetime by
spacelike hypersurfaces, which are level sets of a time function t. This formalism is called 1+ 3.
In this context, we formulate the maximal gauge condition and present the Einstein vacuum
equations in that gauge. This gauge has first been used in [10], see also Chapter 3 in this thesis.

2.1.1 Spacelike hypersurfaces

In the sequel, we always assume that (M,g) is a time-oriented vacuum spacetime.

We consider t a time function on M, i.e. such that

g(Dt,Dt) < 0.

We denote Σt its level sets, which are spacelike hypersurfaces of (M,g). We define the first
fundamental form g of Σt to be the induced Riemannian metric on Σt. We define the second
fundamental form k of Σt to be the Σt–tangent tensor given by

k(Y, Z) := −g(DY T,Z), (2.1)

where T is the future directed unit normal of Σt and Y, Z ∈ TΣt.

For simplicity, we shall from now on consider functions xi which are transported without shift
along the flow of t. Such a prescription can be written as

T (xi) = 0, i = 1, 2, 3. (2.2)

We shall also assume that (t, xi) forms a coordinate system on M, and we note that the as-
sumptions (2.2) consist in the 3 gauge conditions

g0i = 0.

We define the time lapse function of the foliation Σt by

ϕ−2 := −g(Dt,Dt).

With these definitions, the spacetime metric g in the coordinates (t, xi) decomposes as

g = −ϕ2dt2 + gijdx
idxj .

Using the above definitions, the Einstein vacuum equations (1.1) rewrite in these coordinates as

∂tgij = −2ϕkij ,

∂tkij = −∇i∇jϕ+ ϕ(Ric(g)ij + (trg k)kij − 2kilk
l
j),

(2.3)

see (1.0.6) in [10]. The system of equations (2.3) is a well-determined system of evolution
equations, up to a choice of time function t, which can be turned into a choice for ϕ or trg k.
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2.1.2 Maximal hypersurfaces

Additionally to the gauge choice (2.2), we make the following maximal gauge choice

trg k = 0. (2.4)

Recall the constraint equations:

R(g) = |k|2 − (trg k)
2,

(div k)i = ∇i(trg k).
(2.5)

We remark that taking the trace in (2.3) and applying (2.5), we obtain the following lapse
equation:

∆gϕ = |k|2ϕ, (2.6)

see (1.0.13) in [10].

Remark 2.1. One can show that for a vacuum spacetime, any compact perturbation of each
separate hypersurface Σt yield hypersurfaces with smaller volume. This justifies that the hyper-
surfaces Σt are called maximal hypersurfaces.

To highlight the main features of equations (2.3) and (2.5) together with the maximal gauge
choice (2.4), we introduce the electric-magnetic tensors E and H, which are the Σt–tangent
tensors defined by

E(X,Y ) := R(T,X, T, Y ), H(X,Y ) := ∗R(T,X, T, Y ), (2.7)

for all X,Y ∈ TΣt, where
∗R is the Hodge dual of the spacetime curvature tensor R.

Einstein vacuum equations (1.1) together with the additional gauge choices (2.2) and (2.4) corre-
sponds to Einstein vacuum equations in maxime gauge. It is equivalent to the system of coupled
quasilinear transport-elliptic-Maxwell equations, displayed below in Propositions 2.2–2.4.

Proposition 2.2. We impose a maximal foliation on Σt in the sense of (2.4). Then, we have:

• Maximal constraint equations:

tr k = 0,

divg k = 0,

R = |k|2.
(2.8)

• Evolution equations:

∂tgij = −2ϕkij ,

∂tkij = −∇i∇jϕ+ ϕ(Ricij −2kilk
l
j).

(2.9)

• Lapse equation:

∆ϕ = ϕ|k|2. (2.10)

Proof. See (1.0.11)–(1.0.13) in [10].

We also have the following proposition.

Proposition 2.3. We have the following equations:

∇ikjm −∇jkim = ∈ij lHlm,

Ricij −kilklj = Eij .
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Proof. See (1.0.14a)–(1.0.14b) in [10].

Finally, we have the following Maxwell-type equations for E and H.

Proposition 2.4. Let E, H be the electric-magnetic decomposition defined in (2.7). Then, the
following identities hold:

divg E = k ∧H,
divgH = −k ∧ E,

−L̂TH + curlg E = −∇ log ϕ ∧ E − 1

2
k ×H,

L̂TE + curlgH = −∇ log ϕ ∧H +
1

2
k × E,

(2.11)

where

(L̂TE)ij := (LTE)ij −
2

3
(k · E)gij ,

(L̂TH)ij := (LTH)ij −
2

3
(k ·H)gij ,

(2.12)

and LT denotes the Lie derivative in the direction T .

Proof. See Proposition 7.2.1 in [10].

The 1 + 3 decomposition and the maximal gauge are used in a large number of work in general
relativity, see for example [10, 5] and Chapter 3 in this thesis.

The first motivation for that choice is that the system of equations in Propositions 2.2–2.4
displays a clear hyperbolic structure due to the Maxwell-type equations (2.11) for the electric-
magnetic tensors E and H. In particular, energy estimates can be obtained for E and H. The
metric and connection coefficients g, k and ϕ are then determined by solving the transport and
elliptic equations in Propositions 2.2 and 2.3, for which the electric-magnetic tensors E and H
are source terms.

Remark 2.5. The time lapse function ϕ is only defined through the elliptic equation (2.10) on
each maximal hypersurface Σt, and is therefore well-determined up to a choice of a boundary
condition at the boundary of Σt. In [10, 5] and Chapter 3 of this thesis where Σt ≃ R3, the
chosen condition is ϕ → 1 at spatial infinity, which physically corresponds to considering a
centre-of-mass frame for the system, see Chapter 1 in [10].

2.2 S–foliations

2.2.1 Definition of S–foliations

Many important works in general relativity rely on a geometric formalism based on S–foliations,
i.e. foliations by topological 2-spheres, and adapted null pairs (e3, e4)

g(e4, e3) = −2, g(e4, e4) = g(e3, e3) = 0, TS = ⟨e3, e4⟩⊥,

i.e. ⟨e3, e4⟩⊥ spans the tangent space of S.

Remark 2.6. In Minkowski spacetime, the prime example of S–foliation is given in (t, r, θ, φ)
coordinates by S = S(t, r), e3 = ∂t − ∂r and e4 = ∂t + ∂r.

Remark 2.7. The terminology S–foliation is introduced in [33] to distinguish from the non
integrable formalism introduced in [17] where ⟨e3, e4⟩⊥ ̸= TS in the context of the Kerr stability
problem.
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2.2.2 Ricci coefficients and curvature components

Let a foliation of M by a 2–parameter family of spacelike 2–spheres which are intersections of
the level sets of two scalar functions and let (e3, e4) a null pair such that ⟨e3, e4⟩⊥ = TS. We
denote /g the Riemannian metric induced by g on S, and we denote r its area radius, i.e.

r :=

√
|S|
4π

. (2.13)

Remark 2.8. A null pair (e3, e4) decomposes the spacetime metric g as follows:

g = −1

2
(e3)

♭ ⊗ (e4)
♭ − 1

2
(e4)

♭ ⊗ (e3)
♭ + /g,

where (e3)
♭, (e4)

♭ ∈ T ∗M are the 1–forms canonically associated to e3 and e4.

We define the null connection coefficients relative to a null pair (e3, e4) to be the S–tangent
tensors defined by:

χ
AB

= g(DAe3, eB), χAB = g(DAe4, eB),

ξ
A
=

1

2
g(D3e3, eA), ξA =

1

2
g(D4e4, eA),

ω =
1

4
g(D3e3, e4), ω =

1

4
g(D4e4, e3),

η
A
=

1

2
g(D4e3, eA), ηA =

1

2
g(D3e4, eA),

ζA =
1

2
g(DeAe4, e3),

(2.14)

where eA, A = 1, 2 denotes an orthonormal basis of TS. The null second fundamental forms
χ, χ are further decomposed in their traces trχ and trχ, and traceless parts χ̂ and χ̂:

trχ := /g
ABχAB, χ̂AB := χAB − 1

2
/gAB trχ,

trχ := /g
ABχ

AB
, χ̂

AB
:= χ

AB
− 1

2
/gAB trχ.

The coefficients trχ, trχ are called the null expansions and χ̂, χ̂ are called the shears.

We also define the null curvature components relative to a null pair (e3, e4) by:

αAB = R(eA, e4, eB, e4), αAB = R(eA, e3, eB, e3),

βA =
1

2
R(eA, e4, e3, e4), β

A
=

1

2
R(eA, e3, e3, e4),

ρ =
1

4
R(e3, e4, e3, e4), σ =

1

4
∗R(e3, e4, e3, e4),

(2.15)

where ∗R denotes the Hodge dual of the spacetime curvature tensor R of g.

We define the horizontal covariant operator /∇ as follows:

/∇XY := DXY − 1

2
χ(X,Y )e4 −

1

2
χ(X,Y )e3,

where X,Y ∈ TS. We also define /∇4X and /∇3X to be the horizontal projections of D4X and
D3X:

/∇4X := D4X − 1

2
g(X,D4e3)e4 −

1

2
g(X,D4e4)e3,

/∇3X := D3X − 1

2
g(X,D3e3)e4 −

1

2
g(X,D3e4)e3.
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A tensor field ψ defined on M is called tangent to S(t, u) if it is a priori defined on the spacetime
M and all the possible contractions of ψ with either e3 or e4 are zero. We use /∇3ψ and /∇4ψ to
denote the projection to S(t, u) of usual derivatives D3ψ and D4ψ.

As a direct consequence of (2.14), we have the Ricci formulae:

DAeB = /∇AeB +
1

2
χABe3 +

1

2
χ
AB
e4,

DAe3 = χ
AB
eB + ζAe3,

DAe4 = χABeB − ζAe4,

D3eA = /∇3eA + ηAe3 + ξ
A
e4,

D4eA = /∇4eA + η
A
e4 + ξAe4,

D3e3 = −2ωe3 + 2ξ
B
eB,

D3e4 = 2ωe4 + 2ηBeB,

D4e4 = −2ωe4 + 2ξBeB,

D4e3 = 2ωe3 + 2η
B
eB.

(2.16)

2.2.3 Main equations

We recall the null structure equations, see Proposition 7.4.1 in [10].

Proposition 2.9. We have the null structure equations:

/∇4χ̂+ trχ χ̂ = /∇“⊗ξ − 2ωχ̂+ (η + η + 2ζ)“⊗ξ − α,

/∇4 trχ+
1

2
(trχ)2 = 2 /div ξ − 2ω trχ+ 2ξ · (η + η + 2ζ)− |χ̂|2,

/∇3χ̂+ trχ χ̂ = /∇“⊗ξ − 2ωχ̂+ (η + η − 2ζ)“⊗ξ − α,

/∇3 trχ+
1

2
(trχ)2 = 2 /div ξ − 2ω trχ+ 2ξ · (η + η − 2ζ)− |χ̂|2,

/∇4χ̂+
1

2
trχ χ̂ = /∇“⊗η + 2ωχ̂− 1

2
trχ χ̂+ ξ“⊗ξ + η“⊗η,

/∇4 trχ+
1

2
trχ trχ = 2ω trχ− χ̂ · χ̂+ 2 /div η + 2(ξ · ξ + |η|2) + 2ρ,

/∇3χ̂+
1

2
trχ χ̂ = /∇“⊗η + 2ωχ̂− 1

2
trχ χ̂+ ξ“⊗ξ + η“⊗η,

/∇3 trχ+
1

2
trχ trχ = 2ω trχ− χ̂ · χ̂+ 2 /div η + 2(ξ · ξ + |η|2) + 2ρ,

/∇4η − /∇3ξ = −4ωξ − χ · (η − η)− β,

/∇3η − /∇4ξ = −4ωξ − χ · (η − η) + β,

/∇3ζ = −2 /∇ω − χ · (ζ + η) + 2ω(ζ − η) + χ · ξ + 2ωξ − β,

/∇4ζ = 2 /∇ω + χ · (−ζ + η) + 2ω(ζ + η)− χ · ξ − 2ωξ − β,

/∇3ω + /∇4ω = ξ · ξ + ζ · (η − η)− η · η + 4ωω + ρ.

Also, we have the Codazzi equations:

/div χ̂ =
1

2
/∇ trχ− ζ ·

Å
χ̂− 1

2
trχ

ã
− β,

/div χ̂ =
1

2
/∇ trχ+ ζ ·

Å
χ̂− 1

2
trχ

ã
+ β,

(2.17)
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the torsion equation:

/curl η = σ +
1

2
χ̂ ∧ χ̂− ξ ∧ ξ,

/curl η = −σ − 1

2
χ̂ ∧ χ̂+ ξ ∧ ξ,

/curl ξ = ξ ∧ (η + η + 2ζ),

/curl ξ = ξ ∧ (η + η − 2ζ),

(2.18)

and the Gauss equation:

K = −1

4
trχ trχ+

1

2
χ̂ · χ̂− ρ. (2.19)

We recall the Bianchi equations, see Proposition 7.3.2 in [10].

Proposition 2.10. The Bianchi equations take the following form

/∇3α+
1

2
trχα = /∇“⊗β + 4ωα− 3(χ̂ρ+ ∗χ̂σ) + (ζ + 4η)“⊗β,

/∇4β + 2 trχβ = /divα− 2ωβ + (2ζ + η) · α+ 3(ξρ+ ∗ξσ),

/∇3β + trχβ = /∇ρ+ ∗ /∇σ + 2ωβ + ξ · α+ 2χ̂ · β + 3(ηρ+ ∗ησ),

/∇4ρ+
3

2
trχρ = /div β − 1

2
χ̂ · α+ ζ · β + 2(η · β − ξ · β),

/∇3ρ+
3

2
trχρ = − /div β − 1

2
χ̂ · α+ ζ · β + 2(ξ · β − η · β),

/∇4σ +
3

2
trχσ = − /curlβ +

1

2
χ̂ · ∗α− ζ · ∗β − 2(η · ∗β + 2ξ · ∗β),

/∇3σ +
3

2
trχσ = − /curlβ − 1

2
χ̂ · ∗α+ ζ · ∗β − 2(η · ∗β + ξ · ∗β),

/∇4β + trχβ = − /∇ρ+ ∗ /∇σ + 2ωβ + 2χ̂ · β − ξ · α− 3(ηρ− ∗ησ),

/∇3β + 2 trχβ = − /divα− 2ωβ + (2ζ − η) · α+ 3(−ξρ+ ∗ξσ),

/∇4α+
1

2
trχα = − /∇“⊗β + 4ωα− 3(χ̂ρ− ∗χ̂σ) + (ζ − 4η)“⊗β.

2.3 Main examples of S–foliations

2.3.1 Maximal-null foliation

In this section, we present the maximal-null foliation. This gauge choice is used in [10, 5], see
also Chapter 3 in this thesis.

We define an optical function u, i.e a scalar function satisfying

g(Du,Du) = 0. (2.20)

The level sets of u, denoted by Cu are null hypersurfaces, which foliate the spacetime M. We
define the null lapse function a by

a := |∇u|−1,

where ∇ is the connection on Σt induced by D.

Combining with the time function t and maximal hypersurfaces Σt defined in Section 2.1.2,
we obtain the foliation by a 2–parameter family of spacelike 2–spheres

S(t, u) := Cu ∩ Σt.
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For any S = S(t, u), we denote N the outward unit normal vectorfield of S on Σt. We also
denote T the future directed unit normal vectorfield on Σt. We define

e4 := T +N, e3 := T −N,

which form an adapted null pair on S.

Next, we decompose k2 as follows:

δ := kNN , ϵA := kAN , κAB := kAB. (2.21)

The following identities hold for a maximal-null foliation:

χAB = θAB − κAB, χ
AB

= −θAB − κAB,

ξA = 0, ξ
A
= /∇A log ϕ− /∇A log a,

ηA = /∇A log a+ ϵA, η
A
= /∇A log ϕ− ϵA,

2ω = −∇N log ϕ+ δ, 2ω = ∇N log ϕ+ δ,

ζA = ϵA,

(2.22)

see (7.5.2b) in [10].

2.3.2 Double null foliation

In this section, we present the double null foliation. This gauge choice is used in a large number
of works in general relativity, see for example [29, 12, 11]. See also Chapters 2 and 4 in this
thesis for more applications of double null foliations.

We first introduce two optical functions u and u, i.e.

g(Du,Du) = 0, g(Du,Du) = 0, (2.23)

in which case their level sets are null hypersurfaces Cu and Cu which foliate M by a family of
2–parameter spacelike 2–spheres:

S(u, u) := Cu ∩ Cu.

We define the null lapse function Ω by

g(Du,Du) = −2Ω−2.

The adapted null pair (e3, e4) on S is defined by:

e4 = −2ΩDu, e3 = −2ΩDu.

The following identities hold for a double null foliation:

∇ log Ω =
1

2
(η + η), ω = −1

2
D4(log Ω), ω = −1

2
D3(log Ω),

η = ζ +∇ log Ω, η = −ζ +∇ log Ω, ξ = ξ = 0,
(2.24)

see for example (6) in [32].

2Recall that k is defined in (2.1).
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2.3.3 Geodesic foliation

In this section, we present the geodesic foliation by 2–spheres of a null hypersurface. This gauge
choice is used in Chapter 5, as well as in Chapters 2 and 4 on the last null incoming slice.

Let H be a null hypersurface of M, which we assume is emanating from a 2–sphere S0. Let e4
be a null geodesic generator of H, i.e. such that e4 is everywhere null and tangent to H and
satisfies the following geodesic equation

De4e4 = 0.

To e4, we associate an affine geodesic parameter s on H by

e4(s) = 1, s|S0 = 1.

We call S(s) the geodesic foliation on H where S(s) are the level sets of s. We then define e3
by the following conditions:

g(e3, e3) = 0, g(e3, e4) = −2, e3 ⊥ TS.

To describe the geometry of the foliation S(s), we use the null connection coefficients defined in
(2.14), which make sense in the context of a null pair only defined on H (but not on M), that
is we consider

χ, χ, ζ, η, ξ, ω.

We have the following identities for an outgoing geodesic foliation:

ξ = 0, ω = 0, ζ + η = 0.

Remark 2.11. We can also define an incoming geodesic foliation by exchanging the role of e4
and e3. In this case, the following quantities make sense on H:

χ, χ, ζ, η, ξ, ω.

More precisely, we have the following identities for an incoming geodesic foliation:

De3e3 = 0, e3(s) = −1, ξ = 0, ω = 0, η = ζ.

Incoming geodesic foliations are used in Chapters 2 and 4 while outgoing geodesic foliations are
used in Chapter 5.

Remark 2.12. Another particular choice of foliation of a null hypersurface, not used in this
thesis, is given by the canonical foliation, see for example [29] and [19].

3 The rp–weighted estimate method

In Chapters 2, 3 and 4 of this thesis, we apply rp–weighted estimates to Bianchi equations
to show decay estimates for the curvature terms. In this section, we recall the rp–weighted
estimate method. We start by reviewing shortly rp–weighted estimates for the scalar wave
equation. Then, we illustrate the method for Bianchi equations on a toy model.
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3.1 rp–weighted estimates for the scalar wave equation

The rp–weighted estimate method has been originally introduced in order to derive decay for
the scalar wave equation

□gψ = 0 (3.1)

by Dafermos and Rodnianski in [13] as an alternative to the vectorfield method. The vectorfield
method has been initiated by Klainerman [27, 28] in the context of the decay of solutions to
quasilinear wave equations in Minkowski spacetime. The method relies in particular on:

• good communication properties of the scalar wave equation with Killing and conformally
Killing vectorfields,

• the fact that Minkowski has a maximal number of such vectorfields: Lorentz boosts, space
rotations, translations and scaling,

• and the fact that some of these vectorfields3 have weights in t.

The vectorfield method is very robust to nonlinear perturbations of Minkowski spacetime and
hence has been successfully used in proving the stability of Minkowski, see for example [10, 29,
5, 41] and see also Section 4 for more references. However, the vectorfield method is difficult to
extend to more general spacetimes, including black hole spacetimes, as such spacetimes contain
much fewer Killing and conformal Killing vectorfields.

The rp–weighted estimate method is introduced by Dafermos and Rodnianski in [13], in con-
junction with energy-Morawetz estimates, to circumvent these difficulties. We introduce below
the main idea of rp–weighted estimates in Minkowski spacetime for the scalar wave equation,
see Section 3 of [13] for more details.

We assume that the Minkowski spacetime is foliated by a family of outgoing null hypersur-
faces Σ(τ). In the sequel, we only consider the region where τ ≥ 1. Let τ1 ≤ τ2. We denote
M(τ1, τ2) the domain between Σ(τ1) and Σ(τ2). Let ψ be a solution of (3.1). We define

Bp[ψ](τ1, τ2) :=

∫
M(τ1,τ2)

rp−3|e4(rψ)|2 + rp−1| /∇ψ|2,

Ep[ψ](τ) :=

∫
Σ(τ)

rp−2|e4(rψ)|2.

We rewrite the wave equation (3.1) in Minkowski in the form:

−e3e4(rψ) + /∆(rψ) = 0.

Multiplying this equation by rp−2e4(rψ) and integrating by parts in M(τ1, τ2), we deduce

Bp[ψ](τ1, τ2) + Ep[ψ](τ2) ≲ Ep[ψ](τ1), 0 < p < 2, (3.2)

see Section 3 in [13] for more details.

Notice that (3.2) only implies decay in r. The τ–decay of ψ can then be obtained by the
mean value method as follows. Assume that we have the following initial assumption

Ep[ψ](1) ≲ ε20. (3.3)

3I.e. Lorentz boosts and scaling.
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We have by definition

Bp[ψ](τ1, τ2) ≳
∫ τ2

τ1

Ep−1[ψ](τ)dτ.

Hence, (3.2) and (3.3) imply that for all j ∈ N and 1 < p < 2∫ 2j+1

2j
Ep−1[ψ](τ)dτ ≲ ε20.

Thus, there exists τ0 ∈ [2j , 2j+1] such that

Ep−1[ψ](τ0) ≲
ε20
2j
.

Taking τ1 = τ0 and τ2 = τ ∈ [2j+1, 2j+2] in (3.2), we deduce

Bp−1[ψ](τ0, τ) + Ep−1[ψ](τ) ≲ Ep−1[ψ](τ0) ≲
ε20
2j

≲
ε20
τ
.

Applying once again (3.2), we infer

Bp−1[ψ](τ1, τ2) + Ep−1[ψ](τ2) ≲
ε20
τ1
.

This implies that we can trade r–decay for τ–decay thanks to the above mean value argument.

The rp–weighted estimate method has the following advantages:

• It captures the radiative properties of waves in a natural way.

• It can be applied to a vast class of asymptotically flat spacetimes, as once Morawetz
estimate is proved, the rp–weighted estimate method is performed in the asymptotically
flat region only.

• Unlike the vectorfield method, it does not make use of multipliers or commutators with
weights growing in t which could be problematic in the region r ≲ t.

Dafermos-Rodnianski [13] considered rp–weighted estimates for (3.1) on Minkowski spacetime
and Schwarzschild black holes. Later on, Schlue [50] extended it to higher-dimensional Schwarzschild
black holes. It also has been generalized to a broad class of asymptotically flat spacetime (M,g),
including Kerr spacetimes in the full subextremal range |a| < M by Moschidis [48]. Moreover,
a new vectorfield approach based on the rp–weighted estimate method has been introduced
by Angelopoulos-Aretakis-Gajic [2], which permits to improve the decay of ψ obtained by the
method in [13]. More recently, Ma-Zhang [45, 46] obtained the sharp decay for Teukolsky equa-
tion in Schwarzschild and Kerr spacetimes relying in particular on the methods in [13, 2]. See
also [3] by Angelopoulos-Aretakis-Gajic in the case of subextremal Reissner-Nordström black
holes.

3.2 rp–weighted estimates for Bianchi equations

The rp–weighted estimate method was applied to Bianchi equations first by Holzegel [22], see
also [33, 18]. We illustrate the method in the case of the toy model of the linearization of the
Bianchi equations in Minkowski for the Bianchi pair (α, β).



26 CHAPTER 1. INTRODUCTION

Lemma 3.1. The linearized Bianchi equations for (α, β) in Minkowski take the following form:

/∇3α− α

r
= /∇“⊗β,

/∇4β +
4β

r
= /divα.

(3.4)

Proof. We define the following null pair in Minkowski spacetime:

e4 = ∂t + ∂r, e3 = ∂t − ∂r.

The Ricci coefficients then take the following values in Minkowski:

trχ =
2

r
, trχ = −2

r
, χ̂ = χ̂ = 0, η = η = ζ = 0, ω = ω = 0,

α = α = 0, β = β = 0, ρ = σ = 0.

Thus, (3.4) follows directly from Proposition 2.10.

Lemma 3.2. Assume that (α, β) satisfies the linearized Bianchi equations in Lemma 3.1. Then,
we have for any p ∈ R

Div(rp|α|2e3) + 2Div(rp|β|2e4) + prp−1|α|2 + 2(6− p)rp−1|β|2 = 4rp /div (α · β). (3.5)

Proof. Recall that we have in Minkowski spacetime

Div(e4) =
2

r
, Div(e3) = −2

r
, e4(r) = 1, e3(r) = −1.

We then compute

Div(rp|α|2e3) + 2Div(rp|β|2e4)
= /∇3(r

p|α|2) +Div(e3)r
p|α|2 + 2 /∇4(r

p|β|2) + 2Div(e4)r
p|β|2

=prp−1e3(r)|α|2 + 2rpα · /∇3α− 2rp−1|α|2 + 2prp−1|β|2 + 4rpβ · /∇4β + 4rp−1|β|2

=− prp−1|α|2 + 2rpα ·
(α
r
+ /∇“⊗β)− 2rp−1|α|2 + 2prp−1|β|2 + 4rpβ ·

Å
−4β

r
+ /divα

ã
+ 4rp−1|β|2

=2rpα · /∇“⊗β − prp−1|α|2 + 4rpβ · /divα+ 2 (−6 + p) rp−1|β|2

=4rp /div (α · β)− prp−1|α|2 + 2(p− 6)rp−1|β|2,

where we used

/div (α · β) = /∇A
(αABβB) = ( /∇A

αAB)β
B + αAB /∇A

βB

= ( /divα) · β +
1

2
αAB( /∇A

βB + /∇B
βA − /g

AB /div β)

= ( /divα) · β +
1

2
α · /∇“⊗β.

Then, we obtain

Div(rp|α|2e3) + 2Div(rp|β|2e4) + prp−1|α|2 + 2(6− p)rp−1|β|2 = 4rp /div (α · β)

which implies (3.5). This concludes the proof of Lemma 3.2.

We consider the following choice of optical functions u and u in Minkowski spacetime:

u = t− r, u = t+ r.

The following proposition provides the flux estimates of α and β on respectively outgoing null
cones Cu and incoming null cones Cu.

4

4Here, Cu and Cu are respectively level sets of u and u.



3. THE rp–WEIGHTED ESTIMATE METHOD 27

Figure 1.1: Domain of integration V (u, u)

Proposition 3.3. We denote5

V := V (u, u), CVu := Cu ∩ V, CVu := Cu ∩ V. (3.6)

Then, we have for (α, β) satisfying the linearized Bianchi equations in Lemma 3.1, in the case
0 ≤ p ≤ 6: ∫

CV
u

rp|α|2 +
∫
CV

u

rp|β|2 ≲
∫
Σ0∩V

rp|α|2 + rp|β|2. (3.7)

Proof. Applying Stokes formula, we obtain6∫
V
Div(rp|α|2e3) +

∫
V
Div(rp|β|2e4)

=

∫
Σ0∩V

rp|α|2e3 · NΣ0 +

∫
CV

u

rp|α|2e3 · (−e3) +
∫
CV

u

rp|α|2e3 · (−e4)

+

∫
Σ0∩V

rp|β|2e4 · NΣ0 +

∫
CV

u

rp|β|2e4 · (−e3) +
∫
CV

u

rp|β|2e4 · (−e4)

=−
∫
Σ0∩V

(
rp|α|2 + rp|β|2

)
+ 2

∫
CV

u

rp|α|2 + 2

∫
CV

u

rp|β|2.

Combining with (3.5), we deduce∫
V
prp−1|α|2 + 2(6− p)rp−1|β|2 −

∫
Σ0∩V

(
rp|α|2 + rp|β|2

)
+ 2

∫
CV

u

rp|α|2 + 2

∫
CV

u

rp|β|2 = 0,

which implies (3.7) in the case 0 ≤ p ≤ 6. This concludes the proof of Proposition 3.3.

This type of rp–weighted estimates, for the full Bianchi equations, are used repeatedly in Chap-
ters 2, 3 and 4 to prove decay for curvature components. These estimates are sufficient to prove
decay in the exterior region r ≥ u, while in the interior region r ≤ u, the mean value argument
outlined at the end of Section 3.1 is also needed.

5See Figure 1.1 for a picture.
6Here, NΣ0 denotes the unit future normal vectorfield on Σ0.
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4 Minkowski stability

In this section, we review the state of the art of Minkowski stability.

4.1 Previous works on the stability of Minkowski spacetime

In 1993, Christodoulou and Klainerman [10] proved the global stability of Minkowski for the
Einstein-vacuum equations, a milestone in the domain of mathematical general relativity. In
2007, Bieri [5] gave a proof of global stability of Minkowski requiring less derivative and less vec-
torfield compared to [10]. In 2003, Klainerman and Nicolò [29] proved the Minkowski stability
in the exterior of an outgoing cone. Moreover, Klainerman and Nicolò [30] showed that under
stronger asymptotic decay and regularity properties than those used in [10, 29], asymptotically
flat initial data sets lead to solutions of the Einstein vacuum equations which have strong peeling
properties. Given that the goal of this thesis is to extend the result of [10, 5, 29], we will state
their results in Section 4.2.

The proofs in [10, 5, 29] are based respectively on the maximal foliation and the double null
foliation. We now mention proofs of stability of Minkowski using other gauges. Lindblad and
Rodnianski [40, 41] gave a new proof of the stability of the Minkowski spacetime using wave-
coordinates and showing that the Einstein equations verify the so called weak null structure in
that gauge. Huneau [23] proved the nonlinear stability of Minkowski spacetime with a translation
Killing field using generalised wave-coordinates. Using the framework of Melrose’s b-analysis,
Hintz and Vasy [21] reproved the stability of Minkowski space. Graf [19] proved the global non-
linear stability of Minkowski space in the context of the spacelike-characteristic Cauchy problem
for Einstein vacuum equations, which together with [29] allows to reobtain [10]. More recently,
Hintz [20] reproved the Minkowski stability in exterior regions by using the framework of [21].

There are also stability results concerning Einstein’s equations coupled with non trivial matter
fields:

• Einstein-Maxwell system: Zipser [62] extended the framework of [10] to show the stability
of the Minkowski spacetime solution to the Einstein–Maxwell system. In [43], Loizelet used
the framework of [41] to demonstrate the stability of the Minkowski spacetime solution of
the Einstein-scalar field-Maxwell system in (1 + n)-dimensions (n ≥ 3). Speck [56] gave
a proof of the global nonlinear stability of the (1 + 3)-dimensional Minkowski spacetime
solution to the coupled system for a family of electromagnetic fields, which includes the
standard Maxwell fields.

• Einstein-Klein-Gordon system: Lefloch and Ma [38] and Wang [60] proved the global sta-
bility of Minkowski for the Einstein-Klein-Gordon system with initial data coinciding with
the Schwarzschild solution with small mass outside a compact set. Ionescu and Pausader
[24] proved the global stability of Minkowski for the Einstein-Klein-Gordon system for gen-
eral initial data. See also [39] by Lefloch and Ma using a foliation that merges hyperboloids
with constant time slices.

• Einstein-Vlasov system: Taylor [57] considered the massless case where the initial data for
the Vlasov part is compactly supported on the mass shell. Fajman, Joudioux and Smulevici
[14] considered the massive case where the initial data coincides with Schwarzschild in the
exterior region and with compact support assumption only in space on the Vlasov part.
Lindblad and Taylor [42] considered the massive case where the initial data has compact
support for the Vlasov part. Bigorgne, Fajman, Joudioux, Smulevici and Thaller [6]
considered the massless case for general initial data. Wang [61] considered the massive
case for general initial data.
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4.2 Minkowski stability in [10, 5, 29]

We recall in this section the results in [10, 5, 29], which are most relevant to the results in this
thesis. We first introduce the notion of (s, q)–asymptotically flat initial data.

Definition 4.1. Given s > 1 and q ∈ N, we say that a data set (Σ0, g, k) is (s, q)–asymptotically
flat if there exists a coordinate system (x1, x2, x3) defined outside a sufficiently large compact set
such that:

• In the case of s ≥ 37

gij =

Å
1− 2M

r

ã−1

dr2 + r2dσS2 + oq+1(r
− s−1

2 ),

kij = oq(r
− s+1

2 ).

(4.1)

• In the case of 1 < s < 3

gij = δij + oq+1(r
− s−1

2 ),

kij = oq(r
− s+1

2 ).
(4.2)

Definition 4.2. We denote d0 the geodesic distance from a fixed point O ∈ Σ0, Bij := (curl R̂)ij
the Bach tensor and R̂ is the traceless part of Ric. Then, we define for q ≥ 2:

• In the case of s ≥ 3:

J
(q)
0 (Σ0, g, k) := sup

Σ0

(
(d20 + 1)3|Ric |2

)
+

q∑
l=0

∫
Σ0

(d20 + 1)l+
s−2
2 |∇lk|2

+

q−2∑
l=0

∫
Σ0

(d20 + 1)l+
s+2
2 |∇lB|2.

(4.3)

• In the case of 1 < s < 3:

J
(q)
0 (Σ0, g, k) :=

q∑
l=0

∫
Σ0

(d20 + 1)l+
s−2
2 |∇lk|2 +

q−1∑
l=0

∫
Σ0

(d20 + 1)l+
s
2 |∇l Ric |2. (4.4)

We can now state the main theorems of [10] and [5].

Theorem 4.3 (Global stability of Minkowski spacetime [10]). There exists an ε0 > 0 sufficiently

small such that if J
(3)
0 (Σ0, g, k) ≤ ε20, then the initial data set (Σ0, g, k), (4, 3)–asymptotically

flat (in the sense of Definition 4.1) and maximal, has a unique, globally hyperbolic, smooth,
geodesically complete solution. This development is globally asymptotically flat, i.e. the Riemann
curvature tensor tends to zero along any causal or space-like geodesic. Moreover, there exists
a global maximal time function t and an optical function u defined everywhere in an external
region.

Theorem 4.4 (Global stability of Minkowski spacetime [5]). There exists an ε0 > 0 sufficiently

small such that if J
(2)
0 (Σ0, g, k) ≤ ε20, then the initial data set (Σ0, g, k), (2, 2)–asymptotically

flat and maximal, has a unique, globally hyperbolic, smooth, geodesically complete solution. This
development is globally asymptotically flat, i.e. the Riemann curvature tensor tends to zero along
any causal or space-like geodesic. Moreover, there exists a global maximal time function t and
an optical function u defined everywhere in an external region.

7The notation f = oq(r
−m) means ∂αf = o(r−m−|α|), |α| ≤ q.
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The goal of Chapter 3 in this thesis is to extend the results of [5] to more general asymptotic
behaviors, see Section 6.2.

We also state the main theorem of [29].

Theorem 4.5 (Minkowski Stability in the exterior region [29]). Consider an initial data set
(Σ0, g, k), 4–asymptotically flat and maximal, and assume J0(Σ0, g, k) is bounded. Then, given
a sufficiently large compact set K ⊂ Σ0 such that Σ0 \K is diffeomorphic to R3 \B1, and under
additional smallness assumptions, there exists a unique development (M,g) with the following
properties:

1. (M,g) can be foliated by a double null foliation {Cu} and {Cu} whose outgoing leaves Cu
are complete.

2. We have detailed control of all the quantities associated with the double null foliations of
the spacetime, see Theorem 3.7.1 of [29].

Remark 4.6. [30] extends Theorem 4.5 to the case s > 7 by assuming sufficient regular initial
data (Σ0, g, k).

The goal of Chapter 2 in this thesis is to reprove [29] by a different method and to treat more
general asymptotic behaviors, see Section 6.1.

5 Kerr stability

In this section, we recall the definition of Schwarzschild and Kerr solutions, we state the Kerr
stability conjecture and review the state of the art on Kerr stability in external regions as well
as the notion of GCM spheres introduced in [33, 34, 35].

5.1 Schwarzschild and Kerr solutions

Minkowski spacetime is the simplest solution of (1.1). We recall two other relevant solutions of
(1.1):

• Schwarzschild spacetime. (1.1) admits a remarkable family of explicit, stationary, solutions
given by the one parameter family of solutions of massM > 0 discovered by Schwarzschild
in [51]

gM = −
Å
1− 2M

r

ã
dt2 +

Å
1− 2M

r

ã−1

dr2 + r2dσS2 . (5.1)

Though the metric seems singular at r = 2M , it turns out that one can glue together
two regions r > 2M and r < 2M of the Schwarzschild metric to obtain a metric which
is smooth along H = {r = 2M}, called the Schwarzschild event horizon. The portion of
r < 2M to the future of the hypersurface t = 0 is a black hole whose future boundary
r = 0 is singular. The similar region to the past of t = 0 is called a white hole. The region
r > 2M , called the domain of outer communication (DOC), is free of singularities. The
Penrose diagram of Schwarzschild space is recalled in Figure 1.2.

• Kerr spacetime. The Schwarzschild family is included in a larger two parameter family of
solutions K(a,M) discovered by Kerr in [26]. In Boyer-Lindquist coordinates, the Kerr
metric has the form:

ga,M = −(∆− a2 sin2 θ)

q2
dt2 − 4aMr

q2
sin2 θdtdφ+

q2

∆
dr2 + q2dθ2 +

Σ2

q2
sin2 θdφ2, (5.2)
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Figure 1.2: Complete Penrose diagram of Schwarzschild spacetime

where

q2 = r2 + a2 cos 2θ, ∆ = r2 + a2 − 2Mr, Σ2 = (r2 + a2)2 − a2(sin θ)2∆.

Kerr spacetimes ga,M , with 0 ≤ |a| ≤ M posses well defined event horizons r = r+ :=

M + (M2 − a2)
1
2 , domain of outer communication r > r+ and smooth future null infinity

I+ where r = +∞. The metric can be extended smoothly inside the black hole region
r < r+, see Figure 1.3 for the Penrose diagram of Kerr spacetime. The boundary r = r− :=

M − (M2 − a2)
1
2 inside black hole region is a Cauchy horizon across which predictability

fails8.

5.2 Stability of Kerr conjecture

Conjecture 5.1 (Stability of Kerr conjecture). Vacuum initial data sets, sufficiently close to
Kerr initial data, have a maximal development with complete future null infinity9 and with
domain of outer communication which approaches (globally) a nearby Kerr solution.

The stability of Kerr has been proved in the case of small angular momentum, |a| ≪ M , in
the sequence of works by Klainerman-Szeftel [34], [35], [36], Giorgi-Klainerman-Szeftel [18] and
myself [52] (see Chapter 5 in this thesis), but the conjecture is open in general. For a complete
introduction to this problem, we refer the reader to the review [37] and to the introduction in
[36] and [18].

In order to attack the conjecture, it is convenient to divide the domain of outer communi-
cation to the future of an initial spacelike hypersurface Σ0 into three causal regions as in Figure
1.4:

• Region I lies to the future of Σ0 and to the past of an incoming null cone C0. The stability
of Kerr in spacetime region I is a direct consequence of the local existence results in [8, 9].

• Region II lies to the future of Σ0 and to the past of an outgoing null cone C0 sufficiently
far away from the event horizon. See Section 5.3 for a discussion of Kerr stability in this

8Infinitely many smooth extensions are possible beyond the boundary.
9This means, roughly, that observers which are far away from the black hole may live forever.
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Figure 1.3: Penrose diagram of Kerr for 0 < |a| < M . The surface r = r+, the larger root of
∆ = 0, is the event horizon of the black hole, r > r+ the domain of outer communication, I +

is the future null infinity, corresponding to r = +∞.

Figure 1.4: The Penrose diagram of a perturbation of Kerr
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region. The goal of Chapter 4 in this thesis is to provide a new proof of the stability of
Kerr in Region II.

• Region III lies to the future of the incoming null cone C0 and of the outgoing null cone
C0. The stability of Kerr in region III for small angular momentum |a| ≪ M was proved
recently in the sequence of works [34], [35], [36], [18] and [52].

As mentioned above, the goal of Chapter 4 in this thesis is to provide a new proof of the stability
of Kerr in Region II. In the next section, we review the state of the art on this problem.

5.3 Previous works on Kerr stability in external regions

In 2009, Nicolò [49] proved that the asymptotic behaviour of the Riemann curvature compo-
nents is in agreement with the Peeling theorem if the corrections to the Kerr initial data decay
sufficiently fast. In 2010, Caciotta and Nicolò [7] proved the nonlinear stability of the Kerr
spacetime for any |a| ≤ M and appropriate class of initial data close to Kerr, in an external
region where r ≥ R0 and M

R0
≪ 1. Their main result can be stated as follows.

Theorem 5.2 (Caciotta-Nicolò [7]). Assume that the initial data are given on Σ0 outside of a
ball centered on the origin of radius R0, denoted K := BR0. They are perturbations of the initial
data of a Kerr spacetime with mass M and angular momentum a satisfying

M

R0
≪ 1, |a| ≤M.

Let s > 7, and assume that the initial data satisfies for q ≥ 4:

gij = (gKerr)ij + oq+1(r
− s−1

2 ),

kij = (kKerr)ij + oq(r
− s+1

2 ).
(5.3)

Then, the initial data set (Σ0, g, k) has a unique development (M,g) defined outside I+(K), the
domain of influence of K. Moreover, M can be foliated by a canonical double null foliation (u, u)
whose outgoing leaves Cu are complete and suitable norms of Ricci coefficients and curvature
components are sufficiently small.

The goal of Chapter 4 is to provide a new proof of Theorem 5.2, see Section 6.3.

5.4 General Covariant Modulated (GCM) procedure

In this section, we review the General Covariant Modulated (GCM) procedure introduced firstly
in [33] for polarized perturbations of Schwarzschild, and extended to the case of general pertur-
bation of Kerr in [34, 35, 52], where [52] corresponds to Chapter 5 in this thesis.

5.4.1 GCM admissible spacetimes in [36]

In the sequence of works [34], [35], [18], [36] and [52] establishing Kerr stability for small an-
gular momentum, the proof is centered around a limiting argument for a family of carefully
constructed finite GCM admissible spacetimes M = (ext)M∪ (top)M∪ (int)M. As can be seen
in Figure 1.5, the future boundary of the spacetime is given by A ∪ (top)Σ ∪ Σ∗ where Σ∗ is
a spacelike, GCM hypersurface, that is a hypersurface verifying a set of crucial, well-specified,
geometric conditions, essential to the proof of convergence to a final state. See Section 6.4 and
Chapter 5 in this thesis for more details on GCM hypersurfaces.

Once Σ∗ is specified, the whole GCM admissible spacetime M is determined by a more conven-
tional construction, based on geometric transport type equations. More precisely (ext)M can
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Figure 1.5: The Penrose diagram of a finite GCM admissible spacetime M = (ext)M∪ (top)M∪
(int)M.

be determined from Σ∗ by a specified outgoing foliation terminating in the timelike boundary
T . (int)M is determined from T by a specified incoming one, and (top)M is a complement of
(ext)M ∪ (int)M which makes M a causal domain. The past boundary B1 ∪ B1 of M, which
is itself to be constructed, is included in the initial layer L0 in which the spacetime is assumed
to be known, i.e. a small perturbation of a Kerr solution. The passage from the initial data
specified on Σ0 to L0 is justified in Chapter 4 in this thesis, see also the discussion on regions I,
II and III in Section 5.2.

The construction of the GCM hypersurfaces is performed in Chapter 5 of this thesis. It consists
of the concatenation of a suitable choice of a 1–parameter family of GCM spheres. In the next
section, we review the notion of GCM spheres.

5.4.2 GCM spheres in [34]

As mentioned above, the crucial concept in the proof of Kerr stability for small angular momen-
tum is that of a GCM admissible spacetime, whose construction is anchored by the GCM sphere
S∗ in Figure 1.5. GCM spheres, defined in [34] and [35], are codimension 2 compact surfaces,
unrelated to the initial conditions, on which specific geometric quantities take Schwarzschildian
values.

Recall that in an outgoing geodesic foliation of Schwarzschild spacetime, we have:

κ =
2

r
, κ = −2Υ

r
, µ =

2m

r3
, (5.4)

where κ := trχ, κ := trχ, Υ := 1− 2m
r with r, m denoting the area radius and Hawking mass

of S and µ denoting the mass aspect function, i.e.

µ := −div ζ − ρ+
1

2
χ̂ · χ̂, r :=

 
|S|
4π
,

2m

r
:= 1 +

1

16π

∫
S
κκ. (5.5)
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The idea to construct GCM spheres is to mimic the conditions (5.4) in a spacetime which is a
perturbation of Kerr.

More precisely, the GCM spheres are topological spheres S embedded in a spacetime region
R which is a perturbation of Kerr with r ≫ m, endowed with a null frame (eS3 , e

S
4 , e

S
1 , e

S
2 )

adapted to S (i.e. eS1 , e
S
2 are tangent to S), relative to which the null expansions κS = trχS,

κS = trχS and mass aspect function µS satisfy:10

κS − 2

rS
= 0,

Ç
κS +

2ΥS

rS

å
ℓ≥2

= 0,

Ç
µS − 2mS

(rS)3

å
ℓ≥2

= 0, (5.6)

where rS and mS denote the area radius and Hawking mass of S.

Here is a short version of the main result in [34].

Theorem 5.3 (Existence of GCM spheres in [34]). Let R be fixed spacetime region, endowed
with an outgoing geodesic foliation S(u, s), verifying specific asymptotic assumptions11 expressed

in terms of two parameters 0 <
◦
δ ≤ ◦

ε. In particular we assume that the GCM quantities of the
background spheres in R, i.e.

κ− 2

r
,

Å
κ+

2Υ

r

ã
ℓ≥2

,

Å
µ− 2m

r3

ã
ℓ≥2

, (5.7)

are small with respect to the parameter
◦
δ. Let

◦
S = S(

◦
u,

◦
s) be a fixed sphere of the foliation with

β(1) and
◦
m denoting respectively its area radius and Hawking mass, with β(1) ≫ ◦

m. Then, for
any fixed triplets Λ,Λ ∈ R3 verifying

|Λ|, |Λ| ≲
◦
δ,

there exists a unique sphere S = S(Λ,Λ), together with a null frame (eS3 , e
S
4 , e

S
1 , e

S
2 ), which is

GCM, i.e. S is a deformation of
◦
S, such that

κS − 2

rS
= 0,

Ç
κS +

2ΥS

rS

å
ℓ≥2

= 0,

Ç
µS − 2mS

(rS)3

å
ℓ≥2

= 0. (5.8)

Remark 5.4. Notice that the spheres of Kerr spacetime S(t, r) are close to that of Minkowski
for r ≫ m. The triplets Λ,Λ of parameters in Theorem 5.3 take into account the fact that
Minkowski contains an 8 parameter family of spheres. Indeed, in addition to the 2 parameters
(t, r), 3 parameters correspond to space translations and 3 parameters correspond to Lorentzian
boosts.

See Chapter 5 in this thesis for more details on GCM spheres.

6 Overview of the main results of the thesis

In this section, we present the main results obtained in this thesis.

10The ℓ = 1 modes are defined by J(0) := cos θ, J(−) := sin θ sinφ and J(+) := sin θ cosφ, which is a natural
generalization of ℓ = 1 spherical harmonics.

11Compatible with small perturbations of Kerr.
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6.1 Stability of Minkowski spacetime in the exterior regions

In Chapter 2, we obtain the following result, which provides a new proof of [29].

Theorem 6.1 (Minkowski stability in the exterior regions [53]). Let s > 3, and let an initial
data set (Σ0, g, k) which is s–asymptotically flat in the sense of Definition 4.1. Let a sufficiently
large compact set K ⊂ Σ0 such that Σ0 \K is diffeomorphic to R3 \ B1. Assume that we have
a smallness conditions in an initial layer region K(0) near Σ0 \K. Then, there exists a unique
future development (M,g) in its future domain of dependence with the following properties:

• (M,g) can be foliated by a double null foliation (Cu, Cu) whose outgoing leaves Cu are
complete for all u ≤ u0;

• We have detailed control of all the quantities associated with the double null foliations of
the spacetime.

Remark 6.2. In the particular case s = 4, we reobtain the results of [29]. Also, in the case
s > 7, we reobtain the strong peeling properties of [30].

The proof of Theorem 6.1 has the same structure as in [29]. Below, we compare the proof of
Theorem 6.1 and that of [29]:

1. In [29], the functional (4.3) is introduced to fix the initial conditions on the initial hyper-
surface. Here we fix the initial conditions in an initial layer region K(0) near the initial
hypersurface Σ0.

2. To estimate the norms of curvature components, [29] uses the vectorfield method intro-
duced in [10]. Here, we estimate the curvature norms by rp-weighted estimate, a method
introduced by Dafermos and Rodnianski in [13]. This allows for a simpler treatment of
the curvature estimates.

3. [29] uses second order derivatives of curvature and third order derivatives of Ricci coeffi-
cients. Thanks to the use of rp–weighted estimates, we only need first order derivatives of
both curvature and Ricci coefficients.

4. In order to control one more derivative for Ricci coefficients compared to curvature, [29]
relies on the canonical foliation on the last slice C∗. Since we control the same number
of derivatives of curvature and Ricci coefficients, instead of introducing the canonical
foliation, we use the geodesic foliation to simplify the estimates on the last slice C∗.

6.2 Global stability of Minkowski spacetime with minimal decay

In this section, we state a simple version of the main theorem in Chapter 3.

Theorem 6.3 (Global stability of Minkowski spacetime [55]). Let s ∈ (1, 2] and let an initial
data set (Σ0, g, k) which is (s, 2)–asymptotically flat in the sense of Definition 4.1. Assume that
we have smallness conditions in an initial layer region K(0) near Σ0. Then, there exists a unique
future development (M,g) in its future domain of dependence with the following properties:

• (M,g) can be foliated by a maximal-null foliation (Cu,Σt) whose outgoing leaves Cu are
complete for all u;

• We have detailed control of all the quantities associated with the maximal-null foliation of
the spacetime.

Remark 6.4. In the particular case s = 2, we reobtain the results of [5].
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The structure of the proof of Theorem 6.3 is similar to [10, 5]. Below, we compare the proof of
Theorem 6.3 and that of [5]:

1. In [5], the functional (4.4) is introduced to fix the initial conditions on the initial hyper-
surface. Here we fix the initial conditions in an initial layer region K(0) near the initial
hypersurface Σ0.

2. To estimate the norms of curvature components, [5] uses the vectorfield method intro-
duced in [10]. Here, we estimate the curvature norms by rp–weighted estimate, a method
introduced by Dafermos and Rodnianski in [13]. This allows for a simpler treatment of
the curvature estimates.

3. In order to obtain optimal decay for all the connection coefficients, [5] uses two foliations
constructed respectively forward and backward. In this paper, we derive decay for the
connection coefficients based on only one foliation constructed forward from the initial
hypersurface Σ0 and the symmetric axis Φ. This avoids having to compare forward and
backward gauges.

6.3 Kerr stability in external regions

In this section, we state a simple version of the main theorem in Chapter 4.

Theorem 6.5 (Kerr stability in external regions [54]). Let K = BR0 ⊂ Σ0 a ball centered at
the origin of radius R0 and let ga,M a Kerr metric with mass M > 0 and angular momentum a
satisfying

M

R0
≪ 1, |a| ≤M.

Let s > 3 and let an initial data set (Σ0, g, k) satisfying (5.3) with q = 2. Let K(0) an initial
layer region near Σ0 \ K and assume that the initial data in K(0) are perturbations from the

initial data of ga,M of size ε0 ≪ M
R0

.

Then, the initial data set (Σ0, g, k) has a unique development (M,g) in its future domain of
dependence with the following properties:

• M can be foliated by a double null foliation (u, u) whose outgoing leaves Cu are complete
for all u ≤ u0;

• we have detailed control of all the quantities associated with the double null foliation of the
spacetime.

Remark 6.6. In the particular case of s–asymptotically flat initial data with s > 7, we reobtain
the results of [7].

Remark 6.7. Let Cu0 be the outgoing null cone located near ∂K and choose s = 4 + 2δB
with δB > 0. Then, the estimates of Theorem 6.5 on Cu0 are consistent with the initial data
considered in [33] and [36].

Remark 6.8. Theorem 6.5 is the analog for the Kerr spacetime of Theorem 6.1 for Minkowski
spacetime.

The proof of Theorem 6.5 has the same structure as in [29, 7] and is closely related to Theorem
6.1. Below, we compare the proof of Theorem 6.5 and that of [7]:

1. To estimate the norms of curvature components, [7] uses the vectorfield method introduced
in [10, 29]. Here, we estimate the curvature norms by the rp–weighted estimate method
introduced in [13]. This allows for a simple treatment of the curvature estimates.
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2. [7] uses fourth order derivatives of Ricci coefficients and third order derivatives of curva-
ture components. Thanks to the use of rp–weighted estimates, we only need first order
derivatives of both Ricci coefficients and curvature components.

3. In order to control one more derivative for Ricci coefficients compared to curvature, [7]
relies on the canonical foliation on the last slice C∗. Since we control the same number
of derivatives for curvature and Ricci coefficients, instead of introducing the canonical
foliation, we use a geodesic type foliation to simplify the estimates on the last slice C∗.

6.4 Construction of GCM hypersurfaces in perturbations of Kerr

In this section, we state a simple version of the main theorem of Chapter 5 in this thesis.

Theorem 6.9 (Existence of GCM hypersurfaces [52]). Let R be fixed spacetime region, endowed
with an outgoing geodesic foliation S(u, s), verifying same assumptions as Theorem 5.3.

Let S0 be a fixed sphere included in the region R, let a pair of triplets Λ0,Λ0 ∈ R3 such that

|Λ0|, |Λ0| ≲
◦
δ,

and let J (S0,p) a basis of ℓ = 1 modes on S0, such that we have on S0

κS0 − 2

rS0
= 0,

Ç
κS0 +

2ΥS0

rS0

å
ℓ≥2

= 0,

Ç
µS0 − 2mS0

(rS0)3

å
ℓ≥2

= 0.

Then, there exists a unique, local, smooth, spacelike hypersurface Σ0 passing through S0, a scalar
function uS defined on Σ0, whose level surfaces are topological spheres denoted by S, a smooth
collection of triplets of constants ΛS,ΛS and a triplet of functions J (S,p) defined on Σ0 verifying,

ΛS0 = Λ0, ΛS0 = Λ0, J (S,p)
∣∣
S0

= J (S0,p),

such that the following conditions are verified:

1. The surfaces S of constant uS, together with a null frame (eS3 , e
S
4 , e

S
1 , e

S
2 ), verify

κS − 2

rS
= 0,

Ç
κS +

2ΥS

rS

å
ℓ≥2

= 0,

Ç
µS − 2mS

(rS)3

å
ℓ≥2

= 0, (6.1)

for the triplets of constants ΛS,ΛS and ℓ = 1 modes J (S,p).

2. The following transversality conditions

ξS = 0, ωS = 0, ηS = −ζS, (6.2)

and

eS4 (u
S) = 0, eS4 (r

S) = 1 (6.3)

are assumed on Σ0.

3. We have, for some constant c0,

uS + rS = c0, along Σ0. (6.4)
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4. Let νS be the unique vectorfield tangent to the hypersurface Σ0, normal to S, and normal-
ized by g(νS, eS4 ) = −2. Let bS be the unique scalar function on Σ0 such that νS is given
by

νS = eS3 + bSeS4 . (6.5)

The following normalization condition holds true

bS = −1−
2m(0)

rS
, (6.6)

where bS is the average value of bS over S and m(0) is a constant.

5. We have the following identities on Σ0:

(divS ηS)ℓ=1 = 0, (divS ξS)ℓ=1 = 0. (6.7)

Remark 6.10. Theorem 6.9 is the generalization of Theorem 9.52 in [33] in the absence of
symmetry. It plays a central role in the proof of Theorems M6 and M7 in [36], see Sections 8.4
and 8.5 in [36].

Remark 6.11. We provide below more explanations for the statements 1-5 in Theorem 6.9:

1. Since we concatenate a family of GCM spheres S(ΛS,ΛS) emanating from S0 to construct
the GCM hypersurfaces Σ0, by Theorem 5.3, we have automatically (6.1) on every S.

2. The transversality conditions (6.2) and (6.3) are consistent with a local extension by an
outgoing geodesic foliation initialized on Σ0. The role of these transversality conditions is
to make sense of ηS and ξS on Σ0, see item 5 below.

3. uS should be chosen to be constant on the GCM spheres foliating Σ0. The choice (6.4) is
simple and fulfills this condition but other choices making Σ0 spacelike are possible.

4. The value bS is free and should be prescribed. Note that the choice (6.6) coincides with the
value for the hypersurface {u+ r = c0} in Schwarzschild spacetime.

5. In (6.7), ηS and ξS are defined intrinsically on Σ0 by

ηSa =
1

2
g
Ä
DνSe

S
4 , e

S
a

ä
, ξS

a
=

1

2
g
Ä
DνSe

S
3 , e

S
a

ä
+ bSζSa .

These definitions are consistent with the standard ones provided Σ0 satisfies (6.2) which
is equivalent to extending Σ0 locally by an outgoing geodesic foliation.

Remark 6.12. As in Section 9.8 of [33], Σ0 is chosen to be spacelike. One may wonder whether
Σ0 could be chosen to be null12. The reason for choosing it to be spacelike is that it allows more
flexibility: all spheres foliating Σ0 in Theorem 6.9 are GCM spheres, while only one could be a
GCM sphere on a null hypersurface.

12In the context of the stability of Minkowski, the last slice in the original proof by Christodoulou and Klain-
erman in [10] is spacelike, while it is null in the proof by Klainerman and Nicolò in [29] in the case of the exterior
of an outgoing null cone.
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1 Introduction

1.1 Einstein vacuum equations and the Cauchy problem

A Lorentzian 4–manifold (M,g) is called a vacuum spacetime if it solves the Einstein vacuum
equations:

Ric(g) = 0 in M, (1.1)

where Ric denotes the Ricci tensor of the Lorentzian metric g. The Einstein vacuum equations
are invariant under diffeomorphisms, and therefore one considers equivalence classes of solutions.
Expressed in general coordinates, (1.1) is a non-linear geometric coupled system of partial differ-
ential equations of order 2 for g. In suitable coordinates, for example so-called wave coordinates,
it can be shown that (1.1) is hyperbolic and hence admits an initial value formulation.

The corresponding initial data for the Einstein vacuum equations is given by specifying a triplet
(Σ, g, k) where (Σ, g) is a Riemannian 3–manifold and k is the traceless symmetric 2–tensor on
Σ satisfying the constraint equations:

R = |k|2 − (tr k)2,

Djkij = Di(tr k),
(1.2)

where R denotes the scalar curvature of g, D denotes the Levi-Civita connection of g and

|k|2 := gadgbckabkcd, tr k := gijkij .

In the future development (M,g) of such initial data (Σ, g, k), Σ ⊂ M is a spacelike hypersur-
face with induced metric g and second fundamental form k.

The seminal well-posedness results for the Cauchy problem obtained in [8, 9] ensure that for any
smooth Cauchy data, there exists a unique smooth maximal globally hyperbolic development
(M,g) solution of Einstein equations (1.1) such that Σ ⊂ M and g, k are respectively the first
and second fundamental forms of Σ in M.

The prime example of a vacuum spacetime is Minkowski space:

M = R4, g = −dt2 + (dx1)2 + (dx2)2 + (dx3)2,

for which Cauchy data are given by

Σ = R3, g = (dx1)2 + (dx2)2 + (dx3)2, k = 0.

In the present work, we consider the problem of the stability of Minkowski spacetime and start
with reviewing the literature on this problem.

1.2 Previous works of the stability of Minkowski spacetime

In 1993, Christodoulou and Klainerman [10] proved the stability of Minkowski for the Einstein-
vacuum equations, a milestone in the domain of mathematical general relativity. In 2003, Klain-
erman and Nicolò [29] gave a second proof of this result in the exterior of an outgoing cone.
Moreover, Klainerman and Nicolò [30] showed that under stronger asymptotic decay and regu-
larity properties than those used in [10, 29], asymptotically flat initial data sets lead to solutions
of the Einstein vacuum equations which have strong peeling properties. Given that the goal of
this paper is to provide a new proof of the stability of Minkowski in the exterior region, we will
state the results of [10] and [29] in section 1.3.
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The proofs in [10] and [29] are based respectively on the maximal foliation and the double null
foliation. Lindblad and Rodnianski [40, 41] gave a new proof of the stability of the Minkowski
spacetime using wave-coordinates and showing that the Einstein equations verify the so called
weak null structure in that gauge. Bieri [5] gave a proof requiring less derivative and less vector-
field compared to [10]. Huneau [23] proved the nonlinear stability of Minkowski spacetime with
a translation Killing field using generalised wave-coordinates. Using the framework of Melrose’s
b-analysis, Hintz and Vasy [21] reproved the stability of Minkowski space. Graf [19] proved
the global nonlinear stability of Minkowski space in the context of the spacelike-characteristic
Cauchy problem for Einstein vacuum equations, which together with [29] allows to reobtain [10].

There are also stability results concerning Einstein’s equations coupled with non trivial matter
fields:

• Einstein-Maxwell system: Zipser [62] extended the framework of [10] to show the stability
of the Minkowski spacetime solution to the Einstein–Maxwell system. In [43], Loizelet used
the framework of [40, 41] to demonstrate the stability of the Minkowski spacetime solution
of the Einstein-scalar field-Maxwell system in (1+n)-dimensions (n ≥ 3). Speck [56] gave
a proof of the global nonlinear stability of the (1 + 3)-dimensional Minkowski spacetime
solution to the coupled system for a family of electromagnetic fields, which includes the
standard Maxwell fields.

• Einstein-Klein-Gordon system: Lefloch and Ma [38] and Wang [60] proved the global sta-
bility of Minkowski for the Einstein-Klein-Gordon system with initial data coinciding with
the Schwarzschild solution with small mass outside a compact set. Ionescu and Pausader
[24] proved the global stability of Minkowski for the Einstein-Klein-Gordon system for
general initial data.

• Einstein-Vlasov system: Taylor [57] considered the massless case where the initial data for
the Vlasov part is compactly supported on the mass shell. Fajman, Joudioux and Smulevici
[14] considered the massive case where the initial data coincides with Schwarzschild in the
exterior region and with compact support assumption only in space on the Vlasov part.
Lindblad and Taylor [42] considered the massive case where the initial data has compact
support for the Vlasov part. Bigorgne, Fajman, Joudioux, Smulevici and Thaller [6]
considered the massless case for general initial data. Wang [61] considered the massive
case for general initial data.

1.3 Minkowski Stability in [10] and [29]

We recall in this section the results in [10, 29]. First, we recall the definition of a maximal
hypersurface, which plays an important role in the statements of the main theorems in [10, 29].

Definition 1.1. An initial data (Σ, g, k) is posed on a maximal hypersurface if it satisfies

tr k = 0. (1.3)

In this case, we say that (Σ, g, k) is a maximal initial data set, and the constraint equations
(1.2) reduce to

R = |k|2, div k = 0, tr k = 0. (1.4)

We introduce the notion of s–asymptotically flat initial data.

Definition 1.2. Let s be a real number with s > 3. We say that a data set (Σ0, g, k) is s–
asymptotically flat if there exists a coordinate system (x1, x2, x3) defined outside a sufficiently
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large compact set such that1

gij =

Å
1− 2M

r

ã−1

dr2 + r2dσS2 + o4(r
− s−1

2 ),

kij = o3(r
− s+1

2 ).

(1.5)

We also introduce the following functional associated to any asymptotically flat initial data set:

J0(Σ0, g, k) := sup
Σ0

(
(d20+1)3|Ric |2

)
+

∫
Σ0

3∑
l=0

(d20+1)l+1|Dlk|2+
∫
Σ0

1∑
l=0

(d20+1)l+3|DlB|2, (1.6)

where d0 is the geodesic distance from a fixed point O ∈ Σ0, and Bij := (curl R̂)ij is the Bach

tensor, R̂ is the traceless part of Ric. Now, we can state the main theorems of [10] and [29].

Theorem 1.3 (Global stability of Minkowski space [10]). There exists an ϵ > 0 sufficiently
small such that if J0(Σ0, g, k) ≤ ϵ2, then the initial data set (Σ0, g, k), 4–asymptotically flat (in
the sense of Definition 1.2) and maximal, has a unique, globally hyperbolic, smooth, geodesically
complete solution. This development is globally asymptotically flat, i.e. the Riemann curvature
tensor tends to zero along any causal or space-like geodesic. Moreover, there exists a global
maximal time function t and an optical function u2 defined everywhere in an external region.

Theorem 1.4 (Minkowski Stability in the exterior region [29]). Consider an initial data set
(Σ0, g, k), 4–asymptotically flat and maximal, and assume J0(Σ0, g, k) is bounded. Then, given
a sufficiently large compact set K ⊂ Σ0 such that Σ0 \K is diffeomorphic to R3 \B1, and under
additional smallness assumptions, there exists a unique development (M,g) with the following
properties:
(1) (M,g) can be foliated by a double null foliation {Cu} and {Cu} whose outgoing leaves Cu
are complete.
(2) We have detailed control of all the quantities associated with the double null foliations of the
spacetime, see Theorem 3.7.1 of [29].

Remark 1.5. [30] extends Theorem 1.4 to the case s > 7 by assuming sufficient regular initial
data (Σ0, g, k).

The goal of this paper is to reprove [29] by a different method and to treat more general
asymptotic behavior than s = 4 in (1.5).

1.4 Rough version of the main theorem

In this section, we state a simple version of our main theorem. For the explicit statement, see
Theorem 3.1.

Theorem 1.6 (Main Theorem (first version)). Let s > 3, and let an initial data set (Σ0, g, k)
which is s–asymptotically flat in the sense of Definition 1.2. Let a sufficiently large compact
set K ⊂ Σ0 such that Σ0 \ K is diffeomorphic to R3 \ B1. Assume that we have a smallness
conditions in an initial layer region K(0)

3 near Σ0 \ K. Then, there exists a unique future
development (M,g) in its future domain of dependence with the following properties:

• (M,g) can be foliated by a double null foliation (Cu, Cu) whose outgoing leaves Cu are
complete for all u ≤ u0;

1The notation f = ol(r
−m) means ∂αf = o(r−m−|α|), |α| ≤ l.

2An optical function u is a scalar function satisfying gαβ∂αu∂βu = 0.
3The initial data layer K(0) is defined in section 2.1.2.
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• We have detailed control of all the quantities associated with the double null foliations of
the spacetime, see Theorem 3.1.

Remark 1.7. In the particular case s = 4, we reobtain the results of [29]. Also, in the case
s > 7, we reobtain the strong peeling properties of [30].

The proof of Theorem 1.6 has the same structure as in [29], see section 3.4. Below, we compare
the proof of this paper and that of [29]:

1. In [29], the functional (1.6) is introduced to fix the initial conditions on the initial hyper-
surface. Here we fix the initial conditions in an initial layer region K(0) near the initial
hypersurface Σ0.

2. To estimate the norms of curvature components, [29] uses the vectorfield method intro-
duced in [10]. Here, we estimate the curvature norms by rp-weighted estimate, a method
introduced by Dafermos and Rodnianski in [13]. This allows for a simpler treatment of
the curvature estimates.

3. [29] uses second order derivatives of curvature and third order derivatives of Ricci coeffi-
cients. Thanks to the use of rp–weighted estimates, we only need first order derivatives of
both curvature and Ricci coefficients.

4. In order to control one more derivative for Ricci coefficients compared to curvature, [29]
relies on the canonical foliation on the last slice C∗. Since we control the same number
of derivatives of curvature and Ricci coefficients, instead of introducing the canonical
foliation, we use the geodesic foliation to simplify the estimates on the last slice C∗.

1.5 Structure of the paper

• In section 2, we recall the fundamental notions and the basic equations.

• In section 3, we present the main theorem. We then state intermediate results, and prove
the main theorem. The rest of the paper focuses on the proof of these intermediary results.
In sections 4–6, we consider the case s ∈ [4, 6] and deal with the other cases in Appendices
B and C.

• In section 4, we apply rp–weighted estimates to Bianchi equations to control curvature.

• In section 5, we estimate the Ricci coefficients using the null structure equations.

• In section 6, we estimate the norms of curvature components and Ricci coefficients in the
initial layer region K(0) and on the last slice C∗. We also show how to extend the spacetime
in the context of a bootstrap argument.

• In Appendix A, we prove the equivalence between optical functions and area radius asso-
ciated to various frames used in the proof.

• In Appendix B, we prove Theorem 1.6 in the case s ∈ (3, 4).

• In Appendix C, we prove Theorem 1.6 in the case s > 6 by applying the rp–weighted
method to the Teukolsky equation of α.
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2 Preliminaries

2.1 Geometric set-up

2.1.1 Double null foliation

We first introduce the geometric setup. We denote (M,g) a spacetime M with the Lorentzian
metric g and D its Levi-Civita connection. Let u and u be two optical functions on M, that is

g(gradu, gradu) = g(gradu, gradu) = 0.

The spacetime M is foliated by the level sets of u and u respectively, and the functions u, u are
required to increase towards the future. We use Cu to denote the outgoing null hypersurfaces
which are the level sets of u and use Cu to denote the incoming null hypersurfaces which are
the level sets of u. We denote

S(u, u) := Cu ∩ Cu, (2.1)

which are space-like 2–spheres. We introduce the vectorfields L and L by

L := − gradu, L := − gradu.

We define a positive function Ω by the formula

g(L,L) = − 1

2Ω2
,

where Ω is called the lapse function. We then define the normalized null pair (e3, e4) by

e3 = 2ΩL, e4 = 2ΩL,

and define another null pair by
N = Ωe3, N = Ωe4.

On a given two sphere S(u, u), we choose a local frame (e1, e2), we call (e1, e2, e3, e4) a null
frame. As a convention, throughout the paper, we use capital Latin letters A,B,C, ... to denote
an index from 1 to 2 and Greek letters α, β, γ, ... to denote an index from 1 to 4, e.g. eA denotes
either e1 or e2.

The spacetime metric g induces a Riemannian metric γ on S(u, u). We use ∇ to denote the
Levi-Civita connection of γ on S(u, u). Using (u, u), we introduce a local coordinate system
(u, u, ϕA) on M with e4(ϕ

A) = 0. In that coordinates system, the metric g takes the form:

g = −2Ω2(du⊗ du+ du⊗ du) + γAB(dϕ
A − bAdu)⊗ (dϕB − bBdu), (2.2)

and we have
N = ∂u + b, N = ∂u, b := bA∂ϕA .

We recall the null decomposition of the Ricci coefficients and curvature components of the null
frame (e1, e2, e3, e4) as follows:

χ
AB

= g(DAe3, eB), χAB = g(DAe4, eB),

ξ
A
=

1

2
g(D3e3, eA), ξA =

1

2
g(D4e4, eA),

ω =
1

4
g(D3e3, e4), ω =

1

4
g(D4e4, e3),

η
A
=

1

2
g(D4e3, eA), ηA =

1

2
g(D3e4, eA),

ζA =
1

2
g(DeAe4, e3),

(2.3)
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and

αAB = R(eA, e4, eB, e4), αAB = R(eA, e3, eB, e3),

βA =
1

2
R(eA, e4, e3, e4), β

A
=

1

2
R(eA, e3, e3, e4),

ρ =
1

4
R(e3, e4, e3, e4), σ =

1

4
∗R(e3, e4, e3, e4),

(2.4)

where ∗R denotes the Hodge dual of R. The null second fundamental forms χ, χ are further
decomposed in their traces trχ and trχ, and traceless parts χ̂ and χ̂:

trχ := δABχAB, χ̂AB := χAB − 1

2
δAB trχ,

trχ := δABχ
AB
, χ̂

AB
:= χ

AB
− 1

2
δAB trχ.

We define the horizontal covariant operator ∇ as follows:

∇XY := DXY − 1

2
χ(X,Y )e4 −

1

2
χ(X,Y )e3.

We also define ∇4X and ∇3X to be the horizontal projections:

∇4X := D4X − 1

2
g(X,D4e3)e4 −

1

2
g(X,D4e4)e3,

∇3X := D3X − 1

2
g(X,D3e3)e3 −

1

2
g(X,D3e4)e4.

A tensor field ψ defined on M is called tangent to S if it is a priori defined on the spacetime
M and all the possible contractions of ψ with either e3 or e4 are zero. We use ∇3ψ and ∇4ψ to
denote the projection to S(u, u) of usual derivatives D3ψ and D4ψ. As a direct consequence of
(2.3), we have the Ricci formulas:

DAeB = ∇AeB +
1

2
χABe3 +

1

2
χ
AB
e4,

DAe3 = χ
AB
eB + ζAe3,

DAe4 = χABeB − ζAe4,

D3eA = ∇3eA + ηAe3 + ξ
A
e4,

D4eA = ∇4eA + η
A
e4 + ξAe4,

D3e3 = −2ωe3 + 2ξ
B
eB,

D3e4 = 2ωe4 + 2ηBeB,

D4e4 = −2ωe4 + 2ξBeB,

D4e3 = 2ωe3 + 2η
B
eB.

(2.5)

In addition to

ξ = ξ = 0, (2.6)

the following identities hold for a double null foliation:

∇ log Ω =
1

2
(η + η), ω = −1

2
D4(log Ω), ω = −1

2
D3(log Ω),

η = ζ +∇ log Ω, η = −ζ +∇ log Ω,
(2.7)

see for example (6) in [32].
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2.1.2 Initial layer region

Let Σ0 be a spacelike hypersurface. Let K ⊂ Σ0 be a compact subset such that Σ0 \ K is
diffeomorphic to R3 \B1 where B1 is the unit closed ball in R3. We fix a foliation on the initial
hypersurface Σ0 \K by the level sets of a scalar function w. The leaves are denoted by

S(0)(w1) = {p ∈ Σ0/w(p) = w1}, (2.8)

where w1 ∈ R. We assume that

∂K = {p ∈ Σ0/w(p) = w0}, K = {p ∈ Σ0/w(p) ≤ w0}, (2.9)

where w0 is the area radius of ∂K defined by

w0 :=

 
|∂K|
4π

. (2.10)

We can construct a double null foliation in a neighborhood of Σ0 \ K. For this, we denote T
the normal vectorfield of Σ0 oriented towards the future and N the unit vectorfield tangent to
Σ0, oriented towards infinity and orthogonal to the leaves S0(w). We define two null vectors on
Σ0 \K by

L(0) := N(w)(T +N), L := N(w)(T −N). (2.11)

We extend the definition of L(0) and L to a neighborhood of Σ0 \K by the geodesic equations:

DL(0)
L(0) = 0, DLL = 0. (2.12)

The lapse function Ω(0) is defined by

g(L(0), L) = − 1

2Ω(0)
2 . (2.13)

Then, we define two optical functions u(0) and u satisfying the initial conditions

u(0)
∣∣
Σ0\K = −w, u

∣∣
Σ0\K = w,

and the equations
L(0) = − gradu(0), L = − gradu.

Recall that u(0) + u = 0 on Σ0 \K, we define the region

K(0) := {p/ 0 ≤ u(0)(p) + u(p) ≤ 2δ0}, (2.14)

where 0 < δ0 < 1 is a constant. We call K(0) the initial layer region of height δ0, the double null
foliation (u(0), u) is called the initial layer foliation. Its leaves are denoted by

S(0)(u(0), u) := (C(0))u(0) ∩ Cu.

We define

w :=
u− u(0)

2
in K(0), (2.15)

which extend the definition of w from Σ0 \K to K(0). Moreover, we transport the coordinates

ϕA(0) from Σ0 \K to K(0) by L(ϕ
A
(0)) = 0. Hence, we deduce that the metric g in K(0) takes the

following form in the (u, u(0), ϕ
A
(0)) coordinates system:

g = −2Ω(0)
2(du⊗ du(0) + du(0) ⊗ du) + (γ(0))AB(dϕ

A
(0) − bAdu)(dϕB(0) − bBdu), (2.16)

where
bA = Ω(0)(e4)(0)(ϕ

A
(0)).
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Figure 2.1: The leaves of Σ0

2.1.3 Bootstrap region

Now, we define the bootstrap region and its double null foliation. We choose a value u∗ > w0,
then w = u∗ defines a leaf of Σ0 \ K, denoted by S0(u∗). We construct a incoming cone C∗
called the last slice from S0(u∗). We denote

L∗ := L
∣∣
C∗
, (2.17)

which is fixed by (2.11) and (2.12). Notice that L∗ is a generator of C∗. We denote u∗ an affine
parameter, that is a function defined on C∗ satisfying

L∗(u
∗) = 2. (2.18)

Thus, C∗ is endowed with a geodesic foliation of affine parameter u∗. For every u, {u∗ = u}
is a sphere on C∗. We can therefore construct an outgoing cone from {u∗ = u} to the past,
denoted by Cu. Then, Cu ∩ Σ0 is a sphere on Σ0, which does a priori not coincide with the
leaves of Σ0 \K, see Figure 2.1. There exists a unique cone Cu0 located outside of the J+(K),
the causal future of K, but touch the boundary ∂K, see Figure 2.1. By (2.18), u∗ is unique up
to a constant. We choose u0 = −w0 where w0 is defined in (2.10). Combining with (2.18), this
fixes u∗.

Remark 2.1. Remark that we fix u∗ by choosing the value near ∂K. We do not have

u∗|S0(u∗)
= −u∗.

The reason is that we need to integrate the quantities in the initial layer forward instead of
backward. This will lead to a logarithm difference which is sufficient to prove the equivalences,
see Appendix A.

Now we define the null vector L on C∗ by the relation

g(L,L) = −2, (2.19)

Hence, we have Ω = 1
2 on C∗. By the equations

− gradu = L, u|C∗ = u∗, (2.20)
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we can extend u to the causal past of C∗. So we have constructed a double null foliation (u, u)
which is geodesic on C∗. For every (u, u), we denote

V (u, u) := J−(S(u, u)) ∩ J+(Σ0), (2.21)

where for a domain M, J+(M) and resp. J−(M) denotes the causal future and resp. causal
past of M. We also denote the bootstrap region by

K := V (u0, u∗). (2.22)

Remark that K is covered by the double null foliation (u, u), and that the boundaries of K are:

1. a finite region of Σ0 \K;

2. a portion of an outgoing cone C0, where C0 := {p ∈ K|u(p) = u0};

3. a portion of the last slice C∗.

Note that we have the following types of manifolds in this paper: spacetime regions K and K(0),
initial hypersurface Σ0, and the spheres S(u, u) and S(0)(u(0), u). Every manifold has its metric,
Levi-Civita connection and curvature tensor:

(K,g,D,R), (K(0),g(0),D(0),R(0)), (Σ0, g,D,R), (S, γ,∇,K), (S(0), γ(0),∇(0),K(0)),

where K (resp. K(0)) is the Gauss curvature of S (resp. S(0)).

2.2 Integral formulas

We define the S-average of scalar functions.

Definition 2.2. Given any scalar function f , we denote its average and its average free part by

f :=
1

|S|

∫
S
f dγ, qf := f − f.

The following lemma follows immediately from the definition.

Lemma 2.3. For any two scalar functions u and v, we have

uv = u v + quqv,

and
uv − uv = quv + uqv +

Ä
quqv − quqv

ä
.

We recall the following integral formulas, which will be used repeatedly in this paper.

Lemma 2.4. For any scalar function f , the following equations hold:

Ωe4

Ç∫
S(u,u)

fdγ

å
=

∫
S(u,u)

(Ωe4(f) + Ω trχf) dγ,

Ωe3

Ç∫
S(u,u)

fdγ

å
=

∫
S(u,u)

(
Ωe3(f) + Ω trχf

)
dγ.

Taking f = 1, we obtain

e4(r) =
Ω trχ

2Ω
r, e3(r) =

Ω trχ

2Ω
r,

where r is the area radius defined by

r(u, u) :=

 
|S(u, u)|

4π
.
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Proof. See Lemma 2.26 of [31] or Lemma 3.1.3 of [29].

Corollary 2.5. For any scalar function f , the following equations hold:

Ωe4(f) = Ωe4(f) + Ω trχ qf,

Ωe3(f) = Ωe3(f) + Ω trχ qf.

Proof. Applying Lemma 2.4, we infer

Ωe4(f) = Ωe4

Å
1

|S|

∫
S
fdγ

ã
= −Ωe4(|S|)

|S|2
∫
S
fdγ +

1

|S|

∫
S
(Ωe4(f) + Ω trχf) dγ

= −2Ωe4(r)

r
f +Ωe4(f) + Ω trχf = −Ω trχf +Ωe4(f) + Ω trχf

= Ωe4(f) + Ω trχ qf,

which implies the first identity. The second identity can be obtained similarly. This concludes
the proof of Corollary 2.5.

2.3 Hodge systems

Definition 2.6. For tensor fields defined on a 2–sphere S, we denote by s0 := s0(S) the set of
pairs of scalar functions, s1 := s1(S) the set of 1–forms and s2 := s2(S) the set of symmetric
traceless 2–tensors.

Definition 2.7. Given ξ ∈ s1, we define its Hodge dual

∗ξA :=∈AB ξB.

Clearly ∗ξ ∈ s1 and
∗(∗ξ) = −ξ.

Given U ∈ s2, we define its Hodge dual

∗UAB :=∈AC UCB.

Observe that ∗U ∈ s2 and
∗(∗U) = −U.

Definition 2.8. Given ξ, η ∈ s1, we denote

ξ · η := δABξAηB,

ξ ∧ η :=∈AB ξAηB,

(ξ“⊗η)AB := ξAηB + ξBηA − δABξ · η.

Given ξ ∈ s1, U ∈ s2, we denote

(ξ · U)A := δBCξBUAC .

Given U, V ∈ s2, we denote

(U ∧ V )AB :=∈AB UACVCB.

Definition 2.9. For a given ξ ∈ s1, we define the following differential operators:

div ξ := δAB∇AξB,

curl ξ :=∈AB ∇AξB,

(∇“⊗ξ)AB := ∇AξB +∇BξA − δAB(div ξ).
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Definition 2.10. We define the following Hodge type operators, as introduced in section 2.2 in
[10]:

• d1 takes s1 into s0 and is given by:

d1ξ := (div ξ, curl ξ),

• d2 takes s2 into s1 and is given by:

(d2U)A := ∇BUAB,

• d∗1 takes s0 into s1 and is given by:

d∗1(f, f∗)A := −∇Af+ ∈AB ∇Bf∗,

• d∗2 takes s1 into s2 and is given by:

d∗2ξ := −1

2
∇“⊗ξ.

We have the following identities:

d∗1d1 = −∆1 +K, d1d
∗
1 = −∆0,

d∗2d2 = −1

2
∆2 +K, d2d

∗
2 = −1

2
(∆1 +K).

(2.23)

where K denotes the Gauss curvature on S. See for example (2.2.2) in [10] for a proof of (2.23).

Definition 2.11. We define the weighted angular derivatives d/ as follows:

d/U := rd2U, ∀U ∈ s2,

d/ξ := rd1ξ, ∀ξ ∈ s1,

d/f := rd∗1f, ∀f ∈ s0.

We denote for any tensor h ∈ sk, k = 0, 1, 2,

h(0) := h, h(1) := (h, d/h).

2.4 Elliptic estimates for Hodge systems

Definition 2.12. For a tensor field f on a 2–sphere S, we denote its Lp–norm:

|f |p,S :=

Å∫
S
|f |p
ã 1

p

. (2.24)

Proposition 2.13 (Lp estimates for Hodge systems). Assume that S is an arbitrary compact
2-surface with positive bounded Gauss curvature. Then the following statements hold for all
p ∈ (1,+∞):

1. Let ϕ ∈ s0 be a solution of ∆ϕ = f . Then we have

|∇2ϕ|p,S + r−1|∇ϕ|p,S + r−2|ϕ− ϕ|p,S ≲ |f |p,S .

2. Let ξ ∈ s1 be a solution of d1ξ = (f, f∗). Then we have

|∇ξ|p,S + r−1|ξ|p,S ≲ |(f, f∗)|p,S .

3. Let U ∈ s2 be a solution of d2U = f . Then we have

|∇U |p,S + r−1|U |p,S ≲ |f |p,S .

Proof. See Corollary 2.3.1.1 of [10].
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2.5 Schematic notation Γg, Γb and Γa

We introduce the following schematic notations for the Ricci coefficients.

Definition 2.14. We divide the Ricci coefficients into three parts:

Γg :=
¶
η, η, ζ, χ̂, Ω trχ, Ω trχ, qω, ∇ log Ω

©
,

Γb := {χ̂, qω},

Γa :=

ß
ω, ω, trχ− 2

r
, trχ+

2

r

™
.

We also denote:

Γ(1)
g := (r∇)≤1Γg ∪ {rβ, rρ̌, rσ}, Γ

(1)
b := (r∇)≤1Γb ∪ {rβ}, Γ(1)

a := (r∇)≤1Γa ∪ {rρ}.

Remark 2.15. The justification of Definition 2.14 has to do with the expected decay properties
of the Ricci coefficients, see Lemma 4.1.

Remark 2.16. In the sequel, we choose the following conventions:

• For a quantity h satisfying the same or even better decay as Γi, for i = g, b, a, we write

h ∈ Γi, i = g, b, a.

• For a sum of schematic notations, we ignore the terms which have same or even better
decay. For example, we write

Γg + Γb = Γb, Γg + Γa = Γa,

since Γg has better decay than Γb and Γa throughout this paper.

2.6 Null structure equations

We recall the null structure equations for a double null foliation, see for example (3.1)-(3.5) of
[32].

Proposition 2.17. We have the null structure equations:

∇4η = −χ · (η − η)− β,

∇3η = −χ · (η − η) + β,

∇4χ̂+ (trχ)χ̂ = −2ωχ̂− α,

∇4 trχ+
1

2
(trχ)2 = −|χ̂|2 − 2ω trχ,

∇3χ̂+ (trχ)χ̂ = −2ωχ̂− α,

∇3 trχ+
1

2
(trχ)2 = −|χ̂|2 − 2ω trχ,

∇4χ̂+
1

2
(trχ)χ̂ = ∇“⊗η + 2ωχ̂− 1

2
(trχ)χ̂+ η“⊗η,

∇3χ̂+
1

2
(trχ)χ̂ = ∇“⊗η + 2ωχ̂− 1

2
(trχ)χ̂+ η“⊗η,

∇4 trχ+
1

2
(trχ) trχ = 2ω trχ+ 2ρ− χ̂ · χ̂+ 2div η + 2|η|2,

∇3 trχ+
1

2
(trχ) trχ = 2ω trχ+ 2ρ− χ̂ · χ̂+ 2div η + 2|η|2.

(2.25)
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We have the Codazzi equations:

div χ̂ =
1

2
∇ trχ− ζ ·

Å
χ̂− 1

2
trχ

ã
− β,

div χ̂ =
1

2
∇ trχ+ ζ ·

Å
χ̂− 1

2
trχ

ã
+ β,

(2.26)

the torsion equation:

curl η = − curl η = σ +
1

2
χ̂ ∧ χ̂, (2.27)

and the Gauss equation:

K = −1

4
trχ trχ+

1

2
χ̂ · χ̂− ρ. (2.28)

Moreover,

∇4ω = 2ωω +
3

4
|η − η|2 − 1

4
(η − η) · (η + η)− 1

8
|η + η|2 + 1

2
ρ,

∇3ω = 2ωω +
3

4
|η − η|2 + 1

4
(η − η) · (η + η)− 1

8
|η + η|2 + 1

2
ρ.

(2.29)

Proof. See Section 7.4 of [10].

2.7 Bianchi equations

We recall the Bianchi equations in double null foliation, see Proposition 3.2.4 of [29].

Proposition 2.18. In a double null frame, the Bianchi equations take the form

∇4α+
1

2
trχα = −∇“⊗β + h[α4],

h[α4] = 4ωα− 3(χ̂ρ− ∗χ̂σ) + (ζ − 4η)“⊗β,
∇3β + 2 trχβ = −divα+ h[β

3
],

h[β
3
] = −2ωβ + (2ζ − η) · α,

∇4β + trχβ = −∇ρ+ ∗∇σ + h[β
4
],

h[β
4
] = 2ωβ + 2χ̂ · β − 3(ηρ− ∗ησ),

∇3ρ+
3

2
trχρ = −div β + h[ρ3],

h[ρ3] = −1

2
χ̂ · α+ ζ · β − 2η · β,

∇4ρ+
3

2
trχρ = div β + h[ρ4],

h[ρ4] = −1

2
χ̂ · α+ ζ · β + 2η · β,

∇3σ +
3

2
trχσ = −div ∗β + h[σ3],

h[σ3] =
1

2
χ̂ · ∗α− ζ · ∗β + 2η · ∗β,

∇4σ +
3

2
trχσ = −div ∗β + h[σ4],

h[σ4] =
1

2
χ̂ · ∗α− ζ · ∗β − 2η · ∗β,

∇3β + trχβ = ∇ρ+ ∗∇σ + h[β3],

h[β3] = 2ωβ + 2χ̂ · β + 3(ηρ+ ∗ησ),
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∇4β + 2 trχβ = divα+ h[β4],

h[β4] = −2ωβ + (2ζ + η)α,

∇3α+
1

2
trχα = ∇“⊗β + h[α3],

h[α3] = 4ωα− 3(χ̂ρ+ ∗χ̂σ) + (ζ + 4η)“⊗β.
We also derive equations for ρ̌ and ρ.

Lemma 2.19. We have the following equations:

∇4β + trχβ = −∇qρ+ ∗∇σ + h[β
4
],

∇3β + trχβ = ∇qρ+ ∗∇σ + h[β3],

∇3ρ̌+
3

2
trχρ̌ = −div β + h[ρ̌3],

h[ρ̌3] := Γg · β + h[ρ3]− h[ρ3],

∇3ρ+
3

2
trχρ = h[ρ3],

h[ρ3] := Γg · β + h[ρ3],

∇4ρ̌+
3

2
trχρ̌ = div β + h[ρ̌4],

h[ρ̌4] := Γg · ρ̌+ h[ρ4]− h[ρ4],

∇4ρ+
3

2
trχρ = h[ρ4],

h[ρ4] := Γg · ρ̌+ h[ρ4],

where h[β
4
], h[β3], h[ρ3] and h[ρ4] are defined in Proposition 2.18.

Proof. Note that ∇ρ̌ = ∇ρ, hence the first two equations follow directly from Proposition 2.18.
On the other hand, applying Corollary 2.5, we infer

Ω∇3ρ = Ω trχ ρ̌+Ω∇3ρ

= −3

2
Ω trχρ− Ωdiv β + h[ρ3] + Γg · ρ̌

= −3

2
Ω trχρ+ h[ρ3] + β · ∇Ω+ Γg · ρ̌,

= −3

2
Ω trχρ+ h[ρ3] + Γg · β.

So, we have

∇3ρ+
3

2
trχρ = Γg · β + h[ρ3],

which implies the fourth equation. Combining with the equation of ∇3ρ in Proposition 2.18, we
infer

∇3ρ̌+
3

2
trχ ρ̌ = −div β + Γg · β + h[ρ3]− h[ρ3],

which implies the third equation. The proof of the fifth and sixth equations are similar. This
concludes the proof of Lemma 2.19.

We rewrite the Bianchi equations of Proposition 2.18 and Lemma 2.19 in the following Corollary.
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Corollary 2.20.

∇4α+
1

2
trχα = −∇“⊗β + h[α4],

∇3β + 2 trχβ = −divα+ h[β
3
],

∇4β + trχβ = −∇qρ+ ∗∇σ + h[β
4
],

∇3qρ+
3

2
trχqρ = −div β + h[ρ̌3],

∇4ρ̌+
3

2
trχqρ = div β + h[ρ̌4],

∇3ρ+
3

2
trχρ = h[ρ3],

∇4ρ+
3

2
trχρ = h[ρ4],

∇3σ +
3

2
trχσ = −div ∗β + h[σ3],

∇4σ +
3

2
trχσ = −div ∗β + h[σ4],

∇3β + trχβ = ∇qρ+ ∗∇σ + h[β3],

∇4β + 2 trχβ = divα+ h[β4],

∇3α+
1

2
trχα = ∇“⊗β + h[α3],

where h[α4], h[β3] , ... , h[α3] are defined in Proposition 2.18 and Lemma 2.19.

2.8 Commutation identities

We recall the following commutation identities for scalar functions, see Proposition 4.8.1 in [29].

Proposition 2.21. For any scalar function f , we have:

[∇4,∇]f = −χ · ∇f + (∇ log Ω)∇4f,

[∇3,∇]f = −χ · ∇f + (∇ log Ω)∇3f,

[∇4,∇3]f = 2ω∇3f − 2ω∇4f − 4ζ · ∇f.

The following corollary is a direct consequence of Proposition 2.21.

Corollary 2.22. For any scalar function f , we have:

[Ω∇4,∇]f = −Ωχ · ∇f,
[Ω∇3,∇]f = −Ωχ · ∇f,
[Ω∇4, r∇]f = Γg · r∇f,
[Ω∇3, r∇]f = Γb · r∇f.

We also need the commutation identities for more general tensor fields. For this, we record the
following commutation lemma.
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Lemma 2.23. Let UA1...Ak
be an S-tangent k-covariant tensor on (M,g). Then

[∇4,∇B]UA1...Ak
= −χBC∇CUA1...Ak

+ F4BA1...Ak
,

F4BA1...Ak
:= (ζB + η

B
)∇4UA1...Ak

+

k∑
i=1

(χAiB ηC − χBC ηAi
+ ∈AiC

∗βB)UA1...C...Ak
,

[∇3,∇B]UA1...Ak
= −χ

BC
∇CUA1...Ak

+ F3BA1...Ak
,

F3BA1...Ak
:= (ηB − ζB)∇3UA1...Ak

+
k∑
i=1

(χ
AiB

ηC − χ
BC

ηAi+ ∈AiC
∗β

B
)UA1...C...Ak

,

[∇3,∇4]UA1...Ak
= F34A1...Ak

,

F34A1...Ak
:= −2ω∇3U + 2ω∇4U + 4ζB∇BUA1...Ak

+ 2
k∑
i=1

(η
Ai
ηC − η

Ai
ηC+ ∈AiC σ)UA1...C...Ak

.

Proof. It is a direct consequence of Lemma 7.3.3 in [10].

Notice that Lemma 2.23 implies the following proposition.

Proposition 2.24. We have the following simple schematic consequences of the commutator
identities

[r∇,Ω∇4] = Γg · r∇+ Γ(1)
g ,

[r∇,Ω∇3] = Γb · r∇+ Γ
(1)
b ,

[Ω∇4,Ω∇3] = Γg · ∇+ r−1Γ(1)
g .

2.9 Teukolsky equations

We state the following Teukolsky equations first derived by Teukolsky in the linearized setting
in [58].

Proposition 2.25. We have the following Teukolsky equations for α and α:

Ω∇3(Ω∇4(rΩ
2α)) + 2rΩ2d∗2d2(Ω

2α) = −2Ω

r
∇3(rΩ

2α) + (Γg · (β, α))(1),

Ω∇4(Ω∇3(rΩ
2α)) + 2rΩ2d∗2d2(Ω

2α) =
2Ω

r
∇4(rΩ

2α) + (Γb · (α, β))(1).
(2.30)

Proof. See for example Propositions 3.4.6 and 3.4.7 in [11].4

Lemma 2.26. We define the following quantities:

α̊ :=
1

r4
∇4(r

5α) ∈ s2, /α := rd2α ∈ s1,

α̊ :=
1

r4
∇3(r

5α) ∈ s2, /α := rd2α ∈ s1.

(2.31)

Then, we have the following equations:

∇3α̊ = −2d∗2/α+
4α

r
+ Γa · (β, α)(1) + Γ(1)

g · (β, α),

∇4/α+
5

2
trχ /α = d2α̊+ Γa · (β, α)(1) + Γg · α̊+ Γ(1)

g · (β, α),
(2.32)

4Remark that Ω = 1 +O(ε) in [11] while Ω = 1
2
+O(ε) in this paper.
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and

∇4α̊ = −2d∗2/α+
4α

r
+ Γa · (β, α)(1) + (Γb · (β, α))(1),

∇3/α+
5

2
trχ /α = d2α̊+ Γa · (β, α)(1) + Γb · α̊+ (Γb · (β, α))(1).

(2.33)

Proof. We have from (2.30)

∇3(∇4(rα)) + 2rd∗2d2α = −4

r
∇3(rα) + Γa · (β, α)(1) + Γ(1)

g · (β, α).

Hence, we have

∇3α̊ = ∇3(r
−4∇4(r

5α))

= ∇3(r
−4(4r3e4(r)rα+ r4∇4(rα))

= ∇3(4α+∇4(rα)) + Γa · (β, α)(1) + Γ(1)
g · (β, α)

=
4

r
r∇3α+∇3∇4(rα) + Γa · (β, α)(1) + Γ(1)

g · (β, α)

=
4

r
∇3(rα)− 4e3(r)

α

r
− 2rd∗2d2α− 4

r
∇3(rα) + Γa · (β, α)(1) + Γ(1)

g · (β, α)

=
4α

r
− 2d∗2/α+ Γa · (β, α)(1) + Γ(1)

g · (β, α),

which implies the first equation in (2.32). Applying Proposition 2.24, we have

Ω∇4/α = Ω∇4

(
r−5(rd2(r

5α))
)

= −5r−6Ωe4(r)r
5(rd2)α+ r−5Ω∇4rd2(r

5α)

= −5Ω

r
rd2α+ r−1rd2r

−4(Ω∇4(r
5α)) + Γa · (β, α)(1) + Γ(1)

g · (β, α)

= −5

2
Ω trχ /α+Ωd2α̊+ Γa · (β, α)(1) + Γg · α̊+ Γ(1)

g · (β, α),

which implies the second equation in (2.32). The proof of (2.33) is similar. This concludes the
proof of Lemma 2.26.

2.10 Sobolev inequalities

Definition 2.27. For a tensor field h on a null cone C, we define its L2–flux:

∥h∥2,C :=

Å∫
C
|h|2
ã 1

2

. (2.34)

We recall the following Sobolev inequalities.

Proposition 2.28. Let F be a tensor field, tangent to S := S(u, u) at every point. We have
the following estimates:

|rF |4,S ≲ ∥F∥2,Cu∩V (u,u) + ∥r∇F∥2,Cu∩V (u,u) + ∥r∇4F∥2,Cu∩V (u,u),

|r 1
2 |u| 12F |4,S ≲ ∥F∥2,Cu∩V (u,u) + ∥r∇F∥2,Cu∩V (u,u) + |u|∥∇3F∥2,Cu∩V (u,u).

Proof. See Corollary 3.2.1.1 in [10] and Corollary 4.1.1 in [29].

We also recall the following standard Sobolev inequalities.

Proposition 2.29. Let F be a tensor field on a 2–sphere S. Then, we have

sup
S
r

1
2 |F | ≲ |F |4,S + |r∇F |4,S .

Proof. See Lemma 4.1.3 of [29].
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2.11 Evolution lemma

We recall the following evolution lemma, which will be used repeatedly in Sections 5 and 6.3.

Lemma 2.30 (Evolution lemma). Consider the spacetime K foliated by a double null foliation
(u, u). Assume that, for ε > 0 small enough, we have

|Γg| ≤
ε

r2
. (2.35)

Then, the following holds:

1. Let U,F be k-covariant S-tangent tensor fields satisfying the outgoing evolution equation

∇4U + λ0 trχU = F, (2.36)

where λ0 ≥ 0. Denoting λ1 = 2(λ0 − 1
p), we have along Cu

|rλ1U |p,S(u, u) ≲ |rλ1U |p,S(u, u∗) +
∫ u∗

u
|rλ1F |p,S(u, u′)du′. (2.37)

Here u∗ is the value that the function u(p) assumes on C∗.

2. Let V, F be k-covariant and S-tangent tensor fields satisfying the incoming evolution equa-
tion

∇3V + λ0 trχV = F . (2.38)

Denoting λ1 = 2(λ0 − 1
p), we have along Cu

|rλ1V |p,S(u, u) ≲ |rλ1V |p,S(u0(u),u) +
∫ u

u0(u)
|rλ1F |p,S(u′, u)du′, (2.39)

where S(u0(u), u) = Cu0(u) ∩Cu and u0(u) is the unique value of u such that S(u, u) is in
the future of Σ0 and touches Σ0.

Proof. See Lemma 4.1.5 in [29].

3 Main theorem

3.1 Fundamental norms

Our result holds for s–asymptotically flat initial data sets in the sense of Definition 1.2 with
s > 3. We will focus on the case s ∈ [4, 6] in sections 3 to 6, and we postpone the necessary
adaptations to the case s ∈ (3, 4) and s > 6 to Appendices B and C. The norms in sections
3.1.1-3.1.4 are defined with respect to the foliation (u, u) in K while the norms in section 3.1.5
are defined with respect to the foliation (u(0), u) in K(0).

3.1.1 R norms (curvature)

We define the norms of Ricci coefficients in the bootstrap region K. We denote

RS
0 := RS

0 [α] +RS
0 [β], RS

0 := RS
0 [β] +RS

0 [ρ̌, σ] +RS
0 [β] +RS

0 [α] +RS
0 [ρ],
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where

RS
0 [α] := sup

K
sup
p∈[2,4]

|r
s+3
2

− 2
pα|p,S(u,u),

RS
0 [β] := sup

K
sup
p∈[2,4]

|r
7
2
− 2

p |u| s−4
2 β|p,S(u,u),

RS
0 [β] := sup

K
sup
p∈[2,4]

|r
s+2
2

− 2
p |u| 12β|p,S(u,u),

RS
0 [ρ̌, σ] := sup

K
sup
p∈[2,4]

|r3−
2
p |u| s−3

2 (ρ̌, σ)|p,S(u,u),

RS
0 [β] := sup

K
sup
p∈[2,4]

|r2−
2
p |u| s−1

2 β|p,S(u,u),

RS
0 [α] := sup

K
sup
p∈[2,4]

|r1−
2
p |u| s+1

2 α|p,S(u,u),

RS
0 [ρ] := sup

K
|r3ρ|,

where the Lp–norms are defined in Definition 2.12. Then we define the norms of flux of curvature
components. We denote

R := R[1] +R[1],

where

R[1] := R0 +RS
0 +R1, R[1] := R0 +RS

0 +R1,

with

R0 :=
(
R0[α]

2 +R0[β]
2 +R0[(ρ̌, σ)]

2 +R0[β]
2
) 1

2 ,

R0 :=
(
R0[β]

2 +R0[(ρ̌, σ)]
2 +R0[β]

2 +R0[α]
2
) 1

2 ,

R1 :=
(
R1[α]

2 +R1[β]
2 +R1[(ρ̌, σ)]

2 +R1[β]
2 +R1[α4]

2
) 1

2 ,

R1 :=
(
R1[β]

2 +R1[(ρ̌, σ)]
2 +R1[β]

2 +R1[α]
2 +R1[α3]

2
) 1

2 ,

and

R0,1[w] := sup
K

R0,1[w](u, u),

R0,1[w] := sup
K

R0,1[w](u, u).

It remains to define Rq[w](u, u) and Rq[w](u, u) for q = 0, 1:

Rq[α](u, u) := ∥r s
2 (r∇)qα∥2,Cu∩V (u,u),

Rq[β](u, u) := ∥r2|u| s−4
2 (r∇)qβ∥2,Cu∩V (u,u),

Rq[(ρ̌, σ)](u, u) := ∥r|u| s−2
2 (r∇)q(ρ̌, σ)∥2,Cu∩V (u,u),

Rq[β](u, u) := ∥|u| s2 (r∇)qβ∥2,Cu∩V (u,u),

Rq[β](u, u) := ∥r s
2 (r∇)qβ∥2,Cu∩V (u,u),

Rq[(ρ̌, σ)](u, u) := |u| s−4
2 ∥r2(r∇)q(ρ̌, σ)∥2,Cu∩V (u,u),

Rq[β](u, u) := |u| s−2
2 ∥r(r∇)qβ∥2,Cu∩V (u,u),

Rq[α](u, u) := |u| s2 ∥(r∇)qα∥2,Cu∩V (u,u),

R1[α4](u, u) := ∥r s+2
2 ∇4α∥2,Cu∩V (u,u),

R1[α3](u, u) := |u| s+2
2 ∥∇3α∥2,Cu∩V (u,u).
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3.1.2 O norms (Ricci coefficients)

We define the norms of Ricci coefficients in the bootstrap region K. Denoting

O := O[1] +O[1], (3.1)

where

O[1] := O1 +O0 +O0(Ωω) + sup
K

∣∣∣∣r2 Åtrχ− 2

r

ã∣∣∣∣+ sup
K

∣∣∣∣rÅΩ− 1

2

ã∣∣∣∣ ,
O[1] := O1 +O0 +O0(Ωω) + sup

K

∣∣∣∣r|u|Åtrχ+
2

r

ã∣∣∣∣ .
We define Oq and Oq as follows:

Oq := Oq(Ω trχ) +Oq(χ̂) +Oq(η) +Oq( |Ωω) +Oq(qΩ), q = 0, 1,

Oq := Oq(Ω trχ) +Oq(χ̂) +Oq(η) +Oq( |Ωω), q = 0, 1,

where
Oq(Γ) := sup

p∈[2,4]
sup
K

Op,S
q (Γ)(u, u).

It remains to define Op,S
q (Γ)(u, u) for q = 0, 1:

Op,S
q (Ω trχ)(u, u) := |r2+q−

2
p |u| s−3

2 ∇q
Ω trχ|p,S(u,u),

Op,S
q (Ω trχ)(u, u) := |r2+q−

2
p |u| s−3

2 ∇q
Ω trχ|p,S(u,u),

Op,S
q (χ̂)(u, u) := |r2+q−

2
p |u| s−3

2 ∇qχ̂|p,S(u,u),
Op,S
q (χ̂)(u, u) := |r1+q−

2
p |u| s−1

2 ∇qχ̂|p,S(u,u),
Op,S
q (η)(u, u) := |r2+q−

2
p |u| s−3

2 ∇qη|p,S(u,u),
Op,S
q (η)(u, u) := |r2+q−

2
p |u| s−3

2 ∇qη|p,S(u,u),
Op,S

0 (Ωω)(u, u) := |r2−
2
pΩω|p,S(u,u),

Op,S
0 (Ωω)(u, u) := |r2−

2
pΩω|p,S(u,u),

Op,S
q ( |Ωω)(u, u) := |r2+

s−3
6

− 2
p |u| s−3

3 (r∇)q |Ωω|p,S(u,u),
Op,S
q ( |Ωω)(u, u) := |r1−

2
p |u| s−1

2 (r∇)q |Ωω|p,S(u,u),
Op,S
q (qΩ)(u, u) := |r1−

2
p |u| s−3

2 (r∇)qqΩ|p,S(u,u).

We also define

Ŏ :=
1∑
q=0

Ä
Oq(Ω trχ) +Oq(η) +Oq(qΩ)

ä
+ sup

K
r

∣∣∣∣Ω− 1

2

∣∣∣∣+ sup
K
r2
∣∣∣∣Ω trχ− 1

r

∣∣∣∣ ,
which appears in sections 5 and 6.2.

3.1.3 O(Σ0 \K)-norms and R0-norms (Initial data on the foliation of K)

Notice that for every u, there exists a unique leaf S(u0(u), u) of Cu, which located in the future
of Σ0 \K and touches Σ0 \K. Moreover, we have

S(u0(u), u) ⊂ K(0).
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The following norms are defined on the union of spheres S(u0(u), u). We define

O(Σ0 \K) := O1(Σ0 \K) +O0(Σ0 \K) +O0(Σ0 \K)(Ωω) + sup
u

∣∣∣∣r2 ÅΩ trχ+
1

r

ã∣∣∣∣ ,
where

Oq(Σ0 \K) :=
∑

Γ∈{ Ω−1 trχ, η,}Ωω}

Oq(Σ0 \K)(Γ), q = 0, 1,

with

Oq(Σ0 \K)(Γ) := sup
p∈[2,4]

sup
u

Op,S
q (Σ0 \K)(Γ)(u).

It remains to define Op,S
q (Σ0 \K)(Γ)(u):

Op,S
q (Σ0 \K)( Ω−1 trχ)(u) := |r

s+1
2

− 2
p (r∇)q Ω−1 trχ|p,S(u0(u),u),

Op,S
q (Σ0 \K)(η)(u) := |r

s+1
2

− 2
p (r∇)qη|p,S(u0(u),u),

Op,S
0 (Σ0 \K)(Ωω)(u) := |r2−

2
pΩω|p,S(u0(u),u),

Op,S
q (Σ0 \K)( |Ωω)(u) := |r

s+1
2

− 2
p (r∇)q |Ωω|p,S(u0(u),u).

We also define

Ŏ(Σ0 \K) :=
1∑
q=0

Ä
Oq(Σ0 \K)( Ω−1 trχ) +Oq(Σ0 \K)( |Ωω)

ä
+O0(Σ0 \K)(Ωω),

which appears in sections 5 and 6.2.

We can extend the foliation (u, u) to a neighborhood of Σ0 \ K in J−(Σ0 \ K)5 such that it
is well defined on Σ0 \K. The curvature flux on Σ0 \K is defined by:

R2
0 :=

∫
Σ0\K

1∑
l=0

rs
Ä
|dlα|2 + |dlβ|2 + |dl(ρ̌, σ)|2 + |dlβ|2 + |dlα|2

ä
+ sup

Σ0\K
|r3ρ|2, (3.2)

with

d := (r∇, r∇3, r∇4).

3.1.4 O∗(C∗) norms (Ricci coefficients on the last slice)

We define the following norms on the last slice C∗ in the foliation (u, u) of K. We denote

O∗(C∗) := O∗
1 +O∗

0 + sup
C∗

∣∣∣∣r2 Åtrχ− 2

r

ã∣∣∣∣+O∗
2(}trχ),

where

O∗
q := O∗

q(}trχ) +O∗
q(χ̂) +O∗

q(}trχ) +O∗
q(χ̂) +O∗

q(ζ),

with

O∗
q(Γ) := sup

p∈[2,4]
sup
C∗

O∗p,S
q (Γ).

5Recall that J−(Σ0 \K) denotes the causal past of Σ0 \K.
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It remains to define O∗p,S
q (Γ):

O∗p,S
q (χ̂) := |r2−

2
p |u| s−3

2 (r∇)qχ̂|p,S(u,u∗),
O∗p,S
q (χ̂) := |r1−

2
p |u| s−1

2 (r∇)qχ̂|p,S(u,u∗),
O∗p,S
q (}trχ) := |r2−

2
p |u| s−3

2 (r∇)q}trχ|p,S(u,u∗),
O∗p,S
q (}trχ) := |r2−

2
p |u| s−3

2 (r∇)q}trχ|p,S(u,u∗),
O∗p,S
q (ζ) := |r2−

2
p |u| s−3

2 (r∇)qζ|p,S(u,u∗).

3.1.5 O(0) and R(0) norms (Initial data on the foliation of K(0))

In this section, all the norms are defined by the initial layer foliation (u(0), u) in K(0). We define

O(0) :=
∑
Γ(0)

O(0)(Γ(0)) + sup
K(0)

∣∣∣∣∣r2(0)
Ç
trχ(0) −

2

r(0)

å∣∣∣∣∣+ sup
K(0)

∣∣∣∣∣r2(0)
Ç
trχ

(0)
+

2

r(0)

å∣∣∣∣∣
+ sup

K(0)

∣∣∣r2(0)ω(0)

∣∣∣+ sup
K(0)

∣∣∣r2(0)ω(0)

∣∣∣+ sup
K(0)

∣∣∣∣r(0) ÅΩ(0) −
1

2

ã∣∣∣∣ ,
where

O(0)(Γ(0)) :=

2∑
q=0

sup
K(0)

sup
p∈[2,4]

∣∣∣∣r s+1
2

− 2
p

(0) (r(0)∇)qΓ(0)

∣∣∣∣
p,S(0)(u(0),u)

,

with

Γ(0) ∈ {}trχ(0), }trχ
(0)
, χ̂(0), χ̂(0)

, η(0), η(0), qω(0), qω(0)}.

We define the curvature flux on the initial hypersurface:

R2
(0) :=

2∑
l=0

∫
Σ0\K

rs(0)

∣∣∣dl(0) (α(0), β(0), ρ̌(0), σ(0), β(0), α(0)

)∣∣∣2 + sup
Σ0\K

|r3(0)ρ(0)|,

where

d(0) := {r(0)∇3, r(0)∇4, r(0)∇}. (3.3)

3.1.6 Osc–norms (Oscillation control)

We have two foliations (u, u) and (u(0), u) in the initial layer K(0) which will be compared using
Osc–norms. We denote (f, λ) the change of frame from (u, u) to (u(0), u), defined in Lemma 6.1
in section 6.1.1. We define

Osc := Osc(f) + Osc(λ) + Osc(r),

where

Osc(f) = sup
K(0)

∣∣∣r s−1
2 d≤1f

∣∣∣ , Osc(λ) = sup
K(0)

r|
◦
λ |, Osc(r) := sup

K(0)

|r(0) − r|,

with

◦
λ := λ− 1, d := {r∇3, r∇4, r∇}.

See Definition 6.9 in section 6.4 for a generalized definition of Osc–norms.
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3.2 Main theorem

The goal of this paper is to prove the following theorem, which provides a new proof of the
seminal result obtained by Klainerman and Nicolò in [29].

Theorem 3.1 (Main Theorem). Consider an initial data set (Σ0, g, k) s–asymptotically flat in
the sense of Definition 1.2 with s > 3. Assume that we have the following control of the initial
layer region K(0) defined in section 2.1.2

O(0) ≤ ε0, R(0) ≤ ε0, (3.4)

where O(0), R(0) are defined in section 3.1.5 and ε0 > 0 is small enough.

Then, the initial layer K(0) has a unique development (M,g) in its future domain of depen-
dence with the following properties:

1. (M,g) can be foliated by a double null foliation (u, u). Moreover, the outgoing cones Cu
are complete for all u ≤ u0.

2. The norms O and R defined in section 3.1 for s ∈ [4, 6], and in sections B.1 and C.1
respectively for s ∈ (3, 4) and s > 6 satisfy

O ≲ ϵ0, R ≲ ϵ0. (3.5)

Remark 3.2. Theorem 3.1 contains also a number of important conclusions following from
(3.5): peeling properties, complete future infinity, Bondi mass formula and so on, see Chapter 8
in [29].

Remark 3.3. Theorem 3.1 is proved in section 3.4 for s ∈ [4, 6], and extended to s ∈ (3, 4) and
s > 6 in Appendices B and C.

The proof of Theorem 3.1 is given in section 3.4. It hinges on a sequence of basic theorems
stated in section 3.3, concerning estimates for O and R norms.

We choose ε0 and ε small enough such that

ε≪ δ0 < 1, ε := ε
2
3
0 ,

where we recall that δ0 is the height of the initial layer, see (2.14). Here, A ≪ B means that
CA < B where C is the largest universal constant among all the constants involved in the proof
via ≲.

3.3 Main intermediate results

The following lemma provides comparisons between r(0), r, w, u(0), u, u.

Lemma 3.4. Under the assumptions

O(0) ≤ ε0, O ≤ ε, Osc ≤ ε, (3.6)

we have in the initial layer region K(0)

|r(0) − w| ≲ ε0 log r(0), |u(0) − u| ≲ ε log r(0), (3.7)

and in the bootstrap region K ∣∣∣∣r − u− u

2

∣∣∣∣ ≲ ε log r. (3.8)
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Proof. See Appendix A.

Remark 3.5. Recall that we have |u| ≤ u, and u < 0 in K. Together with (3.8), this yields

|u| ≤ u ≃ r in K. (3.9)

In the sequel, we will use (3.7), (3.8) and (3.9) frequently without explicitly mentioning them.

The following theorems are important intermediate steps in the proof of Theorem 3.1.

Theorem M0. Under the assumptions

O(0) ≤ ε0, R(0) ≤ ε0, O ≤ ε, Osc ≤ ε,

we have
R0 ≲ ε0, Ŏ(Σ0 \K) ≲ ε0. (3.10)

If in addition we assume that
Ŏ ≲ ε0,

then, we have
Osc ≲ ε0, O(Σ0 \K) ≲ ε0. (3.11)

Theorem M0 is proved in section 6.2. The proof is based on null frame transformation formulae
introduced by Klainerman and Szeftel in [34], see Proposition 6.2 in section 6.1.1.

Remark 3.6. The second part of Theorem M0 implies that we need an estimate for Ŏ to control
Osc. To this end, we first estimate the quantities in Ŏ(Σ0 \K), which are nonlinearly dependent
on Osc. Next, we apply them as initial data to estimate part of the Ricci coefficients, i.e. Ŏ,
see (3.17) in Theorem M3. Then, we obtain the oscillation control, which allows us to estimate
all the initial data, i.e. the control (3.11) for O(Σ0 \K).

Theorem M1. Assume that

O(0) ≤ ε0, O ≤ ϵ, RS
0 ≤ ϵ. (3.12)

Then, we have
R ≲ R0. (3.13)

Theorem M1 is proved in section 4. The proof is based on the rp–weighted method introduced
by Dafermos and Rodnianski in [13].

Theorem M2. Assume that

O∗(C∗) ≤ ϵ, RS
0 ≤ ∆0, O(0)(Σ0 ∩ C∗) ≤ I0. (3.14)

Then, we have
O∗(C∗) ≲ ∆0 + I0 + ϵ2. (3.15)

Theorem M2 is proved in section 6.3. The proof is done by integrating the transport equations
along the null generator L of the last slice C∗ and applying elliptic estimates on 2–spheres of
the geodesic foliation of C∗.

Theorem M3. Assume that

O ≤ ϵ, RS
0 +RS

0 ≤ ∆0, O∗(C∗) ≤ I∗, Ŏ(Σ0 \K) ≤ Ĭ0, (3.16)

then, we have
Ŏ ≲ Ĭ0 + I∗ +∆0 + ϵ2. (3.17)

If we assume in addition that
O(Σ0 \K) ≤ I0, (3.18)

then, we have
O ≲ I0 + I∗ +∆0 + ϵ2. (3.19)
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Theorem M3 is proved in section 5. The proof is done by integrating the transport equations
along the outgoing and incoming null cones and applying elliptic estimate on 2–spheres of the
double null foliation of the spacetime K.

Theorem M4. We consider the spacetime K and its double null foliation (u, u), which satisfy
the hypotheses

O ≲ ϵ0, R ≲ ϵ0, Osc ≲ ε0. (3.20)

Then, we can extend the spacetime K = V (u0, u∗) and the double null foliation (u, u) to a new

spacetime ÛK = ÙV (u0, u∗+ν), where ν is sufficiently small, and an associated double null foliation
(Ûu, u). Moreover, the new foliation (Ûu, u) is geodesic on the new last slice C∗∗ := Cu∗+ν and the
new norms satisfy ÙO ≲ ε0, ÙR ≲ ε0, Õsc ≲ ε0. (3.21)

Theorem M4 is proved in section 6.4. The proof is based on local existence, and the null frame
transformation formulas of Proposition 6.2. We also need to reapply Theorems M1, M2 and M3
in the extended spacetime region ÛK.

Remark 3.7. When compared to [29], we have the following similarities and differences:

1. We treat the general decay s > 3 in Theorem 3.1 while the main result of [29]6 correspond
to the particular case s = 4 in Theorem 3.1.

2. In [29], third order derivatives of Ricci coefficients and second order derivatives of cur-
vature are estimated. In this paper, we only estimate first order derivative of both Ricci
coefficients and curvature respectively in Theorems M0-M2-M3 and M1.

3. To estimate the curvature components in Theorem M1, instead of using vectorfield method
as in [29], we use the rp–weighted estimates introduced by Dafermos and Rodnianski in
[13].

4. On the last slice C∗, a canonical foliation is used in [29] while we use a geodesic foliation
in Theorem M2.

5. The estimates of Ricci coefficients and the extension argument, i.e. the proof of Theorems
M3 and M4, are similar to [29].

3.4 Proof of the main theorem

We now use Theorems M0–M4 to prove Theorem 3.1.

Definition 3.8. Let ℵ(u∗) the set of spacetimes K associated with a double null foliation (u, u)
which satisfy the following properties:

1. K = V (u0, u∗).

2. The foliation on C∗ is geodesic.

3. We have the following bootstrap bounds:

O ≤ ϵ, R ≤ ε, Osc ≤ ε. (3.22)

Definition 3.9. We denote U the set of values u∗ such that ℵ(u∗) ̸= ∅.
6We also reobtain the strong peeling properties of [30] that correspond to s > 7.
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Applying the local existence result of Theorem 10.2.1 in [10] and the assumption O(0) ≤ ε0, we
deduce that (3.22) holds if u∗ is sufficiently small. So, we have U ̸= ∅.

Define u∗ to be the supremum of the set U . We want to prove u∗ = +∞. We assume by
contradiction that u∗ is finite. In particular we may assume u∗ ∈ U . We consider the region
K = V (u0, u∗). Recall that we have

O(0) ≤ ε0, R(0) ≤ ε0, (3.23)

according to the assumptions of Theorem 3.1. Applying Theorems M0 and M1, we obtain

R ≲ R0 ≲ ε0, Ŏ(Σ0 \K) ≲ ε0. (3.24)

Then, applying Theorem M2 and the hypothesis O ≤ ϵ, we obtain7

O∗(C∗) ≲ ε0.

In view of the above, the quantities in Theorem M3 satisfy the following conditions:

I∗ ≲ ε0, ∆0 ≲ ε0, Ĭ0 ≲ ε0.

Applying the first part of Theorem M3, we obtain

Ŏ ≲ ε0. (3.25)

Then, we can apply the second part of Theorem M0 to deduce

Osc ≲ ε0, O(Σ0 \K) ≲ ε0. (3.26)

Note that (3.26) implies I0 ≤ ε0 where I0 is defined in Theorem M3. Thus, we may apply the
second part of Theorem M3 to obtain

O ≲ ε0. (3.27)

Notice that (3.24), (3.26) and (3.27) implies that we can apply Theorem M4 to extend K toÛK := ÙV (u0, u∗ + ν) for a ν sufficiently small. We denote ÙO and ÙR the norms associated to the
new foliation (Ûu, u). We have ÙO ≲ ε0, ÙR ≲ ε0, Õsc ≲ ε0,

as a consequence of Theorem M4. We deduce that ÙV (u0, u∗ + ν) with the double null foliation
(Ûu, u) satisfies all the properties in Definition 3.8, and so ℵ(u∗+ν) ̸= ∅, which is a contradiction.
Thus, we have u∗ = +∞, which implies property 1 of Theorem 3.1. Moreover, we have

O ≲ ε0, R ≲ ε0, (3.28)

in the whole exterior region, which implies property 2 of Theorem 3.1. This concludes the proof
of Theorem 3.1.

4 Curvature estimates (Theorem M1)

In this section, we prove Theorem M1 by the rp–weighted estimate method introduced in [13]
and applied to Bianchi equations in [22] and [33]. For convenience, we recall the statement
below.
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Figure 2.2: Domain of integration V (u, u)

Theorem M1. Assume that

O(0) ≤ ε0, O ≤ ϵ, RS
0 ≤ ϵ, Osc ≤ ε. (4.1)

Then, we have

R ≲ R0. (4.2)

Lemma 4.1. We have the following estimates:

|Γg| ≲
ϵ

r2|u| s−3
2

, |Γb| ≲
ϵ

r|u| s−1
2

, |Γa| ≲
ϵ

r2
, (4.3)

and

|r2−
2
p |u| s−3

2 Γ(1)
g |p,S ≲ ε, |r1−

2
p |u| s−1

2 Γ
(1)
b |p,S ≲ ε, p ∈ [2, 4]. (4.4)

Proof. It follows directly from the assumption O ≤ ε, Definition 2.14 and the Sobolev inequality
of Proposition 2.29.

4.1 Estimates for general Bianchi pairs

The following lemma provides the general structure of Bianchi pairs. It will be used repeatedly
in this section. See Lemma 8.24 in [33] for an analog version under the assumption of axial
polarization.

Lemma 4.2. Let k = 1, 2 and a(1), a(2) real numbers. Then, we have the following properties.

1. If ψ(1), h(1) ∈ sk and ψ(2), h(2) ∈ sk−1 satisfying

∇3(ψ(1)) + a(1) trχψ(1) = −kd∗k(ψ(2)) + h(1),

∇4(ψ(2)) + a(2) trχψ(2) = dk(ψ(1)) + h(2).
(4.5)

7By definition, O ≤ ε implies O∗(C∗) ≤ ε.
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Then, the pair (ψ(1), ψ(2)) satisfies for any real number p

Div(rp|ψ(1)|2e3) + kDiv(rp|ψ(2)|2e4)
+
(
2a(1) − 1− p

2

)
rp trχ|ψ(1)|2 + k

(
2a(2) − 1− p

2

)
rp trχ|ψ(2)|2

=2krp div(ψ(1) · ψ(2)) + 2rpψ(1) · h(1) + 2krpψ(2) · h(2) − 2rpω|ψ(1)|2

−2krpω|ψ(2)|2 + prp−1
(
e3(r)−

r

2
trχ
)
|ψ(1)|2 + kprp−1

(
e4(r)−

r

2
trχ
)
|ψ(2)|2.

(4.6)

2. If ψ(1), h(1) ∈ sk−1 and ψ(2), h(2) ∈ sk satisfying

∇3(ψ(1)) + a(1) trχψ(1) = dk(ψ(2)) + h(1),

∇4(ψ(2)) + a(2) trχψ(2) = −kd∗k(ψ(1)) + h(2).
(4.7)

Then, the pair (ψ(1), ψ(2)) satisfies for any real number p

kDiv(rp|ψ(1)|2e3) +Div(rp|ψ(2)|2e4)
+k
(
2a(1) − 1− p

2

)
rp trχ|ψ(1)|2 +

(
2a(2) − 1− p

2

)
rp trχ|ψ(2)|2

=2rp div(ψ(1) · ψ(2)) + 2krpψ(1) · h(1) + 2rpψ(2) · h(2) − 2krpω|ψ(1)|2

−2rpω|ψ(2)|2 + kprp−1
(
e3(r)−

r

2
trχ
)
|ψ(1)|2 + prp−1

(
e4(r)−

r

2
trχ
)
|ψ(2)|2.

(4.8)

Remark 4.3. Note that the Bianchi equations can be written as systems of equations of the type
(4.5) and (4.7). In particular

• the Bianchi pair (α, β) satisfies (4.5) with k = 2, a(1) =
1
2 , a(2) = 2,

• the Bianchi pair (β, (ρ̌,−σ)) satisfies (4.5) with k = 1, a(1) = 1, a(2) =
3
2 ,

• the Bianchi pair ((ρ̌, σ), β) satisfies (4.7) with k = 1, a(1) =
3
2 , a(2) = 1,

• the Bianchi pair (β, α) satisfies (4.7) with k = 2, a(1) = 2, a(2) =
1
2 .

Proof. By a direct computation, we have

Dive4 = Dγe
γ
4 = −1

2
g(D4e4, e3)−

1

2
g(D3e4, e4) + gABg(DAe4, eB) = −2ω + trχ,

and similarly

Dive3 = −2ω + trχ.

For ψ(1) and ψ(2) satisfying (4.5), we compute

Div(rp|ψ(1)|2e3) + kDiv(rp|ψ(2)|2e4)
=∇3(r

p|ψ(1)|2) +Div(e3)r
p|ψ(1)|2 + k∇4(r

p|ψ(2)|2) + kDiv(e4)r
p|ψ(2)|2

=prp−1e3(r)|ψ(1)|2 + 2rpψ(1) · ∇3ψ(1) + rp(trχ− 2ω)|ψ(1)|2

+kprp−1e4(r)|ψ(2)|2 + 2krpψ(2) · ∇4ψ(2) + krp(trχ− 2ω)|ψ(2)|2

=prp−1e3(r)|ψ(1)|2 + 2rpψ(1) ·
(
−a(1) trχψ(1) − kd∗kψ(2) + h(1)

)
+ rp trχ|ψ(1)|2 − 2rpω|ψ(1)|2

+kprp−1e4(r)|ψ(2)|2 + 2krpψ(2) ·
(
−a(2) trχψ(2) + dkψ(1) + h(2)

)
+ krp trχ|ψ(2)|2 − 2krpω|ψ(2)|2

=prp−1
(
e3(r)−

r

2
trχ
)
|ψ(1)|2 + 2rpψ(1) ·

(
−kd∗kψ(2) + h(1)

)
+
(
1− 2a(1) +

p

2

)
rp trχ|ψ(1)|2
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+kprp−1
(
e4(r)−

r

2
trχ
)
|ψ(2)|2 + 2krpψ(2) ·

(
dkψ(1) + h(2)

)
+
(
1− 2a(2) +

p

2

)
krp trχ|ψ(2)|2

−2rpω|ψ(1)|2 − 2krpω|ψ(2)|2

=2k div(ψ(1) · ψ(2)) + prp−1
(
e3(r)−

r

2
trχ
)
|ψ(1)|2 + kprp−1

(
e4(r)−

r

2
trχ
)
|ψ(2)|2

+2rpψ(1) · h(1) + 2krpψ(2) · h(2) +
(
1− 2a(1) +

p

2

)
rp trχ|ψ(1)|2 +

(
1− 2a(2) +

p

2

)
krp trχ|ψ(2)|2

−2krpω|ψ(2)|2 − 2rpω|ψ(1)|2.

Then, we obtain

Div(rp|ψ(1)|2e3) + kDiv(rp|ψ(2)|2e4) +
(
2a(1) − 1− p

2

)
rp trχ|ψ(1)|2 +

(
2a(2) − 1− p

2

)
krp trχ|ψ(2)|2

= 2krp div(ψ(1) · ψ(2)) + 2rpψ(1) · h(1) + 2krpψ(2) · h(2) − 2rpω|ψ(1)|2 − 2krpω|ψ(2)|2

+ prp−1
(
e3(r)−

r

2
trχ
)
|ψ(1)|2 + kprp−1

(
e4(r)−

r

2
trχ
)
|ψ(2)|2,

which implies (4.6). The proof of (4.8) is similar and left to the reader. This concludes the
proof of Lemma 4.2.

Proposition 4.4. We denote

V := V (u, u), CVu := Cu ∩ V, CVu := Cu ∩ V. (4.9)

For ψ(1), ψ(2) and h(1), h(2) satisfying (4.5) or (4.7), we have the following properties for q = 0, 1
and all (u, u) ∈ K.

• In the case of 2 + p− 4a(1) > 0 and 4a(2) − 2− p > 0, we have∫
CV

u

rp|ψ(q)
(1)|

2 +

∫
CV

u

rp|ψ(q)
(2)|

2 +

∫
V
rp−1|ψ(q)

(1)|
2 + rp−1|ψ(q)

(2)|
2

≲
∫
Σ0∩V

rp|ψ(q)
(1)|

2 + rp|ψ(q)
(2)|

2 +

∫
V
rp|ψ(q)

(1)||h
(q)
(1)|+ rp|ψ(q)

(2)||h
(q)
(2)|.

(4.10)

• In the case of 2 + p− 4a(1) > 0 and 4a(2) − 2− p = 0, we have∫
CV

u

rp|ψ(q)
(1)|

2 +

∫
CV

u

rp|ψ(q)
(2)|

2 +

∫
V
rp−1|ψ(q)

(1)|
2

≲
∫
Σ0∩V

rp|ψ(q)
(1)|

2 + rp|ψ(q)
(2)|

2 +

∫
V
rp|ψ(q)

(1)||h
(q)
(1)|+ rp|ψ(q)

(2)||h
(q)
(2)|.

(4.11)

• In the case of 2 + p− 4a(1) ≤ 0 and 4a(2) − 2− p ≥ 0, we have∫
CV

u

rp|ψ(q)
(1)|

2 +

∫
CV

u

rp|ψ(q)
(2)|

2

≲
∫
Σ0∩V

rp|ψ(q)
(1)|

2 + rp|ψ(q)
(2)|

2 +

∫
V
rp−1|ψ(q)

(1)|
2 + rp|ψ(q)

(1)||h
(q)
(1)|+ rp|ψ(q)

(2)||h
(q)
(2)|.

(4.12)

• In the case of 2 + p− 4a(1) > 0 and 4a(2) − 2− p ≤ 0, we have∫
CV

u

rp|ψ(q)
(1)|

2 +

∫
CV

u

rp|ψ(q)
(2)|

2 +

∫
V
rp−1|ψ(q)

(1)|
2

≲
∫
Σ0∩V

rp|ψ(q)
(1)|

2 + rp|ψ(q)
(2)|

2 +

∫
V
rp−1|ψ(q)

(2)|
2 + rp|ψ(q)

(1)||h
(q)
(1)|+ rp|ψ(q)

(2)||h
(q)
(2)|.

(4.13)
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Remark 4.5. In the sequel, For a sum of terms of the form Γ ·R(1), we ignore the terms have
same or even better decay. For example, we write

Γa · β(1) + Γa · α(1) = Γa · β(1),

since α(1) decays better than β(1).

Proof. Recall that ω, ω ∈ Γa. Applying Lemma 2.4, we obtain

e3(r)−
r

2
trχ =

Ωtrχ

2Ω
r − r

2
trχ =

r

2Ω
(Ω trχ− Ω trχ) ∈ rΓg,

and similarly

e4(r)−
r

2
trχ ∈ rΓg.

Applying (4.3), we infer∫
V
rp|Γa|

(
|ψ(1)|2 + |ψ(2)|2

)
≲ ε

∫
V
rp−2

(
|ψ(1)|2 + |ψ(2)|2

)
≲ ε

∫ u

u0(u)

Ç
|u|−2

∫
CV

u

rp|ψ(1)|2
å
du+ ε

∫ u

|u0|

(
|u|−2

∫
CV

u

rp|ψ(2)|2
)
du

≲ ε sup
u

Ç∫
CV

u

rp|ψ(1)|2
å∫ u

u0(u)
|u|−2du+ ε sup

u

(∫
CV

u

rp|ψ(2)|2
)∫ u

|u0|
|u|−2du

≲ ε sup
u

Ç∫
CV

u

rp|ψ(1)|2
å

+ ε sup
u

(∫
CV

u

rp|ψ(2)|2
)
.

(4.14)

Integrating (4.6) or (4.8), reminding that trχ− 2
r ∈ Γa, trχ+

2
r ∈ Γa, and that Γg decays better

than Γa, we obtain∫
CV

u

rp|ψ(1)|2 +
∫
CV

u

rp|ψ(2)|2 +
∫
V
(2 + p− 4a(1))r

p−1|ψ(1)|2 + (4a(2) − 2− p)rp−1|ψ(2)|2

≲
∫
Σ0∩V

rp|ψ(1)|2 + rp|ψ(2)|2 +
∫
V
rp|ψ(1)||h(1)|+ rp|ψ(2)||h(2)|+ rp|Γa||ψ(1)|2 + rp|Γa||ψ(2)|2.

Taking the supremum of u and u and applying (4.14), we obtain for ε small enough

sup
u

∫
CV

u

rp|ψ(1)|2 + sup
u

∫
CV

u

rp|ψ(2)|2

+

∫
V
(2 + p− 4a(1))r

p−1|ψ(1)|2 + (4a(2) − 2− p)rp−1|ψ(2)|2

≲
∫
Σ0∩V

rp|ψ(1)|2 + rp|ψ(2)|2 +
∫
V
rp|ψ(1)||h(1)|+ rp|ψ(2)||h(2)|,

(4.15)

which implies (4.10)–(4.13) hold in correspond cases when q = 0.

Next, we consider the case q = 1. Assume that (ψ(1), ψ(2)) satisfies (4.5).
8 We multiply (4.5) by

8The case of (ψ(1), ψ(2)) satisfies (4.7) is similar.
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Ω and differentiate it by d/ to obtain

[ d/,Ω∇3]ψ(1) +Ω∇3( d/ψ(1)) + a(1)r∇(Ω trχ) · ψ(1) + a(1)Ω trχ d/ψ(1)

=− k(r∇Ω)d∗k(ψ(2))− kΩd∗k( d/ψ(2)) + (r∇Ω)h(1) +Ω d/h(1),

[ d/,Ω∇4]ψ(2) +Ω∇4( d/ψ(2)) + a(2)r∇(Ω trχ) · ψ(2) + a(2)Ω trχ d/ψ(2)

=(r∇Ω)dk(ψ(1)) + Ωdk( d/ψ(1)) + (r∇Ω) · h(2) +Ω d/h(2).

Applying Proposition 2.24, we infer

∇3( d/ψ(1)) + a(1) trχ d/ψ(1) = −kd∗k( d/ψ(2)) + h
(1)
(1) + (Γb · ψ(1))

(1) + (Γg · ψ(2))
(1),

∇4( d/ψ(2)) + a(2) trχ d/ψ(2) = d∗k( d/ψ(1)) + h
(1)
(2) +

(
Γg · (ψ(1), ψ(2))

)(1)
.

(4.16)

Integrating (4.16), and proceeding similarly as in (4.14), we deduce

sup
u

∫
CV

u

rp| d/ψ(1)|2 + sup
u

∫
CV

u

rp| d/ψ(2)|2

+

∫
V
(2 + p− 4a(1))r

p−1| d/ψ(1)|2 + (4a(2) − 2− p)rp−1| d/ψ(2)|2

≲
∫
Σ0∩V

rp|ψ(1)
(1)|

2 + rp|ψ(1)
(2)|

2 +

∫
V
rp|ψ(1)

(1)||h
(1)
(1)|+ rp|ψ(1)

(2)||h
(1)
(2)|.

(4.17)

Combining (4.15) and (4.17), this concludes the proof of Proposition 4.4.

The following lemma allows us to obtain |u|–decay of curvature along Σ0 ∩ V (u, u∗).

Lemma 4.6. We have the following estimate for p ≤ s:∫
Σ0∩V (u,u)

rp
Ä
|α(1)|2 + |β(1)|2 + |(ρ̌(1), σ(1))|2 + |β(1)|2 + |α(1)|2

ä
≲

R2
0

|u|s−p .

Proof. For fixed u and u, we have from Lemma 3.4∫
Σ0∩V (u,u)

rp
Ä
|α(1)|2 + |β(1)|2 + |(ρ̌(1), σ(1))|2 + |β(1)|2 + |α(1)|2

ä
≲
∫
Σ0∩{2|u′|≥|u|}

r′p
Ä
|α(1)|2 + |β(1)|2 + |(ρ̌(1), σ(1))|2 + |β(1)|2 + |α(1)|2

ä
≲
∫
Σ0∩{2|u′|≥|u|}

|u′|p−sr′s
Ä
|α(1)|2 + |β(1)|2 + |(ρ̌(1), σ(1))|2 + |β(1)|2 + |α(1)|2

ä
≲|u|p−s

∫
Σ0∩{2|u′|≥|u|}

r′s
Ä
|α(1)|2 + |β(1)|2 + |(ρ̌(1), σ(1))|2 + |β(1)|2 + |α(1)|2

ä
≲

R2
0

|u|s−p .

This concludes the proof of Lemma 4.6.

4.2 Estimates for the Bianchi pair (α, β)

Proposition 4.7. We have the following estimate:

R0[α]
2 +R0[β]

2 +R1[α]
2 +R1[β]

2 ≲ R2
0 + εR2. (4.18)
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Proof. We recall the following equations of Corollary 2.20:

∇4β + 2 trχβ = /d2α+ h[β4],

∇3α+
1

2
trχα = −2/d

∗
2β + h[α3],

(4.19)

which correspond to ψ(1) = α, ψ(2) = β, a(1) =
1
2 , a(2) = 2, h(1) = h[α3], h(2) = h[β4] and k = 2

in (4.5). Taking p = s and recalling that s ∈ [4, 6], we have

2 + p− 4a(1) = s > 0, 4a(2) − 2− p = 6− s ≥ 0. (4.20)

We apply (4.10) to obtain∫
CV

u

rs|α(1)|2 +
∫
CV

u

rs|β(1)|2 +
∫
V
rs−1|α(1)|2

≲
∫
Σ0∩V

rs|α(1)|2 + rs|β(1)|2 +
∫
V
rs|α(1)||h[α3]

(1)|+ rs|β(1)||h[β4](1)|.

It remains to estimate |α(1)||h[α3]
(1)| and |β(1)||h[β4](1)|. Recalling from Corollary 2.20 that9

h[α3] = 4ωα+ Γg · ρ, h[β4] = (Γa,Γg) · β, (4.21)

we have10

|α(1)||h[α3]
(1)|+ |β(1)||h[β4](1)| ≲ |Γ(1)

b ||α(1)||α|+ |Γa||β(1)|2 + |Γg||α(1)||ρ(1)|+ |Γ(1)
g ||α||ρ|.

Applying (4.3) to estimate Γ
(1)
b , we have

∫
V
rs|Γ(1)

b ||α(1)||α| ≲
∫ u

u0(u)

Ç∫
CV

u

rs|α(1)|2
å 1

2
Ç∫

CV
u

rs|Γ(1)
b |2|α|2

å 1
2

du

≲ R
∫ u

u0(u)

Ç∫ u

|u|

Ç∫
S(u,u)

rs|Γ(1)
b |2|α|2

å
du

å 1
2

du

≲ R
∫ u

u0(u)

Ç∫ u

|u|
r−3|u|1−s|r 1

2 |u| s−1
2 Γ

(1)
b |24,S |r

s+2
2 α|24,Sdu

å 1
2

du

≲ εR2

∫ u

u0(u)

Ç∫ u

|u|
r−3|u|1−sdu

å 1
2

du

≲ εR2

∫ u

u0(u)
|u|−1|u| 1−s

2 du ≲ εR2.

(4.22)

Applying (4.3) to estimate Γa, we infer

∫
V
rs|Γa||β(1)|2 ≲ ε

∫
V
rs−2|β(1)|2 ≲ ε

∫ u

|u0|
|u|−2du

(∫
CV

u

rs|β(1)|2
)

≲ εR2. (4.23)

9We used the fact that σ, β decay better than ρ.
10We ignore the terms which decay better.
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Applying (4.3) to estimate Γg, we infer

∫
V
rs|Γg||ρ(1)||α(1)| ≲

∫ u

u0(u)

ε

|u| s−3
2

Ç∫
CV

u

rs|α(1)|2
å 1

2
Ç∫

CV
u

rs−4|ρ(1)|2
å 1

2

du

≲
∫ u

u0(u)

εR
|u| s−3

2

Ç∫ u

|u|
rs−8du

∫
S
|r2ρ(1)|2

å 1
2

du

≲
∫ u

u0(u)

εR2

|u| s−3
2

Ç∫ u

|u|
rs−8du

å 1
2

du

≲
∫ u

u0(u)

εR2

|u| s−3
2

1

|u| 7−s
2

du ≲ εR2.

(4.24)

We also have∫
V
rs|Γ(1)

g ||ρ||α| ≲
∫ u

u0(u)

Ç∫
CV

u

rs|α|2
å 1

2
Ç∫

CV
u

rs|Γ(1)
g |2|ρ|2

å 1
2

du

≲ R
∫ u

u0(u)

Ç∫ u

|u|

Ç∫
S(u,u)

rs|Γ(1)
g |2|ρ|2

å
du

å 1
2

du

≲ R
∫ u

u0(u)

Ç∫ u

|u|
rs−8|u|3−s|r 3

2 |u| s−3
2 Γ(1)

g |24,S |r
5
2 ρ|24,Sdu

å 1
2

du

≲ εR2

∫ u

u0(u)

Ç∫ u

|u|
rs−8|u|3−sdu

å 1
2

du

≲ εR2

∫ u

u0(u)
|u| s−7

2 |u| 3−s
2 du ≲ εR2.

(4.25)

Thus, we obtain ∫
CV

u

rs|α(1)|2 +
∫
CV

u

rs|β(1)|2 +
∫
V
rs−1|α(1)|2 ≲ R2

0 + εR2. (4.26)

This concludes the proof of Proposition 4.7.

4.3 Estimates for the Bianchi pair (β, (ρ̌,−σ))

Proposition 4.8. We have the following estimate:

R0[β]
2 +R0[(ρ̌, σ)]

2 +R1[β]
2 +R1[(ρ̌, σ)]

2 ≲ R2
0 + εR2. (4.27)

Proof. We recall the following Bianchi equations

∇4qρ+
3

2
trχqρ = div β + h[ρ̌4],

∇4σ +
3

2
trχσ = −div ∗β + h[σ4],

∇3β + trχβ = ∇qρ+ ∗∇σ + h[β3],

which can be written in the form

∇4(ρ̌,−σ) +
3

2
trχ(ρ̌,−σ) = /d1β + h[ρ̌4, σ4],

∇3β + trχβ = −/d∗1(ρ̌,−σ) + h[β3],
(4.28)
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where h[ρ̌4, σ4] = (h[ρ̌4], h[σ4]). Applying (4.11) with ψ(1) = β, ψ(2) = (ρ̌, σ), a(1) = 1, a(2) =
3
2 ,

h(1) = h[β3], h(2) = h[ρ̌4, σ4] and p = 4, we obtain from Lemma 4.6∫
CV

u

r4|β(1)|2 +
∫
CV

u

r4|(ρ̌(1), σ(1))|2

≲
∫
Σ0∩V

Ä
r4|β(1)|2 + r4|(ρ̌(1), σ(1))|2

ä
+

∫
V
r4|β(1) · h[β3](1)|+

∫
V
r4|(ρ̌(1), σ(1)) · h[ρ̌4, σ4](1)|

≲|u|4−sR2
0 +

∫
V
r4|β(1) · h[β3](1)|+

∫
V
r4|(ρ̌(1), σ(1)) · h[ρ̌4, σ4](1)|.

(4.29)

Recall from Corollary 2.20 that

h[β3] = Γa · β + Γg · β, h[ρ̌4, σ4] = Γb · α+ Γg · ρ̌.

Hence, we have

h[β3]
(1) = Γa · β(1) + Γg · β(1) + Γ(1)

g · β, h[ρ̌4, σ4]
(1) = Γb · α(1) + Γg · ρ̌(1) + Γ

(1)
b · α+ Γ(1)

g · ρ̌.

Hence, we infer ∫
V
r4|β(1)||h[β3](1)|+ r4|(ρ̌, σ)(1)||h[ρ̌4, σ4](1)|

≲
∫
V
r4|Γa||β(1)|2 + r4|Γg||β(1)||β(1)|+ r4|Γ(1)

g ||β||β|.
(4.30)

For the first term in (4.30) we have∫
V
r4|Γa||β(1)|2 ≲ ε

∫ u

u0(u)
|u|−2du

Ç∫
CV

u

r4|β(1)|2
å

≲ εR2|u|4−s.

For the second term in (4.30), we infer∫
V
r4|Γg||β(1)||β(1)| ≲ ε

∫ u

u0(u)

1

|u| s−3
2

du

Ç∫
CV

u

r4|β(1)|2
å 1

2
Ç∫

CV
u

|β(1)|2
å 1

2

≲ ε

∫ u

u0(u)

du

|u| s−3
2

R
|u| s−4

2

R
|u| s2

≲
εR2

|u|s−4
.

For the third term in (4.30), we have∫
V
r4|Γ(1)

g ||β||β| ≲
∫
V
r4

ε

|u| s−1
2

|β|2 +
∫
V
r4|u| s−1

2 ε−1|Γ(1)
g |2|β|2

≲ ε

∫ u

u0(u)

du

|u| s−1
2

∫
CV

u

r4|β|2 +
∫ u

|u|
du

∫
CV

u

r4|u| s−1
2 ε−1|Γ(1)

g |2|β|2

≲ ε

∫ u

u0(u)

du

|u| s−1
2

R2

|u|s−4
+

∫ u

|u|
du

∫ u

u0(u)
r−2|u| s−1

2 ε−1|r 3
2Γ(1)

g |24,S |r
3
2β|24,Sdu

≲
εR2

|u| s−3
2 |u|s−4

+

∫ u

|u|
du

∫ u

u0(u)
r−2|u| s−1

2
εR2

|u|2s−4
du

≲
εR2

|u|s−4
+

εR2

|u| 32 s− 5
2

∫ u

|u|

du

r2

≲
εR2

|u|s−4
.
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Injecting all the estimates above into (4.30), we deduce∫
V
r4|β(1)||h[β3](1)|+ r4|(ρ̌(1), σ(1))||h[ρ̌4, σ4](1)| ≲ εR2|u|4−s.

Combining with (4.29), we obtain (4.27). This concludes the proof of Proposition 4.8.

4.4 Estimates for the Bianchi pair ((ρ̌, σ), β)

Proposition 4.9. We have the following estimates:

R0[(ρ̌, σ)]
2 +R0[β]

2 +R1[(ρ̌, σ)]
2 +R1[β]

2 ≲ R2
0 + ϵR2. (4.31)

Proof. We recall the following Bianchi equations:

∇4β + trχβ = /d
∗
1(ρ̌, σ) + h[β

4
],

∇3(ρ̌, σ) +
3

2
trχ(ρ̌, σ) = −/d1β + h[ρ̌3, σ3],

where

h[ρ̌3, σ3] := (h[ρ̌3], h[σ3]) = Γg · α, h[β
4
] = Γa · β. (4.32)

We apply (4.12) with ψ(1) = (ρ̌, σ), ψ(2) = β, a(1) = 1, a(2) =
3
2 , h(1) = h[ρ̌3, σ3], h(2) = h[β

4
]

and p = 2, we obtain from Lemma 4.6 and Proposition 4.8 that∫
CV

u

r2|(ρ̌(1), σ(1))|2 +
∫
CV

u

r2|β(1)|2

≲
∫
Σ0∩V

Ä
r2(ρ̌(1), σ(1))|2 + r2|β(1)|2

ä
+

∫
V
r|(ρ̌(1), σ(1))|2

+

∫
V
r2|(ρ̌(1), σ(1)) · h[ρ̌3, σ3](1)|+ r2|β(1) · h[β

4
](1)|

≲|u|2−sR2
0 +

∫ u

|u|
|u|−3du

∫
CV

u

r4|(ρ̌(1), σ(1))|2

+

∫
V
r2|(ρ̌(1), σ(1)) · h[ρ̌3, σ3](1)|+ r2|β(1) · h[β

4
](1)|

≲|u|2−sR2
0 + (R2

0 + εR2)

∫ u

|u|
|u|4−s|u|−3du

+

∫
V
r2|(ρ̌(1), σ(1)) · h[ρ̌3, σ3](1)|+ r2|β(1) · h[β

4
](1)|

≲|u|2−s(R2
0 + εR2) +

∫
V
r2|(ρ̌(1), σ(1)) · h[ρ̌3, σ3](1)|+ r2|β(1) · h[β

4
](1)|.

(4.33)

Applying (4.32) we obtain∫
V
r2|(ρ̌(1), σ(1)) · h[ρ̌3, σ3](1)|+ r2|β(1) · h[β

4
](1)|

≲
∫
V
r2|Γg||α(1)||ρ̌(1)|+ r2|Γa||β(1)|2 + |Γ(1)

g ||β|2.
(4.34)
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For the first term in (4.34), we infer∫
V
r2|Γg||α(1)||ρ̌(1)| ≲ ε

∫ u

|u|
du

∫
CV

u

|α(1)||ρ̌(1)|

≲ ε

∫ u

|u|

du

|u|2

(∫
CV

u

|α(1)|2
) 1

2
(∫

CV
u

r4|ρ̌(1)|2
) 1

2

≲ ε

∫ u

|u|

du

|u|2
R
|u| s2

R
|u| s−4

2

≲ εR2|u|2−s.

For the second term in (4.34), we have∫
V
r2|Γa||β(1)|2 ≲ ε

∫ u

|u|
|u|−2du

∫
CV

u

r2|β(1)|2 ≲ εR2|u|2−s
∫ u

|u|
|u|−2du ≲ εR2|u|2−s.

For the third term in (4.34), we infer

∫
V
r2|r∇Γg||β|2 ≲

∫ u

|u|
du

(∫
CV

u

r2|β|2
) 1

2
(∫

CV
u

r2|Γ(1)
g |2|β|2

) 1
2

≲
∫ u

|u|
du

R
|u| s−2

2

Ç∫ u

u0(u)

du

|u|4 |r
3
2Γ(1)

g |24,S |r
3
2β|24,S

å 1
2

≲ R
∫ u

|u|
du

1

|u| s−2
2

Ç∫ u

u0(u)

du

|u|4
ε2

|u|s−3

R2

|u|s−1

å 1
2

≲ εR2

∫ u

|u|
du

1

|u| s−2
2

1

|u|2
1

|u|s− 5
2

≲ εR2|u|2−s.

Thus, we obtain ∫
V
r2|(ρ̌(1), σ(1)) · h[ρ̌3, σ3](1)|+ r2|β(1) · h[β

4
](1)| ≲ εR2|u|2−s.

Combining with (4.33), we obtain (4.31). This concludes the proof of Proposition 4.9.

4.5 Estimates for the Bianchi pair (β, α)

Proposition 4.10. We have the following estimates:

R0[β]
2 +R0[α]

2 +R1[β]
2 +R1[α]

2 ≲ R2
0 + εR2. (4.35)

Proof. We recall the following Bianchi equations:

∇4α+
1

2
trχα = −∇“⊗β + h[α4],

∇3β + 2 trχβ = −divα+ h[β
3
],

(4.36)

where

h[α4] = Γa · α, h[β
3
] = Γa · β + Γg · α. (4.37)
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Applying (4.12) with ψ(1) = β, ψ(2) = α, a(1) = 2, a(2) =
1
2 , h(1) = h[β

3
], h(2) = h[α4] and p = 0,

we obtain from Lemma 4.6∫
CV

u

|β(1)|2 +
∫
CV

u

|α(1)|2

≲
∫
Σ0∩V

|β(1)|2 + |α(1)|2 +
∫
V
r−1|β(1)|2 +

∫
V
|β(1)||h[β

3
](1)|+ |α(1)||h[α4]

(1)|

≲|u|−sR2
0 +

∫ u

|u0|
r−3du

∫
CV

u

r2|β(1)|2 +
∫
V
|β(1)||h[β

3
](1)|+ |α(1)||h[α4]

(1)|

≲|u|−sR2
0 + (R2

0 + εR2)

∫ u

|u0|
r−3du|u|2−s +

∫
V
|β(1)||h[β

3
](1)|+ |α(1)||h[α4]

(1)|

≲|u|−s(R2
0 + εR2) +

∫
V
|β(1)||h[β

3
](1)|+ |α(1)||h[α4]

(1)|.

(4.38)

Applying (4.37), we infer11∫
V
|β(1)||h[β

3
](1)|+ |α(1)||h[α4]

(1)| ≲
∫
V
|Γa||α(1)|2 + |Γ(1)

g ||α|2. (4.39)

For the first term in (4.39), we have∫
V
|Γa||α(1)|2 ≲ ε

∫ u

|u|
|u|−2du

∫
CV

u

|α|2 ≲ εR2|u|−s.

For the second term in (4.39), we infer∫
V
|Γ(1)
g ||α|2 ≲

∫ u

|u|
du

(∫
CV

u

|α|2
) 1

2
(∫

CV
u

|Γ(1)
g |2|α|2

) 1
2

≲ R
∫ u

|u|
du|u|− s

2

Ç∫ u

u0(u)

du

|u|4 |r
3
2Γ(1)

g |24,S |r
1
2α|24,S

å 1
2

≲ εR2

∫ u

|u|
du|u|−2|u|− s

2

Ç∫ u

u0(u)

du

|u|2s−2

å 1
2

≲ εR2

∫ u

|u|
du|u|− s

2 |u|−2|u| 3−2s
2 ≲ εR2|u|−s.

Thus, we obtain ∫
V
|β(1)||h[β

3
](1)|+ |α(1)||h[α4]

(1)| ≲ εR2|u|−s.

Combining with (4.38), we obtain (4.35). This concludes the proof of Proposition 4.10.

4.6 Estimate for ∇4α

Proposition 4.11. We have the following estimates:

R1[α4]
2 ≲ R2

0 + εR2. (4.40)

Proof. We recall from (2.32)

∇3α̊ = −2d∗2/α+
4α

r
+ Γa · β(1) + Γ(1)

g · β,

∇4/α+
5

2
trχ /α = d2α̊+ Γa · β(1) + Γ(1)

g · β.
11Recall that the Γa before α only contains ω.
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Applying (4.10) with ψ(1) = α̊, ψ(2) = /α, a(1) = 0, a(2) = 5
2 , h(1) = 4α

r + Γa · β(1) + Γ
(1)
g · β,

h(2) = Γa · β(1) + Γ
(1)
g · β, k = 2 and p = s, we obtain∫
Cu

rs|α̊|2 +
∫
Cu

rs|/α|2 +
∫
V
rs−1

(
|α̊|2 + |/α|2

)
≲R2

0 +

∫
V
rs−1|α̊||α|+ rs|(α̊, /α)||Γa||β(1)|+ rs|(α̊, /α)||Γ(1)

g ||β|.
(4.41)

First, we have for all δ > 0∫
V
rs−1|α̊||α| ≤ δ

∫
V
rs−1|α̊|2 + 1

4δ

∫
V
rs−1|α|2.

Combining with (4.26), we deduce from (4.41), for δ small enough∫
Cu

rs|α̊|2 +
∫
Cu

rs|/α|2 +
∫
V
rs−1

(
|α̊|2 + |/α|2

)
≲R2

0 + εR2 +

∫
V
rs|(α̊, /α)||Γa||β(1)|+ rs|(α̊, /α)||Γ(1)

g ||β|.

We have ∫
V
rs|(α̊, /α)||Γa||β(1)| ≲ ε

∫
V
rs−2|α̊, /α||β(1)|

≲ ε

∫ u

−u
du

1

|u| 8−s
2

Ç∫
CV

u

rs|α̊, /α|2
å 1

2
Ç∫

CV
u

r4|β(1)|2
å 1

2

≲
∫ u

−u
du

εR2

|u| 8−s
2 |u| s−4

2

≲ εR2.

We also have∫
V
rs|(α̊, /α)||Γ(1)

g ||β| ≲
∫
V
rs|α̊||Γ(1)

g ||β|+
∫
V
rs|/α||Γ(1)

g ||β|

≲
∫ u

−u
du

Ç∫
CV

u

rs|α̊, /α|2
å 1

2
Ç∫

CV
u

rs|Γ(1)
g |2|β|2

å 1
2

≲ R
∫ u

−u
du

Ç∫ u

|u|
du rs

∫
S
|Γ(1)
g |2|β|2

å 1
2

≲ R
∫ u

−u
du

Ç∫ u

|u|
du rs−10|r 3

2Γ(1)
g |24,S |r

7
2β|24,S

å 1
2

≲ εR2

∫ u

−u
du

Ç∫ u

|u|
rs−10|u|8−2sdu

å 1
2

≲ εR2

∫ u

−u
du |u| s−9

2 |u|4−s

≲ εR2.

Combining the above estimates, we obtain∫
CV

u

rs|α̊|2 +
∫
CV

u

rs|/α|2 +
∫
V
rs−1

(
|α̊|2 + |/α|2

)
≲ R2

0 + εR2.
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Recalling that

α̊ = r−4∇4(r
5α) = r∇4α+ 5e4(r)α,

we deduce from Proposition 4.7 ∫
CV

u

rs+2|∇4α|2 ≲ R2
0 + εR2.

This concludes the proof of Proposition 4.11.

4.7 Estimate for ∇3α

Proposition 4.12. We have the following estimates:

R1[α3]
2 ≲ R(R2

0 + εR2)
1
2 +R2

0 + εR2. (4.42)

Proof. We recall from (2.33)

∇4α̊ = −2d∗2/α+
4α

r
+ (Γa,Γb) · α(1) + Γ

(1)
b · α,

∇3/α+
5

2
trχ /α = d2α̊+ (Γa,Γb) · α(1) + Γb · α̊+ Γ

(1)
b · α.

Applying (4.12) with ψ(1) = /α, ψ(2) = α̊, a(1) =
5
2 , a(2) = 0, h(1) = Γ

(1)
b ·α+Γb · α̊+(Γa,Γb) ·α(1),

h(2) =
4α
r + Γ

(1)
b · α+ (Γa,Γb) · α(1), k = 2 and p = −2, we obtain∫
CV

u

r−2|/α|2 +
∫
CV

u

r−2 |̊α|2

≲
∫
Σ0∩V

r−2(|/α|2 + |̊α|2) +
∫
V
r−3|/α|2 + r−3 |̊α||α(1)|+ r−2|Γ(1)

b ||α|(|̊α|+ |/α|).

First, we have from Lemma 4.6∫
Σ0∩V

r−2(|/α|2 + |̊α|2) ≲ R2
0

|u|s+2
.

Notice that we have from Proposition 4.10∫
V
r−3|/α|2 ≲

∫ u

|u|
r−3du

∫
CV

u

|/α|2 ≲ R2
0 + εR2

|u|s+2
,

and ∫
V
r−3 |̊α||α(1)| ≲

∫ u

|u|
r−2

(∫
CV

u

r−2 |̊α|2
) 1

2
(∫

CV
u

|α(1)|2
) 1

2

du

≲
∫ u

|u|
r−2

Å R2

|u|s+2

ã 1
2
Å
R2

0 + εR2

|u|s
ã 1

2

du

≲
∫ u

|u|

R(R2
0 + εR2)

1
2

r2|u|s+1
du

≲
R(R2

0 + εR2)
1
2

|u|s+2
.
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We also have∫
V
r−2|Γ(1)

b ||α|(|̊α|+ |/α|) ≲
∫ u

|u|
r−2du

∫
CV

u

(|̊α|+ |α(1)|)|α||Γ(1)
b |

≲
∫ u

|u|
du

(∫
CV

u

|̊α|2 + |α(1)|2
) 1

2
(∫

CV
u

|α|2|Γ(1)
b |2

) 1
2

≲
R
|u| s2

∫ u

|u|
r−3du

Ç∫ u

|u|
du|r 1

2α|24,S |r
1
2Γ

(1)
b |24,S

å 1
2

≲
R
|u| s2

∫ u

|u|
r−3du

Ç∫ u

|u|
du
ε2R2

|u|2s

å 1
2

≲
εR2

|u| 3s+3
2

.

Combining the above estimates, we deduce

∫
CV

u

r−2|/α|2 +
∫
CV

u

r−2 |̊α|2 ≲ R(R2
0 + εR2)

1
2 +R2

0 + εR2

|u|s+2
.

Combining with Proposition 4.10, we infer

∫
CV

u

|∇3α|2 ≲
∫
CV

u

r−10|∇3(r
5α)|2 + r−2|α|2 ≲

∫
CV

u

r−2 |̊α|2 + r−2|α|2 ≲ R(R2
0 + εR2)

1
2 +R2

0 + εR2

|u|s+2
.

This concludes the proof of Proposition 4.12.

4.8 Estimate for ρ

Proposition 4.13. We have the following estimate for p ∈ [2, 4]:

|r3ρ|∞,S(u, u) ≲ R0 + εR. (4.43)

Proof. We recall the Bianchi equation

∇3ρ+
3

2
trχρ = h[ρ3].

Applying Lemma 2.30, we infer for p ∈ [2, 4]

|r3−
2
p ρ|p,S(u, u) ≲ R0 +

∫ u

u0(u)
|r3−

2
ph[ρ3]|p,Sdu

≲ R0 +

∫ u

u0(u)
|r3−

2
pΓg · (α, ρ)|p,Sdu

≲ R0 +

∫ u

u0(u)

Ç
ε

|u| s−3
2

R
|u| s+1

2

+
εR

r2|u| s−3
2

å
du

≲ R0 + εR.

Since ρ is constant on S(u, u), this concludes the proof of Proposition 4.13.
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4.9 End of the proof of Theorem M1

Proposition 4.14. We have the following estimate:

RS
0 +RS

0 ≲ R0 +R1 +R0 +R1. (4.44)

Proof. It is sufficient to prove that

RS
0 ≲ R0 +R1, RS

0 ≲ R0 +R1,

which is a direct consequence of Propositions 2.20 and 2.28.

Finally, we deduce from Proposition 4.7-4.14 that

R2 ≲ R(R2
0 + εR2)

1
2 +R2

0 + εR2.

Applying Cauchy-Schwarz inequality, we obtain for ε small enough,

R ≲ R0,

this concludes the proof of Theorem M1.

5 Ricci coefficients estimates (Theorem M3)

The goal of this section is to prove Theorem M3, which we recall below for convenience.

Theorem M3. Assume that

O ≤ ε, RS
0 +RS

0 ≤ ∆0, O∗(C∗) ≤ I∗, Ŏ(Σ0 \K) ≤ Ĭ0, (5.1)

then, we have
Ŏ ≲ Ĭ0 + I∗ +∆0 + ε2. (5.2)

If we assume in addition that
O(Σ0 \K) ≤ I0, (5.3)

then, we have
O ≲ I0 + I∗ +∆0 + ϵ2. (5.4)

In this section, we always assume p ∈ [2, 4].

5.1 Estimates for O0(Ωω) and O0(Ωω)

Proposition 5.1. We have the following estimates:

|r2−
2
pΩω|p,S(u, u) ≲ Ĭ0 +∆0 + ϵ2

|r2−
2
pΩω|p,S(u, u) ≲ I∗ +∆0 + ϵ2.

(5.5)

Proof. By the null structure equations (2.29), we have

D3(Ωω) = “F +
1

2
Ωρ, D4(Ωω) = “F +

1

2
Ωρ, (5.6)

where “F := −1

2
Ωζ · (η + η)− 1

2
Ω(η · η − 2ζ2) = Γg · Γg,“F :=

1

2
Ωζ · (η + η)− 1

2
Ω(η · η − 2ζ2) = Γg · Γg.
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Apply Lemma 2.30, we obtain

|r−
2
pΩω|p,S(u, u) ≲ |r−

2
pΩω|p,S(u, u∗) +

∫ u∗

u
|r−

2
p“F |p,S +

∫ u∗

u
|r−

2
pΩρ|p,S ,

|r−
2
pΩω|p,S(u, u) ≲ |r−

2
pΩω|p,S(u0(u), u) +

∫ u

u0(u)
|r−

2
p “F |p,S +

∫ u

u0(u)
|r−

2
pΩρ|p,S .

Notice that we have

|r−
2
p (“F ,“F )|p,S ≲

ϵ2

r4|u|s−3
, |r−

2
pΩρ|p,S ≲ r−3|r3−

2
p ρ|p,S ≲

∆0

r3
.

Hence, we obtain

|r2−
2
pΩω|p,S(u, u) ≲ |r2−

2
pΩω|p,S(u, u∗) + ε2 +∆0 ≲ I∗ +∆0 + ϵ2,

|r2−
2
pΩω|p,S(u, u) ≲ |r2−

2
pΩω|p,S(u0(u), u) + ϵ2 +∆0 ≲ Ĭ0 +∆0 + ϵ2.

which concludes the proof.

5.2 Estimates for O0,1(|Ωω) and O0,1(|Ωω)

Proposition 5.2. We have the following estimates:

|r2+
s−3
6

− 2
p |u| s−3

3 (r∇)q |Ωω|p,S(u, u) ≲ Ĭ0 +∆0 + ϵ2, q = 0, 1,

|r1−
2
p |u| s−1

2 (r∇)q |Ωω|p,S(u, u) ≲ I∗ +∆0 + ϵ2, q = 0, 1.
(5.7)

Proof. First, we derive an evolution equation for ∇(Ωω). Applying (2.29) and Corollary 2.22,
we obtain

Ω∇3∇(Ωω) = [Ω∇3,∇](Ωω) +∇(Ω∇3(Ωω))

= −Ωχ · ∇(Ωω) +∇(Ω∇3(Ωω))

= −Ωχ · ∇(Ωω) +∇
Å
1

2
Ω2ρ+ Γg · Γg

ã
= −1

2
Ω trχ∇(Ωω) +

1

2
Ω2∇ρ+ (Γa,Γb) · ∇Γg,

which implies

∇3∇(Ωω) +
1

2
trχ∇(Ωω) =

1

2
∇(Ωρ) + r−1(Γa,Γb) · Γ(1)

g . (5.8)

Since we cannot control ∇ρ in Lp(S), we use a renormalization method. We define ω† by

∇3ω
† =

1

2
Ωσ in K, ω† = 0 on S(u0(u), u). (5.9)

Applying Corollary 2.22, we have

Ω∇3
∗∇ω† = ∗∇(Ω∇3ω

†) + [Ω∇3,
∗∇]ω† =

1

2
∗∇(Ω2σ)− Ωχ · ∗∇ω†,

which implies

∇3
∗∇ω† +

1

2
trχ(∗∇ω†) =

1

2
∗∇(Ωσ) + Γb · (σ, ∗∇ω†). (5.10)

We recall the following Bianchi equation from Proposition 2.18:

∇3β + trχβ = ∇ρ+ ∗∇σ + 2ωβ + 2χ̂ · β + 3(ηρ+ ∗ησ)

= ∇ρ+ ∗∇σ + Γa · β + Γg · β,
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which implies12

∇3(Ωβ) + trχ(Ωβ) = ∇(Ωρ) + ∗∇(Ωσ) + r−1Γa · Γ(1)
g + r−1Γg · Γ(1)

b . (5.11)

We introduce a new quantity:

κ := ∇(Ωω) + ∗∇ω† − 1

2
Ωβ. (5.12)

Thus, we have the following equation:

∇3κ = ∇3∇(Ωω) +∇3
∗∇ω† − 1

2
∇3(Ωβ)

= −1

2
trχ∇(Ωω)− 1

2
trχ(∗∇ω†) +

1

2
Ω trχβ + r−1(Γa,Γb) · Γ(1)

g + Γb · ∗∇ω†

= −1

2
trχκ +

1

4
Ω trχβ + r−1(Γa,Γb) · Γ(1)

g + Γb · ∗∇ω†.

(5.13)

Denoting ⟨ω⟩ := (−Ωω, ω†), then13

d∗1⟨ω⟩ = κ +
1

2
Ωβ. (5.14)

Applying Proposition 2.13 to (5.14), we obtain

|r1−
2
p∇(Ωω)|p,S + |r1−

2
p∇ω†|p,S ≲ |r1−

2
pκ|p,S + |r1−

2
pβ|p,S . (5.15)

Also, applying Lemma 2.30 to (5.13), we have

|r1−
2
pκ|p,S(u, u)

≲ |r1−
2
pκ|p,S(u0(u), u) +

∫ u

u0(u)
|r−

2
pβ|p,S + |r−

2
p (Γa,Γb) · Γ(1)

g |p,S + |r1−
2
pΓb · ∗∇ω†|p,S

≲
Ĭ0 +∆0

r
s+1
2

+

∫ u

u0(u)

∆0

r
7
2 |u| s−4

2

+
ε2

r4|u| s−3
2

+
ε2

r3|u|s−2
+

ε

r|u| s−1
2

|r1−
2
p (∗∇ω†)|p,S

≲
Ĭ0 +∆0 + ε2

r2+
s−3
6 |u| s−3

3

+

∫ u

u0(u)

ε

r|u| s−1
2

|r1−
2
pκ|p,S ,

where at the last step we used for all s > 3

2 +
s− 3

6
≤ min

ß
3,
s+ 1

2

™
. (5.16)

Applying Gronwall inequality, we infer

|r3+
s−3
6

− 2
p |u| s−3

3 κ|p,S(u, u) ≲ Ĭ0 +∆0 + ϵ2.

Injecting it into (5.15) and recall that

|r3+
s−3
6

− 2
p |u| s−3

3 β|p,S ≲ |r
7
2
− 2

p |u| s−4
2 β|p,S ≲ ∆0,

we infer

|r3+
s−3
6

− 2
p |u| s−3

3 ∇(Ωω)|p,S(u, u) ≲ Ĭ0 +∆0 + ϵ2. (5.17)

Applying Poincaré inequality, we conclude the first estimate of (5.7). The second estimate is
similar and left to the reader. This concludes the proof of Proposition 5.2.

12Notice that β∇3Ω = −2Ωωβ = Γa · β and (ρ, σ)∇Ω = Γa · ∇Γg decay better than the R.H.S. of (5.11).
13Recall that d∗1(f, g) = −∇f + ∗∇g.



5. RICCI COEFFICIENTS ESTIMATES (THEOREM M3) 85

5.3 Estimates for O0,1(qΩ) and r
∣∣Ω− 1

2

∣∣
Proposition 5.3. We have the following estimates:∣∣∣r1− 2

p |u| s−3
2 (r∇)qqΩ

∣∣∣
p,S

(u, u) ≲ Ĭ0 + I∗ +∆0 + ϵ2, q = 0, 1, (5.18)

sup r

∣∣∣∣Ω− 1

2

∣∣∣∣ ≲ Ĭ0 + I∗ +∆0 + ϵ2. (5.19)

Proof. We recall that
Ω∇4Ω = Ω2∇4 log Ω = −2Ω2ω.

Differentiating by r∇ and applying Proposition 2.24, we deduce

Ω∇4(r∇Ω) = [Ω∇4, r∇]Ω− 2Ωr∇(Ωω)− 2r∇Ω(Ωω)

= O(r∇(Ωω)) + rΓa · Γg.

Applying Lemma 2.30 and Proposition 5.2, we infer

|r1−
2
p∇Ω|p,S(u, u) ≲ |r1−

2
p∇Ω|p,S(u, u∗) +

∫ u∗

u

Ç
|r1−

2
p∇(Ωω)|p,S +

ε2

r3|u| s−3
2

å
≲

Ĭ0 + I∗ +∆0 + ϵ2

r|u| s−3
2

,

where we used the fact that Ω = 1
2 on C∗. Combining with Poincaré inequality, we deduce

(5.18). On the other hand, we have

Ω∇4

Å
Ω− 1

2

ã
= −2Ω2ω.

Recall that Propositions 5.1, 5.2 and 2.29 implies

|Ωω|∞,S ≲
Ĭ0 + I∗ +∆0 + ε2

r2
.

Applying Lemma 2.30, we obtain∣∣∣∣Ω− 1

2

∣∣∣∣ ≲ ∫ u∗

u
|Ωω|∞,S ≲

Ĭ0 + I∗ +∆0 + ε2

r
,

which implies (5.19). This concludes the proof of Proposition 5.3.

5.4 Estimate for O0,1(Ω trχ)

Proposition 5.4. We have the following estimate:∣∣∣r2− 2
p |u| s−3

2 (r∇)qΩ trχ
∣∣∣
p,S

(u, u) ≲ Ĭ0 + I∗ +∆0 + ϵ2, q = 0, 1. (5.20)

Proof. We recall the following equation from Proposition 2.17:

Ω∇4(Ω trχ) +
1

2
Ω trχ(Ω trχ) = −4Ω trχ(Ωω)− Ω2|χ̂|2. (5.21)

We derive an evolution equation for r∇(Ω trχ). Differentiating (5.21) by r∇ and applying
Proposition 2.24 to obtain

Ω∇4(r∇(Ω trχ)) + Ω trχ(r∇Ω trχ)

=[Ω∇4, r∇](Ω trχ)− 4r∇(Ω trχ)Ωω − 4Ω trχ r∇(Ωω) + Γg · Γ(1)
g

=Γa · Γ(1)
g +O(∇(Ωω)).

(5.22)
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Applying Lemma 2.30 and Proposition 5.2, we obtain

|r3−
2
p∇(Ω trχ)|p,S(u, u) ≲ |r3−

2
p∇(Ω trχ)|p,S(u, u∗) +

∫ u∗

u
|r2−

2
p∇(Ωω)|p,S + |r2−

2
pΓ(1)

g · Γa|p,S

≲
I∗

|u| s−3
2

+

∫ u∗

u

∆0 + Ĭ0 + ε2

r1+
s−3
6 |u| s−3

3

≲
Ĭ0 + I∗ +∆0 + ε2

|u| s−3
2

.

Applying Poincaré inequality, we obtain (5.20). This concludes the proof of Proposition 5.4.

5.5 Estimate for
∣∣r2 (Ω trχ− 1

r

)∣∣
Proposition 5.5. We have the following estimate:

sup

∣∣∣∣r2 ÅΩ trχ− 1

r

ã∣∣∣∣ ≲ I0 + I∗ +∆0 + ϵ2. (5.23)

Proof. Applying Lemma 2.4, we obtain

d

du

1

r
= − 1

r2
∂r

∂u
= − 1

2r
Ω trχ = − 1

2r
Ω trχ+

Ω trχ

2r
. (5.24)

Recalling (5.21) and denoting

W := Ω trχ− 1

r
, (5.25)

we deduce

d

du
W +

1

2
Ω trχW =

1

2
W (Ω trχ) +

1

2
(Ω trχ)2 − 4Ω trχ(Ωω) + Ω2|χ̂|2

= −4Ω trχΩω +W · Γg + Γg · Γg.
(5.26)

Applying Proposition 5.1 and W ∈ Γa, we infer

|r1−
2
pΩ trχΩω|p,S(u, u) ≲

I0 + I∗ +∆0 + ϵ2

r2
,

|r1−
2
pW · Γg|p,S(u, u) + |r1−

2
pΓg · Γg|p,S(u, u) ≲

I0 + I∗ +∆0 + ϵ2

r3|u| s−3
2

.

Using Lemma 2.30, we have

|r1−
2
pW |p,S(u, u) ≲

I0 + I∗ +∆0 + ϵ2

r
.

Recalling that ∇W = 0, applying Proposition 2.29, we deduce

|r2W |∞,S ≲ I0 + I∗ +∆0 + ϵ2.

In view of (5.25), this concludes the proof of Proposition 5.5.
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5.6 Estimate for O0,1(Ω trχ)

Proposition 5.6. We have the following estimate:∣∣∣r2− 2
p |u| s−3

2 (r∇)qΩ trχ
∣∣∣
p,S

(u, u) ≲ Ĭ0 + I∗ +∆0 + ϵ2, q = 0, 1. (5.27)

Proof. We recall the following equation from Proposition 2.17:

Ω∇3(Ω trχ) +
1

2
Ω trχ(Ω trχ) = −4Ω trχ(Ωω)− Ω2|χ̂|2. (5.28)

As in (5.22), we derive an evolution equation for r∇(Ω trχ). Differentiating (5.28) by r∇ and
applying Proposition 2.24 to obtain

Ω∇3(r∇(Ω trχ)) + Ω trχ(r∇Ω trχ)

=[Ω∇3, r∇](Ω trχ)− 4r∇(Ω trχ)Ωω − 4Ω trχ r∇(Ωω) + Γb · Γ(1)
b

=Γa · Γ(1)
g + Γb · Γ(1)

b +O(∇(Ωω)).

(5.29)

Applying Lemma 2.30, we obtain

|r3−
2
p∇(Ω trχ)|p,S(u, u) ≲ |r3−

2
p∇(Ω trχ)|p,S(u0(u), u)

+

∫ u

u0(u)

(
|r2−

2
p∇(Ωω)|p,S + |r2−

2
pΓb · Γ(1)

b |+ |r2−
2
pΓa · Γ(1)

g |p,S
)

≲ |r3−
2
p∇(Ω−1 trχ)|p,S(u0(u), u) + |r2−

2
p∇Ω|p,S

+

∫ u

u0(u)

Ç
|r2−

2
p∇(Ωω)|p,S +

ε2

r2|u| s−3
2

+
ε2

|u|s−1

å
≲

Ĭ0 + I∗ +∆0 + ε2

|u| s−3
2

,

where we used Propositions 5.2, 5.3 and the fact that Ŏ ≤ Ĭ0 at the last step. Combining with
Poincaré inequality, this concludes the proof of Proposition 5.6.

5.7 Estimates for O0,1(η) and O0,1(η)

The following proposition plays an essential role in section 5.

Proposition 5.7. We have the following estimates:

|r2−
2
p |u| s−3

2 (r∇)qη|p,S(u, u) ≲ Ĭ0 + I∗ +∆0 + ϵ2, q = 0, 1,

|r2−
2
p |u| s−3

2 (r∇)qη|p,S(u, u) ≲ I0 + I∗ +∆0 + ϵ2, q = 0, 1.
(5.30)

Proof. We recall the following null structure equations from Proposition 2.17:

∇4η = −χ · η + χ · η − β,

∇3η = −χ · η + χ · η + β.

We introduce the mass aspect functions

µ := −div η +
1

2
χ̂ · χ̂− ρ,

µ := −div η +
1

2
χ̂ · χ̂− ρ.

(5.31)
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By a direct computation, we obtain14

∇4µ+ trχµ = G+
1

2
trχµ,

∇3µ+ trχµ = G+
1

2
trχµ,

(5.32)

where

G = trχρ+ Γb · ∇Γg, G = trχρ+ Γb · ∇Γb.

We introduce the following modifications of µ and µ:

[µ] := µ+
1

4
trχ trχ, [µ] := µ+

1

4
trχ trχ. (5.33)

We also define

|[µ] := [µ]− [µ] = −div η +
1

2
(χ̂ · χ̂− χ̂ · χ̂) + 1

4
trχ trχ− ρ̌,

|[µ] := [µ]− [µ] = −div η +
1

2
(χ̂ · χ̂− χ̂ · χ̂) + 1

4
trχ trχ− ρ̌,

(5.34)

and remark that |[µ], |[µ] ∈ r−1Γ
(1)
g . To simplify the notations, we denote

I :=
1

2
(χ̂ · χ̂− χ̂ · χ̂) + 1

4
trχ trχ.

By the torsion equation (2.27) and (5.34), we obtain

div η = −|[µ] + I − ρ̌,

curl η = σ +
1

2
χ̂ ∧ χ̂,

(5.35)

and

div η = −|[µ] + I − ρ̌,

curl η = −σ − 1

2
χ̂ ∧ χ̂.

(5.36)

According to (5.31) and applying Proposition 2.17, we infer

∇4[µ] = ∇4

Å
µ+

1

4
trχ trχ

ã
= ∇4µ+

1

4
Ω−1 trχ∇4(Ω trχ) +

1

4
∇4(Ω

−1 trχ)Ω trχ

= − trχµ+G+
1

2
trχ

Å
1

2
χ̂ · χ̂− ρ− div η

ã
+

1

4
trχ

ï
−1

2
trχ trχ− χ̂ · χ̂+ 2div η + 2|η|2 + 2ρ

ò
+

1

4
trχ

ï
−1

2
(trχ)2 − |χ̂|2

ò
= − trχ[µ] +G+

1

2
trχ|η|2 − 1

4
trχ|χ̂|2.

Thus, we obtain

∇4[µ] + trχ[µ] = trχρ+ Γb · ∇Γg. (5.37)

14See Lemma 4.3.1 of [29].
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By Corollary 2.5, we infer

Ω∇4[µ] = Ω trχ|[µ] + Ω∇4[µ] = −Ω trχ[µ] + Ω trχρ+ Γb · ∇Γg.

Then, we obtain

∇4
|[µ] + trχ|[µ] = r−1O(ρ̌) + Γb · ∇Γg. (5.38)

Applying Lemma 2.30, we deduce

|r2−
2
p |[µ]|p,S(u, u) ≲|r2−

2
p |[µ]|p,S(u, u∗) +

∫ u∗

u
|r1−

2
p ρ̌|p,S +

∫ u∗

u
|r2−

2
pΓb · ∇Γg|p,S

≲
I∗ +∆0

r|u| s−3
2

+

∫ u∗

u

∆0

r2|u| s−3
2

+

∫ u∗

u

ε2

r2|u|s−2

≲
I∗ +∆0 + ε2

r|u| s−3
2

.

(5.39)

Applying Proposition 2.13 to (5.35), recalling that

I =
1

4
trχ trχ+ Γg · Γb = r−1O(}trχ) + r−1O(}trχ) + Γg · Γb,

we have for q = 0, 1

|r2−
2
p (r∇)qη|p,S(u, u) ≲ |r3−

2
p |[µ]|p,S(u, u) + |r2−

2
p (}trχ, }trχ)|p,S(u, u)

+ |r2−
2
pΓg · Γb|p,S(u, u) + |r3−

2
p (ρ̌, σ)|p,S(u, u)

≲
Ĭ0 + I∗ +∆0 + ϵ2

|u| s−3
2

,

where we used Propositions 5.3, 5.4 and 5.6. This concludes the first estimate of (5.30). The
second estimate is similar and left to the reader. This concludes the proof of Proposition 5.7.

Remark that Propositions 5.4 and 5.7 implies (5.2), which concludes the first part of Theorem
M3. In the sequel, we focus on the second part and hence we assume O(Σ0 \K) ≤ I0.

5.8 Estimates for O0,1(χ̂) and O0,1(χ̂)

Proposition 5.8. We have the following estimate:

|r2−
2
p |u| s−3

2 (r∇)qχ̂|p,S(u, u) ≲ I0 + I∗ +∆0 + ε2, q = 0, 1,

|r1−
2
p |u| s−1

2 (r∇)qχ̂|p,S(u, u) ≲ I0 + I∗ +∆0 + ε2, q = 0, 1.
(5.40)

Proof. We recall the following Codazzi equations from Proposition 2.17

div χ̂ =
1

2
∇ trχ− ζ ·

Å
χ̂− 1

2
trχ

ã
− β,

div χ̂ =
1

2
∇ trχ+ ζ ·

Å
χ̂− 1

2
trχ

ã
+ β.

Applying Propositions 5.3, 5.4, 5.7 and the fact that ζ =
η−η
2 , we obtain

|r3−
2
p div χ̂|p,S ≲ |r3−

2
p∇ trχ|p,S + |r2−

2
p ζ|p,S + |r3−

2
pβ|p,S + |r3−

2
pΓg · Γg|p,S

≲
I0 + I∗ +∆0 + ε2

|u| s−3
2

+
ε2

r|u|s−3

≲
I0 + I∗ +∆0 + ε2

|u| s−3
2

,
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and respectively

|r2−
2
p div χ̂|p,S ≲ |r2−

2
p∇ trχ|p,S + |r1−

2
p ζ|p,S + |r2−

2
pβ|p,S + |r2−

2
pΓg · Γb|p,S

≲
I0 + I∗ +∆0 + ε2

|u| s−1
2

+
ε2

r|u|s−2

≲
I0 + I∗ +∆0 + ε2

|u| s−1
2

.

Combining with Proposition 2.13, these conclude the proof of Proposition 5.8.

5.9 Estimate for O2(qΩ)

Proposition 5.9. We have the following estimate for q = 0, 1, 2:

|r1+q−
2
p |u| s−3

2 ∇q
qΩ|p,S(u, u) ≲ I0 + I∗ +∆0 + ϵ2. (5.41)

Proof. Recall that η + η = 2∇ log Ω, which implies

∆ logΩ =
1

2
div(η + η).

Applying Propositions 2.13 and 5.7, we obtain

|r1−
2
p (r∇)q(log Ω)|p,S ≲ |r3−

2
p div(η + η)|p,S ≲

I0 + I∗ +∆0 + ϵ2

|u| s−3
2

, q = 0, 1, 2. (5.42)

Combining with (5.18), this concludes the proof of Proposition 5.9.

5.10 Estimate for
∣∣∣r2 (Ω trχ+ 1

r

)∣∣∣
Proposition 5.10. We have the following estimate:

sup

∣∣∣∣r2 ÅΩ trχ+
1

r

ã∣∣∣∣ ≲ I0 + I∗ +∆0 + ε2. (5.43)

Proof. We introduce the following notation:

W := Ω trχ+
1

r
.

As in (5.26), we have

Ω∇3W +
1

2
Ω trχW = −4Ω trχ(Ωω) + Γg ·W + Γb · Γb, (5.44)

Using Lemma 2.30 and W ∈ Γa, we have∣∣∣r1− 2
pW

∣∣∣
p,S

(u, u) ≲
∣∣∣r1− 2

pW
∣∣∣
p,S

(u0(u), u) +

∫ u

u0(u)

I0 + I∗ +∆0 + ε2

r2
+

I0 + I∗ +∆0 + ε2

r|u|s−1

≲
I0 + I∗ +∆0 + ϵ2

r
.

Noticing that ∇W = 0, taking p = 4 and applying Proposition 2.29, we conclude the proof of
Proposition 5.10.

In view of Propositions 5.1-5.10, we obtain (5.4). This concludes the proof of Theorem M3.
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6 Initialization and extension (Theorems M0, M2 and M4)

6.1 Preliminaries

6.1.1 Null frame transformations

Lemma 6.1. Let two null frames (e3, e4, e1, e2) and (e′3, e
′
4, e

′
1, e

′
2) associated to double null

foliations (u, u) and (u′, u), and assume that they have the same generator L for the incoming
direction. Then, a null frame transformation from the null frame (e3, e4, e1, e2) to (e′3, e

′
4, e

′
1, e

′
2)

can be written in the form:

e′4 = λ

Å
e4 + fBeB +

1

4
|f |2e3

ã
,

e′3 = λ−1e3,

e′A = eA +
1

2
fAe3,

(6.1)

where

λ =
Ω

Ω′ (6.2)

is a scalar function and f is a 1–form. Moreover, the inverse transform of (6.1) is given by

e4 = λ−1e′4 − fAe′A +
λ

4
|f |2e′3,

e3 = λe′3,

eA = e′A − λ

2
fAe

′
3.

(6.3)

Proof. Applying Lemma 3.1 in [34] with f = 0, we obtain (6.1). Notice that (6.3) is a direct
consequence of (6.1). Recalling

e′3 = 2Ω′L, e3 = 2ΩL,

we obtain (6.2) immediately.

Proposition 6.2. Under the null frame transform (6.1), some of the Ricci coefficients transform
as follows:

λ−1 trχ′ = trχ+ div′ f + l.o.t.,

0 = curl′ f + l.o.t.,

λχ′ = χ,

η′ = η +
1

2
λ∇′

e′3
f − ω f + l.o.t.,

η′ = η +
1

4
trχf + l.o.t.,

λ−2ξ′ = ξ +
1

2
∇′
λ−1e′4

f +
1

4
trχf + ωf + l.o.t.,

λ−1ω′ = ω + l.o.t.,

where the terms denoted by l.o.t. have the following schematic structure

l.o.t. := r−1O(f2) + Γb · f.
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The curvature components transform as follows:

λ−2α′ = α+O(f)β +O(f2)ρ+O(f3)(σ, β) +O(f4)α,

λ−1β′ = β +O(f)(ρ, σ) +O(f2)β +O(f3)α,

ρ′ = ρ+O(f)β +O(f2)α,

σ′ = σ +O(f)β +O(f2)α,

λβ′ = β +O(f)α,

λ2α′ = α.

Proof. We only prove the transform formula of ω since the others are direct consequences of
Proposition 3.3 in [34] for f = 0. Applying (3.13) in [34], we have

λ−1ω′ = ω − 1

2
λ−1e′4(log λ) + Err,

where
Err = r−1O(f2) + Γb · f.

Applying (6.2), we infer

λ−1ω′ = ω − 1

2λ
e′4(log Ω− log Ω′) + Err

= ω − 1

2

Å
e4 + fBeB +

1

4
|f |2e3

ã
log Ω− 1

2λ
(2ω′)

= 2ω − λ−1ω′ + Err,

which implies the transformation formula of ω.

6.1.2 Deformations of spheres

Lemma 6.3. Given two double null foliations (u, u) and (u′, u) and we denote their leaves

S := S(u, u), S′ := S′(u′, u).

Assume that S ∩ S′ ̸= ∅ and the oscillation of u on S′ satisfies

sup
S′

|u− u′| ≤ δ1, u′ :=
1

|S′|

∫
S′
u. (6.4)

Let V be a tensor field satisfying
∇∂uV = F, (6.5)

where for all S

|r−
2
pF |Lp(S) ≤ δ, p ∈ [1,∞]. (6.6)

Then, we have

|r−
2
pV |Lp(S′) ≲ |r−

2
pV |Lp(S) + δ1δ. (6.7)

Proof. The proof is largely analogous to Lemma 4.1.7 in [29].

Notice from (6.5) that

|∂u|V |2| = |V · (∇∂uF )| ≤ |V ||F |,

which implies
|∂u|V || ≤ |F |.
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Taking p ∈ S ∩ S′, we have from (6.4) that

sup
S′

|u− u(p)| ≤ sup
S′

|u− u′|+ |u(p)− u′| ≤ 2δ1. (6.8)

In a sphere coordinates ϕ = (ϕ1, ϕ2), we have

|V |(u′, u, ϕ)− |V |(u, u, ϕ) =
∫ 1

0
∂u(|V |)(u+ t(u′ − u), u, ϕ)(u′ − u)dt (6.9)

Hence, we infer

|r−
2
pV |pLp(S′) =

∫
S2
r−2|V |p(u′, u, ϕ)

»
det(g)|S′ dϕ1dϕ2

≲
∫
S2
|V |p(u′, u, ϕ)dϕ1dϕ2

≲
∫
S2
|V |p(u, u, ϕ)dϕ1dϕ2 +

∫
S2

Ç∫ 1

0
|F |(u+ t(u′ − u), u, ϕ)|u′ − u|dt

åp
dϕ1dϕ2

≲
∫
S2
|r−

2
pV |p

»
det(g)|S dϕ1dϕ2 + δp1

∫
S2

Ç∫ 1

0
|F |(u+ t(u′ − u), u, ϕ)dt

åp
dϕ1dϕ2

≲ |r−
2
pV |pLp(S) + δp1 |F (u+ t(u′ − u), u, ϕ)|p

Lp(S2)L1
t (0,1)

≲ |r−
2
pV |pLp(S) + δp1 |r

− 2
pF |p

L1
t (0,1)L

p(S(u+t(u′−u),u))

≲ |r−
2
pV |pLp(S) + δp1δ

p,

where we used (6.6), (6.8), (6.9) and General Minkowski inequality. This concludes the proof of
Lemma 6.3.

Remark 6.4. In the remainder of this paper, for any quantity X, we denote the quantity X(0)

associated to the initial data layer region K(0) by

X ′ := X(0),

to simplify the notations. For example:

u′ := u(0), η′ := η(0), O′ := O(0), R′ := R(0), S′ := S(0), K′ := K(0).

6.2 The initial hypersurface (Theorem M0)

The goal of this section is to prove Theorem M0 which we recall below for convenience.

Theorem M0. Under the assumptions

O′ ≤ ε0, R′ ≤ ε0, O ≤ ε, Osc ≤ ε, (6.10)

we have

R0 ≲ ε0, Ŏ(Σ0 \K) ≲ ε0. (6.11)

If in addition we assume that

Ŏ ≲ ε0, (6.12)

then, we have

Osc ≲ ε0, O(Σ0 \K) ≲ ε0. (6.13)
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Recall that we denoted by (f, λ) the frame transformation from (u, u) to (u′, u), and let (f ′, λ′)
its inverse transformation. Notice from (6.1) and (6.3) that we have

λ′ = λ−1, f ′ = −λf. (6.14)

Remark 6.5. In K′, we have |u| ≃ r. Hence, Γb has the same decay as Γg in K′. The assumption
Osc ≤ ε implies that r ≃ r′ and f ∈ rΓg.

We first prove (6.11) under the assumptions in (6.10).

Lemma 6.6. Under the assumptions

O′ ≤ ε0, R′ ≤ ε0, O ≤ ε, Osc ≤ ε,

we have

R0 ≲ ε0.

Proof. Recall that

R2
0 =

∫
Σ0\K

1∑
l=0

rs
Ä
|dlα|2 + |dlβ|2 + |dl(ρ̌, σ)|2 + |dlβ|2 + |dlα|2

ä
+ sup

Σ0\K
|r3ρ|2,

Applying Proposition 6.2 with (6.14), we infer15∫
Σ0\K

rs|d≤1α|2 ≲
∫
Σ0\K

rs|d≤1(λ−2α′)|2 + rs
∣∣∣d≤1(λ−1f · β′)

∣∣∣2 + rs
∣∣∣d≤1(f2 · ρ′)

∣∣∣2 + l.o.t.

≲ R′2 +
∫
Σ0\K

rs|d≤1(f2)ρ′|2 + rs|f2d≤1ρ′|2

≲ R′2 +
∫
Σ0\K

rs
∣∣∣∣ ε3rs+2

∣∣∣∣2
≲ ε20.

Similarly, we have∫
Σ0\K

rs|d≤1β|2 ≲
∫
Σ0\K

rs|d≤1(λ−1β′)|2 + rs|d≤1f · (ρ′, σ′)|2

≲ R′2 +
∫
Σ0\K

rs
∣∣∣∣ ε2
r

s+5
2

∣∣∣∣2
≲ ε20.

By the same method, we obtain:∫
Σ0\K

rs|d≤1ρ̌|2 + rs|d≤1σ|2 + rs|d≤1β|2 + rs|d≤1α|2 ≲ ε20.

Finally, we estimate

|r3ρ| ≲ |r3ρ|∞ ≲ |r3ρ′|∞ + |r4Γg · β′|∞ ≲ ε0.

This concludes the proof of Lemma 6.6.

15Recall that d≤1f = O(ε)r−
s−1
2 and ρ′ = O(ε)r−3.
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Lemma 6.7. Under the assumptions

O′ ≤ ε0, O ≤ ε, Osc ≤ ε,

we have
Ŏ(Σ0 \K) ≲ ε0.

Proof. We recall from Proposition 6.2 that16

Ω′−1
trχ′ = Ω−1 trχ+ rΓg · Γg,
Ω′ω′ = Ωω + rΓg · Γg.

Hence, we obtain

|r2−
2
pΩω|p,S(u0(u),u) ≲ |r2−

2
pΩ′ω′|p,S(u0(u),u) + |r3−

2
pΓg · Γg|p,S(u0(u),u)

≲ |r2Ω′ω′|∞,S(u0(u),u) +
ε2

rs−2

≲ ε0.

Notice from (6.1) and Proposition 2.17 that

reA(Ωω) = re′A(Ω
′ω′)− λ

2
rfAe

′
3(Ω

′ω′) + rΓg · Γ(1)
g

= re′A(Ω
′ω′) +O(rρ′)f + rΓg · Γ(1)

g .

We deduce

|r1−
2
p∇(Ωω)|p,S(u0(u),u) ≲ |r1−

2
p∇′Ω′ω′|p,S(u0(u),u) + |r2−

2
pΓ(1)

g · Γa|p,S(u0(u),u)

≲ |r∇′Ω′ω′|∞,S(u0(u),u) +
ε2

r
s+1
2

≲
ε0

r
s+1
2

.

Similarly, we have

|r1−
2
p∇(Ω−1 trχ)|p,S(u0(u),u) ≲

ε0

r
s+1
2

.

Applying Poincaré inequality and recalling the definition of Ŏ(Σ0 \K), we obtain

Ŏ(Σ0 \K) =
1∑
q=0

Ä
Oq(Σ0 \K)( Ω−1 trχ) +Oq(Σ0 \K)( |Ωω)

ä
+O0(Σ0 \K)(Ωω) ≲ ε0.

This concludes the proof of Lemma 6.7.

Remark that Lemmas 6.6 and 6.7 imply (6.11), which concludes the first part of Theorem M0.
We now focus on the second part of Theorem M0 under the additional assumption (6.12).

Lemma 6.8 (Oscillation lemma). Under the assumptions:

O(0) ≤ ε0, O ≤ ε, Osc ≤ ε, Ŏ ≲ ε0, (6.15)

we have
Osc ≲ ε0. (6.16)

16Recall that Γb = Γg in K(0) and f ∈ rΓg.
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Proof. Step 1. Estimate for Osc(f).

We have from Proposition 6.2 and Remark 6.5

λ−1 trχ′ = trχ+ div′ f + f · (Γg, r−1f),

0 = curl′ f + f · (Γg, r−1f),

which implies from (6.2) and the fact that f ∈ rΓg
17

Ω′ trχ′ = Ωtrχ+Ωdiv f + f · Γg,
0 = curl f + f · Γg.

(6.17)

Differentiating it by eA and applying (6.1), we obtain

e′A(Ω
′ trχ′)− λ

2
fAe

′
3(Ω

′ trχ′) = eA(Ω trχ) + ΩeA(div f) + Γg · Γ(1)
g .

Recall that we have from Proposition 2.17

e′3(Ω
′ trχ′) = −1

2
Ω′ trχ′ trχ′ + r−1Γa + r−1Γ(1)

g + Γg · Γg

=
1

r2
+ r−1Γa + Γg · Γg.

Hence, we have

ΩeA(div f) +
1

2r2
fA = e′A(Ω

′ trχ′)− eA(Ω trχ) + Γa · Γ(1)
g ,

which implies

eA(div f) +
1

r2
fA = Ω−1(e′A(Ω

′ trχ′)− eA(Ω trχ)) + Γa · Γ(1)
g .

We also have from (6.17)

eA(curl f) = Γg · Γ(1)
g .

Hence, we infer Å
d∗1d1 −

1

r2

ã
f = −∇ div f + ∗∇ curl f − 1

r2
f

= −Ω−1∇′(Ω′ trχ′) + Ω−1∇(Ω trχ) + Γa · Γ(1)
g .

(6.18)

Recall from (2.23) and Corollary 2.20 that

d∗1d1 −
1

r2
= −∆1 +K− 1

r2

= −∆1 −
1

4
trχ trχ+ Γg · Γb − ρ− 1

r2

= −∆1 + r−1Γa + r−1Γ(1)
g .

Injecting it into (6.18), we deduce

−∆1f = −Ω−1∇′(Ω′ trχ′) + Ω−1∇(Ω trχ) + Γa · Γ(1)
g .

17We have from (6.1) and Proposition 6.2 that ∇′f −∇f = O(f) · ∇3f = f · Γg.



6. INITIALIZATION AND EXTENSION (THEOREMS M0, M2 AND M4) 97

We have from Proposition 2.13

|r
s−1
2

− 2
p (r∇)≤2f |p,S ≲ |r

s+3
2

− 2
p (∇′Ω′ trχ′,∇Ω trχ)|p,S + |r

s+3
2

− 2
pΓa · Γ(1)

g |p,S ≲ ε0.

Applying Proposition 2.29, we deduce

|r s−1
2 (r∇)≤1f |∞,S ≲ ε0. (6.19)

We have from Proposition 6.2 that

sup
K′

|∇3f | ≲ sup
K′

|η′ − η|+ sup
K′

|f · Γa| ≲
ε0

r
s+1
2

+
ε2

r
s+3
2

≲
ε0

r
s+1
2

,

sup
K′

|∇4f | ≲ sup
K′

|r−1f |+ sup
K′

|f · Γa| ≲
ε0

r
s+1
2

+
ε2

r
s+3
2

≲
ε0

r
s+1
2

.

(6.20)

Combining (6.19) and (6.20), we deduce

sup
K′

(|f |+ |df |) ≲ ε0

r
s−1
2

,

which implies
Osc(f) ≲ ε0. (6.21)

Step 2. Estimate for Osc(λ).

We recall from (6.2) that

|r
◦
λ | = |r(λ− 1)| ≲ r|Ω′ − Ω| ≲ r

∣∣∣∣Ω′ − 1

2
+

1

2
− Ω

∣∣∣∣ ≲ ε0,

where we used (6.15) in the last step. Hence, we obtain

Osc(λ) ≲ ε0. (6.22)

Step 3. Estimate for Osc(r).

We have

1

r
− 1

r′
= Ω′ trχ′ − 1

r′
− Ω trχ+

1

r
+ (Ω trχ− Ω′ trχ′)

= Ω′ trχ′ − Ω trχ+Ω′ trχ′ − 1

r′
+Ωtrχ− 1

r
+ (Ω trχ− Ω′ trχ′).

(6.23)

Applying (6.17) and (6.19), we deduce

|Ω trχ− Ω′ trχ′| ≲ |div f |+ |rΓg · Γg| ≲
ε0

r
s+1
2

. (6.24)

Moreover, we have from (6.15) that

r
s+1
2

Ä
| Ω′ trχ′|+ |Ω trχ|

ä
+ r2

Å∣∣∣∣Ω′ trχ′ − 1

r′

∣∣∣∣+ ∣∣∣∣Ω trχ− 1

r

∣∣∣∣ã ≲ ε0. (6.25)

Hence, we obtain from (6.23), (6.24) and (6.25) that∣∣∣∣1r − 1

r′

∣∣∣∣ ≲ ε0
r2
,

which implies
Osc(r) ≲ ε0. (6.26)

Combining (6.21), (6.22) and (6.26), we infer

Osc ≲ ε0. (6.27)

This concludes the proof of Lemma 6.8.
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Proof of Theorem M0. We have from Lemma 6.8 that

Osc ≲ ε0. (6.28)

We recall from Proposition 6.2 that

η′ = η +
1

4
trχf + rΓg · Γg.

Applying (6.1), we have

∇′η′ = ∇η + r−1O(∇f) + rΓg · Γ(1)
g .

Thus, we obtain from (6.10) and (6.28) that

sup
K′

|η| ≲ sup
K′

|η′|+ sup
K′

|r−1f |+ sup
K′

|rΓg · Γg| ≲
ε0

r
s+1
2

, (6.29)

and for p ∈ [2, 4]

|r1−
2
p∇η|p,S(u0(u),u) ≲ |r1−

2
p∇′η′|p,S(u0(u),u) + |r−

2
p∇f |p,S(u0(u),u) + |r2−

2
pΓg · Γ(1)

g |p,S(u0(u),u)

≲ |r∇′η′|∞,S(u0(u),u) + |∇f |∞,S(u0(u),u) +
ε2

rs−1

≲
ε0

r
s+1
2

.

(6.30)

Finally, we recall from Proposition 6.2 that

Ω trχ =
Ω2

Ω′ trχ
′.

Hence, we infer

Ω trχ+
1

r
=

Ω2

Ω′ trχ
′ +

1

r

=

Å
1− Ω2

Ω′2

ã
trχ′ +Ω′ trχ′ +

1

r′
+

1

r
− 1

r′
.

Thus, we have from (6.10) and (6.28)

r2
∣∣∣∣Ω trχ+

1

r

∣∣∣∣ ≲ r2
∣∣∣∣Ω′ trχ′ +

1

r′

∣∣∣∣+ r|
◦
λ |+ |r′ − r| ≲ ε0. (6.31)

Combining (6.29), (6.30), (6.31) and Lemma 6.7 and recalling the definition of O(Σ0 \K), we
obtain

O(Σ0 \K) ≲ ε0. (6.32)

This concludes the proof of Theorem M0.

6.3 The last slice (Theorem M2)

We now assume that the last slice C∗ is endowed with a geodesic foliation. Notice that Ω = 1
2

and ω = 0 on C∗. We write the null structure equations along the last slice in the following
form:

∇3ζ + trχ ζ + 2χ̂ · ζ = −β,

∇3 trχ+
1

2
(trχ)2 + |χ̂|2 = 0,

∇3χ̂+
1

2
trχ χ̂+

1

2
trχ χ̂−∇“⊗ζ − ζ“⊗ζ = 0,

∇3 trχ+
1

2
trχ trχ+ χ̂ · χ̂− 2 div ζ − 2|ζ|2 = 2ρ.

(6.33)
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We also have the Codazzi equations:

div χ̂ =
1

2
∇ trχ− ζ

Å
χ̂− 1

2
trχ

ã
− β,

div χ̂ =
1

2
∇ trχ+ ζ

Å
χ̂− 1

2
trχ

ã
+ β.

(6.34)

For convenience, we recall the statement of Theorem M2.

Theorem M2. Let C∗ endowed with a geodesic foliation. We assume that

O∗(C∗) ≤ ε, RS
0 ≤ ∆0, O′ ≤ I0. (6.35)

Then, we have

O∗(C∗) ≲ ∆0 + I0 + ϵ2. (6.36)

In the remainder of this section, we always assume p ∈ [2, 4] and we denote

S := S(u, u∗), S∗ := C∗ ∩ Σ0. (6.37)

Proof of Theorem M2. Notice that the assumption O′ ≤ I0 controls the initial data on the last
sphere S∗ := C∗ ∩Σ0. The idea of the proof is to transport the estimates in the direction of ∇3

along C∗ using (6.33). The proof is similar to section 5, and in fact easier since Ω = 1
2 on C∗.

We only provide a sketch.

Step 1. Estimate for O∗
0,1,2(}trχ).

The estimates for O∗
0(trχ) and O∗

1(trχ) follow directly from the results of section 5.6 in the

particular case Ω = 1
2 and ω = 0.

We then estimate ∇2 trχ. According to the assumption O∗(C∗) ≤ ε, we have on C∗:

r∇ trχ ∈ Γg, (r∇)2 trχ ∈ Γ(1)
g . (6.38)

We recall from (6.33) that

∇3 trχ+
1

2
(trχ)2 = −|χ̂|2.

Differentiating it by r2∆ and applying Proposition 2.24, we deduce

∇3(r
2∆trχ) + trχ(r2∆trχ) = −r2∆|χ̂|2 + Γb · Γ(1)

b . (6.39)

We recall from (6.34) that

div χ̂ =
1

2
∇ trχ− 1

2
trχ ζ + β + Γg · Γb = β + r−1Γg. (6.40)

Applying Proposition 2.13, we obtain18

∇χ̂ = β(0) + r−1Γg.

Hence, we have

|∇χ̂|2 = β(0) · β(0) + r−2Γg · Γ(1)
b .

18Here, β(0) denotes a quantity which has same or even better decay and regularity than β.
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Moreover, we have from (2.23) and (6.40)

2∆2χ̂ · χ̂ = 4((K− d∗2d2)χ̂) · χ̂ = −4d∗2d2χ̂ · χ̂+ r−2Γb · Γ(1)
b = −4(d∗2β) · χ̂+ r−2Γb · Γ(1)

b .

We then compute

∆|χ̂|2 = 2∇C
Ä
(∇C χ̂AB)χ̂

AB
ä
= 2(∆2χ̂) · χ̂+ 2|∇χ̂|2 = −4(d∗2β) · χ̂+ β(0) · β(0) + r−2Γb · Γ(1)

b .

Injecting it into (6.39), we deduce

∇3(r
2∆trχ) + trχ(r2∆trχ) = 4r2(d∗2β) · χ̂+ r2β(0) · β(0) + Γb · Γ(1)

b . (6.41)

Applying Proposition 2.13, we have

|d∗2β|p,S ≲ |d1β|p,S ,
which implies that there exists a bounded elliptic operator A : Lp(S) → Lp(S) of order 0 such
that

d∗2β = A(d1β).

We have from Proposition 2.23

[Ω∇3, A] = [Ω∇3, rd
∗
2 ◦ (rd1)−1] = [Ω∇3, rd

∗
2] ◦ (rd1)−1 + rd∗2 ◦ [Ω∇3, (rd1)

−1]

= Γb · rd∗2 ◦ (rd1)−1 + rβ(0) · (rd1)−1 − rd∗2 ◦ (rd1)−1 ◦ [Ω∇3, rd1] ◦ (rd1)−1

= Γb ·A+ rβ(0) · (rd1)−1 −A ◦
Ä
Γb · rd1 + rβ(0)

ä
◦ (rd1)−1

= Γb + rβ(0) · (rd1)−1.

(6.42)

We recall from Corollary 2.20 and Lemma 2.5 that

∇3(ρ̌, qσ) +
3

2
trχ(ρ̌, qσ) = −d1β + Γg · α.

Combining with (6.42), we deduce

∇3(r
2A(ρ̌, qσ)) = r(ρ̌, qσ)(0) −A(r2d1β) + r3β(0) · (ρ̌, qσ)(0) + r2Γg · α.

Hence, we have

4χ̂ · (r2d∗2β) = −4∇3(r
2A(ρ̌, qσ)χ̂) + r2α(0) · (ρ̌(0), qσ(0)) + Γb · Γ(1)

b .

Injecting it into (6.41), we infer19

∇3

(
r2∆trχ+ 4r2A(ρ̌, qσ)χ̂

)
+ trχ

(
r2∆trχ+ 4r2A(ρ̌, qσ)χ̂

)
= r2β(0) · β(0) + Γb · Γ(1)

b . (6.43)

Applying Lemma 2.30, we have∣∣∣r4− 2
p (∆ trχ+ 4A(ρ̌, qσ)χ̂)

∣∣∣
p,S

≲
∣∣∣r4− 2

p (∆ trχ+ 4A(ρ̌, qσ)χ̂)
∣∣∣
p,S∗

+

∫ u

u0(u∗)
|r4−

2
pβ(0) · β(0)|p,S + |r2−

2
pΓb · Γ(1)

b |p,S

≲
I0 +∆0

|u| s−3
2

+

∫ u

u0(u∗)
|r2− 2

8β(0)|28,S +
ε2

|u|s−1

≲
I0 +∆0 + ε2

|u| s−3
2

+

∫ u

u0(u∗)
|r2− 2

2β(1)|22,S

≲
I0 +∆0 + ε2

|u| s−3
2

,

19Note that α(0) · (ρ̌, qσ)(0) has the same decay as β(0) · β(0).
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where we used the Sobolev inequality

|r− 2
8β(0)|8,S ≲ |r− 2

2β(1)|2,S .

Hence, we obtain from Proposition 2.13∣∣∣r4− 2
p∇2 trχ

∣∣∣
p,S

≲
∣∣∣r4− 2

p∆trχ
∣∣∣
p,S

≲
I0 +∆0 + ε2

|u| s−3
2

+
∣∣∣r4− 2

pA(ρ̌, qσ)χ̂
∣∣∣
p,S

≲
I0 +∆0 + ε2

|u| s−3
2

. (6.44)

Hence, we obtain
O∗

0(}trχ) +O∗
1(}trχ) +O∗

2(}trχ) ≲ I0 +∆0 + ε2. (6.45)

Step 2. Estimate for |[µ].

We introduce the mass aspect function µ as in (5.31):

µ := div ζ +
1

2
χ̂ · χ̂− ρ. (6.46)

We recall from Lemma 4.3.1 in [29] that

∇3µ+ trχµ = G+
1

2
trχµ,

where

G = trχρ− 1

2
χ̂ · (∇“⊗ζ)− ζ · β + Γg · ∇ trχ+ r−1Γb · Γb.

Applying (6.38), we have

G = trχρ− 1

2
χ̂ · (∇“⊗ζ)− ζ · β + r−1Γb · Γb.

As in (5.33), we define

[µ] := µ+
1

4
trχ trχ, (6.47)

and deduce the following analog of (5.37):

∇3[µ] + trχ [µ] = trχρ− 1

2
χ̂ · (∇“⊗ζ)− ζ · β + r−1Γb · Γb. (6.48)

Differentiating (6.48) by r∇ and applying Corollary 2.22, we obtain

∇3(r∇[µ]) + trχ(r∇[µ]) = trχ (r∇ρ)− 1

2
χ̂ · (r∇∇“⊗ζ)− ζ · (r∇β)

+ r−1Γa · Γ(1)
g + r−1Γb · Γ(1)

b .

(6.49)

Recall from (6.33) and Corollary 2.20 that, we have

∇3χ̂+
1

2
trχ χ̂+

1

2
trχ χ̂ = ∇“⊗ζ + Γg · Γg,

∇3(ρ̌, σ) +
3

2
trχ(ρ̌, σ) = −d1β + Γg · α.

We apply a renormalization method similar to the one in (6.43), and leave the details to the
reader. We obtain

∇3Ξ + trχΞ = O(∇ρ) + r−1Γa · Γ(1)
g + r−1Γb · Γ(1)

b , (6.50)
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where

Ξ := r∇[µ] +
1

2
χ̂ · (r∇χ̂) + rζ · ρ̌. (6.51)

Next, we use a renormalization method similar to the one in section 5.2. We define µ† by:

∇3µ
† + trχµ† = trχσ on C∗, µ† = 0 on S∗. (6.52)

We assume that

µ† ∈ r−1Γg, (6.53)

which will be improved in (6.58) and (6.59). Differentiating (6.52) by r∗∇ and applying Corollary
2.22, we infer

∇3(r
∗∇µ†) + trχ(r∗∇µ†) = r trχ∗∇σ + r−1Γg · Γ(1)

g . (6.54)

Recall from Corollary 2.20 that

∇3β + trχβ = ∇ρ̌+ ∗∇σ + Γa · β + Γg · β,

which implies

∇3(r trχβ)+trχ(r trχβ) = ∇3(r trχ)β+trχ(r∇ρ̌+r∗∇σ)+r−1Γa ·Γ(1)
g +r−1Γg ·Γ(1)

b . (6.55)

Combining (6.50), (6.54) and (6.55), we obtain

∇3(Ξ + r∗∇µ† − r trχβ) + trχ(Ξ + r∗∇µ† − r trχβ)

=r−1O(β) + r−1Γa · Γ(1)
g + r−1Γb · Γ(1)

b .
(6.56)

Applying Lemma 2.30, we deduce

|r2−
2
p (Ξ + r∗∇µ† − r trχβ)|p,S ≲

I0 +∆0 + ε2

r|u| s−3
2

. (6.57)

Recall from (6.51) that

Ξ− r∇|[µ] = Γb · Γ(1)
g ,

we obtain

|r2−
2
p (r∇|[µ] + r∗∇µ†)|p,S ≲ |r2−

2
pβ|p,S + |r2−

2
pΓb · Γ(1)

g |p,S +
I0 +∆0 + ε2

r|u| s−3
2

≲
I0 +∆0 + ε2

r|u| s−3
2

.

Then, we have from Proposition 2.13 that∣∣∣r4− 2
p∇
Ä
[µ], µ†

ä∣∣∣
p,S

≲
I0 +∆0 + ε2

|u| s−3
2

. (6.58)

Finally, applying Lemma 2.30 to (6.52), we obtain

|r2−
2
pµ†|p,S ≲ |r2−

2
pµ†|p,S∗ +

∫ u

u0(u∗)
|r1−

2
pσ|p,S ≲

I0 +∆0

r|u| s−3
2

. (6.59)

Remark that (6.58) and (6.59) improves (6.53).

Step 3. Estimates for O0,1(}trχ) and O0,1(ζ).
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We recall from (6.33) that

∇3 trχ+
1

2
trχ trχ− 2 div ζ = 2ρ+ Γb · Γg.

Applying (6.46) and (6.47), we obtain

∇3 trχ+ trχ trχ = 2div ζ + 2ρ+
1

2
trχ trχ+ Γb · Γg

= 2µ+ 4ρ+
1

2
trχ trχ+ Γb · Γg

= 2[µ] + 4ρ+ Γb · Γg.

Differentiating it by r∇, we deduce

∇3(r∇ trχ) + trχ(r∇ trχ) = − trχ(r∇ trχ) + 2r∇[µ] + 4r∇ρ+ Γb · Γ(1)
g .

We use a renormalization argument as in Step 2. For this, we define χ† by:

∇3χ
† + trχχ† = 4σ, on C∗, χ† = 0, on S∗. (6.60)

We add the bootstrap assumption
χ† ∈ Γg, (6.61)

which will be improved by (6.62) and (6.63). Differentiating it by r∗∇ and applying Corollary
2.22, we infer

∇3(r
∗∇χ†) = 4r∗∇σ + Γg · Γ(1)

g .

We recall from Corollary 2.20 that

∇3β + trχβ = ∇ρ̌+ ∗∇σ + Γa · β + Γg · β,

which implies

∇3(rβ) + trχ (rβ) = −e3(r)β + r∇ρ̌+ r∗∇σ + Γa · Γ(1)
g + Γg · Γ(1)

b .

Hence, we obtain the following analog of (6.56):

∇3(r∇ trχ+ r∗∇χ† − 4rβ) + trχ(r∇ trχ+ r∗∇χ† − 4rβ)

=− e3(r)β − trχ(r∇ trχ) + 2r∇[µ] + Γb · Γ(1)
g + Γa · Γ(1)

g .

Applying Lemma 2.30, (6.45) and (6.58), we deduce

|r2−
2
p (r∇ trχ+ r∗∇χ† − 4rβ)|p,S ≲ |r2−

2
p (r∇ trχ+ r∗∇χ† − 4rβ)|p,S∗

+

∫ u

u0(u∗)
|r2−

2
pβ|p,S + |r2−

2
p∇ trχ|p,S + |r3−

2
p∇[µ]|p,S

+

∫ u

u0(u∗)
|r2−

2
pΓb · Γ(1)

g |p,S + |r2−
2
pΓa · Γ(1)

g |p,S

≲
I0 +∆0

|u| s−3
2

+

∫ u

u0(u∗)

I0 +∆0 + ε2

r|u| s−3
2

+
ε2

r|u|s−2
+

ε2

r2|u| s−3
2

≲
I0 +∆0 + ε2

|u| s−3
2

.
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Hence, we obtain from Proposition 2.13 that

|r3−
2
p∇(trχ, χ†)|p,S ≲ |r3−

2
pβ|p,S +

I0 +∆0 + ε2

|u| s−3
2

≲
I0 +∆0 + ε2

|u| s−3
2

. (6.62)

Applying Lemma 2.30 to (6.60), we easily obtain

|r2−
2
pχ†|p,S ≲ |r2−

2
pχ†|p,S∗ +

∫ u

u0(u∗)
|r2−

2
pσ|p,S ≲

I0 +∆0

|u| s−3
2

, (6.63)

which improved (6.61). By Poincaré inequality, we infer

O0(}trχ) +O1(}trχ) ≲ I0 +∆0 + ε2. (6.64)

Next, we recall from (5.36) that

div ζ = |[µ] + ρ̌+
1

4
trχ trχ+ Γb · Γg,

curl ζ = σ + Γb · Γg.

Hence, we have from Proposition 2.13 that

|r2−
2
p (r∇)≤1ζ|p,S ≲ |r3−

2
p |[µ]|p,S + |r3−

2
p (ρ̌, σ)|p,S + |r1−

2
p (}trχ, }trχ)|p,S

≲
I0 +∆0 + ε2

|u| s−3
2

,

where we used (6.45), (6.58) and (6.64) in the last step. Hence, we obtain

O0(ζ) +O1(ζ) ≲ I0 +∆0 + ε2. (6.65)

Step 4. Estimates for O0,1(χ̂) and O0,1(χ̂).

Applying Proposition 2.13 to (6.34) and recalling (6.45), (6.64) and (6.65), we obtain

|r2−
2
p (r∇)≤1χ̂|p,S ≲ |r3−

2
p∇}trχ|p,S + |r2−

2
p ζ|p,S + |r3−

2
pβ|+ |r2−

2
pΓg · Γg|p,S ≲

I0 +∆0 + ε2

|u| s−3
2

,

|r1−
2
p (r∇)≤1χ̂|p,S ≲ |r2−

2
p∇}trχ|p,S + |r2−

2
p ζ|p,S + |r2−

2
pβ|+ |r1−

2
pΓb · Γg|p,S ≲

I0 +∆0 + ε2

r|u| s−1
2

.

Hence, we have

O0(χ̂) +O1(χ̂) +O0(χ̂) +O1(χ̂) ≲ I0 +∆0 + ε2. (6.66)

Step 5. Estimate for r2
∣∣trχ− 2

r

∣∣.
We have from Corollary 2.5 and (6.33) that20

∇3(trχ) = ∇3(trχ) + }trχ }trχ = −1

2
trχ trχ+ 2ρ+ Γg · Γb.

Notice that

∇3

Å
2

r

ã
= −1

r
trχ.

20Recall that Ω = 1
2
on C∗.
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Hence, we infer from Lemma 2.3 that

∇3

Å
trχ− 2

r

ã
+

1

2
trχ

Å
trχ− 2

r

ã
=

1

2
trχ

Å
trχ− 2

r

ã
− 1

2
trχ trχ+

1

r
trχ+ 2ρ+ Γg · Γb

=
1

2
trχ

Å
trχ− 2

r

ã
− 1

2
trχ trχ+

1

r
trχ+ 2ρ+ Γg · (Γa,Γb)

= 2ρ+ Γg · (Γa,Γb).

Applying Lemma 2.30, we obtain∣∣∣∣rÅtrχ− 2

r

ã∣∣∣∣
∞,S

≲

∣∣∣∣rÅtrχ− 2

r

ã∣∣∣∣
∞,S∗

+

∫ u

u0(u∗)
|rρ|∞,S + |rΓg · (Γa,Γb)|∞,S

≲
I0
r

+

∫ u

u0

∆0 + I0 + ε2

r2

≲
∆0 + I0 + ε2

r
.

Hence, we deduce

sup
C∗

∣∣∣∣r2 Åtrχ− 2

r

ã∣∣∣∣ ≲ ∆0 + I0 + ε2. (6.67)

In view of (6.45), (6.64)–(6.67), we obtain

O∗(C∗) ≲ I0 +∆0 + ε2.

This concludes the proof of Theorem M2.

6.4 Extension argument (Theorem M4)

In this section, we prove Theorem M4, which we recall below for convenience.

Theorem M4. We consider the spacetime K and its double null foliation (u, u), which satisfy
the assumptions:

O ≲ ϵ0, R ≲ ϵ0, Osc ≲ ε0. (6.68)

Then, we can extend the spacetime K = V (u0, u∗) and the double null foliation (u, u) to a new

spacetime ÛK = ÙV (u0, u∗+ν), where ν is sufficiently small, and an associated double null foliation
(Ûu, u). Moreover, the new foliation (Ûu, u) is geodesic on the new last slice C∗∗ := Cu∗+ν and the
new norms satisfy ÙO ≲ ε0, ÙR ≲ ε0, Õsc ≲ ε0. (6.69)

Recall that we have introduced three different double null foliations in different regions:

• (u, u) in the bootstrap region K;

• (u′, u) in the initial layer region K′;

• (Ûu, u) in the extended bootstrap region ÛK.

We introduce the following definition.

Definition 6.9. For the change of frame (f, λ) from a double null foliation (u(1), u) to another
double null foliation (u(2), u) in their common domain M, we define the following norms:

Osc[u(1), u(2)](M) := Osc[u(1), u(2)](M)(f) + Osc[u(1), u(2)](M)(λ) + Osc[u(1), u(2)](M)(r),
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Figure 2.3: Extension argument

where

Osc[u(1), u(2)](f) = sup
M

∣∣∣r(1)|u(1)| s−3
2 d≤1f

∣∣∣ ,
Osc[u(1), u(2)](λ) = sup

M

∣∣∣∣r(1) ◦λ ∣∣∣∣ ,
Osc[u(1), u(2)](r) = sup

M

∣∣∣r(1) − r(2)
∣∣∣ .

Remark 6.10. Definition 6.9 immediately implies

Osc[u(1), u(3)](M) ≲ Osc[u(1), u(2)](M) + Osc[u(2), u(3)](M),

Osc[u(1), u(2)](M1 ∪M2) ≲ Osc[u(1), u(2)](M1) + Osc[u(1), u(2)](M2).
(6.70)

To simplify the notations, we ignore the domain M and the optical functions [u(1), u(2)] when
they are clear in the context. For example, we denoted

Osc = Osc[u, u′](K ∩ K′), Õsc = Osc[Ûu, u′](ÛK ∩ K′),

in the statements of Theorems M0 and M4.

Proof of Theorem M4. Step 1. Extension of the domain.

We define the region

A0 := {p ∈ Σ0/w(p) ∈ [u∗, u∗ + ν]}.

For ν small enough, we consider the future dependence domain Kν
0 of A0, with

Kν
0 := V ′(u∗, u∗ + ν) ⊂ K′.

The boundary of Kν
0 contain

(1) the part A0;
(2) a part of an incoming cone denoted by

C∗∗(u∗ − ν) := Cu∗+ν ∩ {u∗ − ν ≤ u′ ≤ u∗},
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which is a part of the new last slice C∗∗ := Cu∗+ν , where

u∗ − ν := u′
∣∣
Cu∗+ν∩Σ0

, u∗ = u′
∣∣
Cu∗

∩Σ0
;

(3) a part of the outgoing cone emanating from S0(u∗) = Cu∗ ∩Σ0 and in V ′(u∗, u∗+ν), denoted
by C∗

ν , see Figure 2.3.

For the double null foliation (u′, u) in Kν
0 , we have:

O′(Kν
0) ≲ ε0, R′(Kν

0) ≲ ε0, (6.71)

for ν small enough by local existence. By the local existence theorem of the characteristic
Cauchy problem introduced in [44], we can extend the spacetime K ∪ Kν

0 to the future domain
of dependence of C∗

ν ∪ C∗, denoted by Kν
u. Moreover, we extend the outgoing cones of K to

this new domain, construct the incoming cones from C∗
ν and denote (ũ, u) the global foliation

in K̃ := K ∪ Kν
u ∪ Kν

0 . As a consequence of Theorem 1 of [44], we have‹O(Kν
u) ≲ ε0, ‹R(Kν

u) ≲ ϵ0, Osc[ũ, u′](Kν
u ∩ K′) ≲ ε0. (6.72)

Combining (6.68), (6.71) and (6.72), we obtain‹O(K̃) ≲ ε0, ‹R(K̃) ≲ ϵ0, Osc[ũ, u′](K̃ ∩ K′) ≲ ε0. (6.73)

Step 2. Estimates on C∗∗.

Notice that the double null foliation (ũ, u) is in general not geodesic on C∗∗ and only con-
tinuous across C∗

ν . Next, we construct from S′(u∗ − ν, u∗ + ν) as in section 2.1.3 another new
double null foliation (Ûu, u) which is a geodesic foliation on C∗∗. We add the following bootstrap
assumptions on C∗, which will be improved at the end of this step:

Osc[ũ, Ûu](C∗∗) ≤ ε, ÙO∗(C∗∗) ≤ ε. (6.74)

Applying (6.74) and Proposition 6.2 and recalling that two foliations have the same incoming
cones, we deduce by proceeding similarly to the proof of Lemma 6.6 that21ÙR[1](C∗∗) ≲ ‹R[1](C∗∗) ≲ ε0. (6.75)

As a direct consequence of Theorem M2, we obtainÙO∗(C∗∗) ≲ ε0. (6.76)

Then, by proceeding similarly to the proof of Lemma 6.8, we obtain

Osc[ũ, Ûu](C∗∗) ≲ ε0, (6.77)

which improves (6.74).

Step 3. Estimates in ÛK.

Let U1 the set of |u0| ≤ u1 ≤ u∗∗ + ν such that the following holds:ÙO(ÙV1) ≤ ε, Osc[ũ, Ûu](ÙV1) ≤ ε

2
, (6.78)

21The estimate for ρ can be done similarly as in Proposition 4.13.
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where ÙV1 := ÙV (u0, u∗ + ν) ∩ {u1 ≤ u ≤ u∗∗ + ν}. (6.79)

Notice that (6.76) and (6.77) imply that U1 ̸= ∅. We apply Proposition 6.2 and proceed similarly
to the proof of Lemma 6.6 to deduce22 ÙRS

0 ≲ ‹RS

0 ≲ ε0. (6.80)

Next, we estimate ÙRS
0 [β]. For this, recall that

|r−
2
p∇3β|p,S̃ = |r−2− 2

pΓ(1)
g |

p,S̃
≲

ε

r4|u| s−3
2

.

For any sphere ÛS = ÛS(Ûu, u), we take a sphere S̃ = S̃(ũ, u) satisfying ÛS ∩ S̃ ̸= ∅. The assumption
(6.78) implies

supÛS
∣∣∣∣∣ũ− 1

|ÛS| ∫ÛS ũ∣∣∣∣∣ ≲ ε

r|u| s−3
2

.

Applying Proposition 6.2 and Lemma 6.3, we deduce

|r−
2
p Ûβ|

p,ÛS ≲ |r−
2
p β̃|

p,ÛS + l.o.t. ≲
‹RS
0 [β]

r
7
2 |u| s−4

2

+
ε2

r5|u|s−3
≲

ε0

r
7
2 |u| s−4

2

.

Hence, we deduce ÙRS
0 + ÙRS

0 ≲ ε0. (6.81)

Combining (6.78) and (6.73) and applying (6.70), we infer

Osc[Ûu, u′](ÙV1 ∩ K′) ≤ ε

2
+ Cε0 ≤ ε.

We now apply Theorems M0 and M3 to conclude23

Osc[Ûu, u′](ÙV1 ∩ K′) ≲ ε0, ÙO(ÙV1) ≲ ε0. (6.82)

Proceeding similarly to the proof of Lemma 6.8, we obtain

Osc[ũ, Ûu](ÙV1) ≲ ε0,

which improves (6.78). Thus, we have inf U1 = |u0| and hence,

Osc[Ûu, ũ](ÛK) ≲ ε0, ÙO(ÛK) ≲ ε0. (6.83)

Notice that (6.73) and (6.83) implies

Osc[Ûu, u′](ÛK ∩ K′) ≲ ε0. (6.84)

Finally, we apply Theorem M1 with (6.81), (6.83) and (6.84) to concludeÙR ≲ ε0. (6.85)

Combining (6.83), (6.84) and (6.85), this concludes the proof of Theorem M4.

22Recall that the incoming cones are invariant and that ρ can be estimated as in Proposition 4.13.
23Remark that Theorem M3 also applied in the region ÙV1.
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A Proof of Lemma 3.4

In this appendix, we use the notations introduced in Remark 6.4.

First, we compare r′ and w. By construction, we have

r′ = w = w0 on ∂K.

We add the bootstrap assumption:

|r′ − w| ≤ ε log r′, on Σ0 \K, (A.1)

to ensure the equivalence r′ ≃ w. Applying (6.1) and Lemma 2.4, we deduce

(Ω′e′4 − Ω′e′3)(r
′ − w) =

Ω′ trχ′

2
r′ −

Ω′ trχ′

2
r′ − 1 +

|f |2
4

= r′Γ′
a +O(f2).

Integrating from w0 along (Ω′e′4 − Ω′e′3) and using Osc(f) ≤ ε, we infer

|r′ − w| ≲ ε+

∫ r′

w0

Å
ε2

r′s−1 +
ε0
r′

ã
dr′ ≲ ε0 log r

′, (A.2)

which improves (A.1).

Next, we compare u and u′. By construction, we have

u′ = u0 on ∂K,

and u = u0 at a point p ∈ ∂K. Hence, we have from (6.1) and Osc(f) ≤ ε that

sup
∂K

|u′ − u| ≲ |r∇′(u′ − u)|∞,∂K + |u′ − u|(p) ≲
∣∣∣∣r∇(u) +

1

2
e3(u)f

∣∣∣∣
∞,∂K

≲ |f |∞,∂K ≲ ε0.

Applying (6.1), we obtain

Ω′e′4(u)− Ω′e′3(u) =
λΩ′

4
|f |2e3(u)−

Ω′

λΩ
=

Ω

4
|f |2 − Ω′2

Ω2
.

On the other hand, we have
(Ω′e′4 − Ω′e′3)(u

′) = −1.

Then, we obtain

(Ω′e′4 − Ω′e′3)(u− u′) =
Ω

4
|f |2 + 1− Ω′2

Ω2
.

Integrating it along (Ω′e′4 − Ω′e′3), we infer from Osc ≤ ε that

|u′ − u| ≲ ε+

∫ r′

w0

Å
ε2

r′s−1 +
ε

r′

ã
dr′ ≲ ε log r′, on Σ0 \K. (A.3)

Notice that

e′4(u− u′) =
|f |2
4Ω′ = O

Å
ε2

r′s−1

ã
. (A.4)

Integrating (A.4) from Σ0 \ K to K′ and recalling that the height of K′ is finite24 we obtain
immediately from (A.3) that

|u′ − u| ≲ ε log r′, in K(0). (A.5)

24Recall that we defined K′ := {p/ 0 ≤ u′(p) + u(p) ≤ 2δ0} and δ0 < 1.
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Finally, we compare r and u−u
2 . Recalling that w = u−u′

2 and applying (A.5), we obtain∣∣∣∣w − u− u

2

∣∣∣∣ ≲ |u′ − u| ≲ ε log r′, in K′.

Then, we have, using also (A.2) and Osc(r) ≤ ε,∣∣∣∣r − u− u

2

∣∣∣∣ ≲ |r′ − r|+ |r′ − w|+
∣∣∣∣w − u− u

2

∣∣∣∣ ≲ ε log r′ in K′.

Next, we have from Lemma 2.4

d

du

(
r − u− u

2

)
=
r

2

Å
Ω trχ− 1

r

ã
= rΓa.

We integrate it along Cu from a sphere (u, v0) ∈ K(0) to obtain on K∣∣∣∣r(u, u)− u− u

2

∣∣∣∣ ≲ ε log r′(u, v0) + ε log r(u, u) ≲ ε log r(u, u).

This concludes the proof of Lemma 3.4.

B Proof of the case s ∈ (3, 4)

In sections 3-6, we have provided the proof of Theorem 3.1 in the case of s ∈ [4, 6]. In this
appendix, we outline the proof in the case s ∈ (3, 4), which is similar to the case of s ∈ [4, 6].

B.1 Fundamental norms

The definitions of some of the norms are different from section 3.1. In the sequel, we only men-
tion the norms that differ from the ones in section 3.1.

We define RS
0 [β] and RS

0 [ρ̌, σ] as follows:

RS
0 [β] := sup

K
sup
p∈[2,4]

|r
s+3
2

− 2
pβ|p,S ,

Rp,S
0 [ρ̌, σ] := sup

K
sup
p∈[2,4]

|r
s+2
2

− 2
p |u| 12 (ρ̌, σ)|p,S .

The following flux of curvature components are different from the case s ∈ [4, 6] for q = 0, 1:

Rq[β](u, u) := ∥r s
2 (r∇)qβ∥2,CV

u
,

Rq[(ρ̌, σ)](u, u) := ∥r s
2 (r∇)q(ρ̌, σ)∥2,CV

u
.

The definition of Op,S
q (Ωω)(u, u) is different from the case s ∈ [4, 6]:

Op,S
0 (Ωω)(u, u) := |r

s
2
− 2

p |u| 4−s
2 ω|p,S(u,u).

The other O norms are the same as in the case s ∈ [4, 6].
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B.2 Estimates for Ricci coefficients and curvature components

We discuss the curvature estimates of section 4 in this case. Recall that we have four Bianchi
pairs: (α, β), (β, (ρ̌,−σ)), ((ρ̌, σ), β) and (β, α). In section 4, we took respectively p = s, 4, 2, 0
to estimate the Bianchi pairs. In the case s ∈ (3, 4), we take respectively p = s, s, 2, 0 to estimate
the Bianchi pairs. The method is then exactly the same as in section 4.

Concerning the control of Ricci coefficients, we can proceed by the same method as in section
5. Recall that Proposition 5.2 used the fact that there exists a constant δ > 0 such that

sup
p∈[2,4]

|r3+δ−
2
pβ|p,S ≲ ∆0.

This still holds true since we have s+3
2 > 3 for s > 3. The other propositions still hold true since

we only used s > 3 in their proofs.

B.3 Conclusion

The proof of Theorems M0, M2, M4 and Lemma 3.4 remain exactly the same since all the
arguments also applied to the case s > 3. Consequently, we have Theorem 3.1 in this case.
Hence, we deduce that Theorem 3.1 holds true for s ∈ (3, 6].

C Proof of the case s > 6

In this appendix, we prove Theorem 3.1 in the case s > 6. Then, we compare the result to the
peeling decay for curvature components obtained in [30].

C.1 Fundamental norms

The definitions of R–norms for α and β are different from section 3.1. We denote

s0 := min

ß
s,

29

4

™
. (C.1)

We define for q = 0, 1:

Rq[β] := ∥r3|u| s−6
2 (r∇)qβ∥2,CV

u
,

Rq[α] := ∥r3|u| s−6
2 (r∇)qα∥2,CV

u
,

R1[α4] := |u|
s−s0

2 ∥r
s0
2 α̊∥2,CV

u
.

(C.2)

We also define:

RS
0 [β] := sup

K
sup
p∈[2,4]

|r4−
2
p |u| s−5

2 β|p,S . (C.3)

The norms RS
0 [α] are defined as follows:

RS
0 [α] := sup

K
|r s+1

2 α|2,S , s ∈ (6, 7),

RS
0 [α] := sup

K
|r4(log r)− 1

2α|2,S , s = 7,

RS
0 [α] := sup

K
|r4|u| s−7

2 α|2,S , s > 7.

(C.4)

All the other norms are defined as in section 3.1.
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C.2 Optimal constant for Poincaré inequality

Proposition C.1. For any α ∈ s2, we have the following Poincaré inequality:

|rd2α|22,S ≥ c2|α|22,S ,

for sphere S = S(u, u), where c2 is a constant satisfying:

c2 = 2−O(ε). (C.5)

Proof. See for example Proposition 9.3.2 in [11].

C.3 Curvature estimates

In section 4, we took respectively p = s, 4, 2, 0 to estimate the Bianchi pairs (α, β), (β, (ρ̌, σ)),
((ρ̌, σ), β) and (β, α). In the case s > 6, we take respectively p = 6, 4, 2, 0 for the Bianchi pairs.
Proceeding as in section 4, we deduce from Propositions 4.7–4.13 and 2.28

1∑
q=0

(
Rq[α] +Rq[β] +Rq[β] +Rq[ρ̌, σ] +Rq[ρ̌, σ] +Rq[β] +Rq[β] +Rq[α]

)
+R1[α3] +RS

0 [β] +RS
0 [β] +RS

0 [ρ̌, σ] +RS
0 [β] +RS

0 [α] +RS
0 [ρ] ≲ ε0.

(C.6)

It remains to estimate α and α̊. To this end, we prove the following divergence identity.

Lemma C.2. We have the following identity for any real number p:

Div(rp|α̊|2e3) + 2Div(rp|/α|2e4) + (p+ 2) rp−1|α̊|2 + 2 (8− p) rp−1|/α|2 − 8rp−1α̊ · α
=4rpd1(α̊ · /α) + rp(α̊, /α) · (Γa · β(1) + Γ(1)

g · β) + rpΓa · (|α̊|2, |/α|2).
(C.7)

Proof. We recall from (2.32)

∇3α̊ = −2d∗2/α+
4α

r
+ Γa · β(1) + Γ(1)

g · β,

∇4/α+
5

2
trχ /α = d2α̊+ Γa · β(1) + Γ(1)

g · β.

Applying Lemma 4.2 with ψ(1) = α̊, ψ(2) = /α, a(1) = 0, a(2) =
5
2 , h(1) =

4α
r +Γa · β(1) +Γ

(1)
g · β,

h(2) = Γa · β(1) + Γ
(1)
g · β and k = 2, we obtain (C.7) as stated.

Next, we prove the following analog of Proposition 4.11.

Proposition C.3. We have the following estimate:

R1[α4] ≲ ε0.

Proof. Integrating (C.7) with p = s0 and proceeding as in Proposition 4.7, we obtain∫
Cu

rs0 |α̊|2 +
∫
Cu

rs0 |/α|2 +
∫
V
rs0−1

(
(s0 + 2)|α̊|2 + 2(8− s0)|/α|2 − 8α̊ · α

)
≲
∫
Σ0∩V

rs0(|α̊|2 + |/α|2) +
∫
V
rs0 |(α̊, /α)||Γa||β(1)|+ rs0 |(α̊, /α)||Γ(1)

g ||β|+ rs0 |Γa|(|α̊|2 + |/α|2).

First, we proceed as in Lemma 4.6 to obtain∫
Σ0∩V

rs0(|α̊|2 + |/α|2) ≲ |u|s0−s
∫
Σ0∩V

rs(|α̊|2 + |/α|2) ≲ ε20
|u|s−s0 .
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Next, we have∫
V
rs0 |(α̊, /α)||Γa||β(1)| ≲ ε

∫
V
rs0−2|α̊||β(1)|+ ε

∫
V
rs0−2|/α||β(1)|

≲ ε

∫ u

−u
du

1

|u|
8−s0

2

Ç∫
CV

u

rs0 |α̊|2
å 1

2
Ç∫

CV
u

r4|β(1)|2
å 1

2

+ ε

∫ u

|u|
du

1

r
10−s0

2

(∫
CV

u

rs0 |/α|2
) 1

2
(∫

CV
u

r6|β(1)|2
) 1

2

≲
∫ u

−u
du

ε3

|u|
8−s0

2 |u|
s−s0

2 |u| s−4
2

+

∫ u

−u
du

ε3

r
10−s0

2 |u|
s−s0

2 |u| s−6
2

≲
∫ u

−u

ε3

|u|2+s−s0 du+

∫ u

−u
du

ε3

r
10−s0

2 |u|
2s−s0−6

2

≲
ε20

|u|1+s−s0 ,

where we used s0 < 8. Then, we compute∫
V
rs0 |(α̊, /α)||Γ(1)

g ||β| ≲
∫
V
rs0 |α̊||Γ(1)

g ||β|+
∫
V
rs0 |/α||Γ(1)

g ||β|

≲
∫ u

−u
du

Ç∫
CV

u

rs0 |α̊|2
å 1

2
Ç∫

CV
u

rs0 |Γ(1)
g |2|β|2

å 1
2

+

∫ u

|u|
du

(∫
CV

u

rs0 |/α|2
) 1

2
(∫

CV
u

rs0 |Γ(1)
g |2|β|2

) 1
2

≲ ε

∫ u

−u

du

|u|
s−s0

2

Ç∫ u

|u|
du rs0

∫
S
|Γ(1)
g |2|β|2

å 1
2

+ ε

∫ u

|u|

du

|u|
s−s0

2

Ç∫ u

−u
du rs0

∫
S
|Γ(1)
g |2|β|2

å 1
2

≲ ε

∫ u

−u

du

|u|
s−s0

2

Ç∫ u

|u|
du rs0−10|r 3

2Γ(1)
g |24,S |r

7
2β|24,S

å 1
2

+ ε

∫ u

|u|

du

|u|
s−s0

2

Ç∫ u

−u
du rs0−10|r 3

2Γ(1)
g |24,S |r

7
2β|24,S

å 1
2

≲ ε3
∫ u

−u

du

|u|
s−s0

2

Ç∫ u

|u|
rs0−10|u|8−2sdu

å 1
2

+ ε3
∫ u

|u|

du

|u|
s−s0

2

Ç∫ u

−u
rs0−10|u|8−2sdu

å 1
2

≲ ε3
∫ u

−u

du

|u|
s−s0

2

r
s0−9

2 |u|4−s + ε3
∫ u

|u|

du

|u|
s−s0

2

r
s0
2
−5|u| 92−s

≲
ε3

|u|
s−s0

2 |u|s−5|u|
9−s0

2

+
ε3

r4−
s0
2 |u|

s−s0
2 |u| 2s−9

2

≲
ε20

|u| s−1
2

+s−s0
.
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We also have ∫
V
rs0 |Γa|(|α̊|2 + |/α|2) ≲ ε

∫
V
rs0−2(|α̊|2 + |/α|2).

Moreover, applying Proposition C.1, we infer∫
V
rs0−1

(
(s0 + 2)|α̊|2 + 2(8− s0)|/α|2 − 8α̊ · α

)
≥
∫
V
rs0−1

Å
(s0 − 6)|α̊|2 + 8− s0

4
|/α|2 +

Å
7

4
(8− s0)c2 − 2

ã
|α|2 + 8|α̊|2 − 8α̊ · α+ 2|α|2

ã
≥
∫
V
rs0−1

Å
(s0 − 6)|α̊|2 + 3

16
|/α|2 + 19

64
|α|2 + 2|α− 2α̊|2

ã
≳
∫
V
rs0−1

(
|α̊|2 + |/α|2 + |α|2

)
,

where we used 6 < s0 ≤ 29
4 and c2 ≥ 7

4 for ε small enough. Combining the above estimates, we
obtain∫

CV
u

rs0 |α̊|2 +
∫
CV

u

rs0 |/α|2 +
∫
V
rs0−1

(
|α̊|2 + |/α|2 + |α|2

)
≲

ε20
|u|s−s0 + ε

∫
V
rs0−2(|α̊|2 + |/α|2).

For ε small enough, we deduce∫
CV

u

rs0 |α̊|2 +
∫
CV

u

rs0 |/α|2 +
∫
V
rs0−1

(
|α̊|2 + |/α|2 + |α|2

)
≲

ε20
|u|s−s0 .

This concludes the proof of Proposition C.3.

Proposition C.4. We have the following estimate:

RS
0 [α] ≲ ε0.

Proof. We have from Lemma 2.4 that

Ωe4

Å∫
S
|r4α|2

ã
=

∫
S
2Ω∇4(r

4α) · (r4α) + Ω trχ|r4α|2

=

∫
S
2Ωr4α · (∇4(r

4α) + r3α) + Ω

Å
trχ− 2

r

ã
|r4α|2

=

∫
S
2Ωr4α · (∇4(r

5α)r−1 + e4(r
−1)r5α+ r3α) + Γa|r4α|2

=

∫
S
2Ωr4α · (∇4(r

5α)r−1) + Γa|r4α|2

=

∫
S
2Ωr4α · r3α̊+ Γa|r4α|2.

Hence, we obtain ∣∣∣∣e4 Å∫
S
|r4α|2

ã∣∣∣∣ ≲ |r4α|2,S |r3α̊|2,S + ε|r4α|2,S |r2α|2,S ,

which implies

e4(|r4α|2,S) ≲ |r3α̊|2,S + ε|r2α|2,S .
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Integrating along Cu, applying initial assumption and Proposition C.3, we infer

|r4α|2,S ≲ ε0 +

∫ u

|u|
|r3α̊|2,Sdu+ ε|r2α|2,S

≲ ε0 +

∫ u

|u|
r3−

s0
2 |r

s0
2 α̊|2,Sdu+

∫ u

|u|

ε

r
3
2

|r 7
2α|2,Sdu

≲ ε0 +

Ç∫ u

|u|
r6−s0du

å 1
2
Ç∫ u

|u|
|r

s0
2 α̊|22,Sdu

å 1
2

+

∫ u

|u|

ε2

r
3
2

du

≲ ε0 +
ε0

|u|
s−s0

2

Ç∫ u

|u|
r6−s0du

å 1
2

.

(C.8)

Notice that we have

∫ u

|u|
r6−s0du =



1

7− s0
(u7−s0 − |u|7−s0), s0 ∈ (6, 7),

log

Å
u

|u|

ã
, s0 = 7,

1

s0 − 7
(|u|7−s0 − u7−s0), s0 > 7.

Hence, we obtain from (C.8)

|r4α|2,S ≲


ε0r

7−s
2 , s ∈ (6, 7),

ε0(log r)
1
2 , s = 7,

ε0|u|
7−s
2 , s > 7,

(C.9)

which implies from (C.4) that

RS
0 [α] ≲ ε0. (C.10)

This concludes the proof of Proposition C.4.

Combining Propositions C.4 with (C.6), this concludes the proof of Theorem M1 in the case of
s > 6. Notice that Theorems M0, M2, M3, M4 also hold true in the case s > 6 since we only
used s > 3 in their proofs25. Combining with section B.3, this concludes the proof of Theorem
3.1 for s > 3 as stated.

C.4 Peeling decay for curvature components

As a consequence of Theorem M1 in the case s > 7, the curvature components satisfy the
following decay:

|r5−
2
p |u| s−7

2 α|p=2,S ≲ ε0,

sup
p∈[2,4]

|r4−
2
p |u| s−5

2 β|p,S ≲ ε0,

sup
p∈[2,4]

|r3−
2
p |u| s−3

2 (ρ̌, σ)|p,S ≲ ε0,

sup
p∈[2,4]

|r2−
2
p |u| s−1

2 β|p,S ≲ ε0,

sup
p∈[2,4]

|r1−
2
p |u| s+1

2 α|p,S ≲ ε0.

(C.11)

25See the discussion in section B.2.
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Remark C.5. Assume s > 7 and that the initial data in K(0) has sufficient regularity properties.
Then, commuting r∇ with the Bianchi equations in Corollary 2.20 and the Teukolsky equation
(2.30), proceeding as in section C.3, we deduce the following strong peeling properties:

|α|∞,S(u,u) ≲
ε0

r5|u| s−7
2

, |β|∞,S(u,u) ≲
ε0

r4|u| s−5
2

,

|ρ̌, σ|∞,S(u,u) ≲
ε0

r3|u| s−3
2

, |β|∞,S(u,u) ≲
ε0

r2|u| s−1
2

, |α|∞,S(u,u) ≲
ε0

r|u| s+1
2

,
(C.12)

which recovers the results obtained in [30] by the vectorfield method.
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1 Introduction

1.1 Einstein vacuum equations and the Cauchy problem

A Lorentzian 4–manifold (M,g) is called a vacuum spacetime if it solves the Einstein vacuum
equations:

Ric(g) = 0 in M, (1.1)

where Ric denotes the Ricci tensor of the Lorentzian metric g. The Einstein vacuum equations
are invariant under diffeomorphisms, and therefore one considers equivalence classes of solutions.
Expressed in general coordinates, (1.1) is a non-linear geometric coupled system of partial differ-
ential equations of order 2 for g. In suitable coordinates, for example so-called wave coordinates,
it can be shown that (1.1) is hyperbolic and hence admits an initial value formulation.

The corresponding initial data for the Einstein vacuum equations is given by specifying a triplet
(Σ, g, k) where (Σ, g) is a Riemannian 3–manifold and k is the traceless symmetric 2–tensor on
Σ satisfying the constraint equations:

R = |k|2 − (tr k)2,

∇jkij = ∇i tr k,
(1.2)

where R denotes the scalar curvature of g, ∇ denotes the Levi-Civita connection of g and

|k|2 := gimgjlkijklm, tr k := gijkij .

In the future development (M,g) of such initial data (Σ, g, k), Σ ⊂ M is a spacelike hypersur-
face with induced metric g and second fundamental form k.

The seminal well-posedness results for the Cauchy problem obtained in [8, 9] ensure that for any
smooth Cauchy data, there exists a unique smooth maximal globally hyperbolic development
(M,g) solution of Einstein equations (1.1) such that Σ ⊂ M and g, k are respectively the first
and second fundamental forms of Σ in M.

The prime example of a vacuum spacetime is Minkowski space (M, η):

M = R4, η = −(dt)2 + (dx1)2 + (dx2)2 + (dx3)2,

for which Cauchy data are given by

Σ = R3, g = (dx1)2 + (dx2)2 + (dx3)2, k = 0.

In the present work, we consider the problem of the stability of Minkowski spacetime and start
by reviewing the state of the art on this problem.

1.2 Previous works on the stability of Minkowski spacetime

In 1993, Christodoulou and Klainerman [10] proved the global stability of Minkowski for the
Einstein-vacuum equations, a milestone in the domain of mathematical general relativity. In
2007, Bieri [5] gave a new proof of global stability of Minkowski requiring one less derivative and
less vectorfields compared to [10]. Both [10] and [5] rely on the maximal foliation. Given that
the goal of this paper is to extend the result of [5], we will state the results of [10, 5] in Section 1.3.

We now mention proofs of Minkowski stability using other gauges. In 2003, Klainerman and
Nicolò [29] proved the Minkowski stability in the exterior of an outgoing cone using the double
null foliation. Moreover, Klainerman and Nicolò [30] showed that under stronger asymptotic
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decay and regularity properties than those used in [10, 29], asymptotically flat initial data sets
lead to solutions of the Einstein vacuum equations which have strong peeling properties. Lind-
blad and Rodnianski [40, 41] gave a new proof of the stability of the Minkowski spacetime using
wave-coordinates and showing that the Einstein equations verify the so called weak null struc-
ture in that gauge. Huneau [23] proved the nonlinear stability of Minkowski spacetime with a
translation Killing field using generalised wave-coordinates. Using the framework of Melrose’s
b-analysis, Hintz and Vasy [21] reproved the stability of Minkowski space. Graf [19] proved
the global nonlinear stability of Minkowski space in the context of the spacelike-characteristic
Cauchy problem for Einstein vacuum equations, which together with [29] allows to reobtain [10].
Under the framework of [29] and using rp–weighted estimates of Dafermos and Rodnianski [13],
the author [53] reproved the Minkowski stability in exterior regions. More recently, Hintz [20]
reproved the Minkowski stability in exterior regions by using the framework of [21].

There are also stability results concerning Einstein’s equations coupled with non trivial matter
fields:

• Einstein-Maxwell system: Zipser [62] extended the framework of [10] to show the stability
of the Minkowski spacetime solution to the Einstein–Maxwell system. In [43], Loizelet used
the framework of [41] to demonstrate the stability of the Minkowski spacetime solution of
the Einstein-scalar field-Maxwell system in (1 + n)-dimensions (n ≥ 3). Speck [56] gave
a proof of the global nonlinear stability of the (1 + 3)-dimensional Minkowski spacetime
solution to the coupled system for a family of electromagnetic fields, which includes the
standard Maxwell fields.

• Einstein-Klein-Gordon system: Lefloch and Ma [38] and Wang [60] proved the global sta-
bility of Minkowski for the Einstein-Klein-Gordon system with initial data coinciding with
the Schwarzschild solution with small mass outside a compact set. Ionescu and Pausader
[24] proved the global stability of Minkowski for the Einstein-Klein-Gordon system for gen-
eral initial data. See also [39] by Lefloch and Ma using a foliation that merges hyperboloids
with constant time slices.

• Einstein-Vlasov system: Taylor [57] considered the massless case where the initial data for
the Vlasov part is compactly supported on the mass shell. Fajman, Joudioux and Smulevici
[14] considered the massive case where the initial data coincides with Schwarzschild in the
exterior region and with compact support assumption only in space on the Vlasov part.
Lindblad and Taylor [42] considered the massive case where the initial data has compact
support for the Vlasov part. Bigorgne, Fajman, Joudioux, Smulevici and Thaller [6]
considered the massless case for general initial data. Wang [61] considered the massive
case for general initial data.

1.3 Minkowski stability in [10, 5]

We recall in this section the results in [10, 5]. First, we recall the definition of a maximal
hypersurface, which plays an important role in the statements of the main theorems in [10, 5].

Definition 1.1. An initial data (Σ, g, k) is posed on a maximal hypersurface if it satisfies

tr k = 0. (1.3)

In this case, we say that (Σ, g, k) is a maximal initial data set, and the constraint equations
(1.2) reduce to

R = |k|2, div k = 0, tr k = 0. (1.4)

We introduce the notion of (s, q)–asymptotically flat initial data.
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Definition 1.2. Given s > 1 and q ∈ N, we say that a data set (Σ0, g, k) is (s, q)–asymptotically
flat if there exists a coordinate system (x1, x2, x3) defined outside a sufficiently large compact set
such that:

• In the case s ≥ 31

gij =

Å
1− 2M

r

ã−1

dr2 + r2dσS2 + oq+1(r
− s−1

2 ),

kij = oq(r
− s+1

2 ).

(1.5)

• In the case 1 < s < 3

gij = δij + oq+1(r
− s−1

2 ),

kij = oq(r
− s+1

2 ).
(1.6)

Remark 1.3. According to (1.6), the assumption s > 1 is necessary to define an asymptotic
perturbation of the flat metric on Σ0. See also Remark 3.7 for more explanations.

Definition 1.4. We denote d0 the geodesic distance from a fixed point O ∈ Σ0, Bij := (curl R̂)ij
the Bach tensor and R̂ is the traceless part of Ric. Then, we define for q ≥ 2:

• In the case s ≥ 3:

J
(q)
0 (Σ0, g, k) := sup

Σ0

(
(d20 + 1)3|Ric |2

)
+

q∑
l=0

∫
Σ0

(d20 + 1)l+
s−2
2 |∇lk|2

+

q−2∑
l=0

∫
Σ0

(d20 + 1)l+
s+2
2 |∇lB|2.

(1.7)

• In the case 1 < s < 3:

J
(q)
0 (Σ0, g, k) :=

q∑
l=0

∫
Σ0

(d20 + 1)l+
s−2
2 |∇lk|2 +

q−1∑
l=0

∫
Σ0

(d20 + 1)l+
s
2 |∇l Ric |2. (1.8)

We can now state the main theorems of [10] and [5].

Theorem 1.5 (Global stability of Minkowski spacetime [10]). There exists an ε0 > 0 sufficiently

small such that if J
(3)
0 (Σ0, g, k) ≤ ε20, then the initial data set (Σ0, g, k), (4, 3)–asymptotically

flat (in the sense of Definition 1.2) and maximal, has a unique, globally hyperbolic, smooth,
geodesically complete solution. This development is globally asymptotically flat, i.e. the Riemann
curvature tensor tends to zero along any causal or space-like geodesic. Moreover, there exists
a global maximal time function t and an optical function2 u defined everywhere in an external
region.

Theorem 1.6 (Global stability of Minkowski spacetime [5]). There exists an ε0 > 0 sufficiently

small such that if J
(2)
0 (Σ0, g, k) ≤ ε20, then the initial data set (Σ0, g, k), (2, 2)–asymptotically

flat and maximal, has a unique, globally hyperbolic, smooth, geodesically complete solution. This
development is globally asymptotically flat. Moreover, there exists a global maximal time function
t and an optical function u defined everywhere in an external region.

1The notation f = oq(r
−m) means ∂αf = o(r−m−|α|), |α| ≤ q.

2An optical function u is a scalar function satisfying gαβ∂αu∂βu = 0.



1. INTRODUCTION 121

Remark 1.7. Various choices of the parameter s in Definition 1.2 have been made in the
literature. In particular:3

• s = 4 is used for example in [10].

• s = 3 + δ4 is used for example in [41].

• s = 3− δ is used in [24] for the Einstein-Klein-Gordon system.

• s ∈ (2, 3] is used in [39] for the Einstein-Klein-Gordon system.

• s = 2 is used in [5].

The goal of this paper is to extend the results of [5] to lower values of s. More precisely, we
prove the global stability of Minkowski spacetime for (s, 2)–asymptotically flat initial data for
all s ∈ (1, 2].

1.4 Rough version of the main theorem

In this section, we state a simple version of our main theorem. For the precise statement, see
Theorem 3.6.

Theorem 1.8 (Main Theorem, first version). Let s ∈ (1, 2] and let an initial data set (Σ0, g, k)
which is (s, 2)–asymptotically flat in the sense of Definition 1.2. Assume that we have a small-
ness conditions in an initial layer region K(0)

5 near Σ0. Then, there exists a unique future
development (M,g) in its future domain of dependence with the following properties:

• (M,g) can be foliated by a maximal-null foliation (Cu,Σt) whose outgoing leaves Cu are
complete for all u;

• We have detailed control of all the quantities associated with the maximal-null foliation of
the spacetime, see Theorem 3.6.

Remark 1.9. In the particular case s = 2, we reobtain the results of [5] restated above in
Theorem 1.6.

The structure of the proof of Theorem 1.8 is similar to [10, 5], see Section 3.5. Below, we
compare the proof of this paper and that of [5]:

1. In [5], the functional (1.8) is introduced to fix the initial conditions on the initial hyper-
surface Σ0. Here we fix the initial conditions in an initial layer region K(0) near the initial
hypersurface Σ0.

2. To estimate the norms of curvature components, [5] uses the vectorfield method intro-
duced in [10]. Here, we estimate the curvature norms by relying on rp-weighted estimates,
a method introduced by Dafermos and Rodnianski in [13]. This allows for a simpler treat-
ment of the curvature estimates.

3. In order to obtain optimal decay for all the connection coefficients, [5] uses two foliations
constructed respectively forward and backward. In this paper, we derive decay for the
connection coefficients based on only one foliation constructed forward from the initial
hypersurface Σ0 and the symmetry axis Φ. This avoids having to compare forward and
backward gauges.

3This list focuses on low values of s. For large values of s, note for example [30] valid for s > 7 and [53] valid
for s > 3.

4Here and in the line below, δ denotes a constant satisfying 0 < δ ≪ 1.
5See (2.9) for the definition of K(0).
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1.5 Structure of the paper

• In Section 2, we introduce the geometric set-up and the basic equations.

• In Section 3, we state a precise version of the main theorem. We then state intermediate
results, and use them to prove the main theorem. The rest of the paper then focuses on
the proof of these intermediary results.

• In Section 4, we make bootstrap assumptions and prove first consequences. These conse-
quences will be used frequently in the rest of the paper.

• In Section 5, we apply rp–weighted estimates to Bianchi equations to control curvature.

• In Section 6, we estimate maximal connection coefficients and the lapse function using the
elliptic systems satisfied on maximal hypersurfaces.

• In Section 7, we estimate the null connection coefficients using the null structure equations.

• In Appendix A, we prove Theorem 5.8, which provides a unified treatment of nonlinear
error terms appearing in the curvature estimates of Section 5.

1.6 Acknowledgements

The author is very grateful to Jérémie Szeftel for his support, discussions, encouragements and
patient guidance.

2 Preliminaries

2.1 Geometric set-up

2.1.1 Maximal foliation

We foliate the spacetime (M,g) by spacelike hypersurfaces Σt as level hypersurfaces of a time
function t. We denote by T the unit, future oriented, normal to Σt. We then introduce a
coordinates system (x1, x2, x3) on Σ0, and extend it to M by

T (xi) = 0, i = 1, 2, 3.

Relative to this foliation, the spacetime metric takes the form:

g = −ϕ2dt2 +
3∑

i,j=1

gijdx
idxj . (2.1)

We define the lapse function of the foliation by

ϕ(t, x) := (g(Dt,Dt))−1.

Then, we have

T = ϕDt.

We define the second fundamental form:

kij := −g(DiT, ∂j). (2.2)
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We denote by ∇ and Ric respectively the induced covariant derivative and the corresponding
Ricci curvature tensor on the leaves Σt. Relative to an orthonormal frame e1, e2, e3 tangent to
the leaves of the foliation, we have the formulae:

Diej = ∇iej − kijT,

DiT = −kijej ,
DT ei = (ϕ−1∇iϕ)T,

DTT = (ϕ−1∇iϕ)ei,

where ∇T ei denotes the projection of DT ei to the tangent space of Σt.

Lemma 2.1. We have the following structure equations of the foliation:

∂tkij = −∇i∇jϕ+ ϕ(RiT jT − kilk
l
j),

∇ikjl −∇jkil = RlT ij ,

Ricij −kilklj + kij tr k = RiT jT +Rij .

Proof. See (1.0.3a)–(1.0.3c) in [10].

Taking the trace of the formulae in Lemma 2.1, we obtain the following corollary.

Corollary 2.2. If (M,g) is a solution of Einstein equations, we have the following equations:

R− |k|2 + (tr k)2 = 0,

∇jkji −∇i tr k = 0,

∂t tr k = −∆ϕ+ ϕ|k|2.

Combining Lemma 2.1 and Corollary 2.2, we obtain the following proposition.

Proposition 2.3. We impose a maximal foliation on Σt in the sense of Definition 1.1. Then,
we have:

• Maximal constraint equations:

tr k = 0,

∇jkji = 0,

R = |k|2.
(2.3)

• Evolution equations:

∂tgij = −2ϕkij ,

∂tkij = −∇i∇jϕ+ ϕ(Ricij −2kilk
l
j).

(2.4)

• Lapse equation:

∆ϕ = ϕ|k|2. (2.5)

Proof. See (1.0.11)–(1.0.13) in [10].
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2.1.2 Maximal-null foliation

Let O ∈ Σ0. We define Φ as the integral curve of O along the vectorfield T , called the symmetry
axis. Starting from O, we construct an outgoing null cone C0 in the future of Σ0. The spacetime
M is then divided into

M = I+(O) ∪ C0 ∪D+(Σ0 \O),

where I+(O) denotes the future domain of influence of O and D+(Σ0 \ O) denotes the future
domain of dependence of Σ0 \O.

We now construct an outgoing optical function u in M as follows. First, to allow ourselves
some room, we assume that a spacetime slab

⋃
t∈[−1,0]Σt in the past of Σ0 has been constructed.

We denote

O−1 := Φ ∩ Σ−1.

We define u on Φ by

T (u) = 1 on Φ, u(O) = 0.

Then, for any p ∈ Φ ∩ I+(O−1), we construct, emanating from p, an outgoing null cone Cu(p).
Thus, the spacetime I+(O−1) is foliated by the outgoing null cones Cu for u > u(O−1). We then
extend u to I+(O−1) by assuming that Cu are level sets of u and we denote

L := − gradu in I+(O−1).

Note that

I+(O) ∪ C0 ⊆ I+(O−1).

It thus remains to define u in D+(Σ0 \O).

For u(O−1) < u ≤ 0, the 2–spheres Cu ∩ Σ0 define a radial foliation on Σ0 ∩ I+(O−1) cen-
tered at O. We define a scalar function w on Σ0 by assuming

w := −u, on Σ0 ∩ I+(O−1),

and extending it smoothly to Σ0. We thus fixed a radial foliation on the initial hypersurface Σ0

centered at O by the level sets of w. The corresponding leaves are denoted by

S(0)(w1) = {p ∈ Σ0

/
w(p) = w1}, (2.6)

where w1 ≥ 0 and w(O) = 0. Then, we define the outgoing optical function u in D+(Σ0 \O) by
the following Eikonal equation:

gµν∂µu∂νu = 0, u|Σ0\O = −w. (2.7)

Denoting

L := − gradu in D+(Σ0 \K),

we have the following geodesic equation:

DLL = 0.
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Figure 3.1: Maximal-null foliation of the spacetime M

Thus, u and L are well-defined everywhere in M. Moreover, u is smooth in M by construction.

We consider the points on Φ:

S(t, uc(t)) := Σt ∩ Φ, S(tc(u), u) := Cu ∩ Φ, (2.8)

as spheres of radius 0. Thus, the spacetime M is foliated by 2–spheres:

S(t, u) := Σt ∩ Cu, u ∈ R, t ≥ 0.

We define the initial layer region:

K(0) := M∩ {0 ≤ t ≤ 2} = J−(Σ2) ∩ J+(Σ0), (2.9)

where J±(Σ) denotes the causal future (resp. past) of Σ. Note that we have

u > 0 in I+(O), u = 0 on C0, u < 0 in D+(Σ0 \O),

see Figure 3.1 for a picture. We also define for t ≥ 2

Vt := J−(Σt) ∩ J+(Σ2).

For any t ≥ 2, we define the exterior region:

eV t := {p ∈ Vt
/
u ≤ 1},

and the interior region:

iV t := {p ∈ Vt
/
u ≥ 1}.

We then define the null vectorfield e4 and the null lapse function a by

a := |∇u|−1, e4 := aL.

By definition, we have

0 = g(Du,Du) = |∇u|2 − |T (u)|2 = a−2 − |T (u)|2,



126CHAPTER 3. GLOBAL STABILITY OFMINKOWSKI SPACETIMEWITHMINIMAL DECAY

which implies

a = T (u)−1.

Thus, we have in particular a = 1 on Φ. Next, we define

N := e4 − T,

which is a vectorfield on M\ Φ. By a direct computation, we have

g(T,N) = g(T, e4 − T ) = ag(T, L)− g(T, T ) = −ag(T,Du) + 1 = −aT (u) + 1 = 0,

g(N,N) = g(e4 − T, e4 − T ) = −2g(e4, T ) + g(T, T ) = −2ag(L, T )− 1 = 2aT (u)− 1 = 1.

Thus, N denotes the unit vectorfield tangent to Σt, oriented towards infinity and orthogonal to
the leaves S(t, u).

We denote by θ the second fundamental form of the surfaces S(t, u) relative to Σt:

θAB := g(DAN, eB).

We then define the null vectorfield e3 by

e3 := T −N.

By a direct computation, we have

g(e3, e3) = g(T −N,T −N) = 0, g(e3, e4) = g(T −N,T +N) = 0.

On a given 2–sphere S(t, u), we choose a local orthonormal frame (e1, e2) and we call (e1, e2, e3, e4)
a null frame.6

Remark 2.4. As a convention, throughout the paper, we use capital Latin letters A,B,C, ... to
denote an index from 1 to 2, lower case Latin letters i, j, k, ... to denote an index from 1 to 3
and Greek letters α, β, γ, ... to denote an index from 1 to 4, e.g. eA denotes either e1 or e2.

The spacetime metric g induces a Riemannian metric /g on S(t, u). We use /∇ to denote the
Levi-Civita connection of /g on S(t, u). We recall the null decomposition of the Ricci coefficients
and curvature components of the null frame (e1, e2, e3, e4) as follows:

χ
AB

= g(DAe3, eB), χAB = g(DAe4, eB),

ξ
A
=

1

2
g(D3e3, eA), ξA =

1

2
g(D4e4, eA),

ω =
1

4
g(D3e3, e4), ω =

1

4
g(D4e4, e3),

η
A
=

1

2
g(D4e3, eA), ηA =

1

2
g(D3e4, eA),

ζA =
1

2
g(DeAe4, e3),

(2.10)

and

αAB = R(eA, e4, eB, e4), αAB = R(eA, e3, eB, e3),

βA =
1

2
R(eA, e4, e3, e4), β

A
=

1

2
R(eA, e3, e3, e4),

ρ =
1

4
R(e3, e4, e3, e4), σ =

1

4
∗R(e3, e4, e3, e4),

(2.11)

6Note that the null frame (e1, e2, e3, e4) is well-defined on M\ Φ.
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where ∗R denotes the Hodge dual of R.

The null second fundamental forms χ, χ are further decomposed in their traces trχ and trχ,
and traceless parts χ̂ and χ̂:

trχ := /g
ABχAB, χ̂AB := χAB − 1

2
/gAB trχ,

trχ := /g
ABχ

AB
, χ̂

AB
:= χ

AB
− 1

2
/gAB trχ.

We define the horizontal covariant operator /∇ as follows:

/∇XY := DXY − 1

2
χ(X,Y )e4 −

1

2
χ(X,Y )e3.

We also define /∇4X and /∇3X to be the horizontal projections of D4X and D3X:

/∇4X := D4X − 1

2
g(X,D4e3)e4 −

1

2
g(X,D4e4)e3,

/∇3X := D3X − 1

2
g(X,D3e3)e4 −

1

2
g(X,D3e4)e3.

A tensor field ψ defined on M is called tangent to S(t, u) if it is a priori defined on the spacetime
M and all the possible contractions of ψ with either e3 or e4 are zero. We use /∇3ψ and /∇4ψ to
denote the projection to S(t, u) of usual derivatives D3ψ and D4ψ.

As a direct consequence of (2.10), we have the Ricci formulae:

DAeB = /∇AeB +
1

2
χABe3 +

1

2
χ
AB
e4,

DAe3 = χ
AB
eB + ζAe3,

DAe4 = χABeB − ζAe4,

D3eA = /∇3eA + ηAe3 + ξ
A
e4,

D4eA = /∇4eA + η
A
e4 + ξAe4,

D3e3 = −2ωe3 + 2ξ
B
eB,

D3e4 = 2ωe4 + 2ηBeB,

D4e4 = −2ωe4 + 2ξBeB,

D4e3 = 2ωe3 + 2η
B
eB.

(2.12)

Next, we decompose k as follows:

δ := kNN , ϵA := kAN , κAB := kAB. (2.13)

The following identities hold for a maximal-null foliation:

χAB = θAB − κAB, χ
AB

= −θAB − κAB,

ξA = 0, ξ
A
= /∇A log ϕ− /∇A log a,

ηA = /∇A log a+ ϵA, η
A
= /∇A log ϕ− ϵA,

2ω = −∇N log ϕ+ δ, 2ω = ∇N log ϕ+ δ,

ζA = ϵA,

(2.14)

see (7.5.2b) in [10].
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Note that we have the following types of manifolds in this paper: the spacetime region M,
the spacelike hypersurfaces Σt, and the spheres S(t, u). Every type of manifold has its metric,
Levi-Civita connection and curvature tensor:

(M,g,D,R), (Σt, g,∇, R), (S(t, u), /g, /∇, /R).

2.2 Integral formulae

We define the S-average of scalar functions.

Definition 2.5. Given any scalar function f , we denote its average and its average free part by

f :=
1

|S|

∫
S
f d/g, qf := f − f,

where |S| denotes the area of S.

The following lemma follows immediately from the definition.

Lemma 2.6. For any two scalar functions u and v, we have

uv = u v + quqv,

and
uv − uv = quv + uqv +

Ä
quqv − quqv

ä
.

We recall the following integral formulae.

Lemma 2.7. For any scalar function f , the following equations hold:

ϕe4

Ç∫
S(t,u)

fd/g

å
=

∫
S(t,u)

(ϕe4(f) + ϕ trχf) d/g,

aN

Ç∫
S(t,u)

fd/g

å
=

∫
S(t,u)

(aN(f) + a tr θf) d/g.

Taking f = 1, we obtain

e4(r) =
ϕ trχ

2ϕ
r, N(r) =

a tr θ

2a
r, (2.15)

where r is the area radius defined by

r(t, u) :=

 
|S(t, u)|

4π
.

Proof. See Lemma 2.26 in [31].

2.3 Hodge systems in 2D–geometry

Definition 2.8. For tensor fields defined on a 2–sphere S, we denote by s0 := s0(S) the set of
pairs of scalar functions, s1 := s1(S) the set of 1–forms and s2 := s2(S) the set of symmetric
traceless 2–tensors.

Definition 2.9. Given ξ ∈ s1, we define its Hodge dual ∗ξ by

∗ξA :=∈AB ξB,

where ∈AB denotes the volume element on S. Clearly ∗ξ ∈ s1 and

∗(∗ξ) = −ξ.
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Given U ∈ s2, we define its Hodge dual ∗U by

∗UAB :=∈AC UCB.

Observe that ∗U ∈ s2 and
∗(∗U) = −U.

Definition 2.10. Given ξ, η ∈ s1, we denote

ξ · η := δABξAηB,

ξ ∧ η :=∈AB ξAηB,

(ξ“⊗η)AB := ξAηB + ξBηA − δABξ · η.

Given ξ ∈ s1, U ∈ s2, we denote

(ξ · U)A := δBCξBUAC .

Given U, V ∈ s2, we denote

(U ∧ V )AB :=∈AB UACVCB.

Definition 2.11. For a given ξ ∈ s1, we define the following differential operators:

/div ξ := δAB /∇AξB,

/curl ξ :=∈AB /∇AξB,

( /∇“⊗ξ)AB := /∇AξB + /∇BξA − /gAB(
/div ξ).

Definition 2.12. We define the following Hodge type operators, as introduced in Section 2.2 in
[10]:

• /d1 takes s1 into pairs of s0 and is given by:

/d1ξ := ( /div ξ, /curl ξ),

• /d2 takes s2 into s1 and is given by:

(/d2U)A := /∇B
UAB,

• /d
∗
1 takes pairs of s0 into s1 and is given by:

/d
∗
1(f, f∗)A := − /∇Af + ∈AB /∇Bf∗,

• /d
∗
2 takes s1 into s2 and is given by:

/d
∗
2ξ := −1

2
/∇“⊗ξ.

Proposition 2.13. We have the following identities:

/d
∗
1/d1 = − /∆1 +K, /d1/d

∗
1 = − /∆0,

/d
∗
2/d2 = −1

2
/∆2 +K, /d2/d

∗
2 = −1

2
( /∆1 +K),

(2.16)

where K denotes the Gauss curvature on S and /∆k denotes the Laplacian on sk.

Proof. See (2.2.2) in [10].
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Definition 2.14. We define the weighted angular derivatives d/ as follows:

d/U := r/d2U, ∀U ∈ s2,

d/ξ := r/d1ξ, ∀ξ ∈ s1,

d/(f, f∗) := r/d
∗
1(f, f∗), ∀(f, f∗) ∈ s0 × s0.

We denote for any tensor h ∈ sk, k = 0, 1, 2,

h(0) := h, h(1) := (h, d/h), h(2) := (h, d/h, d/2h).

Proposition 2.15. We have the following commutator identities:

• For any U ∈ s2

d//d2U = /d1 d/U.

• For any ξ ∈ s1

d//d1ξ = /d
∗
1 d/ξ,

d/(2/d
∗
2ξ) = /d

∗
1 d/ξ − 2rKξ.

• For any (f, f∗) ∈ s0

d//d
∗
1(f, f∗) = /d1 d/(f, f∗).

Proof. We recall from (2.16) that for any ξ ∈ s1

2 d//d
∗
2ξ = 2r/d2/d

∗
2ξ = −r( /∆1 +K)ξ = r(/d

∗
1/d1 − 2K)ξ = /d

∗
1 d/ξ − 2rKξ,

which implies the third identity. The other identities follow directly from Definition 2.14. This
concludes the proof of Proposition 2.15.

Definition 2.16. For a tensor field f on a 2–sphere S, we denote its Lp–norm as follows:

|f |p,S :=

Å∫
S
|f |p
ã 1

p

. (2.17)

2.4 Null structure equations

We recall the null structure equations, see Proposition 7.4.1 in [10].
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Proposition 2.17. We have the null structure equations:

/∇4χ̂+ trχ χ̂ = /∇“⊗ξ − 2ωχ̂+ (η + η + 2ζ)“⊗ξ − α,

/∇4 trχ+
1

2
(trχ)2 = 2 /div ξ − 2ω trχ+ 2ξ · (η + η + 2ζ)− |χ̂|2,

/∇3χ̂+ trχ χ̂ = /∇“⊗ξ − 2ωχ̂+ (η + η − 2ζ)“⊗ξ − α,

/∇3 trχ+
1

2
(trχ)2 = 2 /div ξ − 2ω trχ+ 2ξ · (η + η − 2ζ)− |χ̂|2,

/∇4χ̂+
1

2
trχ χ̂ = /∇“⊗η + 2ωχ̂− 1

2
trχ χ̂+ ξ“⊗ξ + η“⊗η,

/∇4 trχ+
1

2
trχ trχ = 2ω trχ− χ̂ · χ̂+ 2 /div η + 2(ξ · ξ + |η|2) + 2ρ,

/∇3χ̂+
1

2
trχ χ̂ = /∇“⊗η + 2ωχ̂− 1

2
trχ χ̂+ ξ“⊗ξ + η“⊗η,

/∇3 trχ+
1

2
trχ trχ = 2ω trχ− χ̂ · χ̂+ 2 /div η + 2(ξ · ξ + |η|2) + 2ρ,

/∇4η − /∇3ξ = −4ωξ − χ · (η − η)− β,

/∇3η − /∇4ξ = −4ωξ − χ · (η − η) + β,

/∇3ζ = −2 /∇ω − χ · (ζ + η) + 2ω(ζ − η) + χ · ξ + 2ωξ − β,

/∇4ζ = 2 /∇ω + χ · (−ζ + η) + 2ω(ζ + η)− χ · ξ − 2ωξ − β,

/∇3ω + /∇4ω = ξ · ξ + ζ · (η − η)− η · η + 4ωω + ρ.

Also, we have the Codazzi equations:

/div χ̂ =
1

2
/∇ trχ− ζ ·

Å
χ̂− 1

2
trχ

ã
− β,

/div χ̂ =
1

2
/∇ trχ+ ζ ·

Å
χ̂− 1

2
trχ

ã
+ β,

(2.18)

the torsion equation:

/curl η = σ +
1

2
χ̂ ∧ χ̂− ξ ∧ ξ,

/curl η = −σ − 1

2
χ̂ ∧ χ̂+ ξ ∧ ξ,

/curl ξ = ξ ∧ (η + η + 2ζ),

/curl ξ = ξ ∧ (η + η − 2ζ),

(2.19)

and the Gauss equation:

K = −1

4
trχ trχ+

1

2
χ̂ · χ̂− ρ. (2.20)

2.5 Bianchi equations

We recall the Bianchi equations, see Proposition 7.3.2 in [10].
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Proposition 2.18. The Bianchi equations take the following form

/∇3α+
1

2
trχα = /∇“⊗β + 4ωα− 3(χ̂ρ+ ∗χ̂σ) + (ζ + 4η)“⊗β,

/∇4β + 2 trχβ = /divα− 2ωβ + (2ζ + η) · α+ 3(ξρ+ ∗ξσ),

/∇3β + trχβ = /∇ρ+ ∗ /∇σ + 2ωβ + ξ · α+ 2χ̂ · β + 3(ηρ+ ∗ησ),

/∇4ρ+
3

2
trχρ = /div β − 1

2
χ̂ · α+ ζ · β + 2(η · β − ξ · β),

/∇3ρ+
3

2
trχρ = − /div β − 1

2
χ̂ · α+ ζ · β + 2(ξ · β − η · β),

/∇4σ +
3

2
trχσ = − /curlβ +

1

2
χ̂ · ∗α− ζ · ∗β − 2(η · ∗β + 2ξ · ∗β),

/∇3σ +
3

2
trχσ = − /curlβ − 1

2
χ̂ · ∗α+ ζ · ∗β − 2(η · ∗β + ξ · ∗β),

/∇4β + trχβ = − /∇ρ+ ∗ /∇σ + 2ωβ + 2χ̂ · β − ξ · α− 3(ηρ− ∗ησ),

/∇3β + 2 trχβ = − /divα− 2ωβ + (2ζ − η) · α+ 3(−ξρ+ ∗ξσ),

/∇4α+
1

2
trχα = − /∇“⊗β + 4ωα− 3(χ̂ρ− ∗χ̂σ) + (ζ − 4η)“⊗β.

2.6 Commutation identities

We recall the following commutation lemma.

Lemma 2.19. Let UA1...Ak
be an S-tangent k-covariant tensor on (M,g). Then

[ /∇4, /∇B]UA1...Ak
= −χBC /∇CUA1...Ak

+ F4BA1...Ak
,

F4BA1...Ak
:= ξB /∇3UA1,...,Ak

+ (ζB + η
B
) /∇4UA1...Ak

+
k∑
i=1

(χ
AiB

ξC − χ
BC

ξAi + χAiB ηC − χBC ηAi
+ ∈AiC

∗βB)UA1...C...Ak
,

[ /∇3, /∇B]UA1...Ak
= −χ

BC
/∇CUA1...Ak

+ F3BA1...Ak
,

F3BA1...Ak
:= ξ

B
/∇4UA1,...,Ak

+ (ηB − ζB) /∇3UA1...Ak

+
k∑
i=1

(χAiBξC − χBCξAi
+ χ

AiB
ηC − χ

BC
ηAi+ ∈AiC

∗β
B
)UA1...C...Ak

,

[ /∇3, /∇4]UA1...Ak
= F34A1...Ak

,

F34A1...Ak
:= −2ω /∇3U + 2ω /∇4U + (ηB − η

B
) /∇BUA1...Ak

+ 2
k∑
i=1

(ξAi ξC − ξC ξAi
+ η

Ai
ηC − η

Ai
ηC+ ∈AiC σ)UA1...C...Ak

.

Proof. See Lemma 7.3.3 in [10].

2.7 The electric-magnetic decomposition of curvature

Proposition 2.20. We define the electric-magnetic decomposition of R:

Eij := R(T, ei, T, ej), Hij :=
∗R(T, ei, T, ej), i, j = 1, 2, 3. (2.21)
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Then, the following identities hold for a maximal foliation:

EAB =
1

4
αAB +

1

4
αAB − 1

2
ρ δAB, HAB = −1

4
∗αAB +

1

4
∗αAB − 1

2
σ δAB,

EAN =
1

2
β
A
+

1

2
βA, HAN =

1

2
∗β

A
− 1

2
∗βA,

ENN = ρ, HNN = σ.

(2.22)

Proof. See (7.3.3e) in [10].

Proposition 2.21. The following equations hold for a maximal foliation:

∇ikjm −∇jkim = ∈ij lHlm,

Ricij −kilklj = Eij .

Proof. See (1.0.8a)–(1.0.8b) in [10].

Definition 2.22. Let Σ be a 3–dimensional manifold diffeomorphic to R3. We define the fol-
lowing differential operators on Σ:

• For any scalar function ϕ on Σ, we define

∆ϕ = ∇i∇iϕ.

• For any 1–form ξ on Σ, we define

div ξ := ∇iξi,

(curl ξ)i := ∈ilm∇lξm.

• For any traceless symmetric 2–tensor U on Σ, we define

(divU)i := ∇jUij ,

(curlU)ij :=
1

2

Ä
∈ilm∇lUmj + ∈j lm∇lUmi

ä
.

Proposition 2.23. Let E, H be the electric-magnetic decomposition defined in (2.21). Then,
the following identities hold:

divE = k ∧H,
divH = −k ∧ E,

−L̂TH + curlE = −∇ log ϕ ∧ E − 1

2
k ×H,

L̂TE + curlH = −∇ log ϕ ∧H +
1

2
k × E,

where

(L̂TE)ij := (LTE)ij −
2

3
(k · E)gij ,

(L̂TH)ij := (LTH)ij −
2

3
(k ·H)gij ,

(2.23)

and where LXU denotes the Lie derivative of a tensor U relative to a vectorfield X.

Proof. See Proposition 7.2.1 in [10].
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3 Main theorem

3.1 Preliminary definitions

Definition 3.1. For any t ≥ 2 and −∞ ≤ u1 < u2 ≤ +∞, we denote

Vt(u1, u2) := J+(Σ2) ∩ J−(Σt) ∩ {u1 ≤ u ≤ u2},

and for V = Vt(u1, u2) and u1 ≤ u ≤ u2

CVu := Cu ∩ V, ΣVt := Σt ∩ V.

We then define for any tensorfield Ψ:

Bq
p[Ψ](u1, u2) :=

∫
V
rp−1|Ψ(q)|2,

Eqp [Ψ](u) :=

∫
CV

u

rp|Ψ(q)|2,

F qp [Ψ](u1, u2) :=

∫
ΣV

t

rp|Ψ(q)|2,

Dq
ℓ [Ψ](u) := sup

S⊆CV
u

sup
p∈[2,4]

|r
ℓ+3
2

− 2
pΨ(q)|2p,S ,

D
(∞)
ℓ [Ψ](u) := sup

CV
u

|r ℓ+3
2 Ψ|2,

where q = 0, 1, 2, 3 and where the notation Ψ(q) has been introduced in Definition 2.14. We also
use the following shorthand notations:

Vt(u) := Vt(−∞, u), Xq
p [Ψ](u) := Xq

p [Ψ](−∞, u), where X = B,F.

We also denote

Xp[Ψ](u1, u2) := X0
p [Ψ](u1, u2), where X = B,E, F,D.

Moreover, we denote

XY q
p [Ψ](u1, u2) := Xq

p [Ψ](u1, u2) + Y q
p [Ψ](u1, u2) where X,Y ∈ {B,E, F},

and
Eqp [Ψ](u1, u2) := sup

u∈[u1,u2]
Eqp [Ψ](u).

Definition 3.2. Let 2 < t∗ < +∞ and q = 0, 1, 2, 3. We define:

eBqp,d[Ψ] := sup
2≤t≤t∗

sup
u≤1

⟨u⟩dBq
p[Ψ](u),

eEqp,d[Ψ] := sup
2≤t≤t∗

sup
u≤1

⟨u⟩dEqp [Ψ](u),

eFq
p,d[Ψ] := sup

2≤t≤t∗
sup
u≤1

⟨u⟩dF qp [Ψ](u),

eDq
p,d[Ψ] := sup

2≤t≤t∗
sup
u≤1

⟨u⟩dDq
p[Ψ](u),

eD(∞)
p,d [Ψ] := sup

2≤t≤t∗
sup
u≤1

⟨u⟩dD(∞)
p [Ψ](u),

where
⟨u⟩ :=

»
1 + |u|2. (3.1)
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We also define:

iBqp,d[Ψ] := sup
2≤t≤t∗

sup
1≤u1≤u2≤uc(t)

ud1B
q
p[Ψ](u1, u2),

iEqp,d[Ψ] := sup
2≤t≤t∗

sup
1≤u≤uc(t)

udEqp [Ψ](u),

iFq
p,d[Ψ] := sup

2≤t≤t∗
sup

1≤u1≤u2≤uc(t)
ud1F

q
p [Ψ](u1, u2),

iDq
p,d[Ψ] := sup

2≤t≤t∗
sup

1≤u≤uc(t)
udDq

p[Ψ](u),

iD(∞)
p,d [Ψ] := sup

2≤t≤t∗
sup

1≤u≤uc(t)
udD

(∞)
p,d [Ψ](u).

Moreover, we denote

X q
p,d[Ψ] := eX q

p,d[Ψ] + iX q
p,d[Ψ], where X ∈ {B, E , F , D}.

We also use the following shorthand notations:

Xp,d[Ψ] := X 0
p,d[Ψ], X q

p [Ψ] := X q
p,0[Ψ], Xp[Ψ] := X 0

p,0[Ψ], where X ∈ {B, E , F , D}.

Definition 3.3. We define the renormalized quantity /U and mass aspect function µ:7

/U := /∇ trχ+ trχ ζ, µ := − /div η − ρ+
1

2
χ̂ · χ̂. (3.2)

We also define the following renormalized curvature components:8

ρ̌ := ρ− 1

2
χ̂ · χ̂, qσ := σ − 1

2
χ̂ ∧ χ̂. (3.3)

Remark 3.4. The purpose of defining the renormalized quantities ρ̌ and qσ is to get rid of the
terms χ̂ · α and χ̂ ∧ α in the right hand side of the Bianchi equations for /∇3ρ and /∇3σ, as they
are the most dangerous among all the nonlinear terms appearing in the Bianchi equations. See
Lemma 4.9 for the Bianchi equations satisfied by (ρ̌, qσ). Note that the terms χ̂ ·α and χ̂∧α are
emphasized as being borderline for the case s = 2 in [5].

3.2 Main norms

The norms in Sections 3.2.1–3.2.3 are defined in the bootstrap region Vt∗ while the norms in
Section 3.2.4 are defined in the initial layer region K(0). Also, throughout Sections 3.2.1–3.2.3,

the norms ER, EK and EO are defined in the whole region Vt∗ = eV ∪ iV while the norms IR,
TR, IK, TK, IO and TO are defined in the interior region iV only.

3.2.1 R norms (curvature components)

We define

ER := ER[α] + ER[β] + ER[ρ̌, qσ] + ER[β] + ER[α] + ER[α4] +
ER[α3],

7The quantities /U and µ appeared first in [10].
8This renormalization appeared first in [31].
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where (
ER[α]

)2
:= B1

s [α] + E1
s [α] + F1

s [α] +Ds[α],(
ER[β]

)2
:= B1

s [β] + E1
s [β] + F1

s [β] +Ds[β],(
ER[ρ̌, qσ]

)2
:= B1

s [ρ̌, qσ] + E1
s [ρ̌, qσ] + F1

s [ρ̌, qσ] +Ds[ρ̌, qσ],(
ER[β]

)2
:= E1

0,s[β] + F1
s [β] +Ds−1,1[β],(

ER[α]
)2

:= F1
0,s[α] +D−1,s+1[α],(

ER[α4]
)2

:= Bs[α4] + Es[α4] + Fs[α4],(
ER[α3]

)2
:= F−2,s+2[α3],

with
α4 := r−4 /∇4(r

5α), α3 := r−4 /∇3(r
5α).

Next, we define

IR := IR[α] + IR[β] + IR[ρ̌, qσ] + IR[β] + IR[α] + IR[α4],

where (
IR[R]

)2
:= iE1

0,s[R] +
iF1

−2,s+2[R] +
iD−2,s+2[R], ∀ R ∈ {α, β, ρ̌, qσ, β, α},(

IR[α4]
)2

:= iE0,s[α4] +
iF−2,s+2[α4] +

iD−2,s+2[α4].

We also define the following time derivative norms:

TR := TR[α] + TR[β] + TR[ρ, σ] + TR[β] + TR[α],

where (
TR[R]

)2
:= iE0,s+2[ /∇TR] +

iF0,s+2[ /∇TR], ∀ R ∈ {α, β, ρ, σ, β},(
TR[α]

)2
:= iF0,s+2[ /∇Tα].

Finally, we denote

R := ER+ IR+ TR.

3.2.2 K norms (maximal connection coefficients)

We define

EK := EK[δ] + EK[ϵ] + EK[κ̂] + EK[ϕ],

where (
EK[δ]

)2
:= F2

s−2[δ] + F1
s [ /∇Nδ] +D1

s−2[δ] +Ds−1,1[ /∇Nδ],(
EK[ϵ]

)2
:= F2

s−2[ϵ] + F1
s [ /∇N ϵ] +D1

s−2[ϵ] +Ds−1,1[ /∇N ϵ],(
EK[κ̂]

)2
:= F2

s−2[κ̂] + F1
s [ /∇N κ̂] +D1

s−3,1[κ̂] +D−1,s−1[κ̂] +D−1,s+1[ /∇N κ̂],(
EK[ϕ]

)2
:= F3

s−4[log ϕ] + F2
s−2[∇Nϕ] + F1

s [∇N∇Nϕ]

+D2
s−4[log ϕ] +D1

s−2[∇Nϕ] +Ds−1,1[∇N∇Nϕ].

Next, we define

IK := IK[k] + IK[ϕ],
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where (
IK[k]

)2
:=iF−2,s[k] +

iF0,s[∇k] + iF0,s+2[∇2k] + iD
(∞)
−3,s+1[k] +

iD−2,s+2[∇k],(
IK[ϕ]

)2
:=iF−3,s−1[log ϕ] +

iF−2,s[∇ϕ] + iF0,s[∇2ϕ] + iF0,s+2[∇3ϕ]

+iD
(∞)
−3,s−1[log ϕ] +

iD
(∞)
−3,s+1[∇ϕ] + iD−2,s+2[∇2ϕ].

We also define the following time derivative norms:

TK := TK[δ] + TK[ϵ] + TK[κ̂] + TK[ϕ],

where (
TK[δ]

)2
:= sup

p∈[−2,s−1]

iDp,s−p[ /∇T δ],(
TK[ϵ]

)2
:= sup

p∈[−2,s−1]

iDp,s−p[ /∇T ϵ],(
TK[κ̂]

)2
:= sup

p∈[−2,−1]

iDp,s−p[ /∇T κ̂],(
TK[ϕ]

)2
:= sup

p∈[−2,s−1]

iDp,s−p[ /∇T∇ϕ].

Finally, we denote
K := EK + IK + TK.

3.2.3 O norms (null connection coefficients)

In the rest of this paper, we always denote by δB a fixed constant satisfying

0 < δB ≪ s− 1. (3.4)

We define

EO := EO[/U ] + EO[µ] + EO[trχ] + EO[χ̂] + EO[η],

where (
EO[/U ]

)2
:=Ds[/U ] + sup

S⊆V
|r s+3

2 /∇/U |2,S + E1
s−δB ,δB [/U ] + F1

s−δB ,δB [/U ],(
EO[µ]

)2
:=D1,s−1[µ] + F1

s−δB ,δB [µ],(
EO[trχ]

)2
:=D1

s−2[}trχ] + F2
s−2−δB ,δB [}trχ] +D(∞)

−1,s−1

ï
trχ− 2

r

ò
,(

EO[χ̂]
)2

:=D1
s−2[χ̂] + F2

s−2−δB ,δB [χ̂],(
EO[η]

)2
:=D1

−1,s−1[η] + F2
s−2−δB ,δB [η].

Next, we define

IO := IO[/U ] + IO[µ] + IO[trχ] + IO[χ̂] + IO[η],

where (
IO[/U ]

)2
:=iD−2,s+2[/U ] + sup

S⊆iV

|ru s+1
2 /∇/U |2,S + iE1

0,s[/U ] + iF1
0,s[/U ],(

IO[µ]
)2

:=iD−2,s+2[µ] +
iF1

0,s[µ],(
IO[trχ]

)2
:=iD1

−3,s+1[}trχ] +
iF2

−2,s[}trχ] +
iD(∞)

−3,s+1

ï
trχ− 2

r

ò
,(

IO[χ̂]
)2

:=iD1
−3,s+1[χ̂] +

iF2
−2,s[χ̂],(

IO[η]
)2

:=iD1
−3,s+1[η] +

iF2
−2,s[η].
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We also define (
TO
)2

:=
(
TO[η]

)2
:= sup

p∈[−2,−1]

iDp,s−p[ /∇T η].

Finally, we denote
O := EO + IO + TO.

Remark 3.5. By definition, the norms O and K control δ, ϵ, κ, ∇ log ϕ, η and χ. Moreover,
we have from (2.14)

χ
AB

= −χAB − 2kAB, ξ
A
= /∇A log ϕ+ ϵA − ηA,

2ω = −∇N log ϕ+ δ, 2ω = ∇N log ϕ+ δ,

/∇A log a = ηA − ϵA, ζA = ϵA,

ξ = 0, η
A
= /∇A log ϕ− ϵA.

Thus, the norms O and K control all the connection coefficients.

3.2.4 O(0), K(0) and R(0) norms (initial data)

We define the curvature flux in the initial layer region K(0) introduced in (2.9):

(R(0))
2 := sup

t∈[0,2]

∫
Σt

rs
∣∣∣d≤1

(
α, β, ρ, σ, β, α

)∣∣∣2 , d := {r /∇3, r /∇4, r /∇}.

Next, we define the norms of null connection coefficients in the initial layer K(0):

O(0) :=
∑

Γ∈{η,}trχ,χ̂}
O(0)[Γ] + sup

S⊆K(0)

∣∣∣∣r s+1
2

Å
trχ− 2

r

ã∣∣∣∣
∞,S

+ sup
Σ0

|r + u|,

where

(O(0)[Γ])
2 := sup

t∈[0,2]

∫
Σt

rs−2|d≤2Γ|2 + sup
S⊆K(0)

|r s+1
2 d≤2Γ|2∞,S .

We also define the norms of maximal connection coefficients in K(0):

K(0) :=
∑

k∈{ϵ,δ,κ̂,∇ϕ}
K(0)[k] + sup

S⊆K(0)

|r s−1
2 (ϕ− 1)|∞,S ,

where (
K(0)[k]

)2
:= sup

t∈[0,2]

∫
Σt

rs−2|d≤2k|2.

3.3 Main theorem

We are ready to state a precise version of our main theorem.

Theorem 3.6 (Main Theorem, version 2). Consider an initial data set (Σ0, g, k), (s, 2)–asymptotically
flat in the sense of Definition 1.2 with 1 < s ≤ 2. Assume that we have the following control in
the initial layer region K(0):

O(0) ≤ ε0, K(0) ≤ ε0, R(0) ≤ ε0, (3.5)

where O(0), K(0) and R(0) are defined in Section 3.2.4 and ε0 > 0 is a small enough constant.

Then, the initial layer K(0) has a unique development (M,g) in its future domain of depen-
dence with the following properties:
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1. (M,g) can be foliated by a maximal-null foliation (t, u). Moreover, the outgoing cones Cu
are complete for all u ∈ R.

2. The norms O, K and R defined in Sections 3.2.1–3.2.3 satisfy

O ≲ ε0, K ≲ ε0, R ≲ ε0. (3.6)

Remark 3.7. The lower bound s > 1 is almost sharp in the following sense. Denoting Γ the
connection coefficients, R the curvature components and µ = 3, 4, we have from Propositions
2.17 and 2.18, schematically,

/∇µΓ = /∇Γ +R+ Γ · Γ,
/∇µR = /∇R+ Γ ·R. (3.7)

Also, we have from (1.6) that the order of decay of Γ is − s+1
2 while that of R is − s+3

2 . Thus,
since the nonlinear terms should have better order of decay than the linear terms, we should have
in view of (3.7)

s+ 1

2
+
s+ 1

2
>
s+ 3

2
,

s+ 1

2
+
s+ 3

2
>
s+ 5

2
,

where both restrictions are equivalent to s > 1.

The proof of Theorem 3.6 is given in Section 3.5. It hinges on three theorems stated in Section
3.4, concerning estimates for O, K and R norms.

We choose ε0 small enough such that

ε := ε
2
3
0 , 0 < ε≪ 1,

where ε will be the smallness constant involved in bootstrap assumptions. Here, A≪ B means
that CA < B where C is the largest universal constant among all the constants involved in the
proof via ≲.

3.4 Main intermediate results

The following three theorems are the main intermediate results in the proof of Theorem 3.6.

Theorem 3.8. Assume that

R(0) ≤ ε0, O ≤ ε, K ≤ ε, R ≤ ε. (3.8)

Then, we have
R ≲ ε0. (3.9)

Theorem 3.8 is proved in Section 5. The proof is based on the rp–weighted estimate method
introduced by Dafermos and Rodnianski in [13] and applied to the Bianchi equations.

Theorem 3.9. Assume that

O ≤ ε, K ≤ ε, R ≲ ε0. (3.10)

Then, we have
K ≲ ε0. (3.11)

Theorem 3.9 is proved in Section 6. The proof is done by applying elliptic estimates on maximal
hypersurfaces Σt.
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Theorem 3.10. Assume that

O(0) ≤ ε0, O ≤ ε, K ≲ ε0, R ≲ ε0. (3.12)

Then, we have

O ≲ ε0. (3.13)

Theorem 3.10 is proved in Section 7. The proof is done by integrating transport equations along
the outgoing null cones and applying elliptic estimates on 2–spheres of the maximal-null foliation
of the spacetime M.

3.5 Proof of the main theorem

We now use Theorems 3.8–3.10 to prove Theorem 3.6.

Definition 3.11. We denote U the set of values t∗ such that the spacetime

Kt∗ := Vt∗ ∪ K(0) = J−(Σt∗) ∩ J+(Σ0)

associated with the maxmimal-null foliation (t, u) defined in Section 2.1 satisfies the following
bounds:

O ≤ ε, K ≤ ε, R ≤ ε. (3.14)

The assumption (3.5) implies that (3.14) holds if t∗ ∈ [0, 2]. So, we have U ̸= ∅. Next, we define
t∗ to be the supremum of the set U . We want to prove t∗ = +∞. We assume by contradiction
that t∗ <∞. In particular we may assume t∗ ∈ U . We have from (3.5)

O(0) ≤ ε0, K(0) ≤ ε0, R(0) ≤ ε0. (3.15)

Applying Theorems 3.8, 3.9 and 3.10 one by one in that order, we obtain

R ≲ ε0, K ≲ ε0, O ≲ ε0. (3.16)

By local existence, we can extend Vt∗ to ÙV := Vt∗+ν for a ν > 0 sufficiently small. We denoteÙO, ÛK and ÙR the norms in the extended region ÙV . We haveÙO ≲ ε0, ÛK ≲ ε0, ÙR ≲ ε0,

as a consequence of (3.16) and local existence in t∗ ≤ t ≤ t∗ + ν. We deduce that ÙV satisfies
(3.14), which is a contradiction. Thus, we have t∗ = +∞, which implies property 1 of Theorem
3.6. Moreover, we have

O ≲ ε0, K ≲ ε0, R ≲ ε0, in M = K∞, (3.17)

which implies property 2 of Theorem 3.6. This concludes the proof of Theorem 3.6.

4 Bootstrap assumptions and first consequences

In the rest of the paper, we always assume the following bootstrap assumptions:

O ≤ ε, K ≤ ε, R ≤ ε. (4.1)

In this section, we derive first consequences of (4.1) in the region Vt∗ . In the sequel, the results
of this section will be used frequently without explicitly mentioning them.
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4.1 Schematic notation Γg, Γb and Γw

We introduce the following schematic notations.

Definition 4.1. We divide the Ricci coefficients into three parts:

Γg :=
¶

}trχ, }trχ, χ̂, ω, ω, ϵ, δ, ∇ log ϕ, ζ, η
©
,

Γb :=

ß
η, /∇ log a, ξ, trχ− 2

r

™
,

Γw := {χ̂, κ̂, θ̂}.

We also denote:

Γ(1)
g := (r /∇)≤1Γg ∪ {rα, rβ, rρ, rσ, r /U},

Γ
(1)
b := (r /∇)≤1Γb ∪ {rµ},

Γ(1)
w := (r /∇)≤1Γw ∪ {rβ},

and

Γ
(2)
i := (r /∇)≤1Γ

(1)
i , where i = g, b, w.

Lemma 4.2. We have the following estimates:

D1
s−2[Γg] ≲ ε2, D1

−1,s−1[Γb] ≲ ε2, D−1,s−1[Γw] ≲ ε2, D1
s−3,1[Γw] ≲ ε2,

and

iD
(∞)
−3,s+1[Γg,Γb,Γw] ≲ ε2, iD1

−2,s[Γg,Γb,Γw] ≲ ε2.

Moreover, we have
F2
s−2−δB ,δB [Γg,Γb,Γw] ≲ ε2, (4.2)

where δB is introduced in (3.4).

Proof. It follows directly from (2.14), (4.1) and Definitions 3.2 and 4.1.

Lemma 4.3. For two quantities X(1) and X(2), we denote

X(1) ⪯ X(2)

if X
(q)
(1) decays better than X

(q)
(2) for any q = 0, 1, 2. Then, throughout this paper, we have

α ⪯ β ⪯ (ρ, σ) ⪯ β ⪯ α, Γg ⪯ Γb ⪯ Γw.

Proof. It is a direct consequence of (4.1).

Remark 4.4. In the sequel, we choose the following conventions:

• For a quantity h satisfying the same or even better decay and regularity as Γi, for i = g, b, w,
we write

h ∈ Γi, i = g, b, w.

• For a sum of schematic notations, we ignore the terms which have same or even better
decay and regularity. For example, we write

Γg + Γb = Γb, Γb + Γw = Γw,

Å ⟨u⟩
⟨u⟩+ r

ã s−1
2

Γb = Γg.
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• Since Γw has better decay and regularity than Γ
(1)
b , we write

Γw = Γ
(1)
b .

• For a quantity h satisfying the same or even better decay and regularity than the curvature
component R(q), we write

h = R(q).

For example, we have

r−1Γ(1)
w = α(0), Γb · ρ = Γb · β, Γg · β + Γg · ρ = Γg · ρ.

4.2 Commutation identities in schematic form

Proposition 4.5. We have the following simple schematic consequences of the commutator
identities

[r /∇, /∇4] = Γg · r /∇+ Γg · r /∇4 + Γ(1)
g ,

[r /∇, /∇3] = Γw · r /∇+ Γb · r /∇4 + Γb · r /∇3 + Γ(1)
w ,

[ /∇3, /∇4] = Γb · /∇+ Γg · /∇3 + Γg · /∇4 + r−1Γ(1)
g .

Proof. It follows directly from Lemma 2.19 and (2.14).

Corollary 4.6. We have the following commutator identities:

[ /∇T , /∇4] = Γb · /∇+ Γg · /∇T + Γg · /∇4 + r−1Γ(1)
g ,

[ /∇T , /∇3] = Γb · /∇+ Γg · /∇T + Γg · /∇4 + r−1Γ(1)
g ,

[ /∇T , /∇] = Γw · /∇+ Γb · /∇T + Γb · /∇4 + r−1Γ(1)
w .

Proof. It follows directly from Proposition 4.5 and the fact that 2T = e4 + e3.

4.3 Main equations in schematic form

Proposition 4.7. We have the null structure equations:

/∇4η = r−1Γ
(1)
b ,

/∇4χ̂ = r−1Γ(1)
g , /∇3χ̂ = r−1Γ

(1)
b ,

/∇4 trχ+
1

2
(trχ)2 = r−1Γg, /∇3 trχ+

1

2
trχ trχ = r−1Γ

(1)
b ,

/∇3χ̂ = −α+ r−1Γ
(1)
b , /∇4χ̂ = r−1Γ(1)

w ,

/∇3 trχ+
1

2
(trχ)2 = r−1Γ(1)

w , /∇4 trχ+
1

2
trχ trχ = r−1Γ(1)

g ,

/∇3ζ = r−1Γ(1)
w , /∇4ζ = r−1Γ(1)

g ,

/div χ̂ =
1

2
/U − β + Γg · Γg, /div χ̂ = r−1Γ(1)

w .

Proof. It follows directly from Proposition 2.17.

Corollary 4.8. We have the following identities:

/∇T χ̂ = r−1Γ
(1)
b , /∇T ζ = r−1Γ(1)

w , /∇T χ̂ = α(0),

/∇T trχ = r−1Γ
(1)
b , /∇T trχ = r−1Γ(1)

w .
(4.3)
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Proof. It follows directly from Proposition 4.7 and the fact that 2T = e4 + e3.

Lemma 4.9. We have the following Bianchi equations for ((ρ̌, qσ), β):

/∇4β + trχβ = /d
∗
1(ρ̌, qσ) + Γw · (/U, β) + r−1Γg · Γ(1)

w ,

/∇3(ρ̌, qσ) +
3

2
trχ(ρ̌, qσ) = −/d1β + r−1(Γb · Γw)(1).

Proof. We have from Proposition 4.7

/∇3χ̂ = −α+ r−1Γ
(1)
b , /∇3χ̂ = r−1Γ

(1)
b .

Hence, we have from Proposition 2.18 and Remark 4.4

/∇3ρ̌+
3

2
trχ ρ̌ = /∇3ρ+

3

2
trχρ− 1

2
/∇3(χ̂ · χ̂) + r−1Γg · Γw

= − /div β − 1

2
χ̂ · α+ Γb · (β, β)−

1

2
χ̂ · /∇3χ̂− 1

2
/∇3χ̂ · χ̂+ r−1Γg · Γw

= − /div β − 1

2
χ̂ · α+ r−1Γb · Γ(1)

w − 1

2
χ̂ · (−α+ r−1Γ

(1)
b ) + r−1Γ

(1)
b · Γw

= − /div β + r−1(Γb · Γw)(1)

as stated. The derivation of the equation of qσ is similar and left to the reader.

Next, we have from (2.18), (3.2), (3.3) and Proposition 2.18

/∇4β + trχβ = d∗1(ρ, σ) + Γw · β + Γg · (ρ, σ, β)

= d∗1(ρ̌, qσ) +
1

2
d∗1(χ̂ · χ̂, χ̂ ∧ χ̂) + Γw · β + Γg · (ρ, σ, β)

= d∗1(ρ̌, qσ) + Γw · (/U, β) + r−1Γg · Γ(1)
w

as stated. This concludes the proof of Proposition 4.9.

Proposition 4.10. The Bianchi equations take the following form:

/∇3α+
1

2
trχα = −2/d

∗
2β + Γg · ρ+ Γb · β,

/∇4β + 2 trχβ = /d2α+ Γg · ρ,
/∇3β + trχβ = −/d∗1(ρ,−σ) + Γg · β + Γb · ρ,

/∇4(ρ,−σ) +
3

2
trχ(ρ,−σ) = /d1β + Γw · β,

/∇3(ρ̌, qσ) +
3

2
trχ(ρ̌, qσ) = −/d1β + r−1(Γb · Γw)(1),

/∇4β + trχβ = /d
∗
1(ρ̌, qσ) + Γw · (/U, β) + r−1Γg · Γ(1)

w ,

/∇3β + 2 trχβ = −/d2α+ Γb · α,

/∇4α+
1

2
trχα = 2/d

∗
2β + Γg · α+ Γw · ρ.

Proof. It follows directly from Proposition 2.18 and Lemma 4.9.

Corollary 4.11. We have the following identities:

/∇Tα = r−1β(1), /∇Tβ = r−1ρ(1) + Γg · β,
/∇T (ρ, σ) = r−1β(1) + Γg · α, /∇Tβ = r−1α(1).

Proof. It follows directly from Proposition 4.10 and the fact that 2T = e4 + e3.
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4.4 Elliptic estimates in 2D–geometry

Throughout Section 4.4, we assume that t ≥ 0 and u ∈ R are fixed constants and we denote
S := S(t, u) the leaf of the maximal-null foliation constructed in Section 2.1.2.

Proposition 4.12 (Lp estimates for Hodge systems). The following statements hold for all
p ∈ (1,+∞):

1. Let ϕ ∈ s0 be a solution to /∆ϕ = f . Then we have

| /∇2
ϕ|p,S + r−1| /∇ϕ|p,S + r−2|qϕ|p,S ≲ |f |p,S .

2. Let ξ ∈ s1 be a solution to /d1ξ = (f, f∗). Then we have

| /∇ξ|p,S + r−1|ξ|p,S ≲ |(f, f∗)|p,S .

3. Let U ∈ s2 be a solution to /d2U = f . Then we have

| /∇U |p,S + r−1|U |p,S ≲ |f |p,S .

Proof. See Corollary 2.3.1.1 in [10].

Proposition 4.13. Let F be a tensor field on S. Then, we have

|r 1
2F |∞,S ≲ |F |4,S + |r /∇F |4,S .

Proof. See Lemma 4.1.3 in [29].

4.5 Elliptic estimates in 3D–geometry

Throughout Section 4.5, we assume that t ≥ 0 is a fixed constant and we denote Σ := Σt the
maximal hypersurface constructed in Section 2.1.1.

Definition 4.14. For a tensor field h on Σ, we define its Lp–norm as follows:

∥h∥p,Σ :=

Å∫
Σ
|h|p
ã 1

p

. (4.4)

Proposition 4.15 (Hardy). We have for any tensor field F on Σ

∥r−1F∥2,Σ ≤ cH∥∇F∥2,Σ,
where

cH = 2 +O(ε).

Proof. We have

divN = gNNg(DNN,N) + gABg(DAN, eB) = /g
ABθAB = tr θ =

2

r
+ Γb, (4.5)

which implies from rΓb = O(ε)

div

Å
N

r

ã
=

divN

r
− N(r)

r2
=

1

r2
+ r−1Γb =

1 +O(ε)

r2
.

Thus, we have

(1 +O(ε))

∫
Σ

|F |2
r2

=

∫
Σ
div

Å
N

r

ã
|F |2 = −

∫
Σ

2

r
F · ∇NF ≤ 2

Å∫
Σ

|F |2
r2

ã 1
2
Å∫

Σ
|∇NF |2

ã 1
2

,

which implies

∥r−1F∥2,Σ ≤ (2 +O(ε))∥∇F∥2,Σ.
This concludes the proof of Proposition 4.15.



4. BOOTSTRAP ASSUMPTIONS AND FIRST CONSEQUENCES 145

Proposition 4.16 (Sobolev). Let F be a tensor field, tangent to S at every point. We have the
following inequalities:

∥F∥6,Σ ≲ ∥∇F∥2,Σ,
sup
S⊆Σ

|F |4,S ≲ ∥∇F∥2,Σ,

sup
S⊆Σ

|r 1
2 ⟨u⟩ 1

2F |4,S ≲ ∥F∥2,Σ + ∥r /∇F∥2,Σ + ∥⟨u⟩ /∇NF∥2,Σ.

Proof. See Corollaries 3.2.1.1 and 3.2.1.2 in [10].

Proposition 4.17 (Gagliardo-Nirenberg). Given F a tensor field on Σ, we have the following
inequality:

∥F∥∞,Σ ≲ ∥F∥
1
2
6,Σ∥∇F∥

1
2
6,Σ.

Proof. See Page 308 in [10].

Proposition 4.18. Let ξ be a 1–form on Σ satisfying

div ξ = D(ξ),

curl ξ = A(ξ).

Then, the following integral identity holds:∫
Σ
|∇ξ|2 =

∫
Σ
|A(ξ)|2 + |D(ξ)|2 − Ricij ξiξj .

Proof. See Lemma 4.4.1 in [10].

Proposition 4.19. Let U be a 2–traceless symmetric tensor on Σ satisfying

divU = D(U),

curlU = A(U).

Then, the following estimates hold:∫
Σ
|∇U |2 ≲

∫
Σ
|A(U)|2 + |D(U)|2 + |Ric ||U |2,∫

Σ
|∇2U |2 ≲

∫
Σ
|∇A(U)|2 + |∇D(U)|2 + |Ric ||∇U |2 + |Ric |2|U |2.

Proof. See Propositions 4.4.1 and 4.4.2 in [10].

Proposition 4.20. Let ϕ be a scalar function on Σ satisfying

∆ϕ = f.

Then, the following estimates hold: ∫
Σ
|∇ϕ|2 + r2|∇2ϕ|2 ≲

∫
Σ
r2|f |2,∫

Σ
r4| /∇3

ϕ|2 + r4| /∇2∇Nϕ|2 + r4| /∇∇2
Nϕ|2 ≲

∫
Σ
r2|f |2 + r4| /∇f |2.

Proof. See Propositions 4.2.2 and 4.2.3 in [10].
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4.6 Comparison of t, u and r

Lemma 4.21. We have the following estimates on the symmetry axis:

|t(p)− u(p)| ≲ εt(p), ∀p ∈ Φ. (4.6)

In particular, we have

|uc(t)− t| ≲ εt, |tc(u)− u| ≲ εt.

Proof. Recalling that ∂t = ϕT and

T (u) = 1, on Φ,

we infer from (4.1)

|∂t(t− u)| = |1− ϕT (u)| = |1− ϕ| ≲ ε, on Φ.

Integrating it along Φ, we deduce

|t(p)− u(p)| ≤ |t(O)− u(O)|+
∫ t

0
|∂t(t− u)|dt ≲ 0 +

∫ t

0
εdt ≲ εt, ∀p ∈ Φ.

This concludes the proof of Lemma 4.21.

Lemma 4.22. We have the following estimates:

|r − (t− u)| ≲ εt.

Proof. We have from Lemma 2.7

e4(r) =
ϕ trχ

2ϕ
r.

Recalling that

ϕe4(t) = ϕT (t) = 1, ϕe4(u) = 0,

we infer from (4.1)

|ϕe4(r − (t− u))| =
∣∣∣∣∣ϕ trχ2

r − 1

∣∣∣∣∣ ≲ ε.

Hence, we obtain in eV

|r(t, u)− (t− u)| ≲ |r(0, u) + u|+
∫ t

0
|ϕe4(r − (t− u))| dt ≲ εt,

where we used the fact that |r + u| ≤ O(0) ≤ ε0 on Σ0.

Applying Lemma 4.21, we have in iV

|r(t, u)− (t− u)| ≲ |tc(u)− u|+
∫ t

tc(u)
|ϕe4(r − (t− u))| dt ≲ εt.

This concludes the proof of Lemma 4.22.
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We define

i
eV t∗

:=

ß
p ∈ iV t∗

/
r ≥ t

2

™
, i

iV t∗
:=

ß
p ∈ iV t∗

/
r ≤ t

2

™
. (4.7)

Corollary 4.23. We have the following equivalences on the symmetry axis:

uc(t) ≃ t, tc(u) ≃ u, on Φ.

We also have the following comparison results:

t+ ⟨u⟩ ≲ r in eV t∗ , 1 ≤ u, ⟨r⟩ ≲ t in iV t∗ .

Moreover, we have

1 ≤ u ≲ t ≃ r, in i
eV t∗

, r ≲ t ≃ u in i
iV t∗

.

Proof. It follows directly from Lemmas 4.21 and 4.22, and from (4.7).

4.7 Evolution lemma

We recall the following evolution lemma, which will be used in Sections 6 and 7.

Lemma 4.24. Under the assumption (4.1), the following holds:

1. Let U,F be k-covariant S-tangent tensor fields satisfying the outgoing evolution equation

/∇4U + λ0 trχU = F.

Denoting λ1 := 2(λ0 − 1
p), we have for all p ∈ (1,∞):

|rλ1U |p,S(t, u) ≲ |rλ1U |p,S(tc(u), u) +
∫ t

tc(u)
|rλ1F |p,S(t′, u)dt′ ∀u ≥ 1,

|rλ1U |p,S(t, u) ≲ |rλ1U |p,S(2, u) +
∫ r

⟨u⟩
|rλ1F |p,S(t′, u)dr′ ∀u ≤ 1.

2. Let V, F be k-covariant and S-tangent tensor fields satisfying the normal evolution equation

/∇NV + λ0 tr θ V = F .

Denoting λ1 = 2(λ0 − 1
p), we have for all p ∈ (1,∞):

|rλ1V |p,S(t, u) ≲ lim
u→−∞

|rλ1V |p,S(t, u) +
∫ u

−∞
|rλ1F |p,S(t, u′)du′,

|rλ1V |p,S(t, u) ≲ lim
u→uc(t)

|rλ1V |p,S(t, u) +
∫ uc(t)

u
|rλ1F |p,S(t, u′)du′.

Proof. See Lemma 13.1.1 in [10] or Lemma 7 in [5].

5 Curvature estimates (Theorem 3.8)

In this section, we prove Theorem 3.8 by the rp–weighted estimate method introduced in [13]
and applied to Bianchi equations in [22, 33], see also [53].

Throughout Section 5, we denote

eV := Vt(−∞, u), iV := Vt(u1, u2),

i
eV := iV ∩

ß
r ≥ t

2

™
, i

iV := iV ∩
ß
r ≤ t

2

™
.
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5.1 Preliminaries

5.1.1 Schematic notation Eq, Fq and Oℓ

Definition 5.1. For a quantity X, we denote

X ∈ Eq(s),

if X satisfies the following estimates:

E1
q,s−q[X] +Dq,s−q[X] + iE1

0,s[X] + iD−2,s+2[X] ≲ ε2.

Similarly, we denote
X ∈ Fq(s),

if X satisfies the following estimates:

F1
q,s−q[X] +Dq−1,s−q+1[X] + iF1

0,s[X] + iD−2,s+2[X] ≲ ε2.

Moreover, we denote

X ∈ Oℓ(s),

if X satisfies the following estimates:

D1
ℓ−2,s−ℓ[X] + iD1

−3,s+1[X] ≲ ε2.

We also denote

X ∈ E(1)
q (s) if Eq,s−q[X] + iE0,s[X] ≲ ε2,

X ∈ F(1)
q (s) if Fq,s−q[X] + iF0,s[X] ≲ ε2,

X ∈ O(1)
ℓ (s) if Dℓ−2,s−ℓ[X] + iD−3,s+1[X] ≲ ε2.

We also use the following shorthand notation:

Xq := Xq(s), ∀ X ∈ {E, F, O}.

Remark 5.2. Under the assumptions (4.1), we have

(α, β, ρ̌, qσ) ∈ Es ∩ Fs, β ∈ E0 ∩ Fs, α ∈ F0,

α4 ∈ E(1)
s , α3 ∈ F(1)

−2.

We also have9

(ρ, σ, /U) ∈ Es−δB , r−1Γ
(1)
i ∈ Fs−δB , i = g, b, w.

Moreover, we have from Lemma 4.2

Γg ∈ Os, Γb ∈ O1, Γw ∈ Os−1.

We also have from Corollary 4.11

/∇Tα ∈ E(1)
s+2(s+ 2), /∇Tβ ∈ E(1)

2s−δB (s+ 2), /∇T (ρ, σ) ∈ F(1)
s+1(s+ 2),

/∇Tβ ∈ F(1)
2 (s+ 2), /∇Tα ∈ F(1)

0 (s+ 2).

9Recall that δB is defined in (3.4).
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5.1.2 Bianchi equations in schematic form

Proposition 5.3. We have the following Bianchi equations:

/∇3α+
1

2
trχα = −2/d

∗
2β +O1 · Es,

/∇4β + 2 trχβ = /d2α+Os · Es,
/∇3β + trχβ = −/d∗1(ρ,−σ) +Os · Fs +O1 · Es−δB ,

/∇4(ρ,−σ) +
3

2
trχ(ρ,−σ) = /d1β +Os−1 · Es,

/∇3(ρ̌, qσ) +
3

2
trχ(ρ̌, qσ) = −/d1β +Os−1 · Fs−δB ,

/∇4β + trχβ = /d
∗
1(ρ̌, qσ) +Os−1 · Es−δB +Os · Fs−δB ,

/∇3β + 2 trχβ = −/d2α+O1 · F0,

/∇4α+
1

2
trχα = 2/d

∗
2β +Os · F0.

(5.1)

Proof. It follows directly from Remark 5.2, Lemma 4.9 and Proposition 4.10.

Commuting (5.1) with d/, applying Propositions 2.15 and 4.5 and ignoring the terms that decay
better, we obtain the following corollary.10

Corollary 5.4. We have the following equations:

/∇3( d/α) +
1

2
trχ( d/α) = −/d∗1( d/β) + r−1O(β) + (Os−1 · Es)(1),

/∇4( d/β) + 2 trχ( d/β) = /d1( d/α) + (Os · Es)(1),
/∇3( d/β) + trχ( d/β) = −/d1( d/ρ,− d/σ) + (Os · Fs)(1) + (Os−1 · Es−δB )(1),

/∇4( d/ρ,− d/σ) +
3

2
trχ( d/ρ,− d/σ) = /d

∗
1( d/β) + (Os−1 · Es)(1),

/∇3( d/ρ̌, d/qσ) +
3

2
trχ( d/ρ̌, d/qσ) = −/d∗1( d/β) + (Os−1 · Fs−δB )(1),

/∇4( d/β) + trχ( d/β) = /d1( d/ρ̌, d/qσ) + (Os−1 · Es−δB )(1) + (Os · Fs−δB )(1),
/∇3( d/β) + 2 trχ( d/β) = −/d1( d/α) + (O1 · F0)

(1),

/∇4( d/α) +
1

2
trχ( d/α) = /d

∗
1( d/β) + r−1O(β) + (Os · F0)

(1).

Lemma 5.5. We define the following quantities:

α4 :=
1

r4
/∇4(r

5α) ∈ s2, /α := r/d2α ∈ s1,

α3 :=
1

r4
/∇3(r

5α) ∈ s2, /α := r/d2α ∈ s1.

(5.2)

Then, we have the following equations:

/∇3α4 = −2/d
∗
2/α+

4α

r
+ (Os · Es)(1),

/∇4/α+
5

2
trχ /α = /d2α4 + (Os · Es)(1),

(5.3)

and

/∇4α̊ = −2/d
∗
2/α+

4α

r
+ (Os−1 · F0)

(1),

/∇3/α+
5

2
trχ /α = /d2α̊+ (Os−1 · F0)

(1).

(5.4)

10The linear terms r−1O(β) and r−1O(β) come from the fact that [ d/, 2/d
∗
2] = O(r−1), see Proposition 2.15.
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Proof. See Lemma 2.26 in [53].

5.1.3 General Bianchi pairs

The following lemma provides the general structure of Bianchi pairs. It will be used repeatedly
in Sections 5.2–5.4.

Lemma 5.6. Let k = 1, 2 and a(1), a(2) real numbers. Then, we have the following properties.

1. If ψ(1), h(1) ∈ sk and ψ(2), h(2) ∈ sk−1 satisfying

/∇3(ψ(1)) + a(1) trχψ(1) = −k/d∗k(ψ(2)) + h(1),

/∇4(ψ(2)) + a(2) trχψ(2) = /dk(ψ(1)) + h(2).
(5.5)

Then, the pair (ψ(1), ψ(2)) satisfies for any real number p

Div(rp|ψ(1)|2e3) + kDiv(rp|ψ(2)|2e4)
+
(
2a(1) − 1− p

2

)
rp trχ|ψ(1)|2 + k

(
2a(2) − 1− p

2

)
rp trχ|ψ(2)|2

=2krp /div (ψ(1) · ψ(2)) + 2rpψ(1) · h(1) + 2krpψ(2) · h(2) − 2rpω|ψ(1)|2

−2krpω|ψ(2)|2 + prp−1
(
e3(r)−

r

2
trχ
)
|ψ(1)|2 + kprp−1

(
e4(r)−

r

2
trχ
)
|ψ(2)|2.

(5.6)

2. If ψ(1), h(1) ∈ sk−1 and ψ(2), h(2) ∈ sk satisfying

/∇3(ψ(1)) + a(1) trχψ(1) = /dk(ψ(2)) + h(1),

/∇4(ψ(2)) + a(2) trχψ(2) = −k/d∗k(ψ(1)) + h(2).
(5.7)

Then, the pair (ψ(1), ψ(2)) satisfies for any real number p

kDiv(rp|ψ(1)|2e3) +Div(rp|ψ(2)|2e4)
+k
(
2a(1) − 1− p

2

)
rp trχ|ψ(1)|2 +

(
2a(2) − 1− p

2

)
rp trχ|ψ(2)|2

=2rp /div (ψ(1) · ψ(2)) + 2krpψ(1) · h(1) + 2rpψ(2) · h(2) − 2krpω|ψ(1)|2

−2rpω|ψ(2)|2 + kprp−1
(
e3(r)−

r

2
trχ
)
|ψ(1)|2 + prp−1

(
e4(r)−

r

2
trχ
)
|ψ(2)|2.

(5.8)

Proof. See Lemma 4.2 in [53].

Remark 5.7. Note that the Bianchi equations in (5.1), (5.3) and (5.4) can be written as systems
of equations of the type (5.5) and (5.7). In particular

• the Bianchi pair (α4, /α) satisfies (5.5) with k = 2, a(1) = 0, a(2) =
5
2 ,

• the Bianchi pair (α, β) satisfies (5.5) with k = 2, a(1) =
1
2 , a(2) = 2,

• the Bianchi pair (β, (ρ,−σ)) satisfies (5.5) with k = 1, a(1) = 1, a(2) =
3
2 ,

• the Bianchi pair ((ρ̌, qσ), β) satisfies (5.7) with k = 1, a(1) =
3
2 , a(2) = 1,

• the Bianchi pair (β, α) satisfies (5.7) with k = 2, a(1) = 2, a(2) =
1
2 ,

• the Bianchi pair (/α, α3) satisfies (5.7) with k = 2, a(1) =
5
2 , a(2) = 0.
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5.1.4 Estimates for nonlinear error terms

The following theorem provides a unified treatment of all the nonlinear error terms in curvature
estimates.

Theorem 5.8. We define11

N q
p

[
ψ(1), ψ(2)

]
(V ) :=

∫
V
rp
∣∣∣ψ(q)

(1) · ψ
(q)
(2)

∣∣∣ . (5.9)

Let p1, p2, p, ℓ ≤ s and let s > 1. Then, we have the following properties:

1. In the case 2p < p1 + p2 + ℓ+ 1, we have

N 1
p [Ep1 ,Oℓ · Ep2 ] (eV ) ≲

ε3

⟨u⟩s−p
.

2. In the case 2p < p1 + p2 + ℓ and 2p+ 1 < p1 + p2 + s, we have

N 1
p [Ep1 ,Oℓ · Fp2 ] (eV ) ≲

ε3

⟨u⟩s−p
,

N 1
p [Fp1 ,Oℓ · Ep2 ] (eV ) ≲

ε3

⟨u⟩s−p
.

3. In the case 2p < p1 + p2 + ℓ− 1, we have

N 1
p [Fp1 ,Oℓ · Fp2 ] (eV ) ≲

ε3

⟨u⟩s−p
.

If in addition we assume that p1, p2, p ≥ 0. Then, we have the following properties:

1. In the case 2p < p1 + p2 + ℓ+ 1, we have

N 1
p [Ep1 ,Oℓ · Ep2 ] (iV ) ≲

ε3

us−p1

.

2. In the case 2p < p1 + p2 + ℓ and 2p+ 1 < p1 + p2 + s, we have

N 1
p [Ep1 ,Oℓ · Fp2 ] (iV ) ≲

ε3

us−p1

,

N 1
p [Fp1 ,Oℓ · Ep2 ] (iV ) ≲

ε3

us−p1

.

3. In the case 2p < p1 + p2 + ℓ− 1, we have

N 1
p [Fp1 ,Oℓ · Fp2 ] (iV ) ≲

ε3

us−p1

.

Proof. See Appendix A.

11In order to simplify the notations, V can be ignored if it is clear in the context.
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5.1.5 Strategy of the proof of Theorem 3.8

The proof of Theorem 3.8 proceeds in 4 steps which we summarize below for convenience:

• In Section 5.2, we apply rp–weighted estimates with −2 ≤ p ≤ s to the Bianchi equations
to control the curvature components in the exterior region eV .

• In Section 5.3, we apply rp–weighted estimates with 0 ≤ p ≤ s12 to the Bianchi equations
to control the curvature components in the interior region iV = i

eV ∪ iiV . In i
eV , the desired

decay of curvature components follows directly from the fact that ⟨u⟩ ≲ r holds in i
eV . On

the other hand, in i
iV , by the mean value method introduced in [13], we can only deduce

r−
3
2u−

s
2 –decay for curvature components. The goal of the last two steps is then to recover

the expected r−
1
2u−

s+2
2 –decay for curvature components in i

iV .

• In Section 5.4, we first commute the Bianchi equations with /∇T . We then apply rp–
weighted estimates with 0 ≤ p ≤ s + 2 to the commuted Bianchi equations to control
/∇TR. By the mean value method, we deduce r−

3
2u−

s+2
2 –decay for /∇TR in i

iV .

• Finally, in Section 5.5, we apply the elliptic estimates of Proposition 4.19 to the Maxwell

type systems in Proposition 2.23 to deduce the desired r−
1
2u−

s+2
2 –decay for R from the

estimate of /∇TR in i
iV .

5.2 Exterior region estimates

Throughout Section 5.2, we always assume that u ≤ 1 and we denote

V := Vt(u) = Vt(−∞, u).

Proposition 5.9. For ψ(1), ψ(2) and h(1), h(2) satisfying (5.5) or (5.7), we have the following
properties:

• In the case 2 + p− 4a(1) > 0 and 4a(2) − 2− p > 0, we have

BEFp[ψ(1)](u) +BFp[ψ(2)](u)

≲Fp[ψ(1), ψ(2)](Σ2 ∩ V ) +N 0
p [ψ(1), h(1)] +N 0

p [ψ(2), h(2)].
(5.10)

• In the case 2 + p− 4a(1) ≤ 0 and 4a(2) − 2− p > 0, we have

EFp[ψ(1)](u) +BFp[ψ(2)](u)

≲Fp[ψ(1), ψ(2)](Σ2 ∩ V ) +Bp[ψ(1)](u) +N 0
p [ψ(1), h(1)] +N 0

p [ψ(2), h(2)].
(5.11)

• In the case 2 + p− 4a(1) ≤ 0 and 4a(2) − 2− p ≥ 0, we have

EFp[ψ(1)](u) + Fp[ψ(2)](u)

≲Fp[ψ(1), ψ(2)](Σ2 ∩ V ) +Bp[ψ(1)](u) +N 0
p [ψ(1), h(1)] +N 0

p [ψ(2), h(2)].
(5.12)

Proof. We have from Lemma 2.7

e4(r)−
r

2
trχ =

ϕ trχ

2ϕ
r − r

2
trχ =

r

2ϕ
(ϕ trχ− ϕ trχ) ∈ rΓg,

and similarly

e3(r)−
r

2
trχ = e4(r)− 2N(r)− r

2
(trχ− 2 tr θ) = rΓg − 2

(
N(r)− r

2
tr θ
)
∈ rΓb.

12Notice that the restriction p ≥ 0 is necessary according to the fact that rp is unbounded near Φ for p < 0.
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Applying Lemma 4.2, we infer∫
V
rp
(
|Γb||ψ(1)|2 + |Γg||ψ(2)|2

)
≲
∫
V

ε

⟨u⟩ s+1
2

rp|ψ(1)|2 +
∫
V

ε

t
s+1
2

rp|ψ(2)|2

≲ ε

∫ u

−∞

Ç
⟨u⟩− s+1

2

∫
CV

u

rp|ψ(1)|2
å
du+ ε

∫ t

2

Ç
t−

s+1
2

∫
ΣV

t

rp|ψ(2)|2
å
dt

≲ ε sup
u

Ç∫
CV

u

rp|ψ(1)|2
å∫ u

−∞
⟨u⟩− s+1

2 du+ ε sup
t

Ç∫
ΣV

t

rp|ψ(2)|2
å∫ t

2
t−

s+1
2 dt

≲ ε sup
u

Ç∫
CV

u

rp|ψ(1)|2
å

+ ε sup
t

Ç∫
ΣV

t

rp|ψ(2)|2
å
.

(5.13)

Integrating (5.6) or (5.8) in V 13, applying Stokes formula and reminding that trχ ≃ 2
r , trχ ≃

−2
r , ω, ω ∈ Γg, we obtain∫

CV
u

rp|ψ(1)|2 +
∫
ΣV

t

rp(|ψ(1)|2 + |ψ(2)|2) +
∫
I∗∩V

rp|ψ(2)|2

+

∫
V
(2 + p− 4a(1))r

p−1|ψ(1)|2 + (4a(2) − 2− p)rp−1|ψ(2)|2

≲
∫
Σ2∩V

rp|ψ(1)|2 + rp|ψ(2)|2 +
∫
V
rp|ψ(1)||h(1)|+ rp|ψ(2)||h(2)|+ rp|Γb||ψ(1)|2 + rp|Γg||ψ(2)|2,

where I∗ denotes the future null infinity. Taking the supremum of u and t and applying (5.13),
we obtain for ε small enough

sup
u

∫
CV

u

rp|ψ(1)|2 + sup
t

∫
ΣV

t

rp(|ψ(1)|2 + |ψ(2)|2)

+

∫
V
(2 + p− 4a(1))r

p−1|ψ(1)|2 + (4a(2) − 2− p)rp−1|ψ(2)|2

≲
∫
Σ2∩V

rp|ψ(1)|2 + rp|ψ(2)|2 +
∫
V
rp|ψ(1)||h(1)|+ rp|ψ(2)||h(2)|,

(5.14)

which implies

EFp[ψ(1)](u) + Fp[ψ(2)](u) + (2 + p− 4a(1))Bp[ψ(1)](u) + (4a(2) − 2− p)Bp[ψ(2)](u)

≲ Fp[ψ(1), ψ(2)](Σ2 ∩ V ) +Bp[ψ(2)](u) +N 0
p [ψ(1), h(1)] +N 0

p [ψ(2), h(2)].

Hence, (5.10)–(5.12) hold in the corresponding range of parameters. This concludes the proof
of Proposition 5.9.

The following lemma allows us to obtain ⟨u⟩–decay of curvature along Σ2 ∩ V .

Lemma 5.10. We have the following estimate for p ≤ s and u ≤ 1:∫
Σ2∩V

rp
Ä
|α(1)|2 + |β(1)|2 + |(ρ̌(1), qσ(1))|2 + |β(1)|2 + |α(1)|2

ä
≲

R2
0

⟨u⟩s−p
.

Proof. It follows directly from the fact that ⟨u⟩ ≲ r on Σ2 ∩ V .

13See Figure 3.2 for a geometric description of V .
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Figure 3.2: Domain of integration Vt(u)

5.2.1 Estimates for the Bianchi pair (α, β)

Proposition 5.11. We have the following estimate:

BEF 1
s [α](u) +BF 1

s [β](u) ≲ ε20. (5.15)

Proof. We recall from Proposition 5.3

/∇3α+
1

2
trχα = −2/d

∗
2β +O1 · Es,

/∇4β + 2 trχβ = /d2α+Os · Es.

Applying (5.10) with ψ(1) = α, ψ(2) = β, a(1) =
1
2 , a(2) = 2, h(1) = O1 · Es, h(2) = Os · Es, p = s

and noticing that

2 + p− 4a(1) = s > 0, 4a(2) − 2− p = 6− s > 0,

we obtain from (5.9) and Lemma 5.10

BEFs[α](u) +BFs[β](u) ≲ ε20 +N 0
s [Es,O1 · Es] +N 0

s [Es,Os · Es].

Applying Theorem 5.8, we obtain

N 0
s [Es,O1 · Es] +N 0

s [Es,Os · Es] ≲ ε20.

Hence, we have
BEFs[α](u) +BFs[β](u) ≲ ε20. (5.16)

Next, we recall from Corollary 5.4

/∇3( d/α) +
1

2
trχ( d/α) = −/d∗1( d/β) + r−1O(β) + (Os−1 · Es)(1),

/∇4( d/β) + 2 trχ( d/β) = /d1( d/α) + (Os · Es)(1).

Applying (5.10) with ψ(1) = d/α, ψ(2) = d/β, a(1) =
1
2 , a(2) = 2, h(1) = r−1O(β) + (Os−1 · Es)(1),

h(2) = (Os · Es)(1) and p = s, we infer

BEF 1
s [α](u) +BF 1

s [β](u) ≲ ε20 +N 0
s−1[α

(1), β] +N 1
s [Es,Os−1 · Es] +N 1

s [Es,Os · Es].
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We have from Cauchy-Schwarz inequality that for all δ0 > 0

N 0
s−1[α

(1), β] =

∫
V
rs−1|α(1)||β| ≤ δ0B

1
s [α](u) + (4δ0)

−1Bs[β](u).

Moreover, applying Theorem 5.8, we have

N 1
s [Es,Os−1 · Es] +N 1

s [Es,Os · Es] ≲ ε20.

Hence, combining with (5.16), we have for δ0 small enough

BEF 1
s [α](u) +BF 1

s [β](u) ≲ ε20. (5.17)

This concludes the proof of Proposition 5.11.

5.2.2 Estimates for the Bianchi pair (β, (ρ,−σ))
Proposition 5.12. We have the following estimate:

BEF 1
s [β](u) +BF 1

s [ρ̌, qσ](u) ≲ ε20. (5.18)

Proof. We recall from Corollary 5.4

/∇3( d/β) + trχ( d/β) = −/d1( d/ρ,− d/σ) + (Os · Fs)(1) + (Os−1 · Es)(1),

/∇4( d/ρ,− d/σ) +
3

2
trχ( d/ρ,− d/σ) = /d

∗
1( d/β) + (Os−1 · Es)(1).

Applying (5.11) with ψ(1) = d/β, ψ(2) = ( d/ρ,− d/σ), a(1) = 1, a(2) = 3
2 , h(1) = (Os · Fs)(1) +

(Os−1 · Es)(1), h(2) = (Os−1 · Es)(1) and p = s, we obtain

BEF 1
s [β](u) +BF 1

s [ρ, σ](u)

≲ F 1
s [β, ρ, σ](Σ2 ∩ V ) +B1

s [β](u) +N 1
s [Es,Os · Fs] +N 1

s [Es,Os−1 · Es] +N 1
s [Es−δB ,Os−1 · Es]

≲ ε20 +N 1
s [Es,Os · Fs] +N 1

s [Es,Os−1 · Es] +N 1
s [Es−δB ,Os−1 · Es],

where we used (5.17) and Lemma 5.10 in the last step. Next, applying Theorem 5.8 in corre-
sponding cases, we infer

N 1
s [Es,Os · Fs] +N 1

s [Es,Os−1 · Es] +N 1
s [Es−δB ,Os−1 · Es] ≲ ε20.

Hence, we deduce
BEF 1

s [β](u) +BF 1
s [ρ, σ](u) ≲ ε20. (5.19)

Recalling (3.3), we infer

F 1
s [ρ̌, qσ](u) ≲ F 1

s [ρ, σ](u) +

∫ u

−∞
rs+2|r− 2

4Γg|24,S |r−
2
4Γw|24,S

≲ ε20 +

∫ u

−∞
rs+2 ε2

rs+1

ε2

r2⟨u⟩s−1du

≲ ε20,

and

B1
s [ρ̌, qσ](u) ≲ B1

s [ρ, σ](u) +

∫ t

2
dt

∫ u

−∞
rs+1|r− 2

4Γg|24,S |r−
2
4Γw|24,Sdu

≲ ε20 +

∫ t

2
dt

∫ u

−∞
rs+1 ε2

rs+1

ε2

r2⟨u⟩s−1du

≲ ε20.

This concludes the proof of Proposition 5.12.
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5.2.3 Estimates for the Bianchi pair ((ρ̌, qσ), β)

Proposition 5.13. We have the following estimate:

BEF 1
s [ρ̌, qσ](u) + F 1

s [β](u) ≲ ε20. (5.20)

Proof. We recall from Corollary 5.4

/∇3( d/ρ̌, d/qσ) +
3

2
trχ( d/ρ̌, d/qσ) = −/d∗1( d/β) + (Os−1 · Fs−δB )(1),

/∇4( d/β) + trχ( d/β) = /d1( d/ρ̌, d/qσ) + (Os−1 · Es−δB )(1) + (Os · Fs−δB )(1).

Applying (5.12) with ψ(1) = ( d/ρ̌, d/qσ), ψ(2) = d/β, a(1) = 1, a(2) = 3
2 , h(1) = (Os−1 · Es)(1),

h(2) = (Os−1 · Es)(1) + (Os · Fs)(1) and p = s, we obtain from (5.18) and Lemma 5.10

BEF 1
s [ρ̌, qσ](u) + F 1

s [β](u)

≲ ε20 +N 1
s [Es,Os−1 · Fs−δB ] +N 1

s [Fs,Os−1 · Es−δB ] +N 1
s [Fs,Os · Fs−δB ].

Applying Theorem 5.8 in corresponding cases, we deduce

N 1
s [Es,Os−1 · Fs−δB ] +N 1

s [Fs,Os−1 · Es−δB ] +N 1
s [Fs,Os · Fs−δB ] ≲ ε20. (5.21)

Thus, we obtain

BEF 1
s [ρ̌, qσ](u) + F 1

s [β](u) ≲ ε20.

This concludes the proof of Proposition 5.13.

5.2.4 Estimates for the Bianchi pair (β, α)

Proposition 5.14. We have the following estimate:

BEF 1
0 [β](u) + F 1

0 [α](u) ≲
ε20
⟨u⟩s . (5.22)

Proof. We have from Corollary 5.4

/∇3( d/β) + 2 trχ( d/β) = −/d1( d/α) + (O1 · F0)
(1),

/∇4( d/α) +
1

2
trχ( d/α) = /d

∗
1( d/β) + r−1O(β) + (Os · F0)

(1).

Applying (5.12) with ψ(1) = d/β, ψ(2) = d/α, a(1) = 2, a(2) = 1
2 , h(1) = (O1 · F0)

(1), h(2) =

(Os · F0)
(1) and p = 0, we obtain from Lemma 5.10

EF 1
0 [β](u) + F 1

0 [α](u)

≲
ε20
⟨u⟩s +B1

0 [β](u) +N 0
−1[α

(1), β] +N 1
0 [Fs,O1 · F0] +N 1

0 [F0,Os · F0].
(5.23)

We first have

N 0
−1[α

(1), β] =

∫ t

2

dt

(t+ |u|) s+2
2

Ç∫
ΣV

t

|α(1)|2
å 1

2
Ç∫

ΣV
t

rs|β|2
å 1

2

≲
∫ t

2

dt

(t+ |u|) s+2
2

F 1
0 [α](u)

1
2Fs[β](u)

1
2

≲
ε0

⟨u⟩ s
2

sup
2≤t≤t∗

F 1
0 [α](u)

1
2 ,
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which implies that for all δ0 > 0

N 0
−1[α

(1), β] ≤ δ0 sup
2≤t≤t∗

F 1
0 [α](u) + Cδ−1

0

ε20
⟨u⟩s , (5.24)

where C is a positive constant independent of δ0. Next, applying (5.12) to the Bianchi pair
(( d/ρ̌, d/qσ), d/β) with p = 0 and proceeding as in Proposition 5.13, we obtain from (5.18), Lemma
5.10 and Theorem 5.8

B1
0 [β](u) ≲

ε20
⟨u⟩s +N 1

0 [Es,Os−1 · Fs−δB ] +N 1
0 [Fs,Os−1 · Es−δB ] +N 1

0 [Fs,Os · Es−δB ]

≲
ε20
⟨u⟩s .

(5.25)

Finally, applying Theorem 5.8 once again, we deduce

N 1
0 [Fs,O1 · F0] +N 1

0 [F0,Os · F0] ≲
ε20
⟨u⟩s . (5.26)

Injecting (5.24), (5.25) and (5.26) into (5.23), we have for δ0 small enough

BEF 1
0 [β](u) + F 1

0 [α](u) ≲
ε20
⟨u⟩s .

This concludes the proof of Proposition 5.14.

5.2.5 Estimate for α4

Proposition 5.15. We have the following estimate:

BEFs[α4](u) ≲ ε20. (5.27)

Proof. We have from (5.3)

/∇3α4 = −2/d
∗
2/α+

4α

r
+ (Os · Es)(1),

/∇4/α+
5

2
trχ /α = /d2α4 + (Os · Es)(1).

Applying (5.10) with ψ(1) = α4, ψ(2) = /α, a(1) = 0, a(2) =
5
2 , h(1) =

4α
r + (Os · Es)(1), h(2) =

(Os · Es)(1) and p = s, we deduce

BEFs[α4](u) +BF 1
s [α](u) ≲ ε20 +N 0

s−1[α4, α] +N 1
s [Es,Os · Es].

Applying Cauchy-Schwarz inequality and (5.17), we obtain for any δ0 > 0

N 0
s−1[α4, α] ≤ δ0

∫
V
rs−1|α4|2 +

1

4δ0

∫
V
rs−1|α|2 ≤ δ0Bs[α4](u) + (4δ0)

−1Bs[α].

Moreover, applying Theorem 5.8, we have

N 1
s [Es,Os · Es] ≲ ε20.

Thus, we obtain for δ0 small enough

BEFs[α4](u) +BF 1
s [α](u) ≲ ε20.

This concludes the proof of Proposition 5.15.
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5.2.6 Estimate for α3

Proposition 5.16. We have the following estimate:

EF 1
−2[α](u) + F−2[α3](u) ≲

ε20
⟨u⟩s+2 . (5.28)

Proof. We recall from (5.4)

/∇4α̊ = −2/d
∗
2/α+

4α

r
+ (Os−1 · F0)

(1),

/∇3/α+
5

2
trχ /α = /d2α̊+ (Os−1 · F0)

(1).

Applying (5.12) with ψ(1) = /α, ψ(2) = α̊, a(1) = 5
2 , a(2) = 0, h(1) = (Os−1 · F0)

(1), h(2) =
4α
r + (Os−1 · F0)

(1) and p < −2, we obtain from Lemma 5.10

EF 1
p [α](u) +BFp[α3](u) ≲

ε20
⟨u⟩s−p

+B1
p [α](u) +N 0

p−1[α3, α] +N 0
p

î
F(1)
−2, (Os−1 · F0)

(1)
ó
.

Applying (5.12) to the Bianchi pair (β, α) with p < 0 and proceeding as in Proposition 5.14, we
obtain from Lemma 5.10 and Theorem 5.8

B1
p [α](u) ≲

ε20
⟨u⟩s−p

, ∀p < 0. (5.29)

We have from Cauchy-Schwarz inequality that for any δ0 > 0:

N 0
p−1[α3, α] ≤

∫
V
rp−1|α3||α| ≤ δ0Bp[α3](u) + (4δ0)

−1Bp[α](u).

We also have from Theorem 5.8

N 0
p

î
F(1)
−2, (Os−1 · F0)

(1)
ó
≲ N 1

p [F−2,Os−1 · F0] ≲
ε20

⟨u⟩s−p
.

Combining the above estimates, we deduce for δ0 small enough

Bp[α3](u) ≲
ε20

⟨u⟩s−p
, ∀p < −2. (5.30)

Next, applying (5.12) with ψ(1) = /α, ψ(2) = α̊, a(1) = 5
2 , a(2) = 0, h(1) = (Os−1 · F0)

(1),

h(2) =
4α
r + (Os−1 · F0)

(1) and p = −2, we obtain from Lemma 5.10 and (5.29)

EF 1
−2[α](u) + F−2[α3](u) ≲

ε20
⟨u⟩s+2 +N 0

−3[α3, α] +N 0
−2

î
F(1)
−2, (Os−1 · F0)

(1)
ó
.

We then have from (5.29) and (5.30)

N 0
−3[α3, α] ≲ B−3[α3](u)

1
2B−1[α](u)

1
2 ≲

ε20
⟨u⟩s+2 .

We also have from Theorem 5.8

N 0
−2

î
F(1)
−2, (Os−1 · F0)

(1)
ó
≲

ε20
⟨u⟩s+2 .

Combining the above estimates, we deduce

EF 1
−2[α](u) + F−2[α3](u) ≲

ε20
⟨u⟩s+2 .

This concludes the proof of Proposition 5.16.
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5.3 Interior region estimates

Throughout Section 5.3, we always assume that 1 ≤ u1 ≤ u2 ≤ uc(t) and we denote

V := Vt(u1, u2).

Also, we recall that

V = i
iV ∪ i

eV ,

where
i
iV := V ∩

ß
r ≤ t

2

™
, i

eV := V ∩
ß
r ≥ t

2

™
.

5.3.1 Domain of integration

Lemma 5.17. Let Cδ be the cylinder of radius δ > 0 and centered on Φ, i.e.

Cδ := {q ∈ M
/
r(q) ≤ δ}.

Then, for any p ≥ −1, there exists a sequence δn → 0 satisfying

lim
n→∞

∫
∂Cδn∩V

rp|Ψ(1)|2 = 0, Ψ ∈ {α, β, ρ, σ, ρ̌, qσ, β, α},

where

∂Cδ = {q ∈ M
/
r(q) = δ},

denotes the boundary of Cδ.

Proof. We have from (4.1)

iF1
−2,s+2[Ψ] ≲ ε2,

which implies in particular ∫ 1

0
dδ

∫
∂Cδ∩V

r−2|Ψ(1)|2 ≲ ε2t.

Noticing that r = δ on ∂Cδ, we infer∫ 1

0

dδ

δp+2

∫
∂Cδ∩V

rp|Ψ(1)|2 ≲ ε2t < +∞.

Hence, for p ≥ −1, we deduce that there exists a sequence δn → 0 satisfying

lim
n→∞

∫
∂Cδn∩V

rp|Ψ(1)|2 = 0.

This concludes the proof of Lemma 5.17.

We have the following analog of Proposition 5.9.

Proposition 5.18. Let p ≥ −1 and let ψ(1) and ψ(2) be curvature components, i.e.

ψ(1), ψ(2) = R(q), where R ∈ {α, β, (ρ,−σ), (ρ̌, qσ), β, α}.

Assume that ψ(1) and ψ(2) satisfy (5.5) or (5.7). Then, we have

EFp[ψ(1)](u2) + Fp[ψ(2)](u1, u2)

+(2 + p− 4a(1))Bp[ψ(1)](u1, u2) + (4a(2) − 2− p)Bp[ψ(2)](u1, u2)

≲ Ep[ψ(1)](u1) +N 0
p [ψ(1), h(1)] +N 0

p [ψ(2), h(2)].
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Figure 3.3: Domain of integration Vt(u1, u2) \Cδ

Proof. Integrating (5.6) or (5.8) in V \Cδ described in Figure 3.3 and proceeding as in Propo-
sition 5.9, we obtain for all δ > 0∫

CV
u2

\Cδ

rp|ψ(1)|2 +
∫
ΣV

t \Cδ

rp(|ψ(1)|2 + |ψ(2)|2)

+

∫
V
(2 + p− 4a(1))r

p−1|ψ(1)|2 + (4a(2) − 2− p)rp−1|ψ(2)|2

≲
∫
CV

u1

rp|ψ(1)|2 +
∫
V ∩∂Cδ(u1,u2)

|ψ(1)|2 + |ψ(2)|2 +
∫
V
rp|ψ(1)||h(1)|+ rp|ψ(2)||h(2)|.

Taking δ = δn defined in Lemma 5.17 and letting n→ ∞, we obtain∫
CV

u

rp|ψ(1)|2 +
∫
ΣV

t

rp(|ψ(1)|2 + |ψ(2)|2)

+

∫
V
(2 + p− 4a(1))r

p−1|ψ(1)|2 + (4a(2) − 2− p)rp−1|ψ(2)|2

≲
∫
CV

u1

rp|ψ(1)|2 +
∫
V
rp|ψ(1)||h(1)|+ rp|ψ(2)||h(2)|.

This concludes the proof of Proposition 5.18.

5.3.2 Estimates for Bianchi pairs

The following lemmas allows us to obtain u–decay of curvature in the interior region.

Lemma 5.19. Let s > 1, q = 0, 1 and let 1 ≤ u1 ≤ u2 ≤ uc(t). We assume that

pBq
p[Ψ](u1, u2) + EF qp [Ψ](u1, u2) ≲ Eqp [Ψ](u1) +

ε20
us−p

, ∀p ∈ [0, s], (5.31)



5. CURVATURE ESTIMATES (THEOREM 3.8) 161

and
Eqs [Ψ](1) ≲ ε20.

Then, we have

EF qp [Ψ](u1, u2) ≲
ε20
us−p1

, ∀p ∈ [0, s].

Proof. We first have for all u ≥ 1

BEF qs [Ψ](1, u) ≲ Eqs [Ψ](1) ≲ ε20,

which implies
Eqs [Ψ](u) ≲ ε20, ∀ 1 ≤ u ≤ uc(t). (5.32)

Next, taking u1 = 2j and u2 = 2j+1 for all j ∈ N in (5.31), we infer

Bq
s [Ψ](2j , 2j+1) ≲ Eqs [Ψ](2j) ≲ ε20.

By definition, we have ∫ 2j+1

2j
Eqs−1[Ψ](u)du ≲ ε20,

which implies that there exists a sequence u(j) ∈ [2j , 2j+1] such that

Eqs−1[Ψ](u(j)) ≲
ε20
u(j)

.

Interpolating with (5.32), we obtain

Eq1 [Ψ](u(j)) ≲
ε20(

u(j)
)s−1 .

Thus, applying (5.31) with p = 1, u1 = u(j−1) and u2 = u ∈ [2j , 2j+1], we have

Eq1 [Ψ](u) ≲
ε20(

u(j−1)
)s−1 ≲

ε20
(2j)s−1

≲
ε20
us−1

.

Next, we apply once again (5.31) with p = 1 to deduce

BEF q1 [Ψ](u1, u2) ≲
ε20
us−1
1

.

Then, we obtain for j ∈ N

Bq
1[Ψ](2j , 2j+1) ≲

ε20
(2j)s−1

,

which implies ∫ 2j+1

2j
Eq0 [Ψ](u)du ≲

ε20
(2j)s−1

.

Then, there exists v(j) ∈ [2j , 2j+1] such that

Eq0 [Ψ](v(j)) ≲
ε20

(2j)s
≲

ε20
(v(j))s

.
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Thus, applying (5.31) with p = 0, u1 = v(j−1) and u2 = u ∈ [2j , 2j+1], we have

Eq0 [Ψ](u) ≲
ε20(

v(j−1)
)s ≲

ε20
(2j)s

≲
ε20
us
.

Next, we apply once again (5.31) with p = 0 to deduce

EF q0 [Ψ](u1, u2) ≲
ε20
us1
.

Interpolating with (5.32), this concludes the proof of Lemma 5.19.

Lemma 5.20. Let s > 1, q = 0, 1 and let 1 ≤ u1 ≤ u2 ≤ uc(t). We assume that

BF qp [Ψ](u1, u2) ≲
ε20
us−p1

, p ∈ [0, 1], (5.33)

and

Eq0 [Ψ](u2) ≲ Eq0 [Ψ](u1) +
ε20
us1
. (5.34)

Then, we have

BEF q0 [Ψ](u1, u2) ≲
ε20
us1
. (5.35)

Proof. Applying (5.33) with p = 1, u1 = 2j and u2 = 2j+1, we obtain∫ 2j+1

2j
E0[Ψ](u)du ≲

ε20
(2j)s−1

,

which implies that there exists a sequence u(j) ∈ [2j , 2j+1] such that

E0[Ψ](u(j)) ≲
ε20

(2j)s
.

Next, applying (5.34) with u1 = u(j−1) and u2 = u ∈ [2j , 2j+1], we infer

Eq0 [Ψ](u) ≲
ε20

(2j)s
≲
ε20
us
. (5.36)

Finally, applying once again (5.33) with p = 0 and (5.34) and combining with (5.36), we obtain
(5.35). This concludes the proof of Lemma 5.20.

Remark 5.21. The nonlinear error terms N q
p [ψ(1), h(1)] and N q

p [ψ(2), h(2)] in the proof of Propo-
sitions 5.22 and 5.24 below are the same as in Propositions 5.11–5.15. Thus, we have from the
second part of Theorem 5.814

N q
p [ψ(1), h(1)] ≲

ε20
us−p1

, N q
p [ψ(2), h(2)] ≲

ε20
us−p1

.

In the proof of Propositions 5.22 and 5.24 below, we thus focus on the linear terms.

14We always have p1, p2, p ≥ 0 in the proof of Propositions 5.22 and 5.24, so that the additional assumption of
the second part of Theorem 5.8 is satisfied.
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Proposition 5.22. We have the following estimates for all 0 ≤ p ≤ s:

EF 1
p [α](u1, u2) + pB1

p [α](u1, u2) +BF 1
p [β](u1, u2) ≲ E1

p [α](u1) +
ε20
us−p1

,

BEF 1
p [β](u1, u2) +BF 1

p [ρ̌, qσ](u1, u2) ≲ E1
p [α, β](u1) +

ε20
us−p1

,

BEF 1
p [ρ̌, qσ](u1, u2) + (2− p)B1

p [β](u1, u2) + F 1
p [β](u1, u2) ≲ E1

p [α, β, ρ̌, qσ](u1) +
ε20
us−p1

,

BEF 1
0 [β](u1, u2) + F 1

0 [α](u1, u2) ≲ E1
0 [α, β, ρ̌, qσ, β](u1) +

ε20
us1
.

Proof. The proof is largely analogous to Propositions 5.11–5.15. So we only provide a sketch.
Throughout the proof, we always assume that 0 ≤ p ≤ s.

Applying Proposition 5.18 with ψ(1) = d/≤1α, ψ(2) = d/≤1β, a(1) =
1
2 , a(2) = 2, we obtain

EF 1
p [α](u1, u2) + pB1

p [α](u1, u2) +BF 1
p [β](u1, u2) ≲ E1

p [α](u1) +
ε20
us−p1

. (5.37)

Next, applying Proposition 5.18 with ψ(1) = d/β, ψ(2) = ( d/ρ,− d/σ), a(1) = 1, a(2) =
3
2 , we deduce

EF 1
p [β](u1, u2) +BF 1

p [ρ, σ](u1, u2) ≲ E1
p [β](u1) +B1

p [β](u1, u2) +
ε20
us−p1

. (5.38)

Combining with (5.37) and (3.3), we obtain

BEF 1
p [β](u1, u2) +BF 1

p [ρ̌, qσ](u1, u2) ≲ E1
p [α, β](u1) +

ε20
us−p1

. (5.39)

Next, applying Proposition 5.18 with ψ(1) = ( d/ρ̌, d/qσ), ψ(2) = d/β, a(1) =
3
2 , a(2) = 1, we infer

EF 1
p [ρ̌, qσ](u1, u2) + (2− p)B1

p [β](u1, u2) + F 1
p [β](u1, u2)

≲ E1
p [ρ̌, qσ](u1) +B1

p [ρ̌, qσ](u1, u2) +
ε20
us−p1

.
(5.40)

Combining with (5.39), we have

BEF 1
p [ρ̌, qσ](u1, u2) + (2− p)B1

p [β](u1, u2) + F 1
p [β](u1, u2)

≲ E1
p [α, β, ρ̌, qσ](u1) +

ε20
us−p1

.
(5.41)

Finally, applying Proposition 5.18 with ψ(1) = d/≤1β, ψ(2) = d/≤1α, a(1) = 2, a(2) =
1
2 and p = 0,

we deduce

EF 1
0 [β](u1, u2) + F 1

0 [α](u1, u2) ≲ E1
0 [β](u1) +B1

0 [β](u1, u2) +
ε20
us1
.

Combining with (5.41) in the case p = 0, we obtain

BEF 1
0 [β](u1, u2) + F 1

0 [α](u1, u2) ≲ E1
0 [α, β, ρ̌, qσ, β](u1) +

ε20
us1
.

This concludes the proof of Proposition 5.22.
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Proposition 5.23. We have the following estimates for all 0 ≤ p ≤ s:

pB1
p [α](u1, u2) +B1

p [β, ρ̌, qσ, β](u1, u2) + EF 1
p [α, β, ρ̌, qσ](u1, u2) + F 1

p [β](u1, u2) ≲
ε20
us−p1

,

E1
0 [β](u1, u2) + F 1

0 [α](u1, u2) ≲
ε20
us1
.

(5.42)

Proof. Recall that we have from Propositions 5.11–5.15

E1
s [α, β, ρ̌, qσ](1) + E1

0 [β](1) ≲ ε20. (5.43)

Applying Proposition 5.22 in the case p = s, we obtain immediately the first estimate of (5.42)
in the case p = s. We then focus on the case p = 0.

We have from Proposition 5.22

pB1
p [α](u1, u2) + EF 1

p [α](u1, u2) ≲ E1
p [α](u1) +

ε20
us−p1

. (5.44)

Applying Lemma 5.19 with Ψ = α, we obtain

EF 1
p [α](u1, u2) ≲

ε20
us−p1

, ∀p ∈ [0, s]. (5.45)

Next, we have from Proposition 5.22 and (5.45)

BF 1
p [β](u1, u2) ≲ E1

p [α](u1) +
ε20
us−p1

≲
ε20
us−p1

, ∀ p ∈ [0, s],

and

E1
p [β](u1, u2) ≲ E1

p [α, β](u1) +
ε20
us−p1

≲ E1
p [β](u1) +

ε20
us−p1

, ∀ p ∈ [0, s].

Applying Lemma 5.20 with Ψ = β, we obtain

BEF 1
0 [β](u1, u2) ≲

ε20
us1
.

We also have from Proposition 5.22 and (5.43)

BEF 1
s [β](u1, u2) ≲ E1

s [α, β](u1) + ε20 ≲ E1
s [α, β](1) + ε20 ≲ ε20.

Combining the above estimates, we infer

BEF 1
p [β](u1, u2) ≲

ε20
us−p1

, ∀p ∈ [0, s]. (5.46)

Then, we have from Proposition 5.22, (5.45) and (5.46)

BF 1
p [ρ̌, qσ](u1, u2) ≲ E1

p [α, β](u1) +
ε20
us−p1

≲
ε20
us−p1

, ∀ p ∈ [0, s],

and

E1
p [ρ̌, qσ](u1, u2) ≲ E1

p [α, β, ρ̌, qσ](u1) +
ε20
us−p1

≲ E1
p [ρ̌, qσ](u1) +

ε20
us−p1

, ∀ p ∈ [0, s].
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Applying Lemma 5.20, we obtain

BEF 1
0 [ρ̌, qσ](u1, u2) ≲

ε20
us1
.

We also have from Proposition 5.22 and (5.43)

BEF 1
s [ρ̌, qσ](u1, u2) ≲ ε20.

Combining the above estimates, we deduce

BEF 1
p [ρ̌, qσ](u1, u2) ≲

ε20
us−p1

, ∀p ∈ [0, s]. (5.47)

Next, we have from Proposition 5.22 and (5.45)–(5.47)

BF 1
p [β](u1, u2) ≲ E1

p [α, β, ρ̌, qσ](u1) +
ε20
us−p1

≲
ε20
us−p1

, p ∈ [0, s],

and

E1
0 [β](u1, u2) ≲ E1

0 [α, β, ρ̌, qσ, β](u1) +
ε20
us1

≲ E1
0 [β](u1) +

ε20
us1
.

Applying Lemma 5.20, we deduce

BEF 1
0 [β](u1, u2) ≲

ε20
us1
. (5.48)

Finally, we have from Proposition 5.22 and (5.45)–(5.48)

F 1
0 [α](u1, u2) ≲ E1

0 [α, β, ρ̌, qσ, β](u1) +
ε20
us1

≲
ε20
us1
. (5.49)

Combining the above estimates, this concludes the proof of Proposition 5.23.

Proposition 5.24. We have the following estimate:

EFp[α4](u1, u2) ≲
ε20
us−p1

, ∀ p ∈ [0, s].

Proof. We have from (5.3)

/∇3α4 = −2/d
∗
2/α+

4α

r
+ (Os · Es)(1),

/∇4/α+
5

2
trχ /α = /d2α4 + (Os · Es)(1).

Applying Proposition 5.18 with ψ(1) = α4, ψ(2) = /α, a(1) =
1
2 , a(2) = 2 and 0 ≤ p ≤ s, we deduce

from Remark 5.21

BEFp[α4](u1, u2) +BF 1
p [α](u1, u2) ≲ Ep[α4](u1) +

ε20
us−p1

+N 0
p−1[α4, α].

Applying Cauchy-Schwarz inequality, we obtain for any δ0 > 0

N 0
p−1[α4, α] ≤ δ0

∫
V
rp−1|α4|2 +

1

4δ0

∫
V
rp−1|α|2 ≤ δ0Bp[α4](u1, u2) + (4δ0)

−1Bp[α](u1, u2).

Combining with Proposition 5.22, we obtain for δ0 small enough,

BEFp[α4](u1, u2) +BF 1
p [α](u1, u2) ≲ Ep[α4](u1) +

ε20
us−p1

, ∀ p ∈ [0, s].

Applying Lemma 5.19, we deduce

EFp[α4](u) ≲
ε20
us−p

, ∀ p ∈ [0, s].

This concludes the proof of Proposition 5.24.
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5.4 Time derivative estimates in the interior region

5.4.1 Bianchi equations commuted with /∇T

Lemma 5.25. We have

/∇T χ̂ = r−1O(1)
1 , /∇T ζ = r−1O(1)

s−1, /∇T χ̂ = r−1O(1)
−1,

/∇T trχ = r−1O(1)
1 , /∇T trχ = r−1O(1)

s−1,
(5.50)

and

/∇T η ∈ r−1O(1)
−1, /∇Tω ∈ r−1O(1)

s−1, /∇T ξ ∈ r−1O(1)
−1,

/∇T η ∈ r−1O(1)
s−1, /∇Tω ∈ r−1O(1)

s−1.
(5.51)

Moreover, we have

/∇Tα ∈ E(1)
s+2(s+ 2), /∇Tβ ∈ E(1)

2s−δB (s+ 2),

/∇T (ρ, σ) ∈ F(1)
s+1(s+ 2), /∇Tβ ∈ F(1)

2 (s+ 2), /∇Tα ∈ F(1)
0 (s+ 2),

(5.52)

and

r−1α ∈ Es+2(s+ 2), r−1β ∈ Es+2(s+ 2), r−1(ρ, σ) ∈ Es+2(s+ 2),

r−1β ∈ Fs+2(s+ 2), r−1α ∈ F2(s+ 2).
(5.53)

Proof. It follows directly from (2.14), (4.1) and Corollaries 4.8 and 4.11.

Proposition 5.26. We have the following equations:15

/∇3( /∇Tα) +
1

2
trχ( /∇Tα) = −2/d

∗
2( /∇Tβ) + (O−1 · E2s−δB (s+ 2))(1)

+ (Os · Fs+1(s+ 2))(1),

/∇4( /∇Tβ) + 2 trχ( /∇Tβ) = /d2( /∇Tα) + (Os−1 · Es+2(s+ 2))(1),

/∇3( /∇Tβ) + trχ( /∇Tβ) = −/d∗1( /∇T (ρ,−σ)) + (O−1 · Es+2−δB (s+ 2))(1)

+ (Os · F2(s+ 2))(1),

/∇4( /∇T (ρ,−σ)) +
3

2
trχ( /∇T (ρ,−σ)) = /d2( /∇Tβ) + (O−1 · Es+2(s+ 2))(1),

/∇3( /∇T (ρ, σ)) +
3

2
trχ( /∇T (ρ, σ)) = −/d1( /∇Tβ) + (Os · F0(s+ 2))(1),

/∇4( /∇Tβ) + trχ( /∇Tβ) = /d
∗
1( /∇Tρ) + (Os · F2(s+ 2))(1) + (O−1 · Es+2(s+ 2))(1),

/∇3( /∇Tβ) + 2 trχ( /∇Tβ) = −/d2( /∇Tα) + (O1 · F0(s+ 2))(1),

/∇4( /∇Tα) +
1

2
trχ( /∇Tα) = 2/d

∗
2( /∇Tβ) + (Os · F0(s+ 2))(1).

Proof. It follows directly from Proposition 2.18, Corollary 4.6 and Lemma 5.25.

Theorem 5.27. Let 0 ≤ p1, p2, p ≤ s + 2, ℓ ≤ s and let s > 1. Then, we have the following
properties.

1. In the case 2p < p1 + p2 + ℓ+ 1, we have

N 1
p [Ep1(s+ 2),Oℓ · Ep2(s+ 2)] ≲

ε3

us+2−p
1

.

15Here, we use the equations for /∇T (ρ, σ) instead of /∇T (ρ̌, qσ) since the decay of nonlinear terms are sufficient.
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2. In the case 2p < p1 + p2 + ℓ and 2p+ 1 < p1 + p2 + s, we have

N 1
p [Ep1(s+ 2),Oℓ · Fp2(s+ 2)] ≲

ε3

us+2−p
1

,

N 1
p [Fp1(s+ 2),Oℓ · Ep2(s+ 2)] ≲

ε3

us+2−p
1

.

3. In the case 2p < p1 + p2 + ℓ− 1, we have

N 1
p [Fp1(s+ 2),Oℓ · Fp2(s+ 2)] ≲

ε3

us+2−p
1

.

Proof. The proof is largely analogous to Theorem 5.8 and left to the reader.

Proposition 5.28. Let ψ(1) and ψ(2) be time derivative of curvature components, i.e.

ψ(1), ψ(2) ∈ { /∇Tα, /∇Tβ, /∇Tρ, /∇Tσ, /∇Tβ, /∇Tα}.

We also assume that ψ(1) and ψ(2) satisfy (5.5) or (5.7). Then, we have for p ≥ 0

EFp[ψ(1)](u2) + Fp[ψ(2)](u1, u2)

+(2 + p− 4a(1))Bp[ψ(1)](u1, u2) + (4a(2) − 2− p)Bp[ψ(2)](u1, u2)

≲ Ep[ψ(1)](u1) +N 0
p [ψ(1), h(1)] +N 0

p [ψ(2), h(2)].

Proof. Applying Theorem 7.1 in [47], we construct a sequence of initial data (Σ0, gn, kn) which
approximate (Σ0, g, k) in H6(Σ0). By local existence and Sobolev inequality, we obtain a se-
quence of C4–solutions (Mn,gn) of Einstein vacuum equations with initial data (Σ0, gn, kn)
which approximate (M,g). Denoting (Dn,Rn) the Levi-Civita connection and curvature com-
ponents of gn, we have near the symmetry axis Φ

En, Hn = O(1), (Dn)Tn(En, Hn) = O(1).

Recalling that (e4)n = Tn +Nn, (e3)n = Tn −Nn and ∥Tn∥, ∥Nn∥ = 1, we deduce on ∂Cδ

( /∇n)TnRn = O(1), where R ∈ {α, β, ρ, σ, β, α}.

Integrating (5.6) or (5.8) in V \Cδ
16 and proceeding as in Proposition 5.18, we obtain17∫

CV
u2

\Cδ

rp|(ψn)(1)|2 +
∫
ΣV

t \Cδ

rp(|(ψn)(1)|2 + |(ψn)(2)|2)

+

∫
V
(2 + p− 4a(1))r

p−1|(ψn)(1)|2 + (4a(2) − 2− p)rp−1|(ψn)(2)|2

≲
∫
CV

u1

rp|(ψn)(1)|2 +
∫
V ∩∂Cδ(u1,u2)

|(ψn)(1)|2 + |(ψn)(2)|2

+

∫
V
rp|(ψn)(1)||(hn)(1)|+ rp|(ψn)(2)||(hn)(2)|,

(5.54)

where we used rp ≤ 1 on ∂Cδ since p ≥ 0. Note that we have

lim
δ→0

∫
V ∩∂Cδ(u1,u2)

|(ψn)(1)|2 + |(ψn)(2)|2 ≲ C(n)t lim
δ→0

δ2 = 0, (5.55)

16Recall that Cδ is defined in Lemma 5.17.
17Note that in (5.54)–(5.56), the constants involved in ≲ are independent of n.
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where C(n) is a constant which depends on n. Taking δ → 0 in (5.54), we obtain∫
CV

u2

rp|(ψn)(1)|2 +
∫
ΣV

t

rp(|(ψn)(1)|2 + |(ψn)(2)|2)

+

∫
V
(2 + p− 4a(1))r

p−1|(ψn)(1)|2 + (4a(2) − 2− p)rp−1|(ψn)(2)|2

≲
∫
CV

u1

rp|(ψn)(1)|2 +
∫
V
rp|(ψn)(1)||(hn)(1)|+ rp|(ψn)(2)||(hn)(2)|.

(5.56)

Letting n→ +∞ in (5.56), this concludes the proof of Proposition 5.28.

5.4.2 Estimates for the Bianchi pair ( /∇Tα, /∇Tβ)

Proposition 5.29. We have the following estimate for all 0 ≤ p ≤ s+ 1:

pBp[ /∇Tα](u1, u2) + EFp[ /∇Tα](u1, u2) +BFp[ /∇Tβ](u1, u2) ≲ Ep[ /∇Tα](u1) +
ε20

us+2−p
1

. (5.57)

Proof. We recall from Proposition 5.26 that

/∇3( /∇Tα) +
1

2
trχ( /∇Tα) = −2/d

∗
2( /∇Tβ) + (O−1 · E2s−δB (s+ 2))(1) + (Os · Fs+1(s+ 2))(1),

/∇4( /∇Tβ) + 2 trχ( /∇Tβ) = /d2( /∇Tα) + (Os−1 · Es+2(s+ 2))(1).

Applying Proposition 5.18 with ψ(1) = /∇Tα, ψ(2) = /∇Tβ, a(1) = 1
2 , a(2) = 2, h(1) = (O−1 ·

E2s−δB (s + 2))(1) + (Os · Fs+1(s + 2))(1), h(2) = (Os−1 · Es+2(s + 2))(1) and 0 ≤ p ≤ s + 1, we
obtain from (5.9) and Remark 5.2

pBp[ /∇Tα](u1, u2) + EFp[ /∇Tα](u1, u2) +BFp[ /∇Tβ](u1, u2)

≲Ep[ /∇Tα](u1) +N 1
p [Es+2(s+ 2),O−1 · E2s−δB (s+ 2)]

+N 1
p [Es+2(s+ 2),Os · Fs+1(s+ 2)] +N 1

p [E2s−δB (s+ 2),Os−1 · Es+2(s+ 2)].

Applying Theorem 5.27, we obtain for 0 ≤ p ≤ s+ 1

N 1
p [Es+2(s+ 2),O−1 · E2s−δB (s+ 2)] +N 1

p [Es+2(s+ 2),Os · Fs+1(s+ 2)]

+N 1
p [E2s−δB (s+ 2),Os−1 · Es+2(s+ 2)] ≲

ε20

us+2−p
1

.

Hence, we have for 0 ≤ p ≤ s+ 1

pBp[ /∇Tα](u1, u2) + EFp[ /∇Tα](u1, u2) +BFp[ /∇Tβ](u1, u2) ≲ Ep[ /∇Tα](u1) +
ε20

us+2−p
1

.

This concludes the proof of Proposition 5.29.

5.4.3 Estimates for the Bianchi pair ( /∇Tβ, /∇T (ρ,−σ))

Proposition 5.30. We have the following estimate for 0 ≤ p ≤ 2:

BEFp[ /∇Tβ](u1, u2) +BFp[ /∇Tρ, /∇Tσ](u1, u2) ≲ Ep[ /∇Tα, /∇Tβ](u1) +
ε20

us+2−p
1

. (5.58)
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Proof. We recall from Proposition 5.26

/∇3( /∇Tβ) + trχ( /∇Tβ) = −/d∗1( /∇T (ρ,−σ)) + (O−1 · Es+2−δB (s+ 2))(1)

+ (Os · F2(s+ 2))(1),

/∇4( /∇T (ρ,−σ)) +
3

2
trχ( /∇T (ρ,−σ)) = /d2( /∇Tβ) + (O−1 · Es+2(s+ 2))(1).

Applying Proposition 5.18 with ψ(1) = /∇Tβ, ψ(2) = /∇T (ρ,−σ), a(1) = 1, a(2) = 3
2 , h(1) =

(O−1 · Es+2−δB (s+ 2))(1) + (Os · F2(s+ 2))(1), h(2) = (O−1 · Es+2(s+ 2))(1) and 0 ≤ p ≤ 2 and
combining with Proposition 5.29, we obtain

BEFp[ /∇Tβ](u1, u2) +BFp[ /∇Tρ, /∇Tσ](u1, u2)

≲ Ep[ /∇Tβ](u1) +Bp[ /∇Tβ](u1, u2) +N 1
p [E2s−δB (s+ 2),O−1 · Es+2−δB (s+ 2)]

+ N 1
p [E2s−δB (s+ 2),Os · F2(s+ 2)] +N 1

p [Fs+1(s+ 2),O−1 · Es+2(s+ 2)]

≲ Ep[ /∇Tα, /∇Tβ](u1) +
ε20

us+2−p
1

+N 1
p [E2s−δB (s+ 2),O−1 · Es+2−δB (s+ 2)]

+ N 1
p [E2s−δB (s+ 2),Os · F2(s+ 2)] +N 1

p [Fs+1(s+ 2),O−1 · Es+2(s+ 2)].

Applying Theorem 5.27 in corresponding cases, we infer for 0 ≤ p ≤ 2

N 1
p [E2s−δB (s+ 2),O−1 · Es+2−δB (s+ 2)] +N 1

p [E2s−δB (s+ 2),Os · F2(s+ 2)]

+N 1
p [Fs+1(s+ 2),O−1 · Es+2(s+ 2)] ≲

ε20

us+2−p
1

.

Hence, we deduce for 0 ≤ p ≤ 2

BEFp[ /∇Tβ](u1, u2) +BFp[ /∇Tρ, /∇Tσ](u1, u2) ≲ Ep[ /∇Tα, /∇Tβ](u1) +
ε20

us+2−p
1

.

This concludes the proof of Proposition 5.30.

5.4.4 Estimates for the Bianchi pair ( /∇T (ρ, σ), /∇Tβ)

Proposition 5.31. We have the following estimate for 0 ≤ p ≤ 1:

BEFp[ /∇Tρ, /∇Tσ](u1, u2) +BFp[ /∇Tβ](u1, u2)

≲ Ep[ /∇Tα, /∇Tβ, /∇Tρ, /∇Tσ](u1) +
ε20

us+2−p
1

.
(5.59)

Proof. We recall from Proposition 5.26

/∇3( /∇T (ρ, σ)) +
3

2
trχ( /∇T (ρ, σ)) = −/d1( /∇Tβ) + (Os · F0(s+ 2))(1),

/∇4( /∇Tβ) + trχ( /∇Tβ) = /d
∗
1( /∇Tρ) + (Os · F2(s+ 2))(1) + (O−1 · Es+2(s+ 2))(1).

Applying Proposition 5.18 with ψ(1) = /∇T (ρ, σ), ψ(2) = /∇Tβ, a(1) = 1, a(2) = 3
2 , h(1) =

(Os ·F0(s+2))(1), h(2) = (Os ·F2(s+2))(1)+(O−1 ·Es+2(s+2))(1) and 0 ≤ p ≤ 1 and combining
with Proposition 5.30, we obtain

BEFp[ /∇Tρ, /∇Tσ](u1, u2) +BFp[ /∇Tβ](u1, u2)

≲ Ep[ /∇Tα, /∇Tβ, /∇Tρ, /∇Tσ](u1) +
ε20

us+2−p
1

+N 1
p [Fs+1(s+ 2),Os · F0(s+ 2)]

+ N 1
p [F2(s+ 2),Os · F2(s+ 2)] +N 1

p [F2(s+ 2),O−1 · Es+2(s+ 2)].
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Applying Theorem 5.27 in corresponding cases, we deduce for 0 ≤ p ≤ 1

N 1
p [Fs+1(s+ 2),Os · F0(s+ 2)] +N 1

p [F2(s+ 2),Os · F2(s+ 2)]

+N 1
p [F2(s+ 2),O−1 · Es+2(s+ 2)] ≲

ε20

us+2−p
1

.

Thus, we obtain for 0 ≤ p ≤ 1

BEFp[ /∇Tρ, /∇Tσ](u1, u2) +BFp[ /∇Tβ](u1, u2) ≲ Ep[ /∇Tα, /∇Tβ, /∇Tρ, /∇Tσ](u1) +
ε20

us+2−p
1

.

This concludes the proof of Proposition 5.31.

5.4.5 Estimates for the Bianchi pair ( /∇Tβ, /∇Tα)

Proposition 5.32. We have the following estimate:

BEF0[ /∇Tβ](u1, u2) + F0[ /∇Tα](u1, u2) ≲ E0[ /∇Tα, /∇Tβ, /∇Tρ, /∇Tσ, /∇Tβ](u1) +
ε20
us+2
1

. (5.60)

Proof. We have from Proposition 5.26

/∇3( /∇Tβ) + 2 trχ( /∇Tβ) = −/d2( /∇Tα) + (O1 · F0(s+ 2))(1),

/∇4( /∇Tα) +
1

2
trχ( /∇Tα) = 2/d

∗
2( /∇Tβ) + (Os · F0(s+ 2))(1).

Applying Proposition 5.18 with ψ(1) = /∇Tβ, ψ(2) = /∇Tα, a(1) = 2, a(2) =
1
2 , h(1) = (O1 · F0(s+

2))(1), h(2) = (Os · F0(s+ 2))(1) and p = 0 and combining with Proposition 5.31

BEF0[ /∇Tβ](u1, u2) + F0[ /∇Tα](u1, u2)

≲ E0[ /∇Tα, /∇Tβ, /∇Tρ, /∇Tσ, /∇Tβ](u1) +
ε20
us+2
1

+ N 1
0 [F2(s+ 2),O1 · F0(s+ 2)] +N 1

0 [F0(s+ 2),Os · F0(s+ 2)].

Applying Theorem 5.27 in corresponding cases, we obtain

N 1
0 [F2(s+ 2),O1 · F0(s+ 2)] +N 1

0 [F0(s+ 2),Os · F0(s+ 2)] ≲
ε20
us+2
1

.

Hence, we infer

BEF0[ /∇Tβ](u1, u2) + F0[ /∇Tα](u1, u2) ≲ E0[ /∇Tα, /∇Tβ, /∇Tρ, /∇Tσ, /∇Tβ](u1) +
ε20
us+2
1

.

This concludes the proof of Proposition 5.32.

5.4.6 u–decay estimates

Combining Propositions 5.29–5.32, we have the following proposition.

Proposition 5.33. We have the following estimates:

• We have for 0 ≤ p ≤ s+ 1

pBp[ /∇Tα](u1, u2) + EFp[ /∇Tα](u1, u2) +BFp[ /∇Tβ](u1, u2)

≲ Ep[ /∇Tα](u1) +
ε20

us+2−p
1

.
(5.61)
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• We have for 0 ≤ p ≤ 2

BEFp[ /∇Tβ](u1, u2) +BFp[ /∇T ρ̌, /∇T qσ](u1, u2)

≲ Ep[ /∇Tα, /∇Tβ](u1) +
ε20

us+2−p
1

.
(5.62)

• We have for 0 ≤ p ≤ 1

BEFp[ /∇Tρ, /∇Tσ](u1, u2) +BFp[ /∇Tβ](u1, u2)

≲ Ep[ /∇Tα, /∇Tβ, /∇Tρ, /∇Tσ](u1) +
ε20

us+2−p
1

.
(5.63)

• We have

BEF0[ /∇Tβ](u1, u2) + F0[ /∇Tα](u1, u2)

≲ E0[ /∇Tα, /∇Tβ, /∇T ρ̌, /∇T qσ, /∇Tβ](u1) +
ε20
us+2
1

.
(5.64)

Proposition 5.34. We have the following estimates:

EF0[ /∇Tα, /∇Tβ, /∇Tρ, /∇Tσ, /∇Tβ](u1, u2) + F0[ /∇Tα](u1, u2) ≲
ε20
us+2
1

.

Proof. The proof is largely analogous to Proposition 5.23. So, we only provide a sketch.

Recalling that

/∇Tα = r−1O(α4, α
(1), β(1)),

we have from Proposition 5.22

BEFs+2[ /∇Tα](u1, u2) ≲ BEFs[α4](u1, u2) +BEF 1
s [α, β](u1, u2) ≲ ε20. (5.65)

Taking u1 = 2j and u2 = 2j+1, we obtain∫ 2j+1

2j
Es+1[ /∇Tα](u)du ≲ ε20,

which implies that there exists a sequence u(j) ∈ [2j , 2j+1] such that

Es+1[ /∇Tα](u
(j)) ≲

ε20
u(j)

.

Applying (5.61) with p = s+ 1, u1 = u(j−1) and u2 = u ∈ [2j , 2j+1], we deduce

BEFs+1[ /∇Tα](u
(j−1), u) ≲ Es+1[ /∇Tα](u

(j−1)) +
ε20

u(j−1)
≲
ε20
u
,

which implies

Es+1[ /∇Tα](u) ≲
ε20
u
.

Applying once again (5.61) with p = s+ 1, we deduce

BEFs+1[ /∇Tα](u1, u2) ≲
ε20
u1
.
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Next, proceeding as in Lemma 5.19, we obtain

EF0[ /∇Tα](u1, u2) ≲
ε20
us+2
1

.

Combining with (5.65), we deduce

EFp[ /∇Tα](u1, u2) ≲
ε20

us+2−p
1

, ∀ p ∈ [0, s+ 2]. (5.66)

Next, we have from (5.61), (5.62) and (5.66)

BFp[ /∇Tβ](u1, u2) ≲
ε20

us+2−p
1

, p ∈ [0, 2],

Ep[ /∇Tβ](u2) ≲ Ep[ /∇Tβ](u1) +
ε20

us+2−p
1

, p ∈ [0, 2].

(5.67)

Applying Lemma 5.2018, we infer

BEF0[ /∇Tβ](u1, u2) ≲
ε20
us+2
1

.

Moreover, we have from Corollary 4.11 and Proposition 5.22

BEF2[ /∇Tβ](u1, u2) ≲ BEF 1
0 [α, β, ρ, σ, β](u1, u2) ≲

ε20
us1
.

Hence, we obtain

BEFp[ /∇Tβ](u1, u2) ≲
ε20

us+2−p
1

, ∀ p ∈ [0, 2]. (5.68)

Then, we have from (5.63), (5.66) and (5.68)

BFp[ /∇Tρ, /∇Tσ](u1, u2) ≲
ε20

us+2−p
1

, ∀ p ∈ [0, 2],

Ep[ /∇Tρ, /∇Tσ](u2) ≲ Ep[ /∇Tρ, /∇Tσ](u1) +
ε20

us+2−p
1

, ∀ p ∈ [0, 1].

(5.69)

Applying Lemma 5.20, we obtain

BEF0[ /∇Tρ, /∇Tσ](u1, u2) ≲
ε20
us+2
1

.

Moreover, taking p = 2 in the first estimate in (5.69), we deduce∫ u2

u1

E1[ /∇Tρ, /∇Tσ](u)du ≲
ε20
us1
.

Proceeding as in Lemma 5.19, we obtain a sequence u(j) ∼ 2j satisfying

E1[ /∇Tρ, /∇Tσ](u
(j)) ≲

ε20
(u(j))s+1

.

18In fact, we apply Lemma 5.20 by replacing s with s+ 2.
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Combining with the second estimate in (5.69), we deduce

E1[ /∇Tρ, /∇Tσ](u) ≲
ε20
us+1

.

Hence, we have

BEFp[ /∇Tρ, /∇Tσ](u1, u2) ≲
ε20

us+2−p
1

, ∀ p ∈ [0, 1]. (5.70)

Finally, we have from (5.64), (5.66), (5.68) and (5.70)

BFp[ /∇Tβ](u1, u2) ≲
ε20

us+2−p
1

, ∀ p ∈ [0, 1],

E0[ /∇Tβ](u2) ≲ E0[ /∇Tβ](u1) +
ε20
us+2
1

.

(5.71)

Applying Lemma 5.20, we obtain

BEF0[ /∇Tβ](u1, u2) ≲
ε20
us+2
1

. (5.72)

Injecting it into (5.64), we infer

F0[ /∇Tα](u1, u2) ≲
ε20
us+2
1

. (5.73)

Combining the above estimates, this concludes the proof of Proposition 5.34.

5.5 End of the proof of Theorem 3.8

Proposition 5.35. We have the following estimates:

Ds[α, β, ρ, σ] +Ds−1,1[β] +D−1,s+1[α] ≲ ε20. (5.74)

Proof. We have from Propositions 5.11–5.16

eE1
s[α, β, ρ̌, qσ] ≲ ε20,

eF1
s[β] ≲ ε20,

eF1
0,s[α] ≲ ε20,

eE1
0,s[β] ≲ ε20,

eEs[α4] ≲ ε20,
eF−2,s+2[α3] ≲ ε20.

Applying Propositions 4.16 and 5.3, we deduce

eDs[α, β, ρ̌, qσ] ≲ ε20,
eDs−1,1[β] ≲ ε20,

eD−1,s+1[α] ≲ ε20.

Recalling (3.3), we obtain

sup
p∈[2,4]

|r−
2
p (ρ, σ)|p,S ≲ sup

p∈[2,4]
|r−

2
p (ρ̌, qσ)|p,S + |Γg|∞,S sup

p∈[2,4]
|r−

2
pΓw|p,S

≲
ε0

r
s+3
2

+
ε2

r
s+1
2 r⟨u⟩ s−1

2

≲
ε0

r
s+3
2

,

(5.75)

which implies
eDs[ρ, σ] ≲ ε20.
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Similarly, we have from Propositions 5.32 and 5.33 that in iV

iE1
s[α, β, ρ̌, qσ] ≲ ε20,

iF1
s[β] ≲ ε20,

iF1
0,s[α] ≲ ε20,

iE1
0,s[β] ≲ ε20,

iEs[α4] ≲ ε20,
iF0,s+2[ /∇Tα] ≲ ε20.

Recalling that 2T = e4 + e3 and applying Propositions 4.16 and 5.3, we obtain

iDs[α, β, ρ, σ] ≲ ε20,
iDs−1,1[β] ≲ ε20,

iD−1,s+1[α] ≲ ε20,

where we used (5.75). This concludes the proof of Proposition 5.35.

We then focus on the u–decay estimates in the interior region.

Definition 5.36. We define the truncation function on Σt

f(x) := h

Å
r(x)

t

ã
,

where h is a smooth cut-off function such that h = 1 for s ≤ 1
2 and h = 0 for s ≥ 3

4 . For any
tensor field X on Σt, we denote:

◦
X := fX.

Proposition 5.37. We have the following estimates:

iF1
−2,s+2[α, β, ρ, σ, β, α] ≲ ε20,

iD−2,s+2[α, β, ρ, σ, β, α] ≲ ε20.

Proof. We have from Propositions 5.23 and 5.34

iF0,s+2[ /∇T (α, β, ρ, σ, β, α)] +
iF1

0.s[α, β, ρ, σ, β, α] ≲ ε20,

which implies from (2.22) and (2.23)

iF0,s+2[L̂TE] + iF0,s+2[L̂TH] ≲ ε20.

We recall from Proposition 2.23

divE = k ∧H,
divH = −k ∧ E,

curlE = L̂TH −∇ log ϕ ∧ E − 1

2
k ×H,

curlH = −L̂TE −∇ log ϕ ∧H +
1

2
k × E.

Commuting with f , we easily deduce19

div
◦
E = Γw ·

◦
H +∇f ·

◦
E,

div
◦
H = Γw ·

◦
E +∇f ·

◦
H,

curl
◦
E = f L̂TH + Γw · (

◦
E,

◦
H) +∇f ·

◦
E,

curl
◦
H = −f L̂TE + Γw · (

◦
E,

◦
H) +∇f ·

◦
H.

19See (7.7.6g)–(7.7.6j) in [10] for the explicit formulae.
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Applying Proposition 4.19, we obtain20∫
Σt

|∇
◦
E|2 + |∇

◦
H|2 ≲

∫
Σt

f2|L̂TE, L̂TH|2 + |Γw · (
◦
E,

◦
H)|2 + |∇f |2|(

◦
E,

◦
H)|2 + |(

◦
E,

◦
H)|3

≲
∫
Σt(r≤ 3t

4 )
|L̂TE, L̂TH|2 +

∫ t

t
4

r2|r− 2
4Γw|24,S |r−

2
4 (

◦
E,

◦
H)|24,Sdu

+

∫ 3t
4

t
2

r2

t2
|r− 2

2 (
◦
E,

◦
H)|22,Sdu+

∫ t

t
4

r2|r− 2
3 (

◦
E,

◦
H)|33,Sdu

≲
ε20
ts+2

+

∫ t

t
4

r2
ε4

ts+1ts+3
du+

∫ 3t
4

t
2

ε20
rs+3

du+

∫ t

t
4

r2
ε3

t
3(s+3)

2

du

≲
ε20
ts+2

+
ε4

t2s+1
+

ε20
ts+2

+
ε3

t
3s+5

2

≲
ε20
ts+2

.

Combining with Proposition 4.15, we obtain

F 1
−2[

◦
E,

◦
H](iV ) ≲

ε20
ts+2

.

Next, applying Proposition 4.16, we infer

|(
◦
E,

◦
H)|4,S ≲

ε0

t
s+2
2

.

Recalling Definition 5.36, we deduce

iF1
−2,s+2[E,H](iiV ) ≲ ε20,

iD−2,s+2[E,H](iiV ) ≲ ε20.

The estimates in i
eV follows directly from Propositions 5.23 and 5.34. Combining with (2.22),

this concludes the proof of Proposition 5.37.

Combining Propositions 5.11–5.16, 5.22–5.23, 5.29–5.35 and 5.37, this concludes the proof of
Theorem 3.8.

5.6 Improved estimate for β

In this section, we prove an improved estimate for β which will be used in Section 7.2.

Lemma 5.38. We have the following estimate:

sup
p∈[−1,s]

iB1
p,s−p[β] ≲ ε20.

Proof. We have from Theorem 3.8∫
Σt∩iV

rp|β(1)|2 ≲ ε20
us−p1

, ∀ − 2 ≤ p ≤ s.

Thus, we have∫
iV
r−2|β(1)|2 ≲

∫ t

tc(u1)
dt

∫
Σt∩i

iV
r−2|β(1)|2 +

∫ t

tc(u1)
dt

∫
Σt∩i

eV
r−2|β(1)|2

≲ ε20

∫ t

tc(u1)

dt

ts+2
+

∫ t

tc(u1)

dt

t2

∫
Σt∩i

eV
|β(1)|2

≲
ε20
us+1
1

.

20Notice from Proposition 2.21 that Ric = O(E) + Γw · Γw.
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Interpolating with ∫
iV
rs−1|β(1)|2 ≲ ε20,

which follows directly from Theorem 3.8, this concludes the proof of Lemma 5.38.

Proposition 5.39. We have the following estimate:

iE1
−1,s+1[β] ≲ ε20.

Proof. We recall from Proposition 4.10

/∇3β + trχβ = −/d∗1(ρ,−σ) + Γg · β + Γb · ρ,

/∇4(ρ,−σ) +
3

2
trχ(ρ,−σ) = /d1β + Γw · β.

Applying Propositions 4.5 and 5.18, we deduce for −1 ≤ p ≤ 0

EF 1
p [β](u1, u2) +BF 1

p [ρ, σ](u1, u2) ≲ B1
p [β](u1, u2) + E1

p [β](u1) +N 1
p [R,Γw ·R](iV ), (5.76)

where
R ∈ {β, ρ, σ, β}.

We first have from Lemma 5.38 that for −1 ≤ p ≤ 0

B1
p [β](u1, u2) ≲

ε20
us−p1

.

Moreover, we have from the proof of Proposition 5.12 that for −1 ≤ p ≤ 0

N 1
p [R,Γw ·R](ieV ) ≲

ε20
us−p1

.

We also have

N 1
p [R,Γw ·R](iiV ) ≲

∫
i
iV
rp|R(1)||Γw||R(1)|+

∫
i
iV
rp|R(1)||Γ(1)

w ||R|

≲ ε

∫ t

tc(u1)

dt

t
s+1
2

∫
Σt∩i

iV
rp|R(1)|2 +

Ç∫
i
iV
r2p|R(1)|2

å 1
2
Ç∫

i
iV

|Γ(1)
w |2|R|2

å 1
2

≲
∫ t

tc(u1)

dt

t
s+1
2

ε20
us−p1

+

Ç∫ t

tc(u1)
dt

∫
Σt∩i

iV
r2p|R(1)|2

å 1
2
Ç∫ u2

u1

du

∫ t

tc(u)

ε4

t2(s+1)
dt

å 1
2

≲
ε20
us−p1

+

Ç∫ t

tc(u1)

ε2

ts−2p
dt

å 1
2 ε2

us1

≲
ε20
us−p1

.

Injecting the above estimates into (5.76), we infer

EF 1
p [β](u1, u2) +BF 1

p [ρ, σ](u1, u2) ≲ E1
p [β](u1) +

ε20
us−p1

. (5.77)

We recall from Lemma 5.38

B1
0 [β](u1, u2) ≲

ε20
us1
,
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which implies that there exists a sequence u(j) ∼ 2j satisfying

E1
−1[β](u

(j)) ≲
ε20

(u(j))s+1
.

Applying (5.77) with u1 = u(j−1), u2 = u ∈ [2j , 2j+1] and p = −1, we obtain

E1
−1[β](u) ≲

ε20
us+1

.

This concludes the proof of Proposition 5.39.

6 Maximal connection estimates (Theorem 3.9)

In this section, we apply the elliptic estimates in Section 4.5 to prove Theorem 3.9.

6.1 Preliminaries

Proposition 6.1. We have the following elliptic system on Σt:

div k = 0,

curl k = H,

tr k = 0.

Proof. See (11.1.1a) in [10].

Proposition 6.2. We have the following system on Σt:

/div ϵ = −∇Nδ −
3

2
tr θ δ + κ̂ · θ̂ − 2(a−1 /∇a) · ϵ,

/curl ϵ = σ + θ̂ ∧ κ̂,

/∇N ϵ+ tr θ ϵ =
1

2
(β − β) + /∇δ − 2θ̂ · ϵ+ 3

2
(a−1 /∇a) · δ − κ̂ · (a−1 /∇a),

/div κ̂ =
1

2
(−β + β)− 1

2
/∇δ + θ̂ · ϵ− 1

2
tr θ ϵ,

/∇N κ̂+
1

2
tr θ κ̂ =

1

4
(−α+ α) +

1

2
/∇“⊗ε+ 3

2
δ θ̂ + (a−1 /∇a)“⊗ϵ,

(6.1)

where we recall

κAB = kAB, ϵA = kAN , δ = kNN ,

and κ̂ denotes the traceless part of κ.

Proof. See (11.1.2) in [10].

Proposition 6.3. We have the following identities:

/∇T δ = −ϕ−1∇N∇Nϕ+ ρ+ δ2 − η · η + η · ϵ− η · ϵ,

/∇T ϵ = −ϕ−1 /∇∇Nϕ+
1

2
(β + β) + (a−1 /∇a)ϕ−1∇Nϕ

− 3

2
(η − ϕ−1 /∇ϕ)δ + (η − ϕ−1 /∇ϕ+ ϵ) · κ̂+

1

2
δ ϵ,

/∇T κ̂ = −ϕ−1 /∇“⊗ /∇ϕ+
1

4
(α+ α)− δ κ̂+ ϵ“⊗ϵ− (η − ϕ−1 /∇ϕ)“⊗ϵ.
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Proof. See (11.4.2) in [10].

Proposition 6.4. We define the position vectorfield:

Z := rN. (6.2)

We denote π the deformation tensor of Z:

πij :=
1

2

(
g(DeiZ, ej) + g(DejZ, ei)

)
, (6.3)

and π̂ its traceless part. Then, we have

π̂ij = 2rθ̂ij +
1

3
ra−1

~a tr θ(gij −NiNj)− ra−1(Ni /∇ja+Nj /∇ia),

trπ = ra−1(2a tr θ + a tr θ),

πij = π̂ij +
1

3
trπgij .

Proof. See (4.1.3) in [10].

Proposition 6.5. We define the following 1–form:

(iZk)i := kijZ
j . (6.4)

Then, we have

div(iZk) =
1

2
π̂ijkij ,

curl(iZk)i = HijZ
j +

1

2
∈imn

Ä
π̂jm − ra−1(Nm /∇j

a−N j /∇ma)
ä
knj .

Proof. See (11.2.1) in [10].

Proposition 6.6. Let ξ be a 1–form on Σ satisfying

div ξ = D(ξ),

curl ξ = A(ξ).

Then, the following estimate holds for all |p| < 1:∫
Σt

rp|∇ξ|2 + rp−2|ξ|2 ≲
∫
Σt

rp
(
|A(ξ)|2 + |D(ξ)|2 + |Ric ||ξ|2

)
.

Proof. Note that we have

div(r
p
2 ξ) = ∇i(r

p
2 ξi) = r

p
2D(ξ) +

p

2
r

p−2
2 N(r)ξN .

We also have

curl(r
p
2 ξ)i = r

p
2A(ξ)i + ∈ilm∇l(r

p
2 )ξm

= r
p
2A(ξ)i +

p

2
∈iNmr

p−2
2 N(r)ξm,

which implies

curl(r
p
2 ξ) = r

p
2A(ξ) +

p

2
r

p−2
2 N(r)(−ξ2, ξ1, 0).
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Applying Proposition 4.18, we deduce that for any constant δ0 > 0∫
Σt

|∇(r
p
2 ξ)|2 = p2(1 + δ0)

4

∫
Σt

rp−2N(r)2|ξ|2 +
Å
1 +

1

δ0

ã∫
Σt

rp
(
|A(ξ)|2 + |D(ξ)|2

)
−
∫
Σt

rpRicij ξiξj .

Recalling that N(r) = 1 +O(ε), we obtain∫
Σt

|∇(r
p
2 ξ)|2 − p2(1 + δ0)(1 +O(ε))

4

|r p
2 ξ|2
r2

≲
∫
Σt

rp
(
|A(ξ)|2 + |D(ξ)|2 + |Ric ||ξ|2

)
.

Note that we have for δ0 and ε small enough

p2(1 + δ0)(1 +O(ε))

4
< c−2

H − δ0,

where cH = 2 +O(ε) is defined in Proposition 4.15. Thus, we obtain∫
Σt

|∇(r
p
2 ξ)|2 − (c−2

H − δ0)

∫
Σt

rp−2|ξ|2 ≲
∫
Σt

rp
(
|A(ξ)|2 + |D(ξ)|2 + |Ric ||ξ|2

)
.

Applying Proposition 4.15, we deduce∫
Σt

|∇(r
p
2 ξ)|2 + rp−2|ξ|2 ≲

∫
Σt

rp
(
|A(ξ)|2 + |D(ξ)|2 + |Ric ||ξ|2

)
.

Recalling that |∇r| = 1 +O(ε), this concludes the proof of Proposition 6.6.

6.2 Estimates for ϵ and δ

Proposition 6.7. We have the following estimate:

Fs[∇ϵ,∇δ] ≲ ε20, Fs−2[ϵ, δ] ≲ ε20, Ds−2[ϵ, δ] ≲ ε20.

Proof. We have from Propositions 6.4 and 6.5

div(iZk) = rΓw · Γw,
curl(iZk) = iZH + rΓw · Γw.

Applying Proposition 6.6 with p = s− 2, we obtain∫
Σt

rs−4|iZk|2 + rs−2|∇iZk|2

≲
∫
Σt

rs−2|iZH|2 + rs|Γw · Γw|2 + rs−2|Ric ||iZk|2

≲
∫
Σt

rs|(β, σ, β)|2 + rs|Γw · Γw|2 + rs|E||Γg · Γg|

≲ ε20 +

∫ uc(t)

−∞

Ä
rs−2|r1− 2

4Γw|24,S |r1−
2
4Γw|24,S + |E|2,S |r

s
2Γg|4,S |r

s
2Γg|4,S

ä
du

≲ ε20 +

∫ 1

−∞

(
rs−2 ε4

⟨u⟩2(s−1)
+

ε3

⟨u⟩ s+1
2

)
du+

∫ uc(t)

1

Å
ε4

us
+

ε3

u
s+1
2

ã
du

≲ ε20.
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Combining with (6.4), we obtain

Fs−2[ϵ, δ] ≲ ε20, Fs[∇ϵ,∇δ] ≲ ε20.

Applying Proposition 4.16, we deduce

Ds−2[ϵ, δ] ≲ ε20.

This concludes the proof of Proposition 6.7.

Proposition 6.8. We have the following estimates:

F1
s [( /∇, /∇N )ϵ, ( /∇, /∇N )δ] ≲ ε20, D1

s−2[ϵ, δ] ≲ ε20, Ds−1,1[ /∇N ϵ, /∇Nδ] ≲ ε20.

Proof. We have from Proposition 6.5

div(iZk) = rΓw · Γw,
curl(iZk) = iZH + rΓw · Γw.

Commuting with r /∇A, we obtain21

div(r /∇A(iZk)) = rΓw · Γ(1)
w ,

curl(r /∇A(iZk)) = r /∇A(iZH) + rΓw · Γ(1)
w .

Applying Proposition 6.6 with p = s− 2, we obtain∫
Σt

rs|∇ /∇AiZk|2 + rs−2| /∇AiZk|2

≲
∫
Σt

rs| /∇iZH|2 + rs|Γw · Γ(1)
w |2 + rs|Ric || /∇iZk|2

≲
∫
Σt

rs|(β, σ, β)(1)|2 + rs|Γw · Γw|2 + rs|E||Γ(1)
g · Γ(1)

g |,

≲ ε20 +

∫ uc(t)

−∞

Ä
|r1− 2

4Γw|24,S |r
s
2
− 2

4Γ(1)
w |24,S + |E|2,S |r

s
2Γ(1)

g |4,S |r
s
2Γ(1)

g |4,S
ä
du

≲ ε20 +

∫ 1

−∞

(
ε4

⟨u⟩s +
ε3

⟨u⟩ s+1
2

)
du+

∫ uc(t)

1

Å
ε4

us
+

ε3

u
s+1
2

ã
du

≲ ε20.

Combining with Proposition 6.7, we infer

F1
s [( /∇, /∇N )ϵ, ( /∇, /∇N )δ] ≲ ε20.

Applying Proposition 4.16, we deduce

D1
s−2[ϵ, δ] ≲ ε20.

Finally, we have from Proposition 6.2

/div ϵ = −∇Nδ −
3

2
tr θ δ + Γw · Γw,

/∇N ϵ+ tr θ ϵ =
1

2
(β − β) + /∇δ + Γw · Γb,

which implies

|r−
2
p /∇N (ϵ, δ)|p,S ≲ |r−

2
p (β, β)|+ |r−

2
p ( /∇ϵ, /∇δ)|p,S + |r−

2
pΓw · Γw|p,S ≲

ε0

r
s+2
2 u

1
2

.

Hence, we obtain
Ds−1,1[ /∇N ϵ, /∇Nδ] ≲ ε20.

This concludes the proof of Proposition 6.8.
21See (6.119) in [5] for the precise equations and its derivation.
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6.3 Estimate for κ̂

Proposition 6.9. We have the following estimates:

F2
s−2[κ̂] ≲ ε20, F1

s [ /∇N κ̂] ≲ ε20, D1
s−3,1[κ̂] ≲ ε20, D−1,s+1[ /∇N κ̂] ≲ ε20. (6.5)

Moreover, we have

D−1,s−1[κ̂] ≲ ε20. (6.6)

Remark 6.10. Note that (6.6) implies that κ̂ decays better than d/κ̂.

Proof. We have from Proposition 6.2

/div κ̂ =
1

2
(−β + β)− 1

2
/∇δ − 1

2
tr θ ϵ+ Γg · Γw,

/∇N κ̂+
1

2
tr θ κ̂ =

1

4
(−α+ α) +

1

2
/∇“⊗ε+ Γg · Γw.

Applying Propositions 4.12 and 6.8, we immediately obtain (6.5). Next, applying Lemma 4.24,
we have for p ∈ [2, 4] and u ≤ 1

|r1−
2
p κ̂|p,S(t,u) ≲ lim

u→∞
|r1−

2
p κ̂|p,S(t,u) +

∫ u

−∞

(
|r1−

2
p (α, α, /∇ϵ)|p,S + |r1−

2
pΓg · Γw|p,S

)
du

≲
∫ u

−∞

(
ε0

⟨u⟩ s+1
2

+
ε2

⟨u⟩s
)
du

≲
ε0

⟨u⟩ s−1
2

,

and similarly for 1 ≤ u ≤ uc(t)

|r1−
2
p κ̂|p,S(t,u) ≲ lim

u→uc(t)
|r1−

2
p κ̂|p,S(t,u) +

∫ uc(t)

u

(
|r1−

2
p (α, α, /∇ϵ)|p,S + |r1−

2
pΓg · Γw|p,S

)
du

≲
∫ uc(t)

u

Å
ε0

u
s+1
2

+
ε2

us

ã
du

≲
ε0

u
s−1
2

.

Hence, we obtain (6.6). This concludes the proof of Proposition 6.9.

6.4 Estimate for the lapse function ϕ

We have from (2.5) and (4.1) that

∆ϕ = ϕ|k|2, lim
u→−∞

ϕ = 1.

In view of the maximum principle and Harnarck inequality22, we infer

0 < ϕ ≤ 1.

Thus, we can define the following negative scalar function:

φ := log ϕ. (6.7)

22See for example Theorem 3.1 in [15] for the maximum principle and Theorem 8.20 in [15] for Harnarck
inequality.
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Lemma 6.11. We have the following equation for φ:

∆φ = |k|2 − |∇φ|2, lim
u→−∞

φ = 0.

Proof. We have from (6.7)

∆φ = ∇i∇i(log ϕ) = ∇i
(
ϕ−1∇iϕ

)
= ϕ−1∆ϕ− ϕ−2∇iϕ∇iϕ = |k|2 − |∇φ|2,

as stated. We also have from (6.7)

lim
u→−∞

φ = log

Å
lim

u→−∞
ϕ

ã
= 0.

This concludes the proof of Lemma 6.11.

Proposition 6.12. We have the following estimate:

Fs−2[∇φ] ≲ ε20, Ds−4[φ] ≲ ε20.

Proof. Recalling that N(r) = 1 + rΓb, we have from Lemma 6.11

rs−2|∇φ|2 = ∇i(rs−2φ∇iφ)−∇i(rs−2)φ∇iφ− rs−2φ∆φ

= div(rs−2φ∇φ)− (s− 2)rs−3N(r)φN(φ)− rs−2φ
(
|k|2 − |∇φ|2

)
= div(rs−2φ∇φ)− (s− 2)rs−3φN(φ) + rs−1Γg · Γw · Γw.

We also have from (4.5)∫
Σt

2rs−3φN(φ) = −
∫
Σt

div(rs−3N)|φ|2

= −
∫
Σt

rs−3 div(N)|φ|2 − (s− 3)

∫
Σt

rs−4N(r)|φ|2

= −(s− 1)

∫
Σt

rs−4|φ|2 +
∫
Σt

rs−1Γg · Γg · Γb.

Combining the above identities, we infer∫
Σt

rs−2|∇φ|2 = −
∫
Σt

(s− 2)rs−3φN(φ) +

∫
Σt

rs−1Γg · Γw · Γw

=
(s− 2)(s− 1)

2

∫
Σt

rs−4|φ|2 +
∫
Σt

rs−1Γg · Γw · Γw

≲
∫ u

−∞
rs+1|r− 2

2Γg|2,S |r−
2
4Γw|4,S |r−

2
4Γw|4,S

≲
∫ 1

−∞
rs+1 ε

r
s+1
2

ε

r⟨u⟩ s−1
2

ε

r⟨u⟩ s−1
2

+

∫ uc(t)

1
rs+1 ε

r
s+1
2

ε

ru
s−1
2

ε

r
s−1
2 u

≲
∫ 1

−∞

ε3

⟨u⟩ s+1
2

du+

∫ uc(t)

1

ε3

u
s+1
2

du

≲ ε20,

where we used the fact that
(s− 2)(s− 1) ≤ 0.

Hence, we deduce

Fs−2[∇φ] ≲ ε20.
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Applying Proposition 4.16, we obtain

Ds−4[φ] ≲ ε20.

This concludes the proof of Proposition 6.12.

Proposition 6.13. We have the following estimates:

Fs[∇2φ] ≲ ε20, Ds−2[∇φ] ≲ ε20.

Proof. We have from Lemma 6.11

div(∇φ) = Γw · Γw, curl(∇φ) = 0.

Thus, we obtain

div(r
s
2∇φ) = ∇i(r

s
2∇iφ) =

s

2
r

s−2
2 N(r)∇Nφ+ r

s
2 div(∇φ) = r

s−2
2 O(∇φ) + r

s
2Γw · Γw,

and similarly

curl(r
s
2∇φ) = r

s−2
2 O(∇φ).

Applying Propositions 4.16 and 6.12, we infer∫
Σt

|∇(r
s
2∇φ)|2 ≲

∫
Σt

rs−2|∇φ|2 + rs|Γw · Γw|2 + |Ric ||r s
2∇φ|2

≲ ε20 +

∫ uc(t)

−∞
|r1− 2

4Γw|24,S |r
s
2
− 2

4Γw|24,S + |r1− 2
2E|2,S |r

s+1
2

− 2
4Γg|4,S |r

s+1
2

− 2
4Γg|4,S

≲ ε20 +

∫ 1

−∞

(
ε4

⟨u⟩s +
ε3

⟨u⟩ s+1
2

)
du+

∫ uc(t)

1

Å
ε4

us
+

ε3

u
s+1
2

ã
du

≲ ε20.

Combining with Proposition 6.12, we obtain

Fs[∇2φ] ≲ ε20.

Finally, applying Proposition 4.16, we deduce

Ds−2[∇φ] ≲ ε20.

This concludes the proof of Proposition 6.13.

Proposition 6.14. We have the following estimates:

F1
s [∇N∇Nφ] + F2

s−2[∇Nφ] + F3
s−4[φ] ≲ ε20,

Ds−1,1[∇N∇Nφ] +D1
s−2[∇Nφ] +D2

s−4[φ] ≲ ε20.

Proof. We have from Lemma 6.11

∆φ = Γw · Γw,

which implies

∆(r
s−2
2 φ) = ∆(r

s−2
2 )φ+ 2∇i(r

s−2
2 )∇iφ+ r

s−2
2 ∆φ

= r
s−6
2 O(φ) + r

s−4
2 O(∇φ) + r

s−2
2 Γw · Γw.
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Applying Proposition 4.20, we deduce∫
Σt

r4| /∇3
(r

s−2
2 φ)|2 + r4| /∇2∇N (r

s−2
2 φ)|2 + r4| /∇∇2

N (r
s−2
2 φ)|2

≲
∫
Σt

rs−4|φ|2 + rs−2|∇φ|2 + rs| /∇∇φ|2 + rs|Γw · Γ(1)
w |2

≲ ε20 +

∫ uc(t)

−∞
|r1− 2

4Γw|24,S |r
s
2
− 2

4Γ(1)
w |24,S

≲ ε20 +

∫ 1

−∞

ε2

⟨u⟩s−1

ε2

⟨u⟩du+

∫ uc(t)

1

ε2

us−1

ε2

u
du

≲ ε20.

Combining with Proposition 6.13, we obtain

F1
s [∇N∇Nφ] + F2

s−2[∇Nφ] + F3
s−4[φ] ≲ ε20.

Applying Proposition 4.16, we infer

D1
s−2[∇Nφ] +D2

s−4[φ] ≲ ε20.

Finally, we have from Lemma 6.11

∇N∇Nφ = −gAB∇A∇Bφ+ Γw · Γw,

which implies

Ds−1,1[∇N∇Nφ] ≲ ε20.

This concludes the proof of Proposition 6.14.

6.5 u–decay estimates

In this section, we always assume that u ≥ 1.

Proposition 6.15. We have the following estimates:

iF−2,s[k] ≲ ε20,
iF0,s[∇k] ≲ ε20,

iF0,s+2[∇2k] ≲ ε20,

iD(∞)
−3,s+1[k] ≲ ε20,

iD−2,s+2[∇k] ≲ ε20.

Proof. We recall from Proposition 6.1

div k = 0,

curl k = H,

tr k = 0.

Commuting with the truncation function f defined in Definition 5.36, we deduce

div
◦
k = O(k)∇f,

curl
◦
k =

◦
H +O(k)∇f,

tr
◦
k = 0.
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Applying Proposition 4.19, we infer∫
Σt

|∇
◦
k|2 ≲

∫
Σt

|
◦
H|2 + |∇f |2|k|2 + |Ric ||

◦
k|2

≲
ε20
ts

+

∫
t
2
≤r≤ 3t

4

ε20
ts+1

+

∫
0≤r≤ 3t

4

|r1− 2
2 Ric |2,S |r

1
2
− 2

4

◦
k|24,S

≲
ε20
ts

+

∫
0≤r≤ 3t

4

ε3

t
s+1
2 ts

≲
ε20
ts
,

and similarly∫
Σt

|∇2
◦
k|2 ≲

∫
Σt

|∇
◦
H|2 + |∇2f |2|k|2 + |∇f |2|∇k|2 + |Ric ||∇k|2 + |Ric |2|k|2

≲
ε20
ts+2

+

∫
t
2
≤r≤ 3t

4

ε20
ts+3

+
ε20
ts+3

+

∫
0≤r≤ 3t

4

ε3

t
3s+7

2

+
ε4

t2s+2

≲
ε20
ts+2

,

which implies from Proposition 4.16 that

iD−2,s+2[∇
◦
k] ≲ ε20.

Moreover, applying Proposition 4.15, we infer∫
Σt

r−2|∇
◦
k|2 ≲ ε20

ts+2
.

Finally, applying Propositions 4.16 and 4.17, we obtain

|
◦
k|∞,S(t,u) ≲ ∥

◦
k∥

1
2
6,Σt

∥∇
◦
k∥

1
2
6,Σt

≲ ∥∇
◦
k∥

1
2
2,Σt

∥∇2
◦
k∥

1
2
2,Σt

≲
ε0

t
s+1
2

.

Combining with Propositions 6.7–6.9, this concludes the proof of Proposition 6.15.

Proposition 6.16. We have the following estimates:

iF−4,s[φ] ≲ ε20,
iF−2,s[∇φ] ≲ ε20,

iF0,s[∇2φ] ≲ ε20,
iF0,s+2[∇3φ] ≲ ε20,

iD(∞)
−3,s−1[φ] ≲ ε20,

iD(∞)
−3,s+1[∇φ] ≲ ε20,

iD−2,s+2[∇2φ] ≲ ε20.

Proof. We recall from Lemma 6.11

div(∇φ) = Γw · Γw, curl(∇φ) = 0,

which implies

div(f∇φ) = fΓw · Γw +∇f · ∇φ,
curl(f∇φ) = ∇f · ∇φ.

Applying Proposition 4.19 and proceeding as in Proposition 6.15, we deduce∫
Σt

f2|∇2φ|2 ≲
∫
Σt

f2|Γw · Γw|2 + |∇f |2|∇φ|2 + f2|Ric ||∇φ|2

≲
∫
0≤r≤ 3t

4

|Γw|24,S |Γw|24,S + |Ric |2,S |∇φ|24,S +

∫
t
2
≤r≤ 3t

4

|∇φ|2

≲
ε20
ts
.



186CHAPTER 3. GLOBAL STABILITY OFMINKOWSKI SPACETIMEWITHMINIMAL DECAY

We also have from Proposition 4.19∫
Σt

f2|∇3φ|2 ≲
∫
Σt

|∇(fΓw · Γw)|2 + |∇(∇f · ∇φ)|2 + |Ric ||∇(f∇φ)|2 + |Ric |2|f∇φ|2

≲
∫
Σt

f2|Γw · ∇Γw|2 + |∇f |2|Γw · Γw|2 + |∇2f |2|∇φ|2 + |∇f |2|∇2φ|2

+

∫
Σt

|Ric ||∇f |2|∇φ|2 + f2|Ric ||∇2φ|2 + f2|Ric |2|∇φ|2

≲
∫
0≤r≤ 3t

4

|Γw|24,S |∇Γw|24,S + |Ric |2,S |∇2φ|24,S + |Ric |24,S |∇φ|24,S

+

∫
t
2
≤r≤ 3t

4

r−2|Γw|24,S |Γw|24,S + r−4|∇φ|22,S + r−2|∇2φ|22,S + r−2|Ric |2,S |∇φ|24,S

≲
ε20
ts+2

+

∫
0≤r≤ 3t

4

ε4

t2s+2

≲
ε20
ts+2

.

Applying Proposition 4.15, we deduce

iF−4,s[
◦
φ] ≲ ε20,

iF−2,s[∇
◦
φ] ≲ ε20,

iF0,s[∇2 ◦
φ] ≲ ε20,

iF0,s+2[∇3 ◦
φ] ≲ ε20.

Thus, we have from Proposition 4.16

iD−4,s[
◦
φ] ≲ ε20,

iD−2,s+2[∇2 ◦
φ] ≲ ε20.

Finally, applying Propositions 4.16 and 4.17, we obtain

|∇ ◦
φ|∞,S(t,u) ≲ ∥∇ ◦

φ∥
1
2
6,Σt

∥∇2 ◦
φ∥

1
2
6,Σt

≲ ∥∇2 ◦
φ∥

1
2
2,Σt

∥∇3 ◦
φ∥

1
2
2,Σt

≲
ε0

t
s+1
2

,

which implies
iD(∞)

−3,s[∇
◦
φ] ≲ ε20.

Combining with Propositions 6.12–6.14, this concludes the proof of Proposition 6.16.

6.6 Time derivative estimates in the interior region

Proposition 6.17. We have the following estimates:

sup
p∈[−2,s−1]

iDp,s−p[ /∇T δ, /∇T ϵ] ≲ ε20, sup
p∈[−2,−1]

iDp,s−p[ /∇T κ̂] ≲ ε20.

Proof. We have from Proposition 6.3

/∇T δ = −ϕ−1∇N∇Nϕ+ ρ+ Γg · Γb,

/∇T ϵ = −ϕ−1 /∇∇Nϕ+
1

2
(β + β) + Γb · Γw,

/∇T κ̂ = −ϕ−1 /∇“⊗ /∇ϕ+
1

4
(α+ α) + Γg · Γw.

Combining with Proposition 6.14, we infer

iDs−1,1[ /∇T δ] ≲ ε20,
iDs−1,1[ /∇T ϵ] ≲ ε20,

iD−1,s+1[ /∇T κ̂] ≲ ε20.

Moreover, we have from Proposition 6.16

iD−2,s+2[ /∇T δ, /∇T ϵ, /∇T κ̂] ≲ ε20.

This concludes the proof of Proposition 6.17.
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Proposition 6.18. We have the following estimate:

sup
p∈[−2,s−2]

iDp,s−2−p[Tϕ] ≲ ε20, sup
p∈[−2,s−1]

iDp,s−p[∇T∇ϕ] ≲ ε20.

Proof. We first introduce the spacetime scaling operator

S := t T + Z, t := r + u, (6.8)

where Z = rN is defined in (6.2). Commuting S with (2.5), we obtain23

∆(Sϕ) = 2ϕκ̂AB(ϕ tRicAB +r∇N κ̂AB) + Γw · Γw. (6.9)

Moreover, we have from Proposition 6.2

∇N κ̂ = −1

4
α+ r−1Γ

(1)
b .

Combining with Propositions 2.20 and 2.21, we have

2ϕκ̂AB(ϕ tRicAB +r∇N κ̂AB) = Γw ·
Å
tE − 1

4
rα+ Γ

(1)
b

ã
= Γw · (uα) + Γw · Γ(1)

b

= Γw · Γ(1)
b ,

where we used uα ∈ Γ
(1)
b . Injecting it into (6.9), we infer

∆(Sϕ) = Γw · Γ(1)
b .

Thus, we deduce that Sϕ satisfies a similar equation as φ. Proceeding as in Propositions 6.12,
6.13 and 6.16, we obtain

sup
p∈[−3,s−4]

iDp,s−4−p[Sϕ] ≲ ε20, sup
p∈[−2,s−2]

iDp,s−2−p[∇(Sϕ)] ≲ ε20.

Next, we recall from Propositions 6.14 and 6.16

sup
p∈[−2,s−2]

iDp,s−2−p[∇φ] ≲ ε20, sup
p∈[−2,s−3]

iDp,s−2−p[∇∇Zφ] ≲ ε20.

Combining the above estimates, we infer

sup
p∈[−2,s−4]

iDp,s−4−p[t Tϕ] ≲ ε20, sup
p∈[−2,s−3]

iDp,s−2−p[∇(t Tϕ)] ≲ ε20.

Recalling that t = r + u, this concludes the proof of Proposition 6.18.

Combining Propositions 6.12–6.18, this concludes the proof of Theorem 3.9.

7 Null connection estimates (Theorem 3.10)

In this section, we apply Lemma 4.24 to prove Theorem 3.10. Throughout this section, we
always assume that p ∈ [2, 4] and we denote

S := S(t, u), S2 := S(2, u), Sc := lim
t→tc(u)

S(t, u).

23See (12.0.5f) in [10] for the precise equation and its derivation.
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7.1 Null transport equations

The following equations will be used repeatedly in Section 7.

Proposition 7.1. We have the following transport equations:

/∇4 /U +
3

2
trχ /U = − trχβ − χ̂ · /U − /∇|χ̂|2 + trχ χ̂ · η − 2|χ̂|2η,

/∇4µ+ trχµ =
1

2
trχ

(
− /div η − ρ̌− |η|2

)
+ χ̂ · /∇“⊗η

+ (η − η) · /U − 1

4
trχ|χ̂|2 + 2η · χ̂ · η − 2η · β.

Proof. See (13.1.6c) and (13.1.11) in [10].

Proposition 7.2. We have the following equations:

/∇4η +
1

2
trχη =

1

2
trχη − χ̂ · (η − η)− β,

/div η = −µ− ρ̌,

/curl η = qσ,

/∇4 trχ+
1

2
(trχ)2 = −2ω trχ− |χ̂|2,

/div χ̂ =
1

2
/U − β − ζ · χ̂.

Proof. It follows directly from Proposition 2.17, (3.2) and (3.3).

7.2 Estimate for /U

Proposition 7.3. We have the following estimates:

Ds[/U ] + iD−2,s+2[/U ] ≲ ε20.

Proof. We have from Proposition 7.1

/∇4 /U +
3

2
trχ /U = − trχβ + r−1Γg · Γ(1)

g .

Applying Lemma 4.24, we obtain for u ≤ 1

|r3−
2
p /U |p,S ≲ |r3−

2
p /U |p,S2 +

∫ r

⟨u⟩
|r2−

2
pβ|p,S + |r2−

2
pΓg · Γ(1)

g |p,S

≲
ε0

⟨u⟩ s−3
2

+

∫ r

|u|

ε0

r
s−1
2

+
ε2

rs−1

≲
ε0

r
s−3
2

,

which implies

eDs[/U ] ≲ ε0. (7.1)

Note that we have from (4.1)

lim
t→tc(u)

|r3−
2
p /U |p,S = lim

t→tc(u)
r

5
2 |r

1
2
− 2

p /U |p,S ≲ lim
r→0

εr
5
2

u
s+2
2

= 0.
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Thus, for any S ⊆ i
eV , we have from Lemma 4.24

|r3−
2
p /U |p,S ≲ |r3−

2
p /U |p,Sc +

∫ t

tc(u)
|r2−

2
pβ|p,S + |r2−

2
pΓg · Γ(1)

g |p,S

≲
∫ t

tc(u)

ε0

t
s−1
2

+
ε2

ts−1

≲
ε0

t
s−3
2

,

which implies

|r
s+3
2

− 2
p /U |p,S ≲ ε20, ∀ S ⊆ i

eV . (7.2)

Moreover, for any S ⊆ i
iV , we have from Lemma 4.24

|r3−
2
p /U |p,S ≲ |r3−

2
p /U |p,Sc +

∫ t

tc(u)
|r2−

2
pβ|p,S + |r2−

2
pΓg · Γ(1)

g |p,S

≲
∫ t

tc(u)

ε0r
3
2

u
s+2
2

+
ε2r

3
2

u
2s+1

2

≲
ε0r

5
2

u
s+2
2

,

where we used |tc(u)− t| ≲ r for any S(t, u) ⊆ i
iV . Hence, we obtain

|r
1
2
− 2

p /U |p,S ≲
ε0

u
s+2
2

, ∀ S ⊆ i
iV . (7.3)

Combining (7.2) and (7.3), we infer24

iD2,s−2[/U ] + iDs[/U ] ≲ ε20.

Combining with (7.1), this concludes the proof of Proposition 7.3.

Proposition 7.4. We have the following estimates:

|r /∇/U |2,S ≲
ε0

t
s+1
2

, ∀ S ⊆ iV , |r /∇/U |2,S ≲
ε0

r
s+1
2

, ∀ S ⊆ eV .

We also have

E1
s−δB ,δB [/U ] + iE1

0,s[/U ] ≲ ε20, F1
s−δB ,δB [/U ] + iF1

0,s[/U ] ≲ ε20,

where δB is defined in (3.4).

Proof. We have from Propositions 4.5 and 7.1

/∇4(r /∇/U) +
3

2
trχ(r /∇/U) = O( /∇β) + Γg · (/U (1)

, β(1)) + r−1Γ(1)
g · Γ(1)

g .

Applying Lemma 4.24, we obtain for u ≤ 1

|r3 /∇/U |2,S ≲ |r3 /∇/U |2,S2 +

∫ r

⟨u⟩
|rβ(1)|2,S + |Γg|∞,S |r2 /U (1)|2,S + |rΓ(1)

g · Γ(1)
g |2,S

≲
ε0

⟨u⟩ s−3
2

+

Ç∫ r

⟨u⟩
rs|β(1)|22,S

å 1
2
Ç∫ r

⟨u⟩
r2−sdr

å 1
2

+

∫ r

⟨u⟩

ε2

r
s+1
2 r

s−3
2

≲
ε0

r
s−3
2

,

24Recall that u ≲ r in i
eV and r ≲ u in i

iV .
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which implies

|r s+3
2 /∇/U |2,S ≲ ε0, ∀ S ⊆ eV .

Similarly, we have

|r s+3
2 /∇/U |2,S ≲ ε0, ∀ S ⊆ i

eV .

Next, we have from Lemma 4.24 that for any S ⊆ i
iV

|r3 /∇/U |2,S ≲ |r3 /∇/U |2,Sc +

∫ t

tc(u)
|rβ(1)|2,S + |Γg|∞,S |r2 /U (1)|2,S + |rΓ(1)

g · Γ(1)
g |2,S

≲

Ç∫ t

tc(u)
r−1|β(1)|22,S

å 1
2
Ç∫ t

tc(u)
r3dt

å 1
2

+

∫ t

tc(u)
|Γg|∞,S |r2 /U (1)|2,S + |rΓ(1)

g |4,S |Γ(1)
g |4,S ,

≲ r2
ε0

u
s+1
2

+

∫ t

tc(u)

ε

u
s+1
2

εr

u
s+1
2

+
ε2r2

us+2

≲
ε0r

2

u
s+1
2

,

where we used Proposition 5.39 at the third step. Hence, we obtain

|r /∇/U |2,S ≲
ε0

u
s+1
2

, ∀ S ⊆ i
iV .

Combining the above estimates, we deduce

|r /∇/U |2,S ≲
ε0

t
s+1
2

, ∀ S ⊆ iV , |r /∇/U |2,S ≲
ε0

r
s+1
2

, ∀ S ⊆ eV . (7.4)

Thus, we obtain for u ≥ 1∫
CV

u

|r /∇/U |2 ≲
∫ t

tc(u)
|r /∇/U |22,Sdt ≲

∫ t

tc(u)

ε20
ts+1

dt ≲
ε20
us
,

and for u ≤ 1 ∫
CV

u

rs−δB |r /∇/U |2 ≲
∫ r

⟨u⟩
rs−δB |r /∇/U |22,S ≲

∫ r

⟨u⟩

ε20
r1+δB

≲
ε20

⟨u⟩δB
.

Hence, we deduce

E1
s−δB ,δB [/U ] ≲ ε20,

iE1
0,s[/U ] ≲ ε20. (7.5)

Next, we have from (7.4) that for u ≤ 1∫
Σt(−∞,u)

rs−δB |r /∇/U |2 ≲
∫ u

−∞

ε20
r1+δB

du ≲
ε20

⟨u⟩δB
,

and similarly for 1 ≤ u1 ≤ u2 ≤ uc(t)∫
Σt(u1,u2)

rs−δB |r /∇/U |2 ≲
∫ u2

u1

ε20
u1+δB

du ≲
ε20

uδB1
.

Finally, we have from Lemma 4.24 that for u ≥ 1

|r3 /∇/U |2,S ≲
∫ t

tc(u)
r|β(1)|2,S + |Γg|∞,S |r2 /U (1)|2,S + |rΓ(1)

g · Γ(1)
g |2,S

≲

Ç∫ t

tc(u)
r−1|β(1)|22,S

å 1
2
Ç∫ t

tc(u)
r3dt

å 1
2

+

∫ t

tc(u)

ε2r2

ts+1

≲ r2E1
−1[β](u)

1
2 +

ε0r
2

us
,
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which implies

|r /∇/U |2,S ≲ E1
−1[β](u)

1
2 +

ε0
us
.

Hence, we obtain ∫ u2

u1

|r /∇/U |22,S ≲ B1
0 [β](u1, u2) +

ε20
u2s−1
1

≲
ε20
us1
.

Combining the above estimates, we deduce

F1
s−δB ,δB [/U ] + iF1

0,s[/U ] ≲ ε20. (7.6)

This concludes the proof of Proposition 7.4.

7.3 Estimate for µ

Proposition 7.5. We have the following estimate:

D1,s−1[µ] +
iD−2,s+2[µ] ≲ ε20.

Proof. We have from Proposition 7.1

/∇4µ+ trχµ = r−1O(ρ, /∇η) + r−1Γg · Γ(1)
b .

Applying Lemma 4.24, we deduce for u ≤ 1

|r2−
2
pµ|p,S ≲ |r2−

2
pµ|p,S2 +

∫ r

⟨u⟩
|r1−

2
p (ρ, /∇η)|p,S + |r1−

2
pΓg · Γ(1)

b |p,S

≲
ε0

⟨u⟩ s−1
2

+

∫ r

⟨u⟩

ε0

r
s+1
2

+
ε2

r
s+1
2 ⟨u⟩ s−1

2

≲
ε0

⟨u⟩ s−1
2

.

Note that we have from (4.1)

|r2−
2
pµ|p,Sc = lim

t→tc(u)
|r2−

2
pµ|p,S ≲ lim

r→0

εr
3
2

u
s+2
2

= 0.

Applying Lemma 4.24, we have for u ≥ 1

|r2−
2
pµ|p,S ≲ |r2−

2
pµ|p,Sc +

∫ t

tc(u)
|r1−

2
p (ρ, /∇η)|p,S + |r1−

2
pΓg · Γ(1)

b |p,S

≲
∫ t

tc(u)

ε0

t
s+1
2

+
ε2

ts

≲
ε0

u
s−1
2

.

We also have for u ≥ 1

|r2−
2
pµ|p,S ≲ |r2−

2
pµ|p,Sc +

∫ t

tc(u)
|r1−

2
p (ρ, /∇η)|p,S + |r1−

2
pΓg · Γ(1)

b |p,S

≲
∫ t

tc(u)

ε0r
1
2

t
s+2
2

+
ε2r

1
2

t
s+2
2

≲
ε0r

3
2

u
s+2
2

,
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which implies

|r
1
2
− 2

pµ|p,S ≲
ε0

u
s+2
2

.

Combining the above estimates, we infer

D1,s−1[µ] +
iD−2,s+2[µ] ≲ ε20.

This concludes the proof of Proposition 7.5.

Proposition 7.6. We have the following estimate:

F1
s−δB ,δB [µ] +

iF1
0,s[µ] ≲ ε20.

Proof. We have from Propositions 4.5 and 7.1

/∇4(r /∇µ) + trχ(r /∇µ) = O( /∇ρ) +O( /∇2
η) + r−1(Γg · Γb)(2).

Applying Lemma 4.24, we infer for u ≤ 1

|r2 /∇µ|2,S ≲ |r2 /∇µ|2,S2 +

∫ r

⟨u⟩
|X|2,S ≲

ε0

⟨u⟩ s−1
2

+

∫ r

⟨u⟩
|X|2,S ,

where we denoted

X :=
Ä
r /∇ρ, r /∇2

η, (Γb · Γg)(2)
ä
,

which satisfies

Fs[X] ≲ ε20,
iF−2,s+2[X] ≲ ε20. (7.7)

Hence, we obtain for u ≤ 1

|r2 /∇µ|22,S ≲
ε20

⟨u⟩s−1 +

Ç∫ r

⟨u⟩
|X|2,S

å2

≲
ε20

⟨u⟩s−1 +

∫ r

⟨u⟩
rs−1−δB |X|22,S

∫ r

⟨u⟩
r1−s+δB

≲
ε20

⟨u⟩s−1 + r2−s+δBEs−1−δB [X](u),

which implies ∫ u

−∞
|r

s+2−δB
2 /∇µ|22,S ≲

∫ u

−∞

ε20
rs−2+δB ⟨u⟩s−1 +Bs−δB [X](u)

≲
∫ u

−∞

ε20

⟨u⟩1+δB
+

∫ t

2

dt

(t+ |u|)1+δB
∫
ΣV

t

rs|X|2

≲
ε20

⟨u⟩δB
.

Moreover, we have from Lemma 4.24 that for u ≥ 1

|r2 /∇µ|22,S ≲

Ç∫ t

tc(u)
|X|2,S

å2

≲
∫ t

tc(u)
rs−1−δB |X|22,S

∫ r

0
r1−s+δB ≲ r2−s+δBEs−1−δB [X],
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which implies for 1 ≤ u1 ≤ u2 ≤ uc(t)
25∫ u2

u1

|r
s+2−δB

2 /∇µ|22,S ≲
∫

i
eV
rs−1−δB |X|2 +

∫
i
iV
rs−1−δB |X|2

≲
∫ t

tc(u1)
t−1−δB

∫
ΣV

t ∩i
eV
rs|X|2 +

∫ t

tc(u1)

∫
ΣV

t ∩i
iV
rs−1−δB |X|2

≲
∫ t

tc(u1)

ε20
t1+δB

+

∫ t

tc(u1)

ε20
t1+δB

≲
ε20

uδB1
.

Thus, we obtain

F1
s−δB ,δB [µ] ≲ ε20.

Similarly, we have for u ≥ 1

|r /∇µ|22,S ≲
∫ t

tc(u)
r−1|X|22,S = E−1[X](u),

which implies for 1 ≤ u1 ≤ u2 ≤ uc(t)∫ u2

u1

|r /∇µ|22,S ≲
∫

i
eV
r−1|X|2 +

∫
i
iV
r−1|X|2

≲
∫ t

tc(u1)

dt

t1+δB

∫
ΣV

t ∩i
eV
rδB |X|2 +

∫ t

tc(u1)
dt

∫
ΣV

t ∩i
iV
r−1|X|2

≲
ε20

us−δB1

1

uδB1
+

∫ t

tc(u1)

ε20
ts+1

dt

≲
ε20
us1
.

Combining the above estimates, we deduce

F1
s−δB ,δB [µ] +

iF1
0,s[µ] ≲ ε20.

This concludes the proof of Proposition 7.6.

7.4 Estimates for trχ, χ̂ and η

Proposition 7.7. We have the following estimates:

D1
−1,s−1[η] +

iD1
−3,s+1[η] + F2

s−2−δB ,δB [η] +
iF2

−2,s[η] ≲ ε20,

D1
s−2[χ̂] +

iD1
−3,s+1[χ̂] + F2

s−2−δB ,δB [χ̂] +
iF2

−2,s[χ̂] ≲ ε20,

D1
s−2[}trχ] +

iD1
−3,s+1[}trχ] + F2

s−2−δB ,δB [}trχ] +
iF2

−2,s[}trχ] ≲ ε20,

D(∞)
−1,s−1

ï
trχ− 2

r

ò
+ iD(∞)

−3,s+1

ï
trχ− 2

r

ò
≲ ε20.

Proof. We have from Proposition 7.2

/div η = −µ− ρ̌, /curl η = qσ.

25Recall that t ≲ r in i
eV while t ≲ u in i

iV .



194CHAPTER 3. GLOBAL STABILITY OFMINKOWSKI SPACETIMEWITHMINIMAL DECAY

Applying Proposition 4.12, we have

|r−
2
p (r /∇)≤1η|p,S ≲ |r1−

2
p (µ, ρ̌, qσ)|p,S .

Combining with Proposition 7.5, we infer

D1
−1,s−1[η] +

iD1
−3,s+1[η] ≲ ε20.

Moreover, combining with Proposition 7.6, we obtain

F1
s−2−δB ,δB [η] +

iF1
−2,s[η] ≲ ε20.

Similarly, we have from Proposition 7.2

/div χ̂ =
1

2
/U − β + Γg · Γg.

Applying Proposition 4.12, we deduce

|r−
2
p (r /∇)≤1χ̂|p,S ≲ |r1−

2
p (/U, β,Γg · Γg)|p,S .

Combining with Propositions 7.3 and 7.4, we infer

D1
s−2[χ̂] +

iD1
−3,s+1[χ̂] ≲ ε20,

and

F2
s−2−δB ,δB [χ̂] +

iF2
−2,s[χ̂] ≲ ε20.

Similarly, we have from (2.14), (3.2) and Proposition 7.4

D1
s−2[}trχ] +

iD1
−3,s+1[}trχ] ≲ ε20,

F2
s−2−δB ,δB [}trχ] +

iF2
−2,s[}trχ] ≲ ε20.

(7.8)

Next, we recall from Proposition 7.2

/∇4 trχ+
1

2
(trχ)2 = −2ω trχ+ Γg · Γg.

On the other hand, we have

/∇4

Å
2

r

ã
+

1

2
trχ

Å
2

r

ã
= −2e4(r)

r2
+

trχ

r
=

ϕ trχ

ϕr
.

Taking the difference, we obtain

/∇4

Å
trχ− 2

r

ã
+

1

2
trχ

Å
trχ− 2

r

ã
= r−1O(ω,ϕ trχ) + Γg · Γg.

Applying Lemma 4.24, we infer for u ≤ 1∣∣∣∣r1− 2
p

Å
trχ− 2

r

ã∣∣∣∣
p,S

≲

∣∣∣∣r1− 2
p

Å
trχ− 2

r

ã∣∣∣∣
p,S2

+

∫ r

⟨u⟩
|r−

2
p (ω,ϕ trχ)|p,S + |r1−

2
pΓg · Γg|p,S

≲
ε0

⟨u⟩ s−1
2

+

∫ r

⟨u⟩

ε0

r
s+1
2

+
ε2

rs

≲
ε0

⟨u⟩ s−1
2

.
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Noticing that∣∣∣∣r1− 2
p

Å
trχ− 2

r

ã∣∣∣∣
p,Sc

= lim
t→tc(u)

∣∣∣∣r1− 2
p

Å
trχ− 2

r

ã∣∣∣∣
p,S

≲ lim
r→0

εr

u
s+1
2

= 0,

we have for u ≥ 1∣∣∣∣r1− 2
p

Å
trχ− 2

r

ã∣∣∣∣
p,S

≲

∣∣∣∣r1− 2
p

Å
trχ− 2

r

ã∣∣∣∣
p,Sc

+

∫ t

tc(u)
|r−

2
p (ω,ϕ trχ)|p,S + |r1−

2
pΓg · Γg|p,S

≲
ε0

u
s−1
2

.

We also have for u ≥ 1∣∣∣∣r1− 2
p

Å
trχ− 2

r

ã∣∣∣∣
p,S

≲

∣∣∣∣r1− 2
p

Å
trχ− 2

r

ã∣∣∣∣
p,Sc

+

∫ t

tc(u)
|r−

2
p (ω,ϕ trχ)|p,S + |r1−

2
pΓg · Γg|p,S

≲
∫ t

tc(u)

ε0

t
s+1
2

+
rε2

ts+1

≲
ε0r

t
s+1
2

.

Combining the above estimates and (7.8), we infer

D(∞)
−1,s−1

ï
trχ− 2

r

ò
+ iD(∞)

−3,s+1

ï
trχ− 2

r

ò
≲ ε20.

This concludes the proof of Proposition 7.7.

7.5 Estimate for /∇Tη

Proposition 7.8. We have the following estimate:

iD−1,s+1[ /∇T η] +
iD−2,s+2[ /∇T η] ≲ ε20.

Proof. We have from Propositions 7.2 and 4.6

/∇4( /∇T η) +
1

2
trχ( /∇T η) = r−1O( /∇T η)− /∇Tβ + r−1Γg · Γ(1)

b .

We have from (2.14) that in iV

|r−
2
p /∇T η|p,S ≲ |r−

2
p /∇T ϵ|p,S + |r−

2
p /∇T∇ϕ|p,S ≲

ε0

r
1
2u

1
2 t

s+1
2

.

Applying Lemma 4.24, we infer for u ≥ 1

|r1−
2
p /∇T η|p,S ≲

∫ t

tc(u)
|r−

2
p /∇T η|p,S + |r1−

2
p /∇Tβ|p,S + |r−

2
pΓg · Γ(1)

b |p,S

≲
∫ t

tc(u)

ε0

r
1
2 t

s+1
2 u

1
2

+

∫ t

tc(u)

ε2

t
s+3
2 u

s−1
2

≲
ε0

u
s+1
2

,

which implies

iD−1,s+1[ /∇T η] ≲ ε20.
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Similarly, applying Lemma 4.24, we obtain for u ≥ 1

|r1−
2
p /∇T η|p,S ≲

∫ t

tc(u)
|r−

2
p /∇T η|p,S + |r1−

2
p /∇Tβ|p,S + |r−

2
pΓg · Γ(1)

b |p,S

≲
∫ t

tc(u)

ε0

r
1
2 t

s+1
2 u

1
2

+

∫ t

tc(u)

ε2

t
s+3
2 u

s−1
2

≲
∫ t

tc(u)

ε0

r
1
2u

s+2
2

≲
ε0r

1
2

u
s+2
2

,

which implies

iD−2,s+2[ /∇T η] ≲ ε20.

This concludes the proof of Proposition 7.8.

Combining Propositions 7.3–7.8, this concludes the proof of Theorem 3.10.

A Proof of Theorem 5.8

We prove the following lemmas, which directly imply Theorem 5.8.

Lemma A.1. Let p1, p2, p, ℓ ≤ s and let s > 1. Then, we have the following properties:

1. In the case 2p < p1 + p2 + ℓ+ 1, we have

N 1
p [Ep1 ,Oℓ · Ep2 ] (eV ) ≲

ε3

⟨u⟩s−p
. (A.1)

2. In the case 2p < p1 + p2 + ℓ and 2p+ 1 < p1 + p2 + s, we have

N 1
p [Ep1 ,Oℓ · Fp2 ] (eV ) ≲

ε3

⟨u⟩s−p
, (A.2)

N 1
p [Fp1 ,Oℓ · Ep2 ] (eV ) ≲

ε3

⟨u⟩s−p
. (A.3)

3. In the case 2p < p1 + p2 + ℓ− 1, we have

N 1
p [Fp1 ,Oℓ · Fp2 ] (eV ) ≲

ε3

⟨u⟩s−p
. (A.4)

Proof. Throughout the proof, we always denote V := eV and 0 < δ ≪ s − 1 a constant suffi-
ciently small.
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We first assume that 2p < p1 + p2 + ℓ+ 1. Then, we have∫
V
rp|E(1)

p1 ||Oℓ||E(1)
p2 | ≲

∫
V

ε

⟨u⟩ s−ℓ
2

1

r
p1+p2+ℓ+1

2
−p
r

p1
2 |E(1)

p1 |r
p2
2 |E(1)

p2 |

≲
∫
V

ε

⟨u⟩ s+1
2

1

⟨u⟩
p1−p

2

r
p1
2 |E(1)

p1 |
1

⟨u⟩
p2−p

2

r
p2
2 |E(1)

p2 |

≲
∫
V

ε

⟨u⟩ s+1
2

1

⟨u⟩p1−p
rp1 |E(1)

p1 |2 +
∫
V

ε

⟨u⟩ s+1
2

1

⟨u⟩p2−p
rp2 |E(1)

p2 |2

≲
∫ u

−∞
du

ε

⟨u⟩ s+1
2

1

⟨u⟩p1−p
∫
CV

u

rp1 |E(1)
p1 |2 +

∫ u

−∞
du

ε

⟨u⟩ s+1
2

1

⟨u⟩p2−p
∫
CV

u

rp2 |E(1)
p2 |2

≲
∫ u

−∞
du

ε

⟨u⟩ s+1
2

1

⟨u⟩p1−p
ε2

⟨u⟩s−p1
+

∫ u

−∞
du

ε

⟨u⟩ s+1
2

1

⟨u⟩p2−p
ε2

⟨u⟩s−p2

≲
∫ u

−∞
du

ε3

⟨u⟩ s+1
2 ⟨u⟩s−p

≲
ε3

⟨u⟩s−p
.

We also have∫
V
rp|E(1)

p1 ||O
(1)
ℓ ||Ep2 | ≲

∫ u

−∞
du

Ç∫
CV

u

rp1 |E(1)
p1 |2
å 1

2
Ç∫

CV
u

r2p−p1 |Ep2 |2|O
(1)
ℓ |2
å 1

2

≲
∫ u

−∞
du

ε

⟨u⟩
s−p1

2

Å∫ t

2
r2p−p1 |Ep2 |24,S |O

(1)
ℓ |24,Sdt

ã 1
2

≲
∫ u

−∞
du

ε

⟨u⟩
s−p1

2

Å∫ t

2
r2p−p1−p2−ℓ−2|r

p2+3
2

− 2
4Ep2 |24,S |r

ℓ+1
2

− 2
4O(1)

ℓ |24,Sdt
ã 1

2

≲
∫ u

−∞
du

ε

⟨u⟩
s−p1

2

Ç∫ t

2
r2p−p1−p2−ℓ−2 ε2

⟨u⟩s−p2
ε2

⟨u⟩s−ℓ
dt

å 1
2

≲
∫ u

−∞
du

ε3

⟨u⟩
s−p1

2

1

⟨u⟩s−
p2+ℓ

2

Å
⟨u⟩2p−p1−p2−ℓ−1+δ

∫ t

2
r−1−δdt

ã 1
2

≲
∫ u

−∞
du

ε3

⟨u⟩
s−p1

2

1

⟨u⟩s−
p2+ℓ

2

⟨u⟩p−
p1+p2+ℓ+1−δ

2

≲
∫ u

−∞
du

ε3

⟨u⟩ s+1
2

1

⟨u⟩s−p−δ

≲
ε3

⟨u⟩s−p
.

Hence, we obtain (A.1).

Next, we assume that 2p < p1 + p2 + ℓ. Then, we have∫
V
rp|E(1)

p1 ||O
(1)
ℓ ||Fp2 | ≲

∫ u

−∞
du

Ç∫
CV

u

rp|E(1)
p1 |2
å 1

2
Ç∫

CV
u

r2p−p1 |Fp2 |2|O
(1)
ℓ |2
å 1

2

≲
∫ u

−∞
du

ε

⟨u⟩
s−p1

2

Å∫ t

2
r2p−p1 |Fp2 |24,S |O

(1)
ℓ |24,S

ã 1
2
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≲
∫ u

−∞
du

ε

⟨u⟩
s−p1

2

Å∫ t

2
r2p−p1−p2−ℓ−1|r

p2+2
2

− 2
4Fp2 |24,S |r

ℓ+1
2

− 2
4O(1)

ℓ |24,S
ã 1

2

≲
∫ u

−∞
du

ε

⟨u⟩
s−p1

2

Ç∫ t

2
r2p−p1−p2−ℓ−1 ε2

⟨u⟩s−p2+1

ε2

⟨u⟩s−ℓ

å 1
2

≲
∫ u

−∞
du

ε3

⟨u⟩
s−p1

2

1

⟨u⟩s−
p2
2
+1− ℓ+1

2

Å
⟨u⟩2p−p1−p2−ℓ−1+δ

∫ t

2
r−1−δdt

ã 1
2

≲
∫ u

−∞
du

ε3

⟨u⟩ s+1
2

1

⟨u⟩s−p−δ

≲
ε3

⟨u⟩s−p
.

We also have∫
V
rp|E(1)

p1 ||Oℓ · F(1)
p2 | ≲

∫
V

ε

r
ℓ+1
2

−p⟨u⟩ s−ℓ
2

|E(1)
p1 ||F(1)

p2 |

≲
∫
V

ε

⟨u⟩ s−ℓ−1−δ
2

1

r
p1+p2+ℓ−δ

2
−p
r

p1
2 ⟨u⟩− 1+δ

2 |E(1)
p1 |r

p2
2 r−

1+δ
2 |F(1)

p2 |

≲
ε

⟨u⟩
p1+p2+s−1

2
−p−δ

∫
V
r

p1
2 ⟨u⟩− 1+δ

2 |E(1)
p1 |r

p2
2 r−

1+δ
2 |F(1)

p2 |

≲
ε

⟨u⟩
p1+p2+s−1

2
−p−δ

Å∫
V
rp1⟨u⟩−1−δ|E(1)

p1 |2
ã 1

2
Å∫

V
rp2r−1−δ|F(1)

p2 |2
ã 1

2

≲
ε

⟨u⟩
p1+p2+s−1

2
−p−δ

Ç∫ u

−∞
⟨u⟩−1−δ

∫
CV

u

rp1 |E(1)
p1 |2
å 1

2
Ç∫ t

2
t−1−δ

∫
ΣV

t

rp2 |F(1)
p2 |2
å 1

2

≲
ε

⟨u⟩
p1+p2+s−1

2
−p−δ

ε

⟨u⟩
s−p1

2

ε

⟨u⟩
s−p2

2

≲
ε3

⟨u⟩s−p
,

where we used p1 + p2 + s− 1 > 2p. Hence, we obtain (A.2).

Proceeding as above, we deduce for p1 + p2 + ℓ > 2p and p1 + p2 + s− 1 > 2p∫
V
rp|F(1)

p1 ·Oℓ · E(1)
p2 | ≲

ε3

⟨u⟩s−p
.

We also have∫
V
rp|E(1)

p2 ||O
(1)
ℓ · Fp1 | ≲

∫ u

−∞
du

Ç∫
CV

u

rp2 |E(1)
p2 |2
å 1

2
Ç∫

CV
u

r2p−p2 |Fp1 |2|O
(1)
ℓ |2
å 1

2

≲
∫ u

−∞
du

ε

⟨u⟩
s−p2

2

Å∫ t

2
r2p−p2 |Fp1 |24,S |O

(1)
ℓ |24,S

ã 1
2

≲
∫ u

−∞
du

ε

⟨u⟩
s−p2

2

Å∫ t

2
r2p−p1−p2−ℓ−1|r

p1+2
2

− 2
4Fp1 |24,S |r

ℓ+1
2

− 2
4O(1)

ℓ |24,S
ã 1

2

≲
∫ u

−∞
du

ε

⟨u⟩
s−p2

2

Ç∫ t

2
r2p−p1−p2−ℓ−1 ε2

⟨u⟩s−p1+1

ε2

⟨u⟩s−ℓ

å 1
2
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≲
∫ u

−∞
du

ε

⟨u⟩
s−p2

2

ε

⟨u⟩
s−p1+1

2

ε

⟨u⟩ s−ℓ
2

1

⟨u⟩
p1+p2+ℓ

2
−p

≲
ε3

⟨u⟩s−p
∫ u

−∞

1

⟨u⟩ s+1
2

du

≲
ε3

⟨u⟩s−p
.

Hence, we obtain (A.3).

Finally, we assume that 2p+ 1 < p1 + p2 + ℓ. Then, we have

∫
V
rk|F(1)

p1 ||O
(1)
ℓ · Fp2 | ≲

∫ t

2
dt

Ç∫
ΣV

t

rp1 |F(1)
p1 |2
å 1

2
Ç∫

ΣV
t

r2p−p1 |Fp2 |2|O
(1)
ℓ |2
å 1

2

≲
∫ t

2
dt

ε

⟨u⟩
s−p1

2

Å∫ u

−∞
r2p−p1 |Fp2 |24,S |O

(1)
ℓ |24,S

ã 1
2

≲
∫ t

2
dt

ε

⟨u⟩
s−p1

2

Å∫ u

−∞
r2p−p1−p2−ℓ−1|r

p2+2
2

− 2
4Fp2 |24,S |r

ℓ+1
2

− 2
4O(1)

ℓ |24,S
ã 1

2

≲
∫ t

2
dt

ε

⟨u⟩
s−p1

2

rp−
p1+p2+ℓ+1

2

Ç∫ u

−∞

ε2

⟨u⟩s−p2+1

ε2

⟨u⟩s−ℓ

å 1
2

≲
∫ t

2
dt

ε3

⟨u⟩
s−p1

2

rp−
p1+p2+ℓ+1−δ

2

Ç
1

⟨u⟩2s−p2−ℓ+δ

å 1
2

≲
ε3

⟨u⟩
s−p1

2

⟨u⟩p−
p1+p2−δ

2
1

⟨u⟩s−
p2+1

2

≲
ε3

⟨u⟩s−p
.

We also have∫
V
rp|F(1)

p1 ||Oℓ||F(1)
p2 | ≲

∫ t

2
dt

∫
ΣV

t

rp−
p1+p2

2
ε

r
ℓ+1
2 ⟨u⟩ s−ℓ

2

r
p1
2 |F(1)

p1 |r
p2
2 |F(1)

p2 |

≲
ε

⟨u⟩ s−ℓ
2

∫ t

2
rp−

p1+p2+ℓ+1
2 dt

∫
ΣV

t

r
p1
2 |F(1)

p1 |r
p2
2 |F(1)

p2 |

≲
ε

⟨u⟩ s−ℓ
2

∫ t

2
rp−

p1+p2+ℓ+1
2 dt

Ç∫
ΣV

t

rp1 |F(1)
p1 |2
å 1

2
Ç∫

ΣV
t

rp2 |F(1)
p2 |2
å 1

2

≲
ε

⟨u⟩ s−ℓ
2

∫ t

2
rp−

p1+p2+ℓ+1
2 dt

ε2

⟨u⟩
s−p1

2 ⟨u⟩
s−p2

2

≲
ε

⟨u⟩ s−ℓ
2

⟨u⟩p−
p1+p2+ℓ−1−δ

2
ε2

⟨u⟩
s−p1

2 ⟨u⟩
s−p2

2

≲
ε3

⟨u⟩s−p
.

Hence, we obtain (A.4). This concludes the proof of Lemma A.1.

Lemma A.2. Let p1, p2, p, ℓ ≤ s and s > 1. Then, we have the following properties.
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1. In the case 2p < p1 + p2 + ℓ+ 1, we have

N 1
p [Ep1 ,Oℓ · Ep2 ] (ieV ) ≲

ε3

us−p1

. (A.5)

2. In the case 2p < p1 + p2 + ℓ and 2p+ 1 < p1 + p2 + s, we have

N 1
p [Ep1 ,Oℓ · Fp2 ] (ieV ) ≲

ε3

us−p1

. (A.6)

3. In the case 2p < p1 + p2 + ℓ and 2p+ 1 < p1 + p2 + s, we have

N 1
p [Fp1 ,Oℓ · Ep2 ] (ieV ) ≲

ε3

us−p1

. (A.7)

4. In the case 2p < p1 + p2 + ℓ− 1, we have

N 1
p [Fp1 ,Oℓ · Fp2 ] (ieV ) ≲

ε3

us−p1

. (A.8)

Proof. The proof follows directly by replacing
∫ u
−∞ du with

∫ u2
u1
du and

∫ t
2 dt with

∫ t
tc(u)

dt in the
proof of Lemma A.1.

Lemma A.3. Let 0 ≤ p1, p2, p ≤ s, ℓ ≤ s and let s > 1. Then, we have the following properties.

1. We have

N 1
p [Ep1 ,Oℓ · Ep2 ] (iiV ) ≲

ε3

us−p1

. (A.9)

2. In the case 2p+ 1 < p1 + p2 + s, we have

N 1
p [Ep1 ,Oℓ · Fp2 ] (iiV ) ≲

ε3

us−p1

, (A.10)

N 1
p [Fp1 ,Oℓ · Ep2 ] (iiV ) ≲

ε3

us−p1

, (A.11)

N 1
p [Fp1 ,Oℓ · Fp2 ] (iiV ) ≲

ε3

us−p1

. (A.12)

Proof. Throughout the proof, we always denote V := i
iV and 0 < δ ≪ s − 1 a constant small

enough. Note that we have

Ep1 ⊆ Ep2 , Fp1 ⊆ Fp2 ∀ p1 ≥ p2 ≥ 0.

We also recall that

r ≲ u, t in i
iV .

We first have∫
i
iV
rp|E(1)

p1 ||Oℓ||E(1)
p2 | ≲

∫ u2

u1

ε

u
s−2p+1

2

du

Ç∫
CV

u

|E(1)
p1 |2
å 1

2
Ç∫

CV
u

|E(1)
p2 |2
å 1

2

≲
∫ u2

u1

ε3

u
3s−2p+1

2

du

≲
ε3

us−p1

.
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We also have∫
i
iV
rp|E(1)

p1 ||O
(1)
ℓ ||Ep2 | ≲

∫ u2

u1

updu

∫
CV

u

|E(1)
p1 ||O

(1)
ℓ ||Ep2 |

≲
∫ u2

u1

updu

Ç∫
CV

u

|E(1)
p1 |2
å 1

2
Ç∫

CV
u

|O(1)
ℓ |2|Ep2 |2

å 1
2

≲
∫ u2

u1

updu
ε

u
s
2

Ç∫ t

tc(u)
dt|O(1)

ℓ |24,S |Ep2 |24,S
å 1

2

≲
∫ u2

u1

du
ε

u
s−2p

2

Ç∫ t

tc(u)
dt
ε2

us
ε2

us+2

å 1
2

≲
∫ u2

u1

du
ε

u
s−2p

2

ε2

u
2s+1

2

≲
ε3

us−p1

.

(A.13)

Thus, we obtain (A.9).

In the rest of the proof, we always assume that

2p+ 1 < p1 + p2 + s. (A.14)

We have for p < s−1
2∫

i
iV
rp|E(1)

p1 ||Oℓ||F(1)
p2 | ≲ ε

∫
i
iV

1

u
s+1
2

−p |E
(1)
p1 ||F(1)

p2 |

≲ ε

Ç∫ u2

u1

du

u
s+1
2

−p

∫
CV

u

|E(1)
p1 |2
å 1

2
Ç∫ t

tc(u1)

dt

t
s+1
2

−p

∫
ΣV

t

|F(1)
p2 |2
å 1

2

≲ ε

Å∫ u2

u1

du

u
s+1
2

−p
ε2

us

ã 1
2
Ç∫ t

tc(u1)

dt

t
s+1
2

−p
ε2

us1

å 1
2

≲
ε3

us1

1

u
s−1
2

−p
1

≲
ε3

us−p1

,

and for p ≥ s−1
2 and 0 < δ ≪ s− 1 sufficiently small∫

i
iV
rp|E(1)

p1 ||Oℓ||F(1)
p2 |

≲ ε

∫
i
iV

1

u1+δ
rp+δ−

s−1
2 |E(1)

p1 ||F(1)
p2 |

≲ ε

∫
i
iV

1

u1+δ
r(
p+δ− s−1

2 ) p1
p1+p2 |E(1)

p1 |r
(p+δ− s−1

2 ) p2
p1+p2 |F(1)

p2 |

≲ ε

Ç∫ u2

u1

du

u1+δ

∫
CV

u

r(
p+δ− s−1

2 ) 2p1
p1+p2 |E(1)

p1 |2
å 1

2
Ç∫ t

tc(u1)

dt

t1+δ

∫
ΣV

t

r(
p+δ− s−1

2 ) 2p2
p1+p2 |F(1)

p2 |2
å 1

2

≲
ε3

u
s−(p+δ− s−1

2 )
1

Å∫ u2

u1

du

u1+δ

ã 1
2

Ç∫ t

tc(u1)

dt

t1+δ

å 1
2
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≲
ε3

us−p1

,

where we usedÅ
p+ δ − s− 1

2

ã
2p1

p1 + p2
< p1,

Å
p+ δ − s− 1

2

ã
2p2

p1 + p2
< p2,

which follows from (A.14) and the smallness of δ. Proceeding as in (A.13), we have∫
i
iV
rp|E(1)

p1 ||O
(1)
ℓ ||Fp2 | ≲

ε3

us−p1

.

Thus, we obtain (A.10).

Next, we have for p ≤ p1
2 and 0 < δ ≪ s− 1 sufficiently small∫

i
iV
rp|F(1)

p1 ||O
(1)
ℓ ||Ep2 | ≲

∫
i
iV
rp|F(1)

p1 ||O
(1)
ℓ ||Ep2 |

≲

Ç∫
i
iV

r2p

u1+δ
|F(1)
p1 |2
å 1

2
Ç∫

i
iV
u1+δ|O(1)

ℓ |2|Ep2 |2
å 1

2

≲

Ç∫ t

tc(u1)

dt

t1+δ

∫
ΣV

t

r2p|F(1)
p1 |2
å 1

2
Ç∫ u2

u1

du

∫ t

tc(u)
dtu1+δ|O(1)

ℓ |24,S |Ep2 |24,S
å 1

2

≲
ε

u
s−2p

2
1

Ç∫ u2

u1

du

∫ t

tc(u)
dt

ε4

u2s+1−δ

å 1
2

≲
ε3

us−p1

,

and also for p ≥ p1
2∫

i
iV
rp|F(1)

p1 ||O
(1)
ℓ ||Ep2 | ≲

∫
i
iV
r

p1
2 |F(1)

p1 |rp−
p1
2 |O(1)

ℓ ||Ep2 |

≲

Ç∫
i
iV
u−1−δrp1 |F(1)

p1 |2
å 1

2
Ç∫

i
iV
u2p−p1+1+δ|O(1)

ℓ |2|Ep2 |2
å 1

2

≲
ε

u
s−p1

2
1

Ç∫ u2

u1

duu2p−p1+1+δ

∫ t

tc(u)
dt|O(1)

ℓ |24,S |Ep2 |24,S
å 1

2

≲
ε

u
s−p1

2
1

Ç∫ u2

u1

duu2p−p1+1+δ

∫ t

tc(u)
dt

ε4

t2s+2

å 1
2

≲
ε3

u
s−p1

2
1

Å∫ u2

u1

du
1

u2s−2p+p1−δ

ã 1
2

≲
ε3

us−p1

,

(A.15)

where we used 2p+ 1 < p1 + 2s.26 Thus, we obtain (A.11).

26Recalling that p2 ≤ s and p1 + p2 + s > 2p+ 1, we deduce that 2p+ 1 < p1 + 2s.
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Finally, we have for p < s−1
2∫

i
iV
rp|F(1)

p1 ||Oℓ||F(1)
p2 | ≲ ε

∫
i
iV

1

u
s+1
2

−p |F
(1)
p1 ||F(1)

p2 |

≲ ε

Ç∫ t

tc(u1)

dt

t
s+1
2

−p

∫
ΣV

t

|F(1)
p1 |2
å 1

2
Ç∫ t

tc(u1)

dt

t
s+1
2

−p

∫
ΣV

t

|F(1)
p2 |2
å 1

2

≲ ε

Ç∫ t

tc(u1)

dt

t
s+1
2

−p
ε2

us1

å 1
2
Ç∫ t

tc(u1)

dt

t
s+1
2

−p
ε2

us1

å 1
2

≲
ε3

us−p1

,

and also for p ≥ s−1
2 and 0 < δ ≪ s− 1 sufficiently small∫

i
iV
rp|F(1)

p1 ||Oℓ||F(1)
p2 |

≲
∫

i
iV

ε

u1+δ
rp+δ−

s−1
2 |F(1)

p1 ||F(1)
p2 |

≲ ε

Ç∫
i
iV
u−1−δr(p+δ−

s−1
2 ) 2p1

p1+p2 |F(1)
p1 |2
å 1

2
Ç∫

i
iV
u−1−δr(p+δ−

s−1
2 ) 2p2

p1+p2 |F(1)
p2 |2
å 1

2

≲ ε

Ç∫ t

tc(u1)

dt

t1+δ

∫
ΣV

t

r(
p+δ− s−1

2 ) 2p1
p1+p2 |F(1)

p1 |2
å 1

2
Ç∫ t

tc(u1)

dt

t1+δ

∫
ΣV

t

r(
p+δ− s−1

2 ) 2p2
p1+p2 |F(1)

p2 |2
å 1

2

≲
ε3

us−p1

,

where we used 2p+ 1 < p1 + p2 + s. Proceeding as in (A.15), we have∫
Vi

rp|F(1)
p1 ||O

(1)
ℓ ||Fp2 | ≲

ε3

us−p1

.

Thus, we obtain (A.12). This concludes the proof of Lemma A.3.

Combining Lemmas A.1–A.3, this concludes the proof of Theorem 5.8.27

27Note that the assumptions in Lemma A.3 are weaker than those of Lemma A.2.
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1 Introduction

1.1 Einstein vacuum equations and the Cauchy problem

A Lorentzian 4–manifold (M,g) is called a vacuum spacetime if it solves the Einstein vacuum
equations:

Ric(g) = 0 in M, (1.1)

where Ric denotes the Ricci tensor of the Lorentzian metric g. The Einstein vacuum equations
are invariant under diffeomorphisms, and therefore one considers equivalence classes of solu-
tions. Expressed in general coordinates, (1.1) is a nonlinear geometric coupled system of second
order partial differential equations for g. In suitable coordinates, for example so-called wave co-
ordinates, it can be shown that (1.1) is hyperbolic and hence admits an initial value formulation.

The corresponding initial data for the Einstein vacuum equations is given by specifying a triplet
(Σ, g, k) where (Σ, g) is a Riemannian 3–dimension manifold and k is a symmetric 2–tensor on
Σ satisfying the constraint equations:

R = |k|2 − (tr k)2,

Djkij = Di(tr k),
(1.2)

where R denotes the scalar curvature of g, D denotes the Levi-Civita connection of g and

|k|2 := gadgbckabkcd, tr k := gijkij .

In the future development (M,g) of such initial data (Σ, g, k), Σ ⊂ M is a spacelike hypersurface
with induced metric g and second fundamental form k.

1.1.1 Local existence theorem

The seminal well-posedness results for the Cauchy problem obtained in [8, 9] ensure that for any
smooth Cauchy data, there exists a unique smooth maximal globally hyperbolic development
(M,g) solution of Einstein equations (1.1) such that Σ ⊂ M and g, k are respectively the first
and second fundamental forms of Σ in M.

The simplest example of a vacuum spacetime is Minkowski spacetime:

M = R4, g = −dt2 + (dx1)2 + (dx2)2 + (dx3)2,

for which Cauchy data are given by

Σ = R3, g = (dx1)2 + (dx2)2 + (dx3)2, k = 0.

1.1.2 Special solutions

Minkowski spacetime is the simplest solution of (1.1). We recall two other relevant solutions of
(1.1):

• Schwarzschild spacetime
(1.1) admits a remarkable family of explicit, stationary, solutions given by the one param-
eter family of Schwarzschild solutions of mass M > 0

gM = −
Å
1− 2M

r

ã
dt2 +

Å
1− 2M

r

ã−1

dr2 + r2dσS2 . (1.3)

Though the metric seems singular at r = 2M , it turns out that one can glue together
two regions r > 2M and r < 2M of the Schwarzschild metric to obtain a metric which
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Figure 4.1: Complete Penrose diagram of Schwarzschild spacetime

is smooth along H = {r = 2M}, called the Schwarzschild event horizon. The portion of
r < 2M to the future of the hypersurface t = 0 is a black hole whose future boundary
r = 0 is singular. The similar region to the past of t = 0 is called a white hole. The region
r > 2M , called the domain of outer communication (DOC), is free of singularities. The
Penrose diagram of Schwarzschild space is recalled in Figure 4.1.

• Kerr spacetime
The Schwarzschild family is included in a larger two parameter family of solutions K(a,M)
discovered by Kerr in [26]. A given Kerr spacetime, with 0 ≤ |a| ≤M has a well defined do-

main of outer communication r > r+ :=M +(M2−a2) 1
2 . In Boyer-Lindquist coordinates,

well adapted to r > r+, the Kerr metric has the form:

ga,M = −(∆− a2 sin2 θ)

q2
dt2 − 4aMr

q2
sin2 θdtdφ+

q2

∆
dr2 + q2dθ2 +

Σ2

q2
sin2 θdφ2, (1.4)

with

q2 = r2 + a2 cos 2θ, ∆ = r2 + a2 − 2Mr, Σ2 = (r2 + a2)2 − a2(sin θ)2∆.

See Figure 4.2 for the Penrose diagram of Kerr spacetime.

1.2 Stability of Kerr conjecture

Conjecture 1.1 (Stability of Kerr conjecture). Vacuum initial data sets, sufficiently close to
Kerr initial data, have a maximal development with complete future null infinity1 and with
domain of outer communication which approaches (globally) a nearby Kerr solution.

The stability of Kerr has been proved in the case of small angular momentum, |a| ≪M , in the
sequence of works by Klainerman-Szeftel [34], [35], [36], Giorgi-Klainerman-Szeftel [18] and the
author [52], but the conjecture is open in general. For a complete introduction to this problem,
we refer the reader to [37] and to the introduction in [36] and [18].

1This means, roughly, that observers which are far away from the black hole may live forever.
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Figure 4.2: Penrose diagram of Kerr for 0 < |a| < M . The surface r = r+, the larger root of
∆ = 0, is the event horizon of the black hole, r > r+ the domain of outer communication, I +

is the future null infinity, corresponding to r = +∞.

In order to attack the conjecture, it is convenient to divide the domain of outer communi-
cation to the future of an initial spacelike hypersurface Σ0 into three causal regions as in Figure
4.3:

• Region I lies to the future of Σ0 and to the past of an ingoing null cone C0. The stability
of Kerr in spacetime region I is a direct consequence of the local existence results in [8, 9].

• Region II lies to the future of Σ0 and to the past of an outgoing null cone C0 sufficiently
far away from the event horizon. See Section 1.4 for a discussion of Kerr stability in this
region. The goal of this paper is to provide a new proof of the stability of Kerr in Region
II.

• Region III lies to the future of the ingoing null cone C0 and of the outgoing null cone
C0. The stability of Kerr in region III for small angular momentum |a| ≪ M was proved
recently in the sequence of works [34], [35], [36], [18] and [52].

Figure 4.3: The Penrose diagram of a perturbation of Kerr
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As mentioned above, the goal of this paper is to provide a new proof of the stability of Kerr in
Region II. In the next section, we review the corresponding problem for Minkowksi.

1.3 Minkowski stability in [29]

In 1993, Christodoulou and Klainerman [10] proved the stability of Minkowski for the Einstein-
vacuum equations, a milestone in the domain of mathematical general relativity. In 2003, Klain-
erman and Nicolò [29] gave a second proof of this result in the exterior of an outgoing cone.
Moreover, Klainerman and Nicolò [30] showed that under stronger asymptotic decay and regu-
larity properties than those used in [10, 29], asymptotically flat initial data sets lead to solutions
of the Einstein vacuum equations which have strong peeling properties. For more references
on the stability of Minkowski for Einstein vacuum equations or Einstein equations coupled to
matter, see for example the introduction of [53].

In this section, we present the main result of [29], which is the motivation for the analog results
in Kerr recalled in Section 1.4 and for our main result stated in Section 1.5. First, we recall
the definition of a maximal hypersurface, which plays an important role in the statements of the
main theorems in [29].

Definition 1.2. An initial data (Σ, g, k) is posed on a maximal hypersurface if it satisfies

tr k = 0. (1.5)

In this case, we say that (Σ, g, k) is a maximal initial data set, and the constraint equations
(1.2) reduce to

R = |k|2, div k = 0, tr k = 0. (1.6)

We introduce the notion of s–asymptotically flat initial data.

Definition 1.3. Let s be a real number with s > 3. We say that a data set (Σ0, g, k) is s–
asymptotically flat if there exists a coordinates system (x1, x2, x3) defined outside a sufficiently
large compact set such that2

gij =

Å
1− 2M

r

ã−1

dr2 + r2dσS2 + o4(r
− s−1

2 ),

kij = o3(r
− s+1

2 ).

(1.7)

We also introduce the following functional associated to any asymptotically flat initial data set:

J0(Σ0, g, k) := sup
Σ0

(
(d20+1)3|Ric |2

)
+

∫
Σ0

3∑
l=0

(d20+1)l+1|Dlk|2+
∫
Σ0

1∑
l=0

(d20+1)l+3|DlB|2, (1.8)

where d0 is the geodesic distance from a fixed point O ∈ Σ0, and Bij := (curl R̂)ij is the Bach

tensor, R̂ is the traceless part of Ric. Now, we can state the main theorem of [29].

Theorem 1.4 (Klainerman-Nicolò [29]). Consider an initial data set (Σ0, g, k), 4–asymptotically
flat in the sense of Definition 1.3 and maximal, and assume that J0(Σ0, g, k) is bounded. Then,
given a sufficiently large compact set K ⊂ Σ0 such that Σ0 \K is diffeomorphic to R3 \B1, and
assuming that J0(Σ0, g, k) is small enough, there exists a unique development (M,g) with the
following properties:

1. (M,g) can be foliated by a double null foliation {Cu} and {Cu} whose outgoing leaves Cu
are complete.

2The notation f = ol(r
−m) means ∂αf = o(r−m−|α|), |α| ≤ l.
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2. We have detailed control of all the quantities associated with the double null foliation of
the spacetime, see Theorem 3.7.1 of [29].

Remark 1.5. [30] and [53] extend Theorem 1.4 to the case of s–asymptotically flat initial data
with s > 7 and s > 3 respectively. See also [20] for a proof in the case 3 < s < 5 using wave
coordinates, constraint damping, spacetime compactification, b–Sobolev spaces and Nash-Moser
iteration.

1.4 Previous works of Kerr stability in external regions

In 2009, Nicolò [49] proved that the asymptotic behaviour of the Riemann components is in
agreement with the Peeling theorem if the corrections to the Kerr initial data decay sufficiently
fast. In 2010, Caciotta and Nicolò [7] proved the nonlinear stability of the Kerr spacetime for
any |a| ≤ M and appropriate class of initial data close to Kerr, in an external region where
r ≥ R0 and M

R0
≪ 1. Their main results can be stated as follows.

Theorem 1.6 (Caciotta-Nicolò [7]). Assume that the initial data are given on Σ0 outside of a
ball centered on the origin of radius R0, denoted K := BR0. They are perturbations of the initial
data of a Kerr spacetime with mass M and angular momentum a satisfying

M

R0
≪ 1, |a| ≤M.

Let s > 7, and assume that the initial data satisfies for q ≥ 4:

gij = (gKerr)ij + oq+1(r
− s−1

2 ),

kij = (kKerr)ij + oq(r
− s+1

2 ).
(1.9)

Then, the initial data set (Σ0, g, k) has a unique development (M,g) defined outside I+(K), the
domain of influence of K. Moreover, M can be foliated by a canonical double null foliation (u, u)
whose outgoing leaves Cu are complete and suitable norms of Ricci coefficients and curvature
components are sufficiently small.

The goal of this paper is to provide a new proof of Theorem 1.6.

1.5 Rough version of the main theorem

In this section, we state a simple version of our main theorem. For the precise statement, see
Theorem 3.2.

Theorem 1.7 (Main Theorem, first version). Let K = BR0 ⊂ Σ0 a ball centered at the origin
of radius R0 and let ga,M a Kerr metric with mass M > 0 and angular momentum a satisfying

M

R0
≪ 1, |a| ≤M.

Let s > 3 and let an initial data set (Σ0, g, k) satisfying (1.9) with q = 2. Let K(0)
3 an initial

layer region near Σ0 \ K and assume that the initial data in K(0) are perturbations from the

initial data of ga,M of size ε0 ≪ M
R0

.4

Then, the initial data set (Σ0, g, k) has a unique development (M,g) in its future domain of
dependence with the following properties:

3K(0) is defined in Section 2.1.4.
4See (3.6) for the explicit initial data assumptions and see Section 3.1.5 for the definitions of the norms on the

initial data.
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• M can be foliated by a double null foliation (u, u) whose outgoing leaves Cu are complete
for all u ≤ u0;

• we have detailed control of all the quantities associated with the double null foliation of the
spacetime, see Theorem 3.2.

Remark 1.8. In the particular case of s–asymptotically flat initial data with s > 7, we reobtain
the results of [7].

Remark 1.9. Let Cu0 be the outgoing null cone located near ∂K and choose s = 4 + 2δB
with δB > 0. Then, the estimates of Theorem 1.7 on Cu0 are consistent with the initial data
considered in [33] and [36].

Remark 1.10. Theorem 1.7 is the analog for the Kerr spacetime of the result for Minkowski in
[53].

The proof of Theorem 1.7 has the same structure as in [29, 7] and is closely related to the one
in [53]. Below, we compare the proof of this paper and that of [7]:

1. To estimate the norms of curvature components, [7] uses the vectorfield method introduced
in [10, 29]. Here, we estimate the curvature norms by the rp–weighted estimate method
introduced in [13]. This allows for a simple treatment of the curvature estimates.

2. [7] uses fourth order derivatives of Ricci coefficients and third order derivatives of curva-
ture components. Thanks to the use of rp–weighted estimates, we only need first order
derivatives of both Ricci coefficients and curvature components.

3. In order to control one more derivative for Ricci coefficients compared to curvature, [7]
relies on the canonical foliation on the last slice C∗. Since we control the same number
of derivatives for curvature and Ricci coefficients, instead of introducing the canonical
foliation, we use a geodesic type foliation to simplify the estimates on the last slice C∗.

1.6 Structure of the paper

• In Section 2, we recall the fundamental notions and basic equations used in this paper.
We also introduce the linearization procedure and the linearized equations.

• In Section 3, we state the precise version of the main theorem. We then state intermediate
results, and rely on them to prove the main theorem. The rest of the paper focuses on the
proof of these intermediary results. In Sections 4–6, we consider the case s ∈ [4, 6] and
deal with the other cases in Appendices B and C.

• In Section 4, we apply rp-weighted estimates to the linearized Bianchi equations to control
curvature.

• In Section 5, we estimate the Ricci coefficients using the linearized null structure equations.

• In Section 6, we estimate the curvature in the initial layer region K(0). Then, we estimate
Ricci coefficients on the last slice C∗. We also show how to extend the spacetime in the
context of a bootstrap argument.

• In Appendix A, we provide the derivation of the linearized equations stated in Section 2.8.

• In Appendix B, we prove Theorem 1.7 in the case s ∈ (3, 4).

• In Appendix C, we prove Theorem 1.7 in the case s > 6 by applying rp–weighted estimates
to the linearized Teukolsky equation.
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2 Preliminaries

2.1 Geometric set-up

2.1.1 Double null foliation

We first introduce the geometric setup. The material in this section is classical, see for example
Chapter 3 in [29].

We denote (M,g) a spacetime M with the Lorentzian metric g and D its Levi-Civita con-
nection. Let u and u be two optical functions on M, that is

g(gradu, gradu) = g(gradu, gradu) = 0.

The spacetime M is foliated by the level sets of u and u respectively, and the functions u, u are
required to increase towards the future. We use Cu to denote the outgoing null cones which are
the level sets of u and use Cu to denote the ingoing null cones which are the level sets of u. We
denote

S(u, u) := Cu ∩ Cu, (2.1)

which is a space-like 2–sphere. We define the area radius of S(u, u):

r(u, u) :=

 
|S(u, u)|

4π
. (2.2)

We introduce the vector fields L and L by

L := − gradu, L := − gradu.

We define the a positive scalar function Ω by:

g(L,L) = − 1

2Ω2
,

called the lapse function. We then define the normalized null pair (e3, e4) by

e3 = 2ΩL, e4 = 2ΩL,

and another null pair

N = Ωe3, N = Ωe4.

The flows generated by N and N preserve the double null foliation. On a given two sphere
S(u, u), we choose a local frame (e1, e2), and we call (e1, e2, e3, e4) a null frame. As a conven-
tion, throughout the paper, we use capital Latin letters A,B,C, ... to denote an index from 1 to
2 and Greek letters α, β, γ, ... to denote an index from 1 to 4, e.g. eA denotes either e1 or e2.

The spacetime metric g induces a Riemannian metric γ on S(u, u). We use ∇ to denote the
Levi-Civita connection of γ on S(u, u). Using (u, u), we can introduce a local coordinates system
(u, u, xA) on M with e4(x

A) = 0. The metric g takes the form:

g = −2Ω2(du⊗ du+ du⊗ du) + γAB(dx
A − bAdu)⊗ (dxB − bBdu), (2.3)
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and we have N = ∂u + b and N = ∂u where

b := bA∂xA .

We recall the null decomposition of the Ricci coefficients and curvature components of the null
frame (e1, e2, e3, e4). We have:

χ
AB

= g(DAe3, eB), χAB = g(DAe4, eB),

ξ
A
=

1

2
g(D3e3, eA), ξA =

1

2
g(D4e4, eA),

ω =
1

4
g(D3e3, e4), ω =

1

4
g(D4e4, e3),

η
A
=

1

2
g(D4e3, eA), ηA =

1

2
g(D3e4, eA),

ζA =
1

2
g(DeAe4, e3),

(2.4)

and

αAB = R(eA, e4, eB, e4), αAB = R(eA, e3, eB, e3),

βA =
1

2
R(eA, e4, e3, e4), β

A
=

1

2
R(eA, e3, e3, e4),

ρ =
1

4
R(e3, e4, e3, e4), σ =

1

4
∗R(e3, e4, e3, e4),

(2.5)

where R denotes the curvature tensor of g and ∗R denotes the Hodge dual of R. The null second
fundamental forms χ, χ are further decomposed in their traces trχ and trχ, and traceless parts
χ̂ and χ̂:

trχ := δABχAB, χ̂AB := χAB − 1

2
δAB trχ,

trχ := δABχ
AB
, χ̂

AB
:= χ

AB
− 1

2
δAB trχ.

We define the horizontal covariant operator ∇ as follows:

∇XY := DXY − 1

2
χ(X,Y )e4 −

1

2
χ(X,Y )e3.

We also define ∇4X and ∇3X to be the horizontal projections:

∇4X := D4X − 1

2
g(X,D4e3)e4 −

1

2
g(X,D4e4)e3,

∇3X := D3X − 1

2
g(X,D3e3)e3 −

1

2
g(X,D3e4)e4.

A tensor field ψ defined on M is called tangent to S if it is a priori defined on the spacetime
M and all the possible contractions of ψ with either e3 or e4 are zero. We use ∇3ψ and ∇4ψ to
denote the projection to S(u, u) of usual derivatives D3ψ and D4ψ. As a direct consequence of
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(2.4), we have the Ricci formulae:

DAeB = ∇AeB +
1

2
χABe3 +

1

2
χ
AB
e4,

DAe3 = χ
AB
eB + ζAe3,

DAe4 = χABeB − ζAe4,

D3eA = ∇3eA + ηAe3 + ξ
A
e4,

D4eA = ∇4eA + η
A
e4 + ξAe4,

D3e3 = −2ωe3 + 2ξ
B
eB,

D3e4 = 2ωe4 + 2ηBeB,

D4e4 = −2ωe4 + 2ξBeB,

D4e3 = 2ωe3 + 2η
B
eB.

(2.6)

In addition to
ξ = ξ = 0, (2.7)

the following identities hold for a double null foliation:

∇ log Ω =
1

2
(η + η), ω = −1

2
D4(log Ω), ω = −1

2
D3(log Ω),

η = ζ +∇ log Ω, η = −ζ +∇ log Ω,
(2.8)

see for example (6) in [32].

2.1.2 Geometry of Kerr spacetime

In this section, we recall the basic notions of the geometry of Kerr spacetime used in the sequel.
See Section 4 in [25] and Appendix A in [12] for more details.

Let MKerr be a 4–dimensional manifold diffeomorphic to R2 × S2 which describe the Kerr
black hole. The Kerr metric ga,M with mass M and angular momentum a is a smooth metric
on MKerr, which takes the following form in the Boyer-Lindquist local coordinates (t, r, θ, ϕ):

ga,M =−
Å
1− 2Mr

Σ

ã
dt⊗ dt+

Σ

∆
dr ⊗ dr +Σ dθ ⊗ dθ,

+R2 sin2 θ dϕ⊗ dϕ− 2Mar sin2 θ

Σ
(dϕ⊗ dt+ dt⊗ dϕ),

(2.9)

where

Σ := r2 + a2 cos2 θ, R2 := r2 + a2 +
2Ma2r sin2 θ

Σ
, ∆ := r2 + a2 − 2Mr.

We denote
r+ :=M + (M2 − a2)

1
2 ,

and recall that r = r+ defines the event horizons of Kerr black hole. Note that (2.9) is valid in
r > r+.

Remark 2.1. Note that (θ, ϕ) are spherical coordinates on S(t, r) and have a coordinate singu-
larity at θ = 0, π. We thus also introduce

x1 := sin θ cosϕ, x2 := sin θ sinϕ.

Then, (x1, x2) are regular coordinates when 0 ≤ θ ≤ π
3 and 2π

3 ≤ θ ≤ π. Hence, S(t, r) can be
covered by three regular coordinates charts. In the sequel, we focus on the spherical coordinates
chart (θ, ϕ).
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Proposition 2.2. We can define two new functions r∗ = r(r, θ) and θ∗ = θ∗(r, θ) such that the
Kerr metric takes the following form in r > r+:

ga,M =
∆

R2
(−dt⊗ dt+ dr∗ ⊗ dr∗) +

ℓ2

R2
dθ∗ ⊗ dθ∗

+R2 sin2 θ

Å
dϕ− 2Mar

ΣR2
dt

ã
⊗
Å
dϕ− 2Mar

ΣR2
dt

ã
,

(2.10)

where

ℓ := −Ma
»

sin2 θ∗ − sin2 θ
»

(r2 + a2)2 − a2 sin2 θ∗∆,

∆ := r2 + a2 − 2Mr,

R2 := r2 + a2 +
2Ma2r sin2 θ

Σ
,

Σ := r2 + a2 cos2 θ.

Proof. See Appendices A.1–A.3 in [12].

We can also write the Kerr metric in double null foliation. We define

uKerr := t+ r∗, uKerr := t− r∗, ϕ∗ := ϕ− h(r∗, θ∗),

where

dh

dr∗
(r∗, θ∗) =

2Mar

ΣR2
.

We easily obtain in r > r+
5

ga,M =− 2Ω2
Kerr(duKerr ⊗ duKerr + duKerr ⊗ duKerr)

+ (γKerr)AB(dx
A
Kerr − bAKerr duKerr)⊗ (dxBKerr − bBKerr duKerr),

where (x1Kerr, x
2
Kerr) = (θ∗, ϕ∗) or (x1Kerr, x

2
Kerr) = (sin θ∗ cosϕ∗, sin θ∗ sinϕ∗).

We also denote

LKerr := − graduKerr, LKerr := − graduKerr, g(LKerr, LKerr) = − 1

2Ω2
Kerr

,

and

(e4)Kerr := 2ΩKerr LKerr, (e3)Kerr := 2ΩKerr LKerr.

The leaves of MKerr are defined by

SKerr(uKerr, uKerr) := (CKerr)uKerr ∩ (CKerr)uKerr
,

where (CKerr)uKerr and (CKerr)uKerr
respectively denote the outgoing and ingoing null cones of

the (uKerr, uKerr)–foliation inMKerr. Let also rKerr denote the area radius of the S(uKerr, uKerr),
i.e.

rKerr :=

 
|S(uKerr, uKerr)|

4π
.

5See (A.42) in [12] and notice the exchange of role between u and u.
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Note that rKerr is a function of r∗(r, θ).

We define
ΣKerr := {p ∈ MKerr/ uKerr + uKerr = 0},

and

wKerr :=
uKerr − uKerr

2
.

Let δ0 > 0 be a fixed small constant. The initial layer region of MKerr is defined by

(K(0))Kerr :=
{
p ∈ MKerr/ 0 ≤ uKerr + uKerr ≤ 2δ0

}
\ I+(KKerr), (2.11)

where

KKerr := {p ∈ ΣKerr/wKerr(p) ≤ R0}, (2.12)

I+(KKerr) denotes the future domain of influence of KKerr and R0 > 0 is a constant.

2.1.3 Decay of quantities in Kerr spacetime

In this section, we provide the decay of quantities associated to the double null foliation in
MKerr induced by (uKerr, uKerr) introduced in Section 2.1.2.

Definition 2.3. For any SKerr–tangent tensor field hKerr defined in MKerr, we denote

hKerr = Opq , (2.13)

if for any integer l ≥ 0

|∇≤lhKerr| ≲
Mp

rq+lKerr

,

where

∇ :=

ß
∇∂uKerr

, ∇∂uKerr
, r−1

Kerr∇∂
xA
Kerr

™
,

where the coordinates (uKerr, uKerr, x
A
Kerr) and the area radius rKerr of S(uKerr, uKerr) have

been introduced in Section 2.1.2.

Proposition 2.4. The Ricci coefficients of the (uKerr, uKerr) double null foliation satisfy in
MKerr:

(trχ)Kerr −
2

rKerr
= O1

2, (trχ)Kerr +
2

rKerr
= O1

2,

ωKerr = O1
2, ωKerr = O1

2,

χ̂Kerr = O2
3, χ̂

Kerr
= O2

3,

(∇ trχ)Kerr = O2
4, (∇ trχ)Kerr = O2

4,

ηKerr = O2
3, η

Kerr
= O2

3,

(∇ω)Kerr = O2
4, (∇ω)Kerr = O2

4,

bKerr = O2
2, ΩKerr −

1

2
= O1

1.

Proof. See for example Section 2.2.3 in [7] and Appendix A.4 in [12].

Proposition 2.5. The curvature components of the (uKerr, uKerr) double null foliation satisfy
in MKerr:

αKerr = O3
5, αKerr = O3

5,

βKerr = O2
4, β

Kerr
= O2

4,

ρKerr = O1
3, σKerr = O2

4.

Proof. See Section 3.3.5 of [7].
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2.1.4 Initial layer region

Given Σ0 a spacelike hypersurface, called the initial hypersurface, we construct an initial layer
region K(0) near Σ0 endowed with a double null foliation (u(0), u) as in Section 2.1.1 such that

Σ0 =
{
p ∈ K(0)/ u(0)(p) + u(p) = 0

}
, (2.14)

and
0 ≤ u(0)(p) + u(p) ≤ 2δ0, ∀ p ∈ K(0), (2.15)

where δ0 > 0 is the small constant appearing in (2.11). The double null foliation (u(0), u) is
called the initial layer foliation. Its leaves are denoted by

S(0)(u(0), u) := (C(0))u(0) ∩ Cu, (2.16)

where (C(0))u(0) is the outgoing null cone emanating from S(0)(u(0),−u(0)) and Cu is the ingoing
null cone emanating from S(0)(−u, u). Also, as in Section 2.1.1, K(0) is covered by coordinates

systems (u(0), u, x
A
(0)) with L(0)(x

A
(0)) = 0 and the metric g in K(0) has the form:

g = −2Ω2
(0)(du⊗ du(0) + du(0) ⊗ du) + (γ(0))AB(dx

A
(0) − bA(0)du(0))⊗ (dxB(0) − bB(0)du(0)). (2.17)

We also define
K :=

{
p ∈ Σ0/w(p) ≤ R0

}
, (2.18)

where R0 > 0 is the constant appearing in (2.12) and

w :=
u− u(0)

2
. (2.19)

Let Φ(0) be the map defined on Σ0 such that

Φ(0) : Σ0 −→ ΣKerr,

p −→ Φ(0)(p)
/
uKerr(Φ(0)(p)) = u(p), uKerr(Φ(0)(p)) = u(p), xAKerr(Φ(0)(p)) = xA(0)(p).

The map Φ(0) being defined on Σ0, we now extend it to K(0). We denote L(0) and LKerr

respectively the generator of (C(0))u(0) and CKerr(uKerr). For any p ∈ K(0), we denote ϕ
L(0)

t (p)
the flow of L(0) emanating from p to the past. Then, we denote

p(0) := ϕ
L(0)

t (p) ∩ Σ0, q(0) := Φ(0)(p(0)).

Next, we denote ϕLKerr
t (q(0)) the flow of LKerr emanating from q(0) to the future. We define

q := ϕLKerr
t (q(0)) ∩ SKerr

(
uKerr = u(0)(p), uKerr = u(p)

)
.

Finally, we define
Φ(0)(p) = q. (2.20)

By construction, we have for any p ∈ K(0)
6

Φ(0)(p) ∈ KKerr, uKerr(Φ(0)(p)) = u(p), uKerr(Φ(0)(p)) = u(p), xAKerr(Φ(0)(p)) = xA(0)(p).

which implies that the map Φ(0) is equivalent to an identification of K(0) and KKerr via the
values of the coordinates functions (u(0), u, x

1
(0), x

2
(0)) and (uKerr, uKerr, x

1
Kerr, x

2
Kerr).

7

6Note that the identity xAKerr(Φ(0)(p)) = xA(0)(p) follows from the fact that it holds on Σ0 and from the identities

L(0)(x
A
(0)) = 0 and LKerr(x

A
Kerr) = 0.

7See Section 4.3 in [12] for more explanations concerning this identification.
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2.1.5 Bootstrap region

For every value u∗ > R0,
S∗ := S(0)(−u∗, u∗)

denotes a leaf of the (u(0), u)–foliation on Σ0 \ K. Emanating from this sphere S∗, we con-
struct an ingoing cone C∗ called the last slice. For an optical function u defined on C∗ such
that u = −u∗ on S∗, the level sets of u induce a foliation on C∗, and its leaves are denoted
by S(u, u∗). We will take a particular choice of the coordinates systems (u, xA) on C∗ in the
context of a geodesic type foliation, see Definition 6.1, with xA = xA(0) on S∗.

We define on C∗ a map Φ8 by

Φ : C∗ −→ (C∗)Kerr,

p −→ Φ(p)
/
uKerr(Φ(p)) = u(p), uKerr(Φ(p)) = u(p), xAKerr(Φ(p)) = xA(p),

where
(C∗)Kerr =

{
p ∈ MKerr/ uKerr = u∗

}
.

For every u ≥ −u∗, we construct an outgoing null cone emanating from S(u, u∗) on C∗ to the
past, denoted Cu. Then, Cu ∩ Σ0 is a sphere on Σ0, which in general does not coincide with
the leaves of the (u(0), u)–foliation on Σ0. We also define Cu the ingoing null cone emanating
from S(0)(−u, u). Hence, we have constructed a double null foliation (u, u) in K and its leaves
are given by:

S(u, u) := Cu ∩ Cu. (2.21)

For every (u, u), we define9

V (u, u) := J−(S(u, u)) ∩ J+(Σ0). (2.22)

Next, we denote
K := V (u0, u∗), u0 = −R0, (2.23)

called the bootstrap region, see Figure 4.4. Remark that K is covered by the double null foliation
(u, u), and that the boundary of K consists of:

• a bounded subset of Σ0 \K;

• a part of the outgoing null cone Cu0 ;

• a part of the last slice C∗.

Recalling that the map Φ is defined on C∗, we now extend it to K. As in Section 2.1.1, we
denote L the generator of Cu and extend xA to K by

L(xA) = 0, A = 1, 2.

For any p ∈ K, we denote ϕLt (p) the flow of L emanating from p to the future. Then, we denote

p∗ := ϕLt (p) ∩ C∗, q∗ := Φ(p∗).

Next, we denote ϕLKerr
t (q∗) the flow of LKerr emanating from q∗ to the past. We denote

q := ϕLKerr
t (q∗) ∩ SKerr(u(p), u(p)).

8Notice that Φ = Φ(0) on S∗ since u = u(0) and xA = xA(0) on S∗.
9For any set A, J±(A) denotes the causal future (and resp. causal past) of A.
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Figure 4.4: Bootstrap region K

Finally, we define

Φ(p) = q. (2.24)

Thus, we have extended the domain of definition of Φ to K and we have for any p ∈ K10

Φ(p) ∈ MKerr, uKerr(Φ(p)) = u(p), uKerr(Φ(p)) = u(p), xAKerr(Φ(p)) = xA(p). (2.25)

In other words, the expression of the application Φ in the local coordinates charts (u, u, x1, x2)
and (uKerr, uKerr, x

1
Kerr, x

2
Kerr) is the identity map, or equivalently

u = uKerr ◦ Φ, u = uKerr ◦ Φ, xA = xAKerr ◦ Φ, A = 1, 2.

2.2 Integral formulae

We define the S-average of scalar functions.

Definition 2.6. Given any scalar function f , we denote its average by

f :=
1

|S|

∫
S
f dγ.

We recall the following integral formulae, which will be used repeatedly in this paper.

Lemma 2.7. Let S(u, u) a leaf of a double null foliation (u, u). For any scalar function f , the
following equations hold:

Ωe4

Ç∫
S(u,u)

fdγ

å
=

∫
S(u,u)

(Ωe4(f) + Ω trχf) dγ,

Ωe3

Ç∫
S(u,u)

fdγ

å
=

∫
S(u,u)

(
Ωe3(f) + Ω trχf

)
dγ.

10Note that the identity xAKerr(Φ(p)) = xA(p) follows from the fact that it holds on C∗ and from the identities
L(xA) = 0 and LKerr(x

A
Kerr) = 0.
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Taking f = 1, we obtain

e4(r) =
Ω trχ

2Ω
r, e3(r) =

Ω trχ

2Ω
r,

where we recall that r is the area radius defined by

r(u, u) =

 
|S(u, u)|

4π
.

Proof. See Lemma 3.1.3 in [29].

2.3 Hodge systems

Definition 2.8. For tensor fields defined on a 2–sphere S, we denote by s0 := s0(S) the set of
pairs of scalar functions, s1 := s1(S) the set of 1–forms and s2 := s2(S) the set of symmetric
traceless 2–tensors.

Definition 2.9. Given ξ ∈ s1, we define its Hodge dual

∗ξA :=∈AB ξB.

Clearly ∗ξ ∈ s1 and
∗(∗ξ) = −ξ.

Given U ∈ s2, we define its Hodge dual

∗UAB :=∈AC UCB.

Observe that ∗U ∈ s2 and
∗(∗U) = −U.

Definition 2.10. Given ξ, η ∈ s1, we denote

ξ · η := δABξAηB,

ξ ∧ η :=∈AB ξAηB,

(ξ“⊗η)AB := ξAηB + ξBηA − δABξ · η,

where ξ“⊗η ∈ s2. Given ξ ∈ s1, U ∈ s2, we denote

(ξ · U)A := δBCξBUAC .

Given U, V ∈ s2, we denote

U ∧ V :=∈AB UACVCB.

Definition 2.11. For a given ξ ∈ s1, we define the following differential operators:

div ξ := δAB∇AξB,

curl ξ :=∈AB ∇AξB,

(∇“⊗ξ)AB := ∇AξB +∇BξA − δAB(div ξ).

Definition 2.12. We define the Hodge type operators, as introduced in Section 2.2 in [10]:

• d1 takes s1 into s0 and is given by:

d1ξ := (div ξ, curl ξ),
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• d2 takes s2 into s1 and is given by:

(d2U)A := ∇AUAB,

• d∗1 takes s0 into s1 and is given by:

d∗1(f, f∗) := −∇Af+ ∈AB ∇Bf∗,

• d∗2 takes s1 into s2 and is given by:

d∗2ξ := −1

2
∇“⊗ξ.

Then, we have the following identities:

d∗1d1 = −∆1 +K, d1d
∗
1 = −∆0,

d∗2d2 = −1

2
∆2 +K, d2d

∗
2 = −1

2
(∆1 +K),

(2.26)

where K denotes the Gauss curvature of S. See for example (2.2.2) in [10] for a proof of (2.26).

Definition 2.13. We define weighted angular derivatives d/ as follows:

d/U := rd2U, ∀U ∈ s2,

d/ξ := rd1ξ, ∀ξ ∈ s1,

d/f := rd∗1f, ∀f ∈ s0.

Also, we denote for any tensor h ∈ sk, k = 0, 1, 2,

h(0) = h, h(1) = (h, r∇h).

2.4 Elliptic estimates for Hodge systems

Definition 2.14. For a tensor field f on a 2–sphere S, we denote its Lp–norm by

|f |Lp :=

Å∫
S
|f |p
ã 1

p

, (2.27)

where |f |2 := fA1...AkfA1...Ak
for a k–tensor f on S.

Proposition 2.15 (Lp estimates for Hodge systems). Assume that S is an arbitrary compact
2-surface satisfying c1 ≤ r2K ≤ c2 where K denotes its Gauss curvature and 0 < c1 ≤ c2 < +∞
are two positive constants. Then the following statements hold for all11 p ∈ (1,+∞):

1. Let ϕ ∈ s0 be a solution of ∆ϕ = f . Then we have

|∇2ϕ|Lp + r−1|∇ϕ|Lp + r−2|ϕ− ϕ|Lp ≲ |f |Lp .

2. Let ξ ∈ s1 be a solution of d1ξ = (f, f∗). Then we have∫
S
|∇ξ|p + r−p|ξ|p ≲

∫
S
|f |p + |f∗|p.

3. Let U ∈ s2 be a solution of d2U = f . Then we have∫
S
|∇U |p + r−p|U |p ≲

∫
S
|f |p.

Proof. See Corollary 2.3.1.1 of [10].
11In practice, we only use Proposition 2.15 with p = 2 and p = 4.
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2.5 Null structure equations

We recall the standard null structure equations in a double null foliation.

Proposition 2.16. We have the following null structure equations in a double null foliation:

∇4η =− χ · (η − η)− β,

∇3η =− χ · (η − η) + β,

∇4χ̂+ (trχ)χ̂ =− 2ωχ̂− α,

∇4 trχ+
1

2
(trχ)2 =− |χ̂|2 − 2ω trχ,

∇3χ̂+ (trχ)χ̂ =− 2ωχ̂− α,

∇3 trχ+
1

2
(trχ)2 =− |χ̂|2 − 2ω trχ,

∇4χ̂+
1

2
(trχ)χ̂ =∇“⊗η + 2ωχ̂− 1

2
(trχ)χ̂+ η“⊗η,

∇3χ̂+
1

2
(trχ)χ̂ =∇“⊗η + 2ωχ̂− 1

2
(trχ)χ̂+ η“⊗η,

∇4 trχ+
1

2
(trχ) trχ =2ω trχ+ 2ρ− χ̂ · χ̂+ 2div η + 2|η|2,

∇3 trχ+
1

2
(trχ) trχ =2ω trχ+ 2ρ− χ̂ · χ̂+ 2div η + 2|η|2.

We also have the Codazzi equations

div χ̂ =
1

2
∇ trχ− ζ ·

Å
χ̂− 1

2
trχ

ã
− β,

div χ̂ =
1

2
∇ trχ+ ζ ·

Å
χ̂− 1

2
trχ

ã
+ β,

the torsion equation

curl η =− curl η = σ +
1

2
χ̂ ∧ χ̂,

and the Gauss equation

K = −1

4
trχ trχ+

1

2
χ̂ · χ̂− ρ.

Moreover, we have

∇4ω =2ωω +
3

4
|η − η|2 − 1

4
(η − η) · (η + η)− 1

8
|η + η|2 + 1

2
ρ,

∇3ω =2ωω +
3

4
|η − η|2 + 1

4
(η − η) · (η + η)− 1

8
|η + η|2 + 1

2
ρ.

Proof. See (3.1)–(3.5) in [32].

Definition 2.17. We define the mass aspect functions as follows:

µ := −div η +
1

2
χ̂ · χ̂− ρ, µ := −div η +

1

2
χ̂ · χ̂− ρ. (2.28)

We also define the following renormalized quantities which will be used in Sections 5 and 6:

[µ] := µ+
1

4
trχ trχ, [µ] := µ+

1

4
trχ trχ. (2.29)
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Proposition 2.18. We have the following null structure equations:

Ω∇4(Ω trχ) +
1

2
(Ω trχ)2 = −4Ω trχ(Ωω)− Ω2|χ̂|2,

Ω∇3(Ω trχ) +
1

2
(Ω trχ)2 = −4Ω trχ(Ωω)− Ω2|χ̂|2,

Ω∇4(Ω trχ) = −2Ω2[µ] + 2Ω2|η|2,
Ω∇3(Ω trχ) = −2Ω2[µ] + 2Ω2|η|2.

(2.30)

We have the following equations for the renormalized mass aspect functions:

Ω∇4[µ] + Ω trχ[µ] = Ω[F ] + Ω(trχρ− 2η · β),

[F ] := χ̂ · (∇“⊗η) + (η − η) · (∇ trχ+ trχ ζ) +
1

2
trχ(|η|2 − |η|2)

− 1

2

(
trχ|χ̂|2 + trχ(χ̂ · χ̂)

)
+ 2η · χ̂ · η,

Ω∇3[µ] + Ω trχ[µ] = Ω[F ] + Ω(trχρ+ 2η · β),

[F ] := χ̂ · (∇“⊗η) + (η − η) · (∇ trχ− trχ ζ) +
1

2
trχ(|η|2 − |η|2)

− 1

2

(
trχ|χ̂|2 + trχ(χ̂ · χ̂)

)
+ 2η · χ̂ · η.

(2.31)

Proof. Notice that (2.30) follows directly from Proposition 2.16 and (2.8). See Lemma 4.3.2 in
[29] for the proof of (2.31).

2.6 Bianchi equations

We recall the Bianchi equations in a double null foliation.

Proposition 2.19. The Bianchi equations take the following form in a double null foliation:

∇4α+
1

2
trχα = −∇⊗̂β + 4ωα− 3(χ̂ρ− ∗χ̂σ) + (ζ − 4η)⊗̂β,

∇3β + 2 trχβ = −divα− 2ωβ + (2ζ − η) · α,
∇4β + trχβ = −∇ρ+ ∗∇σ + 2ωβ + 2χ̂ · β − 3(ηρ− ∗ησ),

∇3ρ+
3

2
trχρ = −div β − 1

2
χ̂ · α+ ζ · β − 2η · β,

∇4ρ+
3

2
trχρ = div β − 1

2
χ̂ · α+ ζ · β + 2η · β,

∇3σ +
3

2
trχσ = − curlβ +

1

2
χ̂ · ∗α− ζ · ∗β + 2η · ∗β,

∇4σ +
3

2
trχσ = − curlβ +

1

2
χ̂ · ∗α− ζ · ∗β − 2η · ∗β,

∇3β + trχβ = ∇ρ+ ∗∇σ + 2ωβ + 2χ̂ · β + 3(ηρ+ ∗ησ),

∇4β + 2 trχβ = divα− 2ωβ + (2ζ + η)α,

∇3α+
1

2
trχα = ∇⊗̂β + 4ωα− 3(χ̂ρ+ ∗χ̂σ) + (ζ + 4η)⊗̂β.

Proof. See Proposition 3.2.4 in [29].
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2.7 Transport equations for metric components

We introduce the following transport equations for metric components.

Proposition 2.20. The metric components satisfy the following equations:

∇4(γAB) =2χAB,

∇4(b
A) =− 4ΩζA,

∇4(∈AB) = trχ ∈AB,
∇3(γAB) =2χ

AB
− Ω−1∂A(b

C)γBC − Ω−1∂B(b
C)γAC ,

∇3(∈AB) = trχ ∈AB −Ω−1∂A(b
C) ∈BC −Ω−1∂B(b

C) ∈BC .

Proof. We have from [∂u, ∂A] = 0 that

0 = ∇∂u(γ)

Å
∂

∂xA
,
∂

∂xB

ã
=

∂

∂u
γAB − γ

(
D∂u∂A, ∂B

)
− γ

(
∂A,D∂u∂B

)
= Ω∇4(γAB)− Ωg(De4∂A, ∂B)− Ωg(∂A,De4∂B)

= Ω∇4(γAB)− 2ΩχAB,

which implies
∇4(γAB) = 2χAB

as stated in the first equation. For the proof of the second equation, see (3.1.62) in [29].

We have from [∂u, ∂A] = 0 that

0 = ∇∂u(∈)
Å

∂

∂xA
,
∂

∂xB

ã
=

∂

∂u
∈AB − ∈

(
D∂u∂A, ∂B

)
− ∈

(
∂A,D∂u∂B

)
=

∂

∂u
∈AB − ∈

(
D∂A∂u, ∂B

)
− ∈

(
∂A,D∂B∂u

)
=

∂

∂u
∈AB −Ω ∈ (χA

C∂C , ∂B)− Ω ∈ (∂A, χB
C∂C)

= Ω∇4(∈AB)− ΩχA
C ∈CB −ΩχB

C ∈AC ,

which implies

∇4(∈AB) = χA
C ∈CB +χB

C ∈AC= trχ ∈AB .

Next, we compute

0 = (∇Ωe3γ)

Å
∂

∂xA
,
∂

∂xB

ã
= Ω∇3(γAB)− γ (∇Ωe3∂A, ∂B)− γ (∂A,∇Ωe3∂B)

= Ω∇3(γAB)− Ωg (D∂Ae3, ∂B)− Ωg (∂A,D∂Be3)− g([Ωe3, ∂A], ∂B)− g(∂A, [Ωe3, ∂B])

= Ω∇3(γAB)− 2Ωχ
AB

− g([bB∂C , ∂A], ∂B)− g(∂A, [b
C∂C , ∂B])

= Ω∇3(γAB)− 2Ωχ
AB

+ ∂A(b
C)γBC + ∂B(b

C)γAC ,

which implies
∇3(γAB) = 2χ

AB
− Ω−1∂A(b

C)γBC − Ω−1∂B(b
C)γAC . (2.32)

Similarly, we have

∇3(∈AB) = trχ ∈AB −Ω−1∂A(b
C) ∈BC −Ω−1∂B(b

C) ∈AC .

This concludes the proof of Proposition 2.20.
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2.8 The linearized equations

2.8.1 Linearization procedure

Let K the bootstrap region defined in Section 2.1.5. By construction, we have

L(xA) = 0.

Hence, the metric in K takes the following form, see (2.3):

g = −2Ω2(du⊗ du+ du⊗ du) + γAB(dx
A − bAdu)⊗ (dxB − bBdu). (2.33)

The inverse metric components are given by:

gAB = γAB, guu = − 1

2Ω2
, guA = − bA

2Ω2
,

guu = guu = 0, guA = 0, A,B = 1, 2.

(2.34)

Let X be a tensor defined on S := S(u, u). We denote XKerr the corresponding SKerr–tangent
tensor in MKerr. Then, its pullback Φ∗XKerr

12 is a S–tangent tensor in K denoted by

XK := Φ∗XKerr. (2.35)

We now define the linearization of X as follows

qX := X −XK . (2.36)

We also denote ∇K , (resp. ΓK , divK and curlK) the Levi-Civita connection, (resp. Christoffel
symbols, divergence operator and curl operator) of the metric gK = Φ∗(gKerr).

The following lemma plays an important role in the linearization of the equations.

Lemma 2.21. We have the following formulae:

}Ωe4 := Ωe4 − ΩK(e4)K = 0,

}Ωe3 := Ωe3 − ΩK(e3)K = qb
A
∂xA .

Proof. Notice that we have

e4(u) = 0, e4(u) = g(e4, gradu) = g(2ΩL,−L) = Ω−1,

e3(u) = 0, e3(u) = g(e3, gradu) = g(2ΩL,−L) = Ω−1,

e4(x
A) = 0, e3(x

A) = Ω−1bA.

(2.37)

Hence, we obtain
Ωe4 = Ωe4(u)∂u +Ωe4(u)∂u +Ωe4(x

A)∂xA = ∂u. (2.38)

Thus, we infer

Φ∗(Ωe4) = Φ∗(∂u) = ∂uKerr
= ΩKerr(e4)Kerr,

which implies
ΩK(e4)K = Φ∗(ΩKerr(e4)Kerr) = Ωe4.

Hence, we deduce
}Ωe4 = Ωe4 − ΩK(e4)K = ∂u − ∂u = 0. (2.39)

12Recall that the map Φ : K → MKerr is defined in (2.24) and satisfies (2.25).
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Similarly, we have

Ωe3 = ∂u + bA∂xA ,

which implies

Φ∗(Ωe3) = ∂uKerr + (Φ−1)∗(bA)∂xAKerr
.

Hence, we obtain

}Ωe3 = Ωe3 − ΩK(e3)K = Φ−1
∗ (Φ∗(Ωe3)− ΩKerr(e3)Kerr)

= Φ−1
∗
Ä
((Φ−1)∗bA − bAKerr)∂xAKerr

ä
= (bA − bAK)∂xA = qb

A
∂xA .

(2.40)

This concludes the proof of Lemma 2.21.

Proposition 2.22. Denoting Γ and ΓK respectively the Christoffel symbols of ∇ and ∇K . For
any U ∈ s2(S) and ϕ ∈ s1(S) where S = S(u, u), we have the following formulae:

(∇−∇K)A UBC =− (Γ− ΓK)DAB UCD − (Γ− ΓK)DAC UBD,

(∇−∇K)A ϕB =− (Γ− ΓK)CAB ϕC ,

(∇−∇K)∂uUAB =− (Γ− ΓK)CuAUCB − (Γ− ΓK)CuBUCA,

(∇−∇K)∂uϕA =− (Γ− ΓK)BuA ϕB,

(∇−∇K)∂uUAB =− (Γ− ΓK)CuAUCB − (Γ− ΓK)CuBUCA,

(∇−∇K)∂uϕA =− (Γ− ΓK)BuA ϕB.

(2.41)

We also have:

(div−divK)U =(γAB − γABK )∇AUB• − γABK (Γ− ΓK)DAB U•D

− γABK (Γ− ΓK)DA• UBD,

(div−divK)ϕ =(γAB − (γK)AB)∇AϕB − (γK)AB(Γ− ΓK)CABϕC ,

(curl− curlK)ϕ =(∈AB −(∈K)AB)∇AϕB − (∈K)AB(Γ− ΓK)CABϕC ,

(∇“⊗ϕ−∇K“⊗ϕK)AB =(∇“⊗qϕ)AB − 2(Γ− ΓK)CAB(ϕK)C

+δAB[(γ
CD − (γK)CD)∇C(ϕK)D − (γK)CD(Γ− ΓK)ECD(ϕK)E ].

(2.42)

Proof. The proof follows from a direct computation. For example, we have

(∇−∇K)A UBC =

Å
∂

∂xA
(UBC)− ΓDAB UCD − ΓDAC UBD

ã
−
Å

∂

∂xA
(UBC)− (ΓK)DAB UCD − (ΓK)DAC UBD

ã
=− (Γ− ΓK)DAB UCD − (Γ− ΓK)DAC UBD,

which implies the first equation in (2.41). The proof of the other equations in (2.41) are similar.
We also have

(div−divK)UC = γAB∇AUBC − γABK (∇K)AUBC

= (γAB − γABK )∇AUBC + γABK (∇AUBC − (∇K)AUBC)

= (γAB − γABK )∇AUBC − γABK (Γ− ΓK)DAB UCD − γABK (Γ− ΓK)DAC UBD,

which implies the first equation in (2.42). The proof of the other equations in (2.42) are similar
and left to the reader. This concludes the proof of Proposition 2.22.



2. PRELIMINARIES 227

Lemma 2.23. We have the following identities:

ΓBuA =
1

2
γBC∂u(γAC),

ΓBuA =
1

2
γBC

Å
∂u(γAC)−

∂

∂xA

Ä
γCDb

D
ä
+

∂

∂xC

Ä
γADb

D
äã

+
bB

4Ω2

Å
2
∂

∂xA
(Ω2)− ∂

∂u
(γADb

D)

ã
,

ΓABC =
1

2
γAD

Å
∂γBD
∂xC

+
∂γCD
∂xB

− ∂γBC
∂xD

ã
+

bA

4Ω2

∂γBC
∂u

.

Proof. We have from (2.33) and (2.34)

ΓBuA =
1

2
gBC

Å
∂guC
∂xA

+
∂gAC
∂u

− ∂guA
∂xC

ã
+

1

2
gBu
Å
∂guu
∂xA

+
∂gAu
∂u

− ∂guA
∂u

ã
=

1

2
γBC∂u(γAC),

and similarly

ΓBuA =
1

2
gBC

Å
∂guC
∂xA

+
∂gAC
∂u

− ∂guA
∂xC

ã
+

1

2
gBu
Å
∂guu
∂xA

+
∂gAu
∂u

− ∂guA
∂u

ã
=
1

2
γBC

Å
− ∂

∂xA

Ä
γCDb

D
ä
+
∂γAC
∂u

+
∂

∂xC

Ä
γADb

D
äã

+
bB

4Ω2

Å
2
∂

∂xA
(Ω2)− ∂

∂u
(γADb

D)

ã
.

Finally, we compute

ΓABC =
1

2
γAD

Å
∂γBD
∂xC

+
∂γCD
∂xB

− ∂γBC
∂xD

ã
+

1

2
gAu
Å
∂gBu
∂xC

+
∂gCu
∂xB

− ∂gBC
∂u

ã
=
1

2
γAD

Å
∂γBD
∂xC

+
∂γCD
∂xB

− ∂γBC
∂xD

ã
+

bA

4Ω2

∂γBC
∂u

.

This concludes the proof of Lemma 2.23.

The following tensors play an important role in the linearization of the null structure equations
and Bianchi equations.

Definition 2.24. We define the following tensors13

qJ
B

A := (Γ− ΓK)BuA,
qJBA := (Γ− ΓK)BuA,

qLCAB := (Γ− ΓK)CAB. (2.43)

2.8.2 Schematic notation Γg and Γb

We introduce the following schematic notations for metric components, Ricci coefficients and
curvature components.

Definition 2.25. We divide the linearized quantities into two parts:

Γg := Γ(0)
g :=

¶
qη, qη, qζ, qχ̂, }trχ, }trχ, qω, r−1

qb, r−1
qΩ, r−1

qγ, r−1
q∈, r−2

qr
©
,

Γb := Γ
(0)
b := {qχ̂, qω}.

We also denote:

Γ(1)
g := (r∇)≤1Γ(0)

g ∪ { qJ, qL, rqb, rρ̌, rqσ},
Γ
(1)
b := (r∇)≤1Γ

(0)
b ∪ {qJ, rqβ}.

Remark 2.26. Throughout this paper, Γg decays better than Γb, see Lemma 4.1.

13Remark that the difference of two Christoffel symbols is a tensor.
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2.8.3 Schematic notation Op
q

Definition 2.27. For any S–tangent tensor field XK = Φ∗(XKerr), we denote

XK = Op
q ,

if for any integer l ≥ 0 we have

|(∂K)lXK | ≲ Mp

rq+lK

,

where rK = Φ∗(rKerr) and

∂K :=
{
(∇K)(e3)K , ∇K , (∇K)(e4)K

}
.

Proposition 2.28. We have the following formulae:

trK χK − 2

rK
= O1

2, trK χK +
2

rK
= O1

2,

ωK = O1
2, ωK = O1

2,

χ̂K = O2
3, χ̂

K
= O2

3,

∇K trK χK = O2
4, ∇K trK χK = O2

4,

ηK = O2
3, η

K
= O2

3,

bK = O2
2, ΩK − 1

2
= O1

1.

We also have:

αK = O3
5, αK = O3

5,

βK = O2
4, β

K
= O2

4,

ρK = O1
3, σK = O2

4.

Proof. It follows directly from Propositions 2.4, 2.5 and Definition 2.27.

Remark 2.29. In the sequel, we consider the following conventions:

• For a quantity h satisfying the same or even better decay as Γb, (resp. Γg), we write

h ∈ Γb, (resp. h ∈ Γg).

• For a sum of schematic notations, we ignore the terms that decay better. For example, we
write

Γg + Γb = Γb, Γg ·Op
q + Γb ·Op

q = Γb ·Op
q ,

since Γg decays better than Γb throughout this paper.

Lemma 2.30. We have the following formulae:

trχ− 2

r
= O1

2 + Γg, trχ+
2

r
= O1

2 + Γb,

χ̂ = O2
3 + Γg, χ̂ = O2

3 + Γb,

η = O2
3 + Γg, η = O2

3 + Γg,

ω = O1
2 + Γg, ω = O1

2 + Γb,

b = O2
2 + rΓg, Ω− 1

2
= O1

2 + rΓg,

γ = O0
0 + rΓg, ∈= O0

0 + rΓg.
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We also have:

α = O3
5 + qα, α = O3

5 + α̊,

β = O2
4 +

qb, β = O2
4 +

qβ,

ρ = O1
3 + ρ̌, σ = O2

4 + qσ.

Proof. It follows directly from Definitions 2.25, 2.27 and Proposition 2.28.

The following lemma allows us to compute the derivatives of Op
q .

Lemma 2.31. Let XK be a S–tangent tensor field satisfying

XK = Op
q .

Then, we have

Ω∇3XK = Op
q+1 +Op

q · Γg +Op
q · qJ +Op

q · qL,

Ω∇4XK = Op
q+1 +Op

q · qJ,

∇XK = Op
q+1 +Op

q · qL.

Proof. We have from Lemma 2.21 and Proposition 2.22

Ω∇3XK − ΩK∇(e3)KXK =
(
∇Ωe3 −∇ΩK(e3)K

)
XK +

(
∇ΩK(e3)K − (∇K)ΩK(e3)K

)
XK

= qb
A∇∂

xA
XK + (∇−∇K)∂uXK + bAK(∇−∇K)∂

xA
XK

= qb
A
(∇−∇K)∂

xA
XK +qb

A
(∇K)∂

xA
XK + qJ ·Op

q +
qL ·Op

q

= Γg ·Op
q +

qJ ·Op
q +

qL ·Op
q ,

where we used Remark 2.29 to ignore the terms having better decay. Combining with Definition
2.27, we obtain

Ω∇3XK = Op
q+1 + Γg ·Op

q +
qJ ·Op

q +
qL ·Op

q .

Similarly, we have from Lemma 2.21 and Proposition 2.22

Ω∇4XK − ΩK∇(e4)KXK =
(
∇Ωe4 −∇ΩK(e4)K

)
XK +

(
∇ΩK(e4)K − (∇K)ΩK(e4)K

)
XK

= (∇−∇K)∂uXK

= qJ ·Op
q .

Combining with Definition 2.27, we deduce

Ω∇4XK = Op
q+1 +

qJ ·Op
q .

Finally, we have from Proposition 2.22 and Definition 2.27

∇XK = ∇KXK + (∇−∇K)XK = Op
q+1 +

qL ·Op
q .

This concludes the proof of Lemma 2.31.

Corollary 2.32. We have the following schematic computation:

∇(Op
q · Γg) = Op

q+1 · Γ(1)
g , ∇(Op

q · Γb) = Op
q+1 · Γ

(1)
b .
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Proof. We have from Lemma 2.31

∇(Op
q · Γi) = Op

q · ∇Γi +∇Op
q · Γi

= Op
q+1 · Γ

(1)
i + (Op

q+1 +Op
q · qL) · Γi

= Op
q+1 · Γ

(1)
i ,

for i = g, b. This concludes the proof of Corollary 2.32.

Remark 2.33. In the remainder of this paper, Lemma 2.31 and Corollary 2.32 will be used
frequently without explicit mention.

2.8.4 The linearized null structure equations

In this section, we introduce the following linearized null structure equations, which play a
fundamental role in Ricci coefficients estimates.

Proposition 2.34. We have the following linearized null structure equations:

∇4
Ω trχ+ trχ Ω trχ =O0

1 · |Ωω + L[∇4 }trχ] + Err[∇4 }trχ],

L[∇4 }trχ] :=Γg ·O1
2,

Err[∇4 }trχ] :=Γg · Γg,

∇3
Ω trχ+ trχ Ω trχ =O0

1 · |Ωω + L[∇3 }trχ] + Err[∇3 }trχ],

L[∇3 }trχ] :=Γg ·O1
2,

Err[∇3 }trχ] :=Γb · Γb,

∇4(Ω trχ) =− 2Ω|[µ] + L[∇4 }trχ] + Err[∇4 }trχ],

L[∇4 }trχ] :=Γg ·O2
3,

Err[∇4 }trχ] :=Γg · Γg,

∇3(Ω trχ) =− 2Ω|[µ] + L[∇3 }trχ] + Err[∇3 }trχ],

L[∇3 }trχ] :=Γg ·O2
3,

Err[∇3 }trχ] :=Γg · Γg.

We also have the linearized Codazzi equations:

div(qχ̂) =−qb+O0
0 · ∇}trχ+O0

1 · qζ + L[div(qχ̂)] + Err[div(qχ̂)],

L[div(qχ̂)] :=Γg ·O2
3 +O2

3 · qL,

Err[div(qχ̂)] :=Γg · Γg,

div(qχ̂) =qβ +O0
0 · ∇}trχ+O0

1 · qζ + L[div(qχ̂)] + Err[div(qχ̂)],

L[div(qχ̂)] :=Γb ·O2
3 +O2

3 · qL,

Err[div(qχ̂)] :=Γb · Γg.
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The linearized mass aspect functions are given by:

div qη = −qµ− ρ̌+ L[div(qη)] + Err[div(qη)],

L[div(qη)] = Γb ·O2
3 +O2

3 · qL,

Err[div(qη)] = Γg · Γb,

div qη = −qµ− ρ̌+ L[div(qη)] + Err[div(qη)],

L[div(qη)] = Γb ·O2
3 +O2

3 · qL,

Err[div(qη)] = Γg · Γb.

The linearized torsion equations are given by:

curl qη =qσ + L[curl qη] + Err[curl qη],

L[curl qη] :=Γb ·O2
3 +O2

3 · qL,

Err[curl qη] :=Γb · Γg,

curlqη =− qσ + L[curlqη] + Err[curlqη],

L[curlqη] :=Γb ·O2
3 +O2

3 · qL,

Err[curlqη] :=Γb · Γg.

Moreover, we have

Ω∇4( |Ωω) =
1

2
}Ω2ρ+ L[∇4qω] + Err[∇4qω],

L[∇4qω] :=Γg ·O1
2,

Err[∇4qω] :=Γg · Γg,

Ω∇3( |Ωω) =
1

2
}Ω2ρ+ L[∇3qω] + Err[∇3qω],

L[∇3qω] :=Γg ·O1
2,

Err[∇3qω] :=Γg · Γg.

Proof. See Appendix A.1.

Remark 2.35. In the linearized equations of Proposition 2.34, as well as in the other linearized
equations below, L[...] contains linear terms which display more decay in M

r and Err[...] contains
the nonlinear terms.

Proposition 2.36. We have the following linearized equations:

Ω∇4
|[µ] + Ω trχ|[µ] :=Ω trχ ρ̌+ L[∇4

|[µ]] + Err[∇4
|[µ]],

L[∇4
|[µ]] :=O2

3 · (d∗2qη,∇}trχ,qb) +O1
3 · (Γg, qL),

Err[∇4
|[µ]] :=− 2qχ̂ · (d∗2qη) + (qη − qη) · ∇}trχ− 2|Ωη ·qb+ r−1Γg · qL+ r−1Γg · Γb,

Ω∇3
|[µ] + Ω trχ|[µ] :=Ω trχ ρ̌+ L[∇3

|[µ]] + Err[∇3
|[µ]],

L[∇3
|[µ]] :=O2

3 · (d∗2qη,∇}trχ, qβ) +O1
3 · (Γg, qL),

Err[∇3
|[µ]] :=− 2qχ̂ · (d∗2qη) + (qη − qη) · ∇}trχ+ 2|Ωη · qβ + r−1Γb · qL+ r−1Γb · Γb.

Proof. See Appendix A.2.
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2.8.5 The linearized Bianchi equations

In this section, we introduce the linearized Bianchi equations, which play a fundamental role in
curvature estimates.

Proposition 2.37. We have the following linearized Bianchi equations:

∇4α̊+
1

2
trχ α̊ =∇“⊗qβ + L[∇4α̊] + Err[∇4α̊],

L[∇4α̊] :=Γ
(1)
b ·O1

3 +O1
2 · α̊+O2

3 · (qβ, ρ̌, qσ),
Err[∇4α̊] :=Γg · (α̊, qβ) + Γb · (ρ̌, qσ),

∇3
qβ + 2 trχ qβ =− div α̊+ L[∇3

qβ] + Err[∇3
qβ],

L[∇3
qβ] :=Γ

(1)
b ·O2

4 +O1
2 · qβ +O2

3 · α̊,
Err[∇3

qβ] :=Γb · qβ + Γg · α̊,

∇4
qβ + trχ qβ =−∇ρ̌+ ∗∇qσ + L[∇4

qβ] + Err[∇4
qβ],

L[∇4
qβ] :=Γ(1)

g ·O1
3 +O1

2 · qβ +O2
3 · (ρ̌, qσ,qb),

Err[∇4
qβ] :=Γg · (qβ, ρ̌, qσ) + Γb ·qb,

∇3(ρ̌, qσ) +
3

2
trχ (ρ̌, qσ) = −d1qβ + L[∇3(ρ̌, qσ)] + Err[∇3(ρ̌, qσ)],

L[∇3(ρ̌, qσ)] :=Γ(1)
g ·O1

3 +O2
3 · (α̊, qβ),

Err[∇3(ρ̌, qσ)] :=Γg · (α̊, qβ),

∇4(ρ̌,−qσ) +
3

2
trχ(ρ̌,−qσ) =d1qb+ L[∇4(ρ̌,−qσ)] + Err[∇4(ρ̌,−qσ)],

L[∇4(ρ̌,−qσ)] :=Γ(1)
g ·O1

3 +O2
3 · (qα,qb),

Err[∇4(ρ̌,−qσ)] :=Γb · qα+ Γg ·qb,

∇3
qb+ trχqb =∇ρ̌+ ∗∇qσ + L[∇3

qb] + Err[∇3
qb],

L[∇3
qb] :=Γ(1)

g ·O1
3 +O1

2 ·qb+O2
3 · (qβ, ρ̌, qσ),

Err[∇3
qb] :=Γb ·qb+ Γg · (qβ, ρ̌, qσ),

∇4
qb+ 2 trχqb =div qα+ L[∇4

qb] + Err[∇4
qb],

L[∇4
qb] :=Γ(1)

g ·O2
4 +O1

2 · (qb, qα),

Err[∇4
qb] :=Γg · (qb, qα),

∇3qα+
1

2
trχ qα =∇“⊗qb+ L[∇3qα] + Err[∇3qα],

L[∇3qα] :=Γ(1)
g ·O1

3 +O1
2 · qα+O2

3 · (ρ̌, qσ,qb),
Err[∇3qα] :=Γb · qα+ Γg ·qb.

Proof. See Appendix A.3.
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Proposition 2.38. We have the following linearized equations:14

∇4
|d/α+

1

2
trχ|d/α =−∇“⊗|d/β + L[∇4

|d/α] + Err[∇4
|d/α],

L[∇4
|d/α] =Γ

(1)
b ·O1

3 +O1
2 · α̊(1) +O2

3 · (qβ
(1)
, ρ̌(1), qσ(1)),

Err[∇4
|d/α] =Γ(1)

g · (α̊, qβ) + Γ
(1)
b · (ρ̌, qσ) + Γg · (α̊(1), qβ

(1)
) + Γb · (ρ̌(1), qσ(1)),

∇3
|d/β + 2 trχ|d/β =− div |d/α+ L[∇3

|d/β] + Err[∇3
|d/β],

L[∇3
|d/β] :=Γ

(1)
b ·O2

4 +O1
2 · qβ

(1)
+O2

3 · α̊(1),

Err[∇3
|d/β] :=Γ

(1)
b · qβ + Γb · qβ

(1)
+ Γ(1)

g · α̊+ Γg · α̊(1),

∇4
|d/β + trχ|d/β :=−∇|d/ρ+ ∗∇|d/σ + L[∇4

|d/β] + Err[∇4
|d/β],

L[∇4
|d/β] :=Γ(1)

g ·O1
3 +O1

2 · qβ
(1)

+O2
3 · (ρ̌(1), qσ(1),qb(1)),

Err[∇4
|d/β] :=Γ(1)

g · (qβ, ρ̌, qσ) + Γg · (qβ
(1)
, ρ̌(1), qσ(1)) + Γ

(1)
b ·qb+ Γb ·qb(1),

∇3(|d/ρ, |d/σ) +
3

2
trχ(|d/ρ, |d/σ) =− d1 d/qβ + L[∇3(|d/ρ, |d/σ)] + Err[∇3(|d/ρ, |d/σ)],

L[∇3(|d/ρ, |d/σ)] :=Γ
(1)
b ·O1

3 +O2
3 · (α̊(1), qβ

(1)
, ρ̌(1), qσ(1)),

Err[∇3(|d/ρ, |d/σ)] :=Γ(1)
g · (α̊, qβ) + Γg · (α̊(1), qβ

(1)
) + Γb · (ρ̌(1), qσ(1)) + Γ

(1)
b · (ρ̌, qσ),

∇4(|d/ρ,−|d/σ) +
3

2
trχ(|d/ρ,−|d/σ) =d1 |d/β + L[∇4(|d/ρ,−|d/σ)] + Err[∇4(|d/ρ,−|d/σ)],

L[∇4(|d/ρ,−|d/σ)] :=Γ(1)
g ·O1

3 +O2
3 · (qα(1),qb(1), ρ̌(1), qσ(1)),

Err[∇4(|d/ρ,−|d/σ)] :=Γ
(1)
b · qα+ Γb · qα(1) + Γ(1)

g · (qb, ρ̌, qσ) + Γg · (qb(1), ρ̌(1), qσ(1)),

∇3 d/qb+ trχ d/qb =∇ d/ρ̌+ ∗∇ d/qσ + L[∇3
|d/β] + Err[∇3

|d/β],

L[∇3
|d/β] :=Γ(1)

g ·O1
3 +O1

2 ·qb(1) +O2
3 · (qβ

(1)
, ρ̌(1), qσ(1)),

Err[∇3
|d/β] :=Γ

(1)
b ·qb+ Γb ·qb(1) + Γ(1)

g · (qβ, ρ̌, qσ) + Γg · (qβ
(1)
, ρ̌(1), qσ(1)),

∇4 d/qb+ 2 trχ d/qb =div d/qα+ L[∇4
|d/β] + Err[∇4

|d/β],

L[∇4
|d/β] :=Γ(1)

g ·O2
4 +O1

2 · (qb(1), qα(1)),

Err[∇4
|d/β] :=Γ(1)

g · (qb, qα) + Γg · (qb(1), qα(1)),

∇3 d/qα+
1

2
trχ d/qα =∇“⊗ d/qb+ L[∇3

|d/α] + Err[∇3
|d/α],

L[∇3
|d/α] :=Γ(1)

g ·O1
3 +O1

2 · qα(1) +O2
3 · (ρ̌(1), qσ(1),qb(1)),

Err[∇3
|d/α] :=Γ

(1)
b · qα+ Γb · qα(1) + Γ(1)

g ·qb+ Γg ·qb(1).

Remark 2.39. Notice that Proposition 2.38 involves the quantities |d/α, |d/β, |d/ρ, |d/σ, |d/β and

14Recall that d/ is introduced in Definition 2.13.
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|d/α instead of d/qα, d/qb, d/ρ̌, d/qσ, d/qβ and d/α̊. This allows to avoid a loss of a derivative of qJ , qJ

and qL in the linearization procedure. Indeed, we have for example

|d/β = d/qb+ ( qJ, qJ, qL) · βK ,

and the norm OΓ in Section 3.1.2 only controls ( qJ, qJ, qL) but not its first order derivatives.

Proof. See Appendix A.3.

2.8.6 Linearized equations for the metric components

Proposition 2.40. We have the following transport equations:

∇4(qγAB)− trχ(qγAB) =O0
−2 · (qχ̂, }trχ) +O(r)qΩ+ r3Γg · Γg,

∇4(qΩ) =O0
0 · |Ωω +O1

1 · Γg + rΓg · Γg,
∇4(qb

A
) =O0

1 · qζ +O2
3 · Γg + Γg · Γg,

∇4(q∈AB)− trχ(q∈AB) =O0
−2 · }trχ+ r3Γg · Γg.

Moreover, we have the following transport equations in the case qΩ = 0 and qb = 0:15

∇3(qγAB)− trχ(qγAB) =O0
−2 · (}trχ, qχ̂) +O2

3 · qγAB,

∇3(q∈AB)− trχ(q∈AB) =O0
−2 · }trχ+O2

3 · q∈AB.

Proof. See Appendix A.4.

2.9 Commutator identities

We recall the following commutator identities for scalar functions, see Proposition 4.8.1 of [29].

Proposition 2.41. For a scalar function f , we have

[Ω∇4,∇]f = −Ωχ · ∇f,
[Ω∇3,∇]f = −Ωχ · ∇f,
[∇4,∇3]f = 2ω∇3f − 2ω∇4f − 4ζ · ∇f.

We also need the commutation identities for more general tensor fields. For this, we record the
following commutation lemma.

Lemma 2.42. Let Ua1...ak be an S-tangent k-covariant tensor on (M,g). Then

[∇4,∇b]Ua1...ak = −χBC∇cUa1...ak + F4ba1...ak ,

F4ba1...ak := (ζb + η
b
)∇4Ua1...ak +

k∑
i=1

(χaib ηc − χBC ηai
+ ∈aic ∗βb)Ua1...c...ak ,

[∇3,∇b]Ua1...ak = −χ
BC

∇cUa1...ak + F3ba1...ak ,

F3ba1...ak := (ηb − ζb)∇3Ua1...ak +

k∑
i=1

(χ
aib
ηc − χ

BC
ηai+ ∈aic ∗β

b
)Ua1...c...ak ,

[∇3,∇4]Ua1...ak = F34a1...ak ,

F34a1...ak := −2ω∇3U + 2ω∇4U + 4ζb∇bUa1...ak + 2
k∑
i=1

(η
ai
ηc − η

ai
ηc+ ∈aic σ)Ua1...c...ak .

15The conditions qΩ = 0 and qb = 0 hold on C∗, see Definition 6.1.
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Proof. It is a direct consequence of Lemma 7.3.3 in [10].

Corollary 2.43. We have the following schematic commutation identities:

[r∇,Ω∇4] = Γg · r∇+O2
3 · r∇+ Γ(1)

g +O2
3,

[r∇,Ω∇3] = Γb · r∇+O2
3 · r∇+ Γ

(1)
b +O2

3,

[∇,Ω∇4] = −1

2
Ω trχ∇+ Γg · ∇+O2

3 · ∇+ r−1Γ(1)
g +O2

4,

[∇,Ω∇3] = −1

2
Ω trχ∇+ Γb · ∇+O2

3 · ∇+ r−1Γ
(1)
b +O2

4,

[∇4,∇3] = Γg · ∇3 + Γb · (∇4,∇) +O1
2 · (∇3,∇4,∇) + r−1Γ(1)

g +O2
4,

[Ω∇4,Ω∇3] = Γb · ∇+O2
3 · ∇+ r−1Γ(1)

g +O2
4.

Proof. It follows directly from Lemmas 2.42 and 2.30 together with the identities (2.8).

2.10 Sobolev inequalities

Definition 2.44. For a tensor field h on a null cone C, we define its L2–flux:

∥h∥2,C :=

Å∫
C
|h|2
ã 1

2

. (2.44)

We recall the following Sobolev inequalities.

Proposition 2.45. Let F be a tensor field, tangent to S := S(u, u) at every point. We have
the following estimates:

|rF |4,S ≲ ∥F∥2,Cu∩V (u,u) + ∥r∇F∥2,Cu∩V (u,u) + ∥r∇4F∥2,Cu∩V (u,u),

|r 1
2 |u| 12F |4,S ≲ ∥F∥2,Cu∩V (u,u) + ∥r∇F∥2,Cu∩V (u,u) + |u|∥∇3F∥2,Cu∩V (u,u).

Proof. See Corollary 3.2.1.1 in [10] and Corollary 4.1.1 in [29].

We also need the following standard Sobolev inequalities, see Lemma 4.1.3 in [29].

Proposition 2.46. Let F be a tensor field tangent to the sphere S := S(u, u). Then, we have

sup
S
r

1
2 |F | ≲

Å∫
S
|F |4 + |r∇F |4

ã 1
4

.

3 Main theorem

3.1 Fundamental norms

Our result holds for initial data sets satisfying (1.9) with s > 3. We will focus on the case
s ∈ [4, 6] in Sections 3–6, and we postpone the necessary adaptations to the case s ∈ (3, 4) and
s > 6 to Appendices B and C. The norms in Sections 3.1.1–3.1.4 are defined with respect to
the foliation (u, u) in the bootstrap region K while the norms in Section 3.1.5 are defined with
respect to the foliation (u(0), u) in the initial data layer K(0).
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3.1.1 R norms (Curvature components)

We define

RS
0 := RS

0 [
qb], RS

0 := RS
0 [

qb] +RS
0 [ρ̌, qσ] +RS

0 [
qβ],

where

RS
0 [

qb] := sup
K

sup
p∈[2,4]

|r
7
2
− 2

p |u| s−4
2 qb|p,S(u,u),

RS
0 [

qb] := sup
K

sup
p∈[2,4]

|r
s+2
2

− 2
p |u| 12qb|p,S(u,u),

RS
0 [ρ̌, qσ] := sup

K
sup
p∈[2,4]

|r3−
2
p |u| s−3

2 (ρ̌, qσ)|p,S(u,u),

RS
0 [

qβ] := sup
K

sup
p∈[2,4]

|r2−
2
p |u| s−1

2 qβ|p,S(u,u).

Then we define the norms of flux of curvature components. We denote

R :=
1∑
q=0

(Rq +Rq) +RS
0 +RS

0 ,

where

Rq :=
Ä
Rq[qα]

2 +Rq[qb]
2 +Rq[(ρ̌, qσ)]

2 +Rq[qβ]
2
ä 1

2 ,

Rq :=
Ä
Rq[

qb]2 +Rq[(ρ̌, qσ)]
2 +Rq[

qβ]2 +Rq [̊α]
2
ä 1

2 ,

with

Rq[w] := sup
K

Rq[w](u, u),

Rq[w] := sup
K

Rq[w](u, u).

We denote

V := V (u, u), CVu := Cu ∩ V, CVu := Cu ∩ V. (3.1)

It remains to define Rq[w](u, u) and Rq[w](u, u):

Rq[qα](u, u) := ∥r s
2 (r∇)qqα∥2,CV

u
,

Rq[qb](u, u) := ∥r2|u| s−4
2 (r∇)qqb∥2,CV

u
,

Rq[(ρ̌, qσ)](u, u) := ∥r|u| s−2
2 (r∇)q(ρ̌, qσ)∥2,CV

u
,

Rq[qβ](u, u) := ∥|u| s2 (r∇)qqβ∥2,CV
u
,

Rq[
qb](u, u) := ∥r s

2 (r∇)qqb∥2,CV
u
,

Rq[(ρ̌, qσ)](u, u) := |u| s−4
2 r2∥(r∇)q(ρ̌, qσ)∥2,CV

u
,

Rq[
qβ](u, u) := |u| s−2

2 r∥(r∇)qqβ∥2,CV
u
,

Rq [̊α](u, u) := |u| s2 ∥(r∇)qα̊∥2,CV
u
.
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3.1.2 O norms (Ricci coefficients and metric components)

We denote for any linearized quantity:

Oq( qX) := sup
K

sup
p∈[2,4]

Op,S
q ( qX)(u, u). (3.2)

We first define

O[1] := O1 +O0 +O1 +O0 +

2∑
q=0

Oq(qΩ),

where

Oq := Oq(Ω trχ) +Oq(qχ̂) +Oq(qη) +Oq( |Ωω), q = 0, 1,

Oq := Oq(Ω trχ) +Oq(qχ̂) +Oq(qη) +Oq( |Ωω), q = 0, 1.

It remains to define Op,S
q ( qX)(u, u):

Op,S
q (Ω trχ)(u, u) := |r2+q−

2
p |u| s−3

2 ∇q(Ω trχ)|p,S(u,u),
Op,S
q (Ω trχ)(u, u) := |r2+q−

2
p |u| s−3

2 ∇q(Ω trχ)|p,S(u,u),
Op,S
q (qχ̂)(u, u) := |r2+q−

2
p |u| s−3

2 ∇q
qχ̂|p,S(u,u),

Op,S
q (qχ̂)(u, u) := |r1+q−

2
p |u| s−1

2 ∇q
qχ̂|p,S(u,u),

Op,S
q (qη)(u, u) := |r2+q−

2
p |u| s−3

2 ∇q
qη|p,S(u,u),

Op,S
q (qη)(u, u) := |r2+q−

2
p |u| s−3

2 ∇q
qη|p,S(u,u),

Op,S
q ( |Ωω)(u, u) := |r2+q−

2
p |u| s−3

2 ∇q
|Ωω|p,S(u,u),

Op,S
q ( |Ωω)(u, u) := |r1+q−

2
p |u| s−1

2 ∇q
|Ωω|p,S(u,u),

Op,S
q (qΩ)(u, u) := |r1+q−

2
p |u| s−3

2 ∇q
qΩ|p,S(u,u).

Next, we define the norms of metric components:

Oγ :=
1∑
q=0

Ä
Oq(qγ) +Oq(q∈) +Oq(qb)

ä
,

where

Op,S
q (qγ)(u, u) := |r−1+q− 2

p |u| s−3
2 ∇q

qγAB|p,S(u,u),
Op,S
q (q∈)(u, u) := |r−1+q− 2

p |u| s−3
2 ∇q

q∈AB|p,S(u,u),

Op,S
q (qb)(u, u) := |r2+q−

2
p |u| s−3

2 ∇q
qb
A|p,S(u,u).

We also define

OΓ := O0( qJ) +O0(qJ) +O0(qL),

where

Op,S
0 (qL)(u, u) := |r2−

2
p |u| s−3

2 qL|p,S(u,u),
Op,S

0 ( qJ)(u, u) := |r2−
2
p |u| s−3

2 qJ |p,S(u,u),
Op,S

0 (qJ)(u, u) := |r1−
2
p |u| s−1

2 qJ |p,S(u,u).
Finally, we denote

O := O[1] +Oγ +OΓ. (3.3)
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3.1.3 O̊(Σ0) norms and R0 norms (Initial data for the foliation of K)

Notice that for every u, there exists a unique leaf S(u0(u), u) of Cu, which located in the future
of Σ0 and touches Σ0 \K. Moreover, we have

S(u0(u), u) ⊂ K(0).

We define the following norms on the union of spheres S(u0(u), u):

O̊q(Γ̌) := sup
p∈[2,4]

sup
Σ0\K

O̊p,S
q (Γ̌)(u), q = 0, 1.

We denote

O̊(Σ0) := O̊1 + O̊0,

where

O̊q := O̊q(Ω trχ) + O̊q( |Ωω) + O̊q(qη), q = 0, 1.

It remains to define O̊p,S
q (Γ̌)(u):

O̊p,S
q (Ω trχ)(u) := |r

s+1
2

+q− 2
p∇q(Ω trχ)|p,S(u0(u),u),

O̊p,S
q (qη)(u) := |r

s+1
2

+q− 2
p∇q

qη|p,S(u0(u),u),
O̊p,S
q ( |Ωω)(u) := |r

s+1
2

+q− 2
p∇q( |Ωω)|p,S(u0(u),u).

We can extend the foliation (u, u) to a neighborhood of Σ0 \K in J−(Σ0 \K) such that it is
well defined on Σ0 \K. The curvature flux on Σ0 \K is defined by:

R2
0 :=

∫
Σ0\K

1∑
l=0

rs
Ä
|dlqα|2 + |dlqb|2 + |dl(ρ̌, qσ)|2 + |dlqβ|2 + |dlα̊|2

ä
,

where

d := (r∇, r∇4, r∇3).

3.1.4 O∗(C∗) norms (Ricci coefficients and metric components on C∗)

For any linearized quantity Γ̌ on C∗, we define

O∗
q(Γ̌) := sup

p∈[2,4]
sup
C∗

O∗p,S
q (Γ̌)(u).

We denote

O∗(C∗) := O∗
1 +O∗

0 +O∗
γ +O∗

Γ +O∗
2(}trχ) +O∗

1(
|[µ]),

where

O∗
γ :=

2∑
q=0

(
O∗
q(qγ) +O∗

q(q∈)
)
,

O∗
Γ :=

1∑
q=0

Ä
O∗
q(

qL) +O∗
q(

qJ)
ä
,

O∗
q :=O∗

q(}trχ) +O∗
q(

qχ̂) +O∗
q(

qζ) +O∗
q(}trχ) +O∗

q(
qχ̂), q = 0, 1.
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It remains to define O∗p,S
q (Γ̌)(u) for q = 0, 1, 2:

O∗p,S
q (qχ̂)(u) := |r2+q−

2
p |u| s−3

2 ∇q
qχ̂|p,S(u,u∗),

O∗p,S
q (qχ̂)(u) := |r1+q−

2
p |u| s−1

2 ∇q
qχ̂|p,S(u,u∗),

O∗p,S
q (}trχ)(u) := |r2+q−

2
p |u| s−3

2 ∇q
}trχ|p,S(u,u∗),

O∗p,S
q (}trχ)(u) := |r2+q−

2
p |u| s−3

2 ∇q
}trχ|p,S(u,u∗),

O∗p,S
q (qζ)(u) := |r2+q−

2
p |u| s−3

2 ∇q
qη|p,S(u,u∗),

O∗p,S
q (qγ)(u) := |r1+q−

2
p |u| s−3

2 ∇q
qγ|p,S(u,u∗),

O∗p,S
q (q∈)(u) := |r1+q−

2
p |u| s−3

2 ∇q
q∈|p,S(u,u∗),

O∗p,S
q (qL)(u) := |r2+q−

2
p |u| s−3

2 ∇q
qL|p,S(u,u∗),

O∗p,S
q (qJ)(u) := |r1+q−

2
p |u| s−1

2 ∇q
qJ |p,S(u,u∗),

O∗p,S
q (|[µ])(u) := |r3+q−

2
p |u| s−3

2 ∇q
|[µ]|p,S(u,u∗).

We also define the flux of curvature components on C∗ as follows:

R(C∗) := R1

∣∣
C∗

+R0

∣∣
C∗
,

where Rq, q = 0, 1 are defined in Section 3.1.1.

3.1.5 O(0) norms and R(0) norms (Initial data for the foliation of K(0))

In this section, all the norms are defined with respect to the initial layer foliation (u(0), u) of
K(0). We define

O(0) :=

2∑
q=0

∑
Γ̌(0)

(O(0))q(Γ̌(0)),

where

(O(0))q(Γ̌(0)) := sup
p∈[2,4]

sup
K(0)

(O(0))
p,S
q (Γ̌(0)),

with

(O(0))
p,S
q (Γ̌(0)) :=

∣∣∣∣r s+1
2

− 2
p

(0) (r(0)∇(0))
qΓ̌(0)

∣∣∣∣
p,S(0)(u(0),u)

,

and

Γ̌(0) ∈
{

}trχ(0), }trχ
(0)
, qχ̂(0), qχ̂(0), qη(0),qη(0), qω(0), qω(0), r

−1
(0)qγ(0), r

−1
(0)

q∈(0), r
−1
(0)

qb(0), r
−1
(0)

qΩ(0)

}
.

The initial curvature flux on Σ0 \K is defined by:

R2
(0) :=

∫
Σ0\K

2∑
l=0

rs(0)

(
|dl(0)qα(0)|2 + |dl(0)qb(0)|2 + |dl(0)(ρ̌(0), qσ(0))|2 + |dl(0)qβ(0)|

2 + |dl(0)α̊(0)|2
)
,

where

d(0) := (r(0)∇(0), r(0)(∇(0))4, r(0)(∇(0))3).
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3.1.6 Osc norms (Oscillation control)

We have two foliations (u, u) and (u(0), u) in the initial layer region K(0) which will be compared
using Osc norms. We denote (f, λ) the change of frame from (u, u) to (u(0), u) introduced in
Lemma 5.2. We define

Osc := Osc(f) + Osc(u) + Osc(x) + Osc(r),

where

Osc(f) := sup
K(0)

|(r(0))
s−1
2 d≤1

(0)f |,

Osc(u) := sup
K(0)

|(r(0))
s−3
2 (u′ − u)|,

Osc(x) := sup
K(0)

2∑
A=1

|(r(0))
s−1
2 (xA(0) − xA)|,

Osc(r) := sup
K(0)

|(r(0))
s−3
2 (r(0) − r)|,

with

d(0) :=
{
r(0)(∇(0))3, r(0)∇(0), r(0)(∇(0))4

}
.

3.2 Smallness constants

Before starting our main theorem, we first introduce the following constants that will be used
throughout this paper.

• The constantM > 0 and the constant a are the mass and angular momentum of the initial
Kerr spacetime relative to which our initial perturbation is measured.

• R0 > 0 measures the radius of the compact set K ⊂ Σ0 relative to which the external
region is defined by M := D+(Σ0 \K), the future domain of dependence of Σ0 \K.

• The size of the initial data layer norm is measured by ε0 > 0.

• The size of the bootstrap assumption norms are measured by ε > 0.

• δ0 > 0 measures the height of the initial layer region K(0).

In what follows M and a are fixed constants such that 0 ≤ |a| ≤M . We define

E0 :=
M

R0
, ε := E− 1

3
0 ε0. (3.4)

We take ε0 small enough and R0 large enough such that

ε2 ≪ εE0 ≪ εE
1
2
0 ≪ ε0 ≪ ε≪ E0 ≪ δ0 < 1. (3.5)

Remark 3.1. In (3.5), A ≪ B means that CA < B where C is the largest universal constant
among all the constants involved in the proof via ≲.
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3.3 Main theorem

The goal of this paper is to prove the following theorem, which is similar to Theorem 4.1 in [7].

Theorem 3.2 (Main theorem, version 2). Let ga,M a Kerr metric in MKerr with |a| ≤M . Let
K(0) the initial layer region and Φ(0) the map defined in Section 2.1.4. We also assume that16

O(0) ≤ ε0, R(0) ≤ ε0. (3.6)

Then, K(0) has a unique future development (M,g), defined outside its future domain of influ-
ence I+(K(0)) with the following properties:

1. (M,g) can be foliated by a double null foliation (u, u). Moreover, the outgoing cones Cu
are complete for all u ≤ u0.

2. The norms O, R satisfy

O ≲ ε0, R ≲ ε0. (3.7)

The proof of Theorem 3.2 is given in Section 3.5. It hinges on a sequence of basic theorems
stated in Section 3.4, concerning estimates for O and R norms.

Remark 3.3. Theorem 3.2 is proved in Section 3.5 for s ∈ [4, 6], and extended to s ∈ (3, 4) and
s > 6 in Appendices B and C.

3.4 Intermediate results

Theorem M0. Assume that

O(0) ≤ ε0, R(0) ≤ ε0, O ≤ ε, Osc ≤ ε. (3.8)

Then, we have

R0 ≲ ε0. (3.9)

Theorem M0 is proved in Section 6.1. The proof is based on null frame transformation formulae
introduced by Klainerman and Szeftel in [34], see Proposition 5.3 in Section 5.1.1.

Theorem M1. Assume that

O(0) ≤ ε0, R0 ≤ ε0, O ≤ ε, R ≤ ε, Osc ≤ ε. (3.10)

Then, we have

R ≲ ε0. (3.11)

Theorem M1 is proved in Section 4. The proof is based on the rp–weighted estimate method
introduced by Dafermos and Rodnianski in [13].

Theorem M2. Assume that C∗ is foliated by the geodesic type foliation of Definition 6.1 and
that we have the following assumptions:

O(0)(C∗ ∩ Σ0) ≤ ε0, R(C∗) ≲ ε0, O∗(C∗) ≤ ε.

Then, we have

O∗(C∗) ≲ ε0.

16The norms O(0) and R(0) are defined in Section 3.1.5.
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Theorem M2 is proved in Section 6.2. The proof is done by integrating the transport equations
along the null generator L of the last slice C∗ and applying elliptic estimates on the 2–spheres
of the geodesic type foliation of C∗.

Theorem M3. Assume that

O(0) ≤ ε0, R ≤ ε0, O∗(C∗) ≤ ε0, O ≤ ε, Osc ≤ ε. (3.12)

Then, we have
O ≲ ε0, Osc ≲ ε0.

Theorem M3 is proved in Section 5. The proof is done by integrating the transport equations
along the outgoing and ingoing null cones and applying elliptic estimate on the 2–spheres of the
double null foliation of the spacetime K.

Theorem M4. We consider the spacetime K and its double null foliation (u, u) which satisfies
the assumptions:

O ≲ ε0, R ≲ ε0, Osc ≲ ε0, O∗(C∗) ≲ ε0. (3.13)

Then, we can extend the spacetime K = V (u0, u∗) and the double null foliation to a new spacetimeÛK = ÙV (u0, u∗+ν), where ν > 0 is sufficiently small, and an associated double null foliation (Ûu, u).
Moreover, the new foliation (Ûu, u) is geodesic on the new last slice C∗∗ := Cu∗+ν and the new
corresponding norms satisfyÙO ≲ ε0, ÙR ≲ ε0, Õsc ≲ ε0, ÙO∗(C∗∗) ≲ ε0. (3.14)

Theorem M4 is proved in Section 6.3. The proof is based on local existence type arguments.

Remark 3.4. When compared to [7], we have the following similarities and differences:

1. We treat the general decay s > 3 in Theorem 3.2 while the main result of [7] corresponds
to the particular case s > 7 in Theorem 3.2.

2. In [7], fourth order derivatives of Ricci coefficients and third order derivatives of curva-
ture are estimated. In this paper, we only estimate first order derivatives of both Ricci
coefficients and curvature respectively in Theorems M2–M3 and M1.

3. To estimate the curvature components in Theorem M1, instead of using the classcial vec-
torfield method as in [7], we use rp–weighted estimates of [13].

4. On the last slice C∗, a canonical foliation is used in [7] while we use a geodesic type
foliation in Theorem M2.

5. The estimates of Ricci coefficients and the extension argument, i.e. the proof of Theorems
M3 and M4, are similar to [7].

3.5 Proof of the main theorem

Now, we use Theorems M0–M4 to prove Theorem 3.2.

Definition 3.5. Let ℵ(u∗) the set of spacetimes K associated with a double null foliation (u, u)
which satisfy the following properties:

1. K = V (u0, u∗).

2. The foliation on C∗ is the geodesic type foliation of Definition 6.1.
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3. We have the following bootstrap assumptions:

O ≤ ϵ, R ≤ ϵ, Osc ≤ ε, O∗(C∗) ≤ ε. (3.15)

Definition 3.6. We denote U the set of values u∗ such that ℵ(u∗) ̸= ∅.

Applying the local existence result of Theorem 10.2.1 in [10] and the assumption O(0) ≤ ε0, we
deduce that (3.15) holds if u∗ is sufficiently close to R0. So, we have U ̸= ∅.

Define u∗ to be the supremum of the set U . We want to prove u∗ = ∞. We assume by
contradiction that u∗ is finite. In particular, we may assume that u∗ ∈ U . We consider the
region K = V (u0, u∗). Recall that we have

O(0) ≤ ε0, R(0) ≤ ε0.

Combining with (3.15) and applying Theorem M0, we obtain

R0 ≲ ε0. (3.16)

Then, we have from Theorem M1

R ≲ ε0. (3.17)

Applying Theorem M2, we obtain

O∗(C∗) ≲ ε0. (3.18)

Combining (3.15), (3.17), (3.18) and Theorem M3, we deduce

O ≲ ε0, Osc ≲ ε0. (3.19)

Next, applying Theorem M4, we can extend K to ÛK := ÙV (u0, u∗+ν) endowed with a new double
null foliation (Ûu, u) andÙO(ÛK) ≲ ε0, ‹R(ÛK) ≲ ε0, Õsc(ÛK) ≲ ε0, ÙO∗(C∗∗ ∩ ÛK) ≲ ε0,

where C∗∗ = Cu∗+ν is the new last slice. Thus, the region ÙV (u0, u∗+ν) with the new double null
foliation (Ûu, u) satisfies all the properties in Definition 3.5, and so ℵ(u∗+ν) ̸= ∅, a contradiction.
So, we have u∗ = ∞, which implies property 1 of Theorem 3.2. Moreover, we also have

O ≲ ε0, R ≲ ε0, (3.20)

in the whole external region, which implies property 2 of Theorem 3.2. This concludes the proof
of Theorem 3.2.

3.6 Conclusions

The following proposition is a consequence of Theorem 3.2.

Proposition 3.7. Under the assumptions of Theorem 3.2, we have the following estimate in
the external region17:

|g − gK |∞,S(u,u) ≲
ε0

r|u| s−3
2

. (3.21)

17See Figure 4.5 for a description of the external region.
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Figure 4.5: External region

Proof. We recall that we have

g = −2Ω2(du⊗ du+ du⊗ du) + γAB(dx
A − bAdu)⊗ (dxB − bBdu),

and

gK = −2Ω2
K(du⊗ du+ du⊗ du) + (γK)AB(dx

A − bAKdu)⊗ (dxB − bBKdu).

We compare these two metrics as follows:

guu − (gK)uu = 0,

guu − (gK)uu = −4Ω2 + 4Ω2
K = −4qΩ(Ω + ΩK) = O

Ç
ε0

r|u| s−3
2

å
,

guA − (gK)uA = 0,

guu − (gK)uu = qγABb
AbB + (γK)AB(b

AbB − bAKb
B
K) = O

Ç
ε0

r|u| s−3
2

å
,

guA − (gK)uA = −qγABb
B − (γK)ABqb

B
= O

Ç
ε0

|u| s−3
2

å
,

gAB − (gK)AB = qγAB = O

Ç
ε0r

|u| s−3
2

å
.

This concludes the proof of Proposition 3.7.

Remark 3.8. Theorem 3.2 contains also a number of important conclusions following from
(3.7): peeling properties, complete future infinity, Bondi mass formula and so on, see Chapter
8 in [29]. See also Section 3.8 in [36] for various conclusions of the Kerr stability in the entire
domain of outer communication.

4 Curvature estimates (Theorem M1)

In this section, we prove Theorem M1 by the rp–weighted estimate method introduced in [13]
and applied to Bianchi equations in [22], [33] and [18]. For convenience, we recall the statement
below.
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Figure 4.6: Domain of integration

Theorem M1. Assume that

O(0) ≤ ε0, R0 ≲ ε0, O ≤ ε, R ≤ ε, Osc ≤ ε. (4.1)

Then, we have

R ≲ ε0. (4.2)

In the sequel, we denote18

V := V (u, u), CVu := Cu ∩ V, CVu := Cu ∩ V. (4.3)

The following lemma allows us to estimate the linear terms and error terms in Propositions 2.37
and 2.38.

Lemma 4.1. Under the assumptions O ≤ ε and R ≤ ε, we have

r2|u| s−3
2 |Γg|∞,S ≲ ε, r|u| s−1

2 |Γb|∞,S ≲ ε

|r2−
2
p |u| s−3

2 Γ(1)
g |p,S ≲ ε, |r1−

2
p |u| s−1

2 Γ
(1)
b |p,S ≲ ε, p ∈ [2, 4].

(4.4)

Proof. It follows directly from the assumption (4.1), Definition 2.25 and the Sobolev inequalities
in Propositions 2.45 and 2.46.

4.1 General Bianchi pairs

The following lemma provides the general structure of Bianchi pairs. It will be used repeatedly
in Section 4. See Lemma 8.24 in [33] for an analog under the assumption of axial polarization
and Lemma 15.3.8 in [18] for an analog in the context of non integrable foliations.

Lemma 4.2. Let k = 1, 2 and a(1), a(2) real numbers. Then, we have the following properties.

18See Figure 4.6 for a description of V (u, u), CV
u and CV

u .
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1. Let ψ(1), h(1) ∈ sk and ψ(2), h(2) ∈ sk−1 satisfying

∇3(ψ(1)) + a(1) trχψ(1) = −kd∗k(ψ(2)) + h(1),

∇4(ψ(2)) + a(2) trχψ(2) = dk(ψ(1)) + h(2).
(4.5)

Then, the pair (ψ(1), ψ(2)) satisfies for any real number p

Div(rp|ψ(1)|2e3) + kDiv(rp|ψ(2)|2e4)
+
(
2a(1) − 1− p

2

)
rp trχ|ψ(1)|2 + k

(
2a(2) − 1− p

2

)
rp trχ|ψ(2)|2

=2krpd1(ψ(1) · ψ(2)) + 2rpψ(1) · h(1) + 2krpψ(2) · h(2) − 2rpω|ψ(1)|2

−2krpω|ψ(2)|2 + prp−1
(
e3(r)−

r

2
trχ
)
|ψ(1)|2 + kprp−1

(
e4(r)−

r

2
trχ
)
|ψ(2)|2.

(4.6)

2. Let ψ(1), h(1) ∈ sk−1 and ψ(2), h(2) ∈ sk satisfying

∇3(ψ(1)) + a(1) trχψ(1) = dk(ψ(2)) + h(1),

∇4(ψ(2)) + a(2) trχψ(2) = −kd∗k(ψ(1)) + h(2).
(4.7)

Then, the pair (ψ(1), ψ(2)) satisfies for any real number p

kDiv(rp|ψ(1)|2e3) +Div(rp|ψ(2)|2e4)
+k
(
2a(1) − 1− p

2

)
rp trχ|ψ(1)|2 +

(
2a(2) − 1− p

2

)
rp trχ|ψ(2)|2

=2rpd1(ψ(1) · ψ(2)) + 2krpψ(1) · h(1) + 2rpψ(2) · h(2) − 2krpω|ψ(1)|2

−2rpω|ψ(2)|2 + kprp−1
(
e3(r)−

r

2
trχ
)
|ψ(1)|2 + prp−1

(
e4(r)−

r

2
trχ
)
|ψ(2)|2.

(4.8)

Proof. See Lemma 4.2 in [53].

Remark 4.3. Note that the linearized Bianchi equations can be written as systems of equations
of the type (4.5) and (4.7). In particular

• the Bianchi pair (qα,qb) satisfies (4.5) with k = 2, a(1) =
1
2 , a(2) = 2,

• the Bianchi pair (qb, (ρ̌,−qσ)) satisfies (4.5) with k = 1, a(1) = 1, a(2) =
3
2 ,

• the Bianchi pair ((ρ̌, qσ), qβ) satisfies (4.7) with k = 1, a(1) =
3
2 , a(2) = 1,

• the Bianchi pair (qβ, α̊) satisfies (4.7) with k = 2, a(1) = 2, a(2) =
1
2 .

Proposition 4.4. For ψ(1), ψ(2) and h(1), h(2) satisfying (4.5) or (4.7), we have the following
properties for all (u, u) ∈ K:

(a) In the case 2 + p− 4a(1) > 0 and 4a(2) − 2− p > 0, we have∫
CV

u

rp|ψ(1)|2 +
∫
CV

u

rp|ψ(2)|2 +
∫
V
rp−1|ψ(1)|2 + rp−1|ψ(2)|2

≲
∫
Σ0∩V

rp|ψ(1)|2 + rp|ψ(2)|2 +
∫
V
rp|ψ(1)||h(1)|+ rp|ψ(2)||h(2)|.

(4.9)

(b) In the case 2 + p− 4a(1) > 0 and 4a(2) − 2− p = 0, we have∫
CV

u

rp|ψ(1)|2 +
∫
CV

u

rp|ψ(2)|2 +
∫
V
rp−1|ψ(1)|2

≲
∫
Σ0∩V

rp|ψ(1)|2 + rp|ψ(2)|2 +
∫
V
rp|ψ(1)||h(1)|+ rp|ψ(2)||h(2)|.

(4.10)
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(c) In the case 2 + p− 4a(1) ≤ 0 and 4a(2) − 2− p ≥ 0, we have∫
CV

u

rp|ψ(1)|2 +
∫
CV

u

rp|ψ(2)|2

≲
∫
Σ0∩V

rp|ψ(1)|2 + rp|ψ(2)|2 +
∫
V
rp−1|ψ(1)|2 + rp|ψ(1)||h(1)|+ rp|ψ(2)||h(2)|.

(4.11)

(d) In the case 2 + p− 4a(1) > 0 and 4a(2) − 2− p ≤ 0, we have∫
CV

u

rp|ψ(1)|2 +
∫
CV

u

rp|ψ(2)|2 +
∫
V
rp−1|ψ(1)|2

≲
∫
Σ0∩V

rp|ψ(1)|2 + rp|ψ(2)|2 +
∫
V
rp−1|ψ(2)|2 + rp|ψ(1)||h(1)|+ rp|ψ(2)||h(2)|.

(4.12)

Remark 4.5. In the sequel, For a sum of terms of the form Γ · R, we ignore the terms having
the same or even better decay. For example, we write

Γg · β + Γg · α = Γg · β, Γg · (ρ̌, qσ) + Γg · β = Γg · β,

since α decays better than β and ρ̌ and qσ decay better than β.

Proof. We obtain from Proposition 2.30 that

ω = Γg +O1
2, ω = Γb +O1

2.

Applying Lemma 2.7, we obtain

e3(r)−
r

2
trχ =

Ωtrχ

2Ω
r − r

2
trχ =

r

2Ω
(Ω trχ− Ω trχ) = rΓg +O1

2, (4.13)

and similarly

e4(r)−
r

2
trχ = rΓg +O1

2. (4.14)

Applying Lemma 4.1, we infer∫
V
rp
(
|ω||ψ(1)|2 + |ω||ψ(2)|2

)
+

∫
V
rp−1

(
e3(r)−

r

2
trχ
)
|ψ(1)|2 + rp−1

(
e4(r)−

r

2
trχ
)
|ψ(2)|2

≲
∫
V
rp
(
Γb +O1

2

)
|ψ(1)|2 +

∫
V
rp
(
Γg +O1

2

)
|ψ(2)|2

≲M
∫
V
rp−2|ψ(1)|2 + ε

∫
V
rp−1|u|−1|ψ(1)|2 +M

∫
V
rp−2|ψ(2)|2

≲M
∫ u

u0(u)

Ç
|u|−2

∫
CV

u

rp|ψ(1)|2
å
du+M

∫ u

|u|

(
|u|−2

∫
CV

u

rp|ψ(2)|2
)
du

≲M
∫ u

u0(u)
|u|−2du

Ç
sup
u

∫
CV

u

rp|ψ(1)|2
å

+M

∫ u

|u|
|u|−2du

(
sup
u

∫
CV

u

rp|ψ(2)|2
)

≲E0
Ç
sup
u

∫
CV

u

rp|ψ(1)|2
å

+ E0
(
sup
u

∫
CV

u

rp|ψ(2)|2
)
.

(4.15)
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Integrating (4.6) or (4.8) and recalling that

trχ− 2

r
= Γg +O1

2, trχ+
2

r
= Γg +O1

2,

we obtain∫
CV

u

rp|ψ(1)|2 +
∫
CV

u

rp|ψ(2)|2 +
∫
V
(2 + p− 4a(1))r

p−1|ψ(1)|2 + (4a(2) − 2− p)rp−1|ψ(2)|2

≲
∫
Σ0∩V

rp|ψ(1)|2 + rp|ψ(2)|2 +
∫
V
rp|ψ(1)||h(1)|+ rp|ψ(2)||h(2)|

+ E0 sup
u

∫
CV

u

rp|ψ(1)|2 + E0 sup
u

∫
CV

u

rp|ψ(2)|2.

Taking the supremum in u and u and applying (4.15), we obtain for ε and E0 small enough

sup
u

∫
CV

u

rp|ψ(1)|2 + sup
u

∫
CV

u

rp|ψ(2)|2

+

∫
V
(2 + p− 4a(1))r

p−1|ψ(1)|2 + (4a(2) − 2− p)rp−1|ψ(2)|2

≲
∫
Σ0∩V

rp|ψ(1)|2 + rp|ψ(2)|2 +
∫
V
rp|ψ(1)||h(1)|+ rp|ψ(2)||h(2)|.

(4.16)

This concludes the proof of Proposition 4.4.

The following lemma allows us to compare d/ qψ and |d/ψ.

Lemma 4.6. We denote for ψ ∈ {α, β, ρ, σ, β, α}

}ψ(1) := ( qψ, |d/ψ). (4.17)

Then, we have for p < 7 ∫
CV

u

rp| qψ(1)|2 ≲
∫
CV

u

rp|}ψ(1)|2 + ε20
|u|s−p ,∫

CV
u

rp| qψ(1)|2 ≲
∫
CV

u

rp|}ψ(1)|2 + ε20
|u|s−p .

(4.18)

Remark 4.7. Note that Proposition 2.38 involves the quantities |d/α, |d/β, |d/ρ, |d/σ |d/β and |d/α,

while the curvature norms R1 and R1 involve d/α̊, d/qβ, d/ρ̌, d/qσ d/qb and d/qα. We thus need to

compare d/ qψ and |d/ψ which is the purpose of Lemma 4.6.

Proof. For ψ ∈ {ρ, σ} which is a scalar function, we have

|d/ψ = d/ qψ.

The estimate (4.18) is trivial in this case. Next, we focus on the case ψ ∈ {α, β, β, α}. We have
from Proposition 2.22

|d/ψ = d/ψ − d/KψK = d/ qψ + ( d/− d/K)ψK = d/ qψ + rqL · ψK .
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Recalling that ψK = O2
4, we deduce∫

CV
u

rp| d/ qψ|2 ≲
∫
CV

u

rp||d/ψ|2 +
∫
CV

u

rp|Γ(1)
g ·O2

3|2

≲
∫
CV

u

rp||d/ψ|2 +M4

∫
CV

u

rp−6|Γ(1)
g |2

≲
∫
CV

u

rp||d/ψ|2 +M4

∫ u

|u|
rp−8du

∫
S
|rΓ(1)

g |2

≲
∫
CV

u

rp||d/ψ|2 +M4ε2
∫ u

|u|
rp−8 du

|u|s−3

≲
∫
CV

u

rp||d/ψ|2 +M4ε2|u|p−s−4

≲
∫
CV

u

rp||d/ψ|2 + E4
0ε

2

|u|s−p

≲
∫
CV

u

rp||d/ψ|2 + ε20
|u|s−p ,

which implies the first inequality in (4.18). The second inequality in (4.18) is similar. This
concludes the proof of Lemma 4.6.

Remark 4.8. The proof of Theorem M1 is analogous to Theorem M1 in [53]. In particular,
the estimates for the error terms Err[...] in Propositions 2.37 and 2.38 have already been done
in [53]. In the proof of Theorem M1 below, we thus focus on the linear terms L[...].

4.2 Estimates for the Bianchi pair (qα,qb)

Proposition 4.9. We have the following estimate:

R0[qα]
2 +R0[

qb]2 +R1[qα]
2 +R1[

qb]2 ≲ ε20. (4.19)

Proof. We recall the following equations from Propositions 2.37 and 2.38:

∇3
}α(1) +

1

2
trχ }α(1) =− 2d∗2(

}β(1)) + L[∇3
}α(1)] + Err[∇3

}α(1)],

∇4
}β(1) + 2 trχ }β(1) =d2(

}α(1)) + L[∇4
}β(1)] + Err[∇4

}β(1)].

(4.20)

Applying (4.9) with ψ(1) =
}α(1), ψ(2) =

}β(1), a(1) =
1
2 , a(2) = 2, h(1) = L[∇3

}α(1)] + Err[∇3
}α(1)],

h(2) = L[∇4
}β(1)] + Err[∇4

}β(1)] and p = s we obtain∫
CV

u

rs|}α(1)|2 +
∫
CV

u

rs|}β(1)|2 +
∫
V
rs−1|}α(1)|2

≲
∫
Σ0∩V

rs|}α(1)|2 + rs|}β(1)|2 +
∫
V
rs|}α(1)|

∣∣∣L[∇3
}α(1)] + Err[∇3

}α(1)]
∣∣∣

+

∫
V
rs|}β(1)|

∣∣∣Err[∇4
}β(1)] + Err[∇4

}β(1)]
∣∣∣.

(4.21)

We recall from Proposition 2.3719∫
V
rs|}α(1)|L[∇3

}α(1)]|+ rs|}β(1)||L[∇4
}β(1)]|

≲
∫
V
rs
Å
M

r3
|Γ(1)
g ||}α(1)|+ M2

r3
|}α(1)|| d/≤1ρ̌|+ M

r2
| d/≤1

qb|2
ã
.

(4.22)

19We ignore the terms which decay better.
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We estimate (4.22) term by term. For the first term:∫
V
Mrs−3|}α(1)||Γ(1)

g | ≲M

∫ u

u0(u)
du

Ç∫
CV

u

rs|}α(1)|2
å 1

2
Ç∫

CV
u

rs−6|Γ(1)
g |2
å 1

2

≲Mε

∫ u

u0(u)
du

Ç∫ u

|u|
rs−8|rΓ(1)

g |22,Sdu
å 1

2

≲Mε2
∫ u

u0(u)
du

Ç∫ u

|u|
rs−8|u|3−sdu

å 1
2

≲Mε2
∫ u

u0(u)
|u|−2du

≲ ε20.

For the second term:∫
V
M2rs−3|}α(1)||ρ̌(1)| ≲M2

∫ u

u0(u)
du

Ç∫
CV

u

rs|}α(1)|2
å 1

2
Ç∫

CV
u

r2|ρ̌(1)|2
å 1

2

r
s
2
−4

≲M2

∫ u

u0(u)
du

ε2

|u| s−2
2

|u| s2−4

≲M2ε2|u|−2

≲ ε20.

For the last term:∫
V
Mrs−2|}β(1)|2 ≲M

∫ u

|u|

du

r2

∫
CV

u

rs|}β(1)|2 ≲Mε2
∫ u

|u|

du

r2
≲ ε20.

Injecting all the estimates into (4.22), we deduce∫
V
rs|}α(1)||L[∇3

}α(1)]|+ rs|}β(1)||L[∇4
}β(1)]| ≲ ε20. (4.23)

Next, we proceed as in Proposition 4.7 in [53] to obtain∫
V
rs
(
|}α(1)||Err[∇3

}α(1)]|+ |}β(1)||Err[∇4
}β(1)]|

)
≲ ε20. (4.24)

Combining (4.23) and (4.24), we obtain∫
CV

u

rs|}α(1)|2 +
∫
CV

u

rs|}β(1)|2 +
∫
V
rs−1|}α(1)|2 ≲ ε20. (4.25)

Applying Lemma 4.6, we deduce (4.19). This concludes the proof of Proposition 4.9.

4.3 Estimates for the Bianchi pair (qb, (ρ̌, qσ))

Proposition 4.10. We have the following estimate:

R0[qb]
2 +R0[(ρ̌, qσ)]

2 +R1[qb]
2 +R1[(ρ̌, qσ)]

2 ≲ ε20. (4.26)

Proof. We recall from Propositions 2.37 and 2.38:

∇4(
}ρ(1),−}σ(1)) +

3

2
trχ(}ρ(1),−}σ(1)) = d1qb+ L[∇4

}ρ(1),−∇4
}σ(1)] + Err[∇4

}ρ(1),−∇4
}σ(1)],

∇3
}β(1) + trχ }β(1) = −d∗1(}ρ(1),−}σ(1)) + L[∇3

}β(1)] + Err[∇3
}β(1)],
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where

L[∇4
}ρ(1),−∇4

}σ(1)] = Γ(1)
g ·O1

3 +O2
3 · ρ̌(1), L[∇3

}β(1)] = Γ(1)
g ·O1

3 +O1
2 ·qb(1) +O2

3 · qβ
(1)
.

Applying (4.10) with ψ(1) = }β(1), ψ(2) = (}ρ(1),−}σ(1)), a(1) = 1, a(2) = 3
2 , h(1) = L[∇3

}β(1)] +

Err[∇3
}β(1)], h(2) = L[∇4

}ρ(1),−∇4
}σ(1)] + Err[∇4

}ρ(1),−∇4
}σ(1)] and p = 4, we infer∫

CV
u

r4|}β(1)|2 +
∫
CV

u

r4|(}ρ(1), }σ(1))|2

≲
∫
Σ0∩V

(
r4|}β(1)|2 + r4|(}ρ(1), }σ(1))|2

)
+

∫
V
r4
∣∣∣}β(1) · (L[∇3

}β(1)] + Err[∇3
}β(1)]

)∣∣∣
+

∫
V
r4
∣∣∣(}ρ(1), }σ(1)) ·

(
L[∇4

}ρ(1),∇4
}σ(1)] + Err[∇4

}ρ(1),∇4
}σ(1)]

)∣∣∣
≲|u|4−sε20 +

∫
V
r4
∣∣∣}β(1) · (L[∇3

}β(1)] + Err[∇3
}β(1)]

)∣∣∣
+

∫
V
r4
∣∣∣(}ρ(1), }σ(1)) ·

(
L[∇4

}ρ(1),∇4
}σ(1)] + Err[∇4

}ρ(1),∇4
}σ(1)]

)∣∣∣ .

(4.27)

Notice that we have∫
V
r4|}β(1)||L[∇3

}β(1)]|+ r4|(}ρ(1), }σ(1))||L[∇4
}ρ(1),−∇4

}σ(1)]|

≲
∫
V
Mr2|qb(1)|2 +M2r|qb(1)||qβ(1)|+Mr|Γ(1)

g ||ρ̌(1)|

≲M
∫ u

|u|

du

r2

∫
CV

u

r4|qb(1)|2 +M2

∫ u

|u|

du

r
s
2

∫
CV

u

|r s
2qb(1)||rqβ

(1)|

+M

∫ u

|u|

du

r2

∫
CV

u

|rΓ(1)
g ||r2ρ̌(1)|

≲M
∫ u

|u|

du

r2
ε2

|u|s−4
+M2

∫ u

|u|

du

r
s
2

(∫
CV

u

|r s
2qb(1)|

) 1
2
(∫

CV
u

|rqβ
(1)|2

) 1
2

+M

∫ u

|u|

du

r2

Ç∫ u

u0(u)
du|rΓ(1)

g |22,S
å 1

2

(∫
CV

u

|r2ρ̌(1)|2
) 1

2

≲
Mε2

r|u|s−4
+M2ε

∫ u

|u|

du

r
s
2

ε

|u| s−2
2

+M

∫ u

|u|

du

r2
ε

|u| s−4
2

ε

|u| s−4
2

≲
Mε2

r|u|s−4
+
M2ε2

|u|s−2
+

Mε2

r|u|s−4

≲
ε20

|u|s−4
.

(4.28)

Next, we proceed as in Proposition 4.8 in [53] to obtain∫
V
r4|}β(1)||Err[∇3

}β(1)]|+ r4|(}ρ(1), }σ(1))||Err[∇4
}ρ(1),∇4

}σ(1)]| ≲ ε20
|u|s−4

. (4.29)

Combining (4.27), (4.28) and (4.29), we deduce∫
CV

u

r4|}β(1)|2 +
∫
CV

u

r4|(}ρ(1), }σ(1))|2 ≲ ε20
|u|s−4

. (4.30)

Combining with Lemma 4.6, this concludes the proof of Proposition 4.10.
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4.4 Estimates for the Bianchi pair ((ρ̌, qσ), qβ)

Proposition 4.11. We have the following estimates:

R0[(ρ̌, qσ)]
2 +R0[

qβ]2 +R1[(ρ̌, qσ)]
2 +R1[

qβ]2 ≲ ε20. (4.31)

Proof. We recall the following equations from Propositions 2.37 and 2.38:

∇4
}

β(1) + trχ
}

β(1) = d∗1(
}ρ(1), }σ(1)) + L[∇4

}

β(1)] + Err[∇4
}

β(1)],

∇3(
}ρ(1), }σ(1)) +

3

2
trχ (}ρ(1), }σ(1)) = −d1}

β(1) + L[∇3
}ρ(1),∇3

}σ(1)] + Err[∇3
}ρ(1),∇3

}σ(1)],

where

L[∇3
}ρ(1),∇3

}σ(1)] = Γ
(1)
b ·O1

3 +O2
3 · α̊(1), L[∇4

}β(1)] = Γ(1)
g ·O1

3 +O1
2 · qβ

(1)
.

Applying (4.11) with ψ(1) = (}ρ(1), }σ(1)), ψ(2) =
}

β(1), a(1) = 1, a(2) =
3
2 , h(1) = L[∇3

}ρ(1),∇3
}σ(1)]+

Err[∇3
}ρ(1),∇3

}σ(1)], h(2) = L[∇4
}

β(1)] + Err[∇4
}

β(1)] and p = 2, we obtain

∫
CV

u

r2|(}ρ(1), }σ(1))|2 +
∫
CV

u

r2|}β(1)|2

≲
∫
Σ0∩V

r2
Å
|(}ρ(1), }σ(1))|2 + |}β(1)|2

ã
+

∫
V
r|(}ρ(1), }σ(1))|2

+

∫
V
r2|(}ρ(1), }σ(1))||L[∇3

}ρ(1),∇3
}σ(1)] + Err[∇3

}ρ(1),∇3
}σ(1)]|

+

∫
V
r2|}β(1)||L[∇4

}

β(1)] + Err[∇4
}

β(1)]|.

First, we have

∫
Σ0∩V

r2
Å
|(}ρ(1), }σ(1))|2 + |}β(1)|2

ã
≲ |u|2−s

∫
Σ0∩V

rs
Å
|(}ρ(1), }σ(1))|2 + |}β(1)|2

ã
≲

ε20
|u|s−2

. (4.32)

Notice that we have from Proposition 4.10 that

∫
V
r|(}ρ(1), }σ(1))|2 ≲

∫ u

|u|
r−3du

∫
CV

u

r4|(}ρ(1), }σ(1))|2 ≲
∫ u

|u|
r−3du

ε20
|u|s−4

≲
ε20

|u|s−2
. (4.33)
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Moreover, we have ∫
V
r2|(}ρ(1), }σ(1))||L[∇3

}ρ(1),∇3
}σ(1)]|+ r2|}β(1)||L[∇4

}

β(1)]|

≲
∫
V
Mr−1|ρ̌(1)||Γ(1)

b |+M2r−1|ρ̌(1)||̊α(1)|

≲M
∫ u

|u|

du

r3

∫
CV

u

|r2ρ̌(1)||Γ(1)
b |+M2

∫ u

|u|

du

r3

∫
CV

u

|r2ρ̌(1)||̊α(1)|

≲M
∫ u

|u|

du

r3

(∫
CV

u

|r2ρ̌(1)|2
) 1

2
Ç∫ u

u0(u)
du|Γ(1)

b |22,S
å 1

2

+M2

∫ u

|u|

du

r3

(∫
CV

u

|r2ρ̌(1)|2
) 1

2
(∫

CV
u

|̊α(1)|2
) 1

2

≲M
∫ u

|u|

du

r3
ε

|u| s−4
2

ε

|u| s−2
2

+M2

∫ u

|u|

du

r3
ε

|u| s−4
2

ε

|u| s2

≲
Mε2

|u|s−1
+
M2ε2

|u|s

≲
ε20

|u|s−2
.

(4.34)

Next, we have from Proposition 4.12 in [53] that∫
V
r2|(}ρ(1), }σ(1))||Err[∇3

}ρ(1),∇3
}σ(1)]|+ r2|}β(1)||Err[∇4

}

β(1)]| ≲ ε20
|u|s−2

. (4.35)

Combining (4.32), (4.33), (4.34) and (4.35), we obtain∫
CV

u

r2|(}ρ(1), }σ(1))|2 +
∫
CV

u

r2|}β(1)|2 ≲ ε20
|u|s−2

.

Combining with Lemma 4.6, this concludes the proof of Proposition 4.11.

4.5 Estimates for the Bianchi pair (qβ, α̊)

Proposition 4.12. We have the following estimate:

R0[qβ]
2 +R0 [̊α]

2 +R1[qβ]
2 +R1 [̊α]

2 ≲ ε20. (4.36)

Proof. We recall the following Bianchi equations from Propositions 2.37 and 2.38:

∇4
}α(1) +

1

2
trχ }α(1) = −∇“⊗}

β(1) + L[∇4
}α(1)] + Err[∇4

}α(1)],

∇3
qβ + 2 trχ

}

β(1) = −div }α(1) + L[∇3
}

β(1)] + Err[∇3
}

β(1)],

(4.37)

where

L[∇4
}α(1)] = Γ

(1)
b ·O1

3 +O1
2 · α̊(1), L[∇3

}

β(1)] = Γ
(1)
b ·O2

4 +O1
2 · qβ

(1)
.

Applying (4.11) with ψ(1) =
}

β(1), ψ(2) =
}α(1), a(1) = 2, a(2) =

1
2 , h(1) = L[∇3

}

β(1)] + Err[∇3
}

β(1)],
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h(2) = L[∇4
}α(1)] + Err[∇4

}α(1)] and p = 0, we obtain∫
CV

u

|}β(1)|2 +
∫
CV

u

|}α(1)|2

≲
∫
Σ0∩V

|}β(1)|2 + |}α(1)|2 +
∫
V
r−1|}β(1)|2

+

∫
V
|}β(1)||L[∇3

}

β(1)] + Err[∇3
}

β(1)]|+ |}α(1)||L[∇4
}α(1)] + Err[∇4

}α(1)]|.

(4.38)

First, we have ∫
Σ0∩V

|}β(1)|2 + |}α(1)|2 ≲ |u|−s
∫
Σ0∩V

rs
Å
|}β(1)|2 + |}α(1)|2

ã
≲

ε20
|u|s .

We recall from Proposition 4.11 that∫
V
r−1|}β(1)|2 ≲

∫ u

|u|

du

r3

∫
CV

u

|rqβ
(1)|2 ≲

∫ u

|u|

du

r3
ε20

|u|s−2
≲

ε20
|u|s .

Next, we estimate∫
V
|}β(1)||L[∇3

}

β(1)]|+ |}α(1)||L[∇4
}α(1)]|

≲
∫
V
Mr−3 |̊α(1)||Γ(1)

b |+Mr−2 |̊α(1)|2

≲M
∫ u

|u|

du

r3

(∫
CV

u

|̊α(1)|2
) 1

2
Ç∫ u

u0(u)
|Γ(1)
b |22,S

å 1
2

+M

∫ u

|u|

du

r2

∫
CV

u

|̊α(1)|2

≲M
∫ u

|u|

du

r3
ε

|u| s2
ε

|u| s−2
2

+M

∫ u

|u|

du

r2
ε2

|u|s

≲
ε20
|u|s .

We recall from Proposition 4.13 in [53]∫
V
|}β(1)||Err[∇3

}

β(1)]|+ |}α(1)||Err[∇4
}α(1)]| ≲ ε20

|u|s .

Hence, we obtain ∫
CV

u

|}β(1)|2 +
∫
CV

u

|}α(1)|2 ≲ ε20
|u|s .

This concludes the proof of Proposition 4.12.

4.6 End of the proof of Theorem M1

Proposition 4.13. We have the following estimate:

RS
0 +RS

0 ≲ R0 +R1 +R0 +R1. (4.39)

Proof. It is sufficient to prove that

RS
0 ≲ R0 +R1, RS

0 ≲ R0 +R1, (4.40)

which is a direct consequence of Propositions 2.37, 2.38 and 2.45.

Remark that Propositions 4.9–4.13 imply

R2 ≲ ε20.

This concludes the proof of Theorem M1.
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5 Ricci coefficients estimates (Theorem M3)

The goal of this section is to prove Theorem M3, which we recall below for convenience.

Theorem M3. Assume that

O(0) ≤ ε0, R ≲ ε0, O∗(C∗) ≲ ε0, O ≤ ε, Osc ≤ ε. (5.1)

Then, we have

O ≲ ε0, Osc ≲ ε0. (5.2)

Remark 5.1. Throughout Section 5, we denote

S0(u) := S(u0(u), u), S∗(u) := S(u, u∗), S := S(u, u).

5.1 Preliminaries

5.1.1 Null frame transformation

In order to control Osc, we will need to compare the double null frame of K and the one of K(0)

in K(0). To this end, we will rely on the null frame transformations introduced in [33] and [34].

Lemma 5.2. Given two null frames (e3, e4, e1, e2) and (e′3, e
′
4, e

′
1, e

′
2) associated to double-null

foliations, assume that they have the same generator L for the ingoing direction. Then, a null
frame transformation from the null frame (e3, e4, e1, e2) to (e′3, e

′
4, e

′
1, e

′
2) can be written in the

form:

e′4 = λ

Å
e4 + fBeB +

1

4
|f |2e3

ã
,

e′3 = λ−1e3,

e′A = eA +
1

2
fAe3,

(5.3)

where

λ =
Ω

Ω′ (5.4)

is a scalar function and f is a 1–form. Moreover, the inverse transform of (5.3) is given by

e4 = λ−1e′4 − fAe′A +
λ

4
|f |2e′3,

e3 = λe′3,

eA = e′A − λ

2
fAe

′
3.

(5.5)

Proof. Applying Lemma 3.1 in [34] with f = 0, we obtain (5.3). Notice that (5.5) is a direct
consequence of (5.3). Recalling

e′3 = 2Ω′L, e3 = 2ΩL,

we deduce immediately (5.4). This concludes the proof of Lemma 5.2.
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Proposition 5.3. Under the null frame transformation (5.3), some of the Ricci coefficients
transform as follows:

λ−1 trχ′ = trχ+ div′ f + l.o.t.,

curl′ f = l.o.t.,

λχ′ = χ,

η′ = η +
1

2
λ∇′

e′3
f + l.o.t.,

η′ = η +
1

4
trχf + l.o.t.,

λ−2ξ′ = ξ +
1

2
∇′
λ−1e′4

f +
1

4
trχf + l.o.t.,

λ−1ω′ = ω + l.o.t.,

where the terms denoted by l.o.t. have the following schematic form:

l.o.t. = Γb · f +O1
2 · f.

The curvature components transform as follows:

λ−2α′ = α+ (f“⊗β − ∗f“⊗∗β) +
Å
f“⊗f − 1

2
∗f“⊗∗f

ã
ρ+

3

2
(f“⊗∗f)∗ρ+ l.o.t.,

λ2α′ = α,

λ−1β′ = β +
3

2
(fρ+ ∗fσ) + l.o.t.,

λβ′ = β − 1

2
α · f,

ρ′ = ρ− f · β + l.o.t.,

σ′ = σ − f · ∗β + l.o.t.,

where the terms denoted by l.o.t. have the following schematic form:

l.o.t. = O(f3)(ρ, σ) +O(f2)(α, β, β, α). (5.6)

Proof. All the transformation formulae, with the exception of the one for ω, follow immediately
from Proposition 3.3 in [34], in view of the fact that f = 0. See Proposition 6.2 in [53] for the

proof of the transformation formula for ω which uses in addition that λ = Ω
Ω′ .

5.1.2 Difference of the pull backs of Kerr values

The goal of this section is to compare the difference of the pull backs of Kerr values by Φ and
Φ(0) in K(0) which will appear in the control of Osc. In the remainder of this paper, for any
quantity X, we denote the quantity X(0) associated to the initial data layer region K(0) by

X ′ := X(0), (5.7)

to simplify the notations. For example:

u′ := u(0), η′ := η(0), O′ := O(0), R′ := R(0), S′ := S(0), K′ := K(0). (5.8)

Lemma 5.4. Let X be a scalar defined in K′. We denote

X ′
K := Φ′∗(XKerr), XK := Φ∗(XKerr),
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and we assume that

XK = Ok
q .

Then, we have:

sup
S

|X ′
K −XK | ≲ Mkε

rq+
s−1
2

≲
ε0

rq−k+
s−1
2

.

Proof. Let p ∈ K which has the coordinates (u, u, x1, x2) and resp. (u′, u, x′1, x′2) in two different
foliations. Then, we have

|X ′
K(p)−XK(p)| ≲ |Φ′∗(XKerr)(p)− Φ∗(XKerr)(p)|

≲ |XKerr(Φ
′(p))−XKerr(Φ(p))|

≲

∣∣∣∣∂XKerr

∂uKerr
(u′ − u)

∣∣∣∣+
∣∣∣∣∣∂XKerr

∂xAKerr
(x′A − xA)

∣∣∣∣∣
≲

Mk

rq+1
|u′ − u|+ Mk

rq

∣∣∣x′A − xA
∣∣∣

≲
Mk

rq+1

Osc(u)

r
s−3
2

+
Mk

rq
Osc(x)

r
s−1
2

≲
Mk

rq+1

ε

r
s−3
2

+
Mk

rq
ε

r
s−1
2

≲
ε0

rq−k+
s−1
2

,

(5.9)

where we used (5.1) to bound Osc(u) and Osc(x). This concludes the proof of Lemma 5.4.

5.1.3 Evolution lemma

Lemma 5.5 (Evolution lemma). Assume that the spacetime K is foliated by (u, u).

(1) Let U,F be k-covariant S–tangent tensor fields satisfying the outgoing evolution equation

∇4U + λ0 trχU = F, (5.10)

where λ0 ≥ 0. Denoting λ1 = 2(λ0 − 1
p), we have along Cu

|rλ1U |p,S ≲ |rλ1U |p,S∗(u) +

∫ u∗(p)

u(p)
|rλ1F |p,S(u, u′)du′, (5.11)

where u∗(p) is such that Cu(p) ∩ C∗ = S(u(p), u∗(p)) and where S∗(u) = S(u(p), u∗(p)).

(2) Let V, F be k-covariant S–tangent tensor fields satisfying the ingoing evolution equation

∇3V + λ0 trχV = F . (5.12)

Denoting λ1 = 2(λ0 − 1
p), we have along Cu

|rλ1V |p,S ≲ |rλ1V |p,S0(u) +

∫ u

u0(u)
|rλ1F |p,S(u′, u)du′, (5.13)

where S(u0(u), u) := Cu0(u) ∩ Cu ⊂ K is the unique sphere of Cu which is located in the future
of Σ0 and touches Σ0 and where S0(u) = S(u0(u), u).

Proof. See Lemma 4.1.5 in [29].
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5.1.4 Bootstrap control in the initial data layer

Lemma 5.6. We denote
Γw := Γg ∪ Γb ∪ Γ′

g ∪ Γ′
b. (5.14)

Then, we have the following estimates in K′:

sup
K′

r
s+1
2 |Γw| ≲ ε,

sup
S⊂K′

r
s+1
2 |r−

2
pΓ(1)

w |p,S ≲ ε, p ∈ [2, 4],
(5.15)

Moreover, we have

f ∈ rΓw, λ ∈ rΓw, u′ − u ∈ r2Γw, r′ − r ∈ r2Γw.

Proof. It follows directly from Lemma 4.1 and the assumption (5.1).

5.2 Estimates for O[1], Oγ and Osc

In the remainder of Section 5, we always assume p ∈ [2, 4].

5.2.1 Estimate for O̊0,1( |Ωω)

Proposition 5.7. We have the following estimate for q = 0, 1:

|r
s+1
2

− 2
p (r∇)q |Ωω|p,S0(u) ≲ ε0, (5.16)

where we recall that S0(u) is the unique leaf of Cu which is located in the future of Σ0 and
touches Σ0.

Proof. We recall from Proposition 5.3 and λ = Ω
Ω′ that

Ω′ω′ = Ωω + f · Γw +O1
2 · f. (5.17)

Notice from Proposition 2.28 and Lemma 5.4 that

|ΩKωK − Ω′
Kω

′
K | ≲ ε0

r
s+1
2

.

Hence, we have

|~Ω′ω′ − |Ωω| ≲ |Ω′ω′ − Ωω|+ |Ω′
Kω

′
K − ΩKωK |

≲ |Γw · f |+ |O1
2 · f |+

ε0

r
s+1
2

≲
ε0

r
s+1
2

.

Thus, we infer

|r
s+1
2

− 2
p |Ωω|p,S0(u) ≲ |r

s+1
2

− 2
p ~Ω′ω′|p,S0(u) + ε0 ≲ ε0.

We have from (5.17) and (5.5)

eA(Ωω) = e′A(Ω
′ω′)− λ

2
fAe

′
3(Ω

′ω′) + Γ(1)
w · f + Γw · f (1) +O1

2 · f (1)

= e′A(Ω
′ω′) + Γw · Γ(1)

w +O1
2 · Γ(1)

w .
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Notice that we have from Lemma 5.4

|eA(ΩKωK)− e′A(Ω
′
Kω

′
K)| ≲ ε0

r
s+3
2

.

Hence, we have

|r−
2
p eA( |Ωω)|p,S0(u) ≲ |e′A(~Ω′ω′)|∞,S0(u) +

M

r2
ε

r
s+1
2

+
ε2

rs+1
+

ε0

r
s+3
2

≲
ε0

r
s+3
2

,

which implies

|r
s+3
2

− 2
p eA( |Ωω)|p,S0(u) ≲ ε0.

This concludes the proof of Proposition 5.7.

5.2.2 Estimates for O0( |Ωω) and O0( |Ωω)

Proposition 5.8. We have the following estimates:

|r2+
s−3
6

− 2
p |u| s−3

3 |Ωω|p,S ≲ ε0, (5.18)

|r2−
2
p |u| s−3

2 |Ωω|p,S ≲ ε0. (5.19)

Proof. We recall from Proposition 2.34

∇4( |Ωω) =O0
0 · ρ̌+ Γg ·O1

2 + Γg · Γg + rΓg · ρ̌.

Applying Lemma 5.5, we infer

|r−
2
p |Ωω|p,S ≲ |r−

2
p |Ωω|p,S∗(u) +

∫ u∗

u

Å
|r−

2
p ρ̌|p,S +

M

r2
|r−

2
pΓg|p,S + |r−

2
pΓg · Γg|p,S

ã
du

≲
ε0

r2|u| s−3
2

+

∫ u∗

u

Ç
ε0

r3|u| s−3
2

+
εM

r4|u| s−3
2

+
ε2

r4|u|s−3

å
du

≲
ε0

r2|u| s−3
2

,

which implies (5.19). Next, we recall from Proposition 2.34

∇3( |Ωω) =O0
0 · ρ̌+ Γg ·O1

2 + Γg · Γg + rΓg · ρ̌.

Applying Lemma 5.5 and Proposition 5.7, we deduce

|r−
2
p |Ωω|p,S ≲ |r−

2
p |Ωω|p,S0(u) +

∫ u

u0(u)

Å
|r−

2
p ρ̌|p,S +

M

r2
|r−

2
pΓg|p,S + |r−

2
pΓg · Γg|p,S

ã
du

≲
ε0

r
s+1
2

+

∫ u

u0(u)

Ç
ε0

r3|u| s−3
2

+
εM

r3|u| s−1
2

+
ε2

r4|u|s−3

å
du

≲
ε0

r2+
s−3
6 |u| s−3

3

,

which implies (5.18). This concludes the proof of Proposition 5.8.
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5.2.3 Estimates for O1( |Ωω) and O1( |Ωω)

Proposition 5.9. We have the following estimates:

|r3+
s−3
6

− 2
p |u| s−3

3 ∇ |Ωω|p,S(u, u) ≲ ε0, (5.20)

|r2−
2
p |u| s−1

2 ∇ |Ωω|p,S(u, u) ≲ ε0. (5.21)

Proof. We recall from Propositions 2.34

Ω∇4( |Ωω) =
1

2
}Ω2ρ+ Γg ·O1

2 + Γg · Γg.

Differentiating it by r∇ and applying Corollary 2.43, we infer

∇4(r∇ |Ωω) =
Ω

2
r∇ρ̌+ Γ(1)

g ·O1
2 + Γg · Γ(1)

g . (5.22)

Since we cannot control ∇ρ̌ in Lp directly, we use a renormalization argument. We recall from
Proposition 2.37

∇4
qβ + trχ qβ = −∇ρ̌+ ∗∇qσ + Γ

(1)
b ·O1

3 + r−1Γg · Γ(1)
b ,

which implies from (4.14)

∇4(Ωrqβ) +
1

2
trχ(Ωrqβ) = −Ωr∇ρ̌+Ωr∗∇qσ + Γ

(1)
b ·O1

2 + Γg · Γ(1)
b . (5.23)

We define qω† by

∇4qω† =
1

2
Ωqσ, qω† = 0 on C∗.

Applying Proposition 2.41, we deduce

Ω∇4(r
∗∇qω†) = r∗∇(Ω∇4qω†) + [Ω∇4, r

∗∇]qω† =
1

2
Ωr∗∇qσ + Γg · r∇qω† + Γg · Γ(1)

g . (5.24)

We introduce a new quantity

κ := −r∇ |Ωω + r∗∇qω† − 1

2
rqβ.

Then, we obtain from (5.22), (5.23) and (5.24)

∇4κ = −∇4(r∇ |Ωω) +∇4(r
∗∇qω†)− 1

2
∇4(rqβ)

= Γ
(1)
b ·O

Å
M

r2

ã
+ Γg · Γ(1)

b + Γg · r∇qω†.
(5.25)

Applying Lemma 5.5, we obtain

|r−
2
pκ|p,S ≲ |r−

2
pκ|p,S∗(u) +

∫ u∗

u

Å
|r−

2
pΓg · Γ(1)

b |p,S +
M

r2
|r−

2
pΓ

(1)
b |p,S + |r−

2
pΓg · r∇qω†|p,S

ã
du

≲
ε0

r|u| s−1
2

+

∫ u∗

u

Ç
ε2

r3|u|s−2
+
M

r3
ε

|u| s−1
2

+
ε

r2|u| s−3
2

|r1−
2
p∇qω†|p,S

å
du

≲
ε0

r|u| s−1
2

+

∫ u∗

u

Ç
ε

r2|u| s−3
2

|r1−
2
p∇qω†|p,S

å
du.
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Denoting ⟨ω⟩ := ( |Ωω, qω†), then20

d∗1⟨ω⟩ = r−1κ +
1

2
qβ. (5.26)

Applying Proposition 2.15 to (5.26), we obtain

|r1−
2
p∇ |Ωω|p,S + |r1−

2
p∇qω†|p,S ≲ |r−

2
pκ|p,S + |r1−

2
pβ|p,S

≲
ε0

r|u| s−1
2

+

∫ u∗

u

Ç
ε

r2|u| s−3
2

|r1−
2
p∇qω†|p,S

å
du.

By Gronwall inequality, we deduce

|r1−
2
p∇ |Ωω|p,S + |r1−

2
p∇qω†|p,S ≲

ε0

r|u| s−1
2

,

which implies (5.21).

Next, we recall from Proposition 2.34

Ω∇3( |Ωω) =
1

2
}Ω2ρ+ Γg ·O1

2 + Γg · Γg.

Differentiating it by r∇ and applying Corollary 2.43, we infer

∇3(r∇ |Ωω) =
Ω

2
r∇ρ̌+ Γ(1)

g ·O1
2 + Γg · Γ(1)

g . (5.27)

We recall from Proposition 2.37

∇3
qb+ trχqb = ∇ρ̌+ ∗∇qσ + Γ(1)

g ·O1
3 + r−1Γg · Γ(1)

b ,

which implies from (4.13)

∇3(Ωrqb) +
1

2
trχ(Ωrqb) = Ωr∇ρ̌+Ωr∗∇qσ + Γ(1)

g ·O1
2 + Γg · Γ(1)

b . (5.28)

We define qω† by

∇3qω† =
1

2
Ωqσ, qω† = 0 on S0(u) ∀u.

Applying Proposition 2.41, we deduce

∇3(r
∗∇qω†) =

1

2
r∗∇qσ + Γb · r∇qω† + Γg · Γ(1)

b . (5.29)

Combining (5.27), (5.28) and (5.29), we obtain

∇3κ = Γ
(1)
b ·O1

2 + Γg · Γ(1)
b + Γb · r∇qω†, (5.30)

where

κ := r∇ |Ωω + r∗∇qω† − 1

2
rqb. (5.31)

20Recall that d∗1(f, g) = −∇f + ∗∇g.
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Applying Lemma 5.5, we infer

|r1−
2
pκ|p,S ≲ |r1−

2
pκ|p,S0(u) +

∫ u

−u

Å
|r−

2
pΓg · Γ(1)

b |p,S +
M

r2
|r−

2
pΓ

(1)
b |p,S + |r−

2
pΓb · r∇qω†|p,S

ã
du

≲
ε0

r
s−1
2

+

∫ u

−u

Ç
ε2

r3|u|s−2
+

Mε

r3|u| s−1
2

+
ε

r|u| s−1
2

|r1−
2
p∇qω†|p,S

å
du

≲
ε0

r2+
s−3
6 |u| s−3

3

+

∫ u

−u

ε

r|u| s−1
2

|r1−
2
p∇qω†|p,Sdu.

Applying Proposition 2.15, we obtain

|r2−
2
p∇ |Ωω|p,S + |r2−

2
p∇qω†|p,S ≲ |r1−

2
pκ|p,S + |r2−

2
pqb|p,S +

∫ u

−u

ε

r|u| s−1
2

|r1−
2
p∇qω†|p,Sdu

≲
ε0

r2+
s−3
6 |u| s−3

3

+

∫ u

−u

ε

r|u| s−1
2

|r1−
2
p∇qω†|p,Sdu.

By Gronwall inequality, we deduce

|r2−
2
p∇ |Ωω|p,S + |r2−

2
p∇qω†|p,S ≲

ε0

r2+
s−3
6 |u| s−3

3

,

which implies (5.20). This concludes the proof of Proposition 5.9.

5.2.4 Estimate for O0,1(qΩ)

Proposition 5.10. We have the following estimate for q = 0, 1:∣∣∣r1− 2
p (r∇)q|u| s−3

2 qΩ
∣∣∣
p,S

≲ ε0. (5.32)

Proof. We recall from Proposition 2.40

∇4
qΩ =O0

0 · |Ωω +O1
1 · Γg + rΓg · Γg,

which implies from Corollary 2.43

∇4(r∇qΩ) =O0
0 · r∇( |Ωω) +O1

1 · Γ(1)
g + rΓg · Γ(1)

g .

Applying Lemma 5.5, we have

|r−
2
p qΩ|p,S ≲ |r−

2
p qΩ|p,S∗(u) +

∫ u∗

u

Å
|r−

2
p

qω|p,S +
M

r
|r−

2
pΓg|p,S + |r1−

2
pΓg · Γg|

ã
du

≲
ε0

r|u| s−3
2

+

∫ u∗

u

Ç
ε0

r2|u| s−3
2

+
M

r2
ε

r|u| s−3
2

+
ε2

r3|u|s−3

å
du

≲
ε0

r|u| s−3
2

,

and similarly

|r1−
2
p∇qΩ|p,S ≲ |r1−

2
p∇qΩ|p,S∗(u) +

∫ u∗

u

Å
|r1−

2
p∇ |Ωω|p,S +

M

r
|r−

2
pΓ(1)

g |p,S + |r1−
2
pΓg · Γ(1)

g |
ã
du

≲
ε0

r|u| s−3
2

.

This concludes the proof of Proposition 5.10.
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5.2.5 Estimate for Osc(u)

Proposition 5.11. We have the following estimate:

sup
K′

r
s−3
2 |u′ − u| ≲ ε0. (5.33)

Proof. We have from (5.3)

(Ω′e′4 − Ω′e′3)(u
′ − u) =− 1−

(
Ω′e′4 − Ω′e′3

)
u

=− 1− Ω

Å
e4 + fBeB +

1

4
|f |2e3

ã
u+

Ω′2

Ω2

=− 1

4Ω
|f |2 + Ω′2 − Ω2

Ω2

=O0
0 · (Ω′ − Ω) + r2Γw · Γw.

Applying Propositions 5.10, 2.46 and Lemma 5.4, we obtain

|Ω′ − Ω| ≲ |qΩ′ − qΩ|+
∣∣∣∣ÅΩ′

K − 1

2

ã
−
Å
ΩK − 1

2

ã∣∣∣∣ ≲ ε0

r
s−1
2

.

Integrating it along e′4 − e′3, we deduce

|u′ − u|∞,S′ ≲
∫ u∗

w

Å
ε0

r
s−1
2

+
ε2

rs−1

ã
dw ≲

ε0

r
s−3
2

.

This concludes the proof of Proposition 5.11.

5.2.6 Estimate for O0,1(Ω trχ)

Proposition 5.12. We have the following estimate for q = 0, 1:∣∣∣r2− 2
p |u| s−3

2 (r∇)qΩ trχ
∣∣∣
p,S

≲ ε0. (5.34)

Proof. We recall from Proposition 2.34

∇4(Ω trχ) + trχ Ω trχ = O0
1 · |Ωω + Γg ·O1

2 + Γg · Γg. (5.35)

Applying Propositions 5.8 and Lemma 5.5, we infer

|r2−
2
p Ω trχ|p,S ≲ |r2−

2
p Ω trχ|p,S∗(u) +

∫ u∗

u

Å
|r1−

2
p |Ωω|p,S +

M

r2
|r2−

2
pΓg|p,S + |r2−

2
pΓg · Γg|p,S

ã
du

≲
ε0

|u| s−3
2

+

∫ u∗

u

Ç
ε0

r1+
s−3
6 |u| s−3

3

+
M

r2
ε

|u| s−3
2

+
ε2

r2|u|s−3

å
du

≲
ε0

|u| s−3
2

.

Next, differentiating (5.35) by r∇ and applying Corollary 2.43, we obtain

∇4(r∇Ω trχ) + trχ(r∇Ω trχ) = O0
0 · ∇ |Ωω + Γ(1)

g ·O1
2 + Γg · Γ(1)

g .

Applying Lemma 5.5, we deduce

|r3−
2
p∇Ω trχ|p,S

≲ |r3−
2
p∇Ω trχ|p,S∗(u) +

∫ u∗

u

(
|r2−

2
p∇ |Ωω|p,S +M |r−

2
pΓ(1)

g |p,S + |r2−
2
pΓg · Γ(1)

g |p,S
)
du

≲
ε0

|u| s−3
2

+

∫ u∗

u

Ç
ε0

r1+
s−3
6 |u| s−3

3

+
M

r2|u| s−3
2

+
ε2

r2|u|s−3

å
du

≲
ε0

|u| s−3
2

.
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This concludes the proof of Proposition 5.12.

5.2.7 Estimate for O̊0( Ω−1 trχ)

Proposition 5.13. We have the following estimate:

|r
s+1
2

− 2
p Ω−1 trχ|p,S0(u) ≲ ε0. (5.36)

Proof. We have from Proposition 5.3

Ω′−1
trχ′ = Ω−1 trχ,

which implies
Ω′−1 trχ′ = Ω−1 trχ+Ω−1

K trK χK − Ω′−1
K trK χ

′
K
. (5.37)

Proceeding as in (5.9) and applying Propositions 2.16 and 5.11∣∣∣Ω−1
K trK χK − Ω′−1

K trK χ
′
K

∣∣∣ ≲ ∣∣∣∂u(Ω−1 trχ)Kerr

∣∣∣ |u′ − u|+
∣∣∣∂xA(Ω−1 trχ)Kerr

∣∣∣ |x′A − xA|

≲
1

r2
|u′ − u|+ M2

r3
|rΓw|

≲
1

r2
ε0

r
s−3
2

+
M2

r3
ε

r
s−1
2

≲
ε0

r
s+1
2

.

Injecting it into (5.37), we deduce

sup
K′

r
s+1
2 | Ω−1 trχ| ≲ sup

K′
r

s+1
2 | Ω′−1 trχ′|+ sup

K′
r

s+1
2 |Ω−1

K trK χK − Ω′−1
K trK χ

′
K
| ≲ ε0.

This concludes the proof of Proposition 5.13.

5.2.8 Estimate for O0(Ω trχ)

Proposition 5.14. We have the following estimate:

|r2−
2
p |u| s−3

2 Ω trχ|p,S ≲ ε0. (5.38)

Proof. Next, we recall from Proposition 2.34

∇3(Ω trχ) + trχ Ω trχ = O0
1 · |Ωω + Γg ·O1

2 + Γg · Γb.

Notice that we have from Propositions 5.10 and 5.13

|r2−
2
p Ω trχ|p,S0(u) ≲ |r2−

2
p Ω−1 trχ|p,S0(u) + |r2−

2
p |Ω2|p,S0(u) + |r2−

2
p Ω trχ |Ω2|p,S0(u) ≲

ε0

|u| s−3
2

.

Applying Lemma 5.5, we infer

|r2−
2
p Ω trχ|p,S ≲ |r2−

2
p Ω trχ|p,S0(u) +

∫ u

u0(u)

Å
|r1−

2
p |Ωω|p,S +

M

r2
|r2−

2
pΓg|p,S + |r2−

2
pΓb · Γb|p,S

ã
du

≲
ε0

|u| s−3
2

+

∫ u

u0(u)

Ç
ε0

|u| s−1
2

+
M

r2
ε

|u| s−3
2

+
ε2

|u|s−1

å
du

≲
ε0

|u| s−3
2

.

This concludes the proof of Proposition 5.14.
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5.2.9 Estimate for O0,1(qη)

Proposition 5.15. We have the following estimate for q = 0, 1:

|r2−
2
p |u| s−3

2 (r∇)qqη|p,S ≲ ε0. (5.39)

Proof. We recall from Proposition 2.36

∇4
|[µ] + trχ|[µ] =O0

1 · ρ̌+O1
3 · Γ(1)

g + r−1Γb · Γ(1)
g . (5.40)

Applying Lemma 5.5, we obtain

|r2−
2
p |[µ]|p,S ≲|r2−

2
p |[µ]|p,S∗(u) +

∫ u∗

u

Å
|r1−

2
p ρ̌|p,S + |r1−

2
pΓb · Γ(1)

g |p,S +
M

r3
|r2−

2
pΓ(1)

g |p,S
ã
du

≲
ε0

r|u| s−3
2

+

∫ u∗

u

Ç
ε0

r2|u| s−3
2

+
ε2

r2|u|s−1
+
M

r3
ε

|u| s−3
2

å
du

≲
ε0

r|u| s−3
2

.

We have from Proposition 2.34

div qη = −qµ− ρ̌+O2
3 · Γ(1)

b + Γg · Γb.

We recall from (2.29) that

[µ] = µ+
1

4
trχ trχ,

which implies
|[µ] = qµ+O0

1 · (}trχ, }trχ, r−1
qΩ) + Γg · Γg. (5.41)

Thus, we obtain

div qη = −|[µ]− ρ̌+O2
3 +O0

1 · (Ω trχ, Ω trχ, r−1
qΩ) + Γg · Γb. (5.42)

Recall the linearized torsion equation in Proposition 2.34:

curl qη = qσ +O2
3 · Γ(1)

b + Γb · Γg. (5.43)

Combining (5.42) and (5.43), applying Propositions 2.15, 5.10 and 5.12, we obtain for q = 0, 1:

|r2+q−
2
p∇q

qη|p,S

≲|r3−
2
p (|[µ], ρ̌, qσ)|p,S + |r2−

2
p (Ω trχ, Ω trχ, r−1

qΩ)|p,S +
M2

r3
|r3−

2
pΓ

(1)
b |p,S + |r3−

2
pΓg · Γb|p,S

≲
ε0

|u| s−3
2

.

This concludes the proof of Proposition 5.15.

5.2.10 Estimate for Osc(f)

Proposition 5.16. We have the following estimate:

sup
K′

|r s−1
2 d≤1f | ≲ ε0. (5.44)
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Proof. We have from Proposition 5.3

Ω′ trχ′ = Ωtrχ+ div f + f · Γw +O1
2 · f.

Applying (5.5) and Proposition 2.34, we have

eA(Ω trχ) = eA(Ω
′ trχ′)− eA(div f) + r−1f · Γ(1)

w + r−1Γw · f (1) +O1
3 · f (1)

= e′A(Ω
′ trχ′)− λ

2
fAe

′
3(Ω

′ trχ′)− eA(div f) + Γw · Γ(1)
w +O1

2 · Γ(1)
w

= e′A(Ω
′ trχ′) +

Ω′

4
fA trχ′ trχ′ − eA(div f) + Γw · Γ(1)

w +O1
2 · Γ(1)

w .

Recall from Lemma 5.4 that

|e′A(Ω′
K trK χ

′
K)− eA(ΩK trK χK)| ≲ ε0

r
s+3
2

.

Thus, we infer∣∣∣∣r− 2
p

Å
eA(div f)−

Ω′

4
fA trχ′ trχ′ + eA(Ω trχ)− e′A( Ω′ trχ′)

ã∣∣∣∣
p,S

≲|e′A(Ω′
K trK χ

′
K)− eA(ΩK trK χK)|∞,S +

M2

r3
|r−

2
p · Γ(1)

w |+ |r−
2
pΓw · Γ(1)

w |p,S

≲
ε0

r
s+3
2

+
M2

r3
ε

r
s+1
2

+
ε2

rs+1

≲
ε0

r
s+3
2

.

Recall that

−Ω′

4
f trχ′ trχ′ =

f

2r2
+O1

3 · f + Γw · Γw.

Hence, we deduce from Proposition 5.12∣∣∣∣r− 2
p

Å
eA(div f) +

f

2r2

ã∣∣∣∣
p,S

≲ |r−
2
p eA(Ω trχ)|p,S + |e′A( Ω′ trχ′)|∞,S +

M

r2
|r−

2
p · Γ(1)

w |p,S + |r−
2
pΓw · Γ(1)

w |p,S +
ε0

r
s+3
2

≲
ε0

r
s+3
2

+
M

r2
ε

r
s+1
2

+
ε2

rs+1

≲
ε0

r
s+3
2

.

(5.45)

Next, we have from Proposition 5.3

curl f = O1
2 · Γw + rΓw · Γw,

which implies

|r−
2
p eA(curl f)|p,S ≲

M2

r3
|r−

2
p · Γ(1)

w |p,S + |r−
2
pΓw · Γ(1)

w |p,S

≲
M2

r3
ε

r
s+1
2

+
ε2

rs+1

≲
ε0

r
s+3
2

.

(5.46)
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Combining (5.45) and (5.46), we deduce21∣∣∣∣r− 2
p

Å
d∗1d1f − f

2r2

ã∣∣∣∣
p,S

≲
ε0

r
s+3
2

.

We have from Proposition 2.16

d∗1d1f − f

2r2
= (−∆1 +K)f − f

2r2

= −∆1f − f

4
trχ trχ− f

2r2
+ r−1Γ(1)

w · f +O1
3 · f

= −∆1f +
f

2r2
+O1

2 · Γ(1)
w + Γw · Γ(1)

w .

Thus, we infer∣∣∣∣r− 2
p

Å
−∆1 +

1

2r2

ã
f

∣∣∣∣
p,S

≲

∣∣∣∣r− 2
p

Å
d∗1d1 −

1

2r2

ã
f

∣∣∣∣
p,S

+
M

r2
|r−

2
pΓ(1)

w |p,S + |r−
2
pΓw · Γ(1)

w |p,S

≲
ε0

r
s+3
2

+
M

r2
ε

r
s+1
2

+
ε2

rs+1

≲
ε0

r
s+3
2

.

Applying Proposition 2.15, we deduce for q = 0, 1, 2,

|r−
2
p (r∇)qf |p,S ≲

ε0

r
s+3
2

.

Then, applying Proposition 2.46, we obtain

sup
S⊂K′

|r s+3
2 (r∇)≤1f |∞,S ≲ ε0. (5.47)

Next, we recall from Proposition 5.3

λ∇e3f = 2η′ − 2η +O1
1 · Γw + rΓw · Γw. (5.48)

Applying Lemma 5.4, we obtain

|η′K(e′A)− ηK(eA)| ≲
ε0

r
s+1
2

.

Applying Proposition 5.15 and (5.47), we deduce

|r−
2
p∇e3f |p,S ≲ |r−

2
p (qη′, qη)|p,S +M |r−1− 2

pΓw|p,S + |r1−
2
pΓw · Γw|p,S +

ε0

r
s+1
2

≲
ε0

r
s+1
2

+
Mε

r
s+3
2

+
ε2

rs

≲
ε0

r
s+1
2

.

(5.49)

Finally, we recall from Proposition 5.3

1

2
∇λ−1e4f = −1

4
trχf +O1

1 · Γw + rΓw · Γw,

which implies from (5.47)

sup
K′

r
s+1
2 |∇e4f | ≲ sup

K′
r

s−1
2 |f |+ sup

K′

Å
Mε

r
+

ε2

r
s−3
2

ã
≲ ε0. (5.50)

Combining (5.47), (5.49) and (5.50), we deduce

sup
K′

r
s−1
2 |d≤1f | ≲ ε0.

This concludes the proof of Proposition 5.16.
21Recall that d∗1d1f = d∗1(div f, curl f) = −∇div f + ∗∇ curl f .
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5.2.11 Estimate for O̊0,1(qη)

Proposition 5.17. We have the following estimate for q = 0, 1:

|r2−
2
p |u| s−3

2 (r∇)qqη|p,S0(u) ≲ ε0. (5.51)

Proof. We recall from Proposition 5.3

η = η′ − 1

4
trχf +O1

1 · Γw + rΓw · Γw. (5.52)

Recall that we have from Lemma 5.4

|η
K
(eA)− η′

K
(e′A)| ≲

ε0

r
s+1
2

.

Thus, we obtain

|qη
A
| ≲ |qη′

A
|+ |η

K
(eA)− η′

K
(e′A)|+

M

r
|Γw|+ r|Γw · Γw|

≲
ε0

r
s+1
2

+
M

r

ε

r
s+1
2

+
ε2

rs

≲
ε0

r
s+1
2

.

(5.53)

Differentiating (5.52) by eB, we obtain

eB(ηA) = e′B(η
′
A
) +O0

2 · f (1) +O1
2 · Γ(1)

w + Γw · Γ(1)
w .

Applying Lemma 5.4, we have

|eB(ηK)A − e′B(η
′
K
)A| ≲

ε0

r
s+3
2

. (5.54)

Hence, we obtain

|r−
2
p eB(qηA)|p,S

≲ |r−
2
p e′B(qη

′
A
)|p,S + |eB(ηK)A − e′B(η

′
K
)A|+ r−2|f (1)|∞,S +M |r−2− 2

pΓ(1)
w |p,S + |r−

2
pΓw · Γ(1)

w |p,S

≲
ε0

r
s+3
2

+
Mε

r
s+5
2

+
ε2

rs+1

≲
ε0

r
s+3
2

.

Combining with (5.53), we infer for q = 0, 1

|r
s+1
2

− 2
p (r∇)qqη|p,S ≲ ε0.

This concludes the proof of Proposition 5.17.

5.2.12 Estimate for O0,1(qη)

Proposition 5.18. We have the following estimate for q = 0, 1:

|r2−
2
p |u| s−3

2 (r∇)qqη|p,S ≲ ε0. (5.55)
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Proof. We have from Propositions 2.34, 5.12, 5.13 and 5.17 that

|r2−
2
p |[µ]|p,S0(u) ≲ |r2−

2
p

qµ|p,S0(u) + |r1−
2
p (}trχ, }trχ)|p,S0(u)

≲ |r2−
2
p div qη|p,S0(u) + |r2−

2
p ρ̌|p,S0(u) + |r1−

2
p (Ω trχ, Ω−1 trχ)|p,S0(u)

+M2|r−1− 2
pΓ

(1)
b |p,S0(u) + |r2−

2
pΓb · Γg|p,S0(u)

≲
ε0

r
s−1
2

.

(5.56)

We recall from Proposition 2.36

∇3
|[µ] + trχ |[µ] = O(r−1)ρ̌+O1

3 · Γ(1)
b + r−1Γb · Γ(1)

b .

Applying Lemma 5.5 and (5.56), we obtain

|r2−
2
p |[µ]|p,S ≲ |r2−

2
p |[µ]|p,S0(u) +

∫ u

u0(u)

Å
|r1−

2
p ρ̌|p,S +

M

r2
|r1−

2
pΓ

(1)
b |p,S + |r1−

2
pΓb · Γ(1)

b |p,S
ã
du

≲
ε0

r
s−1
2

+

∫ u

u0(u)

Ç
ε0

r2|u| s−3
2

+
M

r2
ε

|u| s−1
2

+
ε2

r2|u|s−1

å
du

≲
ε0

r|u| s−3
2

.

We have from Proposition 2.34

div qη =− |[µ]− ρ̌+O2
3 · Γ(1)

b +O0
1 · (}trχ, }trχ, r−1

qΩ) + Γg · Γb,
curlqη =qσ +O2

3 · Γ(1)
b + Γg · Γb.

(5.57)

Applying Proposition 2.15, we deduce for q = 0, 1:

|r2+q−
2
p∇q

qη|p,S ≲ |r3−
2
p (|[µ], ρ̌)|p,S + |r2−

2
p (}trχ, }trχ, r−1

qΩ)|p,S +M2|r−
2
pΓ

(1)
b |p,S + |r3−

2
pΓg · Γb|p,S

≲
ε0

|u| s−3
2

+
M2

r|u| s−1
2

+
ε2

|u|s−2

≲
ε0

|u| s−3
2

.

This concludes the proof of Proposition 5.18.

5.2.13 Estimate for O0,1,2(qΩ)

Proposition 5.19. We have the following estimates:

|r1−
2
p |u| s−3

2 (r∇)qqΩ|p,S ≲ ε0, q = 0, 1, 2. (5.58)

Proof. Recall that

η + η = 2∇ log Ω,

and

ηK + η
K

= 2∇ log ΩK .

Taking the difference, we obtain

∆ log

Å
Ω

ΩK

ã
=

1

2
div(qη + qη),
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Applying Propositions 2.15, 5.15 and 5.18, we have for q = 1, 2:∣∣∣∣r1+q− 2
p∇q

Å
log

Å
Ω

ΩK

ãã∣∣∣∣
p,S

(u, u) ≲
ε0

|u| s−3
2

. (5.59)

Applying Proposition 5.10, we deduce that∣∣∣∣r logÅ Ω

ΩK

ã∣∣∣∣
∞,S

≤
∣∣∣∣rÅ Ω

ΩK
− 1

ã∣∣∣∣
∞,S

≲ |rqΩ|∞,S ≲
ε0

|u| s−3
2

so that (5.59) also holds true for q = 0. Hence, we have∥∥∥∥log Ω

ΩK

∥∥∥∥
W 2,4(S)

≲
ε0

r
1
2 |u| s−3

2

.

We recall that the Sobolev space W 2,4(S) forms a Banach algebra, i.e.

∥uv∥W 2,4(S) ≲ ∥u∥W 2,4(S)∥v∥W 2,4(S), ∀u, v ∈W 2,4(S), (5.60)

see for example Theorem 4.39 in [1]. Notice that

qΩ = ΩK

Å
Ω

ΩK
− 1

ã
= ΩK

Å
exp

Å
log

Å
Ω

ΩK

ãã
− 1

ã
= ΩK

∞∑
k=1

1

k!

Å
log

Ω

ΩK

ãk
. (5.61)

Combining (5.59), (5.60) and (5.61), we deduce

|(r∇)≤2
qΩ|4,S ≲

∞∑
k=1

∣∣∣∣(r∇)≤2 log

Å
Ω

ΩK

ã∣∣∣∣k
4,S

≲
ε0

r
1
2 |u| s−3

2

,

which implies for p ∈ [2, 4]:

|r1−
2
p (r∇)qqΩ|p,S ≲

ε0

|u| s−3
2

, q = 0, 1, 2.

This concludes the proof of Proposition 5.19.

5.2.14 Estimate for O̊1( Ω−1 trχ)

Proposition 5.20. We have the following estimate:

|r
s+3
2

− 2
p∇( Ω−1 trχ)|p,S0(u) ≲ ε0. (5.62)

Proof. We have from Proposition 5.3

Ω′−1
trχ′ = Ω−1 trχ.

Differentiating it by eA and applying (5.5), we obtain

eA(Ω
−1 trχ) = e′A(Ω

′−1
trχ′)− λ

2
fAe

′
3(Ω

′−1
trχ′).

Applying Propositions 2.16, 5.16 and Lemma 5.4, we infer

|r−
2
p eA( Ω−1 trχ)|p,S ≲ |r−

2
p e′A(

Ω′−1 trχ′)|p,S + |eA(Ω−1 trχ)K − e′A(Ω
−1 trχ)′K |+ |r−2− 2

p fA|p,S
≲

ε0

r
s+3
2

.

This concludes the proof of Proposition 5.20.
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5.2.15 Estimate for O1(Ω trχ)

Proposition 5.21. We have the following estimates:

|r3−
2
p |u| s−3

2 ∇Ω trχ|p,S ≲ ε0. (5.63)

Proof. Notice that we have

Ω trχ = Ω2(Ω−1 trχ)− Ω2
K(Ω−1

K trK χK) = |Ω2(Ω−1 trχ) + Ω2
K( Ω−1 trχ),

which implies

∇Ω trχ = O0
1 · ∇qΩ+O0

0 · }trχ+ Γg · Γ(1)
g .

Hence, we have from Propositions 5.10 and 5.20

|r3−
2
p∇Ω trχ|p,S0(u) ≲ |r3−

2
p∇ Ω−1 trχ|p,S0(u) + |r2−

2
p∇qΩ|p,S0(u) + |r3−

2
pΓg · Γ(1)

g |p,S0(u)

≲
ε0

|u| s−3
2

.

Next, we recall from Proposition 2.34

∇3(Ω trχ) + trχ Ω trχ = O0
1 · |Ωω + Γg ·O1

2 + Γb · Γb.

Differentiating it by r∇ and applying Corollary 2.43, we deduce

∇3(r∇Ω trχ) + trχ r∇Ω trχ = O0
0 · ∇ |Ωω + Γ(1)

g ·O1
2 + Γb · Γ(1)

b .

Applying Lemma 5.5 and Proposition 5.9, we infer

|r3−
2
p∇Ω trχ|p,S

≲ |r3−
2
p∇Ω trχ|p,S0(u) +

∫ u

u0(u)

Å
|r2−

2
p∇ |Ωω|p,S +

M

r2
|r2−

2
pΓg|p,S + |r2−

2
pΓb · Γ(1)

b |p,S
ã
du

≲
ε0

|u| s−3
2

+

∫ u

u0(u)

Ç
ε0

|u| s−1
2

+
M

r2
ε

|u| s−3
2

+
ε2

|u|s−1

å
du

≲
ε0

|u| s−3
2

.

This concludes the proof of Proposition 5.21.

5.2.16 Estimates for O0,1(qχ̂) and O0,1(qχ̂)

Proposition 5.22. We have the following estimates for q = 0, 1:

|r2−
2
p |u| s−3

2 (r∇)qqχ̂|p,S ≲ ε0,

|r1−
2
p |u| s−1

2 (r∇)qqχ̂|p,S ≲ ε0.
(5.64)

Proof. We recall from Proposition 2.34

div qχ̂ = −qb+O0
0 · ∇}trχ+O0

1 · qζ +O2
3 · Γ(1)

g + Γg · Γg.

Applying Propositions 2.15, 5.12, 5.15 and 5.18, we deduce for q = 0, 1:

|r2+q−
2
p∇q

qχ̂|p,S ≲ |r3−
2
p∇}trχ|p,S + |r2−

2
p qζ|p,S + |r3−

2
pqb|p,S +

M2

r2
|r2−

2
pΓ(1)

g |p,S + |r3−
2
pΓg · Γg|p,S

≲
ε0

|u| s−3
2

.
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Next, we recall from Proposition 2.34

div qχ̂ = qβ +O0
0 · ∇}trχ+O0

1 · qζ +O2
3 · Γ(1)

b + Γb · Γg.

Applying Propositions 2.15, 5.21, 5.15 and 5.18, we deduce for q = 0, 1:

|r1+q−
2
p∇q

qχ̂|p,S ≲ |r2−
2
p∇}trχ|p,S + |r1−

2
p qζ|p,S + |r2−

2
p qβ|p,S +

M2

r2
|r1−

2
pΓ

(1)
b |p,S + |r2−

2
pΓb · Γg|p,S

≲
ε0

|u| s−1
2

.

This concludes the proof of Proposition 5.22.

5.2.17 Estimates for O0,1(qb)

Proposition 5.23. We have the following estimate for q = 0, 1:

|r2−
2
p |u| s−3

2 (r∇)q qb
A|p,S ≲ ε0. (5.65)

Proof. We have from Proposition 2.40

∇4(qb
A
) = O0

1 · qζ +O2
3 · Γg + Γg · Γg. (5.66)

Applying Lemma 5.5, we deduce from Propositions 5.15 and 5.1822

|r−
2
pqb
A|p,S ≲

∫ u∗

u

(
|r−1− 2

p qζ|p,S +M2|r−3− 2
pΓg|p,S + |r−

2
pΓg · Γg|p,S

)
du

≲
∫ u∗

u

Ç
ε0

r3|u| s−3
2

+
M2ε

r5|u| s−3
2

+
ε2

r4|u|s−3

å
du

≲
ε0

r2|u| s−3
2

+
M2ε

r4|u| s−3
2

+
ε2

r3|u|s−3

≲
ε0

r2|u| s−3
2

,

which implies (5.65) in the case q = 0. Differentiating (5.66) by r∇ and applying Corollary 2.43,
we obtain

∇4(r∇qb
A
) = O0

1 · r∇qζ +O2
3 · Γ(1)

g + Γg · Γ(1)
g .

Applying Lemma 5.5, we deduce from Propositions 5.15 and 5.18

|r−
2
p (r∇)qb

A|p,S ≲
∫ u∗

u

(
|r−

2
p∇qζ|p,S +M2|r−3− 2

pΓ(1)
g |p,S + |r−

2
pΓg · Γ(1)

g |p,S
)
du

≲
ε0

r2|u| s−3
2

,

which implies (5.65) in the case q = 1. This concludes the proof of Proposition 5.23.

22Recall that qb
A
= 0 on C∗ and ζ =

η−η

2
.
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5.2.18 Estimate for Osc(x)

Proposition 5.24. We have the following estimates

sup
K′

r
s−1
2 |x′A − xA| ≲ ε0. (5.67)

Proof. We have from (5.3) and Proposition 2.28

(Ω′e′4 − Ω′e′3)(x
′A − xA) = −b′A − Ω′e′4(x

A) + Ω′e′3(x
A)

= −b′A − Ω

Å
e4 + fBeB +

1

4
|f |2e3

ã
xA +

Ω′2

Ω2
bA

= bA − b′A − ΩfBeB(x
A)− 1

4
|f |2bA +

Ç
Ω′2

Ω2
− 1

å
bA

= bA − b′A +O0
1 · f +O1

1 · Γw + rΓw · Γw.

(5.68)

Notice from Lemma 5.4 that

|b′A − bA| ≲ |qb′A|+ |qbA|+ |(b′K)A − bAK | ≲ ε0

r
s+1
2

.

Hence, we obtain from Proposition 5.16

|(Ω′e′4 − Ω′e′3)(x
′A − xA)| ≲ r−1|f |+ ε0

r
s+1
2

+
M

r
|Γw|+ r|Γw · Γw| ≲

ε0

r
s+1
2

.

Integrating it along e′4 − e′3, we deduce23

|x′A − xA|∞,S′ ≲
∫ u∗

w

ε0

r
s+1
2

dw ≲
ε0

r
s−1
2

.

This concludes the proof of Proposition 5.24.

5.2.19 Estimates for O0,1(qγ) and O0,1(q∈)
Proposition 5.25. We have the following estimates for q = 0, 1:

|r−1+q− 2
p |u| s−3

2 ∇q
qγAB|p,S ≲ε0, (5.69)

|r−1+q− 2
p |u| s−3

2 ∇q
q∈AB|p,S ≲ε0. (5.70)

Proof. We recall from Proposition 2.40

∇4(qγAB)− trχ(qγAB) =O0
−2 · (qχ̂, }trχ) +O0

−1 · qΩ+ r3Γg · Γg.
Differentiating it by r∇ and applying Corollary 2.43, we deduce

∇4(r∇qγAB)− trχ(r∇qγAB) =O0
−3 · ∇(qχ̂, }trχ) +O0

−2 · ∇qΩ+ r3Γg · Γ(1)
g .

Applying Lemma 5.5 and Propositions 5.12, 5.19 and 5.22, we obtain for q = 0, 1

|r−2− 2
p (r∇)qqγAB|p,S

≲|r−2− 2
p (r∇)qqγAB|p,S∗(u) +

∫ u∗

u

(
|r−

2
p (r∇)q(qχ̂, }trχ, r−1

qΩ)|p,S + |r−1− 2
pΓg · Γ(1)

g |p,S
)
du

≲
ε0

r|u| s−3
2

+

∫ u∗

u

Ç
ε0

r2|u| s−3
2

+
ε2

r3|u|s−3

å
du

≲
ε0

r|u| s−3
2

,

which implies (5.69). The proof of (5.70) is similar and left to the reader. This concludes the
proof of Proposition 5.25.

23Recall that x′
A
= xA on C∗ ∩ Σ0 which is chosen in Section 2.1.5.
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5.2.20 Estimate for Osc(r)

Proposition 5.26. We have the following estimate:

sup
K′

r
s−3
2 |r′ − r| ≲ ε0. (5.71)

Proof. Notice that we have

det γAB − det(γK)AB =
(
γ11γ22 − γ212

)
−
(
(γK)11(γK)22 − (γK)212

)
= qγ11(γK)22 + (γK)11qγ22 − 2qγ12(γK)12 + qγ11qγ22 − qγ212

= O0
−2 · qγAB + r6Γg · Γg.

Hence, we obtain

4π
∣∣r2 − r2K

∣∣ = ∣∣∣∣∫
S2

(√
det γAB −

»
det(γK)AB

)
dσS2

∣∣∣∣
≲
∫
S2

∣∣∣∣∣ det γAB − det(γK)AB√
det γAB +

√
det(γK)AB

∣∣∣∣∣ dσS2
≲ |qγAB|+ r4|Γg · Γg|

≲
rε0

|u| s−3
2

+ r4
ε2

r4|u|s−3

≲
rε0

|u| s−3
2

,

which implies

sup
K

|r − rK | ≲ ε0

|u| s−3
2

. (5.72)

Similarly, we have

sup
K′

|r′ − r′K | ≲ ε0

r
s−3
2

. (5.73)

Proceeding as in (5.9), we obtain for any p ∈ K′

|r′K(p)− rK(p)| = |rKerr(Φ′(p))− rKerr(Φ(p))|
≲ |∂u(rKerr)||u′ − u|+ |∂A(rKerr)||x′A − xA|
≲ |u′ − u|
≲

ε0

r
s−3
2

,

where we used Proposition 5.11. Combining with (5.72) and (5.73), we infer

sup
K′

r
s−3
2 |r′ − r| ≲ ε0. (5.74)

This concludes the proof of Proposition 5.26.

5.3 Estimate for OΓ

Proposition 5.27. We have the following estimates:

|r2−
2
p |u| s−3

2 ( qJ, qL)|p,S ≲ ε0,

|r1−
2
p |u| s−1

2 qJ |p,S ≲ ε0.
(5.75)
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Proof. We recall from Lemma 2.23

ΓBuA =
1

2
γBC∂u(γAC),

ΓBuA =
1

2
γBC

Å
∂u(γAC)−

∂

∂xA

Ä
γCDb

D
ä
+

∂

∂xC

Ä
γADb

D
äã

+
bB

4Ω2

Å
2
∂

∂xA
(Ω2)− ∂

∂u
(γADb

D)

ã
,

ΓABC =
1

2
γAD

Å
∂γBD
∂xC

+
∂γCD
∂xB

− ∂γBC
∂xD

ã
+

bA

4Ω2

∂γBC
∂u

.

Hence, we have from Definition 2.24

qJBA = O0
2 · ∂u(qγAB) +O0

3 · qγAB + r−1Γg · ∂u(qγAB).

We have from Proposition 2.40

∂u(qγAB) = trχ(qγAB) +O0
−2 · (}trχ, qχ̂, r−1

qΩ) + r3Γg · Γg,

which implies from Propositions 5.12, 5.22, 5.19 and 5.25

|r−
2
p∂u(qγAB)|p,S ≲ |r−1− 2

p
qγAB|p,S + |r2−

2
p (}trχ, qχ̂, r−1

qΩ)|p,S + |r3−
2
pΓg · Γg|p,S ≲

ε0

|u| s−3
2

.

Thus, we infer from Proposition 5.25

|r2−
2
p qJ |p,S ≲ |r−1− 2

p
qγAB|p,S + |r−

2
p∂u(qγAB)|p,S ≲

ε0

|u| s−3
2

.

Next, we have from Definition 2.24

qLABC = O2
3 · ∂u(qγAB) +O0

2 · d/≤1
qγAB +O0

−1 ·qb
A
+ r2Γg · Γ(1)

g .

Thus, we deduce from Propositions 5.25 and 5.23

|r1−
2
p qLABC |p,S ≲

M2

r2
|r−

2
p∂u(qγAB)|p,S + |r−1− 2

p d/≤1
qγAB|p,S + |r2−

2
pqb
A|p,S + |r3−

2
pΓg · Γ(1)

g |p,S

≲
ε0

|u| s−3
2

+
ε2

r|u|s−3

≲
ε0

|u| s−3
2

,

which implies

|r2−
2
p qL|p,S ≲

ε0

|u| s−3
2

.

Finally, we have from Definition 2.24

qJ
B

A = O0
2 · (∂u(qγAB), ∂u(qγAB), r−1 d/≤1

qγAB) +O2
3 · d/≤1

qΩ+O0
0 · d/≤1

qb
A
+O2

1 · ∂u(qb
A
) + rΓg · Γ(1)

g .

We recall from Propositions 2.40, 5.12, 5.19, 5.22, 5.23 and 5.25

|r−
2
p∂u(qγAB)|p,S ≲ |r−1− 2

p
qγAB|+ |r2−

2
p (qχ̂, }trχ, r−1

qΩ,qb
A
)|p,S +M2|r−

2
pΓg|p,S + |r3−

2
pΓg · Γg|p,S

≲
ε0

|u| s−3
2

+
rε0

|u| s−1
2

+
M2ε

r2|u| s−3
2

+
ε2

r|u|s−3

≲
rε0

|u| s−1
2

,
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and

|r−
2
p∂u(qb

A
)|p,S ≲ |r−1− 2

p qζ|p,S +M2|r−3− 2
pΓg|p,S + |r−

2
pΓg · Γg|p,S

≲
ε0

r3|u| s−3
2

+
M2ε

r5|u| s−3
2

+
ε2

r4|u|s−3

≲
ε0

r3|u| s−3
2

.

Combining the above estimates, we deduce from Propositions 5.19, 5.23 and 5.25

|r1−
2
p qJ |p,S ≲ |r−1− 2

p (∂u(qγAB), ∂u(qγAB), r
−1 d/≤1

qγAB)|p,S +M2|r−2− 2
p d/≤1

qΩ|p,S
+ |r1−

2
p d/≤1

qb
A|p,S +M2|r−

2
pqb
A|p,S + |r2Γg · Γ(1)

g |p,S

≲
ε0

|u| s−1
2

+
M2ε0

r3|u| s−3
2

+
ε0

r|u| s−3
2

+
M2ε0

r2|u| s−3
2

+
ε2

r2|u|s−3

≲
ε0

|u| s−1
2

.

This concludes the proof of Proposition 5.27.

In view of Propositions 5.7-5.27, we obtain (5.2). This concludes the proof of Theorem M3.

6 Initialization and extension (Theorems M0, M2 and M4)

6.1 Control of the initial data layer (Theorem M0)

The goal of this section is to prove Theorem M0, which we recall below for convenience.

Theorem M0. Assume that24

O′ ≤ ε0, R′ ≤ ε0, O ≤ ε, Osc ≤ ε. (6.1)

Then, we have
R0 ≲ ε0. (6.2)

Proof. We denote for eA an orthogonal frame on S

R := {αAB, βA, ρ, σ, βA, αAB},

and for e′A an orthogonal frame on S′

R′ := {α′
AB, β

′
A, ρ

′, σ′, β′
A
, α′

AB}.

The transformation formulae for curvature in Proposition 5.3 can be written as follows:

R = R′ + f ·R′ + l.o.t., (6.3)

which implies
Ř = Ř′ +RK −R′

K + f · (Ř′ +R′
K) + l.o.t.

We have from Lemma 5.4

|RK −R′
K | ≲ Mε

r
s+5
2

.

24Recall that quantities with prime are associated to the foliation of the initial data layer, see (5.7) and (5.8).
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Hence, we obtain

|Ř| ≲ |Ř′|+ |f · Ř′|+ M

r3
|f |+ |RK −R′

K | ≲ |Ř′|+ Mε

r
s+5
2

,

where we used Osc(f) ≤ ε. Then, we have∫
Σ0\K

rs|Ř|2 ≲
∫
Σ0\K

rs|Ř′|2 + rs
Å
M2ε2

rs+5

ã
≲ R′

0
2
+
M2ε2

R2
0

≲ ε20.

Moreover, we have from (6.3)

∂R = (∂R)′ + ∂f ·R′ + f · (∂R)′ + l.o.t., (6.4)

where

∂R := {(∇µα)AB, (∇µβ)A, ∇µρ, ∇µσ, (∇µβ)A, (∇µα)AB}, µ = 1, 2, 3, 4.

We have from Lemma 5.4

|(∂R)K − (∂R)′K | ≲ Mε

r
s+7
2

.

Moreover, we have from Proposition 2.22

|∂R = ∂Ř+ (∂ − ∂K)RK = ∂Ř+ (qJ, qL, qJ) ·O1
3,

which implies ∫
Σ0\K

rs+2|∂Ř|2 ≲
∫
Σ0\K

rs+2||∂R|2 + rs+2M
2

r6
|Γ(1)
w |2

≲
∫
Σ0\K

rs+2||∂R|2 +
∫ ∞

R0

M2

r4−s
|Γ(1)
w |22,S

≲
∫
Σ0\K

rs+2||∂R|2 +
∫ ∞

R0

M2

r4−s
ε2

rs−1

≲
∫
Σ0\K

rs+2||∂R|2 + ε20.

Similarly, we have ∫
Σ0\K

rs+2|(∂R)′|2 ≲
∫
Σ0\K

rs+2|∂′Ř′|2 + ε20 ≲ ε20.

Hence, we obtain from (6.4) and Osc(f) ≤ ε that∫
Σ0\K

rs+2|∂Ř|2 ≲ ε20 +

∫
Σ0\K

rs+2||∂R|2

≲ ε20 +

∫
Σ0\K

rs+2|(∂R)′|2 + rs+2M
2ε2

rs+7
+ |∂f |2rs+2|R′|2 + |f |2rs+2|∂′R′|2

≲ ε20 +

∫
Σ0\K

rs|Ř′|2 + rs+2|(∂R)′|2 + rs+2|f |2|(∂′R′)K |2

≲ ε20 +

∫
Σ0\K

rs+2 ε2

rs−1

M2

r8

≲ ε20.

Thus, we deduce

R2
0 =

∑
R

∫
Σ0\K

rs|d≤1Ř|2 ≲
∑
R

∫
Σ0\K

rs|Ř|2 + rs+2|∂Ř|2 ≲ ε20.

This concludes the proof of Theorem M0.



278 CHAPTER 4. KERR STABILITY IN EXTERNAL REGIONS

6.2 Control of the last slice (Theorem M2)

The goal of this section is to prove Theorem M2 which we recall below for convenience.

Theorem M2. Let C∗ endowed with the geodesic type foliation of Definition 6.1. We assume
that

O′(C∗ ∩ Σ0) ≤ ε0, R(C∗) ≲ ε0, O∗(C∗) ≤ ε.

Then, we have

O∗(C∗) ≲ ε0.

6.2.1 Geodesic type foliation on C∗

Definition 6.1. A foliation (u, u∗) on the last slice C∗ is called a geodesic type foliation if it
satisfies the following conditions:

qΩ = 0, qb
A
= 0. (6.5)

Remark 6.2. Notice that (6.5) is equivalent to

e3(u) = Ω−1
K , e3(x

A) = Ω−1
K bAK .

In particular, the choice of the foliation is prescribed by qΩ = 0 while qb
A

= 0 corresponds in
fact to the transport of the xA coordinates. The local existence of geodesic type foliations as in
Definition 6.1 is completely analogous to the one for the standard geodesic foliation, i.e. Ω = 1

2 ,
with a transport of the xA coordinates by e3(x

A) = 0.

Lemma 6.3. Let C∗ endowed with the geodesic type foliation of Definition 6.1. Then, we have

qω = 0, on C∗.

Proof. We have from Lemma 2.21 and (6.5)

Ωe3 − ΩK(e3)K = qb
A
∂xA = 0,

which implies from (6.5)

e3 = (e3)K . (6.6)

Hence, we have from (6.5) and (6.6)

ω = −1

2
∇3(log Ω) = −1

2
∇(e3)K (log ΩK) = ωK .

This concludes the proof of Lemma 6.3.

Remark 6.4. Under the assumption O∗(C∗) ≤ ε, we have on C∗

d/≤1
}trχ ∈ Γg, d/≤1

qγ ∈ rΓg, d/≤1(q∈) ∈ rΓg,

qL ∈ Γg, qJ ∈ Γb, rqµ ∈ Γg.
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Proposition 6.5. We have the following linearized equations on C∗:

Ω∇3(Ω trχ) +
1

2
Ω trχ Ω trχ = −2Ω2

qµ+ Γg ·O2
3 + Γg · Γg,

div(qχ̂) = −qb+O0
0 · ∇}trχ+O0

1 · qζ +O2
3 · Γg + Γg · Γg,

∇3
Ω trχ+ trχ Ω trχ = Γg ·O1

2 + Γb · Γb,
div(qχ̂) = qβ +O0

0 · ∇}trχ+O0
1 · qζ +O2

3 · Γb + Γb · Γg,
Ω∇3

|[µ] + Ω trχ |[µ] = Ω trχ ρ̌+O2
3 · (ρ̌, qβ) +O1

3 · Γg +O0
0 · qη · qβ + r−1Γb · Γb.

(6.7)

We also have the following equation:

∇3(r∆Ω trχ) +
3

2
trχ(r∆Ω trχ)

=O2
2 · ∇2

qχ̂+O1
3 · Γ(1)

g + rΓb · ∇2
qχ̂+O0

−1 · |∇qχ̂|2 + r−1Γb · Γ(1)
g .

(6.8)

Proof. Notice that (6.7) follows directly from Proposition 2.34 and Remark 6.4. Next, we have
from Proposition A.1

Ω∇3
Ω trχ+ (Ω trχ) Ω trχ =− 4Ω trχ |Ωω + L[∇3 }trχ] + Err[∇3 }trχ],

L[∇3 }trχ] :=− 2}Ωχ̂(ΩK χ̂K)− 4ΩKωKΩ trχ−qb
A∇∂xa trK χK ,

Err[∇3 }trχ] :=
1

2
(Ω trχ)2 − |}Ωχ̂|2.

Recalling from Lemma 6.3 that qΩ = 0, qω = 0 and qb
A
= 0 on C∗, we obtain

Ω∇3
Ω trχ+ (Ω trχ) Ω trχ =O2

3 · qχ̂+O1
2 · }trχ+

1

2
(Ω trχ)2 − |}Ωχ̂|2. (6.9)

Differentiating it by ∇ and applying Proposition 2.41, we deduce

Ω∇3(∇ Ω trχ) + (Ω trχ)∇ Ω trχ = O2
3 · ∇qχ̂+O1

2 · ∇}trχ+O0
0 · ∇|qχ̂|2 + r−1Γg · Γg + [Ω∇3,∇]Ω trχ

= O2
3 · ∇qχ̂+O1

3 · Γg +O0
0 · ∇|qχ̂|2 − 1

2
Ω trχ∇ Ω trχ+ r−1Γb · Γg,

which implies

Ω∇3(∇ Ω trχ) +
3

2
Ω trχ∇ Ω trχ = O2

3 · ∇qχ̂+O1
3 · Γg +O0

0 · ∇|qχ̂|2 + r−1Γb · Γg.

Differentiating it by r div and applying Corollary 2.43, we infer

Ω∇3(r∆Ω trχ) +
3

2
Ω trχ(r∆Ω trχ) = O2

2 · ∇2
qχ̂+O1

3 · Γ(1)
g + rΓb · ∇2

qχ̂+O0
−1 · |∇qχ̂|2 + r−1Γb · Γ(1)

g .

This concludes the proof of Proposition 6.5.

6.2.2 Estimate for O∗
1

In the remainder of Section 6.2, we denote

S := S(u, u∗), S∗ := C ∩ Σ0. (6.10)

Proposition 6.6. For a geodesic type foliation on C∗ satisfying

O′(C∗ ∩ Σ0) ≤ ε0, R(C∗) ≲ ε0, O∗(C∗) ≤ ε, (6.11)

we have

O∗
1 ≲ ε0. (6.12)
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Proof. Notice that the assumption O′(C∗ ∩Σ0) ≤ ε0 controls the initial data on the last sphere
S∗. The idea of the proof is to transport the estimates in the direction of ∇3 along C∗ using
Proposition 6.5 and Lemma 5.5. The proof is similar to Section 5, and in fact easier since qΩ = 0,

qω = 0 and qb
A
= 0 on C∗.

Step 1. Estimate for O∗
0,1,2(}trχ).

The estimates for O∗
0(}trχ) and O∗

1(}trχ) follow directly from Propositions 5.13 and 5.21 in

the particular case qΩ = 0 and qω = 0. Then, we focus on O∗
2(}trχ).

We recall from (6.8)

∇3(r∆Ω trχ) +
3

2
trχ(r∆Ω trχ) = O2

2 · ∇2
qχ̂+O1

3 · Γ(1)
g + rΓb · ∇2

qχ̂+O0
−1 · |∇qχ̂|2 + r−1Γb · Γ(1)

g .

Moreover, we have from Proposition 6.5 and Remark 6.4

∇2
qχ̂ = ∇qβ + r−2Γ(1)

g , ∇qχ̂ = qβ + r−1Γg.

Hence, we obtain

∇3(r∆Ω trχ) +
3

2
trχ(r∆Ω trχ) = O2

2 · ∇qβ + rΓb · ∇qβ +O0
−1 · |qβ

(0)|2 +O1
3 · Γ(1)

g + r−1Γb · Γ(1)
g .

We recall from Proposition 2.37

∇3(ρ̌, qσ) +
3

2
trχ (ρ̌, qσ) = −d1qβ + Γ(1)

g ·O1
3 +O2

3 · α̊+ Γg · α̊.

We deduce

∇3 Ξ +
3

2
trχΞ = O2

3 · α̊+O0
−1 · |qβ

(0)|2 +O1
3 · Γ(1)

g + Γg · α̊+ r−1Γb · Γ(1)
g ,

where Ξ is the following renormalized quantity

Ξ = r∆Ω trχ+O2
2 · (ρ̌, qσ) + rΓb · (ρ̌, qσ).

Applying Lemma 5.5, we deduce for p ∈ [2, 4]

|r3−
2
pΞ|p,S

≲|r3−
2
pΞ|p,S∗ +

∫ u

u0(u∗)
M2|r−

2
p α̊|p,S + |r4−

2
p |qβ(0)|2|p,S +M |r−

2
pΓ(1)

g |+ |r3−
2
pΓg · α̊|p,S + |r2−

2
pΓb · Γ(1)

g |p,S

≲
ε0

r
s−3
2

+

∫ u

u0(u∗)

M2ε0

r|u| s+1
2

+
M

r2|u| s−3
2

+
ε0

|u|s−1
+

ε2

r|u|s−2
+ |r4−

2
p |qβ(0)|2|p,S

≲
ε0

|u| s−3
2

+

∫ u

u0(u∗)
r2|r 3

4 qβ
(0)|28,S

≲
ε0

|u| s−3
2

+

∫ u

u0(u∗)
|rqβ

(1)|22,S

≲
ε0

|u| s−3
2

+
ε2

|u|s−2

≲
ε0

|u| s−3
2

,
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where we used the Sobolev inequality |r− 1
4U |8,S ≲ |r−1U (1)|2,S for any S–tangent tensor U .

Hence, we infer from Proposition 2.15

|r4−
2
p∇2

Ω trχ|p,S ≲ |r3−
2
pΞ|p,S +

M2

r2
|r3−

2
p (ρ̌, qσ)|p,S + |r4−

2
pΓb · (ρ̌, qσ)|p,S ≲

ε0

|u| s−3
2

.

Thus, we obtain

O∗
0,1,2(}trχ) ≲ ε0. (6.13)

Step 2. Estimate for O∗
0,1(

|[µ]).

The estimate for O∗
0(

|[µ]) follows directly from Proposition 5.18 in the particular case qΩ = 0
and qω = 0. Next, we recall from (6.7)

Ω∇3
|[µ] + Ω trχ|[µ] = Ω trχ ρ̌+O2

3 · (ρ̌, qβ) +O1
3 · Γg +O0

0 · qη · qβ + r−1Γb · Γb.

Differentiating it by r∇ and applying Corollary 2.43, we infer

∇3(r∇|[µ]) + trχ(r∇|[µ]) = O0
0 · (∇ρ̌,∇qβ) +O0

0 · ρ̌ · qβ + rΓg · ∇qβ +O1
3 · Γ(1)

g + r−1Γb · Γ(1)
b .

We deduce

∇3U + trχU = O0
0 · ρ̌ · qβ +O1

3 · Γ(1)
g + r−1Γb · Γ(1)

b ,

where the renormalized quantity U is given by

U = r∇|[µ] +O0
0 · (qb, ρ̌, qσ) + rΓg · (ρ̌, qσ).

Applying Lemma 5.5, we have

|r2−
2
pU |p,S ≲ |r2−

2
pU |p,S∗ +

∫ u

u0(u∗)
|r2−

2
p ρ̌ · qβ|p,S +M |r−1− 2

pΓ(1)
g |p,S + |r1−

2
pΓb · Γ(1)

b |p,S

≲
ε0

r
s−1
2

+
Mε

r2|u| s−3
2

+
ε2

r|u|s−2
+

∫ u

u0(u∗)
|r 3

2 ρ̌ · qβ|4,S

≲
ε0

r|u| s−3
2

+

∫ u

u0(u∗)
r2|r− 1

4 ρ̌|8,S |r−
1
4 qβ|8,S

≲
ε0

r|u| s−3
2

+

∫ u

u0(u∗)
|ρ̌(1)|2,S |qβ

(1)|2,S

≲
ε0

r|u| s−3
2

+ r−2

Ç∫ u

u0(u∗)
|rρ̌(1)|22,S

å 1
2
Ç∫ u

u0(u∗)
|rqβ

(1)|22,S
å 1

2

≲
ε0

r|u| s−3
2

+
ε2

r2|u|s−2

≲
ε0

r|u| s−3
2

,

where we used the Sobolev inequality |r− 1
4U |8,S ≲ |r−1U (1)|2,S for any S–tangent tensor U .

Hence, we obtain

|r3−
2
p∇|[µ]|p,S ≲ |r2−

2
pU |p,S + |r2−

2
p (qb, ρ̌, qσ)|p,S + |r3−

2
pΓg · (ρ̌, qσ)|p,S ≲

ε0

r|u| s−3
2

.
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Thus, we have

O∗
0,1(

|[µ]) ≲ ε0. (6.14)

Step 3. Estimate for O∗
0,1(}trχ).

We recall from (6.7) that

Ω∇3(Ω trχ) = −2 ~Ω2[µ] + Γg ·O2
3 + Γg · Γg. (6.15)

We recall from (2.28) and (2.29)

[µ] + [µ] =
1

2
trχ trχ− 2∆ logΩ + χ̂ · χ̂− 2ρ,

which implies

~Ω2[µ] = − ~Ω2[µ] +
1

2
Ω trχΩ trχ+O0

1 · }trχ− 2Ω2ρ̌+O2
3 · Γb + Γg · Γb.

Injecting it into (6.15), we deduce

Ω∇3(Ω trχ) + Ω trχ Ω trχ = 2 ~Ω2[µ] + 4Ω2ρ̌+O0
1 · }trχ+O2

3 · Γb + Γb · Γg. (6.16)

Applying Lemma 5.5, we infer

|r2−
2
p Ω trχ|p,S

≲ |r2−
2
p Ω trχ|p,S∗ +

∫ u

u0(u∗)
|r2−

2
p |[µ]|p,S + |r2−

2
p ρ̌|p,S + |r1−

2
p }trχ|p,S +M2|r−1− 2

pΓb|p,S + |r2−
2
pΓb · Γg|p,S

≲
ε0

r
s−1
2

+

∫ u

u0(u∗)

ε0

r|u| s−3
2

+
M2ε

r2|u| s−1
2

+
ε2

r|u|s−2

≲
ε0

|u| s−3
2

.

Next, we differentiate (6.16) by ∇ and apply Proposition 2.41 to deduce

Ω∇3(∇Ω trχ) + Ω trχ(∇Ω trχ)

= 2Ω2∇|[µ] + 4Ω2∇ρ̌− Ωχ · ∇Ω trχ+O0
1 · ∇}trχ+ Γ

(1)
b ·O2

4 + r−1Γb · Γ(1)
g

= 2Ω2∇|[µ] + 4Ω2∇ρ̌− 1

2
Ω trχ(∇Ω trχ) +O0

1 · ∇}trχ+ Γ
(1)
b ·O2

4 + r−1Γb · Γ(1)
g ,

which implies from qΩ = 0 that

∇3(∇}trχ) +
3

2
trχ(∇}trχ) = 2∇|[µ] + 4∇ρ̌+O0

1 · ∇}trχ+ Γ
(1)
b ·O2

4 + r−1Γb · Γ(1)
g . (6.17)

Next, we define χ† by the following transport equation:

Ω∇3χ
† +

1

2
Ω trχχ† = 4Ωqσ on C∗, χ† = 0 on S∗. (6.18)

Differentiating it by ∗∇ and applying Proposition 2.41, we infer

Ω∇3
∗∇χ† +

1

2
Ω trχ(∗∇χ†) +

1

2
∗∇(Ω trχ)χ† = 4∗∇(Ωqσ) + [Ω∇3,

∗∇]χ†

= 4∗∇(Ωqσ)− 1

2
Ω trχ(∗∇χ†)− Ωχ̂ · ∗∇χ†,



6. INITIALIZATION AND EXTENSION (THEOREMS M0, M2 AND M4) 283

which implies25

∇3
∗∇χ† + trχ∗∇χ† = 4∗∇qσ +O2

4 · Γ(1)
g + r−1Γb · Γ(1)

g . (6.19)

We recall from Proposition 2.37

∇3
qb+

3

2
trχqb =

1

2
trχqb+∇ρ̌+ ∗∇qσ + Γ(1)

g ·O1
3 + r−1Γg · Γ(1)

b . (6.20)

Combining (6.17), (6.19) and (6.20), we deduce

∇3X + trχX = −2 trχqb+ 2∇|[µ] +O0
1 · ∇}trχ+ Γ(1)

g ·O1
3 + r−1Γb · Γ(1)

g ,

where
X := ∇}trχ+ ∗∇χ† − 4qb.

Applying Lemma 5.5 and (6.14), we obtain

|r3−
2
pX|p,S

≲ |r3−
2
pX|p,S∗ +

∫ u

u0(u∗)
|r2−

2
pqb|p,S + |r3−

2
p∇|[µ]|p,S + |r3−

2
p∇}trχ|p,S +M |r−

2
pΓ(1)

g |p,S + |r2−
2
pΓb · Γ(1)

g |p,S

≲
ε0

r
s−3
2

+

∫ u

u0(u∗)

ε0

r|u| s−3
2

+
Mε

r2|u| s−3
2

+
ε2

r|u| s−1
2

≲
ε0

|u| s−3
2

.

Then, we have from Proposition 2.15

|r3−
2
p∇(}trχ, χ†)|p,S ≲ |r3−

2
pX|p,S + |r3−

2
pqb|p,S ≲

ε0

|u| s−3
2

.

Next, applying Lemma 5.5 to (6.18), we deduce

|r1−
2
pχ†|p,S ≲

∫ u

u0(u∗)
|r1−

2
p

qσ|p,S ≲
ε0

r|u| s−3
2

.

Hence, we improve the assumption χ† ∈ Γg and obtain

O0,1(}trχ) ≲ ε0. (6.21)

Step 4. Estimates for O∗
0,1(

qζ), O∗
0,1(

qχ̂) and O∗
0,1(

qχ̂).

We have from (6.14)

|r4−
2
p∇|[µ]|p,S ≲

ε0

|u| s−3
2

,

which implies from (2.29) and (6.21)

|r4−
2
p∇qµ|p,S ≲ |r4−

2
p∇|[µ]|p,S + |r3−

2
p∇(}trχ, }trχ)|p,S ≲

ε0

|u| s−3
2

.

We proceed as in Proposition 5.18 to deduce

|r2−
2
p (r∇)qqη|p,S ≲

ε0

|u| s−3
2

, q = 0, 1.

25We assume here that χ† ∈ Γg. This assumption will be improved at the end of Step 3.
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Recalling that

2qζ = qη − qη, qη + qη = ∆ logΩ = 0,

we obtain

|r2−
2
p (r∇)qqζ|p,S = |r2−

2
p (r∇)qη|p,S ≲

ε0

|u| s−3
2

, q = 0, 1.

Hence, we have

O∗
0,1(

qζ) ≲ ε0. (6.22)

Finally, we apply Proposition 5.22 in the particular case of qΩ = 0 to deduce

O∗
0,1(

qχ̂) +O∗
0,1(

qχ̂) ≲ ε0. (6.23)

Combining the estimates (6.13), (6.14), (6.21), (6.22) and (6.23), this concludes the proof of
Proposition 6.6.

6.2.3 Estimate for O∗
γ

Proposition 6.7. For a geodesic type foliation on C∗ in the sense of Definition 6.1, we assume
that

O′(C∗ ∩ Σ0) ≤ ε0, R(C∗) ≲ ε0, O∗(C∗) ≤ ε. (6.24)

Then, we have

O∗
γ ≲ ε0. (6.25)

Proof. We recall from Proposition 2.40

∇3(qγAB)− trχ(qγAB) =O0
−2 · (qχ̂, }trχ) +O2

3 · qγAB. (6.26)

Differentiating it by ∇ and applying Corollary 2.43, we deduce

Ω∇3(∇qγAB)− Ω trχ(∇qγAB) = ∇(Ω trχ)qγAB +O0
−2 · (∇qχ̂,∇}trχ) +O2

3 · ∇qγAB + [Ω∇3,∇]qγAB

= −1

2
Ω trχ∇qγAB +O0

−2 · (∇qχ̂,∇}trχ) +O2
1 · Γg + r2Γg · Γg,

which implies26

∇3(∇qγAB)−
1

2
trχ(∇qγAB) = O0

−2 · (∇qχ̂,∇}trχ) +O2
1 · Γg + r2Γg · Γg. (6.27)

Applying Lemma 5.5, we obtain

|r−1− 2
p∇qγAB|p,S

≲ |r−1− 2
p∇qγAB|p,S∗ +

∫ u

u0(u∗)

(
|r1−

2
p∇(qχ̂, }trχ)|p,S +M2|r−2− 2

pΓg|p,S + |r1−
2
pΓg · Γg|p,S

)
du

≲
ε0

r
s−1
2

+

∫ u

u0(u∗)

Ç
ε0

r|u| s−1
2

+
M2

r4|u| s−3
2

+
ε2

r3|u|s−3

å
du

≲
ε0

r|u| s−3
2

.

26We use the convention introduced in Remark 6.4.
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Differentiating (6.27) by r∇ and applying Corollary 2.43, we infer

∇3(r∇2
qγAB)−

1

2
trχ(r∇2

qγAB) = O0
−3 · (∇2

qχ̂,∇2
}trχ) +O2

1 · Γ(1)
g + r2Γg · Γ(1)

g .

Next, we have from (6.7)

∇2
qχ̂ = ∇qβ +O0

0 · ∇2
}trχ+O0

1 · ∇qζ +O2
4 · Γ(1)

b + r−1Γb · Γ(1)
g .

Hence, we obtain

∇3(r∇2
qγAB)−

1

2
trχ(r∇2

qγAB) = O0
−3 · (∇qβ,∇2

}trχ, r−1∇qζ) +O2
1 · Γ(1)

b + r2Γb · Γ(1)
g .

We recall from Proposition 2.37

∇3(ρ̌, qσ) +
3

2
trχ (ρ̌, qσ) = −d1qβ + Γ(1)

g ·O1
3 +O2

3 · α̊+ Γg · α̊.

We obtain

∇3G− 1

2
trχG = O0

−3 · (∇2
}trχ, r−1∇qζ, r−1ρ̌, r−1

qσ) +O1
0 · Γ(1)

g +O2
0 · α̊+ r3Γg · α̊+ r2Γb · Γ(1)

g ,

where the renormalized quantity G is given by

G = r∇2
qγAB +O0

−3 · (ρ̌, qσ).

Applying Lemma 5.5, we infer

|r−1− 2
pG|p,S ≲ |r−1− 2

pG|p,S∗ +

∫ u

u0(u∗)
|r2−

2
p∇2

}trχ|p,S + |r1−
2
p (∇qζ, ρ̌, qσ)|p,S

+

∫ u

u0(u∗)
M |r−1− 2

pΓ(1)
g |p,S +M2|r−1− 2

p α̊|p,S + |r2−
2
pΓg · α̊|p,S + |r1−

2
pΓb · Γ(1)

g |p,S

≲
ε0

r
s−1
2

+

∫ u

u0(u∗)

ε0

r2|u| s−3
2

+
Mε

r3|u| s−3
2

+
M2ε

r2|u| s+1
2

+
ε2

r|u|s−1
+

ε2

r2|u|s−2

≲
ε0

r|u| s−3
2

.

Hence, we deduce

|r1−
2
p∇2

qγAB|p,S ≲ |r−
2
pG|p,S + |r3−

2
p (ρ̌, qσ)|p,S ≲

ε0

|u| s−3
2

.

Thus, we have
O∗

0,1,2(qγ) ≲ ε0. (6.28)

The estimate for O0,1,2(q∈) is similar. This concludes the proof of Proposition 6.7.

6.2.4 Estimate for O∗
Γ

Proposition 6.8. For a geodesic type foliation on C∗ in the sense of Definition 6.1, we assume
that

O′(C∗ ∩ Σ0) ≤ ε0, R(C∗) ≲ ε0, O∗(C∗) ≤ ε. (6.29)

Then, we have

O∗
Γ ≲ ε0. (6.30)
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Proof. We recall from Lemma 2.23

ΓBuA =
1

2
γBC

Å
∂u(γAC)−

∂

∂xA

Ä
γCDb

D
ä
+

∂

∂xC

Ä
γADb

D
äã

+
bB

4Ω2

Å
2
∂

∂xA
(Ω2)− ∂

∂u
(γADb

D)

ã
,

ΓABC =
1

2
γAD

Å
∂γBD
∂xC

+
∂γCD
∂xB

− ∂γBC
∂xD

ã
+

bA

4Ω2

∂γBC
∂u

.

Applying Definition 2.24, and since qΩ = 0 and qb = 0, we infer

qJ = O0
0 ·
(
∂uqγ,∇qγ, ∂uqγ, r−1

qγ
)
+ rΓg · Γb,

qL = O0
0 · (∇qγ, ∂uqγ, r−1

qγ) + rΓg · Γg,

where we used Remark 6.4. Applying Proposition 2.40, we deduce

qJ = O0
0 ·
Ä

}trχ, qχ̂, }trχ, qχ̂, r−1
qγ,∇qγ

ä
+ rΓg · Γb,

qL = O0
0 · (}trχ, qχ̂, r−1

qγ,∇qγ) + rΓg · Γg.

Differentiating it by r∇, we obtain

r∇qJ = O0
0 ·
Ä
r∇}trχ, r∇qχ̂, r∇}trχ, r∇qχ̂,∇qγ, r∇2

qγ
ä
+ rΓg · Γ(1)

b ,

r∇qL = O0
0 · (r∇}trχ, r∇qχ̂,∇qγ, r∇2

qγ) + rΓg · Γ(1)
g .

Combining with Propositions 6.6 and 6.7, we deduce for q = 0, 1

|r1−
2
p (r∇)qqJ |p,S ≲

ε0

|u| s−1
2

+ |r2−
2
pΓg · Γ(1)

b |p,S ≲
ε0

|u| s−1
2

,

|r2−
2
p (r∇)qqL|p,S ≲

ε0

|u| s−3
2

+ |r3−
2
pΓg · Γ(1)

g |p,S ≲
ε0

|u| s−3
2

.

This concludes the proof of Proposition 6.8.

Combining Propositions 6.6, 6.7 and 6.8, this concludes the proof of Theorem M2.

6.3 Extension argument (Theorem M4)

In this section, we prove Theorem M4 which we recall below for convenience.

Theorem M4. We consider the spacetime K and its double null foliation (u, u) which satisfies
the assumptions:

O ≲ ε0, R ≲ ε0, Osc ≲ ε0, O∗(C∗) ≲ ε0. (6.31)

Then, we can extend the spacetime K = V (u0, u∗) and the double null foliation to a new spacetimeÛK = ÙV (u0, u∗+ν), where ν > 0 is sufficiently small, and an associated double null foliation (Ûu, u).
Moreover, the new foliation (Ûu, u) is geodesic on the new last slice C∗∗ := Cu∗+ν and the new
corresponding norms satisfyÙO ≲ ε0, ÙR ≲ ε0, Õsc ≲ ε0, ÙO∗(C∗∗) ≲ ε0. (6.32)

Proof. We define the region

A0 := {p ∈ Σ0/w(p) ∈ [u∗, u∗ + ν]}.

For ν > 0 small enough, we consider the future domain of dependence Kν
0 of A0, with

Kν
0 := V ′(u∗, u∗ + ν) ⊂ K′.

The boundary of Kν
0 contains, see Figure 4.7:
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Figure 4.7: Extension argument

1. the part A0 of Σ0;

2. a part of an ingoing cone denoted by

C∗∗(u∗ − ν) := C(u∗ + ν; [u∗ − ν, u∗]),

which is a part of the new last slice C∗∗ := Cu∗+ν , where

u∗ − ν := u|Cu∗+ν∩Σ0 , u∗ = u|Cu∗
∩Σ0 ;

3. a part of the outgoing cone emanating from S0(u∗) = Cu∗ ∩ Σ0 and in V ′(u∗, u∗ + ν),
denoted by C∗

ν .

For the double null foliation (u′, u) in Kν
0 , we have:

O′(Kν
0) ≲ ε0, R′(Kν

0) ≲ ε0, (6.33)

for ν > 0 small enough by local existence. By the local existence theorem for the characteristic
Cauchy problem in [44], we can extend the spacetime K∪Kν

0 to the future domain of dependence
of C∗

ν ∪ C∗. Moreover, we extend the outgoing cones of K to this new domain, construct the
ingoing cones from C∗

ν and denote (ũ, u) the global foliation in K̃ := K ∪ Kν
u ∪ Kν

0 . As a
consequence of Theorem 1 of [44], we have‹O(Kν

u) ≲ ε0, ‹R(Kν
u) ≲ ε0. (6.34)

Combining (6.31), (6.33) and (6.34), we obtain‹O(K̃) ≲ ε0, ‹R(K̃) ≲ ε0.

The foliation (ũ, u) on the new last slice C∗∗ of V (u0, u∗ + ν) is in general not of the geodesic
type of Definition 6.1. Starting from S∗∗ := C∗∗ ∩ Σ0, we construct a geodesic type foliation
(Ûu, u∗) on C∗∗(−u∗ − ν < Ûu < u1), where u1 is sufficiently close to −u∗ − ν. We also denoteÙV (u1) := ÙV (u1, u∗ + ν) := J−(ÛS(u1, u∗ + ν)).
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Proceeding as in Section 2.1.5, we can construct a double null foliation (Ûu, u) in ÙV (u1). Let U
the set of u1 ≤ u0 such that we have the following estimates:ÙO(ÙV (u1)) ≤ ε, ÙR(ÙV (u1)) ≤ ε, Õsc(ÙV (u1)) ≤ ε, ÙO∗(C∗∗ ∩ ÙV (u1)) ≤ ε. (6.35)

We also denote

u2 := supU. (6.36)

Assume that u2 < u0. Applying Theorems M0–M3 in ÙV (u2), we obtainÙO(ÙV (u2)) ≲ ε0, ÙR(ÙV (u2)) ≲ ε0, Õsc(ÙV (u2)) ≲ ε0, ÙO∗(C∗∗ ∩ ÙV (u2)) ≲ ε0.

Thus, by the continuity of the norms, we obtain u2+δ ∈ U for δ > 0 small enough, a contradiction
with (6.36). Hence, we have u2 = u0 which impliesÙO(ÙV (u0)) ≲ ε0, ÙR(ÙV (u0)) ≲ ε0, Õsc(ÙV (u0)) ≲ ε0, ÙO∗(C∗∗ ∩ ÙV (u0)) ≲ ε0.

This concludes the proof of Theorem M4.

A Proof of results in Section 2.8

A.1 Proof of Proposition 2.34

We prove below a more precise version of Proposition 2.34.

Proposition A.1. We have the following linearized null structure equations:

Ω∇4
Ω trχ+ (Ω trχ) Ω trχ =− 4Ω trχ |Ωω + L[∇4 }trχ] + Err[∇4 }trχ],

L[∇4 }trχ] :=− 2}Ωχ̂(ΩK χ̂K)− 4ΩKωKΩ trχ,

Err[∇4 }trχ] :=
1

2
(Ω trχ)2 − |}Ωχ̂|2,

Ω∇3
Ω trχ+ (Ω trχ) Ω trχ =− 4Ω trχ |Ωω + L[∇3 }trχ] + Err[∇3 }trχ],

L[∇3 }trχ] :=− 2}Ωχ̂(ΩK χ̂K)− 4ΩKωKΩ trχ−qb
A
∂A(ΩK trK χK),

Err[∇3 }trχ] :=
1

2
(Ω trχ)2 − |}Ωχ̂|2,

Ω∇4(Ω trχ) =− 2 ~Ω2[µ] + L[∇4(}trχ)] + Err[∇4(}trχ)],

L[∇4(}trχ)] :=4ΩKηK(|Ωη),

Err[∇4(}trχ)] :=2||Ωη|2,

Ω∇3(Ω trχ) =− 2 ~Ω2[µ] + L[∇4(}trχ)] + Err[∇4(}trχ)],

L[∇4(}trχ)] :=4ΩKηK(|Ωη) +qb
A
∂A(ΩK trK χK),

Err[∇4(}trχ)] :=2||Ωη|2.
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We also have the linearized Codazzi equations:

div(qχ̂) =
1

2
∇}trχ+

1

2
trχ qζ −qb+ L[div(qχ̂)] + Err[div(qχ̂)],

L[div(qχ̂)] :=
1

2
}trχ ζK − qζ · χ̂K − ζK · qχ̂+ (γAB − (γK)AB)∇A(χ̂K)B• − γABK

qLCAB(χ̂K)C•,

Err[div(qχ̂)] :=− qζ · qχ̂,

div(qχ̂) =
1

2
∇}trχ− 1

2
trχ qζ + qβ + L[div(qχ̂)] + Err[div(qχ̂)],

L[div(qχ̂)] :=− 1

2
}trχ ζK + qζ · χ̂

K
+ ζK · qχ̂+ (γAB − (γK)AB)∇A(χ̂K)B• − γABK

qLCAB(χ̂K)C•,

Err[div(qχ̂)] :=qζ · qχ̂.

The linearized mass aspect functions are given by:

div qη = −qµ− ρ̌+ L[div(qη)] + Err[div(qη)],

L[div(qη)] = (γAB − (γK)AB)∇A(ηK)B − (γK)AB qLCAB(ηK)C +
1

2
χ̂K · χ̂+

1

2
qχ̂ · χ̂

K
,

Err[div(qη)] =
1

2
χ̂ · qχ̂,

div qη = −qµ− ρ̌+ L[div(qη)] + Err[div(qη)],

L[div(qη)] = (γAB − (γK)AB)∇A(ηK)B − (γK)AB qLCAB(ηK)C +
1

2
χ̂K · χ̂+

1

2
qχ̂ · χ̂

K
,

Err[div(qη)] =
1

2
χ̂ · qχ̂.

The linearized torsion equations are given by:

curl qη =qσ + L[curl qη] + Err[curl qη],

L[curl qη] :=
1

2
qχ̂ ∧ χ̂K +

1

2
χ̂
K
∧ qχ̂− (∈AB − ∈ABK )∇A(ηK)B + (∈K)AB qLCAB(ηK)C ,

Err[curl qη] :=
1

2
qχ̂ ∧ qχ̂,

curlqη =− qσ + L[curlqη] + Err[curlqη],

L[curlqη] :=− 1

2
qχ̂ ∧ χ̂K − 1

2
χ̂
K
∧ qχ̂− (∈AB − ∈ABK )∇A(ηK)B + (∈K)AB qLCAB(ηK)C ,

Err[curlqη] :=− 1

2
qχ̂ ∧ qχ̂.

Moreover, we have

Ω∇4( |Ωω) =
1

2
}Ω2ρ+ L[∇4qω] + Err[∇4qω],

L[∇4qω] :=
3

2
(|Ωη − |Ωη) · (ΩKηK − ΩKηK)− 1

4
(|Ωη − |Ωη) · (ΩKηK +ΩKηK)

− 1

4
(ΩKηK − ΩKηK) · (|Ωη + |Ωη)− 1

4
(|Ωη + |Ωη) · (ηK + η

K
),

Err[∇4qω] :=
3

4
||Ωη − |Ωη|2 − 1

4
(|Ωη − |Ωη) · (|Ωη + |Ωη)− 1

8
||Ωη + |Ωη|2,



290 CHAPTER 4. KERR STABILITY IN EXTERNAL REGIONS

Ω∇3( |Ωω) =
1

2
}Ω2ρ+ L[∇3qω] + Err[∇3qω],

L[∇3qω] :=
3

2
(|Ωη − |Ωη) · (ΩKηK − ΩKηK) +

1

4
(|Ωη − |Ωη) · (ΩKηK +ΩKηK)

+
1

4
(ΩKηK − ΩKηK) · (|Ωη + |Ωη)− 1

4
(|Ωη + |Ωη) · (ηK + η

K
) +qb

A∇∂A(ΩKωK),

Err[∇3qω] :=
3

4
||Ωη − |Ωη|2 + 1

4
(|Ωη − |Ωη) · (|Ωη + |Ωη)− 1

8
||Ωη + |Ωη|2.

Remark A.2. Combining Propositions A.1 and 2.28 and Definitions 2.3 and 2.25, we obtain
immediately Proposition 2.34.

Proof of Proposition 2.34. We recall from Corollary 2.18

Ω∇4(Ω trχ) +
1

2
(Ω trχ)2 =− Ω2|χ̂|2 − 4Ωω(Ω trχ),

which implies

ΩK∇(e4)K (ΩK trK χK) +
1

2
(ΩK trK χK)2 =− Ω2

K |χ̂K |2 − 4ΩKωK(ΩK trK χK).

Taking the difference, we infer

Ω∇4(Ω trχ) =− 1

2
(Ω trχ)2 − Ω2|χ̂|2 − 4Ωω(Ω trχ) +

1

2
(ΩK trK χK)2 +Ω2

K |χ̂K |2 + 4ΩKωK(trK χK)

=− Ω trχΩ trχ+
1

2
Ω trχ

2 − 2}Ωχ̂(ΩK χ̂K)− |}Ωχ̂|2 − 4ΩKωKΩ trχ

− 4ΩK trK χK |Ωω − 4 |Ωω Ω trχ.

Similarly, we have

Ω∇3(Ω trχ) =− Ω trχΩ trχ+
1

2
Ω trχ

2 − 2(}Ωχ̂)ΩK χ̂K − |}Ωχ̂|2 − 4ΩKωKΩ trχ

− 4ΩK trK χK
|Ωω − 4 |Ωω Ω trχ−qb

A
∂A(ΩK trK χK).

Next, we have from Corollary 2.18

Ω∇4(Ω trχ) = −2Ω2[µ] + 2Ω2|η|2,

which implies

ΩK∇(e4)K (ΩK trK χK) = −2Ω2
K [µ]K + 2Ω2

K |η
K
|2.

Taking the difference, we infer

Ω∇4(Ω trχ) = −2 ~Ω2[µ] + 4ΩKηK(|Ωη) + 2||Ωη|2.

Similarly, we have

Ω∇3(Ω trχ) = −2 ~Ω2[µ] + 4ΩKηK(|Ωη) + 2||Ωη|2 +qb
A
∂A(ΩK trK χK).

Now we consider the Codazzi equation

div χ̂ =
1

2
(∇ trχ+ trχ ζ)− ζ · χ̂− β,



A. PROOF OF RESULTS IN SECTION 2.8 291

which implies

divK χ̂K =
1

2
(∇K trK χK + trK χK ζK)− ζK · χ̂K − βK .

Taking the difference, we obtain from Proposition 2.22

div(qχ̂) =div χ̂− div χ̂K

=div χ̂− divK χ̂K − (div−divK)χ̂K

=
1

2
∇}trχ+

1

2
trχ qζ +

1

2
}trχ ζK − qζ · χ̂K − ζK · qχ̂− qζ · qχ̂−qb− }γAB∇A(χ̂K)B•

− γABK
qLDAB (χ̂K)•D − γABK

qLDA• (χ̂K)BD.

Similarly, we have

div(qχ̂) =
1

2
∇}trχ− 1

2
trχ qζ − 1

2
}trχ ζK + qζ · χ̂

K
+ ζK · qχ̂+ qζ · qχ̂+ qβ − }γAB∇A(χ̂K)B•

− γABK
qLDAB(χ̂K)•D − γABK

qLDA•(χ̂K)BD.

Next, we recall from (2.28)

µ = −div η +
1

2
χ̂ · χ̂− ρ.

Hence, we have

µK = −divK ηK +
1

2
χ̂K · χ̂

K
− ρK .

Taking the difference, we obtain

qµ = −div qη + (div−divK)ηK +
1

2
χ̂K · χ̂+

1

2
qχ̂ · χ̂

K
+

1

2
χ̂ · qχ̂− ρ̌

= −div qη − ρ̌+ (γAB − (γK)AB)∇A(ηK)B − (γK)AB qLCAB(ηK)C

+
1

2
χ̂K · χ̂+

1

2
qχ̂ · χ̂

K
+

1

2
χ̂ · qχ̂.

Similarly, we have

qµ = −div qη − ρ̌+ (γAB − (γK)AB)∇A(ηK)B − (γK)AB qLCAB(ηK)C

+
1

2
χ̂K · χ̂+

1

2
qχ̂ · χ̂

K
+

1

2
χ̂ · qχ̂.

We consider the torsion equation

curl η = − curl η = σ +
1

2
χ̂ ∧ χ̂,

which implies

curlK ηK = − curlK ηK = σK +
1

2
χ̂
K
∧ χ̂K .

Taking the difference, we infer from Proposition 2.22 that

curl qη =curl η − curl ηK = curl η − curlK ηK − (curl− curlK)ηK

=qσ +
1

2
qχ̂ ∧ qχ̂+

1

2
qχ̂ ∧ χ̂K +

1

2
χ̂
K
∧ qχ̂− ~∈AB∇A(ηK)B+ ∈ABK qLCAB(ηK)C .
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Similarly, we have

− curlqη =qσ +
1

2
qχ̂ ∧ qχ̂+

1

2
qχ̂ ∧ χ̂K +

1

2
χ̂
K
∧ qχ̂+ ~∈AB∇A(ηK)B− ∈ABK qLCAB(ηK)C .

Finally, we recall from Proposition 2.16

Ω∇4(Ωω) =
1

2
Ω2ρ+

3

4
|Ωη − Ωη|2 − 1

4
(Ωη − Ωη) · (Ωη +Ωη)− 1

8
|Ωη +Ωη|2,

which implies

ΩK∇(e4)KωK =
1

2
Ω2
KρK +

3

4
|ΩKηK − ΩKηK |2 − 1

4
(ΩKηK − ΩKηK) · (ΩKηK +ΩKηK)

− 1

8
|ΩKηK +ΩKηK |2.

Taking the difference, we obtain

Ω∇4( |Ωω) =
3

4
Ω2|η − η|2 − 1

4
Ω2(η − η) · (η + η)− 1

8
Ω2|η + η|2 + 1

2
Ω2ρ

− 3

4
Ω2
K |ηK − η

K
|2 + 1

4
Ω2
K(ηK − η

K
) · (ηK + η

K
) +

1

8
Ω2
K |ηK + η

K
|2 − 1

2
Ω2
KρK

=
3

4
||Ωη − |Ωη|2 + 3

2
(|Ωη − |Ωη) · (ΩKηK − ΩKηK)− 1

4
(|Ωη − |Ωη) · (|Ωη + |Ωη)

− 1

4
(|Ωη − |Ωη) · (ΩKηK +ΩKηK)− 1

4
(ΩKηK − ΩKηK) · (|Ωη + |Ωη)− 1

8
||Ωη + |Ωη|2

− 1

4
(|Ωη + |Ωη) · (ηK + η

K
) +

1

2
}Ω2ρ.

Similarly, we have

Ω∇3( |Ωω) =
3

4
||Ωη − |Ωη|2 + 3

2
(|Ωη − |Ωη) · (ΩKηK − ΩKηK) +

1

4
(|Ωη − |Ωη) · (|Ωη + |Ωη)

+
1

4
(|Ωη − |Ωη) · (ΩKηK +ΩKηK) +

1

4
(ΩKηK − ΩKηK) · (|Ωη + |Ωη)− 1

8
||Ωη + |Ωη|2

− 1

4
(|Ωη + |Ωη) · (ηK + η

K
) +

1

2
}Ω2ρ+qb

A∇∂xa (ΩKωK).

This concludes the proof of Proposition A.1.

A.2 Proof of Proposition 2.36

We recall from Corollary 2.18 that

Ω∇4[µ] + Ω trχ[µ] = Ω[F ] + Ω(trχρ− 2η · β),

[F ] := χ̂ · (∇“⊗η) + (η − η) · (∇ trχ+ trχ ζ) +
1

2
trχ(|η|2 − |η|2)

− 1

2

(
trχ|χ̂|2 + trχ(χ̂ · χ̂)

)
+ 2η · χ̂ · η,

which implies

ΩK(∇K)(e4)K [µ]K +ΩK trK χK [µ]K = ΩK [F ]K +ΩK(trχK ρK − 2ηK · βK).

Taking the difference, we obtain

Ω∇4
|[µ] + Ω trχ|[µ] = ~Ω[F ] + Ω(trχρ− 2η · β)− ΩK(trχK ρK − 2ηK · βK)

= ~Ω[F ] + Ω trχρK +Ωtrχ ρ̌− 2|Ωη · βK − 2ΩKηK ·qb− 2|Ωη ·qb
= Ωtrχ ρ̌+ ~Ω[F ] +O1

3 · Γg +O2
3 ·qb− 2|Ωη ·qb.
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Next, we compute

Ω[F ] =− 2χ̂ · d∗2η + (η − η) · ∇ trχ+ (O2
3 + Γg) · (O0

1 + Γg) · (O2
3 + Γg)

+ (O0
1 + Γg) · (O2

3 + Γg) · (O2
3 + Γb) + (O2

3 + Γg) · (O2
3 + Γg) · (O2

3 + Γg)

=− 2χ̂ · d∗2η + (η − η) · ∇ trχ+O4
7 +O2

4 · Γb + r−1Γg · Γb.

Hence, we deduce from Proposition 2.22 that

~Ω[F ] =− 2qχ̂ · (d∗2)KηK − 2χ̂K · }d∗2η − 2qχ̂ · }d∗2η + (qη − qη) · ∇K trK χK + (ηK − η
K
) · ∇}trχ

+ (qη − qη) · ∇}trχ+O2
4 · Γb + r−1Γg · Γb

=O2
3 · }d∗2η − 2qχ̂ · }d∗2η +O2

3 · ∇}trχ+ (qη − qη) · ∇}trχ+O2
4 · Γb + r−1Γg · Γb

=O2
3 · (d∗2qη + qL ·O2

3)− 2qχ̂ · (d∗2qη + qL ·O2
3) +O2

3 · ∇}trχ+ (qη − qη) · ∇}trχ+O2
4 · Γb + r−1Γg · Γb

=O2
3 · (d∗2qη)− 2qχ̂ · (d∗2qη) +O4

6 · qL+ r−1Γg · qL+O2
3 · ∇}trχ+ (qη − qη) · ∇}trχ+O2

4 · Γb + r−1Γg · Γb.

Thus, we obtain

Ω∇4
|[µ] + Ω trχ|[µ] = Ω trχ ρ̌+O2

3 · (d∗2qη,∇}trχ,qb) +O1
3 · (Γg, qL)− 2qχ̂ · (d∗2qη) + r−1Γg · qL

+ (qη − qη) · ∇}trχ+ r−1Γg · Γb − 2|Ωη ·qb.

Similarly, we have

Ω∇3
|[µ] + Ω trχ|[µ] = Ω trχ ρ̌+O2

3 · (d∗2qη,∇}trχ, qβ) +O1
3 · (Γg, qL)− 2qχ̂ · (d∗2qη) + r−1Γb · qL

+ (qη − qη) · ∇}trχ+ r−1Γb · Γb + 2|Ωη · qβ.

This concludes the proof of Proposition 2.36.

A.3 Proof of Propositions 2.37 and 2.38

We first prove the following lemma.

Lemma A.3. Let k, k′ = 0, 1, 2, λ0 a real number and ∇ a first order elliptic operator. Then,
we have the following properties:

1. Assume that ψ, h ∈ sk and ψ′ ∈ sk′ satisfy the following equation:

∇3ψ + λ0 trχψ = ∇ψ′ + h. (A.1)

Then, we have
∇3 d/ψ + λ0 trχ d/ψ = ∇ d/ψ′ + h[1], (A.2)

where

h[1] = d/h+ (Γg +O2
3)h+ (Γg +O2

3) · ψ′(1) + (Γb +O2
3) · ψ(1) + Γ

(1)
b · ψ.

2. Assume that ψ, h ∈ sk and ψ′ ∈ sk′ satisfy the following equation:

∇4ψ + λ0 trχψ = ∇ψ′ + h. (A.3)

Then, we have
∇4 d/ψ + λ0 trχ d/ψ = ∇ d/ψ′ + h[1], (A.4)

where
h[1] = d/h+ (Γg +O2

3)h+ (Γg +O2
3) · (ψ′(1), ψ(1)) + Γ(1)

g · ψ.
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Proof. We have from (A.1)

Ω∇3ψ + λ0Ω trχψ = Ω∇ψ′ +Ωh.

Differentiating it by d/, we obtain

Ω∇3( d/ψ) + λ0r∇(Ω trχ)ψ + λ0Ω trχ( d/ψ) = r∇Ω · ∇ψ′ +Ω∇( d/ψ′) + d/(Ωh) + [Ω∇3, d/]ψ,

which implies from Corollary 2.43

Ω∇3( d/ψ) + λ0Ω trχ( d/ψ)

= Ω∇( d/ψ′) + (Γg +O2
3) · ∇ψ′ + (Γ(1)

g +O2
3) · ψ + (Γg +O2

3)h+Ω d/h

+ (Γb +O2
3) · d/ψ + (Γ

(1)
b +O2

3) · ψ
= Ω∇( d/ψ′) + (Γg +O2

3)h+ (Γb +O2
3) · ψ′(1) + (Γg +O2

3) · ψ(1) + Γ
(1)
b · ψ +Ω d/h.

Hence, we obtain

∇3( d/ψ) + λ0 trχ( d/ψ)

=∇( d/ψ′) + (Γg +O2
3)h+ (Γg +O2

3) · ψ′(1) + (Γb +O2
3) · ψ(1) + Γ

(1)
b · ψ + d/h,

(A.5)

which implies (A.2). The proof of (A.4) is similar. This concludes the proof of Lemma A.3.

We next prove the following lemma concerning the linearization of Bianchi equations.

Lemma A.4. Let k, k′ = 0, 1, 2, λ0 a real number and ∇ a first order elliptic operator. Then,
we have the following properties:

1. Assume that ψ, h ∈ sk and ψ′ ∈ sk′ satisfy the following equation:

∇3ψ + λ0 trχψ = ∇ψ′ + h. (A.6)

Then, we have

∇3
qψ + λ0 trχ qψ = ∇ψ′ + qh+ qJ · ψK + qL · ψ′

K + Γg · d≤1ψK . (A.7)

2. Assume that ψ, h ∈ sk and ψ′ ∈ sk′ satisfy the following equation:

∇4ψ + λ0 trχψ = ∇ψ′ + h. (A.8)

Then, we have

∇4
qψ + λ0 trχ qψ = ∇ψ′ + qh+ qJ · ψK + qL · ψ′

K + Γg · d≤1ψK . (A.9)

Proof. Assume that we have

∇3ψ + λ0 trχψ = ∇ψ′ + h.

Then, we obtain

(∇K)(e3)KψK + λ0 trK χK ψK = ∇Kψ
′
K + hK .

Taking the difference, we deduce

∇3ψ − (∇K)(e3)KψK + λ0(trχψ − trK χK ψK) = ∇ψ′ −∇Kψ
′
K + qh. (A.10)
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Recall from (2.40) that

e3 − (e3)K = Ω−1(Ωe3 − ΩK(e3)K) +

Å
ΩK
Ω

− 1

ã
(e3)K

= Ω−1
qb
A
∂xA +Ω−1

qΩ(e3)K .

Thus, we obtain

(∇K)e3−(e3)KψK = Γg · ∂xA(ψK) + rΓg · (∇K)(e3)KψK = Γg · dψK .

Combining with (A.10), we deduce

∇3
qψ + λ0 trχ qψ = ∇3(ψ − ψK) + λ0 trχ (ψ − ψK)

=
(
(∇K)(e3)K −∇3

)
ψK + λ0(trK χK − trχ)ψK +∇ qψ′ + (∇−∇K)ψ′

K + qh

=
(
(∇K)(e3)K−e3 + (∇K −∇)

)
ψK − λ0 }trχψK +∇ qψ′ + (∇−∇K)ψ′

K + qh

= ∇ψ′ + qh− (∇−∇K)e3ψK + (∇−∇K)ψ′
K + Γg · d≤1ψK .

Recalling Lemma 2.41, we have

(∇−∇K)e3ψK = qJ · ψK + qL · ψK ,
(∇−∇K)ψ′

K = qL · ψK .

Thus, we obtain

∇3
qψ + λ0 trχ qψ = ∇ψ′ + qh+ (qJ, qL) · ψK + qL · ψ′

K + Γg · d≤1ψK ,

which implies (A.7). The proof of (A.9) is similar. This concludes the proof of Lemma A.4.

We are now ready to prove the following proposition, which implies directly Propositions 2.37
and 2.38.

Proposition A.5. We have the following linearized Bianchi equations:

∇4α̊+
1

2
trχ α̊ =∇“⊗qβ + L[∇4α̊] + Err[∇4α̊],

L[∇4α̊] :=Γ
(1)
b ·O1

3 +O1
2 · α̊+O2

3 · (qβ, ρ̌, qσ),
Err[∇4α̊] :=Γg · (α̊, qβ) + Γb · (ρ̌, qσ),

∇4
|d/α+

1

2
trχ|d/α =−∇“⊗|d/β + L[∇4

|d/α] + Err[∇4
|d/α],

L[∇4
|d/α] =Γ

(1)
b ·O1

3 +O1
2 · α̊(1) +O2

3 · (qβ
(1)
, ρ̌(1), qσ(1)),

Err[∇4
|d/α] =Γ(1)

g · (α̊, qβ) + Γ
(1)
b · (ρ̌, qσ) + Γg · (α̊(1), qβ

(1)
) + Γb · (ρ̌(1), qσ(1)),

∇3
qβ + 2 trχ qβ =− div α̊+ L[∇3

qβ] + Err[∇3
qβ],

L[∇3
qβ] :=Γ

(1)
b ·O2

4 +O1
2 · qβ +O2

3 · α̊,
Err[∇3

qβ] :=Γb · qβ + Γg · α̊,

∇3
|d/β + 2 trχ|d/β =− div |d/α+ L[∇3

|d/β] + Err[∇3
|d/β],
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L[∇3
|d/β] :=Γ

(1)
b ·O2

4 +O1
2 · qβ

(1)
+O2

3 · α̊(1),

Err[∇3
|d/β] :=Γ

(1)
b · qβ + Γb · qβ

(1)
+ Γ(1)

g · α̊+ Γg · α̊(1),

∇4
qβ + trχ qβ =−∇ρ̌+ ∗∇qσ + L[∇4

qβ] + Err[∇4
qβ],

L[∇4
qβ] :=Γ(1)

g ·O1
3 +O1

2 · qβ +O2
3 · (ρ̌, qσ,qb),

Err[∇4
qβ] :=Γg · (qβ, ρ̌, qσ) + Γb ·qb,

∇4
|d/β + trχ|d/β :=−∇|d/ρ+ ∗∇|d/σ + L[∇4

|d/β] + Err[∇4
|d/β],

L[∇4
|d/β] :=Γ(1)

g ·O1
3 +O1

2 · qβ
(1)

+O2
3 · (ρ̌(1), qσ(1),qb(1)),

Err[∇4
|d/β] :=Γ(1)

g · (qβ, ρ̌, qσ) + Γg · (qβ
(1)
, ρ̌(1), qσ(1)) + Γ

(1)
b ·qb+ Γb ·qb(1),

∇3(ρ̌, qσ) +
3

2
trχ (ρ̌, qσ) = −d1qβ + L[∇3ρ̌] + Err[∇3ρ̌],

L[∇3ρ̌] :=Γ(1)
g ·O1

3 +O2
3 · (α̊, qβ),

Err[∇3ρ̌] :=Γg · (α̊, qβ),

∇3(|d/ρ, |d/σ) +
3

2
trχ(|d/ρ, |d/σ) =− d1 d/qβ + L[∇3(|d/ρ, |d/σ)] + Err[∇3(|d/ρ, |d/σ)],

L[∇3(|d/ρ, |d/σ)] :=Γ
(1)
b ·O1

3 +O2
3 · (α̊(1), qβ

(1)
, ρ̌(1), qσ(1)),

Err[∇3(|d/ρ, |d/σ)] :=Γ(1)
g · (α̊, qβ) + Γg · (α̊(1), qβ

(1)
) + Γb · (ρ̌(1), qσ(1)) + Γ

(1)
b · (ρ̌, qσ),

∇4(ρ̌,−qσ) +
3

2
trχ(ρ̌,−qσ) =d1qb+ L[∇4ρ̌] + Err[∇4ρ̌],

L[∇4ρ̌] :=Γ(1)
g ·O1

3 +O2
3 · (qα,qb),

Err[∇4ρ̌] :=Γb · qα+ Γg ·qb,

∇4(|d/ρ,−|d/σ) +
3

2
trχ(|d/ρ,−|d/σ) =d1 |d/β + L[∇4(|d/ρ,−|d/σ)] + Err[∇4(|d/ρ, |d/σ)],

L[∇4(|d/ρ,−|d/σ)] :=Γ(1)
g ·O1

3 +O2
3 · (qα(1),qb(1), ρ̌(1), qσ(1)),

Err[∇4(|d/ρ,−|d/σ)] :=Γ
(1)
b · qα+ Γb · qα(1) + Γ(1)

g · (qb, ρ̌, qσ) + Γg · (qb(1), ρ̌(1), qσ(1)),

∇3
qb+ trχqb =∇ρ̌+ ∗∇qσ + L[∇3

qb] + Err[∇3
qb],

L[∇3
qb] :=Γ(1)

g ·O1
3 +O1

2 ·qb+O2
3 · (qβ, ρ̌, qσ),

Err[∇3
qb] :=Γb ·qb+ Γg · (qβ, ρ̌, qσ),

∇3 d/qb+ trχ d/qb =∇ d/ρ̌+ ∗∇ d/qσ + L[∇3
|d/β] + Err[∇3

|d/β],

L[∇3
|d/β] :=Γ(1)

g ·O1
3 +O1

2 ·qb(1) +O2
3 · (qβ

(1)
, ρ̌(1), qσ(1)),

Err[∇3
|d/β] :=Γ

(1)
b ·qb+ Γb ·qb(1) + Γ(1)

g · (qβ, ρ̌, qσ) + Γg · (qβ
(1)
, ρ̌(1), qσ(1)),
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∇4
qb+ 2 trχqb =div qα+ L[∇4

qb] + Err[∇4
qb],

L[∇4
qb] :=Γ(1)

g ·O2
4 +O1

2 · (qb, qα),

Err[∇4
qb] :=Γg · (qb, qα),

∇4 d/qb+ 2 trχ d/qb =div d/qα+ L[∇4
|d/β] + Err[∇4

|d/β],

L[∇4
|d/β] :=Γ(1)

g ·O2
4 +O1

2 · (qb(1), qα(1)),

Err[∇4
|d/β] :=Γ(1)

g · (qb, qα) + Γg · (qb(1), qα(1)),

∇3qα+
1

2
trχ qα =∇“⊗qb+ L[∇3qα] + Err[∇3qα],

L[∇3qα] :=Γ(1)
g ·O1

3 +O1
2 · qα+O2

3 · (ρ̌, qσ,qb),
Err[∇3qα] :=Γb · qα+ Γg ·qb,

∇3 d/qα+
1

2
trχ d/qα =∇“⊗ d/qb+ L[∇3

|d/α] + Err[∇3
|d/α],

L[∇3
|d/α] :=Γ(1)

g ·O1
3 +O1

2 · qα(1) +O2
3 · (ρ̌(1), qσ(1),qb(1)),

Err[∇3
|d/α] :=Γ

(1)
b · qα+ Γb · qα(1) + Γ(1)

g ·qb+ Γg ·qb(1).

Proof. We recall from Proposition 2.19

∇4α+
1

2
trχα = −∇“⊗β + h[α4],

h[α4] := 4ωα− 3(χ̂ρ− ∗χ̂σ) + (ζ − 4η)“⊗β.
Applying Lemma A.3, we deduce

∇4 d/α+
1

2
trχ d/α = −∇“⊗ d/β + h[α4]

[1],

where

h[α4]
[1] = d/h[α4] + (Γg +O2

3) · h[α4] + (Γg +O2
3) · (α(1), β(1)) + Γ(1)

g · α

= d/h[α4] + (Γg +O2
3) · h[α4] + (Γg +O2

3) · (α̊(1), qβ
(1)

) + Γ(1)
g · α̊

+ Γg ·O3
5 + Γg ·O2

4 +O4
7 + Γ(1)

g ·O3
5.

We compute

h[α4] = 4ωα− 3(χ̂ρ− ∗χ̂σ) + (ζ − 4η)“⊗β
= (O1

2 + Γg)(O
3
5 + α̊) + (O2

3 + Γb) · (O1
3 + ρ̌+ qσ) + (O2

3 + Γg) · (O2
4 +

qβ)

= O4
7 + Γg ·O3

5 +O1
2 · α̊+ Γg · α̊+O3

6 + Γb ·O1
3 +O2

3 · (ρ̌, qσ) + Γb · (ρ̌, qσ)
+O4

7 + Γg ·O2
4 +O2

3 · qβ + Γg · qβ

= O3
6 + Γb ·O1

3 +O1
2 · α̊+O2

3 · (qβ, ρ̌, qσ) + Γg · (α̊, qβ) + Γb · (ρ̌, qσ),

(A.11)

which implies

h[α4]
[1] = O3

6 + Γ
(1)
b ·O1

3 +O1
2 · α̊(1) +O2

3 · (qβ
(1)
, ρ̌(1), qσ(1))

+ Γ(1)
g · (α̊, qβ) + Γ

(1)
b · (ρ̌, qσ) + Γg · (α̊(1), qβ

(1)
) + Γb · (ρ̌(1), qσ(1)).
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Applying Lemma A.4, we obtain

∇4α̊+
1

2
trχ α̊ = −∇“⊗qβ + ~h[α4] + qJ · αK + qL · β

K
+ Γg · d≤1αK

= −∇“⊗qβ + ~h[α4] + Γ(1)
g ·O3

5 + Γ(1)
g ·O2

4 + Γg ·O3
5

= −∇“⊗qβ + ~h[α4] + Γ(1)
g ·O2

4,

and similarly

∇4
|d/α+

1

2
trχ|d/α = −∇“⊗|d/β + h[α4]

[1] + Γ(1)
g ·O2

4.

Hence, we infer

∇4α̊+
1

2
trχα̊ = −∇“⊗qβ + ~h[α4] + Γ(1)

g ·O2
4

= −∇“⊗qβ + Γ
(1)
b ·O1

3 +O1
2 · α̊+O2

3 · (qβ, ρ̌, qσ) + Γg · (α̊, qβ) + Γb · (ρ̌, qσ).

Similarly, we have

∇4
|d/α+

1

2
trχ|d/α = −∇“⊗|d/β + h[α4]

[1] + Γ(1)
g ·O2

4

= −∇“⊗|d/β + Γ
(1)
b ·O1

3 +O1
2 · α̊(1) +O2

3 · (qβ
(1)
, ρ̌(1), qσ(1))

+ Γ(1)
g · (α̊, qβ) + Γ

(1)
b · (ρ̌, qσ) + Γg · (α̊(1), qβ

(1)
) + Γb · (ρ̌(1), qσ(1)).

Next, we recall from Proposition 2.19

∇3β + 2 trχβ = −divα+ h[β
3
],

h[β
3
] := −2ωβ + (2ζ − η) · α.

Applying Lemma A.3, we deduce

∇3 d/β + 2 trχ d/β = −div d/α+ h[β
3
][1],

where

h[β
3
][1] = d/h[β

3
] + (Γg +O2

3) · h[β3] + (Γg +O2
3) · α(1) + (Γb +O2

3) · β(1) + Γ
(1)
b · β

= d/h[β
3
] + (Γg +O2

3) · h[β3] + (Γg +O2
3) · α̊(1) + (Γb +O2

3) · qβ
(1)

+ Γ
(1)
b · qβ

+ Γb ·O3
5 + Γb ·O2

4 +O4
7 + Γ

(1)
b ·O2

4.

We compute

h[β
3
] = −2ωβ + (2ζ − η) · α
= (O1

2 + Γb) · (O2
4 +

qβ) + (O2
3 + Γg) · (O3

5 + α̊)

= O3
6 + Γb ·O2

4 +O1
2 · qβ + Γb · qβ +O5

8 + Γg ·O3
5 +O2

3 · α̊+ Γg · α̊
= O3

6 + Γb ·O2
4 +O1

2 · qβ +O2
3 · α̊+ Γb · qβ + Γg · α̊,

which implies

h[β
3
][1] = O3

6 + Γ
(1)
b ·O2

4 +O1
2 · qβ

(1)
+O2

3 · α̊(1) + Γ
(1)
b · qβ + Γb · qβ

(1)
+ Γ(1)

g · α̊+ Γg · α̊(1).
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Applying Lemma A.4, we obtain

∇3
qβ + 2 trχ qβ = −div α̊+ ~h[β

3
] + qJ · β

K
+ qL · α̊K + Γg · d≤1β

K

= −div α̊+ ~h[β
3
] + Γ

(1)
b ·O2

4 + Γ(1)
g ·O3

5 + Γg ·O2
4

= −div α̊+ ~h[β
3
] + Γ

(1)
b ·O2

4,

and similarly

∇3
|d/β + 2 trχ|d/β = −div |d/α+ h[β

3
][1] + Γ

(1)
b ·O2

4.

Hence, we deduce

∇3
qβ + 2 trχ qβ = −div α̊+ Γ

(1)
b ·O2

4 +O1
2 · qβ +O2

3 · α̊+ Γb · qβ + Γg · α̊.

Similarly, we have

∇3
|d/β + 2 trχ|d/β = −div |d/α+ Γ

(1)
b ·O2

4 +O1
2 · qβ

(1)
+O2

3 · α̊(1)

+ Γ
(1)
b · qβ + Γb · qβ

(1)
+ Γ(1)

g · α̊+ Γg · α̊(1).

Next, we recall from Proposition 2.19

∇4β + trχβ = −∇ρ+ ∗∇σ + h[β
4
],

h[β
4
] := 2ωβ + 2χ̂ · β − 3(ηρ− ∗ησ).

Applying Lemma A.3, we infer

∇4 d/β + trχ d/β = −∇ d/ρ+ ∗∇ d/σ + h[β
4
][1],

where

h[β
4
][1] = d/h[β

4
] + (Γg +O2

3) · h[β4] + (Γg +O2
3) · (β(1), ρ(1), σ(1)) + Γ(1)

g · β(1)

= d/h[β
4
] + (Γg +O2

3) · h[β4] + (Γg +O2
3) · (qβ

(1)
, ρ̌(1), qσ(1)) + Γ(1)

g · qβ
(1)

+ Γg ·O2
4 + Γg ·O1

3 +O3
6 + Γ(1)

g ·O2
4.

We compute

h[β
4
] = (O1

2 + Γg) · (O2
4 +

qβ) + (O2
3 + Γb) · (O2

4 +
qb) + (O2

3 + Γg) · (O1
3 + ρ̌+ qσ)

= O3
6 + Γg ·O2

4 +O1
2 · qβ + Γg · qβ +O4

7 + Γb ·O2
4 +O2

3 ·qb+ Γb ·qb
+O3

6 + Γg ·O1
3 +O2

3 · (ρ̌, qσ) + Γg · (ρ̌, qσ)
= O3

6 + Γg ·O1
3 +O1

2 · qβ +O2
3 · (ρ̌, qσ,qb) + Γg · (qβ, ρ̌, qσ) + Γb ·qb,

which implies

h[β
4
][1] = O3

6 + Γ(1)
g ·O1

3 +O1
2 · qβ

(1)
+O2

3 · (ρ̌(1), qσ(1),qb(1))

+ Γ(1)
g · (qβ, ρ̌, qσ) + Γg · (qβ

(1)
, ρ̌(1), qσ(1)) + Γ

(1)
b ·qb+ Γb ·qb(1).

Applying Lemma A.4, we obtain

∇4
qβ + trχ qβ = −∇ρ̌+ ∗∇qσ + ~h[β

4
] + qJ · β

K
+ qL · (ρK , σK) + Γg · d≤1β

K

= −∇ρ̌+ ∗∇qσ + ~h[β
4
] + Γ(1)

g ·O1
3.
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Hence, we infer

∇4
qβ + trχ qβ = −∇ρ̌+ ∗∇qσ + Γ(1)

g ·O1
3 +O1

2 · qβ +O2
3 · (ρ̌, qσ,qb) + Γg · (qβ, ρ̌, qσ) + Γb ·qb.

Similarly, we have

∇4
|d/β + trχ|d/β = −∇|d/ρ+ ∗∇|d/σ + Γ(1)

g ·O1
3 +O1

2 · qβ
(1)

+O2
3 · (ρ̌(1), qσ(1),qb(1))

+ Γ(1)
g · (qβ, ρ̌, qσ) + Γg · (qβ

(1)
, ρ̌(1), qσ(1)) + Γ

(1)
b ·qb+ Γb ·qb(1).

Next, we recall from Proposition 2.19

∇3(ρ, σ) +
3

2
trχ(ρ, σ) = −d1β + h[ρ3, σ3],

h[ρ3, σ3] = −1

2
χ̂ · (α,−∗α) + ζ · (β,−∗β)− 2η · (β,−∗β).

Applying Lemma A.3, we obtain

∇3 d/(ρ, σ) +
3

2
trχ d/(ρ, σ) = −d1 d/β + h[ρ3, σ3]

[1],

where

h[ρ3, σ3]
[1] = d/h[ρ3, σ3] + (Γg +O2

3) · h[ρ3, σ3] + (Γb +O2
3) · (ρ(1), σ(1)) + (Γg +O2

3) · β(1) + Γ
(1)
b · (ρ, σ)

= d/h[ρ3, σ3] + (Γg +O2
3) · h[ρ3, σ3] + (Γb +O2

3) · (ρ̌(1), qσ(1)) + (Γg +O2
3) · qβ

(1)
+ Γ

(1)
b · (ρ̌, qσ)

+ Γb ·O1
3 +O3

6 + Γg ·O2
4 +O4

7 + Γ
(1)
b ·O1

3.

We compute

h[ρ3, σ3] = (O2
3 + Γg) · (O3

5 + α̊) + (O2
3 + Γg) · (O2

4 +
qβ)

= O5
8 + Γg ·O3

5 +O2
3 · α̊+ Γg · α̊+O4

7 + Γg ·O2
4 +O2

3 · qβ + Γg · qβ

= O4
7 + Γg ·O2

4 +O2
3 · (α̊, qβ) + Γg · (α̊, qβ),

which implies

h[ρ3, σ3]
[1] = O3

6 + Γ
(1)
b ·O1

3 +O2
3 · (α̊(1), qβ

(1)
, ρ̌(1), qσ(1))

+ Γ(1)
g · (α̊, qβ) + Γg · (α̊(1), qβ

(1)
) + Γb · (ρ̌(1), qσ(1)) + Γ

(1)
b · (ρ̌, qσ).

Applying Lemma A.4, we deduce

∇3(ρ̌, qσ) +
3

2
trχ (ρ̌, qσ) = −d1qβ + h[ρ3, σ3] + qL · β

K
+ Γg · (ρK , σK)

= −d1qβ + h[ρ3, σ3] + Γ(1)
g ·O1

3

= −d1qβ + Γ(1)
g ·O1

3 +O2
3 · (α̊, qβ) + Γg · (α̊, qβ).

Similarly, we have

∇3(|d/ρ, |d/σ) +
3

2
trχ(|d/ρ, |d/σ) = −d1 |d/β + Γ

(1)
b ·O1

3 +O2
3 · (α̊(1), qβ

(1)
, ρ̌(1), qσ(1))

+ Γ(1)
g · (α̊, qβ) + Γg · (α̊(1), qβ

(1)
) + Γb · (ρ̌(1), qσ(1)) + Γ

(1)
b · (ρ̌, qσ).
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We have from Proposition 2.19

∇4(ρ,−σ) +
3

2
trχ (ρ,−σ) = d1β + h[ρ4, σ4],

h[ρ4, σ4] = −1

2
χ̂ · (α, ∗α) + (ζ + 2η) · (β, ∗β).

Applying Lemma A.3, we have

∇4 d/(ρ,−σ) +
3

2
trχ d/(ρ,−σ) = d1 d/β + h[ρ4, σ4]

[1],

where

h[ρ4, σ4]
[1] = d/h[ρ4, σ4] + (Γg +O2

3) · h[ρ4, σ4] + (Γg +O2
3) · (β(1), ρ(1), σ(1)) + Γ(1)

g · (ρ, σ)
= d/h[ρ4, σ4] + (Γg +O2

3) · h[ρ4, σ4] + (Γg +O2
3) · (qb(1), ρ̌(1), qσ(1)) + Γ(1)

g · (ρ̌, qσ)
+ Γg ·O1

3 +O3
6 + Γ(1)

g ·O1
3.

We compute

h[ρ4, σ4] = (O2
3 + Γb) · (O3

5 + qα) + (O2
3 + Γg) · (O2

4 +
qb)

= O5
8 + Γb ·O3

5 +O2
3 · qα+ Γb · qα+O4

7 + Γg ·O2
4 +O2

3 ·qb+ Γg ·qb
= O4

7 + Γg ·O2
4 +O2

3 · (qα,qb) + Γb · qα+ Γg ·qb,

which implies

h[ρ4, σ4]
[1] = O3

6 + Γ(1)
g ·O1

3 +O2
3 · (qα(1),qb(1), ρ̌(1), qσ(1))

+ Γ
(1)
b · qα+ Γb · qα(1) + Γ(1)

g · (qb, ρ̌, qσ) + Γg · (qb(1), ρ̌(1), qσ(1)).

Applying Lemma A.4, we deduce

∇4(ρ̌,−qσ) +
3

2
trχ(ρ̌,−qσ) = d1qb+ h[ρ4, σ4] + qJ · (ρK , σK) + qL · βK + Γg · d≤1(ρK , σK)

= d1qb+ h[ρ4, σ4] + Γ(1)
g ·O1

3

= d1qb+ Γ(1)
g ·O1

3 +O2
3 · (qα,qb) + Γb · qα+ Γg ·qb.

Similarly, we have

∇4(|d/ρ,−|d/σ) +
3

2
trχ(|d/ρ,−|d/σ) = d1 |d/β + Γ(1)

g ·O1
3 +O2

3 · (qα(1),qb(1), ρ̌(1), qσ(1))

+ Γ
(1)
b · qα+ Γb · qα(1) + Γ(1)

g · (qb, ρ̌, qσ) + Γg · (qb(1), ρ̌(1), qσ(1)).

Next, we recall from Proposition 2.19

∇3β + trχβ = ∇ρ+ ∗∇σ + h[β3],

h[β3] = 2ωβ + 2χ̂ · β + 3(ηρ+ ∗ησ).

Applying Lemma A.3, we deduce

∇3 d/β + trχ d/β = ∇ d/ρ+ ∗∇ d/σ + h[β3]
[1],

where

h[β3]
[1] = d/h[β3] + (Γg +O2

3) · h[β3] + (Γb +O2
3) · β(1) + (Γg +O2

3) · (ρ(1), σ(1)) + Γ(1)
g · β

= d/h[β3] + (Γg +O2
3) · h[β3] + (Γb +O2

3) ·qb(1) + (Γg +O2
3) · (ρ̌(1), qσ(1)) + Γ(1)

g ·qb
+ Γb ·O2

4 +O4
7 + Γg ·O1

3 +O3
6 + Γ(1)

g ·O2
4.
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We compute

h[β3] = (O1
2 + Γb) · (O2

4 +
qb) + (O2

3 + Γg) · (O2
4 +

qβ) + (O2
3 + Γg) · (O1

3 + ρ̌+ qσ)

= O3
6 + Γb ·O2

4 +O1
2 ·qb+ Γb ·qb+O4

7 + Γg ·O2
4 +O2

3 · qβ + Γg · qβ

+O3
6 + Γg ·O1

3 +O2
3 · (ρ̌, qσ) + Γg · (ρ̌, qσ)

= O3
6 + Γg ·O1

3 +O1
2 ·qb+O2

3 · (qβ, ρ̌, qσ) + Γb ·qb+ Γg · (qβ, ρ̌, qσ),

which implies

h[β3]
[1] = O3

6 + Γ(1)
g ·O1

3 +O1
2 ·qb(1) +O2

3 · (qβ
(1)
, ρ̌(1), qσ(1),qb(1))

+ Γ
(1)
b ·qb+ Γb ·qb(1) + Γ(1)

g · (qβ, ρ̌, qσ) + Γg · (qβ
(1)
, ρ̌(1), qσ(1)).

Applying Lemma A.4, we infer

∇3
qb+ trχqb = ∇ρ̌+ ∗∇qσ + ~h[β3] + qL · (ρK , σK) + qJ · βK + Γg · d≤1βK

= ∇ρ̌+ ∗∇qσ + ~h[β3] + Γ(1)
g ·O1

3.

Hence, we obtain

∇3
qb+ trχqb = ∇ρ̌+ ∗∇qσ + Γ(1)

g ·O1
3 +O1

2 ·qb+O2
3 · (qβ, ρ̌, qσ) + Γb ·qb+ Γg · (qβ, ρ̌, qσ).

Similarly, we have

∇3
|d/β + trχ |d/β = ∇|d/ρ+ ∗∇|d/σ + Γ(1)

g ·O1
3 +O1

2 ·qb(1) +O2
3 · (qβ

(1)
, ρ̌(1), qσ(1))

+ Γ
(1)
b ·qb+ Γb ·qb(1) + Γ(1)

g · (qβ, ρ̌, qσ) + Γg · (qβ
(1)
, ρ̌(1), qσ(1)).

Next, we recall from Proposition 2.19

∇4β + 2 trχβ = divα+ h[β4]

h[β4] = −2ωβ + (2ζ + η)α.

Applying Lemma A.3, we deduce

∇4 d/β + 2 trχ d/β = div d/α+ h[β4]
[1],

where

h[β4]
[1] = d/h[β4] + (Γg +O2

3) · h[β4] + (Γg +O2
3) · (β(1), α(1)) + Γ(1)

g · β
= d/h[β4] + (Γg +O2

3) · h[β4] + (Γg +O2
3) · (qb(1), qα(1)) + Γ(1)

g ·qb
+ Γg ·O2

4 +O4
7 + Γ(1)

g ·O2
4.

We compute

h[β4] = (O1
2 + Γg) · (O2

4 +
qb) + (O2

3 + Γg) · (O3
5 + qα)

= O3
6 + Γg ·O2

4 +O1
2 ·qb+ Γg ·qb+O5

8 + Γg ·O3
5 +O2

3 · qα+ Γg · qα

= O3
6 + Γg ·O2

4 +O1
2 · (qb, qα) + Γg · (qb, qα),

which implies

h[β4]
[1] = O3

6 + Γ(1)
g ·O2

4 +O1
2 · (qb(1), qα(1)) + Γg · (qb(1), qα(1)) + Γ(1)

g · (qb, qα).
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Applying Lemma A.4, we obtain

∇4
qb+ 2 trχqb = div qα+ ~h[β4] + qJ · βK + qL · αK + Γg · βK

= div qα+ ~h[β4] + Γ(1)
g ·O2

4

= div qα+ Γ(1)
g ·O2

4 +O1
2 · (qb, qα) + Γg · (qb, qα).

Similarly, we have

∇4
|d/β + 2 trχ|d/β = div |d/α+ Γ(1)

g ·O2
4 +O1

2 · (qb(1), qα(1)) + Γ(1)
g · (qb, qα) + Γg · (qb(1), qα(1)).

Finally, we recall from Proposition 2.19

∇3α+
1

2
trχα = ∇“⊗β + h[α3],

h[α3] = 4ωα− 3(χ̂ρ+ ∗χ̂σ) + (ζ + 4η)“⊗β.
Applying Lemma A.3, we obtain

∇3 d/α+
1

2
trχ d/α = ∇“⊗ d/β + h[α3]

[1],

where

h[α3]
[1] = d/h[α3] + (Γg +O2

3) · h[α3] + (Γb +O2
3) · α(1) + (Γg +O2

3) · β(1) + Γ
(1)
b · α

= d/h[α3] + (Γg +O2
3) · h[α3] + (Γb +O2

3) · qα(1) + (Γg +O2
3) ·qb(1) + Γ

(1)
b · qα

+ Γb ·O3
5 +O5

8 + Γg ·O2
4 +O4

7 + Γ
(1)
b ·O3

5.

We compute

h[α3] = (O1
2 + Γb) · (O3

5 + qα) + (O2
3 + Γg) · (O1

3 + ρ̌+ qσ) + (O2
3 + Γg) · (O2

4 +
qb)

= O4
7 + Γb ·O3

5 +O1
2 · qα+ Γb · qα+O3

6 + Γg ·O1
3 +O2

3 · (ρ̌, qσ)
+O4

7 + Γg ·O2
4 +O2

3 ·qb+ Γg ·qb
= O3

6 + Γg ·O1
3 +O1

2 · qα+O2
3 · (ρ̌, qσ,qb) + Γb · qα+ Γg ·qb,

which implies

h[α3]
[1] = O3

6 + Γ(1)
g ·O1

3 +O1
2 · qα(1) +O2

3 · (ρ̌(1), qσ(1),qb(1))
+ Γ

(1)
b · qα+ Γb · qα(1) + Γ(1)

g ·qb+ Γg ·qb(1).

Applying Lemma A.4, we infer

∇3qα+
1

2
trχ qα = ∇“⊗qb+ ~h[α3] + qJ · αK + qL · βK + Γg · αK

= ∇“⊗qb+ ~h[α3] + Γ
(1)
b ·O3

5 + Γ(1)
g ·O2

4 + Γg ·O3
5

= ∇“⊗qb+ ~h[α3] + Γ(1)
g ·O2

4

= ∇“⊗qb+ Γ(1)
g ·O1

3 +O1
2 · qα+O2

3 · (ρ̌, qσ,qb) + Γb · qα+ Γg ·qb.

Similarly, we have

∇3
|d/α+

1

2
trχ|d/α = ∇“⊗|d/β + Γ(1)

g ·O1
3 +O1

2 · qα(1) +O2
3 · (ρ̌(1), qσ(1),qb(1))

+ Γ
(1)
b · qα+ Γb · qα(1) + Γ(1)

g ·qb+ Γg ·qb(1).

This concludes the proof of Proposition A.5.
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A.4 Proof of Proposition 2.40

Proposition A.6. We have the following equations:

Ω∇4(qγAB) =Ω trχ qγAB + Ω trχ(γK)AB + 2Ωqχ̂AB + 2qΩ(χ̂K)AB,

Ω∇4(qΩ) =− 2Ω( |Ωω)− 2qΩ(ΩKωK),

Ω∇4(qb
A
) =− 4

(
|Ω2ζBγ

AB +Ω2
K

qζBγ
AB +Ω2

K(ζK)B
}γAB

)
,

Ω∇4(q∈AB) =Ω trχ q∈AB + Ω trχ(∈K)AB.

In the case qΩ = 0 and qb = 0, we have the following equations:

Ω∇3(qγAB)− Ω trχ qγAB =Ω trχ(γK)AB + 2Ωqχ̂AB − ∂A(b
C
K)qγBC − ∂B(b

C
K)qγAC ,

Ω∇3(q∈AB)− Ω trχ q∈AB =Ω trχ(∈K)AB − ∂A(b
C
K)q∈BC − ∂B(b

C
K)q∈AC .

Remark A.7. Note that Proposition 2.40 follows directly from Propositions 2.28 and A.6 and
Definitions 2.3 and 2.25.

Proof of Proposition A.6. Firstly, recall from Proposition 2.20 that

Ω∇4(γAB) = 2ΩχAB,

which implies

Ω∇4(qγAB) =Ω∇4(γAB − (γK)AB)

=Ω∇4(γAB)− Ω∇(e4)K (γK)AB

=2ΩχAB − 2ΩK(χK)AB

=Ωtrχ qγAB + Ω trχ(γK)AB + 2Ωχ̂AB − 2ΩK(χ̂K)AB

=Ωtrχ qγAB + Ω trχ(γK)AB + 2Ωqχ̂AB + 2qΩ(χ̂K)AB.

Next, we compute

Ω∇4(qΩ) =Ω∇4(Ω− ΩK)

=Ω∇4Ω− ΩK∇(e4)KΩK

=− 2ωΩ2 + 2ωKΩ2
K

=− 2 |ΩωΩ− 2qΩ(ΩKωK).

Recall from Proposition 2.20 that

∇4(b
A) = −4ΩζA = −4ΩζBγ

AB.

Hence, we have

Ω∇4
qb
A
=Ω∇4(b

A)− ΩK∇(e4)K (b
A
K)

=− 4Ω2ζBγ
AB + 4Ω2

K(ζK)B(γK)AB

=− 4
(

|Ω2ζBγ
AB +Ω2

K
qζBγ

AB +Ω2
K(ζK)B

}γAB
)
.

Next, we recall from Proposition 2.20

Ω∇4(∈AB) = Ω trχ ∈AB,
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which implies

Ω∇4(q∈AB) =Ω∇4(∈AB)− ΩK∇(e4)K (∈K)AB

=Ωtrχ ∈AB −ΩK trK χK(∈K)AB

=Ωtrχ q∈AB + Ω trχ(∈K)AB.

Then, we recall from Proposition 2.20

Ωe3(γAB) = 2Ωχ
AB

− ∂A(b
C)γBC − ∂B(b

C)γAC ,

which implies

ΩK(e3)K((γK)AB) = 2ΩK(χ
K
)AB − ∂A(b

c
K)(γK)BC − ∂B(b

c
K)(γK)AC .

Thus, we infer

Ωe3(qγAB) =Ωe3(γAB)− ΩK(e3)K(γK)AB − }Ωe3(γK)AB

=2Ωχ
AB

− ∂A(b
C)γBC − ∂B(b

C)γAC − 2ΩK(χ
K
)AB

+ ∂A(b
C
K)(γK)BC + ∂B(b

C
K)(γK)AC −qb

C
∂C(γK)AB

=ΩtrχγAB − ΩK trK χK (γK)AB + 2(Ωχ̂
AB

− ΩK(χ̂
K
)AB)

− ∂A(b
C)γBC − ∂B(b

C)γAC + ∂A(b
C
K)(γK)BC + ∂B(b

C
K)(γK)AC −qb

C
∂C(γK)AB

=Ωtrχ qγAB + Ω trχ(γK)AB + 2Ωqχ̂AB + 2qΩ(χ̂
K
)AB

− ∂A(qb
C
)γBC − ∂A(b

C
K)qγBC − ∂B(qb

C
)γAC − ∂B(b

C
K)qγAC −qb

C
∂C(γK)AB.

In the particular case qΩ = 0 and qb = 0, we deduce

Ωe3(qγAB)− Ω trχ qγAB = Ω trχ(γK)AB + 2Ωqχ̂AB − ∂A(b
C
K)qγBC − ∂B(b

C
K)qγAC .

Similarly, we have from Proposition 2.20

Ω∇3(∈AB) = Ω trχ ∈AB −∂A(bC) ∈BC −∂B(bC) ∈BC ,

which yields

ΩK(e3)K(∈K)AB = ΩK trK χK(∈K)AB − ∂A(b
C
K)(∈K)BC − ∂B(b

C
K)(∈K)BC .

Hence, we have

Ω∇3(q∈AB) =Ωe3(∈AB)− ΩK(e3)K(∈K)AB − }Ωe3(∈K)AB

=Ωtrχ ∈AB −∂A(bC) ∈BC −∂B(bC) ∈BC −ΩK trK χK(∈K)AB

+ ∂A(b
C
K)(∈K)BC + ∂B(b

C
K)(∈K)BC −qb

C
∂C(∈K)AB

=Ωtrχ q∈AB + Ω trχ(∈K)AB − ∂A(qb
C
) ∈BC −∂A(bCK)q∈BC

− ∂B(qb
C
) ∈AC −∂B(bCK)q∈AC −qb

C
∂C(γK)AB,

which implies from qΩ = 0 and qb = 0

Ω∇3(q∈AB) = Ω trχ q∈AB + Ω trχ(∈K)AB − ∂A(b
C
K)q∈BC − ∂B(b

C
K)q∈AC .

This concludes the proof of Proposition A.6.
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B Proof of the case s ∈ (3, 4)

In Sections 4–6, we have provided the proof of Theorem 3.2 in the case s ∈ [4, 6]. In this
appendix, we outline the proof in the case s ∈ (3, 4), which is similar to the case of s ∈ [4, 6].

B.1 Fundamental norms

The definitions of some of the norms are different from Section 3.1. In the sequel, we only
mention the norms that differ from the ones in Section 3.1.

We define the RS
0 [

qb] and RS
0 [ρ̌, qσ] as follows:

RS
0 [

qb] := sup
K

sup
p∈[2,4]

|r
s+3
2

− 2
pqb|p,S ,

RS
0 [ρ̌, qσ] := sup

K
sup
p∈[2,4]

|r
s+2
2

− 2
p |u| 12 (ρ̌, qσ)|p,S .

The following flux of curvature are different from the case s ∈ [4, 6] for q = 0, 1:

Rq[qb](u, u) := ∥r s
2 (r∇)qqb∥2,CV

u
,

Rq[(ρ̌, qσ)](u, u) := ∥r s
2 (r∇)q(ρ̌, qσ)∥2,CV

u
.

The other norms are the same as in the case s ∈ [4, 6].

B.2 Estimates for Ricci coefficients and curvature components

We discuss the curvature estimates of Section 4 in this case. Recall that we have four Bianchi
pairs: (qα,qb), (qb, (ρ̌, qσ)), ((ρ̌, qσ), qβ) and (qβ, α̊). In Section 4, we took respectively p = s, 4, 2, 0,
to estimate the Bianchi pairs. In the case s ∈ (3, 4), we take p = s, s, 2, 0 to estimate R. The
method is then exactly the same as in Section 4.

Concerning the control of Ricci coefficients, we can proceed by the same method as in Sec-
tion 5. Recall that Proposition 5.9 used the fact that there exists a constant δ > 0 such that

sup
p∈[2,4]

|r3+δ−
2
pqb|p,S ≲ ε0.

This still holds true since we have s+3
2 > 3 for s > 3. The other propositions still hold true since

we only used s > 3 in their proofs.

B.3 Conclusion

The proof of Theorems M0, M2 and M4 remain exactly the same since all the arguments also
apply to the case s > 3. Consequently, we have Theorem 3.2 in this case. Hence, we deduce
that Theorem 3.2 holds true for s ∈ (3, 6].

C Proof of the case s > 6

In this appendix, we prove Theorem 3.2 in the case s > 6. Then, we compare the result to the
peeling decay for curvature components obtained in [7, 30].
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C.1 Fundamental norms

The definitions of R–norms for qα and qb are different from Section 3.1.1. We denote

s0 := min

ß
s,

29

4

™
. (C.1)

We define for q = 0, 1:

Rq[qb] := |u| s−4
2 ∥r2(r∇)qqb∥2,CV

u
,

Rq[
qb] := ∥r3|u| s−6

2 (r∇)qqb∥2,CV
u
,

Rq[qα] := ∥r3|u| s−6
2 (r∇)qqα∥2,CV

u
,

Rq[qα] := |u|
s−s0

2 ∥r
s0
2 (r∇)qqα∥2,CV

u
.

(C.2)

We also define:
RS

0 [
qb] := sup

K
sup
p∈[2,4]

|r4−
2
p |u| s−5

2 qb|p,S . (C.3)

The norms RS
0 [qα] are defined as follows:

RS
0 [qα] := sup

K
|r s+1

2
qα|2,S , s ∈ (6, 7),

RS
0 [qα] := sup

K
|r4(log r)− 1

2
qα|2,S , s = 7,

RS
0 [qα] := sup

K
|r4|u| s−7

2
qα|2,S , s > 7.

(C.4)

We also define:
RS

0 [̊α] := sup
K

sup
p∈[2,4]

|r1−
2
p |u| s+1

2 α̊|p,S . (C.5)

All the other norms are defined as in Section 3.1.1.

C.2 Curvature estimates

In Section 4, we took respectively p = s, 4, 2, 0, to estimate the Bianchi pairs (qα,qb), (qb, (ρ̌,−qσ)),
((ρ̌, qσ), qβ) and (qβ, α̊). In the case s > 6, we take respectively p = 6, 4, 2, 0 for the Bianchi pairs.
Proceeding as in Section 4, we deduce from Propositions 4.9–4.12 that

1∑
q=0

Ä
Rq[qα] +Rq[qb] +Rq[

qb] +Rq[ρ̌, qσ] +Rq[qβ] +Rq[ρ̌, qσ] +Rq[
qβ] +Rq [̊α]

ä
≲ ε0, (C.6)

which implies from Proposition 2.45 that

RS
0 [

qb] +RS
0 [ρ̌, qσ] +RS

0 [
qβ] ≲ ε0. (C.7)

In view of (C.7), it remains to estimate qα and α̊. Next, we state the following Teukolsky equation
first derived by Teukolsky in the linearized setting in [58].

Proposition C.1. We have the following Teukolsky equations for α and α:

Ω∇3(Ω∇4(rΩ
2α)) + 2rΩ2d∗2d2(Ω

2α) = −2Ω

r
∇3(rΩ

2α) + d/≤1
(
(O2

3 + Γg) · (O2
4 + β)

)
,

Ω∇4(Ω∇3(rΩ
2α)) + 2rΩ2d∗2d2(Ω

2α) =
2Ω

r
∇4(rΩ

2α) + d/≤1
(
(O2

3 + Γb) · (O2
4 + α)

)
.

(C.8)

Proof. See for example Propositions 3.4.6 and 3.4.7 in [11].
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Lemma C.2. We define the following quantities:

α̊ :=
1

r4
∇4(r

5α) ∈ s2, /α := rd2α ∈ s1,

α̊ :=
1

r4
∇3(r

5α) ∈ s2, /α := rd2α ∈ s1.

(C.9)

Then, we have the following equations:

∇3α̊ = −2d∗2/α+
4α

r
+ d/≤1

Ä
(O1

2 + Γg) · (O2
4 +

qb)
ä
,

∇4/α+
5

2
trχ /α = d2α̊+ d/≤1

Ä
(O1

2 + Γg) · (O2
4 +

qb)
ä
,

(C.10)

and

∇4α̊ = −2d∗2/α+
4α

r
+ d/≤1

(
(O1

2 + Γb) · (O2
4 + α̊)

)
,

∇3/α+
5

2
trχ /α = d2α̊+ d/≤1

(
(O1

2 + Γb) · (O2
4 + α̊)

)
.

(C.11)

Proof. It follows directly from Lemma C.3 in [53].27

Corollary C.3. We have the following linearized equations:

∇3
qα̊ = −2d∗2q/α+

4qα

r
+ L[α] + Err[α],

∇4
q/α+

5

2
trχ q/α = d2qα̊+ L[α] + Err[α],

L[α] = O2
4 · Γ(1)

g +O1
2 ·qb(1),

Err[α] = Γ(1)
g ·qb+ Γg ·qb(1),

and

∇4
qα̊ = −2d∗2q/α+

4q/α

r
+ L[α] + Err[α],

∇3
q/α+

5

2
trχ q/α = d2qα̊+ L[α] + Err[α],

L[α] = O2
4 · Γ(1)

b +O1
2 · α̊(1),

Err[α] = Γ
(1)
b · α̊+ Γb · α̊(1).

Proof. It follows directly from Lemmas C.2 and 2.22.

Lemma C.4. We have the following identity for any real number p:

Div(rp|qα̊|2e3) + 2Div(rp|q/α|2e4) + (p+ 2)rp−1|qα̊|2 + 2(8− p)rp−1|q/α|2

=4rpd1(qα̊ · q/α) + 8rp−1
qα̊ · qα+ 2rp(qα̊+ 2q/α) · (L[α] + Err[α]) + rp(O1

2 + Γb) · (|qα̊|2, |q/α|2).
(C.12)

Proof. Applying Lemma 4.2 with ψ(1) = qα̊, ψ(2) = q/α, a(1) = 0, a(2) =
5
2 , h(1) =

4qα
r +L[α]+Err[α],

h(2) = L[α] + Err[α] and k = 2, we infer

Div(rp|qα̊|2e3) + 2Div(rp|q/α|2e4)−
(
1 +

p

2

)
rp trχ|qα̊|2 + 2

(
4− p

2

)
rp trχ|q/α|2

=4rpd1(qα̊ · q/α) + 8rp−1
qα̊ · qα+ 2rp(qα̊+ 2q/α) · (L[α] + Err[α]) + rp(O1

2 + Γb) · (|qα̊|2, |q/α|2),

which concludes the proof of Lemma C.4.

27Note that Γa in [53] decays better than O1
2 + Γb.
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We recall the following Poincaré inequality.

Proposition C.5. For any α ∈ s2, we have the following Poincaré inequality:

|rd2α|22,S ≥ c2|α|22,S ,

for sphere S = S(u, u), where c2 is a constant satisfying:

c2 = 2−O(ε). (C.13)

Proof. See for example Proposition 9.3.2 in [11].

Proposition C.6. We have the following estimate:∫
CV

u

rs0 |qα̊|2 +
∫
CV

u

rs0 | d/≤1
qα|2 +

∫
V
rs0−1

Ä
|qα̊|2 + | d/≤1

qα|2
ä
≲

ε20
|u|s−s0 .

Proof. Integrating (C.12) with p = s0 and proceeding as in Proposition 4.9, we obtain∫
Cu

rs0 |qα̊|2 +
∫
Cu

rs0 |q/α|2 +
∫
V
rs0−1

Ä
(s0 + 2)|qα̊|2 + 2(8− s0)|q/α|2 − 8qα̊ · qα

ä
≲
∫
Σ0∩V

rs0(|qα̊|2 + |q/α|2) +
∫
V
rs0 |(qα̊, q/α)||L[α] + Err[α]|+ rs0(O1

2 + Γb)(|qα̊|2 + |q/α|2).

First, we have ∫
Σ0∩V

rs0(|qα̊|2 + |q/α|2) ≲ |u|s0−s
∫
Σ0∩V

rs(|qα̊|2 + |q/α|2) ≲ ε20
|u|s−s0 .

Next, we estimate∫
V
rs0 |(qα̊, q/α)||L[α]|

≲
∫
V
rs0 |(qα̊, q/α)|

∣∣∣O2
4 · Γ(1)

g +O1
2 ·qb(1)

∣∣∣
≲
∫
V
M2rs0−4|(qα̊, q/α)||Γ(1)

g |+Mrs0−2|(qα̊, q/α)||qb(1)|

≲M2

∫ u

−u

du

r4−
s0
2

Ç∫
CV

u

rs0 |qα̊|2
å 1

2
Ç∫

CV
u

|Γ(1)
g |2
å 1

2

+M2

∫ u

|u|

du

r5−
s0
2

(∫
CV

u

rs0 |q/α|2
) 1

2
(∫

CV
u

r2|Γ(1)
g |2

) 1
2

+M

∫ u

−u

du

r4−
s0
2

Ç∫
CV

u

rs0 |qα̊|2
å 1

2
Ç∫

CV
u

r4|qb(1)|2
å 1

2

+M

∫ u

|u|

du

r5−
s0
2

(∫
CV

u

rs0 |q/α|2
) 1

2
(∫

CV
u

r6|qb(1)|2
) 1

2

≲M2

∫ u

−u

du

r4−
s0
2

ε

|u|
s−s0

2

Ç∫ u

|u|
du|Γ(1)

g |22,S
å 1

2

+M2

∫ u

|u|

du

r5−
s0
2

ε

|u|
s−s0

2

Ç∫ u

−u
du|rΓ(1)

g |22,S
å 1

2

+M

∫ u

−u

du

r4−
s0
2

ε

|u|
s−s0

2

ε

|u| s−4
2

+M

∫ u

|u|

du

r5−
s0
2

ε

|u|
s−s0

2

ε

|u| s−6
2

≲M2

∫ u

−u

du

|u|4−
s0
2

ε

|u|
s−s0

2

ε

|u| s−2
2

+M2

∫ u

|u|

du

r5−
s0
2

ε

|u|
s−s0

2

ε

|u| s−4
2

+
ε2M

|u|s−s0+1

≲
ε2M2

|u|s−s0+2
+

ε2M

|u|s−s0+1

≲
ε20

|u|s−s0 .
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Proceeding as in Proposition C.5 in [53], we infer∫
V
rs0 |(qα̊, q/α)||Err[α]| ≲ ε20

|u|s−s0 .

We have from Proposition 2.22

q/α = ~rd2α = rd2qα+ (rd2 − rK(d2)K)αK = rd2qα+ Γ(1)
g ·O3

4.

Moreover, we have from Proposition C.5∫
V
rs0−1

Ä
(s0 + 2)|qα̊|2 + 2(8− s0)|q/α|2 − 8qα̊ · qα

ä
≳
∫
V
rs0−1(|qα̊|2+ | d/≤1

qα|2)−
∫
V
rs0−1|Γ(1)

g ·O3
4|2,

where we used 6 < s0 ≤ 29
4 and c2 = 2−O(ε). Finally, we have∫

V
rs0(O1

2 + Γb)(|qα̊|2 + |q/α|2) ≲ (ε+ E0)
∫
V
rs0−1(|qα̊|2 + |q/α|2).

Combining the above estimates, we deduce∫
Cu

rs0 |qα̊|2 +
∫
Cu

rs0 | d/≤1
qα|2 +

∫
V
rs0−1

Ä
|qα̊|2 + | d/≤1

qα|2
ä

≲
ε20

|u|s−s0 + (ε+ E0)
∫
V
rs0−1(|qα̊|2 + |q/α|2) +

∫
CV

u

rs0 |Γ(1)
g ·O3

4|2 +
∫
V
rs0−1|Γ(1)

g ·O3
4|2

≲
ε20

|u|s−s0 + (ε+ E0)
∫
V
rs0−1(|qα̊|2 + |q/α|2) +M6

∫ u

−u

du

r8−s0
|Γ(1)
g |22,S +M6

∫ u

−u
du

∫ u

|u|

du

r9−s0
|Γ(1)
g |22,S

≲
ε20

|u|s−s0 + (ε+ E0)
∫
V
rs0−1(|qα̊|2 + |q/α|2) + M6ε2

|u|6+s−s0

≲
ε20

|u|s−s0 + (ε+ E0)
∫
V
rs0−1(|qα̊|2 + |q/α|2),

which implies for ε and E0 small enough∫
Cu

rs0 |qα̊|2 +
∫
Cu

rs0 | d/≤1
qα|2 +

∫
V
rs0−1

Ä
|qα̊|2 + | d/≤1

qα|2
ä
≲

ε20
|u|s−s0 .

This concludes the proof of Proposition C.6.

Proposition C.7. We have the following estimate:

R0[qα] +R1[qα] +RS
0 [qα] ≲ ε0. (C.14)

Proof. We have from Propositions 2.15 and C.6

R0[qα]
2 +R1[qα]

2 ≲ |u|s−s0
∫
CV

u

|qα|2 + | d/qα|2 ≲ ε20. (C.15)

Recalling that

qα̊ =
1

r4
∇4(r

5
qα) +O3

4 · Γ(1)
g ,
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we infer from Lemma 2.7 that

Ωe4

Å∫
S
|r4qα|2

ã
=

∫
S
2Ω∇4(r

4
qα) · (r4qα) + Ω trχ|r4qα|2

=

∫
S
2Ωr4qα · (∇4(r

4
qα) + r3qα) + Ω

Å
trχ− 2

r

ã
|r4qα|2

=

∫
S
2Ωr4qα · (∇4(r

5
qα)r−1 + e4(r

−1)r5qα+ r3qα) + (O1
2 + Γg)|r4qα|2

=

∫
S
2Ωr4qα · (∇4(r

5
qα)r−1) + (O1

2 + Γg)|r4qα|2

=

∫
S
2Ωr4qα · r3qα̊+ (O1

2 + Γg)|r4qα|2 + (r4qα) ·O3
1 · Γ(1)

g .

Hence, we deduce∣∣e4 (|r4qα|22,S
)∣∣ ≲ |r4qα|2,S |r3α̊|2,S + (M + ε)r−2|r4qα|22,S + |r4qα|2,S |O3

1 · Γ(1)
g |2,S ,

which implies ∣∣e4(|r4qα|2,S)
∣∣ ≲ |r3α̊|2,S + (M + ε)r−2|r4qα|2,S + |O3

1 · Γ(1)
g |2,S . (C.16)

Integrating (C.16) along Cu and applying the initial assumption and Proposition C.6, we infer

|r4qα|2,S ≲
ε0

r
s−7
2

+

∫ u

|u|
du|r3qα̊|2,S +

∫ u

|u|

(M + ε)du

r2
|r4qα|2,S +

∫ u

|u|
du

M3

r2|u| s−3
2

≲
ε0

|u| s−7
2

+

Ç∫ u

|u|
r6−s0du

å 1
2
Ç∫ u

|u|
rs0 |qα̊|2

å 1
2

+

∫ u

|u|

(M + ε)du

r2
|r4qα|2,S .

Applying Gronwall inequality, we obtain

|r4qα|2,S ≲
ε0

|u| s−7
2

+

Ç∫ u

|u|
r6−s0du

å 1
2
Ç∫ u

|u|
rs0 |qα̊|2

å 1
2

. (C.17)

Notice that we have

∫ u

|u|
r6−s0du =



1

7− s0
(u7−s0 − |u|7−s0), s0 ∈ (6, 7),

log

Å
u

|u|

ã
, s0 = 7,

1

s0 − 7
(|u|7−s0 − u7−s0), s0 > 7.

Hence, we obtain from (C.17)

|r4α|2,S ≲


ε0r

7−s
2 , s ∈ (6, 7),

ε0(log r)
1
2 , s = 7,

ε0|u|
7−s
2 , s > 7,

(C.18)

which implies

RS
0 [qα] ≲ ε0. (C.19)

Combining (C.15) and (C.19), this concludes the proof of Proposition C.7.
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Proposition C.8. We have the following estimate:

RS
0 [̊α] ≲ ε0.

Proof. We recall from Corollary C.3

∇4
qα̊ = −2d∗2q/α+

4q/α

r
+ L[α] + Err[α],

∇3
q/α+

5

2
trχ q/α = d2qα̊+ L[α] + Err[α],

L[α] = O2
4 · Γ(1)

b +O1
2 · α̊(1),

Err[α] = Γ
(1)
b · α̊+ Γb · α̊(1).

Applying Lemma 4.2 with ψ(1) = qα̊, ψ(2) = q/α, a(1) = 5
2 , a(2) = 0, h(1) = L[α] + Err[α],

h(2) =
4q/α

r + L[α] + Err[α], k = 2 and p = −2, we obtain

2Div(r−2|q/α|2e3) +Div(r−2|qα̊|2e4) + 10r−2 trχ|q/α|2

=2r−2d1(q/α · qα̊) + r−2(q/α, qα̊) · (L[α] + Err[α]) + 8r−3
qα̊ · α̊+ r−2(O1

2 + Γb)(|qα̊|2, |q/α|2).

We compute for c2 defined in Proposition C.5

2c2Div(r−2 |̊α|2e3) = 2c2∇3(r
−2 |̊α|2) + 2c2r

−2 |̊α|2Div(e3)

= 2c2∇3(r
−12|r5α̊|2) + 2c2r

−2 |̊α|2(trχ− 2ω)

= 20c2r
−3 |̊α|2 + 4c2r

−3
qα̊ · α̊+ r−2(O1

2 + Γb)|̊α|2 +O3
7 · Γ(1)

b · α̊,

where we used

qα̊ =
1

r4
∇3(r

5α)− 1

r4K
(∇K)(e3)K (r

5
KαK)

=
1

r4
∇3(r

5α)− 1

r4
∇3(r

5αK) +
1

r4
∇3(r

5αK)− 1

r4K
(∇K)(e3)K (r

5
KαK)

=
1

r4
∇3(r

5α̊) +O3
4 · Γ(1)

b .

(C.20)

Combining the above identities, we deduce

2Div(r−2(|q/α|2 − c2 |̊α|2)e3) +Div(r−2|qα̊|2) + 10r−2 trχ|q/α|2 + 20c2r
−3 |̊α|2

=2r−2d1(q/α · qα̊) + (8− 4c2)r
−3

qα̊ · α̊+ r−2(q/α, qα̊) · (L[α] + Err[α]) +O3
7 · Γ(1)

b · α̊+ r−2(O1
2 + Γb)|̊α|2.

Integrating it in V , we obtain from Proposition C.5∫
CV

u

r−2(|q/α|2 − c2 |̊α|2) +
∫
CV

u

r−2|qα̊|2 ≲
∫
Σ0∩V

r−2(|q/α|2 + |qα̊|2) +
∫
V
r−3|q/α|2 + εr−3|qα̊||̊α|

+

∫
V
r−2|(qα̊, q/α)||L[α] + Err[α]|+ |O3

7 · Γ(1)
b ||̊α|+ r−2(O1

2 + Γb)|̊α|2.

We first have from Proposition 2.22

q/α = ~rd2α = rd2α̊+ (rd2 − rK(d2)K)αK = rd2α̊+ Γ(1)
g ·O3

4.

Noticing that∫
CV

u

r−2|Γ(1)
g ·O3

4|2 ≲
∫ u

|u|
du
M6

r12
|rΓ(1)

g |22,S ≲M6

∫ u

|u|
du

ε2

r12|u|s−3
≲

ε20
|u|s+2

,
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Hence, we obtain from Proposition C.5

∫
CV

u

r−2(|q/α|2 − c2 |̊α|2) ≥
∫
CV

u

r−2(|rd2α̊|2 − c2 |̊α|2)−
∫
CV

u

r−2|Γ(1)
g ·O3

4|2 ≳ − ε20
|u|s+2

.

Next, we have

∫
Σ0∩V

r−2(|q/α|2 + |qα̊|2) ≲ 1

|u|s+2

∫
Σ0∩V

rs(|q/α|2 + |qα̊|2) ≲ ε20
|u|s+2

.

Then, we compute

∫
V
r−3|q/α|2 + ε

∫
V
r−3|qα̊||̊α| ≲

∫ u

|u|

du

r3

∫
CV

u

|q/α|2 + ε

∫ u

|u|
r−2

(∫
CV

u

r−2|qα̊|2
) 1

2
(∫

CV
u

|̊α|2
) 1

2

du

≲ ε20

∫ u

|u|

du

r3|u|s + ε

∫ u

|u|
r−2

Å
ε2

|u|s+2

ã 1
2
Å
ε20
|u|s
ã 1

2

du

≲
ε20

|u|s+2
.

We also have∫
V
r−2|qα̊, q/α||L[α]|

≲
∫
V
r−2|qα̊, q/α|

∣∣∣O2
4 · Γ(1)

b +O1
2 · α̊(1)

∣∣∣
≲
∫
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M2r−6|qα̊||Γ(1)

b |+M2r−6|q/α||Γ(1)
b |+Mr−4|qα̊||̊α(1)|+Mr−4|q/α||̊α(1)|

≲M2

∫ u

|u|

du

r5

(∫
CV
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r−2|qα̊|2
) 1

2
(∫

CV
u

|Γ(1)
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) 1
2

+M2

∫ u
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r5

(∫
CV

u

|q/α|2
) 1

2
(∫

CV
u

|r−1Γ
(1)
b |2

) 1
2

+M

∫ u

|u|
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r3

(∫
CV

u

r−2|qα̊|2
) 1

2
(∫

CV
u

|̊α(1)|2
) 1

2

+M

∫ u

|u|

du

r4

(∫
CV

u

|q/α|2
) 1

2
(∫

CV
u

|̊α(1)|2
) 1

2

≲M2

∫ u

|u|

du

r5
ε

|u| s+2
2

Ç∫ u

−u
du|Γ(1)

b |22,S
å 1

2

+M2

∫ u

|u|

du

r5
ε

|u| s2

Ç∫ u

−u
du|r−1Γ

(1)
b |22,S

å 1
2

+M

∫ u

|u|

du

r3
ε

|u| s+2
2

ε

|u| s2
+M

∫ u

|u|

du

r4
ε

|u| s2
ε

|u| s2

≲
M2ε2

r4|u|s +
Mε2

r2|u|s+1
+

Mε2

r3|u|s

≲
ε20

|u|s+2
.

We proceed as in Proposition C.7 in [53] to deduce

∫
V
r−2|qα̊, q/α||Err[α]| ≲ ε20

|u|s+2
.
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Moreover, we have

∫
V
|̊α||O3

7 · Γ(1)
b | ≲M3

∫ u

|u|

du

r7

(∫
CV

u

|̊α|2
) 1

2
(∫

CV
u

|Γ(1)
b |2

) 1
2

≲M3

∫ u

|u|

du

r7
ε

|u| s2

Ç∫ u

−u
du|Γ(1)

b |22,S
å 1

2

≲M3ε

∫ u

|u|

du

r7|u| s2
ε

|u| s−2
2

≲
ε20

|u|s+2
.

Finally, we have ∫
V
r−2(O1

2 + Γb)|̊α|2 ≲
∫
V
(ε+ E0)r−3 |̊α|2 ≲ ε20

|u|s+2
.

Combining the above estimates, we deduce∫
CV

u

r−2|qα̊|2 ≲ ε20
|u|s+2

,

which implies from (C.20) and (4.13)∫
CV

u

r−2|∇3α̊|2 ≲
ε20

|u|s+2
. (C.21)

Combining (C.21) and (C.2) and applying Proposition 2.45, we deduce

RS
0 [qα] ≲ ε0.

This concludes the proof of Proposition C.8.

Combining Propositions C.7 and C.8 with (C.2), this concludes the proof of Theorem M1 in
the case s > 6. Notice that Theorems M0, M2, M3, M4 also hold true in the case s > 6 since
we only used s > 3 in their proofs28. Combining with Section B.3, this concludes the proof of
Theorem 3.2 for s > 3 as stated.

C.3 Peeling decay for curvature components

As a consequence of Theorem M1 in the case s > 7, the curvature components satisfy the
following decay:

|r5−
2
p |u| s−7

2
qα|p=2,S ≲ ε0,

sup
p∈[2,4]

|r4−
2
p |u| s−5

2 qb|p,S ≲ ε0,

sup
p∈[2,4]

|r3−
2
p |u| s−3

2 (ρ̌, qσ)|p,S ≲ ε0,

sup
p∈[2,4]

|r2−
2
p |u| s−1

2 qβ|p,S ≲ ε0,

sup
p∈[2,4]

|r1−
2
p |u| s+1

2 α̊|p,S ≲ ε0.

(C.22)

28See the discussion in Section B.2.
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Remark C.9. Assume s > 7 and that the initial data in K(0) has sufficient regularity properties.
Then, commuting r∇ with the Bianchi equations in Propositions 2.37 and 2.38 and the Teukolsky
equation (C.8), proceeding as in Sections 4 and C.2, we deduce the following strong peeling
properties:

|qα|∞,S(u,u) ≲
ε0

r5|u| s−7
2

, |qb|∞,S(u,u) ≲
ε0

r4|u| s−5
2

,

|ρ̌, qσ|∞,S(u,u) ≲
ε0

r3|u| s−3
2

, |qβ|∞,S(u,u) ≲
ε0

r2|u| s−1
2

, |̊α|∞,S(u,u) ≲
ε0

r|u| s+1
2

,
(C.23)

which recovers the results obtained in [7] by the vectorfield method. See also Theorem 1 in [30]
and Remark C.8 in [53] for the particular case of Minkowski stability.
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1 Introduction

1.1 Stability of Kerr conjecture

In this paper, we construct general covariant modulated (GCM) hypersurfaces, which play a
central role in the proof of the nonlinear stability of Kerr family for |a| ≪ m.

Conjecture (Stability of Kerr conjecture). Vacuum initial data sets, sufficiently close to Kerr
initial data, have a maximal development with complete future null infinity1 and with domain of
outer communication which approaches (globally) a nearby Kerr solution.

The paper builds on the strategy laid out in [33] in the context of the nonlinear stability of
Schwarzschild for axially symmetric polarized perturbations. The central new idea of [33] was
the introduction and construction of GCM spheres and GCM hypersurfaces on which specific
geometric quantities take Schwarzschildian values. This was made possible by taking into ac-
count the full general covariance of the Einstein vacuum equations. The construction, however,
also made essential use of the polarization assumption.

The goal of this, and its companion papers [34] and [35], is to get rid of the symmetry restriction
in the GCM procedure and thus remove an essential obstruction in extending the result in [33]
to a full stability proof of the Kerr family.

1.2 Stability of Schwarzschild in the polarized case

1.2.1 GCM admissible spacetimes in [33]

In [33], Klainerman and Szeftel proved the nonlinear stability of the Schwarzschild space under
axially symmetric polarized perturbations. The final spacetime in [33] was constructed as the
limit of a continuous family of finite GCM admissible spacetimes as represented in Figure 5.1
below, whose future boundaries consist of the union A ∪ C∗ ∪ C∗ ∪ Σ∗ where A and Σ∗ are
spacelike, C∗ is incoming null, and C∗ outgoing null. The boundary A is chosen so that, in the
limit when M converges to the final state, it is included inside the black hole region of the limit
spacetime. The spacetime M also contains a timelike hypersurface T which divides M into an
exterior region we call (ext)M and an interior one (int)M. Both (ext)M and (int)M are foliated
by 2–surfaces as follows.

(i) The far region (ext)M is foliated by a geodesic foliation S(u, s) induced by an outgoing
optical function u initialized on Σ∗ with s the affine parameter along the null geodesic
generators of (ext)M. We denote by r = r(u, s) the area radius of S(u, s). On the
boundary Σ∗ of (ext)M we also assume that r is sufficiently large.

(ii) The near region (int)M is foliated by a geodesic foliation induced by an incoming optical
function u initialized at T such that its level sets on T coincide with those of u.

To prove convergence to the final state one has to establish precise decay estimates for all Ricci
and curvature coefficients decomposed relative to the null geodesic frames associated to the
foliations in (ext)M and (int)M. The decay properties of both Ricci and curvature coefficients
in (ext)M depend heavily on the choice of the boundary Σ∗ as well as on the choice of the
cuts of the optical function u on it. As such, the central idea of [33] was the introduction and
construction of GCM hypersurfaces on which specific geometric quantities take Schwarzschildian
values.

1This means, roughly, that observers which are far away from the black hole may live forever.
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Figure 5.1: The GCM admissible space-time M of [33]

1.2.2 The role played by GCM admissible spacetimes

As mentioned above the final spacetime was constructed as the limit of a continuous family of
finite GCM admissible spacetimes. At every stage one assumes that all Ricci and curvature
coefficients of a fixed GCM admissible spacetime M verify precise bootstrap assumptions. One
makes use of the GCM admissibility properties of Σ∗ and the smallness of the initial conditions
to show that all the bounds of the Ricci and curvature coefficients of M depend only on the
size of the initial data and thus, in particular, improve the bootstrap assumptions. This allows
to extend the spacetime to a larger one M′ in which the bootstrap assumptions are still valid.
To make sure that the extended spacetime is admissible, one has to construct a new GCM
hypersurface Σ̃∗ in M′ \M and use it to define a new extended GCM admissible spacetime M̃.

The goal of the present work is to extend the construction of Σ∗ of Section 9.8 of [33], for
polarized perturbations of Schwarzschild, to the case of general perturbations of Kerr.

1.3 Review of the main results of [34]

The main building block of our GCM hypersurface are the GCM spheres constructed in [34]
which we now review.

1.3.1 Background space

As in [34], we consider spacetime regions R foliated by a geodesic foliation S(u, s) induced by an
outgoing optical function u with s a properly normalized affine parameter along the null geodesic
generators of L = −gαβ∂βu∂α where g is the spacetime metric. We denote by r = r(u, s) the
area radius of S(u, s) and let (e3, e4, e1, e2) be an adapted null frame with e4 proportional to L
and e1, e2 tangent to spheres S = S(u, s), see Section 2.8. The main assumptions made in [34]
were that the Ricci and curvature coefficients, relative to the adapted null frame, have the same
asymptotics in powers of r as in Schwarzschild space. Note that these assumptions hold true in
the far region of Kerr and is expected to hold true for the far region of realistic perturbations
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of Kerr. The actual size of the perturbation from Kerr is measured with respect to a small

parameter
◦
ε > 0, see sections 2.8.2 and 2.8.3 for precise definitions.

1.3.2 Null frame transformation

In general, two null frames (e3, e4, e1, e2) and (e′3, e
′
4, e

′
1, e

′
2) are related by a frame transformation

of the following form:2

e′4 = λ

Å
e4 + f beb +

1

4
|f |2e3

ã
,

e′a =
Å
δab +

1

2
f
a
fb

ã
eb +

1

2
f
a
e4 +

Å
1

2
fa +

1

8
|f |2f

a

ã
e3,

e′3 = λ−1

ÅÅ
1 +

1

2
f · f +

1

16
|f |2|f |2

ã
e3 +

Å
f b +

1

4
|f |2f b

ã
eb +

1

4
|f |2e4

ã
,

(1.1)

where the scalar λ and the 1-forms f and f are called the transition coefficients from (e3, e4, e1, e2)
to (e′3, e

′
4, e

′
1, e

′
2).

1.3.3 Basis of ℓ = 1 modes

We introduce the following generalization of the ℓ = 1 spherical harmonics of the standard
sphere3.

Definition 1.1. On a sphere S, an
◦
ε–approximated basis of ℓ = 1 modes is a triplet of functions

J (p) on S verifying

(r2∆+ 2)J (p) = O(
◦
ε), p = 0,+,−,

1

|S|

∫
S
J (p)J (q) =

1

3
δpq +O(

◦
ε), p, q = 0,+,−,

1

|S|

∫
S
J (p) = O(

◦
ε), p = 0,+,−,

(1.2)

where
◦
ε > 0 is a sufficiently small constant.

Remark 1.2. For simplicity, throughout this paper, J (p) is called a basis of ℓ = 1 modes.

Assuming the existence of such a basis J (p), p ∈
{
−, 0,+

}
, we define, for a scalar function h,

(h)Sℓ=1 :=

ß∫
S
hJ (p), p = −, 0,+

™
. (1.3)

A scalar function h is said to be supported on ℓ ≤ 1 modes, i.e. (f)Sℓ≥2 = 0, if there exist
constants A0, B−, B0, B+ such that

h = A0 +B−J (−) +B0J
(0) +B+J

(+). (1.4)

2See Lemma 2.13 for a precise statement.
3Recall that on the standard sphere S2, in spherical coordinates (θ, φ), these are J(0,S2) = cos θ, J(+,S2) =

sin θ cosφ, J(−,S2) = sin θ sinφ.
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1.3.4 Definition of GCM spheres

The null expansions κ := trχ and κ := trχ relative to the adapted null frame (e3, e4, e1, e2) are
defined by

trχ := gabχab, trχ := gabχ
ab
,

where
χab := g (Deae4, eb) , χ

ab
:= g (Deae3, eb) .

The mass aspect function µ is defined by

µ := −div ζ − ρ+
1

2
χ̂ · χ̂,

where the shears χ̂, χ̂, the torsion ζ and the curvature components ρ are defined by

χ̂ab := χab −
1

2
δabκ, χ̂

ab
:= χ

ab
− 1

2
δabκ,

ζa :=
1

2
g (Deae4, e3) , ρ :=

1

4
R(e3, e4, e3, e4).

In an outgoing geodesic foliation of Schwarzschild spacetime, we have:

κ =
2

r
, κ = −2Υ

r
, µ =

2m

r3
, (1.5)

where Υ = 1− 2m
r and r, m denote the area radius and Hawking mass of S, i.e.

r :=

 
|S|
4π
,

2m

r
:= 1 +

1

16π

∫
S
κκ. (1.6)

The idea to construct GCM spheres is to mimic the condition (1.5) in the perturbed spacetimes.
More precisely, the GCM spheres are topological spheres S embedded in R endowed with a null
frame (eS3 , e

S
4 , e

S
1 , e

S
2 ) adapted to S (i.e. eS1 , e

S
2 tangent to S), relative to which the null expansions

κS = trχS, κS = trχS and mass aspect function µS satisfy:

κS − 2

rS
= 0,

Ç
κS +

2ΥS

rS

å
ℓ≥2

= 0,

Ç
µS − 2mS

(rS)3

å
ℓ≥2

= 0, (1.7)

where rS and mS denote the area radius and Hawking mass of S.

1.3.5 Deformations of spheres and frame transformations

The construction of GCM spheres in [34] was obtained by deforming a given sphere
◦
S = S(

◦
u,

◦
s)

of the background foliation of R. An O(
◦
δ) deformation of

◦
S is defined by a map Ψ :

◦
S → S ⊂ R

of the form

Ψ(
◦
u,

◦
s, y1, y2) =

Ä◦
u+ U(y1, y2),

◦
s+ S(y1, y2), y1, y2

ä
(1.8)

with (U, S) smooth functions on
◦
S, vanishing at a fixed point of

◦
S, of size proportional to the

small constant
◦
δ and (y1, y2) are spherical coordinates on

◦
S. Given such a deformation we

identify, at any point on S, two important null frames.

1. The null frame (e3, e4, e1, e2) of the background foliation of R.

2. A null frame (eS3 , e
S
4 , e

S
1 , e

S
2 ) obtained from (1.1) adapted to S, (i.e. eS1 , e

S
2 tangent to S).

Remark 1.3. Throughout this paper, we denote (f, f , λ) the transition coefficients from the

background frame (e3, e4, e1, e2) of R to the null frame (eS3 , e
S
4 , e

S
1 , e

S
2 ) adapted to S.
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1.3.6 GCM spheres with ℓ = 1 modes in [34]

Here is a short version of the main result in [34].

Theorem 1.4 (Existence of GCM spheres in [34]). Let R be fixed spacetime region, endowed
with an outgoing geodesic foliation S(u, s), verifying specific asymptotic assumptions4 expressed

in terms of two parameters 0 <
◦
δ ≤ ◦

ε. In particular we assume that the GCM quantities of the
background spheres in R, i.e.

κ− 2

r
,

Å
κ+

2Υ

r

ã
ℓ≥2

,

Å
µ− 2m

r3

ã
ℓ≥2

, (1.9)

are small with respect to the parameter
◦
δ. Let

◦
S = S(

◦
u,

◦
s) be a fixed sphere of the foliation with

◦
r and

◦
m denoting respectively its area radius and Hawking mass, with

◦
r sufficiently large. Then,

for any fixed triplets Λ,Λ ∈ R3 verifying

|Λ|, |Λ| ≲
◦
δ, (1.10)

there exists a unique sphere S = S(Λ,Λ), together with a null frame (eS3 , e
S
4 , e

S
1 , e

S
2 ), which is

GCM, i.e. S is a deformation of
◦
S, such that5

κS − 2

rS
= 0,

Ç
κS +

2ΥS

rS

å
ℓ≥2

= 0,

Ç
µS − 2mS

(rS)3

å
ℓ≥2

= 0, (1.11)

and

(divS f)ℓ=1 = Λ, (divS f)ℓ=1 = Λ, (1.12)

where (f, f , λ) denote the transition coefficients of the transformation (1.1) from the background
frame of R to the frame adapted to S.

Remark 1.5. The conditions (1.9), (1.11) and (1.12) depend on the definition of ℓ = 1 modes

respectively on
◦
S and S. In [34], once a choice of ℓ = 1 modes on

◦
S is made, it is then extended

to S using the background foliation. As a consequence, the GCM spheres of Theorem 1.4 depend

on the particular choice of ℓ = 1 modes on
◦
S.

1.4 First version of the main theorem

The goal of this paper is to construct hypersurfaces which are suitable concatenations of the
spheres of Theorem 1.4. We give below a simplified version of our main theorem, see Theorem
4.1 for the precise version.

Theorem 1.6 (Existence of GCM hypersurfaces, first version). Let R be fixed spacetime region,
endowed with an outgoing geodesic foliation S(u, s), verifying same assumptions as Theorem
1.4. Assume in addition that e3(J

(p)), (div η)ℓ=1, (div ξ)ℓ=1, r − s and e3(r) − e3(s) are small

with respect to the parameter
◦
δ.

Let S0 be a fixed sphere included in the region R, let a pair of triplets Λ0,Λ0 ∈ R3 such that

|Λ0|, |Λ0| ≲
◦
δ,

4Compatible with small perturbations of Kerr.
5Note that the GCM conditions (1.11) require a choice of ℓ = 1 modes on S, see Remark 1.5.
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and let J (S0,p) a basis of ℓ = 1 modes on S0, such that we have on S0

κS0 − 2

rS0
= 0,

Ç
κS0 +

2ΥS0

rS0

å
ℓ≥2

= 0,

Ç
µS0 − 2mS0

(rS0)3

å
ℓ≥2

= 0,

and

(divS0 f)ℓ=1 = Λ0, (divS0 f)ℓ=1 = Λ0,

where (f, f) denote the transition coefficients of the transformation (1.1) from the background
frame of R to the frame adapted to S0.

Then, there exists a unique, local, smooth, spacelike hypersurface Σ0 passing through S0, a
scalar function uS defined on Σ0, whose level surfaces are topological spheres denoted by S, a
smooth collection of triplets of constants ΛS,ΛS and a triplet of functions J (S,p) defined on Σ0

verifying,

ΛS0 = Λ0, ΛS0 = Λ0, J (S,p)
∣∣
S0

= J (S0,p),

such that the following conditions are verified:

1. The surfaces S of constant uS, together with a null frame (eS3 , e
S
4 , e

S
1 , e

S
2 ), verify

κS − 2

rS
= 0,

Ç
κS +

2ΥS

rS

å
ℓ≥2

= 0,

Ç
µS − 2mS

(rS)3

å
ℓ≥2

= 0, (1.13)

and

(divS f)ℓ=1 = ΛS, (divS f)ℓ=1 = ΛS, (1.14)

for the triplets of constants ΛS,ΛS and ℓ = 1 modes J (S,p).

2. The following transversality conditions

ξS = 0, ωS = 0, ηS = −ζS, (1.15)

and

eS4 (u
S) = 0, eS4 (r

S) = 1 (1.16)

are assumed on Σ0.

3. We have, for some constant c0,

uS + rS = c0, along Σ0. (1.17)

4. Let νS be the unique vectorfield tangent to the hypersurface Σ0, normal to S, and normal-
ized by g(νS, eS4 ) = −2. Let bS be the unique scalar function on Σ0 such that νS is given
by

νS = eS3 + bSeS4 . (1.18)

The following normalization condition holds true

bS = −1−
2m(0)

rS
, (1.19)

where bS is the average value of bS over S and m(0) is a constant.
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5. We have the following identities on Σ0:

(divS ηS)ℓ=1 = 0, (divS ξS)ℓ=1 = 0. (1.20)

6. The transition functions (f, f , λ), area radius rS and Hawking mass mS verify appropriate
estimates.

Remark 1.7. Theorem 1.6 is the generalization of Theorem 9.52 in [33] in the absence of
symmetry. It plays a central role in the proof of Theorems M6 and M7 in [36], see sections 8.4
and 8.5 in [36].

Remark 1.8. We provide below more explanations for the statements 1-5 in Theorem 1.6:

1. Since we concatenate a family of GCM spheres S(ΛS,ΛS) emanating from S0 to construct
the GCM hypersurfaces Σ0, by Theorem 1.4, we have automatically (1.13) and (1.14) on
every S.

2. The transversality conditions (1.15) and (1.16) are consistent with a local extension by an
outgoing geodesic foliation initialized on Σ0, see item 1 in Remark 4.12. The role of these
transversality conditions is to make sense of ηS and ξS on Σ0, see item 5 below.

3. uS should be chosen to be constant on the GCM spheres foliating Σ0. The choice (1.17) is
simple and fulfills this condition but other choices making Σ0 spacelike are possible.

4. The value bS is free and should be prescribed. Note that the choice (1.19) coincides with
the value for the hypersurface {u+ r = c0} in Schwarzschild spacetime.

5. In (1.20), ηS and ξS are defined intrinsically on Σ0 by

ηSa =
1

2
g
Ä
DνSe

S
4 , e

S
a

ä
, ξS

a
=

1

2
g
Ä
DνSe

S
3 , e

S
a

ä
+ bSζSa .

These definitions are consistent with the standard ones provided Σ0 satisfies (1.15) which
is equivalent to extending Σ0 locally by an outgoing geodesic foliation, see item 2 in Remark
4.12. In the sequel, (1.20) will be enforced thanks to a special choice of ΛS and ΛS, see
Section 1.5 for more explanations.

Remark 1.9. As in Section 9.8 of [33], Σ0 is chosen to be spacelike. One may wonder whether
Σ0 could be chosen to be null6. The reason for choosing it to be spacelike is that it allows more
flexibility: all spheres foliating Σ0 in Theorem 1.6 are GCM spheres, while only one could be a
GCM sphere on a null hypersurface.

1.5 Sketch of the proof of the main theorem

The idea of the proof is to construct Σ0 as a 1–parameter union of GCM spheres.

Step 1. For every background sphere S(u, s) in R, every pair of triplets (Λ,Λ) and every
triplet of functions J̃ (p) satisfying∑

p=0,+,−
∥J (p) − J̃ (p)∥hsmax (S(u,s))

≲ r
◦
δ,

6In the context of the stability of Minkowski, the last slice in the original proof by Christodoulou and Klain-
erman in [10] is spacelike, while it is null in the proof by Klainerman and Nicolò in [29] in the case of the exterior
of an outgoing null cone.
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where J (p) is the ℓ = 1 modes on S(u, s) and hsmax(S(u, s)) denotes the Sobolev space on S(u, s)
of order smax, we construct by Theorem 1.4 a unique GCM sphere S[u, s,Λ,Λ, J̃ (p)], as a defor-
mation of S(u, s) with ℓ = 1 modes in the definition of (1.11) and (1.12) computed w.r.t. J̃ (p).

In particular, (1.11) and (1.12) are verified and we have S0 = S[
◦
u,

◦
s,Λ0,Λ0, J̃

(p)], provided we
choose J̃ (p)

∣∣
S0

= J (S0,p).

Step 2. Given (Ψ(s),Λ(s),Λ(s)) such that

Ψ(
◦
s) =

◦
u, Λ(

◦
s) = Λ0, Λ(

◦
s) = Λ0,

We construct, relying on Step 1 and a Banach fixed-point argument, see Theorem 4.10, a family
of basis of ℓ = 1 modes J̃(s) and of GCM spheres S[Ψ(s), s,Λ(s),Λ(s), J̃(s)] verifying

νS(J̃(s)) = 0 on Σ, J̃ (p)(
◦
s) = J (S0,p),

where the hypersurface Σ is given by

Σ =
⋃
s

S(s) =
⋃
s

S[Ψ(s), s,Λ(s),Λ(s), J̃(s)],

and where νS is the unique vectorfield tangent to Σ with g(νS, eS4 ) = −2 and normal to S(s),
see Figure 5.2 for a geometric description.

Figure 5.2: The GCM hypersurface Σ0 as a deformation of Σ# = {u = Ψ(s)}

Step 3. We then derive for (Ψ,Λ,Λ) an ODE system of the following type:

1

Ψ′(s)
Λ′(s) =(divS ηS)ℓ=1 −

1

2
r−1Λ(s)− 1

2
r−1Λ(s) + l.o.t.,

1

Ψ′(s)
Λ′(s) =(divS ξS)ℓ=1 + l.o.t.,

Ψ′(s) =− 1− 1

2

Ç
bS + 1 +

2mS

rS

å
+ l.o.t.,

(1.21)
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where l.o.t. denote lower order terms, see Section 4.4 for the precise statement.

Step 4. We look for a special choice (Ψ̆(s), Λ̆(s), Λ̆(s)) such that the additional GCM con-
ditions (1.19) and (1.20) are verified. These conditions lead, in view of Step 3, to an ODE

system for (Ψ̆(s), Λ̆(s), Λ̆(s)), with prescribed initial conditions at
◦
s which allows us to uniquely

determine the desired hypersurface Σ0.

Remark 1.10. The proof of Theorem 1.6 is largely analogous to that of Theorem 9.52 in [33].
Below, we compare the proof in this paper and that in Section 9.8 of [33].

• In Step 1 and Step 2, we show that, in general, one can choose the approximate basis of
ℓ = 1 modes so that they are transported along the normal direction to the GCM spheres
S(s) on Σ. This contrasts with [33] where the basis of ℓ = 1 modes is fixed by the polarized
symmetry.

• Once the choice of ℓ = 1 modes is made, in Step 3, we derive the system of ODEs (1.21).
Note that the coefficients of linear terms of Λ(s) and Λ(s) on the R.H.S. of (1.21) are
different from that of (9.8.74) in [33], which is due to the different choice of ℓ = 1 modes.7

• Steps 1-3 are significantly more involved than the corresponding in [33] due the absence
of symmetry, while Step 4 is similar to that in [33].

1.6 Structure of the paper

The structure of the paper is as follows:

• In Section 2, we review the geometric set-up of [34].

• In Section 3, we review the main result of [34] on the construction of GCM spheres.

• In Section 4, we prove our main theorem concerning the construction of GCM hypersur-
faces.

1.7 Acknowledgements

The author is very grateful to Jérémie Szeftel for his support, discussions, encouragements and
patient guidance.

2 Geometric set-up

2.1 Ricci and curvature coefficients

As in [34], we consider given a vacuum spacetime R with metric g endowed with an outgoing
geodesic foliation by spheres S(u, s) of fixed (u, s), where u is an outgoing optical function8 with
L = −gαβ∂βu∂α its null geodesic generator and s chosen such that

L(s) =
1

ς
, L(ς) = 0.

Let e4 = ςL and e3 the unique null vectorfield orthogonal to S(u, s) and such that g(e3, e4) = −2.
We then let (e1, e2) be an orthogonal basis of the tangent space of S(u, s). The corresponding
connection coefficients relative to the null frame (e3, e4, e1, e2) are denoted by χ, χ, ξ, ξ, ω, ω, η, η, ζ

7More precisely, the basis of ℓ = 1 modes in [33], fixed by polarized symmetry, is not transported along the
vectorfield νS.

8That is gαβ∂αu∂βu = 0.
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and the null components of the curvature tensor by α, α, β, β, ρ, ⋆ρ. For the convenience of the
reader we recall their definition below:

χ
ab

= g(Dae3, eb), χab = g(Dae4, eb),

ξ
a
=

1

2
g(D3e3, ea), ξa =

1

2
g(D4e4, ea),

ω =
1

4
g(D3e3, e4), ω =

1

4
g(D4e4, e3),

η
a
=

1

2
g(D4e3, ea), ηa =

1

2
g(D3e4, ea),

ζa =
1

2
g(Deae4, e3),

(2.1)

and

αab = R(ea, e4, eb, e4), αab = R(ea, e3, eb, e3),

βa =
1

2
R(ea, e4, e3, e4), β

a
=

1

2
R(ea, e3, e3, e4),

ρ =
1

4
R(e3, e4, e3, e4),

⋆ρ =
1

4
⋆R(e3, e4, e3, e4),

(2.2)

where ⋆R denotes the Hodge dual of R. The null second fundamental forms χ, χ are further
decomposed in their traces κ = trχ and κ = trχ, and traceless parts χ̂ and χ̂:

κ := trχ = δabχab, χ̂ab := χab −
1

2
δabκ,

κ := trχ = δabχ
ab
, χ̂

ab
:= χ

ab
− 1

2
δabκ.

(2.3)

We define the horizontal covariant operator ∇ as follows:

∇XY := DXY − 1

2
χ(X,Y )e4 −

1

2
χ(X,Y )e3.

We also define ∇4X and ∇3X to be the horizontal projections:

∇4X := D4X − 1

2
g(X,D4e3)e4 −

1

2
g(X,D4e4)e3,

∇3X := D3X − 1

2
g(X,D3e3)e3 −

1

2
g(X,D3e4)e4.

As a direct consequence of (2.1), we have the Ricci formulas:

Daeb = ∇aeb +
1

2
χabe3 +

1

2
χ
ab
e4,

Dae3 = χ
ab
eb + ζae3,

Dae4 = χabeb − ζae4,

D3ea = ∇3ea + ηae3 + ξ
a
e4,

D4ea = ∇4ea + η
a
e4 + ξae4,

D3e3 = −2ωe3 + 2ξ
b
eb,

D3e4 = 2ωe4 + 2ηbeb,

D4e4 = −2ωe4 + 2ξbeb,

D4e3 = 2ωe3 + 2η
b
eb.

(2.4)
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We recall, see Lemma 2.4 in [34], that the geodesic nature of the foliation implies

ω = ξ = 0, η = −ζ, ς =
2

e3(u)
.

We denote

Ω := e3(r), z := e3(u) =
2

ς
. (2.5)

The area radius r = r(u, s) is defined such that the volume of S is given by 4πr2. The Hawking
mass m = m(u, s) of S = S(u, s) is given by the formula

2m

r
= 1 +

1

16π

∫
S
κκ. (2.6)

The Gauss curvature of S is denoted by K. It verifies the Gauss equation

K = −ρ− 1

4
κκ+

1

2
χ̂ · χ̂. (2.7)

The mass aspect function µ is defined by

µ := −div ζ − ρ+
1

2
χ̂ · χ̂. (2.8)

As in [34], we define the renormalized quantities9

}trχ := trχ− 2

r
, }trχ := trχ+

2Υ

r
, qω := ω − m

r2
,

qK := K − 1

r2
, qρ := ρ+

2m

r3
, qµ := µ− 2m

r3
,

qΩ := Ω +Υ, qς := ς − 1, qz := z − 2,

(2.9)

where

Υ := 1− 2m

r
,

and the sets

Γg :=

{
qκ, χ̂, ζ, qκ, rqµ, rqρ, r ⋆ρ, rβ, rα, r qK

}
,

Γb :=

{
η, χ̂, qω, ξ, rβ, α, r−1

qΩ, r−1
qς, r−1

qz, r−1(e3(r) + Υ
)}
.

(2.10)

Remark 2.1. The renormalized Ricci coefficients are divided into two groups Γg and Γb accord-
ing to their r–weights. See Remark 4.24 for more details.

2.2 Basic equations for the renormalized quantities

We recall some of the null structure equations and Bianchi identities for the renormalized quan-
tities, see Proposition 5.1.17 in [36].

9Renormalized quantities are obtained by subtracting their Schwarzschild values.
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Proposition 2.2. In an outgoing geodesic foliation, the following null structure equations hold
true

∇4qκ+
2

r
qκ = Γg · Γg,

∇4χ̂+
2

r
χ̂ = −α+ Γg · Γg,

∇4ζ +
2

r
ζ = −β + Γg · Γg,

∇4qκ+
1

r
qκ = −2 div ζ + 2ρ̌+

Υ

r
qκ+ Γb · Γg,

∇4χ̂+
1

r
χ̂ =

Υ

r
χ̂−∇“⊗ζ + Γb · Γg,

and

∇3qκ− Υ

r
κ = 2div η + 2ρ̌− 1

r
qκ+

4

r
qω +

2m

r2
qκ+

2

r2
qy + Γb · Γb,

∇3qκ− 2Υ

r
qκ = 2div ξ +

4Υ

r
qω − 2m

r2
qκ−
Å
2

r2
− 8m

r3

ã
qy + Γb · Γb,

∇3χ̂− 2Υ

r
χ̂ = −α− 2m

r2
χ̂+∇“⊗ξ + Γb · Γb,

∇3ζ −
Υ

r
ζ = −β − 2∇qω +

Υ

r
(η + ζ) +

1

r
ξ +

2m

r
(ζ − η) + Γb · Γb,

∇3χ̂− Υ

r
χ̂ = ∇“⊗η − 1

r
χ̂+

2m

r2
χ̂+ Γb · Γb.

Also,

curl η = ∗ρ+ Γb · Γg,
curl ξ = Γb · Γb,

qµ = −div ζ − ρ̌+ Γb · Γg.

The Bianchi identities are given by

∇3α− Υ

r
α = ∇“⊗β +

4m

r2
α+

6m

r3
χ̂+ Γb · (α, β) + r−1Γg · Γg,

∇4β +
4

r
β = −divα+ r−1Γg · Γg,

∇3β − 2Υ

r
β = (∇ρ+ ∗∇∗ρ) +

2m

r2
β − 6m

r3
η + r−1Γb · Γg,

∇4ρ̌+
3

r
ρ̌ = div β +

3m

r3
qκ+ r−1Γb · Γg,

∇3ρ̌−
3Υ

r
= −div β +

3m

r3
qκ− 6m

r4
qΩ− 1

2
χ̂ · α+ r−1Γb · Γb,

∇4
∗ρ+

3

r
∗ρ = − curlβ + r−1Γb · Γg,

∇3
∗ρ− 3Υ

r
∗ρ = − curlβ − 1

2
χ̂ · ∗α+ r−1Γb · Γb.

Proof. The proof follows immediately from the standard null structure equations and Bianchi
identities (see Propositions 7.3.2 and 7.4.1 in [10]) and the definition (2.9) of the renormalized
quantities, see Proposition 5.1.17 in [36] for more details.
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2.3 Commutation lemmas

We recall the following commutation lemmas.

Lemma 2.3. For any tensor on a sphere S, the following commutation formulas hold true

[∇3,∇a]f = −1

2
trχ∇af + (ηa − ζa)∇3f − χ̂

ab
∇bf + ξ

a
∇4f + (F [f ])a,

[∇4,∇a]f = −1

2
trχ∇af + (η

a
+ ζa)∇4f − χ̂ab∇bf + ξa∇3f + (F [f ])a,

where the tensors F [f ] and F [f ] have the following schematic form

F [f ] = (β, χ · η, χ · ξ) · f, F [f ] = (β, χ · η, χ · ξ) · f.

Proof. See Lemma 7.3.3 in [10].

Lemma 2.4. The following commutation formulas hold true for any tensor f on a sphere S:

[∇3,∇]f =
Υ

r
∇f + Γb · ∇3f + r−1Γb · d≤1f,

[∇4,∇]f = −1

r
∇f + r−1Γg · d≤1f,

[∇ν ,∇]f =
2

r
∇f + Γb · ∇νf + r−1Γb · d≤1f,

[∇ν ,∆]f =
4

r
∇f + r−1 d/≤1

(
Γb · ∇νf + r−1Γb · df

)
,

where

d ∈ {∇3, r∇4, d/}, d/ := r∇, d≤1f := (f, df). (2.11)

Proof. See Lemma 5.1.19 in [36].

2.4 Hodge operators

We recall the following Hodge operators acting on 2–surface S (see Chapter 2 in [10]):

Definition 2.5. We define the following Hodge operators:

1. The operator d/ 1 takes any 1–form f into the pair of functions (div f, curl f).

2. The operator d/ 2 takes any symmetric traceless 2–tensor f into the 1–form div f .

3. The operator d/ ∗
1 takes any pair of scalars (h, ∗h) into the 1–form −∇h+ ∗∇∗h.

4. The operator d/ ∗
2 takes any 1–form f into the symmetric traceless 2–tensor −1

2∇“⊗f .
On can easily check that d/ ∗

k is the formal adjoint on L2(S) of d/ k for k = 1, 2. Moreover,

d/ ∗
1 d/ 1 = −∆1 +K, d/ 1 d/

∗
1 = −∆0,

d/ ∗
2 d/ 2 = −1

2
∆2 +K, d/ 2 d/

∗
2 = −1

2
(∆1 +K),

(2.12)

where ∆k, k = 0, 1, 2 is the Laplace operator on scalars, 1–forms and symmetric traceless 2–
tensors.
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2.5 Definition of ℓ = 1 modes

Definition 2.6. On a sphere S, a (suitable
◦
ε–approximation of) basis of ℓ = 1 modes is a triplet

of functions J (p) on S satisfying10

(r2∆+ 2)J (p) = O(
◦
ε), p = 0,+,−,

1

|S|

∫
S
J (p)J (q) =

1

3
δpq +O(

◦
ε), p, q = 0,+,−,

1

|S|

∫
S
J (p) = O(

◦
ε), p = 0,+,−,

(2.13)

where
◦
ε > 0 is a sufficiently small constant.

Remark 2.7. For simplicity, throughout this paper, J (p) is called a basis of ℓ = 1 modes.

Proposition 2.8. For a basis of ℓ = 1 modes J (p) defined in Definition 2.6, we have

d/ ∗
2 d/

∗
1J

(p) = r−2O(
◦
ε). (2.14)

Proof. See Lemma 5.2.8 in [36].

Definition 2.9. Given a scalar function f defined on a sphere S, we define the ℓ = 1 modes of
f by the triplet

(f)ℓ=1 :=

ß∫
S
fJ (p), p = 0,+,−

™
.

2.6 Elliptic estimates

For a tensor f on a sphere S, we define the following norms for any integer k ≥ 0

∥f∥hk(S) :=
k∑
j=0

∥ d/jf∥L2(S),

∥f∥∞,k :=
k∑
j=0

∥ d/jf∥L∞(S),

(2.15)

Under the assumptions

∥Γg∥∞,k ≤ εr−2, ∥Γb∥∞,k ≤ εr−1, (2.16)

where ε > 0 is sufficiently small, we have the following coercive properties of the operators d/ 1,
d/ 2, d/

∗
1.

Lemma 2.10. Consider a sphere S such that its Gauss curvature K satisfies∥∥∥∥K − 1

r2

∥∥∥∥
hsmax−1(S)

≲
◦
ε, (2.17)

Then, the following estimates hold for all integer k ≤ smax:

10The properties (2.13) of the scalar functions J(p) are motivated by the fact that the ℓ = 1 spherical harmonics

on the standard sphere S2, given by J(0,S2) = cos θ, J(+,S2) = sin θ cosφ, J(−,S2) = sin θ sinφ, satisfy (2.13) with
◦
ε = 0. Note also that on S2, there holds∫

S2
(cos θ)2 =

∫
S2
(sin θ cosφ)2 =

∫
S2
(sin θ sinφ)2 =

4π

3
, |S2| = 4π.
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1. If f is a 1–form

∥f∥hk+1(S) ≲ r∥ d/ 1f∥hk(S). (2.18)

2. If v is a symmetric traceless 2-tensor

∥v∥hk+1(S) ≲ r∥ d/ 2v∥hk(S). (2.19)

3. If (h, ∗h) is a pair of scalars

∥(h− h, ∗h− ∗h)∥hk+1(S) ≲ r∥ d/ ∗
1(h,

∗h)∥hk(S). (2.20)

Proof. See Lemma 2.20 in [34].

Lemma 2.11. On a fixed sphere S for which (2.17) holds, we have for any 1–form f and integer
0 ≤ k ≤ smax:

∥f∥hk+1(S) ≲ r∥ d/ ∗
2f∥hk(S) + |(f)ℓ=1|, (2.21)

where the ℓ = 1 modes are given by Definition 2.9.

Proof. See Lemma 2.19 in [34] for the case k = 0. Assume that (2.21) holds for 1 ≤ k ≤ n− 1,
we have from standard elliptic regularity that

∥f∥hn+1(S) ≲ r2∥∆f∥hn−1(S)

≲ r3∥ d/ ∗
2∆f∥hn−2(S) + r2|(∆f)ℓ=1|

≲ r3∥∆ d/ ∗
2f∥hn−2(S) + r3∥[∆, d/ ∗

2]f∥hn−2(S) + r2
∣∣∣∣∫
S
(∆f)J (p)

∣∣∣∣
≲ r∥ d/ ∗

2f∥hn(S) + ∥f∥hn(S) + r2
∣∣∣∣∫
S
f(∆J (p))

∣∣∣∣
≲ r∥ d/ ∗

2f∥hn(S) + |(f)ℓ=1|,

where we used (2.21) in the case of k = n − 1 and (2.13) at the last step. By induction, we
deduce (2.21) for k = n. This concludes the proof of Lemma 2.11.

The following corollary will be useful in Section 4.3.

Corollary 2.12. On a fixed sphere S for which (2.17) holds for
◦
ε small enough, we have for

any symmetric traceless 2–tensor v and integer 0 ≤ k ≤ smax − 1:

∥v∥hk+2(S) ≲ r2∥ d/ ∗
2 d/ 2v∥hk(S), (2.22)

∥v∥hk+2(S) ≲ r2
∥∥∥∥Å d/ ∗

2 d/ 2 +
1

r2

ã
v

∥∥∥∥
hk(S)

. (2.23)

Proof. By Lemma 2.11, we have

∥ d/ 2v∥hk+1(S) ≲ r∥ d/ ∗
2 d/ 2v∥hk(S) + |( d/ 1 d/ 2v)ℓ=1|

≲ r∥ d/ ∗
2 d/ 2v∥hk(S) +

∣∣∣∣∫
S
( d/ 1 d/ 2v)J

(p)

∣∣∣∣
≲ r∥ d/ ∗

2 d/ 2v∥hk(S) +
∣∣∣∣∫
S
v( d/ ∗

2 d/
∗
1J

(p))

∣∣∣∣
≲ r∥ d/ ∗

2 d/ 2v∥hk(S) +
◦
ε∥v∥∞,k,
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where we have used integration by parts and (2.14). Then, we apply Lemma 2.10 to conclude

∥v∥hk+2(S) ≲ r∥ d/ 2v∥hk+1(S) ≲ r2∥ d/ ∗
2 d/ 2v∥hk(S) +

◦
εr∥v∥∞,k,

which implies, together with Sobolev and
◦
ε > 0 small enough,

∥v∥hk+2(S) ≲ r2∥ d/ ∗
2 d/ 2v∥hk(S).

This concludes (2.22).
Since d/ ∗

2 d/ 2 is a positive operator on L2(S), the case k = 0 of (2.23) follows immediately from
(2.22). Assuming that (2.23) holds true for 0 ≤ k ≤ n− 1, we have

∥v∥hn+2(S) ≲ r2∥ d/ ∗
2 d/ 2v∥hn(S)

≲ r2
∥∥∥∥Å d/ ∗

2 d/ 2 +
1

r2

ã
v

∥∥∥∥
hn(S)

+ ∥v∥hn(S)

≲ r2
∥∥∥∥Å d/ ∗

2 d/ 2 +
1

r2

ã
v

∥∥∥∥
hn(S)

,

where we used (2.23) for k = n − 2. By induction, we obtain (2.23) for all 0 ≤ k ≤ smax − 1.
This concludes the proof of Corollary 2.12.

2.7 General frame transformations

We recall below Lemma 3.1 in [34].

Lemma 2.13. Given a null frame (e3, e4, e1, e2), a general null transformation from the null
frame (e3, e4, e1, e2) to another null frame (e′3, e

′
4, e

′
1, e

′
2) can be written in the form,

e′4 = λ

Å
e4 + f beb +

1

4
|f |2e3

ã
,

e′a =
Å
δab +

1

2
f
a
fb

ã
eb +

1

2
f
a
e4 +

Å
1

2
fa +

1

8
|f |2f

a

ã
e3, a = 1, 2,

e′3 = λ−1

ÅÅ
1 +

1

2
f · f +

1

16
|f |2|f |2

ã
e3 +

Å
f b +

1

4
|f |2f b

ã
eb +

1

4
|f |2e4

ã
,

(2.24)

where λ is a scalar, f and f are horizontal 1-forms on the sphere generated by (e′1, e
′
2). The dot

product and magnitude | · | are taken with respect to the standard Euclidean norm of R2.11 We
call (f, f , λ) the transition coefficients of the change of frame. We denote

F := (f, f ,
◦
λ ),

◦
λ := λ− 1.

We recall some of the identities of Proposition 3.3 in [34].

Proposition 2.14. Under a general transformation of type (2.24), the Ricci coefficients trans-
form as follows:

• The transformation formula for ξ is given by

λ−2ξ′ = ξ +
1

2
∇λ−1e′4

f +
1

4
trχf + ωf + Err(ξ, ξ′),

Err(ξ, ξ′) =
1

2
f · χ̂+

1

4
|f |2η + 1

2
(f · ζ) f − 1

4
|f |2η

+ λ−2

Å
1

2
(f · ξ′) f +

1

2
(f · f) ξ′

ã
+ l.o.t.

(2.25)

11Here f and f are 1–forms defined on a sphere, we use an orthonomal basis of the sphere to define the dot

product and magnitude w.r.t. the standard Euclidean norm of R2.
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• The transformation formula for ξ is given by

λ2ξ′ = ξ +
1

2
λ∇′

3f + ω f +
1

4
trχf + Err(ξ, ξ′),

Err(ξ, ξ′) =
1

2
f · χ̂− 1

2
(f · ζ)f +

1

4
|f |2η − 1

4
|f |2η′ + l.o.t.

(2.26)

• The transformation formula for trχ is given by

λ−1 trχ′ = trχ+ div′ f + f · η + f · ζ + Err(trχ′, trχ),

Err(trχ′, trχ) = f · ξ + 1

4
f · f trχ+ ω(f · f)− ω|f |2

− 1

4
|f |2 trχ− 1

4
(f · f)λ−1 trχ′ + l.o.t.

(2.27)

• The transformation formula for ζ is given by

ζ ′ = ζ −∇′(log λ)− 1

4
trχf + ωf − ωf +

1

4
f trχ+ Err(ζ, ζ ′),

Err(ζ, ζ ′) = −1

2
χ̂ · f +

1

2
(f · ζ)f − 1

2
(f · η)f +

1

4
f(f · η) + 1

4
f(f · ζ)

+
1

4
∗f(f ∧ η) + 1

4
∗f(f ∧ ζ) + 1

4
f div′ f +

1

4
∗f curl′ f +

1

2
λ−1f · χ̂′

− 1

16
(f · f)fλ−1 trχ′ +

1

16
∗fλ−1(f ∧ f) trχ′ + l.o.t.

(2.28)

• The transformation formula for η is given by

η′ = η +
1

2
λ∇′

3f +
1

4
f trχ− ω f + Err(η, η′),

Err(η, η′) =
1

2
(f · f)η + 1

2
f · χ̂+

1

2
f(f · ζ)− (f · f)η′ + 1

2
f(f · η′) + l.o.t.

(2.29)

• The transformation formula for η is given by

η′ = η +
1

2
∇λ−1e′4

f +
1

4
trχf − ωf + Err(η, η′),

Err(η, η′) =
1

2
f · χ̂+

1

2
(f · η)f − 1

4
(f · ζ)f − 1

4
|f |2λ−2ξ′ + l.o.t.

(2.30)

• The transformation formula for ω is given by

λ−1ω′ = ω − 1

2
λ−1e′4(log λ) +

1

2
f · (ζ − η) + Err(ω, ω′),

Err(ω, ω′) = −1

4
|f |2ω − 1

8
trχ|f |2 + 1

2
λ−2f · ξ′ + l.o.t.

(2.31)

• The transformation formula for ω is given by

λω′ = ω +
1

2
λe′3(log λ)−

1

2
f · ζ − 1

2
f · η + Err(ω, ω′),

Err(ω, ω′) = f · f ω − 1

4
|f |2ω +

1

2
f · ξ + 1

8
(f · f) trχ− 1

8
|f |2 trχ

− 1

4
λf · ∇′

3f +
1

2
(f · f)(f · η′)− 1

4
|f |2(f · η′) + l.o.t.

(2.32)

where, for the transformation formulas of the Ricci coefficients above, l.o.t. denote expressions
of the type

l.o.t. = O((f, f)3)Γ +O((f, f)2)Γ̌

containing no derivatives of f , f , Γ and Γ̌.

Proof. See Appendix A of [34].
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2.8 Background spacetime

2.8.1 Adapted coordinates

Recall that we consider given a vacuum spacetime R and endowed with of (u, s) foliation, see
Section 2.1. A coordinate system (u, s, y1, y2) on R is said to be adapted to an outgoing geodesic
foliation as above if e4(y

1) = e4(y
2) = 0. In that case the spacetime metric can be written in

the form, see Lemma 2.6 in [34],

g = −2ςduds+ ς2Ωdu2 + gab
(
dya − ςBadu

)(
dyb − ςBbdu

)
, (2.33)

where

Ω = e3(s), Ba =
1

2
e3(y

a), gab = g(∂ya , ∂yb). (2.34)

Relative to these coordinates

∂s = e4, ∂u = ς

Å
1

2
e3 −

1

2
Ωe4 −Ba∂ya

ã
, ∂ya =

∑
c=1,2

Y c
(a)ec, a = 1, 2, (2.35)

with coefficients Y b
(a) verifying

gab =
∑
c=1,2

Y c
(a)Y

c
(b).

As a direct consequence of (2.35), we have12

e4 = ∂s, e3 = z∂u +Ω∂s + 2Ba∂ya , ec = Xa
(c)∂ya , (2.36)

where Xc
(a) is defined by ∑

c=1,2

Xa
(c)Y

c
(a) = 1.

As in [34], we assume that R is covered by two coordinate systems, i.e. R = RN ∪ RS , such
that:

1. The North coordinate chart RN is given by the coordinates (u, s, y1N , y
2
N ) with (y1N )

2 +
(y2N )

2 < 2 while the South coordinate chart RS is given by the coordinates (u, s, y1S , y
2
S)

with (y1S)
2 + (y2S)

2 < 2.

2. The two coordinate charts intersect in the open equatorial region REq := RN ∩ RS in
which both coordinate systems are defined.

3. In REq the transition functions between the two coordinate systems are given by the
smooth functions φSN and φNS = φ−1

SN .

The metric coefficients for the two coordinate systems are given by

g = −2ςduds+ ς2Ωdu2 + gNab
(
dyaN − ςBa

Ndu
)(
dybN − ςBb

Ndu
)
,

g = −2ςduds+ ς2Ωdu2 + gSab
(
dyaS − ςBa

Sdu
)(
dybS − ςBb

Sdu
)
,

where

Ω = e3(s), Ba
N =

1

2
e3(y

a
N ), Ba

S =
1

2
e3(y

a
S).

12Recall that z := 2
ς
is defined in (2.5).
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For a S(u, s)–tangent tensor f , we consider the following norms

∥f∥∞ : = ∥f∥L∞(S), ∥f∥2 := ∥f∥L2(S),

∥f∥∞,k =

k∑
i=0

∥dif∥∞, ∥f∥2,k =
k∑
i=0

∥dif∥2,
(2.37)

where di stands for any combination of length i of operators of the form e3, re4, r∇.

Finally, we recall the following lemma for geodesic foliations.

Lemma 2.15. For the background geodesic foliation of R and any scalar function h defined on
R, we have

e4

Å∫
S
h

ã
=

∫
S
(e4(h) + κh) ,

e3

Å∫
S
h

ã
= z

∫
S

(
z−1e3(h)− z−1Ωe4(h) + z−1κh− z−1Ωκh

)
+Ω

∫
S
(e4(h) + κh) .

(2.38)

In particular, we have for the area radius r:

e4(r) =
r

2
κ, e3(r) =

r

2

Ä
zz−1κ− zz−1Ωκ+Ωκ

ä
. (2.39)

Proof. Firstly, recall from (2.35) that we have

e4

Å∫
S
h

ã
= ∂s

Å∫
S
h

ã
=

∫
S
∂sh+ gabg(Da∂s, ∂b)h =

∫
S
(e4(h) + κh) (2.40)

as stated. Next, recall from (2.35) that

∂u

Å∫
S
h

ã
=

∫
S
∂uh+ gabg(Da∂u, ∂b)h

=

∫
S
z−1e3(h)− z−1Ωe4(h)−

2

z
Bc∂c(h) + gabg(Da(z

−1e3), ∂b)h

−
∫
S
gabg(Da(z

−1Ωe4), ∂b)h+ gabg

Å
Da

Å
2

z
Bc∂c

ã
, ∂b

ã
h

=

∫
S
z−1e3(h)− z−1Ωe4(h) + z−1κh− z−1Ωκh

−
∫
S

2

z
Bcgabg(Da∂c, ∂b)h+∇c

Å
2

z
Bch

ã
.

Recall that the divergence theorem implies that∫
S
∇c

Å
2

z
Bch

ã
= 0.

On the other hand

gabg(Da∂c, ∂b) = gabg(Dc∂a, ∂b) =
1

2
gabg(Dc∂a, ∂b) +

1

2
gabg(Dc∂b, ∂a)

=
1

2
gabDc(gab) =

1

2
Dc(g

abgab) = 0.

Thus, we obtain

∂u

Å∫
S
h

ã
=

∫
S
z−1e3(h)− z−1Ωe4(h) + z−1κh− z−1Ωκh.
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Together with (2.35) and (2.40), we infer

e3

Å∫
S
h

ã
= z∂u

Å∫
S
h

ã
+Ωe4

Å∫
S
h

ã
= z

∫
S

(
z−1e3(h)− z−1Ωe4(h) + z−1κh− z−1Ωκh

)
+Ω

∫
S
(e4(h) + κh)

as stated. Taking h = 1, we obtain (2.39). This concludes the proof of Lemma 2.15.

2.8.2 Background spacetime region R
In the following definition, we specify the background spacetime region R.

Definition 2.16. Let m0 > 0 a constant. Let
◦
ε > 0 a sufficiently small constant, and let (

◦
u,

◦
s,

◦
r)

three real numbers with
◦
r sufficiently large so that

◦
ε≪ m0,

◦
r ≫ m0. (2.41)

We define R to be the region

R :=
¶
|u− ◦

u| ≤ ◦
ε, |s− ◦

s| ≤ ◦
ε
©
, (2.42)

such that assumptions A1-A4 below with constant
◦
ε on the background foliation of R, are

verified.

2.8.3 Main assumptions for R
Given an integer smax ≥ 5, we assume13 the following:

A1. For k ≤ smax

∥Γg∥k,∞ ≤ ◦
εr−2,

∥Γb∥k,∞ ≤ ◦
εr−1.

(2.43)

A2. The Hawking mass m = m(u, s) of S(u, s) verifies

sup
R

∣∣∣∣ mm0
− 1

∣∣∣∣ ≤ ◦
ε. (2.44)

A3. In the region of their respective validity14 we have

Ba
N , B

a
S ∈ r−1Γb, ZaN , Z

a
S ∈ Γb, r−2

qgNab, r
−2

qgSab ∈ rΓg, (2.45)

where

qgNab = gNab −
4r2

(1 + (y1N )
2 + (y2N )

2)
δab,

qgSab = gSab −
4r2

(1 + (y1S)
2 + (y2S)

2)
δab,

Zc = BaY c
(a).

13In view of (2.43), we will often replace Γg by r−1Γb.
14That is the quantities on the left verify the same estimates as those for Γb, respectively Γg.
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A4. We assume the existence of a smooth family of scalar functions J (p) : R → R, for p =
0,+,−, verifying the following properties

(a) On the sphere
◦
S of the background foliation, there holds (2.13) with ε =

◦
ε, i.e.(

(
◦
r)2

◦
∆+ 2

)
J (p) = O(

◦
ε), p = 0,+,−,

1

|
◦
S|

∫
◦
S
J (p)J (q) =

1

3
δpq +O(

◦
ε), p, q = 0,+,−,

1

|
◦
S|

∫
◦
S
J (p) = O(

◦
ε), p = 0,+,−.

(2.46)

(b) We extend J (p) from
◦
S to R by ∂sJ

(p) = ∂uJ
(p) = 0, i.e.

J (p)(u, s, y1, y2) = J (p)(
◦
u,

◦
s, y1, y2). (2.47)

Remark 2.17. We note that the assumptions A1, A2, A3, A4, are expected to be valid in the
far regions, i.e. r large, of a perturbed Kerr. In particular, they hold in far regions of Kerr, see
Lemma 2.10 in [34].

2.9 Deformation of surfaces in R

Definition 2.18. We say that S is a deformation of
◦
S if there exist smooth scalar functions

U, S defined on
◦
S and a map Ψ :

◦
S → S verifying, on any coordinate chart (y1, y2) of

◦
S,

Ψ(
◦
u,

◦
s, y1, y2) =

Ä◦
u+ U(y1, y2),

◦
s+ S(y1, y2), y1, y2

ä
. (2.48)

Definition 2.19. Given a deformation Ψ :
◦
S → S we say that a new frame (eS3 , e

S
4 , e

S
1 , e

S
2 ) on

S, obtained from the standard frame (e3, e4, e1, e2) via the transformation (2.24), is S-adapted
if the vectorfields eS1 , e

S
2 are tangent to S and the vectorfields eS3 , e

S
4 are orthogonal to S.

Definition 2.20. Let S ⊂ R be a compact 2-sphere, which is a deformation of a leaf S(u, s) of
the background geodesic foliation of R and let (eS3 , e

S
4 , e

S
1 , e

S
2 ) the null frame adapted to S. Then,

we denote

• by χS, χS, ζS,..., the corresponding Ricci coefficients,

• by αS, βS, ρS, ..., the corresponding curvature coefficients,

• by rS, mS, KS and µS respectively the corresponding area radius, Hawking mass, Gauss
curvature and mass aspect function,

• by ∇S the corresponding covariant derivative.

Definition 2.21. We will work with the following weighted Sobolev norms on S

∥f∥hs(S) :=
s∑
i=0

∥( d/S)if∥L2(S), d/S = rS∇S. (2.49)

We will need the following lemmas.
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Lemma 2.22. Let
◦
S ⊂ R. Let Ψ :

◦
S → S be a deformation generated by the functions (U, S)

as in Definition 2.18 and denote by gS,# the pull back of the metric gS to
◦
S. Assume the bound

∥(U, S)∥
L∞(

◦
S)

+ r−1
∥∥(U, S)∥∥

hsmax+1(
◦
S)

≲
◦
δ. (2.50)

Then

1. We have ∥∥gS,# − ◦
g
∥∥
L∞ + r−1

∥∥gS,# − ◦
g
∥∥
hsmax (

◦
S)

≲
◦
δr. (2.51)

2. For any tensor h on R

∥h∥hs(S) ≲ r sup
R

(
| d/≤sh|+

◦
δ|d≤sh|

)
, 0 ≤ s ≤ smax. (2.52)

3. If V ∈ hs(S) and V
# is its pull-back by Ψ, we have for all 0 ≤ s ≤ smax,

∥V ∥hs(S) = ∥V #∥
hs(

◦
S, gS,#)

= ∥V #∥
hs(

◦
S,

◦
g)

(
1 +O(r−1

◦
δ)
)
. (2.53)

4. As a corollary of (2.53) (choosing V = 1 and s = 0), we deduce

rS

◦
r

= 1 +O(r−1
◦
δ) (2.54)

where rS is the area radius of S and
◦
r that of

◦
S.

5. We also have

|m−mS| = O(
◦
δ). (2.55)

Proof. See Lemma 5.8, Proposition 5.10 and Corollary 5.17 in [34].

We also have the following lemma.

Lemma 2.23. Under the same assumptions as in Lemma 2.22, the following estimate holds for
a scalar function F defined on R,∣∣∣∣∫

S
F −

∫
◦
S
F

∣∣∣∣ ≲
◦
δr

Å
sup
R

|F |+ r sup
R

(
|∂uF |+ |∂sF |

)ã
.

Proof. See Corollary 5.9 in [34].

We introduce the following schematic presentation of the error terms which appear in various
calculations below.

Definition 2.24. We denote by Errk, k = 1, 2, error terms15 which can be written schematically
in the form,

rErr1 = F · (rΓb) + F 2 + F · (r∇S)F = F · (rΓb) + F · (r∇S)≤1F,

r2Err2 = (r∇S)≤1(rErr1) + F · rdΓb,
(2.56)

where

F := (f, f ,
◦
λ ),

◦
λ = λ− 1.

15Note however that the precise error terms differ in each particular case and that we only emphasize here their
general structure.
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We recall the following identities, see Corollary 4.6 in [34].

Proposition 2.25. The following relations hold true for any adapted frame (eS3 , e
S
4 , e

S
1 , e

S
2 ) to

a given sphere S connected to the reference frame (e3, e4, e1, e2) by the transition coefficients
(f, f , λ),

curlS f = −Err1[curl
S f ],

curlS f = −Err1[curl
S f ],

divS f + κ
◦
λ − 2

(rS)2

◦
b = κS − 2

rS
−
Å
κ− 2

r

ã
− Err1[div

S f ]− 2(r − rS)2

r(rS)2
,

divS f − κ
◦
λ +

2

(rS)2

◦
b = κS +

2

rS
−
Å
κ+

2

r

ã
− Err1[div

S f ] +
2(r − rS)2

r(rS)2
,

∆S
◦
λ + V

◦
λ = µS − µ−

Å
ω +

1

4
κ

ã (
κS − κ

)
+

Å
ω +

1

4
κ

ã (
κS − κ

)
+ Err2[∆

S
◦
λ ],

∆S
◦
b =

1

2
divS

Å
f −Υf + Err1[∆

S
◦
b ]

ã
,

(2.57)

where

◦
b := r − rS,

V := −
Å
1

2
κκ+ κω + κω

ã
,

and the error terms Err1[curl
S f ], Err1[curl

S f ], Err1[div
S f ], Err1[div

S f ] and Err1[∆
S
◦
b ] are

consistent with Err1 in Definition 2.24 whereas the error term Err2[∆
S
◦
λ ] is consistent with Err2

in Definition 2.24.

Proof. The first two identities in (2.57) follow from the fact that (a)κ :=∈ab χab = 0 and
(a)κ :=∈ab χ

ab
= 0. The third, fourth and fifth identities in (2.57) follow from the transformation

formulae for κ, κ and ζ. See Lemma 4.3 in [34] for a detailed proof. The last identity in (2.57)
is proven in Corollary 4.6 in [34].

3 GCM spheres

3.1 GCM spheres with ℓ = 1 modes in [34]

We review below Theorem 6.1 of [34] on existence and uniqueness of GCM spheres in the context

of an arbitrary choice of a ℓ = 1 modes on
◦
S, denoted J (p), which verify the assumptions A4

given in Section 2.8.3.

Theorem 3.1 (GCM spheres with ℓ = 1 modes in [34]). Let m0 > 0 a constant. Let 0 <
◦
δ ≤ ◦

ε

two sufficiently small constants, and let (
◦
u,

◦
s,

◦
r) three real numbers with

◦
r sufficiently large so

that

◦
ε≪ m0,

◦
r ≫ m0.

Let a fixed spacetime region R, as in Definition 2.16, together with a (u, s) outgoing geodesic

foliation verifying the assumptions A1-A4. Let
◦
S = S(

◦
u,

◦
s) be a fixed sphere from this foliation
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with
◦
r and

◦
m denoting its area radius and Hawking mass. Assume that the GCM quantities

κ, κ, µ of the background foliation verify the following:

κ =
2

r
+ κ̇,

κ = −2Υ

r
+ C0 +

∑
p

C(p)J (p) + κ̇,

µ =
2m

r3
+M0 +

∑
p

M (p)J (p) + µ̇,

(3.1)

where the scalar functions C0 = C0(u, s), C
(p) = C(p)(u, s), M0 = M0(u, s) and M (p) =

M (p)(u, s), defined on the spacetime region R, depend only on the coordinates (u, s), and where
κ̇, κ̇ and µ̇ satisfy the following estimates

sup
R

∣∣ d/≤smax(κ̇, κ̇)| ≲ r−2
◦
δ, sup

R

∣∣ d/≤smax µ̇| ≲ r−3
◦
δ, (3.2)

where d/ = r∇. Then for any fixed triplets Λ,Λ ∈ R3 verifying

|Λ|, |Λ| ≲
◦
δ, (3.3)

there exists a unique GCM sphere S = S(Λ,Λ), which is a deformation of
◦
S, such that there

exist constants CS
0 , C

(S,p), MS
0 , M

(S,p), p ∈ {−, 0,+} for which the following GCM conditions
are verified

κS =
2

rS
,

κS = − 2

rS
ΥS + CS

0 +
∑
p

C(S,p)J (p),

µS =
2mS

(rS)3
+MS

0 +
∑
p

M (S,p)J (p).

(3.4)

Relative to these modes we also have

(divS f)ℓ=1 = Λ, (divS f)ℓ=1 = Λ. (3.5)

The resulting deformation has the following additional properties:

1. The triplet (f, f ,
◦
λ ) verifies

∥(f, f ,
◦
λ )∥hsmax+1(S)

≲
◦
δ. (3.6)

2. The GCM constants CS
0 , C

(S,p), MS
0 , M

(S,p), p ∈ {−, 0,+} verify∣∣CS
0 − C0

S∣∣+ ∣∣C(S,p) − C(p)
S∣∣ ≲ r−2

◦
δ,∣∣MS

0 −M0
S∣∣+ ∣∣M (S,p) −M (p)

S∣∣ ≲ r−3
◦
δ.

(3.7)

3. The volume radius rS verifies ∣∣∣∣∣rS◦r − 1

∣∣∣∣∣ ≲ r−1
◦
δ. (3.8)
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4. The parameter functions U, S of the deformation verify

∥(U, S)∥
hsmax+1(

◦
S)

≲ r
◦
δ. (3.9)

5. The Hawking mass mS of S verifies the estimate

∣∣mS − ◦
m
∣∣ ≲

◦
δ. (3.10)

6. The well defined16 Ricci and curvature coefficients of S verify,

∥ΓS
g ∥hsmax (S)

≲
◦
εr−1,

∥ΓS
b ∥hsmax (S)

≲
◦
ε.

(3.11)

7. The transition parameters f, f ,
◦
λ are continuously differentiable with respect to Λ,Λ and

∂f

∂Λ
= O

(
r−1
)
,

∂f

∂Λ
= O

(◦
δr−1

)
,

∂f

∂Λ
= O

(◦
δr−1

)
,

∂f

∂Λ
= O

(
r−1
)
,

∂
◦
λ

∂Λ
= O

(◦
δr−1

)
,

∂
◦
λ

∂Λ
= O

(◦
δr−1

)
.

(3.12)

8. The parameter functions (U, S) of the deformation are continuously differentiable with
respect to Λ,Λ and

∂U

∂Λ
= O(1),

∂U

∂Λ
= O(1),

∂S

∂Λ
= O(1),

∂S

∂Λ
= O(1). (3.13)

9. Relative to the coordinate system induced by Ψ the metric gΛ,Λ of S = S(Λ,Λ) is continuous
with respect to the parameters Λ,Λ and verifies

∥∥∂ΛgS, ∂ΛgS∥L∞(S) ≲ O(r2). (3.14)

Remark 3.2. The conclusions of Theorem 3.1 still hold if we replace (3.2) with the weaker
condition17

∥∥(κ̇, κ̇)∥hsmax (S)
≲ r−1

◦
δ,

∥∥µ̇∥hsmax (S)
≲ r−2

◦
δ, (3.15)

for any deformed sphere S with (U, S) satisfying (3.9), where (3.15) is uniform w.r.t such spheres.
See Remark 6.2 in [34].

16Note that while the Ricci coefficients κS, κS, χ̂S, χ̂S, ζS as well as all curvature components and mass aspect

function µS are well defined on S, this in not the case of ηS, ηS, ξS, ξS, ωS, ωS which require the derivatives of the

frame in the eS3 and eS4 directions.
17Note that (3.2) implies (3.15) in view of (2.52).
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3.2 Linearized GCM equations

Definition 3.3. Let S ⊂ R a smooth O(
◦
ε)-sphere. We say that F = (f, f ,

◦
λ ) verifies the

inhomogeneous linearized GCM system on S if the following holds true:

curlS f = h1 − h1
S
,

curlS f = h1 − h1
S
,

divS f +
2

rS

◦
λ − 2

(rS)2

◦
b = h2,

divS f +
2

rS

◦
λ +

2

(rS)2

◦
b = Ċ0 +

∑
p

Ċ
(p)
J (S,p) + h2,Å

∆S +
2

(rS)2

ã ◦
λ = Ṁ0 +

∑
p

Ṁ (p)J (S,p) +
1

2rS

(
Ċ0 +

∑
p

Ċ
(p)
J (S,p)

)
+ h3,

∆S
◦
b − 1

2
divS

(
f − f

)
= h4 − h4

S
,

◦
b
S

= b0,

(3.16)

for some choice of constants Ċ0, Ṁ0, Ċ
(p)
, Ṁ (p), b0, and scalar functions h1, h2, h3, h4, h1, h2.

The following proposition provides a priori estimates for the linearized GCM system (3.16),
which play a crucial role in the proof of Theorem 3.1 (see the proof of Theorem 6.1 in [34]).

Proposition 3.4. Assume S is a given O(
◦
ε)-sphere in R. Assume given a solution (f, f ,

◦
λ , Ċ0, Ṁ0, Ċ

(p)
, Ṁ (p),

◦
b )

of the system (3.16), and verifying

(divSf)ℓ=1 = Λ, (divSf)ℓ=1 = Λ.

Then, the following a priori estimates are verified, for 3 ≤ s ≤ smax + 1,∥∥∥(f, f , ◦λ −
◦
λ

S)∥∥∥
hs(S)

+
∑
p

(
r2|Ċ(p)|+ r3|Ṁ (p)|

)
≲ r∥(h1 − h1

S
, h1 − h1

S
, h2 − h2

S
, h2 − h2

S
)∥hs−1(S)

+ r2∥h3 − h3
S∥hs−2(S) + r∥h4 − h4

S∥hs−3(S) + |Λ|+ |Λ|,

(3.17)

and

r2|Ċ0|+ r3|Ṁ0|+ r
∣∣∣◦λ S∣∣∣ ≲ r∥(h1 − h1

S
, h1 − h1

S
, h2 − h2

S
, h2 − h2

S
)∥hs−1(S)

+ r2∥h3 − h3
S∥hs−2(S) + r∥h4 − h4

S∥hs−3(S) + |Λ|+ |Λ|+ |b0|.
(3.18)

Proof. See Proposition 4.13 in [34].

Proposition 3.4 will be used in Sections 4.5 and 4.6.

3.3 GCM spheres with more general ℓ = 1 modes

We have the following corollary of Theorem 3.1.

Corollary 3.5. Under the same assumptions as in Theorem 3.1, assume moreover that there
exists a triplet of scalar functions J̃ (p) verifying∑

p

∥∥∥J (p) − J̃ (p)
∥∥∥
hsmax (

◦
S)

≲ r
◦
δ, (3.19)
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and
∂uJ̃

(p)(u, s, y1, y2) = ∂sJ̃
(p)(u, s, y1, y2) = 0. (3.20)

Then, for any fixed triplets Λ,Λ ∈ R3 verifying

|Λ|, |Λ| ≲
◦
δ, (3.21)

there exists a unique GCM sphere S = S(Λ,Λ, J̃ (p)), which is a deformation of
◦
S, such that there

exists constants CS
0 , M

S
0 , C

(S,p),M (S,p), p ∈ {−, 0,+} for which the following GCM conditions
are verified

κS =
2

rS
,

κS = − 2

rS
ΥS + CS

0 +
∑
p

C(S,p)J̃ (p),

µS =
2mS

(rS)3
+MS

0 +
∑
p

M (S,p)J̃ (p).

(3.22)

Moreover,

(divSf)ℓ=1 = Λ, (divSf)ℓ=1 = Λ, (3.23)

where (divSf)ℓ=1, (div
Sf)ℓ=1 are defined with respect to J̃ (p). Finally, the resulting deformation

verifies all the properties 1-9 of Theorem 3.1.

Proof. Notice that (3.19), (3.20) and (2.46) implies that J̃ (p) satisfies Assumption A4. Then, it
suffices to apply Theorem 3.1 with J̃ (p) replacing J (p).

4 Construction of GCM hypersurfaces

We are ready to state the precise version of the main result of this paper.

Theorem 4.1 (Existence of GCM hypersurfaces, version 2). Let m0 > 0 a constant. Let

0 <
◦
δ ≤ ◦

ε two sufficiently small constants, and let (
◦
u,

◦
s,

◦
r) three real numbers with

◦
r sufficiently

large so that

◦
ε≪ m0,

◦
r ≫ m0.

Let a fixed space-time region R as in Definition 2.16, together with a (u, s) outgoing geodesic
foliation and a basis of ℓ = 1 modes J (p) verifying assumptions A1-A4 in Section 2.8.3. We
further assume that

sup
R
r
∣∣∣d̃≤smax+1e3(J

(p))
∣∣∣ ≲

◦
δ, smax ≥ 5, (4.1)

where

d̃ := (e3 − (z +Ω)e4, d/), d/ = r∇,

denotes the weighted derivatives tangent to the level hypersurfaces of u + s. In addition, we
assume on R, the estimates

sup
R

∣∣d̃≤smax+1(κ̇, κ̇)| ≲ r−2
◦
δ, sup

R

∣∣d̃≤smax+1µ̇| ≲ r−3
◦
δ, (4.2)
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and

|(div η)ℓ=1| ≲
◦
δ, |(div ξ)ℓ=1| ≲

◦
δ. (4.3)

We also assume

|r − s|+ |e3(r)− e3(s)| ≲
◦
δ, (4.4)

as well as the existence of a constant m(0) such that we have on R,∣∣∣∣z +Ω− 1−
2m(0)

r

∣∣∣∣ ≲ ◦
δ, (4.5)

where z +Ω denotes the average of z +Ω on the sphere S(u, s).

Let S0 be a fixed sphere included in the region R, let a pair of triplets Λ0,Λ0 ∈ R3 such that

|Λ0|, |Λ0| ≲
◦
δ, (4.6)

and let J (S0,p) be a basis of ℓ = 1 modes on S0 satisfying

∥J (S0,p) − J (p)∥hsmax+1(S0) ≲ r
◦
δ. (4.7)

Assume that we have on S0

κS0 =
2

rS0
,

κS0 = −2ΥS0

rS0
+ CS0

0 +
∑
p

C(S0,p)J (S0,p),

µS0 =
2mS0

rS0
+MS0

0 +
∑
p

M (S0,p)J (S0,p),

(4.8)

as well as

(div f0)ℓ=1 = Λ0, (div f
0
)ℓ=1 = Λ0, (4.9)

with (f0, f0) corresponding to the coefficients from the background frame to the frame adapted

to S0, and the ℓ = 1 modes being taken w.r.t. the basis J (S0,p).
Then, there exists a unique, local, smooth, spacelike hypersurface Σ0 passing through S0, a scalar
function uS defined on Σ0, whose level surfaces are topological spheres denoted by S with adapted
frame (eS3 , e

S
4 , e

S
1 , e

S
2 ), a smooth collection of constants ΛS,ΛS and a triplet of functions J (S,p)

defined on Σ0 verifying

ΛS0 = Λ0, ΛS0 = Λ0, J (S,p)|S0 = J (S0,p),

such that the following conditions are verified:

1. The following GCM conditions hold on Σ0

κS =
2

rS
,

κS =− 2

rS
ΥS + CS

0 +
∑
p

C(S,p)J (S,p),

µS =
2mS

(rS)3
+MS

0 +
∑
p

M (S,p)J (S,p).

(4.10)
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2. Denoting rS to be the area radius of the spheres S we have, for some constant c0,

uS + rS = c0, along Σ0. (4.11)

3. Let νS be the unique vectorfield tangent to the hypersurface Σ0, normal to S, and normal-
ized by g(νS, eS4 ) = −2. There exists a unique scalar function bS on Σ0 such that νS is
given by

νS = eS3 + bSeS4 .

Then, the following normalization condition holds true on every sphere S

bS = −1−
2m(0)

rS
, (4.12)

where bS denotes the average of bS on the sphere S.

4. The triplet of functions J (S,p) verifies on Σ0
18

νS(J (S,p)) = 0, p = 0,+,−. (4.13)

5. The following transversality conditions are assumed19

ξS = 0, ωS = 0, ηS = −ζS, (4.14)

and

eS4 (r
S) = 1, eS4 (u

S) = 0. (4.15)

6. In view of (4.14), the Ricci coefficients ηS, ξS are well defined for every S ⊂ Σ0. They
verify

(divS ηS)ℓ=1 = 0, (divS ξS)ℓ=1 = 0. (4.16)

7. The transition coefficients from the background foliation to that of Σ0 verify

∥(f, f ,
◦
λ )∥hsmax+1(S) + ∥d(f, f ,

◦
λ )∥hsmax (S)

≲
◦
δ, (4.17)

where

d ∈ {∇S
3 , r∇S, r∇S

4 }.

We state the following corollary.

Corollary 4.2. Let R be a fixed spacetime region with a background foliation verifying the
assumption of Theorem 4.1, including (4.1)-(4.5). Also, assume given a GCM hypersurface
Σ0 ⊂ R foliated by surfaces S such that

κS =
2

rS
,

κS = −2ΥS

rS
+ CS

0 +
∑
p

C(S,p)J (S,p),

µS =
2mS

(rS)3
+MS

0 +
∑
p

M (S,p)J (S,p),

(divSηS)ℓ=1 = (divSξS)ℓ=1 = 0, νS(J (S,p)) = 0, p = 0,+,−,
18A basis of ℓ = 1 modes verifying (4.13) can simplify the transport equations along νS for the ℓ = 1 modes of

the transition functions (f, f), see Lemma 4.34 for more details.
19A priori, the quantities ξS, ωS, ηS, eS4 (r

S) and eS4 (u
S) do not make sense on Σ0. The conditions (4.14) and

(4.15) are in fact consistent with a local extension of Σ0 by an outgoing geodesic foliation, see Remark 4.12.
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where the ℓ = 1 modes are defined w.r.t. J (S,p). Assume moreover

|d̃≤smax(div η)ℓ=1| ≲
◦
δ, |d̃≤smax(div ξ)ℓ=1| ≲

◦
δ, (4.18)

and

|d̃≤smax(e3(r)− e3(s))| ≲
◦
δ, (4.19)

where d̃ ∈ {e3 − (z +Ω)e4, d/}. Then:

1. If we assume in addition that for a given sphere S0 on Σ0, the transition coefficients
(f, f , λ) from the background foliation to S0 verify

∥(f, f ,
◦
λ )∥hsmax+1(S0) ≲

◦
δ, (4.20)

then

∥d≤smax+1(f, f ,
◦
λ )∥L2(S0) ≲

◦
δ.

2. If we assume in addition that for a given sphere S0 on Σ0, the transition coefficients
(f, f , λ) from the background foliation to S0 verify

∥f∥hsmax+1(S0) + (rS0)−1∥(f,
◦
λ )∥hsmax+1(S0) ≲

◦
δ, (4.21)

then

∥d≤smax+1f∥L2(S0) + (rS0)−1∥d≤smax+1(f,
◦
λ )∥L2(S0) + ∥d≤smax∇S

νS(f,
◦
λ )∥L2(S0) ≲

◦
δ.

Remark 4.3. Theorem 4.1 is the generalization of Theorem 9.52 in [33] and Corollary 4.2 is
the generalization of Corollary 9.53 in [33] in the absence of symmetry. Theorem 4.1 plays a
central role in the proof of Theorems M6 and M7 in [36], see Section 8.4 and 8.5 in [36]. Note
that Theorem 4.1 and Corollary 4.2 are restated as Theorem 8.1.10 and Corollary 8.1.11 in [36].

Remark 4.4. The proof of Theorem 4.1 and Corollary 4.2 is similar to the one of Theorem
9.52 in [33] and Corollary 9.53 in [33]. The main differences are:

• the absence of symmetry in Theorem 4.1 and Corollary 4.2 while [33] relies on axial po-
larization,

• the dependance of the construction on the choice of the basis of ℓ = 1 modes, while the
basis of ℓ = 1 modes in [33] is fixed by the polarized symmetry.

The proof of Theorem 4.1 is given in Sections 4.1-4.5 and the proof of Corollary 4.2 is given in
Section 4.6.

4.1 Definition of a family of hypersurfaces Σ

As stated in Theorem 4.1, we assume given a spacetime region

R = {|u− ◦
u| ≤ ◦

ε, |s− ◦
s| ≤ ◦

ε}

endowed with a background foliation such that the conditions A1-A4 and (4.1)-(4.5) hold true.
We also assume given a sphere S0, triplets (Λ0,Λ0) and a basis of ℓ = 1 modes J (p,S0) satisfying
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(4.6)-(4.7). In view of the uniqueness in Corollary 3.5, note that S0 is in fact the deformation
sphere

S0 = S[
◦
u,

◦
s,Λ0,Λ0, J

(p)[S0]]

of the given sphere
◦
S = S(

◦
u,

◦
s) of the background foliation provided by Corollary 3.5. Our goal

is to construct, in a small neighborhood of S0, a spacelike hypersurface Σ0 passing through S0

verifying all the desired properties of Theorem 4.1. To this end, we first define more general
families of hypersurfaces within which we will make a suitable choice of Σ0 in Section 4.5. We
start with the following definition.

Definition 4.5. Under the same assumptions as in Theorem 4.1, let Ψ(s) be a real valued
function, Λ(s), Λ(s) triplet of functions satisfying

|Λ(s)|, |Λ′(s)|, |Λ(s)|, |Λ′(s)|, |Ψ(s) + s− c0|, |Ψ′(s) + 1| ≲
◦
δ, s ∈

◦
I,

Λ(
◦
s) = Λ0, Λ(

◦
s) = Λ0, Ψ(

◦
s) =

◦
u,

(4.22)

where

c0 :=
◦
u+

◦
s,

◦
I := [

◦
s, s1],

with s1 verifying |s1 −
◦
s| ≲ ◦

ε. Then, we denote

Σ# :=
⋃
s∈

◦
I

S(Ψ(s), s),

and ν# is the unique tangent vector to Σ# normal to S(Ψ(s), s) with g(ν#, e4) = −2. By defi-

nition, Σ# is the hypersurface {u = Ψ(s), s ∈
◦
I}.

Let a triplet of functions J̃ defined on Σ# such that

sup

s∈
◦
I

∑
p

∥J̃ (p)(s)− J (p)∥hsmax (S(Ψ(s),s)) ≲ r
◦
δ, J̃(s) := J̃

∣∣
S(Ψ(s),s)

. (4.23)

For every s ∈
◦
I, we apply Corollary 3.5 to the background sphere S(Ψ(s), s) and the triplet

J̃(s)20 to obtain a GCM sphere S[Ψ(s), s,Λ(s),Λ(s), J̃(s)]. The deformation map is given by:

ΦJ̃(s) : S(Ψ(s), s) −→ S[Ψ(s), s,Λ(s),Λ(s), J̃(s)] ⊂ R,
(Ψ(s), s, y1, y2) −→ (Ψ(s) + U J̃(Ψ(s), s, y1, y2), s+ SJ̃(Ψ(s), s, y1, y2), y1, y2).

The adapted null frame of S[Ψ(s), s,Λ(s),Λ(s), J̃(s)] is denoted by (eJ̃3 , e
J̃
4 , e

J̃
1 , e

J̃
2 ) and the tran-

sition functions are denoted by

F J̃(s) :=

Å
f J̃(s), f J̃(s),

◦
λ J̃(s)

ã
.

Moreover, we denote

F J̃ ,#(s) :=

Å
f J̃ ,#(s), f J̃ ,#(s),

◦
λ J̃ ,#(s)

ã
:= (ΦJ̃(s))#

Å
f J̃(s), f J̃(s),

◦
λ J̃(s)

ã
.

20For every s, we extend J̃(s) to R by (3.20) in order to apply Corollary 3.5.
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Then, we define

Σ
J̃

:=
⋃
s∈

◦
I

S[Ψ(s), s,Λ(s),Λ(s), J̃(s)]. (4.24)

Let ν J̃ the unique vectorfield tangent to the hypersurface Σ
J̃

such that g(νJ̃ , eJ̃4 ) = −2 and

normal to S[Ψ(s), s,Λ(s),Λ(s), J̃(s)]. We define

ν J̃# :=
(
(ΦJ̃)−1

)
#
(νJ̃),

which is a tangent vectorfield on Σ#, where ΦJ̃ : Σ# → Σ
J̃
is defined by

ΦJ̃
∣∣
S(Ψ(s),s)

= ΦJ̃(s).

In the sequel, we denote

S := S(Ψ(s), s),
◦
S := S(

◦
u,

◦
s). (4.25)

We will need the following four lemmas.

Lemma 4.6. For a triplet of functions J̃ on Σ# satisfying (4.23), we define (U J̃ , SJ̃ , F J̃ , νJ̃#)
as in Definition 4.5. Then, we have

ν J̃# =
(
1 +A(U J̃ , SJ̃ , F J̃ ,#)

)
ν# +Ba(U J̃ , SJ̃ , F J̃ ,#)∂ya , (4.26)

where

A(U, S, F ) = O(d≤1
# (U, S), F ), Ba(U, S, F ) =

◦
εr−2O(d≤1

# (U, S), F ),

with

d# := { d/, ν#}.
Proof. See Appendix A.

Lemma 4.7. For a triplet of functions J̃ on Σ# satisfying (4.23), we define (U J̃ , SJ̃ , F J̃ , νJ̃#)
as in Definition 4.5. In addition, we assume that∥∥∥ν J̃#(J̃)∥∥∥

L∞(Σ#)
≤ 1. (4.27)

Then, we have

∥ν#(U J̃ , SJ̃)∥hs(S) ≲ r
◦
δ, 0 ≤ s ≤ smax. (4.28)

Proof. See Appendix B.

Lemma 4.8. For two triplets of functions J̃ and Ĵ on Σ# satisfying (4.23), we define (U J̃ , SJ̃ , F J̃ , νJ̃#)

and respectively (U Ĵ , SĴ , F Ĵ , νĴ#) as in Definition 4.5. In addition, we assume that∥∥∥ν J̃#(J̃ , Ĵ)∥∥∥
L∞(Σ#)

≤ 1. (4.29)

Then, we have

r−1∥(U J̃ − U Ĵ , SJ̃ − SĴ)∥hs+1(S) + ∥F J̃ ,# − F Ĵ ,#∥hs+1(S) ≲
◦
εr−1∥J̃ − Ĵ∥hs(S), (4.30)

for all 0 ≤ s ≤ smax and

∥ν#(U J̃ − U Ĵ , SJ̃ − SĴ)∥hs+1(S) ≲
◦
ε∥J̃ − Ĵ∥hs(S) +

◦
ε∥ν#(J̃ − Ĵ)∥hs(S), (4.31)

for all 0 ≤ s ≤ smax − 1.
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Proof. See Appendix C.

Lemma 4.9. For a triplet of functions J̃ satisfying (4.23), we define ν J̃# as in Definition 4.5.
Then, for any scalar function h and 0 ≤ k ≤ smax, we have

sup
S⊂Σ#

∥h∥hk(S) ≤ (1 +O(
◦
ε))∥h∥

hk(
◦
S)

+ sup
S⊂Σ#

∥∥∥νJ̃#(h)∥∥∥
hk(S)

. (4.32)

Proof. See Appendix D.

The following theorem will allow us to introduce a suitable family of hypersurfaces in Definition
4.11.

Theorem 4.10. There exists a unique J̃ satisfying (4.23) and verifying

ν J̃
Å(

(ΦJ̃)−1
)#

J̃

ã
= 0, on Σ

J̃
,(

(ΦJ̃)−1
)#

J̃ (p) = J (S0,p), on S0.

(4.33)

Proof. The proof follows from a standard Banach fixed-point argument. More precisely, we con-
struct a map T which sends a triplet of functions J̃ on Σ# to another triplet of functions T (J̃)
on Σ#. By taking a suitable choice of the domain of T , we prove that T is a contraction map
and hence admits a unique fixed point. Finally, we conclude that the fixed point of T satisfies
(4.33).

Step 1. Construction of the map T .

For a triplet of functions J̃ defined on Σ# satisfying (4.23), we define the triplet of functions

T (J̃) on Σ# by the following transport equation:

ν J̃#(T (J̃)) = 0, on Σ#,

T (J̃)(p) = J (p)[S0], on
◦
S,

(4.34)

where J (p)[S0] is the extension of J (S0,p) to R by ∂u(J
(p)[S0]) = ∂s(J

(p)[S0]) = 0.

We define the following norms for triplets of functions H(p) on Σ# and 1 ≤ s ≤ smax:

∥H∥Xs := sup
S⊂Σ#

∑
p

Ä
∥H(p)∥hs(S) + ∥ν#(H(p))∥hs−1(S)

ä
. (4.35)

We denote H ∈ Xs if ∥H∥Xs < +∞. Then Xs is a Banach space for 1 ≤ s ≤ smax.

Recalling ∂u(J
(p)) = ∂s(J

(p)) = 0, we can rewrite (4.7) as follows:∑
p

∥J (p)[S0]− J (p)∥
hsmax+1(

◦
S)

≤ C0
◦
r
◦
δ, (4.36)

where C0 is a given constant. We define

X :=

ß
J̃ ∈ Xsmax

/
∥J̃ − J∥Xsmax

≤ 2C
◦
r
◦
δ,

∥∥∥ν J̃#(J̃)∥∥∥
L∞(Σ#)

≤ 1

™
. (4.37)

By definition, X is a closed subset of Xsmax−1.
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Step 2. Boundedness of T .

Notice that for J̃ ∈ X , (4.23) holds true. Thus, T is well-defined on X . Moreover (4.27)
holds, and we can thus apply Lemma 4.7 to obtain

∥ν#(U J̃ , SJ̃)∥hsmax (S)
≲ r

◦
δ. (4.38)

Moreover, (3.6) and (3.9), together with Lemma 2.2221, imply

r−1∥(U J̃ , SJ̃)∥hsmax+1(S) + ∥(F J̃ ,#)∥hsmax+1(S) ≲
◦
δ. (4.39)

Recalling (4.1), (4.26), (4.34), (4.38) and ∥J∥hsmax+1(S) ≲ r, we infer

∥ν J̃#(T (J̃)− J)∥hsmax (S)
= ∥νJ̃#(J)∥hsmax (S)

≲ ∥ν#(J)∥hsmax (S)
+

◦
ε
◦
δr−2∥∂ya(J)∥hsmax (S)

≲
◦
δ +

◦
ε
◦
δ ≲

◦
δ.

(4.40)

Applying Lemma 4.9 with h = T (J̃) − J and recalling (4.36), for
◦
ε small enough and

◦
r large

enough, we obtain

∥T (J̃)− J∥hsmax (S)
≤ (1 +O(

◦
ε))∥T (J̃)− J∥

hsmax (
◦
S)

+ sup
S

∥νJ̃#(T (J̃)− J)∥hsmax (S)

≤ 3

2
C0

◦
δ
◦
r .

(4.41)

Moreover, recalling (4.26), (4.38), (4.39)22, (4.40) and (4.41), we have

∥ν#(T (J̃)− J)∥hsmax−1(S) ≲ ∥ν J̃#(T (J̃)− J)∥hsmax−1(S) +
◦
εr−2∥∂ya(T (J̃)− J)∥hsmax−1(S)

≲
◦
δ +

◦
εr−2

◦
δ∥T (J̃)− J∥hsmax (S)

≲
◦
δ.

Thus, for
◦
r large enough, we obtain

∥ν#(T (J̃)− J)∥hsmax−1(S) ≤ 1

2
C0

◦
δ
◦
r . (4.42)

From (4.41) and (4.42) we obtain

∥T (J̃)− J∥hsmax (S)
+ ∥ν#(T (J̃)− J)∥hsmax−1(S) ≤ 2C0

◦
δ
◦
r , (4.43)

which implies

∥T (J̃)− J∥Xsmax
≤ 2C0

◦
δ
◦
r . (4.44)

Moreover, (4.43) implies that

∥d#(T (J̃))∥hsmax−1(S) ≲ r. (4.45)

21Lemma 2.22 allows to compare the norms ∥F J̃∥hsmax+1(S) and ∥F J̃,#∥hsmax+1(S).
22(4.38) and (4.39) imply the boundedness of A and B in (4.26).
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Next, recalling (4.26), (4.34), (4.35), (4.43), (4.45) and applying Lemma 4.8, we infer∣∣∣∣νT (J̃)# (T (J̃))

∣∣∣∣ =

∣∣∣∣νT (J̃)# (T (J̃))− νJ̃#(T (J̃))

∣∣∣∣
≲

∣∣∣A(UT (J̃), ST (J̃), F T (J̃),#)−A(U J̃ , SJ̃ , F J̃ ,#)
∣∣∣ |ν#(T (J̃))|

+
∣∣∣B(UT (J̃), ST (J̃), F T (J̃),#)−B(U J̃ , SJ̃ , F J̃ ,#)

∣∣∣ |∂ya(T (J̃))|
≲

∣∣∣d≤1
# (UT (J̃) − U J̃ , ST (J̃) − SJ̃)

∣∣∣+ ∣∣∣F T (J̃),# − F J̃ ,#
∣∣∣

≲
◦
εr−1∥T (J̃)− J̃∥h2(S) +

◦
εr−1∥ν#(T (J̃)− J̃)∥h2(S)

≲
◦
εr−1∥T (J̃)− J∥Xsmax

≲
◦
δ,

which implies for
◦
δ small enough∥∥∥νT (J̃)# (T (J̃))

∥∥∥
L∞(Σ#)

≤ 1. (4.46)

Notice that (4.44) and (4.46) imply T (J̃) ∈ X . Hence, we have T : X → X .

Step 3. T is a contraction map.

For two triplets of functions J̃ and Ĵ in X , we have

∥ν J̃#(T (J̃)− T (Ĵ))∥hsmax−1(S) = ∥ν J̃#(T (Ĵ))∥hsmax−1(S) = ∥(νJ̃# − νĴ#)(T (Ĵ))∥hsmax−1(S).

Recall from (4.26) that

ν J̃# − ν Ĵ# = O
(
d≤1
# (U J̃ − U Ĵ , SJ̃ − SĴ), F J̃ ,# − F Ĵ ,#

)
ν#

+

◦
ε

r2
O
(
d≤1
# (U J̃ − U Ĵ , SJ̃ − SĴ), F J̃ ,# − F Ĵ ,#

)
∂ya .

Applying Lemma 4.8, (4.35) and (4.45), we obtain

∥ν J̃#(T (J̃)− T (Ĵ))∥hsmax−1(S) ≲ ∥d≤1
# (U J̃ − U Ĵ , SJ̃ − SĴ), F J̃ ,# − F Ĵ ,#∥hsmax−1(S)

≲
◦
ε
Ä
∥J̃ − Ĵ∥hsmax−1(S) + ∥ν#(J̃ − Ĵ)∥hsmax−2(S)

ä
≲

◦
ε∥J̃ − Ĵ∥Xsmax−1 .

(4.47)

Applying Lemma 4.9 with h = T (J̃)− T (Ĵ) and Recalling that T (J̃) = T (Ĵ) on
◦
S, we obtain

∥T (J̃)− T (Ĵ)∥hsmax−1(S) ≲
◦
ε∥J̃ − Ĵ∥Xsmax−1 . (4.48)

Moreover, we have from (4.26), (4.35) and (4.47)

∥ν#(T (J̃)− T (Ĵ))∥hsmax−2(S) ≲ ∥ν J̃#(T (J̃)− T (Ĵ))∥hsmax−2(S) +
◦
εr−2∥T (J̃)− T (Ĵ)∥hsmax−1(S)

≲
◦
ε∥J̃ − Ĵ∥Xsmax−1 +

◦
ε∥T (J̃)− T (Ĵ)∥hsmax−1(S).

Combining with (4.48), we obtain

∥T (J̃)− T (Ĵ)∥hsmax−1(S) + ∥ν#(T (J̃)− T (Ĵ))∥hsmax−2(S) ≲
◦
ε∥J̃ − Ĵ∥Xsmax−1 .
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Hence, by (4.35) and for
◦
ε small enough, we have

∥T (J̃)− T (Ĵ)∥Xsmax−1 ≤ 1

2
∥J̃ − Ĵ∥Xsmax−1 , (4.49)

which implies that T is a contraction map on (X , ∥ · ∥Xsmax−1).

Step 4. Fixed point of T .

Since X is a closed subset of Xsmax−1, we deduce that (X , ∥ · ∥Xsmax−1) is a complete metric
space. Then, applying Banach fixed-point theorem to T : X → X , we obtain a unique fixed
point J̃ ∈ X of T , i.e.

T (J̃) = J̃ . (4.50)

Injecting (4.50) into (4.34), we obtain

ν J̃#(J̃) = 0, on Σ#,

J̃ (p) = J (p)[S0], on
◦
S.

Finally, we have

ν J̃
(
(ΦJ̃)−1)#(J̃)

)
= (ΦJ̃)#(ν

J̃
#)
(
(ΦJ̃)−1)#(J̃)

)
= νJ̃#(J̃) = 0,

which implies (4.33). This concludes the proof of Theorem 4.10.

Definition 4.11. Let P (s) := (Ψ(s), s,Λ(s),Λ(s)) be a curve satisfying (4.22). By Theorem
4.10, we define a triplet of functions J̃ (p) and a hypersurface of the form

Σ =
⋃
s≥◦
s

S[P (s)] =
⋃
s≥◦
s

S[Ψ(s), s,Λ(s),Λ(s), J̃ (p)]. (4.51)

We define the following family of triplets on Σ:

J (S,p) := (Φ−1)#(J̃ (p)). (4.52)

According to the construction in (4.51), there is an S–adapted null frame (eS3 , e
S
4 , e

S
1 , e

S
2 ) on every

GCM sphere S[P (s)].
We also assume the transversality conditions:

ξS = 0, ωS = 0, ηS = −ζS, on Σ, (4.53)

and

eS4 (r
S) = 1, eS4 (u

S) = 0, on Σ, (4.54)

where uS is defined as

uS := c0 − rS on Σ, uS
∣∣
S0

=
◦
u. (4.55)

Remark 4.12. Let us provide below justifications for introducing the transversality conditions
(4.53) and (4.54):

1. (4.53) and (4.54) are consistent with a local extension by an outgoing geodesic foliation
initialized on Σ. The use of transversality conditions instead of a local extension is chosen
here to have intrinsic definitions on Σ.
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2. The role of the transversality conditions (4.53) is to make sense of the Ricci coefficients
ηS, ξS and ωS on Σ through the formulae:23

g(DνSe
S
4 , e

S
a ) = 2ηSa + 2bSξSa = 2ηSa ,

g(DνSe
S
3 , e

S
a ) = 2ξS

a
+ 2bSηS

a
= 2ξS

a
− 2bSζSa ,

g(DνSe
S
3 , e

S
4 ) = 4ωS − 4bSωS = 4ωS.

(4.56)

3. The role of the transversality conditions (4.54) is to make sense of eS3 (r
S) and eS3 (u

S) on
Σ through the formulae:

eS3 (r
S) = νS(rS)− bSeS4 (r

S) = νS(rS)− bS,

eS3 (u
S) = νS(uS)− bSeS4 (u

S) = νS(uS).
(4.57)

We have the following proposition.

Proposition 4.13. Let Σ a hypersurface given by Definition 4.11. Then, the following properties
hold:

1. The curve γ(s) = (Ψ(s), s, 0, 0) of South Poles of the background spheres S(Ψ(s), s) verifies

γ(s) ⊂ Σ, s ∈
◦
I.

2. On S, the following GCM conditions hold

κS =
2

rS
,

κS = − 2

rS
ΥS + CS

0 +
∑
p

C(S,p)J (S,p),

µS =
2mS

(rS)3
+MS

0 +
∑
p

M (S,p)J (S,p),

(4.58)

where J (S,p) is defined by (4.52). Moreover,

(divS f)ℓ=1 = Λ, (divS f)ℓ=1 = Λ, (4.59)

where (f, f , λ) are the transition parameters of the frame transformation from the back-

ground frame (e3, e4, e1, e2) to the adapted frame (eS3 , e
S
4 , e

S
1 , e

S
2 ) and the ℓ = 1 modes are

defined w.r.t. J (S,p). The triplets of constants ΛS,ΛS depend smoothly on the surfaces S
and

ΛS0 = Λ0, ΛS0 = Λ0.

3. There are two maps ΞS : RS → S and ΞN : RN → S given by

ΞS,N : (u, s, y1S,N , y
2
S,N ) 7→(

u+ US,N (y
1
S,N , y

2
S,N , u, s,Λ,Λ), s+ SS,N (y

1
S,N , y

2
S,N , u, s,Λ,Λ), y

1
S,N , y

2
S,N

) (4.60)

with US , SS vanishing at South Pole and verify the following transition condition

ΞN = ΞS ◦ φNS ,

where φNS is the transition map between the 2 coordinates charts. Using these two maps,
we can define a map Ξ : S(u, s) → S by

Ξ = ΞS on RS , Ξ = ΞN on RN . (4.61)
23Note that the L.H.S. of (4.56) are well defined on Σ since νS is tangent to Σ.
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4. Let νS be the unique vectorfield tangent to the hypersurface Σ, normal to S, and normalized
by g(νS, eS4 ) = −2. There exists a unique scalar function bS on Σ such that νS is given by

νS = eS3 + bSeS4 .

5. The transversality conditions hold:

ξS = 0, ωS = 0, ηS = −ζS, on Σ,

and

eS4 (r
S) = 1, eS4 (u

S) = 0, on Σ.

6. The Ricci coefficients κS, κS, χ̂S, χ̂S, ζS are well defined on each sphere S of Σ, and hence

on Σ. The same holds true for all curvature coefficients αS, βS, ρS, ⋆ρS, βS, αS. Taking into
account our transversality conditions (4.53) on Σ, we remark that all the Ricci coefficients
are well defined on Σ including ηS, ξS and ωS, see item 2 in Remark 4.12.

7. The ℓ = 1 modes J (S,p) verify:

νS(J (S,p)) = 0, J (S,p)
∣∣
S0

= J (S0,p), p = 0,+,−.

8. The hypersurface Σ constructed above is a smooth hypersurface.

Remark 4.14. Since we always work on the hypersurface Σ, with no risk of confusion, we
denote

ΞS,N (s, y
1
S,N , y

2
S,N ) := ΞS,N (Ψ(s), s, y1S,N , y

2
S,N ) (4.62)

in the following context.

Proof of Proposition 4.13. Properties 1-7 are immediate consequences of Definition 4.11. So we
only prove Property 8. For this purpose, we first prove the smoothness of the functions Ξp for
p = S,N . Notice that

∂sΞp(s, y
1
p, y

2
p) =

(
Ψ′(s) + ∂PUp(·)P ′(s), 1 + ∂PSp(·)P ′(s), 0, 0

)
,

∂yapΞp(s, y
1
p, y

2
p) =

Ä
∂yapUp(·), ∂yapSp(·), δa1, δa2

ä
,

(4.63)

where

∂PUp(·)P ′(s) = Ψ′(s)∂uUp(·) + ∂sUp(·) + Λ′(s)∂ΛUp(·) + Λ′(s)∂ΛUp(·),
∂PSp(·)P ′(s) = Ψ′(s)∂uSp(·) + ∂sSp(·) + Λ′(s)∂ΛSp(·) + Λ′(s)∂ΛSp(·).

Thus, in view of the smoothness of Up, Sp w.r.t. the parameters Λ,Λ and u, s, which are state-
ments 7-9 in Theorem 3.1 and Corollary 6.11 in [34], we deduce that Ξp for p = S,N are smooth
and they are immersions at every point. Recall that

Ξp(s, y
1
p, y

2
p) =

(
Ψ(s) + U(y1p, y

2
p, P (s)), s+ S(y1p, y

2
p, P (s)), y

1
p, y

2
p

)
.

According to (4.63) and the implicit function theorem, at every point (s, y1p, y
2
p), its inverse map

is locally given by

Ξ−1
p (h(zp, y

1
p, y

2
p), zp, y

1
p, y

2
p) = (s(zp, y

1
p, y

2
p), y

1
p, y

2
p), (4.64)

where h(zp, y
1
p, y

2
p), s(zp, y

1
p, y

2
p) are smooth functions.

Now we recall the following result, see Theorem 2.1.2 in [4] for a proof.
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Theorem 4.15. V is a d-dimensional smooth submanifold of Rn if for every point x ∈ V , there
exists an open neighborhood U ⊂ Rn of x, an open domain Ω ⊂ Rd and a map g : Ω → Rn such
that

1. g is a smooth map.

2. g is homeomorphism from Ω to U ∩ V .

3. g is an immersion at every point of Ω.

For every x ∈ Σ, without loss of generality, we assume that x can be written as

x = ΞS(s0, y
1
0, y

2
0) =

(
Ψ(s0) + U(y10, y

2
0, P (s0)), s0 + S(y10, y

2
0, P (s0)), y

1
0, y

2
0

)
in the South coordinate chart. We define

Ux := B(x, ε) :=
{
q ∈ R4

/
∥q − x∥R4 ≤ ε

}
.

Then, for every24

q = (Ψ(s) + U(y1, y2, P (s)), s+ S(y1, y2, P (s)), y1, y2) ∈ Ux ∩ Σ,

we have ∣∣s+ S(y1, y2, P (s))− s0 − S(y10, y
2
0, P (s0))

∣∣ , |y1 − y10|, |y2 − y20| ≤ ε.

Thus, in view of the smallness dependence of S w.r.t. the parameters (s, y1, y2), we deduce that
q ∈ N where

N :=
{
(s, y1, y2) ∈ R3/ |s− s0|, |y1 − y10|, |y2 − y20| ≤ 2ε

}
.

For ε small enough, ΞS is a homeomorphism from N to its image. We then denote

Ω := Ξ−1
S (Ux ∩ Σ) ⊂ N ,

where Ξ−1
S is defined in (4.64). Hence, the map

ΞS
∣∣
Ω
: Ω 7→ Ux ∩ Σ,

is smooth, homeomorphism and is an immersion. The similar conclusion holds for ΞN . Applying
Theorem 4.15, we deduce that Σ is a smooth hypersurface as stated. This concludes the proof
of Proposition 4.13.

4.2 Estimates for the transition functions (f, f , λ)

Let Σ be a smooth spacelike hypersurface defined as in Definition 4.11. We define the scalars25

zS := eS3 (u
S), ΩS := eS3 (r

S), (4.65)

and the renormalized quantities

qzS := zS − 2, qΩ
S
:= ΩS +ΥS. (4.66)

We define the following quantities along Σ

BS := (divSηS)ℓ=1, BS := (divSξS)ℓ=1, DS := qbS = bS + 1 +
2mS

rS
, (4.67)

where the ℓ = 1 modes are defined w.r.t. J (S,p).
The goal of this section is to prove Proposition 4.22. To this end, we first prove a series of
lemmas which will be used throughout this paper.

24By taking ε small enough, q can be written in the South coordinate chart.
25Recall that (4.54) allows to make sense of eS3 (u

S) and eS3 (r
S), see item 3 in Remark 4.12.
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Lemma 4.16. We have the following identities:

eSa (z
S) = (ζSa − ηSa )z

S,

eSa (Ω
S) = (ζSa − ηSa )Ω

S − ξS
a
,

bS = −zS − ΩS.

(4.68)

Proof. By Lemma 2.3, we have

[ea, e3] =
1

2
κea + χ̂

ab
eb −∇3ea + (ζa − ηa)e3 − ξ

a
e4.

Since eSa (u
S) = eSa (r

S) = 0, eS4 (r
S) = 1 and eS4 (u

S) = 0, we deduce that

eSa (e
S
3 (u

S)) = [eSa , e
S
3 ]u

S =

ï
1

2
κSeSa + χ̂S

ab
eSb −∇eS3

eSa + (ζSa − ηSa )e
S
3 − ξS

a
eS4

ò
uS

= (ζSa − ηSa )e
S
3 (u

S),

eSa (e
S
3 (r

S)) = [eSa , e
S
3 ]r

S =

ï
1

2
κSeSa + χ̂S

ab
eSb −∇eS3

eSa + (ζSa − ηSa )e
S
3 − ξS

a
eS4

ò
rS

= (ζSa − ηSa )e
S
3 (r

S)− ξS
a
.

We deduce, in view of the definition of zS and ΩS,

eSa (z
S) = eSa (e

S
3 (u

S)) = (ζSa − ηSa )z
S,

eSa (Ω
S) = eSa (e

S
3 (r

S)) = (ζSa − ηSa )Ω
S − ξS

a
,

(4.69)

which implies the first two identities in (4.68).
Next, we prove the last identity in (4.68). In view of the definition of νS and zS we make use of
(4.54) to deduce

νS(uS) = eS3 (u
S) + bSeS4 (u

S) = zS.

On the other hand, since uS = c0 − rS along Σ, we have

zS = νS(uS) = −νS(rS) = −eS3 (rS)− bSeS4 (r
S) = −ΩS − bS, (4.70)

where we used (4.54) and (4.65). This concludes the proof of Lemma 4.16.

Lemma 4.17. For every scalar function h, we have the formula

νS
Å∫

S
h

ã
= zS

∫
S
(zS)−1

Ä
νS(h) + (κS + bSκS)h

ä
. (4.71)

In particular

νS(rS) =
rS

2
zS(zS)−1(κS + bSκS),

where the average is with respect to S.

Proof. See Lemma 5.2.2 in [36].

Lemma 4.18. We have the following properties for the transition coefficients (f, f , λ):

∇S
νS(f) =2(ηS − η)− 1

2
κ(f + bSf) + 2fω + F · Γb + l.o.t.,

∇S
νS(f) =2(ξS − ξ)− 1

2
fκ− 2ω(f − bSf) + bS

Å
2∇S(λ)− 1

2
fκ

ã
+ F · Γb + l.o.t.,

∇S
νS(λ) =2(ωS − ω)− 2ω

◦
λ + F · Γb + l.o.t.,

(4.72)
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where l.o.t. denotes terms which are linear in Γg,Γb and linear and higher order in F .26

Proof. Schematically, from the transformation formulas for η, ξ and ω in Proposition 2.14, we
have

∇S
3 (f) = 2(ηS − η)− 1

2
fκ+ 2ωf + F · Γb + l.o.t.,

∇S
3 (f) = 2(ξS − ξ)− 1

2
fκ− 2ωf + F · Γb + l.o.t.,

∇S
3 (λ) = 2(ωS − ω)− 2ω

◦
λ + F · Γb + l.o.t.,

where F = (f, f ,
◦
λ ) and l.o.t. denotes terms which are linear in Γg,Γb and linear and higher

order in F . Recall also that the eS4 derivatives of F are fixed by our transversality condition
(4.14). More precisely we have from (4.14) and the transformation formulas of ξ, ω, η and ζ of
Proposition 2.14

∇S
4 (f) = −1

2
κf + F · Γb + l.o.t.,

∇S
4 (f) = 2∇S(λ) + 2ωf − 1

2
fκ+ F · Γb + l.o.t.,

∇S
4 (λ) = F · Γb + l.o.t.

(4.73)

Using νS = eS3 + bSeS4 , we obtain (4.72). This concludes the proof of Lemma 4.18.

Lemma 4.19. We have, for any scalar function h on R, and any 1 ≤ l ≤ s,

∥(νS)lh∥hs−l(S) ≲ r sup
R

(
|d̃≤sh|+

◦
δ|d≤sh|

)
+ ∥(∇S

νS)
≤l−1(F, bS − b)∥hs−l(S) supR

|d≤sh|,

where

d̃ := (e3 − (z +Ω)e4, d/), b := −z − Ω.

Proof. We denote

νR := e3 + be4.

By definition, we have

νS(h)− νR(h) = (eS3 − e3)h+ bS(eS4 − e4)h+ (bS − b)e4(h).

Applying Lemma 2.13, we have

eS4h− e4h = O(F )(d≤1h), eS3h− e3h = O(F )(d≤1h).

Thus, we obtain

νS(h)− νR(h) = O(F )d≤1(h) +O(bS − b)d≤1(h).

More generally, for 1 ≤ l ≤ s we have

(νS)l(h)− (νR)l(h) = O
Ä
(∇S

νS)
≤l−1(F, bS − b)

ä
d≤l(h),

which implies

∥(νS)l(h)− (νR)l(h)∥hs−l(S) ≲ ∥(∇S
νS)

≤l−1(F, bS − b)∥hs−l(S) supR
|d≤sh|. (4.74)

26Here l.o.t. is different from that of Proposition 2.14.
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Next, applying (2.52), we have

∥(νR)l(h)∥hs−l(S) ≲ r sup
R

Å
| d/≤s−l(νR)l(h)|+

◦
δ|d≤s−l(νR)l(h)|

ã
≲ r sup

R

Å
|d̃≤sh|+

◦
δ|d≤sh|

ã
.

(4.75)

Combining (4.74) and (4.75), we deduce

∥(νS)lh∥hs−l(S) ≲ r sup
R

(
|d̃≤sh|+

◦
δ|d≤sh|

)
+ ∥(∇S

νS)
≤l−1(F, bS − b)∥hs−l(S) supR

|d≤sh|

as stated. This concludes the proof of Lemma 4.19.

In the remainder of this section, we denote K := smax + 1 and

ν := νS = eS3 + bSeS4 .

Lemma 4.20. Under the assumption (4.2), we have for 0 ≤ l ≤ K∥∥∥νl(κ̇, κ̇)∥∥∥
hK−l(S)

≲ r−1
◦
δ + r−1◦ε|DS|+ r−1◦ε

l∑
j=1

∥(∇S
ν )
j(F )∥hK−j(S),

∥∥∥νl(µ̇)∥∥∥
hK−l(S)

≲ r−2
◦
δ + r−2◦ε|DS|+ r−2◦ε

l∑
j=1

∥(∇S
ν )
j(F )∥hK−j(S).

(4.76)

Proof. Notice that we have from (3.13) and (4.22)

zS − z, bS − b = O(1),

which implies from Lemma 4.16 that

|bS|, |zS|, |ΩS| ≲ 1. (4.77)

Applying Lemma 4.16 and (4.77), we infer that (zS − zS) − (z − z) and (ΩS − ΩS) − (Ω − Ω)
can be estimated by ηS − η and ξS − ξ. Thus, these quantities can be controlled by ∇S

ν (f, f)
thanks to Lemma 4.18 and hence∥∥∥(zS − zS)− (z − z), (ΩS − ΩS)− (Ω− Ω)

∥∥∥
hK(S)

≲
◦
δ + r∥∇S

ν (f, f)∥hK−1(S). (4.78)

Combining (4.78) and Lemma 4.16, we obtain∥∥∥(bS − bS)− (b− b)
∥∥∥
hK(S)

≲ r
◦
δ + r∥∇S

ν (f, f)∥hK−1(S). (4.79)

Recalling (4.5) and Lemma 2.22, we deduce

bS − b = DS − 1− 2mS

rS
+ 1 +

2m(0)

r
= DS + r−1O(

◦
δ). (4.80)

Thus, we have

∥bS − b∥hK(S) ≲ r
◦
δ + r|DS|+ r∥∇S

ν (f, f)∥hK−1(S). (4.81)

Similarly, we have

∥(∇S
ν )

≤l−1(bS − b)∥hK−l−1(S) ≲ r
◦
δ + r|DS|+ r

l∑
j=1

∥(∇S
ν )
j(f, f)∥hK−j(S). (4.82)
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Applying Proposition 2.2, we deduce

e4κ̇ = −2

r
κ̇+ Γg · Γg = r−3O(

◦
ε),

e4κ̇ = −1

r
κ̇− 2 div ζ + 2ρ̌+ Γb · Γg = r−3O(

◦
ε),

e4µ̇ = e4 (−div ζ − ρ̌+ Γb · Γg) = r−4O(
◦
ε).

Recalling (4.2), we obtain

d≤s(κ̇, κ̇) = r−2O(
◦
ε), d≤sµ̇ = r−3O(

◦
ε). (4.83)

Applying Lemma 4.19 with h = (κ̇, κ̇) and s = K, combining with (4.2), (4.82) and (4.83), we
infer

∥νl(κ̇, κ̇)∥hK−l(S) ≲ r sup
R

(
|d̃≤s(κ̇, κ̇)|+

◦
δ|d≤s(κ̇, κ̇)|

)
+ ∥(∇S

νS)
≤l−1(F, bS − b)∥hK−l(S) supR

|d≤s(κ̇, κ̇)|,

≲ r−1
◦
δ + r−2◦ε

Ñ
r
◦
δ + r|DS|+ r

l∑
j=1

∥(∇S
ν )
jF∥hK−j(S)

é
≲ r−1

◦
δ + r−1◦ε|DS|+ r−1◦ε

l∑
j=1

∥(∇S
ν )
jF∥hK−j(S),

which implies the first estimate in (4.76). The second estimate in (4.76) is similar. This concludes
the proof of Lemma 4.20.

Lemma 4.21. In view of the GCM conditions (3.4), the system (2.57) can be written in the
following form:

curlS f = h1 − h1
S
,

curlS f = h1 − h1
S
,

divS f +
2

rS

◦
λ − 2

(rS)2

◦
b = h2,

divS f +
2

rS

◦
λ +

2

(rS)2

◦
b = Ċ0 +

∑
p

Ċ
(p)
J (S,p) + h2,Å

∆S +
2

(rS)2

ã ◦
λ = Ṁ0 +

∑
p

Ṁ (p)J (S,p) +
1

2rS

(
Ċ0 +

∑
p

Ċ
(p)
J (S,p)

)
+ h3,

∆S
◦
b − 1

2
divS

(
f − f

)
= h4 − h4

S
,

◦
b
S

= b0,

(4.84)

where

◦
b := r − rS,

and ∥∥∥νl(h1, h1, h2, h2, h4)∥∥∥
hs(S)

+ r
∥∥∥νl(h3)∥∥∥

hs(S)

≲r−1
◦
δ + (

◦
εr−1 + r−2)

Å∥∥∥(∇S
ν )
l(F )

∥∥∥
hs(S)

+ r−1
∥∥νl(◦b )∥∥

hs(S)

ã
+r−1

Å∥∥∥(∇S
ν )

≤l−1(F )
∥∥∥
hs(S)

+ r−1
∥∥ν≤l−1

◦
b
∥∥
hs(S)

ã
+ r−2

◦
δ∥ν≤l−1(bS)∥hs(S).

(4.85)
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Proof. See Remark 4.10 in [34] for the proof of (4.84) and the explicit expressions of (h1, h1, h2, h2, h3, h4).
Remark that (4.85) is a direct consequence of GCM conditions (3.4), Remark 4.11 in [34] and
Lemma 4.20.

Proposition 4.22. We have the following estimate

∥F∥hsmax+1(S) + ∥∇S
νF∥hsmax (S)

≲
◦
δ + |BS|+ |BS|+ |DS|. (4.86)

Proof. In view of the construction of Σ and (3.6), for every S ⊂ Σ, we have

∥F∥hsmax+1(S) ≲
◦
δ. (4.87)

To derive the remaining tangential derivatives of F along Σ0, we commute the GCM system
(4.84) with respect to ∇S

ν . Applying ν(J
(S,p)) = 0 and |ν(rS)| ≲ 127, we obtain

curlS∇S
ν (f) = ∇S

ν (h1 − h1
S
) + [curlS,∇S

ν ]f,

curlS∇S
ν (f) = ∇S

ν (h1 − h1
S
) + [curlS,∇S

ν ]f,

divS∇S
ν (f) +

2

rS
∇S
ν (

◦
λ )− 2

(rS)2
∇S
ν (

◦
b ) = ∇S

ν (h2) + [divS,∇S
ν ]f + r−2O(F ) + r−3O(

◦
b ),

divS∇S
ν (f) +

2

rS
∇S
ν (

◦
λ ) +

2

(rS)2
∇S
ν (

◦
b ) = ν(Ċ0) +

∑
p

ν(Ċ
(p)

)J (S,p) +∇S
ν (h2)

+ [divS,∇S
ν ]f + r−2O(F ) + r−3O(

◦
b ),Å

∆S +
2

(rS)2

ã
(∇S

ν

◦
λ ) = ν(Ṁ0) +

∑
p

ν(Ṁ (p))J (S,p)

+
1

2rS

(
ν(Ċ0) +

∑
p

ν(Ċ
(p)

)J (S,p)

)
+∇S

ν (h3)

+ [∆S,∇S
ν ]

◦
λ + r−3O(F ) + r−2O(Ċ0, Ċ

(p)
),

∆S(∇S
ν

◦
b )− 1

2
divS

(
∇S
ν f −∇S

ν f
)
= ∇S

ν (h4 − h4
S
) + [∆S,∇S

ν ]
◦
b + [divS,∇S

ν ](F ),

b
(1)
0 := ν

◦
b
S

.

(4.88)

Recalling that

F = r−1O(
◦
δ),

◦
b = O(

◦
δ),

and using Lemma 2.4, we haveÄ
[divS,∇S

ν ]F, [curl
S,∇S

ν ]F
ä

= r−3O(
◦
δ) + r−1O(

◦
ε)∇S

ν (F ),

and

[∆S,∇S
ν ]F = r−4O(

◦
δ) + r−1 d/≤1(Γb · ∇S

νF ) = r−4O(
◦
δ) + r−2O(

◦
ε) d/≤1(∇S

ν (F )),

[∆S,∇S
ν ]

◦
b = r−3O(

◦
δ) + r−1 d/≤1(Γb · ∇S

ν

◦
b ) = r−3O(

◦
δ) + r−2O(

◦
ε) d/≤1(∇S

ν (
◦
b )).

Moreover, applying Proposition 3.4 to (4.84), we deduce

(Ċ0, Ċ
(p)

) = r−2O(
◦
δ). (4.89)

27Notice that we have from (3.13) and (4.22) that ν(rS) = O(1).
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Thus, applying Proposition 3.4 to (4.88), in view of (4.85), we infer∥∥∥∥∥∇S
ν (f, f), ν(

◦
λ )− ν(

◦
λ )

S
∥∥∥∥∥
hK−1(S)

≲
◦
δ +

∣∣∣ÄdivS∇S
ν f
ä
ℓ=1

∣∣∣+ ∣∣∣ÄdivS∇S
ν f
ä
ℓ=1

∣∣∣
+ (

◦
ε+ r−1)

Å∥∥∥∇S
ν (F )

∥∥∥
hK−1(S)

+ r−1
∥∥ν(◦b )∥∥

hK−1(S)

ã
,

(4.90)

and

r

∣∣∣∣∣(ν ◦
λ

S

)

∣∣∣∣∣ ≲ ◦
δ +

∣∣∣ÄdivS∇S
ν f
ä
ℓ=1

∣∣∣+ ∣∣∣ÄdivS∇S
ν f
ä
ℓ=1

∣∣∣+ |b(1)0 |

+ (
◦
ε+ r−1)

Å∥∥∥∇S
ν (F )

∥∥∥
hK−1(S)

+ r−1
∥∥ν(◦b )∥∥

hK−1(S)

ã
.

(4.91)

To estimate the ℓ = 1 modes of (∇S
ν )(f, f), we make use of the equations (4.72) to obtain∫

S
divS(∇S

ν )(f)J
(S,p) = 2

∫
S
(divSηS − divSη)J (S,p) + l.o.t.

= 2BS −
∫
S
(div η)J (S,p) +

∫
S
(div η − divS η)J (S,p) + l.o.t.

= 2BS +O(
◦
δ),

where we used (4.3), (4.67), Lemmas 2.22 and 2.23 at the last step. Similarly, we have∫
S
divS(∇S

ν )(f)J
(S,p) = 2BS +O(

◦
δ),

Thus, we deduce from (4.90) that∥∥∥∥∥∇S
ν (f, f), ν

◦
λ − ν

◦
λ

S
∥∥∥∥∥
hK−1(S)

≲
◦
δ + |BS|+ |BS|+ (

◦
ε+ r−1)

Å∥∥∥∇S
ν (F )

∥∥∥
hK−1(S)

+ r−1
∥∥ν(◦b )∥∥

hK−1(S)

ã
,

(4.92)

and

r

∣∣∣∣∣(ν ◦
λ

S

)

∣∣∣∣∣ ≲ ◦
δ + |BS|+ |BS|+ |b(1)0 |

+ (
◦
ε+ r−1)

Å∥∥∥∇S
ν (F )

∥∥∥
hK−1(S)

+ r−1
∥∥ν(◦b )∥∥

hK−1(S)

ã
.

(4.93)

In the sequel, we denote for 1 ≤ l ≤ smax + 1.

El :=
◦
δ + |BS|+ |BS|+ |DS|+ (

◦
ε+ r−1)

Å∥∥∥(∇S
ν )
l(F )

∥∥∥
hK−l(S)

+ r−1
∥∥νl(◦b )∥∥

hK−l(S)

ã
, (4.94)

Next, we consider b
(1)
0 = ν(r − rS)

S
. Applying Lemmas 2.15, 4.17, (2.24), (4.2), (3.6) and (4.70),

we infer

ν(r − rS) = e3(r) + bSe4(r)− ν(rS) +O(
◦
δ)

=
r

2

Ä
Ωκ+ zz−1κ− zz−1Ωκ

ä
+ bS

r

2
κ− rS

2
zS(zS)−1(κS + bSκS)

S
+O(

◦
δ)

= Ω +
rz

2
z−1κ− zz−1Ω+ bS − rS

2
zS(zS)−1κS

S
+ zS(zS)−1(ΩS + zS)

S
+O(

◦
δ)

= Ω +
rz

2
z−1κ− zz−1Ω− ΩS − rS

2
zS(zS)−1κS

S
+ zS(zS)−1ΩS

S
+O(

◦
δ).
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Recall from Lemma 2.22 and Proposition 2.14 that

r − rS = O(
◦
δ), κS − κ = O(

◦
δ). (4.95)

Notice that (4.81) and (4.92) imply

|b− bS| ≲
◦
δ + |DS|+ ∥∇S

ν (f, f)∥hK−1(S) = O(E1). (4.96)

Recall that Lemma 2.23 allows us to compare the average on S and S. Thus, we may assume
from now on that all averages are on S. We obtain

ν(r − rS) = Ω +
rz

2
z−1κ− zz−1Ω− ΩS − r

2
zS(zS)−1κ+ zS(zS)−1ΩS +O(

◦
δ)

= −b+ rz

2
z−1κ+ zz−1b+ bS − rzS

2
(zS)−1κ− zS(zS)−1bS +O(E1)

= zz−1
(r
2
κ+ b

)
− zS(zS)−1

(r
2
κ+ b

)
+O(E1).

We denote

r

2
κ+ b := −2 + h0, h0 = rΓb = O(

◦
ε).

Thus, we deduce

ν(r − rS) = −2
Ä
zz−1 − zS(zS)−1

ä
+O(

◦
ε)z − zS +O(E1). (4.97)

Taking the average of (4.97) on S, recalling that ab = ab + (a− a)(b− b) and applying (4.78),
we obtain

ν(r − rS) = −2
Ä
zz−1 − zS (zS)−1

ä
+O(

◦
ε)|z − zS|+O(E1)

= 2

Å
(z − z)(z−1 − z−1)− (zS − zS)

(
(zS)−1 − (zS

−1
)
)ã

+O(
◦
ε)|z − zS|+O(E1)

= O(
◦
ε)z − zS +O(E1).

On the other hand, we apply (4.2), (4.4), (4.70), (4.96) and Lemma 2.15 to obtain

ν(r − rS) = e3(r) + bSe4(r)− bS − ΩS +O(
◦
δ) = e3(r) + b

r

2
κ+ zS +O(E1)

= e3(r)− e3(s) + Ω + b+ zS +O(
◦
δ) = e3(r)− e3(s) + zS − z +O(E1)

= zS − z +O(E1).

Thus, we deduce

zS − z = ν(r − rS) +O(E1) = O(
◦
ε)(zS − z) +O(E1), (4.98)

which implies

z − zS = O(E1), ν(r − rS) = O(E1),

and hence, recalling (4.94) and Lemma 2.23, we obtain

b
(1)
0 = ν(r − rS) +O(

◦
δ)

≲
◦
δ + |BS|+ |BS|+ |DS|

+ (
◦
ε+ r−1)

Å∥∥∥∇S
ν (F )

∥∥∥
hK−1(S)

+ r−1
∥∥ν(◦b )∥∥

hK−1(S)

ã
.

(4.99)
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Finally, we recall the equation of
◦
b in (4.88). By (4.85) and Lemma 2.10, we have∥∥∥∥∥ν(◦b )− ν(

◦
b )

S
∥∥∥∥∥
hK−1(S)

≲ r
◦
δ + r

∥∥∥∇S
ν (F )

∥∥∥
hK−1(S)

+ (
◦
ε+ r−1)

∥∥ν(◦b )∥∥
hK−1(S)

. (4.100)

Thus, from (4.92), (4.93) (4.99) and (4.100), we conclude that∥∥∥∥∇S
ν (f, f ,

◦
λ )

∥∥∥∥
hK−1(S)

+ r−1

∥∥∥∥ν(◦b )∥∥∥∥
hK−1(S)

≲
◦
δ + |BS|+ |BS|+ |DS|+ (

◦
ε+ r−1)

Å∥∥∥∇S
ν (F )

∥∥∥
hK−1(S)

+ r−1
∥∥ν(◦b )∥∥

hK−1(S)

ã
.

For
◦
ε and small enough and

◦
r large enough, we deduce (4.86). This concludes the proof of

Proposition 4.22.

4.3 Extrinsic properties of Σ

The goal of this section is to prove the following proposition.

Proposition 4.23. We assume that

|BS|+ |BS|+ |DS| ≤ ◦
ε

2
3 . (4.101)

Then, the following estimates hold true for all k ≤ smax:

1. The Ricci coefficients ηS, ξS, ωS verify

∥ηS∥hk(S) ≲
◦
ε+ |BS|,

∥ξS∥hk(S) ≲
◦
ε+ |BS|,

∥qωS∥hk(S) ≲
◦
ε+ |BS|+ |BS|.

2. The scalar bS verifies

(rS)−1∥qbS∥hk(S) ≲
◦
ε+ |BS|+ |DS|.

3. We also have

(rS)−1∥qΩ
S∥hk(S) ≲

◦
ε+ |BS|+ |BS|+ |DS|,

(rS)−1∥qzS∥hk(S) ≲
◦
ε+ |BS|+ |BS|+ |DS|.

Remark 4.24. We split the Ricci and curvature coefficients as follows.

ΓS
g =

¶
qκS, χ̂S, ζS, qκS, rqρS, r ⋆ρS, rβS, rαS, rqµS, r qKS

©
,

ΓS
b,w =

¶
χ̂S, rβS, αS

©
,

ΓS
b,i =

¶
ηS, ξS, qωS

©
.

Since all the terms in ΓS
g ∪ΓS

b,w are well-defined on a sphere, as a direct consequence of Corollary
3.5, see also (3.11), we have the following estimates for k ≤ smax.

∥ΓS
g ∥hk(S) ≲

◦
εr−1, ∥ΓS

b,w∥hk(S) ≲
◦
ε. (4.102)
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By the null structure equations and Bianchi equations introduced in Proposition 2.2, we obtain
immediately28

∥∇S
4Γ

S
g ∥hk−1(S) ≲

◦
εr−2, ∥∇S

4Γ
S
b,w∥hk−1(S) ≲

◦
εr−1. (4.103)

Remark 4.25. In the sequel, unless stated otherwise, we admit the following conventions:

• For a scalar quantity hS defined on S, we denote hS for its average over the sphere S;

• For a background scalar quantity h, we denote h for its average over the background sphere
S(u, s);

• For any scalar quantity h, we denote h
S
for its average over the sphere S.

Recalling that
◦
δ ≤ ◦

ε, applying Proposition 4.22, (4.101) and Lemma 4.18, we deduce the follow-
ing estimates for k ≤ smax

∥ΓS
b,i∥hk(S) ≲

◦
ε

2
3 . (4.104)

Notice that we have

∥∇S
3Γ

S
g ∥hk−1(S) ≲

◦
ε

2
3 r−1, ∥∇S

3Γ
S
b ∥hk−1(S) ≲

◦
ε

2
3 , (4.105)

as a direct consequence of (4.104) and Proposition 2.2.

To prove Proposition 4.23, we need the following lemmas.

Lemma 4.26. Under the GCM conditions (4.58) on Σ, we have

∇S
νS( d/

S,⋆
2 d/ S,⋆

1 µS) = r−5O(
◦
ε),

∇S
νS(∇SκS) = 0,

∇S
νS

Ä
( d/ S

2 d/
S,⋆
2 + 2KS) d/ S,⋆

2 d/ S,⋆
1 κS

ä
= r−6O(

◦
ε).

Lemma 4.27. The following estimates hold true for k ≤ smax − 5

∥ d/ S,⋆
2 ηS∥hk+4(S) ≲

◦
εr−1,

∥ d/ S,⋆
2 ξS∥hk+4(S) ≲

◦
εr−1,

∥ d/ S,⋆
1 ωS∥hk+4(S) ≲

◦
εr−1 + r−1∥ηS∥hk+4(S) + r−1∥ξS∥hk+4(S).

(4.106)

Lemma 4.28. We have the following identity for qωS.

qωS = ωS − mS

(rS)2
= − 1

2rS
qΩ
S
+
rS

2

Ç
qµS − ηS · ηS +

bS

2
χ̂S · χ̂S

å
.

Lemma 4.29. We have the following estimate for k ≤ smax:∥∥∥(qbS, qzS, qΩ
S
)
∥∥∥
hk(S)

≲ r
◦
ε

2
3 . (4.107)

28As explained in Remark 4.12, the transversality conditions are consistent with extension by local outgoing
geodesic foliation initialized on Σ. Hence, the equations in Proposition 2.2 are valid on Σ.
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Proof of Lemma 4.26. Recalling that

qµS = MS
0 +

∑
p

M (S,p)J (S,p), (4.108)

we infer

d/ S,⋆
2 d/ S,⋆

1 µS =
∑
p

M (S,p)( d/ S,⋆
2 d/ S,⋆

1 J (S,p)).

Therefore,

∇S
νS( d/

S,⋆
2 d/ S,⋆

1 µS) = νS(M (S,p)) d/ S,⋆
2 d/ S,⋆

1 J (S,p) +M (S,p)∇S
νS( d/

S,⋆
2 d/ S,⋆

1 J (S,p)). (4.109)

Firstly, we estimate ∇S
νS
( d/ S,⋆

2 d/ S,⋆
1 J (S,p)). Recall that νS(J (S,p)) = 0, By Lemma 2.4, we have

∇S
νS( d/

S,⋆
2 d/ S,⋆

1 J (S,p)) = [∇S
νS , d/

S,⋆
2 d/ S,⋆

1 ]J (S,p)

= [∇S
νS , d/

S,⋆
2 ] d/ S,⋆

1 J (S,p) + d/ S,⋆
2 [∇S

νS , d/
S,⋆
1 ]J (S,p)

=
2

rS
d/ S,⋆
2 d/ S,⋆

1 J (S,p) + ΓS
b · d d/ S,⋆

1 J (S,p)

+ d/ S,⋆
2

Å
2

rS
d/ S,⋆
1 J (S,p) + ΓS

b · dJ (S,p)

ã
=

4

rS
d/ S,⋆
2 d/ S,⋆

1 J (S,p) + (rS)−2O(
◦
ε

1
2 ).

Recall that (see Lemma 2.8 and also Corollary 5.2.10 in [36]).

| d/ S,⋆
2 d/ S,⋆

1 J (S,p)| ≲
◦
ε

r2
, M (S,p) ∈ r−1ΓS

g .

According to (4.109), we deduce

∇S
νS( d/

S,⋆
2 d/ S,⋆

1 µS) = (rS)−5O(
◦
ε),

which implies the first estimate. The third estimate is similar and left to the reader. Finally,
the second estimate follows immediately from the GCM condition κS = 2

rS
. This concludes the

proof of Lemma 4.26.

Proof of Lemma 4.27. We denote

C1 = ∇S
3 ( d/

S,⋆
2 d/ S,⋆

1 µS),

C2 = ∇S
3 (∇κS),

C3 = ∇S
3 ( d/

S,⋆
2 d/ S

2 + 2KS) d/ S,⋆
2 d/ S,⋆

1 κS.

(4.110)

Recalling that νS = eS3 + bSeS4 , we obtain in view of Lemma 4.26

C1 = −bS∇S
4 ( d/

S,⋆
2 d/ S,⋆

1 µS) + r−5O(
◦
ε),

C2 = −bS∇S
4 (∇SκS),

C3 = −bS∇S
4

Ä
M (S,p)( d/ S

2 d/
S,⋆
2 + 2KS) d/ S,⋆

2 d/ S,⋆
1 qκS

ä
+ r−6O(

◦
ε).

We claim that

∥∇S
4 ( d/

S,⋆
2 d/ S,⋆

1 µS)∥hk−3(S) ≲
◦
εr−5,

∥∇S
4 (∇SκS)∥hk−2(S) ≲

◦
εr−3,∥∥∥∇S

4

Ä
( d/ S,⋆

2 d/ S
2 + 2KS) d/ S,⋆

2 d/ S,⋆
1 κS

ä∥∥∥
hk−5(S)

≲
◦
εr−6.

(4.111)
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Indeed, making use of Lemma 2.4 and (4.103), we have

∇S
4∇SκS = [∇S

4 ,∇S]qκS +∇S∇S
4 qκS

= −r−1∇S
qκS + r−1ΓS

g · d≤1
qκS + r−1d∇S

4 (Γ
S
g )

= r−4O(
◦
ε),

which implies the second estimate in (4.111). The first and third estimates in (4.111) are similar
and left to the reader.

Writing bS = qbS − 1− 2mS

rS
, recall the bootstrap assumptions (4.104) and making use of product

estimates we deduce

∥C1∥hk−3(S) ≲
◦
εr−4,

∥C2∥hk−2(S) ≲
◦
εr−3,

∥C3∥hk−5(S) ≲
◦
εr−5.

Next, we estimate the error terms

Ek := r−1∥ΓS
g ∥hk(S) + ∥ΓS

b · ΓS
b ∥hk(S)

≲ r−2◦ε+ r−1∥ΓS
b ∥hk(S)∥ΓS

b ∥hk(S)
≲ r−1◦ε, ∀k ≤ smax.

We cite the following identities, see Propositions 5.1.21 and 5.1.22 in [36]:

2 d/ S,⋆
2 d/ S,⋆

1 d/ S
1 d/

S
2 d/

S,⋆
2 ηS = − d/ S,⋆

2 d/ S,⋆
1 d/ S

1 ∇S
3∇SκS +

2

rS
∇S

3 d/
S,⋆
2 d/ S,⋆

1 µS − 4

rS
d/ S,⋆
2 d/ S,⋆

1 divSβS

+ (rS)−5( d/S)≤4ΓS
g + (rS)−4( d/S)≤4(ΓS

b · ΓS
b ),

2 d/ S,⋆
2 d/ S,⋆

1 d/ S
1 d/

S
2 d/

S,⋆
2 ξS = ∇S

3 ( d/
S,⋆
2 d/ S

2 + 2KS) d/ S,⋆
2 d/ S,⋆

1 κS +
2

rS
∇3 d/

S,⋆
2 d/ S,⋆

1 µS

− 4

rS
d/ S,⋆
2 d/ S,⋆

1 divSβS + (rS)−5( d/S)≤4ΓS
g + (rS)−4( d/S)≤4(ΓS

b · ΓS
b ),

2∇SωS =
1

rS
ξS −∇S

3 ζ
S − βS +

1

rS
ηS + (rS)−1ΓS

g + ΓS
b · ΓS

b .

Recalling that
d/ S,⋆
1 d/ S

1 = 2 d/ S
2 d/

S,⋆
2 + 2K,

we deduce

d/ S,⋆
2 d/ S,⋆

1 d/ S
1 d/

S
2 d/

S,⋆
2 ηS = 2 d/ S,⋆

2 ( d/ S
2 d/

S,⋆
2 +K) d/ S

2 d/
S,⋆
2 ηS

= 2 d/ S,⋆
2 d/ S

2 d/
S,⋆
2 d/ S

2 d/
S,⋆
2 ηS +

2

r2
d/ S,⋆
2 d/ S

2 d/
S,⋆
2 ηS

+2 qK d/ S,⋆
2 d/ S

2 d/
S,⋆
2 ηS + 2 d/ S,⋆

2 ( qK) d/ S
2 d/

S,⋆
2 ηS.

Notice that

2 qK d/ S,⋆
2 d/ S

2 d/
S,⋆
2 ηS = O(

◦
εr−3) d/ S,⋆

2 d/ S
2 d/

S,⋆
2 ηS,

2 d/ S,⋆
2 ( qK) d/ S

2 d/
S,⋆
2 ηS = O(

◦
εr−4) d/ S

2 d/
S,⋆
2 ηS,

where we used (4.102). Thus, by Corollary 2.12, we obtain

∥ d/ S,⋆
2 ηS∥hk+4(S) ≲ r4∥ d/ S,⋆

2 d/ S
2 d/

S,⋆
2 d/ S

2 d/
S,⋆
2 ηS∥hk(S) + r2∥ d/ S,⋆

2 d/ S
2 d/

S,⋆
2 ηS∥hk(S)

≲ r4∥ d/ S,⋆
2 d/ S,⋆

1 d/ S
1 d/

S
2 d/

S,⋆
2 ηS∥hk(S) +O(

◦
ε)∥ d/ S,⋆

2 ηS∥hk+2(S),
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which implies

∥ d/ S,⋆
2 ηS∥hk+4(S) ≲ r4∥ d/ S,⋆

2 d/ S,⋆
1 d/ S

1 d/
S
2 d/

S,⋆
2 ηS∥hk(S).

Using (4.102), (4.103) and (4.104), we deduce

∥ d/ S,⋆
2 ηS∥hk+4(S) ≲ r∥C2∥hk+3(S) + r3∥C1∥hk(S) +

◦
εr−1 + E4+k ≲

◦
εr−1.

Similarly, we have

∥ d/ S,⋆
2 ξS∥hk+4(S) ≲ r4∥C3∥hk(S) + r3∥C1∥hk+3(S) +

◦
εr−1 + E4+k ≲

◦
εr−1.

Finally, recalling that rβS ∈ ΓS
b is well-defined on a sphere, we obtain

∥ d/ S,⋆
1 ωS∥hk+4(S) ≲ r−1∥ξS∥hk+4(S) + r−1∥ηS∥hk+4(S) + r−1◦ε+ E4+k

≲ r−1∥ξS∥hk+4(S) + r−1∥ηS∥hk+4(S) + r−1◦ε

as stated. This concludes the proof of Lemma 4.27.

Proof of Lemma 4.28. We recall the following null structure equation, see Proposition 7.4.1 in
[10],

∇S
3κ

S +
1

2
κSκS − 2ωSκS = 2divSηS − χ̂S · χ̂S + 2(ηS)2 + 2ρS.

Making use of the GCM condition κS = 2
rS

we deduce

ωS =
1

2κS

ï
∇S

3κ
S +

1

2
κSκS − 2divSηS + χ̂S · χ̂S − 2(ηS)2 − 2ρS

ò
=

1

2κS

ï
∇S
νS

Å
2

rS

ã
− bS∇S

4κ
S +

1

2
κSκS − 2divSηS + χ̂S · χ̂S − 2(ηS)2 − 2ρS

ò
=

1

2κS

ñ
−2

eS3 (r
S) + bS

(rS)2
+ bS

Å
1

2
(κS)2 + |χ̂S|2

ã
+

1

2
κSκS − 2divSηS + χ̂S · χ̂S − 2(ηS)2 − 2ρS

ô
=

1

2κS

ñ
−2eS3 (r

S)

(rS)2
+ bS|χ̂S|2 + 1

2
κSκS − 2divSηS + χ̂S · χ̂S − 2(ηS)2 − 2ρS

ô
= −e

S
3 (r

S)

2rS
+

1

4
bSrS|χ̂S|2 + 1

4
κS +

rS

4

î
−2divSηS + χ̂S · χ̂S − 2(ηS)2 − 2ρS

ó
,

where we used

eS4 (r
S) = 1, ΩS = eS3 (r

S), eS4 (κ
S) = −1

2
(κS)2 − |χ̂S|2.

Taking the average over S, and recalling that µS = −divSζS − ρS + 1
2 χ̂

S · χ̂S and (4.116), we
obtain

ωS = − 1

2rS
qΩ
S
+
rS

2
µS − (ηS)2 +

bS

2
|χ̂S|2,

or

qωS = ωS − mS

(rS)2
= − 1

2rS
qΩ
S
+
rS

2

Ç
qµS − ηS · ηS +

bS

2
χ̂S · χ̂S

å
.

This concludes the proof of Lemma 4.28.
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Proof of Lemma 4.29. We have from Proposition 4.22, (4.79) and (4.3) that∥∥∥(qbS −qbS)− (qb−qb)
∥∥∥
hk(S)

≲ r
◦
δ + r|DS| ≲ r

◦
ε

2
3 ,

which implies

∥qbS∥hk(S) ≲ r
◦
ε

2
3 + r|DS|+ ∥qb−qb∥hk(S) ≲ r

◦
ε

2
3 . (4.112)

We have from Lemma 4.28 and (4.104)∣∣∣∣qΩS
∣∣∣∣ ≲ r|ωS|+ r2

∣∣∣qµS∣∣∣+ r2|ΓS
b · ΓS

b | ≲
◦
ε

2
3 .

Next, we have from Proposition 4.22, (4.78) and (4.3) that∥∥∥∥ÅqΩ
S − qΩ

S
ã
− (qΩ− qΩ)

∥∥∥∥
hk(S)

≲ r
◦
δ + r|DS| ≲ r

◦
ε

2
3 ,

which implies

∥qΩ
S∥hk(S) ≲ r

◦
ε

2
3 +

∥∥∥qΩ− qΩ
∥∥∥
hk(S)

≲ r
◦
ε

2
3 . (4.113)

Finally, we have from (4.68) that

qzS = zS − 2 = −bS − ΩS − 2

= −bS − 1− 2mS

rS
− ΩS − 1 +

2mS

rS

= −qbS − qΩ
S
,

(4.114)

which implies from (4.112) and (4.113)

∥qzS∥hk(S) ≲ ∥qbS∥hk(S) + ∥qΩ
S∥hk(S) ≲ r

◦
ε

2
3 . (4.115)

Combining (4.112), (4.113) and (4.115), this concludes the proof of Lemma 4.29.

We are now ready to prove Proposition 4.23.

Proof of Proposition 4.23. We start with the estimate of qΩ
S
. We first note that the GCM

condition κS = 2
rS

together with the definition of the Hawking mass

2mS

rS
= 1 +

1

16π

∫
S
κSκS

implies that,

κS = −2ΥS

rS
, (4.116)

where ΥS = 1− 2mS

rS
. Thus, in view of Lemma 4.17, we deduce

qΩ
S
+qbS − 2 = ΩS + bS = νS(rS) =

rS

2
zS(zS)−1(κS + bSκS)

=
rS

2
zS(zS)−1

Å
qκS − 2ΥS

rS
+

Å
qbS − 1− 2mS

rS

ã
2

rS

ã
=

rS

2
zS(zS)−1

Ç
qκS − 4

rS
+

2qbS

rS

å
=

rS

2
zS(zS)−1

qκS − 2zS(zS)−1 + zS(zS)−1qbS.
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Multiplying by (zS)−1 and taking the average over S, we infer

qΩ
S
(zS)−1 =

rS

2
(zS)−1

qκS.

We write

1

zS
=

1

2 + qzS
=

1

2
+O(qzS),

and hence, recalling that qκS = 0, we infer

qΩ
S

= O(qzS)qΩ
S
+ rSO(qzS)qκS. (4.117)

Combining Lemma 4.16 and (4.117), we obtain

eSa (
qΩ
S
) = (ζSa − ηSa )Ω

S − ξS
a
,

qΩ
S

= O(qzS)qΩ
S
+ rΓS

g .

Applying Lemma 4.29 and (4.102), we deduce for k ≤ smax − 1,

r−1∥qΩ
S∥hk+1(S) ≲∥ηS∥hk(S) + ∥ξS∥hk(S) + ∥ΓS

g ∥hk(S) + r2∥qzS · qΩ
S∥L∞(S)

≲∥ηS∥hk(S) + ∥ξS∥hk(S) +
◦
ε.

(4.118)

Applying Lemma 2.10 to the equation

eSa (z
S) = (ζS − ηS)zS,

we derive

r−1∥zS − zS∥hk+1(S) ≲ ∥(ζS − ηS)zS∥hk(S)
≲ ∥(ζS − ηS)qzS∥hk(S) + ∥ηS∥hk(S) +

◦
ε

≲
◦
ε+ ∥ηS∥hk(S).

(4.119)

Next, we estimate qzS. For this, we have from (4.114)

qzS = −qbS − qΩ
S
= −DS − qΩ

S
.

Then, applying (4.118), we obtain

|qzS| ≲ |DS|+ ∥qΩ
S∥L∞ ≲ |DS|+ ∥ηS∥hk(S) + ∥ξS∥hk(S) +

◦
ε.

By (4.119) and the above estimate, we conclude

r−1∥qzS∥hk+1(S) ≲ |DS|+ ∥ηS∥hk(S) + ∥ξS∥hk(S) +
◦
ε. (4.120)

Finally, according to (4.114), we have

r−1∥qbS∥hk+1(S) ≲ r−1∥qzS∥hk+1(S) + r−1∥qΩ
S∥hk+1(S)

≲ |DS|+ ∥ηS∥hk(S) + ∥ξS∥hk(S) +
◦
ε.

(4.121)
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It remains to estimate (ηS, ξS, qωS). Recall from Lemma 4.27 that, ∀k ≤ smax − 5, we have

∥ d/ S,⋆
2 ηS∥hk+4(S) ≲

◦
εr−1,

∥ d/ S,⋆
2 ξS∥hk+4(S) ≲

◦
εr−1,

∥ d/ S,⋆
1 ωS∥hk+4(S) ≲

◦
εr−1 + r−1∥ηS∥hk+4(S) + r−1∥ξS∥hk+4(S).

In view of the definition of BS and BS and Lemma 2.11, we deduce

∥ηS∥hk+5(S) ≲
◦
ε+ |BS|+ |(curlS ηS)ℓ=1|,

∥ξS∥hk+5(S) ≲
◦
ε+ |BS|+ |(curlS ξS)ℓ=1|.

(4.122)

Recall from Proposition 2.2 that

curlS ηS = ∗ρS + ΓS
b · ΓS

g ,

curlS ξS = ΓS
b · ΓS

b .

Applying (4.102) and (4.104), we obtain

curlS ηS = r−3O(
◦
ε),

curlS ξS = r−2O(
◦
ε).

Thus, (4.122) implies

∥ηS∥hk+5(S) ≲
◦
ε+ |BS|,

∥ξS∥hk+5(S) ≲
◦
ε+ |BS|.

Next, we have from Lemma 4.28 that∣∣∣qωS
∣∣∣ ≲ (rS)−1∥qΩ

S∥L∞(S) + ΓS
g + rS∥ΓS

b ∥2L∞(S)

≲
◦
εr−1 + r−1∥ηS∥hk(S) + r−1∥ξS∥hk(S).

Together with the above estimate for d/ S,⋆
1 ωS and Lemma 2.10, we obtain

∥qωS∥hk+1(S) ≲
◦
ε+ ∥ηS∥hk(S) + ∥ξS∥hk(S) + r|qωS|

≲
◦
ε+ |BS|+ |BS|, k ≤ smax − 1,

which concludes the statement 1 of Proposition 4.23.

We can then go back to the preliminary estimates (4.118), (4.120) and (4.121) obtained above
to derive

r−1∥qΩ
S∥hk+1(S) ≲

◦
ε+ ∥ηS∥hk(S) + ∥ξS∥hk(S) ≲

◦
ε+ |BS|+ |BS|,

r−1∥qzS∥hk+1(S) ≲
◦
ε+ |DS|+ ∥ηS∥hk(S) + ∥ξS∥hk(S) ≲

◦
ε+ |BS|+ |BS|+ |DS|,

r−1∥qbS∥hk+1(S) ≲
◦
ε+ |DS|+ ∥ηS∥hk(S) + ∥ξS∥hk(S) ≲

◦
ε+ |BS|+ |BS|+ |DS|.

This concludes the remaining statements 2 and 3 of Proposition 4.23.
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4.4 ODE system for (Ψ,Λ,Λ)

The goal of this section is to prove the following proposition which provides an ODE system for
(Ψ,Λ,Λ).

Proposition 4.30. Let Σ a smooth spacelike hypersurface as in Definition 4.11. We define
r(s), B(s), B(s) and D(s) on S := S(s) = S[P (s)] as

r(s) := rS, B(s) := BS, B(s) := BS, D(s) := bS + 1 +
2m(0)

rS
, (4.123)

where BS, BS are given by (4.67).

Then we have the following equations for the functions D(s), r(s) and the triplets Λ(s), Λ(s),
B(s), B(s):

1

−1 + ψ′(s)
Λ′(s) = B(s) +G(Λ,Λ, ψ)(s) +N(B,B,D,Λ,Λ, ψ)(s),

1

−1 + ψ′(s)
Λ′(s) = B(s) +G(Λ,Λ, ψ)(s) +N(B,B,D,Λ,Λ, ψ)(s),

ψ′(s) = −1

2
D(s) +H(B,B,Λ,Λ, ψ)(s) +M(B,B,D,Λ,Λ, ψ)(s),

where
ψ(s) := Ψ(s) + s− c0, (4.124)

and G,G,H,N,N,M satisfy the following properties:

• G,G are O(1)–Lipschitz functions of (Λ,Λ, ψ);

• H is a O(1)–Lipschitz function of (B,B,Λ,Λ, ψ);

• M,N,N are O(
◦
ε

1
2 )–Lipschitz functions of (B,B,D,Λ,Λ, ψ).

Before proving this proposition, we first study some properties of the derivation d
ds . Recall that,

according to Section 4.1, we have

Σ =
⋃

p={S,N}

{
Ξp(s, y

1
p, y

2
p)
/
s ≥ ◦

s, (y1p)
2 + (y2p)

2 < 2
}
, (4.125)

where the maps Ξp(s, y
1
p, y

2
p), p = S,N are defined in (4.62).

Definition 4.31. We define the vectorfield Xp along Σ as the push forward of d
ds by Ξp, i.e, for

every scalar function h, we define

Xp(h) :=
d

ds
h
(
Ξp(s, y

1
p, y

2
p)
)
. (4.126)

Proposition 4.32. We have the following expression for Xp

Xp|(s,y1p,y2p) =
Ä
Ψ′(s) + Ăp(s, y

1
p, y

2
p)
ä
∂u +

Ä
1 + B̆p(s, y

1
p, y

2
p)
ä
∂s,

where

Ăp(s, y
1
p, y

2
p) := ∂PUp(y

1
p, y

2
p, P (s))P

′(s),

B̆p(s, y
1
p, y

2
p) := ∂PSp(y

1
p, y

2
p, P (s))P

′(s),

with

∂PUp(·)P ′(s) = Ψ′(s)∂uUp(·) + ∂sUp(·) + Λ′(s) · ∂ΛUp(·) + Λ′(s) · ∂ΛUp(·) + ∂JUp · J ′(s),

∂PSp(·)P ′(s) = Ψ′(s)∂uSp(·) + ∂sSp(·) + Λ′(s) · ∂ΛSp(·) + Λ′(s) · ∂ΛSp(·) + ∂JSp · J ′(s).
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Proof. Clearly,

∂sΞp(s, y
1
p, y

2
p) =

(
Ψ′(s) + ∂PUp(y

1
p, y

2
p, P (s))P

′(s), 1 + ∂PSp(y
1
p, y

2
p, P (s))P

′(s), 0, 0
)
.

Given a function on Σ, we infer

d

ds
h
(
Ξp(s, y

1
p, y

2
p)
)

=
(
Ψ′(s) + ∂PUp(y

1
p, y

2
p, P (s))P

′(s)
)
∂uh

+
(
1 + ∂PSp(y

1
p, y

2
p, P (s))P

′(s)
)
∂sh

= Xp(h),

as stated.

Lemma 4.33. Let γ(s) be the curve of the South Poles of the background29 that intersect the
spheres foliating Σ, i.e.

γ(s) = (Ψ(s), s, 0, 0) (4.127)

in the south coordinates chart.

Then, for a function h defined on γ(s):

h(s) := h(Ψ(s), s, 0, 0),

we have (recall νS = eS3 + bSeS4 )

X
∣∣
γ(s)

(h) = C(s)νS
∣∣
γ(s)

(h), (4.128)

where

C(s) =
λ

z
Ψ′(s)

∣∣∣
γ(s)

+ F · Γb +O(F 2), (4.129)

and

F := (f, f ,
◦
λ ),

◦
λ = λ− 1.

Moreover, we have the following expression for bS:

bS
∣∣
γ(s)

=
z − ΩΨ′(s)
λ2Ψ′(s)

∣∣∣∣
γ(s)

+ F · Γb +O(F 2). (4.130)

Here f, f , λ are the transition coefficients and z,Ω correspond to the background foliation.

Proof. Note that U(0, 0, P (s)) = S(0, 0, P (s)) = 0, so we have

Ă(s, 0, 0) = B̆(s, 0, 0) = 0

in Proposition 4.32. Thus, we have

X
∣∣
γ(s)

= Ψ′(s)∂u + ∂s.

Note that X is tangent to Σ. Thus, we have

g(X,NS)
∣∣
γ(s)

= 0, NS = eS3 − bSeS4 ,

29By the construction of GCM spheres in Theorem 3.1, the South poles of GCM spheres coincide with that of
background spheres. Hence, we have γ(s) ⊂ Σ.



374CHAPTER 5. CONSTRUCTIONOFGCMHYPERSURFACES IN PERTURBATIONS OF KERR

since the vectorfield NS is normal to Σ. Now, applying (2.35), (2.24) and Zc ∈ Γb
30, and

recalling that z = 2
ς , we have

g(X,NS) = g
Ä
Ψ′(s)∂u + ∂s, e

S
3 − bSeS4

ä
= g

Å
Ψ′(s)

Å
1

z
e3 −

Ω

z
e4 −

2

z
Zcec

ã
+ e4, λ

−1e3 + λ−1f cec − bS (λe4 + λf cec)

ã
+O(F 2)

= g

Å
Ψ′

z
e3 +

Å
1− ΩΨ′

z

ã
e4 −

2Ψ′Zc

z
ec, λ

−1e3 − λbSe4 +
Ä
λ−1f c − λbSf c

ä
ec

ã
+O(F 2)

= − 2

λ

Å
1− ΩΨ′

z

ã
+ 2λbS

Ψ′

z
+ F · Γb +O(F 2).

Since g(X,NS)
∣∣
γ(s)

= 0, we deduceï
− 2

λ

Å
1− ΩΨ′

z

ã
+ 2λbS

Ψ′

z

ò ∣∣∣∣∣
γ(s)

= F · Γb +O(F 2),

which implies

bS
∣∣
γ(s)

=
z − ΩΨ′

λ2Ψ′

∣∣∣∣
γ(s)

+ F · Γb +O(F 2),

as stated in (4.130).

In view of νS = eS3 + bSeS4 , (2.24) and (2.36), we have

νS =eS3 + bSeS4

=λ−1
Ä
e3 + f beb

ä
+ bSλ

Ä
e4 + f beb

ä
+O(F 2)

=λ−1e3 + λbSe4 + (λ−1f c + λbSf c)ec +O(F 2)

=λ−1(z∂u +Ω∂s + 2Ba∂ya) + λbS∂s + (λ−1f c + λbSf c)Xa
(c)∂ya +O(F 2)

=
z

λ
∂u +

Å
Ω

λ
+ λbS

ã
∂s +

Ä
2λ−1Ba + (λ−1f c + λbSf c)Xa

(c)

ä
∂ya +O(F 2).

(4.131)

Applying (4.131) to a function h(s) = h(Ψ(s), s, 0, 0), we obtain

νS
∣∣
γ(s)

(h) =
z

λ
∂u(h) +

Å
Ω

λ
+ λbS

ã
∂s(h). (4.132)

Recalling (4.130) and comparing (4.132) to X
∣∣
γ(s)

= Ψ′(s)∂u + ∂s, we obtain

X
∣∣
γ(s)

(h) = C(s)νS
∣∣
γ(s)

(h),

where

C(s) =
λ

z
Ψ′(s)

∣∣∣
γ(s)

+ F · Γb +O(F 2),

as stated in (4.128). This concludes the proof of Lemma 4.33.

Now, we derive the following equations for Λ(s) and Λ(s).

30See mentioned in Assumption A3.
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Lemma 4.34. We have the following identities

νS
∣∣
γ(s)

Λ(s) =

∫
S
νS(divSf)J (S,p) − 4

rS
Λ(s) + E(s),

νS
∣∣
γ(s)

Λ(s) =

∫
S
νS(divSf)J (S,p) − 4

rS
Λ(s) + E(s),

(4.133)

with error terms31

E(s) =

∫
S

Å
2

rS
qbS + qκS

ã
(divSf)J (S,p)

+zS
∣∣
γ(s)

∫
S

Ä
(zS)−1 − (zS)−1

∣∣
γ(s)

äÅ
νS(divSf)− 4

rS
divSf +

Å
2

rS
qbS + qκS

ã
divSf

ã
J (S,p),

E(s) =

∫
S

Å
2

rS
qbS + qκS

ã
(divSf)J (S,p)

+zS
∣∣
γ(s)

∫
S

Ä
(zS)−1 − (zS)−1

∣∣
γ(s)

äÅ
νS(divSf)− 4

rS
divSf +

Å
2

rS
qbS + qκS

ã
divSf

ã
J (S,p).

Proof. According to Lemma 4.17 we have

νS
Å∫

S
h

ã
= zS

∫
S
(zS)−1

Ä
νS(h) + (κS + bSκS)h

ä
.

Thus, choosing h = (divSf)J (S,p), we infer

νS
∣∣
γ(s)

(Λ) = νS
Å∫

S
(divSf)J (S,p)

ã ∣∣∣∣
γ(s)

= zS
∣∣
γ(s)

∫
S
(zS)−1

Ä
νS((divSf)J (S,p)) + (κS + bSκS)(divSf)J (S,p)

ä
.

Recalling that κS = 2
rS
, we have

κS + bSκS =
2

rS
bS − 2ΥS

rS
+ qκS

=
2

rS

Ç
bS + 1 +

2mS

rS

å
− 2

rS

Ä
−ΥS + 2

ä
− 2ΥS

rS
+ qκS

=
2

rS
qbS − 4

rS
+ qκS.

Since νS(J (S,p)) = 0, we infer

νS
∣∣
γ(s)

(Λ) =

∫
S

Ä
νS(divSf)J (S,p) + (κS + bSκS)(divSf)J (S,p)

ä
+ zS

∣∣
γ(s)

∫
S

Ä
(zS)−1 − (zS)−1

∣∣
γ(s)

ä Ä
νS(divSf)J (S,p) + (κS + bSκS)(divSf)J (S,p)

ä
=

∫
S

Å
νS(divSf)J (S,p) +

Å
2

rS
qbS − 4

rS
+ qκS

ã
(divSf)J (S,p)

ã
+ zS

∣∣
γ(s)

∫
S

Ä
(zS)−1 − (zS)−1

∣∣
γ(s)

äÅ
νS(divSf)− 4

rS
divSf +

Å
2

rS
qbS + qκS

ã
divSf

ã
J (S,p)

=

∫
S
νS(divSf)J (S,p) − 4

rS
Λ(s) + E(s),

as stated. The proof for Λ(s) is similar and left to the reader. This concludes the proof of
Lemma 4.34.

31For a scalar function h defined on S, h− h
∣∣
γ(s)

is the scalar function define on S by subtracting its value at

South pole γ(s).
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Recall that in Proposition 4.23 we have made the auxiliary assumption (4.101), i.e.

|BS|+ |BS|+ |DS| ≤ ◦
ε

2
3 .

Moreover, recalling the definition (4.67) of DS and (4.123) of D(s) and applying Assumption
A1 and (4.5), we have ∣∣∣∣2mr −

2m(0)

r

∣∣∣∣ ≲
∣∣∣qz + qΩ

∣∣∣+ ◦
δ ≲

◦
ε+

◦
δ ≲

◦
ε.

Recall from (2.55) that

|m−mS| ≲
◦
δ,

thus, we obtain

|DS −D(s)| = 2

rS
|mS −m(0)| ≲

1

r
|m−m(0)| ≲

◦
ε,

so we have the estimate

|B(s)|+ |B(s)|+ |D(s)| ≲ ◦
ε

2
3 .

The following notation is very useful in the proof of Proposition 4.30.

Definition 4.35. For a function h of (B,B,D,Λ,Λ, ψ), we denote

h = Good,

if

h = O(
◦
ε),

∂h

∂v
= O(

◦
ε

1
2 ), ∀v ∈ {B,B,D,Λ,Λ, ψ}.

Lemma 4.36. We have

d≤1(F · Γb) = r−2Good, F · F = r−2Good, Err1 = r−2Good, (4.134)

where Err1 is defined in Definition 2.24 and Good is defined in Definition 4.35. We also have

νS(divSf) · Γb = r−3Good . (4.135)

Finally, for the following background quantities, we haveÇ∫
S(Ψ(s),s)

(div η)J (p),

∫
S(Ψ(s),s)

(div ξ)J (p),

∫
S(Ψ(s),s)

∆(qκ)J (p)

å
= Good, (4.136)

and

z +Ω− 1−
2m(0)

r
= Good . (4.137)

Proof. Notice that (4.134) is a direct consequence of Definitions 2.24, 4.35, Assumption A1 and
(3.6).
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Since div η, div ξ, ∆(qκ) and J (p) only depend on the background foliation, the quantities in
(4.136) only depend on ψ. Recalling (4.104), we have

∂ψ

Ç∫
S(Ψ(s),s)

(div η)J (p)

å
= ∂u

Ç∫
S(u,s)

(div η)J (p)

å
= ∂u

Å∫
S

»
detg(s)(div η)J (p)dy1dy2

ã
=

∫
S
∂u(
»
detg(s)J (p))(div η)dy1dy2 +

∫
S(u,s)

∂u(div η)J
(p)

= r d/(Γb) + rd≤2(Γb) = O(
◦
ε

1
2 ).

Recalling from (4.3) that (div η)ℓ=1 = O(
◦
δ), we conclude∫

S(u,s)
(div η)J (p) = Good .

Similarly, using (4.3) and (4.2), we have∫
S(u,s)

(div ξ)J (p) = Good,

∫
S(u,s)

(∆qκ)J (p) = Good .

This concludes (4.136).

Next, Recall that (4.5) implies

z +Ω− 1−
2m(0)

r
= O(

◦
δ).

Since z,Ω, r only depends on the background foliation, z +Ω − 1 − 2m(0)

r only depends on ψ.
We have

∂u

Å
z +Ω− 1−

2m(0)

r

ã
= rd≤1Γb = O(

◦
ε

1
2 ),

which implies (4.137).

We have from Proposition 4.22 that

∥∇S
νS(F )∥hsmax (S)

≲
◦
δ + |BS|+ |BS|+ |DS|, (4.138)

Applying Lemma 2.4, (4.134) and (4.138) , we have

νS(divSf) = [∇S
νS , div

S]f + divS(∇S
νSf)

=
2

rS
(divSf) + ΓS

b · ∇S
νSf + r−1ΓS

b · d≤1f + r−1 d/≤1(∇S
νSf)

=
2

rS
(divSf) + r−1 d/≤1(∇S

νSf) + r−2Good .

Then, we infer

νS(divSf) · Γb = r−1 d/≤1(f) · Γb + r−1 d/≤1(∇S
νSf) · Γb + r−3Good

= r−3Good,

where we used (4.134) and (4.138). This concludes the proof of (4.135), and hence concludes
the proof of Lemma 4.36.



378CHAPTER 5. CONSTRUCTIONOFGCMHYPERSURFACES IN PERTURBATIONS OF KERR

We are now ready to prove Proposition 4.30.

Proof of Proposition 4.30. Step 1 Firstly, we prove the following identities:∫
S(s)

νS(divSf)J (S,p) = 2B(s) + 3r−1Λ(s)− r−1Λ(s) + Λ(s)O(r−2) + Good,∫
S(s)

νS(divSf)J (S,p) = 2B(s) + 5r−1Λ(s) + r−1Λ(s) +O(r−2)(Λ(s) + Λ(s)) + Good .

(4.139)

In order to prove the first identity in (4.139), we write

νS(divSf) = [∇S
νS ,div

S]f + divS(∇νSf),

According to (4.72), Proposition 4.23 and Lemma 4.36, we have

divS(∇νSf) = divS
Å
2(ηS − η)− 1

2
κ(f + bSf) + 2fω

ã
+ r−1d≤1(F · Γb) + l.o.t.

= 2divSηS − 2divSη − 1

r
divSf − bS

r
divSf +

2m

r2
divSf + r−1d≤1(F · Γb) + l.o.t.

= 2divSηS − 2divSη − 1

r
divSf +

1

r
divSf +

4m

r2
divSf + r−3Good .

Also, by Lemma 2.4 and (4.138), we have

[∇S
νS , div

S]f =
2

rS
divSf + Γb · ∇S

νSf + r−1Γb · d≤1f + l.o.t.

=
2

rS
divSf + r−3Good .

Recalling from Lemma 2.22 that |rS − r| ≲
◦
δ, we obtain

νS(divSf) = 2divSηS − 2divSη − 1

r
divSf +

3

r
divSf +

4m

r2
divSf + r−3Good . (4.140)

Thus, recalling from Lemma 2.22 that |mS −m| ≲
◦
δ, we obtain∫

S(s)
νS(divSf)J (S,p) = 2B(s)− 2

∫
S(s)

(divSη)J (S,p) +

Å
1

3r
+

4m

r2

ã
Λ(s)− 1

r
Λ(s) + r−1Good .

We claim that ∣∣∣∣∣
∫
S(s)

(divSη)J (S,p) −
∫
S(Ψ(s),s)

(div η)J (p)

∣∣∣∣∣ ≲ ◦
ε

1
2
◦
δ. (4.141)

Indeed, ∣∣∣∣∣
∫
S(s)

(divSη)J (S,p) −
∫
S(Ψ(s),s)

(div η)J (p)

∣∣∣∣∣
≲

∣∣∣∣∣
∫
S(s)

(divSη − div η)J (S,p)

∣∣∣∣∣+
∣∣∣∣∣
∫
S(s)

div η(J (S,p) − J (p))

∣∣∣∣∣
+

∣∣∣∣∣
∫
S(s)

(div η)J (p) −
∫
S(Ψ(s),s)

(div η)J (p)

∣∣∣∣∣ .
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The first term can be estimated by Lemma 2.22. The second term can be estimated by (4.23).
The last term can be estimated by Lemma 2.23. Hence,∣∣∣∣∣

∫
S(s)

(divSη)J (S,p) −
∫
S(Ψ(s),s)

(div η)J (p)

∣∣∣∣∣ ≲ ◦
ε

1
2
◦
δ.

Recalling its structure and Definition 4.35, we obtain∫
S(s)

(divSη)J (S,p) −
∫
S(Ψ(s),s)

(div η)J (p) = Good .

Applying (4.136), we deduce ∫
S(s)

(divSη)J (S,p) = Good . (4.142)

Therefore,∫
S(s)

νS(divSf)J (S,p) = 2B(s) + 3r−1Λ(s)− r−1Λ(s) + Λ(s)O(r−2) + Good .

Similarly, starting with

∇S
νS(f) = 2(ξS − ξ)− 1

2
fκ− 2ω(f − bSf) + bS

Å
2∇S(λ)− 1

2
fκ

ã
+ F · Γb + l.o.t.,

we deduce∫
S(s)

νS(divSf)J (S,p) =2B(s)− 2

∫
S(s)

(divSξ)J (S,p) + 4r−1Λ(s) + 2

∫
S(s)

(∆Sλ)J (S,p)

+O(r−2)(Λ(s) + Λ(s)) + r−1Good .

Similarly to (4.141), we can prove∣∣∣∣∣
∫
S(s)

(divSξ)J (S,p) −
∫
S(Ψ(s),s)

(div ξ)J (p)

∣∣∣∣∣ ≲ ◦
ε

1
2
◦
δ, (4.143)

and thus, ∫
S(s)

(divSξ)J (S,p) −
∫
S(Ψ(s),s)

(div ξ)J (p) = Good .

Applying (4.136), we obtain ∫
S(s)

(divSξ)J (S,p) = Good .

Next, we recall the transformation formula for κ in Proposition 2.14:

λ−1κS = κ+ divSf + F · Γb + l.o.t.

Applying Definition 4.35 and Lemma 4.36, recalling κS = 2
rS

and from Lemma 2.22 that |r−rS| ≲
◦
δ, we infer

◦
λ = λ− 1 =

κS

κ+ divSf + F · Γb + l.o.t.
− 1

=
2
rS

2
r + qκ+ divSf +Good

− 1

=
r

rS

(
1− r

2
qκ− r

2
divSf +Good

)
− 1

=
r − rS

rS
− r2

2rS
qκ− r2

2rS
divSf +Good

=
r − rS

rS
− rS

2
qκ− rS

2
divSf +Good .
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Thus, ∫
S
(∆S

◦
λ )J (S,p) =

1

rS

∫
S
∆S(r − rS)J (S,p) − rS

2

∫
S
∆S(qκ)J (S,p)

− rS

2

∫
S
∆S divS(f)J (S,p) +Good .

(4.144)

Similary as (4.141) and applying (4.136), we obtain

rS

2

∫
S
∆S(qκ)J (S,p) = Good .

Applying Proposition 2.8 and Lemma 2.22, we infer∫
S
∆S divS(f)J (S,p) =

∫
S
divS(f)∆SJ (S,p)

= − 2

(rS)2

∫
S
divS(f)J (S,p) +Good

= − 2

r2
Λ(s) + Good .

Recalling (2.57), we infer∫
S
∆S(r − rS)J (S,p) =

1

2

∫
S
divS

Å
f −Υf + Err1[∆

S
◦
b ]

ã
J (S,p)

=
1

2
Λ(s)− 1

2
Λ(s) +O(r−2)Λ(s) + rGood .

Now, from (4.144) we deduce∫
S
(∆S

◦
λ )J (S,p) =

1

2r
Λ(s) +

1

2r
Λ(s) +O(r−2)Λ(s) + Good .

Finally, we obtain∫
S(s)

νS(divSf)J (S,p) = 2B(s) + 5r−1Λ(s) + r−1Λ(s) +O(r−2)(Λ(s) + Λ(s)) + Good .

This concludes the proof of (4.139).

Step 2 Now, we prove that the error terms E(s), E(s) defined in Lemma 4.34 satisfy

E(s) = Good, E(s) = Good . (4.145)

Recall that

E(s) =

∫
S

Å
2

rS
qbS + qκS

ã
(divSf)J (S,p)

+zS
∣∣
γ(s)

∫
S

Ä
(zS)−1 − (zS)−1

∣∣
γ(s)

äÅ
νS(divSf)− 4

rS
divSf +

Å
2

rS
qbS + qκS

ã
divSf

ã
J (S,p).

Since Å
2

rS
qbS + qκS

ã
= r−1Γb · d≤1(f), (4.146)

we obtain from Lemma 4.36∫
S

Å
2

rS
qbS + qκS

ã
(divSf)J (S,p) = Good . (4.147)
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Also, since zS = 2 + rΓb and∫
S

Ä
(zS)−1 − (zS)−1

∣∣
γ(s)

äÅ
− 4

rS
divSf +

Å
2

rS
qbS + qκS

ã
divSf

ã
J (S,p) = r−1Γb · d≤1(f),

we obtain from Lemma 4.36 that

zS
∣∣
γ(s)

∫
S

Ä
(zS)−1 − (zS)−1

∣∣
γ(s)

äÅ
− 4

rS
+

2

rS
qbS + qκS

ã
(divSf)J (S,p) = Good . (4.148)

Next, recalling zS = 2 + rΓb and applying Lemma 4.36, we have∫
S

Ä
(zS)−1 − (zS)−1

∣∣
γ(s)

ä
νS(divSf)J (S,p) = Good . (4.149)

Combining (4.147), (4.148) and (4.149), we deduce

E(s) = Good

as stated. The proof for E(s) is similar and left to the reader. This concludes the proof of (4.145).

Step 3 Recall from (4.133) that we have

νS
∣∣
γ(s)

Λ(s) =

∫
S
νS(divSf)J (S,p) − 4

rS
Λ(s) + E(s),

νS
∣∣
γ(s)

Λ(s) =

∫
S
νS(divSf)J (S,p) − 4

rS
Λ(s) + E(s).

Applying (4.128), (4.139) and (4.145), we obtain

1

Ψ′(s)
Λ′(s) =

C(s)

Ψ′(s)

(
2B(s)− r−1Λ(s)− r−1Λ(s) +O(r−2)Λ(s) + Good

)
,

1

Ψ′(s)
Λ′(s) =

C(s)

Ψ′(s)

(
2B(s) + r−1Λ(s) + r−1Λ(s) +O(r−2)(Λ(s) + Λ(s)) + Good

)
.

Recall that z = 2 +O(
◦
ε) and also λ = 1 +O(r−1

◦
δ), thus, in view of (4.129)

C(s)

Ψ′(s)
=

Å
λ

z

ã ∣∣∣∣∣
γ(s)

+O(
◦
δ) =

1 +O(r−1
◦
δ)

2 +O(
◦
ε)

+O(
◦
δ) =

1

2
+O(

◦
ε).

Hence,

1

Ψ′(s)
Λ′(s) =

Å
1

2
+O(

◦
ε)

ã (
2B(s)− r−1Λ(s)− r−1Λ(s) + Λ(s)O(r−2) + Good

)
= B(s)− 1

2
r−1Λ(s)− 1

2
r−1Λ(s) + Λ(s)O(r−2) + Good,

where we used

O(
◦
ε)B(s) = Good .

Recalling that Ψ(s) = −s+ ψ(s) + c0, we obtain

1

−1 + ψ′(s)
Λ′(s) = B(s) +G(Λ,Λ, ψ)(s) +N(B,B,D,Λ,Λ, ψ)(s)
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where

G(Λ,Λ, ψ)(s) = −1

2
r−1Λ(s)− 1

2
r−1Λ(s) +O(r−2)Λ(s), N = Good,

verify the properties mentioned in Proposition 4.30.

In the same manner, we derive

1

−1 + ψ′(s)
Λ′(s) = B(s) +G(Λ,Λ, ψ)(s) +N(B,B,D,Λ,Λ, ψ)(s),

where

G(Λ,Λ, ψ)(s) =
1

2
r−1Λ(s) +

1

2
r−1Λ(s) +O(r−2)(Λ(s) + Λ(s)), N = Good,

verify the properties mentioned in Proposition 4.30.

Step 4 It remains to derive the equation of ψ′(s). In view of (4.130) and Lemma 4.36, we
have

Ψ′(s) =

ï
z

λ2bS +Ω

ò ∣∣∣∣∣
γ(s)

+Good . (4.150)

By Definition 4.35, zS = 2 + rΓb, b
S = −1− 2mS

rS
+ rΓb and Ω = −Υ+ rΓb, we have

z

λ2bS +Ω
=

z

bS + (λ2 − 1)bS +Ω
=

z

bS +Ω

Ñ
1

1 + (λ2−1)bS

bS+Ω

é
=

z

bS +Ω
− 2z

◦
λ bS

(bS +Ω)2
+Good

=
z

bS +Ω
−

4
◦
λ
Ä
−1− 2mS

rS

äÄ
−2− 2mS

rS
+ 2m

r

ä2 +Good

=
z

bS +Ω
+

◦
λ

Å
1 +

2m

r

ã
+Good .

Hence,

ψ′(s) = Ψ′(s) + 1 =

ñ
bS + z +Ω

bS +Ω

ô ∣∣∣∣∣
γ(s)

+
◦
λ

Å
1 +

2m

r

ã
+Good .

Recall that

bS = D(s)− 1−
2m(0)

rS
.

Applying (4.137), we infer32

(bS + z +Ω)
∣∣
γ(s)

= (bS − bS)
∣∣
γ(s)

+ bS + (z +Ω− z +Ω)
∣∣
γ(s)

+ z +Ω

= D(s)−
Å
2m(0)

rS
−

2m(0)

r

ã ∣∣∣∣
γ(s)

+ (qbS −qbS)
∣∣
γ(s)

+(z +Ω− z +Ω)|γ(s) +Good

= D(s) +H1(s) +H2(s) +H3(s) + Good,

32Recall that bS is the average of bS over S while z +Ω is the average of z +Ω on S(Ψ(s), s).
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where

H1(Λ,Λ, ψ)(s) :=

Å
2m(0)

r
−

2m(0)

rS

ã ∣∣∣∣
γ(s)

,

H2(B,B,Λ,Λ, ψ)(s) := (qbS −qbS)
∣∣
γ(s)

,

H3(s) := (z +Ω− z +Ω)|γ(s).

From (3.14) and Assumption A1, we deduce that H1 is O(1)–Lipschitz on (Λ,Λ, ψ).

We then consider H2 = (bS − bS)
∣∣
γ(s)

. Applying Lemma 4.16, we obtain

eSa (b
S) = (ζSa − ηSa )b

S + ξS
a
.

Taking another choice of (Λ̃, Λ̃, ψ̃), we construct by Definition 4.11 another hypersurface Σ̃.

Denoting ‹X the associated quantity of X on Σ̃, we have for a = 1, 2:33

eSa (b
S)− eS̃a (

‹bS) = (ζSa − ηSa )(b
S − ‹bS) + ((ζSa − ζ̃Sa )− (ηSa − η̃Sa )

) ‹bS + ξS
a
− ξ̃S

a
.

Applying Lemma 2.13, (3.12) and elliptic estimate, we deduce

(bS − bS)− (‹bS − ‹bS) = O(r)
(
ηSa − η̃Sa , ξ

S
a
− ξ̃S

a

)
+O(1)(Λ− Λ̃,Λ− Λ̃, ψ − ψ̃).

which implies that bS − bS is O(r)–dependent on ηS and ξS. Next, we proceed as in the proofs
of Lemma 4.27 and Proposition 4.23 to deduce

d/ S,⋆
2 ηSab −

fi
d/ S,⋆
2
›ηSab = O(r−1)(Λ− Λ̃,Λ− Λ̃, ψ − ψ̃),

curlS ηS −flcurlSη̃S = O(r−1)(Λ− Λ̃,Λ− Λ̃, ψ − ψ̃).

Applying Lemmas 2.11, 2.13 and 2.22, we deduce that

(bS − bS)− (‹bS − ‹bS) = O(1)(B − ‹B,B − ‹B,Λ− Λ̃,Λ− Λ̃, ψ − ψ̃).

Thus, H2 is O(1)–Lipschitz on (B,B,Λ,Λ, ψ) but independent on D. Moreover,

H1 =
2m(0)(r

S − r)

rrS
= r−2O(

◦
δ),

H2 = bS − bS = qbS −qbS = O(
◦
ε),

H3 = rΓb = O(
◦
ε).

On the other hand, we have

(bS +Ω)
∣∣
γ(s)

= D(s)− 1−
2m(0)

rS
+
Ä
bS
∣∣
γ(s)

− bS
ä
+ qΩ|γ(s) −Υ|γ(s)

= D(s)− 2 +H2(s) +H4(s),

where

H4(Λ,Λ, ψ)(s) :=

Å
2m

r
−

2m(0)

rS

ã ∣∣∣
γ(s)

+ qΩ|γ(s).

33Recall that we extended rS and uS to R in Definition 4.11. Thus, zS and ΩS are well defined in R by (4.65)
and hence bS is also well defined in R by bS = −zS − ΩS.
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By Assumption A2, (3.8), (3.10) and (3.11), we have

H4(s) = O(
◦
δ) + rΓb = O(

◦
ε).

Remark that H4(s) is O(1)–Lipschitz on (Λ,Λ, ψ).
Then, we infer

ψ′(s) =
bS + z +Ω

bS +Ω

∣∣∣∣
γ(s)

+
◦
λ

Å
1 +

2m

r

ã
+Good

=
D(s) +H1(s) +H2(s) +H3(s) + Good

D(s)− 2 +H2(s) +H4(s)
+

◦
λ

Å
1 +

2m

r

ã
+Good

= (D(s) +H1(s) +H2(s) +H3(s) + Good)

Å
−1

2
+O(D(s), H2(s), H4(s))

ã
+

◦
λ

Å
1 +

2m

r

ã
+Good

= −1

2
D(s)− 1

2
(H1(s) +H2(s) +H3(s)) +O(H(s)2) +

◦
λ

Å
1 +

2m

r

ã
+ O(D(s)H(s)) +O(D(s)2) + Good,

where

H(s) := (H1(s), H2(s), H3(s), H4(s))

is O(1)–Lipschitz on (B,B,Λ,Λ, ψ). Thus, we can write

ψ′(s) = −1

2
D(s) +H(B,B,Λ,Λ, ψ)(s) +M(B,B,D,Λ,Λ, ψ)(s),

where

H(B,B,Λ,Λ, ψ)(s) = −1

2
(H1(s) +H2(s) +H3(s)) +O(H(s)2) +

◦
λ

Å
1 +

2m

r

ã
,

M(B,B,D,Λ,Λ, ψ)(s) = O(D(s)H(s)) +O(D(s)2) + Good,

verify the properties stated in Proposition 4.30. This concludes the proof of Proposition 4.30.

4.5 Proof of Theorem 4.1

Step 1. From Proposition 4.30, we have the following closed system of equations in (Λ,Λ, ψ):

1

−1 + ψ′(s)
Λ′(s) =B(s) +G(Λ,Λ, ψ)(s) +N(B,B,D,Λ,Λ, ψ)(s),

1

−1 + ψ′(s)
Λ′(s) =B(s) +G(Λ,Λ, ψ)(s) +N(B,B,D,Λ,Λ, ψ)(s),

ψ′(s) =− 1

2
D(s) +H(B,B,Λ,Λ, ψ)(s) +M(B,B,D,Λ,Λ, ψ)(s),

(4.151)

with initial conditions

ψ(
◦
s) = 0, Λ(

◦
s) = Λ0, Λ(

◦
s) = Λ0, (4.152)

see Proposition 4.30 for the properties of G,G,H,N,N,M .

The system (4.151) is verified for all hypersurface Σ as in Definition 4.11, and hence for any
choice of (Λ,Λ, ψ). We now make a suitable choice to obtain the GCM hypersurface Σ0.
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Consider in particular the system obtained from (4.151) by setting B,B,D to zero, i.e.

1

−1 + ψ̆′(s)
Λ̆′(s) =G(Λ̆, Λ̆, ψ̆)(s) + N̆(Λ̆, Λ̆, ψ̆)(s),

1

−1 + ψ̆′(s)
Λ̆
′
(s) =G(Λ̆, Λ̆, ψ̆)(s) + N̆(Λ̆, Λ̆, ψ̆)(s),

ψ̆′(s) =H(0, 0, Λ̆, Λ̆, ψ̆)(s) + M̆(Λ̆, Λ̆, ψ̆)(s),

(4.153)

where

N̆(Λ̆, Λ̆, ψ̆)(s) := N(0, 0, 0, Λ̆, Λ̆, ψ̆)(s),

N̆(Λ̆, Λ̆, ψ̆)(s) := N(0, 0, 0, Λ̆, Λ̆, ψ̆)(s),

M̆(Λ̆, Λ̆, ψ̆)(s) := M(0, 0, 0, Λ̆, Λ̆, ψ̆)(s).

We initialize the system at s =
◦
s as in (4.152), i.e.

ψ̆(
◦
s) = 0, Λ̆(

◦
s) = Λ0, Λ̆(

◦
s) = Λ0.

Proposition 4.30 implies that G,G,H, N̆ , N̆ , M̆ are O(1)–Lipschitz functions of (Λ̆, Λ̆, ψ̆). Apply-
ing Cauchy-Lipschitz theorem, we deduce that the system admit a unique solution (Λ̆(s), Λ̆(s), ψ̆(s))

defined in a small neighborhood
◦
I of

◦
s, which satisfies

|(Λ̆(s), Λ̆(s), ψ̆(s))| ≲
◦
δ.

The desired hypersurface Σ0 is given from this solution (Λ̆(s), Λ̆(s), ψ̆(s)) by:

Σ0 :=
⋃
s∈

◦
I

S[Ψ̆(s), s, Λ̆(s), Λ̆(s)].

Step 2. Next, we show that the functions B,B,D vanish on the hypersurface Σ0 defined above.
Since the system (4.151) is verified for all functions and triplets (Λ,Λ, ψ) and in particular by
(Λ̆, Λ̆, ψ̆), and since (Λ̆, Λ̆, ψ̆) satisfies (4.153), we deduce, taking the difference of (4.151) and
(4.153),

−1

2
D̆(s) +H(B̆, B̆, P̆ )(s) +M(B̆, B̆, D̆, P̆ )(s) = H(0, 0, P̆ )(s) +M(0, 0, 0, P̆ )(s),

B̆(s) +N(B̆, B̆, D̆, P̆ )(s) = N(0, 0, 0, P̆ )(s),

B̆(s) +N(B̆, B̆, D̆, P̆ )(s) = N(0, 0, 0, P̆ )(s),

(4.154)

where

P̆ := (Λ̆, Λ̆, ψ̆).

The first equation and the properties of M and H stated in Proposition 4.30 imply that

|D̆(s)| ≲ |H(B̆, B̆, P̆ )(s)−H(0, 0, P̆ )(s)|+ |M(B̆, B̆, D̆, P̆ )(s)−M(0, 0, 0, P̆ )(s)|

≲ sup
◦
I

|B̆(s)|+ sup
◦
I

|B̆(s)|+ ◦
ε

1
2 sup

◦
I

|D̆(s)|.

Taking the supreme over
◦
I, for

◦
ε small enough, we obtain

sup
◦
I

|D̆(s)| ≲ sup
◦
I

|B̆(s)|+ sup
◦
I

|B̆(s)|. (4.155)
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The properties of N,N imply, together with (4.155), that

|N(B̆, B̆, D̆, P̆ )(s)−N(0, 0, 0, P̆ )(s)| ≲
◦
ε

1
2

Ñ
sup

◦
I

|B̆(s)|+ sup
◦
I

|B̆(s)|

é
,

|N(B̆, B̆, D̆, P̆ )(s)−N(0, 0, 0, P̆ )(s)| ≲
◦
ε

1
2

Ñ
sup

◦
I

|B̆(s)|+ sup
◦
I

|B̆(s)|

é
.

Hence, the second and third equations of (4.154) imply that

sup
◦
I

|B̆(s)|+ sup
◦
I

|B̆(s)| ≲ ◦
ε

1
2

Ñ
sup

◦
I

|B̆(s)|+ sup
◦
I

|B̆(s)|

é
,

and thus, for
◦
ε small enough,

B̆ = 0, B̆ = 0, on Σ0. (4.156)

Finally, (4.155) and (4.156) imply that

D̆ = 0, on Σ0. (4.157)

In view of the definition of B, B and D, this implies that the desired identities (4.12) and (4.16)
hold on Σ0.

Step 3. Σ0 satisfies the statements 1,2,4,5 of Theorem 4.1 by Proposition 4.13. Also, it satisfies
the statements 3,6 of Theorem 4.1 by Step 2. Thus, it only remains to derive the estimates in
the statement 7 which we recall below for convenience:

∥(f, f ,
◦
λ )∥hsmax+1(S) + ∥d(f, f ,

◦
λ )∥hsmax (S)

≲
◦
δ, (4.158)

To this end, we first apply Proposition 4.22 to obtain

∥F∥hsmax+1(S) + ∥∇S
νF∥hsmax (S)

≲
◦
δ, (4.159)

where we used (4.156) and (4.157). Next, we recall the following null transformation formulae
(4.73)

λ−2ξS = ξ +
1

2
∇S
λ−1eS4

f + r−1O(F ) + l.o.t.,

ζS = ζ −∇S(log λ) + r−1O(F ) + l.o.t.,

ηS = η +
1

2
∇S
λ−1eS4

f + r−1O(F ) + l.o.t.,

λ−1ωS = ω − 1

2
λ−1eS4 (log λ) + r−1O(F ) + l.o.t.,

where l.o.t. denotes terms decay better. Combining with (4.14), we deduce

∥∇S
eS4
(F )∥hsmax (S)

≲ r−1∥F∥hsmax+1(S) ≲ r−1
◦
δ. (4.160)

Then, we have from (4.159) and (4.160)

∥∇S
eS3
(F )∥hsmax (S)

≲ ∥∇S
νS(F )∥hsmax (S)

+ ∥bS∇S
eS4
(F )∥hsmax (S)

≲
◦
δ. (4.161)

Combining (4.159), (4.160) and (4.161), we obtain (4.158) as stated. This concludes the proof
of Theorem 4.1.
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4.6 Proof of Corollary 4.2

Step 1. Consider first the simpler case where

∥(f, f ,
◦
λ )∥hsmax+1(S0) ≲

◦
δ,

so that the estimates (4.87) holds true for S0. We then proceed exactly as Proposition 4.22

to derive the estimates for ∇S0
ν (f, f ,

◦
λ ) for our distinguished sphere S0. Note that S0 can be

viewed as a deformation of the unique background sphere sharing the same south pole. In the
sequel, we denote

S := S0, ν := νS = νS0 .

The proof of the estimates for (∇S
ν )
l(f, f ,

◦
λ ) in the cases l ≥ 2 is similar so we only provide a

sketch:

1. Elliptic estimates.
We commute the GCM system (4.84) by (∇S

ν )
l(F ) and obtain the analog of (4.88) for

(∇S
ν )
lF . All the commutators can be estimated by Lemma 2.4 as before, remark that

∇S
ν

Ä
[∇S

ν ,div
S]f
ä

= ∇S
ν

Å
2

rS
divSf + ΓS

b · ∇S
ν (f)

ã
+ l.o.t.

= ν

Å
2

rS

ã
(divSf) +

2

rS
∇S
ν (div

Sf)

+ ∇S
ν (Γ

S
b ) · ∇S

ν (f) + ΓS
b · (∇S

ν )
2(f) + l.o.t.

Thus, in the cases l ≥ 2, we obtain the new terms (∇S
ν )

≤l−1(ηS, ξS, ωS) from the commu-
tators. Notice also that

ν2
Å

2

rS

◦
λ

ã
=

2

rS
ν2(

◦
λ ) + 2ν

Å
2

rS

ã
ν(

◦
λ ) + ν2

Å
2

rS

ã ◦
λ

=
2

rS
ν2(

◦
λ ) + r−2ν(F )− 2ν

Ç
bS +ΩS

(rS)2

å
◦
λ

=
2

rS
ν2(

◦
λ ) + r−2ν(F ) + r−2ν(bS +ΩS)F + r−3F.

Recalling (4.70), in the cases l ≥ 2, we have the new terms (∇S
ν )

≤l−1(bS, zS,ΩS) in the
R.H.S. of the analog of (4.88) for (∇S

ν )
l(F ). Applying Proposition 3.4, we infer∥∥∥∥∥(∇S

ν )
l(f, f), νl(

◦
λ )− νl(

◦
λ )

S
∥∥∥∥∥
hK−l(S)

≲
◦
δ +

∣∣∣ÄdivS(∇S
ν )
lf
ä
ℓ=1

∣∣∣+ ∣∣∣ÄdivS(∇S
ν )
lf
ä
ℓ=1

∣∣∣
+

◦
δr−1

l∑
j=1

∥νj−1(bS, zS,ΩS)∥hK−j+1(S) +
◦
δ

l∑
j=1

∥νj−1(ηS, ξS, ωS)∥hK−j+1(S)

+

l∑
j=1

∥(∇S
ν )
j−1(F )∥hK−j+1(S) + r−1

l∑
j=1

∥(∇S
ν )
j−1(

◦
b )∥hK−j+1(S)

+ (
◦
ε+ r−1)

Å
∥(∇S

ν )
l(F )∥hK−l(S) + r−1∥νl(

◦
b )∥hK−l(S)

ã
,

(4.162)
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and

r

∣∣∣∣∣νl(◦λ )S
∣∣∣∣∣ ≲ ◦

δ +
∣∣∣ÄdivS(∇S

ν )
lf
ä
ℓ=1

∣∣∣+ ∣∣∣ÄdivS(∇S
ν )
lf
ä
ℓ=1

∣∣∣+ |b(l)0 |

+
◦
δr−1

l∑
j=1

∥νj−1(bS, zS,ΩS)∥hK−j+1(S) +
◦
δ

l∑
j=1

∥νj−1(ηS, ξS, ωS)∥hK−j+1(S)

+
l∑

j=1

∥(∇S
ν )
j−1(F )∥hK−j+1(S) + r−1

l∑
j=1

∥(∇S
ν )
j−1(

◦
b )∥hK−j+1(S)

+ (
◦
ε+ r−1)

Å
∥(∇S

ν )
l(F )∥hK−l(S) + r−1∥νl(

◦
b )∥hK−l(S)

ã
,

(4.163)

where

b
(l)
0 := νl(

◦
b )

S

.

Applying Lemma 2.10 for the equation of νl(
◦
b ), we obtain∥∥∥∥∥νl(◦b )− νl(

◦
b )

S
∥∥∥∥∥
hK−l(S)

≲ r
◦
δ + r∥(∇S

ν )
l(F )∥hK−l(S) + (

◦
ε+ r−1)∥νl(

◦
b )∥hK−l(S)

+
◦
δr−1

l∑
j=1

∥νj−1(bS, zS,ΩS)∥hK−j+1(S) +
◦
δ

l∑
j=1

∥νj−1(ηS, ξS, ωS)∥hK−j+1(S)

+
l∑

j=1

∥(∇S
ν )
j−1(F )∥hK−j+1(S) + r−1

l∑
j=1

∥(∇S
ν )
j−1(

◦
b )∥hK−j+1(S).

(4.164)

2. Estimates for the ℓ = 1 modes of (∇S
ν )
l(f, f).

Applying Lemmas 2.4, 4.17, 4.18 and B = 0, we infer, since ν is tangent to Σ0,

0 = ν(B(s)) = ν

Å∫
S
(divSηS)J (S,p)

ã
= zS

∫
S
(zS)−1

Ä
ν
Ä
(divSηS)J (S,p)

ä
+ (κS + bSκS)(divSηS)J (S,p)

ä
= zS

∫
S
(zS)−1

Ä
divS(∇S

ν η
S) + [∇S

ν ,div
S]ηS + (κS + bSκS)(divSηS)

ä
J (S,p).

(4.165)

Recall from (4.18) that we have

ν

Å∫
S
(div η)J (p)

ã
= O(

◦
δ).

Similarly, applying Lemmas 2.4, 2.22, 2.23, 4.17, 4.18 and

(bS − b, κS − κ, zS − z, ΩS − Ω, κS − κ) = O(
◦
δ),

which is proved in Proposition 4.22, combining with (4.165) and the fact that J (S,p) verifies
(4.23), we deduce∫
S

Ä
divS(∇S

ν (η
S − η)) + [∇S

ν , div
S](ηS − η) + (κS + bSκS)divS(ηS − η)

ä
J (S,p) = O(

◦
δ).
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Recalling from Lemma 4.18 that

∇S
ν (f) = ηS − η + r−1O(F ) + l.o.t.,

(∇S
ν )

2(f) = ∇S
ν (η

S − η) + r−1O(F )ν(bS) + r−1∇S
ν (F ) + l.o.t.,

we deduce

(κS + bSκS)(divS(ηS − η)) = (κS + bSκS)(divS∇S
ν (f)) + r−3O(

◦
δ) = r−3O(

◦
δ),

and from Lemma 2.4 that

[∇S
ν ,div

S](ηS − η) =
2

rS
divS(ηS − η) + ΓS

b · ∇S
ν (η

S − η) + l.o.t.

= r−3O(
◦
δ) +O(

◦
ε)r−1(∇S

ν )
2(F ) + r−3O(

◦
δ)ν(bS).

Thus, we obtain∫
S

Ä
divS(∇S

ν (η
S − η)))

ä
J (S,p) = O(

◦
δ) + rO(

◦
ε)(∇S

ν )
2(F ) +O(

◦
δ)ν(bS).

Hence, we have∣∣∣∣∫
S
divS(∇S

ν )
2(f)J (S,p)

∣∣∣∣ ≲
◦
δ + r−1

◦
δ∥ν(bS, zS,ΩS)∥hK−1(S) + ∥(∇S

ν )F∥hK−1(S)

+
◦
ε∥(∇S

ν )
2(F )∥hK−2(S).

Similarly, we have∣∣∣∣∫
S
divS(∇S

ν )
2(f)J (S,p)

∣∣∣∣ ≲
◦
δ + r−1

◦
δ∥ν(bS, zS,ΩS)∥hK−1(S) + ∥(∇S

ν )(F )∥hK−1(S)

+
◦
ε∥(∇S

ν )
2(F )∥hK−2(S).

These are the desired estimates for l = 2. The cases of l ≥ 3 are similar. Hence, we have
for l ≥ 2∣∣∣ÄdivS(∇S

ν )
l(f)
ä
ℓ=1

∣∣∣+ ∣∣∣ÄdivS(∇S
ν )
l(f)
ä
ℓ=1

∣∣∣
≲

◦
δ + r−1

◦
δ

l∑
j=1

∥νj−1(bS, zS,ΩS)∥hK−j+1(S) +
l∑

j=1

∥(∇S
ν )
j−1(F )∥hK−j+1(S)

+
◦
ε∥(∇S

ν )
l(F )∥hK−l(S).

(4.166)

3. Boundedness of ν≤l−1(bS, zS,ΩS) and (∇S
ν )

≤l−1(ηS, ξS, ωS).

Recall that the ℓ = 1 modes of ∇S
ν (η

S, ξS) are estimated in the previous step. Then, we
commute the equations in the proof of Lemmas 4.27 and 4.28 with ν to deduce∥∥∇S

ν (η
S),∇S

ν (ξ
S),∇S

ν (ω
S)
∥∥
hK−1(S)

≲
◦
ε+ r−1

◦
δ

2∑
j=1

∥νj−1(bS, zS,ΩS)∥hK−j+1(S) +

2∑
j=1

∥(∇S
ν )
j(F )∥hK−j(S).

(4.167)

We commute equations (4.69) and (4.70) with ν to obtain∥∥∥ν(bS)− ν(bS), ν(zS)− ν(zS), ν(ΩS)− ν(ΩS)
∥∥∥
hK−1(S)

≲ r
∥∥∇S

ν (η
S),∇S

ν (ξ
S)
∥∥
hK−1(S)

≲
◦
εr +

◦
δ

2∑
j=1

∥νj−1(bS, zS,ΩS)∥hK−j+1(S) + r
2∑
j=1

∥(∇S
ν )
j(F )∥hK−j(S).

(4.168)
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To estimate ν(bS), we apply Lemma 4.17 and D = 0 to deduce

ν(bS) = −ν
Ç
2mS

rS

å
= − 1

16π
ν

Å∫
S
κSκS

ã
= O(1).

On the other hand

ν(bS) =
1

|S|ν
Å∫

S
bS
ã
− ν(|S|)

|S| bS

=
1

|S|z
S

∫
S
(zS)−1

Ä
ν(bS) + (κS + bSκS)bS

ä
+O(1)

=
1

|S|z
S

∫
S
(zS)−1

Ä
ν(bS)

ä
+O(1).

Combining these three estimates, we obtain

ν(bS) = O(1). (4.169)

To prove the boundedness of ν(zS), we start from

−zS = ΩS + bS = ν(rS) =
rS

2
zS(zS)−1(κS + bSκS),

which implies ∫
S
(zS)−1(κS + bSκS) = −8πrS.

Hence, we have

ν

Å∫
S
(zS)−1(κS + bSκS)

ã
= −8πν(rS) = O(1). (4.170)

Then, applying Lemma 4.17 and (4.169), we can deduce

|ν((zS)−1)| ≲ 1 +
2∑
j=1

∥(∇S
ν )
j(F )∥hK−j(S),

details are left to the reader. Then (4.168) and (4.70) imply that, for
◦
δ small enough

r−1
∥∥∥ν ÄbS, zS,ΩS

ä∥∥∥
hK−1(S)

≲ 1 +
2∑
j=1

∥(∇S
ν )
j(F )∥hK−j(S). (4.171)

Similarly, we can prove that∥∥∥(∇S
ν )
l−1(ηS, ξS, ωS)

∥∥∥
hK−l(S)

+ r−1
∥∥∥νl−1(bS, zS,ΩS)

∥∥∥
hK−l(S)

≲ 1 +

l∑
j=1

∥(∇S
ν )
j(F )∥hK−j(S).

(4.172)

Notice that (4.162), (4.166) and (4.172) imply∥∥∥∥∥(∇S
ν )
l(f, f), νl(

◦
λ )− νl(

◦
λ )

S
∥∥∥∥∥
hK−l(S)

≲
◦
δ +

l∑
j=1

∥(∇S
ν )
j−1(F )∥hK−j+1(S) + r−1

l∑
j=1

∥(∇S
ν )
j−1(

◦
b )∥hK−j+1(S)

+ (
◦
ε+ r−1)

Å
∥(∇S

ν )
l(F )∥hK−l(S) + r−1∥νl(

◦
b )∥hK−l(S)

ã
.

(4.173)
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4. Estimate for b
(l)
0 .

We need to prove that

b
(l)
0 := νl(

◦
b )

S

= νl(r − rS) = O(
◦
δ). (4.174)

Similar to (4.97), we can deduce

νl(r − rS) = −2νl−1
Ä
zz−1 − zS(zS)−1

ä
+O(

◦
ε)νl−1(z − zS)

+O(El) +O
Ä
(∇S

ν )
≤l−1(F )

ä
+O(ν≤l−1(r − rS)),

where El is defined in (4.94). Similar to (4.98), we can obtain

νl−1(z − zS) = O(
◦
ε)νl−1(z − zS) +O(El).

Thus, we have
νl−1(z − zS) = O(El).

By iteration, we conclude (4.174). The details of the proof is tedious but straightforward
and is similar to the case of l = 1. We leave to the reader. Notice that (4.163), (4.166),
(4.172) and (4.174) imply∥∥∥∥∥νl(◦λ )S

∥∥∥∥∥
hK−l(S)

≲
◦
δ +

l∑
j=1

∥(∇S
ν )
j−1(F )∥hK−j+1(S) + r−1

l∑
j=1

∥(∇S
ν )
j−1(

◦
b )∥hK−j+1(S)

+ (
◦
ε+ r−1)

Å
∥(∇S

ν )
l(F )∥hK−l(S) + r−1∥νl(

◦
b )∥hK−l(S)

ã
.

(4.175)

5. Conclusion.
Combining all the above estimates, we obtain for

◦
ε small enough and

◦
r large enough,

∥(∇S
ν )
lF∥hK−l(S) + r−1∥νl(

◦
b )∥hK−l(S) ≲

◦
δ +

l−1∑
j=0

∥(∇S
ν )
jF∥hK−j(S) + r−1

l−1∑
j=0

∥νj(
◦
b )∥hK−j(S),

which, together with (4.87), yields by iteration the desired estimates for all tangential
derivatives

∥(∇S
ν )
lF∥hK−l(S) ≲

◦
δ, ∀ l ≤ K. (4.176)

Notice that (4.176) implies for 1 ≤ l ≤ K∥∥∥(∇S
ν )
l−1(ηS, ξS, ωS)

∥∥∥
hK−l(S)

+ r−1
∥∥∥νl−1(bS, zS,ΩS)

∥∥∥
hK−l(S)

= O(1). (4.177)

Next, remark that the estimates for (∇S
4 )
l(F ) follows directly from the transversality

conditions (4.14) and the null transformation formulas (4.73). Then, the estimates for
(∇S

3 )
l(F ) follows directly from ν = eS3 + bSeS4 and the estimates for ν≤l(bS).

This concludes the proof of the statement 1 of Corollary 4.2.

Step 2. It remains to prove Corollary 4.2 in the more difficult case where

∥f∥hsmax+1(S0) + (rS0)−1∥(f,
◦
λ )∥hsmax+1(S0) ≲

◦
δ. (4.178)
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In view of the control (4.178) for (f, f ,
◦
λ ), we may apply Lemma 7.3 in [34], which yields∣∣∣∣∣rS0

◦
r

− 1

∣∣∣∣∣+ sup
S0

∣∣∣∣∣rS0

r
− 1

∣∣∣∣∣ ≲
◦
δ

so that r and rS0 are comparable, and hence

∥f∥hsmax+1(S0) + r−1∥(f,
◦
λ )∥hsmax+1(S0) ≲

◦
δ. (4.179)

Next, we introduce as in Proposition 4.22 the notations K = smax + 1 and ν := νS0 . Note that
S0 can be viewed as a deformation of the unique background sphere sharing the same south pole.
We proceed exactly as Step 1 to derive the desired estimates for our distinguished sphere S := S0.

In the following, we revisit all the terms estimated in Step 1, and explain that we can obtain
the same estimates for (∇S

ν )
l(F ) when l ≥ 1 under the weaker assumption (4.179).

1. Commutators.
Applying Lemma 2.4, we have

[∇S
ν ,∇S]F =

2

r
∇S(F ) + ΓS

b∇S
ν (F ) + r−1ΓS

b · d≤1(F ),

which implies34

∥[∇S
ν ,∇S]F∥hl(S) ≲

1

r2
∥F∥hl+1(S) +

◦
ε

r
∥∇S

ν (F )∥hl(S).

Similarly, by Lemma 2.4, we have

∥[∇S
ν ,∆

S]F∥hl(S) ≲
1

r3
∥F∥hl+2(S) +

◦
ε

r2
∥∇S

ν (F )∥hl(S).

Observe that the terms of F on the R.H.S. gain a power of r−1 when compared to the

terms of ∇S
ν (F ), which is consistent with the anomalous behavior of (f,

◦
λ )35.

2. Coefficients (Ċ0, Ċ
(p)

).
Recalling (4.89), we have

(Ċ0, Ċ
(p)

) = r−1O(
◦
δ),

according to the anomalous behavior of (f,
◦
λ ). We have

ν

(
1

2rS

(
Ċ0 +

∑
p

Ċ
(p)
J (S,p)

))

= O

Å
1

r2

ã(
Ċ0 +

∑
p

Ċ
(p)
J (S,p)

)
+

1

2rS

(
ν(Ċ0) +

∑
p

ν(Ċ
(p)

)J (S,p)

)
.

Remark that the first term on the R.H.S. has order r−3O(
◦
δ), which is consistent with the

estimates (4.85). Thus, we can obtain the same estimates as Step 1.36

34Recall that ∇S
4 (F ) can be easily estimated by (4.73).

35In (4.21), the decay of (f,
◦
λ ) lose a power of r−1 when compared to the decay of f , it is called anomalous

behavior of (f,
◦
λ )

36The second term on the R.H.S. appears on the L.H.S when applying Proposition 3.4.
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3. Error terms in (h1, h1, h2, h2, h3, h4).
We recall Definition 2.24:

rErr1 = F · (rΓb) + F · (r∇S)≤1F,

r2Err2 = (r∇S)≤1(rErr1) + F · rdΓb.

According to the anomalous behavior of (f,
◦
λ ), we lose one power of r−1 in F · (rΓb). But

if we inspect all the error terms in (2.57) carefully (see Lemma 4.3 and Corollary 4.6 in
[34] for their expressions), we can write that

Err1 = f · Γb + (f,
◦
λ ) · Γg + r−1F · F + F · ∇SF,

Err2 = (r∇S)≤1(rErr1) + f · rdΓg + (f,
◦
λ ) · rdΓb.

According to Assumption A1 and (4.179), we have

ν(Err1) = ν(F ) · Γb + r−2O(f,
◦
λ ) + r−1O(f) + r−1 d/≤1(F · ν(F )) + r−2F · F.

Thus, we gain a power of r−1 for (f,
◦
λ ) when comparing to the other terms. The estimate

for ν(Err2) is similar.

4. Nonlinear terms in (h1, h1, h2, h2, h3, h4).
The nonlinear terms include (see Remark 4.10 in [34]):

2

rS

◦
λ ,

2

(rS)2

◦
λ ,

Å
κ− 2

rS

ã ◦
λ ,

Å
κ+

2

rS

ã ◦
λ ,

Å
V − 2

(rS)2

ã ◦
λ , (4.180)

and

2(r − rS)2

r(rS)2
, C̈0 +

∑
p

C̈
(p)
J (S,p), M̈0 +

∑
p

M̈ (p)J (S,p), (4.181)

where

V := −
Å
1

2
κκ+ κω + κω

ã
.

We also have

ν

Å
2

rS

◦
λ

ã
= −2ν(rS)

(rS)2

◦
λ +

2

rS
ν(

◦
λ ) = O

Å
1

r2

ã ◦
λ +O

Å
1

r

ã
ν(

◦
λ ).

Remark that the first term on the R.H.S. gains a power of r−1. The estimates for the
other terms in (4.180) are similar. The first term in (4.181) can be estimated as before.
The other two terms in (4.181) can be estimated by Corollary 5.20 in [34], Recalling that

their estimates gain a power of r−1 for f and are independent on
◦
λ .

5. The remaining terms in (h1, h1, h2, h2, h3, h4).
According to Remark 4.11 in [34], the remaining terms in (h1, h1, h2, h2, h3, h4) either de-
pend on (κ̇, κ̇, µ̇) or contain an additional power of r−1 compared to the other terms. The
latter can be ignored since we obtain the desired estimate despite the anomalous behavior

of (f,
◦
λ ).

Notice that νl(κ̇, κ̇, µ̇) can be estimated by Lemma 4.20 as before, Recalling that its proof

gains a power of r−1 for
◦
δ, which is consistent with the anomalous behavior of (f,

◦
λ ).
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6. Estimate for |b0|.
To estimate b0, we proceed exactly as Proposition 4.22, just Recalling that (4.95) also

holds under the weaker assumption for (f,
◦
λ ).

In summary, we can obtain, as in Step 1, the following estimate

K∑
j=1

∥(∇S
ν )
j(F )∥hK−j(S0) ≲

◦
δ. (4.182)

To complete the proof of statement 2, we use the transversality conditions (4.14) and the null
transformation formulas (4.73) to deduce the estimates of ∇S

4 (F ), and then recover the estimates
of ∇S

3 (F ) from ν = eS3 + bSeS4 . This concludes the proof of Corollary 4.2.

A Proof of Lemma 4.6

We denote

X0 := Ψ′(s)∂u + ∂s.

Notice that X0 is tangent to Σ# and recall that ν# is the unique tangent vectorfield to Σ#,
normal to S such that g(ν#, e4) = −2. Together with (2.35), we deduce

X0 = Ψ′(s)∂u + ∂s = Ψ′(s)
Å
1

z
e3 −

Ω

z
e4 −

2

z
Ba∂ya

ã
+ e4

=
Ψ′(s)
z

e3 +

Å
1− ΩΨ′(s)

z

ã
e4 −

2Ψ′(s)
z

Ba∂ya

=
Ψ′(s)
z

ν# − 2Ψ′(s)
z

Ba∂ya ,

(A.1)

where

ν# = e3 + b#e4, b# =
z

Ψ′(s)

Å
1− ΩΨ′(s)

z

ã
. (A.2)

Notice that ΦJ̃#(X0, ∂y1 , ∂y2) forms a basis of the tangent space of Σ
J̃
. We have

ΦJ̃#(X0) =
(
Ψ′(s) +X0

(
U J̃
))
∂u +

(
1 +X0

(
SJ̃
))
∂s,

ΦJ̃#(∂ya) = ∂ya
(
U J̃
)
∂u + ∂ya

(
SJ̃
)
∂s + ∂ya .

By Lemma 2.13 and (2.35), we can express νJ̃ as follows:

ν J̃ = eJ̃3 + bJ̃eJ̃4

= e3 + bJ̃e4 +O(F J̃)(e1, e2, e3, e4)

= z∂u +Ω∂s + 2Ba∂ya + bJ̃∂s +O(F J̃)(e1, e2, e3, e4)

= A
J̃
ΦJ̃#(X0) +Ba

J̃
ΦJ̃#(∂ya),

for suitable A
J̃
and Ba

J̃
. In order to compute A

J̃
and Ba

J̃
, we write

A
J̃
ΦJ̃#(X0) +Ba

J̃
ΦJ̃#(∂ya) =

(
A
J̃
Ψ′(s) +A

J̃
X0(U

J̃) +Ba
J̃
∂ya(U

J̃)
)
∂u

+
(
A
J̃
+A

J̃
X0(S

J̃) +Ba
J̃
∂ya(S

J̃)
)
∂s +Ba

J̃
∂ya .
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Comparing the coefficients of ∂u and ∂ya with the above expression of ν J̃ , we obtain

A
J̃

=
z

Ψ′(s)
+A0(U

J̃ , F J̃),

Ba
J̃

= 2Ba +B0(F
J̃),

where

A0(U,F ) = O ( d/(U), X0(U), F ) , B0(F ) = O(F ). (A.3)

Thus, we have

ν J̃# = A#

J̃
X0 + (Ba

J̃
)#∂ya , (A.4)

where

A#

J̃
=
z ◦ ΦJ̃
Ψ′(s)

+A0 ◦ ΦJ̃ , (Ba
J̃
)# = 2Ba ◦ ΦJ̃ +B0 ◦ ΦJ̃ . (A.5)

In view of (A.1), (A.4) and (A.5), we infer

ν J̃# =

(
z ◦ ΦJ̃
Ψ′(s)

+A0 ◦ ΦJ̃
)
X0 +

(
2Ba ◦ ΦJ̃ +B0 ◦ ΦJ̃

)
∂ya

=

(
z ◦ ΦJ̃
Ψ′(s)

+A0 ◦ ΦJ̃
)Å

Ψ′(s)
z

ν# − 2Ψ′(s)
z

Ba∂ya

ã
+
(
2Ba ◦ ΦJ̃ +B0 ◦ ΦJ̃

)
∂ya

=

(
z ◦ ΦJ̃
z

+
Ψ′(s)
z

A0 ◦ ΦJ̃
)
ν# +

(
2Ba

(
z − z ◦ ΦJ̃

z

)
+ 2(Ba ◦ ΦJ̃ −Ba) +D0

)
∂ya ,

where

D0 = −2Ψ′(s)
z

Ba(A0 ◦ ΦJ̃) + (B0 ◦ ΦJ̃). (A.6)

Thus, we obtain

A =
z ◦ ΦJ̃ − z

z
+

Ψ′(s)
z

A0 ◦ ΦJ̃ ,

Ba = 2Ba

(
z − z ◦ ΦJ̃

z

)
+ 2(Ba ◦ ΦJ̃ −Ba) +D0.

(A.7)

Applying Taylor formula, recalling qz ∈ rΓb, B ∈ r−1Γb, (A.3) and (A.6), we have

A(U J̃ , SJ̃ , F J̃ ,#) = O(d≤1
# (U J̃ , SJ̃), F J̃ ,#), B(U J̃ , SJ̃ , F J̃ ,#) =

◦
ε

r2
O(d≤1

# (U J̃ , SJ̃), F J̃ ,#).

This concludes the proof of Lemma 4.6.

B Proof of Lemma 4.7

Firstly, notice that (3.6), (3.9) and Lemma 2.22 imply

r−1∥(U J̃ , SJ̃)∥hsmax+1(S) + ∥(f J̃ ,#, f J̃ ,#,
◦
λ J̃ ,#)∥hsmax+1(S) ≲

◦
δ. (B.1)
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Recall that the GCM system (4.88) is defined on S := S[Ψ(s), s,Λ(s),Λ(s), J̃(s)]. We pull it

back by ΦJ̃ to obtain a GCM system for ∇S,#

νJ̃#
(f J̃ ,#, f J̃ ,#,

◦
λ J̃ ,#) on S := S(Ψ(s), s). Similar as

(4.90) and (4.100), we have, for
◦
ε small enough and

◦
r large enough

∥∇S,#

νJ̃#
(f J̃ ,#, f J̃ ,#)∥hs(S) ≲

◦
δ +

∣∣∣∣ÅdivS,#∇S,#

νJ̃#
f J̃ ,#
ã
ℓ=1

∣∣∣∣+ ∣∣∣∣ÅdivS,#∇S,#

νJ̃#
f J̃ ,#
ã
ℓ=1

∣∣∣∣ , (B.2)

where the ℓ = 1 modes are computed w.r.t. J̃ (p)(s). Recall from Lemma 4.33 that

|ν J̃(Λ(s))| ≲ |Λ′(s)| ≲
◦
δ.

Denoting

J̃ (S,p) :=
(
(ΦJ̃)−1

)#
(J̃ (p)),

we have from (4.27)∣∣∣ν J̃(J̃ (S,p))
∣∣∣ = ∣∣∣∣ΦJ̃#(ν J̃#)Å((ΦJ̃)−1

)#
J̃ (p)

ã∣∣∣∣ = |νJ̃#(J̃ (p))| ≤ 1, on Σ#. (B.3)

Applying Lemmas 2.4, 4.17 and (B.3), we infer

ν J̃(Λ(s)) = ν J̃
Å∫

S

(
divSf J̃

)
J̃ (S,p)

ã
= zS

∫
S
(zS)−1

[
ν J̃
((

divSf J̃
)
J̃ (S,p)

)
+ (κS + bSκS)

(
divSf J̃

)
J̃ (S,p)

]
= zS

∫
S
(zS)−1ν J̃

(
divSf J̃

)
J̃ (S,p) + zS

∫
S
(zS)−1

(
divSf J̃

)
νJ̃(J̃ (S,p)) + r−1O(

◦
δ)

= zS
∫
S
(zS)−1

(
divS∇S

νJ̃
f J̃
)
J̃ (S,p) + zS

∫
S
(zS)−1

(
[∇S

νJ̃
,divS]f J̃

)
J̃ (S,p) +O(

◦
δ)

= zS
∫
S
(zS)−1

(
divS∇S

νJ̃
f J̃
)
J̃ (S,p) +

◦
εrO

(
∇S
νJ̃
f J̃
)
+O(

◦
δ)

=

∫
S

(
divS∇S

νJ̃
f J̃
)
J̃ (S,p) +

◦
εrO

(
∇S
νJ̃
f J̃
)
+O(

◦
δ),

which implies ∣∣∣∣ÅdivS,#∇S,#

νJ̃#
f J̃ ,#
ã
ℓ=1

∣∣∣∣ =
∑
p

∣∣∣∣∫
S

(
divS∇S

νJ̃
f J̃
)
J̃ (S,p)

∣∣∣∣
≲ |νJ̃(Λ(s))|+

◦
δ +

◦
ε∥∇S

νJ̃
(f J̃)∥hs(S)

≲
◦
δ +

◦
ε∥∇S,#

νJ̃#
(f J̃ ,#)∥hs(S).

Similarly, we have ∣∣∣∣ÅdivS,#∇S,#

νJ̃#
f J̃ ,#
ã
ℓ=1

∣∣∣∣ ≲
◦
δ +

◦
ε∥∇S,#

νJ̃#
(f J̃ ,#)∥hs(S).

Thus, (B.2) implies that for
◦
ε small enough

∥∇S,#

νJ̃#
(f J̃ ,#, f J̃ ,#)∥hs(S) ≲

◦
δ. (B.4)
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Next, we recall that

∂yaU
J̃ =

(
U(f J̃ , f J̃ ,Γ)bY b

(a)

)#
, ∂yaS

J̃ =
(
S(f J̃ , f J̃ ,Γ)bY b

(a)

)#
, (B.5)

where

U(f, f ,Γ) = f +O(
◦
ε)(f, f), S(f, f ,Γ) = 1

2

(
−Υf + f

)
+O(

◦
ε)(f, f),

see Proposition 5.14 and Remark 5.15 in [34]. Commuting (B.5) with νJ̃# and using Lemma 2.4,
(B.1) and (B.4), we obtain

r−1∥ d/(ν J̃#(U J̃ , SJ̃))∥hs(S) ≲
◦
δ + ∥∇S,#

νJ̃#
(f J̃ ,#, f J̃ ,#)∥hs(S) ≲

◦
δ. (B.6)

We deduce

r−1∥ν J̃#(U J̃ , SJ̃)∥hs(S) ≲
◦
δ +

∣∣∣νJ̃#(U J̃ , SJ̃)∣∣γ(s)∣∣∣ , (B.7)

where γ(s) is the curve of South Poles of S(Ψ(s), s).

Next, we estimate ν J̃#(U
J̃ , SJ̃)

∣∣
γ(s)

. Recall that we have

U J̃(γ(s)) = 0, SJ̃(γ(s)) = 0.

Then, we have

νSP (U
J̃ , SJ̃)

∣∣
γ(s)

= 0,

where νSP is the tangent vector field along γ(s). Notice that νSP is parallel to X0 = Ψ′(s)∂u+∂s.
Combining with (A.1) and (B.1), we obtain

ν#(U
J̃ , SJ̃)

∣∣
γ(s)

= 2Ba∂ya(U
J̃ , SJ̃)

∣∣
γ(s)

= O(
◦
δ). (B.8)

Applying (4.26), (B.1) and (B.8), we infer

ν J̃#(U
J̃ , SJ̃)

∣∣
γ(s)

= O(
◦
δ). (B.9)

Thus, (B.7) and (B.9) yield

r−1∥ν J̃#(U J̃ , SJ̃)∥hs(S) ≲
◦
δ. (B.10)

To conclude, it remains to prove (B.10) with ν J̃# replaced by ν#. To this end, we consider the
connected open component ϖλ ⊂ S centered at γ(s), i.e.

ϖλ := {p ∈ S/ d(p, γ(s)) ≤ λ},

where d is the geodesic distance on S induced by g and λ > 0 is a constant. Define Ω ⊂ (0,+∞)
the set of λ such that the following holds:

r−1∥ν#(U J̃ , SJ̃)∥hs(ϖλ) ≤
◦
δ

1
2

. (B.11)
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Notice that (B.8) implies that (B.11) holds for ϖλ when λ small enough, thus Ω is non-empty.
Note also that Ω is closed. Recalling (B.1) and (B.11), we have for λ ∈ Ω

∥A(U J̃ , SJ̃ , F J̃ ,#)∥hs(ϖλ) ≲ r
◦
δ

1
2

, ∥B(U J̃ , SJ̃ , F J̃ ,#)∥hs(ϖλ) ≲
◦
ε
◦
δ

1
2

r−1.

Together with (4.26), (B.1) and (B.10), we have for
◦
δ small enough

∥ν#(U J̃ , SJ̃)∥hs(ϖλ) ≲ ∥ν J̃#(U J̃ , SJ̃)∥hs(ϖλ) + ∥∂ya(U J̃ , SJ̃)∥hs(ϖλ) ≲ r
◦
δ ≤ 1

2
r
◦
δ

1
2

. (B.12)

Thus, we have λ+ ε ∈ Ω for ε small enough. By definition of Ω, we obtain (0, λ+ ε) ⊂ Ω, which
implies that Ω is open in (0,+∞). Hence Ω is a open-closed non-empty subset of (0,+∞), which
implies Ω = (0,+∞). Since S is compact, there exists a λ ∈ Ω large enough such that ϖλ = S.
Finally, injecting ϖλ = S into (B.12), we obtain

r−1∥ν#(U J̃ , SJ̃)∥hs(S) ≲
◦
δ. (B.13)

This concludes the proof of Lemma 4.7.

C Proof of Lemma 4.8

Notice that (4.30) is a direct consequence of Corollary 6.11 in [34]. Also, the proof of (4.31) is
similar to (4.30) and Lemma 4.7, so we only provide a sketch.

We denote

δH# := H J̃ ,# −H Ĵ ,#, H ∈ {f, f ,
◦
λ ,

◦
b },

δh := hJ̃ − hĴ , h ∈
{
Ċ0, Ċ

(p)
, M0, M

(p), h1, h1, h2, h2, h3, h4

}
.

We recall the following GCM system, see (C.1)-(C.5) in [34],

curlS̃,# δf = δh1,

curlS̃,# δf = δh1,

divS̃,# δf +
2

rS
δ
◦
λ − 2

(rS)2
δ
◦
b = δh2,

divS̃,# δf +
2

rS
δ
◦
λ +

2

(rS)2
δ
◦
b = δh2,Å

∆S̃,# +
2

(rS)2

ã
δ
◦
λ = δM0 +

∑
p

δM (p)J (p) +
1

2rS

(
δC0 +

∑
p

δC(p)J (p)

)
δh3,

∆S̃,#δ
◦
b − 1

2
divS̃,#(δf − δf) = δh4,

(C.1)

and

(divS̃,# δf)ℓ=1 = δΛ, (divS̃,# δf)ℓ=1 = δΛ. (C.2)

See Appendix C in [34] for the structures of (δh1, δh1, δh2, δh2, δh3, δh4). We can deduce the
following analog of (4.85):

∥ν J̃#(δh1, δh1, δh2, δh2, δh4)∥hs(S) + r∥ν J̃#(δh3)∥hs(S) ≲
◦
εr−2∥(νJ̃#)≤1(J̃ − Ĵ)∥hs(S). (C.3)
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We commute the GCM system (C.1) with νJ̃# to obtain the following analog of (B.2):∥∥∥∥∇S̃,#

νJ̃#
(δf, δf)

∥∥∥∥
hs+1(S)

≲
◦
εr−1∥J̃ − Ĵ∥hs(S) +

◦
εr−1∥ν J̃#(J̃ − Ĵ)∥hs(S)

+

∣∣∣∣ÅdivS̃,#∇S,#

νJ̃#
(δf)

ã
ℓ=1

∣∣∣∣+ ∣∣∣∣ÅdivS̃,#∇S̃,#

νJ̃#
(δf)

ã
ℓ=1

∣∣∣∣ . (C.4)

Recalling (B.25) in [34] for a similar structure of (δΛ, δΛ), we can deduce that

|ν J̃#(δΛ, δΛ)| ≲
◦
δ

∥∥∥∥∇S̃,#

νJ̃#
(δf, δf)

∥∥∥∥
hs(S)

+
∥∥(δf, δf)∥∥

hs(S)

+ r−1(r−1 +
◦
ε)
∥∥∥νJ̃#(δU, δS)∥∥∥

hs(S)
+ r−1 ∥(δU, δS)∥hs(S) .

(C.5)

Then, we proceed as in (B.4) to obtain∣∣∣∣ÅdivS̃,#∇S,#

νJ̃#
(δf)

ã
ℓ=1

∣∣∣∣+ ∣∣∣∣ÅdivS̃,#∇S̃,#

νJ̃#
(δf)

ã
ℓ=1

∣∣∣∣
≲

◦
ε

∥∥∥∥∇S̃,#

νJ̃#
(δf, δf)

∥∥∥∥
hs(S)

+ ∥(δf, δf)∥hs(S) + r−1(r−1 +
◦
ε)
∥∥∥ν J̃#(δU, δS)∥∥∥

hs(S)
+ r−1 ∥(δU, δS)∥hs(S) .

Injecting it in (C.4) and applying (4.30), for
◦
ε small enough we obtain∥∥∥∥∇S̃,#

νJ̃#
(δf, δf)

∥∥∥∥
hs+1(S)

≲
◦
εr−1∥J̃ − Ĵ∥hs(S) +

◦
εr−1∥νJ̃#(J̃ − Ĵ)∥hs(S)

+ r−1(r−1 +
◦
ε)
∥∥∥ν J̃#(δU, δS)∥∥∥

hs(S)
.

(C.6)

Then, relying (B.5) and using (4.30), we easily obtain the following analog of (B.6),

r−1∥ d/(ν J̃#(δU, δS))∥hs(S) ≲
◦
εr−1∥J̃ − Ĵ∥hs(S) +

∥∥∥∥∇S̃,#

νJ̃#
(δf, δf)

∥∥∥∥
hs(S)

. (C.7)

Then, (C.6) and (C.7) imply, for
◦
r large enough and

◦
ε small enough

r−1∥ν J̃#(δU, δS)∥hs+1(S) +

∥∥∥∥∇S̃,#

νJ̃#
(δf, δf)

∥∥∥∥
hs+1(S)

≲
◦
εr−1∥J̃ − Ĵ∥hs(S) +

◦
εr−1∥νJ̃#(J̃ − Ĵ)∥hs(S) + r−1

∣∣∣νJ̃#(δU, δS)∣∣γ(s)∣∣∣ .
(C.8)

Recalling (B.5), proceeding as (B.8) and (B.9), we obtain the following estimate:

ν J̃#(δU, δS)
∣∣
γ(s)

= O(
◦
δ). (C.9)

Finally (C.8) and (C.9) yield (4.31). This concludes the proof of Lemma 4.8.

D Proof of Lemma 4.9

For any integer k, applying Lemma 2.15 we infer

ν#

Å∫
S
| d/kh|2

ã
= (e3 + b#e4)

Å∫
S
| d/kh|2

ã
= z

∫
S

Ä
z−1e3(| d/kh|2)− z−1Ωe4(| d/kh|2) + z−1κ| d/kh|2 − z−1Ωκ| d/kh|2

ä
+ Ω

∫
S

Ä
e4(| d/kh|2) + κ| d/kh|2

ä
+ b#

∫
S

Ä
e4(| d/kh|2) + κ| d/kh|2

ä
.
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Recalling from (A.2) that b# +Ω = z
Ψ′(s) , we obtain

ν#

Å∫
S
| d/kh|2

ã
= z

∫
S

Ä
z−1e3(| d/kh|2)− z−1Ωe4(| d/kh|2) + z−1κ| d/kh|2 − z−1Ωκ| d/kh|2

ä
+ z

∫
S
z−1(b# +Ω)

Ä
e4(| d/kh|2) + κ| d/kh|2

ä
= z

∫
S
z−1
Ä
ν#(| d/kh|2) + (κ+ b#κ)| d/kh|2

ä
= z

∫
S
z−1ν#(| d/kh|2) +O(r−1)∥h∥2hk(S).

Applying Lemmas 2.4, 4.6, 4.7, qz ∈ rΓb and the divergence theorem, we infer

z

∫
S
z−1ν#(| d/kh|2) = z

∫
S
z−1(1 +A)−1νJ̃#(| d/kh|2)− z

∫
S
z−1(1 +A)−1Ba∂ya(| d/kh|2)

= z

∫
S
z−1(1 +A)−1νJ̃#(| d/kh|2) + z

∫
S
div
(
z−1(1 +A)−1B

)
| d/kh|2

= z

∫
S
z−1(1 +A)−1νJ̃#(| d/kh|2) +O(

◦
δ)∥h∥2hk(S).

Combining the last two identities and applying Lemma 2.4, we infer∣∣∣∣ν# Å∫
S
| d/kh|2

ã∣∣∣∣ ≲
∫
S

∣∣∣ν J̃#(| d/kh|2)∣∣∣+ ∥h∥2hk(S) ≲
∥∥∥νJ̃#(h)∥∥∥

hk(S)
∥h∥hk(S) + ∥h∥2hk(S),

which implies ∣∣ν# (∥h∥hk(S))∣∣ ≲
∥∥∥ν J̃#(h)∥∥∥

hk(S)
+ ∥h∥hk(S).

Integrating it from S =
◦
S and recalling that |

◦
I| ≲ ◦

ε, we infer

∥h∥hk(S) − ∥h∥
hk(

◦
S)

≲
◦
ε sup

S

∥∥∥νJ̃#(h)∥∥∥
hk(S)

+
◦
ε sup

S
∥h∥hk(S).

Taking the supremum over S ⊂ Σ#, for
◦
ε small enough, we have

sup
S⊂Σ#

∥h∥hk(S) ≤ (1 +O(
◦
ε))∥h∥

hk(
◦
S)

+ sup
S⊂Σ#

∥∥∥νJ̃#(h)∥∥∥
hk(S)

.

This concludes the proof of Lemma 4.9.
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Résumé

Cette thèse est consacrée à l’étude de la stabilité de solutions particulières des équations d’Einstein
dans le vide: l’espace-temps de Minkowski et les trous noirs de Kerr. Plus précisément, cette
thèse contient quatre résultats principaux. Le premier résultat concerne la stabilité de l’espace-
temps de Minkowski à l’extérieur d’un cône de lumière sortant et contient une généralisation
du résultat de Klainerman-Nicolò. Le deuxième résultat montre la stabilité non linéaire globale
de l’espace de Minkowski sous une hypothèse de décroissance minimale sur les données initiales
géneralisant le résultat de Bieri. Le troisième résultat fournit une nouvelle preuve de la stabilité
de Kerr dans les régions extérieures, obtenue par Caciotta-Nicolò. Le point commun à ces trois
travaux est l’application de la méthode rp introduite par Dafermos-Rodnianski, comme alterna-
tive à la méthode des champs de vecteurs, pour obtenir le contrôle des termes de courbure. Le
dernier résultat fournit une construction d’hypersurfaces GCM, qui fait partie intégrante d’une
série de cinq travaux (les quatre autres sont dues à Klainerman-Szeftel et Giorgi-Klainerman-
Szeftel) établissant la stabilité de Kerr pour les petits moments angulaires.

Mots clés: Relativité Générale, stabilité de Minkowski, stabilité de Kerr, feuilletage double-
nul, feuilletage maximal-nul, méthode de rp, propriétés de peeling, sphères GCM, hypersurfaces
GCM.

Abstract

This thesis is devoted to study the stability of particular solutions to Einstein vacuum equations:
the Minkowski spacetime and Kerr black holes. More precisely, this thesis contains four main
results. The first result concerns the stability of Minkowski spacetime outside an outgoing null
cone and contains a generalization of the result of Klainerman-Nicolò. The second result shows
the global nonlinear stability of the Minkowski space under the assumption of minimal decay on
the initial data generalizing a result of Bieri. The third result provides a new proof of Kerr sta-
bility in external regions, obtained by Caciotta-Nicolò. The common feature of these three works
is the application of the rp–weighted estimate method introduced by Dafermos-Rodnianski, as
an alternative to the vectorfield method, to obtain control of the curvature terms. The last
result provides a construction of GCM hypersurfaces, which is a part of a sequence of five works
(the four others are due to Klainerman-Szeftel and Giorgi-Klainerman-Szeftel) establishing Kerr
stability for small angular momentum.

Keywords: General relativity, Minkowski stability, Kerr stability, double-null foliation, maximal-
null foliation, rp–weighted estimates, peeling properties, GCM spheres, GCM hypersurfaces.
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