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Résumé

Cette theése est consacrée a 1’étude de certains aspects de la théorie de Littlewood-
Paley-Stein et de celles des martingales dans différents contextes, notamment pour les
fonctions a valeurs vectorielles et non commutatives.

Elle se compose de trois parties. Dans la premiere, nous établissons une équivalence
ponctuelle entre la g-fonction carrée de Littlewood-Paley-Stein et la fonction carrée de
martingales. Nos arguments reposent sur la construction d’un semi-groupe de diffusion
symétrique spécifique associé a une filtration de martingales. Nous étendons également
cette équivalence aux cas vectoriel et non commutatif. En conséquence, nous déterminons
I’ordre d'une des meilleures constantes dans I'inégalité de Littlewood-Paley-Stein scalaire.

La deuxiéme partie se concentre sur le scénario a valeurs vectorielles. Nous montrons
I'équivalence entre la norme L? (1 < p < +00) entre la g-variante vectorielle de I'intégrale
de Lusin et celle de la g-fonction de Littlewood-Paley-Stein du semi-groupe dont le géné-
rateurs est un opérateur sectoriel satisfaisant a certaines conditions. Les outils principaux
sont les espaces de tente a valeurs vectorielles et la fonction carrée intrinseque introduite
par Wilson. En particulier, nous obtenons l'ordre optimal de la meilleure constante cor-
respondante de I'inégalité de Littlewood-Paley-Stein dans LP a valeurs vectorielles dans
un espace de Banach de type ¢ (1 < ¢ < 2) de martingale pour p tendant vers 1.

La derniere partie porte sur la décomposition bilinéaire de la multiplication ponctuelle
des éléments de I'espace de Hardy de martingales H! et de son espace dual BMO. Cette
décomposition bilinéaire continue est étendue a l'espace de Hardy de martingales HP
(0 < p < 1) et ason espace dual. Nos décompositions reposent sur les paraproduits de
martingale. En conséquence, nous obtenons des résultats analogues pour les martingales
dyadiques sur les espaces de type homogene grace a la construction d’un systeme dyadique.

Mots-clefs

Inégalités de Littlewood-Paley-Stein ; Ordre optimal des meilleurs constants ; Espaces
de Hardy et BMO ; Type et cotype de martingales ; Espaces de tente a valeurs vectorielles ;
Paraproduits de martingales ; Fonction carée intrinseque ; Espaces de Hardy de Musielak-
Orlicz ; Martingales.
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Abstract

This thesis is devoted to the study of certain aspects of Littlewood-Paley-Stein the-
ory and martingale theory in various contexts, particularly for vector-valued and non-
commutative functions.

It is composed of three parts. In the first part, we establish a pointwise equivalence
between the Littlewood-Paley-Stein g-function and the square function of martingales.
Our arguments are based on the construction of a specific symmetric diffusion semigroup
associated with a martingale filtration. We also extend this equivalence to the vector-
valued and noncommutative cases. Consequently, we determine the order of one of the
best constants in the scalar Littlewood-Paley-Stein inequality.

The second part focuses on the vector-valued scenario. We demonstrate the equiv-
alence between the LP norm (1 < p < 00) of the g-variant of vector-valued Lusin area
integral and that of the Littlewood-Paley-Stein g-function of the semigroup whose gener-
ator satisfies certain conditions. The main tools used are vector-valued tent spaces and
the intrinsic square function introduced by Wilson. In particular, we obtain the opti-
mal order of the corresponding best constant in the Littlewood-Paley-Stein inequality
in vector-valued LP spaces where the underlying Banach space is of martingale type ¢
(1 < ¢ <2) for p tending to 1.

The final part deals with the bilinear decomposition of pointwise multiplication of
elements in the martingale Hardy space H' and its dual space BMO. This continuous
bilinear decomposition is extended to the martingale Hardy space H? (0 < p < 1) and
its dual space. Our decompositions rely on martingale paraproducts. Consequently, we
obtain analogous results for dyadic martingales on spaces of homogeneous type through
the construction of a dyadic system.

Keywords

Littlewood-Paley-Stein inequalities; Optimal order of best constants; Hardy and BMO
spaces; Martingale paraproducts; Martingale type and cotype; Vector-valued tent spaces;
Intrinsic square function; Musielak-Orlicz Hardy space; Martingales.
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Chapter 0

Introduction

The Littlewood-Paley theory was initiated by Littlewood and Paley in the 1930s (cf.
[58, 59, 60]) and its extensions have given rise to important tools in the field of harmonic
analysis. They have been instrumental in the study of Fourier series, Fourier transforms,
and various other mathematical and analytical problems. The development of classical
Littlewood-Paley theory has inspired various other fields in harmonic analysis such as
singular integral theory introduced by Calderén and Zygmund and the investigations of
various H? spaces (cf. [27, 40, 89]). One remarkable extension of the classical Littlewood-
Paley theory was carried out by Stein who developed the theory considerably, widening its
applicability both in the classical setting involving R? and in abstract situations involving,
among other things, Lie groups, symmetric diffusion semigroups (or so-called symmetric
Markovian semigroups) and martingales (cf. [87]). The modern version of Littlewood-
Paley theory is nowadays widely called Littlewood-Paley-Stein theory.

Based on the beautiful work of Stein, Cowling [31] presented an elegant alternative
approach to Stein’s theory for symmetric submarkovian semigroups via bounded holo-
morphic functional calculus. The various counterparts of Littlewood-Paley-Stein theory
have been developed during the last thirty years. The noncommutative extension was
studied for maximal function inequalities in [55, 67] and for square function inequalities
in [53]. On the other hand, motivated by the Banach space geometry [82, 83], Xu estab-
lished the vector-valued Littlewood-Paley-Stein theory for Poisson semigroup on the unit
circle in [100], and later with his coauthors, extended this theory to symmetric Markovian
semigroups in [63, 101]. Afterwards, Betancor et al developed this theory in some special
cases which are not Markovian (cf. [9, 11, 10, 7]), such as Schrodinger, Hermite, Laguerre
semigroups etc (see also [1, 6, 8, 46, 48, 75, 90] for related results). In a recent remarkable
paper [102], Xu has investigated for the first time the vector-valued Littlewood-Paley-
Stein inequalities for semigroups of regular contractions {e*tL }t>0 on LP(Q) for a fized
1 < p < co. That is, for a Banach space X of martingale cotype ¢ (2 < ¢ < o0), he
showed that X is of Lusin cotype ¢ relative to {e*tﬁ}bo. More precisely, there exists a
constant C' > 0 such that

G vz (Dllp < Clifllrxy, Ve L(Q) @ X, (1)

where 1
o)) = ([ e, ) (2)

X 1

1



INTRODUCTION

More importantly, by deeply exploring holomorphic functional calculus, Fendler’s dilation,
Calderén-Zygmund theory and Wilson’s intrinsic square functions, Xu was able to obtain
the sharp bounds depending on the martingale cotype constant. The derivation of these
sharp bounds enables him to resolve an open problem posed by Naor and Young in [72].
More precisely, let L;{(EP(X ) be the least constant C' in (.1)—the Lusin cotype constant of

X, and M. ,(X) the martingale cotype ¢ constant of X, he obtained

LYFp(X) S maxc {p?,p/} Mey (X) (:3)
with the order max {pé, o } being sharp. We refer the reader to Section 1.4 for the
definition of M. ,(X) and the martingale type constant M, ,(X).

By duality, the reverse inequality of (.1) also holds under the condition that X is of
martingale type ¢ (1 < ¢ < 2), namely,

If =FN ) < ClG ve(Nllp Ve ll(Q)eX. (-4)

Here F is the vector-valued extension of the projection from LP(2) onto the fixed point
space of {e L},o0. Let L;{fp(X ) be the least possible constant in (.4), then the resulting

type bounds satisfy

t,q,p

LYT (X) < max {p, p’if} M o (X). (5)

1
Nevertheless the order max {p, p/q’} is very likely to be suboptimal as suggested by the
special case when L = A—the Laplacian on R?, ¢ = 2 and X = C. In this case,

M.o(C) = 1, and /p S LY2(C) < p, (.6)

see for instance [103, Theorem 1]. The sharpness of (.6) when p — 1 is essentially equiva-
lent to the fact that the L'(R%)-norm of the classical g-function controls that of the Lusin
square function, which dominates L'(R)-norm of the function itself. The relation between
the aforementioned quantities involves the deep theory of Hardy and BMO spaces. Other
than this special case, the problem of determining the optimal order of L;{EP(X ) in (.5)
has been left open widely even in the case L = A when X is a Banach space of martingale
type ¢, see e.g. Remark 1.3, Problem 1.8 and Problem 8.4 in the aforementioned paper
[102]. Note also that the optimal order of LYE (X) as p — oo for a specific semigroup

t,q,p
seems much harder to be determined, and actually the special case L;EP(C) remains open

(cf. [103, Problem 5]).

Motivated by all this pioneering work, the first theme of this thesis focuses on the study
of optimal order of the best constants in the Littewood-Paley-Stein inequalities, in the
scalar-valued, vector-valued and noncommutative settings. For the reader’s convenience,
we divide this theme into two parts, where the first part is mainly on the optimal order
of L;/qz’p(X ) as p — oo for symmetric diffusion semigroups, and the second focuses on the
case when p — 1 in the vector-valued setting. The first part is a joint work with Hao
Zhang in [104], and the second is a joint work with Guixiang Hong and Hao Zhang still
in progress.



[. Optimal Lusin type constant as p tending to oo

Another theme of this thesis concerns the study of martingale paraproducts. This
concept that first emerged in the theory of paradifferential operators (cf. [20]) has become
an important tool in harmonic analysis. For example, Coiffman and Semmes in [25] proved
the celebrate David-Journé T'1 theorem (first established in [32]) by dyadic martingale
paraproducts. Later, Nazarov, Treil and Volberg applied dyadic martingale paraproducts
to establish the T'1 theorem and the T'b theorem on non-homogeneous spaces in [73],
etc. On the other hand, the dyadic shift representation of singular integral operators (see
for instance, [41, 78, 81, 92]) is an important technique to establish the boundedness of
singular integral operators via martingale transforms. It is noteworthy that Petermichl
determined the sharp weighted bound of Hilbert transform and Riesz transform in [79]
and [80]. The dyadic shift representation was also applied by Hytonen in [52] to fully
resolve the famous A, conjecture. In these situations, dyadic martingale paraproducts
naturally appear.

We shall adapt the martingale paraproducts to give a bilinear decomposition between
the elements of martingale Hardy spaces and their dual space and we intend to derive
the analogous results on space of homogeneous type from that in the martingale setting.
This will be the main theme of the third part of this thesis. This is a joint work with
Odysseas Bakas, Yujia Zhai and Hao Zhang in [5].

The remaining part of the introduction will be devoted to a detailed discussion on the
background, motivations and main results. After the introduction, we will introduce the
definitions and notation in Chapter 1, and in Chapter 2-5, we will present our work in
detail. The presentation will be separated into three parts, and each is devoted to one of
the topics highlighted above.

I Optimal Lusin type constant as p tending to oo

This part follows the recent investigation of the Littlewood-Paley-Stein theory carried
out by Xu. In his paper [102], Xu has developed a new powerful method to study the
vector-valued Littlewood-Paley-Stein theory for semigroups. One interesting benefit of
this new method is the fact that it often yields the optimal orders of the relevant best
constants.

Let {e‘tL }t>0 be a symmetric diffusion semigroup on a measure space (2, F, 1) and

{e‘t*/z}t>0 its subordinated Poisson semigroup defined as follows

1 T8 2

VM) == [z EH () ds.

Then the Littlewood-Paley g-function of f € LP(Q) associated with {e‘t‘ﬁ}t>0 defined
in (.2) can be written as (in this case X = C and ¢ = 2)

o)) = ([ vz o dt)é | (L)

t
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INTRODUCTION

Stein’s celebrated Littlewood-Paley inequality states that for every 1 < p < oo there exist
two positive constants oy, and 3, such that

' If =F(Dllp < |[Goz (D, < Bollfllos ¥ f € L),

where F is the projection from LP(Q) onto the fixed point subspace of {e*VE},-q of LP(€2).

We recall the best possible constants a,, and 3, are denoted as in (.3) and (.5) by taking
X = C and ¢ = 2. For short, we will denote them by L(‘37/17Z and L;{E , respectively.
Recall the following estimate given by Xu in the aforementioned paper [102]:

L;{pz < max {p,p/%} and L;’/pz < max {p%,p/} i

Moreover, he has shown that the estimate above on L;{E is optimal as p — 1 and p — oo
since it is already so for the classical Poisson semigroup on R.

In this part, we show that Xu’s above estimate on L;{E is in fact optimal as p — oo,
namely, L;,/pz 2 pas p — oo. In fact, we will prove the stronger inequality LtL’p 2 p as
p — oo for a symmetric diffusion semigroup {e_tL}t>0.

Our argument relies on the deep relationship between martingale inequalities and
Littlewood-Paley-Stein inequalities inspired by a result of Neveu. In [74], Neveu estab-
lishes a profound link between the martingale theory and the ergodic theory. Indeed,
he shows that Doob’s maximal inequality for martingale can be obtained from Dunford-
Schwartz’s maximal ergodic theorem. We will prove the analogous result for the square
function.

We recall the definition of symmetric diffusion semigroups in Stein’s sense [87, Chapter
3, Section 1].

Definition I.1. Let (2, F, 1) be a o-finite measure space. {T;},. is called a symmetric
diffusion semigroup on (€2, F, u) if {T,},., satisfies the following conditions:

(a) T, is a contraction on LP(Q) for every 1 < p < o0;
(b) T;Ts = T, for positive ¢t and s;

(c) lim T(f) = f in L*(Q) for every f € L*(Q);

=0+
(d) T, is positive (i.e. positivity preserving);
(e) T, is selfadjoint on L?(£2);
(f) T.(1) =1.

It is well-known that such symmetric diffusion semigroup has a unique infinitesimal
generator, denoted by L. Then T, can be written as T, = e7**. There are many important
examples such as the classical heat semigroup {H,},_, (with generator A) and classical

Poisson semigroup {P;},., (with generator v/A) on Eulcidean space R<.

4



[. Optimal Lusin type constant as p tending to oo

Recall that any symmetric diffusion semigroup {T,},., is analytic on LP(€2) for 1 <
p < oo which implies that 9, T; is well-defined (see [87, Chapter 3, Section 2]). Thus we
can also express the Littlewood-Paley g-function of f associated with {T;},., as

o0 2
Gur(No) = [TloTiner )
which will be more applicable to the later computation. We often call Go1(f) the g-
function for short.

It is a classical fact (see e.g. [63]) that the orthogonal projection F on L?(£2) onto
the fixed point subspace of {T;},., extends to a contractive projection on LP(Q) for
1 < p < oco. Then F is also positive and F (L,(Q2)) is the fixed point subspace of
{Ti},o0 on LP(€2). Recall that Stein’s celebrated extension of the classical Littlewood-
Paley inequality [87] asserts that for every symmetric diffusion semigroup {T;},., and
every 1 < p < oo

1f = FD L@ = [1Gex (Dl ) V€ L) (1.2)

Stein proves the above inequality (I1.2) by virtue of Burkholder-Gundy’s martingale
inequality and complex interpolation. He establishes a close connection between semi-
group theory and martingale theory and studies semigroups through martingale theory
via Rota’s dilation. We will proceed in a reverse way by studying martingales by semi-
groups.

We consider the square function in the martingale setting. Throughout this part of
work we will work with a fixed probability space (£2, F, 1) and a sequence of o-algebras

FicFC---CF,C--CF

such that o (U2, F,) = F. For a random variable f € L'(Q, F, ) and n € N*, we will
set

E.(f) =E(f | Fn),  dE(f) = En(f) = Ena(f),

where Eq = 0 as convention. The martingale square function of the martingale {EE,,(f)},>1
Is

2

(1) = (X e.()P)

See [43] for more information on martingale inequalities. We will call S(f) martingale
square function for short.

We introduce the most important operator of the proof associated with martingales.
Given a strictly increasing sequence {a, },>o with ag = 0 and nh_)rgo a, = 1, define

T = i(an — an_1)E,. (L.3)

Then T is a positive contraction on LP(€2, F, u) for 1 < p < oo. In particular, for p = 2,
T is positive and selfadjoint on L*(Q, F, ). We use T to produce a symmetric diffusion
semigroup.



INTRODUCTION

Theorem 1.2. If we denote by T the operator obtained by continuous functional calculus,
then fort > 0

o0

T =3 (1—ay, 1) f_o: (1= an1)' = (1= a,)'| E,, (1.4)

n=1

and T" is a positive contraction for any t > 0 on LP(Q, F,u) (1 < p < o0). Moreover,
{T"}=0 is a symmetric diffusion semigroup.

The above semigroup {T"};~¢ is exactly our desired semigroup generated by a martin-
gale filtration. Then we select some specific sequence of {a,},>0 and use this particular
semigroup to obtain the best order of LtLJD. Below is one of our principal theorem, and it
is the square function analogue of Neveu's result [74]. Note that F = E;.

Theorem 1.3. Ifa, = 1 —e """ for n > 1, then the semigroup {T'},>o defined in
Theorem 1.2 satisfies

\/g S(f=F(f) < Gar(f) < \/7 S(f=F(f), VfeL(QF,p). (L5

Consequently, for 1 <p < oo

\/g IS( = FUDly < 1G22 (Pl < \/g IS =FUDlp, Ve L(QF,p).

Remark 1.4. The choice of {a,},>1 is not unique. There are many other sequences of
{an}n>1 satisfying the above pointwise inequalities with different constants, of course.
Indeed, through appropriate choices of {a,},>1, the universal constants in inequality
(I.5) can be replaced by 1/2 — ¢ and 1/2 + ¢ respectively for any 0 < ¢ < 1/2.

The following corollary indicates that (I.5) also holds for the subordinated Poisson
semigroups if we take another choice of {ay,},>1.

Corollary 1.5. Ifa, =1— e16% Y forn > 1, then the subordinated Poisson semigroup
{P;}+=0 associated with the semigroup {T"}~o defined in Theorem 1.2 satisfies

\/gS(f—F(f))<G2p(f) \/> S(f—=F(f), YfeLYQ,F,p.

Theorem 1.3 shows that for any martingale, there exists a symmetric diffusion semi-
group such that their corresponding square functions are equivalent. In this way, we can
use the Littlewood-Paley-Stein inequality (I.2) to show the analogous inequality for the
martingale square function. This means that the Burkholder-Gundy square function in-
equality for martingales can be deduced from the Littlewood-Paley-Stein inequality for
semigroups. Moreover, the optimal constants in the martingale square function inequality
can be applied to the setting of semigroups.

Recently, Xu has shown the vector-valued Littlewood-Paley-Stein inequality for ana-
lytic symmetric diffusion semigroups via holomorphic functional calculus (see [102]). His
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method is optimal in the sense that it offers the optimal orders of the best constants.
For the martingale cotype case, he shows that the classical Poisson semigroup meets the
optimal orders (see [102, Proposition 8.5]). Unfortunately, the optimal order of the re-
verse Littlewood-Paley-Stein inequality was left unsolved in [102]. In the following, we
will utilize Theorem 1.3 to give the optimal order of Lép as p — 00.

To this end, we recall the following Burkholder-Gundy inequality [23, Theorem 3.1].

Theorem 1.6. Let 1 < p < oo and p* = max {p,p/(p —1)}. Then
@ =D ISy < Il < @F =D ISl

In particular,
1fll, > —=DISHI, o 1<p<L2,

1fll, <@ =DISWHI, i 2<p<oo.

Moreover, the constant p — 1 s best possible.

Using Theorem 1.3 and Theorem 1.6, we immediately get the following corollary, which
solves a problem left open by Xu in [102, Remark 1.3].

Corollary 1.7. For any symmetric diffusion semigroup {T;},.,, and for p > 2

If =FDlp S plGex(Nllp, V[ € L), (L.6)

and p is the optimal order as p — oco.

Proof of Corollary 1.7. Indeed, (1.6) has already been proved in [102, Theorem 8.1]. Then
it suffices to show that p is the optimal order of L;, which is an immediate consequence
of Theorem 1.3 and Theorem I.6. 0

Theorem 1.3 can be extended to the vector-valued and noncommutative settings. We
first consider the vector-valued case. Given a Banach space X, let LP(€; X)) denote the
LP-space of strongly measurable p-integrable functions from 2 to X. It is a well-known
fact that if 7" is a positive bounded operator on LP(Q2) with 1 < p < oo, then T'® Idx is
bounded on LP(2; X') with the same norm. For notational convenience, throughout this
article, we will denote T"® Idx by T too. Recall that F is the projection from LP(€); X)
onto the fixed point subspace of {T}},.,. Thus {T}},., is also a semigroup of contractions
on LP(Q; X) for any Banach space X with F (LP(Q; X)) as its fixed point subspace (see

e.g. [63]).

For an X-valued LP-martingale {E, (f)},>1, define the corresponding g-variant of the
martingale square function for 1 < ¢ < oo as follows

S0 = (S IaEDIR) L vf € @)

Given a strictly increasing sequence {a,}n>o with ap = 0 and lim,,_,o a,, = 1 as before,
let T* be defined by (1.3).
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Then {Tt}t>0 extended to LP(§2; X) remains to be a strongly continuous semigroup of
contractions on LP(2; X), and (I.4) remains valid in the X-valued case. Similarly as the
scalar-valued case, the vector-valued g-function of f defined in (.2) can also be written as

Gurn = ([T, F)' vre o,

The following theorem is the vector-valued analogue of Theorem I.3:

Theorem 1.8. Let X be a Banach space and 1 < p, q < co. Then there exist a sequence
{an}n>0 and two universal positive constants, ¢ and C' such that

cSq (f =F(f)) < Gor(f) < CSy (f —F(f)). (L.7)
for any f € LP(Q; X).

Similarly, there exists a sequence {ay,},>o such that (1.7) still holds for the subor-
dinated Poisson semigroups of {T"};,~o. The proof is an analogue of the argument for
Corollary 1.5. We leave it to the interested readers. We now turn to the noncommutative
setting. We introduce the definitions of square functions for noncommutative martingales
and noncommutative semigroups.

Let M denote a finite von Neumann algebra equipped with a normal faithful nor-
malized trace 7, and (M,,), ., an increasing filtration of von Neumann subalgebras of
M whose union is w*-dense in M. For 1 < p < oo we denote by LP(M,T), or
simply LP(M) the usual noncommutative LP-space associated with (M, 7). As usual,
Lr(M,,) = L? (./\/ln, 7| Mn) is naturally identified as a subspace of LP(M). Tt is well-
known that there exists a unique normal faithful conditional expectation &, from M onto
M,, such that 7o &, = 7. Moreover, &, extends to a contractive projection from LP(M)
onto LP (M,,), for every 1 < p < oo, which is still denoted by &,. Similarly, we denote by
d&, = &, — &,_1 for n > 1 the martingale difference with & = 0 as convention.

A noncommutative martingale with respect to (M,,), -, is a sequence x = (), in
LY(M) such that - -

Ty =En(Tpe1), Vn>1.

The difference sequence of z is (d,z),~,, where d,x = x,, — x,_1 (with o = 0 by con-
vention). Then we define LP-martingales and bounded LP-martingales, as usual. In the
sequel, we will fix (M, 7) and (M,,), -, as above and all noncommutative martingales will
be with respect to (M,,), ;. -

Recall that | - | stands for the usual (right) modulus of operators, i.e. |a| = (a*a)%.
Define the column and row square functions respectively for x € Li(M)

[SIE

and S,(z) = (Z \dnx*\2) .

n>1

Se(z) = (Z ]dnx\2)

n>1

We refer to [55], [85] and [86] for more information.
Now we provide the definition of noncommtative symmetric diffusion semigroup as
follows.
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Definition 1.9. Let {T,},_, be a semigroup of operators on M. We say that {T,}, , is
a noncommutative symmetric diffusion semigroup if it satisfies the following conditions:

(a) Each T; : M — M is a unital, normal and completely positive;
(b) For any z € M, T;(z) — x in the w*-topology of M when ¢t — 07;

(c) Each T, : M — M is selfadjoint. Namely, for any =,y € M
T(Tu(x)y) = 7(2Tu(y)).

(d) The extension of each T; : M — M from LP(M) to LP(M) for 1 < p < oo is
completely contractive.

It is well-known that such a semigroup extends to a semigroup of contractions on
LP(M) for any 1 < p < oo, and that {T,},., is a selfadjoint semigroup on L*(M).
Moreover, {T¢},., is strongly continuous on LP(M) for any 1 < p < oo.

Define )
o0 dt?
Gurolo) = ([ Hamof )

and

5 dt\ 2
Gaorp(z) = ( /O 10, T, ()" t) .

We call Gy 1.(z) and Go71,(x) the column and row g-functions, respectively. We refer
the reader to [53] for more information.

Given a strictly increasing sequence {a, },>0 with ap = 0 and lim,,_, a,, = 1 as before,
analogously we define the mapping T* (¢ > 0) as follows

e¢] o0

T =3 (1= ap1)'de, =3 [(1=an1)' = (1—a,)'] & (1.8)

n=1 n=1

Note that F = &; as well.

Theorem 1.10. Ifa, = 1—e """ forn > 1, then {T"} sy defined in (1.8) is a noncom-
mutative symmetric diffusion semigroup. Moreover, it satisfies for x € Ly(M)

670 Se(r = F(2)) < Gare(r) < \/? Se(z — F(x)) (1.9)
and similarly
670 S,(z — F(2)) < Garn(z) < ﬁ S,(z — F()). (L.10)

We have the same result as Corollary 1.5 in the noncommutative setting. The corre-
sponding proof is similar to that of Corollary 1.5 as well. So we omit these details.

9
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II Optimal Lusin type constant as p tending to 1

In this part, we will determine the optimal order of L}, (X)) which appeared in (.5)
as p — 1 for a large class of approximation identities {e~ if }t o on R? and thus answer
the questions mentioned in [102, Remark 1.3 and Problem 1.§]. Moreover, our result will
assert that the Lusin type of X relative to this class of approximation identities implies
the martingale type of X, and thus partially resolve [102, Problem A.1 and Conjecture
A4].

Let L be a sectorial operator of type a (0 < a < 7/2) on L*(R?), and thus it generates
a holomorphic semigroup e * with 0 < |Arg(z)| < 7/2 —a. One may find these concepts
in Section 3.1. Then it is well-known (see e.g. [102]) that the semigroup {e~*},~ extends
to LP(R%; X) (1 < p < o0) under our assumptions below. The resulting semigroup is still
denoted by {e7*"},-¢ without causing confusion. Partially inspired by [36, Section 6.2.2],
the kind of approximation identity {e~**};~¢ that we will be interested in the present
paper is assumed to have kernel K (t,xz,y) satisfying the following three assumptions:
there exist positive constants 0 < 3,7 < 1 and ¢ such that for any ¢t > 0, ,y,h € R?,

K < ct” 1.1
‘ <t7x7y)’—(t+|x_y|)d+57 ( : )
c|h|t?
K (t, 2+ h,y) — K(t, 2, y)| + |K(t, 2,y + k) — K(t,2,y)| < (NP (I.2)
whenever 2|h| <t + |z — y|, and
/RdK(t,x,y)dx:/RdK(t,x,y)dy:1. (IL.3)

Let 1 < g < o0, the g-variant of Lusin area integral associated with L is defined as
follows: for f € C.(R?) ® X,

_ ( [ kel ffff)

Recall that the g-variant of g-function associated with L defined in (.2) is

Q=

Gaal)le) = (/Doo ezt (r) ) f) 5

Our main result reads as below.

Theorem I1.1. Let L be a sectorial operator of type o (0 < v < 7/2) on L*(RY) satisfying
(I1.1), (IL2) and (I1.3). Let 1 < p < oo and 1 < q < oo. For any Banach space X and
f € C(RY) @ X, there holds

P S valDllp Sy 10N, S8 22 ISq ()l (IT.4)

P 1St (Nlp S 1GalNllp S 2150, (IL.5)

Moreover, the orders in both (11.4) and (I11.5) are optimal as p — 1.

10



I1. Optimal Lusin type constant as p tending to 1

When X = C and ¢ = 2, the equivalence (I1.4) in the case 1 < p < oo without
explicit orders follows from the classical Littlewood-Paley theory which in turn relies
on Calderén-Zygmund theory; while the case p = 1 is deduced from the holomorphic
functional calculus, Calderén-Zygmund theory and the theory of Hardy and BMO spaces
associated with differential operators (cf. [36, Theorem 6.10]). Our estimate (I1.4) for
any Banach space X, any 1 < p < oo and any 1 < ¢ < oo goes much beyond this and
its proof provides a new approach to the mentioned scalar case with optimal orders as
p — 1. Indeed, the arbitrariness of X presents a surprise and usually one expects certain
property of Banach space geometry to be imposed on the square function inequalities.
For the technical side, the arbitrariness of X prevents us from the use of (vector-valued)
Calderén-Zygmund theory. Instead, we will make use of vector-valued Wilson’s intrinsic
square functions as a media to relate A and L, and then exploit the vector-valued tent
space theory such as interpolation, duality as well as atomic decomposition. Even though
both of these two tools have been developed or applied in the literature, they need to
be taken care of in the present setting. For instance, because our L’s are usually not
translation invariant or of scaling structure, we have to introduce Wilson’s intrinsic square
functions via nice functions of two variables satisfying (3.3.1), (3.3.2) and (3.3.3); to avoid
the use of Calder6n-Zygmund theory to deal with Wilson’s intrinsic square functions (cf.
[95, 103]), we prove the boundedness of a linear operator K on vector-valued tent spaces
(see Lemma 3.2.5); last but not the least, since our interested X is arbitrary, one cannot
establish the basic theory of vector-valued tent space using Calderén-Zygmund theory as
in [51, 56, 57, 47], and we shall adapt the classical arguments (cf. [26]), see Section 3.2
for details.

After all the preparing work, the equivalence (I1.4) will be an immediate consequence
of Theorem 3.3.1, where we collect all the intermediate estimates involving vector-valued
Wilson’s square functions.

Regarding another equivalence (I1.5), in the special situation X = C and ¢ = 2 and
L = VA, the equivalence for 1 < p < oo without optimal orders comes from the classical
Littlewood-Paley theory while the case p = 1 constitutes one essential part of the famous
real variable theory on Hardy spaces (cf. [38, 39, 40] ); in particular the upper estimate of
(I1.5) follows from harmonicity of Poisson integrals or Calderén-Zygmund theory. Again,
the arbitrariness of X excludes the use of vector-valued Calderén-Zygmund theory and
there is an obvious lack of harmonicity related to general L. To surmount these difficulties,
in addition to the application of Theorem 3.3.1—Wilson’s intrinsic square functions, we
will fully develop the duality theory between vector-valued Hardy and BMO type spaces
in Section 3.4; the latter is inspired by Mei’s duality arguments [66] (see also [97, 103]).
In turn, part of the theory of vector-valued Hardy and BMO spaces will be deduced from
vector-valued tent spaces, and the projection 7y, (see Lemma 3.2.6) will play a key role in
passing from the results about tent spaces to those on Hardy /BMO spaces.

Together with the related results in [63, 75] where the authors showed the Lusin type
q of a Banach space X relative to {e’t\/g}bo is equivalent to the martingale type ¢ of
X (see Section 3.5), our vector-valued tent space theory and Theorem II.1 imply the
following result, resolving partially [102, Problem 1.8, Problem A.1 and Conjecture A.4]
(see Remark 3.5.4).

Theorem I1.2. Let L be a sectorial operator of type o (0 < a < 7/2) on L*(RY) satisfying
(IL.1), (I.2) and (I1.3). Let 1 < g < 2. The followings are equivalent

11
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(i) X is of martingale type q;

(ii) for all f € C.(RY) ®@ X with 1 < p <2, there holds

1Fllzex) S 1Ga2(F)lp-

Combining the main result in [75], a much stronger result than Theorem I1.2 involving
the case p = 1, 00 will be presented in Corollary 3.5.3.

IIT Multiplication between elements in martingale
Hardy spaces and their dual spaces

The pointwise product of a function in the classical Hardy space H'(R") and a function
of bounded mean oscillation on R™ need not be in L' (R"); see e.g. [88, Chapter IV, Section
6.2]. However, using Fefferman’s duality theorem [38] and the fact that the pointwise
product of a BM O-function and a C{°-function is in BMO(R"), Bonami, Iwaniec, Jones
and Zinsmeister defined in [17] the product f x g of a function f € H'(R™) and a function
g € BMO(R") as a distribution given by

(fxg.0):=(g-9.f), ¢€CFR"), (IL.1)

where in the right-hand side of (II1.1) the duality between f € H'(R") and ¢ - ¢ €
BMO(R") is employed. Moreover, it is shown in [17] that for any fixed f € H'(R")
there exist two linear continuous operators Sy from BMO(R") to L'(R™) and T} from
BMO(R™) to a weighted Hardy—Orlicz space such that

fxg==5¢(9) +T(g)

for all g € BMO(R"); see [17, Theorem 1.6].

In [16], using wavelet analysis, Bonami, Grellier and Ky showed that there exist two
bilinear continuous operators S from H!(R")x BMO(R"™) to L'(R") and T from H'(R") x
BMO(R™) to H"°8(R™) such that

fxg=S8(f9)+T(f 9)

for all f € H'(R") and for all ¢ € BMO(R"); see [16, Theorem 1.1]. The Musielak
Hardy—Orlicz space H'°8(R") is defined as the class consisting of all distributions h on R™
whose grand maximal function Mh satisfies

(Mh(z)]

d
/Rn log(e + |z]) +log(e + [Mh(@)) " =

and is smaller than the weighted Hardy—Orlicz space appearing in [17]. The Musielak
Hardy-Orlicz space H'&(R™) is optimal. More specifically, it is sharp when n = 1 (see
[19]) and when n > 1, H'8(R") is optimal in the sense that the smallest Banach X
containing H'°(R") has the same dual with H'°$(R"), i.e. X* = (H"°8(R"))*, and X is
the smallest Banach space containing products (see [15]).

12
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In addition, continuous bilinear decomposition theorems for products of elements in
HP(R™), for 0 < p < 1, and their dual spaces were established in [14].

Using the theory of wavelets on spaces of homogeneous type, which was developed
by Auscher and Hytonen in [3, 2], the aforementioned results have been extended to
spaces of homogeneous type by Liu, Yang and Yuan [61] and Xing, Yang and Liang [99].
More precisely, in [61] and [99], continuous bilinear decompositions for products between
elements in atomic Hardy spaces HE (Q2) (in the sense of Coifman and Weiss [27]) and
their dual spaces were established in the case where p € (;%7,1]. Here n is defined as the
dimension of the homogeneous space ).

Recently, in [4], a dyadic variant of the aforementioned results of Bonami, Grellier,
and Ky was established; see [4, Theorem 24|, which in turn was used to deduce a periodic
version of [16, Theorem 1.1]; see [4, Theorem 28].

Motivated by [4], the first aim of this part is concerned with the study of multiplication
between Hardy spaces and their dual spaces for martingales on a probability space 2.
More specifically, we study multiplications between functions in the martingale Hardy
space H'(Q2) and its dual space BMO(Q) as stated in our first result, Theorem IIL.1.
We also investigate the case 0 < p < 1, namely multiplication between elements in
HP(Q)) and their dual spaces, the so-called martingale Lipschitz spaces A;(«,) with o, :=
113 — 1, see Theorem II1.2. Since the dual space (HP(2))* could be {0} for some irregular
martingales, we choose to consider only regular martingales where every o—algebra F in
the corresponding filtration is generated by countably many atoms.

We would like to mention that Aline Bonami, Yong Jiao, Guangheng Xie, Dachun
Yang, and Dejian Zhou have independently obtained Theorem III.1, and derived from
it interesting applications on the boundedness of operators involving commutators in
[18]. We would like to remark that Theorem III.1 in both works rely heavily on a priori
estimates for functions with finite martingale expansions. Nevertheless, the results for
general martingales which concern limiting arguments are interpreted differently. In [18],
the authors regarded f-g as a discrete process and in particular, a semi-martingale. They
further provided a neat characterization of the semi-martingale as the sum of a martingale
and a process with bounded variation.

With a different perspective from [18], we view the product f - g as a pointwise limit,
which is indeed a function. Furthermore, the bilinear operators arising from the decom-
position have boundedness properties described in Theorem III.1, where all the target
spaces are complete spaces by definition. In the study of the bilinear operators, we con-
sider Cauchy sequences of functions lying in the target spaces of our interest. This is
because the completion of a space can be identified with equivalence classes of Cauchy
sequences with respect to the appropriate norm. The appearance of sequences of functions
establishes the connection between [18] and our results, whereas the norm also plays a
crucial role for us to clarify the convergence of the Cauchy sequences.

Theorem II1.1. Let (Q, F, P) be a probability space equipped with the filtration {Fy}r>1-

1. Suppose that f € H' () and g € BMO(RQ) have finite martingale expansions. Then
the pointwise multiplication can be decomposed as

f-9=1L(f,9) +1L(f,g9) +1s(f, 9),

13
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where 11y, Ily and I3 are continuous bilinear operators satisfying

I, : H(Q) x BMO(Q2) — L*(Q),

I, : HY(Q) x BMO(Q) — H*(Q),

I3 : HY(Q) x BMO(Q)) — H®(9).

2. For general f € H'(Q) and g € BMO(RQ), the above decomposition still holds in the
pointwise sense where 11y and Iy are continuous bilinear operators satisfying

I, : H(Q) x BMO(Q2) — LY(Q),
I, : H(Q) x BMO(Q) — H*(Q).

Here 113 is the pointwise limit of a sequence which is Cauchy in H®(Q).

In Theorem II1.1, H*(Q) is a martingale Hardy—Orlicz space defined in terms of the
growth function ®(t); see Definition 1.3.16 and (1.3.4) below. We shall refer to the terms
IIy(f, g) and T3(f, g) as the martingale paraproducts.

Theorem IT1.1 can be regarded as an extension of [4, Theorem 24] to the general case
of martingales.

For 0 <p<1,if f € H?(Q), g € A1(ap) and fy = go = 0, then their product can be
regarded as a continuous linear functional on L>(2) N A;(ay,). To be more precise, for
any h € L>(2) N Ay(ey), define

(f xg,h)=<h-g,f),

where in the right-hand side the duality between HP(2) and A;(cy,) is invoked. Note that
h - g belongs to Aj(a,) since h is a pointwise multiplier on A;(«,) (see [71]).

Our following theorem establishes a continuous bilinear decomposition for products
between elements in H?(€2) and functions in the dual space A;(a,) when 0 < p < 1.

Theorem II1.2. Let (2, F, P) be a probability space equipped with the filtration {F}i>1,
where Fy. is generated by countably many atoms for any k > 1.

If H?(Q2) (0 < p < 1) are martingale Hardy spaces, then there exist continuous bilinear
operators Iy : HP(Q) x Ai(ay) — LY(Q), Ty : HP(Q) x Ay(oyy) — HY(Q) and 113 :
H?(Q) x Ay(a,) — HP() such that

fXg:Hl(fag)+H2(fag)+H3(fag)
for all f € HP(Q) and g € Ai(ay).

One important property of martingale Hardy spaces which we heavily rely on in the
proof of Theorems III.1 and III.2 is that they admit the atomic decomposition. As a
consequence, estimates for a general element in martingale Hardy spaces can be reduced
to the corresponding estimates on atoms. It is noteworthy that the martingale atomic
decomposition in our setting are defined in the sense of duality (see Definition 4.1.3),
which is different from the one usually defined in the probabilistic setup ([93]) and is
inspired by the definition of atomic Hardy spaces defined on spaces of homogenous type.
We would like to emphasize that the martingale Hardy spaces and the martingale atomic

14
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Hardy spaces in our definition are complete whereas the martingale Hardy spaces in [93]
are not for 0 < p < 1.

The second part of this topic is method-oriented and aims at applying results in
the martingale setting to spaces of homogeneous type. In particular, we establish the
connection between spaces of homogenous type and its dyadic variant, namely dyadic
martingales on spaces of homogeneous type which are first constructed in [49]. Such
connection extends Mei’s results in [65] and is interesting in its own right.

We further study analogues of Theorems III.1 and III.2 for the case of dyadic martin-
gales on spaces of homogeneous type, and derive from them results for products between
elements in Hardy spaces and those in their duals on spaces of homogeneous type. Com-
pared with the probability setting, the case of spaces of homogeneous type is more difficult
to deal with since backward martingales arise, and the underlying measures on spaces of
homogeneous type may be infinite.

The structure of the thesis is outlined as follows. In Chapter 1, we set down notation
and give some background on holomorphic functional calculus, martingales, spaces of
homogeneous type and geometric properties of Banach spaces. The subsequent contents
of the thesis are divided into three distinct parts, each containing detailed proofs of the
aforementioned results.

The first part of this thesis is presented in Chapter 2. Our focus is on the optimal
Lusin type constant as p — oo. To achieve this, we establish the pointwise equivalence
of g-functions and martingale square functions. Specially, we present Theorem 1.3, Theo-
rem [.8 and Theorem 1.10 for scalar-valued, vector-valued and noncommutative settings,
respectively. In Section 2.1, we prove Theorem 1.2, Theorem 1.3 and Corollary 1.5. Sub-
sequently, in Section 2.2 we prove the analogous result, namely Theorem [.8, for the
vector-valued case. Finally, we provide a brief overview of the proof of Theorem 1.10.

The second part, detailed in Chapter 3, is dedicated to exploring the optimal Lusin
type constant in vector-valued Littlewood-Paley-Stein inequality as p — 1. In Section
3.1, we outline our primary assumptions and provide definitions of vector-valued tent,
Hardy, and BMO spaces. Following this, Section 3.2 revisits some fundamental properties
of vector-valued tent spaces. Additionally, we introduce two crucial operators, K and 7,
which will serve as key tools in our analysis. In Section 3.3, we extend Wilson’s intrinsic
functions (cf. [95]) to the vector-valued setting. The subsequent Section 3.4 is dedicated
to the proof of Theorem II.1 and Theorem II.2. Finally, in Section 3.5, we derive the
optimal Lusin type constants and the characterization of martingale type.

The third part consists of Chapters 4 and 5, focusing on the multiplication between
elements in martingale Hardy spaces and their dual spaces. Section 4.1 is dedicated
to the elaboration of martingale atomic Hardy spaces and their close relationship with
martingale Hardy spaces, playing a pivotal role in our argument. In section 4.2, we prove
Theorem III.1. Moving on to Section 4.3, we introduce a characterization of martingale
Lipschitz spaces A; (a,)—of independent interest (refer to Theorem 4.3.4 and Remark 4.3.5
below)—and subsequently present the proof of Theorem III1.2. Chapter 5 concerns spaces
of homogeneous type. For reader convenience, Section 1.5 revisits definitions and facts
concerning Hardy spaces and Lipschitz spaces on spaces of homogeneous type, following
the framework of Coifman and Weiss [27]. In section 5.1, we offer new proofs for certain
results from [27] based on the martingale method and the existence of dyadic martingales
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on homogeneous spaces. In section 5.2, we establish analogues of Theorems II1.1 and II1.2
for dyadic martingales on spaces of homogeneous type, as seen in Theorem 5.2.7 below.
In the last section of this part, we apply Theorem 5.2.7 to obtain a decomposition of
products of functions in Hardy spaces and their dual spaces on spaces of homogeneous

type.

Throughout this thesis, X is a Banach space and 1 < ¢ < oco. We denote X* the
dual Banach space of X and ¢’ the Holder conjugate of ¢q. Additionally, the positive real
interval R, = (0,00) is equipped with the measure dt/t without providing additional
explanations. The terms “homogeneous spaces” and “spaces of homogeneous type” will
be used interchangeably.

The following notation is employed: A < B (resp. A <. B) indicates that A < CB
(resp. A < C.B) for some absolute positive constant C' (resp. if we want to emphasize
that the constant C. depends on €). A ~ B or A ~. B means that these inequalities as
well as their inverses hold. For 1 < p < oo, we also denote by || - ||, the norm || - || s ga)
and by || - [|z»(x) the norm || - || 1o (e, x).-
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Chapter 1

Preliminaries

In this chapter, we provide notation and background that will be used in the thesis.

1.1 Notation

We will consider sums and intersections of quasi-normed spaces. For the convenience
of the reader we recall these notions.

Definition 1.1.1. Let (X1, - [|x,), (X2, || - ||x,) be two quasi-normed spaces and let X
be a topological vector space X such that X, Xy C X continuously.

1. (X1 N X, || - [ x,nx,) is the intersection of X; and Xs, where

]| xnx, == max{]z||x,, [zl x, }
for all x € X7 N Xo;
2. (X514 Xo, || - lx,+x,) is the sum of X; and X5, where
2]l x,4x, == nf{[[z1]lx, + [[22]lx, © # =21+ 32, 21 € X1, 22 € X}
for all x € X7 + Xo.

For convenience, the sum X; + X5 +--- 4+ X, and the intersection X; N XN ---N X,
will also be denoted by >;_; X; and N;;_; Xy, respectively.

Note that (X;NXa, || ||x,nx,) and (X1 + Xo, || || x,+x,) are both quasi-normed spaces.
Moreover, if (X1, | - ||x,) and (Xo, | - ||x,) are Banach spaces, then (X7 N Xo, | - [|x,nx,)
and (X7 + Xo, || - ||x,+x,) are both Banach spaces.

1.2 Functional calculus

We briefly introduce some preliminaries around the holomorphic functional calculus
(cf. [64]). Let 0 < o < w. Define the closed sector in the complex plane C as

Sa ={z€C:|argz| <a},
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Chapter 1. Preliminaries

and S? is denoted as the interior of S,. Let v > a and denote by H (SS) the space of all
holomorphic functions on Sg . Define

Heo(S9) = {b€ H(S5) : [|blloc < 00},
where ||b]|c = sup{|b(z)| 1z € 53} and

W(S9) = {¢ € H(SY) : s> 0st. [v(2)] < cle*(1+]2*) 7"}

A densely defined closed operator L acting on a Banach space Y is called a sectorial
operator of type o if for each v > «, o(L) C S, and

sup {||z(zId — L) Ypy): 2 ¢ SAY} < 00,

where | - || p(y) denotes the operator norm and Id the identity operator.
Assume that L is a sectorial operator of type a. Let 0 < a < 6 <~ < 7w and I be
the boundary of Sy oriented in the positive sense. For ¢ € \II(SS), we define the operator

W(L) as '
W(L) = %/Fw(z)(zId ~L)'de.

By Cauchy’s theorem, this integral converges absolutely in B(Y') and it is clear that the
definition is independent of the choice of 6. For every ¢ > 0, denote by ¥(z) = 1 (tz) for
z € 59, we have ¢, € U(S9). Set

o
ne) = [ w(tz):, se sl

One gets that h is a constant on SS, hence by the convergence lemma (cf. [30, Lemma

2.1]),
h(L)z = /Doo @D(tL)xit —cr, =€ P(L)Nim(L).

By applying a limiting argument, the above identity extends to im(L). In particular, take
Y(z) = z%e7?*, then

= a1
/ —tLe H(—tle P = a, v e m(L), (1.2.1)
0

which will be useful later. We refer the reader to [45] for more information on functional
calculus.

1.3 Martingales

Let (2, F,P) be a fixed probability space. Given a filtration which consists of a
sequence of o-algebras
FoCF C- CFC-CF

such that o(U2,F) = F, for a random variable f € L'(Q2, F, P) and k € N, we set
fe=E(f|Fr), df = fe— fe,

18



1.3. Martingales

where we adopt the convention that f; = 0. We shall also denote f, by Ex(f). A
sequence f = {fi}r>o is called a martingale with respect to {Fp},q if fr = E (fit1 | Fr)
for every k > 0, and {dy.f }x>1 is called the martingale difference sequence of f = { fi. x>0
To simplify notation, we write LP(2) instead of LP(Q, F, P), 0 < p < 0.

In particular, if f € L'(Q), then {f}r>0 is a martingale induced by f, where f; =
Er(f) for all £ > 0. In this case, we identify f with {fx}r>0.

Definition 1.3.1. (Regular filtration) A filtration is regular if there exists a constant
C > 0 such that for all £ > 1, F}, € Fj, there exists a G, € Fi_1 satisfying

In addition, a martingale f = { fi }x>0 with respect to such a regular filtration is called a
regular martingale.

Remark 1.3.2. Suppose that for a positive random variable f € L'(Q) the corresponding
martingale { fx}x>o is regular. Then for any k > 1

fr <A fra,

where A > 0 is a constant that depends only on the constant C' of Definition 1.3.1.
See [62] for more information about regular filtrations and martingales.

Definition 1.3.3. Let f = {fi}x>0 and {dif}r>1 be as above, we define:

1. the maximal function
f* = sup|fil;
k>0

2. the square function
1
2

(1) = (1 + 1)
3. the conditional square function
()= (17 + ]iEk_udka)%.
1.3.1 Martingale Hardy, BMO and Lipchitz spaces

There are several types of martingale Hardy spaces, which are defined in terms of
maximal functions, square functions and conditional square functions. For the sake of
convenience, we will assume from now on that fo = 0.

Definition 1.3.4. For 1 < p < oo, the martingale Hardy spaces h?(2), H?(S2), H? (2)
are defined as follows

WP(Q) = {f € L)« [|fllnwey = ()l < o0},
HP(Q) := {f € L'(Q) : [ flm2(@ == IS(F)llp < oo},
HE(Q) = {f € LNQ) : Ifllaz ) = I1F"llp < 00},

respectively.

19



Chapter 1. Preliminaries

Remark 1.3.5. For general martingales, HP(2) = HP () for 1 < p < oo (see [22], [33],
[94]). For regular martingale filtrations, one has H?(Q2) = h?(Q2) = HP () for 1 < p < 0.

The following result is the atomic decomposition of H'(£2), which follows from the
noncommutative result in [77]. In particular, it reveals the relationship between H'({2)
and h'(Q)) and shows that H*(Q2) # h'(Q) for general martingales.

Theorem 1.3.6. We have H*(Q) = h*(Q) + hi(Q), where h)y denotes the diagonal Hardy

space of martingale differences

hL(Q) = {h c LY(Q): ||h||hcll(9) = Z \ldih||1 < oo}.
k=1

We also provide a definition of the martingale Hardy spaces for 0 < p < 1.

Definition 1.3.7. Let 0 < p < 1, we first introduce the following quasi-norms. For

feL*(9),
Il == Is(HDllps I lae) = ISU) s 11£]

We then define the martingale Hardy spaces h?(Q2), HP(2) and H? (Q2) as the completion
of L?(€2) under the corresponding quasi-norms |- || e (q), [|-||ze (@) and ||| 2, ) respectively.

HE(Q) = [s()]lp-

In the current setting where € has finite measure, the condition ||s(f)||, < oo for
0 < p < 1 is automatically satisfied for f € L*(Q), and similar observations hold true
for H?(Q2) and H? (Q2). We provide the definitions for A?(Q2), HP(2) and HP () with
0 < p < 1 in a unified fashion with the general setting described in Section 5.1.
Remark 1.3.8. For regular martingale filtrations, H?(Q2) = h?(Q2) = HP (2) when 0 < p <
1. In particular, for any function f € L?(),

ISl = sl = 1L [lp-

See [93], [94] and [62] for the proof of the above inequality. Since HP(2), hP(£2) and
HP? (2) are defined as the completion of L?(€) with respect to the appropriate quasi-norm
respectively, one can conclude the equivalence between the aforementioned martingale
Hardy spaces.

We shall now provide the definitions of the martingale BMO and bmo spaces, which
are the dual spaces of H'(Q) and h'(2), respectively (see Theorem 1.3.13 below).

Definition 1.3.9. Assume that f € L?*(Q). Consider the the following semi-norms
1
IF | Baoq) = sup [|Eq|f — Far ]|,

and )
| fllomo(e) = sup 1Bl f = ful*l|%-

It is clear that ||f||samo) = 0 if and only if f = fy, and similarly || f||smoe) = 0 if and
only if f = fo.
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1.3. Martingales

We now define the martingale BMO and bmo spaces as follows:
BMO(Q) = {f € L*(Q) : | fllzmo) < 00,Eof = 0},

and
bmo(Q) := {f € L*(Q) : [ fllbmo(e) < 00, Eqf = 0}
We observe that BMO(2) and bmo(S2) are both Banach spaces.

Remark 1.3.10. We note that another natural definition of BMO(2) as a normed space
would be as a quotient space defined by

{f € L) : || smow) < 0o}/Kz,

where Kz, := {Fy measurable functions}.

For regular martingales, BMO(Q2) = bmo(2). The following result is the so-called
martingale John—Nirenberg inequality and can be found in [43].

Theorem 1.3.11. There exists a sufficiently small constant k > 0 such that for any
f € BMO(Q) with || f|| smo) < K, we have

E (em) < 1.

Remark 1.3.12. From the martingale John—Nirenberg inequality, we have for any 1 < p <
Oo?

1/l Baro) pSupHE |f = fn- 1|p||oo

However, the above John—Nirenberg inequality fails for bmo(£2) in the general martingale
setting.

For the following duality theorem, see [43], [62], [94].
Theorem 1.3.13. (H'(Q))* = BMO(Q) and (h'(2))* = bmo(2).

The following proposition, which can be found in [28] and [43], is a consequence of
Theorems 1.3.6 and 1.3.13 and it gives a description of the relationship between BMO(€)
and bmo(S2). In particular, it implies that BMO(2) & bmo(2) for general martingales.

Proposition 1.3.14. Assume f is a martingale BMO function. Then

[f1lBarow = [ fllbmote +SupHdkaoo (1.3.1)

We shall now recall the definition of martingale Lipschitz spaces.

Definition 1.3.15. For a € (0,00) and ¢ € [1,00), the martingale Lipschitz space is
defined by

A(a) = (1.3.2)

{7 € 22005l =sup sup P2 ([ 17 = fpap)” < oo, Baf =0

n>0 AeF,

As in case of BMO spaces, Lipschitz spaces can also be defined in terms of quotient spaces.
For a,, := % — 1 > 0, one has (h?(2))* = As(ay,). Furthermore, if the martingale
filtration is regular, one has Aj(q,) = Ag(ay,); see [93].
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Chapter 1. Preliminaries

1.3.2 Musielak—Orlicz-type spaces

We shall first recall some definitions and properties of Orlicz-type spaces and Musielak—
Orlicz-type spaces. In what follows, (€2, F, 1) denotes a o-finite measure space.

A function @ : [0, 00) — [0, 00) is called an Orlicz function if it is strictly positive on
(0, 00), non-decreasing, unbounded and ®(0) = 0. A measurable function ¥ : 2x [0, c0) —
[0, 00) is called a Musielak-Orlicz function if for all z € Q, ¥(z, ) is an Orlicz function.

The Musielak—Orlicz-type space LY (Q) is the set consisting of all measurable functions
f on € such that

[ @A @) du < o

for some A > 0. We equip LY (Q) with the Luxembourg quasi-norm

1fllve = inf{A -0 /pr(x,xlyf(x)\)du < 1} L fer¥).

Let p € R. A Musielak—Orlicz function is said to be of uniformly lower type (respec-
tively, upper type) p if there exists a positive constant C' such that

U(x,st) < CsPU(x,t)

for all x € Q, ¢t > 0 and s € (0,1) (respectively, s € [1,00)). In particular, if ¥ is of
uniformly lower type p with 0 < p < 1 and of uniformly upper type 1 then

U(z,ct) ~, Y(z,t) forall ¢ > 0. (1.3.3)

In the sequel, W(x,t) is always assumed to be of uniformly lower type p with 0 <
p < 1 and of uniformly upper type 1, and to be continuous in the ¢ variable. For more
information on Musielak—Orlicz spaces, we refer the reader to [16] and [105].

We end this subsection with the definition of martingale Musielak—Orlicz Hardy spaces
and the generalized Holder inequality.

Definition 1.3.16. For f € L'(Q), we define the quasi-norm of f with respect to ¥,
described in Section 1.3.2, by

[f e () == I1S(Hzv @)

The martingale Musielak—Orlicz Hardy space HY () is defined as the completion of the
space
Hy () = {f € L'(Q) : [|fllv() < o0}
under the quasi-norm || - || gv (q).
Moreover, If U is replaced by an Orlicz function ®, the corresponding Hardy—Orlicz
space H?(Q) is defined in an analogous way.

To obtain the generalized Holder inequality, we shall introduce a particular Orlicz
space L*(Q2), where
t
=— 1t>0
) log(e + t) -
Note that @ is an Orlicz function of uniformly lower type p (0 < p < 1) and upper type

1, which guarantees that the vector space L®(€)) is a quasi-normed space. Note that
LY Q) C L*(Q).

ot (1.3.4)
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1.3. Martingales

Remark 1.3.17. Let ® be as in (1.3.4). It follows from [69] that for any f € L'(Q) such
that the induced martingale {fi}x>0 is regular, one has

HfHH‘D(Q) ~ HfHHg;(Q) ~ Hf”hfb(ﬂp
where
||f||H;§1(Q) = ||f*||L<1>(Q) and ||f||h<1>(§z) = ||3(f)||L<I>(Q)-

Hence,

Hy (Q) = Hy, () = hg (),
whete HE () = {f € L(Q) : |f sy < oo} and hE(Q) = {f € L(Q) : [[fnecey <
o0}. One thus deduces that

H®(Q) = Hp () = h*(Q),
where H»(Q) denotes the completion of H ((Q2) with respect to || - || gz ) and h®(Q)
denotes the completion of hf (€2) with respect to || - || (q)-

The following lemma is a variant of [17, Proposition 2.1] in the martingale setting.

Lemma 1.3.18. Let (Q, F, P) be a probability space, f € L*(Q2) and g € BMO(Q). Then
f-g€L*Q) and

1f - glle@) S I flllgllsarow)- (1.3.5)

Proof. The proof is similar to the proof of the corresponding Euclidean result and we
shall only outline it here for the convenience of the reader. By [17, Lemma 2.1], one has

st
< el™M . 1.3.6
M+10g(e—|—st)_6 L ( )

forall M > 0,s>0,t > 0.

When || f|[1 = 0 or ||g||Brmo) = 0, (1.3.5) trivially holds. Assume g € BMO(S2) with
l9llBro@) > 0 and f € LY(2) with ||f]|; > 0. Let & be the constant in Theorem 1.3.11,
M=0,t= 80l and s = VO Then by Theorem 1.3.11 and (1.3.6), we have

llgll Baro() [V Eo

. __rlg@)|
/(1)< 71‘f($) g(x)\ )dP < / elelBmo) dP + H f <9 (137)
o \& ' flhllgllzmow Q 111 )]y
Hence, from (1.3.3) we conclude
1f - gllze@) S & I F 9l Baro),
which completes the proof of the lemma. n

We shall refer to (1.3.5) as the generalized Holder inequality.
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1.4 Geometric properties of Banach space

We define the modulus of convexity and modulus of smoothness of a Banach space X
by (see, e.g. [82])

a —

Sx(e) = inf {1 -

ca,be X, llallx = |Bllx = 1l — bllx :e}, 0<c<2.
X

la +tb||x + [|a — tb||x
2

pxe(l) = sup{ b e X, lallx = [blx — 1} s

X is called g-uniform convez if dx(g) > ce? for some positive constants ¢ and ¢; X is
called g-uniform smooth if px(t) < ct? for some positive constants ¢ and q. We refer the
reader to [84] for more information.

These geometric properties of Banach space can be characterized by martingale in-
equalities. Recall that X is said to be of martingale cotype q (with 2 < ¢ < 00) if there
exists a positive constant ¢ such that for every finite X-valued L?%-martingale (f,)n>0, the
following inequality holds

Z Ean - fnflugf < cf SIiIO)]EanHg(7

n>1

where E denotes the underlying expectation; and the least constant c is called the mar-
tingale cotype constant, denoted by M.,(X). While X is said to be of martingale type
q (with 1 < ¢ < 2) if the reverse inequalities holds with ¢! in place of ¢ and the cor-
responding martingale type constant is denoted by M, ,(X). Pisier’s famous renorming
theorem shows that X is of martingale cotype (respectively, type) ¢ if and only if X
admits an equivalent g-uniform convex (respectively, smooth) norm. We refer the reader
to [82, 83, 84] for more details.

By [63], the one sided Littlewood-Paley-Stein inequality can also describe the under-
lying Banach space X. We define X to be of Lusin cotype q (with 2 < ¢ < oo) related to
{e*t‘/g}bo if there exists a positive constant C, such that the following inequality holds

(for some 1 < p < 00),

H</00o Ht\/ze_tﬂ(f)@)Hq dt>q < Gyllfllomexy, ¥V f € LPRGX),

X ¢

p

X is of Lusin type q(with 1 < ¢ < 2) if the reverse inequality holds. In [63], Martinez et
al showed that X is of Lusin cotype (respectively, type) ¢ if and only if X is ¢g-uniform
convex (respectively, smooth).

1.5 Homogeneous spaces

In this section, we introduce some fundamental concepts and important theorems for
homogeneous spaces, which can be found in [27]. We also refer the reader to the recent
survey [76]. We begin with the definition of homogeneous spaces. Recall that d is a
quasi-metric on € if
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1.5. Homogeneous spaces

(1) d(z,y) > 0,Vaz,y € Q, and d(x,y) = 0 if and only if z = y;
(2) d(z,y) =d(y,z), Yo,y €
(3) there exists a constant Ay > 1 such that

d(z,y) < Ag(d(x, 2) + d(z,y)), Vz,y,z € Q. (1.5.1)

Denote by B(z,7) :={y € Q : d(y,z) < r} the open ball centered at z with radius r.
In this paper, all quasi-metric spaces are assumed to have the doubling property: there
exists a positive integer A; € N such that for every x € 2 and for every r > 0, the ball
B(z,r) can be covered by at most A; balls B(z;, 5) for some z; € (2.

Definition 1.5.1. A o-finite measure space (2, F, 1) equipped with a quasi-metric d is
called a homogeneous space if i is a Borel measure of homogeneous type:

0 < pu(B(z,2r)) < 2%u(B(z,r)) <00, VzeQnr>0, (1.5.2)
where the constant C), is independent of z and r.

In [27], Coifman and Weiss defined Hardy spaces on homogeneous spaces by regarding
their elements as linear functionals acting on some appropriate quasi-normed spaces. In
order to state the definition of Coifman and Weiss, we need to introduce the notions of
atoms, BM O and Lipschitz spaces on homogeneous spaces.

Definition 1.5.2. If 0 <p <1 < ¢ < o0 and p < ¢, we say that a measurable function
a is a (p, ¢)-atom if

(1) supp(a) C B where B is a ball;

(2) llally < (u(B))=7;

3) Joadp = [padp=0.

Q=
3=

Definition 1.5.3. For a locally integrable function f, we define the BM O semi-norm of

f by X
= — du,
| £l Barow) s%p u(B) /B |f — fsldp
where fp := ﬁ Jp [ dp and the supremum runs over all balls B.

In order to consider normed spaces, one needs to quotient out the kernel space (the
functions f for which the semi-norm || f|| o) equal to 0) which is the space of constant
functions and the BMO space is defined by

BMO() = {f € Lioe(tt) : | fllzaso < oo}

as a quotient space modulo constant functions.
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Definition 1.5.4. For a > 0, a locally integrable function [ is called a Lipschitz function
if

1(z) — l(y)] < Cq (u(B))* for any =,y € Q and any ball B containing x,y.  (1.5.3)
Moreover, we define the semi-norm
12l 2oy == f{Ca « [l(z) — U(y)] < Ca (u(B))", Y,y € B}, (1.5.4)

where the infimum runs over all balls B. We notice that the kernel space is indeed the
space of constant functions. Similarly as the BMO space, we define the Lipschitz space
as a quotient space modulo constant functions:

La(p) = {1 € Lige() : lll 2,0y < 00}

It is well-known that each BMO function can be regarded as a continuous linear
functional on the vector space generated by finite linear combinations of (1, ¢)-atoms for
1 < g < oo (cf. [27]), which gives rise to the following definition of the atomic Hardy
space.

Definition 1.5.5. We define the atomic Hardy space Hy?(11) (1 < ¢ < 00) as follows:
Hi' (1) =

{f € (BMO(p)*: f = i)\jaj, where a’ is a (1, ¢)-atom and i |\ < oo} (1.5.5)

j=0 7=0

endowed with the norm

HfHH;t’q(M) = inf {Z Al f =D \al, where @/ is a (1,q)—atom} :
=0 j=0

Similarly, each Lipschitz function [ € L, (1) can be also regarded as a continuous
linear functional of the vector space generated by finite linear combinations of (p, ¢)-atoms
where 0 <p<1<g<ooand a,=1/p—1 (cf. [27]).

Definition 1.5.6. We define the atomic Hardy spaces H (1) as follows:

He () =

{f € (Eap(,u))*  f =Y )\jal, where @’ is a (p, ¢)-atom and D _ |\;|P < oo} (1.5.6)
j=0 =0
endowed with the quasi-norm
1

o0 E (o]
Hf”H;’f(u) ‘= inf (Z \)\j|p) f = Z /\jaj, where o’ is a (p, ¢)-atom
=0

J=0

Although the Hardy spaces vary with p and ¢ according to the above definitions, the
following theorem, which can be found in [27], shows that the Hardy spaces actually
depend only on p. Consequently, this enables us to define the Hardy spaces HZ (u) for
0 < p < 1 to be any one of the spaces HY?(u) for 0 < p < ¢ < 00,1 < g < 0.
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1.5. Homogeneous spaces

Theorem 1.5.7. HY () = HY™ (1) whenever 0 < p <1< ¢< o0 andp < q.
We end this section with the following duality theorem obtained in [27].
Theorem 1.5.8. (HY(p))" = BMO(p), and (HL(p)" = La, (1) for 0 <p < 1.

The proofs of Theorem 1.5.7 and Theorem 1.5.8 that appeared in [27] are very techni-
cal. In the following sections, by employing martingale methods, we give very neat proofs
of these facts. Our approach is based on the fact that H% (u) for 0 < p < 1 is the finite
sum of several dyadic martingale Hardy spaces.
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Chapter 2

Optimal Lusin type constant as p
tending to oo

This chapter is devoted to the proofs of the main theorems mentioned in Chapter
0, Section I. We prove them separately in the subsequent three sections, addressing the
scalar-valued, vector-valued, and noncommutative cases. Our approach relies on the prop-
erties of the operator associated with a martingale filtration, as outlined in, for instance,
(1.3).

2.1 Proofs of Theorem 1.2, Theorem 1.3 and Corol-
lary 1.5

We will need the following elementary lemmas.

Lemma 2.1.1. If S is a positive injective continuous operator on a Hilbert space H, then
forx e H
lim [|S*(z) — z|| = 0.

t—0+

Proof. By the spectral decomposition, there exists a resolution of the identity {Ex}o\<s)
such that -

1S
S = / AE,.
0

Since S is injective, Fy = 0. Hence for z € ‘H

T = dE,(z).
(0,1S11] A( )

Thus
2

') ol = | [ | 3= 10aBA@)

= N — 12d(E,(2), z).
(o,||S||1| *d(Ex(z), )

By the Lebesgue dominated convergence theorem and the fact that [A\*—1| — 0as ¢ — 07"
for X\ # 0, we deduce the desired limit. m
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Lemma 2.1.2 (Gershgorin circle theorem). Let A = (a;;)1<ij<n be a complex n X n
matriz. If X is an eigenvalue of A, then

A€ U D (akk, Z |6ij|) ,

k=1 j=1,j#k
where D (akk, 3 |akj|> s the closed disc of the complex plane centered at a, with

j=1j#k

n
radius Y. |ag;|-
i=Lik

Proof. Assume that X\ is an eigenvalue of A. Then there exists a nonzero vector x =
(21, ,xy,) such that Az = Azx. Choose i such that |z;| = max;<j<,|z;| > 0. Since

n
> aiT; = Az,

we obtain by the triangle inequality

Z a”

J=1,j#i i

< Z |ail,

Jj=1,j#i

—ay| =

which implies the desired result. O

Proof of Theorem [.2. It is easy to prove the first part of Theorem 1.2. Indeed, we can
rewrite 1" as -
Z 11— Qp— 1

Since
n n k

T = T}Lrglo Z(ak —ap_1)Ep = nlgl& Z(ak — ap_1) Zd]EZ-
k_l k=1 i=1

Z,JEEOZdEzZ ag — Qg_1) = h_)ngoz n— a;_1)dE;

n

= Z(l — an—l)d]En-

n=1
Then by the continuous functional calculus and dE,dE, = 0 for p # ¢, we obtain

T' =3 (1 —ay1)'dE,, t>0. (2.1.1)

n=1

Hence we conclude that 7" is a positive contraction for any ¢ > 0 on LP(Q, F, ) (1 < p <
00). Actually, for ¢t > 0

[e.9]

T =3 (1= an)' = (1 - a,)| En. (2.1.2)

n=1
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2.1. Proofs of Theorem 1.2, Theorem 1.3 and Corollary 1.5

It suffices to show that {T"};~ is a symmetric diffusion semigroup. T* satisfies the
conditions (a) and (d) (see, for instance, Definition 1.1) since T" is a positive contraction
on LP(Q, F,u) (1 < p < 00). The condition (b) is obvious as T" is generated by T via
continuous functional calculus. It remains to prove that T* satisfies the conditions (c),
(), (£).

For the condition (e), T is selfadjoint on L?*(£2, F, u1) since all conditional expectations
are selfadjoint. As for the condition (f),

o0

T'1) = S (1 = ap_1)'dE, (1) = (1 — ap)'dEy(1) = 1.

n=1

Note that the conditional expectations are projections on L?(Q2, F, ).

In order to show that the semigroup {T"};.o satisfies the condition (c¢), it suffices
to prove that T is injective on L%*(), F,u) by Lemma 2.1.1. This is because for f €
L2, F, )

1Tz =D (1= an1)?*[[dEL(f)]3 (2.1.3)
n=1
and
1713 = lim [Ea ()3 = 3 I4EL(F)]3 (2.1.4)
n=1

Thus we obtain that [|T(f)|l2 = 0 if and only if || f||o = 0, which implies T" is injective on
L2(Q, F, ). 0

Remark 2.1.3. From (2.1.3) and (2.1.4), we can also obtain
F(f)=E(f), fel’(QF.p), 1<p< oo

Note that

o0

S -F () - (35 \dEn(f)\z)% |

n=2

Proof of Theorem I.3. We will calculate the derivative 9;T*(f). To simplify our presen-
tation, we assume that f € LP(, F,, u) for a fixed n > 2 since f can be approximated
by a sequence of f,, on LP(2, F,,, 1)(1 < p < oo,n € N*).

Since f € LP(Q, Fo, ), dE(f) = 0 if m > n. Then for t > 0

n

THf) = > (1 — ax—1)' dEx(f),

k=1
which implies
DT!(f) = 3°(1 — ap) In(1 — a ) (£) = 31— ar) In(1 — ay_)dEx(f).

k=1 k=2
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Chapter 2. Optimal Lusin type constant as p tending to co

Hence
oo 2 dt 00 2
/ w1 () T = / tlo ()| at
0 t 0
n 2
_ /0 1571 = ap_1)' In(1 — ap_y)dEi(f)| dt
k=2
= Z / 1 — Q;— 1) (1 — aj_1>t ln(l — Cli_1> 111(1 — (Ij_l)dEl(f)dEj(f)dt
= 3 (1 = ai) In(1 — a;_ )dE;(f)dE;(f) /Oot(l ~a)H(1 — ayy)idt
1,j=2 0
" In(1 —a;—1)In(l —a;_y)
= dE;(f)dE;(f). (2.1.5)
”2—:2 In*[(1 = a;-1)(1 — a;-1)] ’
We write y; = —In(1—a;_1) (¢ > 2). Then {y;};>2 is a strictly increasing positive sequence

which tends to infinity as ¢ — oco. Let B = (b;j)1<ij<n—1 be the real symmetric matrix
given by
b — Yi+1Yj+1
i ——
(Yir1 + Yjs1)
We need to determine the lower and upper bounds of the eigenvalues of B.
Let A be an eigenvalue of B. By Lemma 2.1.2 we have

n—1 n—1
AE U D (bkk, Z |bkj|> .

= j=Lj#k
However by, = i and y; = 16° for 4 > 2, thus for k # j
-1
brj = Yre+1Yj+1 = (yk+1 i Yj+1 +2) < 161kl
(Yrr1 + Yje1) Yjir1  Yrt1
Thus for every 1 < k <n—1,
n—1 n—1 ) oo ) 2
> ls X 16kl<oy 6= 2
J=Lik =Lk i=1
We then get
7 23
— <A< —.
60 —  ~ 60
Thus B satisfies (I denoting the identity matrix)
7 23
—I<B<—I.
60 60

Therefore by (2. 1.5)

Z|dE |2</ tOT'(f) itng’)zw@

ﬁ;su—Fu»<cwuv J S(f = F (/). (21.6)
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2.2. Proof of Theorem 1.8

Remark 2.1.4. By virtue of the special semigroups induced by martingales in Theorem
[.2 and with the help of Theorem 1.3, we get a lower bound of optimal orders of best
constants of Littlewood-Paley-Stein inequality for symmetric diffusion semigroups via
inequalities of martingale square functions. However, to show that this lower bound given
by martingale inequalities is exactly the optimal order of best constants for Littlewood-
Paley-Stein inequality is much more delicate. For more details, see [102].

Proof of Corollary 1.5. Firstly, we calculate P; for t > 0 as follows

1 0 e7¢
P:—/
Vb s
-

_ \/1%/000 \/g (ia - anl)fsdEn> ds

n=1

© 1 0 ¢ 2
= - 1—a,_1)% ds|dE,
Z<f a0 )

_ io: e—tw / —ln(l—an_1)dEn
n=1

t2
T4 ds

=dE, + Y e '"dE,.

n=2

Therefore, by Theorem 1.3, the desired inequalities are deduced. O]

2.2 Proof of Theorem 1.8

The proof of Theorem 1.8 is more complicated than the one of Theorem 1.3. In contrast
to Theorem 1.3, the choice of the sequence {a,},>0 is not explicit for Theorem I.8.

To make our proof easier and neater, in the sequel we denote b, = —In(1 — a,) for
convenience. Then by = 0 and n}grolo b, = +00. Let 1 < p,q < co. We can also write

Gy (f) in the following form

q dt)q, Vf € LP(Q; X). (2.2.1)

> the Pt dEgia(f) .

k=1

X

> thre " dEy 11 (f)
k=1

Gq,T(f) = (/
0
the existence of the sequence {by }x>o-
Fixing M sufficiently large, we denote
1
q dt) q
X t
Now we are about to prove
Gor(f) mpq S (f —F(f)), VfeLP(QX). (2.2.2)

Hence to find a suitable sequence {a, },>1 that satisfies Theorem 1.8, we should search for
M
Gq,T,M(f) = /0
Indeed, we have a stronger result that the constants in (2.2.2) are universal.
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Chapter 2. Optimal Lusin type constant as p tending to co

Proof of Theorem 1.8. Take a strictly decreasing sequence {t,},>o with nh_g)lo t, = 0 and
tg = M, then
1
q dt) q
x t

1
th)q
Xt

_tbkdEkz—i—l(f)Hq dt) ’

X ¢

Z tbke kdEk_H(f)

tn—1
Gq,T,M /
In

For n > 1 let

Z tbke kdEk_H(f)

tn—1
=)
tn

tn—1
Rn,k = </
tn

Considering the interval (,,t,_1) equipped with the measure 4 by the triangle inequality,
we get

and for k > 1

R, = (> the " dEyi1(f)
k=1 L4((tntn—1),55X)
—tby, _ —tbn,
> thne dEn11(f) L9((tmstn1), 2:X) (I#E%Zl thne dEp1(f) Lq((tn,tn_l),df;X)> ‘

- Rn,n_ ( Z Rn,k .
k#n,k>1

Thus we deduce
n=1 n=1 k#n,k>1

To get the desired control, we are concerned with making >> R, sufficiently small.
k#n,k>1

We take I, and my, (k > 1) such that

Iy 1
1=t —
/0 t9 e dt = SYeI(=E) I'(q),

o0 1
q—1,—-t34 —
/mk t € dt - 2q2(k+2)F(Q)a

where T'(q) = [5°t7 'e™'dt, as ¢ > 1. Denote ly = mg = 1. It is easy to verify that
I, <my (k>1), klirn I, =0 and klirn my = +00.
—00 —00
Then {tx}r>0 and {bx }r>0 are just defined by the following formulas
t() = M, bo - O,
tbrg = ly,  tr_1brg = my, k> 1.
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2.2. Proof of Theorem 1.8

By elementary calculations, it follows that
tk:MH—J for k >0,
j=0 T

k
1 mj

- for K > 1 and by = 0.
qu':llj*1 B ’

b,

It is obvious that {t;}r>0 is decreasing, {b}r>0 is increasing, and

Jiz te =0, Jim b= oo
Then

Rualt = [ [thnedEna(0)]}, 5

_ tn—1bnq tq—le—tdtw
tnbnq qq
_ /mn tqileitdtM
In q
2 \TI(g
_ <1 _ > B2 (f)|I% -

242 (n+2) q4

On the other hand, for 1 < k < n,
|R k|q — /tn_lbkq tq—le—tdtl‘dEk+1(f)"g(
' t

nbrq qq
q
[ g B
0 qq
q
_ /ln_l tq—le—tdtM
0 q

I'(q)
= P [dEx+1 (% -

Similarly, for k£ > n

my q1

Y@ 5,2

- 2¢%(k+2) ga

Let 7,7, > 0 be defined as follows

rult = (1= s ) ) o (1)

2‘12(”+2) qq
I'(q)
Tn il = 2P ga |dEk+1(f)]|% when n >k >1,
['(q)
|7 k! = 2P 2) ga |dEg1(f)]|% when n <k,
Tk = 0
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Chapter 2. Optimal Lusin type constant as p tending to co

Denote 7 := {r, }p>1, ¥ = = {rnxtn>1. We estimate the {,—norms of r and r). By the
definition of r, we have

b= (3 (1 gten) L) = (- 2 190) s w0

n=1

. We consider the measure space (N2, 2% /i) where
Zq

S (k)

k>1

It remains to estimate

Q=

I'(q) :
<2q2<n+q1>qq> it 1<k <n
N({(n’k)}) = 0 , if k=n
( I'(q) )
242 (k+2) gq

It is very easy to verify that u is a finite measure. Assume that v is the counting measure
on N. Define

Qe

it kE>n

f: N> — R,
(n, k) — (|1 ()]l -
Then we deduce by the Holder inequality

k>1 n=1 k=1
1
fnkﬁwdﬁ

=

Ly

keN

q—1 q
f(n, k) qd,u‘ ( 1du> dy>
keN keN

q—1

1 -2
f(n, k)qd,udu) sup (/ 1du> t
kEN n>1 keN

IN

IN

However, for n > 1

</keN 1du ( 20° "+1)qq + <2q2(’“+2 ) )
_ (T(q) e n 1
B ( qa 2q(n+1) + gl 2q(k+2)

ot e
< <1> « (L))~
< (3 p
Moreover, in the same way

a R NOIRY T(g) \* ) z
</n€N /k:eN f(n,k) dudy) B (1; (k (2@!2(’64?2)qu> +n§>:k <2q2(nfl)qq> ) ||dEk+1(f)||X)

(1) @?)qg Sy(f ~F (1))
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2.2. Proof of Theorem 1.8

Thus we obtain

S

k>1

< (2@)3 S = F ()

£

By the triangle inequality again, then it follows

s NG [ N g
Gq,T7M<f) Z (Z Rn,n - ( Z Rn,k) ) Z (Z Tn — (Z Tn7k> )
n=1 k#n,k>1 n=1 k>1
== ()] 2t -5
k=1 k=1

£q £q

(1 20 50) s wiry - L (M9) s ey
1
;

.
) (F@)éSq(f—F(f))

qq

1
T q
Since <(3)> 21 for all ¢ > 1, it is easy to deduce that
q

Gar(f) = Gora(f) 2 So(f = F(f)). (2.2.3)

For the reversing inequality, we have by the convexity of norms

T dqt

t

00
0 X

Gq,T(f)q = /

> the P dBy . (f)
k=1

-1 o

_ /oo . (Z bke_tbk> S bre ™ || dBg i (f)]|% dt.
0 k=1 k=1

To this end, we choose a positive number N > 2 such that bgi1/by = my41/l; > N for all
k > 1. Then we have by, < N (N —1)7" (b, — by_1), s0

/bk “rdy <
g e T <
br_1

k>1

N

N N /00 tr g, <
N—1Jo © " =WN-1nr

be e <
,; KT SN

Then

=

Gq,T(f)q

IN

_ 1>q1 i {HdEkH(f)H?( /OOO bketbkdt]

(

N k=1
< (75) Sl
< () st -re (22.4)
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Chapter 2. Optimal Lusin type constant as p tending to co

Combine (2.2.3) and (2.2.4), and we finally obtain

So(f =F(f) = Gor(f). (2.2.5)
This completes the proof. O

Recall that a Banach space X is of martingale cotype ¢ (¢ > 2) if there exists a
positive constant ¢ such that every finite X-valued L?-martingale {E, (f)},, satisfies the
following inequality -

E[S,(£)] < ¢"sup E [l (H)l - (2.2.6)

where E denotes the underlying expectation. See [82] for more information about mar-
tingale cotype. Pisier’s famous renorming theorem asserts that X is of martingale cotype
q iff X admits an equivalent norm that is g-convex. Besides, he also proved that X is of
martingale cotype ¢ iff all X-valued Walsh-Paley martingales satisfy (2.2.6). See [83] for
more details.

Corollary 2.2.1. Assume 2 < g < oco. If for every symmetric diffusion semigroup {T;},.,
and for every 1 < p < oo there exists a constant ¢ such that

00 p dt %
H(/ oIy )

Then X is of martingale cotype q.

<cllflle,@x), Vf € Ly(Q2; X). (2.2.7)
Ly ()

Proof. 1t is an immediate consequence of Theorem 1.8 and the definition of martingale
cotype. O

Remark 2.2.2. Corollary 2.2.1 was first shown by Xu in [100, Theorem 3.1]. There he
constructed a highly lacunary Fourier series to show that all Walsh-Paley martingales
satisfied (2.2.6) only by using the Poisson semigroup on the unit disk. Hence, from his
proof, X is martingale cotype ¢ iff the Poisson semigroup satisfies (2.2.7).

Remark 2.2.3. Here we use Theorem 1.8 to give an alternative proof of “if” part of [102,
Theorem A] or [63, Theorem 2.1]. However, our proof needs much additional and stronger
conditions on semigroups.

Remark 2.2.4. From Theorem [.8, the best constants of martingale inequalities can be
dominated by the best constants of the Littlewood-Paley-Stein inequality. Accordingly,
we can use martingale inequities to obtain the Littlewood-Paley-Stein inequality, which
is due to Stein [87, Chapter IV.5].

2.3 Proof of Theorem 1.10

We end this part with the proof of Theorem 1.10. Although it is similar to that of
Theorem II1.1, we give some details for reader’s convenience.
Note that for 1 < p < oo, any noncommutative symmetric diffusion semigroup {T;};~¢

is analytic. See [53] for details. Then the column and row square functions are well-
defined.
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2.3. Proof of Theorem 1.10

Proof of Theorem I.10. At first, we show that {T"};~¢ is a noncommutative symmetric
diffusion semigroup by the same method as Theorem 1.2. More precisely, the condition
(a) (see Definition 1.9) follows from the fact that all conditional expectations on M are
unital normal and completely positive. As for the condition (b), observe that Ty(x) — x
for x € M,, (Vn > 1) as t — 07 in the w*-topology of M, and then use the fact that
Up>1M,, is w*-dense in M.

The condition (c) is due to the fact that all conditional expectations on M are selfad-
joint. The condition (d) follows from the fact that any conditional expectation can extend
to a completely contractive operator from LP(M) to LP(M) for 1 < p < co. Hence, we
conclude that {T"};~¢ is a noncommutative symmetric diffusion semigroup.

Then it suffices to prove (1.9) and (1.10). Observe that if we have

67050(95 CF@)) < Gara(2)? < zgSc(x _F@)?, (2.3.1)

then the desired inequality follows immediately since the square root function is operator
increasing. We only need to consider the case where x € LP(M,,) for a fixed arbitrary
n € N. By the same calculation as (2.1.5), we obtain

G z": In(1 —a;—1)In(1 — a;— 1)d-:17*dfv
C zj*?ln [1_@1 1)(1_&] 1)] ' ’

Since d;z*,d;x and d;z*d;x (2 < 4,j < n) are all measurable operators affiliated to M,
they have a common domain denoted by IC which is a dense subspace of H.
For any ¢ € IC,

In(1—a;_1) In(1 —a;_1)
In® [(1 — a;—1)(1 — a;_1)]

In 1—&1 1)1H( — Q- 1)
In® [(1 — a;—1)(1 — aj_1)]

<G2,T,c(x)2(§)7€> - <d x*d; .Z‘(f) 5)

(djz(£), diz(§)),

<, &,
HM3 HM3
) [\

which implies that

D (dia€), () < (Gare)(6), ) < oo > (dir(E), dir(€))-
i=2 =2
Using the fact that (d;z (), d;xz(§)) = (d;x*d;x(§), (€)), we obtain the desired inequality
(2.3.1). As for the row square function, it can be deduced by the same way. []

We introduce the norms in the Hardy spaces of martingales defined in [85] and [86].
Let 1 <p < oo and x = (2,),5, be an LP-martingale. Set, for p > 2

lllr = max {||Sc(2)Il, . [1S-()]], }

and for p < 2
|zllae = inf {IS.@)Il, + 15-(2)Il, }

where the infimum runs over all decompositions x = y + z of z as sums of two L,
martingales.
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Chapter 2. Optimal Lusin type constant as p tending to co

Similarly, we introduce the semigroup analogues of these norms. Let || - ||, » denote
the p-norm of semigroup square function defined as follows: for x € LP(M)

|2|lp,r = max {||Gorc(x)llp, Gorr(@)llp,} i 2<p<oo,
and

2llp.r = inf {IGorcW)llp + G (2)llp : =y +2} i 1<p<2.

Note that our definition of ||z||, r is different from that of ||z, r in [53, Chapter 6] when
1<p<2.

Remark 2.3.1. Tt should be noted that when 1 < p < 0o, we have the same equivalence
for the p-norm of their corresponding square functions like the classical setting for the
noncommutative symmetric diffusion semigroup in Theorem 1.10, i.e.

7 23
Vs el < l2lr <52 o, Vo€ L2(M),

which follows from (1.9) and (I1.10).

40



Chapter 3

Optimal Lusin type constant as p
tending to 1

In this chapter, we are devoted to the vector-valued Littlewood-Paley theory. First we
provide the main assumptions and a rigorous introduction of vector-valued tent, Hardy
and BMO spaces. Then we recall the basic properties of tent space and give two important
operators K and 7y, which will be key tools in our argument. Next, we extend Wilson’s
intrinsic functions (cf. [95]) to the vector-valued setting. In Section 3.4, we prove Theorem
I1.1 and Theorem II.2. At last, in Section 3.5, we obtain the optimal Lusin type constants
and the characterization of martingale type.

3.1 Preliminaries

3.1.1 Main assumptions

Throughout this part, we assume L is a sectorial operator of type o (0 < a < 7/2)
on L?(R?) such that the kernels { K (t,z,y) }s~0 of {e "t },5¢ satisfying assumptions (I1.1),
(I1.2) and (II.3) with 8 > 0,0 < v < 1. It is well-known that such L generates a
holomorphic semigroup e L with 0 < |Arg(z)| < 7/2 — « (cf. [45, Chapter 3, 3.2]). Let
{k(t,x,y)}+>0 be the kernels of {—tLe "F},- and it is easy to see

k(t,xz,y) = to,K(t,z,y).
The following lemma has been justified in [36, Lemma 6.9]

Lemma 3.1.1. Let L be an operator satisfying (11.1) and (I1.2) with 8 >0, 0 < v < 1.
Then
(i) there exist constants 0 < B; < 3, 0 <y < and ¢ > 0 such that

Ctﬁl

3.1.1
G+ —gho (3.1.1)

|k(t,z,y)| <

and

c’h”ﬂtﬁl

\k(t,x + h,y) — k(t, 2, y)| + |k(t, 2,y + k) — k(t,z,y)| <
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Chapter 3. Optimal Lusin type constant as p tending to 1

whenever 2|h| <t + |z — y|;
(i) for a < 0 < /2, there exist positive constants 0 < 3 < 3, 0 < v <y and ¢ > 0
such that for any |arg z| < /2 — 6,

(2] + & — y[)o+

K (2,2, )| < (3.1.2)

and

C|h”Y2|Z|/B2
(2] + & — y[) o2t

whenever 2|h| < |z| + |z — y|.

Remark 3.1.2. By [29, Lemma 2.5, the estimate (3.1.2) implies that for all k € N, ¢t > 0
and almost everywhere z,y € R?,

CtBQ
AT

FOF Kt 2,y)| < ( (3.1.3)
Convention. To simplify the notations, we will write below 7, 8 instead of v;, f; and
9, P2 appeared in Lemma 3.1.1, and it should not cause any confusion.

One can verify that each e~F is a regular operator on LP(R?) for 1 < p < oo (see
Proposition B.0.1 in Appendix B). Then the semigroup {e~*},., extends to LP(R%; X)
(see e.g. [102]). The resulting semigroup is still denoted by {e~*};~o without causing
confusion. To well define the vector-valued BMO type spaces, we need more notations.
For € > 0, define

Lf ()l x

— 1 d, .
A/’g—{fELlocaR,X).3C>OSUChthat Rd(]_—|—|x|)d+5dxgc}7

equipped with norm defined as the infimum of all the possible constant ¢. Then N, is a
Banach space (cf. [36]). For a given generator L, let ©(L) = sup {2 > 0: (3.1.2) holds}.
Then we define
N = N@(L), if O(L) < oo;
UO<€<oo jV’E? if @(L) = Q.
It is clear that LP(R% X) C A for all 1 < p < co. Moreover, By the definition of A/ and

Remark 3.1.2, we know that the operators e=** and tLe~** are well-defined on N.
Denote by Fy, the fixed point space of {e7**};~¢ on A/, namely

F={feN:e™(f)=f Vt>0}.

It is well-known that F coincides with the null space of {tLe~*‘},q, and the resulting
quotient space is defined as Ny := N/Fy. For 1 < p < oo, the fixed point subspace of
LP(R% X)) is Fr N LP(RY X) = {0} (cf. [36, Theorem 6.10], see also Proposition B.0.2
in Appendix B). Then the projection from LP(R?; X) to the fixed point subspace for all
1 <p < oo isindeed 0. See e.g. [63, 102] for more information on this projection.

Remark 3.1.3. Let L* be the adjoint operator of L. Then L* is also a sectorial operator
with the kernels of {e~*"},o satisfying (IL.1), (I1.2) and (I1.3) (cf. [36, Theorem 6.10]).
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3.1. Preliminaries

3.1.2 Vector-valued tent, Hardy and BMO spaces

In this subsection, we introduce several spaces including vector-valued tent spaces,
vector-valued Hardy and BMO spaces associated with a generator L.

Vector-valued Tent spaces

We first introduce vector-valued tent spaces. We denote by R‘fl the usual upper half-
space in R4 i.e. RYx (0,00). Let T'(z) = {(y,t) € RE™ : |y—x| < t} denote the standard

cone with vertex at z. For any closed subset F' C RY, define R(F) = U,er (). IfO C R?
~ ~ c
is an open subset, then the tent over O, denoted by O, is given as O = (R(OC)> .

For any strongly measurable function f : ]R‘_f“l — X, we define two operators as
follows:

A= ([ Hf<y,t>||_%<‘j3ff);, @ =sup (g0 [ 17601

dydt)

I

where the supremum runs over all balls B in R?.

Definition 3.1.4. Let 1 < p < oo and 1 < ¢ < oo. The vector-valued tent space
Ty (Rﬁlr“; X) is defined as the subspace consisting of all the strongly measurable functions
f R — X such that

[fll7zx) = 1A ()lp < oo,
and T;O(Riﬂ;X ) is defined as the subspace of all the strongly measurable functions
g : RE™ — X such that

191752 x) += 1ICa(9)llo < 00

Let C.(RT™)® X be the space of finite linear combinations of elements from C,(R%)
and X. The following density follows from the standard arguments (see e.g. [47]), and
we omit the details.

Lemma 3.1.5. Let X be a Banach space and 1 < q¢ < co. Then C.(REY) ® X is norm
dense in Té’(R‘fl; X) for1 <p < oo, and weak-+ dense in (qu, (R X*)) .
Vector-valued Hardy spaces

Given a function f € N7, the g-variant of Lusin area integral function of f associated
with L is defined by

i = ([ e s B

and the g-variant of Littlewood-Paley g-function is defined by

t
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Definition 3.1.6. Let 1 < p < oo and 1 < g < oo. We define the vector-valued Hardy
space HY | (R% X) associated with L as

H (R X) = {f € Ni: Spu(f) € P(RD},

equipped with the norm
[ llzz ) = 119, (F)llp-

It can be verified that H}  (R% X) is a Banach space from the definition of N.
The space Hé’, (R4 X) has deep connection with the vector-valued tent space, namely,
a strongly measurable function f € N belongs to H ;(R% X) if and only if Q(f) €
Tg’(R‘fl;X) where Q(f)(x,t) = —tLe *E(f)(z). Moreover,

11, ) = 12D lzz o

Vector-valued BMO spaces

Definition 3.1.7. Let 1 < p < oo and 1 < ¢ < co. We define the vector-valued BMO
space BMO? | (R% X) associated with L as

BMO? (R X) = {f € N : [C,(Q(f))ll, < o0}

equipped with the norm
1 llmaror 0 = 1C(QU Dl

In particular, for p = oo, we denote it by BMO, 1(R?% X) for short.

It can be verified that BMO? ; (R% X) equipped the the norm || - ”BMO’;,L(X) is a
Banach space from the definition of N7.

The vector-valued Hardy and BMO spaces enjoy the similar relationship as the scalar-
valued ones (see e.g. [26]). We collect them below with a brief explanation.

Lemma 3.1.8. Let X be any fired Banach space and 1 < q < oo. One has for f €
C.(RE ® X,

1C(H)ln S (L) 1A (F)llps g <p < o0, (3.1.4)

and

ANy S aellCe(Nllp, 1 <p<oo. (3.1.5)
Therefore, we have for 1 < p <gq,

BMO?} (R X) Cc HY | (R X)

and for g < p < o0,
HY  (R% X) = BMOY [ (R%; X)

with equivalent norms.
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3.2. Theory of vector-valued tent spaces and two key linear operators

Proof. Given an X-valued function f defined on R, we consider the scalar-valued

function f(z,t) = || f(z,?)|[x. Then one may apply (3.1.4) and (3.1.5) in the case X = C
for f (see e.g. [26, Theorem 3]) to obtain (3.1.4) and (3.1.5) for general X. Thus by using
the operator Q, for any f € BMO! (R X) (1 < p < q), we get

111z, o) = IALQUN N S a7 1ICa( QUM = 1/l 5s0 , 3

and the same argument holds for ¢ < p < cc. O]

Remark 3.1.9. In particular, BMO, 1(R% X) is closely related to the Carleson measure.
Recall that a scalar-valued measure ; defined on RE™ is a Carleson measure if there exists
a constant c such that for all balls B in R,

\u(B)| < ¢| B,
where B is the tent over B. The norm is defined as

Il = sup | B (B,

where the supremum runs over all the balls in R
For a vector-valued function f € N, we define a measure fi, s as

_ ||Q(f)($,t)||§<dmdt'
t

/'quf(x7 t)
Then f belongs to BMO, ,(R% X) if and only if y, ; is a Carleson measure, and moreover

1
q
c

£ ar0, L) = [la.zllE -

3.2 Theory of vector-valued tent spaces and two key
linear operators

In this section, we will first present the basic theory of vector-valued tent spaces such
as interpolation, duality and atomic decomposition, and then introduce two important
linear operators K and 7w, which enable us to exploit the basic theory of tent spaces to
investigate in later sections vector-valued Wilson’s square functions and Theorem II.1.

Note that if the underlying Banach space X has some geometric property such as
UMD, then the vector-valued tent space theory have been established in the literature
[51, 56, 57]. In the present paper, we observe that the theory of vector-valued tent space
holds for any Banach space; and this is quite essential for the applications in the present

paper.

3.2.1 Basic theory of vector-valued tent spaces

We begin this subsection by providing a concise overview of interpolation theory in
the context of vector-valued tent spaces.

To apply the theory of vector-valued tent spaces, we will need the atomic decomposi-
tion of T} (R%'; X). Recall that a strongly measurable function a : R{"' — X is called
an (X, q)-atom if
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Chapter 3. Optimal Lusin type constant as p tending to 1

1. suppa C B where B is a ball in R¢;

<fRd+1 ||a(x t)l k! dxdt) < |B|771.

Lemma 3.2.1. Let X be any fired Banach space and 1 < g < oo. For each f €
THRE™; X), there exists a sequence of complex numbers {\i}i>1 and (X, q)-atoms ay,

such that
F=> an, | fllmo = D [l

k>1 E>1

Proof. Let a be an (X, ¢)-atom and suppa C B where B = B(cp,rp) with center cp and
radius rp. If T'(z) N B # (), there exists (y,¢) € I'(x) N B. Then we have |z — cp| <
|l —y|+ |y — cg| < t+rp < 2rg. By Holder’s inequality and Fubini’s theorem,

dydt\ @ o dydt
folagens = [, ( N0l Sy ) o < 2 ([ w01 ) <1

Therefore any (X, g)-atom belongs to T} (R4; X).
Let 0 < A < 1/2. We define two sequences of open sets {Oy}, ., and {O;}, ., as

Op={z eR?: A (f)(z) > 2}, Of ={z €R?: M(1o,)(z) > 1 - A},

where M (1p,) is the centered Hardy-Littlewood maximal function. It is clear that both
Oy and Oj have finite measure. Additionally, the following properties hold: Oy1 C Oy,
Oj41 C Of and |Of| < C,\|Oy| (see e.g. [26]).

We follow a similar construction as in [56]. The Vitali covering lemma and [57, Lemma
4.2] assert that for each Oj, there exist disjoint balls BZ C O; (5 > 1) such that

Orc U5B, Y IBl <05

j>1 j>1
With this setup, we proceed to define a family of functions X{g by the partition of unity:

0<x} <1, inzlon O; and suppxicggi.

j=1
Therefore .
f:ka:ZZX‘;{:fk:ZZAkaka
keZ keZ j>1 keZ ji>1
where
1 .
o= P M= BBl ([ A ar) ", of = X (3:2.1)
k Oi\O;y, R\ Jsps OV PR N -

Now we only need to show that each ai is an (X, ¢)-atom and

S SIS I o

kez j>1
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3.2. Theory of vector-valued tent spaces and two key linear operators

It is clear that supp ai - 51\32 Furthermore,

dydt)

I} sy < BB A Ly ( o 1015

< BRI AR 15 ([, (A 0o
k
~ 5B{/'~"
Hence each a], is an (X, ¢)-atom.

According to [26, Lemma 5], it is known that A,(fx) is supported in O} \ Oj41, then
we deduce that A,(fi)(z) < 21 by definition. Thus

NI < X S BBIT B < 3205 < Y 20

keZ j>1 keZ j>1 kEZ k€EZ

However, A,(f)(x) > 2*+™ on Oy, then

2k10 :/ ok dx = / ok dr < 2_m/ A z)dz.
| k| Oy mZ:O Ok+m\Ok4m+1 mZ:g Ok+m \Ok+m+1 q(f)( )
Hence
Y 2CNO £ Y0 D 27mIC, Ag(F) (@) dz S (| fllzpx)-
keZ m=0 keZ Ok+m \Ok+m+1
We complete the proof. O

Remark 3.2.2. From the atomic decomposition of T} (R{*"; X)—Lemma 3.2.1, one may
conclude a molecule decomposition of the corresponding Hardy space. This might have
further applications, and we include it in Appendix A.

The following lemma is the complex interpolation theory of vector-valued tent spaces.

Lemma 3.2.3. Let X be any fived Banach space, 1 < g < oo and1 < p; <p < py < o0
such that 1/p = (1 —0)/p1 + 0/ps with 0 <0 < 1. Then

(T3 (R X), Ty (R X))o = T3 (RY; X)),

with equivalent norms, where [-,-|g is the complex interpolation space. More precisely, for
fe€C.RT™) @ X, one has

1
HfHTqP(X) S ||f”[T;’l(Rfl;X),Tg?(Ri“;X)}g NS & Hf”T,f(X)‘

Proof. Denote by FE the Banach space LY(R%4; X) equipped with the measure dzdt/t4+1.
At the beginning of the proof, we introduce two important operators, which allow us
immerse TP(R{™; X) into LP(RY E). Let f € TP(RT™; X), we define an operator as
follows
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Chapter 3. Optimal Lusin type constant as p tending to 1

Then it is clear that [|i(f)||rsz) = || fllzr(x)- Denote by YNZ’ the range of the operator i.
Now we introduce another operator /N given by

1
— z,y,t)dz,
wdtd /|z—y|<t f( Y )

where wy is the volume of the d-dimensional unit ball. It is known that N is a continuous
projection from LP(R? E) onto itself with range T? for 1 < p < oo (cf. [47]). Consider
the maximal operator

N(f)(.T, Y, t) = ]11"(:10) (ya t)

M) t) = sup o [0
It is known from the maximal inequalities (see e.g. [88, Chapter II]) that M; is bounded
on LP (]Rd; LA(R*HL dydt/t“l)) for 1 < p < oo; in particular, we view ||f|x as a scalar-
valued function in P (Rd; LRI dydt/ td+1)), then

1
1ML o (s (et agae yy = IV O 2o (et o (mivs, e yy S ol Fllzecey, g < p < oo
Then we deduce from the definition of N that

INCH sy, 8)llx < Tre (v, ),B |/ 1/ (29, D)l x dz < My (f)(2,y,1).

Therefore
1
INCHze ey < IMUE o (oot gpacyy S polfllore), ¢ <p < oo
We denote by F the Banach space L? (RE™: X*) equipped with the measure dxdt/t4+?!,
Then it is clear that F' C E* and F' is norming for E. For 1 < p < ¢, we have

dydt

P Riﬂ (N(f)(:n,y,t),g(x,y,t»XXx* td+1 dSB

||N(f)HLP(E) = Sl;p

dydt
= Sl;p /]Rd /]Rd7LJr1 <f(x7y7t)aN(g)(x7yat)>X><X* thdl”

1
<l 1IN ) S 27N F o) 191 2 )

where the supremum is taken over all g in the unit ball of L” (R%; F'). We conclude

1,1
ING ) S max {pt 9%} 1y, 1<p < ox. (322)

Now we turn to the interpolation theory. The proof of the case 1 < p; < ps <
follows from [47] by virtue of the immersion i and projection N.

For p; = 1, we adapt the classical argument as in [26, Lemma 4, Lemma 5]. Since
the immersion ¢ is an isometry, the exactness of the exponent 6 of complex interpolation
functor reads that

12121 s, Lo2 (R
0
< H ||T1(Rd+1 X)— L1 (RY; E)” ‘|T52(Ri+1;x)ﬂLp2(Rd;E)||f||[T;(Ri“;X),TfQ(Ri“;X)]g

< ”fH[Tl Rd+1 X), sz(RdH X))o
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3.2. Theory of vector-valued tent spaces and two key linear operators

By the interpolation theory of vector-valued L spaces, (see e.g. [13]), we have

Hi(f)”[Ll(Rd;E),LPz(Rd;E)]g = Hi(f)HLP(E) = ”fHT;’(X)-
Thus
HfHTqP(X) < Hf”[qu(]Ri'H;X),T;Q(Ri‘”;X)]g'

For the reverse direction, let f € Tg’(Ri“;X) and ||fllzzxy = 1. We define the
interpolation functor F' as

F(z) =y 2@y,

keZ
where a(z) = 1 — z + z/py and f is defined in (3.2.1). We have F'(f) = f. Then the
proof is indeed the same as in [26, Lemma 5], we omit the details. [

We now provide a characterization of T7 (R%H: X)-norm. Tt belongs to the norming
subspace theory of vector-valued LP-spaces, see e.g. [35, Chapter 11, Section 4]. The proof
is in spirit the same as the scalar-valued case (cf. [47, Theorem 2.4] and [26, Theorem 1],
but we include a proof here to provide explicit orders for later applications.

Let (Q,F,u) be a measure space. Recall that a Banach space X has the Radon-
Nikodygm property with respect to (Q, F, u) if for each p-continuous vector-valued measure
v : F — X of bounded variation, there exists g € L'(€; X) with respect to the measure
1 such that

I/(E):/Egdﬂ, VE ¢ F.

In the following context, we call a Banach space has the Radon-Nikodym property for
short when there is no ambiguity. We refer readers to [34, Chapter I1I] for more details.

Lemma 3.2.4. Let X be any fized Banach space and 1 < g < oo. The space T(f,l (Ri“; X7)
1s isomorphically identified as a subspace of the dual space of Té’(Riﬂ; X). Moreover, it
is norming for Té”(Rfrl; X) in the following sense,

dxdt ’

/Rdﬂ <f<x7t)?g(xat)>X><X* -, 1< p < 00, (323)

1 1
| Fllzy ) S max {pq,p'qf } sup

where the supremum is taken over all g € C.(RU) @ X* such that | Ay (g)|y < 1; and
similarly,

plg—1)\7
oo S (< >) sup
q—p

9

[~

1<p<gq, (3.24)

dad
[ 0.0 D) t‘

where the supremum is taken over all g € C.(RT™) ® X* such that ||Cy(g)|ly < 1.
Furthermore, if X* has the Radon-Nikodym property, then

TH (R X7) = (TP(RT X)), 1<p<oo.

Proof. We adopt the notation used in the proof of Lemma 3.2.3. We first prove the
estimate (3.2.3).
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Chapter 3. Optimal Lusin type constant as p tending to 1

For any g € C,(RY) ® X* and f € qu(Rﬂlfl; X)), we denote by

dxdt
90 = [, (@0, 9@ D) e o
+
Thus we have
_ dydt
90 = Lo, (P00 900 (it [ 1
R++ lz—y|<t X x X* t
(3.2.5)
_ -1 dydtd
=02 [, foo GO0 05000) (00 - ]
Since i(f) € Tg’, we have N(i(f)) = i(f). Then we deduce that
dydt
£z = 1) svizy = sup /R d /R o @050, 9(0, 9, D) gy
dydt
—sup [ [ VG ) 320

dydt
/Rd/]RdH .’L’ ' Ys >7N(g)(xay7t)>X><X* thdl’|

where the supremum is taken over all g in the unit ball of L” (R%; F'). Notice that N(g) =
i (i7*(N(g))) and by (3.2.2)

1
[ V(D gt ey = Ny S max {p¥ /7 gl

Consequently, combining (3.2.5) and (3.2.6), we obtain

—Sll

1,1
7100 S max {77 fsuplo(h)l, 1<p< oo,

where the supremum is taken over all g € C.(R%™) ® X* such that || Ay (g)|l,y < 1. Here
we adapt a limiting argument. Since the unit ball of CC(RTI) ® X* is contained in the
unit ball of Tg (R%: X*), and its closure contains the unit sphere, then we obtain that
the unit ball of C.(R{"") ® X* is still norming for TP(R%H; X).

Now we deal with the estimate (3.2.4) in the case 1 < p < q. Let g € L¥ (R% F). By
definition we have

!

1 1 q
@0 = (i [, oDl a2

1
<
By, t)] Jiz—yl<t

!
4 dz.

lg(z, y,1)]

For a ball B in R?, we observe

- / dydt / dydt
/§||Z 1(N g t)[]%- r S /A/, i< t||9(2ay,t)|§(* dztdj
/23 /RdJrl Z y’t) K $d+1 dz

:/ qu
2B
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3.2. Theory of vector-valued tent spaces and two key linear operators

where 1
H(Z) = </Ri+l ||1’B5(y,t>g(2, y,t)ng fd+1 )

Then we have )

Cy [T (N(9)] (2) S (MH) (@),

where M is the Hardy-Littlewood maximal operator. Therefore when ¢’ < p’ < oo, we
obtain

[

q

1 q/il —1 % —1
e [ )] Iy S 1My 5 (B2 iy < (B0) 7

Thus we observe
1
plg—1)\7
o (M) swlatnl. 1<p <
q—7p g
with the supremum being taken over all g € C.(RT™) ® X* such that ||Cy(g)l|, < 1.
For the endpoint case p = 1 of (3.2.4), because of the failure of vector-valued Calderén-
Zygmund theory, the above arguments adapted from [47, Theorem 2.4] do not work any

more. Instead, one may exploit the classical arguments in [26, Theorem 1] and utilize the
atomic decomposition of 7, ql (REFL: X)), we leave the details to the interested reader.
When the Banach space X* has the Radon-Nikodym property, one gets F' = E* (cf.
e.g. [50, Theorem 1.3.10]). Then the duality follows from then an analogous argument
in [47] for 1 < p < oo. Again, the duality in the case p = 1 can be deduced as in the
scalar-valued case [26, Theorem 1], and we leave the details to the interested reader. [

3.2.2 The two linear operators K and 7,

Let K : RET x RE™ — R be a reasonable real-valued function such that for f €
C.(RT™) ® X, the linear operator K is well defined as below,

K t) = [, Kualan)flw5) P

Lemma 3.2.5. Let X be any fixed Banach space and 1 < q < co. Assume that the kernel

Kis(z,y) satisfies the following estimation: there exist positive constants k, €, C' such
that

. 2.7
(1 min {2} o)) 420

Then the linear operator K initially defined on C.(R) @ X extends to a bounded linear
operator on T;(Riﬂ; X) for 1 <p < oo. More precisely,

IK(lzrxy Sew P2 fllzrxy, V€ TP(REY X), 1< p < o0.
Furthermore, for any f € C.(RT™) @ X, we have

1Cq PN Nl Sen 1€ (s T < p < 00

51



Chapter 3. Optimal Lusin type constant as p tending to 1

Proof. Fix f € C’C(Rf“l) ® X. Without loss of generality, we can assume x < & from
(3.2.7). We first deal with the case p = ¢q. By Holder’s inequality, we have
dwds
Lo Kol w) ()
¢

dydt
Jrao D018 = = [ -

dwds Py
< Lo (o It 222)

(QM (v, mmmmd?ﬁ@m.

i t

7 dydt
t

X

We obtain that

0 dwds t Cset—et—¢ dwds
| Lo == < ] 7
0 JRd S 0 JRd (1—|—t*1|y—w|) s
. /00/ Cteses dwds
c e sy )™

Otid o e _—e—1
S,s,n/ p dw+/ t°s ds
B(L+ 17y —w)) t

Sex 1
It is clear that in the assumption of K; (v, w), (w, s) plays the same role as (y,t). Thus

dwds
1K, g N/ 1 % S = sy (328)

Then the case p = ¢ is done since HfHqu(X) Y HfHLq(Ri“;X)- Moreover, from the proof we

observe that K is always bounded on LP(R%: X) for 1 < p < oo.
For 1 < p < ¢, by the interpolation—Lemma 3.2.3, it suffices to show the case p = 1.
By the atomic decomposition—Lemma 3.2.1, It suffices to show that

H]C(CL>Hqu(X) Ss,n 17 (329)

where a is an (X, ¢)-atom with supp(a) C B and B = B(cp,rp). One can write

JAK@Il = [ AK@)@)de+ [ AlK(a))(r) do

(4B)C
=1+1I
From (3.2.8) we obtain
A Sew [, ol )l S5 < 511 (3210)
Then we can estimate the term [:
I < 4B[7 | AJK(@)]lg Sew 1. (3.2.11)
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3.2. Theory of vector-valued tent spaces and two key linear operators

Now we handle the second term /7. By Holder’s inequality, we observe

k@l [Tf (/Emt,s(y, ’dw“) (/ la(w.5) dwds> dydt

Zfd+1
oo , dwds 7 dydt
s [T LK)l !
0 ly—z|<t B S

td-l-l
v , dwds\ 7 dydt
[ (s
18] 0 |y—x|<t< §| oy, w)l S d+1
%0 , dwds\ ¢ dydt
o [ (o
+| | rg J|y—z|<t < §| b (y w)| S td+1
. Jl + Jz.

When z € (4B)¢, w € B, we have

rp<|r—w|<|r—y|l+|y—wl <t+|y—wl
hence

|2 —cp| <o —w|+|w—cpl <2t + |y —wl) < 2(max {t, s} + [y — wl)
Therefore we observe from (3.2.7) that

s

d+k
(max {t, s} + |y — w])"*" min{1 1} i

S
. _
m1n{§ 3} mln{%,l

Ky, w)| Sen mln{i>t} mm{l 1}d

} i ~min {s°%, 57}
~ER |:v _ CB|d+n |$ _ CB|d+H
Then
BB o (o e oo 95\ T dE
1 e,k \x—cB|q(d+“)/o (/0 mln{s t ,t1%s } 8) "
q
|x_cB|qd+n)/ </tqnesqs+/ ¢ (k—2) e S)‘]/it
e

|g(; — CB|Q(d+’f)

For J,, since t > rg > s, and |z — cp| < 2(t + |y — w))

- i 0o r i’
J2 < |B|l Q|B|q / / B qstq K—eg) =2 ds %
~IER |.T _ CB’q d—‘,—l‘i) rB 0

] t
s
|.7) _ CB’q d+k)’

~E, K

Thus
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Since
r% oo TH
— 'B  dr= / B / d
/(4B)C |z — cp|Htr ! mZ:Q 2mt1B\2mB | — cB\dJr"C Z m+1g 2m( d—i—n d+n v
[ee) 2m+1 )d
meK
22 m(d+n d NZQ Nl?
m
we obtain

IT<.. 1. (3.2.12)

For the case ¢ < p < +00, we denote by K* the adjoint operator. It is clear that the
kernel of K* has the same estimation as that of . For f € C.(R%)® X, we obtain from
Lemma 3.2.4 that

1 dadt
1K ) < ¥ sup | Lo KO8, 9, ) |
g |JRY

T
fo 0 @ D 2

1 B 1
< Pl 1 @l g ey S 271 g
q

= p% Sup
g9

where the supremum is taken over all g € C.(RT™) ® X such that || A, (g)|ly < 1.
Consequently, we observe that I extends to a bounded linear operator on Tg’(Riﬂ; X)
for 1 < p < oco. More precisely,

1
||’C(f)HT§’(X) f,mpq ||f||T,§’(X)7 Vfe Tf(Riﬂ;X)-

Now we prove the second assertion of this lemma. Fix f € C.(RET™) ® X, take a ball
B in R%, we can write

(/ IK(f dxdt)q ~sup
g

JREG TR

B t

@0 K @) D) x5

dxdt |

1
. dadt \ ¢
<sup I 0l ([ 100 )

where the supremum is taken over all g in the unit ball of L¢(B; X*). From (3.2.8) we
know that

||’C*(g)||Lq/(R‘i+l;X*) 56,5 ||g||Lq/(§;X*)'

Thus for any x € R,

dxdt
(CRUN) (@) = sup oz [ IR0
q dxdt B q
Sewsup /§||f<x,t>||x =GN
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3.2. Theory of vector-valued tent spaces and two key linear operators

Therefore we obtain

1Cq ECHIlp Sen 1€ (F) Iy 1 < p < 00,

The proof is completed. O]

Now we come to the second important linear operator, which will relate the tent space
TP(RT™; X) to the Hardy space HE | (R%; X).

Recall the operator Q(f)(z,t) = —tLe *“(f)(x). Define the operator 7 acting on
C.R™) ® X as

@) = [T U@ n T, vrer:

It is easy to verify that 7y is well-defined. The following lemma asserts that m; extends
to a bounded linear operator from TP(R{; X) to HY | (R% X). We will denote it by 7,
as well.

Lemma 3.2.6. Let X be any fired Banach space and 1 < q < oo. The operator
initially defined on C.(RET™) ® X extends to a bounded linear operator from Tg’(R‘fl; X)
to Hf;L(]Rd;X) for 1 < p < o0o. More precisely,

lme (Pl o) Ss Pl ez, V€ TPRELX), 1<p < oo
Furthermore, for any f € C.(RT™) @ X, we have
72 lsaror, 60 S5 1Ca(F)lps 1< p < cx.

Proof. Let f € C.(RT™) @ X. Recall that k(t,z,y) is the kernel of the operator Q, then

Qs ()l(x,t) = |

R

= /Rd k(t,y, 2) (/Ri“ k(s,z,w)f(w,s) dwds) dz (3.2.13)

s
= dwds
k(t k d _

RIH! (/Rd (t,y, 2)k(s, 2, w) Z) f(w,s) S

4 E(t,y, 2)mr(f)(2)dz

We denote by
Dy (y,w) = /d k(t,y, 2)k(s, z,w) dz.
R

Note that k(t,,-) is the kernel of the operator @ = —te~ ', thus @, .(-,-) is the kernel
of —tLe ™ o (—sLe™*l) = tsL?e~*+*)L. On the other hand, 9%(e™"t)|,;,, = L2 F)E
which has the kernel 9>K (r, -, -)|,=ts. Then by (3.1.3), we obtain

d
: st : 11
ts mln{z,g}mln{¥,g}

|Pes(y, w)| Sas (

Denote by

P =4Qony. (3.2.14)
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From Lemma 3.2.5, we conclude that P initially defined on C.(R4™) ® X extends to a
bounded linear operator on 7% (R X). Moreover,

1
P 2oy So 27 1l x) -

Therefore )
7L ()llez o0 = 47 NPz Ss P lzz )

which is the desired assertion.
For the second part, we obtain the desired assertion from Lemma 3.2.5 immediately.
m

Remark 3.2.7. One can verify that P o P = P, thus P serves as a projection from
T g’(Riﬂ;X ) onto itself. Indeed, we can also obtain this lemma under the assumption
that L is a sectotrial operator satisfying only (3.1.2).

3.3 vector-valued intrinsic square functions

In this section, we begin with the introduction of vector-valued intrinsic square func-
tions, originally presented by Wilson in [96] in the case of convolution operators. We
then proceed to compare them with the g-variant of Lusin area integral associated with
a generator L.

Recall that L is assumed to be a sectorial operator of type o (0 < av < 7/2) satisfying
assumptions (IL.1), (I1.2) and (I1.3) with 5 > 0,0 < v < 1. Define H, g as the family of
functions ¢ : R¢ x R? — R such that

1
oz, y)| < ER T (3.3.1)
|
h,y) — h) — < 3.3.2
oo hoy) = o) + lole.y + ) = e < o (332
whenever 2|h| < 1+ |z — y| and
/Rd o(z,y)dz = /Rd ¢(z,y)dy = 0. (3.3.3)

For ¢ € M., 5, define ¢ (z,y) =t %p(t 'z, t7y).
Let f € C.(R?) @ X. We define

Ay ()2, t) = sup

peMy 8

/Rd iz, y) f(y) dny’ V(z,1) € R

Then the intrinsic square functions of f are defined as

Susl () = ( L, AslDw.0)" ffff)é ,

and

t

Gurst ) = ([ Ghrotte o &)
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3.3. vector-valued intrinsic square functions

Theorem 3.3.1. Let X be any fizred Banach space, 1 < ¢ < oo and 1 < p < oo. Let L be
any fived sectorial operator L satisfying (11.1), (I1.2) and (I11.3). For any f € C.(RY)® X,
we have

Sq8(F)(@) =o,5 Gop,p(f)(2), (3.3.4)
Sq.(f)(@) S Sgr6(F) (@), Gor(f)(@) S Gonp(f)(2), (3:3.5)
and
150,88 P2 11Sa,2.(F)lp- (3.3.6)
Remark 3.3.2. The following g-function version of (3.3.6) holds also
1Gars(Fllp Svip P Ga,L(F)lp- (3.3.7)

But its proof is much more involved and depends in turn on Theorem II.1 that will be
concluded in the next section.

As in the classical case [95], the assertions (3.3.4) and (3.3.5) can be deduced easily
from the following facts on H, g.

Lemma 3.3.3. Let ¢ € H, 3. The following properties hold:

(i) ift > 1, then t=¥ "V, € H, p;

(ii) if |2| < 1, t > 1, then (2t)~47=F (go(z))t € H, 5, where o) (x,y) = p(x — z,y).
Proof. The proof is similar to the case of Wilson [95], while the present setting is non-
convolutive, let us give the sketch. The claim (i) is easy by definition. For the claim (ii),
notice that

271+ e —yl) 14|z —2) —yl <201+ |z — y)).

By definition, we have

1 2d+,3
[P (@) = lo(r - 2,y)| < =5 < -
(1+[(x—2)—yl) (14 1]z —yl)
and
o (@ + h,y) — (2, 9)] = |p(z — 2+ h,y) — @z — 2,9)]
|h|”
<
T (14 (= 2) —y|)dtAty
9d+5+7|p |1

— (L [z =y
The same Holder continuity estimation holds for the variable y. Thus we obtain that
27179 € H_ 5. Then the claim (ii) follows from the claim (i). O

With Lemma 3.3.3, the assertions (3.3.4) and (3.3.5) will follow easily. The most
challenging part of Theorem 3.3.4 lies in (3.3.6). In addition to the interpolation and
duality theory on the (vector-valued) tent space that have been built in Section 3.2, the
following pointwise estimate is another technical part in the proof of estimate (3.3.6).

Recall that k(t,z,y) is the kernel of the operator Q. Let 6 € H., 3, define

Ef,s<y7w) :/]Rd Qt(y7z>k(8azaw) dz.
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Chapter 3. Optimal Lusin type constant as p tending to 1

Lemma 3.3.4. Let v =2"'min {7, 8} and ¢ = (d+ 27'8)(d + B)~!, then

e 0Ov
sup |L£7,(y,w)| Sy mm{;,g} mm{i’i}lﬂ.
€ty <1+min{%,%}|y—w|) :

Proof. To estimate the kernel LY (y,w), we follow a similar argument presented in [44,
Chapter 8, 8.6.3].
Let 6 € H, 3, we have

t_d

. eRY > 0. 3.3.8
(1+t_1|y_z|>d+67 y,Z 9 ( )

’9t<y7 Z)l S

For 2|z — 2| <t + |y — 2|, we have t 1|z — 2/| <1+t |y — 2|, then

e~ min {7z = 2, (1 y - 2))7)
<
(L+ -y — 2)tper = L+t y — z[) o
min {1, (t7!]z — 2/|)7}
td '

‘et(ya Z) - 9t<y7 Z/)| <

S

For 2|z — 2| >t + |y — 2|, we have t~!|z — 2/| > 1/2, then

min {1, (1|2 — 2/|)"}
td '

‘Ht(ya Z) - et(y7zl)‘ S |(9t(ya 2)‘ + |6t(y>zl)‘ S Qt_d S

Hence

min {1, (t'|2 — |)7}

" . Vy,z,7 €eRY t>0.

’9t<y7 Z) - et(ya Zl)’ S

On the other hand, Lemma 3.1.1 asserts that there exists a positive constant Cj such
that C; ' (k(s,,))s—1 € H, 5 (see also the Convention afterwards). Thus, one gets for all
w,z, 2 €RY, 5> 0,

—d
C’ks ,

k(s,z,w)| S (5 51z = w])#’ k(s,z,w) — k(s, 2/, w)| <

Now we start to deal with the kernel £f}s(y, w). By symmetry, it suffices to handle the
case s < t. First we observe the following estimate,

s~ min {1, (¢t~ ul|)” sTA(tul)Y 574
| (ry,, g e S
b (Lt s ul) et (T4 s ) O foos T s T3
s\* v —d—
< ) e dv+ sPul747F du
- v|<t/s<t> (14 |v|)a+P u|>t [l
= J1+J2

Taking v = 27! min {~, 8}, and we have |v|" < (¢/s)?""|v|". Then we obtain

s\ [l s\
< (2 P g <5 (2) .
h = (t> /R (1 + [u])d+? v S <t)
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3.3. vector-valued intrinsic square functions

For J5, we have

e’} B v
Jo S / Sﬁr—ﬁ—l dr SB (8> < (5> .
t t t

Thus for s < t, by the vanishing property (3.3.3) of k(s, -, w), one gets

ts y’ | < ‘/ 0t Y,z ( Ys )]k(S,Z,U)> dz
<C mln{l,(t Yz —wl|)7} 54 &
Rd td (14 sz —w|)
v 11
57575_‘1(5) <m1n{ } min{s t} :
’ t t’s t s
On the other hand,
L7 (. w) < | 16:(y, 2)|lk(s, z,w)| dz < min {31}
t,s y’ —/ ty7z S, 2, W ZNﬁ a .
R (1—|—min{% l}\y—wD 0

Let ¢ = (d+27'8)(d+ 8)7!, we then get

1 v d
¢ C mln{S z}( ¢ min{%,%}
L2 (g w)l = L7 (g, )L (5, w)[¢ S eyt
11 2
<1+m1n{ S}\y—wD
It is clear that the estimation of £} (y,w) is independent of the choice of #, and thus the
desired estimate is obtained. ]
Now let us prove Theorem 3.3.1.

Proof. The pointwise estimate (3.3.4) follows from Lemma 3.3.3 (ii) Indeed, for |z —y| <
t, let w = (x — y)/t; then for any p € H., 5, we have 277" € H_ 5. Hence

Ay p(f)(x,1) = sup

pEH, 8

/d oi(x,2)f(2)dz
R X
sup

(w)
eWeH, 5 /Rd <SO )t (z,2)f(2)dz
= 255 A 5(F) (. ).

< 2d+,3+'y

X

Exchanging x and y and taking —w in place of w, the reverse inequality is also true. Then
(3.3.4) follows immediately.

Now we turn to the pointwise estimates (3.3.5). Lemma 3.1.1 asserts that there ex-
ists a positive constant Cy such that C; ' (k(t,-,-))—1 € H,p (see also the Convention
afterwards). Consequently, for all z € R4, ¢ > 0, we have

It llx = | [ ko f@dy| =l [ (6 kita ), sw)dy|

/Rd ez, y) f(y) dyHX = A, 5(f) (2, 1), (3.3.9)

< (Y} sup
peH 5
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Chapter 3. Optimal Lusin type constant as p tending to 1

Then the estimates (3.3.5) follows trivially.
Below we explain the proof of (3.3.6). Let h € C.(RE™) ® X, we have

dwds
Ay plrn(B))(y, 1) = L 0w ) ([ ks 2 w)hlw, d
om0 = s | [ 0002 ( [, b 2 ahln ) 2 ]
dwds
= ;) k dz | h
9223[3 /Rf“l (/]Rd t(yaz) (S,Z,U)) Z) (w78) S .
dwds
= sup /d+1 L] (y,w)h(w, s)
GGH%ﬁ R+ S X
dwds
< M<SW>M%@WNwWWﬁWX
R+ GEH%B
=: L(||P]lx)(y, 1),

where the linear operator £ has the kernel

Lt,S(y7w): sup |‘Cf,s<y7w>|
0t 3

Then by Lemma 3.3.4 and Lemma 3.2.5 in the case X = C, one obtaines

1 1
||£(||h||X)||T;(<C) fmﬁ pe ||||h||X||T§(<C) = pe ||h||Tg’(X)7 I<p<oo.

Therefore
1
||A%5[7TL<h)]HT§(C) Sv,8 P ”hHTg’(X), I <p<oo.

Let f € C.(RY)® X, then we have Q(f) € TP(RT™; X); moreover from the formula (1.2.1)
and Remark 77, the following Calderén identity holds

f=4 [T QNN T, (3:3.10)

Therefore, one has that for 1 < p < oo,

150780l = 1 Ay5(H) lzzcey = 41 Aq8 [ro( QU lzz oy
S0 D71 QN ey = 27 11S0 ()]l

which is the desired inequality. O
Remark 3.3.5. For any f € C,(RY) ® X, by Lemma 3.2.5, we also obtain

1Ay (Nllrge(e) = 4 Ayp [mL( QU Irge©) Srvs 1Q(N o) = 1 fll Baso, L) -

Together with the pointwise estimate (3.3.9), one gets the BMO-version of Theorem I1.1:
Let L be a generator as in Theorem II.1, then

1flBaro, nix) v 1flBro, /50x)- (3.3.11)
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3.4. Proof of the main Theorem

3.4 Proof of the main Theorem

As pointed out in the introduction, the equivalence (I1.4) in Theorem II.1 is an easy
consequence of Theorem 3.3.1; but for another equivalence (I1.5), we need to develop fully
Mei’s duality arguments between vector-valued Hardy and BMO type spaces [66]. This
will be accomplished in the present section by combining the theory of vector-valued tent
spaces and vector-valued Wilson’s square functions—Theorem 3.3.1.

First of all, based on the duality between tent spaces—Lemma 3.2.4, the boundedness
of the projection 7p—Lemma 3.2.6—yields the following vector-valued Fefferman-Stein
duality theorem.

Theorem 3.4.1. Let X be any fixed Banach space and 1 < q < oo. Let L be as in
Theorem I1.1. Both the spaces BMOSZL* (R%; X*) and H;’,:L* (R4 X*) are isomorphically
identified as subspaces of the dual space of Hf;L(Rd; X). Moreover, they are norming for
HY (R% X) in the following sense,

1,12
£l , <p max {pqp'q’,p'q’ } sup ‘/Rd (f(2),9(2)) xux dz|, 1<p<oo,
where the supremum is taken over all g € Ce(R?) @ X* such that ||g|| . xy <L and
/,L*
similarly, ’
(1-1)\7
plg—1\*
<, (24—
£z, %o (M=) s [ () oo aa]. 150
where the supremum is taken over all g € C.(R?) @ X* such that ||g|| < 1.

BMOP, | (X*) =
Furthermore, if X* has the Radon-Nikodym property. Then
BMOY, .(X*) = (H! (R X)), 1<p<g
HY o (X7) = (HY (R X)), 1<p<oo.
Remark 3.4.2. Indeed, we can also obtain this duality theorem under the assumption that
L is a sectotrial operator satisfying only (3.1.2), see Remark 3.2.7.
The more essential auxiliary result is the following duality property, which is inspired

by [66, Theorem 2.4] (see also [97, 103]).

Proposition 3.4.3. Let X be any fired Banach space and 1 < p < q. Let L be any fixed
sectorial operator satisfying (I1.1), (11.2) and (IL.3). Then for any f € C.(RY) ® X and
g € C.(RY) @ X*, one has

P 1-2
L @) 96@D) e d2] S 1O NSs Pl N9l gy ey (B:4D)

Proof. Fixing f € C.(RY) ® X and g € C.(R?) ® X*, we consider truncated versions of
Go.n(f)(x) as follows:

Gla,t) = </t°° ||Q(f)(x,s)\|§(did8>q oz eRYE>0.
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Chapter 3. Optimal Lusin type constant as p tending to 1

By approximation, we can assume that G(z, ) is strictly positive. The operator —tL*e %"
is denoted by Q*. By the Calder6n identity—(3.3.10), we have

o 0@ e de| = 4| [, QU1 @) D dﬁdt‘
—4 /Ri“ <quq(w,t)Q(f)(x,t),qup(a:,t)Q*(g)(:U,t)>XXX* dxtdt
S </Ri+1 GP U, )| Q) (z, )% da;dt)é
| </Rd++1 G (2, )| Q7 (g) (1) |- dﬂidt) 3

=1-1I.
The term [ is estimated as below,
[ / d / TG, )0, (G, 1)) dide
re Jo
= —Q/ /oo G (z,1)0,G(x,t) dtdx
R Jo
< —q / / GV, 0)8,G (x, 1) did
R Jo
—q [, G"(x,0) dtdz = |Gy (]
R4
since G(x,t) is decreasing in ¢, and G(z,0) = G, (f)(x).
For the term /I, we introduce two more variants of S, 5(f) (cf. [103]). The first is

defined similarly to G(-,t):

o0 dyds .
st = (7, o UF) L aert oo

To introduce the second one, let &, be the family of dyadic cubes in R? of side length
27F that is,

d
Dy = {Q_kH[mj,mj+1) :my; € L,k € Z}.
j=1

Denote cg as the center of a cube (). Then, we define

00 dde % .
_ q
S(z, k) = </\/E2k /|y—CQ|<s (Ay5(f)(y, ) i ) , ifxe@e P, kel

By definition, we have the following properties,
(i) S(+,k) is increasing in k,
(ii) S(-, k) is constant on every cube Q) € %,

(ili) S(x,—o00) =0 and S(z,00) = S(,0) = S,5(f)(2).
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3.4. Proof of the main Theorem

If s>¢>+Vd2™"and v € Q € %, then B(v,s — £) C B(cq, s), where B(z,t) denotes
the ball with center x and radius ¢. This implies

S(z,t) < Sz, k), = €Q € P, whenever t > Vd27F.
Using (3.3.4) and (3.3.5) we have

Go(f)(@) S Ganp(f)(@) Rr5 Sgr,5(f)(),
and similarly,
G(z,t) Syp S(x,t). (3.4.2)
Now we proceed to estimate the term B based on these observations. Applying (3.4.2) to
11, we have

’ qa—p % / dxdt
1 %05 [ SH @I 0@ 1%

\[2 k+1 , dt
> SR (2,012 (), 5 Lt
koerQ//f2k Xy

\[2 k+1 , dt
> > (z, k)19 (9)(z, )5~ —d=
koerQ//*fQ" ot

Vd2—k+1 y
¥y /ﬁj_k 12 0)a )% T

k=—00 j=—00

where D(x,j) = Sg(x,j) - Sﬁ(x,j — 1). Then D(zx,j) is constant on every cube
Q € 9;. Thus

1 S [ S D m(z/ " e, )/dt)dx

j=—00
Vd2—it1 s dt
-3 X [ e [T 1@l G
Jj=—00 QEY;
,dt
= D, j) o “ e @@l Yas,
]_X:OOQ; Q¥ // Xt

where £(Q) denotes the length of @). There exists a ball B such that @ C B, @ x
(0, 2\/7( )] C B and |B| < |Q|. Then we deduce that

L7 10 e 0lg- Lar < it 10,100 )7 181 5 it 1619 (0] ) 161
Therefore
1 % 3 3 Dl lel@) of (Cr1Q @16 1@l
<Y S [ D) Cr (@@ @) dr < [ 3 D) (€ [Q(0) @) s
J—fOOQGJ Jj=—00

= [ 85 (2,00) (€ [Q°(9)) (2)" dz = IS 5(DIr

R4

(Cy Q)|

q,

= 1Sars(NE 1C (7 (9] -
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Chapter 3. Optimal Lusin type constant as p tending to 1

where 1/r =1—¢'/p' = (¢ —p)/(ap — p)-
Combining the estimates of I and /1 with Theorem 3.3.1, we get the desired assertion.
O

Finally, we arrive at the proof of our main theorem.

Proof of Theorm I1.1. The first part (I1.4) of Theorem II.1 is a consequence of Theorem
3.3.1. Indeed, suppose L be a generator such that the kernels of the generating semigroup
satisfy (II.1) , (I1.2) and (I1.3) with 0 < 8, < 1, then the classical Poisson semigroup
generated by VA satisfy obviously the same assumptions. Then

10N S 19078 lp Sv8 2219 va(Hllps 1 <p < o0

Similarly we obtain

1Sg.va(Dllp Svp pol1SeLlFllp: 1 <p < oo

As for another part (IL.5), one side is easy by Theorem 3.3.1,

1Ga.L(Dlp S NGan8(Dllp =8 15028 lp Sv.8 P2 I1Sq.L (Pl T <p <00

For the reverse direction, by Theorem 3.4.1 and Proposition 3.4.3, we have for 1 < p <
(1+4q)/2,

1

plg—1)\7
||f||H5,L(X) f, <(> sup

q—p g

/]Rd <f(x)ag(x)>X><X* dx
P 1-Pk
o 5w 1Ca (DI IS0 (D Mol paror -

P 1-k
Sy G LN 1Sq.L(Hlle 7

where the supremum is taken over all g € C.(R?) ® X* such that its BM Of; 1+ (X*)-norm
is not more than 1. Hence

14+g¢
196l v 1Gar ()l 1 =p<——

Now we deal with the case (1 +¢)/2 < p < co. Let f € C.(RY) ® X, we deduce from
Theorem 3.4.1 that

1 llap o) < ma {p’quq,p’qf}sup] L @), h@) g do

Spo Sup‘/ £), @ (h)(,)) x s x- da:ﬁ|
<9750 [ Gor (N lIGyae ()]

o D07 50D G (1)l (W]
<Gl

where the supremum is taken over all h € C,(RY) ® X* such that its Hé’,: 7+ (X*)-norm is
not more than 1.
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Combining the estimations above we conclude that

p7§||Sq,L<f)||p Smﬁ ||Gq,L(f)||p S%ﬂ pE”Sq,L(f)”pa I <p<oo.

We complete the proof. O

3.5 Applications

In this section, we first recall the previous related results in [75, 63]. These, together
with the tent space theory and Theorem II.1, will enable us to obtain the optimal Lusin
type constants and the characterization of martingale type. In particular, this resolves
partially Problem 1.8, Problem A.1 and Conjecture A.4 in the recent paper due to Xu
[102].

Some notions or notations need to be presented. We first introduce the vector-valued
atomic Hardy space H} (R% X). A measurable function a € L®(R% X) is called an
X-valued atom if

supp(a) C B, /Rd a(z)dz =0, |la||lr=c) < |B|™,

where B is a ball in R%. The atomic Hardy space H), (R% X) is defined as the function
space consisting of all functions f which admits an expression of the form

F=>Na;, Y|\ < oo,
j=1 i=1

where a; is an X-valued atom. The norm of H (R% X) is defined as

[ fll 2, () = inf {Z (Al fz) = ijaj(w)} :
j=1 j=1

This is a Banach space.
The BMO space BMO(R?; X) is defined as the space of all f € Li (R% X) equipped
with the semi-norm

1
I lsarow) = sup = [ 11 = fillx do < o0,
B |B|/B

where the supremum runs over all the balls in R? and fz represents the average of f over

B. BMO(R? X) is a Banach space modulo constants.
It is well-known that BMO(R?; X*) is isomorphically identified as a subspace of the
dual space of H} (R% X) (cf. [21]) and it is norming for H, (R% X) in the following sense

[ £l a, x) = Sup{| (f.9)|: 9 € BMORY X"), |lgllpaocx) < 1}

with universal constants. Furthermore, if the Banach space X* has the Radon-Nikodym
property, then (cf. [12])

(HL(R% X))* = BMO(R?; X*), (3.5.1)
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Chapter 3. Optimal Lusin type constant as p tending to 1

with equivalent norms.

We recall the definitions of martingale type and cotype mentioned in Section 1.4. X
is of martingale cotype q (with 2 < ¢ < 00) if there exists a positive constant ¢ such that
every finite X-valued L9-martingale (f,),>0, the following inequality holds

Z Ean - fn—l”g( S cf SQ%Ean”gb

n>1

where E denotes the underlying expectation; and the least constant c is called the martin-
gale cotype constant, denoted as M, ,(X). While X is said to be of martingale type q (with
1 < g < 2) if the reverse inequalities holds with ¢~! in place of ¢ and the corresponding
martingale type constant is denoted by M, ,(X).

Let X be a Banach space and 1 < ¢ < 2. The authors in [63] showed that the assertion
that X is of martingale type ¢ is equivalent to the one that for any 1 < p < oo, there
exists a constant ¢, such that for any f € C.(R?) ® X,

1A llzexy < epllSy ()l (3.5.2)

Later on, in [75] the authors investigated the relationships between HL (R% X) and
H;\/Z(Rd; X)) as well as the ones between BMO(R%; X) and BMqu\/Z(Rd; X), and pro-

vided insights into the geometric properties of the underlying Banach space X.
Theorem 3.5.1. Let X be a Banach space and 1 < q < 2. The followings are equivalent
(i) X is of martingale type q;

(ii) there exists a constant ¢ such that for any f € C.(RY) @ X,
1m0 S 1Sg.va(Hls
(iii) there exist a constant ¢ such that for any f € C.(RY) @ X,
IfllBrsocx) S W llsaro, yx(x)-

The following theorem follows from the interpolation theory between vector-valued
tent spaces—Lemma 3.2.3—and the boundedness of the projection 7,—Lemma 3.2.6.
See for instance the general interpolation theory of complemented subspaces (cf. [91,
Section 1.17]), and we omit the details.

Theorem 3.5.2. Let X be any fized Banach space, 1 < g < oo and1l <p; <p < ps < o0
such that 1/p = (1 —60)/p1 + 0/py with 0 <0 < 1. Let L be as in Theorem II.1. Then

[Hy (R X), Hy3, (R X))o = Hy L (R X)),

with equivalent norms, where [-,-|g is the complex interpolation space. More precisely, for
f € C.(RY ® X, one has

HfHHf; < HfH[le (R%X),HY?% (REX)]g <Pq”fHHP

Now we are at the position to give the applications.
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Corollary 3.5.3. Let X be a Banach space and 1 < g < 2. Let L be as in Theorem II.1.
The followings are equivalent

(i) X is of martingale type q;
(ii) for any f € C.(RY) ® X,

112,00 S [1Ga.n () Il
(iii) for any 1 <p < oo and f € C.(RY) @ X,
1fllzrx) a8 PG, ()l
(iv) for any f € C.(R?) ® X,
IflBaox) Sv.s lf11Baro, Lx)-

Proof. (i)<(ii). This follows immediately from Theorem II.1 and Theorem 3.5.1.
(iii)=-(i). This is deduced from Theorem II.1 and (3.5.2).
(i)=-(iii). In the case 1 < p < ¢, by Theorem II.1, it suffices to show that

[ llzex) S 115, valle- (3.5.3)

Keeping in mind (3.5.2) and Theorem 3.5.1 (ii), we consider

[H;\/Z(Rdv X)? HCI

1 (R X))y € [HL(RY X), LI(RY X))

then combining Theorem 3.5.2 with the interpolation between H} (R% X) and L9(R%; X)
(cf. [13, Theorem A]), one gets for any f € C.(RY) @ X, 1/p=1—-0+0/q,

HfHLP < Hf”[Hlt R X),L4(REX)]g ~> ||fH[H1 r(Rd X),H (RdX Vo ~ HfHHP X)-

P Al

This is the desired (3.5.3). Combining it with the related result for ¢ < p < oo in [102],
we conclude

[fllzrx) S PUGL ()l 1 <p < o0
(i)<(iv). This follows from Remark 3.3.5 and Theorem 3.5.1 (iii).

Remark 3.5.4. (1). Taking L = v/A in the assertion (iii), we get

LY2A (X) < pMy(X), 1<p< oo,

t,q,p

where the order is optimal as p tends to 1. This solves partially [102, Problem 1.8].

(2). The implication (iii)—(i) says that a Banach space X which is of Lusin type ¢
relative to {e~*F'};~ implies the martingale type ¢ for a large class of generators L. This
answers partially [102, Problem A.1 and Conjecture A.4].
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Chapter 4

Bilinear decompositions on
probability spaces

In this chapter, we first show the equivalence of different atomic Hardy spaces. Then
we prove Theorem II1.1. Next, we will present a characterization of martingale Lipschitz
spaces Aq (o), which is needed to show Theorem II1.2 (see Theorem 4.3.4 below). At last,
we will prove Theorem II1.2. Our method is mainly based on the atomic decomposition.

4.1 Atomic decomposition of Hardy spaces

An important aspect of martingale Hardy spaces is that they admit atomic decom-
positions. In this section we present atomic decompositions for several types of Hardy
spaces and we then explain how they are related to each other and to the Hardy spaces
defined in the previous section. The definition of atoms in the martingale setting is given
below.

Definition 4.1.1. A random variable a : Q — C is called a martingale simple (p, ¢)-atom
(0<p<1,1 <g<o0)if there exist k € N and A € Fj, such that

1. Eg(a) = 0;
2. supp(a) C 4;
11
3. [lally < P(A)a"r,
where % := 0 when ¢ = oo as convention.

Definition 4.1.2. We first define the space of functions which admit pointwise atomic
decompositions by

HEZ(Q) = {f ceL'(Q): f= i)\jaj a.e.,

J=0

where o’ is a simple (1,2)-atom and Y _ [\;] < oo}.
=0
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Chapter 4. Bilinear decompositions on probability spaces

For f € ’H;;Q(Q), we define the norm
111312y = inf {Z IAjl s f =D \a ae., where @ is a simple (1, 2)—atorn} .
at ]:0 ]:0

It is well-known that h'(Q2) = H;;Z(Q) with equivalent norms by a similar argument
in [93] and [94], see also [28]. Furthermore, if the martingale filtration is regular, we can
obtain the same result by taking simple (1,¢)-atoms (1 < ¢ < oo) in place of simple
(1,2)-atoms as well.

The following definition for martingale atomic Hardy spaces is inspired by the atomic
Hardy space on homogeneous space (e.g. [27]).

Definition 4.1.3. We define the following martingale atomic Hardy spaces in the sense
of duality.

Hoi(Q) = {f € (bmo(Q))" : f = 3_ N,
=0
where o’ is a simple (1,2)-atom and Y _ |\;] < oo} (4.1.1)

J=0

and for 0 < p < 1,
H Q) = {f € (Aa(a))" 1 f =D N,
=0
where o’ is a simple (p,2)-atom and Y |\;]P < oo}. (4.1.2)

J=0

The corresponding norm is identified by (0 < p < 1):

S

o
: f =Y\, where @’ is a simple (p, 2)-atom
=0

||fHH§f(Q) = inf (Z |)‘j|p)
=0

o .
Here f = 3~ \ja’ is in terms of w*-topology.
j=0

One important property of the martingale atomic Hardy spaces is the completeness,
for which we will provide a proof.

Lemma 4.1.4. For 0 < p < 1, Hgt’Q(Q) is complete with respect to the quasi-norm
Ngp2iy, and Hy is a complete normed space.
a2y, and Hy(Q) i let d

Proof. Let (f"),s, be any Cauchy sequence in H??(Q). Then there exists a strictly
increasing sequence (ng)g>1 C N such that

n n 1
P = " M) < 32
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4.1. Atomic decomposition of Hardy spaces

Since fre+1 — M € H;’f(Q), there exist ay; which are (p,2)-atoms and (pu.;)j>0 € ¢,
such that -
Jr = =N g ag
j=0

with

[

00 v
1f 4 = " g2 ) = (Z |Nk,j’p)
=0

o0

Note that f := ioj L ik € HP?(Q) since
0

k=1j=

o0 o0
DD lmlP < oo
k=1j=0

Also, one has

oo o0
Z Z i, Qi j

i=k j=0

[P f”Hgf(Q) -

1 1

o oo p o0 1 E

<(ESwr) s (E5)"
Hgf(Q) i=k j=0 i=k

This implies that (f"),>; converges to f in H%*(Q) and we conclude that H%*(Q) is
complete. O

We would like to remark that the martingale Hardy spaces h”(€2) and the martingale
atomic Hardy spaces HY(Q) are defined differently from those defined in [93] where
martingale sequences are concerned. It is proved in [93] that martingale Hardy spaces
and the atomic martingale Hardy spaces defined for martingale sequences can be identified
with each other when 0 < p < 1.

We will show that with our definition, the martingale Hardy spaces h?(€2) can be
identified with the martingale atomic Hardy spaces H;’f(Q) as well. As a consequence,
we will also see that the two definitions of martingale Hardy spaces Ha?(Q) and Hy*(Q)
coincide.

Proposition 4.1.5. For 0 < p < 1, h?(Q) = H%(Q).

Proof. We will show that there exists a bijection between H%*(Q) and h?(2) with equiv-
alent norms.

We will first elaborate on how to define the map from a dense subspace of h”(2),
namely L2(Q) endowed with the quasi-norm | - ||ne(0), to HZ*(Q).

If f € L*(Q) and 0 < p < 1, then by atomic decomposition in [94, Theorem 2.5|, there
exist a” which are simple (p, 2)-atoms and (px)x>0 € £, such that

§ prE,(a®) = f, a.e. for all n.
k=0

Furthermore, the following inequality holds:

[e'e) l/p
1l ~ (z |uk|p) .
k=0
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Chapter 4. Bilinear decompositions on probability spaces

Let g € As(ay), then g induces a continuous linear functional on (LQ(Q), |- th(g))
defined by

py(f) =E (i dnfdng> for all f € L*(Q).
n=1

Indeed, one can show that for 0 < p < 1, if f € L*(Q) and g € As(a,), then

E (Z rdnfdngr) <o 1l 9l as(on

n=1

See [62, Theorem 2.8.2].
Next, note that

k=0

also converges in hP(2). Thus

pr(g) = lim > E(dnfd.g) = lim E(fngm)= lim E(f.g)
=0

m—00

m— 00

i B e ) = i S B 0)

Note that

1
o0 o0 5
> el - [E(@® - 9)| < 119l as(ay) <§ :luk|p> ~p ||l ) |91 As(ay) -
k=0 k=0

Therefore we can exchange the limit and sum so as to obtain

or( Z pur; Jimo E(E Z wiE(a” - g)  for all g € Ag(ayy).

Thus we conclude that ¢ admits an atomic decomposition in the sense of duality. More-
over,

o0 I/P
Il = 1 oo (z w) 7
k=0

which indicates that the map from (L2(Q), || - th(g)) to HY?(Q) is injective.
Now due to Lemma 4.1.4, the map defined on (LQ(Q), Il - th(g)) can be extended to
hP(€2). More precisely, for any f € h?(Q),

©r(g) == lim psm(g), Vg€ A(ayp),

m—o0

where (f™),,>1 is a sequence of L? functions that are Cauchy with respect to the quasi-
norm || - |4y We notice that (¢fm)m>1 is a Cauchy sequence in H%?(Q) since

lerm = @l grzy = lerm—prllar2 @) = 1F™ = @)

which goes to 0 as m,n — oco. Lemma 4.1.4 thus implies that ¢ € HY?(Q). Tt is not
difficult to verify that the extended map is also injective.
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4.2. Bilinear decompositions on H'(Q2) x BMO()

We have shown that the map from h?(Q) to H%*(Q) is well-defined and injective. The
case for p = 1 follows from a similar argument where we use bmo(£2) instead of As(ay,).
We omit the details.

To show that the map is also surjective, we claim that for any ¢ € HE?(Q), there
exists f € hP(Q), such that ¢ = ¢y. We only give the proof for 0 < p < 1 and the case
p =1 can be derived similarly.

For any ¢ € (A2(ay,))*, one has by definition that ¢ = § p;a’ in the weak sense where
J=0
all @’ are (p,2)-atoms and (11;);>0 € £,. Define a sequence of L? functions (f*);>1 by

k
f*= > ujal.
=0

Then for all n > m > 0,

1f" = " {[he @) < ( > Iuj|p> .

j=m+1

Furthermore, the Cauchy sequence (f*);>; can be identified with an element f € hP({2)
such that f* — f in hP(Q2). Recall that for a general element in f € h?(Q), the map is
defined by

k—o00

vr(g) = lim @u(g) = iuﬂE(aj - 9),

for any g € As(ay,), where (f*)>1 is the (equivalence class of) Cauchy sequences (f*)i>; C
L?*(Q) that is Cauchy with respect to ||-||s» (). This completes the proof of the proposition.
O

Remark 4.1.6. From the proof of Proposition 4.1.5, we see that when 0 < p < 1, for any
f e HEZ(Q),

1 2 ) =p 1S ll(Ananye-
Remark 4.1.7. Since h*(Q) = H;gz(Q), by Proposition 4.1.5, we conclude that H;;Q(Q) =

H,(Q) with equivalent norms.

Remark 4.1.8. Assume that the martingale filtration is regular. Let 0 < p < 1 and

1 <g<oo. If f=73 Na’ where each o/ is a simple (p, ¢)-atom and ()\;);>o € £,, then
=0

j
[ € (bmo(Q))* for p=1, and f € (Az(a,))* for 0 < p < 1. Hence we can define HL?(9)
by virtue of (p, ¢)-atoms as in Definition 4.1.3. Moreover, in this case, h?(Q2) = H*(Q).

4.2 Bilinear decompositions on H'(Q) x BMO(Q)

In this section we prove Theorem II1.1. Let (€2, F, P) be a fixed probability space and
let f € HY(Q), g € BMO(£2). We will briefly describe the strategy of the proof. If we
assume that f and g have finite martingale expansions, then we may write their pointwise
product f - g as follows
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Chapter 4. Bilinear decompositions on probability spaces

where

IL(f,9) =Y difdeg, I(f,g) ka 1drg  and  II3(f, g) ng 1di f.
k=1 k=1

We will mainly focus on proving the boundedness property for each operator arising
in the decomposition for f € H*(Q) and ¢ € BMO(Q)) with finite martingale expan-
sions. To do so, we shall make use of the atomic decomposition of H'(€). In Section
4.2.4, we present a direct way to deal with II3(f, g), which avoids the use of the atomic
decomposition.

We will now first elaborate on how to use a limiting argument to reduce the estimates
to functions with finite martingale expansions. For any f € H'(Q2) and ¢ € BMO(Q),

f g = lim fn gn = hm Hl(fnagn) nh—>1£1<> HQ(fmgn) + nh—{{olo H3<fn7gn)a

n—oo

where f,, := E,(f) and ¢, := E,(g) for each n € N. Here the limits denote the point-
wise limits, and are well-defined on the product space H'(Q) x BMO(Q). In particular,
(I11(fn, gn))n is absolutely convergent almost everywhere:

z|dkfdkg|<(z|dkf|2) (dem?) < 5(f)- S(g).

The boundedness of II; for general functions can be derived by Fatou’s lemma and the

corresponding estimate for functions with finite martingale expansions showed in Section
4.2.1:

| im T (fn, go)lln < Mm ([T (fs gn) le S 1 @ 9l Bazo)-

For the sequence (IIy(fs, gn)),,>, its pointwise limit is indeed the limit of the sequence
under the norm || - || zr1(q) thanks to the characterization of H'(€2) in terms of the maximal
function as described in Remark 1.3.5. The boundedness of Il thus follows from the
estimate for functions with finite martingale expansions, which is proved in Section 4.2.2.

As imposed by the decomposition, we claim that II3(f, g) is the pointwise limit of the
Cauchy sequence (I13(fn, gn))n>1 in H*(2). To show that I13(f,, g,) € H®(Q) for each
n € N, it suffices to show that II3(f,, g,) can be identified with a Cauchy sequence of
functions in L*(2) with respect to || - ||ge(q), due to the definition of H®(2) which is
defined as the completion under the quasi-norm || - || g+ (q) of the space

Hy (Q) = {f € L'(Q) : [ o) < oo}

Since functions in L*(Q2) with f; = 0 form a dense subspace of H'(), there exist
Cauchy sequences (f*);>1 C L*(Q) converging to f in H'(Q). Section 4.2.3 and Section
4.2.4 will be devoted to proving the boundedness of II3 restricted on L2 (Q) x BMO(RQ)
where

LZ (Q) = {f € L*(Q) : f has finite martingale expansion, f; = 0}. (4.2.2)
It follows from the bilinearity and boundedness of I3 on L% () x BMO() that
(105 ((/)ar9n) ) oy © L1
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4.2. Bilinear decompositions on H'(Q2) x BMO()

is a Cauchy sequence with respect to ||-|| e (). Moreover, one can verify that (II3(fn, gn))n>1
is a Cauchy sequence in H®(2) by showing

T [T 90) = T (). gl sy — 0 a5 mm — oo,

Let ﬁg( f,g) denote the limit of the Cauchy sequence (II3(fy, gn))n>1 under the quasi-
norm || - || g#(q). One has from the boundedness of II3 on functions with finite martingale
expansions that

ITs(f, 9o @) = lm |[Ts(fa, gn)llge@) S 1 1m@)ll9llBrow)-

It remains an open and interesting question how to compare the limit ﬁg( f,g) with
the pointwise limit II3(f, g) of the sequence (II3(fn, gn))n>1-

Remark 4.2.1. Let 0 < p < 1 be fixed, by definition of L®(€2), we have for any f € L*(Q)
and || f| o) =1,

Pdpy = Pdp+ rd
|15 au gl [ an

| ) ( ) /]
: </{|fS1} log(e + | f]) du /{Ifﬁl} togle - 11) du +/{f|21} | fItP e

/] )p |f]
< S C o E— | — du.
~ (/{|f§1} log(e + | f|) npr /{flzl} log(e + | f]) :

However, from || f| 2 = 1 we know that

|f]
——du < 1.
/Qlog(e+ | f1)
Hence

| /] )p |f]
P < N L <
171 = </{|f§1} log(e + [f]) di) + /{|le} log(e + [f]) WSl

Thus L?(€) continuously embeds into LP(2). Moreover, we can also identify H®(Q) as a

complete subspace of LP(2).
On the other hand, note that H'(Q) continuously embeds into L!(Q), and BMO(Q)
continuously embeds into L?(f2), thus we observe that

Hd(fnagn) = fngn - Hl(fmgn) - HQ(fmgn)

also forms a Cauchy sequence in L3 (). By Fatou’s Lemma we obtain that the L3-norm
limit of (I3(fs,gn))n>1 and II3(f,g) coincide. As shown above, H®(Q) continuously
embeds into L3 (), then we obtain that II3(f, g) and II3(f, g) coincide in L3 ().

Proof of Theorem III.1. Thanks to the comments above, we will assume that f € H'(Q)
and g € BMO(f?) have finite martingale expansions. By Theorem 1.3.6, there exist two
functions f"* and f? such that f = f* + f¢ and

1 ey = N hr ) + 1 oy, (4.2.3)
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Chapter 4. Bilinear decompositions on probability spaces

where " € h1(Q) and f¢ € h}(Q). For such decomposition of f, since f* € h*(Q), there
exist (Aj) 5 € ¢1 and simple (1,2)-atoms {a’},, such that

(f")n =D AEn(a?) ae. for all n € N, and || /"1 = > [N, (4.2.4)
=0 =0
where we assume supp(a’) C A, and A, € F,, with P(A, ) > 0 for j > 1. Then
dof" =3 Ajdna’, Vn € N. (4.2.5)
=0

4.2.1 Estimates for II;(f", g) and II,(f%, g)

We are going to show that IT; is a bounded bilinear operator from H'(Q)x BMO() to
LY(Q) with input functions having finite martingale expansions. In fact, the boundedness
of II; follows naturally from the duality between H'(Q) and BMO(f2), i.e. Theorem 1.3.13
(see [43]). For the reader’s convenience, we give a proof based on atomic decompositions.

We first focus on IT;(f", g), which can further be decomposed into atoms as described

in (4.2.4). Note that from (4.2.5)

HdkfdkgH1 = i )\jdkajdkg < i |)\]| Hdka]dkgHI .
j=0 , =0
This implies that
[, 9)], < 3 Idefdgll, < im S |duatdng]] (4.2.6)
k=1 j= k=1

It thus suffices to consider the boundedness of

5 i
k=1

1 )

which can further be localized as dia’ = 1 An, dra’ when k > n; + 1 since A,, € Fp,
namely

S actaal, = $ [ dwtn, =2 ( S 10, doti)
k=1 1 1

=n;+ =n;+

Now, by applying the Cauchy-Schwarz inequality, we derive the estimate

E( > |dkaj|2)] E( > ﬂAnj|dk9|2)]
k:nj+1

NI

E( i ‘ﬂAnjdkajdkg‘) S

k=n;+1 k=n;+1
s 3
< Jld’|: EEnj( > ILAnj|05k9|2)]
k=n;+1
o 3
< P(Anj)_% E (ﬂAnjEnj ( > |dk9|2)>]
k=n;+1

1
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4.2. Bilinear decompositions on H'(Q2) x BMO()

where the fourth inequality follows from the definition of the atom. Hence, we deduce
from the definition of the bmo—norm that

Z Hdkajdk:ng S ||g||bmo(Q). (427)
k=1
By using (4.2.7) and (4.2.6), we have by Theorem 1.3.14

I (F, 9) e < D N omote) + || dicfAdrg
k=1 1

J=0

SHﬂWmmmmmr%GWW%MR><XHWMWJ
k>1 k=1

S (||fh||h1(ﬂ) + Hdeh;i(Q)) 9]l Baro)
This implies from (4.2.3) that

IML(f, 9l S Il llgllBao)- (4.2.8)

4.2.2 Estimates for I,(f", g) and Ily(f?, g)

We are going to show that I, is a bounded bilinear operator from H'(Q) x BMO()
to H*(Q2) with input functions having finite martingale expansions. Note that from (4.2.4)

1

1 oo | oo 2\ ?
S (", 9)) = <Z |fk—1dkg|2> = 1> D NEi-i1(a?)drg
k=1 k=1 |j=0

1
o0 00 : 2\ & ;
<3 (S [E@if) =S nIsh@.a). @29
j=0 k=1 Jj=0
Arguing as in section 4.2.1, we perform the localization on each term

Ma(a’,g) = al_ydrg = > La,, al,_ydrg.
k=1 k=n;+2
It is easy to verify that
di(Ily(a?, g)) = ai_ldkg, k>n;+2 and diy(ly(a’,g)) =0, 1<k<n;+1.

We consider the corresponding square function

S(H2(aj79)> = ( i <|ai—1|21Anj|dkg’2>)

k:n]‘ +2

[NIES

< |(a?)* ( > la, (|dkg|2))2.

k=n;+2

Then by invoking the Cauchy-Schwarz inequality, we have that

( Z ﬂAn (|drg| ))]

o 3
o (5 o))
n;+2

< P(Au,) 2 llgllrow) P(An,)?

ITTa(a?, 9) a2y = B[S (Tha(a?, )] < [[(a?)"] |E

< lla’[l5
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and hence,
T2 (a?, o)l @) < llgllBarogy- (4.2.10)

Similarly, by Theorem 1.3.14

(£, 9)|

< B[S (Ma(dnf",9))

I
NE

. 1
E Em( > |dmfd|2ldkgl2)

k=m+1

3
Il

I
NE
=

|dmfd|Em( Z |dk’g|2)

m=1 k=m+1
o _ o 2
< | ldnfl | B ( > |dk9|2)
m=1 k=m-+1 .
and hence,
HH2(fd,g)’ HLU(Q) < ||deh}1(Q)||g||BM0(Q)- (4.2.11)

By using (4.2.9), (4.2.11) and (4.2.10), we have by Theorem 1.3.6

IT(f,9)llm o) < [Ha(f",9)

HL(9) t HHQ(fd,g)‘ HY(Q)

<> Wlllglzmow + Hdeh‘f(Q)HgHBMO(Q)
7=0
S (Hthhl(ﬂ) + Hfd||h;(m) 9|l Baro)-

This implies from (4.2.3) that

I (f, 9l ) S N flla@ llgllsaow)- (4.2.12)

4.2.3 Estimates for II3(f", g) and II3(f%, g)

We are going to show that II3 is a bilinear operator with the boundedness property
Mg ¢ (L3,(Q), ]| @) x BMO(Q) — H*()

so that it extends to H'(Q) x BMO(Q) — H?®(Q) because L% () is dense in H'(Q).
The treatment relies on the atomic decomposition, while in the next subsection we will
present a direct proof without invoking the atomic decomposition. Though the latter
appears to be shorter, the former is worth a detailed presentation because it is consistent
with the argument for II; and Il,, and is also more compatible to dyadic martingales on
homogeneous spaces discussed in Section 5.2.
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To this end, we first deal with II3(f", g). Note that

1
1 2\ 2

SMs(f", 9)) = (i |9k—1dkf|2>2 = i

k=1

o

> Nigr—1did

=

Il (3 e mw!)l Zm( S |gk_1|2|dkaj|2)

k=n;+1

||M8

8

<> I\ I( > ng—l—gnjlzldkajV) + > Allgn, 1S (@)

7=0 k:anrl 7=0
=. Il + IQ.

It thus suffices to handle I; and I,. For I, we have

NI

Z A |E< > La,lgk —gnj\zfdkaj\z)

k:n]-—i-l

NI

1
00 3
+E( > uAnj|g—gnj|21dkaf|2)

kiﬂj-‘rl

7=0
<3N E ( > Iy, lgk—1 — g\2|dkaj\2)

k:n]- +1

1
2

+E (IlAnj lg — gnj\S(aj))

<3 IV P(AL)? E( > \9k1—g|2!dkaj|2)
L k=n;+1

2

; 1
+ |la? ||2P(An,) 2|l 9] Brro()

<3S INIL P(AL)? E( > \dkajPEkﬂgkl—ng))

=0 k::n]-—i-l
o
<2) NIP(AL)? gl sro@ a1
7=0

and so,
E(L) S 1o llgllzaow- (4.2.13)

Next, we obtain an estimate for I5. To this end, notice that

I, < (Z ﬂAnj|>\j|5(aj)> gl 4+ (Ai1La,, 19n, — glS(a’)

7=0 7=0
= [3 + 14.

Since @’ is a simple (1,2)-atom, we have |14, S(a’)|[; <1 and

Z]lA I\1S(a)

7=0

Z NS 1 e
By Lemma 1.3.18, we have

l9llBaro@) S L @9l Brow)- (4.2.14)
1

Z La,, |X1S(a’)

7=0

sllze @) S
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The following estimate is implicit in the proof of (4.2.13):

E(L) <> INIP(A) 2 gl sao@lld |2 S 1 n @ |9l Barocey-
=0

By combining (4.2.14) and (4.2.15), we deduce that

1Ll Lo S I I @llgllBrow)-

In conclusion, by (4.2.13) and (4.2.16) we get

I (f™, ) o) S e 9l Bro)-

It remains to deal with II3(f¢, g). Note that

S(H3(fd,g))

1
(Z |gk_1|2|dkfd|2) <3 geallde s
k=1 k=1
<> gk-1 — gllde f + |9 (Z |dkfd|> -
k=1 k=1

By Lemma 1.3.18,

o(Se)

L*(Q)

For the remaining term, we have

E (i |Gr—1 — ngkfd\) =E (i \dy f*E| g1 — g!)
P

k=1

< lgllsrowm) (Z ||dkfdu1)
k=1

and so .
E <Z |gr—1 — glldkfd|> <y 9l Baroce)-
k=1

Hence, by (4.2.18) and (4.2.19), we get
HHS(fdag)Hqu) S Hdeh;(Q)HQHBMO(Q)-
By (4.2.17) and (4.2.20), we obtain
T3 (f, 9)|| o) S (”thhl(Q) + ||fd||h}i(ﬂ)> g9l Bro()-
Thus we conclude from (4.2.3) that
HH?»(f» 9)||H<1>(Q) N ||f||H1(Q)||9||BM0(Q)-

This completes the proof of Theorem III.1
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4.2.4 Another method for handling II3(f, g)

In this section we present a different method for dealing with II3(f, g), which is much
neater and simpler than the one presented above. The proof relies on the following
theorem which has been shown in [43].

Theorem 4.2.2. If g € BMO(Q) with go = 0, then (¢*)0 < |9llBmo) and g* €
BMO(S). Moreover, |lg*||smow) < llgllsymoe-

We begin with a pointwise estimate for S(II3(f,g)). Towards this aim, note that
dr(I13(f, 9)) = gr—1dxf, which implies that

[un

2

SMs(f,9)) = (Z |gk—1|2|dkf|2) <|g*IS(f) < Ji+ s,
k=1

where
Ji=1g" — (9")0lS(f) and Jo:= S(f)|9gllzrow)-

Clearly,
1ol S [12llr S 1f 1l @ llgll saro)- (4.2.22)

By Theorem 4.2.2 and Lemma 1.3.18, we deduce that

[ Tillze@) S g7l Baro@ IS S 1A av @ llgllsro)- (4.2.23)

Recall that S(II3(f,g)) < Ji + Jo. By combining (4.2.22) with (4.2.23), we conclude that

IMs(f; 9)l[ o) = 1SMs(f; 9o @) S [1flav@llgllzmow)

as desired.

4.3 Bilinear decompositions on H”(2) x Ay(«,) for 0 <
p<l

In this section, we give a proof of Theorem III.2. Arguing as in the proof of Theorem
II1.1, it suffices to establish appropriate estimates for the bilinear operators II;, II, and
I1;.

Let (2, F, P) be a fixed probability space. If we consider the filtration Fy = {0, Q}
and Fp = F for all k > 1, then H?(Q) = LP(Q2) for 0 < p < oo. It is well-known that
(LP(§2))* # {0} if and only if the probability space (€2, F, P) contains at least one atom
with non-zero measure when 0 < p < 1. This means that (H?(2))* = {0} may occur.
Therefore, we choose to deal with regular martingales where every Fj is generated by
countably many atoms.

To prove Theorem III.2, we start with the following lemma, which holds for general
martingales that are not necessarily regular. Its proof is based on Doob’s maximal in-
equality combined with the fact that on a probability space if a sublinear operator is of
weak-type (1, 1) then it maps L'(Q) to LP(Q) for p € (0,1). This shall be familiar to the
experts in the area, but we will enclose the proof here for the sake of completeness.
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Chapter 4. Bilinear decompositions on probability spaces

Lemma 4.3.1. For any 0 < p < 1, we have
Y
HfHHﬁl(Q) < (ﬂ) (Falh

for all f € LY. In particular, L*(Q) can be regarded as a subspace of HP ().

Proof. By Doob’s maximal inequality, for any f € L'(2) and for any A\ > 0 we have

P(f* >\ < |f|dP. (4.3.1)

PWITEN

Without loss of generality, we may assume || f||; < 1. Then

17 = [ 1P =p [ PS> NNty

—p/ (F* > AN 1d)\+p/ P(f* > AN LdA

gp/ /\p_ld)\er/ - / AP ) AP~tdA
0 1 A \J{r>ay

f*
=1+p | f] (/ AP%M)dP
{>1) 1
:HL/ /] 1—]f*]p’1)dP
{f+>1}
<1+ —/ |fldP < < —
{f>1}

This implies that for any f € L*(€2), one has the desired result. O

For regular martingales, L'(Q) can be regarded as a subspace of HF (Q2) = HP(Q) =
RP(€2). In what follows, the martingales are always assumed to be regular and every F,
is generated by countable atoms.

Corollary 4.3.2. For0 <p <1 and1 < q < oo, H?(Q) = H}(Q).

Proof. By considering the aforementioned atomic decomposition of H?(2) and Definition
4.1.2, we have HP(Q2) = H%®(Q). Tt is easy to see HL®(Q) ¢ HEY(Q) € HE'(Q). Tt thus
suffices to show that HZ'(Q) ¢ H?(Q). By Lemma 4.3.1, if a is a simple (p, 1)-atom, then

lallzr@) Sp llall,

which implies that a € HP(Q). Hence, HY' (Q) € H?(Q) and so, H?(Q) = HZ(Q). O

4.3.1 Characterization of martingale Lipschitz spaces

In this subsection, we give a characterization of martingale Lipschitz spaces that ap-
pears to be useful in our argument.

Recall the definition of martingale Lipschitz spaces mentioned in (1.3.2). The following
result is classical and had been obtained by Meyers in [68] using the definition of A;(ay,).
Here we provide a proof based on Lemma 4.3.1 and duality.
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Corollary 4.3.3. For any g € Ai(oy,) with go = 0, we have ||g|loe Sp |91 a1(ay)-

Proof. By duality and Lemma 4.3.1, for any f € L?*(Q) which is a dense subspace of
LY(9),

E(f9)] Sp 1 el glascan) Sp A1 190 o)

The above estimate together with the fact (L1 (Q))* = L>(9Q) yields

19llo0 Sp l9llas (o)
which finishes the proof. m

By virtue of Corollary 4.3.3, we have the following property of martingale Lipschitz
spaces.

Theorem 4.3.4. If g € A(ay,), we have |14 - |9 — gullloc Sp P(A)*?||g]|A1(a,), for any
n € N and any A € F,.

Proof. Note that when P(A) = 0, the desired result holds trivially. Fixn € Nand A € F,
with P(A) # 0. For k > 0, let i} := {B € Fyyn : B C A}. Note that the union F* of
all F# is exactly {B € F|B C A}. Hence, if we define

Pa(B) =37 (BeFY

then (A, F4, P,) is a probability space. Note that for any g € L'(A4, F4, P4) one has
E(g|Fi) = 1a-E(g|Fesn).

Denote E(-|F#) by Eif. Tt is easy to verify {Ei(g)}x>0 is also a regular martingale on
(A, FA Pa). If g € Ay(ap), then for B € F{* with P(B) # 0,

PaBY" = ( [ lg =B o)) = Py (P(B) 2 ( [ 1g = guealdP) )
< P(A)* (|9l a1 (a)
which, by Corollary 4.3.3, implies that
1419 = gallloe = 1114 - 19 = Eg (9l Sp P(A)*" 19llas (-
This completes the proof of the theorem. O

Remark 4.3.5. By Theorem 4.3.4 and (1.3.2), we conclude that for g € Ay(a,) we have
the characterization

1911 (a) ~p sup sup P(A)" |14 - |g — gn|oo- (4.3.2)
n>0 AeF,
Remark 4.3.6. By Remark 4.3.5, we see for ¢ € [1,00)
Ai(ay) = Ag(ay).
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Chapter 4. Bilinear decompositions on probability spaces

4.3.2 Proof of Theorem II1.2

We first note that L§, () defined by (4.2.2) is dense in (L*(Q2), || - || #r(e)) and hence,
L2 () can be regarded as a dense subspace of H?(Q). Recall that for any f € H?(Q) and
g € Aq(oy), the product fx g is defined in the sense of duality: for any h € L*(Q)NA; (o),

(f xg,h):=(h-g,f)

It follows from the definition of HP(£2) and the duality between HP(2) and A;(«,) that for
any (equivalence class) f € HP(2) and for any (Cauchy) sequence of functions (f™);,>1
in L2 () that corresponding to f one has

Consider a function f,, in the sequence (f™)m>1, with (f™),,>1 being in the equivalent
class of f. For n € N, we write

(ho-g, [7) = (hg, ™ = (F™)n) + (B (g = gn)s (F™)n) + (e Gy (F7)n)-
Since h is a pointwise multiplier of A (ay,) (cf. [71]), it follows that
Tim [( - g, (f™) = (f™)u) = 0 and T [( - (g — g), (f™)u)] = 0.
Recall that in our setting (f™)o = go = 0. Hence

(g, f7) = lim (e g (™)) = Tim (- Y dug, 3 df™)

k=1 k=1

By employing the estimates proved in Subsections 4.3.2 and 4.3.2 below, it follows that
that the limits

Tim S (k- digodif™), lim S (h-deg, (Fcr), lim S0 (k- gy dif™)
k=1 k=1 k=1
exist and hence,
(h-g, ") = ,}g{}o Z<h - dig, di ) + 7}1_{{}0 Z(h “dig, (f™)k-1) + nh_{lgo Z(h CGr—1, A fM).
k=1 k=1 k=1

Since (f™),,>1 is Cauchy with respect to the HP-norm, by appealing again to the estimates
of Subsections 4.3.2 and 4.3.2 that the limits

n n

lim lingo > (hedrg,dif™),  lim lim Y (hedgg, (f™)k—1), lim lim Z h-ge—1,dif™)

m—00 n— mM—00 N—00 m—00 N—00
k=1 k=1

exist. We may thus set

(IL(f,9),h) = lim lim » (h-dpg,dpf™) = lim lim > (h, dpgdif™),
h=1 i=1
(Ma(f,9),h) = lim lim > (b drg(f™)i-1) = lim_ lim > (h, dig(f™)r-1),
i=1 k=1
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and

n

(I13(f,9),h) :== lim lim zn:<h~gk,1,dkfm> = lim lim Z(h,gk,ldkfm>.
k=1

Note that, by appealing again to the estimates in Subsections 4.3.2 and 4.3.2, one
can show that the value of (II;(f,g),h), i = 1,2,3, is independent of the choice of the
sequence in L2 (€) that corresponding to f.

It thus suffices to prove the boundedness of the bilinear operators Il;, Il and Il3
restricted on (LEH(Q), | - HHP(Q)) X Ai(ay). Moreover, if f € L2 (Q2) and g € A1(a,), then

fxg=1L(fg) +s(f,9) +Us(f.9) = i drgdyf + i drg fr—1+ i r—1dr f
P =1 =1

in the sense of duality from the above calculation. Hence, when we restrict ourselves to
the case L%, (Q) x Aj(a,), the above product becomes the usual multiplication between
measurable functions and IIy, II; and II3 coincide with the corresponding operators in the
p =1 case.

As in the proof of Theorem III.1, we divide the proof into three parts.

Estimates for I1;(f, g) and II3(f, g)

The boundedness of IT; from H?() x A1 (c,) to L*(€2) follows directly from the duality
between HP()) and A;(ay,). We include the sketch of the proof here for the sake of
completeness. Similarly as the argument in Section 4.2.1, it suffices to consider the case
where f = a where a is a simple (p,2)-atom with the support A € F, and P(A) > 0.
Then dpa = 1 4dra when &k > n + 1.

By applying the Cauchy-Schwarz inequality, we derive the estimate

|

Z ﬂAdkadkg

k=n+1

(@, g)]ly = E (

00 2 00 2 0o 5
< E( > |dka|2) E( > ILA|d/c9|2) < lall2 EEn( >, 1A|dk9|2)]
k=n+1 k=n+1 k=n-+1
< P(A)S IE(IL]E( > \dkgﬁ)) = P4 (B (1aEx (lg - onl?)))*
k=n+1

11 1,
< P(A)27 7 P(A) 7| gl ag(ap) = 11911 as(an) Sp 1191141 0p)

where the fourth inequality follows from the definition of the atom.
If f e L%,(9Q), then it admits an atomic decomposition, namely, there exist a/ which
are simple (p, 2)-atoms and ();),., € €7 such that,
fo=>_NEn(¢’), ae foralnéeN,
=0

and

[

D

1Fll e (@) =2 (Z Mj\p>
j=1
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We have
I, (fn, gn) Z drgdy f = Z oy Z drgdia’ = Z N1 (a
Jj=

Thus

1
[ee] o0 P
L gl < D2 I, )l Sp 191 as o) (Z |Aj|p) ~p [ f L@l 91l A (o) -
=1

=0

We shall also prove that I3 is a bounded bilinear operator from HP(§2) x A;(«,) to
H?(€). Without loss of generality, we consider f € L% C HP(). Note that

Ss(f, 9) Z|gk Pldef? < (97)*S(f)% (4.3.3)

Hence we conclude from Corollary 4.3.3 and the L* boundedness of the maximal function
(see. e.g. [43, Lemma 1.4.2]) that

s (f, ey S NG IEES ) < Mgl @) Sp 1 V@195, 0, (434)

as desired.

Estimates for I1y(f, g).

To show that IIy is a bounded bilinear operator from HP(Q) x A;(a,) to H'(Q), it
suffices to show the boundedness restricted on the dense subspace L2 ().

By a similar argument in Section 4.3.2, one can show that it suffices to focus on Il
acting on atoms. In particular,

N|=

S(Iy(d’, g)) ( > La,, lal_, | ]dkg\2) < |(a”)*| ( > La,, ]dkg\z) . (4.3.5)

k=n;+1 k=n;+1

Hence,

E [S((, 9))] < )] E(ﬂ > \dwr?)

k::nj+1

< [la’ [l (P(Anj) (E > \dkg|2))
k=n;+1

1 ;
< P(An,) 77 (P(An) 19l R0y P(An,) )
= 119l ra(en) P(Any) 77 P(Ag, )+
< N9l rate) Sp N9las e

where the last inequality follows from the condition that o, = 1/p — 1. Follow a similar
argument of the estimate of II;(f, g), as a consequence of the above estimates, we have
that

o0 . p
T2 (£, 9) ey < D2 1N 1P [ES(Ta(a?, )] Sp 1 oy 191, (o) (4.3.6)

j=1
This completes the proof of the theorem.
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Chapter 5

Bilinear decompositions on
homogeneous spaces

This chapter is devoted to extending Theorem III.1 and Theorem III.2 to spaces of
homogeneous type. Our approach is on the basis of the existence of dyadic systems on
spaces of homogeneous type developed by Hyténen and Kairema in [49]. We also show
that HE, (u) for 0 < p < 1 is some finite sum of several dyadic martingale Hardy spaces
on homogeneous spaces.

5.1 Dyadic systems on homogeneous spaces

In this section, we start with introducing dyadic systems on homogeneous spaces,
which first appeared in the work of Hyténen and Kairema [49]. With the help of these
dyadic structures, we then show that HZ (1) is exactly the finite sum of martingale Hardy
spaces associated with some adjacent dyadic martingales, which extends Mei’s result [65]
to homogeneous spaces.

The following theorem concerning the existence of dyadic structures is due to Hytonen
and Kairema [49].

Theorem 5.1.1. Let Q) be a homogeneous space. Suppose that the constants 0 < ¢y <
Co < 0o and 0 € (0,1) satisfy

12A8C05 S Co,
where Ay is specified in the definition of quasi-metric, see (1.5.1).

Given a set of reference points {z%},, a € Ay (an index set), for every k € Z, with
the properties that

d(z" z’é) > b, (o # B) mognd(x, 2F) < CooF, for all v € Q,

a

one can construct families of sets @Z CQkC QZ, called open, half-open and closed dyadic
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Chapter 5. Bilinear decompositions on homogeneous spaces

cubes respectively, such that:

QY and Q" are the interior and closure of QF; (5.1.1)

if k <1, then either Q C Q% or Q5N QL = 0; (5.1.2)

X =JQk (disjoint union) for all k € Z; (5.1.3)
B(z},c10%) € Qf C B(z, C16%) =: B(Q3),

where ¢; = (3A2) ¢y and C; = 24,Cy; (5.1.4)

if k <1 and Q4 C QF, then B(Q4) C B(QL). (5.1.5)

The open and closed cubes Q’; and Q¥ depend only on the points zé forl > k. The half-
open cubes QF depend on zlﬁ for 1 > min(k, ko), where ky € Z is a preassigned number
entering the construction.

It is obvious that the construction of the above dyadic systems is not unique, and
it depends on the set of the reference points {2*},. We denote this dyadic system by
D = {Q"}1.o. Let Fr, = c({Q%},) be the o-algebra generated by {Q*},. Then it is clear
that

...ka_l kac cee

which implies that {Fy }rez is a filtration generated by atoms. Let F = o(UgezFr). Note
that each Q* is an atom of Fy.

Remark 5.1.2. The standard dyadic grid on the real line is a dyadic system given by
Fo={27"m,27"(m+1)):meZ} forallkeZ.

Similarly, an example of a dyadic system on R" is given by the family of standard dyadic
cubes in R™.

The following theorem ensures that there exist enough dyadic cubes to cover all balls
on homogeneous spaces, which can be found in [49].

Theorem 5.1.3. Given a set of reference points {2k}, k € Z, o € Ay, suppose that there
exists constant 6 € (0,1) that satisfies 96A55 < 1. Then there exists a finite collection of
families ', t =1,2,--- | K = K(Ag, A1,0) < 0o, where each D" is a collection of dyadic
cubes, associated to dyadic points {z*}, k € Z,a € A, with the properties (5.1.1)-(5.1.5)
in Theorem 5.1.1.

In addition, the following property is satisfied:

for every B(xz,r) C Q, there exist t and Q € 2" such that (5.1.6)
B(z,r) C Q and diam(Q) < Cr. o
The constant C' < oo in (5.1.6) only depends on the quasi-metric constant Ay and the
parameter 0.

We will provide the definition of the martingale BMO and Lipschitz spaces with respect
to the dyadic system &, which can be perceived as the dyadic variants of the BMO and
Lipschitz spaces introduced in Definition 1.5.3 and 1.5.4.
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Definition 5.1.4. For 0 <p <1,¢=1or 2 and o, = 1/p — 1, define
y 1
BMO” )= { € L) & Wlmsowgo = 510 o [ 17 = folu < oo}

A7t = {7 € @) Wlsgron = i@ ([ 17 = foldn) < e,

as quotient spaces modulo constant functions.

Note that A (a,) = AY(c,), for which we will provide a brief explanation, and more
details can be found in [93, Corollary 1]. One first observes that AY(«,) C AY(«,) by
Holder’s inequality. For the reverse direction, for any f € A7 («,) and a cube Q € 2. By
the case of probability space, we obtain

(@) 2 (/Q\f—fcglzdu)%é sup fu(R) </ |f = fR|2du)

RCQe2

<p sup ,u(R)_l_ap/ |f — frldp < ||f||A?(ap)-
RCQe2 R

This inequality holds independent of (). Thus we obtain

1 lag @) S 142 (0p)-

Therefore AY (o) C A7 (ay).

The martingale BMO and Lipschitz spaces are closely related to the BMO and Lips-
chitz spaces (Definitions 1.5.3 and 1.5.4). In particular, the following theorem is proved
in [49], which is an extension of a result due to Mei [65]:

BMO(u ﬂ BMO” (1). (5.1.7)

t=1
We will now establish an analogous result for £, (1) (0 <p < 1).
Theorem 5.1.5. Let 0 < p < 1,
Ko
Lo, (1) =[1A7 ().
t=1

Proof. By Theorem 5.1.1, for any Q € 2" (and t = 1,2,--- , K), there exists a ball B
such that @ C B and u(B) < u(Q). If f € L4, (1), then for any x,y € @, we have

|f(@) = W < N Nl 2oyt (B)* S N fll £y Q)
We thus have

1

Wligt e = 535“(@_;_%< (1@ = fwlanty ))2 d,u(x)>2

< sup (@47 ([ 171, o (@ d;»)

Qegt
Sl 2y )
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which yields
K
Lo, (1) € (VAT () (5.1.8)

t=1
K t

Conversely, let f € N A7 (). By Theorem 4.3.4, for Q € 2,
t=1

1£@) = fol S M@ If 5, Yo E€Q,
which implies that for any x,y € Q,

7(@) = ] S Q1 o, (5.1.9)

By Theorem 5.1.3, for any ball B C €, there exist t and Q € 2" such that B C () and
w(Q) < w(B). Then for any z,y € B, by (5.1.9)

[f (@) = FWI S B ([ flla9t(a,):

Thus
K
1w S 3 1Faz o
t=1
which implies
K ot
(A () € Lo, (). (5.1.10)
=1
The theorem follows from (5.1.8) and (5.1.10). O

As in the probabilistic setting, one can also provide the definition of different martin-
gale Hardy spaces defined on homogeneous spaces. For f € L{ (Q, F, u), the martingale
maximal function, the square function and the conditional square function of f associated
with (Fk)rez are defined by

N

o= Iilgzx|fk|a S(f) = (Z |dkf|2) and  s(f) == (Z Ek—1|dkf|2) )

kEZ kEZ

respectively.
Definition 5.1.6. Let 0 < p < 1. We first define

Hy, 50(p) = {f € L'(Q) : f* € L"(Q)}.
For f € H}, ; (1), we define the quasi-norm

1m0 = 1]l
D

The martingale Hardy space HJ, ,(ut) is defined as the completion of H}, , (1) with
respect to the quasi-norm || - ||g2 (-

Similarly, we define H? (u) and h7,(u) by the square functions and the conditional
square functions respectively, with the additional assumption that

lim [ sup|fe[’du =0. (5.1.11)

n——00 JO p<p

From (5.1.11), we have



5.1. Dyadic systems on homogeneous spaces

One natural question is whether the martingale Hardy spaces defined on homogeneous
spaces admit atomic decompositions, to which we will provide a positive answer.

Definition 5.1.7. If 0 < p <1 < ¢ < o0 and p < ¢, we say that a measurable function a
is a simple (p, ¢)-atom with respect to the dyadic system & (abbreviated as dyadic simple
(p, ¢)-atom if the underlying dyadic system is fixed) if

(1) supp(a) C @ where Q € Z is a dyadic cube;

2) llally < (u(B))3~7;
(3) Joadu= Jgadp=0.

Definition 5.1.8. We define the martingale atomic Hardy spaces Hy%, (u) (0 <p <1<
g<ooorp=1,1<q<oo) analogous to Definition 1.5.5 and 1.5.6, namely,

Hyily () = {fe(BM09 ) i f= zw

o0

where a’ is a simple (1, ¢)-atom and Y |\;] < oo} (5.1.12)
j=0

where f = Y \;a/ is in terms of w*-topology. And for 0 < p < 1,
5=0

HEY (1) = {fe(map); Z)\a

where a’ is a simple (p, ¢)-atom and Y _ |\;[P < oo} (5.1.13)
=0

where f = § A\;a? is in terms of w*-topology. The norm is identified as for 0 < p <1,
=0

Hf”Hﬁé?_@ = inf (Z |)\j|p> : f=>_\ja/, where @’ is a simple (p, ¢)-atom
=0

J=0

Remark 5.1.9. Since every dyadic simple (p, g)-atom is locally supported, by Corollary
4.3.2, we conclude that for 0 < p<1<¢g<ocorp=1,1<¢q< o0

Hat@( ) Hat@( )

Thus we are only concerned with H}, , (1) := HE 7 (1)
The following proposition states that the martingale Hardy spaces introduced in Def-

inition 5.1.6 admit atomic decompositions.

Proposition 5.1.10. For 0 < p < 1, the martingale Hardy spaces defined above are
mutually equivalent. Namely, HY, (1) = HY, ,(1) = b, (p) = HE 5 ().

m, a
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Proof. Let p € (0,1] be fixed. First, we show Hy(u) = H}, ,(u). Suppose that f €
H}, (). Then for any n > 0, by a well-known inequality of Burkholder-Davis-Gundy,

n 5
/ (|f_n|2+ > |dkf|2) duS [ swp |fiPdp s [ 1fPd
Q Q —n<k<n Q

k=—n+1

Now by letting n — oo and by Fatou’s lemma, we conclude that

SO < 177l

Thus HY, , (1) © HY(s).
Conversely, if f € H,(u), then for n > 0,

p

/Q sup \fk’pd/ﬁﬁ/g(’anJr i |dkf|2) dp,

—n<k<n k=—n+1

and hence

[ s Ifldus [ sup |l [ 1S du < oo, (5.1.14)
Q Qk<-n Q

—n<k<n

Then by letting n — oo and applying Fatou’s lemma, we obtain || f*||, < oo and

1Ml < 1S CH -

Therefore, H2(x) C HY, 5 () and H2 (1) = HA (1),

One shows H}, ,(1) = h%(p) in a completely analogous way. To show A%, (u) =
HY, (1), it suffices to show that if f € Lj,.(Q) N hy(u), then f € HY ,(u). One can
mimic the standard way in the proof of [94, Theorem 2.5] to show that, and we omit the
details. O

We now describe the duality between martingale atomic Hardy spaces and martingale
BMO and Lipschitz spaces, namely

(Ho(m) = BMO? (), (5.1.15)
and for 0 < p < 1,
(Hé’t,@(u)) = A (ay). (5.1.16)

We will provide a sketch of the proof for the duality between Hy, (1) and BMO? ().
The case p < 1 follows an analogous strategy. More details can be found in the argument
for Theorem 4 in [93]. By definition of H,, , (1), we know that any function g € BMO? ()
induces a linear functional on Hp ,(x). In turn, let £ be a linear functional on Hy; , (1),
the norm is denoted by ||¢||. Let @, € F_, be a finite union of cubes. Recall that
BMO(Q,) is the martingale BMO space in the Definition 1.3.9. Denote by

Ho (@) = {f € H;t,@(ﬂ) :supp f C Qn}

For any f € H}, ,(u) supported in @y, and E, (f) = 0. We know that f € H, (Q,). Then
we obtain from the probability case that there exists a function g € BMO(Q),,) such that

1= Itggdu=[ foiq. (5.1.17)
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5.1. Dyadic systems on homogeneous spaces

Moreover, we have ||glq, | Bmo.) S ||¢]]. The function g is uniquely determined up to
a constant. We follow an analogous argument of [27, Section 3]. Let {Q,},~; be an
increasing sequence where @Q,, € F_, such that 1g, converges to 1 pointwisely. Then we
obtain a function g, = g on each cube @, such that (5.1.17) holds. Thus the condition
E; (91g,) = 0 gives a function g such that (5.1.17) holds for each cube ) in Z. Moreover,

1 /
— | |9 —90ldu <|lglollBmow) S 4.
W@ Jo !~ %0 alwo)

Thus we conclude g € BMO? (), which implies the linear functional ¢ can be expressed
as a function in BMO? ().

By virtue of Proposition 5.1.10 and Theorem 5.1.3, we have the following theorem,
which reveals the relation between atomic Hardy spaces and martingale (atomic) Hardy
spaces and extends Mei’s result in [65].

Theorem 5.1.11. For 0 < p < 1, we have

N

K K K
= 2 Mg ) = 2 Hy () = 2 Hi ) = 3 M (5.1.18)
t=1 t=1 t=1

Proof Let p € (0,1] be fixed. In view of Proposition 5.1.10, it suffices to show HE, () =

Z H}, 5:(p). We prove it via comparing the atoms. Let a be a (p, co0)-atom in Hg(p).
Then there exists a ball B such that

supp(a) € B lalloe < (u(B) 7. | a(w)dj=0.

By Theorem 5.1.3, there exist t and a cube @ € 2" such that B C @, and u(Q) < u(B).
Then

supp(a) € B C Q, |lalloe < (u(B)) "> < ((Q)) 75 , /Q adp =0,

which implies that a is a constant multiple of a simple (p, c0)-atom in Hft’% ().

Now we derive the desired result from atoms. We only prove the case 0 < p < 1 while
the case p = 1 follows a similar argument. By definition, for any f € HE (u), there exists
a sequence of real numbers {)\j}j>0 and (p,oc0)-atoms a; such that for any reasonable

g€ Lo, (1),

[e.9]

Z (d’, g). (5.1.19)

It is clear that this series is absolutely convergent.
The aforementioned result shows that we can separate the set of atoms {a’} into K
parts, the t-th part is denoted by { } Each part { } only consists of simple (p, 00)-

atoms associated with dyadic system 2" (1 <t < K) respectlvely Then we define the
following functions

Z)\nj ny =12, K.
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Chapter 5. Bilinear decompositions on homogeneous spaces

obtain v p
(f,9)=2_> Aulan, . 9) =D (f"9),

t=1 j=0 t=1

since g € AY" (o) for all 1 <t¢ < K due to Theorem 5.1.5. Moreover,

1 K 1 K
oo P [ele} p
HfHHf;t(u) ~ (Z ’)\j\p> ~ Z ( ’)\;j |p) ~ . HftHH;’t L
§=0 0 = ‘

t=1 \j= t

Thus we conclude .

HE (1) C D2 HY on (1) (5.1.20)

t=1

For any ¢t = 1,2,---, K and for any given simple (p,co)-atom b in H{, (1), there
exists Q € 2! such that
1
supp() € Q. [l < (u(@)) ¥ [ bdyu=0.
By Theorem 5.1.1, there exists a ball B such that @ C B and u(Q) 2 u(B). Hence

supp(t) C Q € B, bl < (u(@)) 7 S (u(B) 7 [ bdu=0,

which implies that a multiple of b is also a (p, o0)-atom in HY (u). Thus by applying a
similar argument as before, we conclude

K
> HE (i) C HE (). (5.1.21)
t=1

We combine (5.1.20) and (5.1.21) to complete the proof of the theorem. O

Remark 5.1.12. Theorem 1.5.7 follows immediately from Corollary 4.3.2, Proposition
5.1.10 and Theorem 5.1.11, which provides an alternative approach to the original proof
by Coifman and Weiss in [27].

Remark 5.1.13. Theorem 5.1.11 and Theorem 5.1.5 give a different proof of Theorem 1.5.8
originally established by Coifman and Weiss [27]:

K

(H2, (1)) (Z H;’m(u)) = V) = (VAS () = Loy (1),

t=1 t=1

5.2 Bilinear decompositions for dyadic martingales
on homogeneous spaces

In this section, we focus on bilinear decompositions arising in the study of products
between elements in spaces of dyadic martingales on homogeneous spaces introduced in
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5.2. Bilinear decompositions for dyadic martingales on homogeneous spaces

the previous section. In the setting of homogeneous spaces, due to their quasi-metrics and
measures, the dyadic martingales behave worse than martingales in probability spaces and
the underlying analysis is more intricate.

In Section 5.2.1 we prove appropriate generalized Holder-type inequalities on homoge-
neous spaces (see Lemmas 5.2.2 and 5.2.4 below). We then introduce a class of pointwise
multipliers of A7, (a,) and BMOY(p); see Theorem 5.2.5 below. Using Theorem 5.2.5,
we define products between dyadic martingale Hardy spaces on homogeneous spaces and
their duals and finally, in Section 5.2.2 we establish analogues of the results of Sections
4.2 and 4.3 in the setting of homogeneous spaces.

5.2.1 A generalized Holder-type inequality

Let 0 < p < 1 and Z be a dyadic system constructed as in Theorem 5.1.1. The
martingale Musielak—Orlicz Hardy spaces H ;p (u) consist of all measurable functions f
on (€, F, u) such that s(f) € LY?(Q2) where O € Q is a fixed point, and

t
Vil ) = log (e + d(x,0)) + log(e + t)’

W, (1, 1) = !
P T+ p(B(O, d(z, O]}

Note that L¥7(Q) is a quasi-normed space.
Let M := (C, + 1)log (e + d(z,0)). By (1.3.6) we obtain

Wy (x,5t) < (e +d(z,0)) " CutVel 45 <w(x)e! +5, forallz e Q,st>0, (521)

(0<p<1).

where w : 2 — R, is a weight function with

w(z) < min {1,d(x,0)" (1}, (5.2.2)
Let Q° € Fy be the dyadic cube such that O € Q°. For ¢ € BMO? (), define
o |90, — 90|
||g||BMOf(u) T 5;15)0 log (6 + d(Zg,O)) + |gQ0| + ||g||BMO@(u)7

where Q% € Fy is a dyadic cube with its center 22 and Ay is the index set in Theorem 5.1.1.
Denote by BMOZ () the space consisting of all g € BMO? (i) such that ||9||BMOf(u) <

oo. It is not difficult to verify that || - ||BMO%(M) is a norm on BMOZ ().
Remark 5.2.1. Note that if g € BMO(u), then g € BMOZ (). Moreover,

BMOZ (1) ~ BMO(u) Q°l
191l Baroz () < N9l + [gqo]

The proof is similar to the Euclidean setting, and we will sketch the proof. For
Q" € Fy, there exists a ball By such that Q° C B; and |B;| < |Q°|. Similar construction
can be performed with respect to Q%, and we will denote the corresponding ball by Bs.
Therefore we have |ggo — ggo| = |9B, — gB,|- Moreover, we can normalize the radius of
B; and By to be 1. Denote by d = d(22,0). Then there exists a ball B with radius 2d
such that By, By C B and

’932 - gBl| < ‘ng - gB| + ’gB - 931’ rg (1 + log d)HgHBMO(H)
Combining this inequality into the definition of BMOZ(u), we obtain the desired result.
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Chapter 5. Bilinear decompositions on homogeneous spaces

We now introduce the following generalized Hoélder inequality for L'(Q, F, ) and
BMOY (1)

Lemma 5.2.2. If f € LY, F, u) and g € BMOZ(p), then f - g € LY'(2). Moreover,

19l @) S 119l zroz - (5.2.3)

Proof. Without loss of generality, assume ||f]j; < 1, Hg”BMO:?(u) < 1and ggo = 0. It
suffices to show that

| @ @y dp S 1.

Let Sy := B(O, Cyd%) \ B(O,C’Oékﬂ) for £ < 0 and Sy := B(O,Cy), where ¢ € (0,1)
is the constant in Theorem 5.1.1. Then for each k < 0, there exists a finite index subset
By C Ag such that B(O,Cyd%) € U Q% (where Q% € Fy) and

aEBy,

> n(Q)=n ( U Qa) < 11 (B(0,240Cod")) £ 69,

a€By, a€By,
Let s = v7t|f(z)],t = v|g(z)| in (5.2.1). One has

/Q Uy (x, |f(2)g Yy / f(2)g(x)]) dp

k=—o0 B, k”QO

S X[ w@e gl

k—foo OéEBk Ska

Therefore,
[ Wit | f@)g@)) d S T+ v £ (5.2.4)
where
-y ¥ /. el

0
k=—o00 a€B}, SKkNQa

Let v := % > 0 (where & is defined in Theorem 1.3.11). By (5.2.2) and Theorem
4.3.1, one has

(S

0 0 0
1(Qa) (e + d(24, 0))
s Z Z Sk+1)(Cut1)

k=—o00 a€By,

0 5 0 50 k52

Z ZB: 5(k+1 cu+1 S Z 5Cuk+k
—o00 aEBy,

0

> o,

k=—0o0
and hence
7 <1 (5.2.5)
We combine (5.2.4), (5.2.5) and the fact that v~!|| f||; < 1, and the proof is complete.
[
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We consider the case 0 < p < 1. Define

— sup |9Qg - 9Q0|

o T + )
I9llnz.on 3= 20 10T (0 acn oy Tl lolge

1+O‘P ’

Denote by A{, () the space consisting of all g € A{(a,) such that HgHA@ )y <oo. It

Oé

is easy to verify that || - [[,2 is a norm on AY ().

+(O‘P)

Remark 5.2.3. If we consider the dyadic martingales on R™, by taking appropriate cubes
Q" one can show that if g € AY(ey,), then g € AY_ (). Note that if g € Lo, (p), then
g € AY . (a). Moreover,

191122 (0p) S N9l 20wy + 190!

1,4+ (ap)
The proof is similar to the case of BMOZ(u) (see Remark 5.2.1). We omit the details.

Next we present a generalized Holder inequality for LP(Q, F, ;1) and A7, () for 0 <
p < 1.

Lemma 5.2.4. If f € LP(Q, F,pu) and g € A/ (o) for 0 <p <1, then f-g e LY (p).
Moreover,

1fgllzen @) S N1 Flpllgllag, (o) (5.2.6)

Proof. Without loss of generality, assume ||f||, < 1, ||gllx2

1 +(ap)

< 1and gg = 0. It
suffices to show that

Wil | f@g@)h du £ 1.

Take the same family of sets {Sk}r<o as above. From Theorem 4.3.4, we know that
for x € Q2,

9(2)| = l9(x) — 90| < |9(x) — gqu| + |90a — 900
< (w@)" +u{B(0,d(z2,0))}" +1
< 1 (B(0,240Cod"))™ +1.

Therefore

lg(2)]]f ()|
/Q\pr(w, | f(x)g(x)]) dp k_ooa;k /skao 1+ {o@)|f @)L + 4 (B(O, d(z, O]} " dp
° l9(@) "1 ()"
’f—z—:ooae k/Sk”QO 14 u(B(O,d(z,0))""
0 (B(O, 2A000(5k))app +1 )
k;_z_:oo a%;k /SmQ {1+ 1 (B(O, 005k+1)}1—p | f ()" dp
S 1
which finishes the proof. -
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Chapter 5. Bilinear decompositions on homogeneous spaces

We are now about to present the analogues of the results in Sections 4.2 and 4.3
concerning bilinear decompositions for dyadic martingales on homogeneous spaces. We
first need to define the product between martingale Hardy spaces and their dual spaces
first. As in the probability setting, we regard the product in the sense of distribution as
follows: for 0 < p < 1,

(fxg,h)y=(h-g,f), [fE€ Hgt,@(ﬂ) € Al +(O‘p>

where h is a test function such that h - g is in Af +(0p). For p =1, we may define the
product between Hy, () and BMOZ (1) analogously. To this end, we need to introduce
some pointwise multipliers of A{, (a,,) and BMOZ (p).

Denote the space of test functions by H(a,) (0 < p < 1), and a measurable function
h is a test function if it satisfies the following properties:

1
M@ A LB, dw o)) oge dw0)) L€ (5:2.7)

and

p(B)*
h(y) = h=) S (14 u[B(O,1+4+r+d(cg,0))]**)log(e + r + d(cg, O)) (528)

whenever y, z are both contained in a ball B with center cg and radius r < (CB O) + 1.
It is obvious that H(cy,) C L>®(£2). The following theorem shows that if h e H(ey),
then  is a pointwise multiplier of AY (o).

Theorem 5.2.5. For 0 < p < 1 and any dyadic system 2, H(«,) is a space of pointwise
multipliers of A{ (cv,). For p =1, H(0) is a space of pointwise multipliers of BMO (ju).
More precisely, for any g € AY (o) and h € H(ay), we have

lg - hlaz, (ap) < N19llaz, (o) (Illz@) + 1)
and for any g € BMOZ (i) and h € H(0), we have

g - hHBMo@ ) S ||9HBM09 (w) (||hHL°O + 1)

Proof. First, we consider the case 0 < p < 1. Assume that g € AY (o) and h € H(ap).
According to [70], it suffices to show that

sup |gci|p+1 (/ |h(z hQ|d:1:) < 00, (5.2.9)

where @) runs over all dyadlc cubes in 7.
If Q C Q% for some 5 € Ay, there exists a collection of cubes Q = Qo C Q1 C -+ C

Qn = QY such that there exists a universal constant 0 < §" < 1 with u(Qy_1) < 8 pu(Qx).
Hence

90 — 99| < Z 90k — 901 1| S ZM Qr)9l1r2, (o)
k=1

k
S 1912, (o Z / e
—1

< 1(Q5) pllgllA

1 +(0‘p

98
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Similarly, if Q% C Q, we have

196 — 93| S Q)" l9lla7, (a,)-

By Theorem 5.1.1, there exists a ball B, with center cg and radius r, such that @ C B

and u(B) S 1(Q).
If Q3 C Q and r > (O ) 11, for any x € B(O,r), we have d(cg, o(d(cp,0) +

z) < A
d(O,z)) < (242 + Ag)r. Then w(@Q) 2 wB) 2 Cy (245:+40) w(B(O,r)) 2 1. Similarly, we
also have d(2§, 0) < (243 + Ao)r and p{B (0,d(23,0))} < u(B) < u(Q). Thus

|gQ| 190 — 99| + 1900 — 9ao| + |9qo]
(/ |h(z hQ\dx) < ° - Al

Q)ertt m(@Q)er
_ Q) + 1B (0.d(5.0)) }" +1
~ (@) 7 (o 1Rll )

S ’!9\’A3+(ap)’\h’\L°°(Q)

If Qf C Q and r < (O °5) 4 1, for any z € B, we have d(z,0) < Ay(d(O, cp) + 1),
then ,u(Q) w(B(O, Ao(d(O cg)+1)). Thus

go — 900 | + 900 — goo| + |90
|gQ|1(/]h hQ|d:c>§|Q o ’QﬂlQ’ 900
St p(@)"r*
p(B)r
(1+p[B(O, 1+ 1 +d(0,cp))])™

_ (@ +1{B(0,d(z4,0)}" +1) llgllaz a,)

~ (14 p[B(O,14+7r+d(O,cp)))*

N H9|\A3+(ap)-

If Q C Q%, from Theorem 5.1.1, we can choose C sufficiently small such that C; =
240C) < 1, thenr < () < CB O) + 1. For any x € Qf, we have d(O, z) < Ay(d(O, 23) +
C1). Then

u(@3) S u{B (0. A(d(0. 7)) + C)) }.

By a calculation similar to the one presented above, we get the desired result.
Combining the above estimates, we finish our proof for 0 < p < 1. The case for p =1
is similar. n

Remark 5.2.6. Note that Theorem 5.2.5 holds for any dyadic system. Then from Theorem
5.1.5 and (5.1.7), we conclude that H(a;,) is a space of pointwise multipliers of L, (1)
and #H(0) is a space of pointwise multipliers of BMO(u).

5.2.2 Bilinear decompositions

We now state the theorem concerning bilinear decompositions for dyadic martingales
on homogenous spaces.
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Theorem 5.2.7. (1) There exist continuous bilinear operators I1; : H, () x BMOZ () —
LYQ), Ty : HY(p) x BMO?(p) — HL(p) and Ty : Hy (1) x BMO? (1) — Hy' () such
that

fxg=1L(f,9) +1(f, 9) + Us(f, 9)
for all f € Hy(u) and g € BMOZ(p).
(2) Let 0 < p < 1. There exist continuous bilinear operators 11y : HE,(u) x A{, (ap) —
L), Ty : HY(u) x AV (o) = HL(p) and 15 : HY () x AY (0y,) — H\@Pp(u) such that

f Xg:Hl(fag)+H2(fag)+H3(fvg)
for all f € HL(p) and g € AY ().

Denote by H7 5, (1) (0 < p < 1) the linear space consisting of all functions which can
be written as a finite sum of simple (p,oo)-atoms. Thus if f € HY sa(1), [ is locally
supported, f € L'(Q) N L>*(Q) and [, fdu = 0. Note that H?, 5, (1) is dense in HE (1)
with respect to the norm || - [[g (.

By the argument detailed in Section 4.3.2, we shall only consider the case where
fe ng,ﬁn (). Then the product f x g as a distribution is given by the usual multiplication
f-g€ LY9), and we can write

fg=1L(f,9) + (], 9) + 1s(f, 9), (5.2.10)

where

) = idk‘fdkga I (f, 9) ka 1drg and  II3(f, g) ng 1dif.
k=1

k=1

Proof. For I1; and Iy, we can argue as in the corresponding part of the proof of Theorem
ITI.1. As for II3, we can also argue as in the corresponding part of the proof Theorem
II1.1 using atomic decompositions, where in the homogeneous setting one needs to apply
Lemma 5.2.2 and Lemma 5.2.4. We omit the details. O]

We would like to remark the simplified proof in Section 4.2.4 fails because Theorem
4.2.2 is no longer valid when ¢* = oo.

Remark 5.2.8. For II; and II,, the condition H () x BMOY () and Hb, () x AY, (ay)
can be in fact replaced by HY (1) x BMO? () and HY (1) x AY(c,), respectively.

5.3 Applications to Homogeneous spaces

In the first part of this section we show that H ;” (1) admits an atomic decompo-
sition for 0 < p < 1, which allows us to integrate several adjacent dyadic systems on
homogeneous spaces.

For a given dyadic system Z on (), we define the dyadic H;I;” »-atom as follows.

Definition 5.3.1. Let 0 < p < 1. A measurable function a is said to be an H.," at g-atom if
(i) supp(a) C @ where Q € Z is a cube;
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(i) Joadu=0;
(i) llalloo < I2ol74, 0,

The atomic dyadic martingale Musielak—Orlicz Hardy spaces Hif@(u) are defined in
a way analogous to Definition 1.5.5 and 1.5.6. We first introduce the space BM O%p(,u),
which is a subspace of continuous linear functionals on finite sums of atoms.

Definition 5.3.2. Let Z denote a dyadic system. For a locally integrable function g, we
define the semi-norm
1
19158107 0 = 5P sup == [ lg(x) = gi(a)] d.
8 kez QR 11l Lon(a)

We define the space BM O\?,p(u) associated with a dyadic system 2 by
BMOg, (1) = {9 € Lioe() : 19l srrog () < o0}

as a quotient space modulo constant functions.

Definition 5.3.3. Let 0 < p < 1. We define the atomic Musielak—Orlicz martingale
Hardy spaces H Ei”gj(,u) as follows:

Hyry(n) = {f e (BMOZ, ()" - ZA ai,
where a; is an H;I;f’@(u)-atom supported on a cube Qi.},

where f = > \a; is in terms of w*-topology and
i=0

S [ Wy i) dys < oo
i—0 7/ Qi

Moreover,

I = 0t {0 >0 3 [ (o NIl <1
Arguing as in [98], one can show that for 0 <p < 1
v, v,
Hy" () = Hylo (). (5.3.1)

We shall now introduce the atomic Musielak-Orlicz Hardy spaces H.? (u) on the
homogeneous space (). First, we present the definition of atoms for H, ;” ().

Definition 5.3.4. A measurable function a(z) is said to be an Hy” (p)-atom if

(i) supp(a) C B where B C Q is a ball;
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(i) Joadu=0;
(iii) [lallo < 115155, -
Definition 5.3.5. For a locally integrable function g, we define the semi-norm

1
||g||BMOq,p(u) = SUP]li/ l9(x) — g5 dz.
B | BHL‘I’p(Q) B

where B runs over all balls in ©. We now define the space BM Oy, (1) by

BMOgy, (1) = {f € Lio.(p) : 9l Br1og, () < o0}

as a quotient space modulo constant functions.

Definition 5.3.6. Let 0 < p < 1. The atomic Musielak—Orlicz Hardy spaces Hi”(u) are
defined as follows:

Hy () = {f € (BMOw, (1) : f = Nai,
i=0
where a; is an H;Ié”(u)—atom supported on a ball BZ},

where f = >~ \a; is in terms of w*-topology and
i=0

> [ e il dp < ox.
=0 :

Moreover,
o =t {003 [ wyto Nl < 1.
at i=0 f

Let 2" (1 <t < K) be the adjacent systems of Theorem 5.1.3. By arguing as in the
proof of Theorem 5.1.11, we have the following:

Lemma 5.3.7. For 0 <p <1, Hy" (1) = Hy'y (1) + Hy o (1) + -+ Hot' (1),

Proof. 1t suffices to show that any dyadic H ;f -atom a is a constant multiple of an H Y7 (j1)-

atom, and any HY»(u)-atom b is a constant multiple of a dyadic H ;f -atom.

If B := B(xg,r), then denote the ball B(xq, Dr) by DB for D > 1. Denote d :=
d(zo, O). In what follows, C(D, p, Ay, C,,) denotes a constant that depends on D, p, Ay, C,,
and may differ from line to line. We first show that if

1
/B T 115 4(BO, dz.0y)ir ) =1

then
1

/DB 1+ [1+ u(B(O,d(z, 0)))]—>

dup(x) < C(D,p, Ao, C). (5.3.2)
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Notice that

1
~J 111+ u(B(O, d(x, 0)))]=
- 1(B)
- sup {1+ 1+ u(B(O,d(z,0)))]* 7}

. 1(B)
141+ u(B(O, Ag(d + 1))~

- du(z)

which implies
u(B) < 1+[1+u(B(O, Ao(d + 1)) 7.

If d < 2AyDr, we have

1(B) <1+ [1+ u(B(O, Ag(240D + 1)r))]*P
<14 {1+ p[B(xo, Ao(Ag 4+ 1) (240D + 1))} 7

1-p

< 1+ {1 [Ao(Ao + DEAD + DI u(B)} "

and thus p(B) < C(D,p, Ag,C,,). Then

1

/DB T 15 5(BO, iz, 0y @) = #iDB) < C(D.p, Ao, C). (5.3.3)

If d > 2AyDr, then
1

Jos TH I 207G a0 @
- w(DB)
=t (T 04 (B0, d(x, )"}
D% u(B)

S TF [+ (B0, djAg — D))
_ D% {14 p[B(O,[Ag +1/@D)]d)}}' * + D
- L+ {1+ u[B(O,d/(240))]} 7
D% {1+ [(24¢ + 1/D) Ao 4 B(O, d/<2Ao>>]}

—-p

= + D%,
L+ {1+ u[B(O,d/(240))]}
Hence '
/DB 1+ [1+ u(B(O, d(z, 0)))]'r du(z) < C(D,p, Ay, C,) (5.3.4)

Combining (5.3.3) with (5.3.4), we get (5.3.2).

Assume a is an HY7(u)-atom supported on B. By Theorem 5.1.3, there exist ¢ and a
cube Q € 2" such that B C @ and diam(Q) < Cr, hence B C Q C CB.

Note that supp(a) C @, [o a(z) du(z) = 0 and

||]]'QHL'I’P(;;) < HILCB”L%(#) < C(Cal% AO;C;L)HILBHL%(#),
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Chapter 5. Bilinear decompositions on homogeneous spaces

which follows from (5.3.2). Thus
”aHoo < ||]]‘B||L‘I’p 5 HII‘Q”Z‘%’p(u)’

which implies a is a multiple of dyadic H ;ﬁ’ -atom supported on Q).

Foranyt=1,2---, K, assume b is a dyadic H ;f -atom supported on Q’g. By Theorem
5.1.1, there exists two balls such that B(z'g, c10F) C Qg C B(zlg, C16%).

Thus supp(b) C B(zf, C16%), [p.x 5 Cyot) b(z)dp(z) = 0 and

Ci
||1B(z]§,6’15k)”L‘I'P(u) <C (Cl’p’ A07 OM) H]lB(zlg,clék)”L‘l'P(u) S HEQEHL‘I’P(N)
which follows from (5.3.2). Therefore,
Iblle < Ngsll b S Lot cusmll g

which implies b is a multiple of dyadic H¥»-atom supported on B (zlg, C16%). O

Remark 5.3.8. In [42], Fu, Ma and Yang defined another kind of Musielak—-Orlicz Hardy
spaces by grand maximal function and they also proved that these Musielak—Orlicz
Hardy spaces are equivalent to H;I;” (1) with respect to the corresponding norms when

pe (C 10
Let By := B(0,1). Define

l9llBrro, ) = |gB:| + ll9llBrro), for g € BMO(u),
and
N9l ey oty = 198, + 19l 2oy s for g € Lo, (1)

Thus || - [[pro, (u) and || - ||z, 4, (u) are quasi-norms on BMO(u) and Ly, (1), respectively.

Theorem 5.3.9. Let 0 < p < 1 and f € HE(u). There exist three linear continuous
operators T = L, (1) — LY(Q), T : Lo, (1) — HL (1) and T : Lo, (1) — Ha" (1) such
that

f-9="{(9) + (g) +i(g) forall g € Lo, (n),

where Lo, (1) is endowed with the quasi-norm || - ||z, ., -

Proof. Let f € HY (p). By Theorem 5.1.11 there exist f* € H . (n) (t =1,2,---, K) such
that f = f1+ f2+--- + f&, and

K
Zl 1 ez 122, 0
t=

M=

Define IT/ () :=
5.2.7). Then

IL(f* g) for i =1,2,3 and g € L,, (1) (II; defined as in Theorem

t=1

frg=1{(g) +T(g) + {(g).
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5.3. Applications to Homogeneous spaces

By Theorem 5.2.7, Theorem 5.1.11 and Lemma 5.3.7, we have

I (9)lh S leﬂlf 9l S ZIIfHH wll9llazt @) S 1 Fllazall9lle..a, 6o

K K
1T (@)l 2,y < D2 I Dy S U Narz gl az oy S Wz, 19y 00
t=1 t=1 ’
/ K K
I3 (9 ooy S ;IIHS D rp ) < ;Hft 2 ll9la2t o) S I Flmzll9lle; -
which finishes the proof. m

Remark 5.3.10. If the homogeneous space (2, i) satisfies the reverse doubling condition,
then Lemma 5.3.7 holds for p = 1. Then we conclude the following.

Let f € H.(u). There exist three linear continuous operators IT{ : BMO(u) — L'(€2),
I} : BMO(p) — HL (1) and I : BMO(;1) — H2'(11) such that

frg=T1(g) +115(g) +T1{(g) forall g€ BMO(n),

where BMO(jt) is endowed with the norm || - || sayo. (u)-
At this point, we would like to mention that in the setting of Theorem 5.3.9 the
corresponding bilinear decomposition is established in [61].

105






Appendix A: Molecule
decomposition

From the atomic decomposition of T;(R‘fl;X ), we derive the following molecular
decomposition for H «; ;(R%; X)) for any Banach space X, which might have further appli-
cations.

Theorem A.0.1. Let X be any fized Banach space and 1 < q < oo. For any f €
H, (R% X), there exist a sequence of complex numbers {\; } ;51 and corresponding molecules
a; = mp(a;) with a;(z,t) being an (X, q)-atom such that

f=2 N0, Il o0 = X Al

j=21 j21

Proof. Let f € H! (R% X). It follows that Q(f) € T} (R{™; X). Hence Q(f) admits an
atomic decomposition by Lemma 3.2.1. More precisely, there exist a sequence of complex
numbers {¢;};>1 and (X, ¢)-atoms a; such that

D=3 car Il o0 = 120l ox Z|c]|
j=1

Then by Lemma 3.2.6, it follows that mp(a;) = o; € H}  (R% X) for all j > 1. Recall
below the Calderén identity—(3.3.10),

0 =4 [ Qa0 n T

This further deduce that
) =43¢ [ Qo 0) T =43 cjay(a)
j=1 j=1

and thus we obtain the desired molecular decomposition. O]
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Appendix B: Clarifications

We clarify some facts in Section 3.1. Recall that a regular operator T on LP(R?) is
reqular if there exists a constant ¢ such that

|| sup T(fi)ll, < CH Sup |fk|Hp
p k

for any finite sequence {fi},-, C L” (R%). The least possible constant c is defined as the
regular norm.
Let L be a sectorial operator satisfying (3.1.2). We have the following propositions.

Proposition B.0.1. Let 1 < p < oo. For anyt > 0, e 'L is a reqular operator on LP(R?),
whose reqular norm is dominated by a universal constant.

Proof. Let 1 < p < co. Now we verify that e7*F is a regular operator on LP(R?). Note
that
p

| sup e ()b = da

SUP/ (t,z,y) fu(y) dy

Rd

< [ [ K (k) <s%p|fk<y>|> dy] e

Rd

<¢ [ o wrrrtemye (p i) o] 4o

td P

<, P

8 C /Rd l/Rd (1+t 1|z — y|)d+s (Sgplfk(w) dy] dx
? p

S [, (suwl) =] suwlal]

This argument also holds for p = oo. O

Denote by F% the fixed point subspace of {e_“: }t>0 on LP(R?), namely,

Fp = {f e (R : e (f) = f, Vt >0},
Proposition B.0.2. Let 1 < p < oo, then F = {0}.
Proof. We provide the sketch of the proof. For f € LP(R%), note that

‘/ (t,2,9)f )dy’ < /Rd ( ’J_c(y)‘t_d dy

1+t Yo — y|)d+B
'
S ||f||p /]Rd (1—|—t71|$ |) (d+8) dy

_d
Set e[ £l
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Appendix B: Clarifications

Thus the limit
lim e (f)(z) = lim | K(t z,y)f(y)dy

t—o0 t—oo JRrd

exists and

lim e **(f)(z) =0, VazecR%

t—o0

For 1 < p < oo, it is easy to check that

t—o00

Fy = {F: /e PR, (o) = Jim e M)}

Thus we obtain that the fixed point subspace of LP(IR?) is indeed zero space by the above
argument. O
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Appendix C: Open problems

C.1: Problems on vecor-valued LPS

Problem C.0.1. It remains open to determine the optimal order of L;fp(X ) as p — 00.

Problem C.0.2. The characterization of BMO space by semigroups generated by op-
erators satisfying (II.1), (I1.2) and (II.3). We wish to define BMO similarly to [54, 24],
namely by

1
1fl5aro = sup le™1f = e ()|

Can we establish the analogous duality between this BMO space and the Hardy space
H?' defined by the Littlewood-Paley g-function? Furthermore, is it possible to extend this
characterization to vector-valued case?

Problem C.0.3. In Theorem II.1, we need to assume that the sectorial operator L
satisfying (II.1), (I.2) and (IL.3). Can we remove or weaken the assumption (I1.3)7
Namely, is Theorem II.1 valid for submarkovian semigroups?

Problem C.0.4. In [37], Eskenazis, Mendel and Naor study the coarse embedding the-
ory by metric space-valued martingale inequalities, it is thus naturally to consider the
corresponding Littlewood-Paley-Stein theory in metric space for both scalar and vector
valued functions..

C.2: Problems on continuous bilinear decompositions

Problem C.0.5. Let €2 be a probability space. Do we have a continuous bilinear decom-
position of pointwise multiplication between h'(€Q) and bmo(£2)?

Problem C.0.6. Let €2 be a homogeneous space and n its dimension. Are there contin-
uous bilinear decompositions of multiplication between atomic Hardy spaces Hi () and
their duals for 0 <p <n/(n+1)?
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Résumé :

Cette these est consacrée a I’étude de certains aspects de la théorie de Littlewood-Paley-Stein
et de celles des martingales dans différents contextes, notamment pour les fonctions a valeurs
vectorielles et non commutatives.

Elle se compose de trois parties. Dans la premiére, nous établissons une équivalence ponc-
tuelle entre la g-fonction carrée de Littlewood-Paley-Stein et la fonction carrée de martingales.
Nos arguments reposent sur la construction d’'un semi-groupe de diffusion symétrique spéci-
fique associé a une filtration de martingales. Nous étendons également cette équivalence aux
cas vectoriel et non commutatif. En conséquence, nous déterminons 1’ordre d’une des meilleures
constantes dans I'inégalité de Littlewood-Paley-Stein scalaire.

La deuxieme partie se concentre sur le scénario a valeurs vectorielles. Nous montrons 1’équi-
valence entre la norme LP (1 < p < +00) entre la g-variante vectorielle de 'intégrale de Lusin et
celle de la g-fonction de Littlewood-Paley-Stein du semi-groupe dont le générateurs est un opé-
rateur sectoriel satisfaisant a certaines conditions. Les outils principaux sont les espaces de tente
a valeurs vectorielles et la fonction carrée intrinseque introduite par Wilson. En particulier, nous
obtenons 'ordre optimal de la meilleure constante correspondante de 'inégalité de Littlewood-
Paley-Stein dans L? & valeurs vectorielles dans un espace de Banach de type ¢ (1 < ¢ < 2) de
martingale pour p tendant vers 1.

La derniere partie porte sur la décomposition bilinéaire de la multiplication ponctuelle des
éléments de I'espace de Hardy de martingales H! et de son espace dual BMO. Cette décompo-
sition bilinéaire continue est étendue & I'espace de Hardy de martingales H? (0 < p < 1) et & son
espace dual. Nos décompositions reposent sur les paraproduits de martingale. En conséquence,
nous obtenons des résultats analogues pour les martingales dyadiques sur les espaces de type
homogene grace a la construction d’'un systéme dyadique.

Mots-clés : Inégalités de Littlewood-Paley-Stein ; Ordre optimal des meilleurs constants ;

Espaces de Hardy et BMO ; Type et cotype de martingales; Espaces de tente a valeurs vecto-
rielles ; Paraproduits de martingales ; Fonction carée intrinseque ; Espaces de Hardy de Musielak-
Orlicz ; Martingales.

Abstract:

This thesis is devoted to the study of certain aspects of Littlewood-Paley-Stein theory and
martingale theory in various contexts, particularly for vector-valued and non-commutative func-
tions.

It is composed of three parts. In the first part, we establish a pointwise equivalence between
the Littlewood-Paley-Stein g-function and the square function of martingales. Our arguments
are based on the construction of a specific symmetric diffusion semigroup associated with a
martingale filtration. We also extend this equivalence to the vector-valued and noncommutative
cases. Consequently, we determine the order of one of the best constants in the scalar Littlewood-
Paley-Stein inequality.

The second part focuses on the vector-valued scenario. We demonstrate the equivalence
between the LP norm (1 < p < o0) of the g-variant of vector-valued Lusin area integral and
that of the Littlewood-Paley-Stein g-function of the semigroup whose generator satisfies certain
conditions. The main tools used are vector-valued tent spaces and the intrinsic square function
introduced by Wilson. In particular, we obtain the optimal order of the corresponding best con-
stant in the Littlewood-Paley-Stein inequality in vector-valued LP spaces where the underlying
Banach space is of martingale type ¢ (1 < ¢ < 2) for p tending to 1.

The final part deals with the bilinear decomposition of pointwise multiplication of elements
in the martingale Hardy space H' and its dual space BMO. This continuous bilinear decom-
position is extended to the martingale Hardy space HP (0 < p < 1) and its dual space. Our
decompositions rely on martingale paraproducts. Consequently, we obtain analogous results for



dyadic martingales on spaces of homogeneous type through the construction of a dyadic system.
Keywords : Littlewood-Paley-Stein inequalities; Optimal order of best constants; Hardy

and BMO spaces; Martingale paraproducts; Martingale type and cotype; Vector-valued tent
spaces; Intrinsic square function; Musielak-Orlicz Hardy space; Martingales.

2020 MSC: 47A07, 42B25, 42B30, 42B35, 47D07, 60G42, 60G46, 46E30, 46F10, 47D03,
46B09, 46L53



	Introduction
	Optimal Lusin type constant as p  tending to  
	Optimal Lusin type constant as p tending to 1
	Multiplication between elements in martingale Hardy spaces and their dual spaces

	Preliminaries
	Notation
	Functional calculus
	Martingales
	Martingale Hardy, BMO and Lipchitz spaces
	Musielak–Orlicz-type spaces

	Geometric properties of Banach space
	Homogeneous spaces

	Optimal Lusin type constant as p tending to 
	Proofs of Theorem I.2, Theorem I.3 and Corollary I.5
	Proof of Theorem I.8
	Proof of Theorem I.10

	Optimal Lusin type constant as p tending to 1
	Preliminaries
	Main assumptions
	Vector-valued tent, Hardy and BMO spaces

	Theory of vector-valued tent spaces and two key linear operators
	Basic theory of vector-valued tent spaces
	The two linear operators K and L

	vector-valued intrinsic square functions
	Proof of the main Theorem
	Applications

	Bilinear decompositions on probability spaces
	Atomic decomposition of Hardy spaces
	Bilinear decompositions on H1()BMO()
	Estimates for  1(fh,g)  and  1(fd,g) 
	Estimates for  2(fh,g)  and  2(fd,g) 
	Estimates for  3(fh,g)  and  3(fd,g) 
	Another method for handling 3(f,g)

	Bilinear decompositions on Hp()1(p) for  0<p<1  
	Characterization of martingale Lipschitz spaces
	Proof of Theorem III.2


	Bilinear decompositions on homogeneous spaces
	Dyadic systems on homogeneous spaces
	Bilinear decompositions for dyadic martingales on homogeneous spaces
	A generalized Hölder-type inequality
	Bilinear decompositions

	Applications to Homogeneous spaces

	Appendix
	Molecule decomposition
	Clarifications
	Open Problems

	Bibliography



